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— Ho wmwup! Ho >kusHb! Befb 4enoBek
Jopoc, 4yTob6 3HaTb OTBET Ha BCe

CBOW 3arafku.

— UYTOo 3HauuT 3HaTbL?

BoT, Apyr Moi, B 4em BOMpoc.

B. leTe



MPEANCNOBWNE

OAHMM M3 MeToaoB OBJ/lageHnda BCe BO3pacTalOWwMM MOTOKOM nNo-

NEe3HON, a 4YacTo fJaxe M HeobxoAMMOWN, MHpopMauun ABASIETCA WH-
TeHcMdUKauma npouecca 0byyeHWs, MO3BOMAKOLLAS He YBENMYMBaTb

CpOK 06y4yeHna. OfHaKo, pewuTb 3Ty 3ajady, He MpPeBbICMB MNpuv
3TOM €eCTeCTBEHHbIX BO3MOXHOCTE/ 06Y4YalLLMXCA MO KaYeCTBEHHOMY
YCBOEHUID M3y4yaeMoro npeagMeTa, COBCEM He MpocTo. MNMpepanaraemblii
y4yebHMK npeacTaBnsieT co60M ygayHyrO MOMNbITKY peLleHns 3Toi 3a-
Jaun npu M3yydeHUU NNHEHOW anre6Gpbl U reoMeTpun B 06BbEME Mpo-
rpamm, NPUHATBIX B Nefarornyeckux yHuUBepcuteTax U psge Apyrux
BbICLIMX Y4eOHbIX 3aBefeHnA. OH HanucaH Ha OCHOBe OMbiTa €ero aB-
Topa, paboTaBlero npenojaBatesieM B PA3aHCKOM MNefarormyeckom
yHuBepcuTeTe M MOCKOBCKOM (DU3MKO-TEXHUYECKOM WHCTUTYTE.
MaHepa nogayn MaTepuana B y4eOHWKE HECKONbKO HeobbluHas
n ceoeobpasHasd. ABTOp He 6GeccTpacTHO MNepeckasbiBaeT onpejene-

HUA BBOANMBIX NOHATUNA, AoKa3blBaeT C(*)OpMyI'IVIpOBaHHbIe nemMwmbl n
Teopembl, a C NOMOWbH OpUTUHA/IbHbLIX METOoANYEeCKNX nNpmnuemMoB

CTPEMUTCSH MOMOYbL YMTATENH aKTMBHO, a He (hopMalbHO OBnafeTb
n3yyaeMblM NpPesMEeTOM W AOCTUraeT B 3TOM ychexa.

970 ypaeTcs aBTOPY OCYLLECTBUTb MpPeXAe BCEro 3a cYeT MHOro-
YPOBHEBOIO M3M10XEHUA MaTepuana B y4yebGHMKe. B 3aBMcMMOCTM OT
cTerneHW CBOeN MNOArOTOBKM 4uTaTefNlb MOXET NpuiepxmsBatbca npu
M3y4yeHUn npegMeTa OJHOTO U3 Tpex YypoBHel. lMepBblii ypOBEHb CO-
LEepXNT MakCUManbHO 3/1EMEeHTapHOE U3/I0XKEHMEe MUHMMalbHO Heob-
XOAUMBIX ANS fanbHenwero obyyeHus cBefeHuil. Cnegyrouwmin ypo-
BEHb M3/1I0XKeHMA obecneumBaeT TBepAOe 3HaHMe npeaMeTa U npej-
Ha3HauyaeTca Ana yuTaTens, obnajaroLiero yxe JOCTaTOYHOW Mate-
MaTu4eckol KynbTypoi. HakoHel, TpeTuii ypoBeHb Ha ocHoBe 6onee
yrny6neHHOro m3yyeHuss npegmera NpuBOAUT K CBOGOAHOMY Bhnafe-
HUIO M3YyYaeMbIMU MOHATUAMM U K YMEHUIO MPUMEHATb UX NS peLle-
HMA 3ajadv. M3yumB npegMeT Ha OJHOM K3 MepPBbIX ABYX YPOBHEN, un-



Tatento GyfAeT Nerko M MHTEPECHO BEPHYTbCS K HEMY Ha 6onee BbiCO-
KOM ypOBHe. Takoe MOCTPOeHue yueGHUKA U CTUMb U3/0XKEHUs fgaeT
BO3MOXXHOCTb PaclIMPUTb KPYTr Y4YebHbIX 3aBefeHUi, B KOTOPbIX OH
MOXeT 6blTb MCMONb30BaH.

BaXHO OTMEeTWUTb, UYTO MpPU W3YYEeHUU npeameTa CTYAEeHTOM Ha
no60M ypOBHE aBTOP He AaeT BO3MOXHOCTM eMy AefnaTb 3TO MaccuB-

HO: yMesio CTaBAlWneca B yqe6H|/|Ke BOMPOCbL!I 3acCTaBNAKT CTyAeHTa
BHUKaTb B CMbIC/1 BBOAUMbIX NOHATUIA, OCO3HaBaTb uenb, ona KOTO-

poii OHM BBOAATCA, OLEHUBATb BO3MOXHOCTb W FPaHMLbl UX UCMONb-
30BaHMA M B 3aK/IOUYEHWE aKTMBHO y4yacTBOBaTb BMECTE C aBTOPOM
KHUTM B npoLlecce JOKa3aTeNnbCTB CHOPMYIMPOBAHHbLIX YTBEpXAe-
HuiA. CopepXKalimecss B TakOM MeTofe OOy4eHUs 31eMEHTbl Urpbl
TaKXXe WMHTEHCU(ULMPYIOT MpoLecc 0bydyeHusi, fenarT ero yBjeka-
Te/IbHbIM, MOBLIWAKT M0603HATENBHOCTb CTYAEHTa, YCUINBAKT €ro
WHTEepec K npegmery.

Hanuune B yyebGHMKe O6OMLLIOIO 4YUCNa KOHTPOJbHBLIX BOMPOCOB
M 3aa4y NO3BOMSIET CAMOMY CTYAEHTY, UAU C MOMOLIbH MpenojaBa-
Tens, NpaBWIbHO OLEHUBATb NPUOOPETEHHbIE UM 3HAHUA, AUCLUNIN-
HUPYeT ero MbllWeHne, cofecTByeT MOBbLIWEHNIO ero mMaremartumye-
CKOW KynbTypbl.

YcnewHoe OcCyllecTBfieHNE HOBbIX METOAMYECcKMX uaei aBTopa
CTano BO3MOXHbIM 6narofapsi XOpoLwo NpoAyMaHHOMY MOpPsAKy Mno-
Jaun maTepuana B y4ye6GHVKe, O6CTOSAATE/ILHOMY, YETKOMY, CTPOromy
M BMECTe C TEM MPOCTOMY €ro M3/0XEHUIO, TaTelbHOMY MPOAYMbI-

BaHUIO ero getaneil. B pesynbTaTe yuyeOGHUK [AOCTYMeH LWWUPOKOMY
KpYry CTYAEHTOB, MOXeT 6biTb C YCMEXOM WCMOMb30BaH UMW 1S ca-

MOCTOSITE/IbHOTO W3YUYEeHUsi MpegmerTa.
Nn. A. Kyapsasues

CanTblKOBKa U/IeH-KOPPECMOHAEHT
3 wnona 1994 r. Poccuiickoii Akagemun Hayk



MoumMm poanTenam,
MOUM YUYnTeEenam

OT ABTOPA

Vgea cosgaHua CUHTETMUYECKOro Kypca Bbicllei anrebpbl U BbiC-
Wweli reoMeTpun BO3HMKanNa He pa3 Mpu U3MeEHEeHUsX NeaBY30BCKMUX
yyebHbIX nporpamm. AgMUHUCTPATUBHbIE MOMbLITKN UX 06beaUHEeHUs
MMEKT HEKOTOPYH WUCTOPUYECKYHD U METOAUYECKYHD MOTUBALMIO, Tak
Ha MexaHMKO-MaTeMaTuyeckoM akynbtete MTY, maremMaTtuyeckmx
N ranvecknx akynbTeTax HEKOTOpbIX APYrMX By30B TPagULMOHHO
YnTalOTCSA KypcCbl NMHENHOM anrebpbl, KoTopass 06beAunHAeT Hadana
3TUX BeTBE MaTeMaTUKU. B TEXHUYECKMX W MHXXEHEPHbIX By3ax BO-
NpoCbl aHaIUTUYECKON TeoMeTpun W NNHENnHOW anrebpbl 06bIYHO
BK/IIOYAKOTCA B NMPOrpaMMbl KypCOB BbiClleit MateMaTtuku. OfHako,
OYEeBUHO, YTO HECMOTPS Ha CaMOCTOATENbHOCTb U CMeuu UKy 3Tux
pa3fenoB MaTteMaTuMKu, CBA3b WX MHOrO rny6ye u MHTepecHee, Yem
TemMaTmMka COOCTBEHHO NIMHEWHOW anrebpbl. YTO6GbI NOATBEpPAUTbL 3TO,
[OCTaTOYHO YMOMSIHYTb PO/b TPEX 3HAMEHMUTbIX FEOMETPUYECKMX 3a-
Jay ppeBHOCTM (O KBagpaType Kpyra, yABOEHUM Kyba u Tpucekuuu
yrna) B UCTOpPUM CO3JaHUs TeopuM paspellMMocTy B pagukanax an-
rebpanyeckux ypaBHEHWUIA, NPUIOXKEHMSA Teopuu rpynn B reomMeTpuu,
a TakXXe JpnaHreHcky nporpammy @®. KnerHa, KoTopasi onpegenu-
Nla Ha MHOro neT HanpaBfeHUsi TeOMeTpUYecKnx mccnegoBaHuin. (Co-
rnacHo 3Toli mporpamMmMe BCsKasi reoMeTpus eCcTb reOMeTpus UHBapu-
aHTOB HEKOTOpPOW anrebpamyeckoin rpynnol).

MoaTomy Kypc, KOTOpbI cofep>xan 6bl M3/10XeHWE 0OLLIMX OCHOB
BbiCller anrebpbl W BbICLLEW reoMeTpun, MOr 6bl 6biTb MHTEPECEH
cam no cebe, NpefocTaBnsas BO3MOXHOCTb B3IISHYTb Ha OAHU WU Te
Xe Mpobnembl € No3vuMiA 3TUX Yy)Xe 060cobuBLIMXCS MaTematuue-
CKUX AMCUMNANH. TakuMu naesiMy NPOHUKHyTa KHura X. [benoHe
«JInHeliHasa anrebpa W afemMeHTapHas reomeTpus», nepeBefeHHas U
n3gaHHaa y Hac B 1972 rogy. XoTs ¢ 3TOro BpeMeHu npowsio 6onee
ABajuaty neT, ee uaen He ycTapenu, HO KPYr 3aTPOHYTbIX B Heli BO-
NpoCOB OrpaHM4YeH ee Ha3BaHMEM, K TOMY >XXe CULWKOM (hopManm3o-
BaHHbI/ fA3bIK 3TOM KHWUTU 3aTPyAHAET ee UYTeHWe ManonoAroTOBNEH-
HOMY u4uTaTento.

B 1987 rogy B CBfI3M C BBEAEHMEM BO MHOIMX MeABy3ax NOArOTOB-
K/ yuynTenei no HOBbIM CMeLUNanbHOCTSIM 6bI10 NPEANOXEHO 06bean-
HUTb y4ebHble Kypcbl anrebpbl U reoMeTpuu, 3TO W CAENano akTy-
aNbHbIM cO3f4aHVe y4dyebHMKa MO TakoMy Kypcy. lpii 3TOM cuHTe3e
CTaso MPOCTO HEOGXOAMMbIM MPeAEeNbHO MHTEHCMULMPOBaTbL 06yYe-
HMe, UTO, B CBOKO O4epefb, MOCTaBWUIO MPO6MeMbl METOAMYECKOrO Xa-
pakTepa. OfHO M3 UX pelleHnii npeanaraeTcd B HacTosweM y4ebHu-
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ke. Ero ngen, Kak npeacraBnsetcsa aBTOpy, BO3MOXHO, MOTFyT OKa-
3aTbCA WHTEPECHbIMU W APYTMM CMEeLUaibHOCTAM U AUCLUMINHAM,
rae ectecTBEHHbl 06Las N0rMka MOCTPOEHMS Kypca M akcuomartmue-
CKNn  meToa.

Hactosiwaa kKHWra 3afyMbiBanacb MepBOHaYalbHO KaK Y4YebHUK
ONA nefarornyeckux BY30B M (DM3UKO-MaTeMaTUyecKux creuunasnbHo-
cTeil yHuBepcutetoB. OgHaKo B npouecce paboTbl Haj Heli cama No-
rmka nocTpoeHWs y4yebGHOro maTepuana, MHOTOypOBHEBas cuUCTeMa
€ro W3N0XeHusa U nporpaMma npuBenyn K TOMY, 4TO, KaK Hajeetcs
aBTOp, YYEOHMK MOXET 6biTb UCMNONb30BAaH W CTyAEHTAMWU TeXHUYe-
CKMX W VHXEHEPHbIX BY30B pa3fIMYHbIX Cheuvanm3aunii, a Takxe
CNYXWUTb MOMIe3HbIM MOco6uem AnA camoobpa3oBaHUA CTYAEHTY, KO-
TOpbIA YBNEYETCA MaTemMaTuKOMN.

dTa KHUra npepgcraBniseTr coboil nepsBytd YacTb y4ebOHMKA MO Kyp-
Cy BbiCWEN anrebpbl M BbICWEN TEOMETPUN, KOTOPbLIA JOMKeH obec-
neyvBatb cemectp 06y4yeHusi (72 4vaca) M gaBaTb cUCTeMaTU4eckoe
N3/10XKEHNE €ro MporpamMmbl Ha COBPEMEHHOM ypoBHe. OCHOBHOE OT-
nmune 3Toro yvyebHUKa MNpexpae BCEro B TOM, YTO OH 6a3vpyeTcss Ha
Npo6/71eMHO-aKCMOMATUYECKOM METOEe M HEKOTOPbIX uAeax TakK Ha-
3blBaeMbIX TeTpajell ¢ neyvyatHOM OCHOBOW. 3TO MO3BONSIET B KOpHE
WU3MEHUTb WAEONOTNKD 0OYYEeHUsi: B LEHTPe ero ctaBuTCS npobnema,
HOBasi MH(OpMaLMsA CAY>XUT CKOpee CpPeAcTBOM MO3HaHUS U obyue-
HUS, a He caMoLuefbk 3TOro npouecca, 4TOo 3acTaBaseT uyuTatens
(cTyfeHTa) aKTMBHO paboTaTb C M3y4yaeMbiM MaTepuanoM U BMecTe
C TEM MO3BOMSAET U3MEHUTb TEXHONOMMIO OOYYEHWUS MO CYLLECTBY: He
npopa6oTaB TEKCT, He 3aMofIHUB ero «npo6esbl», OH MPOCTO He CMO-
XeT ABUHYTbCS Aanblie. Cuctema paboTbl ¢ y4ebHbIM MaTepuanom,
KOTOpbIA npegnaraetT M faXe HaBfA3blBaeT u4MTaTeNl0 3Ta KHUra,
npu3BaHa CyLWeCTBEHHO aKTMBU3MPOBAaTb €ro Mo3HaBaTe/ibHYK fesi-
TENbHOCTb, CAenaTb ero 3HaHus npegmeTa 60nee OCHOBATE/NbHbIMU
W NpOYHbIMU. Llenbiii pag npruemoB, KOTOpble 6blIM NpUAyMaHsbl, MNpPo-
[yMaHbl 1 MUCMO/b30BaHbl aBTOPOM (Bble/IeHNE OCHOBHOIM 4acTu TeK-
CTa, HECKONbKO YPOBHEN CMOXHOCTM 3ajad, CUCTEMbl BOMPOCOB, CChbl-
NOK W ajpecaunii, pacnofioxXeHne matepuana B KHWUre, faxe cama
ero rpaguka n opopmaeHune), HanpaBfeH Ha MHTEHCUDUKaLNO YCBO-
€HMS1 1 OCBOEHUS yyalumcsi y4ebHoro martepuana. 1o, B HaCTHOCTH,
[laeT BO3MOXHOCTb CTYAEHTYy ObicTpee npuobpeTtartb 3HAHUSA U HaBbl-
KA MX MPUMEHEHUs B CTAHAAPTHbIX WM HECTaHAAPTHbIX CUTyaLUsiX.
KHuWra, no MHeHWIO aBTOpa, AO/HKHA YUUTb U B KaKOW-TO Mepe Hay-
UNTb YuTaTensi caMoCTOSITE/IbHOMY OT6OpYy MHGOpMaLuu, Heobxoau-
MOW AN pelleHns MOCTaB/IEHHOW emy 3ajaum.

YuTtaTeno Ha HeobxoAMMOCTb NMpojymaTtb U faTb CaMOCTOATENb-
HO OTBET Ha Kakoli-nM60 BOMpoC uiM 060CHOBaTb 3aK/lOYEHNE B TEK-

cTe yuye6HMKaA, KaK MpaBWIo, yKasbiBaloT creynanbHble 3Haku: =, ?
unn . MocnefHwii U3 HUX O3HaYaeT, 4To TpPebyeTcs He NPOCTo
CCbiKa Ha Kakoe-nn6o yTBepXAeHue Kypca, HO Gonee npogyMaH-
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Hblii 1 pa3BepHYTbI oTBET. O603HAUEHWs, HaNnpuMep, TUMNa N= "' um

n.30?
=S- nojackKasbliBakT, YTO COOTBETCTBYHOLWNM JIOTUHECKUM o60CcHOBa-

HMEeM paBeHCTBa WIW CNeAcTBUS siBNsieTca ogHa u3 nemm § 30, KOTo-
pylo umTatento cneayet oTbiCKaTb (KOHEYHO, eC/iM OH ee He MOMHMUT).
Korga Tpe6yeTcs MoATBEPAUTbL WM OMPOBEPrHYTH TO AN MHOE OTHO-
WeHne (PaBEHCTBO, BKIKOUYEHWE, CpaBHEHME U T. M.), COOTBETCTBYIO-
WMt CUMBON COMPOBOX/JAeTCs TOXEe 3HAKOM BOMpoca, Hanpumep

= ,0MUT. 4 3HaK ?He? yKa3biBaeT Ha HeobxoaMMOCTb cAenaTb ab-
TepHaTMBHbI/ Bbi6op. CTapaHWsa aBTOpa OblnM HanpaBieHbl K TOMY,
yTOObl BbIfENSA TakMM 06pa3oM BMOSHE MOCW/bHbIE YUTATEN0 MO-
MEeHTbl [OKa3aTeNbCTB W pacCy>X[eHWi, NpuBnevb ero BHUMaHue K
BaXHbIM (hakTaM Kypca,npobyauTb MHTepec K npegmety. Begb euie
A. ®paHc nucan: «4To6bI NepeBapuBaTb 3HAHUA, Hago MNOraoLWartb
Ux c annetuToM». MOXHO peKOMeHAOBaTb CTYLEHTy He BEeCTM KOH-
CMeKT B 0O6bIYHOM «BY30BCKOM» CMbIC/Ie 3TOrO C/10Ba, HO B OTAE/NbHOM
paboueil TeTpagmn cucteMaTMYecKkn 3anmncbiBaTb OTBEThbI Ha Takue BO-
npocbl. Takasa camocTofiTebHas W TwatenbHas npopaboTka y4yeob-
HOro Mmarepuana, K KOTOPOW, MOXHO CKa3aTb, BbIHY>XAaeT cama
«reoMeTpus TekcTa» ydyebOHUKa, O/MKHA MPUBECTU CTyfAeHTa K 6onee
rnyboKoMy ero noHmmaHuto. na cokpalweHUs 3anucei MCnonb3yT-
CS OCHOBHbIE NOrMYeckue cumBonbl: =»- V, 3, V. A uT. a., o6bAC-
HeHUsi 3TMX 0603HAYEeHUn [AarTCA NPU MEPBOM MOSIBJEHUM WX B TeK-
cTe. OKOHYaHWe AoOKa3aTenbCTBa 0ObIMHO 0603HAyaeTcss 3HAKOM M,
0fHaKo, B Tex cayuasix, Korga rno KakuMm-nn60 coobpaxeHussMm aoka-
3aTeNbCTBO TOFO WAM  UMHOTO (hakTa MNpPMBOAUTCS He MNOJIHO-
CTbIO WM yKa3blBaeTCA TO/bKO €ro uies WIn CXema, Ha OKOH4YaHue
paccyXAeHnin ykasbiBaeT 3HaK [0. BHMMAaTeNbHbIA uuTatenb MOXeT
3aMeTUTb U CUCTEMY KOHTPOAS W OTCNEXUBAHUA BO3MOXHbIX OLLN-
6OK Mpu HefOCTAaTOYHO akKypaTHOW paboTte cTygeHTa € y4ebHbIM Ma-
Tepuanom.

Ons obneryeHna paboTbl B OCHOBHOM TEOPETUYECKOM 4acTu KaX-
JOV nekumwn BblgeneH (BEPTUKANbHOW NMHMEN Ha nonax) nMHdpopma-
LUWOHHbIA MWHMMYM, KOTOPbIA NpW UCMOMb30BaHUN HACTOALLENn KHU-
M B KayecTBe ayAMTOPHOro Yy4yebHOro Martepuana MOXET ObiTb,
KaK npaBu/iO, OCBOEH 3a NIEeKLUMOHHOEe BpeMs npu 060 NoAroTos-
NIEHHOCTU CTYAEHYECKOW ayAUTOPUU, OH SIBNSIETCS OCHOBOM AN caMOo-
cToATeNbHOM paboTbl CTyaeHTa W 6a3oii Ana cnegytowein TeMbl. Tak
KaK fake npv AefyKTMBHOM W3/IOXEHUU Y4eBHOro Kypca He TOJIbKO
HEBO3MOXHO, HO M HelenecoobpasHO NPMBOAUTL [AOKa3aTe/lbCTBO
BCEX ero (pakToB, TO B TaKOl «CKefeT NeKuun» BblAe/NeHbl onpeaene-
HUA, NPUMepPbl, YTBEPXKAEHUS W AOKa3aTenbCTBa, BaHble B apXu-
TEKTYpe U nornke kypca. Vim BO MHOMmMx cny4dasx npeglecTByroT 3a-
[aHna 3BPUCTUYECKOrO XxapaKTepa, KOTopble MO3BOASKT yuTaTento
BblABUTaTb U 064yMbIBaTh pas3/MyHbIe TMNOTE3bl U BapuaHTbl [OKa-
3aTeNbCTB faxe rny6okmx akToB Kypca. Ecnm 3to mpoucxogut Ha
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NeKuunn, To MOCTPOEHME Kypca WM COBMECTHblE 06CYXAeHUs npobnem
B ayAUTOPUM BMNOJSIHE €CTEeCTBEHHO CMOCOGCTBYIOT PasBUTUIO MblLlie-
HUA CTYAEHTOB, a ANS O6yAywux ydmTenei elle u nNocTaHOBKe npa-
BUbHOW MpOdeccMoHanbHOM peyn.

3ajaunm BK/IHOYEHbI HEMOCPEACTBEHHO B TEKCT KaXKAOW fekuum u
UMET NPEeMMYLLLECTBEHHO TEOpPeTUYeCKUA xapaKTep, B HUX BblHece-
Hbl AOKa3aTenbcTBa (MNM (parMeHTbl AOKa3aTeNbCTB) MHOIUX, eCn
He GOMbLUMHCTBA YTBEPXAEHUI Kypca. BbimonHAsS ux, untatenb cTa-
HOBUTCA KaK Obl COAaBTOPOM Yy4yebHUKA, a MCNOMb3ys €ero B yyeBGHOW
paboTte, npenojaBatenb 6yaeT MMeTb BO3MOXHOCTb MpeBpauiatb U
npakTM4eckue 3aHATUA B 06GCYXAEHWEe cofepXXaTe/lbHblX Mpobnem,
OTKa3aBLUWCb OT HaTaCKMBaHWSA Ha TPMBUANbHOCTAX. 3ajavyu UMET
TP YPOBHSI CMOXHOCTU: pacrno3HaBaHUsi WM PenpoOAYKTUBHBLINA, Ha-
BbIKOBbI/i MAN MNPOAYKTUBHbLIA W NOCNEAHUA — TBOPYECKUIA, NOCUNb-
Hblli U3 KOTOPbIX KaXAbli CTyAEeHT BbiOMpaeT cebe cam. ITO MO3BO-
naetT MHAMBUAYaNM3NMpoOBaTb MPOLLECC OCBOEHUs y4yebHOro martepua-
na 1 no cyuwectBy fgaeT yvyebHoe nocobue, HanvcaHHOe KakK Obl Ha
TPEX YPOBHAX NYOUHbI N CAOXHOCTW, MpUYeM B OTANYME OT MHOTUX
Y4YeOGHUKOB 3TV YPOBHU He M30AMPOBaHblI OAMH OT APYroro v no3Bons-
0T unTaTento (M gaxKe BblHYXJalT ero!) npo6oBaTtb CBOM CW/bl Ha
6onee NpueMneMom Ansi Hero. Mpuyem, «pacCcTOSHUA» MexXay ypoB-
HAMW CMIOXXHOCTM HapacTaklT MOCTEMEHHO C NpPUoBpeTeHMEM 4vuTaTe-
neM onbiTa paboTbl 1 OCBOEHMEM Yy4ebGHOro matepuana. B yuyebHuke
MCNOMb30BaHbl M POTALMOHHbIE MAEU: YTOObl BbLINOMHWUTL 3ajayun u
3aflaHuns, YnTaTento NpuxoauTca obpaliatbcsi K NpeabliaylieMy Tek-
CTy He pas, ecnM OH He Obl1 AOCTATOMHO BHMMAaTe/NeH Npu NepBOM
3HaKOMCTBE C fleKumei.

MHOro OCHOBHBIX M BaXXHbIX MOHATMIA Kypca BBOAATCA B €ro Ha-
yYaNibHbIX pasfenax (Hanpumep, Takue KakK: MaTpuubl, CBOOGOAHbLIV
BEKTOp, npeobpa3oBaHUsl, MOACTAHOBKMW, KnacCbl BbIYETOB, MYy4OK
NpsAMbIX W My4YOK MJOCKOCTEN — B MEpPBbIX Tpex Nekumnsax «MHoxe-
cTBa», «BUHApPHbIe OTHOLWEHUSA» U «OTOGPaXeHUA», a NOHATME KOMM-
NIEKCHOTro 4ucna BBOAWUTCHA B nekuumn 13, B TO BpPeEMS KakK MX OCHOBa-
TeIlbHOMY W3YyYEeHWI0 MNOCBSALAETCA HECKONbKO NeKkuuii B ApYrux ce-
MecTpax), YTO NO3BOAAET U3yyaTb HEKOTOpPble XapaKTepUCTUKU ITUX
N ApYrux mateMaTtMyeckux OO6BEKTOB U CTPYKTYp 3a40nro Ao TOro,
KaK CaMW OHW CTaHyT OCHOBHbIM MNpeAMeTOM [/y60KOro u3yyeHus
N nuccnefoBaHus.

Bce nekuuun penstcsa Ha naparpagbl, KOTOpble MMEKT CKBO3HYHO
HyMepauuo, BCe TeOpeMbl, YTBEPXAEHUS, TEMMbl, OCHOBHblE (POPMY-
Nbl, NPUMEpPBLI 1 3afaHUsi HYMepylTcs B npefenax naparpadga, Ha-
npuMep, ccbifika Ha Teopemy 15.2 o3HauyaeT Teopemy 2 naparpa-
tha 15. Ecnu Ha Kakyk-nmb6o Gopmyny ccblika fenaetca B npegenax
TONbKO OAHOro naparpaga, T0 ee Hymepauuss MOXeT OblTb OYKBEH-
HOM MAN CMMBONBHOM, Hanpumep: (27.a) unu (15.%), ecnn xe dopmy-
Na BaXHa [ANa Apyrux pasfenoB Kypca W noTpebyeT Mno3gHenunx
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CCbINIOK, ee Hymepauus 4dmcnosas, Hanpumep, (47.1) n 1. n. 3agauu
yuyebHMKa VMMEKT TPOWHYK HyMepaLuio, B KOTOPOW nocnegHee 4ncio
(1, 2 nn 3) ykasblBaeT Ha HOMep ee YPOBHS, TaK YNOMMHaHUE: «3a-
fayn 5.2.1» o3HayaeT, YTo peyb MAeT O 3ajade B § 5, BTOPO B 3TOM
naparpace 419 NEepPBOro YpOBHSA CNOXHOCTU OCBOEHUS y4eOHOro Ma-
Tepunana. Homep ypoBHSA 60nee CNOXHbIX 3adad (BTOPOW W TpeTuii)
BblgeneH uBeTOM. 3Be3[04KOoi (*) oTMeueHbl 60/ee CNOXHble TEMbI
(naparpatbl), KOTOpble MOTYT OblTb OMYLWEHbl WAN W3YyYeHbl B WH-
hopMaUnNOHHOM, 0630pHOM Mopsaake 6e3 HapyweHUs O6LEA NOTUKK
Kypca. 3HakoM (°) OTMEYeHbl TeMbl, KOTOpPblE BMOMHE MOTYT ObITb
OCBOEHbI y4YallMMCA CaMOCTOSATEIbHO U UHOTAA PEKOMEHAYHTCS Kak
NOAroTOBUTE/NbHbIE K NEKUUKN (B Cly4Yae WUCMO/b30BaHUSA HacTosiLero
yuyebHMKa B KayecTBe ayAUTOPHOro yyebHoro martepuana). Tak Kak
KHUra nnaHupyeTcss B MEPBYH OYepedb WMEHHO A5 Takon pabo-
Tbl, TO WTPUXOM (') OTMEYeHbl TeMbl-naparpadbl, KOTOpble, Kak MNo-
Kazana npakTuka, ygobHee o6CyXAaTb Ha MPaKTUUYECKUX 3aHATUAX.
MHpopmMauusa 06 aTux 0603HauYeHuUsix npegBapsieT Te neKuuun, K KoTo-
pbiM aBTOp cyen HeO6GXOAUMbIM AaTb CBOM pekoMeHAauuu. Bnpouem,
NOeonorua 1 CTpyKTypa TeKcTa yyebHMKa OCTaBAAKT €ro ymrtartesnto,
NeKTOpy WAn CTyAeHTy [JocTaTO4yHyl CcBo6GOJy B Bblbope [oOKa-
3aTenbCTB U anpobupoBaHMK CBOUX WAEN, CNOBOM, B COaBTOPCTBE MO
CO34aHMNI0 CBOEr0 MHAUBUAYANbHOTO Y4ebHMKa.

YKaxKeM elle, YTO KaxXAon Nekumn nomMumMo pekomeHgauunii npeg-
LWecTBYeT nepeymncieHe ee OCHOBHbIX NMOHATUIA U cBeAeHW 13 npepabl-
OyWwinx pasfienioB Kypca, HeobxoAuMbIX AN ee NoHMMaHus. Mpuso-
ONTCS TakKXKe Cxema camoil nekummn (nornyeckass cBsidb ee TeM-na-
parpadoB) M ee B3aMMOCBSI3W C APYrMMWU nekumsMu nocobms. 31o
npeacTaBnseTca MoJe3HbIM, MOCKOJIbKY AaeT yuMTaTento npepcraBie-
HMe 06 apxuTeKType Kypca B LE/NOM U MOMOraetT B HEM OPUEHTUPO-
BaTbCA. B KOHUe KaXaol nekuun npuBOAUTCS CMNMCOK NUTepaTypsl
no ee TeMaM, OCHOBHOW U JOMOMHUTENILHON, C MOCTPAHUYHLIM YyKa3a-
HMEM CCbIIOK K KaXXAoMy ee naparpady. JlononHutenbHas nutepa-
Typa, Kak npaBuno, npepnaraet n0603HATE/IbHOMY u4uTaTento Apy-
ryl0 TOUKY 3pEHUs Ha WcclefyeMbll MpegMeT, MaHepy W3/10XeHUs
UM MPUHLMNNANBLHO WHOM MNoAxof K BOMPOCY, a 3a4yactyio u 6onee
rnybokue ceefeHus 1 npobnemsl, YeM npegnonaraet y4ebHbI Kypc.

Ewe oaHa OCOBGEHHOCTb HacTosflero yyebHuMKa B TOM, YTO aBToOp
cyen Mofie3HbIM K KaXXAO0W NekuuMn gaTb UCTOPUYECKYHO ClpaskKy, rae
KpaTKo cOoo6LlLaeTcs UCTOPUS M3yvaeMblX MOHATUIA, 06Cyxaaetca ux
MECTO U 3HA4YMMOCTb B HaykKe. 3TO KaXKeTcsi BaXHbIM U CBOe-
BPEMEHHbIM, MOCKO/IbKY faeT uMTaTesto npeacTtaBleHue o maTtemMartu-
Ke, Kak 061acTu KynbTypbl 4YefoBe4YecTBa, 3HAKOMUT C MMEHaMWn U
UCTOPUYECKNMU COOLITUAMU, KOTOPblE COMYTCTBOBa/M MaTemMatuye-
CKUM OTKPbITUAM. ABTOP YMbILIJIEHHO He MPUBOAT CMMUCOK nNuTepaTty-
pbl, U3 KOTOpPOW B3AT MaTepuan «l/IcTopuyeckmx crnpaBOK», MOO OH
OuYeHb Benuk. Moxkanyid, nx cocTaBNeHNe — OfAMH U3 CaMbiX TPYAHbIX
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aTanoB B pa6oTe Haj KHWUIOW, TaK Kak XOTe/NOCb COO6WMUTL 4yuTate-
N0, HAUMHalLWEMY cepbesHyto paboTy B maTemMaTuKe, He TONbKO f0-
CTOBEPHYI0 MH(OpMaLMIo, HO U nepedaTb Ty POMAaHTMKY, a MOPOiR K
ApamMaTu3M, KoTopble COMYTCTBYHOT MaTteMaTM4yeckuM Mouckam u oT-
KpbITUSIM. Bnipoyem, Mo 3TOMY MOBOAY XO4eTcs MOBTOPUTL cfioBa de-
nukca KneliHa, 4yto B MaTeMaTuKe «..He MOXeT 6biTb OKOHYaTeNbHO-
ro 3aBeplleHns, a BMecTe C TeM W OKOHYaTeNbHO YCTAHOBEHHOTO
nepBOro Hauana...».

Kakgoii nekuuMn npepaliecTByeT PUCYHOK aBTopa, KOTOPbIA Yem-
TO OTpaXkaeT ee cofepxxaHne WIM HacTpoeHne. BHUMaTeNbHbI 1 Nto-
603HaTeNbHbIA YnTaTeNb, BO3MOXHO, 3aMeTUT OTAeNbHble MOTMBbI
Lanv, Swepa, YopneHuca, bocxa WM MHbIX XYAOXHUKOB, HO, Kak
nucan M. K. 3wep, «Bce MOU PUCYHKM — 3TO Urpbl. Cepbe3Hbie Ma-
TeMaTuyeckme Urpbl».

B 3akntoueHue aBTOp xo4eT nobnarofaputb pykoBoauTeneil Ha-
YYHO-MEeTOAMYEeCKOro ceMunHapa «lepefoBble uen B npenogaBaHnuU
mMatemaTukm B Poccumn (paHee — CCCP) 1 3a pyb6exom» npodeccopa
O. B. MaHTypoBa (MTIY) n npoteccopa /1. B. CabuHuHa (PYAH),
noggepxXasBlWnX Maen Hactoswero ydyebHuka. ABTOP WCKPEHHe npu-
3HaTeNleH BCeM COTPYAHMKaM oTaena teopum yHKumini Matematunude-
CKOro MHcTuTyTa mm. B. A. CteknoBa PAH 3a wnx Tennoe, 6naroxe-
nateNibHOEe OTHOLUEHWE W MOMOLb B MOJYYEHUN AOCTYNa K COBPEMEH-
HbIM TEXHWYECKMM cpefcTBaM B nocnegHue rofabl paboTbl Haj KHU-
roil, YUTO NO3BOSN/IO CBOEBPEMEHHO OTPefaKTMpPOBaTb U MOATOTOBUTH
€e pykonucb K nevaTtn. YyBCcTBO ry60Koi 6n1arogqapHocTu aBTOp Bbl-
pakaeT uneHy-koppecnoHgeHty PAH, npodeccopy /1. 4. Kyapasuye-
BY, Ube BHMMATE/IbHOE YTeHWEe PYKOMNUCWU U AO6pble COBEThbl CyLLecT-
BEHHO MOMOrNM B paboTe HafA 3TOl KHUIOM.

PaboTa Haj KHUroi 6blna nopagep>aHa rpaHToMm locyaapcTBeH-
HOIl Hay4yHOW nporpamMmmbl «Pa3BuTue ob6pasoBaHuMsi B Poccum».

ABTOp
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CEMECTP 1

YacTtb |
1— MHoOXecTBa W OTHOLIEHMA Ha MHOXecTBax.
(8§ 1- § 5).
2 — Onepaumn Ha 6MHapPHbIX OTHOWEHUAX. OTOBpaxKeHKs.
(8 6- §8)
3 — buekTuBHble OTO6paXkeHUs. [peobpasoBaHUs.
(§ 9-§ 12)
4 — BuvHapHble OTHOLWEeHWA Ha MHOXecTBe. ®akTop-
MHO>XECTBO.
(8§ 13— § 16).
5 — Martpuubl. OCHOBHble Ornepauun u CBOWCTBA.
(§ 17-§ 22).
6 — lMoactaHoBKU. [pynnebl.
(8§ 23- § 26).
7 — Onpepenutenu.
(§ 27 - § 32).
8 — BekTopHble NpPOCTpaHCTBa.
(§ 33- § 36).
YacTtb |l
9 — JInHelHO 3aBUCUMblEe U NINHEHO He3aBUCUMMble CUCTe-
Mbl BEKTOPOB.
(§ 37- § 42).
10— PaHr martpuubl. CuCTeMbl NIMHEWHbIX YpPaBHEHWIA.
(§ 43 - § 48).
11— JInHeHble OTOGpaKeHWs BEKTOPHbIX MPOCTPAaHCTB.
(§ 49 - § 53).
12 — MatpuyHoe npeAacTaBfieHne roMOMOP(U3MOB.
(§ 54- § 57).
13 — Anrebpa NuMHelHbIX OnNepaTopoB.
(§ 58- § 64).
14 — Co6CTBEHHbIE BEKTOPbl NIMHEHbIX OMNepaTopos.
(§ 65- § 69).

15 — EBKNNAOBbLI BEKTOPHbIE MPOCTpPaHCTBA.
(§ 70— § 75).



JdecAaTb cTpaHuy, maremMaru-
KN MOHATON Nydlle cTa cTpaHul,
3ayUeHHbIX U He MOHATbIX, a oA-
Ha CcTpaHuua, CamMOCTOATEsSIbHO
rnpopaboTtaHHasa, nyduwe [ecATn
CTpaHuy, MNOHATbLIX OTYEeT/INBO,
HO NaccuBHO.

O. HOHr






Nlekunga 1

MHO>XECTBA

OTHOLLUEHNA
HA MHOXECTBAX



MHO>XECTBA
OTHOWEHWA HA MHOXECTBAX

§ |. MHoxecTtBa. Onepaumn Hag MHOXeCcTBaMWw.

§ 2. CeoiicTBa onepauuii Haj MHOXXECTBaMMW.

§ 3. lNpsmoe (OekapToBO) MPOWU3BEAEHME MHOXKECTB.

§ 4'. HekoTopble BaXKHble NpUMepbl AeKapTOBbIX
NPOV3BEAEHNI MHOXECTB.

§ 5. BMHapHble 1 N apHble OTHOLLEHUS.

OCHOBHbIe TMOHATUA: MHOXECTBO, noAMHOXXeCTBO, MnepecevyeHne u
06'be,CI,VIHEHVIe MHOXX€eCTB, Pa3HOCTb MHO>XeCTB, AOMO/IHEHNE MHOXECT-
Ba, Nycroe MHOXeCTBO, yHMBepCa/ibHOE MHOXXECTBO, AEeKapTOBO MNpoO-
n3pegeHne MHOXXeCTB, Hal'lpaB]'IeHHbIVl OTpPE3O0K, a(beI/IHHaH cuncrtema
KoopAawuHat, n-apHoOe OTHOLWeHue, paBeHCTBO 6I/IHaprIX OTHOLLEHWA,
MHBEPCUA 6I/IHapHOFO OTHOLUEHNA.

Heob6xoanMble cBefeHUA: MOAYNb YuMcAa, YMCcnoBas OCb, KOOPAM-
HaTbl TOUYKM Ha OCM W Ha MNOCKOCTW, HaTypanbHble uucna (N), ue-
nble uyncna (Z), pauyuoHanbHblie uumna (Q), AeACTBMTENbHbIE 4ducna
(R), napannenbHOCTb MPSMBbIX.



<

§1 §2 7 §3
= N
§5 §4'
JNlekuya 2 Jlekupsa 3
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Cemectp 1

Nexkynsa | MHOXecTBa WM OTHOLUEHUSI Ha MHOXeCTBax. (8 1—§ 5).
Nekuna 2 Onepaumm Ha OGUMHapPHbIX OTHOLLEHUAX. OTOBpaxeHus.
Nekyuna 3  BuektnBHble oTobpaxeHus. MpeobpasoBaHus.
Nekuna 4  BuvHapHble OTHOLWIEHUA Ha MHOXecTBe. PaKTop-MHOXECTBO.
Nekuna 5 Marpuubl. OCHOBHblE Onepauyn n CBOWCTBA.
Nekywna 6 TlloacrtaHoBkW. pynnsl.
Nexkyuna 7 Onpegenutenu.
Nekunsa 8  BekTopHble MPOCTPaHCTBA.
Nexkuyna 9 JIMHeliHO 3aBUCUMblE W NIMHEIHO HE3aBUCKMMbIE CUCTEMbl BEKTOPOB.
Nekunsa 10  PaHr matpuubl. CUCTEMbI NIMHEHbIX YPaBHEHWIA.
Nexkuyna |l JInHeliHble OTOGPaXeHUs BEKTOPHbIX MPOCTPAHCTB.
Nekuna 12 MatpuyHoe npejctaBieHne roMOMOPHU3MOB.
Nekunsa 13  Anrebpa NUHERHbIX OMeparopos.
Nekuyna 14  Cob6CTBeHHble BEKTOPbI NIMHENHbIX OnepaTopoB.
NNekuywna 15 EBKINAOBbLI BEKTOPHblE MPOCTPaHCTBA.
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§ 1L MHOXECTBA.
ONEPALNIN HAL MHOXECTBAMW

HUMaeM HeKOTOpblii 06bEKT, KOTOPLIA MOXKET 6bITb 3ajaH ykasa-

] Mo MHO>KECTBOM W/IM COBOKYNMHOCTbIO 3/IEMEHTOB (TOYEK) NO-

HMEM XapaKTepuCcTMWYECKNX CBOWCTB €ro 31eMeHTOB.

MHoXecTBa 006blMHO 0603HauvatoTcsd 6onbwmmmM BGykBamu an-
haBUTOB, a 3NeMeHTbl MHOXeCcTB — ManbiMu. CumBOAMYecKas
3anncb ae A o03Haydaer, UYTO @ ecTb 3/IeMeHT MHoXecTBa A, uin a
npuHagnexnTt mHoxectsy A. OTpuuaHue 3Toro obbIMHO 0603HaYa-
etca apA. TpumeHseTca TakXe W paBHOCUIbHOE 0603HauveHue:
A 3a wunu, cooTBeTcTBEHHO, A (ha.

Korga MHOXeCTBO 3ajaeTcs nepeyvyncrieHneM ero 371eMeHTOB, WX
06bIYHO 3ak/toyvalT B GUrypHble ckobku u nuwyt: A={a, b, c}.

Mpumep 1.1 MHoxectBo C Bcex map uenbix uucen (X, y), no
MOZY/0 He NPEeBOCXOAAWMNX 9 U YAOBNETBOPAOLWMX YCAOBUIO X* =Y,
MOXeT OblTb 3a[aHO MNepeyYucneHnemM €ero 37eMeHTOB:

C={(-3, 9), (-2, 4. (-1, 1), (0. 0), (1. 1), (2, 4), (3, 9}

OfHako, ecnn Mbl 6ygeM paccMmaTpuBaTb MHoXectBo C' Bcex
nap uenbix umcen (X, y), yAOBNeTBOPSIOLMX YCAOBUIO X*= Yy, TO ne-
peuncanTb BCE €ro 3/eMeHThbl, OYEBMAHO, YK€ He yaacTcs, TakK Kak
MX GECKOHEYHO MHOTO.

CpaBHuTe MHoxectBa C n C' ¢ mMHoxectBom C" Bcex nap Aaen-
CTBUTENbHbIX YKUCEN, YAOBMNETBOPSAOLWMUX TOMY Xe YC/IOBUIO, C MHO-
)K€CTBOM BCeX TOYEK KOOPAMHATHOWM MIOCKOCTU, KOOPAUHAaTbl KOTO-
pbiX YAOBNETBOPAKT 3TOMY ypaBHeHWIO: X*=1y (puc. 1).



§ 1 Onepauunn Hag MHOXecTBamu 21

Mpyn n3obpaxeHnn MHOXEecTBa TOUKaMy KOOPAWHATHOWM MIOCKO-
CTU TOBOPSIT O rpauyeckom crnocobe ero 3afaHus UM ero rpaduke.

OfHO M TO >X€ MHOXEeCTBO MOXeT ObiTb 3aaHO HEeCKOJbKUMM
cnocobamun. Tak MHoxecTtBo fl={— 1 4} 3agaHO nepeyncneHnem
€ro 3/1IeMeHTOB, HO €ro e MOXXHO ornpefenuTb ykazaHueM Kakux-u-
60 ApYrux xapakTepmucTUYECKMX CBOWMCTB €ro 3/IeMeHTOB, Hanpumep,
KaKk MHOXEeCTBO KOpHel KBaApaTHOro ypaBHeHUs

Xx2—3x—4=0
WAN KaK MHOXXEeCTBO [AelCTBUTENbHbIX KOPHEN ypaBHEHUS
X*¥—2X3—6x2—7x—4 = 0.

Mone3Ho 3HaTb U YMeTb ONpenensTb, Korga pasHbie Crnoco6bl

AU yCnoBMA 3a4alT OLHO M TO >Ke MHOXKecTBO. B Takom cnyuyae

NPUHATO TrOBOPUTL O PaBEHCTBE WX COBNALEHUUM MHOXKECTB.

YcTaHOBUTL pPaBeHCTBO MHOXecTB A u B MOXHO nokasaB, 4yTo

BCAKUI 3neMeHT MHoXecTBa A cogepxutcsi B B n HaobopoT: Bcs-

KW 3nemMeHT MHoXecTBa B copepxwutcs B A.

O603HaveHne paBeHcTBa MHoxectB A n B: A= B.

370 MOXeT 6blTb CUMBOMINYECKMM A3bIKOM KpPaTKo 3anmcaHo Tak:

A=£0((Vxe/d4 =>-xenr)A(Yxen=>xe[l)).

O603HaYveHus: — Torga W TOMbKO TOrAQ,
V — noboid, ana nrboro,
n —n,

= — cnepyer.
(CumBon V — nepeBepHyTas 6ykBa A, Haya/lbHas B aHIIMACKUX
cnoBax Any — nto6oii, Bcaknii n Al — Bce).

OnpefeneHune 1.3 MHO>ecTBO B cofep>kuTca B MHOXKe-

cTBe A (Win B eCTb MOAMHOXKECTBO A), €C/M Ka>K[blii 3NeEMEHT

MHO>XecTBa B ABndeTCA 31eMEHTOM MHOMXecTBa A.
O603HayeHne. Bd A wm /4raB, (B nuTepatype BCTpeyaloTcss U Takue, Tenepb
pegko ynotpebnsiemble, o603HaveHus: fis4 wunm 4 = B). Ecnn MHOXecTBO B He AB-
naeTcs nogmMHoxectsom A, 1o nuwetca B<EA mmn A&B.

OnpegeneHne ygobHo 3anucaTb (POPMYnOii:
flc/t-s-(Vxefi=>xE4)

N CXemMaTnyeckm wns3obpasuTtb 4veptexom (puc. 2):

Bc A
Puc. 2
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AuB Cud
Puc. 3

OueBungHo, AczA.
Ycnosue paBeHCTBA MHOXECTB B TEPMMUHAX BK/AOYEHUS MHO-

XecTB (MM MOLMHOXECTB) MOXEeT 6biTb Tenepb 3arnucaHo Tak:
A=Bo(AczB/\BczA). (1.1)

Ero vHorga HasblBatOT MPUHLUNOM [BOWHOTO BKIOYEHUS.
OnpepeneHune 14 O6beAnHeHneM ABYX MHOXKECTB (A u
B) HasblBaeTCAd MHOXKECTBO, COCTOfLlEe W3 BCEX 3MEMEHTOB,
npuHagne>kawmux xora 6bl OL4HOMY M3 3TUX MHOXKECTB.
O603HaueHne obbeanHeHus mHoxectB A n B: A\]B.

N3 onpepeneHna cnepyet, 4rto
AaA[]B un Bc:A\]B. (1.2)
A ero cnmsosiMyeckad 3anuce:.
AUB — {x|xe AV x " B).
def
O603HayeHne = — no onpegeneHuto, (def — cokpalleHne OT NaTUHCKOro cfo-
Ba «definitio», kOTOpoe O3HayaeT onpegenstb, ycTaHaB/MBaTb, TO/IKOBATb),

V — um (1. e. xota Obl OOHO W3 [ABYX),
| — TakoW, uTo.

3agaHue 1.1, YKaxuTe Ha 4epTexax 0O6bEANHEHUA MHO-
XectB (puc. 3).

OnpepeneHune 15 T[lepeceyeHneM ABYX MHO>KeCTB (A u
B) Ha3blBaeTCH MHOXECTBO, COCTOSLLEE U3 BCEX 3NEMEHTOB, NpW-
Hagne>kawmx Kak OfLHOMY, TaK W APYroMy MHOXKEeCTBY.

O603HaueHne nepeceyeHns MHoxecTB A un B: A[\B.

OueBUAHO, 4TO
A[\BaA « A[\BaB. (1.3)

CnmBoO/n4yeckasa 3anucb 3Toro onpepeneHna cnepgyrollan:

Hpf
Af\B = {Xx\x"A [ xeii}.
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AT B Cnb
Puc. 4

3agaHune 1.2. YKaxXute nepecevyeHWss MHOXecTB (puc. 4).

Ons ypo6ctBa u egnHcTBa 0603HayYeHWii (Hanpumep, Toro gak-
Ta, YTO MHOXXEeCTBa He MMEIT OOLWNX 3NEMEHTOB WM OTCYTCTBYIOT
3NeMeHTbl, 06najarLe JaHHbIM XapaKTepucTMYeCcKUM CBOMCTBOM)
BBOAWUTCA MOHATME MYCTOr0 MHOXecTBa, KOTopoe ob6o3Hayaetca O .
Ero cBoicTBa OTHOCWUTE/NILHO onepauuii 06beauHeHUs, nepeceyeHns
N BK/OUeHMA (AN N060ro MHoXecTea A) NMpUHMMAKOTCS MO onpeje-
NEeHuno:

0Oc/1, ANO0 =0, A[jO=A, u
0(10 =0. 0110 = O- (1-4)

(TOBOPAT, YTO 3TMMWN paBEHCTBaAMW aKCMOMAaTU3NMpPYyeTCcs MycToe MHO-
XecTBO). ycToe MHOXecTBO MOXHO MpeAcTaBUTb cebe Kak «MHO-
)KecTBO 6e3 3/1eMeHTOB», TakK UTo AN MHoXecTB Cu/) npegbigyuie-
ro sagaHusi MoxHo 3anucatbe: C(]D=0.

3agava 1.1.1. Ecnn 4mcno 3neMeHTOB MHOXecTBa A KOHEYHO,
TO OHO 0603Havaetca M(A).

Onpegennte, KakoBbl HanbonbliMe W HaMMeHblUMe 3HavyeHus
yncna anemeHToB n(/4]|JB) m n(N1r)g). ecom n(A)=p, a n(B)=q,

1) . max n(A[)B)=} 3) . min n(/HJ5)=?
2) . wax n(/4MnB)=7? 4) . min a(/4nN#)=7?

OnpepeneHne 16. Ana no60ro MHOXecTBa caMO 3TO
MHO>XECTBO M MyCTOE MHOXXECTBO Ha3blBATCS HECOOCTBEHHLIMU
noAmMHo>KecTBamun. Bce ocTanbHble NOAMHOXKECTBA HOCAT Ha3Ba-
HWA COBCTBEHHBIX.
3apava 112. MHOXecCTBO, cOCTOAllEee W3 ABYX 3/IEMEHTOB,

Hanpumep, {a, /»}, vMeeT u4eTblpe NOAMHOXECTBa: HECOOCTBEHHbIE:
{a, b} n 0, n cobecTBeHHble: {a} 1 {/?}. CKONbKO MOAMHOXECTB UMeeT
MHO>XECTBO, COCTOSLlee M3 TPex 3NEMEHTOB? M3 4eTblpex?
3apgauva 113. Onpegenute 4ncno NOAMHOXECTB MHOXECTBA,
COCTOAILEro u3 N 3/IEMEHTOB.
Yka3aHue. CKONbKO NOAMHOXXECTB, COCTOALNX U3 OAHOro 3fieMeHTa, MMeeT Takoe

MHOXecTBO? W3 aByx? Tpex? CKONbKO HeCOOCTBEHHbIX MOAMHOXECTB MMeeT MHOXe-
CTBO?



24 1 MHoXecTBa

Mpumep 1.2. Ansa nobbix MHOXecTB A 1 B 3akBUBaNeHTHbI CO-
oTHoweHns: 1 Ac.B. 2. A[}BczB. 3. AaA[\B.

OKBUBANEHTHOCTb 3TUX COOTHOLUEHWU O3HayaeT, YTo Kaxaoe u3
HUX MMeeT MecTO TOorga Y TONIbKO Torja, Korga UCTUMHHO ntoboe apy-
roe. Mbl ycTaHOBUM 3TO, JlOKa3aB, 4to 1 -9m2. —m3. =*-1.T. e. U3 nep-
BOrO yCNoBUS cnefyeT BTOpOe, M3 BTOPOro — TpeTbe, a U3 Hero —
nepsoe.

Joka3aTtenbcTBO. JloKaxem, yto 1.=>-2.

Mycte X"A\]B ~=sf£-(xe/4 \/Ix"B)=> xeB °P i'i- A[}BczB.
ycnosue |I: AcB O1|P (YxeA=xg A)____ |

370 uymTaeTcs Tak. MNycTb X — MPOM3BOJIbHbIA 31€MEHT MHOXe-
ctBa A[]B, 3To o03HavaeT (No onpefeneHud 06beANHEHUA
MHOXECTB), UTO X NnpuHagnexut A uan B (xoTa 6bl 0GHOMY M3 HUX),
HO Mo ycnoBuw 1 BCAKWIA  3neMeHT, npuHagnexawunn A,
SIBNsieTCA 3NeMeHTOM MHoXecTBa B. CnepgoBaTenbHO, B to60M cny-
Yae X — anemeHT B, a B cuny npousBonbHOCTM Bbibopa X" A\]B
3T0 Bne4yeT (MO oOnNpeAeneHnd MNOAMHOXECTBA) BK/HOUYEHUE!
A[)BaB.

Cxema ,qOKa3aT>eanTBa TOro, 4TO 23 ycnoBus 2.’cr|e,qyeT ycnosue 3:

Myctb X&A I::>- (ace/\x"B)=*-x"A[)B=>Ac=ATB.

ycnosue 20 ALBcB °"Py ((Yne 1LUA)=»xe.B) ""Py
((ng/4 \ y*eﬂ)=»-xeﬂ)= »-(yxeﬂ :*_Xeﬂ)

Cxema pokasatenbcTBa TOro, 4yto 3.=*-1.
> >
MycTb xg /1<:>- refl =»/1c=B.

ycnosue 3. ic/IN6=>-(Yxe/l ~ELU-~N-xe/NN4d (xenpAxed))

Tem cambiM YTBEpPXXAEHME [OKa3aHOo. -
OnpepgeneHue 1.7. PasHocTbio fABYyX MHOXKecTB (A u B)
Ha3blBaeTCA MHO>XECTBO, COCTOsflee W3 BCEX 3NEMEHTOB, Npu-
Hagne>kawux nepsoMy m3 Hux (A), HO He nNpuHagne kawux BTO-
pomy (B).
O603HayveHne pasHocTM MHoXecTB A un B: A\B.
CMBONMYECKM 3TO 3anuCbiBaeTcs Tak:

A\B ={xIx"A Nx& B}

OueBungHo, uto /4\J1 = 0 pans nwboro mHoxectBa A u JI\Bc=1/1.
3apgaHune 13 YKaute pa3HOCTM MHOXecTB (puc. 5).
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A\B C\D E\F

Puc. 5

CxemaTn4yeckoe M3006paXeHne MHOXEeCTB B Buge Guryp Ha
NJOCKOCTU, HanpuMmep, KPyros, 3M/MNCOB (KOTOPblE Mbl YXE MC-
nonb3oBann), NPSAMOYrobHUKOB W T. M., faeT HarnsgHoe npepg-
ctaB/neHune o I'IpOCTGI7ILIJI/IX CBOWCTBAX MHOXECTB. Takme CxemMbl HO-
CAT Ha3BaHue guarpamm Jdiinepa — BeHHa.

OnpepeneHune 18 Ecam Aa B, TO pasHOCTb MHOXXeCTB
B\A Ha3blBaeTCH AONOAHEHWEM MHOXecTBa A [0 MHOXecTBa B.
O603HauveHVe AOMNOMHEHUs MHOXecTBa A [0 MHOXxecTBa B\ A'B
mam CBA. (C — HavanbHas 6ykBa OT ()paHLLy3CKOro cfioBa «comp-
lement» — gononHeHune).

3agaHue 14 Ykaxute (3alWITpuxyiTe) aononHeHme A fo
B (puc. 6).

JononHeHnem MHOXecTBa ToueK MpPsSIMON, nexaweW B nfaoc-
KOCTW, O 3TOW NNOCKOCTM ABNsAeTca 06beanHeHMe ABYX (OTKpPbI-
TbiX) nonynnockoctei. flononHeHne C= {1, 2, 4} A0 MHOXecTBa
n={1. 2, 3, 4, 6} ectb A= {?, ?}

O6bekTamu unccnefoBaHUs MOTYT ObiTb U MHOXECTBA, 3ME€MEH-
TaMy KOTOPbIX SIBASAKOTCS HEKOTOpble MHOXecTBa. Hampumep: MHO-
>KECTBO MPSIMbIX MIOCKOCTU, MHOXECTBA PELUEHNA HEKOTOPOro MHO-
)KecTBa YpaBHEHWA (CUCTEeMbl YpaBHEHW), MHOXecTBa MOAMHO-
)KeCTB KakKoro-nmbo MHoXecTBa U T. [.

MHorga MHO>XecTBO, NOAMHO>XKEeCTBa KOTOPOro paccMmaTpusa-

IOTCFI B HEKOTOpOW 3ajaye, Has3blBalOT YHMBEPCANbHbIM [AN5 Hee.

Puc. 6
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Al
Puc. 7

JononHeHne [0 yHuMBepcanbHOro MHoxkectesa U ero mogmHo-
>KECTBa Ha3blBalOT NPOCTO AOMNONHEHWEM K o603HavaT A' nan CA.

A’= U\A. (1.5)
YHMBepcaanoe MHOXXeCTBO y,ﬂ,OﬁHO ncnonb3oBaTtb nNpm wusy4ye-

HUW CBOICTB [OMNOMHEHWU/ A MHOXEeCTB, Ha AuarpaMmax Jiinepa —
BeHHa ero MpuHATO M306paxaTtb MNPSMOYroibHUKOM (puUc. 7).

§ 2. CBOMCTBA OMEPALUNN
HAL MHOX>XECTBAMM

MpuBegeM OCHOBHble CBOWCTBA ornepauwnii BKNKOYEHUS, 06beaun-
HEHUA, nepeceyeHnsi, PasHOCTU N AOMOSIHEHUS MHOXECTB, U NMpoBe-
[eM AoKasaTeNbCTBa HEKOTOPbIX M3 HUX. ITU cBOlicTBa OyayT uUcC-
Nonb30BaHbl B Ja/lbHEWLWEM MNPU U3YyYeHUU anrebpanyveckmx n reo-
MeTPUYECKUX CTPYKTYpP. MHOrMe ”3 HUX WHTYUTUBHO OYEBUAHDI.

2 | N\ VaVYAN

22. AaB /\BczC=Ac C Yn, Vfl, VC.

2.3. AczB/\BczA=>A =B YA, VS.

24. NcNunwBABcNnus VN, VIl

25. A[\BaA/\A[\BaB Vi, VIl

2.6. A[)B=B\)A VA, Vill o6befnHeHUs

27. 1NB =BrMm VA, Vflj 3 nepecevyeHus
(Commutatius — no natblHM 03HayaeT MeHsoLWMuiica, nepecTaBns-
roLwni).

28. Nfvn=71 V. obbeanHeHns

I. NAEMMOTEHTHOCTb
29. nnn=n vnal nepeceyeHuns

(OT naTuUHCKMX cnoB: <ldem — TOT >Ke caMblii, U potens — cro-
COGHbI).

2.10. Nn(A11C)= (NnB)uC VI, VB, VC. o6berHeHUs
accoumnaTtMBHOCTb
211. nn(Anc)= (nnB)nc vna, vfl, VC. nepeceyeHus

(Assotiatio — no3gHenaTMHCKOe — COoeAuHEHNE).
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Brnc AT\ B

*AM{BMC) (AM B) MC

Puc. 8

Jokaxem nocnegHee paBeHCTBO (YCTAHOBMM pPaBEHCTBO COOT-
BETCTBYIOLLMUX MHOXECTB).

Mpexae Bcero paccMOTpuUM fAmarpammbl diinepa — BeHHa ero
NeBON M npaBoi 4acTtell. CxemaTmuyeckoe n3obpaxeHne MHOXKXECTB
Ha Auarpammax dinepa — BeHHa 06bIYHO MoAcCKasbiBaeT AokKasa-
TENbCTBO YTBEPXAEHUSA, YAOOHO AN O0O6Hapy>XXeHUs KOHTPNpUMepPOB
UM ABHO HEBEPHbIX TEOPETUKO-MHOXECTBEHHbIX MNpeaoXeHui, og-
Hako, foKa3aTeNbCTBOM B CTPOrOM CMbIC/le 3TOr0 C/floBa He ABMfA-
eTcs.

3awTpuxyem Ha pAunarpammax Jiinepa — BeHHa MHoOXecTBa
B[)C n NN(#NC), 3atem A[\B wu (INB)/1C (puc. 8).

CpaBHUTE Auarpammbl. ®

Mpu pokasatenbcTBe cBolictBa 2.11, Boo6Lle roBOps, HajOo ycTa-
HOBWUTb PaBEHCTBO MHOXxecTtB P = NIN(BNC) w (?=(NNB)NC.
T. €. B COOTBETCTBUM C NPUHUUMNOM ABOMHOro BkAo4eHus (1.1) Hago
nokasatb, 4to PczQ un QczP.

OJoka3saTtenbcTBO cBoOlictea 2.11.

x«=nn(Bnc) (hcenNpceAnNC)
xell O(nreB 4 gc;C))=-((nceNN*€=B)J/1xeC)
xe AABAx C) ~=~x6(NNe)C.
«Mpoxoaa cTpenku» cneeBa HanpaBO, MOMYYUM, 4TO

NN(ANC)c(NNB)AC. 2. =)

(B cMny npou3BO/IbHOCTM BblIGOpPa N(BNC)), a «npoxoas» Ux B
NPOTMBOMNOMIOXHOM HanpasBfeHUn (TakXxe B CU/ly MPOU3BONLHOCTU

*e (/1 NB)N1C), bygem wuMeTh:
(nnB)nccnn(BNC), (2.<=)
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Bn°c nnae nunec

NU (B NC) (MtwuB)O(Nuc)’
Puc. 9

BkntouveHunsa (2. =*) n (2.-<=) o3Ha4yaroT (B COOTBETCTBMU C MPUH-
LMNOM ABOWMHOrO BKAOUYEHUS), 4To Ana nobbix MHOXectB J1, B, C
BbINONHAETCA:

nnGne)=na)nc. ]
Onepaunn obbeAnHEHUA W nepeceyveHns obnagatoT cBolcTBamMMU
ANCTPUBYTUBHOCTH:
212, qfwdnc) = (Nne)N(NncC) yn, vB, vC.) p4,Crpuby-
213. 1N(BuC)= (1NB)1)(N1TC) YA, VB, VC.J TMBHOCTb
(2.12 — o6beanHeHNss OTHOCUTENBHO MNepeceyeHuns, 2.13 — nepecevye-

HMUA OTHOCUTENbHO O6bLEAVHEHMS).
UTtobbl HailTM NyTb AOKa3aTenbCTBa CBOWCTBA 2.12, TakKXe Hau-

HeM pacCyXfeHusi ¢ guarpaMmbl Jiinepa — BeHHa MHOXECTB KaX-
foli 4vactm paeeHctBa An(BMC) = (N (IB)NUT (JC) (puc. 9).

JokaszaTtenbcTBO CBOlicTBa 2.12.
1) [okaxem, uto (J1 uB)M (1 1)C)<=1un(BMNC).
Myctb ace(MnB)N(NInC)=>(xelysAxeluC)=>-
=>-(xe1V xeB)A (xeN\/ xeC).
MocmMOTpUM, Kakme BbITEKAKT OTCHOAa BO3MOXHOCTU MpUHaLNexX-

HOCTU 3/eMeHTa X MHOXXeCTBaM.

(xe /4 B)A(xel Vxe C)
[l----mmmmm-- >3 | «
xe=1 4 xeC)' L ~xe/l UBOC).
xeNAxeNnN)?~ W =r*1xeln(BMNc).
xeBAxeN)?Wl =1xeln(sBMNC).

1
2. (
3. (
4 (xe A O xeC)NMN4E-x«=BMNC @ » -xe J 1HBMC).
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OTciopga BMAHO, 4TO B Nto6bom cnydae xeJ/IWBJ/1IC), 1 3HA4uUT,

N 1|_1| FII'IC c((fl |/|B)J'IM 1|C) B CWIY TPOM3BO/IbHOCTL BbIGpaHHOIO
xe

2) BKJ‘IIOl—IeHI/Ie ALWBA C)c:(11)B)N(N 1JC) gokakmTe camocTos-
TeNbHO. ®

Mycte x~NN1)(BAC) °mp> (xMA \/x*B{]C)=>

xen OTPI7 [XPA UB ap Lo (LB L)

[ xenucC

2. xeB(lC™r=>-(teAfTeC)
onp. 1.? 4 0 onp. 17
(xeNMuB)A(xelnC)=>xe(/ins)MNunC).
Takum o6pa3omM, B /OGOM BO3MOXHOM Clyvyae 3/IeMeHT
xe(InB)M(1nC), a B cuay npomussonbHocTM xeJ/IW BJ/1C) 3to
N o3HavaeT BktoyeHme: TU(B 1C)c: (/1 UB)A(J1 UO-
3) Mo npuHUMNY [ABOWMHOrO BK/KOYEHMUS 3TO B/leYET PaBEHCTBO
Mn(BAC)= (Nnd)N(NunC) gna Bcex mHoxectB J1, B n C. -
Cnepyrouime cBoiicTBa omepauunii Ha MHOXecTBax 6yayT B fafb-

HelilleM OCHOBOII HeKOTOPbIX 3ajay W MPUMepoB, 6ONee CMOXHbLIX U
cofepyatefnbHblX KOHCTPYKLMWIA.

CeoiicTBa pa3HOCTH MHOXECTB

2.14. N\Bc:N YN, VB.
2.15. A\B = A{)B' yn, ys.
2.16. N\(1\A) = NN4 yn, yq.
2.17. Tu(B\N) = NuB yn, ys.
2.18. NN (A\N)=0 yn, ys.

2.19. N\(AnC)
2.20. N1\(5MC)

(M\B)A(N1\C), YN, Y8a, YC.
(M\BLW (1\C), YN, ¥y, YC.

ONONHEeHNR MHOXECTB

221. ni1yn'=cC Yn.

222. N1)N'=0 Y.

223. (n7=n YJ1.— 3aKOH WHBOMOLNN.
24, =AY ' yn, yd

224. (ADB) = A'T\B ) — 3aKOHbl ge MopraHa.
2.25. (A[\BY = A'[)B’ yn, vfi

CeolictBa (akcmomaTumka) NYyCcTOro MHOXecTBa
226. 0ch yn.

227. 110 =o yn.

2.28. A\J<Z=A yn.

229. 0N0 = 0-

230. OU O = 0-
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3agava 2.1.1. OJokaxwuTte csolictBa 2.2 n 2.21.

22. AaB/\BaC=*-AcC YN, VB, YC.

Ecnn npou3BosbHbIA Xxe /1, a JicrB, 70 xe B, Tak Kak Mo onpe-
JeneHnto nogmHoxectBa (MHoXecTBa J1) BCAKWI ero anemMeHT cojgep-
XXUTCA B JaHHOM MHoXectBe (B), torga xeB, a Bc C, 170 xe?.

M3 npowusBonbHOCTM XeJl cnepyet BKaodeHue: JicrC. -

2.21. A[)A'=U Y.

Myctb xe Nyn' (xe?V ?) ?)-«*
A>xAU<AN(A[JA'CiU)A(UczA[]A ) =MAATjA, = U. -

3agava 212 [dokaxwute csolictBa 2.6 n 2.24.
26. NwuB =Bwnunl YN, VB.

xe/l U#5 =>-(xg? )N (N ?

<>{1(JBcBLM )V M Ufi=>flIM ), uto no npuHuMNy ABONHOIo BK/O-

YeHUsi BfieYET PaBEHCTBO 3TUX MHOXECTB. -
224. (nB)'=N,NB/ YN, VB.

(MuB)'Y~*/\(NnB)="(U\AMU\B) n'ns.'. ]

3apgava 2.1.3. [lokaxunTte cBoiicTBO 2.25.
225. (NB)'=nN'mvB' YN, VB.

(hnB) 'l ey\nnB) C=M (U\A)[)(U\B) = A'[JB". A

3apgava 2.2.1. TlocTpoiite gnarpammbl 3diinepa — BeHHa cne-
OYIOWNX MHOXECTB W YCTaHOBUTE, Kakue W3 pPaBeHCTB BePHbl AN4
noobbix mMHOxectB JI, S mn C (puc. 10 n 11)

B\C cne’

Puc. 10
1) B\C = CMB', 2) N\(B\C)= (1\B)\C.
1) B\CthC(]B".
2) N\(B\C)=/=(/I\B)\C.

3apgava 2.2.2. MNocTpoiite gnarpamMmmbl dlinepa — BeHHa cne-
OYIOWNX MHOXECTB M YCTaHOBWUTE, Kakue W3 paBeHCTB BepHbl AN
n6bIXx MHOXecTB J1I, B n C (puc. 12 n 13).
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A\(B\C)

BMN(Cun A

A\B

Puc. 13

(A\B)\C

Puc. 11

(BMC)u(Br) A

Puc. 12

(A\B)uB

Puc. 14

1) BM(Cu»)=(BMC)n(BM-4). 2) (J1\B)1)B= /1.

1) Bn(cun)-(Bnc)u(ann).

2) (M\B)1)A = /.

31

3agaua 2.3.1. lMNocTtpoiiTe gnarpammbl Jinepa — BeHHa cne-

AYIOLWMNX MHOXECTB W YCTaHOBUTE,

BcA, 1o (N1\B)ue = /1 (pwc.

14).

BEPHO NN YTBEpXAEHMe: ecnu
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NUuU (B Mc) (AUB)MC

PHc. 15

3apgava 232. Onpegenute, AN Kakux MHoxectB A, B,
C wmeer mecto yTtBepxgeHue: A\]B —B{\C.

3apgava 2.23. lpoBepbTe, UICTUHHO NN ANA NHO6LIX MHOXECTB
A, B, C yrtBepxaeHue: Nn(4AMNC) = (N1)4)NC (puc. 15).

>1U(fInC)i(>4Ufl)nC.

Ecnu ytBepXaeHWe WUCTUHHO He ANA BCeX MHOXecTB, TO MocTa-
pa|7|Ter HalTKn Bce ycnoBusd, Npn KOTOPbIX OHO BCE >XXe& MMeeT MeCTO.

§ 3. MPAMOE (gekaptoBo) MPOW3BEAEHWUE
MHOXECTB

Ecnn paccmatpumBaeTcs MHOXECTBO, COCTOsLLEE W3 KOHEYHOro
yucna 3NeMeHTOB Takoe, YTO MOPSALOK 3N1EMEHTOB He CyLlecTBeH, TO
MX 3aKn4alT B PuUrypHele cKO6GKu, Hanpumep, [a, b, c]. Ecnm xe
CYLWEeCTBEHHO, KaKOB MOPSAOK 3/1IEMEHTOB, TO roBOpPAT 06 ynopano-
YeHHOM MHO>KECTBE 3/1EMEHTOB WAM KOPTEXKe, WUCMOoNb3ys AN
0603HayYeHUss CKOBKM <), Hanpumep, KopTeXx (A47MHbI 3) Tex Xe
afNeMeHTOB. <a, b, C).

(«Cortege» B nepesofe ¢ (hpaHLy3CKOro o3HayaeT TOPXECTBEH-
HOe LlecTBUe, Bble3f, CBMUTA).

OnpepeneHue 31 [lBa KopTe>ka Ha3blBATCHA paBHbIMYU,
€CNN OHW O4WMHAKOBOW [ANWMHBI W €CMU paBHbl UX 31EMEHTbI Ha CO-
0TBETCTBYIOLMX MECTAaX.

Tak paBeHcTBO (X, <= (!, a) MMeeT MecTOo TOrga W TO/bKO
Torga, Korga x= 1mnmy=a.

OnpepeneHue 3.2. lMNpaAMbIM UM AeKapTOBbIM NpPou3Be-
LeHveM MHOXXecTB A 1 B Ha3biBaeTCA MHOXKECTBO BCEX ynopAano-
YEHHbIX Map 31eMEHTOB, W3 KOTOPbIX MEPBbI/ MPUHAANEXKUT nep-
BOMY MHO>XecTBy A, a BTOpoi BTopomy — B.

O603HayeHne gekapToBa npoussegeHuss MHoxectB A 1 B. AyB.

AyB={(x, y)\x<=A/\yc=B).
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TeM camMbIM [eKapTOBO MNMpou3BefeHNEe MHOXEeCTB 3ajaeTcsa Onu-
CaHVeM XapaKTePUCTUYECKUX CBOWMCTB €ro 3/eMeHTOB. MOXHO cKa-
3aTb, UTO TakMM 06pa3oM A1 BCex MHOXEeCTB ofpefefneHa HoBas
onepauua: AByM MHOXeCTBaM COMOCTaBNAETCA TpeTbe — WX AeKap-
TOBO MNpPOW3BEJEHMUE.

NMpumep 3.1 Ana mHoxectB A= {1, 2, 4} u B= {a, b} BbiNu-
lWeM BCe 3/IeMeHTbl [eKapTOBbIX MPOU3BEAEHUIA.

NXA={<1, U> <? 7> <2 72> <?, 7> <2 7> <2 7>}

BXM={<a, 1> <? 7> <? 7> <? 7> <? 7> <? 7>}
>

HecnoxHo yBungetb, 4To AX B ® B XA and nNpoun3BONbHbIX MHO-
xectB A n B. 370 03HayaeT HEKOMMYTAaTMBHOCTbL Onepauun gekap-
TOBa YMHO>XeHuss (npou3BefeHns) MHOXKECTB.

3agaHune 3.1. Hangytcs nu mHoxecTBa J1 U B TakKue, 4to
NXB=BXN?

EcTecTBEHHO Ha3biBaTb MHOXecTBO J1XJ1 [eKapTOBbIM KBapj-
paToM MHOXecTBa A n o6o3HayaTb ero J12

2= Nxn.

Onpepenenne 3.3. [lmaroHanblo fekapToBa KsafjpaTa
HOXKecTBa A Ha3blBaeTCsi MHOXECTBO Bcex nap Buga (X, X),
roe xeA.

(Tpeueckoe «bBiavunnof£» o3HauyaeT waywmii oT yrna K yray).
O603HayeHne gmnaroHann mHoxectBa J1: DA unn dA iA nnn idA

£>,={<*, jc| xeNn).

3apgaHue 3.2. AnAa MHOXectBa B = {a, p, y) BbiNuwunTe BCE
3/IeMeHTbl JeKapToBa KBajparta W NoAYepKHUTe BCe AMaroHalbHble
3NeMeHTbl:
B2={<?, 7>, <?, 7> <2, 7> <2, 7> <? 7> < 7> <? 7> <2 7> <2 7>)

3apgauva 3.1.1. Onpegenute, CKOMIbKO 3/IEMEHTOB COLEPXUT
MHOXecTBO JIXB, ecnm n(A)=p, a n(B)= gq? Mouemy?

Cnegywolwmne 3agayn OTpaxkaloT CBONCTBA AekapToBa MNpou3Be-
aeHuns.

3agauva 3.2.1. [JokaxuTe yTBepxgeHue: LOna ntobblX MHO-
xectB J1, B n C, echm Bc=C, 10 1 XB™N /N XC.

JokazaTenbcTBO. <X, y>eJIXBD N —{ace?ye?)=>
=Mxe?Jlye=C) (x, y>ellXcC.
| flczC=»(Vi/gfi=»i/g?)

2 BT MeTpoBa
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B cuny NPON3BOLHOCTH (x,y)"AxB cnepyer, yTOo
AXBcrAXC. A

3agava 3.1.2. Onpegenute, BepHbl NN A5 NOObIX MHOXXECTB
A, B, C paBeHctBa: 1 Af|(BXC)=@NTr|ag)X( nc). 2. AX
X(BMNC)= (AXB)MN(AXC)?

YKazaHue. PaCCMOTpVITe CHa4Yana npumepbl Ansa KakKnX-NMbo  MHOXECTH
A={ }, B={ }mcC={ }, ecnM OHM NOATBEPAAT PaBEHCTBO,
nomapaMTer AOKa3aTb ero Ana npousBO/IbHbIX MHOXXECTB A, B, C

1 NO(AXC)#(NNB)XMTMC).

BbiBofg. [lepeceyeHne MHOXeCTB ? He ? o6/najaeT CBOWCTBOM
AVNCTPUBYTUBHOCTU OTHOCWUTE/IbHO fleKapToBa MpPOM3BeAeHNs MHO-
YKEeCTB.

2. NX(BMC)*=MXA)M(NXC).

BoiBOoA. [lekapTOBO MNpou3BefeHne MHOXeCTB ? He ? o6nagaet
CBOWCTBOM AUCTPUOYTMBHOCTU OTHOCWUTENIbHO MEPECEYEHUS MHO-
>KecTB.

3apgava 3.3.1. Onpegenute, BEpPHO NN AN NtobbIX MHOXECTB

A, B, C paBeHctBo: A X(B\C)=(A X B)\(A X C)?
AX(B\C)x(AXB)\(AXC).

BoiBOofA. [lekapTOoBO npousBegeHWe MHOXeCTB ? He ? obnagaet
CBOWCTBOM AUCTPUOYTUBHOCTU OTHOCUTENLHO Pa3HOCTU MHOXECTB.

3agauva 3.1.3. WctmHHO nu gns nwbbix MHoxectB A, B n
C ytBepxgeHune AU(fIXC) = (/4X4)1)(J1 XC)?

YKasaHue. PaCCMOTpVITe CHa4ana npuMepbl  onAa KaKux-mMbo  MHOXeCTB

A4={ } fl={ }mcC=( }. ecnn oHM noaTBEPAAT PaBEHCTBO,
nocrapanTtecb fokKasaTb ero ANl MpPOu3BONbHbIX MHOXecTB A, B, C.

A[)(BXC)®(AXBMAXC).

BoiBoa. O6beAMHEHUE MHOXECTB ? He ? 06/1afaeT CBOWCTBOM
ANCTPUBYTUBHOCTM OTHOCUTENBHO [eKapToBa MPOU3BEAEHUS MHO-
KecCTB.

OnpegeneHne gekaptoBa MNPOU3BEAEHUSI ABYX MHOXECTB eCTecT-
BEHHbIM 06pa3oM 0606LiaeTcs Ha AEeKapTOBO Npou3BegeHue nto6oro
X uucna:

OnpepeneHue 3.4. TMpaMmblM UAn LeKapTOBbIM Mpou3Bse-
eHneMm MHOXKecTB At, A2 .. A,, Ha3blBaeTCs MHO>XECTBO BCEX

KOPTE>KEA AAWHBI M, U3 KOTOPbIX MEPBbI MPUHALNEXKUT MEPBOMY

MHO>KeCTBY — A,, BTOpOii BTOpoMy — A2 1 T. f. mocnegHuin — As

O603HauveHune: /4 X-42X...X>44

NX-42X.. . XI,,= <, x2 .. x,ynE-4@4|=1 2 .. nl
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OTctoga npu n= 1cnegyet, 4to 06 3nemMeHTax t060ro MHoXe-
CTBa MOXHO TOBOPWUTb Kak O KopTexax AAuHbl 1, 1

={<(q x* .. *,>n€=/4N/=1, 2, .. n}.

V3 onpegeneHns gekaptoBa NpPou3BeAeHWs MHOXECTB clnepyer,
KOHEYHO, YTO N — BCerja 4ucno HaTypasbHOe.
3apgaHwne 3.3. [lNpuseaute npuMepbl 31€MEHTOB MHOXECTB:
R2es? R6=3? (R2)3= ?
3agaua 3.2.2. Ecnm MHOXecTBO A COCTOUT M3 KOHEYHOro
ynucna 3NeMeHTOB, TO UX KOAM4YecTBO 6yaem o6o3Hauatb M(A).
Nycte n(A)=p, n(B)=qg, n(C)=r. Onpegennte, CKONbKO
3NeMeHTOB cojepXaT AeKapTOBbl Npou3BefeHus
1) n(nx(axc))=-
2) n((1Xe)X Cc)="7
3) M(AXBXC)="?
Bblle Mbl yCTaHOBUM, YTO AeKapTOBO Mpou3BegeHWe He obnaja-
eT CBOWCTBOM KOMMYTaATMBHOCTU, OHO W HeaccouMaTUBHO:

AX(BXC)® (AXB)XCDPAXBXC.

Hanpumep, ecim <1, <a, 0))eAX(BXC), 10 <1, <a a))
& (AXB)XC, Tak Kak, XoTa nocnefjHee MHOXECTBO M COCTOUT U3 KOP-
TeXeil ANUHbI 2, HO TaKWX, YTO MEPBbIA 3/IEMEHT YyrNopsf0YeHHOR na-
pbl caM fIBASETCSA KOPTEXeM A/uHbl 2. B oTanuuu, Hanpumep, oOT
nepsoro anemeHTa 1 koptexa <1, (a, a)), KOTOpbIA B nyywem cny-
Yae MOXXHO MPUHSTL TOMBKO 3a KOPTEX AMWHbI eAnHuua (cM. onpe-
feneHve 3.1).

OfHakKo, yunTbiBas, 4To peyb maet 06 ynopsgoyYeHHbIX MHOXEeCT-
Bax, 4acto 6blBaeT yAO6GHO OTOWTM OT (OpMasbHOroO 3akKoHa W
OTOXAECTBAATb 3neMeHTbl MHoXectB AX(BX C)p(A X B)X Co
® AXBXC Buga: <1, <a a)), <<1, a> a), u <1, a, a). 310 No3BoO-
naeT B AanbHeENLWeM, OTOXAECTBAS B TAKOM >K€ CMbIC/le COOTBETCT-
BylOLLME 3/1eMeHThbl, He TO/MbKO OTOXAECTBUTb MHOXECTBa
AX(NXN), (NxN)X/1 n AXAXA, HO No aHanorMm OTOXAECTB-
naTb 6e3 JOMNOMHUTENbHbLIX Pa3bACHEHMWA, ecM TOro nNoTpebyeTr KOH-
TEKCT, NPOW3BOSbHble fekapToBbl cTeneHun: ATXA" un A"XAT c
'‘4"+", roe {T, n}aN.
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8§ 4. HEKOTOPbIE MNMPWMEPHI
OEKAPTOBbLIX MPOW3BEAEHWNIA MHOXECTB

B aTom naparpadge Mbl paccCMOTPUMM MpPUMepbl eKapTOBbIX NpPO-
N3BEeAEHN MHOXECTB U CBA3aHHble C HUMW HOBble MOHATUA, KOTO-
pble 6yayT MCNOMAb30BaHbl B AanbHeliweM. OHU, XOTS U He CNOXHbI,
HO ABNAOTCA 6a30BbIMWU N8 Cepbe3HblX pa3fefioB Kypca, KoTopble
npeacTonT n3yyartb.

Mpumep 4.1. R— MHOXECTBO BCeEX AEWCTBUTENbHbIX 4uncen,

aneMeHTaMn MHoxecTBa (R4)* ABNAOTCA KOPTEXMW A/IUHBI 3, KOTO-
pble COCTOAT U3 KOpTeXelh AnuHbl 4, Hanpumep:
(R4A33 <<1,3,2,4), <4,5,0,5> <—3, 2, 1, 7>>, Ho Takas 3anucb
KOpTeXa KopTexeil BecbMa rpomosfka gaxe ana aneMmeHToB (R 4)3
He roBopsi y)xe O 60fiee BbICOKMX CTeneHaX. YAobHee 3anucbiBaTb
TakmMe KOPTeXu MOCTPOYHO:

< 13, 2 4) / 1324\ 13241
< 4,5 0,5) min - ( 4505) nnn 45051
<-3,2 1 7> \-3 217/ -3 2171

AHa/IOTMYHO MOCTPOEHHblEe Tabnuubl GyaemM WMeTb W Anst APYrux
[LeKapTOBbIX CTereHeii MHOXecCTBa AeWCTBUTENbHbIX uucen R:

(R32=»<<l, 3, 2>, <4, -3, 1> wwm *~ _ 3 2).

(R238<<-1, 4), <5 0> <3 -2>> wuwm N 5 on,

(R133 <<l>, <0> <—3>> um ~o0
(ROl <<2, -5, 1, 7>> vm (2 -5 17).

OnpepgeneHune 4.1 MaTpuuyei HasbiBaeTcs N060N 3ne-
MeHT AeKapTOoBOi cTeneHn (R')™ MHO>KecTBa LeNCTBUTENbHbIX Y-
cen. B Takom cnyyae roBopsT O MaTpuue nopsgka m Ha n.

O603HaueHMe MHOXeCTBa BCEX MaTpuy, nopsgka m  Ha
n: M(mxn, R) v M(Txn).

MaTpuyy, npuHagnexawyw M(Txn, R), MOXHO npeactaBndtb
yncnosol Tabnuuen M3 T CTPOK M N CTONGLOB.

Tak Kak MaTpuua no CBOeMy OMpejeneHnto ecTb KOpPTeX Kop-
TeXeN, TO ecTeCTBEHHO OMNpeAenaTb PaBEHCTBO MaTpuL KakK pa-
BEHCTBO KOPTEXEW M CumTaTb MaTpuLbl PaBHbLIMW, €C/IM OHU Of-
HOro nopsiaka M paBHbl BCE UX 3/1EMEHTbI Ha COOTBETCTBYIOLLUX Me-
cTax.
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Mpumep 4.2. NMyctb 1 — MHOXECTBO BCEX TOYEK MJIOCKOCTH,
N2={</4, £>|{N, B}cMN} — Bce ee ynopsijo4eHHble Mapbl TOYEK.

YNopsifo4YeHHOCTb Napbl TOYEK Ha 4vepTexe yAOOHO nokasbliBaTb
CTPENKOW OT ee MepBOro 3fnemMeHTa Ko BTOpoMy (puc. 16):

Puc. 16

OnpepeneHuve 4.2. 3NeMeHT AeKapToBa KsajpaTa MHO-
>KecTBa BCeX TO4YeK MAOCKOCTU (NpocTpaHcTBa), T €. ynopajo-
YEeHHYI0 napy TOYeK NNOCKOCTU (NMPOCTPAHCTBA) MPUHATO Hasbl-
BaTb HanpaBNeHHbIM OTPE3KOM.

Ecnu pgBe Takve ynopsfifoYeHHble napbl OTAMYATCA TOMbKO
MOpAAKOM 3NEMEHTOB (TOYeK), TO UX Ha3blBalOT MPOTWBOMONOIK-
HO HanpaB/leHHbIMW OTpPe3KaMu, a eciu MnepBbll M BTOPOA 3ne-
MEHTbl YNOPSAAOYEHHOW napbl COBNajalT, TO Takue Hanpas/ieH-
Hble OTPe3KN Ha3biBalT HYNeBbIMMU.

Ons Touyek nNpsMOWN, MAOCKOCTU WAM MNpOCTPaHCTBa MPUHATO

ynopsifoueHHyto napy (A, B) o6o3HauvaTb AB.

Mpumep 4.3. EcnnM  MHOXECTBO AeWCTBUTENbHbLIX 4ucen
R n3obpaxaTb TOUYKaAMM YMCMOBON MpsAMOi (Ocu), TO 3NEeMeHTbl ge-
kaptoBa kBagpaTta R2={<x,y)\xeRAyeR) ecTecTBeHHO npef-
CTaBNATb TOYKAMMU KOOPAUHATHOW MMOCKOCTMU.

OnpepeneHune 4.3. [0BOPAT, 4YTO Ha MJOCKOCTK 3afaHa
abuHHaa uam obwas fekapToBa cUCTEMa KOOpPAMHAT, ecnu 3a-
faHbl [Be HenapanfnenbHbiX ocu c obwum Havanom. Ecnu ocu
MepneHanKyNsipHbl W eAWHULbI M3MEPEHUI MO pasHbIM KOOpPAMHAT -
HbIM OCAM paBHbl, TO Takyl CUCTEMY KOOPAUHAT Ha MJI0CKOCTMU
Ha3bIBAT MPSAMOYroNbHON AeKkapTOBOA.

HarnomuvHaHme: ocblo HasblBaeTcsa npamMas C (bI/IKCVIpOBaHHOVI TOUKOl — Haua-
J1oM, Bbl6paHHbIM MONOXKNTENbHbIM HanpaBieHnemMm " eAVIHI/ILI'eVI Nn3MepeHnsa.

[na npousBonbHOW TOukM nnockocTn M ee ath(PuHHbIE KOOPAK-
HaTbl onpegensatTca kak (X, y), rge x=(OX)(\mr y=(0y")M'n,
(mpssmble mt\\(OX) n mJ(0J'), a Touka M = TOuKy C KO-
opavHatamu (X, y) o6o3Havyaem M (X, V).

HanomuHaHue: (AB) o603HadyeHa npsimasi, NPOXOoAsALLas Yepe3 pas/INyYHbIE TOYKU
AunB

Bbiwe Mbl OTMEYanu, 4YTO MOXHO MPeAcTaBNATb AelCTBUTENb-
Hble YMcna TOYKamMu 4MC/IoBO ocu M obpatHo. CnepoBartefibHO, MO-
XXEM cuuTaTb, YTO <, Y) O603Haya'eT M YyNOPAAOYEHHYI napy uu-
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NpsIMOYrofibHasi AeKapToBa
cucTeMa KoopauHat

Puc. 17

apuHHag (obLiasn)
cucTema KoopauHat

Puc. 18

\lcen, COOTBETCTBYIOLLYIO YNOPSAOUYEHHOM nape Touvek: X ocn (OX) ny
ocn (OK).

3agaHue 4.1 WN306pasute Ha NNOCKOCTM MHOXecTBO DR,
(awaroHanb MHOXecTBa RP), 3ajaB KoopAuHatHble ocu. Cpenaite
yepTex. lMogymaiite, eAUHCTBEH NN OTBET?

3apgaHune 4.2 lMoagymalite, KaK MOXHO NpeacTaBnATb 3NeMeH-
Tbl MHOXecTB R3 U R4 ecnn peilctBuTenbHble uncna usobpaxartb
TOYKamMu 4nCNOBON OCW.

3agaua 4.1.1. 1=[0, 1|crd TMMpeactaBbTe Ha MJOCKOCTU MHO-
xectBa: X1, IXR, RXI. (3agaB, €cnm HyXXHO, CUCTEMY KOOPAMHAT).
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3apava 4.1.2. TlNocrapaiTecb faTb FeOMeTPUYECKYHD WHTep-
npetayunto LEKAPTOBbIX MpPoOu3BeAeHni i MHOXxecTB: S'xl, S'XR nu
[YX R, roe o60o3HaueHbl: | = [0, 1jc=R, S1— okpyxHocTb, R — nps-
mas, a D2— kpyr. 3agaiTe, ecnn notpebyeTcs, CUCTEMY KOOPAWMHAT.
Kak n3meHuTCa OTBET, eciM M3MEHUTb CUCTEMY KoopaumHat? Caenaim-
Te PUCYHKW.

3agava 4.1.3. [aiiTe reomeTpuyeckyrd uHTeprnpeTauuto MHO-
xectB: S'XS1 S'XD2wn D2XS\ rpe uepes D2 o603HaueH Kpyr,
S1— okpyxHocTb. MonpobyiitTe 1M306pasnTb 3TM MHOXECTBa.

3apgava 4.2.3. lMpuaymaiite Kakme-nnbo reomeTpuyeckme WH-
Tepnpetaumm MHoxectB: I, 14 I3XR u (S")2XR

8§ 5. BUHAPHBIE N N APHbLIE OTHOLWEHWNA

OpfHO 13 6a30BbIX MOHATUIA B MateMaTtMke — GUHApPHOE OTHOLUe-
Huve, 4yepe3 Hero 6yayT onpefeneHbl Takue BaXKHelllMe MOoHATUS,
Kak (yHKLUUA, oTobpaxeHue, npeobpa3oBaHME MHOXECTBaA.

OnpepeneHue 51 BnHapHbiM (4BOMHLIM) OTHOLIEHUEM
Ha MHOXXecTBax A 1 B Ha3blBaeTCa Nt060e NOAMHOXKECTBO WX fe-
KapToBa npou3segeHusa AXB.

BMHapHble OTHOWEHNA 06bIMHO 0603HAYaloTCA 3arnaBHbIMU fla-
TMHCKUMK BGykBamu, Hanpumep: RaAXB, a pagns BkioyeHus
(x, «/)e/? moxeT 6bITb McNonb3oBaHa 3anucb XRy, 4uTO yumTaeTcs
TaK: «3/1eMEHT X HaxoAWUTCA B OTHOWEHMM R K 3aneMeHTy y» uim
«3/IEMEHTbl X H Y HaxoAAaTcs B OTHOLWEHUN /?».

YacTo R HasbiBalOT GMHApPHbLIM OTHOLIEHMEM Ha MHOXKECTBeE A,
Iecnm RczAXA.

MHorga roBOpsiT NPOCTO O GMHAPHOM OTHOLUEHWW, ecNn ero 3ne-
MEHTbI-KOPTEXM AOCTAaTOUHO SICHO OMUCaHbl KakUM-IM6G0 XxapakTepu-
CTUYECKMM CBOWCTBOM. Hanpumep, GUHapHbIM OTHOLUEHWEM MOXHO
Ha3BaTb Bce kopTexu (A, B), rae A m B — Takme MHOXECTBA, 4UTO
AczB. Ho Tak Kak Heonpefensemo MOHATME MHOXecTBa BCEX MHO-
XKeCTB (CM. WCTOPUYECKYID CMpaBKy), TO Henb3s U B NPUBEAEHHOM
npumMepe roBopuUTb O TaKOM OMHAPHOM OTHOLUEHUW KakK O MHOXeCT-
BE, XOTA €ro 3/IeMeHTbI-KOPTEXMW BMOJIHE TOYHO ONucaHbl. B ganbHei-
WemM nNpemmyLLecTBEHHO 6yayT paccmaTpuBatbca GMHapHbIe OTHOLLIe-
HMA Ha MHOXeCTBax WM MHOXecTBe (U camu ABASKOLWMEcAs MHOXe-
cTBamMu), Kak Haumbonee copepxkatesbHble W [JOCTAaTOYHO O6LKeE.

3apgpaHune 51 A={1, 2, 4}, B= {a, b}. Mpueeagute npumepsbl
OGVHaApHbIX OTHOLWEHUA Ha MHOXectBax A M B 1M Ha MHOXe-
ctBax B n A:

NXB =7 BXA =2

MopaymaliTe, CKONbKO GUHAPHbLIX OTHOLWIEHWI MOXXHO 3ajaTb Ha
JaHHbIX MHOoXecTBax A={1, 2, 4} n B = {a,b}?



40 . MHoXecTBa

Kakoe «camoe 60/bll0e» 6MHAPHOE OTHOLIEHUE MOXET ObiTb 3a-
JaHO Ha nape Npou3BOJbHbIX MHOXecTB A u B?
«Camoe MasieHbKoe»?
Kakue 13 cnefyrowmnx MHOXECTB MOXHO Ha3BaTb GUHAPHbIMU OT-
HOweHnAMN Ha A 1 B? BuHapHbIMKW OTHOWeEHUAMU Ha J1?
4= {<1, a), <2, b> <4, 0)}. /5= 0, /76= {<1, a)},
A7={<I. 1> <* b)}, /78={<1, 1> <2 1> <4, 1>)
179= {<a, a>}, R|0={<1, 1> <2 1> <4, 1> <2 4>}
OnpepeneHune 52. Ecnu 6MHapHble OTHOWeHUA S U R Ta-
KOBbI, YyTO SCzR, TO S HasbiBalOT Cy>keHuem R, a R — pacwupe-
Hnem S.
Tak B npegblgyuiem 3agaHumn [?6— cyxeHue GUHAPHOTO OTHO-
weHns /?4 a /?,0— pacwumpeHne OGMHapHbIX OTHOWweHun /> n R,.
Mpexae BCero HaMOMHWUM, UTO GBUHApHOE OTHOLUEHME, KaK U BCA-
KOe MHOXECTBO, MOXeT ObITb 3afaHO OMucaHMeM CBOWCTB ero 3sne-
MEHTOB (B 4aCTHOCTWU, WX MepeyncNieHneM Wnm rpaduyeckn).
NMpumep 5.1 U= [(x, i/~|cTyaeHT X yuntca B rpynne Y).
YKaXnTe HEeCKO/IbKO 3/IEMEHTOB 3TOr0 OTHOLUEHWUS.

