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D ceMecTp

BBegenue

[JTexuns 1]

dusuka nu mareMaTuKa

[Muamrenn: «Pusrka 0CHOBLIBAET CBOM IOHATHA HA M3MEPEHUAX,
OpudeM OPEeACTABICHAA U YTBEPXKIEHUA (PU3MKU MOTYT OBITH BLIPA-
2KE€EHBbI MATEMATUYICCKU.»

«PusMKa CTpEMUTCA HAUTU OObeINHEHNe BCeX O0JACTEN Ha Teo-
PETUYECKON OCHOBE, 00Pa30BAHHON MUHMMAJAbHBIM 9UCAOM HOHATHI
1 GyHIAMEHTAILHLIX COOTHOLIEHNH, 13 KOTOPHIX JOIMIeCKM MOXHO
BBIBECTHU BCE.»

«[my6Gokoe ybex reHne B JOCTURKMAMOCTH STOM AN ABIACTCA IVIaB-
HBEIM MCTOYHMKOM CTPACTHOU IPEJAHHOCTH, KOTOPAasd BCErAa BOOMY-
TIEBJAACT MCCACOTOBATEIIA.»

dusuka HAXOAUT B MATEMATHUKE A3LIK U IPO0OPA3HI, MATEMATHAKA,
B (1)I/I3I/IK67CMyTHI)Ie ovepTaHua HOH}ITI/IEI n aKCMOM, a TaKXe IIDO-
6eMBblI.

B caegyromen Tabauie moKasaHbI pa3eabl (PU3MKU U MATEMATH-
KI1, OKa3aBIINe CYIIECTBEHHOE BINAHUE APYT HA APYTA.

dDusuka MaTeMmaTuka
M3mepenus 3emiu, aCTPOHOMUS I'eomerpus EBkinga
Beb6ecnas mexanuka Kemiepa, Briorona Amnanu3s
I'mapoauaamuka, 2I€eKTPOANHAMUKA Nuddepenrnnaibaple ypaBHEHUA
OO6masa Teopusa OTHOCUTEIBHOCTH NuddepeHnnaibHas reoMeTPus

I'unp6epTOBO MPOCTPAHCTBO,

KpanTosas MexaHuka TEOpUs MPEJACTABIEHUN 'PYIII

KanubpoBo4yHble Teopuy, THCTAHTOHBL leomeTpusa paccioeHHBIX IPOCTPAHCTB

Teopusa cTpyn. KoudopmHas Teopus mouas Beckoneunomepubie anre6psr Jlu

CymecTByoT 3 Buga GU3MKMA: DKCIEPUMEHTAIBLHAA — C DTOU a-
cTu (pu3mKm cOOCTBEHHO HAadaIach (pu3mka, 6e3 Hee OHA HE MOXET
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CyIIECTBOBATD, X DTO MOHATHO BCEM; TEOPETUIECKAI (PU3UKA — Ta €e
9aCTh, B KOTOPOU BO3HUKAIOT OCHOBHBIE TMOHATHUA U A3BIK, CTPOATCA
MO/IE/IN ¥ IOCTYJIUPYIOTCA YPABHEHUS, OITUCHIBAIONINE PEATBLHBIA MUD;
U MATEeMATHYECKasA (PU3UKA, B KOTOPOU DTHU YPABHEHUA PEIIAIOTCA.
OmHa M3 OCHOBHBIX 3339 DTOr0 KypCa— IIOKa3aTh, KAKAUMU [PUH-
[UAAMYA PYKOBOACTBYIOTCA (DUBUKY, IPUTYMbIBAaA YPABHEHUA, OTIUCHI-
Batomue Ham Mup. Kypc paccuumran Ha 2 roga wimm 4 cemecrpa. Bor
MPUMEPHBIA TIAH Kypca:

5 ceMecTp — KaaccuIecKas TeOpua noas (CIenuatbHas TeOPUs OT-
HOCUTEIBHOCTH, DIEKTPOAUHAMUKA, OOIAsd TEOpus OTHOCUTETHLHO-
crnm);

6 cemecTp — KBaHTOBAasA MEXAHWUKA,

7 cemecTp — MoeIb V3MHra, TOYHOpEIIaeMble MO eI KBAHTOBOU
TEOPHUU TOJIA.

8 ceMecTp — KBaHTOBAsA TEOPUA MOJA, KOHPOPMHAA TEOPUSA MTOJA.

B sToMm cemecTpe u3yvaroTcsa CTPyKTypa IPOCTPAHCTBA-BPEMEHH,
KaauOpOBOYHbBIE TOJA, ypaBHeHUs MakcBerta, TpaBUTAIA.

