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MPEANCNOBUE K MEPBOMY WN3OAHNIKO

CoBpemMeHHOE Pa3BUTME TEXHUKN NPebABfeT MOBbILIEH-
Hble TpeboBaHMA K MaTeMaTM4ecKoi MOATOTOBKE MHXeHepa.
TpafyLMOHHBIA BTY30BCKUM KypCc MaTemMaTUKM OKa3blBaeTCs
SIBHO HeOCTaTOYHbIM MPW NOATOTOBKE WMHXEHEPOB psja cre-
UnanbHOCTeN. Ha HekoTopbIX (haky/nbTeTax MHOMMX BbICLLMX
TEXHUYECKUX YUebHbIX 3aBeAeHWI1 B 06sA3aTeNbHYH MpOrpam-
MY HbIHE BK/IHOYAKOTCA CreuuanbHble (LOMOSHUTENbHbIE) rNa-
Bbl Kypca MatemMaTvku. OAHaKo NOAXoAsLlen ANns CTyLeHTOB
BTY30B Yy4e6GHOI NnTepaTypbl MO 3TUM BOMPOCaM €ELle He XBa-
TaeT. MIcnonb3oBaHMe e TONbKO OAHWX OONbLUMX KypCOB M
MOHOrpadouii 3aTPYAHUTENbHO ANS CTYLEHTOB.

MpakTKa nokasbiBaeT, YTO MMeeTca 6osbluas MoTpe6-
HOCTb B HEBO/bLUMX M0 06BEMY, CKATO HAaMMCaHHbIX YYeOHbIX
nocobmsax, rae B AOCTYMHOM A8 CTyAeHTOB ¢hopme M B Orpe-
[eNeHHOW NOrnMyeckon nocnefoBaTelbHOCTU M3M1aranocb Obl
OCHOBHOE COJepXaHue [OMOJIHUTENbHLIX [/laB Kypca Mare-
MaTUKW, HbIHE NPenojaBaemMblX BO BTYy3aX.

HacTtosdwas KHUra MMeeT LeNbl0 B CXATOM, KOHCMEKTUB-
HOW (hopMe M3M0XUTb HEKOTOPblE M3 3TUX rnaB. OHa BO3HMK-
na U3 KHUMN «oNONHNUTENbHbIE TN1aBbl Kypca MaTeMaTuKn Ans
pPagnoTeXHUYECKMX (DaKynbTeToB» (O60opoHrn3, 1954), sBuB-
LLEAC KOHCMEKTOM NEeKLWUIA, YMTaHHbIX aBTOPOM Ha paguo-
TeXHWYECKOM (paky/sibTeTe MOCKOBCKOTO aBMaLMOHHOIO WH-
CTUTYTA.

MMpegnaraemyro KHUTY CrefyeT paccmaTpuBaTh Kak Kpar-
Koe yyeOHOe nocobue ANS CTYLEHTOB BbICLUMX TEXHUYECKMX
yUeBHbIX 3aBEeAEHWUI MO CleayoLMM pasjenam;

pagbl dypbe U UHTerpan dypobe;

Teopua Nnons;

Teopus aHaIMTUYECKUX OYHKLWIA;

HeKoTopble CreuuanbHble OYHKLMY;

OnepauyoHHOe UCYUC/IEHME.
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B KHUre He NPUBOAATCA (PU3NYECKME N TEXHUYECKME NPU-
NOXEHWS WU3naraeMblX TEOPUA. Takue MPUIOKEHUS MOXHO
HaliTn B 60Mee NOAPOOHBLIX PYKOBOACTBAX, HanpumMep! B KHU-
re M. A. JlaspeHTheBa 1 b. B. Lllabata «MeTogsl Teopum
(PYHKUMIA KOMIM/IEKCHOTO MNepeMenHoro» (Mo aHaIMTUYecKUM
(PYHKLMAM, CneumanbHbiM (PYHKUUAM 1M OnepaLyioHHOMY UC-
yncneHuto), B kKHure . 1. Tonctosa «Pagbl dypbe» (Mo ps-
Aam n nHterpany dypeoe).

B OTAenbHbIX (HEMHOTMX) MecTax KHUTKW, B Lenax 60/b-
LLeli CTPOWMHOCTW, W3MOXEHbI HEKOTOPble He 006s3aTefbHble
ANA CTYAeHTOB (DaKTbl, TECHO MPUMbIKAIOLLME K U3/1araemMbim
TEOpUsAM.

ABTOp

NMPEANCNOBME KO BTOPOMY W3OAHWNIO

Bo BTOpPOM M3[aHMN KHUTM HECKONbKO pacLLMpeH napa
rpadp, NOCBALLEHHbIVE OPTOrOHa/IbHLIM CUCTEMaM (PYHKLMWIA, 1
fobasneH naparpad), COAepXaliuMin NPUNOXeHWe Mpeobpaso-
BaHW# Jlannaca K peLLeHno IMHENHbIX YPaBHEHWUI B KOHEYNbIX
PasHOCTAX C MOCTOAHHBIMU KO3hhMLMEHTAMN.

VcnpaB/ieHbl 3aMeyeHHble OreyaTku

ABTOp

MPEAVNCNOBUE K MATOMY UN3OAHNIO

B nAatoe m3gaHWe KHWUIM BKIKOUYEHO HECKOJIbKO HOBbIX Ma-
parpacdpoB v cAenaHbl 406aBNeHNA K HEKOTOPbIM CTapbiM napa-
rpacpam.

K §2 rn. | go6asneHbl 4OKa3aTeNbCTBO MPOCTENLLEro Ao-
CTaTOYHOro YC/I0BUA PaBHOMEPHOIN CXOAMMOCTM psfa Pypbe
K MOPOX/atoLLLein ero qoyHKLMW 1 OKa3aTeIbCTBO CBA3N MeX-
[y XapakTepoM rnafkocTu (OyHKLMU 1 BbICTPOTON CTPEM/IEHMNA
K HyM0 KoapcpuumeHToB psga dypbe.

B § 8 rn. | paccmMoTpeHO pelueHne meTofom Pypbe Mpo-
CTeMLLen 3agayun ANs ypaBHEHWs TemnsonpoBOAHOCTY.

B § 14 rn. | BBefeHO NOHATUE 3aMKHYTOI CUCTEMbI (DYHK-
UMIA, [oKa3aHa 3aMKHYTOCTb TPUrOHOMETPUYECKON CUCTEMBI
(PYHKUMIA 1 M3ydeHa cucTemMa (PYHKLWIA, CBA3aHHAA C 3afadyen
LWtypma —Jlnysunns.
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B § 15 rn. | paccMOTpeHO pelueHWe MeTofoM dypbe He-
KOTOpPbIX 3afja4 AN JIMHEWHbIX YPaBHEHWI C YacTHbIMU Npo-
M3BOAHbLIMM 2-T0 NOpsAfKa, O000OLLAIOLLEE W3/MOXKEHHblE B
§8 7 1 8 pewleHmns 3a4a4 0 Kone6aHWUM CTPYHbI 1 pacnpocTpa-
HeHVW Terna B CTEPXKHE.

K 89 rn. 111 gobasneHo Aoka3aTenbCTBO Teopembl Mopepa
N faHO obpalleHrie OCHOBHOM Teopembl Kowm 06 aHanuTuye-
CKUX (PYHKLMAX.

B 821 rn. 11l gaHo peleHve 3agaun Qupuxne gns kpyra
W W3N0XEHbI Pa3/fINyHble CBOMNCTBA FAPMOHUYECKMX CDYHKLMIA
OBYX MNepeMeHHbIX.

B § 6 rn. IV M3N0XeHbl KpaTKue CBefieHUs 0 pafax
dypbe — beccens ¢ MCMNonb30BaHWEM TEOPeMbl CpPaBHEHUA
LLitypma NS NUHENHbIX OLHOPOAHBIX  AnddchepeHLmabHbIX
YpaBHEHUIA 2-T0 MOpPsAKa.

B § 12 rn. V oTMeueHbl HeKOTOpble 0006LLEHNA Mpeobpa-
30BaHuA flannaca, KakuMe MOXHO MONy4YnTb, €CNn nepepatb
PO/b NOKa3aTeNlbHOW (DYHKLUW KakUM-HUOYAb OPYrUM (DYHK-
LMAM, YLOB/IETBOPAIOLWMUM HaeXaluM TpeboBaHUsM.

HekoTopble fo6aBrieHMa chenaHbl B B APYruMX Mectax
KHUTK,

ABTOp



FNTABA |
PAObl ®YPbE N NHTEIPANT ®YPbLE

§ 1. Mepuopgnueckne yHKLUN

Myctb / (X) —yHKLMS, OnpefenieHHas Ha BCeil YMCOBOM
npamoi. Ynucno T HasblBaeTcA Nepuojom 3TOn qoyHKLMK, ec-
N OT NPMOGABNEHMA €0 K apryMeHTy Be/MyMHa PyHKLUMM He
MeHSeTCH, T. €. C/IN AN BCEX X MMEEM

/x + T) = /().

Ecnm T ecTb neprog doyHKUmK, To NT, rae n —to6oe Lenoe
4nCNo, eCTb TOXKE MepPMOf paccMaTpMBaeMOn (PYHKUMK. Takum
06pa3om, BCAKOE KpaTHOe rMepuoja ectb nepuog. PyHKuus,
MMEOLLast MePUOf, OT/IMYHBIA OT HYNS, Ha3blBaeTCs Mepuofm-
YECKOM.

Jlerko BWfAeTb, YTO BCAKAs Mepuoamyeckas (HyHKLWSA, OTAMYHaR
OT MOCTOAHHOM, MMEIoLL|aA XOTA Bbl OAHY TOUKY HEMPepbIBHOCTM, MMeeT
CPEAU CBOMX MOJOXMTE/bHBIX MEPUOA0B HavMeHbLIMA. Torga Bce npoyne
nepuodbl 6yayT KpaTHbl emy. OBbIUHO, TOBOPS O Mepuoae (PyHKLUK, Mo-
HUMAIOT TMOf CNOBOM  «MEPUOf»  HaMMEHbLIMIA 13 MONOXMTENbHbIX
nepuozoB.

Ecrm doyHkumsa /() wmeetr nepuog I, 1O cp(¥) = f(ax)
nmeet nepwog T/a. B camom fene,

P+ T-)= I+ -y)] *=/(«+ 1 =m/(q) =P(x).

Ecnn / (X) vmeeT nepuog T, TO UHTerpan 3tor OyHKUMK,
B3ATbIV B Mpejenax, oTMyarowmxca Ha T, He 3aBUCUT OT Bbl-
6opa HVKHEro npefenia UHTErpupoBaHus, T. .

c+T T

N f(x)dx f(x)dx

C (0]
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npv BCAKOM C. [lecTBUTENbHO, NYyCTb, Hanpumep, 0< ¢ < T.

Torpa c+l T c+T T e T

c+T C
yu4nTbiBad, 4TO BCNEACTBME NEPUOANYHOCTN,

§ 2. Pagbl ®ypbe Ana (OyHKUMA C nepuogom 2n

MocTaBuM 3aiauy: PasfioXuTb CMOXHYHO MEPUOSNYECKYHO
oyHKUMIO Ha NpocTble nepuognyeckue yHkumn. Tlog «npo-
CTbIMW MEPUOSUYECKUMU (DYHKLUAMU» eCTECTBEHHO MOHUMATb
NpoCThble TAPMOHUKK, T. €. (OYHKLMK BUJA

Asin (wx + a)
NN, 4TO PaBHOCUNBHO, (PYHKLUK BUAA
a cos biIX + b sin OT.

3JTa NpocTas rapMoHKKa UMeeT nepuog 29/10.

Ecnn Mbl XOTUM pPa3fioXuTb (PYHKUUKO C NepuoaoMm 24
Ha MPOCTbIe FaAPMOHKMKM, TO MX YaCcTOTbl CIeAyeT BbIOMpaTh Tak,
yToObl Kaxnjas W3 3TVMX FapMOHMK WMena 211 B Ka4yecTBe Of-
HOro M3 CBOMX NepmofoB. Takum 06pa3oM, 4acTOTbl @ efle-

[yeT 6patb TakK, 4tobbl N — = 24 (N—en0e) UM =, T. €.
B KauecTBe COCTaBNAKOLWMX CnedyeT Opatb  rapMOHWKM C
LIe/TbIMX YacToTamu.

fonyckas B Ka4yecTe COCTaB/ISIOLLEN elle MOCTOSHHYHO,
A/19 KOTOPOW BCAKOE YMUCIO CMYXWUT MEepuoLoM, MPUXOLUM
K TaKkoi 3afaye: pasnoXutb yHKuMto / (X) ¢ Nepuogom 25
B pag Buia
-y- + (<icos X + bjsinx) + (a2cos 2x b sin 2x) 4- ...

.+ (ancosnx + bnsinnx) + ...

WK, Kopoue, B paj Buda

e
-3+ 2 (a,,cosnx + Hisin nx),
n=1
roe a0, al( bt, ar, b, ..a,,, — HeKOTOpble MOCTOAHHbIE

(cBOGOAHLINA YneH yaobHO 3anucbiBaTb B BUAE aj2 no npu-
YMHE, KOTOPas BbIACHUTCA HMXe).



12 PAALI ®YPLE ANA ®YHKLNA C NEPUOLOM 2n L,

BbluncneHve BcriomorartefibHbIX MHTerpanos. Ham notpe-
Oyr0TCA UHTErpansl

N cos nxdx,
—9

In —uenoe;

a

N sin nxdx,

—9
A

\ cos TX cos nx dx,
—4

a

Ksin TxsinnxdX, 1, n—uenble NonoxmTensHbIe.

1
\ sin mx cos nx dx.

Vmveem:
sin nar I" O =£0
Acosnxdx= " I (1 =£0) (1.1)
— xP 2n (n=0),
1 cos nx I" n/_ , JB
S sinnx dx= (1.2)
OP.=o0 (n= 0y
* n
A cosmx cosnx dx= -i- " cos(m —n)xdx-f
-m _*
+ -4-  cos(m -f n) xdx—1° (1.3)
-n In ("»=n),
Vi *
sin mx sin nxdx= -i- " cos(m —n)xdx—
“nN —+

—T dx=/4"° .
_gncos(m+ n)xdx {J (m-n)] (1.4)
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rl ™
As\nTxcosruedx= ., N sin(m — n)xdx-\-
—A —n .ﬂ

+ A sin(m - n)x dx =0, (1.5)
npuuyem npu Beisoge popmyn (1.3) u (1.4) mcnosb3oBanach
doopmyna (1.1), npu BbiBoge (1.5) ucnonb3osanack (1.2).

Mpeanonoxum Tenepb, 4to PyHKUMsA / (X) Ookasanacb Ta-

KOW, UYTO AN Hee HALL/OCh Pa3/oXeHWe B PABHOMEPHO CXOAA-
WKUAcs PSS YKa3aHHOro Bbille BMAa:

®
/(X)= ., + 2 (fI\coskx 4- Esin Kx). (1.6)

K=1

MMouneHHOe WHTErpypoBaHWe B npedenax oT —a [0 N1
(3aKOHHOe B CU/ly MPeAnoSIOXEHHON PaBHOMEPHON CX0au-
moctu) ¢ ydyetom (1.1) n (1.2) paet:

«

N /(x)dx =

- a @ a a
=y- dx- N (a* ™ cosAxdx4- bKJ sinkTdx] = aa0.

k»=1i - A

YMHOxas (1.6) Ha cos NX U MHTErpupys MOYNEHHO OT —1
go 2, ¢ yyetom (1.1), (1.3) n (1.5), nonyumnm:

N /(x)cosnxdx=-y " cosnxdx 4-
—+ —A

00 a a

4- 2 (a* “$ﬂcosAxcos nx dx 4-b*iﬂsin & coa nxdx) = na,,.

AHanornyHo, ymHoxas (1.6) Ha sin nx n MHTErpupys no-
YfleHHO OT — 1 Ao N n yunTeiBaa (1.2), (1.4), (1.5), nonyunm:

a

U /(x) sin nx dx= ne,,.
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Takum 06pa3om,
A

flo=— f(x)dx,
= ;q :;/(x) cosnxdx (n=1,2,3,...), x.7

= -jj- N/(X)sinnxdx (n=1,2,3,...).

—9

an

OnpepeneHne. TMyctb /(X) —QyHKUMA C Mepuro-
AOM 271, MMEKOLLIas Ha cermeHTe [—n, n] He 601ee KOHEYHOro
yucna ToYeK paspbiBa U abCOMKOTHO MHTErpMpyeMas Ha 3TOM
CerMeHTe (TOrga oHa 6yfet abCcoMtOTHO MHTerpupyema Ha BCH-
KOM cermeHTe). Pagom ®ypbe 3TOM (OYHKUMM Ha3biBaeTCA PAA

fo
oy + I2~|—1(a» cosnx + hnsin nx),

KO3(O(PMLIMEHTLI KOTOPOrO onpegenstoTcs no dopmynam (1.7).
[Mpn 3TOM NULYT:

4-00

/{*)—-y-+ 2 _(4»  nx + bnsin nx). (1.8)
n*i

MpumeyvaHune. BMmecTo hyHKUWIA C NEPUOSJOM 21 MOXHO pac-
cMaTpmBath (DYHKUWUW, OMNpefeneHHble NWLb Ha CerMeHTe [—n, 4] u
YAOBNETBOPAIOLLME OTMeYeHHbIM TpeboBaHuAM. OnpefeneHne psaa
®ypbe 419 Takol hyHKUMKU ByfeT TO Xe camoe.

W3 onpegeneHus psga ®ypbe He cnefyeT, 4to (OYHKLUA
[O/MKHA B Hero pasnaratbcs. V13 ckazaHHOro Bbllle crefyeT
TONIbKO, YTO eC/in HekoTopas (YHKUWUS LOMYCKaeT pasfioxe-
HVe B PaBHOMEPHO CXOAsALLnica psag smaa (1.8), To 3T0T pAg
6ynet ee pagom dypee.

J1erko npoBepuTb, YTO MPU YMHOXEHUWN (OYHKLMW Ha YKC-
no ee pag ®Pypbe YMHOXKAETCA Ha 3TO YMC/IO; MPU CNOXEHUM
®yHKUMN ux pagbl Pypbe CKNafgblBatOTCA; 418 MOMyYeHMs
paga Pypbe yHkuun /(x + c) crnepyet B page dPypbe
oyHKUMK / (X) 3aMEHUTb X Ha X + C.



14 PAAbl ®YPbE W UHTETPAN ®YPLE (.1

[loKa3aTenbCTBO  Pa3NOXMMOCTU  (DYHKLMWM B CBOWA pAaf
®ypbe B TOUKax avdpcpepenympyemocti. Vimeem ans nroooro x0:

0
a,cosnx04- bnsinnx0= /(x)cos nxdx- cos nx0+
A
n

+ ~ f (X) sin nxdx-sin nx0=

—f
n

— \ f(X) (cos nx cos nx0 4- sin nx sin nx,,) dx -=m
-ﬂ [ )
A
=it N /(X)c°snix —xFax<
_n
N
Sn(*0) = -f-+ 2 (<ncos nx0+ bnsin nx0) -
n=l
A N

=4" 5 /(X)[~-T+ 2cosn (x-x0]dx.
—A n=l
N

3ameTum fanee, 4yro-y- 4- 2 003 ABNAeTCH  fe ACTBK-
n=1
Te/IbHON 4acTbto Bblpa)KEHVIFI

N
4-+n$>>l -1 +20 -4+4b_
ZLH>) (1 —e-i«) _
2 + | I-«u F

1 1_e-,a+ eiNa—
27 (1 —cosa)* + sin*a

11 \Y * . 1l—cosa -f cos /Ta—cos T+ 1)a
?T + 2jcosna= 4 - omoeeeeeeeee (1—cosa) --------------- =
n=

cos Yya—cos (iV f— 1)a _ sin (N 4i)a

— 2 (1 —cosa) — aein %/a
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CnepoBatenibHO, npwv Ntobom x0 nmeem:

Sn(x.) = -i- \ /(*) + dx =

—A 2sin -y (x—1%)

t4vs/fo+> | dMalydx (ue)

2sin-y *

(BTOpOI MHTErpan Mosy4yeH U3 MepBOro 3amMeHor X Ha X0 + X
C y4ETOM MepuopuyHoCTy /). TpuMeHss 3Ty chopmyny K cny-
yato/ (x) = 1, nonyymm:

, » sin(.V +4-)x

‘- W - ' <>

—4  2sin-"-x

YMHoxas (1.8*) Ha / (xO) v BblunTas u3 (1.8"), Haiigem npwu
nobom X0:

1 7? sin (W+ -4-) X
SNixoy- /7 (xX=4- S/ (x. +x)-/ (xQ] - i--—j | I —dXx.
—A 2sin 2~X
(1.8™)

Ans panbHeiwero HaMm noTpebyeTcs.

Nemma PumaHa. £bw <p(X) HenpepbiBHA Ha Cer-
MeHTe [a, b], 32 UCKNOUYEHMEM, ObITb MOXET, KOHEYHOr0 Ynucna
ToueK, u abCoM0THO MHTErpMpyeMa Ha 3TOM CerMeHTE, TO

jiP(x)sinvxdx —0 npu v -» + oo0.
a

JokaszaTenbcTBO. TakK Kak

ljiovxjx|-] c"” 7e** |<4-~0,

6 .
- | Ocosva 6coa\b | sin v6—sinva |

n AN
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npu v -*» + 00. 70 nemma PumaHa BepHa ang /(x)s 1 u
/(X) 3 X ¥ no3ToMmy Bepna A5 NHOOON NIMHENHON CoyHKLMN
/ (X) = JIx + B. Otcroga cfiefyet, YTo eMMa BepHa A1 fto-
601 KyCOMHO-TMHENHON doyHKUMK (T. €. OYHKLMK, TpadInK Ko-
TOPO ecTb NOMaHas nunus), mbo ecnn / (X) KyCOUHO-NMHENR-
Ha Ha [a, bl To HaigyTcs Takue umcna c» a —c0< ¢, <
< ¢, < ..< ¢n=b uro /(X) NMHeiHa Ha kaxgom Ic* It
c*]; a Torga

b ¢ C b
5/(x)sinvxdx=5+5 + ..+ ] WO MPU v ”* + 00,
a ac, g1

1o Mo OoKa3aHHOMY KaX[oe cfiaraeMoe MpaBoil YacTu CTpe-
MUTCA K Hymo. [anee 3ameTum, 4TO Nt06as HenpepbiBHas
thyHKUMs Ha [0, b] MOXeT ObiTb KaK YrogHO XOpPOLLO armnpokK-
CYMMPOBAaHA KYCOYHO-IMMEAHON (PyHKUMeN. [eiCTBUTENbHO,
ecnn / (X) HenpepbiBHA Ha [a, 6], TO OHa paBHOMEPHO Herpe-
pbiBHa Ha [a, 6], T. e. Ana moboro e > 0 HaigeTcs Takoe
1> 0, yto mpu mobbix X' 1 X' ua [a, bl n3 |x* —x" |< 1]
cnegyet |/ (x') —/ (x') |< e. Bo3bmem uucna c0—a < ¢, <
<..<e,,<¢C, =brTak, 4to Bce (K — < U, MNycTb
o (X) 0603Ha4aeT hyHKUMIO, rpachuk KOTOPOW ecTb BNMcaHHas
B rpacovk pyHKumy / (X) nomaHas, BepLUMHbI KOTOPOM MMEoT
abcuumcenl ck\Torga ana noboro x Ha la, bl 6yget | (X)) —
—/(X) |*<e, Tak KaK ecnu 41cno X nonajaet Ha YaCTUYHbINA cer-
MEHT cf), To th(x) nexut mexay d(c*_j) v d(c*) (néo
(b nuHeliHa W, cnepoBaTenbHO, MOHOTOHHa Ma (Cki> cj),
noatomy umcno g (x) —/ (x) nexut mexgy (ctl) —7(x) =
=/(**-I> —1WN n d(ck) —/(x) =/(c*) —/(x), moay-
NN KOTOPbIX < €, U NO3TOMY TOXe OyAeT UMeTb MOAy/b < e.
Tenepb nerko nokasarb, YTO eMMa PvMaHa crnpaseanmsa
Ans NHo6oM HenpepbiBHOW GyHKUMK / (X) Ha [a, b). B camom
Jene, Mo foKasaHHOMYy fns fo6oro B > O Haigetcs Takas
KYCOUYHO-MHeNHaa  pyHKuma & (x), yto Jdo(x) —/(*)|<C

< —2(—a) HA/A*  aK KaK AN KYCOUHO*NIMHEHON oyHK-

uvMn nemMma PumaHa cripaBeAnvBa, TO MpW LOCTATOYHO 60/b-
LLIOM V OyiIeM W METb:

0
| *(x)sinvxdx | <-5-,
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HO TOrza
b
1D7(x)sinvxdx j<;| K (xX)—d(x)] sinvxdx |+
a b a
+ PO(X)sinvxdx < 2(ie ~ (b- a)+ \

W, cnesjoBaTesibHo,
b
N/ (X) sin vxdx —»0 npu v—»-f 00.
a

MycTb Tenepb / (X) UMeeT OfHY TOYKY paspbiBa ¢, a <
< ¢ < b Tak kak / (x) abcontoTHO MHTerpmpyema na [a, 61,
TO Ans no6oro e > 0 HalgeTcs Takoe 6 0, 4TO

e+*

I 1/(x)ldx<-y.

c—b

Tak Kak nemma PuMaHa Ans HempepbIBHOM (hynKLMM crpases-
NNBA, TO NPMW AOCTaTOMHO BO/bLIOM V 6yeM UMEeTb:

[Trogsinvxdx] ;1B 700sinwxax < -5
HO TOraa
b c—5 cf-S
|3/ (x)sinvxdx]|<d J /Z(x)sinvxdxl + J |/(*)ldx{e
a * 'a ! c—*
b

+ | M/ (X)sinvxdx|<-]-+ -5-+ -g- =&

b
cnefosatensHo, J /(x) sin vx dx—a0 npu v -m + 00. AHanorus-

a
HOe pacCyXieHne nposoanTcs B cnydvae, Korga / (X) mmeer
HECKO/IbKO TOYeK paspbiBa Ha [a, 6]. J/lemma PumaHa goka-
3aHa.
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Mpeanonoxmm Tenepb, Yto / (X) andhdpepeHUmpyema B ToY-
ke X0. Torga u3 (1.84") Haxogum

<bl*0) —/(*0) = 4*D - 1 sin[N ~ K dx’

2sin-y *
B TaK Kak
1(Xo+X)—, (X0 /(. +*)-/ (*.)——* ——-->f(I0).i=/~(l0)
2sin— X 2sin-y X

npy X -*m 0, TO Noc/ne Hafnexallero AoonpefenieHns B TOUKe
X0  doyHkuma px)= -<u— T - CTaHOBUTCA nerpe-
2»in _,

PMBHOI B 3TOM TOYKE W, OYEBWMAHO, HaXOLMTCH B YCNOBUAX
NPUMEHUMOCTU NleMMbl PumaHa Ha (—sA, 4]. Tostomy

n

SN(XQ —7(x,,) = -i- » ®(*)sin (N + ~y Jxdx-*0 npn N- %O

n cnegosatensHo, /(x0= lim Sn(*0)-
(0]

MTak gokasaHa

Teopema. Ecm dyHkuna 7 (x) ¢ nepuogom 28 1UMe-
BT Ha CermeHTe [—A, A] He 60/1ee KOHEYHOTO uucla TOueK
paspbiBa 1 abCcoMTHO MHTErpupyeMa Ha 3TOM CErMeHTe, TO
3Ta (hyHKUMA pasnaraeTca B CBOW pAg Pypbe B KAXKA0A TOUKe,
B KOTOPOW OHa AudphepeHumnpyema.

MprmeuyaHwne. [JokazaHHOe [AOCTaTOYHOE YC/IOBME MpeAcTa-
BMMOCTU (PYHKLMU CBOMM PsiioM ®ypbe OTHIOAb He SBASETCS Heo6Xo-
AumbiM. TlpeacTaBneHve YHKLUM CBOUM psgoM ®dypbe 6yneT UMeTb
MecTO U Npy 3HAUYNTENIbHO 6OJMiee OBLLMX MPEeAMNONOXKEHUAX.

OTmeTuM, Hanpumep, 6e3 [oKa3aTenbCcTBa, 4To ecnu / (X)
YA0B/IETBOPSAET yCoBMIo Aupuxne Ha | —a, a], 170 / (x) pasna-
raetcs B CBOW pAf Pypbe B KAXKA0W TOUKE HEMPEPbLIBHOCTH, a B

TOoYKax paspbiBax pagdypbe cxoantea K M* —>+ /(* + > #
[oBOpAT, 4TO QYHKUWUA YAOBMETBOPSET ycnosuio Aupuxne

Ha HEKOTOPOM CErmMeHTe, €C/iM 3TOT CETMEHT MOXXHO pas-
O6UTb Ha KOHEYHOE YMCMO YaCTUYHBLIX CErMEHTOB TakK, YTo BHY-
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TPU KaXAO0ro U3 HUX (OYHKLMA MOHOTOHHA W OrpaHunyeHa.
Takum 06pa3oM, pas3fioXeHWe paccMaTpuBaemol (OyHKUMK B
psg Pypbe MMeeT MEeCTO BO BCEX MPaBW/IbHbLIX TOYKax, T. e.
B TOYKax X, rge
/(*-0) + /(x+ 0)
/(*) 2 '

Myctb Tenepb / (X), PYHKUMSA C NEPUOAOM 211, UMErOLLAs Ha
cermeHTe [—n, a1 He 60nee KOHEYHOTO YKCa TOYeK paspblBa
N abCoMOTHO WMHTerpupyemas Ha 3TOM CermeHTe, YAOB/eET-
BOpseT Ha uHTepsane (a, P) ycnosuio Jiunwnua (3To 3Ha4uT,
yTo ANA MOBLIX X' U X" Ha 3TOM uHTepBane |/ (x) —/ (x') |*
N K X' —X' |, rie K —HekoTopas noctosHHas). Mokaxem,
YTO TOrJa Ha KaXAoM cermeHTte [a, 6], rae a < a<. b <. P,
pag dypbe yHKUUM / (X) PaBHOMEPHO CXOAUTCH K 3TOW
oyHKUMM (CneaoBaTenbHO, ec paccmatpuBaemas (yHKLNS
HenpepbIBHO AndhepeHLMpyemMa Ha HEKOTOPOM OTKPbLITOM WH-
TepBasie, T0 ee pag Pypbe CXOAUTCA K Held paBHOMEPHO Ha
BCAKOM CEerMeHTe, COfepXallemcs B 3TOM WHTEepBase).

Myctb W 0 wMeHbwe uymcen a —a, P —b, n. MMpm
a< x0<;bs cuny (1.8”) nmeem

Ss (*0)-/(*») = ~ \ 1/(o+ *)- /(*Q] 8in(V+r ~ dx +
2sin-y X

+4 N+ A" =+ s
Tak Kak npp a ™ X0 b
.2 /(xo+.)-/.(x)sinvjd] < K
5 2sin-y x —5 2sin-yx
TO NpU LOCTATOYHO Ma/ioM 6 Gydem umetb |It |<; e npu a »

N x0<; b, rge e > 0 npounssonsHO Mano. fanee B cuny nem-
Mbl PrMaHa 1 orpaHuyeHHocTn / Ha [a, b)

\f(xQ *a\—dx =f(xo)(-?%*j dx-*0 npu v->00
5 2sin-yx * 2sin— X
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pasHoMepHO mpy a < x0< b, M aHaNOrMyHoe OTHOCUTCA K
-

A . Tenepb 0YeBMAHO, 4TO A1 [0Ka3aTeNnbCTBa BblLLle-

—q
(hOpPMYNMPOBAHHOTO YTBEPXAEHUS AOCTATOMHO MOKa3aTb, YTO

ecim B —A< 29 n p(Xx) —dUKCUPOBaHHAA HEMpepbIs-
Has yHkums Ha [A, B], 10O

B
/(x0Vv) =11 /(x0+ X)p(x)3Tyx</x->0 npun V-vO

paBHOMEPHO Npu —00 < X0< + 00.

MpofomkuMm @ (X) 4O HerpepbiBHOM OYHKUMKX C  nepuo-
OOM 211 C COXpaHeHMeM MakCMMyma MOLYNfA, U NyCTb T =
=Tax |d¥)|. J/1erko BMAETb,YTO HaNLETCA TaKas HenpepbIBHas

a

thyHkuma F (x) ¢ nepnogom 2n, uyto \ |F (X) —/(x) Jdx < §,

—A
rge e ]> 0 npomssonbHO Mano. lMepexod ot /K F m3meHUT
I WO, V) MeHbLLe YeM Ha Te, MO3TOMY AOCTATOYHO /INLLL MOKa-
3aTb, 4TO

B

J(z0tv) = VF(X0+ xX) dp(x) sinvxdx—0 npn v-+ o0

paBHOMEPHO OTHOCUTeNbHO X0. 3aMeHa X Ha X + —faer
B-n/v

— 1 AMx0+ x+ -y)d (x+ -J-)sinvxdx =
A—aN B A 8

=—"— 8§ b § =A+A+"3.

A—aN B—aN

OTKyAa nocne nO4YNeHHOro CNnoXxeHna
B
V (Hov) = jj [*(x0+ x)® (X) —

— f(x, +*+ ") A*+-7-)]sin vxdx + /,

Ho Tak kak mogynu Y, n J3 He npesblwatotr J1/T1n/v, rae
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A/ = max |F (X) | To ocTaetcs Mwwb 06HaPYXNUTb, YTO
n

§[*(fo + )& (*)-

—F{+ x+ o -f Jsinvxdx —#0 npuvE oo

PaBHOMEPHO OTHOCUTE/IbHO 0, HO 3TO HEmnOCPEeLCTBEHHO Crie-
[YeT W3 OrpaHWYeHHOCTU WM PaBHOMEPHOW HenpepbiBHOCTU F
n<p

W3 pokasaHHOro cnegyet, 4uto ecnv / (X) y4OBNeTBOpSeT
YCNOBMIO JIMMLIMLA Ha BCEW YMCI0BOW NPAMOMN, MarnpHMep fB-
NAETCA HenpepbIBHOM (PYHKLMEN C NepuogoM 271, Kycourno-
rnagkon Ha [—A, a], 10 pag ®ypee ana / (x) cxoautes K/ (X)
PaBHOMEPHO Ha BCEl YMCNOBOI MPAMONA.

®yHKUKMA 7/ (X) HasbiBaeTcs KycoyHo p pas (p > 0) He-
NpepbIBHO AU epeHLUMpyemMoii Ha cermeHTe la, 6], ecnm BHY-
TPU Hero, 3a WCK/HOYEHMEM KOHEYHOTO Ymcna TO4ek, Mpous-
BogHble AK) (X) (0™ Kk ” p) HenpepbiBHbI, B UCKIHOYEHHbIX
TOYKaX WMEKT KOHeYHble fIeBble U Mpasble Mpejesbl, B TOUKe
a MMEIOT KOHeYHble Mpasble Mpefenbl, B TOYKE b uMeroT Ko-
HeuHble neBble npegenbl. B cnyyae p = 0 / (X) HasbiBaeTcH
KYCOUHO-HenpepblBHOM Ha [a, fc], B cnyyae p — 1 / (X) Ha3sbl-
BaeTCA KyCOYHO-rnagkon Ha la, bl.

Mpumep. CocTasuTb pag Oypbe 408 PYHKLAM
oM)=*"f" m (0,29),

UMElOLLe nepuogd 2n (B Toukax Buga 2Am, rae K — Uenoe, nonoxum |
paBHOW 4/2).

Viveem

m N
-- X =9, =-1-C ,, nxdx n> 1)
B0 ﬂ% 2d ;oa C__cos%>3d2—0( )

in

cNnefoBaTensHo,
o sin 2x gin nx

S P —_————— —

Ha OCHOBaHWM U3M0XEHHOTO 3TOT PSAA CXOAUTCS K ¢ (X) paBHOMEp-
HO Ha KaX[OM CermeHTe, He cofepxallem Touek Buga 2K/, Ho B 3TUX
TOYKax PS4 CXOAWTCA K /2, cnefloBaTeNlbHO, TOXe K . Takum 06pasom,
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BCHOOY <H*) = —2 St * V13 3Toro npumepa BUAHO, 4YTO PAL
1
@
$ -V- dL BCIOAY CXOAMTCA W MPUTOM PaBHOMEPHO Ha BCEX CermMeH-
n

rax, He cogepxaiux Touek suga 2/

OTMmeTUM elle, YTO ecnin pyHKUmMa / (X) ¢ mepuogom 21
KYCOYHO-rnagka Ha |—, 9] v [onycKaeT MLb NPaBUbHbIN
paspbiBbl, TO pAg Pypbe ITON PYHKLMM CXOAUTCA K Held BCrOgY
(NnpuTOM paBHOMEPHO Ha CerMeHTax, He COAepXalimx Touek
paspbiBa). B Cuy U3N0XKEHHOIO B NPOBEPKE HYXAAeTCs NNLLb
CXOAMMOCTb paga ®ypbe K caMoil (PyHKLUMM B TOUKaX pa3pbiBa
X, ECAn g (X) —dyHKUMA aHaNOrM4yHoro Bmnaa u takas, 4to
g x0+ 0) —q (x0 —0) = f (xa + 0) —/(x0 —0), TO
/(X)) —g (X) OydeT KycCOYHO-rNaflkon M HENPEepbIBHOM B OK-
pecTHocTh X0, cnefoBaTenbHO, ee pag Pypbe CXOAUTCS K Hel
B Touke X0, a Torga pag ®ypee ana / (x) OyaeT CXOAMUTHbCA K
/ (x0) B Touke x0, ecnn pag ®ypbe ana ¢ (X) 6ygeT CXoanTbCS
K g (x0), B Touke x0. Ho B kayecTBe ¢ (X), 06/1afaroLLEN HYX-
HbIM CBOMCTBOM, MOXHO B3ATb C 1B (X —x0) npuHagnexatiem
Bbl6ope uncna C, rae d —qyHKLMA, pacCMOTPEHHas B Mpe-
AblAyLLEM NpUMepe.

ycTb Tenepb / (X) —nto6as PyHKUUA C MEpuofom 21,
KyCOUHO-rnagkas Ha 1—a, a]. 3aMeHAq ee 3Ha4YeHUe B Kax-

*
[0V TOYKe paspbiBa X YAC/IOM /C0) +l/(r *+9 , Mbl He u3-
MeHUM ee paga Pypbe, HO CAenaem BCe TOYKW pas3pbiBa npa-
BUNbHbIMKW. CriefoBatenibHO, pag dypbe yHkumn / (X) B
o /(x—0) + /¢ + 0)

KaXOW TOUKe X CXOAUTCA K 2" .

MycTb dpyHKLMA / (X) C NeprogoM 29 MMEET HerpepbiBHbIE
MPOW3BOAHbIE [0 P-TO MOpfAfka BkIOUUTENsHO (p ™ 0).

O603HauMM yepes afm), i) koschdmupmeHTsl Pypbe ansa/<t >(X)
(T <lp). Popmyna WHTErpUpPOBaHMS MO YacTaM [rOKa3bl-
BaeT, uTO

(«,,, b1 0603HauvarOT KoathprLMeHTbl Pypbe dyHKUMK / (X)). Mo-
CNefioBaTeNlbHOE MPUMEHEHWE 3TUX COOTHOLLIEHWIA MOKa3blBaeT,
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uTo
o ™M & aﬁ<)
N7 T W T R T 4 — eeef
((avl b<<« %
------- a n* n* N* e
1 BOOOLLE
a(T) dm)
A T npu vetom <*-E £ T oy Heverrom
bt > T</>, B(T) T/p.
K = + -riir b, =+ -£n

Orcrofa ¥ 13 nemmbl PyvmMaHa criieflyeT, uto s Koadodmumen-
TOB Pypbe p pa3 HenpepbiBHO AndidhepeHLMpyeMOin (OYHKLM
C MepuoaoM 2/1 MMeeM

a=0()1 b=Q")’
A3anucb un=o(y,), rae vn=0 o0603Ha4yaeT, uto N —*-0

o] ®
Kpome TOro, 3ametum, 4to pafbl 21 nP4lnl n 2 rPll&
[

(p>1), wn, 4YTO pPaBHOCW/LHO, PAdbI "l_l_f[ﬂ_l I'I%/{]Jl—ia—l

CXOAATCA. 370 BMAHO M3 HepaBeHCTBa n
HepaseHcTBa (1.58') B §13.
§ 3. KomnnekcHas dhopma psaga ®Pypbe
AN QOyHKUMIA C Nepuofom 24

Mycts / (X) —yHKUMsA, yaoB/eTBOPAIOLLAA YC/OBUAM
orpegeneHus § 2, n NycTb pag

@
-J- + [2.:1(a«003 + bMsin nx)

aBnseTca ee pagom ®Oypbe. Mpeobpasyem O6LLUMIA YNeH 3TOro



24 PAObI ®YPbK U NHTEIPANT ®YPbB (rn. 1

psga ¢ nomouwbtio QOPMyn Jlinepa (BblpaXatoLMX KOCUHYC
N CUHYC Yepes MokasaTeNbHY diyHKLUIO). MMeem

in* . -in* in* -in*
. + e .t —
a,cosnx -j- b,sinnx = a,, 3 b b* 21 —
in* . -in* inx -inx
) « + « u e —f
tin 2 n 2
an K ,in* 1 an+ ibn ,-in* _  ,in* | , ,-inx
= - g--—---- A 2--mmme —C" + C-ne .
roe
tn = 9 f  &n= » .

Monaras ewwe ¢c0= aj 2, NOAYYUM AN YACTUUHBIX CYMM PSi-
Ja ®ypbe BblpaxeHue

-J- + ﬁ (ansesnx + b, sinnx) =
n=i

=0+ ﬁ((heinx-f ¢_ne-inx) = ﬁ ¢'/nx-
v

[N HOBLIX KO3(PAIMLIMEHTOB Cn nosiyyaem dpopmyny (yum-
ToiBafg oopmynbl 4na an u 6,,).

an _Itl'l
C, = -—- 3 =
a A
= -y N /(x)cosnxdx—t A /(x)sin nxdxj =
-9 -
a A
N /(X) (cosnx —i sin nx)dx = N /(X) e'in*dx (n>0).

HenocpeacTBEHHO BUAHO, UYTO 3Ta (hOpMy/a BepHa Ans n =
=0wu Ana n < 0 (nocnegHee BUAHO, HaNPUMep, U3 TOFO, UTO
C_, = An, rae c 0603HAYAET YMCMO, COMPSHKEHHOE C).



1% YETHbLIE N HEYETHbBIE ®YHKLN 25

Mo fokasaHHOMY MMeeM B TOYKax AudbchepeHUMpyeMocT:
N
/(x) = lim ||* + 2 (°ncosnx + Tsin nx)% =

N -foe
= HT £ G*T=2

-M» N
(noHuMaa 2 Kak I'T 2 )e
=< NUX _y/

NTak, B Toukax AnchcpepeHLmpyemMocTy

/(*)=_2m<v,nx. 49)
rae
A
C=4c¢ Sn*)'~*XdIx («=0,x1,+ 2,...).
—A
MpaBas 4acTb chopmynbl (1.9) npeactaBnser Co6oM
KOMNNeKCHY0 hopmy paga ®ypbe Ans GIYHKUUWM C Nepuo-
AOM 211,

§ 4. YeTHble M HeyeTHble (yHKUWN

Myctb / (X) —doyHKLMA, onpefenieHHas Ha BCeld YACN0BOM
NpAMON (MN Na KaKOM-HUOGYAb MHTEpPBaIe C CUMMETPUYHBIMA
KOHLamu).

®yHKuMA / (X) Has3blBaeTCA YeTHOA, ecnm Ans BCeX pac-
CMaTpMBaeMbiX 3HaveHUn X umeem / (—x) =/ (X). PyHKUMSA
/ (X) Ha3blBaeTcs HeyeTHOW, ecnn mmeem / (—X) = —/ (x).

pachnK YEeTHON CPYHKLMM CUMMETPUYEH OTHOCUTENBHO OCK
opavHat. pachuk HeyeTHOM CPYHKUMM CUMMETPUYEH OTHO-
CUTENbHO Mavana KOOPAMHAT.

JlnHeliHas KOMOWMHALMA YeTHbIX (OYHKUWA ecTb 4YeTHas
PYHKUMSA, NUHERHAA KOMOMHALMS HEYETHbIX (OYHKLMWIA eCThb
HeyeTHass (OYHKUMS (Mbl Ha3blBaeM JIMHEMHOW KOMOWHaLMEN
HECKOMbKUX  (DYHKLMIA BCAKYIO CYMMY MpPOM3BEAEHWI 3TUX
OYHKLMA HA KaKMe-HNUOYAb MOCTOSHHBIE).

Mpomn3sBefeHNe HECKOMbKNUX (RYHKLMIA, KaXK4as U3 KOTOPbIX
ABNAETCA YETHOM WM HEYETHOR, OYAeT YETHOW WUAN HeYeTHOM
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(PyHKLMEN B 3a8BUCMMOCTI OT YETHOCTM WM HEYETHOCTM Ymncna
HEYETHbIX MHOXWTeNed. B 4acTHOCTW, NpPOW3BefeHWe [BYX
YETHbIX WM [BYX HEYeTHbIX (DYHKLMWIA ecTb YeTHas qoyHKLNS,
NPOn3BefeHMEe YETHOW N HeYeTHOW (PYHKUWIA eCcTb HeyeTHas
hyHKLMA.

Ecnn dhyHkums / (X) NHTerpupyema Ha cermeHte [—c, c],
TO

e (0] c
S/(X)dx = J/(x)dx + J/(x)dx.
—€ —€ 0]

Ho (npu 3ameHe X Ha —X)

cnepnoBaTesnibHO,

%/(x)dx = Sé[/()() + /(_*)!<*~k’

0TKyfa

c
23/(x) dx, ecim /(x) —ueTHasq, (110)

Q ecnm /(X) —HeyeTHas.

UeTHble 1 HeYeTHble OYHKLUN ABNSAIOTCA Y3KMMU YaCTHbIMM
cnyyasMm OYHKUMIA, HO TeM He MeHee BcsaKas oyHKums / (X)
MOXeT 6bITb NPeLCTaB/eHa B BUAE CYMMbl YETHOW M HEYeTHOW
(byHKUMIA. B camom fene, MMeem:

(), 1 <l+/<-w+ /L -H-1
rae
<p(x)- 70K+ (- K);  F(F)-<H-Y E>
n, o4yeBMAHO, (x) —ueTHad (oyHKUMsA, >(X) —HeyeTHas

thyHkumsa. Ecnm / (x) vmeet nepuog, Tt0 @ (x), 3 (X) mmeror
TakoWm e nepuos.

Ecnn dyHKums / (X) okasanacb OAHOBPEMEHHO YETHOWM M HOYETHO,
10 /(—*) = =1 (x), otkyaa /(x) = —/(X) u, cnegosarensHo, /(x)
TOX/ECTBEHHO paBHa HYNO. TOXAECTBEHHbIW HYNb eCTb efUHCTBEHHasA
hyHKLMA, KOTOpasA ABNAETCA OLHOBPEMEHHO YETHOM N HEYETHOWA.
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OTctofia Nerko 3aknlunTb, YTo Nt06Gas (PYHKUNSA He MOXET GbiTh
ABYMS_pasHbIMK_CMOCO6aMn MpeAcTaBneHa B BUfE CyMMbl YETHOW 1 He-
UETHON (hyHKUMIA. [leicTBUTENbHO, ecnu

/(%) =i (*) + & () =] (x) + Pa o)

(roe s b, — yeTHbIe, d,, ), — HeyeTHble), TO < (X) — P, (X) = &, (X)
—, (*); HO neBas YacTb 3TOr0 paBeHCTBA €CTb YeTHas HKL WA, npa-
BaA K& 4acTb — HeueTHas, oTkyga <fj (x) —<m X¥ = x) —
=~ (X) = 0, cneposatesibHO,

9 (%) = da(*);  OL() = D (9

OTclofia U 13 paHee CKasaHHOTO BUAHO, YTO BCAKas DYHKLUS eanH-
CTBEHHbLIM CMOCOGOM MOXET GblTb NMPeACTaBleHa B BUAE CYMMbl YETUON
1 HEYEeTHOMN hyHKLNIA.

§ 5. Pagbl ®ypbe ANA YETHbIX H HEYETHbIX (DYHKLWIA
C nepuogomM 2n

MycTb / (X) —ueTHaa OYyHKLMA C NEPUOAOM 2/, YAOBET-
BOPAIOLL,AA YCNOBUAM OnpejeneHus § 2.

Ona koapdmumeHToB ee pafa Pypbe HaxoLum hopmysbl

0=4"5

a

an = N/ (x) cosnx dx = — M/ (x) cos nx dX,

bi=-L ~/(X)sinnxdx = O

—A

(n=1,2 3, ..).

Takum o6pa3om, B psge Pypbe 419 YETHON COyHKUUK OT-
CYTCTBYHOT YJ/ieHbl C CUHYCaMK, Npag Pypbe 4ns YeTHOA (yHK-
LK C Nepuogom 211 BbITNALUT Tak:

f@

/(x)~-y- + 2 BnCOBMX (1.11)

rae J=i

a0= — "M(x)dx, an= —y (x)cosnxdx (n=1,2,3,...).
0 0
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Myctb Tenepb / (X) —HeYeTHas YHKUUA C MNepuUoLoM
24, YLOBNETBOPAIOLLAA YCNOBUAM onpegeneHus § 2. Ong
KO3(O(hMLMEHTOB ee paga Pypbe HaxOAMM DOpMybI

a0= _L " /(x)dx=0; ™ =4" \f(x)cosnxdx=0
(n=1,2,3,...);
b1 = N /(*) sin nxdx = f(x) sinnxdx (n= 1,2, 3,...).
—A 6]

Takum o06pa3om, B psge dPypbe AN HEUETHOW COYHKL MK
OTCYTCTBYeT CBOOGOAHbLIA YneH W YneHbl C KOCMHycaMu, W
pag ®ypbe 4NA HEYETHOW (YHKLMM C NEePUOAOM 29 BbITNALUT

Tak:
+30

/(*)~ 2 é6nsinnx, (1.12)
n=1

rge
n

/1! 8) arl Jh| 6, = -|~"/(x)sinnxdz
Puc. 1.

m=1,23,..).
Mpumep 1. Paznoxutb B pag ®ypbe yHKUMIO
--J- Ha (—n,0),
/()
Ha (O, 4),
MMElOLYI0O nepuog 2n (B TOYkax nd, rAe 0 — LUenoe, nonaraem

/(*) = 0).
()Oqegm,qu, / (*) — HeyeTHaa dyHKuma (puc. 1), nosTomy B
cuny (1.12) nmeem:

L ; cosnx k
'i—j sin nx dx | 4_Js|nnxdx< SO

1
cos 0 — cos nx 1 _(_ 1) - H PN N HEYEeTHOM,

2n 2n O npu n YyeTHOM,

BHauuT, fit = 1, fig= 0, ft, = 1/3, fv = 0, ... 1 UCKOMOE pasnoxeHue
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eCTb

/(*)=sinx+ -y sin 3*+ -y-sin5* -f ...

OTctoga npu X = /2 noayunm: —1—  -f

Ilpumep 2. Pa3noxutb B psag dypbe gyHkymo / (*) = |* |ua
[—a, ﬂ;]), MMELOLLY0 nepuog 21.

y
51818/

an 4n

Puc. 2.

OueBungHo, / (*) — 4eTHas byHkuums (puc. 2), noatomy B cuny (1.11)
1MeeM:

2
n§
2_ cosnn —cos 0 2 (=)' —1
a n2 n nl
_____ j/\ynpn 1 HEYETHOM,

O npu N YeTHOM.
CnepoBatesibHO,

«l —----- —

, a2=10, a3

B MCKOMOE pa3/ioXeHUe eCTb

Ortcloga, B yacTHocTu, npu X = 0 noayymm:
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0TKygaa

-1 + — +
+

I N - 7

3Had CymMy 3TOro psfa, Nerko Hatu
w .. 1 1 .1 .1 .
SB= 1+ 2 + 3IFF * 4* By +
Nmeem:

S (| +N _+ 5T +eee) + (‘ST+~V+ 67+ )

cnefosatenbHo, S = n2/6, T. e.

§ 6. Paabl ®ypbe Ans PyHKUWIA ¢ NOGLIM MEPUOLOM

Myctb /(X)) —doyHKUMA C MPOM3BOMLHLIM Mepuogom 21
(rge I ectb nonynepuog). Monarad X — at, NONYYUM OYHKLMKO
/ (at) c nepuogom 21/a. Bbibepem a Tak, yTobbl 21/a = 271, T. €.
0= 1/n. Torga nofcTaHoBKa X = ft/9 MPUBOAUT Hac K (PyHK-
uvn /(ft/2) c neprogom 24.

Mpegnonoxum, 4to / (X) uveetr Ha cermeHTte [—, 1] He
60nee KOHEYHOro 4YmMcna TOYeK pa3pbiBa M abCONKOTHO MHTeEr-
pupyemMa Ha 3TOM cerMeHTe. B cuny § 2 umeem B ToUKax andr-
dhepeHLMpYyEMOCTH:

L {U)
/(-£-) =-y + 2 (flncosrat+ bnsinnt),
n*l

rae

a=i¢\ ) Qo

bn = n sinntdf (n=1,2,3,...)-
-9

BosBpallasch Kak B psfe, Tak v B qhopMynax Ans Koagp-
(PULIMEHTOB, OT HOBOrO MEPEMEHHOrO t K CTapoMy nepemeH-
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HOMY X M 3aMevast, Yto t = , dt = -2f-dx, nonyyaem B TOY-
Kax AnddepeHLmpyeMocTm:

/(*)«-?-+ 2, [ancoe” - + bisin (1.13)
el '
rae

a°= ~T \ f(x)dx>

|
an=-j- §f(x)cosh-dx (1= 1,2,3,...); (1.14)

I
B o=-j- ~Mf(x) sin-~-dx (n-1,2,3,...).
—j
Pag (1.13) ¢ koapdomumeHTamn, onpegenseMbiMn doopmy-
namn (1.14), HasbiBaetca psgoMm ®ypbe ans yHKummn /7 (x)
¢ nepuogom 2L
Pagbl Pypbe ANA YETHLIX U HEYETHbIX (OYHKUMIA C HO6bIM
neproaom. B cnyyae yeTHOW dpyHKUMK ¢ nepuogom 21 Bce bi =
= 0 u, cnegosatenbHO, B page ®dypbe HET Y/IeHOB C CUHY-
camun. Torga nonyyunm (kKak B § 5) B Toukax andpcpbepeHUmpye-
MOCTH:

/(*)=-?+ Sancos”, (1.15)
wmwl
rae
| |
o,= y~N/(i)dx; an=-j~"(x) cos dx
(n= 112, 3,..))

B cnyyae HeyeTHOW dpyHKUMK ¢ neproaom 21 Bce an = 0 u,
cnefoBatefibHO, B psfe ®ypbe HET CBOOOAHOIO YfieHa u une-
HOB C KOCMHYycamu. Torga nonyymm (kak B § 5) B Toukax audr-
thepeHumpyemocTL:

+ eo

/(*) - 2 bnsin-"p, (1.16)
1
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rge |

&—-7—A/ )sn——€K (n=1,2,3,...).

Mpumep 1. HanvlcaTb pasnoxeHue B pag Pypbe HEUETHOW (PYHK-
um ¢ nepuogom 1. 3gecb 21 = 1, n Ha ocHoBaHuM (1.16) nonyvaem:
&>

»
/() = ~ bnsin 24ax, rge B= 42~ /(x)sin 2nnx dx.
n=1 o

Mpumep 2. Pa3noxuTtb B pag ®ypbe |sin * |. OuesugHo, |sin * |
ecTb YeTHas (pyHKLMA C nepmofom N. 3gecb 21 = A, M Ha OCHOBaHMU
(1.15) nonyuvaem:

+OO
Isin * |= + 2 a ncos2nx,
1
rae
o =4 K sin xdber (—oosxf 7= ;
0
V2 A
a = -1- Csinxcos2nx dx=s —JL f sin (2n—1)x dx -j-
n q q
T sin(2n+ )xdx=JL S0s2"- *>*p _
6 ] in—1 0
2 cosn+L)yx PP~ 2/ —1 | \
~ 1 2n-(-1 o = a\2n —1~*2n4-1/ =
“ a 44—l *
CnegoBatesibHO,
2 4 cos 2n*
ISSn * | -_ -— Iz-l_l"An*-F“
2 4/’\13 c052*+-J31-C084X+ ’\%-m S6r+ ... }
48
Ortctoga opu i = 0 nonyyaem: 0 = —------— , cneposa-

A A ﬁBl 45»'-1
TeNlbHO
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KomnnekcHas chopma psiga dypbe ans qyHKUUN € NHOOLIM
nepuogom. Myctb / (X) —dyHKUKMA ¢ nepuogom 21, yaoBneT-
BOPAOLLAA YCNOBUAM, yKa3aHHbIM BHauvase naparpadpa. Tor-
fa nogctaHoska X = It/n npwmBogut Hac K doyHKumm f(It/n) ¢
nepuogom 2.

B cuny § 3 umeem B TOUKax AvdpdpepeHLHpYemMoCTH:

Mepexoas Kak B psfe, Tak v B dhopmynax AN Kospdumum-
EHTOB K CTapoMy MepeMeHHOMY X M 3ameyasi, yto t = nx/1,

dt =— dx, nonyumm B TOuKax AUdEpPeHLHPYEMOCTY:
+ @
/(*)=s (1.17)
rae

Mpasas yactb cpopmysnbl (1.17), rae KosthdmLMEHTLI Orpe-
pgenstotca paseHcTBamu (1.18), HasblBaeTcs  KOMM/EKCHOM
thopmoii psaga ®ypbe ANg QyHKUMKM C Neprogom 21,

PasnoxeHvie B pag ®Pypbe (DYHKLMK, 33jaHHO Ha CerMeH-
Te {—1,1]. Ecnm Ha nNONyOTKPLITOM WHTepBane AAuHbI 21,
T. €. Ha uHTepBane Buga la, a + 21) wam (a, a + 21], onpe-
JeneHa Kakaa-HMoyab (OyHKUWSA, TO OHa MOXET ObITb (eAvH-
CTBEHHbIM CNOCO60M) NPOLO/HKEHA HA BCHO YMCMOBYHO MPAMYIO
Tak, 4TO NONYy4nTCA (PyHKLMA C nepuogom 21. B camom ferne,
BO3bMeM rpadovk 3afjaHHOM (PYHKUMM Ha YNOMSHYTOM MOJYy-
OTKPbLITOM WHTepBasie WM NPUCOEAVHUM K HeMy BCE ero ropu-
30HTa/IbHble CMELLEHUs Ha PacCcTofHWUsA, KpaTHble 21 (T. e.
Ha paccTofHua 2nl, rge nm —npon3BO/IbHOE LEN0e YKCNO).
Torga nonyuutcsd rpapuk oyHKUMKM ¢ nepuogom 21, cosna-
garou_teﬁ C 3afjaHHOM (PYHKLMEA Ha TOM MHTepBase, rAe OHa

blfla OnpeseneHa.

OTcrofia M 3 CKa3aHHOTO paHee O Pas3fIoOKEHUN Mepuoan-
YeckMX (OYHKUMIA B psabl Pypbe crefyet, yto ecnm /(x) ume-
eT Ha |—, J1 He 60nee KOHEYHOrO YMcna TOYeK paspbiBa
abCoMKOTHO UHTErpUp

2 T1. . PomaHoBCKuIA
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CermMeHTa B TOUKax AndpepeHLMPYEMOCTU UMEEM,

+®
/) =~T + r2':iX( cos "] + bnsintp ‘L, (1.19)

rae
A I |

aB= -i-/(X)Ar; aa= -7- M f{*)c03"Y~dx

| (N=123,...); (1.20)

bw-T-I/Weto-T1** (¢<=1,2,3,..).

Pa3noxeHve B pAf KOCUHYCOB (DYHKHHW, 3afaHON Ha
cermeHTe [O, 1]. Ecnun Ha cermeHnTe [O, 1] onpegeneHa Kakas-
HUOYAb (PYHKLMA, TO OHA MOXET ObiTb (E4MHCTBEHHbLIM CrO-
COBOM) NPOJO/MKEHa Ha BCKO YMC/IOBYIO NPAMYHO Tak, 4To Mo-
Ny4ynTCH YetTHaa doyHKUMA C nepuogom 21. B camom fene,
BO3bMeM rpatpuk 3ajaHHOM (DYHKLMM Ha 3TOM CermeHTe, npu-
COELIMHMM K HeMy (Purypy, CUMMETPUYHYIO C HM OTHOCUTESb-
HO Ocu opauHat. 3aTeM K 0Opa3oBaBLUeiics (ourype Mpuco-
eiVHUM BCEe ee TOPU30HTa/IbHblE CMELLEHMA Ha PacCTOSAHWS,
KpaTHble 21. Torga nosyuymTcs rpacmkK YeTHOW COyHKLMK
C nepuoaom 21, coBnadaroLLeil ¢ 3aAaHHON OYHKLIMER Ha cer-
meHTe 10, i].

OTcrofa M U3 CKa3aHHOIO paHee O PasfIoKeHUU YeTHbIX
MepUOANYECKUX (PYHKLMIA B pagbl Pypbe CrefyeT, UTo ecnu
/(mr) meeT Ha [0, /] He 6oniee KOHEYHOTO YKC/a TOYEK paspblBa
N abCoMOTHO WHTErpupyemMa Ha 3TOM CermMeHTe, TO BHYTPU
3TOr0 CermMeHTa B TOYKax AMchdpepeHLMpyeMOCTM UMeeM pas-
NOXeHWe B PAL KOCWHYCOB:

/«-m? + 2 OnCO3-A (1.21)

n=1

( |
= -y $/(N</* <&, —~[f(x)coa™-dx (1.22)
. ¢}

rpe

(n—1,2,3,..).
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Pa3noxeHune B psag CMHYCOB COyHKLMW, 3afaHHOM Ha cer-
veHTe [0, ij. Ecnn Ha mHTtepsane (O 1) onpegeneHa Kakas-
HUOYAb (DYHKLMA, TO OHA MOXET OblTb (EAMHCTBEHHbLIM CMO-
CO6OM) MPOLOJ/IKEHA Ha BCHO YMCNOBYKO MPAMYKO Tak, u4TO Mo-
Ny4ynTCa HeyeTHas oyHKUMs C nepuogom 21. B camom pferne,
BO3bMeM rpadivK 3adaHHOW (PyHKUMM Ha YMOMSHYTOM WH-
TepBasie, NPUCOEAMHNM K HEMY CPUTYPY, CUMMETPUYHYHO C HUM
OTHOCUTENbHO Hauyana KOOPAWHaT, 3aTeM K 00pa30BaBLUENCS
thurype npucoeamMHMM BCe ee TOPU30HTa/IbHble CMELLEHUs Ha
paccTosHWA, KpaTHble 21, 1, KpoMe Toro, 06aB1UM BCE TOUKM C
koopauHatamm nl, 0 (rge n —no6oe Uenoe umcno). Toraa
NONYYMTCA rpadouK HEYETHON CPyHKUMM ¢ nepuofom 21, cos-
nafiatoLLIeR ¢ 3aaHHON doyHKUMen Ha mnHTepsane (O, I).

OTCrofia U 13 CKa3aHHOIo paHee O PasOXeHUN HeYeTHbIX
nepuoanyecknx OYHKLMA B paLbl ®ypbe crefyeT, 4To ecnu
/ (X) nmeet Ha [O 4 He 6onee KOHEYHOrO YKCa TOYEK paspsbl-
Ba 1 abCOMOTHO UHTErpMpyemMa Ha 3TOM CEerMeHTe, TO BHYTPM
3TOr0 CerMeHTa B TOuYKax AndyhepeHUMPYEMOCTU MMEEM pPa3-
NOXEHNe B PAL CUMHYCOB:

400

/(*)= 2 *, sinur, (1.23)

roe )
i
= oy~ sin-28% (n=1,2,3,..). (124)

(o]

Ha koHuax cermeHTa psag (1.23) 6ygeT cxogmtbes K Hynto. Cnepo-
BaTe/lbHO, €C/M [OMO/IHWTENbHO NOTpPeboBaTh, UTO6LI / (X) 06paLianach
B HYy/b Ha KoHUax cermeHTa [0, /], To pasnoxeHue (1.23) 6ygeT nmeTb
MECTO eLle Ha KoHUax cermeHTta [0, <.

§ 7. YpaBHeHue CBOOOAHLIX MasiblX KO/ie6aHUW CTPYyHbI
N ero pewleHvie metofoMm dypbe

PaccMOTPMM HaTAHYTYHO CTPYHY, PacronoXeHHyH BAO/b
ocn abecumcc. Ecnm cTpyHa COBepLUaeT Masible MOMepeyHble
KonebaHms (T. €. Kaxjas TOYKa CTPYHbl MOXET CMeLaTbCs
TONbKO B BEPTMKANbHOM HanpaBleHUM W, CNefoBaTeNbHO,
COXPaHseT BENNYMHY CBOEI abcumccbl) 6e3 BO3AENCTBMS BHELLI-
HUX CW/, TO MOXHO MOKa3aTb (0T6pacbiBas Manble BENUUMHbI
BbICLLMX MOPAAKOB), 4YTO ecnn u (X, t) 0603Ha4aeT opamHaty

2%
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TOUKM CTPYHbl C abcumccoM X B MOMEHT t, TO CDyHKLMA
n (x, () 6yaeT yaoBneTBOPsATb NMHENHOMY OAHOPOAHOMY YpaB-
HEHWMIO C YaCTHbIMW MPOW3BOAHLIMW BTOPOrO MOPSLKA

9!U /4 O£\

lir = eV ' (125)

rae a —nmnocTOSHHOE MOMOXMUTENIbHOE YNCHO.

Ecnn CTpyHa MMEeT KOHEUHYH A/IMHY | 1 ee KOHLbI C abe-
umccamm OH/ 3aKpeneHbl, TO Mbl MONYYaem CNefytoLLme rpa-
HUYHbIE YCNOBUS:

M@ 0 =0,u(lt =0 (1.26)

Byzaem cnepBa uckatb Te pelueHns ypasHeHus (1.25)B 06-
nactu
0< x< —o0 < /< + oo,

Y,OBNETBOPAIOLLME TPaHUYHbIM ycnosuam (1.26), KoTopble

NMetoT crieumanbHblid Bug: X (X) T(t), rae X —asaxasl Henpe-

pbIBHO AndpdpepeHumpyemas oyHkuma oT x na |0, 1\ He pas-

Has TOXAECTBEHHO HyNo, T —[Bax/bl HernpepbIBHO Avidide-

peHumnpyemas gyHKLMSA OT t, He paBHaA TOXECTBEHHO HYNIO.
Bcrasnag u = XT B (1.25), nonyumm:

XT" = a?X"T, (1.27)
OTKyAa nocne pasfeneHna nepemMeHHbIX HaVI,quI

X" _

- (128)

Tak Kak fieBasi 4aCTb He 3aBMCUT OT t, a NpaBas YacTb He
3aBMUCUT OT X, TO 06LLas BEIMUMHA 3TUX OTHOLLEHWIA eCTb  He-
KOTopas MOCTOSIHHas X, Mo3TomMy

X"- kX =0: T - karT = 0. (1.29)

Crtporo ronops, chopmyna (1.28) n, cne,qOBaTeano hopmyna (1.29)
CrpaBeanvBbl ANA Tex X, rje X (2; CD 0, nTex s rg < 4=0. Ho Ttam,
rge X (x) = 0, umeem B cuny (1 X“(x)=0 oT He ncyesaeT TOX-
[ecTBeHHO), nTam, rge T (Q = 0, umeem B cvmy (1.27) r* (1) = 0 (n6o
X He ncuesaeTt Tom,qecrsemno/; NnoaToMy paseHCTBa (1.29) cnipasBednunBbl
ANns BCex paccmatpuBaemblx til .

"paHMuYHbIE ycnosua (1.26) gatoT:

XOT(M=0XMHTK=20
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W, CnefioBaTeslbHO (Tak Kak T He Mcue3aeT TOXAECTBEHHO),
X (0) = 0; X (I) - 0. (1.30)

MokaxeM Tenepb, 4YTO Mpu K ;> 0 nepsoe W3 ypaBHeHWM
(1.29) ne moxet mmeTb Ha (0, L pemeHMM He MCYEe3aroLLIMX
'{O)K,CSGCTBGHHO N yOOBNETBOPAIOLWMX TPaHUYHBLIM YCI0BUAM
1.30).

B camom fiene, ecnu 6ol npu 0 HawnochL Takoe pele-
HWe, TO B HEKOTOPOM Touke Mexay O 1 | OHO 6bI10 Bbl OTINYHO
OT HY/A, HanpUMep MOJIOXUTENbHO (B MPOTUBHOM Cy4ae Crie-
[0Bafio 6bl 3aMeHUTbL X Ha —X); TOrga HamMbOsbLLUee 3Haue-
Hve X Ha (0, T Bo/mKHO 6b110 Bbl ObITb NONOXUTENBHO U [0-
CTUraTbCd B HEKOTOPOM TOUKe £ BHYTPU 3TOTO CErMOHTA.
Ho Torga

XWw=>0 X()=0 X"(E)=kX(E>0

W, cnefosatenbHO, B TOUKe £ oyHKUMA X JO/MKHA MMETb MU-
HVUMYM, 4YTO Heneno. B cnyyae A= 0 nepsoe U3 ypaBHeHWM
(1.29) npespawaetca B X" =0, cnegoBatenbHo, X NUHERHa
n npu ycnosmax (1.30) MOXeT ObITb TONbKO TOXAECTBEHHbLIM
Hynem. MTak, mMbl fokasanu, 4to A< 0, NO3TOMy MOXHO MO-
Nnoxute X= —k2, rge Kk > 0.

YpasHeHus (1.29) npuvHUMaOT BUA

X"+ k-X = 0; T + ka*T = 0. (1.29)

CocTaBnsis 1 peLlas COOTBETCTBYHOLLME XapaKTepUCTUYe-
CKMe YpaBHEHMS 3TUX OAHOPOAHLIX  AMdhddepeHLManbHbIX
YPaBHEHWIA ¢ MOCTOSIHHBIMK KO3DCHULIMEHTaMI, HaiAaem:

X = C, cos kx + Crsin kx; T —Dxcos akt 4* Dt sin akt,

roe Cj, Ct, Dt, Dt —nOCTOAHHbIE.
paHnyHble ycnosua (1.30) HanaratoT TpeboBaHMS:

Cl=0; C,coskl + C,sin kl =0,

oTkyaa (tak Kak C, ® 0, ecnm Cx = 0) sin kI = 0; kl = wn
(n —uenoe);* = na/l; cnefoBatesibHO,

X = Grshiid™ . F= P\cosMU- 1 Z2sin 20T f
oTKyga (monaras CtDx = A, CtDt —B)
u =X = (ReosUB-h Frsin R Ysm T (130
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O6paTHO, HerocpeLCcTBEHHO NMPOBEPAETCH, UTO BblipaXeHue
(1.30") npmu nob6bIX NOCTOAHHBIX A 1 B ygoBneTsopseT ypas-
HeHuto (1.25) n rpaHnyHbIM yenoBusam (1.26). Takum o6pa3om,
06LLMIA BUA BCEX peLUeHWin ypaBHeHMS (1.25), yA0BNeTBOPAIO-
WX rPaHUYHbIM ycnoBmaM (1.26) 1 UMetoLLmX* cnewlnaibHbI
Buag u = X (x) T (t), gaetca copmynoii (1.30".

Tak kak ypasHeHue (1.25) u rpaHuyHble ycnosusa (1.26)
NIVHEAHbI N OAHOPOAHbI, BCAKAsA IMHeiHas KOMOUHaLNS peLLe-
HWiA ypasHeHUA (1.25) ¢ ycnosuamm (1.26) ecTb TakxKe peLwe-
Hve ypasHeHus (1.25) ¢ ycnosuamu (1.26). B ynomaHyTol nu-
HeliHOM KOMOMHALUMM MOXeT y4acTBOBaTb He TOJ/IbKO KOHeu-
HOe, HO 1 6ECKOHEYHOE YMCNO CDYHKLMIA, OAHAKO B MOCMEAHEM
c/lydae NoCTOSHHbIE KOAIPMLIEHTHI CeayeT 6paTb Tak, 4YTOObI
NONyYaroLUMIACa PAA W pAadbl, MOABMAIOLLMECA M3 HEro mnocre
OAHOKPATHbIX W [BYXKPATHbIX MOYIEHHbIX AuddepeHLmpoBa-
HUIA N0 paccmMaTpyBaeMbiM MepemMeHHbIM, Obin Obl paBHOMEp-
HO cXofAWMMmMCS (Torja 3aKOHbl OAHOKPATHbIE U [ABYKPaTHble
MousieHHble AU depeHUMpoBaHmMs, C  KOTOPbIMU  NpUaeTca
BCTPETMTLCA MpW NPoBepke BbiNoAHUMOCTYM (1.25). Takum 06-
pasoM, BbIpaXeHWs BUAa

?
/0 3 (RcosMALy Bnsm DA IX (g 31
n=l"

npv yrnomMaHyTOM Bbl6ope An a Bn 6yayT pelueHusMU ypas-
HeHus (1.25) ¢ ycnosuammn (1.26). B yactHocTu, Tpe6oBaHUs,
npegbsasisemble K An, Bn, BbIMONHAKOTCA, €CM CXOAATCH
pAagbl

00 00

2 " 2]9n|.
1 2l

MpeanonoXumM Temepb, UTO ANS KAKAOW TOUKM CTPYHbI
M3BECTHO ee Haya/lbHOe MOJIOXKEHME U HayasibHas CKOPOCTb.
Torga Ha 1 (X, t) 4O/MKHbI BbITb HaNOXeHbl AOMONHUTENbHbIE
OrpaHNYeHns BMaa

n(x 0) =dkx); un(x 0 = (x) (1-32)
roe d(x), d(x) —3agaHHble dyHkuMm (npuyem ¢ (0) =
=o(1) =7(0) = (0 =0).

Ycnosua (1.32) Ha3blBAKOTCA HauyanbHbIMKU  YCNOBUAMMU.
Bygem wmckatb cpegn pelueHuii Buga (1.31) Takme, KOTOpble
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YL,0BNETBOPAOT HayaslbHbIM YCNoBuAM (1.32), T. e. MOAUYMHUM
PyHKUMA

m1(1,0-2 U .e»”~ +B.3in"Ui.i2L.

M1’
n (x,t) =
400
S M pngnMS home B oo PESY gin BX
Tlxl .

ycnosuam (1.32).
Ecnn o (X) udp (x) Ha (0, /) LonyckakoT pas3noxeHus ro cu-
Hycam

®(*) =S ansLn-~-f  d(x) = sin-"-
1 1

U npn atom umcna An = an, B, = ~”~bn yLoBneTsopaloT

Tpe6oBaHMAX!, MPUHATLIM MPU MOCTPOEHUW PeLLeHWA Buaa
(1.31), To NnocTaBneHHasa 3ajava paspeLunma, Mo, onpeLenms
Torga u (x, t) no chopmyne (1.31) ¢ nomowpro 3TMX An, B,
Haiigem, yto n (X, 0) nu] (x, 0) 6yayT nmetsb Ha [O 1] Takme xe
pas3noxeHus, Kak i (x) ne (x). Tak Kak 3T pasfnoxeHUs oka-
3bIBAtOTCA PaBHOMEPHO CXOAALMMUCA, TO cpopmysbl (1.24)
MPUMEHUMbI, W, C/Ief0BaTeNbHO,

! (
An ®(x)3T A-dx\  Bn=-"-"A(x)sin-"-dx.
0 0

B vacTHocTh, db(X) 1 nd(x) 6yayT yaoBneTBOPsATh YKa3aH-
HbIM TPeOGOBaHUAM, €C/M HeuyeTHas (PYHKLMA C nepuofom 21,
cosnagarowas ¢ g (x) Ha [0, /], TpvXAbl HenpepbIBHO audde-
peHuMpyema 1 HedeTHas GOYHKLKA ¢ nepuogom 21, cosnagato-
was ¢ g (x) Ha |0, L, gBaabl HenpepblBHO AuddhepeHumpye-
Ma (CM. CKa3aHHOe B KOHUEe 8§ 2).

WTak, npy ynomaHyTbix TPebOBaHWAX, HANOXEHHbLIX Ha
® (x) nd(x), 3aga4a 0 CBOOGOAHBLIX ManbIX KOMEOGaHWUAX CTPY-
Hbl C 3aKperyieHHbIMW KOHLAMW W 33JaHHbIMW HayalbHbl-
MW MOJIOKEHUAMN H Haya/lbHbIMW CKOPOCTAMWU €e TOueK
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paspeLuMma n ee peLlieHre gaetcs (popMy/oii

+OO
2(AncosmjaE + ﬁl,,sil‘lmrat\Jsin o
ting '

rae

(n-1,2,3,..).
(1.33)

§ 8. YpaBHeHMe pacnpocTpaHeHWs Tennia B CTEPXHE

PaccmMOTpUM MAealbHO TOHKWUIA OLHOPOAHbIA M30/IMPOBaH-
Hblii CTEPXXEHb, PACMONOXEHHbIA BAOML OCU abcumce. 3 dwm-
3MYECKUX COOOpPaXeHWIA cneayeT, 4to ecnm u (X, t) 0603Ha-
YaeT TemrnepaTypy TOUKM CTEPXHS C abCLMCCOMN N B MOMEHT |,
TO oyHKUMA 1 (X, t), BbIpaXaroLLas 3akOH pacnpocTpaHeHWn
Tenna B CTEPXHE, YAOBNETBOPSET JIMHEAHOMY OLHOPOAHOMY
YPaBHEHMIO C 4YaCTHbIMM MNPOW3BOAHLIMW BTOPOrO MOPsAAKA

4n- = grd-r (1.34)

rage a —noCTOSIHHOE MOJIOXMTEIbHOE YMCNO.

Ecnu cTepXeHb VMMEeT KOHeuHyto AnHY | 1 Ha ero KoH-
uax ¢ abecumccamm OH/ NMOAJEPXKMBAETCA MOCTOAHHAA Hyne-
Bas Temnepatypa, TO BO3HWKAKOT rPaHWUYHbIE YC/I0BUS

m(O 0=0wuu( 0 =0. (1.35)

Byaem criepsa uckaTb Te peweHWs ypasHeHus (1.34)
B 06nactu
0<x< /0</< + o

YA0BNETBOPAIOLWME TPaHUYHbIM ycnosuam (1.35), KoTopble
nmetoT crieumanbHbid Bug X (X) T (S, rgo X —pfBaxabl He-
npepbIBHO AndidpepeHLmpyemMan dpyHkuma oT xHa |0, J1, He pas-
Had TOXOECTBEHHO HyNto, T —HenpepbiBHO AnddpepeHLy-
pyemas doyHKumsa ot t Ha |0,  OcC), He paBHaA TOXAECTBEHHO
HY/THO.

Bcrasnaa u = XT B (1.34), nonyunm

XV =arX'T,
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OTKyda Mocne pasfeneHuns ne eMEHHbIX Hailgem (ons Tex X,
rpe X o OunTex |, rge To

X' T
X ~ ~&T
O6Luas BefIMUMHA 3TUX OTHOLLEHUIA €CTb HEKOTOpas MOCTOSIH-
Has K, Mo3aTomy
X' —kX =0; I —ka'T =0, (1.36)
npuuem (1.36) OKa3blBAKOTCA CNPaBeANMBLIMA [N BCEX X

Ha [0, I] nBcex t Ha [0, -f 00) (yunTbiBas, 4to X 1 T He paBHbI
TOX[ECTBEHHO HYNH0). 'paHMuYHble ycnosus (1.35) patot

X (0) =*(/) =0. (1.37)

MepBoe n3 ypaBHeHUI (1.36) He MOXET MMeTb npu K > 0 pe-
LUEHWI, YA0BNETBOPAIOLWMX (1.37) M He paBHbIX TOXAECTBEH-

HO MNy/mo, Mo3ToMy K < 0 M MOXHO MONMOXUTL K = —K2
kK 0. YpasHeHuns (1.36) npvHUMAIOT BU[,
X'+ k2X =0; I + k*a*T = 0. (1.36)

O6LLUMe peLLeHns 3TUX YpaBHEHWUIA UMEKOT BUL
X —Cxcoskx + C,sinkx; T = D—Ka'l

paHWnuHble ycnosua (1.37) HanaratoT TpeboBaHUA
C, =0; C,coskl -f C,sin kI =0,

oTkyga (tak kak C, ¢ 0, ecm Cx = 0) sin kIl =0, kI = rm
(n —uenoe), K =y, oTkyga (nonarasg CtD = A)

ol
m—XT=/e N sin®p. (1.37)

O6paTHO, HerocpeLCcTBEHHO MPOBEPAETCH, YTO Bblpaxe-
Hve (1.37") npu to6OM MOCTOAHHOM A H /IHOOOM LESIoM 1
YAOBNETBOPSET ypaBHeHMO (1.34) W rpaHWYHbIM YCNOBUAM
(1.35). Takum 06pasom, OOLWMIA BML BCEX PeLUEHW ypaBHe-
HUA (1 34), yLoOBMETBOPAKOLWMX TPaHNMYHbIM ycnosusam (1.35)
N UMEroLLMM cnelmanbHblid Bug 1 — X (X) T (/), paetcsa doop-
mynoin (1.37").
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MycTb Tenmepb 4mcna A,, TakOBbl, 4TO YWUCNOBOW pPAj

2 1An| cxoguTtcs. Torga dyHKLMOHANbHBIN Paj
I
“> ma*a* |
A~ b g Nl
1

paBHOMEPHO CXOAUTCA npu /> 0 1 pagbl, NONYYeHHble U3 He-
ro NyTem NOYNeHHbIX AMKGIEPEHLIMPOBaHMIA 060 YMCo pas,
PaBHOMEPHO CXOAATCA MpU <>e, rgae e —oboe NOMOXKUTENb-
H(%e yucno. OTClOga CeAyeT, UTo B C/lyyHae CXOAMMOCTU psaja

21, | hyHKUMA
1

< n«s*a»

U(x,0=27e" " sin—m (1.38)
1

HenpepbiBHa Npu t > Q yA0B/IETBOPAET rPaHUYHbIM YCNOBU-
am (1.35) v ygosnetsopseT ypasHeHWo (1.34) npu t~=>0.

MpesnonoXxum Tenepb, YTO B Haya/bHbIi MOMEHT KaX[O0i
TOUKE CTEPXHS MpuAaHa HadvasbHad TemnepaTypa v Tpebyert-
CA BbIACHUTb 3aKOH PacrpoCTpaHeHus Ternna B CTEPXHe mpu
YCNOBMM, YTO Ha KOHLLAX MOAAEPXMBAETCA MOCTOSAHHAA HYy/le-
Baf Temnepatypa. Torga Ha 1 (X, t) JO/DKHO ObiTb HaNOXeHO
HayasibHoe ycnoBMe BMAa

nm(x 0 =dxnmpmno” x I (1.39)

r,u,eoop(x) —3aflaHHaa qyHKumMs, npudem @ 0) = dp(l) =

Bygem uckaTb cpean pelseHuii Buga (1.38) Takue, KOTO-
pble Y4OBNETBOPSAIOT HayanbHOMY ycnosuto (1.39), T. e. mog-
YMHUM 1 (X, t) Tpe6osaHuto (1.39).

Ecnmaﬁjp(x) Ha [0, N\gonyckaet pa3no>&<3e|-||/|e no cuHycam

h*) =2 Ansin-~fl unpn atom pag 2m, | cxopmtcs,
1 1

TO MOCTaB/IeHHaa 3ajaya paspelurma, ubo, onpesenvs Torga
n (x, t) no dpopmyne (1.38) ¢ MOMOLLLIO 3TUX AM, Halidem, UTo
bI(X, 0) BygeT umeTth Ha [0,1] Takoe e pa3noxeHue, Kak ¢i(x).
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MpvimeHeHve chopmyn (1.24) paet

[
An=— "®(@)sin dx.
O

B uacTHOCTK, b(X) O6YaeT yAOB/ETBOPATL YKazaHHbIM Tpe6o-
BaHMAM, ecnn go(x) Ha [O 1] HenpepbiBHO AndhdhepeHLmMpyema.

NTaKk npu ynomsaHyTbiX TpeboBaHUAX, HaNOXEHHbIX Ha
o (X), 3afia4a O pacnpoCTpPaHeHWW Tensa B CTEPXHe Mpu no-
CTOSHHOW HYNEBOI TemnepaType Ha KOHLax W 3afaHHON Ha-
YaNbHOW TemnepaType B KaXOW TOUKe CTEPXHS paspeLuvma
1 ee peLleHVe faetcs opmynoi

n'n«a' ,
u(x,t) = 2iAmr “  sin-"-,
1
e | (1.40)
An=-j-~(x)sin Mj-dx (n=1,2,3,...).
@]

MpUHUMN MakcMMyma [/15 YPaBHEHWUs TernsonpoBOAHOCTH.
Ecnv v (r, 1) HenpepblBHA Ha NPAMOYTO/bHMKE

O<x< Z 0< /< T

W yLoBMeTBOPAET ypaBHeHM ~ =al npn 0< x <

O< 1 T, To cpegn Touek, efe u (X, t) focTuraeT Makcu-
Ma/ibHOr0 3HAYeHWA Ha YMOMAHYTOM MPAMOYTO/IbHUKE, eCTb
Touka (x0<0), rge nmbo x0= 0, nmbo x0= 1, nmbo t0O= 0.

Noka3aTenbCTBO. JlONYCTUM, YTO TakOW TOUKM
HeT. Torfa makcuMManbHOe 3HayeHWe M JOCTUraeTCs B TOUKE
(*o. '0>r1e 0< x0< I, 0< t0< T, npuyem u (0, t) npwm
O< /< T,u(y npmo<;t T, u(Xx 0 npmo~"r xn
< 1 6yayT < M. MycTb m —HanbonbLLee N3 MaKCUMaTbHbIX
3HaYeHWU 3TUX TpexX (OYHKUMA Ha YNOMAHYTbIX CerMeHTax,
Torga m <CM. PaccmoTpum doyHkumto v (X, t) = u (x, /) -m
mmk (10 —(), rge k > 0. 31a PyHKUMA LOCTUTAET CBOEIO HaM-
60/bLUEro 3HaYeHNs B HEKOTOPOW Touke (XX, fj) mpsmoyronb-
HUKa, nTak Kak M = u (xe, t0) =v (x0, t0), Tov (x,, t"*M.

Mpn k<N —~ JOMKHbI MeTb 0 < Xj< I, 0< N < T,
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60 B MPOTMBHOM C/lydae

M < v(xb <)=u(* ti) + K(I0—<) <
<u(x,, th)+ k\t0—tI\<m+ &/~ T=M,

4yTo faeT npoTmeopeyne. Heobxogumoe ycnosue MakcUmyma
AgeT vxx (x,,<,)<;0, v(xlt /)>0(=0, ecm /< 7),
cnegosatenbHo, XX (xIt /) = vxx (Xj, tx 0, n (x, ()=
= {x,, /)+ k>0, HO 3T0 NPOTVBOPEUUT YpPaBHEHWIO
M =a2h" | uTp

3aMeHss U Ha —, MOMyYMM TaKOO XKe 3akK/oYeHue O
TOYKax, rge u LOCTUraeT MUHMMaNbHOMO 3HaYeHMs.

W13 cka3aHHOTO BbITEKaeT criefytollasn TeopeMa efUHCTBEH-
HOCTW. .

MoXeT cyLlecTBoBaTb HO 601ee ogHol u (X, I), ynos-
NeTBOPAOLLIE TpeboBaHMAM: W (X, t) HerpepbiBHa mpu 0 »
' 0selt <, -f oo, yposneTBopseT YPaBHEHUIO

= a9 nMo< x< £ 0< /< + oo, 1 (x,0) = <p(x
npn 0<x</ n@ =P nm O << + 00
n, Hh=or (/) npn 0< (< + 00 (rae ¢, &., o4 — 3afaH-
Hble (PYHKUMM Ha COOTBETCTBYIOLUMX WHTepBanax).

B camom fernie, ecnv MMeem [Be Takue (DYHKUMW W, W1 U,
TOV = U —n, HenpepbiBHa Mpn 0 x < I, 0N < 4- 0
I

YLOBNETBOPAET YPaBHEHWIO Ll —a%-(i*-if npw U< x< |,
Om/< 4 00, V(X, 0)=0npm 0™ x<;/ v(@0 1t =0

mm 0< << 4- 00, v(/, 0=0 npn 0~ + 00. pun
Kaxgom T > 0 MakCMMalbHOEe W MUHWUMaIbHOE 3HauyeHue v
Ha npamoyronbHmke 0  x foCTuraeT-

ca B TOYKax, rae nmbo x = 0, méo x = =/ mbo t = 0, Ho
B 3TMX Toukax V= 0, cnegosatenbHO, k30 Ha YNOMSHYTOM
NpAMOYronbHMKe, a Tak kKak T > 0 npom3BosbHO, TO Vv = 0

npu OOH, CNefoBaTeNbHO, M, = H2,
4.T.A.

B uacTHOCTM, pacCMOTpeHHas Bbllle 3ajaya O Haxoxfe-
HAW HenpepbiBHON oyHKumMM npn 0s~Ax<:/, 0sA"< < + 00,

YIOBNETBOPAIOLLEA YPaBHEHWIO = a* npn 0 < x<[/,
Oe< << 4* 00, YNOBNETBOPAMOLLEA TPaHUYHLIM YCTOBUAM
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nO ty=u(, h=0npm O™ t< -f 00 N HavyanbHOMY
ycnosuto 1 (X, 0) = cb(X) npy 0~ X /, MOXET UMETb U €
6onee OfHOTO PeLLEHNS.

8 9. WHTerpan ®ypobe

OT™MeTUM cnepea HEKOTOpPbIE BCNOMOraTte/ibHbIE CbaKTbI.
+ «

BbluncneHme mHterpana \ ~~dx. [lpeobpasysd Asou-
0

HO WHTerpan oT erx» sin x Mo keagpaty O < x a 0~
N < Q) ABYMA cnocobamy B ABYKPATHbIE WHTerpanbl W
CpaBHMBas Pe3ynbTaThbl, NOMYyHYUM

n a a
\sin xdx ~e **dy = ~dy e~>wsin xdx.
" (0] 0 O
JneMeHTapHOe MHTErpupoBaHue faer:
%e-x* dy= I ;
\e Assiinxdx = +
t I+1/1]
[0}
CnefoBaresibHO,
f.dx - - e - OXJ_*L _ _CI™ (*"»« + y
g 1 i gl-ny 3 [+y1 a,Je

TakK Kak *) MoflyNb BTOPOrO C/araéMoro /eBo YacTU MeHbLLIE
1/a, moaynb BTOPOro craraeMoro npaBoi 4acTU MeHblie 2/3,
TO B Npefenie npu a + oo Moy4Ym»!:
+ « )
sinz n ce
5 — x=T- (1-41)
o]

a
*) Yyutbigag, 4to "e“Bx</x< g a*dx =-L .
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Mockonbky —yeTHas  (OYHKUWMSA, U3  MOCNELHEN
chopmynbl crnepyer:

THli-dx=n. (1.41)

Nemma PumaHa gns  GeckoHeYyHOro mnpomexyTka. Ecnn
f (X) WMeeT Ha KaXiOM KOHEYHOM WHTepBane He 6onee Ko-
HEYHOTO uucna TOYeK paspbiBa M abcoNMOTHO MHTerpupyema
Ha (—oo0, + 00), TO

\ /(x)sinaxdx —0 npu a—+o00.

—00

Jokas3aTenbcTBO. Bo3bmem en d HacTonbko
6M3KUMN K —o0 N + oo, YTOBLI CymMa MHTerpanos ot | (X)|
no MHtepsanam (—oo, ¢! n[d, - og)ﬁbl!‘la MeHbLLe e/2. Tak

Kak B cuny nemmbl Pumana (52)  f(Xx)sin axdx—0 npwm

e
a—p» d,u,o, TOo npu mobom e > O naigetca Takoe K > Q

yto  |\/(x)sin ax dx |<C*" P K. Torga vpn a > K
e

Oysem WMeTb:

+—

| ™ f(x)sinax dx |»
—O

d _f_oo

C
< J /(X ]dx + j$/(x)sinaxdx ]| + § |/(x)]dx<e;

CNef0BaTeNbHO,

* /(x)sinaxdx-*0 npn a-»+00.

—00

[locTaTouHOe ycnoBMe NPeACTaBUMOCTU  (DYHKUMM  WHTe-
rpanom dypee. MNyctb / (X) — PyHKLMA, OMNpefeneHHas Ha
BCE YMCNOBON MPAMOM, UMEIOLLAA Ha KaX[OM KOHEYHOM cer-
MeHTe He 60/iee KOHEYHOro 4YMca ToYeK paspbiBa U abcontoT-
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Mo uHTerpmpyemasq Ha (—oo, 00). MocnegHee 03Ha4aer,
4TO HECOOCTBEHHbIA MHTErpan

+00

\ \fH\dx

— 00

eCTb KOHeYHas BefMumMHa (MHTerpan CXOAUTCH).
CornacHo ckasaHHOMY B § 6 B KaXoi Touke AmdochepeH-
uvpyemoctn X0 doyHKUmm / (X) umeem (npu /> [X, |)

/(x0) = -y + I_2|:»I(ancos-|o- + bnsin t

roe koadpchmupmeHtsl onpegenatotcs goopmynammn (1.20). Cre-
fl0BaTeNbHO,

| ® /
/(*0) = %-\H*)dx+ 2(4-~/(x)coS-~"dx.coS"p +
-1 '

n=lI
+ -j- M(x) sin-~-dx-sin-~p-" =

| o) |

=4r Sl,f’\ ax + ns_|4“}/w cos — P lo) dx

Monaras un = ™ ~torga Aun= ~ ; J- =J- Qumf no-
NyYnMm:
1 00 |

1(*0) = 4" 'i /(F)dx + T" 2 | Ow» ™ /(*) 008 “« (* —X,,) dx.
- n-

Mpn /> -f- 00, O4eBUAHO,

4 -f-00

— J/(x)dx-*0 m [f(x)dx = 0.

—/ —a00
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EcTecTBEHHO NpPefnONOXUTbL, YTO Npu /-+ + 00
c» |
ﬁ:lv”"/'"ilw cos “nl*- xo) dx

+ 00 +00

—»\ du \ /(x)cosu (x —Xx,,)dx

(o} —ao

(Ho aTo He oueBugHo!). Ecnn 3to Tak, TO MOJMyY4eHHOe A
/ (x0) BbIpaXeHuWe facT B npegene:

4-00 4-00

t(*o) = 4" \.du \ /(x)008«(* —*0)dx.
o0 o

MoKaxem, 4YTO 3TO [ECTBUTENLHO Tak.
Monoxum

i A 40
I (8 = — \du \ I(x)cosu(x —xn)dx.
_m

Tak kak J/(x) cosu (x —x0) | [/ (X) | n Eo\f (x)]dx

CXOAMTCS, TO MOXHO W3MEHWTb MOC/NEeA0BaTeNbHOCTL WHTEr-
PUPOBAHUS U Mbl MOMYYUM:
+HD

/(a)=-"- N f(x)dx \cosu(x —xQ)du =

—@ O
< iy by TR 2 — A i —"" 6K
@ @

(nocnegHWin MHTErpan MonyyeH M3 MNpeAbloyLlero 3ameHom X
Ha X0 + x). Ecom / (x0 =0, 70 "1 —»/ (xO npn r-»
“m0, n cnegosatensno, yHkuma <p(x)= '~ rnoeno

Haznexallero foonpeaenieHns B Touke X = OCTanoBMTCA Henpe-
PbIBHO B OKPECTHOCTM nyns u Oyfer abCoMHOTHO UHTErpu-
pyema Ha (—o00, + 00), 60 NPV JOCTaTOYHO MaJIOM € OHa Herpe-

pblBHAa Ha WHTepBane (—e, ¢) n BHe ero |p)| <; * ~» —— .
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CnepoBaTeflbHO, B CWYy NeMMbl PuMaHa An1s GeCKOHEUYHOro
NMPOMEXYTKa, VMeeMm:

I (0) = L "\/k(b(X) sinaxdx->0 npu a-*» + 00.

