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KIRISH

Mazkur uslubiy qo‘llanma Toshkent davlat texnika universiteti Oliy
matematika fanining o‘quv rejasi asosida tayyorlangan bo‘lib, limitlar
nazariyasi, bir o‘zgaruvchili funksiyaning differensiali haqida to‘la
tushunchalarni o‘z ichiga gamrab oladi, shu bilan bir qatorda
differensialga keladigan ayrim fizik va mexanik masalalar ustida
mukammal to‘xtalib o‘tiladi. Hosilani hisoblash usullari isbotlari bilan
berilgan. Talabalar bilimlarini puxtalash magsadida uslubiy qo‘llanmada

mustagil ish variantlari ham keltirilgan.



FUNKSIYA. LIMITLAR NAZARIYASI
1. Sonli ketma-ketlik va uning limiti.

Matematik analizning asosiy amallaridan biri limitga o‘tish amalidir.
Bu amal analiz kursida turli ko‘rinishlarda uchraydi. Bu bobda
o‘zgaruvchi  migdorninglimiti  tushunchasiga asoslangan  sodda
ko‘rinishlar ko‘riladi.

Agar masala shartida berilgan migdor har xil sonli giymatlarni gabul
qgilsa, bu migdor o‘zgaruvchi migdor deyiladi.

1-ta’rif. Agar har bir ne N natural songa biror gonun yoki qoidaga
ko ‘ra bitta x, haqigiy son mos qo ‘yilgan bo ‘Isa, x,x,.....x,.... sonli ketma-
ketlik berilgan deyiladi va u {x,} kabi belgilanadi.

x, (n=12,...) miqdorlar {x,} ketma-ketlikning hadlari deyiladi.
{x,} va {y,} ketma-ketliklar berilgan bo‘lsa,

X0+ Yo } = 50+ Vo Xo + Yoo

P =Vt = =1 %o = Vo

{Xn 'yn}:{xl'Y1- Xz'y2-~--}v

{X_”}:{ﬁﬁ} (Y, =0, n=12..)
yn yl y2

ketma-ketliklarga mos ravishda {x,} va {y,} ketma-ketliklarning yig’indisi,
ayirmasi, ko‘paytmasi va nisbati deyiladi.

2-ta’rif. Agar am (am) son mavjud bo ‘Isaki, vneN uchun x, <m (x,>m)
tengsizlik o‘rinli bo‘sa, {x,} ketma-ketlik yuqoridan (quyidan)
chegaralangan deyiladi. Aks holda esa, ya’'ni vm (vm) son olinganda ham
dneN son mavjud bo‘lsaki, x,>m (x,<m) bo‘lsa, {x,} ketma-ketlik
yuqoridan (quyidan) chegaralanmagan deyiladi.

3-ta’rif. Agar am >0 son mavjud bo ‘Isaki, vneN uchun |x|<M bo lsa,
ix,} ketma-ketlik chegaralangan deyiladi. Aks holda esa, ya’ni vm >0 son



olinganda ham 3neN son topilsaki |x,|>M bolsa, {x,} chegaralanmagan
ketma-ketlik deyiladi.

4-ta’rif. Berilgan {x,} ketma-ketlik uchun shunday a son topilib, ve>o0
son olinganda ham an, =n,(e,a)eN SON mavjud bo ‘Isaki, n>n, tengsizlikni
ganoatlantiruvchi barcha natural sonlar uchun |x,-a <e tengsizlik o ‘rinli
bo‘lsa, a son {x,} ketma-ketlikning limiti deyiladi va iimx, =a ko ‘rinishda

N—o0

belgilanadi.

Agar 4-ta’rifdagi shartni ganoatlantiruvchi a son mavjud bo‘lmasa,
{x,} ketma-ketlik limitga ega emas deyiladi.

5-ta’rif (4-ta’rifning inkori). Agar wn,en Son olinganda ham
3e>0, In>n, SON topilsaki, |x, —a>¢ bo‘Isa, a son {x,} ketma-ketlikning limiti
emas deyiladi va limx, =a ko ‘rinishda belgilanadi.

6-ta’rif. Agar {x,} ketma-ketlik chekli limitga ega bo ‘Isa, bu ketma-
ketlik yaginlashuvchi deyiladi. Aks holda bu ketma-ketlik uzoglashuvchi
deyiladi.

2. Cheksiz kichik va cheksiz katta ketma-ketliklar
1-ta’rif. Agar {x,} ketma-ketlikning limiti nolga teng (!\Lﬁ;xn -0) bolsa,
(x,} ketma-ketlik cheksiz kichik ketma-ketlik deyiladi.

2-Ta’rif. Agar vm >0 son olinganda ham an, en SON Mavjud bo ‘Isaki,
vn>n, Natural sonlar uchun |x|>M tengsizlik o rinli bo‘lsa, {x,} ketma-
ketlik cheksiz katta ketma-ketlik deyiladi.

Agar {x,} cheksiz katta ketma-ketlik bo‘lsa, limx, =« ko‘rinishda

n—o0o

yoziladi. Agar {x,} cheksiz katta ketma-ketlik bo‘lib, biror nomerdan
boshlab barcha hadlari musbat (manfiy) bo‘lsa, fimx, =+ (limx,=—o)

n—o0

ko‘rinishda yoziladi.

Har ganday cheksiz katta ketma-ketlik chegaralanmagan bo‘ladi, lekin
bu tasdigning teskarisi har doim ham o‘rinli bo‘lavermaydi.

5



1-teorema. Chekli sondagi cheksiz kichik ketma-ketliklar yig indisi
cheksiz kichik ketma-ketlik bo ‘ladi.

2-teorema. Chegaralangan ketma-ketlik bilan cheksiz kichik ketma-
ketlik ko ‘paytmasi cheksiz kichik ketma-ketlik bo ‘ladi.

3-teorema. Agar vneN uchun x =0 bolib, {x,} - cheksiz katta (cheksiz
kichik) ketma-ketlik bolsa, u holda {i} cheksiz kichik (cheksiz katta)

Xn

ketma-ketlik bo ‘ladi.

4-teorema. limx,=a DO‘lishi uchun {o 1={x, -a} ketma-ketlikning

nN—o0

cheksiz kichik ketma-ketlik bo ‘lishi zarur va yetarlidir.
3. Yaginlashuvchi ketma-ketliklarning xossalari

1-teorema. Agar {x,} ketma-ketlik yaqginlashuvchi bo ‘Isa, uning limiti
yagona bo ‘ladi.

2-teorema. Agar {x,} ketma-ketlik yaqginlashuvchi bo‘lsa, u
chegaralangan bo ladi.

3-teorema. Agar {x,} Va {y,} ketma-ketliklar yaginlashuvchi bo ‘Isa, u
holda {x, +v,}, i, -v.} ketma-ketliklar ham yaqinlashuvchi bo ‘ladi va

lim (x, +y,)=lim x, +lim y,,

n—oo nN—oo n—oo

lim (x,, -y, )= lim x, - lim y,

n—o0 nN—0 n—o0

formulalar o ‘rinli bo ‘ladi.

4-teorema. Agar {x,} Va {y,} ketma-ketliklar yaqginlashuvchi bo ‘ib,

vneN uchun y =0 Va limy <0 bolsa, {X_} ketma-ketlik ham

Y
yaginlashuvchi bo ‘ladi va

lim x,
lim - =22



formula o ‘rinli bo ‘ladi.

5-teorema. Agar limx, -a bo ‘lib, biror nomerdan boshlab x, >c (x, <c)

bo ‘Isa, u holda azc (a<c) bo ladi.

6-teorema. («lkki mirshab haqidagi teoreman»). Agar lim x, =a,
limy,=a Do lib, biror nomerdan boshlab x, <z <y, tengsizlik o ‘rinli

n—oo

bo ‘Isa, u holda 1imz, =a bo ‘ladi.

n—oo

Agar limx, =0, limy, =0 bo‘lsa, lim*> ga g ko‘rinishdagi anigmaslik

nN—oo n—oo yn
deyiladi. 2 0-0, o—oo Va boshga ko‘rinishdagi anigmasliklar ham shu
kabi ta’riflanadi.

Monoton ketma-ketliklar va ularning limiti

1-Ta’rif. Agar {x,} ketma-ketlikning hadlari wvnen uchun x, <x,.,

(x, >x,.,) tengsizlikni ganoatlantirsa {x,} o‘suvchi (kamayuvchi) ketma-
ketlik deyiladi.

2-Ta’rif. O‘suvchi va kamayuvchi ketma-ketliklar monoton ketma-
ketliklar deb ataladi.

1-teorema. Agar {x,} ketma-ketlik o‘suvchi bolib, yugoridan
chegaralangan bo ‘Isa, u holda u yaginlashuvchi bo ‘ladi.

2-teorema. Agar {x,} ketma-ketlik kamayuvchi bolib, quyidan
chegaralangan bo ‘Isa, u holda u yaginlashuvchi bo ‘ladi.

Fundamental ketma-ketliklar

1-ta’rif. Agar ve>0 son olinganda ham an,=n,(c)en SON Mavjud
bo ‘Isaki, vn>n, Va peN sonlar uchun <¢ tengsizlik bajarilsa, {x,}

Xn+p — X

fundamental ketma-ketlik deyiladi.



2-ta’rif. (1-ta rifning inkori). vn, N son olinganda ham shunday n>n,
, peN, ¢>0 sonlar mavjud bo lib, >¢ tengsizlik o ‘rinli bo ‘Isa, .}

Xy

Xn+p -

ketma-ketlik fundamental emas deyilali.

Teorema (Koshi). Ketma-ketlikning yaginlashuvchi bo ‘lishi uchun
uning fundamental bo ‘lishi zarur va yetarlidir.

Qismiy ketma-ketliklar. Ketma-Kketlikning yuqgori va quyi limitlari

{x,} ketma-ketlik berilgan bo‘lib, «, k,.....k,.... (k, =n) o‘suvchi natural
sonlar ketma-ketligi bo‘lsin. {x,} ketma-ketlikning «,k,.....k,.... nomerli
hadlaridan x,,x.....x ... Ketma-ketlikni tuzamiz. Hosil bo‘lgan ix, | sonli

ketma-ketlik {x,} ketma-ketlikning gismiy ketma-ketligi deb ataladi.

1-teorema. Agar limx, =a bo ‘Isa, u holda uning har ganday gismiy

ketma-ketligining limiti ham a ga teng bo ‘ladi.

2-teorema. (Bolsano-Veyershtrass). Agar {x,} ketma-ketlik
chegaralangan bo‘lsa, u holda bu ketma-ketlikdan yaqinlashuvchi
bo ‘Igan qismiy ketma-ketlik ajratish mumkin.

1-ta’rif. {x,} ketma-ketlikning gismiy ketma-ketligi limiti {x,} ketma-
ketlikning qismiy limiti deb ataladi.

2-ta’rif. Yugoridan (quyidan) chegaralangan ketma-ketlik qgismiy
limitlarining eng Kkattasi (eng kichigi) berilgan ketma-ketlikning yuqori
(quyi) limiti deyiladi va iimx, (n_mxnj ko ‘rinishda belgilanadi.

n—oo

3-teorema. limx, =a Do lishi uchun limx, =limx,=a bo ‘lishi zarur va

n—o0 N—>o0 oo

yetarli.
4. Funksiya tushunchasi. Funksiya limiti

Bizga biror x <r to‘plam berilgan bo‘lib, x o‘zgaruvchi migdor x
to‘plamdan olingan bo‘lsin. Agar har bir xex songa biror gonun yoki
goidaga ko‘ra bitta y son mos go‘yilsa, u holda x to‘plamda funksiya
aniglangan deyiladi va y=1t(x) kabi belgilanadi, x o‘zgaruvchiga erkli
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o‘zgaruvchi (yoki funksiyaning argumenti), x to‘plam f(x) funksiyaning
aniglanish sohasi, x soniga mos keluvchi y soniga esa funksiyaning x
nuqtadagi xususiy giymati deb ataladi. f(x) funksiyaning barcha xususiy
giymatlar to‘plami v ga ¢(x) funksiyaning giymatlar to‘plami (yoki
o‘zgarish sohasi) deyiladi. Shunday qilib,

Y={yeR: y=f(x) xe X}

Agar a (aeXem agx ) nuqtaning ixtiyoriy atrofida x to‘plamning a
dan farqli kamida bitta nuqtasi bo‘lsa, u holda « nuqta x to‘plamning
limit nuqtasi deyiladi.

Bundan keyin butun paragraf davomida x-(x) funksiyaning
aniglanish sohasi, a nuqta x to‘plamning limit nuqtasi deb tushuniladi.

1-ta’rif. (Koshi). Agar ve>0 uchun 3s=s(a)>0 fopilsaki, 0<|x-a|<3s
tengsizlikni ganoatlantiruvchi vxe x uchun |f(x)-bl<e tengsizlik bajarilsa,
u holda b soni 1(x) funksiyaning a nuqtadagi limiti deyiladi va 1im f(x)=b
kabi belgilanadi.

2-ta’rif. (Geyne). Agar x to‘plamning nuqgtalaridan tuzilgan, a ga
intiluvchi vix,} (x,=a n=12.) ketma-ketlik uchun {i(x,)} ketma-ketlik
hamma vaqt yagona b soniga intilsa, shu b soni (x) funksiyaning a
nuqtadagi limiti deb ataladi.

Keltirilgan ta’riflardan ko‘rinib turibdiki, funksiyaning « nuqtadagi
limiti mavjud bo‘lishi uchun funksiya « nuqtada aniglangan bo‘lishi,
ya’ni aex bo‘lishi, mutlaqo shart emas (a nuqtaning x to‘plam uchun
limit nuqta bo‘lishi yetarli, ya’ni, umuman olganda, ae¢ x).

Endi 1-va 2-ta’riflarga teskari ta’riflarni keltiramiz.

1-ta’rifning inkori. Agar 3:>0 topilsaki, vs>0 uchun 0<|x-a|<3
tengsizlikni ganoatlantiruvchi 3xex mavjud bo ‘lib, |f(x)-b>¢ tengsizlik
bajarilsa, b soni f(x) funksiyaning a nugqtadagi limiti emas deyiladi

me(x)ib).



2-ta’rifning  inkori.  Agar a nugtaga intiluvchi = 3,
(x, e X, x, #a, n=1,2,...) ketma-ketlik topilsaki, unga mos {1(x,), ketma-ketlik
b ga intilmasa, u holda v son £(x) funksiyaning a nugqtadagi limiti emas
deyiladi.

1-teorema. Funksiya limitining 1- va 2-ta riflari ekvivalentdir.

Biz 1-teoremadan quyidagi xulosani chigaramiz: funksiyaning limitini
hisoblayotganda gaysi ta’rif bo‘yicha hisoblash oson va qulay bo‘lsa, shu
ta’rifdan foydalanish kerak.

Ba’zi bir hollarda f(x) funksiyaning a nuqgtadagi limiti mavjud
bo‘lmaydi. Ana shunday hollarda funksiyaning nugtadagi bir tomonli
(o‘ng va chap) limitlari to‘g’risida gap yuritiladi.

3-ta’rif (Koshi). ve>o uchun 35=s(ae)>0 topilsaki, a<x<a+s
(a—s<x<a) tengsizlikni ganoatlantiruvchi vxe x uchun |f(x)-b|<e tengsizlik
bajarilsa, b son t(x) funksiyaning a nuqtadagi o‘ng (chap) limiti deb
ataladi va

lim f(x)=f(a+0)=b |lim f(x)=f(a-0)=b)

x—a+0 —a-0

kabi belgilanadi.

4-ta’rif (Geyne). a nuqtaga intiluvchi vix,}, x, ex, x, >a (x, <a) ketma-
ketlik olinganda ham unga mos {f(x,) ketma-ketlik b soniga intilsa, b soni
f(x) funksiyaning a nuqtadagi o ‘ng (chap) limiti deyiladi.

2-teorema. limf(x)=b bo‘lishi uchun f@+0)=f(@a-0)=b tenglikning

X—a

bajarilishi zarur va yetarli.

Endi funksiyaning x—+w dagi limiti ta’rifini beramiz. ¢(x) funksiya
(c+0) Cheksiz oraliqda aniglangan bo ‘Isin.

5-ta’rif. (Koshi). ve>0 uchun 3a>0 (a>c) topilsaki, wx>A uchun
|f(x)-b<e tengsizlik bajarilsa, b son f(x) funksiyaning x—+» dagi limiti
deyiladi va lim f(x)=b kabi belgilanadi.
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6-ta’rif. (Geyne). +« ga intiluvchi vix,} (x,>c) ketma-ketlik uchun
unga mos {f(x,)} ketma-ketlik b soniga intilsa, b soni f(x) funksiyaning
x—+o dagi limiti deb ataladi.

3-va 4-ta’riflar hamda 5- va 6-ta’riflar bir-biriga ekvivalent. 1im f(x)=b

X—>—0

ning ta’rifi ham yuqoridagiga o‘xshash aniglanadi. Agar 1im f(x)=

X—>+00

lim f(x)=b bo‘lsa, u holda 1im f(x)=b deb yoziladi.

7-ta’rif. Agar limf(x)=x (limf(x)=0) bolsa, (x) funksiya a nuqtada
cheksiz katta (cheksiz kichik) funksiya deyiladi.

Cheksiz katta va cheksiz kichik funksiyalar ham cheksiz katta va
cheksiz kichik ketma-ketliklar uchun 2°-punktda keltirilgan xossalarga
ega.

5. Limitga ega bo‘lgan funksiyalarning xossalari.
Birinchi va ikkinchi ajoyib limitlar

1-ta’rif. Ushbu U,(a)={x<R: 0<|x-d <5} to ‘plam a nugtaning o‘yilgan s
atrofi deb ataladi.

1-teorema. f(x) Va g(x) funksiyalar a nuqgtaning biror o ‘yilgan
atrofida aniglangan bo ‘lib, lim f (x)=b Va limg(x)=c bo‘Isin. U holda

1) lim[f(a)+ g(x)]=lim f(x)+lim g(x)=b *c,

2) lim{1(@)- gl=m (:)-im g(x)=b-c
£(x) lim f(x)

3 c#0 bo Isa, lim =x2a =— bo ladi.
) agar c=0 bo ‘Isa I 500~ fim g0 ¢ o ‘ladi

2-teorema. («Ikki mirshab haqidagi teorema»). Agar t(x) g(x) va
h(x) funksiyalar a nugtaning biror o ‘yilgan atrofida aniglangan bo ‘lib,

shu atrofda t(x)<g(x)<h(x) tengsizlikni ganoatlantirsa va lim f (x)=limh(x)=b

tenglik bajarilsa, u holda limg(x)=b bo ‘ladi.
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Funksiya limitini hisoblashda quyidagi ajoyib limitlar katta
ahamiyatga ega.
Birinchi ajoyib limit:
sinx o o
Teorema. . funksiyaning x=0 nugqtadagi limit giymati mavjud
bo‘lib, u birga teng

. Sinx
lim——=1

x—=>0 X

Isboti. Agar O0<x<a/2 uchun O<sinx<x<tgx tengsizlikning
o‘rinliligidan, tengsizlikni hadma had sinx ga bo‘lib
X 1 sinx

1<——< yoki cosx<——<1
SINX cosx X

Oxirgi tengsizliklar x ning -4/12<x<0 shartini ganoatlantiruvchi
giymatlari uchun ham o‘rinlidir. Bunga ishonch hosil gilish uchun

sinx  sin(—x)
cos(x)=cos(-x) va = (=) ekanini ko‘zda tutish yetarli. cosx

X
uzluksiz funksiya bo‘lgani uchun limcosx =1 ho‘ladi. Shunday gilib

sinx

cosx, 1 va funksiyalar uchun x=0 nuqgtaning biror ¢ atrofida bir xil
limit giymatiga ega bo‘ladi.
Demak, bunda

. sinx ..
Iim—— =limcosx =1
x—0 X x—0

Teorema isbotlandi.
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Ikkinchi ajoyib limit:

1
Quyidagi o‘zgaruvchi migdorni ko‘ramiz. (1+;)” bunda n o‘suvchi

o‘zgaruvchi migdor van=1, 2, 3...

1
Teorema. O‘zgaruvchi migdor (1+;)" n—co intilganda limit
giymati mavjud bo‘lib u 2 va 3 son orasida yotadi.

Isbot. Nyuton binomi formulasidan quyidagilarni yozish mumkin.

(1o df c1n0 2 00D (1T n0-B0-2) (1,
1n 1.2 n 1.2-3 n

L N=(n-2)..[n—(n ~DT (1]
1-2-..,n n

(1)

(1) ifodada algebraik almashtirishlardan so‘ng

2
1+1 =1+l+i l—1 + L 1—E 1—E + ...
n 1.2 n) 1.2-3 n n

'"+1-21-...n (1_% (1_3 1_nT_1) @)

1 n
Oxirgi tenglik n ning o‘sib borishi o‘zgaruvchi migdor (Hﬁ) ni osib

borishini ko‘rsatadi. Haqgigatan, agar n ni n+l1 ga almashtirsak
1 1 1 1

—1-=|<—=]1-

1.2( n) 1.2( n+1) vah.x.

Bundan (1+ﬁ) ni chegaralanganligini ko‘rsatamiz. Agar shuni

¢’tiborga olsak (1—%j<1; (L%j (1—%j<1 va hk. (2) ifodadan yozish

1 1 1
+ +...
1.2 1.2.3 1.2-3..n

mumkin (l+£) <1+1+
n
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Bundan

1 1. 1 1 1 1
2’

T 0.2 <53 < ontr
1.2.3 2 1.-2-3-4 2 1.2.3.n 2

Shu tengsizlikni yozish mumkin

1
2n—l

(1+1) <1+1+1+i2+....+
n 2 2

va o‘ng tarafdagi ifoda geometrik progressiyani tashkil giladi va q=1/2
a=1 progressiyaning birinchi hadidan iborat.

Shuning uchun

(1+Ej <1+[1+£+i2+....+ 1_1}:1+a—aq =
n 2 2 2" 1-q

endi hamma n lar uchun

hosil gilamiz.

1 n
Yugoridagi (2) dan (1+ ﬁj 22

shunday qilib quyidagi tengsizlikka ega bo‘lamiz

2£(1+ljn <3 (3)

n
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1 n
Demak, (3) o‘zgaruvchi miqdor (1+Hj ning chegaralanganligini

ko‘rsatadi.