EBkingoBa cTpykKTypa OHpocTpaHCTBA

Korga mMb1 B reomerpun yrnoTpebaseM CIOBa, TOYKA, MPAMAs, ILI0C-
KOCTb, UX CONEPXKAHNE HE CYNECTBEHHO, AKCHOMBI CIYXKAT UM OMpe-
OEJICHUEM, 4 MAaTEMAaTUICCKN CyoIeCTBEHHO OTCYyTCTBUE IIPDOTUBODPE-
YUU B OMPEAETCHUAX U AKCUOMAX.

Korga mbr ynorpebiasiem 5Tu cioBa B (pU3MKe, MBI [OMXKHBI YKa-
3aTh CHOCOO UX M3MEpPEHUs U HAOMIOAeHUsA (IPAMO WIM KOCBEHHO).
[ITo mpocToe 3amMevanue He BCErjga yIUTHIBAIOCH. Spdanmmi npu-
Mep — MOHATHE AOCOMIOTHOT'O BPEMEHU, CyIIeCTBOBaBinee a0 IInH-
ITENHA U JUMIEHHOE (PU3UIECKOTO COAEPKAHUA.

Cl'IeI_II/IaJIbHaJI Teopnsa OTHOCHUTEJIBbHOCTHU

YTBepXkIeHUE O eBKJINJOBOCTH IPOCTPAHCTBA, 6€CCMBICIAEHHO, M0~
Ka He yKas3aHbl (dusmieckue oO0beKTHI, COOTBETCTBYIOIINE TOYIKAM,
IPAMBIM U T. [I.
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[IBuxeHue B MEXaHUKE —ITO M3MEHEHWE Nnowodxdcenus Tera. llon
[TOJIOXEHUEM TOHUMAETCA OTMHOCUMEALHOE NOAOHNCEHUE, TOJOKEHUE
oTHOCHTEAbHO Apyrux Tea. llorsaTue abCOTIOTHOrO MOMOXKEHUsA, MO~
JOXEHUA B aOCOAOMHOM NPOCMPAHCMEE JTUIIEHO (PUBUIECKOTO CO-
IEPKAHUA.

Teso wim crucTema Tex, OTHOCUTEIHFHO KOTOPBIX OIPEIEIACTCA IO~
JIOXEHUE, — DTO IPOCTPAHCTBEHHAA CUCTEMA OTCIETA.

YTBEpXKAEHWE O TOM, UTO [BA HEOJAHOBPEMEHHBIX COOBITUS TIPO-
M30LUIA B OMHOM MECTe, JUIIEHO (PU3M<IeCKOro comepxkanusa. [Ipen-
CTaBbTe, HAIPUMeEp, ITO BHI efeTe B moe3ne. To, 9T0 IpOUCXOAUT B
OJHOM MECTE [IJI BAaC, MPOUCXOAUAT B PA3HBIX MECTaX [ HAOJIIO1a-
TeJIa HA CTAHIIWH.

B xadecTBe MpOCTPAHCTBEHHOU CUCTEMBI OTCYETa MOKHO B3ATD
TBEPJ0e TEIO, B KAYECTBE KOOPJUHATHBIX 0CEN — TBEPIbIe CTEPKHMU,
PO KOTOPBIE, KAK MBI IIPEATIONATAEM, 8EPHbL YMEEPHCOEHUS €6KAUIO-
8ot mpexmepnot 2eomempuu. Ix nano nposepsars. [lanpumep, [Maycc
[IPOBEPWI PABEHCTBO CYMMBI yIVIOB Tpeyroabauka 180° ams Tpex rop-
HBIX BepmwH HA paccrogHun =~ 100 kM. [lacuer nBmkeHus mrameT u
CIy THUKOB [AeT JY4IIyI0 TOYHOCTD. [Ipu 5TOM eBKIUI0BOCTH reoMe-
TPUU TPOCTPAHCTBA ABIAETCA JUIIH IACTHIO MPEIIOIOKEHUN, POIb
OPAMBIX B HEA UTPAIOT Jy9U CBETA, & HE CTEPKHU.

Tak e MOXHO IPOBEPATH, ITO AJUHA TBEPAOTO CTEDPKHA HE 3a-
BUCHUT OT IIyTH IIEPEHOCA.

MoxHo 6paTh pasHble cucTeMbl KOOpAUHAT. [lepexoasl OT ogqHON
OPTOTOHANBHON CHCTEMBI KOOPAWHAT K APYrou O6pasyioT CPYIITy
OBUXEHUU TPEXMEPHOT'O €BKJIWI0BA, MPOCTPAHCTBA, COCTOANIYIO 13
BPAILIEHUN U CABUCOB.