— 00

B obwem cnyyae [korga 3HadeHume / (X0) MOXeET ObITb fiHO-
ObIM] NMONOXUM:

y //(x0) npu x0—1<x<x0-U;

T = i O [ona ppyrux 3HayeHuin X;
Torpa

f(x)=/(x) lip(x

*«)=*4" N f (x0+ X) dx + Ano + X) AN -dX.

—B0 — 00

Mo JOKasaHHOMY MepBOe CaraeMoe Mpasoii YacTW CTPEMUTCS

K Hymto npn a  -foo, wbo / (x0) = 0. Bropoe cnaraemoe
NpaBoi 4acTU pPaBHO

deX -Fyn-X — dx—/\g)

n ! X

—a —co

npu o—*+ oo

tifj2a { lilgrdx =

(uHTerpan B cpefHei 4yacTu NOyYeH U3 NPeALUECTBYHOLLErO
3amMeHol ax ma x). Takum 06pa3om, B TOUKax AndIdepeHLmpy-
emoctn X0 dpyHKLMK / (X) nmeem:
f© “1®
/(x0) = lim 1(a) = -i- ™~ du ™ /(x)cosu (x —x0) dx.

0 —o00

3ameHas XOHa X 1 X Na < AOKa3aHHOE Mpej/iokKeHne MOX-
no hopMynMpPOBaTh Tak:

Teopema. Ecam /(X) uMeeT Ha KaXgoM KOHEYHOM WH-
Tepsane He 60/1ee KOHEYHOr0 Yucna TOYeK paspbiBa M abconoT-
HO MHTerpupyema Ha (—o00, -f 00), TO B KaXgoil TOuUKe X,
B KoTOpon / (X) AndphepeHunpyeMa, UMeem:

4-00 -f-o0

/(*) =~ ~duAf@Qcosu(t—x)dt. (142
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Mpasasn YaCTb (POPMy/ibl (1.35) Ha3blBaeTCHA LBOAHLIM MHTe-
rpanom ®ypoe cpyHKUMM / (X).

Tak Kak cos u (t —Xx) = cos ut-cos ux -fsin HA-sin ux,
TO (Mocne BHeCEHUs MHOXWUTENA 1//1) BHYTPEHHWUIA MHTerpan B
copmyne (1.42) MOXHO npeobpa3oBaTb Tak:

f@ 40
r i f{t)cosu(t —x)dt = - E f (t)cosutdt-cos ux +
—a —a

4-00

H—-ﬁ\d(t) sin ut dt esin ux = a (u) cosux -f b (u) sin ux,

rae
a(n) /(t)cosutdt (u>0),
9 (1.43)
b(u) = 4™ ~f(t) sinutdt  (u>0).
Torga (1.42) npuHUMaeT Bug,
+m
1(x) = \a (u) cos ux -f- b (v) sin ux] du. (1.44)
0

BbipaxeHue, cToswee B Npasoil yact chopmynbl (1.44),
HasblBaeTca uHTerpasiom ®ypbe gna yHkumy / (X). Takum
06paszom, hyHKUMA / (X) NpeAcTaBAETCA CBOMM WHTErpasom
®ypbe BO BCEX TOYKax ANGIGEPEHLMPYEMOCTM. 3aMETUM, 4TO
3TO [OCTaTOYHOE YC/I0BME MPEACTaBUMOCTU (DYHKLUM CBOUM
nHTerpanom ®Pypbe He ABMAETCH HEOOXOAUMbIM, MpPeAcTaBu-
MOCTb MHTerpaniom ®ypbe OyaeT MMeTb MeCTO U1 Npu 6onee 06-
WX YC/IOBMUAX.

®opmyna (1.44) nokasbiBaeT, YTo UHTErpan ®ypbe MOXHO
paccmMaTpuBaTb Kak KOHTWMHyaNbHbIA aHanor paga ®ypbe:
BMECTO CYMMMPOBAHWUA MO WHAEKCY M, npob6eraroLiemy Lesnble
3HaYeHUs, Mbl MUMEEM WHTErpPUPOBAHUE MO HEMpepbIBHO M3Me-
HAIOLLLEMYCS MepeMeHHOMY W; BMeCTO KO3dodpmumeHTOB Pypbe,
3aBMCALLMX OT LeNnoro MHAekca n, Mbl uMeeM doyHKUun a (u),
b (M) OT HenpepblIBHO W3MEHAIOLLIEroCs MepeMeHHOro u, orpe-
gensemble cpopmynamu (1.43).
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§ 10. KomnnekcHasa doopMa mHTerpana dypbe

Mpeobpa3yeM MOAbIHTErpasibHOE  BblpaXeHWe HopMy bl
(1.44) c nowmowupto chopmynbl Siinepa. Mmeewm:

a (u) cosux + b(n)sinux =

S 1 ux eMX - e~ilx
=a(un)-—-—- N H&) “— Ti

m (1) edC+ c(—wu) e~vx,

c(u)=o(u)-jMul; e{f_wu)=81l W LW

Torga
X
J [a (M) cosux + b (n) sinux] du =
(0]

= \[c (M) eiuxx + ¢(—n)e~ux]du =
o

X
= ~c(n)eiuxdu + n) e~uxdu =
(0] (0]
X [¢] X
=JcWemxdu+ [ ¢(u)eiuxdu = jj ¢ (u) eiuxdu,
0 —X -X

X
TaK Kak nocne 3aMeHbl U nma —un uHTerpan ~c(—u)e~iuxdu

0
(o]

nepexogut B J ¢(u)eiuxdu.
H(



52 PAObI ®YPbE N MHTEIMPA/T ®YPbE rn. 1

[na ¢ (n) nonyunm BblpaxeHue

+00 +00

=_r('t &ft)cosutdt~ 14*“ 5 /(o
—0C

—00

+00 +00

2 A /(0 (cout —isinut)dt = A /(0 e~iuldt (u> 0).

HenocpefCcTBEHHO BWAHO, YTO 3TV (DOPMY/IbI BEPULI 1 MPU
n < 0, Hanpumep, U3 Toro, 4to ¢ (—un) = ¢ ().
M3 chopmynbl (1.37) nonyyaem Tenepsb:

X
/(X) —)I(_imw\(a (u)cos nx + b(u) sini/x)du =

X -foo
= lim ? c¢(u)eiuxdu = \ c(u)eiuxdu
X-H-» -X -eo
ufoo X
(noHnMmas Kak lim \).
-Co X*° —x

NTak, B TouKax audpcpepeHLHpyeMocT  dpyHKumm 7 (X)

+o0
/(x) = J c (1) ectdu, (1.45)
roe -
-foo
c(“)=4r S 1V)*-iudt (1.450

BbipaxeHune ana / (X) B chopme (1.45) ABNAETCA KOMMIEKC-
HOWi chopMoii mHTerpana ®ypoe Ana qyHKuMmM /(x).

Ecnn B dhopmyne (1.45{ 3aMenunTh C (1) ero BbIPaXeHMEM,
TO NONMy4yMMm B Toukax AaudodoepeHUHpyemocTn qoyHKumn / (.r):

-foo -foo

/(x) = -4r 5 diuxdu ~ f(t)e~iu,dt (1.46)
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WNK, MOCNe BHECEHWS eiuX MOJ 3HaK BHYTPEHHEro MHTerpana,

4-00 4-00
= $ du $ No ****> %o (Tec?)
—00 —00

MpaBas YacTb cpopmysbl (1.46") Ha3bIBaeTCA ABOMHLIM WH-
Terpanom ®ypbe B KOMNAEKCHOW hopMe.

Monoxwme r
+0»

F(u) = $ /(Qebl dt,
_m

dhopmyny (1.46) MOXHO nepenucarb Tak:

400
/(X) = -~ N F (n) eiuxdu. (1-46%)

§ 11. WNHTterpan dypbe N8 YeTHbIX
N HEeYeTHbIX (OYHKLMIA

Myctb / (X) — YeTHas pyHKUMSA, YAOBNETBOPAIOLLLAA YC-
nosusam 8§ 9. Torga

400 400
a(m) =~ " /(t)cosutdt = N f(t) cosutdt;

— 00 0

4-00

b(n)-4" jj f(t)sinutdt =0,

cnefosatensHo, UHTerpan ®ypbe (1.44) npuHUMaeT BUA

4-00

/(xX)= \ a(u) cosuxdu, (1.47)

rae

4-00

a(m) =-£ Y /(*)cosutdt. (1-47
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®
STo—4uHTerpan ®ypbe ANA YeTHON hyHKUNKM / (X). 3aMeHss
3ecb a (1) ero BblpaXeHWEM, MOMAYYUM [BOWHOW WHTErpan
®ypbe N8 YeTHON PYHKLMK:

{® W0
/(1) = " jj cosuxdu ™ f(t)cosutdt. (1.48)
0 0

MycTb Tenepsb / (X) — HeueTHaa PYHKLNSA, YLOB/ETBOPAIO-
Wwas ycnosuam § 9. Torga

+ «
a(w =-A_ ~ f(t)cosutdt =0;

-f-oo0 -j*oo

b(u) = A /@)sinutdt = -A- A /(f)sinufd*;

cneposatefibHO, mHTerpan ®ypoe (1.44) NpUHUMAET BUL

+«e
f(x)= " b(u)s\nuxdu, (1-49)
(0]
rae
6(u) = i 3\ f(t) sin utdt. (1-49))

0

310 — uHTerpan dypbe ANs HeueTHOA (yHkumm / (x). 3a-
MEHAS 34eCb b (K) ero BbIpaXeHWEM, MOMYYMM [JBOWNHONR WH-
Terpan ®ypbe ANA HEYETHOU (DYHKLWK:

/(x) = -~ "~ sinuxdu A f(t)sinutdt. (1.50)
0 0

®opmynbl (1.48) n (1.50) MOXHO nepedppa3mposaTb Crie-
JyroLym 06pazom.
Monoxum

P(*) =V ~ U/(0cosxtdt, (1.48")
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Torpa m3 (1.48) cnepyet [ecnn / (X) — deTHad oyHKLWNS,
YL,OBNETBOPAIOLLAA OTMEYEHHbIM BbiLLE YCNOBUAM!, 4TO B TOY-
Kax andpgpepeHumpyemoctu doyHKUmm / (X)

------ 4

/(*) =y A (0 003 xt dt.
* (0]

Ha3sbiBasi BblpaxeHMe, CToOslLee B npaBoit yactn (1.48"),
KOCUHYC-TpaHcopmaumein coyHKUMM / (X), NPUXOAUM K 3 aKo-
HY B3aUMHOCTM: eCn <P (X) eCTb KOCUHYC-TpaHCqIOpMaLLMA YeT-
HOM doyHKUMK / (X), TO/ (X) eCTb KOCUHyC-TpaHcopMmaLus ot

qj (*|)-|.OI'I OXNM

/ ______ .OO
y(.x)=y A 7Qsin xtdt. (L50)

(0]

Torga m3 (1.50) cnegyet [ecnu / (X) — HeueTHas oyHKL U,
YL,OBNETBOPAIOLLLAA OTMEYEHHbIM BbILLIE YC/TOBUAM], YTO B TOY-
Kax audpdoepeHumpyemoctn oyHkumm /

——+«

f{x)=y A ip(()sinx*d(.
(0]

Ha3biBasi BblpaXeHue, cTosilee B MpaBoi yactm (1.50Y),
CUHYC-TpaHchopMalmein dpyHkumm / (X), MPUXOAMM K 3aKOHY
B3aMMHOCTK: ecnn o (X) eCTb CUMHYC-TpaHCd)OpMauns HeyeT-
Ho chyHKUMK / (X), TO / (X) ecTb CUHYC-TpaHcdopmaLns ot
t(x).

Mpumep. MpefcTaBuTb UHTErpanom dypbe yHKLUIO

1 npn DK< 1
/(*>- -y- npn 1*1=1,
0 npun 1*1>1.

DyHKUNA f(X' —4eTHaq, cnefoBaTenbHO, Ha ocHoBaHUM (1.47) nmeem:

/(X) = \ a(u)cos uxdu;
0

s 1
2 f 2 f sinu2 e i 2sinu

a(VI):HFI Y WceoSutdt = — NOButde= — /=0 Mmoo
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noaTomy

2 ¥ sinwn
/W-TT 2) -T “ COSUirf“-

Takum o6pasom,

2

sin n

+#0 1, ecnn X< 1,
£ 1
)y — cos ux du : ~Y ., ecnn |*] = 1, (1.51)

O, ecnn |* |> 1.

BbipaxeHune (1.51) HasbiBaeTcs PaspbliBHbIM MHOXUTenem [upuxne.

§ 12. OpToroHanbHble cCUCTeMbl YHKLNU

Bydem paccmMaTpuBaTbh [eiCTBUTENbHbIE QYHKUMM P (X)
Ha KaKOM-HW6GyAb MHTepBane (3aKpbiTOM, OTKPLITOM WAM Mo-
NYOTKPbLITOM) ¢ KoHUamu a, b (2 koHeyHo unn paBHo — 00, b
KOHEYUHO WM PaBHO + 00), Ha KOTOPOM (OMKCMpoBaHa He-
KoTopasi MofoXuTenbHas HenpepbiBHas qyHKuusa p (X) (Be-
coBasi (pyHKUMA). Byaem npegnonarate yHKkummn <P (X) He-
NpepbIBHLIMW Ha pacCMaTpPUBAeMOM MHTepBae N TakKUMU, UYTO*)

b

$[®()1*P (*)d *< + °0=
a

Ons Taknx dyHKumii @ (x), rp (X) nonoxum
b

(b. @) = XD (*) & (*) P () dx.
a

OTOT MHTerpan UMeeT CMbICN, TaK Kak |dp | -]~(P* + U2)-

OnpepgeneHune. ®yHkumm ¢ (X) n ¢ () (yaosnet-
BOpSOLMEe YyKa3aHHbIM Bbllle Tpe6GoBaHWSIM) HasblBalOTCA
OpPTOrOHa/IbHBIMW OTHOCKTE/IbHO Beca P (X) Ha AaHHOM WHTEp-
Bane, ecnm

(th, ) = 0. (1.52)

OpTOroHanbLHOCTh He HapyllaeTcs NPy YMHOXEHUUN (DYHK-
Ui Ha MNOCTOSIHHbIE MHOXUTENN.

*) Ecnwn paccmaTpuBaemblii MHTepBan ecTb CerMeHT, TO 3TOMYy Tpe-
60BaHWIO YAO0BMeTBOPSAET KaX/as HemnpepbiBHAasA wa HeM (MYHKLMA.
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OnpepeneHne. PyHkunsa d (xX) (ygosneTsopstoLias
yKasaHHbIM Tpe6oBaHUSM) HasbiBaeTcsi HOPMMWPOBAHHOW OT-
HOCUTeNbHO Beca P (X) Ha JaHHOM WMHTepBasne, ecnu

@, W- 1 (1.52")

He uvcuesalowyo TOXAECTBEHHO @ (X) MOXHO cfenatb HoOp-
MUPOBaHHOW, YMHOXWB HA noaxoaswwui [MMOCTOSAHHbIA MHO-
Xutenb X (HOPMUPYHOLLMIA  MHOXKWUTENL). ITOT MHOXUTENb A
cnepyeT Bbl6paTb Tak, 4T06bl (X, Xdp)) = 1, oTKyaa

X= ——4 = 1. (1.53)
/(. d)

Hanpumep, gna X Ha [0, 11 npn eAUHUYHOM Bece

1
1+

K3.
dx

PaccMOoTpuM 6ecKomneunyto cuctemy (OyHKLUIA

<H (*i), dr (*),—>» P, (X),... (S)

(ypoBneTBOpsAOLWMX OTMEYEHHbIM B Hauyasne naparpadga Tpe-
6oBaHusAM). Hasosem cuctemy (5) OPTOrOHaNbHOW OTHOCU-
TenbHO Beca P (X) Ha AaHHOM WMHTepBasie, ecivM Bce PYHKLUU
3TOW CUCTEMbI HE MCYE3Al0T TOXKAECTBEHHO M MOMNapHO OpTOro-
Ha/lbHbl OTHOCUTENbHO Beca P (X) Ha paccmMaTpMBaeMOM WH-
TepBane, T. e. ecnun

(. ©») = 0 npu i d K.

HasoseM cuctemy (S) OpTOHOPMMPOBAHHOW OTHOCKTE/ILHO Beca
p (X) Ha JaHHOM WHTepBane, ecqiM OHa OPTOroHasnbHas W BCe
ee (PyHKUUM HOPMMpPOBaHHbIE OTHOCUTENIbLHO Ha3BaHHONO Beca
Ha paccMaTpvBaeMOM WHTepBasne, T. €. ecu

ro npu 1ok,
<* . .*x>-1, ,p,

Ecnn HekoTopas cyHKuus / (X) gonyckaeT pasfoxeHue
00

/(*)= 2 <1d*(*),
k-i
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TO, YMMoOXas 370 paBencTBo nad,, (X) p (X) n MHTerpupys 3a-
TEM MOYNeHHO B mpegenax ot a Ao b (ecnn 3To 3aKOHHO), no-
®

nyuum: (/, q0) *= 2 a» (¢p*. &) = Mdn, d,,), oTKyga
Kk~1

“>=n T = W-54»

OnpepeneHne. Pagom dypbe KaKon-Hnbyab
dyHkumn / (X) (YLOBNETBOPSAIOLLE/ OTMEYEHHbIM B Havase
naparpaca Tpe6oBaHMAM) OTHOCUTENIbHO OPTOrOHaNbHOM CU-
cTeMbl (S) HasblBaeTca pAL

Syq @ ().

KO3(P(PULMEHTHI  KOTOPOro onpefensitorca Mo qopmy/iam
(1.54).

MNpwn 3Ttom Nyt
p y ®

/ (*)~ 2 a*on (¥)e
1
Ho wn3 atoro He cnegyet, 4uto / (X) AO/MKHa pasnaratbca B
cBoi psg Pypebe.
Mpumep. Ha cermeHTe [—n, A. cucTemMa PyHKUWIA
-y-, cos X, sin X, cos 2X, sin 2x,... , cos NX, sin OX, ... (M)

OpTOroHasbHa OTHOCUTENbLHO eAMMHYNOro Beca (CM. BblYMC/IEHME BCMO-
MoraTenbHbIX MHTerpanos $ 2). O6o3Hayaa koapduuneHTbl Pypbe Ka-
KOW-HUb6YAb hyHKumMm / (*) Ha [—sa, 9) oTHocuTenbHo cuctembl (T)
yepes

a», flf, bit a2, bj, Ot bn, ...,

Hagem no copmynam (1.54):
K

{f(x)-~dx A

\ (1/2)* NI
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~ /(%) cos nx dx n
- /(%) cos nX A\
~ cos2nx dx
XK
a 9

A (X) sin nxdx a

n N7 sin nxdx

J sin* nx dx

KOTOpbIe B JJaHHOM C/lyyae npeBpaLLlatoTces B doopmysbl (1.7) § 2.

TpuroHomeTpuyeckne psagbl Pypbe ABAAKTCA YaCTHLIM
cnydyaem psafos dypbe OTHOCUTENIbHO OPTOrOHaNIbHbIX CUCTEM
YHKLNIA.

Ecnn dyHKuumn, cocTaBnstlolWne Kakyw-HMbyab opToro-
HanbHYK cucteMy (S), YMHOXWUTb Ha Kakue-HMbyab nNOCTO-
AHHble X1 ¢ 0, TO MNoONyyYMM CHOBa OPTOrOHa/IbHYI CUCTe-
My. KoachduvureHTbl dypbe Kakoih-HUOYAb (YHKUMK npu
3TOM pasfenatca Ha Xn [Kak BugHo uis dopmyn (1.54)1, uneHsbl

Xe paga ®ypbe He UIMeHATCS

Yyae OpPTOHOPMUWPOBaHHOW cucTembl (S) dopmynbl (1.54) npu-
HUMaKT BUJ,

an = (/.cn) (n = 1»2,3,...). (1.54%)

OpToroHanmsauus cuctembl dyHkuun. Mycts fv 2,

b6eckonevyHasacucTeMa TMHEAHO HE3aBUCUMbIX (DYHK-

unii (yLoBneTBOPSAOLLMX OTMeYeHHbIM B Hadvane naparpacda

TpeboBaHMAM). B3AB MNPOWU3BOMbHbLIE AENCTBUTENbHbIE 4YKUCaA
(i> K> 1), nocneposatesibHO MNOCTPOUM COYHKLUU

1 = A.
da = Midn + />
<P3 = ~3Lpl "b Nardr Y" /3»

dgn — ~ATdh! + nadr + ee= + Ann-i dr-i + />
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Mo MHAYKUMW BUAHO, 4TO Kaxgaa (PyHKUMA <A, €CTb K-
HeliHasa Komb6uHauunsa yHkuwnin/,, 2, ..., /,, ¢ koacpdurumeHtom 1

npwn /,, oTKyaa cnefyeT, 4YTo pyHKUUN <P, d2...... ®,,,... n-
HeliHO He3aBMCMMbI. B 4acTHOCTW, Kaxpjas <@, He ucuesaeT

TOX/AECTBEHHO.
MokaxeMm, 4TO MOXHO (eAVMHCTBEHHbIM 06pa3om) nogobpaTb
yuncna TakK, 4To cuctemMa QyHKUui o, d2,..., §,,--- cTa-

HeT OPTOroHanbHOM OTHOCUTENbHO Beca P (X) Ha AaHHOM WH-
TepBane (rnpolecc MNOCTPOeHUs Takux ), HasblBaeTcAa OpPToO-
roHanm3aLMen cuctembl NMHERHO He3aBUCUMBIX (YHKUMI 7,,).

Tpe6oBaHue (da, ,) = 4r, (¢, d,) -f (2, Pi) = 0 paet
(Ve <F>

MycTb Tenmepb A npu i A~ N — 1 yXe onpeaeneHsl 1 gn...
...,(hN-1 nonapHo opToroHanbHbl. Torga Tpe6oBaHUS
(R

(®n, ) = S @l ) + (/N o) =

= K* (@ )+ (£, ®) =0 (k= 1,2...0- 1)

AatoT A (k= 1, 2,.., n—1), n Takum 06pasom

Bce kin npu i nonpegeneHbl U PYHKUUN ¢, ..., ¢, MNOMAPHO
OpPTOroHanbHbl. WTakK, WHAYKUUS MNpOBefeHa, W YTBepXie-
HWe [0KasaHo.
OpToroHasbHble MOVHOMbI. HafnoXuM Ha BECOBYH (DYHK-
umio p (X) pobasounoe ycnosue:
b

ilxl"p(x)dx<+oo (n- 0,1,2,...).
a

Torga dyHKUMm 1, X, X2, ..., XN,... 6yayT yaoBAeTBOpPAThL OT-
MEYEHHbIM B Hayasne naparpada TpeboBaHUAM. [1pumeHaa
npouecc opToronanmMsauuyM oTHOCUTeNbLHO Beca P (X) Ha pac-
CMaTpMBaEMOM WHTepBasie K CUCTeMe CTerneHHbIX YHKuuin 1,
X, X2,..., XM, ..., NONY4YNM MocnefoBaTe/lbHOCTb NO/IMHOMOB

PO (x), I\ (x), Pt (X).....Pn (x),...

cteneHenn 0, 1, 2,..., N,... C €4MHNYHBIMA CTapLWINMKN Ko3dhu-
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umenTamu, 06pasyroLLLMX OPTOrOHanbHYK (OTHOCUTENBHO Beca
p (X) Ha JaHHOM WMHTepBase) CUCTEMY.
OTMETMM HeKOoTOpble CBOMCTBA 3TUX MOJIMHOMOB.
Ecnn Q (X) — Npou3BO/bHbLIA MOAMHOM cTeneHn T < T,
T (Pn, Q) = 0, nbo, pasnaras Q (x) no nonuHomam PO (x),...
T

...,PT(X), nonyunm Q(x) = 2 c*Py (*) (c* — HeKoTopble 4unc-
*—0

na), oTkKypaa
T

Pn,0)-2M Tn pPy=0.
K=0

MokaxxemM, 4TO NOMNHOMBI P,, (X) YAOBNETBOPSIIOT MPOCTbIM
PEKYPPEHTHbLIM  COOTHOLWIEHUAM. OueBmgHo, PO (x) =1;
Pi (x) = x + po 0 — HekoTOopoe uucno). Pasnaras npwu
n> 1 nonuHom Pnll (x) — xP,, (x) (ero cteneHb, 04YeBUAHO,
~ n)yno PO(x),..., P, (X), nonyunm

n
Pit(x) —xPn(x) = 2 ckpk(X
)

(c* — HekoToOpble 4yucna), oTkyga npm /= 0, 1,..., N
n

(/>, PieX- xPm) = 2 ~ (N, /> = ¢, (/>, P).

Ho
A», P,H—xPn) = (Pt, — xPn) = — (xPj, P,),
yto Npu | <c N — 1 paeno Hynw, cnegosaTtensHo, ¢0 = ¢, =
= ... = ¢cn-2 = 0; 3arem, pasnaras xPn-x no PO,..., /%,
Haligem
1
(xP,.b Pn) = (2 d*Pk+ Pn, Pn) = (PN, Pn)>0
K—O

(d* — HekoTOpble 4ymcna), NO3ToMy c,,., < 0. CnepoBaTenbHO,
nonaras

Ctl = = Pn,
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nony4YnM:
P+l (*) —xpn (x) = —a,Pn_, (X) + PnPn {x);
«»> 0 =1, 2,3,.).

Takum 06pasom, BCAKUI MHTEpPBan U BCSKas 3afaHHas Ha
HeM BecoBas (PyHKUUsA P (X) NMOPOXAAlT TakKyl MocnenoBa-
TeNbHOCTb MOIOXUTENbHbIX Yncen alt a2, asS)... n Takyto no-
cnefoBaTeNIbHOCTb AeNCTBUTENbHbIX 4ncen po, pit p2,..., uTo
COOTBETCTBYHOLLME OPTOroHanbHblie MOMVHOMbI YAOBNETBOPSIOT
COOTHOLLEHUAM

/>, = 1,

Px(x) = X+ po,

PR () —(X+ P,)PnX)+ alVi(X)=0
(n=1,2,3,..).

(1.55)

OTMETUM WHTepBasibl N 3aflaHHble Ha HWUX BECOBble (*)yHK-
unn, nopoxparwwme KnacCny4eCkmne opToroHasibHbie NMOJIMHOMBI

a b P (*) HassaHne nonvHomoB
—1 1 1 MonvHombl JlexaHapa
-1 1 1 MonnHombl Yebblwesa
VI — X 1-ro poga
—1 1 y l-x* MonnHombl  YebblLlieBa
2-ro poga
—1 1 <1-- X)“a + X)» MonnHomMbl AKO6U

<>-1,; P>—1,

0 + 00 «* MonuHombl flareppa
0 + 00 1-r+ O606LLEeHHbIE  MOMUMOMbI
a> —1; Nareppa
— 00 + 00 MonnHombl dpmMuTa

PasnMuyHble aHaNMTUYECKME BbIPAXeHUS A/ YMNOMSHYTbIX
B 9TOW TabnMue MoJIMHOMOB Mbl 34€Cb HE PacCMaTpPUBaEM.

CBoiicTBa Hysneii OpTOroHasbHbIX NOAMHOMOB. pu N060M
MHTepBane n N060M 3ajJaHHOM Ha HeM Bece Hy/n OPTOroHasb-
HbIX MO/IMHOMOB 06/M1a4alT HUXecIeAyLWMUMN CBONCTBAMU:
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1) Bce Hynu nonvHomMmoB PN (X) geiicTBUTeNnbHbIe, NPOCTbIE
n nexat B uHTepsane (a, b).

AdokaszaTtenbcTtBO. [lycTb Cm Te n3 Hynen
P n ix)> koTopble fgeiicTBUTENbHBI, nexat Ha (a, b) n umetot
HeyeTHyl0 KpaTHocTb. Myctb Q (X) = (X — £,)... (X —
Ecnn T < n, 7o (PN, Q) = O, HO 3TO HEBO3MOXHO, TakK Kak PnQ
coXpaHsieT MOCTOsIHHbIA 3Hak'Ha (a, 6). CnepoBaTenbHO,
[OMKHO 6bITb T = M. OTcoga BMAHO, uTto P (X) nmeeT Ha
(a, b) A HyneiA, NnoaTomMy BCe OHMW MPOCTble U APYTUX HYNeW
Pn (X) He umeeT.

2) MonuHombl PN (X) ¢ cocefHUMU MHAEKCAMU He WUMEeKT
06LWNX HYE.

B camom gene, n3 (1.55) BnagHo, 4Tto 06WMIA HYNb ABYX MO-
JIMHOMOB C COCEAHUMMU WHAEKCaMU Gbll Gbl HY/IEM BCEX MOSM-
HOMOB C MeHbLIMMWU MHAekcamu (M6o Bce an g 0), Ho 3To He-
BO3MOXHO, Tak Kak PO (X) =1.

3) B kaxaom Hysne nonvHoma Pn (X) nonnHombl Pl (X) m
Pn-1 (X) umeloT pasHble 3HaKW.

310 BUAHO M3 (1.55) (6o BCce an>10).

4) Mexay BCAKUMU ABYMS COCEAHVMMU HYASMU MOJIMHOMA
Pn (X) nexxut oguH Hynb nonnHoma Pn-i (%=

JokaszaTenbcTBO. JloKa3biBaeMoe MpPeaoXeHUe
cnpaeeanvMBo npu N = 2, n6o B Hysne noavHoma P X (X) nonu-
Hom Pr (X) oTpuuateneH, Tak kak Tam PO (X), 6yayum Toxge-
CTBEHHOW eAVHWLUEN, TMONOXUTENEH; CrefoBaTeNlbHO, HYyn
KBagpaTHoro TpexuneHa P2 (X) nexaT no pasHble CTOPOHbI OT
HYNsi NUHelHoW dyHkumn Pt (X). Mpegnonoxmm Tenepb, UTo
[lOKa3blBaeMoe Mpef/ioXeHue cnpaseanneo ana N — 1 (1. e
MeXAy BCAKMMMW [BYMS COCEAHUMMW HyNsiMW mnonvHoma Pn
NEeXUT OAUH HyNb nonvHoma Pn~). B Hynsx nonuHoma P n™
3HaueHus PN.2 3HakouepeaywTcs (B CUy MpPOCTOTbl  Hynel
Pn.4 v B cuny caenaHHoro npeanosioXeHus), criefoBaTesibHO,
Ha ocHoBaHWMW 3) 3HauyeHuMs PN Takxe 3HakouepegytoTcsi. OT-
clofa BUAHO, YTO MEXAY BCAKMMM COCEAHUMWU HYNSMWU MONn-
HoMa HaxoAuTCs Hyfb nonvHoma P (uto gaet N — 2
Hynst). 3aTeM, npaBee GONbLUEr0 U /IEBEE MEHLLUEr0 U3 HYINEW
P n-x HaligeTcs no nyno nonuHoma Pn, néo 3HakP,, B Ha3BaH-
HbIX Hynax PMN.j NpoTUBOMOMOXEH TOMY 3HaKy, Kakoii umeet
Pn cooTtBetctBeHHO B6MM3M b 1 B6AM3M a. TMonydeHHble N
Hyneir monvHoma PN (X) vcuepnbiBaloT ero Hynn u obecrnevn-
BalOT UCKOMOE B3aumopacnonoxeHue Hyneih P -\ H Pn- NTaKk,
WHAYKUWSA NpoBefeHa W NpeasioXeHMe [OKa3aHo.
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§ 13. MuWHMManbHOE CBOCTBO KO3PpuUMeHTOB Pypbe

OnpepgeneHue. Tyctb /(X) n ¢ (x) — gse QyHKuUn
(yooBneTsopstoLLMe OTMEYEHHbIM B Hayane §12 Tpe6oBaHUSM).
CpefHekBagpaTUYeCKUM YKNoHeHUeM f(X) oT «p(x) oTHOCK-
TenbHO Beca P (X) Ha AaHHOM WMHTepBase Ha3blBaeTCs YMC/O
V (/ — b 7 — )

I1ycTb MMeeM KaKyw-HWUOYAb OPTOroHanbHyl (OTHOCU-
TefibHO Beca P (X) Ha AaHHOM WHTepBane) CUCTEMY (OYHKLUWIA

L (*). T (a)».-. DN (*).— (S)

JNInHeliHble KOMBUHALMN 13 T NepBbIX PYHKLUWI 3TO CUCTEMBI,
T. €. BblpaXeHus Buaa

CPL (X) + cA2 () + ... + C.. (X),

roe ¢ cr, ..., C,, — nobble AENCTBUTENbHbIE MOCTOSHHbIE,
Ha30BeM A5 COKpauweHuss 0000LEHHBIMW MONMHOMAMWU M-ro
nopsgka.

JKcTpemanbHas 3agayva. M3 Bcex 0606LEeHHbIX MOMVHOMOB
N-ro nopsgka HaTu TOT, KOTOPbIA MMeeT HaMMeHblUee cpef-
HekBagpaTMyeckoe YK/JOHEHMe OT JaHHOW dyHKunn 7 (X)
(yooBneTBopsloLLel OTMeYEHHbIM B Hadane § 12 Tpe6oBaHuUsAM).

Bonpoc CBO,Cll_LII/ITCH K OTlT_IICKaHI/HO TakKux Ccu ..., C,,, Ang

KOTOopbIX (/ —2 c*dx» /— 2 C'O*) 6yaeT HaMMeHbLUUM.
1 1

He Hapywas o06WHOCTU, MOXEeM cuuTaTb cuctemy (S)
OPTOHOPMMPOBAHHOW (B MPOTVMBHOM C/ly4Yae MyTeM YMHOXeHUA
Ha HOpPMUPYIOLME MHOXUTENN Mbl MOXEM cAenaTb ee TaKOBOW).
Monaras, 4TO UHAEKCbI CYMMUPOBAHUSA MPUHMMAIOT 3HauYeHUs
1, 2, ..., N n aK o603HavaloT KoappnumeHTbl dypbe QyHKLNN
/, 6ynemM WNMeTb:

(/~2 CO./~ 2 CP)=(/,D~ 22 C*(/, P) +
+ 2 el (@ Bi) = (1)) —22 claK+ 2 e*=

—(ftf) — 2«2+ 2 (c*—an2
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M3 nonyyeHHol dopmysbl

n n n n
/ 2cte/ 2 c*dk)= (Af) —2 "H2 —awr
1 1 1 1
(1.56)
BUAHO, YTO MCKOMbIi MUHMMYM MoOnyuyaeTca Npu CK = aK
(k 1, 2. n).

NTak, 13 Bcex O0606LLEHHbIX MOMMHOMOB N-ro nopsaka
HaMMeHbllee cpeaHeKBagpPaTUUEcKoe YK/OHEHMe OT AaHHOW
hyHKumK / (X) MMeeT n-si yacTUuHas cymma psga ®ypbe 3Tol

PYHKUUN.
N3 dopmynbl (1.56) Haxogum

n n
min (/ - 21 CP*. /- 21 Cp*) =
n n n

= (/—2I ach*«/—z1 a*er) =(/./) —21 He  (¥-57)

Tak Kak cpefHsAsa vacTb dopmynbl (1.57) HeoTpuuaTtenbHa, TO

2 «?<(/. J» oTKyga cnegyeTt, 4To psg 2 a* cxogutca WU
1 »
nMeeT MeCTO HepaBeHCTBO beccens

00

2 «x<(/,/)= (1-58)
YuuTblBaA HepaBeHCTBO - M* < -1- -f- ,  3aKnio-
®
y_l 1°nl
yaem eule, 4yto paAg Zj ------- cxogmTces.
1

Ecnwn cuctema (S) opTtoroHanbHasa (HO He 06s53aTefNlbHO Op-

TOHOpMUpoOBaHHas), To (1.58) cfefyeT 3amMeHUTb HepaBeHCT-
BOM

2

k—ll}bk «/.1/). (1-58")

3 . . PoMaHOBCKWUIiA
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raC Xk — Hopmupytowmuini MHoXuTcs! gns  d& () (n6o, 6eps
BMECTO (PK, Mbl JO/MKHbI B3Th ak/kk BmecTo akK).
N3 (1.58"), B 4acTHOCTU, BUAHO, ‘-ITO(D,EI,I'IH BCAKOW Hernpe-

pbiBHOW Ha (—n, nl dyHkymm pag 2 (a«+”"«) (rge a™
1

n bn onpepensitoTcs copmynamm (1.7) cxoauTca W, cneposa-

1
Has3biBags TPUTOHOMETPUYECKUM MOSIUUHOMOM M- cTeneHn

PyHKUMU  BUaa

-Tr + 2 (GAcos KX -J- dksin kx),
k-i
MOMy4YMM KaK YacTHbIA Cc/Ayyadl peLleHHOW 3KCTpeMasibHOM
3afaunm (Korga B KauyecTBe cCUCTeMbl (S) bGepeTcAa TPUrOHOMeET-
puuyeckaa cuctema (T)) cnegylowunini pesynbTar.

N3 Bcex TPUTOHOMETPUYECKMX TMOMHOMOB M- CcTeneHwu
HanMeHblLLee cpefHee KBagpaTUyecKoe YK/OHeHue Ha [—s, n]
OT 3afaHHOW Ha 3TOM CerMeHTe HEeNpPepbIBHOW QYHKUUN
/ (X) nmeeT TPUTOHOMETPUYECKUIA MOSNHOM

n
my + 2 (a*009KkX + bKsin KXx),

KO3(P(PULMEHTBI KOTOPOro onpefensitoTcs no dopmynam dypbe
(1.7) u3 § 2.

§ 14. 3aMKHYTble CUCTeEMbl IYHKLMN

Cuctema (S) dyHKUWIA, yAOBNETBOPAKOLINX TpPeboBaHMAM,
OTMeYeHHbIM B Hauane § 12, HasbiBaeTcs 3aMKHYTO@, ecnu
nobaa HenpepbiBHas (yHKuMa / (X) Ha paccmaTpuBaeMoMm
WHTepBane ¢ KoHuamMmy a u b un Takas, uTo

b

$1/(*)1*/>(*)<&< + 00, (1.59)
a

MOXeT OblTb KaK YrofjHO XOpOLUO anmnpoKCMMMUpOBaHa B Cpel-
HEM NMHEAHbIMU KOMOMHaUUAMU YHKUMA n3 (S). 3To 3Ha-
ynuT, 4to Ana nwboro e > O HanlgyTca Homep N, Takwme
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(fj (x), H (X) 13 (S) n Takme uucna clt cy, uto
b
?/W-KZ:]-C(DK()] P(*)dx < 8.

MycTb, N 4yacTHOCTU, (S) ecTb OPTOHOPMUPOBAHMAsa cucTe-
Ma  (QyHKUUA

bt (*), 2 (x), &, (X),...

Torpa cnpaseasivea
Teopema. [lns 3aMKHYTOCTU OPTOHOPMMWPOBAHHO
CUCTEMbI (S) HeOoBXOAMMO M JOCTATOYHO, YTOBLI AN KaXKAOM
HENPEPLIBHOW (DYHKUMU / (X), YAOBNeTBOpstoLleli Tpe6oBaHMIo
00

(1.59), umenn 2 a* = (A< r& an — KoahPULNEHTbl DPypbe

n
(PyHKLMU / (X) OTHOCUTE/NbHO CUCTEMSBI (S).

MHaue rosops, TpebyeTcs, 4Tobbl 418 BCAKOW HenpepbiB-
HoOW chbyHKUMK, yposneTBopstowen TpebosaHuo (1.59), Hepa-
BeHCcTBO beccena (1.58) npeBpaw,anocb B pPaBeHCTBO.

JdokasdaTenbcTBO. Ecnu cucrtema (S) 3aMKHYTa,
TOo Ana nwoboi HenpepbiBHOW /, ypaosneTsopstowen (1.59),
nesass 4actb opmynbl (1.57) npn poctaTovyHo 60sbLWIOM
6yaeT Kak yrogHo Manoi, cnepoBatesibHO, MpaBas 4acTb Tak-
)Xe, Mo3ToMy COOTHoweHue (1.58) cTaHOBUTCH pPaBeHCTBOM.
O6paTHo, ecnn 418 HEKOTOPOIA HenpepbiBHOW /, yA0BNeTBOPS-
toweri (1.59), cooTHoweHme (1.58) okasbiBaeTCA pPaBEHCTBOM,
TO Npu HekoTopom N npasas yacTb (1.57) 6yaer Kak yrogHo
Manoii, cnepoBaTeNnbHO, CPeAHAS 4acTb TakXe W, cnepoBa-
TeNbHO, / KaK YrogHO XOpPOLLUO anmnpoKCUMUPYeTCA B CPpefHeEM
NVHENHBLIMN KOMOGUHaUMAMM PYHKUMA n3 (S), 4. T. A.

CnepgctBue. B ciayyae 3aMKHYTON OpTOroHanbHOM
cucTeMbl (S) pasHbIM HemnpepbiBHbIM OYHKLMAM, YA0BMeTBOPS-
oWwmMm (1.59), 0TBeYal'T pasHble pAfbl Pypbe.

JokaszaTenbcTBO. Cucremy (S) MOXHO cUMTaTb
OPTOHOPMMPOBaHHOW. Ecnn an — koadduuneHTbl ®Pypbe ANs
/, bn — koadpchmumeHTsl dypbe ana g, To 1, — HI 6yayT

00

KoahpuumeHtamm ®Pypsve ana / — g, Ho 2 (ax— M* *“
1

g*
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N{f—g, /—g) = 0, noatomy, ecnn an= bn gna scex N, To
/—49g, /—£)=0, otkyga /==¢, 4. T. 4.

3amMeTMM, uTO 3aMKHYTas OPTOHOPMWpOBaHHas cuUcTeMa
(YHKUMA MO N Ha B TOM CMbIC/ie, YTO €6 HeMb3sA PacLUNPUTL
C COXpaHeHWeM OPTOHOPMMUPOBAHHOCTM, WGO ecnn cB)opTo-

roHasbHa KO BCeM (pyHKUMAM cucTembl, To (b, d) =2 ~=0
1

n, cnegosatenbHo, = 0.

MocnefoBaTeNlbHOCTL HEMPEPbIBHbLIX yHKUWiA /,, (X), yao-
BNeTBOPAOLWIMX TpeboBaHUo (1.59), HasbiBaeTcs CXOAsLLENACS
B CPeflHEM OTHocMTenbHO Beca P (X) K HenpepbIBHOW OyHKLMM
/ (X), y,qOBneTBOpmo(LlD.q,eVl Tpe6osaHuwo (1.59), ecm (/ — /.,

/— /n) —0. Pag 2/n(*)> uneHbl KOTOPOro HeMpPepbIBHbI H
1

yposnetsopsAoT (1.59), HasbiBaeTcs CXOAALLMMCA B CPeLHEM
K s (X) oTHOocMTenbHO Beca P (1), ecAn MocnefoBaTeNlbHOCTb
YacTUUYHbIX cyMM SNh (X) cxoauTcs B cpefHeM K s (X).

@®

N3 (1.57) BugHo, 4to psg 2 anPn  cxoguTca B cpefHem
1

K /, ecnn ana / cooTHoweHue (1.58) ecTb paBeHCTBO. M3 goka-
3aHHOI TeopeMbl criegyeT, UTO psAabl Pypbe BCEX HEMpPepbIBHbIX
yHKUmMiA, yposneTBopsawmx (1.59), cxopAatca B CpefHEM
K 9TUM YHKUMAM, ecnn (S) — 3aMKHyTas OpPTOroHanbHas
cucTema. oaTomy, ecnn B criyyae 3aMKHYTOCTM (S) pag Pypbe
HEKOTOPOI HernpepbiBHOW /, ygosnetsopsAwwen (1.59), cxo-
ANTCA B cpegHeM K HEKOTOpPOW HernpepbiBHOW /,, y[OBAeT-
Bopsatowein (1.59), 1o /, = / (cXO4MMOCTb B CpeAHEM, Kak
Nerko BUAeTb, MOXeT O6blTb TO/IbKO K OAHOW HenpepbIBHOMN
hyHKLUN).

Ecnu BecoBad (PyHKUMs P (X) Ha paccMaTpMBaemMoM WH-

b

TepBasie € KOHLaMu a u b TakoBa, uto \p(X) dx + oo (Ha-
a

npumMep, sTo 6yAeT, ecnu paccMaTpuBaeMblii MHTepBan ecTb
CermMenT), TO paBHOMepHas CXOAMMOCTb OYyAeT 4YacTHbIM CNy-
YaeM CXOAMMOCTU B cpefHem. CnefoBaTeNlbHO, eCcin Npu Takoi
BECOBOW (PYHKUMWM OpPTOroHanbHas cucTtemMa 3amKHyTa u pag
dypbe HEKOTOPOI HenpepbIBHOW YHKUMK, yA0BNETBOPAOLLel
(1.59), paBHOMEpPHO cXoAuUTCHA, TO ero cymma pasHa / (X).
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3aMKHYTOCTb TpUroHOMeTpu4yeckol cuctembl (T). Pac-
CMOTPUM Ha cermeHTe [—s, f1) cucTtemy yHKUmMiA

~Y,co3x, sinX, ..., cosnx, sinnx,... @)

npu BecoBoW QYHKUMM P (X) — 1 n pokKaxem 3aMKHYTOCTb
3TOl CMCTEMbI.

Ecnu / (X) HenpepbiBHa Ha [—4A, 9] n/(—a) = /(qa), T0
/ (X) nocne Haanexawiero NpPojo/KEHUsS CTaHOBUTCS Hemnpe-
pbIBHOV hyHKUMen ¢ nepuogom 2. O 1A BCAKOro e 0 Haii-
LeTcs Takass HenpepbiBHas yHkuma < (X) ¢ nepuogom 21,
KYCOUHO rnagkasa Hal—n, 4], uto |/(x) — b (X) | < e/2, HO
& (X) pasnaraetcs B pPaBHOMepHO cxogsawimiica pag Pypbe,
No3TOMy AN YacTUYHOW cyMMbl T (X) ¢ AOCTAaTOYHO GOMbLUNM
HomepoM 6yaem umetb Jd (x) — T (X) |<”e/2 n, cnegoBaTenbHO,
I (x) — T (x) | <~r. Takum o6pas3om, BcAKasi HenpepbiBHas
dyHKUMA Ha (—A, N] ¢ OANHAKOBBLIMW 3HAYEHUAMMN Ha KOHLLAX
3TOr0 CerMeHTa pPaBHOMEPHO C Nt060I TOYHOCTbIO annpoKCcu-
MUPYETCH NUHENHLIMW KOMOMHaUUSAMU PyHKUMiA cuctembl (T).
Ansa pokasatenbcTBa 3aMKHYTOCTU cucTembl (T) ocTaeTcs
NUWb O6HapPYXWUTb, YTO BC A Kasa HenpepbiBHasA (QYHKLUA
® (X) Ha |4, A] cKoNb YrogHO XOPOLUO annpoKcMMmpyeTcs
B CpeAHEM HenpepbiBHOW (yHKUUeNn Ha [—sA, A] ¢ ogMHaKo-
BbIMM 3HAYEHMSAMUW Ha KOHUax 3Toro cermeHta. lMNMyctb A/ =
= wax | (x) | v nycTb

%) npy —a <€x < n — 6,
(—9) npn x = n,
MHeHa Ha [9 —6, A),

rae 0 <] 6 < 24a. OueBnAHO,

A

(b_ /Z p_ H= ~ (b_ /rdx< 4146,

5

4TO Kak YrofiHo Masio Npu A0CTaTO4YHO MasoM 6. ITo 3aBepLuaeT
[l0Ka3aTeNbCTBO.

CucTembl (DyHKUWI, cBsi3aHHble ¢ 3agadveil LWTypma —
NTHYBUANA. BaXHbIMM MNpuMepamMn 3aMKHYTbIX OPTOrOHasb-
HbIX CUCTEM (PYHKLUWIA SBMASIIOTCA CUCTEMbI COGCTBEHHbBIX (PYHK-
unii B Tak HasbiBaemoii 3agadve LUTypma — JlnyBunns.
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MycTb na cermeHTe [O, i) 3afaHbl HernpepbiBHO AuddepeH-
umpyemas yHkuma p (X) > 0, HenpepbiBHas yHKuus q (X),
HenpepbiBHass dyHKuns p (X) 0. PaccMOTpMM /IMHE NHOe
andbepeHumanbHOe ypaBHEHMe BTOPOro nopsgka

(py'y + —aHYyY—o0 (16°)
N KpaeByrw 3afadvy AONid Hero
y(© =0; y(0=o0. (L.6(Y)

Te 3Hayenus X, NpM KOUX 3Ta 3afaqa MMeeT HeHy/eBble peLle-
HWA, HasblBalOTCA COOCTBEHHbIMW 3HAYEHWUSMMW, COOTBETCTBY-
lOLME HEHY/IeBble  PELUeHUs  HasbiBalTCA  COOGCTBEHHbIMU
hyHKUMAMN.

[Be CO6CTBEHHblE (YHKLUMMW, COOTBETCTBYHOLLME O4HOMY
CO6CTBEHHOMY 3HAYEHMIO §1, OT/IMYAKTCA NULIL MOCTOSAHHbLIM
MHOXWTeNeM (NycTb Y UT — ABe COBCTBEHHbIE (DYHKLMM, CO-
OTBETCTBYlOLLME COGCTBEHHOMY 3HadeHuto K Torga r = cy,
roe ¢ = 1" (0)/y'(0)). CobcTBEHHYO (DYHKLMIO Y, COOTBETCTBY-
ri)w,yro CO6CTBEHHOMY 3HayYeHUIo A, HOPMUpPYeM Tpe6oBaHUEM

N/rp<fc=1 wn o6o3Haumm Y\(Y\ onpegeneHa € TOUYHOCTbIO
)
[0 3Haka).

Cuctema yHKUMA YY (A npoberaeT Bce cOBCTBEHHbIE 3Ha-
YeHUA) ABNSAETCA OPTOHOPMMPOBAHHOW € Becom p Ha [0, J1.
B camom pgene,

PYXY + (Ap- p)yy=0; (@YY + (up- @ =0,
OTKYyAa, YMHOXafd 3TN paBeHCTBa Ha yAI'I y’\l/l BblUNTad, [M0O-
nyymnm

(PA)' W—{PYy) ¥x = (U — A)pyxy.">

IP (YxYp — YuYp)Y = (U— A)PYxY?,
|
0 = (p — A \y>yypdx,
i 0
otkyga [y\y\cdbdx = 0 npn uy ¢
(0]

Beenem Ana panbHeMwero Ha COBOKYMHOCTW HeMnpepbiB-
HO aunddpepeHumpyembix Ha 10, 1] dyHKuuiA cnegyowmne
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hyHKUMOHanbI}
|

GQkz) = KPY'T" + pyr)dx,
o}

|
Gly) =G,y = O(|c>i/'1+ ay2) dx;

|
H (/2 = gyzpdx; Hy)=H(.y = gwde-

Ecnn / (x) HenpepblBHO aAnddpepeHumpyema Ha [0, /] n
/0 =7(0= 10, 710

Go/sx. /) = nd (yn. /),
néo

|
G (I/x, /) = J(pjAl + Tyxn ~ =
(0]
/ /
= py>p—$ Kpbl' — %) fdx = I\ y=fpdx = \U (yy, 7).

CnepoBatensHo, G (/X)) = A, G{/™ ¥V =0 npn K p.
Ecnn J(x) > 0 Ha [0, i], To BCe COGCTBEHHbIe 3HAYeHUSA
NONOXUTeNbHbI, K60 TOrga

i i
N= G(yx) = J (py* + qyl)dx> ~gyldx > 0.
(0] 0

dopmynupyem 6e3 foKas3aTenbCTBa Cleayloliee Mnpeano-
XXeHune (KOTOpoe MOXHO AOKa3aTb, NO/b3yACb annaparomM Ba-
prnaymnoHHOro I/IC'-II/ICHEHVIFI).

COBOKYMHOCTb BCEX COOCTBEHHbLIX 3HayeHWA 06pasyeT BO3-
pacTaloLLy NocnefoBaTeNbHOCTb KX, K2, ..., KM, ..., UMEKLLYI0
npegenom + dyHKumnoHan G (y), pacCMOTPEHHbIA Ha Knac-
ce ABaXKAbl HempepblBHO AnddpepeHumpyembix Ha [0, 1] dyHK-
UniA, yposneTBopswWMX TpebosaHmio y (0) = y (1) = 0 nu

yenousm H (y) — 1, Y))¥Pdx —0 npu ) < n, focTuraeT
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MUHMMYMa npn y = y\n (0N — nwoboe (UKCUPOBaHHOE HATY-
panbHOe KMKCNO).
CnepoBaTtenibHO, A1 ynoMsHyTbiXx Y umeem G (y) > KI.
Onupascb Ha 3TO, MOKaXeM, 4TO cuctemMa (PyHKUWA y*,,
Y>,. ee= YbMl, == 3aMKHYyTa Ha [O, /1.

MycTb / (9) — ABaXAbl HernpepbiBHO AnddepeHUnpyema
Ha [O, /] v yposnetBopseT Tpe6osaHuam / (0) = /7 (/) = 0.
PaccmoTpum psg Pypbe 31Ol PyHKUUM

0] |
f(*)~ 21 a»”,,(*);  °n= g/OX,,PdX = 11 (f~y*n)
N
n nonoxum fs = /— 2 a»yV TOMA
\ 1
B(/ *)=c(/ -2«»»xn)=

« N 2 N 2

(/" 2 «"»*)) + (/- 2anyxn) J«/* =
: .

-G+ 2l y=,)- 2 21 (/, ybn) +

+ 2 2 a&kG (Y\, Y*§ =

«*
N N N

=c(H+ 2 *««* - 22 anKH (/, t/x0) = G (/) - 2*.»<E£.
1 1 1

Tak Kak An-»- + 00, To Halpgetca Takoe NO, uTO > 0
npm n > V0. NMyctb N VO, H nonoxum
/ N

6 = H (fy) = jo(/— 2 a,yx,) pdx,
1

Torga H (Js/6y) = 1 (ecnm 6v p0), a Tak Kak eue

< N |

S 67 pdx= 67 iYxs/m>dx =0
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npu i < N, 1o G (/nr/6n) > AAAL oTkygaa
N N
c(a- s GU)-2Kal c(/)-2 xrx*
1 n 1

CnepoBaTtenbHo, 6iV—»0 npn N - 00. 3TMM nokasaHo, 4TO
BCAKAA [ABaX[bl HeNpepbiBHO aAnddepeHumpyemas Ha [O, J1
dyHKumMa 7/ (x), uMelwas HynesBble 3HAYEHUS Ha KOHLUAx
3TOr0 CerMeHTa, KakK YrofHO XOpoLwo annpoKCUMUPYeETCH
B CPeAHEM /MNHERHbIMW KOMOGMHaUMAMU  DYHKUWA Y Ho
Torga 3TUM CBOMCTBOM GyaeT o6nafaTbh U nobasi HenpepbiBHAsA
dyHkuma Ha [O, J1. B camom pene, nob6asa HenpepbiBHas Ha
(O, /] byHKuMa / (X) KakK yrogHo XOpoLluo anmnpoKCUMUpyeTcs
B cpefHem Ha [O, 1] dyHkumen ¢ (X), onpeaensiemoin Tak:

/(x) npn 26 ~ x | — 26,
®(x)= <0 npu 0~ X~ 6 UNPU /— 6 <; X
(nnHeliHa Ha [6, 26] u Ha [/ — 26, | — 6],

€C/IN TONIbKO MOJIOXKMUTENIbHOE Yucno 6 [0CTaTO4YHO Mano, Ho
HernpepbiBHas Ha [O, 2) dyHKUMA, paBHaa Hy/n BO6IU3N KOH-
LL,OB 3TOr0 CerMeHTa, PaBHOMEPHO C /060N TOYHOCTLIO anmnpok-
CMMUpPYeETCA ABaXKAbl HenpepbiBHO AndichepeHunpyemoin hyHK-
uuveit Ha [O, 1], paBHO Hyn Ha KOHLAX 3TOr0 CerMeHTa.
MocnegHee BbITeKAET U3 CNEAYIOLLLETO JIErKO MPOBEPAEMOro 3ame-
yaHua: ecnu yHKUUs & (x) K pa3 (K~ 0) HenpepbIBHO Avd-
hepeHunpyema Ha (— 00, + 00) U paBHa HY/IO BHe CErMeHTa

npu AocratoyHo manoMm 6
w>5
6ynet K + 1 pa3 HenpepblBHO AnddepeHUmMpyemor yHKLUMeN
Ha (— oo, + o00), paBHO HyNl BHe cermeHTa [a — e, b -m
+ el n yposnetsopsitoweli HepaBeHcTBY | (X) — b (X)]
< e Ha (—oo0, +00), FAe € — MNPOM3BO/ILHO 3afjaHHOe MoJo-
XWUTENbHOE 4mnCno.

Takum 06pasoM, cucTemMa COOGCTBEHHbIX COYHKLUMIA YXM
Ha [0, /] 3amKHyTa.

M3 3aMKHYTOCTU CUCTEMbI COGCTBEHHbIX QYHKUNMA YXI
cnefyet, uto ecnu pag Pypbe no aTUM (PYHKUMAM pasBromepT
Ho cxogunTtca Ha [0, I, To oH cxoguUTCs K MOpPOXAarLLen ero
HeMNpepbIBHOW  OYHKLUUW.
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MoOXHO Ao0Kas3aTb, YTO ecin HenpepbiBHaA (yHKuma 7 (X)
KycouHo rnagkas Ha [O, |], To paa ®ypbe aToit pyHKUUM MO
COGCTBEHHbIM (hyHKLMAM Yy.ncxoautea K /(X)) npu 0 < x < |

§ 15. O peweHUn MeTofoM DPypbe HeEKOTOPbLIX aagay
AN NNHERHbIX YpaBHEHUU
C YacTHbIMW MPOU3BOAHLIMU BTOPOro MopsfAka

o am m

YpaBHeHUe KonebaHWii CTPyHbl —JI = a- ﬂy—-f ypaBHeHue Tenno-
o tflu m o

npoBogHoOCTH af = "fat, TenerpadpHoe ypasHeHne —jjt- = al— r+

-)- 6* U MHOrvMe fpyrve SBAAIOTCA YacTHbIMU ClAydYasMU ypaBHEHWi
Buaa )

g% g% an an .
Aw -fat + cwur + O(*) a7+ E(t)—t + \Pi(*)+ Ft(Olu=o.

(1.61)
Bygem npegnonaratb, A, D, FX HenpepbiBHbIMM Ha cermeHTe (0, I];
G, E, Fj HenpepbiBHbIMK Ha nHTepBane /, rae | ects nn6o Bcs umcno-
Bas npsamas, nm6o nonynpamas f mnm t~ N, nn6o cermeHT (by-
fgem npegnonaratb, 4to 0 npuHagnexut ). MycTb [, — COBOKYMHOCTb
Touek (X, t), rae 0 < x < 7/, tnpuHagnexut |.
byaem cnepBa uckaTtb Ha [ HeHyfneBble pelweHns ypasHeHns (1.61),
fonyckKatoolime HenpepbiBHblIe YacTrble MPON3BOAHbIE MEPBOro U BTOPOro
nopsgkoe no x u no |, umerowme cneynansHeiii Bug X (x) T (I) (Torga
X 6yneT pBaxAbl nenpepbiBHO auddepeHunpyemoli yHkumen Ha |0,
. T 6ypeT gBaxabl HenpepbiBHO AuddepeHUnpyemoli pyHKUmel Ha J1
N ynoeneTBopsloLLMe KpaeBbliM YCN0BUAM:

“(0,0 = wmn(,t)= Opana scex (na / (1.61")
(torga X (0) «= X (I) = 0).
Ecnun n = XT ecTb Takoe pellenHe, To 6ygeM nMeTb

A X)X"T+C () XT'+ D (X)X T+ E ()XT’ +

+ (F, (*)+ Ft .01 AT = 0,
BAN

14 (x)X'+ D (xX)X'+ Ft(x)Xjf+ [C )T + E (<) +
+f.wm = o,
oTKyga (ans tex x, rge X ® 0, uvex t, rae T @ 0)

A(x)X’+D(x9/X' + F,(x) X o C(t)T'+E{t2pT' + Ft(t)T_}

*) Mopgpo6bHee 06 3TUX ypaBHeHMAX cM. UN. T. Tl eTPOBCKUW,
KACKUUN 06 YPaBHEHUAX C YAaCTHbIMU NMPOU3BOAHbLIMU.
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n, cneposatesibHO,

A X)X"+ D (x)r + F, (x)X
C()r + E(Or'+ Ft(O)T

X,
-X7\

roe X — HekoTopasl MOCTOAHHAsA (3T COOTHOLUEHUA CrpaseasivuBbl AN
Bcex X n3 [0, ZL v Bcex tus /, yuntbieas,uto X @ O, T 0) naum

A XX+ D XX+ [Pt(x)- LW 0, (1.62)
CWhHr + E@®T + IF, (I) + X] =» 0. (1.63)

O6paTHO, ecnn Npn HeKOTOpoMm X ABaXAbl HenpepbiBHO AuddepeH-
unpyemas na [0, i] dyHkums X yposnetsopseT (1.62) M ycnosusm
X (0) = X (I) = 0 n agBaxabl HenpepbiBHO AuddepeHuupyemas Ha |
dyHkuna T yposnetrBopsieT (1.63), To 1 = XTI 6yser uckomoro Buga
pewennem ypaBHeHusa (1.61).

3ameuaHune. Ecam A (X) = 0, To X ecTecTBeHHO npeanona-
raTb NWWb HenpepbiBHO AuddepeHumpyemsbim; ecnm C ()= 0, o T
ecTecTBEHHO npejnosaraTb /UWb HeNpepbiBHO AnddepeHLnpyeMbIM;
B 3TUX cnyyasax Tpeb6oBaHUA K U ocnabnatoTcs.

MpeanonoxumMm Tenepb, 410 A (X) oTpuuaTeNibHa M HEMPEPbIBHO

X

f D-A’

J A
onddepeHumpyema Ha (0, 1]. Bepsa o=e° , nonyunm pD =

= (p/1)". YMHOXuB (1.62) Ha —p u nonoxms —pA = p, pFi = &
Mbl NpuBeaem ypaBHeHue (1.62) Kk Bugy

pX"+ p'X"+ Xp- YX - 0
nnm

{pX") + Xp— AHX - 0. (1.62")

OueBngHO p (X) — HenpepbiBHO AUdepeHLMpyeMas MOMOXMUTENbHAs
dynkuma Ha (0, /]. CobcTBEHHbIE 3HaYeHMA 3agaum LWTypma — JinyBun-
nsa ana ypaBHeHusa (1.62) obpasytoT (kak oTmevanock B § 14} BospacTa-
oWy nocnegosaTtenbHocTb X,, Xa, ..., X,,, ..., npuyem X, -» + 00.
MNycte X, X,, ..., X,,, ... 6yAyT COOTBETCTBYOLIME HOPMUPOBAHHbIE
CO6CTBEHHbIE PYHKLUN.

O6Wwunii BNA pelleHnin ¢ pasfeneHHbIMW MNepeMeHHbIMU ypaBneHns
(1.61), ypoBnetBopslOLWMX KpaeBbiM ycnosuam (1.61'), ma ocHoBaHUU
MN3N0XEHHOro ecTb

Xn ()T (1),

rae N — no6oe HatypanbHoe umcno n T {() — nwo6asa asaxabl Henpe-
pbIBHO aAnddpepeHumpyemaa na 7/ yHKUMA, yaoBneTsopstoLw,as ypas-
HEeHUIo

cr + EMI + IF2() + X,Jr - O. (1.63")

Mpu nposeaeHUA AanbHEWLWNX PacCMOTPEHWIA BblgenuM ABa Cny-
yas: N C (D o0Ba/; 1) C(= O0nHa/t, E(t) P 0 Ha/
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l. Mycte C () d 0 Ha /, T* n T — uacTHble pelleHUs ypasHe-
Hua (1.63'), yaosneTsopaloLW,Me YCNOBUAM

Tn@ =1, TR (0)= 0; I” (0) = 0, I (0) = L

PaccmoTpum Ha [ hyHKUMN BuAa

00

«(*, )= 2 Xn*) 1AnK (*) + BnK* (01. (1-84)
n*l

rae koadppuumeHTol AN u BN takosbl, 4to pag (1.64) v pagbl, NoayyeH-
Hble 13 (1.64) ognokpatnbiM U ABYKPaTHbIM Aguddepenymnposanmem Kak
no x, Tak M no 1, cxoaatca paBHoMepHo npm 0 < X < /wu npu tnal,
roe J — nw6oil cermeHT, nexawmin Ha 1. Myctb X — knacc Takux
pyHKUMN U (X, 9= Nx npeactaBumocts B Buae (1.64) efnHCTBEHHA,
n6o nonaras t = 0 B pasnoxeHusax U u nU}, Haligem, To

| |
Nn= ymx, 0 Xnx)px)d\ Br=Jn (x,0) Xnx)p(x) dx. (1.64"
[0} B
®yHKUMN U3 knacca X, 0YEBUAHO, YAOBNETBOPSIOT ypaBHeHUto (1.61)
N KpaeBbiM ycnosuam (1.61").

3afaaum Tenepb Ha [0, /1 HenpepbiBHble PYHKUMK ¢ 1 ¢, yaoBneT-

sopsitowme ycnosusm p0) = () = p©O) = ¢ /) = 0, n 6yaem uc-
KaTb MWU[X, t) u3 knacca X, yposnersopsiolme HayanbHbIM YCI0BUAM

nx 0 = dpx); M\ 0 = d(Xx) nmo< x< I (1.61*]
CyuiecTBoBaHMe Takoi W Boo6LLe He rapaHTUPYeTCs, HO EeAWHCT-

BeHHOCTb (B knacce X) rapaHTupyetcs, néo ecnm un (x, ) okasanock
WNCKOMbIM peLleHneM, To

i (
A,= 50 (% P(t>dr' Bn= 5%(*) XnW PW d*  (1-65)
) )

Ons cywecTBOBaHUS WUCKOMOW W pgocTatoyHo, 4yto6el An, B,,, on-
pepensemble oopmynamn (1.65), yaosnetsopanu tTpe6oBaHMAM, NpU Ko-
TOpbIX Mo dopmyne (1.64) monyvawTca PyHKumMmM knacca X . B camom
nene, Torga fo/KHO umeTb mecto (1.64',, cpaBHeHue yero ¢ (1.65) noka-
3blBaeT, YUTO BbINONHAKTCA paBeHcTBa (1.61*), Tak Kak cuctema (yHK-
uMii Xn 3aMKHyTas. 'HanoMHWM, 4To B C/lyvyae 3aMKHYTO OpTOroHasb-
HOWM cCUCTeMbl M3 paBeHCTBA COOTBETCTBYHOLINX KO3(PPULNEHTOB Pypbe
OBYX HenpepbiBHbIX (YHKUWIA cnegyeT paBeHCTBO caMUX (PYHKLMA).

bonee HarnagHaa uHQopmaums o Knacce X W, cnefoBaTeslbHO,
o Tex ¢ (x) n  (X), Npn KOTOpbIX MocTaBfAeHHasa Ans ypasHeHus (1.61)
3afjaya paspelinma, MOXeT OblTb MoOsyveHa MNPV MNainyMU OLEHOK AN

am, T,, TN v ux nponsBogHbIX. Ha BbiBOAE 3TUX OLEHOK Mbl He OCTa-
HaBnMBaemcs.
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MpumeuvuaHune 1. Ecnn ypaBHeHue (1.61) umeeT Bug (K KO-
TOPOMY, B YaCTHOCTU, OTHOCUTCA ypaBHeHWe KonebGaHW CTPYHbI, pac-
CMOTpPeHHOe B § 7)

&n a-n an
~Mr+ A(*)-g~T+ D(x)-gp + F(x)u= 0, (1.66)

rae A (X)< O, F(xX)”~ 0 n A (X) UMeeT HenpepbIBHYO MPOU3BOAHYIO
Ha ]0, /], TO BCce XN nonoXxuTenbHbl 1 psg (1.64) (npu 3ameHe B j VKi

Ha Bn) npuHumaeT Bug,
0o

2 X» (% cosY K' + Bnsi"V K O-
n=I

1. Myctb C(t)= 0 M E (& ® 0 Ha |. YpaBHeHue (1.63' npuHu-
MaeT B 3TOM cjyuyae BuUj

E()T" + [Fs () + X,)I = O,

M nyctb TN () — 4acTHOe pelLUeHMe ero, YAOBNETBOPSIOLLEE YCN0BULD
Tn (0) = 1. PaccMoTpuM Ha J1 pyHKUUM BuAa

oo

“(x.0 = 2 AnXn(*) TMX). (167)
=1

rge uncna Anuv Bntakossbl, uto: 1) psig (1.67) paBHOMeEPHO cX04UTCSA NpU
0 < x< (wunputHa/, rge ] — N06GON cermMeHT, nexawuini Ha /; 2)
psAAbl, nonyyeHHble 13 (1.67) ogHOKpPaTHbIM M ABYKPaTHbIM AnddepeH-
LuMpoBaHMEM MO X U OAHOKpaTHbIM AuddepeHymposaHem no t, pas-
HOMEPHO CXOAATCA Ha BCHAKOM 3aMKHYTOM  MPSIMOYrO/lbHUKe
(co ctopoHamn, napannenbHbIMW  KOOPAWHATHbLIM OCAM),  JieXallem
BHYTpw® [A. MycTb 5?2 — knacc Takux QyHKUUA U (X, /). Nx npeg-
cTaBMMocTb B Bufae (1.67) egnMHcTBeHHa, w60, nonaras 1= 0 B pasfo-
xenun U (x, 1), naiigem, uto

A" = 0“ xo*n~ P dX (1677

®yHKUUM n3 Knacca SB, oueBUAHO, HenpepbiBHbLI Ha J1, yA0BNeTBOPSAIOT
ypaBHeHUt0 (1.61) BHYTpU A n KpaeBbiM ycnosuam (1.61").

3agagmm Tenepb Ha [0, i] HenNpepbIBHYO YHKUMIO P (X), yAOBIeT-
Bopstowy ycnosuw P0) = b () = 0, n byaem wuckatb u (X, 9 wu3
knacca 5B, ygoBneTBopsioulyto HayalabHOMY YCMN0BUO

n(x,0) = d((x) Ha [0, 7] (1.61")

CyuiecTBOBaHMe Takoii U Boo6LLe He rapaHTUPYeTCs, HO eAUHCTBEHHOCTb
(8 knacce SB) rapaHTupyeTcs, 160 ecin M 0Kasanocb UCKOMbIM PeLleHu-
eM, TO

nn= \o(*) (%) P dx (1.68)
0
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[Onsa cylwecTBoBaHMS MCKOMOW M [0OCTAaToO4YHO, 4To6bl AT, onpeaens-
emble copmynon (1.68), ypoBnetBopsinn Tpeb6oBaHMAM, MNPU KOTOPbIX
no cgopmyne (1.C7) nonydatwoTca QyHKuumM Knacca ££. B camom aene,
Torga [OJ/KHbl BbIMOMHATbLCA paBeHcTBa (1.67'), cpaBHeHWe 4ero cC
(1.68) nokasblBaeT, 4YTO [O/HKHO BbIMONHATHCA paBeHCTBO (1.61"),
TakK Kak cuctema yHKUniA X 3aMKHYyTa.

MpumeyvaHue 2. Ecnn ypaBHeHune (1.61) umeeT Bup (K Ko-
TOPOMY. B 4acTHOCTW, OTHOCWUTCH ypaBHEHWe TenjaonpoBOAHOCTU, pac-
CMOTpeHHoe B § 8)

an a-n "
— + A(>"ST + D(x)-gJ- + PXu- o

rae A (X)< O FPKY>m0O A (X) vMmeeT HeMpepbiBHYO MPOU3BOAHYIO
Ha [0, i], To BCce Xn nonoxuTtenbHbl U pag (1.67) npuHnmMaeT Buj

00



FMTABA I
OCHOBbI TEOPUW MON4A

§ 1. OCHOBHbIE CBEJEHMS W3 BEKTOPHOW anre6psi

BeKTOpPOM Ha3blBaeTCcA HampaBfeHHbIA OTPe30K MpPsSMOA.
[lBa BekTOpa cumTalTCs PaBHLIMW, €C/IM OHW MMEKT OAUHA-
KOBYI [ANWHY, napanfefbHbl U OAVWHAKOBO Harpas/ieHbl.

B neuatm BEKTOpPbl 4acTo 0603HAYAKT MONY>XKUPHbLIMUK
6ykBamu. Hanpumep, 6ykBa a o0603HayvaeT BEKTOP B OT/Muue
OT cKansapa (4mcna) *).

OnunHy BekTOopa a 6yaemM o6o3Hauvatb \a\.

Yron mMexgy BekTopamu a H 6 o603Hauum (a, b). Yron
MeXay BekTopamu 6epeTcs B rpaHuuax ot 0 4o A. Yron mexagy
a 1 bTepseT onpefeneHHOCTb, eCNX XOTA 6bl OAWH U3 BEKTO-
pOB HY/EBOA.

Mpoekumnio BEKTOpa @ Ha HeHyneBol BeKTOp b 0603HauYMM
a» WVmeem

ab= Ja |cos (a, b).

CyMMOii BEKTOPOB @ U b HasblBaeTcs BEKTOP — AuaroHanb
napannenorpaMma, NOCTPOEHHOro Ha BeKTopax a u 6, u o6o-
3HavaeTcs a -f- b. CnoxeHne BeKTOPOB MOAUYMHSIETCA MepecTa-
HOBOYHOMY 3aKOHY a -xb = b a ucoyeTaTteNbHOMY 3a-
KOHy (a + b) + ¢ = a + (b+ c). /3 3Tux 3aKOHOB crieayeT,
YTO MPU CMIOXKEHUN BEKTOPOB AOMYCTUMbI M3MEHeHWe Mopsigka
cnaraemMbix W no6as rpynnupoBKa cnaraeMbix. BblunMTaHue
BEKTOPOB €CTb [elcTBUe, 06paTHOE C/IOXKEHUIO.

MpounsBeAeHne BeKTOpa a Ha cKansap K, o603Havyaemoe ak
unu Xa, onpegenserca Kak BEKTOp, MapasnfenbHblii &, oguHa-

*) MHorga BeKTop 3anucbiBaetcs cumsonom AB, ecnu A ecTb Ha-
yano BekTopa, a B — koHey ero.



80 OCHOBbI TEOPI NMONA imrn. n

KOBO MAN MPOTMBOMOJIOXHO Hamnpas/eHHbIM, CMOTPSA MO TOMY,
oygetr in 4> 0 wimn < 0, umetowmii gnvHy J«X |= Ja \\X |}
MNMpownsBegeHne BeKTOpa Ha CKansp MNOAYMHSAETCS coyeTaTeslb-
HoMy 3akoHy aX -p = a fp (a — BekTOp, X U p — cKanspbl)
M [ABYM pacnpegenntenbHbIM 3akoHam; (a + ft) X = aX 4-
+ bX a X+ p)= aX + ay (a, b— BekTopbl; X, p — cKa-
napsbl).

CkanspHoe Npous3BefieHMe ABYX BEKTOPOB a M6 ecTb cKa-
nap, o6osHauyaembii aft n onpegensiemblin hopmynoi

I\
ab = Ja |Ift Jcos (a, ft).

OueBugHo, aft = a» |ft | CkanapHoe rnpownssefeHNe Bek-
TOPOB MOAYMHAETCA MepecTaHOBOYHOMY 3aKoHy aft = fta un
pacnpegenuTensHoMy 3akoHy (a + ft)c = ac + bc.

BekTopnoe npowusBegeHue ABYX BeKTOpPOB a WU ft ecTb Bek-
Top, 0603Havaemblii [aft), umeloWw A ANNHY, paBHYH NaoLaan
napannenorpamma, MOCTPOEHHOro Ha a W 6, OpTOroHasNbHbIM
NJ0CKOCTM 3TOro napasnnenorpaMma W HanpasfleHHbIA Tak,
yTO BUAMMBIV U3 KOHUA BekTopa [aft] mepexog oT a kK 6 npowuc-
XOAUT B MOMIOXWTENbHOM HanpasneHun (B cny4vae MpaBoi
OPVEHTMPOBKN). BekTOpHOe npowu3BedeHWe [ABYX BeKTOPOB
noa4ynmMeHo aHTUKOMMYTaTMBHOMY 3akoHy [aft] = —Ifta] un
pacnpefenuTenbHoMy 3akoHy [(a + ft) c¢] = [ac] + fftcl.

MNMponssegeHue Tpex BekToposB a, ft m ¢, o6o3Hauyaemoe
(aftc), ecTb ckansip, paBHblii £ P, rge V — o6bem napanne-
nenunepga, MOCTPOEHHOrO Ha BekTopax a, 6 m ¢, npuyem 3HaK
+ OepeTcs B 3aBUCUMMOCTM OT MOJIOKWUTENbHOW WUAM oTpuua-
Te/IbHOW OPUEHTUPOBKM CUCTEMbI paccMaTpMBaemMblX BEKTOPOB.
Mpwn Kpyrosow MnepecTaHOBKE MHOXWTeNel OHO He MeHsieTCsH:
(aftc) = (ftca); Nnpm NnepecTaHOBKe ABYX MHOXWUTENEN MeHSeTcA
3Hak: (aftc) = — (ftac). MNpomnsBefeHMe Tpex BEKTOPOB pasno
CMELIaHHOMY BEKTOPHO-CKansipHoOMy npowssegeHuto (aftc) =
= [aft] c = a [bc].

PaccMoTpMM NPAMOYTFOMbHYIO CUCTEMY KOOpPAWHAT B Mpo-
cTpaHcTee (npasyt). MycTb I, j, K — eAUHNYHbIE BEKTOPBI
(opTbl), HanpaeneHHble Mo ocam Ox, Oy, Oz. MycTb a — Ka-
KOM-HMbyab BekTop. Mpoekuymn ero Ha Ox, Oy, Or (nnu, uto
TO Xe, Ha <, y, K) HasblBaloTCs ero KoopguHatamu. KoopauHa-
Tbl @ 0603HauYMm ax, av,ar. [lsa BeKTopa paBHbl TOr4a M TOJb-
KO Torga, Korga WX KOOpAMHaTbl COOTBETCTBEHHO pPaBHbI.
MoaTomMy fANA fOKas3aTe/nbCTBa PaBEHCTBA [BYX BEKTOPOB A0-
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CTaTOYHO YCTaHOBMUTb pPAaBEHCTBO COOTBETCTBYHOLLIUX KOOpP-
AVHaT.

BcAKMIA BeKTOpP @ MOXET ObiTb pas3/ioKeH M0 opTam:
a = iax+ jav+ Kkar.

Mpu croXeHUW BEeKTOPOB KOOPAMHATbl UX CKAaAblBalTCA
(MpY BbIMUTAHMU BbLIYUTAIOTCS), MPU YMHOXEHUW BeKTOpa Ha
CKansip KOOpPAWHATbl YMHOXAlTcs Ha 3TOT CcKansp.

BbipaXkeHMe CKansipHOro npouv3BeAeHUs BEKTOpoB a4 U b
yepe3 UMX KOOPAWMHATbI WUMeEEeT BUA

ab = axbx + awbu+ arbr, 2.0

4TO HemnocpeAcTBEHHO MonyyaeTcs, ecnm a M b pasnoXxuTb Mo
opTaM, BbIMOMHUTbL YMHOXEHWe MOMYUYEHHbIX CYMM U MPUHSATb
BO BHUMaHue, uto i2= j2= Kr=4, ij = jk = ki = 0.

BblpaXKkeHWe BEKTOPHOrO MpPOM3BeAeHUs BEKTOPOB & U b
yepes I/I%( KOOpAMHAaTbl HMeeT BUf

av ar a, ax ax av

[ab\ =i by b. * bz bx bx by

(2.2)

4YTO HernocpeacTBeHHO MoOJsiyyaeTcs, ecim a w” 6 pPa3noXxXnTtb Nno
opTaMm, BbIMO/IHNTb YMHOXEHWME NONYYEHHbLIX CYMM WM MPUHATH

Bo BHUMaHwue, uto [ii] = \jj] = Ne&!*= 0 (HyneBoii BekTOP);
[\ = & 1jk] = < [fet]=j; [ji] = —K; [kjI= - <
[ikl=-7j.

BbipaeHMe Npou3BeAeHUs Tpex BeKTopoB a, b, e uepes
KOOpPAMHATbl HAa OCHOBAaHMW CKa3aHHOro WMeeT BUA

abc = \ab]Jc = (ab]xcx-\x[abJucu [ab]rcr —

a, ar ar ax ar a

bx by bi . (2.3)
bv br o B bx bv Y

CX cy CrI

§ 2. BekTopHble (PYHKLUMU CKaNsPHOTO0 MEPEMEHHOro

MycTb a (/) — BEKTOP, 3aBUCALLMI OT CKalfApHOro nepe-
meHHoro t. [pomn3BoAHass BekTopHoOI dyHkumm a () onpege-
NAeTcsa KakK BEKTOP

a’(<)=£il
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€Cn 3TOT BEKTOPHLIA Mpefen cyuiecTByeT (npeden nepemeH-
HOFO BEKTOpa ecTb TaKoli BEKTOP, UTO A/IMHA Pa3HOCTU MexXAay
HUM H MepeMeHHbIM BEKTOPOM CTPEMUTCS K Hy0). Ecnu Bek-
Top-hyHKuMs a (t) nmeeT npoussoaHyto (AnddepeHLmMpyema),
TO OHa MOAABHO HEMpepbIBHA B paccMaTpuUBaeMoli TOuke, T. e.
a (t+ A0 — a (t) ctpemuTCa K HyneBoOMYy BekTopy npu At -*
— 0.

MpaBuna anddepeHLMPoBaHNS BEKTOPHbIX (YHKLUWIA Bbl-
BOAATCS Kak npasunia AudchepeHLMpoBaHNS CKanspPHbIX (OyHK-
unii B aundpdpepeHuymransHom ucumcneHun, Ecnm a (t), b (0 —
AnddepeHumpyemMble BEKTOPHbIE PYHKUMNK, ¢ (<) — andcbepen-
uvpyemas ckansipHas QyHKLUS, TO

@@+ 6() = a’ (I)+ 60; (2.4)
(@ (0 h() = « (0 (0 + a (0 (0; (2.5)
(@®b®) =a b+ a(®)b () (2.6)

fa () b (01' = (a' () b (0L + [a () b’ (01,  (2.7)

npuyemMm B feBbIX 4YacTax (2.4), (2.5), (2.7) cdurypmpytoT npo-
M3BOAHbIE BEKTOPHbIX (PYHKUWA; B neBo yactu (2.6) — npo-
M3BOAHAS CKanApHoi QYHKUUKW;, B npaBbix 4acTax (2.4),
(2.5), (2.7) 3HakK 0603HayaeT C/oXeHWe BEKTOPOB; B Mpa-
BOM yacTun (2.6) 3Hak -f- 0603Ha4YaeT CnoXKeHue CKansipos.

Ecnm « 0 — nocTosHHbIA BekTOp, 0 — MOCTOAHHbIA CKa-
nAp, TOo nonyyaem psag opmyn «BbIHECEHWUS MOCTOSSHHOMO
MHOXWNTeNA 3a 3HaK MNPOU3BOAHOM» B MPOM3BEAEHUAX Tpex
TUNOB (BEKTOP Ha CKanap, CKanapHoe npousBefeHWe BEKTO-
pOB, BEKTOPHOE MpOu3BeAeHMe BEKTOPOB):

(a (0 O’ = a* (0 do (2.5
(a0d ()Y = a0 (0; (2.5")
(alb (1) = a0 (0; (2.6
\alb (01' = lal' (o1. (2.7

3tu opMynbl nonyyatwTca n3 (2.5), (2.6), (2.7), ecnn yyecTb,
4YTO Mpon3BOANas BeKTOPHOW MOCTOAHHOM eCcTb HY/EBOW BeK-
Top.

Mpown3BogHble BbICLUIMX MNOPSAKOB OT BEKTOP-(hyHKLUMNA
onpedenslTCca Kak pesynbTaT nocnegosaTenbHoOro  audide-
pPeEHLNPOBAHMS.

PaccMoTpyM cucTeMy MPAMOYrO/ibHbIX KOOpAMHAT B Mpo-
cTpaHcTBe. Kaxpoii™ Touke M (X, y, T) OTHecem BeKTOp
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r=ix + jy + frz ¢ Takumm xXe KoopgmHaTamu. Takoe
COOTBETCTBME MeXAY To4yKamun W BekTopamwu O6yfeT B3aMMHO
0AHO3HauYHbIM. Takmm 06pasom, KaXoM TOUKe COOTBETCTBYET
BEKTOP, KaX[OMy BEKTOPY COOTBETCTBYET TOYKa.

BekTopHOe  napameTpuueckoe YypaBHeHue T = T (t)
IT (/) — BekTOpHass MYHKUMA OLHOro CKansipHOro repemMeH-
HOr0) Mocne nepeBoja Ha KOOPAWHATHLIA f3blK AaeT TPU KO-
OpAUNHAaTHLIX MapaMeTpPUYecKnx ypaBHeEHUS

X= X(©,Y—Y(©.r= z(0

n n3obpaxaeT HEKOTOPYI KPUBYIO B MNpocTpaHcTBe. lMpouns-
BoAHasA r' (<) bymeT KacaTe/lbHbIM BEKTOPOM K 3TOW KPWUBOW.

BekTopHOe napameTpuuyeckoe ypaBHeHue T — T (u, V)
[r (n,y) — BekTOpHaa MYHKUMA [ABYX CKaNApPHbIX MepeMeH-
HbiX] nocne nepesofja Ha KOOPAMHATHbIN A3bIK AaeT TPU KO-
OpPAWNHATHBIX MNapaMeTPUUeCcKNX YpaBHEHUSA

X—XM V),y=Y(Uu, V),z=2MW, V)

M n3o6paxaeT HEKOTOPYK MOBEPXHOCTb B MPOCTPAHCTBE.

§ 3. ConpoBOXAaKLWMNi TpexrpaHHUK
NPOCTPAHCTBEHHOW KPUHOM

PaccMOTPUM MPOCTPAHCTBEHHYH KPUBYHD, "afaHHYl BEK-
TOPHbLIM MapamMeTPUUYECKMM YpaBHEHUEM

r=raeo

rge 3a napameTp B3ATa AIMHA AYTU S, OTCUMTbIBaEMas OT He-
KOTOPO TOUKWU KpWUBOWM (dhurypupytolass B 3TOM ypaBHEHUU
BEKTOP-(PYHKLMA npegnonaraetcsa TPUMXAbl HENPepbIBHO And-
dhepeHUpyeMoiA).

KacaTenbHbllii BekTOp* = ' (S) Npu TakoM BbliGope napa-
MeTpa 6yfeT eAMHUYHbLIM ANS BCEX TOYeK KpuBOW (M60 OTHO-
LWeHWe Xopabl K Ayre npu CTATMBaAHWW MocnefHeidl B TOYKY
CTPEMUTCA K eauHuLe). OuddepeHumpys paseHcTBo T'r = 1,
nonyumm r'r" —O0, cnegoBaTeNibHO, BEKTOP I OPTOTrOHaNEH T.

Tr
EOVMHWYHBI BeKTOp V = jp-j- = ypYy {ecnm r'' — HeHynesoii

BEKTOP) onpefensieT HanpasfieHWe FNaBHOW HOPMann KpuBsoii
(B paccmaTpuBaemMoil TOYKe); €AVMHUYHbLIA BekTop p = Ixv)
onpegensieT HanpaeneHue 6UHOPManN kpueoii (B paccMaTpu-
BaeMoOl TO4YKe). TpW MOMNapHO OPTOrOHaNbHbIX EAMHUYHbIX
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BeKTOpa X, V, £ 06pasyloT COMPOBOXAAOLLMIA T pexrpaHHUK
KpuBoi (B paccmaTpuBaemoli Touke). [laockocTv, Npoxoas-
lWMe yepe3 paccMaTpMBaemMyl TOUYKY KPUBOW M NeprneHAUKY-
NApHble K T, V, {3 HasbiBalOTCA COOTBETCTBEHHO HOPMAsbHOIMA,
CNPSAMIISAIOLLIEN M CONPUKACalOLLEeNCsa NI0CKOCTAMU KpUBoii (B pac-
cMaTpMBaeMoil TOUKe).
3ameTum, yto ecnuB!, er, €3 — TpyM NonapHoO OPTOroHasb-
HbiIX E€AVHWYHbIX BEKTOpa W BEKTOP & pPasfioXeH Mo HUM:
a —ocxex+ crev  ¢ER3(cj — ckanapbl), TO, YMHOXas 3To
paBeHCTBO CKaNIApPHO Ha B;, MONYy4YUM = e (i= 1, 2,3).
Pa3noxum Tenepb NpoM3BOAHble BEKTOPOB, 06pasyroLLUnX
COMPOBOXAAKLWNA TpexrpaHHWK, MO BeKTOopam, ero obpasy-
HOLUM:
T"= ¢, + c,v +
V' «= Clj-c + cJ2v + ¢257;
+ car\ -f Cjjfi.

AndgepeHurposaHue paBeHcTB T2 = 1; v2= 1; P2 = 1 no-
KasbiBaeT, uto Cu= 0 (i = 1, 2, 3); AudchepeHuMpoBaHUe
paBeHcTB tv = 0; vp = 0; Pt = 0 nokasbiBaeT, 4TO CL +
+cy =0 (i, /7= 1, 2, 3); HakoHeu, W3 onpegeneHus Vv
BUAHO, uTo c13 = 0; ci2 0; cnepoBaTenbHO, eciM 0603HAUNTL
C,2= K, Cr3 = X, TO HanucaHHble Bbllle Pas3/IodXeHUA NPUMYT
BUJ,

* 7= b,
v'= — /T + X3, (2.8)
P = — XV.

®opmynbl  (2.8) HasbiBaloTcs (hopmynamu  Ceppe — PpeHe,
BE/MUUHBLI A U X Ha3blBAKTCA COOTBETCTBEHHO KPUBU3HOA U
KpyYeHMeM npocTpaHCTBEHHOW KpWBOW (B paccMaTpuBaemMon
Touke). O6paTHble BenMUMHbI 1jkU 1/x Ha3biBalOTCS COOTBETCT-
BEHHO PAaANYCOM KPUBU3HbI M PajuycoM KPy4YeHUs KpuBOWA
(B paccmaTpuBaeMol TOUKe).
C nomouibo (2.8) Haxogum:
r=r;

=1 =\

-
1

KN+ K\"= K'Y+ K(- KX+ xp) =
— M1 + K\ + AXxp;
(r'e'r”)y= [r'r'"\r~ = Ap(— K2t + K'v-f Ax?) = KIK;



1 4 CKANAPHOE TMOJIE. TPAOVEHT CKAJIAPHOIO nond 85

cnefoBaTefNlbHO, ANA KPWBU3HbI U KPYYEHUS MPOCTPAHCTBEH-
HOM KpuBoi nony4daem oOpMysbl

(2.9)

MycTb Tenepb NMPOCTPAHCTBEHHAsi KpWUBas 3afjaHa BEKTOpP-
HbIM NapaMeTPUUEecKUM YypaBHeHUEM

r=r1@©

npu nw6om Bblbope napameTpa t (purypupytowias B 3TOM
YPaBHEHNN BEKTOP-PYHKUMA npeanonaraetca TPWXKAbl He-
npepbIBHO AnddepeHumpyemoit). Monb3ysack Ans 0603HaUYeHUS
NPoOn3BOAHbLIX MO t TOUKamMn ncoxpaHaa ans 0603HadYeHNA and-
hepeHUMpoBaHNA MOS WITPUXK, ByaemMm MMeTb (y4uTbiBas npa-
BMa 3aMeHbl MNepPeMeHHbIX Mpu AnddepeHumposaHnmn, dop-
Mynbl Ceppe — ®Ppevie 1 CcBOWCTBa onpegenutenei):

r=r's= st; r2-=s2
r r's2+ r's = ks*\ + st;
[rr] [rr]* = &2,

r=rVv + 3r"ss+ r's;
(rrr) = (rVr")s* = AXs*

0TClOAa BbITEKAKT (DOPMY/ibl AN KPUBU3HbI U KPYUYeHUS Mpo-
CTPaHCTBEHHOI KPMBOI Npu nto6om BbiGope NapameTpa (B Tou-
Kax, rfge r — HeHy/neBOW BEKTOP):

£2 _ [rr]2 _ rrr*—(rr)a N (reey (rrr)
r3* _ (r** * ~ [rr]» ~ #Wr*—(rr)*
(2.99

8 4. CkansipHoe none. pafueHT cKansspHOro nons

Ecnu kaxpgon Touke M HekoTopoii o61acTn npocTpaHcTBa
OTHeceH ckanap ¢ (M), To o6pasyeTca CKanspHoe none.
Ecnwn 3agatbh cMCTeMy NPSAMOYTO/IbHbIX KOOPAMHAT (Hanpumep,
npaByto), To Kaxaasi Touka M 6yfeT nMeTb HEKOTOpbIE KOOp-
AVHaTbl X, Y, Z U yHKumns Toukm o (M) cTtaHeT dyHKUuel
Tpex nepemMeHHbIX ¢ (X, Y, T).
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OnpepeneHue. TycTb N — Kakoe-HNOyAb «Harpas/e-
Hue* (n o603Ha4aeT eANHNYHbLIA BekTop). Mpomn3BogHORA Mo Han-
paBneHuto N B Touke M oT ckansApHON PyHKUNM PHa3bIBaETCS
npegen (ecnn OH CYLW,eCTBYeT) OTHOLWIEHUS MpUpaleHns <P
npu cmelleHMn Toukn M no HanpaeneHWO N K BeIMUMHE CMe-
weHnss Toukn M, korpga nocnefiHee cTpeMuTca K Hynw. Mpo-
n3BOAHas MO HanpasneHWto M o6o3HauaeTcs A(p/An. Takum
o6pas3om, MO ONpeaeneHunto

—u- AT , (2.10)
an M,-M nyv>
raoe Mi nexuT Ha nyuJe, Boixogsuwem n3 M no HanpaBneHUto ».
Mocne BeBegeHUs koopauHaT P (M) ctaHoBUTCA dyHKLMel
Tpex nepemeHHbIX @ (X, Y, r). MpegnonoXxum, 4to ata PyHKUMA
anddepeHumpyema B paccmaTpMBaemMolr TO4uke, Torga

O(x + Ox, Y+ Ay, z+ Ar) —d(x, Y, 2) =
= Ax + W + 1T Az+ 6Y o+ Azi- (2,1°)

roe 6 O npu cTtpemneHun Ax, Ay, Ar K nynto. Ecnn cmewe-
HME TOYKM MPOUCXOAUT Ha paccTofAsHMEe p NO HanpasfeHuto M,
o6pasyloLemMy ¢ KOOpAMHATHLIMKW OCAMU yrabl &, p, Y, To Ox =
= pcosa, Ay = pcosp, Or = pcosy, u npasas 4acTb
(2.10") npuvHuUmaeT BUA

(4f cosa + cos3+ -8§-cosT+6)p.