NMpumep 52. F={(x, «>foc, y]c RAy = sin g, HarnsgHoe
3aflaHne 3TOro OTHOLWIEeHWs faeT rpauk yHKUUM y = sin X Ha KO-
opguHatHOM nnockoctn (puc. 19).

G= {M(x, y)|{x, y)czR/\y = s\n x}.

YKaXXnTe HecKOfIbKO 3/1eMEHTOB 3TOr0 OTHOLUEHMS.

MOHATHO, 4TO rpaduk NGO YNCNOBOM (DYHKLUMUKN, KaK MOAMHO-
)KECTBO TOYeK MI0OCKOCTU, OTOXAECTBIEHHOW C MHOXecTBO R2
(cm. npumep 4.3), onpefensieT HEKOTOpPoe GMHApPHOE OTHOLUEHUE Ha
MHOXXECTBE AEeNCTBUTENbHbIX YMceNn R, B 3TOM CMbIC/le U FOBOPAT O
rpauyeckoMm 3agaHuyM OMHAPHOTO OTHOLUEHWUS.

BUHapHbIe OTHOLWEHMSA HA MHOXECTBAxX C KOHEYHbIM YMC/IOM 3fe-
MEHTOB YAOOHO mn306paxatb € MOMOLWbLID OPUEHTUPOBAHHbIX
rpacoB. Mbl He 6ygemM oOCTaHaBAMBATbCS Ha TOYHOM U MOHOM
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Puc. 20

onpegeneHnn, HO BMOSHE AOcCTaTOYHOe npejcTtaBfieHne 06 OpUEeHTU-
pPOBaHHbIX rpagax GMHAPHbLIX OTHOLWIEHWI AaloT WAACTpauun cne-
aylouiero npumepa:

Mpumep 5.3. buuHapHoe oTHoweHMe Q Ha MHOXxecTBax A n B
cocTouT u3 KopTexeih: Q= {<1, a> <2, p> <2, y), <3 6>}
(puc. 20).

BuHapHoe oTHOLleHMe

K=[(a, a), <a p> <a y), <p, p> <p Y)}
Ha MHoXxecTBe X = {a, p, y! 3agaetca rpadom (puc. 21).

Onpepgenernne 53. MHOXeCTBO BCeX MEPBbIX 31eMEHTOB
nap 6MHapHOro OTHOLIEHNA HasblBaeTCcA 06N1acTbio onpefeneHus
6UHAPHOr0 OTHOLUEHUS.
Ee o6o3HauveHne pgna otHoweHua R: Dom R.
Dom — cokpalieHune oT hpaHLy3cKkoro cnosa «domain», o3Hava-
ouwero o6nactb, parioH.

ripf

Dom /?=bl (3<x, y><=/?)} (5.1)

O603HayeHVe. 3 — cylecTByer.
(CnmBON— 3 — nepeBepHyTas HayanbHas OGyKBa aHrIUACKOro
cnoea “Exist”, KOTOpoe O3Ha4aeT CyllecTBOBaTb, 6bITb B HAIU4YUN).
3afjaHune 52 YKaxute obnactu onpegeneHvs 6MHapHbIX OT-
HoweHnin npumepoB 5.1—5.3.
Dom <= {1, 2, 3},
Dom K—?
Dom (/=7
Dom F = /?" — Bce [felcTBUTENbHbIE 4uUcna.
OnpepeneHne 54. MHOXXeCTBO BCeX BTOpPbIX 3/1IeMEHTOB
nap 6MHApPHOrO OTHOLIEHMS Ha3blBaeTCsH 061acTbl0 3HAYEHWIA Oun-
HApPHOr0 OTHOLIEHUA.
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Ee o6o3HauyeHwe Ans OTHOWweHua R: 1w /2.

Im — cokpalleHne (paHLy3CKOro Ccnosa

“image” — o6pas,
npegcTaBneHue.

Ir 72M{y|(3 9% y)eR)}. (5.2)

3agaHue 53 Ykaxute 06nactm 3HaAYEHUA OUHAPHBLIX OTHO-
WweHnh npumepoB 5.3 un 5.1.

Im Q={a, p, y. 6).
ImK=?

ImU=7?

B panbHeillemM Mbl BCTPETUMCS C CY)XXEHUAMU OTHOLUEHUIA U OT-
06paKeHui:

OnpepeneHune 55. buHapHoe OTHOLWEHMe S Ha3blBaeTCH
Cy>KeHnem OWHApPHOT0 OTHOLWEHMS R Ha MHOXXecTBO X, eciu

SczR/\DomS=X[ ImS={</elm /?|<x, y) eS).

Cy)KeHI/Ie OoTHOweHna R Ha MHoXecTBO X 0603HauvaeTcs:

Q'={<l a), <, p), <,y)) ABNseTCcA Cy>XEHUeM OGUHAPHOro OT-
HoweHna Q npumepa 5.3 Ha MHoXectBo X = {1,2}cA = {1, 2, 3}
Q"= {<1, a>, <2, p>} ?He? gABndeTcsa cyxeHuem Q Ha X,

Tak Kak 6MHapHble OTHOLIEHUA — MHOMXECTBA, TO €CTECTBEHHO

cynTatb WX paBHbIMU. eCnn OHM pPaBHbl KakK MHOXecTBa.
Joka3aTenbCTBO WX PABEHCTB OCHOBAHO Ha Cxewme:

R=S0(RczS /\R zdS).
Mogpob6Hee;

R=So0(((4 <x y)e /?7)=»(<m y)<=§))A
A((V <u, E»>«=S8)=M<«, 0>e/?))). (5.3)
M3 paBeHcTBa OWHApPHbIX OTHOLWIEHWIA, OYEBMAHO, cnepyeT pa-
BEHCTBO WX ob6nactein onpegeneHnss M obnactein 3Ha4YeHWA.
3apgaHune 54. Onpegennte, paBHbl NN GMHAPHbLIE OTHOLIEHUS:

/4={< 1 2), <2 3» nih={<x, Y)\{x, y}cz{\, 2, 3, 5}Ax<y<x+2}?

VI3MEHUB MOPAAOK 3N1EMEHTOB B KaXXAOM U3 KOpTeXeil 6uHapHO-
ro oTHoweHns R Ha MHOXxecTBax X M Y, O4eBUAHO, MOly4MM HOBOE
OMHapHOe OTHOWEeHMe— HO Ha MHoxectBax Y u X

OnpepeneHune 57. BUHapHOe OTHOLIEHNE Ha3biBaeTCsA 00-
paTHbIM K 6MHAPHOMY OTHOWeHUO R (uan uHBepcueid R), ecnm

HO COCTOMT M3 BCex Takux nap <y, o> 4rto (X, y)&R.
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O6o03HayveHne wuHBepcun: R 1 gns 6GuHapHOro oTHoweHus R.
R~ ={</® *>K*, '[>7A>,

MHBepcua — OT NaTUHCKOro “inversio” — nepecTaHOBKa.

OueBungHo, ix= {(x, x>|xeX}=if"

M3 onpegeneHus cnegyet, 4To BCSIKOe OGMHApPHOE OTHOLLeHue 06-
patumo (1. e. V/?3/?~") n ¢ 04eBUAHOCTbIO MMEKOT MECTO YTBEpX-
AeHus. _

YTBepxpageHue 51. (/2 ) =R gna mob6oro 6uHapHoro oT-
HoweHua R.

YtBepxpaeHue 52 Ana noboro 6MHapHOro oTHoweHus R:
Dom /?= lin /?~1 n Im /2= Dom /?"".

3apava 51.1. Jokaxute yTtesepxgeHue 5.1.

JokasaTtenbcTtBo. [lycTb

\4xe Dom Ao (3y|(x, y)e/?)o (y, x)e /[?-10 xe ImR~".

wbxe Im R .
9To0 ¥ o03HauvaeT, u4to MO6OK 3nemeHT M3 Dom R npuHagnexur
Im /?"1 n Hao6opoT, oTkyga Dom R= Im R~'. ]

Mpumep 5.4: HaligeMm WHBEPCUIO OTHOLUEHUS
7= {<x, y)\{x, y)czRI/\y = x*+ 1},

Mo onpegeneHnto, F~'= {(y, X) |<m, </>eF}, 1. e

F~'"= {(y, x>IU, y}czR'/\y = x*+ I}.

Bo3Mo)kHa u Takasd dopma 3anucu:
F~"={(x, 7>l{ic y)czR'A* =y2+ .

€CN UCnonib3oBaTb 0603HaueHVe (X, Y>> AN KOPTEeXa, BXOAsLLero
B GMHapHoe OTHoweHue F~'.

3apgaHue 55. Ana 6uHapHbIXx OTHoweHuii Q u K npumepa
5.3 Haligute uHBepcuM W NocTpoiite ux rpadbl (puc. 22 n 23):

Q= {<l. «>. <2 p> <2, v> <3 6)},

[C={<a, a>, <a p> <a Y), <p, p> <p, y>).

BoiBOoA. ECMM Ha MHOXECTBE C KOHEUHbIM YMUC/IOM 3/1EMEHTOB
3agaH rpag 6MHaApHOro OTHOLWEHMUS, TO, 4YTOBObI MOMYyYnUTb rpag ero
UHBepcUn, cnegyet o6paTUTb KaXAyl ero CTpersiky.

3apgava 5.1.2. Haingute Dom W, Im W, Ana 6uHapHOro
oTHoweHuns W= {(x, ¥Y>{{gr, ylczZ/\x penut y).

(HanomuHaHve: X genut Y, ecnm Hailgetcs Takoe uenoe K uto y—KX).
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Puc. 22

Dom W= ?

Im W=7

W~I1=7?

3apgava 5.1.3. Haignte Dom V, Im V, V~1 ana 6uHapHOro
otHoweHust V= {(x, y)\{xyy)cz N[O 3x<2yj.

Dom V= ?
Im V=72
V~'=7?

3apgava 5.2.3. YKaknte obnacTtb onpegeneHns n obnactb 3Ha-
YEHN OGUHAPHOrO OTHOLLEHUS

F={(R, S>|#, S — 6buHapHble OoTHOwWweHna [ R = S}.

Dom F=?

ImF=7?

MoHATME GUHAPHOro OTHOLWIEHMS Nerko 0606uaeTca Ha cny4yain
M-apHoro oTHowWweHns (npy neN ), Kak NOAMHOXeCTBa AeKkapToBa
npoussegeHuss N MHoxects: /?acw, XJ12X ... XA Torga ero uvact-



§ 5. BuHapHble M N apHble OTHOLUEeHUs 45

Hbli cnyvyail — yHapHOe OTHOLWeHne (T.e. l-apHoe oOTHOLWEHME):
RC.A, ecTb HM 4YTO WHOE KaK MOAMHOXecTBO A, cnegoBaTtesibHO, Mpu
HeobX04MMOCT! BCAKOE MOAMHOXXECTBO MOXHO paccMaTpuBaTb Kak

npuMep HEKOTOPOro YHapHOro OTHOLUEHMS.
Mpumep 55 MNMpumepamn TPeHapHbIX OTHOLWEHWI MOTYyT CAy-
XWUTb CNOXEHWE U YMHOXEHWe [AeNCTBUTE/bHbIX 4Yucen:

{<* vy, D\{X, v, z}cRAz=x+i/}cRXRXR = R\

{<*y, D{x, y, z}cRAz = xi/}<rRXRXR = R1

OfHaKo, noauyepkuBass pPoNb MEPBLIX ABYX 3/EMEHTOB B TaKUX
KopTexax, Mbl OTAaAUM NpeAnoyTeHMe 0603HAUEHUSAM:

(+!={<<*,y), 2>{ar, ¥, z}c RA2=*+ 0}c R2XR=R 3

H ={<<* vy), N\[X, y, z}crRA2= jcy}czR2XR = R3
Tak yto Dom [+ ]= Dom [¢]= R2 u Im [-f]= Im [*]= R.

B panbHeliwem npegMeToM Hallero u3ydeHus OyayT 6onbliei
4YacTblo GMHapHbIE OTHOLIEHWS, MOCKOMbKY UMEHHO Ha HUX OCHOBaHbI
Takne BaXKHble MaTeMaTU4yecKme MOHATWS, KaK OTHOLEeHUs nopsaka
N 3KBMBANEHTHOCTU, OTOGpaXKeHMUe.
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MCTOPNYECKAA CIMNPABKA

«Tbl KOrga-Hubyap Bugena, Kak pucyrot
MHOXeCTBO?» — «MHOXeCTBO 4Yero?» — Crpocu
fa Anuca— «Huuero,— otBeyania CoHA,— Mpo-
CTO MHOXXeCTBO!»

1. Ksppon. «Anuca B cTpaHe u4ypec»

MHOXeCTBO — OAHO M3 CaMblX OCHOBHbIX MOHATU COBPEMEHHO
MaTteMaTuKu, OHO MCMonb3yeTcs, Kak 6a30BOe, NOYTM BO BCeEX ee 00
nacTsax, a 6e3 CMMBOJIMKU TeopuM MHOXECTB ceiiyac HeMbICIMMO, MOo-
Xanyih, HA OfHO MaTematuMyeckoe wuccnegosaHue. OgHako, Teopus
MHOXeCTB nonyumna oguumanbHoe Mnpu3HaHue He TakK AaBHO: 3TO
npousowno Ha lepBomM MeXAyHapOAHOM KOHrpecce mMartemMaTuKoB B
Litopuxe B 1879 rogy, Ha kotopom X . Agamap u A. T'ypeuL, coobLym
I O MHOTOYUC/IEHHBIX COAEPXKAaTes/ibHbIX MPUMepax ee MNpPUMEHEHNs
B MareMaTtuyeckoM aHanuse.

MosiBNeHMe Teopnn MHOXECTB OblI0 BbI3BAHO, BUAMMO, 06LLel
NIOTMKOW pasBUTUS HAyKW, UCTOPUYECKMMW MpoLeccamy opmanmsa
UMM A3blka MateMatuky (T. e. HeOOXOAMMOCTbIO BblAeNeHuUa noruvye-
CKUX MpaBuA W AOMYCTUMbIX MPUEMOB pPacCyXAeHWi), OCo3HaHWeM
YHUBEpPCaNbHOCTN pe3y/nbTaToB WM MPenMyLlectB MeToga, Npu KOTo-
poMm cofepXXaHnem MaTemMaTM4yeckoro WcC/lefoBaHMA CTaHOBATCA
CBOMCTBa KaKOro-nmbo maTemMaTMyeckoro MOHATUSA, CTPYKTYpPbl, KO-
TOpble OMpefensatoTcA anpuopu CBOMMW OCHOBHLIMU XapakKTepucTu-
YeCKUMW CBOWCTBaAMU WAM akcumomamu. [Mo3gHee, Npy MOAHOW KpU-
cTannmsaumn wniewn, Takoi meton OyneT HasBaH akcuomaTUyeckum
N ero oco3HaHWe MO3BOMIUT CAeNaTb FPOMafHbIA War B HayKe K HO-
BbIM, HEMbICIMMbIM A0 TOro o6nactaM. Ho 3TO mpou3oigeTr TONbKO
B XIX—XX BekKax.

Ewe B IV B. 40 Haweli apbl B paboTax Apuctotens (Aputrote-
Auyo, 384—322 fo H. 3.) nogBeprainucb UCCnefoBaHUO 0CO6ble OTHO-
LEHNS W NOTUYECKNEe PacCy>X[eHus, KOTopble OH Ha3biBan CU/NOTN3-
MaMW W KOTOpble Ha COBPEMEHHOM TEOPETUKO-MHOXXECTBEHHOM A3bl-
Ke MOoryT OblTb NPOUNNKOCTPUPOBaHbI npepnoxeHnamu: Ac: B,

A[\B® O, nnm 6onee cnoxHbimu: (AaB [ B e C)=»/l<=C. (3gecb
yepe3 A, B, C o6o3HauyeHbl MHOXecTBa). Y ApuctoTens 3to gopmy-
nnpoBanoch NpUMepHo Tak: «Bcskoe A ecTb B». «Hekotopoe A ecTb
B», U aHaNOTMUYHbIMU NPEAIOKEHUSMU, B KOTOPbIX, M 3TO OYEHb BaX-
HO, OblJI0 HECYLLECTBEHHO, KaKMe WMEHHO npeAMeTbl COCTaBAAKOT
A wnan B. OpgHako, euwe MM cammMm OblI0 3aMeYeHO, YTO MOAO0OHbLIN
A3bIK U CXEMbl OKa3blBa/MCb HELOCTATOYHbIMM A5 OMUCaHUSA BCEX
paccyXeHuil 1 fokasaTtenbCTB pPe3ynbTatoB, U3BECTHbIX B MaTeMa-
TUKE K TOMY BPEMEHMU.

Vaoen Apuctotenss okasanucb MJ0A40TBOPHbIMU A5 HEMELKOro
matematumka [. fleii6Huua (Leibniz Gotfried Wilhelm, 1646— 1716),
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KOTOpPbIA OblNl He TOMbKO BENVWKOMENHbIM W MHOFOCTOPOHHUM WUcche-
posatesiem (061acTb €ro WHTEPEcCOB COCTaBAAAM BOMPOCHI SIOTUKMU,
reomeTpum, mMaTemMaTnmyeckoro aHanmsa, (QU3NKKU, MexaHUKW, faxe
NaneoHTONOrMN N 6OTaHUKU, OH K3006peN «CUETHYH MallWHYy», 4YTO
[JaeT NpaBO HasblBaTb €ro OAHMM W3 MPOBO3BECTHWKOB COBPEMEHHOIA
KOMMbIOTEPHON MatemMaTukn), HO U rnybokum unocodom. Bugmnmo,
nostomy J1eii6HUL, AnuTenbHOEe BpPeMsi OGbln yBEYEH UAeel co3faHus
MeToZa, KOTOpbI cBOAUA Obl BCe MOHATUSA B MarteMaTuke K MpuMu-
TVBHbIM ¥ OCHOBHbIM, COCTaB/SIOLIMM KaK 6bl «a36yKy 4enoBeyecKol
MbIC/IM» W MOCPELACTBOM «a3byku npaBu» 3aTemM (OpMabHbIM MNy-
Tem gasan Obl BCE WUCTMHHblE MaTeMaTMyeckue YTBEepPXAeHWUA U Teo-
peMbl.

EMy >Ke MpUHaANEeXUT naes CUMBOMYECKUX 0603HaYeHui, KOTOo-
pble, MO ero MHEHUIO, LOJ/HKHbI CNYXWUTb YyKa3aTtefsiMU MbILIEHUIO.
Nein6Hny, nucan: «CTUHHbLIA MeToa Ao/mkeH aaBaTb filum Ariadnes
(HUTE ApunagHsbl), T. €. HEKOTOPOE OcA3aemMoe W rpyboe cpeacTBo, KO-
TOpoe HanpasnsAno 6bl pasym MNOJOOGHO HavyepTaHHbIM INHUAM B reo-
MeTpuu.. bes 3TOoro Haw pasym He cMOr 6bl npogenaTtb AAUHHbIN
nyTb, He cOuBLWMNCL C foporn». bonee Toro, B ero pabortax npocmar-
puBaeTcs NOHMMaHWe uaen (opManmM3OBaHHOINO f3blKa, Kak KOM6U-
HauMn 3HaKOB W MX CLENIeHU, YTo NO3BOMIUAO Obl MexaHU4Yecku no-
NnyyaTb HOBble WCTUHHbIE BbiCKa3blBaHUA. J1IeiGHUL, HECKO/bKO pas
npucTynan K peanusaynu 3TUX CBOMX WAER, cTapascb MNpuBecTU B
CUCTEMY OCHOBHbIE MpaBuna CUANOTM3MOB ApPUCTOTENs, HO BCAKUNA
pas ero nojcteperana Heyjaya, OH CTajkKuBascA C 6OMbLIMMU
TPYAHOCTAMM, CBA3AHHBIMW C MOHATUAMMU MNYCTOrO0 MHOXEeCcTBa W OT-
pPULAHNAMMN BbICKa3blBaHU (LOMOMHEHNAMU MHOXECTB).

Takmm 06pa3om, HecMOTPA Ha MNNOLOTBOPHOCTb WUAE U MHOXe-
XKEeCTBO cofep)XaTeflbHblX Pe3y/bTatoB, MOPOXKAEHHbIX WX Pa3BUTU-
eM, nonbITkn fleinbHnya hopmanni3oBatb NOTMKY ApPUCTOTENS 3aKOH-
unnmcbk Heygadeldi. bonblwas 4acTb ero pe3ynbTaToOB OCTaBasiaCb Heo-
ny6nvMKoBaHHOM A0 Havana XX BekKa W MO3TOMY He OKasana cyuie-
CTBEHHOrO BAMAHWSA Ha paboTbl APYrMx MarteMaTtuKoB npu ¢opMupo-
BaHUM MaTemMaTMyeckol NOrMKM 1 Teopum MHOXecCTB. [JO cepeauHbl
XIX Beka, T. e. B TeYEHUe elle NoYTU ABYX BEKOB, HECMOTPS Ha MHTe-
pec K aTOMy Kpyry BOMPOCOB, HUKOMY M3 MaTeMaTuKOB He yAanocb
NPOABMHYTLCA CYLLeCTBEHHO fanblle JflelibHuua.

Hanbonee 3HauMTeNbHbIM MPOABMXXEHMEM B 3TO obnactu cnepy-
eT Npu3HaTbh pe3ynbTaTbl aHIIMNCKOro mMaremaTtuka [>x. bynsa (Boo-
le George, 1815— 1864), KOTOpLIA cuMTaeTcs co3gaTesieM COBPEMEH-
HOW CUMBO/SIMYECKON Norukn. OH BBeN 0603HAYeHUs CMMBONAMU orne-
pauvii 06befMHEHUA U MNepecevyeHUss MHOXECTB W BbICKa3blBaHWUM
(AM3BIOHKLMM N KOHBIOHKLMK), YTO NpUAano rMBKOCTb ero cucteme.
B cepeanHe XIX Beka WOTNaHACKUM Matematukom [le MopraHom
(De Morgan Augustus, 1806— 1871) cuctema byns 6blna ycoBep-
LWEeHCTBOBAHA: OH YCTAHOBWU/1 He TOJIbKO 3aKOHbl AUCTPUBYTUBHOCTH,
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HO W [OBOWCTBEHHOCTM A1 NOTMYECKUX BbICKa3blBaHUA, KOTOpblE B
TeOpMM MHOXEeCTB MOTOM NOMYy4YUNN Ha3BaHue 3aKOHOB [e MopraHa.
MosgHee aHrnumiickum norukom [. BeHHom (Venn John, 1834—
1923) 6blna pas3paboTaHa cneymanbHasa HarnsgHas rpadguyeckas
cucTemMa, Hawegwas npuMeHeHWe B MaTemaTMyeckoin NIornke u Teo-
pyuM MHOXXeCTB MOj Ha3BaHWem auarpamm Jinepa — BeHHa. OpgHa-
KO, 60/IbLUIMHCTBO 3HAKOB — CMMBOJIOB, KOTOPbIMU Tenepb Mo/b3yeT-
cA Martematumka: (J. M. cr, \, 66110 BBEEHO UTANbAHCKMM MaTe-
Matnkom [>. MeaHo (Peano Giuseppe, 1858— 1932).

MoTpebHOCTN aHanui3a u yrnybneHHoe usyyeHue QPYHKUWA ageii-
CTBUTENbHOW NepPeMeHHOW, KOTOPOe WUHTEHCMBHO MPOBOAWUIOCH C cepe-
OvHbl XV Il Beka, NONOXWAM Hadano pasfeny mMartemaTuku, KOTOo-
pblii No3)ke 6bl1 Ha3BaH Teopuell MHOXecTB. PaboTbl HEMELKOro ma-
Tematnka . KaHTopa (Cantor Georg, 1845— 1918) o TpuroHomer-
puyeckmx pagax nNpuvBenuM ero K Heobxo4uMMOoCTUM Knaccugurkaumm
HEKOTOPbIX «UCKNKOUYUTENbHbIX MHOXECTB», a 3Ta 3ajada, B CBOW
oyepeip — K CO3[4aHUKD COBPEMEHHON TeOopuMUM MHOXeCTB. Tak uTo
I KaHTOp cyuMTaeTcs OCHOBOIMOJIOXXHWKOM 3TOr0 pasfena martemaru-
KW, XOTA WMCTOPUSA BOMpOCa, Kak Mbl BUAENU, HUCXOAUT K huiocod-
CKMM LWKonam [ipeBHei [peunn. EMy npuHagnexuTt Takoe onpege-
neHue: «lof MHOXeCTBOM MOHMMaeTcs Oo6beAuHEHUe B OAHO obLiee
0OBLEKTOB XOPOLUO Pas3IMUYMMbIX Halleld WHTYUUUEeR WA MbICNbIO».
OHO NOYTM He BbI3BANO KPUTUKM COBPEMEHHMKOB, HO KaK TO/IbKO K
NOHATUIO MHOXEeCTBa MOMWMO OCHOBHbIX TEOPETUKO-MHOXECTBEHHbIX
onepauuii (06beANHEHNS, NepecevyeHnss U T. N.) cTaan NPUCOEANHATb-
CS BMOJIHE eCTeCTBEHHble MOHATMA 4Yucna (3/IeMEHTOB MHOXECTBa) U
BEIMUYNHbI (MHOXEeCTBA), MOMOXEHUe CTano CyLLeCTBEHHO C/I0XHee.
Tak B TeyeHue Tpex neT ¢ 1784-ro roga KaHTop nbiTanca fokasaTtb
HEBO3MOXXHOCTb, KakK eMy Ka3anoCb, B3aMMHO OAHO3HAa4YHOro COOT-
BETCTBUA MeXxay MHoXxectBamMu R 1 R" npm n>1, noka K cBOeMmy
YOVBNEHUIO OH He NOCTPOW/ Takoe COOTBETCTBUE. «H 3TO BUXY, HO He
BEepro B 3T0,» — nucan oH AepeknHpgy. K KoHuy XIX Beka B Teopuu
MHOXECTB Yy>Xe Habpanocb HECKONbKO MPUMEPOB MNapajoKcaibHbIX
MHOXECTB, HapyLllaBW WX NPUHLUMMN: «3/1eMEHT, KOTOPbIA onpeaensier-
C Yepe3 COBOKYMHOCTb 3/IEMEHTOB KakKOro-imb6o MHOXecTBa, He MO-
XXeT NpuHajnexatb 3TOMY XXe MHOXecTBy». K Takum napafokcanb-
HbIM MHOXecCTBam cnegoBano 6bl OTHECTM U «MHOXECTBO BCeX MHO-
XKEeCTB», KOTOpOe [AO/MKHO O6bl 6blN0 cogepxaTb cebs B KayvecTBe
anemMmeHTa. NMpuUHUMNUanbHble NPOTUBOPEYUS BO3HWKaNU W NpU cpas-
HEHUN MHOXECTB, COCTOAWMX W3 OGECKOHEeYHOro 4mucna 31eMEHTOB.
3TN NpoTMBOpPEYns Mo CyL,ecTBY TakK WAN MHAYe CBOAU/INCL K CNOX-
HbIM (PMNOCOCKNM MOHATUSIM aKTyaslbHOW W NOTeHUManbHOW 6ecko-
HeYHOCTW.

MonbITKN MHOrMX MaTemMaTukoB KoHua XIX — Hauyana XX BeKOB
COBEpLUEHCTBOBATb akCMoOMaTuKy Teopum MHoOXecTB (Paccen, Llep-
mMeno, dpeHkenb, ¢GoH HelmaH, legenb U T. 4.) He yBEHYaNUCh cylle-
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CTBEHHbIM YCNexoMm: npemmyliectBa B OTAe/bHbIX 061acTaAX mMatema-
TUKN BbIHYXJa/MN B APYIMX K OrpaHNYeHuaAM Kpyra npuemaemMbix
Ana paccMoTpeHusa 3agad, 6yayym He B COCTOSIHUM o6GecneyunTb onu-
caHVe Bcex npob6nem Agpyroro pasgena. B wutore marematuku
OCO3Ha/IN nevyasbHYy UCTUHY HEBO3MOXHOCTM CO34aHNA YHUBepcalb-
HOA HEenpOTUBOPEUMBOM TEOPUM MHOXKECTB, KakK asbyku maTemaTuku
B UesioM. O4HaKO, CUMBOJ/INKA, SA3blK, BO3MOXHOCTb KPAaTKO 3anucartb
OCHOBHYIO /IOTMYECKYIO WAEK fOKa3aTeNbCTBa, T. €. annapar Teopun
MHOXEeCTB W, rMaBHOe, ee 1nieun, COXpaHuam CBOK MpUBIEKaTeIbHOCTb
N UCMONb3YKTCA W MOHbIHE, HECMOTPSA Ha MOHMMaHWe OrpaHuyeHHo-
CTU ee BO3MOXHOCTel. «HWKTO He MOXeT u3rHaTb Hac K3 pas, Co-
34aHHOro ana Hac KaHtopom»,— nucan [. TmnbbepT.
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8§ 6. ONMEPALNN HA BUMHAPHbBIX OTHOLWEHWMAX

C aByMSsi onepauusiMm Ha OGUMHAPHbLIX OTHOLUEHMUAX Mbl yXe 3Ha
KOMWUINCb: 3TO PaBEHCTBO OWHAPHbIX OTHOWEHWA (onp. 5.6) U WH-
Bepcus, unm obpaweHne 6MHaApPHOro OTHOLWeHKua (onp. 5.7). Ewe oa-
Ha onepauuns MNo3BONSET NO6bIM ABYM OWHapPHLIM OTHOLIEHUSIM CO-
NoCTaBNATb HEKOTOPOe TpeTbe 6MHapHOe OTHOLUEHME:

OnpepgeneHne 6.1. Komnosuymein 6GUHapHbIX OTHOLIEHWIA
RczXXZ nSczZXY Ha3blBaeTCAa HOBOe GMHApPHOE OTHOLUEHUe,
cocToslee n3 Bcex nap {x,y) Takux, YTO ANA HEKOTOPOro r Kop
TOK <x, 2>e/?, a koptex (r, y)eS.

O6o3HayeHve: S°R. (Untaetca: komnosvuusa [#] wn S).
S.R = {<x, y>| 3z] (<x, r)e « /1 (r, y>eS)|.

KoMnosnuma — cnoBo MaTUHCKOTro MNPOUCXOXAEHUSA: “composi-
tio” o3HauvaeT cocTaBfieHue, ANsi 0603HA4YeHUs 3TON >XXe onepayun
MHorga Mcrnonb3yeTcsa TEPMUH Cynepno3numsa (oT NaTUHCKOro ‘“Su-
perpositio” — HanoXeHue).

OueBunaHo, uto ix»ix=ix= {(x, x)|VxeX}.

Ecnn 6uHapHble OTHOLLIEHUS COCTOAT M3 KOHEYHOro 4yucna ane-
MEHTOB, TO MOXHO MNEepPevYncInTb 3NeMEHTbl MX KOMMNO3ULUWN.

Mpumep 6.1. Hangem KOMNO3UUUKM GUHAPHbIX OTHOWEHUA S°R:
R={<1 2> <, 4), 3 7>} nsS={<l, 3> <, 5> <, 6> <4, 9>}

Ons Toro, 4to6bLl yKasaTb BCe 3neMeHTbl MHOXecTBa S°R, no-
CTYyNMM cnegyrouwmm ob6pa3om; BO3bMEM MEPBbI KOPTEX OGUHAPHOrO
otHowenus R (1, 2), ero BTOpOii 3nemMeHT paBeH 2, B COOTBETCTBUM
C onpefeneHneM KOMMo3numm GUHapHbIX OTHOLWEHWn bygem MncKaTb
cpean KopTtexel GMHapHOro OTHOLWEHUst S Takue, YTobbl OHWM Hauu
Hanuch € anemMeHTa 2. Takux nap gse: <2, 5> n <2, 6), 310 03Haya-
eT, uto S°/?=j{<1, 5), <1, 6)}. Tak >e NOCTYyNUM C OCTafibHbIMU
KopTe)XamMun OoTHoweHus R: gna <2, 4) Hailigetca <?, ?>g S, a gns
napbel <3, 7) — B S nogxoaswero kKoptexa HeT. CnegoBaTeNbHO:

S°/? = {<1, 5>, <l, 6> <2 9>}

AHanNoOrM4yHo Haxogutcs Komnosumuyms R°S:
RoS=?
BoiBoa. CpaBHMBas MOMyYEHHbIE _komnosuuun BGMHApHbIX OT-

HoweHnn R»S n S°R, Buagnm, 4to Wnu, 4pyrmMmun cnosa-
MW, KOMMO3MLUMA GUHAPHbIX OTHOLIEHUI HEKOMMYyTaTMBHaA.
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Ecnm S°R = 0, 1. e. B pe3ynbtate KOMMNoO3MuMn [BYX GUHap-
HbIX OTHOLUEHMWIA Mofy4aeTcss MycToe MHOXECTBO, TO FOBOPAT, UTO
KOMMNO3MLMA AaHHbIX OMHApPHbIX OTHOLIEHWA He ONpefeneHa.
Tak, MOXHO cKa3aTb, 4TO KOMMO3WUus S»S npeabigywiero
npuMepa HeomnpegeneHa.
S2= S«S = ?, Ho /?2= /?0/7=M<l, 4)}.
MOXHO 3aMeTUTb, YTO KOMNO3MLUUA OGUHAPHbLIX OTHOWeHui S°R

onpegeneHa Torga v Tonbko Torga, korga lm /?crDom ?= 0, u He-
onpegeneHa, ecnm Im /?cEDom 2. ®

Mpumep 6.2. Hailgem KoMMNO3uUMM OGUHAPHbLIX OTHOLUIEHWIA:
/={(xy) {xy)ezR Ay = x2

g={<smy) lfrcy}c ROoy=x+ 1}.

Uto6bl onpepenuTtb g°f, ana ypo6cTBa paccyXAeHWUin U3MeHUM
0603HaYeHNs,, He MeHss CyTW 3aBUCMMOCTEN:

/={<* 2>fac,z)czRAz=X]I)

g={<£, y)\{z, y)<=R/\y =1+ 1}

M3 onpegenenna 6.1 crnegyeT, 4yTO KOMMNO3MUWA OTHOWeEHWA ¢°f
COCTOWUT M3 BCeX kopTexeW (X, Yy) Takux, 4TO HakgeTca I, 4TO
<g,r)e/, a <2,y)eg. B oTHoweHun g: y=z-11 a ans oTHoLle-
Hua /: 1= g2 OTkyga y=z-\-\=x24-1n

gof={(x, g>|{x, y)czRAyY = x*+ 1)

AHaNIOTMYHO HaxoAMTCA KOMMO3MLMA 6GUHapHbIX OTHOWweHui f°g u

[eKapToBbl CTeneHu OTHoleHun /2= /°/ n g2= g°g.

Tak pna onpegeneHuss komnosuuum f»g yaobHo onate nepe-
0603HaUNTb 3/1EMEHTbl KOPTEXXEN OUHAPHbLIX OTHOLUEHWA, y4YUTbIBas
TOT MOPSAOK, B KOTOPOM OHM 6epyTcsi: cHavana — ¢, 3arem — /:
£={<* 2>|{x, 2}c/?202=7} n /={<2, y)\{z, y)czR/\y = &
Torga j/= 22= ?, n OKOHYATe/bHO:

feg={(x, Y)IU. y}czRly= ?m

Ons fi= fof noctynum aHanoruuHo:

[={<* 2>|{x, r}c/?02=2 n/—{<2, y)\{r, /Ne=1201/ = 7},
T°TAA Y = 2= ?, U OKOHYaTe/bHO:

/2= {<. y}<=RAy=?m
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3apgaHue 6.1 Onpegenute KOMNO3NUMN GUHAPHbLIX OTHOLLEHUA
GoU u U«G, ecnu

U= {(x, y>|cTygeHT X yuutca B rpynne Yy),

a G={(y, z>|rpynna y ecTb yuyebHas rpynna WHCTUTYyTa [}.

G°U= {(x, r)\ctypgeHTt Aar?},

u°G=72

KoMno3nuymo OGMHApPHbIX OTHOLWIEHWA, 3afaHHbIX Ha MHOXEecCT-
Bax, COCTOSILLMX U3 KOHEYHOrO 4ucna 31eMeHTOB, YAOOHO HaxoAuTb,
ncnosnb3ys rpagesi.

3agaHune 6.2. PaccmoTpuTe Ha rpadgax komnosuymu 6uHap
HblX OTHOWeEHW (puc. 24, 25, 26):

CoefiHAs ofMHaKoBble 3ieMeHTbl Im P un Dorn Q, nonyuymm Ho-
Bble CTPENKM W COOTBETCTBYHOLLME KOPTEXM OTHOWweHus Q°P\

Q°/>={<1,5>, <1,6>, <2 6)}.

OAHO M3 CBOWCTB KOMMO3ULUU GUHApPHbIX OTHOLIEHWUA Mbl OTMe-
Yyann: HEeKOMMYTaTUBHOCTb, clieAytolliee — accoLunaTMBHOCTb KOM-
no3vuumn, K Hemy npugetcs obpawiatbcsi B TOM WA WHOM Ka-
YecTBe Ha MPOTSXKEHUM BCero Kypca.

Teopema 6.1. Ona nwbbix 6GuMHApPHbIX OTHOWeEHWA R, S,
Q umeeT mecTO: Q°(S°R) = (Q°S)°R. (Komnosuuua 6GWHaApHbIX OT-
HOLWIEHWA accounaTUBHA).

LokaszatenbcTBO. [MycTb oTHoweHusa Q°(S°R) m (Q»S)°R
onpefeneHbl, WX PaBEHCTBO O3Ha4yaeT COBMNAJEeHUE MHOXECTB
Q»(SeR) n (Q»S)oR, uTo foKa3biBaeTCsA MO MPUHLMMNY ABOMHOrO BK/HO-
yeHwus.
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L LoL =L3="
Puc. 25
3 3
5 -5
6- >6
9 .9
y r Yy Yy Yy Yy
M M MoOoM = Ms =?
Puc. 26

PaccMOTpuMM cxeMy [JoKasaTe/bCTBa:

<t y) e=(Q°S)oRo(3z\((x, r>e/?A<r, j[/>eQ»S))-»-
o(3r|(<*, r) <=?A(3u|(<z, a)eSA(«, y)e=Q))))<*
o0((3z/\3u)\((x, r>e/? (z, «>g SA<h,y)eQ))"

o((3rA3m)|((<x, r>e/?N<2, «)e5)1<«, y>e<?))o
o (BuA32)|((<x, r>e/?N<r, «>eS)A<«,

~p((Bu|<u, y>e(?)A(3z|<x, 2>e/?1<r, u)eS))o
A (B«|<x, u=><=S°/NA(<«, Y>E(?)i<x, y>e<?»(S0/?).

Mpeablgywiee o3HavaeT, 4yto <x, ¥) "(Q°S)°R Torga wu TOMbKO
Torga, korga <2, y>eQ»(S<>/?). 1. e. No onpeaeneHnto paBeHcTBa 6u-
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HapHbIX OTHoweHui (5.3):
(Q0S)°R = Q°(S°R) (6.1)
N goKasaHa accounaTMBHOCTb KOMMO3NLUMU BUHAPHBLIX OTHOLIEHUA. O
3apava 6.1.2. NogymaiTe, Kak M3MEHATCA paccyxaeHusa (Ao
KasaTenbctBo), ecnm S°/?=0 ? CoxpaHUTCs /M WCTMHHOCTb pa
BeHcTBa (6.1)? Ecnm Q°S = 0? T[llocTapaiTecb NpoBecTn pokasa
TeNbCTBO.
Tak Kak KoMNo3uums 6uHapHbIX OTHOWeHWn ob6najaet CBOWCT

BOM acCOLMaTUBHOCTW, TO eCTECTBEHHO OMpefeNuTb CTerneHb GMHap
HbIX OTHOLWeHW npu neN:

R'M RORO.OR n R-n= R-'OR-'0..0R-'.
Monoxus R°= in nonyunm RnPRY= /?21+n V{m, n)cZ.

Teopema 6.2. Ecin komnosnyma 6uMHapHbIX OTHOWeHMA S°R
onpegeneHa, To (S»R)~1= R~>6~".
,U,OKaSaTeﬂbCTBO. an)K,CI,e BCEro 3amMeTum BblTEKakOLine

M3 onpefeneHnii MHBEPCUU U KOMMO3ULUMM GUHAPHBLIX OTHOLLIEHWI
YCNoBUsl AN 371eMEHTOB GUHAPHbLIX OTHOLLEHWIA:

<x, y) e=S°Ro(3z\((x, z>e=/?A<z, y)eS))

no onpegeneHuto ~ UHBEpCUM

(y, x> €=(S°/?r" <z, x>€=A~"N1<«/. z)e=S~'
OHM no3BONAKT yBUAETb UAEK W NYTb AOKa3aTtenbcTBa. [lycTb

onp. 6.7

(Y, *>€=(Sotf) 1 <x y)eS°/?

onp. 6.? onp. 5?2
(3z|(<x, z>e=/?A<z, y)"S))

zI((z, x>e/? ‘Ji<«/l 2>e=S ')<>
(3z|(<y, z)eS 'A <, x>e:R~"))<*
? 5y *& R-'°S-.
Takum o06pa3om, U3 npegbigywero cinegyert, 4To

V<y, x>G(S»/?)_,=
=p«t, x>e/?_I1°S_1)A(V<i/, x) f=R~"°S~")=> (y, x) e(S°/?)_1I.

T. e. BbiNONHAKOTCSA ycnoBus (5.3) paBeHCTBa BMHAPHbIX OTHOLUEHWNA,
YTO M O3HaydaeT coBrageHMe MHoxkecTtB: (S°R)~I= R~'°S~l. 9
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3apgava 6.1.1. Jokaxute, 4To Ansa Nt06bIX GUHAPHbLIX OTHOLIE-
HAM R ”n S wumeldT wmecTo BKAto4eHus: Dorn (S°/?)czDom R wu

Im(S°/?)c:lm S.

Joka3aTenbCcTBO.
1 Y*€=0o0T1(5°/?) "W =r*-(3*/|<x, y) <=SoR)

°"ps -((B y/IN3 2)|((x, z=e/? ] <z, y)e=S))=>

=>(3z|<x, r)e/?)=>-xeDom /2.
B cuny npowussonbHocTn jceDom(S°/?) m3 atoro cnepyeT, 4to
Dom {S°R)c Dom R.

2. Im (So/?) ~=4= Dom (So/?)-' U = 2
= Dom(/?“loS"l)cDom S'1 yIB 5 1mS. -

OnpepeneHue 6.2. lmaroHanb fekapTosa KeagpaTa MHO-

ecTBa X HasblBAT TOXKAECTBEHHbIM OUHAPHbLIM OTHOLIEHNEM
MM TOXKAECTBOM Ha X

B 3tom cnyyae O6bIMHO MCMONbL3YHOTCA 0603HaYeHUs:: ex, iX
wwm idx.

idx= {(x, *>|V*<=X}.

(i, id — HavanbHble GYKBbI AaTUMHCKOTO cnoBa “identicus” Toxae-
CTBEHHbIN, O4NHAKOBbLIN).
3agaHue 6.3. UTo6bl ycTaHOBUTHL elle OAHO CBOWCTBO GMHap-
HbIX OTHOLUEHWI, HageM KOMMO3MLMM OTHOWeEHWH npumepa 6.1
1 =<, 2> <2 4), <3 7>}, /?-'={<2, 1> <4, 2> <7, 3>}
[?-'0/? =7 [2<f?-*= 72
S=1{<3, 1> <2 5> <2 6> <4 9>},
S-'={<1, 3> <5 2> <6, 2> <9 4)}.
S-'»s=7? S0S-'=?
3T npuMepbl NO3BOMAKT BbiCKa3aTb FMMNOTE3Yy, YTO UMeeT MecTo
cnepyroulee.

YrBepxpaeHue 6.1. R~""R =3/? 1 [?»/?"1rH> Ana npou3sonb-
HOro 6MHapHOro OTHOLWeHUA R.
| def
JokasaTenbctBO. /?'=={</, x>|<x y)e/?}.
1 PaccmoTpum
P-<>?={<*, «)|(Bz]( <x, r>«=/?21<1, </[>€=/?-"))b

=</, *) AAAOW /2= [y

y~eDom/? 3z|<jt, z)e/?[ <z, g>el 1
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CnepoBartenbHO, N pna n6oro 6uHaApHOro OTHOLe-
Hus R.
2. Bropoe ytBepxaeHue: R°R~1 R MOXHO fOKa3aTb aHasiormyHo, HO Momnpo-

6yiiTe npugymaTtb 60nee KOPOTKOe AOKa3aTenbCTBO, UCMO/Mb3yA MOMyYeHHbI PE3y/b
Tat n. 1 (cMm. ytBepxaeHma 5.1, 5.2).
3apava 6.1.3. Haignte ansa 6GWUHApPHOrO OTHOLWIEHMS 3ajayn

51.3: ¥Y={<x, y)\{X, y}cz N[ 3x<2y} KOMMO3ULMM OTHOLIEHWIA:
yoy~'=1} y~ky=1} =7

§ 7°. OTOBPAXEHWHA

B maTematMke OAHO M3 BaXHeWLWWX MOHSATUA — oTOBpaxeHue
unn gyHkumsa. ,Functio”™ — naTUHCKOe CNOBO, KOTOpPOe B nepeBofe
O3HayaeT WCMOJIHEHMe, OCyLlecTBNeHue.

OnpepeneHne 7.1 buHapHoe oTHoweHue f HasbiBaeTCH
0TOobOpa>KeHnem uan yHKumneir, ecam gna Bcakoro xeDom / cy-
WeCTBYeT EeAWHCTBEHHbIA t/elm/ Takoil, yto (X, y)e/. Ecmm
fczXXY, 7O roeopaT 06 oTob6parkeHun n3 X B Y.

B atom cnydae oTtobpaxeHue o603Hayaetca fiX>-*-

Opyrumun cnosamu, 4tobbl OTHOWEHKE / 6bINO OTOGPAXKEHUEM U3
X B Y, TpebyeTcs BbINOMHEHWE YCNOBWIA:

1 Dom/cX.
* N

2. Vxe Dom/ DA J o= UY2- (7.1)
<x, g2>e=/

3. Im/cYy.

YcnoBre 2 MOXeT ObITb MpouutaHo Tak: VxeDom / kopTex
(x, y)ef emuHcTBeH.
OueBunaHO, uto oTHoweHne fczX XY He ABnsieTcs oTOGpPaKeHU-
eM, ecM HapyuweHo BTopoe wu3 ycnosui (7.1), T. e
* N\
2'. 9xe Dom/ <N |]'|y.=yr_ (72)
< >N/

OnpepgeneHune 7.2. O6nacTbio onpefeneHns oTobpadKe-
Hua f 3 X B Y U MHO>KecTBOM (06/1acTbi0) €ro 3Ha4YeHWin Hasbl
BalOTCA 06/1acThb ONpefiefieHna W, COOTBETCTBEHHO, 061acTb 3HauYe-
HUii OTHoweHna [ Ha MHO>KecTBax X u V.

O603HayeHuss aTux obnacteir: Dom / u cooTBeTcTBEHHO 1T/

Haunbonee cofep>xaTenbHbIM 1 Yalle yrnotTpebaseMbiM ABASETCA
He o6llee MOHATME OTOOPaXEHUS M3 MHOXECTBa B MHOXECTBO, a
€ro 4acTHbIA cnydvali: oToObpaxeHne MHOXKecTBa B MHOXECTBO WU
yHKUMN Ha X C 3HavyeHusAsMu B Y.

OnpepeneHune 7.3. Ecnm Dom f = X, To oTo6pa>keHue / u3

. HasblBaeTCA oTobOpa>keHnem X B Y.
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O6o03HaueHune: f:X-*-Y. MHOXecTBO Bcex OTObOpaxeHuih X B
y 06bl4HO 0603Hauvaetca Map (X, Y). (OT aHrnmiickoro cnosa
.Tap", 4Tto o3HauaeT oTObGpaxeHue, KapTa).

MpucoeanHsas ato TpebosaHue K (7.1), nonyymm ycnosue TOrO,
yto 6uHapHoe oTHoweHue / ABnsietca otobpaxeHnmem X B VY.

1. Dom f= X. \(xy,><=/ ) "
I ?=>*/| = Yo. K

2. VxeDom / |<x, >e=/

3. Imfa Y.

OnpepeneHne 7.4. Ecnm Dom /e R", ToOoTOb6pa>keHue ya-

HasblBalOT (PYHKUMEN M NepemMeHHbIX, ecim >ke Im/czR1 1o
0BOPAT O (hopMe unum hyHKLMOHaNe Ha MHOXKecTse Dom /.
Hanpuwmep,

[= {<<*. Y). *>I<* y)ezR2Az = x3+ y2)

£={<* Y>I<* Y) e/?2Ay = sin X}

— (byHKUMOHanNbl, N B TO XX€ BpeMsi — (DYHKUMWN: ABYX MEPEMEHHbIX
N, COOTBETCTBEHHO, OfHOI, a 0OTO6paKeHne, conocTaensatowee N0 b6o-
My TPEYroflbHUKY ero nepumetp, MYHKLMOHas, HO He YMcnoBas PyH-
KUuusa, Tak Kak o6nacTb ero onpegeneHuss He sABAsSieTCA MNOAMHO-
xectsom R™

3apgaHue 7.1. Onpegenum, Kakume n3 crnegyrouwimx OGMHapHbIX
OTHOLWEeHNA Ha MHOXxecTBax X ={a, b, ¢) n K= {1. 2, 3, 4} aBnswTCA
oTtobpakeHnamn? OTobpaxeHuamm X B K?

Puc. 27 Puc. 28

MocTpoum rpagdbl 3TUX OTHOLWIEHWA W MocTapaemcs BblAeNUTb
OCOBEHHOCTU TeX W3 HUX, KOTOpble SBAAKOTCS 0TOOpPaXeHUAMU
(puc. 27, 28, 29).

F,={<a, 1> <a 2>, <a 3> <c 4>}
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Mo>xHo 3ameTuTb, 4uto ((a, 1>e F, A (a, 2>eF,), HO I (p2, 3TO
o3HavaeT, uto [, ? He ? sIBNsieTCsl OTOGpPaXeHuem.

F2={(a, 2>, (b, 1). <c 3>}

0TO6aneHM€,TaK KaK HEeT HepaBHbIX KopTemeM C OAMHaKOBbIMUA
nepBbiMn 31eMeHTaMun, "

Dorn F2= {a, ft, c}= X, Im F2= {1, 2, 3}<rY,

cneposatenbHo, F2)X-*-Y.

F.={(a, 2), (6.2), (c,4)} F,={{a,2) (6 1)}

o1 1
a L]
2 2
F3: ft. 4 ft.
3 3
Ce
4 °4
X Y X Y
?_He_7?aBndetcs ? He ?aBndeTcs
0TOOpPaXKeHNem 0TO6paXKeHnem
Puc. 29

BoiBoa. pad oTHOWeEHUA Ha MHOXecTBax X H Y, COCTOAWMX U3
KOHEYHOro 4ucna 3nemMeHToB, ecTb rpa otobpaxeHus m3 X B I, ec-
m ? *
n aBnsetca rpaom oTobpaxeHus J1 B Y, ecnu ? 04

Mpumep 7.1. bBuHapHbIe OTHOLWEHUA npumepa 5.5:
[+ ]={<<* )< 25|{ar, y 2} c R A 2=x+ j/}cR2XR = Rj,

[*]={<<*, ¥Y> D\{X, V¥, 2}c RA2= jow}c R2XR = R3

SABNAOTCA OTOGPaxeHMsMU R2*-R, Tak KakK B CU/ly CBOWCTB gelicT-
BUTE/bHbIX YMCEN KX CyMMa W Mpou3BefeHVe onpeaensTcs ofgHO-
3HaYHO U He CYLLEecTBYeT KopTexeii

<<*o. Yo *>€=[+]n g M re [ + ]

TakKux, 4Tobbl r]® r2 AHanormyHo Ans OTHOWeHus [e].
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Ccblnasicb Ha 3TOT (haKT W CBOMCTBA TakKMX MPOCTbIX onepayuii
C AelCTBUTENbHBIMU YUCNamMu, Mbl ByAeM 4epe3 HEKOTOPOe BpeMmst
yTBEPXAaTb, HamnpuMep, YTO CNOXEHWEe W YMHOXEeHue Martpuy, —
TOXXe OTOGpakeHWUsi, a MOTOM BBeAeM elle U 60fee CMOXHble OTO-
bpaxkeHus.

OuyeBUAHO YTBEpPXAEHNE.

YtBepxageHue 7.1. Ang n060ro MHo>KecTBa X TOXKAECTBEH-
HOE OTHOWEHNE ix= {<jc, *>|VxeX} ecTb 0TOOpa>KeHue.

OnpepeneHune 7.5 Cy>eHnem oTobparkeHus /: X-*-Y Ha

OfIMHO>KeCTBO X 'CX Ha3blBaeTCA Takoe Cy>eHue }\x- oTHoLle-

ua /, uto Dom fix,= X"

AcHo, uto ecnn f — oTobpaxeHune X B Y, TO ycnosue (7.3.2)
efJMHCTBEHHOCTU KopTexa (X, y ) f ¢ nmpou3BOnbHbBIM (PUKCUPOBAH-
HbiIM X € X coxpaHseTca ana nwbbix koptexel fix, a Dom/|r =X',
TEM CaMbiM [0Ka3aHO cfefaylollee yTBEPXAEHME.

YTBepxpaeHune 7.2. ina moboro oTobpaxkeHna f:X-*-Y ero
cy>keHune fix :X'-*-Y ecTb 0TO6pa>keHue.

Tak B 3afaHuu 7.1 oTo6paxeHue /M= {<a, 2), <b, 1)} ecTb cy-
XeHvne oTobpaxeHus F2= {(a, 2>, (b, 1), (c, 3)} Ha MHOXecTBO
*={?, ?}c* ={a b, C).

Mpumep 7.2. B npumepe 4.3, no cyuwecrtsy, BBOAUNOCL N 6U-
HapHOe OTHOLUEHME Ha MHOXecTBax Bcex To4YeK mnaockoctu I u Bcex
yNopsgoYeHHbIX nap AelcTBUTENbHbIX uYucen R2 comoctaBneHneM
TOUYKE €ee KOOPAWMHAT OTHOCWUTENIbHO HEKOTOPOW 3afaHHOW CcucTeMbl
KoopAanHar:

P={(M, (x, ¥y))\x =m*(OX), y=mx[\(OY))cz NX R2

(4ns HarnsgHoCTM 6ygeM cuuTaTb 3afaHHYH Ha MJOCKOCTUM CUCTEMY
KOOpAMHaT MPSAMOYronbHON pgekaptoBoii) (puc. 30).

3T0 OoTHOWeHMe ecTb oTobpaxeHune p:fl-*-R2 Jokaxem 3T0, no-
KazaB BbINO/HMMOCTb BCEX YC/MOBUIA onpegeneHus 7.3.

1 Dom p= T, Tak Kak gnsa 601 TOYKM NAOCKOCTU MpoBOAMMA
KOHCTPYKUMA npumepa 4.3 1 onpefeneHbl ee KOOPAWHATbHI.

2. p — oToGpaxeHue.

Y

3. O4yeBugHO, 4to ImpczR2

Takum o6pasom,conocTaBneHune
Touke nNJIOCKOCTM ee KoopAuHat my 0 X
°[IHO3Ha4YHO W ABnsieTcA OTobGpaxke-
Hvem /?: M—»R2 EcTecTBeHHO, aHa- Puc. 30
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NIOTUYHOE YTBEPXAEeHUe KMMeeT MeCTO AN1A ToYeK MPOCTPaHCTBa,
TO/IbKO 06/1aCTbi0 3HAYEHUI COOTBETCTBYIOLWLENO OTOGPaXeHUs ABAA
etca R3 ]

3apgava 7.1.2. dBndetcA nM OGMHApPHOE OTHOLWIEHWE 3agauyun
512 W= {<x, «/)|{x, y}czZ/\x pennt y) otobpaxeHnem? Mouemy?

YKasaHue. Bbinuwinte cHayana HeCKONbKO KopTexeli oTHoweHus W, Hanpumep,
C T=2, W NpoBepbTe BbINOMHUMOCTL ycnosus (7.1).

2<=Dom W= Z <2 ?>e0n ~ -,
' 2 ?)erlT

CnepoBaTefibHO, OTHOweHWe genumoctn W ? He ? aBnsetca oTobpa
XXEHNEM.

3apgpaHwue 7.2. Onpegennm, ABNAeTCA /M OTHOLUEHWe 7, cOMO-
CTaBNsloLee KaXAOMYy TPeyrofibHUKY BMUCAHHYIO B HEro OKPYX
HOCTb, OTOBpPaXXeHVeM MHOXecTBa A BCeX TPeyrosbHUKOB (M10CKO-
CTM) B MHOXecTBO 0 BCex OKpy)XXHOCTei (mnockoctn)? [lovemy?

1 Dom 7=7?

2. Bropoe ycnosue, no cyu,ectsy, TpebyeT oTBeTa Ha BOMpoc —
eAUHCTBEHHA /1N OKPYXHOCTb, BMMUCbIBaemMass B TPeYyrosbHUK? 04

3. Im7=0.

CnepoBatefnibHO, 7 — ? He ? aABnseTca oTobpaxeHnem [->-0.

fiBnseTca nn oTHoweHne 0, conocTaBsoLWEee KaXAol OKPY>XHO-
CTW OMWCAHHbLIA BOKPYr Hee TPeyronbHWK, OTO6paXKeHneM MHOXeCT-
Ba 0 BCeX OKPY>XHOCTel (NNOCKOCTUN) B MHOXECTBO A BCeEX TPEYrosb
HMKOB (nnockoctn)? Moyemy?

Mpexae yem pellaTb 3Ty 3agady, oTmeTum, 4yto 0 = T~\ T1. e.6un
HapHoe oTHoweHue O sABNSieTCA WHBEpCUEn 7.

1. DomO0O= Im 7= 0.
2. YcnoBue TpebyeT oTBeTa Ha BOMPOC — €AMHCTBEH NM Tpe-
YrONIbHUK, OMMWCaHHbI OKO/I0 OKPY>XHOCTU? ®

3. ImO= Dom 7= A.
CnegoBatenbHo, O — ? He ? aABnsieTcad oTobpaxeHunem 0-*-1.
OnpepgeneHne 7.6. Ana <x y) e / oTobparkeHus /: X-mY
BTOpO 3NMEMEHT y KOpTeXka HasblBaldT 00pa3oM ero nepeoro
dfieMeHTa X, a MepBblii afeMeHT KopTeXka X — npoo6pas3om BTO-
pPOro afnemeHTa Yy.
O603HaueHusa: y = f(x) wn, cootBerctBeHHO, X—Tf~I(y), wwm
VD et .
PaccmoTpeB rpagbl otobpaxeHuin 72 F3 u Ft 3agaHnsa 7.1,
MOXHO caenatb CnefyloLlnii BbIBOA.
BoiBopa. [poo6pasoB y 3feMeHTa MOXEeT ObiTb HECKOJbKO,
a obpas Bcerja efMHCTBEH B CUY €4MHCTBEHHOCTM B OTOGpaXKeHUu
KopTexa C [JaHHbIM NepBbIM 3/1IEMEHTOM.
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6pa>keHUn MHOrAa HasbliBalOT €ro MojHbIM MPoo6pasom.
Mo>XHO roBoputb 06 o6pase NogMHOXKecTBa o6nacTn onpegene-
HMA 1 npoobpase (NofHOM o06pase) NogMHOXKecTBa 06nacTn 3Hade-
HVS OTOGpaXeHus:

( Oﬁ'be,ﬂ,I/IHEHI/Ie BCEX npoo6pa3OB 3IeMeHTa Nnpun AaHHOM OTO-

O6pas D — /(D) EIC]E/(x)xeD c=Dom/}
npoo6pas C —/-| (C) = {/“"'(i/)|//eCc= Im /}.

Mone3Ho 3HaTb HEKOTOPble COOTHOWEHMs Ans 06pa3oB MNOAMHO-
XecTB 061acTu onpegeneHnss 1 Npoo6pasoB MOLAMHOXECTB 06/1acTu
3HayeHus1 oToGpaXkeHuin. [lokazaTenbCTBa CleAyoWmnx yTBepXaeHni
He cocTaBnstOT GOMbLIOIO TPyAa.

Nemma 7.1. Ecnm f:X-*-Y, T0 ana nw06bIX MNOAMHOXKECTB
(A, B)cX wumeeT mecto: f(A[)B) = f (A)\Jf (B), HO

f (A)\f (B)czf (A\B).

Ecin k Tomy >ke Ac: B, 10 f (A)cif (B).

Nemma 72. Ecam f:X-*-Y, T0 ana nw6biX MNOAMHOXKECTB
{C, N}c=11/ wumeer wMecTO: f~"(C\ID)=f~I(D)[)f~'(C) n
r'(C)\/-*(D)=/-,(C\D), Ho T (CH O )c:/-,(C)yn/-|(4).

Ecim k Tomy >ke CccD, 10/ (C)cr/ '(D).

3apgpava 7.1.1. Jokaxwute paBeHctBo f(A[)B) = f(A)(jf(B)
Ans N6bIX NOAMHOXECTB 06nactu onpegeneHns otobpaxeHus /.

OokasatenbctBo. Mycts jfe/ (A[}B)-"(y—f (X)|gre(/4 U=
o(y="f (*)I(*e?V *e ?)<» (0= /(ar)|agre?) V(y=f(x)\x(=?)o

o(yrf(A)\/yef(B))ryef(A)(if(B).
f(A(]1B)+f(A)Uf(B). 4

3apgpava 7.1.3. Ecnu paseHctBo f(AfIB) =f(A)()f(B) (cm.
nemmy 7.1.) BEpHO He AN BCAKOro oTobpaxeHus /, noctapaiitecb
onpegenntb yCNnoBUS, KOTOpble Hago notpeb6osatb OT /, 4TobbLI pa-
BEHCTBO OblI0 UCTMHHO AnA N bbiXx nogmHoXxects Dom/.
3agava 7.2.2. Haligute Bce OTOGpPaKeHUs wus
MHOXecTBa J1={1, 2, 4} B mHOXectBo B= {a, b} n
Bce oTOGpaxkeHns A B B. CKONbKO BCero GUHapHbix 1
OTHOLLEHU N CKONbKO K3 HUX OoTobpaxkeHuii A B B? 5
CpaBHUTe Cc pe3ynbTatamMu 3agaHusa 5.1
YkasaHue. Tak Kak BCsikoe oTobpaxeHue / u3 A B B ecTb noga-
MHOXecTBO A X B, npuyemM MHoOXectBa [l M B KOHEYHbI, a 3Ha4wuT, 3
KOHEYHO M MHOXecTBO A X B (OHO COCTOUT 13 ? 3/1eMeHTOB), TO, BO-
nepBbIX, MOXXHO NPOCTO COCYUTaTb (Bbll‘ll/lcaTb) BCe ero noamMHoXxe-
CTBa W TakKum 06pa30M onpeaenntb 4ncno 6I/1HaprIX OTHOLLIEHWIA
Ha A 1 B, BO-BTOpPbIX, OTO6GpaTh Te U3 HUX, KOTOpble ABNSKTCA OTO- il £
CpaKeHnamu. I'Iocne,que y,qo6H0 Aenatb, NCNONb3yA I'pa(bbl (OCO—
6eHHOCTU rpadoB OTObGpaxkeHwuid). Mcnonbayiite puc. 31. Puc. 313

3 B T. lNetposa
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3apgava 7.23. CKONbKO cyuiectByeT oTobpaxeHuin A B B,
ecim n(A)=p, a n(B)=g (Hanpuwmep, #4={a,. a2... an
B = {bt, B2...... bg})?

§ 8 OMNEPALUNN HA OTOBPAXEHWMAX

Tak Kak BcfiKoe 0T06pa>KeH|/|e €CTb OTHOLWEHWne, TO BIMNOJIHE eCTe-
CTBEHHO paccmaTtpuBaTb WX paBeHCTBa, KOMMNO3MUMN WU UHBEPCUN,
KaK paBeHCTBa, KomMnos3nuyumn wn WHBEPCUU OTHOLLEHWIA. O,D'HaKO,
KaK Mbl 3HaeM, Heé BCAKOE OTHOLWEeHue ecCTb 0TO6pa)K8HVIe, n noa-
TOMY 3T onepaunnm Ha OTO6pa)K6HI/IFIX MMEKT CBOM OCOBEHHOCTH,
n3ydyeHmnem wux mMbl " 3alimemcs.

KOHeuHO, ecTeCTBEHHO cuuTaTb O0TOOpPa>KeHWs pPaBHbIMU WK
coBnajallWMMn, ecnm OHM paBHbl KaK OTHOLUEHWUS.

O6o3HaueHune: f=g.

Mo cyuiecTBy, Npy pPaBEHCTBE [BYX OTOOPaXeHWN, Kak U npu
paBeHCTBE OTHOLUEHUA M MHOXECTB, peyb MAET O Pas3/IMUHbIX CMOCO
6ax 3afaHWsi OOHOIO0 U TOTO XXe MHOXecCTBa.

Hanpumep, ecnn [ — MHOXECTBO BCEX TPEYroslbHUKOB HEKOTO-
poii MNOCKOCTU, a B — MHOXECTBO BCEX €e OKPYXHOCTel, To GMHap
Hoe OTHolWeHue T 3ajaHua 7.2, conocTaBfsloLWee KaxAoMmy Tpe-
YrONbHUKY BMUCAHHYI B HErO OKPY>XHOCTb, IB/ISIETCA OTOOpaXKeHu-
eM. OTO6paXXeHUeEM SIBASETCA M OTHOLWIEHWE, COMOCTaBNAOLLEE BCA
KOMY TPeyrosbHUKY MIOCKOCTM OKPYXHOCTb C LEHTPOM B TOYKe
nepeceyeHnss OGUCCEKTPUC €ro BHYTPEHHUX YINOB W paguycom
r=S/p (rge S — nnowagb TpeyronbHUKa, a p — ero nojaynepu-
MeTp). B cnny u3BecTHO! TeopeMbl O paguyce BMMCAHHOW OKPYXHO-
CTW PAaBEHCTBO TaKUX OTOOGPaXEHUN O4YeBUAHO.

3amMeTMm, 4TO M B OOLWEM Cflyyae U3 paBeHCTBa OTOOPaXKeHWi
f=g HemeaneHHO cnepyeT coBMageHWe MHOXECTB:

Dom /= Dorng n Im/= Img,
n 6onee Toro: f(x) = g(x) ana mo6oro agre Dom/= Dom g. Oue-
BUAHO 1 obpaTtHoe: ecnu Dom/=Domg u f(x)=g(x) agns Bcex

Xee Dom /, TO f=g.
Ypo6Ha cvMBOMAMYEcKas 3anucb 3TOr0 pesynbraTa:

f=g<>((Dom /= Dom g)A(Vjre=Dom [=f (x) =g (x))). (8.1)
MonesHo BbIAENNTb MNPU3HAKM HepaBeHCTBA OTOGpPaXKeHuih —

HapylleHne XOTd 6bl OAHOTO M3 ABYX MpPeAblayuux YCNoBWUiA, a
WNMEHHO:

f¥=go((Dom }® Dom g) VilxIf (x)=£g (x))). (8.2)

Kak Mbl y>Xe oTMeyanu, B MaTeMaTUKe CyLLeCcTBEHHO 4valle npu-
XO04AnTCA nNnoJsb30BaTbCA 0TO6pa)K8HVIFIMI/I MHO>XXeCTBa B MHOXXECTBO.
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nostomy MNpeaMeTOM Hallero ulyyeHusa ceiiyac 6yayT MMEHHO Takue
OTO6paKeHMs.

MocTtapaemcs yCTaHOBUTb, IBASIETCA /M KOMMNO3ULUSA ABYX OTO-
OpaeHNi OTOGpPaKeHMeM.

PaccmoTpyM KomMno3uumio otobpaxeHuin f:X-*-Y un g:Y-*-Z
(KaK KOMMAO3ULUNID GMHAPHbIX OTHOLWIEHWIA) N BbISCHUM, SABASETCSA NN
OHa OTOGpaXXeHueMm.

1 B 3agadye 6.1.1 ™Mbl onpegennnu, 4rto

Dom gofciDom /, a Img°fa Im g.

OfHakKo, B Hawem cnydyae Dom/= X n ImgcrZ, cnepgoBatesnbHO,
Kak oTHoweHne, komno3suumsa g°fczXXZ. Takum o6Gpa3om, BbINOS-
HumocTb ans g»f ycnoeus 3 onpepeneHus oTobpaxeHus ycTa-
HoBneHa: \mgofcZ, a Dom g°fczX.

2. Ookaxem, uto Dom g»f= X, 1. e. gna ¢g°f BeinonHsetcs
ycnosue 1. onpegeneHnss oTobpakeHus

Mo onpegeneHnio KOMMO3ULMM OUHAPHbLIX OTHOoweHui fag:

g°f={(x, r) 1 (Bye Yl(<ac. y) e/ A (y, > <=g)}<=XXZ.

Bo3bMeM Vxelt=Dom/=p5IiglH3ye Y\ «x.y) s/), HO

Domg=yr, cnefoBatesbHO, U ANs YKa3aHHOTO BbllWe Yy Haigetcs
zeZ Takon, uto (y, z)"g.
B COBOKYNMHOCTU 3TO O3HayaeT, 4yTO

(VreX 3z"Z\(x, 2)Gg»/)=»xeDom g»/.

370 B CU/ly NPOU3BOJILHOCTM 3NeMeHTa X e Z Bfe4vyeT BK/IHYeHue
XcrDomg®/, a B KOHEYHOM cUeTe, yYUTbiBasi YCTaHOBNEHHOE Bblle
Domgo/crX — coBnageHne 3TUX MHOXEeCTB.

3. MpoBepuM BbLINOMHUMOCTL ycnosus 7.1.2. [ns  OTHoOLe-
Hua gof, T. e.

fag — oTo6paxeHusi, aTo 03HA4aeT, 4To

Vy<=Y (8.*%)
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Bo3sbmeM <x, z,>ego/ un <x z2)*g °f c nponsBonbHbIM Are X

V<* zl>e=g°/=>(3«/1€EV'|(<)C, yI>e/ A<y, z2>eq))
(7.?):/ — oTobparkeHne |>

V<x, z2)egof=>(3y2e=Y\((x, y2>e/0<y2 z2>eqg))
O603HaUMM Y\ = y2= Y-
<N -z,>Gg

X3yc=Y\(x, y) e/ H :>z,222

<, z2>e=g

MTakK, C laHHbIM X KOpTeX <X, z)ed«/ efMHCTBEH. 3TO 03Ha
yaet, uto g°/— otobpaxeHue, n g°f: Dorn g°/-*-Z. -

Tem cambiM AoOKasaHa Teopema.

Teopema 8.1. Komnosuuma oTobparkeHwin /: X-+Y, nu
g: Y-+Z ecTb oTOb6pa>keHune g°f:X-+Z.

B 3TOM cnyyae roBOpAT elle, UYTO MHOXECTBO OTOOpaXKeHWi
3aMKHYTO OTHOCUTE/NIbHO onepauvyM KOMMO3MLMW OTHOLUEHWI, a Teo

pemMa [fenaeT KOPPEKTHbIM onpedeneHne Komnosuuum oTobpa-
XKEHUA.

OnpepgeneHune 8.2, Komnosuuueir oTobparkeHnin g°J Ha-

blBAETCA OTOOpa>keHue, ABAAKLWEECA KOMNO3MUMEA OTHOLe-
Huii gof.

HanomMHMM, 4TO KOMMO3MLUA OTOGpaXKeHWn g<>, Kak OTHOLlIe-
HWIi, onpegeneHa TONbLKO B TOM cayyae, ecam Im/cDomg.

Komnosnymio oTobpakeHun yaobHO npefcTaBnAaTb  CXEMOW
(puc. 32).

Takum o6pasom, Mo onpegeneHunto, o6pas MPOU3BO/LHOIO 3se-
MEHTa MNPU KOMMO3ULUM OTOGPaXeHWit onpegensercs Kak:

(9°H)(x) = (g (f(x))). (8.3)

3apaHue 8.1 Ans otobpaxeHuit f n g npumepa 6.2: /:R-*-
m g:R—R, rge
/={<* )\{X, Y}cRAyY =x2}, g={<*. </}c:RAg = x+ 1},
paccMOTpUTE KOMMNO3MLUM OTOGpaXKeHUii M MocTponTe ux rpafuku:

1T gel={(x, yY)\{X, y)czR/\y = x2+\).

2-f°g = {(x, y)\{x, y}czR/\y = x3+ 2x+ 1}.

OHM HarnsgHoO nokKasblBalT, YTO KOMMO3ULUA OTOBparkeHui,
KaK 1 KOMMO3WUMSi GUHAPHbLIX OTHOLIEHWA ? He ? KOMMYTaTMBHA.



§ 8. Onepaumm Ha OTOGpPaXKEHUsX 69

PHC. 32

Ecnn / n g uucnoBble (YHKUUW, B HACTHOCTU:
{Dom/XIm/, Dom gX Im g}c= R2

TO WX KOMMO3UUMIO O6BbIYHO Ha3biBalOT CMOXKHOW (PyHKLMEN.
Teopema 8.2. Komno3uynsa 0TOo6pa>keHwnin obnajgaeT CBOACT-
BOM accouMaTuBHOCTU, T. €. ANs Nwbbix oTobpadkeHnn /, g, h:

h°(go[)=(h°g)of. (8.4)
Ee pokasaTenbCTBO chnefyeT U3 CBOWCTBA KOMMO3ULUU
GMHapHbIX OTHOWeHWi (Teopema 6.7). ®

TakMum 06pa3oM, MOXHO caenaTb BbIBOA, YTO 3TW CBOWCTBA KOM-
nosvumMn otobpaxeHuii (teopemsbl 8.1 n 8.2) B TOYHOCTU NOBTOPSIOT
CBO/iCTBA OMHAPHbLIX OTHOLUEHWIA.

Tenepb BMOSIHE eCTeCTBEH BOMPOC — KaKOBbl CBOWCTBA WHBEpPCUMU
oTo6paXeHns (Kak OTHOLWIEHUS) M ABNAETCA NM OHa ANa NPOU3BOJIb-
HOro OTOGpPaXKeHUs TOXe OToOGpaXeHueM.

3afaHueM 7.2 Bbille YCTAHOBMEHO, YTO GMHApHOE OTHOLUEHUE, CO-
NoCTaB/sAlOLEEe TPEYTrONbHUKY BMWCAHHYK B HEro OKPYXHOCTb, €CTb
otobpaxeHune (I:4-*-B), Torga Kak ero mHBepcmss — 0 = T~' oT0-
GpaXKeHUEM He ABNsfeTcA. ITOT MpUMep OTBEYaeT Ha MpenblayLinii
BOMPOC U NOKa3biBaeT, UTO MHBepcUsi oTobpakeHus, Boo6LLe roBops,
MOXeT He ObiTb OTOOPaKeHWEM, WM MHOXECTBO OTOOPa>KeHWn He
3aMKHYTO OTHOCUTENIbHO WHBEPCUWM OTHOLLEHWIA. 3TO BfieveT Heobxo-
OVMOCTb CrefytoLero onpefeneHus:

OnpepeneHune 83. Nueepcusa f~*“ orobparkeHnsa /. X-+Y,

KaK OTHOLIeHMs, Ha3blBaeTCA 06paTHLIM OTO6pa>keHnem K /, eciu

**' eCTb 0TOOpa>KeHne. B 3Tom cnyyae oTobpa>keHne f HasbiBalT

obpaTuMbIM.
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? He ?06paTnMo ? He ?06paTnMoO ? He ?06paTuMO

Puc. 33

3apgaHue 8.2. Kakme mn3 otobpaxeHuii 3agaHua 7.1 F* F3 F4
ob6bpatnmbl? KakoBbl 0cCo6GeHHOCTM ux rpagos? (puc. 33).

YKkaxute npusHak rpadga o06paTMMOro OTOOGpPaKeHus MHO-
XKeCTBa, COCTOALEro M3 KOHEYHOro 4ucna 31eMeHTOB, B MHOXECTBO,
Tak)Xe CcOoCTosilliee U3 KOHEYHOro 4yucna 3/1eMeHTOB. ®

YcnoBue, 4TO OTHOLWEHME /-| [OMKHO ObiTb OTOGPAKEHMEM CYy-
LLLeCTBEHHO: eciM UHBEPCUSI OTHOLLEHWA onpejeneHa Bcerga, 10 Aa
NIeKO He BCSIKOe OoTo6paXeHue, Kak Mbl BuAenn, o6patmmo, Ana ero
obpatMmocTn Hago TpeboBaTb, 4YTOObI 3TO 0O6parHOE OTHOLUEeHMWe
ygosneTsopano ycnosuam (7.1), B yacTHOCTW:

Yy, >el 1
Vi/eDom/ 1 ( =*| = *2 (8.5)
(yl *|>«:/"
nnm
. <X|, «/>€=/)
Vi/e Im/ = x2 (8.6)
<2 y)"rfl

OueBnaHO, uTO, ecnn nmeeT mecTo (8.6), To U UCTUHHO (8.5). 31O
O3HayaeT, 4TO YCTAHOB/IEHO ClefyloLiee.

YTBepxaeHune 8.1 OTOo6padkeHme / obpaTumo Torga u
TONbKO Torfga, korga pAnd nwboro j/elm/ cywecTsyeT TONbKO
EAVHCTBEHHBbIA KOPTEXK <X, WM BCAKUA yelm/ wumveeT
€4MHCTBEHHbIA npoobpas.

3apgava 8.1.1. Onpegenute, o6patumbl N1 oTo6pakeHns (QyHK-
umn) /, n /2

1 ft-R—R, rge /, = {<*, y>H4mr, J/}eRAy = x3}.

Lns peweHna 3agayvu, O4EBUAHO, cneayeT NPOBEPUTL BbIMOIHU-
MOCTb ycnosusi (8.6):

MycTtb <gr, =

= — 3= 0-0-?
<x2 y)e=ftoy =4 ” © ¢
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Puc. 34

CnepgoBatenbHo, oTobpaxeHue /, ? He ?06patMmo.
2. /22R-»-R. rge /2= {<mr. y) |{x, y}c: R4 i/= x2}
Tak >Ke MpoBEPVMM BbIMNOMHMMOCTL ycnosus (8.6):

Myctb <X, = ?
w2 y>e/2ny = o
CneposatefibHO, oTo6paxeHune /2 ? He Po6paTmmo.

3. CpaBHUTe rpamkm 3TUX (YHKUUNA, yKaXKunte B 4eM MPOSABASA-
HOTCS Ha rpaukax Mx oCOH6EHHOCTW, KaKk 06patMMoro n HeobpaTtMmo-

ro otobpaxeHuin (puc. 34).

COBepLIJeHHO o4yeBnaHbI CneacTBuUA.
Cnepcteue 8.1. To>KaecTBeHHOe 0TobpadkeHue ix={(x, x)|jce A"}

obpaTumo.
CnepcTtBue 82. Ecim oTobpadkeHue f:X-*Y obpaTumo, TO
Im/=Dom/_I, Dom/=Im/“"' /-|: Imf-*X

JokaszaTtenbcTtBO. [Mo ytBepxaeHutwo 52 Im/=Dom/~"' n
Dom/=Im/_Il, cnegoBatensHO, OCTaetcss nokasaTb BbIMOAHUMOCTb
ycnosua 2 onpegenenua 7.3. CpenaiiTe 370 CaMOCTOSITE/IbHO. 4

YKa3aHue: cM. yTBepxaeHue 8.1.
3agava 821 [Ona o6patmmoro oTobpaxeHus [/, 3agaun

8-1.1 ykaxute o6paTHOE.
/,:R—R, rge /| = {<ar, y)\{x, y)c:R /\y = g3.

/T'={<* y)\{X, y)czR/\y = 7},
Ero rpauk Ha pwuc. 35.
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BoiBof. Mpathmkm o6patumMbiX PYHKUUA R-+-R cTPOro MOHOTOH-
Hbl, Npuyem rpadukn / n /-| CUMMETPUYHbI OTHOCUTENIbLHO GUCCEKT-
pucbl NepBOro U TpPeTbero KOOPAMHATHbLIX YrN0B.

Tak kak no ytBepxpaeHuto 51 ana nwob6oro 6MHApPHOro OTHOLIe-

Hust (/-1)-| =/, a ycnoBus (8.5) u (8.6), oueBNgHO, BbINOMHUMbI Of-
HOBpPEMEHHO, TO MMEEeT MecTO CcrefyloLiee.

CnepgctBue 8.3. Ecnu f:X-*-Y obpaTumo, T0/_| TOXKe obpa-
Twmo, a (/_|)_|=/.

YKaXKeM eLle HEeKoTopble CBOWCTBA KOMMO3ULUM U 06paTUMBbIX
OTOGPaXKEHWUI, KOTOPble BaXKHbl B AanbHelwemM (OCO6EHHO B TaKuX
BOMpocax Kypca, Kak npeobpa3oBaHMs MHOXECTB W Teopusi rpynn):

CnepctBue 84. Ecnm f:X-*-Y obpaTtumo, 710 f~'of = ix n

* " —%
[<H-" = 1w/

LokaszatenbcTBO. [o ytBepxaeHutw 6.2. f~'°f=)ix wun
/8/_,r3«|Tf Tak 4yTO pgocTaTOYHO pAoOKa3aTb Ob6paTHble K AaHHbIM
BK/TIOUYEHUS, YTOObl MOXHO ObII0 BOCMOMb30BaTbCs MPUHLMMNOM ABOW-
HOrO BKJ/HOUEHUS.

1 Ookaxem, uto f~I»fc:ix. MycTb

<* 2>€=/-'0o/=I(3j/E=Im/|(<.r, y)e=f/\(y, r>€=/-")),

no yreepxgeHuto 8.1 koptex (X, y) e/ ¢ AaHHbIM Yy e4MHCTBEH, 3Ha-
uuT, 13 TOro, 4YTo <y, x>e/_|, a <x, y>e/ cnegyet, 4yto r=?, a
oTobpaxkeHne /-1°/ copepXWUT TOMbKO KOPTeXW Buga <X, X), rge
x e Domf=X, 1. e f~"°f=ix={(x, x)|xeX}.

2. Bwpoe BK/IOUYEHME f°f~'czi1m/ YCTAaHOBUTE CaMOCTOATENbHO,
nofymanTe, KakK 3TO MOXHO cfAenaTb, He MOBTOPss NpeablayLux
paccy>XaeHui.

YkaszaHuve. Cm. ytBepxaeHua 61 un 5.1. ]
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Teopema 83. Ecnu oTobpaykenus /: X-+Y un g: Y-*Z
obpaTumbl, TO ob6paTuma ux Komnosuuma g°f, npuuem
(go/)"L Im (g°f)-*- X u

(8-7)

3apada 8.1.3—8.1.2. lokaxute Teopemy 8.3.
lCI,OKa3E:1TerIbCTBO.
Yka3zaHue. Cm. 3agada 6.1.1, Teopema 6.2, yTBepxfeHue 8.1, cnefctsme 8.2.

1. £ — obpaTtnmo -(Vzglm g 3ye Y\(y, z>eqg)l

/ — obpatmmo Vi/e Im /3paceX| (x, »/>el) j
npuyem Takve Yy U I eQUHCTBEHHBI.
M3 atoro cnepyet, 4to Ana Bcskoro zelm (g°/) epauHcTBEH

(x, z)*g°f, cnepoBatenbHO oTob6paxeHue g°f — obpatumo. ]
2. g°f — obpatumo (gof)~1:Z-*~X.
3.

3apgava 8.2.2—8.2.3. lokaxute, 4to gna nboro obpaTtMmoro
oTobpaxeHuns / n no6bIX nogMmHoxects {C, D}d m / umeeT mecTO
paBeHcTBO: f~\C(]D) = f~' (C)f|/-1 (D).

Yka3zaHue. CMm. nemma 7.2, 3agadva 7.1.3.

OTMeTUM elle, 4TO ANS CYy>XeHuA oTobpaxeHus f: X-+Y Ha
nogMHoxectea X MMeeT MecTo

YTBepxaeHue 8.2. Ona nwoboro oTobpadkeHus /: X-*-K wu
MOAMHOXKECTB XraX'raX" pasHbl cy>eHua (/!*-)Ix-= /ljr-

MCTOPMNYECKAA CIMPABKA

A TYyT HejaBHO pa3paGoTan OueHb
NMo6GONbITHLIA yaap nanoi 3H B Hanpas-
NEHUN UKC.

E. Weapy. «JpakoH»

MoHATNSE GUHAPHOrO OTHOLUEHUSl, €r0 WHBEPCUM W KOMMO3ULUU
OUHAPHbIX OTHOLUEHWI MO CYL,EeCTBY ABNAIOTCA 0606LEHNMAMN aHano-
TMYHBIX onepauuii ¢ OTOGpPaKeHUsIMK, a OTO6GpaKeHWe B CBOKH Oue-
pegb 0606LLaeT MOHSATUE 4YUCNOBOM (YHKUUM — MPU OTOBpadKeHUun
CYLLeCTBEH He TO/MIbKO XapaKTep 31EeMEHTOB MHOXECTB, HO 3aKOH,
npaBsnIo, N0 KOTOPOMY KaXK[OMY W3 HUX COMOCTaBMAETCA Kakoh nn
60 31eMeHT TOro e camMoro Wnu Apyroro MHoxecTtBa. Kak 1 nouytn
BCE OCHOBHbIEe MOHATUS MaTeMaTuUKW, NOHATME OTOBpaXKeHus npeTtep-
neno AOBOJILHO A/INTENIbHYIO 3BOJIOLMI0O U TONLKO K KOHUY XIX Beka
npuobpeno COBPEMEHHOe cofepiKaHue.
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MOXHO C YBEpPEeHHOCTbIO YTBEPXAaTb, YTO MaTeMaTUuKu ApeBHero
MVpa, BKIOYas M ero 3AIMHUCTUYECKUA nepuod, He OCO3HaBanu
(PYHKLMNOHANbHOW 3aBUCMMOCTU B TeX 3aKOHOMEPHOCTSX, KOTopble
OHW OTKpbIBaNW, xoTa elwe B [ApeBHeM Erunte 6bIIM M3BECTHbI TOY-
Hble (opmynbl ANS BblMUCAEHWI naouwlaged M 06bEMOB OCHOBHbIX
reoMmeTpuyeckux uryp (TpeyronbHWKOB, NapannenorpammoB, Tpa-
neuuii 1, COOTBETCTBEHHO, NMpamui, NpusM 1 T. 4.), & ugew 3aBucu
MOCTU OT 3Ha4eHuii cnaraeMblX MOXHO 3aMeTUTb Aaxe Mpu BblUMC-
NeHNSIX MPOCTEMLNX YNCNOBBLIX CYMM. Kpyr MHTEpecoB MaTeMaTuKOB
TOro BpemeHu Obl1 OrpaHNYeH UCKIUYUTENIbHO CTaTMUYHbIMU 3ajava-
MUW: YMCNOBbLIMU BeNUYMHAMW, MPOCTPAHCTBEHHBIMW (OpMaMn U KX
YUCNEHHBbIMU XapaKTepUcTUuKamu.

OfHako Heob6xo4VMMO OblI0 BBECTM B MaTeMaTWKy HEKOTopble HO-
Bble, MOXHO CKa3aTb, KMHemMaTunyeckume wupewn, 4tobbl OCO3HaTb MO-
[O6BHble KONMYECTBEHHbIE 3aBUCUMOCTU MeXAy BennyuMHamu, u cpe-
natb WX MpegMeTtoMm msyyvyeHus. 310 U npoucxoaut B Havane XVII Be-
Ka, Korga WM3MeHeHWss B CaMOM XxapaKkTepe 3HaHus — 3BOofwuns oT
co3epuaTenbHOro K ecTeCTBEHHO-UCMbITaTeIbHOMY MPUBENN K MOSB-
NEeHV0 B Hayke Takux uccnegoBateneit, kak P. Jekapt (Decartes
Rene, 1596— 1656), 1. ®epma (Fermat Pierre, 1601— 1665),
WM. HbtoToH (Newton lIsaac, 1643— 1723), I'. Jleib6Huy, A. bepHynnm
(Bernulli Jacob, 1654—1705), 4. bepHynnn (Bernulli Daniel,
1700— 1782), N1. 3iinep (Euler Leonard, 1707—1783), X. b. ®dypbe
(Fourier Jean Baptist Josepf, 1768—1830) n M. I'. Aupuxne (Dirich
let Peter Gustav Lejene, 1805— 1859). Wx paboTbl B pas/nyHbIX
061acTax OMTUKK, MEeXaHWKU U U3UKU He TOSIbKO MPUHECIN UM 3a
CNy>XEHHYIO cnaBy, HO W onpejennnn HanpasfeHUs pasBUTUA 3TUX
HayK Ha [onrme rojbl.

B wnccnepoBaHun hpaHuy3ckoro matrematuka . depma «BBepge-
H/e B W3y4yeHWe MJIOCKMX U TeNEeCHbIX MEeCT» BCTpedvaeTcs: «Bcakuli
pa3, Korga B 3ak/l04YUTENIbHOM YpaBHEHWUU KMeKTCH [Be Heu3BecT-
Hble BeNYMHbI, HAIULO MMeeTcs MecTo». Mo «mecTtom» depma no-
HUMan NNHWUIO, N TaKMM 06pa3oM, B 3TOM paboTe wna pedb Mo cyuie-
CTBY O rpagmM4eckomMm 3ajaHun (HYHKLMOHaNbHOW 3aBUCUMOCTU. UN3y-
YEeHUEM NIMHWUIA NO WX YpaBHEHUAM 3aHUMasCAa W APYroi 3HaMeHUTbI
(hpaHuy3Cckuini matematuk P. [lekapT, B ero «feoMeTpun», U34aHHONA
B 1637 r., y>)xe JOCTaTO4YHO fICHO YKa3blBasoCb Ha B3aMMHYH 3aBUCU
MOCTb MepeMeHHbIX Be/IMYMH TFeOMEeTPUYECcKOro WCTOIKOBaHMWA, 3a-
JaHHbIX aHanutuyecku. (JekapT 3a70XXWU/ OCHOBbl aHanUTU4ecKol
reomMeTpun, BBeAsa CUCTEMY KOOPAMHAT U U3yYeHue NUHUIA Mo UX
ypaBHEHUAM, eMy >Xe MNpuHagnexat MHOIMe U3 COBPEMEHHbIX 060-
3HayeHuit: a, b, ¢ — gns Ko3ahUUMEHTOB ypaBHEHWUN, X, Y — And
nepemeHHblX, X2 x3— ana cTeneHei). Mo pa6otam B o06nactu
angpgepeHUMansHOrO U UHTErpPanbHOIO WUCUYUCNEHUA APYroro Ma-
Tematnka XVII B.— aHramyaHuHa W. Bbappoy (Barrow Isaac,
1630— 1677) MOXXHO 3aMeTUTb, YTO TOT y>XKEe BMOJIHE OCO3HaBaN (PyHK-
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LMOHaNbHYO 3aBUCMMOCTb MeXAy [ABYyMsi nepemMeHHbiMU. OAHako,
Kak u Bennkuini . HblOTOH, OH NpeAcTaBAsn NOfO6HbIe 3aBUCUMOCTU
npexge BCEro reOMeTpPUYeckn WAu, CKopee, B HEKOTOPO MeXaHUCTU-
4Yecko WHTepnpeTauun, T. €. 3KCNEePUMEHTaNbHO W WHTYUTUBHO.

CO6CTBEHHO TEpMUH «(YHKUMA» (OT Mo3gHenaTMHcKoro — func-
fi0 — ncnonHeHve, ocyuiectBneHue) 6bin BBeaeH [. Jleli6HuUem B
paboTtax no gnhepeHymnanbHOMY WCHUCNEHUIO, XOTS nog (yHKUMen
OH MOHMMaN He4yTo OT/IMYHOE OT O6LLENPUHATOrO B HacToslee BpeMms
3HaYeHNs 3TOro TepMMHa — pas/InyHble OTPEe3KW, CBSA3aHHbIe C KpU-
BOW, B 4acTHOCTM, abcumccbl M opaMHaTbl ee ToYek. Bugmmo, to no-
HATME (DYHKLMW, OT KOTOPOro rnpoun3oLsio ee COBpeMeHHoe ornpegene-
Hue, 6b110 BBEAEHO K KOHUy XV III Beka ppaHuy3CKMMM MaTemaTu-
kamu H. KoHgopce (Condorset Marie Jean Antoin Nicolas de Cari-
tat, 1743—1794) n C. NNakpya (Lacroix Silvestr Francois, 1765—
1843) He3aBUCUMMO Apyr OT Apyra. WcTopmkM MaTtemMatuku [0 CUX
nop He MMEeKT eMHOr0 MHEHUS, KOMY U3 HUX MPUHaSNeXUT 3To nep-
BEHCTBO. VIHTepecHO, 4YTo 06a OHW, BOOGLLE roBops, nonarany Heobs-
3aTeflbHbIM 3agaHue yHKUMM aHanuTuveckn (popmynoi). OpgHako,
60/bLUMHCTBO AaXke KPYynHbix matremaTukoB XV III Beka He npugaBa-
N 3TOMY 3HAYeHUS N He OCO3HaBanu pasnuua Mexay GyHkuumen
N ee aHaIMTUYECKUM 3agaHueM. ITO MOCNY)XUNO0 OCHOBaHWEM [ANA
KpUTUKKM J1. JiNepoM pelleHnss 3HaMeHWTON 3ajadnm O KonebaHuu
CTPYHbI, KOTOpoe npegnoxun [. bepHynnn B 1753 roay.

dinep cuuTan, 4Yto (PYHKUWUA — 3TO MPOM3BOJILHO HayepTaHHas
KpuBasi, a nocnegosatenn [, 'Anam6epa (D’Alembert Jean Le Rond,
1717—1783), K KOTOpbIM OTHOCuAcS M L. BepHynnm,— 410 CyTb
(PYHKLUWOHANbHOW 3aBUCUMOCTM B €e aHa/IMTUUYEeCKOM BblpaXXeHUW.
MonyunB pelleHWe HeKOToporo AuddepeHLnanbHOro ypaBHEHUA B
BMAEe TPUITOHOMETPUYECKOro psfa, OH MNPeAnosioXua, 4to U nrbas
(hyHKUMA (HenpepbiBHAs) AO0/MKHA ObiTb pPasfioXuMma B MNOAOCGHbIN
psg. Tvmnotesa o npefcTaBieHUM /OOOA HeNpepbIBHOM (QYHKLUN
aHaMTUYECKMM BblpaXXeHneM, pasBuTtas B paboTax (paHLy3CKux
mMatematukoB C. JSlakpya u X. M. ®dypbe, 6blna NoaTBepXkjeHa B
1885 rogy BbljatolMMca HeMeLKuM MateMatukom K. BeinepuuTtpac-
com (WeierstraB Karl Theodor Wilhelm, 1815— 1897). bonee Toro,
B 1940 r. pycckuin matemaTtuk [,. E. MeHbwos (1892— 1983) pgoka-
3a1, 4To AN AeiCcTBUTENbHbIX DYHKUWUIA AEACTBUTENbHOIO aprymMeH-
Ta B pa3yMHOM, HO AOCTaTOYHO LMPOKOM CMbIc/e (4189 N3MEepUMbIX U
No4YTM BCHOAY KOHEYHbIX (PYHKUWIN), Takme gBa noaxoga K yHKUUW,
nak K reoMmeTpuyeckoMy COOTBETCTBMIO U KaK K aHalMTUYeCKOMY Bbl-
pPaXKEHUI0 3KBUBAJNIEHTHBI.

Ounckyccnsa no cywHoOCTU MOHATMA (YHKUUW npuBena K TOMY, 4To
K Hadyany XIX Beka 6onee ynoTpebnsembiM cTano ee onpegeneHve
6e3 TpeboBaHWS aHaNUTUYECKOro 3ajaHus, yto nossonuno M. Awun-
puxne B 1837 rogy cthopMynMpoBaTb €ro 3HaMeHuToe onpegeneHve
UYMCNOBON (PYHKLUW, NPUHMUMAEMOE [0 CUX MOP: «y eCTb (PYHKLUA ne-
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peMeHHOro X, onpegeneHHass Ha oTtpeske (a”.x".b), ecnn BcsAkoM\
3HaUYEHUI0 MNepeMeHHOro X, cofepXaliemycs B 3TOM OTpe3Ke, COoT
BeTCTBYeT BMOJIHE onpejeneHHas BenuuHa NepeMeHHOro Yy, npuyem
COBEPLUEHHO HEeBaXHO, KakKMM WMEHHO CrnocoboM YCTaHOB/IEHO 3TO
COOTBETCTBME». A KpyNHenwmnin pycckuin matrematnk H. V. Jlobauves
ckuin (1792— 1856), 3HakOMbIn ¢ Tpygamn Jlakpya, ewe B 1834 rogy
Nonb30BacA MOHATUEM (YHKLUMWK, BecbMa 6AM3KMM K ONpedeneHuto
[Ovpuxne, cTaBWWUM CTOMb LIMPOKO M3BECTHLIM MO3JHEE.

