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INTRODUCTION
The mathematics curriculum of the Higher Education State Education Standard, which is
taught in the field of Education and Science, is required for the students to be trained in bachelor
degrees: accelerated algebra, analytic geometry elements, mathematical analysis, theory of
ordinary differential equations, complex numbers and the theory of complex variable functions,
mathematical physics equations, the theory of probability and the basic concepts of mathematical
statistics. which includes office.

THE AIMS AND TASKS OF THESUBJECT
"Mathematics" refers to a complex of natural mathematical sciences, and students study it in
I, Il, and 111 semesters.The main task of Mathematics is to provide the students with basic
knowledge necessary to successfully master natural sciences such as "Physics", "Theoretical
Mechanics", "Resistance to Materials" and so on.

REQUIREMENTS FOR STUDENTS' KNOWLEDGE, ABILITIES AND SKILLS ON
SUBJECT

During the study of mathematics, students should be able to:

- calculate the functions on matrices, calculate the determinant value by its definition and
properties (including the Laplace theorem), find the matrix color and inverse matrices

in different ways;

-studying system of linear algebraic equations and finding solutions in various ways;

- to know different equations of line and plane, to calculate the angles between them,

to know the conditions of parallelism and perpendicularity, to calculate the distance
from point to line and plane;

- analyze and understand the second order curves, their equations;

- the ability to use the differentiation and integration formulas without confusion;

- to have good experience in elementary computation, writing Taylor formula for a given
function without difficulty;

- to have skills in computing the integral, apply the necessary methods to check the line
approach;

- to know differential and integral calculus;

- the simplest differential equations, multivariate functions, their differential and integral
calculus;

- have the skills of probability theory and mathematical statistics.

INTERDEPENDENCE AND METHODOLOGICAL CLOSENESS OF SUBJECT TO
OTHER SUBJECTS IN CURRICULUM

"Mathematics" is a mathematical and natural science and is taught in the 1st, 2nd, and
3rd seasons . This subject is closely related to the subjects such as "Physics",
"Theoretical mechanics”, "Resistance of materials”, "Mechanics and mechanisms theory".

THE ROLE OF SUBJECT IN SCIENCE AND PRODUCTION

Given the fact that the production process is based on direct mathematical methods,
Statistical analyzes and calculations, the role of this science in the production is indifferent.
In production, the engineer-technologist optimally optimizes the design process by applying
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some or all of these mathematical operations.

MODERN INFORMATION AND PEDAGOGICAL TECHNOLOGIES IN TEACHING

The use of advanced and up-to-date teaching methods, and the introduction of new

SUBJECT

information, and pedagogical technologies are important for students to master the subject of
"Mathematics". Textbooks, educational and methodological manuals, lecture texts, handouts,
electronic materials,virtual stands and models are used in science. Successful pedagogical

technologies are used in the lectures and practical classes.

THE DISTRIBUTION OF SUBJECT OF MATHEMATIC LESSONS IN CHAPTERS

AND HOURS :
Total Themes Practical | Independent
Ne Theme name . L o
hour Subjects training training
1 | Introduction 6 2 2 2
2 | Linear algebra 26 8 8 10
3 | Vector algebra 22 6 6 10
4 | Analytic geometry in the plane 38 10 10 18
5 | Analytical geometry in the field 28 8 8 12
6 | Introduction to Mathematical 28 8 8 12
Analysis
7 | Differential calculation of one variable 42 12 12 18
function
For the 1 season: 180 54 54 72
Integral calculus of one variable 64 20 20 24
function.
Functions of Several Variables 34 10 10 14
Multiple and intersecting integrals 34 10 10 14
Theory of series 48 14 14 20
For the 2"d season: 180 54 54 72




Complex Numbers and function of 20 6 6 8
Complex Variables
Differential Equations 32 10 10 12
Operational Accounts 14 6
Mathematical physics 14 6
equations
Probability Theory and Mathematical 30 12 12 16
Statistics
120 36 36 48
For the 3" season: 480 144 144 192
Total:

THE DISTRIBUTION OF SUBJECT OF MATHEMATIC LESSONS IN THEMES AND

HOURS
Subje | Pract (Ijndepen
ent
Ne Theme Subjects Egharl ctsTh trgianlin o
emes trainin
9 |9
1 | Matrix and action on them. 8 4 2 2
2 Determinants and their properties 8 2 2 4
3 | System of Linear equations and their methods of
: 14 4 4 6
solutions.
4 Vectors and arithmetic operations on them. o ) ) A
Coordinates and vectors of vectors
Scalar product of vectors, their properties and
application.
S Vector product, their properties and 12 4 2 6
applications.Mixt
products of vectors, their properties and applications
6 | Analytical geometry in the plane and its basic
10 2 2 4
problems.
7 | Equations in line on plane. Basic problems of line on 14 4 4 5
plane
Second order lines. Circles and ellipses.
8 ) 16 4 4 8
Hyperbola and parabola. Conical cuts.
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Analytical geometry in the field.Equations

9 _ 14 4 4 6
of plane. Basic Problems of plane.
10 Line Equations onfield. Basic problems of Line on
, . 14 4 4 6
field. Mixed problems.
11 | Functions and related concepts. 8 2 2 4
12 | Limit of a Function and its properties 8 2 2
13 Continuous Functions and Their Properties 10 4 2 4
14 _ : : .
Derivative of a Functionand calculation rules of it. 6 2 2 2
15 | Rules of Differentiation of a Function.High order 8 2 2 4
derivatives and differentials.
16 Investigation of the Function Using one order
A 6 2 2 2
derivative.
17 Investigation of the Function Using two order
A 6 2 2 2
derivative.
18 o :
Complately Investigation of the Function 8 2 2 \4
19 .
Indefinityes and L’Hépital’s Rules 8 2 2 4
For the 1st season: 180 54 54 2
20 Primitive function and indefinite integral.Integral
6 2 2 2
table.
21 Methods for calculating Indefinite integral. 6 2 2 2
22 _ i . .
Rational fractions and their integration 6 2 2 2
23 Integration of irrational expressions. Euler changes. 8 2 2 4
24 Integration of some expressions involving
: : . 8 2 2 4
trigonometric functions.
Defination of definite integral and its simplest
o5 properties. 8 2 2 4
Properties of a precise integral.
26 | Methods for calculating definite integral 6 2 2 2
27 | Improper integrals 6 2 2
28 | Geometric and mechanical applications of 8 2 2 4
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definiteintegral.

Elements of approximate computation of definite

29 integral 6 2 2 2
30 | Two variable functions, its limit and continuity. 8 2 2 4
Partial Differentiation of function of 5
31 | severalVariables Total Differential. 6 2 2
Derivative of a complex function. Complete 2 5
32 | derivative. Derived in direction and gradient. 6 2
33 | High order direvatives and differentials. 6 2 2 2
34 | Local extremes of functions of two variables. 6 2 2 2
Double-integral integral and its basic properties.
35 . : 6 2 2 2
Methods ofcalculation of double-integral
Geometric and mechanical applications of dooble
36 integral. Geometric and mechanical applications of 6 2 2 2
doobleintegral
Multiple integral, its basic properties and calculation
37 methods. 6 7 2 2
38 Geometrical and mechanical applications of the 5
multiple integral. 6 7 2
39 Curl integral and its properties. 6 2 2 2
40 Numeric Series and their approximation. 6 2 2 2
41 Sufficient con}jltlons for approaching a positive g ) 5 A
number of series.
42 Sign - variable numericl series 6 2 2 2
43 | Functional series. 6 2 2 2
44 | power series. 8 2 2 4
45 Taylor and McLauren series. 8 2 2 4
46 | Fure series 8 2 2 4
For the 2nd season: 180 54 54 2
Complex numbers and arithmetic operations on
47 them. 8 2 2 4
Function of a complex argument and its
48 derivative.The Cauchy-Riemann conditions. Integral 8 2 2 4
of Complex Variable Functions. Formula of Cauchy.
49 Differential Equations. Differential Equations and
Their Solutions 6 2 2 2
50 Some Differential Equations of first order and Their 8 2 2 4
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Solutions

51 High order differential equations 6 2 2 2
59 A homogeneous linear Differential equations of
second order with constant coefficients 6 2 2 2
53 Nonhomogeneous linear Differential equations of
second order with constant coefficients 8 2 2 4
54 | Laplace Transforms and its properties. 6 2 2 2
Restore the initial function of the Laplace transforms.
55 Solving differential equations with the help Laplace 6 2 2 2
Transforms
56 Mathematical physics equations and their types.
Equation of oscillations of a string. 6 2 2 2
57 The distribution of heat in the restricted sterile.
Correct issues. 6 7 7 2

Theory of Probability. Events and action on them.
58 Probability, its classical, geometrical, statistical 6 2 2 2
definitions and main properties

Theorems of adding and multiplication of

59 | probabilities. 6 2 2 2

60 Full probability and Bayesian theorem. 6 2 2 2

61 Bernoulli's theorem. Mower-Laplace theorems. 6 y) 2 2

62 Discretg acciden_tal variables,_th_eir distribution laws 6 5 5 5
and basic numericalcharacteristics.

Distribution function. Density function.
63 Maincontinuous distributions and their numerical 8 2 2 4
characteristics

64 | Elements of Mathematical statistics. 8 2 2 4
For 3rdseason: 120 36 36 48
On the full: 480 144 144 192

THE MAIN PART: THE INTEGRAL SEQUENCE OF METHODOLOGICAL ASPECT
OF THE SUBJECT

In the main part (lecture) topics of the science are presented in a logical sequence. The essence
of each topic is explained by the basic concepts and theses. At the same time, it is important for
the students to have the knowledge and skills required to be brought to State education standards
(SES).
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It is advisable to take into account the relevance of the requirements of the quality of the main
parts, their compliance with the requirements of the employer and the needs of the production,
the socio-political and democratic changes in our country, the liberalization of the economy, the
priorities of economic reforms and other areas, and the latest achievements in science and
technology are offered.

Classroom tutorials

Subject and tasks of "Mathematics". Mathematics is a powerful means of solving practical
issues, a universal language of science, a component of world culture and culture. Some simple
concepts for modeling and modeling processes.

Used Learning Technologies: Dialogue, Problematic Education. Bingo, blitz, seperate saw,
lilac blossom, menu, algorithm, discussion, control of Google.

References: B1; B2; B3; B4;; A9; A10; Al1l.

Matrix and determinants. Matrix and linear actions on them. Transponder matrix and its
properties. The determinant of the quadratic matrix. High order determinants. Minors and
algebraic floodplain. Determinants properties. Calculation of high order determinants. Matrix
color. Matrix Color Calculation. The matrix does not matter. Theorem about the inverse matrix
and its existence. Methods of inverse matrix construction.

UsedLearning Technologies: Dialogue, Problematic Education. Bingo, blitz, seperate saw,
lilac blossom, menu, algorithm, discussion, control of Google.

References:B1; B2; B3; B4; B5; A9; A10; Al1.

Linear equations system. Basic concepts of linear equations and their solutions. Gauss, Cramer
and Matrix Methods for Solving Equations of Linear Equations. The general theory of linear
equations. Kroneker - Kapelli theorem. Basic solutions of linear equations. The condition of
existence of a homogeneous linear equations system and its notrival solutions. A set of
fundamental solutions for the homogeneous linear equations system. Vector shape of general
solution of linear equations system.

Used Learning Technologies: Dialogue, Problematic Education. Pog’ona, Coca-Cola method,
Venn diagram, T-scheme,

References:B1; B2; B3; B4; A9; A10; Al1l.

R" arithmetic vector space. Scattered events on arithmetic vectors. Skull production. The length
of the vector. The angle between the vectors. Combination of vectors. Writing linear equations
system in vector format. Theorems about the vector intensity. Base and color of the vector
system. System of orthogonal and orthonormal vectors and their construction.

Used Learning Technologies: Dialogue, Problematic Education. Blitz Survey, Zig-Zag Method,
Debugging, BBB, Insert, Domain Control.

References:B1; B2; B3; B4; A8; A9; Al10; All.
Elements of Analytical geometry. Analytical Geometry in Plants. Linear equation in plane.
The general and normal equations, of angular coefficients in plane. Linear equations of the given

nucleus and the two points. Corner between two lines. Parallelism and verticality of hollow
curves. The distance from the given point to the exact line. Secondary plane curves on the plane.
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Circles and ellipses. Hyperbola and parabola.Linear equations in plane. Corner between two
planes. Distance from point to plane. Interpretation of plane, fault lines, plane and linear spaces.
The conditions of parallelism and perpendicularity.

Used Learning Technologies: Dialogue, Problematic Education. B / B / B table, debate, Venn
diagram, T-scheme, domain control.

References:B1; B2; B3; B4; A8;AK9; Al10; All

Scattered phases. Euclidean spaces. Linear operators Scheduled space and its transitions.
Basis and coordinates in the phase. Sub-space spaces of a satiated space. Euclid space.
Replacement of bases. Line operator. Line operator matrix. Operations on linear operators.

Original vectors of the linear operator and its original value. Properties of original vectors.
Drawing the matched operator matrix in diagonal form. Positive vector and positive matrix.

Used Learning Technologies:Dialogue, Problematic Education. Subaru saw, boomerang, 3x3,
talk, control of Google Domain.

References:B1; B2; B4; A4, A9;

Squared forms. Concept of a quadratic shape. Its matrix and color. Quadratic form for canonical
wear. Positive squared forms.

Used Learning Technologies:Dialogue, Problematic Education. Blite, 4x4, talk, check the
profiles.

References:B1; B2; B3; B4, A8; A9;Al4.

A variable function. Multiple multivariable features. p -the atrophy of the outer space. R" is
space bounded in space. Internal and boundary bulk of the package. The cumulative pumping of
the mass. Open and closed compartments. Compact-compact (limited and closed) compartment.
The sequence of the nucleus in the R" phase. Numerical sequence. Limit of the sequence. of
Numeric sequence limit. An infinite, infinitely large number of sequences and their properties.
Multiple sequences of monotonous numbers.

Used Learning Technologies:Dialogue, Problematic Education. Blite, 4x4, talk, check the
profiles.

References: B1; B2; B3; B4; A8 A9; A10; Al1l.

Function of single and multiple variables.Definition of Function. Methods of presentation, aria of
definition and value of functions. General properties of a multiple variable function. Graph of
Function and its substitution. Inverse function. Classification, properties and graphs of
elementary functions. Restricted features. Limit of Function. Great limits. Basic theorems about
limits. The limit of the function's. Unilateral limits. Equivalent unlimited small functions.
Comparison of functions. Continuous function. Properties of continuous functions on the nucleus
and cut. One-way unbundled function. Discontinuity points of the function and their types.

The function of a variable function. The necessary and sufficient conditions for the
differentiation of function. Differentiation of function and its approximate calculation.
Geometric and mechanic meanings of the series. The basic theorems on oscillas. Elements of
Elementary Functions. Advanced functional variability and differentiation. High Order
Extravagant and Differentials. Inverse function interval. Basic theorems for differentiating
properties (Roll, Lagrange and Ferma ). Taylor — Mc-Lauren formulas and their application.
Opening discrepancies. L’Hopitale rule. Sufficient conditions of monotony of the function.
Extracts of the function. Necessary and sufficient conditions of functional extract. Global
extremes of the function of two variables. The function of the function is its thrust. Analyze the
function and create a graphic.
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The concept of multi-variable function. limit and continuity function of several variables.
Properties of function ofseveralvariables. Differentiation of the function of several variables.
Differential of the function of several variables and its use in approximate calculations. Gradient
of the function and its basic properties. Derivatives Higher order. Local extremes of function of
several variables. Stationary points. Necessary condition of extremum. Sufficient condition of
the extremum of two variables function. Conditions of Globalextremes of the function of two
variables.

Initial Function and Independent Integral. Definitelndependent integral and its properties.
Elementary Functions Integrity Schedule. Basic methods of integration. An definite integral and
its properties. Formula of Newton-Leibniz. Methods of calculating the definite integral.
Geometric applications of an definite integral. Approximate calculation of an definite integral in
triangular, trapezoidal, parabola methods. Pure integral and their types. Geometric and
mechanical applications of an definite integral.

Used Learning Technologies: Dialogue, Problematic Education. Presentation, demonstration,
question and answer, "Boomerang", "Cluster"”, "Blitz Survey", "Thinking Map", "Intermediate
Tester™, "Veer", Charxpalak, B.B.B.

References: Al; A2; A3; A4; K6; K7 K8; K9; K10; K14 DO.

Differential equations. Basic concepts about simple differential equations. General solution and
common integral. Differential equations of the first order. Koshi problem. The basic methods of
solving differential equations of the first order. Differential equations with first order linearity.
Differential equations with second order linear velocity coefficients. The first system of
differential equations. Application of Differential Equations

CALENDAR PLAN FOR LECTURE STUDY OF SUBJECT "MATHEMATICS"

. Size (in
Ne Theme Subjects hours)
1 | Matrix and action on them. 4
2 Determinants and their properties 2
3 System of Linear equations and their methods of solutions. 4
4 Vectors and arithmetic operations on them. 2
Scalar product of vectors, their properties and application. Vector product, their
5 : o . . !
properties and applications.Mixt products of vectors, their properties and 4
applications
6 Analytical geometry in the plane and its basic problems. 2
! Equations in line on plane. Basic problems of line on plane 4
8 | Second order lines. Circles and ellipses. 4
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Hyperbola and parabola. Conical cuts.

Analytical geometry in the field.Equations

9 4

of plane. Basic Problems of plane.

Line Equations onfield. Basic problems of Line on field. 4

Mixed problems.
11 | Functions and related concepts. 2
12 | Limit of a Function and its properties 2
13 Continuous Functions and Their Properties 4
14 _— : : :

Derivative of a Functionand calculation rules of it. 2
15 . - o - : :

Rules of Differentiation of a Function.High order derivatives and differentials. 2
16 Investigation of the Function Using one order derivative. 2
17 Investigation of the Function Using two order derivative. 2
18 o )

Complately Investigation of the Function 2
19 - :

Indefinityes and L’Hopital’s Rules 2
For the 1st season: 54
20 Primitive function and indefinite integral.Integral table. 2
21 . o

Methods for calculating Indefinite integral. 2
22 : : - :

Rational fractions and their integration 2
23 Integration of irrational expressions. Euler changes. 2
24 Integration of some expressions involving trigonometric functions. 2

Defination of definite integral and its simplest properties.

25 : . 2

Properties of a precise integral.
26 | Methods for calculating definite integral 2

14




27

Improper integrals

28

Geometric and mechanical applications of definiteintegral.

29

Elements of approximate computation of definite integral

30

Two variable functions, its limit and continuity.

31

Partial Differentiation of function of SeveralVariables Total Differential.

Derivative of a complex function. Complete derivative. Derived in direction and

N INIDNIDNIDNDN

32 gradient.
33 | High order direvatives and differentials. 2
34 | Local extremes of functions of two variables. 2
- Double-integral integral and its basic properties. ,
Methods ofcalculation of double-integral
Geometric and mechanical applications of dooble integral.
3 Geometric and mechanical applications of integral integral 2
37 | Multiple integral, its basic properties and calculation methods. 2
38 | Geometrical and mechanical applications of the multiple integral. 2
39 | Curl integral and its properties. 2
40 | Numeric Series and their approximation. 2
41 | Sufficient conditions for approaching a positive number of series. 2
42 | Sign - variable numericl series 2
43 | Functional series. 2
44 | power series. 2
45 | Taylor and McLauren series. 2
46 | Fure series 2
For the 2" season: 54
47 | Complex numbers and arithmetic operations on them. 2
48 Funcf[i_on of a complex argument and_ its derivati_ve. The Cauchy-Riemann 5
conditions. Integral of Complex Variable Functions. Formula of Cauchy.
49 | Differential Equations. Differential Equations and Their Solutions 2
50 | Some Differential Equations of first order and Their Solutions 2
51 | High order differential equations 2
52 A homggeneous linear Differential equations of second order with constant 5
coefficients
53 Nonhomogeneous linear Differential equations of second order with constant 5

coefficients
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54 | Laplace Transforms and its properties. 2

Restore the initial function of the Laplace Transforms. Solving differential
55 : : 5

equations with the help Laplace Transforms
56 Mathematical physics equations and their types. Equation of oscillations of a

string. 2
57 | The distribution of heat in the restricted sterile. Correct issues. 2
58 Theory of Probability. Events and action on them. Probability, its classical,

geometrical, statistical definitions and main properties 2
59 | Theorems of adding and multiplication of probabilities. 2
60 | Full probability and Bayesian theorem. 2
61 | Bernoulli's theorem. Mower-Laplace theorems. 2
62 Discrete accidental variables, their distribution laws and basic

numericalcharacteristics. 2
63 Distribution function. Density function. Maincontinuous distributions and their

numerical characteristics 2
64 | Elements of Mathematical statistics. 2
For 3rdseason: 36

On the full: 144

RECOMMENDED THEMES OF PRACTICAL STUDYES

Matrix and determinants. Matrices and actions on them. Determinant. Determinants calculation.
Determinant properties. Matrix color. Inverse matrix.

Used Learning Technologies: Dialogue, Problematic Education.
References: A4; K5; K7; K11; K12; K14.

Systemoflinear equations. Kramer's theorem. Methods of solving system of linear equations.
The general theory of linear equations. Kroneker-Kapelli theorem.

Used Learning Technologies: Dialogue, Problematic Education, Individual Education.
References: A4; K5; K7; K11; K12; K14.

R" - arifmet vector space. Arithmetic vector space. N Knowing the basic concepts about space
vector. The vector system. R" space vector coordinates. Same-sex fundamental equations system
solutions. Norms of the system of equations of the line. Vector format solutions, the line
Analysis of the theory of algebra and economic issues. Implementation.

Study technologies, used in education: dialogue, education, uujum automatic, case-study,
pinbord paradoxes.

References: A4; K5; K7; K11; K12; K14.
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Analytical geometry elements. A straight line on the plain. Secondary plane curves on the plane.
Linear equations in the phase. Fuzzy Line Equations in Phase.

Used Learning Technologies:Dialogue, Problematic Education, Key Stage, Pinkbord,
Paradoxes.

References: A4; K5; K7; K11; K12; K14.

Scattered phases. Euclidean spaces. Linear operators. Original vectors of a linear operator.
Squared forms.

Technologies, used in education: the pop-up Study, education, case-study, pinbord, paradoxes.
References: A4; K5; K7; K11; K12; K14.

A variable function. Multiple multivariable features. R" space in the space between the points. R"
iIs the limit of the sequence of pixels in the space. Single and multiple variables. Limit of the
function of one and multiple variables. Single and multiple variability function continuity.
Functional variability and variation of variables. Differentiation rules. High Order Extravagant
and Differentials. Basic theorems about differentiable functions. Taylor formula. Lopital rule.
Analyze the function using an elementary integral. An integral integral. Newton - Leibniz
formula. Geometric and economic applications of an integral integral. X, osm integrals.

Study of technologies used in education: dialogue, education, case-study, pinbord paradoxes.
References: A4; K5; K7; K11; K12; K14.

Differential equations. Basic concepts about differential equations. Differential equations of the
first order. Second order linear differential equations. Differential Equations System.

Study of technologies used in education: dialogue, education, tomatic, case-study, pinbord
paradoxes.

References: A4; K5; K7; K11; K12; K14.

CALENDAR PLAN FOR PRACTICAL STUDY OF SUBJECT "MATHEMATICS"

. Size (in
Ne Theme Subjects hours)
1 | Matrix and action on them. 4
2 Determinants and their properties 2
3 System of Linear equations and their methods of solutions. 4
4 Vectors and arithmetic operations on them. 2
Scalar product of vectors, their properties and application. Vector product, their
5 : o . . !
properties and applications.Mixt products of vectors, their properties and 4
applications
6 Analytical geometry in the plane and its basic problems. 2
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! Equations in line on plane. Basic problems of line on plane 4
g Second order lines. Circles and ellipses. A
Hyperbola and parabola. Conical cuts.
9 Analytical geometry in the field.Equations A
of plane. Basic Problems of plane.
10 | Line Equations onfield. Basic problems of Line on field. A
Mixed problems.
11 | Functions and related concepts. 2
12 | Limit of a Function and its properties 2
13 Continuous Functions and Their Properties 4
14 - : : :
Derivative of a Functionand calculation rules of it. 2
15 ) o ) ) o ) _
Rules of Differentiation of a Function.High order derivatives and differentials. 2
16 Investigation of the Function Using one order derivative. 2
17 Investigation of the Function Using two order derivative. 2
18 _ :
Complately Investigation of the Function 2
19 . :
Indefinityes and L’Hopital’s Rules 2
For the 1st season: 54
20 Primitive function and indefinite integral.Integral table. 2
21 Methods for calculating Indefinite integral. 2
22 : : - :
Rational fractions and their integration 2
23 Integration of irrational expressions. Euler changes. 2
24 Integration of some expressions involving trigonometric functions. 2
Defination of definite integral and its simplest properties. 5
25

Properties of a precise integral.
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26 | Methods for calculating definite integral 2
27 | Improper integrals 2
28 | Geometric and mechanical applications of definiteintegral. 2
og | Elements of approximate computation of definite integral 2
30 | Two variable functions, its limit and continuity. 2
31 | Partial Differentiation of function of SeveralVariables Total Differential. 2
Derivative of a complex function. Complete derivative. Derived in direction and 2
32 gradient.
33 | High order direvatives and differentials. 2
34 | Local extremes of functions of two variables. 2
- Double-integral integral and its basic properties. )
Methods ofcalculation of double-integral
36 Geometric and mechanical applications of dooble integral. ,
Geometric and mechanical applications of integral integral
37 | Multiple integral, its basic properties and calculation methods. 2
38 | Geometrical and mechanical applications of the multiple integral. 2
39 | Curl integral and its properties. 2
40 | Numeric Series and their approximation. 2
41 | Sufficient conditions for approaching a positive number of series. 2
42 | Sign - variable numericl series 2
43 | Functional series. 2
44 | Power series. 2
45 | Taylor and McLauren series. 2
46 | Fure series 2
For the 29 season: 54
47 | Complex numbers and arithmetic operations on them. 2
48 Funcf[i_on of a complex argument and_ its derivat!ve. The Cauchy-Riemann )
conditions. Integral of Complex Variable Functions. Formula of Cauchy.
49 | Differential Equations. Differential Equations and Their Solutions 2
50 | Some Differential Equations of first order and Their Solutions 2
51 | High order differential equations 2
59 A hor_npgeneous linear Differential equations of second order with constant )
coefficients
53 | Nonhomogeneous linear Differential equations of second order with constant 2
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coefficients

54 | Laplace Transforms and its properties. 2
55 Restore the initial function of the Laplace Transforms. Solving differential

equations with the help Laplace Transforms 2
56 Mathematical physics equations and their types. Equation of oscillations of a

string. 2
57 | The distribution of heat in the restricted sterile. Correct issues. 2
58 Theory of Probability. Events and action on them. Probability, its classical,

geometrical, statistical definitions and main properties 2
59 | Theorems of adding and multiplication of probabilities. 2
60 | Full probability and Bayesian theorem. 2
61 | Bernoulli's theorem. Mower-Laplace theorems. 2
62 Discrete accidental variables, their distribution laws and basic

numericalcharacteristics. 2
63 Distribution function. Density function. Maincontinuous distributions and their

numerical characteristics 2
64 | Elements of Mathematical statistics. 2
For 3rdseason: 36

On the full: 144

THE FORM AND CONTENT OF ORGANIZATION OF THE INDEPENDENT
EDUCATION

Independent student training on "Mathematics™ is a part of the process of studying this discipline
and is provided with methodological and informational resources.Students listen to the lectures
of professors and lecturers in the classroom, solves the examples and problems. Outside
audiences, the students prepares for the lessons, interprets the literature, solves the problems and
examples as homework. He also prepares and publishes additional literature for a range of topics,
and tries to solve themes. Independent learning outcomes are evaluated on a rating system.
Homework, supplementary textbooks and literature, independent learning of new knowledge,
identifying ways to find and find the necessary information, data acquisition and scientific
research, using internet networks, making scientific articles or lectures independently, using
scientific sources or lectures, deepen their knowledge, develop their independent thinking and
creative abilities. Therefore, independent teaching can not be effective without independent
training. Evaluation and evaluation of homework, is carried out by the instructor, who conducts
lectures, and conducts assessment in each lesson. The Independent Business Complex on
Mathematics covers all the topics of the subject and is shaped in the following themes:

THE FORM AND CONTENT OF THE INDEPENDENT EDUCATION OF STUDENTS
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Size

Themes of Duration of (in
Ne independente Tasks given :
traininas execution hou
g rs)
1 Introduction Oungtlini from refarences. Performing 1 st week 9
individual tasks
2 Linear algebra Oungtlini from refarences. Performing ond_31d weeks 10
individual tasks
3 Vector algebra Oungtlini from refarences. Performing th & th
individual tasks.Solution of tasks 47-5 7 weeks 10
4 Analytical Oungtlini from refarences. Performing th = th
geometry inplane | individual tasks.Solution of tasks 67-7 " weeks | 18
5 Analytical Oungtlini from refarences. Performing th a th
geometry in field | individual tasks.Solution of tasks 87-9 Mweeks | 12
6 Introductionto Oungtlini from refarences. Performing
mathematical individual tasks.Solution of tasks 10 "-13" weeks | 12
analysis
7 Differentialcalculat | Oungtlini from refarences. Performing 14t _ 18t
ion of function of | individual tasks.Solution of tasks weeks 18
one variables
Total for 1 st season: 72
8 Integralcalculation | Oungtlini from refarences. Performing
of function of one | individual tasks.Solution of tasks 15-4 Mweeks 24
variables
9 Functions of Oungtlini from refarences. Performing th_q th
Several Variables | individual tasks.Solution of tasks 57-9 Mweeks 14
10 Linear and Oungtlini from refarences. Performing
Curvilinear individual tasks.Solution of tasks 10t-13 thweeks | 14
Integrals
11 . Oungtlini from refarences. Performing th 16 th
Theory series individual tasks.Solution of tasks 147-18 Pweeks | 20
Total for 2"season: 72
12 Complex Oungtlini from refarences. Performing
numbers,function | individual tasks.Solution of tasks o
of complex 154 "weeks 8
variables.
13 Differentia Oungtlini from refarences. Performing ot
Equations individual tasks.Solution of tasks 57-9 Mweeks 12
14 Operational Oungtlini from refarences. Performing -
Accounts individual tasks.Solution of tasks 107-13 "weeks | 6
15 Mathematical Oungtlini from refarences. Performing -
Physics individual tasks.Solution of tasks 147-18 “weeks | 6
16 Probability theory | Oungtlini from refarences. Performing
and mathematical | individual tasks.Solution of tasks 31-36-xadramap | 16

statistics.
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For 3 rd season: 48

Total: 192

INFORMATION METHODOLOGICAL PROVISION OF PROGRAM

The teaching of this subject includes the use of modern teaching methods, pedagogical and
information and communication technologies: - the basics of the theory of the algebraic theory,
matrix and problem solving equations, using presentations and electronic didactic technologies
using modern computer technologies;

- practical exercises on solving the problems of line operators and their actions and analytical
geometry in hyphenation spaces are used for intelligent attack, group thinking, "work home" and
other pedagogical technologies;

- The use of one and more variable functions, small group competitions, and group thinking
pedagogical technologies in practical exercises on differential and integral calculus.

A criterion for evaluating students' knowledge in mathematics

The information about the rating scale, , the type, the number and the maximum number of
points assigned to each control, as well as the qualifying points for the current and interim
controls for the subject of "Mathematics™ are announced to the students during the first academic
year.

The following types of supervision are carried out to ensure that the level of knowledge and
competence of students on science complies with the state education standards:

* Current control (CC) is the method of identifying and evaluating students' knowledge and
practical knowledge on science subjects. The current control may be carried out in practical
exercises in the context of the nature of the subject, such as flood, test, interview, supervision,
collective survey, homework assignments and so on;

* Interval control (IC) - the method of identifying and evaluating theoretical knowledge and
practical skills of the student after the semester (semester) of the curriculum (including a few
subjects). Orthodox supervision is carried out twice in one semester and the form (written, oral,
test, etc.) is determined by the amount of hours allocated to the subject of teaching;

* Final control (FC) - the method of assessing the degree of transfer of theoretical knowledge and
practical skills on a particular subject at the end of the semester. Final control, is mainly, carried
out in the form of "Written Works", based on basic concepts and phrases.

The procedure of conducting a hearing is routinely investigated by the head of the department
and in the event of violation of the procedure, the results of the case can be abrogated. In these
cases, IC will be reverted.

Under the order of the head of the higher education institution, the commission, established
under the supervision of the internal control and monitoring department, regularly processes the
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process of conducting the PRC and, in case of its violation, the results can be canceled. In such
cases, the memory will be reset.

The level of students 'knowledge transfer on the basis, of a rating system of students' knowledge,
skills and abilities is expressed in points.

Students will be evaluated on a 100-point scale during the semester-long course on Mathematics.

These 100 points are apportioned by the following types of estimates: CC-30 points, 1C-40 and
FC-30.

Ball Score The level of students' knowledge

86-100 | Excellently | Excellent judgment and decision-making. Get creative thinking.
Independent interpretation. Practical use of the knowledge gained.
Explaining the essence. To know, to tell. Distinguishing between ideas.

71-85 Good Independent interpretation. Practical use of the knowledge gained.
Explaining the essence. To know, to tell. Distinguishing between ideas.

55-70 | Satisfactory | Explanation of Conceptual Characteristics. Knowing, introducing,
comprehending.

0-54 | Unsatisfactory | Not to be Missing Without. Do not know.

The qualifying grade for the competition is 55 points. Reciprocal recruitment scores are not
recorded in the Notebook.Independent students' work on subject matter is assessed in the current
(CC), interim (IC) and final control (FC), as well as performing relevant assignments and scoring
points.

The student’s rating on subject is detected as follows:

55% of the total scores allocated to the current and interim control of the subject are the
qualifying score and the student, who scores less than this percentage, is not included in the final
control.

The student, who scored 55 points or higher on current types of CC and IC is considered to
have fulfilled the thesis and is not in the final control (FC) on this subject. The total score scored
by the student during the semester is equal to that of the scores, assigned to each of the control

types.

The types of IC and FC are based on the rating tables set by the dean of the calendar according to
thematic plan. The semester is carried out within the last 2 weeks of the semester.

CC and IC are given a period of time until the next control, and current control (CC) over the
current control, to the final control (FC), for which the student, who scored less points than the
qualifying score and who failed to participate in the valid reasoned control.

If the student scores at CC and IC for the semester are less than 55% of the total number of these
types of controls, or if the semester's final scores are less than 55 points, then he / she is
considered to be academic debtor.

If the student is dissatisfied with the results of the examination, he / she can apply to the dean of
the faculty within one day from the date of publication of the results of control on the subject. In
this case an adjudication commission is formed on the proposal of the dean of the faculty at least
at least three (3) members by order of the rector.
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The Appeals Commission makes a statement of the students' conclusions.
Assessment is carried out in accordance with the established terms and conditions.

The student’s rating on subject is detected as follows:

55% of the total scores allocated to the current and interim control of the subject are the
qualifying score and the student who scores less than this percentage is not included in the final
control.

The student, who scored 55 points or higher on current types of CC and IC, is considered to have
fulfilled the thesis and is not in the final control (FC) on this subject.

The total score scored by the student during the semester is equal to that of the scores assigned to
each of the control types.

The types of IC and FC are based on the rating tables set by the dean of the calendar according to
thematic plan. The semester is carried out within the last 2 weeks of the semester.

CC and IC are given a period of time until the next control, and current control over the
current control, to the final control, for which the student who scored less points than the
qualifying score and who failed to participate in the valid reasoned control.

If the student scores at CC and IC for the semester are less than 55% of the total number of these
types of controls, or if the semester's final scores are less than 55 points, then he / she is
considered to be academic debtor.

If the student is dissatisfied with the results of the examination, he / she can apply to the dean of
the faculty within one day from the date of publication of the results of control on the subject. In
this case an adjudication commission is formed on the proposal of the dean of the faculty at least
at least three (3) members by order of the rector.

The Appeals Commission makes a statement of the students' conclusions.

Assessment and timely execution of the assessment, are made by the dean of the faculty, the
head of the department, the educational-methodical management and internal control and
monitoring department.

Standard criteria for student scores from Interval control (IC)

N Indicators Interval control points
) Max. | 1-IC 2-IC

1 Level of attendance.Activity in lecture classes, completeness 10 |0-5 0-5
and completeness of the concept books.

9 Timely and qualitative performance of students and 10 0-5 0-5
independent learning assignments.

3 | Oral questionnaires, colloquium and other types of control 10 0-5 0-5

Total IC points: 30 |0-15 0-15
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Typical criteria for students scoring from Current control (CC)

Indicators Current control points
™ Max. | 1-CC 2-CC
L The level of attendance and learning outcomes. 15 0-7 0-8
Activity in lessons, fullness of the concepts
5 Tirr_1e|y and qualitative performance of independent teaching 15 0-8 0-7
assignments.
3 | Answers to written questions or test questions 10 0-5 0-5
Total FC Points: 40 0-18 0-17

If final control is set to "Written Works," the final control will be based on a 30-point written
study.

If final control is based on centralized testing, then the final control (FC) is executed in two
parts, ie the final control is based on the following table

. Points
Ne Indicators .
Max. Change interval
1 | Final written work supervision 6 0-6
2 | Final test on Science 24 0-24
Totalpoints 30 0-30

EVALUATION CRITERION FOR "WRITTEN WORKS" IN FINAL CONTROL (FC).

When final control (FC) is performed in the form of "Written Works," the test will be executed
in multiplication. Each variant consists of 2 theoretical questions and 3 practical assignments.
Theoretical questions, are based on the basic words and phrases on science, covering all subjects
of science.

Answers to each theoretical question are evaluated at 0-6 points. Practical assignments are
evaluated at 0-6 points. The student can score a maximum of 30 points.For each of the questions,
included in the option for the generalization test on the written test, the points for the answers are
put together and the final score is the final score of the student's final control.

RECOMMENDED LIST OF REFERENCES:
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7. http://techlibrary.ru/

“MATEMATHUKA” ®AHU BYHUYA MABPY3A
MAIIT'YJOTJIAPUHHUHI' KAJIEHAAP TEMATHUK PEKACH.

Ne Mag3yJsap HOMH Coat
1 | Marpunanap Ba ynap ycTua amasiap. 2
2 | Matpunanap Ba ynap ycTHaa amasiap. 2

3
AHMKJIOBUYMIIAp Ba YJIAPHUHT XOCCAJIAPH. 2
4
Yu3uKIM TeHIJ1amanap CUCTEMAacH Ba YHU €4Ull yCyJlIapu. 2
5
Uu3uKIu TeHI1aMaaap CUCTEMAacH Ba YHHU €Ul YCYJUIapH. 2
6 | Bexropmap Ba ynap ycruaa apudmeruk amamiap. BekropiapHuHTr 5
KOOp/AMHATaJlapy Ba yJap yCTUJa aMaap
7 o .
BexTopiiapHUHT ckasp KynaiTMacH, yHUHT XOCcalapy Ba TaTOMKJIApH. 2
8 | Bekropuain kymaiiTMa, Xoccaapy Ba TaTOMKJIapH. BekTopiapHUHT apasani 2
KynaiTMacH, yHUHT Xoccajlapu Ba TaTOUKIIapH
9 .
Texucnukaa aHaTUTUK T€OMETPHS Ba YHUHT aCOCUI MacajaiapH. 2
10
Texucnukaaru TyFpu 4M3UK TEHIIaMallapy 2
11 .
Texucnukaaru TyFpy YM3UKJIapra J0Up acoCHi Macananap 2
12 | Yikkunun TapTHONIM YU3UKJIap. AljlaHa Ba AJUIUIIC. 2
13 I'unepOona Ba mapaboina. Konuk kecumap. 2
14 | ®a3ona aHaNUTUK reoMeTpusi. TEKUCIUK TeHIIaMallapH . 2
15 | Texucnukka JOMp acOCH Macaanap. 2
16
dazonaru TyFpU YM3MK TEHIJIaMajiapu. 2
17 . .
dazomaru TYFpU YM3HMKKA TOMP acOCHN Macajanap. Apanaml Macaiaiap 2
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18 Oynkius Ba 'y Omiad OOFIMK OyiraH TylIyHYanap. 2
19 | ®yukups mivATH Ba yHIHT XOCCATAPH. 2
20 .
AsxoMM0 muMuUTIap. 2
21
V3nyken3 pyHKUMATIAp Ba YIApHUHT XOCcallapy 2
22 5
OyHKIMSA XOCHUIacH Ba YHH XUCOOJIAII KOUIATaPH.
23 Oynkiusan quddepennmamiam Kounanapu. KOkopu TapTiuban xocuia Ba 2
muddepeHnmraniap.
24 )
Oynkiusan | TapTubim xocuina épramuia TEKIIUPUILIT 2
25
Oyukumsiau 11 rapTrbam xocuiia Epaamuaa TEKIIUPULL. 2
26
OYHKIUSHA TYJIUK TEKITUPHULI. 2
27 5
Anukmacnukiap Ba Jlonuran Kkouganapu.
Kamm 1- maBcym Oyiinua 94
28 2
bomnanruy ¢yHKIMs Ba aHUKMac MHTerpai. MHTerpaiap sxaasainy.
29 2
AHMKMAac HHTETpajTHU XUcoOall yCyulapH.
30 2
Parmonan kacpiap Ba yl1apHH HHTETpasulall.
31 .
Wppaunonan udoaanapHu MHTErpaial. Dijep aaMaiTupMalapy. 2
32 5
TpuronomeTpuk pyHKUMATAp KaTHALITaH 0ab3u UPoJaTapHU UHTErpasuIaLl.
AHUK MHTErpa Tabpu(H Ba YHUHT 3HT COJ/Ia XOccaaapu. AHUK WHTETPATHUHT 5
33 Xoccaapu.
34 | AHUK MHTerpajgHu XUcoOuaml ycyJuiapy. 2
35 | XocMac HHTErpaiap 2
36 | AHUK MHTETPAJTHUHT T€OMETPHK Ba MEXAHUK TaTOUKIIAPH. 2
37 | AHUK MHTerpaaHu TakpuOui xucobnam GopMyaanapu. 2
38 | MIkku y3rapyBumiii QyHKIMSA, YHUHT JIMMUTH Ba y3JIyKCH3IIHUIH. 2
39 | Mxku y3rapyBunnu QyHKIUSHUHT Xycycuil xocunanapu. Tyna quddepennman. 2
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Mypakkab QyHKIMSHHHT XocHacy. Tyma xocuna. MyHammm Gyitiua xocuia Ba

2
40 TpaJIieHT.
41 | YOxopu tapT6nun xocuia Ba auddepeHunaniap 2
42 | Vkku y3rapyBumnn pyHKUUSHUHT JOKAJ SKCTPEMYMIIApH. 2
43 Wkku kappanu UHTErpai Ba yHUHT acocuil xoccanapu. Mkku kappain MHTErpanHu
xucoOman ycyinapu 2
44 | Vxky KappaJld MHTEIPAJIHUHT T€OMETPHUK Ba MEXaHUK TaTOMKIApH. 2
45 V4 kappaiiv UHTErpall , yHUHT aCOCUI XOccanapy Ba XMCOOJIalll yCyyiapu. 2
46 | Eu xappaiy MHTETpaTHUHT T€OMETPUK Ba MEXaHUK TaTOMKJIAPH. 2
47 Erpu 4n3ukiay HHTErpan Ba yHUHT XOCCaJIapH.
p p YH p 2
48 | Conmm KaTopmap Ba yapHUHT SKHHIAIIHIIN. 2
49 | Myc6ar xa/u1u CORTH KaTopiap SKMHIAMIAIIHHAHT eTapiH IAapTIapH. 2
50 | Vsrapysuan mumopanui cornmm Katopiap. 2
o1 OyHKIIMOHAT KaTopap. 2
52 JHapaxxanu Karopiap. 2
53 Telinop Ba MakiapeH Katopiapu. 2
o4 dypbe Kartopiapu 2
2-MaBcyM Oyiinua 54
55 | Kommiekc connap Ba ynap ycTujaa apupmMeTuk amauiap. 2
56 Kommneke aprymentian GyHkius Ba yHuHT xocwiacu. Komu—Puman maptnapu.
Kommnekc y3rapyBumnu ¢pynkuusiaapau uaterpanu. Komm gopmynacu. 2
57 Huddepennunan TeHraamanapra kenyBun macananap. Auddepenunan
TEHTJIaMajap Ba yJIapHUHT €4UMIIapu 2
58 | Babsn | tapTuOAM TuddepeHian TeHraamManap Ba ylapHU eunil 2
59 HOxopu TapTiOan quddepeHnnan TeHraamanap. 2
60 | Il TapTnOn ynsukam yrapmac koedpuiuenti 6up xuncnu aupdepeniman 5
TEHIJIaMasnap.
61 | Il TapTnbam ynsukam y3rapmac koedpuurenm ouprunciumac nudpepennman 5
TEHIJIaMasnap.
6 Opurunan Ba TacBup. TacBUpiIapHU aaBaji Ba Jlamiac alMamTupMacHHUHT
xoccanapu épaaMuia TOMHUII. 2
63 TacBupnapra xypa 6onutanFud GyHKIUSHU Tonunl. OnepannoH Xxucod épramuaa
muddepeHnman TeHrIaMaIapHu UL, 2
64 MaremaTuk u3rKa TeHTIaMaIapy Ba yIapHUHT Typiapu. Top TedpaHuin
TEHTJIaMacH. 2
65 | CCUKTMKHHMHT YerapajaHTaH cTepkeHaa Tapkammu. Koppekt macananap. 2
66 | Exrumommmkmnap Hazapusicn. Xomucanap Ba yiap yeTHIa amMauiap. IXTHMOIIHK, 2
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YHHUHT KJIACCHK, TEOMETPHUK, CTATUCTUK TabpHu(apy Ba acOCUI XoccallapH.

67 | EXxTUMOIMKIapHU KNI Ba KYIAaUTHPHUILI TEOpEMaIapH. 2
68 Tyna sxTumon Ba baiiec Teopemacu. 2
69 | bepnymm Teopemacu. Myagp Jlamiac Teopemanapu. 2
70 Juckpet Tacoauduil MUKIOpIap, YIAPHUHT TAKCUMOT KOHYHU Ba aCOCUI COHJIH

XapaKTepuCTHKaIapu 2
71 TakcumoT Ba 3UWIHMK QYHKIHUIApH. ACOCHH Y3IyKCU3 TAKCUMOTJIap Ba yJIapHUHT

COHJIM XapaKTepUCTUKATIapU 2
72 | MareMmatyK CTATHCTHKA SIEMEHTIApH. 2

3-mMaBcyMm Oyiinua 36

Kamu 144
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O’ZBEKISTON RESPUBLIKASI OLIY VA O'RTA
MAXSUS TA'LIM VAZIRLIGI

BUXORO MUHANDISLIK-TEXNOLOGIYA

INSITUTI
«OLIY MATEMATIKA» kafedrasi

«Oliy matematikay» fanidan

MA'RUZALAR TO'PLAMI

BUXORO-2016
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Ushbu ma'ruzalar matnlari “Oliy matematika” kafedrasining

2016 vyil 25 avgust kungi yig'ilishida (majlis bayoni Nel) va

institut o’quv-uslubiy kengashining 2016 yil kungi majlisida
(majlis bayoni Ne ) muhokama etildi va chop etishga tavsiya gilindi.

MUALLIEF:

TESHAYEV M.X. Bux MTI “Oliy matematika”
kafedrasi dotsenti, f.-m.f.n., dotsent

TAQRIZCHILAR:

JUMAYEV J. BuxDU “Informatika va AT ”
kafedra dotsenti, f.-m.f.n., dotsent

YO’LDOSHEYV Sh.. Bux MTI “Informatika ”
kafedrasi mudiri, f.-m.f.n., dotsent

MUHARRIR:

ISMATOV H.B. Bux MTTI “Oliy matematika”
kafedrasi dotsenti, t.f.n., dotsent
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Kirish

Mamlakatimizda qabo’l qilingan va amalga oshirilayotgan “Kadrlar tayyorlash milliy
dasturi” bo’yicha ta'lim islohotining II bosqichidagi eng asosiy vazifa - tayyorlanayotgan
mutaxassislarning sifatini oshirishdan iboratdir.

Yugori malakali, ragobatbardosh, zamonaviy kadrlar tayyorlashda ularga beriladigan
matematik bilimlar katta ahamiyatga ega. Shu sababli  informatika va informatsion
texnologiyalar yo’nalishlari bo’yicha ta'lim oluvchi bakalavrlarning o’'quv rejalarida «Oliy
matematika» fanini o’qitish ko’zda tutilgan. Talabalar uchun bu fanni o’qgitishda ushbu
magsadlar go’yiladi:

1.

2.
3.

4.

5.

Kasbiy faoliyat uchun etarli hajmda matematik bilimlar va usullar hagida
tushunchalar va ko’nikmalar hosil gilish.

Abstrakt va mantiqiy fikrlash qgobiliyatlarini hosil gilish va rivojlantirish.

Matematika va uning igtisodiy tadbiglari bo’yicha adabiyotlarni mustaqil o’rganish
orqali bilimlar doirasini kengaytira olish.

Informatika va informatsion texnologiyalar ixtisosligi bo’yicha umumkasbiy va
maxsus fanlarni o’zlashtirish uchun kerakli matematik poydevorni hosil gilish.

Kasb faoliyati jarayonida paydo bo’ladigan amaliy masalalarning matematik
modellarini ishlab chigish va uni tahlil etib, tegishli xulosalar chiqgarish.

«Oliy matematika» fani quyidagi asosiy bo’limlardan iborat:

oukrwdE

7.
8.
9.

Chiziqli algebra

Vektorial algebra.

Analitik geometriya.

Differentsial hisob.

Integral hisob.

Ko’p o’zgaruvchili funktsiyalar.

Oddiy differentsial tenglamalar.

Sonli va darajali gatorlar.

Kompleks sonlar va kompleks 0’zgaruvchili funksiya.

10. Operatsion hisob elementlari.

11. Ehtimollar nazariyasi va matematik statistika.

Ushbu ma’ruzalar to’plamida «Oliy matematika» fanining chiziqli algebra, vektorial
algebra, analitik geometriya, differentsial hisob bo’limlari bo’yicha fanning ishchi o’quv
dasturida ko’zda tutilgan mavzular yoritilgan.
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MATEMATIKANING ASOSIY RIVOJLANISH

BOSQICHLARI. HOZIRGI ZAMON MATEMATIKASINING TARKIBI,
AHAMIYATI VA TADBIQLARI .

Ma'ruza rejasi:

Matematika fanining predmeti.

Matematika fanini abstraktligi.

Matematikaning shakllanish davri.

Elementar matematika davri.

Urta Osiyoda elementar matematika tarakkiyoti.

Oliy matematika davri.

Xozirgi zamon matematikasi.

O'zbekiston matematika maktabi.

Matematikaning amaliyotdagi ahamiyati va qo’llanilishi.

©oNoORWNE

Adabiyotlar:

[9]bob. 4-24 bet, 114-123 bet, [14]bob. 5-8 bet.

Eng avvalo “Matematika” fani nimani o’rgatadi? degan savolni qo’yamiz. Bu juda
murakkab savol bo’lib, o’nga ta'lim darajasi turli bo’lgan odamlar turli javoblar beradilar.
Masalan, boshlang’ich sinf o’quvchilari matematika-narsalarni sanash qoidalarini o’rgatadi deb
javob beradilar va bu javobni noto’g’ri deb bo’lmaydi. Chunki bu matematikaning muhim gismi
bo’lmish arifmetikani mohiyatini tashkil etadi va u dastlabki tarixiy davrlarda matematikani
to’lik o’z ichiga olgan. O’rta sinf o’quvchilari bu javobga matematikani chiziglar, figuralar,
jismlarni, ya'ni geometrik ob'ektlarni ham o’rganadi deb qo’shimcha qiladilar. Yuqori sinf
o’quvchilari esa bu savolga matematika funktsiyalarni o’rganishini ham ilova giladilar. Talabalar
oliy o’quv yurtlarida matematikaning differentsial tenglamalar, ehtimolliklar nazariyasi va
matematik statistika kabi yangidan-yangi bo’limlarini o’rganadilar va shu sababli ularning
javoblari o’quvchilar javobiga nisbatan kengroq va to’laroq bo’ladi.

Ammo barcha bu javoblar bir tomonlama xarakterga ega bo’lib, matematikaning u yoki bu
yunalishlarini ifodalaydi. Bu savolga umumiy holda javob berish uchun juda ko’p matematiklar,
faylasuflar harakat qgilganlar. Hozircha bu savolga eng gonigarli javob XX asrning buyuk
matematigi A.N.Kolmogorov (1903-1987) tomonidan keltirilgan va quyidagicha ifodalanadi.

T A" R 1 F : Matematika hagigiy olamning miqdoriy munosabatlari va fazoviy formalari
haqgidagi fandir.

Matematika so’zi grek tilidan olingan bo’lib, miqdorlar haqidagi fan degan ma'noni
bildiradi.

Matematika boshqa tabiiy fanlardan shu bilan farq giladiki, u real olamni, atrofimizdagi
ob'ekt va jarayonlarni abstraktlashtirilgan holda o’rganadi va shu sababli uning natijalari
umumiy xarakterga ega.
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Masalan, biologiya tirik hayotni o’rganuvchi fan bo’lib, unda qo’llaniladigan usullar
xususiy xarakterga va bu usullarni fizikaga yoki tilshunoslikga tadbiq etib bo’lmaydi. Xuddi
shunday gaplarni fizika, ximiya, geologiya va boshqa fanlar tug’risida aytish mumkin.

Ammo arifmetikaning gonun — qoidalarini biologiya ob'ektlariga ham, fizik-ximik
tadgiqotlarga ham, igtisodiy masalalarni echishda ham, qishloq xo’jaligida ham bir xil
muvaffaqiyat bilan qo’llash mumkin. Shu sababdan ham XI1X asrning buyuk matematigi Gauss
«Arifmetika - matematikaning podshohidir, matematika esa barcha fanlarning podshohidir.» -deb
bejiz aytmagan.

Albatta, matematika bunday ulkan bahoga erishishi uchun uzoq taraqqiyot yo’lini bosib
o’tishga to’g’ri kelgan. A.N.Kolmogorov o’zining 1954 yilda qobusnoma uchun yozilgan va
“Matematika ““ deb atalgan maqolasida bu taraqqiyotni ushbu to’rt davrga ajratadi.

I.  Matematikaning shakllanish davri.
Il. Elementar matematika davri.
Ill. O’zgaruvchi miqdorlar matematikasi davri. Bu davrni shartli ravishda  “Oliy
matematika “davri deb ham aytish mumkin.
IV. Hozirgi zamon matematikasi davri.
Shuni ta'kidlab utish kerakki, har bir keyingi davrda elementar matematikani rivojlanishi
to’xtab golgan emas.

I. Matematikaning shakllanish davri eramizdan oldingi VI-V asrgacha davom etdi. Bu
davrda insoniyat turli predmetlarni sanashni o’rgandi. Sanoq sistemalari oldin og’zaki holda
ishlatilgan. Yozma sanoq sistemalarini kashf etilishi bilan natural sonlar ustida turli arifmetik
amallar bajarish gonun-qgoidalari topila boshlandi. Yullarni uzunligini o’Ichash, daromadlarni va
etishtirilgan hosilni tagsimlash kabi masalalar natijasida kasr sonlar tushunchasi va ular ustida
arifmetik amallar bajarish goidalari ishlab chiqildi.

Natijada, eng gadimiy matematik fan- arifmetikaga asos solindi. Maydonlarni o’lchash,
jismlar hajmlarini hisoblash, turli ish qurollarini yaratishga extiyoj paydo bo’lishi bilan
geometriyaning kurtaklari shakllana boshlandi. Shunisi qgiziqqi, bu jarayonlar turli xalglarda bir-
biriga bog’likmas ravishda, parallel ko’rinishda amalga oshdi.

Ayniqgsa bu jarayonlar Misr va Vavilon davlatlarida yaggol namoyon bo’ldi.

I1. Elementar matematika davri eramizdan oldingi V asrdan boshlab  XVII asr boshlarigacha
davom etdi. Oldingi davrdagi matematik bilimlar tarqog,xususiy ko’rinishdagi natijalardan,
gonun-goidalardan iborat edi. Ularni birlashtirish, umumiy ko’rinishga keltirish gadimgi
Gretsiyadan boshlandi va matematika fanini ilmiy poydevoriga asos solindi.

Evklidning “Negizlar” asarida elementar geometriya fani aksiomatik ravishda ifodalandi
va bu asar 2 ming yil davomida boshga matematik fanlarni asosini yaratishga misol, namuna
sifatida xizmat gilib keldi. Qadimgi Gretsiyada matematikaning ( asosan geometriyani )
rivojlanishiga Pifagor, Aristotel, Arximed, Geron, Diofant, Ptolomey kabi mutafakkirlar katta
hissa qo’shdilar.Turli gidrotexnik ko’rilishlar (masalan, Arximed vinti), harbiy mashinalar,
Arximedni tosh otuvchi qurilmalari, oynalar sistemasida kemalarni yondirib yuborish, dengizda
suzish uchun kerakli bilimlar, geodeziya va kartografiya, astronomik kuzatishlar bilan bog’lik
masalalar matematikani rivojlanishiga katta turtki bo’ldi.

Kurilayotgan davrning 1X-XV asrlari davomida matematikaning rivojlanishiga O’rta Osiyo
olimlarining hissasi  katta bo’ldi. Bu vaktda arablar juda ko’p yerlarni bosib olib, arab
xalifaligiga birlashtirdilar. Bu yerlarda olimlar yagona arab tilidan foydalana boshladilar va bu
ular orasidagi alogalarni mustahkamlanishiga olib keldi. Bundan tashgari o’sha davrda katta
ilmiy tadgigodlar davlat tomonidan moliyalashtirila boshlandi. Bu omillar bu yerda ilmni
rivojlanishiga, katta kutubxonalar tashkil etilishiga, rasadxonalar qurilishiga olib keldi.
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IX asrda yashab ijod etgan xorazmlik olim_Muhammad ibn Muso al Xorazmiy birinchi
bo’lib 0’zining “Aljabr” asarida algebra faniga asos soldi. Yevropalik olimlar bu kitob orgali
kvadrat tenglamalarni echish usuli bilan tanishdilar. X asrda Beruniy x*+1=3x ko’rinishdagi
kub tenglamani taqribiy yechish usulini topdi. XI-XII asrda yashagan Umar__Xayyom kub
tenglamalarni umumiy holda tekshirdi, ularni sinflarga ajratdi va echilish shartlarini topdi. XIl1I
asrda ijod etgan ozarbayjon matematigi Nasriddin Tusiy sferik trigonometriyani asos solinishiga
yakun yasadi va Evklidning “Negizlar” kitobini arab tiliga tarjima qildi. XV asrda buyuk
astronom va matematik Mirzo Ulugbek (1394-1449) »Ziji Kuragoniy”asarida 1018 ta yulduzning
koordinatalarini nihoyatda katta aniglik bilan hisoblab berdi. Bu ishda rasadxonada eng
zamonaviy aniq asboblardan foydalanilgani bilan bir gatorda yirik matematiklar ham ishlaganini
ko’rsatib utish kerak. Ulardan eng mashhuri G’iyosiddin Jamshid ibn Masud ali Qushchi bo’lib
hisoblanadi. U o’nli kasrlar ustida arifmetik amallar bajarish qonun—goidalarini batafsil bayon
qgilib berdi (0’ngacha O’rta Osiyoda asosan oltmishlik sanoq sistemasi go’llanilgan ). Yevropada
bu natijalarga atigi XV1 asrda erishildi. Ali Qushchi Nyuton binomi formulasini natural sonlar
uchun og’zaki ko’rinishda ifodaladi, ”Aylana hagidagi risola” asarida ( sonini 17 xona
anigliqgda hisobladi, astronomik hisoblashlar uchun kerak bo’lgan sinuslar jadvalini tuzish uchun
tenglamalarni iteratsion usulda sonli yechish yo’lini ko’rsatdi.

Hindistonning matematikaga go’shgan eng katta hissasi-unli sanok sistemasi uchun
ragamlar va nolni kashf etilishidir. Bu ragamlar yevropaliklarga arab matematiklari asarlari
orgali ma'lum bo’lgani uchun hozirgi paytda notug’ri ravishda «arab ragamlari» deb ataladi.

Elementar matematikaning rivojlanishiga Xitoy olimlarining ham katta ulushi bor.

XII-XV asrlar davomida Garbiy Yevropa matematiklari asosan gadimgi Gretsiya va
Sharg matematiklarining ishlarini o’rganish bilan shug’ullanib kelganlar, matematik bilimlarni
ommalashtirish magsadida turli asarlar yozganlar, matematik simvollarni kashf etganlar. Ammo
XVI asrdan boshlab bu yerlik olimlar tomonidan yirik kashfiyotlar gilina boshlandi va yuksalish
davri boshlandi. Masalan, polyak olimi Kopernik ning astronomik kashfiyoti, italiyalik olim
Galileyning mexanika bo’yicha gator kashfiyotlari matematikani rivojlanishiga turtki bo’ldi.

Italiyalik matematiklar Tartaliya, Ferrari, Kardano uchinchi va to’rtinchi tartibli
algebraik tenglamalarni echish usullarini topdilar (oldin bu tenglamalar tagribiy yechilar edi.)
Frantsuz matematigi Viet n- darajali tenglama ildizlari bilan uning koeffitsientlari orasidagi
munosobatlarni topdi.

11.0liy matematika davri XVII asrdan boshlandi. Elementar matematikada Kattaliklar va
geometrik ob'ektlar ko’zgalmas, o’zgarmas miqdorlar kabi garalar edi. Matematikada endi
harakatlanuvchi va o’zgaruvchi mikdorlarni qurishga to’g’ri kela boshladi. Masalan, Boyl-
Mariot (1662) gaz hajmi bilan uning bosimi o’rtasida 0’zaro bog’lanish mavjud ekanligini, Guk
(1660) esa gattik jismning deformatsiyalanishi & va kuchlanishi ¢ orasida c=ae ko’rinishdagi
chizigli bog’lanish mavjud ekanligini anigladilar. Bu gonunlarda ikki o’zgaruvchi miqgdor
orasidagi 0’zaro bog’lanishni o’rganishga to’g’ri keldi va bunday bog’lanishlar funktsiya
tushunchasiga olib keldi. Elementar matematikada (arifmetikada) son ganday asosiy ahamiyatga
ega bo’lsa, oliy matematikada funktsiya shunday asosiy ahamiyatga egadir. Funktsiyalarni
o’rganish matematik tahlil degan fanga olib keldi. Bu fanda limit, hosila, integral kabi
tushunchalar kiritildi. Nemis matematigi Leybnits 1682-1686 yillarda va ingliz matematigi,
mexanigi Nyuton 1665-1666 yillarda differentsial va integral hisobni kashf etdilar.

Bu davrda matematikani rivojlanishiga Dekart, Fure, Paskal, Ferma, Gyuygents, Bernulli,
Evler, Lagranj, Dalamber, Koshi kabi buyuk olimlar katta hissa qo’shdilar. Bu davrda
matematik tahlilni rivojlantirish bilan bir gatorda analitik geometriya, differentsial tenglamalar,
ehtimollar nazariyasi kabi yangi fanlarga asos solindi.
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IV. Hozirgi zamon matematikasi davri XIX asr boshidan hisoblanadi.
Oldingi davrlarda  matematikaning rivojlanishi amaliy masalalarni echish
natijasida amalga oshgan bo’lsa, endi matematika 0’z ichki qonuniyatlari bo’yicha
ham rivojlana boshladi. Bu rivojlanish oldin topilgan tushunchalarni, natijalarni
umumlashtirish, ularni mantigiy jihatdan tugallanganligiga erishish, oldingi
natijalarni hozirgi zamon yutuqlari asosida gayta ko’rib chiqgish, tahlil etish kabi
yunalishlarda amalga oshadi. Masalan, x?>-1=0 kvadrat tenglama x=+1 ildizga ega
ekanligi malum, ammo o’nga juda o’xshash x2 +1=0 tenglama haqigiy sonlar
ichida ildizga ega emas. Shu sababli haqiqiy sonlardan kengrog, umumiyroq
bo’lgan kompleks sonlar tushunchasini Kkiritishga to’g’ri keldi. XIX asrda
kompleks sonlar va ularning funktsiyalarini o’rganish natijasida «Kompleks taxlil»
fani paydo bo’ldi. Bu nazariyaning amaliyotga tadbiglari keyinchalik topildi.

Algebraik tenglamalarni echish masalalari bilan shug’ullanish natijasida
Abel, Galua (1830) tomonidan guruhlar nazariyasi yaratildi. XX asrdagina
guruhlar nazariyasi kristallarni o’rganishda, kvant fizikasida o’z tadbig’ini topdi.

XIX asrda matematika fanining juda ko’p sohalarga qullanilishi, tarkibini
juda kengayishi natijasida uning poydevorini ilmiy nugtai-nazardan gayta ko’rib
chigish yoki yaratish masalalari muhim ahamiyatga ega bo’ldi. Matematik
fanlarning asosiy poydevori sifatida to’plamlar nazariyasi va matematik mantiq
olindi. XX asrda juda kup matematik fanlar poydevori to’plamlar nazariyasi
asosida yaratildi. XIX-XX asrda yangi matematik fanlarga ham asos solindi va
rivojlantirildi. Masalan, to’plamlar nazariyasi, matematik mantiq, haqiqiy
o’zgaruvchili funktsiyalar nazariyasi, funktsional tahllil, topologiya, matematik
fizika masalalari.

O’zbekistonda matematika fanining rivojlanishiga to’xtalib o’taylik.
O’zbekistonda matematika fani bo’yicha yutuglar Toshkentda 1920 yilda
universitet tashkil etilishi bilan bog’lik. O’zbekistonga kelgan rus olimlari ichida
V.1.Romanovskiy ham bor edi. U matematik statistika bo’yicha ko’zga ko’ringan
olim edi va u o’zbek matematika maktabini yaratishga katta hissa qo’shdi. O’zbek
matematiklaridan birichi bo’lib akademik Kori-Niyoziyni ko’rsatish mumkin. U
matematika bo’yicha katta ilmiy ishlar gilmagan bo’lsada, matematikani targib
kilish, o’zbek tilida darsliklar yozish bilan O’zbekistonda matematikani
rivojlanishiga katta hissa ko’shdi. Dunyoga tanilgan matematiklarimizdan
akademik T.A.Sarimsokov (1915-1995), akademik S.X. Sirojiddinov(1920-1988),
M.S. Saloxitdinov funktsional tahlil, matematik statistika, matematik fizika
tenglamalari bo’yicha juda katta kashfiyotlar qilib, 0’zbek matematika maktabini
jahonga tanittirdilar.

Matematikaning amaliy tadbirlari bo’yicha ba'zi bir misollarni keltiramiz.

1.1845 vyilda fransuz matematigi Levere Uran planetasi trayektoriyasi
tenglamasini  tekshirib, bizga noma'lum osmon jismi borligini, uning
trayektoriyasini va massasini nazariy yo’l bilan, ya'ni “qalam uchida” xisoblab
topdi. U ko’rsatgan koordinatalar bo’yicha 1846 yil 23 sentyabr kuni nemis
astronomi Galle teleskopda Neptun planetasini kashf etdi. Xuddi shunday ravishda
9-planeta 1915 yilda gilingan matematik xisoblar asosida 1930 yili kashf etildi.
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2. Neytron, kvark kabi elementlar zarrachalarining mavjudligi va ularning
xossalari tajribalar asosida emas,xisoblashlar asosida kashf etildi.

3.Samolyotlarning uchish uzogligi kattalasha borishi bilan ularni avtomatik
boshkarish masalasi paydo bo’ldi. Bu masalani L.S. Pontryagin (Rossiya) va
Belman (AQSh) kabi matematiklar hal qgilib, optimal boshkarish nazariyasi degan
yangi fanga asos soldilar.

4.Telefon aloqasini rivojlanishi bilan aloga bo’limlarida abonentlarni
navbatda gancha kutib turish vagtlari kabi masalalar natijasida amerikalik olim
Erlang “Ommaviy xizmat ko’rsatish nazariyasi” nomli yangi matematik fanga
asos soldi.

5.Kosmosni o’zlashtirish muammolarini yechishda matematika roli
benihoyat kattadir. Akademik Keldo'sh (Rossiya) raxbarlik qilgan ”Amaliy
matematika” ilmiy-tekshirish institutida bu masalalarni yechish usullari ishlab
chiqildi va ular EXM lar yordamida amalga oshirildi.

6.Igtisodiyotda xalk xo’jaligini boshkarish uchun amerikalik igisodchi-olim
Leontev tomonidan tarmoklararo muvozanatning matematik modellari ishlab
chiqgildi va uning tenglamalari yechilib, ishlab chigrishni ogilona boshkarishga
erishildi.

7.Akademik  Kantorovich (Rossiya) materiallardan andoza olishning
kamchiqim yo’llarini axtarish bilan shug’ullandi va natijada chiziqli dasturlash
nomli yangi matematik fanga asos soldi. Bu fan natijalari asosida xalk xo’jaligida
juda katta iqgtisodiy foydaga erishildi va shu sababli Kantorovich iqgtisodiyot
bo’yicha Nobel mukofotiga sazovor bo’ldi.

Bunday misollarni yana ko’plab keltirish mumkin va ular matematikaning
ganchalik darajada ahamiyatli ekanligini ifodalaydi.

0’z-0’zini nazorat etish savollari.

1. Matematika fani predmeti akademik A.N. Kolmogorov tomonidan ganday
ta'riflangan?

2. Matematika boshqa tabiiy fanlardan ganday xususiyati bilan ajralib turadi?

Matematikaning rivojlanish davri A.N. Kolmogorov tomonidan necha davrga

ajratilgan?

Matematikaning shakllanish davri ganday xususiyatlarga ega?

Elementar matematika davri qaysi asrlarga to’g’ri keladi?

Elementar matematika davri ganday xususiyatlarga ega?

O’rta Osiyolik olimlarning elementar matematika rivojlanishiga qo’shgan

Xissalarini ko’rsatib o’ting.

8. Oliy matematika davri qaysi asrlarga to’g’ri keladi?

9. Oliy matematika davrining asosiy xususiyatlari nimalardan iborat?

10. Hozirgi zamon matematikasining asosiy xususiyati nimadan iborat?

11. O’zbek matematiklaridan kimlarni bilasiz va ularning xizmatlari nimadan
iborat?

12. Matematikaning amaliy masalalarni echishga tadbiglaridan gaysi birini bilasiz?

w

No ok
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1-MA’RUZA

MATRITSALAR VA ULAR USTIDA AMALLAR.

Tayanch iboralar: matritsa, matritsa tartibi, matritsa elementi, to’rtburchakli
matritsa, kvadrat matritsa, ustun matritsa, satr matritsa, matritsalar tengligi,
diagonal elementlar, diagonal matritsa, birlik matritsa, nol matritsa, matritsani
songa ko'paytmasi, matritsalar yig'indisi, ayirmasi, matritsalar ko’paytmasi.

Ma'ruza rejasi:

1. Matritsa, uning tartibi va elementlari.
2. Matritsalarning turlari.

3. Matritsalar tengligi.

4. Birlik va nol matritsa.

5. Matritsani songa ko'paytirish.

6. Matritsalarning algebraik yig'indisi.
.

8

9.

1

. Matritsalarni go’shish amalining xossalari.
. Matritsalar ko’paytmasi.

Matritsalar ko'paytmasi amalining xossalari.
0.Matritsaning igtisodiy tadbigiga misol.

Adabiyotlar:
[1] Tbob, §22-23, [3] IV bob, §1, [8] V bob, §60-61,
[14]. 9-16.

TA'RIF1: m tasatr va n ta ustundan iborat to’gri to’rtburchak shaklidagi
m-n ta sondan tuzilgan jadval mxn tartibli matritsa deb ataladi.

Matritsalar A,B,C kabi bosh lotin harflar bilan, ularni tashkil etuvchi sonlar
esa ajj, Bij, ¢ij Kabi belgilanadi. Bu sonlar shu matritsaning elementlari deb ataladi.
Bu erda i - element joylashgan satrni, j esa ustunning tartib rakamini bildiradi.

1 -3 12
0 75 J matritsa_2x3 tartibli matritsa bo’lib, unda a;;=1,

a13=1.2, axp =7.5. Agarda A matritsaning tartibini ko'rsatishga extiyoj bo'lsa, u
Amxn Ko'rinishda yoziladi.

TA'RIF 2: Anw matritsada m=n Dbo’lsa, u kvadrat, m = n bo’lsa to'gri
to’tburchakli matritsa deyiladi.

Bunda, agar m =1 bo'lsa, satr matritsaga va n = 1 bo’lsa, ustun matritsaga
ega bo’lamiz. m=1 va n =1 bo'lganda matritsa bitta sonni ifodalaydi. Demak,
matritsa ma'lum bir ma'noda son tushunchasini umumlashtiradi.

TA'RIF3: A vaB matritsalar teng deyiladi ( A=B deb yoziladi), agarda ular
bir xil tartibli va ularning mos elementlari o’zaro teng bo’lsa, ya'ni aj=s;j shart
bajarilsa.

Masalan,

Masalan, A:(
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A —
X

bo'lsa, A=B deb yozish mumkin.
A={a;j} matritsada a; Ko'rinishdagi elementlar diagonal elementlar deyiladi.

T A 'R 1 F 4 : Barcha diagonal elementlari birga teng (a;=1), kolgan barcha
elementlari esa nolga teng ( a; =0, i #] ) bo’lgan kvadrat matritsa birlik matritsa
deyiladi va E kabi belgilanadi.

1 00
1 0
Masalan, E,= (O 1j—@—l—, E; = 01 06410
0 0 1

01

birlik matritsalardir.

IFTA'RI1FE5: Barcha elementlari nolga teng (a;=0) bo’lgan matritsa nol
matritsa deyiladi va 0 kabi belgilanadi.

Masalan,

(0o

£ Yroo—s—sovals ¢ I

0 0 00 0°
0)
nol matritsalar bo'ladi.
TA'RIF6: Birxil mxn tartibli A va B matritsalar yigindisi yoki ayirmasi deb
shunday mxn tartibli S matritsaga aytiladiki, uning elementlari c;j= aij* Bi; kabi
aniqlanadi va C=A+B deb yoziladi.
Masalan,

A= B=
0 7 2 2 -3 4
matritsalar uchun
5+1 - 340 -1+1) (6 3 O

A + B = =
042 7+(-3) 2+4 2 4 6
5-1 3-0 -1-1 4 3 -2
A-B= =
0-2 7-(-3) 2-4 -2 10 -2

Matritsalar yig'indisi uchun A+B=B+A (kommutativlik),
A+(B+C) = (A+B)+C (assotsiativlik) qonunlari o’rinli bo’ladi.
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Bundan tashqari A-A=0, A+0=A, A+A =2A tengliklar ham o’rinli
bo'ladi.
TA'RIFE7: Ixtiyoriy mxn tartibli A={a;jj} matritsaning A songa ko'paytmasi
deb {A a;j;} matritsaga aytiladi va u A A kabi belgilanadi.

Masalan,

(5 4 -lj

A=

02 7

matritsa uchun
65 64 6-(-1) 0 24 -6

6A4= =
A= 60 62 6-7 0 12 | 42

Matritsalarni go’shish va songa ko'paytirish amallari uchun quyidagi
tengliklar o'rinli bo'ladi:
AM(AEB)=AA+AB, (At pu)A=AA+puA,
0-A=0, A-0=0
TA'"RIFB8: Amnxp va Bgxn matritsalar uchun p=q shart bajarilganda
ularning ko’paytmasi (AB) deb shunday Cmyn matritsaga aytiladiki, uning cjj
elementlari (i=21,m;j=1n) ushbu

p
Cij =Z Ajx Bgj
k=1

tenglik bilan aniglanadi.

Shunday qilib, c;; element A matritsaning i-satr elementlarini VV matritsaning
J- ustun mos elementlariga ko'paytirib, ularni go’shib chigishdan hosil gilinadi,
ya'ni “satrni usto’nga ko'paytirish” qoidasi bilan topiladi.

Masalan,
3 1 6 -4
Azo=10 -2 Boo=(1 2

4 5 )
matritsalar uchun m=3, p=g=2, n=2 bo’lgani uchun ularni ko’paytirish mumkin
va AB=Czs,, matritsa quyidagicha bo’ladi:

3:6+1-1  3(-4)t12 19 -10
Caz = |0-6+(-2)1  0-(-4)+(-2)- = 2 -4
4-6+5-1  4-(-4)+52 29 -6

Matritsalar ko’paytmasi uchun AB#VA, ya'ni kommutativlik gonuni
o’rinli bo'Imaydi. Ammo A(BC)=(AB)C (assotsiativlik),
A(B+C)=AB+AC, (A+B)C=AC+BC distributivlik gqonunlari bajariladi.
Bundan tashqari AE=EA= A, A-0=0-A=0, (A A)B=A (AL B)

Ttengliklar ham o'rinli bo’ladi.
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Ma’ruza nixoyasida matritsalarning igtisodiy ma'nosi va
tadbiklarini ifodalovchi misollarni keltiramiz.

1-misol. Aloxida iqtisodiy tarmoklar o'rtasida ishlab chiqarish

resurslari taksimoti jadvali quyidagicha berilgan bo’lsin.(Umumiy
xajmga nisbatan foiz hisobida, rakamlar shartli)
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Resurslar Igtisodiy tarmoklar
Sanoat Kishlok xo'jalik Boshqa
tarmoklar
1.Yogqilg'm 45 30 25
2. Elektr energiyasi 53 27 20
3. Mehnat 38 21 41
resurslari
4. Suv resurslari 40 48 12

Bu jadvalni matritsa yordamida quyidagi qulay koO’rinishda ifodalash
mumkin:
45 30 25
53 27 20
Ay =
38 21 41
40 48 12
Bu yozuvda A matritsa xar bir elementi anig ma'noga ega.
Masalan, a11=45 sanoat tarmoglari yokilgining 45 % ni, a,1=53 esa
elektr energiyasining 53 % ini iste'mol qilishini ko'rsatadi, a,,=27
gishlok xo’jaligi elektr energiyasining 27 % ini sarflashini, a33=41 esa
mehnat resurslarining 41 % boshqga tarmoqlarda band ekanligini
ifodalaydi va hokazo.
2-Misol. Korxona p1,p2 va ps kabi belgilangan 3 xil mahsulot ishlab
chiqarishi ma'lum bo’lsin. Bu maxsulotlarni ishlab chikarish uchun 2 xil
xomashyo s; va s; ishlatilsin. Agar a;; (i=1,2,3; j=1,2) orqali i- turdagi
maxsulot birligini ishlab chigarish uchun j- tur xomashyodan qancha
xarajat etilganini belgilasak,unda maxsulotlar birligini ishlab chigarish
uchun xomashyolar xarajati me'yorini Asx;=(aij) matritsa orkali qulay
ko'rinishda ifodalash mumkin. Masalan,
2 3

A=|5
1

2 |.
4
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Agar ishlab chiqarish rejasi C=(100 80 130) satr matritsa va xomashyo
30
birligining bahosi B = (50) ustun matritsalar ko'rinishida berilgan

bo'lsa, u holda maxsulot ishlab chiqarish rejasiga mos keladigan
xomashyo xarajatlarining mikdorini bevosita quyidagicha aniqlash
mumkin:

1- tur xomashyo xarajati S;= 2-100+5-80+1-130=730 birlik,

2- tur xomashyo xarajati S,= 3:100+2-80+4-130=980 birlik.
Matritsalarni ko'paytirish amali orqali S=(S: S2) xomashyo

xarajati satr matritsasi esa quyidagicha topiladi:
2 3

S=C-A=(100 80 130)x|5 2 |=(730 980).
1 4
Umumiy xomashyo xarajati bahosi Q=S-B=730-30+980-50=70900
pul biriligin tashkil etadi. Bu iqtisodiy masalaning echimini matritsalar
ustida amallar orkali gisqacha quyidagicha ifodalash mumkin:
Q=S-B=(C-A)-B=C-(A-B)=70900 .

Q'z-0'zini nazorat etish savollari:

Matritsa deb nimaga aytiladi?

Matritsaning tartibi ganday aniklanadi?

Matritsalar qanday turlarga ajratiladi?

Qanday elementlar diagonal elementlar deyiladi?

Birlik matritsa qanday ta’riflanadi?

Qachon matritsa nol matritsa deyiladi?

Qaysi shartda matritsalarni go’shish yoki ayirish mumkin?
Matritsalar yig'indisi yoki ayirmasi ganday topiladi?

9. Matritsalar yig'indisi amali ganday xossalarga ega?
10.Matritsani songa ko'paytirish ganday aniglanadi?
11.Qaysi shartda matritsalarni ko'paytirish mumkin?
12.Ko'paytma matritsa tartibi ganday topiladi?
13.Matritsalar ko'paytmasi ganday aniglanadi?
14.Matritsalarni ko'paytirish amali ganday xossalarga ega?
15.Matritsaning iqtisodiy tadbigiga misol keltiring?

O~NOOGThWNE
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2-MA'RUZA

ANIQLOVCHILAR VA ULARNING XOSSALARI.

Tayanch iboralar: aniglovchi ta'rifi, ikkinchi tartibli aniglovchi, uchinchi tartibli
aniglovchi, aniglovchi xossalari, algebraik to’ldiruvchi, aniglovchilarni satr yoki
ustun bo’yicha yoyish (Laplas teoremasi), yuqori tartibli aniglovchilar.

Ma'ruza rejasi:

Aniglovchi hakida tushuncha.

Il tartibli aniglovchi va uni hisoblash formulasi.
[11 tartibli aniglovchi va uni hisoblash formulasi.
Aniglovchining xossalari.

Aniglovchining nolga teng bo'lish shartlari.
Aniglovchi elementining algebraik to’ldiruvchisi.
Laplas teoremasi.

Yugqori tartibli aniglovchilarni hisoblash.

N kN E

Adabiyotlar:

[1] Ibob, §9-10 [3] Ibob, §1 [8] V bob, §65-69,
[14]. 16-26.

T A 'R F: n—tartibli kvadrat matritsa elementlaridan ma'lum bir
goida asosida hosil gilinadigan sonli ifoda n — tartibli aniqlovchi deb
ataladi.

Masalan, ikkinchi tartibli aniglovchi deb, ikkinchi tartibli kvadrat
matritsadan quyidagicha hosil gilingan va belgilangan sonli ifodaga
aytiladi:

=y " Ay —dyp " Ay (1)

Masalan,

3 4

=5.10—4-(-2) =50 + 8 =58
5 -2 10
Uchinchi tartibli aniqlovchi esa quyidagi sonli ifoda kabi yordamida
aniqlanadi:

4
g =36-4:5=18-20=-2,

ayy Ay g
A=Ay Gy Q| =gy Ay Ugg +yp - Uyg - Agy + Ay~ Ay~ Qy3 —
a3 4z dg
T3 Uy "lz — Uy Uy Uz —Uyz " dgzy 2)
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Uchinchi tartibli aniglovchini hisoblashga misol keltiramiz:

2 6 -2
A=l 5 4|=2.5-0+6-4-3+1-(-1)-(-2) -
3 -1 0

-(-2)-5-3-6:1-0—-4-(-1)-(2)=112
Aniglovchilar va matritsalar orasida quyidagi o’xshashlik va
farglar mavjud:
1)Matritsa sonlar jadvali bo'’lsa, aniqlovchi esa sonli ifoda bo’lib,
uning giymati sondan iboratdir;
2) Matritsa yoysimon chiziglar bilan belgilansa, aniqglovchi to’g’ri
chiziglar bilan belgilanadi;
3) Ular ichidagi sonlar elementlar deyiladi;
4) Ular satrlar va ustunlardan iborat;
5) Aniglovchilarda ustun va satrlar soni teng bo'lishi kerak,

ammo matritsalarda esa bunday bo'lishi shart emas.
Endi ixtiyoriy tartibli aniglovchilarning xossalari bilan tanishamiz. Aniglik va
soddalik uchun bu xossalarni uchinchi tartibli aniglovchilar uchun ifodalaymiz. Bu
xossalarni o'rinli ekanligini (2) formula yordamida tekshirib ko'rish mumkin va
buni talabalarga mustaqil ish sifatida havola gilamiz.
1. Agar aniglovchining barcha satrlari mos ustunlar bilan almashtirilsa, u holda
aniglovchinig giymati o’zgarmaydi.

Masalan, a1 Az a3 di1 dz1daszi
dz1 dap2 43 = d12 adz24d32
ds1 ds32ds3 d13 d234s3

Bu xossadan aniqlovchining satr va ustunlari teng moxiyatli
ekanligi kelib chigadi.
2. Aniglovchining ikkita ixtiyoriy satrlari (ustunlari) o’rni o’zaro almashsa, aniglovchining fagat
ishorasi teskarisiga 0'zgaradi.

Masalan,
a1 a2 413 dp1 dp2 a3
dp1 dy24dz3 | = —| 411 A12d13
da31 a3 as3 a3l 4z as3

3. Agar aniqgovchining ikkita satr (ustun) elementlari bir xil bo’lsa, u hlda uning giymati nolga
teng.

I sbot: Buning uchun bir xil elementli satrlarni (ustunlarni) o’rinlarini almashtiramiz. Natijada
aniglovchi ko'rinishi o’zgarmay goladi. Bundan, oldingi xossaga asosan, A=—A tenglik hosil
bo'ladi vaundan A=0 ekanligi kelib chigadi.

4. Satrning ustunning) umumiy ko’paytuvchisini aniglovchi belgisidan tashqgariga chiqarib,
ko’paytma shaklida yozish mumkin.
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Masalan, Kd11 a1z a3 ail ajpeais
Kap1 adz2a23| =K ‘ dz1 Az 2423
Kaz1 aszz ass ds31 a324a3

5. Agar aniglovchining biror satri (ustuni) nollardan iborat bo’lsa, u holda

aniglovchining giymati nolga teng bo’ladi.

6. Agar aniglovchining ixtiyoriy ikkita satr (ustun) elementlari o’zaro proportsional

bo’lsa, u holda uning giymati nolga teng,

Masalan, aniglovchining I va Il satrlari proportsional bo’lsa,

K 411 Kadiz Ka;3 a1 Az d13
a;1 a2 a;z| =k |an appaiz|= k0=0
d31 a4z as3 d31 432 4as3

7. Agar aniglovchining biror satri (ustuni) ikki had yig'indisidan iborat bo’lsa, u

holda bu aniglovchi ikkita mos aniglovchilar yig'indisiga yoyiladi

Masalan,
a11 a12 a13 di1 aiz a1z da11 di12 ai3
azi a2 az3 = dp1 dz2d23 | + [d21 A2 A23
431+ B31  a32+B32 433+ B33 d31 432433 B31 B32 B33

Umumiy holda n — tartibli (neN) aniglovchi quyidagicha yoziladi:
da11 412413 ... 41j... A1n
A1 A224az3... A2j... A2n

........................ =A

dn1 aAn2 an3 ... 4anj... Ann

Yugori tartibli aniglovchilarni umumiy holda hisoblash formulalari juda murakkab
ko'rinishda bo'ladi. Shu sababli uning elementining algebraik to’ldiruvchisi
tushunchasi kiritiladi

TARIE: _ a; (i=Lm , j=1,n) elementning algebraik to’ldiruvchisi deb
aniglovchining i-satri va j- ustunini  tashlab yuborishdan hosil bo’lgan (n-1)
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tartibli aniglovchi giymatini (-1)" ga ko’paytmasiga aytiladi va Aij kabi

belgilanadi.
Masalan,
a11 a12a13
A= az1 a2 a23
431 a32 433

aniglovchining quyidagi to’qqgizta algebraik to'ldiruvchilari mavjud -:

a a a a a a a a
. 11(822 23| A2 23 . 142321 p3| (A Ay
A11 - (_1) - ’ AlZ - (_1) - )
gy  QAgg| |Az Agg dz;  dgs dz;  Ags
a a a a a a a a
B 211|912 13| |92 13 B 13l@21 | (@ Ap
A21 - (_1) - J A13 - (_1) - )
Az Agg dz dg; Az QdAgy| |Az Ay
a a a a a a a a
. 242311 Q13| |8 Qg3 B 243|811 82| |8 Qg
Ay, =(=1) = , Ay = (=1) =— ;
dgp  Qdgz| |d3 Ags dz Ay dz; Ay
a a a a a a a a
311|d12 13 12 13 342|211 Q13 11 A3
A3l = (_1) = ’Agz = (_1) =7 '
Ay Ay [Ay Ay dy; Ay ay; Ay
a a a a
_ 3+3(d11 12| |qn 12
A33 —_ (_1) - )
Ay Ay Ay Ay

Xuddi shunday, n - tartibli aniglovchining algebraik to’ldiruvchilarin?
ta (n— 1)-tartibli aniglovchilardan iborat bo’ladi.
Yugori tartibli aniqlovchilarni hisoblash algebraik to’ldiruvchilar

yordamida quyidagi teorema orqali osonrok bajariladi.
TEOREMA(Laplas): Uchinchi tartibli aniglovchining giymati uning istalgan satr
(ustun) elementlarini ularning mos algebraik to’ldiruvchilariga ko’paytmalarining
yig'indisidan iborat bo'ladi, ya'ni
A= ap*Anirtapne Apptae A
A= axn*Ax+axeAxtaxn® Ax (3)
A= az*Asrt+azp e Axxtaz e A

yoki

A= ap*Annt+axe Axtazn An

A= ap*Aptaxns Antan A, 4)

A= ajz*Az+ ax* A tax® A
Bu tengliklarning o'rinli ekanligini “to’gridan-to’gri hisoblashlar yordamida
ko'rsatish mumkin. (3) yoki (4) aniglovchini satrlar yoki ustunlar bo'yicha
yoyilmasi deyiladi. 1zox: Ixtiyoriy n-tartibli aniglovchilar uchun ham Kkeltirilgan
teoremani induktsiya usulida isbotlash mumkin.
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Yuqori tartibli aniglovchi giymatini topishda hisoblashlarni kamaytirish
magsadida uning nollari koprogbo’lgan satr yoki ustun bo’icha yoyish magadga

muvofiqir.