JeneHve Ha p v nepexof K npegeny npu p -*m 0 npueoguT
K dopmyne
['r=1r cosa + -S-cos[3+ I T 009*- (2-109)

OnpepgeneHne. [PagneHTOM ckansipHoii dyHKuumM ¢
B Touke M HasbiBaeTcs BeKTOp

+ + (2.U)

Bo3bmeM Kakoe-HUGYAb HanpasneHue M (N — eAUHWYHLIA
BEKTOP); MNYCTb @, P, Y — €ro Yrfibl ¢ KOOPAUHATHLIMU OCSIMU;
Torga m = <cosa + j cosp K cosy- HaocHoBaHuu chop-
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mynbl (2.1), BbipaxatoLei ckanspHoe Npou3BefeHe BEKTOPOB
Yepe3 KOOPAWHATbI, WUMEEM)

grad PN = 4~-cosa + — cos (J + -jr cosy.
CnepoBaTesibHO, Yy4duTbiBad (2.10"), nonyymm:
-|£- = grad n = (grad d),,, (2.12)

T. €. NPOMN3BOAHAs MO KaKOMY-HUBYAb HamnpasieHW0 M paBHa
NMPOeKUMN FpagueHTa Ha 3To HamnpasneHue. OTcfa Nosyvyaem
CMefyloWy WHBAPUAHTHYK XapakKTepUCTUKY TrpajueHTa:
HanpaB/eHUe rpajueHTa XapaKTepu3yeTcs TeM, 4YTO MPOus-
BOHAs MO 3TOMYy HarnpaefeHuio 6yaeT HaubGonblieid (cpeau
NpPON3BOAHbIX OT () B AAHHOI TOUKE MO BCEBO3MOXHbIM Hanpas-
NEeHVsIM); ANIMHA FpajgueHTa ecTb Hambofblias M3 MPOU3BOA-
HbIX MO HaMpaBneHWUsM B AaHHOW Touke. Vmeem

lgrad T |- y/ (£)* + (£)* + (£.)' _ max& . (2.13)

MoBEPXHOCTU YPOBHS CKanisipHOro nonsi. FeomMeTpuyeckoe
MecTo Touek, B KoTopbix ¢ (M) MMeeT MOCTOSSHHOE 3HaueHue,
Ha3blBaeTcs MOBEPXHOCTbHIO YPOBHA. [Mocne 3afaHUsS CUCTEMBI
KOOpAWHAT ypaBHEHWE MOBEPXHOCTU YPOBHS MpUHUMAaeT Bua|

o (X, y, 1= C.

YpaBHEHNA HOpMann K 3TOW MOBEPXHOCTW B Touke X, Y, T
oynyT:

X —x Y -y Z—r1

ay adp el

X i\ dz

OTciofga BMAHO, YTO Hanpas/ieHMe HOpManu coBsrajaeT C Ha-
npaefeHMEM rpajueHTa B paccMaTpuBaeMoOlr TOUKe.

dopmanbHble cBoWicTBa rpagueHTta. Myctb ¢ n ¢ — gBa
CKanApHbIX Nonsd, UMerLWwmnx rpagueHTol; / — auddepeHUnpy-
emas ckanspHas (QYHKLUUA OAHOM WMAN HEeCKONbKUX cKanap-
MbiX MNEpPeMEHHbIX (C Hagnexaller ob6sacTbio onpegeneHus).
Torpga

grad (@ + &)
grad (cpdp)

grad ¢ + grad o, (2.14)
dgrad ¢ + cdgrad b (2.15)
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grad /() = /' () grad b, (2.16)
grad 7/ (d, ) = grad d + -JL grad o, (2.17)

npuyem B npasbiX 4yacTax (2.14), (2.15), (2.17) 3Hak + o060-
3HayaeT C/IOKeHMe BeKTOPOB W BCTpevyalwlmecs B MpasblX
yactax (2.15), (2.16), (2.17) npowusBefeHUA CyTb Npowvssefe-
HMSA BeKTopa Ha ckanap. B camom gene,

grad (p+ W= i----jj A + . ee=
= {11ln + ” <+ ' @) = 8ra(ld®+ grad\f;
grad () = | =< N efj) + e
= P (< + eee)+ D(<-LI- + =) = Pgradd + dgradd;

grad/() = <— + ... = </ () + .=
= /' (O)(* m§m + e=e) = /' (¥)8rad o
«ran o, =< (E££ +£ £ )+ .-

(* - s -+ .. )+ I f (* 11 + eee)=

= JL grad® + |£-grad g

MnoroTouusa Bclogy 0603Haval0T, UTO cnefyeT BNucaTb BTOpPOE
N TpeTbe c/laraemble, aHanorM4yHble NMepsomy, noaydarouimecs
N3 Hero B pe3ynbTaTe 3amenbl i HA ] MK, a X HAY UT.

§ 5. KpuBONVHeNHbIe MHTerpasbl

Oyry KpuBoli HasblBalOT rnagkoii, €CNu (QYHKUUU, ury-
pupylowe B ee napamMeTpMyecknx YpaBHEHUAX, HEMPepbIBHO
anddepeHumpyembl. [yry HasblBalOT KycouHO-rnagkoii, €cnm
€6 MOXHO pPas3buTb Ha KOHEYHOe YUCI0 TNafgKux Ayr.

Myctb P (X, y, z) — HenpepbiBHas (QYHKUUSA Ma KyCOYHO-
rnagkoi pyre AB (puc. 3). Pasobbem ayry AB Ha uyactu
Cc nomowbio Touek geneHmsa A (X-, y{, Z\). Ha Kaxpon uyactum
AfiMm BosbMem Kakyto-HUbyab Touky Nt (Jit rYy, £); 3Ha-
YeHMe paccmaTpuBaemMoli (OyHKLUM B 3TOM TOUKE YMHOXMM Ha
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Axj = Xj+i — Xi u cocTaBMM CyMMy TakKuMx MnpousBeseHuUl
2 />(?. IbMA**-

Ecnu Hambonbwas wm3 anvH 4dacteh gyrm AB ctpemwutcs
K HY/10, TO 3Ta cymMMa CTPEMUTCA
K ornpegeneHHoOMy npegeny, KoTo- - I
pbli  HasbiBaeTCAa  KPUBOSIMHEN-
HbIM MHTerpasioMm ot P (X, y, r)
BAonb ayrm AB no nepemeHHo-
My X M 0603HayaeTcqd 3HaKOM
$P(*, vy, z)dx.
AB
CoBepLleHHO aHa/IornyHo orl- Puc 3
pefenstoTca KPUBOJIMHENHbIE WH-
Terpanbl MO  MNEpPeMeHHbLIM Y ©n T. Takum ob6pasom,

5 P(X,y, 2dx = lim2 P (£b /1» &) bxy, (2.18)
1

AB
A%qk,y, = HT2<?(1b JIb COL*; (2-19)

R(X Yy, 2dz=I1im 2 (&, NiA Si) A*1 (2.20)

roe P, Q, R — HenpepbiBHble yHKUMM Ha ayre AB.
[anee BBOAMM MOHATUE KOMGMHUPOBAHHOTIO
C KPWBO/NIMHEAHOro uHTerpana

B \Pdx+ Qdy+ Rdz= X Pdx +

AB AB

+ 5 Qdy+ J Rdz.(2.21)
AB AB

M3 onpegeneHus KpUBOJIMHEHOrO WMHTEerpana Henocpes-
CTBEHHO crieflyeT, UTO MNpX MepemMeHe HanpasBleHUs AYyrx
WHTErpan nulb MeHsieT CBOW 3Hak

B\l T jAB. %

[anee, ecnu gyry pasbuTb Ha 4acTu, TO MHTErpasa BAO/b BCEW
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LyTn panen CyMMe WHTErpanoB BAO/b €e 4acTeid, nanpnmep
(pMC' 4)’

(2.23)

OTcioga cnegyeT, YUTO MHTerpan BAO/b 3aMKHYTOI KPUBOW He
3aBUCUT OT BblI6Opa HayaNbHOW TOYKWK, a
B 3aBUCUT /UL OT HanpasneHUa o06xoAa

| KpuBoi. B camom gene (puc. 5),

Puc. 5. BnATB BnA ATB

OoTKyfga (Tak KakK TnpaBble 4acTW STUX PaBeHCTB OfuHa-
KOBbI)

AT

M3 onpegeneHnsa KpPUBONMHEHOro MHTerpana cpasy cre-
AYeT, UTO MOCTOSAHHblE MHOXWTENN BbIHOCATCA 3a 3HAK WHTe-
rpasna, UHTerpan cymmbl paBeH CymMMe MHTerpanos. L3 (2.18)

BugHo, yto \ Pdx = 0, ecnu gyra AB pacnonoxeHa B nno-

nB
cKocTu X = const. AHanornyHo us (2.19) n (2.20) cnepyet, 4To

\ Qdy —0, korga /1 pacnofnioxeHa B MJ0CKOCTN Y = const,
n

" R dz = 0, korga AB pacnonoxeHa B nnockoctu I =
AH

= const.
Mpeobpa3oBaHWe KPWUBOJIMHEWHOIO MHTerpana B MPOCTOWA

MHTErpan. nyCTb ganbl nMapamMeTpunyeckne ypaBHeHUNA AOyru
AB:

(Mbl NpegnonaraemM, 4To BCce TPU (DYHKUUWN HEMNPepbIBHO Avd-
hepeHLUUpPYEMBI).



KPVUBOJIMHEMHBIE WHTEFPAbI

Mo Teopeme JlarpaHxa (puc. 6)
Ox (/) = x (ki) — x (f) = x' (ti) (Ut —t) = x' (THA<I,

roe i( nexut mexay t, n fl+l

Puc. 6.

Mycte M (xj, yu z{) — Touka KpuBOIA, COOTBETCTBYHOLLAS
8Hauennto napametpa tt, Nt(£- Tb £() — Touka KpPWBOIA,
COOTBETCTBYIOLLAA 3Ha4YeHUIO NapameTpa T(; Torga

S p (Si. n, C)A*i —2 p I* (10, y(7(. z(Tjl x* (t.) 4O,
f i

O0TKyfAa B npefene nNpu CTPEMEHUU K Hy/NO Hambonblleid us3
pasnocteii A0
r

\ P(x,y, z)dx = ] P (x(<), y(t), z(0), x"(t)dt =
AB lo
r
= $*4Y*(0.y(0. *(01*5(0-

3amMeTUM, YTO 3TWU BbIKNAAKMW He TONbKO AAalT BblpaXKeHMe KpUBOIU-
HEeMHOro MHTerpana 4epes NMPoOCTOi, HO U A0Ka3biBAKT CyLLecTBOBaHMUe
KPVBONIMHENHOro UHTerpana [B cnyyae HenpepbiBHO AN depeHLMPYEMbIX
* (<), ¥ (/), * (<)], ecnu cumTaTb Ccyuw,ecTBOBaHME MPOCTOro MHTerpana
OT HenpepbIBHOW (PYHKLNMN M3BECTHbIM.

AHanornyHele hopmysbl MMetoT MecTo ans jj Qdy, J Rdz.

AB nB
Mbli BNANM, 4YTO AN npeo6pasoBaH|/|ﬂ KpMBOﬂMHeVIHOFO NHTE-

rpana B MPOCTO MHTerpan crnefgyeT B3siTb NapaMeTpUUeckue
YPaBHEHUSI NMYTU MHTErpPUPOBaHUS, 3aTeM BCIOAY MOA 3HAKOM
KPWUBOJIMHEAHOTO MHTErpana 3amMmenuTb X, Y, Z X BbIpaXeHUSIMU
Yepe3 napameTp W Mocje 3TOro paccMaTpuBaTb MHTErpan Kak
NMpocToi Mo napameTpy, B3ATbl B Npefenax U3MeHeHWUs napa-
MeTpa.

Ecnun, Hanpumep, uvMeem ayry
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To (6epa X 3a napameTp) NOAy4YUM:
*j
5P (x,y,2)dx = \P (x, y(x), Z(x)] dx.
AB X,

YcnoBue He3aBMCMMOCTU KPUBOMUHEAHOrOo MHTErpana oT
chopmbl NyTU. ByneM roBOpWUTb, UTO KPUBOSIMHEHRHbIA WHTe-
rpan

jPdx + Qdy + Rdz (2.24)

He 3aBUCUT OT hOPMbl NMYTW B HEKOTOPOI o6nactm (B KOTOpON
P, Q, R npegnonarawoTcs HenpepbiBHbIMUW), €CN 3TOT WHTe-
rpan, BAO/Ib BCAKWUX ABYX KYCOYHO-TAagKMxX Ayr (nexatimx
B paccMaTpuBaemMoii o6n1acTm) ¢ 06WMM HavyasiloM H 06LMM KOH-
LOM, MMeeT OAWHAKOBYIO BeNMYMHY. B aTom cnyuae npu ob6o-
3Ha4YeHNM MHTerpana AoCcTaTOYHO NULb YKasbiBaTb HaYalbHYO
N KOMEYHYK TOYKY NyTW (He HasbiBas camoro nyTu) m ynot-
M

* Xy W,
pe6bnaTb 3anuce \ wm \ (roe BbiNMcaHbl KOOPAMHATHI
M XLV,

Touek Mi H JI/2).

Ecnu nopbiHTerpansHoe BbipaxeHue B (2.24) ecTb MOJHbIN
anddpepeHuman HeKOTOpOi yHKUMM U (x, Y, ), TO ANA Ka-
KO-HMGYab rnagkod agyrm MXMr ¢ napameTpuyecknmmu
ypaBHeHUNAMMN

X= X(0, 1
y = vy (O, < << <,
2=2(0,)

nonyymm (y4uTbiBas CBOWMCTBO WHBapWaHTHOCTM AaudichepeH-
unanbHoro o0603HavyeHUA):

Il
= un[*(0, y(0. 2(01]11= n(xr, Y, zj) — u(x, yu 2,).

To xe 6ypet Ans KycouHo-rnagkow gyrwn J1/,J1/2, v cnepo-
BaTe/IbHO, KPWBO/IMHEWHbIN WHTErpas He 3aBMCcUT OT hOpMbl
nyTu.
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O6paTHO, MNPeAnooXUM, UYTO KPWUBOMUHEWHbIA WHTerpan
(2.24) He 3aBUCUT OT QOPMblI NYTU M MONOXKUM

X, V. 1
u(x,y,z) = J Pdx+ Qdy R dz
X* V,, T.
Torpa
x+4x, Y, T
NxX+ Ax,y,2)—un(,Yy,z = J Pdx + Qdy + Rdz.
X, V,r

Bepsi B nocnegHem mHTerpane 3a NyTb MHTErpupoBanusa nps-
MO/IMHENHbIA OTPE30K U npeobpasys KPUBOMUHEWHbIA WHTe-
rpan B MPOCTOW, MONy4YUM:

*+ 1 x

nx+ Ax, y,z) —u(x,y,z)= U P(t vy, 2dt=
X

= P(xx+ 04x, Y, z) Ax (0 O0<£1).
Tak Kak
u(x + A x,y ,M-UMXxyNi_ = p{x + ~ yt z)_+p{Xty'r)

npu Ax-» O, To, cnegoBaTesibHO, CyLLecTByeT Moy M IB

“ n n 7
AHaNOrMYHoO Hanpgem, 4YTo CyI.I.I,ECTByI()Tﬂ ) A , Mpnu4yem A =*

—Q, -J7 —R- OTcloga BMAHO, 4TO

du (x, y, 2) = Pdx + Qdy + Rdz,

T. €. NOAbIHTEerpanbHoe BbipaxeHue B (2.24) ecTb NOMHbIA and-
hepeHuman.

MNTaK, Ans He3aBUCMMOCTU KPWUBOSIMHEMHOIO WHTerpana
OT oopMbl NMyTU (B HEKOTOPOW 06s1acTM) HeO6XoAMMO M gocTa-
TOYHO, 4TOGbl NOAbIHTErpasbHOEe BblpaXXeHWe 6bI10 MOMHbIM
AndpepeHUMasioM  HEKOTOpPOW  (hyHKUuM (B YNOMSIHYTOW
obnactn).

3amMeTUM, 4YTO HeE3aBUCUMOCTb KPWUBOMMHEHOro MHTerpana (2.24)
OT popMbl NYTWM B HEKOTOPOW 061acTU PaBHOCU/IbHA PaBEHCTBY HYJIO
3TOr0 MHTerpana BAOJIb BCAKOrO0 3aMKHYTOro MyTW, fiexalliero B pac-
cmatpuBaemon obnactu. B camom gene, NycTb MMeeM He3aBUCUMOCTb OT
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gopmbl Nyt N ATBMNA — Kakoin-HMGYAb 3aMKHYTbIA MNyTb; Torga
(puc, 7)

ATBNN ATB BnA ATB AnB

O6paTHO, NyCTb VMeeM pPAaBEHCTBO HY/NO WHTErpanos BAO/b
3aMKHYTbIX nyTe, n nycte ATB #n AnB — pgsa nytm c obwum

Twne. 7. Pwuc. 8,

Hayanom u 06wWMM  KoHuoM; Torga (puc. 8)

ATB AnB ATB BnA ATBRA ATB AnB

Ycnoeus, npu KoTopbix BoipaxeHue PJ1 x + Qdj/ + Itdx
eCTb MOMHbIM AuddepeHumnan. Ecnm 3To BbipaxeHue (npeg-
nonaraetcs, uto P, Q, R umeloT HenpepbIBHbIE YaCTHble MPO-
M3BOAHblE MepPBOro Mnopsigka) ecTb MOMHbLIN  AuddepeHLman

HEKOTOpO hyHKUMN U (X, Y, T) (B paccMaTpuBaemoil o6nacTtu),
TO

cnegoBaTtenibHO,
& AP_ . g _ dQ . gv _ g _
ox gy ay ' ay dz dz ’ dz ax ax -’
gv _ dQ o pgw _ all w gwn _ 4P
By 4X AX ' dzpy gy *  Axdz dz =

0TKYfla, YYMTbIBAs HE3aBUCMMOCTb YacTHbIX MPOU3BOAHLIX OT
nocnefoBaTelbHOCTU AUD(EPEHLNPOBAHNS, MOJYyUYaEM:
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O6paTtuB, NpeanofoXNM, YTO paBeHCTBa (2.25) BbIMOMHEHDI
(8 paccmaTpuBaemoit o6nactu). Mycts Mn(x0, y0, z,,) — duk-
cupoBaHHasa Touka (puc. 9),
A/ (X, Y, Z) — nepeMeHHas M
Touka, MOKLM —Ttpex3BeH-
Haa JfomaHasi, CTOPOHbI KO-
TOpoli nocnepoBaTeNbHO Na-
pannensHbl ocam  Ox, Oy,
Oz

Monoxum

u(x,y,z) = [ Pdx +
bl,KbM
4- Qdy + Hdz.

MpumeHss npasuio npeo6-
pasoBaHUs  KPWUBOJIMHEMHOTO WHTerpana B MPOCTOA, Ha-
XOAUM:

nx. Yy, r=
X \Y 1
= 5 p (t, Yo' 20d< + ji Q(x, t, zOdt + 5 R(x, y, t)dt,

Puc. 9.

OTKyfZia C MOMOLLbIO nMpasuia auddepeHUMPOBaHUSA UHTErpana
C MEepPeMEHHbIM BEPXHUM rMpefenom W npasuna gudpepeHum-
poBaHUA NoA 3HAKOM MHTerpana ¢ ydyetom (2.25) nonyudaem!

b (*, Y, 1) =
Yy r
= P (* Y, 200 + 5 Qx(*, t, zQdt + \r'x Xy, t)ydt =
\b

= P(X, V., 20+ P\(x, t, Z0)dt + 5P; (x, y, t)dt >

V»
—PC*,Y¥,20+ P(X, t,z0) |4, + PX y, t) I =
= P (*, y¢ 20)+ \P{X, ¥, z0) — P (x, Y0, zO)I +

+ [P (x,Y,2) —P(x, y, 01 = P (X, Y, a)l
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u,(x, ¥,2)= QX vy, 20 + 5Ry(x, y, 0dt =
*o

r

= QK y, 20+ J Qz(x,y, 1)dt = Q(x,y, 200+ Q(x, Y, 1)

= < Y, 20+ [<2x Y, ) - Q(x, Y, 201 = <Xy, T);
ur(x, y, z) = /72(x, Y, 2)
n, cnepgoBaTtesibHO,
du (x, vy, 2) = Pdx + (My + Rdz.

WTtak, fna TOro 4Tobbl BbipaxxeHne Pdx + Qdy + Rdz
661710 MOMHBIM AndIdepeHUManom (BpaccMaTprBaeMoii 06n1acTn),
HEeo6X0AMMO M [OCTaTOYHO, YTO6bl BbIMOMAHANNCL pPaBeHCTBA

aP_ _ dQ_ . dQ__ mH_. dR_ aP_
ay dx * <x % d* dz

{8 paccmaTpuBaemoii obnacTwn).

B AokasaTenbcTBe TeopeMbl O TOM, YTO €CNN BbIMOAMEUbI YCNOBUSA
(2.25), 1o BbipaxeHue Pdx + Qdy -(- Rdz ectb monubin guddepeHyman
HEKOTOPOM (OYHKUMM, MOAYanMBO Mpegnonaranocb, 4YTo B paccMaTpwu-
Baemoii o6nacTu HaipgeTca Takas Touka MO, uto ans n6oi Toukn M
paccmatpuBaemoli o6nactu Tpex3BeHHas nomaHas MOKLM nexut B
3TOl e o6nacTv. C MOMOLbIO AOMOMHUTENbHbBIX PaCCyXAeHU MOXHO
nokasaTb, 4YTO Teopema OCTaHeTCA BEPHOW ANA BCAKOW o6nactu, B KOTO-
poii nobble ABa NyTW ¢ 06LMM Ha4yanoM M O6LMM KOHLLOM MOTYT 6bITb He-
npepbIBHO fAehOpMUpPOBaHbl OAWH B APYroii, He BbIXxoAs M3 o6nacTu.

§ 6. BekTopHOe none

Ecnn kaxpoi Touke M HekoTopoii 06n1acTn NMpocTpaHCcTBa
OTHeceH BekTop a (M), To o6pa3syeTcsa BEKTOPHOE MoOne.

Ecnn 3agaTb cuUcTeMy KoopAuHaT (Hanpumep, Mpasyto),
To Kaxpaas Touka M 6yaeT MMeTb HEKOTOpPblIe KOOPAMHATbI X,
Y, Z N BEKTOP-pynKuUmMsa Toukn M cTaHOBUTCA BEKTOP-(hYyHKLMEN
Tpex MepeMeHHbIX a (X, Y, 2).

KpVBONMHEVHbIN WHTErpan oT BeKTOp-pyHKumu. [ycTb
a (M) — HenpepbIBHAas BEKTOP-(PYHKUUA HA KyCOUHO-Trnaj-
koli gpyre AB (puc. 10). Pa3o6bem ayry AB Ha uactm c no-
MOLLbI0 Touek geneHus M{, Ha KaX[oli 4acTu BO3bMEM KaKylo-
HMGYaAb Touky Nj, 3HaueHWe paccMaTpuBaemoii BEKTOP-(PYHK-

UHH B 3TO TouKe CKa/IApHO YMHOXWM Ha BEKTOpP
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n COCTaBUM CYMMY 3TUX CKanApHbIX MNPOU3BEAEHUN

2 «(~)B A I
i
Ecnn naH6onbwasa H3 AavH dacteih gyrnm AB cTtpemuTtcesa
K HY/0, TO 3Ta CyMMa CTPeMUTCS K on-
pefeneHHOMY npefeny, KOTOpblA Hasbl- B
BAaeTCA KPWBOJIMHENHBIM WHTErpanom
ot a (M) Bgonb gyrm AB un o6GosHa-

yaetcs 3Hakom \ a(M) dr (3gecb dr
AB
eCTb «OPUEHTUPOBAHHbLIA 3NeMeHT Ay-

rn»).

KpWBONMHENHbIV UHTErpan oT Bek-
TOp-QYHKLHM NEerko BblpaXkaeTca u4e-
pe3 06bIKHOBEHHbIA KPWUBOMHENHbIN
MHTerpan.

3agagnum  cuctemy KOOpAWHaT.
MNyctb Vi— pagunyc-BeKTop U yit
ri — KoopguHatbl Touku JI/s TIi,
TOoukn J1'4 Torpga

2 a (N,)M~Mi+l = 2 «(E<, Th» &RQ A =

= 2 K (bu*£i) + av(li, a», SO OY( + «z (Eb 4f. ii) A*],
OTKyZa B Mpejenie Monyyaem:

Aﬁa AN dr =

= \a*(* ¥, z)dx+ a,(X,y,2)dy + ar(x, y, 2dz. (2.26)
AB

JTo paccyXfjeHue He TONbKO faeT BblpaXKeHWEe KPUBOIMHEWHOIO

MHTerpana oT BeKTOpP-PYHKLHM 4yepe3 OObIKHOBEHHbIA KPUBOMUHEN-

HbIi MnTerpan, HO pfaeT A0Ka3aTeNbCTBO CYLLECTBOBAHWA €ro, ecnmu

cywectsoBaHune 06bIKHOBEHHOTO KpI/IBOJ'IVIHeVIHOFO UHTerpana cymTaeTca
N3BECTHbLIM.

Ecnn L — kakol-HMGYAb NyTb B 33aaHHOM BEKTOPHOM
none, To, paccmatpuBas BekTopbl a (M) kak cunbl (Torga
BEKTOPHOE MOJle CTAHOBWUTCS CW/IOBbIM MOJIEM), Halem, 4TO
ckanspHoe npoussegeHne a (M{) M*A/ '+l 6ygeT (C TOYHOCTbIO
[0 6eCKOHEeYHO ManbiX BbICLUEr0 nopsaka) paboToi cunoBOro

4 T. L. PomaHOBCKUA
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nonsi Npu fnepeMeLleHN TOUKM OT MOoNoXKeHUs JI/j B nonoxe-
Hue JI/(+L CknaabiBasi 3TU anemMeHTapHble Pa6oTbl U Nnepexoas

K npegeny, Hagem, uto \a (M) dr 6ygpet pa6oToii cunoBoro

nonsi Npu nepemMellleHUN ToukM no nytu L. Mo aToil npuumHe

KpuBONMHeWHbli mHTerpan \a(M)dr HasbiBaeTcs paboToi

BEKTOPHOro nond sgons nytu L *). PaboTa BeKTOpPHOro nons
BAO/b 3aMKHYTOrO MyTWU HasblBaeTcs elwle LUUPKYNAUUER Bek-
TOPHOr0 Mofs BAO/L 3TOr0 3aMKHYTOro MNyTw.

OnpefeneHune. BekTopHOe nose HasbiBaeTcs NOTEHLUM-
albHbIM, ecnu paboTa 3TOro Noss He 3aBUCUT OT (QOPMbI MYTH
WKW, YTO PaBHOCU/IBHO, ECMU LMPKYNALWUA BEKTOPHOro nons
BAO/Ib KAXA0rN0 3aMKHYTOro nyTuW paBHa HY/IO.

N3 dopmynbl (2.26) cnepyeTt, 4TO ANAA MOTEHUUaIbHOCTU
BEKTOPMOro rnons HeobxoAMMO W [0CTaTOYHO, YTOObI KPUBO-
NNHERHbIA NHTEerpan

He 3aBucen oT dpopMmbl NyTU. N3 § 5 cnegyeT, 4To ANA 3TOro
Heo6X04MMO W [0CTaTO4YHO, 4TO6bl BblpaXeHue

axdx -j- awdy + azlz

6b1710 MOAHbIM AuddepeHUVaNIoOM HEKOTOpPOW yHKunm U (X,
Y, Z) (cunoBas (OYHKUMS), vnadve roBOps, YTOObI BbIMOMHSIUCH
paBeHCTBa

B aTtom cnyvae pa6ota nona sgonb nytm MXMr pasHa

J odu{x, y,z) —u(Mr)—un /) = v(A/,) — Vv (J1/4),

n,m,

roe V= —W Ha3biBaeTcss MNOTEHLUNANIOM BEKTOPHOro Mons.
Takum o06pa3om, pab6oTa MOTEHLMANLHOTO BEKTOPHOro Moss
paBHa MNPUPALLEHNIO CUI0BOM (YHKLUUM WA YMEHbLIEHUIO
noTeHymana.

*) W3 onpegeneHns BuAHO, 4To abCcoNOTHaA BennMYMHa paboTbl e
NpeBOCXOANT MPOWU3BEAEHMNA ANMHBI NYTU Na MakCcuMalibHOe 3HadeHue
la | B Toukax nyTu.
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CnepctBue. [na NOTEHUWANBHOCTU BEKTOPHOr0 Mons
Heo6X0AMMO M JOCTATO4YHO, YTO06bI OHO 66110 NONEM TPajVeHT 0B
HEKOTOPOro CKasiApHOro nonA.

B camom pene, ecnu a = grad < ToO

b A b

a*= T ; a»~Ty: a*~~17

n, cnenpoBaTesibHO,
axdx + amdy + azdz = N dx+ N dy+ dz = dip(x, Y, 2)

eCTb MOMHbIA AndchepeHLMan, NpUYeM P UTPaeT Posib CUI0BOIA

PYHKLUNN.
O6patHoO, ecnun

axdx + avdy + atdz = dp(x, vy, 2),

6D dtp dw
a*=-£' a»=W"  °r~~gr

TO

n, cnenoBaTesibHO,

«=1i5 + ~ + fcl7=g rad<P-
4TO K TpeboBanochb A0KasaTh.

Mpumep. MycTb MMeeM Kakoe-HUGYAb LIEHTPUPOBAHHOE BEKTOP-
Hoe none (¢ ueHTpom O); 3To 3HAUMT, 4TO KaxAblii BekTop a (M) ne-
XUT Ha nyde OM, npuuem gnvHa u HanpasneHve BekTopa a(M) 3aBu-
CAT TONbKO OT paccrosHus p = OM. Torga

«(N10o.-W -r,
rae /7 (p) — ckansapHasa yHKUUS NonoxuTensHoro aprymerTa (Ja (M) |=
= 1/P)I).
Nmeem

axdx + aydy + adz =
= AP xdx+ 2O yys 7P 545 = tpTdp = dF (),
roe F (p) = 1/ (p) dp, yunTbiBas, uto
p*= x! + yl+ z¥ pdp = xdx ydy+ zdz.

Takum 06pa30M, LEHTPMpPOBaHHbIE BEKTOPHbIE MOMAA MNMOTeHUWManNbMbl.
4%



100 OCHOBbI TEOPUWM MOJIA wrn.

BekTOopHbIMU IMHUAMWU BekTOopHOro nons a (M) HasbiBaloTCca Ta-
KWe KpuBble, KOTOpble B KaXAoW cBoeii Touke M wumeoT HanpaBneHue
sekTopa a (M). 3T NMMHUKM oNpeaenstoTcs M3 CUCTeMbl AUddepeHLmab-
HbIX YpaBHeHUN

da dy dz

Ecnu C — Kakoi-HUBYAb 3aMKHYTbIA KOHTYP B MPOCTPAHCTBE, TO
BEKTOPHbIE nuwuu, NPOXOAALLME YEPE3 TOUKM 3TOTO KOHTYpa, 06pasytoT
NMOBEPXHOCTb, Ha3blBaeMytlo BEKTOPHON TPYOKOIA.

§ 7. MNoBepXHOCTHbIE WHTerpansl

PaccMOTpMM [ABYCTOPOHHMIA KYCOK MOBEPXHOCTU S, Ko-
TOPbIA MOXHO Pa3buTb Ha KOHEYHOE YMCO YacTel, Kaxgasa us
KOTOpbIX NM60 u306pasuma ypaBHeHWem Buga z = / (X, Y),
nnéo ABNAETCA 4acTblo LM-
NNHAPWNYECKO MOBEPXHOCTU C
obpasyowmnmu, napannenb-
HbiMn ocn Oz

Bbibepem Ha S onpepgeneH-
HYI CTOPOHY.

Pnc. 11.

3amMeTMM, 4TO Me BCAKUIA KYCOK MOBEPXHOCTU sABNsieTCA [ABYCTO-
POHHUM. Jlerko paTb NpMMep OAHOCTOPOHHel MoBepxHoOCTW. B3se nps-
moyronbHuk abed (puc. 11) u ckneHs ctopoHbl ab u cd Tak, uto6el d
coBnano ¢ b, C coBnano ¢ a, NOAY4YMM MOBEPXHOCTb C OAHOM CTOPOHOIA.

Mycte R (X, Y, Z) — HenpepbiBHas (QYHKLMS Ha Kycke
nosepxHocTU S. Pa3oGbem ero (puc. 12) Ha 4actu Sit kaxpgas
U3 KoTopbiXx NnMbo wm3obpasnma ypas-
HeHWeM BufAa z= /(X Y), nun6o
NpUHagNexnT  UWAnHApu4deckoi  no-
BEPXHOCTU C o6pasywwmmn, napan-
nenbHbiMmn  ocn Oz, Bo3bmeM  Ha
Kaxgon 4actu 5, Touky (£, 1], £)).

3HayeHMe paccMaTpuBaemMoil yHK-
UMM B 9TOM TOYKE  YMHOXUM Ha
B3ATYID C  OMpefefieHHbIM  3HAKOM
nnowaab npoekumm Kkycouka Sf Ha
nnockoctb OXy, npuyem 6epem 3HaK-}-,
ec/n BblbpaHHaa CTOPOHa MOBEPXHOCTU Ha KYCOYKe ob6pa-
LieHa B CTOPOHY BO3pacTaHuA z, U 3HaAK —, ec/n BblbpaHHas
CTOpOHa MOBEPXHOCTU Ha Kycouyke Si o6palieHa B CTOPOHY
ybbiBaHMA z. Ecnn Sj NpuHagnexuT UWAWHAPWUYECKOW Mo-

Pwnc. 12.
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BEPXMOCTM ¢ o6pasyruwmmn, napannenbHbiMu ocu Oz, TO
BOMPOC O 3HakKe OTMNajaeT, W60 Naowaib MNPOEKUUM paBHa
HY/t0.

3Ty nnowanb NpPoeKkunmn Ha OXy c Bbl6paHHbIM 3HAKOM
0603HauMmM (Si)Xv. Tenepb COCTaBUM CYMMY YMOMSHYTbIX MpO-
n3BeaeHNI

2 A (Ei. ,msi)xv.
i

Ecnu HaubGonbwinii U3 anaMmeTpoB KycoukoB St cTpemutcs
K HyJ/l0, TO 3Ta CyMMa CTPEMUTCS K OonpeaenieHHOMY mnpegeny,
KOTOpbIA  HasbiBaeTcsa  MOBEPXHOCTHLIM  WHTErpaioM ot
M(x, y, 2) no BbIGPaHHOW CTOPOHE MOBEPXHOCTU S MO MepemMeH-

HbiIM X, Y UK o0603HavaeTca 3Hakom ~ R (X, Yy, z)dxdy.
‘s

AHanornyHo OonpeaensitoTcs MNOBEPXHOCTHbIE WHTerpanbl Mo

APYTUM napam MepemMeHHbIX (MPW aHanornyHbIX OrpaHuye-

HUSX, Hanaraembix Ha S). Takum o6pasom,

N\P(X,y, 27dydz = lim2 P (£i. /n CO(<POw. (2.28)

$82(*, y, z)dzdx = Um”Q(lulywnll 3b* (2-29)
s i

$é R(* Y, 2)dxdy = lim27(6], Tit @{Shxy. (2.30)
|

[Jdanee BBOAUM MOHATUE KOM6I/IHI/Ip0BaHHOFO NMOBEPXHOCT-
HOro wuHTEerpana

N Pdydz-- Qdzdx Rdxdy -=

= Pdydz-\- Qdzdx + Rdxdy. (2.31)
8 8 8

M3 onpegeneHnsi NOBEPXHOCTNOr0 MHTerpana ciaefyet, 4To
npu nepeMeHe CTOPOHbLI MOBEPXHOCTU WHTErpaa Nunllb MeHseT
CBOW 3HAaK; €C/IN KYCOK MOBEPXHOCTWU PasbuT Ha 4YacTu, TO UH-
Terpasn Mo BCEMY KYCKY MOBEPXHOCTU paBeH CyMMe MHTErpasos
Mo ero 4acTsiM; MOCTOSAHHbLIE MHOXWUTENN BbIHOCATCS 3a 3HaK
WHTerpana, WHTerpaa CyMMbl paBeH CyMMe WHTerpasos.
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M3 (2.30) suaHo, uto [\Rdxdy —0, ecim S ecTb KyCOK
*8

LUNVHAPNYECKOA MOBEPXHOCTM C 06pasylowumun, napanfienb-
HeiMu ocn Oz (B aToM cnydae npoekummn Si Ha nnockocTb OXy
BbIPOXAATCA B NUHUK). AHanormyHo w3 (2.28) un (2.29)

BuaHo, uto lIPdydz = 0, ecnm S ecTb Kycok LUAMHAPU-
|
YecKoli MOBEPXHOCTU C 06pasyloWwMMu, napaniefnbHbIMKU 0OCK

Ox; N\Qdzdx = 0, ecnm S ecTb KYCOK ULWINHAPUYECKOWA

NMOBEPXHOCTU € 06pasywmmmn, napannensHsiMu ocu Qy.
Mpeo6pa3oBaHVe MOBEPXHOCTHOIO MHTerpana B OObIKHO-
BEHHbIA ABOMHOW WHTerpan (4acTHble cnyyau). MycTb MMeeMm
noBepxHocTb z = b (X, y). MycTb S — KycoK paccmaTpuBa-
emMoii moBepxHocTW, A — ero npoekums Ha nnockocte OXxy

Punc. 13.

(puc. 13). Ecnm Ha S BbiGpaHa CTOPOHA, obpalleHHas B CTO-
pony Bo3pacTaHus z, 1o (puc. 13)

2 A@an J¥,co(siyxw = 2 A 1IN, b r (li, TiO) 6it
i i

OTKyAa nocne nepexoga K npeaeny noaydyaem:
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AHaIorn4yHble (*)OpMyﬂbI nony4dyarTcAa A51d NOBEPXHOCTHbIX
WHTErpanos no Apyrum rnapam nepemeHHbIX. UTak,

$ P(*. Y 2dydz = Px{y, .,y z0dydz (2.32)

(roe S — Kycok mnoBepxHocTM X = X (Y, Z) 1 A — ero npo-
ekums Ha Oyz]\

Q(x,y,2)dzdx = » Q[x, Y (z, X), z]dzdx  (2.33)

[roe 5 — Kycok noBepxHocTM Y = Y (z, X) © A — ero npoek-
uma Ha OzxJ;

FAR (x, Yy, 2)dxdy = R Ix-¥X2(*« Y)Ldxdy (2.34)
s A

[rae S — kycok noBepxHocTV Z = Z (X, Y) U A — €ero npoek-
uma Ha Oxyl.

3amMeTKU, 4TO BbIBOJ (POPMY/, BblpaXatLlMX MOBEPXHOCTHbIN WH-
Terpan 4epes OGbIKHOBEHHbIA [ABOWHOW WMHTerpan, AaeT OAHOBPEMEHHO
[lOKa3aTenbCTBO CYLLeCTBOBAHMA MOBEPXHOCTHOrO WHTerpana, ecnu
CylllecTBOBaHMe OObIKHOBEHHOrO [BOWHOFO WHTerpana cyuTaTb W3-
BECTHbIM.

MpeobpasoBaHNe MOBEPXHOCTHOrO MWHTerpana B 06bIKHO-
BEHHbIW ABOVHOW MHTerpan (06WKnin npuem). NMycTb S — Kycok
NOBEPXHOCTU, 3aflaHHbIi MapaMeTpPUYeCKUMWU YpPaBHEHUAMU

X=xXM, Vv),y=y[u v), z=2zm, v),

rae (v, V) npo6eraet o6nacTtb [ Ha nnockoctru Ouv (pyHKUMK,
CTOsIME B MpaBblX 4YacTaAx, NpeanonaralTcs HernpepbIBHbIMU
BMECTE C WX YacCTHbIMWU MPOM3BOAHLIMM MEPBOro MopsAKa).

MpeanonoXmm crepsa, YTO KYCOK S MOXeT 6biTb npea-
cTaBfieH ypaeHeHuem z = / (X, Y), rae / — ofHo3HauHas He-
npepbiBHaa PYHKUMSA, U NYycTb A — NpoeKkums S Ha NIoCcKoCcTb
Oxy. Torga

Zm, V) = /X, y) Y@, 1L

B cuny (2.34) n npasBuia 3aMeHbl MepPeMenHbIX B ABOAHOM
MHTerpane (ecnu cooTeeTcTBME Mexay [ u A npsamoe, T. e.
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coxpaHsitolee HanpaefeHUss 06X040B)

X\R (X, ¥, 2)dxdy = R [x, Y, Z7(x, y)] dxdy =
= JWR X, y),yW V), z(u, i) dudv. (2.34)
A

3JTa Xe (popMyna BepHa, ec/iM S OKaXeTcsl KYCKOM LMW/IMH-
[PNYECKO MOBEPXHOCTU € 06pasylolmMun, napaniesbHbIMU
ocn Oz, Tak Kak TOrga o6e yacTu POpPMysbl pPaBHbI HYJIO.

A(*.)O 6\
f']paBaﬂ 4acCTb paBHa HYy/NK BCNneaAcTBue TOro, 4To = .

MocnesHee paBeHCTBO NIerKO 06HApPYXUTb. [ycTb, Hanpumep,
ypaBHEHWE Ha3BaHHOW UWIVMHAPUYECKO/ MOBEPXHOCTU €CTb

y = ¢ (x), Torga
ym, = dxMm )

0TKyAa
an G AX Ay < AX
a i r a7=u,(n:)ar’
W, cnefosaTeflbHO, B AKo6uaHe E CTPOKW Mpornopumo-
HanbHbI.

B ob6uwem cnydae S MOXHO pa3buTb Ha 4acTu, noaxoasiiune
noj, OAVIH U3 PacCCMOTPEHHbIX ABYX TUMOB (Mbl OrpaHNYMBaeMcs
TakMMu noBepxHocTsiMu S). Terga [l pa3o6GbeTcs Ha coOT-
BeTCTBYOLWMEe YacTu. NMPUMEHNB K KaXAon 13 vyactein hopmyny
(2.34") n cknagbiBas MNONy4YeHHble pPaBeHCTBa, Moaydum dop-
myny (2.34') ans Bcero Kycka S.

AHanornyHble opmysnbl NOAyYarTCa A1 NOBEPXHOCTHbIX
MHTerpanos Mo ApyruMm rnapam rMepemMeHHbIX. WTak,

P(x,y,2)dydz= P(x,y, 2 du dv,
S A
QX y,z)dzdx =  Q(x, Y, 2) du dv,
R(x,y, z2)dxdy = ~ R(x, Y, 2) du dv,

S A
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OTKyAaa
§ded2 + Qdzdx + R iZiy =glp
8 a
P Q R
dx dy dz
+ QW *+ ft WA dudv = 4 du o du dudv(2.35)
dx dy dz
dv dv dv

npu HagnexalieM BblGOpPe CTOPOHbI MOBEPXHOCTU S.

MycTb, B 4acTHOCTW, MMeeM KYCOK MOBEPXHOCTU Z =
— /(1,Y), roe x, y npo6eratoT o6nacte A nnockoctu Oxy. Torga
hopmyna (2.35) paet (34ecb X, Y nrpatot ponb U, V);

P QR

10 p dxdy
01 q

= A (—pP —qQ + R)dxdy, (2.36)

rae p =, = ~ 11 noBepXHOCTHbI MHTerpan 6epetcs Mo
BEPXHEM CTOPOHE MOBEPXMNOCTH.

§ 8. ®opmyna OcTporpagckoro

JTa hopmyna npeobpa3oBbiBaeT NMOBEPXHOCTHbLIA MHTerpan
Nno 3aMKHYTOW MOBEPXHOCTU B TPOWMHOI MHTerpan no o6nactu,
OrpaHWYeHHOW 3TOW MOBEPXHOCTLIO.

Myctb D — 3amkHyTas o6nacTb, OrpaHUYeHHasa 3aMKHYTOMN
nosepxHocteto S, a P (X, V¥,2), QXX VvV, 2, R(Xx, ¥y, N —
HernpepbiBHble (QYHKUUN C HeMpepbiBHbIMK YacTHbIMW MPOU3-
BOAHbIMM nepBoro nopsgka Ha D.

CnepBa npegnonoxum, 4to D orpaHunyeHa cHM3y noBepx-
HOoCcTblO Zz = T, (X, Y), CBEpXy — MOBEPXHOCTbO Z — T (X,
y), ¢ 60KOB — LUIMHAPUYECKOA MOBEPXHOCTbI C 06pasyto-
wumm, napannencHoiMm ocn Oz, Bbipesatollelli Ha MOCKOCTU
Oxy nnowagky A (puc. 14). Torga S 6yaeT cocTosiTb U3 Kyc-
ka J1, noBepxHocTM z = Zz, (X, Y), Kycka St noepxHocTU
z= z2(x, Y), kKycka St uwnuHapuyeckoli MOBEPXHOCTU C
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o6pasyouimmu, napannenbHsiMu ocu Oz. Nmeem:

=N ¥ z¥) ~ R (e ¥>2»)ldx dy =
= a\dx dy + 5/Ex dn
S, 5,

raoe MHTerpMpoBaHue MPOUCXOAUT MO HUXKHel cTopoHe St
M Nno BepxHel cTopoHe St.

Punc. 14.

Jo6aBnss Rdxdy k npaBoii uacTM nocnegHero pa-
S,

BEHCTBa, Mbl He Hapywum ero, Tak kak {\Rdxdy = O\

cnenoBaTtesibHO,

|~ dxdydz = 5\R dxdy, (2.37)

rae B NpaBoil 4acTu MHTErpMpoBaHMe NPONCXOAUT MO BHeLUHEN
CTOPOHE aaMKHYTOW mMoBepxHoOCTU S.

B obuwem cnyyae D MOXHO pa3buTb Ha KOMEYHOE YUC/O
yacTeli pacCMOTPEHHOrO Bbille TuUMNa (Mbl OrpaHU4YMBaemcs pac-
cmoTpeHmem obnacteii D, koTopble gonyckalT Takoe pas-
6ueHune). NMpuMeHss K Kaxpaon vz vacteil chopmyny (2.37) un
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CKnafblBas NMonydYeHHble paBeHCTBa, Margem, yuto (2.37) 6yget
crnpaeegnuea Ana paccmaTtpusaeMoli obnactm (Tak Kak WHTe-
rpansl No reperopofkaMm B3auMHO
YHNYTOXAaKTCA).

MeHAA ponu rnepemMeHHbIX, MONy-
YMM eLe Be aHaNnornyHble POPMYIbl:

3 r ddd=dd (23-

N-dxdydz = 5dedx. (2.37%)
& Pnc. 15.

MouneHHoe cnoxeHwue copmyn (2.37'), (2.37"), (2.37)
JaeT Ham wmckomyk dopmyny OcCTporpagckoro

%dydz - Qdzdx + Rdxdy =

-$ (41 +# + TT)FEF, C2.38)

roe D — orpaHnyeHHas 3amknyTas 0651acTb B MPOCTpaHCTBE
(puc. 15), S — 3aMKHYyTas MOBEPXHOCTb, OrpaHMuYMBaloLLas
D, n P, Q, R— cyHKUNN, HenpepbiBHblIE BMeECTe C UX 4acT-
HbIMW NPOM3BOAHLIMM MepBoro nopsaka Ha D, npuuem B neson
yacTu POpMynbl MHTErpupoBaHMe MPOUCXOAUT MO BHELUHEN
CTOPOHE MOBepXHOCTM S.

§ 9. BekTopHaa 3anucb dopmynbl OCTpPOrpasackoro.
AviBepreHuns BEKTOPHOro HoNA

MOBEPXHOCTHbIV WHTerpan oT BeKTOpP-PyHKUUW. T[lycTb
a (M) — HenpepblBHas BeKTOP-PYHKLUUA Ha [ABYCTOPOHHEM
Kycke noBepxHocTM S. [pwu 3Tom npegnonaraeTcsi, 4To S
MMeeT B KaXAO0W TOYKe KacaTe/lbHYK M0CKOCTb, Hanpas/e-
HMe KOTOpPOW HenpepbIBHO 3aBUCUT OT TOUKW MOBEPXHOCTU
(MM e KYCOK S MOXeT ObiTb pa3buMT Ha KOHEYHOe 4YUCo
TakMx uacTeil). BblbepeM Ha S Kakyl-HUGYAb CTOPOHY
(puc. 16). Paszobbem S Ma yacTu; MycTb MIOWAAN 3TUX YacTeit
6yayT S{. Ha kaxpoit uacTu Bo3bMeM Touky Ni 1 noctpoum
BekTop Hi, HanpaBneHHbI No Hopmanu B Touke Ni K BbI6GpaH-
Holi cTopoHe noBepxHocTUM W umewowmini gnnny |n{ |= S{
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3aTeM 3HauyeHWe BeKTOP-hynKUHM B Touke Nt ckansipHo ywm-
HoXuM Ha { 1 cocTaBUM cymMMy TakuMX CKanspHbIX NMpou3Be-

neHuwii 2 a ffli) M.
1

Ecnn Hanbonbwunii M3 AMaMeTpOB 4vacTell paccmaTpuBae-
MOro KyCKa MOBEPXHOCTU CTPEMMUTCS K HyJ/t0, TO 3Ta cymMma
CTPEMUTCA K OMNpefefieHHOMY npe-

[eny, KOTOpbli Ha3biBaeTcA MOBepX-

NocTHbIM MHTerpasiom ot a (M) no

BbIGPAHHO CTOPOHE MOBEPXHOCTM S

1 o6o3HavaeTcs 3Hakom a (M) dot

S
(3peckb dti> ecTb  «OPUEHTUPOBAHHbI

3/1EMEHT MOBEPXHOCTU®).
MOBEPXHOCTHbIA  WUHTerpan  oT

Puc. 16. BEKTOP-(PYHKLUMWN Nerko BblpaxaeTtcs
yepe3 O06bIKHOBEHHbI/A MOBEPXHOCT-
Hblli MHTerpan. 3agaguM cucTeMy KoopauHaT. MycTb rl;,

Ci — koopamnHatbl Nt Torpa

2 «M )W i = 21I<<x(&|, Nb Cl)(Hj)x +
1

"b A/ (Elt AL Ci) (*D)I1“b  (E1> chy (M)l

Ho (n)Xx, (nj)w (nj), c TOUHOCTbIO A0 GECKOHEYHO MasblX BbIC-

Wero nopsgka paBHbl COOTBETCTBEHHO (£<),*, (5(,, Ne)*,;
nosTomy

lim 2a(~i)ni = lim2lax(5i, b Ci)(Si)« +

+ av(Ei. e Q) (Si)ex + ai (S ne Q)(E)VI

nnn

~a(Af)do) = axdydz + a,,dzdx + azdxdy. (2.39)
s B

OfAHOBPEMEHHO Mbl MoJslyvyaeM [0Ka3aTeNbCTBO CYyLLECTBOBaHUSA TO-
BEPXHOCTHOIo MHTErpana ot BeKTOp-(hyHKLI,I/IVI, cynTad, 4YTO CyLLEeCTBO-
BaHMe O0O6bIKHOBEHHbIX MOBEPXHOCTHbLIX WMHTErpasoB YyXe [oKasaHo.

Myctb a (M) — BekTOpHOe nofe M S — KycOK MOBepXx-
HocTW. Ecnu 3TO BEKTOPHOE MO/le paccMaTpuBaTb Kak Moso
CKOPOCTel MOTOKa XMWAKOCTU, TO 4Yepe3 3/eMeHTapHYyl Mso-
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waaky S((puc. 17) B eAUHULY BPeMeHU BbITEUYET CTONG XUA-

KOCTU, 06beM KOTOpPOro ecTb

Sk(N ini = In<]la(AT<)Jcos [mCaM )1l = a(4r,)n;.

CnepoBaTenbHO, a (M) clbl ecTb KONMYECTBO XUAKOCTM,

npoTekawoLleli Yepe3 MOBEPXHOCTb S
B efuMHULy BpemeHu. [lo  3Toik
NMPUYMHE MOBEPXHOCTHLIA WHTErpan

a{M)d<a HasbiBaeTcs MNOTOKOM

BEKTOPHOr0 noss Yyepes NOBePXHOCTb
S *).

[viBepreHuuss BEKTOPHOro nons
M BEKTOpHas 3anucb popmysnbl Oc-
Tporpagckoro. Ecnu S ecTb 3aMKHY-
Tas NMOBEPXHOCTb, OrpaHWYMBaOLLLas

o6nactb D, To B cuny (2.39) mn (2.38) (MHTerpupys no BHELL-

Hell CTOPOHEe MOBEPXHOCTU) MOMYUYUM:

N a (M)d@= ~ axdydz + aydzdx -f-ardxdy =

<-39>

OnpegeneHune. [uBepreHuuneid sektopHoro nons a (M)

az

B Touke (X, Y, I) HasbiBaeTcsA ckanap ?a. 41. ('1”‘;/\/. 4, —L , o603-
ax

Hayaemblii cmmBoniom div a. Takum o6pasom,

fe_ fa

na
dive = » + -# + ~NT-

(2.40)

BcTaBnsaa ator cumeon B dopmyny (2.39'), nonydum:

~a (M) dto = [\\diva dv. (2.41)

*

*) V3 onpegeneHns sHAHO, Y4To aGconOTHas BeIMYMHA MOTOKA He
NpeBOCXOAUT MpPOM3BEAeHUA MN/oLWaaM MOBEPXHOCTU Ha MaKcuMasbHOe

3HaveHne |a |B Touykax MOBEPXHOCTU.
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JTa dopmyna, SBNAOLLLAACA BEKTOPHOW 3anncbio hopMy/bl
OcTporpafckoro, rnokasblBaeT, UYTO MOTOK BEKTOPHOro noss
yepe3 3aMKHYTYHO MOBEPXHOCTb paBeH TPOMHOMY MWHTerpany
OT AMBEPreHuMnM nons no o6bemy, OrpaHUYeHHOMY 3TOW Mo-
BEPXHOCTHIO.

TO4YkM, B KOTOPbIX AMBEPreHUMSA MONOXUTeNbHA, Hasbl-
BalOTCA UCTOUYHMKAMU (B 3TOM C/lly4yae NMOTOK BEKTOPHOro noss
yepes Manylo 3aMKHYTYIO MOBEPXHOCTb, OKPY>XXaloLylo TaKyto
TOUKY, MONOXWUTENEH). TOYKN, B KOTOPbLIX AUBEPTEHLUSA OTPU-
uatenbHa, HasblBalTCA CTOKaMW (B 3TOM c/liy4yae MOTOK BeK-
TOPHOr0O MNOMA 4Yepe3 Manyl 3aMKNyTYH MOBEPXHOCTb, OKpPY-
XKalLyl Takyl TOUKYy, OTpruaTeneH).

MHBapnaHTHOe onpegeneHve auvBepreHumn. Popmyna
OcTporpajckoro nossosset gaTb MHBapMaHTHOe (He3aBUCUMOE
OT CUCTeMbl KOOpAMHAT) ornpefeneHne AUBEPreHLUUN BeKTOp-
Horo nonsa. B o6nactu onpegeneHnss a (M) Bo3bMeM Mpous-
BoNbHYH Touky MO 1 3aTem cogepialiee 3Ty Touky Teno D,
OorpaHMYeHHOe 3aMKHYTOW mnoBepxHocThld S. Myctb V —
o6bem D. BblumTtas u3 (2.41) 0o4eBUAHOE PaBEHCTBO

n gens Ha V, nonyumm

ffa (M) da

Mpw ctarmeaHmumn S B Touky MO npaBas yacTb, Kak BUAHO U3

TEOPEeMbl O CpeAaHemM Ans TPOWMHbIX WHTErpanoB, CTPeMUTCA
K Hy/0.

CnepoBaTtesibHO,

(2.42)

npu ctarmeaHum S B Touky MO.

Takum 06pa3om, [UBEPreHUUS BEKTOPHOrO MOASi B Kakou-
HUOYLb TOYKe paBHa OTHECEHHOMY K efMHMLe 06bemMa MOTOKY
BEKTOPHOrO Mofst 4epe3 6GECKOHEYHO Manyl 3aMKHYTYH Mo-
BEPXHOCTb, OKPYXXaloWY [JaHHYH TOUKY.
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dopmanbHble cBoOWcTBa AuBepreHuun. lMyctb a u ft —
BEKTOPHbIE MOMs, @ — cKansipHoe noje. Torga

div (a + ft) = diva + div ft (2.43)
div (pa) = g div a + grad ca. (2.44)
B camom pene,
a+ br
div(a + 6) = A( )
ax
“ (%o + oW+ (Tr + -) “ dlva + dlvb;
. _ B (dhn 4 (cpa )
dIV(Cba)— ax +0°.:”(it +.00)+

+ {"r ax + e=s= ddiva + grad dpa.

MHorotouna Bclogy 0603HayvalT, 4TO CregyeT BMAuMcaTb
BTOPOE U TPeTbe crfiaraemMmble, aHa/loOTMYHbIe NMepBOMYy, Mosyya-
IoWKnecs M3 Hero 3amMeHOW X Ha
Yunz

ConeHonpganbHble BEKTOPHbIE
nona. BekTopHoe none a, pAns
KoTOoporo toxaectBeHHo diva = 0,

Ha3blBaeTcA COJMIEHOMJATbHbIM.

M3 (2.41) cnepyeTt, 4TO B Cy-
Yyae CONIEHOUAANbIIOTO BEKTOPHOIo
Nnona NOTOK BEKTOPHOro Moss Ye-
pe3 BCAKYIO 3aMKHYTYIO MOBepXx-
HOCTb paBeH HYJIO.

Ecnu B3ATb BEKTOPHYK TPy6Ky (puc. 18), npoBecTu [ABa
cedeHUs ee SXun St n NPUHATL BO BHMMaHWE, YTO MOTOK 4Yepes
6OKOBYIO CTEHKY BCerja paBeH HY/0, TO NPUXOANM K TakoMy
3aK/IIOYEHNIO:

Ecnu BeKTOpPHOE MnoJsie ColeHOUAanbio, TO NOTOKU BEKTOP-
HOro NoJs 4Yepes pas/IMYHble CeYeHUS BEKTOPHOW TPy6Kn pas-
Hbl MeXAay Cco6oi.

Mpumep. PaccmMoTpuM KakKoe-HUOYAb LLleHTPUPOBaAHHOe mMone
(cM. npumep B KoHue'§ 6) a (M) = < (p)r, rae ¢ (p) = 7/ (p)/p. Torga

div@@Er) = Th @@ DX+ ... = -1- @)+

=g’ (p)-"" + dP)]+ ... = pd’(p) + 30 (p)
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Ortclofa 3ak/o4aem, YTo LIEHTPPOBaHHOE Mosie ¢ (P)r coseHonaaslb-
HOTOJ/IbKO TOrfa, Korgja yHKUMSA ¢ (p) YA0BNeTBOPSeT AndxpepeHUmasb-
HOMY YypaBHEHWIO

P® (P, + 3¢ (p) = O.

@ P> 3 :
-=——, okyga Inp(p) =

= —3Inp.+ Inc; o (p) = c/p5 cneposatentHo, / (p) = e/p". Takum

06pa3oMm,LEeHTPHPOBANMOE BEKTOPHOE Mosie ByAeT coeHOMAasIbHO TOMbKO

B TOM C/lyyae, KOr/a [yMHbl BEKTOPOB 3TOFO Mo/ 06paTHO MporopLyo-
Has/lbHbI KBafpaTtaM PacCTOAHMI TOUEK MPUIIOKEHNS! OT LIEHTPA.

E)a3,D,EHI/IB nepemMeHHbIe, NMo1yynm

§ 10. ®opmyna Crokca

3Ta opmyna npeobpa3oBbiBAeT KPUBONMHENHbIN UHTe-
rpan BAO/b 3aMKHYTO MPOCTPaAHCTBEHHOW KPUBOW B MOBepX-
HOCTHbI/A MHTErpan no MOBEPXHOCTW, HaTAHYTOW Ha 3Ty Kpwu-
BYHO.
MycTb S — KYCOK MOBEPXHOCTU, UMEKLLNIA B KaXX40W TOoY-*
Ke KacaTesibHYl0 MM0CKOCTb, HanpaB/ieHe KOTOPOK HenpepbIBHO

3aBMCUT OT TOYKM MOBEPXHOCTU, WM MOTYLMiA 6bITb pas6u-
TbIM Ha KOHEUYHOE UMC/0 Takmx 4acTeii. 3amMmkHyTas kpusas C,
orpaHuuuBawLWan S, npeanonaraetcs UMetloweld B Kaxpaolh
TOUYKE KacaTesibHYl, HamnpaBfieHVWEe KOTOpPOW HemnpepbiBHO 3a-
BUCUT OT TOUKM KPUBOM (Un ke C cOCTOUT U3 KOHEYHOFO YuC-
na Aayr, YyAOBMeTBOpAWWMX 3ToMy Tpe6oBaHuiw). TycTb
P (X vy, ), QX y,r, R (Y, r) — HenpepbiBHble DYUKLUN,
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nMeloLL e HenpepbiBHbIe YACTHbIE MPOM3BOANbIE BO BCEX TOUKaX
NOBEPXHOCTU S (M TouKax, AOCTATOMHO GAM3KUX K S).

MycTb cnepBa KyCOK MOBEPXHOCTU 5 MOXeT 6bITb npea-
CTaBneH ypaBHeHuMem z —/ (X, y). MycTb A — npoekumsa S
Ha nsockocTe Oxy, I —npoekuymsa C Ha nnockocTb OXy
(puc. 19). Ecnn

— napameTpuyeckue ypaBHeHus [ (nycTb Bo3pacTaHutwo t
oTBevyaeT 06xof [ B MOSIOKUTE/IbLHOM Harnpas/ieHUKn), TO

x = x (0, )
Y= ¥Y(0, } < t< /2
r=z(0, j

roe z (t) —f [a (1), y Q1 6yayT napameTpuyecKUMU ypaBHe-
Huavn C.

Monaras = p, = ¢ ¥ MCMoNb3ys MpaBuIo mpe-

06pa3oBaHUs KPUBO/IMHEHOro WHTerpasa B MPOCTOM MWHTe-
rpas, MOXem Hanucatb:

| Pdx+ Qdy+ Rdz=\(p£ + Q£ + N1£ )* =

=5[(P+ pR)E + (Q+ qR)N}dt=>*
U

= q)(P + pR)dx+ (Q + gR)dy, (2.45)

npuyeMm B nocfegHem uHTerpane P, Q, R cneayeT noHumatb
Kak

Py /YL QWY I (x Y. RIX vy, /(X ¥,

T. €. KaK (QYHKUUU [ABYX MNEPEMEHHbIX X, Y.
dopmyna [puHa, npeobpasoBbiBalWas KpPUBOSIMHENHbINM
WHTerpan no 3amMKHYTOMY KOHTYpPY B [BOWHOIM MHTerpas no
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06n1acTy, OrpaHUWYeHHOW 3TMM KOHTYpPOM [aeT:
f (P+ pR)dx+ (Q+ gR)dy =

= 1(Q+ gR'x~ (P + pR)yldxdy, (2.45")
Ho (Mcnonb3yem (opMyy MOSIHOM MPOU3BOAHOI K Mosiaraem

TUb-)

«?+«qai - £ +Q p + 'i>+ *(is-+ -wp)'
(P+pRY)y= AP &+ AP 8 p AT L AT )
0TKyja

(<2+</n);-(/>+pa); =
/2 n *2 0\ _ ! oP oA\ , /dQ AP \ /0 ,c/rn
- - (x -it)*- (— --*e)*+VS-- "dsr)-(2-45n

N3 paBeHcTB (2.45'), (2.45"), (2.45™) wn copmynbl (2.36)
(cm. KoHew § 7) nonyyaem uckomyto gopmyny CTokca;

@ Pdx+ Qdy-f-Rdz =

(AP ““% dz dx +

Ka* ax
(dQ AP
Nax - oay

roe HanpasneHue obxoga KoHTypa C 6epeTca MONOXKUTENb-
HbIM A5 BbI6PaHHOW CTOPOHbLI NMOBepXHOCTU. Ho aTa dopmyna
[oKa3zaHa Mnoka MMWb A7 KycKa MOBEPXHOCTU CheunasnbHoro
BMAA.

MeHAA ponu  nepeMeHHbIX, nonyymm dopmyny (2.45)
Takxxe ONA nosepxHocTeli S, n3o6pasnMblX ypaBHEHMEM BuAaa
X =/ (y, 2 wnm ypaBHeHuem Buga y —/ (z, X). B obwem
criydyae pas3obbem S Ma KOHEYHOe 4YMC/I0 vacTeld, Kakgas us
KOTOpbIX M306pasuma Nnbéo ypaBHeHMeM Buga X = [/ (y, T),
nn6o ypaBHeHmeMm Buga y — / (z, X), Nnbo ypaBHeHMeM Buga
e = / (X, ¥) (Mbl orpaHMuYMBaemMcsi MOBEPXHOCTAMU S, KOTOpble
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MOryT 6bITb pas3buTbl TakKMM 06pasom). [puMeHSAA K KaxKpon
yactu dopmyny (2.45) n cknagbiBas MoslydeHHble paBeHCTBA
(Npn 3TOM MHTerpasnbl N0 NeperopogkamM B3aMMHO YHUUTOXAT-
cf), [OOKakem crnpaseasMBocTb opmynbl (2.45) ans pac-
cMaTpMBaeMoOro Kycka MnoBepxHocTW. Tenepb copmyna CTOK-
ca (2.45) pokaszaHa B obuiem Buge.

§ 11. BekTopHaa 3anucb gopmysbl CToOKca.
Buxpb BeKTOpHOro rnoss

Myctb a (M) — BeKTOpHOe Mosie, S — KYCOK MOBEPXHO-

ctn, C — KOHTYyp, orpaHnumBawwwmii ero. Vimeem B cuny (2.26)
n (2.45):

(M)dr = j) axdx + aydy + azdz =
c c

OnpepeneHue. Buxpem BektopHoro nons a (M) B Touke
X, Y, Z Ha3blBaeTCs BEKTOP

o603HayaeMbli 3HaKOM rot a (a Tak)e cumsosiom curl a).
M3 opmynbl (2.39) Haxoguwm:

N3 (2.46") n (2.46*) Haxogunm:

(2.46)
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npuyemMm HanpaeneHuve o6xopa KoHTypa C 6epeTca MONOXKU-
TeNbHbIM ANA BblIOPAHHOW CTOPOHbLI MoBepxHocTU S. dopmyna
(2.46) sABnseTcA BEeKTOPHOW 3anucbid opmynbl CTokca W
nokasblBaeT, YTO LMPKYNAUUA BEKTOPHOro rossd BAONb 3aM-
KHYTOro KOHTypa paBHa MOTOKY BUXPA 4Yepe3 MOBEPXHOCTb,
HaTAHYTY0 Ha 3TOT KOHTyp.

MHBapnaHTHoe onpegeneHve Buxpsa. B obnactm onpepe-
neHnss a (M) Bo3bMEM NpPOU3BOJIbLHYH Touky MO n 3aTem
cogep>xawyt MOnnockyto nnowanky S, orpaHMYEHHY 3aMK-
nyTbiM KOHTypoM C N nepneHAWKYMSAPHYIO MPOU3BOSIbHO
3ajaHHOMY HanpassieHMoo M. MycTb 0 — nowaab S. Bblum-
Taa un3 (2.46) oyeBMAHOE pPaBEHCTBO

n pgend Ha a, nonydumm

Ea (M)dr —J[rota (MO1, =

—rota (MQ1d(.

Mpu ctarveanum C B MO npaBasi yacTb, Kak BMAHO U3 ee
OLleHKM, CTPEMUTCS K HYJ/0, M03TOMY

[rot a (AfQ],, = lim

npu ctarmeaHun C B MO. CnepoBaTesbHO:

MpoekumMs BUXPA Ha Kakoe-HWOYAb Hanpas/ieHVe pasBHa
OTHECEHHON K efuHULE NIoWaan UUPKYISAUMA  BEKTOPHOrO
noss BAOMb KOHTYpa 6eCKOHEYHO Masioin NNoLLALKN, Cofep>KalLiei
paccMaTpuBaeMyl0 TOYKY U MeprneHANKYNSPHOM K BblIopaHHOMY
Hanpas/IeHUIO.

Be3BnxpeBble BeKTOpHble Mnonsd. BektopHoe none a (M)
Ha3blBaeTcs 0E3BUXPEBbIM, €C/IN MMEEM TOXAECTBEHHO rot a =
= 0.

M3 onpefeneHns BUXPS BUAHO, YTO 47151 3TOF0 HEOGX0A4MMO
W [0CTaToO4YHO, YTOOGbI
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Ho armn ycnosusa [cM. dopmynbl (2.27) B § 6], KaK Mbl 3HaeMm,
Heo6X0AUMbI M AOCTATOYHbI A/1S NMOTEHLMa/IbHOCTU BEKTOPHOIO
nons.

NTak, 4na T0ro 4Tobbl BEKTOPHOE MNose 6bU10 6e3BUXPEBLIM,
HEo6X0ANUMO M JOCTaTO4YHO, YTO06bl OHO BbI10 MO TEHUMaTbHBIM.

Taknm 06pa3om, NOHATME 6e3BMXPEBOr0 BEKTOPHOrO Mo
3KBMBAJ/IEHTHO MOHATUIO MOTEHLWANbHOr0 BEKTOPHOro Mons.

Tak KakK rnosie rpagnmeHToB KaKoro-Hmbyab CKanspHoro
nonsa ¢ noTeHUWanbHO, TO Mosy4yaem TOXKAECTBO

rotgrad ¢ = O (2.47)

ConeHonganbHocTe nons Buxpein. Myctb a (M) — Kakoe-
HNU6yab BEKTOpPHOe MoJsle; Torga ero BUXpW 06pasylT HeKo-
TOopoe BeKTOpHOe nosie rot a. 3To ecTb Mosie BUXPe JAaHHOro
BeKTOpHOro nond. [lone Buxpeid Bcerga CcosieHOMAAsbHO.
B camom pene,

div rot« = # (rota)x + A (rot a), + A (rot a)z >
+ a~ aJl * Sar \ <
AX Uﬁ"ty %Z]AJ\Ad(zp'a ax ) dz \p'ng'qa ay ) -
AR gama a@ ARy R n
axny axarpy dz ox dy dx dz nydz ~
NT1ak,
div rot a = 0. (2.48)

dopmanbHble cBoiicTBa Buxps. MMycTb a M b — BekTop-
Hble nons,  — ckanspHoe nosne. Torga

rot (a + b) = rota + rot 6; (2.49)
rot (pa) = ¢ rot a + [grad ca]. (2.50)

B camom pgene,
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MHoroTounsa Bctoay o603HavalwT, 4TO crefyeT BbinucaTb
BTOPOE M TpeTbe c/laraemMble, Nosyyawuwmecs N3 NepBoro Kpy-
roBoii rMepecTaHOBKOMA MO cXeme

§ 12. Onepauun BTOPOro nopsgka

PaccMoTpeHHble Bbllle TpW orepauun MepBoro nopsigka
grad ¢, div a, rot a,

nepesofsline COOTBETCTBEHHO CKasifip B BEKTOP, BEKTOp B
CKansap, BeKTOpP B BEKTOp, NMopoxAawT MNATb onepauyuii BTO-
poro nopsgka:

div grad <p rot grad ¢, grad div a, div rot a, rot rot a,

M3 KOTOPbIX [Be TOXXAECTBEHHO HyNeBble [cM. hopmynbl (2.47)
n (2.48)]:
rot grad ¢ = 0, div rot a — 0.

Beegem elle onepauuio BTOPOro nopsfka, HasbiBaeMylo
ornepaTopom Jlannaca, AN CKanApHOro nonst P 1 BEKTOPHOro
nona a:

A =**+ i?L + £IL;
*kk N
. A 9,q":‘l'a (2.51)
Na=1*r + ~r + 1?-
(A ecTb ckanap, Oa — BekTop). OueBUAHO,

Oa = <[Oa* -f jbau+ KAar.
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Nmeewm:
div grad 9= (grad P)* + (grad ), + -L (grad o), =
J_(dv\ . _* 7iSL\_£? , £¢ ,
ox \ax I~ gy \gy 3~ dz \dz) dx* ~ pgy* N dz* a
CnepoBaTtesibHO,
div grad ¢ = AOd. (2.52)
Nwveewm:
grad diva = i (diva) + j (div a) + fc-j~-(diva) =
| p-aT ayn o*a, \ / p*ar oyn a-a, \
= \ px* + axay dxdz ) + i \oxay "ayr " @y ar )N
| p*ar d'a,, n*a\
+ K{1lw -+ 1»£+ -ar1Y <2-53>

[ A (rota)r— A (rota),,jl+ .. =

J 4o (gawn fax \ a ( pax na2\]

1[ay \ axay ) dz \ dz dx n=*1r"' »
| d*atp-aT arar 3la \
= *\ gxay *mdxdz dy* Hir ) + — =
. *a. . *a, . ra ra -a 2a,
ey Aay g Al AR AA. ARLY,
\ ax* oXAY dxdz nX* oyl dz* )
=i diva — Jax}4-... = grad diva — [a.

MHorotoumna Bclay 0603HayvalwT, 4To cnegyet Bnucatb
BTOpOE M TPEeTbe cnaraemble, nosy4dyawumeca M3 NepBoro Kpy-

roBoli nepeaBMXKKOM MO cxemMe, MoKasaHHO B KoHue § 11.
CneposaTesnbHO,

rot rot a = grad diva — [Ja. (2.54)

§ 13. CumBonuka FamunbToOHA

BBeeM CMMBOMIMYECKUI BekTop (Habna)

n Npn BbINO/THEHUN ,Cl.el7|CTBI/IVI no npasusiam, yCTaHOBJ/IEHHbIM
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ONS peasibHbIX CKansipoB W BeKTOpPoB, 6yAemM MOHUMaTb
nog «MNpPOU3BEAEHUSAMMU» CUMBOJIOB-"-, na ckansp

P (X, Y, T) COOTBETCTBEHHO CKanspbl b af 04

Torpa

Vy=(i™ + jAr+k-~"<p =i”~L+ j» -+ k" .= gradg

(3gecb B JIEBOW YacTW CTOMT MPOU3BEAEHME CMMBOJIMYECKOTO
BEKTOpPA Ha peasibHblii cKansap);

Va = +i-b + *£ ) {ia*+ Ja»+ kar) =
pa_  pa Aa
— oy FF= diva

(34ecb B NEBOI YacTU CTOUT CKasisipHOE MPOU3BeAeHWe CUMBO-
/INYECKOT0 BeKTOpa Ha peasibHblii BeKTop);

IVa) = + J-w; + K -8Pj (lax+ jav+ *a2] =
.l ma fa \ [ ma_ fa \ ( pan nar \

(34ecb B /1EBOI YacTu CTOMT BEKTOPHOE NpPOU3BefeHME CUMBO-
NINYECKOT0 BEKTOpa Ha peasibHblli BEKTOp).

Takum 06pasom, Tpu onepauuun nepsoro nopsigka, grad o,
div a, rot a, MoryT 6bITb e4MHO06PA3HO 3anucaHbl C MOMOLLbH
CUMBO/IMYECKOTO BEKTOpa Habna:

Vih = gradg;  Va = diva;  [Va] = rota. (2.55)

Torga Ans onepauuii BToporo nopsigka nonyynm cregyto-
e paBeHCTBa:

YYo divgrade =ad; (yyd) = rotgrad ¢;
W a grad div a; (2.56)
V |Vva] = divrot a; (V [Vva]] = rotrota.
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§14. BeKTOpHble onepauuy B KPUBOMUHEHBIX KoopAMHATaXx

Ecnn KaX[oil Touke HEKOTOpOi 06/11acTyv MpocTpaHcTBa
OTHeceHa cucTeMa Tpex uucen (U, Vv, W) Tak, YTo pasHbIM TOu-
KaM 0TBeuyalT pasHble cUCTEMbI (U, V, W), TO Mbl CKQXXEM, UTO
B paccmaTtpuBaemoii 06/1acTu npocTpaHcTBa BBefAeHbl KPUBO-
JIMHelHbIE KOOPAMHATbI (U, V, W). FeoMeTpuUecKMe MecTa ToYeK,
roe um = const, mam v = const, mam w = const, Ha30BeM
KOOpAMHA T HLIMW MOBEPXHOCTAMU, MepecevyeHunst 4BYX KOoOpAu-
HaTHbIX MOBEPXHOCTEN — KOOPAWHATHLIMU JIMHUSMMU.

BBegem, fanee, B paccmaTprBaemoii 061acTv NpocTpaHCTBa
NpsiIMOYrosibHble KoopAWHaThbl X, Y, Z.

Torga Mexay MpsiMOYrosibHbIMK KoopAuHaTamMu X, Y, Z
N KPUBOJSIMHEHBbIMW KoopAuHaTaMy WU, V, W TOUYeK paccmaTpu-
Baemoii 061acTu NpocTpaHCcTBa ycTaHaBMBaeTCs B3aUMHO of-
HO3HA4YHOE COOTBETCTBUE, OMMUCbIBaemoe opMynamMmu Buaa

X=xXxWvVv,wW;,;y=yWmv,w;z=12zW Vv, w), (257)

raoe yHKLUMW, CTOsiLMe B MpaBblX 4YacTsX, OAHO3HAYHbLI, a
Takxe opmynamum Buga

M= n(x, vy, z;, v=v(x, vy z),w= w(x,y, 2z, (2.58)

rae YHKUUKU, CTOsILLMe B MPaBbIX YaCTSX, TAKXKe 0fHO3HAUYHbI.
Bygem npegnonaratb, 4TO (PYHKUWM, CTOSILME B MpaBbIX
yacTax (2.57), HenpepbiBHbI, WUMEKT HEMpepbIBHbIE YaCTHbIE

Npou3BoAHbLIE MEepBOro mnopsigka U sikoGruaH N He

obpawaeTca B Hy/b (TOrga OH cOXpaHsAeT MOCTOSAHHbIA 3Hak,
6ynem npegnonaratb €ro MNoNOXKWUTENbHbLIM). pyn 3aTuUxX ycno-
BUAX (QYHKUUW, CcToAWMe B npasbiXx 4acTax (2.58), 6yayTt
obnagatb TakuMu >Ke cBoWcTBamu. B cnyvae HagobHocTM
MOXXHO [AOMNOSIHUTE/IbHO MoTpe6oBaTb, UTO6bI (DYHKLWUMK, CTOA-
Wwue B MApaBbiXx 4YacTax (2.57), uMenn yacTHble MPOM3BOAHbIE
nopsgka Bbille MepBOro.
AnddepeHunpya no U TOXAECTBO

mixm, V, w, yn v, w), zun, V, ) = n,
nonyuunm:

am ox , oM py , on dz . /0
~x bl + g am + dz gn ~ [.,

AHasiornuyHble (opmysbl CnpaBeasiMBbl 48 V. U W.
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Myctb T = ix + jy + kz (i, j, K — opTbl). BekTopbl
oyeBugHo, 6ypyT HeHy/neBbIMU 6O

,&(/l;I(, Y,\?\b % o]J. ANMHbI 3TUX BEKTOROB

.= I_,qm ‘ //B= lﬁv | I'/IJJ=—

HasbiBalTCA KoahuUmeHTaMn Jlame; KaxAablii U3 HUX SIB-
nsieTca yHKUuWeid ot u, v, W.
EANHWYHbIE BEKTOpbI

1 gar 1 ar 1 gar
BU HU,ql/l’ e’ ~ !FI_I/I7' e" - HWdW

TakXKe SABNASATCA BEKTOP-QPYHKLUUSAMU OT WU, V, W.

OnpepeneHune. Cuctema KpUBOJSIMHERHBbIX KoopAUHAT
Ha3blBaeTCs OPTOrOHaUIbHOW, ecnn B KaXk[oli Touke Koopawu-
HaTHble JIMHWUM MOMNapHO OPTOroHasIbHbI.

Takum 06pa3om, OpPTOrOHas/IbHOCTb CUCTEMbI  KPUBO/IU-
HelinbiX KoOpAMHAT 0603Ha4YaeT, 4YTO B KaXXAoli ToukKe Bek-
TOpbl €W, e,, €W MoMnapHO OPTOrOHaslbHbl WU, YTO PaBHO-
CU/IbHO, B KaX[0W TOYKE MOMapHO OpPTOroHasibHbl BEKTOPSI

or or aor
am ' dv * dw

Ecnn KpuWBO/WHEVHbIE KOOPAWHATblI BBefEHbl NULLIb B He-
KOTOPOIA 4acTu paccmaTpuBaemMoii 0651acT NPOCTPaHCTBa,
HanpuMep B OKPECTHOCTW HEKOTOpOli TOYKW, TO FOBOPST O
NIOKasibHOM cucTeMe KpMBOAMMEHbIX KOoOpAWHaT.

FpagneHT B OPTOroHasibHbIX KPWUBOIMHEWHbLIX KOOpPAWHA-
Tax. MycTb ¢ — cKanspHoe none. Ecnn BBECTU KPUBOMHEN-
Hble KoopAuMnaTbl U, V, W, TO ¢ cTaHeT PYHKUNEN MepeMeHHbIX
n, V, W

BBegeM MpsSAMOYrofibHble KOOpAWHATbl X, Y, Z. WN3BeCTHO
(cm. 8§ 4), uTO

gradu= ' A A

HanpasB/ieH N0 HOpMaJiM K MOBEPXHOCTU U = const, 1 Mo3ToOMYy
B Cl/iy4dae OpTOroHas/ibHbIX Kpl/lBO]'IVIHeI7IHbIX KoopamnHat
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grad 1 = huewn, rge hu— HekoTopblA cKansap; 3aTem

-Husu.
CkKanspnoe nepemMHOXXeHWe PpaBeHCTB
.M, . am . an . _.,qx, Ky ar H vex
+ + N ar = ['ven i-dZz+ J -dZ+Kk to
naet [ecnn ydecTb dopmyny (2.59)];
1= Judn,
oTkyga hu —-IU, cneposaTenbHo, grad 1 = " AHanornyHo

e e
gradv = -jp-, gradw= -j— .
C O _
dopmyna rpagneHTa CNoXKHoW QyHkumn (2.17) paer;

grad o (n, v, w) 5 &adu+ -i7 gradv+ it gradw-

M3n0XXeHHOe MoKa3biBaeT, 4TO T[pPajMeHT CKanspHOro
Nnonst B OpPTOrOHasIbHbIX KPUBOJIMHEWHbLIX KoOpAMHaTax onpe-
nensietca copmynoli

grad ¢ =
acp clul 3
aon a» , a»
e e- liw
(2.60)

AvBepreHums B O0pTOro-
HaNbHbIX KPUBOIMHEAHbIX KO-
opanHatax. [lycTb a — Bek-
TopHoe none. Ecnum BBectu
KPWUBO/IMHEHbIE  KOOPAMHATHI
u, V, W, TO a CTaHeT BeKTOop-
(hyHKUWEN NEepeMeHHbIX W, V,
W. Cuctemy KpUBOJIMHEWNHbIX KoopauMHat 6ygem npegrnona-
ratb OpPTOrOHasIbHOA.

Bocnonb3yemcs WHBAPMaHTHOCTbIO OMNpefeneHnsa au-
BepreHuuu (2.42) B Npon3BosibHO B3ATOW Touke (M0, VO, w0,
6eps B KayecTBe 3aMKHYTOV MOBEPXHOCTU S 060/104KY KpU-
Bo/IMHelHoro napannenenunega D (puc. 20), orpaHUYeHHOro
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MOBEPXHOCTAMM
M= uno, v=v0 w= uyy, u= u0+ Au0, v= vO+ AVO,
W= w0+ Auv

roe AuO, Ay0, w0 cTpeMATCA K HYJ0.

BeefeM nNpAMOYrofibHble KOOpAMHATbI, MOMECTUB Hayaso
O B Touke (10, vO, wO) n HanpaBMB KOOpPAWHATHbIE OCK MO €W,
eV, ew ana atoii Toukn. Torga (ecim A HO, HwO — 3Ha-
yeHUsa KoappUUMeEHTOB Jlame ANs 3TOW TOUKM) MMEEM:

4,0 O (0]
O HS 0 —1wd/ wp7ub
0 o aubd

n,+Mwn, r,+4r, wo.L-Ouw.

= H vOH vOH wOAuOAVOAWO -f- eAuOAVOAWO,

rae e ctpemmutces K Hynw BmecTe ¢ Abl0, AvO, Aw0. 3atem (yumn-
TbiBas opmyny 2.35),
«*+ 0B, u>rfiy>.

-f- t' AuOAVOAWO,

roe e' ctpemutca K Hynwo Bmecte ¢ Au0O, AvO, AwO.

MHoroToume obo3HavaeT, 4YTO cfiegyeT HanucaTb ele Asa
cnaraembiX, MoMy4dalwUNxcs W3 MNepBOro MNyTeM KPYroBow
rnepectaHoBKM OYKB MO cXeme



BEKTOPH bIE OMEPAL NN 125

CnepoBaTtenbHo, npu cTtpemneHun Amn0, Av0O, Ow0 K Hy”no

HO

/ dr dr\ _

0 Hv O
\® dv ' dwJd

O O 4,
MU, Takmm o6pasom,

(le a)o [t zK'w ](U«, ™, N6) o
"« ,".."«0O

M3n0XKeHHOe MoKasbiBaeT, UTO AUBEPreHLUs BeKTOPHOro
nosis B OPTOrOHasNbHbIX KPUBOJIMHENHbIX KOOpAMHAaTax ornpe-
aensietca  popmynoit

. £Er(Myy Kawad +4r khjij
diva = (2.61)

Brvxpb B OpPTOrOHa/ibHbIX KPWUBO/WHEMHbIX KOOpAMHaTax
MycTb &— BekTopHoe none. Ecnn BBecTn "KpuBonnHeliHble
KoopAMHaThl U, V, W, TO a cTaHeT BeKTop-pyHKuW e nepe-
MEHHbIX W, V, W. Cuctemy KpuBO-

JINHENMHbIX KoopauHaT 6yaem npeg-
nonaratb OPTOroOHasIbHOA.

Bocnonb3yeMcs WHBapUaHTHbIM

onpegeneHvem Buxpa (cm. 8§ 11) B
Npoun3Bo/IbHO B3ATOM Touke (MO, VO,
w,). TycTb S — KPUBONMHENHbIN
YeTbIPEXYTO/IbHbIA  KYCOK  KOOpAWu-
HaTHOM noBepxHocTM W = w0, orpa-
HUYEHHbIA NUHUAMN

n= uno v= vQ
= uno+ Auno, v —Vv0+ AV0
n nyctb C — KoHTYp S (puc. 21).

BBegeM nNpsiMOYrosibHble KOOpAWMHAThl, MOMECTUB Ha4aso
O B Touke (MB, VO, WO) M HanpaBuB KooOpAWHaTHble OCWU MO
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«

€, €, WS 3TOoi Touku. Vmeewm;

UrfAu,
jadr - I {a-£E)M jb +
u,
+ Ia’\T~2 dv+ 2 (a T~) ~u o+
J N\ °v kIM-An,, c, IT) U, r,+a4r*uw)
+ \ («-£e) dr =
M -I». «J1
M-[,r0
= f -(«=?m) 1*>-
J L\ I(n,+0n4, & 1T) \ cv /I(U., v, U,)-1
«
«rt-AUo
. cC _ (e *L\ L
J L\ <U 1(u, c«+o, ieq) \ /(U, to, tc,)J

- [-s («=Em) —s (a£ )L ».«A" N + 84"é4,'t

roe e cTpemMuTcs K Hynw BMecte ¢ w0, AvO.

3atem, ecnim A — npoekuma S Ha naockocTb OXy HY —
yron Hopmanu ¢ Oz, To

Ur-Au, tv+ar» ~ (x' YY)

nn. 5= Cccii*L= ¢ ¢ ~ L dudv=
,JAJ cost J ;;J];t CcOoST
U«

= AvnoApoduoaYo -f e'AuGAVO,

rge e' ctpemuTes K Hynwo Bmecte ¢ Au0, AvO, mnéo

flaxWY\ _Ia“ o0 _ ,
;0—j o 4,0 - u“o«co.

Va(n. T

(co3 y)o = 1.
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CnepoBatesibHO, npu ctpemnedHnn Aun0, AOr,0 K nynwo

\adr r ar\ o ( ar \1
ur £ T an dv )~ dv\a gum jaUt, w)
nis -
Ho
dv
@—gg (evamn “b 0=

a*
7 aHanorquoé-W = amH wn Takum obpasom (cm. § 11), nmeem:

I(rota).], - f Noe- 1

«0 To

M aHasornyHble dopmynbl  nonydawTtca ana  [(rot a)0)*,
[(rot a)O0L1,.

M3noXeHHOe MokKasbiBaeT, YTO BUXPb BEKTOPHOro Mons
B OpPTOrOHa/IbHbIX KPUBOJMIMHEMHbLIX KoopAuMHaTax ornpeaens-
eTca copmynon

W

rota = eu-2 Jj-pd X
vV W

~avaH] ~ i @H» dT@/1J~ ~d @i
+ e> TTIK + e’ "
(2.62)

Onepatop Jlansiaca B OPTOroHasibHbIX KPUBOJIMHEHbIX
KoopamHatax. [TlycTb ¢ — ckanapHoe none. Ecnu BBecTu
KPUBO/IMHEVHbIE KOOPAMHATBI U, V, W, TO ¢ cTaHeT (yHKLUnen
MepeMeHHbIX U, V, W. CUCTEMY KPUBOJSIMHENHbLIX KOOpAUHAT
6ygem npegnosiaratb OPTOrOHasIbHOWM.

CornacHo ¢opmyne (2.52) nmeem:

Ad = div grad o,

roe O — onepatop Jlannaca, No3ToMy, MNo/b3yAcb (QOpMy-
namn (2.60) un (2.61), Haligem, 4yTo onepartop Jlannaca B op-
TOFOHaNbHbIX KPUBOJ/IMHEWHbLIX KOOpAMHaTax onpegensiercs
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dopmynoii
a{WH, a (H»un ay) Ao (Hms
amV HN ,qVI)' dv \ lle dv)'dw\ Hw dw)
O =
(2.63)
KOTOpYyk, oveBnaHO, MOXXHO nepenncatb B BUAE
3<p  df  d<f
Ocp = Al g GV gAY g A1 B n T
H% H{/ H*:*U_ an //*VI an _HVI
+**L_I;’\in-’\ii+-jL-L'Lin-’\5-. (2.63")
av fi'p & 0 - HZ &w 0

BekTopHble onepauun B LUWINHAPUYECKUX KOOpAMHATAax.
Mepeligem OT MPAMOYro/bHbIX KOOpAWHAT X, Y, Z K LWU/IUH-
apvyeckum r, @, z no dgopmynam

X=rcos  y=rsin ¢ z—2z

(3pecb r, ¢, r BbIMNONHAWT poOJib
", vV, W).

KoopAguHaTHbIMW IMHUAMUN 6y -
OYT Iy4n € Havyas/lbHbIMU TOYKamun
Ha ocm Or n nepneHAVKYNSAPHbIe
K Or, OKpy>XHOCTW, rexative B
NJI0CKOCTAX, NepneHAVNKYNAPHbIX
kK Or, ¢ ueHTpamn Ha ocu Or,
npsmble, napasiesibHble ocn Or
(puc. 22).

LnnuHapuyeckasa cuctema Ko-
opAauHaT, 04YeBUAHO, OPTOroHasb-
Had. KoapduumeHtamun Jlame B
paccmaTpmBaeMoMm cnydyae OyayT:

Ar=1; dp=r;, 4, = 1L
MycTb / — cKanapHoe nosie, a — BeKTopHoe none. W3

dopmyn (2.60), (2.61), (2.62), (2.63") nosly4nm BbiparkeHUa Ans
rpagueHTa, [uBepreHuMu, BUXPA U onepartopa Jlannaca
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B LUWIMHAPUYECKMX KoopAuHaTtax!

AL
grad/ = erJJ-+e,-~-+ ez-]b (2.64)
a. na, I an, ha,
N+ T+ -1T-4 + 2 -- <B5>

Na-£-£bl £-£)+

Aa 1 a°r\
19
e £ vy roay )

1 a1
e-eS. +-S-& +S + -5-S- <2-BT>

BekTOpHble onepanHu B CcEpUYECcKUX KoopAuHaTax.
MepeiigeM OT MPSIMOYTO/iIbHbIX KOOPAMHAT X, Y, Z K chepunue-
ckum r, ¢, 0 no copmynam

%

X — r cos 0 cos o,
y=rcos0sin g, z=rsino0

(r, ¢, O BbIMNOAHSAKT ponb u, V, w).
KoopAWHATHLIMU  INHUAMU  BY-
AYT ny4du, BbIXoAsWMe W3 Hayana,
OKPY>HOCTW, JfieXxauime B  NJoc-
KOCTAX, nepneHAaMKynsapHbix K Oz,
C ueHtpamm Ha ocm Oz, nony-
OKPY>XHOCTW C LEeHTpaMn B Havane
n guametpamn Ha ocn Oz (puc. 23).
Cdepnyeckass cuctema KoopAau-
HaT, O04YeBUAHO, opToroHanbHas.
KoatppmumeHtamn  Jlame B pac-
cMaTpvMBaeMoM criydae byayT:

Pwnc. 23.

MycTb / — ckanspHoe nosie, a — BeKTOpHoe none. W3
opmyn (2.60), (2.61), (2.62), (2.63) nonyumm BbiparkeHUsa A14
rpagueHTa, AMBEpPreHUWn, BUXpA W onepaTtopa Jlannaca B

5 T. . PomaHoBcKuii
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cthepmUecknx KoopamHaTax:

K IL
grad/= er|~+ e,-"L_ + e,™-, (2.68)

) aéﬁhf) ; , 1 B9cos 0
diva — }%) fir +J rcc%so + rcos0 A B )» (2.09)

- 33 1 d(e,cos0)\
ro a erQchsﬁ' b TE0s oq = JH
v opgar 1 9(ra#h ~ Aa\
r 00 r ar ) «C0S0 W/’
(2.70)
1 s/ w\ 1 3y 1 4/ La i\

- drv par)+r‘co3>0 apl + rJcoso ao(co80a0)-
(2.71)
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FrMTABA 1l

HAYAJIbHBIE CBEOEHWNA
Ob AHANTMTNYHECKUMX PYHKLUNAX

§ 1. KomnneKcHblie uyucna

Ecnn KOMMAEKCHOMY 4YuCy Z = X + 1y OTHECTM TOYKY Ha
NI0OCKOCTU C MPSAMOYTO/IbHBIMWU KoopAuHaTaMu (X, Y), To Mexay
KOMMIEKCHBIMW YMCcNaMn U TOYKamMu MJ10CKOCTU (Ha30BeEM ee
NM/IOCKOCTbI0O KOMMJIEKCHOrO MepemMenHoro) ycTaHoOBUTCA B3a-
VIMHO OfiHO3HA4HOe COOTBETCTBME.