. 1Y .
Agar o‘zgaruvchi miqgdor (1+ ﬁ) - o‘suvchi va chegaralangan bo‘lsa

bu migdor limit giymatiga ega bo‘ladi va bu limitni e deb belgilaymiz. (3)
tengsizlikni shunday yozish mumkin: 2<e<3

Bu esa teoremaning isbotini beradi.
Bunda e irratsional son va uning giymati

e=2.7182818284... ga teng

1 X
Teorema. f(x)=(1+;) funksiyaning x—oo da limit giymati
mavjud va u e soniga teng.
: 1Y
lim{1+=| =
{11 =¢ @
Isboti 1. Aytaylik x—+o0, va quyidagi shu tengsizlik o‘rinli bo‘lsa,
n<x<n+1
Yozish mumkin 121>i.
n x n+l1

1+1 21+1 >1+i
n X n+1

n+1 X n
(1+1) >(1+1j >(1+—1 j
n X n+1

Agar x—o da n—oo intiladi. Endi quyidagi limitlarni topamiz:

n+l n
lim (1+ 1) = lim (1+ E) (1+ Ej =
N—-+co n n—+o0 n n
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lim (1+ 1) - lim [1+ EJ =e-1=
N—>+o0 n N—+o0 n

n+1 n+l
n 1+i lim 1+i
. 1 i n+1 N—>-+o0 n+1 e
lim1+—— | = lim — _<_
n+

1 1y 1 °
1+ lim (1+]
n+1 N—>+o0 n+1
Demak shularga asosan,
lim 1+1 X =e 5
X—>+00 X ( )

2. Aytaylik, endi x—-o00. Agar yangi o‘zgaruvchi t=-(x+1) olsak yoki
Xx=-(t+1) desak, t—>+co da x—-c0 bo‘ladi.

Yozish mumkKin:

X -t-1 -t-1 t+1
im1+2] —tim(1-—2] —iim{ L] —nm[ YL} -
X—>—00 X t—+00 t+1 to+oo\ {41 t—>+oo|  {
t+1 t
Iim(1+}) = Iim(1+}) -(1+}j:e.1:e
t—o0 t t—o0 t t

Oxirgi ifoda teoremani isbotini beradi.

Agar (5) da 1/x=a bo‘lsa x—o0 da a—0 (a£0) va shuni hosil gilamiz

lim(l+a)"* =e

a—0
Funksiya limiti uchun Koshi teoremasi

f(x) funksiya x to‘plamda berilgan bo‘lib, a nugta x to‘plamning
limit nuqtasi bo‘lsin.

Ta’rif. Agar ve>0 uchun 3s>o0 topilsaki, argument x ning 0<|x-g <3,
0<[x-al<3 tengsizlikni ganoatlantiruvchi wvx,x' (xex,x'ex) giymatlarida
f(x")- f(x)<e tengsizlik o‘rinli bo‘lsa, f(x) funksiya uchun a nugtada

Koshi sharti bajariladi deyiladi.
16



Ta’rifning inkori. Agar 3s>0 son topilsaki, vs>0 son uchun,
O<[x—a|<3, 0<|x-a<3 tengsizlikni ganoatlantiruvchi vx,x'ex lar mavjud

bo‘lib, |f(x")-f(x)>¢ tengsizlik bajarilsa, f(x) funksiya uchun a nuqtada
Koshi sharti bajarilmaydi deyiladi.

Teorema. (Koshi). f(x funksiya a nugtada chekli limitga ega bo ‘lishi
uchun bu funksiyaning a nuqtada Koshi shartini bajarishi zarur va
yetarlidir.

6. Funksiyaning uzluksizligi va uzilishi
f(x) funksiya a nugtaning biror to‘lig atrofida aniglangan bo‘lsin.
1-ta’rif. Agar
lim f(x)=f(a)

X—a

bo ‘Isa, t(x) funksiya a nuqtada uzluksiz deyiladi.

Funksiya uzluksizligi ta’rifini Koshi va Geyne ta’riflari yordamida
ham berish mumkin. Biz ularga to‘xtalib o‘tirmaymiz.

Endi f(x) funksiya a nugtaning biror o‘ng (chap) yarim atrofida, ya’ni
[a,a+38) (MOS ravishda, (a-s,a]) Yyarim intervalda aniglangan bo‘lsin.

2-ta’rif. Agar
lim f(x)="f(a) [ lim f(x)=f(a)

x—a+0 —a-0

bo ‘Isa, t(x) funksiya a nuqtada o‘ngdan (chapdan) uzluksiz deyiladi.

Teorema. f(x) funksiyaning a nugtada uzluksiz bo ‘lishi uchun uning
shu nugtada o ‘ngdan va chapdan uzluksiz bo ‘lishi zarur va yetarlidir.

Faraz qgilaylik, f(x) funksiya a nugtada uzluksiz bo‘lsin. U holda
lim ()= f(a) bo‘ladi. = lim [f(x)- f(a)]=0. Agar ax=x-a - argument
orttirmasi va ay=af(a)=f(x)- f(a) - funksiyaning a nuqtadagi orttirmasi
belgilashlarini  Kiritsak, x=a+Ax Va ay=af(a)=f(a+ax)-f(a) bo‘ladi.

Natijada, biz
17



lim [f(x)- f(a)]= Iimo[f (a+Ax)— f(a)]= lim Ay=0

x—a—0 AX—> Ax—0
ekanligini hosil gilamiz. Shunday qilib,

lim Ay=0

AX—0

tenglik bajarilsa, f(x) funksiya a nuqtada uzluksiz bo‘ladi.

3-ta’rif. (x) funksiya (c,d) intervalning har bir nugtasida uzluksiz
bo ‘Isa, funksiya (c.d) intervalda uzluksiz deyiladi.

f(x) funksiya (c,d) da uzluksiz bo‘lib, s nuqtada o‘ngdan, d nuqtada
chapdan uzluksiz bo‘lsa, unda u [c,d] kesmada uzluksiz deyiladi.

x to‘plamda uzluksiz funksiyalar sinfi c(x) kabi belgilanadi.
4-ta’rif. Agar
lim f(x)=b= f(a) (1-hol)

X—a

lim f(x)-2 (2-hol)

X—a

lim  (x)=oo (3-hol)

X—a

bo ‘Isa, unda +(x) funksiya a nugteda uzilishga ega deyiladi.

Funksiyaning a nugtada uzilishga ega bo‘ladigan hollarini alohida-
alohida ko‘rib chigaylik.

a) limf(x)=b= f(a) bo‘lsin.

X—a

Bu holda lim f(x)=f(@a+0) Vva lim f(x)="f(a-0) lar mavjud bo‘lib,

f(a+0)=f(a—-0)=f(a) bo‘ladi. Bunday nuqgta bartaraf qilish mumkin
bo‘lgan uzilish nuqtasi deb ataladi.

Misollar.

2 1
1 f(X _JX ,agar X # 0 bo'sa,
1,agar x=0 bo'lsa

18



funksiya uchun x=o0 nugta bartaraf gilish mumkin bo‘lgan uzilish nuqtasi
bo‘ladi, chunki

lim f(x)=lim f(x)=0 va f(0)=1

x—a+0 Xx——0

Agar f(0)=0 deb qgabul gilsak, funksiya uzluksiz bo‘lib goladi.

5 f(x): 1—XSin%,agarX¢0 bo'lsa,

2,agar x=0 bo'lsa

funksiya uchun ham x=o0 nuqta bartaraf gilish mumkin bo‘lgan uzilish
nuqtasi bo‘ladi, chunki

lim f(x)=lim f(x)=1va f(0)=2.

x—a+0 Xx——0

b) lim f(x)-2 bo‘lsin.

x—a+0

Bunda quyidagi uchta hol bo‘lishi mumkin.

1) lim f(x)=f(a-0) va lim f(x)=f(a+0) lar 3 va f(a-0)=f(a+0).

x—a—-0 X—>a+

Funksiyaning bunday nuqtadagi uzilishi birinchi tur uzilish va
f(a+0)- f(a—0) ayirmaga funksiyaning a nuqtadagi sakrashi deyiladi.

Masalan,
—»agar x=0 bo'lsa,

f0)=1142x
0,agar x=0 bo'lsa

funksiya uchun x=0 nuqta 1-tur uzilish nuqtasi bo‘ladi va funksiyaning
bu nuqtadagi sakrashi 1 ga teng:

[f(a+0)- f(a—0)=|f(+0)- f(-0)=/0-1=1

2)x—a da f(x) funksiyaning o‘ng va chap limitlaridan hech
bo‘lmaganda biri 2. Funksiyaning a nuqtadagi bunday uzilishi ikkinchi
tur uzilish deyiladi.
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Misollar.

1. ()= sin%,agarx>0 bo'lsa,
- X,agar x<0 bo'lsa

funksiya x=0 nuqtada ikkinchi tur uzilishga ega, chunki

lim f(x)= lim (-x)=0= f(0), lekin lim f(x )_Iimsinl—ﬂ.

x—-0 X——0 X—+0 x—0 X

2. D(x)= 0,agar x —irratsional bo'lsa,
' " |1,agar x —ratsional bo'lsa

funksiya vaeR nuqtada ikkinchi tur uzilishga ega, chunki x —a da D(x)
funksiyaning o‘ng limiti ham, chap limiti ham 3.

3. x—a da f(x) funksiyaning o‘ng va chap limitlaridan biri cheksiz

yoki o‘ng va chap limitlar turli ishorali cheksiz. Funksiyaning a
nuqtadagi bunday uzilishi ham ikkinchi tur uzilish deyiladi.

V) iiinaf(x):oo bo‘lsa, f(x) funksiya x=a nugtada ikkinchi tur
uzilishga ega deyiladi.
7. Uzluksiz funksiyalarning xossalari
1-teorema. Agar f(x) va o(x) funksiyalar X cR to‘plamda

aniglangan bo ‘lib, ularning har biri ae X nuqtada uzluksiz bo‘lsa, u

holda

1) f(x)£g(x)

2)  f(x)-g(x)
f(x)

3) f(x) (Wxe X uchun g(x)=0)

9(x

funksiyalar ham shu nugtada uzluksiz bo ‘ladi.

\_/

Izoh: 1-teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masalan, f(x)=x va
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Sinl,ara X#0 Oynca,
g(x)=1"" x

0,arap Xx=0 Oynca
funksiyalar ko‘paytmasi f(x)-g(x)=x-sin 1 funksiya R da uzluksiz, lekin
X
g(x) funksiya x =0 nugtada uzilishga ega.

Aytaylik, y=f(x) funksiya X to‘plamda, z=¢(y) funksiya esa
Y={y="f(x):xe X} to‘plamda aniglangan bo‘lib, ular yordamida x
to‘plamda aniqlangan z = ¢[ f (x)] murakkab funksiya tuzilgan bo‘Isin.

2-teorema. Agar y=f(x) funksiya ae X nugtada, z=¢(y) funksiya
esa, unga mos Yy, = t(a) nuqtada uzluksiz bo lsa, z=¢|f(x)] murakkab
funksiya a nugtada uzluksiz bo ‘ladi.

Bu teorema limit hisoblashda juda muhim rol o‘ynaydi va uning
yordamida 1-§ ning 9° —punktidagi muhim limitlar keltirib chiqariladi.

3-teorema. Agar lim f(x)=b (b>0) wva Ilimg(x)=c boIsa,
lim[f (x)]°™ =c bo ‘ladi.
[f(x)]°™ ko‘rinishdagi funksiyaga darajali - ko‘rsatkichli funksiya deb
ataladi.
Funksiyaning tekis uzluksizligi

Biror y = f(x) funksiya X to‘plamda berilgan bo‘Isin.

Ta’rif. Agar Ve>0 son uchun 36=5(¢)>0 son topilsaki, x
to ‘plamning |x"'—x| < & tengsizlikni ganoatlantiruvchi vx' va x' (x',x"e X)
nugtalarida |f(x")- f(x)<e tengsizlik bajarilsa, f(x) funksiya x
to ‘plamda tekis uzluksiz deb ataladi.

Ta’rifning inkori. 3&>0 son topilsaki, v&>0 son olinganda ham
x"—x]<& tengsizlikni ganoatlantiruvchi shunday wvx'x'eX nuqtalar
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mavjud bo‘lib |f(x")- f(x)>¢ tengsizlik bajarilsa, f(x) funksiya X
to‘plamda tekis uzluksiz emas deyiladi.

Kantor teoremasi. Agar f(x) funksiya [a,b] kesmada aniglangan va
uzluksiz bo ‘Isa, u shu kesmada tekis uzluksiz bo ‘ladi.

8. Namunaviy misollar

1-misol. limx, =a ekanligi ta’rif yordamida ko‘rsatilsin(n,(s)-?) .

n—o0o

X = ,a=2

<a(limx, =a) < (Ve>03n,=ny(e)eN :vn>n, |x,—a|<¢) .

2n*-2n*+6
n®-3

2n®

6
—2|=
n®-3 ‘

- 3 -

|x, —a| =

6 6 6

B (n—33)(n? +33n+33?) ) n2+i‘/§n+§/§<€/§n <

6 6 [6}
<—<g=2N>—=n=|—
n e &

6

Demak, ve>0son olinganda ham n, = max{z,{
&

}} deb olsak, vn>n, uchun

x,—a|<e bo‘ladi. =limx, =a>

nN—o0

- - - - - 2 f—
2-misol. Limitni hisoblang: tim>"_*21=>
e 4n° —N+6

3n> 2n 5 L2
. 2 _ 2t T 2 .
Yechish: fim2" 200 _jjy 0 n® 0 _jjp_ 0 ont _3
"= 4n*-n+6 ™=4n®* n 6 e, 1 6 4

2 2

3-misol. Limitni hisoblang: lim
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Yechish: "mLZ—l:(Qj: lim (\/1+ x° —1X\/1+ X2 +1): Iim( (14;x2 )2 —5 _
0 xW1+x? +

x>0 X 0) x0 x(m +1)
Cim A i X im0
x>0 x(\/1+ G +1) x>0 x(\/1+ X2 +1) x>0 (\/1+ X2 +1) 2

- U C o X Hx=2
4-misol. Limitni hisoblang: 1im—~— :
-1 X7 — X" —=Xx+1
. 3 _ 3 1 3 _
Yechish: Iim%:(gjzlim LS o R e Vo S
o1 x®ox?—x+1 (0) =1x*—x?—x+1 1 x3(x-1)—(x-1)
2 2 2
i (x-1)(x +x+l)+(x—1)_"m (x—1)x +x+2)_|. X +x+2 4
xL (x2 -1)x-1) ol (x=1F(x+1) =t (x-1)x+1) 0

- - - . . 3 2
5-misol. Limitni hisoblang: m%ﬁﬁX
Xx—>-2  X°—X—

2 0) 2 x>-x-6

s e o X3H3x%2+2x (0 ) x(x2+3x+2)
Yechish: an—i—____=(_)=|m________=
x>2 X —X-6

x(x+1)(x+2)_|. X(x+1) _ 2

el (x=3\x+2) *>2 x-3 5

sin 3x
vt

6-misol. Limitni hisoblang: lim

Yechish: Birinchi ajoyib limit formulasidan foydalanamiz.

. Sin3x . sin3x
lim =lim
x—0 X x—0 3X

-3=1-3=3

7-misol. Limitni hisoblang: fim*= 2.
X—> X
_ 1— cos x 2sin? X sin > 2 11
Yechish: lim=—2% = lim——2 = 2lim| —2 | -===
x—0 X x—0 X x—0 4 2

X
2
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8-misol. Limitni hisoblang: iim .
2y
2
1 si Z _x= 1—sm(2—tj
Yechish: 1im ==X _|2 “lim 2=
X_)z(ﬂ-_x) X==-t,x—>=t—>0 t
2
t 2
2sin® sin—
~lim 1780t _ 2 _olm| —2 | .1opp 11
t—0 t t—0 t t—0 4 2

9-misol. Limitni hisoblang: |im[_i_ij
-0 sinx  tgx

Yechish: |im(i-i]:(oo_oo):|im 1 =|im(i_%j:

x-0{ sinx  tgx x>0 sinx  SiNX | x->0\sinx sinx
COS X
., X . . X
2sin* = sin=  _»

. 1-cosx .. . X 1 1. 1
=lim=— =lim— 2 _2lim 22— =—limx==-0=0

x-0  §in X x-0  §in X x>0 "y 4 SInX X 2 x>0 2

2 X

. 3\’
10-misol. }gg(“;) limitni hisoblang.

Yechish. Quyidagi almashtirishlarni bajaramiz va (5) da yozamiz:

Xq i Pr xT
3 3 3

Iim(1+§) =lim 1+i =lim 1+l = lim l+1 =g
X—»00 X X—>00 X—>00 5 X—>00 X
3 3

=\ 1+ X

11-misol. Limitni hisoblang: |im[ijx.
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Yechish: nm(ij _jim| 2 L

x—o\ 1+ X

X—>0 1+ X

— |im(l+xj Iim(1+ 1]
X X—00 X X—00

12-misol. Limitni hisoblang: Iim(l+1jx.

X—>00

X

X+1 X+1
i 1\ x 1\ e L g Iim(£+i
Yechish: |im[1+—j =Iim(1+—j —lime*x =g x

X—>00 X X—o0

X—>0
=€
X X—>00

X—>0

X—2

13-misol. Limitni hisoblang: Iim(x+1j2“.

2x-1
Yechish: Iim(X—Hj
X—>00' X —_ 2

X — X—2
3 1 3(2x-1) i 32X1) JTL:
Iim[1+—2j = lim 1+X 5 =lime *2 =g~* x2 —¢g x =gb
X—>00 X — X—>00 — X—»0
3
. I . In X)—1In
14-misol. Limitni hisoblang: hngM.
X—> X
(a+x)
. . In(a+x)—Ina . In a .1 (a+Xx)
Yechish: lim—="2 "% —|lim—2 =lim=In =
Xx—0 X x—0 X anX a
1 a1 .
=1lim In[ljtljX =lim In(lJrfjX *Zlnes =1Ine=1.
x—0 a x—0 a a a

15-misol. y-=t(x) funksiya x=x, hugtada uzluksiz ekanligi ta’rif
yordamida ishotlansin (s() topilsin).

f(x)=—2x* —4, x,=3
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< f(x) funksiyani x,=3 nugtaning biror atrofida, masalan, (2; 4)
intervalda garaymiz. ve>0 son olamiz va |f(x)- f(x,)]=|f(x)- f(3) ayirmani
baholaymiz:

[£(0)- F@)=[-2x* —4—(-22) =|-2x* +1§=2x* -9 =
=2x+3[x-3 <14-|x-3.
Bu tenglikdan ko‘rinib turibdiki, agar Szi deb olsak, [x-3<3

tengsizlikni ganoatlantiruvchi vxe(2; 4) uchun |f(x)- f(3)<14x—3|<146=14ﬁ=s

bo‘ladi. = f(x)=-2x*-4 funksiya x, =3 nuqtada uzluksiz. >

9. Mustaqil yechish uchun vazifalar

limx, =a (n,(¢)—ko‘rsating) isbotlang.

1. xn:3n_2, a=§; 11. x = én ,a=2
2n-1 2 3n+1
2. x =47l .o 12, x =203 o
2n+1 2n+1
3. xn:8n+3, a=2 13. x, = ntl oL
4n-1 1-2n 2
4y 103 1. 14, -85 L1
2n+1 2 10n+7 2
2n-5 2 4-n?
5. X = , A=—, — —_1
v 3 15. x, 3 @ 1
6. Xn:5n_4, a:5, 16. Xn: n , a:l,
n+1 5n-1 5
2
Xn:3+—4nz) -2 17. Xn=15n+41 _ 3
3—-2n 3-5n
5n+6 5 -3n?
X,=o——, a==; 18. x, =20 53,
3n-4 3 " 5n’+3 5
_8-n* _ 1 1+3n? 3
o 272 19 % =5 27
3 p—
10. xn:n3—+3, :l; 20. xn:3n 8, a=§;
2n° -4 2 4+2n 2
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a) Sonli ketma-ketlikning limitini toping.

1 Iim3n2—2n+4
" now 24n+6n°
2 Iim4n3+3n2—1
" noe 5?4442
3. lim (3-n)*+(3+n)?
> (3+n)? —(3—n)*
4. lim(+2°~(-2)°
- (n+2)* +(n—-2)*

5 Iim(n+1)!+n!
Coe (n+2)!
6. lim—(n+b!

> (N+2) - (n+1)!
7. lim (3+n)*—(2-n)*
' M(g n)*+@+n)*’

8 Iirn(n+1) —(n+1)?
C o (n=1)* —(n+1)°

9 Iim(6—5n)2+(6+5n)2

e (n+3)2 —(1-n)?

10. |im 3+20)° 8"
- (2+3n)° +4n°

11. lim— G+’

> (N + 2)°

12 (n+1) +(n-1)°

—(n+1)°

—(n+3)°

n% (4 + n)

er n®+3n° +4

14 m(n+5) +4(n 5)

n»w (n+3)°
15 lim (2n+1) +(2n 1)

n—o (3n+2)?

16.

(3n-1%-(2n+3)°

lim 5
n—>o (n+3)
3_
17. lim 8n” —2n

18. lim
19. lim
20. lim
21. lim

22. lim

= (2n—1)2 + (2n+3)%
23. lim

24,

25. lim

26. lim

27. 1

28. lim

29.1im

e (N+1)* + (n-1)*
_ (n+6)°—(n+2)°

e (2n+3)°
. (Nn+2)H+(n+1)!

e (N+2) - (n+1)!
(3n+4)®—(n+5)°
e (2n+3)° +(3n—1)°
(n+9)*+(3n— 1)
o= (24n)° +(n=1)°
(2n-1°%+(2n+3)*

(n+2)*—(n-2)*
> (N+5)2 +(n—-5)%"
lim ﬁ
e (n+2)* +n?
(n+1)*+(n-1)*
e (20 +1)% +(2n—1)*
(3n+16)4
(3n+1) —(2n-3)°
o n®—4n '
(n+1)? —(n-1)?
> (24+n)2 +(n+1)%
(2n+3)3+(n—3)3

e 0t 42n +3

30. |

(2n+3) +(n-1*
er (3n+2)°—(n+1)*

b) Sonli ketma-ketliklarning limitini toping.