M is o l: To'rtinchi tartibli aniglovchini ikkinchi satr bo'yicha yoyib, giymatini

Laplas teoremasi orgali hisoblaymiz.

142 -1
003 1 1 4 -1 1 4 2
501 2|= (122350 2|+ (1*]|5 0 1|=
122 3 12 3 12 2

= 366 — 18 =198 —18= 180

Izox: Aniglovchining biror satr (ustun) elementlarini boshga satr (ustun) mos
elementlarining algebraik to’ldiruvchilariga ko’paytirib, ko’paytmalarni qo’shib

chigsaq, yig'indida doimo 0 hosil bo’ladi.
Masalan,
a11*Az1+ ap* A +aize Ax=0,
a12*A11+ ax e Az +az* Az =0.

O'z-0O’zini_nazorat etish savollari:

1. 1l tartibli aniglovchi ganday hisoblanadi?

2. 11 tartibli aniglovchi gaysi usullarda hisoblanadi?

3. Aniglovchi va matritsa o'rtasida ganday o’'xshashlik va farglar bo’ladi?
4. Aniglovchida satr va ustunlar ganday moxiyatli?

5. Aniglovchida satrlar yoki ustunlar O’rni almashtirilsa nima bo’ladi?

6. Qaysi shartlarda aniglovchini hisoblamasdan uning giymati nol bo’lishini
aytish mumkin?

7. Aniglovchi elementining algebraik to’ldiruvchisi deb nimaga aytiladi?
8. Aniglovchilar uchun Laplas teoremasi ganday ifodalanadi?
9. Yugori tartibli aniglovchilar ganday hisoblanadi?
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3-MA'RUZA .

CHIZIQLI TENGLAMALAR SISTEMASI.

Tayanch iboralar:chizigli tenglamalar sistemasi, sistemaning koeffitsientlari,
sistemaning ozod hadlari, sistemaning echimlari, birgalikda bo’lgan tenglamalar
sistemasi, birgalikda bo’Imagan sistema, aniq va anigmas sistemalar, sistema
matritsasi, sistemaning kengaytirilgan matritsasi, matritsaning rangi, Kroneker-
Kapelli teoremasi, sistemaning bazis echimlari, sistemaning erkli echimlari, bir
jinsli tenglamalar sistemasi, bir jinsli tenglamalar sistemasining fundamental
echimlari.

Ma'ruza rejasi:

1. Chiziqli tenglamalar sistemasi.

2. Sistemaning echimlari va ular bo’yicha turlari.

3. Matritsaning rangi.

4. Kroneker-Kapelli teoremasi.

5.Sistemaning bazis va erkli echimlari,

6.Bir jinsli chizigli tenglamalar sistemasi.

7.Bir jinsli sistemaning trivial va notrivial echimlari.
8.Bir jinsli sistemaning fundamental echimlari.

Adabiyotlar:

[1]. §20, §26, §27; [14]. 38-39, 29-35, 48-56 betlar.

Ko’pgina amaliy masalalar, shu jumladan igtisodiy masalalar, chizigli
tenglamalar sistemasi tushuchasiga olib keladi.

TA'RIE 1: n noma'lumli m ta chizigli tenglamalar sistemasi deb quyidagi
ko'rinishdagi sistemaga aytiladi:

ayKitanXe t ... tayxjt ... t amXn=61
axixitaxpx, + ... T axjt ... T axnXn= 62
apKit aipXz + ... tajjX;t ... T QinXn= 6 (1)

am1X1+am2X2 + e + aijj + e + aman = 6m
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Bu erda ajj va 6j (i=1,2,...,m, j=1,2,...n) —berilgan va ixtiyoriy o’zgarmas sonlar
bo'lib, aj; sonlari (1) sistemaning keeffitsientlari, s; esa 0zod xadlari deyiladi.

Yig'indi belgisi yordamida (1) sistemani gisqacha quyidagicha yozish mumkin:
Sax, =s , i=12,...,m. @)
=1

Agarda (1) yoki (2) chizigli tenglamalar sistemasining a;j koeffitsientlaridan
tuzilgan to'rtburchakli matritsani A, Xjnoma'lumlar va 6;0zod xadlardan hosil
qilingan ustun matritsalarni mos ravishda X va B kabi belgilasak, unda
matritsalarni ko’paytirish amalidan foydalanib bu sistemani ixcham va qulay
bo’'lgan AX=B ko'inishda yozish mumkin.

TA'RIF2:(1)yoki (2) sistemaning echimi deb shunday xi=ki, x2=ko, ...,
Xn=Kn

n ta sonlarga aytiladiki, ular tenglamalar sistemasiga quyilganda har bir
tenglama ganoatlantiriladi, ya'ni ayniyatga aylanadigan sonlarga aytiladiki, ular
tenglamalar sistemasiga qo’yilganda har bir tenglama ganoatlantiriladi, ya'ni
ayniyatga aylanadi.
Masalan,
3X, +2X, — X, =—6
2X, — 95X, +4x, =32

n=3 noma'lumli m=2 ta tenglamalar sistemasining echimi x;=1, Xo= -2 va x3=5
ekanligini bevosita tekshirish orqali ko'rsatish mumkin.

TA 'R 1 F 3: Agar chizigli tenglamalar sistemasi hech bo’lmaganda bitta
echimga ega bo'lsa, u holda bu sistema birgalikda deyiladi; agar echimga ega
bo’lmasa sistema birgalikda emas deyiladi. Birgalikdagi tenglamalar sistemasi
yagona echimga ega bo’lsa,u aniq deyiladi. Birgalikdagi tenglamalar sistemasi
ko'p echimga ega bo’lsa, u noanik tenglamalar sistemasi deyiladi.

Masalan, yuqorida ko'rilgan sistema birgalikda bo'lgan noaniq sistemadir,
chunki u x;=c, x,=(8-14c¢)/3 va x3=(34-19¢)/3 ko'rinishdagi cheksiz ko'p
echimga ega. Bunda s ixtiyoriy son bo’lib, c=1 bo’lganda yuqorida ko'rib
o'tilgan x;=1, X,=-2 va X3=5 echimlar hosil bo'ladi.

Ushbu
2x, —3x, =2 S5x, —4x, +2x, =1
3x, +5x, =3 10x, —8x, + 4x, =4
tenglamalar sistemasining birinchisi birgalikda va aniq (yagona x1=1 va X,=0
echimga ega), ikkinchisi esa birgalikda emas (uning birinchi tenglamasi o'rinli
bo'lganda ikkinchi tenglamasining o’ng tomoni 4 emas,balkim 2 bo'lishi kerak).
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Berilgan (1) tenglamalar sistemasini birgalikda yoki birgalikda emasligini
umumiy holda aniklash uchun uning koeffitsientlaridan tuzilgan ushbu mxn
tartibli A matritsani kiritamiz:

a, 4d, .. a;
a a e a

A — 21 22 2n (3)
a., 4d., .. a.

Bu matritsaga ozod xadlar ustunini birlashtirib, ushbu mx(n+1) tartibli

a, 4, .. a,|6
a, d, .. 4,86,

A = (4)
aml a'm2 a'mn 64

kengaytirilgan A; matritsani hosil gilamiz.
Endi quyidagi tushunchalarni kiritamiz.

TA'RI1F4: mxntartibli S matritsaning ixtiyoriy k ta satr va ustunlarini
qgoldirish orgali hosil gilingan k- tartibli (k<min(m,n)) kvadrat matritsaning
aniglovchisi C matritsaning k- tartibli minori deyiladi.

TA'RIFE5: Cmatritsaning noldan fargli minorlarining eng katta tartibi shu
matritsaning rangi deyiladi va rangC yoki r(C) kabi belgilanadi.

Masalan, 3x4 tartibli

1 3 0 4
C=/3 2 0 1
2 -1 0 -3

matritsaning rangi r(C)=2 bo’lishini tekshirib ko’rish mumkin.

KRONEKER-KAPELLI TEOREMASI: Agar (1) sistema matritsasi A
va uning kengaytirilgan matritsasi A; larning rangi uzaro teng, ya'ni r(A)=r(A)
bo’lsa va fagat shu holda (1) chizigli tenglamalar sistemasi birgalikda bo’ladi.

Bu teoremani isbotsiz gabul etamiz.

Birgalikda bo’lgan chizigli tenglamalar sistemasi uchun quyidagi tasdiglar
o’rinli bo’lishini ko’rsatish mumkin:
1. Agar birgalikdagi sistema matritsasining rangi r(A) tenglamalar

sistemasiga kiruvchi noma'lumlar soni n ga teng, ya'ni r(A)=n bo’lsa, u
holda (1) sistema yagona echimga ega bo’ladi.
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2. Agar birgalikdagi sistema matritsasining rangi r(A) noma'lumlar soni n
dan kichik (r(A)<n) bo’lsa, u holda (1) sistema noaniq bo’lib, cheksiz
ko'p echimga ega.

(1) sistemada r(A)= r<n bo’lsin. Agar x1,X2,...,x, noma'lumlar oldidagi
koeffitsientlardan tuzilgan matritsaning aniglovchisi noldan farqgi bo’lsa, u holda
X1,X2,...,Xr Noma'lumlar asosiy yoki bazis o’zgaruvchilar deyiladi. Qolgan n-r ta
noma'lum esa esa asosiy bo’lmagan yoki erkli o’zgaruvchilar deb ataladi.(1)
sistemaning barcha n-r ta asosiy bo’lmagan o’zgaruvchilari nolga teng bo’lgan
echimi bazis echim deyiladi.

Misol: Ushbu sistemani tekshiring va echimini toping:
X1 T2Xp -2X3+3x4= -6
2X1l-X2 +X3-x4=5
3X1+ X2 - X31t2x4 = -1

E chish : Asosiy va kengaytirilgan matritsalarlarni tuzamiz:

1 2 -2 3 1 2 -2 3|-6
A=/2 -1 1 -1}, A4=2 -1 1 -15
3 1 -1 2 3 1 -1 2 -1

Bu yerda r(A)=r(A1)= r=2 ekanligini tekshirib ko’rish mumkin. Sistema
matritsasining rangi noma'lumlar sonidan kichik, ya'ni r=2<4 bo’lgani uchun bu
sistema cheksiz ko'p echimga egadir. Bu sistemaning x; va X, 0’zgaruvchilar
oldidagi koeffitsientlardan tuzilgan aniglovchi noldan farkli va shu sababli
ularni asosiy o’zgaruvchilar deb olish mumkin. Bundan tashkari sistema
matritsasining rangi r=2 bo’lgani uchun uning bir tenglamasini,masalan
uchinchisini,tashlab yuborish mumkin.Asosiy o’zgaruvchilarni xosil kilingan
tenglamalar sistemasining chap tomonida koldirib, kolgan x3 va x4 asosiy
bo’lmagan o’zgaruvchilarni tenglamalarning o’ng tomoniga utkazamiz:

{ X1+2X5 = -6+2x3-3X4

2X1 -X2 = 5- X3+ x4.

Bu sistemani maktabdan tanish bo’lgan qo’shish usulida echib,
X1:(4-X4)/5, X2:(5X3-7X4-17)/5.

ekanligini topamiz.Asosiy bo’lmagan x3 Va x4 0’zgaruvchilarga ixtiyoriy Xz=c1
Va x4=c, giymatlar berib, sistemaning cheksiz kup echimlari quyidagi
ko’rinishda bo’lishini topamiz:
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4 1 17 7

X1=— ——=C2 Xo=——*FC1——C X3=C1, X4=C.
5 5 5 5

TA'RIFE 6: Agar (1) sistemaning 0’ng tomonidagi barcha ozod xadlar
0 ga teng bo’lsa, u holda bu sistema chizigli bir jinsli tenglamalar sistemasi
deyiladi.

Demak, n noma'lumli m ta bir jinsli chizigli tenglamalar sistemasi
quyidagi ko’rinishga ega bo’ladi:

anxitapxy + ... taXp=0

anXi+anxy + ...+ axXp=0 (5)

amX1+ameXot... + amnXn =0

Chiziqli bir jinsli tenglamalar sistemasi xamma vakt birgalikdadir, chunki u
xech bo’lmaganda x;=0, x2=0, ..., x,=0 echimga ega. Bu (5) sistemaning trivial
echimi deyiladi. Agar (5) sistemada mqn va uning aniqlovchisi Ax#0 bo’lsa, u
holda bu sistema fakat trivial echimga ega bo’ladi.Agar (5) sistemaning echimi
ichida kamida bitta noldan farkli son mavjud bo’lsa,u notrivial echim deb
ataladi. Notrivial echimlar m<n bo’lganda yoki m=n bo’lib, sistemaning
aniglovchisi Ax=0 bo’lganda mavjud bo’lishi mumkin. Boshkacha aytganda
chiziqli bir jinsli tenglamalar sistema noldan farkli echimga ega bo’lishi uchun
uning koeffitsientlaridan tuzilgan A matritsaning rangi o’zgaruvchilar sonidan
kam , ya'ni r(A)<n bo’lishi kerak.

Bir jinsli (5) sistemaning X;=Ki, X,=K2,. .., Xn=K, echimini e;=(k1,K2,K3,...,K,) Satr
matritsa ko’rinishda belgilaymiz. Chiziqli birjinsli tenglamalar sistemasining
echimlari quyidagi xossalarga ega:

. Agar e1=(K1,K2,Ks,...,Kn) (5) sistemasining echimi bo’lsa, u holda ixtiyoriy A
soni uchun Ae;=(Ak1, AK2, AKs,..., AKy) Xam shu sistemasining echimi bo’ladi.
. Agar e1=(K1,K2,K3,...,Kn) va e=(l1, Iz, ls,..., In) (5) sistemasining echimlari
bo’lsa, u holda ularning chiziqli kombinatsiyasi

c1e1t+ Ccoeo = (C1K1+Cz|1, C1K2+C2|2,. e ClKn+Czln)

xam (5) sistemaing echimi bo’ladi.

TA'RIF 6: (5 sistemaning kandaydir es, ey, ..., e echimlari chizigli
boglikmas deyiladi, agarda cieit+cy ext ...+c, €,=0 tenglik fakat va fakat
c1=co=...=c,=0 bo’lganda bajarilsa.

Chiziqli bir jinsli tenglamalar sistemasi echimlarining xar kanday chizigli
kombinatsiyasi yana shu sistemaning echimi bo’lishligi yukoridagi xossalardan
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kelib chikadi. Shuning uchun shunday chiziqli boglik bo’lmagan echimlarni
topish kerakki, ular orkali sistemaning barcha kolgan echimlari chiziqli
ifodalansin.

TA'RI1F 7: Chizigli boglik bo’lmagan ey,e,..., e echimlar sistemasi
fundamental echimlar sistemasi deyiladi, agar (5) sistemaning xar kanday
echimini shu ey,e»,..., ex echimlarning chiziqli kombinatsiyasi ko’rinishida
ifodalab bo’lsa.

TEOREMA: Agar chiziqli birjinsli tenglamalar sistemasi noma'lumlari oldidagi
koeffitsientlardan tuzilgan A matritsaning rangi r noma'lumlar soni n dan kichik
bo’lsa, u holda (5) sistemaning xar kanday fundamental echimlar sistemasi n-r ta
echimdan iborat bo’ladi va (5) sistemaning umumiy echimi

cie1tcoert+ ...+ Ccbk

ko’rinishda bo’ladi. Bu erda ey, ey, ..., ex —ixtiyoriy fundamental echimlar
sistemasi, c1, C2, ..., Cx —1xtiyoriy sonlar va k=n-T.

n noma'lumli m Ta (1) chiziqli tenglamalar sistemasining umumiy echimi o’nga
mos bo’lgan bir jinsli (5) chizigli tenglamalar sistemasining umumiy echimi
bilan (1) sistemaning kandaydir xususiy echimlari yigindisiga tengligini
kursatish mumkin.

Uz-uzini nazorat etish savollari.

Chizigli tenglamalar sistemasi kanday ko’rinishda bo’ladi?

Sistemaning koeffitsientlari, noma'lumlari va ozod xadlari deb nimaga aytiladi?
Sistemaning echimlari kanday ta'riflanadi?

Kachon sistema birgalikda va kachon birgalikda emas deyiladi?

Kachon sistema anik va kachon anikmas deyiladi?

Matritsaning rangi kanday aniklanadi?

Kroniker-Kapelli teoremasi nimani aniklaydi?

Kaysi shartda chizigli tenglamalar sistemasi yagona echimga ega?

Kaysi shartda chizigli sistema cheksiz kup echimga ega?

10. Sistemaning bazis o’zgaruvchilari deb nimaga aytiladi?
11. Sistemaning erkli o’zgaruvchilari deb nimaga aytiladi?
12. Kanday echim bazis echim deb ataladi?

13. Kachon chizigli sistema bir jinsli deyiladi?

14. Trivial va notrivial echimlar kanday ta'riflanadi?

15. Kaysi shartda bir jinsli sistema notrivial echimga ega ?
16. Bir jinsli sistema echimlari kanday xossalarga ega?

. Fundamental echimlar sistemasi kanday ta'riflanadi?
. Fundamental echimlar soni kanday topiladi?
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4- MA'RUZA .

CHIZIQLI TENGLAMALAR SISTEMASINI ECHISHNING
KRAMER VA GAUSS USULLARI

Tayanch iboralar: chizigli tenglamalar sistemasi, koeffitsient, ozod xad, asosiy
aniglovchi, yordamchi aniglovchi, Kramer formulasi, Gauss usuli.

Ma'ruza rejasi:

Chiziqli tenglamalar sistemasi.

Chiziqli tenglamalar sistemasining echimlari.

Sistemaning asosiy va yordamchi aniglovchilari.

Kramer formulalari.

Sistemaning yagona, cheksiz kup yoki echimga ega bo’Imaslik shartlari.

Gauss usulining tugri yuli.

Gauss usulining teskari yuli.

Kramer va Gauss usullarining kulayliklari xamda kamchiliklari.

Chiziqgli tenglamalar sistemasini iktisodiy masalalarni echishga tadbig’iga doir
misollar.

Adabiyotlar:

[1] Tbob, §20-21 [3]1bob, §2 [8] IV bob, §51-57, V bob, §70
[14]. 40-47, 55-56 betlar.

Bu ma'ruzada oldin kurib utilgan chizigli tenglamalar sistemasining
xususiy, ya'ni noma'lumlar va tenglamalar soni teng (n=m) bo’lgan holda
echimini topish masalasi bilan shugullanamiz.

Dastlab, maktab matematika kursidan ma'lum bo’lgan, ikki noma'lumli chiziqli
tenglamalar sistemasini (n=m=2) kuramiz:

311£+312X2:B1
a21%11Ta22X2=B2 1)

Bu erda ajj cistemaning koeffitsentlari, vi sistemaning ozod xadlari, x]
sistemaning noma'lumlari va (1) sistemadagi tenglamalarni ayniyatga
aylantiruvchi x;=o; sonlari sistemaning echimlari deb atalishini eslatib utamiz..

Bunda sistema echimi yagona, cheksiz kup yoki mavjud bo’Imasligi mumkinligi
bizga ma'lum.
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(1) sistema uchun A asosiy va ikkita A, A, yordamchi aniglovchilarni
quyidagicha kiritamiz:

aZl.l a12

A= A=

dy Ay d, B

A asosiy aniqlovchi sistemaning koeffitsentlaridan xosil kilinib, yordamchi
aniglovchilar esa uning ustunlarini ozod xadlar bilan almashtirishdan xosil
Kilinadi.

(1) sistema tenglamalarini dastlab mos ravishda ay, va —aj, larga kupaytirib,
so’ngra kushamiz:

(a 11a22-a21a12) X1H(a12 a22-822a12)X2=B1a22-B2 A12
Bu tenglikni Kiritilgan aniglovchilar orkali quyidagicha yozish mumkin:

arp ap _ | B1 4y

= AX1= A1 (2)

sy dp By djp)

Shuningdek (1) sistema tenglamalarini mos ravishda (-az1) va aj; larga
kupaytirib kushsak, u holda

(3112121 —21212111))41Jr (311822-3122121)X2=B22111'B1321

Yukoridagidek
app app ar; By
X2 = = AXz =A (3)
drp dn ay) By

Agar noma'lumlarga nisbatan (2) va (3) chiziqli tenglamalarni echsak,
X1 = Al/A va Xo= AQ/A (4)

formulalarga ega bo’lamiz. Ular (1) sistema echimi uchun Kramer formulalari
deb yuritiladi.

Endi uch noma'lumli 3 ta tenglamalar sistemasini karaylik:
a11X1taieXo + a13Xs= By
a21X1 ta12X2 * a13X3= B1 (5)
ag1X1taigXo + a13X3= By
Bu sistemaning echimi uchun xam Kramer formulalarini chikarish kiyin emas.
Quyidagi asosiy aniglovchini kiritamiz:
dyp dip 4g3
A=lay ay axy

asz; djzpy dsj
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Bunda 1 ustunni B1, B», B3 020d xadlar ustuni bilan almashtirib A;, 1=1,2,3
yordamchi aniglovchilarni xosil kilamiz.

ajj elementning algebraik tuldiruvchisini Ajj kabi belgilaylik.

(5) sistema tenglamalarini mos ravishda A aniqlovchidagi birinchi ustun
elementlarining algebraik tuldiruvchilariga (A11,A21,As1) Kupaytirib kushib
chikaylik.

(a11A11taz1AzitasiAs)xaHaAr1+an Az +az Azt )Xo H(a1sA1tazsAo +
+a33A31)X3= B1A111B2A21+B3A31;

Oxirgi munosobatni aniglovchilar tiliga utkazsak va Laplas formulasidan
foydalansak, Ax;+0x,+0x3=A; €ku Ax;=A; tenglamani olamiz.

Shuningdek 2-ustun yoki 3-ustun elementlari algebraik tuldiruvchilarini mos
ravishda (5) sistema tenglamalariga kupaytirib kushib chiksak, Ax,=A; va Axs
=Aztenglamalarni olamiz.

Bu tenglamalardan (5) sistema uchun
xX1=A/A X2=A2 /A, X3=As/A
Kramer formulalarini xosil kilamiz.
Misol: Sistema Kramer usulida echilsin:
x1%2x, + 3x3=1
2 x1+3x, + x3=0
2 X1+Xo - 2x3=0

E chish: Asosiy va yordamchi aniglovchilarni xisoblaymiz:

1 23 1 23
A=|2 3 1|=18, A, =l0 3 1|=-5,
21 -1 0 1-2
113 121
Ay =2 0 1]|=-1, Ay=2 3 0=T.
2 0-2 210

Kramer formulalariga asosan
X1=A1/A=-5/18, X2=A2/A=-1/18, X3=A3/A=7/18.

1ZOX: (1) yoki (5) sistema yagona echimga ega bo’lishi uchun A#0 bo’lishi
kerak. Agarda A=0 va A;=A;=A3=0 bo’lsa sistema cheksiz kup echimga ega
bo’ladi. Agarda A=0 va A; A, Az yordamchi aniglovchilardan kamida bittasi
noldan farkli bo’lsa, sistema echimga ega bo’lmaydi.
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Endi sistemani Gauss usulida echishni kurib chikamiz. Bu usul moxiyatini (5)
sistemani echish orkali kursatamiz. (5) sistemani Gauss usulida echish uchun
uning ikkinchi tenglamasidan x; noma'lumni, uchinchi tenglamasidan esa x; va
X2 noma'lumlarni yukotib, quyidagi uchburchak ko’rinishdagi sistemaga
kelamiz:

a11X1ta2Xe + a13X3= By
CooX2t Ca3X3= U2

C33X3=03

Bu Gauss usulining tugri yuli deb ataladi.

Uchburchakli sistemaning oxirgi tenglamasidan boshlab, birin-ketin x3, x> va x3
noma'lumni ketma—ket topamiz. Bu Gauss usulining teskari yuli deb ataladi.

Misol: 2x1-3x2+4x3=20
3xH4x,-2x3 = -11
4x1¥2X,+3x3=9

E ch ish : Ikkinchi va uchinchi tenglamalardan x; noma'lumni yukotamiz:

2 xp-3xo+ 4x3= 20
-17X+16x3 = 82
8x7- 5x3=-31
Endi uchinchi tenglamadan x, noma'lumni yukotamiz:
2x{- 3x,+ 4x3=20
-17x,+16x3 = 82
43x3= 129

Uchinchi tenglamadan x3= 3, so’ngra ikkinchi tenglamadan x, =-2 va nixoyat
birinchi tenglamadan x; =1 ekanligini topamiz.

Umumiy, n=m>4 bo’lgan holda xam Kramer formulalari va Gauss usuli
yukorida kurib utilgan singari bo’ladi.

Kramer va Gauss usullarining kulayliklari va kamchiliklarini kursatamiz.

1) Kramer formulalari ixtiyoriy chizigli sistema uchun bir xil ko’rinishga
ega.

2) Kramer formulalarida echimlarning ixtiyoriy biri topilishi mumkin,

3) Kramer formulasi ikki va uch noma'lumli sistema uchun kulay.

4) Turt va undan ortik noma'lumli sistema uchun Kramer formulalaridan

foydalanish murakkab.
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5) Gauss usuli aniglovchilarni xisoblashni talab etmasdan, fakat
koeffitsientlar va ozod xadlar ustida arifmetik amallar bajarish orkali
amalga oshiriladi.

6) Gauss usulini kompyuterda amalga oshirish oson.

7) Gauss usulida juda kup arifmetik amallar bajarish talab etiladi.

8) Gauss usulida noma'lumlardan fakat birini topib bo’lmaydi.

Chizigli tenglamalar sistemasi iktisodiy masalalarni echishda juda keng
mikyosda kullaniladi. Kupgina iktisodiy masalalarni chizigli tenglamalar
sistemasi yordamida echish jarayonida xatto yangi chiziqli dasturlash fani
vujudga keldi.

Quyidagi masalalarga murojaat etaylik.

1-masala. Oyok kiyim fabrikasi 3 xil maxsulot, ya'ni etik, tufli va botinka ishlab
chikarishga ixtisoslashtirilgan bo’Isin. Shu maxsulotlarni ishlab chikarish uchun
3 xil S, S va Sz xomashyo ishlatilsin. Xar bir juft oyok kiyimiga sarf
bo’ladigan xomashyo xarajati me'yori va xomashyolarning bir kunlik
sarflanadigan mikdori quyidagi jadvalda berilgan bo’lsin:

Xoma Bir juft oyok kiyimi iG ch.ga sarf Xom ashyoning bir
shyo bo’ladigan xomashyo kunlik sarf migdori.
turi Etik Tufli Botinka (shartli ragamlar)
Sy 5 3 4 2700
Sz 2 1 1 800
S3 3 2 2 1600

Bu ma'lumotlar asosida xar bir oyok kiyimining bir kunlik ishlab chikarilish
mikdori topilsin.

Echish: Masalani echish uchun etik, tufli va botinkaning bir kunlik ishlab
chikarilish mikdorlarini mos ravishda x1,x, va x3 deb belgilaymiz.Unda,masala
shartlariga asosarm, quyidagi chiziqli tenglamalar sistemasini xosil kilamiz:

5 x1+ 3x,+ 4x3= 2700
2x1+ X2 + x3= 800
3x1+ 2xo + 2x3= 1600

Bu tenglamalar sistemasini yukorida kurib utilgan usullardan biri yordamida
echib, x;=200, x,=300 va x3=200 ekanligini topamiz. Demak, fabrika bir kunda
200 juft etik, 300 juft tufli va 200 juft botinka ishlab chikarar ekan.
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2-masala. 1- chi va 2-avtoxujaliklarga 2 ta zavoddan avtomobillar junatiladi. 1-
avtoxujalikning extiyoji 200 avtomobil, 2- avtoxujalikning extiyoji esa 300
avtomobilni tashkil etsin. 1-zavod 350 ta, 2- zavod esa 150 ta avtomobil ishlab
chikargan. Zavodlardan xar bir avtoxujalikka etkazib beriladigan bitta
avtomobilga kilinadigan sarf-xarajat quyidagi jadvalda berilgan:

Zavod Bir avtomobilni etkazib berishga bo’ladigan xarajat
1- avtoxujalik 2- avtoxujalik

1-zavod 15 % 20 %

2-zavod 8 $ 25 %

H©9°NS”S”:'>9°!\>P

Avtomobillarni etkazib berishga ajratilgan sarf-xarajat mikdori 7950 pul
birligini tashkil etsa, zavodlardan avtomobillarni xujaliklarga etkazib berishning
rejasi topilsin.

Echish: Bu masalani echish uchun i-zavoddan j-avtoxujalikka etkazib
beriladigan avtomobillar mikdorini x;j (1,)=1,2) deb belgilasak, masala shartiga
kura quyidagi sistema xosil bo’ladi:

X11+HX12 =350
X1+ X2,=150
X1t X2 =200

15x11+20x12+8X21+25%2,=7950.

Bu 4 noma'lumli 4 ta chiziqli tenglamalar sistemasi bo’lib, uni biror usulda
echish natijasidax11=50, x12=300, x2:=150, x2,=0 javobni xosil kilamiz. Bu
echim anik iktisodiy mazmo’nga egadir, ya'ni 2-zavodda ishlab chikarilgan
barcha 150 avtomobilni 2-chi avtoxujalikka, 1-zavodda ishlab chikarilgan 350 ta
avtomobillarning 300 tasini 1- avtoxujalikka va kolgan 50 tasini esa 2-
avtoxujalikka yuborilsa, tashish xarajatlari kursatilgan mikdorda bo’ladi.

Uz-uzini nazorat etish savollari:

Chizigli tenglamalar sistemasi kanday ko’rinishd bo’ladi?
Sistemaning koeffitsientlari va ozod xadlari deb nimaga aytiladi?
Sistemaning echimi kanday ta'riflanadi?
Sistemaning asosiy aniglovchisi deb nimaga aytiladi?
Sistemaning yordamchi aniglovchilari kanday xosil kilinadi?
Sistema echimi uchun Kramer formulalari kanday ko’rinishda bo’ladi?
Kaysi shartlarda sistema yagona yoki cheksiz kup echimga ega bo’ladi?
Sistema kaysi shartda echimga ega bo’lmaydi?
Gauss usulining moxiyati nimadan iborat?
0 Kramer usuli kanday afzalliklarga va kamchiliklarga ega?
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11.Gauss usuli kanday afzallik va kamchiliklarga ega?
12.Chizigli tenglamalar sistemasining iktisodiy masalalarni echishga doir misollar
keltiring.
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5 —MA'RUZA

TESKARI MATRITSA. TENGLAMALAR SISTEMASINI
MATRITSALAR USULIDA ECHISH

Tayanch iboralar: teskari matritsa, teskari matritsa xossasi, matritsalar usuli,
Leontevning tarmoklararo muvozanat modeli.

Ma'ruza rejasi:

Teskari matritsa ta'rifi.

Teskari matritsani mavjudlik va yagonalik sharti.

Teskari matritsani topish algoritmi.

Chizigli tenglamalar sistemasini matritsalar usulida echish.
Matritsalar usulining afzalliklari va kamchiliklari.
Leontevning tarmoklararo muvozanat modeli.

SohkwdrE

Adabiyotlar:

[1] Ibob, §24-25 [3]IV bob, §2-4, [14]. 26-29, 40-41, 56-60 betlar.

T A " R | F: Berilgan A kvadrat matritsaga teskari matritsa deb
shunday bir (uni kelajakda A kabi belgilaymiz) kvadrat matritsaga aytiladiki,
agarda AA= AA=E (E-birlik matritsa) shart bajarilsa.

Agarda N
d11d124a13 d11ada124a13
A=| asayanjs , A:det(A)= arax»anjs #0

331332333/ d31d324a33

bo’lsa, /An A Az

A-l =1/A A12 Agg Agz

A1z Az Aszs

o

matritsa A ga teskari matritsa bo’lishini Laplas teoremasi yordamida kursatish
mumkin. Bunda Aj; lar A matritsaning ajj elementining algebraik tuldiruvchilaridir
(i=1,2,3; j=1,2,3).

M is o I: Teskari matritsa topilsin:

2 -3 4 2 -3 4
A=|3 4 -2 A=det(A)={ 3 4 -2 |=43
4 2 3 | 4 2 3
Dastlab A matritsa elementlarining algebraik tuldiruvchilarini topamiz:
4 -2 3 -2
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A= 2 3 =12+4=16, Ap=- 4 3 =-9-8=-17,

3 4\ 3 4
Ai=14 2 |=6-16=-10, An=- |2 3|=-(-9-8)=17,
2 4 2 -3
A»=|4 3 |=6-16=-10, Ax=- |4 2 |= -(4 + 12) =-16,
3 4 2 4
Au=|4 -2| =6-16=-10, Ap = | 3 -2|=-(-4-12) =16,
2 -3

A%:lB 4l:8+9:11

Natijada teskari matritsa ko’rinishi quyidagicha bo’ladi:

16 17 -10
A1=1/43 |-17 -10 16
-10 -16 17

Tekshirish utkazamiz. Darxakikat,

16 17 -10)(2 -3 4 43 0 0
A'A= 1/43 |-17 -10 16 ||3 4 -2 | =1/43|]0 43 0 |=
-10 -16 17 )14 2 3 0 0 43
1 0 O
=10 1 O
0 0 1
Bu tenglikdan teskari matritsa tugri topilganligiga ishonch xosil kilamiz.
Endi uch noma'lumli uchta chizigli tenglamalar sistemasini echishning
matritsalar usuli bilan tanishamiz.
a11X1 1 a12 X2 ta13X3= B1
a21X1 1 a2 X2 ta23X3=B2 (1)
a31X1 1 asz X2 tas3 X3= B3

=E.

sistema berilgan bo’lsin. Quyidagi yordamchi matritsalarni kiritamiz:

da11d124a13 B1 X1
A=|azxaxpazxn| , B= |B2|, X= X 2
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a31a324a33 B3 X3
Matritsalarni kupaytirish ta'rifiga asosan (1) sistemani AX=Y ko’rinishida
yoza olamiz. Oxirgi matritsali tenglamani xar ikkala tomonini chapdan A? ga
kupaytiramiz va X echimlar matritsasini xosil kilamiz:
ATAX=A1B =>X=A!B.
Misol: Tenglamalar sistemasi matritsa usulida echilsin:
2xX1- 3x2 +4x3=20
3x1+4x, -2x3 =-11
4x1+ 2x,+3x3=9

E ch i sh : Karalayotgan sistema uchun yukorida topilgan formulalarga
asosan, quyidagi tengliklarni yoza olamiz :

X1 16 17 -10 20
X= X | =A7*B=1/43 |-17 -10 16| |-11|=
X3 10 -16 17 9
43 1
= 1/43|-86 | =| -2
129 3

Demak, sistemaning echimi x; =1, x, =-2 ,x3 =3 bo’ladi.
Xulosa kilib shuni aytish kerakki, teskari matritsa tushunchasi ixtiyoriy n- tartibli kvadrat matritsa uchun xam
yukoridagidek aniklanadi. Matritsa usuli xar kanday sondagi tenglamalar sistemasi uchun (A#0) xam kullanilishi
mumkin va tenglamalar sistemasi, uning echimlari matritsa ko’rinishida ixcham ifodalanadi. Bu usulning
kamchiligi shundan iboratki, teskari matritsani topish murakkab va juda kup xisoblashlarni talab etadi.

Ma'ruzaning nixoyasida tenglamalar sistemasini matritsa usulida echishning iktisodiyotdagi tadbigiga misol
sifatida Leontevning tarmoklararo muvozanat modelini kurib chikamiz.

Xalk xujaligi n ta tarmokdan iborat de0, x; orkali bir yilda i- tarmokning (i=1,2,...,n) ishlab chikargan yalpi
maxsuloti xajmini, i (i,j=1,2,...,n) orkali i- tarmokda ishlab chikarilgan yalpi maxsulotning j- tarmokda
iste'mol kilinish mikdorini va y; orkali i-tarmokda ishlab chikarilgan yalpi maxsulotning noishlab chikarishga
sarflanadigan mikdorini belgilaymiz.

Bu ma'lumotlar asosida tarmoklararo muvozanat (balans) modelini tuzish talab etiladi.

Ixtiyoriy i-tarmokda ishlab chikarilgan yalpi maxsulot mikdori x; shu tarmok maxsulotlarini n ta tarmokda
sarflangan x;; mikdorlari va shu tarmokning noishlab chikarishga sarflagan maxsulot mikdori y; yigindisiga teng
bo’ladi, ya'ni

n
X, =2 X Y (2 @
-1

(2) tenglamalar balans munosabatlari deyiladi. Bu tenglamalar pul giymatlarda yoki natural mikdorlarda
tuzilishi mumkin.

Endi tugri xarajatlar koeffitsienti deb ataluvchi va ajj kabi belgilanib,aj=xii/X; (1,j=1,2,3,....,n) formula bilan
aniklanuvchi kattalikni kiritamiz. Bu koeffitsient j- tarmokning bir birlik maxsulotini ishlab chikarish uchun
sarflanadigan i-tarmok maxsuloti mikdorini ifodalaydi va uni uzgarmas deb karash mumkin. Bu xolda xij= aij-x;
bo’ladi va bu tenglikni (2) sistemaga kuysak,

n
X, = zaijxj + VY. (=1,2,...n) 3)
j=1

tenglamalar sistemasi xosil bo’ladi. Bu sistema tarmoklararo balans modeli deyiladi va u 1936 yilda amerikalik
iktisodchi olim, Nobel mukofoti sovrindori V.Leontev tomonidan yaratilgan. Agar
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xl all a‘12 e a‘1n yl

X a, a, .. a y
X — 2 , A — 21 22 2n , Y — 2

xn a'nl a'n2 e ann yn

(bu erda @0, x>0, yi>0) belgilashlardan foydalansak, u holda (3) sistema
matritsalar orkali X=AX+Y ko’rinishda ifodalanishi mumkin. A va Y ma'lum
bo’lsa,bu tenglamadan X ni topish mumkin. Buning uchun uni
X-AX=Y = (E-A)X=Y (4)
shaklda yozamiz. Bundan, agar (E-A)#0 bo’lsa X=(E-A)*-Y ni topamiz.
S=(E-A)! matritsa tulik sarf-xarajat matritsasi deyiladi. (3) sistema yoki
(4) tenglama tarmoklararo muvozanatning Leontev modeli deyiladi.

Uz-uzini_nazorat etish savollari:
Teskari matritsa kanday ta'riflanadi?
Teskari matritsaning mavjudlik va yagonalik sharti nimadan iborat?
Teskari matritsa kanday topiladi?
Chiziqgli tenglamalar sistemasi matritsa ko’rinishda kanday yoziladi?
Sistema matritsa usulida kanday echiladi?
Matritsalar usulining kanday kulayliklari va kamchiliklari bor?
Tarmoklararo muvozanatning Leontev modeli kanday ko’rinishda bo’ladi?

NogagkowodE
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6-MA'RUZA.

VEKTORLAR VA ULAR USTIDA AMALLAR.

Tayanch iboralar: skalyarlar, vektorlar, vektor moduli, vektorning geometrik talkini, nol
vektor, kollinear vektorlar, vektorlar tengligi, vektorlar yigindisi, vektorlar ayirmasi, vektorlarni
songa kupaytmasi, ort vektorlar, vektorning yoyilmasi, vektorning koordinatalari.

Ma'ruza rejasi:

Skalyar va vektor kattaliklar.

Vektorning geometrik mamosi.

Vektorlarning kollinearligi va tengligi.

Vektorlar ustida arifmetik amallar va ularning xossalari.
Ort vektorlar va vektorning ortlar buyicha yoyilmasi.
Vektorning koordinatalari.

Koordinatalari bilan berilgan vektorlar ustida amallar.

NoakodPE

Adabiyotlar:

[1] Ibob, §1-7 [3]1II bob, §1-2, [14]. 63-66 betlar.

Xayotda uchraydigan barcha kattaliklar matematikada ikki turga, ya'ni skalyar va vektor
kattaliklarga ajratiladi.

T A ' R I F1: Fakat sonli giymatlari bilan aniklanadigan Kattaliklar
skalyarlar deb ataladi.

Masalan, massa, xajm, uzunlik, modda zichligi, guruxdagi talabalar soni
skalyarlar bo’ladi. Skalyarlar a, 6, ¢ kabi belgilanadi.
TA'RIFE2: Sonli giymati wva yunalishi bilan aniklanadigan kattaliklar
vektorlar deyiladi.

Masalan, kuch, tezlik, bosim, xarakat, okim vektor kattaliklar bo’ladi.

—_ = —

Vektorlar a,e,c kabi belgilanadi.
TA'RIF3: g vektorning sonli giymati uning moduli yoki uzunligi deb ataladi

va ‘2‘ kabi belgilanadi.

Geometrik  nuktai-nazardan vektorlar yunaltirilgan kesmalar singari
karaladi. Yunaltirilgan kesmaning boshi A va oxiri B nuktada bo’lsa, tegishli

vektor AB kabi belgilanadi. Bunda A nukta vektorning boshi, V nukta esa

vektorning uchi, kesma uzunligi vektor uzunligi deyiladi, ya'ni ‘AB ‘ = ‘AB :

T A 'R 1 F 4: Boshi va uchi bitta nuktadan iborat bo’lgan vektor nol vektor
deyiladi.
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Nol vektor 0 Kabi belgilanib, uning moduli 0/=0 bo’ladi. Bu vektor

yunalishi tugrisida suz yuritib bo’lmaydi.
TA'RI1F5: Bir tugri chizikda yoki parallel tugri chiziklarda joylashgan
vektorlar kollinear vektorlar deb ataladi.

Masalan, ABCD parallelogramm bo’lsa, AD va BC, AB va CD vektorlar
kollinear, AD va AB AC va AB vektorlar esa kolllinear bo’lmaydi.

1z 0 x. Nol vektor 0 xar kanday a vektorga kollinear deb x1soblanad1

—

TA'RI1FG6: Ikkita a, ¢ vektorlar teng deyiladi va a=¢ kabi belgilanadi,
agarda quyidagi uchta shart bajarilsa:

1. a va e vektorlar kollinear;

—

2. a Va ¢ vektorlar bir xil uzunlikka ega, ya'ni ‘a‘=

—

al -

a va e bir xil yunalishga ega.
Masalan, ABCD parallelogrammda AD=BC, AB = DC bo’ladi. Bu
erdan vektorlarni parallel kuchirish mumkinligi kelib chikadi.

Endi ikkita a va ¢ vektorlarni go’shish va ayirish amalini kiritamiz. Buning
uchun parallel kuchirish orkali ularning boshlarini bitta A nuktaga keltiramiz.

Unda bu vektorlarni 5=ﬁ, s=AB Kabi belgilab, ABCD parallelogrammni
hosil gilamiz.

Bu holda a va ¢ Vektorlarnlng yig'indisi deb parallelogrammning A uchldan
chiquvchi diagonalidan hosil gilingan AC vektorga aytiladi va a+e kabi
belgilanadi. Bu vektorlarning a—g ayirmasi parallelogrammning B uchidan
chiquvchi diagonalidan hosil gilingan BD vektorga aytiladi.

C
D
Vektorlarnl qo 'shish amali quyldagl xossalarga ega:
1. a+6=6+a 2. (Cl+6)+C a+(6+c) 3. a+t0=a
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TA'RIF7: a vektorni A songa (skalyarga) ko'paytmasi deb, ha Kabi
belgilanadigan va quyidagi shartlar bilan aniglanadigan vektorga aytiladi:

1. ‘x&‘:\x\.‘a‘,ya'ni vektorning uzunligi. | marta o'zgaradi;

—

2. Aa va a vektorlar kollinear;
3. A>0 bo'lsa Aa va a bir xil yo'nalgan,
A<0 bo'lsa Aa va a garama-garshi yo'nalgan.

Masalan, ABCD trapet5|ya bo’lib, uning asoslari AD=8 va BC=4 bo’lsa, unda
AD=2BC va AD=-2CB tengllklarorlnllbo Iad|

1zox. A=0 bo'lsa, har ganday a vektor uchun 0-q= =0 bo'ladi.
Vektornlng songa ko’ paytlrlsh amali quyldagl xossalarga ega:

1. K(Ba) B(ka) 2. (X+B)a—ka+Ba 3. X(a+6) hathe
Buerda o va |xtiyoriy sonlar, a va ¢ ixtiyoriy vektorlardir.
TA'RIF8: (-1) a vektor a Vektorga garama-qarshi vektor deyiladi va -

a kabi belgilanadi. Bunda doimo a+( a) 0 bo'ladi.

Endi bir tekislikda joylashgan vektorlarning koordinatalari tushunchasini kiritamiz.
Buning uchun bu tekislikda XOY koordinatalar sistemasini olamiz.0OX(OY)
koordinata o’gida joylashgan, musbat yo’nalishda yo’nalgan va uzunligi birga

teng bo’lgan i(]) vektorni Kiritamiz.

—

Kiritilgan i va J vektorlar ort _vektorlar yoki kiskacha ortlar deb

ataladi. Endi berilgan a vektorni yo'naltirilgan kesma sifatida garab, uning OX
va OY o'qdagi proektsiyalarini garaymiz. Bu proektsiyalar ham yo'naltirilgan

kesma bo'lib, ular vektorning OX va OY o'qdagi proektsiyalari deb ataladi

va aj, g kabi belgilanadi. Unda, vektorlarni qo’shish ta'rifidan foydalanib,

a=a, +a, tenglikni yozish mumkin.

Endi a  vektor proektsiyalarining uzunligini |a,

‘y‘ kabi

a|=l,

belgilaymiz. a— va i ort (cT va ] OpT) kollinear vektorlar bo’ladi, chunki ular
OX(OY) koordinata o’gida  joylashgan. Unda H H 1 bo’lgani uchun,
vektorlarni songa ko'paytmasi ta'rifiga asosan, a =xi va a =y j deb y02|sh

mumkin. Bu erda a va i ort bir xil yo'nalgan bo’lsa, x=

—_—

a

i shunday tarzda u giymati *ja,

yo'nalgan bo'lsa, x= -

kabi olinadi.
Bu holda tekislikdagi ixtiyoriy a vektorini i va | ortlar orgali
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a=xi+y] (2)

ko'rinishda yozish mumkin.

TA'RIF 9: (1) tenglik a vektorning ortlar bo’yicha yoyilmasi, x va y
sonlari esa uning koordinatalari deb ataladi va ;(X,y) kabi ifodalanadi.

Masalan, 5:25—3] vektorning koordinatalari x=2, y=-3 bo'ladi.

Nol vektor uchun 0 = O-i+0-] bo’lgani uchun uning koordinatalari x=0,
y=0 bo'ladi.

Har qandayg vektor uzining x va y koordinatalari bilan (1) tenglik orgali
to’lik aniglanadi. Koordinatalari bilan berilgan vektorlarning tengligi, kollinearligi
va ular ustidagi qo’shish, ayirish, songa ko’paytirish amallarining natijalari oson
aniglanadi.

TEOREMA 1. a(xl,yl) va ;(Xz,yZ) vektorlar teng bo’lishi uchun ularning mos
koordinatalari teng, ya'ni x1=x,, y1=y> bo’lishi zarur va etarli.
TEOREMAZ2: 2(x1,y1) va ;(Xz,yz) vektorlar kollinear bo’lishi uchun ularning mos
koordinatalari proportsional, ya'ni

X

:&:k = X =KX, y; =ky,
X V2
bo’lishi zarur va etarli.
Masalan, a (3,-2) va ¢ (9,-6) kollinear vektorlar, chunki 9/3=(-6/-2)=3.

TEOREMAZ: 5(x1,y1) va ;(Xz,yz) vektorlar yig'indisi yoki ayirmasining
koordinatalari mos koordinatalarning yig'indisi yoki ayirmasiga teng bo’ladi, ya'ni

B Ez(xl,yl) ie(xz,}iz)ic(xlixz, y1 £y2) o

Masalan, a (4,-2) va 6(5,9) bo'lsa, a+6=(4+5,-2+9)=(9,7), a—6=(4-5,-2-9)=(-
1,-11) koordinatali vektorlardan iborat bo'ladi.
TEOREMAA: g(x,y) vektorning A songa ko'paytmasining koordinatalari uning
har bir koordinatasini A songa ko'paytirishdan hosil bo’ladi, ya'ni ha
(xy)=c(AxAy) ~

Masalan, a(4,-7) bo’lsa, 3a=(3-4,3-(-7))=(12,-21) koordinatali vektor
bo’ladi.

Bu teoremalarning isboti talabalarga mustaqil ish sifatida beriladi.

Fazodagi vektorlarning koordinatalari tushunchasini kiritish uchun OX, OY

va OZ o’'glari bo'yicha |] va k ort vektorlarni kiritamiz. Unda yuqorida

ko'rsatilgan singari, fazodagi ixtiyoriy a vektorni
a=Xi+yjJ+z-K

ko'rinishda yozish mumkin bo’ladi. Bu tenglik a vektorning ortlar bo'yicha
yoyilmasi deb atalib, undagi x, y va z sonlari uning koordinatalari deyiladi va
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a(x,y,z) kabi yoziladi. Fazodagi vektorlar uchun ham yuqgorida ko'rilgan
teoremalardagi tasdiglar o'rinli bo’ladi.

Q'z-0'zini nazorat etish savollari.

Qanday kattaliklar skalyarlar deyiladi?

Skalyar migdorlarga misollar keltiring.

Qanday kattaliklar vektorlar deb ataladi?

Vektorlarga misollar keltiring.

Vektorlarning geometrik ma‘'nosi nimadan iborat?

Vektorning moduli deb nimaga aytiladi?

Qanday vektor nol vektor deyiladi?

Qanday vektorlar kollinear deyiladi?

. Qachon vektorlar teng deb hisoblanadi?

10 Vektorlar yig'indisi ganday aniglanadi?

11.Vektorlar yig'indisi ganday xossalarga ega?

12.Vektorni songa ko’paytmasi ganday aniglanadi?

13.Vektorni songa ko'paytmasi ganday xossalarga ega?

14.0rt vektorlar deb ganday vektorlar tushuniladi7

15.Vektorning ortlar bo'yicha yoyilmasi ganday aniglanadi?

16.Vektorning koordinatalari ganday topiladi?

17.Koordinatalari bilan berilgan vektorlarning tenglik va kollinearlik sharti
nimadan iborat?

18.Koordinatalari bilan berilgan vektorlar ustida arifmetik amallar ganday

bajariladi?

©CoNoGkWNE
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/-MA'RUZA

VEKTORLARNING SKALYaR KUPAYTMASI, UNING
XOSSALARI VA TADBIKLARI.

Tayanch iboralar: skalyar ko’paytma, skalyar ko'paytmaning mexanik ma'nosi,
skalyar ko'paytma xossalari, vektorlarning ortogonalligi, skalyar ko’paytmaning
koordinatalardagi ifodasi, ikki vektor orasidagi burchak.

Ma'ruza re jasi:
Skalyar ko'paytma ta'rifi.
Skalyar ko’paytmaning mexanik ma'nosi.
Skalyar ko’paytma xossalari.
Vektorlarning ortogonalligi.
Skalyar ko’paytmaning koordinatalardagi ifodasi.
Skalyar ko’paytmaning tadbiklari.
Skalyar ko'paytmaning iqtisodiy ma'nosiga misol.

No RN E

Adabiyotlar.

[1] 1bob, §8 [3] Il bob, §3-4 [14]. 66-68 betlar.

TA'RIF: dvaé vektorlarning skalyar ko’paytmasi_deb d-¢ Yyoki (a, 6)
kabi belgilanadigan va

d-é=|a|-|g|-cose (1)
formula bilan aniglanadigan songa aytiladi. Bu erda ¢ orkali a@ va é vektorlar
orasida burchak belgilangan.

Buerda a4 va 6 vektorlarning (1) formula orgali ko’paytirilganda son,
ya'ni skalyar kattalik hosil bo’ladi va shu sababli d-6 vektorlarning skalyar
ko'paytmasi deyiladi.

Skalyar ko’paytmaning mexanik ma'nosini ko’ramiz. F  kuch moddiy
nuqtaga ta'sir etib, uni to’gri chizig bo'ylab S vektor bo'yicha xarakatlantirgan
bo’lsin. Agarda kuch va harakat yo'nalishlari orasidagi burchak ¢ bo'lsa,
bajarilgan A ish miqdori

= |F|-[|-coso
formula bilan anlqlanlshl bizga fizika kursidan ma'lum. Ammo bu formulani (1)
ga asosan A=F-S deb yozish mumkin. Demak, F kuch va S harakat
vektorlarining skalyar ko’paytmasi bajarilgan ishni ifodalaydi.

Skalyar ko’paytmaning ta'rifidan uning quyidagi xossalari kelib chigadi:

1. d-6=é6-a 2.d-a ‘a‘z 3.Nd-6=d-\é
4.(até)-c=a-cté
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TA'RI1F: dvag vektorlar orasidagi burchak ¢=90° bo’lsa, ular ortogonal
vektorlar deyiladi va @ Lé kabi belgilanadi.
Masalan, oldingi ma'ruzada kurib utilgan ort vektorlar ortogonaldirlar, ya'ni

ilj,ilk va jLk.
TEOREMA. Noldan fargli a va ¢ vektorlar ortogonal bo’lishi uchun ularning
skalyar ko’paytmasi % -6 =0 bo'lishi zarur va etarli.
| sbot. Zaruriyligi. L bo'lsin. Unda ular orasidagi burchak ¢=90° bo’ladi va
skalyar ko'paytma ta'rifiga asosan

%6 =|d|-|é|-cosp=|al - |¢|-c0s90° = || -|§|-0=0
Etarliligi. |d|=0, [0 bo'lib, %-§ =0 bo'lsin. Unda skalyar ko'paytma ta'rifidan

B -6 = |d|-|6|-c0sp=0=>c05¢=0=¢=90°= d L §
ekanligi kelib chigadi.
Endi tekislikda yotuvchi va koordinatalari bilan berilgan a (x1,y1), € (x2,y2)

- =

> - |42
vektorlarning skalyar ko’paytmasini topamiz. Buning uchun i-i:‘i‘ =1, j-]=1

va i-]:O va T-TzO ekanligidan va skalyar ko’paytmaning 3) va 4)
xossalaridan foydalanamiz.

© -6 =(x1i +y1 )02l +y2 J)=xaxed i+ xyyal j+ywe Ji+yye] |=
= x1x2-1+ x12-0+ y1x2-0+ y1y2-1= x1x0+ y1y2
Demak
© (X1, y1) € (x2, y2)= x1y2* y1y2 (2)
ya'ni  vektorlarning skalyar ko’paytmasi ularning mos koordinatalari
ko’paytmalarining yig'indisiga teng bo'ladi.
Masalan, % (3,6) va & (5,-2) bo'lsa, a -6 =3-5+6-(-2)=15-12=3 natijani olamiz.
Xuddi shunday tarzda fazodagi ® (x1,y1,21) Va 6 (X2,y2,22) Vvektorlarning skalyar
ko'paytmasi uchun
B (X1,¥1,21)- 6 (X2,Y¥2,22)= X1Xo+y1y2+212Z» (3)
formula o’rinli bo’lishini ko'rsatish mumkin.
Endi skalyar ko’paytma tadbiklari sifatida quyidagi masalalarni ko'ramiz.
1-masala. ©(x,y,z) vektorning modulini toping.
Echish. Skalyar ko’paytmaning 2) xossasiga va (3) formulaga asosan

‘5‘:\/5-ﬂ:\/x-x+y-y+z-z:\/xz+y2+22 (4)
Masalan, ©»(3,4,12) vektorning moduli

M:Jsz +42 1122 = /9416 +144 =~/169 =13
2-masala. © (x1,y1,Z1) Va & (X2,y2,Z2) Vektorlar orasidagi ¢ burchakni toping.
Echish. Skalyar ko’paytma ta'rifi (1), (3) va (4) formulalarga asosan
a-e XX, + vV, + 72,7,
e o - 2 2 2 2 2 2 (5)
‘a‘-‘g‘ \/X1 +)y, t14, \/Xz +), +1,

cosQ =
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Masalan, ©(1,0,1) va & (0,1,1) vektorlar orasidagi ¢ burchak uchun

1.0+0-1+1-1 1
cos @ = =—

VI 402 412412 407 417 2
natijani olamiz va undan ¢=60° ekanligini topamiz.
3-masala. ©(x1,y1,21) Va 6 (x2,y2,22) Vvektorlarning ortogonallik shartini toping.
Echish. G1s bo’lgani uchun ular orasidagi burchak ¢=90° bo’ladi va shu
sababli cos@=0. Unda (5) formuladan

X1X2ty1y2+212, = 0 (6)
tenglikni hosil gilamiz. Bu ikki vektorning ortogonallik shartidir.

Masalan, ©(3,-2,1) va & (5,7,-1) vektorlar ortogonaldir, chunki
X1Xo+y1y2+212p = 3-5+(-2)-7+1-(-1) = 15-14-1=0

4-masala. Fazodagi A(xi1,y1, Z1) va B(X2, y2, Z2) nuqgtalar orasidagi d masofani
toping.
Echish. Bu nuqgtalarni kesma bilan tutashtirib, 4B vektorni xosil kilamiz.
Ma'lumki, bu vektorning koordinatalari uning uchi bilan boshi koordinatalari
ayirmasiga teng bo’ladi, yani 4B (x1—X2,y1—V2,21-22). Unda (4) formulaga
asosan,

d =[AB| = (X, = %) + (v, = 1) + (2, - 2,)° (7)

tenglikka ega bo’lamiz.
Masalan, A(5,-3,1) va B(8,1,13) nuqtalar orasidagi masofa

d=+B8-52+0-(-3)% + (13-1)2 =+/9+16 + 144 = /169 =13

bo’ladi.

Tekislikdagi vektorlar uchun 1-4 masalalarning echimlarini topishni talabaga
mustagqil ish sifatida havola etamiz.

Skalyar ko’paytmaning iqtisodiy ma'nosini ko'rsatish uchun wuch xil
mahsulotlarning narx va miqgdorlarini ifodalovchi  ushbu p (p1,p2.ps) Vva

G (01,92,03) vektorlarni  kiritamiz.  Unda ularning skalyar ko’paytmasi

—

p-4=p,q; + P,q, + P30z uchala maxsulot giymatini ifodalaydi.

Q’z-0'zini nazorat etish savollari.

Vektorlarning skalyar ko’paytmasi ganday aniglanadi?

Vektorlar skalyar ko’paytmasining mexanik ma'nosi nimadan iborat?
Skalyar ko’paytma ganday xossalarga ega?

Qanday vektorlar ortogonal vektorlar deyiladi?

Vektorlarning ortogonalligini zaruriy va etarli sharti nimadan iborat?
Skalyar ko’paytma vektorlarning koordinatalari orgali ganday ifodalanadi?
Ikki vektor orasidagi burchak ganday topiladi?

Ikki vektorning ortogonallik sharti koordinatalarda ganday ifodalanadi?
Ikki nugta orasidagi masofa ganday topiladi?

CoNOORWLNE
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10. Skalyar ko'paytmani igtisodiy ma'nosiga misol keltiring.
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8-MA'RUZA

VEKTORIAL KO'PAYTMA, UNING XOSSALARI VA
TADBIQLARI

Tayanch iboralar: vektorial ko’paytma, vektorial ko’paytma xossalari, vektorial ko’paytmani
hisoblash, kollinear vektorlar.

NogabkowbdE

Ma'ruza rejasi:

Vektorial ko'paytma ta'rifi.

Vektorial ko'paytmaning mexanik ma'nosi.

Vektorial ko'paytmaning xossalari.

Ortlarning vektorial ko'paytmasi.

Koordinatalari bilan berilgan vektorlarning vektorial ko’paytmasi.
Vektorial ko’paytma yordamida echiladigan masalalar.
Vektorlarning kollinearlik sharti.

Adabiyotlar:

[1] Ibob, §11 [3] Il bob, §5-6

TA'RIF: a vektorning ¢ vektorga vektorial kupaytmasi deb, quyidagi uchta

shartni ganoatlantiruvchi yangi ¢ = a x ¢ vektorga aytiladi:

- - -
1. ¢ ning uzunligi a va ¢ vektorlarga qurilgan paralelleogramm yuziga
teng bo’lib, quyidagicha ifodalanadi:

- -

- - ) - = . ) }
axel=|al |6l sin ¢, buerda o=a” s, ya'ni vektorlar orasidagi

burchakni ifodalaydi.

2. ¢ vektor 2 Vag vektorlar tekisligiga perpendikulyar, ya'ni

- - - - - o
axel a, axe les.

3. Z vektor shunday yo’nalganki, uning uchidan garaganda 2 vektordan 2
vektorga eng kiska burilish soat strelkasi xarakatiga teskari bo’ladi.

Agarda F radius vektori r bo’lgan moddiy A nuktaga ta'sir etuvchi kuch
bo’lsa, u holda Fxr vektorial ko'paytma F kuchni A nuqgtaga nisbatan
momentini ifodalaydi.

Vektorial kupaytma xossalari.
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1.Vektorial ko’paytmada ko'paytuvchilarning o’rni almashsa, ko’paytmaning

faqat ishorasi o’zgaradi, ya'ni a X e =-(6xa)

. Vektorial ko'paytmada o0'zgarmas (ko’paytuvchini tashgariga chigarish
mumkin, ya'ni

ax (L6) = (ha) x 6 = M(a x 6)
. Vektorial ko’paytma uchun tagsimot gonuni o'rinli, ya'ni

- e e
ax(§+ﬁ1)=axe+axm

TEOREMA. Ikkita nolmas a va ¢ vektorlar kollinear bo'lishlari uchun
ularning vektorial ko'paytmasi nolga teng bo'lishi zarur va etarli, ya'ni

- -

a | | 6= axe=0

Isboti: 2 || 2 bo’lsin. U holda ¢=0 yoki ¢=n va sin ¢=0. Demak.

- -

aX6—|a| |6| smcp—|a| |3 | -0=0. Uzunligi nolga teng bo’lgan

vektorning uzi ham nol vektor bo’ladi, ya'ni a x ¢ =0.

Endi, aksincha ZxZ:O bo'lsin. U holda | 2 |- Z \sincp:| ng |=0
bo’ladi. Bunda | 2 | 20, | Z | 20 bo’lgani uchun fagat sin ¢=0, ya'ni ¢=0 yoki
o=n ekanligi kelib chigadi. Buesa « | | ¢ ekanligini bildiradi.

Natija: Ixtiyoriy 2 vektor uchun ng =o bo’ladi.
Misol: (2 -22)){(22 +Z) ko’paytmani soddalashtiring.

> o5 5 o -> -

Echish: (a 26)x(2a+6) 2axa+taxe 26x2a 26X6‘ =5axs

Vektorial ko paytmani koordinatalarda xisoblash.

> - g
Avval koordinata o’glaridagi i, j va k ortlarning vektorial ko’paytmasini
hisoblaymiz. Vektorial ko’paytmaning ta'rifiga asosan
ixi=0 jxj=0, Kkxk=0
Endi i x j vektorni hisoblaymiz. Ort vektorlar ta'rifiga asosan

|7|=|7|=1 zJ_] |zx]|—‘zH]‘SlnE=1
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Bu erdan va vektorial kupaytmaning ta'rifidan i x j vektor OZ uki buylab
yunalgan va uning uzunligi 1 ga teng. Demak, i X j = k ekan. Xuddi sho’nga
o'xshash j x k =i, kxi =j. Vektorial ko’paytmaning 1 — xossasiga binoan

> - -> -

jXIz—k ka——l zxZ——]

- -
a va e vektorlar uzining koordinatalari bilan berilgan bo’lsin, ya'ni

- - - - - - - -

a=ayi+ayj+ak; 6 =Byi+Byj+B,k;

Bu holda a va ¢ vektorlarning vektorial ko'paytmasini topamiz. Vektorial
ko’paytma xossalari va ortlarning vektorial ko’paytmasiga asosan

axe= (axz +ay] + azk)X(Bxl +By] +sz) aXBX(z X i )+ aXBy(z X])+
+a,B,( i xk )+ ayBX(] X i )+ayBy(] X j )+ asz(] xk )+ aZBX(k X i )+ a, By(k X j)+
- - - - - - -
+a,B,(k xk )=0+ axByk - ayB, j - ayBy k +0+ ayB, i + a;B, j + a;Byi +0 =
- - - - - -
= (ayB;- azBy) i + (azBx- axB;) j + (axBy- ayBx) k =cy i + Cy j +C k.
Bunda cy, ¢y, ¢, koordinatalar orgali mos gavslardagi ifodalar belgilandi. Bu
koordinatlarni mos ravishda aniglovchilar yordamida xam ko’rsatsa bo’ladi:

- a a._|— a a — a a —>
axe=| 7 Cli+|° j+ ars
6, 6, . 8, 6, 6,
yoki
i j ok
> o>
axeé=\a, a, a,
6, 6, 8,

Misol. 2(2; 3;-1)va 2(3; -1; -4) vektorlarning vektorial ko’paytmasini toping.
Echish:

i ik R
axe=[2 3 -—1|=-13i+5;-11k
3 -1 -4

Endi vektorial ko'paytmaning ba'zi bir tadbiglarini ko'ramiz.

- -
1-masala. a (ax, ay, a;) Va & (Bx, By, B;) Vektorlarga yasalgan paralelogrammning
yuzini toping.
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E ch i _sh: Vektorial ko'paytmaning ta'rifiga asosan paralellogramm yuzi
quyidagicha topiladi:

S=|aX6|=|c|=\/cx tc, +c; =

Misol. 2(2; 3; -1) va 2(3; -1; -4) vektorlarga yasalgan parallelogramm yuzasini
toping.

Echish: Oldin ko'rsatilganga asosan
- - - - -
axe=-13i+5;-11k
bo’lgani uchun, izlangan S yuza

S=1/(-13)? + 5% + (-11)% =169 + 25 + 121 = /315 = 3./35

Natija. a va ¢ vektorlardan yasalgan uchburchakning yuzi
Sa=tlaxel
2
formula bilan topiladi.
2-masala. a (ay, ay, a;) Va 6 (s, 8y, 6;) Vektorlarning kollinearlik shartini
toping.
E chish: Oldin ko'rilgan teoremada a va s vektorlar kollinear bo’lishi

uchun ularning vektorial ko’paytmasi sz =0 bo’lishi kerak ekanligi
ko'rsatilgan edi. Bu tenglikni koordinatalarda ifodalaymiz:

i j ok

- -

axeé=\a, a, a,=0
6, 6, 6,

Bu aniglovchining birinchi satri vektorlardan, ikkinchi va uchinchi satrlari
esa skalyarlardan iborat bo'lgani uchun, yugoridagi tenglik fagat

bo’lganda o’rinli bo’ladi. Bu tenglik vektorlarning kollinearlik shartini
ifodalaydi.

Misol. 2(m,3,2) va 2(4,6, n) vektorlar m va n parametrlarning ganday
giymatlarida kollinear bo'lishini toping.
E chish. Kollinearlik shartiga asosan
m:§:g:>m:2,n:4.
4 6 n
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0’z-0'zini nazorat etish savollari:

1. Vektorial ko'paytma ganday ta'riflanadi?

2. Vektorial ko’paytmaning mexanik ma'nosi nimadan iborat?

3. Vektorial ko’paytma ganday xossalarga ega?

4. Ortlarning vektorial ko'paytmasi ganday topiladi?

5. Vektorial ko’paytma koordinatalarda ganday ifodalanadi?

6. Ikkita vektorlardan hosil gilingan parallelogramm va uchburchak yuzalari
ganday topiladi?

7. Vektorlarning kollinearlik sharti nimadan iborat?
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9 -MA'RUZA

VEKTORLARNING ARALASH KO'PAYTMASI, UNING
XOSSALARI VA TADBIQLARI.

Tayanch iboralar: aralash ko'paytma, uning geometrik ma'nosi, komplanar
vektorlar, aralash ko'paytma xossalari, aralash ko’paytmani koordinatalar orgali
ifodalash, aralash ko’paytma tadbiglari.

Ma'ruza rejasi:

Vektorlarning aralash ko’paytmasi.

Aralash ko’paytmaning geometrik ma'nosi.

Aralash ko’paytmaning xossalari.

Koordinatalari bilan berilgan vektorlarning aralash ko'paytmasini hisoblash.
Aralash ko’paytma yordamida echiladigan masalalar.

Vektorlarning komplanarlik sharti.

ok wdE

Adabiyotlar:

[1] 1bob, §12 [3] I bob, §7

Uchta a, 6, ¢ vektorlarni uzaro kupaytirish masalasini kuraylik. Agar a va 6
vektorlarni skalyar ko’paytirib, natijani ¢ vektorga ko'paytirsak, u holda ¢ vektorga
kollinear vektor hosil bo'ladi. Agarda birinchi ikkita vektorni vektorial ko’paytirib,
so’'ngra hosil bo’lgan natijani uchinchi ¢ vektorga yana vektorial ko’paytirsak,
natijada yana bir yangi vektor hosil gilamiz. Bundan tashkari uchta vektorni
quyidagi usulda ham ko'paytirish mumkin.

TA'RIF1: a,s, c vektorlarning aralash kupaytmasi deb a x ¢ vektorial
ko'paytmani ¢ vektorga skalyar ko’paytmasi kabi aniglanadigan songa aytiladi
va a ¢ c kabi belgilanadi.

Shunday qilib ta'rifga asosan aralash (vektor — skalyar) ko’paytma

aséc=(axe)-c

ko'rinishda bo’ladi.

TA'R I F 2: Vektorlar komplanar deyiladi, agarda ular bitta tekislikda yoki
parallel tekisliklarda joylashgan bo'lsa.

Aralash ko'paytmaning geometrik ma'nosini ko'rib o'taylik. Buning uchun
komplanar bo’lmagan a,6, ¢ vektorlarni karaylik. Ma'lumki, a x ¢ uzunligi
ko'paytuvchi vektorlardan tuzilgan parallelogrammning yuzasiga teng va
parallelogramm tekisligiga perpendikulyar yo’nalgan vektordan iborat bo’ladi.
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Agar a X ¢ vektorga ¢ vektorni proektsiyalasak, u holda shu proektsiya
parallelogramm tekisligiga perpendikulyar bo’lib, uning moduli a, &, ¢ vektorlarga
kurilgan parallelopiped balandligi H giymatini ifodalaydi. Unda bu parallelopiped
Xajmi uchun

V=S,c0c:H=|(a x 6)C]|

formulaga ega bo’lamiz. Shunday qilib, aralash ko’paytma parallelepiped xajmini
ifodalar ekan.
Endi aralash ko’paytmaning xossalarini ko’rib o'tamiz:

Aralash ko’paytmada vektorial va skalyar ko'paytma amallari o’rnini almashtirish
mumekin, ya'ni

(axe)-c=a-(6xc).
Shu sababli aralash ko'paytmada amallarni ko'rsatmasdan, gisgacha aec kabi
yozish mumkin.

1. Aralash ko'paytmada ko'paytuvchilar o’rnini soat miliga teskari yo’nalish
bo’yicha doiraviy ravishda almashtirilsa, uning giymati o’zgarmasdan goladi,
ya'ni

ae6c =cae= e6ca= aec.
Bo’nga aralash ko’paytmaning aylanma xossasi deb yuritishadi.

2. Aralash ko'paytmada yonma — yon turgan vektorlarni o’rni almashtirilsa, uning
ishorasi teskarisiga o’zgaradi, ya'ni
aec —-6ac —-cea—ace
Skalyar hamda vektorial ko'paytmalarning ganday sharoitda nolga teng
bo’lishini taxlil gilgan edik. Bu savolni endi aralash ko’paytma uchun ko’rib
chigaylik. Quyidagi xollar bo’lishi mumkin:

ko'paytuvchi vektorlardan kamida bittasi nol vektor;
ko’paytuvchi vektorlardan kamida ikkitasi kollinear;
ko'paytuvchi vektorlar komplanar.

Birinchi holda aralash ko’paytmaning nol bo'lishi 0’z — o’zidan kelib
chigadi. Ikkinchi holda, ya'ni ikkita vektor kollinear bo’lsa, unda ularning
vektorial ko’paytmasi nol va shu sababli aralash ko’paytma ham nolga teng bo’ladi.
Uchinchi holda a x ¢ va ¢ vektorlar perpendikulyar bo’ladi va shu tufayli ularning
skalyar ko’paytmasidan hosil bo’lgan aralash ko’paytma nol bo’ladi.

Natijada quyidagi tasdigni olamiz:

TEOREMA. Noldan fargli uchta vektorning komplanar bo’lishi uchun ularning
aralash ko'paytmasi nolga teng bo’lishi zarur va etarlidir.
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Koordinatalari bilan  berilgan  a=(ax,ay,az), 6=(6x,6y,62), €=(Cx,Cy,C7)
vektorlarning aralash ko’paytmasini hisoblash formulasini keltirib chigaramiz.
Vektorial ko’paytmani hisoblash formulasiga asosan

R T ¢
axB = |ax ay a; =(ayB;-a;By)i+(a;Be-aB;)]+
BX By BZ

+ (axBy —ayBy)K = Ai+Bj+CKk .

Skalyar ko'paytmani hisoblash formulasi va yuqgoridagi tenglikka hamda
aniglovchining satr bo'yicha yoyilmasiga asosa

CZ CX Cy aX ay aZ
(axB)e =Acx+Bey+Cc, = ax ay az| =|Bx By By
BZ BX By CZ CX Cy

Demak, aralash ko'paytma ko’paytuvchi vektorlarning koordinatalaridan
tuzilgan I11 tartibli aniglovchi kabi hisoblanadi.

Masalan, a=(3,1,-2), 6=(4, 0, 1), ¢=(0,2,-1) vektorlarning aralash
ko’paytmasini topamiz:

3 1 -2
aeéc = 4 0 l1|(=-16-6+4=-18.
0 2 -1

Aralash ko’paytmaning koordinatalardagi ko'rinishidan foydalanib, uchta
vektorlarning komplanarlik shartini topamiz:

aX ay az
Bx By B =0
CX Cy CZ

Aralash ko'paytmadan foydalanib, quyidagi masalalarni echamiz :
Masalal:a,s, c vektorlardan tuzilgan uchburchakli piramida xajmini toping.
E chish : Berilgan a, ¢ va ¢ vektorlardan tuzilgan piramidaning asosidagi a, ¢
vektorlar hosil gilgan uchburchak yuzasini S, balandligi
laxe| =h vaxamini V deb olsak, V= Sh/3 tenglik o’rinli bo’ladi. Shu
vektorlardan tuzilgan parallelopiped asosi yuzasi 2S, balandligi esa h bo’ladi. Bu
parallelopiped xajmini Vy deb olsak, Vo=2Sh =| a ¢ c| bo’ladi.

Bu holda piramida xajmi

V=Vo/6=|ch|/6=i% Bx By B

formula bilan hisoblanadi.
Masala?2: Fazodagito'rtta My (x1, y1, Z1), M2 (X2, y2, Z2), M3 (X 3,y 3 Z3)
va My (X4, ¥4 Z4) nugtalarni bir tekislikda yotish shartini toping.
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Echish: M;,M;,M; va My nuqtalar bir tekislikda yotishi uchun

_ N

MiMe =(X2—X1,¥2—yunZ2-21),MiMs =(Xs—X1,ys—y1,23-21),

MMy = (X4 —X1,Y4—Y1, Z4 - Z1 ) vektorlarni komplanar bo'lishi zarur va etarli,
ya'ni

X2 —X1 y2—y1 Z2-11
X3—X1  ys—-y1 Zsz-z| =0
X4 —X1 Ya—V1 Z4-1y

shart kelib chikadi.

0’z-0'zini nazorat etish savollari:

Vektorlarning aralash ko’paytmasi ganday ta'riflanadi?

Aralash ko’paytmaning geometrik ma'nosi nimadan iborat?

Aralash ko'paytma natijasida ganaga kattalik hosil bo’ladi?

Aralash ko’paytma ganday xossalarga ega?

Aralash ko’paytma koordinatalar orgali ganday topiladi?

Uchta vektordan hosil gilingan parallelopiped va piramida xajmi gaysi formula
bilan topiladi?

Uchta vektorning komplanarlik sharti nimadan iborat?

8. To'rtta nugta kaysi shartda bir tekislikda yotadi?

SO0k wdE

~
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10-MA'RUZA

KO'P O'LCHOVLI VEKTOR VA VEKTOR FAZOLAR.

Tayanch iboralar: n o'Ichovli vektor, n o'Ichovli vektorlarning tengligi,
vektorlar yig'indisi, vektorlarni songa ko'paytmasi, vektor fazo, chiziqli
bog'liklik vektorlar, erkli vektorlar,vektor fazo o’lchovi, bazis, vektorni
bazisdagi yoyilmasi, vektorning koordinatalari.

Ma'ruza rejasi:

Ko'p o’Ichovli vektorlar va ular ustida chizigli amallar;
Chizigli amallarning xossalari;

Vektor fazolar ;

Chiziqgli bog'lik va erkli vektorlar;

Vektor fazolarning o’lchovi va bazisi;

Vektorlarni bazis bo’yicha yoyilmasi va uning yagonaligi.

ogahkowdE

Adabiyotlar:

[14]. 68-76 betlar.

Oljingi ma'ruzalarda tekislik va fazoda vektor tushunchasini Kiritib, bu
vektorlar to’plamida vektorlarni qo’shish, ayirish, songa ko’paytirish, ularni o’zaro
skalyar, vektorial va aralash ko’paytirish amallarini kiritgan edik.

Endi vektor tushunchasini umumlashtirib, vektor fazoga ta'rif beramiz.
TA'RIF 1: n ta tartiblashgan haqigiy sonlardan tashkil topgan x=(xi,Xz,...,Xn)
ko'rinishdagi ifodaga n-o1chovli vektor deyiladi.Bu yerda x; (i=1,2,...,n) soni X
vektorning i-komponentasi deb ataladi.

n—o'lchovli vektor tushunchasi igtisodiyotda keng qo’llaniladi. Masalan, turli
maxsulotlardan tashkil etilgan to’plamni x=(x1,x»,...,X5), ularning baholarini esa
y=(y1,y2,...,yn) Vektorlar ko'rinishida ifodalash mumkin.
TA'RIE 2: Ikkita bir xil n-o’lchovli x=(x1,x2,...,Xn) Va y=(y1,y2,...,yn) Vektorlar
teng deyiladi va x=y kabi belgilanadi, agarda ularning mos koordinatalari teng,
ya'ni X1=yi, X2=Ya,..., Xn=yn b0’lsa.

Endi ko'p o’lchovli vektorlar ustida amallar kiritamiz.

TA'RIF 3: Ikkita bir xil n o’lchovli x=(x1,X2,...,Xn) Va y=(y1,y2,...,yn) Vektorlarning
yigindisi deb shunday yangi x+y= z=(z1,22,...,2zn) Vektorga aytiladiki, uning
koordinatalari x va y vektorlarning mos koordinatalarini go’shishdan hosil bo’ladi,
ya'ni Zi=xityi, 1=1,2,...,n.
TARIF 4:  x=(x1,X2,...,xn) Vektorni A xakikiy songa kupaytmasi deb shunday
yangi Ax= z=(21,Z»,...,Zn) Vektorga aytiladiki, unda zi=Ax; (i=1,2,...,n ) bo'ladi.
Kiritilgan bu ikki amal yordamida x va y vektorlarning ayirmasini x-y= x+(-
1)y kabi kiritish mumkin.
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Masalan, x=(3,-2,5,7,-4) va y=(0,7,9,-1,2) besh o’lchovli vektorlar berilgan
bo’lsa, unda
x+y=(3,-2,5,7,-4)+(0,7,9,-1,2)=(3+0,-2+7,5+9,7+(-1),-4+2)=(3,5,14,6,-2)
5x=5(3,-2,5,7,-4) =(5-3, 5:(-2), 55, 5-7, 5-(-4))=(15,-10,25,35,-20),
x-y=(3,-2,5,7,-4)-(0,7,9,-1,2)=(3-0,-2-7,5-9,7-(-1),-4-2)=(3,-9,-4,8,-6).

Ixtiyoriy vektorlar ustidagi bu chizigli amallar quyidagi xossalarni ganoatlantiradi:

1. x+y=y+x- yig'indining kommutativlik xossasi;

x+(y+z)=(x+y)+z- yig'indining assotsiativlik xossasi;

o-(Bx)=(a-B)x -sonli ko’paytuvchiga nisbatan assotsiativlik xossasi.

a(x+y)=ax +ay- vektorlar yig'indisining distributivlik xossasi.

(a+B)x=0ax+px- sonli yig'indini ko’paytuvchiga nisbatan distributivlik xossasi.

0=(0,0,0,...,0) nol vektor va ixtiyoriy x vektor uchun x+0=x tenglik o'rinli

bo'ladi.

7. Ixtiyoriy x vektorga (-1)x= -x garama-garshi vektor deyiladi va ular uchun
x+(-x)=0 tenglik o’rinlidir.

8. Ixtiyoriy x vektor uchunl-x=x tenglik o’rinli bo'ladi.

TA'RIE 5: Agar haqiqiy koordinatali vektorlar to’plamida vektorlarni qo’shish va

songa ko'paytirish amallari aniglangan bo’lib, ular yuqorida keltirilgan 8 ta

xossalarni (aksiomalarni) ganoatlantirsa, u holda bu to’plam vektor fazo deb

aytiladi.

Yugorida kurilgan x,y,z lar nafaqat vektorlar, balki ixtiyoriy ob'ektlar
(elementlar) bo'lishi mumkin. Unda bu elementlar va kiritilgan amallardan tuzilgan
to’plam chizigli fazo deyiladi. Masalan, x va y lar darajasi n dan oshmagan
ko'phadlar bo’lsa, u holda yugoridagi 8 xossa ganoatlantiriladi, ya'ni darajasi n dan
oshmagan barcha algebraik ko’phadlar to’plami chizigli fazo hosil etadi.

Vektor (chiziqli) fazoning ta'rifidan shu xulosa kelib chigadiki, bu fazoda
yagona 0 (nol) vektor va har bir x ga qarama-garshi yagona -x vektorlar mavjud
bo’lib, ular uchun 0-x=0, (-1)x = -x tengliklar urinlidir.

TA'RIF 6: Biror R vektor fazoning a vektori shu fazoning a1, ao,...,am
vektorlarining chiziqli kombinatsiyasidan iborat deyiladi, agarda qandaydir
A1,A2,...,Am haqiqiy sonlarda ushbu tenglik o’rinli bo'lsa:

a=Maiti art...+thm dm . (l)
TARIF _7: R vektor fazoning ai, ao,...,am Vvektorlari chizigli bog1iq deyiladi,
agarda bir vagtda barchasi nolga teng bo’lmagan Ai,A»,...,Am hagigiy sonlar mavjud
bo'lib,

o0k own

AMar+is art. ..+ Ahm am =0 (2)
tenglik o’rinli bo’lsa. Aks holda a1, as,...,am vektorlar chizigli bogligmas (erkli)
deyiladi.
Ta'rifdan kelib chigadiki, berilgan a1, as,...,am vektorlar chizigli
bog’ligmas bo’lsa, u holda (2) tenglik fagat A;=A,=...=An=0 bo’lganda o’rinli
bo'ladi.
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Agar ai, ap,...,am Vektorlar chizigli bog’lik bo'lsa, u holda ularning har
bittasi golganlarining chizigli kombinatsiyasi ko'rinishida ifodalanadi va aksincha,
a1, a,...,amVektorlardan birortasi golganlari orgali chizigli ifodalansa, u holda ular
chizigli bog'lik bo’ladi.

Masalan, «; =(1,0,0,0), a, =(0,1,0,0), a3 =(0,0,1,0), a4 =(0,0,0,1) vektorlar
chizigli bog’ligmas (erkli); ¢1=(3,0,0,0), ¢,=(0,0,1,0), ¢3=(6,0,-7,0) vektorlar esa
chizigli bogliq (2¢1-7c2+ ¢3=0) bo’ladi.

TA'RIF 8: R vektor (chizigli) fazo n o’Ichovli deyiladi, agar unda n ta
chizigli bog’ligmas vektorlar mavjud bo’lib, ixtiyoriy (n+1) ta vektor chizigli
bog'lik bo'lsa.

Bu erda n soni R fazoning o’Ichovi deb atalib, n=dim(R) kabi belgilanadi va
u R fazodagi chizigli bogligmas vektorlarning maksimal soniga teng bo’ladi.
TA'RIF 9: n o’Ichovli R fazoning ixtiyoriy n ta chizigli bog’ligmas vektorlari
to’plami uning bazisi deyiladi.

Masalan, 4 o’Ichovli fazoda yugorida ko'rib o'tilgan

a1=(1,0,0,0), @2=(0,1,0,0), a3=(0,0,1,0), a,=(0,0,0,1)
vektorlar bazisni tashkil etadi.
TEOREMA: R chizigli fazoning xar bir x vektorini shu R fazoning bazis
vektorlarining chizigli kombinatsiyasi orgali yagona usulda ifodalash mumkin.
Isbot: Faraz gilaylik es, ez, ..., en Vvektorlar n o’'Ichovli R fazoning ixtiyoriy bir
bazisi bo’lsin. Unda, ixtiyoriy (n+1)ta vektorlar chizigli bog'lik ekanligidan, e, e,
..., €n Va x vektorlar birgalikda chizigli bog’lik bo’lishi kelib chigadi. Bu holda bir
vagtning o'zida barchasi nolga teng bo’lmagan (n+1)ta shunday Ai,Az,...,An, A
sonlar mavjudki,

7\.161+7\.2€2+...+7umem+7\,; =0. (3)

Bu erda A#0 bo’ladi, chunki agar A=0 bo’lsa, u holda yugoridagi tenglikdan
e1,e2,...,en Vektorlar chizigli bog'lik ekanligi, ya'ni ular bazis tashkil etmasligi
kelib chigadi. Demak A=0 bo'lib, (3) dan

X= A e 4 €2— A e
1 ﬂ 2 /1 n
X=x1€1+ X2€2+...+ xnen, Xi=Ail\, (4)
tenglikka ega bo’lamiz. Bu erdan x vektor e, e, ..., e, bazis orqali chizigli

ifodalanishi va bunday ifodalanish yagona ekanligi kelib chigadi.Teorema isbot
bo'ldi.

(4) ifoda x vektorni ey, e, ..., en bazisdagi yoyilmasi va unlagi xi,xz,...,xn
koeffitsientlar x vektorning shu bazisga nisbatan koordinatlari deb ataladi. Demak,
xar ganday vektor biror bazisdagi koordinatalari orkali bir giymatli aniglanadi.
Xar ganday bazisda 0 vektorning koordinatalari nollardan va ixtiyoriy
x=(x1,x2,...,xn) Vektorga gqarama-garshi vektorning koordinatalari -xi, -x, ..., -xn
sonlardan iborat bo'ladi.