Ecnu KOMMJIEKCHOE 4KCI0 Z —AeNCTBUTENbHOE (T. €.
y = 0, Torga z = X), TO COOTBETCTBYHOLLAS TOUYKa JIEXUT Ha
ocn abecuwmcc, 1 HaobopoT. lMoaTomy ocb abcumcc HasbiBalT
[LEACTBUTENBbHON OCbl0. ECNM KOMMJIEKCHOE YUC0 Z — MHWU-
Moe (T. e. y @ 0), To cooTBeTCTBYyHLLasA TOYKa /EXUT BHE
ocn abecuymce, M HaobopoT. EcnmM KOMMJIEKCHOE 4UCNo z —
yncTo MHMmoe (T. e. X — 0, y ¢p O, Torga z = iy), To cooT-
BETCTBYIOL,AA TOYKa JIeXXUT Ha 0ocuU opAuHaTt, U HaobopoT (3a
WUCK/IIDYEHMEM Hadyana KoopauHart). [loaTomy ocb opAvHaT
Ha3blBalOT MHUMOWN OCbHO.

MonspHble KoopauHaThl (I, <P TOUKM, n3obpaxkarwlwein pac-
cMaTpmBaemMoe KOMMJIEKCHOE 4YMeno z (ec/in B3ATb MOJIOC B Ha-
yasie KoopAuHaT M HanpasuTb MONAPHYIO 0Cb MO ocu abeumce),
Ha3blBAlOTCA COOTBETCTBEHHO MOAY/IEM M aprymeHTOM KOMmM-
NeKCcHoro uucna z n o0603HayvyalNTCA COOTBETCTBEHHO |r | un
Arg z. OyeBugHo, |z |~ 0, npnyem paBHO HYJIO TOJSILKO MpwU
z= 0. Mpn zg 0 Arg z NmeeT 6ECKOHEYHO MHOF0 3Ha4YeHWUn,
noslyyalwLwmxcsa n3 Kakoro-Hmbyab ogHOro arg z no dopmyne
Argz = argz -f 2/cn (K — Npons3BO/sIbHOE LEN0e  4YMCAo).
Mpu z — 0 Arg z He onpegerieH.

DopMmybl, CBA3bIBAKOLWME MPAMOYT0/ibHbIE KOOpAUHATLI C
NoOMAPHBLIMU, MOKa3sblBalT, 4TO

IzlI=yV + {4 Argz = Arctg-j-
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(NpyueM, B nocnefHeit chopmMyne, 04eBUAHO, MPUTOLHbI He BCe
3HaYeHUss apKTaHreHca). I3 X = rcos g y — I sin < Haxo-
anM:

z —r (cos ¢+ isin ). (3.1)

BbipaxkeHue (3.1) HasbiBalT TPUFOHOMETPUYECKO hop-
MO KOMMEKCHOrO umcnia z. O6paTHO, ec/ln KOMMJIEKCHOe
yncsio Z 3anmncaHo B gopme (3.1), rae I, ¢ AelAiCTBUTESbHbI, NPU-
Yyem I HeoTpuuaTenbHo, TO I 6ydeT mogysiem, a ¢ — OAHUM
U3 aprymMeHTOB u4ucnia z.

Ecnn kaxpgo Touke M NA0CKOCTM KOMMJIEKCHOrO nepe-

MEHHOIo OTHECTW BEKTOP OM, To NosABMTCA BO3MOXXHOCTb npea-
CTaB/1ATb KOMIMJIEKCHbIE 4YUC/a BEKTOpamMu.

C/IO)KeHVe U BblYMTaHMe KOMIMJIEKCHbIX 4YuCesT CBOAMTCA K
C/IOXKEHUIO M BbIYNTAHWIO COOTBETCTBYHOLWMUX BeKTOpoB. OT-
cloga cnepyet, 4Tto AN NOObIX KOMIMJIEKCHbLIX 4ucen z, n z2

I +*. K |zl + Pxl (3.2)

0TKyAa, no MHAyKuuu, ond NO6bIX KOMMJIEKCHbIX 4ucen z,,

lz, + rr-f eeet z | 2z, |4- 122]4- ... -F- |z,]. (3.2)

N3 (3.2) cnepyet, 4To
zi —z21™ 1Z |— |22, 3.3)

meo un3s 7Zj = (z, — z3 + z2no (3.2) Haxogum |z | |z,—
— z2 |+ ]z2 1, oTkyga cnegyet (3.3). 3ameTum, 4TO MOAY/b
pasHoOCTM [ABYX KOMIJIEKCHbIX 4WCeN paBeH pacCTOAHWUI0
MeXxay Toukamu, maobpaxkawwumun 3Tu 4yucna.

Mpy YMHOXXEHUM KOMMEKCHbIX 4YMCen MOoAy/N MepeMHo-
»KalTcs, aprymeHTbl cknajbiBalwTca. B camom pgene, nonb-
3ysACb TPUTOHOMETPUYECKOM (HOPMOM KOMMJIEKCHBIX YUCen,
Hangem:

Zi = 1, (cos ! 4% i sin ,); z2= r2(cos 2 4- i sin d2;
z.z22= r,r2[(cos b, cos p2— sin ¢lsin (2 4- i (cos dlsin 2 4*
4- sin ¢, cos A1 = r,r2[cos (v, 4- P 4- isin (P, + PI[.
OTcloga cneayeT, UTo NMpU  AeNeHUN KOMIMJIEKCHbIX YMCeN Mo-
4ynNu [enaTtcs, aprymMeHTbl BblUMTAKOTCS.

M3 npaBuna YMHOXEHWUSA KOMIMJIEKCHbLIX 4Yucen criegyer,
4YTO Npn BO3BEAEHNN B CTEMEHDL C LE/IbIM MOJIOXKUTEJNIbHBIM MOKa-
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3atesiem M MoAy/lb BO3BOAUTCS B M- CTEMeHb, apryMeHT yM-
HOXKaeTcs Ha M. 3To NpmBoaMT K chopmyne MyaBpa

(cos @ + i sin P)n= cos NP + i sin nd. (3.4)

PackpbiBasa neByt 4acTtb (3.4) no copmyne 6uHoMa Hblo-
TOHa W OTAeNAA AeACTBUTENIbHYIO YacTb OT MHUMOM, MOAy4YuUMm
hopMynbl N8 KOCMHYCa W CUHYCa KpaTHbIX Yr/0B:

cos nf = cos"p— " 1 cos"~® Psih2d + ...,

. . . nin— 1)(

Sin JTP = NCO3*1¢ Sill ¢ - 5—pJA T ------ cos' 3dsin®@d +
(3.49)
TpuroHomeTpuyeckasas opma KOMMAEKCHbIX uYucen npu-
BOAMT K MPOCTOMY MpaBu/ly M3BJieYeHUS KOPHEW M3 KOMMJ/eKc-
HbiX yuncen. KopeHb /r-ii cTeneHW M3 KOMMIEKCHOro yucna z ¢
® 0 umeeT N 3HayeHWn. TlycTb Z = T (cos ¢ + i sin d)
ecTb  paccmaTpuBaemoe KOMMNJIEKCHOE  4YMCN0 U W =
= p(cos 0-f-i sin 0) ecTb KaKoli-HNGYAb KOPEHb U-Ii CTENEHN U3
Hero (T. e. Yncno, ya0BNeTBOPAIOLLEe paBeHCTBY Wn= ). Torga

p" (cos N0 + i sin N0) = r (cos + isin ),

oTkyga p" = r, n0 = ¢+ 2Kn, rge K — HeKoTopoe Luesioa
ymcno.
CnepoBaTesnibHO,
w = rln%cos qJ+2]l;—' ----- -1is (p —Zé-j-l}

O6paTHO, Mpy BCAKOM LENOM K nocrfiefHee BblpaXKeHne £B-
NnsaeTca KOpHeM M- cTeneHn u3 z (Mbo N-a cTeneHb ero pa.-
Ha ). Ho ynoMsiHyTble BblpaXKeHMS ANA ABYX 3HA4YeHUn K
6yayT pas/IMyHbIMUA KOMMEKCHBIMU 4YucnaMmu Avllb B cnydae,
KOrga 3Tn 3Ha4dyeHuA K OT/IMYaloTCA Ha YMC/io, He KpaTHoe I.
OTciofa cnepyert, 4yTto, gaBas K 3HayeHua 0,1, 2, ..., m — 1,

Mbl NoNy4YynmMm BCE 3HAYEHUA \ z 1, TakKum 06pa30M, BNANM, 4YTO

UMCMI0 3TUX 3HAYEHWUIt paBHO M. Bce 3HaueHMs Yy z onpegens-
toTca opmynoii

)I;I Z= rin(cos Br2ATA tisin P (AZ_@ I\ (éQ5)

(k=0 12, 2, ..., n- 1)

Co0TBETCTBYOLLME MM TOUKM NexkaT Ha O4HON OKPY>KHOCTU C
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LeHTpoMm B Touke O M AensAT ee Ha M paBHbIX 4dacTeil. Cnepo-
BaTe/lIbHO, TOYKW, M306paxkawlne 3HaYeHUS KOPHA NA-i cTe-
NeHV W3 KOMMJIEKCHOrO0 4wucna, ABMATCA BeplIMHaAMW npa-
BU/ILHOIO N-YyrosibHUKa ¢ ueHTpom 0.

B vactHocTh, npu z = 1 (torga r = 1, @ = 0) nonyymm:

Myctb z = x -f iy; Torga KoMMjeKcHoe 4ucio 2 = X —
— iy Ha3blBaeTcsl COMPSDKEHHbIM AN z. TOUKM, COOTBETCT-
BYlOLMNE Z U 2, CUMMETPUYHBI OTHOCUTENILHO AeACTBUTEIbHOM
ocn. OYEeBUAHO, YTO KOMMJIEKCHOE YMCMO COBMAAAET CO CBOUM
COMpPSIXXEHHbIM TO/IbKO TOrAa, KOrAa OHO AeliCTBMTENbHOE.
HenocpeAcTBEHHO MNpPOBepsieTcsA, UYTO COMPSXKEHHbIE CYyMMbI,
pa3HOCTW, MNpoM3BeAeHUs, YacTHOr0 paBHbl COOTBETCTBEHHO
CyMMe, Pas3HOCTM, MPOU3BEAEHUIO, YACTHOMY COMPSIXKEHHbIX,
T. e

*L+* = *l+*y, 7z, —2722= 2, — 72 = z7zr

3ameTum ewe, 4yto 22 = |z |

§ 2. Pagbl ¢ KOMMNJEKCHBIMW 4ieHaMu

MycTe wnmeem 6eCKOHE‘-IHy}O nocsiegoBates/ibHOCTb KOMI-
JNTEKCHbIX 4Yucen

*1. o= Zn, (3.6)

roe Zn = xn+ iyn. Yucno z = X + iy HasblBaeTcs Mnpeje-
JIOM 3TOW nocnepoBaTeslbHOCTW, ecM Ansa BcAkoro e |>0
HanpeTca Takoi Homep N, uto npu n> N 6ygem uUMeTb
|z, — z |< c. B atom cnyyae nuwyT: zn-*mz nam lim z, =
= z. eoMeTpUYECKM 3TO 03Ha4yaeT, UYTO A/19 BCAKOro Kpyra
C LLeHTPOM Zz BCe 4Y/eHbl MOcAefoBaTe/IbHOCTM, HauuHas C He-
KOTOPOro, nexaT BHYTpWM 3Toro kKpyra. [locnepoBaTenbHOCTb
KOMMNIEKCHbIX 4Yucen He MOXET WMMeTb [ABYX Mpenaesios, crne-
poBaTenibHO, /IN60 wMMeeT OoAWH npegen (Torga HasbiBaeTcs
cxoasilerics), nu6o He uMeeT npefena (Torga HasbliBaeTcs
pacxojsiieiics).
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ANna cxoguMocTU nocsie4oBaTesibHOCTU ymMcen bl = XM+
+ iyn HeobxoAMMO M J0CTATOYHO, YTOObI CXOAMIUCL MOCeno0-
BaTe/IbHOCTb 4YMcen XM W nocnefoBaTesibHOCTb — yucen Y.

B camom fgene, ecniv nocnefoBaTesibHOCTb z,, = XM + iyn
cXoanTes K z = X + iy, Tonpu n]> N umeem |z, — b |<[
< e; HO TOorga nogaBHO XN —X | < e, Jlyn—y |< en,
cnepoBaTesibHO, XM -*EmX, Yy, -“my. O6paTHO, ecnu Xn'“mx,

e
yn-my, 7o npu n> nveem |xn —x |< » Npy

e
n> Ntwuveem |Jyn—y |< ~y=-, noatomy npu n> N

(rpe N — Hawubonbliee n3s JV, n V2

1> —*1 = W * —x)*+ (yn—y)*<e,

cnepoBaTesnibHO, ZN -*m Z.

Kputepnin Kowwu. Jnsa cxoqumocTw NocnefoBaTelbHOC-
TUW KOMIM/IEKCHbIX YMCEN ZN HEO6X0AMMO N AOCTaTOYHO, YTOObI
ona BcAkoro B> 0 Hawenca Takoii Homep N, 4yTo npwu
n> N up> 0 nvenn 6bl

12 — N |< e

JTOT KPUTEPUiI MOXET 6biTb A0Ka3aH MPsiMbIM MYyTEM, HO
€ro MOXXHO MoNy4YnuTh U3 KpuTepus Kolwim ana nocnepoBatesb-
HOCTell AeiCTBUTENbHbBIX YMCcen (cumTasi, Y4To ANst HUX on 6bin
yXXe AokasaH). B camom fene, ecnu Aas zn BbIMOSIHEHO Tpe6o-
BaHWe KpuTepusi Kowun, TO OHO BbIMOJIHEHO U AAs8 X0 U yn,
TaK Kak

I Xn+P xn 17~1 rn+p rn i I J/In+p yn! N~ lzn+p *n I"

O6paTHO, ecnu TpeboBaHMe KpuTepusa Kowwn BbINOSIHEHO ANSA
xnwnpana yrito uns

12n+p — 2n| = {xm\p Xny* f- Hp  YN)

cpasy ycMmaTtpuBaem €ro BbIMO/IHUMOCTb AS1A ZN.
MycTb nMeeM paf C KOMMJIEKCHBIMU yfieHaMn
_rOO
WA -f-... -f-wn-f-... nanu 2 Mn, A'n= un-J-ipn* (3.7)
=1

Pag (3.7) HasbiBaeTcA CXOAALWMMCA, ecninm  nocnefosaTesib-
HOCTb YaCTU4YHbIX CyMM Sn= wt + wn cxoguTcA.
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Torpa ee npegen S HasblBaT CyMMOM psga (3.7) v nuwyt
+00

Sa 2 wn B npotmBHOM cniydyae psag (3.7) HasbiBaeTcd
n.

pacxofAawmmea. W3 [oKasaHHOro Bblle NPeasioXkeHusa ans

nocsefoBaTeNbHOCTEN HenocpefCcTBEHHO cnefyeT: AnsA  cxo-

AUMOCTU psAfa ¢ KOMMNEKCHBIMW  Y/leHaMu wn>TMD wn —
= u, + tvn, neob6xoAMmMOo W [OCTATOYHO, 4TOObI pPAAbI C
JencTBUTENbHBbIMU YneHaMu £1M N 1 2 yn 6bI/IN CXOAALWLMMUCS.

N3 kpuTtepua Kowwu ans nocnefosatesibHOCTeN KOMMAeKc-
HbIX 4Mcen HenocpeAcTBEHHO BbiTeKaeT KpuTepuii Kowwn gns

PSAA0B C KOMMJIEKCHBIMUW Y/leHaMM1: AN CXOAUMOCTU psiga 2u>n
HeobXo4MMO M [0CTaTO4MHO, YTo6bl Ans Bcsikoro e 0 Ha-
wencsa Takoir Homep N, uTo mpu N N np>0 umenn 6ol

IWn+H + wita+ —+ untp I< e

B camom pgene, 4oCTaToO4YHO /UL 3aMeTUTb, YTO
*AB+p = Wn+i -f- Wn+2 -}- ... -]- Lbn+p.

PAapn ¢ KOMMNIEKCHbIMUY YieHamMn HasblBaeTcsl abcoMoT-

HO cxofdawmmced, ecnu psag 2 1~nl cxogutea. U3 kputepus
Kowwn cpa3sy cnepyet, 4To abCOMOTHO cxopswuiica PAL CXO-
antca. Ons abconoTHOW cxoAumocTM 2u?n, rge wn = un4-
4- ivn, o4yeBMAHO HeobxoauMma u gocTtaTodHa abconTHas Cxo-

AUMOCTb psgoB 2 un N2 ym» n6o

W, )
IVh]j < 1>k 1 14-Dh1.

Ecnn pag 2 v abconTHO CX0AMTCSA, TO NpU N060 nepe-
CTaHOBKe 4/ieHOB (pakT abCo/IlOTHOM CXOAMMOCTU W BeMYUHA
CYMMbl He MeHSATCA. 3To cneayeT M3 MNOC/IEAHEr0 3aMevaHus,
ec/In cunTaTh, 4YTO ANA PSALOB C AeACTBUTESIbHbIMU UieHaMu
TeopeMa Y>e W3BEeCTHa.

B abCcoM0THO CXoAAWMXca pajax C KOMMIEKCHbIMU Yile-
HamMy paspeluaeTcs nwb6ass rpynnupoBKa YSIEHOB (B OAHY
rpynny MoXeT nonajaTb KakK KOHeuyHoe, TakK U GecKOHe4YHoe
4YMCO0 Y/1IeHOB). 3TOT (PAKT MOXHO YCTAHOBUTb MPSMbIM MyTeM,
HO OH MoJlyvyaeTcsl KaK CnefcTBue, ecnu Asist abcoNoTHO CXO-
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OSALWMXCA PAA0B ¢ AeACTBUTE/IbHBIMU U/leHaMW ero cumMTaTtb U3
BECTHbIM.

AGCOMIOTHO CXOASLLMECA PsAfAbl C KOMMJIEKCHBIMM Y/leHamu
MOXXHO TOY/IEHHO MEepeMHOoXaTb. OTO MOXXHO Ao0Ka3aTb MNpsi-
MbIM MyTeM, HO 3TOT (PakT MojsyyaeTcss cpasy, ecnim cynTathb
ero y>ke YCTaHOBJ/IEHHbIM ANA PSA0B C AeACTBUTENTbHbLIMU Urie-

Hamu. B camom aene, nyctb 2 nn 2 wnabCcontoTHO cX0oQAaTcH,
wn = un+ iv,; wn= un,+ ivn. Torgza wvn, £ vn,£ n,, 2 1
abCoMOTHO CX04ATCA W 3aTeM

2 N 2N = (2 mk+ 2 y*)(2 n\+ « 2yl =
' 1 1 '

K I K K *

=2 UF2Ur—2 y*2y<+ ‘(27N 2N + 2 y*2 W =
1 K 1 'K I K 1 '

K

= 2 “*1 —2 vkv'+ 1( ukv'l+ 2 vkul) =
« . .

1 K, | K, | K, |

— 2 I"* 1 — vkv' + i(UKVi + VKU)\ = 2  WKWwt.
K.1 K. 1

§ 3. CTeneHHble psAab

CTeneHHbIM pAAOM HasblBaeTcAa pag Buaa

+°0
a,+ az+ a2+ ... a,zn+ .. wwm 2 anZn, (3.8)
=
roe a, — obble  KOMMJIEKCHbIE  4MCAa, Z — KOMIMJIEKCHOe

nepemMeHHoe.

Teopema A6ensa. Ecnu cTeneHHOM pag cxognTcesa Ans
HEKOTOPOro 3HadeHWs MepeMeHHOro, TO OH abCo/toTHO CXO-
ONTCA 4718 BCeX 3HAYEHUM MNepeMeHHOro € MeHbLUVMM MOAY/1EM.

3T0 3Ha4UT, 4YTO ecnun a,rLl cxogutea, |z|<]zo0j]
TO 2 An3n abCconTHO CXoauTCA.

AJdoka3aTenbcTBO. TakK Kak pag 2ja,zJ cxoauT-
CA, TO €ro 4neHbl CTPEMATCA K HYJ/I0 W, cnefoBaTesibHO, Or-
paHunyeHbl, T. e. HalpeTca Takoe uucno K, 4to gna Bcex n

\anZ o\ <K.
Ecom 1zK 1201, 10 umeno = -phj"<Cl 1

la,z-1= |a,z0 |= Jand | < Kqgn
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Ho uncna Kgn 06pasyioT y6biBaKOLLy0 reoMeTpUYeckyto npo-

rpeccuio, 3HauuT, pag 23Ksan cxoguTcs, HO Torga Ha ocHoBa-
HUM MPUHUMMA CPaBHEHWUS PSOB C HEOTPULATENbHbIMU ufie-

Hamu psag 231a,z” |cxognTtcesa, cnepoBaTenibHO, psag 23anzn ab-
CO/TIOTHO CXO0AUTCSH, YTO U TpeboBasocb AoKasaTb.

CnepctBue. Ecnm cTeneHHoW psag pacxognTcesa (Mnn He-
abCcoMTHO CXOAUTCA) AN HEKOTOPOro 3HaYeHUs NepPeMEHHOrO,
TO OH pacxognTcsa AN BceX 3HAYEHMIA NEPEMEHHOI0 ¢ 60/1bLUMM
Mogaynem.

OTO 3HAUMUT, YTO ecnn 23 pacxoamTca UM HeabCconoT-
Ho cxopguTtesa, k1> [z0 1, To 23BN2" pacxoauTcs.
B camom fene, ecnu 6bl pag 23an2' cxoausacd, To Mo Teo-

peme A6ens (Tak Kak |z, I< |z D psg 23«InZo 6bin 6bl a6-
CO/TIOTHO CXOASLMUMCS, 4YTO MPOTUBOPEUYUT YC/I0BUIO.

O6nacTb CXOAMMOCTU CTeneHHOro psiga. PaccMoTpuMm Ka-
KOW-HNOYAb Psifl, YNeHbl KOTOPOro 3aBUCAT OT . Te 3HA4YeHUs
r, ANs1 KOTOPbIX paccMaTpMBaEeMblii psjg CXOAMTCS, HasbliBaKT-
€A TO4YKaMM CXOAMMOCTM €ero; Te 3nadvenns z, ANs KOTOPbIX
paccMaTpuMBaEMbIii  pafg pPacxoauTcs, HasblBalTCA TO4YKaMm
pacxogMmocTu ero. COBOKYMHOCTb BCeX TOYEK CXOAUMOCTM
Ha3blBaeTcsa  06/1acThbto CXOQUMOCTM  paccMaTpMBaEMOro
psga.

Teopema A6ens no3BoUT pewunTbL Bomnpoc 06 o6nactu
CXOAMMOCTM CTEMEHHOro psja.

MycTb 2>n2" — KaKolh-HMbyab cTeneHHoW psa. Jloru-
YeCKU BO3MOXHbI cnegylouwme Tpu cay4as:

1) BCe MOMOXKMTESbHbIE 4MCIa CYTb TOYKWU CXOAMMOCTWU;

2) BCe MOJIOKUTE/bHbIE YMCMA CYTb TOYKM PacXoguMmocTu;

3) CcylWecTBYIOT MONOXKUTE/bHbIE TOUKM CXOAUMOCTU N MO-
NOXUTENbHbIE TOYKN PaCXo4UMOCTU.

B nepBom cniyyae B cuiy TeopeMbl AbGens AaHHbI CTerneH-
HOM psaf cxoamnTcsa (abCcoMTHO) A1 BCeX 3HAYEHUN z (Tak Kak
AN n11060ro KOMM/IEKCHOF0 4ucia z HangeTcs MNoNoXKUTEeNb-
Hoe u4ucno 6onblwee, vem |z ). CneposaTtenbHo, o6nacTb
CXOAMMOCTM €eCTb BCHA MNJIOCKOCTb KOMMJIEKCHOIO MepeMeH-
HOro.

Bo BTOpOM cnydyae B CUy C/eAcTBUA U3 Teopembl Abens
[JaHHbIA CTEMNEHHOW psag pacxoauTcsa A8 BceX 3HayveHuii zd O
(Tak Kak pgna nwboro KomnaekcHoro umcna z @ 0 Haipgetcs
MoNOXKNTENbHOE 4YUCM0 MeHbluee, Yem |z |). CnegoBatensHo,
06/1aCTb CXOAMMOCTU COCTOUT M3 OAHOM ToukuM O.
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B Tpetbem cnyuae HaVI,EI'ETCFl NMOoNTOXKNTEJIbHaA TO4YKa CXO-
ANMOCTHr Tj N NoNoXKnMTesibHadA To4dKa pacxoamMmMmocTiu /?,. Ecnn

-jr fii ri 4» ftl
— N—" ecTb TOYKA CXOAUMOCTU, TO MOMOXKUM ra= —”"—" |
r X R
JIr = ecnun xe —-eCTb TOYKa pacxoaumocTu, TO Moso-
r--r
xmm r2=r,, Ar= —-. Takum >xe o6pa3om, uUcxoasa u3

r2, R2 BBegem uucna r,, /?, nT. 4. B pesynbtate nonyymm He-
ybblBaLLy0 rocnefoBaTesibHOCTb  MOIOKUTENbHbBIX  TOYeK
CX04MMOCTN

riN rr< N

n HeBoO3pacTawwyr nocsieaqoBate/ibHOCTb MOJIOXKUTEJIbHBIX
TOYEK pacxoammocTtun

Ri R2 R3 N e
I-I —
npuuem Rn—rn= —- —> 0. CnefoBaTefibHO, 06e HasBaH-

Hble NoC/MefoBaTeNlbHOCTU UMeT 06LLniA npeaen
lim rm= IimR, = R.

Ecnn |z |< N, 710 |z |< r, Npu goctaTtodHo 60/bLWOM N
W, cnefoBaTesibHO, B CU/1y TeopeMbl Abens z ecTb ToYKa CXO-
aumoctu. Ecnm  jz |> R, To npu JocTatovyHo 60nbwomM N
Iz 11> Rn n, cneposatesibHO, B CUNY CMeACTBUA U3 TEOPEMBI
Abenda, z ecTb To4yka pacxogumoctu. Takum o6pasom,
BHYTPM Kpyra paguyca R ¢ ueHTpom O psapg cxogmtca (ab-
COMIIOTHO), BHE 3TOro Kpyra psag pacxoamtca. Bonpoc o Tou-
Kax, fieXkawmx Ha OKpY>KHOCTU, ocTaeTcs OTKPbITbIM. O6nactb
CXOAMMOCTU CTEMEHHOro psAga ecTb, TakuMm o6pasom, Kpyr
pagnyca R ¢ ueHTpom O (TOYHee, BHYTPEHHOCTb 3TOro Kpyra
nac, O6bITb MOXET, HEKOTOPOE MHOXECTBO TOYEK OKPYXHO-
CTU). OTOT KPYr HasblBaeTcs KPyrom cxogumocTu. Papuyc
ero HasblBaeTcsa pPajuycomM CXOAUMOCTMW.

B nepsom © BTOpOM cnyyasx criegyet cymtartb COOTBET-
CTBEHHO R = o0 M R = 0 (Kpyr cXoAMMOCTW COOTBETCTBEH-
HO obpalLaeTca BO BCIO MJIOCKOCTb W/ BbIPOXKAAeTCA B TOUKY).

Bo Bcex TouKax BHYTPU Kpyra cXo4MmMocTu CTENEHHOW psajg
abCcosIloTHO cxoauTces.

Ecnn B HEKOTOpOIA TOUKE Ha OKPYXXHOCTU Kpyra cxoau-
MOCTW CTerneHHOW psAg abcosloTHO CXOAUTCA, TO OH CXOA4UTCA
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abcontoTHO BO BCEX TOUKax OKPYXXHOCTU Kpyra cXoAuMOoCTu
(60 MOAynM YneHOB CTEMEHHOro psAga ANs BcexX TouyeK 3Tol
OKPY>XHOCTM COOTBETCTBEHHO OfWHAKOBbI).

Ecnn B HEKOTOPOI TOYKe Ha OKPYXXHOCTU Kpyra cxogMMo-
CTW CTEMeHHOW psaf NM60 HeabCOMOTHO CXOAMTCS, NM60 pac-
XOAUTCHA, TO B KaXXA0M TOUKE 3TOM OKPYXXHOCTU OH finbo Heab-
COJIOTHO cXoAaUTCcs, NMB0 pacxoauTcs.

PaccmoTpum Tenepb psag,

8+ T-+ -jr + e=4— £ + o= it S ~ire (3*8)
2

4=0 1

Monaraa £ = 1/r, npeBpaTum 3TOT PS4 B CTEMNEHHOW psAg

00

C MeKoTOpbIM paguMycoM cxXogumocTu p. Torga npu
o

ICI< P papg cxoautca, npu |£ |> p pacxogutca. Cne-
posatenbHo, pag (3.8") npu |2 |> 1/p
cxogutea, npu |r] < lp pacxogutcs.
Monaras r = 1/p, Hagem, u4TO 06-
nacte cxogumoctn psaga  (3.8") ecTb
«BHELWIHOCTb» Kpyra (puc. 24) paguyca
r ¢ ueHtpom O (TOouYHee, BHELIHOCTb
3TOro Kpyra, nawc, 6bITb MOXET, HEKo-
TOPOEe MHOXXECTBO TOYEK OKPY>XXHOCTU).
CxogumocTb psaga (3.8') BO Bcex Tou-

Puc. 24. Kax BHe YMOMSHYTOro Kpyra — a6co-
NIOTHas.

PaccMoTpym Tenepb psifi, 6GECKOHEUHbIi B 06e CTOPOHBI,

...4,___irr Iy — r 49— i~ + «0 4 flicd Ar2x4

... 4 aren4 ... (3.8)
nnm
-f@

Y ar"!
—5

Psifi, 6eCKOHEUHbIi B 06e CTOPOHbI, CUMTAETCA CXOASLLUM-
CSl, €CNM CXOAUTCS Psif, COCTAB/IEHHbIA U3 YJIEHOB, JIEXALLUX
npaBee HEKOTOPOro YJiEHa, W psif, COCTABMEHHbLIA U3 Y/IEHOB,
neXxaliux JieBee HEKOTOPOro YsieHa (O4EBUAHO, HET Haf06HOCTYU
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yKasblBaTb HOMep 3TOr0 HEKOTOPOro YsieHa, Tak Kak npu Apyrom
Bbi6Ope ero ynomsHyTble ABa psfa MW3MEHATCA Ha KOHeyHoe
4YMCM0 YNEHOB W, cnefoBaTesibHO, WX MoBedeHWEe He U3MEHUT-
cqa). Takum o6pasom, psag (3.8") cxogmTea Torga M To/IbKO TOr-
Ja, Korga OfHOBpPEMEHHO cxoaaTcs oba psaga

+®
Ao+ alr + a2z* + eee+ flIr2" + e WWIN 2 an*rt

~ + Njr+ e=+ [ + ey 2 -T-(wm 2 aren).
* n=1 * 4 -0C N
O6nacTb CXOA4MMOCTU MEPBOr0 U3 3TUX PAJOB €CTb BHYT-
peHHOCTb HeKoToporo kpyra paguyca R c ueHTpom O. O6nactb
CXOAMMOCTW  BTOPOro psaga  ecTb
BHELLHOCTb HEKOTOpPOro Kpyra pagu-
yca r ¢ ueHtpom O. Ecim r</?,
TOo ob6wasn 4yacTb YyNnoMAHYTbIX obna-
CTel CXOAMMOCTU €CTb KO/IbLO C
ueHTpom O (puc. 25). B sTom cnydae
obnacte cxogumocTn psaAga  (3.87)
eCTb KOJ/1bLO, OrpaHU4YeHHoe ABYMS
OKpYy>XHocTAMMK ¢ ueHTpom O (natoc,
6bITb MOXKET, HEKOTOPOE MHOXECTBO puc 25.
TOYEK, feXawmx Ha orpaHuymsal-
WUX  OKPYXKHOCTAX). 3TO KOJIbLLO
Ha3blBaeTCs KOJIbLOM CX0AUMOCTMU psga (3.8"). BHyTpu Konb-
La cxoaumocTu cxogmmocTb paga (3.8") — abconwTHas. Ecnn
r> /?, 10 pag (3.8") He wnmeeT TOYeK CXOAMMOCTU, ec/n
r= W, to pag (3.8") mMoXeT UMeTb TOUYKU CXOLUMOCTU TOMbKO
Ha OKpPY>HOCTU paamyca r = R.
PaccmoTpym cTeneHHOW psag

A0+ Ai(r—a)+ Ar(r—a)s+

+ oo
.+ An(z—an+ ... wm 2 An(r —a)n (3.8H
=0
®
Monaras £ = r — a, NpeBpaTMM 3TOT psj B psf c
0

HeKOTOpbIM paguycom cxoammoctu R. BosBpawascb K nepe-
MEHHOMY T, Halgem, 4To o6nacTb cxogumocTm psga (3.8")
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ecTb Kpyr (puc. 26) paguyca R ¢ uyeHTpom a (TouHee, BHYT-

PEHHOCTb 3TOr0 Kpyra nnatc, 6biTb MOXKET, HEKOTOPOE MHOXe-

CTBO TOYEK OKPY>XXHOC-

.TH). OTOT Kpyr HasblBa-

eTCA KPYrom CXoAMMoCcTMU

psaga (3.8"), ero pagu-

yCc— pagnycom CcxXoAnmmo-

cTn (npm R = + o»

noslyyaem BCO NMIOCKOCTb,

npu R = O Kpyr BbIpo-

Puc. 26. Puc. 27. XAaeTca B TOUYKy Q).

BHyTpn Kpyra cxogu-

MoCTb psiga (3.8™) — abconwTHada. Tenepb bGygem pacmatpu-
BaTb pAf

eooet + — 4+ r_'ﬂ + Ao+ A\(Z—a) +
+®
.+ Anr—a)'-f ... wm 2 An(*—amn (3.8")

+«l
Monaras £ = r — a, npeBpaTtum 3TOT pag B pag ™ AEn

—®0
Ecnu oH umeeT Konbuo cxogmmoctn r< |£ |<; A, To 06-
nactb cxogumoctn psaga  (3.8") OypeT KoMbuOM, OrpaHu-
YEHHbIM OKPYXXHOCTAMW pagnycoB I U R ¢ ueHTpom a
(puc. 27). 3OT0 KOMbLO Ha3biBaeTcA KOMbLOM CXOANUMOCTU
psaga (3.8*"). BHyTpM 3TOro Ko/jblia CXO4UMOCTb  psja
(3.8*') — abconoTHaA.

§ 4. lNokasaTesibHble, rUnNepéonnyeckme
N TPUTOHOMeTpUUYecKne QyHKLMUN
KOMM/IEKCHOTO MepeMeHHOoro

Ans no6oro KOMNAEKCHOro uucna z onpeaennum gynkuymm
er, chz, sh2, cos 2, sin z

KaK CYMMbl TeX CTEMeHHbIX pPsifoB, B KOTOpble pasfnaranamcb
3TN (YHKUUK, KOrga nepemMeHHoe z 6bl10 AeACTBUTEbHbIM.
TaK KakK COOTBETCTBYlOLLME CTENeHHble psAfbl 6bINN CXOAAWLN-
MWCS Ha BCeM 4YMCMOBOM MpsAMON, To (B cuay Teopembl Abens)
OHM 6YAYT CXOAMUTbLCSA Ha BCel MM0CKOCTU KOMM/IEKCHOro nepe-
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MeHHoro. Takum o6pasom, mnofaraeM Mo OMNPefesIeHVN0 Afis
Nt060ro KOMMEKCHOro T

+@
e=1+r+ 1+ 1 + ~ = (3-9)
=0
f-@
cbr =1+ 1r + 1r+ - =2 -~ -; (3.10)
n=0
* %« + T + T + — a ™~ r » (a...)
n=0
cosz = 1—— = 2 (— (3.12)
n=0
- 00]
sinz = Z 3] 1 si e = 2 (~ 1)" (2n+ 1) - (3-13)
n=0

M3 3Toro onpegesieHNs BUAHO, 4TO AN AeACTBUTESbHbIX
3nayeHnii z 3Tn  YHKUMU NOMy4HalT YyXXe W3BEeCTHble 3Haue-
HuA. 3aTteM BUAHO, 4TO ch z, cos z — 4YeTHble [T. e. obnagato-
wwe ceoiicteom / (— z)—fF (2)], sh z, sin z — HeueTHble (T. e.
o6nagatowme ceoictBom / (— z) = —/ (2)].

dopmynbl diinepa. Mpu N060M KOMMJEKCHOM Z B CUJY
(3.9), (3.12), (3.13) nmeem

e 1+ iz -2 & 3+ 4+ ‘§|4+'
=1 S 1 T 5 T
== (A"3T + TF- - )+ 1r~> + X ~ eeo)

= cos z -f- i sin z,

yunTbiBas, 4To B abCOMOTHO CXOoAsLLeMcs psge fonycTuma
nw6as rpynnvpoBKa UYsIEHOB.
Taknm o6pasom, nosiydyaem opmyny Jiinepa

e'r = cos z i sin z (3.14)
3aMeHss Z Ha — Z, NOAyYUM:

e_il = cos z— isin z
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MouneHHoe C/I0XKEHME U BblUMTaHMeE ABYX MOC/eAHUX PABEHCTB
[aeT:

giz + e~iz= 2cosz, eiz— e~iz = 2i sin z,
oTKyaa

€c0SZ = -—-- Al sinz= - Tj------ . (3.14"

3T opmynbl Takxe HasbiBawTca dopmynamn 3iinepa.
C nomoubio thopmynbl diinepa (3.14) TpuroHomeTpuyeckas
hopma KoMMaekcHoro yucna (3.1) npuHUMaeT BUfL,

z = reip (3.15)

roe r — moaynb z, 9 — aprymeHT z.
BblpaxkeHune (3.15) HasblBaeTcsA MoKasaTe/lbHOM (opMoii
KOMM/IEKCHOIO u4uncna z.
CBA3b MeXay nokKasaTeflbHOW U rmnep6onnyeckKUMn yHK-
umamun. KMmeem npu nwboMm  KOMMJIEKCHOM z B cuny (3.9),
(3.10), (3.11):

:,]O_\I [*

e 24 4 fomlp £ 54 -

.= M +[m+ "If + eee)+ [z+ "3f + 'Sf + eee)=chz + shz.

3aMeHss z Ha — z, MNOAYYUM:
e~z= chz—shz

MoysieHHOe CNOXKeHWe W BblUMTaHMe ABYX MNocAegHUX pa-
BEHCTB [aeT:
er+ e~r= 2 ch z; er —e~r= 2 sh z,
0TKyfa

chz= e y*—,; shz-= ~ . (3.1fi)

CBA3b MeXJy TPUTOHOMETPUYECKUMMU U TUNep6oInNYecKu-
MU yHKumamu. W3 (3.10), (3.12) cnepyer:
. .. i3, P . il ., r
chn =1+ — b-w--f ... = 1-—- 2+ "4r + —Cosz

M aHanornyHo
cos iz = ch z
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M3 (3.11), (3.13) cnepyet*
ahis = it+ 47 £ -w + .= i[z--5i-+ Tr- . )—ismz

M aHaJIorN4yHo
sin iz =ish z

Taknm ob6pasom,

chiz= cosz, cosiz= chz I _
shiz= isinz, siniz= tshzl w.W)

dopmynbl (3.17) TakXXe HenocpeAcTBEHHO Moay4valwTcs U3
(3.14") n (3.16).

Teopema CNOXeHMW AN MokasaTenbHoW (yHKUMW. Wwme-
eM, yuuTbiBas MpaBuio YMHOXEHUA abCoMOTHO CXOoAALLMXCA

psif0oB:

+® N + |
* * - N7 N =
] 20 n-; ?_ r;
-f@ Kl 4
o— S # - f 2. -wW -S - S
k, ( n=o0 k+i=n n= k+f=n
Ho
n li
S aprTzizr Y O Wi YoM o+
k+f<=m k=0 k=0

(bopmyna 6mHoOMa HbOTOHA).
CnepoBaTtenibHO,
++>

erer = 2 4r (zi+ z¥)' =
n=0

Taknm o06pa3om, fgoKaszaHa TeopeMa CMOoXeHUs AN nokasa-
TeNnbHOW yHKUNK:
er*r' = er'ex> (3.18),

OTclofga BMAHO, UYTO MokKasaTenbHas (MYHKUUA er HUrge B
HyNb HO obpawaetcd. B camom pene, ecnu 6bl er>—0, To A1
nwoboro zer —erer~-ix— Oer~>= 0, HO 93TO Heneno, TakK
Kak e° = 1.
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Teopema CNOXEHUSA AN TPUroHoMmeTpuueckux \HKuml|.
YuutbiBaa (3.14"), (3.18), (3.14), nonyyaem:

CoS(zX+ Zt) = —--mmmmmeeme - =ge +°‘° '
(cosn + Isin*i) (cos t2+ 1sin zj)
“ 2 +
(cos zi — i sin zi) (cos m— I sin zt) . o
B = C0SZxCosZz2 — sin z, Sin Zj;
in (Zi + _ (r+To__eiziei:* e~<r,e~{r
sin (Zi + z2 = 2 _ 21 -
(cos *i + 15sinzi) (coszt mmi Sin Z2)
~ 2i

(cos zi — 1sin *i) (cos zt — I sin zj)

2i

= sin Z}cos z2 -mcos Zi sin z2
Taknum 06pa3oM, AoKa3aHbl TEOPEMbl C/IOXKEHUS AN KOCUHY-
ca n cuHyca:

cos (z, + zj = cos z, cos z, — sin Z]sin z2 |
sin (zj -f zj — sin z, cos z2+ cos z, sin z2j

TeopemMbl CNOXEHUU ON1A  TUNep6oINYecKNX QOYHKLUN.
M3 (3.17) n (3.19) Haxoaum:

ch(Zj+ z2 = cosi(zx z2 = cosizxcos izt —
— sin izxsin izt = ch ztch z22— ish zxshz2 =

= ch z,ch z2-f- sh zxsh zs;
(3.20)

sh (zi -F- 25 — SIFIJ(ZI-4-Z]): sin Izt cos izi 4 COS tzi SiN izj_
ishzichit-f-chzilshz _

i sh z,ch z2-f ch Zish z2

MepuognyHocTb. [MokasatenbHas (QyHKUUA €' umeeT ne-
pvog 2nl. B camom gene,

e2ral  geti = f (cos 2n-+- i sin 24a) = er.

OTctopa cnepyeT, uTo ch z, sh z (kak Bblpaxkawlmecs 4yepes er)
MMelT TakXe nepuog 2n*. Oanee, QyHKUUA eiz MMeeT nepuog
2N, TaK Kak

elr*2n) _ elz+inl —

cnepoBaTenibHO, COS Z, Sin z (Kak Bblpakawlinecs 4epes eu)
UMeIT TakxXe nepuog 2 J.
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§ 5. HekoTopble MHOro3HauHble (PYHKLMMN
KOMMJ/IEKCHOIO0 MepeMeHHOro

JMorapnmbl  KOMMJIEKCHbIX 4ucen. Ymcno w HasbiBaeTcs
norapumMomM KOMMJIEKCHOFO 4ucna z (Mo 0CHOBaHMUI €), ecnn
e® = z. Bcakoe 3HayeHune norapuma uncna z 0603HayYMmM 3Ha-
KoM Ln z. MycTb rpO (Hynb, 04EBUAHO, He MMeEeT orapud-
Ma, TaK Kak nokasaTtesibHas yHKLMS B HY/Nb He obpaliaeTcs).
Monb3ysacb MNokasaTeNbHOW (QOPMOA [AHHOF0 uucna z, z =
= reip(r— moaynb, o — aprymeHT) 1 anrebpauvyveckoii cop-
MO WMCKOMOFO uucria W, W — 1 mmiv, nosyymm Tpe6oBaHue

eutlc = re¥ wnm ewiv = re*,

oTKyfja em= 1, V= ¢+ 2Kn (K — uesoe 4ucno) u, cnepo-
BaTeslbHO,
w—Inr+ i(p+ 2 k).

O6paTHO, MNPV BCSAKOM LEMOM K MOC/efHee BbIPaXKeHUeE,
KaK HernocpeicTBEHHO BUAHO, €CTb 3HAYeHWe Jlorapugma yuc-
na z. Takum o6pasom, Ln z, rge z2=0, nmeeT 6eCKOHEUYHO MHO-
ro 3HauyeHWid, NpuuyeM BCE OHW MoslyyalTcss Mo hopmyne

Lnz= Inr -f i(¢p 2 Kn) (3.21)
(K — npon3BosibHOE LEesioe 4YUC/0) WU
Lnz = In |z |+ i Argz. (3.21Y)

OTciofa BUAHO, YTO BCe 3HayeHUs Ln z nonyyawTcs M3 Kako-
ro-Hmbyab ognoro (Ln z)0 no copmyrne

Lnz = (Lnz)o+ 2Kkni (3.21")

(K — npon3Bo/sibHOe Lienoe 4nco).

Jlerko BMAeTb, 4YTO 06bIYHbIE MpaBwuaa sIorapnmMmnpoBaHmns
ocTalTca B cuse.

CTeneHn ¢ KOMMEKCHbIMW OCHOBAHUAMMW N KOMMJIEKCHbIMU
nokasatenamu. IycTb A n B — nobble KOMMNIEKCHbIE Yncna
(rae A ¢ 0). MonaralT No onpeaeneHnto

B — "BLnhA

OTcloga BUAHO, 4TO 3Ta CcTeneHb, BOo6LLe roBops, MmeeT 6ec-
KOHEYHO MHOro 3HayeHuin (Tak kak LNA umeeT 6eCKOHEYHO
MHOro 3HaueHuwii). B cny4ae, korga B ecTb gelicTBuTenbHoe
Lenoe 4ucno, 3HayeHUs nokasaTtensa B Ln A npaBoli 4actm
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oT/AMyalTca Mexpay coboil Ha KpaTHble oT 2 s/, 1, cnepoBa-
TenbHo, AB MMeeT B 3TOM C/ly4yae OfHO 3HauyeHue.

Mpumep.

(or — Noboe  Liesoe).

O6paTHble TPUTOHOMETpUYecKue GyHKuuM. [TycTb z —
Kakoe-HUOyAb  KOMMJIeKCHoe  uucno. o onpefeseHuio
Arcsin z ecTb /11060€ KOMMJIEKCHOE 4YMCMO0 W TaKoe, uTO
sin w = z. CnepfoBaTeslbHO, MPUXOAUM K YpPaBHEHUIO

wm
eu» _ 2izew— 1=0,

pellasi KoTopoe, MOMYy4YUM:
eiw—iz {mV 1—2z2;
w= -j- Ln(iz-f Y\ —2z2.
Takum o6pa3oM, BCe 3HaUYeHUA apKcuMHyca gatTcs (hopMyol

Arcsinz = -j-Ln (iz-f — 2* (3.22)

MHOro3Hau4YHoCTb 3TOW (*)yHKLI,VII/I nponcxoanT OT ABYX Nnpu-
YMNH! ABY3HAYHOCTU KBaApaTHOrNro KOPHA, 6EeCKOHEYHO3HAYHO-
CTun norapl/lqua. Bblpa)KGHI/Ie (3.22) nmeeT cMbICS Ana Bcex 3Ha-
yeHU z, noéo Bblpa>keHue, cTosdAlliee Mnoa 3HaKoOM I'IOFapI/ICbMa,
Bcerga OT/INYHHO OT HYynA.

,El,arlee, Arccos z ecTb 1t060e KOMMJIEKCHOE 4YMUC/0 W Ta-
Koe, 4TO0O COoOsS W — Z, c/iegoBaTesibHO, noJsiyd4yaeMm ypaBHeHUe

eiw + e-iw
2 ~ 2
mnn
eHv_ 2zeik+ 1=0,
OTKyaa

eiw=z+ YzZr—1; w= Ln(z-> Yz1—1).



i 5) HEKOTOPbIE MHOIFO3HAYHbLIE ®YHKUWN 149

Takum o06pasom, Bce 3HadeHMs apKKOCMHYyca fawTcs dop-
My10ii

Arccos 2 = Ln@-\xY rr—1). (3.23)

MHOro3Ha4yHoCTb 3TOM PYHKLUW MPOUCXOANT OT ABYX Mpwu-
YMH: ABY3HAYHOCTM KBaAPaTHOro KOPHA W 6ecKoHeuno3Hau-
HOCTU norapudma. BbipaxkeHue (3.23) nMmeeeT CMbICA A8 BCeX
3HAYeHW I, TaK KaK BbIpa)XeHue, CToslee Mnoj 3HaKoMm fora-
pudmMa, MMeeT CMbICA ANA BCEX 3HAYEHWUIA Z MU TaK Kak 3TO Bbl-
pakeHue Bcerfga OT/IMYHO OT HY/IA.

PaccmoTpum ewe Arctg r, onpegensiemblii Kak fo6oe Ta-
KOe 4nc/io w, 4to tg w = 1. Vmeewm:

nnn

cneposaTesibHO,
sw= 1+1IZ =

1—iz i+ r

Taknm ob6pasom,

Arctgz=4rLn7+7- (324)
MHOro3Ha4yHoOCTb 3TOM (QYHKLUM MPONCXOAUT OT MHOro3Hau-
HOCTU norapugma. BbipaxkeHue (3.24) TepdaeT CMbIcn Npu z =
= + L

O6paTHble runepbonnyeckne GyHkuun. Mo onpegeneHmio
Arsh 2 ecTb no60e TakKoe KOMMJIEKCHOE Yyucao w, 4yto sh w =
= 2. Nmeem:

wn
e™ — 2zew— 1=0,
oTKypga

ew—2-f Yz* -f 1, w= Ln(z-fVz*+ 1)
Taknm 06pasom,
Arsh2= Ln 2+ Yz%f 1). (3.25)
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[Aanee, Arch z ectb nwb6oe Takoe w, uto ch w = z. Torga
e" e W= z e*w— 2zew+ 1=0;

ew= z+ Yil—1; 0= Ln(z+ ¥ z7¥—1),
cnefoBartesibHo,
Archz= Ln(z + ¥ z—1). (3.26)

3aTteM, Arth z ecTb no onpegeneHuio nwboe Takoe w, 4TO
thw — z. Torpa

e — .
fw+ gV ~ 1m 2N+ ,

CnepoBaTtesibHO,

Arthz= —mlLn-j-" (3.27)

JT0 BblpaXKenue TepsieT cMbich Npy z = + 1.

B Teopuu aHanUTUYECKUX (PYHKLMI MHOro3HauyHble YHKUUN uene-
coo6pa3Ho paccmaTpuBaTh KakK O0fHO3MauyHble Ha HEKOTOPbIX MHOro-
JINCTHBLIX MOBEPXHOCTAX 'TaK Ha3blBAEMbIX PUMAHOBbLIX MOBEPXHOCTAX).
He umest BO3MOXXHOCTM MPUBECTM 34eCb Kakoe 6bl TO HU 6bls10 06Lee On-
pefeneHHO 3TUX MOBEPXHOCTEl, OrpaHMYMMcs MpUmMepamn HarnsgHoro
nomp(i_elem .. TUX NOBepXHOCTEM ANA NPOCTEAWNX MNOro3HAUYHbIX PYHK-

unii ¥Yr, Ln *

PaCCMOTpVIM 1 3K3eMNnaApoB MNJ/IOCKOCTU KOMMJ/IEKCHOrNo nepemMmeH-
Horo r (KoTopble 3aHymepyem uucnamu 1, 2, ..., N), paspe3aHHbIX HO
MosIOXKUTENbHOM 4YacTu fAeliCTBUTENIbHOW OCU, U CKNEUM UX CNefyrLLUM
06pa3oM HWXHWIA Kpail pas3pes3a MepBOro 3K3emnaspa CkKeumBaeTcs ¢
BEPXHMM Kpaem paspe3a BTOPOro 3K3eMnnspa, HWKHWUIA Kpai paspesa
BTOPOro 3K3eMnsipa — C BEPXHWUM KpaeM paspe3a TPeTbero aK3emmnss-
panT. 4., HWKHWIA Kpaih paspesa (1 — 1)-ro ak3emnaspa — ¢ BEPXHUM
KpaeMm paspesa 1-ro aksemnispa, nakoHel, HVXHWUI Kpai paspesa N-ro
3K3emMnasipa — C BepPXHMM KpaeM pa3pesa MepBoro aksemnnaspa (noc-
negHee ckneMBaHMe HEBO3MOXHO cfenatbh 6e3 nepeceveHuii). B pesynb-
TaTe NONYYUTCA N-NNCTHAsi MOBEPXHOCTb, C TOUKOW pa3BeTBNeHUs Hag 0.
OnucbiBass MNPOCTON 3aMKHYTbIli KOHTYp, OXxBaTbiBalLWWUA Touky O,
Mbl Moc/e KaXaoro o6xoga 6ygem nonafjatb Ha cregylowmnii INCT 1 nocne
l1’1106xo,qo»3 npuieM B NepBoHaYasibHOe MOMOXKEHUE, -3HAUYHYI0 (YHKLUIO

V t Ha 06bI4YHOM MI0CKOCTU KOMMJIEKCHOI0 NepeMeHHOro MoXHO paccmart-
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puBaTb KakK OfHO3HA4YHyl Ha no<:TpoeH||i|oi/'| N-SIHCTUOA MOBEPXHOCTH.

3710 6yAeT prMaHoBa MOBEPXHOCTb Ana yT.
PaccMoTpuM Tenepb 6eCKOHEUYHOE MHOXECTBO 3K3eMMIApoB Moc-
KOCTW KOMMJIEKCHOrO MNepemMeHHoro (NponymMepoBaHHbIX C MOMOLLbIO

BCeX uenblx uucen N 0/ ¢ paspesamun no MNoNIOXKMUTENbHOW YacTu AencT-

BUTeNbHOM ocu. [NA KaXKAoro Lesioro f CKAeMM HWKHWUIA Kpail n-ro
aK3emMnnspa ¢ BepxHUM kKpaem (N + 1)-ro ak3emnnsapa. B pesynbTtaTte
nony4ymMm 6eCKOHEeYHO/TMCTHYI0 MOBEPXHOCTb. O6X0AA 3aMKHYTbIA KOH-
Typ, oxBaTbiBawwWmii Touky 0, B Nt060M HanpaeaeHUn nwboe Yncno pas,
Mbl 6yaeM BCAKWUI pa3 nmonajaTb Ha HOBble INCTbl U HUKOT4a He BEPHEM-
cA B MepBOHayasibHOe Mo/IOXKeHWe. BeckoHeyHo3Haunyw GYHKLUUIO
Art; z Ha 06bIYHOW MMOCKOCTU KOMMJIEKCHOrO MEpPeMeHHOro MOXHO pac-
cmaTpuBaTb KakK OAHO3HauYHYl Ha MOCTPOEHHOW 6eCKOHeUYHONNCTHOW
noBepxXHOCTW. TorAa Ha 3TOW >Ke MOBEPXHOCTU Ln z MOXHO paccmar-
puBaTh KakK OAHO3MauYHyl (YyHKLUI (3Ta MOBEPXHOCTb ABMAETCA puUMa-
HOBOW MOBEPXHOCTbIO ANsA Lnr).

§ 6. Mpon3BogMIM (hYHKLMM KOMMJIEKCHOr0 NepemMeHHOoro

MpownsBogHas KOMMEKCHOW (YHKUMN AeACTBUTE/IbHOIO
nepeMeHHoro. TMyctb z (1) — x (t) ~+= iy (0 — KoMniekcHas
hyHKUNA [eiCcTBUTENbHOIO nepemMeHHoro t.

JTa (PyHKUUSA HasbiBAaeTCA HEMpepbiBHOM B Touke t, ecniu
ONA BCAKOro e 0 HanmpgetcATakoe rj > 0, uto npu |4/I<N
< t] umveem |z (t -f OI) —z () |< e. OnA HenpepbIBHOCTU
r (/) B Touke t HeobxogmMma W p[OCTATOYHA HEMPEPbIBHOCTb
hyHKUMA X () ny (t) B Touke t.

MpounssogHasn ot r (0 B Touke t ecTb Mo onpefesieHNo

. 4z
TTT.
—0

€C/1N OH CYLLecTBYeT, M 0603HavaeTca dz/dt unmn r' (= L3 onpe-
feneHns crenyeT, uYTo ANS cyuwlecTBoBaHMs dz/dt Heo6xoamMmo
H [0CTaTo4yHO cyuiecTBoBaHMe dx/dt n dy/dt, npuuem

& & .dy
dt ~ dt 'dt

OnpegeneHne NPOU3BOAHON (YHKLMN KOMMJIEKCHOIO nepe-
MeHHoro. Tlyctb W —/ (z) — YHKUMA KOMMNIEKCHOro ne-
peMeHHOro z.

JTa (PyHKUMSA Ha3biBaeTCs HEMNpepbiBHOA B TO4YKe Z, ec/v
ansa scakoro e > O HanmgeTtcA Takoe T) > O, utonpu 1 O] < u
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(ecnu z + Az] BXoguT B 06n1acTb onpefeneHns QyHKUUN) MMe-
em |JAw | e

lMponsBogHass oT W = / (z) B Touke z (PyHKUMA npeano-
naraeTvcs onpeaenieHHOMW B OKPECTHOCTWM 3TOM TOYKM) €CTb HO
onpegeneHnio

I i m WNw/(r+Y ~ /2,
Ar-H> Aa* A.--4) Aar

ec/nin OH cyuwecTByeT, M o6o3HavaeTcss dw/dz wnam /' (r).
[Ona cyuiecTBoBaHUS MPOU3BOAHOM B TOUKe zZ Heobxoauma
HeMNpepbIBHOCTL (PYHKLUUN B 3TON TOUKe.

Janee, 6ygem rosopuTb, 4To (YyHKUMA AnddepeHumpye-
Ma B TOYKe z, ecnu M3 npupalleHns PyHKUUM B 3TON Touke

[ (r+ A4r) - /()

MOXXeT 6bITb BblAenieHa rfaBHas NIMHeliHaa 4yacTb, T. e. Takas
yacTb Buga CAr (rge C — HeKOTOpoe KOMMJIEKCHOe YunCcrio),
YTO OCTaBLIaAca 4acTb 6yaeT 6eCKOHEeYHO Masiol BbiCLUEro Mo-
psgka oTHocuTenbHO Az. Takum obpasom, / (z) andepeHum-
pyema B TOYKe Z, €C/IN CYLLecTBYeT MpeAcTaB/ieHune

| z+ Az) —/ (z) = CAz + y (AZ)Az,

roe y (Az) -*m O PU A* -» 0-
OTciopga cnepyet, uTo

>+ "N->M _C+ 1(8,)_C.

a 37O 3HAuuT, 4YTO B paccMaTpuBaemoli Touke / (z) MmeeT npo-
nssogHyt /' (z) = C.

O6paTtHo, ecnn Pyukumn A/(z) wnMeeT NPOU3BOAHYH B pac-
cmaTpvBaemMon TOoukKe, TO

/1+p.)-/(.) _ rm + ntil)’

roe y (Az) -» 0 npn Az -> 0, oTKyga
I (z+ Az) —/ (2) = I' (z) Az + y (AZ)Az,

W, cnegoBaTenibHO, B paccmaTpuBaeMoii Touke (QyHKuus / (2)
anddepeHumpyema.

Takum o6pasom, Cyul,ecTBOBaHMeE NpPOW3BOAHONA WM andde-
peHUMPYEMOCTb B TOUKE — SABMEHUA 3KBUBANEHTHbIE.
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HanomunHaHne o nonkom aunddepeHunane GyHKLUN ABYX LelcTBU
TeNbHbIX MepeMeHHbIX. ®YHKUMA W” (X, y) HasbiBaeTca AuddepeHyn-
pyemoii, nAv umewwen nNoNHbIA AnddepeHuman B [JaHHOW Touke X, Yy
(byHKUMA npeanonaraetca onpeaeneHHON B OKPECTHOCTWM 3TOW TOYKMW),
ec/In 13 MOJIHOT0 MpupalleHns PYHKLMM B 3TOM ToukKe

nx+ Ox y+ Hy) —wn(xy)
MOXET GblTb BblfjefieHa rnaBHasi /iIMHeliHasi 4YacTb, T. e. Takas yacTb Buga
AAx-{- BAy (rpe A un B — HekoTopble 4ucna), 4Yta ocrasLiascs
yacTb GyfeT 6eCKOHeYHO Masoii BbiClIero nopsgka OTHOCUTEsSIbHO
V A0*2+ [Oy2. Takum ob6bpasom, u (X, y) aAnddepeHumpyema B TOYKO
(X, y), ecnu cyuiecTByeT npeactaBseHue

mx+ Ax,y + Ay) —mn(x,y) =

= NAx+ BAy + y (Ax, Qy) V Ox2+ Ay2,
roe

Y (Ox., Ay) - 0 npu - 0.

Torga (beps Ay = 0)
nx+ Ox,y) —u(x,y) = AAx + y (Ax, 0) |Ax |

m[y-a,.,)—.1,.,) , nzxr(4a4,.0~ n ., A41-0.

0TKyfAa BMAMNO, YTO B paccmaTpuBaemoi Touke PyHKUMA U (X, y) WUMe-
eT YacTHYl NMpoM3BOAHYI0 MOX, NpuyemMan/ax = A. AHanormyHo obHa-
py>XuBaeTcs CyllecTBOBaHME YacTHOW MPOM3BOAHOM MO Yy U pPaBEHCTBO
an/py = B.

Takum obpasom, rnaBHas NMHeliHas 4YacTb MOSIHOFO Mpupalienus

an an
PyHKUMM N X, y) paBHa Ax + -w- Ay. OHa Ha3blBaeTCs NOMHbIM And-

hepeHumanoMm GYHKUMN W (X, Y) B AaHHOW Touke. O603Ha4yas MNOMHbINA
avddepeHuman 3Hakom du, a npupaweHus He3aBUCUMbIX MepemMeHHbIX
an an

BHakamn dx u dy, nonyyum dopmyny du = d x d vy

Mbl BUAUM, 4YTO M3 cylieCcTBOBAHUSA MOMHOro AuddepeHumana Bbl-
TeKaeT CyllecTBOBaHWE 4YacTHbIX MPOM3BOAHbIX. O6GpaTHOe HeBEPHO,
T. €. MOXEeT C/AYYMUTbCA, YTO YaCTHble MPOU3BOAHbIE B TOYKE CyLLECTBY-
10T, @ NoNHoro aunddepeHunana s stoin TOYKE He cyliecTByeT. TeM He
MeHee, ec/lM YacTHble MPON3BOAHbIe CYLLLeCTBYIOT B OKPECTHOCTU paccmart-
puBaemMoil TOUKM W, KpOMe TOro, B AaHHO TOYKe HenpepbiBHbI, TO t
[AHHOW To4yKe cyu,ecTBYeT MOJIHbIN AuddepeHLnan.

B camom pgene, ucnonb3ys opmyny JlarpaHxa, nonyvymm:

nx + Axy + Ay) —n (xy) = m(x+ Axy + Ay) — u(xy + Ay)]
+ Im(xX,y+ Ay) —n(x, y)]= mx"(x+ 04x, y + Ay)Ax +
+ un' (X, y + QXAy)Ay = [ux' (x,y) + alAx + [«,' (x,y) + Pl4y =
= (. y)A* + ny (x, y)Ay + alx + ply;

O<e,<1:£b° a»}-°-
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Ho
»P -

cnegosaTtenbHo, ux' (x, y)4* + wny (x, y)Jly aBnseTca rnaBHOW /NHENR-
NOV YacTbio MOSIHOTO NpUpaLLEHNA N, TaKUM 06pa3omM, NoNHbIN anddepeH-
umnan cyuiecTtByerT.

Heob6xognmble ycnoBun andepeHumMpyemMocTn GQyHKLUU
KOMMNJIEKCHOr0 nepemeHHoro. ycTb

w=1(2) = n(x,y) + iv(x,y)

ecTb  (hYHKUMA KOMMNJIEKCHOrO MEepPeMeHHOro z = X + iy,
anddepeHupyemas B AaHHOW TO4YKe T.

Tak Kak B faHHOMA Touke / (z) guddhepeHumpyema, TO B
3TOM Touke ” (X, y) UV (X, y) Toxe antdepeHympyembl. B ca-
MOM pene, ecinm wn3 npupaweHua Aw = / (z + Az) —/ (2)
MOXXeT 6bITb BblAesieHa r/laBHas NMHeHas 4acTb, TO AeNCTBU-
TeNbHasA YacTb M KO3(MULMNEHT Mpu i B Heli CyTb COOTBETCTBEH-
HO rnaBHble JINHEWHbIE YacTW MOJIHbIX MpuUpaLleHni

= nx+ AX, y+ Ay) —u (X, y)

Ay = vix+ Ox y+ Ly) —Vv(X V).

Ecnn cmeweHHas Touka r + Az 6y,CI,ET CTPEMUTLCA K Z MO0
roOpn3oHTa/IibHOMY NyTW, TO B Bblpa>XeHNN

Az = Ox + i&y
cnepyeTt nonoXxkuts Ay = 0; Torga

Aw _ Om+ 1\v _ In . . Oy am ., dv
a* Ax Ax Ar ~¥ nx ox

Ecnn cmeweHHaa ToYKa CTPEMUTCA K Z M0 BepPTUKaIbHOMY
nyTn, TO B BbIPa>KeHUNU
Az = [Ox + i&y

cnepyet nonoxkuts Ax = 0. Torga

Aw _ On4-1Av _ o> . dn dv . an
ar — &y — Aar 1 Ay >4y 1ay

CnepoBaTtesibHO, A1 CYLLECTBYOLLEA MO YC/A0BUIO MPOU3-
BOAHOW /' (z) MONy4YMM BblpaXkKeHUs:

#/IN _ gm , {dv __ dv , an
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0TKyaa
an _  dv dv an /Q oiiu
ax o~ py '’ ax o~ ay <

YpaBHeHna (3.28) HasbiBaoTcA YcnoBuAMM Kown — Pu-
MaHa.

[ocTaTtoyHoe ycnosue AauddepeHumpyemoe™  yHKUUA
KOMMJIEKCHOro nepemeHHoro. TycTb U (X, Y) ny (X, y) aucd-
thepeHuMpyembl n y[oBNeTBOPAT ycnoBmam Kowun — Pu-

MaHa B fJaHHoli Touke. Torga (Hwke p}-» O npu Oy}~»0)
vMeeMm:

ow At < “Ax + M0y +alAxt + Oy,

M— Ik Ay = 1 '
+ Ox+ <Ly
du dv I dv an \ _ R ——
Ox- 57T Ay+ " (n O*+arfy)+(«+ "> /AX + Iy
— A* + <Ay *

(1j+ <)@+ )+ @+ &)V IO+ [y*

= Ax + (4y -
du .ooLodv_ o, (a i3) V OAx2+ AOY*
ax n ax » Ax + (Ay
Ho
£E+xi]l ~S | . K?+F .-.0 ,p, A}-0,
cnepfoBaTesibHO,
lim £L = AL A&
A.-~o O* A X A X

T. e. /' (2) cyuwiecTByerT.

NTak, gnsa gnddepeHumMpyemMocT YHKLUNN KOMIIEKCHOTO
nepemeHHoro w = f (1) — un (x, y) + iv (X, y) B JaHHON Touke
Heo6XoaMMO M AOCTaTO4YHO, YTOObl B 3TOM TO4YKe U (X, y) "
V (X, Y) 6bM gndpchbepeHUMpyeMbl 1 yLOBAETBOPSN Obl YC0BU-
amv Kowun — PumaHa (3.28).
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Aana /' (z) nimeem opmyibi

41N — — 4 - [

_— - = n .- —
“oax o+ ax ay ay ~ Ax lpay ~ay + 1lax =m
(3.29)
Illpumep. Myctb/ (X) = e*= e*coay + ie*siny. Bce ycnosus,
04eBMAHO, BbIMO/IHEHbI, H U3 (3.29) nonyunm /' (r) = er.
MpownmsBogHas CAOXHOW YHKUMKU. TllycTb W =
=/ (X), T= & (£); Torpga w = / [ (5)1. N3 paBeHcTBa
Ow o Aar
OE = Ar  Af (330)

npn Af -» 0 HaxoauMm B npepgerne
dw dw dz
N~ IT E - (330

npegnonaras, 4to ¢ auddepeHuympyema B Touke £, /| anddepeHumpye-
Ma B Touke z = ¢ (£).

dr
BbiBog copmynbl (3.30) ABnsAeTca 3aKOHHbIM, Korga ¢ 0, Tak

Kak Torga npw [OF poctaTtoyHo manom 6ygem umetb Ar ¢ 0, m 3anuch
dz
(3.30") umeeT cmbicn. Ecnu B pgaHHONM Touke-w, = 0, TO gokasaTeslb-

CTBO HY>XJaeTcsa B nornpaBkax. Ecnm cyuwecTBylT KakK YrogHo Manble
O£, ana koTtopbix Ax ® 0, To u3 (3.30") cnepyeT, 4TO NMpPU CTPEMAEHUN

»
ﬂ,é K HY/K0 No Takum 3Ha4vYeHnAaAM OTHOLWeHWne -'Ey'l?- CTpeMunTca K

dw di dw
IT rff= 1T 0= °-

Ana tex 3HayvyeHuu O£, ana koTopbix [Ax = 0, oyeBmpgHo, [Aw =
= 0, noaTomy, ecnin CyLecTBYIOT KakK yrogHo mansie O£, ANsa KOTOPbIX
Ar = 0, To Npu cTpemneHnn £ K Hy/A10 N0 TaKUM 3HaYernHsM OTHOLLe-

Aw Aw
nHe -AF TOXe CTPeMUTCA K Hynw. Takmm obpasom, -4 p CTPeMUTCA K

dw
Hynwo npn O£ -* 0, N03TOMY -l - CYLWECTBYeT N paBHO HYJII0, a TakK Kak

B paccmaTtpuBaemMoM criyyae npasas yacTb opmynbl (3.30) ToXe paBHa
dz
Hynw, To d¢opmyna '3.30) cnpaBeanMBa W B cayvae = 0.

dopmasibHO TexHuMKa AnddepeHUNPoBaHUA 3nemMeHTap-
HbIX (DYHKUMA KOMMJ/IEKCHOr0 MepeMeHHOro He OT/IMYaeTcs OT
TakoBOW ANA (PYHKUWIA OelACTBUTE/IbHOIO0 MepeMeHHOro, 1 Mbl
He 6yfem ocTaHaBNMBaTbCA Ha Hell. 3amMeTUM elle, 4YTO €Cn
z (/) — KomnneKkcHas QYHKUUSA [eACTBUTESIbHOIO MepemMeH-
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Horo, / (r) — KomnsieKcHas (YHKUMUA KOMIMJIEKCHOro repe-
MeHHoro, 1o / (r (*)] 6yneT KOMM/IEKCHOW (DYHKUWeRn f[encT-
BUTE/IbHOr0 nepeMeHHoOro. Paccyxgas, Kak npu BbiBoge hop-
Mysibl (3.30), nonydyum

{/[*(01} “ /' M O1*'(0 (3.31)

B NPeAno/ioXXEeHUN CYLLeCTBOBAHUS MPOU3BOAHBIX, (GUTrypupy-
OLMX B MpaBoii 4acTu.

§ 7. AHanUTUYecKMe W TapMOHUYecKue (YHKLUN

MHOXEeCTBO TOYEK Ha MJIOCKOCTM Ha3blBAETCS OTKPbITbIM,
€C/IN BOKPYT KaXXAol ero TOUKW MOXHO Onucatb Kpyr, LEeIu-
KOM Jlexaluii B paccmaTpvBaeMoM MHOXecTBe. OTKpbITOe
MHOXECTBO Ha3blBaeTcsl 06/1acThi0, eCNIN BCSKME [BE €ro Tou-
K/ MOXTO COEAMHUTL HemnpepbiBHOW Ayroii, nexaweii B pac-
cMaTprvBaemMoM MHOXecTBe. [paHW4YHOI Toukoli 06nacT Hasbl-
BaeTcsl Touka, He MpuHagnexawas o6nactm M Takas, 4To B
nwo6oli 611M30CTU K Helik UMEKTCSt TOUKM paccMaTpuUBaeMoi 06-
nact. COBOKYMHOCTb BCEX FPaHMUHbIX ToueK 06/1acTU Hasbl-
BaeTca rpaHuueli o6nactu. Ecnm Kk o061actv NpUCOEfUHUTL ee
rpaHuLy, To MOSIYYEHHOE MHOXXECTBO TOUEK HasblBaeTcs 3aM-
KHYTO 06M1acTbhio. MHOXECTBO TOUEK Ha MJIOCKOCTM Ha3sblBa-
eTCA OFPaHWYeHHbIM, ec/IM ero MOXXHO MOMECTUTb Ha HEKOTOo-
poM Kpyre [0CTaTo4HO GOMbLIOro pajuyca.

Mpumepbl. BHYTPEHHOCTb MPOCTOr0 3aMKHYTOr0 KOHTypa ecTb
orpaHuyeHHast 06nacTb. BHYTPEHHOCTb MPOCTOro 3aMKHYTOr0o KOHTypa
BMeECTe C TOUKaMu caMoro KouTypa o6pasyeT orpaHMUYeHHY 3aMKHYTYIO
obnacTb.

Ecnn C — npocToii 3aMKHYTbIN KOHTYp, CX, C% ..., Cn — npocTbiB
3aMKHYTble KOHTYpbI, fieXkalwune BHYTpn C, HO BHe gpyr gpyra, 70 MHO-
XKEeCTBO Touek, nexawmx BHyTpu C, HO BHe Bcex Cy, C2, ..., C,, ecTb

orpaHumyeHHas o6nacTtb. BcA MaockocTb, MOAYMNOCKOCTb, Mojioca Mex-
Ly napannenbHbIMU  MNPSAMbIMW, BHYTPEHHOCTb Yyrna faloT npumepbl
HeorpaHu4yeHHbIX o6nacTei.

DPYHKUMA KOMMMEKCHOro repemeHHoro / (r), onpegeneH-
Has B 06s1actm D 1 audidhepeHumpyemMasi B KaXK[oi Touke 3Toi
0651acTn, HasblBaeTcsl aHa/IMTUYECKOW B obnactm D.

DYHKUMA [ABYX [elCTBUTENbHbIX MNEpPeMEHHbIX WU (X, V),
onpegeneHHasa B o6nactm D, wmelowasa B aToi obnactu He-
npepbiBHble YacTHble MPOM3BOAHbIE [0 BTOPOro nopsgka
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BK/IOUUTE/IBHO W yA0BMETBOpsiowWasi ypaBHeHUo Jlannaca

B& + £ -« nm ]'32>

Ha3blBaeTCs FapMOHUYECKO B o6nacTu D.

MexXay aHaMTUYECKMMU U TapMOHUYECKUMU (PYHKUUSMM
nMeeTcs MpocTas CBSA3b.

JefcTB/TeNbHAsA YacTb BCAKOW aHa/IMTUYECKO (DYHKLMK
eCTb rapMoHU4YecKas (yHKLUMS.

B camom gene, nycTb

F()=nXy + iv y)

ecTb aHanuTuyeckasa yHKuUmMs B o6nactn D. Byaem npegnona-
ratb, 4to n (X, y¥), vV (X, ) MMeT HeNpepbIBHblE YacTHbIe MPO-
N3BOAHbIE 40 BTOPOro nopsigka BKAKUYUTENbHO B o6nactm D
(3ameTuM, 4TO 3TO MNPeANosIoXKeHMe MNe SABMAETCS orpaHuye-
Huem, n6o Tak Bcerga 6yAeT, HO H3 caMoro onpefefieHUs aHa-
NNTUYECKO (YHKUMW 3TOro HEMocpeAcTBEHHO HEe BUAHO).
AnddepeHumpys ypasneHnsa Kowun — PumaHa

an dv an dv

Ax ~ py " dy dx

COOTBETCTBEHHO MO X U MO Y U YYNTbIBAsA HE3ABUCMMOCTb 4acT-
HbIX MPOM3BOAHbLIX OT MocsegoBaTesibHOCTU AnddepeHLMpo-
BaHU, MOYYUM:

arm o*n g ldu\ 4 (du\ 4 / dv \ o/ dv\
Ax* + o py AX \ax ) + 4y \dy) AX\ay )+ ay V. dx)*
_ov dur

ax dy axagy -~ 7

cnepfoBaTesibHO, U (X, Y) €CTb rapMoHM4yeckast (ByHKUUS B 06-
nactn D.

OueBUAHO, V (X, Y) 6yaeT ToXKe rapMOHWYECKOW, K60 £B-
naeTca  AeNcTBUTENbHOM 4actelo ansa —il(z) = v (X, y) —
— '« (Xr y)

B cnyyae ogHocBA3HOM o6nactu D (o6nacTtb HasbiBaeTcs
OAHOCBSA3HOW, ecnn BCSAKWUI HenpepbIiBHbIA 3aMKHYTbI MNyThb,
nexawmi B 3TON 06/1acTW, MOXXHO HenpepbiBHOW Aedopma-
umeii CTAHYTb B TOUKY, He BbIXoAs M3 06s1acT) cnpasegsineo
obpaTHOoe npeasiokKeHune.
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Bcsikasa rapmoHmnyeckast qyHKUMsS B 0AHOCBSA3HOM o061acTu D
ABNSAETCA [JeCTBUTEMbHOM 4YacTblo HEKOTOpOoA (0AHO3HAM-
HOIA) aHannTu4yeckoli (PyHKUUN.

B camom pgene, ecnu n (X, y) — rapmoHuyeckasa pyHKUUs
B 06nactu D, TO MOXHO HalTuU TaKyw QYHKUuMw V (X, Yy),
KoTopasa cBfA3aHa ¢ U (X, y) ypaBHeHuaAmMn Kowwun — PumaHa

dv on dv _ mm
17 ly " 1y ~~17
n an an
€Cc/lN 3aMeTUTb, YTO BblpaxkeHns P = — — n Q = y40B-
dQ dpP 8
NeTBOPAT YCNOBUKD - — = 0, TaK Kak
dQ oP o (an\ a_/_ m\_ &n_ o/ =0
AX 4y ~ 4x \ax) ay Vv gy )~ ax* + gyl
CnepoBatesnibHO, U (X, Yy) -f iv (X, y) ecTb aHanuTnyeckas
PYHKUMA KOMMJIEKCHOr0 MEepemMeHHoro z — x iy B o6na-
ctn D.

FapmoHnyeckass yHKUMSA V (X, Y) HasblBaeTCHA COMpPS>KeH-
HOM AN rapMoOHWYecKoi (yHKUMM 1 (X, Y). Mbl BUAMM, 4TO

nj
ecnn un (X, y) — rapmMoHuYecKasi, TO BblpaXXeHne — fy N

+ dy siBnsieTcss MOMHbIM AMGhEPEHLNASIOM U 3afa4ya 0TbiC-

KaHUS COMPS>KEHHOW rapMOHUYECKOW (YHKUUM ecTb 3ajava
WHTErpupoBaHus 3TOro NosiHOro auddepeHumana. ConpsiKeH-
Has rapMoHu4eckasl (PYHKUUS onpefesieHa C TOYHOCTbI [0
NMPON3BO/ILHOTO MOCTOSIHHOTO C/laraemoro.

§ 8. WMHTerpan yHKUUM KOMMJIEKCHOr0 MepemMeHHOro

MpocToil MHTerpan 0T KOMMJIEKCHOW (OYHKUUW [EeNCTBU-
TenbHoro nepemeHHoro. Myctb / (/) = o (t) -|- WP () — He-
npepbiBNas KOMMAEKCHas (QYHKUWS [elicTBUTEeNIbHOro nepe-
MeHHoro t Ha cermeHTte /0™ t T (puc. 28).

Pa36bnB 3TOT CErMeHT Ha 4acTu C MOMOLLLbIO TOYeK JefleHus

h VO< *i< eee<h < < e < *p.i) N B3SB Ha KaX-
[OM 4acTn KaKyl-HUbyab TOUKY XK, COCTaBUM CyMMY
M
2 (%) A/*,
0

roe Otk = (jh — tk
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Torpga npefesn 3Toil CyMMbl MpU CTPEMJIEHUWN K MyJ/IH0 Hau-
6onbliein M3 pasHocTeil [tk e3Tb Mo onpefeneHNo  UHTerpas
T

$/«>kt. U3 paseHcTBa

3 <* -
W b1 2 /(T
W
=2 (1% +i2 p@*) MK
Puc. 28.
I I M
B npegene nonyumm cdopmyny ~f(t)dt = ~g>(f dt + i~ (t)dt.

i, n

OnpegeneHne nHTerpana (MyHKNW  KOMMJAEKCHOro nepe-
MEHHOr0; ero BblpakeHue yepea KPHBOJIMHCAHbIE WHTErpasbl
n npocTteliwume ceoiictBa. lMNMycTb / () — HenpepbIBHEN (PYHK-
LMN  KOMMJIEKCHOFO MepeMEHHOro Ha HEeKOTOpOi KYCOYHO-
rnagkoii ayre AB (puc. 29). Pa-
306bem ayry AB Ha u4actu; nycTb B
KOMMJ/1eKCHbIe yucna, COOTBET-
cTBylOWME ToykaMm fJeneHus, 6y-
oyt zk  Ha  kaxpgoi yactum
BO3bMeM TOYKY, COOTBETCTBYHOLLYIO

uncny (B kauecTBe B 4acT-
HOCTU, MOXHO B3ATb I*), N obpa-
n-1
3yem cymmy 2 /(W Or* T
i =0
AZj = zm — zk

Mpegen aToi cymMMmbl (MpyU CTpeM-
NeHNn K HYN AavHbl HaunbonbLiel
M3 YacTHbIX Ayr) HasblBaeTca WHTerpasiom ot / (r) BRoO/b
oyrm AB u o6o3HauyaeTcs 3HaKOM

\ f{z)dz. (3.33)
As

J1erko Bblpa3uTb 3TOT UHTErpas 4Yepe3 06bIKHOBEHHbIE KPU-
BOJIMHEliHbIE MHTerpasnsl [oTcloga 6yAeT BbiTeKaTb M (hakT cy-
lecTBOBaHUS uHTerpana (3.33), ecnu cyllecTBOBaHWE Kpu-
BOJINHEMHbIX WHTErpasioB cuMTaTbh W3BECTHbIM).
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Monaras / (1) = un (X,y) -f iv (x,y); zk = xk+ iyk, 6y-
JeM UMeTb:

= lim2 [«(**, Y+ UN**. y%) (A** + -
K
= T2 1" (**. Y & K— Vv (xk, y*) AyK] -f
K

-HUM 12U **, yRAXK+ nN(XK YRAYK\=

K

J f(z)dz= ™ ndx—vdy + i ™ vdx-\-udy. (3.34)
Al Al AD

3 HenocpencTBeHHOro onpegeneHnsa uHterpana (3.33), a
Takxxe u3 opmysnbl (3.34) BblTeKaeT, UYTO MPU MepemMeHe Ha-
npaBfeHNA MYyTU UHTErpPUpPoOBaHUA WHTErpasl 3ameHsaeTcs npo-

TUBOMOJIOXHBLIM yuciom J  ------- j lecnn nyTb pasbuT Ha
BA AB

4yacTu, TO MHTErpas Mo BCeMy MYyTW paBeH CYMMe MHTerpasioB
Mo ero 4acTsaM; WHTerpan mno 3amMKHYTOMY MyTW He 3aBUCUT
0T BblGOpa Ha4asibHO TOUKW, a 3aBUCUT TO/IbKO OT Harnpasse-
Hus o6xofa (B c/lydae MPOCTOro 3aMKHYTOro KOHTypa MOXHO

ynoTpe6nsATs 0603HaAYEHMs npuyem

MOCTOSIHHbIE MHOXWTENIM BbIHOCATCA 3a 3HaK WHTErpana;
WHTerpas CyMMbl paBeH CyMME WMHTerpasioB.

Mpco6ra oBaHWe WHTerpana (QYHKUMU  KOMIMJIEKCHOTO
NMepeMeHHOro B MpPOCTO/ MHTerpan 0T KOMMEKCHOW (yHKLMK
[LeNCTBUTENBHOIO MepeMeHHoro. Ecnu

CyTb napameTpudyeckme ypaBHeHuss ayru AB, 10 z = z (1),
rae z (t) —x () -(- iy (t) ecTb KOMIJIEKCHOE MapameTpuyec-
Koe ypaBHeHMe ayru AB. Torga uHTerpan ot (yHKUUW KOMM-
nekcHoro nepemeHHoro (3.33) MoXeT 6bITb Mpeobpa3oBaH B

6 . N. PomaHOBCKWIA
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NMpocToii WMHTErpasl OT KOMMJIEKCHOW (YHKUUW [eACTBUTENb-
HOro mMepemMeHHOro Mo dopmyne

(3.35)

[Mpegnonaraem r (/) HenpepbIBHO AnddepeHUMpPYeMOl yHKLMEN
oT *j.

dopmyny (3.35) MOXHO BbIBECTU HEMoCpeACTBEHHO, H
TakXe MonyynTb ee M3 aHa/IOrMYHOro npasmnaa Ana 06bIKHO-
BEHHbIX KPUBOJIMHEHbIX WHTErpasoB crefylwmnum o06pas3om:

Mpumep. Hantm (p r_
Cc
p. MapameTpuyeckne ypaBHEHUSA 3TOro Kpyra cyTb

. , rae C — kpyr paguyca R c uUeHT-
pom a = a +

cnegosaTtesibHO, KOMIMJIEKCHOE NapamMeTpuyeckoe ypaBHeHWUe 6y,qu r=

= a+ WP+ A (os p+ ising) wwm z= a+ Reiv.

Moatomy
Ecnn uenoe uncno ndg —1, 10
2n
@)
2q
&Myt
B An+l( \ «<"+»*»rfp = An+l< (3.36")

(n+ IX
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Takum o6pasom, nNpu LEOM n

OueHka moaynsa wmHTerpana. Ecnn Ha KycouyHO-rnagkoii
ayre AB, umeoweli gnvny L, numeem |/ | < M, rge/ (r) —
HernpepbiBHAA  (YHKUMA KOMMJIEKCHOrO repeMeriHoro Ha
pyre AB, T0

Is / (r Orkl< S/ (r*1ar*K M2 140 F
K K K

Ho |AzK JecTb paccTosiHMe mexay Toukamu zhu redl nu,

cnegoBaTenbHo, 27 I:*' ccTb [nvna nomaHon AMHUK, BAUCaH-
K

no B ayry AB, nostomy 2 | gu I L-

K

CnepoBatesnibHo, |2/ (™M) O |< JIL, oTKyga B npegene

13 f(z)dz\"ML. (3.37)
AB

Takum 06pa3om, MOAY/lb MHTEerpana 0T HernpepbIBHON (YHKLIMN
KOMM/IEKCHOTO MepeMEeHHOro BAOMb KYCOUHO-T/1afKoi ayrn  He
NPEBOCXOAUT MPOU3BEAEHUST [/IMHBI Ay HA MaKCUMyM Moay/s
noAbIHTerpasibHOM (UYHKUMW Ha 3TOi fyre.

MpefensHbIA nepexog Mog fHakoM WHTerpana. [lycTb

n @, " @, .. In@, ..

eCTb Moc/iefoBaTe/IbHOCTb HenpepbIiBHbIX (PYHKLUWA KOMMJeKc-
HOro MepeMeHHOro z na KycouHo-rnagkoiv gyre AB (gnvHbl L),
paBHOMEPHO cxogswasncsa K/ (z) Ha 3Toii gyre (310 3HA4wWT,
4YTO A/ BCAKOro € 0 HanpgeTca Takoii Homep N, uyTo npwu
n> N ana scex z Ha AB 6ygem umetb |/, (2) —/ (2) I< e).
DdyHKUMA [ (z) byneT HenpepbiBHa Ha AB (3To fokasbiBaeTcsA
TaK >Xe, KakK B c/lyyae [eliCTBMTe/IbHOro nepeMeHHoro). Torga

lim \lIn(z)dz=\ f(z)dz. (3.38)
n—>xAB AB

6*
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B camom gene, B3sB € > O, Haligem Takoe N, uTo npu n >
>JV o6ypet |/, () —/ (r) |< e pana Bcex z Ha AB.
Torpa no (3.37) nonyyunm:

lii fn(z)dz- J/(z)dz]= 13 /n(2 —/ (z)]dz J< eL
Al AB AB
npy n™>N,

4TO U pokasbiBaeT (3.38).

8§ 9. OcHoBHan Teopema Kowu

MNyctb yHkumMa w —J (2) = un (X, y) iv (X, y) ananu-
TMyYMa B 0AHOCBA3HOM o6nactu D. [MpeanonoXXum, 4To 4yacT-
Hble MPOM3BOANbIE MepBOro nopsaka ot W (X, y), V (X, Y),
CyLLecTBOBaHME KOTOPbIX BbITEKAET W3 aHanuUTU4YHoCcTU / (2),
HenpepbiBHbI B 0651acTM D (3aMeTUM, 4TO 3TO MpeAmnosiodXKeHne
He SIBNSIeTCA OorpaHM4YeHWeM, n6o Tak Bcerga 6ynet, no v3 on-
pefeneHNs aHa/IMTUYECKON (BYHKLMW 3TOr0 HEMnocpeAcTBEHHO
He BUAHO). MycTb C — Kakon-HN6YAb KYCOUYHO-rN1afKuin 3am-
KHYTbIA NyTb, nexawunin B D; torga B cuny (3.34)

h/(z)dz= (udx —vdy-f i@ vdx+ ndy,
c c '

HO B cuny ycnosuii Kown — PumaHa umeem - A 1 =

‘F"fl - ; C/lIefl0BaTeNbHO, BbIPAXXEHUS U hix —V(;y, vdx +

-f udy saBnsAwTCA NoNHbIMU AnddepeHUManaMmm B O4HOCBSA3-
Hoil 06/1acTu D, Mo3aToMy MHTerpasbl Mo 3aMKHYTOMY KOHTYpY

C 0T HUMX paBHbl HYO W, cnepoBaTenbHo, ¢ f(z)dz = 0. Takum

o6pa3om, crnpaBegnMBa crefywlias Teopema.

OcHoBHana TeopemaKowwu. EcmdyHkums/ (2)
anoiMTU4Ha B OAHOCBA3HOWM obracTu D, TowmHTerpan oT 3TOoM
(QYHKLMU BAOMb BCAKONO KYCOYHO-T/1AAKOM0  3aMKHYTOr0  KOH-
Typa, Jfiexkallero B o6nacTu D, paBeH Hysio.

B uactHoctn, ecnu C — MNpoOCTOA 3aMKHYTbIA KOHTYp W
] (2) aHanUTUYHa BHYTpPM HEro M Ha Hem, TO

(3.39)
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Teopema Kowun ans cnoxHoro KoHTypa. MNycTb C — nipo-
CTO 3aMKHY TbIli KOHTYp 1 Ct, Cr, ..., Cn — nNpocTble 3aMKHY-
Tble KOHTYpbI, nexkawme BHyTpu C v BHe apyr gpyra. IycTb
/ (r) anonAMTu4YHa B 06/1aCT N, 3aK/IYEHHON MeXKay KOHTYypom C

M KoHTypamu Cx, Cr, ..., Cn, N Ha BCex 3TUX KOHTYpax.
Torga

$j(.2)dz = (j>f(z)dz+(b / (2)dz+ ... + ¢ /(z)dz. (3.39)
c c, c, cn

B camom pene, nycTb, Hanpumep, BHYTpU KoHTypa G
(puc. 30) nexat gea koutypa C' u C" wn/ (r) aHanutnuna
Mexkay KoHTypom C un koHTypamm C', C* a Takke Ha
BCEX 3TUX KOHTypax. [NpoBeas
npocteble rnagkue ayru ki, Tn,
pg, coegnHsawwme C nC', C
n C", C n C, nonyymm B cuny
OCHOBHOI TeopeMbl Kowin:

$ / (z2)dz = 0,
qgklrmnlpg

n / (z)dz —O0.
khgpunnulk

CknafblBasi 3TV paBeHCTBA MOY/SIEHHO W 3aMeuvasi, 4To Mo
Kaxgoii u3 gyr kl, Tn, pg uHTerpyupoBaHue nNpoucxoauT Aga
paza B pas/iIMUHbIX HamnpaBfeHUSAX, MOJTYYUM:

b /@dz+ p/(@dz+ &>/ (2)dz=10
C c' c*
N

¢ /(z)dz= ¢ f(z)dz+ ¢ f(z)dz.
c c' c’

B vacTHocTu, ecniv / (z) aHaNMTUUYHA B OKPECTHOCTU TOUKMU
a, KpoMe camMoil TOUKWU a, TO MHTerpasbl M0 BCEM A0CTATOYHO
Ma/ibiM MPOCTbIM  3aMKHYTbIM KOHTYpaM, OKpyXawlwum a
(B3ITbIM B 04MHAKOBOM HarnpaBfleHUW, Hanpumep MO0XKM-
Te/IbHOM), paBHbl MeXay coboii. B camom pgene, nyctb Cx u
Cr (puc. 31) — pocTaTo4HO Masble KOHTYpbl, OKpy>Kawlive
a, N C»—KOHTYp, OKpYy>awLuii a u nexawjnii oqHOBPEMEHHO
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BHYTpM Cniu BHyTpn C2. Mo foKaszaHHOMY

§if(z)dz = ¢ f(z)dz; (8bf(z)dz = & f(z)dz,
cl Ci c* @
oTKyaa

¢ /(z)dz = ¢ f(z)dz.

C) Ca

dopmyny (3.39') MOXKHO nepenucatb elle Tak:
b /(z2)dz+ £ /(2)dzf- ... + (>/(2)dz—O

nnn

¢ f(z)dz = 0, (3.39")
’

roe I ecTb C/IOXKHBIA  KOHTYP, COCTaB/IEHHbIW W3 HapY>XHOro

KOHTypa C u BHYTpeHHUX KOHTypoB CX ..., Cn, npuyem noso-

XXUTeNbHoe HanpasneHune obxopa I

0603HayaeT, 4TO oOrpaHuymBaemas

obnacTtb [o/HKHA ocTaBaTbCA CreBa

(cnepoBaTtenibHO, 06X04 Hapy>XHOro

I KOHTypa MpPOUCXOAUT B MOSI0XKMU-

TeNbHOM HanpasfieHun, a 06xoAbl

BHYTPEHHUX KOHTYPOB MPOUCXOAAT

B OTpUuUaTesIbHOM  HanpaBfeHUN).

MHTerpan ¢ HepeMeHHbIM BepXx-

HUM npegenomMm. MycTtb / (z) aHa-

NUTUYHA B OAHOCBA3HOW o06nacTn

Puc. 31. D* N3 Toro cpakta, 4TO MHTerpa-

Nbl 3TOA (QYHKUMU N0 3aMKHYTbIM

nyTam, nexawmm B D, paBHbl Hyno, cnepyeT, 4YTo UHTerpan

oT / (z2) He 3aBUCUT OT OPMbI MNyTW, a 3aBUCUT JNWb OT

HayanbHOM MU KOHEYHOW ToyeK NyTwu. MoaTomy npu o0603Ha-

YeHUWN WHTerpasa HeT Haf0OHOCTM yKasbiBaTb MyTb, a AocTa-

TOYHO /NWb Ha3biBaTb Ha4yano zX U KOoHey, z2 NyTW, ynoTpeb-

nasa obo3HayeHne

a

J f(z)dz.
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PaccMoTpuM (DYHKUWMIO (MHTerpan ¢ nepeMeHHbIM BEPXHUM
npegesiom)

2#
Torpa
zH1 r+/1
F(.+ *)-/T«-J1e)<; 1 =4"nN
2 2
2+N 2+
I (z + A)—/'(2)=7i7 J /(K /1 (2) = -1 I (2) « ;
2 2

2+/1

Il ~ (>~/W"-rS 1/«)-/(*)l«e
2

Tak KakK B Touke z (DyHKUMA /| HenpepbiBHA, TO ANS BCAKOro
e > 0 HalpgeTcsa Takoe I 0, uto nNpu |£ —r1 \<<7)
6ygem umetb |/ (E) —/ (2) |< e. bepsa B KayecTBe nyTw,
COeAMHAKLWEr0 z ¢ z -f- h, NPAMOSINHENHbIN 0TPE30K U MOJb-
3ysicb oueHkKoi (3.37), nonyuum npu |11 |-<r}

- T
0TKyfa crefyeT, 4ToO

lim hils+ b -F& =/(z) vin F’' (2) =/(2).
h*o n

Takum o6pasom, aHanuTunyeckas QyHKUMA Bcerga uMeeT
nepsoobpasHyn. B KauecTBe TakKoBO/ MOXeT ObiTb B3AT WH-
Terpan ¢ rnepeMeHHbIM BEPXHUM Mpeaenom.
Nemma. Ecnn @' (z) = 0 B HekoToOpoi o6nacTu, To B
aTon obnacTm &P (z) = const.
Monarasa @ (z) = wn (X, y) + iv (X, y), Hailgem un3 ycno-
Bua &' (z) = 0, uto
m _ gn  _ dv _ dv _ ~
~AX ay aAx ~ Ay ~—
HO Torga m = const, v = const u, crefgoBaTesnbHO,

¢ (2) = const.
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N3 3Toin neMmbl criefyeT, UTO BCSIKME ABe MepBoobpasHble
0T O0AHOM (YHKUWM OT/IMYAKTCA Ha MOCTOsHHoe. B camom
nene, ecnn FX (r) = Ft' (), 1o

{f. @- Ft@)=Ft'@- F'@=0,

M MO3TOMY Ha OCHOBaHMW nemmbl Fi (z) —F1(z) = const.