B kadecTBe mpocrenumx MOXHO B3iATh Bpamenus (XY), (Y Z),
(ZX)wncaurn (' =z +a,y =y+0b, 2 =2+¢).

[liuHa TBEPAOrO CTEPXKHA HE MEHAETCSA IPU ABUXeHUAX. [[pyrumun
CIIOBAMU,

L= (21— 22)%+ (y1 — 42)? + (21 — 22)2

ABIACTCA WHBAPUAHTOM. [ITO CBOMCTBO — pe3yabTaT COTVIAIICHUA U
DKCIEPUMEHTAIBHOU TPOBEPKHU.
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Urak, npocmparcmseo uzomponno u 00HOPOOHO WIA NPOCMPAH-
CcmBo e6KAUI060.

Bpemsa

Bpewmsa mamepserca uacamu. Jace — >T0 Teno (cucrema Ten), co-
BepIIaoee MepruoguIecKui npomecc. [Ipumepsr: MasTHUK, Bpaiie-
HUe 3eMau, KOneOaHue DIEKTPOMATHUTHOTO MTOJIA.

Konebanums <wacoB, BEIOPAHHBIX B KAME€CTBE DTAJNOHA, CIMTAIOTCS
PABHOMEDPHBIMHU TI0 OIPEIEICHUO.

JPOCTPAHCTBEHHO-BPEMEHHAA CUCTEMA OTCYETA

ECJII/I B KaKOM-TO MeCTe €CTh YaChbl, Mbl MOXEM OIpEeaeaaTb MO-
MEHTBI, B KOTOPBIE B 3TOM MECTE MPOUCXOAAT COOBITHUA.

Ecau cobuITHA TPOUCXOAAT B Pa3HBIX MECTaX, TO HAJO OIpeie-
JUTH, ITO 3HAYUT, ITO OHU OTHOBPEMEHHHI.

[IZHIITENH IpeIIoXAI CAeTY IO CIIOCO0 OIpeaeJeHNa CUHXPOH-
HOCTHU 4acoB. Jacel B Toukax A m B Ha30BeM CUHXPOHHBLIMU, €CJIU
JyYM CBETA, OJHOBPEMEHHO BBINIEAIINE U3 CEPEeIUHBI OTpe3ka AB B
HampasaeHun ToYeK A u B, HOCTUrafoT DTUX TOYEK IIPU OJUHAKO-
BBIX MOKA3AHWAX IaCOB. [IyXHO MPOBEPATH, 9TO MOHATHE CHHXPOH-
HBIX 9aCOB 1O [IMHIITENHY TPAH3UTUBHO, T.€. €CIM YACHl B TOYKAX
A um B CUHXPOHHHI U 9aCH B TOUYKaX B u C' CHHXPOHHBI, TO U IaChI
B Toukax A u C cuaxponHb. COBOKYIHOCTH (PU3MYIECKUX ONBITOB
SABJIAETCA TAKOU IIPOBEPKOM.

D PUHIUII OTHOCUTEJIbHOCTU [anmies

Huepyuaavrnoti cucmemoti omcuema Ha3bIBACTCA CUCTEMA, B KOTO-
pou rpaduK IBUKEHUA CBOOOTHOU MATEPUAILHOM TOYUKH — IPAMALI.

WNuepunanbubie cucreMs cymecTByoT. M ux muoro. Ilto skcnepu-
MEeHTAJILHBIN (pakT. Ecau cucreMa NBUKETCA OTHOCUTEIBLHO HEKOTO-
PO MHEPIUAIHLHOU CUCTEMBI OTCYETa PABHOMEDHO M MPAMOJIUHENHO,
TO OHA TAKXKe ABIAETCIA HHEPIUAILHON (T. €. HOMOXKEHNE ABUKYIICUC
CUCTEMBI B KaX/IBI MOMEHT BPEMEHHU IOMYIACTCA U3 MPEIIUIeCTBYO-
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mero CABUIOM, IPUYIEM DABHBIM IIDOMEXYTKAM BPEMEHU OTBEIAIOT
paBHBIE cABUrH). [ITO yTBEpXK IeHUE HA3BIBACTCA 34KOHOM UHEPYUU.

Ecau y cucremMbr Ten B HEKOTOPBIM MOMEHT 33IaHbI TIOJIOXEHUI U
CKOPOCTH, TO OHU OJHO3HATHO OMPEIEJNAT UX MOJOKEHUI U CKOPO-
ctu B OyaymeM. [ITOT NpUHIUN HA3BLIBAETCI NPUHYUTLOM NPUUUHHO-
cmu.