[onroe Bpems MoHsTME DYHKUMKU [upuUx/ie CYUTaNoCb CTOMb CO-
BEPLUEHHbIM 1 TOYHbIM, YTO HeAOMycTMMa 6blfla U MbIC/Ib O BO3MOX-
HOCTV ee KPUTUKU. M TONbKO nocne AOBO/IbHO AAUTENbHOIO U3y4YeHus
(DYHKUMIA C pa3NMYHbIMK CNeuManbHbIMU CBOMCTBAMU CTafia Hacyly
HOW Heob6XoAMMOCTb GO/bLUEN SICHOCTM MNyHKTa onpegeneHns GyHK-
UMKN: «..NPUYEM COBEPLUEHHO HEBaXXHO, KakMM MMEHHO Crnoco6oMm
YCTAaHOBNEHO [aHHOe cooTBeTcTBMEe». CHauana LWBEeACKUIA maTemMa-
™MK T. bpogeH (Broden Torsten, 1857—7?) ykasan B 1897 rogy npu
Mep (YHKL MM Ha OTpe3Ke, COCTaBNEHHOW U3 pa3HOPOAHbIX W He3aBu
CUMbIX MeXJy coboli KpMBbIX, Kakgas M3 KOTOPbIX OMpejeneHa Ha
OAHOM 13 OTPE3KOB €ro H6ecKOHEeYHOro pas3bueHusi Ha OTPE3KU MeHb-
Wwen AnvHbl. Takoe 6GECKOHEUYHOe MHOXXECTBO KPMWBbIX, MO €ro MHe
HWIO, HE TOMIbKO HEBO3MOXHO 3aaTb aHaIMTUUYECKU, HO B CU/Yy CBOEN
nNpupoabl He MOXeT ObITb M3y4eHO. B mpouecce pa3BepHyBLUelica guc-
KycCuu, B KOTOPOl/ OCHOBHOE y4acTue MNPUHAAM MaTeMaTuKu (paH-
Ly3ckoli wkonbl, P. bapom (Bair Rene Louis, 1874—1932) 6bina
yKaszaHa Heob6XoAMMOCTb, MO er0 MHEHUIO, ONUCaHUS 3aKOHa COOTBET-
cTBMSI BCAIKOMY X uucna y(x). X. Apamap (Hadamard Jacques Sa-

lomon, 1865— 1963), nonemunsupysa ¢ ®. bopenem (Borel Felix Edou-
ard, 1871— 1956), yTBepxXagan, 4to nogobHoe orpaHu4veHue, BO-Mep-
BblX, CWIbHO HanoMuHaeT TpeboBaHMe aHa/IMTUYHOCTU 3aJaBaeMoi
(DYHKLUMKN, 4YTO HeobA3aTeNlbHO, BO-BTOPbLIX, MO CYLLECTBY cyXaeT 06
nactb NPUMEHEHUA Teopun GQYHKUWW, Hanpumep, B TEOPUU ra3oB,
rAe OHa y>e nokasana cBok 3pekTnBHOCTb. PaboTbl bapa, Jlebera
n Agamapa no Teopun (PYHKUUA OKasanncb OYeHb MAOLOTBOPHbLIMMU,
HO BMecTe C TeM 4pe3BblYaliHO 3anyTany BOMPOC C CaAMUM MOHATUEM
(DYHKLMM, B KOTOPOM MaTeMaTuyeckasi «3aBUCMMOCTb» WM «HE3aBU-
CMMOCTb» MNEepeMeHHbIX B KOHEYHOM Cc4eTe OKasanacb CBSI3aHHOW ¢
obcyXaeHneM OAHOro M3 MOMIOXKEHWA TEOPUU MHOXKECTB, M3BECTHOrO
B MaTemaTuke Mof Ha3BaHWMEM MpuHUMMNA NPOU3BOILHOIO BbiGOpa
nnn akcmombl Llepmenno (Hemeukmii matematmk, Zermello Ernst,
1871 — 1953), KoTOpbI chopmynuposan ee B 1904 rogy: MycTb gaHo

MHOXecTBO ©< cocTosllee M3 MOMapHO HEMNepecekaklWmnxcs MHO-
»XecTB Mn, Torga cyuw,ectByeT MHOXecTBO M, Kaxablii anemeHT ///,

KOTOpPOro npuHaanexmt Hekotopomy Ma, npuuem M f)Ma= *va
OCHOBHble MPOTUBOPEYUSi B MOHATUU (YHKLUM HaxopsTcs B AO-
BO/IbHO CMeuuannM3MpoBaHHbIX pa3fenax MareMaTukKu 1 ee npuioxe-
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H/A. Bap nucan: «[ns Halwero yma Bce MPUBOAUTCS K KOHEUYHOMY»,
Ho B Tex ee o6nacTsx, rge BMOJIHE HENPOTUBOPEYMBO OMNpeaenieHue
Jvpuxne, teopus dyHKUUI OKasanacb Heo6blHAiHO WHTEPECHON 1
Nn/040TBOPHOMW, paspewnB K TOMY XXe MHOXeCTBO 3ajay NpuknagHom
MaTemMaTukn, PU3UKKU, MexaHUKU U T. 4., NOpoAMB Uenble pasgensb
IUX HayK (audepeHLManbHOe N UHTErpasbHOe UcYUCeHne, Ang-
thepeHuManbHY reoMeTpuio, Teopuio PYHKLUIA KOMMIEKCHOro nepe-
MEHHOIO, Teopuio (hYHKLMOHANbHbLIX PAAOB, psagoB dypbe M MHOrve
[OPYTVE). A HauMHas ¢ HemeLKoro ydeHoro B. [epekunpa (Dedecind
Julius Wilhelm Richard, 1831— 1916), Hapsigy C AUCKYCCUE BOKpPYr
CaMOro noHATUSA (YHKUMK B paboTax pas3fU4yHbiX MaTeMaTUKOB KOH-
ya XIX — Hayana XX BEKOB, MPOUCXOAUT MOCTeneHHoe 0606LieHne
€0 HA HeuuncnoBble MHOXKecTBa (COGCTBEHHO yKa3aHUA Ha BO3MOX-
HOCTb Takux 0606LeHui i OoTMedeHbl elle B pabotax C. Jlakpya u
B. KoHpgopce), a ¢ cepeanHbl XX BeKa 3akpennsietcs TpaguuMoHHas
HbHE TepmuHONOrMsS B 3TOK O6GnacTu.
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BUWEKTVBHBIE OTOBPAXEHNA
[MPEOBPA3OBAHIA

§ 9. VIHbeKTUBHblIe U CIOPbEKTUBHbIe OTOOGPaXeHUs.

§ 10. BMeKTMBHbIe OTOGpPaxeHwus.

§ Il. HekoTopble npumepbl GUEKTUBHbLIX OTOGPaXKEHWU.
Mpeo6pasoBaHus.

§ 12* KOHe4yHble N CYeTHble MHOXecCTBa.

OCHOBHble MOHATUA: NHBEKTUBHOCTb, CIOPBEKTUBHOCTb U ONeKTUB-
HOCTb OTHOLWEHNA =" OTO6pa)KEHVIﬂ, npeo6paaoBaHV|e MHOXecCTBa,
noacTtaHOBKa, CMMMeETpu4yeckada rpynna, MOWHOCTb MHOXXeCTBa, paB-
HOMOLHbIE MHO>ecCTBa; BUAbl MHOX>XECTB. KOHEYHbIE, 6ecKoHeuHble,
CYETHblE, CYETHOBECKOHEYHbIE, HeCYEeTHbIE.

HeobxoanMble CBEAEHUA: MHOXECTBO, GMHApHbIE M MapHbie OT-
HoWweHnsA, obnactb onpegeneHMs M o06nacTb 3HayYeHWi 6GMHApPHOro
oTob6paxkeHus, o6pa3 u Npoobpas anemMeHTa M MHOXECTBA, onepauuun
Ha OTOOGpaXeHusx, obpatnmoe oTobGpaXkeHue, Cy)XeHue oTobpaxe-
HUA, auHHAA cuctemMa KOOpAMHAT Ha MNOCKOCTU, aPpuHHbIE KO-
OpAMHATbl TOYKM Ha MAOCKOCTM, HatypanbHble uucna (N), uenble
uncna (Z).

PekoMeHAaUMK: Npy U3ydeHUU Tembl Matepuan § 12* (3a WcknoueHueM onpefe-
NeHnl) MOXHO OMyCTUTb.



1
§ 12+
Nekuns 4 Nlekuynsa 5
1
Nekuyns 6 Nekuyns 7
1
Nlekuns 8 Nexkuyns 9
[ r
Cemectp |
Nekuna | — MHoxecTBa U OTHOLUEHUS HA MHOXECTBax.
S -8 5)
Nlekuunsa 2 — Onepauun Ha GUHAPHbLIX OTHOLLEHUSX. OTo6pa>KeHMﬂ.( 6
(5 6-8 8
Nekunsa 3 — BuekTuBHble oTo6paxeHus. Mpeo6pazoBaHus.
<§9-§ 12
Nexkuna 4 — brHapHble OTHOLUEHUSI Ha MHOXecTBe. PakTop MHOXECTBO.
eKuna S — MaTpuubl. OCHOBHblE Onepauun ¥ CBOICTBA.
eKuUua 6 — MNoacraHoBKW. pynnbl.
*Kuuna 7 — Onpegenutenn.
eKuuna 8 — BeKTopHble MpPOCTPaHCTBA.
*Kuna 9 — JInHeliHO 3aBUCKMMbIE W JIMHEAHO He3aBUCUMMblE CUCTEMbI BEKTOPOB.
eKUunsa 10 — PaHr martpuubl. CUCTEMbl NMHENHbIX YPaBHEHWIA.
<KUUnA Il — JInHeliHble OTOGPaXEHUS1 BEKTOPHbLIX MPOCTPAHCTB.
*Kunsa 12 — MatpuyHoe npefctaBfeHne roMoMopdr3mMOoB.
* K Unsa 13 — Anrebpa nMHEeWHbIX 0nepaTtopos.

§ 1, § 5, $7, § 8

«KLUVm 14 — CoBCTBEHHbIE BEKTOPbI JIMHENHbIX ONepaTopos.

*Kuyna

15 — EBKMAOBbLI BEKTOpHble NPOCTPaHCTBA.
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8§ 9. COPBEKTUBHBIE N MHBEKTUBHbIE
OTOBPAXEHIWA

[Ba cneymanbHbiX BuMAa OGWHAPHbLIX OTHOLIEHWIA MNpPefCcTaBNsOT
0COObI MHTEpeC, NepBOe U3 HUX — CIOPBEKTMBHOE WU CHOPDBEKLUS,
3TO Ha3BaHMe MpoucxoauT OT (paHLy3CcKoro cnosa surjection —
HafloXeHne, «Sur» O3HayaeT «Ha».

OnpepeneHue 9.1 BuHapHoe oTHOWeHNe /c X X Y Hasbl
BAeTCA CHOPBEKTUBHbIM, ecnn pAna nw6oro y" Y CylWwecTByeT
XA X Takol, yrto (x, y)*f, T e Imf=Y.

CumBONuYeckass 3anucb 3TUX YCNOBWUIA:

1 Dorn fczX, (9.1)
sur; 2. Im /=Y.

MocnegHee ycnoBue MOXeET 6biTb CHOPMYIMPOBAHO UHa4e
(cm. onpegenenue 5.4):

sur: 2. Vi/eyY 3x"X\ (x, y)"f. (9.2)
O4eBMAHO, OTHOLWIEHWE He CHPBLEKTUBHO, ecnn Im /==Y wunm
2". 3i/leY VxeE*| <x y)<£f. (9.3)

poe, KaK 6WHapHOe OTHOLUEHMe, CIOPBEKTUBHO W MOXKHO CKasaTb,
4yTO OTOob6parkeHne /: X-+Y CHOPBEKTUBHO, €CMU BCAKUIA 3NEMEHT
MHO>KecTBa Y uMeeT npoobpas.
O603Ha4yeHne Takoro oTobpaxkeHus: / — sur, a MHOXecTBa BCeX
CHOPBEKTUBHbIX O0TO6paxeHnin X B Y — SMap(X, Y).
COBOKYMHOCTb BCEX YCNOBWUIA, YTOObI GMHAPHOE OTHOLLEHMKe / Bbl
N0 CHOPBEKTUBHLIM OTO6paxkeHvem J1 B Y:

1. Domf= X
sur: 2. Imf—Y. (9.4)

I EcTecTBeHHO Ha3BaTb COPBbEKTUBHbIM U OT06pa)KeHVIe, KOTO

) NN
3.V { /,, yZ}a Y ( yr)/\! J= i = «2-

3 onpegeneHust cnepgyeT, 4TO, YTOGbl YCTAHOBUTL, YTO OTOGpa-
XeHue /:X-*-Y CHOpbEeKTUBHO, Haf0 MOKa3aTb, YTO BCAKUIA 3NEMEHT
MHOXecTBa Y mmeeT npoobpas, a HeCHOPBLEKTMBHO — HaliTn B Y XO-
TA Obl OAVMH 3NEeMEHT, He umelwmin npoobpasa.

Mpumep 9.1. Onpegenvm, Kakme u3 cregyroLux OTHOLUEHUU
CIOPBEKTUBHbI K MouveMy? Kakue SBAAKOTCS CHOPBLEKTUBHbIMU OTO-
bpaxeHunsamn? (puc. 36—41).

MepBoe OTHOWeEHME ecTb OTobpaxeHue £, X-*-Y, rge
X={a, b c, d}, a Y={a, f§y, 6}, TaKk Kak BCAKOMY 3/1EMEHTY u3

§ 9. CPOp'beKTI/IBHbIe N UHBEKTUBHbIE 0T06pa)KeHI/IF| 83

X cooTBeTCTBYeT eAUHCTBEHHbIA 3nemMeHT n3 Y. OHO CHOPBEKTUBHO,
Tak KakK npu 3ToM KaxXAblli afemMeHT u3 Y mmeeT npoobpas.

OTHoweHne g2czXX Y, rge X={a, b, ¢, d}, Y= {a, p, y} Takxe
ABNseTca otobpaxeHmem, g2'X-*-Y, OHO He CIOPBEKTUBHO, TakK Kak
3NeMeHT ? He umeeT npoobpasa.

BuHapHoe oTHoweHne g3a X X Y He ABnseTcs OTO6paXKeHuem,
TaK KakK OHO COAEpXWUT MO KpailHel Mepe fABa kKopTexa <?, 7>
n (?, ?) ¢ OAMHAKOBbIMW MEPBbIMW 3/1€MEHTaAMMU.

Kak oTHoweHune, g3 CIOPbEKTUBHO. ®

Mpeabigywine NpuMepbl MO3BOASKOT cAenaTb 3akK/IlOUYeHMUe.

BboiBof. OCOGEHHOCTbIO rpada CHOPBbEKTUBHOIO OTOGpPaXKEHUS
MHOXecTBa X, COCTOSILLLErO0 U3 KOHEYHOrOo 4ucna 3/1eMEeHTOB, B MHO-
)KecTBO Y C KOHEYHbIM YMC/IOM 3/IEMEHTOB SIBASETCA TO, UTO B KaX-
[OM 3nemMeHTe MHOXecTBa X HauduHaeTcs cTpefika rpada u Kax-
Obll 31eMeHT MHOXecTBa Y ABNAETCSH KOHLOM HEKOTOPOW CTpesiku
rpaga.

A 0CO6EHHOCTb rpafda He CHOPBLEKTUBHOIO OTOOPaXKEHUsS COCTOUT
B TOM, yTO Haligetcs yOe Y, KoTOpblli He fBNAETCA KOHEYHbIM 3fe-
MEHTOM CTPEe/SK/ C HayasioM B 3/1eMeHTe MHOXecTBa X.

OTo6paxeHune /,: R->-R, rge /,={<*, y) | y= —0,5ar+ 1}, 2 e ?
CIOPBEKTMBHO, B YeM He cOcCTaBsieT TpyfAa yb6eauTbCS, BbIYMCAUB MO

X COOTBeTCTBylOLee 3HayeHue y (puc. 39). ®
CIOPBEKTUBHO U OTOGpaXeHue
/2:R-*-R, roe /2= {<x, y)\ y= a3 ]
Ero rpadumk Ha pwuc. 40.
OTob6paxeHune

/3:R-*-R, rge /3={<nm, y) | {xc, y}a RA«/ = sin x}

2 He ? CHOpPbEKTMBHO (puc. 41). ®
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CIOPBEKTMBHO 1 1 NO4YeMy OTOBpaKeHue: .
J<RK—1 e rle /«—K*. ¥>1 U. t/jcr RAy = sin g)?

3ameuyaHue 9.1. CnoxeHVe U YMHOXeHWE [AEMCTBUTENbHbIX
yucen (cMm. npumepsbl 5.5, 7.1):

[+ ]={<<* U>2>= {* X z}c:RNz = gcHl/}<rR2XR = R;,.
n
[[]={<<k y> 1) =1 {* ¥, z)c RA2=xy)cR 2XR = R3
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Kak OTO6pa)K8HI/IFI CIOPBEKTUBHbLI: *

VzeR3<<?. 7> 2>e[.]A43«?, ?> *>el[.].

Teopema 9.1. Echu oTobpaxkeHusa f:X-+Y wu g:Y-+Z
CHOPBEKTUBHbI, TO g»f:X-*-Z CIOPBEKTUBHO.

dTa Teopema MOXET 6bITb CHOPMYIMPOBAHA U UHAYE: KOMMO3M-
UM CHOPBEKTMBHbLIX OTOOGpPaXeHUii ecTb CHPBLEKTUBHOE OTobpa-
YKEHME.

LokaszaTenbcTBO. OueBWAHO, crefyeT MPOBEPUTb BbIMON-
HUMOCTb Bcex Tpex ycnoBuin (9.4). Ho g°f:X-+Z (no teopeme 8.?),
YTO O3HauvaeT BbIMOHEHWE NEPBOr0 U NOCNEAHEro U3 3TUX YCMOBUIA:
T.e, uto ¢g»f — oTob6paxeHne wu Domg°/= X, cnepoBartesb-

HO, OcTaeTcsi MpoBepuTb TONbKO TO, 4uto Im g°f—2Z wan (9.2):
(Vzez 3 ?7€=7I<?, z)"g°f). .
M3 clopbekTuBHOCTM oTob6paxeHun fu g cneapyet

— sur=j*(Vz€=Z 3y<"Y\(y, z)e 1
g i*( y (y, z)eg) (x, 2)f=g»f.
/ — sur=>(V ye=Y 3xe=X|<]jc, y)<=f) }

TakMm o06pa3om, Ans MPOU3BOMLHOIO zZe Z yKa3aH 3/MeMeHT
<X, z) €Egof Lkgof — sur. ]

Cnepgcteue 9.1. MHo>KecTBO SMap(X,X) CHPBEKTUBHbIX
oTo6padKeHniAi X B X 3aMKHYTO OTHOCUTENBHO WX KOMMO3ULWK.

9TO 0O3Ha4yaeT, 4YTO KOMMO3MLUA CHPLEKTUBHbLIX OTOBpParKeHui
MHOXeCTBa B cebs eCTb TakXe CHPbEeKTMBHOE OTOOpaXKeHue ero B
cebs. o
3apgava 9.1.1. na obpatnmoro otobpaxeHus fASMap (X, Y)

CIOPBLEKTUBHO N OTOGpaxkeHune /- |?
YkazaHue. TpuBeante HECKONbKO MPUMEPOB OTOOPaXKEHW CIOPBEKTUBHbIX
(onpegeneHue 9.1) n obpaTumbix (onpegeneHue 8.3, ytBepxaeHue 8.1, cneacteue 8.2),

paccMoTpuTe UX rpadbl UM rpaguki. 1}

/ — obpatnmoe otobpaxeHue”™/ ‘eAfap(?, ?)
Dorn /* '=£=Y
Im f~'2=X

SMap (Y, X).

Cnepywownii Bua OGMHAPHbLIX OTHOLWEHUA — UHBbEKTUBHbIE, Ha-
3BaHWe MpoucxoauT OT (hpaHuy3CKOro cnosa injection — Bnoxe-
HVe, «in» O3HauyaeT «B».

OnpepgeneHne 9.2. buHapHoe oTHoweHne fczX XY Hasbl-

BAETCA WHBEKTMUBHbIM, €CAN pa3HbIM 3femMeHTam K3 Dom / cono-

CTaBndAeT pa3Hble 3NeMEHTbl MHOXXeCTBa Im /.
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CnmBonnyeckaa 3anuchb Tpe6OBaHI/II7I 3TOlNo onpepeneHns:

1 Dom /c=X.
2. 1t/c=Y.

. £ n <*i. Y) ; 95
in: 3. V {x, *2c:X <2 ) ,IJ X1— X2 (0-5)

OLIEBI/I,ELHO, 6I/IHapHO€ OTHOLWIEeHNe Ha MHoxXkecTBax X U Y He MHb-
€KTUBHO, €eC/in HapyweHO nocsiegHee ycnoBue wu

3". 3{ac, x2}czX " ‘
a } <*.»>e/] y %

Ecnn B YCNOBUN WHBEKTUBHOCTU (9.5) 6GMHapHOro oTHoweHusa /
NMOMEHSTb MeCTaMy 3/1eMEHTbl KaXK4oro U3 KOPTEXeil:

V {x, xJ<=* g: :'; it \exx = m

TO MOMYy4YMM He 4YTO MHOoe, KakK ycnosue (7.1) eAUHCTBEHHOCTM B OTHO-
WeHnn /_| KopTexa C MnepBbiM 3/1IEMEHTOM Y — MPOU3BOJIbHbIM 13
Dom/- =171/, Juto pgaeT cneagywuiee.
YtBepxpgeHue 9.1. Ecim / — MHbEKTUBHOe 6MHApPHOE OTHO-
WeHne, TO /-| ABNAeTCA OTOOpPa>KEHUEM.
EcTecTBEHHO Ha3BaTb MHBEKTMBHbIM OTOGpaXkeHue, KOTOpOE,
KaK 6uMHapHOe OTHOLWEHME, MHBEKTUBHO, U MOXHO CKa3aTb, u4TO
0TOobpaXkeHue /: J1-*-K UHBEKTWBHO, eCiU BCe pasHble (Hepas-
Hble) 3/eMeHTbl MHOXecTBa X WMET pa3Hble obpasbl.
O603HauyeHne Takoro oto6paxeHus: / — in, a MHOXecTBa BCEX
MHBEKTMBHBIX oTobpaxeHuii X B Y — LW ap (X, Y).
COBOKYMNHOCTb BCEX YCNOBWIA TOro, Yto GWUHaApHOEe OTHoleHue /
ABNAETCA WHBEKTUBHbIM OTOOpakeHnem X B Y.

1. Domf= X
2. Imfa Y.

in: 3. V{x, *}<=*| =>X, = X2 (9.7)
4. V(s,,

YcnoBue WMHBLEKTMBHOCTM OTO6GpaxkeHus /: X-*-Y, no cyuwecTsy,
O3HayaeT, YTO pasHble 31eMeHTbl U3 X He MOryT UMeTb OAWH W ToT
Xe ob6pas, T. e. Bcsikoe 3HauveHue f (X) NnpMHUMaeT TONbKO OAMH pas,
unu nobo anemeHT U3 ! T/ JOMKEH MMETb TONbKO €AUHCTBEHHbIN
npoo6pas, 370 MO3BOAseT MepedopMynnpoBaTth yTBepxaeHune 8.1
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Puc. 42

YtBepxageHue 9.2. OTobpa>keHne o6paTuUMo Torga M TOfb-
KO Torja, Korga OHO WHBLEKTMUBHO.

OTcrofa, B YaCTHOCTW, cneayeT Takol BaXHbIA (akT, 4TO BCA-
KOe MHBLEKTMBHOE OTOGpakeHMe obpartumo.

Mpumep 9.2. VIHbekTMBHbIe OTO6GpaxxeHusa (puc. 42 n 43)2

1 Im gd4={a, p, 6}(= Y v Kaxablii N3 HUX UMEET eANHCTBEHHbI
npoob6pas.

2. ClopbekTuBHOe OoTOGpaxeHue npegbigyuiero npumepa 9.1 —
/2. R-»-R, rge /2= {<X, y) | Yy = X*) UHBEKTUBHO.

[okasbiBas B 3agade 8.1.1 o6paTMMOCTb 3TOr0 OTOHpaKeHus,
Mbl YCTAHOBW/IM €f0 MOHOTOHHOCTb (KaXkfoe 3HauyeHue X3 NpuHUMa-
€T TONIbKO OAWH pas), YTo M 03HayaeT UHBEKTUBHOCTb /2 KakK OTO-
6paxkeHMa. 3TO BMOMHE HarNAgHO Ha rpauke ¢GyHKuUmM y = x*

HenHbekTMBHbIE OTOGpakeHus (puc. 44 n 45):

3. g5{a, b, c}-*-{a, {J, y. 6), Tak Kak HaligyTcs ABa KopTexa W3

Si <?, a>® <?, a). *

4. OTo6paxeHune, npuBegeHHoe B 3agadve 8.1.1

/5. R R, rge /5= {<x, y)\y = xn).

[locTaToOUHO 3aMeTuTb, 4To <2, 4>e/5 n <—2, 4>e/5 HO
*® —2, T. e. BbiNnonHsAeTca ycnosue (9.6).
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Y
4,
3.
o7
X Y o X
Puc. 44 Puc. 45

Mpeablgyuwive npumMepbl NO3BOAAIOT cAenaTb 3ak/lo4veHue.
BoiBof. UTOObI yCcTaHOBWTb HEWHBLEKTUBHOCTb OTOOPaXKeHUs,
[OCTaTOYHO HaWTW Takux fABa 3nemeHTa, yutobbl ux ob6pasbl COB-
naganu.
OC06€eHHOCTbIO Tpatha MHBEKTUBHOIO OTOGpaXkeHus / MHOXecCT-
Ba X, COCTOALLEro M3 KOHEYHOro 4ucna 31eMeHTOB, B MHOXECTBO
Y ¢ KOHEYHbIM YMUCNOM 3/1IEMEHTOB SABMIAETCH TO, YTO KaXKAbIA 31E€MEHT
MHOXecTBa 1T/ sABNsieTca KOHLUOM TO/NbKO OAHOW CTpenku rpada.
A 0COBEHHOCTb rpaa He MHBLEKTUBHOIO OTOOPa’KEeHMUS COCTOUT
B TOM, 4uTO Haingetcs yOe Im /, B KOTOPOM 3aKaH4YMBaKOTCA MO Kpai-
Heii mepe gBe cTpenku rpada otobpaxeHus /.
3amevaHune 9.2. CnoxeHne [AeACTBUTENbHbIX uucen (npu-

mMep 5.5), Kak oTobpaxeHue [+ ]. R2-* R ? He ? MHDBEKTUBHO.
Hanpuwmep,

(<1, 1> <2 3>)c=R2 « L 1> 2>e
«?. 3> 2><=

AHanNOrM4yHO ycTaHaB/MMBAETC HEWHBEKTUMBHOCTb OTOGpaXKeHus
YMHOXeHus [¢]: R2-*- R. .

Cnepylowve Teopembl JatoT MpencTaB/ieHWEe O HEKOTOPbIX CBOWA
CTBax MHBEKTMBHbIX OTOBGPaXeHWN.

Teopema 9.2. Ecam oTobpadkeHus f:X-*~Y wu g: Y-ml
WHBEKTMBHbI, TO g°f: X  Z WHBEKTUBHO.

ViHaye roBOpsi, KOMMO3MLUMA WHBEKTUBHbIX OTOOPaXeHWi ecTb
NHBEKTUBHOE OTOGpaXkeHue.

Ona pokas3aTenbcTBa  Hago TMPOBEPUTb  BbINOMHEHMWE
oTobpaxkeHnem ¢°f Bcex ycnosuii (9.7). Mo Teopeme 81 g°f: X -*m2,
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(oTo6paxkeHne X B Z), 3TO O3Ha4yaeT, yYTO OcTaeTca yb6eanTbCca B CO-
6Mo4eHUN 4N HEero TONMbKO ycnoBusi 3. UHBbEKTUBHOCTU (9.7.):

<@, 2>eg°

<*2 2)eg»( }_*._ X0

in:  V {jf], x2c:X

B cuny MHBLEKTUBHOCTU / n g umMmeem

<L Y<

/ —in = jr,, x2tc:X
rox3eX o W< 1 x

* in- (v N rn
Tenepb BO3bMeM {*,, x2)c:X U COOTBETCTBYIOLLME KOPTEXM

<x, z)eg»/=1 (8i/ley,|(<x, «/,)el/ O <i/, z)eg))’
(99)

<x2 z)e=g°f=+ (3y2e Y|(<x2 y2>e/ O <2 z)eg])

(B«/eY|(<x, y>el/ O <y, z>eq))

X = X,,

(B«/eY|(<x2 y ) f A (Y, z)eg))

UTto n TpeboBanochb AoOKa3aTb, TaK KakK 3TO O3HadaeT efUHCTBEH-
HOCTb B OTOGpaxeHun g»f kopTexkxa C MPOU3BO/LHLIM BTOPbLIM 3/1€-
meHTOM 13 \mgof. L,

CnepgctBue 9.2. MHoxectBo 1Map(X, X) MHBEKTUBHbIX OTO-
6paxeHnin X B X 3aMKHYTO OTHOCUTENIbLHO WX KOMMO3WULMN.

3apgpava 9.1.3. Echm fAIMap (X, Y), T0 / — obpatumo (yTB.
9.2). ABnsietca nu otob6paxeHne f~ WMHBLEKTUBHBLIM?

Yka3aHue. CMm. yTtBepxpaeHua 9.2, 5.1, cneactsusa 8.2, 8.3. t

Teopema 9.3. Ecnn otobpaxeHue f:X-*~Y NHBEKTUBHO, TO
[~'°f=idx u = f.

3apauva 9.1.2. Jokaxute Teopemy 9.3.

Yka3zaHue. CMm. cneacteve 8.4, ytBepxaeHue 9.2.

Jokas3aTenbcTBO. /— NHBEKTUBHON-/— 06patumMo ”, 3Ha-

uut (f-'of = idxA /°/_1—id .(nouemy? * )
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8 100 BUEKTMUBHbBIE OTOBPAXEHWNHA

B matemaTuke cpefu OCHOBHbIX MPo6nemM BCTpedarTca TakK Ha-
3blBaeMble 3afayn Knaccudukaluum, B KOTOpbIX TpebyeTcs Bbige-
NUTb 06BEKTbl (MaTeMaTuyeckme CTPYKTypbl), o6nagatowme B Ka-
KOM-TO CMbIC/le OfMHAaKOBbIMW CBOWCTBaMU, B YaCTHOCTWU, OAUHAKO-
BbIM KO/MYECTBOM 3/MeMeHTOB. Korga 371eMeHTOB B MHOXeCTBax
KOHEYHOEe 4MCN0o, 3TO MOXHO cAenaTb MPOCTO, MepecyuTaB UX 3ne-
MEHTbl U CpaBHMB pe3ynbTaTbl. OAHAKO, €C/iM 3/1IEMEHTOB CpPaBHU
BaeMbIX [ABYX MHOXECTB GECKOHEYHO MHOro (Hanpumep, Hatypalb-
HbIX W LeNblX YNCEN, UM TOYEK NPsSIMOI M OTpe3Ka), TO ux nepecyer
y>X€e HeBO3MOXEH 1 TpebyeTca MHOM cnocob cpaBHeHUs. B kauyecTBe
Takoro cnocoba CpaBHEHWUS MHOXECTB MpeffiaraeTcsi BbIICHUTb CYy-
LLecTBYeT WAN HET TaK Ha3biBaeMOe OMEKTMBHOE OTOOpaXKeHue, wim
6reKUMs, OJHOTO U3 MHOXEeCTB B gpyroe. Mpu 3TtoM 6GyaeT oyeBUi-
HO, UTO, €CNN [ABa MHOXECTBa C KOHEYHbIM UYUC/IOM 3/IEMEHTOB MMe-
0T UX OAMHaKOBOE KO/MYEeCcTBO, TO Takoe OTOGpaXeHue CcyLecTBy-
eT. CnoBo bijection MOXHO MepeBecTM KaK «[BOWHOE Ha/loXeHue
Hapsgy c TepMMHOM OVEKTMBHOE BCTpeYaeTcss TepMWH B3aMMHO-
OfHO3Ha4yHOe, 4YTO 6/IN3KO K MepPeBOAY C NaTUHCKOro cnosa bijecion
(bl — pBoWiHOI, jacio — 6pocato).

OnpepgeneHune 10.1. OTob6parkeHne f: X Y HasblBaeTCA
WBHbIM, €C/IM OHO WHBLEKTUBHO U CHOPbEKTMUBHO.
3HayveHue: / — bl. MHOXeCTBO BCEX OGMEKTMBHbLIX OTOGpaxe-
HMA X B Y uHorga o6osHauvaetca BMap(X, K).

O6befuHAA YCMOBUS CIOPBEKTUBHOCTU (9.3) U MHBEKTUBHOCTM
(9.6), nonyuynm CMMBOSIMYECKYID 3aMnCb TPebGOBaHWIA GUEKTUBHOCTU
oTo6paxeHusa /. X-+Y.

1 Dorn /= X.
sur: 2. Im /=Y.

in: 3. V {jct Fe=X 10.1

OueBMAHO BbITEKaloWee U3 onpegeneHUin CIOPHLEKTUBHOCTU U
WHBEKTUBHOCTM OTOGpaXKeHMs NPOCToe, HO BaXHOe U YTBEPXKOAEHMe.
YtBepxpgeHune 101 OTobparkeHne f:X-*~Y 6GUEKTUBHO
TOrfa n TOMbKO TOrAa, Korga BCAKWIA 31eMeHT MHO>KecTBa Y nveeT
e4MHCTBEHHbIA Npoobpas.
OHO no3BONSeT AOBOJILHO NErko cpegn oTobpakeHwuii npumepos
9.1 un 9.2 ykazaTb OUEKTUBHbie OTOGPaKEHUS:
Si — bi, /, — bi, /2— bi.
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ChopmynupyiTe OTAMUYUTENbHBIE XapaKTepUCTUKnM rpada 6uek-
TUBHOTO OTOOPaXKEeHUA MHOXECTBa, COCTOSILLEro U3 KOHeYHOro 4ucna
3/1€MEHTOB, B MHOXECTBO C KOHEYHbIM YUCIOM 3/1EMEHTOB, 06beau-
HAS cBOlCTBa rpaoB CHOPBHEKTUBHOIO U WHBLEKTUMBHONO OTOoGpaxe-
HWA TaKUX MHOXEeCTB. (04

3ameyvaHune 10.1. Mpumepom npocTerero 6GMEeKTMBHOIO OTO-
GpakeHUss ABNSieTCA TOXAECTBEHHOe: «*= {<* x)| x"X}.

3agava 1011 A={a, a2 a3, B={b, bZ. Onpegenute, cywe-
CTBYIOT 11 CHOPBEKTUBHbIE OTOO6pPakeHns A “mB? NHBbEKTUBHbIE OTO-
6paxeHns A “mB? buektuHbie? [loyemy? [locTapainTecb noa-
cunTaTh YNCAO Pas3NMUYHbIX CHOPbEKTUBHbIX, MHBEKTUBHbLIX N BUEKTUB-
HbIX OTOGpaxkeHuii A -* B, ecnn Takme MMerOTCA.

OTBeTbTE Ha Te Xe BOMNpoChbl A5 O0TO6pakeHuin B -* A Tex xe ca-

MbIX MHO>XeCTB.

YkazaHue. CM. 3afiavy 7.2.2. TaK Kak CyLlecTByeT BCEro 8 otobpaxeHuii A “mB n
9 oTO6paXeHNiA B -» A, TO MOXHO NPOCTO MOCTPOUTL UX rpadbl 1 BbIGpPaTb M3 HKX 06-
nagatowme TpebyembiMu cBoicTBaMu (CM. BbiBOAbl B § 9).

OpHako nocrtapalitecb, He CTpoa rpadsbl, OTBETUTbL Ha BOMPOC O CyLLECTBOBaHUU
OGUEKTUBHBIX OTOGpaxkeHun A -+B wunn B “mA (cm. ytBepxgaeHue 10.1).

3apgpava 1012 nN={al(a2 .. a,}, B={bhb2 .. b,}. Mpu kakux
TN N CYyWeCTBYIOT CHOPBEKTUBHbIE OTOOPaXkeHUs A “mB? NHbekTnB-
Hble OoTOGpakeHus A -*¢ B? BuektusHble? [Moyemy?

YkazaHue. Cm. ytBepxaeHue 10.1, BbiBOAbl B § 9, 3ajauvy 7.2.2.

Teopembl 9.1 wu 9.2, xapakTepusys KOMMO3ULUN CHOPbEKTUB-
HbIX M UHBEKTUBHbIX OTOOGpaXKeHWin, B COBOKYNHOCTU AatoT cnepyto-
Wne yTBepXAeHuns.

Teopema 10.1. Ecin oTobpaxkeHus f:X-*-Y un g:Y-*-Z 6uek-
TUWBHbI, TO O0To6GpaXkeHne g°f: X “mZ To>Ke OMEKTMUBHO.

CnepctBue 10.1. MHOXKECTBO BCeX OWEKTUBHbIX OTOobOpa>ke-
HU MHO>KecTBa B Cebs 3aMKHYTO OTHOCMTENbHO Omepaynm nx KOoMm-
no3numm.

Teopema 10.2. Ecam oTobpadkeHne f:X-*-Y OMEKTUBHO, TO

Y “m X OMeKTUBHO.

3apaua 10.2.2. Aokaxunte Teopemy 10.2.

JokaszaTenbcTBO. Hago ycTaHOBWUTb BbIMOJHUMOCTb BCEX
ycnoBuii (10.1) GMEKTMBHOro OTOGpaXkeHusi Ans oTHoweHus /-|.

YkasaHue. Cm. yTBepxgaeHue 9.1, 9.2, cneacteme 8.2. BoinuwimTe cBOICTBa 0TO6Gpa-
XXeHns / 1 «obepHUTe» UX, T. e. NOCMOTPUTE, Kakme CBONCTBA OHW ONPeAenstoT y OTo-

6paxeHus /~ 1 n nodemy.

ans otobpaxeHus / Ans oTHoweHua /-|
1 Dorn f=X =>- X=\mf~'
2. Im/=Y , Y—Dom/“"

2.
1
> :
3. / — in =>/ — o6patnmo =§— /.?2-»2 A
4. /| — oTobpaxkeHne =>-/ 1—in. 3.
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Takum o06pa3oM, AN GMHAPHOrO OTHOLWEHUSA /-| BbINOSHEHbI BCe

ycnosust (10.1), n f~x— 6rekTMBHOE OTOGpaXKeHue. L,
CnegctBue 102 f~lof=ix un fof~I=1iY gna 6uekTuMBHOrO
oTobpaxkenus f:X-*-Y. (no teopemam 9.?, 10.?). N
8 Il. HEKOTOPBbIE ﬂPI/IMEPbL BUWEKTUBHDbIX
OTOBPAXEHUNW.
MPEOBPA3OBAHWA

HuXke Mbl pacCMOTPUM HECKO/IbKO BaXXHbIX NPUMEPOB M NPUEMOB
[oKa3aTenbCTB OWMEKTUBHOCTM OTOOPaKeHWii U CBA3aHHble C 3TUM
NOHATUS.

Mpumep 111 Bbiwe B npumepe 4.3 6bI10 BBEAEHO OTHOLLEHME
pc MX R2 a B Nnpumepe-7.2 Mbl nokasanu, 4To p ABNsSeTCA OoTO6pa-
eHuem p: fl-*-R, conocTtaBnsaloWwmMM TOUKe NNOCKOCTU ee apUHHbIE
KOOpAMHaTbl OTHOCUTENbHO HEKOTOPON (DMKCMPOBAHHOW CUCTEMbl KO-
opguHart, T. e. p(M(x, y))=(X, y). Tenepb NOKaXeMm, 4YTO 3TO OTO-
6pakeHne OWEKTUBHO, T. €. BbIMOJIHEHWE YC/IOBUIA CIOPBHEKTUBHOCTU
N UHBbEKTUBHOCTU (BTOporo u tpetbero B (10.1)).

Ona npoctotel n306paxeHns Gygem cuuTaTb, UYTO cucTeMa Koop-
AWHAT MpAMOYronbHas AeKapToBa, XOTA 3TO M He BAWSET Ha obuy-
HOCTb pacCyXeHUNA.

LJokaszaTenbcTBO.

1 Yt106bl YyCTAHOBWUTb CHOPBEKTUMBHOCTb OTOOpaXeHwWss p, BO3b-
MEM MNpPOM3BOJMIbHYK YNOpsAOYeHHy napy uucen (X, y) e R2 no-
CTPOMM Ha KOOPAWHATHbIX OCsAX Toukm Mx un Af, Tak, 4TobbI
10441 = 1x1, npuuem, Af,e[OX"), ecnm x™N 0, n N14,e[OX"), ecrm
X< 0, Tak e no y noctpoum Touky My (puc. 46).

HanomuHaHme. [OX') — nyd ¢ HavanbHOW Toukoii O B HanpasneHun Toukn X1
(O X')— npsimas, npoxogsawas 4epes Toukn O n X'.

Mpoeegem npsamyto T,[(T,aM , N1 71,]|(O X)), aHanormiHo —
npamyto mlJ[(Oy), umx Touyka nepecevyeHms — TrMTx—M. Mo no-

Puc. 46
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CTPOEeHUID TaKasi TOUKa OMNpeaensieTcss KOPTEXeM < Y), U 3HA4wuT,
HVEeT KoopgauHaTthl (X, Y), 4YTO No onpejeneHuto 6uHapHoro otobpa-
XeHus p o3Havaet p(M) = (x, y). T. e. 4na NpPoM3BO/LHON ynopsgo-
YeHHOl napbl umcen <X, Hawnacb Toyka naockoctn M Ta-
kas, uto (M, (X, y)) ep, 4TO O3Ha4YaeT CHOPBEKTUBHOCTL OTOGpaxe-
H/g p, wm Im p= R2
2. Ona pokasaTenbcTBa WHBLEKTMBHOCTM OTOGpaXkeHMs p oOTMme-

™M, 4yto, ecim M'pM 2 TO xOoTA 6bl OfgHa Mapa npsMbIX pas-
nndHa: uam T\Cb;l'\ nnn Tg'(DTgZ MycTb ANnA onpegeneHHOCTU

T\QPT\=>xKh X N <*, Y\) b <*2 Y4) (puc. 47).

Cnyuan T \( T 2 aHanornyeH.

Takum 06pa3omM, gokasaHa GUMEKTUBHOCTb OTOGPaXKeHUs, comno-
CTaB/AIOLETO TOYKE MIOCKOCTM €€ KOOPAMHAaThI. |

3TM nNpuMepbl BaXKHbI TeM, 4YTO OTOXAECTBNeHMEe GUEKTUBHbLIM
OTOOPKEHMEM TOYEK MNIOCKOCTM U KOPTEXEWN WX KOOPAWHAT ABAS-
eTcA  0GOCHOBaHWEM TEOMETPUYECKUX WHTEPNpeTaunin  pasnnyHbIX
YPaBHEHWI A N HEPaBEHCTB C ABYMS MNEPEMEHHbIMU.

COBEpPLUEHHO SICHO, YTO aHaNOrMyHas KOHCTPYKUUS MOXeT 6biTb
npoBedeHa A1 TOYEK NpOCTpaHCTBa W KOpTeXeW Tpex KoopauHart.

Mpumep 11.2. BuekTMBHO oToGpaxeHue /:R 2*-R2 Takoe, uTO
[(<*, «/>)=<*+1 Yy - 2>

Jokaxewm, uyTo:

1- / — ctopbekTuBHO: MycTb kopTex (X', y')e R2 npounsBoneH.
Mafo BbIICHUTb, HalgeTca M 3aneMeHT <X. _«)g R2 Takoli, utO
'K*. y))={x", y'). Ecnu Takoii kopTex (X, y) cyuiecTByeT, TO B
QY onpegeneHust /(<x, y) )= <x+ 1, y—2\ a Tak kak /— oT-
paxeHue un koptex ((x,y), (xy ')>e (R 22n80mKeH 6blTb eauH-
CTBEHHbIM, TO 06si3atenbHo (X1 y’) = <*+ 1, y—2>
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M3 3TOoro paBeHCTBa cnepyerT:
x[=x+ 1 (x=x"—1
y'sy—2** \y=y'+2

[LelictButensHo, /((*— 1, y-\-2))=7?
Takum 06pa3oM, AN MPOU3BOSLHONM MNapbl y') e R2ykasaH Kop.
TexX <k y) = (x'— 1 y' '+ 2)g R2Takoit, uto /(<*, y))=(x", y")
3HauuT, BCAKMIA anemeHT (X', i/')eR"’ umeeTr npoob6pas, n oTobpaxe-
Hne / CIOPBEKTUBHO.
2. OTo6paxeHne / NHBEKTUBHO. (O6patnTe BHMMaHWE Ha MpYem [oKasa-
TeNnbCTBa: MHBEKTUBHOCTb 4acCTO AOKa3blBaeTCA «paccy>XgeHnamum oT I'IpOTI/IBHOFO»).
MpeanonoXunMm, 4YTo OTOOGpaXKeHMe He WHBLEKTMBHO, U HalgyTcs
<*i. Y\) @ <2 ¥2) Takue, uto /(<*, #,)) =/ (<*2y2). Mo onpegene-
HUO oTObGpaxkeHuns /.

/i<*l Viz)=<*i+ . Y\-2>

f((x2 Yr)) — w24 1 Yo—2)

+ 1=x2+1

y,—2=y2—2
X —x2 >

* - * °
<L b= <2 YI)
OTctofga crnefyeT OTCYTCTBME HepPaBHbIX KOpTeXel, ob6pasbl KOTO-
pbix npwu genictBun / cosnagann 6bl, T. €. MHBEKTUBHOCTb /.
CnepgoBatenbHo, oTobpaxeHne / GUEKTUBHO. ]
Ons 6MeKTMBHbIX OTOGpaXkeHnii MHOXKecTBa B cebsi cyuiecTByeT
cneuunanbHbIl TEPMUH:
OnpepeneHune 11.1. BuekTUBHOE OTOOPa>KeHNE MHOXKECT-
Ba X B ceba Ha3blBaeTCA npeobpa3oBaHnem mHoXkecTBa X. MHo-
>KeCTBO BCex Npeobpa3oBaHuii HEKOTOPOro MHOXKECTBA Ha3blBaeT -
cs rpynnoil npeo6pas3oBaHUil 3TOr0 MHO>KECTBa.
O603HaueHne & (X).
VHorga rpynny npeo6pa3oBaHUil MHOXEeCTBa Ha3blBalOT ero CUM-
MEeTPUYECKOW TPynnoil u Ucnonb3ytoT o0603HauveHne S(X).
Takum o6pa3omM, B npeabifylieM MpuMepe pedb Lija O npeobpa-
30BaHMM MHoOXecTBa R2
Ecnn TpebyeTcA ycTaHOBUTb, SIBMISETCSA /M Kakoe-MbO OTHOLUe-
Hve / npeobpa3oBaHMeM MHOXecTBa X, ciefyeT MPOBEPSTb BbIMO/-
HUMOCTb Bcex Tpe6oBaHuii (10.1) npu ycnoBum, 4to paccmatpuBaroT-
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cf anemeHTbl O4HOro MHOXEecTBa X, T. e:

1. Dorn f —X.
sur: 2. Imf= X

N . <iy)M g
in: 3. V{ ” XZ)CX <Xx2, «/><:/j ,ﬂ;l (H I)
<X, y,)e=f)

4.V {ylt yZ}<=X (x, y2e=ff =™h—"

3apaHune 111 [okaxuTe, 4Tto ecnm Ha nnockoctu I 3apaHa
HekoTopass ag(uHHaA cucTemMa KooopAauHat, To OTob6paxeHue
g: N N Takoe, uto g(Af (ar, y))= M' (x-\- 1, y —2) ecTb npeobpa-
30BaHMe MHOXKecTBa Touyek 1.

Yka3aHune. CpaBHuUTe ¢ npumepom 11.2. [0}

Teopembl 102 n 101 (n cneacteme 10.1) B cnyyae npeobpasoBa-
HWA MHOXXEeCTB YyAO6HO 06begMHUTb B OAHY TEOpEMmYy.

Teopema 11.1. WNHBepcua no6oro npeobpas3oBaHns MHO>XKECT-
Ba X M KOMNO3uuMs ero npeobpasoBaHunii ecTb npeobpasosBaHue X.

MO>XHO cKa3aTb MHaye: rpynna npeobpa3oBaHuUini Nl060ro MHoxe-
CcTBa 3aMKHyTa OTHOCUTENIbHO KOMMNO3WULUM W MHBEPCUU OGUHAPHbLIX
OTHOLLEHWI, yuuTbiBas ewe 3amedvaHue 10.1, 3T0 MOXHO 3anucaTb
«(hOPMYNOon»:

V{/, glc~(jr)=>(gole ~(X)A/-,e~(X)A«,e~(X)). (11.2)

3apgava 1111 J[JokaxwuTe, 4to ecnnm Ha nnockoctn [1 3a-
JaHa HeKkoTopas npsmoyronbHasi gekaptoBa (Mnn adduHHan) cu-
cTema, To 6GuMHapHoe oTHoweHue Jic=M\ rae

h={(M(x, y), M (X, yIONCK', y') = (x+y—1 x—y—4)}

eCTb npe06pa3OBaH|/|e 3TOM MNOCKOCTMU.
YkazaHne. Cm. npumepbl 111 un 11.2.
,ﬂ,OKaSaTEI'IbCTBO.

1 Dorn 1=b IN.

2. J1— SUT. YkasaHnue. Cm. npumep 112 n. 1 (09]
g 3. 1—in. YkasaHue. Cm. npumep 11.2. n. 2. (1)

4, J1— oTob6paxeHue, TaK Kak MO BCAKMM X', y' OAHO3HA4YHO Ha-
xogutea {x+y—1 x—y—4). ]

YacTHbIM cnyyaeM npeobpasoBaHuii ABAAKOTCA MOACTAHOBKW, a
VMEHHO:

OnpepeneHne 112, lNMpeobpazoBaHue MHoXecTBa P(n),
COCTOSILLEEro M3 KOHEYHOro yucna (n) aneMeHTOoB, Ha3biBaeTCA NOA-
CTaHOBKO/i MHOXeCTBO BCeX MOACTAHOBOK Takoro MHOXecTBa
Ha3blBaeTCA CMMMETPUYECKON TPynnoil Mn-oro nopsajka.

OHa ob6o3Hauaetcs: S,,.



96 3. BbMeKTUBHble OTOGpPaXKeHUs

MoACTaHOBKU  MCMOJIb3YKOTCA, Hanpumep, TMpu  BbIYUCIEHUN
onpegenitenein maTpul, Ha WX CBOWCTBax OCHOBaH OOLUMPHbLIA W©
rnyboknii pasgen (u3nMkM — Kpuctannorpapua, a B MatemaTu-
Ke— Teopus OUCKPETHbIX rpynn. VNHTepecHo, 4To CUMMMeTpuYeckue
rpynnel MMeKT HENoOCPeACTBEHHOE OTHOLLUEHWE K MOCTPOEHUSM MO-
3aMK Ha MJOCKOCTU M U3BECTHLIM FO/I0BO/IOMKAaM: «Ky6uUKy Pybuka»
n «urpe 15».

Teopema 11.1 ana MHOXecTBa MNOACTAHOBOK 4YWUTaeTcA Ccreayro-
wmm ob6pasom.

Teopema 11.2. CummeTpuyeckaa rpynna 3aMKHYyTa OTHO-
CUTENbHO KOMMO3ULUU U MHBEPCUU OTHOLUEHWIA.

T. e. nHBepcua NO6ON NOACTAHOBKM, KOMMNO3MUMA MOACTAHOBOK
MHOXecTBa P (N) n ero ToxaectBeHHoe OoTO6GpaXKeHUe ecTb noAcra-
HOBKM MHOXecTBa P (n).

Co CBOWCTBOM OMEKTUBHOCTM OTOOPaXEHUs CBA3aHO MOHATME
paBHOMOLLHOCTM MHOXECTB.

OnpepeneHune 11.3. MHOXKeCcTBO X Has3blBaeTCHA paBHO-
MOLLHbIM MHO>XecTBY Y (unu HasbiBaloT X M Y 04MHAKOBOMN MOLLY-
HOCTM), eCin CylecTBYeT OMEKTMBHOE OTOOparkeHWe MHOXKECT-
Ba X B MHO>XecTBO Y.

3amevaHune 11.1. MOXHO yTBepXfAaTb, UYTO BCAKOE MHOXe-

CTBO pPaBHOMOLLHO camoMy cebe. (3amevaHue 10.?). (09
Ecnm MHOXecTBO X PaBHOMOLHO MHOXecTBy Y, TOo Y paBHO-
MOLLHO X (teopema 10.?). h

Ecnm MHOXecTBO X pPaBHOMOLLHO MHOXeCTBY Y\ a MHOXEeCTBO
Y paBHOMOLLHO MHOXecCTBY Z, TO X paBHOMOLWHO Z (reopema 10.?).¢

TemM cambiM, MO CYLLECTBY, Mbl Y>X€ OMWCann OTAe/bHble CBOM-
CTBa HEKOTOPOro OGMHApPHOr0 OTHOLUIEHUS:

V=«x, K>|3f:X-*YN/—bl}
(rae X n Y — npoun3Bo/bHbleE MHOXECTBA).

EcAn MHOXEeCTBO COCTOWUT U3 KOHEYHOro 4ucnia 31eMEHTOB, TO
CpaBHUTb WX, T. €. YCTAHOBUTb, CyLlecTBYeT 1M GMeKTMBHOe OTobpa-
>KeHMe OfHOro B pyroe, He cocTaBnseT 60/bLIOro Tpyda (CM. 3afa-
un 10.1.1 n 10.1.2), ogHako, Ansi MHOXECTB, YNC/I0 3/IEMEHTOB KOTO-
pbiXx 6EeCKOHEYHO, 3afjaya OTbICKAHUSA TaKOro OTOOGPaXEHUs HEenpo-
cTa, fJaXe B OYEBUAHbIX Cay4dasx.

PaccmoTpuM npumMepsl.

Mpumep 11.3. Kazanocb 6bl OTBET Ha BOMPOC, KaKUX 4umcen
6ofblUe: HaTypanbHbIX WX YeTHbIX MONOXUTENbHbIX, OYEBUAEH:
BCAKOE YETHOE MOJIOXUTE/IbHOE YWUC/I0 — eCTb YMC/0 HaTypasbHOe,
2NcN, T. e u4eTHbIX HaTypalbHbIX 4MCel «MeHblle» YemM Ha-
TypanbHbix. OgHako, 3TM MHoxectBa N u 2N paBHOMOLLHBI.

Joka3aTenbcTBO.

0. Mpexgae Bcero onpegenMm 6GuHapHOe OTHOWeHWe Ha MHO)

ctBax N mn 2N: ., \
/=1{<sa, m)\T=2n}a NX2N.
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MpoBepsieM BbINOAHUMOCTL ycnoBuii (10.1) 6MEeKTUBHOCTM OTO-

BpaXKeHus:;
1 Dom/=N, Tak kak V/teN 3(n, ?>e/.
sur: 2. Im/= 2N, Tak Kak Vme2N3<?, 1)e/.

inn. 3V N <n, T) e=/=>1=2n,1 -
in. 3. {a., nZc: (n2 T) e/=>-m=2n2} =] n2

B <n, T,> €=/=p«, =21 _
4. V {m,, 1 Zc=21M e TDe/=>T2=7] =>Tl= T2

Tem camblM foOKa3aHa pPaBHOMOLHOCTb, U B 3TOM CMbIC/Ie «paB-

HOe KO/INYecTBO» 3/1eMeHTOB MHOXxecTB N n 2N.
3apgava 11.1.2. loKaXunTte, 4T0O MHOXeCTBa BCeEX LeNbIX Z "

HaTypanbHbIX uncen N pPaBHOMOLLHbI.

Joka3aTenbCcTBO.
Yka3aHune. PaccmoTpuTe Takoe OWHApHOE OTHOLUEHME Ha MHOXecTBax Z W N

g={<z, n)|(n=2r npu 2>0)4(a= —2z+ 1| npn r<0)} (11.9)

1 NpoBepbTE A5 HEro BbINOMHUMOCTb ycnoBuii (10.1).
UTto6HhI nonyyntb npeacrtaBieHne o CBOICTBAxX 3TOro OTHOLUEHUS,

NonesHo U3yynTb ero rpapmk un rpadg (puc. 48).

1L Dorng=272<=(VzeZ 3(z, ?)eq). .

2. g—sur: Img= N.
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Ecnu Ae Nu uetHo, T. e. n= 2k, To HaligeTca <?, 2ft) €g. Ecm

neN 1 HeuyeTHo, T. e. N= 2K+ \, To BOo3bMem —feeZ, TOrga
<—K, 2*+1>=<-11, -(-2A)+1 >Egqg. .
3. g —in: Cm. rpad. *

4. g — oTobpaxeHue *
3apgava 11.21. JoKaxute, YTO PaBHOMOTHbl MHOXeCTBa TO-

YeK N6bIX ABYX OTPE3KOB.

HanomuHaHue. [AB]— o6o3HayeHve oTpe3ka AB, ]AB [ — o0603HaueHve WH-
TepBana AB (oTpe3ka 6e3 TOYEK-KOHLLOB).

1°. Ecnn OTpe3Ku paBHON ANNHbI, TO UX PABHOMOLLHOCTb O4YeBUA-
Ha. Monpobyiite nocTpouTb (reOMeTpUYecKn) npocTenune 6UeKTnB-
Hble OTO6paXKeHMs1 (OHM NOMOTYT YBUAETb MOCTPOEHUSI B OBOLLUEM Cny-

yae), ecnm (puc. 49—51):

1) oTpe3ku npuHagnexkatnapannenbHbiM MPSAMbIM (o))
2) OTpesku npuHaanexar OfHO npsmMoWn (03]
3) oTpe3ku npuHagnexarHenapannenbHbiM MPSAMbIM. (09]
2°. MycTb OTpeskn pasHoh gnuHbl (puc. 52, 53).

YkasaHue. CHauyana paccMOTpUTE OTPE3KM, MpUHAANexalime pasHbiM MpsMbIM
(HenapannenbHbIM, NapannefibHbIM), MOTOM — OHOIA.

1) OTpe3kM He NpuHagnexat ogHoWi npsMoii, 3af4aguMM OTHO-
leHve

p={(M, M)NT =(0N1)A[C'0'}c=UAIX[CT7)T].

MpoBepbTe A5 HEro cHayana BbIMNOAHMMOCTb ycnoBuid (10.1.1) m (10.1.4):

[AB
C D'

AM B AM B C D'
Puc. 49 Puc. 50

AM B
Puc. 51
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A M B
Puc. 52 Puc. 53

2. (10.1.4) dBnsaetca nu p — otobpaxeHuem? T. e. O4HO3HAYHO
nn Toukon J11e[/IB] onpegensietca Koptex (M, M ")ep? (Touka
M'elC'D']?)

BbinonHeHWe 3TMX ycnoBuii o3HavaeT, yto p:\AB] “m[C'D'].

[okaxuTe, 4To OTOGPAKEHME P CHOPBLEKTUBHO U MHBLEKTUBHO. [N 3TOro NpoBepb-
Te BbINO/HMMOCTL BTOPOro U TpeTbero m3 ycnosuit (10.1):

3. p —sur (10.1.2): MNouvemy VATe[C'D'] Hangetca Mel[4ii]
Takasi, yto (OM)[\[C'0’]® O wu (OM)[\[C'D']=M"} (M=U0AMNN
NfAB]®0). .

4. p —in (10.1.3): MpeanonoXxum, 4to To4kM M, d® M2 Ho

<Af, M’)ezp=>M'= (OMY[\[C,
{n1,, M2cz[AB] (M2 M') e/7==M" = (on)2)n(¢'%'ﬂ"‘

Toukn Af, Af2 M', O npuHagnexart oOfHoi NpsiMoii
=>Af, = M2

B coBokynHocTM M. N. 1—4 o3HayalT, YTo p — BUEKTUBHOE OTO-
6paxeHne, a 3HaunT, otpeskn [AB] n [C'D'] paBHOMOLHBI. O

[okazaTensctBo paBHOMoOWHocTM [AB] u [C'D’] npoBeseHo Ha
yeptexxe ANa HenapannenbHbiXx oTpe3koB. Ecnu (J1B]||[C'E)'], oT-
06paxXeHMe p W MOCTPOEHME, U A0Ka3aTe/bCTBO aHanorMuyHbl. Cpae-
naiTte 4epTex. ®

2) Ecnu otpesku [/1IB] n [C’D'] npuHagnexat oOfHoOW nNpsiMOiA,
TO MOXKHO CBECTM peLleHMe 3ajadun K KOMOMHaUMM Mpeabigyumnx cny-
YaeB, TOYHEE, KOMMO3MLMWM HEKOTOPbLIX U3 MNpeAblayliMx oTobpaxe-
HWiA. MocTapaiTecb NOCTPOUTHL ABa TaKUX OTOOGPAXEHUS U yKaxuTe
Yk komnosuumto (puc. 54). ®

Takum o6pa3om, MOXeT OblTb YCTAaHOBMEHO, 4YTO NHO6bLIE gBa OT-
pes3ka paBHOMOLLHbI, YTO O3Ha4yaeT, KaK 3TO HM KaXKeTcs CTPaHHbIM
Ha nepsbii B3rnag, uto otpe3kn [/IB] mn [C’D'] paBHOMOLUHSI,
e £, «MMEKT OAUHAKOBOE KONMYECTBO TOYEK», W B Cay4vae, Kor-
fa [AB]c.[C'D']. NonpobyiiTe caenatb COOTBETCTBYHOLLME MOCTPOE-
Ha (puc. 55).
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Puc. 55

MpeanoxeHHOe «reomMeTpuyeckoe» f[0Ka3aTenbCTBO PaBHOMOLL-
HOCT/ OTPE3KOB He eAUHCTBEHHO, HO AOBOJILHO HarnsgHo. Monpobyii-
Te npuaymatb gpyroe (MoXeT 6biTb anrebpanyeckoe?) gokasaTenb-
CTBO VX PaBHOMOLLHOCTM.

He cocTaBnsetr ocoboro TpyAa yBUAETb, UYTO PaBHOMOLLUHbI He
TONbKO Nt06ble ABa OTpe3Ka, HO U Nobble ABa WMHTepBana, TakK Kak
oto6paxeHue p| ™ :JNIB[-» ]C'O'[ Takke OMEKTUBHO. 4

3apgava 11.2.2. [loKkaXXunTte, 4YTO PaBHOMOLLHbI MHOXeCTBa TO-
yek NONyokKpyxXHoctn S' u ee gnameTpa | CD [ (obwue, gnametpanb-
HO MPOTUBOMOJIOXHbIE TOYKU BbIKONOThI).

OTob6paxeHne 3a/laeTcs CONOCTaBfieHUEM TOYKe
M eS' ee opToroHanbHoli npoekuun Ha ]JCD [, T. e. ocHOBaHMA nep-
neHaukynsapa, npoeegeHHoro k \CD[ wuepes Touky M (puc. 56).

[JokaxunTte, 4to Takoe OoTO6paKeHNe COPBEKTUBHO U MHBEKTUBHO.

1 g—sur (10.1.2): Im</=]CDJ. 04
2. 4d—in (10.1.3): (04
<J1*, Nr>
Af,, AfZc=S' " n =
{ 2e <M 2 nr> YW= Mn

3TO B COBOKYMHOCTM 0O3HayaeT OMEKTUBHOCTb OTOOGpPaKeHus q u
pPaBHOMOLLHOCTb MHOXECTB TOYEK MOMYOKPY>XXHOCTU S' u ee gnamert-
pa ]CD[.

3apaua 11.1.3. [JoKaXuTte, 4TO pPaBHOMOLLHbI MHOXecTBa TO-
YekK MPSAMOM M Kacarlolleincs ee NONYOKPYXXHOCTWU, 3afaB OoTobGparke-
Hue s:l -» S'|s:M -» Af'= (OAf)nS' n gokasaB ero OGMEKTUBHOCTb

(puc. 57).

C OMD

M1
Puc. 56 Puc. 57
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1. s —sur (10.1.2). Ims=s-]CD].
2. s—in (10.1.3):

M *O,’\ * ?
(Af, MZczl M, h=2mbe MY
M2z M'>e s j

L & 2

3apgauva 11.23. JlokaXnTte, 4To paBHOMOLHbI MHOXecTBa TO-
uek MpsAMOM M NOBGOro ee MHTepBana.

YkasaHvie. Hapgo onpefenutb (Mpugymatb) HEKOTOPOe OTOOpaXkeHWe W JokasaTb
ero 6uektmBHocTh (10.1). Ero onpegenntb, BOOGLLE roBOPS, MOXHO MHOrMMWU crnocoba-
MW, HO OfHO M3 HWUX MOXHO MNOCTPOWTb BMOSIHE HArfisigHO, WUCMOMb3ya U pesynbTaTtbl
npegblgywmnx 3agady 1122 n 11.1.3 (cM. ewe Teopemsbl 10.1, 9.1, 9.2).

§ 12*. KOHEYHbLIE N CYETHbBIE MHOXECTBA

MoHATME paBHOMOLLHOCTM MHOXECTB W ero cBoiictBa (onp.
11.3, 3ameyaHune 11.1) NO3BONAIOT BblAeNATb KNacCbl PaBHOMOLLHbIX
MHOXECTB W/IN MHOXEeCTB C pPaBHbIMW KapAWHasIbHbIMU 4dKncnamMu
(3TO 3KBUBANIEHTHBIA TEPMWUH WCNOJMb3YyeTCA Hapagy C MOHATUEM
paBHOMOLLHOCTHW).

KOHeuHO, MHTepecHO 3HaTb, KAK MHOrO CyLllecTByeT HepaBHO-
MOLLHbIX MHOXeCTB W WMeTb B HEKOTOPOM CMbICNe «3Ta/lOHHbIEe
MHOXXecTBa», YTOObl cpaBHMBas C HUMW Apyrue, nerye 6blno ycTa-
HaB/MBaTb PaBHOMOLLHOCTb MHOXECTB WM ee OTCyTCcTBME. B Kaue-
CTBE TaKMUX 3Ta/IOHOB eCTECTBEHHO paccMaTpuBaTb, Hanpumep, oOT-
peskn Hatypa/ibHOro pffa WM MHOXEeCTBO BCeX HaTypasibHbIX Uu-
cen. NoatomMy cpeiy MHOXECTB MpexXae BCero pas’inyaroT KOoHey-
Hble 1 GEeCKOHEeYHble, CYETHble U HEeCYETHbIE.

OnpepeneHune 121. MHOXECTBO, pPaBHOMOLLHOE C OTpe3-
KOM HaTypa/bHOro paga (r. e. NoAMHOXeCTBOM HaTYypPasibHbIX Yn-
cefl, He NPeBOCXOAALLMX HEKOTOPOE YMUC/O M) Ha3blBAeTCA KOHEeY-
HbIM [lycTOEe MHOXECTBO Takke MPUHATO CUMTaTb KOHEYHbIM.

B npoTwBHOM cnyyae roBopsT O 6ECKOHEYHOM MHOXKECTBe.

KoHeuHoe MHOXeCTBO, CcOCTOAllee U3 M 3/eMEHTOB, O0O6bIYHO
o6o3HauvatoT P(n).

YtBepxpgeHune 121 MHoxecTBa P (w) u P (M) He paBHO-
MOLLHbI, ecnv N T.

3agava 1211 [JokaxuTe yTBepXfeHue 12.1.

YkazaHve. Cm. 3agaun 10.11 n 10.1.2, paccmotpute ciyyaun: 1). T>n, 2). T<n —
Mopymaiite, B YeM MPensTCTBUE OUEKTUBHOCTM OTOGpaxeHust P(T)-*- P(n) ans ta-
Kux Twun? *

Takum o6pa30M, KOHEeYHbIX, HO HEPAaBHOMOLIHbIX MHOXECTB, O4e-
BUOHO, 6ECKOHEYHO MHOr0o, MOXXHO CKa3aTb, YTO WX pPas3snnyHbIX BU-
AoB, NN, TOYHEee, KfiacCoB, CTOJIbKO >Xe, CKOJIbKO HaTypa/ibHbIX 4YKn-
cen. KaxxgomMy TakoMy Kaccy KOHeUHbIX MHOXECTB cOonocTasasfeTca
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OAVHAKOBOe AN BCeX ero npejcTaBuTeneli 4YMCNO  3/1EMEHTOB,
T. €. KapAuHanbHoe uucno. Ana mHoxects P (n) ato n, B Takom cny-
Yyae roBOPAT O MHOXECTBE MOLHOCTM M. 3TO MO3BOJSET «Mnepecyu-
TaTb» BCE KNacCbl KOHEYHbIX, HO HEpPaBHOMOLLHbLIX MHOXECTB, O4e-
BWAHO, YTO WX CTO/IbKO €, CKOMbKO HaTypaNibHbIX 4uCen.
OnpepeneHue 122 MHO>XeCTBO, PaBHOMOLLHOE MHOXKECT-

BY BCEX HaTypaibHbIX 4YWUCEN, HA3bIBAETCH CYETHO GECKOHEUHbLIM

MolHOCTb MHOXecTBa BCeX HatTypanbHbix uncen N (u, cooTBeT-

TBEHHO, BCEX €My PaBHOMOLLHbIX) MMeeT creuunansHoe o0603Haue-

Hne: X o— uunTtaetca «aned-Honb» ( X — 6ykBa andaBuTa MBPUT).

VI3BECTHO, YTO YMCNO Pa3IMYHbIX TUNOB GECKOHEYHbIX MHOXECTB

He TOMbKO OECKOHEYHO, HO faXke Hec4eTHO.
OnpepeneHune 123. KOHeYHble N CYETHO OGECKOHEYHbIE
MHO>KeCTBa 06beAUHAITCA Ha3BaHMEM CUYeTHble MHOXKecTBa. Bce
OCTa/lbHble MHO>XECTBa Ha3blBATCHA HECYETHbLIMU.

B cuny 3agaum 11.1.2 u npumepa 11.3 MHOXecTBa BCeX LefbIX
yncen Z n BCeX YeTHbIX HaTypanbHbiX 4yncen 2N cueTHble, TOUHee —
CYETHO O6GeCcKOHeuYHble.

Mpumep 12.1. HecyeTHbIM SABNAETCA MHOXECTBO TOYEK WHTEp-
Bana. Tak KakK BCe WHTepBa/bl paBHOMOLHbI (CM. 3agady 11.2.1), TO
[OCTaTOYHO JoOKa3aTb HECYETHOCTb OfHOr0 MWHTEepBana YMC/I0BOWA
npsimoii, Hanpumep, 10, 1[.

3afayva, KoTopyto Mbl Oyfem pewartb, NO CBOeR CyTM [OBOJb-
HO TpyfHa: Hajo nokasaTb, YTO He cyliecTByeT OWEKTMBHONO OTO-
6paxeHnss N-» 10, 1[.

JokasaTtenbcTBO. 0. Bce pgelictBuTeNnbHble 4ymcna oT 0 Ao
1 6ypem 3anucbiBaTb B BuAe GECKOHEYHbIX AeCATUYHbIX Apobeli, HO
HEKOTOpble M3 HUX MUMEIOT He OAHO Takoe npejcTasfieHue (Hanpumep,
1=0,99999.. = 9/10-]-9/100-(-9/1000+ —)* BCAKYIO KOHEYHYIO Ae-
CATUYHYK ApO06b MOXHO NpeAcTaBUTb B BuAe GECKOHEYHOR c nepu-
ogoM 9, noaTomy, 4TO6bl YCTPaHWTb HEOAHO3HA4YHOCTb, KX Oydem
paccMmaTpuBaTb MMEHHO B TaKOW 3anucu.

1 MpeanonoXmm, YTO MHOXECTBO Toyek MHTepBana ]0, 1[ cuert-
HO, T. €. BCEX MX MOXXHO 3aHYMEPOBATb: *,, X2 ... X, Kaxpgoe Ta-
Koe 4umcno — 6eckoHeyHas gecAaTudHasa Apo6b: xa= 0,a'mlas...

2. Ob6pasyem [AecATUYHYI0 Ap0O6b X, OTIMUHYIO OT BCEX YMCen 3TO-
ro mHoxecrtea: X = 0,b'b2 ... , Boi6upas uncna b*(i'e N), otmunble
OT «fnaroHanbHbIX» al:

X, = 0,a]a?a?...
*2= 0,a™a"N... ,

Xx,= 0,aYsa8... ,

HO Tak, 4tobbl BP0 M B'PI (T. e. XD O 1 *P 0,999..= 1). AcHo,
4YTO TaKOW BbIGOP BO3MOXEH.
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3. O4eBMAHO, 4YTO MOSyYeHHbIi Takum o6pasom xe]0, 1[.

4. ECnun Halwe npeAnosioxXeHne 0 CHeTHOCTM Apobeli NpomMexyTka
10, 1( BepHO, TO 3M AN \X=Xxn, 3T0 HEMeANEHHO B/ieYeT PaBEHCTBO
bT HekoTOpOMYy «AnaroHanbHOMY 3fieMeHTy»: bT= d,], uto npoTnsBope-
uuT BbIGOPY uuncna X. CnepoBaTefibHO, AecsATuUHaa Apobb X, onpeje-
NleHHas BbllWe, He BXOAWUT B c4YeTHoe MHoxecTBO {xJneN1}, Ho
x e |0, 1[, a aTo 1 o3HauaeT, 4To Bce uucna mHTtepsana 10, 1[ 3aHy-
MepoBaTb Hefnb3f, T. €. He CylwecTByeT OMEKTMBHOIO 0TO6paKeHus
N B ]0, 1[, 1 MHOXeCTBO TOYEK TakKOro MHTepBana HecyeTHO. m

Bbilwe Mbl NpuBenn 3HaMeHUTOe fokKasaTenbcTBO . KaHTopa, Ko-
TOpbIA cOOBLWNA ero NoYTK CTo NeT Haslag B 1891 rogy Ha cbespge ec-
TecTBoucnbiTaTene B lanne.

Tak KakK eCcTeCTBEHHbIM 06pa3sOM OTOXAECTBAAKTCA MHOXECTBO
OEeNCTBUTENbHbBIX Yncen (4McnoBas npsamas) U MHOXECTBO TOYeK nps-
MOW, MHOXEeCTBO TOYeK WHTepBana eAWHWYHOW [AAUHbI U YUCNOBON
npomMexyTtok 10, 1[, a 3agayeit 11.2.3 yka3aHO, YTO MHOXeCTBa TOYeK
npsmoli n ee Nt060ro MHTepBana PaBHOMOLHGLI, (T. €. Cyw,ecTByeT 6u-
ekTMBHoe oTo6paxeHue ]0, 1[—»R), 3T0 NO3BONAET YyTBEPXAaTb,
UTO MHOXEeCTBa BCeX [AeWCTBUTE/IbHbIX YMCEN K BCEX TOYEK MPsSMOi
HecyeTHbl, KakK paBHOMOWHble uHTepBany ]0, 1[ (cm. 3ameyaHune
11

MoluHocTe MHOXKECTBa AeCTBUTENbHLIX uncen (M BCeX emy
aBHOMOLLHbIX) 0603HaYaeTca C M HOCMT Has3BaHWe MOLHOCTMU
OHTUHYyMa.

(Continuum — naTMHCKOE C/OBO, OHO O3HayaeT HEeMNpepbiBHOCTb,
HepaspbIiBHOE, CM/OLIHOE).

OfHaKo, KakK Mbl y)Xe OoTMeyanu, STUMU TpeMsl, XOTS U BaKHbIMU
npumMepamy MHoxecTB: P (), N, R, He ucuyepnbiBalOTCA KOHEYHbIE,
CUYETHble W HecuyeTHble MHOXecTBa. Cneaytouime cBOKCTBA MOMOTYT
B OMpegeneHnn pPaBHOMOLLHOCTM MHOXECTB U MOCTPOEHUU [APYrux
NPUMEPOB PaBHOMOLLHbLIX WIN HEPaBHOMOLLHbIX MHOXECTB.

Teopema 121. J/lio60e 6eCKOHEYHOE MHO>KECTBO COAEPXKUT
CYyeTHOe (CYETHO OGECKOHEYHOE) MOAMHO>KECTBO.

LJokazaTenbcTtBO. [lyctb M — HekoTopoe 6GecKkOHeYHoe
MHOXecTBO. Tak kak M ® 0, TO Hanpgetcs anemeHT a,eAf. Pas-
HOCTb MHOXEecCTB (CM. onpegeneHue 1.7)— mHoxectBo M\{a,}®d 0
N GECKOHEYHO, MOCKONbKY B MPOTMBHOM ciy4vyae M okazanocb 6bl KO-
HeuHbIM MHOXecTBOM. Bbi6epem a2e A t\{a(}. N3 coobpaxkeHunii, aHa-
NOTUYHBIX MNpefbliayuM, MHOXECTBO

(M\{a,h\{aZ = N14\{a,, a3 ® 0

N 6eCKOHEYHO, a yKa3aHHbIli npouecc NOBTOPSiEM CKOMb yrogHo. lMo-
Nly4eHHOoe TakMM 06pa3oM MHOXXEeCTBO MO CamMOMYy CMocob6y noctpoe-
HWS, OYEeBUAHO, CHETHO, HenycTo u JI4'= {a, a2 a3 ..}czAf. ]



104 3. BuekTnBHbIE OTOBpPaXKEHUS

Teopema 122. /lio60e NOAMHOXKECTBO CHETHOrO MHOXKECTBa
CYETHO.

Teopema 123. OGbefuHeHMe BCAKOTO KOHEUYHOTO 1 CUETHOrO
MHO>KECTB CUETHO.

3apgauva 12.1.2. Jokaxute Teopemy 12.3.

YKazaHue. B KauecTBe CUETHOr0 MHOXEeCTBa MOXHO 6paTb MHOXeCTBO N, 3aTeM
paccmotpute P(2)UN, rge P{2)={a\ a2, nocrapaiitecb Ha 3TOM npumepe HaiiTi
uielo AokasatenbcTBa A1 npoussonbHoro P(n).

Teopema 124. O6befUHEHME CYETHOrO MHOXKECTBA CUETHbIX
MHO>KECTB CYETHO.

3apgava 1213. Jokaxute Teopemy 124,

Yka3aHuve. [lokaxxuTte ero cHavyana s cnyyas oo6befvHeHUs XOTS 6bl ABYX cuyeTt
HbIX (CLIETHO 6ECKOHequIX) MHOX>XeCTB — KaK B 3TOM C/lydae MOXHO «3aHymMepoBaTb»
3N1eMEHTbI 06'be,q|/IHeHI/IF| 3TUX MHOXeCTB? I'IocrapaVlTer Ha 3TOM npumepe HaliTi
Vae fokasatenbcTBa O6LWero cny4vas.

YTBepxXaeHune 122, MHO>XKecTBO N2 cueTHoO.
3apgava 1222, Jokaxute yTBepXaeHue 12.2.

YKa3aHue. BbuekTMBHOe 0T06pa>|<eHV|e N “m MO>XHO NOCTPOUTbL ABHO, HO WHTE
ppecHee BOCNO/b30BaTbCA TeopeM017| 124 — TaKoe [OKa3aTeNbCTBO COBCEM MPOCTO

CnepctBune 121, MHOXKECTBO Q BCeEX palMOHaNbHbIX Yucen
CYeTHO.

[LelictButensHo, n060e MNONOXUTENbHOE paluoHabHOE YMC/0
npeAcTaBUMO B BUAE HECOKPATUMOW MONOXMWTENbHOW Apobwu, cnepo-
BaTeNIbHO, Cyl,ecTByeT OMEKTMBHOE OToGpaXeHue MHoxectBa Q-+
BCEX MOMIOXUTENbHbIX palMOHaNbHbIX YMCEN B MHOXEeCTBO P' — KoOp-
Texxen (p, <) Bcex HaTypasbHbIX B3aMMHO MPOCTbIX YnUCen (He MMero-
wux obwwmx genutenein). P'cN 2 otcioga (mo yTtBepXaeHuto 12.2
n Teopeme 12.?) cnepyeT cYeTHOCTb P', a 3HA4YUT U pPaBHOMOLLHOrO
€My MHOXeCTBa BCEX MOJIOXUTE/bHbIX palMOHanbHbIX 4ucen Q+.

MHoOXecTBO Q _ BCex oTpuuaTe/ibHbIX palMOHabHbIX YMcen Tak-
»Xe CYeTHO. 4

Torga no teopeme 124 MHOXECTBO BCeX paLWOHanbHbIX 4ucen
Q= Q_U{ORJQ+ cueTHO, KaK 0bO6begMHEHNE CHETHOro (KOHEYHOro)
yuncaa MHOXECTB. -
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MCTOPUNYECKAA CIMPABKA

Bbiclliee HasHaueHue maremaTuku —
HaXOAWUTb CKPbITLIV NMOPSAOK B MYpe Xa-
0ca, KOTOpbI Hac OKPYXKaeT.

H. BuHep. «A — matemartuk»

3HaKOMSCb C UCTOPME OCHOBHBIX MOHATUIA MaTeMaTUKK, XOTa 6Gbl
TaKuX, Kak Teopusi MHOXECTB M OTOGPaKeHWiA, Mbl BMAUM, 4TO OHA
COBCEM HenpocTa U gake gpamaTvyuHa, a MeTod AeAYyKTUBHbIX pac-
CYX[EeHUi— ocHoBa MaTeMaTU4Yeckux [oKasaTeNnbCTB, MPUBOAMT K
CNefCcTBMAM M3 OUYEBUAHLIX YTBEPXAEHUN, KOTOpble MHOrLA KaXyTcs
NpoTMBOpPeYalM/ UHTYULUUM W 34paBOMYy CMbicNy. W3 un3BecTHOIA
akcombl Liepmenno (MycTb fAaHO MHOXecTBO oK cocTosuiee U3
nonapHoO HenepeceKaroLlnxcs MHoXecTB Ma, Torga cyuiecTByeT MHO-

XecTBo M, KaXK[blii 3neMeHT T S KOTOPOro MPUHAANEeXWUT HEeKOoTo-
pomy Ms, mpuuem Tak, uto M[\Msi= T 5.) BbiTeKkaeT yauBuUTENbHas

BO3MOXHOCTb pa3bueHuss LWapa Ha KOHEYHOE 4MCN0 YacTeil, u3
KOTOpPbIX ABVMKEHUSIMU B MPOCTPAHCTBE (T. €. COXPaHAsA pPaccToAHUSA)
MOXHO COCTaBUTb [Ba Takux e Liapa.

MHorga Takme «NpoOTUBOPEYMs» TFOBOPAT O HECOBEPLUEHCTBE Ae-
[YKTMBHOTO MeTO4a WM CUCTEMbl aKCMOM, HO 3a4acTyl OTKpbIBalT
COBEPLUEHHO HEOYeBUAHbIE, HO WCTUHHO [/ly6MHHblIE U rnobanbHble
3aKOHOMEPHOCTM.

K TakMm KaXywumcs MpOTUBOPEYMSM OTHOCUTCS PaBHOMOLL-
HOCTb MHOXXECTB TOUEK MPsSIMOMA 1 ee M060ro nHTepeana. NMocmoTpum
Ha 3Ty npo6nemy c Apyroli CTOPOHbl. MOHSATHO, YTO TOYEK, KaK Mnps-
MOW, TaK W NOCKOCTM GECKOHEUYHO MHOrO, HO rge 6onbwe? lMocne To-
ro, Kak Mbl YCTAaHOBUIN OGUEKTUBHOCTb OTOOPaXKeHUA MNPSIMOA B WH-
TepBasn, MOCNEWHOro oTBeTa, BMUAMMO, CTOUT ocTepedbcs. [lMpexae
BCEro, O4YeBUHO, YTO CMOCOO6OM, aHaNOTMYHbIM [O0Ka3aTeNbCTBY paB-
HOMOLUHOCTM MNPSIMOA U UWHTEepBana, MOXHO TMoKasaTb paBHO-
MOLLHOCTb MHOXECTB TOYEK MJOCKOCTM U KBagpaTta 6e3 orpaHM4uBa-
HOLLMX ero OTPe3KOoB. ATO CBefeT 3afjavy CPaBHEHUS MOLLHOCTeR nps-
MO M MNJOCKOCTU K CPaBHEHMIO PaBHOMOLLHbIX UM WHTepBana U
kBagpata. lMpuBegem paccyxaeHns KaHtopa.

MHOXeCTBO TOYeK KBajpaTa eCcTeCTBEHHbIM 06pa3oM OTOXAEecCT-
BUMO C MHOXECTBOM KopTexeli (X, ) ¢ 6eCKOHeUHbIMU AeCSATUYHbI-
m1 gpobsamm Buga 0,ajaZal.., kKOoTopble Mbl nMpegnofnaraeMm 3anucaH-
HbIM/ B GeCKOHeYHoM Buae (cM. npumep 12.1, T. e. He NMPUHMMaeTCs
3anncb gpobeii ¢ KOHEYHbIM YMCIOM 3Havawux ungp). Nagea KaHto-
Pa 3akn04aeTca B TOM, YTOObl CAUTb 3TU APO6GU B OAHY AECATUUHYHO
[po6b, No KOTOpo# OfHO3HAYHO BOCCTaHaBAMBanAMUCb Obl X U Y (in),
N KoTopas npuHMMana Obl BCe MONOXWUTE/bHble 3HAYEHUSA, He npe-
Hocxogswme 1 (sur), no ogHoMy pa3y (oTo6paxkeHue), Korga Touka
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g1, y) npoberaeTt no Bcemy kBagpaty (Dom). Tem cambiM 6b110 Obl
nony4yeHo OWMEKTUBHOE OTOOpaXKeHMe KBajpaTta Ha efVHUYHbIA OT-
pes3ok.

Kasanocb 6bl, TakOe COOTBETCTBME MPOCTO YCTAHOBUTb, MOMOXMB
/(<0,0,0203.., 0,b,b23..})=0,a,b,ab2aH3.. . (OTMETUM, 4YTO OTHO-
LeHne

F = {<<0,0|0203.., 0,bthh3..), 0"U\b\Qb2aD3... .)},

OYEBULHO €CTb OTOOpaXKeHMe, Tak KakK KOpPTexXem
<0,0,0203.., O.b, bb3.> OJHO3Ha4yHO onpegensercs ymncno
0,a\bxad2233 ..). M no gpobu 0,0,6,02 33 — . oTaensa uucna Ha
YETHbIX W HEYeTHbIX MecTax nocne 3anAaToil, MOXHO BOCCTaHOBUTb
x= 0,alaZi3= n y= 0,blbb3.. ogHO3HAYHO, YTO M O3HA4YaeT MHBLEK-
TUBHOCTb OTOGpPaXKeHUs: KopTex <<x, Y), Qa'bfad2ad3..)e F ¢
NPoun3BO/bHBLIM (UKcupoBaHHbIM Q,abiazb2ad3... egUHCTBEH.

OfHaKo OKa3sblBaeTCcsl, YTO OMnpefeneHHoe Tak OTobpaxeHue He
CIOPBEKTMBHO, MOTOMY 4TO 06pa3om 3anemeHTa (X,y) XOTd u aBNsieT-
ci 6eckOHeuyHas pecsATMYHas [pob6b, He npeBocxogsdawas 1, Ho
CYLLECTBYIOT OECKOHEeYHble [fecsTUYHble Apo6u, (Hanpumep, BUaA
|C|CDcA)E..), Kkotopble nonydatoTcs TOMBKO M3 KOHEUHBIX [Apo-
6eii. [Ans OAHO3HAYHOCTM MpeAcTaBfeHUs uucen B [AECATUYHOW
3anucy Takoe MpejcTaBieHne Mbl UCKIKUYUIN M3 pacCMOTpeHus (Tak
npu z= 0.c,C20cOt6.. nonyuyum g= 0,C|00.. — c KOHEYHbIM YMCIOM
HeHyNeBbIX 3Havalwmx uudp nocne sanatoin, a y= 0,c24RB..). O60ii-
T 3TO NPOTMBOpEYMe MOXHO, B3sB 3a a,, a2 a3l.., 6, b2 b3.. He oOT-
fenbHble UMGpbl, a, Kak Ha3Ban ux KaHTop, «MOneKkynbl Aae-
CATMYHOIM ApOoGU», COeaMHAs B OAHO LENOe N0OYH HEHYNeBYyH 3Ha-
yalwy uudgpy C npejlwectBylOWMM Hynem. Hanpumep, ecm
2 = 0,3208007000302405.. , 10 ¢,=3, cr=2, c3=08 c4= 007,
c5= 0003, c6= 2, c7= 4, cg= 05......... HecKo/IbKO M3MeHUM npasuo:
nyctb Tenepb a,, 6, a2 b2 a3 b3 u 1. 4. 0603HAYalOT He uyucna, cTosi-
LLie, COOTBETCTBEHHO, HA HEYETHbIX M YeTHbIX MecTax nocne 3ansToin,
a Takme «Monekynbl». Torga nw6omy (X, y) OAHO3HAYHO COOTBETCT-
ByeT 6eckoHe4yHasi Apobb I, KOTOpasi, B CBOK 04yepefb, OLHO3HAYHO
onpefensetr U X MYy, pacnajascb Ha fBe ApO6OU C GECKOHEYHbIM YuUC-
NIOM «MOJeKyn», T. €. GeCKOHeYHble AecsATUYHble Apobu. Takoe OTO-
6paxKeHne MHBEKTUBHO, T. €. MO X UY YNCAO I MOoJyyaeTcs OAHO3HAY-
Ho, 1 Bcskoe re ]0, 1[ MOXET BO3HMKHYTb TOMIbKO OAHAXAbI.

9T0 6MeKTUBHOE OTOBpPaXKeHMe M ycTaHaB/IMBaeT PaBHOMOLLHOCTb
KBagpata M MHTepBasa, YTO B KOHEYHOM cueTe MPUBOAUT K YTBEPXK-
[EeHUI0, 4YTO MJIOCKOCTb WM MpsiMas MMEeT OAUHAKOBYH MOLLHOCTb
KOHTUHYYM, WA PaBHOMOLLHOCTb MHOXecTB R2 n R.

0O606LleHNe 3TOrO0 fJOKasaTenbCTBa Ha MNPOU3BOJIbHYH CTereHb
R" BnosnHe oueBugHoO. . KaHTOp B TeyeHue Tpex net ¢ 1874 roga
NbiTafncs gokKa3aTb HEBO3MOXHOCTb GMEKTUBHOIO COOTBETCTBUSA MEX-
4y MHoxectBamy R m R" npu n>1, noka OH K CBOeMy YAVB/IEHNIO
He MOCTpoUN ero. «f 3TO BUXY, HO HE BEp0 B 3TO»,— nucan oH [efe-
KUHAay...
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BVWHAPHbBIE OTHOLLUEHWA
HA MHOXXECTBE

OAKTOPMHOXXECTBO

§ 13°. Buabl GUHapHbIX OTHOLLEHW Ha MHOXeCTBe.
§ 14 OTHOWeHNA nopsiaka Ha MHOXecCTBe.

§ 15 OTHOLIEHNA 3KBUBAIEHTHOCTM HA MHOXECTBE.
§ 16. Knaccbl 3KBMBaIEHTHOCTU. PaKTOp MHOXECTBO.

OCHOBHblE NMOHATUS: pemHEKCVIBHOCTb, CUMMETPUYHOCTb, TPaH3U-
TUBHOCTb OTHOLUEHWIH, KNaccbl W OTHOLWEHUS 3KBMBANIEHTHOCTH, yno-
pAoOYEHHbIE MHOXXeCTBa, CbaKTOp MHO>XeCTBO, CBO60,CI,HI:IVI BEKTOD,
CpaBHeEHME LeENbiIX 4Yucen, paBHOCOCTaB/IEHHOCTb U PaBHOBE/NMKOCTb

turyp.

Heo6xoauMble CBeeHUS:: MHOXECTBa, onepaLMm Ha MHOXecCTBax,
GUHapHOE OTHOLLEHME, KOMNO3MLUMS 6MHAPHbIX OTHOLUEHWIA, UHBepPCUS
GUHAPHOIO OTHOLLEHWUS,, KOHeYHOe MHOXECTBO, rpad 6uMHapHOro oT-
HOWEeHNs1 Ha KOHEYHOM MHOXECTBE, HamnpaB/fieHHbIli OTpPe3oK, CoHa-
npasfeHHble NyYun, 4eKapPTOB KBaApaT MHOXEeCTBa, AMaroHanb gekap-
TOBa KBajpata MHOXeCTBa, PaBHOMOLLHbIE MHOXECTBa, MOA06HbIe
TPEYroNbHUKN, PaBHOBENVKME (PUTYPbI.

PekomeHZaLum: ecnv nocobrie UCnonb3yeTcs B NEKUMOHHOW pa6oTe, TO A0 NeKumn
pekoMeHayeTcs NpeABapuTeNlbHOE 3HAKOMCTBO CTyAeHTa ¢ cofepxaHueM § 13° (camo-
CTOATENILHO WM Ha MPaKTUYECKOM 3aHATUM).
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CemecTp 1
| — MHOXecTBa W OTHOLUEHUA Ha MHOXXecTBax.

<§1—§ 5)
2 — Onepauuu Ha GUHApPHBLIX OTHOLUEeHUsX. OTOBpaXKeHus. )
(§6- $8)
3 — BuekTuBHble oTo6paxkeHus. lMpeobpasoBaHus.
(8 9—8§ 12
4 — BuHapHble OTHOLUEHMS Ha MHOXecTBe. PaKTop-MHOXECTBO.
<§ 13-§ 16)

5 — Matpuubl. OCHOBHblE OMepauMn 1 CBOICTBA.

6 — MopacrtaHOBKKW. pynnbl.

7 — Onpegenutenn.

8 — BeKTOpHble MpOCTpaHCTBa.

9 — JINHEeNHO 3aBUCUMble W NMHENHO He3aBUCKMble CUCTEMbl BEKTOPOB.
10— PaHr matpuupbl. CUCTEMbI NIMHEWNHBIX YpaBHEHW

| | — JlnHeliHble OTOGpPaXKEHUSA BEKTOPHBIX MPOCTPAHCTB.
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15 — EBK/INAOBLI BEKTOPHbIE MPOCTpPaHCTBa
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§ 13°. BMAbl BUHAPHbLIX OTHOLWEHWW
HA MHO>ECTBE

B § 5 6bl10 BBEAEHO MOHATME OGUHAPHOIO OTHOLUEHUS Ha [BYX
MHOXeCcTBax, 06 bEKTOM W3Yy4YeHMs B 3TOW Nekuunm 6yayTt GMHapHble
OTHOLLEHUS Ha MHOXECTBE.

OnpepgeneHune 130. Jllw6oe 6uHapHOe OTHOwWweHNe Fc.A2

al0oT GMHApPHbIM OTHOLIEHNEM HA MHO>KECTBE.
.OM cnyyae DomFcr/l, Im FczA, a
ectBo Dom F(JIfn F HasbiBalOT 06nacTbl0 GMHAPHOTO OTHO-
na F.
603HaveHne ob6nactu oTHoweHus: D(F) wnnn, ecnm noHSATHO O
KakOM OTHOLWeHun wunaet peyb — D.

Kak npaBuno, ynotpe6nseTrcs BblpakeHue: GUHapHOe OTHOLUe-
HMe Ha MHo>KecTBe D, nogpasymeBasi, uto D= D (F)czA wn
FczD2(F), pasnuune mexay mHoxectBamu D (F) n A, ecnn oHo cy-
LWeCTBEHHO, O6bIYHO BUAHO M3 KOHTEKCTA.

B mMatematmke 4acto MCMONb3YKTCA cneuunanbHble BUAbl OTHO-
LEeHWNA: 3KBUBAJIEHTHOCTM U nopsigka. Kaxpoe n3 HUX onpepenset-
CA 4epe3 HEKOTOpble CBOWCTBA, M3yYeHUEe WX — Hawa O6amxanlas
3agava.