O6o3Hauvan 3Hakom J/ (z) dz nobyio nepBoobpasHyto Ans
aHa/INTUYEeCKOn yHKuMn / (z), Haligem Ha 0CHOBaHWU CKa3aH-

J@)dz=J (BALC+G

roe C — Npou3BO/IbHOE KOMIMJIEKCHOE 4YMCHO.

dopMasibHO TeXHMKa OTbICKaHUS MepBoo6pasHbIX 0T ane-
MEHTapPHbIX (YHKLUNA KOMIM/IEKCHOMO MEPEMEHHOr0 He OT/u-
yaeTcs OT TaKoBOM AN (PyHKUWIA OeACTBUTE/IbHOIO MepemMeH-
HOro, MU Mbl He 6yfeM OCTaHaBNMBATbCS Ha Hell.

M3n10)KeHHOe BblIllie A0KA3aTeNbCTBO CYLLECTBOBAHUS Mep-
BOOOpa3HOWM OCTaeTcs B CW/e, ec/iM BMECTO TpeboBaHUsI aHa-
JINTUYHOCTM B OAHOCBA3HOM o6nactm D noTpeboBaTtb, 4TOObI
KoMMieKcHass hyHKuus / (z) 6b1a HenpepbiBHOM B HEKOTOPOM
o6nactm D n 4Tobbl MHTerpan oT / (z) BAONb NO6GOro Kycou-
HO-TNafKoro 3aMKHYTOro nyTu, nexawero B D, 6bi1 pa-
BeH Hynw. Ho nepsBoobpasHasa F (z) oT / (z2) Kak yHK-
uMs, VMerLas NnponssogHylo B D, sBNsieTc aHaIMTUYeCcKoM
B D, noatomy / (r), Kak npom3BogHas OT aHa/IMTUYECKON
dyHKUMM B D, cama 6ygeT aHanuTuyeckom B obnactu D
(cm. § 12). CnepoBsatensHo, cnpaseasivsa

Teopema Mopepa. Eciam HenpepblBHas KOMMeKcHad
dyHKuuA / (z) BHekoTOpO 06n1acT D 0b6nagaeT TemM CBOMCT-
BOM, YTO mHTerpann oT / (2) BAo/b 1106Oro  KycOYHO-r1agKoro
3aMKHYTOro nyTwu, fexkawero B D, paBeH Hynto, To/ (2) ava-
NNTurYHa B obnacTun D.

Taknm 06pa3om, ocHoBHasi Teopema Kol obpatvuma n nme-
€T MecTo.

TeopeMa UYTobbl KoMMekcHas yHKUMA / (z) B OfHO-
CBSA3HOM 06M1acTy D Gblia aHaNMTUYecKo B D, Heo6xogumo un
JoCTaTo4HO, 4YT06bl / () 6bU1a HernpepbiBHOM B D 1 YT06bI NH-
Terpan oT / (2) BAO/b NOGOr0 KyCOUHO-I/IaAKOr0 3aMKHY TOro
nyTwn, ne>kawlero B D, 6bu1 paBeH Hysio.
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§ 10. WNHTerpanbHas copmyna Kowun

Myctb / () — aHannTU4eckasa yHKUUS B obnactu, orpa-
HUYEHHON KYCOYHO-rNafknm 3aMKHYTbIM KOHTypoMm C (puc.
32), N Ha 3TOM KOHType. dUKcMpyem TOYKY z BHYTpu C u co-
cTaBuM  QyHKLMIO

bG)__MO=£n.

JTa (PYHKUMS aHa/IMTM4YMa BO BCEX TOYKax BHYTPU KOH-

Typa C 1 Ha HeM, 3a UCKJIloYeHUEM Toukn z. OgHako npu £ ->
“*mz umeem P (£) -» /' (z), no-
3TOMy ecnu  JoornpefenunTb
hyHKUM0 ¢ B TOUKe z Tpebo-
BaHMem ¢ (2) = /' (2), To (©
CTaHEeT HernpepbIBHOW QyHKUM-
el BOorpaHuUYeHHOM 3aMKHYTOW
o06nactn, orpaHW4YeHHOM KOH-
Typom C, W, cnepoBaTtesibHO,
fyneT orpaHM4YeHHOMN.

Takum obpa3som, B paccmart-
puBaemoiri obnactn | () |<
< K, rge K — HekoTopoe no-

NOXXUTENTbHOE  YUCIIO.

MycTb y — Kpyr paguycap
C LEHTPOM Zz, nexawuii BHYT-
pn C. To Teopeme Kowwn ANA C/A0XKHOIN0 KOHTypa vMeeT

Pp(CUNC = b (CK,

Pwuc. 32.

HO cor/lacHO npaBWy OLEHKM Moayns wHTerpana (3.37)
nmeem:

|$P(CK]|<2ap4d,

cfiefoBaTeslbHO, MepexoAs K npegeny npup 0 B nocnesHeii
paBeHCTBe, MOJTYUUNM:

dep(C)<*C =0,
C

nam
ifciiiLdE, o,
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nnu
TIr7-0-

Ho cornacHo Teopeme Kol Ans CNOXXHOrMo KOHTypa H B cuny
(3.36)

nosToMy npeAblayllee PaBeHCTBO MPUHMMAET BuA!

0TKyAa
(3.40)

dopmyna (3.40) HasblBaeTcA WHTerpasibHOM  IopMyoii
Howmn n aBnsetcs UeHTpasibHOM (opMy/oi Teopun aHasHTN-
yeckKMX (YHKUMA. W3 dhop-
mynbl  (3.40) BugHO, uTO
3Ha4YeHMS  aHa/INTUYECKOM
hyHKUMM BHYTpU C BMNOSHE
onpefensTcsa  3HAYEHUAMUN
atoii cyHkumm na C. [lpa-
Bas uvacTb hopmynbl (3.40)
HasblBaeTCsA UHTerpasiom
Kowuwn.
Puc. 33 BMmecTo npocToro 3amk-
HyTOro KoHTypa C MOXHO
6paTb CAOKHbIA KOHTYp I, COCTOALLUIA U3 HAPYXKHOTO KOH-
Typa N HeCKONIbKUX BHYTPEHHUX KOHTYpoB (puc. 33). Torga
B pe3ysibTaTe TaKOro >e pacCy>XAeHUs Haigem, 4To ecnm
/ (r) — aHannTUyeckas (yHKUMA B 06/1aCTU, OrpaHUYeHHON
CMOXXHbIM KOHTYpOM [, H HA HeM, TO A/ BCAKOWM TOUYKMW T B
3TOM 06nacTn cnpaseAnMBO PaBEHCTBO

(3.40)

3T0 — uHTerpasibHas dopmyna Kown Ans cfo)KHOro KoH-
Typa.
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§ 11. WHterpan Ttuna Kowwu

MycTb ' — Kycoumo-rnagkasa gyra (3amMKHyTasi WM He-
3amkHyTas). lMNyctb ¢ (E) — HenpepbiBHasA (PyHKUUA Ha gyre
Ir (puc. 34). Torga BblpakeHMe

(3-41)
r
VMMEKLLee CMbIC A1 Bcex I, He nexawwmx ua I (mbo Torga
noAblHTErpasibHoe BblpaXkeHne OyaeT
HenpepbIBHOM (hyHKumen oT 1), Hasbl-
BaeTcA MHTerpasioMm Twuna Hown. To
K€ MOXHO cKasaTb 0 BbIpaXKeHUn 60-
Nlee obuwero Buga

®d(*)= ~"~5U C, (3.41")

rie K — HaTypasibHOe 4uICho.
MokaxkeM, 4TO BblpakeHMe (3.41")
SBNSIETCA  aHa/IMTUYECKOW (YyHKLUMen
AN BCeX 3HayYeHWi I, He nexawmx Ha gyre . YumTbiBas
thopmyny

a*— bK= (@a— b (a414-a*~1b+ 6*"D,
rnosy4vaem:
D(-0- P(
Z\N— Z
{ «(EMC C TtprfC
| I C- ®*
N—r

o e=9C— E—)

a e_,u CH)EE e )+ L (e TR

- N8 - €= )*F* e> @ *

dukcupya z 1 nonaras

”

............. (C—1)*"1+(C —*** C—* 1) + ... + (C—H)*"*



172 aHanuTnuyeckmne dyHKLUMN irn. il

MO>XXEM Hanucatb:

o @E)— @
=20 sveyvie, *) .

OueBngHo, V (£, 2) ecTb HenpepbiBHasA (PyHKLUUS CBOMX ap-

rymeHToB, Korga £ ne>kut Ha T ur, He nexut wa T

OHa 6yfeT paBHOMepPHO HeMpepbiBHOW (YHKLMERA nepemMeHHbIX £,
*, Korga £ HaxoguTca Ha M, zZ, — Ha Kpyre ¢ LeHTPOM I, He MMeloLemM
06w mx Touek ¢ [ (No TeopemMe 0 paBHOMEPHOW HEMPEePbIBHOCTM (BYHKLMUN,
HernpepbIBHOM Ha orpaHM4YeHHOM 3aMKHYTOM MHoXecTBe). OTcloga cre-
ayeT, yTo npu r -* x umeem V (£, r,) -* V (£, r) paBHOMEPHO OTHOCU-
TenbHo £ Ha . BcnefcTBMe 3TOro mM3naraemblii HUXe NpefenbHbIi nepe-
X0 Moj 3HAKOM MWHTerpana fBASeTCA 3aKOHHbIM.

Mepexoas K npedeny Npu T, T, MNOAYUYUM:

YuuTtbiBas, u4To (E, 1) —--- K K+ , W 3amMeyasi, 4T0

npuxoaum K chopmyre

Takum obpaszomM, @ (r) MMeeT MPOM3BOAHYH U KaKAOW TOUKe
r, He nexkawen Ha .

NTak, ecnim @ (E) — HenpepbiBHasA (byHKrIfl,ﬁQ Ha KyCOYHO-
rnagkoii ayre I, 70 GyHKUMa d(r) = \— ABNSAET-

JEC 9

CA aHa/INTUYECKOM ANs BCeX 3HaYeHU I, He nexawmx Ha I,
npuyem nNpou3BoAHasA 3TOM (PYHKUMW MoslydaeTcs Mo npasu-
ny AvdpepeHUMpoBaHUA MO 3HAKOM WHTerpana:

&J12)

BbipackeHne gna @' (r) umeet cHoBa Tun (3.4), noato-
My K Hemy TMpuMMEHMMO Bce cKasaHHoe 0 @ (r). Ortcioga
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3aK/loyaemM, 4to iyHKUMS, onpegensiemast copmynoii

L7151 BCEX 3HAUEHWn z, He nexkawmx Ha [, MMeeT Npou3BogHbIe
BCEX MOPSAKOB, MPUYEM BbIPKEHUSI A7 HUX MOydaoTcs
B pesysibTaTe roc/efoBa Te/lbHbIX AMtdepeHuMpoBaHnii  noga
3HAKOM VHTerpana:

“fo(fe+l)...(* + n-1)jj (3-43)

§ 12. lNMpow (BoAHblE BbICLLUNX MOPSAAKOB
0T aHaIUTUYeCKon hyHKUUN

MycTb / (r) — aHannTU4eckas PYHKUMSA B KaKOM-HUObYAb
o6nactm D. MycTb C — 3aMKHYTbIA KOHTYP, NeXaluuii BMec-
Te CO CBOeli BHYTPEHHOCTbK B 3TOW obnactu. [ns Bcex To-
YeK Zz, /ieXalyx BHYTPW 3TOr0 KOHTypa, VMMeeM Ha OCHOBa-
HUN UHTerpanbHon dopmynbl Kown:

Ho wuHTerpan Kowwu, CToSAWMA B NpaBoii 4yactu, sBAsleTcs
YyacTHbIM c/lydaem vHTerpasa tmna Kowiw, criefoBaTtefibHo, Ha
OCHOBaHUM M3N0XEeHHOro B 8 11, / (z) vmeeT BHyTpu C npous-
BOAHble BCeX MOPSAKOB, Moslyyatolimecs na ocHoBaHuMK (3.43)
no dopmysne

(3'44)

Tak Kak nobyt Touky o6nactu D MOXHO OKPYXXUTb 3aMm-
KHYTbIM KOHTYpPOM, JfeXawmm (BMecte C BHYTPEHHOCTbHO)
B obnactm D, To npuxoaMm K criefylollemMy BbIBOAY: BCSAKast
aHaIMTUYecKas (PYHKUMA B KaKOh-HMOYAb 06/1acTU MMeET B
3TO 06NMacTy MNPOM3BOAHbIE BCEX MOPSAKOB, MPUYEM BCE OHU
ABNAIOTCA aH/IMTUYECKUMU OYHKUMSMW B 3TOW 06/1acTu.
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CnepyeT 3aMeTUTb UTO (PYHKUUW AEACTBUTENbHO MepemMeH-
HOro TakuM CBOMCTBOM He 06/1aaatoT. PYHKUUA OeNCTBUTESb-
HOr0 MepemMEeHHOro MOXET MMETb MePBYH MPOU3BOAHYI, HO
HE MMETb BTOPOI MPON3BOAHOMN.

§ 13. MNMocnepfoBaTenbHOCTM M pAAbI
aHaIUTUYECKUX (DYHKLMN

Bygem rosopuTb, 4YTO MOC/eA0BaTE/IbHOCTb quHKL||V|l7|
I\ (2)t /* (2)> o= In (2)i == *>»

onpeAeneHHbIX B HEKOTOPOW 06n1actu D, cxoAaMTCcs paBHOMEPHO
BHYTpu obnacTu D, ecm oHa CXoAUTCA PaBHOMEPHO Ha KadK-
OOV OrpaHMYeHHOM 3aMKHYTOM o6nactu, nexauweinr 8 D.

Teopema Ecnm nocnegoBaTeNbHOCTh  aHa/IMTUYECKUX
dyHKUMiA B 06nacTn D

NEft  eee*fn (@>eee

CXOANTCA paBHOMEPHO BHYTpWU obnacTu D K chyHkumn f{z), To
[ () — dyHKUMA, aHa. TTuUYeckas B obnacTu D, npuyem noc-
NefoBaTEeNbHOCTL  MPOM3BOAHBIX

N2> 1% (p= =e* (D, =
pPaBHOMEPHO CXOAUTCA BHYTpWM ob6nacTu D K MNpou3BOAHON
npegensHon dyHkumn, T. e. K/' ().
MycTe C — 3aMKHYTLIV KOHTYP, NeXaluii BMecTe C BHY-

TpeHHocTblo B D, nr — Touka BHyTpn C. Torga no dopmysie
Kowmn

Mo /,, (£) -»/ (E) paBHOMepHO Ha C, cnepgoBaTesibHO,

/a0 . /(O

C-* C-«
paBHOMepHO rMa C (Npy MKCUMPOBaAHHOM r); MO3TOMY Ha OC-
HOBaHMWM MpaBuna npegenbHoro nepexoga (3.38)

1 N /0 j*



MOCNELOBATENILHOCTU U PALbI 175

Taknm o6pa3om, BHyTpy C npegenbHas qyHKuma [ (*)
BblpaxkaeTcs MHTerpasioM TuHa Kowiwn, cnefosaTesibHO, SBNSET*
cA aHanuUTU4ecKoi. Ho nobyr TouKy obnactn D MOXKHO OKpy-
XUTb TakMM KOHTypom C,
cnegoBartesibHO, NpejesibHas
hyHkuma [/ (r) aHa/IHTUYHA
BO Bcell obnactm D. [MycTb
Tenepb A — Kakas-HUbyab
orpaHMyeHHasa 3amMKHyTas
obnacte (puc. 35), nexa-
wada B D, H C — 3aMKHy-

TbIA KOHTYp A/vHbI L, ne-

Kallnii BMecTe C BHYTPEH-

HOCTbIO B D u Takoi, uTo

A nexut BHyTpn C. TycTb

6 — pacctoaHue wmexgy C

n A (T. e. HauMmeHblUee W3

pacCcTosAHMIi ToyeK Ha C oT Touyek B A). Vimeem npwu r, rne-
xawem B A [B cnny dopmyn (3.44) pna n = 1]

EL

Ho /,, (E) -»/ (£) Ha C paBHOMepHO, crefoBaTesibHO, AN
Bcsikoro e > O HaligeTcsa Takoih Homep N, uto mpy n> N
6ygem mmets |, (E) —/ (E)] < e npu Bcex £ Ha C. Torga
M3 nocnegHen opmyrsbl Haligem (Mo NpaBuy OLEHKU MoAayns
MHTerpasna)!

U (*)-1"WKALL-jr

npu n > N 4 106om zHa A. 3TuM fokKasaHo, 4to fn (2)->-/'(z)
paBHOMEPHO Ha /060 OrpaHMYeHHOW 3aMKHyTOW ob6na-
cTn A, nexalueri B D.

3amMeyaHune. Mbl BUAMM, 4YTO NOC/ief0BaTENbLHOCTL MPO-
M3BOAHbIX /,, (Z) HAX0AUTCA B TaKMX XKe YCNOBUAX, Kak nocre-
[0BaTesNIbHOCTb (PyHKUWI /,, (Z), MO3TOMY K Heli Takxke npwu-
MeHVMa iloKa3aHHasi Teopema.
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Taknm 06pa3oM, ec/iM NocefoBaTe/IbHOCTb aHATUTUYECKMX
yHKUMiA /,, (z) B 06nacTn D paBHOMEPHO cxoamTcs BHyTpu D
K / (z), TO nocnegoBaTeNbHOCTb MPOM3BOAHbLIX J1l06Oro ro-

pagka ot /, (Z) paBHOMEpPHO CXOAUTCS
BHyTpU D © Npon3BOAHOM TaKoro >ke rMo-
pagka ot / (r).
MycTb Tenepb MMeeM (PYHKLUVOHa/bHbIN
pAaa
26, (),

Y/ieHbl KOTOPOro CyTb aHa/INTUYecKue

dyHKUMM Bo6nacTH D. 3 foka3aHHorocse-

OyeT, 4T0 €ec/in 3TOT PsAL PaBHOMEPHO

exogutca BHyTpu D, TO ero cymma aHasmtndHa B D

M psaL MOXHO CKOMIbKO YroAHO pa3 nouvneHno auddepeH-

umpoBaTtb, MNpUYeM Bce MoslyyawLwmecs pagbl PaBHOMEPHO
eXxoaATca BHyTpu D.

ANanMTHYHOCTb CyMMbI CcTerneHHoro paga. lNycte 2 ~rzn—

o
cTeneHnoin psig; U R — ero  paguyc cxogumocTu. [ycTb

O< re<R. Touka I, KakK Jfiexallass BHYTpM Kpyra cxoau-
MocTn (puc. 36), eCcTb Touka abCo/OTHOM  CXO4UMOCTMU
CTeneHHoro psga, T. e. psag 2|/1,r"| cxogmutesa. Ho npwm
IrT™ r umveem pPInrn]” NAIrM\ MN03TOMYy CTEMNeHHOW psapf,
Z A rzn paBHOMeEpPHO cxoauTcs Ha kpyre [ r. Tak Kak so-
6ass 3aMkKHyTasa 06/51acTb, Jexallass BHYTPU Kpyra cxoau-
MOCTW, MOXET 6bITb 3aksoyeHa B Kpyr [ npu Hagnexa-
Wwem Bblbope uucna r < R, TO NpUXoAUM K crnepyloLiemMy
BaKJ/TOYENNIO: BCAKWUIA CTEMEHHOW psf paBHOMEPHO CXOAUTCS
BHYTPW Kpyra CXO4VUMOCTW.

MpumeyaHue. Ha BHYTPEHHOCTU Kpyra CXOAMMOCTU CXO-
ANMOCTb MOXET 6bITb HepaBHOMEPHOIA.

TakK Kak usfieHbl CTENEHHOro psiga A,zn SIBASTCA aHau-
TUYECKMMUN (DYHKUMAMU, TO H3 JOKa3aHHOWM Teopembl criefyeT,
YTO CyMMa CTerneHHOro psifa ecTb aHa/InTUyeckasl (yHKUUS
BHYTPU Kpyra CXOAUMOCTM W UTO CTEMEeHHOW psg MOXHO
No6oe Ync/Io pas NoYsIeHHO AUdgepeHUMpPoBaTL BHYTPU Kpyra
cxoanmocTu. CnefoBaTtesibHO, MOMydvalolmecs B pesysibTaTe
aTtoro CTerneHHble psifbl UMET He MeHbLUWA paanyc CXoau-
MOCTU (Ha camoM fefnie — TOT >Ke pafmyC CX0o4MMOCTK).
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AHaNorn4yHo, CcTerneHHon psag 2 (z — e)n paBHOMEPHO

0
CXOAMTCA BHYTPWU Kpyra ¢ LeHTpoM B Touke a (puc. 37), a ero
CyMMa €eCTb aHanuTuyeckas (QyHKUUS BHYTPU 3TOF0 KPyra;

Puc. 37 Puc. 38.

pag 2 /1 n(r-a)n, nmelowmMin Konbyo cxogmmoctn (puc. 38),

(o)

pPaBHOMEPHO CXOAUTCS BHYTPW KO/bLiA U €ro cymMmMa ecTb aHa-
nuTnyeckaa QYHKUUS BHYTPU 3TOro Konbua. Mpu 3Tom 3a-
KOHHO Mno4neHHoe anddepeHumpoBaHne niwboe ymcnio pas.

§14. Psp Telinopa

MycTb / (2) — aHanMTUYecKast (PYHKUUS BHYTpM Kpyra c
LeHTpOM a (pagmyc KOTOpPOro MOXKeT ObiTb, B YAaCTHOCTW, pa-
BeH -{-00 — Torga 3710 OygeT BCHA nJsioc-

KOCTb).

MycTb z — TO4Ka BHYTPU JaHHOr0

Kpyra n C — KOHLEHTpUuyeckasi OKpy>XX-
HOCTb MeEHbLUEro pajuyca Takasi, u4To Z -
NeXxxut BHyTpym Hee (puc. 39). [lycTb
r= %Y—al,p — pagnyc kpyra C. Tlo

hopmyne Kowun

Puc. 39.

Mpu £ Ha C nmeem:
1 1 1
C—r (—*

r— a
N TaK KaK
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MOXXHO paccmaTpuBaTth Kak CyMMY ybblBatoLLeli reoMeTpuyecKoi
NporpeccMm ¢ MepBbIM  Y/IEHOM 1 3HameHaTesieMm *
Takum obpaszom,

1 L , r-a,
(r—sa)n , _ V» (r—a)"
’ (E-a)mdl

CXoMMOCTb 3TOF0 psga paBHoMepHa Mo £ Ha C (Npu duKey-
pOBaHHOM T), TakK KaK 3TOoT psii MaKopupyeTcsi UMUC/I0BOA

o

vi
yObIBaIOLLEN reoMeTpUYecKoin nporpeccueid Zi .

YMnoxas npegbigyllee paBeHCTBO Ha / (E), wWHTerpupys
nounevHo no C m gens Ha 2ni, MOAyYnm:

29, ¢c-r o

nnwn
40
/(2= 2 ~n(z-a)n,
roe @it
n =_LAjax,
~ui yi-4t

npuvyem I ecTb MPOU3BOSILHO (PUKCUPOBAHHAsA OKPYXXHOCTb C
LEHTPOM a, fexa wasa BHYTpM MepBOHaYasnibHO 3aJaHHOro
Kpyra (3ameHa C Ha [T 3aKOHHa, TaK Kak (—E—)—, aHasnH-
—a

TMyHa mMexxgy C m [, Bk/wvas uXx).

NTak, [okasaHa criefylolias Teopema.

Teopema. Bcskasa aHannTuyeckas yHKUmMs [ (Z) BHY TpuU
Kpyra ¢ UeHTPOM a MOXKeT OblTb pas/iodkeHa BHYTPU 3TOro
Kpyra B CTEerneHHOW psj

+ 00

1(2)= 2O An(z-a)\ (3.45)
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KO3(hhMLUMEH Tl KOTOPOro onpegenstoTcs ¢opmysion

<a~ 0" * 2" ") <3'46)

roe I — Kakas-HMbyab OKPY>KHOCTb C LIEHTPOM a, Nne>kaluas
BHYTPU [aHHOro Kpyra.

OTOT CTeneHHOW psf HasblBaeTca psgom  Telinopa ans
/ (z) B paccmaTpmBaemMoMm Kpyre.

MycTe dyHKUMA / (z) pasnoxeHa +Ba>prre C UeHTpoM a
B KakoW-HMbyab cTeneHHoW psag 2 ~k(z~ a)k= Myctb
0

T — KOHLIEHTpUYecKasi OKpPY>XHOCTb MeHbLUero paauyca. Tor-
fa Ha [T 3TOT psAfg PaBHOMEPHO CXOAUTCS. YMHOXKasl paBeHCT-

BO / (2 =2 JI*(2~ a)KHa (—r--_-g)”rm » UHTErpupys 3arem

MoYnieHHo BAOMb I M yMHOXas ewe Ha » Moyuum*

yunTbiBad, 4to B cuay (3.36")

OTMM [oKaszaHa efMHCTBEHHOCTb pasfiokKeHUsa aHauTu-

YecKo (YHKLUMM B Kpyre C LEHTPOM a B CTereHHol psig no
CTENeHsIM I — a.

Nemm a MycTb / () — aHannTUYeckasc PyHKUus B obnacTu D,
paBHas Hyno B HeKoTopon obnacTwu d, cogep>kalerica B D. Torga / (r)
TO>KAeCTBeHHO paBHa Hyn B D.

Cpoenaem npepgBapuTenibHoe 3amMedvaHue. W3 dopmynbl (3.46) Bua-
HO, 4YTO ecnn GYHKLUWA aHanuTU4Ha BHYTPU HekoToporo kpyra K u
paBHa HY/l0 B KOHLEHTPUYECKOM Kpyre K MeHbllero paguyca (puc. 40),
TO OHa paBHa Hyn BHYTpu Kpyra K. B camom pgene, B3AB [T nexawum
BHYTPM MeHbLUEro Kpyra K, Haigem no c¢opmynam (3.46). uto Bce An =
= 0, Ho Torga no gopmyne (3.45)/ (z) = 0 BHyTpu K.

PaccMoTpMMm Tenepb KOHEYHYIO LLenoyky nexaumx B D kpyros

/\1> *I_I'

obnajalwoLlyto TeM CBOMCTBOM, UTO LLeHTP KaXKAOro Kpyra /eXWT BHYT-
pu npefbiAgylWwero Kpyra, LLeHTp MepBOro Kpyra JieXXuUT B d, LEeHTp no-
cnefHero Kpyra neXxuT B NPoM3Bo/bHO BblGpaHHOW Touke * ob6nactu D,
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TaKylo Uernoyky KPYyros MOXHO, Hamnpumep, MNOCTPOUTbL CAefyHLWUM
cnoco6om (puc. 41). CoefnHMM TOYUKY zu, NpuHagnexatytwo obnactu d.
cnpsAmnsemonn ayron I .c Toukol r. ycTb MOAOXKWUTESIbHO ' YMUCIO O
MeHblle paccTofaHua ayru [ go rpaHuubl obnactm D. Pa3obbem I Ha
KOHeurnoe Ymcno yacteid ¢ ANMHaAMU, MeHbluMMM B. Torga uenoyka Kpy-
roB paguyca B C LeHTPamMu B TOUYKaxX fAe/leHNs y40BNeTBOPAET BCEM HYXK-
HbIM TPe60BaHUAM.

C nomoLblo CleNaHHOro Bbllle 3aMevyaHWs HalijeM nocnegosaTesb-
HO, 4To / (r) paBHa Hynw BHYTpu K, BHyTpwm Kr, ..., BHyTpn Kn. Ta-
KM o6pas3om, Ans nw6bo Touku r obnactn D nonyumm f (r) = O.

Pwuc. 40.

Jlerko BuAeTb, 4To0 ecnu / (z) — aHanuTMyeckas (YyHK-
uma B 06nactu D, He paBHasi TOXXAECTBEHHO HYJ0, TO BOKPYT
BCAKOM TOUKM a obrriactmh D MOXHO onucaTb TaKoil Kpyr,
nexkawmini B D, 4To BHYTpUW 3TOr0 Kpyra, Kpome, MOXET ObITb,
TOYKM a, yHKUMa / (z) oTAnMYHa OT HYy”A.

B camom fenie, onuLleM OKOJ/I0 TOUKU a Kpyr, nexawuii B
D. CornacHo niemvme B 3ToM Kpyre / (z) He MOXXET ObITb TOXX-
0eCTBeHHO paBHa Hynt. CrefosateNlbHO, B pasfoXKeHUn
(byHKUMM |/ (Z) B 3TOM Kpyre B psg MO CTENeHsM zZ — a He
MOXET C/Iy4YUTbCHA, 4TO BCe KO3IPULMNEHTbI Eaclé,Hbl HYJI10.

MycTb B YNOMAHYTOM pasfiokeHun [ (z2) = 2 (r—a)*
a
nepBbii N3 KO3PULMEHTOB, OT/IMYHbLIX OT HyNs, ecTb An

(n > 0), Torga
/@2 =A,@—ar -fA,H@z—amlL+ ... = (z—a)nPp(2),

rae (2 = An+ Anll(z—a) f ...

dyHKUMA ¢ (2) HenpepbiBHa B Touke an (@) = And O
cnepoBaTesibHO, B AOCTATOYMNO MasIoM KOHLLEHTPUYECKOM Kpy-
re MeHblwero paguyca ¢ (z) ® 0, a nosTomy, 3a WCK/HOYe-
HMeM, ObiTb MOXXET, TOYKM &, MMeeM B aTom Kpyre / (z) ¢ O.
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Touka a HasblBaeTcsl Hynem dyHkumn / (z), ecrm/ (a) = 0.
M3 wnocneguero npeanoxeHus cnegyer, 4to ecam / (r), aHa-
nuTnyeckas B obniactu D, He paBHa TOXKAECTBEHHO HY/I0, TO
BCe ee Hynu B 0651acTM D m30MMpoBaHHble (T. €. BOKPYT KadK-
[Oro 13 HUX MOXXHO onucaTb TakKoW Kpyr, 4YTo APYrux Hynemn
B 3TOM Kpyre He 6yaeT). KpaTHOCTbH HyNs aHa/IMTUYECKOMN
QyHKUUM (He paBHOW TOXAECTBEHHO Hy/0) Ha3sblBaeTcs
Takoe M, YTO pasfioXkeHWe B CTEMeHHOW ps4 B OKPECTHOCTU
paccMaTpMBaeMoro Hyns a HauvMHaeTcs € M- CTEMeHWn, MHaue
roBops, ecnv B OKPecTHocTM a uvmeem / (2) = (z — a)" P (2),
rae aHanmMTudeckass yHKUus < (2) Takas, uto <P(a) ==0.
Hynn kpaTtHocTM 1 HasblBATCA MPOCTbIMU, HYNU KPaTHOCTU
2 — [ABOWMHbIMW, HYNW KPaTHOCTU 3 — TPOMHbIMN.

Teopema efguMHCTBeHHOCTWU. EcnmBobnacTn D paHu
fBe aHanMTKnYeckme tfij/HKUMK, coBnajawoLne Ha MHO>XKeCTBe TO4YeK, UME-
LemM Xo0T A 6bl OfHY MpedenbHY0 TOYKY, /iexkalyto B D, T0 aTwn e QyHK-
LN TOXXAECTBEHHO paBHbI.

B camom pgene, nycTb a — YNoMsHyTas npegenbHasa Ttouka. Torga
pasHoCTb paccMaTpuBaeMbiX (BYyHKUMIA obpaljaeTcss B Hy/lb B To4Kax,
HaxoAAaLWnXca Kak yrogno 6/1M3Ko K a U OT/INYHbIX OT B, HO MO JOKa3aH-
HOMY 3TOro He MOXeT 6bITb, ecnu paccmaTpumBaeMble (DYHKLMUWN He COB-
nagalnT TOXAEeCTBEHHO.

dopmyna (3.46) ona kKoaumumeHToB psga Teinopa Mo-
XKeT ObITb MepenucaHa Ha ocHoBaHUK dopmysbl (3.44) B Buae

(3.47)

OueHka Moayner KoathdmumeHToB psga Teinopa. Ecnm
Ha OKPY>XHOCTU " Mmoaynb hyHKUMn / (z) He npeBbiwaeT M,
To, obo3HayasaA 4epe3 R paguyc OKpy>XHocTu I 1 ougHMBas
MHTerpan B opmyne (3.46) no npaBuy OUEHKN MoAyNs
MHTerpana (3.37), nonydnm:

(S T 17,5

TakMm 06pa3omM, MoslyyaeM HepaBeHCTBa

NANN <%  (n=0,1,2,...). (3.48)

N3 (3.48) HenocpeAcTBEHHO BbiTekaeT Teopema JIMYyBHANA: uenas
pyunkuma (T. e. aHanUTUYeCKass Ha BCell MI0CKOCTU , OrpaHM4veHHas Ha
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BCel MM0CKOCTWU, ecTb MocTossHHasA. B camoi gene, nycTb Ha BCeli nsoc-
KOCTKU

00

I(*)=» 2 nn*n; H(*)t< ni.

0

Torga npu nw6om R wmeem AN | < . 0TKyAa B npegene npu
R -* oo Hatgem (npn B> 0) JAn |< O, T. e. An = 0. CnepgosaTefnbHO,
/ (*) = AO= const.

N3 Teopembl JINYBUNNSA NErko BbITeKaeT OCHOBHAA TeopeMa BbICLUel
anrebpbl: BCAKWUIA MONOHWUM, OT/INYHbLIA OT MOCTOAHHOWM, MMeeT No Kpai-
Hell Mepe OA?-H Hynb. B camom pgene, ecnu 6bl NoAMHOM P (r) He nmen

Hynel, To '‘p'y 6bina 6bl Lenol pyHKuMen. Tak Kak N3BeCTHO, 4To P(z)~*
-» 00 nNpu r -* 00, TO P -»0 npn r -* 00, 0TKyga BWAHO, 4TO
mp”™  6yaeT orpaHuW4YeHHOl Ha Bceli nnockocTu. Ho Torga no Teopeme

nysunna p = const u, cnegosaTenbHo, P (*) = const, YTo npo-

TUBOPEYNT npeanosiodkeHuio,

§ 15. Psag JlopaHa

Myctb / (r) — aHaUTMYecKass PYHKUWSA BHYTPU KosibLa
(puc. 42) mexxay ABYMsi OKPY>KHOCTSIMU C LEHTpoOM a (ecsiv
pagnyc BHYTPEHHEM OKPYXXHOCTW paBeH

O, TO KOMbLO CTAHOBMUTCSH KPYroM C «Bbl-

KOMOTbIM» LEHTPOM; €Cc/M pajuyc BHeLl-

Heil OKPY>KHOCTW paBeH oo , TO KOJIbLO

CTAHOBMTCS BHELLUHOCTbIO Kpyra; ecnu

YNOMSAHYTOEe  MNPOUCXOAUT  OAHOBPEMEH-

HO, TO KO/IbLO CTAHOBUTCA MJI0CKOCTbIO

C BbIKOJIOTOA  TOYKOIA). Myctb z—
1-He. TOYKa BHYTpM 3Toro Kosbua, C u
C' — KOHLEHTpUYECKNE OKPY>XHOCTH,

neXkalme BHYTPU KOMbLA W Takue, 4YTO b JIEXXUT BHYTPWU
C wn BHe C'. Tlo copmyne Kowwu pfas CA0XKHOIO KoHTypa

R 1 1
= bl Yy — f

_ = A fiQdt J_ X f(QdS
£E-* + 2n«C z-J
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lMepBoe cnaraemoe MNpaBoi 4YacTW Ha OCHOBaHUW BblK/a-
JOK 8§ 14 npeacTtaBnseTca psaoM

rae
'O«
a) n*1

npuuem I — Kakaa-nubyab (hMKCUpPOBaHHAas KOHLIEHTpuUYec-
Kasi OKPY>XHOCTb BHYTPU KO/bLiA.

OcTaeTcsi npeo6pas3oBaTb BTOpoe cnaraemoe ™ Cb -

Monoxkum fE— a\ = r n paguyc kpyra C' o0603HayMm Ye-
pe3 p. Torga npm £ Ha C' nmeem:
1 1 1

r—J r—a—(E—a)

M TaKk Kak j~ a]—-~ 1» TO nocnegHee BbIpaXKeEHWE
MOXXHO paccMaTpuBaTb KaK CyMMy Y6biBalLWEel reomMeTpu-
YecKoih nporpeccum ¢ MepBbIM Y/lEHOM — U 3HaMeHa-
Tenem -— - . TakuMm 06pasom,

f-C *-a e («_e)an ' oo (*—an *

CxogMmocTb 3TOro psiga — paBHomepnasa no C Ha C' (npwm
hMKCMpPOBaAHHOM z), TakK Kak 3TOT pPsAd MaXXopupyeTcs 4uc-
-

NI0BOM  yObIBalOLLEN reoMeTPUYECKO Mporpeccnein 2 -

YMHOXas na / (£), nHTerpmpysa nouvneHHo no C' n gens Ha
2ni, NoAy4YnM:
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roe

A- -SSfm e - »*m<k-snf”™r3$ 7!

[3ameHa C' Ha I 3akOHHa, Tak Kak /(£) (E — a)"'l aHanutnu-
Ha mexagy C' u I, BKAYas ux).
CknagpbiBas pasnoxeHus
*(bl1W azx (K
2n*y C- r 2N« %kr

nosy4ynm passnoxkeHuve / (r) B psf Mo uesbiM CTeneHsaM r — a
C rokasartesiamu 0. MM fAokasaHa crefytollas Teopema.
Teopema. Bcakaa dyHkuma /(r), aHaMTudeckas
BHYTPU Ko/bLa C LeHTPOM @, MOXKeT OblTb Pa3noXkeHa BHy TpU
BTOro Kosbla B pAj
)

/(r)= 2 '"Mr-a/f (3.49)
—®
KOahMUMEH T bl KOTOPOro onpeaensaioTcs iopmysion

n=0, £4, £ 2"-->" B-50>

rae ' — Kakas-HMOYAb OKPY>KHOCTb C LUEHTPOM a, Jsiexkallas
BHYTPU [aHHOIO KOsibLia.

JTOT psAf HasbiBaeTcsA psigom JlopaHa ansa / (z) B paccmart-
puBaeMoM KOJbLie.

Ecnn dyHKuusa / (r) pasnoxxeHa B KOJbLE C LLEHTPOM a B

KakoW-Hubygb psg Buga 2 A*(z—aT, 10> paccykgas

[OCMI0BHO, KakK B COOTBETCTBYWLEM MecTe § 14, nony4ymm!
16, ,bDdt, —A
2;|<)/(,_(a)5d'+‘ m

roe ' — OKPY>XHOCTb C LIeHTPOM a, JsieXkallas BHYTPU Kosibua.
OTMM [oKasaHa eAVHCTBEHHOCTb pPa3fioKeHUS aHaInTU-

YECKO (UyHKLMW B KOfbLle C LEHTPOM a B psif MO Le/biM
0) cTteneHsam z — a.
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OueHka Moaynei KoadguuneHToB psga JlopaHa. Ecnu Ha
OKPY>XHOCTU [, nexallein BHYTPU KoMbLa, MOAY/b (PyHKUNN
/ (r) He npeBbiwaeT M, T0, 0603Havas 4yepe3 1 pagumyc OK-
PY>XHOCTW, MNOJy4MM KakK rMpu BbiBOAE HepaBeHCTB (3.48)
aHasl0rMyHble HepaBeHCTBa

(=0, £1, +2,...). (3.51)

§ 16. W3onmpoBaHHble 0C06ble TOYKMU
aHa/INTUYECKOW DYHKLUMN

Touku, B KOTOPbIX HapyllaeTcd aHaJIMTUYHOCTb (PYHK-
UMn, HasblBalOTCs 0cobbiMW. Ecnn B gocTaTouHOM 61M30CTM K
0Cc060I1 TOUYKE a HeT APYrux 0Cob6biX TOUEK, TO ocobast Touka a
Ha3blBaeTcAd W30/IMPOBaHHOM 0Cco60M TOouKoW. Ecnm a ecTb
M30/MpoBaHHasA ocobasi Touka yHKuum / (r), To B goctarou-
HO MasioM Kpyre C BbIKO/I0TbIM LIeHTpPOM a yHKuus / (z) 6y-
OeT aHanoru4yHom wu, cnegoBaTesibHO, pasfnaraeTcsa B psf
Jlopana

+OO
/(*) - S Ak(z-a)\ (3.52)

— OoC

Jlornyeckm BO3MOXXHbI W UCKOHAOT APYr Apyra cnegyto-
wpe Tpu cny4vas:

1) B pasnokeHun (3.52) HeT 4NeHoB C OTpuUUATE/bHLIMU
rnokasatensimu;

2) B pasnokeHun (3.52) ecTb ANLWb KOHEYHOE YNC/0 ule-
HOB C OTpUUATE/IbHLIMU MOKasaTensmu;

3) B pasnoxeHum (3.52) ecTb 6ECKOHEYHO MHOr0O 4sIEHOB
C oTpuLaTelbHbIMWU MOoKa3aTesIsIMU.

B aTux cny4asix ocobasi To4Ka a Ha3bIBAETCH COOTBETCTBEH-
HO 1) ycTpaHumoii', 2) noncom; 3) CyLIeCTBEHHO 0COBON.

UneHbl pasnoXeHusi ¢ oTpuuaTeslbHbIMU MoKasaTensiMu n
COCTaB/AT rNaBHyl yacTb / (I) B OKPECTHOCTU 0Cco60Oi Tou-
K/ a.

Ecnu a — ycTpaHuMMasi, TO B OKPECTHOCTM TOYKU a

+OO
I(r) = ZOJ'I (r-a)’;

cnefoBaTesibHO, Moc/e Hag/eXxallero AoonpeaeneHunst PyHKLUmm
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B Touke a [/ (@ = AOL dyHkums / (z) cTaHOoBUTCA aHa-
JINTUYECKON B TOUKE a U «0COBEHHOCTb YCTpaHsieTcsi». B poc-
TaTO4MHO Masioii OKPEeCTHOCTM YCTPaHMMOW 0CO060M  TOUKM
byHKums / (z) orpaHnyveHa. O6paTHo, ecnm / (z) orpaHnyeHa
B HEKOTOPOM OKPEeCTHOCTU M30/IMPOBaMHOA 0C060M TOUKM a,
I @]~ M, To 3ta Touka ecTb ycTpaHumasi ocobas. B ca-
MOM fene, npu n > 0 M goctatodHO MasioM R vmeem B cuny
(3.51) \AN\  MR'1 otkyga npu R 0 B npefene nony-

um |JHn | r~0, wu, cneposatesnibHo, J1_,, =0.
Ecnn a — nonioc, To B OKPECTMOCTN a MIMeeM:
+OD

I(z) = 2 Au(z-a)k
N

A ndO, oTkyaa

rao

Y@ =An-fidnml z—a) + ...-f AO@z—n)" -f ...
eCTb aHanmMTU4yeckasi (PYHKUMSA B OKPECTHOCTU TOYKU @, Mpu-
yem (@) = A-,, ¢ 0. ObpaTtHo, ecnn /(z) = T rge

¢ (z) aHamMTMYHa B OKpecTHocTM a n p(a)”~0, TO a ecTb
nontc n-ro nopagka ana / (z) (N HasbiBaeTcA MOPSAAKOM Mo-
noca a, NoMtocbl KPaTHOCTM 1 HasbiBaOTCA NPOCTbIMW, MOSO-
Cbl KPATHOCTU 2 — [BOWHbIMMW, MOJIKOCbI KpaTHOCTU 3 — TPoii-
HbIMW).

M3 Takoro BblpaxkeHnA ana / (z) cnepyet, 4to npu z-» a
uveeMm / (z) — 0o. Takmm o06pa3om, MApU CTPEMSIEHMN He3a-
BUCUMOI0 NEPEMEHHOr0 z K MOJICY aHa/IMTUYECKON (yHKLNN
(PyHKUMA CTpeMUTCA K 6eCKOHeYHOCTW. J1erko BWAeTb, 4TO
€C/IN a eCTb «-KpaTHbIA Hynb Ana/ (z), To a 6yaeTr «-KpaT-

HbIM rMofitocoM A1 j°, Tak Kak Wu3 paseHcTBa / (2)

=(z —a)" @ [rae ¢ (z) aHaUTUYeCcKasd B OKPECTHOCTU a,
oTNnyHas ot Hynsa B al cnepyer:

1 1 1
/() _ —0)" ®1
(HoO jj-py aHanMTM4ecKas B OKPEecTHOCTM a W OT/inyaeTca OoT
Hynsa B a).
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Ecnn a — cyulecTtBeHHO ocobasi Touka, TO B /1060 OK-
PECTHOCTM a 3HayeHuUs QyHKuMn / () Kak yrogHo 651M3Ko
noaxoAaT K /t060MYy KOMMIEKCHOMY yuncny (Teopema Coxou-
Koro). B camom fene, ecnv 6bl B HEKOTOPOM OKPECTHOCTU TOu-

km aunmenm () —A|> 6, rge 6> 0, TO -—"j- j- 6bl-
na 6bl orpaHuyeHa B6aM3M a W, cnefoBaTeslbHO, a ABAsAMACh
6bl ycTpaHMMOM 0co60i To4KOM Ans E!—Ar, noaTomy

—N t = (r), roe o (r) aHanUTUYHa B OKPECTHOCTM @, HO

Torga BOKpyr aumeem / (z) —A + ,0TKyga cnepyert, uTo

a asnsetca anda / (z) nmbo ycTtpaHuUMor 0coboii Toukol (ecnm

@ (a) =01, nn60 Nnontocom [ecnn ¢ (@) = 01, 4To NpPOTMBOPEUNT
YC/OBUIO.

Cnpasegnusa 6onee rny6okas Teopema [lnkapa, cornacHo KoTo-
pol 0 N060N OKPECTHOCTU CyLLeCTBEMMO 0CO060M TOUKM aHanuTuyeckas
(PYHKLMA He TONbKO KaK YyrofHo 6/1n3Ko NoAXoAUT K Il060MYy KOMMIeKc-
HOMY 4MCaly, BO MPUHMMAaeET BCe KOMMJIEKCHble 3HAa4YeHUsA, Kpome, ObiTb
MOXKeT, OAHOrO.

Ecnu B 06nactn D pyHKUmMA / (Z) MOXET MMETb B Ka4decTse
0COObIX TOYEK TO/IbKO Mostcbl, To / (Z) Ha3blBaeTcss Mepo-
MopchHoM B o6nactmn D. MycTb / (z2) mepomopdHa B obnactn D
M a — Kakas-HMbyab Touyka 3ToW obnactm. Torga B OKpecT-
HOCTU TOYKM a VIMEEM:

I @ = (z—a)nd (),

roe ¢ (z) aHanuTUYHa B OKpecTHocTn a n ¢ () ==0. Yuncno n
Has30BeM MopsgkoM yHkuum / (r) B Touke a. Ecim n> 0, T0
a ecTb Hy/b M-ro nopsgka gna/ (z); ecoim n = 0, 70/ () He
paBHa Hy/Il0 B TOUKe &; ecnm N1 —— T <[ 0, To a ecTb Nostoc
T-To nopagka ansa / (z). MNpn ymMHOXXeHUW (AeneHun) mepo-
MOPMHLIX (YHKUNA MOPAAKN UX B KaXKAOM TOUKe CKaadbl-
BalTCA (BblUMTAIOTCH).

BeckoHeYHO ypanieHHaa Touka. ECiv K MaocKocTU KOMM-
NIEKCHOr0 nepemMeHHoOro [06aBunTb OfMH HECOO6CTBEHHbIA afe-
MEHT, Ha3blBaeMbIA OECKOHEYHO Y[aneHHOW TOYKOW 00, TO
Mosly4YMM TOSIHYH0 MJIOCKOCTb KOMMJ/IEKCHOIO0 MEePEMEHHOro.
MonHas nJ/I0CKOCTb KOMIMJIEKCHOrO MepemMeHHOro B W3BECT-
HOM CMbIC/le c/fioBa MofobHa cepe. 3TO MOXHO BWUAETb C
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MOMOLLbI0 CTepeorpadmyeckor npoekumn. MNycte nmeem cdepy

(puc. 43), KacawLLycs M0CKOCTU KOMM/IEKCHOrO MnepemMeH-

Horo B Touke O (toXKHbIA nontc). CoeguHMB OTPE3KOM Mps-

MOW CeBEepPHbI MOIKC C TOUKOM 2, 0603HAYMM Yepe3 M Touky

nepeceyeHVst oTpeska co ccepoii. Eowin Kaxkgomy KOMMIeKc-

HOMY umcily 2 OTHECTU COOoT-

BETCTBYWOLLYH TO4KYy M, TO

MeXay  BCEMU  KOMMJIEKCHbIMU

ynucnamn M Toukamm M cdoepsbl

(kpome CeBepHOro nostoca)

6ygeT  yCTaHOB/MIEHO  B3aMMHO

0fHO3Ha4Hoe COOTBETCTBUE.

Puc. 43. [o6aBnas  Heco6CTBEHHbIV ane-

MEHT 00 M CTaBA €ro B COOT-

BETCTBME CEBEPHOMY MOJIOCY, MOMYYMM B3aMIMHO OAHO3HAu-

HOe COOTBETCTBME MeXAy TOUKaMW MOSIHOWM MIO0CKOCTU  KOMIM-
JIEKCHOFO MEepPeMEHHOr0 W To4uKamMu cdepbl.

OKpecTHOCTbI0 6eCKOHEYHO YAa/IeHHOM TOUKW HAa30BEM
BHELUHOCTb KaKoro-Hmbyab Kpyra ¢ ueHTpoM O (4em 6osbLue
pagnyc 3Toro Kpyra, TeM «MeHbLUe» OKPECTHOCTb TOYKWM 00).

MycTb / (r) aHaIMTUYHA B OKPECTHOCTU 6GEeCKOHEYHO yAaa-
NIeHHOWM ToukW. Torga BHe HEKOTOPOro Kpyra c ueHTpom O oHa
n3obpasutca psgom JlopaHa

+®
I(2)= 2 Ak-zk- (3-53)
—30

Jlornyeckn BO3MOXXHbI U UCKIOYAKT ApYyr Apyra criegyto-
WwMe TpU cnyvast:

1) B pasnoxeHun (3.53) HeET USIEHOB C MOMOXKUTE/IbHLIMN
nokasarensmu;

2) B pasnioxeHun (3.53) ecTb /NLb KOHEYHOEe YUC/I0 Ysle-
HOB C MOMIOKUTENbHLIMK MOKa3aTesisamMu;

3) B pasnoxeHun (3.53) ecTb 6€CKOHEYHO MHOF0 YSIEHOB
C MOMIOKUTENbHLIMW MOKa3aTensiMu.

B 3Tux cniyyasix oo HasblBaeTCA COOTBETCTBEHHO: 1) ycTpa-
HMMOW 0co6oi Toukoid", 2) nontocom; 3) CyLEeCTBEHHO 0co6oi
TOuKol. MogctaHoBKa z = |I/E£ npmBoANT n3yyeHne YHKUUM
/ (Z) B OKPECTHOCTU TOYKM oo K WU3yyeHU GyHKumn /(1/£)B
oKpecTHocTu Touku 0. [Mo3ToMy B c/iydyae yCTPaHUMOWA 0CO-
60/ TOUKM oo YHKUMA [/ (I) CTPEMUTCA K KOHEYHOMY npe-
Jeny npu z-*- 00 (Nocne HaAnexallero [oornpegesieHns
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hbyHKUMM B 00 (YHKUMVIO CcriefyeT cuuTaTb aHa/IMTUYeCKol

B OKPECTHOCTU o0 ); B Cflyyae nonwca B ce QyHKUMs [/ (2)

CTPEMUTCSH K oo MpU Z —> 00; B C/lydae CyLLEeCTBEHHO 0C060M

TOYKN B oo (PyHKUMSA / (Z) B MO6GOA OKPECTHOCTM oo Kak

YrogHo 6/IM3K0 MOAXOAUT K J1I060MY KOMIMJIEKCHOMY 4YuCAY.
Ecnn B OKpecTHocTM 00

IM =2 A,rc= 42+ -~3T1 + ---.

— 00

npuyem A-n g O, TO 00 HasblBaeTCA Hy/seM M-ro nopsigka
ans [ ().

§ 17. BblyeThbl

MycTb a — KOHEeYHasi N30/11MpoBaHHasi ocobas Touka aHa-
NUTNYeCcKor yHKUMKM / (z); Torga B OKPEecTHOCTM TOUKM a 3Ta
+®

yHKUMA n306pasmnTca psagom JlopaHa/ (z) = 2 ~»(z— a)™
—®

KoathdmumeHT npn (—1)-i cTeneHn B 3TOM Pas/ioKeHUU, T. e.
umncno Ha3bIBaeTCsA Bbk

YeTOM (QYHKUMK / (Z) OTHO-

CUTE/IbHO 0C060M TOYKM a.

BblueT / (z) oTHOCMTEsIbBHO a

MOXXHO 0603Ha4aTb 3HAKOM

Hes / (r).

a
M3 dopmynbl (3.50) npwu
n = — 1 Haligem:

AN — (P/ (r)dz, (3.54)

rge 'y — [OCTaTOMHO Maslasi OKPYXKHOCTb € LIEHTpOM  a.
OcHoBHasA Teopema 0 BblueTax. Ecam cyHkuyusa / (z) aHa-
NNTUYHA BHYTPM 3aMKHYTOro KoHTypa C M Ha Hem, 3a

VCK/TIOYEHEM KOHEYHOro 4uciia To4ek BHYTpU C, TO d)/ (2) dz
c

paBeH MPOU3BEAEHNIO 27T HAa CYyMMY BbIMETOB OTHOCUTE/bHO
0cobbIX To4ek / (z), nexkawmx BHyTpu C.

Myctb a,, a2, ... ,aT (puc. 44) — ocobble TouYKM [ (2),
ne>xxawme BHyTpn C, wn alt ar, ..., aT— BblMeTbl [/ (2)
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OTHOCUTENBHO HUX. Ty ¢ T b YmM—OKPY>XHOCTU BOKPYT
3TUX TouekK, nexawme BHyTpu C m BHe Apyr gpyra. Torga
no Teopeme Koluun ansi C/IOXKHOr0 KOHTypa U B cuiy opmysbi
(3.54) nony4nm:

G/@dz=¢p f(z)dz+ ... + & /(@)dz = 2<(a,+...+ aT),
c ~r

uyTo N TpeboBasiocb AoKasaTb

Takum 06pa3oMm, A1 BbIMUC/IEHUS UHTerpasa BAO/Ib 3aMK-
HYTOro KoHTypa C gocTaToyHO 3HaTb BblYeTbl (DYHKLMW OTHO-
CUTENIbHO 0COObLIX TOYeK, nexawimx BHyTpu C.

BbluncneHve BblyeTa OTHOCUTENLHO MPOCTOr0 Mostoca.
Myctb / (r) = , rae Pp(r), if () aHanNNTM4YHbLI B OKpecT-

HOCTM a M ToyKa a ecTb NpocToi nynb ana ™ (r). Torga a
6yget npoctbiMm nositocom gna / (z) (ecnn Pp(@ e 0). Nmeem
ijj @) = (z— &) m (2), raeifj (z) aHaNUTHYHA B OKPECTHOCTU

aunif, (2) @ 0. Toraa B OKPECTHOCTM TOMKM a (PYyHKUUS
aHaIMTHYHA U

JjfL e JEifL+B (z_ a+ B (2_ ay +
ip{i(z) ¢ ifi 2«> (z_ ) 1 @ yl

cnepoBatesibHO, B6/IM3N TOUKM a

Dp)
- T +»'+ B>x2--)+ --
oTKyfa
Res/(z)=iM”"- (3-55>)
Ho o' (2 =3 (2) + (z— a) ifi (2); iP (@ = (a); cnepo-
BaTesIbHO,
Ras/(z)==i"f* (3155)

Mpumepsl.
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BblueTbl norapnmMmUyeckoin MApPOH TOIMNOW  MepoMopdHOA
byHkumn. Myctb / (z) — mepomopdHas dyHKuus. Torga no-

rapngmuyeckas Npon3BogHas OygeT Takke MepomMopd-

HOW, TMpUYEM I.Hy{ll/l n nontocbl / (z) 6yayT NpoCTbIMW  MO-
iz

nwocamMH gna j— . B camom fenie, UMeeM B OKPECTHOCTU

Toukmn al
/() = (r —anp(r);
®(r) aHamTuuHa, ¢ (a) @ O;

o= nr—a1e0 + ¢ —a)e o)

I'(») _  » , P(n)
! (r) z— a "N Pp(r)

CnepoBatesibHO (yunTbiBasi aHa/IMTMYHOCTL BTOPOrO crarae-
MOro MpaBoii YacTW B OKPECTHOCTU a),

Res LWl =
a I(r)

Taknm 06pa3oM, BblHeT NorapnuMUUecKon MpPon3BOAHOM
paBeH MoOpsAKY AanHoW yHKUWM B 3TOM Touke. U3 3Toro 3a-
MeYaHMsi H U3 OCHOBHOW TEOpeMbl 0 BblYETax BbITeKaeT (yuu-
TbiBas, YTO MOPSAAOK B Hysle N-ro rnopsifika paseH M, NopsaoK
B MoJitoce mM-ro nopsifka paseH — T) clnefylouwas Teopema.

Teopema o0 norapmpmMuUyeckmx BblyeTax. Ecnnm
/ (z) mepomMopthHa BHYTPWU 3aMKHYTOro KOHTYpa U Ha HeMm,
npuyemM Ha KOHTYpe He WUMeeT Hyseli W MoscoB, TO UWH-
Terpan

paBeH MPOV3BEAEHUI0 2Ni Ha PasHOCTb MEXKAY YMC/IOM Hyrieid
yHKUMN [ (2), nexkawmx BHyTpn C (cunTas Kadkablid Hysb
CTOMbKO pa3, KakoBa €ro KpaTHOCTb), W YMC/IOM MOJOCOB
yHKUMN / (z), nexkawmx BHyTpM C (cumTas Kadkipli Mosioc
CTOMbKO pa3, KakoBa ero KpaTHOCTb).

Taknm 06pasom,
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rge Aor _ cymMma KpaTHocTel Hynen qyHKumn / (z), nexxaiumx
BHYTpM C; P — cymMa KpaTHoCTe MostocoB QyHKumn / (z),
nexxkawmx BHyTpu C.

dopmyna (3.56) nerko obobuwaetcsa. 3ameTum crnepsa, 4To
ecnn a — npocTto nosatc ansa ¢ (z2) v ¢ (z2) aHanuUTMYHa B
OKPECTHOCTU TOYKM &, TO

Res [t (r) if (z2)] = dp(a) Res (2). (3.55"
a a
B camom fgene, B OKPECTHOCTU TOYKM a MMEEM:

owW-Sft.

roe ¢x (z) aHasIMTUYHA B OKPECTHOCTU a,

d(N)d(r) = PrW'»(> Resd(z) = tf, (a);
Raes [®@)B@)] = @@ (@);

cneposaTenibHO, paseHcTBO (3.55") cnpasBen/MBoO.

MycTb / (z2) ynoBneTBOpseT OTMEYEHHbIM BbIle YCN0BUSAM
n ¢ (r) — Kakas-HMbygb aHanmTuyeckas GQyHKUMA B 06-
nactn, orpaHUYeHHoOW KOHTypoMm C, M Ha HeM. TaK KakK Kax-
[as ocobas Touka norapmmMuyeckoin MPon3BoAHON MepoMopd-
HO (PYHKLUMM ecTb MPOCTOM MOJC, TO A1 BCSAKOW TOUKM a,
ABNAKLLIeica Hy/leM Unv noscom / (z), vMeeMm:

Res [¢ (2) = ®(a) Res = «®P(a),

rge N — nopsigok / (z) B Touke a. Mo3aToMy M3 OCHOBHOW Teo-
peMbl 0 BblYeTax C/eAyeT, 4TO ecnvu ak— Hynm [ (z), nexa-
wye BHyTpu C, TK— KpaTHOCTU uX, br— nontwckl / (2),
nexkawme BHyTpu C, — KpaTHOCTU UuX, TO

We e 7TTdz= 2 (@K - 2 "IT (b} (3-56)

Mpn ¢ (z2) = 1 sta dopmyna obpawaetca B (3.56).
BbluncneHve BblYeTa OTHOCUTESIBHO KpaTHOro MoJsoca.
MycTb a ecTb A-KpaTHbIi nontc gna / (z). Torga B OKpecT-
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MOCTU TOYKM a UMEeeM

[(Z)= [zJda)n + " -+ rfi + (P2

[rae & (z) aHannMTMYHa B OKPECTHOCTM TOYKKM a]; oTcroga

—a)'mM=An+ ...+0_, (z—a)"» +

+ (r—andg(r)
B OKPECTHOCTU ToukM a. [AudpepeHuUumpyss 3TO PaBeHCTBO
n — 1 pas; nosy4yaem:

I(z- a)"/ @IKD= (n- )™ + [(z- a" d@I<».
Ho ansa nocnefHero cnaraeMoro Toyka a sIBfsgeTca HyseMm, Tak
Kak ana (z — a)" ¢ (z2) Touka a sABnsgeTca Hy/em KpaTHOCTU
He Hwke N (NpU Kakaom AnddepeHUUpoBaHUN KpPaTHOCTb

HYy/s1 MOHMYKAeTCs Ha eauMHuLy), crefoBaTesibHO, B mpeaesne
npu z-> a MnosyuYnm:

I_i*m (z —a)ynf (2)In1>= (n— ' 1_,

oTKyaa

Takum o6pasom, ec/n a ecTb S-KpaTHbl nontoc gnsa / (z), 1o
Res/(z) = JS? K* ~ a)li(r)ld11- (3-57)
M3 aToi dhopmMynbl Npy A1 = 1 Aerko noslyumTb BbiBeAeH*

Hylo paHee opmyny (3.55) AN1A BbIUMC/IEHMSA BblYeTa OTHO-
CUTeNbHO MPOCTOro mMositoca.

Mpumep.
M 1 1 r 1¢~°
(r*+ 1) Ia—1)1 I (r'+ I)nJ

J_ . [ 1 I<"»
"= D M [ (2 4-<n) =
i (-1)"-1n(n+1)... (2a—2)
(«=-1)! @z +
-1)"-1n(n+ 1)...2n-2) 1 (2.-2)!
n—21! (ro*"1 1 2mllp—D)**1m °

7 . WN. PoMmaHOBCKMii
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MpunoXeHne BbIYETOB K BbIYMCAEHUIO HECOBCTBEHHbIX WH-
TerpanoB. [ycTb / (2) — PyHKUMA, vMeloWwasa Bbllle AelCT-
BUTE/IbHOM OCU NNLLIBb KOHEYHOE YMC/I0 0C06bIX ToYeK a, b
(pyo. 45) 1 He wuMmelOWas 0cobbIX TOYEK Ma AerCTBUTENbHOMN
ocn. Mpn A, goctatoyHo 60NbLUOM, TOYKM a, b, K 6yayT
neXxaTb BHYTPWU BEPXHEro nosykpyra paguyca R ¢ yeHTpom 0.
VMmeem (C o6o3HavaeT KOHTYp MOAyKpyra):

? f(z)dz = 2n* [Rﬁes/(z) + Rﬁs/ 2-f...+ R%s/(z)]; (3.58"

HO
R

roe 79 — BepXHSS MOJSTYOKPY>XHOCTb paavyca R C  UeHT-
pom 0. Ecnu npu z-» o0 (B BepxHeli nonynsockoctn) / (2)
CTPEMUTCA K Hy/0 BbicTpee, 4YeM

UC- B camom pgene, p[na BCAKOro e
HaligeTca Takoe A > 0, 4TOo nNpu
EH> A,y> 0(@z=x iy) nveem Ja (@] < r. Torga

yTo W TpeboBasiocb [AoKasaTb.
CnepoBatenbHo, n3 (3.58') B npegene npu R == + 00 no-
K

Ny4nM  noHnmas lim
R -* 00

( f(x)dx = 2ni [Res/(z) + ... + Res/ (2)]. (3.58)
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NTak, ecnn / (r) aHaNnUTHYHA B BepxHeli MOMyn/oCKOCTU
y >0, 3a UCK/OYEHMEM KOHEYHOMO Yumcia 0cobbIX TOYeK, fiedka-
LKMX Bbille AeACTBUTENLHOA OCU, W €cnn npu r—» 00 (B Bepx-
Hei nonynnockocTwn) / () cTpeMUTCA K Hy/o ObICTpee, Yem

+00

1/r, mo J f(x)dx cywecTByeT W paBeH MpoussedeHuo 2t
-00

W CyMMY BblMeTOB / (Z) OTHOCUTE/NBHO OCOObIX TOYeK, fiexka-

LWKMX B BEpXHel MoAynjocKoCTW.

B uvacTtHocTn, ecnu/ (r) NMeeT B 00 HY/lb KpaTHOCTU N 2,
He VMeeT 0c0ObiX TOYEK Ha [AeiCTBUTE/IbHOW Ocu U MMeeT
TO/IbKO KOMEYHOEe YMC/O 0COObIX TOUEK Bbille AeNCTBUTEbHOM
ocn. T0 chopmyna (3.58) npumeHMma.

B uactHocTn, (3.58) npumeHuma, ecnm / (r) ecTb pauymo-
HanbHas Apobb, B KOTOPOMA 3HaMeHaTe/lb He MMeeT AeNCTBU-
Te/IbHbIX KOPHEW W CTerneHb 3HaMeHaTes1sl MpeBbILLAeT CTEMeHb
uncnnTens 6onee Yem Ha eAVHULY.

4-00

e dx
Mpumep 1. Hantm N rd4+ 4 eKopnu 3HameHaTensA cyTb+1l+ TI.

— 00

CnepoBaTtenbHO,
+00

dx /1 1\
j 17+T =2* (Res1l+T + B« TIr+IN) =

-—100
221 ( 4*)yr=1-n " (4r*),_ J ~
2N (mErm)zeit< + (12 )t—>K | =
/1+1 -1 +i\ )
(2B11\-16 + -16 ) _ 4 -
+00
. i dx X
Mpumep 2. Halith \ ——--—---—. KOpUWH 3HameHaTens cyTb + |
—a N N
(kpaTHOCTM N),- cnepoBaTesibHO, yuyuTbiBaa (3.57'), nonyvyaem:

+00

dx 1
= 25ai Res m
(x*+ 1)n i (r+1)

(2u — 2)! 1-3...(2n —3)
24n-al(M— 1)1 = A2-4 ... 2n—2)

7*
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MpunoXxeHnsa 0CHOBHOM Teopembl Kowun K BblYUCMIEHUIO
HEeCO6CTBEHHbIX UHTerpasioB. He ocTtaHaB/MBasACbL Ha 06LLI,I/IX
COO6pa)K6HI/IFIX, BbIHNC/TMM B Ka4yeCcTBeE MNnpumMepa TakKoro npwu-
JNIOXKEHNA MHTErpavibl CDpeHen;l

-too

cos (x*) dx; \ sin (x*) dx.

PaccmoTpum yenyto dyHkumio eli\ Mo Teopeme Kown umH-
Terpasl rno BCAKOMY CNPSAM/ISEMOMY 3aMKHYTOMY KOHTYpYy OT
3TOM (PYHKUMW paBeH Hy/o; B
YaCTHOCTMW, paBeH HYJ/I0 NHTerpan
Mo KOHTYpy cektopa AOB (pwuc.

46). CnepoBaTesnbHoO,

j $+ S5+ s =°.
.0J/1BO on nB no
Nmveem
A
o, 46, J eldz- Seixae
on 0

KomnnekcHoe napameTpuyeckoe ypaBHeHme ayrun AB ecTb
= Jle™, 0 < <9< 4/4; cnepoBaTtesibHO,

al4 «
Jelldz= e~™IRe'tdy = iR ’A\e«*»in*pw(««oosa
ns 0 0
0TKyAa yuntbiBasi HepaBeHCTBO sin 0> Onpu 0< 0< i
a/4 +00 4
I5 BrYr]< R J e-s*sin < RJ = -pT

n noatomy \ eizdz—0 npu R —*o0.
B
KomnsiekcHoe napamMeTpuyeckoe ypaBHeHMe oTpe3ka OB
ecTb
Z—p<=% 0 p R;
cnepoBaTesbHO,
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oTKyfa [cuuTas m3BecTHoi opmyny (4.10) rnasbl V!

+<»
\ ei2dz —meni>* ™~ e pdp = — ~—¢€"“i4 npu R —* oo.
0B 0

M3 ckazaHHOro 3aksoyaem, 4UTO, MEPexofdsi B paBeHCTBE

e'Zdz = Ok npegeny npu 4 -» 00, NOAYHYUM:
0/1BO

+00

J e*dx = = 4 - L+ % B59>
0

npu4YyeM MOMyTHO YCTaHaBNMBaeTCs CXOAMMOCTb 3TOr0 Heco6-
CTBEHHOr0 WHTerpasa.
OTcioga, nepexofsi K COMPs>KEHHbIM BeNnuuHaMm, Haligem:
<> — -
J e-~dx = =-A-y -J- (- i). (3.59)
0
OTaensasa geiicTBUTENIbHYIO M MHUMYKO 4Yactn B (3.59), no-
nyunim:
+ 00 +00 J—
cos (x*)dx = J sin(xs)dx = |/ — » (3.60)

o] 0

0TKyaa (BCNeAcTBME YETHOCTU MOAbIHTErpasibHbIX (YHKLWIA)

+D 8.8) -
cos (x*)dx= ~sin(x*)dx= |/ . (3.60")
—00 -00

§ 18. MpuHUMN aprymeHTa

Myctb / (z) — mepomMopdhHas yHKUMS B obsiactu, orpa-
HWYEHHOM MPOCTbIM 3aMKHYTbIM KOHTYpom C, M Ha Hem, He
vMerLas Hynen 1 nomocoB Ha C. Tak Kak

S~T$Tdz = Ln/(z3 ’
TO

f~7W dz = ILn/ (2)lc.
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rge npaeasi yacTb 0603HAYaeT MpupalleHne, KoTopoe Mosy-
yaeT Ln/ (r), Korga Touka z onucbiBaeT KOHTyp C B noJsio-
XXUTeNbHOM HanpasneHun. Ho

Ln/ (r) = 1n/ (r) |+ fArg/ (2

n InY (N], Kak HenpepbiBHas ogHO3HA4YHasi PyHKUMSA, nocse
obxoga C BO3BpallaeTcsd K CBOeMYy MNepBoHaydaslbHOMY 3Haue-
HWO, MO3TOMY

iLn/ (2)c = ilArg/ (N]c
7

I~ -7 1lirdz= -srlArK/(*)lc-

C Opyroi CTOPOHbI, MO TEOPEME 0 SIOrapUMUUEcKUX BblueTax

rae N — uncrno Hynen n P — uncno nontocoB pyHKUum / (z),
nexkawmx BHyTpu C (C y4yeTom Mx KpaTHocTei). Takum obpa-
30M, MONyyaeTcs NpasBwu/o, U3BECTHOE MOJ Ha3BaHWEM MpPUIH-
uuna aprymMeHTa.

Ecnn / (r) mepomopcHa B 0651aCTU, OrpaHUYeHHOM NpPoCTbIM
3aMKHYTbIM KOHTYpPoM C, U Ha HeM 1 ecnn / () He UMeeT Ha
aTOoM KOHTYpPe Hyfed U NOMcoB, TO Pa3HOCTb MeXXAY YMUC/IOM
Hy/lel 1 YMCNOM MOMOCOB (C YH4ETOM WX KpaTHOCTEN) hyHK-
um [ (r), nexxkawmx BHyTpn C, paBHa MOSHOMY u4uciy 060po-
TOB BOKPYr Hy/sl, COBepLUaeMbIX BEKTOPOM Touku / (r), Korga

TOYKa zZ onncbiBaeT™ KOHTYpP C B MN0/IO>KUTE/IbHOM Hanpa./ie-
HUK, T. €.

N-P = -£-\Argf(z)\c. (3.61)

C nomoLblo MpUHUMNA aprymMeHTa Jflerko AokKasbiBaeTcsi

Teopema Pyuwe. Ecm / (2) n 9(z2) — aHanuTmyec-
Kve (OYHKLUMM B 06/1acTU, OrpaHUYeHHor KoHTypoMm C, M Ha
HeM W BO BCeX TO4YKax KOHTYpa C BbINOMHSAETCA HepaBeHCTBO
Y@I1> Ol 70/ @@ vf@ + (@ wmeroT BHyTpn C
OAMHAKOBOE 4UMC/I0 Hysel (cuMmTas KadKabl Hy/b CTO/bKO pas,
KakoBa ero KpaTHOCTb).

HNokaszaTenbcTBO. W3 ycnoBus Teopembl BUAMO,
uto/ (2) u/ (2) -f P(z2) He nmetoT Hynei Ha C, 160 Npn z Ha
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C wmeem | (Ol> POI>0; [+ d@1> VI -
—1p(2)l >0.

Myctb N — uncno Hynen QyHKummn / (r), nexawmx BHYT-
py C, N — uncno nyneii pyHkumm / (z2) + <Pp(r), nexawmx
BHyTpn C. o nNpuHUMNY aprymeHTa WMeem:

N = {Arg |/ (.) + ®(@)]>c = £ {Arg[/ (,) (I + £W)]}c =
= MArg/(z)]Cf "fArg(l+2+.)]c = ™ IAr™/(Dlc =Ar,
yuntbiBas, 4uto [\rg(i -|- = 0, mbo, KOraa Toyka

onvcbiBaeT C, Touka 1-f--ypy onucbiBaeT nyTb, JieXalimii
BHYTpPU Kpyra paguyca 1 ¢ ueHTpom 1 (puc. 47), Tak Kak
Ha C | <1, u4to u TpeboBa-

nocb [oKasaTb.

OTMETUM HeKoTopble CcneacTBUs
n3 Teopembl Pylue.

Mycte / (z) — aHanuTUyeckas
pyHKUMA B 061acTW, OrpaHUYEHHOA
3aMKHYTbIM KOHTYpoM C, 1 Ha HeMm,
He umMewwas Hyneihi na C. Torga,
ecm /, (2 (A =1, 2,3, ...) aHa-
nutndeckne QyHKUUM B o0b6nactw,
orpaHMYyeHHoM KoHTypom C, u Ha
nem n f, (z) ->/ (z) paBHomepHo na C, TOo npu n, pgocta-
TOYHO 60/1bLUIOM, 4YMCNO Hyneir (C y4yeToM MX KpaTHo-
cTein) pyHKumn /,, (z) BHyTpu C paBHO umcay Hynen {c yue-
TOM MX KpaTHocTen) pyHkumm / (z) BHyTpu C (Teopema
'y pswuuya).

B camom fene, oyeBngHo, T — min |/ @] > 0, u6o/ (2)

c

He nmeeT Hynein Ha C, N03TOMY HalgeTca Takoi Homep N, 4To
np n> N nz Ha C bygem umets |/, 2) —/ (2 I< T, HO
Torga B pasnoxeHuum /,, (z2) = f (2 + [/, (@ —/ (2)I mogynb
BTOPOro c/slaraemoro rnpaBoi 4YacTu 6yAeT MeHblle MOAY/Is
nepsoro ass Bcex z Ha C. W, crefoBaTeflbHO, MO Teopeme
Pywe uncno Hynei /,, (z) BHyTpn C 6yaeT paBHO 4MC/Y HY-
neii | (z) BHyTpn C, uTOo 1 TpeboBasiocb AoKa3aTb.

MycTb a — Kakoe-HMOyAb KOMMJIEKCHOE 4WUCNo, a-Tou-
KaMn yHKUMK / (Z) HasbiBalOTCA TakKuMe 3HayeHus z, Ansd
KOTOpbIX 3Ha4yeHue / (z) paBHO a. WHaye roBopsi, a-TOYKM
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hyHKUMKN / (2) cyTb Hynn yHKumm / (r) — a. Tak Kak Hyau
aHa/IMTUYECKON (DYHKLUNW, He pPaBHOM TOXAECTBEHHO HY/H0,
M30/IMPOBaHbl, TO a-TOYKU aHa/INTUYECKON (yHKUUKW, He
paBHOM TOXAECTBEHHO @, W30/1MpoBaHbl. [TOBOPAT eLlle, 4To
a-Touka yHKUMKM / () MMmeeT KpaTHOCTb M, €ec/in OHa ecTb
N-KpaTHbI Hynb ana [ (z) — a.

MycTb / (z) — HenocTosiHHaA aHanMTUyeckas (YHKUUS U
z0 — n-KpaTHas a-Touyka 3Tol (yHKUMU. TakK KakK a-To4YKu
M30/1MPOBaHbl, TO Ha OKPY>XHOCTW Yy [0CTATOYHO Masioro pa-
anyca ¢ ueHTpom z0 M BHYTPU Hee He OyAeT HaxoAUTbCs ApY-
rmx a-tovek. Toragam = min |/ (27 —a |> 0. Echm |b—

Y

— a] < ™, To BHyTpU y 6yfeT HaxoauTbes (C y4eToM UX KpaT-
HocTeil) poBHO N b-Touyek yHKUuMM / (r). [AeAcTBUTENbHO,
f@—b—[f@z —al+ (@a—b), npuyem Ha Yy WMeEEM
la—b |< | (r) —a |, cnegoBaTenbHo, no Teopeme Pyuio
4YnCo Hynet (C y4yeToM MX KpaTtHocTelr) yHKkumm / (r) — b
BHYTPUW Yy coBnajaeT ¢ TakoBbiM ans / (z) — a W, cneposa-
TeNlbHO, paBHO N (BHYTpU y (PyHKUUA / (z) — a UMeeT TOJIbKO
OAWH Hynb, z0, N ero KpaTHOCTb paBHa M). 3ameTUM eLlg,
YTO ecnu, Kpome TOro, pagmyc p OKPY>XXHOCTW y AOCTATOYHO
Man (4tobbl /' (N d O nNnpu 0< [Jz—z0]< p), T0 / (2
obpallaeTcd BHYTPM Yy POBHO N pa3 B bu Bce 3TN 6-TOUKN—
npocTble (OAHOKPATHbIE).

HenocTosiHHas aHanuTuyeckass QyHKums / (z) nepesoguT
OTKpbITbIE MHOXXecTBa B OTKpbITble. B camom pfene, ecnu
! (zg) = w0, TO BCUYy BbILLEN3IOXKEHHOIO ypaBHeHuMe / (z) = wt
VMeeT BHYTPW KaK YrofHO Masioro Kpyra c ueHTpom z0 pe-
LUeHVe, ecniM TONIbKO Wt A0CTaTOYHO 61M3Ko K WO.

M3 nocnegHero 3amedyaHus cnepyet, yto ecnv / (z2) — He-
MOCTOSAHHAA aHanuTuyeckas (YHKUUS B HEKOTOpPOW o06s1acTu,
TO B M1060i 6M30CTU K KaKAow Touke z0aToi ob6nactun Hai-
netca Takasi Touka z,, uto |/ (Z) |> |/ (z0 } Otcioga Bbl-
TeKaeT MpUHUMN MakcMmyma Moayns: ecnu / (z) HenpepbiBHaA
B OrpaHM4YeHHO’ 3aMKHYTOM 06M1acTM U aHa/IMTUYHA BHYTPU
aton obnactu, 10 |/ (2) | mAocTuraeT cBoero HambonbLUEro
3Ha4YeHUs Ha rpaHuvLe obnacTu.

M3 npuvHuMna MakcMMmyma MoAy/isi HenocpeAcTBEHHO Bbl-
TekaeT Teopema: ecnu nocnefoBaTesibHOCTb (yHKuUmiA /,, (),
HenpepbIBHbIX B OrpaHW4YeHHOW 3aMKHYTOl 0651acTV U aHa-
NINTUYECKUX BHYTPW 3TOM 06/51acTW, paBHOMEPHO CXOA4MTCA
Ha rpaHuue o6s1acTu, TO OHa PaBHOMEPHO CXOAMUTCSA Ha BCel
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obnactn. B camom fene, TakK KaK CXO0AMMOCTb Ha rpaHuue —
paBHOMepHasi, TO A1 BCAKOro e > 0 HalgeTcsl Takoik Homep
N, uto npu n>N, p > 06ygem uvets] /reip(?) —/, (N K
< e ANs BCEX Z Ha rpaHuue obnacTtu, Ho Torga Mo MPUHUUNY
MaKcuMyMa MOoAy/isa 3TO HEPaBEHCTBO CMpaBeA/INBO Ha BCEWA
obnactu wu, cnegoBaTesibHO, B cuiy KpuTepusa Kowum nocre-
JoBaTenibHOCTb /,, (zZ) paBHOMEPHO CXO0AMTCA Ha BCeil ob6nacTu.

§ 19. AunddepeHumpyemble 0TOSpaXK?HU A

CooTBeTCTBME, MO KOTOPOMY KadKAOMY 3/IEMEHTY a MHo-
KecTBa A OTHOCMTCSA HEKOTOPbI 37eMeHT b MHoXecTBa B
(Nnpupoga anemMeHTOB MHOXeCTB A u B 6e3pasnuuyHa), Hasbl-
BaeTCsl 0TOOpadkeHMeM MHO)KecTBa A B MHOXeCTBO B. One-
MEHT b, COOTBETCTBYK/IUUWIA @, Ha3blBaeTCs 06pa3oM afnemMenTa
a (Torga a HasbIiBalOT MPoobpasoM 3femeHTa b).

OTobpaxkeHue, audhepeHUMpyemMoe B JaHHOM TouyKe. Mbl
6ynem paccmatpuBatb 0To6pakeHMe ob6nactm D naoCKoCTU
KOMM/IEKCHOr0 MepeMeHHOro B MJI0OCKOCTb KOMIMJIEKCHOMO ne-
peMeHHoro. Takoe 0oTo6pakeHUe MOXXHO 3anucatb (PopMysioi
w = [ (z), rge / (z2) — KoMn/eKcHo3Ha4yHas (QYHKUMA KOM-
NJEKCHOro MnepemMeHHOro z, onpegesieHHas B obnactu D. Ero
MOXHO TakXXe 3anucaTb opmysiamu

m—unXy), v=v(XY),

roe n(x, y) KV (X, y) — geicTtButesisHass U MHMMasi 4actu
/ + iy)-
OnpepeneHne. OTobparkeHne j;/m = v&(y)g) Ha-

3bIBaeTCca AvddepeHUMpyeMbIM B JaHHOM TOUKe paccMmaTtpuBae-
MOl obnactu, ecnn n (X, y) U v (X, y) auddepeHUMpyembl B
3TOM TOuKe.

Takum o6pasom, AuddepeHUMpyeMOCTb 0TOBpaXKeHUsT B
Touke (X, Y) 03Ha4yaeT BO3MOXXHOCTb MpeAcTasneHwin (o0 non-
HOM amdpdepeHumane PyHKUNIA ABYX AeNCTBUTENbHbBIX NepeMeH-
HbIX CM. § 6):

v = NOx+ BAy + e, (Ox, Qy) V Oxa+ Ay2, |~ N
Ay = CAx f- DAy + e2(x, Ay) Y Ox*+ Ay*, J
/ Ox -» 0,

rge e, W er CTpeMATCA K HyJ/t0 npu n rge A, B,
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C, D — HeKoTopble AelAcTBUTESIbHbIE YMcna (3TU uyucna ofmno-

3na4yrio onpeaesieHbl, Npnyem A= m ) g = m r Av

§ _,D,M&)dgepeHu,mpyemoe B Touke (X, y) OTOOparkeHme Hasbl-

BAETCS MEeBbIPOXKOAIOLMMCS B 3TOM Touke, ecim G & 0.

Nemma. Ecnm oTobpadkeHue, anddepeHLMpYyeEMoe N He-
Bblpo>XKAatoLLeeca B Touke M, nepeBogUT Touky M B Touky N,
TO TOYKW, JOCTATOYHO 6/M3KMe KM M OT/IMYHbe 0T M, ne-
peigyT B TOYKW, OT/IMYHble 0T N.

AJdokasaTenbcTtBo. [lpaBuno Kpamepa nokasbl-
BaeT, YTo ecnu £, onpefenuTb Kak (QyHKuuu oT a, P n3 nu-
HeliHOl CUCTEMBI

At, 4* Br) 4-0. — O,

CE f~-Di\ f-p = 0,
(. —=>»0
TO npu 2l o

6ygem nmetb £ + JF 0, NosToMy HaigeTt-

B \a\ <3
csA Takoe umcno a > 0, uto npu fIp |[<M3 BbINONHAETCA  He-
paBeHcTBO Is rja< 1

Bbibepem Tenepb 6 > 0 Tak, 4Tobbl Npu Y Ox* + Oy* < 6
BbIMO/IHANINCE HEpaBeHCTBa

IBl|< o, |e |< cu

Torpanpn 0< Y Ox2 -f- A% «< 6 uncna Aun, [y ogHOBPEMEHHO
He obpalialnTcs B HyAb. [eACTBUTENIbHO, B MPOTMBHOM CNYy-

yae uncna E= — A Con=— N a_ yuosner
V Axl+ Oyl Ka**+[»"
BOpsAAN  6bl cncTeme
At + Bi) -fe, = 0N
4- D\ e2=0,J

roe
le. I< a e, |< o, 4- Y- =

YTO MPOTUBOPEYMT OMpPedeIeHU 4Yucna o.

MycTb oTo6paxkeHne w = / (2) anddepeHUMpyemMo U He
BbIpOXXAaeTca B TouKe I. Torga B CU/ly JIEMMbl HaigeTca Ta-
Koe 6 > 0, yto npn 0< |4Or |< 6 6ygem umetb |Aw | O.
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Monoxxnm
Az=ry (r> 0, y=o+ /p; |y |l= 1,
On; = pX (p> 0; X= p+ iv; [X]= 1)
N3 (3.62) cnepyert:

Ara -f Brp -J rej,l (3.63)
Cra -f Drfl + J

pp =
pv =
roe

e, = e (ra, rp), et = e2(ra, rp).
Bo3Boas B KBajpaT M CKiagblBasi, MOyyYuUM:

p* = r*[(Jla + + ef*+ (Ca+ L + e)*l,
= V(Aa+ B?+ Bl)*+ (Ca+ LU + e)* .
Mycte C= 6 + 1y, 151 = 1. Torga

NMu-f = YA\ + B'\)r+ Cb+ ANN2= P(C), (3.64)
_rr-_H» r
npuyem ctpemsieHnep/r K p (£) paBHoMepHOe OTHOCUTESNLHO £.
OTy HernpepbIBHYIO MNOMOXXUTESbHYIO (QyHKUMIO p (E) oT
KOMMJIEKCHOT0 yuncna £ ¢ eguHNYHbIM MOAyleM Ha30BEM WHAU-
KaTpuCco pacTs>KeHUA paccMaTpuBaemoro oTobpakeHus B
TOUKe Z.
[anee, ymMHo)as BTopoe M3 paBeHCTB (3.63) na i u ckna-
[blBas ¢ MNepBbIM, MOMYYUM:

pX = 1 (™4 iC)a -j- (B iD)p -f* e, -|- ie,l.

OTciopga, yuuTtbiBas (3.64), Haipem:

limX = = f (D. (3.65)

-H» P

T-».
npuyem ctpemneHne X K <(£) — paBHOMEpPHOE OTHOCUTESIb-
HO £. 3Ty HenpepbiBHYIO QYHKUMIO g (£) OT KOMMJ/IEKCHOro
ynmcna £ ¢ eAMHUYHBIM MOAY/IEM, 3HAYEHUs KOTOPOW CyTb
KOMMJIEKCHbIE YMCMa C €AUHUYHBIM MOAYNEM, HA30BEM WHAW-
KaTpucon epan\eHnii paccMaTpruBaemoro oTobpa>keHusi B TOY-
Ke T.
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MycTb S — Mpou3BosibHOe OToGpaXkeHMe o6nactm D
M/IOCKOCTM  KOMMJIEKCHOIO MepeMeHHOro B MJI0CKOCTb  KOMI-
JIeKCHOro MepeMeHHoro, nepesBoAsilee To4Ky M B Touky N.

Pwuc. 48.

O6o3HaunMM 4epe3 Mt nepemMeHHyo
TOUKy o06s1actm D, OTAM4YHYy oT M, 1
yepe3 NX Ty TOUKYy, B KOTOPYH rMepe-,
XoAnT Mx npu oTtobpakeHun S.

MycTb T —«Hanpas/ieHne», BbIX0-
JdAllee U3 Toukn M. bygem roBopuThb,
yTO 0TOBpaXKEeHNe S uMeeT B Touke M
no «HampasneHwWoo» T KoappUUneHT

NCKa>KeHUA MacliTaba x, ecnu (puc. 48)

M x— N1/,

npu

NMeem NNt X

(MM It T)- MAR

B yacTHocTW, ecnn (hyHKUMs, ocyllecTBasilowas oTo6pa-
>KEHWe S, HenpepbiBra B OKPECTHOCTU TOYKM M un ecim S

nMeeT B Touke M Mo «Ha-
npasneHnio» T Koahpumuu-
eHT WUCKadKeHUsa MacluTaba
X, TO BCAKasaA [yra, BbIXO-
nawaa m3 M umn kacawouwas-
CA B 3TO TOukKe fliyya T,
nepexoauT B HEKOTOPYH
Ayry, Bbixogauwyw un3s N,
NnpUYemM OTHOLUEHME XOpPA
NNx/MMx cTpemmTca K X,

Korga pnavHa xopabl MM X Puc. 49.

CTpeEMUTCA K HyNo (puc. 49).

Ecnn S TakoBo, 4To nMpy MX, AOCTAaTOYHO 6/M3KOM K M,
Touka NX O0T/IM4Ha OoT Touku N, To 6yAemM roBopuTb, YTO OTO-
OpakeHne S nepeBoAVT «HaMpasfeHVe» T, BbIXoAsllee U3 M,
B «HanpasneHve* n, BbixogdAwee n3 N, ecnu (puc. 50)

/\
nmeem (NN, m)—=0.

B yacTHOCTW, ecniv (yHKLMS, ocyLlecTBsiowas oTtobpa-
>KEHMe S, HerpepbiBHA B OKPECTHOCTU TOUKM M U ecnim S
MepeBoauT «HarnpasfeHvWe» T, BbIXogsllee W3 Toukn J1/,
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B «HanpassieHue» N, BbIxogswee m3 Toukn N, 10 (puc. 51)
BCAKas fyra, Bbixogdwas m3 M un Kacawwasca B 3TOW Tou-
Ke flyya T, NepexoamT B HEKOTOpYK Ayry, BbIXOASALLYIO U3
N un Kacawwytoca B 3TOW
TOYKe slyya n.
M3noXKeHHoe Bbile ro-
KasbIBaeT, 4YTo ec/m oTobpa-
XXeHune 5 anddepeHumpyemo y
N He BbIpOXKAaeTCs B TOUKe S
M, TO0 S nmeeT B Touke M
Nno KaxaomMy «Hamnpasfe- ,M
HUIO» T  MNOJIOXKNUTENbHbIN
KO3(P(IULMEHT  UCKaXKEeHUS Puc- 50-
Macwtaba n Kaxaoe «Han-
paBneHve» T, BbIxogsulee w©n3 M, nepeBoguTCcs B He-
KOTOpOe «HarpasneHue» N, Bbixogsuwee w3 N. VIMeHHO, no
«HamnpaB/ieHMO» T, obpasywolleMy C [eliCTBUTE/IbHOM 0CbHo
yron a, KoshMMUUEHT WCKaXKeHUSA Macwitaba paseH p (eid)
MU «Hanpas/ieHVe» T repe-
BOOAMTCA B «Harpas/ieHue»
n, obpasywLliee c AeACTBU-
TeNbHOM ocbld yron b, on-
pegensiemblii 13 paBeHCTBa
= g (*<).
OTobparkeHne, KOHGOPM-
PIC 5 HOe B [aHHOWM TOuYKe.
Teopema. YT06bI
anddpepeHLMpyeEMOe U HeBbI-
po>kjatoLleecs B [JaHHOW TOYKE OTOOGPa>KeHVe MMeno B 3TOi
TOUKE MOCTOSAHHYI0O MHAMKATPUCY pacTs>KEeHWNA, HeobXoaumo
N JocTaTo4Ho,

(A

—D, -D
yTO6hbI = _'c wwm c

NdokasaTtenbcTtBo. Ecmwm p (E) = const = p, TO
(Al + Br)*+ (Cl + Dr)2= P2= p2(12+ 1,2

npu -f 12 = 1- YMHOXasa 370 paBeHCTBO Ha nwboe R > 0
M nonaraa X = Y = 4r,, nonydnm TOXAECTBO

(AX + BY)2+ (CX + DY)2= p2(X2+ Y2
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mnn
(Al+ C* — p*X* + 2(AB + CD)XY +
(B* +D* - p*) Y* = O,

cnepnoBaTesibHO, BCe KO3(PUUMEHTLI 3TOM KBagpaTU4YHON dop-
Mbl JO/DKHbI ObITb paBHbI HY/tO, 0TKyga A* + C2= Br + D*,
AB + CD = 0 nwm

Ar—B*= D*—-C2 AB = —CD.