Ecau coBepmmTh npeo6pa3oBaHne HAYAMBLHBIX YCJAOBUU (CABUT B
OPOCTPAHCTBE, BPAILEHUEe, CABUC BPEMEHH), TO JBUKEHUE COBEPIIA-
eTCA O TPAEKTOPUH, MOMYIEHHON TeM Xe mpeobpasoBanumeM. [ITu
YTBEPXIEHUSA, IMOATBEPXKAEHHBIE DKCIIEPUMEHTAJIbHO, HA3BIBAIOTCA
00HOPOOHOCTIBIO NPOCPAHCMEA, U30MPONUET NPOCMPAHCMEa, WU
00HOPOIHOCMBIO BPEMENU, COOTBETCTBEHHO.

[IsroTOH mpeanonaran (1 5TO SKCIEPUMEHTAIBLHO MOATBEPXK JAET-
Cs C HEKOTOPOU TOIHOCTBIO), 9TO TP MEPEXOIE OT OJHON MHEPIUAT-
HOU CUCTeMbI K APYTOU He MEHIOTCa MacmTad u Bpems. [lampumep,
€CIM CUCTEMA [ABUXKETCSA B HAIIPABIEHUU OCU L CO CKOPOCTBIO U, TO
KOOPAWHATEI IPE06Pa3yI0TCA MO CIeAYIOIEeMy MpaBuly: & = x + vt,
t'=t.

) Takwe nmpeobpazoBanua obpasyoTr zpynny ['asuses. YpaBHEHUE
d*z

T 0 — wHBapWAHT DTOU T'PYIIIH.

Caegcrsue. Ecim cuctema orcaera K' nBIXETCA OTHOCATEIBHO
cucrembl K co ckopoctsio V', a B cucteme orcaera K CKOPpOCTH Teaa

paBHA ¥, TO CKOPOCTb Teda B cucteme K' pasaa 0 =7+ V.

Cset

CBeT nMeeT KOHCIHYIO CKOPOCTh, BOTHOBBIE CBOfICTBa, n 3JEKTPO-
MATrHUTHYIO Ipupony. Tak Kak CBeT MMeeT BOJIHOBBIE CBOUCTBA, BO3-
HUKJIO TPEIOJI0KEHUE, ITO ITO KOMeOaHNe HEKOTOPOU CPpeabl — du-
pa— mogo6HO BorHaM Ha Boxe. IITo o3Ha9an0, ITO CyuecTByeT BBI-
IeJeHHAsA CHCTEMa KOOPAWHAT, B KOTopou 3¢up Henogsuxed. C me-
JbI0 O0HAPYXUTH CKOPOCTH 3eMIM OTHOCUTEAbHO 3¢upa ObLT IpO-
u3BeieH onbIT Mankeascona. Ero pe3yabTaT: CKOpOCTh OTHOCUTE b
HO d¢dupa pasua (. Bosaukio npenmonoxenne, 110 >puUp yBIEKACT-
ca 3emren. [1o 5T0 mpenmosoxenme onmpoBepraeTcsa onbiroMm Puso u
abepparuen npu HabarogeHnn 38e31. Urak, adupa He CymEeCTBYeT.



8 CremnuanbHas TEOPUSA OTHOCUTETIHHOCTH

OTpunaTeabHBIA PE3yabTaT OnbITa MalKerbCcoHa MOXHO O0OBIC-
HUTH TAKXe TUIOTE30U ucmeuerus bBumya 0 TOM, 9TO CBET MMeeT
MOCTOSHHYIO CKOPOCTH OTHOCUTEIHHO WCTOYHWKA, W3JAYTICHUs, a He
OTHOCUTENbHO HabmomaTend. [lo 5Ta rumoTesa OmMpoBepraeTcs Ha-
OJIF0 IeHUeM NBOUHBIX 3BE3[I.

Onbir Kennenu u ['opHaguika mpaMo TpoBepseT OAMHAKOBOCTD
CKOPOCTEH CBETA B PA3HBIX CUCTEMA, OTCIeTa. B 5TOM OmbITe B MHTED-
pepomeTpe MankenrbCOHa PA3IUIHAA JIUHA TI€Y UHCTPYMEHTA TTPU-
BOJUT K WHTEP(EPEHINN, U SKCIEPUMEHTATOP MOXET HAOII0NATh,
CMENATCA 7 HHTePHEPEHINOHHEIE [TOJOCHL B TE€YIEHNE [OIT0r0 Bpe-
MEHU — KOT]a 3eMJI PEATU3yeT PA3HLIE CUCTEMBI OTCIETA.

[Ba mpuHIEIA MOTYT OOBACHATE BCE DT (PAKTHI.