OnpepeneHune 131 bBuHapHoe oOTHOWeEHMe F Ha MHO-
>kecTBe D HasblBaeTCcs pepnekcuBHbIM Ha D, ecnu gna nw6oro
xe D = Dom F|J Im F kopTe>X (X, x) g F, B 3TOM cnyyae ropopaT,
YTOo KaXKabll xe D HaxoguTca K camomy cebe B AaHHOM OT-

HOLWEeHNN.
CnmBO/nYeckas 3anucb 3TOro onpegeneHus:

def
F — petnekcnBHo -<=>-(VxeD=> <* Jc>eF). (13.1)

HecnoxHo BuaeTb, YTO M3 onpefeneHnss HeMea/leHHO crnepyer,
4yTo 6MHapHOe OTHoweHne F~' pednekcnBHO TOrga M TONLKO TOrAa,

Korga pednekcuBHa ero uHeepcus F~'. ®
OTtHoweHune S = {<1, 1>, <1, 2>, <1, 3>, <2, 2>, <2, 3>, <3 3>},

04YeBUAHO, pedneKcUBHO, TaK Kak
D(S)= 7 n S=>{<1, 1> <2 2> <3 3>}

He pednekcrMBHO GMHapHOE OTHOLLEHUE
L={(x, y)\x, y — niogn A «u4enoBeK X Bbllle 4esoBeka Yy»}, ¢

3agaHue 131 Mo rpaham 6GUHaApPHbLIX OTHOLIEHWA Ha KOHeY-
HbIX MHOXXeCTBax onpeAennMm, Kakme n3 HUX pedrekcuBHbl. (Bolige-
NnTe CBOWCTBO). (01
Korga Mbl NO3HaKOMUMCA C APYrMMW BuamMu OGUHAPHbLIX OTHO-
LEHUIT Ha MHOXecTBe, TO 6yAeM yuyuTbCA OMNpeaensTb, KaKoBbl
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pedieKCUBHO
aHTUpeqIeKCMBHO
CYMMETPUYHO
aHTUCUMMETPUYHO
TPaH3UTUBHO
CBSI3aHHO

V. (b

ax Xc

O

pedhieKCUBHO
aHTMpedIeKCBHO
CUMMETPUYHO
aHTVCYMMETPUYHO
TPaHaNTMBHO
CBSI3aHHO

pechieKCUBHO
aHTMPEQ/IEKCMBHO
CYMMETPUYHO
AHTUCMMMETPUYHO
TPaH3aNTMBHO
CBS3aHHO

pechieKCUBHO
aHTVpedIeKCMBHO
CUMMETPUYHO
AHTUCMMMETPUYHO
TPaH3aNTUBHO
CBSA3aHHO

pechieKCUBHO
aHTNped/IEKCMBHO
CUMMETPUYHO
aHTUCUMMETPUYHO
TPaHaUTMBHO
CBSI3aHHO

VI. b

pechieKCUBHO
aHTMPEQ/IEKCMBHO
CYMMETPUYHO
aHTUCUMMETPUYHO
TPaHaNTMBHO
CBS3aHHO
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VI (b

pedhieKcMBHO
aHTKpehNeKCMBHO
CUMMETPUYHO
AHTUCMMMETPUYHO
TPaH3UTUBHO
CBS13aHHO

pedieKcMBHO
aHTUpe/IeKCUBHO
CUMMETPUYHO
aHTUCUMMETPUYHO
TPaH3UTUBHO
CBSI3aHHO

BMHapHHe OTHOWEHNA Ha MHOXXECTBe

pedhieKcMBHO
aHTUped/IeKCUBHO
CYMMETPUYHO
aHTUCUMMETPUYHO
TPaHaNTMBHO
CBS3aHHO

pechieKCUBHO
aHTUpethIeKCMBHO
CYMMETPUYHO
aHTUCUMMETPUYHO
TPaHaNTMBHO
CBSAA3aHHO

Puc. 59

pedieKcMBHO
aHTVpedIeKCBHO >
CYMMETPUYHO
aHTUCYMMETPUYHO
TPaHaNTMBHO
CBS3aHHO

pechieKCUBHO
aHTMpedyIeKCMBHO >
CYMMETPUYHO
aHTVCVMMETPUYHO
TPaHaNTMBHO
CBS13aHHO
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peduIeKCMBHO pechieKCMBHO peduieKCMBHO
aHTUPeIEKCUBHO aHTUpe/IeKCUBHO aHTUPeIeKCMBHO
CYMMETPUYHO CUMMETPUYHO CUMMETPUYHO
aHTUCUMMETPUYHO aHTUCYMMETPUYHO aHTUCUMMETPUYHO
TPaH3UTUBHO TPaH3aUTMBHO TPaH3UTUBHO
CBS3aHHO CBSI3aHHO CBSA3aHHO
Puc. 60

UX MPU3HAKM A8 KOHEYHbIX MHOXECTB, MO 3TUM e rpadgam
(pnc. 58—60).

OcobeHHOCTbIO rpata peeKCMBHOro GUHapHOro OTHOLUEHUSA Ha
KOHEYHOM MHOXecTBe fBNSeTCH TO, YTO B KaXK[OW ero Touke mmeeTcs

neTns. )
BUHapHOe OTHOLUEeHWe He PedNeKCUBHO Ha KOHEUHOM MHOXECTBe,
€cM B ero rpade XxoTa Obl OflHA TOYKA He UMeeT MeTu. )

PaccMOTpuM 60nee MHTEPECHbIE NMPUMEpPbl GUHAPHbLIX OTHOLLEHWIA
Ha KOHEeYHbIX M GECKOHEYHbIX MHOXecTBax. [pu W3yyeHUn Apyrux
CBOWCTB OTHOLWIEHWIA Mbl 6yaeM BO3BpawaTbCs K 3TUM NpuMepam,
KakK 1 K npumepam 3agaHua 13.1, BblACHAA AONOSHUTENIbHO X HOBble
CBOWCTBA.

Mpumep 13.1. Onpepgenum, obnagardT N CBOWMCTBOM pediiek-
CUBHOCTU OTHOLUEHMS:
1) />={<* y>l{gc, y)czA={l, 2}/\x""t2(y — 1)}
Bce kopTtexu 4, moxHo Bbinucatb A, = {(1, 1), <2, 1), <2, 2)},
0(4,)={1 2). CnegoBatenbHO OTHOLWEHNE pedrekcmBHO Ha D (Pt).
(hNEeKCUBHO, aHTMpedIeKCUBHO,

MMMETPUYHO, aHTUCUMMETPUYHO,
PaH3NTUBHO, CBA3aHHO.

" 2) P2={(x, yY)\{x, y}cZ/\x>2(y-W™}.

D(P2=Z. 310 OTHOWeEHWE Heped/IeKCMBHO Ha Z. o

YkazaHue. CpaBHUTE C GUHAPHLIM OTHOLLEHWEM Pb HallgeTcs v Takoi t s Z, uTo-
Obl X< 2 (jc—1)?
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3) P3={(x, y)\U, y)czR/\x"ty}.
D (P3)= R, oTHOweHne petnekcuBHO Ha R. Tak Kak X ansa nbo-
ro AelcTBUTENBHOIO 4yucna X.

(h/IEKCUBHO, aHTUpPEeMIEKCUHHO,
UMMETPUYHO, aHTUCUMMETPUYHO,
PaH3UTUBHO, CBS3aHHO.

4) Pt={(m, m)\{T, n}crNA T penut n}.
«T [enuT n» 03HayaeT, YTo CylilecTByeT Lenoe yucno k Takoe, yro
n=km. O6nactb 3TOro 6MHApHOro OTHOWEHUs paBHa N, Tak Kak
BCSIKOE HaTypa/ibHOe 4UCNo T — fAeNnTeNb Kakoro-mbo KpaTHOro
eMy HaTypanbHOro 4ucna, Hanpumep T, 2T U T. 4.

3TO OTHOWeHue pednekcMBHO, Tak kKak VM GN=>m=Im.

5) OTHOWeEHNe paBeHCTBA TPEYrolbHUKOB Ha MHOXECTBE BCeX
TpeyronbHWkoB J1:

B5={(pa NBC, gNn'B'C'>|{gNBC, a A'B'C'}crfi

peeKCcMBHO.
6) OTHOLWeHMe napanieflbHOCTU Ha MHOXECTBE BCEX MNPSAMbIX
(nnockocTtn):
P6= {<a, b) |{a, fr}c=.S7\a||ft}
? He ? pednekcuBHo Ha P *
7) OTHOLWEeHMe MNepPneHAMKYNSPHOCTU MPSMBbIX:

P7= {<a, b) |{a, f}<=27\a J_6}

Hepe®NeKCUBHO Ha *
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8) OTHOLIEHME BK/IIOYEHUS Ha MHOXeCTBe NMNOAMHOXXECTB HEKOTO-
poro MHo)xectBa U:

£8= {</1, B)\[A, fi}cUA/IcB}.

D(P6)= U, oTHoweHne ? He ? pednekcuBHo Ha U. [01]

(hIEKCMBHO, aHTMpedIeKCUBHO,
UMMETPUYHO, aHTUCUMMETPUYHO,
PaH3NTNBHO, CBA3AHHO.

9) OTHOLWeHne PaBHOMOLWHOCTM Ha MHO>XeCTBe MNOAMHOX>XeCTB He-
KOTOpOro MHoxecTtBa U:

/o= {</4, fl)|{4, SjcUA”™ pasHOMOLHO B}.

D(P*)= U> oTHOWweHNe pednekcnBHO Ha U, Tak Kak BCAKOE MHO-
)KeCTBO paBHOMOLHO cebe camomy, (3amedaHue 11.?) (03]

(pethnekcmMBHO, aHTMpedIeKCnBHO,
OTHOLLEHWE {CUMMETPUYHO, aHTUCUMMETPUYHO,
(TPaH3UTMBHO, CBA3AHHO.

B LWKONbHOM Kypce reomMmeTpmum BCTpedalnCb MOHATUA COHanpaB-
NeHHOCTN n I'IpOTI/IBOI'IOI'IO)KHOVI HanpaB/1e€HHOCTN ﬂyquI. OHn onpepge-
NAKT AgBa OTHOWEHUNA Ha MHOXecCTBe nyqul.

HanomuHaHue. Jlyy (J/1B) Ha3biBaeTcsi COHanpasfieHHbIM c fydyom (CO), ecnu
(1B)K(CO) n \AB) u (CO) nexaT B OAHO MNOAYNIOCKOCTA OTHOCWUTENBHO MPAMON
(N1C), npoxopswiein yepe3 WX HauvasbHble TOYKW, Mpy ycnosuu, yto (AB)® (Ci), a B
cnyyae (AB)=(CD) Tpebyetcs, utobbl (/4fl)c(CO) wam [CD)c[AB). Ecnn nyun na-
pannenbHbl, HO He 06N1aAal0T 3TUMK CBOWCTBaMM, MX Ha3biBAlOT NMPOTUBOMONOXHO Ha-
npasfieHHbIMU (puc. 61).

0O603HauveHns. (J1S)ft(CO) pans coHanpaB/ieHHbIX Jlydeil 1, COOTBETCTBEHHO,
(NN)(((CO) — ana NpPOTUBOMONOXHO HanpaBfieHHbIX.

10) OTHOLWeHMe CcOoHanpaBfeHHOCTM Ha MHOXEeCTBe BCex nyudeli:

/0= {<[NB), [CD))\[[AB), [CD))<=<?'A[AB)\[CD)},

04YeBUAHO, pedNekCcnBHO. (03]

(hIEKCUBHO, aHTUPeNEKCUBHO,
UMMETPUYHO, aHTUCUMMETPUYHO,
PaH3UTNBHO, CBA3aHHO.

Puc. 61



118 4, 5I/IHaprIe OTHOWEHNA Ha MHOXXECTBE

1) A OTHOWEHME NPOTUBOMOSIOXKHON HanpaB/EHHOCTU

PU={([AB), [CD)> |{[AB), [CD)}cz2” /\[AB)\\[CD)},

Hepe(dneKCMBHO Ha . ®

aHTUpedeKCUBHO,
CYMMETPUYHO, aHTUCUN
TPaH3UTMBHO, CBS3aHH

12) BaXkHbln Npumep pedreKCUBHOINO OTHOLLIEHUS — OTHOLLEHMN
3KBUMOJIEHTHOCTM Ha MHOXECTBE BCEX HaMpaBfEHHbIX OTPE3KOB.
(Cm. onpegenenue 4.2).

OnpepgeneHne 132 HanpasneHHbll 0Tpe3ok AB HasbiBa-

€TCA 3KBWUMONEHTHbLIM HanpaBNeHHOMY oTpe3ky CD, ecnum cooT-
BeTCcTBYyOWMe nyun ([AB) n [CD)) coHanpaBneHbl, a AAUHbI 3TUX

OTpPE3KOB pPaBHbI.
O603Ha4aeTcsi 3KBMMOMEHTHOCTb HanpaB/1€HHbIX OTPE3KOB 3Ha-

kom w: ABwCD.
YKaXKnTe Ha yepTexxax 3KBMUMONEHTHble HanpaB/fieHHble OTPE3KMU

(puc. 62):

Puc. 62

BbuHapHOe OTHOLlEeHMe Ha MHOXEeCTBe BCex HanpaB/lIeHHbIX OT-
PE3KOB:

P[2= {(AB, CD)\{AB, CD}c=e/\ABuCD)

pedneKCcMBHO.

(h1IEKCUBHO, aHTMpPeqIeKCUBHO,
UMMETPUYHO, aHTUCYMMETPUYHO,
pPaH3WTUBHO, CBS3aHHO.

Mpu3Hak pedneKCMBHOCT GUHAPHOrO OTHOLLEHUS CreayHo Wi,
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ytBepxpgeHue 131 BuHapHoe OTHowWweHne F pednekcuBHO

Ha MHO>ecTBe D Torga u Toneko Torga, korga dDc F. (dD— guaro-
Halb MHOXXecTBa D).
LelicTBUTENbHO,

> onp. 3.3

F pegnekcnBHo Ha D-0-(Vx g D=> (x, x)e/:) dDaF.
onp. I. 3

||

OnpepeneHune 133. buHapHoe OTHOWeEHNe F Ha MHOXKe-
TBe D HasbiBaeTCA aHTupedneKCUBHbIM Ha D, ecnm <x, X) . F
na Kaxkpgoro x e O.

CumBoO/nM4yeckaa 3anucb 3TOro onpegeneHna:

F — aHTupednekcneHo £j(e)f—(VxeD=>- (x, X)&F). (13.2)

Tak)xe 04YeBMAHO, YTO GBUHapHbIE OTHOWeHMa F n F~' moryT 6bITb
aHTUpemneKcUBHbI TONbKO O4HOBPEMEHHO, TaK Kak <X, X) e f Torga
n Tonbko Torga, korga (X, x)"F~'. (Cm. onpegeneHue 5.7).

3apgaHune 132 Onpegenute, Kakune u3 rpagosB 3agaHuma 131
3afaloT aHTUpeMneKCUBHbIe OTHOLIEHMNA?

YKaxuTe, Kakme M3 OGMHApPHbIX OTHOWEHWA npumepa 131 aHTuU-
pednekcuBHbl, ymMeinTe 06OCHOBbIBaTb CBOW BbIGOP.

Ocob6eHHOCTbIO rpaa aHTMpedeKCMBHOro 6GUHAPHOro OTHOLEe-
H/S Ha KOHEYHOM MHOXECTBe SIBMSeTCS TO, YTO HM B OJHOW M3 ero
TOUeK HeT neTeflb, Tak Kak 3T0 03Hayano 6bl Hanmume B D(F) ane-
MeHTa X Takoro, yto (X, x) e /: — 4YTO MPOTMBOPEUUT OMpefeeHnto
aHTUpPeIeKCUBHOCTH.

BuHapHOe OTHOLIEHWE Ha KOHEYHOM MHOXECTBE He aHTupednek-
CMBHO, ecnn ero rpagp wumeeTr xoTsi Obl Of4HY MeETAtO. (03]

Mpu3Hak aHTUPedpIEeKCUBHOCTU NPOU3BOILHOTO GBUHAPHOIO OTHO-
WEHNS MOXHO cthopMynmMpoBaTtb cnedylolwmm ob6pasom:

YtBepxpageHue 132 buHapHoe oTHoweHne F aHTupednek-
CMBHO Ha MHO>XecTBe D Torga m Tonbko Torga, kKorga dDf\F= 0.

3apgauva 13.1.2. [lokaxuTe yTBepxieHue 13.2.

Jokas3aTenbCcTBO.

‘ ?
F aHTnpednekcnBHo Ha D -«»(V x e D =m(X, x) & F)<>dD[\F= 0,
(roe dD= ?). m
3agava 13.1.1. YctraHoBMUTe, penekKCMBHO WAN aHTMpednek-
CUBHO OGMHapHOE OTHOLUEHKE:

Fi=[(x, yYY{X, yIcNAx-|-y = 2).

O6bACHMUTE OTBET.
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YKazaHune. MOXHO N1 yTBepxaTb, UTO X + X = 2 ANs N060ro HaTypanbHOro 4mc-
na x? MOXHO N1 yTBepPXAaTb, UYTO He CYLLeCTBYyeT HaTypabHbIX YMCEN TakuX, YTOObI
X+ X =2?

Cnepytouiee CBOWCTBO OGMHAPHbIX OTHOLUEHMI Ha MHOXecTBe —
CUMMETPUYHOCTb.
OnpepeneHune 134. buHapHoe OTHOLWeHWe F HA MHOXKeCT-

Be D HasbiBaeTCA cumMeTpuyHbIM Ha D, ecan ans Bcex {x, y)a i

“3 TOro, YTo <X, y)aF, cnegyeTt, uto (y, x)aF.

CumBoONnyeckasa 3anuchk:

F — cummetpuuHo ™ ((V {x, y}aD\{x, y)*"F)=>((y, x)aF)).
(13.3)

Kak u B cnyyae pe(nekCMBHOCTM U aHTUpeh/IeKCUBHOCTH,
CBOMCTBO CUMMETPUYHOCTU OUHAPHOro oTHoweHus F Hacnepyert-
ca oTHoweHnem F~I. o

bonee TOro, o4eBMAHO YTBEPXAEHUE.

YTBepxpaeHune 133. buHapHoe OTHoweHWe F CUMMETPUYHO
Ha MHO>XecTBe D Torga v Tonbko Torga, korga F= F~I.

CnepctBue 131 Dorn F= Im F gna cummeTpuyHOro 6uHap-

HOro oTHoweHna F, Tak kak Dorn F= Im F~'= Im F.
3apgava 13.2.2. BepHo nu ob6partHoe: ecim Dom/~Im A, 10

6MHapHOEe OTHOoWeHne F — cMMMeTpUYHO?
YkasaHue. Mpueegnte npuMepbl GUHAPHBIX OTHOLIEHWIA XOTS 6bl HA KOHEUHbIX
MHOXeCTBax.

3agaHune 13.3. Onpepennte, Kakme K3 OTHOLWEHWUA 3agaHus
131 cuMMeTpuYHbI?

YKaXunTe.Kakme u3 6MHapHbIX OTHOWeEHU npumepa 131 cummeT-
PUYHbI, YMeNTe 06OCHOBbLIBATb CBOWM Bbl6Op. 3annwnte 06BACHEHUSA
ANs ofHoro (n60ro) M3 OTHOLUEHWUIA.

BbinofHeHMe 3TOro 3afjaHua NO3BONSET chefnatb BbiBOA, YTO OCO-
6eHHOCTbIO rpata CMMMETPUYHOrOo 6MHAPHOr0 OTHOLIEHUS Ha KOHeu-
HOM MHOXECTBE ABAAETCA TO, UTO BCEe €ro CTPefNkWn «[ABOWHble» (B
3TOM Cc/lyyae roBOpPSIT O HEOPUEHTMPYeMOCTM Bcex pebep rpada), ®

BMHapHOe OTHOLWEeHNe Ha KOHEYHOM MHOXECTBE He CUMMETPUYHO,
ecnn ero rpad wmmeet XoTd Obl OAHO OPUEHTUPOBAHHOE pPebpo.

OnpepeneHune 135. buHapHoe oTHoweHWe F Ha MHOXKe-
cTBe D HasblBaeTCA aHTUCMMMETPUUYHBIM Ha D, ecan gna Bcex
(x, y)an Takux, yto <x, y) e f u (y, x) a F cnegyeT, 4T0o X=Y.

CuMmBONIMYecKas 3anucb OnpefeneHus:

def
I — aHTUCUMMETPUYHO -0-

-e=>A\Vx, y)aD\( <x, y)GFA(j/, x><sF)=>(x=1Yy)). (13.4)

Hacnegyetcs nu uvHBepcuelh aHTUCUMMETPUYHOCTb OGMHApPHOro
oTHoweHuna F? ®
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3agaHune 134. Onpepenute, Kakue u3 OTHOLWIEHWA 3ajaHus

13.1  aHTUCUMMETPUYHBI.

YKaxuTte, Kakme u3 6MHapHbIX OTHOWeEHul npumepa 131 aHTu-
CMMMETPUYHbI, yMmeliTe 060CHOBbLIBaTb CBOI BbIGOP.

MOXHO 3aMeTUTb, YTO OCOBEHHOCTLIO rpada aHTUCMMMETPUYHOrO
OTHOLUEHNS Ha KOHEYHOM MHOMXECTBE SIB/IIETCA TO, YTO BCe ero pe6-
pa OpueHTUpPOBaHbl (HO rpag MOXeT MMeTb MeTnun). 4

BuHapHOe OTHOLWEeHMWe Ha KOHEeYHOM MHOXecTBe He aHTUCUMMeT-
pVYHO, ecnin ero rpad vMmeeTt XoTs 6bl OAHO HEOpPUMEHTUpPOBaHHOe peb-
po (4BOMHYIO CTPENKY). 4

Mp1U3HaKOM aHTUCUMMETPUYHOCTM OGUMHAPHOrO OTHOLUEHUA ABNSA-
eTca cnefyrollee yTBepxaeHue.

YTBepxaeHune 134. buHapHoe OTHOLWeEHNe F Ha MHO>KecTBe
D aHTUCUMMETPUYHO Torga M Tonbko Torga, korga F(]F~'adD

3apaua 13.3.2. JokaxuTe yTBepXAaeHue 134.

Jokas3aTtenbcTtBO. PaccmoTpum

LT/T-' = {<x, ¥) |<x, y>ef<x,y)eTl"')=
={<* y) Isw y)e=FA<y, x)e=F).

F — aHTucummetpnuHo Ha D Ff\ F ~' = {<x, @m>e / 7}, HO nocnegHee
MHOXECTBO MO OMpeAeneHnN0 COLEPXUTCA B AuaroHanm dD=?. m

MOXHO 3amMeTuTb, YTO MPeAbIAYLLMM MPU3HAKOM fIerko A0Kas3bl-
BaeTCsl aHTUCUMMeTpU4yHocTb F~I:

? . > >
r — aHTucummeTpuyHo-»- F(JF  czdDo F fyFczdOo

> ) > .
<>F~ [)(F ) 'c*dDo F — aHTUCUMMETPUYHO.

T. e 6I/IHapH0€ OTHOwWeHne F AHTUCUMMMETPNUYHO TOrga W TOJIBKO

Toraa, Korga aHtucMmmeTpuyHo F~I.
3apgava 132.1. Onpepenunte, o6nagaer AM CBOWCTBOM CUM-

MeTPUYHOCTU WM aHTUCMMMETPUYHOCTU GUHAPHOEe OTHOLLEHME 3aja-
w 1311 Fl= {(x, y)\x, y<=N/\x+y=2).

YKazaHue. MOXHO M yTBepXAaTb, YTO ecnm X+ y = 2, TO 1 y-\-x = 2? MOXHO
1 yTBEPXJaTb, YTO M3 TOTO, 4YTO AC+y =2 ” 2, cnepyet, 4yto X=y>

3apgava 13.1.3. Halignte 6MHapHOEe OTHOLWIEHWE, KOTOPOE CUM-
METPUYHO W aHTUCMMMETPUYHO.

JokKka3aTenbCcTBO.

f-rili2 ((V{jr, y}t=D\(x, y) "F)=> <2, ?)"F-")

M (V{jc «/}eD|(<x, ji)e FA (ji, x)eF))=>x=y)
==F= "2 -
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OnpepeneHune 13.6. buHapHoe oTHoOLWeHNe F Ha MHOXKECT-

asblBaeTCA TpaH3nTuBHbIM Ha D, ecnin ans scex {or, y, r}ci
L uto u3 (x, y)*F u (y, r) e/7cnepgyeT, uto <m, r>e/
CoOoTBeTCTBYyHOWAS CMMBOJ/IMYECKAS 3aMUCb OMpefeNeHus:

def
F — TpaH3uTUBHO
del <* Y)<
’Z}( D ) = * =FA
y &y Hmr }=» <* z)e=F". (13.5)

B onpepgeneHnn TpaH3UTUBHOCTU OMHAPHOIO OTHOLWIEHUA €eCTb
HEKOTOpPOEe CXOACTBO C onepauueit KOMMO3NUMM OTHOLWIEHWA. 3TO He
CnyyaliHO: NPU3HaK TPaH3UTUBHOCTM GMHAPHOrO OTHOLUEHUSs cnepy-
HOLLNIA,

YTBepxpageHue 135 OTHoweHne F Ha MHOXKecTBe D TpaH-
3UTUBHO ToOrga u TOonbko Torga, korga F°FczF.

JokasaTtenbctBO. HanomHum, uyto

F°F {(x. 2)\3y\((x, y)*F f\ (y, z=e=F)}.
B TO Bpemsa Kak

FoFczF<>((>/<g, 1) <=F°F)=*- <1, 2)"F)<>

(13.5)
F — TpaH3nTmMBHO.

OTcro,qa, B 4HaCTHOCTU, TPAH3UTUBHO noboe 6I/IHapHO€ OTHOLWIEHME

FczdD Ttak kak F°F= 0 czF. *
M3 3aToro yTBEpXAEeHUs TakXe crefyeT, 4yTo OTHolleHue F~' Ha
MHOXecTBe D TpaH3UTUBHO TOrga M TONbKO Toraa, korga F TpaHsu

TMBHO, Tak kKak ecim F°FczF, to F~'oF~' £=(F°F)~'czF~l un 06-
paTHo. .
3apgaHue 135 Onpegennte, KakMe W3 OTHOLWIEHWI 3agaHus
13.1 TpaH3UTUBHbLI?
YKaxunte,kakme n3 6MHapHbIX OTHOWEHUA npumepa 13.1 TpaH3u-
BHbl, YMeiiTe 0OGOCHOBbIBaTb CBOI BbIGOP.

Ocob6eHHOCTbI0 rpada TPaH3UTUBHOIO OTHOLIEHUS Ha KOHEYHOM
MHOXecCTBe ABNSETCA TO, YTO B HEM NIMOGO OTCYTCTBYIOT «TPeyrosib-
HUKW® NGO BCE OHU «3aMKHYTbl» (puc. 63). *

BMHapHOe OTHOLWEeHMe Ha KOHEeYHOM MHOXKeCTBe He TpaH3UTUB-

HO, ecnn ero rpad umeeT XOTA Obl OAMH «HE3aMKHYTbIi Tpeyrosb-
HUK, TaK KaK 3TO paBHOCWMNLHO TOMYy, 4To, Hanpumep: (a\ b'}eF
n c')"F, Ho (a', ¢c')&F, uTO HapylwaeT TpeboBaHMe TpaH3n
TMBHOCTM (13.5).
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TPaH3UTUBHO HETPaH3NTUBHO
Puc. 63

3apgava 13.3.1. Onpegenute, TPaH3UTUBHbI 1 BUHAPHbIE OTHO-
weHns F2 n P8 (npumep 13.1):

F2={(X, Y)[{, Y}cuAXMNK=0}.

<* Y)<=F20 Xr\Y =0

V{X, Y, Z)cru
<Y, Z)"F20 Y[\Z=®

=p<* Z)&F 2

UTo 03HauyaeT ? He ? TPaH3UTUBHOCTL F2
*={(X, y>itf, Hcwmnxch

VIY v (X"

7\r-u XNy
VIX, Y, Z}c U I

Fio 1 2
F20Y cZ J=>(X'Z>gP*

VAN

Y
Z)e

Uto o3HauyaeT ? He ? TPaH3UTMBHOCTL P8

OnpepeneHune 13.7. buuHapHoe OTHoWweHne F Ha MHO>Ke-
cTBe D HasbiBaeTCHA cBA3aHHbIM Ha D, ecnu nwobbiX gBa pasnnu-
HbIX anemeHTa M3 D HaxogaTcsa B faHHOM OTHoweHun F. B npo-
TWBHOM C/ly4ae roBopsT O HecBA3aHHOM Ha D 6uHapHOM OTHO-
LeHnn.

CuMBOIMYECKAA 3aNUCb 3TUX OI'Ipe,qe}'IeHI/IVIZ

F — cBsi3aHHO 0O
((Vi{x, y}rit\xdy)*({x, y)(=F\/(y, x)<=F)). (13.6)

Aot I — HecBs3aHHO 8ef
o0 ((3{x, y)crO\xtpy)=*-((x, Y)<EF/\(y, x)&F)). (13.7)

B cuny cMMMETPMYHOCTM caMux onpepeneHunin (MHU No CyLlLecTBy
HEe N3MEHATCA, ecM MOMEHSITb MecTamm X 1Y) LOCTaTOYHO OYEBUAHO,
yto OWMHapHoe OTHoweHue F CcBA3aHHO WM HeCBfA3aHHO Torga Mu
TONbKO TOrAa, Korga CBSI3aHHO MWW, COOTBETCTBEHHO, HECBSA3aH-
Ho F~'.
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Mpu3HakKoMm CBA3aHHOCTW OGUHApPHOrO OTHOLUEHUA ABNSEeTCH cle-
aywoulee yTBepxjeHue.

YTBepxageHune 13.6. buHapHoe oTHOwWweHne F Ha MHOXKecTBe
D cBa3aHHO Torga u Tonbko Toraa, korga (DXD)\dOczF\JF

3agaHue 13.6. Onpegennte, KakMe W3 OTHOLWIEHWI 3afaHus
131 cBfA3aHHHbI.

Ocob6eHHOCTbI0 rpata cBA3aHHOrNo0 GUHApPHOrO OTHOLUEHUSA Ha KO-
HEYHOM MHOXECTBE SIB/ISETCA TO, 4YTO Nt06Oble ABe ero BepLUMHbl coe-
OVHeHbl pebpoM, COOTBETCTBEHHO, HECBA3aHHOCTb MPOSABMAAETCA Ha
rpae B TOM, YTO HalAyTCA XOTS Obl ABE €ro BepLUUHbI, HE COeAUHEH-
Hble pebpom. ®

PaccmaTtpuBas cBOWCTBa GMHAPHbIX OTHOLUEHWIA, Mbl BCAKWIA pas,
ycTaHaBnMBas WX MPU3HaKW, pellann 1 Takoil BOMPOC: B KaKOM Cny-
Yae TO WM WHOe CBOMCTBO COXpaHsieTcA 3a MHBEpPCUell OTHOLUEHUS
C JaHHbIM CBOWCTBOM. PesloMupyem pe3ynbTathl:

YTBepxaeHune 137 buHapHoe oTHOWweHWe F~I1 pednekcus-
HO, aHTUpPeMIeKCMBHO, CUMMETPUYHO, aHTUCUMMETPUYHO, TPaH3NTUB-
HO CBfI3aHHO WM HeCcBA3aHHO ToOrga W TOMbKO TOraa, Korga aTum
>Ke CBOWCTBOM 06nafaeT OTHoweHue F.

§ 14 OTHOWEHWMA NOPAAKA
HA MHOM>ECTBE

Pa3nnyHble cnocobbl YNOpsi40YeHNsT MHOXKECTB BCTpeYvarTcs [o-
CTaTOYHO 4acTo, U He TO/IbKO B MaTemMaTuKe: Harnpumep, nocTpoe-
HMe MO POCTY, NeKCUKorpauyeckmin NopsagoK cinosapen M 1. 4., Ta-
Kne cnocobbl MOXHO pa3fennTb Ha OnpegeneHHble TPynnbl Mo ux 06-
LWMM cBOlicTBaM.

BBoasi HOBble onpegeneHus B 3TOM naparpadge, bygem cpean
OMHapHbIX OTHOWeEHWA 3agaHusa 131 un npumepa 131 ykasbiBaTb
OTHOLLUEHUS C COOTBETCTBYIOLWNMU XapaKTepUCTUKaMu.

OnpepeneHue 141 buHapHOoe OTHOLWEHNe F Ha MHO>Ke-
cTBe D HasbiBaeTCA OTHOLWEHMEM nNopAgKa WM NopAgKOM Ha
D, ecnin OHO TpPaH3UTUBHO M aHTUCUMMETpPUYHO. B Takom cnyvae
MHO>XeCTBO C 3aJaHHbIM Ha HEM NOPALKOM HasbiBalT ynopsago
YEHHbIM.

Ero o6osHauveHue: <D, F).

MonesHo 3anoMHUTL opmyny:

NopsiAoK = aHTUCMMMETPUYHOCTb + TPaH3UTUBHOCTb, (14.1)

N COBOKYMHOCTb 3TUX TpebosaHuin (13.4, 13.5)
L ((V{x, i/}c=D|(<x, y)<=F/\(y, x) eBb))=>x=y) —

— aHTUCUMMETPUYHOCTb,

2. "NV{x,y, ricr O| Apl=»(X Z)e —TPaH3UTUBHOCTb
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HeCTporui
cTporuia
JIHENHbIA
YaCTUYHBINA
MOSHbI

O

HECTporui
CTporuii
JINHENHB I
YaCTUYHBIW
MOJHbINA

HeCTpOrni
cTporui
JINHENHbI
YaCTUYHBINA
MOSHbIA

HeCTporui
cTporuii
JIHENHbIA
YaCTUYHBIW
NO/HbINA

Puc. 64

MHOXecTBe 125
VI. b
d
HeCTpOoruni
cTporuii

JNINHEVHbIN
YaCTUYHbIN
MOMHbIA

HECTporui
cTporuii
JINHENHB IV
YacTUYHbIIA
MOJHbINA
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126
XI1I. Q
& mO

HeCTporui HeCTporui
cTporuii CTporuii

JNINHEHBbIN JNINHElHBbIN

YaCTUYHBbIM YaCTUYHbIN
MOMHbINA MOMHbIA

Puc. 65

3apgaHune 14.1: BoceMb 6MHapPHbIX OTHOWEHW 3ajaHnsa 131 —
ABNAKOTCA OTHOWeEHUAMU nopsaaka, ybegutecb B sToM. [o3gHee Mbl
yKaXeM TuUMN nopsaka KaXAoro us Hux. VIx rpadgbl Ha pucyHkax 64
n 65.

MpuHMMasa BO BHUMaHWe YCTaHOBJIEHHblE MPU3HaKW aHTUCUMMET-
PUYHOCTU N TPAH3UTMBHOCTU OTHOLUEHW Ha KOHEYHbIX MHOXecTBax,
MOXeM OTMeTUTb, UYTO OCOOGEHHOCTAMUW rpada OTHOLWEHUA nopsaka
Ha TakOM MHOXeCTBe fB/MIAIOTCA OPUEHTMPOBAHHOCTL rpaga (oTCyT-
CTBME [BOWHbLIX CTPENOK) N 3aMKHYTOCTb BCEX «TPeyrojibHWKOB», ec-
IN OHU UMETCH.

M3 yTBepxaeHusa 13.7 (0 HacnefoBaHUM GUMHAPHBLIM OTHOLUEHWEM
F~" cBoiictB F) BbiTekaeT

YTBepxageHue 141 BbuHapHoe OTHOLWeEHNe F~' eCTb OTHOLLe-
HVe mopAafKa Torja M TONbKO TOrga, Korga F — ToXke OTHOLWeHue
nopsagka.

OnpepeneHue 142 OTHOLWEHNe NopAgKA HA MHO>KecTBe
musaeTCH OTHOLUEHNEM HECTPOroro nopsigka uam HecTPOruM.

OHO pedNeKCUBHO.
Takum ob6pasom.
HEeCTpornin NopafoK=
= nopsifoK + pedeKCUBHOCTb = (14.27
= aHTUCMMMETPUYHOCTb -f- TPAH3UTUBHOCTL -|- pePNeKCUBHOCTb,1

L ((V{x, y}czD\((x, y)"FA<y, x)e=F))=>x=y) —
— aHTUCUMMETPUYHOCTb,
(14.2)
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» \F
2. ~V{x, vy, z}czD < Y> <x,2>ef TPaH3UTUBHOCTb.
by, 2} Y. 2> W ) -
3. (Vilg D="-(x, x)~F) — pedNeKCUBHOC T b.

OnpepgeneHue 14.3. OTHOWEHNe NOPSAAKA HA MHOXKECTBE
X HasblBaeTCsH OTHOLWIEHWEM CTPOroro nopsgka Wi CTPOruMm, ec-
1 OHO aHTUpPedNeKCUBHO.

N3 3toro cnepayer, 4to

CTpPOrnin NOpSAOK =
= nopsgok -f- aHTUpeNeKCUBHOCTb = 14,3)
= aHTUCMMMETPUYHOCTb + TPAH3UTUBHOCTb -f aHTUPENEKCUBHOCTb,

a cUMBOMNYecKas 3anucb 3Tux TpeboaHwii (13.2, 134, 13.5)
L ((V{x, ylezD\((jc y)ezF/\ (y, x) "F))=>x=y) —

2 "X, y,z}dD |~ N~ =(X,2)e —TBHBUTVBHCTh,
3. (Vile O=>(x, x) ® F) —aHTVPEY e V/BHC Th.

YiBepxaeHus 137 n 141 no3BOAAOT OTMETUTb, 4YTO GUHapHoe
oTHoweHne F~1 ecTb CTPOrMiA UM HeCcTpornin NOpPAAOK Torga W TOMb-
KO TOrga, Korga COOTBETCTBYHOLWMM MOPSLKOM 06najaeT OTHOLWEHWe
F. HecnoxHo pokasaTb cnegytollee.

YTBepxageHue 142 Ecnm F— oTHOWweHNe nopagka Ha He-
KOTopoM MHOXKecTBe D, To no60e ero cy>kenme F\p Ha HenmycToe
MOAMHO>XECTBO eCTb TakXKe OTHOLLeHWe nopsagka, npuyem F\p. Tak
>Xe CTporo UNM HecTporo, Kak M GUHapHoe OTHoweHue F.

O6paTHOe, BOOO6LLe roBoOps, HeBepHO: ecnn Flo- — nopsagok, To
F moxeT um He 6bITb Ha MHOXecTBe D zdD'.

3apgava 14.1.1 YKaxwuTe, Kakme uU3 OTHOLWEHWA nopsigka 3afja-
HMA 14.1 ecTb OTHOLUEHMA HeCTpOroro nopsgka. Hamgute cpean Hux
OTHOLLEHNSA CTPOroro nopsgka.

Ocob6eHHOCTSIMM rpaha OGWMHAPHOTO OTHOLUEHUS HECTPOroro no-
pAAKa Ha KOHEYHOM MHOXEecCTBe fABNAKTCA €ro OPMEeHTUPOBAHHOCTD,
3aMKHYTOCTb BCEX €ro TPeyrofibHWKOB U Hannyve NeTam B KaXAoiW
ero BepLUuHe.

A ocobeHHOCTM rpaa CcTPOroro 6GMHAPHOrO OTHOLUEHUA — ero
OPVEHTUPOBAHHOCTbL, 3aMKHYTOCTb BCEX €ro TPeyrojibHMKOB U OTCYT-
CTBME MeTe/lb B €ro BepLUMHaXx.

B kypce anrebpbl 1 reoMeTpum Mbl AOBOJIbHO 4YacTO BCTpeyaemcs
C OTHOWeEHUAMM nopsagka, NpuUBeAeM HeKOTopble W3 HUX, Haubonee
ynotpebnsemsble.
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OCHOBHble MpUMepbl OTHOLLUEHUI NopsiaKa

3agaHne 142 O6bACHUTE B KaXAOM MpuMepe, Kakoi nops-
JOK (CTpOruin mnu HecTporuii) 3agaeT 6uHapHoe oTHoweHue. (Mos3a-
Hee Mbl onpefenuM Apyrue XapakTepuCTUKW 3TUX NOPSLKOB).
1) OTHOWeHNss < W > Ha MHOXEeCTBax [AeNCTBUTENbHbLIX R u
HaTypanbHbIX uucen N:
0\ ={<=* y)\U, y}cRAX<Yy).

Mopsaok & X CcTporuii,

. JIMHEUHbIWN, YaCTUYHbIA, NOJHBIN.

02= {<* «/}cCRA*></}-
I'IOpH,qOKﬁ I'II/IHEI/IHI?IVI, Llacc'mjl-lol-[tlﬂaj I'IOI1HbIl7I,

°3 = {<*, y)\U, y)("H /\x<y).

nopﬂAOKﬂ o CTpOI’VI?:I.
JINHENHbIN, YacTUUHBIN,

04 ={=a, kg, y}Ic:NA*>y}.

MopsfoK .. CTporui,
JMHEMHBIN, YaCcTUUHBIN.

MO/HBINA.

NOJHbIIA.

Bce 3TM nopsigky cTporme, Tak Kak Mno CBOWCTBaM [eWCTBUTENb-
HbIX 4uMCcen He HalgeTcs cpean HUX TaKoro X, 4Tobbl X <X wuam
X>X — 3TW OTHOLWEHUA aHTUPedPIEeKCUBHBI.

2) Cnegytowme nopsgkm ~ M N Ha MHOxecTBax R m N, kak
penekcnBHbIe,— HeCTporue.

Os= {<*. 0>1U y}aK/\x<;y}.

NeP"O°K{ ;1 4 YaCTUYHbI, MOMHbINA
°6 = {<Jl y)\{x, y]JczR/\x"y] = P3

Mopsagok ( HecTporuii, no_H.
INMMHENHbIW, YacTUYHBINA, non

07={<x, Y)\{x, y}(=N/\x*"y).

I'Iopﬂ,qon(f HECTPOruiA. _ NOMHbIiA
("VHeWHBbIW, YacTUYHbIi, ManHbl

= YN[X, i/)cNAXx" y).

MopsaoK { HeCTPOruii. _ TOMHbIiA
NUHENHBIW, YacTUYHBI,

3) OTHOWeEHNE BKIHOUEHUS HA MHOXECTBE BCEX MOAMHOXECTB He-
KoToporo MHoxectBa U — HecTporuii nopsigok.

09={<N, B>|M, B)c UAACc:B).

Mopsgok { HecTPOruii. i
K NUHENHbIN, YaCTUYHBINA.
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3apgauva 14.12. {BndeTtcs NM OTHOLIEHWE AE/MMOCTU MOPALKOM
Ha MHOXecTBe HaTypasibHbix yucen N? CTpormm wnn HecTporum?

OlI0 ={(m, M\{T, n}c NA(3Me Njn=NT1)}= 44

] OflTx a

YkasaHune. Cm. 3agaHua 131, 134, 13.5. P4— aHTUCMMMETPUYHO, TPAH3UTUBHO
1N pedeKCcUBHO.
ABnAaeTca Nu OTHOLUeHUe AENMNMOCTN NMOpPAAKOM Ha MHOXXeCTBe

uenbix 4yucen Z?
0,, ={(T, n)I{m, njczZ/\(3k"Z\n = km)}.

MopsAfoK | HecTporui, CTporuii, N
(NMMHEWHbIA, YaCTUYHBINA.

Cpefn OTHOLWIEHUI I Nopsaka BblAensieTca elle Tak HasblBaeMblid
NINHENHbI NOPAAOK, KOTOPbIA TakXe MOXET ObiTb CTPOTUM WX He-

CTPOTUM.
OnpepeneHue 144, OTHOLWEHNE NOPALKA HA MHOXKECTBE

D HasblBaeTCS OTHOLUEHNEM NNHENHOTO nopagka wunn NNHERHbIM
nopAAKOM, ec/inM OHO cBA3aHHO Ha D, a mHo>kecTBOo D B 3TOM Cny-
Yyae HasblBAETCA NMHENHO ynopAno4YeHHbIM MHO>XeCTBOM C NO-

pagkoMm R.
B npoTwBHOM ciyyae rosopaT O YaCTUYHOM MOPALKE WK Ya-

CTWYHO YNOPALOYEHHOM MHOXKECTBe.
Taknm o06pa3om,
NNHENHbI NopPAROK=
= NOPSAJOK -|- CBA3AHHOCTb = (14.4)
= aHTUCUMMETPUYHOCTb -|- TPAH3UTUBHOCTb -|- CBA3AHHOCTb,
4YTO O3Ha4yaeT COBOKYMHOCTb YC/IOBUIA:

I ((V{x, y}ezD\((x, y)e=F/\(y, x)<=F))*>x=y)

— aHTUCUMMETPUYHOCTb.
2. (vu vy. *> 1£}-< *e 2>e f) -
— TPaH3NTUBHOCTb,
3. ((V{x, y}aD\x=£y)=>((x, y)"F\/(y, x)eF)) —
— CBA3aHHOCTb.

YacTUUHbI NOpPSALOK =
= NOpPSAOK + HECBA3AHHOCTb = (14.4)
= aHTUCUMMETPUYHOCTb -|- TPAH3UTUBHOCTb -|- HECBA3AHHOCTb,

5 B T. lNeTposa
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nnm
L ((V{x, y}c:D\((x, i/)eFA<i/, x) e=F))=>x=y) —
— aHTUCMMMETPUYHOCTb
— TPaH3UTUBHOCTb.
3. ((3U y)<r0\xdpy)=>((x, y)(EFf\(y, X)(£F)) —
— HeCBA3aHHOCTb.

3agaHue 143 Onpegenute U BblenuTe, Kakme K3 OTHOLLEHWIA
nopsaka 3agaHus 14.1 ecTb OTHOLUEHWUs NIMHEeiHOTO NMopsAka, a Ka-
Kne — 4acTU4yHoro?

COOTBETCTBEHHO rpaguueckum npusHakaM aHTUCUMMETPUYHO-
CTW, TPAH3UTUBHOCTU U CBA3AHHOCTM WM HECBA3AHHOCTU GUHAPHLIX
OTHOLLEHWIA Ha KOHEYHbIX MHOXecTBax MOryT 6biTb ChopMynmpoBa-
Hbl MPW3HaKU NMHEHOTo M YacTUYHOrO MOPSAAKOB. TakK Ans NUHei-
HOro nopsgka Tpe6ytTca OpPMEHTUPOBAHHOCTL rpada, 3aMKHYTOCTb
BCEX €ro «TPeyro/bHUKOB», €c/iM Takue WMelTCs, U CBA3AHHOCTb

BCEX €ro BeplunH pebpamu. ®
Onunwnte 0OcobeHHOCTM rpaa OTHOLWEHUS YacTUMYHOro nopsaka
Ha KOHEYHOM MHOXECTBeE. .

AHanorn4yHo ytBepxgeHuwo 141, nmeem

YTBepxaeHune 143. buHapHoe oTHOWeHne F~' ecTb OTHOLLE-
HUWe nopsjka: CTPOroro, HeCcTPOroro, AMHENHOTO WM YaCTUYHOrO
TOorja W TONbKO TOrAa, Korja OTHOWeHWe F — Takoke nopsjok, co-
OTBETCTBEHHO: CTPOrMiA, HECTPOrWiA, NWHENHbIA WAN YaCTWYHbIA.

Ecnnm MHOXeCTBO YMNOPSAOYEHHO KakMM-1M60 OTHOLWIEeHUEeM, TO
MOXHO TFOBOPUTb O HaubofbLleM W HaMMeHbLUeM 3/IEMEHTE OTHOCWU-
TeNlbHO 3TOr0 MNopsfka:

OnpepeneHune 145 Ecmm <D, F)— ynopagoyeHHOe MHO-

eCTBO, TO 3NeMeHT a”D HasblBaeTCA HaMMEeHbWWUM (MAN Hau-
6onbwivum) B D, ecnm (a, x)ef (umm (x, a)*F) pna nmoboro
anemeHTa xe O, OT/NUYHOIO OT a.

M3 onpegeneHvsa cnefyeTt, 4TO Ha YNOPSAOYEHHOM MHOXecTBe
MOXeT 6biTb He 60/iee OfHOrO HavMMeHbLIero n He 6onee O04HOroO Hawu-
60MbLIErO 3/leMeHTa.

OueBNAHO, 1— HaMMeHbLWI 3NeMEHT AN OTHOWEHWS fIMHEHOro
nopsgka:

03={<*, Y)\{X, y}cH/\x<y),
a OTHOLlleHue
N.=¢r /Nifr n){—R N n)
HEe MMEEeT HM HaUMEHbLUEero, HM HaumbosnblLIEro 3fnemMeHTa.

3agaHue 144, YKaxuTe HanbonblMe M HaUMEHbLUNE 31eMeH-
Tbl BMOJIHE YMOPSAOYEHHbIX MHOXEeCTB 3afjaHua 14.2, ecnn Takue
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3/IEMEHTbl CYLW EeCTBYHOT:

08= {<*, Y)lII*- <<=N/ I/}. (04
09= {(A, B)\[A, B}czUNA<=B). i)

OnpepeneHue 146. Ecnm Ka>kpoe HenycToe MNogMHO>Ke-
CTBO /IMHEHHO ynopsifjodeHHOro MHoXkectBa (D, F) umeeT Hawu-
MEHbLUWIA 31EMEHT, TO Takoe MHOXKecTBO D HasbiBaeTCs BMOMHE
ynopagoyeHHbIM, a ero nopsifoK — NOJHbIM.

OnpepeneHne 147. YacTu4HO ynopsAL0YEHHOE MHOXKECTBO
(D, F) Ha3biBaeTCH HanpasneHHbIM BBepx (BHW3), ecnu ANA BCA-
Koii mapbl 3neMeHTOB {*, y}czD HaiigeTca X0Ts 6bl OAMH 3NEMEHT
aeD Takoil, yto (X, a)*F un (y, a)ef (COOTBETCTBEHHO,
(@, x)eF un (a, y)"F). B aTtom cnyyae nopafok F HasbiBaeTCH
HanpaBNeHHbIM.

Tak MHOXeCTBO HaTypanbHbiXx umncen <N, 07) BnonHe ynopsijo-
UEHO, a BeLLEeCTBEHHass MpsiMasi C ecTeCTBEHHbIM nopsgkom <R, O),)
(mmn <R, 05>) n ee otpe3ok /= [0, 1] ¢ ecTeCTBEHHbIM MNOPSAKOM
0,1, (mnn 05|/), (a 3Ha4nT, 1 NOOOI ee OTPE3OK C TaKMM MOPAAKOM) He
SBNSETCA BMOMHE YMNOpPSiA0YeHHbIM MHOXECTBOM, (Hanpumep, B Mof-
MHOXectBe M = {1/da|ne N}cr[0, 1] He cywecTByeT HaWMEHbLLErO
anemeHTa).

HecnoxHo ycTaHOBUTb, 4YTO He ABASETCA MNOMHbBIM W MNOPSAJOK:

09={<Nn, 4>|M, fl}cU#O0A/Icfi). ®

3agaHune 145 Onpegenute, UMeKTCA NN CPean OTHOLLEHWUA
3agaHna 141 oOTHOLWEHMA MOMHOro nopsaaka.

3agava 14.2.2. Onpegennte, HangyTca N1 cpean OTHOLLEHWUIA
O, — O,03agaHnsa 141 u 3agaun 14.2.1 OTHOLEHUA MOJIHOrO NMopsgka.

MOXHO nokasaTb, 4TO Nt06Oe NOLMHOXECTBO BMOMHE YNOPSAO-
YEHHOTO0 MHOXECTBA TakXe BMOJIHE YNopsLoYeHO (OTHOCUTENIbHO CY-
XKEHUSI OTHOLUEHUA nopsakKa Ha 370 MOAMHOXECTBO).

OfHaKko, MHTepecHee criefylolee yTBepXaeHue.

Teopema (Uepmenno) IAJl. Bcakoe HenycToe NMOAMHOXKe-
CTBO MO>XHO BMOJIHE YMNOPALOUYNTb.

T. e. Ha HernycTtoM MHOXeCTBe BCerja MOXHO YyCTaHOBUTb OTHO-
LeHNe TMopsAAKa, npespaljalolee ero BO BIOJIHE YMNOPAA0YEHHOE
MHO>ECTBO.

3agauva 14.13. Onpegenute, CKOMbKMMM cnocobaMnm MOXKHO
BMO/IHE YMOPALOYUTL MHOXECTBO, COCTOsLWEee W3 ABYX 3/IEMEHTOB?
TPex? uyeTbipex? n3 N 3nemMeHTOB? (puc. 66).

1le 1» « 2 1e « 2

Puc. 66
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3apgauva 14.23. MNpuagymanTte KakKoh-nmb0O NUHEWNHbI MNOPSAOK
Ha MHOXecTBe N2 EAMHCTBEH N1 TaKOW NUHERHbIA nopsgok? Mocrta-
paiTecb 3afjaTb €ro Tak, Ytobbl MHOXecTBO N2cTano BMOMHe ynops-
[OYEHHBIM.

YkaszaHue. MHoxecTBO NJ<zRa MOXeT 6blTb U306paKeHO Ha KOOpAWHATHOW
NIOCKOCTN Y3naMun LIeNIOYNCNIEHHON peLLeTKN NepBO KOOpAMHATHOW 4veTBepTu. Mpuay,
MaiiTe «cnocob ee NMpoxofa», ob6ecrneynBaloLLMii BbINONHEHWE ONpeAeneHns NNHERHOro
nopsifka, MosHoro nopsaka.

§ 15. OTHOWEHWME SKBWUBAJIEHTHOCTW
HA MHO>XECTBE

BaXHbIM BUAOM 6OUHAPHOTO OTHOLUEHWUS SABASIETCA OTHOLUEHMWE
3KBMBANEHTHOCTM (NO3gHenaTnHckoe «aequivalens», or aequus—
paBHbIi 1 valeo — umelo 3HaveHne, LeHy, MOXeT ObiTb MepeBeseHo
KaK paBHO3Ha4HbIli, paBHOLEHHbIA). OTHOLWEHUSA 3KBUBANEHTHOCTU
NO3BONSAKOT BBECTU HA MHOXECTBax 3/1eMEHTOB HOBble, 60/ee CNoX-
Hble MateMaTu4yeckme CTPYKTYpbl: Knaccbl 3KBUBANEHTHOCTU U (pak-
TOP-MHOXeCTBa, MNPV 3TOM OKasblBaeTcs, 4YTO Bce OHW obnagatoT
MHOTMMMW O6LIMMU CBOMCTBAMWU WM MPU3HaAKaMW, HECMOTPS Ha cylie-
CTBEHHO pa3Hyl NpUpoay COCTABASKOLUX WX OOLEKTOB.

OnpepeneHne 151 BbuHapHOoe OTHOWeHWe F Ha MHO>Ke-
cTBe D HasblBaeTCA OTHOLIEHMEM 3KBUBANEHTHOCTM Ha D (um
3KBMBANEHTHOCTbLIO Ha D), ecnn oHO pedIeKCUBHO, CUMMeETPUYHO
U TPaH3UTVBHO.

O603HayvaeTcs 3KBMBANEHTHOCTb TakK: ~, waM =, uam £

3TN ycnoBUSi MOXHO 3anucaTb «DOPMYynon»:

IKBBA/EHTHOCTb=

151
= peq)}'leKCI/IBHOCTb —]l— CUMMETPUYHOCTb + TpaH3I/ITI/IBHOCTb/ 5 )

a COBOKynHOCTb Bcex ycnosuin (13.1, 13.3, 13.5)

1 (Vxc:D=*- (x, x}"F) — pegieKCUBHOCTb.
2. ((VU, y}czD\ s y)<=F)=>(y, x)e=F) — CUMMETPUYHOCT,
<x, y)e=F

3. (V{x, vy, z}c=D
(V{x, y, z} <l ~>ef
— TPaH3NTUBHOCTb.

3amevyaHune 151 Dom F= Im F gns BCAKOro OTHOLIEHUS 3K-
BuBaneHTHoctn F, Tak kak F cummetpuyHo. (Cm. cneacteme 13.1)

Kpome TOro, okasbiBaeTcsl, 4YTO TpaAuLMOHHOEe onpejesneHne oOT-
HOLUEeHUs1 3KBMBANEHTHOCTM Ha MHOXecTBe D nepeonpegeneHo: Tpe-
60BaHUA CUMMETPUYHOCTU U TPAH3UTUBHOCTM OMHAPHOIO oTHOWeHUS
obecrneunBaloT ero penekcMBHoOCTb. I NnpuMsHakom Toro, 4to GuHap-
HOe OTHOLEHNE HABNAETCHA OTHOLWEHMEeM 3KBUBANEHTHOCTU, MOXHO
cuuTtaTb clefylollee yTBepXAeHue.
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? He ?9KBUBAJIEHTHOCTb

Puc. 67
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YTBepxpageHune 151. Ecim F — CcUMMETpPUYHOE W TPaH3UTY.
Hoe 6MHapHOe OTHOLWeHNe HAa MHOXKecTBe D, To F — oTHoOwweHne 3k-
BMBANEHTHOCTW.

Joka3aTenbCTBO. YCTAHOBUM, YTO pedeKCUBHOCTb GUHap.
HOTO OTHOLUEeHWs cneayeT W3 €ro OfHOBPEMEHHOM CUMMETPUYHOCTU
M TPaH3UTUBHOCTW. Bo3bMeM NpPOM3BOMbHYIO Mapy w3 F, oHa /m6o
Buga <x, X> nmbo (X, y), roe xpy. Ecnm xdpy, 10

<* y)(=F=>(y, x)<=F.

< (/>eF
*, crD
{9 (yl x)e:F g F,
YTO 1 O3Ha4vaeT pednekcnBHocTb F. 1]
CnepgctBue 151 F~|— OTHOLWEHNE 3KBUBANEHTHOCTW Ha He-

KOTOpPOM MHOXKecTBe D Torga u Tonbko Torga, Korga F asnseTcsa or-
HOLleHNneM 3KBMBaneHTHOCTM Ha D.

3apaua 151.2. fJokaxuTte cnegcrsme 15.1.

Yka3aHue. Cm. yteepxaeHunsa 137, 15.1.

Ona noctpoeHnss NpMMepoB OTHOLUEHUI 3KBWBAJIEHTHOCTU MONE3-
HO 3HaTb

YtBepxpgeHue 152 lNepecevyeHne nobOi COBOKYMHOCTMW OT-
HOLEHNIA 3KBMBANEHTHOCTU €CTb OTHOLIEHWE 3KBMBANEHTHOCTMN.

3agaHue 15 1 WcknoumB M3 GUHAPHbLIX OTHOLUEHWUI 3agaHus
131 oTHOWweHus, He obnajatoLine CBOWCTBOM CMMMETPUM, (CM. 3aja
Hve 14.1) nmeem cemb rpadoB, cpean HUX Halifem Te, KOTOpble 3aja-
IOT OTHOLWIEHWUS 3KBUBANEHTHOCTU, (puc. 67).

MpuHMMasa BO BHMMaHMe YyCTaHOB/IEHHblE paHblle Npu3Haku ped-
NIEKCUBHOCTWN, CUMMETPUYHOCTM U TPaH3UTUBHOCTU OGUHAPHBLIX OTHO-
LWEHNA Ha KOHEeYHbIX MHOXEeCTBax, MOXeM OTMEeTUTb, YTO OCOBEHHO-
CTAMM rpada OTHOLWEHMUA 3KBUBANEHTHOCTM Ha TakOM MHOXeCTBe
ABNAKTCA: HaIMumMe B KaXAOW ero BepluMHe neTin, HeOpPUEHTMPO-
BaAHHOCTb BCeXx ero pebep, 3aMKHYTOCTb BCEX MMEIOLNXCA TPeyrosb-
HVKOB.

3agava 1522 Onpegenute, CKOMbKO BCEro OTHOLUEHWIA 3KBM-
BA/IEHTHOCTU MOXHO 3afaTb Ha MHOXEeCTBe, COCTOSILLEM M3 YeTblpex
anemeHTOB, (puc. 68).

1» e 2 1. 2

3» o4 .

Puc. 68
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3apgaua 1511 3apgaliTe Bce OTHOLWIEHUA 3KBMBANIEHTHOCTM Ha
vHoxxectBe X = {1, 2, 3} n HapucyiTte unx rpadbl. CKOMNbKO uX Ha
MHOXecTBe X? (puc. 68).

lMone3Ho 3HaTb HeKOTOpble MpUMepsI.

OCHOBHble NPUMEpPbl OTHOLUEHWU 3KBMBANIEHTHOCTU

15.1. OTHOWeHNEe 3KBUBANEHTHOCTM Ha MHOXECTBE BCeX Ha-
npasBfeHHbIX OTpe3KoB (onpegeneHve 13.2, npumep 13.1):

Rt= {(AB, CD)\{ab, cb}<"0/\ABwCb}= Pn

15.2. OTHOLWeHWe napanfienbHOCTU Ha MHOXECTBE BCEX MPAMbIX
& (npumep 13.1):
/2= {<a, b) {a, b}a&/N\a\\b}=P=s.

15.3. OTHOWEHNE napannenbHOCTM Ha MHOXeCTBe BCeX TMJ/I0CKO-
cTei
*3= {<MNa, Np>|{11,, NOp}(=«~NMalllp}.

15.4. OTHOWeHNe cpaBHeHUA NO MOAYNHO T Ha MHOXecTBe Le-
NbIX yucen Z.

(7) = {=oc, Y)M{x, y}czl /\(y —x) menutca Ha TJ].

370 03HauaeT, 4YTo /?4(T) coctout us BCEX KOPTEXEN (X, y) Takwux,
yto Haipgetca fceZ, uto y—Xx = km, rae T — HaTypa/JbHO€ 4uUC/O.

[na Taknx OTHOWEHWA MPWHATBI cneunasnbHblie TePMUHbI:

OnpepeneHne 152. [0BOPAT, YTO YUCNO X CPABHUMO C Y

0 MOAYNIO M WIW X ABNSETCHA BbI4ETOM Yy MO MOAYIHO T, ecnu

<X.y) e/?4(T).

O603HaveHune: x =Yy (mod T).

Teopusi cpaBHeHWIi, KOTOpas W3y4yaeT WX CBOWCTBa, cocTaBfseT
°IvH 13 pas3fenoB COBPEeMEHHOW anre6pbl.

BuHapHoe oTHOweHne R,(M) cuMMETpPUYHO, TakK Kak, ecniu
Y—x=km, 10 X—Y—(—K) T. 3TO O03HauyaeT, 4YTO He TO/bKO
<t i/>«=/?4(m), HO N <y, x>e=/?4(T).

OTHOLWEHVe TPaH3UTMBHO, TaK Kak, ecnm Yy —X=KT (4TO O3Ha-
yaeT x= ¥(mod T)) m r—y= 1T (4TO0 O3Hauvaetr y=r(ToA4AT)),

rfe [K, /}c Z, 7o T—x=(K-\-1) T n <x, z)e/?4(m).

Mo yTBepxaeHuto 151 /?4(T) ABNsSieTCS OTHOLUEHUEM 3KBWBANEHT-
HOCTW.

Sj 155. OTHOWeEHMe paBeHCTBA Ha MHOXECTBE BCeEX TPeyrolbHWKOB
N (npumep 13.1):
/5= {( A ABC, a A'B'C')\{a ABC, a A'B'C'}cz
crAL AABC= AA'B'C'}= P»
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15.6. OTHOLWEHNWEe MOoAo6MS HA MHOXECTBE BCEX TPEYro/lbHUKOB —

/%= {<[ONIBC, a A'B'C')\{a ABC, a 4'A'C'(c 4 /1
N AABCco a A'B'C’}.

15.7. OTHOWeEeHNe pPaBHOMOLLHOCTM Ha HEKOTOPOM MHOXeCTBe
(onpepeneHue 11.3, 3ameuyaHue 11.1, npumep 13.1):

7= {(¥#, B)|{/4, B)czU/\A peaHOVOLLLD B}= P9,

15.8. OTHOLWIEeHMEe pPaBHOBENNKOCTM Ha MHOXECTBe BCEX M/IOCKMX
uryp «3r
OnpepgeneHune 153. durypa F HasbiBaeTCA paBHOBENUKON

-e G, ecnm nnowadb F paBHa nnowagn G.
18={<Z G) K/7 G\cz2T/\F peroeenra G}.

15.9. B snemeHTapHOli reoMeTpuu BCTpeyaeTcs OTHOLUEHUE |
HOCOCTaB/IEHHOCTU MHOTOYro/fIbHUKOB. [lns onpefeneHuss ero BBeAEM
BCMOMOraTe/flbHOe MOHSITYE Pas3foXeHUs unn pasbueHns Gurypsl (He
0653aTelbHO MHOTOYrO/IbHMKA):

OnpepgeneHune 154' ToBopsaT, 4yTo hurypa F pasbuTa Ha
turypel F, u F» ecnu F= Ff[\F2 u FIf]JF2=L, a L — nomaH

O603HavaeTca pasnoxeHue ¢urypol F Ha ¢urypbl F, n N2 tal

F=*Ft+ F2 (puc. 69).

OnpepeneHune 154, MHOTOYronbHUK F Has3blBaeTCA paBHO-
COCTAaBNEHHBIM C MHOFOYrofbHUKOM G, €C/M OHU pPasNodKeHbl Ha
0lNHAKOBOE YWUCNO PaBHbIX MHOFOYrOAbHWUKOB.

R9={(M a Mf) i{Af,, na<rmAM. pesHooocreeea c JHG.

Mpumep pPaBHOCOCTABNEHHbLIX MHOTOYro/IbHWKOB Ha PUCYHKe 70
OueBUIHO, YTO ecn (PUrypbl PaBHOCOCTABEHbI, TO OHU PaBHO-
BE/UKN — [0Ka3aTeNbCTBO 9TOr0 YTBEPXXAEHUS, OYeBUAHO, He Co-
cTaBnsieT Tpyaa. OgHaKo, fOKa3aTenbLCTBO 06PATHOrO YTBEPXKAEHUS.
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KOTOPOEe M3BECTHO KaK Teopema Bowsiu — [epBMHA, JOBONLHO CMOX-
HO 1 TpebyeT MPUBMEYEHMUS LOCTATOYHO CEPbE3HOr0 MarteMaTU4ecKo-
ro annaparta. [laxe cogep>XaHne 3TOro yTBEPXAEHUS COBCEM Heouye-
BuAHO. OHO 6bIJI0 AOKAa3aHO TONIbKO B MepBoi nonoBuHe XX B. BEH-
repckum W HemeukMMm MaTematukamun @. boisin (Bolyai Farkas,
1775— 1856) n M. FepsuHom (Gerwin P, XIX B.) He3aBUCUMO ApYyr
oT gpyra.

YtBepxageHune 153. ECnM MHOIOYrofibHUKW pPaBHOBE/IMKM,
TO OHM PaBHOCOCTaB/IEHDI.

§ 16, KNACCbl SKBUBAJIEHTHOCTW.
®PAKTOPMHOMXECTBO

OnpepgeneHune 16.1. KnaccoMm 3KBMBANEHTHOCTMW 3NEMEH-
TaaeD OTHOCUTENBHO OTHOLLEHUS 3KBUBA/IEHTHOCTU R Ha MHO-
ecTBe D HasbiBaeTCS MHOXECTBO BCEX 3EMEHTOB YD, Takux,
yto {a, Y)™R, T e HaxoAsWWXcs C a B AAHHOM OTHOLLEHUW.

MoGoli aneMeHT Knacca I3KBUMBA/IEHTHOCTU HAa3bIBAETCA €ro

NnpeacTaBnUTENEM.
O603Ha4vaeTcs KnacCc 3KBMBASIEHTHOCTM 3/IEMEHTa a Mo OTHoLle-

HUIO 3KBMBaneHTHoctn R: al «.
a/R=[yeD\(a, y)c=R} (16.1)

Mpumep 16.1. B 3agaHum 151 Mbl onpefenvusn, Kakue u3 oT-
HOLLEeHW 3afaHunii § 13 ABNAIOTCA OTHOLIEHUAMU 3KBUBANEHTHOCTMU.
Tenepb Haligem Knaccbl 3KBWBANIEHTHOCTM HEKOTOPBIX M3 HUX.

/y={<a, a), (a, b), <@ c), D, b> <b, a),
b, ¢), <, €, <, a), (¢, b> <, d>}

(0
Puc. 71

UTto6bl HaliTh a/R — Knacc 3KBMBANEHTHOCTW 3n1eMeHTa a, Mo
onpepeneHnto, cnepgyet Bbl6paTb BCE KOPTEXW C 3/1IEMEHTOM a Ha
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nepBom MecTte, Bxogdwme B /?y. Torga
a/R = {«/e={a, ft, ¢, d}\(a, y>e/?v}={a, ft c}
Janee:
b/RM={y~{a, b, ¢, di\<ft y)e/?v}i={? ? 7}
c/R*"= {ye{a, be <<t y>e=/N}={a ft c}.
={«/e{a, b, ¢, d}\(d, y)f=Rw= {d}.

CnegoBatenibHO, GUHApHOE OTHOLIeHWe /v MMeeT [Ba pasnuy
HbIX Knacca 3KBMBANEHTHOCTMW.

2,={<a, a), <q ft), <q, c), <q d>, <t ft),
<ft, a), <ft c), <ft, </), <c, ¢), <c, a), <c, ft),
<, d>, «f rf), (d, a), (d, ft), <, c)}.

B atom cnyvae, o4yeBMAHO,
fl//y=(#Gk ft G d}\ (a, «/>«=/?}=
={o, ft ¢, dj= ft/> =c/™ = rflyy.

3Ha4unT, OTHOWeHne /?, nmeeT BCEro OOMH KnacC 3KBUBaNEHT
HOCTW.

*xn *m{<« a). <t ft). <c. c), (d, d)}.

Puc. 73
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B aTom cnyyae — 4eTbipe Kfacca 3KBUBANEHTHOCTM:
a/(())xm:{«}' blgxm ={b], c/(n)XM:{c}, d/,RXH:[d).

Mpumep 16.2. Hailgem Knaccbl 3KBUBANEHTHOCTU HEKOTOPbIX
OTHOWEeHNt Ha GEeCKOHEeYHbIX MHOXecTBax (mpumepbl § 15).
1) OTHOWeEHNe cpaBHeHUsI MO Moayno 3
/4(3) = {<x, y) [oc, </}czZA(x—y) penutca Ha 3}.
Knacc akBMBaneHTHOCTU O COCTOWT U3 TaKMX LENbIX YUCEN Y, UTO
(y—0), penutca Ha 3, T. e. Haligetca AeZ Takoi, uto y= Kk 3:
0/R (3)=[yez\y=3k}={.. -6, -3, 0, 3, 6, ..}

[Oanee ,
1777 (3)={fleZ|<1>y>e/?4(3)}= {ye Z|(if— 1) genutcs Ha 3}=

L{ye=Z\y=\+3k)M... -5, -2, 14,7, ..}.
2/174(3)={f/eZ|<2,y) e/?433)}= {i/eZ|(i/ —2) pennTtcs Ha 3} =

=/<=Zly=2+3*}={.. -4, -1, 2,5, 8, ..}
3//74(3)= { N zI<3, t/>e/?4(3)}= {ye Z|(i/ —3) penutcs Ha 3}=

:;{ye:Z\y: 3+ 3*1=0/"
4/ h=ly<=Z| <4, y) e/?4(3)}= {jreZ|(y —4) gpenutca Ha 3}= ?

ﬂ,aaneVlLume BblYNCNEHNA W CPpaBHEHWUA K/aCCOB 3KBUBaA/IEHTHO-
CT NpmBOAAT K paBeHCTBaM:

0//24(3) = 3//24(3) = 6//24(3)= ~==(3/1)//?4(3)’
1 (3)= 4//%4(3)= 7/Rt(3)= == (1+ 3*)/(3).

2/1743)= 5//?4(3)= 8//?4(3)= - = (2+ 3M)//?4(3)’

Taknm 06pa3om, CyLLecTBYIOT BCEro TPU pPasfiMYHbIX Knacca 3K-
BMBA/IEHTHOCTU OTHOLWeHMA /?4(3) cpaBHeHUA no Moy 3.

O606LieHne 3TOro pesynbTaTta Ha CpaBHEHUS MO NPOU3BOSILHOMY
HaTypalibHOMY 4uc/ly T O4YEBMAHO: BCEro T pPas/IMYHbIX KNacCcoOB 3K-
BMBAJIEHTHOCTM MMEET OTHOLUEeHMEe CpPaBHEHUA MO MOAyMo T.

Ana knaccoB 3KBMBaNeHTHOCTU npumepoB 151 — 154 NPUHATHI
crneunanbHble Ha3BaHuA. Tak Ana cpaBHeHW npeabigywiero npu-
3epa:

OnpepeneHne 16.2. Knacc aKBMBaNEHTHOCTM Lenoro ymcna

0 OTHOLLUEHWO CPaBHEHUA MO MOAYNO M HasbiBaeTCHA Kiaccom

bl4ETOB MO MOAYNHO T.

O603HaveHVe: a(modm) = a /p*h_).

a(mod m) = {i/eZ]|i/ = a-(-mk AfeeZ).
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MoryT nu ABa Knacca BbIYETOB MO Moaynio T MMeTb 06Live ane.

MEHTbI?
Ecnn 310 nmeet Mecto 1 a (mod m)[)b (mod T)® 0, TO Haiger,

ca yea (mod m)f|ft(niod w) wn
y~a (mod m)=*~u= a-\-km )
b= a+ sm =>iea(mod m).

y b (mod m)=>y= b-\-Im |,
Torga nNpou3BONbHbLIA rei(m odm ) npeactaBum B BUAE:
x= b-\-pm = (a-\-sm)-\-pT *a (mod T).

B cuny npowusBonbHOCTM X nony4dmm, yto fe(mod m)cra(mod T).

AHanornyHo, a (mod m)czb (mod T).

OTkyga a (mod T)= b(mod T) — ABa pasnM4HbIX Knacca BblYe-
TOB MO MOZY/M0 T COBMagalT, eC/IM Yy HUX eCTb XOTA Obl OAMH 06
3N1EMEHT.

OnpepeneHune 16.3. Knacc 3KkBMBaNeHTHOCTM MNpPAMONA no
OTHOLLEHNIO nMapannefbHOCTW Ha MHOXKECTBE BCEX MPAMbIX Ha3blBa-
eTCA NYy4YKOM napannenbHblX NPAMbIX, & KNacC 3KBUBANEHTHOCTH
MIOCKOCTW NO OTHOLIEHUIO NapanneNbHOCTU Ha MHOXECTBe BCEX
MAIOCKOCTEN — MYy4YKOM napanfiefNbHblX MNAOCKOCTEN.

O603HaueHus:

%(/<) = kIR, n S? (/0)={/ed'|/||/0

N, COOTBETCTBEHHO:

def
SjKllo) = MO/, ns7(110)= {lle ~ [II]]110}.

Ana oTHoweHusa 151 3KBUMOJIEHTHOCTW Ha MHOXXEeCTBe BCeX Ha-

NpaB/feHHbIX OTPE3KOB:
OnpepeneHune 164. Knacc aKBMBaNeHTHOCTU HanpasieH-

HOFO OTpe3ka MO OTHOLUIEHWIO 3KBMMONEHTHOCTW HAa MHO>KecTBe
BCEX HaNpaBleHHbIX OTPE3KOB € Has3blBaeTCA CBOGOAHBLIM BeK-
TOpOM.

O6o03HaueHuss: AB = AB/EI, nm ABM"AB, a Takxe AB(1&

~AB= {cbc 0\cbuAB).

3apgpaHune 16.1. Onpegenum, B KakoM Cfyyae pgBa CB060j-
HbIX BeKTOpa WMENT OOWWA HanpaBieHHbIi OTpe3ok?

Mycte CDM"AB()EF — ecTb 1 y Hux ewe obine 3NEMEHTLI?
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Bosbmem PQAEF.

1 PQUtEF
Q =PQiaCD.

CDu>EF EFmCD

2 PQiaCD
Q PQiaAB=>EFCzAB.

AB=3Cb=>cbwAB

AHanornudo ABCEF. 310 Bneuert cosnagenue: AB = EF.

TeM cambiM [OKa3aHO CBOMCTBO.

YtBepxpgeHune 16.1. Ecnu asa CBOGOAHbIX BeKTOpa MMeT
o6WMii HanpaBieHHbI OTPE30K, TO OHW COBNagakwT (paBHbl).

Mpy U3y4eHUN KNacCOB BbIYETOB U CBOOOAHLIX BEKTOPOB MOXHO
6bII0 3aMeTUTb WX 06LLMe CBOICTBa: Ntobble ABa knacca 3KBUBa-
NEHTHOCTU, UMeloWwme XOTa Obl OAMH O06OLWMIA 3N1eMeHT, COBMajatoT,
N BCAKMIA KNacc 3KBMBANEHTHOCTM 3M1EMEHTa COAEPXUT 3TOT 3ne-
MEHT.

MocMOTpPMM, HACKO/IbKO 06WM 3T pesynbTaThl.

CBoicTBa KJ/lacCOB 3KBUBA/IEHTHOCTU

Teopema 16.1. Knacc 3KBMBaNeHTHOCTU 3neMeHTa a cofep-
MXUT 3N1eMEHT a, T. e. a/,3%a.

Joka3aTenbCcTBO:

a/o = {*l<a, *><=/7} ]
? \=>a/p3a.
aeD (/7=» <a a>e/?] K 1]
Nemma 16.1. Echm R — OTHOWEHNE 3KBUBAIEHTHOCTMW HA MHO-
>kectee D, To D= (J a/0.
a0 K

3apava 16.1.1. [okaxute nemmy 16.1.
Joka3aTenbCcTBO MNPOBOAUTCA METOAOM [ABOWHOrO BK/IO-
YeHus:

D= Ua/R<«>( Ua/RczD/\Da U al/R)
Vre Ua/pP=x"al/D npu HeKkotopom
aeD P " P P

)
((goalrlg(ez D.
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3ameyvaHue 151 >
2. y<=D= D(R) ale=11 /7=>(3<a, y)"R)=>
>
Ua/
ae0 *®
3. Torga 0= U a/0 -

=>je0/_B|_ npn Hekotopom aaD=> D a

Nemma 16.2. nA OTHOLIEHUS 3KBMBANEHTHOCTU R Ha npous-
BO/IbHOM MHO>XecTBe D knaccbl a/n= b/R Torga u ToNbKO Torga,
korga (a, b)aR.

3apgava 16.1.2. [Jokaxute nemmy 16.2.

JokaszaTenbcTBa TpebylT ABa YTBEPXAEHUSN:

1 Ecnrm <a, b)aR, 10 a/d—b/R, n 2. Ecnu a/R=Db/R, 10
(a,b)<=R. ?

I /n h\ t— O -k.n/ — h/

>
e=R=>xc=b/R=>a/Rab/R.

[okasatenbctBo b/Raa/R aHanormyHo, otkyga no MpUHUMNY
[BOMHOro BKNHOYEHUs cnepyeT coBnageHne a/R = b/R.

a/R=Db/R=3b=>(a, b)aR.

Teopema 16.2. Ecnim R — OTHOLIEHNE 3KBMBANEHTHOCTM Ha
HEKOTOPOM MHOXKecTBe D, To nto6ble fBa Knacca 3KBUBAJIEHTHOCTM
6o coBnajalwT, NM60 He MepecekalwTCs.

[JokasaTensctBo B o06wWem Buge 6yaetr NOBTOPATb MAEM [AOKa-
3aTeNIbCTB NOAO6HbLIX yTBEPXKAEHUI B 3agaHun 16.1 n npumepe 16.1.

JokasaTenbcTBO. EcTecTBEHHO nosaratb, YTO ABa K/acca
3KBMBANEHTHOCTU, KakK MHOXecTBa, MOryt: 1. He nepecekarbcs,
2. coBnajatb, 3. He coBnajas, UMeTb 0bLwme anemMeHTbl. CyTb fOKa-
3aTeNbcTBa TeOpeMbl B TOM, 4YTOObl MOKa3aTb, YTO MocnefHee WC-
K/toyaeTcs. PaccMOTpuMM 3T BO3MOXHOCTW.

Cnyyanm 1 a/Rf\b/R=0 wun 2 a/R=b/R ygoBnetBopstoT T€0-
peme.
3. Myctb a/R[ ) b/ 0, HO a/ R, 3ato o3HauyaeT, uro

Hanpetcs yaa/R[)b/R. Torga

y<=a/R"{a, y)<=R nemMma 16.2
y<=b/R=>(b, y)c=RJ>(y, b)e=R
n.16.2
a/R ~b/R

M ycTaHOBMEHO, YTO ecnu ABa Kjacca 3KBMBASEHTHOCTU WMEHT
XOTsi Obl OAMH O6LWWIA 31EeMEHT, TO OHM COBMAaAatoT.
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Utobbl npefcTtaBuTb cebe, KAKOBO MHOXECTBO K/1acCOB 3KBMBa-
neHTHoctTM (MM «CKOMbKO» TaKUX KnaccoB), yAOOGHO Bbl6GpaTb MO
O0fHOMY 3/IEMEHTY M3 KaXJ[O0ro TaKoro MHOXecTBa:

OnpepeneHne 165 T[loNHON cuCTeMoOin npeacTaBuTenel
KNaccoB 3KBUMONEHTHOCTU (N0 JaHHOMY OTHOLUEHUIO 3KBUBANEHT -
HOCTU) HasblBa€TCA MHOXKECTBO MpeacTaBMTeneil BCeEX TaKux
Knaccos, Mo OA4HOMY M3 KaXX[Oro knacca.

Mpumep 16.3. Haligem MofiHble CUCTEMbI NpefCTaBuUTENen He-
KOTOPbIX OTHOLUEHW 3KBUBAJIEHTHOCTM HA KOHEYHbIX U GECKOHeu-
HbIX MHOXEeCTBax.

1 OTtHoweHune /?y 3agaHual3.l (cm. npumep 161 u puc. 74):

/y={<a, a), (a. b> <a, c), <b, b> <b, a).
b, ¢), (c, c), (c, a), (c, b> <, d)}

C KnaccaMn 3KBUBaIEHTHOCTU!

a/lRv=Db/Rv=—c/Rv={a'" b c} n d/R, = {dl

K PV@M

MonHyt cucTemy npeacTaBUTeNeil KNacCoB 3KBMBANIEHTHOCTU
Nno OoTHOLWeEHNIO RwcocTaBnsAT aneMeHThl {a, d], HO B ee KauecTBe
MOXHO 6paTb W gpyrue mHoxectBa, Hanpumep: {b, d} wam {c, d}.

MoHATHO, uTO NM06Gass nonHas cucTtema npegctaButeneit Rv co-
CTOWUT U3 ABYX 3/IEMEHTOB.

2. OTHoweHne cpaBHeHUss npumepa 151 (cm. npumep 16.2):

1?24(3) = {<g, </>[{x, y}czZ A (x —y) penutca Ha 3}

C KnaccaMin 3KBUBANEHTHOCTW.
°[/24(3)= {#e Z I'1= 3%} /" (3)= {«/er|r/= 14-3%),

2/*4(3)-<*e Z I'-2 + 3 *}-

Ero nonHyo cucteMy npeactaBuTenen MOryT COCTaBAATb:
*0. 1, 2} vm {3, 1, 2} wm {—3, 4, 5} n 1. 4. Ho BCcAKas nonHasa cu-
cTeMa npeacTaBUTENE 3TOro OTHOLUEHWS COCTOUT W3 Tpex 3ne-
MEHTOB.
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B o6Lwem cnyyae nosHas cucteMa npejcTaBuTesnieil KNaccoB Bbl-
uetoB no mogynto T o6o3Hauaetcs 20, W 06bIMHO MonaratoT
/inf
zm= {o. 1. 2, .. m—1}

3. OTHOLWEHNEe 3KBMMONEHTHOCTM npumepa 151 (cm. onpepene:
Hus 13.2, 16.4):

= CD) \{AB, cb)(=0AABwuCb}
C KnaccamMmnn 3KBUBANEHTHOCTU —CBO60,quIMM BEKTOpaMu:

Ero cucremy nofHbIX I'Ipe,EI,CTaBI/ITe]'IeVI y,D,O6HO npencrtaBnATb
KaK MHOX>XeCTBO BCeX HanpaBJ/IEHHbIX OTPE3KOB, OT/I0OXXEHHbIX OT OA-

HOW TOYKW:

{/4X|Touka A dukcmpoBaHa[X— ntobas To4yka MAOCKOCTU}.

4. [ns OTHOWeHUn napannenbHOCTM Ha MHOXECTBEe BCex Mps:-
MbIX W nnockoctein (npumepsl 152, 153 u onpegeneHue 16.3):

/2= {<a, b) {a, b}a£f/\a\\b)
3= {<n, M,>{n., N,}Jc A MI1L}.

MonHble cucTembl npepctasuTenieil yAO6HO WMHTeprnpetTMpoBaTb Kak
MHO>XecTBa BCeX MPAMbIX, WIW, COOTBETCTBEHHO, MJ/IOCKOCTEN, NPOXO-
JAWNX Yepe3 OAHY TOYKY, B 3TOM C/lyyae roBOPSAT O My4yKe nepeceka-
IOLMXCA MPAMbIX WAW MIOCKOCTEN:

OnpepeneHne 16.6. Nlyykom nepecekawwmuxca npambix
Ha3blBaeTCA MHOXKECTBO BCEX MPAMbIX, NPOXOAALLUX Yepe3 OfHY
TOYKY — LEHTP Nyyka nepecekalroLwwmnxca npamMblX, a nyykom nepe-
CeKalwLWnxcs NNOCKOCTEN Has3blBAETCH MHOXECTBO BCEX MNOCKO-
CTell, NPOXoAAWNX Yepe3 0A4HY TOUYKY — LEHTP My4vyka nepecekaro-
W MXCSA NNOCKOCTEil.

O6o03HauveHne ny4yka nepecekawowmxca npambix — Sy (0),
5n(0)= {/en|/230},
a ny4yka nepecekarowmxca nnockoctren — S™N(0),
Hpf
SN(0)= {lle«™[lI3 0}

MOXHO 3aMeTWUTb, UYTO KOJMYECTBO 3/1IEMEHTOB MOJHON CUCTEMDbI
npeactaButeneii OTHOLEHUS 3KBUBANEHTHOCTWM pPaBHO uwucny er0
KlacCoB 9KBMBANEHTHOCTU B CNyyae KOHEYHbIX MHOXECTB, B 06LieM
cnydae (Hanpumep, ec/iM MHOXKECTBO GECKOHEYHO) MHOXEeCTBO-"
cucteMa npeactaButeneii U MHOXECTBO KNacCOB 3KBMBANIEHTHOCTU
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OTHOWeHUs PABHOMOLLHbLI. TakMM 06pa30M, eCTECTBEHHO 3aHSTbCS
u3yyeHuem HOBbIX CTPYKTYP — MHOXECTB K/1aCCOB 3KBUBANEHTHO-
CTM WAN MOJHbIX CUCTEM WX MpeAcTaBUTEnei.

OnpepeneHne 16.7. DaKTOP-MHOXKECTBOM MHOXKeCTBa

D no OTHOLWEHNIO 3KBMBANEHTHOCTU R Ha3blBaeTCA MHOXXECTBO

BCeX €ro KnaccoB 3KBMBANEHTHOCTMW.

dakTop MHOXecTBO MHOXecTBa D no oTHoweHuto R o6o3Hava-
etca Tak: D/n.

D/R={a/R\a* D).

3NeMeHTOM (HaKTOP-MHOXECTBa, T. €. ero TOYKoWi, sBnseTcs
Lpyroe MHOXECTBO — KacC 3KBWMBANEHTHOCTMW.

Tak anemMeHTamu (hakTop MHOXecTBa MHOXEecTBa BCeX Hanpas-
NEHHbIX OTPE3KOB MO OTHOLUEHWUIO 3KBUBANEHTHOCTW /?, (CM. Bbl-
we npumep 16.3, n. 3) ABns0TCA cBO6OAHbLIE BEKTOPbLI (onpepgene-
HMe 16.4). 370 (haKTOP-MHOXECTBO WMeeT chneuuanbHoe Ha-
3BaHNe — BEKTOPHOe NPOCTPaHCTBO CBOGOAHbLIX BEKTOPOB, U 060-

3HayeHne — Y.

Mpuyem, ecnm Heo6XOAMMO MNOAYEPKHYTb, UTO paccMmaTpuBatoT-
CA TO/MIbKO HanpaBfeHHble OTpe3KW, NpuHagnexawme (napannenb-

ble) MJIOCKOCTU, TO (PaKTOpP MHOXECTBO MO OTHOLWeHuto /?, byaeT

603HauarbcA N Ha3blBaTbCA BEKTOPHOI MNOCKOCTbIO CBOGOA-
bIX BEKTOPOB. ECnn e CyLecTBEHHO, YTO OTHOLUEHNEe 3KBUBANEHT-

OCTM paccMaTpuBaeTCs Ha MHOXKECTBE BCeX HamnpaBsfieHHbIX OT-

pe3koB MpocCTpaHcTBa, TO ANA (pakTOp MHOXecTBa 6yaeT MCNOSb-
30BaHO 0603HauyeHue Yy \

BoigeneHne B MHOoXxectBe <D, R) knaccoB 3KBMBaNEHTHOCTU MO
OTHOLWIEHNIO R pa3buBaeT ero Ha HenepecekawLiMecs NOLMHOXe-
ctBa. bonee crtporo:

OnpepeneHne 16.8. Pa3bueHnem MHO>KecTBa X Ha3sblBa-
€TCA HEKOTOPOe MHOXXECTBO ero noAMHO>KECTB

S={XmM\X,cX/\af=*S)
TaKuxX, 4YTO BbINONMHAKTCA Tp86OBaHI/IFI (aKCI/IOMI:I)Z
Pl. U*. = %

P2. X.nXt=0, ecnn a®dO0.
VHorga onpegeneHne pasbueHUs MOMOJSHSeTCS aKCMOMOIA
P3. Xwd 0. Vae«/

Mbl B 3TOM cfyyae 6yfem roBopuTb O pa3bueHun X Ha HenycTble

MOAMHO>KecTBa.
3ecb e*'— HEeKOTOpOoe MHOXECTBO WH/EKCOB, KOTOpOe MOXeT

ObITb KOHEYHbIM, GECKOHEYHbIM W [aXe HEeCYeTHbIM.
Teopema 163. Ecnm R — OoTHOWeHME 3KBMBANEHTHOCTMU Ha
MHOXKecTBe X (X @ 0 ). 7o X/n ecTb pasbueHne X.
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Joka3aTtenbCcTBO. B KayecTBe MHOXeCTBa MOAMHOXECTB
BO3bMeM (hakTop-MHOXecTBOo X /M = {a/M\a&X) u nokaxem Bbl-

NMOJIHUMOCTb akCnom pa36|/|eva, OCHOBbIBafACb Ha YCTaHOBJIEHHbIX
Bbille CBOICTBAx KNacCOB 3KBMBASIEHTHOCTMU.

Pl gJXa/D: X no nemme 16.2.
a N\
P2. Ecnn a/*p b/p TO no Teopeme 16?2 a /"~ O b /0.

P3. a/"® 0, Tak Kak BcAkMi a/”3a no Teopeme 16.?. m

Oka3sblBaeTcsl, UTO UMeeT MecTo U ob6paTHoeE:

Teopema 164. KakoBo 6bl HU 6bl0 pasbueHne MHOXKeCTBA,
CYLEeCTBYeT OTHOLLUEHWE 3KBMBANEHTHOCTMN Takoe, YTO ero Knaccamu
3KBMBANIEHTHOCTU SABNAKTCHA NOAMHOXKECTBa paszbueHus.

3apgava 16.1.3. JokaxuTte Teopemy 16.4.

Ons pokasaTenbcTBa BBeAEM Ha MHoXecTBe X € 3ajaH
HbiM pa3bueHnem S = {Jf,|.K.cJf ae«/) OUHapHOe OTHOLWeEHMKE
cnefyoumnm obpasom:

Rs= {(x, Y)\{x, rflc=A'0{x, y)<=X, 4ns HekoTOporo a e 4

Byaem roBopuTb, UTO Takoe OTHOLIeHWe RS COOTBETCTBYeT pasbue-

HUIO S MHO>KecTBa X

MokaXxem, YTO GUHApHOEe OTHOLIeHMe RS, COOTBETCTBYyHOLLEE pa3-
GUeHNI0 S HemnycToro MHoXecTBa X, sIBNSieTCsS OTHOLUEHMEM 3KBUBA-
neHTHocTM Ha X, npuyem X /D coBnapaeTr c pasbreHuem S.

1 Rs — pednekcnBHo: <X, X) € ¢

2. /75 — cummeTpnyHO: (X, ¥) «iRs=>(y, x)<=Rs .
3. RS — TpaH3nTUBHO:

{X, y)e= RS<>{X, «/}<:*.:>*.

(y, 2)(=Rs*>{y, 2)<=Xt=>Xf Xa= X=>{x r}eX,

= (X, z)(=Rs. -
3agava 16.2.2— 16.2.3. PaccMOTpMM OMHApPHOE OTHOLUEHME;
&= {(R, S>|S — paerHe mteciea X [
R — COOBETIBHALEE (B0/EHAO S OTHOLEH/E KBV/BArEHTHOCTV.

fABnseTca nM 3T0 6MHApHOE OTHOLWEHWE CIOPBEKTUBHBLIM? UHBLEK-
TUBHbIM? OTOGpaXeHnem?

1 sur: no Teopeme 164 gns n060ro pasdbmeHMs S MHOXeCT-

Ba X cyllecTByeT OTHOLUEHME 3KBMBAJIEHTHOCTWU, COOTBETCTBYOLLEE S

2.in: /1?2, 22 ¢
<72 °S)

<q. St) ~ x

=>s, #S 2
g S2€=306d| ¥ ¢

3. oTobpaxeHue: S,, S2
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YkasaHue. Mopgymalite, He MOXET I OKa3aTbCsl TaK, YTO OTHOLUEHUIO 3KBUBANEHT-
HOCTU COOTBETCTBYIOT ABa pa3/IMuHbIX pa3bueHusi MHoxecTBa X. [0 Kakoli npuuvHe
3T0 MOXET ObITb?

OTBEeTbTE Ha Te Xe BOMNPOCHI (CPOp'beKTI/IBHOCTb? MHBEKTUBHOCTbL?

oTo6paxxeHne?) gns OGUHAPHOrO0 OTHOLLEHUSA
= S)|S — pesd/ee Ha HNYCTbE MavHKECTEA. X [,
/? — COOTEECIBHALEE PEBOVEH/HO OTHOLLEH/E SKBVBArEHTHOCTVAL.
Teopema 165 Ka>kfoMy OTHOLIEHUIO 3KBUBANIEHTHOCTMW Ha He-

MycTble MHOXKeCcTBa X COOTBETCTBYET OLHO W TO/bKO O4HO €ro pas-
6ueHne Ha HenycTble NOAMHO>KeCTBa.

MCTOPUYECKAA CIPABKA

BceneHHas, HACKOMbKO OHa HaM W3BECT-
Ha, YCTpoeHa TakK, 4YTO0 WUCTUHHOE B KaKOM-
6o OAHOM cC/y4yae WCTMHHO 1 BO BCEX Cny-
yaax HEeKOToporo onucaHusa, TpyaHOCTb CO-
CTOWUT NNLWb B TOM, 4YTOBbl HalTK Takoe Onwu-
CaHue.

bkoH C. Munb. «Cuctema NOrvKm»

MoHATME OGMHAPHOro OTHOLWEHUA (MU COOTHOLLEHWS, COOTBETCT-
BUA) chopMmpoBanocb B MartematuMke K KOHUy XIX — Hauany XX
BEKOB, KOrga AnvtefibHas AMCKYCCUA MO NOBOAY OnpefeneHns 4Yucno-
BOW (hyHKUMK, faHHOro [upuxne, npueena K NonbiTkaM ero ytouHe-
HUA 1 06006LLEeHUAM pa3HOro poja. B pesynbTate 3TOro, Kak Mbl yxe
3HaeM, MOAy4Ynnanm npaBO Ha CylLeCTBOBaHWE MOHATME OTOGPaKeHUs
naM QYHKUMM C NPOU3BOJIbHLIMU (HE 0653aTeNlbHO 4YMCNOBbLIMMK), 06-
nacTiMu onpegeneHnin U 3HavyeHuin. Heckonbko 6Gonbllein abcTpak-
UM notpeboBano NOHATUE BUMHAPHOro U, BOOOLLE, /1-apHOro OTHOLLe-
HMA, KOTOpble MOXHO NpefcTaBuTb cebe, Kak cneayowmnii atan 0606-
LWeHUss NOHATUA QYyHKUMKM (0OToBpakeHUs) npu oTKa3e oOT TpeboBa-
HUA eAWHCTBEHHOCTM KOpTeXa C AaHHbIM NepBbiM 3/1eMEHTOM.

Ho cyTb 3Toro wara B marematuke — He B 6ecnpegMeTHOM 0606-
LlaTensctBe. YAMBUTENbHBIM OKa3anocCb TO, YTO cneuunanbHble BUAbl
pa3fnyHbIX GUHAPHbLIX OTHOLIEHWH, 06najaloLWnx AOBOMbLHO MNPOCTbI-
MW cBoOlcTBamMW (Hanpumep: pedneKCUBHOCTb, CUMMETPUYHOCTb U
TPaH3UTUBHOCTb) MOMOIN YBUAETb O6LHOCTL (haKTOB pPas/iNYHbIX
MaTeMaTU4eckux Teopuii. 3TO Mbl MOIMN 3aMeTUTb YXe Ha npume-
pax NpPOCTEMWNX MHOXeCTB (CBOOGOAHble BEKTOPbI, PaBHOMOLLHbIE
MHOXecTBa), reomeTpuyeckmx guryp (paBHOBENVKME, PaBHOCOCTaB-
NeHHble), Teopun vncen (BblveTbl) U T. 4. MOHATHO, YTO 3TUMWU NpUMe-
pamMy OTHOLUEHWS 3KBUBANEHTHOCTW [afieKO He ucyepnbiBalTCS.
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Bonee TOro, NOYTU B KaXXAOW HOBOW CTPYKType Hapsfy C MOHATU-
eM un3omopdmnamMa (OT FpPeYeckoro: 0 OE£— paBHbI, POPCPT)— BUA)
9KBUBANEHTHOCTb OyAeT urpatb BaXHeEWLWYy ponb, MNPoBepss Ha
CKOMbKO cofepxaTefnbHa M 6orata Ta WM MHas maTemaTmyeckas
CTPYKTYypa.

Co6CTBEHHO MOPAJOK W 3KBUBASIEHTHOCTb — CTOJ/Ib €CTECTBEHHbIE
MOHATUSA, 4TO, KaXKeTcs, umm MornuM 6bl Bnagetb elwe MaTteMaTuku
3NNVHUCTMYECKOro nepuoga, 0AHaKo, TEPMUH 3KBUBANEHTHOCTb Oblf
BBeAeH TONbKO K KOHUy XV III Beka, a B COBPEMEHHOM CMbIC/E WM,
BUAMMO, BMepBble Hayan rnonb3oBatbcA JlarpaHX B paboTtax no
Teopun KBagpatuuHbIX (hOpM KU Faycc B Tpaktate «Teoria metus»
(«Teopua AgBumXKeHMs HebecHbIX Ten») B camoM Hadane XIX Beka.