YMHOXas BTOpPOe paBeHCTBO Ha 2in CKnagbiBasa C MNepBbIM,
nosyynm:

1+ Wr= (D - iO\
A f iB = + (D —iC).
CnepoBaTenbHo, NM6o nnbo _ g O6paTHo,
IAA— 4 D

nycte spg _ ~lFc; To/a

(Al + Ou« + (CE + dAnm)* = (AI-FCvP + (C1+ Nn*=
= A*+ C4
npu
fr+ Jr= 1

CnepoBatesnbHoO,

P(C) = YAr+ Cil= const = p,

4YTo M TpeboBasioCb [OKa3aThb.
3ameyaHMne. EcnM uHaMKaTpuca pacTsKeHWd noc-

TOSIHHA, TO WHAMKaTpuca BpaleHUin umeeT Bug K\ nim &E
(kK noctosiHHO; |& = 1). ObpartHo, ecnn uHAUKaTpuca Bpa-
LeHU nmveeT Bna & nnn &E (K NOCTOAHHO), TO MHAMKATpuca
pacTsHKEHMI MOCTOSIHHA.
B camom pgene, ecnim p (£) = const = p, TO No npegplgy-
[A = = D,
Weli Teopeme mmeem <D » W nostomy
In = Tt
(A + iC)5+ (B+ iDp= (A + iC)l + (=b CziA)r\ =
= (A + iC) (\x in);

cneposatesibHo, ( (E) = wwm g (C) = riek = Ap IC,
Ik |= 1. O6patHo, ecnim q (£) = & wwm g (E) = [cE, rpe



1 191 ANDPPEPEHLUMNPYEMbBIE OTOBPAXEHWNA 207

K = const = A + ikt, To, cpaBHMBasi [eACTBUTENIbHblE W
MHUMble YacTuW B paBeHCTBE

(A + iC)l+ (B + iDi\= p(C) (I, + Of (6 + il

MU paccmaTtpuBas Mosiyyaruimecs COOTHOLUEHUS Kak JINHel-
HYI0 OJHOPOAHYI0 CUCTEMY OTHOCUTESIbHO L, (koTopble oA-
HOBPEMEHHO He obpawalTca B Hy/fb), 3ak/aw4vaem, 4TO ee
onpefgennTens paBeH Hyso. IT0 3HaumT, 4to F \p ()1 = O,
rae

M TakKuM 06pa3oM 3HAYEHUAMU HenpepbiBHOW (yHKUMU p (E)
MOTYT ObITb /MWL KOPHWU MOSIMHOMA BTOpoW cTeneHun F (p);
cneposartesibHO, p (E) TOXKAECTBEHHO pPaBHO O4HOMY M3 3TUX
KOpHEei.

OnpepgeneHune. [AnpdepeHuMpyemoe N HeBbIPOXAa-
tolleec B AaHHOM TOoUKe 0ToOpadkeHMe HasbiBaeTCsl KOHGOpPM-
HbIM B JAaHHOW TOUKe, eC/IN B 3TOM TOUKEe MHAMKATpUca pactsa-
YKEHUI MOCTOsiIHHa (3Ta MOCTOsIHHas  Ha3biBaeTcs  Koaddm-
LUMEHTOM MWCKa>KeHUs1 MacliTaba B AaHHOW TOYKe).

B cuny npegbigyliero 3amedyaHuss uHAMKaTpuca Bpalle-
HUS KOH(OPMHOMO B AAHHOM TOYKe 0TO6padkKeHusi finbo nmeeT
Bug kt, (torga otobparkeHue HasbiBaeTcst KOH(OPMHbIM 1-ro
poga B paccMaTpuBaEeMO TOUKe), NMbo UMeeT BUA, (Torga
oTobpa’keHMe HasblBaeTcAa KOH(OPMHbLIM 2-F0 poga B pac-
CMaTpPMBAEMOI TOUKeE).

OcTaHOBMMCSA Ha FeOMETPMYECKOM CMbIC/1e BBEAEHHbLIX MO-
HATMIA. TlycTb o0To6pakeHMe W = [/ (z), KOH(POPMHOE B
Touke M, nepeBoauT Touky M B Touky N. Torga (y4umTbiBas,
4YTO NpepenbHbI nepexog B (3.04) paBHOMEPEH OTHOCUTESNbHO £)
ﬁﬂﬂl—»pnpm n/,-*-Al (puc. 52), roe p — KoappULMeHT ncKa-
XXeHns macwitaba B Touke M.

MycTb T, U T 4— Kakue-HNOyAb «HarnpaB/ieHUsI», BbIXO-
asawme vz M nog yrnamm a, M a2 K AercTBUTesIbHO ocn. m
COOTBETCTBYHOT «HanpaB/eHMsi» N, U Nr, Bbixogswine n3 N nog,

HEKOTOpbIMM yrnamn b, 1 6a K gelcTBUTEsNbHOM ocn. B cny-
yae q (£) = nosiyyaem (nosaras K = e,c):

gib, — gi(c+a,) g,bt S e>(e+0i) gi(b,-*i) — gi<a,-a,)
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noatomy (Npn Hagnexailem Bbl6ope
6, — bi —at — a,
wim (puc. 53)
AR I\
(n, nt)y = (1, TN
OT0 NOKasbIBAET, YTO NPY KOHNOPMHOM 0TO6pa>KeHUn 1-ro
poga yriibl Mexgy «HanpasfieHUSMU» COXPaHSAIT BeIMUUHY U

Pwuc. 54.

opueHTauyumio. B cnyyae q (E) = & nonyymm (nonaras K
=eic):

eib, = elgca)™ gib, — gi(c-a,)t gi(»t>i) = gi(«i-a,)j
noatomy (nNpuv Hagnexawem Bblbope b*)

br — bt — a% — a,
wim (puc. 54)

(n~r\) = (m~Tm,).

370 MoKasbIBaeT, YTO MNP KOHNOPMHOM OTOBPaKEHUU 2-TO
poAa Yribl MeXKay «HarnpaB/IeHUsSIMU» COXPAHSIIOT BEIUUUHY,
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HO MEHST opueHTaumio. HakoHel (yyuuTbiBasi, 4TO Mnpenenb-
HbIi nepexof B (3.65) paBHOMepPeEH OTHOCUTEsNIbHO £), HAX0A4MM,
yTo (pUc. 55)

(NN2 NNt)-++<f
I MI-* M,
npn i M2—M,

I (U202 — ¢

(BEPXHUI 3HAK — A KOH()OPMHOro oTobpakeHus 1-ro po-
4a, HWKHUIA—ANA KoHgop-
MHOro oTobpaXkeHuss 2-ro
poaa).
B uvactHocTn, ecnn / (2)
HernpepbiBHA B HEKOTOPOM
OKPEeCTHOCTU TOYKM M, TO B
cnyvyae KOH(OPMHOro 0To-
OpaxxeHna 1-rp poga (2-ro
poga) B Touke M paBe aoyru,
BbIxoaswue ns M (puc. 56)
N nepecekawoLmecs B 3TOW
TOYKe MoA Yyriaom < nepe-
X04AT B ABe [Ayru, Bbixogsauwie m3 N 1 nepecekatwoLlmecs B
3Tol Touke nog yrnom Pp(— P
3ameTum Ternepb, 4YTO YC/10BUS

M = D, (A = —D,
\B= —C m \B=2C
ABNAITCA ycnosuaAMM Kol — Pumana cOOTBETCTBEHHO AN

~ N

I @ MFB muto npu I~ _ g- g YC/N0BME HEBbIPOXKAEHUA
0TO6Pa’KEHUs COCTOMT B TOM, 4T0Obl A U C OAHOBPEMEHHO
He obpalwanuce B Hy/b, TaK Kak
A B ANC
C D CzxA

Mo3aToMy M3 npeablayLlen TEOPeMbl M pe3ynibTaToB § 6 Hero-
CPeACTBEHHO BbITEKaeT

Teopema. [Ana Toro 4yTobbl 0TOOpa>KeHne w —/ (2)
6bU10 KOHGOPMHBLIM 1-r0 poga (2-ro poga) B AaHHOW Touke/

= £(N1* + C¥).
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HeobXoAnuMo M AocTaTo4yHo, YTobkl / (z) (/ (*)) 6bina andde-
peHLUMpyeMa B 3TOW TOUKe WU MMeNa B Heli MPOU3BOAHYIO, OT-
JINYHYIO 0T Hy”ns.

MycTtb / (z) gndhchepeHUMpyema B gaHHOW TOUKE z U B 3TOW
Touke /' (z) d O, Torga otobpakeHne w = [/ (z) 6yAeT KOH-
opMHbIM 1-r0 poga B TOUKe I, MpUYEM

p=VIJ/F+c- =\A+iC\= |/MI;

k=J .xjE- = /'Y eiArg /' (r)
P 1/'wi
Takum o6pa30M, BbIAB/IAKOTCA:
)reomeTpuyueckunim CMbIC/ Moaoynsa

NMPOM3BOAHOIN:

Ecnn B paHHoi Touke /' (z) @ O, T0 |/' (z) | ecTb Koagh-
(PUUMEHT UCKaKEHMSA MacluTaba B 3TOW TOUKE 0TO6parkeHUs
w =/ (2);

2) reomMmeTpuyecKuUii CMbICN aprymeH-
Ta NPOM3BOAHOIW:

Ecnun B gaHHo Touke /' (z) o O, To Arg/' (z) ecTb yron,
Ha KOTOpPLIA MOBOPAYNBAOTCA BCe «HaMpaB/fiIeHUS», BbIXOAS-
lWMe u3 3TOM TOYKM MpU OToGpakeHUn w —/ (z).

B panbHeliweM KOH(OpMHOe oTo6padkeHue 1-ro poga 6y-
JeM MpocTo HasbiBaTb KOHMOPMHbIM.

MpumeuvaHne. Ecnn paccmatpuBaTb O0TOGpakeHWe w =

= [/ (z) obnactm D nonHol NNOCKOCTM KOMMJIEKCHOrO MEepPeMeHHOro B
1 0IHY0 NNOCKOCTb KOMMJIEKCHOTO MepemMeHuoro, nepesBofsiiee TOUKY
B TOYKY Irfi, To gaHHOe paHee onpegeneHne KOHPOPMHOCTU oTo6paxe-

HUA B TOUYKe Z, TepsAeT CMbIC/A, ecin XoTs 6bl ogHa W3 TOYeK z,, LW,
eCcTb Co.

Ecnun KOHe4YyHo, w0 = 00, TO oTo6paxkeHne w = ) (r) Ha3blBaeTcs
KOH(OPMHbIM B Touke *0, Korga oTob6pakeHue w = -y KOH(OPMHO
B Touke Zt.

Ecnn r0O= oo, To oTo6paxeHme w = / (*¥) Ha3biBaeTCcs KOH-

dopMHbBIM B TOo4yke :t, Korga oTobpaxeHune w= / KOH(OPMHO
B Touke O.
Monb3ysAcb  oTo6pakeHMem W = -j-, MOXHO FOBOPUTb O «Ha-

npasfieHNAX», BbIXOAAWMX W3 TOYKM Z = 00 NPW MOMOLWN COOTBET-
CTBYWLWNX «HaNpasn HWW», BbIXOAAWMX U3 Toukn w = O. 3ameTum
elle, YTO C MOMOLLbIO cCTepeorpacunyeckoii npoekumn (cm. § 16) ToUKy 30
MOXXHO cAenaTb PaBHOMPaBHOW C KOHEYHbIMU TOYKaMW.
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§ 20. KoHthopmHble oTobpadkeHUs obnactei

O6Lwine 3amMeyaHUsi 0 [AelicCTBUAX Hag 0TobpadkeHUAMN.
MycTb S — oTo6pakeHMe MHOXecTBa A B MHOXEeCTBO B,
T — oTobpaxkeHMe MHoxecTBa B B MHoXecTBo C (npupoga
3/1EMEHTOB BCEX 3TUX MHOXeCTB 6e3pasniMuyHa). Torga npouvs-
BegeHMe TS oTo6pakeHU S H T onpedensieTcss Kak Takoe
oTobparkeHMe MHoxecTBa A B MHOXecTBO C, KOTOpoe AB/iS-
eTcs pe3ynbTaToM Mnoc/ef0BaTesIbHOr0 BbIMOAHEHUA S n T.
2710 3HaumT, 4to (TS) (@) = T\S (@] gnsa BcsaAkoro a mus J1.
Mpon3BefeHne 0TObpPadKeHUI 06/1adaeT coyeTaTeslbHbIM CBOM-
CTBOM

U(Ts) = (UT) S.

Ecnn S — B3aMMHO 0fHO3HAYHOe OTOOpaXKeHWe MHOXKecT-
Ba A Ha MHOXXecTBO B (3T0 3HAQUUT, UTO KaXKAbli 3NeMeHT U3
B nmeeT poBHO 0oAMH MNpoo6bpa3 B A), TO MOXHO FoOBOpUTb 00
obpaTHOM oTOoOpaXkeHMM S_1 MHOXXecTBa B Ha MHOXecTBO A
(ecnn Kaxkgomy anemeHTy m3 B OTHeCTM ero npoobpas B A).

Ecnun kaxkgomy anemeHTy M3 A OTHECTU 3TOT >KE 3/IeMEeHT,
TO MNOJIYYMM TOXXAECTBEHHOe 0Tob6padkeHMe E MHOXecTBa A Ha

cebs. OueBngHo, S~I' S = E. AHanornyHo, SS~I — E (3gecb
E — ToxkgecTBeHHOoe oTob6pakeHMe B Ha cebs).
Ecnn S mn Si — B3aMMHO OAHO3HauYHble 0TOGpakeHUsT A

Ha B, T — B3aMMHO 0AHO3Ha4yHoOe oTo6padkeHMe B Ha C, To
s TS = TS, cnegyetr S = St. B camoMm pfene, nocneposa-
TeNbHO Haxo4uMm:

r-1(TS) = T-1(TSJ,
(T-IT)y S = (r-1n 5,,
ES = ESIt
S = St

AHasiormyHo 3 TS = TtS Hahigem T = 71.

OaHONUCTHble (YHKHUH. PyHKUunA [ (z), onpegeneHHas
B HEKOTOpOW 06nacTu, HasblBaeTCAd YHUBA/IEHTHOM Ha HeKo-
TOPOM MHOXecTBe (Bxofsdlem B o06nacTb onpegeneHus),
eCc/IN  pa3HbIM TOYKaM 3TOr0 MHOXKeCTBa OTBevaloT pasHble
3HauYeHNs YHKLNW.

MepomopdHasa (B 4acTHOCTW, aHanIMTUYeckas) yHKums / ()
B HeKoTopol obsiactm D HasbiBaeTcs 0fHOMMCTHON B D, ecnn
OHa yHuBasieHTHa Ha D
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Ecnn mepomopdnasa yHkums / (r) ogHoONMCTHa B 061actum
D, TO B KaX[0W perynsipHoi Touke 3Toli 061acTv NponsBogHas
OT/IMYHA OT HyndA. B camom fene, ecim B HEKOTOPOM ToO4ke
z0/ (zg) = a, /' (z0 = 0, To z0 6ygeT a-TOUKOW KpaTHOCTU
BbllLIE MEepBOM, a Torga B CU/y OOHOI0 M3 CNeACTBUIA U3 Teo-
pembl Pywe (cm. § 18) npu b, goctatouyHo 6Am3kux ka, / (r)
6onee ogHOro pasa MNPUHUMAET 3Ha4YeHWe b, 4YTO MpoTMBOpe-
UNT YHMBASIEHTHOCTW.

OpgHonuctHaa qyHKuma / (z) B obnacth D MOXeT UMETb
He 60/silee OA4HOroO Mosica, MPUYEM 3TOT MOSIKOC MOXKET ObITb
ToNbKO npocTbiM. B camom pene, ecnu z, — nontc gnsa / (z),
T0 z0 — Hynb ona 1f (z), a Tak Kak 1// (z) ToXXe 0AHONUCTHA,
TO N0 AokasaHHoMmy z0 — npocTtoii Hynb ana 1// (z) w, cne-
fposaTesnibHO, npocToi nostoc ana / (z2).

Bcakasa aHanutmyeckasa yHKuus / (z) ogHoOMIMCTHa B [0-
CTaTOYHO Mas1oii OKPeCTHOCTU KadKAOW TOYKWM, B KOTOPOW Mpo-
M3BoAHAaA OT/IMYHA OT HY/S.

B camom pgene, nyctb /' (zOQ) ¢p O, Toraa ecnu 6bl HXU B Ka-
KoM okpecTHocTM z0(z) He 6blna 04HOANCTHA, TO HALW/INCL Obl
Takue nocnegoBatenbHOCTV ToveK an n b, yto an —* z0, bn —2=
-»z0,and b1,/ (am) = / (6,). MycTb TOrga y — OKPY>XHOCTb
c ueHTpom z0 n paguycom p, rge p Takoso, 4to / (2) ¢ / (z0
npm 0< Jz—z0|] p. OueBugHo, [/ (2) —/ (zO wmeeT
BHYTPU Y TO/IbKO OAWH HYNb (C Y4eTOM KpaTHOCTU) U He nMe-
eT Hynen Ha y. Ho / (z) —/ (an) *m/ (z) —/ (z0 paBHoO-
MEepPHO Ha Yy, cnefoBaTtefslbHO,— Mo Teopeme [ypBuua — npu
n, AoctatoyHo 6osbwom, / (z) —/ (a,) VMeeT BHYTpMU Yy TOXe
NVWb OAWH HY/b (C Y4Y4eTOM KpaTHOCTWU), U Mbl Moslyvaem
npoTueopeymne, M60 NpU A0CTATOYHO 60/bLUOM N 3Ta (YHK-
UMA VUMeEeT BHYTPU Y HynM an v bn.

Bcsakas mepomopchnas hynkumsa ogHOMNCTHA B AOCTATOYHO
Mas1oi OKPECTHOCTW KaxKAoro mnpocToro nosnwca. B camom
fdene, ecnu z0O— npocto nontoc ans / (z), To z0 — NpocToiA
Hynb ana 1// (z). Mo pokasaHHomy 1// (z) opgHONMCTHA B
HEKOTOPOWM OKpecTHOCTU Toukm zO0, cnepoBatesnibHo, / (z) op-
HOMINCTHA B 3TOW >Ke OKPEeCTHOCTM.

3amevyaHune 1. Ecam [/ (z) mMepomophHa B MNOSTHOM
nsockocTn, To / (2) ecTb paumoHasibHass YHKUMA.

B camom pgene, nyctb z,, . . ., Z, — noaAwcbl / (Z) (4ncno
nx > 0 N, KOHEYHO, Cpean HUX MOXKET 6bITb 00). BblunTas u3
/ (2) cymmy rnaBHbIX YacTeid / (z) B monwcax zt, . . . , zn, no-
NyuM YHKUMIO, aHa/IMTUYECKY0 B MOJIHOM MJI0CKOCTU, HO
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TakoBasi B cusy Teopembl JINYBUNNS SIBASIETCA MOCTOSIHHOIA.
CnepoBatesnbHo, / (Z) paBHa CymMMe MOCTOSAHHOW M CBOMUX [/laB-
HbIX 4acTell B nonwcax z,, . . ., Z,.

Takum o6pasom, / (z) paymoHasbHa.

3ameyaHune 2. Ecnm / (z) mepomopthHa 1 0AHONNCTHA
B MOJIHOW NocKocTn, To / (Z) ecTb NnHeHasas yHKuma (T. e.

BUaa

B camom pene, / (z) MOXXeT MMeTb He 60siee OAHOrO MosIo-
ca M TakKoBOW MOXET 6biTb NULWb NpocTbiM. Kak Mbl BUAENN B
npeabliayuwem 3amedaHuu, / (z) paBHa CymMMe TOCTOSAHHOW un
rnaBHbIX 4acTtein / (z) B ee nontcax; cregoBaTesibHO, B pac-

cMmatpmBaemMom criydae / (z) MOXKeT nivwb UmeTb Bug c-|- 7_ A

(ecnn ecTb KOHEYHbIW Mositloc a), ¢ + Kr (ec/an oo ecTb Mo-
nwoc). Cnyyari oTCyTCTBUS MOJIIOCOB HE MOXET MPeAcTaBUTLCS,
n6o B 3ToM cny4vae / (z) 6blna 6bl MOCTOAHHOIA.

NTak, / (r) nuHeHa. 3ameTuM, 4YTO 3HadeHusMU [/ (z) 6y-
OYyT BCe TOYKW MOSTHOM MIOCKOCTW.

OTmMeTUM elle oauH haKT, OTHOCALLMIACA K O4HONUCTMbIM
dyHKumam. Ecnu / (z) ogHonucTHa B 06/,1aCTW, MOYYEHHOM
BblbpacbiBaHeM M3 D HEKOTOPOro MHOXKeCTBa TOYeK, He
MMetoLLero npegesibHor ToukuM BHYTpu D, To nocne Hagne-
»Kawero joonpefesieHMs B TovKax 3Toro MHoxkectsa / (2)
CTaHeT OAHONMCTHOW B obnactm D.

[elcTBNTeNbHO, TOYKU YMNOMSHYTOF0O MHOXeCTBa SBfis-
I0TCA W30/IMPOBAHHbLIMK 0COObIMU AN/ (z). YuuTbiBass 04HO-
NUCTHOCTb / (Z) 1 Teopemy COXOLKOr0, SIEFKO 3aMeTUTb, 4TO
3TK 0c0o6ble TOUKM He MOTYT 6bIThb CYLLLECTBEHHO 0COBbIMU, Cre-
[oBaTefibHO, B HUX / (Z) ecTecTBeHHbIM 06pa3om goornpegens-
eTCA W CTaHOBMUTCA MepomopdHoi B D. Ecnu 6bl 0Ha B ABYX
Toukax D npuHMMana oAMHaKoBOe 3HadeHWe a, TO B Jlo-
60ii 6/IM30CTU K 3TUM TOUYKaM OHa MpUHUMana 6bl Nwobble,
[OCTaTO4HO 6/IM3KMe K @ 3HayeHusi, 4TO MNPOTUBOPEYUT
oAHONMCTHOCTM [/ (Z) B ee nepBOHaYaslbHOM 061acTn ornpe-
AeneHus.

KoHtopmHoe oTobpakeHMe o6nactu na o6racTb.

OnpepeneHune. BsaumHO ogHO3HA4YHOE OTOGpaXke-
HWe w = / (z) obnactu D Ha o6nactb [, KOH(OPMHOE B KaX-
[oi Touke obnactu D, HasbiBaeTCs KOHGOPMHbLIM 0T 06parke-
Hvem o6niactm D Ha obnactb [, (peub maeT 06 obnacTax Ha
MOSTHOW MJI0CKOCTN).
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Bcsakasa mepomopdnas (B 4acTHOCTU, aHanuTM4yeckas) of-
HOMUCTHas pyHKUmA / (z) B o6nactm D gaeT KOHGOPMHOE 0TO-
opaxkeHne w = / (z) obnacth D Ha COOTBETCTBYHOLLYIO €
obnactb 3HavYeHW dyHKuum / (z).

3T0 cnepyeT U3 TOro, YTO MPOM3BOAHASA O4HOMTUCTHOW (PYHK-
UMM B KaXKOOW perynsipHon To4YKe OT/IMYHa OT HynAa (U BO3-
MOXXHbI/ MOMKOC — MPOCTOA), M U3 TOro, 4YTO OTOGpPaKeHWe
KOH()OPMHO B TOYKe, €C/IM BbIMOJHAKLWAA 0TobpakeHue
(PYHKUUA MMeeT B 3TOM TOYKE OT/IMYHYK OT Hy/s MpPomM3BOfA-
HYl (UM NPOCTOM Mosioc).

N9 npakTMyeckoro MNOCTPOEHMA KOHMOPMHbIX 0To6pa-
XXeHU obnacteli nosesHa

Teopema. Ecam / (z) anonnTudHa, B obnacTwn, orpa-
HWYEHHOW MNPOCTbIM 3aMKHYTbIM KOHTYpoM C, U Ha HeM U
ecm / (z) ynmBaneHTHa Ha C, Tow = / (r) 6ygeT KoHopm-
HbIM 0TO06pa>KeHMEeM 06/1acTU, OrPaHUYEHHOM MPOCThIM 3aMK-
HyTbiIM KOHTYpoM C, Ha 06/M1acTb, OrpaHUYeHHY MPOCTbIM
3aMKHYTbIM KOHTYpOM [, KOTOpbIA onucbiBaeT Touka / (2),
Korja Toyka b onucbiBaeT C.

NdokasaTenbcTBOo. [lycTb a — Touka BHYTpU
(BHe) . Mo NpuHUMNY aprymeHTa 4mc/io KOPHel ypaBHEHUS
/ (z) — a = 0, nexxawmnx BHyTpu C, paBHO

T5I {Arg 1/(z) — a])c,

a 3To 4ymcno (M3 reomeTpmuyeckmnx coobpakeHuin) pasno + 1(0).
OT0 nokKasbiBaeT, 4YTo BHyTpu C / (Z) NpUHMUMaET pPOBHO
OOMNH pa3 Kaxkaoe 3HaudeHue, fexallee BHyTpu I, 1 He npwu-
HUMaeT 3HayeHWi, nexawmx BHe . Tak Kak MHOXeCTBO
3HaueHwi / (z), Korga z NpUHUMaeT BCEBO3MOXHble 3Ha4YeHUs
BHYTpU C,— OTKpbITOE, TO 3HA4YeHUsMU / (z) He MOryT 6bITb
TOUYKM KOHTypa [ (M60 B NMPOTMBHOM C/lyyae HEKOTOpPble TOY-
K1 BHe I okasanucb 6bl 3HaYeHUsAMU / (Z), UTO HEBO3MOXKHO).
NTak, Korga z npoberaetr BCe TOUKMW, nexaline BHYTPU KOH-
Typa C, 1 (r) no ogHoMy pa3sy npoberaeT BCe TOUKMU, fiexalime
BHYTpPM KOHTypa [, 4uTo n TpeboBasnocb AoKasaTb.
JnHeliHble npeobpaszoBaHuA. JIMHENHbIE Npeobpa3oBaHUS

£ TIrT3-: IN | +° 3-66>

ABNAKTCA €OMHCTBEHHbLIMU KOHd)OpMHbIMM 0TO6pa)KEHI/IFIMVI
MOJSIHOW MJ/IOCKOCTU Ha MOJTHYKO TNMJIOCKOCTh. I'Ipe06pasoBaH|/|e,
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obpaTHOE /NMHEeKRNoMy, TakKXe JIUMENHO, NpPou3BegeHMe fn-
HeliHbIX Npeobpa3oBaHU TakKXXe SBASETCS JIMHERHbIM npe-
obpasoBaHueM. Bcsakoe nnHelHoe npeobpasoBaHne (3.66)
ornpefensieTcsi HEKOTOPOM MaTpuLel KOMIMJIEKCHbIX — Yumcen

C OT/INYHBLIM OT Hyslsl OnpefennTesnieM, NMpuYeM MarT-
c:)
pyiLibI
(a b\ /a, BN
d)y "U dj

TO/IbKO TOrAa OnpefesnisitoT ofHO /nneliHoe Mpeo6pa3oBaHue,
KOrfia WMX 3femMeHTbl MponopunoHansbHbl. Ecnn L onpegenu-

eTca  MaTpuuen , I, To L~l onpegenserca wmatpuuei

I_I'].?' JvHeliHoe npeo6pa3oBaHue (3.66) HasblBaeTcst
C

uenbim, €cim ¢ = 0, ApO6HbIM, ecnm ¢ @ O.

3ameTnm, 4to ecnn w = az -f b = a(z -f raeac O,

TO W MOXXHO nMoslydynTb, UCX0oOA U3 Z, TaK. ZX=

W = azx
3ameTum, 4To ecnun
az A-b a |, be — ad , n
"--Ss+r-—+ 1 — TT- mmec+°.
\% T)

TO W MO>XXHO MOJIly4nTb, UcCXoad m3 r, Tak:

d 1 be ~ ad

z,—2z-) —; 22——; 78— z2; W—z*il—g.

M3 aTux 3amevaHwuii cnefyeTt, 4YTO BCSAKOe SIMHEWHOe npeobpa-
30BaHVE MOYKHO Pas/ioKUTb B NPOM3BEAEHUE JIMHENHBIX npe-
06pa3oBaHUN YacTHbIX BUAOB

w=z-fa, w= az(a® 0); w= —

*

Elle 3amMeTVM, 4TO ecnmn ymcio a ¢ 0 NpeacTaBuTb B MoKasa-
TenbHoOl hopme a = /?e'T, TO W = az MOXXHO MOJTyYUTb, WUC-

xoaAa N3 z, TakK: z, = eYz, w= 4dAr,. HakoHeu, w=

MOXHO MOSlyUnTb, UCXOAA M3 T, Tak: zx= -J-, w = 2t
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M3 ckasaHHOro cfiefyeT, UTo BCSIKOe /IMHeliHoe npeo6pa-
30BaHMe MOXHO pas/iOKUTb B MNPOM3BedeHVe Mpeo6paso-
BaHWA, KaXk[oe W3 KOTOPbIX OTHOCUTCA K OAHOMY W3 MATU
BU/0B:

w= z-f-a tv—eu?l\ w= Rz =—; w=f, (3.66"

roe a —a + »P — KOMNeKcHoe 4ucnio, v — AenCTBUTENb-
Hoe umcno, R — MonoXKmTenbHOe 4uKc0. T npeobpas3oBa-
HMA MOryT ObITb MepenucaHbl Tak (nonaraa r = x -f- iy,
W= n+ iv)

M= Xx+ a, = xcosY—ysiny,

JTSin T + Ycos 7;

X '
m= RXx, n= x4+ L * U = X, (3.66")

RV vs e

M HasblBalOTCA COOTBETCTBEHHO: Mapasife/ibHbIM MepPeHOCoM,
MoBOPOTOM, MOAOOGMEM, WHBEPCUEN, CUMMETPUENA.

OKpy>XHOCTAAMM (B LUMPOKOM CMbIC/Ie) Ha MOJIHOW Muoc-
KOCTU 6yaem HasblBaTb OKPY>KHOCTU U MpsiMble. Yepe3 Kadk-
Oble TPWU pasIMYHble TOUKW MOMHOM MJ/I0CKOCTU  MPOXOAUT
eAVNHCTBEHHAsA OKPY>XHOCTb (B LUMPOKOM CMbICNE).

Teopema. Bcsikoe nuHeliHoe npeobpa3oBaHMe MepeBo-
OUT Ka>KAyl OKPY>KHOCTb (B LUMPOKOM CMbIC/IE) B HEKOTOPYHO
OKPY>XHOCTb (B LUMPOKOM CMBbIC/IE).

JokasaTenbCcTBO. TakKk KaK BCSKOE JIMHelHoe
npeobpasoBaHue pas/faraetca B NpoussefeHWe npeobpasosa-
HUA, OTHOCALLUMXCA K YMOMSIHYTbIM Bbille MSATUM BuAam, TO
[0CTATOYHO MOKasaTb, YTO Mpeobpa3oBaHUs 3TUX MNSATU BUOOB
nepeBoAsAT OKPY>XHOCTU (B LUMPOKOM CMbIC/IE) B OKPY>XHOCTU
(B WMpOKOM cMmbicrie). ITO OYEBUAHO A1 MapasifiesibHoro ne-
peHoca, MoBopoTa, Mogobusa, cummeTpum. OcTaeTcss npose-
pUTb 3TO AN WUHBEPCUW. YPaBHEHUE KaKOM-HUOYAb OKPYXK-
HOCTU (B LUMPOKOM CMbIC/IE) MOXHO 3anucaTb B Buae

v=Y+ p; \Y

A(X2+ yr)+ Bx+ Cy + D=0

(N, B, C, D — penctBuTenbHble vncna; npu J1 3=0 — 3To
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OKPY>XHOCTb, Npu A = 0 — 370 npsimast). 3 COOTHOLUEHWIA

"
W +

1

"
n3-f »*

(npeobpa3oBaHmne, 06paTHOE WMHBEPCUU, €CTb TOXE WHBEPCUS)
Halilem, 4To 06pa3 3TOM OKPY>XXHOCTU (B LUMPOKOM CMbIC/E)
VMeeT ypaBHeHMue

DWW+ vw)4-Bn+ Cv+ A =0

W, cnefoBaTeflbHO, TOXe SABNSAETCSA OKPYXXHOCTbIO (B LUMPO-
KOM CMbIC/E), 4YTO W TpeboBasiocb fAoKasaTb.

Bcsikoe HeTOXAECTBEHHOE J/IMHelHoe npeobpa3oBaHUE UMe-
eT Nnbo oAHYy, /N60 ABe HeMnoABWIKHbIE TOUKU (T. €. TOYKMU,
rnepexogswine B cebs).

B camom fene, B cnyyae Apo6HOro NiMHerHoro npeobpaso-
BaHUS w = ——?—Xr——:'r'_—%—ero MosiloC M TOYKa 00 He SABNSAKTCA He-

MOABWXKHBbIMU TOYKaMK, a OT/INYHAsA OT HWUX Touyka byaeT He-
NOABMXKHOM, ecnu yAO0B/ETBOPSAET YPaBHEHWUIO Z = Ea:,“ b
(KBagpaTHOe ypaBHEHME); B C/lyyae LEefioro JSIMHerHOro npe-
obpaszoBaHUs w = az 4" b ToyKa 00 ABNSAETCA HErNnoABU>KHOMN
TOYKOWM, a KOHeYyHas Touka OyaeT HernoABUXKHOW, ecnn yaoB-
NeTBOPSAET YpPaBHEHUI z — az b (ypaBHeHve cTerneHu He
Bbillle MepBoi).

Taknm 06pa3oM, HeTOXAeCTBEHHOe NMHeliHoe npeobpaso-
BaHWe B 000MX Ccryyasax WmeeT nM6o ofHY, NMbo ABe Henoj-
BUXKHbIE TOYKMW.

Teopema. Ecim *, 72 z3 — Kakue-HUbyap Tpu pas-
JINYHbIE TOYKM MOSTHOA MAOCKOCTU U Wt, wt, W3 — TO>XKe Ka-
Kne-HUGyAb TPWU pasNnyHble TOYKU TMOSIHOM MIOCKOCTW, TO
CyLeCcTBYeT eAMHCTBEHHOE JIMHENHOe npeobpa3oBaHWe, repe-
BOAsALLee Z,, Z2, Z, COOTBETCTBEHHO B WX, W2, W,.

AJdokas3zaTenbcTBo. Cnepsa 3aMeTym, 4YTO He Cy-
LLEeCTBYET pas3/INYHbLIX JIMHEWMHbIX MpeobpaloBaHMii L mn Mx
rnepesogAwWmMX z,, zt, z, COOTBETCTBEHHO B Wt, Wt, w3, TaK Kak
B NPOTUBHOM cnydyae M~IL 6b110 6bl HETOXAECTBEHHbLIM /K-
HelHbIM Mpeobpa3oBaHNEM C TPEMSI HEMOABMIKHbIMU TOUYKa-
MW Zj, Zg, Zj, uto HEBO3MOX>XHO.
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HenocpeacTBEHHO MPOBEPSIETCS, UTO JIMHEliHoe Mpeob6pa-
3o0BaHue LAZ'Z, rpe

Zs — Zi r— Zi
— e e -, €CNnn Z,,Z,, Z-. KOHEYHbI
t — z1 z— zj '» 1T 3
7j—24 _
ecnnm zx = oo,
Z— 7t
Lz, r,m(z) —

' ecim zx= °°'  (3.67)
r—z

, ecnn z3= 00,
, —7F

nepesoguT z,, z2, z, COOTBETCTBEHHO B 0, 0o, 1. OTcioga cne-

AyeT, 4To £n.z,z, O6ypeT /IMHeWHbIM npeobpasoBa-
HVeM, MNepeBOAALMM Z,, Z2, ZS COOTBETCTBEHHO B Wu Wt, wt,
4yTo M TpeboBasiocb AoKasaTb.

MoHATME CMMMETPUN OTHOCUTENbHO MPAMOMA XOpOLUO W3-
BeCTHO. BBegem Tenepb MOHATVE CUMMETPUM OTHOCUTESILHO
OKPY>XHOCTH.

OnpepeneHne. Tlyctb C — OKPY>XXHOCTb C LEHT-
pom O n pagnycom R. ToukoW, CUMMETPUYHON KaKON-HUGYOb
Toyke P OTHOCUTENBHO OKPY>XHOCTU C, Has3biBAeTCHA TouKa
P*, obnagawowasa ceoiictBamu: 1) P n P* nexkatr Ha ogHOM
nyye, BbIXOAsLLEM M3 LEHTPa OKPY>XHocTn C; 2) OP ©OP* =
= A2

Ecnn P coBnagaeTt ¢ UEHTPOM OKpy>XHocTtu C, To nona-
ralot P* = 00, n obpatHo. Ecnn P* cummeTpmuHa P, TO
P cummeTpnyHa P*.

JTlemma. Ecm P n P* — cMMMETPUYHbIE TOUYKU OTHO-
CUTENMbHO OKPY>KHOCTMU (B LIMPOKOM CMbIcne) C, TO BCAKas
OKPY>XHOCTb (B LUMPOKOM CMbIC/IE), Npoxoasiwiasa yepes P n P*,
opToroHanbHa C. O6paTHO, BCAKas OKPY>KHOCTb (B LUMPO-
KOM CMbIC/Ie), npoxogdawasn yepe3 P 1 opToroHasibHas C, npo-
XOANT uepe3 P*.

Joka3aTenbCcTBO. Mycteb (puc. 57) ' — oKpyXx-
HOCTb, npoxogsauwasn yepes P n P*, n OM — kKacaTtesibHas K
I, npoBegeHHas m3 UeHTpa O oKpy>XHocTu C. Mo M3BECTHOW
TeopeMe 3fieMeHTapHoli reomeTpun OM2= OP-OP*. Ho
OP OP* = ¢2, otkyga OM = H. CnepoBaTesibHO, Touka M
nexxut Ha C u I opTtoroHasnbHa C.

MycTb (cM. puc. 57) Tenepb ' — OKPY>XHOCTb, NpoxoasaLas
yepe3 P un optoroHasibHasa C, M — Touka nepeceyeHns C n I,
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p* — BTOpas Touka nepecedeHnsa I ¢ npsamoii OP. Torpa
OM 6ypaeT KacaTenbHoOW K ' 1, cnegoBatesnibHo, R*= OM2 =
= OP OP*, oTkyga cnefyet, uto P* ecTb TOYKa, CUMMETPUY-
Has P oTHocuTesibHO C. Teopema CTaHOBUTCHA TPUBUASILHOM,
ecnun nn6o C, nnbo I' ecTb npsAmas, 4To U TpeboBanocb
JoKasaTb.

CnepctBue. TlycTb TO4KM P 1 P* CUMMETPUUHDI
OTHOCUTE/IbHO OKPY>KHOCTU (B LUMPOKOM CMbIcie) C\ TOUKM
Q nu Q* CMMMeTpPWYHbI OTHOCU-

TEeNbHO OKPY>XHOCTU (B LUMPOKOM
cmbicne) . Torga nvHeriHoe npeobpa-
30BaHWe, NepeBogdllee CBIMM  TOUKY
P B Touky Q, nepeBefeT TO4uKy P*
B TOUKy Q*.
B camom pgene, B cnMny KoHcepBa-
TNU3Ma YraoB OKPY>XHOCTU (B LUMPO-
KOM CMbIC/e), npoxoAsiuue u4epes
P w optoroHancHble C, nepeigyTt B
OKPY>XHOCTU (B LUMPOKOM CMbIC/E),
npoxogdawme 4yeped Q u opToroHasibHble [, criegoBaTesnibHO,
TOuKa rnepeceveHUs MNepBbiXx P* nepeigeT B TOUKY Mepeceye-
HUA BTOpPbIX Q*.

MoNOXNUM ANA BCAKUX ABYX PasHbIX To4ek a, p

Z—a
7=T ecnn a, 3 KOHEYHHbI,
1 (3.68)
*__3 ecnm a = oo,
*—a, ecnn 3 = oo.

OuyeBngHO Lap 6yaeT ogHMM U3 NUHERHbLIX Npeobpa3oBaHUii, NepeBoas-

wux a, P coorBeTcTBeHHO B 0, 00.
Monoxunm euwe gna scakoro K (otanyHoro ot 0 1 00)

Lk (r) = Kr. (3.69)

OueBugHo Lk ecTb nuHeliHoe npeo6pa3oBaHMe C HEMOABMIXKHbIMU
Toukamu 0 1 00, N 06paTHO, BCSAKOE JIMHeliHoe npeo6pa3oBaHue C He-
noABUXXHbIMM Toukamu O n 00 ecTb Lk npu HekoTopom K (3To BUAHO
H3 BblpaxkeHus LO, oo, y,' raey oT/INYHO OT 0 1 00). CnefoBaTesibHO, BCS-
Koe SInHeliHoe npeob6pasoBaHue, coxpaHsiowee Touky O 1 nepesojsLiee
eANHUNYHYI0O OKPYXXHOCTb B cebs, Ao/HKHO mmeTb Bug Lk (M6o 00, Kak
CMMMETPUYHAA ¢ To4koli O OTHOCUTENIbHO eAMHUYHOW OKPYXHOCTU, CO-
XpaHsaeTca), npuyem, ovesmaHo, | K | = 1.

CnepoBaTenbHO, JfIMHeliHOe npeo6pa3oBaHue, MepeBoAsilLLee eaun-
HUYHYI0 OKPY>XHOCTb B Ce6sl, COXpaHsiolLee LEHTP U HanpaBfieHne feid-
CTBUTENbHOWM OCK, ecTb TOXAeCTBeHHOe npeoGpasloBaHue.
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3ameuyaHue. Bcskoe /uHeliHoe npeo6pasoBaHue C ABYMS
HENOABMXHbLIMU TOYKAMM @, P MOXHO 3anucaTb B BuAe

L— (B.70)

roe K otnamuno ot 0 n oo. O6paTHO, BCsiKoe npeobpasoBaHue (3.70) ecTb
NuHeliHoe Npeobpa3oBaHue ¢ HEMOABMXKHbIMU Toukamu 0 u 0o.
B camom pene, ecnu L uMMeeT HEMOABUXKHble TOUKM a up ,

T0 La 6yfeT NUHeWHbIM npeobpa3oBaHUEM C HEMOABUMIXKHbIMU
Toukamu 0, 00, c/fieoBaTesIbHO ~ ~K, O0TKyZa YMHOXeHVeM
cneea na M YMHOXeHMeM cnpaBa Ha La ” nosny4ynm MCKOMOe paBeH-
cTBO (3.70).

O6paTHo, L 'jj LK Laf npu BcAakom K, otanyHom oT O n oo, byaet

NUHeliHbIM npeo6pa3oBaHWeM C HeMOABVMXKHBIMKU Toukamu a, p.

Ana KaXKAoro HeTOXAeCTBEHHOT0 JINHENHOro npeo6pasoBaHns ¢ ABY-
M HEeMmoABMXKHbIMM Toukamu K ¢ 1 1 onpeAeneHo ¢ TOYHOCTbIO [0
3aMeHbl 06paTHbIM 4ucnoM (M60 MpM MNepecTaHOBKe HEMOABMIXKHbIX TO-

yek K 3ameHseTca Ha A.).
n

HeToxpgecTBeHHoe NMHeHoe npeobpasoBaHue C ABYMSA HEMOABUXK-
HbIMW TOYKaMu HasblBaeTcsa runepbonnyecknm, ecnn K nonoXxuTenbHo,
3nnmnTundeckum, ecnu PT] = 1, SIOKCOAPOMMUYECKUM B MPOYUX CAy4dasx.
HeToXpaecTBeHHOe /MHelHOe npeo6pa3oBaHWe C O4HOW HeMOABWXXHOW
TOYKOVM Ha3blBaeTcsa napaboMyecKum.

Teopema. MycTtb D — ogHa wa AByx obnacTeld, HA KOTOpble
OKPY>XHOCTb (B LUMPOKOM cMbicnie) C fennT NOMAHYK NAockocTb, P —

Touka B D, J1— «HanpasneHue», Bbixoaswiee un3 P; nycTb A — ogHa
M3 AByx ob6nacTel, Ha KOTOpble OKPY>XHOCTb (B LIMPOKOM CMbIC/E)
[T fenuT nonHyw nNAockocTb, Q — Touka B A, N — «HanpasfeHue»,

BbixoAswee m3 Q. Torga cywecTByeT eAWHCTBEHHOE JSIMHeHOe npeobpa-
30BaHue, nepesBogsiiee o6nacTb D B obnacTb A, Touky P BTOouky Q,
«HanpaB/fieHve» T B «HarpasfieHue» M.

Adoka3aTenbcTBO. CnepBa3amMeTuM, YTO BHYTPEHHOCTb UK
BHELIHOCTb OKPYXXMOCTN MOXHO NMNelHbIM NpeobpasoBaHnemM nepesecTun
B HEKOTOPYK MOMYN0CKOCTb (AN 3TOro [OCTATOYHO B3ATb JINHENoo
npeobpa3oBaHue, nepeBoAsiiee TPU pasHble TOYKU OKPYXXHOCTW B Ka-
Kne-HNoyab TpU pasHble TOYKWN, H3 KOTOPbIX 0fHAa 00). 3amMeTuM elle, 4TO
B 4YaCTHOM cnyd4ae, korga C u [, ynomnHaemble B Teopeme, SBNSAKTCA
npsiMbiMU, HalgeTca NuHeliHoe npeo6bpasoBaHue, nepesogswiee D B A
nP BQ, nbo nerko nonyuymTb JMHelHoe npeo6pa3oBaHue L, cocTaBs-
NeHHoe 13 BpalleHusA, napannenbHOro nepeHoca v nogobus, nepesoas-
wee D B nonynsiockocTb 'y > 0 1 ToOUKY P B TOUKY U aHasormyHoe M,
nepesogsauiee [ B nonynnaockocTtb y > 0 u Touky Q B TOUKy i, a Torga
M~'L nepeBegetr D B AuP B Q.

Mocne 3TuUXx 3amMeyaHWin neperijem K [oKas3aTeNbCTBY TEOPEMbI.
MycTb (Mj) — nuHeliHoe npeobpa3oBaHue, nepesogsuiee D (4) B He-
KOoTopytlo nonynnockocTe Dt (Aj); oHO nepeBoguT Touky P (Q) u «Ha-
npaBneHune» T (N) B HeKoTopble Touky P, (QX) n «HanpaBneHune» 7, (m,).
MycTe N — nuHeliHoe npeobpasoBaHue, nepeBofslliee BHYTPEHHHOCTb
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eIMHNYHOro Kpyra n HeKoTOpyl MOSyn/IOCKOCTb B; OMO MepeBefeT TOu-
Ky O B HekoTopyt Touky N. MycTtb L, (Mr) — nuHelHoe npeobpaso-
BaHue, nepesogsuwee Dx (4, B4 u P, (Qr) B A; ono nepeBeeT «Hanpas-
neHuve» nii (nt), BbixogAwee n3 Pi(Qi), B HEKOTOpoe «HanpaBsieHUe»
‘«r (/ij), Bbixogsawee unu3 N. [MpeobpasoBaHue L9 = N-~ILtLi (M3 —
= }>~xMrM~” nepesoguT D ([) BO BHYTPewWnocTb €AWHWUYHOIO Kpyra,
P (Q) B ero ueHTp, «HanpaeseHue» m (1) B HEKOTOpOe nanpasBieHHO

3 (M3), BbIxogsuwiee u3 ueHTpa. MNycTtb T — BpalweHue, nepesogsiiee
«HanpassieHMe» ms B «HanpaBneHue» n3; Torga5 = M~ITLs 6ypeTt
MCKOMbIM /IMHENHbIM npeobpa3oBaHuem, nepesogsawmm D B O, P B Q,
m B 4. OcTaeTca nokasaTb, YTO MO CyLLecTBYeT ABYX TakKux npeobpaso-
BaHM S u Si. MycTb N — nuBelinoe npeo6pasoBaHne, NepeBoasliee
BHYTPEHHOCTb €AWHMYHOro Kpyra B D, ero ueHTp B P, «HanpasneHue»

0eicTBUTENBbHOM oCU B «HanpaBneHue» T. Torga N-'S~SN nepeBoguTt
BHYTPEHHOCTb eAMHNYHOr0 Kpyra B cebs, coxpaHsaeT LEeHTp 1 Hanpasne-
HWe [eliCTBUTENbHOW OCWU, criefoBaTesibHO, 6yfeT TOXAECTBEHHbIM npe-
obpasoBaHnem E. Ho us = E (ymHoXkaem cnesa Ha N, cnpa-

Ba Ha M1 u, HakoHel, cneBa Ha Sj) Hailgem, 4yto S = Sv

3amMeyaHue. Ecnu nuHeiiHoe npeobpa3oBaHue L nepeBoauT OK-
PY>XHOCTb (B LWWMPOKOM cMbicnie) C B OKPYXXHOCTb (B LUMPOKOM CMbIC/IE)
[ n Touky 0, He nexauyw Ha C, B TOUKYy p, TO

L=

npu Bagnexauwem Bblbope K, rge a* (P*) — Touka, cUMMeTpuUYHas
a (P) otHocuTenbHo C (IM).
B camom pgerne, LL~\. coxpaHsieT Toukn 0 n co, cnepgosaTtesb-

Ho, umeeT Bug LK. M3 L LL~\. = LKyMHOXeHneM cneBa Ha L
M YMHOXeHueM crnpasa Ha £ax. MNoJy4YMM WCKOMOe BbipakeHue ans L.

B uacTtHocTu, ecnn I ecTb efMHMYHAA OKPYXXHOCTb U P = 0, TO
P* = 00; HO LO ecTb TOoXAecTBeHHOe nNpeobpa3oBaBue, cnegoBaTesb-

HO, B paccmaTtpmBaemom cnyyae L = LKLax, npn HekoTtopom K. 3ameTum,

yTo TOrga npu npomssosnbHom K 3to npeobpasosaHue nepesefetr a B O
M C B HEKOTOPYIO OKPYXXHOCTb C LeHTpoMm 0. Mo3ToMy [0OCTATOYHO MOT-
peboBaTb, 4To6bl HekoTopoe r0 Ha C MepexoAnno B TOUKY C eAUHUYHbIM
Mogynem. Takum o6pa3om, 06w mnii BUA BCeX NMHeliHbIX Npeobpa3oBaHui,
nepesofAawnx C B eAUHMNYHYI0O OKPYXXHOCTb W TOYKY a, Me fexawiyto
Ha C, BO, ecTb

1*1- JLaa @] =

roe  — Kakas-Hubyfab, hukcupoBaHHas Touyka Ha C. Mnaue rosops,
06w mnii BUA TakmMx npeobpasoBaHuii ecTb

Naa* (%)
W= K Lax7i*p rpe - 1- B-71>
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Mpumep 1. HahTM BCeBO3MOXHble JIMHEWHble Npeobpa3oBaHus,
nepesogsLne eAUHNYHYIO OKPYXHOCTb B ceb6a 1 Touky a B 0.

3pecb a* = 1/3, cnepoBaTesnibHO, UCKOMble JIMHEVHbIE Npeobpa3o-
BaHuA byayT:

w— K mm—

, rge |[Ki1=1 (3.72)
az— 1

(w6o ecnu a= re'p, 70 -=- = e* 1 MOXHO0 B3aTb 10 = UN*),
a

r
Mpumep 2. HailTu Bce nuneliHble Npeo6pasoBaHus, nepesoasiuime
NENCTBUTE/NIbHYIO OCb B €AMHUYHYI0 OKPYXXHOCTb U TOUKy a B 0.

3p4ecb a* = a, cnepoBaTeslbHO, UCKOMble JSINHelHble Npeobpa3oBa-
HUa 6yayT:
ip= *-~-4-, rpge 1*1 = 1 (3.73)
r—n

KoHtopMHble 0To6pa)keHUs 0AHOCBA3HbIX 06 nacTeii.

dopmMynmnposka TeopeMbl PnmaHa — KaparTteo-
gopwu. Bcsikasa ofHocBA3HaA o0651acTb Ha MOMIHOM MJI0CKOCT K, Kpose
MOMIHOM MAI0CKOCTU M MNOSTHOA MAOCKOCTWU € BbIKONIOTON TOYKOW, MOXKIT
6bITb KOH(OPMHO OTOOparkeHa Ha BHYTPEHHOCTb eAVHUYHOro Kpyra.

Jloka3aTenbCTBO 3TOW TeopeMbl 34eCb He NpuBoAUTCA. L3 Teopembl
PumaHa — Kapateogopu crejyer, 4TO BCSAAKMe [Be O/ HOCBA3-
nole o6nactm D u [, OT/INYHbIE OT MOJIHOM MJIOCKOCTUM W MOSIHOW Moc-
KOCTW C BbIKOSIOTOM TOYKOM, MOryT 6bITb KOH(OPMHO 0TO6paXkeHbl oana
na gpyrywo. B camom gene, ecniv 5 n T — KoHopMHble oTo6pakeHns D
n [l Ha BHYTPenHoCTb €AMHUYHOro Kpyra, 1o T~IS 6yaeT KOHPOPMHbIM
oTobpakeHnem D Ha [. Bonpoc 0 TOM, HACKO/IbKO MHOroo6pasHbl KOH-
opmHble oTo6parkeHns D Ha [, nerko pewaetcs, ecnu 6yaeT foka-
3aHa

NNemma WBapuya. Ecnm f (r) BHyTPU eJUHNYHOIO Kpyra aHanum-
TWUYHA, N0 MOAY/IO He NpeBbilaeT 1 U MMeeT Hynb B Touke O, To |/ (9] <
« |*| npu El< 1, npuyem nnéo |/ (2] < |rlnpm 0< |r|< 1, nnéo

/ (*) = Kz, rge K noCTOsAHHO ” | K |= 1.

AdokasaTenbcTBO. Tak kak/ (0) = 0, aHanuMTu4Ha
npn El< 1. MNpn |*|=r,rpge0< r< 1 umeem j 1< -y , cne-
[,0BaTe/bMo, Mo NPUHLMNY MakCUMyMa MOAY NS | I< -J-npu K< r.

F%&g K npegeny npu r — lnokasbiBaeT, Y pr bl < 1)12eem
J | 1. Eenn B HEKOTOPON Touke = =1 to—— =

= const = K, rge, oyeBugHo, |fc] < 1. B npoTuBHOM cniyyae (a TakXe B

npegblaywem cnyvae, korga |fc] < 1) umeem 1-b-]1<1 mpn 1ZI< 1-

Takum o6pasom, nun6o / (z) = kz, rae i = 1, nn6o I/ (z) 1< |r|npn
0< /z]< 1, yto n TpeboBanocb AokasaThb.
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CnepcTtBue. KoHOpMHOE 0TO06pa>keHWe BHY TPEHHOCT W e4UH Uy-
HOro Kpyra Ha cebsi, coxpaHsiouiee TOuKy O W HanpasfeHue [eiAcTBu-
TeNbHOM 0CU, eCTb TOXKAECTBEHHOE MpeoGpasoBaHue.

B camom pene, ecnu v = / (*) ecTb Takoe KOH(opMHOe oTob6pake-
Hue. To / (*) ypoBneTBopseT ycnosuAM emMmbl  LUBapua, nostomy
1/ (*) K 1*ITPNI1*1< *e Ho obpaTHoe oTobparkeHne *=<p (ip) Takxe
yAoBNeTBOPSAET yc/oBUAM neMmbl LLiBapua, noatomy |<p(w) |~ w npu
K | < 1. Monarasa 3gecb to = f(i), nonyumm| * |< |/ (*) |npn f*|< 1.

CpaBHeHMe NoslyYeHHbIX HepaBeHCTB nokasbiBaeT, uto |/ (*) |= |* ( npu
**] < 1. CnepoBatenbno, no nemme WBapua / (*) = kz, rge]A] = 1.
yuynTbliBasi, 4TO HanpaBneHWe [eNCTBUTENIbHOW 0OCKM coxpaHseTcs,
Haxogum k = 1w, cnepgoBatenbHo, / (*) = *.

N3 Teopembl PumaHa — Kaparteogopu v npeabigyuiero cneacrtsus
13 nieMmbl LLIBapua BbITEKaeT

Teopema. MycTbD ([)—o0aHOCBA3HAA 06/1aCTb, OT/INYHAA OT MNOS-
HOM M/IOCKOCTW W MOSIHOW MJIOCKOCTW C BbIKOMOTOM Toukoid, P (Q) —
Touka B D (J1), ra(B) — «HanpaBneHue», Bbixogswee u3s P (Q). Torpa
cyllecTBYyeT eAMHCTBEHHOe KOH(OpMHOe oTobparkeHne D Ha [, nepeso-
fsillee ToYKy P B TOUKy Q M «HanpaB/fieHue» ra 0 «HanpasfieHne* B.

AokasaTtenbcTBO. INyctb S (T) — KOH(pOpMHOe oTo6pa-
>XeHue o6nactn D ([]) Ha BHYTPEHHOCTb €4MHUYHOI0 Kpyra, cyL ecTBylo-
lee B cuny Teopembl PumaHa — KapaTteogopu. Torga Touka P (Q) wm
«HarnpasseHue» m (B) nepengyT npu 3TOM B HeEKOTOpyw Touky Px (Qt)
N HEKOTOpoe «HanpaBieHme» mt (nt).

MycTb L — nnHeliHoe npeo6pa3oBaHue, nepeBojsliee efVHUYHYIO
OKPYXXHOCTb B cebs, TOUKy P. B TOUKY «HarnpaB/ieHMe» ra, B «Ha-
npassieHue» B,. Torga J~ILS 6yaeTr MCKOMbIM KOH(OPMHbIM O0To6paXe-
Hnem D Ha [, nepesosAwmm TOo4Ky P B TOUKYy Q W «HanpaBieHue» ra
B «HanpassieHWe» B. OcTaeTcsA AoKa3aTb €AWHCTBEHHOCTb TaKOro 0T06-
paXkeHun.

Myctb S (T) — KoHGopMHoe oTobpakeHne D () Ha BHYTPEeHHOCTb
eANHUYHOro Kpyra, nepesogsuwee Touky P (Q) B Touky O, «HanpaBsne-
Hue» ra (B), B «HanpaBneHue» [AelCTBUTENbHOW ocu (cyliecTBoBaHMe
oTobpaxkeHuss S (') gokasaHo). Ecnu Tenepb U — Kakoe-HN6yAb KOH-
dopmHoe oTobpaxxeHne D Ha [, nepeBogsiuwee PO mBB, TO TUS'1
6yfeT KOH(OPMHbIM 0TO6pakeHWeM BHYTPEHHOCTU EeAMHUYHOr0 Kpyra
Ha ce6sa, coxpaHawLWUM Touky O n HanpasfieHue AeCTBUTENIbHON ocwu.

Mo cneactBnio n3 nemmbl LWBapua TUS~I = E (To)kgecTBeHHOe npe-
obpasoBaHue), cnegosatenbHo, U = T~IS, uTo foKa3biBaeT eAUHCTBEH-
HocTb U.

3ameuvyaHue. Ecnm o6nactu D n [ orpaHnYeHbl OKPY>XXHOCTAMMN
(B WWMPOKOM CMbICNE), TO BCAKOe KOH(OpPMHOe oTobpaxkeHue D Ha [
6yfeT NIMHENHbIM.

B camom pgene, nyctb S — KOH(oOpMHoe oTo6paxeHue D Ha [.
Kakasa-Hnbyab touka M obnactu D u BbiXxogslee N3 Hee «Hanpasse-
HVe) W nepeigyT B HekoTopyk Touky N o6nactu [ u Bbixogsiiee 13
Hee «HanpasfieHWe» B. HO Mbl BUAENN, 4TO CyL,ecTByeT JIMHeliHoe mnpe-
obpasoBaHue L, koTopoe, Kak n S, nepesogut D B A, /1/ B N, raB B,

a TaKk KakK Takoe KOH(OPMHOe O0TOo6pakeHue efMHCTBEHHO, To S = L.
dopMynmMpoBKa TeopeMbl 0 COOTBETCTBUWU rpa-
HUL nNpuvn KOH(POPMHOM oOTOob6Gpa>XeHUw. Ecnrmw = [ (¥

ecTb  KOH(OpPMHOE oTob6parkeHMe ob6nacTu D, orpaHunyeHHoM
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npocTbIM  3aMKHYTbiIM  KOHTypom C, Ha ob6nacTb A, orpaHu-
YEHHYI0  MpPOCTbIM  3aMKHYTbIM  KOHTypom [, To dyHKuymo j(i)
MO>XHO TakK goonpefesMTb B To4Kax KOHTypa C, uTo/ (z) cTaHeT He-
npepbIBHOM (hyHKLMENA B3aMKHY T Ol 06/1acTuW, orpaHNyYeHHOM KOHTYypom C,
M cooTBeTCTBME W = [/ (*) OKa>KeTCSA B3aMMHO 04HO3HA4YHbIM 0T Oobpa>ke-
HWEeM 3aMKHYTOl 06/1acTW, OrpaHNUYeHHOM KOHTYpoM C, Ha 3aMKHyTYH0
06/1aCThb, OrpaHUYEeHHY KOHTYpoMm .

Jloka3aTenbCcTBO 3TOM TEOpEMbI 3fecb He NpuBoAUTCcA. Taknu obpa-
30M. BCSIKOE KOH(DOPMHOE 0To6pakeHWe 06/1acTn,0rpaHNYeHHON NPOCTbIM
3aMKHYTbIM KOHTYpOM C, Ha 061acTb, OrpaHUYEHHYI MPOCTbIM KOHTY-
pom I, nHAoyumpyeT onpegesneHHOe B3aMMHO OA4HO3Ha4YHOe COOTBETCTBUE
MeXay TouKamMm caMmx KoHTypoB C n I.

§ 21. 3agava [Aupuxne ansa kpyra
N CBOWCTBA rapMOHUYECKUX (YHKLUUIA

BbiBog BcnomoratenbHo copmynbl. Mpu O< r <1 n
nboMm <P nmeem

4-+§rVn*- —4 -+ %rVn’ ---------- r+ 1_r =
- 1 1 1~ <> = L +
2N @A_rfenl_ Ty T2 A
, 1—rco3p+ Irsing _ 1—r*+ 2ircosd
*o!! 1—2rcosd + r* — 2(1—2rcosp+ ) *

0TKyAda, nepexoasa K ,ﬂ,eVICTBI/ITefIbeIM 4acTtdam, noaydmm

00

4-+ 2 rncoslp= -2(1-_ + 1y . (3.74)

MHTerpanbHoe npeacraB/ieHne rapMoHUYECKUX (YHKLUN.=
Myctb (@) = wn (m, y), rae z = x + iy,— pelcTBuTesibHas
HerpepbiBHas YHKUMA Ha Kpyre |z |~ B rapmMmoHuyeckas
np |z |< B. OueBugHo, wu (Re**) 6yneTr HenpepbIiBHOM
tbyHKUWen oT ¢ ¢ nepuogom 2a. B cuny § 7 rapmoHmnueckas
(byHKUMS BHYTpPU Kpyra ABAsSeTcs [AeWCTBUTENbHOW 4acTbio
HEeKOTOPOM aHaNIMTUYECKON (QYHKLUWN BHYTPU 3TOF0 Kpyra,

Oo

noatomy npu |z |<K B n@ —Re F (2), rge F(2 =2 Arzn
0

npu |z |< B, npuyem MoXHo npegnosarate Im F (0) = O.
Beegem 4ucna aoO, ax, bl} . . ., an, bn, . . ., nonarasa

A>= -y-, An = an— ifen(n>0).
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Mpn 0~ r< R un nwbom ¢ nmeem
()]

Fire) = -J-+ 2 (*"- ibn)r'e"*,
1

0TKyga Moesio BblAenennua AeiCTBUTE/IbHbIX YacTel Moayymm
@®

n(rer) = -y-+ 2 r" (finGOSnd + Hisin n). (3.75)
1

CXxoAnMMOCTb 3TOro psga paBHOMepHa OTHOCUTENLHO ¢ npw
dukcmpoBaHHOM I, cnegoBaTtenbHo, a0, anr", born (n > 0)
ABNAKTCA KoahuumeHTammn dypbe ANnd wn (re'*) Kak gyHK-
umm ot d.

Beps p mexay r n R, nepenuvwem (3.75) B Buge

00

n(re*) = -~ + 2 (-yf (°nPncos rap+ HPp" sin nd).

Tak kak a0, ampn, 6,pn (n > 0) aBnATCA KoahhulmeH-
Tamu ®Pypbe AnA m (pe'd) Kak GyHKuUM oT o, TO

A n
a0= — " u(pes)da;  ap"= J n (peid) cos na da;
-9 _q
n
b,p" = -A- ™ un(pet)sin nada (n> 0);
=)
cNnefoBaTenbHo,
u =3r Su(eada+ 2 ([ -)"(Jr$e. *

X cosnadaecos ap + -A- ™ n(p«,a@8rtgaacla-8ragd) =
| .
A 00 A

4r J “ (pe)Yda+ 2 (-jr) -J- J w(peid)cos g (a — )c/la=*

“T1rJ[T +S (t-]'cosn(®- ¢)]u(p«a)da=

8 T. . PomaHOBCKNiA
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= “2F \ - 7~— ~ -——— " (P<i)dar=
— cos(a-«p) + -~- (

=4r { >-27cl(1-<p) + » bkK*™ >da-

MogbIHTerpanbHoOe BbipaXkKeHWe B MNocnefHelr unTerpase sB-
NAeTCA HENPEPbIBHOW PyHKUmMen ot p, a npu r< p~ R (r, ¢
hnkcnposaHbl). O603HauUUM ee @ (p,a). Mpn p-» R ® (p, a) —
“*m ® (/?, a) paBHOMEPHO OTHOCUTENbHO a (W60 ® paBHOMEp-
HO HenpepbiBHA MpW T, p R, ecim 1< 1, < R), cne-
JoBaTenbHO, B npegene Mnoay4ynm

A

- -sH +,1 (3.76)

3ameTum, 4To Npu 1 = 1 3Ta hopmysa MNPUHUMAET BUf

n

1= ~br jﬂ Ne - 2Rrcosva- g+ m» d°" (3-76"

Ecnm n (z) = bI(X, y), TAe z — X + iy,— [eACTBUTENb-
Hasa HenpepbiBHasa yHKUMA Ha kpyre |z — r0 | R, rapmo-
Huyeckad npu |z — z0 |< R, 10 n (z0+ 2z) HenpepbiBHa Na
kKpyre |z | R v rapmoHuyHa npun |z |< R, cneposatesb-
HO, Ha ocHoBaHuUK (3.76) umeem Npn 0~ 1< R U nw6OM P

A
U((@Zo+ re*)= -ar™ pa-_ 2"~ «(F - ) + H “<«+ Re” da’

(3.77)

YTO U ABMIAETCA WCKOMbIM WHTErpasibHbIM MpeacTaB/IeHUeM.
OTcroga npun r = 0 nony4yum

A
n*)- -%r SU(zo+ HAeldda= <un(*ds, (3.77)
A

rae C — okpyXHocTb |z —z0 |= [ w nocnegHwWin uHTe-
rpan 6epetcs No AVHe AYTu.
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O [JOCTUXKEHUM KpalHUX 3Ha4YeHWii Ha rpaHuLe H Teopema
eJUHCTBEHHOCTU. CpefHUM 3HauyeHWeM HernpepbIBHON (YyHK-
uum / Ha cnpsamnsemoit ayre I AnvHbl L Ha3biBAeTCsl 4MCN0

cneposatesibHo, / s L Ha . 3To 3amMeyaHue pgasiee UCMOJIb-
3yeTca.

Teopema. Ecnm u (2) — pgelicTBUTENbHAsA HeMnpepbIB-
Has (PyHKUMA B OrpaHW4YeHHO 3aMKHyToOW obnacTwm [, rap-
MOHMYeckast BHYyTpu [, To HaumbosblLuee M HanMeHbllee 3Ha-
YeHA ” (z) Ha [, gocTuraloTcA B HEKOTOPbIX TOYKax Ha rpa-
HUUe 3Toi obnacTwu. JOoCTW>KeHUe HaubosnbLUero WM Hau-
MeHbLUEero 3HayeHust 1 (z) BHyTpwu [ MO>KeT MMeTb MECTO
TONIbKO B C/lyyae, Korga u (Z) ecTb MOCTOSIHHOE.

Adoka3aTenbcTBO. Hanbonbwee 3HayeHue u (2)
JocTuraeTcs No KpaliHel Mepe B 04HOM Touke Ha [O. Ecnu Haun-
6onbluee 3HayeHue u (r) Ha [l gocTuranocb B Touke r0, nexa-
wen BHYTpu [, TO OHO [OCTUraeTcss BO BCeX To4vKax Kax-
[Oro Kpyra, mmerowero ueHTp z0 un nexawiero BHyTpn . 3710
HenocpeAcTBEHHO cnepyeT m3 (3.77') M cAenaHHOro Bbile 3a-
MeyaHus. Bo3bMeM Terepb MPOU3BOMIbLHYIO TOUYKY Z BHYTPU
A n paccmoTpum uenovky kpyros K1t Kr, .. Kn, nexa-
Wnx BHYTpU [ 1 Takmx, 4to z0 ecTb LEHTp Kpyra Kwu ueHTp
Kaxpgoro K) (1 < /™ T) nexut Ha Kj.lt Z npuHagnexurt
KT (nocTpoeHVe aHanorMyHoOM LLenovykn KPyroB paccMOTPEHO
npu gokasatenbcree sieMmbl B § 14). Haubonbliee 3HaveHue
n (z) Ha [ pocTuraetca BO BCeX ToYKax Bcex Kpyros K, u, B
YacTHOCTKU, B TOUKe Z, HO Z — nwbaa Touka BHyTpu [, cre-
JoBaTenibHO, u (z) nocToAHHa BHYTpW [, W cnefosaTenbHoO,
noctosHHas na [l. 3aMeHas n Ha — 1, NPULEM K aHaJTIOTMYHbIM
3aK/Il04eHNAM 0 To4ykax, rge v (z) AocTuraeT HauMeHbLUero
3HaYeHUA.

MpumeyvaHne. W3 3Tolh TeopeMbl cneayeT, YTo eC/iM U N V —
HenpepbiBHble AeCTBUTENbHbIE PYHKLMUN HA A, rapMOHUYecKne BHYTpu
A, v ecnn Ha rpaHuue obnactn [ nmeem u W, To BClOAY Ha O un ™ Vv
(W60 HamMmeHblUee 3HayYeHVMe V — W AOCTUraeTcs Ha rpaHuue [, a 1am
v — n”" 0). Oanee, ecnu Ha rpaHuue [ nmeem |u |~ V, To BCclogy Ha
O v )< bWm6o M3—o0< u < Il)Ha rpaHunue A cnegyet —V< n< Vv
Bclogy Ha [).

TeopemMa eAUMWHCTBEHHOCTWN. MycTb O —
orpaHuyeHHasi 3aMKHyTas ob6nacTb. Mo>KeT cyllecTBOBATb

8*
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He 60s1ee OAHOW [eVMCTBUTENMBHON (PYHKLUUWN, HEMNPEpPbIBHON Ha
A, TapMOHUYECKOM BHYTPU A 1 NPUHMMAalOLLEN 3a4aHHble 3Ha-
UeHUs Ha rpaHuue obnacTu A.

Adoka3aTenbcTBO. B camom ferne, pasHoCTb ABYX
Takux (yHKUWi 6yaeT HemnpepbiBHA Ha [, rapmMoOHWYHa BHYT-
pu A n paBHa Hyn Ha rpaHuue . B cuny npegbigyuiein Teo-
pembl 3aTa pasHOCTb TOXXAECTBEHHO paBHa Hynw Ha /A,

PeweHne .yapaun Odupuxne pnn Kpyra. 3agada Oupwuxne
B obwemM Buie dopmynupyetca cnegywowmm obpasom. ycTb
A — orpaHmyeHHasa 3aMKHyTasd o6s1acTb, @ — HenpepbIB-
Haa fdelicTBMTeNbHaA (YHKUMA Ha rpaHuue obnactu . Tpe-
byeTcsA HaliTM HenpepbIBHYI AENCTBUTEsIbHYI0 (DYHKLUIO U Ha
[, rapmMoHUYecKylo BHYTPM A W1 coBrnajawly ¢ ¢ Ha rpa-
Huue obnactm [,

N3 Teopembl eQMHCTBEHHOCTU criefyeT, 4YTO MOXKET cylle-
CTBOBaTb He 060siee OA4HOW Takon W.

MycTb / (a) — HenpepbiBHas pgelcTBUTeNbHas QyHKUMA
¢ nepuogom 21, K — Kkpyr pagumyca R c ueHTpom zO. lo-
naraga r = z,+ relv, trage 0™ r< R, onpegenum npu
lz—z0 |I< R dyHKuUIO

“(2)= " (r«+ rB*>= 4 - bNe -2J1 7TToT[cF—-h)u-~ / <@>da-
(3.78)

BbipaxkeHue (3.78) HasblBaeTcs uHTerpasioMm [lyaccoHa. OTOT
WHTerpan peanusyeT pelleHwe 3ajadun Oupuxne Ans Kpyra.
Mokaxem crnepsa, 4Tto u (z) asngetca npn |z — z0 |[< R
[eliCTBUTEeNbHOM YacTblo HEKOTOPOW aHa/IMTUYecKo hyHKLUUN
W, cnepoBaTesibHO, OyAeT rapMOHMYEcKOW (yHKUMeN.
Mmeem npn 0 < r <, yunuTbiBas copmyny (3.74),

R1— r* 1 (1

2 (A*— 24rcos (8 — <P i'1)_ r r / TV —
L1—2'TIrCO3(X—®P) -b\~7r) |

= 4~+2(1r) cosn(a— o).

3arem, yunTtbiBas pasBnoMeEpPHYH OTHOCUTESIbHO a CXOAMMOCTb
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BCTpeualllerocsa Hwxke psga, Moayyum

A 00
“(r) = 1r S [-T + 2(-vTt)Nco8UN(«-® )]/(a)iha =.
= "5l S/(“)"« -HS (“Trn)" S/ (cosn(a—)da =
= x + 21 r" (°ncos n,p + bnsin n'p).

roe
«w= 4“S/(a)da; a,= —  J/(u)cosnada;
= —71pr \/(a) sill nada (n>0).

Tak Kak an = o (1/N"), b, = o (1/1n), To pag2 An(r — ron,
@]

roe AO0O= a02; An= an— ibn(n > 0), cxoautca npwu
lz — z0l< R v n3obpaxaet npu |z — z0 |< R HeKOTOpyto
aHanuTuyeckyto yHkuuio F (z), npuyem, oueBugHo, Re F (2) =
= u(2).

Tenepb MNoKaXkemM, 4TO ANA Kaxgoro 0 u (zO+ re *)

fr-vi/t.

—2*/(cho) m;>n . 9TumM BypeT nokasaHo, 4To ec/nu goornpe-
1d-*do

JennTb 1 (z) Ha OKPY>XHOCTW paguyca R ¢ uyeHTpom z0, noso-

XUB Npu Kaxkgom 0 u (z + Re™) = / (0, TO u (2) cTaHeTr
HenpepbIBHOM (yHKUMen Ha kpyre |z — z0 | R.
Nmeem, yuutbiBaa qopmyny (3.76'),

n(zo+ re*) —/ (0 =

= 2n ™~ K*- 2Hrcos(a- o)+ r-1/ ~ [ (Po)1 =
— A
H—254*2* ¢e-f25 do—25-2rc
=i N+ oTr S -+ .
A&

roe 0 < S < /2. Bblbepem 6 Tak, uto |/ (b)) —/ (90O I< e/2
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npu ¢O0— 26 r* o -f 26 (e > 0 npousBO/LHO Ma-
N10), N paccMoTpUM (QYHKLUIO

Od-T-a>= ~ - 2alc¥*=T)~ 1/(a)~ / (YOI

OYEBUAHO, HEMPEPbLIBHYW W, CMefoBaTe/lbHO, PaBHOMEPHO
HEMPEPbLIBHYID HA TPEXMEPHOM 3aMKHYTOM WHTepBase

O<r<4
db—6<P<dPo + 6
P+ 26 < a< do—26+ 2n

nbo Npu 3TUX 3HayeHUAX r, ¢, a 3HameHaTesb =£ 0, TaK Kak
6~a —p"N2a — 0, M cnepgosaTesibHO, 3HamMeHaTeslb

> JA*- 24rcos6+ = (A - n*+ 4/27rsin*y > 0.

Mo npuunHe paBHOMEPHONM HEMPEPLIBHOCTA Ha YMNOMSHYTOM
TPeXMepHOM WHTepBasie Hanlgetca Takoe T) > 0, 4To

ICD (r1 ('b! a) — @ (S:l, (13, a) |< el2
npun

R—T7)< r< R, go—6< th< o+ 6, o+ 26< an
< 0o — 26 + 2n,

HO ® (A, ¢, o) = 0, cnepoBaTenbH® |P (r, d, a) |.< e/2
npu ynoMsiHyTbIX I, ¢, a W, crepogaTenbHo, |irj< e/2

npu 4 —r,< r< 4, |db— do |< 6.

Lanee npu r < 9 wnmeem
25

A 1 Al—r1 Ae 1
29 ) R*-24rco3(a—@d) + maa<- 2 21
Gx—25 —a

XK
f e
i

cneposatefnibHO (puc. 58),

g—]’k r< 4,
(Po—B6<P<do + 6.

(r —»/?
OTum pgokasaHo, 4to u (zO-f red)-»/ (PO npm -L _ do =

Takyum 06pa3oM, MOKa3aHo, YTO E€C/IM Ha OKPY>KHOCTU
Ix —z0 |= A npou3BosibHO 3agaHa HenpepbiBHAsA (YHK-

1N +/*|<e npm
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uma th(z), To cyuwecTByeT eAMHCTBEHHas [AelCTBUTE/bHASA
HenpepbiBHasA PyHKUUA n (r) Ha Kpyre |z — z0 | R, rapmo-
Hudeckaa npu |r — r0 |< R u paBHasa ¢ (z) npn \r — z0|=
= R. Ota (yHKumsa onpegensietca dopmynon (3.78), ec-
nmnonoxnte / (a) = ¢ (z0 + Reid).
CnepoBartenbHo, 3agaya [Aupuxne

4NA Kpyra paspeluvma.

3 ckaszaHHOro B KoHue § 20 cnepyer,
4yTo ecnn [l ecTb 3amMKHyTas ob6nacTb, Or-
paHMyYeHHass NPoCTbIM 3aMKHYTbIM KOHTY-
pom [ (Ha NNOCKOCTM KOMMJ/IEKCHOro nepe-
MeHHoOro r), K — kpyr |S] < 1, C —

OKpy>XHocTb |E]= 1 (Ha nnockocTn
KOMTMIEeKCHOr0 repeMeHHoro £), To cylye-
CTByeT TaKoe B3auMMHO OfHO3Ha4Hoe W”n Puc. 58.

B3aMMHO HenpepbiBHOE COOTBETCTBUE
C= C(¥ wmexgy Toukamm O wn A, npum koTopom [ oTobparkaeTcs
Ha C (torga obpaTHoe cooTBeTCcTBMe * = *(£) oT06pa3snt C Ha ) un
£ (r) ABnsAeTca aHanUTUyeckoih QyHkuuen BHyTpm M. MycTb ¢ (*) —
npon3Bo/ibHasA HemnpepbiBHaA fAelcTBUTeNbHaa QyHKumsa Ha [, Torga
¢ \r (E)1 6yneT HenpepbiBHOW AeACTBUTENbHOU yHKumMen Ha C. Cornac-
HO WM3/10)KEHHOMY CyLLecTByeT HenpepbiBHas [AelCTBUTENbHAA PYHKUUSA
v (£) Ha K, rapmoHunyeckasa BHyTpu K u coBnagawowas cd |z (£)) Ha C.
Torpa n (z) = Vv [£ (z)] 6byneT HenpepbiBHOW AelicTBUTENbHON (hYHKLMel
Ha [, rapmoHuYeckoi BHYTpu [l 1 coBnagatweli ¢ ¢ (z) Ha [ (3ameTum,
4TO rapmoHmyeckas (yHKLMA 0T aHaINTUYeCKOW (YHKUUM rapMOHUYHA
noTOMy, 4YTO Cynepno3vuma aHainTUHeckKux MYHKUWI aHannTuyHa H
NnoToOMy, 4TO rapMoHuyeckas PYHKLUUA eCcTb AeAcTBUTesIbHasA YacTb aHa-
NINTUYECKON (PYHKLMN).

Taknm o6pasoM, 3agava Jupuxne paspeluaercs 415 BC A KO W 3aMK-
HYTOW 06n1acTu, orpaHMYeHHOW MPOCTbIM 3aMKHYTbIM KOHTYPOM.

CBoiMcTBa rapmMoHu4Yecknx GyHKuunii. OTMeTUM npeaBapu-
Te/IbHO HeKoTopble HepaBeHcTBa. [lpn 0~ r< R w©n BcA-
KOM <P

a—r ' R — A P> — r* n
A+r1r ~ H—2Hr-\-r* Al—2dArcoB<p + H ~
A» — » R+ T
N~ H —2Hr+ rr—R —r (3.79)
HO neBad 4YacCTb NMpuU yBeE/IMYEHNN T YMEHbLLUAETCA, a npaBad
yBeindmnBaeTcda, cnenosatesibHO,

R—p - qA* —r* A p

1+77™ SA»- 2drcosd+ ™ ~ A —p npwu ° < r<_P </_?-

(3.79)
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HanoMHum (cm. § 13), 4To nocnefoBaTeNbHOCTb (PYHKUNIA
B HEKOTOPOW 06nactu D Ha3biBaeTCA paBHOMEPHO cxoAslelics
BHYTpU D, ecin oHa CXOAMUTCA pPaBHOMEPHO Ha KaXKoMm
OrpaHU4YeHHOM 3aMKHYTOM MHOXecTBe, CcofepXKallemcsa B
D (gna aToro AoCTaToOYHO paBHOMEPHAasA CXOAMMOCTb Ha KaX-
aom kpyre K, nexauwem B D).

Teopema. Ecnn nocnegoBaTeslbHOCTb PyHKUUI un (2),
rapmMoHNYeCcKUX B HeKOTopoii obnacTun D, paBHOMEPHO CXOAUT -
ca BHyTpu D, To npegenbHas yHKUUSA U (Z) rapMoHUYHAa
B obnacTun D.

AdokasdaTenbcTBo. Tlyctb K — Kpyr ¢ LEHTPOM
z0 n pagnycom R nexkut B D. lpumeHUM K wun (z) dopmyny
(3.77). Tak Kak Ha OKpy>HocTun Kpyra K wun (z) —»wu (2) paB-
HOMepHO, TO MpeAesnbHbIA MNepexod MnokKasbliBaeT, 4To W ()
npeacrasuma BHYTpU K mHTerpanom lMyaccoHa (3.78) ¢ /(a) =
= un (z0 ~* Reigd), cnepoBaTesibHO, U (zZ) rapmMoHMYHa BHYTPU
K, Ho K — nwb6oli kpyr, nexawuii B D, cnegosaTesibHoO,
n (z) rapMoHu4yHa B o6niactu D.

CnepcTtBune. Ecnm psag c uieHamu, rapMOHUYECKUMM
B obnacTtm D paBHOMepHO cxoguTcd BHY Tpu D, To ero
cymMmMa rapmMoHuyHa B obnacTu D.

Teopema TapHaka. TycTb vn (2 — nonoku-
TelbHble rag)MOqueCKme yHKUMM B HeKOoTOpoi obnacTw D.

Ecnmn pag 2 vn(b) cxoanTcsa XoTs Obl B O4HOM TO4UKe O06-

nacTu D, TO OH paBHOMEPHO cxoauTcs BHYyTpu D.
JokasaTtenbcTBo. MycTb K — KPYyr ¢ LEHTPOM
r0 u paguycom R, nexawmii B8 D. YMHoOXasi HEpaBEHCTBO

%

L N\, 2
i S b Bty . e 07 rx R,

Ha 2-i',(z0-f- Reid) 1 UHTerpupys no a B npegenax oT —Ii

40 n, nonyyum, yumteiBasa (3.77) wn (3.77");

vn(z0+ "*e) < vn (z0),
@®
0TKyfAa cnegyeT, 4To ecnu B Touke zO pag 2 vncxoguTces,
1

TO OH CXOAUTCA B KaXAoW Touke BHyTpu K. [MycTb A,
Kj, . . ., KT — Uenoyka Kpyros, fiexawmx B D u Takux,
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YTO TOYKa CXO0AMMOCTU rO ecTb LeHTp Kpyra /I',, LeHTp Kax-

poro Kj 1 < / ™ 7)) nexkut BHYTPpU Kj.X Z NeXUT BHYTpU

KT, rge Z — npou3BosibHO BblbpaHHaa Toyka B D. B Tou-
[e0)

Ke Z B CWU/Y W3/I0KEHHOrN0 pAf 2 vnokKasblBaeTCs CX0As-

1
L(IiSI/IMCFI, HO Z — nwbasa Toyka B D, cneposaTtesibHO, pAfq

2 vncxogutea B o6nactu D. Myctb K — NponM3BOA b-
1

H bl i KPYT C LLeHTPOM I, U paguycom p, nexawmini B D, K —
KOHLIeHTpUYEeCKUiA Kpyr Gonbliero paguyca R, Takxe sexa-
wuii B D. YMHOXasi HepaBeHCTBO

H- — 2MNr COS(a — P 4-M™~ H — p’' Trfe

Ha vn(zx+ Re'™) wn nHTerpupys no a B npegenax ot — n
40 N, nonyynm

(«@+ red< vn(fOnpn 0<r<p,
®
cnegoBaTenbHO, PS4 (2) maxopupyeTca Ha Kpyre
1
@ L ]

K uucnoBbIM cxogAawmMmcs pagom 2Tn~M *|)».cnepo-

BaTe/IbHO, PAaBHOMEPHO cxoauTcs ma K, Ho K — niwo6oli Kpyr
@

B D, cnegoBaTenbHO, paAg 2 yn(z) paBHOMEPHO CX0AUTCA
1
BHYTpu D.

CnepcrtBue. Ecnm Bo3pacTawwass win ybébiearowas
nocnefoBaTe/IbHOCTb FApPMOHUYECKUX (YHKLUWIA B HEKOTOpOo
obnacTu D cxognTcAa Mo KpariHelr Mepe B OAHOW TOYUKe 3TOW
06/1acTn, TO OHa pPaBHOMEPHO CXOANTCS BHYTpu D.

Teopema Jlnyswunns4a Tono>KnTenbHas rapmo-
HMYecKas Ha BCell M/1I0CKOCTU (PYHKLUMS eCThb MOCTOSAHHOE.

AokaszaTtenbcTtBo. [MNyctb v (r) > 0 rapmMoHMYHa
Ha BCeil nnockocTu. Bo3bMeM Kakoe-nmbo 4YUCo z = reiv.
YMHOXan HepaBeHCTBa

N—r ~ No -r* AT+ T g~

A+ r sS®—2arcos@- &)+ mA Tr=7*rgs n'
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Ha v (Reia) ¥ nHTerpmpysa no a B npegenax oT —4A [0 1,

nonyymm

v(0)<v(z)< v (0),

O0TKyga B npejesne npy R -*m + 00
v(0) < v () < v(0),

cnepoBatenbno, v (z) — v (0) Ha Bceil MJIOCKOCTU.

CnepctBeue. Ecnn (pyHKUMA rapMoHMYECKas Ha Bcen
MJIOCKOCTU OrpaHuU4yeHa CHU3Yy WK CBepxy, TO OHa ecTb Moc-
TOsIHHOe.

B camom pgene, nycTb M rapMOHM4YHA Ha BCel MJI0CKOCTW;
ecim m > ¢, TO bl—cCc > 0, m—c = const, m = const;
ecim m< ¢, To —m> —¢, — Kn — const, n = const.

Teopema (06 ycTpaHuUMOWi ocoboin Touke). Ecnv u (2)
rapmMoHu4Ha B obnacTu D, 3a UCK/IoHeHMEM Touku z0, ne>ka-
weri e'D, n un (z) orpaHnyeHa B6/M3n z0, TO M (Z) MO>KHO Tak
poonpefennTb B Touke z0, 4TO U (Z) cTaHeT rapMOHWNYECKOM
Ha Bceli obnacTun D.

AokasdaTenbcTBOo. [ycTb K — KpYyr ¢ LEHTPOM
z0 wun paguycom R, nexawwmin B D. lycTb z, — To4yKa, fe-
xawaa BHyTpM K m otanyHasa ot z0. PaccmoTpum hyHKU MO

U=8BIn—,rge r= |z —z, || € — NonoXxunTenbHoe 4ucso.

Jlerko BmgeTb, 4To U rapmMoHuyHa Ha BCeM MJI0OCKOCTWU, KpO-
Me Touku z0, n paBHa Hys0 Npu |z — z0 |= R. MycTb QPyHK-
uma v (z) HenpepblBHa npu |z — ze|™ R, rapmoHu4yHa npu
lz—2z0 |< R ucoBnagaetr ¢ n (z) npn jz—z0 |= R (ta-
Kasa (pyHKUMA cyliecTByeT, n60 3agada Oupuxne ansa kKpyra
paspewnma). Tak Kak u (z) orpaHnyeHa B6mn3nm z0, TO w =
= u — vorpaHmyeHa npu0< Jz—z0 | R, nnyctb |w\<
< M npu atux Z TycTb p BbI6paHo Tak, yT0 0 < p < |r,—
—z0LBIn — M. Hakonbue p ™ |r— z0 | R dyHKUMA
W HerpepbiBHa, BHYTPW KonbLa rapmoHudHa, npy| z — z,] —R
w=0, npu Jz—z0|]=p | I<A/< eln . Takum
obpasom, Ha rpaHuue konbua Jw | U, cneposaTesibHoO,
lw(z)I|lc U@ZO0O=¢eln—, rge r, = |z, —z0 | MNpu e 0
nonyynm B npegene w(z,) = 0, m(zt) = v (z,). Ho z, —
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nbaa Touka BHYTpuM K, oTAnyHasa ot zO0, criegoBaTefbHoO,
Mm@ =vE npn 0< |Jz—12z, |[< R. Takum o6pasom,
nonaraa wn (z0 = v (z0), Mbl caenaem v rapMoHU4eckon B D.

JlokaszaHHas Bbllle TeopemMa 0 JOCTMXKEeHUU KpalHWX 3Ha4deHwnit Ha
rpaHule n Teopema eJMHCTBEHHOCTU OCTalOTCA B CUJIE, eCIh BMECTO rap-
MOHUYHOCTU U (X) BHYTpu J1 TpeboBanocb NUllb BbLUOAHENNE POPMYibl
(3.77") ANA BCAKOM OKPYXHOCTU, Nexallel BMecTe CO BCeli BHYTPeH-
HOCTbO BHYTpu M.

Myctb D — npousBonbHaa o6nactb, W (X) — Takasa [elcTBUTeNb-
Has HenpepbiBHasA PyHKUMA Ha D, uTo Ana Kaxpgon okpyxxHoctu C,
nexkalen BMecTe CO CBOel BHYTPeHHOCTbio B D, BbiMosHAeTCA dopmyna
(3.77"). Myctb K — kpyr, nexawuin 8 D, v (r) — HenpepbiBHas yHK-
umsa Ha K, rapmoHunyeckas BHyTpu K u coBnagamoLias ¢ 1 (X) Ha OKpYX-
HOCTM 3TOro Kpyra. B cuny Teopembl efMHCTBEHHOCTU U = V Ha K, cne-
noBaTefnlbHO, U rapmMoHmyHa BHyTpu K, Ho K — nw6on kpyr B D,
cnefosaTtesibHO M rapMoHnyHa B D. Takum obpasom, gokasaHa

Teopema. UYTobbl gelicTBUTENbHAA (DYHKLUMA Ha MPOU3BOJIbLHOMN
obnacTu D 6blna rapMOHUYECKOW, HeobXoAMMO W A0CTaTO4YHO, 4YTOObI
OHa 6bln1a HerpepbliBHA B D 1 4TO00bI ee 3HAaYeHUe B LeHTPe Ka>Kaoro Kpyra,
ne>kaluero B D, paBHSM0Ch CPeAHEMY 3HAYEHWMIO ee Ha OKPY>XHOCTMU aToro
Kpyra.

FapMoHnyeckass (YHKLUMA B HEKOTOpOW o06nacTu OAHO3HAYHO on-
pepenseTca CBOMMW 3HAYeHUSMU B KaKoW-nmbo nogobnacTtu, T. e. cnpa-
BeAnBa

Teopema. Ecam Ha gaHHOW o06nacTu MMeeM [ABe rapMoHMUYecKue
(YHKUMK, coBnajamolme Ha HeKOTOpoW nogobnacTwu, TO 3T YHKLUN
coBMajawT Ha Bceli faHHOM ob6nacTwu.

AJdokasaTenbcTBO. [locTaToOMHO MoKas3aTb, 4YTO rapmoHu-
yeckas (MYHKUMA B HeKoTopol ob6nactu D, paBHasi Hy/0 BHYTpWU He-
KoToporo kpyra K, nexauwero B D, paBHa Hynw B obnactm D. MycTb
Z — npousBosibHas Toyka B D, d — ogHocBA3HaA nogob6nacTb, cogep-
xawaa K un Z. MycTb v — conpsikeHHass rapmoHuyeckas ans ns d,
BblbpaHHas Tak, 4To v (X0) = 0 (X0 — ueHTp K). N3 cka3aHHOro B KOH-
ue § 7 cnegyet, uto n + Iv 6yneT aHanuTU4Yeckon yHKuUuen B d, pas-
HOI Hyn BHYTpW A, crefoBaTenlbHO, B cuay nemmbl § 14 n+ 1r= O
Ha d, noatomy n= 0 Ha d. Ho Z — nwb6ana Touka B D, cnepgoBaTenbHO,
mn= 0 B obnactn D.

OTMeTUM elle criegyiolliee npeasoXKeHue.

MycTb KN (X) — rapmoHunyeckas pyHKuUMS B obnacTm D, oTnnMyHas oT
nocTOosAHHOW. Torga s N060M 61M30CTU K Kadkaoh Touke Z0 obnacTtu D
HalfyTCca Takue TOYKU nZ2 ytomn (xt) < mn (:0) < n (xr).

B camom fene, B NpOTUBHOM cny4vae A/ HeKOTopoli Touku X0 B
D Hanpgetcss Kpyr o ueHTpom z0, nexawumin B D n Takoli, 4To Asa BCex
Toyek BHYTpy K, n (x) < wn (x0), nam gna scex Toyek BHyTpn K, un (x)>
~ un (x0). CnepoBatenbHo, 1 (x) = const = CBHYyTpN K, n x) —C = O
BHYTpn K, u(r) — C = OHa D, n(x) = C HaD, uTo gaeT npoTusopeuue.



FrNABA 1V

O HEKOTOPbLIX CMNMEUVMANBbHBLIX ®YHKUWAX

§ 1. Mamma-thyHKLMS

FamMma-pyHKUMA, nNn alinepoB UHTerpan 2-ro poga, onpegensercs
(8NA  NONOXWUTENIbHbIX  3HAYEHWW  He3aBUCUMOro  MepPeMeHHOoro i)
opmynoi

+ 00
r@g) = " e-xx,~ldx (*>0). (4.1)
0

WMHTerpan B npaBoii YacTu ABNAETCA HECOOGCTBEHHbLIM MPU BEPXHEM
npogene v, Kpome TOro, B cay4yae s < 1 HECOGCTBEHHbLIM MNPU HWKHEM
npegene. CxogumocTb UHTerpana (4.1 npwu Bcex * > 0 obecnedyeHa, Tak
KakK npu X -* + oo MNokasaTeflbHas PyHKUMA C* pacTeT 6bicTpee /060

CTEMEeHHOW (PYHKLMN U TaK KaK WHTerpasa ¢ HUWXHUM npegesiom 0 oT X~/
npu a < 1 cxoauTcs.

dopmysia npuBeAeHUs A1a ramma-gyHKUMWM (nepeasi oc-
HoBHas copmyna). WHTerpupoBaHve Mo 4acTaM [aeT:

+®
rs41)= ~ e-*xldx =
0
+»
—_ exx> <+ s N xre~xIx =« (S).
° o

Taknm o6bpasom, nosiydaem opmyny npuBefeHUsN
M («+!) = sT(s) (s> 0). 4.2)
OTcioga 3akK/yaem, 4TO
rey- - Hrex- 1)= s—1)G—2)r (s- 2) =
n BoobLLe
rFre= 6c—i)cs—2)... s—KTGB—K (k< s), (4.3
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a Torga npum HatypaJibHOM n

rm+ 1) =nm- 1)... 21 (1)

HO
+’~k
F1) = \Ne*dx = - «r*}“ = 1,
« 0
c/iefjoBaTeNbHoO,
rm+ 1) = 1-2-3...n= nl (4.4)

dopmyna npuBegeHUs (4.2) No3BOMAET BbIPa3vTb 3Hade-
HUA ramma-yHKUUU A8 N1160ro MosioKMTENbLHOro s 4epes
ee 3HaueHus A/s s, nexauwero mexagy 0 n 1.