Masalan, 4 o'lchovli vektor fazoda ei(1,1,0,0), e2(0,1,1,0), e3(0,0,1,1),
e4(0,1,0,1) vektorlar bazis tashkil etishini va bu bazisda x=(2,0,-3,1) vektorning
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koordinatalari x;=2, x>=-3, x3=0, x4=1 bo'lishini talabalar mustaqil ish sifatida
tekshirib ko’rishlari mumkin.
TEOREMA: Agar ey, e, ..., e, Vektorlar sistemasi R fazoning chizigli bog’'ligmas
vektorlari bo’lib, R fazoning ixtiyoriy a vektori ular orgali chizigli ifodalansa, u
holda R fazo n o’lchovli vaes, e, ..., en Vvektorlar uning bazisi bo’ladi.
Isbot: Teoremani isbot etish uchun R fazodagi ixtiyoriy m (m>n) ta ai, ay,...,am
vektorlarni olaylik. Teorema shartiga asosan olingan har bir vektor ej, ey, ..., en
vektorlar orgali chizigli ifodalanadi:

a;fFain ertapp et ...+ a;men

arFaxiei1tax et ... + axe, (6)

am=ami €1tamzext ... + amen

Hosil gilingan (6) sistemaning A=(ajj) (i=1,2,...,m; j=1,2,...n) matritsasini
garaylik. Bu matritsani rangi r(A)<min(m;n)=n bo’ladi.Bundan A matritsaning n
tadan ko’p bo’lmagan chizigli erkli satrlari mavjud ekanligi kelib chigadi.Unda,
m>n bo’lganligi uchun, A matritsaning m ta satri chizigli bog’ligdir va shu
sababli a1, ay,...,am vektorlar ham chizigli bog’lik bo’ladi. Bundan R fazoning n
o’lchovli va ey, ez, ..., enuning bazisi ekanligi kelib chigadi.

Q’z-0'zini nazorat etish savollari:

Qo'p o'Ichovli vektor ganday aniglanadi?

Qachon ikki vektor teng deb ataladi?

Vektorlar yig'indisi ganday aniglanadi?

Vektorni songa ko’paytmasi ganday kiritiladi?

Vektorlar uchun chizigli amallar ganday xossalarga ega?
Vektor fazo deb nimaga aytiladi?

Qachon vektorlar chizigli bog’lik deyiladi?

Qachon vektorlar chizigli bog'likmas, ya'ni erkli deyiladi?
. Vektor fazoning o'lchovi ganday aniglanadi?

O Vektor fazoning bazisi deb nimaga aytiladi?

H©9°NF”$”:'>9°!\’P
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11-MA'RUZA

CHIZIQLI OPERATORLAR, ULARNING XOS
VEKTORLARI VA XOS QIYMATLARI.

Tayanch iboralar: operator, chizigli operator, tasvir, aks tasvir, operatorning
matritsasi, operatorlar yig'indisi, operatorni songa ko’paytmasi,
operatorlarning ko’paytmasi, nol operator, birlik operator, xususiy vektor,
xususiy son, operatorning xarakteristik ko'phadi, operatorning xarakteristik
tenglamasi, halkaro savdo modeli.

Ma'ruza rejasi:
1. Operator va uning chiziglilik sharti;
2. Operatorning matritsasi va uning rangi;
3. Operatorlar ustida amallar;
4. Nol va birlik operatorlar;
5. Xususiy vektorlar va sonlar;
6. Xalkaro savdoning chizigli modeli.

Adabiyotlar:

[1] I bob, §28-31 [14]. 78-86 betlar.

Chizigli algebraning fundamental tushunchalaridan biri chizigli operator
tushunchasi bo’lib hisoblanadi.

n o’lchovli R" va m o'Ichovli R™ikkita vektor (chizigli) fazoni garaylik.
TA'RIE 1: Agar R" fazoning har bir x vektoriga R™ fazoning yagona y vektori
biror qonun yoki goida asosida mos go'yilgan bo’lsa, u holda R" fazoni R™ fazoga
akslantiruvchi A(x) operator berilgan deyiladi.

TA'RIE 2: Berilgan A(x) operator chizigli deyiladi, agar ixtiyoriy xi,x2,xeR"
vektorlar va ixtiyoriy A son uchun quyidagi munosabatlar o'rinli bo’lsa:

1. A(x1t x2)=A(x1)*+A(x2)-operatorning additivlik xossasi;

2. A(Ax)=AA(x)-operatorning birjinslilik xossasi.

TA'RIE 3: y=A(x) operatorda y vektor x vektorning tasviri, x vektor esa y
vektorning aks tasviri deyiladi.

Agar R" va R™ fazolar ustma-ust tushsa, ya'ni m=n bo’lsa, u holda A
operator R" fazoni 0'zini-o’ziga akslantiradi va kelgusida biz mana shunday
operatorlarni o’'rganamiz.

R" fazoda biror e, ey..., ey bazis vektorlarni tanlab, ixtiyoriy xeR"
vektorni bu bazis orqali x=x1 e; + x2 e2+...+ xn e, ko'rinishda ifodalanishi va
A operatorning chiziglilik xossalarini hisobga olib,

A(x)=x1A(e1)+xA(€2)+...+ xpA(en) (1)
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tenglikka ega bo’lamiz. Bu tenglikdagi har bir A(ej) (i=1,2,...,n) vektor yana R"
fazoning vektori bo'lganligi uchun uni e, ez,..., en bazis orgali yoyish mumkin.
Faraz gilaylik

A(ei)=a1i eitay ext...tan en, i=1,2,. .. (2)
bo’lsin.Unda, (1) va(2 ) tengliklarga asosan,
A(x)=x1(a11 e1 +a1 €2 +...Tan1 en)+x2(a12 €1 +a ext...+anen)t. ..
+xn(a1n eit++ay, ext...+an en) = (Cl11 x1tag xo+. . . +an xn) et
+(a21x1+a22x2+. . .+8.2nxn) e +...+ +(an x1+an xo+.. .+annxn) en . (3)

Ikkinchi tomondan y=A(x) vektor ham xuddi shu es, e»,..., en bazisda 0’z

koordinatalariga ega bo’lib, uni
y=A(X)=y1 e1t+y; ex+...+y, en (4)

ko'rinishda yozish mumkin. Har ganday vektorni bazis orgali yagona usulda
ifodalanishini hisobga olib, (3) va (4) tengliklardan ushbu tenglamalar sistemasini
hosil gilamiz:

y1= a1 x1tag xot...+ai Xn

y2= az1 X1tazxot.. . Faxnxn %)

Yn= an1 X1+an2 X2+ .. FannXn
TA'RIF4: (5) sistemaning a;j koeffitsientlaridan tuzilgan A=(a;) (i,j=1,2,...,n)
matritsa chizigli A operatorning e, ez,..., en bazisdagi matritsasi, A matritsaning
rangi r esa A operatorning rangi deyiladi.

Shunday qilib, har bir chizigli A operatorga berilgan bazisda biror A
matritsa to’g’ri keladi va aksincha, har ganday n- tartibli A matritsaga n- o’lchovli
fazoning biror chizigli A operatori to’gri keladi.

Berilgan A chizigli operatorda x vektor bilan uning tasviri y=A(x)
o'rtasidagi bog'lanish matritsalar orgali Y=A-X ko'rinishda ifodalanadi. Bu erda A-
chizigli operator matritsasi bo'lib, X=(x1,x2,....xn)" va Y=(Yy1,Y2,...,Yn)" UStun
matritsalar x vay vektorlarning koordinatalaridan hosil gilinadi.

Masala: R*fazoda A chizigli operator biror e1, e, es bazisda

3 2 4
A=|-1 5 6| matritsa orgali berilgan bo'lsin. x=4e1-3 e>+ e3 vektorning
1 8 2

y=A(x) tasviri topilsin.
Echish: Y=A-X tenglik va matritsalarni ko’paytirishga asosan
Y, 3 2 4 4 10

y, |=|-1 5 6||-3|=|-13].
y,) L1 8 2J{1) |-18

Demak, y=10e1- 13 e>- 18 e3.
Endi chizigli operatorlar ustida amallar kiritamiz.
TA'RIE 5: A va B chizigli operatorlarning yigindisi deb A+B kabi belgilanadigan
va (A+B)x=Ax+Bx tenglik bilan aniglanadigan yangi bir operatorga aytiladi.
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TA'RIF _6: A chizigli operatorni A songa ko’faytmasi deb AA  kabi
belgilanadigan va (AA)(x)=A(A(x)) tenglik bilan aniglanadigan operatorga aytiladi.
TA'RIE 7: A va B operatorlarning ko paytmasi deb A-B kabi belgilanadigan va
(A-B)(x)=A(B(x)) tenglik bilan aniglanadigan operatorga aytiladi.

Shuni ta'kidlab utish lozimki, Kiritilgan A+B, AA, A-B operatorlar xam
additivlik va birjinslilik xossalariga bo’ysunadi va shu sababli ular ham chizigli
operatorlar bo’ladi.

TA'RIE__8: Nol operator deb 0 kabi belgilanadigan va R" fazoning barcha
vektorlarini O vektorga o'tkazadigan, ya'ni O(x)=0 tenglikni ganoatlantiradigan
operatorga aytiladi.

TA'RIE_9: Birlik operator deb E kabi belgilanadigan hamda R" fazoning barcha
vektorlarini 0'zini-o’ziga o'tkazadigan, ya'ni E(x)=x tenglikni ganoatlantiradigan
operatorga aytiladi.

TA'RIE 10 : Biror x#0 vektor A chizigli operatorning xos vektori deyiladi,
agarda biror A sonida

A(X)=Ax (6)
shart bajarilsa. Bu holda A soni A operatorning x xos vektorga mos keladigan X0s
giymati deyiladi.

Bu ta'rifdan kelib chigadiki, chizigli A operator 0’'zining x xos vektorini
o’nga kolleniar vektorga akslantiradi, ya'ni A songa ko'paytiradi. (6) tenglikni
matritsalar yordamida quyidagicha yozish mumkin:

A-X=AX (7)

yoki
(@11 x1+age xo+. .. +agn Xn=Ax

az1 x1+azxyt. . Famin=Ax;
_an1 X1tan2 x2t.. FAnnXn=Axn
Bundan
/(all-k) x1+as xo+. .. +a, xp=0

ar x1+(a22-k)x2+. Famn=0 (8)
(_an1 X1tan2 x2t.. .+(ann-K)xn=O
birjinsli chizigli tenglamalar sistemasiga ega bo’lamiz. Bu sistema hamma vaqt
x=0 (0,0,...,0) nol echimga ega va u noldan fargli echimga ega bo’lishi uchun
sistemaning aniglovchisi

a, — A a, a,
a a, —A .. a
‘A _ XE‘ — 21 22 2n :0 (9)
anl anZ ann - ﬂ’

shartni ganoatlantirishi zarur va etarlidir. Bu tenglikning chap tomoni A ga nisbatan
n - darajali ko'pxad bo'lib, bu ko'pxad A operatorning yoki A matritsaning
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xarakteristik kofxadi, (9) tenglama esa ularning Xxarakteristik tenglamasi
deyiladi.

1 4
Misol: A=(9 J matritsa bilan berilgan A chiziqgli operatorning xos giymatlari va

xos vektorlari topilsin.
Echish: Dastlab operatorning xarakteristik tenglamasini yozamiz:
1-4 4

9 1-1
Bu tenglamani echib, A chizigli operatorning A;=-5, A,=7 xo0s giymatlarini
topamiz. Bu xos giymatlarga mos keluvchi xos vektorlar

(A-ME)x®M=0 Bpa (A-12E)x®=0

tenglamalardan topiladi, ya'ni,

@ _ 2) 2
g E AR VN R £ I SRV (R e 30|,
9 6\ x 9 -6)\x{? —15c¢ c
1

Bu erda ¢ va c; ixtiyoriy hakikiy sonlardir.

Ko'rib o'tilgan tushunchalarni iqtisodiyotga tadbig'i sifatida halkaro
savdoning chizigli modelini ko'rib o’tamiz. Milliy daromadlari  x1, x2,, ...., xn
bo'lgan n ta S1, S2,...., Sn mamlakatlarni garaymiz. Bu erda S; (j=1,2,...,n)
mamlakat milliy daromadining S; (i=1,2,...,n) mamlakat mahsulotlarini sotib
olishga sarflanadigan gismi ulushini a; kabi belgilaymiz. Har bir mamlakatning
milliy daromadi o’zida ishlab chigarilgan mahsulotlarni sotib olishga va boshga
mamlakat mahsulotlarini import etishga to’lik sarflanadi deb hisoblaymiz. Bu shart
matematik ko'rinishda

Ya, =1 j=12,..n (10)
i=1

|4 - 2E| =‘ ‘ =0 éiu A2-2).-35=0.

kabi ifodalanadi. Unda A=(a;), i,j=1,2,....,n, matritsa savdoning tarkibiy
matritsasi deb ataladi va, (10) tengliklarga asosan, uning xar bir ustunidagi
elementlar yig'indisi birga teng bo'ladi.

Mamlakatlar orasidagi savdo muvozanatlashgan bo’lishi uchun har bir S
mamlakatning ichki va tashki savdodan olgan foydasi uning milliy daromadiga
teng bo’lishi, ya'ni

QiXat aipXot...... ainXn=Xi, 1=1,2,....n (11)
tengliklar bajarilishi kerak. Agar x=(x1,x2,...,xn) mamlakatlar milliy daromadlari
vektori bo'lsa, unda (11) tengliklarni matritsa ko’rinishida AX=X kabi yozish
mumkin.Bu erda X ustun matritsa x vektorning koordinatalaridan tuzilgan bo'lib,
u A matritsaning A=1 xo0s soniga mos keluvchi xos vektori kabi topiladi.
Masala: Uchta mamlakat orasidagi savdoning tarkibiy matritsasi
1/3 1/4 1/2

A=1/3 1/2 1/2

1/3 1/4 O
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ko'rinishda ekanligi ma'lum bo’lsa, bu davlatlarning muvozanatlashgan

savdoda milliy daromadlarini toping.
Echish: AX=X tenglamani (A-E)X=0 ko’rinishda yozib, ushbu
-2/3 1/4 1/2)\ x, 0

1/3 -1/2 1/2|x, |=|0
1/3  1/4 -1)x,) 0

birjinsli uch noma'lumli chizigli tenglamalar sistemasiga kelamiz. Uni Gauss
usulida echib, x;=(3/2)c, x,=2c, x;=c ekanligini topamiz. Demak, bu uch davlatning
milliy daromadlari vektori x=(3c¢/2,2c,c) bo’lganda, ya'ni ularning nisbati 3/2:2:1
yoki 3:4:2 bo'lganda ular orasidagi 0'zaro savdo muvozanatlashgan bo’ladi.

O’z-0'zini nazorat etish savollari:

Operator deb nimaga aytiladi?

Qachon operator chizigli deyiladi?

Operatorning matritsasi ganday aniqlanadi?
Operatorlarning yig'indisi ganday aniglanadi?
Operatorni songa ko'paytmasi ganday aniqlanadi?
Operatorlarning ko'paytmasi ganday aniglanadi?

Nol operator deb nimaga aytiladi?

Birlik operator deb nimaga aytiladi?

Operatorning xususiy vektori va soni ganday aniqglanadi?
10 Operatorning xarakteristik tenglamasi ganday aniglanadi?
11.Xalkaro savdo modeli ganday tuziladi?

©CoOoN Tk WNE
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12-MA'RUZA

TEKISLIKDA ANALITIK GEOMETRIYA.
TO'GRI CHIZIK TENGLAMALARI.

Tayanch iboralar: geometrik ob'ekt tenglamasi, analitik geometriya predmeti,
ikkita asosiy masala, ikki nuqta orasidagi masofa, aylana tenglamasi, kesmani
berilgan nisbatda bo’lish, o'rta nuqta koordinatalari, to’g’ri chizigning normal
tenglamasi, nuqtadan to’g'ri chiziggacha bo’lgan masofa.

Ma'ruza rejasi:

Geometrik ob'ekt tenglamasi.

Analitik geometriya predmeti va asosiy ikkita masalasi.
Ikki nugta orasidagi masofa va aylana tenglamasi.
Kesmani berilgan nisbatda bo’lish.

To’g’ri chizigning normal tenglamasi.

Nugtadan to’g'ri chiziggacha masofa.

ook wNE

Adabiyotlar:

[1] 1bob, §13-17 [3] I bob, §1-4, V bob §1 [14].95-104 betlar.

Tekislikda XOY Dekart koordinatalar sistemasi kiritilgan bo’lsin. Bu
holda tekislikdagi har bir M nuqgta uning koordinatalari deb ataladigan (x,y)
sonlar juftligi bilan to’lik aniglanadi va M (x,y) kabi yoziladi. Tekislikdagi
turli geometrik ob'ektlarni nugtalar to’plami kabi garash mumkin.
TA'"RI1TF 1 : Tekislikdagi geometrik ob'ektlarni ularning M(X,y)
nuqtalarining koordinatalari orqali ifodalovchi tengliklar shu ob'ektning
tenglamasi deb ataladi.

Tenglama odatda F(x,y) = 0 ko'rinishda yoziladi. Agarda Mo(xo,yo) huqta
uchun F(xoy0) = 0 shart bajarilsa, Mo shu tenglama bilan aniqlangan
geometrik ob'ektga tegishli bo’ladi. Aks holda Mo nuqta bu ob'ektga tegishli
bo'lmaydi. Shunday qilib, geometrik ob'ekt o'zining F(x,y) = 0 tenglamasi
bilan to’lik aniglanadi.

TA'R1F2:Geometrik ob'ektlarni ularning tenglamalari orqali o’'rganuvchi
matematik fan analitik geometriya deb ataladi.

Analitik geometriya asoschisi bo’lib frantsuz matematigi va faylasufi
Rene Dekart hisoblanadi.

Analitik geometriyada asosan ikkita masala gqaraladi:

1. Berilgan geometrik ob’ektning tenglamasini topish.
2. Geometrik ob'ektning tenglamasi bo’yicha uning xossalarini o’rganib,
ob'ektni aniqglash.
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Bu masalalarni echishda vektorlar algebrasidan keng foydalaniladi.
Misol tarigasida analitik geometriyaning quyidagi masalalarini ko’ramiz.
Masala 1: Tekislikdagi Mai(x1,y1) va Mz(x2,y2) nuqtalar orasidagi d
masofani toping.

E ch i sh: Berilgan nuqtalar bo'yicha MM, ={x2-x1, y2-y1} vektorni hosil
gilamiz. Berilgan nuqtalar orasidagi masofa shu vektorning uzunligiga teng,
ya'ni

d=MiMa|=+/(xr, = x,)° + (v = 21)° (1)
formulaga ega bo’lamiz.
Masalan, M1(3,1) va M2(-2,6) nuqtalar orasidagi masofa (1) ga ko'ra

d=+(=2-3) +(6-1)> =/50=5V2.
Ikki nuqta orasidagi masofa formulasidan foydalanib, markazi M(a,s)
nugtada joylashgan R radiusli aylana tenglamasini topamiz. N(x,y) shu
aylanada joylashgan ixtiyoriy nugta bo'lsin. Aylana ta'rifiga asosan u |[MN|=R
tenglamani ganoatlanliruvchi nuqtalar to’plamining geometrik o'rnidan
iborat. Natijada, (1) formulaga ko'ra

Jr—a) +(y-6 =R=>(x—a) +(y-6)’ =R (2)
Bu aylana tenglamasini ifodalaydi. Aylananing (2) ko’rinishdagi tenglamasiga
uning kanonik (eng informativ, eng qulay) tenglamasi deyiladi.
Masalan, markazi M(2,3) va radiusi R=5 bo'lgan aylana
(x-2)%+ (y-3)?=25

tenglamaga ega bo’ladi. Bu erdan N(5,7) nuqta shu aylanaga tegishli ekanligi
kelib chigadi, chunki

(5-2)% + (7-3)% = 25.
K(2,6) nugta aylanada yotmaydi, chunki uning tenglamasini
ganoatlantirmaydi:
(2-2)% + (6-3)% = 9#25.
Masala 2 Uchlari Mi(x1,y1) va Mz(x2,y2) nuqtalarda joylashgan M:iM>
kesmani berilgan A >0 nisbatda bo'luvchi Mo(xo,»0) nugta koordinatalarini
toping.
E ch i sh: MiMo={xo-X1,yo-y1} va MoM,={x2-X0,y2-yo} Vvektorlarni garaymiz.
Ular bir to'g’ri chizigda yotgani uchun kollinear va masala shartiga ko'ra
IMiMy| = A |[MoM2|. Aytganlarga asosan MiM, = A MgM; deb yozish mumkin.
Bu tenglikni vektorlarning koordinatalari orqali ifodalaymiz (koordinatalar
ko'rinishidagi ikki vektor teng bo’lishi uchun ularning mos koordinatalari
teng bo'lishi kerak):
Xo— X1 = A (X2 - X0) , yo—y1 = A (y2 — yo).
Bu tengliklardan izlangan xo va yo koordinatalarni topamiz:
X, + Ax, It Ay,
KO PO R W R
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Xususiy, A = 1, holda M:M. kesmaning o'rta nuqtasi koordinatalarini
topamiz:

xl—;xz ’ Vo :)ﬁ‘;J’z (4)

Masalan, M1(3,-5) va My(1 ,1) nugtalarni tutashtiruvchi kesmaning o’rta
nuqtasi

xO=

3+1 -5+1
X :—:2 , = :—2
0 5 Yo 5
koordinatalar bilan aniglanadi.
Endi tekislikda biror | to'gri chiziq berilgan bo'lsin va uning

tenglamasini topish talab etilsin. Buning uchun bu to’g'ri chiziqga
perpendikulyar bo’lgan n birlik vektor va koordinata boshidan bu to’'g'ri
chiziggacha bo’lgan masofa |[0P| = p ma'lum deb olamiz. Agarda n vektor OX
koordinata o'qi bilan a burchak tashkil etgan bo’lsa, n = {cos a, sina} deb
yozish mumkin. N(X,y) berilgan to’g’'ri chizigdagi ixtiyoriy bir nugta, ON =
{x,y} va n vektorlar orasidagi burchak ¢ bo'lsin(ZPON=¢). Hosil bo’lgan n
-ON skalyar ko'paytmani ikki usulda hisoblaymiz.

y

N

A

v

0 X

n-ON=xcosa+ysina ;

n -ON =| n| -|ON| cosep = 1-|ON|-|OP|/|ON| = |OP| = p.

Demak, berilgan to’g’ri chiziqdagi barcha N(x,y) nugtalar uchun

X Cosa+ysSina =p=>xcosa+ysina- p=0 &)
tenglik o'rinlidir.Bu tekislikdagi to'g'ri chizigning normal tenglamasi deyiladi.
Agarda K(xo,yo) berilgan | to’g’ri chizigda yotmagan nuqta bo'lsa, undan bu
to’gri chiziggacha bo’lgan d masofa
d = |xo cOSa + yo Sin a. - p| (6)

formula bilan aniglanishini isbotlash mumkin.

0’z-0'zini nazorat etish savollari:

1. Geometrik ob'ekt tenglamasi deb nimaga aytiladi?
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Analitik geometriya predmeti nimadan iborat?

Analitik geometriyaning ikki asosiy masalasini ko'rsating.

Ikki nugta orasidagi masofa ganday topiladi?

Aylana tenglamasi ganday ko'rinishda bo’ladi?

Kesmani berilgan nisbatda bo’luvchi nugta koordinatalari ganday topiladi?
Kesmaning o'rta nuqtasi koordinatalari formulasini yozing.

To'g’ri chizigning normal tenglamasini yozing.

Nugtadan to’g'ri chiziggacha masofa ganday topiladi?

100



13-MA'RUZA

TO'GRI CHIZIKNING TURLI TENGLAMALARI.

Tayanch iboralar:umumiy tenglama, kesmalardagi tenglama, burchak
koeffitsientli tenglama, yo'naltiruvchi vektor, kanonik tenglama, berilgan nuqtadan
o'tuvchi to’gri chiziglar dastasi tenglamasi, ikki nuqtadan o’tuvchi to’g’ri chiziq
tenglamasi.

Ma'ruza rejasi:

=

Berilgan nuqgtadan utuvchi va berilgan vektorga perpendikulyar to’g'ri chiziq
tenglamasi.

To’'g’ri chizigning umumiy tenglamasi va uning taxlili.

To'g'ri chiziglarning kesishish nuqtasi.

Yo'naltiruvchi vektor va to’g'ri chizigning kanonik tenglamasi.

Berilgan nugtadan berilgan yo'nalish bo'yicha o’tuvchi to’gri chiziq tenglamasi.
To'g'ri chizigning burchak koeffitsientli tenglamasi.

To'g'ri chiziglar dastasi tenglamasi.

Berilgan ikki nugtadan o’tuvchi to'g'ri chiziq tenglamasi.

To'g'ri chizigning kesmalardagi tenglamasi.

©CoOoNOR~WDN

Adabiyotlar:

[1] Tbob, §17-18  [3] V bob, § 2,7 [14]. 96-101 betlar.
Oldingi, ma'ruzada to’g’ri chizikning normal tenglamasi ko'rsatilgan edi.
Endi to’g'ri chiziglarning boshga ko'rinishdagi tenglamalari bilan tanishib

chigamiz.

1.Berilgan M1(x1,y1) nuqtadan o’tuvchi va berilgan n(a,s) vektorga

perpendikulyar bo’Igan‘Eo’g'ri izig tenglamasi.

v
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Izlanayotgan £ to’g’ri chizigning ¥ M(x:y) nugtasini olamiz va MiM vektorni hosil
gilamiz. Unda M:M=(x-x1,y-y1) bo’lib, masala shartida n vektorga perpendikulyar
bo’ladi. Vektorlarning ortogonallik shartiga ko'ra

N-M:M=0=a(x-x1)+b(y-y1)=0 (1)
tenglamani olamiz. Shunday gilib M(x:y) nugta € da yotsa, u holda M:M va n

vektorlar perpendikulyar. Aks holda esa MiM:-n=0 bo’ladi, ya'ni M(x;y) nugta (1)

tenglamani ganoatlantirmaydi.

M is o I: M(2:-5) nugtadan o'tuvchi va n=2i-3j vektorga perpendikulyar bo’lgan
to’g’ri chiziqg tenglamasini toping.
E chish: (1) tenglamaga asosan 2(x-2)-3(y+5)=0 = 2x-3y-19=0
2.To'g'ri chizigning umumiy tenglamasi.

Oldingi punktda to’g’ri chizigning tenglamasi ikki noma'lumli chizigli tenglama
bo’lishi kelib chiggan edi (analitik geometriyaning birinchi asosiy masalasi).

Endi bo’lsa Vv ikki noma'lumli chizigli tenglama

Ax+By+C=0 2
tekislikda to’g'ri chizigni ifodalashini ko’rsatamiz (analitik geometriyaning 2-
asosiy masalasi). Berilgan tenglamani shaklini quyidagicha almashtiramiz:
Ax+By+C= Ax+B(y+C/B)=0=A(x-0)+B(y-(-C/B))

Bu esa, oldingi punktdagi (1) ga asosan, n(A,B) vektorga perpendikulyar va
M(0; -C/B) nugtadan o’tuvchi to’g’ri chiziq tenglamasidir. Ko'rinib turibdiki (2)
tenglamada A va B koeffitsientlar bir vaqtda 0 ga teng bo’Imasligi kerak.

(2) to’g’ri chizigning umumiy tenglamasi deyiladi. Unda n(A,B) vektor shu
to’g’ri chizigga perpendikulyar bo’lib, uning normal vektori deyiladi.

AgarC=0 bo’lsa, Ax+By=0 tenglama hosil bo’ladi. Bu tenglamani O(0:0) nuqgta
koordinatalari ganoatlantirganligi uchun, u koordinatalar boshidan o’tuvchi to’g'ri
chiziglar tenglamasini ifodalaydi.

Xususan y=0 (A=0, C=0, B=0) OX o'gining, x=0 (A=0, C=0, B=0) esa OY
o'gining tenglamasidir.

3.To'g'ri chiziglarning kesishish nuqtasi.
Ikkita to’g’ri chiziq umumiy tenglamalari aix+biy+ci=0 va a,x+byy+c,=0 bilan
berilgan bo’lsin. To'g'ri chiziglarning M(Xo,Yo) kesishish nuqtasi har ikkala to'g'ri
chizigqa tegishli bo’lgani uchun uning koordinatalari quyidagi tenglamalar
sistemasini qanoatlantiradi:
ax+by+c =0 ax+by=—c
{a2x+b2y+cz =0 = {a2x+b2y:—cz
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Misoll: 2x+y -1=0 va x+2y+1=0 to'g'ri chiziglarning My(xo;yo)kesishish
nuqtasini toping.

2x+y=1
Echish. { Y

=>3x=3=x=1=y=-1= M, (-1).
x+2y=-1
4. To'g'ri chizigning kesmalardagi tenglamasi.

Koordinata boshidan o'tmaydigan to’g’ri chizig OX va OY o’glaridan
uzunligi |a| va |b| bo’lgan kesmalar ajratgan bo’lsin. Bu to'g’ri chizig tenglamasini
topish uchun M(a,0) va N(0,b) nugtalar unda yotishidan foydalanamiz. Bu nuqtalar
koordinatalarini Ax+By+C=0 umumiy tenglamaga qo'yib, A=-Cla, B=-C/b
ekanligini topamiz. Bu erdan

Ax+By+C=0 = (-C/a)x+(-C/b)y+C=0 = -C(x/a+y/b-1)=0 = x/a+y/b=1
Demak, izlangan to'g'ri chizig tenglamasi
E + X — 1
a b
bo’ladi. Bu to’'gri chizigning kesmalardagi tenglamasi deyiladi.
M isol2:: 2x+3y-6=0 to’'g’ri chizigni yasang.
E ch i sh: Uni OX o’qi bilan kesishish nugtasi M ni topamiz. Buning uchun
quyidagi sistemani echish kifoya:
{Zx +3y-6=0

x=3
= = M(3;0)
y=0 0

y:
Demak berilgan to’gri chizigning OX o'qi bilan kesishish nugtasi topildi. Endi
uning o’qgi bilan kesishgan nuqtasi N ni topamiz:

2x+3y—-6=0 x=0

= = N(0;2)
x=0 y=2

M va N nuqtalarni yasab va ularni tutashtirib, berilgan to’g’ri chizigni hosil
gilamiz.

A

v

Bu erdan berilgan to’g’ri chizigning kesmalardagi tenglamasi x/3+y/2=1
ekanligini ko'ramiz.

Demak, umumiy tenglamadan kesmalardagi tenglamaga o'tish uchun uni
garama-qgarshi ishora bilan olingan ozod hadga bo'lish kerak.

5. To'g'ri chizigning yo'naltiruvchi vektori.
To'g'ri chizigning kanonik tenglamasi.
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Tekislikdagi | to’g’ri chizigning biror Mj(x1,y1) nuqtasi berilgan hamda
§= m - T+ n T vektor shu to’'g'ri chiziqga parallel bo’lsin. U holda berilgan M;

nugta va § vektor to’g’ri chizigning holatini to’la belgilaydi. Shu sababli § to'g'ri
chizigning yo naltiruvchi vektori, M; esa uning boshlangich nugtasi deyiladi.

_)
Berilgan to’g’ri chizigda yotuvchi ixtiyoriy M(x,y) nugtani olamiz va M| M =(x-x4,

y-y1) vektorni hosil gilamiz. Shartga asosan bu va S vektorlar kollinear, ya'ni
ularning mos koordinatalari proportsionaldir:

Y= _X—X
= 3
" - (3)
Hosil bo’lgan (3) tenglama berilgan to’g’ri chizigning kanonik tenglamasi

deyiladi.

IZOX: Agar to'g'ri chizig OX 0'qiga parallel, ya'ni to'g’ri chiziq 7 vektorga
parallel bo'lsa, u holda m=0 bo’ladi va uning kanonik tenglamasi
- X—X
Y Oyl = . ] =>0x—x)=n(y-y)=>y=y,.
Shunday qilib OX o’giga parallel to'g’ri chizikning tenglamasi y=y; bo’ladi.
Aksincha to’g'ri chizig OY 0’qiga parallel bo'lsa, uning kanonik tenglamasi x = x;
bo'ladi.
6. Berilgan nugtadan berilgan yo’nalish bo'yicha o'tuvchi to’g'ri chiziq
tenglamasi. To’g'ri chiziglar dastasi.

Aytaylik 1to'g'ri chizig va OX o0'gi orasidagi burchak o bo'lsin. Agar to’gri
chizig OX 0'qiga parallel yoki u bilan ustma ust tushsa, unda a.=0 bo'ladi. Agarda
a=90° bo'lsa, u holda to’g'ri chizigning xolatini o burchak va | ga tegishli bo'lib,
koordinatalari bilan berilgan Mi(x1:y1) nuqgta to’la aniglanishini ko'rsatamiz.
Yo'naltiruvchi vektor sifatida | ga parallel bo’lgan, ya'ni OX o’qi bilan a burchak

tashkil giluvchi Z birlik vektorni qaraymiz. Ma'lumki ixtiyoriy birlik vektor

- -
uzining Yyo’naltiruvchi kosinuslari bilan aniglanadi, ya'ni e=cosa i +cosf ;.
Bunda cosp=sina. bo’lgani uchun

- - -

e =coso i +sina. j .
To'g'ri chizigning (3) kanonik tenglamasiga m=cosa. va n=sina. deb, quyidagi
natijani olamiz:

y._yl :x_xl = 1ga (x_xl):y_yl
SINnx CoOSo

Agar bunda k=tga. deb olsak, u holda
y-y1=K (X-X1) (4)
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tenglamaga ega bo’lamiz. Bu berilgan nuqgtadan berilgan yo’nalish bo’yicha
o'tuvchi to’g’ri chizig tenglamasi bo’lib, unda k — to'g'ri chizigning burchak
koeffitsienti deyiladn.

M isol: M(1;2) nugtadan o'tib, OX o’qgi bilan 7/3 burchak tashkil giluvchi to’g'ri
chizig tenglamasini tuzing.

E chish: lIzlanayotgan to'g'ri chizigning burchak koeffitsientini topamiz:
k:tgoc:tggzx/g.

Natijada to’g’ri chizigning tenglamasi (4) ga asosan quyidagicha bo’ladi:
y-y1=k(X-X1)=y-2=/3 (x-1) =+/3 x-y-1-2+/3 =0.
Tekislikning biror Mo nugtasi orgali o’tuvchi to’gri chiziglar to’plami togri
chiziglar dastasi, umumiy nuqta My esa dastaning markazi deyiladi.
7. To'g'ri chizigning burchak koeffitsientli tenglamasi.

To'g’ri chizig OX o’qi bilan o burchak tashkil gilib, OY o’qgini B(0,b) nugtada
kesib o’tsin. Shu to’gri chiziq tenglamasini topamiz. Buning uchun to’g’ri chiziglar
dastasining tenglamasiga x1=0, y1=b qo'yib,
y-b=k(x-0) = y=kx+b (5)

tenglamani olamiz. Bu to’gri chizigning burchak koeffitsientli tenglamasi
deyiladi. Xususan agar b=0 bo’lsa, y=kx koordinatalar boshidan o’tuvchi to’'g’ri
chiziglar dastasining tenglamasini ifodalaydi. Agarda k=0 bo’lsa, u holda OX
o’giga parallel to’g’ri chizikning y=Db tenglamasiga ega bo’lamiz.

8. Berilgan ikki nuqta orgali o'tuvchi to’g’ri chizig tenglamasi.
Tekislikda Mj(x1, y1) Va Ma(x2, y2) nugtalar berilgan bo’lsin. Shu nugtalardan
o'tuvchi to'g'ri chizig tenglamasini topish uchun Mai(xs, y1) nugtani boshlangich,
Msz =(x, —x,,», —»,) Vvektorni esa yo'naltiruvchi deb olish mumkin. Shu
sababli izlangan to'g'ri chizigning kanonik tenglamasi

X=X _ V=0

Xy =Xy Vo =)

ko’rinishda bo’ladi.

Masalan, M;(2,1) va M(-3,0) nugtalardan o'tuvchi to'g'ri chiziq tenglamasi
quyidagicha bo’ladi:

x-2 y-1
-3-2 0-1

= -x+2=-5y+5=x-5y+3=0.
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9.

Q’z-0'zini nazorat etish savollari:

Berilgan nugtadan o’tuvchi va berilgan vektorga perpendikulyar to'g’ri chiziq
tenglamasini yozing.

To’g’ri chizigning umumiy tenglamasi ganday ko'rinishda bo’ladi?

To’g’ri chizigning umumiy tenglamasini taxlil eting.

Ikki to’g’ri chizigning kesishish nugtasi ganday topiladi?

To’g’ri chizigning yo’naltiruvchi vektori deb nimaga aytiladi?

To’g'ri chizigning kanonik tenglamasi ganday ko'rinishda bo’ladi?

To’g’ri chizigning burchak koeffitsientli tenglamasini yozing.

Burchak koeffitsientli tenglamadagi parametrlar ganday geometrik ma'noga
ega?

Berilgan nugtadan o’tuvchi to’gri chiziglar dastasining tenglamasi ganday
ko'rinishda bo'ladi?

10.Berilgan ikki nugtadan o’tuvchi to’g’ri chiziq tenglamasini yozing.
11.To'g'ri  chizigning kesmalaradagi tenglamasini yozing va undagi

parametrlarning geometrik ma'nosini ko’rsating.
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14-MA'RUZA

TO'GRI CHIZIKLARGA DOIR AYRIM MASALALAR.

Tayanch iboralar: ikki to’g'ri chiziq orasidagi burchak, to’g'ri chiziglarning
parallelik sharti, perpendikulyarlik sharti, nugtadan to’g’ri chiziggacha masofa.

Ma'ruza rejasi:

1. 1Kki to'g'ri chiziq orasidagi burchak.

2. To'g'ri chiziglarning perpendikulyarlik va parallellik sharti.
3. Nugtadan to’g'ri chiziggacha bo’lgan masofa.

Adabiyotlar:

[1] Tbob, §19  [3]V bob, §3,5,6 [14]. 101-104 betlar.

Ikki to’g’ri chiziq orasidagi burchak.

Tekislikning biror M nugtasida kesishuvchi ikkita to’g’ri chiziq orasidagi
burchakni topish bilan shug’ullanamiz. Bu to’g’ri chiziglar o’zlarining burchak
koeffitsentli tenglamalari bilan berilgan bo’lsin, ya'ni

y1=K1x+B;1 Ba Y2=Kox+B;

yA

(V7]

v

o1

Bu to’g'ri chiziglar orasidagi burchakni ¢ bilan va ularning OX o’qi bilan hosil

gilgan burchaklarini mos ravishda o3 va a; bilan belgilaymiz. Chizmaga asosan
izlanayotgan burchak tangensini topamiz:

ga, —19a,
1+tge, -9,

tgo=tg(0z-01)=
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Bunda tgo; =k; va tga, =k, ekanligini hisobga olsak va @#90° shartni
ganoatlantirsa, u holda to’g'ri chiziglar orasidagi burchakni
kZ_kl

tgp=—2 1 1
Tk, K, @

formula orgali aniglashimiz mumkin.
Agar to'g'ri chiziglarAix+Biy+Ci=0 va Axx+Byy+Cy=0 umumiy
tenglamalari bilan berilgan bo’lsa, ularning ni(Ai;,Bi) va n2(AzB;) normal

vektorlariga murojaat qilamiz. Unda izlangan ¢ burchak normal vektorlar orasidagi
burchak bilan teng bo’ladi va vektorlar orasidagi burchak formulasiga asosan

AA +BB,
VA +B A+ B]

Cos @ =

formula bilan topiladi.
To'g’ri chiziglarning parallellik va perpendikulyarlik shartlari.
Agar ikkita to’g'ri chiziq || yoki ustma-ust tushsa, y holda
o= 0 =>tg a1 = tg ap => k3 = ka.

Aksincha, agar k; = k, bo’lsa, u holda tg ¢ = 0 => ¢ = 0. Shunday qilib, ikki
to’g’ri chizigning || bo’lishining zaruriy va etarli sharti k; = K, bo’ladi.

Agar to’g'ri chiziglar L bo’lsalar, u holda (1) formula ma'nosiz bo’ladi.
Aytaylik 0<@<90° bo'lsin. Bunda cose=0, sing=0 bo’lgani uchun ¢ burchakni
kotangensini (1) ga asosan quyidagicha yozish mumkin:

ctge=1/tgp =(1+ tg as tg op)/ (tg az - tg az) = (1 + ky ka) / (ka— K1)

Bu formulada ¢ = n/2 desak, ctg ¢=0 => k; k, = -1 natijani olamiz.
Aksincha bu tenglik bajarilsa, u holda ctge =0=¢=n/2 ekanligini ko'rish giyin
emas.

Demak, ikkita to'g'ri chizigning perpendikulyarligining zaruriy va etarli
sharti ki ko= -1 bo'ladi.
1-m i s o |: 6x+2y-1=0 va x-3y+2 =0 to’gri chiziglarning perpendikulyarligini
ko'rsating.

E chish: 2y;=-6x+1 3y 2 =x+2
y1=-3x + % y 2=x13+2/3
k1 =-3 k2 =1/3

Natijada k; ko = -1 ekanligini ko'ramiz, ya'ni ¢ = 90° va bu to’g'ri chiziglar o’zaro
perpendikulyar ekan.

2-m i s o | : M(-3:-1) nugta orgali o'tuvchi va 2x+y-3=0 to’g'ri chiziqga
perpendikulyar bo’lgan to’'g’ri chiziq tenglamasi topilsin.
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E ch i sh : Berilgan to’g'ri chizigning burchak koeffitsienti k;=-1/2 ga teng.
Demak, o’nga perpendikulyar bo’lgan to’g'ri chizigning burchak koeffitsienti k,=-
1/k1=2 va uning tenglamasi y=2x+b ko'rinishga ega. M(-3,-1) nuqta izlanayotgan
to’g'ri chiziqda yotgani uchun uning koordinatalari bu tenglamani qanoatlantiradi:

-1= 2. (-3)+b=b=5.
Natijada izlangan to’g’ri chiziq tenglamasi y=2x +5 ekanligini topamiz.
Nugtadan to'g'ri chiziggacha bo’lgan masofa.

Aytaylik My (xo;y0) nugta va undan o’tmaydigan biror to’g’ri chizig uzining
umumiy tenglamasi ax+sy+c=0 bilan berilgan bo'lsin. Berilgan nuqta va shu to’g'ri
chiziq orasidagi masofani topish masalasini go’yamiz.

yA

AN

n(ab)
" Mo (Xo,y0)

7

M1,Y1) "

0 X

Berilgan to’g’ri chizigga perpendikulyar bo'lgan ﬁz (a;b) va MiMo=(Xo-X1; Yo-Y1)
vektorlar parallel bo’ladi. Bunda 7 to'g'ri chizigning normal vektori, M; esa
to'g’ri chizigga My nuqgtada o'tkazilgan perpendikulyar asosini ifodalaydi.
Chizmaga asosan va skalyar ko’paytmaning har ikkala ko'rinishiga binoan

n-MiMo = |1 | | MiMo| cos0=a(Xo - X1) + b (Yo - Y1),
va® +6” -d=a(Xo- X1) + b(yo- y1) (2)

Bunda d=| M1Mo | izlanayotgan masofani ifodalaydi.

Ma(x1;y:1 ) nugta berilgan to'g’ri chiziqgda yotganligi uchun uning
koordinatalari to’g'ri chizig tenglamasini ganoatlantiradi, ya'ni

axi+ey1+c=0=>ax+68y1=-C.
Bo’larni hisobga olib, (2) ni quyidagicha yozish mumkin:
aXo+BYo— (@X1+BY1)=(£d) \/m,
aXo+BYotc=(£d) \/m,
ax, +by, +c _ ‘axo + by, + c‘

Na? +b? Na? + b?
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3-misol: 2x-3y+1=0to’g'ri chiziq va M(2;1) nugtalar orasidagi masofani toping.
E ch i sh: Berilganlarni (3) formulaga qo’yib, berilgan nugta va to’g’ri chiziq
orasidagi masofani topamiz:
d=2-2-31+1|/J4+9 =2/+/13
Izox: Oldingi ma'ruzada normal tenglamasi bilan berilgan to’g’ri chiziq bilan
Mo(xo,y0) oOrasidagi masofa
d =|xo cosa + yo Sin a - p|

formula bilan ham topilishi ko'rsatilgan edi.

Q’z-0'zini nazorat etish savollari:

1. 1Kki to'g'ri chiziq orasidagi burchak gqanday topiladi?
2. To'g'ri chiziglarning perpendikulyarlik sharti nimadan iborat?

3. To'g'ri chiziglarning parallellik shartini yozing.
4. Nugtadan to’gri chizigqacha bo’lgan masofa qanday topiladi?
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15-MA'RUZA

IKKINCHI TARTIBLI CHIZIQLAR.
AYLANA VA ELLIPS.

Tayanch iboralar: ikkinchi darajali tenglama, ikkinchi tartibli chiziglar, aylana
umumiy tenglamasi, ellips ta'rifi, ellipsning kanonik tenglamasi, fokus,
ekstsentrisitet, fokal radius, direktrisa.

Ma'ruza rejasi:

Ikkinchi darajali tenglama va ikkinchi tartibli chiziglar.
Aylananing umumiy tenglamasi.

Ellips va uning kanonik tenglamasi.

Ellips tenglamasining taxlili va ellips grafigi.
Ellipsning ekstsentrisiteti.

Ellips direktrisalari va fokal radiuslari.

SoghkowdE

Adabiyotlar:

[1] 1bob, §13, §35-36 [3] VII bob, §1-3 [14]. 104-108 betlar.

Ushbu Il darajali tenglama
Ax?+Bxy+Cy?+Dx+Ey+F=0 1)

tekislikdagi ikkinchi tartibli chizigning umumiy tenglamasi deyiladi. Bu erda
A, B, C lardan kamida bittasi nolga teng emas. (1) tenglama koeffitsientlarining
giymatlariga garab turli ikkinchi tartibli chiziglarni tasvirlashi mumkin. Biz quyida
shu egri chiziglarni tenglamalari bilan tanishamiz.

Aylananing umumiy tenglamasi.

Radiusi r ga teng va markazi S(a;b) nugtada yotgan aylana tenglamasini
keltirib chigaramiz. M(x,y) shu aylanadagi ixtiyoriy bir nugta bo’lsin. Ikki nugta
orasidagi masofani topish formulasiga asosan

) |MC|=\/(x—a)2 +(y-b)’ =

\/ (x-8)*+(y-b)* =r* @)
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Bu markazi C(a;b) nuqgtada bo’lib, radiusi r ga teng bo’lgan aylananing
tenglamasidir. Agara=b=0 bo’lsa x?+y*= r2. Bu markazi koordinatalar boshida
yotgan aylananing tenglamasidir.

(2) tenglamadagi gavslarni ochsak,
x?+)?-2ax-2by+a?+b?-r’=0,
ya'ni (1) ko'rinishdagi tenglamani olamiz. Oxirgi tenglamaga
D=-23; E=-2b; F=a?+b?-r?
belgilashlarni quyib, ushbu
x%+y*+Dx+Ey+F=0 (3)
aylananing umumiy ko’rinishdagi tenglamasi deb ataluvchi tenglamani olamiz.

Shunday qilib, ikkinchi tartibli (1) umumiy tenglama aylananing tenglamasi
bo’lishi uchun x2 va y? oldidagi koeffitsientlar teng va xy ko’paytma oldidagi
koeffitsientning nolga teng bo’lishi zarur va etarlidir.

Masalan, x?+y?-2x+3y+2=0 tenglamani Quramiz. Bu tenglamada X va Yy
gatnashgan hadlarni alohida — alohida guruhlab va to’la kvadrat ajratib, quyidagi
aylana tenglamasini hosil gilish mumkin:

x2-2x+1-1+y?+3y+9/4-9/4+2=(x-1)*+(y+3/2)?-5/4=0
(x-1)%+(y+3/2)2=5/4

Bu markaziC(1,-3/2) nugtada joylashgan va radiusi r=~/5/2 bo’lgan aylana
tenglamasidir.

ELLIPS VA UNING KANONIK TENGLAMASI

TA'RIF: Ellips deb, har bir nugtasidan berilgan ikki nugtagacha (fokuslargacha)
masofalarning yig’indisi o'zgarmas 2a soniga teng bo’lgan tekislik nugtalarining
geometrik o'rniga aytiladi.

Bu 2a o'zgarmas son fokuslar orasidagi 2c masofadan katta deb olinadi.

Biz F; va F, fokuslarni koordinatalar boshiga nisbatan simmetrik qilib
olamiz. Unda fokuslar F,(-c;0) va Fi(c;0) koordinatalarga ega bo'ladi.Agar M(x;y)
ellipsda yotgan ixtiyoriy nugta bo’lsa, unda ellips ta'rifiga asosan F;M+F,M vyigindi
uzgarmas son bo'lishi kerak, ya'ni

FIM+F,M=2a . (4)

Ikki nugta orasidagi masofani topish formulasiga asosan

FlM:\/(x—c)2+y2 , FzM:\/(x+c)2+y2 .

Bu natijalarni (4)-tenglikka qo’yib, uni soddalashtiramiz:
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\/(x+c)2+y2 + \/(x—c)2 +y® = 2a
(x+c)’+y* =2a - \/(x—c)z +y”°

X2+2XC+HCH+Y2=4a%-4a (x — ¢)* + y* + X2-2XCHC2Hy?

4a’-4xc=da/(x —c)> + 7 a’-xc=a-/(x —c)’ + )’
a2(x2-2xc+c2+y?)=a*-2a’xc+x%c?
a2x2+alci+atyP= at+x2c? (a2-CA)xP+a?y2=a2(al-c?) 5)

F{MF, uchburchakdan MF{+MF,>F;F,, bundan esa 2a>2c, a>c bo'lishi
kerakligi kelib chigadi.

_./

Fz(-C;O) 0 Fl(C;O)

X

Natijada a®— ¢?>0 bo'ladi va uni a® — ¢? = b? deb belgilab olish mumkin. Bu holda
(5) tenglik b?x2+a?y?*=a’b? ko'rinishga keladi. Bu tenglamani ab? ga bo’lib, ushbu
tenglamaga kelamiz:
2 2
B (6)

a> b
Hosil bo’lgan tenglama ellipsning kanonik tenglamasi deyiladi.
Ellipsning shakli

Elippsning kanonik tenglamasiga asosan (x; y) nuqgta ellipsda yotsa, u holda  (-x;
y), (-x; -y), (x; -y) nugtalar ham unda yotadi. Shuning uchun ham koordinata
o’glari ellips uchun simmetriya o’qlari bo’lib hisoblanadi.

Ellipsning koordinata o’qlari bilan kesishgan nuqtalari ellipsning uchlari
deyiladi. Ularni topish uchun (6) ga mos ravishda x=0 va y=0 giymatlarni qo'yib,
hosil bo’lgan tenglamalarni echamiz:

y2

x=0:>b—2=1:>y2 =b> = y=1b,

2
X

y=0:>—2=1:>x2 —a’=>x=*a.
a

Natijada ellipsning quyidagi to’rtta uchlari hosil bo’ladi:
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Ai(a;0),  Ax(-a;0), Bi(0;b),  B2(0;-b)
A1A2=2a — ellipsning katta o’qi, BiB,=2b - kichik o’gi, a va b esa uning
yarim o’glari deyiladi.
Kanonik tenglamadan
x—2<1:>x2<a2:>\x\<a y—2<1:> P<e? =)<
a’ h I y=e N=6
natijalarni olamiz. Demak ellips chegaralangan egri chizik bo’ladi

Koordinata o'qlari ellips uchun simmetriya chiziglari ekanligidan uning
shaklini fagat birinchi chorakda aniglash kifoya. Unda x>0, y>0 bo’lgani uchun (6)
tenglamadan

yzg \/a2 _.x2

funktsiyani hosil gilamiz. Bu funktsiya uchun xe[0;a] bo’lib, x oshib borganda, y
o'zgaruvchi b dan boshlab nolgacha kamayib boradi va ellipsning birinchi
chorakdagi gismini hosil giladi. Bu gismni simmetriya asosida davom ettirib, ellips
shakli quyidagicha bo’lishini topamiz:

4
b M(x;y)

[

Té\\ ‘
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Ellipsning ekstsentrisiteti.

TA'RIE: Ellipsning fokuslari orasidagi 2c masofani uning katta o'qi uzunligi 2a
ga nisbati ellipsning ekstsentrisiteti deb ataladi va € kabi belgilanadi.
Ta'rifga asosan &=2c/2a=c/a va ce(0;a) bo’lgani uchun o<e<l qo'sh
tengsizlik o’rinli bo’ladi. Kanonik tenglama bo’yicha € quyidagicha topiladi:

Ja? —b? =\/ b*

|
a

c=+a’*-b*=¢e= .
a

Bu erda ¢ =0 bo'lsa, a=b bo’ladi va ellips aylanaga o'tadi. Demak aylana
ellipsning xususiy xoli bo'ladi.

€ birga yaginlashgan sari ellips OX o’giga yaginlashadi, ya'ni b nolga yaqgin

bo'ladi. 'y 4y
- o
TR
e=0 e - birga

yaqginlashganda

Ellips nugtasining fokal radiuslari.

Ellipsning ixtiyoriy M(X,y) nuqgtasidan F; va F, fokuslarigacha bo’lgan r; va
r, masofalar shu nuqgtaning fokal radiuslari deyiladi. Ellips ta'rifiga asosan ri+r;
=2a bo'ladi. Ikki nugta orasidagi masofa formulasiga asosan

r=MF;= \/(x_c)2 +37, =MF= J(x + )2+ .

Bu fokal radiuslarni kvadratga kutarib ayirsak, u holda

r,2- r2=4¢cx va ri+r,=2a

tenglamalar sistemasi hosil bo’ladi va uni echib fokal radiuslar uchun quyidagi
formulalarni olamiz:

n=a-ex ry=atex
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Ellipsning direktrisalari.

Ellipsning katta o’giga perpendikulyar va kichik o’giga parallel bo’lgan
x=%L (£>0) to’gri chiziglarni garaymiz. Ellipsning ixtiyoriy M(x;y) nugtasidan shu
nugtaga yaqin x=+{ (£>0) perpendikulyar to’gri chiziggacha (d;) hamda yagin
fokusigacha bo’lgan r; masofalar nisbatini olamiz:

a
——X
l”l_a—éx: E

= &
d (—x {—x

Agar { sifatida €=ale olinsa, u holda yuqoridagi nisbat o’zgarmas bo'lib,
doimo ¢ ga teng bo'ladi. M(X;y) nugtadan x= -£ to’gri chizigigacha bo’lgan
masofani d; orgali belgilasak, u holda yugoridagidek mulohazalar yuritib, r./d, = ¢
tenglikni hosil gilamiz.

Ellips markazining chap va o'ng tomonida bir xil masofada joylashgan
x=xale to'g'ri chiziglariga ellipsning direktrisalari deyiladi.

Aylanada direktrisa bo’Imaydi, chunki unda &=0.

Shunday qilib ellipsning ixtiyoriy nugtasidan fokusigacha va mos

direktrisasigacha bo’lgan masofalar nisbati o’zgarmas son bo’lib, doimo ¢ ga teng
bo’ladi. A

y
X=—ale d, M(x:y) d; x=ale

/

v
X

Misol: x*+4y?=4 ellipsning barcha xarakteristikalarini toping.

Echish: Dastlab ellipsning kanonik tenglamasini hosil gilamiz:

2 2
x? + yT =1, = a?=4; b?=1 = c?= a?h? = 3.

Unda fokuslar F1(-+/3,0) va F»(+/3,0), yarim o’glar a=2 va b=1 bo'ladi. Bo’lardan
ekstsentrisitet va direktrisalarni topamiz:

; X =+

m‘&

N |-~
I
H
=[5

M | ®
Il
-+

J3

Fokal radiuslar r, =2 — > X, I, =2+ ? x formulalar bilan topiladi.
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0’z-0'zini nazorat etish savollari:

Ikkinchi darajali tenglamaning umumiy ko'rinishi ganday bo'ladi?

Aylananing umumiy tenglamasini yozing va u bo'yicha aylana markazi hamda
radiusi gqanday topilishini ko'rsating.

Ellips ganday ta'riflanadi?

Ellipsning kanonik tenglamasini yozing va undagi parametrlar ma'nosini
ko'rsating.

Ellipsning ekstsentrisiteti ganday aniglanadi va u nimani ifodalaydi?

Ellipsning fokal radiuslari deb nimaga aytiladi va ular ganday topiladi?

Ellips direktrisalari deb nimaga aytiladi?
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16-MA'RUZA

GIPERBOLA VA PARABOLA.

Tayanch iboralar: giperbola ta'rifi, giperbolaning kanonik tenglamasi, fokus, 0'q,
asimptota, ekstsentrisitet, direktrisa, fokal radius, parabola ta'rifi, kanonik
tenglamasi, parabola fokusi va uning xossasi, parabola ekstsentrisiteti.

Ma'ruza rejasi:

Giperbola va uning kanonik tenglamasi.

Giperbola grafigi va asimptotalari.

Giperbola ekstsentrisiteti, direktrisalari va fokal radiuslari.
Parabola va uning kanonik tenglamasi.

Parabola grafigi va ekstsentrisiteti.

Ok~ whE

Adabiyotlar:

[1] Ibob, §35-36  [3] VII bob, §4-5 [14]. 109-119 betlar.

TA'RIF: Giperbola deb, fokuslar deb ataluvchi ikki nuqtagacha masofalarining
ayirmasi o'zgarmas 2a songa teng bo’lgan tekislikdagi nuqtalarning geometrik
o’rniga aytiladi.

Bu o'zgarmas 2a soni fokuslar orasidagi 2¢c masofadan kichik bo’lishi kerak.

Fokuslarni koordinatalar boshiga nisbatan simmetrik qilib olamiz. Unda
ularni F1(c,0) va Fz(-c,0) deb ifodalash mumkin. M(X,y) giperboladagi ixtiyoriy bir
nugta bo’lsin.

Ary

M(x,y)

\

Fa(-¢,0) F1(c,0) X

Ta'rifdan foydalanib giperbola tenglamasini chigaramiz. Ta'rifga asosan
IF2M]- | FiM | =24 bo'ladi. Bu erda
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| F.M | Z\/(x+c)2 +y°, | MF; | Z\/(x—c)2 +y°
va bu masofalarni yuqoridagi tenglikka qo’yib, soddalashtiramiz:
\/(x+c)2 +y? —\/(x —c)’ +y* =2a

X24+2CX+C2HY2=Aa+4a (x — €)* + »* + X2-20x+CPHY2 = a4/(x — ¢)* + »* =CX-a?

a?(x-c)*+ a? y>= ¢?x?-2cx a*+ a*
a’x?-2cx a?+ a? ¢ +a? y?= ¢?x?-2cx a’+ at
(a2-cA)x2+a? y?=a*- a2 @ = (2 -ad)x2-a%y?=a?(c*d?).

FiIMF,  uchburchakdan |FoM|-|FiM |< |FiF)| =>2a<2c=sa<c bo’lgani
uchun b?= c?-a? deb belgilash mumkin va oxirgi tenglikni o’nga bo’lib, ushbu
tenglamani hosil gilamiz:

x2
—

- )

a 6
Bu tenglamaga giperbolaning kanonik tenglamasi deyiladi.

Ellipsdagidek bu erda ham r, =|F;M| va r; =|F1M| giperbolaning fokal
radiuslari deyiladi.

Giperbolaning koordinata o’glari bilan kesishgan nugtalarini topamiz:

2

X
y:O:> _2:1:>x2:a2:> X =*a
a

Agar x=0 desak, u holda y?= —6> = ye@ bo’lib, giperbolani OY o’gki bilan
kesishmasligiga ishonch hosil gilamiz. Shunday qilib, giperbolani OX o’gidagi
kesishish nugtalari Ax(a;0) va Ai(-a;0) bo’lib, ular giperbolaning uchlari deyiladi.
Giperbola uchlari orasidagi 2a masofani giperbolaning haqigiy ofqki va Bz(0; b),
B1(0; -b) nuqgtalar orasidagi 2b masofani esa giperbolaning mavxum oqi deb
ataladi. Mos ravishda a va b sonlariga giperbolaning yarim hagigiy va yarim
mavxum o’qlari deyiladi. O'gklarning o'rta nugtasi giperbolaning markazi deyiladi.

Giperbolaning shakli.

Agar (x,y) giperbolada yotgan nuqgta bo’lsa, u holda, (£x, +y) nuqtalar hjam
giperbolaga tegishli bo'ladi, ya'ni giperbola koordinata o’glariga nisbatan
simmetrikdir.

Giperbolaning kanonik tenglamasidan
)C2
S 2l=>x2d = X 2a
a
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Agar yugoridagidek, fagat birinchi chorak bilan kifoyalansak, u holda

8
y=— /.2 g2
a
funktsiyada x o’zgaruvchi a dan « gacha o’zgarib borganda, y o’zgaruvchi s dan
o gacha o’sadi, ya'ni giperbola chegaralanmagan egri chizigdir. I chorakdagi
giperbola grafigini simmetriya bo'yicha davom ettirib, giperbola ikkita bo’lakdan

iborat egri chizig bo’lishini ko'ramiz. Bu bo’laklar giperbolaning shoxlari deb
ataladi.
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Giperbolaning asimptotalari.

TA'RIE: Berilgan egri chizig asimptotaga ega deyiladi, agarda shunday | to’g'ri
chizig mavjud bo’lsaki, egri chiziq bu to’g'ri chizigga cheksiz yaginlashib borsa.

Giperbolaning A1A=2a va BB;=2b o’glaridan yasalgan to’g’ri to’rtburchak
diaganallari yotgan to’g'ri chiziglar giperbolaning asimptotalari bo'lishini
ko'rsatish mumkin.

Giperbolaning grafigi va asimptotalari quyidagi chizmada kursatilgan:

A

y

F2

Asimptotalarning tenglamalari quyidagi ko’rinishga ega:

b
y=*t—x 2)
a
Agarda a=b bo'lsa, giperbola teng vyonli deyiladi. Unda y=+x
asimptotalarni koordinatalari sifatida olsak, giperbola tenglamasi bizga maktabdan
tanish bo’lgan x-y=k=y=k/x ko'rinishga keladi.

Misol. a=3vab=2 gateng bo'lsa, giperbola va uning asimptotalari tenglamasi
yozilsin.

E ch i sh. Giperbolaning (1) kanonik tenglamasi va (2) asimptotalar tenglamasiga
asosan ushbu natijalarni olamiz:

2 2
x——y—zl, y==

3?27 ¥

W | N

Giperbolaning ekstsentrisiteti.

TA'RIE: Giperbolani fokuslari orasidagi 2¢ masofani uning haqiqgiy o’gi uzunligi
2a ga nisbati giperbolaning ekstsentrisiteti deyiladi va € kabi belgilanadi.

Ta'rifga va kanonik tenglamaga asosan
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2 2
oo _c_~a+b /1+(E)2 >1. (3)
2a a a a

Agar a parametr b ga nisbatan kichik bo’lsa, giperbolaning shoxlari OX o’giga
garab sigiq bo’ladi, b gancha a ga yaqin bo’lsa uning shoxlari shuncha yoyik
bo’ladi.

Giperbolaning M nugtasidan F; va F, fokuslarigacha bo’lgan masofalar shu
nugtaning fokal radiuslari deyiladi.

Ellipsning fokal radiuslarini topish yulidan foydalanib, giperbolaning fokal
radiuslarini topamiz:

r=-a+tex, r,=a+ex (0'ng shox uchun), ri=a-ex, r,=-a-ex (chap shox
uchun)

Mu c o 1 x*/ 16 — y?/ 9=1 giperbolaning abtsissasi 8 ga teng, ordinatasi musbat
bo’lgan nugtasining fokal radiuslari hisoblansin.
E chish: Masala sharti va (3) formulaga asosan
x=8, y>0, a=4, b=3, c=\1619 -5, £=— = 2
a
va (4) formulaga asosan o’ng shox fokal radiuslari

r1:-3.+8X:-4+5/4-8:6, r2:a+8x:4+5/4-8:l4
Giperbolaning direktrisalari.

TA'RIE: Giperbolaning direktrisalari deb uning markazidan +a/e masofada o'tib,
fokal o’giga perpendikulyar bo’lgan to’g’ri chiziglarga aytiladi.

Ta'rifga asosan direktrisa tenglamalari x=+a/e bo'ladi.

Ektsentrisitet e>1 bo’lgani uchun a/e<a. Demak direktrisa O markaz bilan A; va A
uchlar orasidan o'tadi.

TEOREMA: Giperbolaning ixtiyoriy nuqgtasidan fokusigacha masofaning mos
direktrisagacha masofasining nisbati o’zgarmas bo'lib, ( ektsentrisitetga teng
bo'ladi, ya'ni r/d=e.

Teoremani isbotini o’quvchiga havola gilamiz.

TA'RIE: Parabola deb, har bir nugtasidan berilgan nugtagacha (fokusigacha) va
berilgan to’g’ri chiziggacha (direktrisagacha) masofalari o’zaro teng bo’lgan
tekislik nugtalarining geometrik o’rniga aytiladi.

Bunda direktrisa fokusdan o'tmasligi kerak.
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Parabola tenglamasini topish uchun F fokus va | direktrisa orasidagi
masofani FD=p, koordinata boshini ular o’rtasida deb olamiz. Unda fokus F(p/2,0),
direktrisa tenglamasi x=-p/2 bo’ladi. Parabolaga tegishli ixtiyoriy M(x,y) nugtani
olamiz.

v MKxy)
C
D 0\\F(p/2,0) X

Ta'rifga ko'ra CM=MF va

2
MF :\/(x—gj +y2,CM =

bo’lgani uchun quyidagi tenglikni hosil gilamiz:
p 2
— + 2 —
-2

Hosil bo’lgan (5) tenglama parabolaning kanonik tenglamasi deyiladi. Bu
parabola OX o'giga nisbatan simmetrik bo’ladi va r parabolaning parametri
deyiladi.

X+—

"\

2 2

x+§ :xz—xp+%+y2:x2+xp+%:>y2:2px (5)

Parabolaning ixtiyoriy M nuqtasidan direktirisagacha bo’lgan masofa CM=d,
fokusigacha bo’lgan masofa FM=r deb belgilasak, ta'rifga asosan r=d va
parabolaning ekstsentrisiteti e=r/d =1 bo’ladi. Parabola uchun direktirisa tenglamasi
x=-p/2, bo'ladi.

Misol: OXo0'qi parabolaning simmetriya o’qi, uning uchi koordinatalar boshida
yotadi. Parabola uchidan fokusigacha bo’lgan masofa 4 birlikka teng. Parabola
tenglamasini tuzing.

Echish: Masala shartiga va (5) formulaga asosan
OF=4 = p/2=4 = p=8 = y*=2px = y?=2-8x=16x.

0’z-0'zini nazorat etish savollari:

1. Giperbola ganday ta'riflanadi?
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b wn

0o ~N o

9.

Giperbolaning kanonik tenglamasi ganday ko’rinishda bo'ladi?

Giperbola kanonik tenglamasidagi parametrlar nimani ifodalaydi?

Giperbola asimptotalari ganday tenglama bilan ifodalanadi?

Giperbola ekstsentrisiteti deb nimaga aytiladi va u ganday giymatlar gabo’l gila
oladi?

Giperbolaning fokal radiuslari deb nimaga aytiladi va ular ganday topiladi?
Giperbola direktrisalari ganday xossaga ega?

Parabola ganday ta'riflanadi?

Parabolaning kanonik tenglamasi ganday ko'rinishda bo’ladi?

10.Parabolaning ekstsentrisiteti nimaga teng?
11.Parabola kanonik tenglamasidan uning fokusi va direktrisasi qanday topiladi?
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1/-MA'RUZA.

FAZODA TEKISLIK TENGLAMALARI.

Tayanch iboralar: tekislikning vektor tenglamasi, normal tenglamasi, umumiy
tenglamasi, tekislikning normal vektori, tekislikning kesmalardagi tenglamasi.

Ma'ruza rejasi:

Tekislik va uning vektor tenglamasi.
Tekislikning normal tenglamasi.
Tekislikning umumiy tenglamasi.
Tekislikning normal vektori va uni topish.
Tekislik umumiy tenglamasini taxlil etish.
Tekislikning kesmalardagi tenglamasi.

ok wbdrE

Adabiyotlar:

[1] Ibob, §14-15  [3] VIbob, §1-2  [14]. 119-120 betlar.

Fazodagi xar bir M nuqgta uchta x,y,z koordinatalar bilan aniglanadi. Shu
sababli fazodagi geometrik ob'ekt tenglamasi uch o’zgaruvchili, ya'ni F(x,y,z) = 0
ko'rinishda bo'ladi.

Fazoda eng asosiy geometrik obe'ktlardan biri bo'lib tekislik hisoblanadi. Uning
tenglamasi quyidagi teorema bilan aniglanadi.

TEOREMA: 1)Agarda fazoda tekislik berilgan bo’lsa, uning tenglamasi uch
o'zgaruvchili chizigli tenglamadan iborat bo’ladi.

2) Fazoda uch noma'lumli chizigli tenglama berilgan bo’lsa, bu tenglama biror
tekislikni aniglaydi.

ISBOT: 1) Faraz gilaylik fazoda gandaydir tekislik berilgan bo’lsin. Uni uch
0’zgaruvchili bitta chizigli tenglama ifodalashini ko’rsatamiz.

Dekart koordinatalar sistemasida berilgan tekislikni ixtiyoriy bir nugtasini
M(x;y;z), uning radius-vektorini r kabi belgilaymiz. Tekislikdagi boshga bir
T(Xo;¥0;20) nugtadan koordinatalar boshigacha bo’lgan masofani r orkali
belgilaymiz, ya'ni OT=p. OT perpendikulyar ustida tekislikka yo'nalgan n° birlik
vektorni olamiz. M(x;y;z) nuqgta tekislikning istalgan nuqtasi bo’lsa ham OM=r
radius—vektorning birlik n°® vektorga proektsiyasi o’zgarmas bo’lib, r masofaga
teng. Bundan
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npﬁ()w:p Ba npﬁ()@=7fi°:>?ﬁo—p:0 1)
natijani olamiz. Hosil gilingan (1) tenglama tekislikning vektor tenglamasi
deyiladi. Agarda

r=(x;y;z), n°=(cosa; cosp; cosy)
deb olsak, skalyar ko’paytmaning koordinatalaridagi ifodasidan
Xcosa+ycosp+zcosy-p=0 (2)

tenglamani hosil gilamiz. Bu tekislikning normal tenglamasi deyiladi. Undan har
ganday tekislikka chizigli uch noma'lumli tenglama mos kelishini ko'ramiz.

2) Aytaylik bizga
Ax+By+Cz+D=0 (3)

uch noma'lumli chizigli tenglama berilgan bo’lsin. Agar M(x;y;z) (3) tenglama
aniglaydigan sirtning ixtiyoriy nuqtasi bo’lsa, uning radius—vektori r=(x;y;z) va
yordamchi n=(A;B;C) o’'zgarmas vektorni kiritaylik. Bo’lardan foydalanib (3)
tenglamani skalyar ko’paytma yordamida quyidagicha ifodalaymiz:

nr+D=0 4
(3) tenglamani |n| ga bo’lamiz. Natijada quyidagi xollar kuzatiladi:

I. Agar D<O bo'lsa, u holda n°r+D/|n|=0 va p= -D/|n| desak, rn®-p=0 vektor
tenglamani olamiz. Bu tenglamani ganoatlantiruvchi barcha M(x;y;z)
nugtalarning geometrik o’rni, (1) ga asosan, tekislikdan iborat bo’ladi.

Il. Agar D>0 bo’lsa, (4) ni -|n| ga bo’lamiz va yana p = D/|n| necak, r (-n°)-p=0
vektor tenglamani olamiz.

I11. Agar D=0 bo'lsa, u holda (4) ni |n| yoki-|n| ga bo'lib, rn®=0 vektor tenglamani
hosil gilamiz.

Demak, (3) tenglamadan (1) tenglama kelib chigadi va bundan o’nga fazoda
tekislik mos kelishi isbotlanadi.

(3) ko'rinishdagi tenglamaga tekislikning umumiy tenglamasi deyiladi.

Aytaylik M(x;y;z) tekislikning ixtiyoriy va Mi(X1;y1;z1) €sa uning ma'lum
bir nuqgtasi bo’lsin. U holda bu nugtalar tekislik umumiy tenglamasini
ganoatlantiradi, ya'ni

Ax+By+Cz+D=0
Ax1+By;+Cz;+D=0.
Ularni birinchisidan ikkinchisini ayirsak,
A(x-x1)+B(y-y1) +C(z-21)=0. ()
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Bu berilgan M; nugtadan o'tuvchi tekisliklar dastasining tenglamasi bo’ladi. (5)
tenglama n=(A;B;C) va MiM=(x-x1; y-y1; Z-Z1) vektorlarning ortogonallik shartini
ifodalaydi.

Tekislikka perpendikulyar bo’lgan ixtiyoriy noldan fargli vektor shu
tekislikning normali deb ataladi.

M:M vektor tekislikda yotganligi sababli, n vektor ham shu tekislikning
normallaridan biridir. Demak (3) yoki (5) tenglamadagi o’zgaruvchilarning
oldidagi A, B, C koeffitsientlar orgali hosil gilingan n(A,B,C) tekislikning
normallaridan biri ekan.

Shunday qilib normal tenglama (3) tenglamaning xususiy xoli bo’ladi.
Tekislikning umumiy tenglamasidan normal tenglamasiga o'tish uchun (3) ni

1
JA2 + B2+ C?
soniga ko'paytirish kerak (M va D ning ishoralari garama — garshi bo’lishi kerak).
Natijada ushbu tenglamaga kelamiz:
MAx+MBy+MCz+MD=0
Bunda M normallashtiruvchi ko fpaytuvchi deyiladi.
MA=cosa,, MB=cosf}, MC=cosy, MD=-p

ekanligini hisobga olsak, normal tenglamani topish uchun quyidagilarga ega
bo'lamiz:

M=+

cosa == 4 cos f== 5
JA* + B® +C? JA* +B® +C?
cosy =+ c p=F D
A2+ B2+ C? JA* +B* +C?

Misol: Tekislikning 2x-y+2z-5=0 umumiy tenglamasini normal tenglama
ko'rinishga keltiring.
Echish: Normallashtiruvchi ko’paytuvchini topamiz va uni berilgan tenglamaga
ko'paytiramiz:

1 1 2 1 2 5

M= =—=>—x—-——-y —z—-—=0
J22+(c)? 22 3737 37737 3

Tekislikning umumiy tenglamasini tekshirish.

Tekislikning umumiy tenglamasi
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Ax+By+Cz+D=0

berilgan bo’lsin. Ma'lumki bunda A,B,C koeffitsientlarning kamida bittasi
noldan fargli bo'lishi kerak, ya'ni tekislikning normali n=Ai+Bj+Ck nol vektor
bo’'Imasligi kerak.

Quyida umumiy tenglama unda gatnashayotgan koeffitsientlarning turli
giymatlarida qanday tekisliklarni ifodalanishini ko’rib o’tamiz.

1. D=0= Ax+By+Cz=0
2. A=0= By+Cz+D=0

3. B=0= Ax+Cz+D=0
4, C=0= Ax+By+D=0
5.A=0, D=0= By+Cz=0

tekislik koordinatalar boshidan o'tadi.

tekislik OX o'qgiga parallel bo'ladi.

tekislik OY o'qgiga parallel bo'ladi.

tekislik OZ o'qiga parallel bo’ladi.
tekislik OX o’gidan o’tadi.

6.B=0, D=0= Ax+Cz=0 tekislik OY o’qgidan o'tadi.

7.C=0, D=0= Ax+By=0 tekislik OZ o’gidan o'tadi.

8.A=0, B=0= Cz+D=0=Z=-D/C - tekislik XOY tekisligiga parallel bo'ladi.
9.A=0, C=0= By+D=0=y=-D/B - tekislikXOZ tekisligiga parallel bo’ladi.
10.B=0, C=0=Ax+D=0= x=-D/A - tekislik UOZ tekisligiga parallel bo’ladi.

11.A=0, B=0, D=0=Cz=0 - XOY tekisligi hosil bo'ladi.
12.A=0, C=0, D=0=By=0 - XOZ tekisligi hosil bo'ladi.
13.B=0, C=0, D=0= Ax=0 - YOZ tekisligi hosil bo'ladi.
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Tekislikning kesmalarga nisbatan tenglamasi.

Fazoda koordinatalar boshidan o’'tmaydigan va koordinata o’glarini mos ravishda
a, 6 va ¢ nuqtalarda kesib o'tuvchi tekislik tenglamasini tuzamiz. Buning uchun
tekislikning umumiy

Ax+By+Cz+D =0
tenglamasidan foydalanamiz. Bu erda A,B,C,D koeffitsientlarni quyidagi
mulohazalardan topamiz. Tekislik (a;0;0), (0;6,0) va (0;0; ¢) nugtalardan
o’tganligi uchun, ularning koordinatalari umumiy tenglamani ganoatlantiradi, ya'ni

Aa+D=0 A =-Dla a=- D/IA
Be+D =0 = B=-Dlsg = ¢=-D/B
Cc+D=0 C=-Dlc c=-D/C .

Koeffitsientlarning topilgan giymatlarini tenglamaga qo’ysak, u holda

a 6 C
va hosil bo’lgan bu tenglamani (-D) ga bo’lsak hamda ixchamlasak, u holda
LR AR | (1)
a 6 C

(1) tekislikning kesmalarga nisbatan tenglamasi deyiladi.

M is ol: 3x-4y+z-5 =0 tekislik tenglamasini kesmalarga nisbatan ko’rinishga
keltiring.

E chish : Yuqgoridagidek mulohaza yuritib «, 6, ¢ larni topish mumkin:

D 5 D 5 D 5
a=——=—;b=——=——,c=——=+—=5
A 3 B 4 C 1
Demak tekislikning kesmalarga nisbatan tenglamasi
X Y

+ +—-=1
5/3 -5/4 5
ekanligi kelib chigadi.

0’z-0'zini nazorat etish savollari:

1. Tekislikning vektor tenglamasi ganday ko’rinishda bo’ladi?

Tekislikning normal tenglamasini yozing va undagi parametrlar ma'nosini
ko'rsating.

Tekislikning umumiy tenglamasi ganday ko’rinishda bo’ladi?

Tekislikning normal vektori deb nimaga aytiladi?

Tekislik umumiy tenglamasidan uning normal vektori ganday topiladi?
Tekislikning umumiy tenglamasidan normal tenglamasiga ganday o'tiladi?
Tekislikning umumiy tenglamasida ba'zi parametrlar nol bo’lganda hosil
bo’ladigan tekisliklarni aniglang.

8. Tekislikning kesmalardagi tenglamasi ganday ko'rinishda bo'ladi?

N

No Ok
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9. Tekislikning kesmalardagi tenglamasidagi parametrlar ganday ma'noga ega
bo'ladi?
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18- MA'RUZA

TEKISLIK TENGLAMALARIGA DOIR MASALALAR.
Tayanch iboralar: berilgan nugtadan o'tuvchi tekisliklar tenglamasi, uchta
nugtadan o’tuvchi tekislik tenglamasi, tekisliklar orasidagi burchak, tekisliklarni
perpendikulyarlik va parallellik sharti, nugtadan tekislikkacha masofa.

Ma'ruza rejasi:

Berilgan nuqgtadan o'tuvchi tekisliklar tenglamasi.
Berilgan uchta nugtadan o’tuvchi tekislik tenglamasi.
Ikki tekislik orasidagi burchak.

Tekisliklarning perpendikulyarlik va parallellik sharti.
Uchta tekislikning kesishish nuqtasi.

Nuktadan tekislikkacha bo’lgan masofa.

oghkwnE

Adabiyotlar:

[1] Ibob, §16-19  [3] VIbob, §3-4 [14]. 119-120 betlar.

1. Berilgan nugtadan o'tuvchi tekisliklar tenglamasi.

Aytaylik tekislik berilgan M; (x1; y1 ; Z1) hugtadan utsin va uning tenglamasi
ko'rinishini topish talab etilsin. lzlanayotgan tekislikning umumiy tenglamasini
garaymiz:

Ax+By+Cz+D =0
M nugta tekislikda yotgani uchun bu tenglamani ganoatlantirishi kerak:
AX1+By1+C21+D =0
Hosil bo’lgan bu tenglikni yugoridagi tenglamadan ayirib, izlangan
A(x-x1)+B(y-y1)+C(z-z1) =0,
ya'ni berilgan M nugtadan o’tuvchi tekisliklar tenglamasini hosil gilamiz. Undagi
koeffitsientlarga turli giymatlar berib, M; nuqtadan o’tuvchi tekisliklar dastasini
olamiz.

2. Berilgan uchta nugtadan o’tuvchi tekislik tenglamasi.

Fazoda uchta nugta M1(x1,y1,21), M2(X2,y2,22), M3(x3,y3,23) berilgan bo’lib, ulardan o’tuvchi
tekislik tenglamasini topish talab gilingan bo’lsin.  Bu nugtalarga mos keluvchi radius-
vektorlarni mos ravishda

r1{)(1 Vi Zl}’ F2{)(2 Vo 22}’ F:%{Xs ' V3 Zs}
kabi belgilaymiz.
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Agar tekislikning ixtiyoriy M(x,u,z) o’zgaruvchi nuktasiga mos keluvchi
radius-vektorni 7 ={x; y;z} desak, u holda » —r,r, —7r;,7, —r uchta vektor
garalayotgan bitta tekislikda yotadi. Vektorlarning komplanarlik shartiga asosan
ularning aralash ko’paytmasi nolga teng bo’ladi:

[(r —A)x (7, =)0 —7/)=0

Bu berilgan uchta nugtadan o'tuvchi tekislikning vektor ko'rinishli tenglamasi
bo'ladi. Bu aralash ko’paytmani vektorlarning koordinatalari orgali ifodalab,

X=X Y=V Z—Z

Xy =X Yy =¥ zp—z| =0

X3 =X V3=V 2374
ya'ni berilgan uchta nugtadan o’tuvchi tekislikning koordinatalar ko'rinishidagi
tenglamasini hosil gilamiz.

Berilgan uchta nuqgtadan o'tuvchi tekislik tenglamasini boshgacha,
vektorlardan foydalanmasdan ham chigarish mumkin.

Darxagigat, berilgan nugtalarning biridan, masalan, Mi(x1;y1;Z1) nugtadan
o'tgan tekislik tenglamasini yozamiz:

A(x-x1)+B(y-y1)+C(z-21) =0 1)
Shartga ko'ra bu tenglamani ikkinchi ~ Ma(x2;y2;z2 ) va uchinchi Ms(x3;y3;Z 3)
nugtalar ham ganoatlantirishi kerak, ya'ni
A(x2-X1)+B(y2-y1)+C(Z 2-Z 1) =0
A(X3-X1)+B(Y3-Y1)+C(Z 3-Z 1) =0.
Agar oxirgi tenglamalarni C ga bo’lsak va hosil bo’lgan
A(X2-X1)/CH+B(y2-y1)/C+(z 2-z 1) =0
A(X3-X1)/C+B(y3-y1)/C+(z 3-2 1) =0
tenglamalar sistemasidan A/C va B/C nisbatlarini topib, (1) tenglamaga go'ysak, u
holda uch nugtadan o’tuvchi tekislik tenglamasi hosil bo'ladi.
Misol: Berilgan (1;2;3), (-1;0;0) va (3;0;1) nugtalardan o'tuvchi tekislik
tenglamasi tuzilsin.
E ch i sh : Birinchi usulga ko'ra
x-1 y-2 z-3
2 2 3 =0
2 -2 =2

-4(x-1)+6 (y-2) —4 (z-3) —4(z-3)+4(y-2)+6(x-1)=0=
=2(x-1)+10(y-2)-8(z-3)=0 =(x-1)+5(y-2)-4(z-3)=0.
Bu erda o'xshash hadlarni ixchamlab, izlanayotgan tekislikning tenglamasini hosil
gilamiz:

x + 5y —-4z+1=0
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4. Tekisliklar orasidagi burchak. Tekisliklarning parallellik va perpendikulyarlik shartlari.
Ikkita tekislik o’zlarining
Ax+Biy+ Ciz+ D1 =0, Axx+Boy+ Coz+ D2=0
umumiy tenglamalari bilan berilgan bo’lsin. Ular orasidagi ikki yokli o burchakni topish masalasini

tekisliklarning mos ﬁl {A1,B1,C1} va ﬁz {A.,B,,C,} normallari orasidagi burchakni topish masalasiga keltirish
mumkin. Fazodagi ikki vektor orasidagi burchak formulasiga asosan
AA, + BB, +C,C
COSCL = 1412 192 1~2 @
2 2 2 2 2 2

Agar yukorida keltirilgan tekisliklar perpendikulyar bo'lsa, u holda ﬁl va ﬁz vektorlar ham ortogonal
bo’ladi. Natijada
ﬁl ﬁZ =0 = A1A, + BB, + C1C, =0 (3)

Bu tekisliklarning perpendikulyarlik shartini ifodalaydi.

Xuddi shunday ravishda tekisliklarning parallellik sharti ularning normallarini kolleniarlik shartidan kelib
chigadi, ya'ni

A4 _B_C .
C

1-masala: Berilgan tekislikka parallel va berilgan nugtadan o'tuvchi tekislik tenglamasi tuzilsin.
Echish: Berilgan nugta Ma(x1; yi1; Z1) va berilgan tekislik tenglamasi
Ax+B1y+Ciz+ D1 =0
bo'lsin. U holda M1 nugtadan o'tuvchi ixtiyoriy tekislik tenglamasi
A(x-x1) + B(y-y1) + C(z-21) =0

ko'rinishga ega bo'ladi. Undagi koeffitsientlarni tekisliklarning paralellik shartidan, ya'ni (4) nisbatlar
tengligidan topiladi.

Masalan, A=A, B=B1, C=C; deb olsak, nisbatlar birga teng bo’ladi va izlanayotgan tekislik tenglamasini hosil
gilamiz:

Ax(x-x1) + Bi(y-y1) + Ca(z-z1) =0 (5).

2-masala: Berilgan Ma(x1; y1; 1) Va Ma(x2; y2; Z2) nugtalardan o’tuvchi va tenglamasi Aix + Byy + C1z + D1 =0
bo’lgan tekislikka perpendikulyar tekislik tenglamasi tuzilsin.
Echish: Mjnugtadan o'tuvchi tekislik tenglamasini yozamiz:

A B
A(x-x1)+B(y-y1)+C(z-21) :O:E (x—x;)+ C (y-y)+(z-2z)=0

Bu tenglamani M; nugta ham ganoatlantirishi hamda tekisliklarning perpendikulyarlik shartidan ushbu sistemani
hosil gilamiz:

A(x2-x1)+B(y2-y1)+C(z2-21)=0
A1A+BB+C:C=0

Bu sistema tenglamalarini C ga bo’lib, hosil bo'lgan
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NogabkowdpE

g(x—xo%(y—yl)ﬂz—zl):o

A B
— A1+ —B1+C:=0
c C

sistemadan A/C va B/S nisbatlarni topamiz. Topilgan nisbatlarning giymatlarini yugoridagi tenglamaga qo'yib,
izlanayotgan tekislik tenglamasini hosil gilamiz.

3-masala: Berilgan uchta tekislikning kesishish nugtasini toping.

Echish: Tekisliklarning kesishish nugtasi ularning uchalasiga ham tegishli bo’lgani uchun, uning x,y,z
koordinatalarini topish uchun berilgan tekisliklarning umumiy tenglamalarini sistema qilib echamiz:

Ax(+Biy+ Ciz+ D1 =0
Aox +Bay + Coz + D2 =0 (6)
Asx|+ Bay + Csz + D3 =0
4-masala: Berilgan Mi(x1; y1; z1;) nuqtadan umumiy tenglamasi
Aix+Biy+Ciz+D; =0
bilan berilgan tekislikkacha bo’lgan d masofani toping.

Echish: 1zlangan masofa tekislikning normal tenglamasi orgali quyidagi formula bilan hisoblanishini ko'rsatish
mumkin:

d=x(x1c0S0+Yy1C0OSP+21COSY-P). ©)

Bundagi cosa., cosp, cosy yunaltiruvchi kosinuslarni va r parametrni topish uchun berilgan umumiy tenglamani
normallashtiruvchi ko’paytuvchiga ko'paytirib, ushbu formulani hosil gilamiz:

|Ax, +B,y, +C,z, + D|
JA? + B +C/

Misol: N(1;2;3) nugtadan 2x-2y+z-3=0 tenglama bilan ifodalanuvchi tekislikkacha bo’lgan masofani toping.

(®)

Echish: (8) formulaga asosan izlangan masofani topamiz:
2:1+(-2)-2+1-3+(-3)| 2
22+ (-2)2 +1° 3
Q’z-0'zini nazorat etish savollari:

d

Berilgan nugtadan o'tuvchi tekisliklar tenglamasini yozing.

Berilgan uchta nugtadan o'tuvchi tekislik tenglamasi ganday topiladi?
Ikki tekislik orasidagi burchak ganday topiladi?

Ikki tekislikning perpendikulyarlik sharti nimadan iborat?

Ikki tekislikning parallellik sharti nimadan iborat?

Uchta tekislikning kesishish nugtasi ganday topiladi?

Nugtadan tekislikkacha bo’lgan masofa ganday topiladi?
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19-MA'RUZA

FAZODAGI TO'GRI ChiZIK TENGLAMALARI.

Tayanch iboralar: yo'naltiruvchi vektor, boshlang’ich nuqta, to'g’ri chizigning vektor tenglamasi, kanonik
tenglamasi, parametrik tenglamasi, umumiy tenglamasi.