Uto KacaeTcsa OTHOLWIEHWS MOpPsAKa, TO ero akcmomatumky elle
okono 1690 r. paccmatpuBan JleiibHuy. CnycTa noytM cronetue
BHUMaHue . KaHTOpa NpuBAEKIUN NIUHEWHO YNOpPSA0YeHHblE MHOXe-
cTBa, M M B 1883 r. Gblfa AoOKas3aHa YNOMMWHaBLIAACA Teopema O
TOM, 4TO N060E HenycToe MHOXECTBO MOXET ObiTb BMOJHE YNOpaao-
YeHo. TePMUH «4YacCTUYHbIA NOPSAAOK» BBen B 1914 r. M3BECTHbIA He-
Meuknii matematuk ®. Xaycgopd (Hausdorff Felix, 1868— 1942 B
ceoeM Tpyge «Grundriige der Mengenlerhe» («OCHOBbI Teopuun
MHOXECTB»), a nosfHee B paboTax Mo (PyHKUWOHaSbHOMY aHanunsy
aMepUKaHCKUIN W aHrNncKnii matematnkn 3. Myp (Moore Eliakim
Hastings, 1862—1932) n I'. Cmut (Smith Henry, 1826— 1883) nsy-
Yyas BOMPOCblI CXOAWUMOCTW, BBEINM TaK Ha3blBaeMble Harnpas/fieHHble
MHOXXecTBa, KOTOpble MOTyT He MMeTb HauMeHblIero uaM Hambosb-
Wwero afiemeHTa, HO o6nagaTb HWKHEW UM BepxHel rpaHbio. McTo-
pUKM MaTteMaTuKuM OoTMeyaloT B 3TOW o06nactm paboTbl M PYCcCKOro
matematnka C. O. WatyHoBckoro (1859—1929), 3aHMMaBLlUIerocs B
Hayajne Halero Beka BOMNPOCaMW O6OCHOBaHWS MaTeMaTuKy U pas-
pewnmocTn anrebpanyeckux ypaBHeHUli B pajukanax.

OnpegeneHne mMateMaTUKKW, Kak Hayku, gaTb BecbMa C/IOXHO W,
HaBepHsKa, Noboe Takoe onpegeneHve 6yaetT HenonHo. KpynHew-
LWWA pycckuii MaTtemaTtMkK Hawero BpemeHn A. H. Konmoropos
(1903— 1987) nucan, 4to MartemaTuka «MMeeT AeN0 C HEeKOTOpbIMU
MHOXecTBaMN 0OBLEKTOB, CBSAI3AHHbLIX MeXay c0o60i onpegeneHHbIMU
OTHOLWeHMAMU. Bce hopmanbHble CBONCTBA 3TUX O6BHEKTOB U OTHOLLE-
HWIA, HeobxoaVMble AN Pas3BUTUSA Teopuu, UKCUPYIOTCA B BUAe ak-
CMOM, He 3aTparuBalrliMX KOHKPETHOW npupoabl O6BHEKTOB M OTHO-
WweHWiA. Teopusi NpMMeHUMa K 11060 cucteMe OOGBLEKTOB C OTHOLIE-
HUAMW, YOOBNETBOPSAIOWMMUN MOMOXEHHOW B ee OCHOBY CUCTEME ak-
CUOM».

M3 ero paccyxaeHwuit BbiTeKaeT, UYTO MaTemaTmyeckas Teopwus,
npYMeHnMas K Kakoi-nmbo cucteMe OO6BEKTOB, NPUMEHWMA W K N0 -
60 aHanoOrMYyHoOM, T. e. «M30MOpP(HOI» ein cucteme. I UMEHHO MOHSA-
TME W XapakKTepUCTUKM OTHOLUEHUIA 3KBUBANEHTHOCTU Mbl 6yaem WucC-
nonb3oBaTb, OTBeYasds Ha BOMPOCHLI: KakK MHOro cyuiectsyet CUCTEM



CnncoK nuTtepatypbl 149

OOBEKTOB, K KOTOPLIM MPUMEHUMa Ta WAM WHas Teopusa (B MaTemaTtu-
Ke B TaKUX cfllyyasx roBOpPSAT OT MOJensix Teopuun),— T. €. CKObKO
KNaccoB 3KBMBANIEHTHOCTU MO OTHOLUIEHUIO M30MOP(HM3Ma HA MHOXe-
CTBe BCeX Mogeneli AaHHOW MaTemaTMyeckoli CTPYKTYypbl, U KaKoBa
ero nosHas cuctema npeacraBuTeneit. A U3 3TOro eCcTecTBEHHO BbiTe-
KaeT 3afjauya OTbICKAHWS 3TaJIOHHbLIX B KAKOM-IMGO CMbicie Mogenei
Tex WM WHbIX CTPYKTYp.

Bce 3TO B KOHEYHOM cuyeTe MO3BONSET BbipaboTaTh KaTeropuiiHblii
noaxod K mateMaTMkKe U MaTteMaTUyeckuMm TeopusM, MOHUMaHue TOo-
ro, 4To ee 3aKOHbl HOCAT rNy60KWUiA XapakTep, yMeHne BUAETb B Ya-
CTHbIX NMpuUMepax o6LMe 3aKOHOMEPHOCTU W CBOICTBA MaTemaTtuue-
CKUX CTPYKTYP.
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MATP/UDbI

OCHOBHBbIE
OMNEPALNN
N CBONCTBA



MATPULbI

OCHOBHbIE OMNEPALNN
N CBONCTBA

17°. MoHaTMe MaTpuubl. OCHOBHblE BUAblI MaTpuL.

18 [felictBna ¢ matpuuamu. (CnoxkeHme, YMHOXEHUE Ha 4MChO).
19. [feiictBusi ¢ matpuuamun. (YMHOXEHME MaTpuL).

20. lepecTaHOBOYHbIE K O6paTUMbIE MaTPULLbI.

2T . BblumcneHne obpatHoii MaTpuLbl.

22°, MaTtpuyHas hopmMa CUCTEMbI NIMHENHbIX YPaBHEHWIA.

wn LN LN LN LN LN

OCHOBHble MOHATMSA: BUAbI MaTpUL: CUMMeTpuU4yeckasi, KOCOCUM-
MeTpuyeckas, TpaHCMOHMpPOBaHHas, gMaroHanbHas, ckanspHas,efm-
HWYHas, cTyneHYaTas, TpeyrofibHas; AeiAcTBUS ¢ MaTpuLaMm: CloXe-
HME N YMHOXEHME Ha YUCMO, YMHOXEHMWE U oBpalleHne matpul, mat-
puua, NPOTMBOMO/MOXHASA [AHHOM, NepecTaHOBOYHbIE U o6paTVMble
MaTpuLbl, NMonHas NuMHeilHas anre6pa W NonHas NuWHeliHas rpynna;
MaTpuLbl CUCTEMbl NIMHEHbIX YpaBHEHWIA: OCHOBHas U pacwu-
peHHas.

Heob6xogmMmble cBefeHus. MaTpuua, AekapToBO Npou3BeAeHue
MHOXXeCTB, AEKAPTOB KBagpaT MHOXeCTBa, KOPTEX, PaBeHCTBO Kop-
TeXel, OTHOLWeHNe, OTOGpakeHue, BUAbl OTOOGPAXKEHWU: NHLEKTUB-
Hble, CHOPbEKTUBHLIE, BUEKTUBHbIE; AelicTBUTeNbHble uncna (R) M ux
CBOWCTBA, CUCTEMA NIMHENHbIX YPABHEHWUI, PELLEHNE CUCTEMbI INHEN-
HbIX YpPaBHEHWIA.

PekoMeH/aLWK: ecnv UCNoNb3oBaTh MOCOGME B NEKLMOHHON paboTe, TO Lenecoob
pasHo npefBapuUTeNbHOE 3HAKOMCTBO CTyAeHTa C COoAepXaHuem (onpeaeneHusiMu)

§ 17e, pnsi caMOCTOATENIbLHOIO M3ydeHWs pekomeHayetcs § 22°, a npumepbl § 2T —
AN OBCYXK[AEHUSA Ha MPaKTUYECKUX 3aHATUAX.



Nekuns
Nekuyunsa
Nekunsa
Nekuns
Nekuns

Nekunsa
Nekunga
Nekuns
Nekuns
Nekunsa
Nexkuwnsa
Nexkuwnsa
Nexkuwnsa
Nexkuns
Nexkuns

Cemectp 1

1 — MHOXecTBa W OTHOLUEHUS Ha MHOXEeCTBax.
(§ 1-5 5).
2 — Onepauun Ha GUHAPHbIX OTHOLLEHUSX. OT06pa)KEHVIﬂ.(5 6 8)
-5 8.

3 — BueKkTuBHble OTO6paXkeHusi. NpeobpasoBaHUs.

(8 9—8§ 12).

4 — BuWHapHble OTHOLEHUA Ha MHOXecTBe. PaKTop MHOXECTBO.
13—§ 16)

5 — Martpuubl. OCHOBHblE OMepaLun 1 CBOWCTBA.

5 17- 5 22).
6 — lNopacraHoBKK. pynnbl.
7 — Onpegenutenu.
8 — BekTOpHble MpocTpaHcTBa.
9 — JIMHeNHO 3aBUCMMbIE W NIMHEAHO He3aBWCKMblE CUCTEMbl BEKTOPOB.

10— PaHr matpuubl. CUCTEMbI NIMHENHbIX YypaBHEHUIA.
11 — J/InHeliHble OTOGPaXKEHNA BEKTOPHbLIX MPOCTPAHCTB.
12 — MatpuyHoe npepcTas/ieHie rTOMOMOPKHN3MOB.

13 — Anrebpa NMHElHbIX OMNepaTopoB.

14 — Co6CTBEHHbIE BEKTOPbI J/IMHEWHbIX OMNepaTopoB.

15 — EBKIMAOBbLI BEKTOpPHble MPOCTPaHCTBA.
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§ 17°. MOHATUME MATPWLbI.
OCHOBHBIE BUAbI MATPUL,

MoHsATMEe MaTpuubl 6bI10 BBEAEHO B § 4:

OnpepgeneHne 41 MaTpuueii (BeliecTBeHHOW) nopsagka
M Ha N Has3blBaeTCA NO6GON afeMeHT AeKapTOBON CTENeHn MHOXe-
cTBa fgeicTenTenbHbIXx uncen (RT-

HanomvHaHwve. Manmu,y nopagka M Ha [ npeactaBnseM Kak 4WCMOBYHO

TabnuLy 13 M cTPoK K M CToN6L0B, a MHOXECTBO BCeX Takux Marpuu, OO03HaUaeTCA
M(mxn, R) wwm M(Txn).

Matpuuya 4e 1! (T x n, R) B 06WeM Buie 3anucbiBaeTcs Tak:

al a2 a3.. an

a’ af a%. a wu

= 110/1 = HUV/1,

BBepxy HOMep CTPOKM,
BHM3Yy — HOMep cTo/bua.
a” a" a" .a"
rape /=1, 2,.. 1, /=1 2,..n

O6o3HaueHve: 3anuck 1=1, 2,.. T o3HauvaeT | NpUHMMaeT BCe Lesble 3Hade-
Hua ot | go T.

OneMeHTbl a; MaTpuubl A = ||a'|| Has3biBalOT AuaroHalbHbIMU
(TO4YHee — 3neMeHTamMu TFNaBHOW AuaroHanwn).

i-yl0 CTpPOKy mMaTpuubl A 6yaem o603Havatb A\ a ee j—ublii
cTonbey — A:

Ons matpuubl A co ctpokamu {AT} uan cton6uamu {/4} nHorga
6ygeM nonb3oBatbCcsi 0603HauveHusmu: A = L4 || = LYL1L

Tak KakK MaTtpuubl — CYyTb 3N1EMEHTbI HEKOTOPOW [ekapToBol
CTeNneHW MHOXecTBa [AeWCTBUTENbHbIX YUCEN, TO €CTeCTBEHHO CUU-
TaTb MaTpuubl pPaBHbIMW, KaK KOPTEXW, OTKyha APYrMMWU Cno-
BaMU:
dee maTpuubl paBHbl ToOrga M TO/MbKO TOrga, Korga pasHbl Ux ane-
IMeHTbI, CTOALME HA COOTBETCTBYHOLWMNUX MecTax.

A=Bo(({A, B)*"M (mxn, R))A(a‘'= f&
V <i, />€={1, 2, 3..wix{1l, 2, 3..0})). (17.1)

OnpefenMm HECKONbKO onepauuii U cneuuanbHbiX BUAOB MaT-
pvl, KOTOpble WCMONbL3yHTCA Hambonee 4acTo:

OnpepeneHune 172 MaTpuyy B= |ftjje M (nxm, RHa-
3bIBAlOT TPAHCMOHWPOBaHHON K maTpuue A= |[a'|le M (mxn, R-
ecnn anemMeHTbl b= al ansa Bcex 1 nin/~n.

O6o3HaueHne: B = A"
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KpaTtkaa 3anncb 3TOro onpegeneHnsa:
BIHA'0(b) =aY (i, /><=({1, 2, 3... T}X{1, 2 3...n}). (17.2)

Onepauyus MOAyYEeHUs MO 3afaHHOW MaTpuLe ee TPaHCMOHUPO-
BaHHOW Ha3blBaTCA TPAHCMNOHWUPOBAHWEM MaTpULbl. TpaHCMNOHUPY-
eMm matpuuy A:

ecnn A=

T. € cTonbubl Matpuubl A ABNAKOTCA CTpOKaMu MaTpuubl A’
OnpepeneHune 173. MaTpuyy B=||6}]jeM (m x n, R)
Has3bIBADT MPOTUBONONOXKHOW MaTpuue A= |la']|eAf(m x n, R)

(Toro >ke nopagka), ecnu anemMeHTbl b\= —a) 419 BCeX UHAEKCOB
1 n l</'<n).
O6o3HaveHue: B = —A. (17.3)

= —A¥>(b)=—8B)V < />e{l, 2, 3... T}X{1, 2, 3... n}).

OnpepgeneHne 174. MaTpuyy HasbiBalOT HYNeBON, €cCAu
3/1eMeHTbI paBHbl O.
HauyeHne Takoin matpuubl: O.
OnpepeneHne 175. MaTpuyy HasbiBalOT TpPeyrofb-
HOV(BEPXHE TpPeyronbHoit), ecan a)= 0 npu i>j, T. e. BCe ee 3ne-
MEHTbI HU>Ke fAuaroHanun pasHbl O.

def
A — TpeyronbHas 4=eLI,a‘ =0 Vi>/). (17.4)

EcTecTBEHHO CTpPOKYy uUAM CTON6GeL MaTpuubl HasbiBaTb HYyne-

BbIMW, €CiM BCE WX 3/1IEMEHTbl — HYMW.
OnpepgeneHne 17.6. MaTpuya HasbiBaeTCA CTYneHYaTON,

C/M BO BCeX €e CTPOKax HUXKHUe MHAEKCbl MepBbiX (CneBa) HeHy-

€BblX 31eMeHTOB a' BO3pacTalT:

V3 onpegeneHva cnegyeTt, yYto cTyneHyartas matpuua Tpeyrofib-
Ha, Npu4emM ee HyneBble CTPOKM (ECNIN OHW eCTb) PacnOJIOXKEHbI HUXe
BCEX €e HEeHYNeBbIX CTPOK.

Hanpumep:
/1 -20 5\ /12-0 5\/1 05\ /1 -2 5\
(0 20 0), [0O0 1-3 )(0O 0—11.(0 2 0),
\O 00 0 \0OO O 0/\0 0d \O 0o - 7/1
npegeneHune 17.7. MaTpuyy HasbiBalOT KBagpaTHON Mo-

A4Ka M, eCciM YUCNO CTPOK MaTpuubl paBHO uynucay ee CcTOn6L0B,
T e. MaTpuly Buga M(nxn, R).

O6bIYHO MHOXECTBO BCeX BeLeCTBEHHbIX KBafpaTHbIX MaTpuL
nopsigka N o6osHauvaetca M (n, R) wawm M(n).
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Cpeaun KBagpaTHbIX MaTpuy, BblLeNMM eLle HEeCKO/bKO crneuuasb-
HbIX BWAOB:

OnpepeneHune 178 KsBagpaTHyl maTpuuy nopsaaka n
1= ||a'|| Ha3biBalOT CUMMETPUYECKON, ecan a)= a/ — Ans BCex
HaekcoB 1< I, / n.

O603HayeHve: I<i, /<n pna Bcex i n / uenbix or | go n.
3TOM c/lyd4ae rOBOPSAT, UTO 3/IeMEHTbl MaTpuLbl CUMMETPUYHBI
OTHOCUTENIbHO [NaBHOW AuaroHanu.
O603HayveHVe MHOXKeCTBa BCEX CUMMETPUYECKUX MaTtpul, nopsiji-
ka n. S{n, R) wam S (n).

A — cummMmeTpuyeckas a=a[V{ /}c{1,2,3..n}). (17.5)
OnpepeneHne 17.9. KeagpaTHyl maTpuuy nopagka n
= ||a)]] Ha3blBalOT KOCOCMMMETPWYECKONR, ecnn a)=—a[ Aans

cex uMHAekcoB 1™, jN .
A — KococumMmeTpuyeckas -ggft"(a): —a[ Vv {(, /}c={1, 2,3 .. n}). (17.6)

OueBMAHO, AMaroHanbHble 3/1EMEHTbl KOCOCMMMETPUYECKON Mart-
puubl BCerga Hynesble.

HecnoXHo foKasaTb YTBEpXAeHue.

YtBepxpageHue 171 MaTtpuya A cMMMETPUYHA TOr4a U TOMb-
Ko Torga, korga A'= A, 1 KOCOCUMMeTpPUYHa TOrga U TONbKO TOrAa,
kKorga AT= —A.

OnpepgeneHune 17.10. MaTpuyy, Y KOTOPOi/ BCE 3EMEHTbI,
Kpome, OblTb MOXKET, AMAroHanbHbIX, Hy/NeBble, Ha3blBalOT Auaro-
HanbHOW MaTpuueil. Ecim Bce AuaroHanbHble 3EMEHTbI TakKoi
MaTpuubl paBHbl Me>KAy c060i, TO ee HasblBalDT CKansfpHO maT-
puuei, a ecam OHM K TOMYy >KE€ paBHbl 1, TO MaTpuua HasbiBaeTCH
eIMHNYHOIA.

O603HauyeHne eanHMYHON MaTpuubl: E = 1)6)1 rae 6) — TaK Hasbl-
BaeMblii cumBOn KpoHekepa:

ecnn »=/

(17.7)
ecnn (P /.

CkanapHas MaTpuua C UCNOMb30BaHMEM CUMBOJIOB Kpoxekepa
MOXeT 6bITb 3anucaHa B Buge |[[A6'], a gnaroHansHas— |A/6}||-

MaTpuuy, y KOTOpPOM OAVMH 371eMeHT paBeH 1, a Bce ocTasb-
Hble — HyfneBble, MPUHATO 0603HayaTb £), ecnn eguMHULA CTOUT B
i-oii cTpoke n /—om ctonbéue.

3ameyaHue 171, TonesHo 3HaTb HEKOTOPbIE COOTHOLWEHUS
ana cumeonoB KpoHekepa, Tak

ecnu j nan
ecrm i=j ns—t
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3apaua 17.1.1. Onpegenute TUMbl MaTpuL:

/10 1 /-1 01\ /01 2\
A=( 020),B=( 0-20) C=( -1 2-3),
\-1 0 1/ \ 0 00/ \—23 0/
/01 2\ /1 0 0\ /01 2\
D=\ —10 —3), £=(010), F=I 1 0-3),
\—23 o0/ \0 O 1/ \2 -3 o/
/1 0 04 f2 0 0\ /1 0 0\
G=(020), 4,020 /=(010y
\0 0 3/ 00 2/ \5 3 1/

f 0-1 2'v 0 -m 24 /10
1 0-5Y L=(--1 23 02
-2 5 07 v 2 30yl N6 1 )
00 1\

N=(020)

\v3 0 0/

A\ 000y /2 0\ /\ 0 0 0\
£P=(0200) S=(0 2y T:{ozl(),
~ 030,/ \0 0/ 40 0 0 )

/5231 % _
M:\125 14 P* =('8) W_(l -2 1).

§ 18. AEMCTBUA C MATPULAMU
(CNOXEHWME N YMHOXEHWE HA 4YMNCNO)

Ha MHOXecTBe BCeX MaTpuL, OAHOro nopsgka AOBOJSIbHO ecTecT-
BEHHbIM 06pa3oM BBOAATCA OMNepauun CAOXEHUS U YMHOXEHUS
MaTpuubl Ha uucno. o3gHee Mbl YBUAUM, YTO Takas «eCcTeCTBEeH-
HOCTb» He TO/IbKO He cny4aliHa, HO cBfi3aHa C MOJOOHbLIMU XXe Aeil-
CTBMSIMU Ha chneunanbHbiX OTOBpaXKeHUsAX — NINHEeRHbIX.

OnpepgeneHne 181 CymMO# fABYyX MaTpuy OJHOr0 Mo-
pagka /A= ||a‘'| n B—||ft'|| Ha3biBaeTCA mMaTpuua TOro >e Mno-
psaka suga [a)-fbj|.

O603HayveHne: A-\-B.

AA-B=]|la)+ bl (18.1)

(A+Blra” + b). (18 T)

T. e. MpU CNOXEHUN ABYX MaTPUL, OJHOrO Mopsaka cknafbliBa-
HOTCS WX 3/1EMEHTbI, CTOSILLME HAa COOTBETCTBYHOLUX MecTax.



158 5. Marpuubl

3apaHune 18.1. Cnoxute maTpuubl:

3ameTumM, 4TO ANA MaTpul: Hyneeoh O e M (TXa) W NPOU3BONb-
Ho Toro >ke nopsigka AeM (T X N) BbIMNOMHAKTCA PaBEHCTBA:

A-\-0=A n0+A=A.

CnoxeHue Matpul, onpeaensieT HEKOTOpPOEe OTHOLLEeHUE, KOTopoe
Mbl 6ygem 0603Hauvath:

[+ 1(*,)= 1<</1. B), A+ B)}czM2(mxn)XM (mx n),
OHO fIBASiIeTCA OTOGPaKEeHMEM:
M (T xn)XM (Tx n)-* M (T xn),

TaK Kak no snemeHtam matpuy A = |[a‘']| nB = |6 ‘|| ogHoro nopsag-
Ka OAHO3HA4YHO HaxopasTca umcna a‘'+ 0/. Kak CyMMbl AeNCTBUTENb-
HbIX umucen (cm. np. 7.1), a 3HauuT, U matpuua A+ B= |la}+ ft||.
Tem cambiM ob6ecrneyuBaetcs (cM. onp. 7.1) eANHCTBEHHOCTb KopTe-
xa (<y. B), C)c[-|-]1(® 9 onmHbl 2 ¢ 3anemeHTom {A, B) Ha
nepsoMm mecte. MNMpuyem, Tak Kak CyMMOl no6bIX ABYX Matpul, of-
HOro rnopsgka sBAseTcA  Matpuua TOro XXe nopsagka, To
Not ff-]JAL 9—M (Tx n) n 17t [+ ]  ,czAf(w x n).

ClopbekTUBHO N1 3To oTobpaxeHmne? (Cm. onpegeneHue 9.1, 3a-
MedaHue 9.1), T. e MOXHO Nu YyTBEPXfAaTb, 4YTO ANsS M060ro
AMM (Tx n) Halhigytes <?, 7>eAl (T x n)XM2(T X n) Takue, 4to
?2+ ?2-N7 *

3TO O3Ha4aeT CHOPBLEKTUBHOCTbL OTObBpaxeHus H -](1, 5.

[+ ] 0 HemHbekTMBHO (cMm. onpegeneHne 9.2, 3amevaHue 9.2),
TakKk KakKk MOXHO ykasaTb {<?, ?>, (A, ?>}cr/11(Txn) Takue, 4ro
<? })P(A, ?> HO ?+ ?=/4 n A+ ?=A.

Taknm 06pa3oM, MOXXHO cUHMTaTb [OKasaHHbIM cregylouiee.

YTBepxaeHune 181. Onepauua cnoXKeHus maTpuy O0LHOr0
nopsfka ecTb oOTob6padkeHue [+ ],,. M2(T x n)-"mM (T x n),
CIOPBEKTUBHOE, HO HEWHBEKTUBHOE.

OnpepeneHune 182 T[lpoussefeHueMm ckanapa (4ucna
aeR) Ha maTpuuy A= LHI1 HasbiBaeTCA mMaTpuua TOro >Ke no-
pagka suga: Naajl, T. e. NpM YMHOXEHUM YuMCNa Ha Matpuuy Ha
3TO 4YMCNO YMHOXaeTcs ee Mb0ol 3NeMEHT.

O603HaveHne: a>/4 nnm aA.

as/A= llaa)| (182
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(a-n)) = aa". (18.29)
OueBugHo, uto ans nwboro AeM (T X N) BbINOMHAKOTCA paBeH-
cTBa:
(—1e/A= —A, a O-A =0, n aHanOrM4YHO C/MOXEHUD MaT-
pvL, nMpou3BedeHWe uyucna (ckanspa) Ha Matpuuy onpepgenseTr oOT-
HOLLIEHME:

[1(«. )= 1<<a. A), a-A)}a(RXM(mxn))XM(mxn),

KOTOpoe ABNSeTCs OTO6paXKeHWeM, U aHafIorTM4yHO npeabiayemMmy Ao-
Ka3blBaeTca crefylolliee yTBEpXKAeHue.

YtBepxpageHue 182 Onepauua yMHOXKeHUs ckandpa Ha MaT-
puuy ecTb 0To6pa>keHue RXAI(m x n)-*-M(71 x n), Clopbek-
TWBHOE, HO HEWHBEKTUBHOE.

3agava 1811 1 [dokKaxuTe CHOPbEKTUBHOCTb OTOGpPaXKeHUs
[*](*.«) (cm- onpegeneHne 9.1, 3ameuvaHune 9.1).

YkazaHve. [1ns nNpou3BosibHOM MaTtpuubl Ae M (T X M) yKaXXuTe 4mcno u maTpu-
Ly TaK, 4ytobbl ?-? = [, 3T0 O3HayaeT CIOPbLEKTUBHOCTb OTOOpaxeHus [*](,, sy

2. MpuBegnte Npumep xoTs Obl ABYX KopTexelh <a, JI>#<p, B)
Takmx, yto aA = fIB (cm. onpegeneHue 9.2). 3T0 03Ha4aeT, 4TO OTO-
6paxeHne (*)(,,»)— HE WHBLEKTUBHO.

TakK KakK cnoxeHue mMatpul, U YMHOXXEHUe cKanapa Ha MaTpuly
onpegensieTca 4vepes CNOXeHWe U YMHOXeHue AeliCTBUTENbHbIX Yn-
cen, TO MHOTMEe WX CBOMCTBA MOXOXMW.

OcHOBHbIE CBOWCTBa onepauuii Hag matpuuamuv
(cno>keHna M YMHOXXEHUA cKangpa Ha matpuuy)

181. A+ B=B-\-A, V{1, B)c:M (T x N) — KOMMYTaTUBHOCTb
CNOXeHUs maTtpuL.

182. N+B)+ C=nN+(B+C),V{A B, C}aM(T xn)— acco-
LMaTUBHOCTL C/IOXXEHUS MaTpuL,.

183. A-\-0=0-\-A = A, YN eM (T X n) — Halmumne HenTpanb-
HOro 3/IeMeHTa MO CMIOXEHUID MaTpul,

184. A+(—N)=(—A)-\-A=0, YAeM(T X n)— Hanuuue
NPOTUBOMOMOXHOW AN MPOU3BOJILHOI MaTpuULLbI.

185. a-(p*/4)= (a.p)*4 V <a, p, A) e R2XAf (nlx n) — accouu-
aTVMBHOCTb YMHOXEHMWs CKansipoB Ha MaTpuly.

186. (a+ pM =a-1 + p-N, V <a, p, A) <R2XM (T x n) —
LANCTPUGYTUBHOCTb C/IOXKEHUS CKaNsipOB OTHOCUTENIbHO YMHOXEHUS
Ha MaTpuuy.

187. a-(N + 4)=a-/1+a-B, V <a. A, B) eeRXA!12(T x n) —
ANCTPUGYTUBHOCTb CMIOXEHWUA MaTpuL, OTHOCUTENIbHO YMHOXEHUS
Mansipa Ha MaTpuuy.

188. I-A=A, VAMM (T x n).
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189 0*1 =0, VzleM (m xn).

B kauecTBe npumepa AgokasaTenbCTBa CBOWCTB MpuBeLeM cnegy,
toLee.

Joka3zaTenbcTBO cBoictBa 18.7. MycTtb matpuya A=
= llallel (TxnmuB=||™|eN! (T x n), Tpebyerca ycTaHOBUTb pa-
BeHCTBO MaTpuu: a-(/1 + B) mn a-/1 + a-B. Tak KakK, O4€BUAHO, OHU
OfHOro nopsiaka, To ocTtaetca gokasaTtb (cm. (17.1)) paBeHCTBO WX
COOTBETCTBYIOLNX 3/IEMEHTOB.

1 Martpuua a-(A+ B)W2=]|0(A+ B))||Y LW lla(a)+ b)\I

= laa) + a5l
T. €. anemeHT, CToAWMNIA Ha nepeceyeHun /—oi CTPOKM K /-0ro
cton6bua matpuubl ae<(/1-|-B), paBeH aa‘+ ab).
2. 3anuwem cymMmy MaTtpuy, yepe3 06WMIA BUA 3NEMEHTOB Mart-
puvLu-cnaraembix

a4+ a.B=[[(aM);|| + [I(a.B);|| W [[aa‘] + [lab'] ¥ LU
YW Lhaa'+ aijll.
Takum o6pa3oM, anemMeHT matpuubl a-/4+a-B, cToAwmnii Ha ne-
peceyeHnn i —oi CTPOKM K /-0ro ctonbua, ToXXe paBeH aa}+ a6l, uto
N O3Ha4yaeT paBeHCTBO MaTtpuy a*(J1 + B) n a-/1+ ]

Cymmy maTpuy A + (—B) 6ygem o6o3HayaTb A —B 1 Hasbl-
IBaTb pasHocTbio maTpuy A un B.

A-B=A-H-B). (18.3)
MOXHO cka3aTb, 4TOo Matpuua X = A —B aBnsfetca pelleHVem
MaTtpuyHoro ypasHeHusi: X-\-B = A (u B + X = A). [lelicTBUTENLHO,

3ameHas X Ha A—B=A-\-( —B), nonyumm:
X+B=(A-B)+B=(A+(-B))+B
N+((-B)+ B) A+? cB 18?7 A. -

CBolicTBa TPaHCNOHMPOBAHUS MaTpuL,

1810. (A+ B)'=A'+B' V{/I, B)cM (Txn).

18.11. (a-MT= a-A\ V <a, A) e RXM(m x n).
18.12. (An)t= W, VAc=M(mxn).
18.13. (— /1= —A". V~AeM (mxn).

18.14. £'= £, E — egnHuyHas matpuua E M (nxn).
Cnnckom cBolictB 181 — 18.14, KOHEYHO, HE MCYEPMbIBAOTCS Bce
CBOWCTBa MaTpu,
3apauva 18.2.1. Onpefenute, Kakme u3 CrefylOLW X pPaBeHCTB
BEPHbl AN Nob6bIX matpuy, A n B (ogHOro nopsigka) v nobbix geii-
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cTBuTenbHbiXx a? 1L (A+ B)'=B'+ A'. 2. a-A d(a-A)\
1 (A+BY=B'+A" V{A B}cM(Tx n).

(n+ Aa)r £1~18? ? —----O1-|-/T.
3Haunt (U + fl)' = fIT+ /4T ¢ mo6eiMu [A, B}czM (T x n).

2. a-Ap (a-AY V(a. A) e RxAf (T x n).

PaBeHcTBO Matpuy, (a-J1)T n a-JI, no onpegeneHuto, Tpebyet
npexne BCEro paBeHCTBa WX nopsakoB. Ecnm e M (Txn), TO
>

a-AeAf (T xn), a (a-zI™eAf(? x ?). CnegoBatefNlbHO, PaBEHCTBO
= He uMeeT cMmebicna, ecnu T @M.

Mycte A= ||a!'6 T |4

a.Nl = ||(a.4))] =£== llan)ll.

(e-/HT= fl= I&I [ff = (a=4)' = ?2=*-(aM)T= ||7||.

a-/4=(aM)* Torga wn TONbKO TOrga, Korga aa)= ?, OTKyga
«)= ?. 3TO ycfoBme o3HayaeT CUMMETPUYHOCTb MaTpuubl. Cnegosa-
TenbHO, a-A=(a-Ay MMeeT MecTo TONbKO NpY YCNOBUW, YTO MaTpu-
ua A KBajpaTtHas W CUMMeTpUYeckas.

3apaua 18.12. Onpegennte, Kakue u3 cnefyrowmx paBeHCTB
BEpPHbl ANna nobbix mMatpuy, A n B (ogHoro nopsgka) v nobbix aein-

cTBUTENbHLIX @ U p? 1 (a-A + p-B) = p-fiT-|-a*/4\
2. (A-B)'®A'-B.
L (a-N+ p-A)1™p-AT1+ a-/4? V<a, p,/4 fi>e R2X Af2(Txn).

(ae>1-{-p-BY (a*A) + (p=B) 2.
3HauuTt, (a-N1+ p-A),= p-BT1+ a-/T npu nwobeix <a, p, A, B).

2 (A—BY®A'—B V {#4, B)czM(m x n).
Echrm JeAlTtxa), 10 T'eAl(? x?). A'—B—7? ®
3apgava 1822, fokaxuTte, 4yto gns noboi KBagpaTtHOM mat-
puubl A maTpuua A + /4T cumMeTpuyeckas.
JokasaTtenbctBO. Ecnn /1eM (n), To A'eM (n), ux cymma

onpepeneHa, npuuem A-f/l'eAf(n) n (A-f-A1)~Al(n). Torga
A= ||n)|| eAl (n) 22E4~1m(n)aN1'=8B=|6)||6)=0;.
CpaBHUM 3neMeHTbl MaTpuLy;
|[+y4»=C=]c)llc}=a}+A}= a)-|-a;
(A+A,y=*C'= D= |l )= c(= a)-|-a)
AA-A’= (A + NIT)T™U>1- A —cuMmMeTpuUeckas.

6 B T. [NarpoHa
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3apgava 18.1.3. Jokaxute, 4yTo nOOYHO KBajpaTHYH Matpuuy
MOXHO MpefCcTaBUTb B BUAE CYMMbl CUMMETPUYECKOW M KOCOCUMMET-
puyeckon MmaTtpuy, MpuvyYeM Takoe npejcTaBneHne efnHCTBEHHO.

Yka3zaHue. CM. 3afady 18.2.2. fiBnsetca nu matpuya A —A1l cuMMETpUYECKOR™
KOCOCMMMETPUYECKOIA?

§ 19. AENCTBMA C MATPULAMMW
(YMHOXEHWE MATPWNL,)

Kasanocb 6bl, MO aHanorMmM ¢ CyMMO MOXXHO ONpefennTb Npous-
BefleHVe MaTpul, NepemMHOXasi NX COOTBETCTBYIOLLME 3/IEMEHTbI, Of-
HaKOo, OKa3blBaeTCH, UYTO TaKOe YMHOXEHWE He MUMeeT MPUIOXKEHU
B anrebpe u reometpuu, B TO BPEMSA KakK onpegefieHue, KOTOpoe
GyfeT JaHO HWKe, NMeeT cofep)kaTeNlbHOe WMCTONKOBaHUE W Mpuo-
)XE€HUe B [JaneKux, Ha MepBblii B3rnsg, pasfenax MareMaTuku, me-
XaHUKN 1N (PU3NKWN.

Mpexae 4YeMm onpeaenvTb NpPou3BefeHUe MaTpul, B 06LieM BuAg,
Ham noTpebyeTcsa BBECTU, KakK MPUHSATO MepeMHOXaTb MaTpuLy-
CTPOKY Ha Martpuuy-ctonbéed,.

OnpepeneHune 191 TlpousBefeHUEeM MaTpULbI-CTPOKK
A'= |la*]l eM (1 x n) Ha maTpuuy-cTonbey Bf= \b*\eM (n x 1)
Ha3blBaeTCA 4UCNO, paBHOe

ab'+ad)+ aYr.+o# = £ ab*=a'n=4 (19.1)
»-1

Mpown3segeHne mMaTpuLbl-CTPOKM Ha Matpuuy-ctonbeuy, 0603Ha-
yaeTca: A“BT

a*&*— 0603HaueHne CymmMupoBaHMA Mo K B Tak HasbiBaeMoi
TEH30PHOW CUMBOJIUKE.

dopmyny (19.1) npousBedeHUss CTPOKM Ha CTONGEL, MOXHO W
yaobHO npeactaBnsATb ewe U Tak:

A-B, =a’a2a3..as) M ‘.] |= £ a**=a>*  (19.1)

OnpepeneHwne 19.2. TllpousBefeHnem MaTpuubl
A= \akleM (T x n) Ha maTpuyy B = ||6%| el (n x p) HasbiBa-
eTca maTpuuya nopagka T xp Buga ||A'B(||, rae A‘— crTpoka
mMaTpuubl A, Bl — cTonbubl mMaTpuubl B.

O6o03HavaeTCcqa npoussefeHne maTpuy A m B: A-B unun AB

AeB = |A'efly]|. 19 2)
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Ecnn gna anemeHta matpuubl A-B ucnonb3oBatb 0603HaveHue

(A-B),, TO B COOTBETCTBUU C OMNpefeNeHNeM ero MOXHO 3ajaBaTb
thopmynoii:

(19.2")

AHanoruyHo yteepxgeHusam 181 m 18.2 MOXHO AoOKa3aTb Clie-
ayrouee.
YTBepxpgeHune 19.1. OTHoOWeEHNe

M(mxn)XM(@mxn)->M (T xn),

Hailgute npousBefeHuss MaTpul

M3 3Tnx npumeposB BUAHO, YTO A5 TOro, Ytobbl ObIIV onpefene-
Hbl MPOU3BEAEHUs ABYX MaTpul, Kak B ogHoMm nopsgake (A-B) Tak
n B gpyrom (B-A), pomkHbl 6biTb: AeAf (T x?) u Bell((? x ?).
3apgpaHue 191 MNyctb <A, B) e M(m xn) X Af(n x T),
T. e. nx npomssegeHns A-B wn B-A onpegeneHbl. Ona Bcex nm

Takmx matpuy A-BAB-A? 4
Ecnu oTBeT oTpuuatesieH, noctapaiTecb HaiTu NpUMepbl XOTA
Obl ABYX MaTpul, A4S KOTOPbIX 3TO YC/OBME BbIMOJHSAETCS. 4

Mpeabigyliee nokasbiBaeT, YTO BOMPOC O paBeHCTBe MNpou3sefe-
HWii aByx matpuy, A-B = B’A wunmeeT cmbicn TONbKO TOrga, Korga
OHW OHOro nopsgka v kBagpatHble. OgHAKo, U B 3TOM c/iyyae, BO-
o6bwe rosops, A-B® B-A. OTcioga ABCTBYeT, UTO MPOM3BELEHUE

*MaTpul, HeKOMMYyTaTUWBHO, UM He ob6najaeT CBOWCTBOM KOMMYyTa-
TUBHOCTU.
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CBoiicTBa YMHOXXEHUS Martpuly,

YKaxkunTe, Npu Kakux yCnOBUSIX OnpeaeneHbl 06e 4vactu opmyn-

191 a-(A-B)=(a-A)-B = A-(a-B),
V (a, A, B)e RXM (T xn)XM (? x /3) — accoumatuBHOCTb YMHOXe-
HVSI MaTpuL, OTHOCUTE/IbHO YMHOXEHUSI cKansipa Ha MatpuLy.

192. A-(B+ C)=A-B + A-C
V {A, B, C>e N1 (1xn)X Af2(?xp) — AUCTPUBYTUBHOCTb cnoxeHus
MaTpuL, OTHOCUTENIbHO YMHOXEHUs MaTpul, creBsa.

193 (A+ B)'C*~A‘C+B‘C
V <A, B, C)e Af2(T xn)xMm (?Xp) — ANCTPUOYTUBHOCTb cnoxeHus
MaTpuL, OTHOCUTENIbHO YMHOXEHUs MaTpul, crnpasa.

194. A-(B-C)=(A-B)-C
V (A, B, C)eAf(mxn)XM(nxp)XM(pxq) — accoumatmBHOCTb
YMHOXEHUSI MaTtpuy,

195 A-E=E-A=A
V (A, E) el (nxn), (£ — eguHu4yHass maTpuua) — HaIMuue Heir-
TPaNbHOrO 3/eMeHTa (N0 YMHOXEHUI MaTpuL).

19.6. (A-B)'= B'-A' V <A, B)e=M(T xn)XAl (s x ?).

JokasaTenbcTBO cBOWcTBa 19.2.

A-(B+ C)=A-B + A-C
V <A= |la*||, fl=||ft*]|, C=|[|c*|)eAf(m xn)XAf (nxp).

Kak n3BecTHO, mMatpuubl paBHbl, €eCNN paBHbl WX COOTBETCTBYIO-
wpne 3niemMeHTbl, cnegoBate/ibHO HaaOo YCTaHOBUTb paBE€HCTBa:

(A-(B+ C)} n (A-B + A-Cj,
npu Bcex <|, /)e {1, 2, 3.. W}x{l, 2, 3... p}.
1 PaccMOTPUM fEBYI0 YacTb PaBEHCTBA:

nya+C)=M.(A+c)||™ | MUB + <)

= M ".(B,+ C/)

(sctogy no J1 cymmmpoBaHue, cMm. onp. 19.1, 19.2).
2. Mpeobpa3oBaHusi B €ro NpaBOM 4acTu B COOTBETCTBUU C Y}

3aHHbIMWU B Heil AeNcTBMAMM [atoT:
A-B+A-C=HA-B+A-Cp~™UW IA-fi)|+ |IM-C)'|2r=f

=1 <al+ 1/4.cn ||a;5*||+ la*c; || =(1 2:) = latf + atflle
CpaBHMB pe3ynbTatbl, ybeauMmcs B paBEHCTBE MpU  Bcex

<ii /Ye{1,2,3...7}x{1,2,3..p) oanemeHtoB (A-{B+ C))) wun

(A-B + A-CY/ matpuy A-(B+ C) n A-B + A-C, a 3HauuT, 1 mnx pa-

BEHCTBE, YTO M 3aBepluaeT AOKas3aTe/bCTBO CBOWCTBA. M
3apgava 19.1.1. JokaxwuTe cBoicteo 19.1.
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LokaszaTenbcTBO cBoiictBa 19.1: a(y4-A)=(a/1)-B = /4-(aB)
V <a A B)e RXM (1 xn)XM(n xp).

YKazaHue. [loka3atenibcTBO MOXHO MPOBECTM ANs MaTpuUL, O6LLEro BUAa, HO KOHK
pernon PA3MepPHOCTU, Hanpumep, /11(2):

| ]
n-¢ M e=(")
(.a).a-(«(“ 0-». *e<-*>_(? 0)=?

Tem cambimM cBolicTBO 19.1 6yfeT foka3aHO anid ciyyas V <a. A, B>eRXAT (27,
MocTtapaliTecb fOKasaTb ero no aHalorMy ¢ AokasaTenbCTBOM CBOWcTBa 19.2 ans

MPOU3BO/IbHLIX <e. A, X n)XM(n x p).
3apgava 19.1.3. Jokaxute csoictBo 19.6.
JokasaTenbcTBO ceolictBa 19.6. (A-B)'=B'-A'

V (A= lla*ll, B = ||64|> <=Af(m x n)XM(n x p).

Tak kak A-B "M (Txp), 10 (A*B)'eM (pXxT), Kak mu
B'-A'"M(p x T). MNoatomy ans pokasaTtenbcTBa cBoictBa 19.6 ocTa-
eTCs YCTaHOBMUTbL PaBEHCTBO 3nemMeHToB ((/1-B)’)} n {B'-A"), npu Bcex

5 AL 2, 3. TX{1, 2 3 .,
1 PaccmoTpuMm neByto 4vacTb 19.6, npousBegeHve matpul, A-B:

A= |lal el (w xn)

=>A-B=\\(A.ByN\\"\\alok\
B= ||ffc*He Af (n x p)

TpaHcnoHupyem matpuuy A -B = C= ||cj|| \ct= akbk, (cm. onpepe-
neHna 172, 19.1, 19.2, no K cyMMuUpOBaHue)

(A.By= D =\\di\\\d"=c\ = akbk. (19.%)

2. TpaHcnoHupys Matpuubl A n B v BBOgs gns ygo6ctBa npome-
YKYTOUHble 0603HAYEHUs, MOMYUYUM:

A= Mak\\"M (Txn)LW 1 A'= F= ||/*] |[/?= a5,

B=\\bx\\esM (nxp)W + B'= G= \gt\W\\gi = ti.
OTkyna

B'.A'=G F= L=||//|\l"= g 'Kk= blal*akok (19 .*%)

3. CpaBHUB BbipaeHus (19.*) un (19.**), nonyumm, uto d{= K
"Pu Bcex (i, /)e{l, 2,3.. m}X {1, 2, 3... n}, uTo O3HA4YaeT paBeH-
ctBo MaTtpuy D m L, a B koHeuyHom cueTe (A-B)'= B'-Al L

Lns MHOXKecTBa BCex KBafpaTHbIX MaTpuy OAHOro nopsagka

M(n, R) c onepauyuaMu CNOXKEHWSA, YMHOXKEHUS HA [eCTBUTE/b-

Hble Yynucna W YMHOXKEHUS MaTpuy NPUHATO cheunanbHoe Ha3Ba-

HWe — MOMHas AuHeliHaa anrebpa uaM maTpuyHas anrebpa.
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Ee o6o03HaueHue: gl (n, R) wwm gl(n).

3 npegbigyuiero cnedyet, uto ANs BCex TaKUxX MaTpul, Onpeje.
NeHbl CMOXEeHWe, YMHOXEHMWe, YMHOXEeHMe ckanspa Ha matpuuy

OCHOBHbIe CBOICTBa MOJIHOM JINHEHOW anreépbl

Ons Bcex matpuy [A, B, C]czgl(n, R), egnHuuHOin MaTtpuubl

£ef/(n, R), HyneBoii matpuubl Oegl(n, R) mn nwobbix {0, pfcR
g- L A+0=A
g- 2. A+(-A)=0
g- 3 A+(B+C)=(A+B)+ C
g- 4 A+ B=B+A
g- 5 a-(M)=(afIM.
gl- 6. (a-+-p)-/4 = a-/4-1-p-y4.
g- 7. a(/4+B)=a-/l+a-B.
g- 9 0-A=0.
gli- 10. A-(B-C) = (A-B)-C
gl- 1. EF-A=A-E=A
gl- 12. 0-A=A-0=0
gl- 13 a-(/1<B)= (a-/1)-B= A-(a-B)
gl- 14 A-(B+ C)=A-B + A-C.

- 15. (A+ B)-C=A-C+B-C.

KasbiBaeTCcs, eguHUYHas MaTpuua 3aHuMaeT B MaTpUYHOW an-
rebpe COBEPLUEHHO YHWKanbHOE MECTO: HMKakas [gpyras He MOXeT
yposnetBopAte ycnosuto g l.ll.

YtBepxageHue 192 Ecam A-X —A uan X-A =A ana no6oi
maTpuubl Aegl(n), to X—Eegl(n).
Loka3zaTenbcTBO. [OKaxXem MepBoe Npea/ioKeHue:

(X\(VAegl(n)/\A-X = A))=>X=E.
[Ona 3atoro 3ametvm, 4TO MO ycnoBuio yTBepxgeHusa E~X = E (ecnn

B3aTb A=E). C pgpyroli ctopoHbl E-X = X. Tak kKak npowusBeaeHue
mMatpuy, onpegeneHo ofgHo3HayHO ([*lma — oTo6paxkeHue, O
yTBepxaeHno 19.1), X=E.

BTopoe npeanoXxeHve yTBepXAeHuUA pokasbiBaeTca aHAO-

TMYHO. -
Ewe 6onee ouvesngHo ceoictBo gl. 122 O-A = A-0 = 0 gna Bcex
Aeg/ (n).

3agava 19.2.1. Kakue M3 MaTpPUUHbIX TOX/AECTB CrNpaBea/nBbI
ONS BCeX KBagpaTHbIX MaTpuu, ofHOro nopsaka?

1L (A+Bf"A2+ 2A-B+B2 2 (A+B)-(A-B)*"A2-B 2
1 Mpeo6pasyem BbipaxeHue: (A+ Bf=(A+ B)-(1 +B)="-
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3amMeHsA 3TMM pasnoXeHWEM /EeBYIO 4acCTb BbIPaXXeHUS, NpuUaem
K A-B = ?, 3T0 o3HauaeT, uto gnsa Bcex {/1, B)czgt(n) paBeHcTBO
1 HeBepHO.

2. AnanornuHo ana (A + B)-(A—B)®A2—B2

(A+B)-(A-B)Y=2

CnepoBatenbHo, pAansa Bcex wMatpuy [A, Blagl(n) Takoe
paBeHCTBO ? He ? BEPHO:

3agauva 19.1.2. Hangnte A" ¢ Npou3BO/IbHbIM HaTypanbHbIM T,
ecm aeR, a A= "q

YKaszaHue. PelueHvie 3afaquv MpOBOAWTCS METOAOM MAaTeMaTUUecKol WHAYKLMN.
Uto6bl BbiCKasaTb rMMoTe3y, Hafo HalTU NpousBeAeHus:

(I THAT)>»-.
AT)-(01)-d1)=loT)-?
- ATV (AT) (A TKA 1 b

3T0 Mo3BOMAET NPeAnonoXutb, 4To A*= ~g |) ana Bcex
Torga A'+'= N1'.O ~  $OMbN,Ke_HUK, a\ ?

3To O3HayaeT BbIMNO/HEHWE TpebGOBaHWA MeTofa MaTeMaTUyeckoi
NHAOYKL NN,
dopmyna A*= g BepHa npu ntobom fceN.

OnpepeneHue 193 KoMMyTaTOpPOM KBaApPaTHbLIX MATPUL
' nopsgka A u B HasblBaeTCA MaTpuua, pasHas
B-A.

def
O603HauvaeTcs kommyTtatop matpuy A n B: [A, B]— AmB —B-A

3apgava 19.23. Kakme 13 CBOWCTB YMHOXEHMA MaTpuL, Ha-
cnepyTcs Kommytatopom? (T. e. 6yAyT UMeTb MeCTO, ecim B CBOW-
cteax 191—19.6 onepaunio yMHOXEHUA 3aMeHUTb Ha KOoMMYyTaTop
V <a, A, B, C)e=RX(gl(n)f.

1 a[A B]=[aA, B}=[A aB].

2. [A (B+ Q=14 B]+ [A C]

(A+ B), C]l=[A, C]+ [B, CI

A. [B, CI]1®[[A, B], CI

A, £]=[E, A]DPA, (E — eauHnuHaa matpuua gl(n)).
A, Br=[B\ A}

o Uk w
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§ 20. MEPECTAHOBOUYHbLIE N OBPATUMBbIE
MATPUNLbI

Bbilwe Mbl ycTaHOBWAKW, 4YTO NpowusBegeHus matpuy A-B n B A
onpegeneHbl OAHOBPEMEHHO, KOrga 3TW MaTpulbl — KBajpaTHble U
ogHoro nopsaka: [A, B}czgt (n), HO, Kak Mbl 3ameTunu B § 19, oHy,
BOOOLLE roBops, He KoMmyTupytoT: A-BpB-A. BmecTe c Tem 3TOT
cnyyali, XOTs WM AOBOMbHO peaKuii, npefcTtaBnsieT WMHTepec.

OnpepeneHne 20.1. KeagpaTHble maTpuubl A 1 B ogHoro
l‘lepﬂ,qKa Ha3blBAlOTCA MEePecTaHOBOYHbIMU WA KOMMYTUPYIOLLN-

n, echm A-B = B'A.

OueBMAHO, 4TO ecim MaTpuua A MepecTaHOBOYHA C MaTpuuei
B, T0 n B nepectaHoBouHa C A, ((A-B = B-A) =>(B-A= A-B)), uto
03HayaeT CUMMETPUYHOCTb Ha MHOXECTBE BCEX NEepPecTaHOBOYHbIX
MaTpUL, OTHOLLEHWS:

C@H= {<n, B>|M, B}c:gl(n)/\A+B= B-A)

Dorn C(n)czgl (n). W3yuas cBolicTBa 3TOrO0 OTHOLLEHUS, ecTecT-

BEHHO nocTaBuTb Bonpoc Dom C(m)= gl (n)? Ans BcsSKOW nn maTpu-
Ubl Haligetca nepecrtaHoBO4YHas ¢ Heir? (Cm. gl. 1— gl. 15). U3 3T0-
ro éyaner cnegosatb, uto Dom C{n=gl (n).
MOXXHO 3aMeTUTb, YTO He TOMbKO eAUHM4YHas, HO U BCAKas CKa-
napHasi maTtpuua nepectaHOBOYHA C NHOOON MaTpuLeinn Toro ke no-
pagka, Tak Kak

(X.£)JIEL= X-(A-14) MclL> .(2.2) 8Y = 2.(2.2).

B uyacTHOCTM, NnepecTtaHOBOYHbI [Be /0Oble CKansipHble Matpuubl,
N foKas3aHO crnefgyiollee.

YTBepxageHne 20.1. BcAkada KBagpaTHad maTpuua UMEET
MepecTaHOBOYHYI C HEA. a CKansipHble MaTpuLbl NepecTaHOBOYHbI CO
BCEMU MaTpuuamu TOro >Ke nopspka.

3apaua 20.1.2. Onpepenute, 3aMKHYTO 1M OTHOCUTENIBHO C/O-
XXEHUS N YMHOXXEHUA MHOXEeCTBO BCeX MaTpul, MepecTaHOBOYHLIX C
MaTtpuuei A (T. e. NePECTaHOBOYHbI /1N C faHHO MaTpuuel npousee-
JeHve cKanapa Ha maTtpuuy, cymma 1 npousBefeHue matpul, nepe-
CTAaHOBOUYHbIX C A).

LJokaszatenbcTtBo. O603HAUMM MHOXECTBO BCeX MepecrtaHo-
BOYHbIX ¢ MaTpuuei A*gl(n) martpuy

C(A)={Xe=gl(n)\A-X = X-A) (20x)

Bo3sbMeM npowusBonbHbie MaTpuuybl {B, C}cC(/1).
1. A-(aB) = a(A-B)=a(B-A) = (aB)-A.
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UTo o3HauaeT MepecTtaHOBOYHOCTb @ B ¢ matpuuein A.
2. A*(B-|-C) n~==?2=B-A C'A~"==?__
CneposatenbHo, matpuya (fl-f-C) ? He ? nepectaHOBOYHa € A.
3 A.(B-C)&==(A-B)-C "U=7(}-?)-c W=?-(}-C)x(B-C)-A.
3HauuTt, (B-C) u A ?He ? nepecTaHOBOYHbI W, Takum o06pa-

30M, MHOXecTBO maTpul, C (A) ? He ? 3aMKHYTO OTHOCUTE/IbHO OCHOB-
HbIX MaTPUUHbIX OMepaLuii.

Cnegyrolme BOMPOCbI: KaK MHOro Ana AaHHOW Matpuubl nepe-
CTAHOBOYHbIX C HEl N MOXHO fIn UX BCe OTbiCKaTb? PaccMoTpum pe-
lWeHVe 3TOW 3ajayn Ha npumepe.

Mpumep 20.1. Hangem matpuyy, NepectaHOBOYHYH C

N=(? 2)<=*/(2), 1. e. X<=gl(2) \A-X = X-A.

Myctb X= (Y ~ — uckomas wmartpuua, Torga YycnoBue nepe-

CTaHOBOYHOCTM BJie4eT MaTpuyHOEe ypaBHEHWE!:

| a. Wro-a.

TaK KaK paBeHCTBO [BYX MaTpul, O03HauyaeT PaBEeHCTBO WX COOTBET-
CTBYIOLWMX 3/1EMEHTOB, TO 6GyaeM WMeTb CUCTEMY YpaBHEHWIA

3x+ 2r=3x+\y,
3y+ 2u= 2x+ ly,
Ix+ 1Ir = 3r - Iy,
\y+ lu=2z+ lu,

pewas ee, NofyymMm X = 2z-\-u My = 2r, 4TO O3Ha4aeT MepecTaHO-
BOYHOCTb C A Bcex MaTpuy, Buia:

[ (2 +n 2)-

rae Z U U — NPou3BONbHbIE AEWCTBUTENbHbLIE YuUCna.
MpupasBas 3HauYeHUs z n u, 6ygeM noayyatb MaTpulbl, nepecra-
HOBOYHble C A, Hanpuwmep:

<r, =<1, 0>:(2 2), <r, &= <0. 1>:(" °),

<, «>= <1, 1>:(3 ~ <2 [>:(?

MT. A T. e MepecTaHOBOYHbI C AaHHOM MaTpulieil He TONbKO CKa-
nsipHbIE.
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3apava 20.1.1. dBnsetcs nu oTtHoweHne CMczgl (n)X gl (m)

oTo6pakeHnem?
Yka3zaHue. Cm. onpegenerHve 7.1, npumep 20.1.

u/l. 1 3
(A, B.)eC =1?=>C,,,,—? He ? oTo6paxkeHme.

! | >

3apaua 20.1.3. [Jokaxute, 4Yto ecnnm martpuua puaroHanbHa,
npuyem BCe ee AMaroHajibHble 3/1IeMEeHTbl Pa3/InyHbI, TO BCAKaA nepe-

CTAaHOBOYHAas C Hel mMaTpuua TOXe AunaroHasbHa.
YkazaHuns. 1L Ecnu A un B — anaroHanbHble (He 06a3aTeflbHO CKansipHble), Ha-
npumep,

700 . oy /u,0 0.0

00 /,. 4=1 oo u,..0

ooo" K/) \o 06 |
170 A-B = B-A.

2. Nyctb A — gnaroHanbHa,A = lIA/eNl, a B nmeer xoTs 6bl OAVH HeamaroHaslb-
HbIi 371eMeHT, Torfa, Hanpumep:

X0 0 mop. o
O)éjo Ouxn O
AB-. 00 *3- OOuwu, o
VO 00 oo; L.,
uo 0 n00. O
0 u2 ono . o
B-A- 00 u, oon, O
000 06 ! v

Kakoe ycnoBue Ha 3fnemMeHTbl MaTpuubl B Bfeyer paseHcTBO A-B —B-A? o

Mbl BUAENN, YTO JaXKe B [OBO/SLHO MPOCTOM C/y4yae MaTpul, BTO-
poro nopsaka (npumep 20.1) 3agaua onpegeneHuss mMaTpuubl, nepe-
CTAHOBOYHOI C [aHHOl, CBenacb K PEeLIeHUd CUCTEMbl NUHEHbIX
YPaBHEHWH ¢ 4YeTbipbMs NepemMeHHbIMU. M03TOMY 3aKOHOMEPHbI 3a-
flaun, Kak HailTM Gonee npocTbie CNOCo6bl onpefeneHns Matpul,
NepecTaHOBOYHbIX C AAHHO WAM BbIAENNTL TaKMe MaTpuLbl, UTOOLI
NnepecTaHOBOUHbIE C HUMW MOXHO 6bi10 6bl HANTU MeHee CMOXHbI-
MU BbIYMCNEHUAMM. YacTUYHO Ha MNOCMefHUIA BOMPOC OTBET yxe
[laH: cKansipHas maTpuua nepectaHOBOYHA C N060iM MaTpuueli Toro
e nopsigka. Ho npumMep 20.1 Noka3sbiBaeT, YTO CKaNsipHbIMU MoryT
HEe wucuepnbiBaTbCA BCE MaTPULbl, MNepecTaHOBOYHbIE C [aHHOM.

Ycunum Tpe6oBaHWe MepecTaHOBOYHOCTM,
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OnpepeneHune 20.2. KBagpaTHasa maTpuua A HasbiBaeTCH
obpaTuMOii, ecnn CywecTByeT MNepecTaHOBOYHAs C Heil maTpuua
B Takaf, 4YTO WX MPOW3BELEHUSA PpaBHbl EAMHUYHOW MaTpuLe:

A-B = B-A = E. (20.1)

B aTom cnyyae maTpuuy B HasbiBaloT o6paTHON K A.
MoamHo>kecTBO B gl (M) BCex 0o6paTWMbIX MATpPWL Ha3blBaeT-
CA MONHOW NMHENHOW Tpynnoi.
O603HaveHMe nofHoW nauHeliHoW rpynnel: GL(n, R) wm
GL(n).
OueBuaHa
Nemma 201 a(n)®0 m 6E£(a)3E.
Tak £<£ = £«£=£. (Cm. gl.l-gl.15).
OnpegeneHne 20.2 3agaeT HOBOe OGMHAPHOE OTHOLUEHUE:;

r'a)={<n. B>1[A, B}c:gl (n)4/4 £ = £/ = £}cC ()

Vccnegyem ero cBolicTBa (MOAZOGHO CBOMCTBAM OTHOLWIEHMUA £<¥)e
1. [ 1), oueBMgHO, TOXE CUMMETPUYHO.
3T0 No3BONAET MpY BbINOMHEHUU ycnoBusa (20.1) ona aByx MaTpuL,
HasblBaTb WX B3aMMHO 06paTHbLIMU.
CummeTpuyHocTb [ ~'](d) no3BonsetT yTBepXAgaTb, 4TO
2. Domn[~7@®)= Im[~"]1{n—GL(n)c:gl(n), 1. e. 6UHapHOe OT-
HoweHure [ -|],5) Ha mMHOxecTBe GL(Nn) — clopbekTMBHO, (CM. onpe-

genexHne 9.1).
3. IHbekTMBHO nu oHO? (Cm. onpegeneHve 9.2).
Jonyctum, uto Hanpgytcs aBe matpuubl A{ n A2 nepecTtaHOBOY-

Hble ¢ B:
<l, B>e[-']@Ne N1 ,.B=B-AXE, (20.%)
<N2 £><=[-]aNe n2.B= B-A2=E. (20.**)

PaccmoTpum npousseneHue:

(Ar B)-Arll = (?m 2*y=7?
gi. toH
AAB-A) w ~ . n ILL?

CnepoBaTenbHO, O6MHApHOe OTHoOWweHMe [ ']()— WHBLEKTMBHO.
4. N3 NHBEKTUBHOCTU GUHAPHOro oTHoweHus [ ~'](A) B cuny ero
CUMMETUYHOCTM  ClefyeT, 4YTO OHO ABNSeTCA  OTOOpaxeHuem
(ytB. 9.1): GL(n)-*- GL(n). U
3TN pesynbTatel 06bLEAVHVMM B TEOPEMY.
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Teopema 20.1. buHapHoe OTHOLUEHMNe
[-'1@={<n, B)\[A, B}czgl (n)/\A «B= B+A= E)

CUMMETPUYHO U ABNSETCA OGUEKTUBHbIM OTO6GpPa>KeHWeM
I ~71{,)-GL(n)-+GL(n).
CnepgctBue 20.1. ltobas obpaTuMas maTpuua UMeeT efuH-
CTBEHHyl0 06paTHYI K Heil maTpuuy.
MaTpuua, obpaTHas K A, o603Havaetca A ~\
CnepctBue 202. Ona obpaTumoin maTpuubl A obpaTuma
maTpuua A~".

(Tak kak, ecnin (A, N-|>e[ -|1@)=(A~\ A) e[ -,]®).

Opyrnumu cnoBamu: MHOXecTBo MaTtpuy GL(n) 3aMKHYTO OTHO-
CUTENbHO oOnepauuy ob6palieHus MaTpuLbl.

Cnepcteue 203. (A~")~'= A gnda BCAKOA obpaTuMoii maTpu-
upl A.
(Tak KakK BTOpPOW 3neMEHT KopTexa OTO6paXeHwusi onpeaensiercs
OfHO3Ha4HO, a 3Hauut, A=(/1_,)_|).

3ameyvaHue 20.1. MoHATME 06paTMMOI MaTPULbl HECKOBLKO
nepeonpegeneHo: A4ocTaTo4YHO OfgHOro M3 tpebosaHuii: A-B = E nm
B-A=E, a gpyroe u3 Hero cnegyer.

Hanpumep, nycTb BbIMNOMHAETCS TOMbKO OfHO YC/IOBUE: CYLLECT-
Byer ana A*gl(n) matpmya B*gl(n) Takasa, uto A-B = E, Torga
paccMoTpUM MPOU3BEAEHMS:

(A-B)-A = E-A 5LLL A
fl.)l A-X=Al -X=E
A-(B-A) desB‘n~x A-X

O603HaueHne, No603HauuM, OT aHramiickoro “to designate” — o6o3Hauarb.

3amMmeHAs no obo3HadyeHUto X Ha B -A, uveem B-A=E. AHanornyHo
MOXHO nokKa3atb: B-A = E=>A-B = E.
Tak 4TO MOXHO AaBaTb W Takoe onpegeneHne o6paTtMMocTM Mart-
puubl:
OnpepgeneHne 202 Matpuua A*gl(n) HasbiBaeTCA 06-
-10|7|, €CNU CywlecTBYeT MaTpuya B Takad, 4To

A‘B—E nm B-A=E. (20.2)
Tenepb NoMNpo6yeM pelmnTb BOMPOC — HACKOMbKO COAepiKa-

TenbHO noHstne GL(n), HahpyTtea nu ewe B gl (N) o6patmbie mat
puubl kpome E, 3aTem BcsAkas v KkBagpaTtHas martpuua obpatvmma.

1. e. {E)=£GL(n)jzgl(n).
MocTapaemcsi OTBET Ha MepBblii BONPOC M3B/eYb M3 pesynbTaTta
npumepa 20.1.
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Mpumep 20.2. bbin HageH obwwmini BUL MaTpul, nepectaHo-

BOYHbIX C MaTpuuen O = "N a UMeHHo: X =" " ~u ~ |{z.

Onpepenum, ecTb NN cpegu HUx obpartHble A, T. e. Takue, 4TO
X-A = E (no onpegeneHunto 20.2 gocTatoO4HO MPOBEPKM TOMbLKO 3TO-
ro ycnosus).

/2z+ u 2r\ /3 2\ _/1 O\
Vr ug! 1/ \0 )
/8z+ 3u 6r+ 2u\ /I 0\
\3z+ wun 2z+ wu)~\0\)'

oTCclofla MMeeM CUCTeMY YpaBHEeHW

8z +3b1= 1,
6z + 2u= 0, J «=3, /1 —2\
$r+ bl-0, \r=-1, V-1 \%
22+ n= 1

CnepoBatenbHo, GL(n)"{E).
Utobbl O0TBETUTL Ha BoMpoc, coBnagatoT nm GL(n) u gl (m), BbI-
ACHUM, o6paTMmMa Nnu, Hanpumep, Matpuua

| £l= (011N '<29

Mpeagnonoxum, uto £1 o6patuma, T. €. CyLlecTBYeT Takas mart-
puya B, uto E\-B=E.

Mycte 5 = 7* Torga ycnosme obpatumocTu fgaeT MaTpuyHoe

(fsC 0

a OHO B CBOK o4epedb — CUCTEMY YpPaBHEHWIA:

ypaBHeHMeE:

KOTOpasi, O4EBUAHO, He UMeeT pelleHuii, 3HauuT, matpuua E\ — He-

obpatuma.
OTciopga cneayet, uto u GL(n)<*.gl (n), T. e. He Bcskasa KBaf-

patHas maTtpuua obpatuma.
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3apaHue 20.1. Tenepb ecTeCTBEHHO MnocTapaTtbCA y3HaTb, 06-
paTumbl Nn gna obpatnmon matpuubl A
1. et npotuBononoxHas— (—J1)?
2. ee TpaHCrnoHMpoBaHHaa — JIT1?
Ona o6bpatumbix matpuy A 1 B obpatnmbl nun
3. X cymMma wuam pasHoctb: J1+B?
4. nx npowussegeHue: A-B?
BbisicHMM nocnegHee: nyctb J1 u B obpatumsbl, T. e.

A-A~'"=A~'-A = E (20 a)

B-B~'= B~'-B=E (20.8)
Ypo6Hee BocMonb3oBaTbea onpegeneHmeM 20.2, pacCMOTPUM MpPO-
n3BeaeHue;

(N-Bus-'-n-") N-(B-(A-"-n-""n +((?*?)ea-")=L
/\n*(E*n_l):bn*n_'= £|

4yTo W 03HauvaeT obpatumocTb A-B. Bbonee TOro, mbl gokasanu, 4ro
obpatHoili K J1-B aBndetcs matpuua B - |-/~ Torga B cuny eguHCT-
BEHHOCTU o6patHoii matpuubl (cn. 20.1) MOXHO cuuTaTb AOKasaH-
HbIM cregyroLlee.

YtBepxpaeHue 20.2. Ecnm maTpuubl A 1 B obpaTuMbl, TO UX
npoussefieHne 06paTUMO U

(n-B)-,=B-'-N-1 (20.3)
9TO CBOWCTBO MOXET OblTb CHOPMYIMPOBAHO MHAYE: MHOXECTBO
mMatpuy, GL(Nn) 3aMKHYTO OTHOCUTENbLHO oOnepauuy YMHOXEHUS
MaTpuL.
MocTapaiiTecb OTBETUTL Ha OCTajlbHble Bonpockl (1—3) 3agaHus
20.1, cHayananpoBepuB, ecn HeOBXOAMMO,CBOM NPeAnooXeHUs
Ha npumMmepax. (1)

Hanpumep. U. B)<={(* f). (if if), (G °. (_f )
YtBepxpgeHue 203. Ecom matpuua A obpaTtuma, TO ee
TPaHCNOHWPOBAHHAA W MPOTUBOMONO>KHASA eil MaTpuubl 06paTUMbl U
(=n)-"=—n"1.(Nn-"'= (-7 (20.4)
3agauva 20.2.3. [Jokaxute yTtBepxpaeHune 20.3.
Joka3aTenbcTBO.
Mycte Ac=GL(n)*L(3A-le=GL(n)\A-A~' = E).
1. (—n)-‘=p—n~"
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B cuNy eguMHCTBEHHOCTU 06paTHOI MaTpuubl 3TO O3HauyaeT, uyTo

K_nr'‘=-n-".
2. (A)-1£ (A~ .
TpaHcnoHMpyem 06e 4yactu paBeHcTBa E= A~'-A:

E'= (A-L-AY=+A"(A-)\

OTtkypa E+x=A"'(A~')\ a Tak kak obpaTHas MaTpuLa eAUHCTBEHHA,

TOMT 7-M -'T. .

CnepgctBue 204. Ecnm maTtpuga A — obpaTumas U CUMMET-
puyeckas (KococuMmeTpuyeckas), To A~' — TOXKe CUMMeTpuyeckas
(KococuMmMeT puyeckas).

3apgada 20.2.1. fJokaxute cneacrsue 20.4.
JokaszaTenbcTBO.

A~AGL (n)o(3A~"~GL(n)\A-A~'=E).
1 A — cummeTpuyeckas =r=£— A =A.

( =L/1-1 — CMMMeTpuYeckas.
2. Cnyyail KOCOCUMMETPUYUECKOW MaTpuubl A [OKasbliBaeTcs
aHafornyHo. .

B § 19 Mbl NpMBOAUAN OCHOBHble CBOMCTBA MOMHOW NNHEHOM
anrebpbl, NONE3HO BbLILENUTb WX ANS MNOAHON NWUHEAHOW Tpynnbl.

OCHOBHble CBOWCTBa MOSIHOW JIMHEWHOW T[pynnbl

YKaxute yTBEPXAEHNA, ABNAKOLWNECA 060CHOBaHMEM CBOWCTB:
GL. 1L VM, B}aGL(n) =>A-BAGL(n).
GL. 2. VA<=GL(n) XA~'c=GL(n). (\A-A~I=A~I|-A= E\
GL. 3. Ec=GL(n) X(\A-E = E-A=A VAe=GL(n)).

GL. 4. VM .B, C}cGL(n)=>A-(B-C) = (A-B)-C.

roBOPAT, YTO NonHasA nuMHeiHas rpynna GL(n) 3aMKHyTa OTHO-
CUTENbHO onepaunii YMHOXXeHWs 1 obpalieHus 31eMeHTO0B.

CsoiicTBa MOMHOW NMHEWHONW Trpynmnbl ABASKOTCA PyHAaAMeEHTaNb-
HbIMWU BO BCEM Kypce anrebpbl v reometpum. A umeHHo: B adpuH-
HOW W eBKIWLOBON reoOMeTpuUM npu un3ydyeHun npeocbpasoBaHuii
MNOCKOCTW ¥ MPOCTPAHCTBA, B TEOPUM KPUBBIX U NMOBEPXHOCTENR BTO-
poro nopsifika, KBafpaTWyHbIX (DOPM U KBafpuK; B AuddepeHumn-
aNnbHON reoMeTpuUn NpU M3YYEeHUU KPUBBLIX U MOBEPXHOCTEN B Mpo-
CTpPaHCTBE; B reOMeTpun MPOEKTUBHOrO NPOCTPaHCTBA W MHOTOMep-
HOW reomMeTpun; B Takux pasgenax anrebpbl, Kak Teopus rpynn,
Teopus NNHEeNHbIX onepaToOpPoB U Teopus MHOro4YneHoB. COBpeMEH-
Has BblUMC/UTENbHASA MaTemMaTtuka, (u3nka u Kpuctannorpagpus Takke
He 06xopaATcs 6e3 MCNONb30BaHWUA MOMHOM NNHENHOW Tpynnbl.
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3ameyvaHune 20.2. VIHTepecHO, 4YTO ecnn maTpuya A obpatu-
Ma, TO N1erko paspewnMbl OTHOCUTENBHO X MaTpUyHble YpaBHEHUA

A-X =B n X-A = B. (20.5)

Buga A'X = B uan X-A = B) HasbiBaeTCs maTpula, npu nofcra-
HOBKEe KOTOpPOiA BMECTO X MonyvyaeTcCd MaTpuUyHOe TOXKAECTEO.
UTto6bl HalTM pelleHve ypaBHeHUa (20.5), JOMHOXWM 06e ero
yactTu cneBa Ha Matpuuy A~
A-X = B.

A~'-(A-X) A~'-B,

I( OnpepeneHne 203. PelweHneM MaTPUYHOrO ypaBHEHUSA

(Tak Kak npousBegeHWe MaTpul, onpefeneHo OAHO3Ha4HO). Torga
A~'BB=A~1le(AsX) *Y= (A- LeA)e X *Y= E.X *Y= X.

T. e. X=A~1B.
HecnoxHo yb6eamtbcsi B TOM, 4YTO Takasi Matpuua — peLleHue
MaTpuU4HOro ypasHeHus (20.5), Tak Kak

A-X = A-(A-,-B)= (A-A~1)-B=E-B = B.

AHaNOrMYHO MOXHO MONYy4YUTb pelleHue ypaBHeHus X'A = B.

Takum 06pa3oM, MpU peleHMn MOAOGHbIX MATPUUHbLIX ypaBHe-
HUA BaXXHO 3HaTb, O6patMma nu maTpuya A, U B clydae ee
o6paTtMmMoCcTn peleHneM MaTpuUYHOro ypaBHeHuss A-X = B aB-
naetcs

X=A~1B, (20.6)
a ypaBHeHus X-A = B — cOOTBETCTBEHHO, MaTpuua
X=B-A~1 (20.7)

B cuny epuHCTBEHHOCTW obpatHOW MaTtpuubl A~' (cn. 20.1) u
TOro (akrta, 4TO MPOU3BEAEHME MaTpuL, OrnpefeneHO0 OfHO3HAYHO
(ytBepxaeHne 19.1), peweHus (20.6) n (20.7) ypaBHeHuin A-X = B
N, COOTBETCTBEHHO, X-A = B eAWHCTBEHHbI.

Mpumep 20.3. Pewnm ypaBHeHue =Q ?)

(‘f %)\ o6patnma (cm. npumep 20.2), Torga

*GAM'=0L “s+H

3apgaua 20.2.2. Haignte matpuyy X, yAOBNETBOPSIOLWYI ypaB-

HeHuto: * . (! [)-(_! 1).
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YkazaHue. MNogymaiite, MOXHO N1 BbIUUCAATL OTBET Mo opmyne X = B'A ~', 06-
patuma nm marpuua Ecnu HeT, nogymaiite, Kak BCe YK€ MOXHO OTbICKaTb

Matpuly X, YAOBNETBOPAOLLYIO 3TOMY YpPaBHEHUIO.
3apgada 20.3.1. [JokaxuTte, 4yto ecim MaTpuua AuaroHajnbHa

n BCe ee AunaroHasbHble 3/1EMEHTbl HEeHyneBble, TO OHa o6pamma.
YkaszaHue. Myctb N1, #0 npu fe fl, 2..n] un

00..0
04,0 .. 0
00n,..0
wo'o: n,,

noctapaiitecb yragatb mMartpuuy B Takyto, uto

4,
0
0

o o0=°
o =oo
ooo

§ 2. BIUNCNEHWME OBPATHOW MATPULbI

B npegblgywiem naparpadge Mbl MNOCTaBUAM 3afady: Kak Haxo-
ANTb BCE MaTpuubl, NepecTaHOBOYHbIE C AaHHOM, HO OHa OKa3anacb
C JOBOJSIbHO C/IOXHbLIMUW BbIYMCNEHUAMW faXe B cflydyae Martpul, BTO-
poro nopsgka, NO3TOMY Mbl €e HEeCKONbKO Cy3unu, notpe6oBaB He
NpPoCTO NepecTaHOBOYHOCTM MaTpuL, a BbINOJHUMOCTU 60nee Cufb-
HOro ycnosus o06patumMmocTu. VIMeHHO B 3TOM c/lydyae MoXeT bbITb Aa-
HO HE OYeHb C/MI0XHOEe MNPaBWI0 HaxoXeHWs o6paTHOl MaTpuubl MO
JaHHOMN obpatmmoi. Ho npexge 4yem roBoputb 06 o6LeM npasune,
paccmoTpuMm npumep.

Mpumep 21.1. NMycTeb gaHa HekoTOpas KBagpatHas maTpuua
A 1 13BECTHO, 4TO OHa o6paTMma. Kak HailTu o6paTHyO el maTpuLy?

B cuny 3ameuvaHus 20.1 poctaToyHO HailTh matpuuy X Takyto,
yto A-X = E.

Myctb A=

rae [I)— HeusBecTHble JdelicTBUTeNbHble uucna, {/, /i<={1, 2} wu

akK HK 2

Ons ypob6cTBa 3anuMcu COOTBETCTBYHOLLEN CUCTEMbl YypaBHEHWI
0603HauUMM 3neMeHTbl MaTpuubl X:

X\=x, x"=y, x\=1, X&= n



178 5. Martpuupl

Toraa nepemMHoXas MaTpulpl

Nosy4YnuM CUCTEMY YypaBHEHWiA

x+2z=1,
y+2n=20~"
3x-(-5z=0,"
3y+ 5u= 1,

oTkyga A '=7?.
CpaenaiTte NpoBepKy:

A-H W OH oY)

Taknm o6pa3oM, 3afjaya onpefeneHuss ob6paTHON MaTpuubl K
[laHHOW, KaK 1 nepectaHOBOYHOW ¢ Heid (cm. § 20), cBoANTCA K peLle-
HUIO CUCTEMbI IMHENHLIX YpPaBHEHWI (MepBO CTeneHun), a Bonpoc 06
patTMMoCT! MaTpuubl — K Mpobneme CyulecTBOBaHUSA peLleHus Ta
Koli cuctembl. MeTofbl pelleHnss NOAO06GHLIX CUCTEM WU elle 6Gonee
CNOXHbIX Mbl OyAeM M3y4yaTb M y3HAeM He TONIbKO TO, YTO cucTema
NNHEelHbIX ypaBHEHU MOXeT He MMeTb pelueHUid, MOXeT MMeTb Ux
GECKOHEYHO MHOT0 WM UMETb eAVHCTBEHHOE peLleHne, Kak B 3TOM
npumMepe, HO U KPUTEPUU 3ITUX CAY4vaEeB.

Moka >xe 6yaem NO/b30BaThbCA TakMM anropuTmMom (NpaBuoMm)
ONA BblYMCNEHMSA 06paTHOR K obpaTwmoii maTpuue n0Goro nopsga
ka: A= ||a'|leGL(n, R).

1 Bbinuwem maTpuuy nopagka nx2n Bupa:

100 ..0

010...0 CnpaBa OT AaHHOW MaTpuLibl MPUMNMCbIBaEM
eVHNYHYIO MaTpully TOro >ke mnopsaaka

000 .. 1,

2. CknafblBaeM W Bbl4MWTaeM CTPOKM Takoii MaTpulbl, JOMHO>XKas
UX MPU 3TOM, ecim Heo6Xo4MMO, Ha MOAXOAALULEe YMCNO Tak, YyToobbl
NMpuMBeCTU MaTpuLy K CTYyneHyaToMmy BuAy (cBepxy BHU3):3

/ * * % e * * * % - * \

« 0603HaueHbl 31EMEHTbI, KOTOpblE MO-
1 ol*_* ... * &* .. * \ pon6p<<gnoQJbH
\ S 1 crpok marpuupi.
\ 000 .n* *** * !

3. AHanornyHo, cKfiagbiBasi, BbluMTas, AOMHOXWB Ha nogxoas-
WWA MHOXWUTENb CTPOKU MaTpuubl, NPUBOAMM €€ NeBblii KBagpaT K
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AvaroHanbHomMy BUAYy (CHU3Y BBeEpX):

e OO 0 * ok Kk
e 0603HaueHbl 3/1eMeHTbl, KOTOpble MNo-
NyyeHbl B pesynbTaTe npeo6pazoBaHus

CTPOK Matpuubl.

O o O 0 ‘**.“*

0 0 0 . * * ok ook K
4. flenum KaXayl 13 CTPOK MaTpuulbl Ha ee AuaroHanbHbI

(0o6a3aTenbHO HeHyneBoi!) anemeHT, NOAy4YMM B NEeBOM KBajpaTe
eIVHNYHYIO MaTpuLy.

100 0 * 0603Ha4eHbl 3N1eMeHTbl, KOTOpPble MNo-

010 0 NyyeHbl B pe3ynbTaTe fAefleHus CTPOK
Ha [uaroHanbHble 3/1eMEeHTbI.

000 .. 1 .=

5. B npaBom KkBagpaTe — maTpuua, obpaTHasa AaHHOW, (3a-
MMCcaHHOI MnepBOHayYanbHO B NIEBOM KBagpare).

O60cHOBaHVe 3TOMYy NpaBusly Mbl AagvM MO3AHEE NMpU U3YyYeHUK
peLleHnii 1 CBOWCTB CUCTEM JINHENHbIX YpPaBHEHWIA.

HaiigemM matpuuy, obpatHyto matpuue npumepa 21.1, npuMeHss
OMUCaHHbIA anropuTM.

/1 211 O\Q3/1 21 1 o\(,+21/1 01 —5 2\ |<>
\3510Y ~ (o-1]-31J ~ (0-11-3 NV~
/1 01-5
\0 1] 3

Taknm o06pasom,
ar-taj)

<2)-3(1)
O6o3HayveHne. ~
HOXXEHHYI0 Ha 3.
3agaHue 21.1. MonpobynTe, NpUMEHAS anropuTMm, HakTM mat-

pudy, o6paTHyt0 fAaHHO. BO3MOXHO nn 3t0?

— [eliCTBMS CO CTPOKaMW: OT BTOPOI OTHATbL NepByto, YM-

Monpobyiite HaliTn maTpuyy, obpaTHyto A, ncxoga ms onpegene-
Hua 20.2 maTpuubl, 06paTHOW AaHHON. Kakas mnonyuyutcs cuctema
ypaBHEHUN? ECTb NN y Hee pelleHune?

(?8X;rT
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§ 22°. MATPUYHAA ®OPMA CUCTEMDBI
NNHEVWMHbBIX YPABHEHWNW

3amMeTum, 4YTO cucTemMa U3 T JIMHENHbIX ypaBHeHI/IVI C N Hewus
BECTHbIMW!

a\x' + ax?+ a3+ ...+ amx"' = b\

ajx' + a\x2+ aJx?+ ... + axI' = b2

a?x' + a™x2+ + ...+ XEIXxn= bT,

MOXEeT Oo4YeBMAHbIM 06pa3oM 6biTb MpeAcTaBfeHa (3anucaHa) B BUge
MaTpM4YHOrO paBEeHCTBa:

roe A= |j|a'||[eM (T x n) — Ha3blBaeTcs OCHOBHOW MaTpuueir cuc-
TeMbl MHENHbIX ypaBHeHun (22.1), a maTpuua

a\ a2 aj .. a\

a’ a2 a§ .. af

all a11 a17 . a17
UMeeT Ha3BaHWe pacliUPeHHOR MaTpuLbl CUCTEMbI TMHEAHbIX ypaB-
HeHuin (22.1).

Takum o06pa3om, cucTeMa ypaBHEeHUI (22.1) MMeeT KpaTKyk U
yAOOGHYI0O MaTPUYHYHO 3amnuchb:

A-X = B, (22.2")

rae A= |la)]le(ra x n), X=|licHe/N (nx 1), B= [@*|eAf(m x 1)
n fi-ctron6ey, cBo60OAHbLIX Y/EHOB.

OnpepeneHne 221 PelweHNWemM CUCTEMbI TMHENHBIX YpaB-
HEHWA HasblBaeTCA KopTexX yucen (x'0 x£,... xLL), NOACTaHOBKA KC

| T,...V n|,,,’\TW ninn 1LV (N!»-V’;..--VL) W Knaaunumn {(WT_HMM

| pesBpalwiaeT MX B YUCNOBble TOXKAECTBA.

TaK 4TO BCSIKOE pelleHMe MaTpPU4YHOro ypaBHeHMsa (22.2) onpepge-
NSeT YMCNOBON KOPTEX, ABNAKLWMIACA peLIeHNeM NMHENHOW cucTe-
Mbl ypaBHeHuit (22.1) n Hao6opoT.
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B ToM cnyuae, korga T =1, T. e. A — KBagpartHasi, 1 o6patuma,
3ajaya peweHuss ypaBHeHus (22.2), a 3HAUYUT W CUCTEMbl ypaBHe-
HUIA (22.1), MOXeT ObiTb CBefeHa K BblYUCNEHUIO MaTpuy A~' n
A~'-B, Tak Kak (cm. 3amevaHue 20.2, (20.6))

(22.3)

Mpuuem B cnydyae ob6bpatumoil Mmatpuubl A matpuua X, a 3Ha-
UNT, N peLleHne CUCTEMbl ypaBHeHui (22.1) eAUHCTBEHHBI.

3amMedyaHune 221. MoXHO 3ameTuTb, 4yto B § 21 n. 1 m™mar-
puueii

‘a\ d2 aj 100
a? af af 010 (22.X)
« «3 000

KOMMAKTHO 3amnucaHa cucTema M3 N2 ypaBHEHWA, KoTopas MonyyunTcs
npuYpaBHUBAHMEM COOTBETCTBYHOLLIMX 3neMeHToB MaTpul A-X = E

o, X2 xj .. X\
X? 4 4 ... A,
A A A 000
T. e
‘al] a2 a\
a? a? a2
YT «2 «3

COOTBETCTBYIOT MaTpuubl (OCHOBHas|paclMpeHHas):

a\ a2aj .. a,

af A’ af .. ah (22.X,)

.a a, a\ an
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3atemMm

(22.X2
W T. 4. 4O MOCNeAHeii:

U # 3

at a° af

a, a, a.
C mMaTpuuamu:

aj aj
a? a\ a\ (22.XJ

dai a; B - <

M3 3TOro BUAHO, YTO cucTemMa N2 ypaBHEHWUA ¢ N2 HEU3BECTHLIMU
COCTOUT M3 N1 CUCTEM YpPaBHEHWN, Kaxkjas W3 KOTOpbIX OT N (CBOUX,
He BCTpevalLWMXcsi B OCTa/IbHbIX CUCTEMAx) MEPEMEHHbIX U UMEET
N ypaBHeHWiA. Mpuyem Bce 3TM N CUCTEM MMEKT OAWHAKOBbIE OCHOB
Hble MaTpuubl M pasnMyarTcs TONbKO CTON6LAMU CBOOGOAHbLIX 4ne-
HOB. 3TO W NO3BONsIET KOMMAKTHO W yao6HO Ana npeobpasoBaHuii
06beAMHUTL MaTpulbl 3TUX N cucteM B ofgHy Matpuuy (22.X). Mpe-
o6pasoBaHuMe ee cTPOK (Mo anroputMy § 21) n ecTb nNpeobpasoBaHue
KO3h(PNLUMNEHTOB T ypaBHEHUIA.
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MCTOPNYECKAA CMNPABKA

MaTtematnka — 370 60ONbWOK ropoj, ubwn
npegmecTbs He nepecTalT paspacTaTbci, B TO
BpeMA KakK LEeHTp MepuoAuyeckn nepectpavBaeT-
ca, cnefya KaxpAblii pa3 Bce 60onee SICHOMY nna-
HY n cTpemsicb K Bce 6onee n 6onee BenmyecT-
BEHHOMY pacnofioXeHuto, B TO BpeMs Kak ... cTa-
pble KBapTanbl C UX NaBUPUHTOM MNEepPeynKkoB CHO-
CATCA ANA TOro, 4YTo6bl MPONOXUTb K OKpauHe
ynuubl Bce 60nee npsmMble, Bce 60nee WMPOKNE ©
YO006HbIE.

H. Byp6aku. «McTOpMA MaTeMaTUKu»

Mbl BuAenu, Kak AOBOSIbHO €CTeCTBEHHO C CUCTEMOW JIMHEWMHbIX
YPaBHEHWNI COOTHOCUTCS MAaTPUUYHOE YpPaBHEHUE W ABE MaTpuLlbl:
OCHOBHas W pacwupeHHas. MNMpu peleHnn TakoW CUCTEMbl ee ypaB-
HeHMs NpeobpasyroT, UYTOOblI MX YNPOCTUTh: YMHOXAKT Ha MNoAXoAs-
Wwme 4ucna, NPoOBOAAT 3aMeHY YpPaBHEHWI CUCTEMbl Ha CYyMMY WU
pa3HOCTb ero ¢ ApYrMMu U T. 4.— NO CYLWecTBY BCe 3TW onepauuun
NpoAebiBalOTCA C COOTBETCTBYHOLWMMU KO3IPPUUMEHTAMN YPABHEHWNI
cUCTEMbl — 31eMEHTaMW CTPOK €ee pacliMpeHHOol maTpuubl. Tak 4To
BblgeneHne tabnuubl KO3PHULNEHTOB CUCTEMbI JIMHENHbLIX ypaBHE-
HUA 1 3aMeHa [EeNCTBMIA C ee YpaBHEHMAMM Ha Te Xe camble AeicT-
BMSI CO CTPOKaMW ee pacliMpeHHOW Matpuubl 0Kasanocb YAOOHbIM 1
npueeno ewe B XV Il Beke K noHATUO maTtpuubl. (Hemeukoe — Mat-
rize — OT NaTMHCKOro cnoBa matrix, YTo O3Ha4yaeT — UCTOUHUK, Ha-
yano).

MonbITKM OTBETUTb Ha BOMPOCHI, KaK MO MaTpule CUCTEMbl NU-
HEWMHbIX ypaBHEHWI y3HaTb, KOrga cuctemMa MMeeT pelleHus, a Korga
OHVM OTCYTCTBYIOT, M B MEPBOM Cj/lydae — CKOJ/IbKO WX, MpUBENN K
BaXXHOMY MOHATUIO B TeOpuUW MaTpuy, onpeaenntens W getepmu-
HaHTa. OHO NO CBOMM WAesM BOCXOAMT K HEMeLKMM maTtemaTtu-
kam T. JlelibHnuy, K. @. Tayccy (Gauss Carl Friedrich, 1777—
1855) u I'. Kpamepy (Cramer Gabriel, 1704— 1725). Apyroe Bax-
HOe NOHATME — paHr MaTpulbl, 6bI10 BBEAEHO HEMELKMM MaTeMaTu-
kom [. ®pobeHnycom (Frobenius Ferdinand Georg, 1849— 1917),
KOTOPbIA BHEC BKnaj B 3Ty Teopuio U paspaboTtan ee MNpuUNoXeHUs
B MexaHuKe.

XoTa euwe c cepeanHbl XVIlI Beka MaTpuubl WUCMNO/Mb30BaInUCh
NeiibHnuem, TONbKO KO BTOPOW MNonoBuHe XIX Beka MaTpulbl, Hesa-
BUCMMO OT CUCTEM YpPaBHEHWUN, CTain OOBLEKTOM CaMOCTOATESbHbIX
ViccnepoBaHuii 1, BUAMMO, npexpje Bcex — B paboTax uMpnaHAcKoro
matematmka Y. P. FamunbtoHa (Hamilton William Rowan, 1805—
1865), 3atem — aHrnuiicknx: A. Kann (Cayley Artur, 1821 —1895) n
Ox. CunbBecTpa (Silvester James Josef, 1814— 1897).

[eno B TOM, 4YTO onepauuu Hag mMatpuuamun (CNoXeHue, YMHOXe-
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HWe MaTpuL, U YMHOXEHMe cKansapa Ha MaTpuly) BO3HUMKAN KaK Tex-
HU4YecKuin annapaTt Mpu pelleHMn 3ajayy BecbMa [afeKkoil OT npob-
NeM Teopun JNNHENHbIX YPaBHEHU — MPUAAHUN TFEeOMETPUUYECKOTO
NCTONIKOBAHNS HEKOTOPbLIMMOOOOLLEHUAM 4ncen — KBaTepHMOHaM,
KOTOpble OblM OTKPbITbl FaMuUAbTOHOM B 1843 rogy M cocTaBAsanu
WUHTEpPEC AN MHOrMX MaTeMaTUMKOB cepeauHbl XIX Beka.

OCHOBHble Mnaen MaTpuuyHol anrebpbl 6blAM CHOPMYNMPOBAHbI
Kann B 1858 rogy B pabote “A Memoir on the Theory of Matrices”
(«<Memyap no Teopun MaTpul»). OH pasBUA HEKOE MCUYUCNEHWE, BBO-
A uucna cneuuvanbHOro BUAa, KOTOpble OXBaTbiBaju, KaK YacTHbIi
cny4yai, U3BeCTHble K TOMY BPEMEHU [AeACTBUTE/IbHbIE U KOMIIEKC-
Hble 4Mcna M KBAaTEPHWUOHbLI. B OCHOBe €ro Teopum fiexkannm WMEHHO
Takme fAeWcTBUA C MaTpuuamu, 4TOo aHanoramu ux 6binv AencTBusi
C YK€ M3yyaBLUMMUCS B TO BPEMS MaTeMaTMKaMn U MexaHUKamu nu-
HelHbIMW OTOOPaXKEHMAMU BEKTOPHbIX MPOCTPAHCTB. TakK CTpaHHOoe
Ha nMepBblAi B3rNS4 NPaBUIO YMHOXEHUS MaTpUL, COOTBETCTBYeT
KOMNO3ULUN Taknux OTOGpaXeHuii. VIHTepecHO 3HaTb, YTO WMEHHO
Ksnn BBen OAHO U3 COBPEMEHHbIX O0603HAYEHWA MaTpuLlbl — ABe
BepTMKanbHble 4YepTbl: |[a‘]|.

Mo3gHee rny6okue pesynbTaThl B Teopun Matpuy, 6biav nonyuye-
Hbl K. BeliepwTtpaccom (Weierstrap Karl Theodor Wilhelm, 1815—
1897), . ®pobeHNycOM — HeMeLKMMU MaTeMaTtukamu, U ppaHuy-
30M— 3. XopgaHom (Jordan Marie Emanuel Camille, 1838—
1922), OoHM cTanuM KNacCUYeCcKMMU B TEOPUM MaTpul, U HOCAT WX
UMeHa.

MOXHO cKa3aTb, UTO B COBPEMEHHOIM MaTemMaTuMke HEeT, MOoXanyw,
MOYTM HU OJHOrO0 CEPLE3HOrO pasfesia, B KOTOPOM B TOW WAN WHOM
CTEMEHUN He MCMOMb30Ba/UCL Obl AOCTMXEHUS Teopuu MaTpul. Mpwu
3TOM WMEHHO B CW/ly MOpPasvTe/bHOW YHUBEPCANbHOCTU MaTPUYHOro
annaparta, pe3y/bTaTbl OTAENbHONM 3afayun, UccnefoBaHus, 3a4acTyto
npuvHMMaKoT o6wWniAi 1 6onee rNyboKMA xapakTep, CBA3bIBalOLLM
Mexay coboi, Kaszanocb 6bl, 4OBONLHO Aanekue npobnembl. K npu-
MepaM MOAO6HOr0 MOXHO OTHECTM W TakKue BOMPOCbI HACTOALLEro
Kypca, Kak 3aKOH WHepuuu KBagpaTU4HbiX ¢opM W npobnembl npu-
BefleHNs NIMHEeNHOro oneparopa K KaHOHWYEeCKOMY BWAY, 3aKOHbl W3-
MEHEHMS1 KOOPAMHAT TOYeK Npu apUHHbLIX NpeobpaszoBaHUAX U ABU-
YKEHUSIX MIOCKOCTU M MPOCTPAHCTBA, MPOEKTMBHbLIX MpPeo6pas3oBaHUu-
X MPOEKTUMBHbLIX MPOCTPAHCTB WM MHOroe Apyroe.

be3 MaTrpuyHOM TEXHUKM HEMbICIUMbI U MHOrMe pasfjefbl coBpe-
MEHHON (DU3MKU, MEXAHMKN W ONTUKW, KBAHTOBOW MeXaHWKW, elle OT-
MEeTMM, 4YTO KOOpAMHATHOe (MaTpU4YHOEe) NPOCTPaHCTBO OyAeT OCHOB-
HbIM B MOAENMPOBaHUN CUCTEM aKCMOM pPas3/IMUYHbIX FeOMeTpuid, C KO-
TOpPbIMU NPEACTOUT 3HAKOMCTBO B HAcTOsILLEM Kypce — reoMeTpui,
KaXKyLnxca cHavyana paHTacTUYeCKMMU, HO TEM He MeHee peasibHbl-
MM U aXe peann3oBaHHbIMU He TOMbKO B YMO3PUTE/NbHOW MaTema-
TUKE, HO U B ee MPUIOXEHUAX B (hM3MKe, TEOPUN OTHOCUTENILHOCTM
nT. 4
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4 —cTp. 145-146, 183-185.
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1 —ctp. 215-221. [5 —cTp. 85-86.
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4 —cTp. 187—189.