1. 1im Yn?+2n-1

noe o N42
2. lim NN

e 41

16. lim

17. 1

_ n37n-481n® -
”*°°(n+4\/_)\/_
xfn 7+3x/n +5

naoo 4!3 3+ [n_i_
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(VoL en)

4. 1im Jnd—2n2 +1+3n* +1
“*“’\/n +6n° +2 - \/n +3n° 41

5. “ nY5n? +ﬁ

(n+\/_)«/7 n+n’

o i NI
“*"‘”\/3n +3+\/n +1

7.1 \/ﬁ ﬁ

8. lim x/_—1+7n .
e n? +n+1-n

9. Ilmerm .
o ¥nn

10. lim m—3,8n3+5.
oe 4N+ 7—n

11. lim n(‘/?ﬁ+\/81n4—n2+1l
e (n+§/_)\/5—n+n2

12. li JF—«/n_—
”*“’\/n -4 \/n +1
. «/_—9n

e o

14. Ilm\/ns_Jr ﬁ
e 8fn® 4 34+n-3

15. 1 m W

n—m

tn W n

2 3
lim 3n° 3’
”*“’x/n +n*+1 3n
Jn*+3+Jn+3

18.

O a3
20. "m\/n +2n+ﬁ
N> Jn+5
21, 1im n3n ++/16n* +3

”*w(n+3\/5)x/n2 —n+3
29 iim In?+1-3n°

e _Jn?+n+2
23, fim 4N +2-3mn
24 lim n€f64n2+3—€/n6+4.
N (n—\/ﬁ)m
IIm\/n2+6 «/n2—6.
*”\fn +6+\/n -6
26. lim m— n®+2

rHocf/n +3-— \/n +7'

«/n+ —3In*+1

25.

27. i
n”“"»i‘/n+1 41
28 lim n!+(n+1)!

> (N+2) 4+ (n+1)!

N

29. \/3 n+nJ_
30. lim n«/n +1—«/n +1

”;“’(an +2)(M)'

d) Sonli ketma-ketliklarning limitini toping.

1 Iim{1+3+5+'"+(2n_1)—2n+1
n+1 2
1
ot
3n
T
2n

n—oo

+

1
3
-LE';;
2

1
32
1
oyt

|

11. iim

n—oo

1-3+5-7+9-11+..+(4n-3)—(4n-1)

\/n +1+\fn +n+1
1+2+3+...+n

n—-n*-3
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n+1 n+1
3. Iim%.
oo 20 +3

4 Iim1+2+3+"'+n.

5. lim @2n+D)H+(2n+2)!

N> (2n+3)!
6. Iim1+3+5+"'+(2n_1).
n—o0 1+2+...+n
7 Iim{l+3+5+"'+(2n_1)—
n—>0 n+3
n_gn+l
8. lim->

9. “m(3n—1)!+(3n+1)!.
(Bn)(n-1)!

10. fim UM +5-VE'+2
o]+ 3+5+...+(2n-1)

nN—oo

J

14. lim

15 Iirn1—2+3—4+5—6+...+(2n—1)—2n
) n—oo n )
16. Iim 2+4+6+..+2n
" n50143+45+..+(2n-1)
17. limZ*2 .
n~>002n_7n
. 1-24+3-4+...—2n
18. lim .
e In+3n+4
19 Iim3+6+9+...+3n
"o n’+4 '
20. lim §+£+i+...+lJr2 .
e\ 4 16 64 4"
21. Iim n+(n+2)!

5 13 35
—+—=+ o+

2" +3"

et
n>e6 36 216 6"

e (N=D)H(n+2)!

e) Quyidagi ketma-ketlikning limitini toping.

3 |im(1+i
n—oo 4n
4 |im[2n+1
e\ 2n-1
2 n’
5. lim| "
n—oo n
2 n’
6. lim| 2231
n—o| 2n° +1
n+l
7. lim ”—_zj .
no={ n+3
. (n*=3n+6)2
8- Ilm 2— .
o\ N°+5n+2
. 4\
9. lim|1-— j .
N> n“+1

3 2n-n®
16. |im(”3+1] .
nN—oo n _1
17. jim[ 2052 )
n>o\ 12N -3
2 3n+4
18. lim[ L Z00¥5
noo{ N°—-5n+5
2 n
19. lim ”2+3j .
n—o0 n _n
20. lim 2””} .
ool 2n -1
n%+1
21. Iim(l+i2j .
n—w n
2 n?41
22. lim| 30 F4n=S
n-=| 3n°+2n+1
2 n
23. fim| [ ¥on+2 ]
n-e{ 7N —-2n+1
2 _ 1-3n
24, jim| A 403 )
n-=| 4n°+3n+1
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n+2
2 _ 2n+3
11 | 3n2+4n 1
= 3n°+n+1
12.Iim(4n+3j .
o= 4n+5

13. lim n? + n+1}n

e n? —n+1

14. lim l—ilm .

n—oo n2

15. lim ”—+3j4

e\ N+5

25. Iim(Mj6+S.

n>o\ N—06

26. lim

n—oo

and+ont+4)
3n°+4n-5 '

n>o| 7n2 +11n+5

2 _ n+3
27, .im(wj |

28, Iim(l—izjn_.
6n

n—o0

2n+1
29.Iim(3n+4j .
el 3n-1

30. Iim(n—+5jn.

n—»el n—1

f) Sonli ketma-ketlikning limitini toping.

. limn|vJ/n? +1++4/n? —1}

n—o0

L. time]

2. Lmn[m—M}
3. Lm(n—i/ﬂ)nx/ﬁ
4

. r|Lng[\/(n2+1)(n2—4)—\/n“—g}.

5 im [x/n5 —8—\;1n:/n(n2 +4]
6. Iim[«/n2 _3n+2—+/n? —2n+3}.

N—o0

7. Iim[\/n2—2n+3—n}.

8. m(nﬁy’m).

9. Lm[\/(n+2)(n+1)—\/(n—l)(n+3)].
10. !i_r)gnz[\/n(n“—l)—x/n*;—S}

11.

lim| JA(D(+2) (V-3 -2) |

12. IimHn(n+5) —n].

n—oo

13. m[sj(mz)z —3/(n—3)2}

14. rI]i%rg[n—a/n(n—l)].
15, | «/(n+1)3—,/n(n—1)(n—3)
. lim N :

n—o0

16. Iim[\fn2+3n—2—\/n2—3}

n—

17. m%(\/nu —«/n—S).
18 “m\/n(n5+9)—\/(n4—1)(n2+5).

n—w n

19. lim/r? +8(\/n3 12+t —1).

n—o0

(N +1)(n? +3) —y/n(n* +2)
20. lim i .
21.

lim [\/(n2 F)(n? +2) — (" —1)(n* - 2)}.
99 IimJ(n5+1)(n2—1)—an(n4+1)_

n—o0 n

23 “m\/(n“+1)(n2—1)—\/n6—1).

N n
24, m%/ﬁ[%/n_z-ﬁyn(n—l)}
25. Li_r)g[(n+1)\/ﬁ—\/(n+1)(n+2)(n+3)}.
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g) Quyidagi tengliklarni isbotlang.

2 —
1. |imM=

7.
>3 X+3
2_ —
2 limX =1 g
x—1 X—l
2 J—
3 im XX =2 5
x>2  X+2
2_
4. lim X 14x+6
x—3 X_3
2 J—
5 | l6x +X 1=_5.
T X+ -
2— J—
6. Irrllﬁx )i 1_5.
X—>§ X_*
2
2_
7. lim X l:_a,
% x4t
3
2— —
8. Im3X 5x 227.
X—2 X—2
2
9. | 3X —2x—1__4.
X——= 1
X+=
3
10. i X +8X+1:—6.
x>-1 x+1
2_
11. timX=8+3 5
X—3 X—3
2
12. 1 2X +3x—2:5.
xal X—l
’ 2
. BX*—5x+1
13. lim =g =—==-1.
3
2 —
14. IimM:—lo_
! OX+7
’ 5
2
15. jim 2 H1sx+21 1
H_g 2X+7 2

16.

17,

18.

19.
20.
21.
22.
23. lim

24,
25.
26.
217.

28.
29.

30.

lim 2x* —-9x+10 =1.
Hg 2X—5 2
lim 6x> +x-1_
3 x—1

3
6x> —75x—39 _

5.

in
2 X+§

lim 2x2—21x—11:

X1l x-11

Iim5x2—24x—5=

x5 X—5

lim 2x* +15x+7 _

X7 X+7

lim 2X +6x=8 _

>4 X+4

6x*—x-1_ 5

—81.

23.
26.
-13.

-10.

xa—% 3x+1 3 .

lim x2+2x—15=
x>56  X+5
Iirn3X2—40X+128 _
X—8 X_8
lim 5x* —51x+10 _
x—10 X_lo
m2x2—5x+2 _
“% x—1

2
lim 3X*+17x—6 _
x>6  X+6

-8.

8.

49.

-3.

-19.
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h) y=f(x funksiyani x=x, nuqtada uzluksiz ekanligini isbotlang

(s()-ni toping).

1. f(x)=5%x*-1, x, =6.

2. f(x)=4x*-2, X, =5.
f(x)=3x*-3, x, =4.
f(X)=2x" -4, X, =3.

3.

4,

5. f(X)=-2x>-5, x, =2.
6. f(x)=-3x*-6, x,=1.
7. f(X)=—4x"~7, X, =1.
8. f(x)=-5x"-8, x,=2.
9. f(x)=-5x"-9, x,=3.

10. f(x)=—4x*+9, x, =4.
11. f(x)=-3x*+8, x, =5.

12. f(x)=—2x*+7, x, =6.
13. f(x)=2x"+6, x,="7.
14. f(x)=3x*+5, x, =8.
15. f(x)=4x"+4, x,=9.

16. f(x)=5x*+3, x,=8.
17. £(x)=5x*+1 x, ="7.
18. f(x)=4x"-1, x, =6.
19. f(x)=3x*-2, x, =5.
20. f(x)=2x*-3, x,=4.
21. f(x)=-2x>—4, x,=3.
22. f(x)=-3x"-5, x,=2.
23. f(x)=—4x*—-6, x, =1.
24. f(x)=-5x*-7, x,=1.
25. f(x)=-4x"-8, x,=2.
26. f(x)=-3x*-9, x,=3.
27. f(x)
28. f(x)=2x*+8, x, =5.
29. f(x)=3x"+7, X, =6.
30. f(x)=4x*+86, x,="T.

=-2X*+9, X, =6.

1) Funksiyaning limitini hisoblang.

M o 2?2 E
x2 2X" —3X° +5

2 p—
17. IimX+2—X2

oL X —x?—x+1

18. lim—>*3

1 x? —4x+3

2
19. fim X3¢
x>3 X427

X +ix+2

20. lim

H% X2 +3x+1

21 lim 33x+5

H§4x +4
3

§x2—3x+5

22. lim4———
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Lot
8. lim4——4.
>4 X+3

22X +3x*+6
9. lim =
x> X°+5

X2+ 2X+2
10. fim X £X*e
x>2  x*+3

. X2 =2x+1
11, fim X=X+
x—1 X =1

3
12. 1im X*L
x—>-1 x+1

13, fim ¥=Dv2-x
14. nm[i_ 3 j

15, lim— 8% -1

H%sz +5x+1

3_
16. lim—oX 1
H% 6X°+5x+1

X +3x+4
23 fim =

2 —_—
24. lim 4X+—31X5
05 17x—1

x> X

———43

25. limi6_4
x>-4 X" +05X

26 "mw
" %05 2x—x2 -1

XZ

—+3X—7

27. limis
x>5  Bx 43

2_
28. lim w
H—% 8x+3

2 —_—
29. “m4x+—7x3l
x_% 5x-31

_oxi-1
lim

x—1 X2 -1
30.

j) Limitlarni toping

_ 3x*—4x+5
1. lim X 22XES
x40 X +4X° =2
Ax% +3X+2

4.5im X ¥ 4x=6
x>0 3% —2x +1"
5 lim 3X—4X*+X+6
x> 3x% 42X -7
6.1im 6x* —5x°+7x* +3

x>w X —4X2+2
. 4x-5x*+3x*+3
7.1im .
xom  2X° +3X+6X
3
8.|imL§6,
x>= 3X—=X"+4

16 Iim3x“+2x5—x—4
bow x4 5x% 41
2 3
17.|im—4§‘ 3§ 4
x—=o X° 4+ 3X° +5X
_ 2
18 lim X 4" +3
x> 2X° +3X—=7
3 2
19.1im x4+4x2 5Xx+6 ’
x>0 2X" +3X° +6X+2
3 py2
20-|imX2 4x3+5x+7,
x>0 X° —3X° +2X-1
6
21lim-oX ~1¥X
x>0 4 —5X° 4 2
2_ J—
22.lim 23X —3x=1
x>0 X +2X+3
23 lim X} —4x*+3x-5
oe 3x° 42X+ 7
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2 5 46
.lim X +3x+4. 24.lim — X~
x>0 3—6X—7X x> X+ 4X° =X
10.1im x* +3x° —4x+5 25 im ox® —4x* +1

how X4 AX—T e 8x* 4 3% + 4
3 3 _
11.lim—>— % 26.lim 2X X *>
x>® X" +3X+ 2 x> 4X° +5
12 1lim x* +6x 97 Iim3x4—5x3+2x—1
o x2 4 5x -1 bow o 3xP x4l
3 2 —
13.lim| 2——x |, 28.Iimw,
x-o| X4+1 x> 3X° +3X+8
— 3
| 4x® (2x+D(@BX*+x+2) 29,|imM,
14.1im il 2 x>» 3—2%% +5x°
5 3 2
~ X —4X"+5 X +4x+3
150imé 30.lim~——-+,
"Xo® X—XZ—X3 ! x>0 6 —2X — X
k) Quyidagi limitlarni hisoblang.
2 2
1."m4x2—6x+2’ 12.Iim3xt—4XJrl
ol 2X° —4x+1 x—>-1 x* -1
2_ p—
) 13.1im X 28
5 Iimx —-3x+2 >4 x2_16
lim=————,
©2X—Ax+4 . 3x*-7x-6
14.lim =2 — 22
, -3 6+ X—X
. 3X°—5x+2 2
M= 15.Iirr21$xg4,
X—> X —
Alim 6x> —7x+1 )
ot -1 16.lim X 3% =1
5. im X —3%=2 oo
A 2 ' 2_ —
2 X2 +4x+4 17 lim X 28X 31
_ Tx*-13x-2 -3 X* -9
6.lim————,
=2 X" —3x+2 8.1 4x* +3x-1
dim ————,
7 lim 4X2-;-7X—2’ x—>-1 X3+1
Y Jo.lim & 5x-6
8.lim == TX7< o2 4216
x>-12X° +3x+1 )
glLr?lW, X—>2 )(2 -4
2 3
10.Iimﬂ, 21.lim X 2+27,
x—>3 X3—27 x>-3 X° -9
. 2x*-3x-35 . 3x2 4+ x—4
e 10 a2
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[) Funksiyaning limitini hisoblang.

LlimYLH2x =3
Xx—4 \/;_2

2. lim Yi=X =3

X—>—8 2+§/; '
3.lim XL
x—1 3¢X2—1

Alim JX +132— 24X +1.
x—3 X°—9

3 J—
5. lim YX—6+2

x>2  x°4+8

4 —
6.Iim\/; 2

x—>16\/;_4'

7lim¥2+2X -5
X—8 %/;_2

V1-2X+x* —(1+x)

8.lim
Xx—1 X

 RY8+3x+x* -2
9.lim > :
X0 X+ X

3 37
10.lim 327+ x —3[27 X

x>0 X+ 23/x*

3 p—
11.lim & 1

O o x —2x

12 Iim—w V1-x
o0 A x—Y1-x

3 p—
13.lim \/& 2

=2 J24x —2x
Jx-1

14.1im -

x>l X =1

3fox -3

15.0iMm——=

o3 x+3-+/2x

3 —
16, lim YX=6+2
x>2 X+2
3 —
17 lim x4
o4 Jarx —2x
18.lim Y2+ 2X =5
X—8 3X2_4
X 1
3 —
19.1im 4 2
2 ;+X—E
x 1
3 —
20.lim 9 3
3 ;+X—E
x 1
3 —
21 lim —{16

3 K
AR
s
x
|
4,] Ny
N
>< -

>
2
Sl

3

<8
N
\‘
+
<

) —3/27—x
23.1lim )
x—0 {%/X_Z_'_E/;
. 38+3x—x*-2
24.IX|LTJ W )
 1-2x+3x% —(1+X)
25.|XILT3 3/; )
26.lim Y9 £2X =5
X8 3/;_2
4 —
27.Iirﬂsﬁ—22.
i
Ix—6+2
3 X3+
29.1im Yx—2 .
X—4 SfXZ _16
30, lim 20— X=6v1=x

x—-8 2+ %/;

28.1im

X—>-2

B
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m) Funksiyaning limitini toping.

1lim In(1.+sm X) _
x>0 sln4x
2 ljm12C0810x
x—0 ex -1
2
3.lim > =X
x>0 SIN3X
4lim 1-cos2x

x—0 COS 7X —COS3X
4x

5Iim———.
-0 tg (7 (X+2))
2X

tg(27z(x + ))

6. I|m

X—>

x—0 4)(2
arcsin 3x
8.lim

0 V2+x - «/_
9.Jim—2 "+
! In(L+2x)

10.lim —2rctg 2X

-0 sin(2z(x +10))

In(1—7x)
Jim———.
x>0 sin(z(X+7)

cos(x+5—7[)tgx
12.1im

x>0 arcsin 2x*
13.|imM.
x-0 4arctg3x

1-+/3x+1

14.1im

. sin7x
15.1im > )
x=0 X° 4+ X

16.lim YA =2
x>0 3arctgx

7.“mZS|n[7z(x+l)].
-0 In(1+ 2x)

18.IimC052X_COSX.
x>0 1-C0S X

»\/1+ -1

HO sin[z(x+2)]

X0 Cos( (X +1)j '
2

41 lim sin7x— smz?;x_
X—)Zﬂ' eX _e47r
42.1im SN7/7X.
x=2 SN 87X
43.lim _In(5-2x)

o J10-3x -2

44.1im sin 2x)
x—0

45.1im uj
x—0 X

47 lim

x—0

46.lim (sm4 jhx
x—0 X
[ Jx 243x+4

X 3x+4
48. Ilm( g ) :
x>0\ 3x

49.lim(cos x)*"**2,
x—0

50.lim Mjg

x—0

€0s3x
51.1im j
x>0\ X+6

52 lim sm8xj

x—0

Sln 2X X2 +3x+1
53.1im )
x=0\ COS3X

X3—|—8 2X+3
54.1im > )
x>0\ 3x“+10

x+1
55.1im| tg (X+£Jj :
x—0 4

56.lim| ZX+8)
x=0\ 12x+1

3

57.Ixiirg [sin(x+2)]e=x.

4

4 X+2
58.lim| X2 |
x->0{ Xx+10

36




20.lim

x—0

21.lim

x—0

22.lim

x—0

23.lim

x—0

24.1im

x—0

25.1im

x—0

26.1im

x—0

27.1im

’ x—0

28.1im

x—0

29.lim

x—0
30.lim
x—0

31.lim

x—0

32.lim

x—1

33.1im

x—1

34.1im

X—>7r

35.1im

sin[5(x+ )]
e -1
1—+J/cos x

X-Sin X

arcsin 2x

e -1
sin[n(;+1)]

1-cosx
(eSX _1)2'
sin® x—tg°x

X4

arcsin 2x
In(e—x)—1
tgx —sin x
X(1—c0s2X)
In(x* +1)
1-Vx2+1
to[r(L+ )]

In(x+1)

2(e™ -1)
3(3M+x-1)
2X-sin X
1-cosx
x* -1

Inx

X2 =x+1-1

In x

1+cos3x

sin?7x
1-sin2x

T J— 2"
x> (71— 4X)

36.1im

x—1

37.1im

s
X—=
2

38.lim

X—>7r

39.1im

-1

1+ cos X
tg?zx
sin3x

tgx

sin® x —tg®x
(x—7)*

X2 —x+1-1

tgzx

2

. (arcsinx 3
59.1im j )
x—0 X

1+x

60.lim cosij )
x—0 T

3

2 X+3

6L.lim| X |,
x>0 X°+12

3

62.lim[ 18X
0| 2 411X

63.Iim(3x+4j .
X—>00 3X_2
64. lim (3x —2)[In(x+3) —In(x-1)].

65.1im ! 5= 1 :
-2 X(x—2)° X°—3x+2
X+3 1
+ :
X*+3x+2 3(X*+4x+3)

67 lim YA X =1

x—0 X
2 —
68 lim X t4-2
0 X% +16 — 4
2_
60.lim X =X
x—1 X_l

V1+x3 -1
X
JXx-b—-+a-b

X2
J2+x-2

2

x—-1

66.Iim{

70.lim

x—0

71.1im

X—a

(a>b) .

72.1im

x—0 X

73.limYX=1=38
x->10 x—=10

Jx+h-+h

—

74.1im

x—0

75.1imx+ 3 —x.

X—>00

76.lim(V X% +2 X2 - 2).

X—>0

77.1im (VX% +4 - X).

X—>+00

37




40.1im —
X7 sin” x

C0S5X —c0s3x

78. lim x-(Vx* +1-x2).
79.1@0(4/(x+3)(x+2)—x).

80. lim (»\/x2 _2x—4 —+[X2 —7x+5).

X—>—0

10. 1-namunaviy hisob

Limitlarni toping.