A) Tlpuanun oTHOCUTENILHOCTH (BKIIOYAA OJMHAKOBOCTH CKOPO-
CTH CBETA OTHOCUATEIBHO HEIMOABUKHOI'O MCTOYHUKA B PA3HBIX MHED-
[UAJTBHBIX CUCTEMAX).

B) IlesaBucuMoCTb CKOPOCTH CBETA OT [ABUXKEHUSA WCTOYHUKA B
OJHOU MHEPIUAILHOU CHCTEME OTCYETA.

BumecTe 5Ty HpUHIUIBL IPOTUBOPEYIAT HHIOTOHOBY HOHATHIO 00HO-
spemernocmu (AIPUOPHOMY, METADUIUIECKOMY) U IIPEAIOIOKECHUIO
0 HEM3MEHHOCTY MACIITA00B BPEMEHU M PACCTOAHUSA MPU MEPEXOe
B IBUXKYILIYIOCA CACTEMY OTCUeTa. 1eM CAMBIM OHM IPOTUBOPEIAT
npeoOpasoBaHuaM [amunes, a UMEHHO, YTBEPXK JCHUIO

=t u Az’ = Az gna t; =to.

3Ha4uuT, npeobpaszoBanua [anuies HALO U3MEHUTD.

[TonpoGyem HauTw Mpeo6PA3OBAHUA KOOPAWHAT IPU IEPEXOAE B
CHCTEeMy OTCYETa, NBUKYILYIOCA OTHOCHTENBHO TAHHOU CO CKOPO-
creio V o ocu z, ' = 2'(x,t) m t' = ¢/ (x,t), koTOpBIE YHOBIETBODA-
0T CAeayomuM TPpebOBaHUAM:

(1) mpsmeie (rpaduk ABUXKEHUA CBOOOJHOU TACTUIILI) HEPEXOIAT
B pAMbIe. [[TO IpUHIUI OTHOCATEIHHOCTH.

(2) CeroBon koHyC (rpaduk ABUKEHWS CBETA) IEPEXOAUT B ceOI.
IITo npuHIXT OTHOCUTEILHOCTH + MIPUHIIUI HE3ABUCUMOCTH CKOPO-
CTHU CBE€Ta OT ABUXKECHUA MCTOTHUKA.

(3) IIpeo6pasoBanme co CKOpOCTbIO —V sBIAETCA OOPATHBIM K
npeoOpa3oBaHUIO CO CKOPOCTHIO V.
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(4) Komnosunmsa npeobpa3oBaHua cO CKOPOCTbIO —V m oTpaxe-
HUA — IpeoOpa3oBaHMe CO CKOPOCTHIO V.

U3 (1) u Toro daxra, 970 GECKOHEIHbIE TOYKM EPEXOAAT B Gec-
KOHEYHBIE, CIefyeT JAHEMHOCTD.

Bmecro (1) mMoxHO moTpe6oBaTH OLHOPOAHOCTH MPOCTPAHCTBA
1 BPEMEHH, UTO O3HAYAET, U9TO IPOMEXYTKYy BpeMeH:n At B cuCTe-
Me K coOTBeTCTBYeT onpeaeneHHsin mpomexyTok At' B cucreme K’
u casur Az’ He 3aBUCHT OT T u t.

BriBegem Takoe mpeo6pa3oBaHUe B CIydae OJHOU IPOCTPAHCTBEH-

HOU KOODAWHATHI .
z’ Aw) T
= A(v .
t t

B cuny mumennocTn

CJIeACTBHeM 2THUX q)OpMyJI ABAACTCA TPUHOUII OTHOCUTEIBHOCTHU:
pPABHOMEPHOE NBUXEHUE B cucTeMe K 0CTAaeTCsa TAKOBHIM U B CUCTE-
me K'. TITo He yausuTenbHO, u60 MBI yXe TPeOOBAIN BLITIOJHEHUA
DTOrO0 MPUHIAIA, KOT'/Ia CKA3AIM, ITO OUHAKOBBIE IIPOMEXYTKHA Bpe-
MEHU 1 OIVNHAKOBBIC Ma,CHITa,6I)I B Pa3HbIEC MOMEHTBI BDEMEHU W Pa3-
HBIX TOYKAX MPOCTPAHCTBA B cUCTeMe K OCTaloTCA TAKOBLIMUA U B
cucreme K'.