Ma'ruza rejasi:

Fazodagi to’g’ri chizigning yo'naltiruvchi vektori va boshlang’ich nugtasi.
Fazodagi to’g’ri chizigning vektor tenglamasi.

Fazodagi to’g’ri chizigning parametrik va kanonik tenglamasi.

Fazodagi to’g’ri chizigning umumiy tenglamasi.

S\ e

Adabiyotlar:

[1] Ibob, §17-18  [3] VIbob, §5 [14]. 120-121 betlar.

Fazodagi to’g'ri chiziqgga parallel bo’lgan har ganday s vektorga shu to’g'ri chizigning yo haltiruvchi
vektori deyiladi. Aytaylik Mo(xo;y0;Z0) to’g'ri chizigning ma'lum bir nugtasi, M(x;y;z) esa to’g'ri chizigning
ixtiyoriy nugtasi bo’lsin. Mo shu to’g’ri chizigning boshlang ich nuqtasi deyiladi. Bu nugtalarning radius-

vektorlari FO (X0 y Vo ZO), r (X, v, Z) va MoM (x-Xo, y-yo, Z-Zo) Vektorni olamiz. Unda, quyidagi

chizmaga asosan, T =T, + M ;M tenglikka ishonch hosil gilish mumkin:

Mo M

—_

—
> S
>

Agar s(m,n,p) shu to’g’ri chizigning yo’naltiruvchi vektori bo’lsa, u holda MM va s(m;n;p) vektorlar
kollinear, ya'ni MogM = t-s, bunda t — 0’zgarmas son. Natijada ushbu tenglamani hosil gilamiz:
F =Ty +ts (1)

Bu fazodagi to’g’ri chizigning vektor ko rinishidagi tenglamasi deyiladi. Agar (1) vektor tenglamani
koordinatalarda ifodalasak, u holda

(x; y; 2)= (x0; yo; Zo) +t (M; n; p)= (X; y; 2)= (xo+tm; yo+tn; zo+tp) =
= x=xottm, y=yottn, z=zo+tp 2

Hosil bo'lgan tenglamalarda t parametr o'zgarishi bilan x; y; z o’zgaruvchilar to’g’ri chizigning turli nugtalarini
ifodalaydi, ya'ni (2) to’g'ri chizigni to’lik aniglaydi. Shu sababli (2) to'gri chizigning parametrik tenglamasi
deyiladi. Agarda (2) dan t ni topsak, u holda

X—X — z—z X—X — z—z
‘= O,t:y yoat: 0 _ ozy y0: 0 @)
m n p m n p
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Bu to’gri chizigning kanonik tenglamasi deyiladi. Unda maxrajdagi m,n,p conlari yo'naltiruvchi vektor
koordinatalari, suratdagi xo,yo,2o sonlari esa boshlang’ich nugtaning koordinatalari bo'lishini ta'kidlab o'tamiz.

Bu tenglamani s va MyM vektorlarning kollinearlik shartidan ham bevosita
olishimiz mumkin edi.

To'g'ri chizigning ushbu kanonik tenglamasi berilgan bo’lsin:
X=X _ Y=Y _2-1%
m n P
Bunda p #0 deb olamiz. Bu tenglamani ikkiga ajratib,

m P n p
tenglamalar sistemasini hosil gilamiz va bu sistema ham to’g’ri chizigni ifodalaydi. Ammo ularning har biri
tekislik tenglamasidir. Birinchi tenglama OY o’giga parallel, ikkinchi tenglama esa OX o’qgiga parallel tekislikni
ifodalaydi. Bu tekisliklarning kesishmasida (3) kanonik tenglamasi bilan berilgan to’g’ri chizig hosil bo’Imoqda.

Umuman olganda, fazoda to’g’ri chizigning nugtalari ikkita tekislik tenglamalaridan tuzilgan quyidagi sistemaning
echimlaridan iborat bo'ladi:

A1X+B1y+C12+ D,=0
Aox+ Bzy+CzZ+ D,=0.

Bu tenglamalar sistemasi fazodagi to'g’ri chiziqning umumiy tenglamasi deyiladi. Bu to’g’ri chizigning
yo'naltiruvchi vektori s tekisliklarning

ni=(Ay; By; Ca), n2=(Az; Bz; Cy)

normallariga perpendikulyar bo’ladi. Shuning uchun ham to’g'ri chiziqga parallel nixn, vektorni uning
yo'naltiruvchi vektori sifatida olish mumkin.

1-misol: Fazodagi to’g’ri chizigning umumiy tenglamasini kanonik ko'rinishga  keltiring.
2x-3y+z-5=0
3Xx+y-2z-4=0
Echish: Izlanayotgan to’g’ri chizigda yotuvchi biror My nugtaning koordinatalarini
aniglaymiz. Tenglamalar sistemasida noma'lumlar 3 ta, lekin tenglamalar soni esa

ikkita. Shuning uchun bitta noma'lumni erkin gilib olamiz. Masalan, z=1 deb
olamiz. Natijada berilgan sistema

2x-3y=4

3x+y=6
ko'rinishni oladi. Bu sistemadan x=2, y=0 ekanligini topamiz. Demak, My(2;0;1)
nuqta to’g’ri chizigda yotadi. Yo'naltiruvchi vektor esa tekisliklarning n; va n;
normallari vektorial ko'paytmasi kabi topiladi:

1 ] k
nxn, =2 -3 1 |=7i+7j+11k.
31 =2

Demak, yo'naltiruvchi vektor s(-7;7;11).Unda to’g'ri chizigning kanonik
tenglamasi quyidagicha bo’ladi:
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x=2 y-0 z-1
-7 7 11
2-misol. To’g'ri chizigning umumiy tenglamasini parametrik va kanonik

ko’rinishga keltiring:

2x+y-Z+1:0{
3X-y+2z-3=0
Echish: Tenglamalarni xar birini x va y ga nisbatan echamiz:
o L2 [ _x=2/5
2x+y=2z-1 5x=2-— R =
Xry=z-b X Eemr 57 5. ~1/5
3x-y=3-2z (S5y=7z-9 7 9 _y+9/5

=—z—— z
TTSETS 775

Natijada to’g'ri chizigning ushbu kanonik tenglamasiga kelamiz:
x-2/5 y+9/5_z
-1/5 7/5 1
Bu erdan parametrik tenglamalarni olish giyin emas. Darxagiqgat, xar bir
nisbatni t ga tenglashtirsak, u holda
-t 2 7.9
X=—+—; y=—t——; z=t

5 5 5 5
izlangan parametrik tenglama bo’ladi.

O’z — 0'zini nazorat etish savollari:

1. Fazodagi to’g'ri chizigning yo'naltiruvchi vektori deb nimaga aytiladi?

2. Fazodagi to’g'ri chizigning boshlang’ich nugtasi deb nimaga aytiladi?

3. Fazodagi to’g'ri chizigning vektor tenglamasini yozing.

4. Fazodagi to’g'ri chizigning parametrik tenglamasi ganday ko'rinishda bo’ladi?

5. Fazodagi to'g'ri chizigning kanonik tenglamasini yozing va undagi
parametrlarning ma'nosini ko'rsating.

6. Fazodagi to’g'ri chizigning umumiy tenglamasi ganday ko'rinishda bo’ladi?

7. To'g'ri chizigning umumiy tenglamasidan kanonik va parametrik tenglamasiga

ganday o'tiladi?
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20-MA'RUZA

FAZODAGI TUGRI CHIZIKLARGA DOIR MASALALAR.

Tayanch iboralar: fazodagi ikki to'g’ri chizig orasidagi burchak, to’g'ri
chiziglarning parallellik va perpendikulyarlik sharti, berilgan nugtadan o’tuvchi
to'g'ri chiziglar tenglamasi, berilgan ikki nuqtadan o'tuvchi to’g’ri chiziq
tenglamasi, to’g'ri chiziq va tekislik orasidagi burchak, to’g’ri chiziq va
tekislikning parallellik va perpendikulyarlik sharti, ikki to’g’ri chizigni bir
tekislikda yotish sharti.

Ma'ruza rejasi:

1. Fazodagi ikki to'gri chiziq orasidagi burchak.

2. To'g'ri chiziglarning perpendikulyarlik va parallellik shartlari.

3. Berilgan nugtadan o'tuvchi to'g'ri chiziglar tenglamasi.

4. Berilgan ikki nugtadan o’tuvchi to’'g’ri chizig tenglamasi.

5. To'g'ri chiziq va tekislik orasidagi burchak.

6. To'g'ri chiziq va tekislikning perpendikulyarlik va parallellik shartlari.

7. Berilgan nuqgtadan o’tuvchi va berilgan tekislikka parallel to'g'ri chiziglar
dastasi tenglamasi.

8. IKkki to’g’ri chizigning bir tekislikda yotish sharti.

Adabiyotlar:

[1] 1 bob, §19 [14]. 121-122 betlar.

1. IKkKi to'g’ri chiziq orasidagi burchak.

Fazoda ikkita to’g'ri chizig o'zlarining kanonik tenglamalari bilan berilgan bo'lsin:

X=X _Y™N _z27%4 X7X _Y7TYy _Z77%
m, n, Pi m, n, P>
Ular orasidagi o burchakni topish masalasini ko’ramiz. Bu masalani ularning
yo'naltiruvchi vektorlari orasidagi burchakni topish masalasiga keltirish mumkin.
Yo'naltiruvchi s, ={m,;n,;p,},s, ={m,;n,;p,} Vvektorlar orasidagi burchak
quyidagi formula yordamida topiladi:
m,m, +nn, +
cosa = 1M + Nz PP (1)
Jm +nf + p?ymZ +n? + p;
M is ol : Kanonik tenglamalari bilan berilgan quyidagi to’g'ri chiziglar orasidagi
burchak topilsin:
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x-1 'y z+3

1 -4 1
Echish: (1) formulaga asosan
1.2+(-4)(-2)+1-(-1) 1

V1+16+1J4+4+1 2
Bundan o= 45° ekanligini ko’ramiz.

1

COSax =

2. To'g'ri chiziglarning parallellik va perpendikulyarlik
shartlari.

Agar to’g'ri chiziglar perpendikulyar bo’lsa, u holda (1) formulada cosa=0
bo’ladi. Bundan esa ikki to’g'ri chizikning perpendikulyarlik sharti kelib chigadi:
m;m; + Ny Nz + pip2 =0
Agar to'g'ri chiziglar parallel bo’lsa, u holda ularning yo’naltiruvchi
vektorlari ham o'zaro parallel bo’ladi va bundan ikki to’gri chizigning parallellik
sharti kelib chigadi:

M _ by

m, n, p,

3.Berilgan nuqgtadan o'tuvchi va berilgan to’gri chiziqga parallel bo’lgan
to’gri chiziqg tenglamasi.

Aytaylik fazoda M(a;s;c) nugta va kanonik tenglamasi

X=Xy Y=Y, 72—-17

m, n, Py

bo’lgan to’g’ri chiziq berilgan bo’lsin. Berilgan M nugtadan o’tuvchi to’g'ri
chiziq tenglamasini

Xx—a y-B Z2-C

m n p

kabi ifodalash mumkin. To’g'ri chiziglarning parallellik shartiga asosan

m n p

m, n{_m
munosabat o’rinli bo’ladi. Bundan, m=m;, n=n; Ba p=p1 deb olish mumkinligini
ko'ramiz. Demak izlanayotgan to’g’ri chiziq tenglamasi

X—a y-B Z2-C

m, n,; Py
ko'rinishda bo'ladi.
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4. Berilgan ikki nuqtadan o’tuvchi to'g'ri chiziq tenglamasi.

Aytaylik fazoning ikkita nuqtasi o'zining koordinatalari bilan berilgan bo’lsin.
Ular Mi(X1;y1;21) va M2(X2;y2;Z2) bo’lsin. Shu nugalardan o'tuvchi to’g'ri chiziq
tenglamasini topamiz.

Izlanayotgan to’g’ri chizigning kanonik tenglamasini tuzish uchun unda yotuvchi
biror nugtaning koordinatalarini va yo'naltiruvchi vektorini bilish kifoya.
Shunday nugqta sifatida berilgan nuqgtalardan istalganini, aytaylik M; ni olamiz.
Yo'naltiruvchi vektor sifatida esa unda yotuvchi MiMo(x2-X1; y2-y1; Z2-Z1)
vektorni tanlaymiz. Natijada berilgan ikki nugtadan o’tuvchi to’g’ri chiziq
tenglamasini hosil gilamiz:

X=X _¥Y=%N _2-7%

Xo =Xy Yo= Y1 2,7

5. To'g’ri chiziqg va tekislik orasidagi burchak.

Aytaylik, to'g’ri chiziqg va tekislik mos ravishda o'zlarining kanonik va umumiy
tenglamalari bilan berilgan bo’lsin:

Xx—a y-B Z2-C

, Ax+By+Cz+D=0.
m n
Ma'lumki tekislik va uni kesuvchi to’g’ri chiziq orasidagi burchakni
aniglash uchun shu tug'ri chizigni tekislikka proektsiyalab, hosil bo’lgan chizigli
burchak topiladi. Uni o orqgali belgilaylik. Shu burchakning sinusini to'g'ri
chizigning s(m,n,p) yo'naltiruvchi vektori va tekislikning n(A,B,C) normal
vektori orgali topamiz:

|/Am+Bn+Cp |
\/Az +B? +C2\/m2 +n” +p?

sino=cos©0° — ) =
6. To’'g'ri chiziq va tekislikning parallellik va perpendikulyarlik
shartlari
Aytaylik quyidagi

_ — z—cC
xTa_YTBR_ , Ax+By+Cz+D=0
m n p
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tenglamalari bilan berilgan to’g’ri chiziq va tekislik o’zaro parallel bo'lsinlar. U
holda to’g’ri chizigning yo'naltiruvchi vektori s(m,n,p) va tekislik normalin
n(A,B,C) o’zaro perpendikulyar bo’ladilar. Bundan to’g’ri chiziq va tekislikning
parallellik sharti quyidagicha ekanligi kelib chigadi:

Am + Bn +Cp =0
Bu tenglikni sin =0 shartdan ham keltirib chigarish mumkin edi.
Endi berilgan to'g'ri chiziq va tekislikning perpendikulyarlik shartini

keltirib chigaraylik. To’g’ri chizigning yo’naltiruvchi vektori va tekislik normali
kollinear vektorlar ekanligidan, ikki vektorning kollinearlik shartiga asosan

A B C m n p

bo’ladi. Bu to’'g'ri chiziq va tekislikning perpendikulyarlik shartini ifodalaydi.

7. Berilgan nugtadan o'tuvchi va berilgan tekislikka parallel bo’lgan to'g’ri
chiziglar dastasining tenglamasi.

Berilgan M(a;B;c) nugtadan o'tuvchi to’g'ri chiziglarning kanonik tenglamasini
yozamiz:

Xx—a y—-B Z2-C

m n p

Bu to’g'ri chiziqqa parallel bo'lgan tekislik tenglamasi Ax+By+Cz+D=0 bo’lsin.
To'g'ri chiziq va tekislikning parallellik shartidan Am+Bn+Cp=0 munosabatni
olamiz. Nisbatlarning tengligidan esa m=x-a, n=y-B, p=z— deb olishimiz
mumkin. U holda izlanayotgan to’g'ri chiziglar dastasining quyidagi
tenglamasini hosil gilamiz:

A(x-a)+B(y-B)+C(z-¢)=0.

8.1kki to’g'ri chizigning bir tekislikka yotish sharti.

Ikkita to’g’ri chizig uzlarining kanonik tenglamalari bilan berilgan bo'lsin:

X_Xl_y_yl_z_zl X—X2_y—y2_Z—22

ml r]l pl ’ m2 r]2 p2
Ularning yo'naltiruvchi vektorlarini mos ravishda s1(ma;ni;p1) va S2(mz;nz;p2)
kabi belgilaymiz. To'g'ri chiziglarning Ma(x1,y1,Z1) va Ma(X2,y2,Z2) boshlang’ich
nuqtalarining radius-vektorlarini ri(x1;y1;Z1) va ra(x2;y2;Z2) kabi belgilaymiz.
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Unda bu nugtalarning biridan ikkinchisiga yo'nalgan MiM: vektor r2- r1
bo’ladi. Vektorlarni ayirish qoidasiga asosan r2-ri=(xz-x1;y2-y1;Z2-21) tenglikni
yoza olamiz. Geometrik mulohazalarga asosan berilgan ikkita to’g'ri chizigning
bitta tekislikda yotishi uchun s, s2 va r2- r1 vektorlarning komplanar bo'lishi
zarur va etarlidir. Bundan aralash ko'paytma (r2- r1) s152=0 yoki

Xo =Xy Yo=¥1 2, —7Z4

m, n, P>

Bu ikki to’g'ri chizigning bir tekislikda yotish shartini ifodalaydi.

0’z-0'zini nazorat etish savollari:

1. Fazodagi ikkito’g’ri chiziqg orasidagi burchak ganday topiladi?

2. IKki to’g’ri chizigning perpendikulyarlik (parallellik) sharti nimadan iborat?

3. Berilgan ikki nugtadan o’tuvchi to’g'ri chiziq tenglamasi ganday ko'rinishda
bo'ladi?

4. To'g'ri chiziq va tekislik orasidagi burchak ganday topiladi?

5. To'g'ri chiziq va tekislikning perpendikulyarlik (parallellik) sharti nimadan
iborat?

6. Berilgan nuqgtadan o'tuvchi va berilgan tekislikka parallel to'g'ri chiziglar
tenglamasini yozing.

7. Qaysi shartda ikki to'g’ri chiziq bir tekislikda yotadi?
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21 - MA’RUZA . FUNKTSIYA VA U BILAN BOGLIQ BO'LGAN
TUSHUNChALAR.

Tayanch iboralar: o'zgarmas miqdor, o'zgaruvchi migdor, funktsiya, aniglanish
sohasi, o’zgarish sohasi, funktsiya grafigi, funktsiyaning berilish usullari, o’suvchi
va kamayuvchi funktsiya, juft va tog funktsiya, davriy funktsiya, murakkab
funktsiya, teskari funktsiya, asosiy elementar funktsiyalar, elementar funktsiyalar.

Ma'ruza rejasi:

O’zgarmas va 0'zgaruvchi mikdorlar.
Funktsiya ta'rifi.

Funktsiyaning aniglanish va o'zgarish sohasi.
Funktsiya grafigi.

Funktsiyani berilish usullari.

Funktsiya turlari.

Murakkab va teskari funktsiya.

Asosiy elementar va elementar funktsiyalar.

NI WDE

Adabiyotlar:
[1] N bob, §1-2  [2] | bob, §6-8

Atrofimizdagi  turli  jarayonlarni  matematik  usullarda  tadgiqot
gilayotganimizda o'zgarmas va o'zgaruvchi migdorlarga duch kelamiz.
T A ' R I F: Fagat bitta sonli giymat gabul giladigan kattaliklar o'zgarmas
miqdorlar deyiladi.

Masalan, yorug’lik tezligi ¢, erkin tushish tezlanishi g, aylana uzunligini uning
diametriga nisbati &, izotermik jarayonlarda harorat t° o’zgarmas miqdorlardir.
T A 'R I F : Turli sonli giymatlar gabul gila oladigan kattaliklar o’zgaruvchi
miqdorlar deyiladi.
Masalan, tekis xarakatda vaqt t va bosib o’tilgan masofa s o'zgaruvchi

miqgdorlardir.

Biror jarayonni organayotganimizda bir nechta o’garuvchi miqdorlar
0'tasidagi 0'zaro bog’lanishlarga duch kelamiz.

Masalan, tekis harakatda tezlikni v, vaqtni t va bosib o’tilgan yo'Ini s desak,
u holda bu o'zgaruvchilar o'zaro  s=v<t ko'rinishda bog’lanadi. Bunday
bog’lanishlarni juda ko'p Keltirish mumkin va shu sababli ularni atroflicha
o’rganish magsadida funktsiya tushunchasi kiritiladi.
TA'RIFE: Agarda x o'zgaruvchini har bir mumkin bo’lgan son giymatiga y
0'zgaruvchining yagona bir son qiymati mos qo’yilgan bo’lsa, y o'zgaruvchi x
0'zgaruvchining funktsiyasi deyiladi.

Biror y o'zgaruvchi x o'zgaruvchining funktsiyasi ekanligi y=f(x) kabi
belgilanadi (f harfi o'rniga F, h, g, ¢ kabi boshga xarflarni gam qo’llash mumkin).
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Bu erda x erkli o'zgaruvchi yoki argument, y esa erksiz o’zgaruvchi yoki funktsiya
deb ataladi.

T A 'R I F : y=f(x) funktsiyada x argumentning y funktsiya ma'noga ega
bo'ladigan barcha son giymatlari to’plami shu funktsiyaning aniglanish sohasi
deyiladi va D{f} kabi belgilanadi. Funktsiya gabul giladigan barcha giymatlar
to’plami esa shu funktsiyaning o'zgarish sohasi deyiladi va E{f} kabi belgilanadi.
Masalan, f(x) =sin~/x funktsiya uchun D{f}=[0,c0), E{f}=[-1,1] bo'ladi.

TA'"R 1 F : XOY tekislikdagi (x, f(x)), xeD{f}, koordinatali nugtalarning
geometrik o'rni y=f(x) funktsiyaning grafigi deyiladi.

Masalan, y=x? funktsiya grafigi paraboladan, y=cosx funktsiya grafigi
sinusoidadan, y=2x+5 funktsiya grafigi esa to’g’ri chiziqdan iboratdir.

Funktsiyalar analitik ko'rinishda, ya'ni formulalar orgali, jadval yoki grafik
korinishda berilishi mumkin. Masalan, aylana radiusi x va uning yuzasi y orasidagi
bog’lanish funktsiyasi y=mx? formula orgali analitik ko'rinishda, Bradisning
matematik jadvallar kitobchasida funktsiyalar jadval ko'rinishida, yurak ishlashini
ifodalovchi funktsiya kardiogramma orqali grafik ko’rinishda ifodalanadi.

T A" R I F : y=f(x) funktsiya biror DcD{f} sohada o’'suvchi (kamayuvchi)
deyiladi, agarda Vxi, x,€D uchun x;<x,=f(x1)<f(xz) (f(x1)>f(x,)) shart bajarilsa.

Masalan, y=x? funktsiya -o0;0) sohada kamayuvchi, (0,0) sohada esa
o’suvchi bo'ladi.

T A" R 1 F : y=f(x) funktsiya nol nugtaga nisbatan simmetrik bo’lgan D{f}
aniglanish sohasida juft (tok) deyiladi, agarda VxeD{f} uchun (-xeD{f}) f(-
X)=f(x) (f(-x)=-f(x)) shart bajarilsa.

Masalan, f(x)=x? —juft funktsiya, f(x)=x> esa toq funktsiya bo’ladi. Lekin,
f(x)=x? —3x+1, f(x)=2x -3 funktsiyalar na juft va na toqdir.

T A'R | F : y=f(x) funktsiya davriy deb ataladi, agarda shunday T>0 son mavjud
bo’lsaki, VxeD{f} uchun f(x+T)= f(x) shart bajarilsa. Bu shartni ganoatlantiruvchi
eng kichik T soni shu funktsiyaning davri deyiladi.

Masalan, y=sinx davri T=2xr, y={x} (x ning kasr gismi) davri T=1 bo’lgan davriy
funktsiyalardir. y=x? funktsiya esa davriy emas.

TA ' RIF: y=f(x), y=0(x) funktsiyalar berilgan bo’lib, xe D{¢} bo’lganda E{¢}
c D{f} shart bajarilsin. Bu holda, F(x)=f(p(x)) funktsiya ma'noga ega bo’ladi va u
murakkab funktsiya deb ataladi. Bu erda o ichki, f esa tashqi funktsiya deyiladi.

Masalan, y=sinx? funktsiya uchun ¢(x)=x? ichki, f(¢)=sing esa tashqi
funktsiya bo’ladi. y=sin®>x murakkab funktsiyada esa ¢(x)=sinx ichki, f(¢)=¢?
tashqi funktsiya bo’ladi.

T A" R 1 F : y=f(x) funktsiyadan x argumentni y funktsiya orqali
ifodalashdan hosil bo’lgan x=¢(y) ko'rinishdagi ¢ funktsiya f funktsiyaga teskari
funktsiya deb ataladi va ! kabi belgilanadi.

Odatda argument x, funktsiya esa y orqali belgilanganligi uchun, teskari funktsiya
y=(x) yoki y=f(x) ko'rinishda yoziladi. Teskari funktsiyani f(y)=x tenglama
echimi kabi topishimiz mumkin.
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Masalan, f(x)=3x-1 bo'lsa, 3y—1=x tenglamadan bu funktsiya uchun teskari
funktsiya f1(x)=(x+1)/3 ekanligini aniglaymiz.

Shuni ta'kidlab o’tish kerakki, bunda D{f}=e{f'}, E{f'}=D{f}
munosabatlar o’rinli bo’ladi.

Maktab matematikasidan bizga ma'lum bo’lgan quyidagi funktsiyalarni
eslatib o'tamiz:

1. Darajali funktsiya y=x o e R. Masalan, y=x2 , y=+/x , y= 1/x.

2. Ko'rsatkichli funktsiya. y=a* (a>0,a#1). Masalan, y=3*, y=(1/10)*

3. Logarifmik funktsiya y=loga.x, (a>0,a#1). Masalan, y=log.x, y=Igx, y=Inx.

4., Trigonometrik funktsiyalar y=sinx, y=cosx, y=tgx, y=ctgx.

5. Teskari trigonometrik funktsiyalar y=arcsinx, y=arccosx, y=arctgx, y=arcctgx.
Bu funktsiyalar asosiy elementar funktsiyalar deb ataladi.

Chekli sondagi asosiy elementar funktsiyalar ustida arifmetik amallar va
murakkab funktsiya hosil gilish orgali tuzilgan funktsiyalar elementar funktsiyalar
deyiladi. Masalan , 2Insinx+x2/5 elementar funktsiya bo’ladi.
y={x}, y=[x] (x ning butun gismi), y= | x| kabi funktsiyalar elementar bo’lmagan
funktsiyalarga misol bo'ladi.

O’z-0'zini nazorat etish savollari:
Qanday miqdorlar o’zgarmas deyiladi? Misollar keltiring.
Qanday miqdorlar o’zgaruvchi deyiladi? Misollar keltiring.
Funktsiya ganday ta'riflanadi?
Funktsiyaning aniglanish sohasi deb nimaga aytiladi?
Funktsiyaning o'zgarish (qiymatlar) sohasi ganday ta'riflanadi?
Funktsiya grafigi deb nimaga aytiladi?
Funktsiya ganday usullarda berilishi mumkin?
Qaysi shartda funktsiya o'suvchi (kamayuvchi) deyiladi?
. Qaysi shartda funktsiya juft (toq) deb ataladi?
10 Davriy funktsiya deb ganday funktsiyaga aytiladi?
11.Murakkab funktsiya ganday ta'riflanadi?
12.Teskari funktsiya ganday aniglanadi?
13.Qaysi funktsiyalar asosiy elementar funktsiyalar deyiladi?
14.Elementar funktsiyalar deb ganday funktsiyalarga aytiladi?

©Co~NoGRRwWNE
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22-MA'RUZA

FUNKTSIYA LIMITI VA UNING XOSSALARI.

Tayanch iboralar: funktsiyaning chekli limiti, funksiyaning cheksiz limiti,
limitning yagonaligi, chap va o’ng limit, limitning mavjudlik sharti, cheksiz Kichik
miqgdor, cheksiz kichik miqgdorlarning xossalari, algebraik yig’indining limiti,
ko’paytmaning limiti, bo’linmaning limiti, ajoyib limitlar.

Ma'ruza rejasi:

Funktsiya limiti.

Chap va o’ng limitlar.

Limitning mavjudlik sharti.

Limitning yagonaligi.

Cheksiz kichik migdorlar va ularning xossalari.
Limit mavjudligining zaruriy va etarli sharti.
Limitlarning asosiy xossalari.

Ajoyib limitlar.

O~NOOGThowWDdE

Adabiyotlar:

[1] 1l bob, §5-10  [2] Il bob, §1-7

Oliy matematikaning muhim tushunchalaridan biri limit bo’lib, uning
yordamida egri chizigga urinma, egri chizig yoyi uzunligi, funktsiya uzluksizligi
va hosilasi, aniq integral kabi juda ko'p tushunchalar kiritiladi.

T A'R1F: Agarda oldindan berilgan ixtiyoriy €>0 son uchun unga bog’liq
shunday 6=0(¢)>0 son topilsaki, 0<|x-a|<d shartni ganoatlantiruvchi har ganday
xeD{f} uchun [f(x)-A|<e tengsizlik o’rinli bo'lsa, A soni y=f(x) funktsiyaning x—a
bo’lgandagi limiti deb ataladi va bu tasdiq

lim f(x)=A

xX—>a

ko'rinishda yoziladi.

Misol sifatida, limx?=9 ekanligini ko’rsatamiz. Bu erda x—3 bo’lgani uchun
x—3

2<x<4, ya'ni |x+3|<7 deb olishimiz mumkin. Bu holda ixtiyoriy >0 uchun
|f(x)-Al=|x2-9|=|x+3||x-3|<7|x-3|<e
tengsizlik o'rinli bo'lishi uchun |x —3/<e/7, yamni (g)=¢/7 deb olish mumkin.

Demak, limit ta'rifiga asosan, lim x?=9 tenglik o’rinli bo’ladi.
x—3
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T A" R 1 F : y=f(x) funktsiya x—a bo’lganda cheksiz (+ooyoki -o0) limitga ega
deyiladi, agarda har ganday katta N>0 son uchun shunday 6=36(N)>0 con mavjud
bo’lsaki, 0<|x-a|<d shartni ganoatlantiruvchi har ganday xeD{f} uchun |f(x)|>N
tengsizlik o’rinli bo’lsa.

Ta'rifdagi tasdig lim f(x)=tco ko'rinishda yoziladi.

xX—>a

Masalan, lim (x*-8)2=c0 ekanligini ko'rsatish mumkin.
x—2

TA'R 1 F : A soni y=f(x) funktsiyaning x—+o bo’lgandagi limiti deyiladi, agarda
har ganday kichik €>0 con uchun shunday katta M=M(g)>0 son mavjud bo’lsaki,
[X|>M shartni ganoatlantiruvchi barcha xe D{f} uchun |f(x)-A|<e tengsizlik o'rinli
bo’lsa.

Bu tasdig lim f(x)=A ko'rinishda yoziladi.

X—>*o0
x+1

Masalan, lim

x> X

=1 ekanligini ko'rsatamiz. Ixtiyoriy kichik €>0 uchun

x+1

[f(x)-Al=| -1|=|1/x|<e tengsizlik bajarilishi uchun, [x|>¢*, ya'ni M(g)=¢? deb

X
olishimiz mumkin. Bu erdan, ta'rifga asosan, yuqoridagi tenglik o'rinli ekanligi
kelib chigadi.
T A 'R 1 F : y=f(x) funktsiyaning x—+co0 bo’lgandagi limiti cheksiz deyiladi,
agarda har ganday katta N>0 coni uchun shunday M=M(N) son mavjud bo’lsaki,
[X|>M shartni ganoatlantiruvchi barcha xeD{f} uchun [f(X)|>N tengsizlik o'rinli
bo’lsa.

Ta'rifdagi tasdik lim f(x)=+o ko'rinishda yoziladi.
X—>+00
Masalan, lim x3=too, lim X?=+oo ekanligini ta'rif bo’yicha isbotlash

X—>+00 X—>+00

mumkin. Ba'zi hollarda funktsiyaning chap va o’ng limiti tushunchalari kerak

bo’ladi.

TA'RIFE: y=f(x) funktsiyaning argumenti x gandaydir a soniga fagat chap
(x<a) yoki o’'ng (x>a) tomondan yaginlashib borganda funktsiya limiti biror A;
yoki A, sonidan iborat bo’lsa, y funktsiyaning a nuqtadagi chap yoki o’ng limiti
deb ataladi va lim f(x)=A; yoki limof(x):Az ko'rinishda yoziladi.

x—a—0 x—a+
x>0
Masalan, sgnx=< 0,x=0  funktsiya uchun
-1,x<0

A= lim sgnx=-1, A,= lim sgnx=1.
x—0-0 x—0+0
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Agarda biror a nugtada y=f(x) funktsiya A limitga ega, ya'ni lim f(x)=A

x—>a
bo’lsa, u holda A;=A,=A tenglik o’rinli bo’lishi chap va o’ng limit ta'rifidan kelib
chigadi. Aksincha, agar chap va o’ng limitlar teng bo’lsa, u holda limitning
ta'rifidan funktsiya limiti mavjudligi kelib chigadi.

Shuni ta'kidlab o'tish kerakki, funktsiya limiti har doim ham mavjud
bo’'lavermaydi. Masalan, y=sgnx funktsiya x—0 bo’lganda limitga ega emas,
chunki bu holda A;=-1 va A,=1 bo’lib, A1#A,. Ammo bu funktsiya x—a , a+0,
bo’lganda 1 yoki —1 limitga egadir.

TEOREMA: Agar x—a bo’lganda funktsiya limiti mavjud bo'lsa, u holda bu limit
yagona bo'ladi.
I s b ot: Teskarisini faraz gilaylik, ya'ni funktsiya x—a bo’lganda ikkita A va B
limitlarga ega bo'lsin. Limit ta'rifiga ko'ra, har ganday kichik €>0 son uchun
shunday 6:=01(¢)>0 va 0,=02(¢)>0 sonlar topiladiki, 0<|x-a|<d; va 0<|x-a|<d;
shartlarda |f(x)-Al<e/2 va |f(x)-B | <e/2 tengsizliklar bajariladi. Agar d=min(dy,
d2) deb olsak 0<|x-a|<d bo’lganda
| A-B|=|A - T(X)+ f(X)+BI< [f(X)-Al+ [f(X)-B|<el2+e/2=¢

tengsizlik o’rinli bo’ladi. Bu erda ¢ ixtiyoriy kichik son bo’lganidan va A, B

sonlar x ga bog’lik emasligidan |A-B|=0, ya'ni A=B ekanligi kelib chigadi.

Demak funktsiya limiti mavjud bo’lsa, u fagat yagona bo'ladi.

Limitlarga doir turli tasdiklarni isbotlashda cheksiz kichik migdor va
ularning xossalari muhim ahamiyatga ega.

TA'RIF: a(x) funktsiya x—a (Ja|<oo yoki a=t) bo’lganda cheksiz kichik

miqdor deb ataladi, agarda lim a.(x)=0 shart bajarilsa.
Xx—>a

TEOREMA : Agar x—a bo’lganda a.(x) va B(x) cheksiz kichik migdorlar
bo’lib, f(x) biror M soni bilan chegaralangan, ya'ni | f(x) | <M bo'lsa, u holda
a(X)EB(x); au(X) B(x); f(X) a(x); Ca(x) (C= const) funktsiyalar ham cheksiz
kichik miqgdorlar bo’ladi.

Isbot: a(x)va pB(x) cheksiz kichik migdorlar, ya'ni lim o(x)=0,
xX—>a

lim B (x)=0 bo’lgani uchun limit ta'rifiga asosan ixtiyoriy >0 son uchun
x—>a

shunday >0 topiladiki, 0<|x-a|<d shartlarda |a(x)|<e/2, |B(X)|<e/2 tengsizliklar
bir paytda o’rinli bo’ladi. Natijada 0<|x-a|<d bo’lganda

a()EBE)I< [a(X)+Bx)] <e/2+e/2=e,

(%) BE)I= ()] IBE)] <e/2 el2=€712,
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[F(X) o ()= [f ()] |ow (x) <[M] &/2, | ¢ ax)[=[cf [a(x)] < [c] &/2

tengsizliklar o'rinli bo’ladi. Bulardan va limit ta'rifiga asosan
lim (a(X)£p(x))=0, lim a(x) P(x)=0

xX—>a X—>a
lim f(x) a (x)=0, lim c a(x)=0
x—>a xX—>a

natijalarni olamiz. Teorema isbotlandi.

NATIJA: Chekli sondagi cheksiz kichik miqgdorlarning algebraik yig’indisi,
ko'paytmasi yana cheksiz kichik migdordan iborat bo'ladi.
Bu natijani oldingi teoremani bir necha marta qo’llab isbotlash mumkin.
LEMMA: lim f(x)=A tenglik o’rinli bo’lishi uchun f(x) funktsiya f(x)=A+ o(x)

xX—>a

ko'rinishda bo'lishi zarur va etarli. Bunda lim a(x)=0, ya'ni a(x) cheksiz kichik
x—>a

miqgdordir.
Lemma isboti limit va cheksiz kichik migdor ta'rifidan kelib chigadi.
ASOSIY TEOREMA: Agar x—a bo’lganda f(x) va g(x) funktsiyalar chekli
limitlarga ega bo’lsalar, unda
lim [f (X)£ g(X)] = lim f(X)+ lim g(x) (1)

x—a x—a x—a
lim cf (x)= ¢ lim f (X) (2
X—>a xX—>a
lim f(x) g(x) = lim f(x) lim g(x) (3)
Xx—>a x—>a xX—>a
tengliklar o'rinli bo’ladi. Agar lim g(x)=0 bo’lsa,
xX—>a

fx) S
iil}z g(x) ~ lim g(x) )

tenglik o’rinlidir.

Isbot limf(x)=A, limg(x)=B bo’lsin. Bu holda, lemmaga asosan, f(x)=A+a(x),
x—>a x—>a

g(x)=B+pB(x) deb yoza olamiz. Bu erda a(x) va B(x) funktsiyalar x—a bo’lganda
cheksiz kichik migdorlardir. Bu tengliklardan foydalanib
f (¥)+ 9(x) =(Ata(x)) £ (B+p(x))=(ALB)+( a(x) £B(x))

natijani olamiz. Cheksiz kichik  miqdorlar  xossasiga asosan bu erda
v(x)=o(x) +B(x) funktsiya x—a bo’lganda cheksiz kichik miqdor bo’ladi. Bu holda
yuqoridagi tenglikdan va lemmaga asosan

lim (f (X)£ g(X)) =A£B= lim f(x)£ lim g(x)

xX—>a X—>a

xX—>a
tenglik o'rinli ekanligiga ishonch hosil gilamiz.

Teoremadagi golgan tengliklar ham shu tarzda isbotlanadi.
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Yuqorida ko'rsatilganidek, funktsiya har doim ham limitga ega
bo’lavermaydi. Shu sababli funktsiya limitini hisoblashdan oldin uning
mavjudligini tekshirib ko’rishga to’g’ri keladi. Shu magsadda quyidagi

teoremalarni ishotsiz keltiramiz:

TEOREMA 1: Agar ¢(x) <f(x)<wy(x) tengsizliklar ixtiyoriy x uchun o'rinli bo'lib,

x—a bo’lganda ¢(x) va wy(x) funktsiyalarining limitlari mavjud va lim ¢(X)=
xX—>a

lim y(x)=A bo’lsa, u holda x—a bo'lganda f(x) funktsiya uchun ham limit mavjud
xX—>a

bo'lib, lim f(x)=A munosabat o'rinli bo’ladi.
xX—>a

TEOREMA 2: Agarda f(x) funktsiya o'suvchi (kamayuvchi) bo'lib,
yugoridan (quyidan) biror M(m) soni bilan chegaralangan bo’lsa, u holda bu

funktsiya x—a bo’lganda limitga ega va bu limit uchun lim f(x)<M ( lim f(x)>m)
x—>a x—>a

munosabatlar o’rinli bo'ladi.
Turli  funktsiyalarning limitini  hisoblashda quyidagi tengliklardan
foydalanish mumkin:

im 2 —1  lim (1 + 1) — e=2.7182818284.......
x—=>0 Xx xX—>*too X
fim (1+ﬁ] _et . fim e
X—>+oo X x_)() x
1 x o
lim (1+ ax)* =e?, lim £ 1:lna, 1im%=a

x—0 x—=0 X x—0 X
Bular matematikada ajoyib limitlar deb ataladi va ularning isboti kelgusi
ma'ruzalarda beriladi.

Q’z-0'zini nazorat etish savollari:

Funktsiyaning chekli limiti ganday ta'riflanadi?

Funktsiyaning cheksiz limiti ganday ta'riflanadi?

Funktsiyaning chap (0’ng) limitlari deb nimaga aytiladi?

Qanday shartda funktsiyaning limiti mavjud bo’ladi?

Limiti mavjud bo’Imagan funktsiyaga misol keltiring.

Cheksiz kichik migdor deb nimaga aytiladi?

Cheksiz kichik migdorlar ganday xossalarga ega?

Funktsiya limiti mavjudligining zaruriy va etarli sharti nimadan iborat?
Limitlarning asosiy xossalari nimalardan iborat?

O Ajoyib limitlarni yoza olasizmi?

H“’PON@S”PW!\’P

150



23 - MA'RUZA

UZLUKSIZ FUNKTSIYALAR VA ULARNING
XOSSALARI.

Tayanch iboralar: funktsiyaning nuqtadagi uzluksizligi, argument orttirmasi,
funktsiya orttirmasi, funktsiyani oraligda uzluksizligi, asosiy elementar
funktsiyalarning uzluksizligi, funktsiyani nugtada chap va 0’ng tomondan
uzluksizligi, funktsiyaning uzilish nugtalari, I wva Il tur uzilish nuqgtalari, uzilish
nugtasida funktsiyani sakrashi, kesmada uzluksiz funktsiyalar va ularning
xossalari.

Ma'ruza rejasi:

1. Funktsiyaning nugtadagi uzluksizligi ta'rifi.
2. Argument va funktsiya orttirmasi.
3. Funktsiyalar uzluksizligini orttirmalar orgali ifodalanishi.
4. Asosly elementar funktsiyalarning uzluksizligi.
5. Uzluksiz funktsiyalarning asosiy xossalari.
6. Elementar funktsiyalarning uzluksizligi.

7. Funktsiyaning nuqgtada chap va 0’ng tomondan uzluksizligi.
8. Funktsiyaning oraliq va kesmada uzluksizligi.

9. Funktsiyaning uzilish nuqgtalari va ularning turlari.

10. Kesmada uzluksiz funktsiyaning xossalari.

Adabiyotlar:

[1] Il bob, §13-16  [2] Il bob, §9-10

y=f(x) funktsiya x, nugtada va uning biror atrofida aniglangan bo’lsin.
TA'"RIFE: y=1(x) funktsiya xo nugtada uzluksiz deyiladi, agarda u bu nugtada
aniglangan va quyidagi shart bajarilsa:
lim f(x)=f(xo) 1)

X—>X(

lim x=xo ekanligini hisobga olib, (1) uzluksizlik shartini
x—)xo

lim f(x)= f( lim x)

X—>X( X—>X(
kabi yozish mumkin.
Demak, f(x) funktsiya xo nugtada uzluksiz bo'lishi uchun funktsiya olish va
limit olish amallarini o’rnini almashtirish mumkin bo’lishi kerak ekan.
Amaliy masalalarda funktsiya uzluksizligini orttirma tushunchasi orqali
tekshirish qulay.
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Agar x nuqgta xo nugta atrofidan olingan bo’lsa, x-xp ayirma argument
orttirmasi deyiladi va Ax kabi belgilanadi. Bu holda f(x)-f(xo) ayirma funktsiya
orttirmasi deyiladi va Af yoki Ay kabi belgilanadi.

Demak, Ax argumentning o’'zgarishini, Af esa funktsiya o'zgarishini
ifodalaydi. Agarda x—x, bo’lsa, u holda Ax—0 bo’ladi. x=xo+Ax ekanligidan
foydalanib, (1) uzluksizlik shartini

lim f(xo+Ax)=F(xo) (2)
Ax—0

ko'rinishida yozish mumkin. Bu shartni Af=f(x)-f(xo)=f(xo+Ax)-f(xo) ekanligidan
foydalanib,

lim Af=0 (3)
Ax—0

ko'rinishda yozish mumkin. Demak f(x) funktsiya uzluksiz bo’lishi uchun
argumentning “kichik” Ax 0'zgarishiga funktsiyaning ham “kichik” Af o'zgarishi
mos kelishi kerak.
Misol sifatida y=x? funktsiyaning har ganday x, nugtada uzluksiz ekanligini
(3) shart yordamida ko’rsatamiz:
Ay:Af:f(xo+Ax)-f(xo):(xo+Ax)2—x02 =
=x; + 2x, - Ax + (Ax®) — xF = (2x, +Ax)Ax = lim Af =0

ASOSIY TEOREMA: Barcha asosiy elementar funktsiyalar aniqlanish

sohasidagi har bir xo nugtada uzluksizdir.
Bu teoremani isbotsiz qabul gilamiz.

TEOREMA: Agarda f(x) va g(x) funktsiyalar x, nugtada uzluksiz bo’lsa, u holda
f(x)xg(x), f(x) g(x) funktsiyalar ham bu nuqtada uzluksiz bo’ladi. Agarda
qo’'shimcha ravishda g(Xo)#0 shart bajarilsa, f(x)/g(x) nisbat xam x, nuqtada
uzluksizdir. Agarda Up=g(Xo) nuqtada f(x) funktsiya uzluksiz bo’lsa, f(g(x))=F(x)
murakkab funktsiya ham x, nuqtada uzluksiz bo’ladi.
Isbot: Teoremaning isboti limitlar xossalaridan va uzluksizlikning (1) shartidan
kelib chigadi.
Masalan, h(x)=f(x)£g(x) funktsiyaning xo nuqtada uzluksizligini ko'rsatamiz.
Teorema shartiga asosan

lim f(xX)=f(xo), lLim g(x)=g(Xo)

X—>X( X—>X(
bo’lgani uchun
lim h(x)= lim [f(X)xg(X)]= lim f(X)= lim g(X)= f(X0)*g(Xo)= h(xo).
X—>X( X—>X(

X—>X( X—>X(

Ta'rifga asosan h(x) funktsiya xo nugtada uzluksiz bo’ladi. Teoremaning golgan

gismini isboti talabalarga mustagil ish sifatida tavsiya etiladi.
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Asosiy teorema va bu teoremadan quyidagi natija kelib chigadi.

Natija: Barcha elementar funktsiyalar aniglanish sohasidagi har bir xo nugtada
uzluksiz bo’ladi.
T A 'R 1 E: y=f(x) funktsiya biror chekli yoki cheksiz (a,6) intervalning har bir
nuqtasida uzluksiz bo’lsa, u shu intervalda uzluksiz deyiladi.
Masalan, y=(1-x2)"*2 funktsiya (-1,1) intervalda uzluksizdir.
T AR 1 FE : y=f(x) funktsiya a nugtada aniglangan bo'lib,

lim f(x)=f(a+0)=f(a) ( lim f(x)=f(a-0)=f(a))

x—a+0 x—a—0
shartni ganoatlantirsa, u holda f(x) funktsiya a nugtada o’'ngdan(chapdan) uzluksiz
deyiladi.

I,x>0
Masalan, y= { (4)
-1,x<0
funktsiya x=0 nugtada o’ngdan uzluksiz, chunki
lim f(xX)= lim 1=1=f(0).

x—=>14+0 x—=>14+0
Ammo

lim f(x)= hm (1) -1=1(0),

x—1-0
ya'ni x=0 nuqtada funktsiya chapdan uzlukS|z emas.

Agarda y=f(x) funktsiya x=a nuqtada uzluksiz bo’lsa, u holda bu funktsiya shu
nuqtada ham chapdan, ham o’ngdan uzluksiz bo'ladi.
Aksincha, x=a nuqgtada funktsiya chapdan va o'ngdan uzluksiz bo'lsa, bu
nuqtada funktsiya uzluksizdir.
Shunday qilib, f(x) funktsiyaning a nuqtada uzluksiz bo’lishi uchun
lim f(x)= lim f(x)="f(a) (5)

x—a+0 x—a—0

shart zarur va etarlidir.
T A 'R 1 E: y=f(x) funktsiya uchun biror a nugtada (5) tenglik bajarilmasa, u shu
nugtada uzlukli, a esa uning uzilish nuqgtasi deyiladi.

Masalan, (4) funktsiya uchun x=0, y=(1-x2)"2 funktsiya uchun esa x=+1 uning
uzilish nugtasi bo'ladi.

Agarda a nuqgta y=f(x) funktsiyaning uzilish nuqtasi bo’lib, bu nuqgtada
funktsiyaning chap va o’ng limitlari chekli sonlardan iborat bo’lsa, x=a
funktsiyaning | tur uzilish nuqgtasi deyiladi. Masalan, (4) funktsiya uchun x=0 | tur
uzilish nugtasi bo’ladi. Bu holda A=f(a+0)-f(a-0) funktsiyaning a nuqtadagi
sakrashi deb ataladi.

Agarda y=f(x) funktsiyaning a uzilish nuqgtasida uning chap va o'ng limitlaridan
kamida bittasi cheksiz yoki mavjud bo’lmasa x=a |1 tur uzilish nuqgtasi deyiladi.

Masalan,
y= x%,x>0
x72 ,x<0
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funktsiya x=0 nuqtada Il tur uzilishga ega, chunki f(0+0)=0, f(0-0)=c bo’lmoqda.
Xuddi shunday, f(x)=(x-2)* funktsiya uchun x=2 Il tur uzilish nugtasi
bo'ladi, chunki f(2-0)= —oo, f(2+0)= <.
T A'R | E: y=f(x) funktsiya [a,b] kesmada uzluksiz deyiladi, agarda u (a,b)

intervalda uzluksiz, x=a (x=Db) chegaraviy nuqgtada o’ngdan (chapdan) uzluksiz

bo'lsa.

Masalan, y=sinx funktsiya har ganday [a,b] kesmada uzluksizdir.
Agarda funktsiya [a,b] kesmada uzluksiz bo’lsa, uning grafigining shu kesmaga
mos keluvchi qismi yaxlit (uzluksiz) chizigdan iborat bo’ladi. Agarda f(x)
funktsiya xo nuqtada uzilishga ega bo’lsa, uning grafigi ham shu nugtada uziladigan
chizigdan iborat bo'ladi. Uzluksizlikning bu geometrik talgini uzluksiz
funktsiyalarning quyidagi xossalari va ularning isbotini tasavvur etishga imkon
beradi.

1-xossa : Agarda f(x) funktsiya [a,b] kesmada uzluksiz bo’lsa, bu kesmada
kamida bitta shunday x; (x2) nugta mavjudki, har ganday xe<[a,b] uchun f(x;)>f(x)
(f(x2)<f(x)) munosabat bajariladi.

Bu xossadagi f(x1) yoki f(x2) berilgan f(x) funktsiyaning [a,b] kesmadagi eng
katta yoki eng kichik giymati deb ataladi va

T T, 109

kabi belgilandi. Haqiqatdan ham, funktsiya grafigining eng baland yoki eng past
joylashgan nugta yoki nuqgtalaridan birining abstsissasi x; yoki x, deb olsak,
xossada aytilgan tasdiq kelib chigadi.

Masalan, f(x)=x?, xe[2,4] funktsiya uchun x;=2, x,=4 bo’ladi, chunki bu kesmada
4<x?<16, ya'ni f(2)<f(x)<f(4) munosabat o'rinli.

2-xossa: Agar f(x) funktsiya [a,b] kesmada uzluksiz va uning chegaralarida
turli ishorali giymatlarni gabul qilsa, ya'ni f(a) f(b)<O shart bajarilsa, u holda
kamida bitta shunday ce(a,b) nugta mavjudki, unda f(c)=0 tenglik bajariladi.

Bu xossaning geometrik ma'nosi shundan iboratki, ko'rsatilgan shartlarda
funktsiya grafigi [a,b] kesmada uzluksiz chizigdan iborat bo’lib, uning bir uchi OX
koordinata o’gidan pastda, ikkinchi uchi esa undan yuqorida bo’ladi. Shu sababli
funktsiya grafigi OX o’qgini kamida bitta x=c nugtada kesib o’tadi va shu nugtada
f(c)=0 bo'ladi.

Bu xossa yordamida f(x)=0 ko’rinishdagi tenglamaning ildizlari yotgan
oraliklarni topish mumkin. Masalan, x—cosx=0 tenglama (0,x) oralikda ildizga ega,
chunki f(x)=x—cosx funktsiya [0,x] kesmada uzluksiz va f(0)=—1<0, f(r)=n+1>0.
Demak gandaydir xo€(0,7) nugtada f(xo)=0 bo’ladi va x, berilgan tenglama ildizini
ifodalaydi.
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3- xossa: Agarda f(x) funktsiya [a,b] kesmada uzluksiz va f(a)=A, f(b)=B,
A#B bo’lsa, har ganday pe(A,B) son uchun kamida bitta shunday ce(a,b) nugta
topiladiki, unda f(c)= p tenglik o'rinli bo'ladi.

Bu xossani geometrik nuqgtai nazardan quyidagicha talgin etish mumkin. OY
koordinata o’gida joylashgan va A<u<B shartni ganoatlantiradigan u nugtadan OX
0'giga parallel to'g’ri chiziq o'tkazsak, bu to’g’ri chiziq y= f(x), xe[a,b], funktsiya
grafigini hech bo’lmaganda bitta M nugtada kesib o’tadi. Shu nugtaning absissasi
x=c uchun f(c)= u tenglik bajariladi.

Masalan, f(x)=x3 xe[1,3], funktsiya uchun A=1, B=27 va har ganday
ne(1,27) uchun c=3/u deb olsak, f(c)=c®=(3/u)*=p  tenglik bajariladi. Bu
xossadan ushbu natijani chigarish mumkin:

Natija: Agarda f(x) funktsiya [a,b] kesmada uzluksiz va bu erda uning eng katta
va eng kichik giymatlari M va m bo’lsa, u holda funktsiya giymatlari [m,M]
kesmani to’liq to’ldiradi.

O’z — 0'zini nazorat etish savollari:

Qachon funktsiya nugtada uzluksiz deyiladi?

Argument va funktsiya orttirmalari ganday aniglanadi?

Orttirmalar tilida funktsiya uzluksizligi ganday ifodalanadi?

Asosiy elementar funktsiyalar uzluksizmi?

Uzluksiz funktsiyalarning asosiy xossalari nimadan iborat?
Elementar funktsiyalar uzluksizligi hakida nima deyish mumkin?
Qachon funktsiya nugtada chap (0’ng) tomondan uzluksiz deyiladi?
Funktsiyaning nuktada uzluksiz bo'lishining zaruriy va etarli sharti nimadan
iborat?

9. Funktsiyaning uzilish nugtalari ganday aniglanadi?

10.Uzilish nuqtalari ganday turlarga ajratiladi?

11.Qachon funktsiya oraliqda (kesmada) uzluksiz deyiladi?
12.Kesmada uzluksiz funktsiya ganday xossalarga ega?

O Nk WNE
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24 - MA'RUZA

FUNKTSIYA HOSILASI VA UNING GEOMETRIK,
MEXANIK MA'NOSI.

Tayanch iboralar: hosila ta'rifi, hosilaning geometrik ma'nosi, hosilaning
mexanik  ma'nosi, differentsiallanuvchi  funktsiya, differentsiallanuvchi
funktsiyaning uzluksizligi.

Ma'ruza rejasi:

1. Funktsiya hosilasi.

2. Hosilaning geometrik ma'nosi.

3. Hosilaning mexanik ma'nosi.

4. Differentsiallanuvchi funktsiyaning uzluksizligi.

Adabiyotlar:

[1] 1 bob, §1-2  [2] 11l bob, §1-4

y=f(x) funktsiya (a,b) oraliqda aniglangan bo’lib, x va x+Ax shu oraligdagi
nugtalar bo'lsin. Bu holda argumentning Ax orttirmasiga funktsiyaning
Af=f(x+Ax)-f(x) orttirmasi mos keladi.

T A" RIF : y=f(x) funktsiya Af orttirmasining Ax argument orttirmasiga
nisbati Ax—0 bo’lganda chekli limitga ega bo’lsa, bu limit giymati funktsiyaning x
nugtadagi hosilasi deb ataladi va f'(X) yoki y'(x) kabi belgilanadi.

Ta'rifga asosan

£/ = lim A i 1A= T 1)
Ax=0 AX Ax—0 AX
Misol sifatida f(x)=x? funktsiya hosilasini ta'rifga asosan topamiz:
AF=F(x+Ax)-f(X) = (x+Ax)? —x? =2xAx +(Ax)?,

f'(x)= AIimoi—f = AIim0(2x + AX) = 2X
X—> X X—>

Demak, (x?)'=2x bo'lar ekan.

y=f(x) funktsiya hosilasining geometrik ma'nosini aniglash uchun bu
funktsiyaning grafigida abtsissasi x va x+Ax , ordinatalari esa f(x) va f(x+Ax)
bo’lgan M va N nugtalarni olamiz. Bu nugtalardan o’tuvchi MN kesuvchining OX
0’gining musbat yo'nalishi bilan hosil gilgan burchagini B kabi belgilaymiz. Bu
holda tegishli chizmani chizib, tgp =% natijani olish mumkin. Endi Ax—0
bo’lsin. Bu holda N nugta M nuqgtaga yaginlashib boradi, MN kesuvchi esa
funktsiya grafigining M nugtasiga o’tkazilgan urinmaga yaginlashib boradi. Bu
urinmaning OX o’qi musbat yo’nalishi bilan hosil gilgan burchagini o deb
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belgilasak, yuqoririda aytilganlarga ko'ra Ax—0 bo’lganda p—a yoki tg p—tga
munosobat o’rinli bo’ladi. Demak,
. Af
tge = fm, tg = im " = 1109
Shunday qilib, f'(x) hosila giymati funktsiya grafigining M(x,f(x)) nugtadagi
urinmasining k=tga burchak koeffitsientiga teng bo’lar ekan.

Hosilaning mexanik ma'nosini ko'rsatish uchun x argumentni vagt momenti,
y=f(x) funktsiyani esa to’g’ri chiziq bo’ylab harakatlanayotgan moddiy nugtaning x
vaqt momentigacha bosib o’tgan masofasi deb garaymiz. Bu holda Af orttirma Ax
vaqt ichida moddiy nugtaning bosib o’tgan yo'lini, Af/Ax nisbat esa uning v
(o'rtacha) tezligini ifodalaydi. Ax—0 bo’lganda v (o'rtacha) tezlik moddiy
nugtaning x vaqt momentidagi Vv (oniy) tezligiga yaqinlashib boradi, ya'ni

Af
V(onuir) = I|m V(ypmatta) = I|m Wwie f'(x).
Demak, f'(X) hosila f(x) funktsiyaning o'zgarish tezligini ifodalaydi.

Agar y=f(x) funktsiya x nuqtada chekli f(x) hosilaga ega bo'lsa, u shu
nuqgtada differentsiallanuvchi deyiladi. Funktsiyaning differentsiallanuvchanligi va
uzluksizligi orasidagi bog’lanish quyidagi teorema orgali ifodalanadi.
TEOREMA: Agarda y=f(x) funktsiya x nugtada differentsiallanuvchi bo’lsa, u shu
nugtada uzluksiz bo'ladi.

I sbot: Funktsiya uzluksizligi ta'rifiga asosan

lim Af=0 (2)
Ax—0

munosabatni ko'rsatish kifoya. Hosila ta'rifini ifodalovchi (1) tenglik va limitni
mavjudligi hagidagi oldin ko'rib o’tilgan lemmaga asosan

% — £ (X) +a(AX)

tenglikni yozish mumkin. Bu erda Ax—0 bo’lganda a(Ax) cheksiz kichik migdor
bo’ladi. Bu holda, limit hisoblash goidalariga asosan,

lim Af= hm( f'(X) Ax+a(Ax))= f'(X) hm AX+ lim o(Ax)=0.
A0 Ax—0 Ax—0

Demak, (2) munosabat o’rinli va shu sababli f(x) funkt5|ya X nugtada uzluksiz
bo'ladi.
I Z O H : Teoremadagi tasdigning teskarisi umuman olganda o'rinli emas.

Masalan, f(x)= x| funktsiya x=0 nuqgtada uzluksiz, ammo bu nugtada
differentsiallanuvchi emas. Xagigatan ham, x=0 nugtaga Ax orttirma berganimizda Af=f(0+AXx)-
f(0)=Ax tengik o'rinli bo’ladi. Bu erdan

lim gz lim gzl, lim ﬁz lim ﬂ=—1.
Ax—>+0 Ax  Ax—>+0 Ax A—>-0 Ax A0 Ax
Demak, Ax—0 bo’lganda Af/Ax nisbat limitga ega emas, ya'ni f'(0) hosila mavjud

emas.
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T A" R I F : y=f(x) funktsiya (a,b) oraligning har bir nuqgtasida
differentsiallanuvchi bo’lsa, u shu oraligda differentsiallanuvchi deb ataladi.
Masalan, y=x? funktsiya har ganday oraliqda differentsiallanuvchi. y=\x\

funktsiya esa x=0 nugtani 0’z ichiga olmaydigan oraliglarda (masalan, (-1,0),
(0,1), (2,4) oraliglarda) differentsiallanuvchi, x=0 nugtani o'z ichiga oluvchi
oraliglarda (masalan, (-1,1), (-5,3) oraliglarda) differentsiallanuvchi bo’lmaydi

Q’z-0'zini nazorat etish savollari:

Funktsiyaning nuqtadagi hosilasi ganday ta'riflanadi?

Hosilaning geometrik ma'nosi nimadan iborat?

Hosilaning mexanik ma'nosi nimadan iborat?

Differentsiallanuvchi funktsiyaning uzluksizligi hagida nima deyish mumkin?
Uzluksiz funktsiyaning differentsiallanuvchanligi to’g’risida nima deyish
mumkin?

6. Qachon funktsiya oraligda differentsiallanuvchi deyiladi?

ok~ PE
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25 - MA'RUZA

FUNKTSIYANI DIFFERENTSIALLASH QOIDALARI.
HOSILALAR JADVALL.

Tayanch iboralar: hosilani topish algoritmi, algebraik yig’indi hosilasi,
ko'paytma hosilasi, bo’linma hosilasi, murakkab funktsiya hosilasi, teskari
funktsiya hosilasi, asosiy elementar funktsiyalarning hosilalari, hosilalar jadvali.

Ma'ruza rejasi:

Funktsiya hosilasini ta'rif bo’yicha hisoblash algoritmi.
Funktsiyalar algebraik yig’indisining hosilasi.
Funktsiyalar ko'paytmasining hosilasi.

Funktsiyalar bo’linmasining hosilasi.

Murakkab funktsiyaning hosilasi.

Teskari funktsiya hosilasi.

Hosilalar jadvali.

NoOakowdPE

Adabiyotlar:

[1] 11 bob, §3-9  [2] I bob, §5-15
Umumiy holda y=f(x) funktsiyaning hosilasini topish, ya'ni uni differentsiallash,

quyidagi algoritm bo'yicha amalga oshiriladi:

1) x argumentga Ax=0 orttirma berib, x+Ax nugtani topamiz;
2) funktsiya orttirmasini Af= f(x+Ax)-f(x) tenglik bo’yicha xisoblaymiz;
3) Af/AX nisbatni topamiz va uning Ax—0 bo’lgandagi limitini hisoblaymiz. Bu
limit mavjud bo’lsa, uning giymati f’(X) hosilani aniglaydi.
Misol sifatida f(x)=sinx funktsiya hosilasini yugoridagi algoritm bo’yicha

topamiz:

1) x va x+Ax nuqgtalarda funktsiyani hisoblaymiz;
2) trigonometrik formuladan foydalanib, funktsiya orttirmasini quyidagicha
yozamiz:

Af=sin(x+Ax)-sinx= 2sin( Ax/2)cos(x+Ax/2)

3) Af/Ax nisbatni tuzamiz va uning limitini hisoblaymiz:
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im (Af/Ax)= AlimoZsin(Ax/2)cos(x+Ax/2)/Ax=

Ax—0

=Alimosin(Ax/2)/(Ax/2)- A]jm0 COS(X+AX/2)=1-COSX=COSX.

Bu erda ko'paytmaning limiti, limosinx/le ajoyib limitdan va y=cosx funktsiya
uzluksizligidan foydalanildi.

Demak, (sinx)'=cosx bo'ladi. Xuddi shunday usulda (cosx)'=—sinx ekanligi

aniglanadi. Bundan tashqari
1
(a)'=a'Ina, (logax)'= —loga€
X

ekanligini isbotlash mumkin.

Ammo, har ganday funktsiya hosilasini bu algoritm bo’yicha hisoblash oson
emas va muhimi shart ham emas. Umumiy holda funktsiya hosilasini hisoblashni

quyidagi differentsiallash qoidalari bo'yicha amalga oshirish mumkin.

1- goida: O’zgarmas C soning hosilasi nolga teng, ya'ni (C)'=0.
Isbot: Ozgarmas C sonni x argumentning har ganday qiymatida bir xil gqiymat

gabul giluvchi f(x)=C funktsiya deb garash mumkin. Bu holda,

Af= f(x+AX)-f(X)=C-C=0,  Af/Ax=0,

f(x) :Anmoi—f:Aﬁmoozo.
X— X X—>
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2-goida: u=u(x), v=v(x) funktsiyalar x nugtada differentsiallanuvchi bo’lsa, bu
nugtada u#v, uv va v(x)#0 shartda u/v funktsiyalar ham differentsiallanuvchi

bo’lib, ularni hisoblash uchun

!
u u'v—uv’
Vv Vv

formulalar o’rinli bo'ladi.

I sb ot : Funktsiya orttirmasi ta'rifidan foydalanib, har ganday Ax argument
orttirmasida A(u #v)=Au#Av ekanligini ko'rsatish mumkin. Bu holda limit xossasi

va hosila ta'rifiga asosan

, . AluU+v) . AuxAv . AU . AU ,
(u+v)' =Im = lim =Ilm —+ lm —=u"+V"
Ax—0 AX Ax—0 AX Ax=0 AX Ax—0 AX

Xuddi shunday,

A(UvV) = Uu-Av +A uv +A U-Ay, A(z) _ ulv —ulv
v v(v+Av)

munosobatlardan foydalanib, 2-qoidadagi golgan formulalarni ham isbotlash

mumkin.

Natija 1: Funktsiyaga ixtiyoriy C o'zgarmas sonni qo’shsak,
uning hosilasi o’zgarmaydi.

Xagigatdan ham (f(x)+C) '=f"(x)+C'= f '(x)+0= f '(x).

Natija 2 : O’zgarmas C ko’paytuvchini hosila belgisidan tashqgariga chigarish

mumkin.
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Xagigatdan ham, ko’paytmaning hosilasi formulasi va 1-qoidaga asosan
(C-f(x) '=C"-F(X)+C-f'(x)=0-f(x)+C-f '(x)=C-T '(x)
Natija 3 : (tgx)' =1/ cos®x , (ctgx)' = -1/ sin?x .

Xagigatan ham, bo’linmaning hosilasi formulasiga ko'ra

! ] !/

, (sinx) (sinx) -cosx—sinx-(cosx)
COSX COS™ X
_ cosx - cosx — sinx - (— sinx) 1
cos? x cos? x

Xuddi shunday ravishda (ctgx)’ hosila topiladi.

3-goida: y=f(u) murakkab funktsiyada f(u) va u(x) funktsiyalar argumentlari
bo'yicha differentsiallanuvchi bo’lsin. Bu holda y=f(u) murakkab funktsiya x

bo’yicha differentsiallanuvchi bo’lib, uning hosilasi
f/=1'(u)-u'(x)
formula bilan topiladi.

I sbot:u(x) funktsiya differentsiallanuvchi bo'lganligidan uning uzluksizligi

kelib chigadi va shu sababli Ax—0 bo’lganda Au—0 bo’ladi. Hosila ta'rifiga asosan

, e AF L Af AU . AF L Au , ,
f,=Im —=Im ——=1Ilm —-lim —=f'(u) -u'(x).
-0 AX &0 AU AX Ax—=0 Ay Mx=0 AX

Masalan, (sinx?)'= (u=x2) =(sin u)’, = €0S u - u' =2x COSx?.
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Bu goidaning tadbiqi sifatida y=x* darajali funktsiyaning " hosilasini topamiz.

Bu holda

Iny=Inx*=alnx=(Iny)x=(aInx)'=

!/
y _«a a a ot
y X X X

4-qoida:. y =f (x) differentsiallanuvchi va f’(x) #0 bo’lsa, x=f1(y) teskari

funktsiya ham differentsiallanuvchi bo’ladi va uning hosilasi x| = i’ formula
Y

bo'yicha topiladi.

| sbot:x=f1(y) teskari funktsiyaning argument orttirmasi Ay #0 bo’lgandagi
orttirmasi Ax bo'lsin. Berilgan f(x) funktsiya differentsiallanuvchi bo’lgani uchun
uzluksizdir va shu sababli unga teskari f-1(y) funktsiya ham uzluksiz bo’ladi.

Demak, Ay—0 bo'lganda Ax—0 bo’ladi. Bu holda, hosila ta'rifiga asosan,

A (Ay)YT 1
x/ =lim—=Ilim —| =—.
Ay—>0Ay Ax—0\ AX y)'(

Misol sifatida y=arcsinx funktsiya hosilasini topamiz. Bu erda D{f}=[-1;1],
E{f}=[-n/2, n/2] bo’lgani uchun, x=siny teskari funktsiyaning hosilasi

x'y =cosy # 0, y e(-n/2 n/2), shartni ganoatlantiradi. Bu holda

: o1 1
(arcsinx)'= y, =—=
x, COSy

Ammo ye(-n/2 n/2) bo’lganda cosy >0 va
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cosy=~/1—sin?y =+/1-x* , xe(-1,1)

tenglik o'rinli. Bu natijani oldingi tenglikka go'yib,

(arcsinx)'=
1—x?

formulani hosil gilamiz. Xuddi shunday usulda

(arccos X)'= - (arctg x)'= -, (arcctg x)'= —

1 1 1
NI 1+x 1+ x?
formulalarni hosil gilish mumkin.

Shunday qilib, barcha asosiy elementar funktsiyalar aniglanish sohasida

differentsiallanuvchi va ularning hosilalari quyidagi formulalar bilan hisoblanadi:

1) (x*)=o-x*1, - ixtiyoriy hagigiy son;

1

2) (@Y=a“lna,  (&Y=e: 3) (log,x)=—log, e, (INX) ==

X X

4) (sinx)’=cosx, (cosx)'=-sinx, (tgx)'= = ! (ctgx)’ = — 12
cos® x sin” x

5) (arcsinx)'= - (arccosx)’ = (arctg x)'= - (arcctg x)'=

1
N ’

Bu hosilalar jadvalidan va ko’rib o'tilgan

. (C)=0 . (uzv)'=u"#v' , . (uv)'=u'v+us',
u u'v-—uv'’ , 1
V.| = | = - V. [ful=fux VL X =—
Vv v y
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hosila olish goidalaridan foydalanib, har ganday elementar funktsiyaning hosilasini

hisoblash mumkin.
Masalan, (e*-sin 2x)'= (e*) 'sin 2x + e* (sin 2x )'= e*-sin 2X + ¢*.c0s 2X-(2X)'=
= (sin 2x +2 -cos 2X) e*,

) ! ) ' cosx
Insin x) =——-(sin x) = —— = ctgx.
( ) sin X ( ) sin X J

Q’z-0'zini nazorat etish savollari:

L

Ta'rif bo'yicha funktsiya hosilasini topish algoritmi ganday gadamlardan
iborat?

O’zgarmas sonning hosilasi nimaga teng?

Funktsiyalar algebraik yig’indisini hosilasi ganday hisoblanadi?

Funktsiyalar ko’paytmasining hosilasi ganday topiladi?

Funktsiyalar nisbatining hosilasi ganday hisoblanadi?

Hosila olishda o’zgarmas ko’paytuvchini nima gilish mumkin?

Murakkab funktsiyaning hosilasi ganday topiladi?

Teskari funktsiyaning hosilasi qanday topiladi?

Asosiy elementar funktsiyalarning hosilalarini yozing.

CoOoNOORWN

26-MA'RUZA

KESMADA DIFFERENTSIALLANUVCHI FUNKTSIYALAR HAQIDAGI
TEOREMALAR.

Tayanch iboralar: Roll teoremasi, Lagranj teoremasi, Koshi teoremasi.

Ma'ruza rejasi:

Kesmada differentsiallanuvchi funktsiyalar.
Roll teoremasi.

Lagranj teoremasi.

Koshi teoremasi.

e

Adabiyotlar:

165



[1] 1l bob, §19  [2] IV bob, §1-3

Biz quyida differentsial hisobning asosiy teoremalaridan bo'lib
hisoblanadigan teoremalarni keltiramiz.

1-TEOREMA (Roll teoremasi): f(x) funktsiya [a, b] kesmada uzluksiz va
uning ichki nugtalarida differentsiallanuvchi bo’lib, chegaralarida teng giymatlar
gabul qilsin, ya'ni f(a)=f(b) bo’lsin. U holda shu kesma ichida kamida bitta
shunday “c” nuqta topiladiki, unda funktsiya hosilasi nolga teng, ya'ni f'(c)=0
bo’ladi.

I sbot: Kesmada uzluksiz funktsiya shu kesmada o’zining eng kichik (m)
va eng katta (M) giymatlariga erishishi bizga ma'lum.

Agar m=M bo'lsa, u holda albatta f(x)=const bo’ladi va teorema tasdig’i kesmaning
har bir nugtasida bajariladi.
Aytaylik m<M bo'lsin. Kesma chegaralarida funktsiya giymatlari o'zaro teng
bo’lgani uchun funktsiyaning eng katta va eng kichik giymatlari kesmaning fagat
ichki nugtalarida erishiladi.
Agar biror a<c<b nugtada f(c) = M bo’lsa, u holda Af(c)=f(c+Ax)-f(c) < 0
bo’ladi. Bu erdan quyidagi natijalar kelib chigadi:
f(c+ Ax) —f(c)
AX
f(c+ Ax) —f(c)
AX

Kesmaning ichki nugtalarida funktsiyaning differentsiallanuvchanligidan
foydalanib, yuqoridagi munosabatlarda limitga o'tsak, u holda quyidagi
xulosalarga kelamiz:
£1(c)= lim f(c+ Ax) —f(c) <0 va (0= lim f(c+ Ax) —f(c) -0

Ax—0 AX Ax—0 AX

Ammo f'(c)>0 va f'(c)<0 tengsizliklar fagat f'(c)=0 bo’lgandagina
birgalikda bo’ladi.

f(c)=m hol ham xuddi shunday ko'riladi. Teorema isbot gilindi.

Shunday qilib, differentsiallanuvchi funktsiyaning teng qiymatlari orasida
funktsiya hosilasining hech bo’lmaganda bitta noli mavjud bo’lar ekan.

Roll teoremasi quyidagi geometrik talginga ega: uzluksiz funktsiya (a, b)
oraligdagi har bir nugtada yagona o'rinmaga ega bo’lsa va kesmaning
chegaralarida bir xil giymatlar gabul gilsa, u holda shu urinmalar orasida kamida
bittasi OX o'qiga parallel bo’ladi.

2-TEOREMA (Lagranj teoremasi): f(x) funktsiya [a,b] kesmada uzluksiz va
kesmaning ichki nugtalarida hosilaga ega bo’lsa, u holda (a,b) oraligda kamida

(1P

bitta shunday ‘“c” nuqta topiladiki, unda

%: f'(c) yoki f(b)-f(a)=f'(c)(b—a)

tenglik o’rinli bo'ladi.

<0, agar Ax>0 bo’lsa,

>0, agar Ax< 0 bo'lsa.
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| s b ot : Teorema shartini ganoatlantiruvchi f(x) funktsiya orgali ushbu
yordamchi funktsiyani kiritamiz:
f©)-f@,_,
b—a

p(x)=f(x) - f(a)-
Bu funktsiyaning (a,b) oraligdagi hosilasini topamiz:
, , f(b)- f(a
o0 = 1100 - -0,
—a
Kiritilgan ¢(x) funktsiya ¢(a)=0 va ¢@(b)=0 shartlarni ganoatlantiradi. Unda
Roll teoremasiga asosan kamida bitta shunday ¢ nuqta topiladiki, ce(a,b) va

¢'(c)=0 bo'ladi. Bundan
Q),(C): fl(c)_ f(b)_ f(a) =0 = f’(C): f(b)_ f(a)
b-a b—a
natija kelib chigadi. Teorema isbot bo'ldi.

Lagranj teoremasining geometrik ma'nosi shundan iboratki, f(x) funktsiya
grafigining A(a, f(a)) va B(b, f(b)) nugtalarini tutashtiruvchi AB vatarga parallel
va gandaydir C(c, f(c)) nugtadan o’tuvchi urinma mavjud.
3-TEOREMA (Koshi teoremasi): f(x) va g(x) funktsiyalar [a,b] kesmada uzluksiz
va uning ichki nugtalarida differentsiallanuvchi bo’lsin. Agar Vxe(a,b) uchun
g'(x)=0 bo'lsa, u holda kamida bitta shunday ce(a,b) nugta topiladiki, unda ushbu
tenglik o'rinli bo’ladi:

).

S )= f(a) _ f'(c)
gb)—g(a) g'(c)
| sbot: Teorema shartiga ko'ra Vxe(a,b) uchun g'(x)=0 ekanligidan g(b)=g(«a)
kelib chigadi. Xagigatan ham, agar g(b)=g(a) bo’lsa, unda Roll teoremasiga
asosan, kamida bitta “c” nuqtada g'(c)=0 bo’lar edi. Bu esa teorema shartiga zid.
Shu sababli quyidagi yordamchi funktsiyani kiritish mumkin:
f(b)-f(a)
F(x)=f(x)-f(a)-——=|g(x)—g(a)|.
(0= 100~ fla)= ==l -9()
Bu funktsiya [a,b] kesmada aniglangan va uzluksiz bo'lib,
: iy TO)-f@)
F'(x)=f'(x)———Fg'(x
(x)=1'(x) a0)—g(@ ¢
hosilaga ega. Kiritilgan yordamchi F(x) funktsiya F(a)=F(b)=0 shartni
ganoatlantirishini tekshirib ko'rishimiz mumkin. Demak, F(x) funktsiya [a,b]
kesmada Roll teoremasining hamma shartlarini ganoatlantiradi. Shuning uchun
[a,b] kesma ichida kamida bitta shunday ¢ nugta (a<c<b) topiladiki, unda F'(c)=0
bo’ladi, ya'ni

b _
F(e)=11()- L0 )0

Bundan esa teorema tasdig’i to’gri ekanligi kelib chigadi, ya'ni
fb)-f@) _ f'()
gb)—gla) g'(c)
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Izoh: Koshi teoremasidan xususiy g(x)=x holda Lagranj teoremasi kelib
chigadi.

Ko'rib o’tilgan bu uchta teoremaning ahamiyati funktsiyani to’la tekshirish
va anigmasliklarni ochishda ko'rinadi.

Q’z-0'zini nazorat etish savollari:

Roll teoremasini shartlari va tasdig’i nimadan iborat?

Roll teoremasining geometrik ma'nosini ko'rsating.

Lagranj teoremasini ifodalang.

Lagranj teoremasining geometrik ma'nosi nimadan iborat?

Koshi teoremasi ganday ifodalanadi?

Qaysi holda Koshi teoremasidan Lagranj teoremasi kelib chigadi?

oghkhwnrE

27- MA'RUZA

FUNKTSIYA DIFFERENTSIALL.
YUQORI TARTIBLI HOSILA VA DIFFERENTSIALLAR.

Tayanch iboralar: funktsiya differentsiali, differentsial mavjudligini zaruriy va
etarli sharti, algebraik yig’indi differentsiali, ko'paytma differentsiali, bo’linma
differentsiali, differentsialning invariantligi, yuqori tartibli hosilalar, yuqori tartibli
differentsiallar, parametrik funktsiya hosilasi.

Ma'ruza rejasi:

Funktsiya differentsiali.

Differentsialning tagribiy hisobdagi tatbig’i.
Differentsialning geometrik ma'nosi.
Differentsiallash qoidalari.

Yugori tartibli hosilalar.

Yugori tartibli differentsiallar.

Parametrik funktsiya hosilasi.

NogakhobdPE

Adabiyotlar:

[1] 11l bob, §12-15,§ 17-18  [2] 1l bob, §22-23

Berilgan y=f(x) funktsiyada x argument orttirmasi Ax bo’lganda funktsiya
orttirmasi Af=f(x+Ax)—f(x) kabi aniglanishini eslatib o’tamiz.
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TA'RIF: Agarda Ax—0 bo’lganda funktsiya orttirmasini
Af=A-Ax+a(AX) AX (1)

ko'rinishda ifodalab bo’lsa, unda A-Ax ifoda shu funktsiyaning differentsiali
deyiladi va df kabi belgilanadi. Bunda A Ax ga bog’liq emas, a(AX) esa cheksiz
kichik miqdordir.

Demak, funktsiya differentsiali uning orttirmasini Ax ga nisbatan chizigli
gismini ifodalaydi.

Ta'rif bo'yicha, ya'ni (1) tenglik orgali funktsiya differentsialini topish
ancha murakkab masaladir. Shu sababli uni osonroq usulda topish masalasi paydo
bo’ladi. Bu masala quyidagi teoremada 0’z echimini topadi.

TEOREMA: Agar y=f(x) funktsiya biror (a,b) oraliqda differentsiallanuvchi, ya'ni
f ' (x) hosilaga ega bo’lsa, uning differentsiali

df= f'(x)-Ax (2)
formula bilan topilishi mumkin.

Isbot: Hosila ta'rifi va limitning mavjudligi hagidagi lemmaga (28-
ma'ruzaga garang) asosan quyidagi tengliklarni yozish mumkin:

lim At = f '(x):g = f'(X) + a(AX) = Af = T'(X)AX + a(AX)AX
A0 AX AX

Oxirgi tenglikni (1) bilan solishtirib va differentsial ta'rifidan foydalanib, (2)
formulaga ega bo’lamiz. Teorema isbot bo’ldi.

Endi f(x)=x xususiy holni ko’ramiz. Bu holda df =dx bo'ladi va (2)
formulaga asosan dx=(x)"-Ax=Ax. Demak x erkli o’zgaruvchi (argument) uchun
Ax=dx, ya'ni orttirma va differentsial tushunchalari bir narsani ifodalaydi. Shu
sababli differentsialni hisoblashning (2) formulasini

df=f' (x)dx 3)

ko'rinishda yozish mumkin. Demak, funktsiya differentsialini topish uchun uning
hosilasini dx ga ko’paytirish kifoya. Masalan, dx?= (x?)'dx=2x dx,

dsinx=(sinx)’dx=cosx dx bo'ladi.

(3) formuladan hosilani  f'(x) = % kabi belgilash ma'nosi kelib chigadi.
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(1) tenglik va differentsial ta'rifidan

Af =df + a(Ax)Ax 4)

tenglikni yozish mumkin. Bu tenglikdan argument orttirmasi Ax kichik bo’lganda
funktsiya orttirmasi Af va differentsiali df giymatlari bir-biriga yaqin bo'lishini,
ya'ni Af ~df bo'lishini ko’ramiz.
1-Misol. f(x)=x*> funktsiyaning x=40 va Ax=0,01 bo’lgandagi orttirmasi va
differentsiali topilsin.
Echish. df=2xdx=2-40-0,01=0,8

Af=(X+AX)?-x?=2xAx+(AX)?=2-40-0,01+0,0001=0,8+0,0001=0,8001.
Bu natijalardan ko’rinib turibdiki, Af va df giymatlari anchalik yagin ekan. Shu
sababli (4) formuladan ushbu tagribiy hisoblash formulasini keltirib chigarish
mumkin:

f(x+ Ax) = f(x)+ f'(x)Ax (5)

(5) formula tagribiy hisoblashlarda keng foydalaniladi.
2-misol. sin31° hisoblansin.
Echish. f(x)=sinx funktsiyani kiritamiz. Unda f '(x)=cosx. va x=30°, Ax=1° desak,
u holda (5) formuladan quyidagi natijani olamiz:

$in310= sin(30°+1°)~sin30°+c0s30°-1°= - + V3w 1 LT3 314
2 180 2 2 180

Bunda 1°=n/180 ekanligidan foydalandik. Demak, sin31°~0,52.
3-misol. /25,002 ifoda hisoblansin.

Echish. f(x)=+/x funktsiyani kiritsak va x=25, Ax=0,002 desak, u holda (5)
tagribiy formuladan, f'(x)=1/2~/x ekanligini hisobga olib,

25,002 ~ /25 + L 0,002=5 + 0’10(())2 =5,0002

2425
tagribiy giymatni olamiz.

Shunday qilib differentsialni hisoblash funktsiya hosilasini argument
differentsialiga ko’paytirish bilan yaginlanadi. Shuning uchun ham hosila hisoblash
qgoidalari osongina differentsial hisoblash uchun ko’chiriladi:

1. dC=0, C=const 2. dCf(x) = Cdf(x) 3. d[f(x)xg(x)]= df(x)+dg(x)

4. df(x)g (x)=f(X)dg(x)+g(x) df(x) 5. d{f (x)} _ LA ()~ f(x)dplx)
o(x) [o(x)]*

Endi y=f(u), u=u(x), murakkab funktsiyaning differentsialini hisoblash
masalasini  ko'ramiz. Bunda tashqi f(u) wva ichki u(x) funktsiyalar
differentsiallanuvchi deb garaladi. Differentsialni hisoblashning (3) formulasi va
murakkab funktsiyani hisoblash goidasiga asosan ushbu tenglikni yozish mumkin:

df (u) =(f(u))'dx= f'(u)-u'dx= f'(u) - du (6)
Bu erdan, (3) va (6) formulalarni taggoslab, oddiy va murakkab funktsiya
differentsiali bir xil usulda hisoblanishini ko’ramiz. Bu  differentsialning
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invariantlik xossasi deyiladi. Demak, y=f(x) funktsiyada x o'rniga biror u=u(x)
funktsiya qo'yib, f(u) murakkab funktsiya hosil gilinsa, uning differentsiali
ko'rinishi o’zgarmay qoladi.
1 :
2\/;dx sin/x d(~/X).
Endi differentsialning geometrik ma'nosini ko’ramiz.
Aytaylik y=f(x) funktsiyamiz quyidagi ikkita ko'rinishda bo’lsin va uning
M(x;f(x)) nugtasiga o’tkazilgan urinma OX o’qining musbat yo'nalishi bilan ¢
burchak hosil gilsin.

Masalan, y:COS\/; funktsiya uchun dy=-sin/x

0 X > X

Agar x argumentga Ax orttirma bersak, u holda funktsiya Af orttirma oladi.
Chizmada M;j(x+Ax; f(x+Ax)), Ma(x+Ax; f(x)) nugtalarni garaymiz.
Grafikning M(x,f(x)) nugtasiga o'tkazilgan urinmaning ixtiyoriy bir T
nugtasini olamiz. Ma'lumki, Af=M; M,, Ax=MM, bo'ladi.
Endi  MTM; to’'g’ri burchakli uchburchakdan va hosilaning geometrik
ma'nosidan ushbu tenglikni olamiz:

t MzT:>MT tgp- MM, =f'(x)A
= = . = X X
2¢ MM, 2 ¢ 2
Bu erdan va differentsial ta'rifidan M,T=df tenglikni olamiz. Demak, y=f(x)

funktsiyaning differentsiali x argument Ax ga o0'zgarganda funktsiya grafigining
M(x;f(x)) nugtasiga o’tkazilgan urinmaning hosil gilgan orttirmasiga teng.

Endi funktsiyaning yuqori tartibli hosilasi va differentsiali tushunchalarini
Kiritamiz.

Ma'lumki, y=f(x) funktsiyaning birinchi tartibli hosilasi f'(X), umuman
olganda, x o'zgaruvchining yangi funktsiyasi bo’ladi. Shu sababli f'(X)

funktsiyaning hosilasi to’grisida so’z yuritish mumkin.
TA'RI1F: Agar f'(X) differentsiallanuvchi funktsiya bo’lsa, uning hosilasi
y=f(x) funktsiyaning Il tartibli hosilasi deyiladi va f ""(x) yoki f @(x) kabi
belgilanadi.

Demak, Il tartibli hosila f"(Xx) = (f'(X))" kabi aniglanadi va hisoblanadi.

Masalan, f(x)=x* funktsiya uchun f'(X)=4x3, "(x)=(4x%)'=12x2 .
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Birinchi tartibli hosila f’(X) tezlikni ifodalasa, ikkinchi tartibli hosila f "(x)
tezlanishni ifodalaydi.

Hosila tartibi tushunchasi kiritilgach f'(X) hosila 1 tartibli, f(x)
funktsiyaning o'zi esa 0 — tartibli hosila, ya'ni f(x)=f @ (x) deb garaladi.