1
2 2 _
1.2.Iim 3—2)(1 1.16.lim w
x—>1 x2 +4x+1 m—>3 m® —-5m+6
1.2 lim X2+ x+1 117 lim 2x* —=11x+5
HZx —x-2 e x> —7x+10
1.3.lim ﬂ 1.18.lim u
s 2x%* —5x+1’ o8 X? —7x+6
14|m;2 1.19.lim w_
x—4 X2 —5x —4 o X —9x+14
T 1.20.1im > =83
x5 X° —4X+95 -3 X —X—6
2
1.6.lim ﬂ 1.21. |,m—><6
X%12x —3x-5 Hz2x +X—-6
1.7.1im 2X+—5X+1 122, lim X =X=2
X—>3x +2x-3 o2 X2+ X—6
1.8. lim X+—X2 1.23.lim M
HZ2x —x+1 Hl3x +4x+1
x* —16 2t* -5t -7
1.9.lim —— 1.24.lim 2—_
H41x +5X+2 t>-1 3t +t-2
110|mx+_><3 1.25. lim M
x—3 x —4 X%—52x +7x-15
ol X2 x—2 H4x—x 20
1.12. ||mM 1.27.lim w
x>2 x> —3X+2 x>1 x* —4X+3
1.13.lim w 1.28. lim w
a X —2x-3 X—>22x +5X+2
1.14.lim 2 XS 1.20.lim X X212
x5 x*—6X+5 x>4 X —2X—-8
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2
1.15.lim 2X =137 1.30.lim X ~X~12.
o x> —9x +14 x>3 X% +5X+6
2
2 2
2.1.lim 2 322, 2.16.lim X +9X+2.
x—>2 3x2+2x—-8° X—>—2X -3x-10
292 lim ﬂ 217 lim 5X+—4X+1
1 2x% —x—1 Hlx —-6x-7
2.3.lim M 218, lim X+—X6_
-2 3x° —8x+4 x>-32x% +3x—7
240im 2 X3 2.19.lim X=X +6
Hlx —3x—-4" -2 3x2 —4x -3’
25 lim M_ 2.20.1lim ﬂ
Hs 2x% —11x+15 Hs 2x* —7x-18
26.lim m 2.21.1im X——X12
= X*+Xx—6 H4x —4x+3’
2.7.lim 217X+ 35 2.22.lim X =TX=2
x5 X°—x-20 -2 x* ~7x+10
2
28.lim 22X XL 2.23.lim X X=12
x->1 4 —3x% —x x>-3  X“+16
2
29.lim 2x% —16x+1 224 lim 3X +x+4
x—>13x +5x—=2° X—>12X +x-3
2.10.lim &+ 21 2.25.lim 2X=3X+2.
x—>-1 X5 — Xﬂl 4x — 3X —1
2
2 11 lim 2x2 +x-3 5 26 lim 3% +Xx-2
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FUNKSIYA HOSILASI
1. Funksiya hosilasi va differensiali.

y = f(x)funksiya(a,b) oraligda aniglangan bo‘lib, xe(a,b) bo‘Isin. Bu

x nuqtaga shunday Ax orttirma beraylikki, x+ Ax e (a,b)bo‘Isin.
1-ta’rif. £/(x):=lim 2 = fim flx+a0)-f(x) _ funksiyaning ~ x
Ax—0 AX  Ax—0 AX
nuqtadagi hosilasi.

Differensiallashning umumiy goidalari

1. y=c=const, y'=0. 2. y=c-u (c=const), y'=c-u'.

3. y=uzyv, y'=utv. 4, y=u-v, y'=u'wv+u-v'.

5. y=2 (W(x)=0), y'= u'-v—zu-v‘. 6. y=1(u) u=u(x) y="f\,u,.
v v

7. y=1(x) x=fy)y, =~ 8. y=u", y=u"-v:Inu+u"*.v-u',

Asosiy elementar funksiyalarning hosilalari

1. (x)=nxt, 2. (x)=x*-(@+Inx).

3. (sinx)'=cosx. 4. (cosx)'=—sinx.

S. (tx)=—— 6. (ctg><)'=—sinlzx-

7. (Inx)‘=%. 8. (log, x)':ﬁ (a>0, ax1).
9. ¢*)=e". 10. (a*)=a*Ina (a>0).
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11. (arcsinx)'= 12. (arccos)'=—

1-x2 1-x2

13. (arctgx)'= 1 = 14. (arcctgx)'=- L =

1+ X 1+x
15. (shx)'=chx. 16. (chx)'=shx.
17. (thw)=—2—. 18. (cthx)'=——2 .
chx sh“x

20. (arcchx)'= L

x? +1 x? -1

19. (arcshx)'=

21. (arccthx)'=- !

1-x2°

f(x+Ax)— f(x)

2-ta’rif. f'(x+0):= lim A _ Jim - 0‘ng hosila. f'(x-0):

Ax—>+0 AX  Ax—>+0 AX
. A . f(Xx+AXx)— (X .
= im Y _ i )= chap hosila.
Ax—>-0 AX  Ax—>-0 AX

1 va 2-ta’riflardan quyidagilar chigib keladi:
1)Agar y = f(x) funksiya x nugtada f'(x) hosilaga ega bo ‘Isa, u holda
f'(x+0) va f'(x-0) lar mavjud va f'(x+0)= f'(x-0) = f'(x) bo ladi.

2)Agar f'(x+0)va f'(x-0) lar mavjud bo ‘lib, f'(x+0)= f'(x-0) bo ‘Isa,
unda f'(x) ham mavjud va f'(x)=f'(x+0) = f'(x-0) bo ‘ladi.

1-teorema. Agar x, nugtada f'(x,) mavjud bolsa, u holda y=f(x)
funksiya grafigining (x,, f(x,)) nugtasiga urinma o ‘tkazish mumkin va bu
urinmaning burchak koeffitsienti (x,) ga teng bo ‘ladi.

y = f(x,)+ f'(x,)-(x=%,) - urinma tenglamasi.

y=f (xo)—ﬁ-(x— x,) - hormal tenglamasi.
0

Agar S = f(t) moddiy nugtaning sonlar o‘gidagi t vagtga mos keluvchi
o‘rnini bildirsa, unda Af = f(t+At)- f(t) - nuqtaning At vaqt oralig’idagi
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f(t+At)-f(t)

ko‘chishi,
tezlik bo‘ladi.

- o‘rtacha tezlik, f'(t) esa t momentdagi oniy

3-ta’rif. Agar ayni ushbu
Ay = f(x+Ax)— f(x)= A(x)- Ax + a(x, AX)- Ax,

bu yerda Ax—0 da a(x,Ax)—0 ko ‘rinishda ifodalash mumkin bo ‘Isa,
unda y = f(x) funksiya x nuqtada differensiallanuvchi deyiladi.

A(x)- Axifoda funksiya orttirmasining chizigli bosh qismi yoki funksiya
differensiali deb ataladi va dy kabi belgilanadi.

a(x, Ax)ifoda funksiya orttirmasining qoldig hadi deb ataladi. Agar 0-
simvolikadan foydalansak, Ax—0 da Ay=A-Ax+o(Ax) tenglikni xosil
gilamiz.

2-teorema. y = f(x)funksiyax nugtada differensiallanuvchi bo ‘lishi
uchun shu nugtada chekli '(x) mavjud bo ‘lishi zarur va yetarli.

3-teorema.Differensiallanuvchi funksiya uzluksiz bo ‘ladi.

Agar 2-teorema shartlari bajarilsa df (x)= f'(x)-Ax= f'(x)- dxbo‘ladi.
Differensiallashning asosiy goidalari va elementar funksiyalar uchun
hosilalar jadvali 1-§ ning 13° va 14° punktlarida keltirilgan.

2. Murakkab, oshkormas va parametrik ko‘rinishda berilgan
funksiyalarning hosilalari

Aytaylik,y = f(u)vau=¢(x) funksiyalar berilgan bo‘lib, ular
yordamida y-=f [@(x)] murakkab funksiya tuzilgan bo‘lsin. Agar u=¢
(x) funksiya x nugtada vay = f(u) funksiya x nuqtaga mos keluvchi u
nugtada hosilaga ega bo‘lsa, unda

ylx = y'u °ulx (5)
tenglik o‘rinli bo‘ladi.
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Teskari funksiyaning hosilasi
Agar y=f(x) funksiya x nuqtada f'(x)=0 hosilaga ega bo‘lsa, bu
funksiyaga teskari x = f *(y) funksiya x nugtaga mos bo‘lgan , nuqgtada
hosilaga ega va

bo‘ladi.
Parametrik ko‘rinishda berilgan funksiyaning hosilasi

Faraz gilaylik, y = y(x) funksiya parametrik ko‘rinishda.
{X =o(t)

a<t<
y=pt)* "~

sistema yordamida aniglangan bo‘lsin. Agar ¢(t) vaw(t) funksiyalar
differensiallanuvchi ~ bo‘lib,  ¢'(t)z0  bo‘lsa, unda  sistema
differensiallanuvchi y=y/|p™(x)| funksiyani aniglaydi va

yzﬁzwﬁ
X 9t

tenglik o‘rinli bo‘ladi.

Oshkormas funksiyaning hosilasi

Agar biror oraligda differensiallanuvchi bo‘lgan y=y(x) funksiya
F(x,y)=0 tenglik yordamida aniglansa, unda oshkormas ko‘rinishda
berilgan funksiyaning y’ = y'(x) hosilasini ushbu

d
—F(xy)=0
™ (x,y)

tenglikdan topish mumekin.

Masalan, ushbu y°+y*+y-x=0 tenglik yordamida oshkormas
ko‘rinishda berilgan y = y(x) funksiyaning y’ hosilasini topaylik.
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< (b)-tenglikka ko‘ra

5 v i y—x ) =0=>5y* v 43y? .y +y-1=0my — T
(Y +y +y-x) y oy +3y2 -y 4y e

Differensialning tagribiy hisoblashga tatbiqi

Ma’lumki, y=f(x) funksiya x, nuqtada differensiallanuvchi bo‘lsa,
unda

Af (x4 )=df (x, )+ 0o(Ax)

tenglik o‘rinli bo‘ladi. Agar df(x,)=0bo‘lsa, bu tenglikdan yetarlicha
Kichik Ax lar uchun

AF (x,) = df (x,)
yoki
f(x, +AX) % f(x,)+ f'(x,)- Ax
taqribiy hisoblash formulasini hosil gilamiz.

3. Yugqori tartibli hosila va differensiallar. Anigmasliklarni
Lopital goidasi yordamida ochish

y = f(x)funksiyaningroqori tartibli hosila va differensiallari ushbu

(0= {t () (1=23..)
d"y=d(d"y)(n=23,..)

tengliklar yordamida aniglanadi.

Asosiy formulalar
1) (@) =a"In"a(@0); )" =¢
2)  (sinx)" :sin(x+n77[J

3)  (cosx)" = cos(x + %T}
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4) () =ala-2)fa-n+x" aeR

5)  (inx)™ (1" -(n-1)

-
Leybnis formulasi
Agar u=u(x)vav =v(x) funksiyalar n-tartibli hosilalarga ega bo‘lsa, unda
y =u(x)-v(x) funksiya ham n-tartibli hosilaga ega bo‘ladi va

y™ =(u-v)™ = ancku(k)v("’k) (6)
k=0 "

n!

tenglik o‘rinli bo‘ladi. Bu yerda u®=u, v®=vva c¥ = (k)

(6)-formulaga n-tartibli hosilani hisoblash uchun Leybnis formulasi
deyiladi.

u(x)-v(x) funksiyaning n-tartibli differensiali d"(u-v) uchun ham
Leybnis formulasi o‘rinli.

Differensial hisobning asosiy teoremalari
Aytaylik y= f(x) funksiya [a,b] oroligda aniglangan bo‘lsin.
1-teorema.(Ferma teoremasi). Agar
1) f(x)<Clab],

2) vx e(a,b) uchun chekli f'(x)-3,

3)ichki ce(ab) nugtada f(x) funksiya eng katta (yoki eng kichik)
giymatga erishsa,

unda f'(c)=0 bo ‘ladi.
2-teorema. (Roll teoremasi). Agar

1) f(x)eCla,b],
2) vxe(ab) uchun chekli f'(x)-3,

3) f(a)=f(b)

bo ‘Isa, 3x, €(a,b) nugta topiladiki, f'(x,)=0 bo ‘ladi.
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3-teorema. (Lagranj teoremasi). Agar
1) f(x)eCla,b]
2) vxe(ab) uchun chekli f'(x)-3
bo ‘Isa 3x, (a,b) nuqta topiladiki

f(b)-f(a)=f'(x,)-(b-a)

bo ‘ladi.

1-natija. Agar Vxe(ab) uchun f'(x)=0bo‘lsa, unda (ab)da
f(x)=const bo ‘ladi.

2-natija. Agar f(x) funksiya (ab) intervalda chegaralangan f'(x)
hosilaga ega bo ‘Isa, u holda f(x)(a,b) da tekis uzluksiz bo ‘ladi.

Lagranj teoremasini ba’zi bir tengsizliklarni isbotlashda go‘llash
mumkin. Masalan, (1+x)*>1+ax Bernulli tengsizligi vx>-1vaa>1 da
o‘rinli ekanligi isbotlansin.

<1-hol. x>0 bo“Isin. Unda f(u)=(@1+u)*, uelo,x] funksiya uchun Lagranj
teoremasiga ko‘ra 3x, €(0,x) nugta topiladiki

f(x)- F(0)=+x)* ~1=a-L+x )" -x>ax bo‘ladi = 1+ x)*>1+ax

2-hol. -1<x<0 bo‘Isin.Unda f(u)=(1+u)*, ue[x,0] funksiya uchun
Lagranj teoremasini qo‘llaymiz. = 3x, € (x,0)
f(0)- f(x)=1-(@+x)* =a-(L+%,)* " - (0—x)=((L+ %, <1)) < —ox =L+ 0ox)* >1+ oX.

3-hol. x=0 bo‘lsin. Unda (1+x)* =1+ax=1 bo‘ladi. Endi 3 ta holni

umumlashtirsak, isbot qilishimiz kerak bo‘lgan Bernulli tengsizligini
hosil gilamiz. <

4-teorema (Koshi teoremasi). Agar

1) f(x)g(x)eClab],

2) vxe(ab) uchun chekli f'(x)va g'(x)-3 hamda g'(x)=0 bo‘lsa, unda
3%, €(a,b) nugta topiladiki,
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tenglik o ‘rinli bo ‘ladi.
Anigmasliklarni ochish. Lopital goidalari

2-§ da ko‘rganimizdek funksiya limitini hisoblashda biz

oo

o0
9
o0

0-w, 0-00, 17, 0° Vva shu kabi anigmasliklarga duch keldik. Bu
anigmasliklarni ochishda Lopital goidalari katta yordam beradi.

Teorema. f(x) va g(x) funksiyalar uchun quyidagi shartlar o ‘rinli
bo ‘Isin.
1) f(x) va g(x) funksiyalar a nugtaning biror atrofida aniglangan va
chekli hosilaga ega,
2) lim 1(x)= lim g(x)=0,
3) anugtaning shu atrofida [f'(x)]’ +[g'(x)] =0,

4) im ;,'8 _chekli yoki cheksiz.

U holda

() ()

lim——< =1lim
x—a g(x) x—a g'(x)

tenglik o ‘rinli bo ‘ladi.

Izoh: Agar bu teoremaning shartlari a nugtaning chap (yoki o‘ng)
yarim atrofida bajarilsa, unda teorema ) ning a nuqtadgi chap (yoki

g(x)

o‘ng) limitiga nisbatan o‘rinli bo‘ladi.
Yugoridagi %ko‘rinishidagi anigmasliklar uchun keltirilgan Lopital

teoremasi = ko‘rinishidagi anigmasliklar uchun ham o‘rinli bo‘ladi.

o0

0

Boshga ko‘rinishdagi anigmasliklar esa G ko‘rinishidagi

o0

anigmasliklarga keltiriladi.
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O-simvolika

Funksiya limitini hisoblashda va funksiyaning asimptotik xarakterini
o‘rganishda «o-kichik» va «O-katta» tushunchalari muhim ahamiyatga
ega. Biz « nugta deganda chekli son yoki oni tushunamiz. achekli
bo‘lgan holda nugtaning atrofi deganda quyidagi to‘plamlardan biri
tushuniladi: (a-8;a), (a;a+3), (a—&a+8), bu yerda §>0. Agar a=ow
bo‘lsa, u holda a nugtaning atrofi deganda quyidagi to‘plamlardan biri
nazarda tutiladi: (—o;-A), (A+0) yoki (-oo;—-A)u(A+0), bu yerda A>0.
Aytaylik, berilgan funksiyalar a nugtaning biror atrofida aniglangan
bo‘lsin.

1-ta’rif. Agar shunday o‘zgarmas K son topilsaki, topilsaki, a
nuqgtaning biror atrofida

o(x) < K -|w(x)

tengsizlik bajarilsa, u holda shu atrofda ¢(x) funksiya y(x) ga nisbatan O
-katta deyiladi va ¢(x)=0(p(x)) kabi belgilanadi.

2-ta’rif. Agar a nugtaning biror atrofida ¢(x)=a(x)-y(x) tenglik o‘rinli
bo‘lib, lima(x)=0 bo‘lsa, unda x —a da ¢(x) funksiya y(x) ga nisbatan o

X—a

-kichik deyiladi va o¢(x)=o(y(x)) kabi belgilanadi.

1-ta’rifdan ko‘rinadiki, agar y(x)=0bo‘lsa, unda lig%:O bo‘lganda
9(x)=0(y(x)) bo*ladi.
Izoh. Quyidagi tengliklar o‘rinli:
1) off (x))+o(f (x))=o(f (x))
2) Kol (x))=o(f(x))
3) off (x))-o( f (x))=0(f (x))
4) ol f(x))-O(f (x))=o(f (x)),

5) x—0dax™ =o(x")<>m>n
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6) x > woda x" :o(x”)<:>m<n.
3-ta’rif. Agar x—a da ¢(x)-y(x)=0(y(x)) bo‘lsa, unda x >a da ¢(x)
va y(x) funksiyalar ekvivalent deyiladi hamda ¢(x)~ y(x) kabi belgilanadi.

Bu ta’rifdan ko‘rinadiki, agar w(x)=0bo‘lsa, unda Iim%zl
x—>a\v

bo‘lganda o(x)~ y(x) bo‘ladi.

1-teorema. Agar ushbu

2 y(x)+o(w(x)) =2 y(x)

i O0+0(0() | i o)

limitlardan birortasi mavjud bo‘lsa, unda

iim 2+ 0(e(x)) _ 1 e(x)

xoay(x)+0o(y(x))  xay(x)

tenglik o‘rinli bo‘ladi.

1-teoremadan foydalanish samaradorligi Teylor formulasi yordamida
yanada oshadi.

2-teorema. Agar f(x) funksiya anuqtada f'(a), f"(a),..., f™(a)
hosilalarga ega bo‘lsa, u holda a nugtaning biror atrofida ushbu

n!

f(x)= f(a)+%la)(x—a)+...+

(x—a)" + o((x ~a)’ )

Peano ko‘rinishidagi goldiq hadli Teylor formulasi o‘rinli bo‘ladi.

Natija. x — 0da quyidagi tengliklar o‘rinli bo‘ladi.

1. @+x)" =1+ mx+—m(n2]'_1)x2 ot m(m_l)"}l(lm_nﬂ)x” +o(x”)

2 n

X X

2. e* :1+x+—+...+—+o(x”)
21 n!

2

3. In(l+x)= x—X?+...+(—1)”‘1 -X—nn+o(x”)
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3 2n-1
4, sinx=x—x—+...+(—1)”*1. X +o(x2”)
3 (2n-1)

2 2n
5. cosx=1—%+...+(—1)”. X +O(in+1)

6. tgx= x+%x3 +o(x4)
7. arctgx= x—%x3 +o(x4)

i . Incosx + x?
Misol. lim—="=
x>0 sin X -tgx

hisoblansin.

1
) In 1——x2+0(x2) + X
. Incosx+x . 2
< lim =lim

x>0 sinx-tgx x>0 (X+0(X2)XX+°(X2» i

(—1x2 +o(x2)j+o(—;x2 +o(x2))+ x?

x—0 X2 +0(X2)
1 1
——x2+o(x2)+x2 ~x2 1
—lim—2————— —lim2__-=p
x—0 X +0(X ) x—0 X 2

Izoh. Limitni hisoblash jarayonida biz natijada keltirilgan 5, 4, 6, 3
tengliklardan va 1-teoremadan foydalandik.

4. Funksiyaning o‘sish va kamayishi. Funksiyaning ekstremumlari

Faraz gilaylik ,y = f(x) funksiya (a,b) oroligda berilgan bo‘lsin.

1-ta’rif. x,>xtengsizlikni ganoatlantiruvchi vx,x, e(a,b) uchun
f(x,)> f(x)(f(x,)< f(x)) bo‘lsa, f(x) funksiya (ab) oraligda o‘suvchi 7'
(kamayuvchi)deyiladi.

Agar funksiya o ‘suvchi yoki kamayuvchi bo ‘Isa, bunday funksiyaga
monoton funksiya deyiladi.
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1-teorema. f(x) funksiya (a,b) intervalda chekli f'(x) hosilaga ega
bo ‘Isin. Bu funksiya shu intervalda o ‘suvchi (kamayuvchi) bo ‘lishi uchun
(a,b) da f'(x)>0(f'(x)<0) bo ‘lishi zarur va yetarli.

Funksiyaning ekstremumlari
y = f(x) funksiya(a,b) intervalda berilgan bo‘lib, x, (a,b) bo‘lsin.

2-ta’rif. Agar x,nugtaning 3 J,(x,) atrofi mavjud bo ‘Isaki, vxe |, (x,)
uchun

F(X)< (%) (F(x)2 F(xp))
tengsizlik o‘rinli bo‘lsa, f(x) funksiya x, nugtada maksimumga
(minimumga) erishadi deyiladi. f(x,)giymat f(x) ning maksimum
(minimum) giymati deyiladi va

()= max {f(x)}(uxo): i {m}]
XEUB(XO) ers(xo)

kabi belgilanadi.

Funksiyani maksimum va minimumi umumiy nom bilan uning
ekstremumi deyiladi.

2-teorema. (Ekstremumning zaruriy sharti). Agar f(x) funksiya x,
nugtada ( x, e(a,b) ) chekli f'(x,) hosilaga ega bo ‘lib, bu nugtada f(x)
funksiya ekstremumga erishsa, u holda f'(x,)=0 bo ‘ladi.

Endi funksiya ekstremumga erishishining yetarli shartlarini
keltiramiz.

Faraz gilaylik, y= f(x) funksiya x, nuqtada uzliksiz bo‘lib, [ J,(x,) {%,}

da chekli f'(x ) hosilaga ega bo‘lsin.

3-teorema. Agar f'(x ) hosila x, nugtadan o ‘tishda oz ishorasini

musbatdan (manfiydan) manfiydan (musbatdan) o zgartirsa, unda f(x)
funksiya x, nugtada maksimumga (minimumi) erishadi. Agar f'(x )
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ishorasini o ‘zgartirmasa, u holda f(x) funksiya x, nugtada ekstremumga
erishmaydi.

4-Teorema. f(x) funksiya x, nugtada f'f"..f® hosilalarga ega
bo ‘lib,

bo ‘Isin. Unda

1)agar n juft son bo ‘lib,
f™(x,)<0(f™(x,)>0)

bo ‘Isa, f(x) funksiya x, nugtada maksimumga (minimumga) erishadi.

2) agar n toq son bo‘lsa, f(x) funksiya x, nugtada ekstremumga
erishmaydi.