§ 21'. BbluucrieHVe ob6paTHOW MaTpuLpl
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NOACTAHOBKW
FPYMNMbI

§ 23e. lMopactaHoBkKU. Onepaumn Ha NOACTAHOBKAX.
§ 24* Tpynnbl. OCHOBHblE CBONCTBA

§ 25. YeTHOCTb M 3HaK MOACTAHOBKU

§ 26. Onpegenute/ib MaTpuLbl.

OCHOBHble MOHATUS: MOACTAHOBKa, NepecTaHOBKa, onepauuu Ha
noAcTaHOBKax: npoussefeHne (KOMNO3ULLMA) NOACTAHOBOK, UHBEPCUA
NOACTAHOBKW; TOX/JeCTBeHHass MNOACTAHOBKA; rpynna, noarpynna
HelTpanbHbI 3M1eMeHT, 06paTHbli (MPOTMBOMOMOXKHLIA) 31EMEHT,
MynbTUNAMKATUBHAA rpynna, agAuTMBHAaA rpynna, 4YeTHOCTb Mnoa-
CTAHOBKM, 3HaK MOACTAHOBKMW, TpPaHCNO3WLWs; onpejenntens mat-
puLbl.

HeobxoanMble CBeAEHUS: KOHEYHOe MHOXecTBo P (n), GuHapHoe
OTHOLWEHMne, rpap O6GUHAPHOro OTHOLLUEHWUS, OTOGpakeHue, ob6bpas wu
npoobpas snemMeHTa, KOMNO3NLMA WU WUHBEPCUMA OTOBPaKeHWi, CBOW-
CTBa KOMMNO3ULMW U WHBEPCUM OTOOpaKeHWRn, TOXAEeCTBEeHHOe OTo-
6paxeHne, nNpeobpasoBaHMe, CMMMeTpUYeckas rpynna nopsgka n,
thakTtopran — n!, NOBOPOT MJIOCKOCTUW, NapanfienbHbIii NepeHoc nnoc-
KOCTHW.

PekomeHgaLmmn: ecnn Mcnonb3oBatb Mocobvie B NEKLMOHHON paboTe, TO NonesHo
npefBapuTeNnbHOE CamoOCTONTE/IbHOE 3HAKOMCTBO CTyAeHTa C coAepXkaHuem (onpege-
neHuamu) § 23°, matepuan § 24* MoOxeT OblTb OMyLeH MNpu YTeHUU NeKunun wim
oCTaBneH N8 CaMOCTOSTE/IbHOr0 O3HAKOM/IEHWSI C OCHOBHBIMU NOHATUAMU, Gonee ray-
60KOe U3yyeHWe TeMbl «TPYMMbl» MNAAHUPYETCA MO3XKE.

~T
—
Nexkupsi 9 Jekums 10
1 -
Nexkuua 11 S Nekupa 12

Nekuwna
Nekuyna

Nekyn4a

Nexkywna
Nekynsa
Nekynqa

Nekyna
Nekuwnsa
Nekuywna
Nekuywna
Nekuynsa
Nekyna
Nexkuywna
Nexkuywna
Nexkuywna

T

w N~

o o1 &

CemecTp |
-MHOXecTBa W OTHOLUEHVS Ha MHOXecTBax.
(8 1- s 5)
-Onepaumm Ha 6MHApHbIX OTHOLWEHUAX. OToBpaxKeHus.
(S 6- §8)
- BekTnBHblE OTOGpaxkeHus. [MpeobpasoBaHus.
(8 9-8§8 12
-BvHapHble OTHOLLEHWA Ha MHOXecTBe. $PakTop MHOXECTBO.
(8§ 13—8§ 16)
-Matpuubl. OCHOBHble Onepauuy K CBOWCTBA.
(S 17—8§ 22).
-MopacraHoBKK. pynnbl.
(§ 23—§ 26).

-Onpegenutenn.

- BekTOpHbIe npocTpaHcTBa

- JINHeliHO 3aBUCVMbIE U NMHEHO He3aBMCUMbIE CUCTEMbI BEKTOPOB.
- PaHr matpuubl. CucTeMbl NIMHENHbIX ypaBHEHWI

- JInHeliHble OTOGPaXKEHNA BEKTOPHbLIX MPOCTPAHCTB.

- MatpuyHoe npepcTas/ieHne roMOMOPHN3MOB.

-Anrebpa nuHeliHbIX ONepaTopoB

- COGCTBEHHbIE BEKTOPbI IMHENHbIX OnepaTtopos

- EBK/IMJ0BbLI BEKTOPHbIE MPOCTPAHCTBA
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§ 23°. MNOACTAHOBKW.
OonepALMMMN HA TIOOCTAHOBKAX

Mbl ynoMWHanu, 4To OAHON M3 BaXKHbIX XapaKTepPUCTUK KBaj-
paTHOl MaTpuubl SBNSETCS ee onpefenuTenb, HO MPeXae, Yem BBO-
OUTb ero gna MaTtpuy, NPoM3BOJSILHOTO Mopsfka, noTpebyercs 3Ha-
KOMCTBO C OTAENbHbIMW pe3ynbTataMu Teopun MNOACTAHOBOK, KOTO-
pas npeacTaBnsieT cobO CaMOCTOATENbHbLIA pa3gen MaTteMaTukuy,
a B Hallem KypcCe Ha CBOIiCcTBax MOACTaHOBOK OCHOBaHbl HEKOTOpbLIE
NOHATUA W fOKasaTenbCTBa CBOWCTB onpegenutenein matpul.

HanomHum, 4uto uyepe3 P (n) ob6o3HavaeTcsa KOHEYHOE MHO>Ke-
CTBO, cocTosllee 13 N anemeHToB (onp. 12.1), ans yao6ctBa Gyaem
cuutatb, uto P(n) = {1, 2, 3, HanoMHUM Tak)e noHaTue.

OnpepeneHune 11.2. MoACTAHOBKOW MAM nepecTaHOBKON
M3 M 31eMEHTOB HasblBaeTCA N060e npeobpasoBaHne MHOXKECTBA
P(n).
MHO>KeCTBO BCeX MOACTAHOBOK W3 M 3MEMEHTOB Ha3blBaeTCA
CUMMETPUYECKON rpynnoii n-oro nopsgka n ob6o3HavaeTcs S,.
HanomMmHum: npeo6pa3OBaH|/|e MHOXeCTBa 370 GUMEKTUBHOE OT06pa)KEHVIe ero Ha
ceba (cm. onpegenenvs 11.1, 101, 9.1, 9.2).

MopctaHoBkM 6yaem 0603HavaTb rpeyeckMMM GyKBamu, Hanpwu-
mep: x:P (n)-*- P (n).
Mpumep nNOACTaHOBKM M3 nATM  3nemeHToB: Y:P {5)-+P {5):

o= {<1, 2>, <2 5> <3 3> <4, 1> <5 4>)

Fpadhbl 3TOr0 OTOGpPaKeHMsi Ha puc. 75.

3710 oTHoweHue = {<1, 2>, <2, 5>, <3, 3>, <4, 1), <5, 4>} MOXx-
HO M306pa3nTb WHaye, BbINUCbIBAs KOPTEXM CcTONGUAMW:

P(5) » P<b) P(5)

Puc. 75
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onycKas 3Haku
= T 234581 YNopsaoUeHHbIX o= 123434
Frss14r nap, nosayunm: - 25314)°

MocneAHIol 3annch O6LIYHO HasbiBalOT MOACTAHOBKOW, ecnn e
ykaszaHa TO/IbKO CTpOKa 06pa3oB anemeHToB P(n), Hanpumep:

h= <2, 5 3, 1, 4) wwm 9= (2, 5, 3, 1, 4),

TO valle roBOpsAT O NepecTaHOBKE W3 M (B HaweM cryyae — NATKH)
anemMeHTO0B O6a TepMMHa M (OPMbI 3aMMCU pPaBHO3HA4YHbI W pPaB-
HOMpaBHO YMNOTPeGUMBI, Mbl >Xe, Kak npaBuno, 6ygem oTaasBaTb
npeanoYvTEHNE MepBON U3 HUX W3 coobpaxeHwuih ee 60MblIe Ha-
rNSAHOCTHU:

1 2 3 4
T(1) 1(2) 1(3) T(4)

YacTto nonb3ytoTca 0603HAa4YeHWeM MOACTAHOBKM B Buiae ABY-
CTPOYHOI MaTpuLbl:
/1 2 3 4 . n \
x=\ 1(1) 7(2) 7(3) 7(4) ... x(n)y

Mo Teopeme 11.2 cummeTpuyeckas rpynna S, 3aMKHyTa OTHOCU-
Te/IbHO OMnepaunii KOMNO3MLMKU 1 MHBEPCUW, 3TO O3HaYaeT, YTo KOM-
no3nuUnA MNOACTAaHOBOK, KakK KOMMO3ULMA OUEKTUBHbLIX OTOGpaxke-
HWiA (cM. onpegenernus 8.2, 6.1), ecTb MOACTAaHOBKA, W WHBEPCUS
NMOACTAHOBKM, KakK WHBEpPCUMs OUEKTMBHOro (o6paTumoro) otobpa-
XeHusa (cm. onp. 8.3, onp. 5.7, ytB. 8.1), ecTb TOXe noAcTa-
HOBKa.

MonesHo ymeTb HaxoAWTb MO AaHHbIM MOACTAHOBKAM WX KOMIMO-
3ULMM N MHBEpPCUWU. PaccMOTpUMM NpUMepPbl TaKUX BbIYUCIEHUIA.

X =

Mpumep 23.1. Myctb ©= 53 n4} -
3anncaB MNOACTAHOBKY ¢ KakK 6GMHapHOe OTHOLUEHME
?-{<!, 2> <2 5> <3 3> <4, 1), <5 4>},
HEC/MIOXKHO MONY4YUTb €€ WHBEPCUIO:
h-'={<2. 1> <5 2> <3 3> <1, 4> <4, 5>},
3anucaB ¢-1 B BuAe ABYCTPOYHOW MaTpuLibl, MOAYUUM:

+ 12 53T 4\ ynopagowam 1o - /T 2 3 4 5\
- anemMeHTaM nepBoii
1M H § / CTPOKM \4 x 35T)
3anuuiem B /1 2 3 4 5\
TaHAapPTHOM

vae \4 1352/
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3T0 no3BonsieT chopMynMpoBaTb MNPOCTOE MNpPaBUo:

UTto6bl NONYy4YUTb MOACTAHOBKY 0OpaTHYK [AaHHOW, Hago nome-
HATb MecTaMu ee CTPOKM, a 3aTeM YynopsifovMTb MO 3/eMeHTaMm
nepBoli CTPOKW.

Mpumep 23.2. Haligem KOMMO3ULMIO MOACTAHOBOK ¢hod), €C/n

Komnosnuyma noactaHOBOK (KakK OTOGpaXKeHUn uam GUHapHbIX OT-
HOLWEHW) HarnagHo npeacTaBnseTca Ha rpadax (cm. puc. 76):

1 2 3 4 5 1 2 3 4 5

5 V»°<P-

Puc. 76

OTKyfa C O4YeBMAHOCTLIO cregyeT, uTo

3Ty NOACTAaHOBKY MOXHO MOJlyYuUTb, BbINWCbIBas BCMOMOrartesib-
Hyt0O MaTpuuy, rae nepeble ABe CTPOKM — MOACTaHOBKA ¢ (nepBas u3
BbIMOJIHAEMbIX), @ MOC/NeAHssA, TPETbs CTPOKa 3anosHsetcs obpasa-
MW COOTBETCTBYIOLLUX 3/IEMEHTOB BTOPOI CTPOKM NpW AelicTBMM OTO-
6paxeHnem

®(2) = d(p(1)) = (poh) (1), 12 345
qo():qo(qo( ) =4 :<qooo|o)() 253 14
P3)=7 d(4)="7? d(5)= 347227
OTkypa:
_ 12 345 12 345 12 345
o= 53214K25314|/| 3425 1).
12345
253 14

34?277
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Chopmynnpyem yao6HOe NpaBuiO BbIYMCAEHUS KOMMO3ULUN MOA-
CTaHOBOK.

UTo6bl HaliTU KOMMNO3ULUUIK AyX MOACTAHOBOK dod, HaLO BbIMU-
caTb BCMOMOraTefibHyl0 MaTpuLy, NepBble 4Be CTPOKM KOTOPOI ecTb
NoACTaHOBKa ¢, a MOCNeAHss, TPeTbsi CTpOKa cOCTaB/ieHa U3 obpa-
30B 3/1IEMEHTOB BTOPOW CTPOKW Mpu AENCTBUM MNOACTAHOBKOW (.

Halijem KOMMO3uuMlO Tex >ke MOACTAaHOBOK, HO B ApPYroM Mo-
psake:

/12345 12 34 12 3 4 5\
boo = .
25314 5321.WN4a32227
12345
53274
43222

M3 3TUX NpuMMEpoB Nerko yBuAeTb creaylouiee.
>

BoiBOpg, ¢dopdod. T. e. KOMNO3NLMSA MOLACTAHOBOK ? HE ? KOM-
MyTaTUBHa.

I Komnosuums n pa3 NoAcTaHOBKW ( Ha cebs ecTeCTBEHHO Ha3bl-
| BaTb €e M-0i CTeneHbld MOACTAHOBKM UM 06GO3HaYaTh .
3apgava 2311 Haingute cTeneHM ” KOMMO3MUMM nopcTa-

HOBOK:

/12 3 45\2 /123 45\

V345 12/ V?22227/
12345

34512
>>>>»

cv= 3¥333Y

ri234]:
3241
2?27?27

b2= dog =

2p 2344/ 23\

=N ,
\4 132/ \32 1/ ° ¢
MocnegHuii NpMMep NoAYepKMBaeT, YTO MMeeT CMbICA Mpon3Beje-
HMe noAactTaHOBOK TOJ/IbLKO OAHOrNo n TOro >Xe KOHEeYHOro MHO>XecTBa.
3ameuyaHune 23.1. ECTeCTBEHHO, TOX/ECTBEHHAs MOACTAHOBKA
nMeet Bupa:

/12 3 4 .. n\
* (1 234 ..n)'

7 B. T. Metpoii
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Ee wuHBepcua e_| = e, 1 kKpome TOro Ana no6ON NOACTaHOBKM
XxeS, Toro e nopsgka t°e=T N e<T=T.
He coctaBut 60nblioro Tpyga yb6egntecsa B TOM, YTO ANs /OGO
noAcTaHOBKM te S .
T-loT= e=71°T-1.

B cuny yxe yl'lOMFIHyTOVI 3aMKHYTOCTU OTHOCUTE/IbHO KOMIMO-
3numn N MHBepCunn, MOXXHO CKa3aTb, 4YTO KOMMNO3UNUMA N MNHBEPCUA
NoACTaHOBOK ABNAKTCA OTO6pa)KeHVIHMVIZ

P(n)XP(n)AP(n) wn P(n)-+P(n),
KoTopble 6ygem o603Hauvatb [0] W, cOOTBETCTBEHHO — [-|], rae
[(l<<p, $> -» doy, a h_|.

OTMeTM Te CBOWCTBA CMMMETPUYECKOW TpyMnMbl, KOTOPble YyXe
OblIM  yCTAHOBMEHbI MPU 3HAKOMCTBE CO CBOMCTBAMU OUEKTUBHbIX
OTOOpPaXXeHNn N BUHaPHbLIX OTHOLUEHWIA.

3agaHune 23.1. YKaxute 060CHOBaHMA CBOWCTB:

OCHOBHbIE CBOWCTBa CUMMETPMYECKOW Tpynmnbl

P.0: V{<p, 1jg<=5
P.l: V<peS,N-<p — no Teopeme 112
P.2: eeS,. (e — TOXAeCTBEHHass MOACTAHOBKA)

P.3. V(feS,=> p°e= eoh= q — no 3amedvaHuto 23.1.
P.4. VcpeS,=>-<j)o(p-1 = q)- lop= e — no cnegcteuto 102
P5: V(feS,=>-((p ') =0 — Mo cneacteuio 8.2,
P.6: Y{d, >|>}c:S,4-(viiocp) *= & > % — no Teopeme 8.7
P.7: Y{b, ®3 x}eS,=*x°<'l>0q>)=(X04>HP- — no Teopeme 8.7.
P.8 Y{d, \(}cr5a=>dodod. — no npumepy ?.?2.

Mpumep 23.3. «<B noactaHoOBKax» MOXHO pellaTb YpaBHEHUS.
Caoenaem 3To B 0OLIeM Buae: onpeaenumM, Kak HaxoasTcs MNoAcTa-
HOBKM X W £ Takue, 4TO

X°a=p (23.%)

aE= p. (23.%%)

PewnTb Takoe ypaBHeHWE — 3HAYUT HaWTW MOACTAHOBKY X. Y[0B-
netgopsowyto (23.*) nnau, | — cooTBETCTBEHHO, (23.**).

BcAkas noactaHoBKa o6paTuma (CBOMCTBO P.?), ee uHBepcus
€[JMHCTBEHHAa W pe3yfibTaT KOMMO3MUUU OAHO3HAYeH, MO3TOMYy 3TU
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3afiaun peluarTcs A0BOMILHO MPOCTO, NpUYeM, pelleHue Kak (23.%)
Tak ” (23.**) eQMHCTBEHHbI:
1. Ans ypaBHeHMs x°a = P:

(x°n)°n,-1= P°a. 1

P? =X= P& (23.*)
P2 P2
X°(a°a )= X°e— X

2. AHa/IOTMYHO MOKa3blBAETCSH, UTO PELUEHUEM YypaBHEHUs (23.**)
sBNseTcs MoAcTaHoBKa

£=a-‘op- (23.5*)

3agava 23.2.1. Pewunte otHocuTenbHo %ypaBHeHMe B nopcTa-
HOBKax a°£°p = Oz ecnu
/1 2 3456\ /1 23456\ /1 23456\
\4 32165/~ V312645/"¢p 51364 2/

YkazaHue. YpaBHeHune a°£°P = ¢ MOXHO CBECTU K npefbiayLinuM, ecnm BBecTu 060-
3HayeHne x = £°P. n pewnTb cHayana ypaBHeHMe a°%—4 OTHOCUTESIbHO X:

-1, /12 3456\-1 /1 23456\
\4 32165/ °\513642/
a 3atemM ypaBHeHue X = 1°P pewmTb OTHOCWUTENBHO | (MPW HaligeHHOM X)-
CpenaliTe npoBepKky a<>p= dq.
Kak cnefgcteue npumepa 23.3 MOXHO MOAy4uTb B 06LlEM Buae
pelleHVe ypaBHEHWS B MOJACTAHOBKax

a0£op= q) (23.***)
Kak
| = a-'ohop-". (23.%x*7)
3apgava 23.1.2. Haligute «if) ecnn
/1 234567 89 10\
® \354697 1108 2)'

YkasaHve. Haiigute cHauana 2= <pff) satem (3= qfop n 1. 4., nocrapaiitech
yCTaHOBUTb 3aKOHOMEPHOCTb, MCMONb3yiiTe csolictBa P.I — P.8 cummeTpuueckoii
rpynnsl S 10

3apgaua 23.1.3. Hangnte <) ecnm
/1 2345 6789 10\
® \35417 10269 8/

Yka3aHue. CMm. yKasaHue K 3agaye 23.1.2.
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MpeactaBnsaetr MHTEpPec BOMPOC — CKOJMbKO BCEro CylliecTByeT
NOACTAHOBOK U3 3/IEMEHTOB KOHEYHOro MHOXecTBa. PaccmoTpu*,
CHayana 3ajavyy Ans MasnblX 3Ha4YeHui n.

3apaHune 23.2. Onpefenum, CKOMbKO CyuwlecTByeT MOACTaHO-
BOK M3 [BYX 3/1eMeHTOB? u3 Tpex? [na 3Toro nocrapaemcs Bbinu,

catb WUX BCe

/1 23\ /12 3\ /1 23\ /12 3\ /1 23\ /12 3\
VI 23y \2 31/ \312/° VI32/ V?222/ V?22})

CKONbKO CcyllecTByeT pasfiIMyHbIX MOACTAHOBOK W3 4-X 3/1eMeH-
TOB? M3 5-TM? U3 N 3/1eMeHTOB? ®

Mpeablgywine paccy>XAeHUs W BblYMCAEHUS MO3BOJAOT BbICKa-
3aTb MpeanosioXeHue

Teopema 23.1. CywecTBYeT POBHO M\ pas3fNyHbIX NepecTaHo-
BOK MHO>XECTBA, COCTOALWEro M3 M 3/1eMEHTOB.

OokasaTtenbcTBO. Myctb P(n)={1, 2, 3.....n}, Torga npo-
N3BO/IbHAsA MepecTaHoBKa (= <%, J2... A,>eS, nony4yaetcs 3a-
NnosiHeHWeM N MecT

yucnamm {1, 2, 3...... M}, KaXAoe M3 KOTopbix 6epetcs TONMbKO OAuH
pas, B cuny TOro, uto =P (n)-*-P (n) n 6uektnBHo. O4eBUAHO, NOA-
CUMTAB CKOMbKMMM crioco6amy MOXHO 3amofiHUTb 3Ty Tabnuuy, Mbl
Hailem 4yucno Bcex NepecTaHOBOK (M MOACTAHOBOK!) U3 M 3/1EMEHTOB.

MNepBoe — uuncno J1,— nto6oe m3 P(n), nostomy nepBytd KneTky
MOXHO 3anofiHUTL N crnocobamu.

n, ? ? ? ? ?

[nsa 3anonHeHMst BTOPOro MecTa MOXHO MCNO/b30BaTh No6oe u3
octaBwmxca N— 1 umcen: P(n)\{A;}. Takum o6pa3om, 3aM0ONHUTL [Be
KneTkun Tabnuubl, T. €. ABa MecTa B NepecTaHOBKe,

MOXHO n(n—1) cnocobamu, TakKk KakK KaXjoe U3 BblGpaHHbIX
n—1 cnoco6om umcno k2 moxketr couyertarbCa C NOObIM BblOPAHHbLIM
paHee N cnocobamu uncnom /1,

[ns 3anonHeHus TpeTbero mecta 6yAeM UCMNO/b30BaTb OAHO U3
ocTaBwWMxca N—2 lmcen />(Fl)\{f|| J12}, a Bcero cnocoboB Bui6opa
Tpex uucen u3 P (n)—
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OTclofa siceH O6WMIn NpMHUMN MoAcYeTa 4ucna BO3MOXHbIX Me-
pecTaHOBOK U3 M 31eMeHTOB. 13 Hero cnegyeT, 4To Ha N— 1-m ware
Hencnosnb3oBaHHbIMK ocTanucb uyucna: P (n)\{kt, /2 N3 ... N, 2 —
X BCEro ABa, 3HA4YuUT, KOPTEX

MOXeT ObITb moayyeH n (n— 1)(n —2)... 2 cnocobamun. Ha nocnea-
Hee MEeCTO MOXET ObiTb MOCTaB/EHO TOMbLKO OJHO HEWCMO/b30BaHHOE
elwe yncno. Takum o6pa3oM, TakKMX KOPTeXel AAMHbI N, YTO KaXpaoe
umcno u3 P (n) ynoTpebnsietcs B €ro 3anucuM TOMbKO OAMH pas,
T. e. MepecTtaHoBOK, Bcero n (n— 1)(n —2) (n —3)... 3-2* 1=n1

A Tak Kak MOACTaHOBKM U MEpecTaHOBKW — ABe (hOpMbl 3anuciu
OfHOIO W TOro e OGWHAPHOro OTHOLIEHMS, TO YUCO BCeX MOACTaHO-
BOK M3 N 3/1EMEHTOB (M1 3/1EMEHTOB CUMMETPUYECKON TFpynmnbl N-0ro
nopsaka) ToXe paBHO n!. -

Cnepylouwme NOHATUA U YTBEPXAEHMA OyAyT MOnesHbl Npu onpe-
[eneHun 4eTHOCTU MOACTAHOBOK U AOKa3aTeNbCTBax B MOCieAyoLemM
HEKOTOpPbIX CBOMCTB onpefenuteneil, yacTb M3 HWUX MNpuBOAUTCA 6e3
[loKa3aTe/bCTB:

Nemma 23.1. (VteS,AtNM=¢e) 3i€=P(«)|x(i)<«.
T.e. ecnu MOACTAHOBKA T He TOXKAECTBEHHA, TO HAWAETCHA 3NEMEHT
| Takoid, 4To T («')<«.

JokasaTtenbcTBO.

leP (n), B yactHocTn, T(N)™n. Ho 1711 = A (n), 3Hauut, 7(n) = n.
AHaNorM4yHO noayuum, 4to T?(— 1)= ?, n 7. 4. OKOHYATENIbHO: X = €,

4YTO MPOTUBOPEUUT YCNOBUIO NEMMBI. =
OnpepeneHune 231 TpaHcno3uuymen HasbiBaeTCHA NOACTA-

HOBKa Buaa:

12 3... i- 1T *hl.. /- 1[71/+1 -
123~ 1A+ 1. /-1[x/+1- &"

Jonyctum, uyto x(/)”™i pna nwob6oro

O603HaveHne TpaHcnosnuyum: Xx(/.

TpaHcno3uuma T,( OoTAM4YaeTca OT TOXAECTBEHHOW MNOACTaHOBKMU
3afeMeHTaMu, CTOAWMMM Ha i-OM K /-OM MecTax U HEC/IOXKHO BUAETb,
yto t(/= v

3amMeuaHue 232 TVox/i=T?/=e V{xv, t}crsS,. .

3amevaHue 233. Ecnn gBe NOACTAHOBKU XM X' OTAM4YarTCA
TONbKO MOPSIAKOM [ABYX 3/IEMEHTOB BTOPOW CTPOKWM, TO Haigetcs
TpaHcno3mymsa x¥ takas, uto xox¥= x

Ecnn 17'= T°T(/, TO MHOrga roBOPAT, YTO NOACTAHOBKA T' Mofyye-
Ha M3 X TpaHcrno3uyuein (anemeHToB i u /).
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YTBepxageHune 231 BbruHapHoe OTHOLLEHME:
[/1s. = {<t, TOoT(/>1te S .A R /}c P (n)}—

ecTb 6MEeKTUBHOE OTOOpa>keHue S,,-"mS,,.

Opyrmumun cnosamMn:. AOMHOXWB Bce N! 3/1eMEHTOB CUMMeTpuye-
CKOM rpynnbl S,, HA HEKOTOPYK (UKCUPOBAHHYK TPAaHCMO3ULUIO
(BMpOYEeM, 3TO BEPHO M B OTHOLWLEHMN NO6ON (HMKCMpPOBaHHOW noacTa-
HOBKM U3 5,), nonyunm n! pasfinyHbIX NOACTAHOBOK.

CnepctBue 23.1. Ecan tg S, U, MEHAACL, NPYHUMAET BCe BO3-
MO>KHble 3HauyeHns B S, To T'= TOT(/e 5 A TakkKe NpoiigeT BCe 3ne-
MeHTbI S,

YtBepxpgeHune 232 [-1]s,=UT. T-|>|te S| ecTb 6UEKTUB-
Hoe oTo6paykeHue S,,—»Sn

CnepctBue 232 . EcimteS, W, MEHAACb, NPUHMUMAET BCe BO3-

MO>KHbIe 3Ha4yeHns n3 Sv 1o t_ig S, TalOKe NpoigeT BCe 3NEeMEH-
Tl S,

§ 24* TPYMMNbl. OCHOBHbIE CBOWCTBA

TepMUH «rpynna» Mbl YXX€ WUCMNO/b30BajN, HO B COYETAHUU C
APYTMMK c/ioBamu: CUMMeETpUYeckas rpynna, rpynna fnojcTaHOBOK,
rpynna npeobpasoBaHuii MHoxecTBa. COGCTBEHHO MOHATME «TPYM-
na» MMeeT B MaTemMaTMKe CaMOCTOSITE/IbHOE 3HauyeHWe Uu MecTo.

OnpepgeneHne 24.1. HenycToe MHOXKeCTBO G C 3afaHHbIM
oTobpa>keHnem *: G X G-*-G HasblBaeTCA rpynnoi, ecmu

G.I: 3eeG|*(<a, e))=a Va"G.

G.2: VaeG 3a'eG|* (<a, a')) —e.

G.3: V{a, b, clcrG =>*(*(<a ft>),c>)= . (<a, * (<(> c>)>).

O6o03Hauvaetcs rpynna: (G, *>.

PasbacHeHue. 3anucb *(<a, b>) wwm /((a, b)) HeynobHa,

def
06blyHO nuwetca a*b, 1. e. a*b = *(<a, b>) (no onpegeneHunto).
Uacto ans o0603HayeHUss oTobpakeHUs < (ero HasblBalOT rpynno-

BOV onepayueil) MCNonb3ytoTCAa 3HAKU « UK +, UM BOOGLLE 3HAK
onyckaeTcsi: ab, Torga akcumomartuMka rpynnbl NPoLLe B HamMCaHUW:
G.I'' 3e"Glae—a VaeG.
G.2" VaeG3a'eG|aa'= e

G.3" V{a, b, c}cz G=>(ab)c = a (be)"

Akcnoma G.| HasbiBaeTCs aKCMOMON HeATPanbHOrO snemeHTa
(npaBOro, NOCKOMbKY € — MnpaBblii COMHOXWUTE/b), a 3NEeMEHT €,
yAoBneTBopsitoWnin G.1 — HeATpanbHbIM 31EMEHTOM (MpaBbiM OTHO-
CUTENbHO onepauum *).
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AKcnoma Q.2 HasblBaeTcsi akCMOMOI 06paTHOrO 3neMeHTa, a
anemeHT a' — 06paTHbLIM K a (npasbiM).

Ecnn rpynnosas onepaumns o6o3HayeHa *, TO 06paTHbIA 31IEMEHT,
Kak npaBuno, o603HayaloT a~\ a HEeNTpanbHbIA 31EMEHT Ha3blBaKOT
eAVHULEA Tpynnbl M rOBOPST O MYyAbTUNANKATWUBHON rpynne, (“to
niultiplicate” no-aHrNMNCKN O3Ha4yaeT yMHOXaTtb). Ecnm ke rpynno-
Basa onepaums o603HadyeHa -K TO o6paTHbIl 31eMeHT 06bIYHO 060-
3HayalT —a, HeWTpanbHblii 0, Ha3bIBAKOT HYNEM TPYMMbl U TrOBO
psT 06 agAuTuBHOW rpynne. (CooTBeTcTBEHHO, “to add” — nepe.o-
ANTCA C aHrUIACKOro, Kak cknagbiBatb, Npu6aBnaThb).

Akcrnomy G.3 Ha3biBalOT aKCMOMOI accouuaTMBHOCTU rpynmnoBoi
onepauuu.

3agaHne 241 Cpean cnegyrowmx nOpumepoB (U3 nekuumn
1—5) ykaxunTe rpynnbl, NpoBepbTe, MOYEMY TO UM UHOE MHOXECTBO
OTHOCUTE/IbHO YKa3aHHOW onepaunn ABNAETCS WM He ABNSAETCH rpyn-
MoW, BbIMOMHAKTCA NN akcnmomsl G.1'— G.3":

1 <R, +) — rpynna.

2. <R, *) — He gABNfeTcs rpynnoii. He BbINOMHSAETCA akcMoma

G.2: 0-?#1. (o))
3. <R\{0}, + ) — He saBnsaeTcs rpynnoi. He BbINONHAETCA aKCu-
omMa G.l:0TCyTCTBYEeT 3/IeMeHT TaKoW, u4Tobbl a-f-? = a. .
4. <R+, ) — rpynna. {e=\, a'= '/a). (vo]
5. <Z, +> — rpynna. {e=7?, a'= ?}. 09]

6. <Z\{0}, *) — He aBnsietTca rpynnoii. e=1, HO He BbIMO/HSET-
ca akcnoma G.2: OTCYTCTBYeT 3/IeMeHT TakoW, ytobbl a-?=1.

7. (<P(X), 0) — rpynna, {e—?, a'= 7} (nekums 3). [0)]
8. (S,,, o) —rpynna. {e=?, a'= ?}. (nexyun 3, 6L o
9. (M (Txn), +) —rpynna. {£= 0, A'= —A), (nekums 5). ¢

10. (GL(n), +) — He sBnsetca rpynnoii. Cymma AByX 06-
paTMMbIX  MaTpuLy MOXeT  6blTbHeoGpaTMa, Hanpumep:
(A, —A)e GL (n), HOA+(—A)=0&GL2(n), 7. e. [+ ] He aBnA-
eTcs oTobpaxeHuem GL2(n)-"GL2(n). (nekuus 5). )

11. (GL(n), «)—rpynna. {e=7?, a'= ?}. (nekums 5). h
12. gl(n), -f>—rpynna. {e=7?, a'=?). (nekums 5). ®
13. gl(n), «)— ? He ?rpynna. (nekums 5). o
14. <U, U) — He rpynna. He BbiNOAHsAeTCA akcmoma G.?'.

(nekuus 1). ®
15. <U, N )— He rpynna. He BbiNonHseTcs akcuoma G.?'.

(nexkuma 1). (03]
16. (U, \) — ? He ?rpynna. (nekumsa ). (09]
17. <71, 4-) — rpynna. {e= 7, a'= ?}. (nekums 4). (09]
18 (Zm ) — ? He ?rpynna. (nekums  4). (03]
MHorme u3 3TUX nNPUMEPOB TPYMM, HanpuMmep: »),

<S,, 0> <GL (a), *>, <gl(n), +>, <Zm -f > n gpyrue, nx cBoiictea
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npeacTaBisAOT CaMOCTOATENIbHbIA MHTEPEC, OHWU dae urpanu ornpe-
[eNeHHYI0 UCTOPUYECKYID POfb B PasBUTUM MateMaTuKu, Ux umsyde-
Hue O6ydeT COCTaBfiAiTb COAEPXXaHUe HEeKOTOPbIX pas3fefioB Halero
Kypca.
OnpepeneHune 243. 'pynna (G, <> Ha3blBaeTCA KOMMYTa-

W wnm abenesoin, ecnu (V{a, b}aG)=>-(ab —ba).

0 0603HauvyeHUs agauTuMBHOM rpynnbl (+, —a u 0) ucnonb-
3yl0TCA MMeHHO ans abenesbix rpynmn.

Tak rpynnbl (R, +>, <R\{0}, > u <gl(n), +> — a6enessbl, a
(GL(n), *) HekoMMyTaTMBHA.

OnpepeneHne 244, Tpynna G HasbiBaeTCA KOHEYHON,
ecnm G KOHEYHOEe MHO>KeCTBO, B MPOTUBHOM ciyyae G — 6eCKOHeu-
Had rpynna.

B npegblgyuiem 3agaHum rpynna <Zm +> KOHeuHasi abenesa,
NpPYMepPOM KOHEUHOl rpynnbl ABASETCA U CMMMeTpuyeckas rpynna
a-oro nopsigka (2] ).

Fpynnbl 06pasytoT U HekoTopble M3 Mpeobpa3oBaHUn NIOCKOCTU
(cm. onpegeneHve 11.1, nekumsa 3) OTHOCUMTENBHO KX KOMMO3MLMK (UX
nocnefoBaTte/lbHOr0 BbINOJIHEHUS,, cM. onpegenerus 8.2 un 6.1).

Mpumep 24.1. MHOXeCTBO NOBOPOTOB BOKPYr (PUKCUPOBAH-
Hoin Toukm C nnockoctn [1 o6bpasyeT rpynny OTHOCWUTENLHO oOne-
pauun MX KOMMO3MLMK, OHa HasblBaeTCs TPynnoi BpaljeHuit nnoc-
KOCTW.

OnpepeneHne 24.5. [OBOPOTOM MIOCKOCTU BOKPYT ee Tou-
kn C Ha yron aeR HasbiBaeTCa Takoe 0TO06parkeHue MNOCKOCTH
B cebsd, Mpu KOTOPOM Ka>kgoih ee Touke Me I conocTasnseTcs
Toyka M 'ell Takad, 4TO

\CM\ = \CM\ n MCM'= a.

MoBOpPOT NAOCKOCTM BOKPYr ee Toukn C Ha yron a ob6o3Hauvaercs
/?*, a MHOXEeCTBO BCEX MOBOPOTOB M/IOCKOCTU BOKPYr Hee
Ona nwo6oir Toukm Me [ no onpegeneHuto (puc. 77)

/2£E(M)= AT | \CM'\ = \CM\/\MCM' = a.

CornacHo onpefeneHnio KOMMO3ULMN OTOGpaXeHWi

(/72Ne ) (M)=/2E(RI(M))I *»+e (M)

ans no6oii Toukm M e Il, n nobbix a, peR 3HaunT, RC°Rc= #c+B
n <K=- (puc. 78).

OueBugHo, yto Rc(M)= e, rae e — TOXAECTBEHHOE OToGpaXke-
HMe NNOCKOCTU Ha cebsa (cMm. onpefeneHue 6.2, 3amedaHue 8.1). Tak
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Kak Ans npou3BO/IbHOTO ae R © moboi Toukm nnockoctm M
(RM0e)(M)= R*(M), u, 3Hauut, °A° = 4£.

TO ANs MHOXecTBa RcC BbINONHsAeTCcA nepBas W3 aKCMOM TPYMMbI:
HeliTpanbHbIM 3M1€MEHTOM OTHOCUTE/IbHO OnepaLuu O ABAAETCA TOX-
JlecTBeHHOe npeo6pasoBaHMe MIOCKOCTM, KOTOPOe MOXHO paccmart-
puBaTh KaK MNOBOPOT M/JIOCKOCTM BOKPYr ee Touku C Ha HyneBoi
yron.

Momumo astoro RI°Rc = Rc, uto o3HauaeT, uto (/?£)-1 = R¢"& ¢
Ona BcsAKoro aeR. *

MpuuyeM onepauus KOMMO3uLMM MOBOPOTOB 06/1afaeT CBOWCTBOM
accoLMaTUBHOCTU:

AMAE Ac)= (AT °aE)’a* *
aona Bcex a, p, yeR.
Takum o06pa3om, A5 MHOXecTBa BCeX NMOBOPOTOB MOCKOCTU BO-
Kpyr ee Toukn C 1 onepaunm KOMMNO3ULMN O BbIMOJHAKTCA BCE aKCU-
oMbl G.1— G.3, cneposatenibHO, 0) — rpynna.

HecnoXxHo 3amMeTuTb, YTO KOMMO3ULUUA MOBOPOTOB KOMMYTATUB-
Ha, T. €. Ansd N 6LIX ,Cl,el7|CTBI/ITeI'IbeIX qpucen am p wumMmeetr Mecto

Rc°Rc= Rc°Rc’ Tak Kak Rc+*=Rc+*
Takum o06pasom, 0 )— nNpumMep KOMMYTaTUBHOW Tpynnbl.
Mpumep 24.2. MHOXecTBO 27 napannenbHbIX NEePeHOCoB MN0C-
KocTn I obpasyeT rpynny OTHOCUTE/IbHO Onepaunun MX KOMMOO3ULmn

(rpynny napannefnbHblX MEPEHOCOB MNOCKOCTW).
HanomHuM onpefeneHne napannefLHOro nepeHoca MI0CKOCTY

Ha CBOOOAHLIA BEKTOP a.
OnpepeneHue 24.6. MNapanienbHblM MNEPeHOCOM MNOCKO-
CTW Ha BekTOp 0 e f LHa3biBaeTCA Takoe ee 0TOOpa>keHue B cebs,
Mpu KOTOpPOM Ka>XKaol Touke Me [l comocTasnsdeTcs Touka
M ‘el Takas, 4To MM'ea.
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M" = Tg(M’) = (Tj oTa) (M)

M M' = Ta(M)
Puc. 79 Puc. 80

MapannenbHblii NEPEHOC MNIOCKOCTM Ha CBOOGOAHLI BEKTOP & 060-
3HavaeTcs T-, a MHOXECTBO BCeX ee MapasnnefibHbiXx nepeHocoB — 2I.
Taknm o6pa3om, No onpegeneHuto ans nob6oii Toukn M ell

I (W= JT |M/Tea.

CornacHo onpegeneHvio KOMMO3ULUM OTOGpaXKeHuit Ans nbbix
BEKTOPOB b 1 a vMeeT MecTO:;

(7*° TI)Y(M)=Ti+i(M)=Ti (Ti (M))

ans nwo6oii toukm M nnockoctm T, 3Haumt, TioTi=Tihi n
X Fr-+TT.

OueBMAHO, 4YTO 7, <e= 7, Ana Bcex cBO60AHbIX BekTopoB ae 7J1
N TOX/[EeCTBEHHOe OTOGpaXKeHue MNOCKOCTU B cebsi MOXHO npejcTa-
BUTb, KaK I = TaK 4YTo HeliTpa/ibHbIM 3/1EMEHTOM OTHOCUTE/b-
HO ornepauuy KOMMO3ULIUN O B MHOXECTBe 27~ napaniefibHbiX NepeHo-
COB M/IOCKOCTU SIBMAETCS ee napa/efibHblii NepeHoc Ha HyneBoi
CBOGOAHLIi BeKTOp.

Momumo atoro T-°Ti= 7it= e, uTo 03HauaeT, uTo (7)-1 =
MOXHO MoKa3aTb, UTO onepauus KOMMo3uuuM napannefbHbiX nepe-
HOCOB accouunaTUBHa:

7je(7j°Ti)=(TioTf)o T~

4N No6blX BeKTOpoB &, 6, ce Y .
3HauuT, Ana MHoxecTtBa 20 napannenbHbIX NEPEHOCOB MIOCKOCTU
M onepauunm KOMMO3MLMMA O BbINOJIHAKTCA BCE AaKCMOMbI TPYMMbI
G.1— G.3, u cnepoBatencHo, (2I, 0 )— npumep rpynnmsl.
Komno3suumusi napannefbHbiX MEPEHOCOB TakKXe KOMMYyTaTUBHA:
TtoTi=Ti o Ti gns no6bIX CBOGOAHBLIX BEKTOPOB @, 2", N nveem

eule oavH npumep KOMMyTaTMBHOW rpynnbl— 2I.
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OCHOBHble CBOWCTBa rpymnnbl

B panbHenwem a, b, a', e, X, Yy U T. 4.— 3aneMeHTbl rpynnel G,
T. e. Ha G 3afjaHa onepauwus, ygosnetsopsoLwas akcmomam G.1'—
G.3'. lMpn 3TOM, ecTecTBEHHO, XOTeNOCb Obl 3HaTb OTBETbl Ha BO-
Npocbl: eAWHCTBEH U HeWTpanbHbI 3M1eMeHT rpynnbl, MNPOTUBO-
NONOXHbIA K [JaHHOMY, MOXHO U cokpawaTb Ko3hpuuMeHTbI
B 06enx yacTax paBeHCTB B rpynmnax, Kak 3ato genaetcs B YUC/OBbIX
paBeHCTBax M T. A. AKCMOMbI rpynnbl G.1' HenocpeACTBEHHO 3TOro
He yTBEpPXXAaloT.

Uto6bl OTBETUTL Ha MOLOGHLIE BOMPOCHI, BBEAEM OTHOLUEHMUE:

Nn={(a, a')\aa'=e}c:G2

n nccnegyem ero cBoOlicTBa.

YTBepxageHune 241 buHapHoe oTHoweHue [] CMMMeTPUYHO
N ABNgeTCA 0TOobpa>keHueM.

(CpaBHUTE C yTBEpXAaeHnem 19.1).

Joka3aTtenbcTBO.

1 CummeTpuyHocTb ('] o3Havaet (cm. onpegenenve 13.4), yto u3
(a, a')e[] cnegyetr <a', a>e['].

Myctb {a, a'lcrG, Takme, 4yto aa'= e. PaccmoTpum

a'a =\a'a)e = be= b( a(
| des: a'a=b J
= (a'(aa")(a)' = (a'e)(a’)'=a'(a’)' = e
Takum o6pasom gns nwoboro aeG wu3 aa'—e cnegyert a'a—e,
['1 — cummeTpuyHo.
2. ['] — otob6paxeHune (cm. onpegeneHue 7.1), ecnm KopTex
<a, a') C gaHHbIM a B [') eAMHCTBEH.

Jonyctum, uto gns HekoToporo s e G Hanpgytca (a, a')e['] wu
(a, a")e[']. PaccmoTpum

{a/a}a//gje a"=(a"a) a" =a"{aa")==a"e =

[or m' = a
a'(aa")= ale = al
CnepoBatenbHo, VaeG =>(a, a')e['] eOuHCTBEH. ]

M3 3TOro yTBEpXXAEHUS cpa3y e cfeayloT OTBeTbl Ha MHOrve u3
MOCTaBMeHHbIX Bbllle BOMPOCOB.

CeoiicTBo 24.1. B rpynne G ana nio60oro anemMeHTa CyLecTBy-
€T 06paTHbIiA.

PasbsAcHeHMe. Akcnoma G.27 onpefensieT cyllecTBOBaHWe Ans
BcAKoro e e G MpaBoro 06paTHOrO 3MeMeHTa, a CBOWCTBOM yTBepXXAa-
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€TCs, UTO BCSKMI MpaBblii 06paTHLIN B CUY CUMMETPUYHOCTK ['] ecTb
N NeBbli 06paTHbIA 3N1EeMEHT, TEM CaMbiM €ro Ha3BaHue — obpar-
Hblli, CTAHOBUTCSA OOOCHOBAHHbIM.

CeolicTBOo 24.2. And nwoboro anemMeHTa rpynnbl €ro NpoTuBO-
MONO>KHbIA 3NEMEHT €AVWHCTBEH. (CpaBHuTe co crneacteuem 20 1),

CeolictBo 24.3. B rpynne G onpegeneH HeiATpanbHbll 3ne-
MEHT.

Pa3dbsfAcHeHMe. AHaNOrMYHO NpeabigyLLeMy CBOWCTBY YTBEPX
JaeTcs, 4TO MpaBblii HEWTPanbHbIi 3N1eMeHT ABAAETCHS W JIeBbIM.

LJokasaTenbcTBO. Haao nokasatb, YTO U3 ae = a Ans nb6o-
rodeG cnegyetr ea= a.

9 o
Baccmorpum ea 2 0a)aa(aa) 2 ae7a U

CeonctBOo 244 Va"G =>(a'Y=a

(CpaBHuTe co cneactenem 20.2)
3apgava 24.1.2. JokaxuTte CBOWCTBO 24.4.
Joka3aTenbcTBO.

cB 241
<a, a>€=["] <a'. a>«=["]
=>a=(a'v.

<a\ (aT)en.

CeonctBOo 245 (V{a, b}czG\ab=-¢e)"-(b=a'/\a = b").

T. e. ecnin B rpynne ab= e, To anemeHTl a u ft B3auMHO 06-
paTtHbI. ®

CeoiicTBo 24.6. B rpynne G HelATpanbHbll 31EMEHT eAuH-
CTBEH.
Opyrumun  cnosamu: ecnm aé=a wwm €éa=a gna {a, <?crG.
TO é= e. (CpasHute C yTepxaeHuem 19.2).

3agava 24.1.1. [JokaxuTe CBOICTBO 24.6.

JokasaTenbcTBO. [JlonycTuMm, Haligetrca 3nemMeHT eeG Ta-
KoW, 4yto aé= a gnsa nmwob6oro a"G.

Torpa
oV a = ¢,
IMlEgook#io

CeoincTtBO 247. Ana nmobbix {a, b]czG cywecTByeT eanHCT-
BEHHbI X Takoi, YTO aX=b W eANHCTBEHHbIA Y Takoi, 4To ya = b.
JTO CBOWCTBO O3HAauyaeT, YTO B rpynnax paspelinmbl, NPUYEM Of-
HO3Ha4yHO, ypaBHeHMA ax=b u ya = b. (CpasHute c 3ameuaHuem § 20.2)
3apgava 24.1.3. [JokaxuTe cBoWcTBO 24.7.
Joka3zaTenbcTBO. PaccMOTpMM cnyvail ypaBHeHUst ax = b
0. O6e 4yacTu 3TOr0 ypaBHEHWS AOMHOXWM cfeBa Ha a'



§ 24. I'pynnbl. OCHOBHbIE CBOWCTBa 205

a'(ax)=a'b.
10 ». mx=a'b.
B. 24.? CB. 24.7.
(a'a) x 27 oxE i

1 x= a'b ypoBnetBOpsieT ypaBHEHMIO axX= b p[eiCTBUTENbHO,

a(ab)=(aa=""eb ® 243

2. [onyctum, 4yto Hanpgetcs ewe x\ax = b, Torga

. CB. 247 . CB. 24 , . G, v_? noy ?
X ==—F=eX = Za a)x="a'(ax)= a"?=
3. AHanorM4yHo pokasbiBaeTcs, 4Yto y = ba’ aBnaerca pelleHnem
ypaBHeHUa ya = b, npuyeM efUHCTBEHHbIM. O

Ecnu cpaBHWUTb AOKasaTeNnbCTBO CBOlcTBa 24.7 ¢ 3ajavyaMu pas-
pewnMocTn B mMatpuuax ypaBHeHuin suga A-X = B, X-A = B (3ame-
yaHune 20.2) nan B noactaHoBkax: /foa= p, a°| = p (npumep 23.3), TO
MOXHO YBUAETb, YTO B TOM M APYrOM C/ay4dasx pedyb Lijla O pelieHmnsx
COOTBETCTBYHOLNX YPAaBHEHWUI B rpynnax; NOMHON IMHEMHOW rpynne
(o6patumbix matpuy, {GL(n, R), *) c onepauueii yMHOXeHUs MaT-
pul) ManM B CMMMETPUYECKON rpynne f1-oro nopsagka (<«£',, ») —c
rpynnoBoi onepaymein — KOMMNO3ULUMEN NOACTAHOBOK). VIMEHHO MO3-
TOMY paccyXeHus u foKa3aTenbCTBa B 3TUX CAy4yasax 6GbuanM Tak Mno-
XOXMU.

CeolictBo 24.8. Ana nwobbix {a, b, c)czG n3 ac= bc cnegyeT
a=b, a n3 ca=ch cnegyet a=b.

MocnefHee CBOWCTBO MO3BO/SET «NPOM3BOAUTbL COKpaLLeHUs» B
ypaBHEHUSAX W paBeHCTBax B rpynnax.

Mo>eT nonyumTbCa TakK, 4YTO CYXXeHue rpynnoBoi * onepauumn
rpynnbl G Ha ee nogmMHoXectBo H ® 0 ypoBnetBopsieT akcuomatu-
Ke rpynnsl, TOrga <//, *|,) — rpynna, npu4em ee CTpyKTypa B onpe-
feneHHoOM cmbicne Hacnegyetca oT (G, *), B TakOM cnydae roBopsT
o noarpynne rpynnbl G.

OnpepeneHune 247. Moarpynnoi rpynnel (G, *) Ha3biBa-

eTca Noboe ee HenycTOe MOAMHOXECTBO H Takoe, 4yTO
SG.1: V{a, b}c.H =>a*b"H.
SG.2: Va<=//=>a'e=//.
(roe a' — MpOTMBOMOJIOXKHLIA K a 3nemeHT B rpynne G).
B atom cnyuyae roBopsiT, 4yto nogmHoXxectBo HczG 3aMKHyTO OT-
HOCUTENIbHO TpynnoBbIx onepauuii G.
O6o3Hauvaetca nogrpynna: //c=<G, *> wnwm (G, *>=34.
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PasbAcHeHune. Akcnoma SG.1 o3HauvaeT, 4to *\H:HXH-*-y
Akcnmombl SG.1 un SG.2 ob6ecnedymBaloT BbIMOJNHUMOCTb aKCUOMbI
rpynnel G.2' gnsa anemeHToB M3 H. Torga a*a'= e*H wn BbINOAHUMA

akcuoma G.1 ans H. Akcuoma rpynnbl G.3' BbIMOMHUMA, KOHEYHO,
n ana n6bix anemeHToB m3 Hc.G. (1)
TeM caMbiM MOMYYEHO YTBEPXAEHME.

YTBepxpgeHue 242: Moarpynna H rpynnel (G, *) ecTb rpyn-
na <//, *|,>.

OueBMAHO cnegytollee.

YTBepxXaeHune 242'. <G, *> n <<} *1,> — nogrpynnsol
rpynnel <G, *>.

OnpepeneHune 245 [Mogrpynnel <G, & n <}, *|E>—
rpynnel (G, *) HasblBalOTCA HECOBCTBEHHbIMWU MOArpynnam rpyn-

nbl (G, *), ocTasnbHble MOATPYyNnbl (ECM OHU MMETCs) — CcobCT-
BEHHbIE.

3apgaHwune 242, Hahgute Bce NOArpynnbl rpynnbl

<,//1234 /12 3\ /1234 /12 3\
—XV 12 3/* \23 1/’ V3 12y \132/’

/12 34 / 12 3\1
v32 1y N2 137/ /"

YTBepxXaeHune 24.3. bBuHapHoe OTHOLLEHKe

«"={<G, H)\H — noarpynna rpynnbl G}

pethNeKCNBHO UM TPaH3UTUBHO HAa MHOXKECTBE BCEX Tpynn.

OTclofa, B 4acTHOCTU, CleAyeT, YTo Bcskas mnogrpynna noarpyn-
nel H siBnsetcs noarpynnoit rpynnbl G.

CnepctBue 24.1. OTHOLIEHNE €CTb OTHOLUEHNE MHERHOrO
nopsigKka Ha MHO>KecTBe Bcex nogrpynn rpynnel (G, *), npuyem,
(U, *!,> — HauMeHblINA 3NeMeHT, <G, *>— HaubonbLIuni.

§ 25. HETHOCTb WU 3HAK MNOACTAHOBKW

OnpepeneHue 25.1. T[lapa HepaBHbIX 3/eEMEHTOB
{*. j)czP(n) oTHOCMTENbHO NOACTAHOBKN t g S, Ha3blBaeTcs npa-

BMUNbHOWN, eCnu 3HayeHne OTHOLWEHNA: — — — > 0, B NpoTUBHOM
. T«)-T ()

cny4dyae TroBopAT O HenpaBUNbHOW Mape I3NEMEHTOB UKW UX

NHBEPCUN.

MofCTaHOBKA Ha3biBAeTCS YETHOIM, ECAIN UYNCO BCEX €€ Hempa-
BUIbHbIX Nap (MHBEPCUIA) YeTHO, B MPOTUBHOM Clyyae NMoACTaHOB-
Ka HasblBAeTCS HEYeTHOIA.
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Mapa anemeHnTOoB {/, /} paccmaTtpuBaeTcs Heynopsgo4vYeHHas.
KOoHeyHO, TOXAecTBEHHasA MOACTAHOBKA BCerfja 4yeTHa.
Mpumep 251. Haligjem Bce NpaBubHble 1 HenpaBwu/bHble Na-

pbl 3N1€MEHTOB OTHOCWUTENbHO MOACTAHOBKM T= ( | ™ q )* MHOXe-

ctBo P (3) cogepXuT TOMbKO TPWU napbl HepaBHbIX 3/1€MEHTOB:
{1, 2}, {1, 3} {2,|3}} n3 HIVIXZ
[e] (o]

1 {l 2} o= - > 0, yTO O3HauyaeT MPaBU/ILHOCTb
' i(D—M2) 1-3
napbl {1, 2} oTHOCKMTENbHO NOACTAHOBKA T.
2. AHanornyHo, napa {1, 3} — npaBusibHass OTHOCWUTENIbHO T.
3. {2, 3}; — — = 4~4 < 0, ato o3Hauaert, 4To {2, 3} — He-
T(2)-1(3) 3-2
npaeunbHas napa (MHBepPCUs) OTHOCUTENbHO T.

Takum o06pasoM, MOACTaHOBKAa T = ( il ?4 5\ — HeueTHas, Tak

KaK y Hee ofHa (HEYEeTHOe 4uC/0) HernpaBubHasa napa.

3apgava 25.1.1. OnpegenuTte YeTHOCTb KaXAoW M3 MOACTAHOBOK
MHoxecTBa P (3)= {1, 2, 3}, B KakOli M3 HUX YUCNO WHBEPCWIA Hau-
6onbliee? HauMeHbllee? CKONMbKO BCErO YeTHbIX MOACTaHOBOK U
CKOJIbKO HEeYEeTHbIX?

/12 3
\2 13).
/12 3 123
\23 1 312
12 34

— HeueTHasa (M3 npegbigylero

(132)

N — ? He ?4eTHas, 4YnCNO WHBepcUin — ?
N— ? He ?4eTHas, 4ncNo uHBepcuin — ?
N— ? He ?4eTHasl, 4YMCNO WHBEpPCUn — ?

(3 19 ~— yeTHas, UYMCNO UHBepCUn — 2.

3agava 251.2. YKaxXute NOACTAHOBKY W3 TpeX 3/IEMEHTOB C
TOYHO OAHOW WHBEPCUEN.

YKa3aHue. MNocTapalitecb HaWTU TaKyl NOACTAHOBKY He «nepebopom», a onpepge-
NIMB Npexje BCero noAcTaHOBKY C HaMMeHbLUMM 4YMCIOM WHBEPCWIA, 3aTeM NonpoobyiTe
YCTAHOBWUTb, KakK MEHSeTCA YWUCNO WHBEPCUIA Mpu MnepemMeHe MecT ee 3/eMEeHTOB.

CKONbko B S3 MOACTAHOBOK C OAHOI WHBEPCUE?
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3agauva 25.1.3. MNpuagymaiite NOACTAaHOBKY W3 4YeTblpex ane-
MEHTOB TOYHO C TPEMS WHBEPCUAMMU.

YkazaHue. MoXHO Bbinucatb Bce 4! NofCcTaHOBOK M3 YeTbIpex 3/1eMEHTOB W. onpe
[eNIVB B KKAOW M3 HUX YMCNO HEMPaBW/IbHLIX Nap, HalTM HyXHble.— 3TO BEPHbIA, HO
CNWLLKOM JONruiA nyTb pelleHus. MogymaiiTe, KakoBa MOACTAHOBKA C HavMbOMbLUMM
UMC/IOM HEMpaBW/IbHLIX Map, 3aTeM — KakK WX YWCMO MOXHO YMEHbLUATb.

CKONbKO cyllecTByeT BCEro MOACTAHOBOK C TpemMs WHBepCus-
M1 B S4?

YrBepxpageHue 251 Jlio6as TpaHCNO3ULUS eCTb HeueTHas
noAcTaHoBKa.

LJoka3zaTenbcTBO. Onpefensas 4Mcno WHBEPCUIA B TpaHCMO-
3uum
3 Q-1 [+l /-1 [1+1
3 1-1 i *+* e /o /+*

3aMeTUM, YTO HenpaBUIbHbIMU MOTYT ObiTb TONBLKO Mapbl, COAEpXKa-
wme xots 6bl ogMH u3 anemeHToB {/, /.
Be3 orpaHuyeHns o6LHOCTM MOXeM cumTath /</. Torga

1 Onpegenum, CKONbKO HenpaBwabHbIX nap Buga {s, i}:

S—i 51 j—s\ >0 ecmm s<i<j um s>j>i.
Ti/(*)—TN/(*) s—/ [/—s{< 0, ecrm i<s</. *
CnepoBaTefnbHO, HenpaBwW/bHbIX MNap Buga {s, « CTONbKO XXe,
CKONbKO Uenblx umcen mexay i un /, Bcero (/'—i—1).
2. Onpegenum, CKO/IbKO HernpasBuibHbIX nNap suga {s, /}. cpaBHU-
Bas obn - —— ——j—L=L—£ n(25.%), BUOAMM, UYTO OHM B3au-
AP XU\s)—xiji1) 1—s ( ) A
MOOGpaTHbl 1M HenpaBWUbHbLIX Nap Buaa (s, /} ctonbko xe: (/'—i—1).

3. Mapa {/, /}, oyeBngHO, HenpaBuIbHas:

weE) W)y /-

4, O6uwee u4uCnO HenpaBW/bHLIX Nap, TakuMm 06pasom,
2(/—i—1)+1 — HeyeTHO U nOGas TPAHCMO3NLUS — HeuyeTHas
noacTaHOBKa. ]

MoactaHOBKE B 3aBMCUMMOCTU OT ee YeTHOCTU MpunucbiBaeTcs
onpegeneHHoe 4ucno

OnpepgeneHune 252. KaKoih NnogcTaHOBKE CONOCTaBNseT-
no: -f-1, ecnn nogcTaHoBKa YeTHasd, U — 1, ec/in OHa HeyeT-
0 YMCNO Ha3blBAaETCHA 3HAKOM MOACTAaHOBKMU.
Hak noAcTaHOBKM T 0603HayaeTcs sigh T.

sign OT NaTUHCKOTO cnoBa signum, KOTOpPOE O3Ha4daeT 3HaK 1N 4Yynta-
€TCA «CUTHYM»,
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YTBEpxaeHne 251 Ternepb MOXeET ObiTb nepeopMynIMpoBaHO
Tak: Ans 6ol TpaHcno3uuum signT(/= — 1.

Tak KakK 4uMCNO HenpaBWIbHbIX Nap OJHOW MNOACTAHOBKU He
MOXeT OblTb OAHOBPEMEHHO YEeTHbIM W HEYETHbIM, TO UWMEeM
sign:S,-~ {—1 1} ¢ Dorn sign=S, u Im sign={—1 1)

Ona cpaBHeHMS HanNOMHUM M3BECTHOe onpepeneHue 253
Haka u4ucna, ero rpaumk wn cBoiictBa: Agna nwboro re R
M. puc. 81)

1, echmx >0
0, ecnux = 0O

X
—1, ecnux <0
Puc. 81
sign y=sign (aft)= sign a sign b V{a, ft)cR". (25.1)
BeBegem 0603HayeHMe NPOM3BEAEHMS BCEX 3afaHHbIX [AeACTBU-
TeNbHbIX uucen at npu i, NpPUHMMAlOLEM Bce Lefble 3HavyeHus

or 1l gpo n: N at=ata2 .. a,.

YMeTb onpefenatb 3HaK MNOACTAHOBKM U €e 4YeTHOCTb OyneT
HY)XHO NpW BblYUCNEHMAX Oonpegenuteneid matpul, OgHaKo, Hemno-
CpPeACTBEHHOE BblYUCAEHWE 4ucna WHBEPCUA (HempaBWbHbIX Map)
XOTH M HECM0XHO, HO AOBOJIbHO FPOMO3AKO Aaxke A1 MNOoACTaHOBOK
n3 Tpex 3nemeHToB (gna V xe S 4 Hago nepebpatb yxe 6 nap), no-
3TOMY >KeflaTe/lbHO YCTaHOBWUTb CBOICTBA 3HakKa MOACTAHOBKMU, KO-
TOpble NO3BOAUAN 6bl, MO KpahHelk Mepe, yMeHbLWUTb 06bEM TaKux
BbIYNCEHWUIA.

| CBoiicTBa 3Haka MNoACTaHOBKMU

Teopema 25.1. signt=sign/ I — \ VteS,.

\<i. />Bp<«)x
(25.2)
dTa TeopeMa MO3BOJISIET, HE MOACUMUTbIBAA 4YnMC/la UHBEPCUA Mof-
CTAHOBKW, CBECTW 3ajayvy OnpeAeneHns ee YeTHOCTM K OnpefeseHunto
3Haka npouvsBefeHus apo6ei.
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2 5\ npumepa 25.1

/1-2 1-3 2—3\ _

Tak fAns MOACTAHOBKU T _
SIgnT = s.gn
=sign(”™ -~ ~ ) =sign(—!)= -1.

JokaszaTtenbcTBO. Ecnm noactaHoBka T — 4yeTHas, TO o
onpefeneHunto 25.2 3Haka NOACTAHOBKU: sigh T = I. C gpyroi cTo-
POHbI, MO TOMY >Xe OnpefeNeHni0 — YUCIO ee UHBEePCUi YeTHO, 4TO
O3HayaeT, 4YTO B NpaBoi 4acTn Gopmynbl (25.2) yeTHoe uucno oTpu
uaTenbHbIX APOGENA, U B NPOM3BEAEHUM VMMEEM MOJIOXUTENBHOE 4UC
no, no onpegeneHnto 25.3 ero 3Hak -(-1. TeM cambiM B C/yyae 4yeT-
HOM MOACTaHOBKWM cripaBefnnBOCTb Gopmynbl (25.2) gokasaHa.

Ecnun >xe moAcTaHOBKa T — HeueTHas, TO Mo ONpefeNieHnto, Y1cno
signt= — 1, n yincno ee MHBEPCUIA HEUETHO, UYTO B MPOU3BEAEHMUM
(25.2) paeT oTpumuatenbHOe 4MCNO, a ero 3Hak — 1 Takum o6pa3om
TeopeMa foOKa3aHa W B C/lydae HEYeTHOW MOACTaHOBKMU.

3HauunT, Ana noboli NOACTAaHOBKM ee 3HaK COBMajaeT CO 3HAKOM
yKa3aHHOro MNpou3BefeHus. ]

CnepgctBue 251. signe= 4-1 (T. e. TOXKAECTBEHHas Nof-
CTaHOBKa BCerfa 4eTHa).

Cnegywouias Teopema MO3BOMNUT MO XapaKTepy YEeTHOCTM COMHO-
Xutenen onpepenatb 3HaK (4eTHOCTb) MX MPOU3BeAEHUs (KOMMO3u-
uMn), He MOACUUTbIBASA HEMOCPEACTBEHHO UYMC/O €ro WHBEPCUIA.

Teopema 252. And no6bix noacTaHoBOK {¢, ¢ }c5,:
sign(ip°<p) = signh ¢ -sigh . (25.3)

LJokaszaTtenbcTBO. [ycTb NOACTAHOBKMU
(1 2 3. n\
P=\o0@1) 0@2) ©3)  d(n)/
b =( 1 2 3 no\
® (1) d(2) d(3) o(n)/
npous3BoJibHble u3 S',,. Torpga:
2 3 .. n\ / 1 2
VO(l) ®(2) d(3) b7 “Va(l) &(2) d(3) b (n))
_( \ 2 3 . n \
\Vd(d(1)) d(d(2)) d(h(3)) P(p(n))/*

Haligem Tenepb 3HaK h°th, MCNoONb3ys pesynbTaT Teopembl 251 -

-1

Si : .25.12 .
OO T ey HEO—O)>
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= Sign I_I ________ b/ ===——- ) =
(<1-)*|ﬂ]r1)ﬂw O—a () (d<N—b (/)

V COMHOXWUTeNb AOMHOXaeM Ha

sign I_I D («—D (/)
K nep@) \H® (©—e (-(1)) & (Q—bc/)
i nepectaBum
cocepHme MHOX!Te

_ sign & ()— (/)
( " (u><qo0»—+(»</)>)<cp<oﬂp</m

(Tak KakK B NpOM3BEAEHUM COMHOXMUTENEW KOHEYHOe 4KCNo, WX
MOXHO nepecTaBUTb, NPU 3TOM 3HayeHWe MPOU3BEAEHUA He U3Me-
HUTCA).

sign// N f(o~*¢) V/ n ~/  V\=
=sign ( M — sion/ Tl -1-%.V
-Pin)
Teop. 25.1
sign/ n y()~d)  \emgign .

O6o3Haunm p(|)Y=T, d(/)=/".{l, /'}clm ¢= Dom o= 4 (9) B
cuny GUEKTMBHOCTM (), Kak oTobpaxeHusa, noatomy {/', j'\aP (n) un
«npoberaoT» BCe MHOXecTBO # (n) npwu /, /, NpUHUMAKOWMX BCEBO3-
MOXHble 3HaueHusi B f (n). IT0 MO3BOMSAET NPOLOKNTL Npeobpaso-
BaHMe NpeabigyLlero BblpaXXeHUs crnefyrowym o6pasom:

sign/ I_I — — Vsign ¢=

Teop. 25.1

= Sign Q/nﬁpﬁr—])wl—'vglgn b= =====sign d-sign q.

CnepctBue 252. sign (T-1)= sign T VtczS,.
3apaua 252.1. Ookaxute cnepcrsue 25.2.

Joka3zaTenbLCcTBO. TOT =e Ans 060l  MNoAcTaHOB-
KA tgs§S,.

sign T sign T ‘=sign(ToT ‘)= signe=1.

Otctopga sign(T )= (sign 1) '= signT.
OueBMAHO ¥ cnejytollee.
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CnepctBune 253. sign (t°rl)= —sign T,

Tak Kak sign (T°T() =x==sign T-sign 7¢= sign 1 (—1)=
= —sign T. B

CnepctBue 254. Yucno Bcex YeTHbIX NOACTAHOBOK U3 M 3/ie-
MEHTOB PaBHO YMC/NYy BCEX HEYETHbIX MNOACTAHOBOK M3 N 3/EMEHTOB
n paBHo n\/2.

3apaua 2522 OokaxuTte cneacteue 25.4.
Yka3zaHue. |_|yCTb Bcero k YETHbIX MOACTaHOBOK U3 A 3N1EMEHTOB, a HEYEeTHbIX —/

npudem kK l,0onyctum k> 1. MNMogymaiite, Kak UcMonb3oBaTh cneactene 25.3, UTOGbI
YCTAHOBUTb PaBEHCTBO K U |.

3apaua 2523 MOXHO nn [ns MPOU3BOJIbHbIX HaTypasbHbIX
ymcen KW N ykasaTb NepectaHOBKY MHoxectBa P (M) TouHo ¢ k wH-
BepcnsaMn? [Ona Kakux KU N 3T0 BO3IMOXHO?

3apava 25.3.2. Onpegenute, KakoBO Hanmbosbliee BO3MOXHOE
YMC/IO HEMpPaBWU/IbHBLIX Map B MOACTAHOBKE M3 N 3/IEMEHTOB? YKaxurte
Takylo MNOACTaHOBKY.

Yka3aHue. MOXHO BOCMNofb3oBaTbcA cneactBmem 25.3. Kak 6yneT M3MeHATbCA
YNCNO HenpasBW/IbHLIX Nap, ec/n ToOXXAEeCTBEHHYKO NOACTAHOBKY MnocneaoBaTte/ibHO-A0
MHOXaTb Ha TpaHcno3unuun? Kak Takum obpasom Monyyutb MOACTAHOBKY C Haubonb-
LM 4MUCNOM  HenpaBW/bHbIX nap?

3apaua 25.3.3. lokaXnNTe, YTO MHOXECTBO BCEX YETHbIX MOA-
CTAHOBOK M3 N 3/71eMeHTOB S+ — co6CTBEHHaa noAarpynna cuMMmert-

puyeckoi rpynnbl S,,.
Yka3aHue. [lMpoBepbTe BbIMNOMHMMOCTL BCcex akcnmom S G .1— SG.2 onpepeneHus
244 noarpynnel NS 371€MeHTOB S,+.

O6pa3syeT nu noarpynny B S, MHOXECTBO BCEX HeYeTHbIX Noj-
CTaHOBOK S ~?

8§ 26. ONMPEAENNTE/Tb MATPULbI

Kak Mbl y)Ke ynomMuHanu, BaXXHOW XxapakKTepuUCTUKON KBagpart-
HOM MaTtpuubl SBNSeTcA ee onpefenutesnb— 3TO YWUCAO, COMOCTaB-
nsemMoe MaTtpuvue Mo onpejeneHHOMy npasuiy.

OnpepgeneHue 26.1. OnpegennTenem MaTpuLbl
A= |la‘']leM (n) Ha3blBaeTCA 4uCNo, paBHOE

re%/S. (sign 1) a4D agz) A

CymMMMpOBaHMEe MO BCEM NOACTAaHOBKAM W3 M 3/1EMEHTOB.
Onpepenutens mMatpuubl A o6o3Havaetcs: det A, \A\ umm \a)\.
MHOrga B 3anvcu onpegenuTens 6yfemM MCnofb3oBaTb 0603HaYeHUs
CTPOK U1 cTOon6u0B Matpuubl A: |/4'] n \At\

det A= P—I/ (sign 1) a&m aﬁz) a')'((ﬂ) (26.1)

det — cokpalieHue OT naTuHcKoro «determinant — onpegenuTesb.
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PasbsicHeHus. 1 CymmnpoBaHue 6epeTtcsi no Bcem nojcra-
HOBKaM U3 M 3/1eMEeHTOB,— 3TO O3Ha4yaeT, YTo, B COOTBETCTBUM TEO-
pemoii 23.1, npaBas 4acTtb Qopmynbl (26.1) cogepxut sl
cnaraeMbix.

2.a a2 .a" roe teS. — ato o3HavaeT, uTo Kaxjgoe u3

cnaraemblx MpaBoi 4yacTu (26.1) ecTb (C TOYHOCTbIO [0 3HaKa) Mpo-
n3BefeHne N 31eMeHTOB KBagpaTHOW MaTpuubl [|a)||, B3ATbIX MO oA-
HOMY M3 Kaxpoii cTpokm (<1, 2, 3, ... 1) — BepxHMEe WHAEKCHI) N MO
ogHoMy M3 Kaxgoro ctonéua (<t(1), x(2) ..T (8)>— HWKHNE WH-
[JEKCbI).

3. Kaxpoe wu3 npowussegeHuii 6}'(1) a_(22) a_;'_) BXOAUT B CYMMy
r 1 1«1

(26.1), Kak cnaraemoe, ¢ TaKUM 3HAKOM, KAKOB 3HAK COOTBETCTBYHO-
el NoACcTaHOBKM WH/AEKCOB:

/1 2 3 ... oa \
\* (1) 7(2) T(3) x(n)) '

3apaHune 26.1. Onpefenym, Kakme u3 clegytowmx rnpovsse-
[eHnA MOryT BXOAWUTb, KakK cnaraemble, B ONpeAennTenb MaTpulbl
[[a“||[e Af(4) w c Kakumun 3HaKamwu.

1. 2 a\a{a\a\.
[na peweHua 3agaynm paccMOTPUM WHAEKCbI COMHOXWUTENei:

/11 23 4\
\\ 2347-

3T0 TOX[eCTBeHHas MNO/CTaHOBKa. signe = ?, cfegoBaTteNbHO, B
pas3foXXeHUn onpeaenvTens npoussegeHne aja”™ a} BXOAWUT CO 3Ha-
KOM + .

2. ? d2alala\.

VIHAEKCbl COMHOXUTENEi:

/1324\_/ 12 341
\2 324] \2234/

NoOACTAaHOBKY He COCTaBNslOT, M03TOMy npoussegeHme alalala\ He
BXOAMT B pasfioXXeHne Kakoro 6bl TO HW 6blNo onpegenutens. 4
?
VIHAEKCbl COMHOXUTENe:
/13 2 4)
\3 421/

06pa3yloT MNOACTAHOBKY, YMNOPAAOYMB WX MO BepxHell CTPOKe,
nony4mm;
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OnpepenuM ee 3HaK: signx = ?, cnefoBaTefibHO, NPOu3BeAeHUe
d3balat BXOAMT B pas3noXeHue onpenenntens co 3HaKom ?.

Tak Kak topmynoii (25.1) no matpuue ee onpegenuTenb Ha-
XOAWNTCA OfHO3HAYHO, TO MOXHO TOBOPUTbL 06 OTOBpaXeHUU
det:At(n)— R mnn hopme Ha MHOXXECTBE KBagpaTHbIXx Matpuy. He
CNOXHO MoKa3aTb, YTO 3TO OTOOPaKeHWe He WHBEKTUBHO, HO CHOPb-

E€KTUBHO. (1)
Mpumep 26.1. Boluucnum onpegenutenb MaTpulibl BTOPOro

nopsigka:

Ana atoro
1 Bbinuwem Bce MOACTAHOBKU W3 [ABYX 3/1EMEHTOB:

2. Onpegenum 3HaK KaXXAowW U3 HUX.
Tak kak X/ = e, a e — 4yeTHad NOACTAHOBKa, TO

sign x, = sign e= + 1.

Tak kak T2=T[2 a T|2 Kak TpaHCNO3uLMA, He4yeTHas, TO
sign t2= sign 1,2= — 1.
3. TlMpumeHnm dopmyny (26.1):
det A = sign x,-aja2+ sign T2'aWi= + aja2—a"a*
OKOHYarebHO:

(26.2)

AHanorMuyHo nony4yaetcs opmyna ANns BblUMCNEHUS onpedenuTe-
NS mMaTpuubl TpeTbero nopsaka:

[Ons 3anoMnHaHWS 3TOI 4acTo ynotpebnsemoin hopmynbl yAO6HO
TaK HasblBaemoe npasuno Cappyca: B Tabnuue 3nemMeHTOB MaTpulbl
BbIAENAOTCA ABEe «3BE3[404YKM TPeyroibHWUKOB» (CM. puc. 82).

YacTo Ans KpaTKOCTM FOBOPAT MPOCTO 06 onpegennTensix BTOPO-
ro, Tpetbero u T. 4. nopsaka.
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NPOV3BEAEHNS CO 3HAKOM MPOW3BEAEHNSI CO 3HAKOM
nnawoc MUHYC

Puc. 82
OnpepeneHue 26.2. MaTpuyy HasbiBAlOT HEBbIPOXKAEH-
HOW, ecnn ee onpegenuTens oT/audeH oT O, B MPOTUBHOM cny4vae

MaTpuua HasblBaeTCA BbIPOXKEHHOI.
3agaHue 26.2. Hangute cpean MaTpul, BbIPOXAEHHbIE:

olJlI Ss/)

\0 -4 -5

'2’\12 14 —2-3= —2. 3HauuT, A HeBbIpOXAeHa.

5 0 1
detB= 1 2 3 ,=5-2-(—5)+0-3-3+ M -(—4)-
3 -4 -5

—1-2-3—0-1 ¢(—5)—5-3*(—4)= 0. CnepoBaTtefnbHO, B BbIpOX-
feHa.
1 5 0 1
det C=K iz?. detD= 0 2 3 —3
0 -4 -5
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MCTOPUNYECKAA CIMPABKA

MaTemaTuku — Bpofe (ppaHLy30B, KOrga ro-
BOpWLb C HWMW, OHW NepeBOAAT TBOM cnoBa HA
CBOW fA3bIK W cpa3y MnojyyaeTcs 4TO-TO COBCEM

apyroe.

B. lete

B camom Hauvane XV Il Beka Hemeukuii matemaTuk I1. Pote (Rote
Peter, 1580— 1611) chopmynupoBan yTBEPXAEHME, KOTOPOE Ha MNpPO-
TSOKEHUW MOYTU ABYX BEKOB 3aHUMaNo yMbl, NOXanyin, BCeX BblAaro-
LMXCA MaTeMaTMKOB, MOJlyYnB Ha3BaHWE «OCHOBHOU Teopembl anreb-
pbi»: noboe anrebpanyeckoe ypaBHEHUe CTENeHW M C AeACTBUTENb-
HbIMM KO3(huuMeHTaMn MMeeT POBHO M KOpHel (cpean HWUX MOryT
ObITb X cOBMagjarowme N KOMMNAEKCHbIE). YecTb 3aKpbITUSA 3TON MpPo6-
nemMbl NpuHagnexut rayccy.

VIHTepecHOo, UTO NOMbLITKX pewWmnTb 3Ty 3afauvy W CMeXHble C Hei
BOMPOCHI MPUBENN K POXAEHWIO HOBOrO M OYeHb MOLLHOrO Hanpas/e-
HMS B MaTemMaTuke — Teopumu TpPyMnn, KOTopas Hallfia COBEPLUEHHO
Henpeackasyemble MNpyY ee POXAEHUU TMPUIOXKEHUS He TONbKO BO
MHOTMX pasgenax mareMaTtuku, HO U (U3UKWU, MexaHWKW, KpucTan-
norpaun, XMMUW, Laxe B XUBOMUCUA U apXUTEKType.

Cpefn BeNMKMWX, MHTEPECOBABLUMXCA «OCHOBHOW Teopemoi anre6-
pbi», 6bln (bpaHuy3ckMin matematuk XX- T. JlarpaHX. MartemaTtu-
Kam TOro BpPeMeHW Ka3anocCb, YTO nojydeHve (QOpMyn ANA Bblunche-
HUA KOpHeW anrebpanMyeckoro ypaBHEHWS MPOU3BONLHOW CTeneHu,
NoAo6HbLIX TeM, KOTOpble ObIN M3BECTHbI elle apabCckoMy MaTtemaTu-
Ky CpeAHeBEKOBbS anb bupyHu (A6y PeiixaH Myxammepn noH Axmepq,
973— « 1048) (ans KBagpaTHbIX YPaBHEHWI) M GbINN OTKPbLITbI ANs
ypaBHEHWIA TpeTbel CTeneHu, Kak cumTarloT, uTanbaHuem [>x. Kap-
faHo (Cardano Girolamo, 1501 — 1576) — OAUH M3 BO3MOXHbIX Ny-
TEe peweHna npobnembl. MNpuyeM OHU NbiTanUCb NOAYYUTH POPMY-
Nbl, BblpaXkaloline KOPHU YpaBHEHUS

aqac'y-alxn-| + axdq 2+ ...+ aa_ar+ aa= 0, (a,eR, né N)*

yepe3 ero KoapOUUMEHTbl NOCPeACTBOM apuipMeTUUYeCcKUX nelicTBuii
(cnoXKeHue, BblUMTaHME, YMHOXEHUWe, AefleHne) U W3BJeYeHUs Kop-
Heli — 3Ta 3ajaya Mofyyuna HasBaHUEe «pas3peuMocTV B pajuka-
nax» anrebpanyeckoro ypaBHEHUS.

CuTyauunsa npejacraBnsinacb BMOJHe paspelunmoli, Tem 6onee, uto
6bln HalgeHbl U OpMynbl AN8 ypaBHEHWU 4eTBepTOl CTeneHu o6-
wero Bmaa. OgHako, aHanornyHole OPMY/nbl AN KOPHel ypaBHe-
HWA MATOW CTENEeHW MONYyYUTb HUKaK He yAaBanochb.

HakoHey, B 1770 rogy JlarpaH)>X ony6sMkoBan CBOW TpakTaT
«Reflexions sur 1a resolution algebrique des equations» («Pa3s-
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MbllLeHNS 06 anre6panyeckoM peLleHUU YpaBHEHW»), B HEM OH U3-
JIOXXNN1 CBOW COOBpPaKeHUs, Noyemy Te MeToAbl, KOTOpble MO3BOANAN
pelwartb ypaBHEHUS CTENeHW He Bbllle YeTBEepPTOW, Hepe3ynbTaTUBHbI
onsi 6onee BbICOKMX CTEMEHEN: pa3pelMocTb B pajukanax HeoxXu-
[aHHbIM 00pa3oM OKa3afnacb CBA3aHHOW CO CTPYKTYpOW MOACTaHO-
BOK M3 COOTBETCTBYIOLLEr0o CTeneHn umcna 6ykB — CMMBOMOB (4BYX,
Tpex 1 T. 4.). Nlpuyem HekoTopble CBOWCTBA S,, Mpu 4nn> 4cy-
LLLeCTBEHHO pasfinyHbl. Tak BrepBble NOACTAHOBKM MPUB/EKIN BHUMa-
HVe MatemMaTuKOB. [lanbHellee pas3BuMTUE MAEU 3aBUCMMOCTU 3aja-
UM paspeiMMocTM B pajukanax anrebpanyeckoro ypaBHeHUs W
CBOICTB MOACTAHOBOK MpuBenn JlarpaH)Xa W Apyroro M3BecTHOro
(bpaHuy3ckoro martematmka A. BaHgepmoHga (Vandermonde Ale-
xander Theophill, 1735— 17%) K Heo6xoAMMOCTM WUCCNefoBaTb pa-
LUMoHaNbHble (OYHKLMW OT KOPHEN anrebpanyeckmx YpaBHEHWUN n UX
M3MEHEHUsI MpU MepecTaHOBKax 3TUX KOPHEN.

Mo3gHee utanbAHCKUn mMaTtemaTtuk . PydpduHn (Ruffini Paolo,
1765— 1822), foka3bliBasi Hepa3pewnmocTb B pagukanax ypaBHeHWUM
NATOW cTeneHW o6LLero BuMaa, MCNonNb3oBas 3aMKHYTOCTb MHOXeCTBa
NOACTAHOBOK M3 MATW 3/IEMEHTOB OTHOCUTENIbHO YMHOXEHUs (KOMMNO-
3uymm) 1 onucan Bce nogrpynnel S5 B 1824 rogy MOnogoi HopBe-
xey H. A6enb (Abel Niels Henric, 1806— 1829), ocHOBbIBascb Ha
rnyboKnx CBA3AX KOPHel anrebpanyeckmx ypaBHEHUA N CUMMETpU-
Yeckux rpynn, fokasan HepaspewnmocTb B pajukanax anrebpanye-
CKUX YpaBHEHWUI o6Lliero Bupa CTEMeHW Bbille YETBEPTON, a HoHbIN
(bpaHuy3 3. Fanya (Galois Evarist, 1811— 1832) ycTaHOBU/I KpuTe-
puii ux paspeLimmocTu.

Ero paboTbl He NPOCTO ONUpPaNnUCb Ha CBOIMCTBA CUMMETPUYECKON
rpynnel (CO6CTBEHHO TepMUH «rpynna» (le group) BBen B matemartu-
Ky Fanya, xoTa CTPOroro ee onpegeneHns oH He Aan),— pes3ynbTathl,
KOTOpble 21-1eTHUi mMaTeMaTuK W3N0XWUA B NUCbME K CBOEMY ApPYry
HakaHyHe ero TparmM4yeckm 3akKOHYMBLUENCA AYy3nun, coaep>Xaln OCHO-
Bbl TeOpuu rpynn. B cxaTbix 3aMmeTkax [anya okasanucb rapmMoHUY-
HO CBSiI3aHHbLIMW CTPOrOW /IOTUKOW HOBOW TEOpUW U UCTOpUYEecKue 3a-
Jaun Bpoge yaBOeHUs Kyba M TpuUceKuMu yrna u paspewiMmoctb B
pagukanax anrebpamyeckux ypaBHeEHWii TpeTbeil K, BOOOLLE, N06ON
cTeneHn. Ho notpe6oBanocb noytn 14 net, 4to6bl ero paboTbl Gbinn
ob6HapyXeHbl X . JlnyBunnem, fMoHATbI MM W Hane4yartaHbl. A 3Hauye-
HVe ero paboT BO BCell MOMHOTE 6bII0 OCO3HAHO MaTemMaTMkaMu eLle
nosxe: 6narofaps W3NOXEHUIO ero MeToAOB W KCCNefoBaHUAM €ero
pe3ynbTatoB ApyrMM @paHuy3ckum matematukom K. XoppaHom
(Jordan Marie Camile, 1838—1922), ony6nuMkKoBaBWIMM WX B
1870 rogy B «Traite des substitutions et de equation algebriques»
(«TpakTaT 0 NOACTAHOBKAax W anrebpanyvyecknx ypaBHeHUAX»), N Nos-
BMBLUMMCS K TOMY BPeMeHU B TOM e o6nactm maremaTuku, Kotopas
Tenepb HasblBaeTcsa Teopuen rpynn, pabotam uneHa [MapudKCKoli
Akagemun Hayk O. Kowwn (Cauchy Augustin Louis, 1789— 1857).
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OH ycTaHOBWA W AOKa3an MHOIMO WMHTEPECHbIX TeOpeM O CBOMCTBax
cMMmMeTpuyeckol rpynnel S,,. Celivyac ngen fanya npusHaHbl OQHUMU
M3 caMblX BblJaKOLWMXCA JOCTUXEHUI MaTemMaTmkym XIX Beka, OH one-
pefvn cBoe Bpems MOYTM Ha MNONACTONeTUS.

Mo3gHee nNpuMeHeHWe rpynnoBbIX METOAOB B reoMeTpumn Hemel,
KMM MatemaTukom A. Mebuycom (Mobius August Ferdinand,
1790— 1868) n aHrnnyaHunHom A. Kanu npusenu Apyroro Bblgarolle-
roca Hemeukoro matematmka @. KneiniHa (Klein Christian Felix,
1849— 1925) K ngee knaccugukaumm reoMeTpuii Ha rpynmnoBOA OCHO-
BE: KaXkjgas M3 reoMeTpuini onpefensietcd HEKOTOPOW rpynnoi npe-
ob6bpa3oBaHMn M ee WHBapuaHTaMW. «3pflaHreHckas nporpamma,
chopmynMpoBaHHasa MM Ha MateMaTM4YecKOM KoHrpecce B 1872 rogy,
onpegfenser HanpaB/eHUs reOMeTpPUUYecKMUX UcCiefoBaHWUA A0 HacTo-
ALLLEro BPEMEHMU.

MokakeM OAMH NPOCTOW, HO U3SALWLHbIA NPUMepP MPUIOXEHUSA Teo-
pun rpynn (TOYHee — Teopun MOLCTAHOBOK) B reoMeTpuu. Tak us-
BECTHO, KaKMMU ABUXEHUAMU (NepeMeLleHUsiMU) NpaBu/bHbIA Tpe-
YronbHUK oOTo6paxkaetca B CcebsA: OcCeBbIMU CUMMETPUAMWU  OT-
HOCUTENbHO GUCCEKTPUC €ero BHYTPEHHUX YI10B W NOBOPOTaMU BO-
Kpyr ero ueHtpa Ha 0, 2n/3 n 4n/3. HecnoxxHo NpoBepuTb, YTO 3TN
lWecTb caMOCOBMelLleHU i 06pa3ytoT KOHeYHyk rpynny. OAHaKo, OHu
MOTyT ObITb 3aflaHbl MHa4ye: ecin 3aHymMepoBaTb BepPLUNHbI TPeyrosb-
HUKa uuppamu 1, 2, 3, TO NOBOPOTY Ha yron 2n/3 cOOTBETCTBYET

MoACTaHOBKa BEPLUMH /1 % ? \ Ha 411/8 — f ¢7 :f\) Ha 0 — TOX-

/ \ . /
fecTBeHasl, aHa/llorMYHO MOACTaHOBKM  ( ﬂ?z? /7 |3223| ; Z

123\
2 13 . COOTBETCTBYIOT OCEBbIM CUMMETPUAM. Takum o6pa30M.
’

MOXHO cKa3aTb, YTO TPynnoli CamOCOBMELLEHWA MNPaBWUILHOIO Tpe-
YyrofibHUKa ABNSETCA CUMMeTpuyeckas rpynna TpeTbero nopsagka
S3 nAn 4YTO NpaBuU/IbHBIA TPEyronbHUK NpeacTaBaseT cobo UHBapu
aHT (He MeHAWMnca 06beKT, OT aHIIMIACKOro — invariant — Hens-
MEeHHbIN) rpynnbl S3
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§ 23°. MopcraHoBKKU. Onepaumm Ha MOLACTaHOBKax
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§ 24*. 'pynnbl. OCHOBHbIE CBONCTBA
1 —cTp. 94—98, 100— 102.
3 —ectp. 392-399. (51— cTp. 139—142.
4 —cTp. 140-141.

§ 25. YeTHOCTb M 3HAK MNOACTaHOBKM
(1 —cTp. 223-225. 5 — CcTp. 151—154.
[2 —cTp. 329-331. 7 —cTp. 88-90.
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1 —cTp. 226-227. 5 —cT1p. 104—106.
2 —cTp. 52-56, 331-332. 6 —CTp. 30-33
3 —cTp. 37-38. 7 —cTp. 81—86.
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OMPEAENUTENN

§ 27. CsolictBa onpegenutenei.

§ 28'. BbluucneHne onpegenvtens npuBefeHVEM €ero matpuvubl K Tpe-
yronbHOMy BUAY.

§ 29. [lOMONMHUTENBHLI MWMHOP 1 anrebpanyeckoe AOMO/HEHME.

§ 30*.Teopema 06 ornpefenvtene nNPOU3BEAEHVS MaTpuL,

§ 31. YcnoBusi 06paTtMMoCTM MaTpuLibl.

§ 32°.lpaBnno Kpamepa pelleHVsi CUCTEM JSIMHENHbIX YpPaBHEHWUIA.

OCHOBHble MOHATMA: OCHOBble CBOICTBA OMpeaenuTenei, gonon-
HUTENbHbLIA MUHOP U anre6panyeckoe [OMNONHEHUE 3/IeMeHTa MaTpu
Lbl, TeOpemMa O pas3/fioXeHuu onpeaennTens Mo CTpoke (CTon6uy), Te-
opema 06 onpegenuTesne NpPou3BeAeHUs MaTpul, TeopeMa 06 o6par-
HO maTtpuue, NpaBuno Kpamepa pelieHus cucteM NUHelHbIX ypaB-
HEHWiA.

Heo6xoauMble cBefeHUs: MaTpuua, onpeaennTesnb, NOACTAHOBKA,
nepectaHoOBKa, CBOWCTBA MO/ACTAaHOBOK, 3HAK MO/ACTAHOBKMW, TpaHCNo-
3nyuMa; MaTpuua, BUAbl KBaApaTHbIX MaTpul; TpeyrofnbHas, guaro-
HanbHasl, obpaTumas M oGpaTHasi, BbIPOXKAEHHAs MaTpuua, cymMmma
U npousBefeHWe MaTpul, TPaHCMOHWPOBaHME MaTpuubl; (akTo-
puan— nl, cuctemMa /NMHENHbIX ypaBHEHWIA, PELIeHWe CUCTEMbI NN-
HelHbIX ypaBHeHWiA, MaTpuyHas (opma CUCTeMbl NIMHENRHbIX ypaB-
HEHWIA,

PekomMeHgaLmm: ecnm nocobrie Mcnosb3yetcs B yuyebHON paboTte, TO § 28" 1 § 32°
peKOMeHayloTCA AN MPaKTUYeCKUX 3aHATUIA WAM caMOCTOATENbHOW paboThbl.



Nekuyuns
Nekuwnsa
Nekuywns
Nekyus
Nekyus
Nekuyuns
Nekyuns

Nekuyns
NMekuyuns

NMekuyuns
Nekyus
Nekuyuns
NMekuyuns
NMekuns
NMekyuns

8§, 8§17, 8§10, 822, 8§23, 825 8§26

Cemectp 1

| — MHOXecTBa M OTHOLWIEHUS HAa MHOXXEeCTBax.
S 1- §5)

2 — Onepaumn Ha GUHapHLIX OTHOLLEeHUsX. OToBpaXkeHUs

(8§ 6- § 8)
3 — buekTnBHble OTOGpaxeHus. [MpeobpasoBaHms.
(89-§8 12).
4 — BuHapHble OTHOLEHUA Ha MHOXecTBe. PaKTOpP-MHOXECTBO.
(813-§ 16)
5 — Matpuybl. OCHOBHblE Onepauuy U CBOIACTBA.
(8 17-§8 22).
6 — MopactaHoBKW. pynnbl.
(8§ 23- 8§ 26).
7 — Onpepgenurenu.
(8 27- 8 32)

8 — BekTOpHble npocTpaHcTBa

9 — JINHEiHO  3aBUCKMMblE W /IMHEHO He3aBUCMMble CUCTEMb
BEKTOPOB

10— PaHr matpuubl. CUCTEMBI NINHEWHbIX YpPaBHEHWIA

| | — JInHelHble OTOGPaXXEHNS BEKTOPHbLIX MPOCTPAHCTB,

12 — Matpu4yHoe npefcraBneHne romoMoppr3MoB

13— Anrebpa NIMHeRHbIX OnepaTopos

14 — CoG6CTBEHHbIE BEKTOPbI JIMHENHLIX OMnepaTtopoB

15— EBKNMAOBbLI BEKTOPHbIE MPOCTPaHCTBa
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§ 27. CBOMCTBA OMPEAENWVTENEN

OueBMAHO, YTO HaxoXAeHue onpepenuTenell faxe TpeTbero no-
pAagka B COOTBETCTBMW C WX OnpegeneHnem tpebyeT AOBOSIbLHO 00b-
€MHbIX BbIYMCNEHUI, NO3TOMY XOTENOCb Obl BbIAENWUTb Clyyaun, KOr-
Ja OHM MOryT ObiTb YNpPOLEHbl, W, €C1M BO3MOXHO,— YCTaHOBUTb
npasuna, KoOTopble MNO3BONWAW Obl CBECTW BbIYMCAEHUA COXHbIX
onpegenuTteneli K 6onee NpPocCTbiM, 3HAYEHUA KOTOPbIX IETKO Haxo-
aarcsa.

3agaHwne 27.1. Hangem onpegenurenmu:

10 _ 4
20
54 2 50 2
00 0= 40 1
21-3 20 -3
5 005
1—12 4
0 00O-
5 681

Ecnnm npu BbIYMCNEHUSAX MEPBbIX TPeX onpefenntenein MOXHO
BOCMNO/b30BaTbCcsA opmynamum (26.2) n (26.3), To 4ns nocnegHero —
npuxoantca obpauiatbcs K 06wemy onpegeneHuto 26.1. OgHako pe-
3ynbTaTbl MNO3BOMAKT BbiCKa3aTb MNPeAnonoXeHue.

CsolictBo 27.1. Ecam maTpuua UMEeT HYNeBbIMU CTPOKY UMK
cTonbey, TO ee onpefenuTens paseH O.