Xuddi shunday tarzda uchinchi tartibli f '”(x), to'rtinchi tartibli f"V)(x) va
hokazo n- tartibli hosilalar tushunchasi Kiritiladi. Umuman olganda n-tartibli
hosila quyidagi rekkurent formula orqali topiladi:

fO(x)= (F"D(x))’, n=1,2,3,... (7)

Masalan, f(x)=x* uchun f&(x)=3x2, f@(x)=6x , f¥(x)=6 va n>4 bo’lganda
f0(x)=0 bo'ladi. Ba'zi funktsiyalar uchun yugqori tartibli hosilalar ifodasini
birdaniga yozish mumkin. Masalan, f(x)=a* bo’lsa, f (" (x)=a * (Ina) ",
f(x)=sinx bo’lsa, f (M(x)=sin(x+rn/2) bo’ladi.

df= f'(x)dx ifodada birinchi ko’paytuvchi x argumentning funktsiyasi,
ikkinchi ko'paytuvchi dx = Ax esa x ga bog’lik bo’lmagan o’zgarmas son bo'ladi.
Demak df differentsial ham x o’zgaruvchining funktsiyasi ekan. Undan (3) formula
bo’yicha differentsial olamiz va natijada hosil bo’lgan ifodani ikkinchi tartibli
differentsial deb ataymiz va d*f kabi belgilaymiz:

d?f=d(df)=d( f "(X)dx)=dx d( f '(X))=dx f "(x)dx= f "(x)(dx)>= f "(x)dx>.
Xuddi shunday tarzda n — tartibli differentsial
d"f=d(d™*f)= f™W(x)(dx)" = fW(x)dx"
kabi aniglanadi va hisoblanadi. Masalan, f(x)=2x® uchun df=6x? dx, d*f=12xdx?.
Yuqori tartibli differentsillardan foydalanib, yuqori tartibli hosilalarni

W e dly . 4" S
0= F100=" 3, 100="
kabi yozish mumkin.
TA'RIF: Agar x vay o'zgaruvchilar orasidagi bog’lanish uchinchi bir
t o’zgaruvchi (parametr) orqali x=@(t) va y=v (t), a< t < B, funktsiyalar
ko'rinishda berilgan bo’lsa, x va 'y orasidagi y=f(x) funktsiya parametrik
ko'rinishda berilgan deyiladi.
Masalan, x=t?, y=t® parametrik ko’rinishda berilgan funktsiya
y=f(x)=x* funktsiyani ifodalaydi.
Parametrik ko'rinishda berilgan funktsiyani har doim ham dastlab
y=f(x) ko’rinishda yozib, so’'ngra uning hosilasini hisoblab bo’lmaydi. Shu
sababli parametrik ko’rinishda berilgan funktsiyaning hosilasini topish
masalasini ko'ramiz. Aytaylik y=f(x) funktsiya x=¢(t) va y=y(t) parametrik
ko'rinishda berilgan bo’lsin. Agar ¢ va y funktsiyalar keraklicha
differentsiallanuvchi bo’lsalar, u holda quyidagi formulalar o’rinli bo’ladi:
_dy _dy/dt _y'(t)
dx dx/dt o'(t)’
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Y (0= d’y _ d(dyldt) _ d(dy/dx)/d(t) _dy'®/o'(®) _
dx? dx dx/d(t) 9'(¢)
_Y' 09O -y ()e"()
(@'(1))°

Bu tengliklar parametrik ko’rinishda berilgan funktsiya hosilasini topishni
ifodalaydi.

4- M is o I: y=f(x) funktsiya x=2cost va y=3sint funktsiyalar orqgali parametrik
ko'rinishda berilgan bo'lsin. y'(x) va y”(x) hosilalar topilsin.

E chish: Yugoridagi formulalarga asosan

,_dy _ 3cost ——§ctgt' ,,_dzy_§ 1 1 31
YT —2sint. 20 7 T ke 2sin’t(-2sint)®  16sin°t’

0O’z-0'zini nazorat etish savollari:

Funktsiya differentsiali qanday ta'riflanadi?

Funktsiya differentsiali hosila orgali ganday topiladi?

Funktsiya orttirmasi va differentsiali orasida ganday bog’lanish mavjud?
Differentsialning geometrik ma'nosini ko’rsating.

Differentsiallash qoidalari nimalardan iborat?

Differentsialning invariantlik xossasi nimadan iborat?

Yugori tartibli hosilalar ganday aniglanadi?

Yuqori tartibli differentsiallar ganday ifodalanadi?

Parametrik ko'rinishda berilgan funktsiyaning hosilasi ganday topiladi?

©oNoOOkWNE

28-MA'RUZA
FUNKTSIYANI HOSILA YORDAMIDA TEKSHIRISH.

Tayanch iboralar: funktsiya monotonligining zaruriy va etarli sharti, funktsiya
ekstremumlari, ekstremumning zaruriy sharti, kritik nugta, ekstremumning etarli
sharti, ekstremumni 11 tartibli hosila orgali tekshirish.

Ma'ruza rejasi:

Funktsiyaning monotonlik oraliglari.

Differentsiallanuvchi funktsiyaning monotonlik oraliglarini topish.
Funktsiya ekstremumlari.

Ekstremumning zaruriy sharti.

Kritik nugtalar.

Ekstremumning zaruriy shartini I tartibli hosila orgali ifodalash.
Ekstremumning zaruriy shartini Il tartibli hosila orgadi ifodalash.

NoakRwWNE
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Adabiyotlar:

[1] IV bob, §1-6  [2] V bob, §1-6

y=f(x) funktsiya differentsiallanuvchi bo’lsa, uning juda ko’p xususiyatlarini
f '(X) hosila yordamida aniglash mumkin. Shu sababli hosila funktsiyani
tekshirish uchun asosiy va kuchli qurol bo’lib hisoblanadi.
I. Funktsiyaning monotonlik oraliglari.

TA'RIFE1: Agarda y=f(x) funktsiya (a,b) oraligda aniklangan va bu oraligdagi

ixtiyoriy x;<x, nugtalarda f(x,)<f(x) (f(x1)>f(x2)) shartni ganoatlantirsa, u shu

oraligda o0 5uvchi (kamayuvchi) deb ataladi.

Masalan, y=x? fuktsiya (-o0 ,0) oraligda kamayuvchi, (0,00) oraliqda esa

o’suvchi bo’ladi.

Funktsiyaning o’sish va kamayish oraliglari birgalikda uning monotonlik

oraliglari deyiladi. Bu oraliglarni hosila orgali ganday topish mumkinligi ushbu

teoremadan kelib chigadi.

TEOREMA 1: a) Agarda differentsiallanuvchi f(x) funktsiya biror oraligda
o’suvchi (kamayuvchi) bo'lsa, uning hosilasi bu oraligda f'(x)>0 (f'(x)<0)
shartni ganoatlantiradi.

B) Agarda biror oraligda funktsiyaning hosilasi f'(x)>0, ( f '(X)<0) shartni

ganoatlantirsa, u holda shu oraligda funktsiya o’suvchi (kamayuvchi) bo'ladi.
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Izoh: Teoremaning a) va B) gismlari funktsiya monotonligining zaruriy va etarli

shartlarini ifodalaydi.

Isbot: a) y=f(x) funktsiya (a,b) oraliqda o’suvchi va x, x +Ax nuqtalar shu oraliqga
tegishli bo’lsin.Agarda Ax>0 bo’lsa,

X HAx=F(x +AY) > f(x) = Af = f(x +Ax) - f(x) >0 = AF/Ax>0

munosobatlar o’rinli bo’ladi. Xuddi shunday Ax<0 bo’lganda ham Af/Ax>0 bo'ladi.

Bu erdan, hosila ta'rifi va limit xossasiga asosan,

F1(x)= Alimoi—];zo

ekanligi kelib chigadi.

Xuddi shunday usulda kamayuvchi y=Ff(x) funktsiya uchun f'(X)<0

ekanligi isbotlanadi.

B) Funktsiyaning hosilasi (a,b) oraligdagi har bir x nugtada f '(x)>0 shartni
ganoatlantirsin. Bu holda, chekli orttirmalar hagidagi Logranj teoremasiga asosan,
bu oraligdagi har ganday x;<x, nugtalar uchun

f(x2) = (x1) = (X2-x1) T'(§),x1<E<xe

tenglik bajariladi.Bu tenglikda X,-x; >0 va f'(£) >0 bo’lgani uchun undan f(x,)—

f (x1)>0 = f(x1)<f(x2) ekanligi, ya'ni funktsiya o’suvchi ekanligi kelib chigadi.

Xuddi shunday usulda f'(X)<0 bo'lsa, funktsiya kamayuvchi ekanligi

isbotlanadi.
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Demak, berilgan y=f(x) funktsiyaning o’sish (kamayish) oraliglarini topish
uchun f'(x)>0 ( f'(X)< 0) tengsizlikni echish kerak.

Masalan, f(x)=x+1/x funktsiya uchun f’(X)=1-1/x>>0 tengsizlikning echimi
(-0 ,-1) U (1, w) sohadan iborat va bu sohada berilgan funktsiya o’suvchi
bo’ladi. x=0 nugtada funktsiya aniglanmaganligini hisobga olib, u (-1, 0)u (0,1)

sohada kamayuvchi ekanligini ko'ramiz.
Il. Funktsiya ekstremumlari.

TA'RIFE 2:y=1(x) funktsiya biror xo nuqta va uning atrofidagi ixtiyoriy x

nugtalar uchun aniglangan bo’lib, f(xo)>f(x) (f(xo)<f(x)) shartni ganoatlantirsa, u

shu xo nugtada maksimumga (minimumga) erishadi deb ataladi.

Masalan, f(x)=sinx funktsiya x=n/2 nuqtada sin(n/2)=1 maksimumga, x=37/2

nuqtada esa sin(3w/2)=-1 minimumga erishadi.

Funktsiyaning maksimum va minimum giymatlari birgalikda uning

ekstremumlari deyiladi.

TEOREMA 2. (Ekstremumning zaruriy sharti): Agarda differentsiallanuvchi

y=f(x) funktsiya xo nugtada ekstremumga ega bo’lsa, u holda uning hosilasi bu

nugtada f'(X,)=0 shartni ganoatlantiradi.

Isbot: Aniglik uchun funktsiya X, nugtada maksimumga ega bo’lsin. Bu holda

| Ax| etarli kichik bo'lsa, f(xo+AX) < f(xo) = Af=f(xo+AX)- f(Xo) <0 tengsizlik
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bajariladi. Bundan Ax >0 (Ax <0) bo’lganda, Af/Ax <0 (Af/Ax >0) ekanligi kelib

chigadi . Shu sababli bir tomondan

, _Af
)= i, <0,

ikkinchi tomondan esa

, _Af
f(x)= Jim ~ 0.

Teorema shartiga f'(X,) ko'ra hosila mavjud bo’lgani uchun, bu ikkala
tengsizlikdan f'(x,) =0 ekanligi kelib chigadi.
Funktsiya X, da minimumga ega bo’lgan hol ham xuddi shunday garaladi.

Masalan, f(x)=sinx funktsiya x=n/2 nugtada maksimumga ega va bu nuqtada

uning hosilasi f '(n/2)=cos (n/2)=0 tenglikni ganoatlantiradi.

f(x) =|x| funktsiya x=0 nugtada minimumga ega, ammo uning hosilasi bu

nugtada mavjud emas.

Xulosa : Uzluksiz funktsiya ekstremumga hosilasi nolga teng yoki mavjud

bo’lmagan nugtalardagina ega bo’lishi mumkin.

T A 'R | F 3: Funktsiya hosilasi nolga teng yoki mavjud bo’Imagan nuqtalar shu

funktsiyaning kritik yoki statsionar_nugtalari deyiladi.
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Demak, funktsiya x, nugtada ekstremumga ega bo’lsa, xo nugta uning kritik
nugtasi bo’ladi. Ammo bu tasdigning teskarisi har doim ham o’rinli bo’lmaydi,

ya'ni ekstremumning yuqorida ko'rsatilgan zaruriy sharti doimo ham etarli emas.

Masalan, y=x* funktsiya uchun x=0 kritik nugta bo’ladi, lekin bu nugtada

funktsiya ekstremumga ega emas.
TEOREMA 3. (Ekstremumning etarli sharti.): Agarda x, kritik nugtani chapdan
o0'ngga garab bosib o'tishda f '(X) hosila 0'z ishorasini o'zgartirsa (ya'ni xo kritik
nugtaning biror atrofidagi har ganday x1<Xo, X2>Xonuqtalar uchun

f'(x,)- T'(X,) <0 shart bajarilsa), u holda X, kritik nugtada f(x) funktsiya
ekstremumga erishadi. Jumladan, f'(x,)>0, f'(x,)<0 (f'(x,)<0, f'(x,)>0)

bo'lsa, xo kritik nugtada funktsiya o’zining maksimumiga (minimumiga) erishadi.

Isbot: Dastlab f'(X)<0 (x<xp) va f'(X)>0 (x > Xo) holni ko'ramiz. Bu
holda, 1-teoremaga asosan, xo nugtaning chap atrofida funktsiya kamayuvchi, o'ng
atrofida esa o’suvchi bo’ladi. Demak, x, nugtada funktsiya minimumga erishadi.
Xuddi shunday tarzda f'(X)>0 (x<xo) va f'(X)< 0 (x >xo) shartlarda funktsiya

Xo hugtada maksimumga ega bo’lishi isbotlanadi.

Masalan, f(x)=x2+1 funktsiya hosilasi f'(X)=2x bo’lib, x, =0 kritik nugta
bo’ladi. Bu funktsiya hosilasi x<0 bo’lganda manfiy va x>0 bo’lganda musbat
giymat gabul giladi. Demak, funktsiya xo=0 kritik nugtada minimumga ega va
uning minimum giymati f(0)=1 bo'ladi.
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Izoh: Agarda funktsiya hosilasi xo kritik nugtadan o’tishda ishorasini

0'zgartirmasa, bu nuqgtada funktsiya ekstremumga ega bo’lmaydi.

Hagigatan ham, x<xo yoki x>xobo’lganda f'(x)>0 ( f '(x)<0) bo’lsin.
Bu holda x nugtaning chap atrofida ham, o’ng atrofida ham f(x) funktsiya o’suvchi

(kamayuvchi) bo’ladi va shu sababli xo nugtada ekstremumga ega bo’lmaydi.

Masalan, f(x)=x® funktsiyaning hosilasi f'(x)=3x? kritik x=0 nuqta atrofida
fagat musbat giymatlarni gabul giladi va shu sababli bu nugtada funktsiya
ekstremumga ega emas.

Agarda funktsiya o’zining X, kritik nuqgtasida ikki marta differentsiallanuvchi

bo’lsa, uning ekstremumini quyidagi teorema orgali aniglash qulayroqdir.
TEOREMA 4: Agarda xo kritik nugtada f'(x,) =0 va f"'(x,) =0 bo’lsa, xo
nuqtada f(x) funktsiya ekstremumga ega. Jumladan, f''(x,) <0 bo'lsa, f(xo)
funktsiyaning maksimumi, f"’(x,) >0 bo'lsa, f(xo) funktsiyaning minimumi
bo'ladi.
Bu teoremani isbotsiz gabul gilamiz.

Masalan, f(x)=x*-4x funktsiya uchun f'(X)=4x3-4=4(x3-1)=0 tenglamadan
xo=1 kritik nuqgta ekanligini aniglaymiz. Funktsiyaning Il tartibli hosilasi f
""(x)=12x? bu kritik nugtada f ""(1)=12>0 giymatni gabul giladi. Demak, berilgan

funktsiya xo=1 kritik nugtada minimumga ega va bu minimum  f(1)=1-4=-3

bo’ladi.
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zoh: Agarda xp Kkritik nugtada ikkinchi tartibli hosila f ""(x0)=0 bo’lsa, unda
funktsiyaning xo nugtada ekstremumga ega bo'lishi yoki bo’lmasligi, birinchi

tartibli hosila orgali, 3-teorema yordamida aniglanadi.

O’z-07Zini nazorat etish savollari:
Funktsiyaning o’sish (kamayish) oraliglari deb nimaga aytiladi?
Funktsiyaning monotonlik oraliglari ganday aniglanadi?
Differentsiallanuvchi funktsiyalarning monotonlik oraliglari ganday topiladi?
Funktsiyaning maksimumi (minimumi) deb nimaga aytiladi?
Funktsiyaning ekstremumlari ganday ta'riflanadi?
Ekstremumning zaruriy sharti nimadan iborat?
Ekstremumning zaruriy sharti etarli bo’ladimi? Misol keltiring.
Kritik nugta deb nimaga aytiladi?
Ekstremumning etarli sharti I tartibli hosila orgali ganday ifodalanadi?
O Ekstremumning etarli sharti 11 tartibli hosila orgali ganday ifodalanadi?

'—‘“390.\‘.0’.0":“.00!\3!*

29-MA'RUZA
FUNKTSIYANI HOSILA YORDAMIDA TEKSHIRISH (DAVOMI).

Tayanch iboralar: funktsiya grafigining gqavariqligi va botigligi, gavariglik va
botiglikning zaruriy va etarli sharti, burilish nuqgtasi va uni topish, funktsiya
asimptotalari, funktsiyani to’liq tekshirish. bosgichlari

Ma'ruza rejasi:

Funktsiyaning botiglik va gavariglik sohalari.
Funktsiyaning botiglik va gavariglik sohalarini topish.
Funktsiyaning burilish nugtalari va ularni topish.
Funktsiya asimptotalari va ularni topish.

Funktsiyani to’liq tekshirish.

ok wnh e

Adabiyotlar:

[1] IV bob, §7-9  [2] V bob, §9-11
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Oldingi ma'ruzada hosila yordamida funktsiyani monotonlik oraliglari va
ekstremumlarini topish masalasini ko’rgan edik. Bu tushunchalar quyidagi
geometrik ma'noga ega. Funktsiyaning o’sish sohasida uning argumenti x chapdan
0'ngga garab o'zgarganda, funktsiya grafigi pastdan yuqoriga garab o'sib boradi.
Kamayish sohasida esa aksincha, ya'ni funktsiya grafigi yugoridan pastga garab
kamayib boradi. Funktsiyaning ekstremumlari uning grafigida yuqori yoki pastKi

uchlarni ifodalaydi.

Bu ma'ruzada funktsiyani hosila yordamida o’rganishni davom ettiramiz.

I11. Funktsiva grafigining gavarialik va botiglik sohalari.

TA'RIF4: y=1(x) funktsiya grafigi (a,b) oraliqda gavariq (botiq) deyiladi,

agarda u o’zining har ganday M (x, f(x)), nugtasiga o’tkazilgan urinmasidan pastda

(yuqorida) joylashgan bo'lsa.

Masalan, y=sinx funktsiyaning grafigi (0,n) oraliqda gavariq, (r,2n) oraliqda

esa botiq bo'ladi.

TEOREMA 5: Agarda f(x) funktsiya (a,b) oraligning har bir nuqgtasida ikki marta

differentsiallanuvchi va ixtiyoriy x € (a,b) nugtada f”"(x)>0 (f ""(x)<0) shart

bajarilsa, funktsiya grafigi bu oraligda botiq (gavariq) bo’ladi.
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Bu teoremaning isbotini adabiyotlar ro’yxatida ko'rsatilgan darsliklardan

ko'rish mumkin.

Misol: f(x)=x® funktsiya uchun f "’ (x)=6x>0 tengsizlik echimi (0,.0) sohadan iborat
bo’ladi va bu sohada uning grafigi botig bo’ladi.Xuddi shunday

"’ (X)=6x<0 tengsizlik echimi bo’Imish (-0;0) sohada funktsiya grafigi gavariq

bo’ladi.

TA'R1F5: Funktsiya grafigi biror M(xo, f(Xo)) nugtadan o’tayotganda

botigligini qavariglikka yoki aksincha gavarigligini botiglikka o’zgartirsa, bu nugta

uning burilish (egar) nugtasi deyiladi.

Masalan, ko'rib o'tilgan f(x)=x3funktsiya uchun koordinatalar boshi O(0,0)

burilish nugtasi bo’ladi.

TEOREMA 6: Agarda biror xo nugtada ikkinchi tartibli hosila f ""(x0)=0 bo'lib, bu

nuqtadan o’tishda f ''(x) 0’z ishorasini o'zgartirsa, M(xo, f(Xo)) nugta funktsiya

grafigining burilish nuqgtasi bo’ladi.

Isbot: f""(x)<0, x<xo va " (x)>0, x>Xo holni ko'ramiz. Oldingi teoremaga asosan,
Xo hugtaning chap tomonida funktsiya grafigi gavariq, 0'ng tomonida esa botiq
bo’ladi. Demak, M(xo, f(Xo)) nugta atrofida funktsiya grafigi botiglikni gavariglikka
0'zgartiradi, ya'ni bu nugta grafikning burilish nugtasi bo'ladi.

Misol sifatida f(x)=x®-3x? funktsiya grafigining burilish nugtasini topamiz. Bu
erda f "’ (x)=6x-6=0 tenglamadan x,=1 natijani olamiz.Bu erda x<1 bo’lganda  f
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""(x)<0 (grafik gavariq) va x>1 bo’lganda f "(x)>0 (grafik botig) bo’lgani uchun

M(1,-2) funktsiya grafigining burilish nugtasi bo’ladi.

IV. Funktsiya grafiginig asimptotalari.

TA'R 1 F6: y=kx+b tenglama bilan berilgan to’g’ri chiziq f(x) funktsiya

grafigining og’ma asimptotasi deyiladi, agarda

1imw[f(x)—kx—b]=0

shart bajarilsa.

TA'RIFE7: x=atenglamali vertikal to’g’ri chiziq y= f(x) funktsiya grafigining

vertikal asimptotasi deyiladi, agarda x argument a nuqgtaga yaginlashib borganda,

funktsiyaning chap va o'ng

lim f(x) , Ilim f(x)

x—a-0 x—a+0

limitlaridan kamida bittasi cheksiz bo’lsa.

Odatda vertikal asimptotalar funktsiyaning aniglanish sohasi bo'yicha uning
uzilish nugtalari orgali topiladi. Masalan, f(x) =1/(x3-1) funktsiya grafigi uchun x=1
to’gri chiziq vertikal asimptota bo’ladi.

Funktsiyaning og’ma asimptotalarining mavjudligi va ularning tenglamasi

quyidagi teorema bo'yicha aniglanadi.
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TEOREMA 7: y=f(x) funktsiya grafigi og’ma asimptotaga ega bo’lishi uchun

m )y lim [ f(x) — k] =b

X—>00 X

limitlar mavjud hamda chekli bo’lishi zarur va etarlidir. Bu holda og’ma asimptota

y= kx+b tenglama bilan topiladi.

Isbot: Zaruriylik sharti. Berilgan shartlarni zaruriyligini ko’rsatamiz. y= kx+b
to’g’ri chizig og’ma asimptota bo’lsin.Unda 6-ta'rif va limit xossalariga asosan

quyidagilarni yozish mumkin:

lim[ (x) — kx - b]—Ilmx[f(X) k—g]:O:

lim )y ] 0= limt Xk _im® 2o

X—>00 X X—)oo X X—0 X
Bu erdan, eng so’nggi limit giymati nol bo’lgani uchun,

im ) _

X—>o0 X
ekanligi kelib chigadi. Og’ma asimptota ta'rifidan yana bir marta foydalanib,

lim [ £ (x) — ko] =b

natijani olamiz.

Etarlilik sharti. Teorema shartidagi ikkinchi limitga asosan

fim [ f (x) - kx—b] =0
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tenglikni yoza olamiz. Bu erdan, 6-ta'rifga asosan, y=kx+b to’'g’ri chiziq

funktsiyaning grafigi uchun og’ma asimptota bo'lishi kelib chigadi.

Masalan, f(x)=(2x?+3x-5)/x funktsiya uchun

k=lim f(x)/x=2, b=lm[f(x)-2x]=3

X—>0

ekanligini topamiz. Demak, bu funktsiyaning grafigi uchun y=2x-3 to’g’ri chiziq

og’ma asimptota bo'ladi.

Yugorida olingan natijalar bo'yicha y=f(x) funktsiya xususiyatlarini quyidagi

tartibda to’lik tadgigot gilish mumkin:

agbrwdE

8.

9.

Funktsiyaning D{f} aniglanish sohasini topamiz;

Funktsiyani juft yoki toglikka tekshiramiz;

Funktsiyani davriylikka tekshiramiz, davriy bo’lsa, uning davrini aniglaymiz;
Funktsiyaning uzilish nugtalarini topamiz va ularning turini aniglaymiz;

f(x) =0 tenglamadan funktsiya nollarini topamiz va ular orgali funktsiya 0’z
ishorasini saglaydigan oraliglarni  va OX o’qi bilan kesishish nugtalarini
aniglaymiz;

f'(X)>0va f'(X)<0 tengsizliklarni echib, funktsiyaning o’sish va kamayish,
ya'ni monotonlik sohalarini aniglaymiz;

f""(x) =0 yoki f "(X) = + o shartlardan kritik nuqtalarni topamiz va bu
nugtalarda funktsiyani | yoki Il tartibli hosila yordamida ekstremumga
tekshiramiz.

f "(x)>0 va f ""(x)< O tengsizliklarni echib, funktsiya grafigining botiglik va
gavariklik sohalarini topamiz;

f’(x)=0 yoki f"'(x)=too shartlarni qanoatlantiruvchi nuqtalarni topib, ularning
orasidan funktsiya grafigining burilish nugtalarini aniglaymiz;

10. Funktsiya grafigining asimptotalarini, agarda ular mavjud bo’lsa, topamiz.
11. 1-10 gadamlarda olingan natijalar asosida funktsiya grafigini chizamiz.

Q’z-0'zini nazorat etish savollari:
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Funktsiyaning botiglik (gavariglik) sohalari ganday ta'riflanadi?
Differentsiallanuvchi funktsiyaning botiglik (gavariglik) sohalari ganday
topiladi?

Funktsiyaning burilish nugtasi nima?

Differentsiallanuvchi funktsiyaning burilish nuqgtalari ganday topiladi?
Funktsiya grafigining og’ma asimptotalari ganday ta'riflanadi?

Funktsiya grafigining vertikal asimptotalari qanday ta'riflanadi?

Vertikal asimptotalar ganday topiladi?

Og’ma asimptotalar mavjudliganing zaruriy va etarli sharti nimadan iborat?
Funktsiyani to'lig tekshirish bosqichlarini ko’rsating.
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30 - MA'RUZA

ANIQMASLIKLAR VA ULARNI LOPITAL QOIDALARI
YORDAMIDA OCHISH.

Tayanch iboralar: 0/0, «o/o0 ko'rinishdagi anigmasliklar, anigmasliklarni ochish,
Lopitalning birinchi qoidasi, Lopitalning ikkinchi goidasi, Lopital goidalarning
tadbiglari, 0-00, 1,09, 00 2, oo - o0 ko'rinishdagi anigmasliklar va ularni ochish.

Ma'ruza rejasi:

0/0 , w/oo ko'rinishdagi anigmasliklar va ularni ochish.
Lopitalning | goidasi.

Lopitalning 11 qoidasi.

Lopital goidalari yordamida ajoyib limitlarni isbotlash.
Boshga ko’rinishdagi anigmasliklar va ularni ochish.

ok~

Adabiyotlar:

[1] 11l bob, §20  [2] IV bob, §4-5

TA'RIF1: Agarf(x)vag (x) funktsiyalar x—a da cheksiz kichik migdorlar
bo’lsa, ya'ni
im f(x)=0, lim g(x)=0

X—a

S (x)
g(x)

munosabatlar o’rinli bo’lsa, funktsiya x—a da % ko'rinishdagi anigmaslik

deyiladi.

1
2 In(1+ ~)
~~ funktsiya x—1 da, X

Masalan, Smx funktsiya x—0 da, 5

1
X x> =1

er —1

funktsiya esa x—oo da % ko'rinishdagi anigmasliklardan iborat.

TA'RIF2: Agarf(x) vag (x) funktsiyalar x—a da cheksiz katta migdorlar
bo’lsa, ya'ni

lim f(Xx) = oo, lim g(x) =+

X—a
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S &)

munosabatlar o’rinli bo'lsa, ) funktsiya x—a da  — ko'rinishdagi
g(x ®
anigmaslik deyiladi.
In| si 2
Masalan, n‘ Smx‘ funktsiya x—0 da, (x: Y funktsiya x—oo da 2
In|x| x°+1 0

ko'rinishdagi anigmaslikdir.

TA'RIF3: g yoki ® ko'rinishdagi S¥) anigmaslikning x—a dagi

o0 g(x)
limitini topish shu anigmaslikni ochish deb ataladi.

f(X)

Shuni ta'kidlab o’tish kerakki, anigmaslikni ochish, ya'ni Iimﬁ limitni
X—a g X

hisoblash uchun bo’linmaning limiti formulasidan foydalanib bo’lmaydi, chunki
yoki lim g(x) =0 (maxraj nolga teng) yoki surat va maxraj limitlari chekli emas.

Limitlar mavzusi bo’yicha misollar echganimizda anigmasliklarni ochish
masalasi bilan shug’ullangan edik. Ammo unda har bir anigmaslikni ochish uchun
ko’paytuvchilarga ajratish, go’shmasiga ko’paytirish, eng katta darajasiga bo'lish,
ajoyib limitlarga keltirish kabi sun'iy usullardan foydalanilgan edi. Shunday qilib,
har bir anigmaslikni ochish uchun o’ziga xos xususiy usuldan foydalangan edik.
Endi anigmasliklarni ochishning umumiy qoidasini ko'rib chigamiz. Bu goidani
frantsuz matematigi Fransua Lopital (1661-1704y.) o’zining 1696 yilda bosmadan
chiggan «Cheksiz kichik miqdorlar tahlili» degan kitobida birinchi marta keltirgan
va shuning uchun u Lopital qoidasi nomi bilan tarixga kirgan. Aslida bu qoidani
Lopitalning ustozi va do’sti, shveytsariyalik matematik logann Bernulli  (1667-
1748) topgan. I. Bernulli Parijga kelgan paytida boy oiladan chiggan va
matematika bilan giziquvchi Lopital bilan tanishadi. Lopitalning iltimosiga ko'ra u
o’sha paytlarda Leybnits va Nyuton tomonidan yangi yaratilgan differentsial
xisob bo’yicha Lopitalga ma'ruzalar o’qiydi. Lopitalning xizmati shundan iboratki,
u bu ma'ruzalar asosida differentsial xisob bo'yicha yuqorida ko'rsatilgan birinchi
darslikni yozdi.

TEOREMA1:f(x) vag (x) funktsiyalar a nuqgta atrofida aniglangan va
differentsillanuvchi bo’lib, g'(x) # 0 va

Iim f(x)=0 , lim g(x)=0 (1)
tengliklar bajarilsin. Bu holda, agarda  lim f’(x) mavjud bo’lsa, IimE
x->a (X) x—a g(x)

ham mavjud bo’ladi va ushbu tenglik o’rinli bo’ladi:
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lim ) = i L)

2).
=2 g(x) e g'(x) @)

Isbot: Avval a <o holni ko'ramiz. Teorema shartiga ko'ra a nuqta atrofida f
(x) va g (x) funktsiyalar differentsiallanuvchi bo’lgani uchun, ular bu erda
uzluksiz bo’ladilar va shuning uchun ham, (1) shartga ko'ra,

f@=lm f()=0, g@=mg()=0 (3

tengliklar o'rinli bo'ladi. @ nuqta atrofidagi ixtiyoriy (a,x) oraligni garaymiz.
Teorema shartlariga asosan bu oraligda f(x) va g(x) funktsiyalar uzluksiz,
differentsiallanuvchi  va g'(x)#0, vya'ni ular Koshi teoremasi shartlariga
bo’ysunadi. Shuning uchun, Koshi teoremasiga asosan, shunday ce(a, x) nugta
mavjudki,

f)—fla)_f'(o) _ fx)_ f(c) ()
gx)—gla) g'(c) gkx) g'o)
Bu erda (3) tengliklardan xam foydalanildi. (4) tenglikda x — a da limit olamiz
va bunda c—a bo'lishidan, chunki ce(a, x), foydalanib, ushbu natijalarni olamiz:
lim—+ ) _ jim (O _ iy 1O 5)
X—a g(x) x->a (C) c>a (C)

Limitning giymati undagi o’zgaruvchi miqdorni ganday belgilanishiga bogliq
emas va shuning uchun (5) tenglikni quyidagicha yozish mumkin:

lim—— ) _ jjm L) (6)
c>a (C) x->a (X)

(5) va (6) tengliklardan isbotlanishi kerak bo’lgan
lim ) _ jjm 1) )

X—a g(x) X—a g'(x)
natijani olamiz.

Endi a=c0 holni ko’ramiz, ya'ni x— oo. Bu holda z=l yangi o’zgaruvchini
X

Kiritsak, unda x—o0 bo’lganda z—0 bo’ladi. Bu erda le bo’lgani uchun va (7)
z

tenglikka asosan
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NRTEY Ayl
im ) _ i Q—Iim L (Z)— _ lim ﬂ—lim ' )—Iim ()
X—>00 X 250 1 50 - 750 ’1 1 ,_Z—)O ,1 T xowm g'(x)
9 9% 1 OO el
7 g(>) YAl Z

natijani olamiz.Teorema to’liq isbot bo'ldi.

TEOREM A 2 : f(x) va g(x) funktsiyalar 1-teorema shartlarini ganoatlantirsin,
ammo

lim f(Xx) = oo, legwa g(x) = (8)

X—a

munosabat o'rinli bo’lsin. Bu holda ham (2) tenglik o’z kuchini saglab goladi.
Bu teorema isbotini darsliklardan ko’rib chigish mumkin.

Ko'rib o'tilgan teoremalardagi (2) tenglik bilan ifodalanadigan tasdiglar mos
ravishda Lopitalning I va Il goidalari deb ataladi.

S )

g(x)
yordamida ochish uchun f(x) surat va g (x) maxrajdan alohida-alohida hosila olib,

J'(x)
g'(x)

Lopital qoidasining tadbiglari sifatida oldin ko'rib o'tilgan va matematikada
ajoyib limitlar deb ataluvchi bir nechta limitni hisoblaymiz.

1. f(x)=sinx, g(x)=x funktsiyalar x—0 da cheksiz kichik migdorlar bo’ladi va

anigmaslikni  Lopital qoidasi

Shunday gilib % yoki = ko'rinishdagi
o0

hosilalar nisbatining limitini topish kerak.

shuning  uchun SIY ifoda x—> 0 da g ko'rinishdagi anigmaslik bo'ladi .

X
Lopitalning | goidasiga asosan
sin X sin x COSX
lim —— =1lim ( ,) lim =1.
x=0 x—0 ()C) x—0 l

Bu natija 1 ajoyib limitni ifodalaydi.
2. T (x)=In(1+x), g(x)=x funktsiyalar uchun f(0) =In1=0, g(0)=0. Demak, x—0
bo’lganda f(x) In(l + x) foda 0 ko'rinishdagi anigmaslikdan iborat.

g(x) X
Bu anigmaslikni ochish uchun Lopitalning | qoidasiga murojaat gilamiz:
1
' -1+ x)’
i LX) [IN(1+ x)] i 1+ x T S|
x—0 X x—0 X' x—0 1 x—0 ]_ + X ]_ + O

Bu limit matematikada I11 ajoyib limit deb ataladi.
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Xuddi shunday ravishda
I 1
||mM — |oga e= i
x>0 X Ina
ekanligini ko'rsatish mumkin.

3. f(x) =e* -1, g (x)=x differentsiallanuvchi funktsiyalar uchun f(0)=0, g(0)=0
bo’ladi. Unda

x—>0 x—>0 X' x—>0 1
Bu natija IV ajoylb limit deylladl.
Talabalarga mustaqil ish sifatida
jim &~

x—0 X

=Ina

ekanligini ko'rsatish tavsiya etiladi.

4. f(x)=(1+x)* -1 (o -V hagigiy son) va g (x)=x funktsiyalar x=0 nuqta atrofida
differentsiallanuvchi va f(0)=0, g(0)=0. Bu holda

a a ' a-1
im @0 =10y [(1+ x)* —1] i a(1+1x)

x—0 X 0 xao X x—0

—a-1+0)"" =«

Bu natija V' ajoyib limit deyiladi.

S'(x)
g'(x)
oofoo ko'rinishdagi anigmaslikdan iborat bo’lib, f'(X) va g’(x) hosilalar 1-

teorema yoki 2-teorema shartlarini ganoatlantirsin. Bu holda lim E ;
X—a g X

Izohlar: 1. Agarda (2) formulada ifoda x—a bo’lganda yana 0/0 yoki

mavjud

bo’lsa, quyidagi tenglik o’rinli bo'ladi:
00 i F00 - o £7()

I-m - ! ”

x—a g(x) x—>a g (X) x->a (X)
Shunday qilib, anigmaslikni ochish uchun Lopital qoidasini bir necha marta
ketma-ket go’llash mumkin. Buning uchun har gal teorema shartlarini tekshirib

ko'rish kerak.
Misol sifatida quyidagi limitni hisoblaymiz:

)
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L (xxD? +1) (f): “m[(x+1)2]' _ Iim2(x+1):

X—)oo X +1 o0 X—>00 (x2 +1) X—>00 2X
:“mliE:(EJ:“m(XﬁD timi0 o1
x—wo X o0 X—>00 X x—o ]
2. lim f'(x) mavjud bo'lsa, unda lim——= 1) mavjud. Ammo teskari tasdig doimo
x-a g (X) x—a g(x)

ham o’rinli bo'lavermaydi, ya'ni lim——= 1) mavjud bo'lib, Iimf (x)

, mavjud
X—a g(x) x->a (X)

bo’lmasligi mumkin.

Misol: f(x)=x+sinx, g(x)=x, x—>o0. Bu holda

iim ) f () _ i XFSINX _ (f) ML+ sin x) _
X—>0 g(X) X—>0 X 00 X—0 X

—lim1+lim > * 214021

X—00 X—00 X
Ammo
. f'(x X +Sin X . 1+cosx
jim 0 _ fjy KHSINXT_ _
X—>00 g (X) X—>0 X X—>0

= lim (L + cosx) =1+ lim cosx

X—>o0 X—>®0

bo’lgani uchun bu limit mavjud emas.

Shartli ravishda gyoki ?© Kabi belgilangan anigmasliklardan tashqari
o0

shartli ravishda o0, 0° oo 1% oo—co kabi belgilanadigan anigmasliklar ham
mavjud.

TA'RIF4:Agarda lim f(x)=0, Ilim g(x)=00 bo'lsa, f(x) -g(x) ifoda x—a
bo’lganda 0-c0 ko'rinishdagi anigmaslik deyiladi.

Bu anigmaslikni ochish uchun uni f(x) g(x)—f( *) ko'rinishda yozib, %

g(x)
anigmaslikka yoki f(x)-g(x)= g(l ) ko’rinishda yozib, 2 anigmaslikka keltiriladi
o0

f(x)
va so’ngra Lopital goidasi go’llaniladi.
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Misol:

1
) . Inx (oo . x . X? .
limxInx=(0-o)=lim—==| = |=lim—— = —lim= =—limx =0.
x—0 x—0 o0 x—0 x=>0 ¥ x—0
X X?

TA'RIF 5: Agarda lm f(x)=1lm g(x)=o00 bo'lsa, [f(x)]°® ifoda

X—a bo'lganda 1* ko'rinishdagi anigmaslik deyiladi.
Bu anigmaslikni ochish uchun y=[f(x)]*® deb belgilaymiz. Bu tenglikni
ikkala tomonidan logarifm olamiz:

Iny=In[f(x)]9¥=g(x)Inf(x)=[Inf(x)]g(x),
lim f(x)=1=>lim Inf(x)=In[ limf(x)]=In1=0.,

Demak, [Inf(x)]g(x) ifoda 0-c0 ko'rinishidagi anigmaslik va uni Lopital goidasi
yordamida ochish mumkin. Faraz gilamiz

b

lim In y =1lim {{ln f(x)]g(x)}
bo’lsin.Bu erdan kelib chigadiki,

lim Iny=In[lim y]=b = lim y=e’= lim [f(x)]*®)=e".

Misol sifatida f(x)=1+ l g(x)=x, x—oo deb olib,
X

X
lim (1+ lj =e,
X—>00 X

ya'ni ikkinchi ajoyib limitni isbotlaymiz.

In(1+ )

y= (1 + %)X :>Inyz|n(1+%)X:xln(1+%j:(oo-O): 7 t = (%) ;

Iimlny:Iimf:(gj:Iim - :Iimilzl.
; S
X X X



Shunday qilib, bizning misolda b=1 chiqdi. Demak
1 X
lim y = lim (1+—j —e'=e.
X—0 X—>0 X

0’z-0'zini nazorat etish savollari:

0/0 ko’rinishdagi anigmaslik ta'rifini bering.

oofoo ko'rinishdagi anigmaslik ganday ta'riflanadi?

Anigmasliklarni ochish deb nimaga aytiladi?

Lopitalning | goidasi nimadan iborat?

Lopitalning Il goidasi nimadan iborat?

Lopital qoidasi yordamida | ajoyib limit ganday isbotlanadi?

Lopital qoidasiga teskari tasdig o’rinlimi?

0/0 va w0 anigmaslikdan tashgari yana ganday anigmasliklarni bilasiz?
Il ajoyib limit Lopital goidasi yordamida ganday isbotlanadi?

©CoNoORLNE
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AMaJIMHi MALUFYJI0TJap MaB3yJIapH, aCOCHH MAaTH, TONIUPHUKJIAP.
BAPHAHTJIAPH, MacaJjla Ba MHCOJLIAP, KypcaTMaJiap.

1-mavzu.Matritsalar va determinantlar.“Oliy matematika” predmeti
asosiy mazmuni va vazifalari. Model va modellashtirish hagidaayrim tushunchalar.
Matritsalar va ularning asosiy korinishlari. Matritsalar ustida chizigli amallar.
Transponirlangan matritsa va uning xossalari. Kvadratik matritsaning determinanti.
Ikkinchi, uchinchi va yuqori tartibli determinantlar. Minorlar vaalgebraik
to'Idiruvchilar. Determinantlarning xossalari. Laplas teoremasi. Determinantning
nolga teng bo lishining yetarli sharti.Yuqori tartibli determinantlarni hisoblash.
Matritsa rangi. Matritsa rangini hisoblash. Xosmas matritsa. Teskari matritsa va
uning mavjudligi hagidagi teorema. Teskari matritsani qurish usullari. Matritsalar
algebrasining igtisodiyotda go"llanishi.

1-misol: Quyidagi matritsalar ko paytmasini toping.
2 0

-2 3
Ay, =|-1-2 Bzxzz( 4_1]
3-5
Yechim.
2 0 P (-2)+0-4 2-3+0-(-1) 4 6
Cor = A B =| L2 27| 262024 -13-2:(3) | -6 -1
3-5 (-2)-5-4 3-3-5-(-1) —26 14

2-misol.
120 01 3 45
(3 4 5) (5 1] (8 145)
Birlik matritsaning xossalari:
a) Aﬂxn En = En Anxn = An><n ; 6) Arnxn En = Amxn; B) En Anxm = Anxm'

Aniqlovchilar
3- misol. Ushbu aniglovchi (eki determinant)ni hisoblang:
3020
2 3-1 4
A= :
0 4-2 3

H W

5 2 01
Yechish. Yuqoridagi formulaga ko ra quyidagini topamiz:
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3020
3-1 4 2-1 4 2 3 4 12 3-1
2 3-1 4
A= =34-2 3-00-2 3+20 4 3-00 4-2=
0 4-2 3
2 01 pH 01 pH 21 5 20
5 2 01

-2 3 4 3 |4-2 4 3 03 |0 4
oo sk ot g % 2 3
01 2 1 2 0 21 51 5 2
=3[3(-2)-2+4-4]+2[2(~ 2) - 3(~15) + 4(- 20)| = 24 - 78 = -54
4-misol. Ushbu matritsaning rangini hisoblaymiz:
1 3 2-7-4
A -5-15-10 35 20
0 1 2167 3
1 4 2360 -1

Avval 2 —satrni 5 ga qisqartirib (ya’ni % ga ko’paytirib), so’ngra hosil
bo’lgan 2 —satrni 1 ga qo’shamiz:
0 00 00O
~1-3-2 7 4
0 12167 3
1 42360-1
Endi, 2 - satrga 4 ga go shamiz, 3 ni esa 4 dan ayiramiz (yani - 1 ga
ko paytirib qo shamiz):
0 00O0O
~1-3-2 7 4
0 12167 3
0 000 O

Bu so'ngi matritsada hamma 4 - va 3 - tartibli minorlar nolga teng.
Lekin, 2 - tartibli minorlardan, masalan,

-1 -3
o 17"
minor nolga teng emas. Demak, A matritsaning ham rangi 2 ga teng, ya ni
r(A)=2.
5-misol.
-2 2 -3
A= 2 -1 2
3 -1 3

matritsaga teskari matritsani tuzing.
Yechish: Bu matritsaning determinanti |[A=-1=0 bo’lganligi uchun A matritsa

X0s emas matritsadir va demak, unga teskari matritsa mavjuddir.
Algebraik to"Idiruvchilarni hisoblaymiz:
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-1 2 -2 2 2 -
Ai:—13%h” 2:‘3 J:Q A”:L —jzt
2 -3 -2 -3 -2 2
A21=_1 3‘=_3; A22=‘ 3 ‘_31 A _‘3 _1‘=4;
2 -3 -2 -3 -2 2
A=y 2‘=1; ASZ:‘ 2 2 ‘_ ! ASS_‘z —1‘__2;
Biriktirilgan matritsa C ni tuzamiz:
-10 1 -1-3 1
C=|-3 3 4, C"=| 0 3-2
1-2-2 1 4-2
Teskari matritsa quyidagicha bo’ladi:
1 3-1
A'=| 0-3 2
-1-4 2
Tekshirish:
-2 2-3)(1 3-1 100
AAT=| 2 -1 2|/ 0-3 2|=|/0 1 0|=E
3-13)(-1-4 2) (0 01

1.Berilgan A va B matritsalar uchun C maritsani toping.
-7 4

-4 5 1
1.1.A:( j B=| 10-5|, C=B-2A"
2-3 8
3 16
4 1 3 1-1 3
1.2. A=|0-1 2|,B=[2 1 0[,C=(3A) -B
2 1-1 11-1
> 2 4-15
1.3. A=|4 , B= , C=A+B"
0 2 3-5

3
2
2 3 5 1-2 -
14. A= 5 J’B:[ ],C:2A+3B
0
1
3

3
1.5 A=|-3 ,B=|-3 1|, C=AT-B"
1

2-4
4 0 1
1.6. A=|3 7 ,B:[ j,(::ZA—BT
6-1
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1.7. A=|-2-1 4|, B=

AN O
o F P

3
4 [,C=(2B) +A
2

2.A va B matritsani ko paytmasini hisoblang.

12 1-1 1
36 210 >rled
21. A=(1-1 2 3) B= 2.2. A= , B=|2 2 01
5-1 5 7 1
1-1 5 4
1-3 14 3
2 0
-2 301 1-1 Bl Ll
2.3. A= , B= 24. A= 1 0 1|, B=[1 3
11 2-1 -1 2
0 1-1 12
13
2 0
L2 321 1-1 2 301
25. A=|1 1| B= 2.6. A= , B=
511 -1 2 11 2-1
01
13
-1.30 .
5-131 -2 11
2.7. A= , B= 28. A=|2|, B=(3 2 1)
20-14 3 0-2 2
4 12
153
1234 6 8 2 321 L2
2.9. A= , B= 2.10. A= , B=|11
2 1-2 3 1 2-1 511
01
301
3 4 311 1 1-1
2.11 :[3 2 1 %] g_|2 1 212. A=|2 1 2|, B=|2-1 1
4 11 3 11 1 2 3 10 1
2 3
2 0 31
2.13 1-4 214, a=[2 1) B=|2 1
=%+ A=(5 1 0-3) B TR 1) °7
31
10
0-1
11
123 1111 111 3 s
215. A=|-2 3 1|, B=| 2 3-1 3 2.16. =( J, =
12 1-2 3-5
~2-1 5-2
11

3.Quyidagi ikkinchi tartibli aniglovchilarni hisoblang:
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31 ‘—3—:‘ 32 ‘o,(s) —0,3(42)‘ 3'3.‘ 3 —6‘

4 99 -5 7
V2 - Ja -1 cosx —sinx
34. 11 3.5. 3.6. .
N ) a 1++2 Sin X COSX
3
1
a‘* a2 in2 2 45 J2 cos~ s
37.| % 7| 3 [ cesa 39 310.| 2 2
> a7 2sin® B cos’ B J2 4125 X X
—a® a Sin - 082

4. Quyidagi uchunchi tartibli aniglovchilarni hisoblang:

2 0 4 1 2-1 3 2-1 5 3 2 111
41.15-2 1| 42.3 7 2 43.0 2 9 44.1-1 2 4 452 3 4
-1-2 3 2 3-7 11 2 7 3 6 4 916
5. Tenglamani yeching:
24 -1 4sinx 1 2-1 2
5.1X‘2 =0 527" |=0 533 5 3 [=0
X=e X= 1 6 x+5
L2 3 cos’ p—sin®¢ 2cosgsin
—SI |
54 3-x 3 |=0 N S A G R
L 2 5.y 2sinpcose cos“ p—sin‘ @
Uyga vazifa
3 2 5 2 x4
—X —X
5.6 =0 5.7 =0 58[x 2 3=0
2 4-x 2 8-x
1 11
x> 3 2 3-x -1 1
59(x -1 1/=0 510 -1 5-x-1 |=0
0 1 4 1 -1 3-x
6. Tengsizlikni hisoblang:
-1 3 2x-3 4
6.1 <0 6.2 >0
2x-3 -2 -5 3
3x—4 3-x 4 2
630 ¥ <o 64 *l<o 6.5 *7 A5
6 -2 2 4—X 3x 1

7. Aniglovchilarni hisoblang:
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-1 6 51 5 62 -79 4
7.1.-—2 8 6 2 9 0 2 30
2 16 7 3 6 183 2015
-3 9 3 4 0 3 4 0
-5 6 10 6 9 7 9 7 6 8-9-12
13-—9 8 8 5 74 8 6 8 6 75 4 6-6-9
-8 5 9 5 -9-7 9 7 -3-4 6 8
=117 7 4 -8-6 8 6 -2-3 4 6
-2 3 2 2 -1 1-3-1
81 A=| 3 6 82. A=| 2 -1 2 83. A=|-2 7 2
12 -1 2 2 3 2 -4

1

2

1
- 2 2 3
8.4. A=|3 1—2) 85. A= 1-10
-1 21

11.2. a va b ning ganday qiymatlarida matritsa rangi uchga teng bo’ladi?
1 0-3 8 2

2-3 1-5-1
6 7-4 3-1
3 a-921 b

11.3. a ning ganday giymatiga (yoki giymatlariga) matritsani rangi uchga teng
bo’ladi?
1

[aEN

2 3-1 3

1-2 3-4
2 1-2 1-4
-2 2 3 1la
11.4. a ning gqanday giymatiga (yoki giymatlarida) matritsani rangi uchga teng
bo’ladi?
12
3-1
4-3-
0 0

12. A matritsani rangini toping:
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4 3 2 1 0 2 00 A 54 -4
121 A={0 2 11| 122A=/01 0 2 o} 123 A=|22  2 102
0 0 3 3 2 0 4 00 -1 =24 =31
6 3 2 1-3-1
124 A=|2 3 1 6 125 A{21 ~103
4 5 2-6-5
1-4-2 3 7

2-mavzu. Chizigli tenglamalari sistemasi. Chizigli tenglamalar sistemasi
va uning yechimi hagida tushuncha. Birgalikdagi sistemalarni Kramer formulalari
va teskari matritsa yordamida yechish. Chizigli tenglamalar sistemasining umumiy
yechimi. Umumiy ko rinishdagi chizigli tenglamalar sistemasini Gauss usulida
yechish. Gauss usulining Gauss—Jordan modifikatsiyasi. Kroneker — Kapelli
teoremasi. Bir jinsli chizigli tenglamalar sistemasi va uning notrivial
yechimlarining mavjudlik shartlari. Bir jinsli va bir jinsli bo’lmagan sistemalar

yechimlari orasidagi bog lanish. Matritsali tenglamalar.

Quyidagi 2 noma’lumli ikkita tenglamadan tashkil topgan sistemani
Kramer va matrisalar usulida yeching.

“A” Guruh

X+y=4 245y=1Et XH+5By=2.

2.1{)(_)/:2 229 o 5 239, oo
1

2.4 gyl 2540 Y 2.6 a7
" |3x—By=-3 T Y= ' %x—%y=3

A3/—4 3 2/ 1% 53
21 %9y 10-3 280 23 29y x—25

3 x—=1" D¢ 13 11€ 3¢ 3 5¢
2109505, ¢ 2175 a3 ¢ 2.12<;,i o 7t

202



« S/ 7—C 2B =2 B+ A—A/€E
2.13 <3 50 2.14 | 3 a1 2.15 O+ Bz
“B” Guruh
>doyer-Ho oSS e &2
2.16 N 2.17 _ =2
(= D¢+ 5y=—1 !
2.18 , 2.19 318/ ¢

“a” ning qanday giymatida tenglamalar sistemasi yechimga ega bo’lmaydi.

>taayAl N
2.20. Voo ez 22 Gz e
Bs+ay4 X+ay=1
2.22 {;*gy_&c 2.23 {axw:za
2.24
' NES-E)

“a” ning qanday qiymatida sistema cheksiz ko’p yechimga ega bo’ladi.

A
S e SN

x-+ay=3 S 6
2.27 ax3y—2 2.282‘%@
i _ x+y—5z=3
2.29@ 2.303XSOy+2=1
5X—0By+FZ =6
A+ 3+ 22+3=C 5¢+2y-+3=—C
2 31 <AOSy—X+83=—C 2.328<3y+2ZZz+7=C
25/ r&7+3—C 243/ E7—4-—C
([t RAr-&-1=0 xX+2¢=4
2.3345¢ 31131 4C 230434 +Dg -+ —.!
>+AF+5=0 221551+ =5
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“C” Guruh

Quyidagi uch noma’lumli uchta tenglamadan tashkil topgan sistemani
Kramer, Gauss va matrisa usulida yeching.

2.35 @) 4246 =2 6) 5 +2—>6—<4=0
326 =C 2136+ 6C
> 6+ =1 X2 —>=7

2.36 a) 124 e +OL =2 6) 12—
3K+ HL R == 3K D¢+ —7

2x¢ 1 — +3¢, =2( : 130

237 )1 b e EsTR 5 42;3534_&

37 a) — 3B 2D >+, =1 6)
3G g — 2, =] 2645450
[} —2¢+46 =6 2 3¢ =2
2.38 124 —%+3=L 2.39924 % —4c=9
A% —B=9 O B¢ +2¢=1"
s +2¢—¢=9 24 43¢ —3¢ =1
2.40 124 %+36=13 2 41 9% —3¢ +2¢ =1.(
B3¢ H26—Os— 3 —6=5
25 —¢=6 B¢ +2¢ =2
2.42 34X +26=5 2 43494 —¢+3¢—==C
A H26—B6=E B2 26 =]
[2¢ -+ +3¢ =1 2% 3 36 =7 X +2¢ +3%, =3

2.44, PP =6 245, A2 =8 246, {2 =/

B +H6=8 X % +26 =9 2% +3¢, -+ =3
Chizigli tenglamalar sistemasini yeching
+2-3—3¢= +3¢—2¢=2

2.47.a) 7KK =< 6) K22

4951 Q-9g =€ 5¢+18-—7A¢=l
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2¢ %% =7 X+2 =2
248 772 =2 2 492% % +3¢ =1
B¢ =< 2%+, —3¢=3.
431512 e =
2.50 2431551 251 K32 B5—=
L5191+ == XHIKC A2
“B” Guruh
— KO 1€
2.52 B 6¢—€ 2.53 2 i€
B 13 —€ g T —€
2.54 O 2.55 S s—€
SO A5 —€
2.56 o A€ 2.57 = O
3 1<I¢—€ —E15—€)
2.58 5 16K—€ 2.59 —O+1 K€
—>¢—BL=E€ —6¢-¢==€
2.60 g 1€ 2.61 g€
—>5—BL==F€ —5—>—©)
2.62 g >e—€ 2.63 €
2.64 —© 2.65 SO 2.66 TR0
JAVOBLAR
2.1.(3;1) 2.2.(5;1) 2.3.(2;3) 2.4 (4;3) 25.(4;3) 2.6.(8;7) 2.7.(1/2;
2) 2.8. (1/3; 1/14) 2.9. (7;8) 2.10. (2;-5)
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1.1
2.11. (1;-1) 2.12. (-2; -3) 2.13 (E;lij 214 (5;-4) 2.15. . Sistema

cheksiz ko’p yechimga ega, ya’ni X ixtiyoriy bo’lib qoladi Y=@D<H1
2.16 @+Haa—b)

2.17. (cas siny 2.18. @+ha—b) 2.19. (125; -47) 2.20. 0
2.21 . -4

2.22. -12 2.23 -1;1  2.24.2; -3 225.1 2.26.-3 227.3 228.3
2.29.0

2.30. (3;2;1) 2.31. (-2;1;1) 2.32. (0;3;1) 2.33. (1;-3;0) 2.34. (1;-
2;3)
2.35a).
1112 ® 111
A=| 21 1 ¢| =0-31|=7
-3 2 05

e

Kramer formulasidan ——— —— ——=V) (1;4;2)

2.36.a) Yechish. Bu yerda

g B >
al— ><loo =
(==L =

Tenglamalar sistemasini matritsalar yordamidagi ifodasi quyidagicha bo’ladi

AX =B,
Asosiy A matritsani aniglovchisi

5 12

A= 812
—3 0 1
[ o1 (=
%ESEL_ZIIZ == Javob: (3;2;-1 v) (2;3;1) .
—=O (—=

2.37. a). Sistemani kengaytirilgan matritsasini yozamiz. Birinchi gadamda a; #0,
yoki hisoblash oson bo’lishi uchun a;=1 olib kelish kerak. Shuning uchun
birinchi va to’rtinchi qatorlar o’rinlarini almashtiramiz.

211 BZ —4@@@

Demak,

53291
32121324 :|_<—
\ 1aap 21132

1 - gadam. Birinchi ustun ostidagi elementlar noldan iborat bo"lishi uchun
birinchi gator elementlarini - 5; 3 va -2 - sonlarga mos tortinchi gatorlarga
ikkinchi, uchinchi va ikkinchi gadam uchun yanru matritsani 8, #0 deb, uni qulay
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korinishga olib kelamiz, ya'ni a; =1 (yoki a;=-1). Buning uchun ikkinchi va
uchinchi gatorni quyidagi ko rinishga tasavur gilamiz.

A1 Aa 13 43 a4
""OA4A- A D3IF|OA1L-F:Z
a 13ROa4A1 DI

D33 O71 2 O3 OO r24
2- gadam. Ikkinchi gator elementlarini 4 va 3 ga mos ravishda ko paytirib
uchinchi va to rtinchi gatorlarga qo shamiz, u holda ikkinchi ustundagi a.. element
ostida nollar paydo bo"ladi.
3 - gadam. Olingan matritsada &s=26=<0 ekanligidan uchinchi gator

ementlari —22— L
elementiari 726 13

kengaytirilgan matritsa quyidagi ko rinishdagi matritsaga keladi.

ko paytiramiz va to’rtinchi gatorni ko'shamiz. U holda

334 a4 22-—<1
GA 133 7

(—12/13 —a a3 — )
a ze7l-7 [[PT= ?‘7 —
b= W S 3 i ELs
Qe E) DD = -
Bu matritsaga mos keluvchi sistema quyidagi ko’rinishda bo’ladi

(A A <

[ =%+ —2%, =4
—x, +13 —4x, =11

) 264 7%, =7
19 1¢
y 13° 71z

Oxirgi tenglamadan X, =1, uchinchi tenglamadan

Ikkinchi tenglamadan ===EE=E=——1-1T1G LIl

Birinchi tenglamadan S r=—==f—Br=—P=N

JaBo0: (5;7;0;1) v)(2;4;1)

2.38.(4;3;2) 2.39. (5;3;1) 2.40. (3;5;4) 2.41. (6;2;5) 2.42. (2;3;1)

2.43. (-1;6;2) 2.44. (1;2;3) 2.45. (1;2;3) 2.46. (2;-1;1) 2.47. a) Kengaytirilgan
matritsaga elementar almashtirishlar bajaramiz

E.E .
———===]]

Matritsaning rangi f(A)=2 x va X, o'zgaruvchilar oldidagi koeffitsientlardan

1
tuzilgan aniglovchi (bazis minor) noldan fargli 0 jio. Bu ozgaruvchilarni

asosiy qilib olamiz. Asosiy bo'lmagan o'zgaruvchilarni *s;:Xs  barrobarni o'ng
tomoniga o tkazamiz
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Bu yerda

Asosiy bo’lmagan o°zgaruvchilar >%=G. >4=< cheksiz ko'p yechimlarni olamiz

—

8) ST
2.48. > >—==3 > —¢€
249, S>>«
2.50.

2.51.
2.52. a) Koeffitsientlardan tuzilgan matritsani tuzamlz

1-2 3
4 5-6
Uning minorlari quyidagicha boladi

=
@%:1—2:5

S22 oo
e

Yugorida keltirilgan (3.14) formuladan

>—B >—MHMS3:MH

bu yerda —oo<t<<oc,
253 G > >c—4 254 CE >=85 >—H
2.55 G 2s—F >t 256 CERXS=A -
257 G2 IF )58 (x,=-2 x,=-6t xs=T1)
2.59(x1=3t; X,=-2t; x3=0) 2.60 (x1=41t x,=8t; x3=Tt)
2.61 (X1:6t Xo=Tt X3=29t) 2.62 (X1=4t Xo=17t X3:3t)
2.63(X1=2t Xo=-3t X3=5t) 2.64 (X1=2t Xo=-3t X3=5t)
2.65(X1=2t Xo=-3t X3=5t) 2.66 (X1=4t Xo=3t X3=t)
2.67 Bu yerda noma’lumlar soni 3-ga sistemaning A matrtsasini tuzamiz.

1 1-7

A=[1-6 1
5-1-1

va uning ustida elementar almashtirishlar bajaramiz.

11-7) (1 1-1 1 1-7 100
A=1-6 1|~-|0-7 8 |~|0-7 8 [~|0 1 O
5-1-1) (0-6 34 0 0210) (0 0 1
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Demak, r=3 (=), Sistema yagona trival yechimga ega (0;0;0).

2.686(% y=§ Z—% 2.69 %%%%%%

2.70 60 >0 >c€ 271656 >—B >—=
2.726<E vt ==t 2.73 (x1=-15t; X,=2t; X3=-5t; X4=171t)
2.74 (x1=0; X2=0; Xz=t; X4=t) 2.75 (X3=-5t; Xp=-3t; X3=4t; X4=6t)
2.76 (X3=--4t; Xo=t; X3=-4t; X4=t) 2.77 (X3=-6t; Xo=-9t; X3=-29t; X4=t)
2.78(X1=-1; Xo=2t; X3=-0; X4=t) 2.79 (X1=-1; Xo=2t; X3=3t; X4=4t)

3-mavzu. Vektorlar sistemasi. n — o'lchovli haqigiy arifmetik fazo
nugtalari vaarifmetik vektorlari. R" fazoda vektorlar koordinatalari. Arifmetik
vektorlar ustida chizigli amallar. Skalyar ko paytma. Vektor uzunligi. Vektorlar
orasidagi  burchak. Nugtalar orasidagi masofa. Vektorlarning chizigli
kombinatsiyasi. Chizigli tenglamalar sistemasini vektor ko'rinishda yozish.
Vektorni vektorlar sistemasi bo'yicha yoyish. Chizigli erkli va chizigli boglig
vektorlar sistemalari. Vektorlar sistemasining bazisi va rangi. Bazis 0°zgarganda
vektor koordinatalarining o zgarishi. Vektorlar sistemasining rangi bilan matritsa
rangi orasidagi bog liglik. Ortogonal vaortonormallangan vektorlar sistemalari va
ularni qurish. Bir jinsli chizigli tenglamalar sistemasining fundamental yechimlari

tizimi. Chizigli tenglamalar sistemasining vektor shakldagi umumiy yechimi.

4-mavzu. Chiziqli algebra usullarining ba’zi iqtisodiy modellarining
tahlilida qo’llanilishi. Chizigli algebraelementlarining ba’zi chizigli iqgtisodiy
modellarning tahlilida gollanilishi. Tarmoglararo balansning matematik modeli.

Balans taxlili modeli. Mahsulot tannarxini aniglash modeli. Savdo modeli.

5-mavzu. Analitik geometriya elementlari. Analitik geometriya predmeti
va vazifasi. Tekislikdagi analitik geometriya. Kesmani berilgan nisbatda bo lish.
Tekislikda chiziq tenglamasi. Tekislikda to g ri chizigning burchak koeffitsiyentli,
kesmalarga nisbatan, umumiy, normal tenglamalari. Berilgan bitta nugtadan
o tuvchi, berilgan ikkita nugtadan o'tuvchi to'g'ri chizig tenglamalari. To'g'ri
chiziglar orasidagi burchak. R? da to'g'ri chiziglarning kesishish nugtasi. To'g'ri

chiziglarning o"zaro parallellik va perpendikulyarlik shartlari. Berilgan nugtadan
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berilgan to'gri chiziggacha bo’lgan masofa. Ikkinchi tartibli egri chiziglar.
Aylana, ellips, giperbola va parabola tenglamalari. Ikkinchi tartibli egri
chiziglarning umumiy tenglamalarini kvadratik forma tushunchalaridan foydalanib
tekshirish va tenglamasini kanonik ko'rinishga keltirish. Iqtisodda ba’zi ikkinchi

tartibli egri chiziglarning go llanilishi.

Fazoda tekislik va to'g'ri chiziq tenglamalari. Tekisliklar orasidagi burchak.
To'g'ri chiziglar orasidagi burchak. Nugtadan tekislikkacha bo’lgan masofa.
Tekisliklarning, to'gri chiziglarning, tekislik va to'g'ri chiziglarning
0 zarojoylashuvi. Parallellik va perpendikulyarlik shartlari. Fazoda ikkinchi tartibli
sirtlar.  Analitik geometriyaelementlarining iqtisodiy masalalarning optimal

yechimini topishda go llanilishi.

6-mavzu. Chiziqgli va evklid fazolari.Chizigli operatorlar. Chizigli fazo va
uning o Ichovi. Chizigli fazoda bazis va koordinatalar. Chizigli fazoning gism osti
fazolari. Evklid fazosi. Bazislarni almashtirish. Chizigli operator. Chizigli operator
matritsasi. Bazisni almashtirishda chiziqli operator matritsasining o zgarishi.
Chizigli operatorlar ustidaamallar. Chizigli operatorning Xxos giymati vaxos
vektorlari. Xos vektorlarning xossalari. Chizigli operator matritsasini diagonal

ko rinishga keltirish. Musbat vektor va musbat matritsa.

7-mavzu. Kvadratik formalar. Kvadratik forma hagida tushuncha. Uning
matritsasi va rangi. Kvadratik formani kanonik ko'rinishga keltirish. Musbat
aniglangan kvadratik formalar. Kvadratik forma tushunchalarining iqgtisodiy

modellarning tahlilida go’llanilishi. Xalgaro savdo modeli. Rejalashtirish modeli.

8-mavzu. Matematik analizga kirish. n — o'Ichovli hagigiy fazoda nuqgta
atrofi. R" fazoda chegaralangan to plam. To'plamning ichki va chegaraviy
nugtalari. To plamning quyuglanish nugtasi. Yopiq va ochiqg to plamlar. Ixcham
(chegaralangan va yopig) to'plam. Qavarig nuqgtalar to plami. Nugtalarning
gavariq chizigli kombinatsiyasi. Qavariq to plamning chetki nuqgtalari. R" fazoda
nuqtalar ketma—ketligi. Sonli ketma—ketlik. Nuqgtalar ketma—ketligining limiti.

Sonli ketma—ketlik limiti. Cheksiz kichik, cheksiz katta sonli ketma—ketliklar va
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ularning xossalari. Monoton sonli  ketma—ketliklar. Sonli  ketma—ketlik
yaqginlashishining yetarli sharti. Yaginlashuvchi ketma—Kketliklar ustida arifmetik

amallar. e soni. Igtisodda e sonidan foydalanishga misollar.

Funksiya ta’rifi. Funksiyaning berilish usullari. Uning aniglanish sohasi va
giymatlari to plami. Bir o zgaruvchili funksiya umumiy xossalari. Funksiya grafigi
va uni almashtirishlar. Teskari funksiya. Elementar funksiyalar, ularning
klassifikatsiyasi, xossalari va grafigi. Chegaralangan funksiya. Murakkab
funksiyalar (superpozitsiyalar). Oshkormas funksiyalar. Parametrga bog liq
funksiyalar. Qavarig va botig funksiyalar hagida tushuncha. Funksiya limiti.
Anigmasliklarni ochish. Ajoyib limitlar. Limitlar haqgidaasosiy teoremalar.
Funksiyaning cheksizlikdagi limiti. Bir tomonlama limitlar. Ekvivalent cheksiz
kichik funksiyalar. Funksiyalarni taqgoslash. Funksiya uzluksizligi. Uzluksiz
funksiyalarning asosiy xossalari. Bir tomonlama uzluksizlik. Funksiyaning uzilish
nuqgtalari va ularning turlari. Ajoyib limitlarning iqgtisodiyotda qo llanilishi.

Igtisodiyotda uchraydigan funksiyalar.

Ko'p o'zgaruvchili funksiya limiti. Ko'p o0 zgaruvchili funksiyaning

nuqgtadagi limiti. To plamdagi limiti.

9-mavzu. Differensial hisob.  Funksiya  hosilasi. Funksiya
differensiallanuvchanligining zaruriy va yetarli shartlari. Funksiya differensiali va
uning taqgribiy hisoblashlardagi tatbiglari. Hosila va differensialning geometrik va
fizik ma’nolari. Bir tomonlama va cheksiz hosilalar. Hosila hagidaasosiy
teoremalar. Elementar funksiyalarning hosilalari. Murakkab funksiya hosilasi va
differensiali. Yuqori tartibli hosilalar va differensiallar. Teskari funksiya hosilalari.
Differensiallanuvchi funksiyalar uchun o'rta qiymat haqidagi teoremalar. Chekli
orttirmalar formulasi. Chekli orttirmalarning umumlashgan formulasi (Koshi
formulasi). Teylor - Makloren formulalari va ularning qo llanilishi.
Anigmasliklarni ochish. Lopital qoidasi. Funksiya monotonligining yetarli
shartlari. Funksiyaning ekstremum nuqtalari. Funksiyaekstremumining zaruriy va
yetarli shartlari. Funksiyaning global ekstremumlari. Funksiya grafigining
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qavariglik yonalishi intervallari, egilish nugtalari. Asimptotalar. Funksiyani hosila
yordamida tekshirish va grafigi eskizini chizish. Amaliy iqtisodiyotda differensial

hisobning qollanilishi. Ko™ p o zgaruvchili funksiya hagida tushuncha.

Ko'p o'zgaruvchili funksiyalarning lokal ekstremumlari. Statsionar nugta.
Ekstremumning zaruriy shartlari. 1kki o’zgaruvchili funksiyaekstremumining

yetarli sharti. Global ekstremum nazariyasining iqtisodiyotdagi tatbiglari.

10-mavzu. Integrallar hisob. Boshlang’ich funksiya vaanigmas integral.
Anigmas integral xossalari. Elementar funksiyalarning anigmas integrallari jadvali.

Integrallashning asosiy usullari.

Aniqg integral va uning xossalari. Nyuton — Leybnits formulasi. Aniq
integralni hisoblash usullari. Aniqg integralni tagribiy hisoblashda to rtburchaklar,

trapetsiyalar va Simpson formulalari.

Xosmas integrallar va ularning turlari. Aniq integralning geometrik va

iqtisodiy tatbiglari.

11-mavzu. Differensial tenglamalar. Oddiy differensial tenglamalar
hagidaasosiy tushunchalar. Umumiy yechim va umumiy integral. Birinchi tartibli
differensial tenglamalar. Koshi masalasi. Birinchi tartibli differensial tenglamalarni
yechishning asosiy usullari. Birinchi tartibli chizigli differensial tenglamalar.
O zgarmas koeffitsiyentli ikkinchi tartibli chizigli differensial tenglamalar. Yugori

tartibli differensial tenglamalarni tartibini pasaytirish usullari.

12-mavzu.Sonli va funksional gatorlar. Sonli qatorlar. Yaginlashuvchi sonli
gatorlar va ularning xossalari. Qator yaqginlashuvining zaruriy sharti. Musbat hadli
sonli gatorlar. Qator yaginlashuvining yetarli shartlari. Ishorasi almashinuvchi
sonli gatorlar. Leybnits, Abel va Dirixli alimatlari. Ishorasi 0" zgaruvchan gatorlar

va ularning absolyut yoki shartli yaginlashishi.

Funksional gatorlar. Yaginlashish sohasi. Veyershtrass, Abel va Dirixlining

tekis yaginlashish alimatlari. Darajali gatorlar. Darajali gatorning yaginlashish
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radiusi va sohasi. Darajali qatorlarni differensiallash va integrallash. Funksiyalarni

darajali gatorga yoyish. Teylor va Makloren gatorlari.

Targatma materillar.

Variant Nel
1.Aniglovchilarni hisoblang:

2. Teskari matritsani toping:
12 2

A=2 1-2

2-2 1

3.Quyidagi matritsalarni rangini toping:
111

2 1

13

11

o W
o N

4. Matritsali tenglamalarni yeching:

Sl

Variant Ne2
1.Aniglovchilarni hisoblang:
3 2 2 2
9-8 510
5-8 5 8
6-5 4 7
2. Teskari matritsani toping:
211
A=|0 2 1
312

3.Quyidagi matritsalarni rangini toping:

213



— 2
1

NN
N

3-2 4
51 7
18 2

4. Matritsali tenglamalarni yeching:
2 3 0 9
X - =

Variant Ne3
1. Aniglovchilarni hisoblang:

2. Teskari matritsani toping:

3. Quyidagi matritsalarni rangini toping:
2

N O k-
A P N
o N w;

1
1

4. Matritsali tenglamalarni yeching:

NEE

Variant Ne4
1. Aniglovchilarni hisoblang:
1-1 2 1
3 4-10
2131
-5 0 1-2
2. Teskari matritsani toping:
3-4 5
A=12-3 1
3-5-1

3. Quyidagi matritsalarni rangini toping:
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w
o1
|

~N o e
o~ A~

4. Matritsali tenglamalarni yeching:
3 4 5 6
X - =
(1 2) (11 16)

Variant Ne5
1.Aniglovchilarni hisoblang:

W o
Oll.)cow
H[l\DNH
o g ™

2. Teskari matritsani toping:
4-8-5
A=|-4 7-1
-3 51
3.Quyidagi matritsalarni rangini toping:

4. Matritsali tenglamalarni yeching:

3

Variant Ne6
1.Aniglovchilarni hisoblang:
1 2 3 4
2 21 4
3133
4 4 3 4
2. Teskari matritsani toping:
2 7 3
A=|3 9 4
153
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3.Quyidagi matritsalarni rangini toping:
11-1 2
2-1 15
110-6 1
4. Matritsali tenglamalarni yeching:

a2l 5

Variant Ne7
1.Aniglovchilarni hisoblang:
4 3-1 2
2 1 2-1
3 1-11
1212
2. Teskari matritsani toping:
123
A=|2 3 4
1 4 3
3.Quyidagi matritsalarni rangini toping:
3-1 3 25
5-3 2 3 4
1-3-5 0-7
7-5 1 41

4. Matritsali tenglamalarni yeching: X '(;51 4} :( 12 Sj

Variant Ne8
1.Aniglovchilarni hisoblang:

2. Teskari matritsani toping:
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3 21
A=1-2 1
2 2 3

3.Quyidagi matritsalarni rangini toping:
0-3 3-3
110 3
—2 2-4-2

4. Matritsali tenglamalarni yeching:

(3t )

Variant Ne9
1.Aniglovchilarni hisoblang:
2113
1 21 4
112 5
1116
2. Teskari matritsani toping:
1-2 3
A=|-3 7 2
-1 2-4

3. Quyidagi matritsalarni rangini toping:
1 2 3 45

2 3 1-1-1
1 3 8 1316
1 0-7-14-17

4. Matritsali tenglamalarni yeching:
F —4) ( 2 6)
X . —
3 -7) |-1 -8
Variant Nel10

1.Aniglovchilarni hisoblang:
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2. Teskari matritsani toping:

3.Quyidagi matritsalarni rangini toping:
2-1 3-2 4
4-2 5 1 7
2-1118 2
4. Matritsali tenglamalarni yeching:

TENE

Variant Nell
1.Aniglovchilarni hisoblang:

W W NN
|l ll—‘ o -
D Ny
= W I o

2. Teskari matritsani toping:
1 1

A=|3 2

2 1

3.Quyidagi matritsalarni rangini toping:
3

2—

4

0
1-
1-
n

4. Matritsali tenglamalarni yeching: [

VariantNe 12
1.Aniglovchilarni hisoblang:
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>~ O O O
~N 01 0 o

2. Teskari matritsani toping:

5 3-6
A= 2-10

VariantNe 13
1.Aniglovchilarni hisoblang:

1 22 12 4
-1 4 3 1

2 16 7 3
-39 3 4
2. Teskari matritsani toping:

A=

w NN

1-1
-1 2
01

3.Quyidagi matritsalarni rangini toping:
4 3-5

L I ST NG N}
(o2 T L BN O V)

AN
o W w o
P R oo

4. Matritsali tenglamalarni yeching:
(12 —1} (—14 8}
X . =
-5 1 1 -1
Variant Ne14
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1.Aniglovchilarni hisoblang:

-1 2-2-1
3-4 75
4-9 85
-3 2-5 3
2. Teskari matritsani toping:
4-4-3
A=|-8 7 5
—5-11
3.Quyidagi matritsalarni rangini toping:
3114
0 410 1
1 717 3
2 2 4 3
4. Matritsali tenglamalarni yeching:

SR P

Variant Nel5
1.Aniglovchilarni hisoblang:
5-9 2 7
-3 7-1 4
2-5 1 2
4-6 1 2
2. Teskari matritsani toping:
2 13
A=|1 0 1
12 2
3.Quyidagi matritsalarni rangini toping:
[2 4 3-3 5}
1-2 1 5 3
1-2 4-34 0
4. Matritsali tenglamalarni yeching: X - ( ’ ] ( . _1]
Variant Nel6

1.Aniglovchilarni hisoblang:
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2. Teskari matritsani toping:
4 1
A=|1 0
3 1

5
2
1
3.Quyidagi matritsalarni rangini toping:
2
3
1
1-

4. Matritsali tenglamalarni yeching:

554 (“ls_f}

Variant Nel7
1.Aniglovchilarni hisoblang:

o N w o
o oo O N
g w N
NN S

2. Teskari matritsani toping:

A=|7

A O W
w o1 -

3.Quyidagi matritsalarni rangini toping:
410 1

717 3
24 3

672
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N PN W

4. Matritsali tenglamalarni yeching:

(1_1_2]')(



Variant Nel8
1.Aniglovchilarni hisoblang:

I—‘||_\ool—‘
N P ow W
P NN - O
'_\Nl\)l—\

2. Teskari matritsani toping:

A=

w N B

2 1
3 4
4 3
3.Quyidagi matritsalarni rangini toping:
1 2 3-2
2-3 1-4
1 9 8-2
1-12-7-2
4. Matritsali tenglamalarni yeching:

o )

Variant Ne19
1.Aniglovchilarni hisoblang:

4-1 5-2
5-2 3 4
-11 2 3
~7 4 1-7
11-5 4-4
4. Matritsali tenglamalarni yeching:
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(10 —3} (3 —4]
X =
-1 2 6 2
Variant Ne20
1.Aniglovchilarni hisoblang:

4. Matritsali tenglamalarni yeching:
6 1 -2 -3
X - =
(—4 —zj (—28 —6)

Variant Ne21
1.Aniglovchilarni hisoblang:

3 57 2

1 2 3 4

-2-3 3 2

1 35 4

2. Teskari matritsani toping:

113
A=12-3 1
3 2-1

3.Quyidagi matritsalarni rangini toping:
1 3 1-3
2 11 1
3-11-1 19
1 12 2-16
4. Matritsali tenglamalarni yeching:
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06 1 -2 -3
X - =
(—2 —2} (—2,8 —6j
Variant Ne22

1.Aniglovchilarni hisoblang:

O O O w
o o M~ NN

o A b O O
ol U1 o o ©

2. Teskari matritsani toping:

3
toDi

3.Quyidagi matritsalarni rangini toping:

4. Matritsali tenglamalarni yeching:

AL ) )

Variant Ne23
1.Aniglovchilarni hisoblang:
1-2 3 4
2 1-4 3
3-4-1-2
4 3 2-1
2. Teskari matritsani toping:
211
A=|5 2 4
7 3 4

3.Quyidagi matritsalarni rangini toping:
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HI—‘oo

1-2 1
0-1 0-
1-1- 1
1 3-101

|
W R NP

10
4. Matritsali tenglamalarni yeching:

[3 5) (—2 —1]

X -

—4 -2) |-8 -6
Variant Ne24

1.Aniglovchilarni hisoblang:

10 2 0 0 O
12 102 0 O
0 12102 O
0 01210 2
0 0 01210

2. Teskari matritsani toping:
1 2
A=|0-3
00

3.Quyidagi matritsalarni rangini toping:

3-
1-
1
5
4. Matritsali tenglamalarni yeching: (
Variant Ne25§

1.Aniglovchilarni hisoblang:
1+a 1 1 1

1 1-a1l 1
1 1 1+b 1
1 1 1 1-b
2. Teskari matritsani toping:
100
A=12 10
1 31
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3.Quyidagi matritsalarni rangini toping:

o P p W
w O W Er N

4. Matritsali tenglamalarni yeching:

Variant Ne26
1.Aniglovchilarni hisoblang:
111
1-1 1
1 1-1
11 1-
2. Teskari matritsani toping:
1 2-1
A=12 1-1
1-7 3

3.Quyidagi matritsalarni rangini toping:
1-3 5 6
1-3 11
1-3 13 16
1-3 9 11

4. Matritsali tenglamalarni yeching:
-32 2 3 -19
X =
o)
Variant Ne27

1.Aniglovchilarni hisoblang:

2. Teskari matritsani toping:
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A=

w N O
O W -
~N o1 W

3.Quyidagi matritsalarni rangini toping:
2 5-1 4 3
-3 12 01
4 1 6 -1-1
-2 3 0 4-9
4. Matritsali tenglamalarni yeching:

SRR

Variant Ne28
1.Aniglovchilarni hisoblang:
1 2 30
5712
3-11 8
-310-3 6
2. Teskari matritsani toping:
2 1-1
A=|5 2 4
7 3 4
3.Quyidagi matritsalarni rangini toping:
10 4-1
2 111 2
11 4 56 5
2-1 5-6

4. Matritsali tenglamalarni yeching:
35 2 15 7
X . =
S06 )

Variant Ne29

1.Aniglovchilarni hisoblang:

& Ul N W
& & oo o
g W ow N
AN O NN

2. Teskari matritsani toping:
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>

[l
[ = =
w N P

1
4
9

3.Quyidagi matritsalarni rangini toping:
-3 2 01 4
-1 5 2 35
6-12 3-7-8
-3 7 9 415

4. Matritsali tenglamalarni yeching:
[1,2 2) (1,5 5}
X . =
-31 6 2
Variant Ne30

1.Aniglovchilarni hisoblang:

N W o B
w o = N
o R N W
N W O

2. Teskari matritsani toping:

2 1

3-2
—4-1
3.Quyidagi matritsalarni rangini toping:

I

A=

(&)

W R P

1 1
2 1
1 1
2 1

PR R R
=

« 3 12 (1517
~131) (6 14

4. Matritsali tenglamalarni yeching:
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| BOSQICH BAKALAVRLARI UCHUN KUZGI O*QUV MAVSUMI
MUSTAQIL ISH TOPSHIRIQLARI

| topshiriq.

Ushbu chizigli tenglamalar sistemasini Kramer, Gauss hamda matritsalar
usulida yeching:

1%y + QypXy + ay3xz =Dy
Ay Xy + AppXy + apxg =D,

agy Xy + agpXy + aggxgz = by

Izoh: Sistemadagi aj; koeffitsient va b; ozod hadlardan iborat parametrlar variant
bo‘yicha jadvaldan olinadi.

Variant Sistema tenglamalarining parametrlari
Ne
aun |awn |aiz | b A |axn |ax | b d31 |@x |as | bs
1 1 | 3 3 | 2 2 1 | 3 1 1 | -1 4 3
2 2 1 6 2 3 | -1 | -3110| 2] 4 | -1 3
3 -2 | 3 2 0 4 | 4| -4 | 4 1 6 1 13
4 5 | 3 2 -3 | =5 2 6 2 0O | -1 ] -4]|-1
9) 1 1 1 0 1 0 2 | 2 0 2 3 | -1
6 3 | 2 3 4 0 2 1 | 4 2 | -4 0 2
7 0 2 | -1 3 1 3 0 9 5 | 2 1 12
8 1 1 2 -3 2 1 1 | 4 1 2 3 | 7
9 2 | -5 7 —1 1 1 | -1 1 | 3 2 | 3 0
10 1 1 | -1 1 1 | -1 1 5 1 1 1 9
11 3 2 | —1 5 0 2 | 2 6 | -3 7 | -3 2
12 10 3 4 7 2 3 | 4| -1 7 | 5| 4] -9
13 3 2 | 3 5 0 1 | -1 -1 4 | 2 8 4
14 8 1 | 4 1 3 | 3 1 | 4| 4 9 | -1 1
15 9 | 3 7 —7 | 8| 2 1 1 1 | -1 1 | -3
16 8 6 | -1 | -6 6 1 | 2 0 2 4 2 | 2
17 1 | 6| 6| 4 2 | -1 2 5 1 3 6 1
18 1 | 2 3 | -1 2 1 | 2 2 4 3 | 3|10
19 5 3 4 | —1 4 4 1 9 4 2 3 | -1
20 1 0 | -1 3 5 | -1 7 |-10| 4 9 5 3
21 2 | 3 6 | 7 3 4 | -1 | -6 1 | -5 2 10
22 1 4 | 2 8 1 | -5 2 | -3 5 6 1 | -1
23 2 | 2 1 -6 | 4 3 | -1 1 1 | 4 2 | 9
24 1 3 1 —2 1 4 2 | 4 1 | 5| -3] 10
25 3 0 5 | -1 0 2 1 | -1 1 | -3 1 2
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26 3 2 1 9 2 3 1 5 2 1 3 | 11

27 4 | -3 | 2 |12 | 2 5 | -3|-3] 5 6 | 2| 0

28 1 1 | 3] 6 2 | -1 1 | -1] 3 1 2 3

29 7 2 4 1 1 | 3] -2 6 1 | 4] -1] 6

30 2 | 3| 2] 3 3 | 2|1 1 3 | 4| -1] 5
Il topshiriq

Fazoda uchlari A(x1, Y1, 21), B(X2, Y2, Z2), C(Xs, Y3, Z3) va D(X4, Vs, Z4) nugtalarda
joylashgan piramida berilgan. Bu piramida bo’yicha quyidagilarni bajaring:
1. AB vektor koordinatalarini toping va undan foydalanib 4B qgirra uzunligini
hisoblang;

2. AB va AD vektorlardan foydalanib AB va AD qirralar orasidagi ¢ burchak
kosinusini toping;
3. AB va AD vektorlardan foydalanib piramidaning ABD tomoni yuzasini toping

4. ﬁ, AC va AD vektorlar yordamida ABCD piramidaning hajmini aniglang;

5. AD qirra yotgan to“g‘ri chizigning kanonik va parametrik tenglamalarini
yozing;

6. ABC yoq yotgan tekislikning umumiy, kesmalardagi va normal tenglamalarni
yozing;

7. Piramidaning ABC va ABD yoqlari orasigi ikki yoqli a burchak kosinusini

toping;

8. Piramidaning D uchidan tushirilgan DH balandligi yotuvchi L to’g’ri

chizigning kanonik tenglamasini aniglang;

9. Piramidaning D uchidan tushirilgan DH balandligining uzunligini toping.

Izoh:  A(X1, Y1, Z1), B(X2, Y2, Z2), C(Xs, Y3, z3) va D(X4, Y4, Z4) nugtalarning
koordinatalari variantga asosan jadvaldan olinadi.