Funksiyaning hosilasi nolga aylanadigan yoki hosilasi mavjud
bo‘Imagan nuqtalariga uning kritik nuqtalari deyiladi.

Izoh: Funksiya hosilasi mavjud bo‘lmagan nugtalarda ham funksiya
ekstremumga erishishi mumkin. Masalan, f(x)=|x fuksiya uchun fo)-

mavjud emas, lekin funksiya x=0 nugtada minimumga erishadi.

[a,b]kesmada uzluksiz bo‘lgan f(x) funksiya o‘zining shu kesmadagi
eng katta (eng kichik) giymatiga kritik nuqgtada yoki kesmaning
chegaraviy nugtasida erishadi.

5. Funksiyaning gavariq va botiqligi

3-ta’rif Agar (ab) oraligda berilgan y=f(x) funksiya grafigi
v[x,x,]c(a,b) kesmaning chetki nugtalarini tutashtiruvchi vatardan
yugorida (pastda) yotsa, unda  y=f(x) funksiya [ab] oraligda
gavariq(botiq) deb ataladi.

5-teorema.y = f(x)funksiya(a,b) intervalda aniglangan va bu
intervalda chekli f'(x) hosilaga ega bo‘Isin. f(x)funksiyaning(a,b) da
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gavariq n(botiqu) bolishi uchun f'(x)ning (ab)da kamayuvchi
(o‘suvchi) bo ‘lishi zarur va yetarli.

6-teorema. y = f(x)funksiya(a,b) intervalda aniglangan va bu
intervalda ikkinchi tartibli "(x) hosilaga ega bolsin. f(x)ning(a,b)
intervalda ~(u) bolishi uchun shu intervalda f"(x)<0(f"(x)=0)
tengsizlikning bajarilishi zarur va yetarli.

4-ta’rif Agar x=a nuqgtadan o ‘tishda y=f(x) funksiyaning grafigi
govariqligi yoki botigligini o ‘zgartirsa, u holda x=a nuqgta funksiya
grafigining egilish nuqtasi deyiladi.
Funksiya grafigining asimptotalari
5-ta’rif.Agar limf(x)=wbo‘lsa, x=a to‘g’ri chiziq y= f(x) funksiya
grafigining vertikal asimptotasi deyiladi.
6-ta’rif.Agar 1imf(x)=bbo‘lsa, y=b to‘g’ri chiziq y=f(x) funksiya

X—00

grafigining gorizontal asimptotasi deyiladi.

7-ta’rif. Agar lim[f(x)-(ax+b)]=0bolsa, y=ax+b to‘g’ri chizigy = f(x)
funksiya grafigining og’ma asimptotasi deyiladi.

7-teorema.y = f(x)funksiya grafigi x—+oda y=ax+b 0g’'ma

asimptotaga ega bo ‘lishi uchun

lim ) _ a, lim[f(x)—ax]=b

X+ X X—>+%0

bo ‘lishi zarur va yetarlidir.
Bu teorema x — - da ham o‘rinlidir.

Funksiyalarni to‘liq tekshirish va grafiklarini chizish

Funksiyani to‘la tekshirish va grafigini yasash quyidagilarni aniglash
yordamida amalga oshiriladi.

1) Funksiyani aniglanish soxasini topish.

2) Aniglanish sohasining chegaraviy nuqgtalaridagi xarakterini aniglash.
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3) Funksiyaning juft yoki togligini va, agar imkon bo‘lsa, boshga markaz
va simmetriya o‘qlarini aniglash.

4) Davriylikka tekshirish.

5)  Uzilish nugtalarini topish va ularning turini aniglash (2-punktni
to‘Idiradi).

6) Koordinata o‘glari bilan kesishish nuqgtalarini topish.

7)  Funksiyaning ishorasi o‘zgarmaydigan oraliglarni aniglash.
8)  Monotonlik va ekstremumga tekshirish.

9)  Egilish nugtalari, gavariqlik va botiglik oraliglarini topish.
10) Asimptotalarni aniglash

11) Tekshirish natijalarini yo‘llari xy, f(x), f'(x) f"(x) larga mos bo‘lgan
jadval ko‘rinishida ifodalash (oxirgi yo‘lda fagat ishora aniglanadi).

12) Jadvaldagi nuqgtalarni tekislikda ifodalash.
13) Asimtotalarni yasash.

14) Yugqoridagi tekshirish natijalarini hisobga olgan holda tekislikdagi
nugtalarni chiziq yordamida tutashtirish.

Izoh: Agar funksiya parametrik ko‘rinishda yoki qutb koordinatalar
sistemasida berilgan bo‘lsa ham u yuqoridagi sxema yordamida
tekshiriladi.

Nazorat savollari
. Funksiya hosilasining ta’rifi.

. Bir tomonli hosilalar.
. Hosilaning geometrik ma’nosi.

. Urinma tenglamasi.

. Hosilaning mexanik ma’nosi.

1
2
3
4
5. Normal tenglamasi.
6
7. Funksiya differensialining ta’rifi.
8

. Differensiallanuvchi va uzluksiz funksiyalar orasidagi bog’lanish.
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9. Murakkab funksiyaning hosilasi.

10. Teskari funksiyaning hosilasi.

11. Parametrik ko‘rinishda berilgan funksiyaning hosilasi.
12. Oshkormas ko‘rinishda berilgan funksiyaning hosilasi.
13. Differensial yordamida taqribiy hisoblash.

14. Yuqori tartibli hosila va differensiallar.

15. Leybnis formulasi.

16. Ferma teoremasi.

17. Roll teoremasi.

18. Lagranj teoremasi.

19. Lagranj teoremasining natijalari.

20. Koshi teoremasi.

21. Lopitalning birinchi goidasi.

22. Lopitalning ikkinchi goidasi.

23. O -simvolika.

24. Teylor formulasi.

25. Funksiyaning monotonligi.

26. Birinchi tartibli hosila yordamida funksiyaning ekstremumini topish.
27.Yugori tartibli hosilalar yordamida funksiyaning ekstremumini topish.
28. Funksiyaning qgavarigligi va egilish nugtalari.

29. Funksiya grafigining asimptotalari.

30. Funksiyani to‘la tekshirish va grafigini yasash.
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6. Mustaqil yechish uchun misol va masalalar

1-masala. Hosila ta’rifidan foydalanib f'(0) topilsin (agar u mavjud
bo‘lsa).

e’ —cos X 0
f(x)= ’
0,x=0
e — cos Ax 0
f(0+Ax)—f (0 B
< £7(0):= lim (08 (0) _ iy o =
AX—0 AX Ax—0 AX
6™ _CosAX (eAX —1)+(1—cosAx)
lim —————=lim 5 =
Ax—0 AX Ax—0 AX
2 2sin2 &X sin X 2
_e™ -1 . 1-CosAx . ) 1. B3 1 3
= lim —+ lim =1+ lim =1+=Ilim =l+=—=—1p>
A0 AX =0  AX A0 AX 2 &0 AX 2 2
2
tg X%+ x2sint | x 20 sin x-c0s>, X £0,
1.1 f(x)= X 1.11 (x)= X
0,x=0. 0,x=0.
. .3 1
sm(xsm—}x;«to, %2 £ x2cos= X0
1.2 (x)= X 1.12 £ (x)= x
0,x=0. 0, x=0.
.(2 1] 2
arcsin| X“ cos— |+ —X,x#0, . .6
1.3 f(x)- 9%x) 3 x+arcsm(x2 sm—j,x;to,
1.13 1 (x)- X
0,x=0.
0, x=0
0, x=0,
1.4 f(X): 1 2 InCOSX,Xio,
1+In(1+xzsin—j ~1x20. | 114 f(x)= X
X
0, x=0
1
arctg[x 0055—), x#0, ol
1.5 t(x)= X tg[zx > —1+x],x¢0,
0 x=0. 1.15 f(x)=
0, x=0
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2inE - 1
sin(eX ” —1J+x,x¢0, 1.16 f(x 6X +xsin—,x=0
. = X
1.6 f(x)- () s
0, x=0
.7
1 arctgx-sin —, x =0,
In{l—sin[xzsin;ﬂ,x;«rso, 1.17 (x)= X
L7100 0, x=0
0, x=0.
_ ex~sin5x _1' x¢0,
" 0 x=0 1.18 f(x)-
Fx)= 2 0, x=0.
1.8 xz-cosi+x—,x¢0.
3x 2
f(x)=2x? +x2cosi, X0,
1.19 9x
3
arctg[x3 —x? sini}x;to, 0, x=0.
1.9 (x)= 3X
25in2
0,x=0. 1.20 f(x)_{:g —-1+2x, x#0,
X2 -cos? 1L x =0, 0, x=0.
1.10 f(x)= X
0,x=0.

2-masala. Funksiya grafigining abssissasi x,bo‘lgan nugtasiga
o‘tkazilgan normal (2.1-2.12 variantlarda) yoki urinma (2.13-2.20
variantlarda) tenglamasi topilsin.

Funksiya grafigining absissasi x,bo‘lgan nugtasiga o‘tkazilgan urinma
tenglamasi topilsin.

<Ma’lumki, urinma tenglamasi
y= f(xo)+ f'(XO)-(X—XO)

ko‘rinishga ega. f(x,)= f(-2)= ——>—=-=
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!

f’(x):( X ) _X"(X2+1)—X'(x2+1)’ CxZal-2x

x2 +1 (X2+1)2 (X2+1)2
1-x 1-4 3
= f :f!_2 _t0*__ 2
(x2 +1)2 = flo)=11-2) 25 25
2 3 : N
:>y=—g—£-(x+2):>Urmma tenglamasi: 3x+25y+16=0>
2.1 y=4x4X Xo =2 2.11 y_\/; 3\/;,X0—64.

3
212 y=X*3 « —2.

2.2 y=2x*+3x-1x, =-2. )
2.13 y=2x*+3,x, =-1.

2.3 y=x-x°x,=-1.

29
214 y=X*0y _1.

2.4 y=x*+8J/x-32,x, =4. x* 41’

2.15 y=2x+1 x,=1.
2.5 y=x+4/x3x, =1. y=Emer

2(x® +2
2.6 y=3/x* —20,x, =-8. 2.16 y=—3,(xx4++1),x0 1.
x°+1
27 y=1+\/x 4 2.17 V=" %=L

—,X —
1-Jx ' °

16
9
2.18 =X + ,X :1_
y 1-5x%""°

2.19 Y=3(§/;—2\/§)x0 =1.

2.8 y=8{x-170x,=16.

2.9 y=2x* -3x+1x, =1.

2'20 y:3 1 2)X0:2.

2 X+

2.10 y:izx_'_elxoz&
X

3-masala. Differensial yordamida ifodaning taqgribiy
hisoblansin.

y=3x*+7x, x=1012
< Tagribiy giymat
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f(X0 +Ax)z
formula yordamida hisoblanadi.

Bizda

f(%,)+ (X, ) AX

f(x)=3x>+7x,% =1, Ax=0012= f’(x):[MJ, ={(x3+7x);] _

-(x3 + 7X)_§ -(x3 +7x), =

Wl

3x%2+7

= f(x,)=%1+7=2,

Topilgan ifodalarni (*) tenglikka olib borib go‘yamiz:

5

30,012)° +7-1,012 ~ 2+ 50012=2+5-0002=201>

(*)

3.1 y=%x,x=7,76.
3.2 y=3x,x=2754.

33, _X*tV5-x"
. y= 5

,Xx=0,98.

3.4 y =arcsin x,x =0,08.

3.5 y=3x?+2x+5,x=097.
3.6 y=x?+x+3,x=197.
3.7 y=x"x=1021.
3.8 y=x*,x=0,998.
3.9 y=%/x?,x=103.
3.10 y=x°x=201.

3.11 y=+4x-1,x=2,56.
3.12 y=%/x?,x=103.

3.13 y= ,Xx=1,016.

1
V2XZ +x+1
3.14 y=+1+x+sinx,x=0,01.

3.15 y:%,x:4,l6.
X

3.16 y=3/3x+cosx,x=0,01.
3.17 y=x",x=2,002.

3.18 y:%/Zx—sin%,x:l,OZ.

3.19 y=14x-3,x=178.
3.20 y=+x2+5,x=197.
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4-masala. Hosila hisoblansin.

CxPx®-2
- Vi-x
<]y,_(x6+x3—2j_(x6+x3—2) \/1——(x6+x - )(1—x2)!:
V- (i

5 2) 1 _yv2 _(y5 3 _ _72)(
(667 +3¢° )1 b +x-2) Zﬂ:(6x5+3x2X1— 2)x(x® +x°-2)

X
1-x? (1—x2)~ 1-x?

x(5x6 —6x* +2x3 —3x + 2) .

(x2 —1)-ﬂ

Funksiyaning hosilasini toping

3X+ /X X+1
4.1 y= : 411 y=3—=.
! VX +2 ' (x-2f
1—Jx _ J2x+3:(x-2)
42 y=2. 7% 412 y="—5.
43 (x+3NW2x-1 413 y:f:’»-3 X2+X+1-
IR VT x+l
7 x +8x° —128
4.4 y- R M-
X% +2 4.15 y- ! .
4.5 N ’ (x+2)-Vx* +4x+5
46 y- X1 416 y-Verx)
(x2+5 x? +5 3x*
47 e 417 y:\/x—1~(3x+2)
Y X | x* |
48 _(2X2+3)- [x2 _3 4 18 (X —2) V4 + X2
O y= e ' 243 .
4.9 :X;7_ Zi
y 6VXZ +2x+7 419y 2-/1+2x? .
4.10 y=(1—x2)-5,/x3+1- 4.20 yzi-
X x-3/(2+x%f
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5-masala. Hosila hisoblansin.
y:XZX .5x
ay' =(x*.5" ) [ I 5 )] :e'”(xzx'sx)-[ln(x2X -5*)] = x¥.5".[2xInx+ x-In 5], =

= x¥ 5" .[2Inx+2+In5] = x* -5°- (2 + In5x? ) >

5.1 y = (arctgx)z " 5.11 y=(xsin x)*"¢"
5.2 y = sinx )If 512 y=(x* +4)*

5.3 y=(sinx)* 5.13 y = x"*°

5.4 y = (arcsinx)® 5.14 y=(x*+5™
5.5 y=(Inx)” 5.15 y = (sinx)>

5.6 y = X" 5.16 - [ 41
5.7 y =(ctg3x)* 5.17 y=19*° . x¥

5.8 y=x" 5.18 y = x> . 2"

5.9 y=(tgx)* 510 y—find)’
5.10 y = (cos5x)” 5,20 y_ "

6-masala. Funksiya grafigining abssissasi x, = x(t,) bo‘lgan nuqgtasiga
o‘tkazilgan urinma va normal tenglamalari topilsin.

X=1-t?%,
y=t-t>t,=2
< Biz y=f(x)+ F(%) (x=x,) (urinma tenglamasi),

y:f(xo)—,(%)-(x—xo) (normal tenglamasi) va y;=i—f(parametrik

-

1-3t? 1-3-4 1
= f’ —
= 11(s,) = 24T



Topilgan giymatlarni tenglikka olib borib qo‘yib urinma va normal
tenglamalarni topamiz:

11
y:_6+z-(X+3) {4y_1lx_9:O—Urinma
—

yob-L(xeg |4x+1ly+78=0-nomal g
11

X = +/3 cost 60 x = t(tcost — 2sint)
6.1 A T . . T
y=sint,t, == y = t(tsint + 2cost) t, =5
3at
= — 2 X=
6.3 X=2t-t T
y:3t—t3,t0 =1 6.4
3at?
. =—2,t0=2
X =2sin®t 1+t
6.5
y=2cos’t,t, == x = 2In(ctgt ) +1
3 6.6 .
y =gt +ctgt, t, = =
x = 3(t —sint) 4
6.7
y =3(1-cost)t, == X = at cost
3 6.8 | .
y=atsint,t, =
X =sin’t
6.9
y:coszt,tO:% x:ﬂ
6.10 t
t-1
X = arcsin —. . V=T7to=—1
6.11 1+t
y:arccos\/l_z,t0 =1 6.12 x=|n(1+t2)
1+t ' y =t —arctgt,t, =1
1+Int
X =
2
6.13 3t2I t x=t-(1-sint)
| 6.14 1"~
t y =t-cost,t, =0
x_ltht _l+t3
T2
6.15 3 t 6.16 t t—l
Rt Y=t =2

t?2 -1



X =asin’t 3005t
6.17 ; - 6.18 renp 7
—acos®t,t, = — _asintt 27
! ° 6 y 0=
= a(tsint + cost) 6.20 ottt
6.19 . V4 y:t2 _ts,to :1
y = a(sint—tcost),t, =

7-masala. Parametrik ko‘rinishda berilgan funksiyaning ikkinchi
tartibli hosilasi hisoblansin.
X=t+sint
y =2+ cost

<Bu masalani vy, =z—f - formuladan ikki marta foydalanish yordamida

t

yechamiz.
.Y (2+cost)' —cost
Yx =7~ =
X (t+sint) 1tcost
' ( —cost j’
v’ _(y)r _\d+cost) _sint-(1+cost)—costsint _ sint
<X 1+ cost (1+cost)’ (1+cost)®

X = COS 2t
7.1
y =2sec’t

o
7.3

n—+||—\
~
AN

< >

Il I

§||'—‘ §|

|

[ BN

7.5
y =e'sint 76 X =C0s"t
y=1g°t
77 X =t+sint
=2 —cost - g <= (3
T ly=In(t-2)
7.9

|
.
{x e' cost
:
"
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X =t X =sint
7-11| 1 710 {yzln(cost)
Y= it
X=t-sint
213 X =sint 7.12 {y=2—cost
y =sect
X = cost
7.15 e 14 {y=|n(sint)
. 1
y:sinZt _
716 X = cost +tsint
¥ =Jt—1 ' y =sint —tcost
7.17
V= tt 1 — @t
) 7.18 {X‘e _
i y =arcsint
7.19 X!
{y:%_l x = 2(t —sint)
7.20 7
{y=4(2+cost)

8-masala. n-tartibli hosila hisoblansin.

y =In(2x+7)

)zln(2x+7)_ 1 In(2x+7)

ay=Ilg(2x+7 =
y g( In10 In10

O S S S S
IN10 2x+7 INn10 2x+7

= (y) =2 (_( 1 ]-(2x+7)’= 22 1

TR 2x+ 7Y _In10'(2x+7)2

m ( rr)’ 23 2!
Y 0 ox 7y

Bu jarayonni davom ettirish natijasida vne N uchun

M _ (ot 2 (n—1) —— o )
y™ =(-1) 10 xs ) tenglikni hosil gilamiz. >
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8.1 y=sin2x+cos(x+1). 8.2 y-get .

8.3 y—dx+7 8.4 y=Ig(5x+2).
2X+3
X
8.5 y 2% 88 y= )
_ 245 8.8 y =475,
8.1y 13(3x+1)°

- 8.10 y:3162x+1 .
8.9 y=sin(x+1)+cos2x.

8.12 y=1Ig(3x+1).

8.13 y=7". S ek

8.15 y:%. 8.16 y:13?();;-1+3)'
8.17 y=5>+, 8.18 y =sin(3x +1)+ cos5x.
8.19 y = /e . 8.20 y=1;)—:éx_

9-masala. Quyidagi tengsizliklar isbotlansin.
Quyidagi
b"—a"<n-(b-a)-b™,0<a<bneN
tengsizlik isbotlansin.

< Bu tengsizlikni Lagranj teoremasidan foydalanib isbotlaymiz.
f(x)=x"funksiya uchun [a,b] kesmada Lagranj teoremasini go‘llaymiz:

f(b)-f(a)=f'(x,)-(b-a) x, e(ab)=b"-a"=n-x,"*-(b—a)<n-(b-a)-b"*.>

2 n

X
9.1 In(L+x)>-——,x>0. 9.11 e 21+ x+ 2 4.+ x>0neN.
1+x 2! n!
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9.2 In(l+x)<x,x>0.
9.3 e*>1+x,xeR.

9.4 ex>ex,x>1.

9.5 b"—a">n(b-a)a"*,0<a<b,neN.

9.6 (a+b)’ <a’+b°0<p<i.

2
9.7 cosx>1—X7,x>0.
9.8 2\/§>3—%,x>1.

3
9.9 sinx>x—%,x>0.

3
9.10 arctgx>x—%,0<x£l.

3
9.12 arctgx<x—%,0<x§1.

2 3

9.13 In(l+x)<x->+2 x>0.
2 3

2

9.14 eX21+x+%,x20.

9.15|n%<aT_b,o<b<a.

X

x’e
2!

9.16 e* <1+x+ x>0,

9.17 xP —yP <pxP.(x—y),0<y<x, p>l.

2

9.18 In(1+x)> x—%,xzo.

9.19 |arctga —arctgb| <|a—b| .

9.20 |n%>aT_b,o<b <a.

10-masala. Limit hisoblansin.

. In(cosx)
1 lim In(c0sX) e(

<lim(cos X)sinx = (17 ) =™ sinx

x—0

lim (In(cosx))

7

lim

1

lim(cos X )sinx

x—0

) =((Lopital teoremasidan foydalana-

—sinx
coSX lim>nX

le )) —e (sinx) — @0 cosx —gx0cos’x — a0 —1

10.1 1im eT

X—=—0 X

10.2 lim In(1—x)-ctgzx .

x—1-0

1

10.3 tim "

x—0 XlOO

10.11 fim XX |

x—>+0 X3 4 cOS X

10.12 leLnll(x R |
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x>+ 5N X + 82

o xi+et
10.4 Iirq(2—2x)tg”“. 10.13 Iim

1 10.14 Ixing)(x‘2 —sin x).
105 )!I—TO XlO
10.15 fim X +605X.
10.6 Iirr;[tgx—(l—sin x)’lj. x> % 48N X
2 10.16 lim x2",
107 XIII'_*T:]oc XlOO(O.O]_)X . X—+0
10.17 lim(x? —ctgx).
10.8 fim vxIn%x. x50

Xx—+0

2 -
X% +sinx
10.9 1im = _
x>+0 €% 4 COS X

. tgx%
10.10 lim x" 10.19 tim ",

10.20 1im(tgx)°**".

X—>=
4

10.18 IXiLr(l)[(ex —1)71 - x‘lJ.

11-masala. Quyidagi masalalar yechilsin.

Derazaning perimetri P ga teng, roqori gismi yarim doiradan iborat
bo‘lgan to‘g’ri to‘rtburchak shaklga ega. Derazaning o‘lchamlari ganday
bo‘lganda undan eng ko‘p yorug’lik o‘tadi?