[JenctBntenbHo, B KaXXgoM cnaraemMom Gopmynbl (26.1) B Kauye-
CTBE COMHOXMWTENA MPUCYTCTBYET 3MEMEHT U3 KaXAOW CTPOKM
(cton6uya) w, B yactHocTn, O M3 HyneBoil CTPOKM (cToN6ua). m

Mbl yXe BUAENU, 4TO

54 2
00 O

21-3 >

UTo6bl YCTAaHOBUTb €lle OAHO CBOICTBO OMpeAenvTeneii, Bbl-
yncInm

deM=|3 i|=2 " <eM'“ de,(2 1) “ |2 4

CeoiictBo 27.2. Ana nwbéoro A~gl(n)
det 4 T=""det A (27.1)



§ 27. CsoiicTBa onpegenutenei 225

JokaszaTtenbcTtBO. Myctb /1= |[al|l, 4=]||6'|| Takue, uTO
onp. 17.2
A'=B b\=a/V {i, /}c{1, 2 .. n).
Bbluncanm
. onp. 26.1
det yIT= detlife'll Y (signT)b br .. b1 =
ies, () TE@ ()

3aMeHVM 6} Ha af:
i xisighnTK'V™..
TeS.

YnopagoymMm B KaXXAOM cfiaraeMoOM COMHOXXWUTE/IN MO BEPXHUM
MHAEKCaMm.

CpaBHuUTE:
=( 1 2 . n\y
\T(1)T(2) ... T(n)/’
T(1)1(2) .. T\ / 1 2 . n\ -1
e 2 . n) VT-'() 1-(2) .. T-'(n))
Torpa
>TL2> T(5)
2 e®*® 9 g =
teS.
» cn. 25.?
oS @ " frow T
xesm e -'1(2) al-i- h)

BBeas 3aMeHy b= T-1, Ha OCHOBaHWW cneacTBUst 23.2 CyMMUpPO-
BaHMe MO T MOXHO 3aMeHUTb CYyMMMpPOBaHWeM Mo 4= T-1, Torga
npegblaywee BblpaXKeHne MNpuUMeT BUA:

I (sign a" ~Ndet A. q
ves 0" P 6w Faey

CnepcTtBue 27.1. Bcskoe obuiee CBOWCTBO, JOKa3aHHOe Ans
CTPOK onpejennTens, WCTWUHHO W AN ero cTonbuos, M HaobopoT.
Tak Kak TPaHCMOHMPOBaHMEM MaTpuLbl, KOTOPOE COXPaHAEeT onpe-
fenuTenb, ofgHa U3 3TUX 3ajay CBOAUMA K JpPYroi.

CeolictBo 27.3. O6WMNA MHOXKMTENb BCEX 3NEMEHTOB CTPOKM
(cTonbua) MaTpuLbl MOXHO BbIHECTM 3@ 3HAK onNpejenuTens MaT-
puubl.

3apgava 27.1.1. JokaxuTe cBoiictBo 27.3.

OokaszaTenbcTtBO. Mycts [A, B}agl(n).

8 B. T. MNetposa
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1 /4= ||/4|| w B= ||B‘|| oTanyaroTCcad OAHOWN CTPOKOW,

B, \ A npu i'#fto(&i=aili#*)"

[ANI* npu i=k o b k= Ka\ (27.%)
{i, k, s}c(l, 2 .. n), npuyem K (HMKCUPOBAHO.
Torga B pasnoXeHuu
. v ' * Ll b" -
det B Xi‘ (sign 1) bHO I:.X(*_0 bl(*) bl(*+|) o

3aMEeHVMM 3/IeMeHTbl MaTpuubl B Ha COOTBETCTBYHOLME 3MEMEHTHI
Matpuubl A:

A2, b4 (sign T)a'(!) —aI a ..a =

T(*-1) X(*+ 1) t(«)

6&@ ,(sig nt)a&m)... a"X(«):’\A det A.

2. Ecnn /A= ||N(] wn B=]|B,|| oTnnyawTca ogHum cTON6GLOM:
npu i“"ko (b ‘=a’\i*k
pr- i ( ) (2745

|A74* npn i—ko-b\= Aal
[i, k, s>c={l, 2 ... n].

Torga detB c¢B 27? det fIT=Adet A 'AdetA. L

CnepcTtBue 27.2. Ana nwboro A*gl(n)
det AA = A'det A (27.2)

CeoncTtBO 27.4. Npu nepecTaHoBKe [ABYX CTPOK (CTON6LOB)
onpegennTens ero 3Hak MeHsieTCA Ha NPOTMBOMONOXKHbIA NpU HEus-
MEHHO abCOMTHON BEINYNHE.

3apgauva 27.1.3. [lokaxuTe cBOWCTBO 27.4.

OokaszaTenbcTtBO. Myctb {34, B)czgl(n).

L N= [N wB= ||B‘|] oTainyatotcsi nepectaHOBKOW ABYX cTj
T. e

A“ npn *<£{/, /}— .- — (ftj=a;ii#/)
B*=  Alnpu k=/| f B'Ur/IM 0 b‘= a,
A"npm k=1i} (B'=/4) -0- b,= a;

(i, 7, k, s}c:{l, 2, ... n], npuuem, i n/ pukcmpoBaHbl, a K u's npunu-
MalT BCe Lefble 3HauyeHus oT 1 Ao .
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HanomMHum, 4yto

det A £ (sigriT iy .. af a' a’ 27 .#
e <SS.(S|gr| )a](i) 40 a0) t ( )

C noactaHOBKaMn WHAOEKCOB B KaXXAOM COMHOXWUTeNne Bupa:

SR S B / .
" (/t(l)té) . TR X(/) LAy o

B pasnoxeHun onpegenutens marpuubl B

n i b 6' . ba =
det B w61 i«il(:;lgn T) b%nm 40 a0) 4FI(H)

3aMeHMM Bce 3/ieMeHTbl Matpuubl B Ha cooTBeTCTBYIOLLME 31EMEHThI
mMaTpuybl A:

. > >
= a Looa
£ (sign 7) a| 0 a4(0 a0 _
46S.
ynopsgoyMM  COMHOXWTENM BO BCEX C/araeMblXx MO  BEPXHUM
NHAEKCaM:
= | (signT)a a’ a .
.eS.( gn ) |(» 4/ 4(0 » ()

B KaXAoOM cnaraeMom — MpPOU3BefeHUs] 3/IEMEHTOB MaTpulbl A,
MHOEKCbI KOTOPbIX 06pasyloT MOACTaHOBKM BUia:

> 2 .. 1 . / . -\ x
"ANE(L)T(2) o x()) - X(«) . T()/
+ ( 1 02 0 e e
CAT(1)x(2) o T(«) w1171 - Y(5>/
/v 2 .l .m . o
V» 2 - LW T(n) *
- - LLI -
T. e
detB= £ (signt)al(i) .. o a:(m=
,eS.
_ . . . ' " 27 . ##
teH£Sl(3|gn na &y o Ay oA ( )

rge 7' =11, U T=10(11)  1==Tr'oT(/
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CyMMMpoOBaHMe MO T MOXeM 3aMeHWUTb CYMMWpPOBaHMEM Mo T'
npu aTom Mo cneacTButo 23.1 T' Takxke 6ygeT npoberatb BCe 3Haue-

HusA S,,, HO MpuM 3TOM sign T= —sign T'.
T. e. KaXaoe 13 cnaraemMblx B pasnoxeHuun (27.##) onpegenn
Tens martpuubl B
signta’ | .. a .oal .oa
8 € 0) e<0 e~ e
OT/INYAeTCsA TOJIbKO 3HAKOM OT COOTBETCTBYHOLLEro cfiaraemoro

si%n Tat](I) aIMO aibv) alll\/b>)

B pasnoXeHuu (27 .#) onpegenutens matpuubl A.
9T0 03Hauvaert, 4To

detB= £ (—signx)aj - aND a%/b a (ﬂ): —det A
eS.
2. Ecnn A= ||AH u fl = ||fl]| pasnnuarTca nepectaHOBKOW [AB

ctonbuyos, T. €.

AK npu *<£{», /}

Bk= N, mpu k= {1, 1, 2 .. n}L
N, npn ft=i
T0 det fl=x=det BJ=t —det T=L-deM . -
CnepctBue 27.3. Echu maTpuua A*gl(n) umeeT fBe CTpo-
Kn (ctonbua) paBHbiMKW, TOo deM =0. .
CnepctBue 27.4. Echu maTpuua Aegt(n) umeeT fABe CTpo-
Kn (cTonbua) nponopuuoHanbHbiMK, TO det >1=0. .

CeoncTtBo 275. Ecnm maTpuubl [A, B, C}czgl (n) oTamuaroT-
cs TOMbko OfHOW k-oii cTpokoil (Man cTOonNbUOM), nNpUYEM
Ck= Ak+ Bk (unn Ck= Ak-\-BK), TO

det C= det A det B. (27.3)

3agava 27.1.2. JoKaxXuTte CcBOWCTBO 27.5.

JokasatenbcTtBOo. Myctb {A, B, C)czgt(n)

1L A=A, B=]IB'||, C= ||IC*H otnnyatoTca OJHOWN CTPOKOMN,
T. e

*

| A= B‘=C npu 1ok ;
\C* = A%+ B ck= ak+ bf | (27.##)
{i, /, k)czl, 2 .. n), rae K ¢umKcMpoBaHoO.
Bbinuiiem pasnoXeHusa onpeaenutenein Bcex Tpex MaTpuu
A, B, C 1 3ameHMM WX 37eMeHTbl B COOTBETCTBMU C YC/OBUEM
#
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27. #**
det A= Y (signT)a’ o e @ ( )
»«$ *) X (%)
= Xi (sign 1) C vy Cx(ﬂ), (27.a)
detB= £ (sign ) ftl bk 6" (2749
fs. M=) «(7)
_ ; |
= Ie|S (sign T) Ct(O nM*) AGs)y (27 .ft)
27 #*
det C= £ (signT)c' c* .. C' ( :
ieS,' M) L)
= £ (sign X . (@ 1t . C =
£ (sign ¥ @ty - ¢
' * * * * =
. (CX(O ax(*,) c»(ﬂ)+ c»(l) ftq*) Cx(ﬂ}/-L

= 1 €gNdQ= ., - %u*

g (signx)ei(i). e G
teS.

BepHemca K 0603Ha4yeHUsIM 31eMeHTOB maTtpuy /A= |la‘']| w
B = Iftll, Torpga

det C= £ (sign T1)a’
t«S.

© s o &

+ £ (sign ) ft (| fr* LLftY i 7aM27-) det 4 + det fl

YE=S. x(1) u s X (51)

2. Ecnn e wmatpuubl oTnu4yatotca cronéuom: <4 = flt+ Ct, 10
mlet C= det C = del (4 + «)' = drt/l + det fIT#=det 4 + det fl -
CnepgctBue 275 Ecam maTpuua A"*gl(n) umeeT CTpoky
I (cTonb6eu), paBHYyW CymMme ABYX APYrMx ero cTpok (cTonbuos)
(T. e. Ak= A*-\-A“ unn At= Ai+ A/ npu HekoToOpbIX & /', lc~P(n),
TO ee OMpefenuTeNb paBeH HyNo.
m 8* B T. MeTpom
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Hanpumep, det A= \a‘\—\A‘\—

Al \
A* A2
....... \
al aj aj ... aj N LA\ A\
a] al a\ .. a\
= det ] 1= det =det
) / n* A'+Al
a\ aj a3 .. a\ /
Foooedl/y
i! A>i\ a;
\ A’ \ A )
Cn 273
u 0+ 0= 0,
A -/ y A-J
KakK onpegenvutenn, UMeloLWmne Mo [ABe pPaBHbIX CTPOKW.
[JokaszaTenbcTBO Ans cny4vasi cTonbuoB aHaNorM4yHo. (0]

MocnegHue CcBOWCTBA W WX CNEACTBUS MOXHO 0606LWMUTL, BBeas
HOBOE MOHSATHE;

OnpepgeneHne 27.1. JIuHeliHOW KOoMOWHauwneidr cTpok {/1*!
mMaTpuubl Aegl(n) HasbiBaeTCa Bblpa>keHue Buga a*N1*=£a*/1".
roe atER, W COOTBETCTBEHHO, a*/1* = £a* /14— nHeliHAA KOM-
6uHaumsa cronbuos {/1*} MmaTpuubl A ¢ KoapuyneHTamn a'eR.
*e={1, 2, .. n}

Ecnn xoTa 6bl ofgHa cTpoka (MaM cTonbel) maTpuubl ABNSET-
CA NMHEHON KOMOWHauWeid ocTanbHbIX ee CTPOK (CTON6WOB), TO
roBOpAT, YTO CTPOKM (CTON6UbI) MaTpuUubl NNHERHO 3aBUCKMBbI
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Torpa cnegcreust 27.3—27.5 06beAnHAOTCA B OAHO CBOWCTBO.

CeoiictBo 27.6. Ecim cTpokn unm cTondubl mMaTpuubl NUHENR-
HO 3aBUCMMbI, TO OHA BbIPO>KAEHA.

CnepctBue 27.6. OnpefenuTeNns MaTpuubl He W3MEHUTCSH,
eCc/in OflHy M3 ero CTPoK (CTO0N6LOB) 3aMEHUTbL Ha ee CYMMY C ApY-
roii cTpokoin (cTonbuom).

3apava 27.2.1. JokaxuTe cnepcieue 27.6.

LokaszatenbcTtBo. A= M| = |/4)]e gl (n).

1 MycTtb MaTpuuya A' TakoBa, 4TO

n npu i”k

M7= AK+A> npu i=k

4y kYa{d, 2 .on,

T. e. ee HekoTopas (/1-as) CTpoOkKa paBHa CyMMe oOnpefeneHHbIX
CTPOK Matpuubl A: Jl-oii n /-0l

/ /11 ( AN\ n
A2 A2 A2
Al cB. 27.? Al Al
det 4' = det det + det
Ak+ A> AK Al
\ V oal
r An
A2 A2
Al - ,
= det -|-0 = det = [>|=det A.
AK
AT/ 1/
2. Cnyyai cTtonbuoB paccmaTpuBaeTcsi aHanornmyHo. O

CnepgcTtBue 27.7. OnpegenvTens MaTpuubl He U3MEHMTCH, ec-
N OfHY U3 ero cTpok (CTOoNbLOB) 3aMeHUTb Ha ee CyMMy C Apyroi
CTPOKO/ (CTO0N6LOM), MOMHOXXEHHON Ha HEKOTOPOE YKUCHO.

LokaszatenbcTtBOo. A— ||| = |I/4]| e gl (5).
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1 MycTb matpuuya A' TakoBa, 4TO
T. €. ee Jl-ad cTpoka paBHa cymMe Jl-Oif CTpOkM mMaTpuubl A ¢ Npous-

BeAEHMEeM uucna A Ha ee /-ylo CTPOKY.

det /4' = det

= det

2. B cny4yae cTon6bLU0B AOKa3aTe/IbCTBO MOXHO MPOBECTV aHaforny-
HO WNM CBECTU K MpefblaylieMy TPaHCMOHWPOBaHMEM MaTpulbl. O
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OueBngHO ” (CcMm. cneacteua 27.6, 27.7)

CnepctBue 27.8. OnpegenuTens MaTpuLbl HE U3MEHUTCH, ec-
M K Kakoin-nnbo ee cTpoke (cTonbuy) npubaBuTb NHO6YI0 NUHENHYIO
KOMOMHaUUO ApYyrux ee CTPoK (cTon6uoB).

K OnpepeneHune 27.2. loBopaT, 4To mMaTpuua B nonydeHa
U3 maTpuubl A 3neMeHTapHbIMU npeobpasoBaHUAMMU, ecinm 3ITu
MaTpulbl OTNMYAKTCA TOMbKO OAHOA CTPOKOW (Man CTON6uoMm),
npuyem 3Ta cTpoka Bk (cTonbey BK) TakoBa, 4TO

fix=a*+ M ‘' umm A*= I*+ JIM,

(no i cymmupoBaHue oT / fo n, ecam {1, gl (n)).

Tak u4TO cnefcteue 27.8 MOXHO nepedopmynnpoBsatb MHaue.

CnepgctBue 27.8'. OnemeHTapHble npeobpa3oBaHUA CTPOK
Win CTON6LUOB MaTpuUUbl He MEHAIOT ee onpejenuTens.

UT06bl YCTAHOBUTL €eLle OAWH Nerko BblYMCASEMbIi BUf onpeje-
nntenen, paccMoTpumMm npumep.

Mpumep 27.1. Hailgem onpepenutenu:

5 46 U 64

1 46 o, 2 46 I 0 2 -7 0
~% 0 2 -7

0 9 5 o .= 0o 0 -5 1

0 0 0 4

VX BbIYMCNEHUA MNO3BOAAKOT BbiCKa3aTb MNPeAnonoXeHue:

CeoiicTBO 27.7. OnpegenuTenb TPeYronbHON MaTpulbl paBeH
NMPOW3BELEHNIO ero AuaroHaabHbIX 3/1eMEHTOB.

JokasaTenbCcTBO. Myctb A= Ka)Ke£/(n)|a} =0
npn />/.

a| aj a3
detA= 0 « a\ - “l

(26.1

0 0 0,0 a:
= YT ARy
(27 .x)
=jal .. an + £ ignT)al a a' =
J (signT)a (N ™M2) X (*)
<teS,,, t*«)

=ala\ .. a"-|-0=a[ a* ... a*

Mockonbky no nemme 23.1 BcAKas HeTOXAeCTBEHHas nojcrta-
HOBKa Te 5, vmeeT XOTA O6bl OAUH 3neMeHT /eP (a) Takoi, 4yto



234 7. Onpegenurenn

T («)<»’, TO 3HAYUT, CNaraemMble B Pa3NoOXeHUWn (27.T) C HETOXKAECT-
BEHHbIMW MOACTAHOBKAMWU WHAEKCOB COAEpXKaT XOTs 6bl OAMH CO-
MHOXWUTeNb @' =0, Kak 3/1eMeHT TPEYrosbHO MaTpuLbl, CTOSLLNIA

HUXE ee [NaBHOW AuaroHanu, 1M 3Ha4uT, paBHbl 0. =

CnepctBue 27.9. OnpefenTens AuaroHanbHOW MaTpuubl
paBeH MPOU3BEAEHUID ee [AuaroHaNbHbIX 3/EMEHTOB, a efuHUY-
HON — efAnHULE.

M3 cBoOWCTB onpegenuteneii BbiTeKaeT TakKTuUKa A[eincTBuii npu
BbIUMCNEHUNAX CMOXHbIX Onpefenutenein n6oro (LOCTaTOYHO BbICO-
KOro) nopsifka — npuBefeHNe ero MaTpulbl K TpeyroibHoMmy (cTy-
neHyatomy) BUAYy €e 3/1eMeHTapHbIMU MpeobpaszoBaHUAMMU.

8§ 28. BBIUNC/TEHWE ONMPEAENUNTENA
NMPUNBEAEHWMEM EIfro0 MATPULbI
K TPEYITOJZIbHOMY BWAOY

MpoaeMOHCTpUYPYEM Ha nNpuMepe, Kak MPUMEHAS CBOWCTBa
onpegenutenen, BbIYMUCAATbL WX CBedeHMeM K 60nee NpocTbiM: Tpe-
YrONbHbIM, C HYNEBOW WAW MPOMOPLUOHANbHLIMKA CTPOKamu (CTon6-
uamu). MpuBectn wmaTpuuy onpegenutenss K TpeyronbHOMY Bugy
O3HayaeT, 3aMeHsAs MocnefoBaTe/lbHO ee CTPOKU (Man cTonbubl) Ha
UX JNWHEelHble KOMOGWHauuM C ApYyrMMun cTpokamm (ctonbuamu),
T. €. He MeHsa ee onpegenutens (cnepcteua 27.6—27.8), nNonyynTb
3/IeMeHTbl, CTOSILMEe HUXe aunaroHanu, paBHbeiMu 0. Matpuua K Ta-
KOMY BUAY, KOHEYHO, NPUBOAMUTCA HEe efMHCTBEHHbIM CNocobom, of-
Hako, 3HayeHWe camMoro onpegennTens He 3aBUCUT OT 3TOro crnocoba.

Mpumep 28.1. Bblumucaum ornpegenurens:

5
5 25 0 5:
1 -12 30 3
7 15 240 9
3 -3 12 5
1

1 5 : 6i 1 11 5 0 1

1 -12 130! 3 o T g, 51

=5 7 15 1240 : 9 =56 7 {5140 9

3 -3  12: 5 1 3 -3 2 15

BblHEC/IM 3a 3HaK onpegenutens o6WwWiA MHOXWUTeNb
CTpoOKW, ctonéua

cB. 27.3
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1 5 0 1 1 5 0 11
BEW =30~ 1 I—12 5 3 On-17 5 2
7 rs1 40 9 =30 7 151 40 9 J
3 -3215 3 -3 215
13 BTOPO/ CTPOKWU BbIYM MEPBYHD CTPOKY
cn. 27.7
1 5 0 1 1 5 0 1
(Bb7W30 n 117 5 2 —17 5 2
0 40 2 0 —201_40 2
3 -3 215 0 -18 21 2

CNOXeHWe CTPOKW OMNpeaenuTens C ero Apyroii CTPOKOWA,
[OMHOXEHHO Ha HEKOTOpoe 4WCMo, OMpefenuTent He MeHsieT

cn. 277

Taknm 06pa30M nonyynnn HyneBbIMU 31EMEHTbLI MepPBOro cTon6-
ua, Ctodawmne Humxke AgunaroHasin.

Ynpoctnm onpepenntenb, 3amMeTUB, UYTO U3 ero noc/efHnx CTPOK
MOXXHO BbIHECTM 3a 3HaK onpegenntensa no MHOXUTENIO:

1 5 0 1

1 5 0 1
_ 30 0 -17 5 2 ®273, , 1M 0 -17 5 2
- 0:-20 40 21 2 i 4 0 -10 20 1
> i — 0 -9 11
O0;-18 51 21 2 I
5 0 1

0o -17 5 2!
0 -10 20 1,
0 -9 . M

= 120

Tenepb MOXem npeobpas3oBatb K TPEYroibHOMY BUAY MaTpuuy
TpeTbero nopsifgka, (CTOSAWYH B MPaBOM HWKHEM Yray), MpuUBOAS
3NeMeHThl cregytoulero (BTOPOro) ctonbua, cTodline HUXe guaroHa-
NN, K HYNeBbIM 3HayeHusM. B 3aTtoMm cnyyae yaobHee npeobpasoBbl-
BaTb CTONGUbI:

i 5 0 1 1 14 o 1

120 © -17 5 2 wx9xiz0 O 1 52 J
o -10 20 1 ¢8 277 o -1 20 1 -
0 -9 “n 1 o oT1 1
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1 14 0 1
ol/l 5 2
W BT o742 3
o °fT]:
n)- 3(i)
l(%?mzaqemn. = — 3anuch NpeobpasoBaHWii  CTPOK  OnNpefenvTens
a m - — npeo6pa3osaHuii CTONGLIOB onpegenuTens.

OcTaeTcs npeo6pa3oBbiBaTb MaTpully BTOPOro nopsijka, CTos-
WYy B MPaBOM HWXXHEM YTy, MOAyYyMB TMOCMEAHUIA 3eMEHT, CTOS-
WNiA HWXKe AmaroHanu, pasHbiM O.

114 01 1 14 0 1
011 5 2 piigp © 1 52
0 0 25 3 mw un 22 3
0 o—M 1 0 0 o1

B 27?120-M -22-1=2640.

3ameyaHue 28.1. OueBMAHO, YTO MOCTyrnas aHalIOTNYHO, Mbl
mMatpuuy oboro onpegenuTens CMOXeEM MPUBECTM K TPEYrofbHOMY
BMAy. Ecnn oHa HeBbIpOXAeHa, TO BCe ee MaroHanbHble 3/1EMEHTbI
HeHyneBble, a eCN BbIPOXAEHA, TO MO KpaiHeli Mepe ee MOCnefHWUNA
AvaroHanbHbIli 3neMeHT paseH O.

Mpu 3TOM BbIAENATCA [Ba BMAa Mpeobpa3oBaHWii CTPOK U
CTON6U0B MaTpuLbI:

OnpepeneHue 281 Ecaum B maTpuue cTpoka (cTonbew)
3aMeHATCS Ha ee NPOM3BELEHNE HAa HEHYNeBON ckanap A, TOro-
BOPAT 06 3nemMeHTapHOM npeobpas3oBaHuy mMaTpulbl NepsBoro po-
fa, ecnm >Ke cTpoka (cTonbey) 3ameHAOTCA Ha ee CyMMY C Apy-
roii ee CTPOKOA (CTONOLOM), AOMHO>XEHHON Ha HEKOTOpbIA cKa-
nap. TO rosopaT 06 3neMeHTapHOM npeobpasoBaHuy MaTpuubl
BTOpOro poga. NpeobpasoBaHue MaTpuLbl, NONYyYeHHOe NoCneso-
BaATEe/NbHbIM BbIMOMHEHWEM HEKOTOPOro yucna 3fneMeHTapHbIX npe-
o6pasoBaHuii MepBOro U BTOPOro pofga CTPOK (CTON6LOB) Hasbl-
BAOT 3NEMEHTapHbIMK.

Mo cBoiicTBY 27.3 Mpu 3fleMeHTapHOM npeobpa3oBaHMK NepBOro
poga onpegenutenb AOMHOXAaeTcAd Ha ckansp A a Mo crnefjcTBuio
27.7 anemeHTapHOe npeobpa3oBaHve MaTpuubl BTOPOro pofa coxpa-
HseT onpegenunTenb.

dnemeHTapHbIM MNpeo6pa3oBaHNeM MaTpuLbl ABAAETCA, B 4YacT-
HOCTW, W nepeMeHa MecTaMu [BYX ee CTPOK (CTON6u0B), Npu 3TOM
OYeBMAHO, YTO B CU/y CBOICTBa 27.4 onpegenuTeslb He U3MEHUTCA MO
abCoNOTHOW BeNMYMHE, HO W3MEHWUT 3HaK Ha MPOTUBOMOJOXHBIA.
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3apgaHune 28.1. Bblunmcnute onpepenutens:

5 25 05
1-12 30 4
7 15 24019
4 3 30 7

§ 29. AOMONHWTENbHbLIA MWHOP
N ANTEBPANMYECKOE AOMOJ/IHEHWE

Ewe oavH yao6HbIN cnocob HaxoXAeHus onpeaenuteneii cocto-
UT B MOHWXEHWM MOPSAKOB OMNpeaenuTeneit, KoTopble HEMoCpeacT-
BEHHO BbIYMCASOTCA. Hanpumep, BblMUCEHME OMpedennTens TpeTbe-
ro nopsigka CBOAWUTCA K BbIUMCIEHUKD HECKONBKUX oOnpegenute-
neli BTOPOro, a 4ytobbl 3TMM METOLOM HaliTu onpefenuTens 4YeTBep-
TOro nopsifka, NoTpebyetcsa BbIYUCAATL OMNPefennTeNnn TpPeTbero
n T. 4 WHorpa TakMm crnocoboMm, ero Has3blBaldT PEKYPPEHTHbIM,
BBOAMTCA CcamMO MOHATME onpeaenutens («recurrentis» (nart.) —
BO3BpaLjaloLwmnincs).
UTo6bl U3N0XNTb 3TOT METO[ BbIYUCNEHWIA, BBEAEM MOHATUA MU-
Hopa W anrebpamyeckoro AOMNOSHEHUS.
OnpepgeneHne 29.1. MuHopom wmaTpuubl A=
- la)lle jw m x n), nopagka k (1 < k” min {m, n}) Ha3bIBaeTCH
BCAKWIA onpegenuTens MaTpuubl nopsagka k, mony4yeHHon u3 maT-
puubl A BblYepKMBAHWEM MPOU3BONbHLIX M—K CTpoK U n—Kk
CTO0N6LOB.

O603HauyeHne Takoro MMHopa: rage i,, € .. /*— Homepa

CTPOK MMHOpa B Matpuue A, a/,, /2 ... /*— HomMepa ero cTon6LOB.

OnpepeneHue 292. naBHbiM MUHOpPOM Kk-ro nopag-

Ka wmaTpuubl A HasbiBaeTCa ero MuHop Buga A'R{, rge
1 {m, n}.

Takoli MMHOpP cOCTOUT M3 MepBbix K cTpok m k cton6uoB mat-

puubl.
Mpumep 29.1. MuHOpbLI BTOPOro nopsAgKa:

= — ? — TrNnaBHblIA MUHOP
BTOPOro nopsgka
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MprMepbl MUHOPOB TPETbero nopsigka Tol XXe MaTpulbl

/1234 5\

(1789 1R NE£- 789
\2378 \/ 378
12 34 5\

678910),qu1m§glg
2376 1/ n 37 1

OnpepeneHune 293. [JONONMHATENbHbBIM MWHOPOM 3fe-
MeHTa a) KBagpaTHO maTpuubl A = lla)|| e#/(n) HasbiBaeTCA
MUHOP nopsgka n—\, NoNy4YeHHbIli BblYEPKWBAHMEM -0 CTPOKM
n /'-ro cton6bua matpuubl A.

O603HavyaeTcs AOMNOMHUTENbHbLIA MUHOP K 31eMeHTy a) Tak: M\

aj al .. wi o d,,
a?a\ .. 47 .. a* a aj .|l
a?
= M[
o & <« .. a [
a <7 - Al
O6paTl/ITe BHMMaHME: 3/IeMeHT 0603Ha4YeH a €ero AonosHun

3-
rMbHbIA MUHOP M|T].

OnpepeneHue 294. Anrebpanyeckum AONOAHEHUEM
IanelvleHTa a) HasblBaeTCHA uucno (— 1L*+/Aff.

O603HauaeTca anreGpavyeckoe [OMNOSIHEHWE 37IEMEHTA Q)
Tak: — 1Y+ M{.

Mpumep 29.2.1. BblUMCAUM AOMNONHUTENbHbIE MWHOPbLI U an-
re6panyeckne AOMOSIHEHNSA 3NEMEHTOB MaTpuLbl:
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2. Bbluncnum Bblpa>keHuns
BN+ 447= 1-3+ 2.5=13, <4/?+ an2= 2-5+ 3-1 = 13,
e?idj+ af/42= 2, g+ anr=1-2+2-(-1)=0
a\A\-\-a02' 2= 2. -|-alN?= -5-3 + 3-5=10,
a|/?+ a?>4|= 1? + (—5)-7=»?
<44j+44j=2-3+3-(-2)=0.

3. detA= _51 = 1-3—2-(—5)=13.
/ 122\
3apgava 29.1.1 [Ana matpuuybl (-5 3 3V
\ 10 4/

1 Bbluncnute AOMNOMHUTE/IbHbIE MWHOPLI U anre6pa|/|L|eCK|/|e Ao-
NMO/IHEHNA 3/N1IEMEHTOB!

A*I=?, P =2, mgﬁ= »1=72  »? =72 Al= 2
M}=?, ML=} M\= -2, a2—? A\=1, A\=2,
Afj= 0, =13, AR=13. A3=0, A3= -13,  A3=\3.

2. BbluncnnTe 3HAYEHWS BblpadKEHWIA:
a\A\ + a\A\ + a\A] =},

a2A2+ a\A\+ alA\= ?,
aj-4j + a2A2-\-agA3= 2.
3. Bbluucnute onpegenutens MaTpuubl:

122
\W= -5 33 =5
104
Mpeablgywmne BbIYUCNEHUS MO3BONAIOT 3aMETUTb YAUBUTENbHYIO
OCOGEHHOCTb: B OfHUX KOMOMUHALMAX 3N1EMEHTOB W anrebpamyeckunx
[OMNOSIHEHWI NONyYanu onpegenuTenb Matpuubl, B Apyrux — 0. 3Tu
3aKOHOMEpPHOCTU B O6LLeM clyvyae U COCTaBNAT COoAep>KaHWe Teo-
peM O pPasnoXeHuUu W JIOKHOM pPas/ioXeHUn.
TeopeMe O pasfoXeHUW onpegennutTens npeanoLwneMm nemMmmy.
Nemma 29.1. Ecnu BCe anemMeHTbl MOCnegHein CTPoku (CTonG-
ua) onpegenuTena maTpuubl A, Kpome, OblTb MOXKET, MochefHero,
paBHbl 0, To del/d= a"Af"= a™y4"
3apgava 29.1.2. JokaxuTe nemmy 29.1.
Joka3aTenbcTBO. [lycTb BCe 3/IeMeHTbl MOCNELHEA CTPOKM
paBHbl 0, Kpome a".

det/l= det|la'|| °mp 26--£ (sign T1) a|(])a?2 .. a;(*).
eS.
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Pazobbem cnaraembie Ha ABe rpynnbel: B NepByrd OTHECEM BCe Te
M3 HUX, KOTOpPble MMEKT NOoACTaHOBKM WHAEKCOB Bupaa:

/1 2 3 .. n—1 n
VI T2 T7(3) .. T(n—1D n)'

T. e. Takue, 4to T(N)= N, a BO BTOPYO — BCe OCTa/bHble. Toraa

det>J= £ (signT)al.(l/4m .. al(_,a;+ 0N

teS.-i
(3pecb T'— nopctaHoBka MHoxectBa P (n— 1)= {1, 2, .. n—1})
-1 e K- 1A
LOna cTtonbua pokasaTenbCTBO aHalOrM4HO. ]

CnepcTtBue 29.1. Ecan BCe 31EMEHTHI KaKoi-n1mb60 cTpokn A*
unum cronbua Aj MmaTpuubl A paBHbl HYMO, KPOMeE, ObITb MOXKET, a\
To det A= a'fl; = ( — 1Y+a/M{

JokasaTenbcTBO. |. PaccmoTpum «cny4dai CTpokm». MycTb
A= \A"\"g I (n) n ctpoka A‘ NMeeT TONbKO OAWH HEHyneBOl 3ne-
MEHT a).

UTo6bl MOXKHO 6bII0O BOCMO/b30BaTbCs Npeablaywein neMMoi, Ha-
fo npeo6pasosatb deM = |aJ| K Buay:

* rok

00 ..9 cal

T. €. «nepeABUHYTb» CTPOKY A< n ctonbeuy, At Ha nocnefHue mecTa.

a\ aj .. a) Al
a2 a* .. aA A2
a'r'a*-'. -1l
det A= \A\ = ar 1: = al
oo .0, loo
a'\+,ai+l... al+| <+ Ai+X 2
a* aj .. - A"
1 J
>

Ecnu nepectaBUTb cpasy cTpoku A‘ u A", TO MopsgoK CTPoOK Mo-
cne 3Toro OyAeT CYWEeCTBEHHO OT/IMYeH OT UX MopsfAka B MUHOpe
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;. Moatomy 6GynemM nepecTaHOBKU Aenatb nocnegoBatefbHo: A' ¢
/4,+|, 3atem ¢ A‘+2 n 7. 4. N0 OKOHYaHUIO BCEX TaKUX NepecTaHOBOK
nofyyMM TOT >Xe MOpPSAOK CTpPOK, uto B MumHope M\. Torga

al a2 a
2 2
al a
ML= a\ aiai..
ai a\ a8 ...
a\ a2
a? a\
- al 4 “
=(—1y
ai+,ai+
a"' N
0 0

. a\
.a

2
a8 —
a*
=(-1
al/
a'n’
0 al/

A
A2
G cB. 274
A+
A"

A’ A’

A2 A2

A~ AL 1

A+ = (-if I+

A’ A+2

A*-j

A"

. as

. aj

<
nocTtynum aHaormM4yHo
CO cToN6uamMmu MaTpuLbl

<

0..

1
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a al woal
a] Ao ™ a.l (Q
a\-xafr 1. . ai" «r*
a#x ai+'... .. ai+l a/+l
0?7 8] .. ewe<
o 0o .. ..O
m(-1 /U MIL a) (- 1y+>M= a) Al

(3pecb Af' — [OMOMHUTENbHBLIA MUHOP NOCAEAHEro afieMeHTa nocneg-
Hell CTPOKW, MOMyYEHHOW B pe3ynbTaTe Npeo6pasoBaHWii MaTpuLbl).
2. «Cnyyali cton6ua» CBOAUTCA K MpeablgyluieMy TpaHCMOHUPO-
BaHVEM MaTpULbl. m|
Tenepb nepeiijemM K AOKasaTeNibCTBY OCHOBHOM TEOPEMbI NEKLUK:
Teopema 291 (0o pasnoxeHwuwun). OnpegenmTens MaT-
puLbl paBeH CymMMe MPOW3BEAEHUA BCEX 31EMEHTOB N06OIN ee CTpo-
Ku (Mnm crTonbua) Ha ux anrebpanyeckume AOMNONHEHWUSA.

del/4= £ aMi= £ (29.1)
4-1 4-1

ana nwobeix (A, k) egl (n)XP (n).
B TeH30pHOW cMMBONMKe ycnosue (29.1) 3anucbiBaeTcsi KOpoue:

det A = a*Ak= a*N*

JokaszaTenbCTBO MPOBEAEM AN Pa3foXeHUs Mo CTPOKE,
ans cnydas crtonbua OHO aHalorM4HO.

1 Ctpoky Ak matpuuybl A~gl(n) npeactaBum CyMMOWI CTPOK
BMAa:

Ak=(al aR..al)=(a* 0..0)+(0 a%$..0)+ ...+ (0 0.0 al)).

2. det A no cBoiicTBy 27.? npeactaBuM B BUAE CyMMbl ornpepge-
nnTenen:

58 "llai

det A=
a? a\. al -ai

a? aj. 'a; ’-a;



§ 29. [lonO/IHUTENbHBIA MUHOP 2473

al al- . ; -a\ ajF az... 0'2... al a\ al..a'.ea\
a? al gz mal af af...a%... a\ al al. .a). mal
e o Tk K
+ + . e+
aA0 ..0..0 0 0 0..0.. al
ai at. 7.- a: al a\..al..d, al d2..537.

3. Kaxpgoe wu3 cnaraemMbix npegbigylieii cymMmmbl— onpegenm-
TeNb, PaBHbIA COrnacHo cnefacTemio 29.1 NpousBefeHU0 HEHYNeBOro
3/leMeHTa €ero COOTBEeTCTBYHLWEN (BblAeNeHHOI) CTPOKM Ha ero an-
rebpanyeckoe [OMNOJMHEHNE, C/le40BaTENbHO:

det A = a\A[ + a$/1;|+ ... + alAk
ana mo6oro Ne{l, 2,..n).
4. Mpun aHanorMyHOM Pas3nNoXeHUn no CTonbuy MoNy4YUMm:
det A =a'kAk-\-akAt+ —+ arAR -

3agaHue 29.1. Bbluncnute onpegenvTenb, pasfnaras ero mno
CTpOKe wnu cTonbuy, nojymaiiTe, Kakyt CTPOKy unu ctonbeu ansa
TAKOro pasfnoXeHus ynobHee B3AATH?

3 1-1 2
-5 1 3 -4
2 0 1 o0 =7
1-5 3 3
3ameyaHune 29.1* Teopema 29.1— 4yacTHbIn cniyyan Teope-
Mbl Jlannaca 0 pasno>XeHuu onpefennTens, ana ee (OPMyINPOBKU
notpebyetcss MNOHATUE AOMOMHUTENLHOrO MWHOPA K MUHOPY MaTpwu-
ubl U ero anrebpanyeckoro AOMOJHEHUS:

OnpepeneHune 295 [ONOAHUTENLHLIM MWHOPOM MUHOpa
A<X /Anopsagpka k kBagpaTHon maTpuusl A = |a'|| e g /() Ha3biBa-
eTcA MUHOp nopsgka n—Kk, NONYYEHHbIA BblYEPKMBAHWEM M3 MaT-
puubl CTPOK M CcTONBLOB MUHOpa J1/£ %=

O603HayaeTca [AOMOMHUTENbHbLIA MWHOP clegylowmmMm obpasom:
AfITj*
Ecnn [ONOAHMTENbHLIA K MUHOPY AM X MUHOpP AOMHOXKWTb Ha

(— 1) |+/|+2+2+ TO 6yaemM uMeTb anrebpaunuyeckoe Aonon-
Hekne K MuHopy Ajir
O603HauvaeTca anrebpanyeckoe AOMOMHEHMe MuHopa: Al%* -
Taknm o06pas3om,
Ai\ith def/ j?/,+/,+*,+/*+ +ort» w/i/r N
mv-4 V
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Teopema 29.2 (Jlannaca).
detA=£A . DL (29.2)
roe 1<i,<@<...</*<«, I</i</[*<...</*<«, a cymmnposaHue
BefleTCA NO BCeM kopTexkam (i, /2 ... i*) AnuHbl Kk ¢ hUKCUpPOBaHHbLIM

KOpTe>XeM HOMepoB cTON6UOB: </, /2 win no Bces
KopTeXkam /2 .. [*> C (PUKCUPOBAHHbLIM KOPTEXEM HOMEpPOB
CTPOK: <i, <2 ../*> Tlpnyem wuX 3NemMeHTbl ynopsagoyeHbl MO BO3-
pacTaHuio.

[loKa3aTeNbCTBO 3TO TEOPEMbl [OBOJSIbLHO C/IOXHO W O6BLEMHO,
MOSTOMY B HAacTOsILLEM KypCce OHO He MpUBOAUTCS.

Tak, packnagbiBasi onpeaenuTeNs YeTBepTOro nopsiika «mno sep-
TUKanu» Mo MUHOpaM BTOPOro MOpPsAKa, Mbl AOMXHbI DUKCMPOBATb
ABa cTon6ua, Hanpumep:

12 34
. | 3
567 W jarem, sbiuepkhys mux 5 7
> 616 o1
3456 >
COCTaBUTb BCE BO3MOXHbIE MWHOPbI BTOPOr0 MNOPAAKA:
12 131
Adi= 3514

N c n4 1571 . &A 01
AB—= o 1|=" /27| 3571=% Nza- 35 -
3aTtem Hago COCTaBUTb BCe€ WX AOMOJIHWTE/IbHbIE MWHOPLI, A4

3TOr0 BbIYEPKMBAEM MOOYEpPeaHO MO ABE CTPOKU B BbIYEPKHYThIX
ctonbuax.

24

68

6 d

46

N BblYUCNsieM ONpeaennTenu:
6 8 -0
MH 46|=0< =]46|=4< = 00 7
M%=I§E|: —4, AflJ=1]2 gq|=0, AMI=| 1| gl1= —8.

Haxogum anre6panueckue AOMONHEHMUs,, AJOMHOXas Ha — 1 B co-
OTBETCTBYIOLLE CTEeMneHu:



V
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nN?,=(-1)+4++2|? 6|=-0=o0.

A*=(_1)*-m-H+3|681 68 _,
4 6 46 ’
/112*12_/(_1I32+4+|+4||g 8 = -0=0.
12 4
A8-(-1C+,++*|5 4 681=4

Tenepb cornacHo TeopemMe Jlannaca MOXHO 3anucartb:

del A=/ANNN+AROA+ MANA+4EN2+AI#A+NINN2 =
=(—8)«0+1-4+ (—4)-0+ 5-4+ 4-0+ (—3)-8=0.

HecnoxHo, BbIUMC/IMB 3TOT ONpefennTeNnb APYruM Cnoco6oMm, Ha-
npuMep, PasfoXeHUeM Mo TpeTbeil CTPOoKe WM NpUBEAEHWEeM ero
mMaTpuubl K TpeyronbHoMmy Bugy, ybeauTbcs B ero paBeHcTBe O

12 3 4
5678 _
0010 ~ ~
3456

BoluncneHna onpegenuteneli obuwero Buaa [OBOSIbHO CIOXHbI,
Takne pasnoXeHus ¢ npumeHeHvem (opmynbl (29.2) (Teopembl Jlan-
naca) nonesHee MpPUMeHATb B Tex cayyasx, Korja onpegenutenb
NMeeT MHOrO Hynei, Hanpumep, Uenblii 670K, U OHM ya0o6HO pacno-
NIOXKEHBI.

CnepctBue 29.2. Echm matpuya C TakoBa, 4TO:;

A T
O B

rae A*gl(m), B~gl(n), CelNl(txn),
10 det C= det A <det B.
Teopema 29.3 (0O NOXHOM pPasioXeHUN).

Z «MI-OL £ ajisar=0 (29.3)
4—1 4-1

npu nwobbix {/, <:}cP(n) gna A= \al\\*gl (n).

C=
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T. e. cymMMa Npou3BeAeHNA BCEX 3/IEMEHTOB CTPOKM (cTonb6ua) Ha
anrebpanyeckne [OMOMHEHUS COOTBETCTBYHLLUX 3/IEMEHTOB ApPYroi
CTpoku (ctonbua) pasHa O.

AHanornyHo teopeme 29.1 B TEH30PHOIM CUMBOJIMKE €€ YC/OBUSA
BblpaXalTcs Tak

a{Ak=0 wun a)Ak=0 (29.4)
OokazaTenbctBO. 1 Ana matpuubl A= |la‘|eg/ (n) pac-
CMOTPVM BbIPaXXeHUE:
= a{>4i+ a™Al+ ...+ ad,,Ak
OHO MOXOXKe Ha pasnoXkeHue onpepenutens no Jl-oii cTpoke, ecnu
NpeanosioXnUTb, YTO B Hem Jl-aa cTpoka A* 3ameHeHa Ha Al HO no

CneAcTBUIO 27.3 Takoil onpegenuTeNnb HyNeBOW, KakK VMENLWMA aBe
paBHble CTPOKW. [elicTBUTEeNbHO:

. A'
| °
aoa g A2
af ai e ay A>
A*— a*~' . ai-1 o Ak~1
«r a\ a3 ee af LU
af+l a5+’ a$+l .. aj+| Ak+
a? a2 a3 e < A*

= gAk= a\A\ + an* + - + all-
2. Cnyvaii pasnoXeHuss no cronoéuy:

aJ*= a)A\+ al4Ef+ ...+ a’A, =0

[ 0Ka3blBaeTCs aHa/IoTMYHO WU TPaHCMOHUPOBaHWEM MaTpuLbl CBO-
AUTCS K MNpeablayuiemy. -

§ 30*. TEOPEMA OB ONMPEAOENWNTENE
MPOM3BEAEHNA MATPUL

Ewe oanH cnocob BblUMCAEHMA onpefennteneli OCHOBaH Ha Ha-
XOXAEHUM onpegenutens NpPoOU3BeAEHUA MaTpuy, no onpepenute-
NnAM COMHOXuTenel. PaccyxaeHuns 6yayT onupatbes Ha akT, OT-
Me4YeHHbIi B § 28 (3ameyaHue 28.1), uto nobas mMaTpuua snemed-
TapHbIMW Npeo6pa3oBaHMAMM MPUBOAMMA K TPEyroisHOMY Buay.

HanomHum, yto Yepes £j 0603Ha4yaeTcs MaTpuia CO BCEMU HYNEBbIMU 3/1EMEH-
Tamu, KpOMe CTOSILLEro Ha MepeceyeHMn <-oii CTPOKM W /-0oro ctonbua, pasHoro |
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MonesHo ewe 3ameTuTb, uto E)eEk= 6*£; (rae 6* — cumBon Kpo-

Hekepa, 3HayeHue kotoporo 1 mpu k=j u 0 npu k=£j), 1. e
£}e£' = ££, Ho E\-Ek= 0 npu k=£j, B uactHOCTM.

£j-£j= £], HO £'£{=0 npn id /. (30.%)

OnpepeneHune 30.1. OnemMeHTapHbIMU Ha3blBAOT KBagpaT-

Hble mMaTpuubl Buga E-\-kE) ¢ XeR. [Mpu i=j aneMeHTapHyto

MaTpuly HasblBaldT 3eMeHTapHOoiW MaTpuueid mepeoro poga, a
npu i® / — sToOpOro.

nepeBoro poga BTOPOro popja

(\ 0..000..0 0\ (\0.0..000..0 0\
0 1..000..00 0 1u0 «0 00 w00
00..10 0.0 O 00 uwlwd X0 w0O
oo.0Po.oo K 0 0..0 uansssa00
00..001..00 00wl ul 1000
00.000wl10 0 w0 uwD 00wlO
Vo 0..0 00..0\) y()o w0 =0 000 \)
I I
£+ (y —NEj, p="0, < £ + XE£j,

O‘—IeBI/I,lJ,HO, YTO 3/IeMeHTapHble MaTpulbl HEBbLIPOXXAEHbI U

det(£+ (p-)Ei)i=p. pdhO,

det(£-j-XEN™=1, npn i# /. (30.**)
MOXHO y6eauTbCs M B TOM, YTO Takue MaTpuubl 06patumbl ”

(E+(y —1)EX)-"= £+ (-j~ |)£E* npn uy=*0,
(E + XE))-, = £ —XEj npu |1 /.

3apgaua 30.1.1. MNpoBepbTe NpeAblgyline paBeHCTBa, WCMOSb-
3ysa CBOICTBa oOnepauuii B MaTpuyHoi anre6pe gl(n) wu cBoiicTBa
onpepennTenei.

(E+(u-NDEX)(E+(i- 1)EN=2 (E+ XE}.(E-XE))=?
det (£ + (4 - E{)=? det (E-|-X£*) = 2.

[na anemeHTapHbIX MaTpuy, 1 NpeobpasoBaHUin MaTpuL, UMelT
MEeCTO fIeMMbl, OTMevalLue Uux CBA3b:

Nemma 30.1. AnemeHTapHoe npeobpasoBaHne MaTpuulbl nep-
BOrO poja — YMHO>KeHue ee k-oil cTpoku (cTonbua) Ha umcno X
PaBHOCWU/IbHO YMHOXKEHUI0 Ha 3Ty MaTpuuy cnesa (cnpasa) maTpu-
ubl Buga £ + (X—1) £i.
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Mpuuem, 370 yTBEPXAEeHMWe BepHO, BOOOLle rOBOPS, HE TO/bKO
ONA KBagpaTHbIX MaTpuL: ecnM A~M (T xn), TO ee nNpeo6pasoBa-
HMA MepBOro poja Ans CTPOK obecneymBalTCsa AOMHOXEHWEM CneBa
Ha A kBagpatHoi matpuubl £+ (X—1)E{eM (/n), a ctonbyos —
[OMHOXeHMeM cnpaBa Ha A KBafpaTHOW MaTpuubl TOFO XXe BUAA, HO
nopsiaka n.

B cnpaBegnuBOCTU 3TOW NeMMbl MOXHO yb6eauTbcs Hernocpeact-
BEHHbIM BbIYUCNEHMEM Mpou3BedeHnii matpuu: (£-]-(X— "
A-(E+ (k-\)EK)

Cnepcteue 30.1. Ana {(£E+ (X—1)Ej). Alczgl(n)
det((E+ (X -NDEIM)=LjujeM = det(J1-(E£ + (*-1 )E™*)). +

Nemma 30.2. InemeHTapHoe npeobpasoBaHue MaTpulbl BTO-
poro poga — CnoXKeHue ee /-oii cTpokn (i-oro cTonbua) c j-Oii
CTPOKOi (j-bIM CTONOLOM), YMHOXXEHHOW Ha 4Mcno X, paBHOCU/b-
HO YMHO>XEHWI0 Ha 3Ty MaTpuyy cnesa (cnpaBa) 3nemMeHTapHOI
MaTpuubl BTOpPOro poga: £ + XE"

9TO yTBEPXAEHME TOXE BEPHO HE TONMbKO ANs KBafpaTHbIX MaT-
puy: ecnm AeM (T xn), To ee npeobGpas3oBaHWe BTOPOro pofa
obecneunBaeTcq [JOMHOXEHWEM cfeBa Ha A KBafpaTHON maTpuLbl
£+ XE/eA1l(T) Npy M3MEHEHUM CTPOK, a CTONOLOB — AOMHOXEHU-
eMm cnpaBa Ha A KBagpaTtHoW matpuubl £+ XE‘eM (n).

3apgaua 30.1.2. Ookaxute nemmy 30.2 gna Aegl(n).

LokazaTenbcTtBO. [lyCcThb {(£+X£ A)agl(n) wn i=£fj.
1 lpowusBeaeHWe cfieBa 3NEMEHTAPHOW MaTpuubl Ha AaHHYHO:

(E+ XE;M = £-1+ XE-/4=

/
/0 0..0.0 0.0 O\ ~a a\. a*.
00..0..00..00 a\ a\ .. a\. B
=N+X N
00::0:0 0..00
00.0.00.00O0
0 0::6::0'0::d'b \ai a2..a;..ay
Y0 0.0.00.0 0O
a\. ot e\ (o 0..o0..0\
" aoee\ 2] 00 0.0
= }T
1. I'}i ¥. ]
a\ az2. .a*. a{ a2m a*a

a .9 o ol
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2. A npousBefeHue cripaBa 3/MeMeHTapHOl maTtpuubl Ha MaTtpuuy A:
A-(E + \A1)=A-E + A-KE‘= A+A-KE[

MOXHO CBecTM K MpeablaylleMy, ecim 3aMeTuTb, 4YTOo MaTpuua

(A-LL)" = kE1A. L
CnepctBue 302. OAna {(£+ XEy), A}c:gl(n) npun /#/
det ((£ + X£j)'/4)~=det ANdet (A «(£ + XE{)). i)

3ameyaHune 30.1. HecnoxHO nokasatb, 4YTO 31eMeHTapHOe
npeo6pa3oBaHMe MaTpulbl — MepecTaHOBKa fABYX CTPOK (CTON6L0B)
TakXxe npeacTaBMMO B BUAe HECKO/IbKUX MNocnefoBaTelbHO BbINO/-
HEHHbIX 3NeMeHTapHbIX Npeobpa3oBaHUli NepBOro M BTOPOro poja.
A VMEHHO: NMepecTaHOBKY -l 1 y-i CTPOK Matpuubl A MOXHO OCy-
LWecTBUTb cnegyrowmm obpasom: npnmbaBuM K Y-l CTPOKe i-H0 CTPO-
Ky (anemeHTapHoe npeobpas3oBaHMe BTOPOro poja: [AOMHOXeHue
cneBa £ + £} Ha maTpuuy A), 3atemM BblM4TEM M3 i-i1 CTPOKU HOBOIWA
MaTpuLUbl ee y-0 CTPOKY (4OMHOXeHue cneBa Matpuubl E—E) Ha
npeablgyliee npousBefeHue), B MOJlyYEeHHOW Matpuue npubaBuM K
V-1 CTpOKe i-l0 (IOMHOXeHMe cneBa Matpuubl £ + £)), CMEHUM 3HaK
B i-O/i CTPOKe MmocnefHel matpuubl (31emeHTapHOoe npeobpa3oBaHue
NnepBoro poja: AOMHOXeHue Ha MmaTpuuy £ —2£|).

Takum 06pa3omM MNojyyeHo, YTO MepecTaHOBKa [ABYX CTPOK MaTpwu-

upl (i-n n y'-i) paBHOCU/IbHA [AOMHOXEHWIO Ha Hee c/fieBa Npoum3Be-
LeHuss maTpuL

(E—2E)(E+ E£)(E—E£{)(E+ £)= £ —£l—£j+ £}+ £'=

/ 14 \
10..0.0.0.000..00
01..0 0.0 000..00
06" i"o¥ "000.'6 6
00..000010..00 I
00..00 1000..00
06:.0.0Y 7 00’00
00..0 10000..00 y
00..0 00 001..00
06..00Y "0o06!"io0
0..0 ooooo...oV
HecnoxHo y6eguTtbCsi, YTO 3Ta MaTpuua HEBbIPOXAEHA. ®

Ecnyv MofyvyeHHy Matpuuy YMHOXWTb CrpaBa Ha MPOU3BO/Ib-
Hyt0 Matpuyy A, TO MNOMeHsTca MecTaMn ee -l n y-ii cTon6-

Lbl.

9 B T Metpoii
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OCHOBHOIA Teopeme 3TOro naparpadga npegnownem eue Asa
YTBEPXK/EHUSA, KOTOpble NpMBOAATCS 6e3 [oKa3aTeNbCTB:

YtBepxpgeHune 301 Ecnum cTpokn (cTonbubl) KBagpaTHON
MaTpulbl He SBAAKTCSA NMHENHO 3aBUCMMbIMU, TO OHA MpeacTasuMma
B BUAE MPOM3BEAEHUS 3NEMEHTAaPHbIX MaTpuL.

YtBepxpgeHue 30.2. Ecnu cTpokn (cTonbubl) KBagpaTHOI
MaTpulbl MMHEAHO 3aBMCUMbI, TO OHA 3NEMEHTapHbIMU npeobpaso-
BaHMAMU (LOMHOXKEHMEM Ha 3fleMeHTapHble MaTpulbl) CBOANMA K
mMaTpuue C HyneBOW CTpokoi (cTonbuom).

3apaua 30.2.2. lMpeactaBbTe B BuAe MPOU3BEAEHUS 3/IEMEH-
TapHbIX MaTtpuy, maTpuuy

EAMHCTBEHHO N Takoe pa3l‘|0)KeHl/Ie?
Yka3aHue: cMm. nemmbl 30.1 un 30.2.

Teopema 30.1. OnpeaenuTenb NPOU3BEAEHWUS ABYX MaTpul
paBeH NpPOW3BEflEHUI0 UX onpedenuTenei.

det (A *B) = det A «det B (30.1)
ODokasaTtenbcTtBoO. MNyctb {A, Blc=g/ (n). PaccMoTpuM CHa-
yana HEeCKONIbKO YacCTHbIX Ccay4daeB, BblOMpas neBbli MHOXUTENb
(maTpuuy A) crneuuwanbHOro BuAaa.
1 MycTtb maTpuuya A nepBoro poga: A = £ + (X*— 1)E* 7*="0,
B=\\b“1.
detAN=U*#0,

B TO >XXe BpewmiA

det (A-B) det B det A det B.
2. TlycTb  NeBbll  MHOXWTENb — MaTpuua BTOPOro  poja:
A=E + I, B=|| b)]|. Torga

det(A-B) B LL det B=1 det B=Ldet A det B.

Takum o6pa3om, ANna NeBOro COMHOXWUTeNs B BUAe 3nemMeHTap-
HOl MaTpuubl NO60ro poga TeopemMa foKa3aHa W MOXEM nepeiitu
K 605ee CNOXHbIM Ccay4vasamM.

3. MycTb CTPOKM MaTpuubl A He ABASKOTCA UHENHO 3aBUCUMbI-
MW, Torga no yteepxgeHuto 30.1.

A=A, *A2-..sAp,

roe matpuubl AK— anemeHTapHble. 3aMeHUM MaTpuuy A ee pasfo-
XEHWEM B MNPOU3BEfeHUEe 3/1eMeHTapHbIX:

§ 30. Onpegenntenb NpousBedeHUs MaTpuy, 251

det(A.fl)=det((A,A2... . Ap-fl) A'— ArA*'-'A

= det((A,-A")-B)i=det(AL(A,-B))=Ldet A, det (A'-B) =
des
A’= axas...-a, a® n det((A2-A2-..AP)-B)™

N=cdet A, det A2det ((A3-...-Ap)-B).

lMoBTOpASA 3TOT MpoLece, «OTWMNbIBas» 3a KaXablii war no co-
MHOXWTENO, B KOHLE KOHUOB (MNocfe p waros) MOAY4YUM, 4TO
det (A -B) = det A, det A2... det Ap_2det Ap_, det Ap det B.

Tenepb BOCNOJIb3yeMCH LOKa3aHHbIM B M. M. 11 2 yTBEpPXAEHU-
eM TeopeMmbl AN CAyyaeB NeBbIX MHOXUTENeW — 3n1eMeHTapHbIX
Matpuy, NpuMMeHss ee K matpuuam Ap_,, Ap_2..A2 A,

det A, det A2... det Ap_2det Ap_, det Ap det B=

= det A, det A2... det A,,_2(det A/_1I det Ap) det B=+
#det A, det A2... det Ap_2det (Ap_, *Ap) det B =

#(det A, det A2... (det Ap_2det (Ap_, -Ap)) det B
=tdet A, det A2... (det (AP_2*AP_,*AP)) det B.

MoBTopsis 3TOT MpPOLECC, U Tenepb KaXKAbIM LIAroM Mpucoeamn-
HASl MO COMHOXWTENIo, MOJlyYMM MO OKOHYaHMIo, 4TO

det (A *B)= det (A,A2« AP- /N p) det B =_det A det B.

Tenepb Teopema foKasaHa ¥ Ansa ciayyas npou3BOSIbHON MaTpu-
ubl A, CTPOKW KOTOPOI He SABAAKTCHA SIMHENHO 3aBUCUMbIMW.

4, MycTb cTpokn Matpuubl Ae g/ (1) NUHENHO 3aBUCKMBbI,
CBOICTBY 27.6 OHa BblpoXpaeHa, T. e. detA=0, nostomy B 3TOM
cnyyae gokasatenbCTBO cOoTHoweHusa (30.1)

det (A *B) = det A det B

cBefetcs K fokasaTenbcTBy Toro, 4uto det(A-B) = 0. .
CornacHo yTtBepXpaeHuto 30.2 HalgyTcs 3neMeHTapHble MaTpu-
upl {A,, A2 .. Apic:g/(n) n matpuuya Ce#/(n) ¢ HyneBOW CTPOKOIi

(a 3Hauwut, detC = 0) Takume, 4TO

A-A2..-Ap-A=C. (30.1)

3amMeTuMm, 4To, ecnM o6e YacTu 3TOro paBeHCcTBa [OMHOXMUTb
cnpaea Ha matpuuy B, To nonyuymm
(A, -A2-...-Ap-A)-B = C-B,
I?
(A -A2-...-Ap)-(A-B)=C-B.

rno
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Mpn atom det ((y#,*¥2-..*/1p)-(#-B))= det(C-B)= 0. B cBoOtO
oyepefb

det ((J1, sAy ...» AP)-(A +fl)) = det /4, det 12... det Apdet (A -B).

CneposartenbHO,
det A, det A2... det Apdet (A-B)=0.

OTkypga det(/4*fl)= 0 n Teopema pgoKasaHa W Ans cnydas neBoro
MHOXUTeNss — MaTtpuubl A ¢ AMHEHO 3aBUCUMbIMK CTPOKaMMU.

5. Cnydyan matpuubl A ¢ NMHEAHO HEe3aBUCUMbIMW WAN 3aBUCU-
MbIMWU CTONGLLAMM MOXHO paccMOTpPeTb aHanorMyHo. Huxe Mbl foO-
KaXKeM, YTo NMHeliHass He3aBUCMMOCTb WM 3aBUCMMOCTb CTPOK Bhe-
yeT NIMHENHYH HEe3aBUCUMOCTb W/, COOTBETCTBEHHO, 3aBUCMMOCTb
cToN6U0B N Hao6OPOT. ITO MO3BOMSAET YTBEPXAATb, YTO MO CYyLLECT-

By n.n. 1—4 cocTaBnsAT NOMHOE A0KAa3aTeNbCTBO Teopembl 06 onpe-
fenvtene npousBefeHNs [BYX MaTpuL. =

§ 31. HEOBXOAMMOE M OOCTATOYHOE
YCNnoBma OBPATUMOCTU MATPULUHbI

MepBbIMU MHTEPECHBIMU NPUNOXKEHNSAMU TeopeMbl 06 onpeaenu-
Tene MPOU3BEAEHUS MaTpuUL, ABAAKOTCA MPU3HAKU HEBbIPOXAEHHO-
CT MaTpuL.

YtBepxpaeHune 31.1. Ecnu kBafpaTHasd maTpuya obpaTuma,
TO OHa HEBbIPOXKJeEHa.

LokaszatenbcTBO. MycTb mMatpuya A obpatumma, T. €. cy-
uecteyetr matpuya A ~1rTtakas, uto A'A~' = E,

ir"E-2LL det A det 1-1

det E det A O,
u_
M 3Ha4YUT, A — HeBbIPOXJEHA. [

OTcopga o4yeBUAHO
CnepctBue 31.1. Ecmm maTpuga A”gl(n) obpaTuma, TO

det i* '=(det /1) * (31.1)

Takum ob6pa3oM, ocHOBHas Teopema § 30 NO3BOMSET YCTAHOBUTH
Heob6xoanmoe ycnosue obpatmmoctu Matpuubl (yTB. 31.1), HO C ec
>Ke MOMOLLbK yCcTaHaB/IMBaeTCs, YTO TO XKe caMOe YCNoBue, T. €. He-
BbIPOXAEHHOCTb MaTpuLbl, ABASETCA W JocTaTOYHbIM. Hapsgy c
3TMM Teopema 06 onpefenutene NpousBefeHUss MaTpuL, No3BossieT
yKa3aTb HOBbI/i CMOCO6 BbIUUC/IEHUA OOPATHOW MaTpuLbl.
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OnpepeneHune 31.1. MNMpUCOE[NHEHHOW K HEBbIPOXKAEHHOIA
aTpuue A= \a)W gl (n) Ha3blBaeTCA MaTpuua, COoCTaBNeHHas
M3 anrebpanmyecknx AOMONHEHUA ee 3NeMeHTO0B.
O603HavyeHne MpuUcoeguMHEHHOW K A matpuubi: *=||T}]
(cm. onpegeneHne 29.4).
3apgpaHue 31.1. Bbiuucnaute wMaTtpuuy, NPUCOEOVHEHHYIO K
matpuue A 3agaHua 29.1.

det /A= 13, 7. e. marpuya A — HeBblpoXfAeHa. HanomHum (cwm.
np. 29.2), uro:

A\= 3, A]=5

A2= —2, A\=1

Torpa

CpaBHeHune matpuy, A 1 A* nossonser chopMynmpoBatb Mpo-
CTOe MpaBuI0: YTOObl MOMAYYUTb MaTPULy, NPUCOEAUMHEHHYIO K AaH-
HOI, KaXAbli ee 3afneMeHT cnefyeT 3aMeHUTb Ha ero anrebpaunude-
CKOe [AOMOJSIHEHWE, a 3aTeM MaTpuuy TpaHcrnoHupoBaTb. (Tak Kak,
ecnm A= |[a)lleg/ (n), To anrebpanyeckoe AOMOMHEHMNE 3/IEMEHTa

0)] o6osHauvaetca J1J1, Ho M HID.
Bbluncnum npowusBefeHue:

A-A- (N1 3)'(1 “?2)- 2 =d'M -£'

3TO NO3BONSAET BbiCKasaTb NPeANosioXeHue, 4to A '= ?é_A A*.
5]

Tenepb paccMOTpUM OBLUMIA cnydaii:

de
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(B KaXX[OM 3neMeHTe MaTpuubl No / cymmupoBaHWe OT 1 fo n)

detA O.. . o0
2| 0 detA . 0 _E
det A '
¢ 0 0 ;. detA
3HauuT,
Al 1 A
{detA )x E.

T. €. matpuya A obpatumMa ”M TEM caMbiM [J0OKa3aHo
YTBepxpgeHune 31.2. Ecnm maTpuua A HeBblpO>K[eHa, TO
OHa obpaTuma K

n*
del A (31.2)

O6begnHaa ytBepxgeHunsa 31.1 un 31.2, nveem

Teopemy 31.1. MaTpuua obpaTuma Torja U TONbKO TOrAa,
Korga OHa HEeBbIPO>K[EeHA.

Takum 06pa3oM, MOXHO CKa3aTb, YTO Mbl JOKa3anu coBnageHve
(paBEHCTBO) MHOXECTB MaTpul: o6paTumMbix (C XxapakTepuctuye-
CK/M CBOWCTBOM — onpegeneHnem 20.2: ana matpuubl A Haligetcs
maTtpuua B Takas, uto AeB = B-A = E) 1 HeBbIpOXAEHHbIX (C xa-
pakTepUCTUYECKMM CBOWCTBOM — onpegeneHvem 26.2: det A=£0).

M3 pokasaTtenbcTBa yTBepxaeHusa 31.2 cnepyert

MpaBuNO BbIUYMCIEHNA O6paTHOW MaTpuLbl

1 Y6egumcs, 4to MaTpuua obpatuma, AN 3TOr0 BbIYMCIUM ee
onpegenutens (det A=£0).

2. Haiipem anrebpanyeckue AOMOSIHEHUA BCEX 3/IEMEHTOB Mart-
puubl A.

3. CocTtaBum npmcoe,qv'HeHHyro matpuugy A*= IM(||.

4, Bbinnwem A~1= —-—- A*,

del A

3apgaHune 311 Haihgute maTtpuyy, obpaTHYHO K faHHOI MmaT-

puue, UCNOob3ys MPUCOEAVMHEHHYID MaTpULy:

Chenaiite npoBepky.
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§ 32.° MPABVNO KPAMEPA PEWEHWA CUCTEM
NVWHEWMHbBIX YPABHEHUIN

Mbl yXXe oTMeyasnim B § 22, UTO cUCTEMY T SIMHENHbIX ypaBHEHWUIA
C N HEM3BECTHbIMU MOXXHO 3anucatb B MaTpMyHOM BUWAe, NpuyemM B
cnyyae paBeHCTBA 4Mc/la MepPeMEHHbIX YMUCY YpPaBHEHWIA CUCTEMbI
M 06paTUMOCTK (Tenepb Mbl MOXEM FOBOPUTb — HEBLIPOXXAEHHOCTH)
€e OCHOBHOIi MaTpuubl, Takas cucTema:

aj*l+ay +ay+...+ay = &
alx'+aW +alxi+...+al?=b2 (329)

alx'+ ay + ay 4-...+ <xI = b\

C ManI/I‘-IHOVI 3anncbio:

um A'X = B,

rae yepes X n B o603HayveHbl cToN6€eL, NepeMeHHbIX U, COOTBETCTBEH-
HO, cTon6el, CBOGOAHbLIX YNEHOB CUCTEMblI ypaBHeHUN (32.1), nmeet
B KayecTBe peweHus KopTex <*'| x2 .. x") Takoi, 4To

BbipaxxeHne matpuubl, 06paTHO K MaTpuue A, yepe3 npucoegu-
HEHHYIO K A MN03BONSET yKa3aTb elle OAWH Crnocob pelleHusi Takol
CUCTEMbI YpPaBHEHWIA:
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/A\b'+ AY + A'B3+ ...+ A'sbs
1 alb'+ a\b2+ a\s3+ ...+ ay

det A
ka{pl+t AY + AB3+ ... + AsbA

O603HaunB A(k) = A[b'-\-AY-{-A*b3 + Agbn= A*b‘ (no

cymmupoBaHue) N1=1, 2, .. N, Noay4mm
*'\ /> (D)\ /4(1)/detA
x2 \ _ 1 / A2)\=1A@2)detA ]

>/ deiA\A(n)J  \4 (rt)/det A/

nNnn

x"= N(l)/det A,
x*= A (2)/det4, (32.2)
.g'= /A(n)/det [.

Mpuyem B cWMNY OAHO3HAYHOCTM MaTPUYHbLIX onepauuii obpatie-
HAS 1 YMHOXEHWS KOpTeX peweHnid <x\ x2 .. X'> efWHCTBEH.

3ameuvaHune 33.1. MoxHo 3ameTutb, uto A(k) = Akb' npeg-
CTaBMM, KaK pasfiokeHue cornacHo teopeme 29.1 o i-omy cronoéuy
onpegenuTenss Matpuubl, MO/lyYEHHOW W3 MaTpuubl A 3aMeHol ee
N-oro ctonbuya Ha ctonbey B cBO6OAHLIX 4NeHOB, Hanpumep:

A(1)= A\&= A\b' + A2+ AB3+ ... + =

Takum 06pas3oM, ycTaHOB/eHa W foKasaHa
Teopema 32.1. ECiM HeBbIPOXK/EHA OCHOBHAs MaTpuua cucTe-
Mbl N NMHERHbIX YPaBHEHWA C M MepPeMeHHbIMU:

ajx1+ a2+ da3+... + ajx" = b\
a\xl+ aijx2+ alx3+...+ ay = b2

aJx' 4-ajx2+ ajx3+ ... + a"x“= b"
TO OHa WMeeT e[MHCTBEHHOE pelleHue: </. ro,  ao«>,
roe A (k)= Ax, k=1, 2. .
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BbiTeKalowWwuini oTcloga cnocob pelleHns cUcTem NNHelHbIX ypaBs-
HeHWii HOCUT Ha3BaHue npasuna Kpamepa.

3afgaHune 321 Pewwute CcUCTEMY JNHENHbIX YypaBHEHWl/ no
npasunny Kpamepa:

252+ 2%%= Q
- 5x437 +3~=5
x1  f403=1

PelleHWe CUCTEMbl NIMHEHbIX ypaBHeHuli MeTogoM (no npasu-
ny) Kpamepa 3aknto4aeTtcs B BbIMOAHEHUW CNefylowWwero anroputMa:
/. BbiMAWEM OCHOBHYH W pacCWMWPEHHYI MaTpulbl CUCTEMSI:

2. MpoBepuM HEBLIPOXKAEHHOCTb OCHOBHOW MaTpUUbl CUCTEMBI
(npaBuno Kpamepa NpuMMEHUMO TONIbKO ANS1 CUCTEM C HEBbIPOXAEH-
HOW OCHOBHOW MaTpuuein):

det/dA=52 (cm. 3agaHue 31.1).

3. Haiigem /4(1), /4(2), /4(3), 3ameHsaAss Ha ctonGel, CBOGOAHbLIX
UNIEHOB CHayana nepBbliA cTON6GEL, OCHOBHOM MaTpuLbl, MOTOM BTOPOIA
n TpeTuii:

122 0 022

>1(1)= -5 3 3

L
122 0 102
>4(2)=-5 33 5= <5853
164 J_ 114
122 0 120
/4(3)= -5 33 5= -5 35

104 1 101
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4. Haiigem pelleHne cucTembl X“= q t(I)\ ,ie {1, 2, 3%
S

x1= 1 (1)/detA = ?/52,
j2= 4 (2)/det A= ?/52,
x3= > (3)/det /4= 23/52.

Caenaite npoBepky.

MCTOPUYECKAA CITPABKA

Umcno, MecTo ¥ KOMOMHALMS — TpU B3anM-
HO MepeKpeLUVBaloLLMECs, HO OT/IMUHbIE Cthepbl
MbILLMIEHUS, K KOTOPbIM MOXHO OTHECTU BCE MA
TeMaTuyeckme uaew.

. CunbeecTp

TepMUH «onpegenutenb» (NepeBof C NaTMHCKOTo cnoea «deter-
minant») B COBPEMEHHOM €ro 3HayeHun Been B 1815 r. O. Kowwu, xo-
TS KakKk MateMaTtu4yeckuil WHCTPYMEHT UCClefoBaHUs CUCTEM JIMHEN-
HbiX YPaBHEHWI onpegenuTenb Obln OTKPLIT ewe . JIebHMULUEM, KO-
TOpbI B 1693 . NOAy4YMa € ero NOMOLLLI GOPMY/bl pPeLeHUss cUCTEM
NNHENHbIX YpaBHEHWUI C HEBbIPOXAEHHOW OCHOBHOW Matpuuei. Cny-
CTA MOYTM TPU YeTBEPTU BeKa ero pesynbTaTbl MOBTOPUAN LWBeluap-
Cknin matematmk . Kpamep, 1 OH/ BOWAM B UCTOPUIO MOJ Ha3BaHU-
eM «npaBuna Kpamepa» peleHus CUCTEM JIMHEWHbIX YypaBHEHWIA.
YHuBepcanbHOCTb 3TUX uaen JleiibHMua n Kpamepa noatesepkpaet-
ca TeM, 4to cnycTta 20 net nocne Kpamepa HesaBMCMMO OT npepjuie-
CTBEHHWKOB Te e (opmynbl noayumn X. J1. JlarpaHx. NMpumepHo
B TO XKe camMOe BpemMs wuies onpegenurens BO3HWKNa B paboTax
(bpaHuy3ckoro martematmka 3. besy (Bezout Etienne, 1730—
1783) npu pelweHnun 4YUCTO reoMeTpuyeckor 3agadm (OTbiCKaHue
NIOCKOI KpPWBOW, Npoxofsuwiei yepes 3ajaHHble TOYkM). Ho ewe wH-
TepecHee TO, UTO, KakK yTBep>aalT UCTOPUKN HayKu, 3af0nro go be-
3y, Kpamepa, /larpaHxa, Faycca u gaxe JlelibHMUa, NO KpaiHenh
Mepe euwle B 1683-m rogy B AnoHWK onpegenutenn mcnosnb3osan Ce-
H1 Kob6a, maTemaTtuk, 4YbW TpyfAbl OO HeAaBHero BpemMeHu Oblan co-
BEPLIEHHO Heu3BeCTHbl B EBpore.

lMepBoe cucteMaTtnyeckoe U O6GLIMPHOE M3N0XEHUe Teopun orpe-
fenvteneit fan A. BaHgepMoHA B 1772 r., eMy e MPUHagNexuT psag
CaMOCTOATENMbHbIX MUCCNefoBaHUA M MHTEPECHbIX Pe3ynbTaToB B 3TOM
obnacTtu, a onpegenutens Buga |(By)4-11 Bowen B UCTOPUIO MaTema-
TUKU MOf Ha3BaHWeM «onpegenntens BaHgepmoHpa». Cnepyer oOT-
MeTUTb, 4YTO (yHAamMeHTanbHble paboTbl 1812-ro roga ewe ABYX
bpaHuy3ckmx matematmkoB O. Kowwu u X. BbuHe (Binet Jacques
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Philippe Marie, 1786— 1856) cbirpany HemMasnOBaXKHYHO pPO/b B 3TOW
TEOpUM W MPUBNEKIUN K Hell BHUMaHWEe MHOIMX eBPOMNEencKUX Y4YeHbIX
X1X Beka, B d4yactHoctm A. K3nm u“ HemeLKOro martemartuka
K. I'. Adko6bun (Jacobi Carl Gustav, 1804— 1851). COGCTBEHHO, TO/b-
KO nocne paboT Kanu onpegenutenu, Tak e Kak v MaTtpuubl, cTanu
CaMOCTOATE/IbHbIM OOGBLEKTOM WHTEpeca MareMaTUKOB, eMy >Xe MNpu-
HaA/leXXMT OHO M3 COBPEMEHHbIX 0603HauYeHWi onpegenuteneit: |ajl.
fikobu BBeNn TakK HasblBaeMble (PYHKUMOHaNbHble onpegenutenn (c
3/IeMeHTaMN — MEPEMEHHbIMU BeMNYMHaAMN (PYHKLUSAMK)), yKasan
Ha WX CBA3b C 3aMEHON MEepPEeMEHHbIX B KpaTHbIX WMHTerpanax u ¢ pe-
WeHMAMU auddepeHumanbHblX YypaBHEHUA B YacTHbIX MPOU3BOAHbIX.
Ero ctatbm «De formatione et proprieatibus determinantum»
(«O nocTpoeHMn UK cBoWcTBax onpegenutenen») n «De determinan
tabus functionalibus» («O QYHKUWOHaNbHbLIX ONPEAENNTENAX»),
ony6nnkoBaHHble B 1841 r., caenanu Teopuio onpegenutenein oéLwmm
LOCTOSHMEM MaTeMaTuKWU. AHIMUACKUIA yyeHblin [>X. CunbBecTp B
€ro 4yecTb HasBasna fiKob6uaHoOM guddepeHunpyemoin GyHKUnMnM / QyHK-

LMOHaNbHbI onpegenuTens %(!_ He MeHee 3HaMeHUT U Apyroii

(DYHKUMOHA/bHBIA OonpefennTesNb, COCTaBASEMbIA U3 MPOM3BOAHbLIX N
pyHKUNin — BpOHCKKMaH: |(//(x)fi-,,|t n3ydeHnem un MNPUNOXKEHUAMMU
KOTOpOro BrepBble 3aHANCHA MOMbCKUA MaTemMaTuk ). BpoHCKui
(Wronski Jozef Maria, 1776— 1853).

Mictopnyecknin 063op 6bi1 66l HENOMOH 6e3 ynoMuHaHus paboT B
3TO 06nacTM (hpaHLly3CKOro yyeHoOro (Matematuka, MexaHuka, u-
3uka u actpoHoma) M. C. Nlannaca (Laplace Pierre Simon, 1749—
1827), ero 3HaMeHUTas Teopema O pas3/foXeHuu onpepennTens B
CYMMY MNpOu3BEAEHUI 3M1EMEHTOB M MX anreépanyvyecknx AOMOSHeHWN
faeT BO3MOXHOCTb WHAYKTUBHOIO (PeKypPPEHTHOro) MNOCTPOeHus
onpepennTenei.

YKaxkem ele, 4YTo Teopusi onpegenuteneid cama Mocayxuna
OCHOBOW M flana »XW3Hb HOBOMY W C/I0XHOMY pasfesfly COBPEMEHHON
reoMeTpum — TEOPUU  MHBAPUAHTOB. JIlOGOMbITHbI  MPUIOXEHUS
onpegenutenein B aHaMTUUYECKON TEOMETPUU faXKe B ee HayalbHbIX
pasgenax: BO-MepBblX, PYHKLMOHANbHbIMW OMpeaenunTensiMm BTOPOro
N TpeTbero MOpsiAKOB MOTYT 6biTb 3afaHbl MpsAMas U MJOCKOCTb OT-
HOCUTENIbLHO COOTBETCTBYHLMX a(PPUHHBIX CUCTEM  KOOPAUHAT.
A uuvCnoBble OMpeAenuTenn Tex e MOPSAKOB UMEKT U3SILHYH reo-
MEeTPUYUECKYID WHTeprnpeTauuio: Tak, OKasblBaeTcsi, MOAYNb Onpeje-

ala2 o o
nvtens O B NPSIMOYrofbHOM [eKapTOBOW cucTemMe KoopAuHat
paBeH nfaowaau napasnjenorpaMma, NOCTPOEHHOrO Ha MpejcTtaBuUTe-
nax ceobogHbix BekTopoB a(al al) m b(b2 b2), a moayns aHano-
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TMYHOTO onpepenntend TpeTbero nopsagka MOXeT ObITb MCTONKOBAH
Kak 06bem napannenenunnena, MNOCTPOEHHOIO Ha TpPEX BeKTopax:

a(a\ a\ a'), b(b2 fi2 ft2), c(c3 c3 c3) B TpexmMepHOM €eBK/INLOBOM
npocTpaHcTBe. A B MHOTOMEPHbIX €BK/IMAOBbLIX MpPOCTPaHCTBax C
onpegennuTenemM, COCTaBNeHHbIM W3 CKansapHbIX MPOU3BEeAeHUn 6Ga-
3UCHbIX BEKTOPOB, CBA3aHO MNOHATME O6bemMa MHOrOMepHOro naparn-
nenenunega. OH Ha3BaH onpegenurenem [pama B YecTb AATCKOro
matemaTtuka W. 'pama (Gram Jorgen Pedersen, 1850— 1916), 3aHun
MaBLUErocsi UccnefoBaHUSIMU TaKMX MPOCTPAHCTB.

B TepmMuHax onpegenuteneii BblpaXarTCs BEKTOPHOE M CMellaH
HOe Mpou3BefeHUss BEKTOPOB, KOTOPble MMEKT MHOIO COAepXXaTeslb-
HbIX MPUIOXEHUA B MexaHUKe 1 n3nke. I MOXHO cKasaTb, YTO TeO-
pus onpepenuTenei, Kak 1M Teopusi matpul, SIBAAETCA YAWBUTENbHO
YHMBEpCa/lbHbIM annapatoM MaTeMaTuKW U ee MPUNOXEHWU, CBA3bI
Basi MX OOLWMMU MAEAMMU.

CMNCOK NWMTEPATYPDI

OCHOBHAA

Kynukos J1. . Anre6bpa n Teopus uucen.— M.: Bbicwasa wkona, 1979.— 560 c.

MaHTypoB O. B., MaTBeeB H. M. Kypc Bbicweii matemaTvku.— M.: Bbicwas

lwkona, 1986.— 480 c.

3. Kypow A. T. Kypc Bbicweid anrebpbl.— M.. Hayka. n. pep. ¢u3.-mar. nuT..
1965,- 432 c.

4. beknemuwes [. B. Kypc aHanMTU4ecKoli reoMeTpum U NVHERHON anre6pbl.— 4-e

n3g— M. Hayka. I'n. pea. ¢wus.-mat. nut., 1980.— 336 c.

N

OONOJNTHNTENbHAA

5. KocTpukuH A. . BeegeHne B anrebpy.— M.. Hayka. 'n. pef. ¢u3s.-maT. nur.,
1977 — 496 c.

6. Manbues A. . OcHOBbI NNHeHON anrebpbl.— M.: Hayka. ['n. peg. gus.-mat. nuT,,
1975— 400 c.

7. ®agpees [. K. Jlekummn no anrebpe.— M.. Hayka. n. pef. wus.-mar. nut.,
1984 — 416 c.
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YKA3AHWUA MO NCMNOJIbSOBAHUNIKO JTNTEPATYPBHI

§ 27. CeoiicTBa onpepgenvtenei
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332—336. 6 —cTp. 34—41.
38—43. 7 — cTp. 90—96.
150— 157, 159-161.
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57—60.
157-158.
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232—236. 5 —cTtp. 115—118
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§ 30*. Teopema 06 onpefenutenie NPov3BeAeHUs MaTpuLy
236—238. 5] —cTp. 120—123.
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189-190.
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238, 240-241. 15— CTP. 125-127.
158-189. [8] —cTp. 47-49.
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BEKTOPHbIE TPOCTPAHCTBA

§ 33. ToHATME BEKTOPHOro NPOCTPaHCTBa.
§ 34. MNpuMepbl BEKTOPHbLIX MPOCTPAHCTB.
§ 35'.MNpocTpaHCTBO CBOOOAHLIX BEKTOPOB.
§ 36. MNoanpocTpaHCTBa BEKTOPHbIX MPOCTPAHCTB.

OCHOBHblE MOHATUSA: BEKTOPHOE MNPOCTPAHCTBO, BEKTOP, HYNeBoii
BEKTOP; BEKTOpP, MPOTMBOMO/OXHbI JAHHOMY, MaTpUYHOE BEKTOpPHOEe
NMPOCTPaHCTBO, KOOpPAUHATHOE BEKTOPHOE MPOCTPaHCTBO, BEKTOpPHOE
NMPOCTPAHCTBO CBOGOAHbLIX BEKTOPOB, CyMMa CBOGOAHbLIX BEKTOPOB,
coHarnpas/fieHHble U NPOTMBOMOMOXHO HanpasB/eHHble CBOGOAHbIE BEK-
TOpbI, NPOM3BeAeHNe CKansipa Ha CBOGOAHLI BEKTOpP, MOAMPOCTPaH-
CTBO BEKTOPHOrO MPOCTPAHCTBA, NMHeliHas KOM6MHaLMs BEKTOPOB,
NuHeliHas o060/04Ka CUCTEMbI BEKTOPOB.

Heob6xoaumble CBefeHUs: AEKAapPTOBO MPOM3BELEHNE MHOXECTB,
[LeKapToB KBajpaT MHOXeCTBa, OTOGpaXkeHMe, MaTpuLbl, CUMMETPU-
yeckne M KOCOCUMMETPUYECKME MaTpuULibl, CBOWCTBa onepauuii Hapg
matpuuamu, M(Txn), GL(n), gl (n), mHorouneH, dyHkuusa (ogHol
WA HECKO/IbKUX MepeMeHHbIX), opmMa, (yHKUMOHanN, cuctema nu-
HENHbIX YpaBHEHW, pEeLleHNe CUCTEMbl NIMHEWHbIX YpPaBHEHWA, OT-
HOLWleHVMe MopsiaKka Ha MHOXECTBe, CMMMeETpUYeckas rpynna, Ha-
NnpaBfieHHbI OTPE30K, 3KBWMOJNIEHTHOCTb HamnpaB/iEHHbIX OTPE3KOB,
cBO6GOAHbIi BEKTOP, BUAbI CBOGOAHbLIX BEKTOPOB: HYNEeBOW U MPOTUBO-
MOMOXHbIA AAHHOMY, COHanpaB/ieHHble U MPOTMBOMOOXHO Hanpas-
NEeHHble Ny4yn, cBoOlicTBA GUHAPHbLIX OTHOLIEHU HAa MHOXECTBE.

PekomeHfaLMu: ecnm nocobue UCNoNb30BaTh B ydeGHoOl pa6oTte, To § 35' MoXeT
ObITb NPEAOCTaBNeH AN CaMOCTOSTENILHOrO U3yueHus UM o6CyXaeHuiA Ha npakTuye-
CKMX 3aHATUSAX.



CemecTtp 1

JI(K1) MA | — MHOXecCTBa W OTHOLUEHWSI HAa MHOXEeCcTBax.
(8 1-8 5)
NNekyuna 2— Onepaunm Ha OGUHaAPHbIX OTHOLLEHUAX. OTOBpaxeHus.
56- §8
NeKuywu s BuekTnBHblEe OTOGpaxkeHUsi. MpeobpasoBaHUs. ( )
(59-% 12
NekyWsa BuHapHble OTHOLLEHMSA Ha MHOXKecTBe. PaKTop-MHOXEeCTBO.
(8§ 13-§8 1)
JTckun A Martpuubl. OCHOBHblE OnepauuM W CBOICTBA.
(8 17-8 22
Nekwn na 6 MNoactaHoBKW. TpynMbl.
(5 23-§ 26)
Nekyua 7- Onpegenutenn.
(8§ 27-§8 32)
Jlekun ns 8- BekTopHble MnpocTpaHcTBa.
(§ 33- § 36)

Nekuyunsa 9—JIMHeNHO 3aBUCMMble U NIMHEHO He3aBWCKMble CUCTEMbl BEKTOPOB
Nekn na 10— PaHr matpuubl. CUCTEMbI NIMHEWHbIX YPaBHEHWUNA,

Nekuyunsa | | — JInHeliHble OTOGPaXXeHWs1 BEKTOPHbLIX MPOCTPAHCTB,

Nekn na 12— MaTpuyHoe npefcras/ieHe rTOMOMOP(U3MOB,

Nekn na 13— Anrebpa NMHeliHbIX OMNepaTopos,

JIeKn nsa 14 — Co6CTBEHHbIE BEKTOPbI /IMHEWHbIX ONepaTopos,

JIeKN nsa 15— EBKNNI0BbI BEKTOPHbIE MPOCTPAHCTBA.
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§33. NMOHATWME BEKTOPHOIO MNMPOCTPAHCTBA

MoHATME BEKTOPHOrO MpPOCTPaHCTBa OJHO W3 OCHOBHLIX B reo-
MeTpun un anrebpe, B 4YaCTHOCTU — B JIMHEWHOW anrebpe. Cnoso
BEKTOP /IaTMHCKOTrO MNpOUCXOXAeHUs (vector) M o3HayaeT «Hecy-
WA,

OnpepeneHune 33.1. lycTb 3afaHbl HenmycToe MHOXXECTBO

V, afeMeHTbl KOTOPOro 0603HaueHbl: a, b, C, ... , MHOXKECTBO feii-
CTBUTENbHLIX YMCen R, KOTOpble 0603HAaYEHbI: &, p, Y, ... , U ABa
0TO6pa>KeHus:
— T des _  _
[+ ] Vx V-*V, TaKk utO0 [+ ](<a, 6,>) = a+bey,
des
[*]: RX Tak yTO0 [-](<a, a,>) = a-eell,

npnyem Tpe6yeTCF| BbIMMO/IHEHNE aKCUOM:

V.1: a+6=6+a V {a, 6}ci V.
V2: H+ 6)+r=a+ (6+?) V (a, 6, clc= V.
V3. B6be Yja+ 6= a, V5«=l/.
V4. VieV'3(-e)el'le +( a)=06.

V5 l-a=a YBeY.
Vv.6: a-(Pa)= (aP)-a V <a p a)el/l*X V.
V.7: (a+ 0)-a= a-a+ p-a V <a p, i)<=R2XV
V.8 a-(a+ 6)=a-a+ a-6 V <a, a, 5>e RX I/2

B sTOM cnyyae rosopAT, YTO HA MHO>XecTBe V 3ajaHa CTpPyK-

Typa BEKTOPHOr0 WM MHERHOTo NpocTpaHcTBa (Hag nonem gen-

CTBUTENbHbIX YUCEN), MHOXXeCTBO V Ha3blBalOT BEKTOPHbIM WU

NMHENHbIM MPOCTPAHCTBOM, WNM WHEANOM, a €ero 3MemMeHTbl —

BEKTOpamMu, OTOobpadKeHusi: [+ ] — CNO>KeHUeM BeKTOpOB, [*]—

YMHO>KeHUeM ckanapa (4uucna) Ha BekTop, ycnosua V.l— V.4.—

akcuomamm Ccno>keHus BekToOpos, V.5— V.8. akcuomamu yMHO

>KEHWA CcKanspa Ha BeKTOp.

BekTOpHOE NpPOCTPaHCTBO Ha3blBalT BEKTOPHbLIM NPOCTPAaHCTBOM
Haj nonem [eNCTBUTENbHbIX YMCEN, €CNN B €ro onpeaeneHvuu, Kak
Bbiwe, {a, p,}JcrR. B panbHenwem 6yayT paccmaTtpuBaTbCs BEKTOpP-
Hble MPOCTPaHCTBa W Hajg APYrMMW YUCAOBbIMW MNOASAMWU, B YACTHO-
CTWU, Haf MONEeM KOMIMNEKCHbIX YKCer.

O603HauveHMe BeKTOopHOro npoctpaHctea: (V, +, *). OfgHako,
ecnm peyb Maetr 06 OAHOM BEKTOPHOM MPOCTPaHCTBE, TO onepauuun
06bIYHO He yKa3blBaloTCA M NULWYT U TOBOPAT: BEKTOPHOE NPOCTPaH-
ctBo V. NHorga anemMeHTbl BEKTOPHOroO MpocTpaHcTBa 0603HavaroT

yepTon BBEPXY: &, b, C, nam nony>xupHeimn 6ykBamu: a, b, ¢ n 1. 4.
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3ameuyaHune. Ecnu paccmatpuBaeTcss HECKONbKO BEKTOPHbIX
NPOCTPAHCTB, TO OObIYHO ANS WX onepauunii UCNONb3YHTCA pPasny-
Hble 0603HauyeHus, Hanpumep: <Y, -f-, = n (U, ®,0>.

PasbsicHeHUa. YTobObl roBOpUTb O CTPYKType BEKTOPHOro
NpoCTpaHCTBA Ha HEMyCTOM MHOXecCTBe Y, mpexje BCEero AO/DKHbI
ObITb 3aflaHbl ABa oTo6paxeHus: [+ ]: Y X Y-*-¥Y un [¢]: RX Y-*-Y,
TakK uTO

[+ ](<<t &)= a+6e Y, a[-](<a, a))=a-aey,

npuyem u3 nocnegHero cregyet, yto a-eeV npu nwo6om aeR.
Torga nepsas akcMoMa O3HauyaeT cOBMajeHue 06pa3oB KopTe-

xelh (a, 6) n (b, @) npu otobpaxeHun [-J-], T. e

[+]«5. *» -[+ J«*. «>).

(4TO, KCTaTW, BNEYET HEMHBLEKTUBHOCTb OTOGpaxkeHus [-f]).

AHaNIOrM4YHOE MCTO/IKOBaHME MMEKT U OCTaslbHble aKCUOMbI. Tem
caMbiM [+ [: Y X Y-*-¥Y un [-]:1?2XY-*-Y yXe He Npou3BOJIbHblE
oTo6paxkeHnsa, nockonbky V.1— V.8 HaknajblBaloT chneyuanbHble
ycnoBua Ha obpasbl 3anemeHToB Y XY un AXY- Y1066l OHU mnmenn
He CNMLLKOM TpPOMO3[JKYK 3anucb, Bpoje:

V-2: [+ ]« [+ J(<«, B). C»= [ + ](<2, [+ ](<6, «>)>),
NMPWUHATBLI CcneynanbHble 0603HayeHus 06paSOB COOTBETCTBYHO LW UNX

KopTexen: a-|-6eyY na-aeyY npu otobpaxeHun [-)-] 1, cooTBeT-
CTBEHHO, [°].

M3 akcnmombl V.1 cnegyeT HEUWHBEKTUBHOCTb OTOOGPaXKeHuUs:

[+ ] YX Y-*-Y. a n3 akcmombl V.3 ero CHOpPbEKTMBHOCTb.
AHanornyHo n otobpaxeHue: [¢]: R X Y-+-Y He nHbekTuBHO (V.?),
HO CHOpbeKTMBHO (V.?). 4
3apaHue 33.1. Onpepenute, Kakme u3 MU3y4YeHHbIX CTPYKTYp
N onepauuini yooenetBopsatoT akcuomam V.1 — V.8. T. e. npuBegute

npuYMepbl BEKTOPHbLIX MPOCTPAHCTB:

<R +. *> <Af(TYy.n), +, > <gl(n), +. «> (GL(n), +, >

(3pecb [*] — yMHOXXeHMe AeACTBMTENbHOIO 4ucna Ha martpuuy.) ¢
BekTOopHble npocTpaHcTBa 006n1afaldT MHOTMMU  WMHTEPECHbIMU
cBOlicTBaMW, BbiTeKalOWMMM n3 akcuom V.1— V.8.
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OCcHOBHble CBOIiCTBa BEKTOPHOrO MpPOCTpaHCTBa

Ona nwobbix <a, p, a, b, f)e R 2X "™ 3 nmerotT mecTo:

OelictButenbHo, ecnm a=6, To VceV KopTexm <c, a) =
= (c, b> a TaKk kak [+ ] — oTo6GpaxeHue (CM. onpegeneHue 7.?), 10

[+ ]«*, Z»=[+ ]J«*. s»

[| ks desjj
Cc+ fl C-\-b

M 3HauuTt, c+ a=c+ b. LLI

CnepctBue 331 a= b":)’(‘-a-\-c = b-\-c.
v

AHaNoOrMYHO NpeablAyweMy CBOWCTBY W CNefCTBUIO MOTYT GbiTb
[loKa3aHbl

CBolicTBO 332 . a=p Vv a-a = p-a.
a=bh VeeR a.fi=a.d.
CeoiictBo 333. VaeKk 6-fa= a.