Ecan morpe6oBaTh, UTOOBI CBETOBOM KOHYC MEPEXOAUI B CeOs
(r.e. (ct)? =22 =0 = (ct')? — (2')? = 0), To ¢ yueToMm JUHEAHOCTH
Oy IUM

()2 = (&')? = AW)[(ct)? — 27),
kpome Toro, A(v)A(—v) = 1. Cgenas orpaxenue r — —x, v — —u,
noaydaeM A(v) = A(—v), cregoBarensHo, A(v) = 1. U3 sroro caeny-
eT, ITO MpeoOpa30BaHue KOOPAUHAT UMEET CJACAYIOIAN BUI:

2 =cha-z+sha-ct,

h
t’:STa-x—i—cha-t.

3agadga. [IpogenanTe 5TH BHIYACICHU.
[Hoacrasum x = 0:

2 =tha-ct' =ot'.
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[Mosromy tha = v/c. Uraxk,

o z+ut o, t+uvaz/d
V1—02]’ V1—0v2]
Wan maobopor:

' —ot' = v’/
V1—0vZ/c?’ V1=vZ/c

[Taznem ckopocTs aBmkeHus cucteMsl K orHocuTensuo K, ecan
K" peuxerca orrOocuTensHo K' O CKOPOCTBIO U9, IPOBEPUB 330HO
CPYIIIIOBOMY 3aKOH:

ot 4w/

V1—02/3’ V1-—v3/c?

n__ T+ (ve +v1)t + U2v1$/02

R eI

IITo 3Ha4YMT, 9TO
V1 + U2

v =—"—"F5-
1+ vive/c?

Wrak, mpeo6pa3oBaHua KOOPAUHAT IPH IIEPEXOAe W3 OMHOU CH-
CTEMBI OTCYeTa B APYr'ylo o6pasyioT rpynny — rpyumny Jloperna.

[IpwHOUI OTHOCHTEALHOCTH [IMHIITENHA yTBEPK AT, ITO 3AKO-
HBI IPUPOBI MHBAPUAHTHBI OTHOCUTEALHO peobpasoBanuu Jlopen-
ma.

3apgaua. [lokaxwuTe, 9TO IMIPHU % < 1 npeobpasoBanusa Jloperma
COBHAAIOT C mpeobpasoBaHmaMu [amures ¢ TodrocThIO 10 0(v/C)
(6eckorewHO MadbIX mopaaka (v/c)?).

[Texuns 2]

JpeobpazoBaHue maciiTaboB U 3aMeqJIeHNe IacOB

Coxkpantenne macmra6a. [lycTh HETOABUKHBIN CTEPKEHD I~
BBl L, x00pauHaTH KOHIOB KOTOpOro 1 = 0 m x92 = L, mokourcs
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B cucreme K, ABUXKYIIENCA CO CKOPOCTBIO U OTHOCATENIBHO CHCTE-
mbl K'. Tlanigem koopawuaThl ) u zf, ero koumnos B cucreme K' B
moment Bpemenu ¢'. I[Tocrequss dpasa, mo CymwecTsy, ABIIETC OIpPe-
JeJeHWeM: JIMHA CTepPXKHA B cucreMe K' —5T0 pasHOCTH KOO IMHAT
€ro KOHIIOB B HEKOTOPBIN e[WHBIM MOMEHT BpeMenu. [ITo o3Haduaer,
9TO COOBITHUA U3MEPEHN KOODANHAT KOHIIOB CTepXKHA B cucreMe K'
SABIAIOTCA OgHOBpeMeHHbIMU. 1[I0 51U cobbiTws B cucreme K yxe He
OJHOBpEMEeHHHI (CM. puc. 1).

MUPOBEBIE JINHUU

KOHIIOB CTEPXHA
tl

t
Z z
g _ gl C L
o=t =t -
/
zA| Ty T Ty xh z

MUPOBBIC JTUHUN

KOHIIOB CTEPKHA
' t

cucrema K' C cuctema K
A B
! 10 L =
IImc. 1

O6o3uauum wepe3s A m B cobwbirua ¢ koopauaaTamu (Ta,ta) =
= (0,0) u (zp,t) = (L,0) B cucreme K, a uepes C' —cobsiTue,
3aJaBaeMoe TOJOXKEeHMeM Hadalda CTepXHA B cucreme K' B MOMEHT
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Bpemenn by, =tz = t'. VI3 GpopMy. HpeabIAyLIen JeKIUN HOLY TaeM:

o — _SB +outp L .
B V1022 1 —v2]2
, tg +vzg/c* _ wL/*

ty = = =t =t
B V1—v2/c? V1—v?/c? ¢ ’

tc +vzo/c? 9
th = m; tc =te/1 —v2/c2 =vL/c".

CiregoBaTenbHO

/ zo +ote Lv?/c?

re= V1-v%/c2 B \/I—UQ/CQ;

I 1 I
L' =2y—2|=2p—2¢c =

_ L L/
_\/1—1)2/02_\/1—1;2/02_L 1 —o?/e.