BTopoe BbipaXkeHUe ramma-@yHKUuH. [enas noactaHoOBKY
X ~ 12, nonyyum:

-f-oc -foo
r@E) = \ exd~ldx = 2 ~ e~ltu~idt
(0] O

nnn, 3amMeHsasa t Ha Xy

+ 00

M) = 2 J et'x'u-'dx (s> 0). (4.5)
O
0TKyfa, B 4acTHOCTHW,

N x
r(TmT0

Hwxe 6ypeTr nokasaHo, 410 [ (~j= Vn (cm. cTp. 239),

0TKyfAa ¢ nomowblo (4.3) Haligem gns nwboro HatypasbHoO-
ro nm:

ra+ 1)=(m- 1)(n- 4)... 10I(j) =
1-3-6...2I(.2n—1) NS (4.6)

BeTta-byHKUMA. BeTa-pyHKUUA, UM 3iiNepoB MHTerpan 1-ro poaa,
onpegensietca (418 MNONOXKMUTENbHbIX 3HAYEeHU HE3aBUCUMbIX MepemeH-
HbIX p, q) dopmynon

1
B(P,AH—)" (L—x)4l (A> 0.2>0). @.7)
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3TOT MHTerpan SABMSETCA HECOOCTBEHHbIN MNpU MHXHeM npegene
B cnydyae p < 1 W Heco6CTBEHHbLIM MpX BepxXHEM npeaene B clydae
a< U

Oenaa nopctaHoBKY * = co0s“<p, NONYy4YMM BTOPOE BblpakeHWe ANs
6eTa-hyHKLUNN:

«/»

B(/>,?) = 2~ cos*p' 1p3T*, 1 fip (A>0,7>0). (4.8)
(]
BeTa-hyHKUMA MOXeT 6biTb /IErKO BblpakeHa 4epe3 [-yHKUUIO
nocpencTsom opmysbl

BN >-nrnr 49
[eNncTBUTENbHO, TMepeMHoXas paBeHCTBa

Frp=21J3 dx-, T (7)= 2 jj dy

M nepexofs B nonyvalwolwemcs ABONHOM MHTerpase K MOAsiPHbIM KOOp-
AnHaTam

*= rCco9d, 4Ky 1
Y =T 8, M (I,p)~T17"

nony4umm (puc. 59 un 60):
rP)r(? = 4 ex~vxtp~ly*"1dxdy =»

=4 er,rtp+¥~1coslp'x psin*7'1 pdrdy =

-foo A n2

=2 Ne-r rfr2 \ cos**1cpsin21-1 pSip==T (p +=q) B (p, Q).

0TKyAa u BbiTekaeT popmyna (4.9).
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Na dopmynbl (4.9) BMAHO, 4TOo OGeTa-hynuags cuMMeTpUYHA:

B (Y= B p.
B cnydae HaTypanbnbix T, 1 u3 (4.9) n (4.4) cnepyert:

B(T.n)_ (m-+|)| (n—])l.
3artem B cuny (4.8)

B(-F'4-)=21~ ==
0

HO no (4.9)
B(— M W~H1
“v2 ' 2)- r@ -
0TKyAa, yuntbeiBas, uto I (1) = 1, nonyymm paseHCTBO =* VY *E

KOTOpoe 6bl/I0 UCMOMb30BAHO NpU BbiBoAe cdopMmynbl (4.6). Tak Kak Ha
(4.5), KaK y>e oTMeyanoew, cnepyer, 4To

«foo

rs") =2 é r* dx'
TO OTClO4a MaxoAuM:

] (4.10)
(0]
nnn (yuymtbiBas YeTHOCTb (DYHKLMUN ***):
+oo0
N C*rdx= y Aa. (4.10"

-00

MHTerpan, cdurypupywowmnii B popmynax (4.10) nan (4.40"), Ha3biBaeTcs
nHTerpasom [aycca.

Ecnn p — n6oe nonoxutenbHoe, N — naTyp»absioe, 7o n3 (4.9),
(4.4), (4.3) Haxogum:

r(p) I(n) Fp)l1-2... (a—1
mP."y—r(p+n~(E+n- 1... P\X{PE "
i2...(n —1
P(P+1)...(P + »- 1) «
Oenasa B dopmyne (4.7) NoAcCTaAHOBKY X = j-x\ (1 meHas 3aTem

y va X), No/lyuymM TpeTbe BblparkeHue Ana 6¢Ta-yHKLHI:
+»

B(p,?)= S@A+ x)™ dx <P>°9> 0), (411)
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oTKyfAa
400
B(*,1-*)= ~Y ~dx (0<*< 1) (4.11Y)
(]
wnn. yuymteiBas (4.9),

400

rpyr@-») = J Mx (0< *< 1). (4.12)
*00
CI*1
BbluncneHne mHterpana \ """ padx, rge0< *< 1.
O
MycTb cnepBa « — pauuoHasbHoe Yucao Buaa T/n9 rae N — 4eTHoe,
m — He4yeTHoe, m < n. lMoacTaHoOBKa X = X1 fgacT:
m
nfee -fee - -1 -fr 40»
foox*1 flr f fm'1l n f *m*
)Jr+ ~ 1=4 =~
0 0 0 -00
Mcnonb3ys npaBuio BblYUCAEHUA HECOGCTBEHHbIX WMHTeErpasoB ¢ Mo-
Molbio BblueToB (cMm. ra. I, § 17), nonyunm:
400 .
» AL zind
...... *x ! ———————— -
}It+ shd ZHI?'I'R,,eSl+ S
a
zmH
rge a — noscbl paynoHanbHoOW Apobu j—— -, nexauime B BepXHeWn

NofynaocKoCTU, T. €. KOPHM ypaBHeHuss 1+ in = 0, uMmetowme noso-
KUTENbHbIN KoahpuumeHT npu . Mmeem:

n+a*a , (2k+D)ni
’\rl=./e«‘=|§|» = » (N=0.1

Ma 3Tux n 3HavyeHuMin \ —1 NONOXUTENbHbIA KOIDDULMEHT Npu i v -

n
10T 3Ha4veHuna, cooTeBeTcTBylOWMe K= O, 1, ..., y — 1. Cneposartesib-
HO, BCe 3Ha4yeHUs a CyTb

C nomouibto npasunna BblYUCNEHUA Bbl4eTa OTHOCUTE/NIbHO NMPOCTOro no-
lloca Haxoaum:
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m
Takum 06pa3om, uMeeM Npu *= —  (ACNOMb3ya B npouecce npeo6pa-

30BaHUI CyMMUpOBaHWE TreoMeTpuUYeckoli nporpeccum u BblipaXKeHUe
CUHYyCa 4epe3 nokasaTesibHY QYHKUUKO No hopmyne dinepa):

4{‘;) n @-T “1 -T_1

il -00 a a
n . 11 -r (nthni ,
-1 (I»<W (T1.1) en(t-n)_ ,-5- (TN
- a,2 - r-; (t-n)
K=0 l—e
fFtO0 <rn) [ (nm)_ " [ (n-T)
~ (1-n) (n-T) - (n-T)
e" e" —B
e(r+) ~ <r-n) sin-5-(n-1) a
= <-— =1 = = ‘
£(m-n> sin -5- (n—m) sin 57 sin s»
e n n
rae

n, cnegosatenbHo, |y |= 1. Ho nesas yacTb Halleli LeMo4ykn paBeHCTB
N KOI(PULMEHT NpU Yy MOMNOXKUTENbHbI, M03TOMY y — 1- Takum ob6pasom,
“MeeM Npu s — T/N paBeHCTBO

+00 )zi-l
j1 de " sinax
(o]

HO NeBasl M NpasBas 4acTy 3TOro paBeHCTBA CyTb HeMpepbiBHblE (YHKL NN
0T s na MHTepBane 0 < *< 1 (Mbl He ocTaHaB/MBaemcs 34ecb Ha o6oc-
HOBAHWUW HenpepbIBHOCTWN S1IEBOM YacTW), a TaK KakK Kaxjoe felicTBUTeNb-
HOe YMC/0 3TOr0 MHTepBasia MOXHO MpeAcTaBUTb KakK rnpefen nocnepo-
BaTe/IbHOCTU MpaBW/IbHbIX paUuoHanbHbIX Apobeit Buga m/in, rae N —
YeTHOe, T — HeyeTHOe, AN1A KOTOPbIX YNOMSNyToe paBerncrBo [JoKasa-
HO, TO B npefefie Halifjem cnpasBeA/IMBOCTb ero Ans Bcex s, 0 < $< 1
NTak,
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BTopasa ocHoBHas dopmyna Ansa ramma-yHkumn., U3
(4.12) n (4.13) HaxoauMm:

r(*)r(1-*)= jiL. (0<a<1). (4.14)

dopmyna (4.14) no3BondeTr BbIpasUTb 3HaAYeHWEe ramma-
QyHKUUN OnAa s, nexxawmx mexay 1/2 n 1, yepes ee 3HayeHUs
ONna s, nexxawmx mexay 0 un 1/2.

MaMma-pyHKUMA KaK npegen npoussBefeHUsA. YunTbiBas,

yto ™M — —*e~X UpU N —»00, Hahgdem:
-f® n
re= » lim 1 — x*-ldx
0 nr-H-«» 0

(3aKOHHOCTb 3TOro npegenbHOro mnepexoga Jierko YCTaHoO-
BNWTb, HO Ha 3TOM Mbl He OCTaHaBI’II/IBaeMCFl). MonoXxxum:

M K
**)= "1 — x'-'dx (0</c< m s>0).
0

NHTerpuposaHme no yactam fJaer:

= AT TIEL(*+ 1)

aHauuT, NMpPUMeHsAs Moc/efoBaTesibHO 3Ty (HOPMYSly U YUYUTbI-
Bas, 4To

.
/0(*) = ~x*~Yx = N
. @) 0
Haligem:
I»(*)= E£l«-T(« + 1) =1 Jn-t(s + 2) =

= m np»+1l) «(*+ 2) N-s(s+ 3)=--*

o n—1 1 r/ . u
-------- n» M(=4-1) =

1-2...n mn_ 12.. .4
I'II'Ir(«4-l)...(*4-I'I—l) »+ A **4-1)... (»4-n) ra'
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Taknm o6pasom,

$>°>-  (415)

Mo>KHO nokasaTb, YTO Mpegen, CTOAWMA B NMpPaBOA 4acTu
dopmynbl (4.15), cyuw,ectByeT A/19 BCEX KOMIMJIEKCHbLIX 4ucen
s (KOHeYHbIi AN BCeX S, OT/IMYHbLIX OT HyNA W oTpuuaTesib-
HbIX UenbIX uyucesn). BbipaxkeHne (4.15) MOXeT CNYy>XWUTb On-
pefeneHvem ramma-yHKUMM AN 711060ro  KOMMEKCHOro
3HayeHus s.

Ecnn dopmyna (4.15) npuHATa 3a onpejeneHve ramma-
QyHKUUK, TOo opmyny npumeegeHUsa (4.2) MOXHO [okasaTb
c/efyoWmm o6pasom:

Fs+ i) = G+ DOK+ 2)..(=+«+ 1) "'H=

+ + ~ 4+ r | _ 5I(s)

Famma-yHKUMSA SBNSETCA aHa/IMTUYEeCKOW Ha BCeWl nuo-
CKOCTU KOMIJIEKCHOIO MepeMeHHOro, 3a MWCK/KUYeHUEM Touyek
O, —1, —2, —3, ..., ABNAKLWNXCA AS1A Hee NPOCTbIMU NOJII0-

camMmn. MaMMa-pyHKUUS, KaK 3TO MOXHO YCTaHOBWUTb, HUrAe
B Hy/lb He o6paljaeTcs.

§ 2. becceneBbl YHKUMN C NOOLIM MHAEKCOM

YpaBHeHMe Jlannaca B LWINHOPUYECKUX KoOOpAMHAaTax.
UT06bl 00BACHUTbL «MPOUCXOXKAEHME* 6ecceneBbiX GYHKLWUNA,
paccMoTpuMm ypasBHeHue Jlanjnaca B MPOCTPaHCTBE:

am . gp'v . Arm n 1
~d*+~W+ ~W 416>

(byHKUMN, yaoBneTBOpSAOLWME 3TOMY YPaBHEHMWIO, HA3bIBAKOT-
CA rapMoHUYECKUMN).

Ecnu nepenTn K UUAUHAPUYECKMM KoopauHaTam no dop-
MyJsiam

X = T COS o, y —rsindg, z= z
To, cornacHo ¢opmyne (2.67), ypaBHeHue (4.16) npuHuUmaeT
BUA

axm , 1lawm 1 & , n n /1. 4T\
AT+ T + + 417>
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MocTtaBun! 3ajady: HaiTM BCe TaKue PELLeHUs YpaBHeHUs!
(4.17), koTopble MOryT 6bITb MpeAcTaB/ieHbl B BUAE Mpou3Be-
LeHVst TpexX (YHKUMWIA, Kaxkgas W3 KOTOpPbIX 3aBUCUT TOSbKO
0T OfHOFO aprymMeHTa, T. €. HaliTM Bce pelleHus Buaa

n=R(@MPPZ(M

(R, ®, Z npegnonaratTca ABaXAbl HeNpepbiBHO AnddepeH-
uupyembimMn).

MycTb 1 ecTb pelleHne ynoMsAHYTOro Buga. BcTtaBnsas ero
B (4.17), nonyymnm:

R Q>z+ [?7’®Pr+ 4 -ng'2 + APA' = O,

oTKyfa (nocne feneHus Ha R<3)2)
n" 1 R 1 ¢ z" 0
A r ¢ "~ e+ z _

3anuncas 310 B BuAe

a* 1T 1 ¢z
S roA e zZ *

HaVIAEM, 4YTO feBad 4aCTb He 3aBUCUT OT I, NpaBad He 3aBUCUT
OT I, @ cnegoBaTesibHO, 06u_\a9| Be/INYNHaA 3TUNX Bblpa)KEHVII7I
ecTb HeKoTopas noctosHHaa a. OTcloga

N o =a Z"-aZ = 0

ar -
A +a—
-

®

A r 4 M © -0 A +

rad' + ra' -|-sr24
q «

Aa* 1 1 o> a1
r

T+
o]

B nocnegHeM paBeHCTBe fieBas 4YacTb He 3aBUCUT OT <, Mpa-
Bas He 3aBUCUT OT T; c/iefoBaTefibHO, 06Liast Be/iMuMHa 3TUX
BblpaXKeHWi ecTb HeKoTopas MocTosiHHaa b OTcloga

--~ =6, ®*+ bO=0;

r*R’ + rd'+ amd = ~ rlg, + r4/+ (ar* _ g =20
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Takum o6pasom, R, ®, Z [0/MKHbI YAOBNETBOPATb JSlU-
HelHbIM AndepeHLManbHbIM YpPaBHEHUSIM BTOPOro nopsiika

r4?" + rR' + (ar* — b) R = O,
¢" + b® =0 Z"- azZ = O, ' '

N3 KOTOpPbIX BTOPOE W TpeTbe CyTb MpocTeine JNHENHbIE
YypPaBHEHUA C MOCTOSAHHbLIMU KoahUuMeHTaMn, a NepBoe AB-
naeTca NINHENMHbIM YpPaBHEHWEM C MNepeMeHHbIMU Ko3durum-
eHTaMn HOBOro Buja.

O6paTtHo, ecnu R, ®, Z yAoBNeTBOPAKT YpPaBHEHUAM
(4.18), T0 n = R<bZ ecTb peweHue ypaBHeHua (4.17). B ca-
MOM fene, BcTaBnaa /?7dZ B neBylo 4yacTb (4.17) v fens 3atem
Ha OP2, nony4yum:

R’ 1 R ,1 o', Z* R’ 1 R b
~R~ rm+r ®+ r - 49+ r R~ r+ a-~
r/?'+ rd'+ (am—b)R n
“ fIR ~ U

Taknm o6pasom, 06WMIA BUG BCeX TPeX peLUeHUn ypaBHe-
Hua (4.17), KoTopble ABNAKTCA NpomM3BedeHMEM Tpex (QyHK-
LW, KaXXpaasa u3 KOTOpbIX 3aBUCUT OT O4HOr0 aprymeHTa, ecTb
n= RQ>Z rge R, ®, Z cyTb nwobble pelleHUs YypaBHEHWUN
(4.18) npu nw6om BbiGope 4yucen a, b

MepBoe 13 ypaBHeHuW (4.18) B cnyyae a = 1, b > 0 Ha-
3blBaeTCA ypaBHeHVeM bBeccensi. [lonaras B 3TOM cry4ae
b = V4, o603Hauyasd He3aBUCMMOE MepeMeHHOoe OYKBOW X (BMe-
CTO ), a HEeu3BECTHYK (QYHKUMI — OYKBOW y (BMecTo R),
Halifjem, uTo ypaBHeHue Beccens vmeeT Bup,

+ *Yy' 4+ (** - V4) y = 0. (419)

OT0 nNuHelHoe aunddepeHunanbHoe ypaBHenue BTOPOro mMo-
pAgKa ¢ nepeMeHHbIMU Ko3hduumeHTamm wurpaet 60/bLUYIO
poNb B MPU/IOKEHUAX MaTtemMaTuKn. PYHKUUW, eMy yaoBfieT-
BOPSIOLLME, Ha3biBAKTCA GecceneBbIMA, UIN LUNIIUHAPUYECKUMN,
PyHKUNAMN.

Beccenesbl yHKumMn 1-ro poga. Byaem uckaTb pelueHue
ypaBHeHUA Beccena (4.19) B Buie psja

+Q0

y= 2 a*+"-
0
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Torpga

-fBo

XY'= 2 (v+ *) ake*tki

k=0

4-00
Xy = 2 (V+ KW(v+ K— %)
-foo +00

(xX* —Vy = 2 a*Zw+— V2 am'+K =

k=0 KO
+00 +00
= 2 ~ v*2
K=a *0
*V o+ xyl+ (** — Vv¥)Y=
4+00 4-00
= 2 Kv+ *)* —Vlar e+ 2 a*-**+4K=
k=0 K=2
+00 +00

= 2% (2v+ *)«K*"F + 2 ak-ixM ke
K=0 *=%

CnepoBaTtefnibHO, NPUX0AUM K TpeboBaHMUI0
+00
@v+ HfIMT + 2 [kK(v + K)ak+ <l*wk = O
K=2
WM K BGECKOHEYHOW CUCTeMe ypaBHEHWUI

@2v + 1) a,

0, }
K (2v + K) ak+ a*_,

0 kK= 2,3 4,.)J

KOoTOopasa pacnagaetcdA Ha ABe CUCTEMbI:

(2v + 1)B! = O 2 (2v+ 2)at+ a0= O

3(2v+ 3)a,+ a, =0, , 4((2v+ 4)ad+ at= 0,

5(2v + 5 a. + a, = O, 6 (2v 4- 6) a, 4* a4 = 0,
MepBasa 13 HUX yAOB/ETBOPUTCA, ecnu B3ATL a, = 0, ar — O,
ab— 0, ... Bo BTOpoi cucteme a0 MOXKHO B3siTb MPOM3BOJIb-
Ho; Torga at, at, a, ... O4HO3HA4YHO onpegendaiwTca (ecnn v
He ABNSAETCA UenblM oTpuuaTesibHbIM 4ucsiom). B3das

= 1

a° 2T (v+ 1)
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HaVI,D,EM nocnepnoBaTtesibHO!

_ o o 1 . 1
"AW-fl) ~  24%(v+ i) T(v + 1) I (v+ 2)°
a = 1 <
1 42(v+2) 2% AV+ 2T (v+ 2) 2w21 T (v+ 3)
a, 1 1
a*
4-3 (V+3) A3l (v+ 3) M (V+ 3) 2931 [ (v + 4)

M B KauyecTBe pelleHUs ypaBHeHUs (4.19) nonyuum pag

y = X 5 X VA* 4 -
2T(v + 1) 24*1 T (V-(-2)
I- 1 n _ (xer (x/2)7»
22! T (v + 3) P(v+ 1) VrvY2 ~
_Aa”n __ y . (/2T «*
No2AT (VA3 e >R TIv+ k+ 1)*

JT0T pAg, GopmManbHO YAO0BETBOPSAWLWMNIA  YPaBHEHWUIO
(4.19), cxoguTca ANA BCEX MOMOXKUTEbHbLIX 3HA4Yenuini x u,
cnefoBaTesibHO, SABMAETCA pelleHWeM ypasHeHusa (4.19) B
obnactu 0< x< + o0 (B cny4dyae uenoro v B ob6sactu
— 00 < X< + 00). DyHKUMNSA

A M -2(-1)"'>rgrr+H (*e»!
Ha3blBaeTCA 6Geccenesoit dyHKuueli 1-ro poga ¢ WMHAEKCOM V.

OHa sBNseTcs 0gHUM U3 pewleHnii ypaBHeHust Beccens (4.19).

B cnydae uUenoro HeoTpuuatesibHOr0 WMHAeKca n, Y4uTbiBas
(4.4), nonyyum:

AM - i (-B1 ,T'Yyn,, (4.20")

M, B YaCTHOCTMU,

no>-2 <-1>*m$£. (4-2cn
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Obuwee peweHue ypaBHeHus Beccens. B cnydae Heuenoro
MHAeKca V (yHKUUU x) u (X) aBnawTCA peLueHUusMu
ypaBHeHUA (4.19). 3TM pelleHUss NMHENHO He3aBUCUMbI, Tak
KaK HayasibHble Y/IeHbl PAA0B, MU300paXkawwmnx aTm QyHKLMN,
UMeT KO3aMULIMEHTbI, OT/IMYHbIE OT HY/A, WU coAeprkaTt pas-
Hble cTerneHnM x. Takum 06pas3om, B cllyyae HeLesioro MHAeKca
obuiee peweHne ypaBHeHUa Beccens (4.1 ) ecTb

y=C.,, (x)+ CV-v(¥. (4.21)

Ecnn v = — n (uenoe oTpuuaresibHoe 4YUC0), TO (PYHK-

uusa, onpegensemas gopmynoit (4.20) (yuntbiBad, 4to 1/ (a)
paBHO Hynw Anas = 0, — 1, — 2, ...), NPUHUMAET BUS

J »\(N = Zj (_(1)2)*| FrC_. +k +r I/I7 -

i< - <4.2(n

WKW, Mocsie 3ameHbl MHAeKca CyMMMpPoOBaHUA K Ha | + n,

-f-oc n-fjz

J.neo = (- 1D?S (- 1) = (- D), (422
170

0TKyga BugHo, 4To J.n (X) ygposnetsopseTr Bmecte ¢ Jn (X)
ypaBHeHUto bBeccens

xry" + xy'+ (x* —n2y = 0.

Ho ¢opmyna (4.21) B c/yyae Lenioro v y>e He gaeT obuiero
peweHns ypaBHeHusa (4.19).
Monaras

Y»(X) = Ww<)C3,lyny (v —HO uenoce> (4-23)

N OOMOJSIHAS 3TO onpefdeneHne gna v = 1 (uenoe ymcno) dop-
MY J10M

Y, (*) = aﬁ"r])’,(x), (4.23")

noslyuymm QYHKUMIO Yy (X), YA0BMETBOPAOLWYIO YpaBHEHUIO
Beccens (4.19) n Bo Bcex criydasix JIMHENHO HE3aBUCUMMYH OT
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Y, (X) (B cnyyae v = n, rge n — Luenoe, aToT (akT, Kak u”
camMo onpegesieHne Y,, HyXgpaetca B 060CHOBAHMUAX, HO 3TO
Mbl OCTaB/IieM B CTOPOHE). PyHKUUA Y, (X) Ha3blBaeTcA Gec-
ceneBoii (pyHKUmMell 2-ro poga ¢ uHAaekcom V. O6Llee pelleHue
ypaBHeHUA Beccensa (4.19) MOXXHO 3anmcaTb BO BCeX Cny4asiX
B BuUie

y = (x) + CtY< (X). (4.24)

§ 3. ®opmynbl NpvBefeHUs Ans 6ecceneBbiX (YHKUUN

Nmeem:
r - Y (- . jMf> 3 -D*(»/2)rt
K) £*'" t(v+ k+ 1) = 2 r(v+ *+1)1
1> K%t
d 1 (—1)* (x/2)**'1 fi= i+ 11
s H T(v + fc+ 1) *
+2
f -M*) _ 1 V (—1)+H*2)*+
dx “ 2V|:o“r("+/+2)
X W (-1 x/2)*1 _AVH (%)
2v+1,k:0n|'(v+/+ 2) 1 *
CnepoBsartenbHoO,
d J4®) JvHL (%)
Trfi 7 * (4.25)

1

Takum ob6bpasom, onepauywunsa(coctoawasa B audde-

pPeHLMPOBaHUM C TMOCNeAYLWUM YMHOXeHVEM Ha 1/x), npu-
V>
MeHEHHas K — —— , TOBbILIAET B 3TOM BbIPXEHUN WHAEKC

V Ha eguHNUy N MeHdeT 3Hak. [lMpumeHsas 3Ty onepaumio m
pas3, rae m — nwboe HaTypaJibHOe 4WMCno, nonyvyaem:
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Nwveem:
+S
oV o- Vv (-1|)_*(x/2)*+n ~o. V. - 1) .
rj,yx) - ¢~ HrI(y+«k+1 MEU Y+ KHY+K*
dX[IV/ (x)] _ 2vy (-Rllyr?*_'_*)\-* =
K=B !
0., (— ORIy —t** o
“ N -~ '
=0 ATNVY)) X "X
CnepoBaTesibHO,
(xX*/, (X)) = xw,/,-i (X). (4.26)
Taknm o6pasom, ornepauus npumevennasa KXV v(x),

MOHMXXAET B 3TOM BbIPAXXEHUU MHAEKC V Ha eauHuyy. [Mpume-
HAA 3Ty onepayuio To pas, Mosydaem:

(T57")T = X" 3 (). <4-26")

N3 BbiBegeHHbIX (OPMY/N MOXXHO MOSYyYUTb HEKOTOPble
cnencteusa. UNcnonbsya (4.25), nonydum:

Inv_ n#. n J*H .
YA X* XV X~ 1 oo *oox

= — J*He
OTcloga, B 4acTHocTu, cnegyet, uto / 0= — A* Ucnonb3y4

(4.26), nonyuymnm:
(W)= fI*-1, xWwu+ vxw>/, = x»J1-iJ I\ + -j- 71 = J1-].

MouneHHoe C/I0XKEHWE U BblUMTaHWE MOJSyYEHHbIX PaBEHCTB
faer:

2/; = - 4L (4.27)
AN =N o+ 4 (4.28)

dopmyna (4.28) no3BossieT BbIpasuTb Bce 6eccesieBbl (PYHK-
UMM ¢ uenbiMu nHaekcamun 4yepes / 0, Ix [eiAcTBUTENbHO, U3
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(4.28) Haxogum (nonarada v = n — 1):
(4.28"

0TKyAa nocnefoBaTesibHO Monyvyaem:
Y ,=A Yl |8

Ja= — J2—Ji= —~~ Ji n) n —

n=4y,-y,--1[(™~-2)n-4n1]-

(P A -A) = ("~ -i)A + (-# +1)1,

§ 4. BecceneBbl (YHKUUU C HOMYLENbIM UHAEKCOM

BecceneBbl (yHKLMWU, BOOGLLE FOBOPS, SABASIOTCA HOBbIMU
TpPaHCLUEHAEHTHLIMU (DYHKUUAMU, He BbIpaXKamLUMUCA yepes
anemMeHTapHble PYHKLUMN. VICK/TloUeHMe COCTaB/SIOT 6ecceseBbl

PYHKUMN C MHOEKCOM N+ — W, rae n — uenoe. 3TM (YHKUMK

MOTYT ObITb BbIPaXXeHbl 4Yepe3 3fieMeHTapHble (QYHKLUUN.
Nwveem:

D*C 4+ r
K=0 K T 1
(*+ 4)

HO B cuny (4.6)
MN&+-8-)= 135- f +1)/a,

cnegoBaTtesibHO,
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irn. v
Ho 2*k\ 1-3-5 ... 2k + 1) = (2k + 1)!, cneposaTesibHO,
A M 'V I 2 , (U 4

1 Ko

[Oanee, nmeewm:

K—o0 fol +

HO B cuny (4.6)

r ( * 4+ 4 _) - N
c/iefoBaTeNbHo,
/[ r- 4— + **

y (M-s :

~T k-i *>1-3-5...2&— 1) /=

e oS

S —_—
t'o 2 * k! 1-3-5__ (2fc— 1) YH

Ho 2KA 1-3-5 ... (2K — 1) = (2A)!, nostomy

*-q<‘>-/1rK2_e’\girl- # 8*= <4 3°)

C nomowblo (4.25') Haxoaum:
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cneposatesibHO, Npy LENOM MOJTOXKUTENIBHOM N

7] I 1)- <-,r /T ~ bl r)y"» e <«e»>

C nomoubio (4.26') HaxoanmMm:

[Ty)m T/_.L =x"T7"4_ | <>e
HO B cuny (4.30)

—r , .\ 1/n2 coSX
cnefoBaTesibHO, NPU LESIOM MOMOXKUTE/IbHOM 1

4301

§ 5. MHTerpasbHoe npejcTaBsieHne GeccesieBblX (YHKLMMN
C LeNbIM WMHAEKCOM

MpousBogsalwaa ¢QYHKUUSA CUCTEMbl (YHKUWIA. PaccmoT-
pum cuctemy S dyHKuuit /,, (x) (c no6oi obuieri obnacTbio
onpefeneHns), NPOHYMEPOBAHHbIX C MOMOLLbIO BCEX LENbIX
yncen:

[ 2(x), 1_, (), 10(x), I, (x), I, (X), ...

CoctaBum psag
—+oo

2 (Y *\

rae z — KOMMJIEKCHOE rnepemeHHoe. [pefnosioXXum, 4To Mnpwu
KaXkgom X (npuHagnexxawem ob6nactu onpegesieHUs paccmart-
puBaeMbIX (YHKUWIA) 3TOT psf VMeeT KObLO CXOAMMOCTH,
cofep>kallee BHYTpU cebs efUHUNYHYI0 OKPYXHOCTb C (T. e.
OKPY>XXHOCTb C ueHTpom O n paguycom 1, puc. 61). B yacTHo-
CTW, 3TO KONbLO MOXEeT MnpeAcTaBNATb CO60M MOAHYK noc-
KOCTb KOMMJIEKCHOro nepemeHHoro 6e3 toyek 0 un oo.
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PyHKUUA
+00

*(*,*)= 2/ F>F (4.31)

(roe X nexknt B obnactm onpegeneHns MYHKUUA CUCTeMbl S,
b — BHYTPM KO/ibLa CXO4MMOCTW, COOTBETCTBYIOLLEr0 pac-
CMaTpuBaeMoMy 3HAYEHUIO X) Ha3blBaeT-
cA npousBoasen  OyHKUMEN CUCTe-
Mbl S.
O6paTHoO, nNycTb 3agaHa QYHKUUSA
" F (X, z), roe x npoberaet HeKoTopoe
MHOXeCTBO, z HaxoguTcA BHYTPWU He-
KOTOpPOro Kosbua, 3aBUCALLEr0 OT X,
c ueHTpoMm 0 wn cogepykaw,ero BHYTpwu
cebs eAVNHNYHYI0O OKPY>XXHOCTb (B 4acT-
HOCTW, 3TW KOJibLa MOTYT 6bITb MOJTHON
NMJI0OCKOCTbI0O KOMIMJIEKCHOTO MNepemMeH-
Horo 6e3 Touek O n 00). Torpga, ecnu
F (X, r) Nnpn Kaxaom x anaautuyHa OTHOCUTENbHO z BHYTPWU
COOTBETCTBYIOLWEro KonbLua, To F (X, r) ecTb npou3soaswas
(byHKUMA HekoTopoii cucTeMbl S dyHKUMA. B camom pgene,
pasnoXus Npu Kaxaom X gpyHkumiwo F (x, z) B psag JlopaHa
Nno CTeneHsam r
+ O

F(x,z)= 2/,(*)*".

— 00

HaligeM, 4To cucTemMa KoaumymeHToB /,, (X) aToro psga 6yaet
NCKOMOI cuctemon S.

dopmyibl Ana KoappuumeHtos psaga SlopaHa (cm. rna. 111,
§ 15) No3BONAT BbIpa3nMTb YHKUUKM [/, (X) paccmaTpusaemMor
CMCTeMbl Yepe3 NMPon3BoAsALWw Yy MyHKUMIO. [puMeHas 3Ty dop-
My/ibl M Npeobpa3oBbiBas 3aTeM WHTerpan BAOb €4VHUYHOM
OKPY>XHOCTU C (KOMIMJIEKCHOEe napameTpuyecKoe ypaBHeHUe
KOTOPOA ecTb I = e, — A ™~ <P~ 1) B NPOCTON MHTerpan,
nonyymm{

n

Ne =4 « fl$r-d!=-kIlF(*e*>'rh*“d'f- <-32>
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MpounsBogsawan QyHKUNA cucTeMbl 6ecceneBbliX (YHKLUUNA
C uenbiMn MHAekcamu. Mokaxem, 4YTO ANA CUCTEMbl Geccene-
BbIX (PynKuuii 1-ro poga ¢ uenbiMu nHgekcamn /,, (x) (n = O,
+ 1, «£ 2, ...) npoussogsawas PyHKLNA eCTb;

Fxr)=-¢el 1).
Nmeem:

K=0 /=0

0TKyAa mocfle MOYNEHHOro MepPeMHOXXEHUs 3TUX pPaBEHCTB
(yMHO>KaeM abCo/lloTHO CXoAsuLMecs psifbl, CTosILME B NpaBol
yacTu, U COeAUHSIEM B O4HY FPYMMy Y/ieHbl, coaepykalline oau-
HaKoBble CTEMeHW z) Haigem:

MV <-0%(%/2)%+ %%
“ o5 L1

\% \% (~ «*(a/2)**1 v? .nV (-i)k(X2)n+t*
& kill Zj 2 Zi *1(,, + )
n=—oo0  Jt>0170 H_ A v

I-k™n

(Tak Kak B npegnocnefHeii BHyTpeHHeN cymme K a | 6bin cBs-
3aHbl 3aBUCUMOCTbIO | — K = M, TO Mbl MO/ MOMIOXUTL | =

= N+ K, NONYYNB CYMMMPOBAHME MO OAHOMY WHAEKCY K).
B nocneaHeli BHYTpeHHel cymMme CyMMUpPOBaHWe NPon3BoAUTCS

Mo BCEM TeM LieNbIM K, 4n8 KoTopbix & ™ @ A cneposaTtensHo,
+OO

npm u > 0 3to Oyger 2 5 npu n= — T < 0 310 6ygeT
it—o
<>

2 e Takum o6pa3om, BO BCEX C/lydasAX BHYTPEHHAA CyM-
k=m

Ma ecTb Jn (xX) B cuny dgopmyn (4.20') n (4.20""). NTak,
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HO 3TO W pgoKasblBaeT, 4Tto e* ** 1' ecTb npoussogsLLasn
hyHKUMA ana cuctembl [, (X).

BbiBegeM HekoTopble crefctBus u3 cdopmynbl (4.33). [Mo-
naras B Hel z = e'*, NoNy4YuMm:

+>

gixsinth= 2 Jn(x)ein*,

— 00

O0TKyZa nocne pasfeneHunss AecTBUTENbHOW M MHUMOW 4vacTu
(yuynTbiBasi, 4To x) = (—21"/, ®I
+ @

COS (x sin @) = 2 Jn (x) COSMp =
—00

+ 00
= J0(X) + 2 1-M*)+ J-n (*)1cosnge =.
n*l
+®
= Jo(*)+ 2 2 COS 2/red; (4.33)
m—1
+@® 400
«in (X sin®)= 2 -a.(*)sinNp= 2 I-M*) —J-n (z)l sin xp=
Ml
+00
=22 X)sin (2T + 1)p. (4.33%)
™
3ameHsan B (4.33") u (4.33%) hp Ha—— b, Hangem:
+00
cos (xcos®) = JO(X) + 2 2 (— I)mJim (x) cos 2wp; (4.33™)
m*i
Y-00
sin(xcos®)= 2 2 (—1T (*)cos2m + 1) . (4.33")

MHTerpanbHoe npegcTaBneHune .Tn(je). Tak Kak, no goka-

3aHHomy, npu/, (X) = /, (X) nmeem F(x,z) = e*" TO
no opmysne (4.32) nony4vaem (UCrofnib3ys B NpeobpaszoBaHUAX
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hopmynbl diinepa):

1 C —(E*—e™ < ?
J"(*)= 29 j e* e"dHEp= 2 \ cx,In*-{n*dep =
—1 —-
= [N N eH SNn<PIHYYYD = N cos (x sin i — ) ~p -F*
S R . o 11% .
-fi V sin (x sin o — nd) rich = —"\cos (x sin ¢ — ndp) c/dp,
—9 o

rae fMPUHATO BO BHMMaHMe, 4To coS (X sin @ — wug) ecTb yeT-
Has QyHKUMSA oT ¢, Sin (X sin @ — nd) ecTb HeyeTHasA PYHKLNSA
oT . ITak, AoKasaHo, 4YTo gnasa fwboro uenoro ymcna n(~0)

3,00 = = Lcos (x sin b — nay) < (4.34)
(o]

dopmyna (4.34) paeT npeactaBsieHue 6eccesieBbiX (YHKLMIA
C UesbiM MHAEKCOM B BWAE OMNpefeneHHOro mHTerpana, 3aBu-
CALLero oT napameTpa x. dta hopMyna HasbiBaeTCA NMHTErpasib-
HbIM npeacTaeneHnem bBeccena ana Jn (X), npaBas 4acTb
opmybl  HasbliBaeTcAa uHTerpasiom bBeccensi. B 4yacTHOCTW,
npu n = 0 Halhgem:
A
Jo(x) = -N-~c°8(x8Th)</h. (4.34")

0

8§6. Pagbl ®ypbe—beccens

PaccmoTpum Ha Kakom-in6o nHTepsBasne / (KOHEYHOM wnn
6ecKOHe4YHOM) ABa AuddepeHUnasibHbIX YpPaBHEHUS

y'+ P (X)y = 0, M+ QX r =0, (4.35)

roe P 1 Q — HenpepbiBHble (YHKUUM Ha /. TlycTb y ur —
HEHYNEBble pELIeHUS 3TUX YpaBHEHWH. YMHOXeHWe Ha T
M Ha y W nocrefyloliee BblUMTaHME JaioT

y'r —yr* = (y'z —yz')' = (Q— P)yz

9 . N. PomaHoBCKWi



258 O HEKOTOPbIX CMNEUVANBbHbLIX ®YHKLNAX irn. xv

Mycte an p npuHagnexat / ny (a) = y (p) = 0, Torga no-
c/le NHTErpMpoBaHMA B npegenax oT a A0 P NOAYHYUM
3

Y(P)2(P) —1 (a)z(a) = J( — P)yz dx. (4.36)

a

Ecnn a v p — cocegHue Hynm peweHusa y (X), TO Mexay a
M py(X) coxpaHaeT MOCTOAHHLIA 3HaK, MNycTb, Hanpumep,
y (X) > 0 Ha (a, P) (B npoTnBHOM cnyyae cnefyeT 3amMeHUTb
y Ha —y), Torga y' (a) > 0, y' (P) < O (paBeHCTBO HY/IO
WCK/TIOYEHO, TaK KakK y — HeHy/ieBoe pelueHve AnddepeHum-
afibHOro ypaBHeHWs BToporo nopsigka). Ecnuv nma 1P (x) <
< Q (x), To z go/HKHa MO KparHel Mepe pa3 obpauw,aTbCs B
Hy/lb MeXAy a N p, TaK KakK MHa4ye r COXPaHUT MOCTOSAHHbIN
3HaK Ha (a, P). MycTb, Hanpumep, z (X) > 0 Ha (a, P) (B npo-
TUBHOM C/lydae 3aMeHsieM 2 Ha — z), 1 Torga u3 (4.36) nony-
4yMM npoTmBopeuvne, M60 neBasd 4vacTb 0, a npaBaa > O.
Takum o06pa3om fgokasaHa TeopemMa CcpaBHeHMWA
Wrtypma: ecm P (X) < Q (X) Ha paccmMaTpuBaeMOM WH-
TepBasle 1 M ecmM Yy M Z — HeHy/IeBble PELLEHUS ypaBHeHWM
(4.35), To mMe>XKay KadKabIM1 ABYMSI COCEAHUMU HynsmMn y (X)
HaxoguTCsa MO KpawHeh mepe oavH Hysb Z (X).

N3 Teopembl cpaBHeHUs LLITypMa BbITEKaT HUXKecneayt-
wue cneacteuda. Ecnm P (x) <C 0 va /, To KaXkgoe HeHyreBoe
pelleHve ypaBHeHUA y" + P (X) y — O MoXeT wuMeTb Ha /
He 6onee OAHOro HynA (3TO NIerko BUAETb, eCc/n MOJSIOXKUTb
QX)) = 0me3artb z = 1). Ecnrm P (X) < Mr Ha | (rge A/ >
1> 0), To Ana BCAKUX [ABYX COCeAHUX Hynel a un p(a < P)
KaXK[0ro HEHY/IeBOro peweHusa ypasHeHusa y" + P (X)y = 0
uMeeM p — a > n/M (3TO Nlerko BuUAeTb, €ecnuv MNoJIoKUTb
Q (x) = A/*, B3ATb z = SIN M (X — C) U 3aMeTUTb, YTO HYy-

namm z 6yayT TONbKO uyucna Bugac + , K uenoe). Ecnun

v
Q(X)> 12Ha/ (rge T > 0), TO 4N1A BCAKUX ABYX COCeAHUX
Hyfneli KaXkgoro HEHY/NeBOro pelleHWs ypaBHeHua z" -f-

+ Q(X)z=0umeemp—a< (3TO0 Nerko BUAeTb, ecaun no-

NOXUTb P (X) — Trn B3aTb y = sin T (X — ¢)). N3 ckasaH-
HOro criegyet, 4to ecnv 12< P (X) < Mr Ha /, To ana BcA-
KX OBYX COCegHUX Hyne a u p (a < P) kKaxkaoro neHyneso-

ro peweHusa ypasrncHHA YY" + P (x) y = 0 umeem < P—acx<

<\?|—°
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M3noxeHHOe nokasbiBaeT, 4To ecim P (X) HenpepbiBHA Ha
(a, + 00) ” npeBbilaeT HEKOTOPOE MOJSIOXKUTESIbLHOE YNCA0
BOAM3N + 00, TO KaXKAoe HeHysleBoe pelleHue y (X) ypasBHe-
HMA y" + P (X) y = 0 mnmeeT Ha (a, mm00) 6ECKOHEYHO MHO-
ro Hynen. Ecnu ewe y (x) B62M3n a ne obpawiaetca B Hy/b, TO
3TM Hy/M o6pas3yloT 6eCKOHEYHYK BO3pacTawlLlyl Mnocaeno-
BaTe/IbHOCTb KM, MMEKLWY0 MpegesoM +00, a ecnum, Kpome

Toro, lim P (x) ~ ¢* rge ¢c> 0, TO ———m].
X—+Hb 0
PaccmoTpum ypasHeHue Beccens
x*y" + xy'+ (x** — VW) y = O

Ha nHTepBane (0, + 00). [lMoacTtaHoBka y = X_,/*z npusBoguT
K YpaBHEHMUIO

ry-f1- 4 )rpo.

OueBUAHO, Y U T UMEIOT O4HU N Te Xe Hynn. Tak Kak / v (X) =
= X\G, (xX), rge Gv— uenasa ¢yHkuna, 10 /,, (X) He nmeer
Hynei nma (0, e) nNpu pgoctaTto4yHo mMasioMm € > 0, M TakK Kak

>l NpyM X-> + o0, TO MNPV KaXAoM V Hyu

/'Y (X) Ha (0, + oo0) 06pa3yT 6eCKOHEYHYH BoO3pacTalLlylo
nocnegosaTesibHOCTb

AVItAV2, ee eyKy, T, me |

Ecnn 94> 0, 10 / T (KX) y40BNeTBOPSAET ypaBHEHUIO
XU+ xy' + G —V2)y = O

Ha WHTepBasne (0, + oo). [loacTaHoBKA y = x~'"Y npuBoauUT
K YypaBHEHUIO

n, cnepgoeatenbHo, V x /, (kX) yAoBreTBOpsieT 3TOMYy ypaB-
HeHMo. TakuM 06pas3oM, MPU O6GLIX MOMOXKUTENbHBIX a U

9»
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p nmeem
n'+ (a* - ) n= 0, rge n= Y x/v(ax),
A+ (P2 e jr-)v=c. ©m v= P,
oTKyAa
n'v— uv" = (u'v— uvyY = (P* — a*) uy,
cnepoBaTesibHO,
1
(u'v—uv) = ([(FF—a2)™uvdx, rge O0O0<e<1. (4.37)
«
MycTb Tenepb v > — 1. Pa3noXeHne uv Mo CTeNeHAM X Ha-

YMHaeTCsa C uYsjeHa, cogep>kawiero x2vw+l, pasnoxxeHue u'v —
— uv' Mo CTeneHAM X HauyuHaeTCA C uYJieHa, Ccofepykaliero
X2+, TaK KakK Ko3(huumeHT npu x*v paBeH HY/0, YTO J1Ierko
BUAETb, BcxoAs u3 dqopmynbl (4.20). CrnepgosaTesibHO, U3
(4.37) npH e 0 nonyymm

1
n Q) v@) —m@)v' (1) = (3 — a*)uvdx,
0

T. €.
1

P2- a*)Jdx/, (ax)N (px)dx= asl @)/, (?)- pX (AN (a),
(4.38)

0TKyAa BWAHO, YTO €C/IN a U P ABMASAKTCA PasHbIMU HYNAMU
pyHKUUN ¥Y» (X), TO

1
Ix/, (ax) /, (px)dx = 0. (4.38")
]

3TM [oKasaHo, 4YTo Npu v — 1 cuctema yHKUN

n ("viIX), [ v (™V2N)) = Ay (XYELX), e

Ha uHTepBasne (0, 1] ABNsAeTCA OPTOrOHa/IbLHOM OTHOCUTENLHO
Beca p (X) = X.
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Mepexoas K npegeny Npu p -*ma B COOTHOLWEHUU

) T {oxX¥ Y(Px)Nhix = _

0

MU NCMosib3ysa npaswnno Jlonutansd, nNosy4ymm npm scakoma>0

’(‘:X[/rv(ax)]»»('jx: i\y\)&a)']z_‘] (a)‘] (a)_aj’ (a)J (a)

. (4.39)
0
cnepoBaTesibHO, ec/IM a fABAsieTCA Hynem pyHkuum [ v (x), To
1
jix[/v(ax)]*dx= -L[/;(a)]*. (4.39)
(0]
Takum 06pa3omM, Npu Kaxaom v — 1 BCSAAKOW HernpepbIB-
HoW pyHKumm / (x) Ha (0, 1], ypoBneTBopsitoLien TpeboBaHUIO
1
$[/(x)I*xdx< + o0,
o
noctas/iIeH B COOTBETCTBUe paAn Pypbe — beccens
00
[(*)- 2 OnJAKNX), (4.40)
ML
KO3(h(PULUMEHTbI KOTOPOro onpeaensawTcsa Gopmynamum
1
a" = JjiI(*) A (xnx) x dx. (4.40Y
MO>XKHO [okasaTb, 4TO cucTemMa QYHKUWUIA (X»,X) Ha

(0, 1], opToroHanbHass OTHOCUTE/IbHO Beca X, 3aMKHyTas W,
crnefoBaTesibHO, K Heli NpMMeHMMO ckas3aHHoe B § 14. B uvacT-
HocTn, ecnn pag ®ypobe — Beccensa (4.40) paBHOMEPHO CXO-
ONTCA, TO CXOAUTCA K MOpoXKAalLer ero HenpepbiBHOW (DYHK-
umn / (x).

Mo>HO nokasaTb, 4TO ecnn v > — — un/ (X) HenpepbiB-

Hasa Ha (0, 11 u Kyco4yHo-rnagkasa Ha [0, 1] dpyHKUMA, To pAg
dypbe — Bbeccensa 3aToil yHKUMWM CXO0AMTCA K Hell npu O m<
< x< 1
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§ 7. AcumnToTMUecKoe rnpeacTtasrieHue
6ecceneBbiX (PYHKUWIA C LeNbIM MHAEKCOM
AN 60NbLIMX aHayeHWUn aprymeHTa

Myctb ¢ (X) — nonoxutenoHass QyHKUMsa un / (X) — Ka-
Kaa-Hubyab (BoobLe KOMMeKCHO3HayHasa) (QyHKUUsA, onpe-
JeNeHHble AN [0CTAaTOYHO 60/blWKMX 3HAYEeHUA X. 3anucb

/ (X) = O[d (X1 npu x -> + 00

O03HayaeT, 4UTo HanlgyTca Takue umcna x0 u J1/, yto npu x >
> X, umeem |f (x) |< Ald ().

Mopgo6bHaa 3anucb ynoTpebsifgeTca U B APYrUX aHanormy-
HbIX cnyvyaax. Hanpumep, ecin @ ( — nonoxuTesnbHas
dyHKUMA n F () — Kakas-HUbyab (PyHKUUA, onpefeneHHble
ONA [0CTATOYHO MasbiX MOMOXKMUTENbHbIX 3HaYeHW t, To 3a-
nucb

F@=01d ] nput-» 0O

03Ha4yaeT, YTO HalayTca Takue umcna e M, uto |F (/) |<
< M® (t) Ha (0, i).

BcnomoratenbHaa nemma. Ecan [/ (1) ABa>KAbl HenpepbiBHO gudde-
peHuynpyema Ha (0, 1], To Ana yHKUUK

1

nMeeT MeCcTO acMMNTOTWMYeCKoe npeacTaBneHne

Aokaxem 3Ty nemmy. 3ameHsss Ha 1 — t, nonyuum:
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PaccmoTpuMm uHTerpan, hurypmpyouwmnii B nepBoM cnaraemom npa-
BOW YacTu gopmynbl (4.35). 3ameHsAna xt na t, Haligem:

Ce n 1 Cewn j 1 C« , 1 Ce ,
bV7 VibyT /i (.}rr —Ix 4 '
1Mo, 3aMeHUB * Ha tl .yumTbiBas ¢opmyny (3.59') rn. I11], nonyuum:
& N +0
ANY jdt= 2 MNen'dt= Y™MIRR
o] 0]
Ecnn o (X) nonoxutenbHa, yb6biBaeT W CTPEMUTCA K Hynw npu
+00 +00

X > + 00,70 " p(O0Ocostdt u ~ p(0sintdt, a cnegosatenbHo,

X X
+00

m I dg(f)e-n dt cytb O [ (X)] Nnpn x —=* + 00 (3TO BWUAHO W3 BbIKNA-

[OK COOTBETCTBYHLLEro MyHKTa cregylowero naparpaga), noatomy

anX_un+oo*
oTKyfaa

1 C«™** / 1\

NT1aK, nonydyaem acMMnNToTUYecKoe npeacTtaB/ieHne:

1 W e
Ny=-d<=]/ -j-e_li'4+ O ~-Lj npu x — + oo0. (4.42)

PaccmoTpuM Tenepb MHTerpasn, huUrypupylowmini Bo BTOpoM cnarae-
MOM npaBoii 4yacTu cdopmynbl (4.35). Nmeem:

n /1-0 plld .d_ Uebl pRQy]jd>

0 0
rae

L (<), /(1-0-/(1).
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OueBnpgHo ¢ (0 gBaxkabl HenpepbliBHO AnddepeHuunpyema mna (0, 1], Ho,
KaK Nerko BuAeTb, CYLLeCTBYHOT IimICD'O n rHn ¢' ((), noatomy @<
-H

(nocne poonpegeneHns B Todyke 1= 0) CTAHOBWUTCA  HEMNpPepbIBHO
anddepeHumpyemoit Ha cermcnTe [0,1]. NHTerpmpoBaHme no yactam AaeT:

1 1 1
é (D VIdt= L PO Vi [+ -m [ (© Vn'dt,

3

$(0 ectb O (I/*) npm

g-ix
rop nepesoe criaraemoe npasoﬁ vyactm —

X —» 4- 00, a WHTerpas BO BTOPOM c/laraeéMOM  HECOBCTBEHHbIA npu
HUXHEM rpefenie) MakopupyeTcss WUHTErpasom

1
\l (O V*V I dt>
o)

KOTOprI\/'I cXoauTcA, TakK Kak

1
O'()*+ — (O
P10 V*]' «=—————- yj-—- =0(1//0 npnt—O:

cnepoBaTenibHO, BTOpoe cnaraemoe ecTb Toxe O (1/*) npu x — + oc:
NTaK, nmeem:

\B = dt — O(17%) npn x -» -l-0o. (4.43)

N3 (4.41), (4.42), (4.43) nony4yaem MCKOMOe acMMMNTOTUYECKOe Npea-
cTaB/ieHue:

1
I VTA~t M d” —pax- 1 +° (UX) TAX  + % <444

Ik 3Toli (hopMynbl, NEpPeEXoas K COMPSAXKEHHbIM Be/iMuMHaM, Halijem elle.

1 -t (B—
1f e'to e ( 4
"ItIV T AtA*1" —Vnx~fA + 0(1/*) npn* —+ o0o. (4.440

dopmynbl (4.44), (4.44’) BepHbl N ANA KOMNAEKCNo3nMadunbiXx MYHK-
unn / (/) = [, (< + i/4(D [n6o oHwn BepHbl gna /, ( n /a(*)].
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BbiBOog acmmnToTMyeckon opmynbl  ana  J n(X). B kKoHue
s
1 F . "
§ 5 mbl Bugenun, uto /,(*)= gj- \ ebslnv_ir**rf(ji. 3ameHas ¢ wua
-
A
— — ®, nonyyum:
A
L(*>=£"1 rp =
Tl
e-injt/’2 J e-nalr %
= —2n— y 13xQ08p (cos ug + tsin ng) <hb= — - — \ e{xcoa * coznc Ip
-A O

(yunTbiBass, uTo «lLt<os9 cos N ecTb ueTnasa QyHKUMA oT d, a
e>XC0S<» SjNn n(p €CTb , eycTHas GyHKUMA oT ¢). MoactaHoBKa cos = |
naet:

W a IR a0 -

roe Tn (<) = cos (n arccos I) ecTb, 04eBMAHO, MNOMIMHOM J1-li CTeneHwu
(nonnHom YebbiweBa), Tak Kak 13 hopmynbl MyaBpa BUAHO, 4YTO c0S N
€CTb MOJINHOM N-N CTeMeHW OTHOCMTeNbHO cos ¢. Ho

_L ijt Tn(D 1 C, J_f
« 0_1 /1 —t* A _)1 6| )
N, 3aMeHASA B NepBOM W3 3TUX UHTerpasos t na — nonyvymnm:
1 1
noJ VI — < ndoYt—=
LC w Tn@® . 11 r,(-n m,
a J vil— A JY1l- * /1 + <
<C rn(f)
ngvil- 1 W+ <

rn(-t) r,(0 .

. n n mHa 10, 11 vMmeloT MPOU3BOAHbIE TrCeEX
yi-f-f V 1+ <
nopsifKoB, To K ABYM MOCAeAHUM MWHTerpanam npumMeHumsl HOpMy/ibl

Tak Kak
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(4.44") n (4.44), n Mbl nony4aem:

inn

Jn(x) = < f~ F.(D
- /ax /2 T ywx V2 T U4-):
HO r(- 1 =cos M= (-1)" - el T@) = cos0= 1,
CefoBaTesbHo,
) e v 4 i> e g \ 4 11 i
an(*) - . »(l)
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NTak, MMeeM MCKOMOe acuMNTOTUYeCKoe MpeacTas/ieHne
6eccesieBoit PyHKUMM 1-ro poaa ¢ Ue/bIM UHAEKCOM N5 60/1b-
LLUNX 3HAYEeHUN aprymeHTa:

Nx)=1/-~-co8[x-(rat4)-r-1+ C(1") t4-45*
npyu X—» -f OC

Ota ¢opmyna nokasbiBaeT, 4yTto /, (X) € TOYHOCTbK [0

cnaraemoro nopsifka -~ sIBASieTCs 3aTyxalwolwer rapMoOHUKO

C BOJIHOV MOCTOSAHHOW ANMHbLI U aMNANTYA0M, yobiBaroLweit 06-
paTHO NPOMOPLMOHaNbHO KBaApaTHOMY KOPHI0 n3 abcumcenbl.
B uvacTHoCTH,

*M*) = -Jrcos (x— jj-) + 0(4-) npu *-*-+
(4.45")
«M*)* -\ /~-"C08 (X +X) + °(“T) npu + 00
(4.45%)

Fpaukn 3aTUX GYHKUMUI M306parkeHbl Ha puc. 62 n 63.

§ 8. VHTerpanbHbIii orapucmM, WHTErpasbHbIi CUHYC,
MHTerpasibHbIA KOCUHYC

, {*dx Qsin* , Qcos* ,
M3BecTHO, 4TO NMHTerpassbl , \—— dXx, \——ax He

Bblpa)katoTcsa vepes afieMeHTapHble PYHKLMU U ABASIOTCA HOBbI-
MU TPaHCUEHAEHTHbIMU YHKUMAMU. DTU PYHKLUUK (onpeaeneH-
Hble MOKa C TOYHOCTbK A0 MPOU3BOSILHOIO MOCTOSSHHOrO cna-
raemoro) o6o3HauvalTCA COOTBETCTBEHHO 3Hakamu li x, si X,
ci X.

PasnoxeHus B pagbl. [enas B paBeHcTBe lix = N noa-

CTAHOBKY X = €l nosydymm:

™M "1t n -$$ (T + " +-9-+Tr+--),h =

= In<-fC + <+ + "OT + eee N @*
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oTKyaa (nocne BO3BpPALLEHUS K CTApoOMy aprymMeHTy X)

lix=Inlnx+ C+ Inx+ -y + ... (x>1).

(4.46)
JOanee,

six=\X""dx =\N(\--£ + -£-...)dx,

OTKyAa nocsie Mno4YsjieHHOro MHTerpunpoBaHmMA HaxoganMm;

six=C+ x— + -N]- — eee (4.47)
HakoHeu,

c\x=\ N dx=\N(x--1lr+ 7~ -_...) dx,

OTKyAa nocsie no4YseHHOro MHTerpunpoBaHuA nosydyaem:

cix=C+ Inx-~-+ (x>0). (4.48)

Jo06aBneHus K TexHWKe WHTerpupoBaHus. [loacTaHoBKa
X —a= t jaet:

N- g adx — e° dt = ealitf = ealie*-*.
MHTerpupoBaHne Mo 4acTaAM fJaeT ¢opMy/ny npuBeaeHUs:

\ x—a)"dX= ~ (»—D((*—a+ n—1~" (x_ B)n-* dx’

MoacTaHOBKA X — a = t gaeT:

NS, ax = RENEE A G = cosasit-fsinaci t =

cosasi(x—a) sinaci (X — a);

cos * cos (« + a . e . .
Q adx = cos(er ) dt'—cosacit— sinasit=

= cosaci (x —a)—sinasi (x —a).
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MHTerpupoBaHne Mo 4actaMm JaeT (popmy/ibl NpuBeaeHUs

Fosim j sinx , 1 f cosx j
J(*-.)" G_D{_an-I+ n-1) (,-«)"-» °
P coax ~ cost 1 ¢ sinx ~
J(*—a)y 1- (n- {x—a)"1 a)"-1

YunTtbiBas, 4To BCAKas paunoHanbHas QYHKUNA ecTb CyM-
Ma MoSIMHOMa W MNpoCTeWmnX aNemMeHToB Buga A/(x — a)n, 3a-
K/H0YaeM Ha OCHOBaHWM YCTAHOB/IEHHLIX (OPMY/, 4YTO WH-
Terpasnbl BuAa

[R(x)exdx, [ R (x)sinxdx, \R(x)cos xdx

CTaHYyT «bepylimMncsa», ecnm K snemMeHTapHbIM QPYHKLUAM [o-
6aBUTb WHTErpasabHbll 10rapudm, WHTErpasnbHbIi CUHYC W
WHTEerpasibHbli KOCUHYC [ecin Mbl XOTMM OCTaBaTbCA MOJTHO-
CTbl0 B [AelicTBUTENIbHOW 06/s1acTW, TO OrpaHUYMMCs Takumm
paunoHanbHbIMK Apo6aMN R (X), 3HaAMeHaTeNnn KOTOpbIX WUMe-
I0T TO/IbKO AeNCTBUTENIbHblE KOPHW].

O cX04MMOCTM HEKOTOPbIX HECOBCTBEHHbLIX WHTErpasnos.
Myctb / (X) — nonoXxwutesibHasA HernpepbiBHasA Yyb6blBatoLas
tbyHKUMA npun a M x < + °°, CTpeMHU.I,aHCFJlr K Hynwo npu

00

X -*m + 00. Torga Heco6CTBeHHble nHTerpanbl jj /(Xx) sin xdx;
a
=foo

J /(x) cosxdx cxonAaTcs.
a

He Hapywasa o6uwHOCTM [JokasaTesibCTBa, MOXeM MoJo-
XNTb a = 0 (B cnydyae a> 0 MOXHO / (X) goonpefesnvTb Ha
yyacTtke O X < aTak, 4to npu 0 N X < + 00 6yayT BbI-
MoJSIHEHbI BCe MoCTaB/IeHHbIE yC/10BUA), Npu b > O nmeem:

b KD

N (X)sinxdx = 2 $ / (x)sinxdx -f J/ (x)sinx dx,

0 k=0 m

roe n — Haunbosnbllee Lesioe 4ymcno Takoe, 4TOo NA N b Ove-
BUAHO, M+ 00 Npu b *m + 00. MofcTaHOBKA X =* t + K
JaeT:

<*+1)a «

J /(x)sinxdx= (— l)ky (t -f kn)a\ntdt = (—
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rae
K
ck= [/ (t+ wkn)sintdt"> 0.
0

N3 ybbiBaHNA dyHKuMn / (X) cnepyeTt, 4Yto nNpu K< 7
VIMEeM:

[a+ k1) >/ (t+ /9).

YMHOXas 3T0O HepaBEHCTBO Ha Sin t U UHTerpupys ot 0 go n,
Haligem ck> c/. W3 Toro, uto / (X)-» 0 nNpu X -> + 00
cneayeT, uTo ck-*m 0 npu K-* 00, M60

s

ck</f {kn)j sin tdt = 2/ (Ars).

0
Hanee,
Ir@ 1= 1~/ (x)sinxdx I<[ 2/ (nn)
'm

n, cnegosatenbHo, r (b) *m0 npu b 00. Takum obpa-
30M,

b n—1

J/(x)sin xdx = 2 (~ 1)*c*+ r(b).

0 KM
rae

N> ¢c,> ...jcn #0;r (b)) >m0.

MpuHUMas Bo BHUMaHWe TeopeMy JlelibHMUA O 3HaKoue-
peAylLMXCA psifax, 3aK/4yaemM, 4To

b 00

lira \/(x)sinxdx = 2 (—
b+“ 0 0

o V, .
W, cnepoBaTenbHO, Heco6CTBEHHbLIN MHTerpan \ / (X)sin x dx

(0]
cxoaouTca, l1TO+(I_% TpeboBasiocb AoKasaThb.

WNHTerpan / (X) cos x dx nocne noacrtaHoBku X = t-f m—

[e]

NpuMBOAUTCS K Mpeablayliemy.
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HopMupoBka WHTerpanbHOro CUMHyca W WHTEerpasbHOro
KOoCMHyca. W3 ckasaHHOro criegyer, yTo

o a

CyTb cxoffuimecs uMHTerpanbl. MM03ToMy Si X U Ci X Npy X -*m
-» 4-00 cTpemaTtca K KoHeuyHbIM npeaenam. HopMUPOBKY
Si X U ci x (HANOMHWUM, 4YTO 3T (DYHKLUWN onpefesieHbl Moka ¢
TOYHOCTbIO [0 MPOM3BOSILHOrO MOCTOSSHHOFO C/AaraemMoro) Mmo-
XXHO, Hanpumep, onpegesnnte Tpe6oBaHuAMKU si (+ o00) = O;
ci (+ o0) = 0. Torga (npu a> 0)

six = jjJdILLdt+ Cy cix= ~-~"~-dt + Cr]

si(+ o0)= J Jd~Ldt+ C ~ O;

a
4»
Ci(+ o00) = + =
a
a a
. sint . cost
SIX:—(——dé; mxz—(——dt.
X X

YKaKem elle APYryl HOPMUPOBKY Si X, onpegensas ee
Tpe6oBaHuem si 0 = 0 (ana ci x nogobHas HOPMUPOBKA He
MMeeT CMbIC/a, TaK Kak Ci x -*m 00 npu x -*m 0). Torga

X

(4.49)
0

YunutbiBas, 4to (Si X)' = sinx/x, Haigem, 4To Si x Bo3pa-
ctaeT Ha (0, A), ybbiBaeT na (A, 2n), Bo3pactaet Ha (2n, 31),
ybbiBaeT Ha (34, 4n), ... B Toukax 4, 24, 34, 44, ... UMeeT
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4o
3KCTPEMYMbI. YuutbiBad, uto N -si"t dt = -~-(cm. rn. |, §9),
0
3aKknwyaeMm, 4YT0 Six-»-8/2 npu X -> + «= KpuBas
y = Si X WMeeT TrOpuU3OHTaNlbHY acumnToTty y = /2, npu
X -> + 00 6ECKOHEYHO MHOro pa3s nepecekaer 3Ty acMMNTOTY
HaxofsACb TO Bbllle, TO HMXe ee.

Ha puc. 64 n 65 nzobpaxkeHbl rpadkm MHTErpasbHOro cu-
HyCa U MHTEerpasbHOro KOCMHyca npm HopMmmpoBKax si (+ 00) =3
= 0; ci (4- o0) = 0.

B cnyyae HopmupoBKM Si 0 = 0 M300parKeHHbIN Ha pwuc.

64 rpauK MHTErpasbHOro CuUHyca criegyeT CABUHYTb BBeEpX
Ha a/2.



FrTABA V

NMPEOBPA3OBAHWME JNTATIJTACA

§ 1. BcnomoraTesibHble cBefeHUA 06 MHTerpanax,
3aBucAWMX 0T napameTpa

3amMeyaHVss 0 Heco6CTBEHHbIX HHTerpansax. Ecawm /[ (/) —

KOMTJ/IEKCHO3HauYHaa (MYHKUWA, HeNpepbiBHAs Ha CermMeHTe

la, ft], 3a MckYeHUEM TOUKM a (B KOTOPOA OHa MOXXET ObITb

He ornpegesieHa M B6/IM3N KOTOPOW MOXET 6biTb He orpaHuye-
b b

Ha), To no onpegeneHntio \f(t)dt — lim \ f{t)dt, ecnwn aToT
0 *Kff J
(0] 1 at«
npefen cyuwiecTByeT M KOHeyeH. AHanorn4yHo, ecnm / (t) He-
npepbiBHa Ha [a, ft], 3a uckniwuyeHnem Touku ft, To No onpege-
b b-«
ncHunw  AM(t)dt = lim A f(t)dt, ecnnm 3TOT npefen cywect-
a £? a
BYeT W KOHEYEH.
Ecnu [/ (t) HenpepbiBHa Ha (a, ft], 3a wuckIw4veHnem
b c b

Toyek a u ft, To no onpegeneHuio AM(t)dt = Af(t)dt
a a C
roe a<.c < ft, ecnm oba cnaraembix B MpasBoii 4acTu MMeET
CMbICN (0OYEBUAHO, 3TO OMpefesieHMe He 3aBUCUT OT Bblbopa
yucna c).
Ecnn / (9 HenpepbiBHa Ha (a, ft], 3a UCKNOYEHNEM KOHeu-

HOro 4ucna Toyekc,, .., Cp,rgea ™ ¢, < c2< ... < C,<;
b o c* b

ft, To no onpegeneHnio N (f)eft=~ ~+ ...+ 7~ ecnin
o] a ci qo

BCe c/iaraemble npaBon 4yactT UMEKT CMbICA.
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MycTb Tenepb / (t) HernpepbiBHa Na la, + °°), 3a UCK/IO-
yeHVeM, OblTb MOXET, W30NNPOBaHHLIX To4dek *). Torga no
+00 |

onpegeneHuto \f(t)dt = lim \f(t)dt, ecnm Bce nHTerpasbl
J 1-.+ oJ

S roe | A, cyulecTBylT necim lim  \cyuiectByeT U KOHe-

1-« 4" ocov
a

YeH. B 3TomM cnydae Heco6CTBEHHbIW WHTerpan ~ t(t)dt

a
Ha3blBaeTCA CXOASALUMMCS.

+ 00
Ecnn wnHterpan ~ cxoauTca, TO Heco6CTBEHHbIN
a

+00

MHTerpan N/ {t)dt Ha3blBaeTCd abCO/MOTHO CXOAALLMMCS.

a
ABCOMIOTHO CXOAAWMIACA HecOoO6CTBEHHbIA WHTerpas Bcerja

+00
cxoanTtesa. OueBmpgHo, N f(t)dt abcontoTHO cXxoauTcs, ecnn
a
1/(0 I ©(0 (npn t> A, 3a WUCK/IOYEHUEM, ObITb MOXET,
M30/IMPOBaHHbIX TOuYekK), rae <p(t) — Takas pencTBuUTesIbHasA
+Q

HeoTpuuatenbHasa QyHKuUus, 4to ~ ¢ (t) dtcxoguTea. B aTom

a
+00

cryyae TOBOPAT, 4UTO Meco6CTBEHNbIA  uHTerpan ~f(t)dt
a

+00

Ma>KopupyeTcsi HeCcO6CTBEHHbIM UWHTerpasiom ¢ (0 dt.

a
MycTb / (t, p) NpM KaXKAOM 3HA4Yennu napamerpa p B He-

KOTOpoi o6nactn D sBNsAeTCS HeNpepbiBHOW (yHKUMen ot t
Ha [a, + 00), 3a WUCKNKYEeHNEM, 6blITb MOXET, U30/IMPOBAH-

*) Mbl roBOPUM, 4YTO HEKOTOPbIV (haKT MMeeT MecTOo na HeKOTOPOM
[aHMoM MWHTepBase, 3a WUCK/OYeHMEeM, 6blTb MOXKeT, W30/IMPOBAHHbIX
TOuYeK, eCIM Ma KaXAoM CerMente, fieXallemM Ha [JaHHOM WHTepBare,
MOXeT HaxoAuTbCA He 60/1ee KOHEYHOro 4ymcna To4YekK, B KOTOPbIX pac-
cmaTpuBaeMblii hakT He MMeeT MecTa.
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HbIX To4yeK. Ecnun npn Kaxkgom 3HadYeHnn p B D MHTErpan
400 J

N f(t,p)dt cxoanteca mn y(t,p)dt npwm + 00 CTpemMmuTtcsa

a a
K CcBOeMy npefgeny paBHOMEPHO OTHOCUTeNbHO p B D, TO
400

Heco6CTBEHHbI MHTerpan » f(t,p)dt, 3aBucAwMin oT napa-
a

MeTpa p, Ha3blBaeTCAd paBHOMEPHO cxogsAwmmMcesa B obsiac-

™M D. JocTaToyHbIM YC/I0BUEM PaBHOMEPHOM CXOAUMOCTU

VHTerpana, 3aBUCALLLEr0 OT napameTpa, ABAeTCa MaXopupye-

MOCTb €ro CXOAALWMMCA WHTErpasioM OT HEKOTOPOM HeoTpu-

uatenbHon yHKuMn. Ecnm D — obnacTb Ha MNA0CKOCTU

400

KOMMJIEKCHOI0 NepeMeHHoro p, 1to ”~ f(t,p)dt 6yaem Hasbl-
a

BaTb pPaBHOMEPHO CXOoAALUMMCSA BHYyTpu obnactn D, ecnu on
pPaBHOMEPHO CXOAUTCA Ha KaXXAoW OrpaHUYeHHOM 3aMKHYTOM
obnactn [, nexaweii 8 D (cm. rna. 111, § 13).

AHanuTunyeckas 3aBUCUMOCTb OT napameTpa.

Nemma. TMycTb [/ (S p) — HenpepbiBHAA  KOMMJIEKCHO3Ha4YHas
QYHKUMA [OBYX MNepeMeHHbIX t, p: [AeACTBUTE/IbHOMO MepeMeHHOro t Ha

cermeHTe [a, 6] M KOMMNIEKCHOrO MepemMeHHoro p B o6nacTu D. MycTsb
BTa PyHKUNA Npu Ka>KAOM 3HauveHUMW i Ha [a, b] ABnseTCcA aHannTwude-

CKOW hyHKUMeld oT p Bob6nacTu D. Toraa fp (S p) obnagaeT™ Takumu
>Ke cBoMcTBaMn M hyHKLUSA

F(p)=~f(t,p)dt

6yfeT aHanMTuyecko dyHKuuneid oT p B D, npuuem
b
F'(P)=~f"p(t,P)dt.
a
Aoka3aTenbcTBO. ToT dakT, uto fp(t, p) ecTb Henpe-

pbiBHAA (PyHKUMSA OT t, p, NpoBepseTca Tak: Npu tn-*t nmeem / (<n,p)-»
~*1 (*< P) paBHOMepHO BHYTpn D (M60/ (t, p) paBHOMEpPHO HeNpepbIBHA
npu IHa |a, ffnp Ha A, rage Jl—kakaa-nmbo orpaHnyeHHas 3amKHyTas
o6nactb B D), cnepoBatenibHo, B cuny Teopembl § 13 rnasbl |11 nmeem

Ip (<m» P) -»/p(*, P/ paBHOMepHO BHyTpu D, oTKyga BUAHO, YTO Npwu
mn-p6eyEM"MIb
Ip (Y» Pn) fp (?i p)»
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Nanee, umeem F (p) = lim 2 /(*k.P)4*n npn max O0"~— O
K=0
(puc. 66), upuuyemMm CXOAMMOCTb — paBHOMepHasl BHyTpu o6nactu D.
[eAcTBUTENBHO,

n-1 n-1 "*+1
MP) - 2 2 J
K=0 K=0 /*
M1 **+1 n-i 'it+i
-2 $ /Nel)rft= 2 S
B0 tf KO ‘k

no/(*, p) paBHOMepHO HenpepbiBHa Mpy / Ha [a, 6] np Ha O, roe O —=
Kakas-nmbo orpaHuYeHHas 3amK-
nytasa o6nacte B D, noatomy A
BCHKOFO [e > 0 Haligetca Takoe

rn > ecm Pdel< /> 11l -I—I—I—I—I
T0 I/ S p)—/(<* P I< e npn at K4 b
e o, tk+ AI* Puc. 66.

cnepgoBaTtenbHo, npu max Af* < ti n nwbom p Ha [ 6byaem mnmetb:
n-1

Ina)— 2 {x'p)Ak]<e(b-B).
k=0
n-1
4TO U JO0Ka3blBaeT paBHOMEpPHYI cxoammocTb Y, /[(f* p)A<* k /' (p)
*—9
BHYTpW ob6nactu /).

HakoHel, B cuny Teopemsbl j, 13 rnasbl III F (p) 6ynet aHanutum-
yecKon (hyHKUMel oT p B o6nactn D, npuuem

n

n-1

2 Dp<Fe*)pau = J/p (< p)rfx
K—©

4To U Tpe6oBanoCb AOKa3aThb.

Teopema. TMycTb/ (<, p) — HenpepbiBHAA KOMIM/IEKCHO3HAYHAsA
PYHKLUMA ABYX MepeMeHHbIX /, p: [AeACTBUTENbHOro MNepemMeHHOro t Ha
[a, = 00), KpoMe, 6bITb MOXKET, M30/IMPOBAHHbLIX TOYEK, U KOMMIEKCHOIO
nepemeHHoro p B o6nacTu D. TlycTb, KpoMe TOro, »Ta (PyHKUUs npu
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Ka>K0M YNMOMAHYTOM 3HaueHun t 6y,qu aHaNINTUNYeCKo 0T pB o6nacTu
+00

D. MpegnonoXxmm ewle, 4TO HeCOb6CTBeHHbIE MHTerpan ~ I(t,p)dt Ha

a

Ka>kol orpaHMyeHHOW 3aMKHYTOW obnacTwu J1, nexkauleri B D, ma>kopu-

pyeTcAa HEKOTOPbIM CXOAALWMMCA WHTerpasioM O0T [AeACTBUTENbHON
+0

HeoTpuuaTensHoli dyHkunn. Torga F (p) = / (t, p)dt o6ygeT

a
aHanMTunyeckon yHKumen oT p B obnacTm D, npuyem

T™W
F*(P)- J fp(t,P)dt.

Adoka3aTenbcTBO. EcnucermeHT [c,d], nexawuin Ha [B,+00)»
He COAepXuT ynomvm(::alsl_umxcn B TEKCTe TeOpeMbl W30/IMPOBAHHbLIX TO-

4YeK,To B cuny nemmbl J/ (t, p) dt 6yaeT aHanuTuyeckon dyukuunein ot p

Cc

d
B D, npomsBogHas kotopoii paBHa ™ fp (f, p) dt. Ecnn ¢ (unn d) ctpe-

C
MMNTCA K OAHOM W3 Ha3BaHHbIX M30/IMPOBAHHbLIX TO4YeK co (Unm do), TO
d d o«

B CUNy ycnosuit Teopembl ij/ (t, p)dt (f,p) dt ~ unn k J j paBHO-
C C. c
MepHO BHYTpu D, noaTOI\ég B cuny Teopembl § 13 rnasbl |11 nponssog-
d d ,

Has oT  (f, p) dt *nau j 6yget pasHa ™ fp (» p) dt ~uam ™ j . TMoeno
c c o3 c

3TOro 3aksitovaem, 4To npu nAwb6om |> a npomssogHas ot J/ (t, p)dt
a

1
6ygeT paBHa " fp(t,p)dt.
a
1 +0C
HakoHey, B cumny ycnosuin Teopembl J/ (», p)dt-* J /(t, p)dt

a a
paBHOMepHO BHYyTpu D, cnepoBaTesibHO, B CUJTy TeopeMbl § 13 rnasbl
+00

+00

Il npoussogHas ot J f(t,p)dt o6yger paBHa ~ /p(1,p)/1, uTO
a a
1 Tpeb6oBanocb AoKasaThb.
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§ 2. lNpeobpa3oBaHne Jlannaca

MycTb / (f) — KOMM/JEKCHO3HaYHasa (YHKUWUA, HernpepbiB-
Haa Ha (0, 4* 00), 3a WUCKNOYEHUEM, OblTb MOXET, WN30UPO-
BaHHbIX Touyek. Ecnum pencTBuTeNbHOE 4ncA0 s o6nagaeT Tem

+00

CBOMCTBOM, 4TO HECOOCTBEHHbIN wuHTerpan |/ (<N\e=>(dt

0
cxXoanTesa, To uncna, 6onblimre s, Takxke um obnagatwT. OTcloga
cnepyet (paccy>pgas, Kak B § 3 rnasbl |11 npu BBefeHUU no-

HATUA pajuyca CXOLAUMOCTM CTEMEHHOro psga), 4YTo unbo
HapgeTca Takoe fJelcTBMTenlbHoe 4mcrio sO, 4yto npu s sO
YNOMSAHYTbIi HeCcOO6CTBEHHbIN WHTerpan cxoguTcsa, a npu
s < s0 pacxogutcsa (umcno sO Ha30BeM MokasaTesnieM pocTa
dyHKuun / (1)1, nubo Ana Bcex AeACTBUTESIbHbIX S YMOMSHY-
Tbli HEcO6CTBEHHbIA MHTErpas cxoguTca (Torga nokasaTtesib
pocta (yHKUMK |/ (t) cumTaem paBHbIM — 00), NM60 ANA BCeX
JelicTBUTeNbHbLIX S OH pacxoguTca [Torga mnokasaTesib pocTa
PyHKUUKM / () cuuTaem paBHbiM -f- 00]).

Ecnn nokasatesnb pocta / (t) MeHbwe + 00 [bynem roso-
puUTb B 3TOM cnydvae, 4To / (t) MMeeT orpaHuYeHHbIi pocT], TO
/ (t) abconTHO MHTerpmpyema Ha Kaxpaom cermeHTe [0, a],
rgpe a> 0.

B kauyecTBe npumepa oTmeTum, 4to ecnm / (<) Ha [0, + 00)
yaosneTsopsAeT HepaseHcTBY |/ () | Meat, To / (t) nmeet
OorpaHuYeHHbI pocT M Nokasatenb pocta N s. B camom pe-

+00
ne, torga wuHterpan N | (©) <+>dt npu BcAkom e >0

o
CX0AUTCS, M6B0 OH MadKOpPUPYeTCst CXOASILUMCS WHTErpasioM

400

U Me~tldt =

Ecnun / (t) vMeeT orpaHWYeHHbI PpoOCT, TO

00
P<j>) = \f{t)er»dt
(o]

ABMAETCA aHa/IMTUYECKON (PYHKLWER KOMMIEKCNOro nepemMeH-
HOro p B nonynsiockoctn Be p ]> sO, rge sO — nokasaTtesib
pocta / (1) (unmcno Sg HasbIBaKT elle abeumccoil abcosioTHoMN
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+0

cxoAMMOCTU wuHTerpana Jlannaca » /(/) e~pldt'j. B camom
0

Aene, yrnoMsiHyTbIli MHTerpasl paBHOMEPHO CXOAMUTCA B KaXK-

[O nonynnockoctn Be p > roe > s0, nbo Ha Hel OH

Maxkopupyetca  cxogAawmmca  uUHTerpasiom N 1/ (S le-*1c?,
. ]

BHAuMT, paccMaTpuBaeMblii WHTerpan Mo4aBHO pPaBHOMEPHO

cxoauTca BHYTpM obnactm Re p sO n, cnegosartesibHO, MO

TeopeMe § 1 ABNSAeTCA aHaNMTUYeCKON (yHKuUMeld B 3TOi 06-

nactw.

OnpepeneHuve. KOMNAEKCHO3HAUYHYIO QYHKUU0O / (<),
HenpepbiBHYO Ha [0, + 00), 3a WCK/OYEHMEM, ObITb MoO-
XKET, W30/IMPOBAHHbLIX TOYEK, M WMEeWLLyl0 OrpaHUYeHHbIN
pOCT, HA30BEM OpUIrMHaUsIOM. AHauUTUYecKyl GyHKuuio F (p)
KOMMJIEKCHOIO MEPEMEHHOro p = s + i0, onpeAeneHHyo dop-

+ 00

Mmynoi F (p) = ~Nf(t)e-p'dt npn Rep > sO, rge sO—

0

nokasarteno pocta / (/), Ha30BeM mn306pa>KeHVEM OpUTruHana
/ (/). Mpeobpa3oBaHue, oTHocALlee opuruHany / (/) ero wm3o-
6paxkeHune F (p),

400
F{p)="f(t)e-p.dt, (5.1)
0

Ha3blBaeTCcA npeobpasosaHvemMm Jlannaca. [lpn 3Tom NULWYT:
/ (0 f- F (p). (5.2)

Ynotpebnsercsa eue o603HayveHUe

00

-J/(0#-p,at (5.3)
o)

(L — 3Hak npeobpasoBaHuAa Jlannaca).

Mbl fanun 3pecb 6osee y3koe onpefesnieHe opuUruHana, 4em
3T0O MPUHATO B 00Wel Teopun npeobpasoBaHuAa Jlannaca,
4YTo6bl B Ja/IbHEMLIMX BbIKIaAKax WUMETb [ef10 N1Lb C TakKMMu
NOHATUAMWN WHTeErpana, KoOTopble [alTCA B 3/IeMeHTapHbIX
06WwNX Kypcax MaTeMaTU4yeckoro aHanmsa. Takume OpuruHa-
Nbl 4OCTATOYHbI AN MNPaKTUYECKMX HagobHOCTei.



MPEOBPA3OBAHUVE J1AMJIACA 281

3ameyaHnna. Ecnm BcTpeyaeTcs HafobHOCTb MpoAos-
XNTb opurnHan / (/) Ha oTpuuaTefnibHble 3HadeHUa t, TO
nonaratwoT / (/) = 0 npn t< O.

Ecnu lim / (t) cywecTtByeT U KOHeYeH, TO 0603HAYUM €ero
t *f0

/ (+ 0), ecnn lim / (t) cywecTByeT M KOHeYyeH, TO 0603Ha4YUM
00

ero / (+ o00).

Ecnun / (t) — opuruHan, To, oyesugHo, |/ (8 |byaet opu-
rMHanoM C TeM >Xe rokasaTesieM pocTa.

JMnHeliHas KoMbMHauMs OPUrMHaNoB, 04EBULHO, eCTb OpU-
rmHan. Ecnn / ( — opurmnHan, To, o4eBngHo, / (at)(a — no-
noxkutenbHoe uywnucno), tf (t), f (t — 1) (T — pencTBUTENIbHOE
ymcno), eq/ (9 (A — KOMMNEKCHOe 4uCMo) ToXe ByayT opu-
rMHasiamu.

II‘I0Ka>|<eM ewe, 4yto ecnu /(/) — opuruHan, TO0 (/) =

= y(u)du O6yneT HenpepbiBHbIM Ha [0, + 00) OpPUTMHANOM.
0
HenpepbiBHOCTL ¢ (t) cnefyeT M3 abCOMOTHOW WMHTErpu-
pyemocTtu / Ha KaXpgom cermeHTte [0, a), rge a> 0. [anee,
ecnn sO — nokasaTtesnb pocta /, S, — MOJIOXKUTENBbHOE YUCIIO,
6onbwee sO, s> s, 1o B caydae/ (€ > 0 umeewm;

@) el = e*1N ndu = N (nye-*1du”
0 0

~fee

N f(u)e-*'udu,

400

oTKyga BWUAMNo, 4T0 WHTerpan ~ @d(t) e~tl dt cxogmntea mn o

0
ecTb OpuUruHas.
Ecnn Tenepb / — KOMMMIEKCHO3HAaYHaA (QYHKLUMUA, TO
|
\<p(t)\<\\t(u)\du,

no npasad 4acTb MO0 AOKa3aHHOMY eCTb OpwurHnas, cneposa-

TenbHO, ¢ (t) NogaBHO OpPWUTMHas, uTo K Tpe6oBaslocb AoKa-
3aThb.
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Teopema. Ecnu F (p) ecTb m3obparkeHue, To F (p) -+m
—v 0 npn Rep + oo0.

AokasaTtenscTtBo. [lyctb e> 0. Bo3bmem u >
> 0 HacToNbKO MasibiM, YTOObI

n

S5i/(0i*<-j-'*
0
Torga npu s }> 0 nmMeem:
ti
@)

Myctb Rep = s> *19 rge sx — umucno, 6osibluee Mnokasa-
Tens pocta / (t). Torga

+o0 +00
A 1/(01***x* = § 1/ (O] dt<
A A
< A 1/(01 <r*dt,
(o]

4YTO B< Yy TMpPW s AOCTATOYHO 60NbLLIOM.

CnepoBaTtenbHo, Mpu  [oCcTaToyHo GonbwoM Rep = s
NMeeM:

)| <$ |/Ole-N=5+J<J-+J-=¢

0 o n

4To " Tpe603an00b AoKasaThb.

MpumeyvyaHune. MOXHO nokasaTb, YTO OpuUrnHasa BMOJIHE OnN-
pepenseTca cBOMM K306pakeHueM (ecnm  QyHKUMK, oOTaAMYalwmecs
NUWb B N30/IMPOBAHHBLIX TOYKaX, CUHMTATb IKBMBaNEHTHbIMU). Ecnn or-
paHNUYnUTbLCA opuruHanamu, AnddepeHLUpyeMbIMA BCIOAY, 3@ UCK/OYe-
HUeM, 6biTb MOXET, M30/IMPOBAHHbIX TOYEK, TO 3TOT (hakT, byaeT cneno-
BaTb W3 TeopeMmbl obpalweHus npeobpasoBaHus Jlannaca, fokasbiBae-
Mo B § 9.
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§ 3. TlpocTeiwne cBolictBa npeobpasoBaHus Jlannaca

1. OgnopognocTb. Ecm /(0 ™ F (p). T
Al (< 2 \F (p) (A — nwboe KOMMIEKCHOE 4UCIIO0).

B camom gerne,

4yoo 400
L IX/Q] = \f(t)e-pldt = \ ~ /(0 e~ptdt = KL[f(t)\.
(0] n

2. AgagntTusHocTb. Ecnn f () =F (p), d () =
H ® (p), T0
/ 0O+ O &~ P)+ D (p)
B camom pene,
400

£1/(0+ ®WL1- U /(0 + ®(O01*'p'dt =

(o]
400 400
/(Oe-p,d<+ jj ®(0B-p|N=*bl/(01 4-M c (Ob
(0] 0

3. Mopobune. Ecnmf (t) F (p), T0

/ (at) = F(~j (a — nwoboe MNOMOXKNTENbHOE YUCO).

B camom gene,

400 400
L[/(a/)]= I f(at)e-p,dt= -2~ /(|)r™> N -1~ (]).
0 0
4. AvndpdhepeHumMpoBaHMe opurnmHana.

Ecnn /(0 HenpepblBHO audpepeHumpyema Ha (0, + °°) un
echn /' (0 ectb opurmHan {torga / (0O ToXe opurnHan wu
/ (-f- 0) cywectByeT!, TO M3/ (I) ~ F (p) cneayer:

/" (0™ PF (p) - / (+ 0).
B camom fene, MHTerpupoBaHue Mo yactam gaet npyua > O

a a

JIrMe-*dt=/(@r*-- /(+ 0)4-PJ/ (O J1.
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10. 3anas3agbiBaHMe. Ecnun /| (/) F (p), TO
/ I —T1) A e'V'F (p) (T — nwboe NOMOXKUTENIbHOE 4WUCNO).

B camom perne,

+00 +00

f(t-T)e-r'dt=\ —  e-pldt =
0
+0
N (Oe-«'+t>dt = <rpt ™ / (0 e'pldt = erv* F (p)
0 0
M. YMHOXEeHUE opuMrumHana na noka-
3aTe/lbHYW QMYHKLUUIO (cmeweHne wnM30-

bpaxeHua). Ecm/ ( = F (p), T0

et/ () =2 F (p —5A) (A — nwboe KOMMNMAEKCHOE  YUC/O).

B camom gerne,

+00 +00
LIe"f(®]= U/ ()eMePdt= ~ /(0 dt= F (p - A),
[0} [0}

§ 4. CepTKa yHKUWNIA

dopmyna Aupuxne. TycTb / (X, y) HenpepbiBHa B Tpe-
yrofibHuke D: a”~ y N x”~ b (puc. 67).

Mpeobpa3ysa ABOWHOI  WHTerpan
24/ (*i ¥Y)dxdy pasymsa cnocob6amun B
ABYKpaTHbIA N cpaBHMBas pe3yfbTa-

Tbl, MO/yYUM UCKOMYH opmyny Au-
puxne:

X o x ° °
NdxNf (x,y)dy = Mdy~f(x,y)dx. (5.4)

CeepTka GyHWwn. Myctb / (t) n P(t) — HenpepbIBHbIE,
KOMMNJIEKCHO3HauHble (QyHKUMM Ha 10, + 00). CsepTKol
yHKUMI /| n P HasbiBaeTca PYyHKUUsA, o0603Havaemas />K<p
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n onpepesnideMasd pPaBeHCTBOM

(/*dp)(0 = J/(u)g>(* — u)rfu.
0]

3710 6yAeT HenpepbiBHas yHKUMsA Ha 10, + 00). OueBUAHO,
L/* oK 1/ 1% 1}

Mpn a> Oc nomowbio opMysbl AUpuxae Haxoaum:

a a |

§U* D)0 e pl/l = ~e'p 1~ (M)o (L— u)du =
o 0 0

a a a a—+
= \Mf(u)du Ap(* — u)e'ptdt = \f(u)du ~ p(Qe-p(+)d* =
o) U 0 0
a a-n
= NM(u)«"p*du N d(1)e*p(dt;
[o] o]

cnegoBaTtesibHO, ecnn 3anucatb BHyTpeHHVIVI MHTErpan
O a a

B Buge " 2, nonyunm opmyny
0 (o] a-n
a a a
$0*®) (08P dt = J/(0e-p <Jp(0« p'dt-
0 0 0
a a
— N(u)e'p,du ™ d(t)e~pldt. (5.5)
(0] a-n

M3 (5.5) cnepyet, uto npn/ > 0, 9> 0 n AeNCTBUTENb-
HOM s

a a a
J(/*P)(Oe-‘dt< \/(QB-"di ~p (/)B-'df;
O 0 0

cfefloBaTeNlbHO, MPU KOMMJIEKCHO3HAUHbLIX /| U U AelcTBU-
TENIbHOM S

a a a

51(/*®) (O fe-“ /1< 51w IB"S /151001  dt,
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Ecnn Re p 6onbwe nokasateneii pocta / ( wn /' (), To oba
MHTerpana CTpeMATcA K KOHeYHbIM npegenam npv a-*m + oo,
cnegoBaTenbHo, / (a) e-pa CTPEMUTCA K KOHEYHOMY Mpegeny,
HO 3TOT npegen ne Mom‘&g 6bITb OT/INYEH OT Hyna (yyuTbl-

Basi, UTo mHTerpasn suga ™ (f(t)dt He mo>keT abCOMOTHO CXO-

o

anTbes, ecnu « (t) NpH / -*m 00 cTpemMuTCA K npegesny, 0T-
NINYHOMY OT Hyns). Takum o6pasom, B Mpefesie Npu a-*m + 00
nosly4mm

£1/" (01 = -/ (+ 0) + PF (p).

5. O6ob6uweHne. Ecnu/ (/) n paz HenpepbiBHO And-
epeHympyema Ha (0, -f- 00) n ecnu /<n) (/) ecTb opuruHan
(torga /1 (O, /' (e), ..., I("-!> (i) — ToXe opurnHanbl wu
[ (+ 0),/" (+ 0), ..., /"-» (+ 0) cywecTtBywT], TO U3/ (1) =
== F (p) cnepyert:

r9y¢).=pnF (p) -/ (+ 0) pr—« -
-/ (+0)N-F - - (M-» (+0).
B camom aene, 3To nony4vyaertcda M3 cBoiicTBa 4 no MHAOYK-

umn. Mpyn n = 1 yTBepXKAeHWe crnpaBeasinBo Mo CBOWCTBY 4.
Ecnwn ytBep>kgeHune cnpasegveo gna n — 1, 1o

-y @p*p"-i F(P)- /(+ 0)p"-* - .- [<"-*>(+ 0).
OTcioga no cBoWcTBYy 4
F» (0  p\pr=I (p) -/ (+ Q) Pn-x - .
vie. = —e(+ 0)] - <> (+ 0) =
= pnF(p) -/(+ 0O)p"-« - ..._[<»-I>(+ 0).
6. YMHOXeHMNE opurmHasna Ha MUHYC

aprymeHTtT (ondbdpepeHumMpoBaHUMe n30-
6paxeHua). Ecnm /() 3 F (p), 1O

- tF (0 M /' (p).
B camom pene,

ufoo +00

E[-*/(<)! = ~ -tf(t)e-»d t= f(t)e-pldt = F'(P).
[0}
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7. O6ob6weHune. Ecnm/(<)?=*/"(p), TO
(- Dn<7(0 - A") (p).
B camom pgene, 3To nosiyvyaeTcs M3 cBolicTBa 6 Mo MHAYKLUK.
Mpn n =1 yTBEpPXAeHWEe cnpaBesIMBO MO CBOWCTBY 6. Ecnn
yTBEPXAEHMe cnpaBeanmeo ana n— 1, 1o
(-irr-v W H 4dn-, (1),
0TKyfJa Mo CBOWCTBY 6
(_ D () m (P <w>(>)] = d-» ().