MocnefHee nO3BONSET 3fneMeHT 6, onpegensemblii akCUMOMOIA
V.3, HasblBaTb HEMTpanbHbIM (MO cyuiecTBy, akcmoma V.3. onpege-
NaeT TONbKO MpaBblil HeliTpanbHbIif).

CeolictBo 33.4. B BEKTOPHOM MPOCTPAHCTBE HeATpanbHbIi
3NEMEHT eAWHCTBEH.

JokasaTenbcTBO. [JOonycTum, 4Yto HalhigeTrca Bektop 6 'e K
Takou, yto O'P0O, HO nmeetr mecto a+ 0'= a.

no npennoXeHuo
6+ 6'
CB. 333
OTtkyga 0'= 0. 3HauuT, NpPeanosioXeHNe O CyLLecTBOBaHMU MO

KpaliHeli mMepe ABYX 31€MeHTOB, YAO0BNETBOPAOWMX akcuome V.3, He-
BEPHO M 6, y[OBNETBOPAKLWMNIA 3TOM akCcMOMe, eAUHCTBEH. -
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CnepcTtBue 332. Ecim a-\-b =a ana HekoToporo ee K, 1O
b= 6.

Loka3zaTenbcTBOo. [MycTb ce V ¥ npousBosieH, Torga

Cdes— . —
NPOu3BONEeH 1 4 £+ ae1n 3ametum, uto

(c+E£)+6= d+b

-V2i

c+(a+6)=c+a=d
Otciopa d-\-b = d yxe ana mo6oro sektopa d, 1. e. 6 — HeWTpanb-

HbIA 31eMeHT, Mo MNpeablayLiemMy CBOWCTBY OH €AWHCTBEH B BEKTOP-

HOM npocTpaHcTBe, T. e. 6= 0. ]

CnepcTtBue 33.3 (NnpaBuno cokpauwieHus). Ecnm B BeKTOpPHOM
MPOCTpPaHCTBe WMMeeT MeCcTO XO0TH 6bl OLHO W3 PaBEHCTB

a-\-b=a-\-¢c nm b-\-a= c-\-a,
T0 b=CcC.

OueBUAHO CBOICTBO.
CeoiictBo 335 Yael=>-(-BH-5=6.
OHO no3BONsieT 3nemeHT (—a), onpegensieMblii akcmomon V.4,

HasblBaTb MNPOTWBOMONOXKHLIM &, B TO BpeMsi KaK akcMoma
V.4. onpegensieT npasblii NPOTWBOMNONOXKHbIA 3N€MEHT.

CBocTBO 33.6. B BEeKTOPHOM MPOCTpPaHCTBe NPOTUBOMNONOXK-
Hblli 3NeMEeHT K N06OMY €ero aNemeHTy eLUHCTBEH.

3apava 33.1.2. Jokaxute cBoiictBo 33.6.
LJokasaTtenbcTBO. [onycTUM, 4YTO ANS € e )' HalngeTcss Kpo-
Me BekTopa a, yAoBnetBopswowero akcuome V.4, Bektop a'eV
Takoi, 4to a4-a'= 0. Torga
((—a)+ a)|-a"=6+ a'=a'
—a)=a
Vil (—a)
(—a)+ (a+ a)*=(—a)+ 6==- a
CnepoBatefnibHO, NPeanonoXeHue O CyLecTBOBaHWU MO KpawnHewn
Mepe ABYX 3/1eMEHTOB, YA0BNETBOPSAIOWMX akcnome V.4 HeBepHO, YTo

N fOKa3biBaeT CBOWCTBO, MOCKO/IbKY MO akCMOMe TaKoli 31eMeHT cy-
W ecTByer. -
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Ona no6blXx 31EMEHTOB a U b BEKTOPHOrO NPOCTpPaHCTBA
V cyMMy 6+ (—a) NPUHATO HasblBaTb PA3HOCTbLI 3NEMEHTOB 6
M a u o603HaYaTh:

no camMomy onpegeneHn pasHOCTb 06na,qaeT BCEMW CBOMCTBaMU
onepaunn CnoXXeHnda BEKTOPOB.
HecnoXHo npoBepuTb, YTO UMEET MEeCTO

CesoiictBo 33.7. V{a 6}e Y pelieHNeM ypaBHEHUh a+ x = 6

N jed a= b aBnseTcCa BeKTOp b—a. .
3ameuyaHue 33.1. BHUMATENbHbI/ 4ynTaTelb MOXET 3aMeTUTh,
UYTO aKCMOMbl CNOXXEHWUS BEKTOPHOrO MpPOCTPaHCTBa:
onpegeneHo oto6paxeHne [-+]. Y X V-*-¥Y Takoe, uTo

V.I e+ 6= 6-|]-e V {a blav.
V.2: (a+6)+ c=a+(6+¢cC) V {a, 6, c]cr V.
V3 30eY|a+6=8B Vae V.

V4. Vae V3(—a)e Kla+ (—a)= 6.

€CTb HW 4YTO MHOE, KaK aKCUOMbl CTPYKTYpPbl KOMMYTATMBHOWM rpynnbl
Ha MHoOXecTBe Y. lMoatomy (opMynnpoBku (4a W AOKa3aTenbCTBa)
npeabiaywnx CBOWCTB MO CYLW,eCTBY aHalOrM4Hbl CBOlCTBaM, yKa-
3aHHbIM B § 24* nocsBaweHHOMY rpynnam. OfHako, Bbllle Oblan
npuBeAeHbl CaMOCTOATE/IbHblE AOKa3aTe/NbCTBA CBOWCTB BEKTOPHOrO
NpocTpaHcTBa Ha OCHOBE aKCUOMaTWKM WMMEHHO BEKTOPHOMO Mpo-
CTpaHCTBa, MOCKONbKY 06CTOATENIbHOE MW3y4YeHVe Tpynn euwe npea-
cTouT, a Mmatepuan § 24* 6bin gaH Ana n6o3HaTeNbHOro 4yuTta-
Tens B WHOPMATUBHOM Mopsake.

CBoinctBo 338. Vee K=>0-B= 6.
Joka3zaTenbctBO. 3amMeTum, 4yto Mo akcuome V.7

0-a+ 0-a= (0+ 0)-a= 0-a,
a no cBoncTtBy 33.2 u3 3TOoro crnegyet, yto 0-a — HelTpanbHbIRA, T. €.
0Oa = 6.
CnepctBue 334 Vee Y=N — 1)>a= (—a).

3apaua 33.1.1. Odokaxute cneactsue 33.4.
JokaszaTenbcTBO.
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OTKyaa W U3 eAWHCTBEHHOCTU MNPOTMBOMOJIOXHOIO 3/eMeHTa che-
ayet, 4uto (— 1l)e<*=(—a). L,
AHanorMyHo npeasigyluieMy CBOWCTBY MOXHO AOKa3aTb CBOICTBO.
CeoncTtBo 339 . VaeR=>a-6=6.
CeoncTtBo 33.10. a a= O=j>a= 0V<I=0.

Joka3zaTenbctBO. 1 Ecnn a-a= 0 wmna= 0, TO yTBEpXAeHUe
04YeBUHO.

2. Myctb a#0, AOMHOXMM 06e 4acT¥ paBeHcTBa a-0= 6 Ha
a-1, Torga

a(a-d)= a—'%0 “W33&q
Y2 a=0.

(a a)atr=1l-a= a

CnepctBune 335 (YaeN|anb6)NE-a-a~p-a.
Jonyctum, uto a-a= p-a, Ttorga a-a—0-a=6 wu, 3Hauur,
(a—p)*a= 6, 3t0 Bnevetr (a—0)= O (no ceoiictBy 33.10, Tak Kak

a 0) um a= p, YTo NPOTUBOPEUUT YCMOBUIO. -
3TMMK cBoiicTBaMK 6yeM MNONb30BaTbCsA, pellas 3ajadvn, U3y-
Yas 6ofee CMOXHble CBOWCTBA BEKTOPOB M BEKTOPHOIO MPOCTPaHCTBa.

8§ 34. MPUMEPblI BEKTOPHbIX MNMPOCTPAHCTB

MockoNbKy BEKTOPHOE MPOCTPAHCTBO onpejensercsd ABYMS MHO-
xecteamu V@ 0 wn R, gByma oTobpaxeHusimu: [-+-]: ¥ X V-+V un
[*]: RX N COOTBETCTBYIOLMMN akCcMoMamMu, TO Onpeaenss ero
CTPYKTYPY Ha KakoM-M60 HernycToM MHOXECTBe, NpeXxje BCero cne-
AyeT 3agaBaTb oTo6paxeHus [+ ] u[¢], a 3aTeM BbISACHATb BbIMO/HU-
Mbl WUAW HET ANs Takux oTobpaxeHwuii akcmombl V.1— V.8,

Mpnmep 34.1. Ha MHOXecTBe AENCTBUTENbHbLIX uucen R ¢
06blYHBIMWU OrnepaunsiMn CNOXKEHUA U YMHOXEHUSA, O4YEBUAHO, BbINO/-
HAOTCA Bce akcmombl V.1— V.8. Tem cambim (R, -f-, ¢) — BekTOp-
HOe MPOCTPaHCTBO, OHO MpeAcTaBAsfeT NpMMep TakK Ha3blBaeMoro 0f-
HOMEPHOI0 BEKTOPHOr0 MPOCTPAaHCTBA.

Mpumep 34.2. HecNnoXHO y6eanTbCAa B TOM, UTO HA MHOXeCTBe,

COCTOSILLEM W3 OAHOro anemMeHTa, Hanpumep, {0}, MOXHO onpenennTb
CTPYKTYPY BEKTOPHOIO MPOCTPaHCTBa, 3afaB OTOGpaXKeHus:

[+ ]:{6}x {6}-{6}|[ + (<6, 6>)M6<={0},

[«]: RX{6}-» {6}|VXe R=>[](<A 6>)= 6e{6}.
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nnn, 410 TO XK€ CamMoe, 3ajaB onepauunu:

6 +0=6mnd6=06 VA€ R

Takoe BEeKTOpPHOe MPOCTPAHCTBO — MpuUMep HY/NbMEPHOro BEK-
TOPHOro MPOCTPAaHCTBA.

3apaua 34.1.3. MOXHO N1 3ajaTb CTPYKTYpPY BEKTOPHOIO npo-
CTpaHcTBa Ha MHOXeCTBe, COCTOALEeM W3 ABYX 371eMeHToB? M3 tpex
3/IeMEHTOB?

Yka3zaHve. Ecnu V= {B, bladpb) — BEKTOPHOe MPOCTPAHCTBO, TO MO akK
cuoMe V.3 OAMH M3 3MIEMEHTOB [O/DKEH ObiTb  HEWTpasbHbIM, MNyCTb B= 6,
Torga b#6. Cm. cneacteme 33.5.

Mpumep 34.3. MaTpuyHOe BEKTOPHOE NPOCTPAHCTBO C 0ObIY-
HbIMW OnepauusMu CNOXeHUs MaTpuy, U YMHOXEeHUA ckanspa Ha
matpuygy (M(Txn), +, e« u, B uactHoctn, (gl(n), + , <«
(cm. 3apaHune 33.1).

Mpumep 34.4. KoopauHaTHOE BEKTOPHOE MNPOCTPAHCTBO.

OnpepgeneHune 34.1. KoopauHaTHbIM (Unu apumeTuye-

CKUM) BEKTOPHbIM MPOCTPAHCTBOM (N-MEPHbIM) Ha3blBaeTCA BEK-

TOpHOE MNPOCTPAHCTBO MaTpuy — CTPoK </!(1xn), -|-, <= wm

mMaTpuy — cTonbuos <M (n x 1), +, <> [lepBoe W3 HWX Ha3blBa-

€TCA BEKTOPHbIM MPOCTPAHCTBOM CTONOLOB.

O603HayveHne aTux npocTpaHcTe: <Af(1 x n), +. *) WUAKW, cooOT-
BeTCTBEHHO, (M (nx 1), + , *). VHOrga Takme npoctpaHcTBa 060-
3Ha4vaT R" wam K"

HanomHuM onepaunm B KOOPAUHATHbIX NPOCTpPaHCTBax:

B (M @xn), +, « ans no6bIx

<A, (a,, a2 .. a,), (b,, b2 .. &)>«=RXAf2(1 x n)
onpegeneHsbl;

(a, a2 .. aa)+ (b,, b2 ... bA)=(a, + b...... a,+ M,
A-(a, a2 .. aa)= (da, Ha2 .. Has).

B <n4(nxl), 4-. <> [ns BCEBO3MOXHbIX

b* ]>«= RX Af2(nX 1)

n

onpepeneHbl CymMmmMa W npoun3dBegeHune ckKajidpa Ha BEKTOP:
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Mpumep 34.5. MHOXXECTBO pPELUEHWUI CUCTEMbI IMHENHbLIX Of4HO-
pOAHbIX ypaBHeHWiA (cMm. nekuuwsa 5, § 22).

apk,+ afgr+ a3*3+ = +ay =0,

axl+ aW +aW+ .. +ay =0,
(34.a)

alx'+ a@x*+ a®?+ .. +ama= 0,

TakK)Xe €eCTb BEKTOPHOE MNpPOCTPaHCTBO OTHOCUTEJIbHO OI'IepaLI,I/IVIZ

Xo o8 .. xE)+ (yl y0 .. y@ = X0+ y& xg-hyg .. Xt y8) n
b-(xb, A& .. x> = <X4, Xg& .. N*3>

B 9TOM HEecnoXHo y6eAuTbCs, eCM BOCMOMb30BaTbCsl 3aMeyaHus-
MM § 22 O TOM, 4YTO BCSKOMY PELUEHUIO TakKol CUCTEMbl YpaBHEHMWI
COOTBETCTBYET pelleHne MaTPUYHOrO YypPaBHEHMUS:

a ai ai

a? a\ a\ ... a\
(34 a")

a' a, a?

(nmn A-X = 0 c matpuuein ¥t = ||a'|]) n HaobopoOT: KaxaoMy peHue-
HUIO nocnegHero — eAnMHCTBEHHbLIM 06pasoM COMOCTaBMMO pelleHune
CUCTEMbI [IMHEWHbIX OAHOPOAHbLIX YPaBHEHWU C OCHOBHOW MaTpuLieil
[B}. *

Mpumep 34.6. BeKTOpHOE MPOCTPAHCTBO MO/IMHOMOB (MHOFO-
USIEHOB) OT N MNepPeMEHHbIX C BELWECTBEHHbIMU KO3((ULMEHTaMM
N OBbIYHBLIMU OMepauusaMM CNOXEHNS U YMHOXEHUS 4YMcna Ha MHO-

rouneH: <«*[*, «?. - A [+]0O>-«

PaccmoTpum 60nee npocToi caydvaid MHOTOYEHOB OfHOIM nepe-
MeHHOI: <«£¥x], L Q ), 1 BBEeAEM HEKOTOpble BMO/IHE €CTECTBEH-
Hble cornaweHus:

1 byaem cuuTaTb, YTO BCE MHOMOY/IEHbI MMEKOT CTAHAAPTHY 3a-
NUCb MO BO3pacTaHWIO CTerneHel:

f=al0+ a,x+ ax2+ .. +a,*s

rae neN un <a0 a, a2 .. a,)eR*+l.

2. byaem nonaratb, YTO €ClM paccmaTpuBalrTCca ABa MHOroune-
Ha B CTaHAapTHOI 3anucu, TO OHM UMEKT «OAVUHAKOBYH ANNHY» —
3TOro BCerga MOXXHO J0OUTbLCS, AOMNOHASA OAMH U3 HUX, eC/IN 3TO He-
06xoaMmo, cnaraemMmbiMU C HyneBbIMU KO3duumeHtamm, Hanpumep:

/(*)=! + 2x—4x2+ 6x3 1 g (m= 0+ 3c+ Q2+ Op/l
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3. [lBa MHOrousieHa cuMTaloTCs paBHbLIMW TOrf4a U TONbKO TOrAa,
KOorga paBHbl Bce WX KO3((MULMEHTbl HAa COOTBETCTBYIOLUX MeECTax:

nycTb
/= a0+ ax+ ax*+ .. +a,xl,
g=fio+ M + &+ - + M".
¢ <o a,, B2 .. a,,), (b0, bt, b2 ... ft,» 6 R "+IXR"+L
Mo onpegeneHuio
/=g4~<al a, a2 .. a,)= (bQ b,, br, ... b,) (34.2)

Cymma nto6blX [ABYX MHOIOY/JEHOB OMpeaensercs, Kak HOBbIi
MHorouneH /[+]g cnegyiouwum o6pasom:.

(/[+1*)=
= (e0+ M + (ai+ M + M x2+ .. +(a, + ftjx\  (34.2)
a npowusBefeHMe u4mcna XeR Ha MPOM3BOJMbHbLIA  MHOro4YneH

/ 3apaeTcs MHorouneHom A.["N]/e«™[ar] Tak, 4TtO

(kjTIf)=kaitka,x+)uhxi+ .. +ka,x". (34.3)

Mpumep 34.7. BeKTOpHOE MNPOCTPAHCTBO MNOJAMHOMOB (MHOTO-
UY/IEHOB) OT OAHOW MEPEMEHHON C BELLEeCTBEHHbIMU KO3(h(uUUMeHTaMm
Buga:

f=al0+ a,x+ ax2+ .. + a*x*
(roe <a0 a,, a2 .. b,)g Rhi) 1 06bl4HbIMM oOMepayusiMmm cnoxe-
HAUS N YMHOXEHWS 4YMCNa Ha MHOTQU/IEH:
Takoe NpoCTPaHCTBO HasblBaeTCs BEKTOPHLIM MPOCTPaHCTBOM
NoO/IMHOMOB OT OAHOW MepemMeHHOW CTENeHN He Bbllle K.

AHanormyHo onpegensieTca BEKTOPHOE MPOCTPaHCTBO MOSIMHO
MOB OT M MepPeMeHHbIX CTErNeHN He Bbllle K:

<«rv. s .. A EBE))-

3apgava 34.1.1. YbeguTecb B BbIMOMHMMOCTA aKCMOM BEKTOpP-
HOro npocTpaHcTBa An4 2[nr), [+], p~| >
& 2[x]= {a0+ a,x+ a2A

Mpumep 34.8. MHOXKECTBO BCEX YMCIOBbIX (PyHKUWA oaHOi

nepemeHHoir J?~[D] c obuweli obnacTteto onpegeneHns D wn onepa-
UmAMM;

I+ i</, £>-/[+ ]* = {<* [(x)+ g(X)>Vx«=0)
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[e]:<«. />—ps[s]/ ==(<m a/(jt))Vx6D)

V <a, /, g>€=RX«T2[D].
3pecb ucnonblyem ans onepauyuii B “"[D] o603HauyeHus [-f]

n [¢], 4TOBbLI OTANMYUMTL WX OT OMepauuini CNOXEHUA N YMHOXEHMS
LeACTBUTENbHbIX 4uCcen.

OueBnAaHO, 4TO [+ ] 1 [*] — oTOGpaXkeHns, 4TO NO3BONSAET yKa-
3biBaTb A/ MPOU3BOALHOrO nee/)

S+ 1) (F)=/<*)+*(*) U(a[]))mc) = a-f(x) (34.F)

3amMeTuM, YTO NpWU JoKa3aTenbCTBE BbIMOSIHMMOCTM aKCMOM BeK-
TOpHOro npoctpaHctBa ana <«1T[D], [+ ].[*]) noTpebyeTtcs ycTtaHaB-
NnuBaTb pPaBeHCTBO OTO6GpaxeHuii (onpegeneHme 8.1), a Tak Kak
Dom/= Domg gnsa Bcex {/, g)aff'[D\ 10 6ymetr mognexatb npo-
BEepKe TONbLKO nocnefHee w3 ycnosuii (8.1):

Dom /—Dom g

f=5 (VxeO=j>/(x)=g(r)).

NTak,

fO)+9(x)=g(x) +f(x)  Vx«=D,

YTO O3HauyaeT BbIMOAHUMOCTbL akcmombl V.1 gna (& [D), [-)-],

AHa/IOTUYHO,

V2o <[+ 14)[+ 1=+ (<[ + 1) V{f,g,h}c3T[D].
V.3: B KauectBe HeVITpaﬂbHOFO 3leMeHTa eCTeCTBEHHO B3ATb Hy-
neBoe OTO6pa)K8HI/IeZ

0={<x, O)VreD)e™ (D),
nockonbky f (x)+ Q(x)=f (x)-\-0=f(x) gna V (r,/)eD -~[D), a
3Hauut, / [+ ]0=/.
V.4: TlocTpoeHHOoe Mo MPOu3BONILHOMY oTobpaxkeHne
(—N=={<X, -/(r))YxeA(x))60 [
OYeBUAHO, YAOBNETBOPSAET YCNOBUIO: ¢
/I[+](—=/)=8
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N 3Ha4YnT, ABNAETCA NPOTUBOMOJIOXKHbLIM K /.
V5 1[«]/ =/  V/«=<3r[D].

*

@[1)(*)=U(*)=/(*) VxeD,
YTO O3HauyaeT BbIMOMHUMOCTb akcuomel ansa (ET[D], [+ ] [°]).
V-8 aH</[+]1*)=al[.]/[+]8[.]* V<a /, f>«RX**[D],
BbIMONHMMOCTbL 3TOI akCcMOMbl 6yaeTt cnegoBaTb M3 coO6NOAEHMA AN

nw6oro xe D, NPOU3BOMbHbLIX YUCNOBbIX (YHKUMA / U § U 4YuC-
Nla a paBeHcTBa:

(“ [<1(/T+ 1B)) (*)—( [1/1+1 " [] 8) (*)e

OTmeTnM, 4TO
(«[=1/T+ N> $f$b (U [ + Jg)(x)) = a(f(x)) + a(g(x)),

(G INL+1@[IEN )™ GL1NM)+(<*TT9) (x)=af (*)+a g(x)
KOTOpble paBHbl MO 3aKOHY AUCTPUGYTUBHOCTU AelCTBUTENbHbIX UU-
cen: a(f(x)+g(x))=af(x)+ag(x).

Takum obpasom, akcuoma V.8 (AUCTPUOBYTUBHOCTb YMHOXEHWSA
CKaNsipOB OTHOCUTE/IbHO CMOXEHUS YMCNOBbLIX (YHKLNIA) TakxKe ume-
eT MecCTo.

AHanorMyHoO MpPOBEPSETCS BbIMONHUMOCTb OCTa/lbHbIX aKCUMOM
V.6 1 V.7 )

V6 a[.](PH/)=(aP)H/ V<a, P. />e R2X«T[Z)].
V.7: (a+p)[*]/=a[*)/[+ 1p[l/ V<a, p /~e=R2X«T[D].

Mofo6HbLIM ecTeCTBEHHLIM 06pa3oM onpejaenseTcs CTPYKTypa
BEKTOPHOrO MPOCTPAHCTBA ANs (DYHKLUUIA HECKONbKUX MepeMeHHbIX U
JaXe Ha MHOXecTBe (YHKLMOHA/OB Ha HEMyCTOM MHOXEeCTBE.

O cnegyllWwmx npumepax BeKTOPHbIX MPOCTPAHCTE pPeyYb HIUKe
noliget oco6o, NOCKOMIbKY WX CTPYKTypa AOCTAaTOYHO Gorata v npeg-
CTaBNAET CaMOCTOATENbHbIA WHTEpEC.

Mpumep 34.9. BeKkTOpPHOe NPOCTPAHCTBO CBOGOAHbLIX BEK-
TOpOB.

Mpumep 34.10. MpOCTPaAHCTBO NUHERHbIX OTOOpPa>keHuiA Bek-
TOpPHOro NpocTpaHcTBa.

Mpumep 34.11. [BOACTBEHHOE NPOCTPAHCTBO.

3apgava 34.1.2. Onpepgenute, ABNAeTCA /N BEKTOPHbLIM MNpPO-
CTPaAHCTBOM NO/Has NuHeliHaa rpynna GL(n) oTHocuTenbHO onepa-
LUMIA CNOXKEHUA MaTpuL, U YMHOXEHUS cKanapa Ha Matpuly? oTHOCU-
TeNbHO onepauuii YMHOXEHUS MaTpul, M YMHOXXEHUA cKanapa Ha
MaTtpuyy?
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§ 35" MPOCTPAHCTBO CBOBOAHbLIX BEKTOPOB

BekTopHOE nNpOCTPaHCTBO CBOOGOAHLIX BEKTOPOB — OYEHb BaX-
Hblii NpuMep, BO-MEpPBbIX, MOTOMY YTO WCTOpPMYECKM MaTemaTumka
npexae BCEro uMena feno MMEHHO CO CBOOGOAHLIMW BEKTOPaMu W,
MOXHO CKa3aTb, YTO 0606LeHNe UX OCHOBHbIX CBOMCTB B KOHLE KOH-
LOB Nlerno B OCHOBY onpegeneHus (akCMOMaTWKKU) BEKTOPHOIO Mnpo-
cTpaHcTBa. BO-BTOpbIX, MNPOCTPAHCTBO CBOOGOAHLIX BEKTOPOB faeT
HarnagHoe npeacTaBNeHVe O MHOMMX CBOWCTBAX BEKTOPHbIX MPO-
CTPaHCTB MOTOMY, UYTO CBOOOAHbLIA BEKTOP fIerkO MpeAcTaBUThb cebe
HanpasfieHHbIM OTpPe3KoM. 3Ta MOJe/ib BEKTOPHOro NpocTpaHcTBa
ypo6Ha, 4tobbl pasBMBas MHTYULUIO, YYUTbCSA pellatb 3ajavynm B
BEKTOPHbIX NPOCTpaHcTBax, TeM 6ofee, YTO WKOJMbHbIE KYypCbl MaTe-
MaTUK/M 3HAKOMSAT UMEHHO C TaKUMW npumMepamMy BEKTOPOB. A Mpo-
CTPaHCTBO CBOOO/HbLIX BEKTOPOB, KakK MpuMep, elle BaXXHO AN W-
NocTpaumMm HEKOTOpbIX anrebpanyvyeckmx U reoMmeTpuyveckmx MOHA-
TUA. 30 Mbl YyBUAUM B fJanbHelilleM, roBops O reoMeTpuyeckom
CMbIC/le KO//IMHEapHOCTM K KOMMAaHapHOCTU BEKTOPOB, a TakXxe
npov3BeAeHU i BEKTOPOB: BEKTOPHONO, CKaNIIPHOIO U CMeLUaHHOro.

Ona MHOxecTBa BCex CBOOOAHbLIX BEKTOPOB 6yAeM WCMNO/b30-
BaTb 0603HauyeHune «3I

HanomuHaHwue:

OnpepfeneHne 4.2 JNeMeHT [eKapToBa KsafjpaTa MHO-
>KecTBa BCEX TOYEK MNNOCKOCTU (MpocTpaHcTBa), T €. ynopajo-
YeHHYI0 napy TOoueK MA0CKOCTMW (MPOCTPAHCTBA) MPUHATO Hasbl-
BaTb HanpaB/lieHHbIM OTPE3KOM.

Ecnn pBe Takve ynopsafouyeHHble napbl OT/AMYAIOTCA TONbKO
NMOPSALKOM 3MEMEHTOB (TOYeK), TO UX Ha3blBAT MPOTMUBOMNONOXK-
HO HamnpaBNEHHbIMU OTPpe3KaMu, a eciu NepBbli W BTOPOA 3ne-
MeHTbl YNopsifLOYEHHON Mapbl COBMNagawT, TO TakWe HamnpaBfeH-
Hble OTPe3KNW Ha3blBalT HY/EBbIMU.

OnpepgeneHne 16.4. Knacc 3ksMBaieHTHOCTU Hanpas/ieH-
HOF0O OTpe3Ka MO OTHOLEHUID 3KBUMONEHTHOCTU Ha MHOXKeCcTBe
BCEX HanpasleHHbIX OTpPEe3KOB Ha3blBaeTCA CBOOOAHbLIM BeK-
TOopoMm

Knacc 3KBMBANEeHTHOCTW HYNEBOr0 HanpaB/eHHOro O0TpesKa
Ha3blBaeTCA HyneBbIM CBOOOAHbIM BeKTOpoM. OH 0603HavaeT-

ca 0.

Mpexpge yem o6CyXXAaTb onepauum CAOXKEHUA W YMHOXEHUSA
cKansipa Ha BeKTop Ha MHoXecTBe <3 yKaXkeM KpuUTepwuii, no Ko-
TOpOMYy onpegenserca NPUHAANEXHOCTb ABYX HanpaB/ieHHbIX OT-
pe3KoB O4HOMY Knaccy 3KBMBANIEHTHOCTU — CBOGOAHOMY BEKTOPY.

Nemma 35.1. ABwWCD Torga u TONbKo TOraa, Korga cepegu-
Hbl 0Tpe3kos [AD] u [BC] cosnagatT.
B uvacTtHocTuM, ecnm m3BecTHO, yto (AB)®P(C3), TO npusHak Mo-
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A B

Puc. 85

XXeT O6bITb copmynupoBaH paxe npouwe: (ABwWCD)oABDC —
napannenorpamm (puc. 83, 84).

Nemma 35.2. ABWCD Toraa u Tonbko Torga, korga ACwBi.

Nemma (06 oTknagbiBaHuu) 35.3. Ana nwboid Toukn A
CcBOGOJHOr0 BEKTOpaA a CYLECTBYET eAWHCTBEHHbIA HanpaBieHHbI

oTpe3ok AB”"a (puc. 85).
Ecnn o603Hauntb yepes — MHO>XeCTBO TOY€EK MNMPOCTPaHCTBa,
TO ycnosusa npegbligyuiein neMmbl MOXHO 3anucatb (OpMYOiA:

(V</1, B)e<"X<N)=~7(3/1Bea, nNpuMyemM eAUNHCTBEHHbI).

[Joka3aTenbCTBO 3TMX fleMM He cocTaBnaseTr 6onblwoe”™ Tpyaa.
OcTaHOBMMCA Ha MNocnefHeMm, Tak Kak, MO cyuiecTtBy, nemma 06 OT-
KnagblBaHUM ycTaHaBnuBaeT OMEKTMBHOe OTOOpaXeHue MHOXecTBa
CBOOOAHbIX BEKTOPOB <3 B MHOXeCTBO & TOYeK MNpOoCTpaHCTBa.
(Cm. nekumus 4, npumep 16.3(3)).

Joka3aTenbcTBO /neMMbl  35.3.

0. Onpegenum 6MHApHOE OTHOLLEHWEe Ha

1) Echm CO ea u (hukcmpoBaHa NPoM3BO/SbHaA Touyka /4eP, TO
HaligeTca npsamas, 0603HayMm ee a, Takas, yuto 034 wm a||(CD)

2) Touka A pasbuBaeT NpsIMy0 a Ha ABa fiyda: cCOHanpaB/IeHHbIN
¢ [CD) n npoTMBOMONOXXHO HanpaB/E€HHbIN.

3) Ha coHanpaBneHHoM c [CD) nyuye otnoxum otpe3ok [AX] Ta-
KOW, 4T06bl |[J1X| = |CE>|.

4) AXbICb. .
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Tak noctpoeH AXea un, Takum 06pasomMm, MMeeM OMHApPHOE OTHOLUe-
HMe, NpyY KOTOPOM KaXAOMy CBOOOAHOMY BEKTOPY COMOCTaBAseTcs
KOHEL, HanpaB/eHHOro OTpe3ka — ero NpeacTaBuTens, oTKiajblBae-
MOro OT JaHHON TO4Yku A:

VP —[(a, X)\AXea)c<"X<N,
1 Dom VP = eXT, TaKk KaK yKa3aHHY Bbllle KOHCTPYKLUIO MOX-

HO npoBecTn Ans n60ro cBO6OAHOrO BeKTOpa a.
2. VP — otob6paxeHue.

Mpegnonoxum, uto Hangytes {(a, X>, (a, N1")}cr VP Takue, 4uto
{AX, AX'}aa, HO (a, X) ® (a, X'). Torga

A
AX'"a =>AAWXX'=>XX' — HyneBoii 0 X = X'.
AXea
Ho 9To ” o03HauyaeT CcOBMafieHNe HamnpaB/EHHbIX OTPE3KOB
AX' = AX. U
3. in: ponycTum, HakpyTcs Takue {<a, X>, (a', X)}cVP, uto

<a, X) @ (a', X). Torga no onpegeneHno 6MHapHoro otHoweHuns VP

AXep' ?2- -
— = it
AX"a
oTkyga cnepyet (a, X) = (a', X).
4, sur: gna no6oii To4ukn X g P BO3b-

MeEM HanpasfeHHbI oTpe3ok AX U1 ero

Knacc 3kBMBaseHTHocTu a. [Mo onpege-
NIEHUI0 MpOoCTpaHCTBa CBOOGOAHbLIX BEKTO-
poB AE eYy. -

B LWKOMbHbLIX Kypcax MaTeMaTUKU BBOAWINCb «CNOXEHWE BEKTO-
POB» N «YMHOXEHWEe 4yucna Ha BEKTOp». ITW MOHATUS Mbl 6ygem 06-
cy)XgaTb ANns CBOOGOAHBLIX BEKTOPOB, 4YTOOblI YBUAETb KOPPEKTHOCTb

3TUX onpegeneHuii M To, Kak Ha MHOXecTBe V OHU onpegenstoT
CTPYKTYPY BEKTOPHOro MpocTpaHCcTBa.

OnpepeneHune 351 lycTb {a, Néea, BC"b.
CymMoOii CBOOOAHbIX BEKTOPOB & U b N0 npaBuny TPeyronbHUKa
HasblBaeTCA CBOGOAHbLIA BeKTOpP C npegcTasuTenem AC Takoi, 4yTo

[AC] — cTopoHa TpeyronbHWKa, NOCTPOEHHOrOo Ha oTpeskax [AB]
u [BC] (puc. 86).

O603HayveHNe TaKoli cymMmbl: (a + 6) .
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(*+b)T,A
att b: - } << »
A a B g C
a
alb: < - X y
A («+*),n C b B

OnpepgeneHne 352. CeobofHble BEKTOpPbl a U b Ha3blBaKT-
CS mapannefbHbIMW, €CAN OHW UMEKT NpeAcTaBuTeneid, npuHagne-
alwmux napaniesbHbiM NPAMbIM.

O603HaveHne napanienbHbiX CBOGOAHLIX BEKTOPOB: al|6.

CnoxeHne napannefbHblX CBOGOAHLIX BEKTOPOB TpebyeT gonon-
HUTENbHbIX Pa3bsICHEHUI, TaK KakK B 3TOM C/y4dae TpPeyrofbHUKU
NnpeacTaBNsAlTCS «CXaTbiMU» A0 OTpe3koB (puc. 87).

370 onpegeneHve cyMmbl CBOOOAHbLIX BEKTOPOB 3aBUCUT He TO/b-
KO OT cnocoba (nocTpoeHne No npasuny TpeyrofbHWKa), HO U OT Bbl-
6opa Haya/nbHOW TOYKW, MO3TOMYy eCTeCTBEH BOMPOC — KakOB pe-
3ynbTaT MOCTPOEHUI NpU ee u3mMeHeHMn? T. e. Npu OTKNaAblBaHUU
CBOGOAHbIX BEKTOPOB OT Pa3/IMYHbIX TOYEK MOAYYUM M 3KBUMOJEHT-
Hble HanpaBfieHHble OTPEe3KU (MpeACcTaBUTENN OAHOTO W TOTO XKE CBO-
60aHOro Bektopa)?— TONMbKO B 3TOM Cjy4yae COMOCTaB/eHUEe [ABYM
CBOGOAHBIM BEKTOpaM WX CyMMbl MO MpaBuy TPeyroibHMKa ecTb

oTO6paXxkeHne -*-pY.

MoctaHoBKa 3apgauun. MNyctb {n, 6}<r«37", JIBeB, CE£>eb
MocTpouM no npaBufy TPeyroibHWKa MNpejcTaBUTENIN CYMM BEKTO-

poB B pasfnMyHbiXx Toukax: J1'0O'e(a + 6) A~ mn /1"D"e(a + 6)

n cpaBHUM ux (puc. 88).
3aMeTum, 4To

A'B' ®A"B" JT-A'A" wB'B" )
Bb' ®B~D"==WB" 0 cyb"]

=>A'A" oD'D" X

=170"coN"0"=4n7" Ha+b)

Mo ytBepxaeHuto 161 u3 3Toro cnegyet, 4YTO CBOGOAHLIE BEKTOPHI
(@a+ b~  n(a-\-b) coBMafjaloT, Kak MMelollne obLmiA Hanpas-

NEHHbIA oTpe3ok A'D". A
TeM caMblM [OKa3aHO YTBEPXAEHMe.
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D'

Puc. 88

YTBepxpgeHune 351 (nepBasa TeopemMa KOPPEKTHO-
cTn). OnpegeneHne cymmbl CBOGOAHbLIX BEKTOPOB MO mpaBuny Tpe-
YrofNbHNKa HE 3aBUCWT OT Bbl6Opa TOYKM.

OHO no3BonsieT B 0603HAaYEHUN CYMMbl CBOGOAHbLIX BEKTOPOB MO

npaBuny TpeyronbHMKa onyckaTb MHAEKC — TOUKy: (a+ 6), 1 yTBep-
X[aTb, 4YTO OTHOLLEHUE

(+ K= {<<«. 6>, (a+ b\)}c<3I*XEr
ecTb otob6paxeHune ( \'">&r , nockonbky (a, 6) conoctaB-

naeTca eAMHCTBEHHbI BekTtop (a-\-b),.

Cnegyrownii cnocob cnoxxeHuss cBoOOAHBLIX BEKTOPOB TakKXe W3-
BECTEH MO LWKO/JbHOMY KypCy, ero O6bl4HO MPUMEHSIT B CAy4vasx
HemapanienbHOCTU CBOGOAHbLIX BEKTOPOB-CAaraemblix.

OnpepeneHne 353. MNycTtb {a, b}czV, Nflea, AD"b.

CymMoOii CBOOOAHbIX BEKTOPOB a M 6
no npasuny napannenorpamma Hasbl-
BaeTCcA CBOGOAHbIA BEKTOpP C npea- B c

ctasuTenem AC Takum, uyto [/1C]—
AvaroHans napannenorpamma, no-
CTpoeHHOro Ha oTpeskax [AB] u [10].

O603HayaeTca cymMma CBOOGOAHBIX

BeKTOpoB a un £ no npasuny na-
pannenorpamma Tak: (a+ 6) . B cnay-
Yae napanfieNlbHOCTU BEKTOPOB-cnara-

€MbIX TMpPn yKa3aHHbIX T€OMETPUYeCKnx
NMOCTPOEHUAX NapansienorpamMmm BbIPOX-

10 B. T. Metposa

Puc. 89
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«fTs )
A

“a B D C
a * b
«tib:
B A(*+b)n,nf: D
Puc. 90

Jaetca W pe3ynbTaT WX CHOXEHWs MOXeT ObiTb n3o6paxeH Ha
puc. 90.

352 (BTOpas TeopemMa KOPPEKTHO-
cTun). Cno>keHus ABYX CBOOOAHbLIX BEKTOPOB N0 mpasuay napanne-
norpamma u no npasuiy TPeEYrofibHUKa JalwT O4WH U TOT >Ke CBO-
604HbIVi BEKTOP.

TouHee: V {a, b}cz«9r=>(a-\-b)t=(a + b)* p= (a-|-6)n 4

Loka3aTenbcTBO. B cnyyae HenapannenbHbiXx CcBO6GOA-
HbIX BEKTOPOB OYEBUAHO: OT/IOXMM OT OHON TOYKM WX NpeacTaBu-
Tenn (pwnc. 91)

{a, 6}c=«i"\(AB*af\AD"b)\(AB)KAD).

Mo onpepenennio 353 /1Ce(a+ Mn g a Tak

kak BCmAD, 1o no onpegeneHnto 351
NCe(a + 6),, CnepgoBaTenbHOo, (a+ 6™ g u

(a+ 6)T coBnagalT, Kak [ABa Knacca 3KBMBa-
NEeHTHOCTM (cBOGOAHbLIX BeKTopa) C 06Wum
npeacraBuUTENEM. O
Tak Kak cymMma cBOGOAHbIX BEKTOPOB MO
npaBuy TPeyrolbHMKa He 3aBUCUT OT Ha-
YafbHOM TOYKMW, TO U CyMMa CBOOOAHbLIX BEK-
TOpPOB MO MpaBwuay napannenorpamMma He 3a- Puc. 91
BUCUT OT BblbOpa HauvanbHOM TOYKM MNOCTpoe-
HUSs. A paBEHCTBO OTHOLUEHWU

(+),={<<«. b), G5+ H)} m(+ ),={<<b), (6+60)

no3BofseT B JajbHelilleM nMoab30Batbcsd Haubonee ynobHoON AnAa
KaXK4OW 3agaun (POPMOI WX CNOXKEHUS U FOBOPUTb MPOCTO O CYyM-
Me CBOGOAHbLIX BEKTOPOB, KOTOpyl Oygem o603Hayatb: a-\-b, wu
ecnn noTtpebyetcs, 06 oTobpaxeHun (+ )>&Y & -+ <3
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CBolicTBa CyMMbl CBOGOJHbIX BEKTOPOB

Mo cyuiecTBy, 3TU CBOWCTBa COCTaBAAKT AOKa3aTe/bCTBa Bbl-
MOMHUMOCT MepBbIX YeTblpeX aKCMOM BEKTOPHOrO MPOCTpaHCTBa
AN MHOXecTBa *Y u oto6paxeHus (+ ).

CeoiictBo 351 a-\-b=6-\-a V {a, 6}c«Er.

Joka3zaTenbCcTBO O0OYEBUAHO ANA CAydas HenapanienbHbIX
CcBOOOAHbLIX BEKTOPOB, €CAM 3amMeTUTb, 4To (puc. 92):

NCe(a-|-6) n N1Ce(6 + a)

CsoiictBo 352. (a+ 6)+ c=a-|-(6-]-c) V{a, 6, claoy.
B QfokasaTenbcTBe YyAoOGHee MCMNOMb30BaTb C/IOXEHUE
cBO6GOAHbIX BEKTOPOB MO MpaBuiy TpeyronbHuka (puc. 93),

TaK KakK OfVMH M TOT >Xe HanpaBfeHHbIA oTpe3ok AD *(a + b)-\-c

m B 10 e Bpema ADe(a + b)-\-c = a-\-(b-\-c). A
CnoxkeHnem cBOGOAHbIX BEKTOPOB MO NpaBuy TpeyroabHUKa fo-
KasblBalTCA W CneayloliMe aBa CBOWCTBa.

CeoiictBo 353. a+ 6=a ®

CesoiictBo 354. V ae(3™=*-a-|-(—a)= 6. (1)

CeoiictBa 35.1—35.4 03HayaloT, YTO CNOXEHMEM CBOOOAHbIX BEK-
TOPOB MO nNpaBuay NapannenorpamMma Ha MHOXecTBe «Y 3agaHa
CTPYKTypa KOMMYTATMBHOW rpynnbl.

O6CyXAeHNO NpPOU3BEAEHNST CKansipa Ha CBOOOAHbLIA BEKTOP
npeanoLwneM HECKONbKO onpeaeneHunii:

OnpepeneHne 354. CBo6ofAHblE BEKTOPbl a U b Ha3sblBa-
I0TCA COHanpaBfieHHbIMW, eciu coHanpasieHbl nydu [AB) mn [CD)

ux npegcrtasuTenei AB&a u CDeb, u npoTuBONOno>KHO Ha-
MpaBNeHHbIMW, eCiW Takue Ny4yn HanpasNeHbl NPOTUBOMONOXKHO.

Puc. 92 Puc. 93
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A B B' Al

PHC. 94

Mx o6osHaueHne: a\\b 1, cooTBeTcTBEHHO, a|f6 (puc. 94).

Hynesoil CBOGOAHbLIA BEKTOP CUATAETCA COHAMpPaBlEHHbIM WU
II'IpOTVIBOI'IOI'IO)KHO HanpaBNeHHbIM NO6OMY CBOGOAHOMY BEKTOPY.
OTMETUM, UTO OTHOLUEHME COHAmNpaBfeHHOCTU Ha MHOXecTBe
BCEX flydyeli, a 3HAYUT, U HA MHOXECTBE BCeX CBOGOAHbLIX BEKTOPOB
0Y TpaH3MTUBHbLI, a NPOTUBOMOMOXHOW HamnpaB/ieHHOCTU He o6rajaet
CBOWCTBOM TPaH3UTUBHOCTM.
OnpepgeneHune 355 Mogynem wim LAMHOW CBOGOAHOrO
BEKTOpa HasblBaeTCs ANMHA ero N 60ro npeacTasuTeNs.

O603Ha4vaeTcs moAaynb CBOOOAHOro BekTopa a: |al.
3T0 onpefeneHne KOPPEKTHO, Tak KakK Bce MpefcTaBUTENN OfHO-
ro cBO60AHOrO0 BEKTOpa WMEKT MO OMNpefeeHU0 paBHble ANUHBI, U
no3BofseT chopMyInpoBaTb AOBOMLHO OYEBUAHbLIA MPU3HAK:
NNemma 35.4. [1Ba cBO60OAHbIX BEKTOpa paBHbl TOrga M TO/bKO
TOorAa, Korfa OHW coHanpasfeHbl W UX [AAWHbI PaBHbI.
OnpepeneHne 356. NpounssegeHnem ckanapa (4uucna) a

Ha CBOGOAHbIA BEKTOpP a HasblBaeTCS CBOGOAHbLIA BeKTOp b Ta-
KOi, 4TO

|6] = |alla|N(a=>0=*-6L,a)/1(a<0=>6#a)/1(a = 0=>6= 6)
O603HauaeTcss MpPOU3BEAEHME CKansipa a Ha CBOOOAHLIA BeK-

Top a. aa.

MpunaratenbHOe CKanspHbI NPOMCXOANT OT NAaTMHCKOro cnosa
scalaris — cTyneH4aTblii, OHO OObIYHO MNPUMEHSIETCA K BENNYMHE,
Ka)koe 3HayeHWe KOTOPOl/ MOXXeT ObiTb BbIPaXX€HO TONbKO OLHWM
yncnom (B OTAMYME OT BeKTOpa, mMaTpuubl 1 T. 4.).

Mo camomy onpefeneHU0 MNpoulBedeHne ckansipa Ha cBOGOA-
Hbl/i BEKTOP He 3aBUCUT OT TOUKM (CPaBHUTE C YTBEPXAEHUSMU

351 wn 352) n um BBOAUTCA OTHOWeHMe (-)= {<<a, a), aa)}c:
(RX<&r )X<3/‘ koTopoe aBnsieTcs OTOOGpPadKeHUEeM (e ):RX*N*-*-
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CBoiicTBa Npou3BeAeHUs CKanspa Ha CBOOGOAHbLIA BeEKTOp

OHU NoaTBepPXAatT BbIMOAHUMOCTb akcMoM V.5— V.8 BeKTOpHO-
ro MpocTpaHcTBa.

CeBoinnctBo 355 la=a V ae o3

CeotiictBo 356. a(Pa)= (ap)a V (a, p, e)eR 2X<".
LokazaTenbcTBO. NOCKONbLKY M3 OoNpefeneHns cnegyet, yto

O0a= 0 u B ciyyae XOTS Obl OfHOTO HYNEBOTO MHOXWTENS CBOWCTBO
BbIMOMHAETCA TPUBMANbHO, TO PAccMOTPUM ciydain ap#0.

UTo6bl 6bII0 MOXHO BOCMO/MbL30BaThCS MPU3HAKOM paBeHCTBA
CBOGOAHBIX BEKTOPOB (/. 35.4), HAAO YCTAaHOBWUTL PABEHCTBO Mofy/ei

n COHanpaBneHHOCTb (ap)a n a(pa).

1 |a(Pa)| =L 1a] ID«I = lal Ipl lal = |(@P)] lal = [(aP)al.
2. CpaBHuBasg ¢ 0 KO3((MUMEHTbI, BblAeNMM 4YeTbipe cay4vas:

1. a>04 P>0, 2. aCoO4PCO.
3). a<04p=>0, 4). a> 04 p< O
MU NpoBeAeM A0Ka3aTeNbCTBO AN MNOCNEAHEro K3 HUX:
Ecnrm a>04P<0, 10 ap<0 wu (apa)lla. -
a>0=>-a(pa)lpa]

=>(ap)alta(Pa).
P<0=>(P a)lfe J

T. e. cBO6OAHbIE BeKTOpbl a(pa) n(ap)a paBHbl NO MOAYIO U CO-
Hanpas/ieHbl, YTO NO MNpuU3HaKky — nemMe 354 o03HayaeT UX coBna-

feHue,
B KaX[OM 13 OCTaBLUMXCA cnyyaeB 1).—3). paccyXieHus aHano-
TUYUHBI. |

Cnegytolwue cBoiicTBa NpuBOAUM 6e3 [0Ka3aTeNbCTB, KOTopble
OCHOBaHbl Ha TOM e Mpu3Hake paBeHcTBa (nemme 35.4) CBOGOAHbIX
BEKTOPOB.

CsoictBo 35.7. (a+ P)a= aa-}-pa V<a, p, a)eR 2X<™,
CeoiictBo 358 a(a+ 6)=ap+ ab V<a, a, 6)e RX*"N2
Takum o06pa3oM, MHOXECTBO «3" C onepauusiMmum ClNOXeHUs CBO-
604HbIX BekTopoB (onp. 35.1, man 35.2) n yMHOXEHUs1 cKanspa Ha

CcBO6OAHLIA BekTOop (onp. 35.4) uMeeT CTPYKTYpPYy BEKTOPHOro npo-
CTPaHCTBa, WU ABNAETCA MOfeNbld BEKTOPHOro NPOCTPaHCTBA.
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b—a=A& —A& = b—a= A'B'"—b'B'=:
=Cl1+A$%$=Chb =AM +FWI)' = AN
Puc. 95
Puc. 97

3ameyaHune 351. Ansa nobbix BEeKTOpPoOB a U 6 onpegensercs
e .
pa3HOCTb BeKTOpoB (cM. § 33): b—a =" 6+ (—a). NMocTpouTb npea-
CTaBUTE/Nb TakKOW pasHOCTM CBOGOAHbLIX BEKTOPOB He cOCTaBAsieT Tpy-
fa, ecnm 1cnonb3oBaTb «MNPaBWUIO TPeyrojsbHuUKa» (puc. 95).
Mpumep 35.1. Jlerko BUAEeTb, YTO B MPOU3BONILHOM TPEYrosib-

Huke ABC cymma BektopoB: AB-\-BC + CA*=Q. Ecnn BBectn 060-

3HayeHua: asaf/iB, 63aBC, ¢c3CA, TO nocnegHee MOXHO 3anu-
catb B (hopwme;

5 +5+?7=6. (35.abc)

Tak)Xe paBHa HYNeBOMY BEKTOPY M CyMMa BEKTOPOB — <

awnaH»: /T + BB'+ CC'= 0, rge A' — cepeguHa otpeska BC, B r"
cepeauHa oTtpe3ka AC wn C'— cepeanHa otpeska AB (puc. 9®-
UTto6bl yb6eauTbcA B MNOCAeAHEM, 3aMeTUM, 4TO
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Puc. 98

oTKyaa

AA'+ "+ 0Y =(i+xb)+(b+=xc)+ (c+\i)x(i+b+c)+

+4*H* HA4H)AN=78§(5+3+7)=6.

3apauva 35.1.1. JokaxuUTe, YTO NpU MNPOU3BOJILHOM MOJIOXEHUU
Toukn O oTHOcuTeNbHO TpeyronbHMka ABC nmeeTr mMecTo paBeHCTBO:

OM=|(CM + 04+ OC)
(puc. 97).

YkazaHne. OM = OA -AM, OM = ob -(-BC, OM =0C-\-CM. Cm. Takxe
npuvep 351 u 3agauvy 35.1.1.

3agava 35.1.2. JoKaxute, 4TO Npy MPOU3BOILHOM MOIOXKEHUN
TpeyronsHukos ABC un A'B'C' nMmeeT MecTo paBeHCTBO:

nTnr= %J aT'+ ~BB'+ CC),

roe M — Touka nepeceyeHnsa megnaH A ABC, a M' — Touka nepece-
yeHuss megnaH a A'B'C' (puc. 98).
Yka3zaHue. Cm. npumep 351 u 3agady 35.1.2.
3apgauva 35.1.3. ABCD — napanne-
niorpamMmm, BblpasuTe BEKTOpP, KONAMHeap-
Hbii 6uccekTpuce A BAD, uyepe3 BeKTOpbl

n s, roe asAB, (puc. 99).

YKasaHve. BCMOMHUTE, B KAKOM YEeTbIPeXyrosb-
HUKe AnaroHanb SIBNSETCS B TO XE BpeMs 6MCCEeKT-
pucoii OAHOrO M3 €ro BHYTPEHHWX YI/0B.
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§ 36. MOAMPOCTPAHCTBA BEKTOPHBbIX
MPOCTPAHCTB

OnpepeneHune 36.1. MNognpoCTpPaHCTBOM BEKTOPHOrO Mpo-
CTpaHcTBa +, *) Has3blBaeTCA ero HemycToe MOAMHOXECTBO

V, ecnn V<a, a, 6)e R X V'2 BbINONHATCA YCNOBUA:
SS.I: H+k T

SS.2: a.aef'l.

MognpocTpaHCcTBO V TakXKe HasblBaldT BEKTOPHbIM MOAMNPO-
CTPaHCTBOM MAWN ANHERHBbIM NOANPOCTPAHCTBOM BEKTOPHOro npo-
CTpaHcTBa. Ycnosua SS.1 M SS.2 03HayalwT 3amMKHyTOCTbL V OT-
HOCWTENbHO Onepauunii BeKTOPHOro MpocTpaHCcTBa + U

Teopema 36.1. BcAkoe nognpocTPaHCTBO BEKTOPHOro Mnpo-
CTpaHCTBa €CTb BEKTOPHOE MNPOCTPaHCTBO.

JokasaTenbcTBO. B BekTopHoM npoctpaHcTBe V onpege-
NeHbl OTO6paXkeHUs — onepawlun:

[+Y.VXV-+V u [*]:RX
Torga cy)>XeHusl 3TUX OTOBPaKeHWUN:
[+ TIVXK:V'X V-*V u [-]\nxv.:RXV'+V
COrnacHo yTBepXAeHuto 7.2 ecTb 0TO6paxeHus. OnpeaeneHne nog-
NpocCTpaHCTBa, MO CYyLleCcTBY, O3HA4yaeT, uTo

Im+ \v.xr czV un Im[-)|Rxr <V,

oTKyfa crnepyet, 4To
[+ I\rxr-V'XV'-+V'
m-Yw-.RXV'+V",

Bce akcMOMbl BEKTOPHOrO MPOCTPaHCT-
Ba V.1— V.8 BbINOMHAKTCA C 04YeBUA-
HOCTbIO AN

V<a p a 6 ?>e
g RX(V")3c R2X ™

Korfa roBopsT 0 NoAnNpoOCTpaHCcTBe BeK
TOPHOrO MNpPOCTPaHCTBa, TO W3 KOHTEKCTa
06bIYHO ACHO, O CYXXEHUU KaKux ornepaun
naetT peyb W, Kak NpaBuio, HeT Heobxoau
MOCTM B AOMNOSHUTENIbHOM YKa3aHuum onep
umin Ha V a V. 2

HarnagHo cyTb ycnoBumii SS.1 B b-
MOXXHO Bblpa3nTb cxemoli (puc. 100).
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3ameyvyaHune 36.1. HecnoXHO nokasaTb, 4YTO fABa YC/IOBUA,
Xapaktepusyrouwmx nognpoctpaHctBo: SS.1 m SS.2, MOXHO 3ame-

HUTb OHUM, NOTpeboBaB A5 MO60ro KopTexa <a, p, a, 6) e R*X Y'2
BbINMOMIHUMOCTU YC/IOBUSI:

ss: aa+ pbe V. .

MpuMepbl NOANPOCTPAHCTB BEKTOPHbIX
NpPOCTPaHCTB

Mpumep 36.1. VKa0=>-{0} — nognpoctpaHcTBo V (cM. npu-
mMep 34.2) B 3TOM c/lyyae roBOPSAT O HYNbMEPHOM BEKTOPHOM MOA-
npocTpaHcTBe V uaM ero TpPUBMANBLHOM NOANPOCTPaHCTBeE.

TpuBManbHbI — OT naTMHCKOro cnosa trivialis, 4To O3Hauva-
€ T— /INWEHHbI OPUTNMHANBbHOCTU, M36UTbLIN, 3aypsAAHbINA.

Tak >Xe 04YeBUAHO, YTO BEKTOPHOE MPOCTPAHCTBO SB/SiETCA CBO-
UM NOAMPOCTPAHCTBOM, €ro U Hy/AbMEpHOe BEKTOPHOe MoAMpo-
CTPAHCTBO WHOr4a Ha3blBatOT HECOOGCTBEHHbIMW MOANPOCTPAHCT-
BaMMU.

Mpumep 36.2. {Xe|A,eR} agns nwb6oro HeHynesoro ae K
ecTb nognpocTpaHcTBo V. MoanpocTpaHcTBa Takoro Buga (mpwu

pa3inyHbiXx aeV) HasbiBalOT O4HOMEPHbLIMU BEKTOPHLIMU NOA-
npocTpaHcTBamun V.

M3 npegbligywero cnefyeT, 4To nt060e BEKTOPHOE MNPOCTPaH-
CTBO, cojepykaliee 6onee OfHOrO 3fieMeHTa, 0653aTelbHO UMeeT "
OfHOMEpHOe MoANPOCTPaHCTBO. ®

3apgaHune 36.1. MNpueeante npumMepbl NOLMNPOCTPAHCTB BEKTOP-
Horo nmpocTtpaHcTtBa M(TXxn).

3apauda 36.1.1. Onpegenute, ABNAKOTCA N MOANPOCTPAHCTBOM
B <#/(n), + , *) MHOXecTBa

1 ckansipHbix Martpuy?
2. CUMMETPUYECKNX martpuu?
3. KOCOCMMMETPUYECKUX MaTpuL?
4. HeBbIPOXAEHHbIX MaTpuL?
Mpumep 36.3. B BEKTOPHOM MPOCTPAHCTBE YUCMOBbLIX PYHKLUIA

O[HOI nepemMeHHoON <R[R] moAnpoOCTPaHCTBO — MHOXXECTBO BCEX MHO-
rouneHoB: &[x].

Mpumep 36.4. B BEKTOPHOM MPOCTPAHCTBE YUCMOBBLIX (PYHKLMWIA
(byHkumoHanoB) &[D] (Ha HekoTopoM MHOXecTBe D) o6pa3sytoT noa-
NPOCTPAHCTBO MHOXECTBO BCEX (YHKLUWI, paBHbIXx 0 B OAHUX U Tex
Xe Toukax (ANS MPOCTOTbl MOXEM paccmaTpuBatb (PYHKLUU OLHOWN
NMepemMeHHOM Ha OTpe3Ke WM YMCNOBOW MPSAMOW), TaK KakK 3TO MHO-
)KeCTBO 3aMKHYTO OTHOCWUTENbHO onepauuii Ha &[D] (cymma aByx
unmcnoBbIX GyHKUMA /[ + ]g ¥ npousBefeHMe uucna Ha (YHKLUIO
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a[-]/ ob6pawatotca B 0 MO KpaliHeli Mepe B Tex XXe TO4YKax, B KOTO-
pbix paBHbl 0 n f n g oAHOBpPEMEHHO).

Mpumep 36.5. B BeKTOpHOM npocTpaHcTBe yHKUuiA &[D\ (Mo-
xem cumutate D = [a, ft]eR) MHOXecTBO Bcex PYHKLLMIA, OrpaHUYeH-
HbIX HEKOTOPOW KOHCTaHTOW, T. €.

[fe=3r[D}I\[(x)"cO0 VxeD),

NnoAnpoCTpaHCTBO He 06pasytoT, Tak Kak, Hanpumep, ecamn fO(x) = c0,
N 3Ha4YuUT, /0 orpaHMyeHo KoHcTaHTon cQ 1O 2/0 y>xxe He byaeT yaoB-
NeTBOPATbL 3TOMY YC/IOBUIO.

CNnoBO KOHCTaHTa MPOUCXOAUT OT NATUHCKOro «constans», 4yTo
O3HayaeT MNOCTOSHHbIN, HEW3MEHHbIN.

Mprumep 36.6. B BEKTOPHOM MpPOCTPaAHCTBE MHOro4vneHoB &[x]
nognpocTtpaHcTBOM sBAsieTcs <3K [X\— MpocCTpaHCTBO BCEX MHOrMo-
UNEHOB CTeMeHU, He npesbiwaroweli Kk, a MHOXECTBO TeX W3 HUX, KO-
APhULNEHTBI KOTOPbIX MONOXUTENbHbI (MAM HeoTpuuaTtesbHbl), NOA-
NPOCTPaHCTBO He 06pasyioT. h

3apgpaHune 36.2. Mpuegnte cBOWM NpuMep MNOANPOCTPaHCTBA
BEKTOPHOrO MpocCTpaHcTBa

Mpumep 36.7. B BEKTOpHOM npocTpaHcTBe (yHKkunii &[a, fi,
onpefeneHHbIX Ha OTpe3ke, 06pa3ytoT NOANPOCTPaHCTBA MHOXECTBO
BceX PYHKUWIA, HenpepbiBHbIX Ha [a, ff]: &°[a, ff], MHOXecTBO Henpe-
pbiBHO gunddepeHyunpyembix Ha [a, 6] pyHkumin: W [a, ft], n. Boobug,
Bce (yHKUMM aunddepeHumpyemble Ha [a, ft]: & [a, ft]. Mpuuem,

&\a, b]zD&\a, ft]3?°[a, b\zD"\a, fi]

KaK BEKTOPHble MOAMPOCTPAaHCTBA.

Mpumep 36.8. B BEKTOPHOM NpPOCTpPaHCTBE (YHKLUWIA, onpeae-
NEHHbIX Ha BCel BeLLeCcTBEHHOW npsmoin — «[R] obpasytoT noanpo-
CTPAQHCTBO MHOXECTBO TPUTOHOMETPUYECKUX MNONUHOMOB — (PYHK-
uuiA, NpeacTtaBUMbIX B BUfE:

a0-|-a, sin x -(-ft, cos ocf-
-ba2sin 2x-f ft2cos 2x-f... -faksin kx + ft* cos kx
(36.1)
npu Bcex BO3MOXHbIX te N. Takoe MoanpocTpaHCTBO 06GO3HavaeT-
ca i~fR] wm 2.
B 3 B cBOIO ouepedb BEKTOpHOE MOAMPOCTPAHCTBO 06pasytoT Tpu-
roOHOMeTpuYecKre NONMHOMbI NOpsAAKa N — BCe Takme PYHKUMN, Ans

KOTOPbIX B NpefcTaBneHnmn (36.t) uncno £< s, npuidem ne N. pUKCU-
poBaHo. 3TO MognpocTpaHcTBo o6o3Havyaetcs 2 M OueBUAHO, u4TO

N"c=«rc:C|R|c:CO(R|ci3?> |R|c=«r|R].
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HecnoXHo nokasaTb, UYTO GUHAPHOE OTHOLUEHMUE:
SS={<X, K)lW, Her YA A — nognpoctpaHctBo Y}czVxV —
aHTUCUMMETPUYHO W TPAH3UTUBHO, T. €. UMEEeT MEeCTO YTBEpPXAEeHUue

YTBepxaeHune 36.1. BuHapHoe OTHOLIEHUe «ObITb NOANPO-
CTPAHCTBOM» Ha MHOXXECTBE BCeX MOANPOCTPAHCTB BEKTOPHOro
MPOCTpPAaHCTBA eCTb OTHOLIEHWE MOPALKA.

3apgaHue 36.3. OnpegennTte, KakKMm nopsgkoMm Ha V: ctporum
WM HecTporum fBAseTcs OTHoweHue SS? (CMm. nekuusa 4, § 14).

MmeeT nn nopsgok <Y, SS) HambonbwuiAi Man HauMeHbLUWNi
3NeMEeHTbI? 09

Mpumep 369. —YTBepxageHue 36.2* MHOXKeCcTBO BCexX
pelleHnii TMHEeNHoW OQHOPOAHONM, CUCTEMbl YPABHEHUA C M NMEPEMEH-
HbIMU €CTb NOAMPOCTPAHCTBO KOOPAMHATHONO npocTpaHcTea R"

HanomuHaHue. CornacHo § 22 (cm. Takxe npumep 34.5), cuctemy m IMHERHbIX
OIHOPOAHBIX YPaBHEHWU/ C M NEepPeMEeHHbIMU:

alitl+ aJj(2+ ajJj[3+ .. +al*=0,
B?*'+((***+<****+ T ay — 0’ (34a)
a"x'+a%xr+ aExl+ .. +a"yY =Q
MOXHO 3anucaTb B MaTtpuyHom Buge: A-X =0, (34.a"
rae A= lla)leM(m xn), X= M(nx1), OeM(T x 1)

Joka3zaTenbCcTBO 3ak/ll4aeTcs B MPOBEPKE BbIMOMHUMO-
ctn ycnoBuii SS.1 um SS.2.

1) SS.I. V {X, YASA r. e aBasgerca nm cymma
[ABYX PELUEHWI NNHEeHOW OAHOPOAHOW CUCTEMbI ypaBHEHWUIA ee pe-
weHnem? Nam A- (X Y)=0, ecimt A-X=0 n A-Y=0.

OueBungHo, A-(X-\-Y)=A - X A-Y=0+0=0.

2) SS2. V<a X>eRXS™a-XeS~™,

T. e. BNAeTCS M NPOM3BEAEHWE cKansapa Ha pelweHne (34.a") ee
peweHnem? Wnn

A-(aX)=0, ecrn A-X= 0.
A-{aX)"=a{A-X)= a0= 0.

CnepoBatefnibHO, CyMMa [ABYX NIOObIX pelleHuii NHelHbIX Of4HO-
POAHbIX ypaBHEHU 1 Npou3BefeHne N6Oro vnMcna Ha Takoe ee pe-
LWEHME SIBAAKOTCSA pELEeHNAMM 3TO CUCTEMbl YpaBHEHUIA. -

VHaye roBopsl, MHOXeCTBO SA 3aMKHYTO OTHOCUTE/IbHO ClOXe-
HUA KOPTEXel M YMHOXEHUs ckanspa Ha KOPTeX W, 3HAUMUT, ABNS-
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eTcs NoAnpOCTPAaHCTBOM KOOpAMHATHOro npoctpaHctBa R". (CpaH
HUTEe ¢ npumepom 34.5).

Oka3blBaeTcs, MMeeT MecTo M obpartHoe:

YtBepxaeHune 36.3. Jllo6boe noAnpoCTPaHCTBO KOOPAMHAT-
HOFO NPOCTPaHCTBa MOXKET ObITb 3a4aHO HEKOTOPOA CUCTEMON K-
HeWHbIX OAHOPOAHbLIX YpPaBHEHWIA.

3apauva 36.1.2. YcTaHOBUTE, ABNAETCA N MOANPOCTPAHCTBOM
B R" MHOXeCTBO pelleHuii CMCTEMbI M JINHEHbIX HEOAHOPOAHbIX

ypaBHeHUI € N nepemMeHHbIMU:

ajx'-faxl+ ak?+ « + alx=b\
oW + alx2+ a™3-(- ... +ayY =b\

ifx1+ a™x2+ a™x3+ .m+a”’x”’= bm

roe <b\ bl, ... bT) ® (0, 0, ... 0).
YkasaHue. CornacHo § 22, 3Ty CMCTEMY MOXHO 3anucaTb B MaTpU4YHOM BWfE:
A-X =B, rge

A= lla'leM (T xn), X= iM(n x 1), B- iM(m x I).

Jokas3aTenbCcTBO 3aKll4yaeTca B MPOBEPKe BbIMOIHMMOCTU
ycnosuin SS.1 n SS.2:

1) SS.I: V{X,Y)czSAB=*X+YeSAB 1. e. A-(X+Y)®B,

ectm A*X=B n A'Y = B?
A-(X+Y)=A-X+ A-Y =72

2) SS.2: V<a, X)e RXS/|By*>-a-XeS/B 1. e. A-(aX)®d B,

ecnm A-X= B?
A-(aX)"a(A-X)="?.

CnepoBaTtenibHO, MHOXXECTBO He sIBNSieTCA BEKTOPHbIM MNoj-
npocTpaHcTtBomM R\

Mpumep 36.10. B KoopAMHAaTHOM BEKTOPHOM MPOCTPaAHCTBE
NoANPOCTPAHCTBOM SBASIeTCS MHOXECTBO BCeX KopTexel ¢ huKcupo-

BaHHbIMW MeCcTaMW 3/IeMeHTOB, paBHbIx 0.
Hanpumep, nognpoctpaHcTBO B M (5x 1) MHOXeCTBO

V'= (36.v")
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3apauva 36.21. 1 [lokaxwute, 4TO MNOAMHOXECTBO

X
X2
A x3 <X\ x2 X3 x4 x5) e RBA x'-|[-x2-|-x3= O (36.v")
X4
Xs

KOOpAMHATHOro BeKTOpHOro npocTtpaHctBa A1l(5x 1) ecTb ero noa-
NPOCTPAaHCTBO.

Joka3aTenbCcTBO 3aKnwyaeTcd B NPOBepKe BbIMOJTHUMOCTU
ycnoBuii SS.1 un SS.2.

(npoBepseTca ycnosue (36.v"), HO yxe Ans BekTopa a+ 6).
(@a'+n'>Xa'+ ™~ X ay ™0 .

(npoBepseTca ycnosue (36.v"), gnsa BekTopa a-a).
(aa)-|-(aa2)+ (aal) O.

CnepgoBartenbHo, V" — MoANpPOCTPAaHCTBO BEKTOPHOrO MPOCTPaH-
ctea J11(5 x 1).

2. Onpegenute, aBnsetca nu MHoxectBo V'T V™cr Af (5 x 1), rae
V'"czAf(5xl) (cm. npumep. 36.9), ero BEKTOpPHbIM MNOANPOCTPaH-
CTBOM?

YkasaHwue. lNpexie Bcero Bblgenute BCe YCNOBWUS, KOTOPbIM AOMXKEH y[OBNeTBO-
psATb BekTOp, nNpuHagnexawwmn V'(] V'czM (5x 1), (cm. npumep 36.9, 3agava 36.2.1).
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B obwem cnyvyae uMeeT MeCTO:

YTBepxpaeHune 36.4. lNepeceyeHne nob60ro MHOXKeCTBa MOA-
MPOCTPAHCTB BEKTOPHOr0 NPOCTPAHCTBA €CTb €ro NoAnpocTPaHCTBO.

3apgava 36.1.3. dBnaetca nn obbeanHeHMe nognpoctpaHcTe V
(npumepa 36.9) n V" (3agaum 36.2.1) BEKTOPHOro MpOCTpaHCcTBa
N1(5x 1) ero nognpocTpaHCTBOM?

Boobuie roBopsi, HECNOXHO MOKa3aTb, 4YTO 0ObLEAMHEHUE [ABYX
NPOV3BOJ/IbHBLIX MNOAMNPOCTPAHCTB BEKTOPHOrO MPOCTPaHCTBa He SIBNS-
eTca ero NoANpPOCTPaHCTBOM 3a MCKIKOYEHUEM C/ly4YaeB WX BOXEHWUS
(V'czvV" =V'IJV"— V"), ofHako, No O6GbLEAMHEHMIO JaXKe MNpous-
BOJIbHbIX MOAMPOCTPAHCTB BEKTOPHOrO MPOCTPAHCTBA MOXHO MO-
CTPOUTb MWHUMa/IbHOE MOAMNPOCTPAHCTBO 3TOr0 BEKTOPHOrO Mpo-
CTpaHcTBa, cojepXkawee ux obbeauMHeHue. [na 3Toro notpebyetcs
BBECTU [OMOMHUTENIbHO HEKOTOPbIE HOBbIE MOHATUS.

OnpepeneHune 36.2. JInHelHOW KOMOGMHaLuMeil BeKTOPOB

<a, a2 .. a4 c:V c koappuymeHTamu <a\ a2 .. a‘)e R | Ha-
3blBAETCA BEKTOpP W= a'a, .. +ta*a*ey.
B TakoM cny4yae roBOPSAT, YTO BEKTOP V JIMHENHO Bblpa>keH

yepe3s (a,, a2 .. ak) czV c kosdduuueHTammn <a\ a2 .. a*).

B yacTHOCTW, AUHeiHas KOMOMHaLWS BEKTOPOB Ha3biBaeTCH
TPUBMANLHONA, ecnu BCe ee KOIPULUMEH Tl HyNeBble, B NPOTUBHOM
Cnyyae OHa HasblBaeTCHA HeTpPUBMANbHOW NUHERHOI KOMOMHayWei.

OnpepgeneHune 36.3. JIMHeAHON 060M104YKOK HemycTOro
MoAMHO>KecTBa V BEKTOPHOro mMpocTpaHcTBa V Ha3blBaeTCSH MHO-
>KECTBO BCEX BO3MOXKHbIX TMHEAHbIX KOMOUHALMA BEKTOPOB M3 V.

O603HauaeTcss NuHeliHaa o6onoyka MHoxectBa V' L(V').

MpumMepsbl 36.11. NUHeliHbIX 060/104EK B BEKTOPHOM MPOCTPaH-

ctee M (3x 1)
1) B={et, €2 Bc:Af(3x1), rge

- (>UN)-Y?>
L(B) = {x'e|+ a2+ a23y= (k1 I)l_l IM I)
=Ujh 3

B aTom cnyuae okasanochk, YTO nMHeliHasa ob6onouka L(B) cosna-
paet ¢ M (3 x 1).
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2) A= {ab ab a3lc:A1(3x 1), roe

L(A) = (x'al+ x2a2+ xag= "( I/I |)_|.(|)|

C ooy
N11(3x 1).
x4y *3

CoBnagatT nn B atom cnydae L(A) n M(3x 1)?

3) C={c, cZcrNl1(3x 1), rge ¢
-© m 4D -

L(C) = {x'cl+ x2c3 _ K I M | e)h ey 1),

3ameTum, 4TO BO BCex npegbigywux ipumepax hnHeliHaa o6onou-
Ka MOAMHOXEeCTBa BEKTOPHOrO0 MPOCTPAHCTBA €CTb /IMHEWHOe nofa-
npocTtpaHcTtBo M (3 x 1). 310 0606WaeTCd B TeOpeMy.

Teopema 36.2. JluHeitHad 060n04YKa BCSAKOrO HeNycTOro MHO-
>ecTBa— L(V') ecTb NoANpPOCTPAHCTBO BEKTOPHOro NpocTpaHcTBa
VAV ® 0, 601ee TOr0 — 3TO HaMMeHbLUEee MOANPOCTPAHCTBO BEK-
TOPHOro npocTpaHcTBa V, cofep>Kallee 3TO MHOXecTBO V

3apaua 36.1.3. Jokaxute Teopemy 36.2.

JokasaTenbcTtBOo. 1 T[lpoBepuM BbINOAHUMOCTb YCOBWIA

SS.1 wn SS.2 gna npousBonbHbiXx BekTtopoB {a, 6}c=V wu nwboro
R.
SS.I: V{H, b}dL(V')=>a-\-b L(V").

§S.2: V <* 5><=RXMV")=>>ielL(V").
2. L(V')— HamMeHbllee NOANPOCTPAHCTBO BEKTOPHOrO NPOCTPaH-

cTBa Y, cogepykallee nogMHoXecTBo V .
YkasaHue. lNpegnonoxum, yto Haligetca noanpoctpaHcteo V'C.V Takoe, uro

V'eV"cL(V’), o Y"®LY), uto osHauaer Hamune Bektopa ceL(V'),
T.e. C=aa+ p6 AN HekoTopbIx BekTopoB {a, 6}c V', npuuem c \?"
OnpepgeneHune 36.4. Cymmoi nmognpocTpaHcTs V u V"
BEKTOPHOro npocTpaHcTBa V Ha3blBaeTCA AMHeliHas o060n04ka
MHO>KecTBa V'[)V".

Oef
O603HavaeTcs cymma nognpoctpaHcte: V + V' — L (V'UV").

Ecan ¥Y'M V" = {6}. ToO cymmy nognpocTpaHcTB V + V" Hasbl-
1 BalOT NPAMOIA.
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Ee o0603HaueHve V'(&V".

CnepctBue 36.1. CornacHo Teopeme 36.2 cymma noAanpocT-
pPaHCTB BEKTOPHOrO0 MPOCTPAHCTBA eCTb MNOANPOCTPAHCTBO 3TOro
BEKTOPHOrO MPOCTPAaHCTBA.

OnpepeneHune 36.5. Eciv BeKTOPHOE NMPOCTPAHCTBO pas3fo-
>KEHO B MPAMYI0 CyMMYy nognpocTpaHcTs: V= V'® V", 10 V" Ha3bl-
BalOT AOMONHUTENbHLIM MNOAMNPOCTPAHCTBOM WNN AOMNOAHEeHWEeM V.
970 noHATWe, OYeBMAHO, CUMMeETpuYHO: ecnnm V" — nognpocT-

paHCTBO, AONOMHUTENbLHOE K [ B BEKTOPHOM MpocTpaHcTBe V, TO
V' — pononHutensHo Kk V",

MoOXHO pfokKasaTb clefylollee yTBepXAeHue:
YTtBepxaeHue 36.5. [nd noboro nognpocrpaHcTBa V BeK-

TOPHOro npocTpaHcTBa V cylecTByeT NOANPOCTPAHCTBO, LOMOAHU-
TenbHoe emy B V.

OfHako, [JonofiHUTeNbHOE NOANPOCTPAHCTBO MOANPOCTpaHCTBa
V'czV onpegeneHo, Boo6LE roBOpPS, HEOAHO3HAYHO.
Mpumep 36.11. B npumepe 36.10 nokasaHo, 4yto M(3x 1)=

- (1Y 1)'Y:)

OueBugHo, uto M(3x I)=L (e,)p L (e2 e3).

B 10 e Bpema M(3x 1)= 1(B|, a2 a3), rge a,

a2=1 2 |.Be3=1" LY, M N3 x )= )i (a2 al) o

YTBepxpageHunue 36.6. BekTopHoe npocTpaHcTBo V= V'¢p V",
Torda v TONbKO Torda, Korga no6oii ero sekTop nee V OfHO3HAUYHO

pasnaraeTca B CymMmy: x = x'-\-x" Tak, yTo x'e V, a x"e V"
JokasaTenbcTBO.

1 MNyctb Y=Y'® Y", HO Haigetcs B V BeKTop, npefcrasnse-
Mblii B BUge cymm: X = X'-\-X"" u x=y"'-\-y" takux, uto {gy/, y'}cz V",
2', y'H=V", Ho <2, i"s#<y', y").

Torga x'+ x" —y"'+ y", oTkyga

X'—y'L —x"+y"

w 0
Vv A

Ho cornacHo onpegenenuto, Y'T V" = {6}, 3Hauut
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yto Bnevetr <x', x") = (y', y"). CnepoBartenbHO, NPEAMNONOXEHNE O
HeofHO3HaYHOCTN MOAOGHOr0 Pas3NoXKeHUs Kakoro-nnbo BekTopa He-
BEPHO.

2. Ecnn xe V'fIV"#{6}, TO Haligetca HeHyneBOW BeKTOP
ael N Y". Torpa no6oi BeKTOop X M3 Y, MOMMMO pasfioXxeHus
x=Xx"-|-x"cx'e V ux"e V", MOXKHO NnpeacTaBUTb B BUAE CYMMblI;

X =(x"+a)-\-(x"—a), c(x'-]-a)e V n(x"—a)e V". 370 npoTtuBo-
peunT YCNoBUK OLHO3HAYHOCTU Pa3fioXKEeHWUs MPOU3BO/LHOTO BEKTO-
pa u3 V B CyMMY BeKTOpOB, NMpuHajnexawmnx nognpoctpaHcream V
n V" A

MonesHo o6paTWTb BHUMaHWE Ha [Ba YacTHbIX Clyyas nuHen-
HbIX 060M0YEK CUCTEM C OAUHAKOBbLIM YWCIOM BEKTOPOB.
YTBepxpgeHune 36.7. Ecnu V — BEeKTOpPHOE MPOCTPAHCTBO, a

MHO>KecTBa BekTopoB A = {a,, a2 .. a,,}cY n B= {bt, b2 ... b~czV
TakoBbl, 4YTO

b, npn i#/

ne, npm 1=/ n Kkd O
ana HekoToporo /e{l, 2, .. n}, TO AnHelHble 060104k A n B cos-

nagaiT: L (A)= L (B).
YTBepxpgeHue 36.8 Ecin V — BeKTOpPHOE NMPOCTPAHCTBO, a

MHO>KecTBa BekTopoB A = {al0 a2 .. a,}jc=V u B={b], b2 .. \
TakoBbl, 4YTO
_Te, npn 1K 1

. ) (36.%)
li—\ bt+ bi npu i=k]J

ana  Hekotoporo /e{l, 2, .. N), TO WX JfMNHEWNHblIe 06OMOYUKM
conagatot: L (A)= L (B).
3apgava 36.2.2. Jokaxute yteepxaeHune 36.8.
JoKka3aTenbCTBO €CTeCTBEHHO NMPOBOAUTb METOAOM ABOWHO-
ro BK/IHOUEHMUS.

1) HA)czL(B).
Bo3bmemM nNpousBONbHbIA x g L(/1), aTo O3Ha4yaeT, 4Tto X =

= X'B, + X2+ .. +x*-a*_+ T'pO + **+a* + .. +*X

=x'6,+ ..+x* '6*_,+ x*(6*+ 5) +x*+16*+|+ .. +x"5ne (.(B).

B cuny npowusBonbHocTM x g L(/1) cnegyetr L (A)cz L (B).



208 8. BekTopHbIe MnpocTpaHcTBa

2) AnHanornyHo L(B)aL(A).
Mo npuvHUMNY ABOWHOIO BK/IKOYEHUS 3TO obecreyumBaeT

L (A)=L (B). L
V3 npeabligywmnx yrsepXaeHuii BbiTekaeT 0606LLeHue.
CnepctBue 36.2. Ecim V — BEKTOPHOE NPOCTPaAHCTBO, @ MHO-

>KecTsBa BekTopos Jl={a|, a2 .. a,,}cV n B={b{ 62 .. b,,)czV
TakoBbl, 4TO

Ansa HekoToporo /e {1, 2, .. n}, TO UX NUHeHble 060104k coBnaga-
toT: L (A)= L{B).

MCTOPUNYECKAA CIMNPABKA

rocnogb 5Or — UCKYCHbI MateMaTuK U gu-
3MK. 3afjaya Hayku COCTOMT B TOM, 4TO6bl pac-
KpbITb GMMCTaTENbHBIA 3ambIcen TBOPLA.

M. KnaliH. «MaTtematmka —
yTpata onpeaeneHHoCcT»

MHoOrme WCTOPUKM HayKM CcUMTalOT «poAUTENAMW BEKTOPHOrO
npocTpaHcTBa» WUPAaHACKOro ydyeHoro XIX B. Y. [amMunbTOHa, O
BK/afe KOTOPOro B MaTeMaTWKy Mbl yXXe YNOoMWUHanu, rosops o6 umc-
TOPUW OTKPbITUA MATPUYHOTO WMCYUC/IEHUA, a TaKXXe ero HeMeLKux
Konner n coppemMeHHuKoB . paccmaHa (Grassman Herman Gun-
ter, 1809— 1887) n A. Mebunyca (Mobius August Ferdinand, 1790—
1868). Laxe camM TepMWUH «BEKTOP» BBEe/N TakXe [aMWNbTOH OKOJOo
1845 r. (Mo gpyrmMm WUCTOYHUKam — B 1864 r.).

Mexay TeM WCTOPUIO BEKTOPHOrO WCYUYMUC/IEHUS, KaK WCTOPUIO U
KOPHM BCSAKOW KPYMHO/ MaTteMaTtuyeckoil Teopuu, MOXHO npocne-
AUTb 33010 A0 ero BblAeNleHUs B CaMOCTOATENbHbI pasfen maTte-
MaTuku. Tak ewe y Apxumega (Apx~n~™nC. «287—212 r. r. go
H. 3.) B er0 BCeM M3BECTHOM CO LUKOJbl 3aKOHEe NPUCYTCTBYET BeInyun-
Ha, XapakTepusyruwasaca He TONbKO YUCMEHHbIM 3HAYEHUEM, HO WU
HanpaBneHvem. bofnee TOro: BEKTOPHbIA xapakKTep CWa, CKOpocTei
N nepemMeLleHnin B NPOCTpaHCTBe Obll 3HAKOM MHOTMM Y4YeHbiM AH-
TUYHOIO BpEeMeHW, a «MNpaBuao0 napannenorpaMmma» ClOXeHUs Bek-
TOpoB 6bINO M3BECTHO ewe B IV B. go P. X. marematMkam LWKO/bI
ApucToTens. o cyw,ecTsy, B TaKOM Xe€ 3MMMUPUYECKOM CMbIC/Ie BEK-
TOpamMu NonbL3oBanuchb Bbigarowmeca ydeHole XVI—XVII B. B. . Ta-
nuneii (Galilei Galileo, 1564— 1642), 1. HblOTOH U gpyrne ux cospe-



WMcTopuueckas crnpaBka

MEHHUKN. BekTop 06bIYHO M306paxkancs OTPe3KOM C yKas3aHHbIM Ha
HEeM HanpaBneHWeM, T. €. HanpaB/eHHbIM OTPEe3KOM.

B cepegnHe XVI B. 6bI OTKPbITbl, M B KOHLE KOHLOB BCE XXe 3a-
CAY>XUNN NpuU3HaHWe MHMMble yncna 6narogapsa paboram MTanbsH-
ckoro matematuka [Ox. KapgaHo (Cardano Girolomo, 1501 — 1576),
a 3aTeM KOMIMJIEeKCHble — ero cooTtevecTBeHHuUKa P. bom6ennu (BoT-
belli Raffael, 1530— 1572). Oka3anocb yAUBUTENbHO yAauHbIM N306-
paxeHune WX BEKTOpamu (HanpaBieHHbIMW OTPEe3KaMu), OTNOXEHHbI-
MU OT Hayana HEeKOTOpPOWN MPSMOYronbHOM AeKapTOBOW CUCTEMbI KO-
OpAMHAT Ha MNJAOCKOCTM, B TOM CMbIC/le, YTO Takum >Xe obpa3om
[OBO/IbHO eCTeCTBEHHO M3006pa)kanncb pesynbTaTbl OCHOBHbIX onepa-
LMA C TaKMMU Yucnamu: UX CcyMmbl (MO «ApaBuay napannenorpam-
Ma») U Npou3BefeHUs. ATUM Xe FeoOMeTpUUYECKUM npeacTaBieHnem
CyMMbl KOMMEKCHbIX 4yucen nonb3oBanca laycc. Ho Takas WUX WH-
TepnpeTauns OKOHYaTeNbHO yTBepAuaacb B MareMaTuke CO BTOPOIA
nonoBuHbl XV III ctonetns TONbKO NOCNe WCCNefoOBaHU [aTCKOro
yyeHoro K. Beccena (Wessel Caspar. 1745— 1818) wu wBenyapuya
X . ApraHa (Argand Jean Robert, 1765— 1822), B pe3ynbTaTe KOTO-
pbIX MHOTMM CTa/0 ACHO, YTO CTPYKTypa BEKTOPOB M MUX MPUNOXEHWI
ropasgo 6oradye u pasHoobpasHee, 4YeM npejgnonaranocb paHee.
MpexHAs MexaHUCTMYecKas KOHLenuusa BekTopa nepectana y[oB-
neTBOpPATbL HaykKy. A nocnefgosaBwune paboTtbl laycca (1831 r.) no
reoMeTpmMmM KOMIJIEKCHbIX 4ucesl NO3BOMUAN UTaNbSAHCKOMY Martema-
TnkKy [O>. bennaButucy (Bellavitis Jinsto, 1803— 1880) B 1854 r.,
pa3BuMB waen 3KBUMNOJIEHTHOCTW, MOATOTOBWUTbL OCHOBaHWe fAns TOro,
4yto6bl MaTemaTMkKa CMOrfa nepelTu OT CBOOOAHLIX (reomeTpuye-
CKMX) BEKTOPOB K abCTpPaKTHOMY BEKTOPHOMY MNPOCTPAaHCTBY.

MapannenbHO ¢ UCCNefoOBaHUSAMU KOMMEKCHbIX Yucen B paboTax
MHOrmx martematnkos XV II—XVIIl B. B., 3aHUMaBLUNXCA FreoMeTpu-
yeckMmu npobnemamu, MOXHO YBUAETb HapacTaHue noTpebHOCTM B
HEKOM reoMeTpPUYECKOM WCYUCNEHUUN, NOJOOHOM YUCEHHOMY (McUMnC-
NEeHNto AeCTBUTENbHbBIX YMCeN), HO CBA3AHHOMY C MPOCTPAHCTBEHHOM
cucTeMol kKooppaumHat. Ero B Kakon-To Mepe nbiTancs co3jaTb elle
NenbHuy, npoAymbiBas CBOK «yHUBEPCA/bHYID apugMeTuKy», HO
HECMOTPS Ha TeHWaNbHOCTb W HeOoO6blYaiHyl0 LWMPOTY WHTEPECOB,
caenaTtb 310 eMy He yganocb. OfHaKo y)e K KoHuy XV Il B. oTaenb-
Hble MAen BEKTOPHOro UCYMUCNEHUS, KOTOPOE U CTano TeM WCUYUCIEHU-
eM, 4YTO WCKanunm reomeTpbl, CMOr chopmMynupoBaTb QpaHLy3CKUi
yyeHblin (MaTtemaTtuk u du3mk) JI. KapHo (Carnot Lasar, 1753—
1823). A B 30-x rogax XIX B. y NamunbtoHa u paccmaHa B paboTax
Nno Teopun KOMMIEKCHbIX 4Yucen U KBATEPHUOHOB 3TM wuaen Obinun
chopMynmMpoBaHbl yXe COBepLIeEHHO MPO3payHo, XOTH, MO CYLLecTBY,
4YTO YAWBUTENbHO, OHW UMEeNnN AeN0 TONbKO C HEKOTOPbIMU NpuMepa-
MW TeX KOHEYHOMEpPHbIX BEKTOPHbIX MPOCTPAHCTB, KOTOpble Tenepb
Obl Mbl HasBanIM — KOOPAMHATHbIMKU (apudmeTnyeckmmu). Ho nocne-
JoBaTenn pasbickanu Wn paccmoTpenu B paboTax 3TUX Y4eHbIX TO,
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UYTO KaXAbli M3 HUX Y)XXe BMOJMHE 4YeTKO MOoHUMMan W MpeacTaBnsn
CTPYKTYpYy abCTpakKTHOro BEKTOPHOro npocTpaHcTBa. Bo Bcsikom
cnyyae okono 1846 r. m Kann u 'paccMaH y)e AOCTaTtOYHO Henpu-
HY>XIEHHO NO0/b30Ba/UCb ero CcBOlcTBaMW, MNpuyeM, Kak OTMmedvaer
H. bypb6aku B «Elements d’histoir des mathernatique» («Ouepkn no
UCTOpUM MaTeEMATUKM»). «He npuberas HU K KakoMmy wmeTtagumsnye-
CKOMY NnoHATMIO». A paccmaH, ony6nmkosaB B 1844 r. cBoe «Die Li-
neale Ausdehnungslehre» («YueHue O NMHENHOM MPOAOMKEHUNY),
3a/10>KMU/1 OCHOBbl He TO/IbKO MHOIOMEPHOW €eBKIUAO0BOW reomeTpuu,
HO N TeX MOLLHbIX pa3fefnioB MmaTteMaTuKu, KOTopble Ternepb HOCAT Ha-
3BaHNA BEKTOPHOIO WM TEH30PHOro ucHucneHuii. OgHako, OHM NoAy4Yu-
NN CBOE COBPEMEHHOE OhOpMIEHNE TONMBKO K pybexy XIX mn XX cTo-
netun 6narogaps ycunmsm amMepukaHCKOro matemartvmka [. 'm66ca
(Gibbs Josiah Willard, 1838— 1903), aHrnuiickoro — O. XeBucaliga
(Heaviside Oliver, 1850— 1925) n utanbaHua M. MeaHo (Peano
Guiseppe, 1858— 1932). lNocnegHuin, OoUueHNB OTKPbITME [paccMaHa,
jan B cTaTtbe, ony6nmkoBaHHoOW B 1888 r. B TypuHe: «Calcolo geo-
metrico secondo I'’Ausdehnungslehre di Grassmann, preceduto dal-
le operazione della logica deduitto» («feomeTpuyeckoe UCUYMUCNEHUNE
«Y4yeHusa o Npofo/mHKeHMn [paccmaHa», NMOCTPOEHHOe NOTrnYeckn ae-
OYKTUBHO») akcMomatu4yeckoe orpefeneHne BEKTOPHOro MNpPoCTpaH-
CTBa Haj Nonem AeiCTBUTENbHbIX YUCEN.

Tak HasblBaeMble (YHKUWOHa/bHble BEKTOPHble MNPOCTPaHCTBa
NPUBNEKNN BHUMaHuWe MaTeMaTMKOB y)XKe B Haudane Halero Beka no-
Cne VHHOBAUMOHHBLIX pe3ynbTaTOB B 3TOM 061acTM  uTanbsHUA
C. MuHkepna (Pinkerle Salvator, 1853— 1936) n HemeLKOro mare-
matmka O. Tennuua (Teoplitz Otto, 1881 — 1940), KOTOpPbIi N3BECTEH
cBoMMK paboTaMu MO TeOpUM MaTpuL, W, B YaCTHOCTU, TeM, YTO Npu-
AyMan yfayHylo o6LWyl Mogenb BEKTOPHOro MpOCTpaHcTBa — KOOp-
ANHATHOe BEKTOPHOE MNpOCTPaHCTBO. [l0fIe3HO ele OTMeTUTb, 4TO
umMeHHO XeBucailig BBen B 1891 r. ogHO M3 3aKPENUBLUUXCA B Hay4-
HOM nutepatype 0603HayYeHnii BekTopa: a (MoNy>XUPHbIMU NaTUHCKN-
M1 6yKBamMu), aBTOPOM fABYX APYrMX OOLLENPUHATLIX HblHE 0603Hauve-

HUA BEKTOPOB: a M a 6bin X. ApraH, a AB ana o603HayeHuMs CBO-
6ogHOro Bektopa npeanoxun A. Mebuyc. TepMUH «CKanspHbI»
B COBPEMEHHOM CMbICNe BrepBble ynoTpebun Y. FamunbToH B 1843 T.

Jlo6onbITeH TOT pakT, YTO OAUH M3 «OTLOB BEKTOPHOrO ucyucne-
Hua» . FpaccmaH 6ofee Beka Haszad NPefnOXWn paccMmarpusatb
LBETOBble OLlWYLLeHMa (pa3noxeHue N6Oro LBeta Ha KpacHbIA, cu-
HUA W XenTbli), KaK BEKTOPbl HEKOTOPOro TPEXMEPHOro «LBETOBOrO
NPOCTPaHCTBa», YTO W COCTaB/IfeT OCHOBY COBPEMEHHOIO Y4YeHUsds O
uBere.
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YuebHoe u3gaHve

MeTpoBa Bepa TmmodeeBHa

NEKUWW MO ANTEBPE W TEOMETPUN

Yactb 1

3aB. pefakuuwein . A. Casuyk

Pepaktop tO. K. ®wununnosa
TexHU4ecknin pepaktop H. . Topuuruxa

Koppektop . A. KasaHckas

NuueHsns JIP Ne 064380 ot 4.01.96. CpaHo B Habop 24.06.97.
MognucaHo B neyatb 20.05.98. dopmar 60X90'/,6 lMeuatb odceTHas.
Yen. ney. n. 195, Tupax 10000 3k3. 3aka3 Ne 523.

«l'ymaHUTapHbIA n3gatensckuii LeHTp BJTALOC»,
117571, MockBa, npocwn. BepHapgckoro, 88,
MOCKOBCKMIA nefarormyeckunii rocyfapCTBeHHbI YHUBEPCUTET,
Ten. 437-99-98, 430-04 92, 437-25-52, Ten/pakc 932-56-19

locyfapcTBeHHOE YHUTapHOe npegnpuatve opfeHa Tpyaosoro KpacHoro 3HameHwu
nonurpamyecknini  KomérHat locyaapcTBeHHOro kKomuTeTa Poccwuiickoli ®epepauun
no neyarn. 410004, r. Capartos, yn. YepHbiwesckoro, 59.



Bepa TumodgeeBHa lNeTpoBa-
KaHgupar (Gu3nko-martematnyeckunx
Hayk, AOLeHT, aBTop 60onee natugecs-
TU Hay4YHbIX pabor.
Y4yebHMK HanMcaH Ha OCHOBE ee onbITa
npenofaBaHusa B PA3aHCKOM rocygap-
CTBEHHOM nejarormyeckom YyHuBep-
cutete 1 MOCKOBCKOM (PU3UNKO-TEXHMN-
4YecKoM MHCcTUTyTe. PaboTa Haj y4eb-
HMKOM 6blna nojaepxaHa rpaHTom
rocyaapcTBEHHOM Hay4yHO nporpam-
Mbl «Pa3Butne obpasoBaHus B Poc-
CUM»,
B yyeOGHUKe M3N10XKEHMEe BeAeTCs Ha Tpex YPOBHAX IMyOUHbI U
CNOXHOCTK. MOCTpOEHNEe U CTUNb y4ebHMKA CTUMYAUPYIOT ak-
TUBHOE YCBOEHMe ero marepuana. Jlekunum OonoNHeHbl UCTopu-
4YeCcKMMU cnpaBKamu.

e TUHEMY

BITAINOC