IItoT xe pe3yapTaT MOXHO MOIYYATH U APYTUM CIIOCOOOM.

¢ 3epKaJjaa

—

tl ]

Al

IIuc. 2.

[MaccmoTpum skcmepuMeHT MadkeabcoHa B cucTeme oTcdera K,
IBUXYIIENCcsS HapailelbHO OJHOW m3 oceir x' cucTembl orcdera K'.
B mBumxymeinca cucreme oTcdeTa K CBeT, MyMEHHBIA B ABYX IIep-
HeH IMKyIAPHBIX HalPaBIEeHUAX, BO3BPAIIAETCA OJHOBPEMEHHO, U060
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PACCTOAHMSA OWHAKOBEI U paubl 2L (cM. puc.2), Ly = L = L. Tlpn
HAOIIO IEHAY U3 HEeMOABIKHON cucreMbl K’

!/ _ !/

tic= Lj + vt} (cBeT GexuT BIPaBO)

tye = L) — vty (cBeT 6exXuT BIEBO)
BpEMA B IEPICHAUKYJIAPDHOM K ABUXCHUIO HAIIPABJICHUN

2L,

th =
3 .
2 — v?

Jlns ABUXEHWA B IPOAOIbHOM Hanpasrenuu (cum. puc. 3) L2 +v%th? =

L
= Pty? 1y = —= = =. Us pasencrsa 2t; = 1] + 5 creayer, 1O
2 —v
L,
vith
[Tuc. 3.
02
Ly=L,4/1— —. Bpemsa B mpogoIbHOM HaIpABICHAN
c
L L
4o = Il Il )
1t c+v c—v
Ly ¢? = v? ;
Orcrona crenyeT, ITO I [To monepewnbIn MacrTad me-
1

HATHCA HE MOXKET, B6O0 5TO IPOTUBOPETUT IPUAHIUILY OTHOCUTEILHO-
ctu. JIeMCTBATENLHO, BO3bMEM [BA, OIMHAKOBBIX TONEPEIHBIX KOMb-
na, COMMXKAIUMXCA CO CKOPOCTHIO v. Ecau, HanpuMep, ABAXKYyIIEeCT
KOJIBI[O CKUMAETCA, TO OHO JOMKHO MPOUTH BHY TP MOKOAMETOCA. A
HAOIIO[ATENb, CBA3AHHBIA C HAM, YBUJUT, 9TO APYTO€ KOIbIO MPOU-
per suyTpu. AGcypn. Suatmr, L) = L u Ly = L\/1 —v?/c2.
DacraxeHue BpemMeHU. Bosbmem B nBmxkymencs cucreme K
asa coberrua (0,0) u (0,tc = 7) (cm. puc.4). Iangem &, u 7' =
=ty — t'y. (B npocrpancrse (z,t) u (z',t') Merpuxa He eBKIMAOBA,
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IO3TOMY HEKOTOPBIE «KATEThD NIWHHEE «TUIIOTEHY3bD); I'1 U T2 O1-
HOBpeMmeHHHI B K, HO He ogHoBpeMenHbl B K'.) Iloaydaem

/ T

- V1—02]

t! t

t

Citc =1

te ¢ /w

h
l']_ :U]_ .'L'Q
A 7' A[(0,0) e

NG ®
a 7]
IIuc. 4.

Y AIuHEeHrE BPEMEHU MOSACHAET MBICACHHBIN DKCIEPUMEHT C 9aca-
vu Denrmana. Hacsr 06pa30BaHBl ABYMS MAPALIEILHBIMUA 3E€PKAJIA-
MU, MEXJYy KOTODPBIME HEPIEHAUKYJIAPHO OeraeT Jyd CBETa, KOTO-
PBIN U3AET «TUK», IPUXONA K 3epKaiy. [lycTs 1ace DennMana nsu-
KYTCA CO CKOPOCTHIO ¥ TapajuieabHO 3epkanaM. CKOpOCTh CBeTa it
MOKOAIMIEr0CA HAOMOZATENA U IBUKYIIETOCA BMECTE € IaCaMy OAHA-

Ve —u2

6oabure. Bo cToabKO Xe pa3 3aMemIA0OTCS ABUXKYIIWECA TACH [JIA
HETIOABMXKHOrO HabmiogaTensa, nbo monepevHas NINHA He MEHAETCA.
Jlrobeie mpyrme wacel 6yayT MATH TAK XK€, WHAYME MOXHO OBLIO OB
BHYTpH KOpabisd M3MEPUTL €ro CKOPOCTb, YTO HAPYIIAET IPUHIIUI
OTHOCUTEIBbHOCTH.