<Masala shartiga ko‘ra deraza chizmada ko‘rsatilgan shaklga ega.
Chizmadan ko‘rinadiki,
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Rzg. Unda P=x+2y+nR=x+2y+%X:>

Derazadan eng ko‘p yorug’lik o‘tishi uchun derazaning yuzasi eng
katta bo‘lishi kerak. Buning uchun (5) - funksiyaga maksimum giymatni
beruvchi x ni topishimiz lozim.

P
5'(x)=5—x—ﬁ;S'(x)=o:»x.[f+1j=3:>xo= 2_ - statsionar nuqta. Bu
2 4 4 2 L
4

nuqtada S”’(xo):—l—%<0:> max . Demak, derazadan yorug’lik eng ko‘p

2P
7+4

o‘tishi uchun uning asosi x = bo‘lishi kerak ekan. Balandligi esa

y=P_X =™ _P__P P _Plr+4-2-7) P po¢lar ekan. <

2 2 4 2 z+4 2n+4) 2x+4)  n+4

11.1 Yig’indisi o‘zgarmas a soniga teng bo‘lgan 2 ta musbat sonning m
va n darajalari (m>0,n>0) ko‘paytmasining eng Katta qiymati
topilsin.

11.2 Ko‘paytmasi o‘zgarmas a soniga teng bo‘lgan 2 ta musbat sonning
m va n darajalari (m>0,n>0) yig’indisining eng kichik giymati
topilsin.

11.3 Yuzasi Sga teng bo‘lgan barcha to‘g’ri to‘rtburchaklar ichidan
perimetri eng kichik bo‘lganini aniglang.

11.4 Kateti va gipotenuzasi yig’indisi o‘zgarmas bo‘lgan to‘g’ri
burchakli uchburchaklar ichida rozasi eng katta bo‘lganini aniglang.

11.5 V hajmli yopiq tsilindrik bankaning o‘lchamlari ganday bo‘lganda
u eng kichik to‘la sirtga ega bo‘ladi?
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11.6 :—z+;’—j=1ellipsga tomonlari ellipsning o‘glariga parallel bo‘lgan
shunday ichki to‘g’ri to‘rtburchak chizingki, uning yuzasi eng katta
bo‘Isin.

11.7 R radiusli yarim sharga asosi kvadratdan iborat bo‘lgan shunday
ichki to‘g’ri parallelepipedni chizingki, uning hajmi eng katta

bo‘Isin.
11.8 R radiusli sharga shunday ichki silindr chizingki, uning hajmi eng
katta bo‘Isin.

11.9 R radiusli sharga shunday ichki silindr chizingki, uning to‘la sirti
eng katta bo‘lsin.

11.10 R radiusli sharga shunday tashqi konus chizingki, uning hajmi eng

kichik bo‘lIsin.

11.11 Yasovchisi | ga teng bo‘lgan eng katta hajmli konusning hajmini
toping.

11.12 M(p,p) nuqta va y*=2px parabola orasidagi eng qisqa masofani
toping.

11.13 A(2,0) nugta va x*+y®=1 aylana orasidagi eng gisga va eng uzun
masofalar topilsin.

11.14 Z—2+g—z=1 (O<b<a) ellipsning B(0;-b) nugtasidan o‘tuvchi eng katta
vatarini toping.

11.15 2—2+g—§=1ellipsda shunday M(x,y) nugtani topingki, shu nuqtadan

ellipsga o‘tkazilgan urinma va koordinata o‘glari yordamida hosil
bo‘lgan uchburchakning yuzasi eng kichik bo‘lsin.

11.16 R radiusli doiraga shunday ichki to‘g’ri to‘rtburchak chizingki,
uning perimetri eng katta bo‘lsin.

11.17 A2)nugtadan shunday to‘g’ri chiziq o‘tkazingki, shu to‘g’ri chiziq
va musbat yarim o‘qglar yordamida hosil bo‘lgan uchburchakning
yuzasi eng kichik bo‘lsin,

11.18 a musbat sonni shunday 2ta musbat go‘shiluvchiga ajratingki, ular
kublarining yig’indisi eng kichik bo‘lsin.
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11.19 Uzunligi | ga teng bo‘lgan setka bilan bir tomoni devor bilan
to‘silgan shunday to‘g’ri to‘rtburchak shaklidagi yer uchastkasini
o‘rash kerakki, uning yuzasi eng katta bo‘lIsin.

11.20 Teng yogli uchburchakni 2 ta teng yuzali uchburchakka ajratuvchi
eng kichik kesmaning uzunligi topilsin.
12 - masala. Birinchi tartibli hosiladan foydalanib funksiyaning
grafigini chizing.

x? - (x—4)
16

y:

< Berilgan funksiyaning hosilasini hisoblaymiz:

y’:%[Zx-(x—4)2 4 x2 _Z(X_4)]=M.[X_4+X]:X(X—4)E-3(2X—4)=x-(x—i)(x—4).

Intervallar usulidan foydalanib bu ifodaning ishorasi saglanadigan
oroliglarni topamiz va quyidagi jadvalni tuzamiz.

X (—o0;0) 0 (0;2) 2 (2;4) 4 (4;+00)
y ’ - 0 4 0 - 0 4+
y ™ moin f m?x \ mOin /'

Jadvaldagi ma’lumotlardan foydalanib berilgan funksiyaning grafigini
chizamiz: >

L 4

o
N ==
s
X
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12.1 y=x*(x-2)".

3 Qgy2
X" —9X +6Xx-9.

12.2 y=

12.3 y=2-3x*-x°.
12.4 y=(x+1)*-(x-1).
12.5 y=2x*-3x* -4,
12.6 y=3x*-2-x°.

12.7 y=(x-1)*-(x-3)’.

x3 +3x?

12.8 y= -5,

12.9 y=6x-8x°.
12.10 y=16x*-(x-1).

12.11 y=2x3+3x*-5.
12.12 y=2-12x* -8x°.
12.13 y=(2x+1)-(2x-1)’.
12.14 y=2x> +9x* +12x.
12.15 y=12x* -8x>-2.
12.16 y=(2x-1)*-(2x-3)’.

12.17 y- 27(x3 —xz)

12.18 y:ﬂlzs‘_xz).
(x* -4f
16

12.20 y=16x>-12x*> -4,

12.19 y=—

13-masala. Funksiyaning asimtotalarini toping va grafigini yasang.

y= 4x° —3x
4x% -1

_4x®-3x x~(4x2 -3) X(XJF

J3

[-2

1y

a) Vertikal asimptota: x= —%va X =

T -1 (x+1)2x-1) (“j[x_j

1

; to‘g’ri chiziglar vertikal asimptota

bo‘ladi , chunki lim f(x)== va lim f(x)=». Funksiyaning shu nugtadagi

X—>—= X—>=
2 2

o‘ng va chap limitlarini ham hisoblaymiz:

lim f(x)=—o,

X—>——=+0
2

lim f(x)=+o0

Xx—>———0
2

lim f(x)=—0 lim f(x)=-+e

x—>—+0
2

x—>—-0
2
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b) Gorizontal asimptota: fim f(x)=lim 2 =X _ ., — gorizontal asimptota

X—>00 x>0 A4Ax° —1
yo‘q.
v) Og’ma asimptota: a—IimiX)—limT—)zlxs_sX -1
: X=X X—)oox4x2 _1 '
3 3 _ 3 _
b= tim[(x)—ax )= lim| 273X x| = jim PTIXTAAX_py mX gy oy
X—>00 x-ol 4Ax =1 X—>00 4x° -1 x—o 4y -1

0g’ma asimptota.

Bu asimtotalardan foydalanib funksiya grafigini chizamiz :»

4
Yy r I _
! )
i
|
!
|
|
|
#
/’l
I.
BV n
|
:
13,1 y= X=X -3x+2 13.11 y- 22X
g 1-x* g VOx? -4
132 y:2X —9 1312 _ X% +1
1 ' a3
x°-11 _
133 = Ax_3 1313 y:17X_X
=2x3—3x2—2x+1 A2 49
134 y e 13.14 y = 4X++8 .
2x° -1 3
135 y-— 13.15 y-X -
X°—4
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_ 2
13.6 y= 212X
7X+9

3 2_ _
13.7 y:X +3X° —2X 2.

2-3x*

138 y = X2 +16

Jox? -8~

2_
13.9 y=X =7
2X+1

1310 y= X %4,

13.16 y:\/;(;z%.

1317 y = 4)(3 +3X2 —8x-2 .

2 —3x2

2 —4x?

1319 y- & ‘26.

13.20 y=-X 5%,

13.18 y= 2x° +2x° —3x—1.

14-masala. Funksiyani to‘liq tekshiring va grafigini yasang.

_xF—x+1

Xx-1

< Funksiyani taklif gilingan sxema asosida to‘lig tekshiramiz.

Funksiyaning aniglanish sohasi: z(y)={x =1}

Funksiya juft ham, toq ham, davriy ham emas.

x =1 nuqgta funksiyaning 2-tur uzilish nugtasi, chunki tim f(x)=— va

x—1-0

lim f(x)=+o QY o°‘qi bilan kesishish nugtasi:y = f(0)=-1.

Xx—1+0

OX o‘qgi bilan kesishish nugtasi:y=0=x* -x+1=0=xc@= OX o‘qi

bilan kesishishmaydi.

Funksiyaning ishorasi o‘zgarmaydigan oraliglar:

X

(—o01)

(1;+oo)

Y

Endi funksiyani monotonlik va ekstremumga tekshiramiz:

76




,:(xz —x+1j' _ (2x—1)-(x—1)— (x? —x+1)-1: 2x* —3x+1-x"+x-1_x*-2x _x-(x-2)
x—1 (x—1) (x—1)’ (x-1°  (x-1)°

Intervallar usulidan foydalanib bu ifodaning ishorasi saqlanadigan
oraliglarni topamiz va quyidagi jadvalni tuzamiz:

X (- o0;0) 0 (02) 1 (1,2) 2 (2;+0)

Qavariglikka tekshirish uchun y~ni hisoblaymiz:

!

14

r| x*-2x 1 2
=(v') = =[(1- = <l va x>1o .
y" =(y") h_)x—lz } { (x—l)z} 1) = x<lda N X>1oa

Funksiya asimptotalarini topamiz:

a) Vertikal asimptota: x =1-vertikal asimptota.

b) Gorizontal asimptota: lim f(x)=lim X -x+l

X—>00 X—>00 X-=1

= o0 = gorizontal

asimptota yo‘q.

v) Og’ma asimptota: a= im ) _ iy X XL

1
Xx—o X X—0 X-(X—l)

2 2 2
b:Iim[f(x)—ax]=Iim(x—m—szlimX X=X HX i L o=y = x

X—>00 X—>00 X=1 X—>00 X-=1 x—0o X —1

0g’ma asimptota.
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Endi topilgan ma’lumotlardan foydalanib funksiya grafigini chizamiz:

b - — —

A 4

Quyidagi funksiyalarning hosilalarini toping:

141 y=X*4

X2

14.2 y- ¢

3+ X

5"

143 y-_2

X% 4+ 2%

14.4 y= 12X

9+ x°2

145 y= X2 —3X+3.

146 y=4=%

X2

14.7 y:xz“‘i*l.

14.8 y-2+L

X

14.9 y- =1

2

1412,y =123

X+1

14.16 y- 11,

1417 y=

14.19 y-

14.11 y:(uij .

1418 y-8x-1)

14.13 9+6x=3¢

x? —2x+13

8x
14.14 y=— )
NI

14.15 y:(X_‘ljz.

1420 = X2+2X—7 .
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14.10 y-

—~~
>
| >
N
=
N

a) Hosilasini toping

 X-In(2+e*+2Ve2X + eX + 1)
e?*(2—-sin2x—cos2x)

8
eX-3

. —arctg
. —l 1+2x

In4 1-2%
eXx + 1 Ve*+1-1
e+ 1tingmmy

.5\/(arctg ex)3
-%ln(ezx + 1) — 2arctge*

oo\|cncn-l>oo|_\3H

X 18e2*+27e*+11
In(e” +1) + 6(e¥+1)3
9 2(W2¥X=1—-arctgv2*-1)
' In2
2ln\/1+e"—1

Vi+e*+1
11, e@x asinffx—[fcosfx
' a’+p?
x BsinBx+acosfx
a’+p?

12. e®

13 eax[i+ acostx+2bsinbx]
' 2a

2(a%+4b?
—In(1 + e%)

' 1+e*
15.x—31n[1+e§) /1+e§_

3arctges]
16. x +

1+e4
17.In(e* +VeZ*r — 1) +
arcsine™*
18. x —e™*
V1 —e?x)
19.x —In(1 + e*) —

X X x
2e zarctgez — (arctgeZ)2

%3
20.

arcsine* —In(1 +

1+x3
mx |&
21. m\/% arctg(e \/;)

22. 3¢ V¥ (YxZ - 23/x+2)
i
T irerrei-ertn

b) Hosilalarini toping

1.y = vxln(vZ + vx T a) —
m

= In(x + Va2 + x2
33’—2 \/— 41n(2 + Vx)

4y =

In
1—ax

4/1+2x
11.y=lIn Y

_ 1 V2 oz
12'y_x+\/_l ( +\/_)+
13.y = lnsm 2x+i
14y = logmlogstgx
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5.y =In(vx +Vx + 1)

a®+x?

6.y =1In

a2_x2

7. y = In*(x + cosx)

8.y = In3(1 + cosx)
2

9. y=lIn ad

1-x2

10.y = lntg(% + g)

15.y = log,log,tgx

16.y _ x(coslnx;sinlnx)
17.y = Incos Zi
18.y = lglnctgx

1
19y = loga ﬁ

20,y = %m(x/itgx +

V14 2tg?x)

d) Hosilasini toping

. 1 sin3x 1 1 . 1 sin?10x
1.y = sinV3 += 11.y = -costg - + —
y 3 cos6gc 4 3 9 2 10 c20520x
1 cos“3x 1 1 cos“12x
2.y = cosln2 — =— 12. y = Insin-— —
y 3 512116x 4 2 24 sinZAZLx
1 1sin“4x 1 sin“5x
3.y =tglg+2 = 8si L
y 9'9 3 4 cos%x 13. y 8SlnCtg3 t 5 cos10x
3 1 cos?4x cosctg3 cos?14x
4.y = ctgy5 —-— 14.y =
y g_ _ 28 sin8x 4 28sin28x
5 = cossin5 sin“5x costg%sinzlsx
' 2cos4x 15.y = 15¢0530
sincos3 cos?2x | 12C0530X
6.y = sintg=cos?16x
4cos4x 16.y = Z
7 = cosln7 sin?7x 32sin32x
Y T T ocos1i4x ctgsin%sin217x
1 cos?8x 1.y = 17c0s34x
8.y = cosctg2 — —— 5
16 sin16x 18 >[ctg2cos?18x
1 sin“6x . = ;
9.y = ctgcos2 + - Y 3651n36x
6 cos12x 19,y tgln2 sin®19x
1 cos“10x Y =
10.y = 3./Ct — — 19c0s38x
y g 20 sin20x 1 cos?20x
20.y = ctgcos5 — ——
40 sin40x
e) Hosilasini toping
tgx — Ctgx _ 1 1+x
1. y=arctg=—==" 11. vy = + arctgvx
X X
2.y=amﬁn¢§_2 12.y=§%— xQ—x)+3mamsJ;
J5x
44x* x%? 4
2x-1 9 . - — S
3. y= 7 2+x—x2+§ammn 13.y = L arctg—+ -
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4.y = arctg B
5 s
.y = arccos ——
2 3x—1
6.y = \/;arctg NG
1, x-1 1
l.y= Zlnm —arctgx

(x—4)V8x—x2-7

8.y =
2—9arccos /xT_l
14+x)arctgyx 1
9.y _ (+x) d gvx |
x 3xvx
X3 2+x? >
10. y = arccosx— 1—x

14. y = arcsin / + arctgx

1 ’ 1
15y=5 ;—1—

arccosx

2x2
16. y:6arcsin£——6er x(4—X)
2 2
:XT_:S\/6x—x2—8+arcsin /g—l

18. y = (1+x)ar(;tg\/§—\/§
10, y = 21— xarcsm\/_ L2

x/E
20. y= 2)(4_5«/5x—4—x2 +%arcsin4,XT_l

f) Hosilasini toping

1 2++/5thx 4 [1+thx
lLy= 4\/_l 2—/Sthx 1l.y= \/1—thx
2 _ Sshx n 3shx Sshx
Y= 4ch%*x = 8ch?x 12.y = 1+chx
—arctg (shx) _ _Chx
8 13y =—
Sh2x
3.y= 1in 1+\/i —arctgvthx |14 , — Sh3x
i ' 1 1+V2thx | Ch6xz
— 1+8ch“xlnchx
4.y =thx + 42 n 1-V2thx 1y =—025%
_1 1 1-V/5thx 12sh?x+1
5.y = 2 thx + 42 In 1++/5thx 16.y = - 3ch3x
1 X chx h 3 .
6. Y= (_ E lnthz N Zshzx) 17. -~ Zihgzcx t E arcsm(thx)
1 a+V1i+aZthx 1 . 3tchx
— 18. y = —arcsin
1. y 2aV1+a? In a—V1+a?thx Y V8 1+3chx
8y L] 1+v2cthx 1, 4+VBth
Y= 182 n 1—/2cthx 19.y = ﬁln 4—\/§th§
VSh2x
9.y = arctg ——— 20.y = E In |th§| _ iln 3:;}:xJ
1 1-sh2x
10.y ==In
6 2+sh2x
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g) Hosilasini toping

lnarctgx

= (arctgx)z
— (Sln\/_)lnsmﬁ
= (sinx)>¢"

= (arcsinx)®”

= (Inx)3*

. y — yarcsinx

= (ctg3x)2e”
y — x© etgx

— (tgx)4e

10 y = (cos5x)¢”

©°°.\‘°’.U".4>.°°!\’P

11. y = (xsinx)Sln(xsmx)
12.y = (x — 5)"*
13.y = (x3 + 4)t9*
14,y = xsinx3
15. y = ( 1)shx
16.y = (x* + 5)ct9x
5x
17.y = (s mx) 2
18. y = (x?% + 1)c0s*
19,y = 19% 719
20.y = x3" 2%

h) Hosilasi topilsin

1y——(x + 8)Vx2 —4 +

—arcsm— (x> O)

2.y = 4x—+1 + —=arctg et
16x2+8x+3 \/_ V2

3.y =2x—1In(1+V1—e*)—

e **qrcsin(e?*)

4.y =

V9x2 — 12x + 5arctg(3x —

2) —-In(3x -2+

V9x2 — 12x + 5)

5.y = 2 — V2x - x? +

ln—m

e
X . 3 1
6.y = —arcsin=+— (x? +
81 X 81

18)\/x2 , (x>0)

3x—-1 1

3x—1
1. y = \/_arctg V2 +§3x2—2x+1

8.y =3x—In(1++V1—eb)—

e 3*arcsin(e3%)

_ 4 . 1
Zzll. y = (2x + 3)*arcsin Toa T
S(4x® +12x + 11)Vx? + 3x + 2

x+2 1
12. Y= xX2+4x+6 T ﬁ

13.y = 5x—1n(1+
VI — el0%) —
14. vy =
Vx2% — 8x + 17arctg(x — 4) —
In(x — 4 + Vx2 — 8x + 17)
15,y = in T

ZT\/ 3+4x—x2

16.
y= (3x2 —4x+ Z)x/9x2 —12x+3 +arcsin x

xX+2
arctg ﬁ

>Xarcsin(e>¥)

In

1 x—1 x—1
17.y = Earctg 7 L
18.y = In(e>* + Vel0x — 1) +

arcsin(e %)
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9y =In(4x — 1) + 19.y =In(2x — 3 +
V16x2 —8x + 2 — \/4x2_12x+10)_
V16x? —8x + 2arctg(4x — 1) | Vax? — 12x + 10arctg(2x — 3)
1+2V—x—x?2 Vo2 Ar—x2

104 y = TlT 20. y = In 1+ _3;6_4-236 x2 .
2x+1.—x—x2 2 T3 " ax — «2

X+2

1) Hosilasini toping
1. y = xarcsinx +In /—1 — 2 11.
V1-x? . — y = (4+x)(1+x)+3In(»\/4+x+»\/1+x)

2.y =dnr=ms—"07 12.y=lnm+
3.y =x(2x* +5)Vx? + 1+ 1™
BIn(x + Vx?2 + 1) V3arctg V3
453' = x3arcsinx + 13.y = il x(x;il')"zl _
x“+2 FF:T;E . 3

?arctgz 1

5.y = 3arcsin— +
4x+1
2V4x2 +2x — 2, (4x+1>0)
.y =+vV1+x?arctgx — In(x +
V14 x2)
7.y = 2arcsin —— +
3x+4
VOx2 + 24x + 12, (3x + 4 > 0)
8.y=x(2x%?+ 1Vx2+1—

In(x +Vx%2 + 1)
=In(x + V1 +x2) — L
3 . 3x+4
10.y = 775 Aresin——

14.y = V4x2 + 12x — 7,
15.y = 2arcsin—— +

3x+1
V9x2 + 6x — 3, (3x + 1> 0)
16. y=(2+3x)«/x—1+§arctg»\/x—1

17. y== (x Z)Mﬂn(ﬁﬂ)

—-X

) _ =
18.y = Va? + 1 -3 In 502
19. y=In /X—_l—l(1+ 21 )arctgx
x+1 2\2 x°-1

20. y= xln(\/l—_x+\/1+_x)+%(arcsin X—X)

j) Hosilasini toping

1
l.y= %ln(tgx + ctg )
2.y = xcos X +sinalnsin(x—x)

3. y= 1 [sinlnx—(«/f 1)cos|nx} x 7

22

11. y = (1 + x?)edrctox

ctgx+x

12.y =

1-xctgx
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4.y = arctg(cosx)Vcos2x

sinx sinx

5. y=3

cos?x cos*x

1 ) [\/a2+b2 sinx}

(a2 2
6. y=(a*+b*) Zarcsin »

7*(3sin3x+cos3x In7)

7. —
y 9+1In27
8 v = In sinx
Y= cosx++vcos2x

9. y= %[arctg(acos x)+alntg 5}
a(l+a’) 2
1 1+sinx

10. y__L_L 1
3sin®x sinx 2 1-sinx

13.

14,

15.

16.

17,

18.

19.