Variant | x 1 h%1 Z1 X2 Y2 77 X3 Y3 Z3 Xa Vs Z4
No
1 2 4 8 | -3 | 5 1 6 -4 3 5 8 | -1
2 | 1| 3| 724|053 |2|=4]7]2
3 5 9 0 6 | -2 | 7 1 4 6 9 0
4 | 0| 2|7 | 3|35 ]| 4|4 -1]3|%6]3
5 -4 | 6 | -3 | 7 /7 | -1| 8 0 5 731
6 1,23 |45 |-6|7 -89 |-3]|] 6 |-5
7 2 | -3| 4|56 |-7|8|-9|3|-4]|717 1
8 3| 4|56 | 7|89 ]|3|7|-4|-1]|=2
9 4 5S | 6 |-7| 8 | -9 3 -5 7 1 2 | -3




10 -5 6 /7189|213 |-4]|-2]3 4
11 6| 7 | -8 -9 0 3 2 1 | -3|-3|-4]|-5
12 7 | -89 0O |-1]| 2 1 | 2] 3 4 5 6
13 8 | 91|12 |-3|4|-5|-6|-7|0 4
14 9|11 2|1 |-2] 3 4 5 6 7 8
15 0O | -1 2 1 |1-2|-3|-4| 5 |-6| 7 |-8|-9
16 1 |-2|-1]-2] 3 4 5 6 7 | 5|0 8
17 2 1 2 3 | -4|-5|-6|7 8 | 9| 0 | -3
18 -3/ 4 |51 |-8|7|-4]| -2 1 2 | -1 0
19 2 |53 |-2| 7|83 |-1]| 2|31 5
20 4| 3 | -5, 0|-9] 6 5 1 3]0 1 | -3 2
21 2 | 3|6 |17 | 3 4 | -1 3 1 | -5 2 |10
22 1 4 | 21| 8 1 | -5 -3 1 | 4| 6 1 4
23 2 | 2|1 |-6| 4 3 | -1 3 1 | -4 2 | -9
24 1 3 1 |21 1 4 2 |36 1 | -5]-31]10
25 3 0 5 [ -11]0 2 1 | -1 1 | -3] 1 2
26 3 2 1 5 2 3 1 1 2 1 3 |11
27 4 | -3 | 2 9 2 5| -3\ 4 5 6 | 2 | 18
28 1 1 | -31] 6 2 | -1 1 5 3 1 2 7
29 7 2 4 1 1 | -3|-2] 2 1 | -4 | -1 8
30 2 | 3| 2| 4 3 | 211 11 | 3 | 4 | —1 7
111 topshiriq
I11.1-masala

Berilgan a), b), ¢) va d) hollardagi y=f(x) funksiyalarning hosilalarini toping.

Ne | a) y = f(x) c) y =f(x)
b) d)
1 |a) _x-1 C) y =arctg (1+ In x);
T x+1
b) | y=(x+1DIn(x+1); d) | x=Int,y=t?
2 |a) W — 2x2 c) y = arcsin( 1— In x);
~1-sinx’
b) | y=(x®+1)sinx; d) | x=sint,y=t>—t
3 |a) 10% +x1 c) y =arccosvl—Inx;
~ sinx
b) | y=(x* +Darcctg d | x=cost,y=t+t?
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4 |a) _ tgx +sinx C) y = glmCe0sSX
-7
X
b) | y=@-x?arcsinx; d) | x=2t+1,y=cost?
5 |a) _ COSX+Sin X C) y =arcsinL— x°)
1+X
b) | y=x2In+x?); d) | x=Int?+1),y=t3
6 |a) _Inx ¢) | y=In@—+/x-1);
1+ x°
b) | y=xtg@l+x?); d) | x=e?, y=t?
7|3 y = 2X ; ) | y—arctg1+x2;
X° -1
b) | y=(Xx+sin x)(x—cosX); d) | x=t?,y=t>+t%+1
8 |a) :1+sinx_ C) y:\/l—sin(x2+1);
1-cosx’
b) | y=(X-1tgx)(x—ctgx) d) | x=t?+t,y=t3+1
9 |a) _ 1-tgx C) | y=sin(e* +cosx)
1+ ctgx
b) | y=(x-DarctgV/x -2 d) | x=t>—4t,y=t>+t
10 | a) Ix c) y=In(Xx+In x)
o
b) | y=(x-1arcsinv2—x; d) | x=t2—-4t,y=(t+1)°3
11 | a) o x-1 c) 1
Y 5x 2 (“X”{E_j
b) | y=Inx-sinyInx d) | x=(t-2)7?,y=t3+t
12(a) |, _2x+3 ) | y—sarcige”™
3X+7
b) y:(x2—3x+31x2+2x—1) d) | x=sin(t-4),y=cos(t+3)
13 | a) 5x 2 C) 2 §/7
= £ B)@x+
x_3 (\/; )( ™ )
b) | y=in(e® +1) d) | x=sin(2t-1), y=cos2(2t —1)
14 | a) x4+ 2x ¢) | y=tg(2* +x+1)
3—4x
b) y_(l—x2X1 2x3) d) | x=2', y=t
15 | a) 1+ ) | y=sin3*.cos” 3"
1-x
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b) [ y=(2+x+1fx2—x+1) [d) [x=sin(2t+1),y=cos2(2t+1)
16 | a) X2 ) | y=(x-1)(x-2)x-3)
y="2_
x+1
b) | y=2Intg(x/8) d) | x=2t-1)2%,y=Int+)
1712) :\/__2 2 y:l-(tg2x+ln00522x)
X 42 2
b) | y=R/x+1)x-1) d) | x=h(2t-1),y=Ih(2t+1)
18 | a) F « ¢) | y=ctg’ctgx
e
b) | y=(x*-4)x? -9 d | x=tg(2t-1), y=(2t+1)?
19 | a) _X +7X+5 c) y = arcsin v/1—e”*
x% — 3x
b) = {1+ v2x J1+/3x) d [ x=(t-12,y=(2t+1°
20 | a) —x2 4+ 2%x+3 C) _Inl—sin 3X
T 39 y 1+ sin 3x
b) | y=(x?+x-1Jx*+1) d) | x=10%"1,y=Ig(2t -1)
21 | a) x? -1 c) y=tg(@+ Inx)
X241
b) | y=(x+2)?In(x+2); d) | y=(x®-Dtgx;
22 | a) 2% — x2 c) y =arccos(1+ In x)
~1—cosx’
b) | y=(x®-Dtgx; d) | x=10°"t y=t>—2t
23 | a) C1+e¥ €) | y=cosvl-Inx
Inx
b) y = (x% —Darcctg d) X =arccost, y =arcsin t
24 | a) X+Inx C) y =gSinX 4 g=cosx
=73
X
b) | y=@+x?)arctgx d) | x=(t-23)%, y=sint?
25 | a) _ sinx €) | y=arccos+ x?)
1+ COS X
b) | y=eXIn(l+x?) d) | x=(t>+13,y=t>
26 | a) _x-1 ¢) | y=In@+~/x+1)
1+ x*
b) | y=x3sin@+ x?) d) | x=e™ y=t>+2t
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27 | a) 1++/x C) y =In(x—1In x)
Y1 X
b) | y=(x-1)arccosv2 - x d) | x=t?+2t,y=(t+2)>
28 | a) y:2x—l ¢) | y=Inx-cosInx
4x + 3
b) | y=(Vx-1j-Vx) d | x=@t+2)3, y=t3+3t
29 [ a) %2 +1 ¢) | y=ctg(2*-x%+3)
3x* +5
b) y:(x2+5x—SXx2—4x+5) d) | x=Int?-4),y=Ig(t+2)
30 | a) 5x2 43 c) y:ln(eSX +1)
x? —1
b) |y-= (1—x211—2x3) d) | x=sin(2t+1), y=cos2(2t +1)
I11.2-masala

y = f(x)tenglama bilan berilgan egri chizigning absissasi X =X, bo’lgan

nuqgtasiga o’tkazilgan urinma va normal tenglamalarini yozing.

y=f(x) Xo | Ne y=f(x) Xo
No
1 y =X? 42X 2 | 16 y =3tg2x +1 /2
2 y =80x — Xx° -1 | 17 y=1—4x+e** 0
3 y=1+2c0s X 2 | 18 y = 6tg5x /20
4 y:%x4+%x3 1 | 19 y =4sin 6x /18
5 y:%x3+4x+3 4 | 20 y:§—§—7x+9 1
6 y =X +sin 2X 4 | 21 y=x>-3x+1 -1
7 y = xe* 0 | 22 y=8x3—x%+1 3
8 y =13+19x /3 | 23 y=1-2cosx —7/2
9 y=1-x? 1 | 24 y = 4tg3Xx /9
10 y=1+3x+e 0 | 25 y=x3-3x+5 -2
11 | y=x3-5x*+7x-2 | -1 | 26 y = X — C0S 2X /4
12 y=x%—6X+2 2 | 27 y =e* cosx 0
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2
13 y:XT—x+5 4 | 28 y =CtgX + tgx /4

4

14 y:XT—27x+60 -2 1 29 y =sin(L— x?) —1
2
15| y=—X 7= | 3 |30 y=1-5x+e% 0
2 2
I11.3-masala

Moddiy nugta s=s(t) tenglama bo’yicha harakatlanmoqda. Bu moddiy
nuqgtaning berilgan t=t, vagtdagi v(tp) tezligini va a(tp) tezlanishini aniglang.

Ne s =5s(t) to Ne s=5s(t) to
1 | g=gsint /2 16 | g =2/t E
2 | s=te 0 17 | s=e' cost
s=In(t? —9) 5 | 18 | s=In?(t-2) 2
.2
4 s=t“Int 1 19 S:Int_t c
t2 1
5 |s=—— 4 | 20 |s= t In2
t+2 l1-e
4t — In(t?
6 |s= : AR In(t® +1) 0
4-t
t? +1 4t
_ S=
7 |s o 3 | 22 Y, /2
2
8 |g= 5 | 23 | S=tvo+t 4
t—2
9 |s=In(4-t?) 1 | 24 | g=+t2 _¢ 2
2 2
10 | s=t *1 0 | 25 |s=t 3
t—1 t—1
11 | 5= ge?2cost /2 | 26 | s=4lte 1
12 | s=tsint w4 | 27 | s=t3Int 1
In(t2 _ t
13 | S=I =D 3 |28 |s=- 2
t°+1
14 | s=(2+t%)Int e | 29 | s=In?(t+1) 0
At 2
15 s=e In(t+1) 0 30 S:t_ 0
t+4
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I11.4-masala

Berilgan y = f (x) funksiyani ekstremumga tekshiring va uning monotonlik
oraliglarini toping.

Ne y = f(X) Ne y=f(x) Ne y = f(X)
1 y:eZX—x2 11 y:21/x 21 y:er+x2
2 y:XeX2 12 yzx.e_x 22 yzxex
3 | y=In(x*-1) 13 | y=e*—x 23 | y=In(x*-9)
4 y=(2+x%)e™ 14 y:In_x 24 | y=x%+2Inx
X
5 | y=x?-2Inx 15 | y=In(x* -1) 25 x°
y:
X+ 2
6 X2 6 | 1 %6 [ _ 4
Y1 1-e* — x?
7 . 4x 17 y:X—InX 27 X2+1
4+X2 y_XZ_l
8 x2-1 18 | y=xJx+5 28 | x?
x? +1 T2
9 | y=In©@-x?) 19 1 y—Jx? —x 29 | y=In(4-x?)
10 2 20 |-y _x2 30 W21
y= y=
X+4 X—1

| BOSQICH BAKALAVRLARI UCHUN KUZGI O*QUV MAVSUMI

MUSTAQIL ISH TOPSHIRIQLARIDAGI
MASALALARNING NAMUNAVIY YECHIMLARI.

| topshirigqg

Berilgan uch noma’lumli chizigli tenglamalar sistemasini Kramer, Gauss
va matritsalar usullarida yeching:
X, +x,+x;=0
5x; —3x, +2x3=-3
2x; —x, +3x5 =1
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Yechish: Berilgan sistemani Kramer usulida yechish uchun dastlab uning
asosily A va yordamchi A;, A, As aniglovchilarini hisoblaymiz. Asosiy A
aniqlovchi sistemaning koeffitsientlaridan tuziladi:

1 1 1

A=5 -3 2=1-(-3)-3+(-1})-1-5+1-2-2-2-1-(-3)-2-1-(-1)-5-1-3=
2 -1 3
=9-54+4+6+2-15=-17,
Yordamchi A1, Az, As aniglovchilar asosiy A aniglovchining mos ravishda

birinchi, ikkinchi, uchinchi ustunlarini ozod hadlar bilan almashtirishdan hosil
gilinadi:

0O 1 1
A=-3 -3 2/=0+3+2+3-0+9=17,
1 -1 3
1 0 1
A,=5 -3 2/=-9+5+0-(-6)-2-0=0,
2 1 3
1 1 O
Ay=5 -3 -3=-3+0-6-0-3-5=-17.
2 -1 1

Bu aniqlovchilar yordamida berilgan chizigli tenglamalar sistemasining
ildizlarini Kramer formulalari orqali quyidagicha topamiz:

A _ 1T A _ 0 _, Ay _-17

X =

=——=-1, X,=—=—-=0, Xg =—=——=1.
A =17 A =17 A =17

Demak, berilgan sistemaning ildizlari x;= -1, x,=0, x3=1 bo‘ladi.
Yechim to‘g riligini tekshirish uchun bu ildizlar giymatlarini berilgan sistemaga
qo‘yamiz:

X +x,+x;3=-1+0+1=0
5x, —3x, +2x3;=5-(-1)-3-0+2-1=-3.
2x; —x, +3x;=2-(-1)-0+3-1=1

Bu yerdan ko‘rinadiki x;= —1, x,=0, x3=1 bo‘lganda berilgan sistemaning uchala
tenglamasi ham ayniyat bo‘ldi. Demak, sistema to‘g‘ri yechilgan va x;=—1, x,=0,
x3=1 berilgan sistema ildizlari bo‘ladi.

Bu sistemani  Gauss usulida yechish uchun dastlab uni «to‘rtburchakli»
shakldan «uchburchakli» shaklga keltiramiz. Buning uchun dastlab sistemaning
ikkinchi va uchinchi tenglamalaridan x; noma’lumni yo‘qotamiz. Bunga erishish
uchun sistemaning birinchi tenglamasini 5ga ( yoki 2ga) ko‘paytirib, uning
ikkinchi (yoki uchinchi) tenglamasidan ayiramiz. Natijada quyidagi sistemaga
kelamiz:
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X, + X, + X3 =0
—8X, —3X3 =—3
—3X, + X3 =1
Endi bu sistemaning uchinchi tenglamasidan X, noma’lumni yo‘qotamiz. Buning
uchun oxirgi sistemaning ikkinchi tenglamasini 3 ga, uchinchi tenglamasini esa 8

ga ko“paytirib, hosil bo‘lgan uchinchi tenglamadan ikkinchi tenglamani ayiramiz.
Natijada ushbu «uchburchak» shaklidagi sistemaga kelamiz:

X+ Xy + X3 =0
—8X, —3X3 =-3.
—17x, =-17
Oxirgi uchburchakli sistemaning uchinchi tenglamasidan x3; noma’lumni
topamiz:

=17Xy =-17 = X4 :_—1;:1.

x3=1 natijani uchburchakli sistemaning ikkinchi tenglamasiga qo‘yib, x»
noma’lumni topamiz:
-8%X, -3:1=-3=-8x, -3=-3=-8%X,=0= X, =0.
Topilgan x3=1 va x,=0 natijalarni uchburchakli sistemaning birinchi tenglamasiga
qo‘yib, x1 noma’lum qiymatini topamiz:
X +0+1=0=x, +1=0=x, =-1.

Demak, berilgan sistemaning ildizlari x1= —1, x,=0, x3=1 bo‘ladi va Kramer

usulida topilgan natijalar bilan ustma—ust tushadi.
Endi bu sistemani matritsalar usulida yechamiz. Buning uchun berilgan

sistema bo‘yicha quyidagi matritsalarni kiritamiz:

1 1 1 0 X
A=5 -3 2|, B=|-3|, x=|x|

Bu holda berilgan chizigli tenglamalar sistemasi AX= B ko‘rinishga keladi
va uning ildizlaridan iborat X matritsa X=4"'-B formula bilan topiladi. Bu yerda
A" yuqoridagi A matritsaga teskari matritsa bo‘lib, u

1 A11 A21 A31
At = m A12 Azz A32
A13 Azs A33

formula orqali topiladi. Shu sababli dastlab A=detA aniglovchini va A4;; algebraik
to‘ldiruvchilarni hisoblaymiz. Kramer usuli ko‘rilayotganda

1 1 1
A=5 -3 2=-17
2 -1 3
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ekanligi topilgan edi. Algebraik to‘ldiruvchi ta’rifiga asosan

A :‘—3 2‘:_7 A :_5 2‘:_11 A :5 —3:
-1 03 T 203 SR R |
1 1 11 1 1
AZl:_‘_l 3‘:_4 g A22:2 3‘:1’ '6‘23:_‘2 _JJ:3
1 1 11 1 1
A“:‘—s 2‘:5’ A”:_‘s 2‘:3’ A33:‘5 —3‘:_8
ekanligini topamiz.
Demak,
7 4 5
-7 -4 5Y) |17 17 17
a_tlgg g gt L3
-17 17 17 17
1 3 -8 1 3 8
1717 17
va matritsalarni ko‘paytirish ta’rifiga asosan
7 4 5
X, 17 17 17|(0 ~17) (-1
X=|x, - A1B= 1_1 _i _i =3 :i 0 |=
17 17 17 17
X3 1 3 8 1 17
17 17 17

Bu yerdan yana bir marta berilgan sistemaning yechimi x; =-1, x;=0 va
x3 =1 ekanligini ko‘ramiz.
Il topshirig

Fazoda uchlari A(8,6,4) , B(10,55) , C(5,6,8) va D(9,10,7) nugtalarda
joylashgan piramida berilgan. Bu piramida bo’yicha quyidagilarni bajaring:
1. AB vektor koordinatalarini toping va undan foydalanib 4B qgirra uzunligini
hisoblang;
2. AB va AD vektorlardan foydalanib AB va AD qirralar orasidagi ¢ burchak
kosinusini toping;
3. AB va AD vektorlardan foydalanib piramidaning ABD tomoni yuzasini toping
4. AB, AC va AD vektorlar yordamida ABCD piramidaning hajmini aniglang;
5. AD qirra yotgan to‘g‘ri chizigning kanonik va parametrik tenglamalarini
yozing;
6. ABC yoq yotgan tekislikning umumiy, kesmalardagi va normal tenglamalarni
yozing;
7. Piramidaning ABC va ABD vyoqlari orasigi ikki yogli o burchak kosinusini
toping;
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8. Piramidaning D uchidan tushirilgan DH balandligi yotuvchi L to’g’ri
chizigning kanonik tenglamasini aniglang;
9. Piramidaning D uchidan tushirilgan DH balandligining uzunligini toping.

Yechish: 1. NBE(X, y, z) vektorning X, y va z koordinatalari uning B(10,5,5)
uchi va A(8 6,4) boshi mos koordinatalarining ayirmasiga teng , ya’ni

AB =( X, Y, 2)=(X>— X1, Yo— Y1, 22—21) (10-8,5-6,54)=(2,-1,1).

AB qirraning |AB| uzunligi topilgan AB vektor moduliga teng bo’ladi va |AB|
modul formulasiga asosan

\AB\z‘ﬁ‘szz +y2 422 =422+ (-2)% +12 = /6.

2. Dastlab yuqoridagi singari A(8,6,4) va D(9,10,7) nuqgtalar bo’yicha AD
vektor koordinatalarini topamiz:

AD=(9-8, 10-6, 7-4)=(1, 4, 3) .
AB va AD qirralar orasidagi ¢ burchak kosinusini AB=(2, -1, 1) va

ﬁ:(l, 4, 3)  vektorlar orasidagi burchak formulasi, vektorlar skalyar
ko’paytrnasi va modullarini koordinatalar orqali ifodasidan foydalanib topamiz:

AB - AD 214 (=1)-4+1-3 1 1
\AB\ ‘AD‘ S22 (02 +12 24?132 V626 I56

3. Piramidaning ABD yog’ining S yuzasini topish uchun ﬁ:(z, -1,1) va

E:(l, 4, 3) vektorlarning vektorial ko’paytmasidan foydalanamiz. Vektorial
ko’paytmaning koordinatalardagi ifodasi va III tartibli aniglovchini hisoblash
formulasiga asosan

I )k

ABxAD=[2 -1 1/=-3i+8k+j+k—-4i—6j=-7i—5j+9k =(~7,-5,9).
1 4 3

Bu yerdan, vektorial ko’paytma modulining geometrik ma’nosiga asosan,
S =%‘E§xﬁ‘ :%J(-?)Z 4+ (-5)%2 +9% = V155 kv.birlik

javobga ega bo’lamiz.

4. Dastlab A(8,6,4) va C(5,6,8) nuqtalar bo’yicha AC  vektor
koordinatalarini topamiz:

AC =(5-8, 6-6, 8-4)=(-3, 0, 4) .
ABCD piramidaning V hajmini

KB:(Z, -1, 1), E:(—3, 0,4), ﬁ =(1, 4, 3)
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vektorlarning aralash ko’paytmasi yordamida topamiz. Aralash ko’paytmaning
koordinatalar orgali ifodasi formulasidan foydalanib

2 -1 1
Vzi%ﬁ-A—C-E:il—B 0 4-=
1 4 3
:i%(0+(—4)+(—12)—0—32—9):i%-(—57):%:9% kub birlik

natijani olamiz.

5. AD qirra yotgan to‘g‘ri chizigning kanonik tenglamasini ikkita A(8,6,4)
va D(9,10,7) nuqtalardan o‘tuvchi to‘g‘ri chiziq tenglamasi formulasidan
foydalanib topamiz:

AD x—8: y—06 _ Z—4:>x—8:y—6:z—4.
9-8 10-6 7-4 1 4 3
Endi AD qirraning kanonik tenglamasidagi kasrlarni t parametrga
tenglashtirib, uning parametrik tenglamasini hosil gilamiz :
x-8 y-6_ z-4
1 4

=t=>Xx-8=t, y—-6=4t, z-4=3t=
X=1+8, y=4t+6, z=3t+4.
6. ABC yoq yotgan tekislikning Ax+By+Cz+D=0 ko‘rinishdagi umumiy

tenglamasini uchta A(8,6,4) , B(10,5,5) va C(5,6,8) nuqtalardan o‘tuvchi tekislik
tenglamasining ifodasi yordamida topamiz:

x-8 y-6 z-4 X—-8 y—-6 z-4
10-8 5-6 5-4=0=| 2 -1 1 =0
5-8 6-6 8-4 -3 0 4

= —4(x-8)-3(y—-6)-3(z-4)-8(y-6)=0=
—-4x+32-3y+18-32+12-8y+48=0
-4x-11y-32+110=0=4x+11y+3z-110=0

Endi ABC yoqgning kesmalarga nisbatan z+%+E:1 tenglamasini topish
a C
uchun uning umumiy tenglamasini —-D = 110 ga bo‘lamiz:
4X+11y+32 _110:oz>i+l+ vy
110 110 110 110 5/2 10 110/3
Bu yerdan izlangan kesmalardagi tenglamada a=5/2 , b=10 va ¢=110/3
ekanligini ko ‘ramiz.
ABC yogning normal xcosa + ycosf+zcosy —p=0 tenglamasini topish

uchun normallashtiruvchi M ko‘paytuvchini topib, ABC yoqning umumiy
tenglamasining ikkala tomonini M ga ko‘paytiramiz. Umumiy tenglamada ozod
had D =-110<0 bo‘lgani uchun
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1 1 1 1
JAZ+B21C? 424117 437 16412149 146
4 11 3 110
N T RN VT RN YT T
Demak, cosa=4/~/146 , cosp=11/~/146, cosy=3//146 va p=110 //146.

M =

7. Dastlab ABD yoq yotgan tekislikning umumiy tenglamasini topamiz:

x-8 y-6 z-4 X-8 y-6 z-4
10-8 5-6 5-4/=0=]| 2 -1 1 (=0
9-8 10-6 7-4 1 4 3

=-3(x-8)+(y-6)+8(z-4)+(z—-4)-6(y-6)+4(x-8)=0=
= x-5y+92-14=0.
Umumiy tenglamalari 4x+11y+3z-110=0 va x-5y+9z-14=0 bo’lgan ABC va
ABD tekisliklar orasidagi burchak formulasiga asosan cosa qiymatini topamiz:
A A, +BB, +C,C, B
JAZ +B2 +C2 . \/AZ +BZ +C2
B 4-1+11-(-5)+3-9 _ 24 24
VA2 112 +32 121 (-5)2+92  146-4107 15622

COSx =

8. Piramidaning D(9,10,7) uchidan tushirilgan DH balandlik yotgan L
to’g’ri chiziq tenglamasini topish uchun dastlab bu nuqtadan o’tuvchi to’g’ri
chiziglar dastasi tenglamasidan foydalanamiz:

L x-9 y-10 z-7
: - , -

Bu to’g’ri chiziq ABC yoq yotgan va 4x+11y+3z-110=0 umumiy tenglama
bilan aniglangan tekislikka perpendikulyar joylshgan. Shu sababli, fazodagi to’g’ri
chizig va tekislikning perpendikulyarlik shartiga asosan, m=4, n=11 va p=3 deb
olish mumkin. Demak, DH balandlik yotgan L to’g’ri chizigning kanonik
tenglamasi quyidagicha bo’ladi:

L:

x-9 y-10 z-7
4 11 3
9. Piramidaning D(9,10,7) uchidan tushirilgan DH balandlikning h

uzunligini bu nuqtadan umumiy tenglamasi 4x+11y+3z—110=0 bo‘lgan ABC yoq
yotgan tekislikkacha bo‘lgan d masofa formulasidan foydalanib topamiz:

_|Axg +Byy +Czo +D| [4-9+11-10+3-7-110

h=d=
JA? + B2 +C2 Ja? £112 + 32
| [36+110+21-110 57
- V146 - 146’
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I11 topshiriq
I11.1-masala

Quyidagi berilgan funksiyalarning hosilalarini toping:
X

Q) y=—"  h)y=(3x*+5x-4)sinx,
va? —x?
c) y=In(3tgx+e*) d) x=t(cost —sint), y =t(cost +sint).

Yechish: a) Bo’linmaning hosilasi

!

uy uv-uv
[7) -5
formulasida u=x, v=+a*-x* deb olib va hosilalar jadvalidan foydalanib,
ushbu natijani olamiz:

2 2 1

/ '+ YJa?-x? - (a% - x?Y
, [ X ):x'\/az—xz—x(\/az—xz) 2./a? — x2
2 2
a

( /32 _x2)2 al — x?
2
Ja? =X+ [2_2\2, 2 .2 2, .2 2
JaZ—x? (Wa"=x%)"+x° _a"-x"+x°_ a
22 - - - '
a“—x \/(az_xz)3 \/(az_xz)3 \/(az_xz)3

b) Ko’paytmaning hosilasi (uv)’ = u'v+uv’ formulasida

u=3x>+5x—4, v=sinx
deb olib va hosilalar jadvalidan foydalanib, ushbu javobga kelamiz:
y = ((3x2 +5x — 4)sinx), = (3x* +5x — 4)’ sinXx + (3x* +5x —4)(sinx)’ =
= (6x +5)sinx + (3x* +5x — 4) cOSX.
c) Murakkab  funksiyaning  hosilasi  [f (u)]' = f'(u)-u’"  formulasida
f(u) =Inu, u=3tgx+e* deb olib va hosilalar jadvaliga asosan

y' :[In(3tgx+ex)]' =(u=3tgx+e*)=(Inu)’ :%u’ =

X 2
=———(3tgx +e")' = L -3 12 +e*) = 3+e (ios X2
3tgx +e 3tgx +e COS“ X (3tgx +e™)cos” x
natijaga erishamiz.

d) Parametrik x=¢(t), y=w(t) ko’rinishda berilgan funksiyaning hosilasini topish
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,_o'(t)
w'(t)
formulasida  x=¢(t)=t(cost—sint), y=w(t)= t(cost+sint) deb, izlanayotgan y’
hosilaning parametrik ko’rinishdagi ifodasini topamiz:
, _[t(cost —sint)]" t'(cost —sint) +t(cost —sint)"
" [t(cost +sint)]  t'(cost +sint) +t(cost +sint)’
_ (cost —sint) +t(—sint —cost) _cost —sint —t(sint + cost)
~ (cost +sint) +t(—sint+cost)  cost +sint —t(sint —cost)

y

I11.2-masala

Ushbu y = 3x2 —2x—-2 funksiya grafigiga absissasi xo =1 bo’lgan nuqtada
o’tkazilgan urinma va normal tenglamasini tuzing.
Yechish:  Ma'lumki, differentsiallanuvchi y=f(x) funksiya grafigining (xo,
¥0)= (xo, f(X0)) nuqtasiga o’tkazilgan urinma tenglamasi
Y=Y =f ,(Xo)(x — %)

normal tenglamasi esa

Y=Y =— Xo)

f ( )
formulalar bilan topiladi.Bizning masalada f(X) = 3x2 —2x -2, x=1va

Yo=f(0)= f(1)=31° ~2-1-2=1-4= -3,

2 2 4

Y'(x)=1'(x)= \/_ 2= f'(Xg)=—= 3:/> —3—\/1—2—5—2— 3
bo’ladi. Bu yerdan urinma tenglamasi

y+3=— % (x—1) => 3y+9=—A4x+4 => 4x+3y+5=0,
normal tenglamasi esa

y+3=% (x—1) => 4y+12=3x—3 => 3x—4y—15=0

ko’rinishda ekanligi kelib chiqadi.

I11.3-masala

Moddiy nugta s=tsin’t tenglama bo’yicha harakatlanmogda. Bu moddiy
nugtaning berilgan t=n/4 vaqtdagi v(w/4) tezligini va a(w/4) tezlanishini aniglang.
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Yechish: Harakat tenglamasi s=s(t) bo’lgan moddiy nuqtaning t=to
vaqtdagi tezligi v(tp)=s'(tp) va tezlanishi a(to)=s"(to) hosilalar orqgali topiladi. Shu
sababli dastlab I tartibli s'(t) va Il tartibli s"(t) hosilalarni hisoblaymiz:

s'(t) = (tsin®t)’ =t'sin® t + t(sin’ t)’ =sin®t + t - 2sintcost =sin t + tsin 2t,
s"(t) =[s'()]’ =[sin? t + tsin2t]’ =sin2t + sin2t + 2t cos2t = 2(sin2t + t cos2t) B
u yerdan, yuqoridagi formulalarga asosan,

4 4 4 4 2 2 4 4
T T . T T T T
a(=)=s"()=2(sin —+=cosN)=2(1+=-0)=2 .
(=s"C=26sin 7+ Joos Ty =21+ 7-0)
I11.4-masala

Berilgan f(x)=x3+4,5x>—12x+1 funksiyani ekstremumga tekshiring va uning
monotonlik oraliglarini toping.

Yechish: Berilgan f(x)=x3+4,5x>~12x+1 funksiyani ekstremumga tekshirish
uchun dastlab f'(x) =0 tenglamadan uning kritik nugtalarini topamiz:

f/(X)=(x3+4,5x>—12x+1)'=3x24+9x—12=0 => 3x>+9x—12=0 => x*+3x—4=0,

. = —-3+4/9+16 _ —345
" 2 2

Dastlab funksiyaning x;= —4 kritik nugtadagi xarakterini aniglaymiz. Bunda
X<—4 holda f'(x)>0 va x>—4 holda f'(x)<0 bo’ladi. Demak, x;= —4 Kkritik
nuqtada funksiya lokal maksimumga ega bo’ladi va

frax=f(—4)=(-4)*+4.5-(-4)>-12-(-4)+1=57.

Endi funksiyaning x,= 1 kritik nugtadagi xarakterini aniglaymiz. Bunda x<1
holda f’'(x) <0 va x>1 holda f'(x)>0 bo’ladi. Demak, x,=1 kritik nugtada
funksiya lokal minimumga ega bo’ladi va

fmin=F(1)=13+4.5-1%-12-1+1=-55 .

Funksiyaning monotonlk oraliglari, ya’ni o’sish va kamayish sohalari,

f'(x) >0 va f'(x) <0 tengsizliklarning yechimlari kabi topiladi. Bunda

= X1=—4, %=1

f'(X)>0=3x% +9x-12>0=x< -4, x>1
bo’lgani uchun funksiyaning o’sish sohasi (—o,—4) U (1, ) ekanligi kelib chigadi.
Xuddi shunday tarzda
f'(X)<0=3x? +9x-12<0=-4<x<1

bo’lgani uchun funksiyaning kamayish sohasi (—4,1)oraligdan iborat ekanligi
kelib chigadi.
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ILOVA. HOSILALAR

JADVALI

I. DARAJALI FUNKSIYALAR

(x") =nx"?, ne(—ow, o)

2 (U")=nu"’, u=u(x)

3 g — ' = 2y = 1y, 1 ' 1
(C)'=0,C —const. (x)'=1 (X7)'=2x |4 C)=—— (\/;) _
(x*)' =3x? X X 2/x
II. KO’RSATGICHLI FUNKSIYALAR
(@”)'=a"lna,a>0a=1 6 (a“)=a"u'lna,u=u(x)
e*) =e = n e') =e"-u", u=u(x
( X)l X (10X)! 10X| 10 8 ( U)r u 4 ( )
I1l. LOGARIFMIK FUNKSIYALAR
’ II
I gy =—t =198 4 0ax1 |10 (oguy=—t=U1a8 \_yex
xIn a X ulna u
L =t gy =—1 29 112 nuy=tu, u=u
X xIn10 X u
IV. TRIGONOMETRIK FUNKSIYALAR
1 i . '
3 (sin x)'=cosx  (tgx)' = 12 14 (sinu) =cosu-u" (tgu)'= u2
CoS“ X cos“u
15 12 - [} 1 16 ,:— i . ! !__ u'
(cosx)' =—sin x  (ctgx) =~ (cosu)’=-sinu-u"  (ctguy = ey
17 i , 1 .,  cosx
(secx)' = (cols X)’ — Csc:zzxx =Sec X - tgx 18(COS ecx)’ = (sin X) ok —COS ECX - Ctgx
V. TESKARI TRIGONOMETRIK FUNKSIYALAR
19 (arcsin x)' = ,(arccos x)' =— 20 (arcsin ) = > (arccosu)’ =— - >
1— x2 1— x2 1-u 1-u
21 1 1 u’ u’
' = = 22 (arctgu)'=—— (arcctgu)’' =—
(arctgx) 1o (arcctgx) 1o (arctgu) Lo (arcctgu) i
VI. GIPERBOLIK FUNKSIYALAR
23 oX o ' o g e et X e
(th)'=( j = = chx 24 (chX)’=( j = = shx
2 2 2 2
— ,  [e*+e e’ —e
(thx)’==(ex - ) =2 —othx | 26 @y ==[ — j T e M
e’ +e e —e e -¢ € +€
VII. DIFFERENSIALLASH QOIDARLARI
27 (C-u)=C-u" (uzxv)=u=Vv 28 (u-v)=u"-v+u-v
29 (E),_u’-v—u.v’ 30 [fw]=1f'(u)-u", u=u(x)
v V2
31 (u_v)(n)zzn*‘cku(n—k)v(k) ck _ k! 32 U)=u"VInu+vu'u
ol T npl(n—=k)!
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GLOSSARIY

Aksioma - biror matematik nazariya yaratishda boshlang’ich fakt (asos) deb
garaladigan va isbotsiz gabul gilinadigan jumla. Matematik nazariyani asoslashning
mantiqiy poydevori hisoblangan aksoimalar sistemasi hamma vaqt ham tugallangan va
takomillashgan bo’lmaydi, balki aksiomalarning o’zi kabi o’zgarib va takomillashib turadi.
Grek.a&iopa-hurmatga sazovor bo’lgan shubhasiz jumla; hurmat, ehtirom, obro’.

Algebra - (aljabr) matematik fan bo’lib, unda gruppa, xalga, struktura va shu
ob’yektlar o’rganiladi. Algebraning alohida shoxobchasi algebradir. Qisgaroq ma’noda
algebra tenglamalaryechish hagidagi ta’limt deb garaladi. Ancha keng ma’noda algebra
deganda ixtiyoriy tabiatli to’plamning elementlari ustida sonlarni go’shish va ko’paytirish
kabi odatdagi amallarni umumlashtiruvchi va amallarni o’rganuvchi fan tushuniladi.

Algoritm — biror operatsiyalar (amallar) sistemasini ma’lum tartibda bajarish
hagida anig goida bo’lib, ma’lum sinfga oid masalalarni yechishga imkon beradi.

Tahlil —noma’lumdan ma’lumga, izlanayotgan berilganga o’tish yo’li bilan fikr
yuritish yoki isbotlash metodi (usuli).

Matematik analiz — funksiya va limitga o’tish tushunchalariga asoslangan bir
gator matematik fanlarning umumiy nomi matematik analizga odatda differensial va
integral hisoblari, qatorlar nazariyasi, differensial tenglamalar nazariyasi, analitik
funksiyalar nazariyasi, variatsion hisob, integral tenglamalar nazariyasi, funksional
analiz kiritiladi.

Analitik geometriya — matematikaning bo’limi bo’lib, unda obrazlar koordinatalar
ususlida asoslanib algebra vositalari bilan tekshiriladi.

Arab ragamlari — quyidagi o’nta matematik ishoraning nomi: 0,1,2,3,4,5,6,7,8,9.
O’nli sanoq sistemasida istalgan kichik va istagancha katta bo’lgan har ganday sonni
arab ragamlari bilan yozish mumkin.

Arifmetika — (hisob) sonlar va ular ustida bajariladigan amallar hagidagi fan.
Arifmetikada birinchi navbatda natural va kasr sonlar o’rganiladi. Arifmetika inson
bilimining eng qadimgi tarmogqlaridan biridir. Arifmetika o’quv predmeti sifatida maktabda
I-VI sinflarda o’qitiladi va tasviriy ta'riflarga asosan quriladi. Pedagogika institutlari fizika-
matematika fakultetlarining uchta nazariy kursida: ratsional sonlar arifmetikasi, sonlar
nazariyasi va arifmetika asoslarida arifmetika ancha chuqur o’rganiladi.

Arifmetik son — dastlabki tushunchaga ko’ra, har ganday manfiy bo’lmagan son.
Birmuncha keng ma’noda har ganday son arifmetika son deb qaraladi.

Oliy matematika — oliy o’quv yurtlarida o’gitiladigan matematik fanlar turkumi
bo’lib, unga analitik geometriya, differensial vaintegral hisoblari, differensial tenglamalr,
differensial geometriya va boshqalar kiradi. Lekin bu termin ancha shartli termindir.
Elementar matematika asosan o'zgarmas miqdorlar tekshirilgani va matematik
masalalarni tekshirishda xususiy metodlar qgo’llanilgani holda oliy matematikada
o’zgaruvchi miqgdorlar tekshiriladi va tekshirishning umumiy metodlari qo’llaniladi. Bular
orasida keskin farq yo’q, ular bir-biridan fagat mamlakatimizda ta’lim berish
sistemasining tuzilishi va maktabda matematika o’qitish metodikasiga bog’liq ravishda
shunday ajratilgan.

Geometriya — dastlab geometriya shakllar hagidagi, ularning turli gismlarining
o’zaro joylanishi va o’lchamlari haqida, shakllarning almashtirilishihagidagi fan..

Gradus — tekis burchaklarining o’lchov birligi, ya’ni u to’g’ri burchakning %

gismiga teng bo’lgan tekis burchak. Grek.gradus-gadam, bosgich.
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Differensial hisob — matematikaning bo’limi bo’lib, funksiyalarni hosila va
differensiallar yordami bilan tekshiradi. Differensial hisobning asosiy tushunchalari
hosila va differensial bo’lib, bular 0’z navbatida ketma-ketlik yaki funksiyaning limiti va
cheksiz kichik miqgdorlar tushuchalari bilan bog’langan. Funksiya hosilasini bilish
funksiyaning qayerda o’sishi yoki kamayishi, qayerda maksimumga, munimumga va
burilish nuqgtasiga ega ekanligi hagida mulohaza yuritishga imkon beradi. Bu
tushunchalar ko’p o’zgaruvchili funksiyalarni o’rganishda ham tatbiq etiladi. Egri
chiziglarga urinma o’tkazish haqgidagi masalalarni yechish munosabati bilan XVII asr
matematikalaridan Dekart, Ferma va boshgalar differensial hisob yaratish sohasida
birinchi gadam qo’ygan edilar. Differensial hisobning uzil-kesil yaratilishi I.Nyuton va
G.Leybnisning ilmiy ishlari bilan bog’liqdir.

Differensial tenglamalar — noma’lum funksiyalar ularning har qanday tartibli
hosilalari va erkli o’zgaruvchilarni o’z ishiga olgan tenglamadir.

Differensiallash — differensial yoki hosila, xususiy hosila, to’la differensiallarning
hisoblash. Differensiallash differensial hisobning asosiy amali bo’lib, bunda
differensiallash qoidalari va differensiallash formulalari keltirilib chugariladi.

Isbot — biror tasdiqg (mulohaza, fikr, teorema) ning hagigan yoki noto’g'ri
ekanligini aniglashga imkon beradigan fikr yuritish. Teoremani isbot gilishda biz
tushunchalarga berilgan ta’riflardan foydalanib, aksiomalarga yoki oldin isbot etilgan
teoremalarga tayanamiz. Isbotlash usulida garab ular quyidagilarga bo’linadi: analitik;
sintetik; induktiv; deduktiv usullari, teskaridan isbotlash yoki bema’nilikka (ziddiyatlikka)
keltirish yo'li bilan isbotlahs usullari.

Kommutatiblik gonuni — binary operatsiyasi bo’ysunishi mumkin bo’lgan gonun.
Agar binary operatsiyasini ko’paytirish deb tushunilsa, u holda kommutatiblik gonuni
bunday ko’rinishda bo’ladi: ab =bc. Kommutatiblik gonuni ko’pincha o’rin almashtirish
gonuni deb kommutatiblik gqonuniga bo’ysunuvchi operatsiyalarga misol gilib sonlari
go’shish va ko’paytirish, to’plamlarning kesishmasi hamda to’plamlar birlashmasini
ko’rsatish mumkin.

Kibernetika — mashina, tirik organism va ularning birikmalari kabi tashkil gilingan
sistemalarda boshqarish va aloga prostesslarining umumiy gonuniyatlari birikmalarida
informasiya idrok etish, yetkazish, saglash, foydalanish va qgayta ishlash haqgidagi fan
sifatida ham ta’riflasa bo’ladi.

Koordinatalar — ma’lum tartibda olingan va nugtaning chiziqdagi, tekislikdagi
sirtdagi yoki fazodagi vaziyatini xarakterlaydigan sonlar. Biror ob’yektni tekshirish
xarakteri va magsadiga garab har xil koordinata sistemalari tanlanadi, bular yordamida
fazoning har bir nuqtasiga aniq sonlar to’plami — nuqgta koordinatalari mos keltiriladi.

Kontangens — trigonometrik funksiyalardan biri bo’lib, ctgx (x-argument) orqali

belgilanadi. Lotincha co (complementum — to’ldirish so’zining gisqartirilgani) va tangens
so’zlaridan yasalgan.

Koeffisient — algebraik ifodaagi koeffisient — bu ifodadagi ko’paytuvchidir.
Undosh harf bilan boshlanuvchi latincha so’z bilan birikkanda “co” ga aylanadigan “cum”
va efficiens (qaratqich kelishigi - efficientis) — tayyorlovchi, biror narsaga sabab bo’luvchi
so’zlaridan yasalgan (kofunksiya, kologarifm bilan solishtiring); so’zma-so’ziga;
koeffisient-ko’maklashuvchi.

Chizigli algebra - algebraning bo’limi bo’lib, unda chekli o’lchovli chizigli
fazolardagi chizigli almashtirishlar o’rganiladi. Chizigli algebra chizigli tenglamalar
sistemasini, ya’ni o’zgaruvchiga (noma’lumga) nisbatan birinchi darajali bo’lgan
tenglamalarni yechish munosabati bilan paydo bo’lgan. Chizigli algebraning yaxshi
rivojlangan bo’limlari matrisalar nazariyasi, formalar (xususan, kvadrat formalar)
nazariyasi, invariantlar nazariyasidir.
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Logarifm — N sonining a asosga ko’ra logarifm deb shunday n soniga aytiladiki, a
asosni (a >0, a=l) n — darajaga ko'targanda N soni hosil bo’'ladi. Kompleks

o’zgaruvchili funksiyalar nazariyada kompleks sonlarining logarifm (natural logarifm) lari
garaladi. Ta'rifiga ko’ra, z kompleks sonning logarifm (Ln z bilan belgilanadi) quyidagiga
teng:

Lnz = In|z| +iArgz.

Logarim XV-XVI asrlarda astronomiya va dengizda suzishning barq urib rivojlanganda
kishilik jamiyatining hisoblashga bo’lgan ehtiyojiga javob sifatida paydo bo’ladi.

Matematik logika — matematik isbotlarni o’rganadigan fan. Matematik logikaning
tekshirish ob’yektlari firk (mulohazalar) bo’lib, ular ustida ham algebradagi sonlar ustida
bajariladigan amallarga o’xshash amallar bajariladi. Matematik logika ba’zan
matematika deb ham ataladi. Matematik logika electron hisob mashinalari nazariyasida
go’llanadi.

Matematik statistika — eksperiment natijalarini ishlab chigishning umumiy
usullari hagidagi fan. Fizika, ximiya, biologiya, meditsina va boshga fanlarda
eksprementlar natijasiga fagatgina eksperimentator boshgaradigan faktorlargina emas,
balki juda ko’p boshqa tasodifiy faktorlar ham ta’sir etadi. Demak, eksprement natijasi
odatda tasodifiy miqdor bo’ladi. Olimning vazifasi tasodifiy tebranishlarga suyanib turib
bunga sabab bo’lgan qonun ta’sirini ko’ra bilishdan iborat. Bunda qo’llaniladigan usullar
har xil fanlar uchun umumiy bo’lishi mumkin. Xuddi ana shu usullar matematik
statistikada o’rganiladi.

Natural logarifm — asosi e=|im[1+£j =2,71828... transcendent son bo’lgan

N—o0 n

logarifm (InN bilan belgilanadi). Natural logarifm Neper nomi bilan bog’lanadi, biroq
logarifm jadvallarini Neper, Brigg, Byurgi va boshga matematiklar bir-birlaridan mustaqil
ravishda deyarli bir vaqtda tuzdilar.

Teskari trigonometrik funksiyalar - sinx, cosx, tgx, Cctgx, Secx, COSecx

trigonometrik funksiyalarga teskari bo’lgan funksiyalardir. Teskari trigonometrik funksiya
ko’pgina ratsional kasrlar va kvadratik irratsionalliklarni integrallashda hosil bo’ladi.
Teskari trigonometrik funksiya arkfunksiyalar, ba’zan esa arkukslar deb ham ataladi.
Teskari trigonometrik funksiya trigonometrik funksiyalar bo’la olmaydi, shuning uchun
ularni trigonometrik funksiyalarga teskari bo’lgan funksiyalar yoki akrfunksiyalar deb
atash to’g’ri bo’lar edi. Lotincha arcus — yoy (burchak).

Potensirlash — logarifmlashga teskari amal potensiallash — berilgan logarifmga
garab sonning o’zini toping. Potensillash tushunchasi logarifmik tenglamalarni
yechishga go’llaniladi. Nemischa potenzieren, Potenz — daraja so’zidan olingan.

Tadbigiy matematika — bu termin matematikani fan va texnikaning boshga
sohalariga (fizika, ximiya, astronomiya, iqtisod, geodeziya, harbiy ish va injenerlik ishlari
va boshgalari) tatbiq etish to’g’risida gapirilganda go’llaniladi. Tatbigiy matematika bilan
tatbigiy bo'lmagan matematika orasida aniq chegara yo'q.

Radikal — (yoki ildiz) biror a sondan n — darajali ildiz chigarish amalini ifodalovchi

f{/_ matematik ishora, bu bunday yoziladi; %/a . Lotincha radix — ildiz.

Radius — aylananing har ganday nuqtasini markazi bilan tutashtiruvchi kesma.
Bu kesmaning uzunligi ham radius deb ataladi. Aylananing radiusi aylana bilan
chegaralangan doiraning (sharning) radius deb ham ataladi. Lotincha radius —
g’ildirakning kegayi, nur.

Signum ot x — X ning signumi — hagiqiy x sonning funksiyasi bo’lib, xmusbat
bo’lganda funksiya 1 ga teng, x nol bo’lganda nolga teng, x manfiy bo’lganda — 1 ga
teng. Bu funksiya signx yoki sgnx simvol bilan belgilanadi. Lotincha singnum — ishora.
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Sofizm — ataylik chigarilgan noto’'g’ri xulosa, biror jumlaning noto’g’ri isboti.
Bunda isbotdagi xato isbotning biror bosgichida ancha ustalik bilan bilintirmay
yuboriladi.

Steradian — fazoviy burchakning o’lchov birligi. Bir steradian uchi O(R) sfera
markazida bo’lgan va shu sfera sirtida yuzi R* gat eng bo’lgan figura ajratuvchi fazoviy
burchakdir. Butun sferada 4r steradian burchak bo’ladi. Grekcha otepeol — fazoviy,
radian lotincha radius — nur, kegay so’zlaridan olingan.

Tangens — trigonometrik funksiyalardan biri. Lotincha tangens — urinma (tango -
urinaman).
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Kupu

Onuit MmaTemaTika (paH MAaTEMATUKAHUHT AaHAJIUTUK T€OMETPHS, OJIUI Ba YM3UKJIIU
anrebpa, MaTeMaTUK aHaIu3, TudQepeHIran TeHriaManap, XTUMOoJIap
Ha3zapusacH OYJIMMIIApUHM Y3 UUMra ojiafu. Y HJa OMpUHYY Ba UKKUHYHU TapTUOIIH
YU3UKJIap, UKKUHYM TapTUOJIU CUPTIIAp, IE€TEPMUHAHT Ba MaTpulaiap, YU3UKIU
TEHIJIaMaJlap CUCTEMAaCUHU €4HIIl, KOMILJIEKC COHJIAp Ba FOKOPU TapTHOIIN
TEHIJIaMaJ1ap,YU3UKJIN aIMallTupuiuiap, auddepeHuan Ba HHTerpail xucoo,
OupuHYYM Ba I0OKOpY TapTHOIU auddepeHIan TeHriamMmanrap, Xoaucanap
AXTUMOJIU, SXTUMOIHUHT TAKCUMOT Ba 3UWINK QYHKIUSIIAPH, Tacoauduii
MUKJIOPJIAPHUHT XapaKTePUCTUKATIAPH YPraHUIIaIu.

bakanaBp WYHAIMIIUIADUHUHT XyCYyCUATHUTA, 1APC COATIAPU XAKMUTa, NYHAJINII
YUyH 3apyp MaB3yJiapra Kypa WlI4M JacTypiaap Ty3UJIaau.

Onuii maTemaTHka paHu nespiu 6apya gannap 6mnan O0FIUK, KYT (haHIap yuyH
acoc OYJIraHJINTY YUyH yJapAaH OJJIUH YTUIIA]IH.

®an O6yiinya OumuM, Maiaka Ba KYHUKMara Kyiuiajaurad tanadnap:

Tamnabanap

-MaTeMaTHKa yCyJulapyu OJIAMHH HJIPOK ATHIIJIA ACOCUI dKAHIINUTH;

-MaTeMaTHKa TylIyHYaJIapu YMYMUWIIUTH XaKU/a;

-MaTeMaTUK MOJACIIIAIITUPUIL XAKUIA MACAseypza 32a Oynumu,

-aHAJIUTUK T€OMETPHS, 0NN Ba YM3UKJIU alreOpa,MaTeMaTUK aHaJu3,
mugdepeHnran TeHraaManap Xakuaard Ha3apusi, 3XTUMOJIap Ha3apusicu
TylIyH4YaJ1apu,(hopMyJalapruHu;

-MaTeMaTHK OeNlruiap Ba TEXHUKAAryd OJIMN TU3UMIIAp epJaMua KapacHIapHH
MaTE€MaTUK MOJIEIUIAIITHPHILL

-MyalsiH JKapacH y4yH 3XTUMOJIMN MOJEIUIap KypHIll, KypHJIraH MOJIEN Joupacuaa
xucooap 0aubd 6opu;

-(pyHKIIMOHAJ Ba XUCOOJIAIT TOMIIUPUFUHNA €YU MOJICTITUHYU OUIUUIN 64 YIAAPOAH
¢onoanana onuwmu;

-00BeKTIap MUKAOpHUH Ba cudat MyHocabaTaapuHu udoiaiaml yayH MaTeMaTUK
CUMBoOJIIapaaH (o aamaHuII;

-9KCIEPUMEHT MabJIyMOTJIAPUHU UIILIA0 YUKUIITHUHT aCOCUH YCyII Ba
nypuxmapuaan ¢hoigaiaHuIIL;

-OJIMHTaH HATWKaJapHUHT (HOoNJaaHuIl YerapacuHu 6axoal Ba yiap uepapxuk
TY3WIUIINHA XUCOOTa 010 MOACIITIApHH TaJKUK HTHILL

-UKKMHYY TapTUOJM YM3KK Ba CUPTIApTEHIJIaMalapuHU COAJIA IIAKITa KeITHPHUIIT
Ba MapaMmeTpiiapuaas (oiirananuiil

-aJIreOpUK TEHrJaMajlapHU aHAJUTUK Ba paKaMIId €YUl

-TeHrjamasiap CuCTeMajJapyuHH aHAJIMTUK Ba paKamIId €4uulll;

-Oup Ba Ky y3rapyBUniIM GyHKUUsIAp YUyH JudpepeHunaniai , THTerpasuianu ;
-UXTUCpUN TapTUOIM MudPepeHnran TeHrIaMalapHi aHATUTHAK Ba paKaMIIH
CUMIIHU TAJKUK JTHUIIT;

-XoAucalIap dXTUMOJIMHHU XUCoOaIl, Tacoauduii MUKIOpIap TAKCHMOT Ba 3UWINK
GyHKIUSITApUHU TOTIUII,COHJIA XapaKTEPUCTUKATAPUHU XUCOOTaIT
KYHMKMaJIapura 3ra 0yJMIM Kepak.
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MdaHHN YKUTHUIIIA 3aMOHABHUIT aX00POT Ba MeJArOrUK TEXHOJIOTHAIAP
Tanabanapra onuit maTeMatuka paHugan 6ab3u MaB3yJap Oyitnda mapciap
AJIEKTPOH BOCUTANap €pAaMHIa TallKWI KuiauHaau. TanabanapHuHT oaui
MaTeMaTvKa (paHUHU Y3MAIITUPUILIAPH YUYH VKUTHIIHUHT WIFOP Ba 3aMOHABUHN
ycyJutapuiad (horgananuill, SHCM HHPOPMAIIMOH-TIEJarOTUK TEXHOJOTUsIIApHU
TaOMK ATUII MyXUM axaMmusTra sra. anHu Y3namTUpUILIA JapCiuK, YKYB Ba
yCIIyOuil KyJutaHManap, Mabpy3a MaTHJIApH, TapKaTMa MaTeprailjiap, BUpTyall
cTeHapaad ¢oiinananuianad. Mabpysa, amanuii Ba JabopaTopus gapciapuia
MOC paBUIIJIaTH UJIFOP MEJaroruk TeXHOJoTusIapaad Gpongananuiaim.

Acocuii KucM (Mabpy3anap)

Xakukui connap. Xakukui connap TyriaMu XaKUKuid COHHUHT a0COJIIOT
KHUUMAaTH.

Tenrnamanap Ba TeHrcu3IukiIap. Yu3uKIM Ba KBaapaT TeHriaamanap. Marpunanap,
Marpuia ycruaa amaiap. Teckapu matpuna. Yu3uKiIu cucTeMaHu MaTpULIaBU
yCyJIJla CUHILL.

JleTepMUHaAHTIIAp Ba yJIApHUHT Xoccaapu. JlerepMuHaHTIapHA XUCOOanl.
Uuzuknu TeHrnamanap cucteMacu. Kpamep ycynu. Unsukiin Ba KBaapar
teHrcuznukiap. Tekucnukaa Jlekapt Ba KyTO KOOp/IMHATAIaApU CUCTEMACH.
Bekropnap. Bekrop TyuryHyacu Ba BEKTopiap ycTuaa amamiap. BekropiapHUHT
CKAJISIp KyailTMacH Ba BEKTOPJIAPHUHT KOOpAUHATATIAPH.

Kommnekc connmap. Komrmeke con tymynuacu. Kommieke connap ycruaa
amaiiap. Kommuiekc COHHM reoMeTpHK TacBupiiail. KomMiieke COHHUHT
TPUTOHOMETPHUK AKX (KypuHuiin). Komrieke COHHUHT MOJyJId Ba apTyMEHTH.
FOxopu napaxkanu tenrnamanap. Kynxaaiap Ba anreOpaHuHT acOCUN TEOPEMAacCH.
FOxopu napakaiu TeHrj1aMajlapHU €4urIl.

Texkucnukaa TyFpyu YM3UK Ba YHUHT TYPJIM TEHIVIaManapy. TyFpu YA3UKHUHT
yMyMH TeHraaMacu. TeKncIuKIa MKKUHYM TapTUOJIM STpU YU3UKIap. Alinana,
aIIUIIC, TUNepOona, napadona. UKkuHUM TapTHOIU STPU YM3UKIAPHUHT YMyMHUI
TEHIJIaMaCH.

OyHKuYA TymryHdacu. OyHKIUSHUHT aHUKJIAHUII Ba Y3rapuil COXalapH.
Oyukius rpaduru. Yerapananran Ba MOHOTOH GyHKuusuiap. XKydr, Tok Ba
naBpuit pyHkuusiap. Mypakkab Ba teckapu ¢pynkius. Copna QyHKIusIap Ba
ynapHuHr rpadukiapu. byTys panmonan gyukius. Kacp pannonan GyHKIus.
Tpuronomerpuk pyHkiusap. Teckapu TPUTOHOMETPUK (PYHKIIUSLIIAP.

Hatypan aprymentiu GyHKIUs (COHIAp KETMA-KETIWUTH) Ba YHUHT JIMMUTH.
Connap keTMa-keTiauru TymyHyacu. CoHiap KeTMa-KeTJIMTMHUHT JTuMuTH. KeTma-
KETJIMKIIap ycTuaa amamiap. Yekcus KHUuK MUKAOpJIap XaKkuja JieMmaap.
SKuHIanIyBUn KeTMa-KeTIUKIIAp Ba yIapHUHT Xoccanapu.Kerma-keTauk
JUMUTHHUHT MaBXYUTUTH. MyXyUM JTUMHUT (€ - COHU) Ba KETMa-KETJIMK TUMUTHUHU
xucoOmnant. OyHKIUsS TUMUATHA. YeKCU3 KMUMK Ba YEKCU3 KaTTa (PyHKITUsIIAp.
Ueknu mumutra sra 0ynran GQyHKIUSIIAPHUHT Xoccaapu. OyHKITUS TUMUTHHUHT
MaBXyJIUTH. MyXuM JTUMUTIAP Ba QYHKIHS JIUMAUTUHA XUCOOIAII.

254



OYHKUUSAHUHT Y3TYKCU3IUTU. Y3IyKCU3 PYHKIMSIIAPHUHT XOCCAIapH.
OYHKIUSHUHT Y3WINILIY Ba Y3UJIUIIHUHT Typiaapu. CerMeHTAa y3JyKkcu3 Oyiaran
byHKUHMsIIap XaKuaa TeopeManap.

OYHKIUSHUHT X0CUIacu. XOCUJIAHUHT T€OMETPUK Ba MEXaHUK MabHOJIAPH.
Xocuna xucobunam kouganapu. Teckapu QyHKIUSHUHT Xocuaacu. OyHKIMSHUHT
nubdepenimany. Murunmy, kymaiTMa Ba HucOGaTHUHT qudhepeHIHaIH.
Mypaxkka6 ¢byHakiusHuHr quddepennuany. Takpuouii popmynanap. FOxopu
TapTHbOIM Xocuia Ba auddepennmamiap. Comgna kouganap. Jleibuui Gpopmynacy.
HuddepennunamianyBun GpyHKIUATAPHUHT Xoccanapu. Teitnop dhopmynacu.
bab3u ¢pyaknusanap yayn Teiinop (Maknopen) dopmynanap. TakpuoOwmii
dopmynanap.Xocunanap epaamuaa GyHKUMSIAPHUHT YCYyBUM, KAMAIOBUU XaM/a
IKCTpEMyMIIApUHU aHUKIA. DyHKIUS IKCTPEMYMTa SPUITUIIIMHUHT 3apypHil Ba
eTapiau maptiaapu. OyHKIUSHUHT CETMEHT/AArH SHT KaTTa Ba SHT KUYUK
kuiimatiapu. OyHKIUsS Tpa@UTrHHUHT KABAPUKIUTH, OOTUKIIUTH, STUIUII HYKTacu
Ba acumnroracu. [lapamerpuk ycynna 6epuiran ¢pyHkuusiap. ,ab

AHukMac unTerpan. MHTerpalHuHT cojjia Xoccalapi Ba MHTErpajulall yCyJulapu.
Panmonan ¢pyHkImsuiapHu MHTErpasuiam. TYFpH KacpiapHU coliia Kacpiap
HUFUHIUCH opKanu ndoaanam (TYFpU KacpiapHU cojjia Kacpiapra eiunmn). baviu
UppanuoHan QyHKIMUIAPHU XaM/1a TPUTOHOMETPUK (PYHKIMSIIAPHU
MHTETpaJLIallLl.

AHUK WHTErpai TylryH4acu. IHTeTpamHUHT MaBXyIIUTH. AHUK HHTETPATHUHT
xoccajiapi. AHUK MHTErpajiHu XucoOanl. AHUK UHTETPAIHUA TaKpUOUi
xucoOnam. AHUK UHTETPaTHUHT 0ab3u-0up TaTOMKIiIapu.Teknuc MakIHUHT 03UHA
xucobmnant. Bit y3syHnuruny xucobnant. AilaHMa CUPTHUHT F03MHH XHUCOOIAIL.
CraTuk MOMEHTJIap Ba OFUPJIMK MapKazJapyuHU XHUCOOJIall.

XocMmac uHTerpaiap. Yerapanapu yekcus (UeKCU3 OpasiuK Oyiinda) HUHTErpaap.
SIKMHNaNyBYM X0CMac UHTETpAJJIAPHUHT X0ccajlapy. X0CcMac HHTETPATHUHT
SKUHJIAUTYBYMJIMTY. SIKUHIIAIINII atoMaTh. X0CMac UHTErPaTHUHT a0COTIOT
SKUHJIAUTYBYMJIMTY. X0CMac UHTErpajulapHu xucoOmam. Yerapaianmaras
(GYHKIUSHUHT XOCMac UHTETpajlIapy.

Connu karopaap. Karop tyurynuacu. KaTOpHUHT SIKUHJIAIIYBYMIIUTH Ba
Y30KIallyBUMIUT . SIKUHTAITyBUM KAaTOPJIAPHUHT cOfia Xoccanapu.Mycoart xaanu
KaTopJjap Ba yJapHUHT sSIKMHJIamyBuuauru. Conumtupun reopemanapu. Mycoat
XaJJIi KaTopJyiapaa SIKMHIAIIKUII aioMatiapu. Ixtuepuii Xaamm katopiap.
KaropHuHTr a0CoMIOT SKUHAANTYBUMIUTH, JIeHOHu1 TeopeMacu. DyHKIHOHAT
KAaTopJIap Ba yJIAPHUHT TEKUC SKUHJIAUTYBYAHIIUTH.

Tekuc sKUHIANTYBUYM (PYHKIIMOHAI KaTOPJAPHUHT Xoccanapu.lapaxkanu
KaTopJiap, YJAapHUHT SKUHIAIINII PaIdyCH Ba SKMHJIAIIWII UHTepBaiu. Japaxanu
KaTOPHUHT xoccanapy. OyHKIMUsIIApHA Japa)kaiu Karopiapra eduul. Telnop
kKaropu. baw3u conna hyakumsuiapauHT Maknopen karopu. [lapaxkanu
KAaTOPJIApHUHT TaKkpuOuii xucobmanuiapra Taroukiapu. @ypbe KaTopiiapu Xakuaa
TacTIa0Ku MabJIyMOTIIap.
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da3zona koopauHaTanap cuctemacu.®a3o/1a UKKA HyKTa opacuaaru macoda.
Kecmanu Oepunran Huc6ataa 0ynui. dazofgaru HyKTaHUHT IWJIMHIPUK XaM
chepuk KoopAuHATaIapH.
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da30/1a TEKUCIUK Ba YHUHT Typy TeHIIIamanapu. @asona tyrpu unsuk.dazonaru
TEKHUCIIUK XaMJla TYFPU YM3UKJIapTra Oul MyXuM MabiayMoTiap. MKkuH4uu TapTrOiu
cupTiap.

dazoaa BekTOpiIap. Acocuii TynyH4anap. Bekropiap XucOOMHUHT acocuid
dbopmyrnacu. BekropnapHuHr ckassip kynaiitmacu. Ikku BeKTopiap opacuaaru
Oypuak. IKku BEKTOPJIApHUHT MEPIEHIUKYIISPIUK XaM/la apaJlIeIUIUK
maptiaapu. BekropiapHUHT BEKTOp KynaiTMacu. BexkrtopiapHuHr 6ab3u-0up
TaT6MKIap. BeKTOpIap aHAIM3HHUHT dIeMEHTIAapH. Y 3rapyBul BEKTOp Ba
BeKTOp-(pyHKIMA TymryHuyanapu. ['onorpad. Bekrop-QyHKIIUSHUHT TUMUTH,
y3IyKcu3nuru. Bexkrop-¢yHKIussHUHT Xocuiaacu. BekTop-QyHKIsI Ba yHUHT
XOCHJIAJJApUHHUHT 0ab3U TaTOMKIIApH.

dazona tymnaminap. Mkku y3rapyBumniu ¢GyHKIUS Ba YHUHT rpaduru. Ukku
y3rapyBunian QyHKIUSHAHT JTUMHUTH Ba Y3 IyKcH3auru. IKku y3rapyBunin
byHKuussHUHT Xocuiia Ba qud depenuunamiapu. lOkopu taptubdim xocusia Ba
nuddepenumamap. I\/lIS'/HaJ]I/IIH oyiinua xocuna. ['panuent. @yHkiusHuHr Teinop
dbopmynacu. Mkku y3rapyBumiiv QyHKIIUSTHUHT 3KCTpemyMiapu. Mkku kappanu
WHTErpan TyuryHdacu. TYrpu TYpTOypuak Oyiinya UKKU Kappajid HHTErPaTHUHT
Xoccajlapy Ba YHUA XUCOOJaIl. DTPU YM3UKIIU Tparnemus Oyinya UKKU Kappaiu
unTerpauiap. Coaia Tyuiamiiapra axpaiaaurad TymiaM oyinya UKKU Kappaiu
uHTerpauiap. Mkku kappaiv HHTErpaTHUHT YMyMuU# TymryHuacu. Ukku kappaiu
MHTErpajuiap KyTo KoopAauHaTanapaa. MIKku kappaiu MHTErpajulapHUHT O0ab3u
TaTOuKIapu.(TeKuc MaKIHUHT 1034, (pa304a )KUCMHUHT Xa)KMH, CAPTHUHT

103U, TEKUCITUK/IArH [AKIHUHT (TUIACTUHKAHUHT ) MacacH, TEKUCIMKAAry MIaKTHUHT
(TUTACTUHKAHUHT) OFUPJIMK MapKa3H, TEKUCIUKIArd MAKITHUHT (TUIACTUHKAHUHT )
CTaTUK MOMeHTJIapu). 2 R

VY4 y3rapyBumin GyHKIuSA TynryHdacH. OyHKIUSHAHT JUMHUTH Ba Y3JTYKCH3IUTH.
OYHKIUSHUHT XyCyCHI Xocmianapu Ba nuddepeHmamiap. Yd y3rapyBunin
GYyHKUUSIHUHT UHTErpainu. (Y4 Kappajiu UHTerpai). Y d Kappaiu HHTeTpalIapHUHT
0ab3u TaTOUKJIapH.

Juddepennman TeHraaMa Ba yHUHT €YUMU TyITyHYaIapu. bupuHun TapTudiu
oMl I pepeHIan TeHTIaManap. ¥Y3rapyBuniapy axpanaiuraq
muddepennnan Tenrnamanap. Yusukim quddepennnan Tearaamanap. TYIuk
muddepennuan tenrnama. Ukkunau Taptubiam ogauii nuddepeniman
TeHrnamanap. Mkkuauu taptudiam un3ukiu auddepeHiman TeHriaManap.
NkxuHuM TapTUOIM YM3UKIU Y3rapmac kodpbunreHtiun nuddepeniman
TeHrnaManap. MKKuHYM TapTUOJIM YM3UKIIN Y3rapmMac Ko GUuUUeHTIn
mudepeHnran TeHraaMa Ba yHUHT €UMMUHUHAT YMYMUAN KYPUHUIITH.
XapakTepuCTUK TeHITIaMaHUHT WIU3KUra Kypa oup sxuHceus auddepenuman
TEHTJIAMAaHUHT €YMMHUHHU Toruil. bup xuHcnu auddepennman TeHTIaMaHuHT
YMyMUH €4AMIIAPH.

Orpu YM3HUKIN HHTETpaIap. BUpuHYM Typ STpH YU3UKJIM UHTETPAT TyIIyHYacH Ba
YHU XHcoOanl. bBupuH4M Typ 3rpu YU3UKIN UHTETPAIUIAPHUHT 0ab3H TaTOMKIIAPH.
WKKkyuHYY Typ 3TPpU YM3UKIIN UHTErpaj TyluryHudacu. UKKWHYY Typ 3TpU YM3UKIIN
WHTErpaJUIapHU XUCOOJIaIl Ba TaTOUKJIapH.
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Cuprt unrerpamiapu. bBupuHuu Typ CUpPT UHTETpaIu TyllyHYacu. bupuHuu Typ
CUPT UHTErpAJIAPUHM XUCOOJIall. BUprHYM Typ CUPT MHTErpaIApUHUHT O0ab3U
TaTOuKIapu. UKKMHYM Typ CUPT UHTETpau TyllyH4Yacu. IKKuHYM Typ cUpT
MHTErpajUIapUuHUA XUcoOanl.

MaiiioH Ha3apUsACUHUHT 31eMeHTIapu. CKaasp Ba BEKTOP MailJIoH TylIIyHYaJIapH.
Ckansip MaliJOHHUHT CaTX CUPTH Ba IPaIMCHTU. BEKTOp MailJOHHUHT BEKTOP
YU3HUFU Ba OKUMH.

Bektop MaliioHHUHT AUBEpreHnusacu Ba porapu. Octporpaackuii-I'aycc
dbopmyrnacu. Bektop MaiiIOHHUHT AUBEpreHIUsACH. BekTop MaliOHHUHT
HUPKYJSusicu Ba potopu. CToke popmynacu.

Marematuk Gpu3nKaHUHT 0ab3u OUp TEHrIaManapu. XyCyCU XOCHIIaIn
nudepeHIan TeHriiaMa TyuryHdacu. TOpHUHT TeOpaHuiy TeHriaMacu. Top
TeOpanum TeHrTaMmacuan Oypre yeynu epaamuaa equ. VIcCuKIMKHIHT
TapKaJIHIl TeHraaMach. ICCUKIIMK TapKainui TeHriamacuau Oypee ycynu
cpAaMuia CUMIII.

DXTUMOJIap HA3apUACHHUHT acociiapu. Xoaucanap Ba YIApHUHT 3XTUMOJUIApPH.
DXTUMOJIIAP HA3apUSCUHUHT acocuit TymryHuanapu. Tacoauduit xoauca.
Xoaucanap yctusia amajuiap. Xoauca sxTumonu. Taconuduil xoamnca 3XTUMOJIH.
OXTUMOJIIAPHU KYIIUII Ba KyTalTupuin reopemanap. Tyna sxtumon Gopmyiacu.
baitec popmynacu. Myasp-JlanmacHuHT JI0Kajl Ba HHTErpaj TeOpeMaiapu.
Taconuduit muknopaap./Juckper Taconuduii MUKIOp SXTUMOJIUHUHT TAKCUMOT
KOHYHHU Ba TaKCUMOT QyHKUMsCH. JIuckpeT Tacoauduii MUKJIOPHUHT MaTeMaTHK
KYTWJIWIIY Ba YHUHT xoccanapu. Jluckpet tacoauduii MUKIOPHUHT AUCIIEPCUSACH
Ba YHUHT Xoccayiapu. J{uckpet Taconupuil MUKIOPHUHT aCOCHI TAKCUMOT
KOHYHJIapU. Y 31TyKCU3 Tacoguuii MUKIOPJIap Ba yIAPHUHT TAKCUMOT
byHKUMsIIapu. DXTUMOJUIAp HA3apUACHHUHT JUMUT TEOPEMACH.

AMaJni MAIITYJ0TJIAPHU TAIIKWI 3THII 0yiAM4Ya KypcaTMaJsap.

AManuii MalFyI0TIapH YTKA3UIIIaH MaKcal Mabpy3a MaTepuaiapu oyinda
tajabanap OUIMM Ba KYHUKMaJTapUHU YyKypJIAIITUPHUII Ba KEHTaWTUPHIIIaH
uoopataup. llly makcanna, uram gactypra KUpUTHIagurad 0apya MaB3yiapra
JIOMp Macajanap eTapiau MUKIOpJa SUMWIUIIHN KY3/1a TYyTUIaIu.

1. Tekucnukaa aHATUTUK TEOMETPUSHUHT COJJa MacajlajJapu: UKKUA HyKTa
opacunaru Mmaco(a; kecManu Oepuiirad HucOaTaa OYIuI; y4OypUaKHUHT I03UHU
xucoOman.

2. Tyfpu YM3UKHUHT TypJu XU TEHIJIaMallapy Ba yJapra JIoup Macajanap.

3. KoopavHatanapHu aiMalTUPHIL: KyTO KOOpAMHATAIapH, apaied KyYupuil
Ba YKJIapHU OypHILL

4. IkkrHYY TapTHOIM YM3HKIap: aiiada, dJUIUIIC, TUepooa, mapadoia Ba
YJIAQpHUHT KAHOHUK TEHTJIaMallapH.

5. Ukxunaum TapTrOIM Yu3uKiap Kiaccupukanusicu. IKkuHIHA TapTHOIN
YU3UKJIAPHU KAaHOHUK KYpUHUIITa KeaTupuill. [Inaneranap Ba KOCMUK Kemanap
xapakatu. Keruiep konyHnapu.

6. JlerepmMuHaHTIap Ba yaapHUHT Xoccanapu. Kpamep koumacu Ba ['ayce ycynu.
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7. Marpuuanap, Marpuua yctuaa amauiap. Teckapu marpuna. Yusukium
CUCTEMAaHU MaTPULIABUI yCyJaa €UHII.

8. FOxopu TapTHOIN AETepPMUHAHTIAPHU XUCOOIIAIIL.

9. Komruiekc connap Ba ynapHuHr ¢popmanapu. Myasp dhopmyrnanapu.

10. AnreGpanuHr acocuit Teopemacu. KyOuk Ba TYpTHUHUN Japakain
TeHrnamanapuu euuni: Kapnano dopmynacu Ba @eppapu ycynu.

11. FOxopu gapakaiu TeHIJIaMaJlapHUHT palMoHan wiausiapu. 'opHep cxemacH.
Panyonain kacpiapHu oJui KacpJjiapra Ciuml.

12. da3ona nekapT KoopauHaTanap cucreMacu. Mikku HykTa opacunaru Mmacoga;
KecMaHu Oepuirad HucOataa 6ynuml. BekTopnap Ba BeKTopiap ycTuja amamiap.
13. BexktopnapHUHT CKajsp, BEKTOP Ba apajanl KKIaWTMalapy, yIapHUHT
F€OMETPUK MabHOJAPH.

14. ®a3zona TEKUCIMKHUHT YMyMUI, KecMaiap Oyiinya Ba HOpMall TEHTJIaMajlapH.
VYyTa HyKTa/laH YTyBYM TEKUCIUK TEHIIIaMacHu. MIKku TeKucnuk opacugaru
Oypuyax.

15. ®a3zona Ty¥pu Yn3uK TeHrIaManapu. KK TYFpU YM3UK Opacuiaru, TYFpu
YU3UK Ba TEKUCIUK opacuaaru Oypuak. Hykragan Tyrpu yn3nkkaya Oyiaran
Macoda. ANKaill TYFpu Yu3UKIap opacuaara macoda.

16. UkxkuHuM TapTUOIX CUPTIAp: JUTUIICOU/I, Tapabouoiap, rurnepooioniap.
CupTtnap Ba ynapHuHr kiaccudukanusicu. ®azona nUIuHIAPUK Ba cHepuk
KOOpAMHATaJIap CUCTEMACH.

17. Ynsukam ¢gazo TymryHdacu. Uu3nkiim OOFIUKIIUK, YirdyaM Ba Oazuc
TymyH4yasiapu.basucaan Oomika 6a3ucra yTui MaTpHUIIACH.

18. Un3ukm aMamTUpHII MaTPUIIACH. XOC COH Ba XOC WIJIN3. XapaKTEePUCTUK
KYTIXa

19. EBkinp Ba yHutap aszomnap, yiapJaard YU3UKIN alIMAIITHPHUIILIAP.

20. Tynnamnap Ba ynap yctuja amasiap. Panronan connap TymiiaMUHUHT
CAaHOOKJIWJIMTH BAa XaKUKWW COHJIAP TYTUIAMUHHUHT CAHOKCHU3JIUTH.

21. DnemenTap GyHKIUATIAD, YIAPHUHT aHUKJIAHUII Ba Y3TapuIll COXalapHu.
OnemenTap QyHKIUATIAP TypJiapu Ba KETMa-KETJIMKIIAp.

22. Ketma-keT/MK Ba QYHKLIHS JIUMUTH.

23. Y3IyKCU3IUK, Y3WIUII Typaapu. Axoinbd mumMuTiap.

24. ®ynkiym xocunacu. ['eomeTpuk Ba GU3HK MabHOJIApU. XOCHia XKUcoOal
KouJanapu. Xocwianap skaasainu. KOkopu TapTudiam xocunia.

25. Muddepennuman. dudbdepenumanian kaapaim Ba XucobJamn Kouaalapu.
Juddepenunan XuCOOHUHT acOCU TeopeMasapH.

26. Teitnop Ba Maxksnopen ¢hopmynanapu. Jlonuran Kouganapu.

27. @yHKUUATAPHU TEKIIUPHUIL: YCUIIl Ba KaMaluIl, SKCTpeMyMiap, OOTUKINK Ba
KAaBapHKJIMK, aCUMIITOTAJIAP.

28. DkcTpemymMmra qoup macaianap. TeHraaManu TaKpuOui euu.
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29. AHuKMac uHTerpain. AHUKMac MHTErpajl KaBalld. Y 3rapyBUMIapHU
aJIMalITUpULI Ba OEBOCUTA MHTErpalIalll.

30. Kyn yupaitguran unTerpainap. bynaknad uaterpaiiani.
31. Paumonan kacpiapHu HHTErpauiail. AnreOpank uppaioHaUIMKIapHH
WHTErpajuIallLl.

32. Ditnep anMaimtupuniapu. bunomuan nuddepeniipan nHTErpaiu.
TpuronoMmeTpuk GyHKIUAIAPHNA HHTETPaAJUIALL.

33. AHMK UHTEerpaJ, Xxoccajgapy. IrpH YU3UKIN Tparenus 03u. HeroToH-JIenoHuII
dbopmynacu.

34. Xocmac uHTerpannap. Eif y3yHIuru, sucM XakMu, CUpPT F03aCH, OFUPIHK
MapKa3u KOOpJMHAaTajlapyi Ba MOMEHTIapHU XUCOOIaII.

35. Karopnap. CoHJIM KATOPJIAPHUHT SIKUHJIAIIUII amoMatiiapu. CONUILITHPHILL,
Hanamb6ep, Ko, KomvHuHT MHTErpa atomMaTiapu.

36. JleiiOnun katopu. lllaptinu Ba abcomoT axuHammil. OyHIIMOHAT KeTMa-
KeTJIMKIIap Ba Katopsap. OyHKIMOHAT KATOPIAPHUHT TEKUC SKUHJIALINILIN;
Beitepmitpacc anomatu. Xaama-xaa nuddepeHipaiian Ba HHTerpaiall.

37. Hapaxanu karopiap. Jlapaxkanu KaTOpJIApHUHT SKUHJIAIIUII paanycu. AOeb
TEOPEMACH.

38. Ukku y3rapyBumin GpyHKIUsUIap, aHUKJIAHUIIT Ba Y3rapulll coxaiapu. Xycycui
xocujianap Ba Tkia quddepennnan. Mypakkad QyHKIUSHUHT Xocuiaacu. Mkku
V3rapyBUMIN (QYHKIUS SKCTPEMYMIIapH.

39. Ukku Ba yu Kappajid UHTETpajljiap, TaA0NKIapH.

40. Orpu YKM3UKJIA UHTETpasiap, Taaoukiaapu. ['pun dopmynacu.

41. Cuprt unrerpamiapu, Tagouxiapu. Crokc Ba Octporpajackuii popmynanapu.

42. bupunuu TapTrOAN U@ depeHIan TeHraManap. Y3rapyBuniapu
akKpaJlauraH Ba yHra KeiaTupuiaaurad quddepeHnman TeHriaManap.

43. bup ®UHCIM Ba YHra KeATUpWIaaurad qudQepeHiman TeHriamanap.

44. Yu3uknu Ba yHra kenrtupuiaaurad bepHysum Ba PUkkaTu TeHrinamanapu.
45. Tkna quddepenuunan renraamanap. MHTerpanioBun KynauTyBYu

46. Jlarpanx Ba Kiepo Tenrnamanapu.

47. TapTuOu nacasurad OKOpU TapTuOIN nuddepeHiuan TeHriiaManap.

48. V3rapmac k03QGHIHEHTIIN, YN3UKIH, GUp KUHCITH IuddepeHIman
TEHTJIamasiap.

49. V3rapmac k03Q(OHIUHEHTIN, YN3UKITH, GUp KUHCIHA OKiMaraH quddepeHiman
TEHTJIamanap.

50. Xoauca 3XTUMOJIU. DXTUMOJIHUHT TYpJIH TabpudaapH.

51. apTim sxTUMOUTHK. Tyia 3XTUMOJUIHK.

52. bepuymnu cxemacu. Karra coHnap KOHYHH.

53. Tacomuduii muxaopiap. Taconuduii MUKIOpIAp TAKCUMOT Ba 3UWIHK
byHKUMSIApH.

54. Tacoauduii MUKIOPIAPHUHT COHJIIA XapaKTepuCcTUKanapu: MareMaTuk
KyTWJIMA Ba JUCIIEPCHUSL.
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Nnosa: Tanabanap amanuii MamryaoTIapHUHT Kamuaa 40-45 TacuHu Oakapuiil
KEpakK.
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MycTaKuJ UIITHA TANIKWI 3THINHUHT IAKJIA Ba Ma3MyHH
MycTakuia UIIHUHT MaKCaIu OJIMHTaH Ha3apuid OMIMMIIApHU MycTaxKamilalll,
OeNruiIaHral Map3yJiap acocujia Kymumya Ouiaum onuiiaad udopar. bynaa ymoy
UIUTapHU Oaskapaauiap:
-AManuii MalIFyJIoTiaapra Taeprapimk;
-Hazapuit Taileprapiavk Kypui;
-Vii Bazudanapuu 6axxapui,
-V THiTaH MaTepHaIIap MaB3ylapHHH KAl TapHIIL;
-MycTakwi ni yuyyH MyJDKaJUTaHTaH Ha3apuil OMJIMM MaB3yJIapUHU Y3JIAIITUPUILL.
bynna tanabanap mabpy3anapaa oirad OWIMMIIApUHHE aMaiiil MAIIFyJIOTIapHU
OakapuIILiapy OMIaH MyCcTaXKamJIallld XaM/Jla CTATUCTUKAHUHT 0ab3u
MaB3yJIApMHU TYLIYHUIIN XaM/a yJjapra ouj MacajlajJapHi €4nluIapy Kepak.
MycTakun Uil MaB3yJJapUHHU Y3JIAIITHPULI TABJIUM KapacHUAa y3IyKCU3 Ha30paT
KO Oopuitaaiy Ba €3mMa XMCoO0OT cudaTuaa TOMIIUPUIIAITIH.
MycTakui Ui MaB3yJaapu.

. Tynnamnap Ha3pusACH 3JIEMEHTIAPH.

1
2. Marpunanap Ba JeTepMUHAHTIIAPHUHT TATOUKUI MacanajiapAa KyJJIaHUIHILIH.
3. Bektopinap Ba yJIapHUHT TaTOUKJIapH

4. ITapametpra O0FIUK (PyHKIIUSLIIAP.

5. ®yHKIHMS XOCHUJIACH Ba YJIApHUT TaTOUKJIAPH.

6. Xocuna epaamuia GyHKUUSHU TYIUK TEKITUPULI.

7. AHUK MHTErpaJ Ba yJIapHUT TaTOMKJIAPH .

8. Karopnap.Kyn y3rapyBuminm QyHKIusiap.

9. Kappanu ,5rpy YM3MKJIM Ba CUPT UHTErpauIapy yJIAPHUHT TaTOUKJIIApH.

10. bupunun tapTibau nuddepenHman TeHraaMmanap Ba ylIapHUr TaTOUKIapy.
11. FOxopu TapTudiu nuddepeHunan TeHriamanap.

12. MaTemMaTHK CTaTUCTUKA Ba YJIApHUT TATOMKUI Macalajgapu.

N3ox: MycTakui TabIuM coaTyiapy XaXUMJIapUIaHKEIN0 YUKKAH X0J11a UITYH
JacTypaa Ma3Kyp MaB3yJlap MUMAaH MYCTaKWJI TabJIUM MaB3yJapu
HIAKWJUTAHTPUIIAIH.

JlacTypHMHT HHPOPMALMOH-METOAUK TAbMUHOTH.

daHHM YKUTHII )KapacHUAA YpraryBuu AacTypiiapiaH,iyHuHraek Maple,
MathCad, Mathlab Ba Gomika mactypnap Tymamiaapuaas HonganaHnuiagm.
3aMoHaBUH Me1aroruk Ba MH(GOPMAaLMOH TEXHOJIOTUsIap METOAJIapH
KYJUIAaHWIQIH.
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doiiaaHUITaH ACOCHH JAPCIUKIIAP Ba YKYB KY/LIaHMaJ1ap pyHxaTu:
Acocuii agaduéraap

1. K¥paes T.2K. Ba 6omkanap. Onuit maTemaTuka acocnapu.l,2-kucm. TOIIKEHT,
19951.

2. N.M.Jabborov, E.O.Aliqulov, Q.S.Axmedova “Oliy matematika”»Kaprm» 2010
178

3. Xudoyberganov G.,Varisov A.K.,Mansurov X.T.,Shoimqulov B.A. Matematik
analizdan ma,ruzalar. 1,2 q.«Bopuc» 2010 y.

4. Munopckuii B.I1. Onuit MaremaTukanad macananap tyriaamu. 1988 i.

5. CoatoB E.VY. Onuii maremaruka, TomkenT, 1993.

Kymumua agaduérnap

6. B.A.Shoimqulov, T.T.Tuychiyev,D.X.Djumabaev Matematik analizdan
mustaqil ishlar. «O’zbekiston faylasuflari milliy jamiyati» 2008

7. AbGnymkypoB A.A. DXTUMOJIIAp HA3apUsICH Ba MaTEeMaTHK CTaTUCTHKA. VMV
2010i1. 169 6.

8. .. baBpuH, B.J.MatpocoB O6muii Kypc BbICIIeH MaTeMaThuku M.
«ITPocBemenue» 1995

9. B.I'.Cxareuxkuii, J1.8.CBupuaoB, B.u.fmkud MaTtemaTiuueckue METOAbI B XUMHUHU
«TerpaCucreme» 2006

10. A.Canynnaes, I'. XynoiibGepranos, X.Mauncypos, A.Bopucos, P.Fynomon
«MareMaTuK aHallM3/1aH MUCOJI Ba Macananap TKiiaMu» T. «Y30ekucton» 1992

11. JL.N.JIypre OcHoBBI Beiclier MaTeMaTuku «Mocksa» 2003

12. I'.Camuep. «MatemaTtuka s reorpado». M. «IIporpecc» 1981

13. FO.N.I'unbnep6an. «JIekiuu mo BeICIIeH MaTeMaTHUKE JJ1s1 OMOJIOTOBY.
HoBocubupck. 1974.

14. A.N.Kapees, 3.M.Akcrotuna, T.1.CaBenbeB. Kypc BbIcIIeld MAaTEMaTUKH JJISI
AKOHOMHUYECKHUX BY30B. M. «Bricmas mxomna» I,IT, 1982, 1983

15. ’Ka66opos H. «Onuit matematukay, T. Y3MY 2005.

16. Kypranos K.A. BapranTbl JOMAIIHUX U KOHTPOJIBHBIX padOT MO BHICIIEH
MateMmatuke. Y3MY, 2005.

17. Kypranos K.A., Mupaxmenos T.K., HypymoBa A. Homaremarnkauii
HyHanumap tagadanapy yuyH oMl MaTeMaTUKalaH KyuiauMma. Y3MY,
Tomxkent, 2008.