8. NHTerpnmposaHue opurmHana. Ec-
am [ (0 HenpepbiBHA Ha (0, + <») u /[(/)?=« P (p), TO

B camom pene, nyctb ¢ (0= / (u)du = ® (p), Torga
O
®(+ 0) = 0 u no ceonictBy 4 nmeem / (/) p* p® (p); cnepo-

BaTesibHO, p® (p) — F (P\ @ (p) =

9. LeneHne opurmHana Ha aprymeHT
(MHTerpnpoBaHue wn3obpaxeHwunsqa). Ecnn
f(t)/t ecTb opuruHan (torga / (<) TOXXe opurunan], To u3
/ (/) f* F (p) cnepyert:

eN_HF'<y»>«ca« W -j -3 )
p p p
B camom pgene, nyctb— — 2*®(p), Torga no cBOWMCTBY 6

[()?=4 — &' (p); cnepgoBaTesibHo, — @' (p) = P (p). WH-
Terpupys 3aTo paBeHCTBO B npegenax ot p go P, Haingem!
p
®(p) —®(P) = ~ F(q)dq;
P
cneposatenbHo, B rnpegene npu Re P + 00 (yuyuTbiBas,
yto Torga ® (P) -> 0] nony4vum:

00

B (P)=5 ~()"7-
p
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OoTKyAa BUAHO, 4TO ecnn / n ¢ — opuruHansl, 7o / >Kd —
TOXKe opuruHan, npuyem nokasatesib pocta / >Kd He 6onee
Hanb6onbLLEero N3 nokasartesien pocta/ u g.

CBepTKa OpUrMHanoB.

Teopema. TlNpn ceBepTbiBAHAM OPUTMHEUIOB M300padKe-
HUS1 nepemMHo>katTcs, T.e. ecm f () F (p) u (/) =

® (p), 70 (/* ) O) * F (p) @ (P

AokaszaTenbcTBO. [nA NpocToTbl Mbl UMEEM B
BULY NNWb HenpepbiBHble Ha (0, + 00] opuUrnHanbl. Y4nTbl-
Bas ¢opmyny (5.5), gocTaTtoyHO NoKasaTb, YTO

a a
jj/(u)e_pudu ¢ (/) e~ptdt—=0 npn a—*-+o00.
O a-n

MOycte ) (/) I F, (p) n o) |H D, (/»), Torpa, ecnu
Re p = s 6onbwe nokasatesieih pocta/ n ¢, T0o

a a
N (U)e-~du J ®(Qe-p'dt |<
0 a-un
a a alt a
<$|/(B)le-"J1* jj |db(O]le-'NN=j + [ <
(e} a-n 0 al2

+00 +00

< N1 ()5 IVOIle~*dt+ d1(9$ I/ ()1  du.
al* aft

yto — O nNpu a -*m + oo, YTO M TpeGoBasoCb A0OKA3aTh.

Mpumep. Halitn cBeptky < n (p, raea > O, P> 0. Nwmeem [ge-
nas B WHTerpase MNoACTaHOBKY W = tv u yuuTbiBas dopmynbl (4.7) n
(4.9)1:
( |

Jun* (<— u)3du = la+®1 Jva(l— p)sdv =

SRR F LI TRAD S B D et

B, B 4acTHOCTU, NMPW UeNibiXx HeoTpuUaTesbHbIX T, N

m'sa-~ *m+n+|
N~ (m+ n+ DL
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dopmyna AknmenH. Tyctb / (t) — HenpepbiBHbIA  Ha
[O, - 00) opuruHan, < (/) — HenpepbIBHO AuddepeHumpye-
Mas Ha [0, -f ») dyHKUMA Takad, 4To P (I) ecTb opuUrnHarn.
N3/ (e EF(()n (f @ = & (p) cneayer:

<’(\/(|/|)(p(< — un)du P ~p)P(/>).

M3 npasuna gndepeHLnpoBaHNSa NHTErpanos, 3aBUCALLUNX
0T napamveTpa, cC/eAyeT, U4TO JieBas 4acTb HEMNPepbIBHO
ouddpepeHumpyema Ha (O, 00), Npuyem

d
g (OB — wydu = jj/(u) @ (t —u)du + /(<)D(0).
o] O

OTcioga B cwiy cBoricTBa 4 § 3 noslyyaem MCKOMYH hopmyny
Aroamens

1O ®0) + N Wd' (I —u)dur* pF (p) @ (p).  (5.6)
0

§ 5. OpuruHasbl € pauUOHaIbHBIMU U K6PAXKPHHIMU

MN306padkeHns HEKOTOPbIX 3IHEMEHTAPHbLIX (YHKUUWN.

1. M3obpaxeHnsda CTEeNMeHHbLIX W noka-
3aTenbHblX GYHKUuuMn. MNpn a > — 1 cTeneHHas
hyHKUMA 11 ABNSAETCA OPUTrMHaNOM C HYNEBbLIM MoKasaTesiem
pocTa, npuyem

L(tY = ~ dt,
o)

YTO NPU MONOXKUTESbHBIX 3HAYEHUAX P paBHO (Mocse-3amMeHbl
pi Ha t)

Ho kak |/|306pa>|<eH|/|e [, Tak n npaBad 4acTb nocnefHero
paBeHCTBa aHa/IMTUYHbLI B Moaynsiockoctu Re p > 0, cneposa-
Te/IbHO, coBnaaasd B MOJTIOXKNTENIbHbIX TOYKaX, OHU (B cuny Teo-

10 M. WN. PomaHOBCKWi1
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pembl eguHcTBenuocTu, cM. ra. |11, § 14) coBnagatoT Ha Bceld
nonynsiockoctmn Re p > 0 (3aMeTUM, 4YTO CTeneHHble (YHK-
UMM py = etb"p KOMMNMEKCHOro nepemMeHHoOro p MHOrosHauy-
NMbl MNPV HeuesnbIX Yy, HO, paccmaTtpuBas UX Ha MOAYMN0CKO-
cTu Re p > 0, Mbl BCAKMWI pa3 wnMeem B BUAY Te WX BETBU,
KOTOpble MPOMCXOAAT OT BeTBeli Ln p, coBnagawwmx ans
nonoXXuTenbHbIX p ¢ Inp). UTak,

M <>-l>e (5.7)
p

Tak, npna = T (7 = 0, 1, 2, ..)

R L (5.8)

n, B yactHoctn, npu T O
(5.9)
M3 (5.8) no npaBuny cMmeleHUa n3obpaxkeHuii (§8 3, cBoi-

cTBO 11) HaxoguMm npw f060M LIeSIoM HEOTpULATE/IbHOM T U
nio6omM KomniekcHoM S

R (5.10)

1, B 4aCTHOCTWK, Npun T

¢ 1 (5.11)

2. M3ob6paxeHund TpUroHomeTpuue-

CKMUNX " rmnepbonmuyeckKnx PYHKUWNIA.
MNmeem B cmnny (5.11):

cost 2 2% p.f 1 p+i Pt i (5.12)

. + e-u a 1 (' i i t

sin t 5 * ANp . P+ (5.13)
- -

bt ° - o< |+ 1 .. (5.14)

shs - . 1/1 1\ 1

2 A2 N\/>-l ptij urq ©19



k5 OPUTNHANBI C PALLMOHA/IbBHBIMW N30OBPAXEHUNAMUN 291

M3 (5.12) n (5.13) no npaBuny nogobus (§ 3, ceoiicTBo 3)
HaxoA4uMm:

0TKyAa Mo npaBu/y cMelleHns wnsobpaxxeHuii (§ 3, CBOMCT-
Bo 11)

;o edsin3* ™4 (I>-<)» +

Heobxoanmoe 1 focTaTo4yHOe YC/0BUE  pauuoHasibHOCTU
n306pa>keHuns.

Teopema. [Ona Toro 4Tobbl U306padKeHMe 6bL10 pa-
LMNOHa/IbHOW (PYHKLMEN, HeobXogMmMo WM AoCTaTO4YHO, 4YTOObl
opuUrnHas ABASACA JIMHEWHOW KOMOuHauuel dyHKUWA Buga
tmeu (T — uenoe HeoTpuuaTesibHoe, H — KOMMIEKCHOR).

JokasdaTenbcTBO pgoctatouyHocTun. Ec-
NN OpUTUMHaN ecTb JIMHENHas KoM6uHauust yHKUWIA
To B cuny (5.10) nsobpakeHue 6yaeT JMHENHON KOMOBUHaLmei

PYyHKUMIA - m+  n' cnell BatenbHl 6yaeT pauuoHanb-
P 9

HOWM (DYHKUMEN.

JokasaTenbcTBO Heob6XxoAaMMOCTMN.
MycTb n3obpaxeHue F (p) paymoHanbHo. Tak Kak Mo Teope-
Me § 2 F (p) 0 npu Rep -> -f- 0o, To F (p) 6byaeT npaBusb-
HOV paumoHanbHoOl Apob6bio. MycTe ph — ee nmonwcbl, nh—
X KpaTHocTu. Torga, pasnaras F (p) Ha npocTeiiline afieMeH-
Tbl, MOMAYYUM:

rae M hi — HekoTopble KOMMJeKCHble ymcna. Ho wmn3 (5.10)
BUAHO, YTO

<
OTcroga
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a TakK KaK OpuUruHasna BroJiHe onpenensieTcss CBOMM M3obparke-
HUEeM, TO

el

W, cnepoBaTesibHO, SABMAETCA NIMHEWHOM Kom6uHaumeli (yHK-
uunii Buga tmeXl, 4To M TpeboBasioch A0Ka3aTb.

3amMeTVM, 4YTO BesiHas MpaBuW/ibHas pauuoHasibHas Apo6b
ABNSIETCA N306pa>KeHMEM HEKOTOpPOro opuruHana. Takum o6-
pasom, ¢ nomoLLblo Npeo6pa3oBaHus Jlannaca ycTaHaB/IMBaeT-
csl B3aMMHO OA4HO3HAUYHOE COOTBETCTBME MEXAY BCEMU (PYHK-
UMAMU, ABASIOWMMUCS JIMHEHBIMU KOMGMHALMSIMU Bblpadke-
HUIA 1TeX 1 BCEMM MPaBWUSIbHLIMU PaLUOHASIBHLIMU APOBAMU.

3aMeTVM, YTO Knacc PyHKUWU, SABASLWUXCA NMHERHBIMA
KOMGUHaUMAMM BblpaXkeHW Buaa tmeXl, o6nagaeT crefyrouwn-
MW CBOMCTBAMMW: OMnepauumn SIMHEAHOro KOMGMHUPOBaHWUS, YM-
HOXKEHUS Ha apryMeHT, YMHOXEHUS Ha MoKasaTesibHY QyHK-
UM, NUHENHOro npeobpasoBaHWUs aprymeHTa, guddepeHum-
pOBaHUS W WHTErpUpOBaHUs, TMPUMEHEHHble K (YHKLUUAM
3TOro Kjacca, NpMBOAAT CHOBA K (PYHKLMSIM 3TOr0 KJiacca.

HaxoxaeHne opurvHasia Mo 3afaHHOMY U306paXKeHuto
(korga oHO paumoHasnbHo). Mpeablayuine BbIKAAAKU MOKa3bl-
BaloT, 4To ecnu F (p) — Kakasa-HUGyAb MpaBusibHas pauuo-

HaslbHast Apo6b, pasfioKeHWe KOTOPOWM Ha mpocTelilive Apo6u
ecTb

F(P) = 'Z11
® * b — PR’
T0

(5.16)

6yneT opurnHasnom, MMerwwunm unsobpaxeHue F (p).
B uvacTtHocTW, ecnu Bce nositockl F (p) — npocTble, TO

W 4Ns opuruHana, Mmewlero nsobpaxeHue F (p), nonyumm
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(opmyny
(5-17)

3ameTum elle, 4To ecnun

r, M(p —a)+ O3
= (p-.p +tp *
TO COOTBETCTBYWLWWM OpUrnHasom 6yaet
I () = 1/ cos (& -f Nsin P<).

Takum 06pa3om, HaxoXAeHWe opurmHana no 3agaHHoOMy
paumoHasibHOMY U300paXXeHU CBOAUTCA K pPasfodkeHuto
npaBu/bHOM paunoHanbHOl Apobu Ha npocTeliwmne gpobu.

Mpumep. Halhitm opurunan 1(1), nmewwmin n obpaxeHune

2p3-f p'-4-2p 4-2
r Y- pb+ 2p*+ 2p*

Pa3noxeHue Ha npocTeliline apo6u gaert:

* 2
— p* + pt+ 2p 4-i*

/ (D: 4. 2e" sin t.

cneposartesibHo,

§ 6. MNpuUNoKeHNN K peeHntd JNHENHbIX
OH(depeHHNaNbHbIX YpaBHEHUN C MOCTOSAHHbLIMU
KoapMUMeHTaMN N CUCTEM JIMHENHbIX
anddepeHUnanbHbIX ypaBHEHWIN
C MOCTOSAHHbIMW KO3(hprLmeHTaMn

M3 ob6uwero Kypca maTemMaTU4eckoro aHanmM3a W3BEcTHO,
UTO BCE PELUeHMUs NIMHEWHbIX AuddepeHUManbHbIX ypaBHeHW
C MOCTOSIHHbIMK KO3(h(hMLUMEHTAMM, MpaBasi 4YacTb KOTOPbIX
eCTb JIMHelHas Kom6uHauus (PyHKUMIA BMAa tmeu, sSIBASIOTCS
(DYHKUMSMM TaKoro >ke Buga. To XXe 0THOCUTCS U K cuctemam
NNHelHbIX AnddepeHUnanbHbIX YpaBHEHU € MOCTOSIHHbIMU
Ko3(h(puumeHTamMmn, NpaBble YacTU KOTOPbIX ABAAKTCA JUHEN-
HbIMU KOMGUHauuAMU yHKUMA Buaa tmekl. Ho nuHeliHble
KOM6UHALMM BbIpaXKeHWn 1TeXl, ecnmM ux paccmaTpuBath Ha
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[O, -f- 00), ABNATCA opurMHanamun ¢ paumonasbHbIMU N3006-
paxeHnsamun. 3T0 NOACKa3biBaeT HMXKecNeAywLWmMn npuem
OTbICKaNusa pellenmMsa Has3BaHHbIX JIMHEWHbIX YpaBHEHWU W
CUCTEM JIMHEWHbIX YPaBHEHW, YAOBMNETBOPAWLWNX 3ajaH-
HbIM HavaslbHbIM ycnoBuaM Kowwn.

JInHelHble gnddepeHUnanbHble ypaBHeHUsA. TpebyeTtcsa
HaliTU pelleHne NIMHEWHOro AuddepeHUnanbHOro ypasHeHUs
C MOCTOSAAHHbIMU KO3(PPULNEHTAMU

aoy(n) + OUI/M-1 + ...+ cny «=/ ().
yA0B/ieTBOPSAOLWLEee HaydasbHbIM ycnosmam Kowwn
Y (0)= <V. ¥ (0) = q; (0) = c,.If

Korga / (<) ecTb AuHeliHas KOM6nHauua pyHkunii Buga (Text

MNyctby (/) 2 Y (p), / (0 p* F (p). Toraa n3 paccmartpu-
BaemMoro anddepeHunanbHOro ypaBHeHUs U HavasibHbIX YC/10-
Buii Kowwn cnepyet (B cuny ceoiicte 1, 2, 5 § 3):

QQP'Yy “ @OP™MlI— ... —Cni) +
+ «l (p"~1Y — cOpn"s — — — cn-t) + —

.+ 4,X (pY —co) + anY = F
Y

(@pn+ aiPnl+ ..+ 1a,)Y =
= (AoPl1+ gqiP'1-*+ ...+ G +
+ C (OoPr~r + Oipn~3+ ... + 4,.*) -f- ... + ¢n-i00 +

0TKyAa

Y (P)= - Mn-1 ,—10®BoP""1+ ... + BO-l) +
.t

+ ¢, (AoP"-*+ ..+ a,_.)+ ..+ Cniflo+ F (p)). (5.18)

NTak, nsobpaxeHne Y (p) nckomoro pewenuna y (I) Haxo-
antea no gopmyne (5.18). Pasnaras npaBuibHY payunoHasb-
Hyl0 Apobb Y (p) Ha npocTelillne 3NeMeHTbl, Halgem ¢ Mo-
MoLblo popmynbl (5.16) nckomoe peweHune y (/). B cnyyae oa-
HopoAHOro ypaBHeHUs wumeem / (I) =0 wn, cneposaTesibHO,
F (p) <0,

Takum 06pa3om, pelLeHue IMHeliHOro guddepeHLnanbHOro
ypaBHEHUS C TMOCTOAHHbIMU  KO3MLUMEHTaMM W MpaBoW
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YacTblo, ABMAWLWENCA NNHeHOW KoMbnHaumen yHKUMi Buaa
/mcw, cBOAMTCS K PasfiOKeHW HEKOTOpOi npaBusibHONM pa-
LUOHaNbHOM apobu Ha npocTeriwme gpobwu.

Mpumep 1. PewnTb ypaBHeHue y'"— y — 6y' = 0 npu Ha-
yanbHbIX ycnosuax y (0) = 15; y' y0) = 2; y’' (0) = 56.
3pecb
15(p3—p—6)+ 2(>—1)-f 56 15p* — 13p — 36
MnP>= p3_A _ 6l ~ p(p+ 2)"~-3) =
6 ,5 4

= p +p + 2+ p-3:
cnepoBaTesnbHO,
y(@® =6+ + Ae*l

Mpumep 2. PewnTb ypaBneHuve y' + y = c0S ' Npu Havas/bHbIX
ycnosuax y (0) = 0; y' (0) = 0.
34ecb

y, . pllp«+ p P jr ! J 1

)= Pa+ 1 " (pl+ D* “ 4i Lp—o* 1P+ OLJ’

cnefoBaTesibHO,

y (D) = -jjr (te" — te~u)~= — tsin t

CucTeMbl NMUHEVHBIX AUddhepeHLMasbHbIX ypaBHeHUN. Tpe-
6yeTcs HaliTW pelleHWe CUCTEMbI JIMHEWHbIX AuddepeHyanb-
HbIX YPaBHEHWI C MOCTOSIHHbIMU KO3(pULIMEHTAMM

n + + eeetunyn — A (0>

y, + anyx + ...+ arnyn = /4(/),

Yn+ dnlUl + e==t+ ajHyn —fn (t),

YA0BNETBOPSIOLLEE HAYa/IbHLIM YC/10BMSIM Koliu

yi (0) = <5 ¥ (0) = c; yn (0) = c,,
korpa fk (I) (k = 1, 2, n) ABMSATCA JIMHEWHLIMU KOMOU-
Hauusamum QyHKUMiA Buga Jnex'.
MNyctb yh (1) » Yk(p),/, (0 H Fh(p) (k =1,2, ..., n),

Torga W3 paccmaTpuBaemMoil cucTembl  AUddepeHLUaTbHbIX
ypaBHeHW M HayanbHbIX ycnoBuii Kowwu cnepyet (B cuiy
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ceonctB 1, 2, 4 § 3):

p)1—d + Aurl + eeet+ dln =
pY2 —c*+ anyY! + eeet am¥Yn = Ft,

pY, — Q1+ onjNi + e+ annyY, = Fn,
nnm

(@u + p) Yi + OitYr 4- eeet «IN'n ==ci +

fl2ini + (@ + /JOY2 + ...+ ainY4y= g +
eniNi + «n*™t + eeet+ (enn + P) =c, +
MycTb
<1+ p alb e <M
ail Kk 4% P ese 0.2m
nn\ Are = @nn 4* P

n Aik (p) obo3zHauyaeT anrebpanyveckoe AOMNOSIHEHWE 3/IEMEHTa
/-7 CTPOKM WM K-TO CcTON6Ua MaTpuubl 3TOro onpegenuTtens.
Torga c nomouwibio npasuna Kpamepa Haxogum:

n
2 [*j+7j(p)i AjkP)
y*(P) _ N N o (A =1, 2........ n). (519)

NTak, nsobpaxeHusa Y (/?) dyHkuun ?/t (/), coctaBnsio-
LWMX MCKOMOE peLLUeHne paccMmaTpuMBaemMon cucTembl audide-
peHUnanbHbIX ypaBHeHUNW, HaxogAaTca no dopmyne (5.19).
Pasnaran npaBu/bHble paunoHanbHble Apobu Y n (p) Ha npo-
cTenwne gpobu, Haligem ¢ nomowbto opmyn (5.16) mckomble
thyHkumum y h (/). B cnyvae ogHOpoAHol cuctembl Bee /i (1) =
= 0 wn, cneposartenbHoO, BCe F* (p) = O.

Taknum 06pa3om, pelleHue CUCTEMbl JIMHEWHbIX AndidepeH-
uManbHbIX YPaBHEHWA C MOCTOAHHbIMWU Ko3a(duUneHTaMu 1
NpaBbIMW YacTAMU, ABASKWUMUCA NHERHBIMU KOMOUHaLMS-
MW BblpaXkeHWi Buga tney', CBOAMTCA K pPasfioKEeHU He-
CKO/IbKUX MPaBWU/ibHbIX pauuoHasbHbIX Apobeli Ha npocTei-
wue papobu.
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Mpumep. Pewuntb cuctemy

Y+ 4+ 4r=0,}
i'+ 2y+6* = 0 |

npy HavasbHbIX ycnoBusaAx y W) = 3: r (0> = 15.

3pech
3(p+ 6)+ 15(-4) 3p — 42 8 n
r(P>- pi+ iOp+ 16 - (pt 2)(p+ 8" p+2 + /.+h*
3(—2 15(/»-f-4) 15/>-(-54 4 n
Z(P)" p'+ Wptie = (P42 8 “ p4b-2+p + S’
cnepfoBaTesibHo,

y(E= - 8-* + 11«"8, *(0= 4**' + UB-8.

§ 7. MNMpunoxeHne K pPeleHUd INHENHbIX YpaBHEHW
B KOHEYHbIX PpasHOCTAX
C MOCTOSAHHbIMW KO3 ULIMEHTaMN

CtyneHyatble yHKkumn. TMyctb hn(n = 0, 1, 2, ...) —
npon3BosibHas MoC/efoBaTe/IbHOCTL  KOMMJ/IEKCHbIX — Yucen.
dyHKuunio / (<) Ha 10, -j- 00). onpefeniieMyl0 paBeHCTBaMU

/ () =>/<, Ha In, n+ 1) (n = 0, 1, 2, ..),

Ha3oBeM cTyrneH4YaToOW (YyHKLUMEN, MOPOXKAEHHOW mnocnepo-
BaTenbHOCTbO {/In}.

mveem
n n—1k+1

R=c ¥
[EET. n—
S imJeUts=®=f- 2IM*'**.

=0 K i=o

Ons pelicTBUTeNbHOrO S HaliileM B npegese npu s -"m + 00

4o ®
N ] /(01dt- -LL~- 2 IJKle*e; (5.20)
o} kO

cnepoBatesibHO, HeCOBCTBEHHbIN WMHTerpas B JIeBOW 4yacTy m
psA4 B NpaBoii YacTn nmbo oba cxoaaTcs, nmMbo oba pacxoaaTcs.
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N3 (5.20) HenocpeacTBEHHO BbITeKaeT

Teopema. 4YTobbl cTyneH4YaTas yHKUMA, NMOPO>KAEH-
Has nocnegosaTesnibHocThiO {A,}, 6bU1a opuUrMHasioM, HeobXxoam-
MO U AoCTaTO4HO, 4TO00bl cCTeneHHoOW psag ¢ KoahpuumeHTa.»m
J1, mMen oT/NYHBIV OT HyNsA paguyc cXogumMmocTu [MHade roso-

psa, yTo6bl uicnay |/r,] (n= 1, 2, 3, ...) 6bUI1 orpaHNyeHbl
B COBOKYMNHOCTMU].

MycTb / () — cTyneHYaTblii opuUruHana, NopoXKaaembli Mno-
cneposatenbHocThio {A,}; / (/) H F (p). ®opmyna (5.20) no-

00

HasblBaeT, 4TO ec/n CcTeneHHol psag 2 hrzn cxoguTes npwu
o

Ir I< p, T0 F (p) aHanutnuHa npn Rep> In—wu TOorga

-foo 00 I(-fl

F(P)= S f(t)e-*dt= 2 j /(0Oe-Pdt=
0 [t=0

*

= S hkkKfe-*dt = 2 hke-'>.

00 ~

Monarasa H (z) <= ™~ h ren, &x(p) = e— (370 ecTb u306pa-

p
XKEHMEe CTyneH4aTonm (QyHKLUN (/), nopoxxpgaemoin nocrepo-
BaTenbHocTbio 1, 0, 0, ...), Halgem

F@® = A4, (p) H (e~p). (5.21)

O6paTHo, BCcAKaa gyHKuUuA suga A, (p) H (e"p), rae H (r)
aHaNMTUYHa B OKPECTHOCTU HYNA, ABAAeTcA n3obpakeHuem
CTYNMeH4YaToro opuruHana, MopoXAaemoro KoaddpuumeHTamm
pasfiokeHna H (z) No cTeneHaM T.

Mpumepsl:
1) Echmhn = n, .0
1 ev rp 1
p(ep- 1)
2) Ecnm N, *= (—1)", 10
l-e-P 1 eP _t

a(*)=2((-ynp=r b ; ‘'w p l+c-*em% (**+1)e
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3) Ecom h = an, 10

M@=V 4nln= —-—-; F(p)=, ™ mem - = - P~ 1
0 P 1- Be~P P(*p-*)
3amMeyvaHune. Ecnn BMecTo cTyneHYaTbiXx (QYHKUUNA

paccmaTtpuBatb Ha (0, -f- 00) pyHKuUuuM / (e) 60nee ob6wero
BMAa, onpegenisieMble paBeHCTBamMu

/ (0 *= (<—n)Ha [m,n+ 1) (n=0, 1,2 ..),

roe @ (i) — kakaa-HMbyab hmkcnposaHHasa PyHKuUMA Ha 10,1),
KOTOpas Ha 3TOM MHTepBasie MMeeT He 60/1ee KOHEYHOro ymcna
TOYEK pa3pbiBa, He mMcye3aeT TOXKAECTBEHHO M abCOMOTHO UH-
Terpupyema (ctyneHyartble QyHKUUW nony4vatTea npu ¢ (/) =
= 1), TO (porimyna (5.20) ocTaHeTca B cu/e Npu 3amMeHe

1—*
— — Ha QM)(t) le=* dt, a cnepoBaTenbHO OCTaHeTcsA
0

B CM/le BbiTeKalwasn 13 3Toii popmynbl Teopema (Heobxonmmoe

MU goctatoyHoe ycsioBue, 4Tobbl / (t) 6bl1a opurmuHanom). OAns

n3obpaxkenusa opurnHanal(<) popmyna (5.21) octaeTcs B cune,
1

ecnn Aj (p) 3ameHuTb Ha \<f(t)e~pldt.
0
OnepexxeHne qyHKunii. Ecnm [/ () onpegeneHa Ha
10,-f-oc), ¢>0, 10 pyHKUUMtO/(1-f-c), paccmaTpnBaemy Ha
(0, -f 00), Ha3oBeM onepe>keHnem yHKUUKM [ (/).
HenocpeAcTBEHHO BMAHO, YTO BCAKOE OMepeXXeHWe opuru-
Hasla ABNAETCA OPUTrMHaNOM C TEM >Ke rokasaTesleM pocTa.
Ecnn /| (€ — opuruHan, / (/) A F (p), ¢c> 0, 1O
+°» +»
L{f(t + c)}= J 1(t+ c)e-v,dt=ecv J frenrdt =
O e
C

= ecp[F (p)-1f(1)e-*dt]. (5.22)

Ecnn f(t) — cTtyneHuaTbin opurunan, / (/) =ALp)H(e p),
roe H (r) aHanuTUYHa B OKPECTHOCTU HY/A, N — YUC/0 HaTy-
panbHoe, T0 (5.22) paet: -

L {/ (<=+n)} = e"PAi (p) H (e~p) - enp\ {(I) e~ptdt.
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no
n n—1 K+ i n—1
Yf(He'ddt- 2 /(*) J **d* = A. () S /(*)e'k?,
k=0 K K—0
cneposaTtefnibHO
n—1
L{f(t+ n) =4 ,Lbenp//(*p - 2 /Ne)e'- wpl. (5.23)
L k=0

JINHelHble YpaBHEHUUN B KOHEYHbIX Pa3HOCTAX C MOCTOSH-
HbIMU KoadhpmumeHtamn. Myctb/ (/) — Kakasa-nmbéo yHKUNSA
Ha [0, + o00). Monoxum O/ (/) =/(/+ 1) —/ (/); A"l (/) =

= AOMY (/) (n— 2, 3, ...). MeTogoM WMHAYKUUWN (C UCMONb-

BOHAHMEM COOTHOWeHUs C\ + C*'l = C,+i) /Nerko noka-
BaTb, 4TO

-
A"(0 = 2 (- 1)"-*Crf(t+ K), (5.24)

n

1(t+ n)= 2iC*nAKF(t) (5.25)
k-=0
(rpe AQ = /).
PaccmoTpum paBe 3afaunm, B KotopbixX / (/) o6o3HauvaeT Ka-
Kyl HMOyAb 3aflaHHYyl0 cTyneH4yaTty dyHkumio Ha |0, -f- oc),
«b. 6fti (B, — Kakue-HUOYAb 3ajaHHble KOMIMJIEeKCHbIE
yucna.

3apgava 1. Hantm cTtyneHuyatyw QyHKuuw vy (/) Ha
10,+ 00), yAOBMeTBOPAKOLULYIO YpaBHENUio

aby (t+ n)+ ay (t+ n— 1)+ ...+ any () =/ (/)
(a0==0) 1 Haya/bHbIM YC/I0BUAM
y(@©) = a0,y (1) = a%x, ..., y(n — 1) =a,,

3agava u. HanTtn cTyneH4yaTyw  (QYHKLUUO >/(/)
Ha [0, + 00), yAOBNETBOPAKLYIO YpPaBHEHWUIO

604"y (0 + bIAN-ly (/) +...+ 62 (@®) =/ () (> =50/
B Ha4da/lbHbIM YC/N0BUAM

Y(@0) = P.,, Ay (0) = pn An-‘y (0) = pn_t.
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N3 (5.24) BugHO, 4TO 3ajava 2 paBHOCU/bHa 3afjade 1
(c Hagnexawmmn ah,a b, a ns (5.25) BngHo, yto 3agava 1 pas-
HOoCcU/bHA 3afadve 2 (c Hagnexawumm bh, pJ). 3agaya 1, ode-
BUHO, BCerja MMeeT efMHCTBEHHOE pelleHue [4eno cBoAUTCA
K PEKYPPEHTHOM cucTeme ypaBHeHWU AN onpeaeneHns YieHoB
nocsie,0BaTes/IbHOCTN, MOPOXKAAKLWMNX MCKOMYIO CTyrneH4YaTyio
pyHkuuwo y (/)], cnegoBaTtenibHO M 3a4adva 2 Bcerga MMeeT efvH-
CTBEHHOE peLleHMe.

Teopema. Ecmm/ (/) — cTyneH4aTbli opuUrMHasn, TO
pewueHve 3agaun 1 (U, cnefoBaTesibHO, peLleHVe 3aga4mn2) Takoke
6yfaeT CTyneH4YaTbIM OPUTMHAJIOM.

AdokasaTtenbcTtBo. MNyctb/ (k) = hhy (kK = /7~
Mo ycnosuiwo |hk |< p*(k = 1,2, ...), rae p> 0. He

yMeHblas obuiHocTu, nonoxmm a0 = 1. MycTb A — Hau-
6onbuee u3 uucen Jal, ....la,|." Myctb g 6onblie KaXkaoro
m3 umceny o« |01 =1, ..., 9); p; 1; nA+ \\Torga |gh,< g*
ona Bcex k ==1,2,3, ... [OeiAcTBUTENbHO, AN K™ n 3TO

cnepyet mn3 onpefgeneHnsa g\ anad k = T (r4e T > ) 3TO Bep-
HO, €c/In 3TO BEPHO A/19 BCeX K <. T, U600 U3 ypaBHEHUS, KO-
TopoMy ygaoBrieTBopsieT y (t) Haxoaum (bepa t = T — n);

[?2m 1~ 1 lier-1 |4 i 1&n L IEm-n | *f"
+ Int_,I< (nA + 1) < gm

Taknum obpasom, MHAYKUMSA MpoBedeHa W TeopeMa fAoKasaHa.
MpunoxkeHve npeobpasoBaHuA Jlansaca K pelweHuno v-
HEeMHbIX YpPaBHEHWUW N KOHEYHbIX PA3HOCTAX C MOCTOSAHHbIMU
KoahpuumeHtamum. PaccmoTpum 3agadyy 1 B cnydae, Korga
/ (/) ecTb cTyneH4aTblii opurnHan. Torga, No foKasaHHOMY,
peweHne y (t) Takxe OyaeT CcTyrneHYaTbiM OPUTUHAIOM.
MycTb
() 1- A () H (e-p. vy () & 4, (P)G (e~p);
roe // (r) — wv3BecTHas aHauTuU4yeckasa PyHKUUA B OKPeCTHO-
CTW HynA; G (r) — mnckomas (YHKLUUA B OKPECTHOCTU HYNSA.
Mepexoas B ypaBHEHUW 3ajaun 1 K n3obpakeHNAM N ydu-
TbiBas MNpPU 3TOM HauvanbHble ycnosus un dopmyny (5.28), no-
NlydnM nocne cokpaweHua Ha O, (p):

a0[e"gG (e'p - (@0e,+p+ ... + a,_ ,)ep]l+
+ a, [e(n-"pG(e-p) - (a0<**p+ ... + an,)ep] +

+ a».! [epG (e~p) - alep]+ anG(O = H (e~\
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oTKyfza

G@EP = MR, 1 + an (@ate(m-p+ ... + BO-,) +

*bai(ac< 2PY' e+ fin-j) + e=+ Onriader Y 1 (¢ P)

nnn (nocne YMHOXEHNA 4ucnTensa 1 3HameHaTesns Ha e~nmnp)

G(e ') = — —-—l«o(ao+ ==+ On-i* (N p) +
"o+ - + are

1* Ne p(a, 4 ... -|-an-tf ( 2p) + ==
.+ a,_le<Dpa,+ *-"pA (0O b

Takum obpasom, ecnm / () ¥ () A (e_p), TOo Ans
peweHna 3agadn 1 nmeem

Y () - Ai (/»)C (<?-%),

roe
N (z) = e s ;T (a0 (a0 + e+ An-i2 **) +
BB+ e+ « *
-f-atz(@0-f- ... -f-fln-jz 2 4" an-iz *a0 znH (r)]. (5.26)
Mpumep 1
@+ 1- y(o= (a- Ds.n.
\y(0) = 1
3pecb n= 1,a0= 1,8, = —1,a0= 1;
HCc*)= B- 1)2 « * * * = *
0
a—1
1 4- 2=
G(2= —- L_u21 - = U .Br+ aVv + ...
I—r 1— B*

dyHKUMNA y (S nopoxkpaetca nocneposaTenbHocTbio 1, a, al, ...
y()= 01

*) [<] o6o3HauaeT Hambosnbluee Lenoe 4Ynucao, He npesbillawLlee t.
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Mpumep ‘4
/IN*+2)~y(*+1> + NO.
{ y©O==0,
| YO = ¥
3pecb n= 2, a0= 1,B8l= —1.B,= —1,00= 0,a, = 1
II'(®- 0,

c(*™>=1-TZ.—1-* + *»+ 2**+3*«+ 5« +
dyHkuna y (f) nopoxgaetca nocnegosaTtesnbHocTebio O, 1, 1, 2, 3, 5,
3ameyvyaHue. Ecnn

10 npn , + ,n, (n 0> 2

@ npm n= T

TO
/M =6r(/ —T), H@ =711 (T =0, 1,2, ..).
Ec™ (--0,1,2,...)=), 10
m»- [<+T1]l N 1
I(j  miof+md ()  (B-*)T+

(faj=0;, T =012 ..,

0TKyga BuWAHO, 4uto ecnu / (/) = [* + Te]lT]A™, TO

"(r)y= (1-bT -
YuyuTbiBas elle, UTO BCAKWUI MOMMHOM /N-ii CTeneHu MOXKHO
pa3noXXuTb Mo N6bIM MOAMHOMaM cTeneHel 0, 1, T,

uTO BCSAKYIO PErynsipHyl B Hy/le pauuoHanbHyl dyHkuuio B
pe3ynbTaTe BblAeNeHUsA Lol YacTu 1M pasfioXKeHUs ocTaTou-
HOW MNpaBWU/IbHOW Ap06WM Ha NPOCTeilne 3/IEMEHTbI  MOXHO
npeacTaBUTb B BUAE SIMHEHHOW KoMOMHauuMn ¢ynkuuii Buga

1 mmT7- (A=£0;, T =0, 1,2, .. ),

(a— z)m+l

*) o6o3HavaeT x (x — 1)... (x — T + 1).
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NnPUXoAnM K MpensiokKeHuto: ansa Toro, 4tobel //(z), dpurypu-
pytlowasa B gopmyne (5.21), 6bis1a perynsipHoii B Hyse pauuo-
HanbHOM  (yHKUMelr, HeobXoAMMO W [OCTATOYHO, u4TO0bbI f(t)
ABNANacb JVHENHOW KoMOUHauuvel (yHKUMi Buga

5 (/- T), 1/P bl (kd 0; T =0, 1,2, ...).

N3 ckas3aHHOro B Havasle HacTOALLero 3ameydyaHus Nerko
yCMOTpeTb, Kak, 3Hasi Takyt/ (/), HaliTn Bbipa>XeHNe COOTBET-
cTBytoweii H (z) n, o6patHo, 3HaA pauuoHasibHY 1 perynsap-
HYH B Hyne H (z), HaiiTK BblpaXkeHWe cooTBeTcTBYtoWen / (/).

dopmyna (5.26) nokasbiBaeT, yTo ecnu H (z) paunoHanb-
Ha, toG (z) ToXXe paumoHasibHa, MO03TOMY, €C/IN npaBas 4acTb
paccMOTPEHHOr0 Bbile YpaBHEHUA B KOHEYHbIX Pa3HOCTAX
ABMAETCA NINHEWHON KoMbuHaumen pyHkunin suga 6, (/ — 1),
(lPA1L (kp O, T =0, 1, 2, ...), TO X peLIEHNa 3TOro ypas-
HeHUs Mpu No6bIX HavanbHbIX YCNoBMAX o06NajalT 3TUM
CBOWCTBOM.

§ 8. OpurvHasbl ¢ N306pPaXKEHUSIMU, PETY/ISIPHLIMU
B 6eCKOHEYHOCTU

O npegensHoM nepexoge nMog 3HaKoM HEeco6CTBEHHOIO
MHTEerpana.

Teopema. TMycTb/, (/) (n=1, 2, ...)—KOMMEKCHO-
3HauyHble HenpepbiBHble GyHKUMKM  Ha [0, + o00), npuyem
n (01~ P(0» ® (0 — Takas [elicTBuTe/lbHAasi HeOT-
puuaTenbHas HempepbiBHast  OYHKUMSA Ha [0, -)- o00),

AN ¢ (t)dt cxognTea. MycTb 3aTem /, (/)—»</(t) Ha
o
[0, + 00), U NPUTOM pPaABHOMEPHO HA Ka>KAOM CEerMeHTe
10, a], rpe a> 0. Torga
oo 40
J /, (t)ydt-+ J f(t)dt.
o} O

JokasaTenbcTBO. W3 ycnosuii TeopeMbl BUAHO,
yto / (/) HenpepbiBHa n 1/(1) |~d (/) Ha [0, -f o00). MycTb
€ — MNpPON3BO/ILHOE MOJSIOKUTENbHOE 4YMCA0. Tak Kak Hecob-

>

CTBEHHbIN MHTerpan \ (f(t)dt cxoguTcs, TO HaligeTcs Takoe
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+OO
a> 0, uto N p(dt< Tak kak/, (/)-* 1 (/) Ha (O, al
a
paBHOMEpHO, TO
a
\fn(t)dt->\f(t) dt

(0]

W, cregoBaTesibHO, HalgeTca Takol Homep N, 4to nNpu
n> N 0OyaemM WMeTb:

CnepoBatefibHo, npu n> N

4-od 4+ a 0
|\U (t)dt- jj/(Oon]<|$sblon-s/(oaj] +
(@] 0
400

+ |~ O] + jA F(DAEJ<"3" + X+ egF = e*

a a
4yTo M Tp86OBa}'IOCb AoKa3aTb.

MpumeyaHune. Teopema ocTaeTca B cune, ecnm /n(/) un
¢ () npegnonaratbe HenpepbiBHbIMKU Ha [0, + 00), 3a UCK/IOYEHNEM WN30-
NNpOBaHHbIX ToyeK, W TpeboBaTb paBHOMepHoOl cxogumocTtn /, (() K
/ (i) Wb na Kakaom cermeHTe, nexauwem Ha [0, + 00) n He cogepxka-
LeM YNOMSIHYTbIX M30/IMPOBaHHbIX TOYEK.

Ana 3Toro B npejbiagylliee [0Ka3aTeslbCTBO HYXXHO BHeCTU cre-
aywouime n3MeHeHusi. BblbepeM a HacTO/IbKO GOMbLIMM U OKPY>XUM Mo-
nagawowme Ha (0, a] ToukM paspbiBa HaACTO/ILKO MasibiMU CerMeHTamu,
yTo6bl CyMMa WHTerpanoB oT ¢>(t) Mo 3TMmM cermeHTam u no (a, + 00)
6blna meHblue e/3. Mocne 3TOro Ucnosib3yem TOT (haKT, 4YTO Ha ocTaB-
wunxcsa cermeHtax /, (<) —e/ (t) paBHOMepHO.

B KkauecTBe MpuUIoXKeHUs [0Ka3aHHOW TeopeMbl caenaem [Ba 3aMe-
YaHuWs 0 cBoOMCTBax n3o6paXkeHUii (Korga opuruHan yaoBneTBOPsieT He-
KOTOpbIM TpeboBaHUAM).

3amedvyaHwune 1 Mycte/ (/) HenpepbiBHa Ha (0, -f- 00),
/ (+ 0) cywectByeT, /(O I< o (*)» rae P(t) — HeoTpuuya-
TeslbHbI HernpepbIBHbIA Heyb6biBawWwmini Ha (0, + 00) opurm-
Han. Torpa, ecnm / (/) * F (p), 10 pF (p)-*-/ (+ 0), ecnn
p> 0wup-*- 00.

11 M. . PomaHoBCKNiA

19
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B camom pene, nycTb S — MOJIOXKWUTENIbHOE 4YUC/0, 60Mb-
wee rnokasartens pocta P (/), n nycTb s. Torga

+00 +00

pF(p) = p jj f(t)e'pldt= J ffr-Ly-"dt’,

/I(TK H U T1TK <y{-TY
nHTerpan
-f® + 6

5 <p(-j-)e'<df= s $ & (/)«'" df

cxoguTtcea; / (tip) e~ *m/ (+ 0) e~' Npu p-*~ + 00 paBHOMEpP-
HO Ha Kaxgom cermeHTte [a, 0], rge 0< a < 0 < + o0
CnepoBaTefibHO, B CUY [A0Ka3aHHOW TeopeMbl

+00 +00
pF(p)= J f[-y)~dt-* J f(+0)e-lIdt= f(+0),
[¢] [¢]

4To N TpeboBanochb AoKasaTh.

3amMeyaHune 2. Myctb / (t) HenpepbiBHA  Ha
(0,+ 00),/ (+ oo) cywecteyet, | (/) 1< (), roe () —
HeoTpuuaTesibHbI, HeNpepbiBHbIM, HeBO3pacTalwWwuini  Ha
(e} 00) opurnHan. Torpa, ecnu/ (t) = F (p), To pF(p)-*-
—>/ (+ 00), ecrm p]> 0 n p-"= 0.

CnepBa 3ameTMM, 4YTO MokasaTesib pocTa @ (t), n nNogaBHO
nokasatenb pocta/ (t), ne 6onee Hyna n notomy F (p) nmeet
cMbicn npy Bcex p > 0. MNMyctb 0 < p < e, rgee > 0. Torga

+00 +00

pFP)=P 5 /(0e'p 1 = jjI[-y]e*dt;

+o00 +00
N ("fF)e~'dt=*B ™ (p(/) e~(dt cxoguTcA; Kpome TOro,
0]
)e'(->/(+ oo)e_( npm p—>0 paBHOMEPHO Ha KaXKa0M
cermeHTe (a, 3], rae 0<a O <N-{-o00. CnepgoBaTeNnbHO, B
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cCUy [OKasaHHOl Teopewmbl

+00 +30
pF{p)= ~» G = /1(+ o00),
(0] (0]

4yTo U TpeboBanocb AoKasaTb.

Lenble yHKUMU 3KCMNOHEHUMaNbLHOro Ttuna.

OnpepeneHune. LUenasdpyHkumsa/ (z) KOMNIEKCHO-
ro NepemMeHHoOro z Has3blBaeTCAa ueno PyHKLUMeNn 3KCNOHEeHLU-
anbHOTO TUMa, C/IM MOXXHO HAWTW TaKne No0XKUTesIbHbIE YUC-
na C, a, YTo 4219 BCEX KOMMJIEKCHbIX 3HAYEHWI Z BbIMOAHAET-
CA HepaBeHCTBO

I z) |I< Cem
lemm a. Ans Toro 4Tobbl CTENEHHOW psApf
0

nsobpadkas Uenyto OYHKLMIO 3KCMOHEHLUMasIbHOro Twuna, Heob-

Xo0AMMO M gocTaTOoudHo, 4TO6bI A1 HEKOTOPbIX MOJTIO>KUNTESb-
HbIX yncenn C, S BbIMNO/IHA/INCL HepaBeHCTBa

M*|<C-£- (*-0,1,2,...).
Adokas3aTenbCcTBO Heob6XoA4UMOCTM.

+00

Myctb / (z) = 2 Aurk — uenas QYHKUMA 3KCNOMeHLUManb-

]
Horo Tuna. Torga ) (z) 1< CeIrlnpn Bcex 1, rae CHa —
HEKOTOpblE MONOXWUTENbHbIE 4ucna. B cuny HepaBeHCTBa
(3.48) onsa mopyneii koahpuumeHToB psaga Teiinopa (rn. 111,
§ 14) Haxogum npu Bcex J1 > O

W < £ £ *=0,i,2,...).
Bepa R — ka (A = 1, 2, ...), NONy4YuUM:
Ne-1.2,...),
noaTomy, nonaras S = ea, 6yfemM NMeTb!
M*|<C-£- (*=0,1,2,...).

]1*
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JokKaszaTenbCTBO LOCTATOUYHOCTWN.
*

S
Mycte Ak |< C , rgae C » S — HeKOoTopble MOJIOXKMU-

TenbHble 4ucna. Torga, 04YeBMAHO, CTeMeHHOol psag
cXoouTCAa ANA BCexX z U u3obpaxkaeT uenyw QyHkuuiwo / (z),
npuyem ANS BCEX T MMeeM:

O (o]

yTO M TpeboBasiocb AoKasaThb.

3ameTum, 4TO0 onepauumum JINHENHOr0 KOMOWHWPOBAHUSA,
YMHOXEHVSA Ha He3aBMCUMOE MepeMEeHHO0e, YMHOXEHMSA Ha Mno-
KasaTeNbHY (YHKLUWIO, JINHERHOro npeobpa3oBaHUsA Hesa-
BMCUMOI0 MEepPeMeHHOro, AnddepeHLMpoBaHUA N NHTErpupo-
BaHWUs, MPUMEHEHHbIe K LefbiM (DYHKLUAM 3KCMNOHEHLMAaNbHO-
ro Tuna, NpMBOAAT CHOBa K LENbIM PYHKLUMAM 3KCHOHEHLMASb-
BOro Tuna.

Heobxoanmoe H [OCTaTOYHOE YC/MI0BUE PETYNSAPHOCTU U30-
6paXxeHNs B GECKOHEYHOCTW.

Teopema. [Ona Toro 4Tobbl U306pa>KeHMe 6bU10 pe-
ryNsipHbIM B 6ECKOHEYHO Y[aJIEHHOW TO4Ke, Heo6XoAuMO U [0-
CTaTO4YHO, YTO06bl OpUrnHaUl SIBNSI/ICA Lesoii hyHKLMeR 3Kcno-
HEHUMA/IbHOrO  TuUna.

JokasaTenbCcTBO LOCTAaTOYHOCTMN.
Myctb opurnHan / (/) ecTb uenas MYHKUUA 3IKCNOHEHLMANb-
Horo Tuna [TouHee, / (<), 3agaHHas Ha [0, + 00), npogomkaema
[0 uenoii yHKUWM 3KCMOHeHUManbHoro Tvna). Torga, B yacT-
HocTM npun t> 0, 6ygem NMeThb:

K
/(0=2 AA \AKA\<C ~r (C>0;S>0).
o

OueBngHo, Npn *>0, Re p = s> S nMeeMm:

n
2
Io
m

UHTEerpan cxoguTesa; N Aktkme~pl —m
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-*m/ (<) e_p< paBHOMepHO Ha Kaxgom [0, a), rae a> 0. Crne-
JoBaTeslbHO, Ha OCHOBAHWW TeopeMbl 0 NpefenbHOM Mnepexofe
nof 3HaKoM Heco6CTBEHHOro uHTerpana

4-a0 n + 0
! 2iAktk-e~P-dt-+ J f(t)e'¥dt
0 o 0
nmwu
‘n
L 1/(01 npn ReP> s,
HO
LO 0 0 P
cnepnoBaTesibHo,
4___00
M/(01 =2-57T npu Rep>5,
o P

npuyem psg B NpaBoii yactu cxogutes npu |p |> S 1 n3o6pa-
YKaeT aHa/INTUUYECKYH (PYHKLMWIO B OKPECTHOCTU GEeCKOHEYHO
yAaneHHOW Touku. IT0 [0Ka3biBaeT, UTO ulobpaxeHue F (p)
nocne aHa/IMTUYECKOT0 MPOAO/IXKEHMUSI HA OKpPecTHoCcTb 6ec-
KOHEUHO y[AasieHHOW TOYKM CTAHOBUTCS PerysisipHbiM B Held 1

K\A.
p(P)=% -0 ~ npu | pl>5.
*:0 p
Takum obpasom, ecnn / (<) — uenad PyHKUNS IKCMOHEH-
LManbHOro Tuna v ecsin ee pasnoxxeHue B pag Telinopa ecTb

00

2 'M*,  T0o wnlobpaxkeHue / (t) onpegensietcsa opmysioun
]

(5.27)
k=0 P

JokasaTenbcTBO Heob6XoAMMOCTM.
MycTb n3obpaxkeHue F (p) opuruHana/ (1) nocne aHanuTuye-
CKOro MpoAo/IKEHUSA 0Ka3asioCb PerysisipHbiM B 6ECKOHEYHO
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yAaneHHol Touyke. JlopaHOBCKOe pa3snioXkeHue F (p) B OKpecT-
HOCTM 00 [yuuTbiBaeTcs, yto F (p)-+ 0 Npu Rep-»- + 00)
UMeeT BUf
+' N
rv>-2%
K=l P
MycTb MOMOXKUTENIbHOE YMCA0 S NeXUT B 06N1acTU CXOAMMOCTU
B

aToro psaga. Torga psag CX0AUTCA; criefoBaTesibHO, CX0-
antea n pag (n6° -3T-“ S TIiTr)* noatomy €ro 4sie-
Hbl OrpaHu4yeHbl, T. e. roo C — HekoTopoe nosio-
XXUTENbHOO 4MUCNo, O0TKyha | <~C ; CcneposaTesibHo,
®m B
2 — L*— uenas (yHKUMA 3KCNOHeHUManbHoro tTuna. Mo go-
0
KasaHHOMY

+°° N +'* N +°° T,

(0] o P 1 P

oTcroga (TaK KaK opurmHan BnoJsjiHe opp%enﬂeTCH CBOUM MN30-
0

6pakeHMem) 3aksovaem, yto f(t) = 4yTo N TpeboBa-

0
J10OCb AOKa3aTb.

3amMeTVM, 4TO BCAKas peryfnsipHasi B 66CKOHEUYHOCTU aHa-
nuTuueckas MYHKUMs, paBHas Hy/l0 B 6ECKOHEYHOCTM, SIB-
nsieTcs n3o6paXKeHNEM HEKOTOPON Liesoi (hyHKLMN 3KCMOHEH-
LuManbHoOro Tuna.

Takum o06pa3om, c¢ MNomMolbl MpeoGpa3oBaHus Jlannaca
yCTaHaB/IMBAETCSH B3aMMHO OfHO3HAYHOE COOTBETCTBUE MEXAY
BCEMU LeNbIMU (PYHKLMSIMU 3KCMOHEHLMANIBHOIO TUMA U BCEMU
aHaNIUTUYECKUMU (DYHKLUUSIMU, PErynspHbiMU B GECKOHEUHO
yAasnieHHO TOouKe U paBHbIMU B Heil HyJI0.

HaxoxaeHne opuruHana no ero mM3obpakeHuio (Korga oHO
perynspHo B 6eckoHeuHocTu). Mpeablaylime BbIKNAAKU MOKa-
3bIBalOT, 4TO ecnn F (p) — Kakasi-HUbyab aHanuTudeckasi
(PyHKUMS, perynsipHass B 6eCKOHEUYHO YyAas/ieHHOl Touke U



OPUTMHAJbI C N30BPAXEHUAMN 311

paBHaA B Hel HYJ/1l0, N eC/in ee JI0paHOBCKOE pas3siodxKeHune
B OKPECTHOCTWM 00 €eCTb

+ B.
* oy = 2N
k=l P
TO
+00

(5.28)

bynet opuruHasiom, umewwmm wunsobpaxxeHuve F (p).
N306paxkeHnsa 6ecceneBbiX GyHKuuid. Mpu v > 0 [cm.
rn. 1V, 8 2, popmyny (4.20)] dbyHKuNA

*
= 2 (- D*xir(y+ *+ 1)

oypeT uenoii (hyHKUMEN 3KCMOHEHLMaNbHOro Tmna.
B camom pgene, moaynb KoahuuMeHTa nNpu <2* B npaBoii
yacTn paBeH
1 1
AL (V+ K+ 1)= 2**M(v+ *)(v+ kK—1).. .(v+ )T (v+ 1)~

< rek 2 tap

HO 22V (A)2 > (2K)\ [3TO HepaBeHCTBO MPOBEPSAETCA MeTOA0M
MHAOYKUUKU: Npn K = 0 OHO BEPHO; €C/IM OHO BEPHO A1 HEKO-
TOPOro K, TO nepexog KK + 1 cBOAMTCA K YMHOXEHWUIO NeBOW
M npasoii yacTeli coOOTBETCTBEHHO Ha 4 (k -f- 1)2un 2k -f- 1) X
X 2k + 2), HO 4(k + 1)2> (2k + 1) 2k + 2), cneposa-
TeNbHO, HepaBeHCTBO byaeT BepHO M ana K + 1.1 Takum 06-
pasom, npu BCeEX KOMMAEKCHbIX |

ly, Ne * 1~ 1 yWUTr. ™M
A1 4 Rr+ k+ 1) 1 (&) [+ 1

n, cnegosatenbHo, /»(0/*v — uenas (QYHKUUS 3KCMOHEHLN-
aflbHOro TMNa.
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B cuny (5.27)

MO -V , .,V 2%y
r 2/ )% 20%KIT(y + %+ O ke 5 -297

roe v — nwoboe geiicTBUTENbHOE HeoTpuuaTeslbHOe YMUCIO0.
Mpn v = 0 oTclofa HaxoAuM:

4-00

HO 6MHOMManbHOE pa3noxXeHne nokKasbiBaeT, 4TO

L (i+AM*"_ 2 (- v T
|/~ 1+ 30 xzo e
cnefoBaTesibHO,
yo(Q J-—-1 = 1= . (5.30)
"« + 7?7 m /P ,+ 1

Moka)keM MeTOoA0M WHAYKLWUW, 4To

y'(on " (n= 0-1-2*%---). (5.31)
Mpu n =0 3to cnegyet mn3 (5.30). [danee, B cuNy CBOWMCT-
Ba 483
emMo= - J1(0- - == +1 =
VAE+I W+ 1

n, cnegosaTtenbHO, Npu N = 1 Ao0KasbiBaemas opmMyna Takxe
Bepna. MNycTb Tenepb ata opmyna BepHa A1 BCEX HEOTPU-
uaTeNbHbIX LefblX MHAEKCOB, MeHbLIMX n (rge m > 2); Torga
lem. rn. 1V, § 3, hopmyny (4.27)1, yuutbeiBas, 4to IJn x (0) =
= 0, Haxoaum:

IJn(0 - Inr(0- 2 0 ~ {v~th L - -
( ( ( { VP1+l|j\

2p(+ > - p)1 (VETI - pn
Ip* + 1 Ip*+1
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Takum obpasom, dopmyna (5.31) fokasaHa.
PaccmoTpum Tenepb (YHKUUIO

F(P)= -pZie'dp (*=0,1,2,...).

OTa PyHKUMSA perynsipHa B 6eCKOHEYHO yAaneHHON ToOUKe U
F (00) =0, cnepoBaTe/fibHO, OHa ABNSAETCA WU306pakeHUeM
HEeKOTOPOW Uueno yHKUMN 3KCNoHeHuuanbHoro Tuna / (/).
Tak Kak

fid) = L«-ilp = _L y billl. = y (-*>*
Pn+i Pne £ K\p* Mpr*m

10 B cuny (5.28)

_(-h*

/T -2
K:0K

HO Jem. rn. 1V, § 2, dopmyny (4.20%]

g tr +
/.(2Y 0-3
Ko
cnegoBaTesibHoO,
f(t)=r»J n(2\nN).

Taknum o6pasom,
tn2nR Vi) T ¢-x *Vp (» = 0,1,2, == (5-32)
W, B YacTHocTU, Npu n — 0

Jo(2Vi)N-ye-up. (5.33)

§ 9. M306parKeHUs1 HEeKOTOPbIX CheuuanbHbIX YHKLUA

1. N306pakeHna norapu@ma U MHTerpasibHoro siorapudg-
Ma. OueBupgHoO, In; ecTb OpUrMHan ¢ HyJieBbIM MNoKasaTenem
pocta. Myctb 1n/ f* F (p); Torga (NpuUHMMass BO BHUMAa-
Hne cBokictBa 6 M 4 8§ 3 U yuduteiBasa, 4yto tiIn* — 1—0
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npu t~*~ 0)
Mn/H - F(p)\
{tint-ty*-pF ' (p)--y;
HO (/ In / — t)' = In/, cnepoBaTenbHO,

~PF'(P)--y = F(p),

pF' (p)+ F(p)

I

'

'
—

\pF(P)'= --vy,

C+ pF(p)

I
|

-
o}
o

F(P )= -~ -f-
Monaras p = 1, Haigewm;
+D

C=-F (1= - J\nte-<dt=0,577...
0

OTO0 4MCMI0 Has3blBaeTCHd MOCTOSAHHOW 3Jrnepa. MOXXHO Mnoka-
3aTb, 4TO

cC= Ilim (I H— h ee. A
13>-.+oc{ vll_ n /
NTak,
Ini**-1 (5-34)

roe C — noctosAHHas Jinepa.
Paccmotpum Tenepb liel (cm. rn. 1V, § 8). Vmeewm:

Nel= ~ dt= ~gy *md/ Inf € ~-du c-flint,
n

rae ¢ — NpousBosibHask MocTosHHas. Ho (yuMTbiBas CBOWCT-
BO 9 n 8 § 3)
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?—1 «—"N-T-—-—
( p—1 p

«'-1
rmMm («=T“ TYa-"np-bl{p-1),

i

em— 1 a,ui .Lnp Ln(p—1)
0

CnepoBaTesibHO, Nonb3ysack (5.34), nonyyum:

lie' .Lnp Ln(p—1) _c Ln p Cc _
p p P P P
Ln(p—1) C—c

P P

W Npu Haanexatileii HOPMUPOBKE MHTerpasibHoOro sorapugma
6yaeMm UMeThb:

Het« - » - Ln(|p~ 1). (5.35)
2. MN306padkeHns (PYHKUUA, CBA3AHHbLIX C WMHTerpasom Be-
PoATHOCTeR. MoNoXKuM:
(
erf @ = — 7endu; Erf(9=1—erf(S).

OueBungHo, erf (t) ecTb HenpepbiBHas Bo3pacTawLwan QyHKLnA

Ha (0, + o00); erf (0) = 0, erf (+ o00) = 1, Erf (i) ecTb He-

npepbiBHaa yb6biBawowasa pyHkuua Ha [0, -f- o0o), Erf (0) = 1j

Erf (+ o00) = 0. PaccmoTpum yHkumio / (I) —e'erf (VO

(oueBnpgHO, 3aTo opuruHan), u nyctb/ (<) =t F (). YuuTbiBas,
2

uto [erf (1)1 = -T= e~N\ Halgem:
VA
["(1) - a@ort(Vi)+ vy je'jjj -

»'e'>(Y?2)+ -~ - "IW + -jb r;

cnefoBaTesibHO, rocne nepexoga K nsobpaxeHuto (Mosib3ysAch
ceoncTtBoM 4 § 3 n yuntbiBad, uto/ (0) = 0), nony4ymm:

PFIP) — 1 - 1
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oTKyaa
P(p) (;._11> Vo
Takum o6pa3som,
eerf(| /7 )-—-—-- 1, (5.36)
(P—=1)Vp

0TKyfa Mo npasusly CMelleHUss nsobpakeHus (ceoictso 11

§ 3
« (/o 5-37>
3arem

B°Erf (V7) -**-«'erf (Ko = * L L — =
a—1 (f—D Vs a+ Va

1, TakKnm o6pasom,

* Erf(Y 7)-—1-7=, (5.38)
A+ KA

0TKyZa Mo npasBuy CMeLLeHUsI N306pakeHuni

«a N+ .+ V rrf 5-39>

3. M306paXkeHNA WHTerpasibHOro cuMHyca W WHTerpasb-
HOro KocuHyca. Vmeem (Ha ocHoBaHUW cBokcTB 9 n 8 § 3):

00

..... 1 sint C dq n
- F—r aretg />
p
5 ~ “- 1 (x - arclep);
0

cnepoBatensHo (Npy Hopmuposke si 0 e= 0),

(5.40)
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Oanee (yuuTbiBas csonctBa 9 u 8 § 3),

cos <— l«-» -
p
=Ln- P
] VF+i’
1
—1 . 1T
9_05_9 _______ MH — Ln , p
| n p w + 1

«| | »521£<8= " Ip1ln + M=

|
faBU—-1

Y5l duv cfing
0

O« c — MNpPOM3BOSIbHAA MOCTOAHHAA; C/lefoBaTeNbHO [MPUHK-
Masi BO BHuUMmaHue (5.34)1,

cil)=2LnP_ 1n|kP+ >n. £ LnP c
P 2p P P P
Ln (p2-f 1) C—c
b~
noToMy MpU Hagnexauwer HOPMUPOBKE WHTErpasibHOro Ko-
cuByca 6ygeM MMeTh:

citr*- — fp+- . (5.41)

i. N3o06paxeHuna wuHTerpanos ®peHena. Wmeem (nosib-
3ysicb cBoicTBamun 11 n 8 § 3):
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[rn.v
cneposaTenbHoO, nonaras
t
S(t) = — cuHyc dpeHens), 5.42
M=, ., (cwyc Gpeens)  (5.42)
nonyymm}
5" JL= ¥Yp+!~ V.p—. 5.43
() 2Yn P Yy ? + p- ( )
[Oanee (yuuTbiBas cBoiictBa 11 n 8 § 3),
V o« .
Y< Yp'’
cos ( 1 ew4d-sll
y* yT 2 1Yp—< VYp+ t*
fcosu, ~yYal/ 1 . 1 \
) Y5 29 ( + Yp+l)’
cnefosaTtesnibHO, Mosaras
f
C= du (KocmHyc ®PpeHens), (5.44)
yand ywm
nony4ymmr
<?(*)-. 1 Yp+<+ VTEI, (5.45)
2Y2 PYP1+ 1

§ 10. ®opmynbl obpalieHus

Mpeobpa3oBaHne dypbe U ero obpaleHue.

OnpepeneHwune. Myctb / () — KOMNAEKCHO3Ha4yHasA
yHKUMA Ha (— 00, m@m 00), HEMpepbIBHAA BCIOAY, 3a UCKIIO-
YeHMeM, 6bITb MOXKET, N30/IMPOBAHHbIX TOYEK, N abCONOTHO UH-
Terpupyemasa Ha (— oo, -f- 00).

Mpeo6pa3oBaHnem dypbe PyHKUUN / (/) Ha3biBaeTcA (MYHK-
ums

+00

FM)= [f(O dt. (5.46)
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Mpeo6pasosaHue ®Pypbe dynkumu / (/) HasbliBaOT eLe
CneKTpaslbHOW XxapakTepucTukon yHkuuu / (/). Jlerko Bu-
heTb, uto F (1) HenpepbiBHa Ha (— o0, -f 00) u

| *»1< $1/(0 U-

Teopema obpalleHus npeobpasoBaHua Pypbe. Ecnm / (/)
yOOBMETBOPSAET YNOMSIHY ThIM B MpeablayLllieM ornpeaesieHnn yc-
N0BUSIM, TO B Ka>KAO0M ToukKe t, B KOTOpoi/ anddepeHunpyema,
nMeeT MecTO dhopmysia obpauleHmnsa (obpaTHoe npeobpasoBa-
Hue ®Pypbe)

+00
I(0 = "1 (5-47)
ene
Voo a
% 0-*00-2"

OT0 HenocpeacTBeHHoe cneactene wu3 qopmynbl (1.46),
AokasaHHol B § 10 rnassbl |.

Mpeob6pa3osaHne MennunHa v ero obpaweHuve. NMycTb g (X)—
KOMMJIEKCHO3Ha4yHaa (yHKuusa, HenpepbiBHaa Ha (0, + 00)
BCIOAY, 3a WCK/IIOYEHMEM, ObiTb MOXET, WU30/IMPOBAHHbLIX TO-

+00

yek. Ecnm  ¥x11lg(x) \dx (34ecb s — OeNCTBUTENbHOE
0

YMCI0) CXOAMUTCA MPU S = Si US = S2, TO OH CXOAMUTCA Mpwu
BCAKOM s, fieXkalleM Mexgy U s2 (3To crefyeT U3 Toro, 4Tto
ecnmnN<s < si}tox*< x*lnpm x <. 1, x* <[ xX* npux> 1).
OTcloaa Nerko 3akK/AUYUTb,UYTO /IN60 YNOMAHYTbIN MHTErpas npu
BCEX S pacxoauTtcs, nnbo HaayTca Takme aa b( — oo N a”

b + 00), uTo NpN a < s <. bynoOMAHYTbI MHTErpasa cxo-
auTca, a npu s< awu npu s> b pacxoagutca. B nocnegHem

+00

cnydyae (echm a< b) wuHTerpann MennuHa xp-1g (x) dx

o
UMeeT mosiocy abCOMOTHOM cxogumocTn a< Rep < b, npu-

Yem B Kaxkgol nonoce ax”™ Rep bt (re a< ax< kxm< b
€ro CXoAuMOoCTb — paBHoMepHas. /3 Teopembl § 1 BbITEKaeT,
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4yTO OH M306pakaeT aHaNUTUUeCKy (YHKUUIO G (p) KOMIM-
JIEKCHOro nepemMeHHoro p = s+ ia B nosioce a< Rep < b

OnpepfeneHne. MycTb g (X) — KOMMJIEKCHO3HAY-
Haa (yHKUMA Ha (0, + o00), HeNpepbiBHadA, 3a UCK/TIOYEHNEM,
O6bITb MOXET, M30/IMPOBaHHbIX TOYEK, W TakKas, 4YTO COOTBET-
CTBYWOLWMNIA UHTerpan MennvHa umeeT nosiocy abcontoTHOM
cxoammocTu a < Rep < b. MNMpeobpasosaHnem MennmHa PyHK-
umn g (x) HasblBaeTca (QYHKLUSA

+@
G(p)= j xP-lg (x) dx, (5.48)
(@)

aHannuTuyeckaa B nosoce a< Re/>< b

3amevaHune. Ecnn npeobpasoBaHne MennuvHa QyHK-
umm g (x) ectb G (p), To Npn a<. c < 6 npeobpaszoBaHUEM
dypbe pyHKUMKM e~c,g (e~D) 6ygeT G (c + iu).

B camom fgene, ¢ NOMOLLbIO NOACTAHOBKM X = e~1Haxo4um:

400 400
G(c + iu) = Je(ctiufg (e-t)dt = ~ e-*1g (e~') e~iul dt.
-00 —00

Teopema obpauieHnss npeobpasoBaHUA MennvHa. Ecnnm
g (X) yooBneTBOpsieT OTMeYeHHbIM B MpeablayLiemM onpeaesieHnm
YC/I0BUAAM, TO B Ka>KAOM TO4Ke X, B KOTOPOW g anddepeHuu-
pyema, nmeeT MecTO hopmyna obpalieHuss (obpaTHoe npeob-
pasoBaHve MennnHa)

c+ioo
= w \ G{p)x-Pdp, (5.49)
c-ioo
roe
c+ioo c+iit
( = lim ~

c-ioc

npuyemM ¢ — 06oe AeMCTBUTENBHOE YNCO, YA0B/ETBOPSIOLLEee
HepaBeHCTBaM a< C< b

AokaszaTenbcTBO. ECcnmg (x)anbdepeHunpyema
B TOUKe X, TO Moc/ie NoACTaHOBKN X = e~1yHKUUA e”g (e~')
bypet puddepeHumpyema B COOTBETCTBYHLULEA  Touke |,
HO Torga B CUy NpeablayLiero 3aMeyaHUs U Teopembl 006-
paweHua npeobpaszoBaHna Pypbe Halgem B YMNOMAHYTOM
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Touke t
+0e
e~cg (<r) = N - NG (c 4- iu)eiul du,

-00
400

*(*) = ST jj G(c 4- to) <uHtt> du\

cnegosaTtesibHO, B paCCManMBaeMOﬁ TOUKE X
et

gM = Wi S G(P)x'PdR
e-1»

4yTo M TpeboBasnocb AoKasaTb.
Ob6palieHue npeobpasosaHusa Jlannaca.
3amevyaHwue. Ecnum npeobpa3osaHue Slannaca pyHK-
umm / (<) ectb F (p), T. e.
+»
F(P)= §f(t)e-*dt, (5.50)
0

To npeob6bpasoBaHuem Pypbe GyHKUUM e“a7 (<) obyaeT
F (a -f- iu), ecnu a — penlcTBUTENIbHOE 4MUCN0, G0Nbliee Mo-
Kasartena pocta / (t).

B camom gene,

Y00 +00

F(a4d-iu)= $/(<)e-<0H*>'d< = $ e-alf (t)-e~iu,dt.
(o]

-00

Teopema ob6paweHnsa npeobpasoBaHusa Jlannaca. Ecnm
/| (€ — opurmHan n F (p) — ero mn3obpa>keHue, TO B KadKaoh
Touke |, B KOTOpoOIi /| anddpepeHumpyemMa, MMeeT MecTO doop-
Myna obpauleHnsa (obpaTHoe npeobpasoBaHue Jlannaca)

a+ioo
/(0 = 5ii J F(P)ep,dRx (5.51)
a-ioo
rae
a+ioc. a+ik
J = lim (,

0-i» k-~+00 a-ik
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npuyemM a — /060e AeiCTBUTE/IbHOE 4MC/IO, 6osbllee Mokasa-
Tensa pocta/l (t).

AdokasaTtenbcTtBOo. Ecnm / (9 puddepeHumpye-
Ma B TouKe t, To e~at/ (t) ToXKe; cnefosaTesibHO, B CUNY Npefdbl-
Ayuiero 3amMedyaHuss M TeopeMbl obpalieHMs npeobpasoBaHUA
dypbe Halijem B paccMaTpuBaemon Touke t

+ 00

e-af (0 = 29" "™+ ju)elld du’

+00
/(0 = 2% NF (a+ tu)eatu)l du,

a+ioo

/(0= 2Si 5 FW ePdp’

a-ioo

4To " Tpe6osan00|> AOKa3aThb.

§11. [ocTaToyHoe yc/ioBUe A8 TOro, 4Ttobbl
aHanuTunyeckaa QYHKLWLW 6bl1a n3obpaxeHuem

Teopema. nMNycTb F (p) — aHannTHueckas OyHKUUA
B nonoce Rep > s0 u npu Bcsikom a s0:

+00
1) J |F (a+ ia) |da cxoguTeces,
2) F(p)~*0 npn Re p>a, 00.
Torga F (p) siBNsieTCcA N306pa>keHNEM, MPUYEM OPUNMHASTOM
6yneT:

a+ioo

\ F(p)eptdp,

a-ioo

rge a — Kakoe-HMOyAb fAelicTBMTE/IbHOE 4mcno, 6onbluee sO.

AokasdaTenbcTBOo. CnepBa 3amMeTuMm, 4YTO onpe-
neneHve / (/) He 3aBUCUT OT BbiGopa yucna a.

[erictBUTENbHO, WMHTerpan ot F (p) ed no npsiMOyrosib-
HUKY, OrpaHMyeHHOMY npAMbIMM s = a, s = alt o = = 6,
roe a n at 6onbwe sO, paBeH Hys0 no Teopeme Kowwu, HO WH-
Terpasbl MO rOPU3oHTasIbHbIM CTOPOHAM CTPEMATCA K HYJIO
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B cuny ycnosusa 2) npu b -*m oo. CnegoBaTtesibHO, B npeaesne
Halgem, 4TO

O+1» Oi+foo
« vV
a-too al-100

N3 BbipaxkeHna ana/ (/) Haxogum:

+00

-00

npu Bcakom a> sO; cnegosaTesnibHO, / (/) eCTb opuUruHan c no-
KasaTtenem pocta N s0O. NMyctb Re/?20> sOumjOo< a< RepO.
Nmeem:

+00 +00 a+ioo
N/ (t)ePIdt = glj Ncp*dt N F(p)eP dp =
0 0 a-<oo
+00 +00
= -L J dt " F(a+ ia)eldda =
-»\\9 +00 +00
= L M"F(a+ iayda \ «(-e*-—*»» dt,
-00 0

npuyem mamenenue nopsfkKa WHTErpupoBaHUs 3aKOHHO, Tak
Kak npu — o0o0<0< + 00,0 /< + 00 unmMeemMm:

|IF (a+ io0) |= IF(a+ ia) \e-<***.x*
+D +0
a uHTerpansl N |f(a + i3)]d3 un fAP*'0* dt cxopaTcA.
-00 o)
Ho
+00
C g(0+io-V.Vdt =  ----ee — ,
J Pa— a— 43"

(e]

cnepnoBaTtesibHO,

40C +00 a+ioo

0 -00 a-ioo
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Mycte 1> |0 |m CR — gyra okpyxHoctn |p | = N,
nexauwias B nonynaockoctn Rep ]> a, a* ib — Toukm ne-
pecedyeHma OoKpyxHoctu |p |= /1 ¢ npavon Rep = a
(puc. 68). BHyTpu cermeHTa, OrpaHmyeHHoro pgyroim CR

n npsmoii Rep = a, aHanuTuyeckas QyHKUUSA

nMeeT  TOJIbKO 0A4HY  ocobyto
Touky pO (mpocToi nonkc); cnego-
BaTesIbHO, MO TeOpeMe O BblyeTax u
npaswuay BbIYUC/IEHNA BbIYETOB OT-
HOCUTEe/IbHO MPOCTOro nostca (cMm.
rn. 111, § 17) Haxogum:

P— Po P—Po

Pwnc. 68.

roe C — KOHTYp cermMeHTa. JleBasi yacTb paBHa CyMMe MWHTe-
rpasna BAOMb XOpAbl WM WMHTerpasa BAOMAb AYTM OKPY>XXHOCTW.
MepBoe cnaraeMoe paBHO

a-<b at+lb

J_ T F(p)dp 1 ¢ F(p)dp

29/ ) p—po  2* J po—p
a*ib aib

nnpuJl *m + 00 6yAeT CTPEMUTLCS K

a+ioo -foo

a-too 0

Mokaxem, u4To BTOpoe cnaraemoe ( F”~ ~p  npu

cR P
N1 -*m+ 00 6yaeT CTpPeMUTbCS K Hynw. B camom gene, nyctb
M (J1) — makcnmym mogynsa F (p) Ha Cr, Ttorga

Cn

npu J1 -*m + 00, N60 MO ycnoButo Teopembl M (J1) -> 0.
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Takum 06pa3om, paBeHCTBO

a-,frrrdp=FW

L )
B npegenenpu /?->+o00 paet Jf(t)e-&dt = F(Pb). 3tum
° 400
AoKasaHo, uto nNpu Rep > sO mmeem F (p) = $f(t)e-pi dt
0

u, cnepgosatensHo,/ (t) f* F (p),
yTo K TpeboBanocb AokKasaThb.
Jlemma XoppaHa.
MycTb Cn(a =1,2, ...) — Gec-
KOHeYHasl cucTemMa OKpy>KHocTel
c ueHTpoMm O W©M HeorpaHU4YeHHO
BO3pacTalwLlMm paguycamMmm, a —
Kakoe-HNbyab LencTBNTENbHOE
uucno, [,,— YacTb OKpy>KHOCTWU
Cn, pacnosno>keHHasi B MoJlyrnsioc-
kKocTun Rep < a (puc. 69). Torga,
ecnn F (p) HempepbiBHa Ha COBOKYTI-
HocTu ayr, n F (p) “m 0 npu p
Ha I, p—»o00, T0 lim \ F(p)epldp = 0 npu Ka>KIOM

n—ee |

in
/> 0.

JokasaTenbcTtBOo. Ouenum MoAy/Nb WHTerpana

N F(p)epldp,

r(n.s)
roe I (R, a) — yacTb OKpy>XHocTn pagmyca R > |Ja] c ueHT-
pom O, pacnonoXeHHasa B rnonynnockoctu Rep N a, u
F (p) — HenpepbiBHasa yHKuuA Ha I (R, a), ecim (>0 n
F @ |I™ e HaTl (R, a. Nueem (puc. 70):

2«-a
\ [ F(p)e*dp\~\ \ F(Re*)e,RIRie"dQ
r(H. a) a

m-a n-a g-a

<ed $ eRcoaidQ= eR J e-,Rc<»*dv - 2eR $ e-'Ucm*<*h.
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Myctb cnepsa a> 0. Torga

*» o *a «l M-A
5 r-'Jico8"~<p= 5 + J = J e-lH»Inpd<p+ C
* (0] K/» 0

(B mepBoM Uu BTOPOM MWHTerpasax
NnpaBoil YacTu < 3aMeHEeHO COOTBeT-

CTBEHHO Ha  ----- DH = - ).
Ho

8> _2 ¢ 3Whrd

npu O<q)<’\r1,

cneposartesibHO,
* ™ 2 arsin g
N e-(Hco8d~h< J e ' >Fdp + J e'«Md =
o] 0 -00
fRarcsin i-
£ if \ta , -~al
~ 2t/i '} m DN~ + e j*
arcsin It n
yuuTbliBad, 4To 4 arcsin n = a - 2— < X a
..R
Takum obpasom, npu a > 0
| i F(e*dp +2xn

Ecnn a<0, 10 ” er,Rco**d4 <L jj , n Torga
0 o}

{ F(p)eP'dp]<-5-n.
M(K.B)

NTak, Bo Bcex cny4asax, ecnn |F (p) |< eHal (R, a), TO

I [ F(p)e»dtl< eA(* a), (5.52)
r(i.0)
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rae

-j-  + 2e* & npn a> O
L*.a) =

npu a<;0.

JokasbiBaemas sieMMa HenocpeAcTBEHHO BbITEKAeT U3 He-
paBeHcTBa (5.52), n60 ecniu M necTb makcumym |F (p)| Ha T ,,
10 B cuny (5.52)

F (p) e?1ldt < M rk(t, a),
1
no Mn-*» 0, cneposartesibHO,

F(p)ep,dt-> 0 npn n-* + o0,

4To M TpeboBanocb AoKasaTb.

CnepctBue. MNycTtb F (p) — mepomopgHas  dpyHK-
UMA Ha BCell MJ/I0OCKOCTU KOMIJIEKCHOIrO MepeMeHHoro p, obna-
Jaloulas ceolicTBaMMU:

1) npn Rep > s0 oHa ynoB/neTBOPSET YC/IOBUSIM TEOpPeMbI
AaHHoro naparpada;

2) cyuwlecTBYeT cucTeMa OKpy>kHocTeld Cn Cc HeorpaHu-
UYeHHO BO3pacTalwLWVMU paguycamMu, He MPOXOASALLUX Yepe3 ro-
mockl M Takmx, 4yTo F (p) -> 0 npu p Ha Cn, p -*m 00.

Torpa F (p) siBNseTCcA M306padKEHUEM, MPUYEM OpUTUHA-
nom 6ygeT:

+00 n
/(<)= lim 2 Res\F(P)ev>\— 2 2 Res[F(p)«*]
Pis n=Ut=v,.j+i pP*
(5.53)
(*>0),
30e Pn Pb ee=— nontocbl F (p), pacnosnio>keHHble B Mopsifke
HeybblBaHUA MoAysien, V,, — 4YMC/I0 MOJIHOCOB, SliedKalinx BHYy Tpu
Cn, v0= 0. B 4acTHOCTMW, KOraa Bce Mosiocbl MPocTble, NMEEM:
i w00 1
/(= lim 2 eP* ResF(p) = 2 2 eP* Res ~(P)
n-» 00 pK n—i Jr=vri_1+1 Pk

(t> 0). (5.54)
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OJokaszaTenbcTBO. B cuny Teopembl, AoKasaH-
Holi B HacTosilem naparpade, F (p) siBNsieTcs N306pa>keHneMm,
npuyem opuruHano»! 6yaer:

a-fioo
/<*>-"55 S F{p)ePidp ~>°)’

roe a — Kakoe-HMbyab uwucno, 6osnbwee sO. MycTtb 'm —
yacTb OKpyXHocTtm C,, npoberawowas B MNOJYN/I0CKOCTH
Rep a, n nyctb a+* ibn — KoHubl 'n. Mo Teopeme 0 Bbl-
yetax (rn. 111, § 17)

” F(p)er<dp-\- ~ jj F(p)eP<dp= ™ ~"eslI™(P)ePI-

Ecnn /> O, To npy n -*m 00 NepBOe cjiaraemoe JseBoi
yactu ctpemuTca K/ (/); a BTOpoe craraemoe B CUNY JIeMMbl
>KopgaHa cTpemMuTcsa K Hylo, cnepoBaTesibHO, B npejesie Mo-
nyyum uckomyt dgopmyny (5.53).

Ecnn nontwc Ph — npocTtoii, TO

Res [F (p) epl] = ep* Res F (p),

p* At
noaTomy B C/lyyae, Korga Bce rnonwcbl ph — npocTble, ¢op-
myna (5.53) nepexogunt B thopmyny (5.54), uto n TpeboBasoch
AoKasaThb.

§ 12. O6 ogHom o0606WeHnN npeobpasosaHuA Jlannaca
Ecnn B npeo6pasoBaHvn Jlannaca
+°0
A<P>- J 1V)r*dt
0

repefaTb pPosib Leoli iyHKUMM €‘P HEKOTOpod  apyroii  hyHKLmM
*(p),  YAOBNETBOPSIOLLEN HaA/eXalyM Tpe6oBaHUAM, TO BO3HMKAET
npeobpasoBaHve BASA

*e(i>)= J f(k(pt)dt,
@)

KOTOPOe Mbl H/XKe Mas3oBeM -rpeobpasoBaHuem yHKUmK f (¥)¢ yroTpeb-
N9 NpyM 3TOM  3anucu
+00
Ht)=fF(p); K1/ («)]= J f(t)k(pt)dt.
0]
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MycTb K (p)— Kakasa-nnbo oTAMYHaA OT TOXAECTBEHHOro Hyns
aHanuTMyeckas (QyHKUMs B nonynaockoctu Rep > 0, gna KoTopoii
cyllecTBYeT orpaHuMyeHHast MoNoXKUTeNbHaaA HeBo3pacTawuwas QyHKUus
X (*) Ha (0, + 00), cTpeMsUWLAACA K HY/l0O NMPU S —=+ 00 U YAO0BMETBO-
psowas HepaBeHCTBY

Ik(r+ ia) < x(*) npm 0< »< + 00, —00< 0< + o00.

J1erko BuAaeTb, 4To ecnum x (r) cyuiecTByeT, To cpean x (r), yAoBeTBOpstO-
LMX OTMEYEHHbIM Tpeb6oBaHWAM, ecTb HauMMeHbllasi. Byaem npegnona-
ratb X (S) HauMeHblUeid U3 BO3MOXHbIX — Torga X (») OAHO3HAYHO

onpepensietca no K (p). B cnyyae K (p) = e~p o4yeBMAHO, 4To X (*) =
"

«
MycTb / (*)— KoMneKCHO3HayHas GyHkuma Ha (0, + o00) (gns

npocToTbl 6yaem npegnosaraTb ee HenpepbiBHON). ECAM MOMNOXHTEsb-
+00

HOE YUC/M0 S TAKOBO, YTO HECOGCTBEHHbLIA WHTErpan J I Ix (si)dt

B

cxoamnTes, To yucna, 6onblive *, o6najalT Tem >Xe CBOMCTBOM, OTKyaa
cnefyet, 4To NM60 HalgeTcsa Takoe NOSOXKUTEeNbHOE YUcao *0, 4To npu
*> ® ynoMsAHYTbIA WHTerpan cxoamtesa, a npu 0 < s< so pacxogutcsa
(sO HasoBem nokasaTenem pocTa QyHKuun / (<)), NM60 YNOMSAHYTbIN
MHTerpan cxoautca npum Bcex » > 0 (torga nonoxum *0 = 0), nnéo
YNOMAHYTBIA WHTerpan pacxoauTcsa npu Bcex *> 0 (Torga nNonoxumm
sO= + 00). W3 8§ 1 cnepgyeT, uto B cnydyae sO< + 00

-foo

f(p)= J t(t)k(pt)dt
0

byAeT aHanMTMYecKoh yHKLUMeld B monynnockocTu Re p > *0. ®yHK-
unto F (p) Hasosem Kk-npeobpasoBaHvem dyHKunm [ (t).

Mpn Rep —*+ 00 nmeem F (p) — 0. 3T0 nerko obHapy>xxunBaeTcs
C MOMOLLbI0 Teopembl, AoKasaHHoOl B Havane § 8.

PaccMoTpum HekoTopble CBOWCTBa /c-mpeobpa3oBaHms.

1) Ecnn / (t) F (p), ToKf (t) ~ XF (p) (X — nob6oe KOMM/IEKCHOE
yucno). B camom pgene,

+00 +00
/T ol = jJ U((t)k(pl)dt = x J /(9 k(pt) dt = \K |/ (t)J.
0 0
2) Ecnu / (OC5F (p), & (< ® (p), To /(0O + hp(O~" F (p)+
+ @ (p)-
B camom pene,
+0
*[/(0 + 9 (01= J 1/(0 + o (t)\k(pt)dt =
o

oo 1%
- j.l / (0*POdt+ H (0 * (pt) dt =r K[f ()] + A[¢ (01.
o 0
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3) Ecnm [ ( ~ F (p), 10 / (al) — F — nwo6oe nono-

XXUTeNbHoe 4ucno). B camom pgene,
-4-00 4-00

*I/((zj]3)\] nzt)k(pt)dt=-+- A/(()*(H)rf/:\]l_

4) Myctb / (0 nenpepbiBHO-AndepeHymnpyema Ha (0, 4- 00),
apuuem / (0 mn </ (() wmewT nokasaTenum pocta < + 00. Torga wu3
| ()~ F (p) cnepaywoT [BOWCTBEHHble COOTHOLUEHUSA

- tf () =; (pF P, [/ (<) -pP" (P).

AokasaTenbcTBO. [ycTb *0O— HambonblwKni U3 NokasaTe-
nei pocta /(<) m if' (). nyctb — /' ( ~ ® (p). Torga npu *> *0
nmeem

+00 +30
/m(*)= L /(0n(*0rfk= 4" \ /(-T)*w n.
i °
0
+00 -foo
LF()]I'=- g -jr/r(am)y*(@n = - f < (O*(0n = o (=),

oTKyfa BuaHo, 4to \pF (p)]'= ® (p) npn Re p > sO, n6o 3TM aHaNUTU-
yeckne npu Re p > *0 pyHKumm coBnagawT npu p = *> *0. Takum
o6pasom, —//' (/) d \pF (p)J', Ho ToOrpa

u/@©1 =/ + tf (t) ~ F(p) — IpF (p)I' = - PF’ (p).

5) MycTtb /(<) mn-y-~/ (M) du umelOT nokasatenn pocta < + 00.

0
1 00 [¢le]
Torpa us f (t) ~ F (p) cnegyer — ~/ (*Wu~”™ ~~ ~ dq “rge " no-
0 p P
p
numaetca kKak lim ~npn Re P—»-fooj .
[=}
|
AdokaszaTenbcTBO. MNMonaraaPp(«) = -j— (u) rfur? d(p),

0
nonyuum [«p (<)]' = / (]), oTkyga B cuny csolictBa 4

-p®(p)=P(), d'(P=_£M.>d(p)=C_ ~"-dg,
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1 12]
HO ® (p)—*O npu Re p —e+ 00, cnefoBaTenbHO,
C=)~-Y~dg @@= "—— dq
P, P

Mpumep!. Ecnu x (*) TakoBO, 4YTO HECOOCTBEHHLIN UWHTErpan

-f 00
A j°x (j)ds (@ > —1) cxoamTca, TO cTeneHHas MQYHKUMA i° nmeeT
0
HyNeBOW nokasaTesb pocta, u6o npu nwbom r> O
*0 -f® "1
<x(Orft = 5 (-r)<,H*)'T ='7M- 5 N*KO J1<+o00.
0 0 [¢]

Myctb Ia~ F (p). Tak Kak
+» +00

F @)= " ift(*)dt= N o<* (0 (C — nocTosiHHOE),

T0 F (p) =

M coBnajalwT MpPU MOMOXKUTENbHbIX aHaveHnsx p. Takum o6pasom
+®
n (B> — 1)

roe C =

+O
AN x (») Ins ds cxoguTtca, To norapupmmueckasa gyHkumsa In (

HyneBol nokasaTenb pocta, 6o npu nwb6om *> O

-f-oo0 -f 00

A lIn<x(5t)d< = ~ Jln_r | x(<)'7" =

0
40 1
=4- S lIn*—In#Ix(On < AMin«ln +
7 0
+0e +00

*

f . . lIn*] P
~Nox(hIn<<rt+ -L-j-L ™~ XD rft< +

C/p°+l, n6o obe yacTn paseHcTBa aHaIUTU4YHbLI Npn Rep >0

Mpumep 2. Ecnm x {¥) TakoBa, 4TO HECOGCTBEHHbI WHTerpan
o

nmeet

00.
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Myctb Int~ F (p). Tak Kak
+0 +0»

/m(*)= ~ Intk(it)dtsk-j- ~ (Int— In*) k() dt =

o (0]

A BIn*
B f—-— (A, B — NoCTOAHHbIE),

B Ln
T0 F(p)= — + — P ( n6o o06e yacT! paBeHCTBa aHaNIMTUYHbLI NpY

Rep > 0 wn coBnafalwT MpU MOMNOXKUTENbHbIX 3HAYEHUSAX pP. Takum
obpasom,

A B Lnp
F(p)=+ —
+« +O»
rae A= 2 Intk()dt, B=>— y k(dt
(0] (0]

Ycnosue perynsapHocTu Ac-M306padKeHUss ma 6eCKOHeYHOCTU CXOAHO
¢ TeMm, YTo 6bIJ1I0 B c/lyyae npeobpasoBaHusi Slannaca. CooTBeTCTBYyOLLME
Jc-opyrHHanbl 06pasyloT Knacc uenbix Qynkuuin, 3aBucawmin ot K (p),
KOTOpPbI B cnyyae K (p) = e~p CTAHOBMUTCA KJ/lacCoOM LenbiX (yHKLUWNA
9KCMOHEeHUWanbHoOro Tuna.

Hanoxnm Ha X («) cnepgytolee orpaHuyeHue:

VA M(i)dt< + o0 mpn  n=0,1,2,...
(]
Torpa Vy Bx (ts) dt < 00 npu Kaxgom #>0, wubo

0

5 Ix(<Ndt » jj (4-)nxW”A — 2 5 *nx (*>¢k< -b 00.
o) o)

BBegem B paccmoTpeHue uyucna
+J° +®
Ni,= jj <"*«*; Al;= jj inx(0dt
0 o

(oueBngHO, uTO0 Mn > 0).

Teopema. Ecnmee Mnd Oun uncna ¥ Mk |[M,, \ orpaHnyeHsl

B COBOKYMHOCTMW, TO BCsKasa yHKums P (p), perynspHas B 6eCKOHeUYHO
yfaneHHoOM TOYKe M paBHas B Hell Hys, £ABAAETCA K-U306pa>keHVEM
HekoTopol ueno dyHkuum [/ ()=

BO

AokasaTenbcTtBO. MyctbF(p)= 2 -a- TPUIPI>
1P

Mo ycnosuio V. Mn/1Mn |< Cnpuscex n (C — nocToAHHoOE).
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Moka)keM crnepea, 4To CTeneHHoW psg 2 -~ nmeeT 6ecKo-

HeYHbIi paguyc cxoammocTu. Wmeem

+ - g m M:
_I°n+lle” 1 [“n+11 n
------- ~c (J-.y+l nmon >
HO, C [pyroli CTOPOHBbI,
0,
> 1 "T» N . 1 N *
7T |~ <K (spdt> liji ] K (*/)dt  npu so6om t0>0.

Tak kak neBass u4actb —»0 (ecim s> CR), a T’\ x (stydt> 0, TO

00

“n+l . an+l ,n
~jj— 1, -=0 wn, cnepgoBatenbHo, CcTeneHHolh pag £ ~KIA BCHQOy

cXoamMTCa U un3ob6paxkaeT HeKOTOpPYl Uenyt dyHKuuo / (<).
Mokaxxem panee, 4TO HECOOGCTBEHHbLIA WHTerpan
-foo
t\ (tt) dt
O o

cxogntea npn 8> CR. Vmeem npu nw6om T > 0

T T
S1 |Jrar],A"'"""* 2 JTurl$ "«CONMY
o O -
V I B"*11 Mn <rV la"41lr" — v — MU +
Mn | *n+l ~NRTHL ~ C2n1ls
0 0o (vr
npu *<CR,

4TO U AOKa3blBaeT CXOA4MMOCTb YNOMAUYTOro UHTerpana. dT0T uUHTerpan
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Ma>kopupyeT Heco6CTBEHHble WHTerpasbl

400 -+p
J /(0 *(*0*. $ IN (Dk(pt)dt (p= *+ <3),
0 0

N “nH

roe fN(t) —2 ~O/— d41W — N1E6°e HaTypasibHOE 4YMC0), U Ha Kax-
0

[oM KoHeyHom cermeHTe (O, T\ fN (f) paBHomepHo cTpemutca k / (I)

npu N -* 00, M03TOMY, Ha OCHOBaHWW TeopeMbl, AOKA3aHHOA B Ha4dano
88,

{0 -f
$ /iv(® k(pt)dt~* ~ [/ (t) k(pt)dt npun Rep> C/t.
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