20.

y:

ZXSlTl—
2

1
arct
Zsin% g —x2

Vxt+1-x2
arctg —

6% (sin4xIn6—4cos4x)
16+In%6

J2tgx

1-tgx

arctg

2sinx
V9cos2x—4
5%(2sin2x+cos2xIn5)
4+1In?5

V2+thx
V2-thx

3%*(4sin4x+In3cos4x)
16+In?3

arctg

In

t = t, parametrning giymatlariga mos keluvchi egri chiczigning

urinma va normal tenglamalarini tuzing.

x = asin3t _om
1. _ 3. 0 -_
y = acos’t 3
5 {x = /3cost p=T
y=sint = % 3
3 {x=a(t—sint) m
‘ly =a(l —cost) °7 3
x = 2t — t*
4{ _ 3t t3, to - 1
y =
( 2t+t?
T 1+t3
5. < gy T0= 1
AR
(x = rcsin( : )
6 4 x=4 Viee?
. 1 ) 0o —
Y= arccos( m)

16

t0=

x = atcost p T
= atsmt’ 075
{x = sin®t n
_ to =~
cos?t’ 6
X = arcsm(\/_)
= arccos( )
\/_
1+lnt
3+2lnt’ to =1
1+t
to =2
2t2
= asin t _n
y =acos3t’ ° &6

1
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{x = t(tcost — 2sint) o 17 = a(tsint + cost) _n
y = t(tsint + 2cost) ° 4 = a(sint — tcost)’ 4
X = 3at _t+1
3 T 14t2 _ X = 1
). 3arzr b0 T _t b -
Y= 1l+t2 B
x = 2Inctgt + 1 _m x—l—t2 _
9{y=tgt+ctgt’ 074 19. {y _ 3 =2
X = (E) t2 — (l)t‘l 20. {x = ln(l + tz) .
2 4 _ B 0=
10. N, Ay to = y =t —arctgt’
=)+
n-tartibli hosilasini toping.
l.y =xe?* 15.y =1g(3x + 1)
2.y = sin2x + cos(x + 1) 16. y = 7°%
3.y = :V i77x—1 7.y = 9(4§+9)
X
4y=-13 18.y =lg(1 + x)
5.y =lg(5x + 2) 19,y=§
6.y = a3* 7 sx+1
7.y = — 20.y = 13(2x+3)
2(3x+2) 21. y = a2x+3
g' y i 5_(9( +4) 22.y = sin(3x + 1) + cos5x
Y ENY 23.y = Ve3r+l
10.y = 11+12x
13(3x+1) 24,y = p—y
_ 93x+5
11y =2 25.y = lg(2x + 7)
12. y = sin(x + 1) + cos2x 26.y = 2kx
13. y = w/82x+1 97 _ o x
14,y = 4+15% Y =
YT o 28.y = logs(x +5)

Ko‘rsatilgan tartibda hosilasini toping

1.y=02x*=7)In(x - 1), y"
2.y =B —-x*)In%x, y™!
3.y = xcosx?, y!l!
_ ln(x—l) 111
Yy =T

12.
13.

14. vy =

y = (4x + 3)?7%, yV

y = el™?*sin(2 + 3x), y!’

In(3+x)
3+x

111

)
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_ logxx 11

6.y = (4x3 + 5)e?**1, yV
7.y = x%sin(5x — 3), y!!

g y =% LIV
" _— 2’
X

9.y =(2x +3)In*x, y™

10.y = (1 + x®)arctgx, y'!!

15.y = (2x3 + 1)cosx, y"
16.y = (x? +3)ln(x—3) ylv

17. y—(l—x—xz)e 2, v

18.y = ;Sanx, yt

19.y =(x+7)In(x +4), yV
20.y = Bx —7)37%, ylV

Parametrik ko‘rinishda berilgan y",, funksiyaning hosilasini toping

1 {xzcosZt
y = 2sec®t
{ —Vi-2
2. 1
Yy=1
{x=etcost
3. b
y = e'sint
{x=sh2t
4, 1
y_chzt
5{x=t+sint
"y =2 —cost

{x = sint

8. _

y = sect
x = tgt

Q. { 1
y = sin2t

1, I
cost
142cost
12. { sint.
1+2cost
13, { = 1
y =
14, {x -
y
X = \/ — 1
15. 1
y= t
= cos?t
16. { o
17. { =Vt—3
y =In(t —2)
X = sint
18. {y Incost
x =t+sint
19. {y = 2 + cost
x =t —sint
20. {y = 2 — cost
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y funksiyani tenglamani ganoatlantirishini ko‘rsating

x2
l.y=xe 2
xy' = (1-x*)y.(1)
sinx

2.y =

X

xy'+y = cosx.(1)

3.y =5e"%+ %
y'+2y=e*.(1)

4.y =2+ cV1—x2
(1—x%)y +xy =2x.(1)
5.y = xV1 —x2

yy' =x — 2x3.(1)

6. y - COCS.X
y'—tgxy=0.(1)
l.y=— -

3x+c
y' =3y%(1)
8.y =In(c + e%)
y'=e*V.(1)
=Vx? —cx
(x? + y*)dx — 2xydy = 0.(1)
10. y = x(c — Inx)
(x —y)dx + xdy = 0.(1)

11.y = etg(g)
y'sinx = ylny. (1)

12.y = g
1+y
! 1
Y 1+bx2 (D)
+x
13'y_1+bx

y—xy' =b(l+x%y).(1)
14. y = V2 + 3x — 3x2
1 — 2x

vy ; (1)

15.y=\/ (1+e)2+1
(1+e*)yy' =e*. (1)

16. y = tgin3x

(1+ y?)dx = xdy. (1)
17.y = —
1+y2+xyy =0.(1)
18.y = i/x—lnx—l

Inx + y3 3xy2y’ =0.(1)
19.y =a+ —

y—xy' =a(l+x*").(1)

20. y = atg /%—1

a’ + y? + 2x+/ ax — x2y'
= 0.(1)

21

x2
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Berilgan funksiyaning birinchi tartibli hosilasi yordamida grafigini

chizing
1Ly =2x>—-9x*+2x -9 16.y = 2x3 4+ 9x2 — 12x
2.y=3x—x2 17.y=12x2—8x3—2
2 2 18.y = (2x — 1)2(2x — 3)?
3y =x"(x=2) 27(x3—x?)
x3-9x2 19.y = — 1 4
4y = 14+6x—9x2 20,y = x(12-x2)
= ' 8
5.y =2—3x%—x3 )y e
6.y = (x + 1)%(x — 1)2 Y 16
27(x3+x?)
7.y=2x3-3x*-4 22.y=""—""=-5
8.y =3x2—2—x3 23y = —16‘2’:"‘3
9.y = (x —1)%(x — 3)? 24.y=_x2—4
x3+3x2 16
10.y = -5 25.y = 16x3 — 36x% + 24x — 9
16x2-x3-16
11.y = 6x — 8x2 26.y=%
—N2(v—F)2
12.y = 16x*(x — 1) 27.y=-% 2)1? >
13.y = 2x3 4+ 3x%2 -5 28.y = 16x3 — 12x% — 4
—242_43
14,y =2 — 12x2 — 8x3 29.y = 11+9x 83x x
15. y = (ZX + 1)2(236 — 1)2 30 y=— (x+1)2(x—3)2

16

Birinchi tartibli hosilalar yordamida funksiyaning grafigini yasang

lL.y=1-3x2 - 2x

2.y =2x — 3Vx2
_ 23/6(x—2)?

3.y = 3x2+8
_23/6(x-2)?

4y = xX2+2x+9

5.y =1—3x2—2x

6.y =2x+6—3/(x +1)2
_ 63/6(x-1)2

1.y = x2-2x+9

16.y = 63/ (x —2)2 —4x +8
_ 33/6(x—5)?

17.y = x2—6x+17

18.y =2+ 3/8x(x + 2)

19.
20.
21,

22,
23.

y=6x—6—93(x —1)2
y = Vx% + 6x + 8

y = 3/4x(x — 1)
_ 336(x-2)?

y=- x2+8x+24

y = yYx(x —2)
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8.y=1—Vx2+4x+3 24,y =1—3x? —4x + 3
9.y=3y(x—-3)2-2x+6 25.y =93 (x +1)2—6x—6
63/(x—1)2 63/6(x—3)2

10.y = _x2+:x+12 26.y = x2—8fc+24

1Ly=4f+8—6V@—2V 27.y = 8x — 16 — 123/ (x — 2)2
_ 33/(x-1)2 _ 63/6(x—6)2

12.y = x2—4x+7 28.y = x2+10x+39

13.y = 3/x(x + 2) 29.y =123/(x + 2)2 —8x — 16

14.y =3Vx2+4x +3 30, v = 3Y6G=1?

15 _ 33 6(x—1)2 . 2(x2+2x+9)

Y= x24+6x+17

Berilgan kesmada funksiyaning eng katta va eng kichik giymatlarini

toping
Ly=x?+=—16, [1;4] 16.y = ==, [-4;2]
4 2
2.y=4-x—=, [1;4] 17.y = =2 +2+8, [-4—1]
3.y =32(x—2)2(8-x)— X .o
) ) 2(x2+3) 19 y — _ 2x(2x+3), [_2; 1]
4, y = -, [—3, 3] x2+§x+5
x2-2x+5 20 v = — 2(x%+3) £ 1
5.y =2Vx —x, [0;4] Y= s T2
6.y=1+ 21. y=§f2(x—1)2(x—4),[0;4]
V2(x — 1)2(x —7), [0;3] 9y oy o X246 g 2:5]
7.y =x—4Jx +5, [1;9] YT T o L&
10x 23.y=2Vx—1—-x+2, [1;5]
8.y= =, [0; 3] )
Lix 24. y=3[2(x+2) (1-),[-3,4]
9.y=132(x+1)205G-x) - 2 o
2, [-3;3] 25. y=—?+2x+E+5,[—2;1]
108
10.y =2x*+==-19, [-1;6] |26.y = 8x + 5~ 15, [3;2]
4
11-y=3_x_(x+2)2' [-1;2] |27.y= Vx2(x +2)2(x — 4) +
12.y = 32x2(x = 3), [-1;6] |3 [=3; 4]
13 v = 2(-x%+7x-7) 28. y=x2+4x+£—9, [-1;2]
V= xX2=2x+2 4 X+2
29.y = — %~ 8x — 16, [—2;4]
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14 y=x—4vx+ 2+
8, [-1;7]
15. y=32(x-2)" (5-x),[L5]

30. y= ijz(x+1)2 (x-1),[-2;5]

Yugqori tartibli hosilalar yordamida berilgan nuqgta atrofida
funksiyani holatini tekshiring

lL.y=x*4+x—(x—2)In(x —

1),x9 =2

2.y =4x —x? —2cos(x —
2), X9 =2

3.y = 6e*2x3 + 3x? — 6x,
Xg = 2

4. y=2In(x+1)—2x+x>+1, %, =0
5. y=2x—x*-2cos(x-1), x, =1
6.y =cos?(x+ 1) +x% +

2x, xog=-—1

7.y = 2lnx + x* — 4x + 3,
xXo=1
8.y=1—x—x?—2cos(x +
1), x9=1
9.y=x*+6x+8-—

202, x4 = =2

10. y=4x+x*-2e"", x, =1
11.y=(x+1)sin(x+1) —
x2, xo=—1

12. y=6e""-3x—x*, x,=-1

13. y=2x+(x+1)In(2+x), x, =-1
14. y=sin*(x+1)-2x—x*, x, =-1

15. y=x*+4x+cos*(x+2), X, =2

16. y=x"+2In(x+2),x,=-1
17.y = 4x — x? + (x — 2) sin(x —

2), X0=2
18.y = 6e* —x3 — 3x?% — 6x —
5, x0=0

19.y = x%2 —2x —2e* 72, xq=2
20.y = sin?(x + 2) — x? —

2x, xg =1
21.y = cos?(x — 1) + x? —
2x, xg =1

22.y =x%—2x — (x —
D)sinx, x, =1
23.y=(x—2)sin(x —1) + 2x —

x2, xo=1
24.y = x? — 4x + cos?(x —
2), Xg = 2

25. y=x"+4x*+12x* —e*, X, =0
26.y = sin?(x — 2) — x? + 4x —

4, Xg = 2
27.y = 6e*t1x3 — 6x2 — 15x —
16, Xg = -1

28.y = sinx + shx — 2x, xo = —1
29. y=sin®(x+1)+2x—x*, x, =1
30.y = cosx + chx,xo =0
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Berilgan funksiyaning asimtotasini toping va grafigini toping

.z
Ly= 147x—xs 16.y = %
2.y =t 17.y = 222
3.y = ;ci:}z 18.y = 2x3—13_x;;22x+1
4.y = (449;2:89) 19.y = fo_—l;
5.y = 4x3+23_x;x—28x—2 20,y = ch;j
6.y = :;iz 21.y = x3_zfj;23x_2
7.y=2"° 22,y = T
8.y = 2x3+22_x:x—23x—1 23,y = x3+2x:2—_32x—1
9.y =123 2.y =52
1oy =22 2.y =2
11,y = 2 26.y = Z 212
12.y = 4:;2—_3: 27,y = 2x3+22xx22_—39x—3
2.y =5
14,y = x92x+;1_68 20,y = —x24;;x3+13
15,y = T 7 30.y = =
Funksiyani to‘la tekshiring va grafigini yasang

Ly="% 16.y = (%)2
2.y =221 17.y = %1
3.y = x:x;x 18.y =

S 19,y = (55

~ Bx? 20.y = 1;2;6
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x%—3x+3 _ 4
6.y = x—1 Zl'y_x +2x-3
ly= 4;:2 22.y = 3+2x—x2
2_4x+41 _ x%—6x49
8.y = - x—j 23.y = x21+2x+4
9 v = 2x3+1 24.y = e
Gy 25 x (2 )2
x—1 - — [ =
— Y=
10.)7 x; x3—§;2
11,y =— 26.y =—,
a(cﬁ_ll)z 4(x+1)?
12.y = >z 2.y = éc;t%xwl
13.y=- o 28.y = 3
' x2+4 X
14 __9+6x—3x2 29 =:x —6X+9
V= =
12-3x X" —alX
= 30y =———F
15. x2+412 Y x3

Egri chizigning absissasi xo nugtaga o‘tkazilgan (1-2) normal (2-3)
urinma tenglamalarini tuzing

—x2 — 2 —
1.y=4x4x’ Xy =2 13.y—(2329+-l6—)3, xg = —1
X
2y=22243x—1, xo=-2 |10YT g %=1
B.y=x—x3 x,=-1 Ly=2x+-, x =1
4y=x>+8Vx—32, x =4 |16.y=—20*) 4
3(x4+1)’ 0
5.y =x+Vx3, xy=1 17y_x5+1 =1
. —_, 0—
6.y=3\/ﬁ—20: Xo = —8 fci2-—19
S o_mE 8.y=15m %=1
T 0T 19. _3(3&/‘ 2Vx), x =1
8.y =8Vx—170, x, =16 20.y = Xy = 2
3x+2'
9y—2x —3x+1, xo=1 2 v=—2" oy = _?
—3x+6 e x2+1’ 0
10.y =5 % =3 2.y =" x=3
3
Ly =vx=3¥r 2=064 |33 =20 4 =1
3
12.y=i3—3, Xog = 2 24.y=—2(3{/§+3\/§), Xo =1
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dy — differensialini toping

1. y= 1+2x+MP+Vx2—%x>O

2.y =

tg(2arccosVl —x2), x >0
1

3. y = arccos (ﬁ)' x>0

2

Inx X

1
4 1+x2 2 1+x2

5.y =2x + In|sinx + 2cosx|
6

3 [x+2
Y= x—2

crVRZE
Ty ==
8.y = arctg *—

X
. _ Jtgx3
9.y =,/ctgx »
10. y = e*(cos2x + 2sin2x)
11. y = cosxIntgx — lng
12.y = xVx? — 1+ In|x +

x? — 1]

Differensial yordamida taqribiy hisoblang

= arcsinx, x = 0.08
LY = VxZ2+2x+5, x =097

l.y=3x, x=17.76

2.y =Vx3 +7x, x =1.012
3.y=x+f"7, x = 0.98
4.y =3/x, x =27.54

5.

6

7.y =x1, x =1.092

8.y =1Vx2 x=1.08

9. vy=+vV4x—1, x =2.56
1

10'3’_ﬁ' x =4.16

11.y =Vx3, x =0.98
12.y = x* x =3.908

Hosilasini toping

1 v= 2(3x3+4x%2—x-2)
Y= 15v1+x
(2x?-1)V1+x2
3x3

(x*-8x2)
2(x?%-4)
2x%—x-1
T 3v2+4x

_ (A+x3)V1+x®

T 12412

xZ

Y = Viaxe
7.y = (x?-6)y/(4+x2)3

120x5

B ow ™
=
Il

o

o

25.y =VxIn(vVx +Vx +a) -
Vx—a

26.y = 24/x — 4In(2 + Vx)
27.y = In?(x + cosx)

a+x?

28.y =1In ax?
X

29.y =In -

30.y = log,¢logstgx
31. y = x(cosinx + sinilnx)
1

V1i—x*

32.y = log,

93




13
14

15
16
17

18.

19
20
21
22

23.

24

x
Ly = x—In(2+eX +2ve* +e* +1)

1 eX—3
.y =sarctg
veX+1+1
— x
.y = 2Ve +1+ln\/m_1
Ly = g\/(a’rctgex)3
2y (2—sin2x—cos2x)
y=e -
Ve +1+1
=2(x—-2W1+e* —=2In
’ ( Ve +1-1
.y =3e* (Va2 - 232 +2
ex2
Y= 1+x2
_ ~ _ 2x (BsinBx+acosBx)
y=y—e Zi 52
Ly =x
1+e4
yzln@xamﬁneX}Jnﬁ+V1—e”)

Yy =

3
ex

1+x3

33.

34,
35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

1

Jx
y = In(e* + V1 + e2¥)
y = Inln3In? x

y = In(bx + Va2 + b%x?2)

y = In(arccos

. 1 sin?3x
= sinv3 + -
Y \/— 3 cos6x
1 cos? 3x
y = cosln2 — -—
2 Siné6x
1  1sin?4x
=tgln-+-
Y 9 3 4 cos8x
3 1 cos? 4x
= ct 5 N
Y g\/_ 8 sin8x
2
sin“ 9x
=tgln?2
y g 19c0s38x
2
sin‘ 21x
= Jtg4 +
y g 23co0s46x
2
. 3 cos? 28x
= siny/tg2 —
Y g 60sin60x
ctgsin%+sin2 15x
Y= 15c0s30x
_ 1COSt 1 1 sin? 10x
Y= 3 g 2 10 cos10x
3 1 cos?26x
= ycosV2 ——
Y \/— 52 sin52x
. 1 sin? 5x
y = 8sinctg3 + -

5 cos10x
sin? 29x
24c0s50x

y = cos? sin3 +
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7. 2-namunaviy hisob.
Funksiyaning limiti, hosilasi va differensiali.
Funksiyani hosila yordamida tekshirish.
Nazariy savollar

1. Ketma-ketlik limiti. Limit va ketma-ketliklar hagida teoremalar.

2. Funksiyaning limiti. Chekli limitga ega funksiyalarning
chegaralanganligi hagidagi teorema.

3. Limitga egafunksiyalar hagida teoremalar.Bir tomonlama limitlar.

4. Birinchi ajoyib limit. Ikkinchi ajoyib limit.

5. Hosilaga ta’rif Dbering. Funksiyaning nuqgtada va sohada
differensiallanuvchanligi. Uning geometric va fizik ma’nosi
ganday?

6. Asosiy elementlar funksiyalar hosilalari jadvalini keltiring.

7. Funksiyaning nuqtadagi differensiali deb nimaga aytiladi va uning
geometric ma’nosi. Differensial shaklining invariantligi.

8. Murakkabfunksiyaning hosilasi. Teskari funksiyaning hosilasi.

9. Logarifmik differensiallash yordamida y = [u(x)]’®
ko‘rinishdagi  funksiyaning hosilasi uchun formula keltirib
chiqarish.

10. Ikkinchi tartibli hosilaning ta’rifini bering va uning fizik ma’nosini

tushuntirng.

11.Parametrik ravishda berilgan funksiyaning birinchi va ikkinchi

tartibli hosilalarini topish formulalarini yozing.

12.0shkormas ravishda berilgan funksiyaning birinchi va ikkinchi

tartibli hosilalarini yozing.

13.Funksiya ekstremumi. Ekstremumning zaruriy sharti.

14.Funksiya ekstremumining yetarlishartlari. (1- va 2- tartibli hosilalar

yordamida)

15.Funksiyaning asimptotalari. Funksiyaning gavariqligi va botigligi.

Yetarli shartlar. Burilish nugtalari.
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Yechish namunasi

(n+1)(n+2)(n—-1)
3n3+2n+3

1-misol. lim,,_ limitni hisoblang.

Yechish.Bu limitni hisoblash uchun surati va maxrajida n ning eng
yuqori darajasini gavsdan tashgariga chigaramiz.
nm+1)(n+2)(n—1)

limy, e
Hhn 373 + 2n + 3
n3(1+)(1+2)(1-2)
= lim n w o
n—oo 2 3
Tl3(3+§+ﬁ)
1 2 1
, A+A+)A--) 1
= im0 5 3 =§
3+F+E
Yrri-1

2-misol. lim,_,y —— s 2 limitni hisoblang.

Yechish.Bu limitni hisoblash uchun surat va maxrajini (¥x + 1) +
Vx + 1+ 1)(Wx + 4 — 2) ga ko‘paytiramiz.

Ve +1-1

Vx +4 -

Fx+1- 1)((i/ﬁ)2 FVrF I+ D)W +a—

Watd-2)(xF1) +VaFI+D)Wax+4—
X+ 442 4

= lim,_,g ==

Fx+1) +VxFi+1 3

lim,_,

= lim,_,g

3-misol.lim,._,_, —>*X__ |imitni hisoblang.

arcsin(x+1)

) _ +1 . (x+D)(x*-x+1) _
Y@ChlSh.llmx_,_l _arcsin(x+1) = llmx—)—l arcsin(x+1) -
limy g — (32 —x +1) =3

arcsin(x+1)
, . 2x+3\¥*¥1 .
4-misol. lim, o (;;T) limitni hisoblang.
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Yechish.

x+1

2x + 3)’”1 , <2x +1+ 2)
= lmx—)OO

Moo (Zx 1 2x + 1

x+1

=lim,_ (1 + ) =
x 2x + 1
2(x+1)
2x+1 | 2x+1
2 2 2(x+1)
= lim,_ e 2x+1
2x + 1) x

= liMy_ e (1 +

1
2x(1+3)

1
I x(24+=) __
= lim, e *®% =e

5-misol.y = eS™"2* funksiya grafigining Xo=0 nuqtasiga o‘tkazilgan
urinma va normal tenglamalarini tuzing.