18. A.C.CononoBHuKOB 1 Jap. MareMatrka B 3KOHOMHKe «DHHAHCH 1
cratuctuka» 2001

19. K.H.JIyury u np. COopHuUK 3a7a4 10 BeICIIeH maTeMatuke 1, 2 4. M. «Aiipuc
npeccy 2007

DJIEKTPOH afaduériap

http://www.mcce.ru, http:/lib.mexmat.ru
http:// www.a-geometry.narod.ru
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http://allmath.ru/highermath/mathanalis/
http//wwwe.el.tfi.us/pdf/enmcog22.uzk.pdf/

NuTepHeT MaHOabIaApHU

www.lib.homelinux.orgfmath
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V3BEKHCTOH PECTIYBIHKACH O/THil BA VPTA MAXCYC

Pitxanra oy

X Uk

e Nbim

TADJIHM BA3HPITHTH

“MATEMATHKA”

OAHHHUHT HIIYH YKYB JACTYPH

Buiw coxacn: 300 000 - Hiuna winkapim Texn coxa

Tanmnw coxacw: 310 000~ Myxanmienax g

Taum yannuaapn:

53I0700-3nenpmmm,mnpuewmmxmmmmm
Y000 - Kac e (5310700-3nexrp exmsac, excp vexamiach 32

TeXHOTOTHAAAPH),
ﬁlllw-mpmmummmpxmmpmmwmnmmm
(tepuokiap i)

S32700- Texsonors xepaéarape Gourxaphs axiopor KounyhkaLss

Slllow-l’(aeﬁmmu(anmmmmmmummnwm
KHXO3121 B2 GBTONATIALITHPHLL);

ﬂllm-Tmmmnpmmmp(ylymmmmeapm Hunah
)

HKApHLL

32150 - Texsononanap sa xxoatap (epsio{eania casoar),
ﬂzlﬂm-memlnplanxomp(Emmmmmpmmummn ]
TEXHHK XHSMT KyjpeariL);

mlm-Emunmmmmnpn 12 KH03IDH,

SH11000- Kaof ranmmn (5321600 - Esrun caroar TEXHOTOTHAIZDH B3 KEXO312pH);
S321400 - Hofr-raskiné casioamn Texsorornsc

S111000 - Kacd rannasen (5321400- Hefo-raswinié caoars exsororuac);
320400 - Kt Texsonorus (Tapuoknap Giea);

STH1000 - Kec rasnen(32040-Kinugsit rexonoris);,

SLLIO00 - Kac s (Higopuania s axGopor exsooruszap)
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DaHHUHT UIIYH YKYB JACTYPH, HITYH YKYB perxa Ba YKyB AacTypura MyBOGHK HIIIA0 YHKUIIA.
Ty3yBuniaap:

IOnycos F.F. - Byx MTH, “Onuit maremaTka” kadenpacu Myaupu, T.¢.H.

Temaes M.X. - Byx MTH, “Onmii matematnka” kadeapacu 1oueHTH, §.-M.¢.H.
Takpu3zuunaap:

Jypaues LK - ByxJ1V,“Martemartuk ¢pu3snka Ba ananus”kadeapacy npodeccopu, d.-m.d.a.

Mamarosa H. - Byx/1V,“ Maremartuk hm3uka Ba aHanu3s” kadeapacu 1oueHTH, §.-M.¢).H.

DaHHUHT UIYK YKYB factypy “Marematnka” kadeapacuuunr 2016 iiun 22 asrycriaaru 1-

COH MMFWIMIINMAA MYyXOKamaaaH y’[‘l‘aH Ba cbaKynbrer KEHrammia MyxokaMa KWJdil Y4yH TaBCus
OTHJIraH.

Kadenpa myaupu: 270

. T.¢.H. FOnycos F.F.

DaHHUHT HIIYH YKYB nacrypuf‘MyxdﬁhuanK Tex‘ﬁm_'(a” akynTer KeHramua Myxokama
3THNraH Ba (oliNananHra TaBcus KUMHraH (2016 iiyf) «23» aBryct «1» — connu 6agnHoma).

{axy WY /4 abad )
DakynTeT KeHrany panucH: ! / ol ~zmou. Mypozaos I11.M.
Kenummau: W\

Vkys- yeny6uii 6omkapma 60u1‘fll;[1ju '

2%/ 'ﬁouXomxucs .M.
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Mt uz
If
Jfwww.albest.ru/catalog/a5/al 01275 htlm
:listudent km.rw/, http://math.chat. ru,
http:/fwww. i math. kiev.ua.
http:/ftechlibrary.ru/

2 hip
3. hip:
4, hip
5. hip
6,
1

50

www.exponenta ru/soft/Mathemat./ Mathemat.asp.
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Onwif TanAMMHHKT JaBTaT TABAHM CTAHZAPTHTA Kjjpa MyXaHmHCTHK - TEXHOMOMHA Ba
HKTHCON TablHM CoXanapuia  imuiamran “Maremaruka” Qanu Jactypn Oaxanasp
HyHATHINGPAZA TABMHM ONATHraH Tanabanaphi Manakasiii Gwmamra ora Gymamu yuyn
3apypOynaurak; WMSHKTH anredpa, AHATHTHK TEOMCTPHA YIEMEHTIADH, MATEMATHK 4HATH3,
Ot AHQepeHIAT TEHTIANAND HASAPHACH, KATOPIAP, OMPALOR XHCOG, KOMILIEKC COHiap
BA KOMIVIGKC YIrapyBuiiH QHKUMLIAD HASADHACH, MATEMATHK (W3HKa TEHTIAMATADH,
SXTHMOTIAD Ha3APHACH BA MATEMATHK CTATHCTHKAZAH GOULAHFHY TyWIyHYATApHHH J3 WHra
071raH G¥HMAAPIIAH TALIKHA TOTIraH.

(anunKr MaKca) Ba BasuGanapn

"Marevarika" daHH TaGuili MaTeMamHK (aH7ap MaXMyacra TANTYKTH G,
Tana6anap yun |, 11, 111 8a IV cemectprapsa yprammany.

“Maremarnka” Qanmnwnr Gom Myxu Basudack, Tanabanapra “Gusa”, “Hasapwii
Nexannka”, “Marephannap kapmwmrd’ Ba myRra yxwaw Katop TaGumil (annapem
MyBadjaKuATIH Y31ALITHHIIH Y4yH 3apyp OFTanraH Tatky GHiHIaDHH Gepati.

Oan Gjiinya TaraGanaprunr TacaBByp, GHM, KYHHKMA BA MATAKATAPHTA KYHHIATHI AN
Tanabnap

Tanabanap MaraMarika GaHiHi Ypraww Kapaluuia KyWiarwiapin Gakapa oMM
TI03HM:

- MATPHUATAD YCTHIA AMANNAPHH XHCOOMalf OMHITH, JCTPMHHAHTHHHT KiiMATHHM YHHHT
TABPHQH Ba Xoccanapira kypa (Kymnazan Jlamnac Teopemaciian (oiinanain) XucoGnamnap,
MATDHIIA PAHTH Ba TECKAPH MATPHUANApHH TYpAH yy/nap Gitiak Tona o,

- YHBHKTH anreOpaik TeHTIaMANap CHCTEMACHHH TAKHK STHIIM B YADHH TYPH Yoyiap
GinaH e4HMAPHHH TOMHIIK;

- TYFPH MHBHK BA TCKHCTHKHHHT TYpIH TEHTIAMATApHHH OWIMIN, Y1ap OpaCHIATH
Oypuaknaphi xycobnail OMMILK, YNAPHHHT NAPALITTAK BA TEPIEHIHKYISPIHK WATIAPHAN
Grumi, HyKTAZaH TYFpH HH3HK B TeKvCTHKKAYA Macodary xuco6nall 0TI,

= HKKHHYH TATHOTH SrPH YH3HKAHH, YAAHHHT TeHTMAMAnapH OYiiiua Taxim ITHIIH Ba
TACABBYPIa 3ra Oy,

- midepeHIHALIAL Ba HHTCrpATAL (OpMYTATADHHH YATKALITHPNACAAH TYFPH HULIATA
Ornm,

- eMEHTap XHconamia AWK TaxpuOara ora GYmmEM, KufHHWHTHKCHS Gepmran
ywuas yuyh Teiinop QopMynackiy E3Hm;

- HHTCpAIAPHH XHCOONAIla, KATOPHH AKHHJANMIITA TEKIIHPHILIA 3apyp YCyMiapHH
K§/U1alua KyHvKManapaa ora Gy miu;

- MudhepeHLHAN Ba HHTErpan XicOGHHHT TanGHKTApHHH O,

= T COMA AQQepehHAn THTTAMATEDHH, KM §rapyBANTH QYHKLAANED, YAGPHAHT
eperLHan Ba HiTerpan XHcoGHHH G,

= XTHMO/LIAD HA3APHACH BA MATCMATHK CTATHCTHKA NACATAIaDHH CHHILNATAKAAAPHLA 320
G numiu Kepax.

anunuryKys pexanarn Gouka hannap Guaax y3apo GoraukHra Ba yenyOuii Kuxataan
Y3BHILTHTH

"Marenamuka' Qamn Marewmaruk Ba Taummi-wnaii Gan xuooGnamu6, 1, 2 Ba 3-
ceMectprapia kumnams. Maskyp dan §kys pewacunaru "Oimika, "Hasapuii Mexanmka',
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"Marepiannap kapmmars”, "Mamiea ba NexaHiM1ap wesapisci” kaGi Qaruiap Oinan y3i
Gormix .

Qanmukr LTM-Q2H B2 HILAAG HKADHILIATH YpHR

Vimna6 wiapim Kapaéiii GEBOCHTA MATEMATHK YCYIlap, CTATMCTHK TANTANIAD Ba
Xpicobmam Hmnaph acocina oG Gopmun Xicolra onazurar 6ncax ymOy QanmueT Mrad
YHKAPHILAATH §piH OEKUEDIp.

Vmna6 skapumia MyXaHIICTHK-TEXHOTOr GeBociTa y & 6y MaTeMaTk avavTaphi
K§/nnalf 0:1raH X012 NOMHXATAL KapaCHIHH OMTHMATTALITHDAIH.

Oannn YKuTHILLA 32M0KABHI{ AXGODOT BA NEAATOTHK TEXHOMOTHAIAD

TanaGanapr "Marcarua" Garikit 3IaUTHDHILTADH Y4yH VKWTHIIRHKT HIFOD Ba
3aMOHaBH! YCyTapiAaH QOITATAHILL, SHTH HGOPNALWOH-TSTATOTYK TeXHOTOTHATAHA TaTGiHK
KT MYXHM 2XaMATa 3ra. Qane Y3TALTHHILIA TApeik, YKyB B yeayOuit Kjnanyanap,
MABDY3A MATHIADH, TApKATVA MATEHAUIP, STEKTDOH MATepHAmtap, BUPTYal CTHIIZp BA
MakeTnapan Qoizanannnami. Manpysa Ba aMamiii Japenapia MOC paBHIIA HIFOP MGJATOTHK
TEXHONOTHATAD Ky IAHMIAH.

“Maremarika” Ganu MaWIFy10TAADHRKAT G 1HMaD Ba coaT1ap Gyituya TaKCHMAAHHIIE;

5310700 - Smextp TeXHitkack, JTEKTp MEXAHHKACH B2 EKTD TeXHOTOTHATEDE,

S111000 - Kacd Tabun (3eKTp TeXHHKACH, J1EKTp MeXaHIKACH Ba JIEKT TeXHOTOTHLTApH);
5312100 - Sweproay i Ba caHoaT KOpXOHATADHHYHT SHEPICTHK TEKILHPYBH (TapNOKTp Oia);
$321700 - Texsonoruk xapacirap COMKaPHILEA &X00DOT KOMMYHVIKALIAA THSHMIADH,

X Ma3yxap vowa e Maspysa o.M
coar MALIFYAOT | TABIHM
1 | Kuprm b 2 2 1
1 | Yo amedpa g § b
3 | Beropnap amefpaci 8] 6 b b
4 | TexHcTHK1a ARATHTHK B W0 10 §
TEOMETpiA
§ | Omom anammikreoverpes | 22 § § b
6| Marevamik aramisra KipHm %
1| Bup Jarepypennn Qyusmr | 34 | 12 12 10
R epertan ool
Kawu: 2- Mascyw Giinsa 14 | o 54 4

ST11000 - Kac6 asnun (MamiHaco3 ik TeXHOTOTHACH, NAIIHHACO3MHK HILTA0 YHKADHIIHEH
KHXO3TAL B2 ABTONATAALITHPHIL);

Kawn Awanii | Myerakan
Massyaap Homn - Maspysa Nimiie! tais
1 | Kupim 6 1 2 2
2 | Yk anreipa W 4 4 b
3 | Bexropnap anreSpaci D] 6 b §
4| TexucnuK1a aHATHTHK N 6 b §
TEONETpHA
5| Gmona ananwmk reoNeTpHA 4| 4 4 b
0| Manewamik ananira kipim N | 6 b §
4
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NaB3YADHHH Y3 HYHTa Kavpad Onra.

Xep Gup Hasapuii caponra EsimraH Xaso6ap Oyiira yanammipim Kypeariiran (-0 6ann
opankmiza Gavonanami. Awamii Tonmipik dca 0-6 6ain opammiza Gaxonamami. Tamafa
Makemyian 30 Gann TymaaLmH MyMKitH,

Fawa cimop Gyifisa yMyMt YSTATHDHII KyDCATKINGIEH BHFKTAN YUYH BApHAHTIA
Oepiunras capo7TapHIET Xap GupH YuyH E3iTaH KasoOnapra Kyluira y3amTHpHII Oaniaph
KYLIHTATH Ba iMTHHIH T21a02HHHT AyHit Hasopar Oyiika y3nammipii Oami XHeo0aHamh.
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AKATICMHK Kap30p 220 Xucobnanamy,
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Tanata wasoper Hamwkanapizan HOpo3 Gyica, Gk Gyifinsa Hasopar TYPH HaTIOKAAAH Qs
SbIOH. KiAMHraH BakTiaH Gomnab Gup kyn MoGaifuma Qakymsrer fekaimra apina Giunan Judipepenuunast XucoGh
MYPOKAAT JTHIIA MYMKEH. Bynaif Xonta daxymsrer nekanmimsr TAKIHMHONACHTA Kypa pekTop y 8| Bip arapysunnu 46 14 14 18
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3 Ot capor-KaB061ep, KOMIOKBHYM B2 oy Ha3opaTr Typiapk 0 [ 05 [05 | Oom aanmik rowerpia 16 4 4 §
HATIOKAapH 0| Marewathk ananimra ki 20 b 6 10
Kaun OH Garnnapn 0 ] 0I5 [05 7| Bup Yarapyumm 2. 1% 6 10
Qe
TanaGanap ’KH san rynnaiiguran Gannapimir Hamynaii ME0HIAPH JQspepentutan Xuoobu
; 8 | Bip Jarapyumnn # | U 14 0
% Kipearwiunap Kopit asopar Gannapi QyKwsHHHT HiTerpan
Maxe. | 1KH | 2H XECO6iL
}szcmpmmmmmmma?ummpmnapamn 5[ 01 (04 K
|| Avammit - waurysoTmapsarn Qaonnirs,  avamii  wamrysor ’ m:;qm - : : .
RaQTapTADHHHT KODHTHNLIN B4 Xoary .
Mycraun tabaine Tomumpiksapinsr Jo sakuna ma cgentn | IS | 08 |07 Ko - ey Gima LB 3 a
2 i Ofitnaa yi [
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4 | Texucmma anammux | § 2 2 4
SH 6anapn TEOMETpHS
. e Mt | Vap g e 2
| a Giia skym e s asoparn | 06 ! TEOMCTpHS
2 | Oun s syl recr wasopers_ |24 04 0 | Marewarn anamra | 8 2 2 4
T | Bup arapypumm 14 4 4 6
iyt nasoparaa “Eswa wu”saphn Gaxonam wesonn ! Oy
RiOepermian xicof
Ay wasopar “Eswa wn” makmn avamma OLHDHITHIA, CHHOB Ky BADHAHTIA l-mncymm 7 m m N
Yoyaa yrwasinans. Xep up aphar 2 Ta masapic cason a3 a avam TOMIHPHKIaH HOopar. 8 b forapypum I n m 16
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(HKUHAHHHT HHTEIPa
XHCO0H.

9 | Kyn§rapysim 30 § § 14
dyuarzp

10 | Kappami sa arpu 8 o 6 16
SIBIKH HHTETpATIaD

11 | Keropnap rasepusc | 30 § 8 14

12 | Kowmrexc comnapsa | 26 b 6 14
KOMILIEKC J3rapyBuii
QyHkATp.

13 | [ingdeperan L) § § 16
TeHTIANATE

L-mapeym Giinya 1% i i 90

5321600 - Errvn casoar TexHO0THATaDH B3 AHX0312DH
Ne | Massynap vovu o Manpysa .| Koo
00ar Mamrynor | Tanany

1 | Kupum ) 1
2 | Yk anredpa 12 4 4 4
3 | Bexropnap amrefpacu | 12 4 4 4
4 | Texucmma anammik | 8 2 2 4
TeONeTpHA

5 | Oasoa anamm 6 1 2 1
TOMETpA

6 | Marewamuk avammra | 8 2 2 4
KipHIl

7 | Bup yarapyssunn 14 4 4 b
yHKcsHiHT
THQQRPCHIIAT XHCOGH

1-sapeym Gfiinya 06 18 18 30
8 | bup Yarapypumm 4 14 14 16
QYHKUHAHHH HHTETpAT
XHo00H.

9 | Kyn yarapysmum % § 8 10
dymananap

10 | Kappam 8a orpa U o 6 12
YK HHTEIpALIAD

11 | Karopnep nasapusc | 30 § 8 12

12 | Kowmrexccomnapsa | 24 6 6 12
KOMILIEKC J3rapyByiid
QyHKA3D.

13 | Jlugdeperman ] § § 14
TCHTIAMATE)

2-Maneym Ofiinya 18 54 5 6

5111000 - Kachuit ranmun (5321600 - Eririn caoar TexHonorwsiapy Ba KM03napH);

Kann Avamii | Mycrakun
5 Ny coat i Mameynor | Tanam
1 | Keprm 1 1

. stkyrnit wasopar (fH) - cevectp Axymita Myaitan Gan Gylfima Rasaphii Gimiv Ba
QMATH KYHHKNATADHH Talabanap TOMOHWIGH YBTALITHDHI JADAACHHR Gaxonam yoymh.
STyl HESOaT AC0cAH Tash TyIIyH% B WOoparapra acocnamman ‘Esva Wu” makima
VIKASHIRTH,

OH yrasHm KapageH KaQeipa MyIHDH TOMOHHIAH TYSHIT2H KOMHCCHS HIITHDOKHZA
MyHT&3aM PABHIITA Ypra Oopiiamy Ba yiu yrvasim Tapmubnapi Oysimran Xomtapaa, OH
HamKanapi 0ckop KitnvHmH MyMkath, Bynzait xonnapna OH kaifma yTkasiia.

Ot TabiM Myaccacach paxGapuRuRT Oyiipyrd GiiaH HKH HaS0AT BA MORHTODHH
Oymavm paxGapmirina Tysuiran Kowwcens murupoita H AM yTKasHI Kapahi MyRTEsaM
PaBAIITA Ypran0 0Pt Ba yHH yTXasum TapriOnap Oyaicmran xonnapta, AH wamokanapn
Oexop Kuunrmmn MyMioe, Byrzait xomnapza SH xaifra yrisnags.

TanaGanmkr GTAM CRBHACH, KYHVIKMA BA MATAKATADHHA HA30DAT KIUIHIIRHT PEiTHHT
THSIMH 260CH1a TaTaO3HRH Gt 6yiiiua y3aLITHpHID fapaxaci Oannap opkani HOOTATaRATA.
«Marewamiay (i Gyifivia TanabanapkuHr ceMecTp AaBOMHarH y3aurrvpim Kypeatkir 100
Gk T2 O2X0MaHATH.

Yim6y 100 Gan Gaxonam Typaapi Oyiiia kyifiarma raxcminasant; S H.-30 Gann,
wonran 70 Gann 3ca ACH.-40 Gann a O.H.-30 Gann kennn axciuranamy.

Bam | Faxo TanaOautapHuer GHIHM Japaxack

86100 | Asno | Xynoca B2 apop kabyn wwmm Veomaf ukprai ommn Mycraxn
Mymoxata fopima omiw. O7raH OWiHMIapuEH avauia Kymnail OMHIL
Moxmsmitn Tyimympii. Broni, aifmi6 Gepim. Tacassypra 3ra Oy

7185 | Soum | Mycraxwn wymoxata xeumm. Ofran Owimiapee anania kymiaii OTHL

Moxwsmen Tymysmpum. Bronu, aifrd Geprm. Tacasaypra ara Gymw.
5570 | Kowmxapmi | Moxmsmam ymysrwpium. Brunw, aifrw Gepim Tacansypra ara Oymmm,
(-4 | Konmapens | Awik TacasBypra ara Oynmacik. Bimvactax

®an Gyiinsa capanam Gani 55 Gannim Tamkon 3rami. Tana6anvAT caparam GaTiian macT
Gynra y3naurTvpHIIH PeiTUAT ZagTapuaciia Kax STHIMAIIH.

TanaGanapsuer KyB Garm Oyifiria MyCTaKin HIIM KOPHH, OATHK BA AKYHIi Ka3opaTiap
KapaGHITA TeTWITH TOTIHPHKNADHH OaKapHILH BA YHra axpaTHTaH Oa1ap Ja KeTHO UHKKaH
X012 OaxonaHame.

TanaGanunr §an Gyiinya peliTaHre KylHIArHYa AHHKIAHATH:

an Gyiiia ¥opiii Ba OPATHK Ha30PATIATa WKDATHITAH YMyMit Cannamer 55 QomsE
capanam Gamn XucobnauuG, yméy Gomzan kaw Gawn Tymiaran Tanaba Kyl Hasopama
KHDHTHINAI{TH.

Kopii KH sa opamik OH typnaps Gyiiea 55 Gan Ba ynaH iokoph Oanim Tymiarah Tanaba
asn ysnaurruprass 2c6 Xucoiasai Ba Yy Qa Gyitta SKYE FISOPATTa KHPNACTHTHTR
ity yimas.

Tanabawmer ceectp fasoMina Qa Gyifia Tymnaran yMywuit Gami xap Gup Hasopar
TYPHIEH GeMTHIRHTAH KOWIANAPra MyBOHK TyIUIaraH Gaiiapi HHTHHAACHTA TeHT.

OH sa SIH Typnapi KaneH1ap TeMaTHK PeXara MyBOQHK JKGHAT TOMOHHIAH TYSHITaH
DeiTHET Hasopar Kamamiaph acocwta yrkaswnams SH cewecrprmer oxHprH 2 Xaack
MoGaliHHIA YTKEGHIATH.

KH 82 OH Hesoparnapia capanam Gamian kau 621 Tymnaran Ba ypia cababnapra Kypa
HIS0PATIEPIA KATHAIA O/Marah Talabara Kaifma TOMIMDHII Y4y, HaBGaTiark Iy Hasopar
amucymmmmmmmpmmmﬁmmwﬁmww

HIAH.

Tana6armer cenectpia XH sa OH typnapu Gyitisa Tynnaran Gannaph yméy masopar
Typiaph Yyt Ganer 5 Gowsinan Ka Oynca &k cewecTp AkyHi KOH, paTAK Ba
skyHili Hesopar Typraph Oyltima Tymiaran Gamiapu Hirvmmck 55 Gamytan kaw ynca, y
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2 | Ymem anrefipa 18
3 | Bexropnap anrefipaca 16
4 | Texwcnvkia aHATHTHK reONETpHA 16
3| Das0na aRaTHTHK reoMeTpHA 12
6 | Marewari aHATH3Ta KupHI 2%
7| bup JarapyBumnn QykumsHET MHOGeDeHIHAT XicoDH 10
-mascym fiinda 74

S111000-Kact as s (Mrchopwamika Ba ax6opor Texeororisap)

Th Myeraxi TabIiM MaB3yaaph Coar
1| Kupmx 1
2| Y anrefipa 10
3 | Bextopap anrefipack §
4 | TexwCIMI AHATHTHK FeONETDHS 12
3| Ga30na AHATHTHK TeOMCTDRA 10
6 | Maresam ananisra kipi 10
7| Bup Yarapysuuunn dyescsrir 2 QHdepenLan XicoGh 14
§ | Bup farapyBunn QyHKUHSHHH HHTerpa xuoobi 0
Kavum 2- mascym Giinsa 8

Nactyprusr HQopMALHOR yenyGui TarMAHOTH

Mesiyp (i YKGTHIL KapaGHita TaBHNHHHT 3AMOHABIi NETOLIADH, TEJATOHK Ba
4G0poT-KOMMYHKAIIHA TeXHOTOTHIADHHH Ky!UIALL HESDIA T THITAE, ~SHSHKTH anreOpa
HABAPHACH AC0CTADH, MATPHIATAD B3 HHHKITH TEHTIANA12) CHCTENACHHH CYHIITa Garumianra
MaB3y1ap 38MOHBH KOMITOTED TEXHOTOrHATADH EPIAMHLA MDE3CHTALI BA STCKTPOH-THIAKTHK
TEXHOTOTHANAPILRaH QOITANAHIITAH YON1A YTKa3HIaTH;

WGHKTH (23073 YHBHKTH ONCPATOpiap BA Yiap YCTHIA MANTAD XMTA GHATHTHK
TEOMCTDHA MACATATADIH CYHINTa GarHILIAHTaH avanHii MALLTYNOTAADA KTHI XyKyM, IypyXIH
kpram, ‘A e B3 GOILKA TQTATOHK TeXHOTONHAApIaA QOiTamaHmTaTy;

(wp Ba Kym y3rapyB (yHKLHLAap, YApHUHT M Qepeniuian s miTerpan Xucobaphra
GarmmmaAra avami MALIYIOTIAPATA KINHK Typy\iZD Mycobakatap, Typyxin Qkpram
TICTATOTHK TEXHOTOTHAAPHAH KY/IAL HAGapIa TYTHIATH,

“Marevarika” ammzan TanaGanap GumuMueH PeiTHAT THSHMH AcocHIA GaXonam ME3OHH

“Marewamaka” i Gyl peiTHT KATBALIZDH, HASOAT TYDH, IUBKTH, COHI Ya1a Xap
OHp HesOpATTa AXDATIIT2H MakCAMAN Oan, WIYRHHTIEK XOpi Ba OpATHK HASODATIADHHHHT
Capanam Gaiaph XaKiTaH MabyNOTIap G yiia OHpHEH MAIryioTia Tatabanapra boH
KHTHHATH,

an Oyiiima TanaanapHuEr GHTHM CABHACH BA YATALITHDHI JADAXACHHHHT JlaBar
TABIAN CTAHIGPTIADATa MYBOQHKTHTVEH TABMHMMAL YHYH KyHHIard Hasopar Typraph
YIREGHTAH.
. xopuii nasopar (KH) - ranabamuer Qan wansynap Gyiisa Gine Ba avamii
KYHHKA Jep&Xackih amikiam B2 Gaxonam yoym. Jopit Has0par QaHHAHT XyCyCHATHIAH
KEIHO YkKka X075a MATHH MAIITYIOTIZDIA OT3AKH CYPOB, TECT YTKABHLL, CyXGar, Hasopar K,
KONTeKBHyM, i Ba3H napiHH TeKIIHHIL B Iy KaGvt GOIIKa IaKTapia yTXasHIHIH MyMKIH;
. opanik asopar (OH) - ceuecTp JBOMHIA YKYB JACTYPHHHH TeTHLLIH ((rnapHihr
Gup Hesa NAB3YaDHRH Y3 HYHTa OM'aH) Oy TyraniaHraian Kelive Tanabamvonr Hasapi
G B avanit KyHHKMA JApAKACHHH QHAKIAN Ba Gavonam yoymw. Opanik Hasopar Gip
CENECTPIA HKKH MapTa YTKASHIQNM Ba MAKMH (E3Ma, OT3ake, TEcT BA XOKa0) yKyB (ara
KDATHITAH YMyMHH CORTNAD XaKMHIaH KeHO wHKkak Xonta Oernanay,
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g

T

Y anreGpa

oo

Bextoprap anrefipac

TeruCTHK A asamITIK reoveTpHA

Om0a asaniik reoverpia

Bip arapyvenn fycismmsr mepenan xicodi

Bitp rapyBsun dyrimasmer i xicofi

oo

|
1
3
4
7
6| Marewamik asanisra Kipim
1
§
g Kym forapypesn ymcmanap

0| |co|co|on|co| oo

MascyM Giiiya

=

S321500 - Texxonornarap sa xiornap (cepo(earn caroar));

53221500 - Texororusnap sa enX0u12p (AW CaRoaT KIXOSTADHHH TabMHDIAIL B3 TeXHHK

XIBMT Kfpeanum);

5321600 - Exran CaHORT TEXHOTOTHANADH B2 KXO3TapH
Th Myerakua ranan massyape Coar
1| Kipim )
1 | Unmmamefp 12
3| Bextoprep amefipac 12
4| Texucmayga asammmix reoverpis §
3| Qaona anamim reowepis 6
8 | Mamewam anamisra kupim §
T | Bop orapyuna dymwcmsmme udepesuar xicod 14
1-MaBeym Giiisa 3
8 | Bip arapymun ymeussmr enpar hcodi, 4
)| K o manap %
10 | Kappanu sa srpu SH3HKTH EHTETpatiap %
11 | Keropuap sasapiscy %
12 | Kowmrexe connap 52 xowmreks Jorepysun Qykxumanap. P
13 | Jiubdepesmar tesmavanap 30
L-yiaeyw Ginea T6

S111000- KacGi rasman (5321600 - Esrun camoar TEXHOTOTHSTADH BA KEXO3TapH);

T Mycnakin Tebnm assynap Coar
1| Kupem 2
1| Ymmiun aefipa 6
3 | Bextoprap amefipaca 6
4| TesuoTHKTa arATHTH reowerpi b
5| @aona asamim reowetpis 6
4
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7 | PR oy s oregronc spe
TG eperan xicofi
BipJrapy s Qe
§ 2 § § 6
HHTEIPa XHo00H
9| Ky farapypurn dyhianap ) § § §
10| Karopap nasapmscn /) § § b
1 Kappan Ba srpi wisim 0 3 3 6
HHTEIpaTap
0 lfounnexccounapsaxounnexc 2 i ; 6
J3rapyBuTH yHicanap.
13| Jiieperunan rermavarap % 10 10 6
14| Onepion xicob 16 o 6 :
15| Marenami gumia tesrmavanap, | 18 ) b o
I DTHMOT13p Hasapisc Ba % 0 10 6
MATEMATHK CTATICTHKA
2-vaseym Gifina n | % %N 10
Kom| 300 | 108 108 b
SER1000-Kaod rasmavn (Higopwarika sa axBopor TEXHOTOTYATpH)
N Mas3ynap Howa oy Manpysa S | ¥
coa MALIFYOT | 7 TaBI0M
|| Kiprm b 2 2 2 !
2| Yision anrefipa % § § 10 !
3 | Bextopnap anrefipaca 2 b 6 §
e e gl
TEONETDHS
5| Oas0ma aamiTIK reoeTpHA % § § 10
6 | Maewamik avaniara kipim % § § 10
i JarapyBsnn dyhwcsr
1 Wb o | n 12 14
B kit B I R
HHTETDA XHooGi
2- Mageym iina m|n n

“Mareathka” Qamutas MauryaoTtapaar MaB3y/1ap A coaTap Oyiinya TAKCHMAARKIH;

S310700 - Snextp Texkace, Snekp Mexaruxach sa SIEKT) TEXHOTOTHANADH;
L1000 - Kaod Tasmnn (Snextp texemwace, exrp MEXAHHIKACH BA J1EKTD TEXHOTOTMATApH);

S312100 - Dneproaymr b caroaT KOpHORATApHEHET SHEPIETHK TKIIHYBH (TaphioKap Giiva);
32170 - Texsororn Kapaéaapi Somxaprmaaxopor KONMYHFKALUS THCHMTADE;

e Myers-
N Magayaap Hown Kum | Mos-| K
coar | pya | Mam-
TABIHM
Fyaor
1" | Mnpuarep s ynap yorwa awantep. e ) 1
2| AWHKRORHIZ) BA YTADHHHT XOCCATADH, [l ) ) 2
B ST TeHTNATaD CHCTENACH B8y e yoymnapw. | 12 | 4 | 4 4
4| Bekropaep 82 yrap yeruaa e avanrep. 1.2 )




BekropapHir KOOpHATANAH B2 Yap YCTHIA
aMaITEp

Bekropaphier ckansp KyTaifTack, HHHF X00CATapi Ba
TarOukapi. Bextopian kynaifmya, Xoccanaph B
TaTOMKNEDH. BeKTOPAGPHYET apaTall Ky AiTMACH, YHIEHT
XOccarap Ba TATOHKIADH

"TeKHCIHK 12 BHATHTHK TEOMETDHS BA YHHHT 200CH]
NacATaTapH.

‘TexwCTIKarH TYFDH YH3HK TCHTTAMATADH.
TexuCTHITarH TyFpH HIH3HKIApra JI0HD AC0CKil
Macanaiap

Vikicsan TapTHOTH SirHK1ap. Afliasa Ba S1THIC,
| Timep6ona sa napabona. Kok kecniap.

| dasoma aammk reoweTpis, TeKiCTIK TeHTIANATApH
Texucukka 10up acocii Macaranap.

as0gani TyFpiH YIBIK TeHTTANATApH. Da01arH TYEpH
KRR 201D acocili Nacananap. Apatail Macananap

ykuis Ba y Oi1aH GOFmiK GyaraH TymyHuatap.

CoyHKILHS THMHTH B2 YHHET XOCCATApH,

Asoitu§ mmainap. Y3nyKcis QyRKUHATaD Ba Y1APHHAT
Xoccanapi

yHKI XOcHAaCH BA YHH Xico0Tal KOHIATADH.

Oy udeperamiam Komtaraps. FOkopi
TAPTHOMH XOcHT2 Ba JHQAPCHIHALIA).

16

OynxwisHn | TapTHOTH XocHIa EPIAMIZA TeRIIHHI

17

Oynkupisn [ TapTiGTH X0cHTa EPIAMTA TEKILHDHIL

18

OHKUAHH TY/THK TEKITHPHIL

19

Amkytaciknap Ba JlomiTan KOHIATapH.

Kawn 2- maseyy Giiia

[0 Y Y Y N

L oo ro || o

o ) Y ) Y

5111000 - Kact masmavi (Mamisaco3 ik TeXHOTOTACH, NAIIHHCOSTHK HILIAO YHKADHIIHHH
KHKO3TAI BA 2BTOMATTALITHpHIL);

Masyaap Hown

coar

Mae-
pya

FEE

0T

Myera-
KHA
TARTEM

Kepr

Mapaianap Ba yiap YCTHIR aMaLAap.

AHHK70BYI13) B YIAPHHET X0CCATaDH.

Uik TeHTAMATAD CHCTEMACH BA YHH CYHII
Yeynnaph.

oo co|on| o~

> (=Y S )

=3 [ =

- N =

Bexropiap ba ynap YCTHIA apHOMCTHK auATIAD.
BeKTopAapHiHT KOOPHHATATADH BA Yiap YCTHIA
aNQLap

BexropAapHHHr ckansp kymaliTuacH, YHHHT XOccanapu
ba TarGHKnapH. Bexropwan kinalfra, xoccanapi a
TaTOHk7apH. BexTOpAApHHHT aparam KYTaiTGCH, YHHHT
Xoccanap ba TardikapH

TexscIHK 1A AHATHTHK ICOMCTDHA BA YHHHT ACOCHH
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30 | 1 raprmn sk arapuiac xoef0mIMEHTI Gup Kok nGDepesian TesmIavatep.

31| 1 raprms sk arapuiac KoefQmIHEHTIN GupkcncRNac MAOOEPeHIHAT TEHTTAMATA).

32 | 11 raprafinm snaimkn Jaraphac KOeQHIHEHTIH OUpRiHCANAC THOQEpEHINAN TERTTANAT.

33 | Tacniprap azan 82 Jlanac aTMAIITHDMACHHHHT X0C&Iapi EDIaMIia TOMTAIL

34 | Tacniprapra Kjpa Gouurasriry QYKIAAHA TOMAIL

35 | Onepaio ¥cod EpIavAta JMDQepeAIIRA TEATTAMATADHH EYHIL

36 | Top Te6panu Tesravaciy JarauOep yoymana euiL.

37 | VooHK/THKHHHT Yerapasiara CTEPReRAA TapkATHIIA. KoppexT Macaranap.

38 | Exmiionnap rasapusci. Xoicanap 8a y1ap YCTHIA aaiiap.

39 | OXTHMONTIK, YHIHHT KIACCHK, TROMTPHK, CTATHCTH TabDH(1apH Ba aCOCki Xoccanapi

[N [N Y PR Y ) [P e e S )

40 | EXAMONTHKNDHH KLU B2 Ky TAITHDHIL TEOPEMATADH.

" Tickpe Tacomi MHK1OD7Ap, YIADHHHT TAKCHMOT KOHYHH B2 aCOCiH CORTH )
XaPAKTEpHCTHRATADH

42 | Acocrii JHCKPET TAKCHMOTIAD BA YIADHIHT CORTH XapaKTeDHCTIKATapH 1

5 "TaRCHMOT Ba SIFLTHK QYHKLUATAPIL. Acockii Y31YKCHS TAKCHNOTAE) BA YAAPHHET CORTH )
NAPAKTEHCTHRATEDH

44 | MaTewaTiK CTATHCTIKR JTEMEHTIADH 4

1-mapeym Oiinsa %N

Kawn | 108

Myeraxia TaBTHM TAIKAT STHIIRHA LIAKTH B2 MASMYHH

“Marewamuka” OyiliMa TATAGAHWHT MYCTAKWT TABIAMM Iy QHHH ypraHdm
ApaEEMART TepkuGil Ko Gyne6, yenyOui ba axopor pecypenapn Gt Tyma
TABMIHIEHTH.

Tanabanap aymimopis NALTYTOTIEPHIA MPOQECCO-yKHTYBYRIBPHHH NASpy3aCHH
THHTTAITATAD, MHCON B2 NACATATED CSiTaD. AyMTOpHALAH TAIKAPHIA Taraba nepciapra
Talépranams, areOuETIapk KOHCTEKT Kinami, Y Basida chfamiia Gepuirai Micon B
MacaTaTapHH evami. ByWian Tamkapn aipiM MABSyTADHH KEHTPOK YPIAHAII MAXCATAIA
KymiNYa anaGkeTTapen YKo pedepannap Talépnaiizn Xawia Massy Gyiisa Tectiap examt
Mycraiein TaBTHM HaTiokaTapi pelTHET TSI acociz Gavonawam. Yiira sasudanapn
Gakapin, KymiM%a TApOTHK B3 ANGOKETIAIAN STW GHTAMIADHA MYCTAKIN Ypradil,
KEPAKTH NABTYMOTIZDHH WSTAL BA YIADHM TOMMN yMIADHHH GHHKNALL, HETCPHET
TapuOKTADHIAH QOHTATHHG MaSIYNOTIBD TyIIAI Ba WMl WsnarMmuigp om Gopem,
i TyTapa TOMDACITA EXH MYCTaKi paBHLEA wnlt NanGanapaan oltnanan6 nvt
MAKORA B0 NASpYSanap Talépram KaGinap TaaGanepHiET JApCIA ONTRH ChmMApHH
yKyPALITHDATH, YTAPHIHT MYCTAKGEN QHKPIAI Ba FXOMH KODHTARTHHA PHBOKIZHTHALL
Ty yayH Xa MYCTAKG TZBTAMGHS YKYB (A0THETH cavapan Gy wywc v Vi
BesH(aTapiEN TCKIIADHII B Gaomam aamilf Mamryior omif Gopyswn ykiTyBdH
TOMOHILAH, KOHCTEKTIZDH B3 NAB3YHH Y3ALITHDHII AApAKACHHH TeKIIHDHII B2 Gavonam Xa
Nabpy3A fapCnapi OTHO 0pyBaH YKITYBUH TOMOHHIEH Xap JapCia aMalrd OMAHTAT
“Marenarika” (aHATAH MYCTAKI LI NEXMY2CH GaHHHH Gapia Mabsyapie kapad oras
Ba Kyiizari 12 Ta KaTa Massy KyDHHHIIHIA IAKIGHTHDHITA

TanaGanap MyCTaKHA TABLTHMHHKEF MASMYHH B3 XAKMA

5310700 - ek TextHKace, 1eKTp MEXAHHKACH BA 7EKTD TEXHOTOTHAAPH,

§111000-Kac6 1251 (DeKT TeXHKACH, STEKT MEXAHHKACH BA JTEKTD TEXHOTOTHANADH),
§312100-DHeproay T Ba CaH0AT KOPHOHATADHHHHT JHCPIETHK TeKLHpyB(rapuoKnep Ofisa),
5321700 - Texsonorux apateiapy GomkapHuIZa aX00OT KOMMYHHKALUS THSHMARDH,

Th MycTaKin TabHM MAB3YAADH Coar
1 | Kuprm /)

#




5320400 - Kuneéaut rexeionorns (Tapoxiap Gisa); MacaTanapH.
ST11000 - Kach rasmmsan(5320400- kinéBiii Texsonorus) Texwcmicnary TYFpH WH3HK TCHTTAMATADH.
§ | Texccmaars TyFpH WH3HKT2pra H0H) ACOCKHH R 2
N Massyaap Howa coar Macananap
1| Marpiuarap sa yaap YT avaiap. ARHKIOBAIIZD 8 YIQDHIT XORCATapi 4 g | Vo aprains sk Tap. Al 52 S0, e sl
| i TerREMa12D CHCTONACH B Y SHIL YA 4 Timep6ona Ba napadona. Kowmk kecinap.
3| Beoptap 5 yap ot e e, Bescoprapnr soopmariapisaygp | Oas07a ananiTvK reoMeTpis. TeKHCTHK TeHTTaNATApH [
L) » Texticika fowp acocii Macananap fnfutni)od 4
BexTopTapHiEr CKatsp Ky malTvACH, YHHAT o s Tarfsgapn. Bexropian kjmaiimie, e ——— T ——
4| xoccanapi B TaTOHKIAPHL. BeKTOpTapHIHT aparail KjTaiTvack, YHHHT X0Canapi B2 2 11 : Bl ko2 2
— WHBHKKA J0HD acocHii Macananap. Aparall Macananap
"TeRHCIHK 13 AHATHTIK TEOMCTPHA BA YHHET acOC acananapi. TeKWCTHKTATH TYFpH YHSH 12 | Qs Ba y Gna e 6 ran ymyRsanep. R e 2
5| enrnavanap. Texsicu1ar TYFDH SHSHKTApra 20D acociit Macananap. Hkxin rapridmt | 6 13 | yHLiA THNITTH B2 YHHHT Xoccatepi §12]2 2
usiknap. Aifnara ba e, [imep6ona sa napabone. " Axoifd nuvTaap. Y3nyKeH QyHKLLAIZD Ba YIapHIHT g -9 15 4
1-aney Giima 18 XoccanapH
Oas0na arammi reomerpis. TeKHCTHK Tearaanapi . TeHCIKKa 0D acocHi 13| yHKus XocHnacH Ba Y XycoGTall KoHTataH. el e ) 1
| Mecaranap ©asonar TYFH SHSHK TeHTIAMATap Ga30ars TFpH HSHKKG KD aC0CHi 2 p Oy mdepentanran Konzarap. KOkopi Ak )
Macananap. Apanai Macaranap TATHOM X0cHna Ba JHGQepeHantap.
Oyxania B2 y Ovutar Gormik Grat Tyysanap. QyRKILHS THDHTH B2 YHHHT XOCCATADH. .
il 2 17| OYHKUHAHH TYHK TeKImAPHIL, [ il L Y 1
Ao jvormiap. V3nykeis QHKUASTAD BA YIGPHIAT YOocalap
18 | Anivacnikap Ba Jlomiman KoIanaph. getileg)nd 2
] OyHKIEA XOCHIaCH Ba e XnooBnan Komtanaps. Gykkunsin pHQQeperanTam ) B
s —, ALTAHFIY (YHKLLA BA AHHKMAC HETEIDA.
| YR XA 51008 T, Oy K eKBpA. AT | 19 | iterpuap wagwann. Ao eerpani icobnam | 6| 2 | 2 | 2
Jlomran korzanap. YCyAapi.
5 Boumnasirs yKis 83 aAKac HTerpa. FRTerpanap KaTsami. ARHKMC HHTETpaTHH ) 20 | PairHoHaT Kacp1ap Ba y1ADHH HHTCTDALIAL, T P ) 2
Xioobnai yoyuape i Hppamonan HQoxanapky Hmerpaniaim, Jiinep 8 1212 4
6 Keanper yaxa KaTHatlra HETerpaILtap. 3T COMER PALHORRN KAGAA) BA YADH ) AMAITHDNATADH,
LU TpHroROMETpHK QYHKUHATAp KaTHALITaH Gas3i
7 _| PauHOHan Kacp1ap Ba yapkH HHTETpATALL. 2 2 HOOAADHH HHTETPRTIAL, § |12 4
8 | ippatonan ndoarap HiTerpatalL. Jilep aTvAITHDMATADH. 2 MK e
TpAN TA5DHQH BA YHHAT 3HT COLIA XOCCATADH.
3| Tprooerya osiap o G nfojampi e A 123 | AWK TETDRTHIAT XOCCATADH, AHHK TEIpal g g g g
10| v smerput TaspiH B2 YEVET SHT COLEA X0CCATADH. AHHK HHTBTDAIHHHT X00canapi 2
XHco0aI yeymnapi.
11| Asik HmerpatHH Xico0at yeyurapi. 2
AHHK HHTETPATHHHT TEOMTPHK BA MEXAHHK TATOHKTEDH,
12 Vi e ey . % AW HTeTpATRH TKpHOHIi XHcomam GopMyanaph b ik !
13| AwK HHTeTDATHIHT TEOMETDHK B2 MEXAHHK TATGHKJaDH. 2 i AN A I o
1| A st sapuind o ey : % ﬁ?ﬁﬁ”ﬁ%ﬁf}m g | 2)oaefea
Mk 3rapyBamTH QYRKLHS, YHHER TEMHTH Ba yanyKcumirs. Mypakxad yiamssinar .
15 ocama Tim an. 2 xycyli xocunanaps. Tyna JmQdepenman.
16| Vi rapypeans Qymsauasimr Xycyci xocananapi. Tyna fuddepenpan 2 Mypasad gy Xochnaci. T xochna 9| g
17 | Myparab dymcasmer xoounacn. Tjna xoouna, Fymammm Girasocmmama mpamwerr, | 2 26 | Hywarn Oisa xocura sa rpaser. KOkopl rapmuCin | 6 1
18 | Oxop Teprafam xocisa 3 epermantzp ) XOcHAa Ba MOQepentmantap
19 | i J3rapyBaiT QyKIASHAT HOKA HKCTDEMYMIDH. 2 27 | Mot rapyBumn QyHKIsHuHT fokan Skcrpewynaph, | 6 | 2 | 2 ]
20 | Vi arapyBaATH QYHKIUASHAHT WADTIH B F10Ga SKCTDEMYMIADE, 2 2- MagcyM Gfiinya 10 | 4] 4| N
2 Hlc kappani BHTETpan Ba YHHAT ac0CHi Xoccaraph. Yk Kappan RHTeIpATHK Xico6mam )
yoyanap §321500 - Texxonoranap a xuxoanap (VyMMAIHACOSTHK OyioTapii HILTa) wikapim);
20 | Ve Kappan HHTTPATHHT TEOMETDHK B2 NEXAHAK TATOHKTADH. 2
23 | V' Kappanh HETerpal , JHHHT aCOCHH XOCCATZDH B4 XACOGTALI YCYIAADE. 2 Ava-
24 | Erpi SHSHKIH HHTETpA B3 JRHET XOCCATADH. 2 Kav | Mos- | i Myers-
25 | Komeexc Gomnap ea yap YCTHER apHOMETHK avaTia. ) N Ma3ynap Homn ol Ki
Kounnexc apryweiren oy sa yiner xocitace. Kom-Prneas maprapi. Kowmrex TABIHM
% |, 2 Fyaor
rapyBuni yxumarepin mirerpane. Komn Gopuynace. [ [Kipm T3 N P T P
7 Jihepeurnan Tesrmaanapra kenyBa Macaranap. Jlufiepennan TeArravanap ba ) 2| Merphtane a yaap yorus vy s | 1 it 2
L 3 | AHKT0BYH12) B2 YIADHHAT X0CCATADH. § 142 2 i
28 | Bass ] naprwOnn i Qipepeiian TeTIANATA) BA YADHH €SHII 2 18 Y Xoogmy
) 2 4 | YK TeHTIAMATD CHOTENACH B YHH €3I o A ) 4

L)
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YCYIIapH. 17 | Gasonarn TYFpH W3HKKR Joup acockii Macaranap. Apanain Nacanara) 2
Bexroprap Ba y1ap yoTita apHQMeTHK avaTIa. 18 | Qyxuis Ba y Gounan Gormmk GYran Tymysanap. 2
5| BeKTopnapHHHT KOODHHATATADH BA YAa) YCTHIA Bl Dedendanli 2 19| Cort KeTwa-RELTAK B YHHT JHMTH 2
v 20 | GysKiyis JHMHTH B3 YHHHT Xoccanaph. AXoifi0 mumaap. 2
BeTOpIapAHT CkaTs KYTalTNacH, YHHHT XOCCAT2pH 21| Vanyios GyEKURARED B8 YORPHIGT XOCKRTap. 2
6. | aTatmcapn. Besropean K, Noccarapi lagur ity 10| Oy Kococ 1 Y YR Ko 2
TATOKTADH. BeKTopapHHHr apatam Kyaitmiace, yHiHT 13| Oynusin TbfepeHuiantal Kiarapi 2
Xoccanapi Ba TaTOHKIapH gz Dpe MFT“;%MW@.WWW” i
Texie = Oyrisan | TapTHOTH X0CHI2 EDIAMITA TeXIMHpHII
1 Mam:}:;’: o e 77 [ g 2 26| Oy 11 e Xocira EpiaiLta TeKUIDHI. QYRNIIASHA K TeKWADHIL 2
Texucwm@m gt - 27 | Asmiovacnvicnap 8a JIomiTan Komzanape. 1
: I)u'fp SR T, i 28 | Bommaari GyHKITiA Ba arAKaC HrTerpet. MATerpaiiap KaTBaTiL AHMKMGC HTerpani | 2
§ | Texwcaunars TYFpH wH3AK13Pra A0HD ACOCHI T 1 oORTa oy pE.
Macananap ;s 29| Keanpar yuxax RATRaIIraH HRTETpIiap. 34T COTIA PALIAORE KACRIED BA YIapHH 1
g Vikscorsam TapTOmi winsniciap. Alinasa Ba JUTHILC, s |22 4 HHTETpITALL
TinepBona Ba napabona. Komik Kechnap. 30 | Pauuoka Kacpiap BA YiapH HHTETDITALL 2
0 Oa3oa anammik reoeTpia. TeKHCAIK TEHTIAMATADH . gepge iy ) 31 | ippaimioran HQoIATapHH HETETpITALL. SiTep ATMALITHDMATADE. 2
Texsicikka J0Hp acockii Macananap. 32 | TpurosoxeTpiK QYHKAARD KaTALLraH Ga53H HQOTATADHH HHTETDAITAIL. 1
1 0nar TYTH WK TeRraMaTapn. Gasomary Tyepi 6 il ) 33| AW HHTTpE TabPHQH B YHIHT 3HT COLTA XOCCATAPH. AHIK HHTETDAIHHHT XOCCATapi. 1
SRR JOHD a00CHT Nacaratep. ApTAIl NACTATap AR TR 0GR ey 2pH.
12 | Oymwuma say Ginass Gorm 6 ran Tymymaap. B EE N _|Xonas mierpausp 2
13| oyamaian o B2 yhr Xoccanapy. § e 3 Ay m“e[p“memmmﬁmm :
1 | Ao e, Yoo ey | o [y |y | o0 Nk g TN G i !
XoccaTapi Kawn 2- nascyw Giina n
15 | OyHKuA X0CHIACH BA YHH XHe0OTAIN KORIATADH. Saliidalid 4
; Oy OBepenLrarTan KoRsarap. OKope s Ll . 5111000 -Kacb rasmmn (332140- Hedr-res Kinv catoams Texononmace)
TapTHOMH XOCHT2 Ba TG QepeRIatap. T e ;
1 17| Oy Ty rexpin WENERN T Silees. 2 L
mr 3o TonHTAL KO 6 2 ) 7 1| Marprzanap sa ynap ycrvna avaniap. AHWKIOBYHIAD B3 YIAPHHAT X0ocanap. LAk 1
Bomna:mmmmcbmpynxuux S TEHTIRNEIAD CHCTeNACH B3 YHH e9HIL YCyLIapH.
if g i 2| Bexopnap s yaap ycrana apwers aaniap. Bexcopnaper soopupszruiap s yup e | )
TpaTap Kampann, Arikyac Herpanin Xicobnam | § | 2 | 2 4 avanap. BeKTOpmADAWET CRaTAD KyTaiTuacH, AR X00CATaDH BA TaTOMKAApH. Bexropean kjmaimas,
YCyITapH. XOCCA1ADH B TETOKAEDH. BeropmaphEr apata K aTACH, YHHT XOCCATADH BA TaTORKIAH
20 | Pamionan Kacpap B2 yapH HHTETpAIIAL, T BT ) 4 3| TexcTita AHATHTHK NEOMETPEA B8 YHEHT ac0CHi Macananapi. TeXiCTRKTar TFpH 93K | 2
VippaHORan Ho3aTapE ETEnpaaL. i TeATIANEpE TexACTHKgarH TYTpH YHSHK1apra OKD acocidt Nacananap. Hicun 1apra6i
| RAR— 7 gl = 4 mwm. TimepBona sa napationa. Kommx kecunap. [ rapre6imm
2 Tn;omﬂomp;ﬂﬂtr?ymmap Hankara s 8 i B 4 4 | dasna amammmax reowerps, Texncmax rearmavanap . Texscraxka fowp acocii Macananap. |2
R BEVAPRTAL, Oua0garH TYEPH SHIK TEHTTAMATEpH OA30TATH TR SHSHRRR 0K ACOCKH NACATATA).
AwiK VETCTpaN TaBDHQH Ba YHHHT SHT COLIA XOCCATApH. Aparam Nacaranap
23 | AHHK HTCTpRIHHET X0CCA1ADH. AHHK HHTETDATHH § il 2l i 5| Qymxns B2y Gna Gorma G5 Tymyuanep. Gyus TEMKTH B YEHRT XOccamaps. |2
Xpico0nam yeynnapa. Aol 1m0, YayKCHS QyHKIELIZD BA YIAPHEET XOCCATADE.
| A e ey xS, | | || 6| Oy Xocarack B i XacoGam KOwTaTaps. Oy epestnariam 2
Awik mrenpaTn TakpiOutt xcoGnam Gopuyranapi. oRgaap. 0xopH TeprH Xockra 88 eperaLIZD. QYHKIEAHH OCHIa pTAMTA
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Texcmxaaru TYFpH WHK13pra HOHD ac0CHHi
Nacannap
7Hmmwm61mmmmp.Aﬁmammmnc‘ i '
TnepGona Ba napabona. Kommk kecminap.
smnaaaammreowrpuﬂemmmmapu. 6 I )
TexucmKa J0HD acocHi Macananap.
9(I>a:mam TYFpH WHBHK TeRTIaManapH Oaso1arv TYepH g
3R OHD ACOCHH Nacaanap. Apanat Macananap
10 | Oyrxus B2 y 6inan Gormk 6aran Tymykuanap. [ e 1
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3k TeHTIaNAND CHCTEMACH BA YR ESHII YCYIiapR.

Bextopaap sa yap YCTHIA apHQMETHK ava1Aap. BeXTOpIAPHHHT KOODIHHATRIEDH B2 Y72
JOTHAR AUANHD

BexropapaHr ckansp kyTaiiTyaci, YHHAT Xoccanapi a Taroukiapi. Bextopuan kymaiimia,
X0CCRTapi B TATOHK;12pH. BeKTopnapHHHT apanat Kynaifrace, YHHAT X00C1pH Ba
TaTGHKTAH

TexvcTHKa AHATHTHK FCOMCTHA BA YHHET aCOCH: Macaranapi.

TexsicHKCTATH TYFH WHSHK TeHTTavATapH. TeKeCIHKTarv TYFH THSHKTapra fOHD ac0CHi
Nacaranzp

Vi Tapramn wnsicnap. Alinaa Ba 3mminc. [imepGona sa napabona. Kowik kecinap.

Ga301a aramimk reoerpis. Texuc/uk Tennavatapi . TexuCIHKR J0HD a00CHH MacTATap.

Ca307arH TYFPH WSHK TeHTaMataph. QasTarH TYFPi HHSHKKR AOHD ACOHH Macaranap.
Apanam Macaranap

11

Oynis B2y Giiah O£ GyaraH TyWyHaTap.

12

VKIS THHTH B2 YHEHT XOCCATADH.

13

Awoiind nunvimnap. Y3nyKois QyRKILA1AD B3 YIApHHAT XoccaTapi

14

OYHKIEA NOCHTRCH B Y Xico01atl KOLanapi

15

Oyxgsin 1O epenmiaLan Komtatapi. KOXopi Taprinm Rociuna B THQQepeRLIALID.

16

Oy [ TaprHOTE X0cH1a EpIAMHIA TEKIADHII

17

Oygrn [ TapTaIH XocHTa EDIAMHTA TEKIHDHIL.

18

OYRKIHSEH TYTHK TEKIHDAIL

19

Amoiactknap Ba Jlomman Kouanape.

oo o ro o o | o |

Kam 2- Mascyw Giiia

8

5111000 - Kac Tan v (Mamwsaco3 K TeXHOTOTHACH, MATIHHACOSTHK HIL1A0 YHKADHILHHH

KIXO3712I BA 2BTONTIALITHHIT)

Avamif Matrynornap

Coar

Kepim.

Marpiuanap Ba y1ap yeTita awaap.

ABHKI084112) B Y1APHHET X0CCTADH.

s TERTTANATAD CHCTEMACH BA YRH €YHII YCyIapH.

Bexropaap Ba ynap ycrvita apAQMETHK aauiap. BEkTopIaDHHE KOODIHRATENADH B yIap
JTHIA aMannap

[ e e Y

BekropnapkHr ckaisp Kynaifmack, YRHET 500ca1apH Ba TaTORKapA. Bexrophar kymaiimya,
XOCCNaDH BA TATORK/IAH. BexTopIapHET apanail Kymaifrvack, HHH X0CCA1ADH B
THHKIPH

‘TexHCTHKER AHATHTHK TEOMCTPES BA VHHET aC0CHH MACATATApH.

‘TeXHCTRKATH TYFDH WisHK TeHTTaManaph. TexHCTHIATH TyFpH YHSHIIZpra LOKD aCOCH
acIzp

Vi TepraOnn wikiap. Alinaka Ba 3minc. [imepGona Ba napa6iona. Komk xecianap.

10

Gasona amanak reoweTpis. TexsicTiK TeATTavanap . Texsicikka JOHD acockii Macaranap.

11

(as0zar TyFpH WHSHK TeHTTAMANaDH Oa30%arH TYFPH YHSHKKR JOHD ACOCKH Macananap.
Apanam Macananzp

(= =Y

12

Oy 54 y Gunar GormaK Gras TymyHsasep.

13

QyHKIHS JHMHTH BA YHHET XOCCATApH.

14

Aol nmamnap. VaIykcis QyHKIRANED B3 YAAPHHHT XOXCAIADH

15

YHKER XOCHTACH BA YEH XHCOOTAI KOHIAMapH. :

16

yapes epermantam Komtanap. H0xopa TaprHGa xocAna s QQeperaip.

17

yHKIHSHH TYTHK TEKIHDHILL

18

Arwaciiap Ba JlomiTan KOHTaapE.

19

Bouutasruy (KA BA aHHKMAC HETerpan, ViHTerpaiap Kaiai. AHMKMAC HHTETpATHH
Xgoobmau yeyanap

G ) PN [ [0 ) ) [

20

PaITHORAT Kacpap BA Y1aDHK HETEIPAMIALL

U

Vippaliona HOOTATaDHK HHTETpAMIALL. Jiliep ATMALITHDMATADH.

kil




Y TeRrnavaap chcrenact, Uik TeHRaNAAa) choreMaci, Kpavep teopenacn,
K YHSHKIH TeHTIaNATAD CHCTeMACHHN exh yoynaapi, Yok TCHTAAMAND CHOTMACHIN
Yoyt Hasapisch. Kporexep-Kenenni reapemaci.

Kymaswunaziran rasi exvotomsrapi. mrarorik EHIOLIYB, MYAMMOIN TALIN, AXCra
YRATTHDINTaH TaB T,

Anabméraap: A4 K5; K7 K11 KI2:K14.

R - apudwer pextoprap dasoci. Apupuerix BEKTOP @30, H- YA4OBH BekTOp 30
XaKia acockit Tywyyarep. Bextopnap cicremacn. P (asoa BekTopAap Koopamaac, birp
HRUHCTH - TCHIIANATAD - CHCTENACHHNHT  Qynmawesman cumvuiapn. ik TCHIANLIA
CHCTENCH YMYN. CSHMHIET BeKrop wakni. Yisun ameGpa masapiscumiir koo
MaCTATAPHH TAXTHTHTA TATOHKH,

Kymnasunanaran anmon texsonormmnapi: manormk CHIOUIYB, MYaMMOMH TabmM, il
YYHYN, Keic-Crau, THGopa, napanokcnap.

Anabuernap: Ad; K5, K7: K11; KI2K14.

AwaTHTHK reoNeTDRS SrevexTiapn. Texucmkaa Tyrpi ok, Tekien mn
Tap TG i k2D, Qasoza Tevemik TesrTaNaTaph, Oasona TYTPH YHSHK TeHEAaNATapi
Kynmasmagaras Tasmw Texsonoumnaph: amaorn Sitomys, MYAMMONH TABNM, Kellc-Crajy,
RGO, MapazoKa.

Anauétaap: A4; K5, K7: K11 K12:K 14,

sk Qesonap. Ikt Gesonep. Uik oneparopap. YisHkn oneparopiur Xo¢
Bektopnapi. Keazparuk Gopuanap.

Kynatumamiran e Texsorormanapi: muaror EHIOUIYB, MyaMMOTH Tab1H, Kelo-cra,
TRHGODA, AL YYRYM, TapaoRerap,

Anabaéraap: A4, KS; K7: K11; K12:K14,

Bipyorapyva Qyunarap. Kyn ysrapymsam ycmana. P o mysrasapone
Yoap0 KoMTaHHIA. P (w0t HYKTIaD KeTMa-KeTTATH MM, Biip 8a kyn yarapymuin
Aycussrap. Bip sa ym yorapysoun dyhwuns mu. Bip 32 sy yaapyvonnn Gy
YSTyROHSHI. B yarapymu s xocunacn 32 mpeppestan. Jlepeinwvian
Koumanape. HOkops Tapam xocmna a Rueperurannap. - Jdihepentumaranypyn
yAKubrzp xaKiza acocit Teopewanap. Teiinop Qopuynach. Jlonwan Kontack. Oycyiaim
XocHTa Epraa Tyna TeKmApHL. Awi wrerpan. Hiotor - leiGrun Qopynaci, A
HHTETRTHIET TEOMCTPIK b2 HKTHCORH TatSuknaps. X, cuac mrerpannap.

Kynmatumagiran Tabmmy texworonmarapi: guanoik CHIOIIYB, MyaMMOTH TabiM, ALl
YVKYM, Kelc-cTal, niGops, napatorcrzp,

Anabutrnap: Ad; K5, K7: K11: K12 14,

Toeperuman  resmnavarap.  ndiepenan TCHTIANATAD  XaKiia  acocul
Tymyis1ap. Bupis it A epernuran esrnavarep. Hiccnmn TAPTHOMH YHBHKH
ieppesian TeArnaanep.eppertunan estraaTap cHcTevach,

Kynasmnagiran 128 Texsonormanap: manors CHIOUIYB, MyaMMOTH TabHM, aunii
VKN, Keli-cTa e, THHGOpy, napatokcap.
AnaGutrap: Ad;K5; K7; K11 K12 14,

“Marewaruka” §an Gyinsa awanwif wameyaoramar KATEHTAD TEMATHK PERACH,

5310700 - Smextp Texemkacy, STEKT MEXAHHKACH 82 YIEKTD TEXHOTOTHATApY,

ST1L000-Kacf asmmn (Sneip Texemieace, STGKT MCXAHHKACH BA JIEKT) TEXHOTOTHATEDH),
S312100 - Jneproaymir sa casoar KopXORATApHHHAT SHCPTETHK TeKIIHDYBH(TapNOK/ap Gitaa)
5321700 - Texxonorak Kapaésrepis Gomkapiza XGopor KOMMYHKALLS THGHMAADH,

(IJ’MKIIM JIMMHTH BA YHHHT XOCCATAPH.

| Aol Anwireaap. Yanykeis Gymiamuanap sa ynapeer

Xoccunapi

=3

IR XOCHAAH B yit NicoSem Kowpatap.
oyt anpepennanian xowpanape. Kkop
THTHOH XOcHAA b Judepenannap.

13
14

-

>

=

kA Xocina Epavinga Texampi

AvikyacAKng) b Jlomima kontanapn,

bomnaens ki sa anikyac wrerpan,
Hierpannap aaauas. Awikvac neerpanis XicoGam
Yoy

Paiwiona kaepiap sa yaapi rrterpanam,

Hppaunonas osarapi wirerpanram, Jinep

aartpapu. TpHronoveTpiK QyKiAIZD
Kiaunran Gasi ibozaraptn Hiterpanna.

VK Tt Tak it Ba YT 8 copga xoccanapi,
AWK HTO AT XOCCTapH, AWK HHTerpant
Xieonant yoynapi. Xocac mirerpantap

19

AHK HHTCTDATHHY COMETPIK Ba MeXaHk
Tainaapi,

1-ancym Gifiua

i

=

ko Yarapywsonn s, ywomer o sa

yanyKewrsnri. Mo Yarapyssmni dyuscpssir
Xycyoul xochnanapi. Ta pudieperuman,

2

Mypaxat ymunsisr Xocnace, Tyna xocura.
i G ocna s e, okope
TaprHOH XocHna Ba Jviepenmiamap

2

3=

Hin Yorapywiunn ymupsshur nokan

SKCTpenyNAapi. Mk farapyssiuni ymmshmsr
AP B3 10637 KCTpeMyMAaph,

2

=

HotKappa Hinerpa ba i acocitxoccanapi.
o kappan miterpann icoSinam ycynape. Hikn
KAPATH HHTETPATHAHT TEOMETPHK BA MEXAHHK
TatKaph.

U

Y KappatH HATCTpA , YHHHT aco0k Xoccanapi B2
Xioo0nam yeynaph.

2

Erpi sismcu wirerpan B4 YHHHT XOCCA12pH.

2%

Corun KaTopap B yaDHAT SXHMIALHILH,

N

Coruth KaTop1ap SXHTAIIILHHAT €TapIH IApTIApH,

i}

byiHotan Karopnap. Jlapaka katoprp.

i)

Teitnop sa Maknapes katopap.

]

Kowmeke connap 8a ynap yerisa e avanrap.

3= Y ) P R P =Y

oo oo >

]

Kownec aprymesrm s ba yeer Xociace,
Kom-Prvar mapraap. Kok frapywummn

ycursaaprr enpans, Ko Qopuynace,

Jlpepesuran Tesrawarapra Kenysw wacaranap.
Jhpepernunan tesnawarap sa ynapher exmanapi

3

<

Basza | aprstnm JQeperan Tearmananap pa
VTAPHH C4HI

i

1 aprmiin i epenan Tesrnananap

Th Avamsit NatmrynoTap Coar

|| Marpiaap sa yaap yerusa vaap. 2

2| AwnitoBARap Ba ynapvr ocearapi. 2
3
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Ksanpr yuxan KATHRILTAH RHTETAILIAD. 3HT COIIA PAITHOR KACPaD B YAADHH HHTEIPAIIAIL

PalHona Kacpap B YNADHH HHTEPALIALL

VippaunoHan HfoTaTapHH HHTETpANIAIL. 3ilTep ATMANTHPNATADH.

TpHTOHOMETPIK (YHKILiA1ED KATHALIT2H (263K HOOTATEDEHH HHTEIPATIALL

AWK HRTEIDAN Ta5{HQH B YHHET 3HT COLEA XOCCATADI. AHIK HETETDATHAN XOCCATADH.

AWK HHTETDATHH XHCO0TAIL YCYLIADH.

Xoowac HETETpaLIRD.

A\, HETETPATHIET TEOMTDYK BA MEXAHIK TATOHKTZDI.

AWK Hierpanti TakpaGi yicobTam Qopuynanapi.

[N PN N Y ) e R

Vi pyBILTH K, YRV THATH BA YATYKCHVIATH, Mypara Qe s
Yociunach. Tyna xockna.

>

i rapysnn Gyt xycycin xocanatapi. Tyna mubepenuian
Mypaixat ymwugusmner socinaci. Ty Nocuna. Ve Giaxociia B2 IpATiGET.

H0kopH TeprHGmi Xocina B JipQepeHImALIaD

Vi 3repyBi Y RKIASHI 20K SKCTDEMYMAZDH

it J3rapyBLIH QYHKLUISHAT WADTTH BA T1OGAN SKCTPRMYMAADH

o | ro | ro | o | v

2

Vit KeppaT HRTETpa B2 YHHHT 2000HH Xoccarapi. Fc Kappa Terpatn icodmau
JOyAapH

1

ki KAppATH HRTEIDATHHHT TEOMETDHK B3 MEXAHIK TATOHKTADH.

i

Y KappaT HHTETp1, REHT 000Kl X0OcaTapi B8 icoGna yCyanaph.

U

Erp ssiini HTETpAT BA YRHAT XOCCIEDH.

5

Kouunex: coriap B y1ap YCTHER apHOMETHK aMaTiap.

[N IR T )

2%

Kowmnesc aprywesmn ycuia B2y xocicnacs. Koum-Prnas maprmape. Koumege
arapyBuH QyHKUnATapHR ererpats. Komk Gopuyaac.

[

n

I epemRan TeHTAaMATADra KenyBa Macaraap. JlnQQeperian TEHTTAMARA) B YIRDRRET
CHMIapH

~

P

Bassi | a6 fdeperiyan TeRTIaNATRD Ba IapHH vl

i)

1 repriins aepernan TesTIaMATED

kil

11 e ST YarapiaC Koe{umieH T G XuEc nddepenilian TeHIaMLZp.

3

11 vapui sk Yarapuiac koefmeHTIH GpRuECTMAC TAepeHIAN TEHTTAMATE).

b))

11 Tapr 3T e K0e{ypHEHTT HpROEGIIDIaC T epeHIFAn TeHTIANATED.

B

TacsAiapiH Kaean B2 Jlamnac a1NANTHPMACHHHAP XOCCarapi EpIAMHIA TOMIHIL

ki

Tacaipaapra Kypa GOLLIZHFHN QYHCASEH TOMAL

3

Onepatnos xicod EpaniTa TAAOePEHIIAR TERTIAMATADH CTAIL

%

Top refipasm Ternayack Jaraep yoymita evuiL.

£l

Voo HKHHAT YeapaTaHTaH CTEpXeH1A TaprAHILA. KoppexT Macaratep.

3

Exuibionnap sasaphsci. XOuHcatep sa ynap yCTHIA attep

¥

"YTHDIOWIH, VAT KTAGOHK, FOMETDH, CTaTHCTHK TabiQaph B2 ac0ck X0ocaraph

Ll

EXTHM0ATHRAADEH KA B2 KTATApILL Teopescanepi

4l

TIRCKpeT TacoR it MIKAOpAaD,YRApHIT TRKCHMOT KORYE B 800 CORTA
NapaKTEPHCTHRATEH

4

Acocrii FHCKDET TAKCHNOTIZD B3 YADHHAT CORTH XADAKTEpHCTHKA12DH

8

"TaKCHMOT B SHWTHK QYHKIHAUIADH. ACOCHH YIYKCH3 TakCHMOTAZD B2 YTAPHHET CORTH
YADAKTEDHCTHKAIAPH

i

MaTeMaTHK CTATHCTHKA SMENCHTIADH.

J-ascym G

e A epenpran renrnavanap. [ rapriGnm
ST 3rapaC KOG mMIHCHTH OMpAHHCTINAC
TiQHDepeHLIAn TeHTINATAD.
% Tacupmapin Kazban 5a JJariac aMaITHpMACHHHHT s 1112 4
XOCCATApH EDaMIifa TOMIHIL
37 | Tachipapra xpa GOULIAHFH QYHKIUASHH TOTHI, Siuzdiil 4
3 Onepauuror ol Eptavinia pufepenuian R
THTTAMATADH EHIL
39 | Top reGparmm tearsavachim JumawGep yoymumaennn. | § | 2 | D | 4
0 ViCCHKIHKHHHT YerapaTaHTaH CTEPACHIA TaKATHIIA, a2
Koppexr wacananap.
Exmavonnap esapisc. Xomicanap sa yiap yeriza
41 | avannap. XTHMONTHK, YHHAT KIACCHK, TEOMCTPHE, e = 2
CTATHCTHK TaspiQIapH B2 acocHii Xoccanapi
0 EXTiOTHKapHH KL B2 Ky MAiTHpiI Lol )
TROpeMaTapi.
5 Jlrckper Tacox Qi MAKIOpTAD, YIRPHHHT TAKCHMOT P )
KOHYHH B2 2c0CHH CORTH XapAKTEPHCTHRATAD
m Acociit JHCKDET TaKCINOTIAD BA YIADHHH CORT e kg
XaPAKTEpHCTHKATADH
5 TAKCHMOT Ba SHTHK QyHKIAAAPH. ACOCH Y3YKCHB I
TAKCHMOTIED BA Y1EDHHET COHIH XADAKTEpHCTHKATADH
46 | Marewamik CTaTHCTHKA TENCHTIADH. 6 2
J-maseym Ofitnaa 10 | 54 | M| 7
B | 302 | 9 | % | 10
 S111000-Kac6 rasmnv (Hioparika B2 axGopor TexHOTOMATADH)
Awg- ‘
Myera-
N T— Kawn | Mav- | wif zm
coar | pya | Mam-
TARTHM
T
| |Kupm b 2E1TH )
) | Marpimianap Ba ynap yoTiia avaiiap. (B 1
3 | AHMKIOBSH1ZD B2 YNADHAHT XOCCTPH. | A :
4 YBHKTH TeHTTANA1ZD CHCTENACH B Y CHHII T |
YeyuapH.
; Ui TeHAAMANZD CHOTEMACH BA Y CHHI s 2|2 4
YOy IapH(REBA0NH).
Bekropap Ba ynap yCTia apHOMETH aNALIED.
6| BeKropapHHHT KOOpIMHATAIADH BA Y1a) YCTHIA B el sl -
aanap
1 Bextopnaphr ckansp kyTaiTMACH, YHHT XOccarap g ) ) '
Ba TaTOHKApH.
Bexropia kjmalfmue, Xoccaiaph B3 TaTORKTADH.
8§ | Bextopnapr apanam Kyaimace, yemer Xoccanap | 6 | 2 | 2 )
Ba TATOHKIapH
"eKiiCAHK7A BHATHTIK TEONCTPYL B3 YHHET acOCHH
9. | Macananap. TexHcTHKIATH TYTDH YH3HK fralsiedo| 2] 4
TCHTIANATEDH

286

Avaif MAIIFYAOT/ADHKET TABCHS JTHIAJATAN MAB3YIAPH

Mapina B8 JeTepManmastrap. Matpitatep 52 y1ap YCTHIB Quauiap. JJCTepMHHaHT.

lerepummasmrapn Xhcodnaw. Jerepwmsas Xoccanapi, Marpiua pasi. Teckaph MatpHia
Ky/UtaHuiaTHTaH TabEN TCXHOTOHANADH: AHAIOTHK EHIOLTYB, MYRMNOTH TABIHM.
Anabuéraap: Ad; KS; K7, K11 KI2K14.

3
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5| Bertopmapmr cxansp naimuact, e Xoccanapi sa arfiksapn, Bexropia i,
Xocearapi 4 Taiciaph. Bextopnapener apana kjnaliacy, YA XOCCApH 8 TarGmiapi |

§ | Texummra aammas reoweTphs B2 HHET acociit Macananapi. TCkHCANKAATH Tt ik
Tesrnaaap. TexHCnRKtarH Tpi isukgapra foup acoc MacAR,

7| M rapruGn wnsnaap. Afnasa sa e, Tnep6ona a napatora, Ko ecunuap, I
"TADTHOH TeHTTaMaTa.

P

.

.~

8| @usozaamamm reowenps. Texscnn esrmavanaph. Texverca lowp acochif wacananap.

asonern Ty sk Tesrnavanapn Gazogany TEDH SHHRKA A0HD 2000hH Nacanwiap. A
MacaTatap

o

9| Oy say Giunar Gormak Gran Tymyuanap.

10| Oyhxus mivorma Ba yemer Xoccanapi. Aol nusrap. Yanykons QKA B0 YRapiAT
X000

11| Qs xociurach Ba i Xicofmam Kowganapi. GymKungin Fdhdepentyaniat xounanﬁpu
xops i xoeua ba i Qepenmrantap

=

=

12 | Oy Yocina mavinna ek

13 | Ammoacniaap ea Jomman konganap,

14 Boumaumqtbmumaaﬂumacnmerw,H}mrpmmpmnanu, Auuxmcmrremwuﬁf D
Xpoodna yeymapi.

15| Paora kacprap sa ynapn rerpaniam Wppauvoran nosaapin respanian, aiiep
amvanrmpyatapy TpATOHOMETDIK GyHKImANap KoTHaLLraA ko OTIAPHH HATEpANALL

16 | Ak HiTerpan TaspiQH 8a YEHAT 3HT COmta Xoccanapi. AHHK HATerpanir Xoccanapi, Xoowao
HHTETpaia),

o

17 AARHK TTPATHRRT EOMETDAK B2 NEXGRHK TaTOHKTapH.

18 | Hicn arapysm YRR, VHHET THMHTH BA Y31YKCHRIITY, Wik Jarapysani ycinsinir
Xycyen Xocananapi. Tjma mwdiepernmaar.

=

19 0xops eprinn xocura 82 pndepermaniap

20 | Vi arapysunn dyeximsamer novan CTPENMIEPH.

L-yancyw Gjiiwaa

320400 - Koo exsonores (Tapwoknap Gisa;
STH1000- Kac6 rasmmvan(5320400- ki TEXHOTOrH)

N Mas3ynap sonn

| Marpinarap Ba y1zp yerua avanap. Aummmmapmympmmrxocwmpu

3 | s TeHrnavamap CHCTeMacH B2 YHH S3HI YOYLIADH.

3| Bomap iy e pouea avanap Becopsapr o i
VTR iz

' Bmwmmmmpl?mimmmmwmﬁmmmmﬁmmmm
umﬁmupanopupmapmm?mimerxmmnmﬁmm

Temmmmmmreompmaymmmimwmapﬂemmqumux
3 | eHTnavanap Texacrnxsans Tyepi suksapra fomp a0 Macananap, Mcmn rapriinn
knap. Alnaka sa sune. TinepGona a napabore

1-MaBeym Gfitma

Qa0 aamm reowerp, Texacr TekTnavanapn, Texmeriio JIOHD 300k
1 | vacananep Gasonar e WK TeRravanapi Oasoare TR SH3HKKR 0K acockit
MACATANZD. ApaTall Macatanap

) ¢ymmy6nnaaﬁomx6?mwmyﬂwp.¢ymmmmxmm
Aol iz, Yanyies ycesnep s ynaphser Xoccuapi

3 Oy XOCHRACH B2 Y XECOGRA KOHAETADE. Oy depenRman Komaiap
Owop i xocua s ddepemgantap.

' OyHTRREN XOCHTa ELANTA TeKTIADHLL Wmmmﬁmmmpmnt\ﬂmmmpu
Tomman xoganapi.

5 &mm@mmmmwﬂﬂmmmmmmm
XHOOGIA Yoy taph

M
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0 Tekucrmaarn Tipn wnkapra fonp acocu 6 ) ) )
NP,
1| ko vaprwb sismknap, Aitnana sa smmnc, ) 2 2 2
12 | Tnepboaa pa napabona. 6 ) 2 )
13 | Kok kecnunap. I rapruin resrnavanap. b 2. |2 )
14" | @asoma amwrik reowerpua, Texwennk rewrnavarepn | 6 | 2 | 2 2
15| Texncnmkia towp acoch Macararap. A 2
16| Dasonarm tipin sk Tiravatap. bl ol !
Daoar Tipi ik fonp acocs Macananap.
1 | L) 2
Apuat Nacnang
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PaiHonan Kacpnap Ba yIapHH HETEIPALIAIL.
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TexucTKTars TYFpY HSIKAAPra JOHD ac0CH]E
Macananp
Wikt TapTaOM HsHKaP. AlfTana Ba THIC,
9 . 13} Lesjod §
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u i g e A
25 | 1 rapruinn eperuian renravanap M e s
[ v s rapuiac Koefy et Omp
2 o ) 4
KHHCIIH JQACPCHLLIAT TehTTavaTap.
11 rapCmn sk rapuac koeQummern
n L T el s e |
GlpiHAGTEMaC AHGDEpEHLIAT TeHTTaNRTap.
1 rapmi6nm vtk arapuac koedydumupern
] e bl gt 1)
CupiHCIIAC HDOEPHIINAN TeHTTAMAT).
0 Tachipapin xanpan ba Jlamiac ATMAITHpMACHHHET R T P
Xoccanaph EpaNiJa TONHL.
30 | Tachipapra kipa GOuutasrys yHKIyisHH TOMAL § iolooda | 2 A2
n Onepangior oo éprawnza Tddepenmnan §hepeg g
TCHTIANATAPHH S,
32 |Top rfpanm esrnawacim Janautep yeymmaenn. | 8 | 2 | 1 [ 2
Yk HKHEHT YErapaTaHTaH CTEpKeHTA TapKATHILE,
B U O vl )
Koppesr Macananap.
U Extinionnap nasapitcr. Xomicanap sa ynap yeria g bea Juas)
avamap.
OXTHMOIHK, YHHHT KTACCHK, TEOMETPHK, CTATHTH
3 (ple i o0t %)
TaBpHQTApH B2 acocHi Xoccarapi
36 | Exvaonmiknap ki 32 Kjmaimipim teopewanapy, | 6 | 2 | 2 | 2
3 Jickper acon it KOpTap, YTADHEET TAKCHMOT ¢ ladlews] 4
KOHYHH BA 3C0CHH CORTH XADAKTEpHCTHRATADH
3 AcocHi THCKDET TaKCHMOTIZ) BA YTADHHAT CORTH v ladeas] g
XapaKTEpHCTHKATAPH
¥ Taxcnior 5a 3K ykxcmsnaph. Acocii yanykoms kot ] s
TAKCHMOTIED BA YIADHHET CORIH XapaKTepHCTHKATADH
40 | Marewamu cramsoTika sneNeRTIapH. 0] 4] 4 ]2
2-aseym fifiaa 0% % |m
Kawn | 360 | 108 | 108 | 144
111000 -Ka e 2040k eorors)
A | e
Koon | Mav- | ;g | >
N Mag3yaap Hovn K1
coar | pya | Mam-
TABTHM
F0T
|| Kuprn 2 2

Th Massynap Hon 00aT

| | Kipr

2| Marpiuanap 82 y7ap yerina arap. ARHKIOBAIZ) Ba YTapRHT XOCCaTapiL 2

3| Yk TERTTAMATED CHCTENACH B8 YW ESHII Yeynapi. 2

4 | Bextopiap 52 ynap yerina aphQuerK avanap. Bexropmapaer KOODAHHATAIADH Ba Y12 YeTHza | 2
aantep

5| Bexroprapsr cxansp knaimiace, VHAER XOccataph Ba Tevdmkrepi. BekTopian aimis, 1
NOOCATAH B TeTOWKRADH. Bexropaapiner apara KjmaiTac, VAT XOCeareph Ba Targsapi

8| TeXmeTHta AATHTHK TeOMETDES BA YHHHT 8000KH Macamarapi. TexucTukzar TYFPH 3K 2
TeHTAAMATADH. TeRHCTHK W TYTDH SH3HK1apra AOwp acockii acaranap. Wikl Taprfine
wsikiap. Afinasa ba snnac. [imepBora sa napaiona.

7| Gasone asamemax reowenpi. Texenik ernaanaph  TexHoTAKIa J0H acocii 2
Macaraap Gasotar Ty WK TeArAaMatapy. Gesotar TYRpH wksKKR HoHp acock
NACATAnap. Apanail Macananap

8| Oy B2y Gunar Gorma Gara yunyiap, Qs T B YHHAT Xocearape, AXoig |2
THMETARD. Y3NYKCHS QYHKITHANAD BA YADHWH XOCCAIapH

§' | oyHKUR YOCHRACH B2 K XHOOGTAI KORTATADH., OyRKCHAHH T QepeHIRAIIAL KOUIATpE. |2
H0xopl Tapmifini xociuna Ba Fdepenumanmep.

19 | OyrKHAHH XOcHIA EDTaNHTR TEKIIHDHIT 2

20 | OyHKHsEH X0CHA EDIANHLA TeKUIAAIL 2

21 | ymwnsn T rexmapin. ARKACTAKIRD B JlomvTa ongaape 2

1-maBeyw Giiia 18
]
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) Matpinianap Ba yap yoriina auainap. AHHKI0BYHIAD Ba
VUIAPHHHT X0CCTAPH.

3 | "IHeHKH TeHTTaMATa) CHOTEMACH B2 YH CYHII YCyTaph.

Bexctopnap sa ynap yeritna apuQMETHK avannap.
BeKTOpIZDHHAT KOOIMHATATAH BA Y12 YCTHIA AMATIa

Bextopnaptier ckansp Kyaifmack, YHHET X0CCaTapi Ba
TATOMKTapH. BexTophan Kymaiia, Xoccanapi sa
TaTOHKTapH. BeKTOpTapHIHT apatall KyTIaiTMACH, YHHHT
X00CaTapH BA TATOHKTApH

“Marewaraxa” dann GyiiHda Mabpy3a MAILIrYIOTHEHHT KAERTAD TEMATHR PEAACH,

5310700 - Inexp TexHuKack, 7EXTD MXAHHKACH B2 KT TEXHOTOTHATADH,
§111000-Kach asmni (neKTp TexHHKaCH, CKTP MEXaHHKACH B JTEKTD TEXHOTOTATADH),

5312100 - seproay T Ba CAHORT KOPXOHATADHHIIHT HETETIK TEKTHDYBI(TapNoKnap OYifisa),

5321700 - Texnonorik xapaéinapk G0LKAPHILAA &XG0POT KOMMYHMIKALDA THBHMAGpH

TexacHK 12 HATHTHK TCONCTPHA B2 YHHHT C0CHH
| Macaranaph. TexHCRKIarm TYFPH YIBHK TEHTIANATADH,
6| Tencmtars TyrpH SHBIKTapra AOHD aCoci Nacananap.
| kel G iuizp. Ainaa B2 1T,
| TimepGona sa napabona.

©a301a aramimak reomepia. TeKHCTHK TEHITAMATADH .
Texwcka toup acocwii Macaranap Oasotart Tyepi
YIS TeATAMATapH. Dasozari TYFPH UK J0HD
a00cHii Nacaraiap. Apanal acaianap

Oyt B2 y Gwnar Gorik O ran TymyHanap.
oYK THMHTH Ba YHHET X0ccanapi. Aoi0
THMHCTED. Y3TyKCHD QyHKUATRD Ba YIADHHHT XOccanaph

oo

yHKILHA XOcHIacH B2 Y XicoGam KOHTATApH.
9 | Oyniamsrn mdeperranian Komnaraps. H0xopi
TAPTHOH X0CHTa BA T Qepenaniap.

OyHKIAHI XOCHRR EIAMHTA TEKIHAIL. QyRKIHAHH
10 | 7 rexmpram. Awvikseacninknap Ba Jlomwran
KOHIATADH.

. | 1-MaBeym Giiuya

| Donunanri dyKiwis B3 ankac Hmerpar. Hirerpamap
RATBATH, AHKMAC HHTCTDATHH XHcoBnau yeymnaps.

) Koatpar yxa KaTeaIIras HRTEIpRLIE). ST CONTa
AIJORA KAGDTA BA YTADHH HHTETJALIAL,

o

PalioRa Kacpap Ba YIapHH HHTETDANIALL.

Wppausonan ozanape Terpania. Siiep
manrmpmapm

-~

; TpHroHOMETPHK QyHKIIATED KaTHALIT2H 02631
QO TATADHH HHTETDAIIAL

§ A e TabpHH B2 YRVHT 3HT COX1A XOCCATAPH,
AWK HTETDATHAH XOCCATADH.

AWK HHTeTpATHH XHcOG7aI ey IIapH.

Xocac merpannap.

oloo| —

AWHK HHTCTDATHHET TEONETDHK B NEXAHHK TATOHKTADH.

=3

AWK HHTeTpATHA TaKpHOwi Xico0am QopMyTanaph.

Vit Y3rapyBsni KL, YHIHT THMHTH B2
11" | yanyxeismire. Mypaxxad dyumsaer xocunack, Tjma
XOCHIA.

) Vi f3rapyB st yHKHSHHHD XYCYCHi XOCHTATADE.
Tyma midepetunar

3 Mypakxa gymicrse xocunac. T xocina.
1 manm Giisaxocina ba rpamieAT.

14 | HOxopH rapmms Xocina ba mueperumantap

Thn Manpysa MaB3yaapH HOWH Coar
|| Marpiuanap sa ynap ycrina awannap. 2
1| AHUK10BYIA BA YIAPHHET XOOCATAPH. 1
3| Uromm TeRTAAMARED CHOTEMACH B2 YHH YA YCyMIapi 4
4 | Bexropmap Ba yap yeriuta apueri avanap. Bekropnapiier KoopIikaTanapu sa yaep yerita | 2
avauiap
5| Beinopnapuer cransp Knaimyaci, VRHT Xoccarapi B TaTOHKiaph. Besrophan ke, 4
YOCCATDH B8 TATORKTapH. BeKTopTapHHH apanat KymaiiTyec, YHAHT KOCCTADH B TaTONKIADH
6| Texcici1a AHATHTHK TEONETDH B2 YHIHT acociii Macaranapu. 1
7| Texucnunars TyFpH i3 TeHraavanaps. TexuCIHKIATH TYFpH YWSHCIapra 0HD ac0CHi 4
Macannzp
§ | Pvsonean Tapr6 wisiknap. Aitnasa sa anmanc. [imepOora sa napefona. Komm xeciminap. 4
9 | Dasoma amansmx reomerph. Texoicanok Texravanap . TexHCTAKK AOHD acoci MACATATap. 4
10 | Gasogarm Tyepi wraiK TeAraNanaps Das0gark TYEH H3iKKR J0wp acockii Nacananap. Apanam | 4
MacTaTap
11| Qyxagas By Ouunar Gormik Gynra Tylnyesasep. )
12| Qymvus THMITH BA YHE XOCCATGpH. 2
13 | Ao muvmaap. YanyKois QyHK(A1ap B3 YIADHHET Xoccataph 4
14| Gyxis Xociutack Ba e XHoodna KORTaTapE. 2
15 | Qs muepermariaw Konmarapy. K0xopk Taprain Xocina Ba mnfepermannap. /
16 | Oy | apTHinm XociTa EDIAMATA TEKIDHIL 2
17| Oy ] TaprvO XocHng EpIaMHTa TexIHPHLL 2
18 | yHvipAEn TyNHK TeKmMDHIL, ]
19 | Asmvacmaxnap 8 Jomman Konanapi. 1
Kawm 2- wacyw Giinua 54
SlllﬂM-Kmﬁmmﬂdmwammﬁommcmuammmmaﬁmpmm
KIIXO374I1 B2 ABTOMATHALITHPHT)
Th Manpysa wagsy1api oME Coar
1 | Kepi. 2
1| Manphnasap s yaap o e 2
3| AHHK70BIEIA) BA YNADHKET XOCCATAPH. ; 2
U3k TEHTAZNATAD CHCTEMACH BA YEH SHII YCYLIADH. SaoE
5| Bextopaap 3 yaap YCiuta apiQueTHK awaniap. Bexroprapeiir KOOpARERTAIEpH B y1ep Yorusa | 2
aanap
6 | Bextopmapemer cxansp KyTaiTMace, YHEHP XOCCAIADH ba TaTOHKAapi. Bextopear Kmaifmua, 2
XOCCATapH B3 TaTOHK7ape. BekropapeHAr apanain KymalTvaCH, YEET X0CCATADH Ba TaTOHKIapi
7| TexmCTHKTA ARATHTHK TEOMETDIS BA YHIHT AcOCHH Macaranapi. 2
§ | Texmcmokyars TyRpH 13HK Tesrnaanapi. TeKHcHK1ArH TYFPi THSHKRADra JOKD aCOCHH 2

MacaTanap

P
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Wepriapi. Qs mibepenmyam 2 ywer TapiG XicobnamnapTar TaTOMKap.
XpcunaHiET reoNeTpHK B2 MKTHCOMA Mavionapy. Xoouna xakita acocii Teopewanap.
SneeATap ymkchtTapHIr Yocunarapi. Mypakka A Xociutach Ba JHQQepeHIATH,
Osop  Tapmuémn  xocma s mdepermyannap.  Teckap Qyras  XocHTacH,
Tiepermmannasyban Qymwarep yay acoomi Teopenatep (Gepua, Pomn sa Jarpam).
Teiinop - Maknopes Qopuiyraapi sa ynaper Tetoi, Awkyiacurapin ownm, Jomman
KOUTACH. OYHKLIA MOHOTORATHHIAT CTAPITA WaYTIADH. QyHKLSHAHT IKCTPEMYMTADH,
OYHKLES SKCTDENYMEHHET 34pYpH 2 eTap Tt apTiap., yRKIDABIAT 11067 SKCTDEMYMTZpH
YHKUIAHIAT KABADHKTHTH, YHART 3T HYKTANEDH. QYRKUNAHH XOCiTa Epiaviia Tyna
"TCKIHDHII BA TAQHTHHH SCAIL,

Kym yorapypemnn Qe xawnma Tymyse Kym yarapyunn ymkwin muvim sa
Ynykous A Ky yarapyBainn Qymwusur xycyoi xocrarapi, OyHKWIAHART HyKTata
RuQeperuranrayBi. QynisHir 1y1a Jueperta B2 yHiHr TakpiGis Xiicobnamnapsa
KYMGHITALY, QYRS TPATHEHTH BA VHHHT acocii Xoccanape. KOxopi Tapmitnm xycycri
Xocunanap. Kyn yarapyssini dykwisnapuir foan SKCTpeNyMiaph. Crawiokap Hykra.
Sxcrpewywner sapypiii wapm. Vi yarapypan QYHKLLS HCTPCMYNHHHHT €Tapmi T,
Tnobn Jketpesy nesapmscmsr ikncomiéTany TATOKAApH.

Botwrasrwm dykips 8a asmwuac wterpan, Aiovag HHTTpa Xoocanapi. Jneentap
YHKUSTADRIHT BHVKNAC HRTETDATIADH KALBATH, Werterpannamar acoci yoynmapn, Ak
HATEIpA Ba. YRHHT Noccanaph. HiovotTeiGmmn Gopuynach. Amik werpansn o
Yeymapi. AHHK HHTETDATHHHT NCOMCTDHK TaTONKIApH, Ak HHTETpATHH TYTpH TYpOypYaK,
Tpanetls, Tapabona yeymiaphia TakpHORit Xecobmam, Xocyac HHTETDAIIAD BA YIAPHHHT
TYpAAPH. AWK HHTCTDRTHHET TEOMCTDEK BA MEXAHHK TATHKIAE,

Kyauannrazuran Tabuy Texnonornsiapu: dugrozi EHdouys, Mymuwony maviuy,
Mavpysa, nawoinuu smu, cagor-easob, Bywepae”, *Knacmep”, “Bnuy-ypos” “Gukprau
xapumacy” “Aoeypar appa”, “Beep’, Yapsnanas, 555 aeadan, ki JpyyIapoa iau
Memodrapu,

Anabutraap: ALAD; A3; A% K6; KTKS; K9; K10, K14 0.

Toeperman tenrmavanap. O mepernuran TCHIIAMATED Xakiia acockit
TyuyRnep. Yuywil ewa B2 ywMywul Wrerpan Bupion TapTHOMH Jwfiepentinan
Termnasianep. Koun wacanact. Bupiwan Tapmuin THQDepeHIHaT TeHTTAMATADH CHHLIHNHT
acocitl yoymaph. Bipiwan Taprem wimikm Tepenman Tearavanap. Varapwac
KO QHLHEHIH HKHEH TapTHGTH Sk Jeperian TeHrawanep. Bupiin TapmiG
Joeperusan Termaanap cucrewac. Jfieperian TEHTTAMATAPHIHT TATGHKTADH,

Kynnaumnagaran Tanie Texsonorusaaps: duaiocuc Enotuys, Myauom maviuy,
Mavpysa, navoium smu, Gry-cypos, “Gamny cenemu”, ypyynapoa wnau emodu,

Anatinéraap: ALAD; A3; A4 K6; KTK8; K9; K10: K14

Kavoprap. Cotun karopmap vasouna acoc TYImyRsatep. Srnnamyss comnk Katoprap
82 YRapHiEr Noccarepi. Karop swemwmamybiemer sapypik mapmn. Myear aum cony
Ketopp. Kavop sommamysmr rep wapriai. Kanop sramysr JaawGep a
Komn anowarnaps. Kommr wterpan arowam, Himopack anamasyss conmi kamopep.
Teifin teopewacn. Afcomor e maprm SKHRTAIIMILTGD. - QYRKIHORAN  KaTopnap.
Anam covace. lapakan katopmap. apakarn KaTOPHAHT SKHHIALIHII PATHYCH B CONACH,
Mmmmﬂmwwmwwmwmmmwmmm
€l Teitnop sa Matciopes kanoprape.

Kyaamnraaran Tane Temmonornsnapi: anon EHI0MYB, MyaMMOTH TABIHM,
Maspya, mavoliam s, “Beep * weroms, ik TypyyiapRa. Wimnam, “Bmicypo”
METONTapH,

Ana6utrnap: ALA2; A3; A4 K6; KTK8 K9 K10; K14 KIS,
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13| it rapyssim ymcpusier Toxan FKeewywiap. | 6 | 2 | 2 1

I ik YarapyBsin Qykuisumer maprnn ga raoen 6 ) )
SKCTpEMYMAADH,
Vs Keppan Teran a YT aco0i Xoccarapi,

17 GlEe] e 2
o Kkappa WTerpaon xicoSnam yeynaph
ViK't Kappa HHTerpaTHHHT eONETpHK B Mexaik

18 b sEgERA) l
TATOHKIaH.
Vi kappan mTerpan , Yk acockiXoccanapi sa

19 &= 1
ol yeymrapi,

20| Erpi s HATErp B2 AT X0ccanapi, b Lialeatl /|

21| Kowmnexc connap sa yrap ycrnsa apierix . 6 220 2
Kownaex apryeman dyiauns ba e ocunaci,

20 | Kount-Prvan mapraapn. Kowmexs Yarapysaunn § 4| 4 |
ynuisnaphn mrerpa. Komn dopwyrac.
Nlepesunan tenmnawarapra kenys wacananap.

pi| B Dostli 1
lepeunan Tehnavarep B2 yrapmuer exminepi

u bai I rapiGime pwhdepenuran TCHITAMATA) B Y1apHH 5 1 | |
eyl .

25 | Il rapmGm wepetiian remravanap e 2
I v s Yaraptac oecrumer Gip

2% Al et) 2
KHHCTH T QepenLan TeHavanap,
I vapriom s rapwac koedypmmer !

n b Al iz s 2
GprkicAaC T QepeHuvan TeRTavaTap.
[ TeprGoe i arapies koeg et

B 5 () 1 () |
GuprHCNAC JQepeHLan TeRTIAMATaD.
Tachiprapin xanpar ba Jlannac anvammipNaciar

i) b=l 1
Xoccanapi EpAMHIA TOMmH.

30 | Tacwprapra kipa Gomurasri ks Tom, Bis:ladialial 1

n Onepatyton Xnco Epravnga mpdepesan §lt ol |
TCHTIANATAPHH C4HIL,

30 |Top reSpasm ternavackin JanawGep yoympacwm. | 6 | 2 | 2 2
HocHnmKamr Yeraparairar crepesta TapkamHy,

B 0|41 4 1
Koppesr Macaranap,

Y Exrionnap rasaphsci. Xonscarap s ynep yerum g il sl |
avamap.
OXTHMONTIK, YHHHT Knacok, TEOMETDHK, CTATHCTHK

3 o e ) 1
TabpHORADH B acoci Xoccarap

36| ExmuonnHk7apiH Kjimm a Kynaitouprm Teopevanape. | 6 | 2 | 2 1

3 lrcKper Tacom i NHK1Opap, yAApHHET TakCiMOT s 11| |
KOHYEH B2 3cOCH COHTH XapaKTEpHCTHAIZDH

% AcOckll THCKDET TAKCAMOTIA) B2 YIADHYET CORTH 6 1] )
XaPAKTEPHCTHKATDH

¥ Taxcior 8 Sk QyhKipunaph. Acocktyamykcrs fif g 2
TAKCHMOTIAD B2 IGDHHHT CORTH XapAKTEHCTHRATADH

40 | Marewamux cramicThia Snewewiaps, 9l daliad l

L-vascym Giinua B 99|

Hawm| 300 | 108 [ 108 | 8

PA




Acocnii kuew: Danmukr yenyOuii KEXaTIAH Y3BHii KETHA-KETTHTH

Acockif KucMa (Maspy3a) GasHH MaB3ynaph MAHTHIIH KETNa-KeTHKIA KCTHDHIATA,
Xiap G MapsyHIHT MOXHATH acociit TYIIYHYATap Ba Te3HCIap Opkami 046 Opiurarn. Bywa
masy Oyifiria Tanabanapra J1TC acockna eTkasimimy 3apyp Oyrat Oy Ba KyHHKNATap Ty
Kavpad OTHHHIIN Kepak.

Acockii KM CHaTHra Kyliiairat Tatad Mas3ynapHuHT 1013apOniry, IaPHAHT Il
GepyBui1ap Tana07api B2 HILIA YHKADHIL SXTHEKTAPHT MOCTHTH, MAMIAKATHNIRTA OynaéTran
HAKTHMORH-CHECHI B JENOKDATHK Y3rapiIUiap, HKTHCOMHETHN SPKHHIALITHHIL, HKTHOOMAH-
XyKykiil B2 60IIKa cOXanapIATH HCTOXATIADHIHT YCTYBOD MACATATADHHH Kavpa0 OTHIIH Xaja
()aH B2 TeXHOTOTVEATAPHAT CYHITH KOTYKTApH 35THO0Dra OMTHHHILH TaBCHS ITHIATA.

Manpysa Mawryorapi

“Marewamuka” Qarn mpeaverH Ba Basudarepi. Marewamika - avaml Macatanaphi
CHMIDHHAT KYIDATTH BOCHTACH, (AHTADHAHT YHBEDCAN THIH, IVHEKADAL B2 NALGHHATHIHT
TapkeGiii K. Monen ba apaEHnapi MOZEATALITHDHL XaKiia afpih CoLta TYIyHuanep.

Kyananunagirat TABTAM TEXHOMOTHSIADH: Quaioeuk EHOOLYS, MYAMNOI MG,
Biukeo, Gmay, axeypan appa, wurycbap 2y, Mewo, areqpumy, MyHO30pa, y3-y3usn Hasopam,

AnaGuérnap: ALA2 A3; Ad; K6; K7K8 K9; K10; K14,

Mumpima B2 Jerepumarmiap. Marpiiamap Ba yiap yeTAia SGHKTH aMauiap.
TpancroHHpIaHTAH NATDHL BA YHEHT Xoccarapi. KBATpATHK MATDHUGHHHT [CTEPMHHAHTH.
I0ops  raprubmr  perepmnawiap. Muwopnap e amefpamk  TynmEpyRHIap.
Jerepurmarmnapier Xoccaraph. IOkop Taprabim JerepummanTiaph Xucobnam. Matpiua
pari, Marpria pasryn xicoSnam. Xocac Marpia. Teckaph MATDHIA BA VHHHT MABKYLTHTH
xaKiiard Teopeva. Teckapn Mamphuasd kypum yoymnaph. Marpimanap ameGpacin
HKTHCOTHETIAMH 02534 TarGHKIADH.

KynnaHuTat6ran TABTM TEXHONOTHSNADH: Ouaiozuk GHOOWYS, MYTHMOTU MABILY,
» Biakeo, Gy, axeypan appa, ruryepap 23, New, dvoopums, NYHODG, 13- H30pam,

Ana6uéraap: ALAZ; A3; A4; K6; K7K8 K9; K10; K14,

Uisucnt TEHTIAMATED CHCTeMACH. UIRHKTH TCHTIAMATAD CHCTEMACH B YHHT CHIMH
XaKugar acocit Tymyrsanap. HsHKIN TeHrIaMANaD CHoTeMackHH exmmmmer [aye, Tayec-
Kopaas, Kpavep sa Marpianap MeTOmiaph. YimHicTi TeHTIAMATAD CHCTEMACHHHHT YMyMiit
nasapusch. Kpowexep - Kamenmn Teopeac. Uik TeHTIAMATE CHCTEMACHHHHT Gashc
CHRMTADH. D AFHCTH YHSHKITH TEHTIAMATAD CHCTEMACH BA YHHHT HOTDHBHAN CHRMIADHHHET
MABKYVTHK II2TH. BHp KHACTH YHSHKTH TEHTIANAND CHCTEMACHRHHT QYHIANEHTAN evHMIapH
TyTAaMH. YHKTH TEHTI2MATAD CHCTENACHHIET YMYMUH CMMUHIA BEKTOP IAKTH,

KyAnaHHATHAR TABTHM TEXHOTOTHSMADHS dutiocui EOOM)S, MYLMMOT MAbILN,
[Tozowa, yadaw6ia-yada Memodu, Benn duazpanacy, T-cremacu, y3- yaus Hazopam.

AnaGuérnap: ALLA2; A3; A4 K6; KTKS; K9, K10; K14,

R® apuuenik Bexropnap @asoci. R® aphdueThk sextop (aso. ApHQNETHK BexTopaap
Yotz ik avannap. Cransp kynairrua. Bextop yaymmars. Bextopnap opaciizar Gypa.
Bexropnapeuer Wik KoMOHHALMACH., VWK THTTAMANTAD CHCTCMACHHH BEKTOp
Kyprmimza e, Bexrope nextopaap chcrewach Gyltnua iikm, BexropiapHAr wsiKiA
(or Y XaKenar Teopewanap. Bextopnap crcteacirmr Gasich Ba parr. Oprorokar a
OTOHOPMALIAHTH BEKTOPIA CHCTEMACH BA Y1ADHH KyDHIL
KynaHyonaTHra Tas 1M TEXHOTOTHAAAPH: HHATOTHK EI0NIYB, MyaMMOTH TabiN. Brai-cypo,
3HT-3r Yoy, NyHosepa, bBD, Mroepr, ya-yauem wasopar.

AnaGuétnap: ALLA2; A3; A4 K6; KTKB K9; KI0; K14,

Uisi anre6pa RasapHACHHHT HKTHCODAl MACATANADHH TAXNHN KITHIIATH TaTOMKE.
Ui amelipa SneMCHTIADHHHHT 02b3H WHBHKTH WKTHCODA MOZCHTADHHHT TXTHTHIA
Kymnammm, MRTicomueTIad TapuOKNapap0 OATAHCHMHT MameMamik Mojemd (leoemes

2%
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Mozemi). Xankapo Casio MOTEIH.
Kynnasvinazra T2 TEXHOTOrYATapH; FTOTHK CHIONIYB, MyAMNOTH Tabmi. Mimerpami,
MYHO34p, Y3-Y3HEH HE30PaT.

Anabuérnap: ALA; A3; A4; K6; K7 K8 K9; K10; K14

Awanmu reoeTprs 3eNeRTIapi. TeKrCIHKTA AHATHTHK E0NTpR, TEKHCTHKIR HRHK
Ternaact. TeKHCTHKI TYTpH “ISHKHIAT OYp3aK KoduueHTA, Keowanap Oyiia, yywn
B2 HOPMI TEHTTAMATapH. Bepiran HyKTaLaH YTyBH B2 HKKITa HYKTALaH YTYBAH TYTpH 3K
TeRTIaManaps. Mk TyrpH Wik opacknaru Gypua. Tyrpi WSHKNGpHHHT NapalIeTnK ba
ICpUERMIKYIAIK MapTIaps. Depinran HyKalan Tyrpi widikkasa Oyara Macode.
Texate1a HKKUEH TaprvOm Srpi wizikiap. Aiinaia Ba nmanc. [ nmep6ona ga napadora.

Ox01 TeKHCTHK B2 TYTDH YHBHK TCHTTANATapH. Mkt TERHCTIK OpachIari Oypua.
Hykrana Texscmikkasa Oyras Macoda. TexticuKTapHIHT, TYTDH HSHKTADHIAT, TEKHCTHK B2
TYTPH WHBHKIAPHKET Y33p0 Koilnamyh. [lapamtenni Ba DepeHTHKYISINK Wapraaph.
AWATHTHK PEOMCTPHA STENCHTIADHHH HKTHCOMii MacATTapHH OMTHMA eSHILTA Ky VIAHHTHILH.
Kymnasinamiran TaBTIM TEXHOTOTATapH, JWATONIK GHiomys, Myawwom Tasmny. BB/
RATBATH, Myosapa, Ber marpanvac, T-CxeMe, Y-y Hagopar

Anaburap: ALA; A3; AL K6; KTK8; K9; KI0; K14

Yk Qasonap. Iy Gasonap. Yurwnn oneparoprap Yk §aso Ba. e
ymost. Yk asota Gasiic Ba KoopmHaratap. UimuKIH QR3ORKHT KM 0CTH Qasonapi
ek Gasoch. Basicrapin anvaurupim. YimsaKH onpatop. YsHkTH OTepaTop MATPHLACH,
et oneparopnap YCuta avaniap. YcHKTH OMGPATOPHEHT X6 BEXTOPAApH B XOC KILNATH.
Xoc BeKTOpapHHHT Xoccanapi. BT OTCPATOp MATPHIACHHH [HATOHAN WAKITa KETHDHIL.
MyoGar Beirop Ba MycOar MarpH.

Kynanamiran Tb1HM TEXHOTOTUATADH; [MATOTHK €HIOIIYB, NYAMMOTH TABTAN, AXypani
app, yepar, XS ey, MYHO3ADA, Yo HASOpT.

AdaGuemaap: ALAD; 43; A4K6;

Keazpamix opvanap. Keazpar Gopa Xakuga TymykHa. YHHHT MTHLACH BA PaHTH.
Knampane QopaH KaHOHHK KypHHHLIra Kemruphuy. MycOar aHviiaTa KBamparik Qopuanap.
Keampamuk dopua TymyHSATapAHT HKTUCOMHH MOTCIIADHRHT TAXTHTHIA KyIIEHATHIIH,
PeRaTaTITHpHII MOZETH.

Kymagnamiran TabTiM TCHOTOTHAIEDH, JWATOTHK. EHIOUIYB, MYAMMOTH TabmiN, Be,
x4 oy, NyHosapa Y-Y3HH HESOpAT

AnaGutrnap: ALAD; A3; A4KG6; K K8; K9; KIO; K14,

ep yarapyBaun Qykunnap. Kym yarapyB iy, -

YTHOBTH Q@ORMET HyKTa atpodi. RY dasona serapanasran Tymnan, TyMIaMHAHT WSk B
Serapabict HyKTanap. Tymiamer kysoknamm Hykrach, Ok Ba émik Tymrawnap. Koumasr-
e (serapanaea 82 i) Tymiaw. R® Qasoma mykranap wemwa-vermire. Conmn Kkemua-
KCTIK, 1 - YTHOBTH HYKTAIaD KCTM@- KCTTATWHAHT NAMWTH. COHTH KETE-HCTTHK THNHTH.
YeKcH KIFHHK, HEKCH KATTa CORTH KETMA-KETTHKIA) Ba YIaDHHET Xoccanape. Mokotow comm
KeTNA- KETTHKTAD.

Anabuérnap: ALAL, A3; Ad; K6; K7 K8 K9; K10, K14,

Bl b2 Kymyarapyun s, OyHKLAA TabpiQe. Oy BRHAHT Gepima yyanapi,
AHHKTARHIN COXACH B KeMATIaDi TYTaMe. Bip yarapynuin Qs yeyMi Xoccatape.
oy rpaars ba Y anvauTaprap. Teckaph Gy neuerep QyRetismapener
TecQH, Xccanap Ba Tpagar. Yerapanasra yhuneiep. Kapepe a Gore Gyescinnap
XaKegRa TyImyRua. QK mviTH. AoitHO muviap. JIAMHTIap XaKHIA acoCHH Teopeanap.
OYRKIHSHRHT SeKCEBTHKIATH JHMHTH. BHp TOMORIAMA NHNHTZD, OXBHBATEHT YeKCHD KUGHK
Qymmanap. QyKumATapn Texkocrauw. GyhkunshmAr yanykoniry, Hykrara sa keouama
VAIYKCH  QYHKUHATAPHAET  X0CCATapH. OYRKUNAHUHT O - TONOWIANA  YRIYRCHTTH,
OVHIAHAET YSATHI HYKTaTapH Ba YMapHHHT Typaph. Hkmicomséia yapaiimiran
(ymrupAnap. AXOiHO TMHTIADHAHT HKTHCOMAETAA Ky LIGHHTHILN,

Bip yarapypummm Gy Xociunach, Qynkin A deperumaniitr 3apypii ba erapmi



Tectaap

1. MarpunanapHu KynaiTupuil xoccajapy Kaepaa XxaTo KypcaTuiras?
A)AB=BA B)AE=A C)A(BC)=(AB)C D)AA'=E.

2. A={aij} MaTpuIaHU TPAaHCIIOHHUPJIALI aMaJli KaepJa HOTYI'pH KypcaTuirad?
A) MaTpunianuHr catpiapy yCTYHJIAp KHIHO E3umaau

B) MatpuuaHuHT ajj JIEeMEHTH j-caTp Ba I-ycTyHra €3uiaiu.

C) MaTrpuuaHiHr YCTYHJIApH caTpiap KWIno €3umau.

D) MatpuuaHuHT ajj JIEMEHTH i-caTp Ba J-ycTyHra €3uIiaiu.

-3 5 1
3. A= MaTtpuiara Teckapu A MaTpulla Kaepaa Tyrpu KypcaTuiran?
1 O

A)1(0 5) B) 1(0 -5 O)(0 1 D) 1(0 1)
)5(1 3) )_5[1 _3j )[é 2} )5[5 3]

4. A xBagpaT MaTpULAHUHT aHUKJIOBYUCH HUMA?

A) A matpuia sneMeHTIapu Oyiinya MabiyM OUp KOHM1a aCOCH]1a XOCHUJ KMJIMHTaH MaTpHIIA.
B) A matpuna snemenTiiapu Oyiinua MabiiyM Oup KouJia acocuaa XucoOIaHaJuraH CoH.

C) A matpuna Gapya 371€eMeHTIAPUHU y3ap0 KYLIHUII HATHXKACH1a XOCHUJ KMUJIMHIaH COH.

D) A matpuna 6apya eMeHTIApUHHU Y3ap0 KyMaWTHPUIIT OPKATH XHUCOOJaHAUTraH COH.

1 2 3
1 2
5. Ap = 3 4 A,=12 3 1 annkiopunnap xucobnamcnn Ba max{A,, A}
3 1 2
TOHUIICHH.
A)-18 B)18 ()2 D)-2.

6. Vkku HOMAbIYMIIM YM3HMKIW TEHTJaMajap CHCTEMACHHHHI YMYMHUH KYpUHUIIN Kaepjaa
TYTpU KypcaTuiran?

A) {allxl + 82X = bl B) {allxl +azX, =b
a1pX; +a,,X, = b, A%y +az1X, = b,

a1 % +3a,,%X, =b
C) { 11™M 12772 1 D) {allxl +a, X, = bl
51X + 8%, =D, Az1Xp + 8zXp =Dy

7. 4%, + 3)(2 +4X; =—1 4YM3UKIM TEHITIaMalap CHCTEMAacH eumnmu6, (x1+ x2) X3
XHCOOJIaHCHH.
A4  B)O C)6 D) -20.

8. Bekrop Tavpudu kaepia TYrpu Ba TYIHK KEJITHPUITAH ?
A) |A| KecMara BeKTOp ACHUIIaau.
B) ®akat connu kuitmMaty OMi1aH aHUKJIaHAIMTaH KaTTaIUKKa BEKTOP JeHuIaau.
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10.

11.

12.

13.

C) dakart ityHanuiy OUIaH aHUKJIAHAJUTAaH KaTTAIMKKA BEKTOP JeHIIIau.
D) Xam connm kuiiMard, XaMm WyHaauIIM OWJIaH aHWKIAHAIWTAH KaTTaJIMKKa BEKTOP
JedunIagu.

a ={2;-15} sa c=3a—46 ={-10;,—11,27} 6ynca, 6 BEKTOP KOOPJAMHTATAPHHH

TOIIUHT .

A) {3;- 4,0} B){2-31} ©O{42-3} D) {5/0;-2}

‘5‘ =4, H =5 pa ale Oyinca , (221 +6,a— 3;) CKalsp KylnalTMaHHu XMCOOIIAHT.
A) -7 B) 17 C) —43 D) 3L

AQB3;-2;4) , B@3:4;-1)  Ba C(5:;0;2) wnykTamap Oepuiiras. lﬂé, A—C) BEKTOpHAI

KyHaﬁTMaHH TOIINHI.
A) {-2;-10;-12}  B) {3;2;-5} C) {4;-3;-12} D) {6;9;15}

Texucnuxgaru Ax+By+C=0 Tyrpu umsuk kaiicu maptaa OX  KoOpAMHATa yKura
napasuien oymnaau ?

A)B=0 B) A=0 C)C-B=0 D)C+A=0

Ma1(-1,3), M2(-5,-10) , M3(1,8) , Ma(3,-7) HyKTanapaaH Kaicuiaapu

3x-y+5 =0 Tyrpu ynzukna éraau ?
A) M1, M> B) M2, M3 C) M3, My D) M1, My

14. Kyiiugaru TeHrnamanapiaH kadcu Oupu  M(xo,)0) HYKTagaH YTYBUM TYIPU UYH3HKIAP
nactacuHu udomanamaiiam ?
A) y—y0= k (X—Xo) B) y —kx =y0—kxo
C) A(xotx)+B(oty) =0 D) A(xo—x)+tB(0—y) =0
15. Mapkazu M(a,8) HykTana xoinamrad R paauycnu ailnana TeHriamacu Kaepia Xaro
KypcaTuiras ?
A) (v-a)+y-6) = R? B) (x+a)’+(v+e)’ = R?
C) (a2 +(s- 1) = R? D) J(x-a)* +(y—6)” =R
16. 4x2+9)y? = 36 osmmmnc Ba 4x? — 9y? = 36  rumep6oNa KECHUIINII HYKTATAPU OPACHIAru
Maco(aHu TOTIHHT.
A)4~/2 B) 4 Q) 8 D) 6
17. Texucnuk yMmyMuil TEHIJIaMaCHHU TOTIMHT.
X yA
A) Xcosa + ycos f+zcosy —p=0 B)—+Z+—:1
a 6 C
C) Ax+By+Cz+D=0 D) z = kx+qy+h
20. Ky#iunaru TeHriamManapJaH Kaiicu OMpu KOOpauHaTajgap OOIIMIaH YTYBYM TCKHUCIUKHU
udomanaiian?
A) AxtBy+D=0; B) Ax+By + Cz=0;

C) By+Cz+D=0; D) Ax+By+Cz+D=0;
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21. M(4,-3,5) HyKTagaH YTyBYM Ba KOOpJAMHATAa YKJIapuAaH OMp XHJ KecMa aXpaTyBud
TEKUCIUK yMyMui TeHriamacu Ax+By+Cx+D = 0 Oynca, A+B+C+D wudona xuitmatuam
X1co671a0 TOMUHT.

A) -3 B) 0 C) 6 D) 5
22. ®azofaru TYrpy YU3MKHUHT KaHOHUK TEHITIAMACHHH KYPCATHHT :

A) X=Xg+mt , y=y,+nt, z=2,+ pt
X=Xg V=Yoo _Z—1y

= CYM(X—Xg) +N(y —yo) + p(2—24) =0
m n p

D){A1x+ B,y+C;z+D, =0

A,x+B,y+C,z+D, =0

23. D HuHTr KaHail kuiiMatuaa
5Xx+2y-3z-1=0
{2x—y+z+D:0

Tyrpu un3uk OX ykuHM KecuO yraau ?
A) 12 B)1/3 C)-2/5 D) -1/4
24. x+By-10z+7=0 Texucnuk B HUHT KaHIall KMiiMaTH/IA

X+5 y-3 z+1

B)

4 3 2
TYTpH YU3MKKa napasuien Oynamu ?
3 1
A) 4 B) —2— C)-7 D) 5=
4 3
x-3 y+1 z
25. KaHoHUK TeHIIIaMacu 2 = T = —3 6YJ'IFaH TYIrpyu 4YHU3HUKHHUHI IIapaMETPUK

TEHIJIaMaCUHH TOIIWHT.
A) x=2-3t, y=5+t, z=-3; B) x=2+3t, y=5-t, z=-3;
C) x=3+2t, y=—1+5t, z= -3t ; D) x=3-2t, y=-1-5t, z= 3t ;
26. I ajoyib limitni ko‘rsating.

A) lim (1+lj —e: B) iim " X_1. © 1im® —1_ina.
X—>o0 x Xx—0 X Xx—0 X
_In(1+ ax . (1+x)°* -1
D) lim ¥:a E) Ilm( ) =
x—0 X x—0 X
27. 1I ajoyib limitni ko‘rsating.
: 1) . sin X . a¥ -
A Iim (1+—) =e. B) Im ——=1. C) lim =Ina.
X—>oo X x=>0 X x—0 X
_In(1+ ax - (1+x)°®* -1
D) lim ¥:a E) Ilm( ) =
x—0 X x—0 X
28. Quyidagi limitlardan gaysi biri notog’ri hisoblangan?
- - 2
. SIn X . X . SIn "~ X
A Im —=1. B) Im —=1. C) lim =1.
x50 X x-08in X x>0 x2
_sin x? - .
D) lim =1. E) Barcha limitlar to’g’ri hisoblangan.
x—0 X2
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. SIn 5x
29. Im limitni hisoblang.

x—=>0 X
A)l. B0 O w D) 5. E) 1/5.
30. y=f(x) funksiyaning AX argument orttirmasiga mos keladigan Af funksiya orttirmasi
qayerda to‘g‘ri ifodalangan ?
A) Af=f(X)— f(AX). B) Af=f(x+Ax)— f(AX). C) Af=f(x+AX)- f(X).

D) Af=f(Xx+AX)— f((x—AX). E) Af=f(X)AX .

=

A={aijj} Ba B={sjj} maTpunanap yuyn A—B=C={cjj} maTpuia anukianrad Oyica, yHaa
Cij =...

A) aij-6ij  B) agii— gjj O) aij— s6ii D) aji— sij -

2. Kaiicu maptia A kBagpat MaTpuiara reckapu A~ matpuna Masxys OymMaiiu?
A) detA>0 B) detA=0 C)detA<O D) detA=0.

3 1 5
3. A= (2 O) Ba B= [3) marpuiainap Oyiinua AB MaTpullaH! TOIHHT.
15 5 21 18 15 3
A) B) ) D) .
6 O 5 10 10 O
d;p 8 A3
4. |a,; a8y, ays| Il Taprubnu anuknoBYMHM XHcoOimam (aopMmynacu Kaepia TYrpu
d3; 83 dg3
Kypcatuiaras?

A) ai11 a12 a1zt a1 ax axst as1 as2 asz — ail az1 a1 — a1z a2 dz — ai3 a3 di3
B) ai11 ax azst ax1 a12 azt az2 azxz a1l — a1z az a1 — aiz a3 asi — az1 as ai3
C) a1 az1 ant+ a1z az asxt a13 a2 as3 — a2 ai11 a13 — a21 a22 A23 — A3l A32 A33
D) a11 a2z azst+ az1 azp a1zt a12 a3 az1 — ai13 az2 a1 — a3z a3 A1l — az1 12 As3.

1 0 -1 1
-11 0 1
S. 1 1 1 IV TapTiOau aHUKIOBYM KUHMATUHU TOTIMHT.
1 0 -1 1
A)4 B) 1 )0 D)-1.

6. Ywmsuknu TeHrnamanap cucremacunu Kpamep ycynunaa equisa ...
A) HOMabJIymIIapHU OMPHH- KETUH HyKOTUIIIaH (oilnamaHmIagm.
B) Teckapu MaTpuianu TonuuiaH GoiaanaHuIau.
C) anukyIoBUMIapHA XHUCOOIanaad GoiaanaHuIaIn.
D) Homabiaymiapra KkeTMa- KeT IKHHJIAMUIIaH (Goiiiananuiaiy.
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12.

13.

14.

15.

16.

17.

7. 2X; —4X, — X3 =0 dusukiIM TeHrIIaManap CHUCTEMAacH e4niuo, (1—3] +3
X
X, — 3X, +2X, = 4 2

XHCOOJIaHCHUH.
A)6 B) 1,5 03 D)28.

8. Bekrop y3apo kapama-Kapuiu Jeiuiaanu , arap ymuap .....
A) y3yHJIMKJIapH Kapama-Kapiu Oyiica.

B) fiynanunuiapu kapama-kapiuu Oysca.

C) koyutHEap Ba OMp XWJI y3YHJIMKKA 3ra Oysica.

D) Oup xun y3yHIUK Ba Kapama-KapIliy HyHanumira sra oyJca.

9. a ={2;-15} Ba 52{4,2,-3} BeKTOpIIap Oyiinua c=3a-4¢ BEKTOP TOIMIICHH.
A) {-8:1025} B) {-10:-1127}  C) {2153} D){7,-6,.9}

5 ={m,2,5} (_g:{m,3, m} Ba a_l 6 Gynca, m napamerp KuiimMaTiapu KynaiTMacu

TOIUJICHH.
A)6 B) -2 C) 15 D) anuknab Oynmaiinu.

AQG3,0,-2) , B(4,3,0)0 Ba C(1,-1,2) mykramap Oepuiran (AB ,AC ) CKaJISIp KylalTMaHH
XUCOOJIaHT
A) 3 B) 2 C)-5 D) 4

Bekropuan kymaiitma &pmamuna yuinapu A(3,0,2) , B(1,-1,0) Ba C(0,2,-1) nykranapaa
KOWIamran y40yp4ak F03aCHHU XHUCOOJIaHT.

A) 3+/2 B)2-/2 C)3.54/2 D)2.5/2

Tyrpu umsukauar Y = KX + 6 Tenrnmacuaa K MabHOCH Kaepia TyrpH H(OAaIaHTaH ?

A) Tyrpu unsukHuHr OX yKHAaH aXpaTraH KECMAcCH.

B) Tyrpu unsukuauar OY yKkujgaH axpaTral KECMacu.

C) Tyrpu unsukHuHr OX OMs1aH XOCKII KUJTaH Oyp4yak TaHT€HCH.

D) Tyrpu unsukausr OY yku OuiaH XOCHUJ KWITraH Oypyak TaHT€HCH.

4x-2y+11=0 Tyrpu YM3UKHUHT Oyp4aK KOd(GUIHESHTIN TCHIIIAMACHHN TOTTHHT.

A)2y=4x+11  B) x= % y - 1741 C)y=2x+55 D) 4x=2y-11

TexucnuKaarya Tyrpu YM3uKIapra Joup KyHnuaari TacAuKIapaaH Kaiicu Oupu Tyrpu ?

A) M(xo, y0) HyKTaJaH yTYBUHM TYrpd Yu3MKiIap mactacu y+yo=K(X+Xo) TeHriama OuiaH
AQHWKJIaHA/IH.

B) Aix+Biy+C1=0 Ba A2x+B2y+C2=0 Tyrpm unsuxinap AiB2—A2B1=0 maptaa napamien
Oynanu.

C) y=kix+6é1 Ba  y=kox+e2 Tyrpu umsukiap Ki=—k; miaptaa y3apo mepHeHIUKYIISAD
Oynanu.

D) M(xo, yo) myktaman XCOS« + ySIN @ — P=0 Ttyrpu unsuxxaga 6ynran macoda d

= XqCOS& + ¥, SN @ — P dopmyna Gunan Tonuay.
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18. 'unepOoNaHUHT KaHOHUK TEHTJIaMacH Kaepaa Tyrpu €3uira ?
2 2 2 2 2 2

X y X y y

2 2
. . X . X y .
A)_Z__Z_l B)_Z__Z__l C)—2+—2——1 D)—2+8—2—1

a 6 a 6 a 6 a

19. 4x?+9)? = 36 UIMICHUHT YKJIAPH Y3YHIMKIAPHHUHT HATHHIMCHHH TOITHHT.

A) 13 B)5 C) 13/36 D) 10
20. TeKUCITMKHUHT HOpMaJl TEHTJIAaMACUHU KypPCATHHT.
A) XCosa + ycos f+zcosy —p=0 B)§+Z+E:1
C) Ax+By+Cz+D=0 D) z = kx+qgy+h ve s

21. bupu OX, ukkuHurcu 3ca OZ KoopaWHATa YKJIapHAaH yTyBud Tekuciaukiap M(1,-2,4)

YMYMUI HyKTara ara Oyscanap, yjiap opacuart ¢ 0yp4yak KOCHHYCH TOTTWJICHH.

A) -0,2 B) 0,2 C)0,4 D)-0,4.

22. Ax+By+Cz+D=0 tenrnama B=D=0 Oynranaa kannaii TeKucCIukHU udoaanann?

A. Texucnuk koopauHaTanap OOMKIAH yTaaH;

B. Texucnuk OX ykura napauern,
C. Texucnuk OX yku opKajiu yTaju;
D. Tekucnuk OY ykuaan yTanu.

23. ®a3zonaru Tyrpu YM3MKHUHT YMYMHH TEHTJIaMAaCUHU KypCaTHHT:
A) X=Xg+mt, y=y,+nt, z=2,+ pt
B) X—Xo _¥Y=Y0o _2—-20 C)M(X—Xy)+NnN(y—ye)+p(z—-24)=0
m n p
D){A1X+ B,y+C,z+D; =0
AX+B,y+C,z+ D, =0

24. Mi(4, -2, 5) Ba M2(3, 4, 0) HykTamapaaH yTyBYHM TYTPU YM3HK TCHIJIAMAacH Kaepja Xaro

ésnnran?

Ay X-4_y+2 z-5 B) x=t-3, y=6t+4, z=5t+5
1 —6 5

oX-3_y-4_z2 D) x=4-t, y=6t-2, 7=5-5t
1 6 5

25. M(4, 1, 3) HykTamaH yTyBYH Ba
x-1 y+3 z+21

5 3 2

TYIrpyu YU3UKKa HNCPHCHIANUKYIIAP 6yJ'IFaH TEKUCJIIMK TCHIJIaMAaCUHU TOIINHI .
A) 5x+2y+3z2-31=0, B)3x+2y+5z-29=0,
C)5x+3y+22-29=0, D)2x+5y+3z-22=0.

2
26. Iimw limitni hisoblang.

oL X"+ X—2

A) L B) 4. C) 5/2. D) 2. E) mavjud emas.
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27.  lim

X—>00

(3x+2

3x+1
A) 1. B) « C)e. D) mavjud emas. E) 0.

3x+1
j limitni hisoblang.

28. lim (1+ 2x)*’* limitni hisoblang.
x—0

A) 1. B)e.. CQ)e. D) e®. E) 0.

29. y=1 o’zgarmas funksiyaning Ay orttirmasi qayerda to‘g‘ri ko‘rsatilgan ?
A) AX. B) —Ax. C) L D) —1. E)O.

30. y=f(x) funksiya hosilasining ta’rifi qayerda to‘g‘ri ko‘rsatilgan ?

o o Af oy i AX o g Af
W I0=im e BPWsling o fWsin
o pien AX o piea AX
D) f (x)_Alxlinw " E) f (x)_AIf@O—Af :
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V3BEKUCTOH PECITYBJIMKACHU
OJIU BA YPTA MAXCYC TABJIUM BAZUPUHVHI BYUPYFU

Ounmii TabaUM Myaccacajnapuaa Tajgadaaap
V3JAITHPUINUHA 0aX0/1a1I TU3UMH TYFPUCHIA HU30MHHU
TaCAUKJIAI TYFPUCHAA

V36exucron Pecniy6nukacununr «TabmuM Tyrpucuaarru (Y36exucron Pecry6aukacu
Omuii Maxnucuauar Ax6opotHomacu, 1997 ., 9-con, 225-monna) Ba «Kaapnap Tanépiam
MWUIMA ~ JacCTypd  TYFPUCHUAA»TH (§’3GeKHCT0H PecniyOnmukacu  Ommii  MaJTMCHUHUHT
Ax6opotHomacu, 1997 ., 11-12-con, 295-moama) KoHyHJapura Xamja V36exucron
PecnyGiukacu Basupnap Maxkamacuauar 2004 iiun 20 monmarn 341-con  «Y36ekucToH
PecnyOnukacu Onuii Ba ypra Maxcyc TabJIUM BasupiIurd (aodUSTHHH TaKOMMIUIAIITHPUIIT
TyFpucuaa»ru  Kapopura (V3bekucron PecryGnukacH KOHYH —Xy#OKATIapd — TYIUIAMH,
2004 ., 29-con, 332-momnma) MyBOGUK, UIYHUHTJIEK OJIMA TablUM Myaccacaiapu
Tana0alapuHUHT OWJIMM CaBUACH, KYHHMKMA Ba MaJlakaJJapMHM Ha3opaT KWIMII xamzaa 0axoJjall
KapaSHIapuHU TAKOMHIJUTAIITUPUII MaKcaauaa Oyropaman:

1. Onmif TapnuM Myaccacamapuja Tajnabanap Y3IaITHPUIIMHU 0axoiam TH3UMH
TYFpUcHIa HU30M 1-mnoBara MyBO(QUK TaCAUKJIAHCHUH.

2. V36exucron PecryGnmkacu Onmit Ba ypra Maxcyc TablIuM BasUpUMHHHT “Ojuii
TaBJIUM Myaccacalapuaa Tanabanap OMIMMUHU HA30paT KWIMII Ba OaxONAIIHUHT PEHUTHHT
TH3HUMH TyFpucHaard Husomuu Tacamkmamn xakuma” Oyiipyru (Y30exucton PecryGmukacu
KOHYH Xyxokartinapu tymiamu, 2009 i., 28-con, 330-moama; 2010 it., 34-con, 297-monna;
2013 i., 50-con, 659-momna; 2014 i#., 52(I)-con, 646-momna) Owinan Tacaukiaanran ‘‘Onui
TaBJIUM Myaccacalapuaa Tanabamap OMIUMUHM HA30paT KWIMII Ba OaxONAlIHUHT PEUTHHT
TU3UMHU TYFpucuiard Husom™ra 2-mioBara MyBoQUK KyIIrmua Ba Y3rapTUPUII KHPUTUIICHH.

3. V36exucron Pecny6mukacu Onmit Ba ypTa Maxcyc TabIuM Ba3sHPHHHHT “Ouii
TaBJIUM Myaccacajlapyjaa Tajnabanap OMIMMUHM HA30paT KWIMII Ba OaxoJAIIHUHI PEUTHHT
TU3UMHU TYFpucuaaru Husomun Tacaukiam xakuaa” Oyipyru 2017/2018 yxys iiunmunan 6oriabd
VKuira kadya KWIMHraH Tajabanapra HucOaTtaH TaTOMK STUJIMACHH.

4. Maszkyp OyiipyK pacMuii bJIOH KUJIMHTaH KyHJIaH YbTHOOpaH Kyura Kupasu.

Baszup H. Maa:xunoB

TomkenT 1.,
2017 #iun ,
-COH
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Onuii Ba ypTa Maxcyc TabJIUM Ba3UPUHUHT
2017 viun Jaru -COH
Oyripyrura l-umosa

Oummii TabJAMM Myaccacajapuaa Tajgadanap y3aamTupUuIuHu
0axoJ1all TH3UMHU TYFPUCH/IA HU30M

Ymymuii kougaaap

1.Maskyp Husom V36ekucron PecnyGmukacumuar —“TabiuM — TyFpucHaa’TH
Ba “Kamprap Taifépiam MWIIHH JacTypH TYFPUCHAATH KOHYHJIApHUTa XaMmaa Y30eKHCTOH
Pecniyonmukacu Basupmap Maxkamacuauar 2001 imn 16 asryctmaru  343-con  “Omnmii
TAQBJIMMHUHT JaBJlaT TabJIUM CTaHIAPTIAPUHM TAaCOUKIAII TYFpUCHIA TH Kapopura MyBO(UK
ONUIl TabBIUM Myaccacanapuia Tanadanmap OuaMMHMHM 0axoiam TU3MMUHH TapTUOra cojaau
Ba 2017/2018 Ba ymmaH KeWuHIM YKyB Huiiapuia YKumra KaOya KHIMHraH Taiadagapra
KYJUJTAHWJIA]IH.

KonyH xyxokaTiapura MyBOOUK YKYB >KapaCHM YKUTUIIHUHT MOZIYJT TH3UMHUTA
acocjaHraH ojiui TabJIUM Myaccacajiapura Mmaskyp Huzom tatOuk sTunmanau.

Onumii TapauM Myaccacacu VKyB Kapa8HUHUHT Y3UTa XOC XYCYCHUSATIApUHU XucoOra
OJITaH XOJJa Y3WHUHT Tanabanmap OwimvuHH Oaxonam Oyinua Hu3oMuHM WNUIAd YHKUIIN
Ba V36ekucTon PecnyGmukacu Onmii Ba ypTa Maxcyc TabIMM Ba3HPIMIH OMIIAH KEIUIIMITaH
X0J1/1a )KOpUH KWINIIA MyMKHH.

2. HuzoMHUHT Makcaau TanabanapHUHT (aHIapHU Y3IAIITUPUIIUHU XOJIUC (0O0OBEKTUB)
Ba aHUK 0AaXOJIAHUIIIMHYA TAbMUHJIAIIIAH UOOpaT.

3. HuzomuauHT acocuii Bazudanapu:

tanabanap Y3mamTHPUITHHE 0aXoJail TA3UMUHU COIaIallTHPHIIL;

tanabanmap  y3JAlITUPUIIMHU  Oaxonaml  TU3UMHHHM  XalkKapo  TaxkpubOamapra
YUFYHJIAIITHPHUIL;

dannapHu y3namtupuiny Oyinda Tanadbanap peUTHHTMHYA aHUKJIAlI Ba ceMecTp (YKyB
Hwm) sKyHimapu OYiiMua 9BJIOH KWJIHMII OPKald YIAPHUHT WiIM-(aHra OYiIraH KU3WKHIIHHA
KY4YalTUPHUILI,

npodeccop-YKUTYBUMIApHUHT (aH Oyiuya Tanabanap V3IalITUPUILIMHU OaxoJiain
[IAKJJTAPUHYA OENTHIIAIIIAarH BaKOJIATHHU KEHTaAUTHPHII Ba MAChYIUSITUHH OIIHPHIIL.

4. TanaGamap OwiIMMH, KYHMKMa Ba MaJlaKaJlapuHU OaxXOJAIIHUHT — acOCUH
TaMOMMWJIAPH:

JlaBnar  TabBJIMM ~ CTaHAApTIapuUra  acOCIaHTAHIIMK, AaHUKIWK, XaKKOHUIIINK,
WIIOHWINIIMK, Onnumiiapau Oaxonamga mapdopIuKHI TAbMUHIIALL

Oaxonart TapTHOU, ME30HIAPH Ba MYAATIApPUHH OJAUHAH YbJIOH KUJIHIIL

Tanmabayap OWJIMMHHHU XOJHC Ba aJ0JaTiad OaxoJsaml Xamjaa YHUHT HaTHXKaJIapuHU V3
BaKTH/Ia MabJIyM KIJIUIIL;

Tanalanap/a MyCTaKuJI MILIall KYHUKMaJapuHU PUBOXIJIAHTUPHILL.

Baxosnam TypJjapu Ba makJjiapu

5. Xap Oup unruu an AacTypu MaIIFyJIOT Ba 6axonaml TypiapH, yIapHUHT [IaKJUIapH,
ME30HJIapy Ba HaMyHaBHI CaBOJIApH KypcaTWiraH Xojaa kadeapa Myaupu TaBCHICH OWIaH
oM TabaUM Myaccacacu ((QaKyIbTeT)HHHT YKyB-ycIyOWH KEHTamuia MyXxoKama STUJIaau
Ba OJIMH TabJIUM MyaccacacH YKyB HIUIapu Oyiinya mpopekropu (YKyB unuiapu OVyitnua
JUPEKTOp YpUHOOCApH) TOMOHHUIAH TaCIUKIaHAIH.

6. dan Oyimva OaxoJyianml Typiapu, MIAKUIApH, COHHM XamJia ME30HJapH XaKUIard
MabJIyMOTIap Tanadanapra npodeccop-YKUTYBUMIAp TOMOHMJIAH JACTIa0KH MAaIIFyIoTiapa
9BJIOH KWJINHAIH.
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7. TanabGanapHuHr ¢an OyiiMuya Y3MAIITUPUINN KOPHM, OpaIMK Ba SKyHHH Oaxosarl
TypJapy OpKaJIU aHUKJTaHA K.

®an xycycuaTUIaH KenuO 4uKuO, OJMii TabiauM MyaccacacH ((paKyabTeT)HUHI YKYB-
yCIIyOui KeHramud Kapopu OwiaH ymoOy dan skopuit (opaiauk) Oaxomjam YTKa3HIMACIUTH
MYMKUH.

8. XKopuii 6axomam (OKb)- cemecTp maBomMmuaa JAOMMHK paBHIIa TajlabaHUHT GdaH
MaB3yJapu Oyitnda OWIrM Ba aMaIuii KYHUKMa JTapaXKacUHU aHUKJIAIl TYPH XHUCOOIaHa 1.

Xb Tamaba TomoHumaH (aH MaB3yCcH Ma3MYHUHHU Y3JMAIITUPTaHINK JapakacuHU
aHMKJIAITra, IIYHUHTJEK YKYB MAaTe€pUaIMHM KOHCTPYKTHB paBHUINJA IIApXJall Ba TaxJIWI
KWIAII, MyaMMOJIM BasWSTIapHA Xajd OTUIl (Kehc-cTaau), jkamoaja WIDIall, HWIMHH
npe3eHTalMsIap Taiépan Ba X.K.HU 0axoJamra KapaTHIaIu.

Xb dannuHr XycycusitTuaan Kenub YMKKaH XOJIJla CEMUHAp, aMajuil Ba JlabopaTopus
MalFyJaoTiapuaa, oOJariaa, KyWuaard Imakuviapia VYTKaswiaau: OF3aKd CYpoB (MaHTHKUN
MYyaMMOJIM CaBOJUIAPHM KYJUIaraH XoJijia), TaKIuMoT ((haHHUHT TETHIILIN MaB3ycH Oyiinya KHIUK
rypyxjap JIoWpacuja), MyaMMOJM Ba3USATIAPHU XaJl 3TUII (KeWc-CTaju), »Kamoaaa HILIAM
(“axmuit Xy>kyM” uwHTepdaon ycIyOMHH KyJularaH XoOJjaa), TeCT YTKa3WIll, Ha3opaT HIIH,
KOJJIOKBHYM Ba Oomka kadenpa TOMOHMIAH OenrwiaHran OomIKa ycyiapiaa YTKa3WIWIIN
MYMKUH.

Xap Oup maboparopusi WIIM Ba MYCTaKWJ TabiauM tonmwmpukiapu Kb mapman oupu
cudatuaa KaOyn KUIMHAIH.

Kb acocaH yKyB MalryJoTJIapy JaBOMHUAA aMaJIra OLIUPUIAIHN.

Tanabanunr XXbaan onran mwxoOuii 6axoiapy acocua yHra opaiuk Oaxonamnl (SIKyHHi
0axoJiall)HY TOMILMPUILTA pyxcaT OepuIaau.

9. Opanuk 6Gaxomam (OB) - cemecTp maBommaa uimuu (aH AACTYPUHUHT TETHIILIH
(parHWHT OMp Heda MaB3yJIApWHH Y3 WYWTa OJraH) OYJIMMH TyraraHjaH KCWHH TaJlaaHWHT
OWJIMM Ba aMallii KYHUKMa Japa)KaCMHU aHUKJIAII TYpU XUCOOIaHaH.

Ob Tanaba ToMoHMIaH WmuM (aH AACTYPUHUHT TETHIUIM OYIMMIIapd Ma3MyHHHU
V3MalTUpuIl Japakacu, TajdabaHuUHT afabuérinap OwilaH HIIAll aMaluid KYHHKMalapH,
MyaMMOJIH Ba3USATIAPHH XaJl 3TUII (KeHC-CTaan), TaXJ 1M, MAaHTUKUH (ukpnani, ¥3 Gukprapuan
M3YWII Ba aHUK 0a€H KWIHII KOOUIUSATHHY aHUKJIAIIra KapaTuiaiu.

Ob conu (Oup cemecTpna 2 TaJaH ONIMACIWTH JIO3MM) Ba IMakiIW (€3Ma W, OF3aKH,
TECT, KOJUIOKBHUYM, XHMCOO-rpaduka WIIM, Ha30paT HMIIH, KypC UIIH, KypC JIOMHXACH, MXKOAUN
TOIIIMPUK Ba X0Ka30) (haH XyCyCHSTH Ba yYHTA aXXpaTWiraH YMyMHI coaTiap XaKMHUIaH Kenuo
YHKKaH X0J/1a Kadeapa TOMOHUIAH OenTuiaHaIu.

ObHu §yTKazum kaaBaid HWIIYM  (QaH JacTypud acocuja JeKaHaT TOMOHHUJaH
OenruiaHraH JkaaBal acocuAa VYkasunaaw. Tamaba OBHu Oenrunanran Myqaatiapaa
TOTIIUPHINH TIAPT.

Monyne TH3UMUAA YKUTHIMAETraH Ba XaKMU (YMyMHH ayIuTOpHUS COATH) CEMECTp
JaBOMHJIa XadTacura TYIUK 2 akaJeMHK coaTAaH (THOOMET oM TabIuM Myaccacajiapuaa
4 akaneMuKk coatnaH) kam O6ynran dannapaan Ob yTkazunmanam.

10. SAxynuii 6axomam (B) - cemectp sikyHnaa (THOOUET ONMHE TabIMM Myaccacajaapuaa
GbaH sKyHuAa) TanabaHUHT MyailssH ¢daH Oyiinua Hazapuil OMIUM Ba amMalnuil KYHMKMajJapHUHT
Tayaba TOMOHHJIAH Y3JTAIITHPHII JapayKaCHHU aHUKJIAII TypH XUCOOIaHaIH.

S1b Tanaba TOMOHUAAH MIIYM (paH JACTypUHHUHI cemecTpra (THOOMET onui TabJIuM
Myaccacanmapuja ¢aH SAKyHWra) MYyJ/DKaUIaHTaH OyJIuMIIapu Ma3MyHUHHU  Y3JIAlITHPHIIL
Japa)kacl, YHUHT MaHTHKUAN (UKpIAIIY, aMaduil KYHUKMalaph, MyaMMOJH Ba3USTIApHU Xal
ITHIN (Kec-CTaau), TH3UMIT Ba TAHKUIWH TaxX M KWJIa OJTUIIH, Y3 GUKPIapUHI H3YMIT Ba aHUK
0a€H KUK KOOWIMSITUHY aHUKJIAIITa KapaTuiau.

Ab acocaH TasHY TyIIyHYa Ba MOOpaiapra acociaHTaH €3Ma WIl, OF3aKd CYPOB, TECT,
YOKOUH will Ba O601mka kadeapa TOMOHUIaH OeNTUIaHTaH Makiuiapaa YTKa3uiIaam.

Abuu yTKaszum JkagBanu YKyB kapaéHu rpadurura MyBoQHUK (akyIbTeT IeKaHU
€ku YKyB OYynTMMU TOMOHHAAH Taii€pranuO, Oaxonam OONUIAHWUIINAAH OJNIAWH OJNHUNA TabIUM
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Myaccacacu YKyB HIUIapu OYinMYa NpPOPEeKTOpH TOMOHHUAAH TacaukiaHaau. Tamaba Sbau
OenruiiaHrad MyaJaaTiapaa TONIHPUIIN [apT.

11. Tanabanap y3namTHPUIIMHN Oaxoant €3Ma Uil MIAKITUAa YTKa3HITaHaa:

€3Ma UIIHUHT Ma3MyHH Ba MAaHTUKUN Oa€H STUIITaHIINTH;

CaBOJI Ba TONUIMPUKIAPHUHT €YUMHTA SIHTUYA yCIIyO1a EHIOIIMIITaH | H;

€3Ma UIIIHU XaTo Ba HyKCOHCU3 OaKapWIraHJIUTH 3bTUOOPTa OJIMHAIN.

EsMa wmnmapHu TeKMpHII >kapaHH AekaHaT (YKyB-ycnyOuii OYImM) TOMOHHMIAH
TY3WITaH KOMUCCUSIHUHT UACHTU(DUKAIMS paKaMmIapy OepuIll OpKalId aMaira OIupUiIaiIm.

Esma wm Tamaba TOMOHMAAH MYCTakKWI paBHMIIAa &3unaaud. MyamndiukHu
Y3mamTupum (MIardaTt)ra #yn KyduaMmaiion. E3smMa mm MaTHUArd Y3raHUHT MyamadgInk
UIIMJAH OJIMHTaH Xap KaHaad MaTHaa Myauiud, HWITHUHT HOMH Ba UIIHUHT OOIIKa
PEKBH3UTIAPMHU KYpcaTraH Xojja XaBojiajap KeATHPHIMIIM IIapT. F3Ma MIIHM TeKmupuiia
IUIaruaT XoJaTJIapy aHUKJIAHUIIM, NIYHUHTIEK MKKU €KUM YHJIaH OPTHK €3Ma MIIHHUHI MYCTaKWII
é3unrannaurura myoxa yWroTaiuraH napaxkaia yxmam Ooynaumum ymoly Oapya €3Ma uiiapra
HOJIb 0aJIT KYWHIN €KH yiapra KyWniaran OaJapHu OSKop KUJIHINTa acoc OYiamu.

baxonammap 6yiinua yTkazuiaran €3ma umniap kadenapana 6 ol cakjgaHagu Ba ymioy
MyJIaT YTTaHWIaH CYHT YpHATWITaH TapTHO1a WK KUIMHAIH.

12. Xap Oup Oaxonam TypuHU YTKa3WIl IIAKiIH OYinda TapTuO Kadempa HUFUIHIL
0aéHu OmilaH TacAMKIIaHAAM Ba Tajabanapra eTKa3uiaiu.

TuG6uér onuit Tabnum Myaccacanapu yuyH Ob Ba SIb knunuk dannap 6yitnua - OSCE
(0OBEKTUB TH3MMIJIAIITHPWITAH KIMHUK CHHOB) €KH Hazapuid ¢annap Oyitmua - OSE (00bexTuB
TU3UMJIAIITUPWITAH HWMTHXOH), €3Ma, OF3aKM, TECT CKH YJIapHUHT KOMOWHAIMsJIaHTaH
HIaKJUTApUIa YTKA3WIAIU.

13. Ob xapaéunapu dakynbTeT IeKaH Ba Kadeapa Myaupu TOMOHHUAAH TY3WUJTaH
KOMHUCCHSl MIUTUPOKMJA AABpUN paBHILa YpraHu®O Oopuiaad Ba yHHM YTKa3uII TapTUOIapu
Oy3uiran xoJapaa, komuccus xynocacu acocuaa Ob Hatmwxkanap 6exop kuwnnHaau xamaa Ob
KalTa yTKa3Wiau.

14. Onmii TawpiMM Myaccacacu paxOapUHUHT OyWpyFu OuWIaH TabJIUM CH(ATHHU
Ha3opar Kwiuim Oyiumu €ku  YKyB-ycinyOwii Oomkapma (O0ynwM, OynuHMa) OONILIHFA
paxOapnuruia Ty3WIraH Komuccus umtupokunaa b Hu yTkazum sxkapa€Hu naBpuil paBHIIA
Ypranun® Oopwmiaaum Ba yHH YTKa3ull TapTuOgapu Oy3wiraH Xojuiapaa, KOMHCCHS XyJocacu
acocuna b natmxkanap 6exop kunuHaau xamaa b kaiita yTkasunaam.

baxoJsiam TapTudu Ba Me30HJIapH

15. TamabanapauHr Xap Oup cemectpaa daHIapHU Y3IAMTUPHUIIA Xap Oup Oaxosarn
Typiapu OVitmua 4 Oammuk Tuzumaa (5(abio), 4(saxmm), 3(KOHMKapiu) Ba 2(KOHHKApCH3))
O6axomanaau. 5, 4 Ba 3 6axonap mwkoouit 6axo xucodmananu. baxomnamiia pakam Ba MaTH OUp XU
TaJIKUH 3TUTIA/IH.

ManakaBuii amanuér, Kypc umu (Joitnxacu), han (panmapapo) gaBiaT aTTECTAIUACH,
OUTHPYB MajaKaBUW WIIH, NIYHUHTJEK MarucTparypaja WIMANK-TAIKUKOT Ba WIMHI-TIEarOTHK
UIUIAp XaMmJla MarucTpJuK JUCCEepTaluscu Oyiinua Tanmabanap Y3IamTUPUIIN Xam 4 Oayuimk
TU3UM/JIa OaxXONaHAIH.

16. TanaGanunr ¢an Oyinua y3namrupunmuau 6axonam (Kb, Ob, fb)na xyiinnaru
HaMyHaBH ME30HJIap TaBCHS dTUJIA/IN:

5 (a»a0) 6axo:

XyJo0ca Ba Kapop KaOysl KUJIHIIL

VOKOUHN (UKpIIail OJUILL;

MYCTaKII MYyIIOXaJa FOpUTa OJIHIII,

OJIraH OMJIMMIIAPUHU aMaljia KyJjiail OJuILL;

MOXHUSATHUHU TYIIYHUIII,

ounun, ndoaanant, antud Gepui;

TacaBBypra 3ra Oy IIuIIL
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4 (saxmm) 6axo:

MYCTaKWJI MYyIIOXaJa I0pUTa OJIUIII,

oJIraH OWIMMIIApUHY aMalija KyJuiai onuu,

MOXHUSATHUHU TYUIYHUIII,

ownum, ndomanant, aktud Gepwui;

TacaBBypra ara OyIuIiL.

3 (KoHuKapJin) 6axo:

MOXHUSATHUHU TYUIYHUIII,

ownum, ndomanant, anTud Gepwi;

TacaBBypra 3ra OyIuILL.

2 (KoHuKapcu3) 6axo:

JACTypHHU Y3JalliTHPMaraHiuk;

(haHHUHT MOXUATUHU OUIIMACIIUK;

aHUK TacaBBypra sra 0yJIMacIuK;

MyCTaKuI (PUKpIIail OJIMACIIHK.

17. HamyHaBuii Me3oHIap acocuna kadeapa TOMOHUIAH Xap Oup (GaHHUHT y3ura xoc
XYCYCHUSITIIApUHU MHOOATTa OJITaH XoJiaa 0axoJian Me30HIapy UIUTa0 YNKUIA M.

18. baxonmam Typiapu Oyiinua Ty3wiraH caBojulap (TONIIMPUKIAP) Ma3MyHU
(ommuitnan mypakkaOrada) ©Oaxojamr Me30HJapura MyBOGWK Tala0aHWHT Y3JIAIITHPUIIMHU
xoJiic (0OBEKTHB) Ba aHUK 0axoJiall MMKOHUATUHU OSPHIIH KEPakK.

Capotap (TONIMPUKIIAP)HU Talad Japakacuaa TY3WIHIIH Oyinda MachynusT QaH
VKUTYBUMIIapy XamJia Kadeapa Myaupura IoKIaTuiIaIm.

Capommap (TommupuKiIap) TapkuOura wmuau ¢daH JacTypuaa KypcaTwiraHn Oapda
MaTepuaiiap, XycycaH Haszapuil marepuaiap OunaH Oupra MycTakui uil, jgabopaTopust
Ba XHCOO-TpaduKa WILIIapu, aMaliil Ba CEMHHAP MAIIFyJIOTJIapH Ba OOIIKa MaTepHauiap Xam
KUPUTHIIA]TIH.

Baxosanuiapaum yTKa3ui MyaaaTH

19. baxonamuiapHu TacOUKJIAHTaH OKaJBaulap acocujga ¢an OyiiMua YKyB
MAIIFyJIOTIapUHU OO Oopran mpodeccop-YKUTyBUMIap yTKazaau (THOOMET onuil Tabiaum
myaccacanapuaa JXKb ¢an 6yitnua YKy MaiFyiaoTiapuau oiaub Oopran mpodeccop-yKUTyBYH,
OB Ba fbnap xadenpana Tamkua STUITAaH KOMUCCUSI TOMOHHU/IAH YTKA3UIAIN).

Komuccus xynocacu acocuna Ob (S1b) HaTwkanapu 6exop KWJIMHTAaH TaKAWPAA, Ma3Kyp
KOMHCCHSI KypcarMacu OujiaH OaxonamHu YTKa3um Oomka  mpodeccop-YKUTyBUMIapra
FOKJIATUITMILIY MYMKHH.

20. Xucob-rpadguka MM, HA30paT MM, KypC HIIHA, KypC JIOHUXAch Ba WXKOIUM
TOMIIMPUKIIAP XUMOSACH Xamja aManuéraap Oyitnua xucobot 4 6auuk Tuzumaa ymoy ¢aHgan
VyTrazunaaurad Sbra kagap 6ynran myaaaria TONIIHUPUIUILN [IapT.

21. VY3pau cababnapra (TamabGaHUHT Kacan OYIuINM, SIKMH KapUHAOILIApU OWJacuia
daBkynoana XojaTiap, sIiam >KOWM OWwiIaH OOFIMK MyaMMOJIM Ba3UsTIap, PpecryOsinKa
Ba XaJIKapo MHUKECIAard TaabupiapAa MIITHPOK 3TUII) Kypa Oaxojaluiap/ia WIITHUPOK 3TMaraH
Tayabara, acoCIOBUM XYXOKAaTiap TaKIUM ATHITAH TakKAupAa, (akyinbTeT NeKaHW (apMOWHIIH
Ounan OaxonanuiapHu MyAJaTiIapyd KYpcaTuiIral maxcuil rpaguk acocu/ia TONIIKUPHILTA pyXxcaT
Oepuiaau.

22. ®an Oyiinya Ob Gaxonamnuiapaan KOHMKapcu3 Oaxonanral Tanaba Slbraua 6ynran
Myaataa yiaapaaH wxobuit 6axomap osnmaca, Oy Tamaba Sbra kupurmimaian Ba y Taiada
aKaJeMUK Kap3A0p XHUcoOIaHaIu.

23. Sbnan KoHMKapcu3 6axoaHraH Tajgada akageMuK Kap310p XUCOOTaHaIH.

24. Ky3ru ceMecTp HaTuXajapu OYiinda akaJeMHK Kap3Jop Tanabajgapra HaBOaTnaru
ceMecTp sSKyHUTada, 0axopru ceMecTp HaTwkKajapu Oyinda akaJIeMWK Kap3aop OWTHUpYBUM
KypcaaH Oolka Kypce Taiabanapura sSHTU YKyB HUIM OOIIMIaH KaiTa TONMIIMpUINTa KyIuMya
Oup ol wmynaar Oepunanu. baxopru cemectp Hartwkamapu OVyilmua OUTHPYBUM KypC
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tayabanapura y3jamrupMmarad GaHiapuHu (aKaJeMHUK Kap3J0pJIUKHHU) KaiTa TOMIIHPUIN YUyH
SKYHHWH JJaBJIaT aTTecTalUsicCUraya Oyiran Myaaatr Oepuiam.

AKaJleMUK Kap3IOpJIUKHU KalTa TOMIIMPHUILIAD COHM 2 MapTaJaH OIMIMACIHIU Kepak.
WxkuH4YM KalTa TOMMIHUpHUII (aKyIbTeT JACKaHW TAaCOUKJIaraH KOMHCCHS TOMOHHUIAH KaOyi
KHJIUHA/IH.

KymmMua mynnatinapaa XaMm akaJeMUK Kap3JIOpJIMKHU OapTapad 3TMaraH Taiada
dakynbTeT JEKaHW TaBCUSACUTA Kypa OeNTrWIaHraH TapTUOAa PEKTOPHUHT Oyipyru Ouian
KypPCHaH KOJIUPHUITAIIH.

25. Tanaba Oaxonamr HaTIKalapuuaH Hopo3u OYyica, ¢an Oyitmua Oaxonam TypH
HaTWKaJapy dbJIOH KWIMHTaH BakTaaH O6onurad 24 coat MobaiiHuaa GpakynbTeT AeKaHWTa apu3a
OwiaH Mypo’KaaT THINN MyMKUH. byHnail xonaa GakynbTeT AeKaHU TaKIMMHOMACUTa MyBO(QUK
pekrop Oyiipyru OunaH 3 (y4) ab3odaH KaM Oyiamaran TapkuOja aneiisius KOMUCCHSICH
TaIIKUIT STUJIA]TH.

ATemIsius KOMUCCHACH TanabaJapHUHT apyu3alapuHy KYpuoO YMKuO, 2 KyHrada Oyiran
My[IaTaa ¥3 XyJIOCAaCHHH OWJIIUPAIH.

Anemnsinus KOMUCCHSICH Y3 Xylocacuaa Oaxosnamn skapaéHu maskyp Huzom acocuma
Vrrasunrammurn €k Huszom  tamabmapm  Oy3wiramimurm  €xyn  Oaxojamr — TYFPHIUTH
(HOTYFpUIIUTH) TYFpHUCH]IA Xylloca Oepaiu.

ATenianus KOMHCCHSCH XyJocacura kypa Huzom Tamabnapu Oy3unran €ku Oaxosiarn
HOTYFpu OYynraH ne0 TomwiraH TakAWpHAa, Ma3Kyp KOMHCCHs Kapopu OwiaH OaxoJamn Kaita
YTKa3uIaau.

26. Kypcna konaupuirad tanaba dan(Jiap)Hu y3namTapMarad ceMecTp OomuaaH TYI0B-
KOHTPAKT acocujia VKMUIIMHU J1aBOM STTUpPAIUd Ba MasKyp ceMecTp Oyilmua YKyB pexasna
Oenruianrad 6apya (aHIapHU KalTa Y3IalITUPHINKT Xamia 0aX0IaHUIIIN IapT.

baxoaam HaTH/KAJapHUHHA KaiJ KWINII Ba TaXJIWJI 3THII TapTl/Iﬁlfl

27. Ipodeccop-ykutyBurmiap Tanmabanap Y3IalITUPUIIMHE XUCOOTa OJUII AJIEKTPOH
TU3uMU  (DNEeKTpOH Tu3MM)ra xamja kadeapajga cakiaHaJural KaljHomara TaJlaOaHUHT
KB, Ob, Sb 6yiinua 4 Gayuk TH3UMAArd O0aXOCWHU Iy KyHHHHT y3upja (Oaxomamr €3Ma Wi
HIaKIua YTKa3wirad 0yica, yd KyH MyAJaT H4uaa) Kaiia 3Tud 6opaau.

28. Tamaba Ob éxu b man 3, 4 €km 5 06axo oyiraH TakKaupaa, SHHU WKOOWH
0axoJyiaHTaH/1a yHU KaiiTa TOMIIUPUIITA WY KyHUIManIu.

Arap Ttanaba Ob éku SAbHu Tommmpuin BakTHAa KeaMmaraH Oyica, y Xojaa KaiJHoMma
(OnexTpoH TH3UM)HUHT ymOy Tajabara MOC KeIyBYM KaTOpJaru Moc KaTakaa “kenmanu’” ned
é3mnanu.

29. Tanabanunr Ob Ba SIb Hartwxkamapu acocunaru ¢an Oyinua 6axocu DJIEKTPOH
THU3UM OpKaJIl XUCOOIaHAH.

bynna tanaGanuHr cemecTp AaBomuja tonmupuiu oOenrmnanrad Ob Ba Sb napHuHr
xap Oupum Oyiimua onuHran wxoOuit (3, 4, 5) GaxonapHUHT YpTauya apu(METUK MUKAOPU
axauTnaHu® OyTyH conmapaa (Macaman, (5+4+5)/3=4,6 = 5 &xu (5+4+4)/3=43 = 4 neb
OJIMHAAM) Tanabanap Y3JIalITUPUIIN JEKTPOH Iakigaru PERTHHT KaliTHOMacHra Kaia dTuiaau.

SIxautnam apudmeTnka Kougacura MyBopUK COHHUHT YHIM Kacp Kucmu 0,4 Ba yHIaH
kuuuk Oyica, 0 (Hoib) cudatuna; 0,5 Ba yHaaH karra 6yica, 1 (Oup) cudaruga coHHUHT OyTYH
KHCMHUTA KYTIIUIaIH.

30. dakynpTeT AEKaHATHIA CEMECTp SKYHHIa Xap Oup ¢an Oyitmua DIEKTPOH TH3UM
épnamuaa PelTuHTr KaliogHOMacu 4om ATWiagu. PedTHHT KalaHOMacu y4 KUCMIaH uOopat
0yuo:

OMpPHHYHM KHCMHUJA YKyB HWIIM, CEMECTp, TabhJIUM HYHAIUIIM (MyTaxacCHUCIHK), Kypc,
TypyX, (paH HOMH, MalIFyJIOT Typu Ba yYHHU yTkazraH npodeccop-yxkutysun O.JM 1., cemectpna
(anHra axxpaTwirad YKyB COaTu KeJITUPUIIAIH;

WKKAHYM Kucmuaa Ttamabamap @M., pedituar padrapmapu pakamu, Obmap
Ba Sbnan onran Oaxomapu, pedTHHr Oamu Ba ¢(an Oyiinuya 0axocu akc ATTUPHIIAIH.
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Ob éxu/Ba SIbnan KoHMKapcu3 6axoiaHrad €ku Oaxoanuiapaa UIITHPOK 3TMaraH tajadara Moc
KaTakjap/ia yHUHT peUTUHT O0anu Ba (an Oyitnda 6axocu “0” (HOIB) 10 OenruaaHaam;

yuuH4YM Kucmuaa 2, 3, 4, 5 6axo onraiap COHH, Oaxonanuiapia WINITHPOK dTMaraH
Tanabanap COHU aloxXujaa-ajioxujaa KypcaTuiaaud Xamja OaxoialulapHU yTKaszraH mpodeccop-
YKuTyBUMIap, kadenpa myaupu Ba ¢akynprer aexanu O.M.I. xampa yrmapHUHT HM30JapH
XaKuJaru MabJIiyMOTIap Kaul dSTUIAIH.

31. Peiituar kaliagHomacu ¢aH Oyiimua YKyB MalIFyJIOTIapuHH onubd Ooprax
(baxomanuiapau yTKasraH) npodeccop-YKUTyBuUmMiap, kadeapa Myaupud Ba (GakyibTeT JeKaHU
TOMOHHMJIAaH HWM3O0JIaHT@HJaH CYHI, JeKaHaTga CakjlaHaAd Ba Tala0aHUHT CTUICHIMSICH
MUKJIOPUHU aHUKJIAITra acoc XUcoOIaHa Iu.

PeliTuHr KaiilHOMAacH pacMUMIAMITUPUITAH KyH Talla0allapHUHT PEUTHHT nadrapiapu
TYIAUPUIAIN.

32. Peiitunr kaiianomacugaru 2 (KOHMKapcu3) 06axo TanabaHMHT pedTuHr madrapura
Kaig dTHWIMaNIH.

33. Onuiif TabJIUM MyacCaCaCHHMHI YKYB MIIUIapH OYiinda MpOpeKTopu Ba (HaKyabTeT
JeKaHW  OJEKTPOH TH3UM  IopuTwiumu Ba  mwaddodauruHu  TabMUHJAI — Xamza
Y3rapTHPHIMACIIUTH YYyH MachyJl XUCOOIaHA/IH.

34. Tanabanunr ¢an Oyiimua Oup cemectpaard (TUOOMET oONUH  TabIUM
Myaccacaiapuia SsKyHJIaHTaH GaH Oylinda) peHTHHTY KylHrIarnda aHuKJIaHa u:

Ri=VvxO',
5

Oy epna:

V — cemectpaa (aHra axxpaTwiiraH yMyMHid YKYB IOKJIaMacH (coatiap/a);

O' — (an 6¥itnua Y3mamTupyII gapakac (AXIMTIAHMAraH SKyHHH 6axo0).

TanabanapHuHT VKU cUpaTHHE KAECUN TaxXJIWI KWIHII Makcaauaa xap oup dangan
OJIMHTaH PEHTHUHITIApHU KYIIHII acocu/ia Tajgadanap peMTHHIY aHUKJIaHA/IH.

35. Onuit TapaMM Myaccacacu JAeKaHaTH DJIEKTPOH TU3UM OpPKAJIU CEMECTP OXHUpHUAa
YKUTHII HaTYOKadapy Oyinya Kyiuaaru akaieMuk peMTHHITIapHu Xucoonaiau:

amoxuaa (aHIApHU Y3TMAIITHPUII HaTWXKajlapu Oyiinda TamabajlapHUHT TypyX, Kypc
Ba (paKkyabTeT MUKECUIATHU PEUTHHIH;

cemectpaaru Oapya (aHyiapHU Y3IAMTUPHUIN HATHXalapu Oyinya TamabalapHUHT
rypyX, Kypc Ba (pakynbTeT MUKECHIAr PeHTHHIH;

Oup Hewa ceMecTp JaBoMua YTWiraH (aHiaapHU Y3IalITHPUII HaTWXKaiapu Oyinda
TayiabaJapHUHT TYPYX, KypC Ba (paKkyJIbTeT MUKECUAArH PEUTHHTH.

36. YkyB Hunm SKyHHM GyiiMua SHT IOKOpPH PEHTHHI KYpcaTKMuUMra sra OyIiraH
tanabanap “@axynabTeT (KypC)HMHI SHT SXIIM Tanabanapu pyixaTu’’ra KUPUTHIAIU Xamza
(dakynbTeT JE€KaHM TaBCHSCH acocHlia OJMM TabJIMM Myaccacacu peKTopu Oyilpyru OunaH
parGaTiaHTUpULILIApra, XyCcycaH TajJlabaHW TaHJIOBJIApra HMIUTHPOK ATUIIM YYyH HOM3OJUHU
Kypcaruuira acoc 6yiaau.

K¥ypcaTkuunapu roxkopu Oynaran Tanabanap Xakyjard MabIyMOT OJHMH TabJIUM
Myaccacacu ((paxkyabTeTH) YbJIOHIAp TaXTacH Ba caTiapuia EpuTHIIAIN.

37. TapnuMm #HyHanmumu OYiivya YKyB pekacura KUPUTHITaH (xap Oup cemecTp
aKkyHuaard (annap O6yinya (TMOOMET oM TaBIMM Myaccacalapuaa sKyHiIaHran (an Oyitnya)
V3MamTupuI KypcaTKU4JapuHu XucoOra onraH xonaa) (anmapuunr 1/4 kuemu (25%)HuU
kamuaa 4(sxmm) Oaxora Ba KoiraH 3/4 kucmu (75%)HuM Xamaa naBiaT aTTECTAIUSICH
Ba OWTHUPYB MajakaBUil MIUIapU XUMOSCHMHM S5(abjio) Oaxojapra TONIIMpraH Tanabanapra
UMTHUENH TATIIIOM OepurIain.

TanaGara uMTHEIM AMIIOM OenTMialia XaMmja CTUIEHIUS MHUKIOPUHHU Oeirmianiia
VHUHT Xap Oup cemecTp skyHuaard ¢annap Oyiinua aekaHaTiapaa cakjaHa&TraH peuTHHT
KaiiITHOMAaNIapyuary Y3IamTHPUII KYPCaTKUIU XUCOOra OJIMHA/IH.
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38. baxomam HaTwkanapu kadeapa HuFWIMIUIApH, (PAaKyIbTET Ba OJHHA TabIUM
myaccacacu KeHramuiapujga MyHTa3aM paBHIIJa Myxokama 3TUO Oopuiagu Ba TETHIILIN
KapopJap KaOysl KUIHHATH.

39. V3Gekucron  Pecrny6imkack — onmii  TaBIMM ~ Myaccacamapuia  Tajnabaiap
y3mamrupuimuHu 0axonam Tu3uMuHE 100 6ayUIMK TH3MM Ba WIIFOP XOPWXKHH JaBiaTiap OJIUN
TABJIUM TH3UMUAA KYJUTAaHWIAOUraH Oaxojlall TU3UMUTa YHFyHIAmTHUpUIl Maszkyp Huzom
WJIOBAcH A KENTUPWITaH XKaiBajuiapra MyBo(HK aMmara OmupuiIaim.

SkyHuii Kongaaap

40. Ymoby Huzompa Oenrwianran macanaiap Oyiinya KeauO YMKKAH HHU30J1ap KOHYH
XyXOKaTiapyu acocu1a Xaja KUIMHAIK.

41. Ym6y Huzom V36ekucron Pecniyoimmkacu CoFnMKHU cakjiam Ba3upiurd, Kuiox Ba
CYB XYKaJUTW Ba3UpPJIUTd, XalK TabJIUMH Ba3HpJIWUTH, Talmkyu HWmuiap Ba3supiurd, AxXO0poT
TEXHOJIOTHSUIAPY Ba KOMMYHHUKAUUSUIADUHU PUBOXKIIAHTUPUII Ba3UPIUTH, MalaHUAT Ba3UPIIUTH,
JlaBmart ®uCMOHUHN TapOus Ba CIOPT KymMuTacH, JlaBiar coluk KyMutacu, ABTOMOOWITL Hynapu
JaBIAT KyMHUTacH, JlaBiaT apXUTEKTypa Ba KyPHIMII KyMHTAcH, Y30eKHUCTOH bamumuii
akanemuscH, “Y3bexucton Temup itymrapu” AXK Ba HaBowil KOH-METamayprus KOMOMHATH
JlaBnat kopxoHacH OWJIaH KEeTUIINUITaH.
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https://www.gov.uz/uz/organizations/contacts/25

Onuit TabIUM Myaccacanapuja taizabdanap
Y3MamTUPUIIUHE 0axoJiall TH3UMH TYFPUCHAA

HH30MI'a UJI0OBa

1-skanBag

Ypraua 6axonu 4-6a/uuk mkagagan 100 6a/utuk mkagsara yrKasuil KaJaBajim

100- 100- 4- 100-

4-0aIuK 4-0asliINK

0aJLIIUK 0ALIIUK 0aIMK | OAJLIMK

K12 HIKAJIA

HIKAJIa IIKAJIA IIKAJIa HIKaJIa
5,00-4,96 100 4,30-4,26 86 3,60-3,56 72
4,95-4 91 99 4.25-4,21 85 3,55-3,51 71
4,90-4,86 98 4,20-4,16 84 3,50-3,46 70
4,85-4,81 97 4,15-411 83 3,45-3,41 69
4.80-4,76 96 4,10-4,06 82 3,40-3,36 68
4,75-4,71 95 4,05-4,01 81 3,35-3,31 67
4,70-4,66 94 4.00-3,96 80 3,30-3,26 66
4,65-4,61 93 3,95-3,91 79 3,25-3,21 65
4.60-4,56 92 3,90-3,86 78 3,20-3,16 64
4,55-4 51 91 3,85-3,81 77 3,15-3,11 63
4,50-4,46 90 3,80-3,76 76 3,10-3,06 62
4.45-4 41 89 3,75-3,71 75 3,05-3,01 61
4,40-4,36 88 3,70-3,66 74 3,00 60
4,35-431 87 3,65-3 61 73 3.0 nan | 60 nan

KaMm KaMm
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2-3KaaBAJI
Ouamii TapauMaa Tanadagap y3JaalmTUPUIIMHA 0aX0J1all TUSUMIIAPUHA KUECHH
TAKKOCJIAII KaBAJH

Takaud
ITHIAETran Poccust THZHMH Espona xpenut tpancdep Amepuka bpuran
V36eKHCTOR (MITY)* tusumu (ECTS - European TH3UMHU TH3UM
TH3HMH Credit Transfer System) (A-F) (%)
«A+»
«5» «5» «A» NS 70-10(
«A-» 65-69
«B» «B+» 60-64
«“y «y «Co «B» 50-5
«B-»
«Dy» «C+» 45-49
«Cy»
«3» «3» «C-»
«E» «D+» 40-44
«D»
«D-»
@2» @» «EX» «F» 0-39
«F»

313



314



315