Yechish. Berilgan M(Xo,Yo) nugtasiga o‘tkazilgan y — y, =
f'(x0)(x — x) ko‘rinishga ega.
M(Xo,Yo) nugta berilgan, ya’ni M(0,1).
f'(x) ni hisoblaymiz.
f'(xy) = eS"2* - cos2x - 2
f'(0) =2
y—1=2x-0)->y=2x+1-2x—y+1=0
Endi normalni tenglamasini tuzamiz.

1
Y—Yo = _f'(xo) (x — o)

1
y—l=—E(x—0)—>2y—2=—x—>x+2y—2=0

- 2 - - - - - - -
6-misol. y = In iz funksiyaning differensialini toping.

1
1+
Yechish. Funksiyaning differensialini topish uchun
dy = f'(x)dx

Formuladan foydalanamiz.
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dy = dx

1 — x? 1—x% —2x(1+x?) —2x(1 — x?)

(ln1+x2> T a2 (14 x?)2

—2x — 2x3 — 2x + 23 —4x
A—0+x) “F=a-m?

7-misol. y = sinx - Inx funksiyaning ikkinchi tartibli hosilasini

toping.

Yechish.y' = cosx - Inx + sinx %

1 1
y'" = —sinx - Inx + cosx - — + cosx - — — sinx =
X X X
2cosx o (lnx + 1)
= 2———sinx(lnx + —
X x2

8-misol. arctg% = %ln(x2 + y?) oshkormas funksiyaning hosilasini
toping.
Yechish. Oshkormas funksiyaning hosilasini topish uchuny ni x
ning funksiyasi deb y’, hosilani topamiz.
y r_ 1 2 2V}, —
(arctg ;) x = E(ln(x +y9) =
1 _y'xx—y_1_2x+2y-y’x_)y’xx—y_x+yy’x

142 x2 2 xZ+4y? x2+y2  x2+y2?
x2
Sy x—y=x+yy oy x—yy =x+y
' , _ Xty
—>(x—y)yx=x+y—>yx=x_y
: = asint . - : _—
9-misol. {; _ Z“;Z;t} parametrik ko‘rinishda berilgan funksiyani

ikkinchi tartibli hosilasini toping.
Yechish. Bu funksiyaning ikkinchi tartibli hosilasini toppish uchun
ushbu formulalardan foydalanamiz:

y,xzy’t .0

1’ XX !
X't X't

x'; = acost
y', = —bsint
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, v, bsint b

- x't acost a 4
b ) 1
! ! —_ .
y" z(yx)tz( atgt)tz_b cos?t _ _ b
xx x'; acost a? - cost a®cos3t

Parametrik ko‘rinishda berilgan funksiyani ikkinchi tartibli hosilasini
quyidagi formula yordamida ham toppish mumekin:
—_— }’””xll - yllxuu
D

10-misol. y = xV1 — x? funksiyani o‘sish va kamayish hamda
ekstremumlarini toping.

Yechish. Berilgan funksiyani aniglanish sohasini topamiz.

D(y):1—x%>0 - |x| < 1. DemakD(y): [—1,1].

Endi o°sish, kamayish oraliglari va ekstremumlarini topamiz. Bu
funksiyadan hosila olib va nolga tenglab, kritik nuqgtalarini topamiz.
x(—2x) 1—x%?-—x% 1-—2x?
N1—x2 Vi-x2 Vi-x2
[l =y =0-1-2x2=0-x,=1t%
Bu nuqtalar [-1,1] kesma ichida bo‘lgani uchun, shu kritik nugtalarda
ekstremumlarni izlaymiz. Lekin x5 , = 1 nuqtalar ichki nuqta
bo‘lmay, chegara nugtalar bo‘lgani uchun bular kritik nuqtalar
bo‘lmaydi. O‘sish, kamayish oraliglarini hamda ekstremumlarni ushbu
jadvalga yozamiz:

y' =41—x2%+

(-1 —L) i 1 (—i i) X2 - (i 1)
T N2 = NG V2'V2 V2 | W2’
y' - 0 + 0 -
Yimin Yinax
x' -l 1 -1 1 -l
2
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Yechish uchun vazifalar

1-vazifa. Sonli ketma-ketlikning limitini hisoblang.

2,3,4-vazifa. 2,3,4-misolllarda berilgan limitlarni hisoblang.
5-vazifa. Berilgan funksiyaning absissasi Xo bo‘lgan nugtaga
o‘tkazilgan urinma va normal tenglamalarini tuzing.

6-vazifa. Funksiyaning differensialini toping.

7-vazifa. Berilgan funksiyaning ikkinchi tartibli hosilasini toping.
8-vazifa. Funksiyaning hosilasini toping.

9-vazifa. Oshkormas funksiyaning hosilasini toping.

10-vazifa. Parametrik ko‘rinishda berilgan funksiyaning oraliglari va
ekstremumlarini toping.

11-vazifa. Berilgan funksiyaning o‘sish va kamayish oraliglari va
ekstremumlarini toping.

Variantlar
1-variant 2-variant
1 2 3 3 4
Llim(z+5+5++ . Vn3+3-VYn*-3n+5
gy L im ez
n? 2. lim (Vx + b —vVx — b)
2. x—00
(x+1)(2x+1) (Bx+1) (4x+1) 3. lim —2=%
lim x—c0 1—cosx
Xm0 (2x=1)*=(x+3)F 4. i ( 2x )‘4x
1-cos? 2x . lim
. —oo \1+2
> Jll_)rgo xsing 5 * _ SSinxx _n
: x+4\ 3% Y= cos2x’ X0 = 3
4. Jim (537) 6.y = Fae
5.y = xtgx, xo = g logs(Vx + 1)
i 3
6.y = InarccosV1 — e* 1.y —:;n 3tg2x —
—x2 2
£ y= > ctax cos sin30°
8. y = (Sln\/}) g 8. y = (x?’ + %)e4x+3
— X
9.xy—Ilny =1 9.x+y—223’
= t
X = 3t2 10. {x aCO.S
10' {y = sinVeZ — 1 y = bsin’t
_ x%-2x+2 11.y = es+x
11.y = —
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3-variant

1. lim (3/2n -3 -
n—-0oo

V2n +3)

2. limx(Vx? +1—
X—00

Vx? —1)

. 1+cos2x
3. lim

x—oo 1+cosé6x

4. lim (2"+5)5x

x—oo \2x+1
T
5.y = xctgx, xo = >

6.y =tg32x

7.y = (1 —x2)Vx3
8.y = (cos2x)e"

0. x—y= arctgﬁ

4-variant
. 2M_gny3n
1. rlll_r>£10 3N 440
5 lim VBx+5-Vx2+3x

" x—oo00 N27x+3-32—64x
1+sin3x

w

. lim

2
X—00 (E_x)
2

) X42 1+2x
. lim (—
x—>oo \x+1

Ly =x%e¥, x,=0
.y = arccosx + In(tgx)
.y =x%-logz x
.y = (cos5x)?*
Y3+ 2xy+x2=0
x =1+ cos?t
10.{

O 0o ~NOo U1 &~

cost

sint

X = arctgt 1
10. Jir e 11y =c0
y - ln 142
11 _ Ax—x—-4
Yy = .
5-variant 6-variant
. (n+D)4n! . (2n+1D)*-(n-1)*
1. lim ————

n-ooo (n+2)! 1. rlll—{go (2n+1)*+(n—-1)%
2 lim V4x2-1-V749x2 2 lim V12=2x—/2x+20
" x>0 V16x2+7x+8 " x>—2 x2+6x+8
. 1—cos3x . arcsin(2x-1)

3. }Cl_r>r(1) xsin5x 3. hrq 4x—2
2x \3% 72
i _a\3x+2
Jim (55) 4. 1im (22)
x—co \Xx+4

. T
.y = xsinx, xo =7

x+1

Ly = ln?

Ly = (x4 + 5)ctgx
9.x —y = arcsinx —
arcsiny

x = arcsinvt
10.{ vt

y = 1+t

4
5
6.y = % - \/(arctgex)3
.
8

5.y=3x34+4, x,=0
6. v = (2x%-1)V1+x2

Y= 3x2 5
7.y = (arcsinVl — x) +

5ctgx

cosx?

8.y=x
9.x+1=¢e*

x = In(1 — t?)
10.
y = arcsinV1 — t?
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=X _Inx
11.y_9_x 114"%
7-variant S-variant
L lim (VnZ+1+n) 1 lim (7'l+1)!+n:
" nooo Y1-5n2+27n5 n—co n!=(n-2)!
2 l 3\/? 2 2. 11 3—vV5+x
'xﬁzm V2 x—4 1— \/(5 ;C)z
' x—>5 arcsin(6—5x) X2 arcsmz(xz;z)
) x—2\2%"3 4. lim (3x_4)
4, lim ( ) x—oo \3x+2
x—>io x+1 x 5.y=x_3x’ x0=0
>y = XCOS2X, Xo =3 6.y = arccosV1 — x2
/- > 7.y =In(x + V1 + x2)
6.y = t 2 A/
y =arc gz S — 8.y = (1 — cosx)t9*
7.y=ll’1 a = 9.x3_|_y3=3xy
1—ax — 1 tat
8.y = (tgx — )05 o {x ntg
9.,/x-|—y=ex+y :Slant
10.{x=t3§1 11,y = x + 2%
y=ti
11.y = x> — 9x? + 24x
9-variant 10-variant
AT S
1. lim +1+1+ 2 1. Al_r)go + =+t

n—00 T4o+o+- +Eﬁ
. e—/2e—x
 lim ==t
xX—e xX—e
arctg?3x

w DN

. lim

X—00 9x2

. lim (2x_4)_3x

X—00

2x
X

Ly =

Yo = s
sinx’ 70 2
-4

Ly = arccos\/716
= Vx3 + 7x
= (x3 + 4)t9*
ex+y = arctgx -y

.“390.\‘@01-l>

1
(2n-1)(2n+1)
Vex+1—/2x+3

2. lim
ol Vxt75-2
2
4x+4
3. lim ——
x——1arctg2(x+1)
4x—2
x—7
4, lnn,( )
x—oo \Xx+1
x+1
S5 y=In—, x5=1
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=1 -1¢2

0.

9.Jx?+y2—tgxy =0

=tg(l+t) X = 3t2+1
11.y = x — In(1 + x?) 10. 3t2
y = sint3
xZ
: 11'y__-x2—x+1
11-variant 12-variant
1 lim (n+1)°-(n-1)° 11 V2=3n+n3+(Vn-1)°
n-oo (2n+1)>-(2n-1)° 'nl_r){)lo V22 +n—1
VT 2 lim VS—3x—J&C?+2x
2  lim v x—0.(3) X2=2x+Z
x—0.25 4x%2+2x-0.75 cos? x—cos? a o
. cos—=—sin= 3. lim
3. lim % x-a JC—a2
X—00 COS—~ ; 4x—-1\=%¥
4.1Hn.(2—3x)' 4'5223(4x+1)
X—00 F;C—Bx 5.y = oo’ X0 = 0
Y= %o = 04 6.y = In(cos? x +
6.y = (ln3\/ezx +1) V1 + cos?x)
7.y = x?%-Inx 7.y =x-Vx2—8
8.y = sinx5¢" 8.y = (Inx)?”
9. ysinx = cos(x — y) 9. xy = sin(x + y)
x=In(t+vVt?2+1) , = 3041
10. VT 10. 3t2

11.y =3x*—4x3 +1

11.y = x% = 2Inx

13-variant
1. lim 2 Yns+2-3nZ+1

n—-oo Vn4+2 Vn3+1

2 llm x3+427
X—o— 3V12+x VB 2Xx

Sll’l X— SlI'l a

3. lim
X—00 X—a
_ x 2x+3
4. Jim (25)
5 __ Sinx _r
y - x ’ X0 _%
6.y = In3(arccos =)
7.y =arct —2x
RN =

14-variant

1. lim (n+2)!
" nooo (nl)!+n!

2 lim 2x2%4+7x+5
Y00 VB—X—V5—dx

3 limcosax cosfx
" x>0 x?

2—3x
x—1

4, hm( )

X—00 X

77.'2

5.y = sin2Vx, x5 =
6.y ln(arcsmVl — ezx)
7.

8.

1—x3
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8- y — (x3 + 1)COSX
9.xy =sin(x + y)
10 {x =Invl+t

—cos1
Y= 2

x2

11.y = x3e 2

15-variant
n!l—-(n+1)!
1. ALaﬂﬂ+UH4Y
2 lim V6.5+x—/11.5—x
"x>25  36-2x-1

. cosx—cosa
3. lim ————
x—a Sinx—sina

4. lim (x+3) o

x—0 Ve

5.y = In(x? +1) Xo =1
6.y = loga\/_

. X
/.y = arcsin /—
x+1

8.y =(lnx+ 1)Sinzx
9. xcosx — sin(y?) = 0
10 { = V2t — t?
y = arcsin(t — 1)

9.x +y = sinxy
3at

10 X 1+t2

__ 3at?
T 14t2

3
11.y ==

1—x2

16-variant
. (2n-1*-(2n+1)*
1. Ag{}o (Bn-1)4+(Bn+1)*
5 i 321+3x-3/31-2x
T Varz—Ve-x
. T 2
3. lim (E + x) tgx

%_
x2

: x+3\* 4
lim (55
y = lnzx +x xo =1
x 3
y =
e
Yy = ClT'Cth
y = x3x . Zx
xy=3"+x-e”
{x = ctg(2e*)

"y = Intg(e®)
11.y = (x — 1)x?

©w N o 0 bk

x%2-x-1
11.y= x2=2x
17-variant 18-variant
L i 2o T T
n-o 9n+; 9:51_'_8 n1—>oo Vn—2+4n?-Y1-n3
2 lim x%+5x 2 lim V19-3x—/9+7x

x—>—2 V11x—5+3/19—4x
3. llm (x + 2)2tg7

4 lim (x 7)2x+1

X—00 X
5.y =xlnx, x5 =1
6 v = 4+3x2

Y T
l.y= 3Vx+l

x-1  N7x+1-2
3. lirri(x — 1)?%ctgmx
X—

. 2x+1\*12
4. lim ( )
x—oo \2x—1

B.y=—— x,=e
'y_lnx' U

6.y = arctg3(e* —e™)
7.y =xV4 —x2 + 4arcsin§
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8.y = (cosx)™*

z 2
9.lnx +ex =a

8.y = (lnx)*" 1
9. sin(xy) + cos(xy) =

x=arccos\/% tg(x +y) 1
10. Y 10 {x = arctgez
y = arCSlnm y = m
Y
11,y = (’;fl) 11.y = In(x? + 1)
19-variant 20-variant
1 Lim [1+3+5+7+---+(2n—1) _ 1 lim 1+5+9+-2--+(4n—3)
n—-oo n+1 n—-oo n<-3
_ 2n+1] 5 1i 11—5x+37—4x
2 2125 ' x‘i‘% 0.5x2+x—4
. X . 2 . E
2. xlirzls V18+3x—/8+x 3. }cl_l;rgl,(x Nty 6%

3. lim(m — x)ctgx

X— 00

. lim ( )
x—oo \2x+4

4
xX—=5

+ Im (55) 5.y =V 45, %=1
5.y=vVx2+3, xp=1 6.y = x? - sin2x
6.y = arccosV1 + 2x3 ry= 3".- CO\S/Ex
7.y = x*+In3x 8.y = (sinx)¥*
8.y = (sinx)arctgx 9. arctg% =X

10 = In3 cost
9. sinxy = y? 1 |y = esint
1o, 1¥ = arccosg 11.y = (x — 1)e3x71

| y=+vt? -1
x%+6
1Ly = x2+1
21-variant 22-variant
1. lim (i+i + -+ 1 lim J2=io/@-D+
oo 47 710 " n-oo 3;/F+\/m+1
. 8x3-1
(3n+1)(3n+4)) 2. Bﬂm
2. lim (—— — 22 2
Cxo2 Wx—V2  x-2

3. lim (x% — 4)ctg§x

X—>—2

4. lim (x—+5)3x+4

X—00 X

3. lim(x3 — Dtg=x
x—1 2

4. lim (x__|_2)3—2x

x—0 X

S.y =arcsinx —x, xo =0
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5.y = arctg?x, xo =1

6.y = lnarctgve* + sin3x

_ 2(3x3+4x%-x-2)
ly= 15vV1—x
8.y = (tgn)**
9.cosx =x+y

6.y = arctg(x? - cos i)
7.y = cos(ctg2x) —

1 cos?8x
16 sinlé6x
8.y =(x"+1)t9*

9./x?+y? = arccos%

— 0t — 2
10. { X T, 2t—t 1 {x = arccos(sint)
y =y -1t)? " |y = arcsin(cost)
11,y == 11,y =2
' x4-1 Y= x4_1
23-variant 24-variant
1 i 22i+at+8" 1. lim (V2n2 —1 -
Nn—oo 3:8M—4n42n n—oo
2. lim ——2 V2nZ + 1)
" ol V2x+5-V1i-6x . Yx+6-319-55x
2 2. lim >
3 lim 1 . 1 ) x—2 L X —3x1+2
" x>0 'sin3x  tg3x lim —
x—Tcosx  ctgx
2

. lim (ﬂ)sx

x—co \2—X
x 2
}7-— E'+';, ‘XO — 1
= In?(x3 + cos3x)

y
2 } x2-1
.y = —-arcsin
3 3

3

8.y=(Wx+5) "7
9.3Y + 2x = 2*¥*Y

1
10. {x = arctge:z
y=+ver+1

~N o g A~

) 3x+4)\ " 2X
. lim
X— 00 3x

y = x% + arcctgx, x5 =0
.y = 1In3(e?* + cosV/x)

1 sindx

LY = tg(lng) + -

3 _424c058x

v = (x3 — 4)5in2x

yZ ( 2 2

.Xx3 + y3 = as

10 {x = tcost — 2sint
"y = tsint + 2cost

© o N o U A

er+1

11y = —;
11.y = In(x? — 2x + 6) €
25-variant 26-variant
: (3+2n+nz)5—(2nz—1)5 1 lim (— + 1 4+ e 4
1 7111_1)1(‘)10 (2n—1)10 Tl—><1>°(2'5 3-5
2. lim VX D@3
x—>4V2x+1—/17+8x 843
cos? x—cos?a 2

3. lim

x—oa  x%—a?

. lim
x—>—2 VAx+9—-/17+8x
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: 2x-1\ "% . sin? x—sin? g
4. Jim (2x+4) 3 9lcl—r>r[1? x*-p*
2 x+1
5.y =77 %=1 4. lim (=)
Vitx%+x x=0 A2+
6.y =-In; 5.y=vVx2+4x+1, xo=0
4 1+x%—x x T
1 . 4+VstgZ 6.y = In(tg (— + —))
7.y =—I 2 2 4
18~ 4-Vstgy 7.y = arccos o=
8. y = q?**3 Y= , Vxt+16
— : X
9.e*-sinx = e - cosy 8. y4— (514n x)g 3
{x = ctg(2e*) 9. x +yl =tx y
. x = Inctgx
y =Intg(e”) 10. { 4‘9
5x%+3 =
11. y = cos?t
¥ 11,y =%
Y= 4—x2
27-variant 28-variant
1 lim ¥nZ+2n-1 1 lim Vn3+5+3¥n2-5
' n-oo Vn-10 n—oo \/n2+1+ \/16n3+1
2. ljm LV 2. lim YE2Vab g < p <
x—1 x—1 x—-a X°—a
. Nx+h-2 sin(x—h)—sin2h a)
3. chl_rfrll x2—p2 3 lim cos(2x+a)—cos(2x—a)
4 lim (1+2x)_x " x>0 X 552
. —4X
x—o00 \3+2x 4 lim (L)
x-0 \x—1

: T
= Vsin2x, xg = ”

6.y = arctg (tgg+ 1) —
Incos/x

7.y = ln3/1 — sinz
8.y =(x3+4)3%*
Q. tg% = ctgxy

x=V1—t2

10. ot
42\/1 t2

11.y = xx

5.y =3x2 + 1 Xo =0

6.y =log,— W
In arcsinv1 + ezx
7.y =log, cos X3

-1
8.y = (2x? + 1)cos2

9. xarcsiny = yarcsinx

—In |12t
10. X =M 1T
y =v1—t?
11y = x2 +—
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29-variant

1.
5 _1\4 _233
lim (n+1)°+(n-1)*+(2n-3)

n-oo (2n-1)5+2n+1)*+(2n+3)3
V8—x—V15+6x

2. l >
1 2x“+5x+3
V2—/1+cosx
3 hm—z
x—0 sin
4. lim (2= 2")
x—oo \3Xx
5.y =" ;+7 xp =1
6.y =x— e‘x :
arcsine* + x?
7.y = arcct 3%
y g V1+x+x

8.y = (e* +1)*" 1

9.xy —sin(x +y) =

cos(x —y)

10 {x = arcsinV1 — t2
"y = (arccos t) 2

11. y = xlnx

30-variant

1.

lim (n+1)5+(n-1)*+(2n-3)3
n—ooo 2n-1)3+(2n+1)*+(2n+3)3
V8—x—+/15+6x

2. l
_1 2x2+4+5x+3
. V2—/1+cosx
3. llmT
sin? x

6.y=x—e arcsine” +
X2
/.y =arcct 3

Y= 9 \/1+x+x

8.y = (e* + 1)¥*-1

9. xy —sin(x +y) =

cos(x —y)

10 {x = arcsinV1 — t?2
"y = (arccos t) 2

11. y = xlnx
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1. Yuldashev A., Pirmatov Sh.T., Ahmedova H. Bir o‘zgaruvchili
funksiyalarning integral va differensial hisobi. 1-kurs talabalari
uchun o‘quv qo‘llanma. —Toshkent, 2019.

2. Xurramov Sh.R. Oliy matematika. Misol va masalalar, nazorat
topshiriglari. 1,2,3-qismlar. — Toshkent: Fan va texnologiyalar,
2015.

3. Xolmurodov E., Yusupov A.l. Oliy matematika. — Toshkent:
Noshir, 2013.
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