KOBa, a pacCTOSHME A MOKOAUIerocsa HabMonaTeld B pa3

JapyuieHne ogHOBpeMeHHOCTH. llycTh cucrema orcaera K
ABUXETCA OTHOCATEIBbHO CUCTEMBbBL K’ CO CKOPOCTBIO V. HYCTI) B TO'I-
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kax X1 u X9 IPOUCXOAAT OJHOBPEMEHHbIE COOBITHA — IIPUXOJ CUTHA-
JIOB, BHILYLIEHHBIX U3 CEpeuHbI OTpe3Ka. Kak oTamIaioTcs BpeMeHa
aTux coberrmu B cucreme K' (cm. puc. 4, 6)7

cth +ot) = Lﬁ 1l =v2/c2 cth — vty = % /1 =02/

Orcroga
(w3 — x1)0/?

Vi—v?/3E

Cobepem Temepsb Bce >Tu (pakThl BMecTe. [IpeobpasoBanue mpo-
IOJBHOU KOOPAUHATHI

¥ =x-y1—-v2/c2+ ot

IITa popmysa o3HaATaET, ITO HAYAIO KOOPAUHAT cucTeMbl K 1BU-
xeTca oTHOcuTenbHO K cOo CKOpOCTBIO U, a MacmTab CKaT.

ty— 1 =

IIpeobpa3oBanue BpeMeHU

vz/c? n t
V1-v2/2 /1 —0?/c?
3IeChb TMEePBBIM WIEH — CABAT BPEMEHU HA, [BUWXKYIIMXCA TaCaX, &

BTOPOU — PACTAXKEHUE BPEMEHH.
[logcrapnsaa t' us B B A, morydaem:

=

= x + vt
V1—v2/c?’
o t +vzx/c?

V1=

Jpeobpa3zoBauue ckopocTu. llamumem ¢opmyast maa qudde-
PEHIAAI0B KOODAWMHAT.

dz' = M; dy = dy; d7 = dz;
V1—v2/c?
2
g — dt +vdz/c

V1—v2/e’
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[Honyaaem:
o — vy +v o — Uy\/l—UZ/c2_ o — v:y/1 —v2/c?
14w/t Y 1+uvw/cd 7 7 1+wv/c?

[lpyrou BeIBOZL GHOPMYJ MPEeOOPA3OBAHUA CKOPOCTEN OLLIT pUBE-
IIleH BMeCTe C BBIBOJIOM IpeobpasoBanui JlopeHma.

JdpocTpancTBo MuHKOBCKOIro

IMonoxum g = ct. Bpocmpancmseo Munkodcko2o —3TO TCEBIO-

eBKJIUI0BO TIPOCTPAHCTBO (T, T1,T2,T3) ¢ MeTpuKon 2 = z3 — 77 —

— 2% — 3. Taccrosrme MeXTy AByMA TOYKAMI B TaKOW METPUKE
HA3BIBAIOT uxmepsasom. I'pynna Jopenya — >TO TpyNIa NBUXKEHANR
DTOr0 MPOCTPAHCTBA. T0YKA DTOTO MPOCTPAHCTBA (MHPOBaA TOY-
Ka) — cobvimue. Muposas AunuA— TPACKTOPUA IACTULHL.

MuTeppanst Ha cBeToBoM KoHyce (12 = () Ha3BIBAIOT C6EMOGbLMIU,
sayTpE KoHyca (I2 > 0)— epemenunodobuvimu, BEE Komyca (I <
< 0) — npocmpancmeennonodobnvimu. s moboro Bpemernnonoo-
HOT'O MHTEPBAJIA MOXHO BHIOPATH MHEPIHUAILHYIO CACTEMY OTCIETA
TaK, 9TO DTU COOBITUA OKA3BIBAIOTCA B OJHOM MECTE, HO B DA3HOE
BpeMa. [IpoCTpaHCTBEHHONOMOGHBIE MHTEPBAILI 3aMEHOU CHCTEMBI
KOOP/JWHAT MOXHO MEPEBECTH B OJHOBPEMEHHBIE, HO B Da3HOM Me-
cre.

[[Texuns 3]

[Tpuanun orHocuTenbHOCTH [IMHIITONHA YTBEPKIALT, ITO 3aKO-
HBI TPUPOLI WHBAPUAHTHEI MIPU MEPEXOne W3 OJHOU MHEPIUAILHON
CUCTEMBI KOOPAUHAT B APYTYIO, IPU DTOM KOOPAUHATHI IIPeoOpasy-
I0TCA COTIACHO mpeobpasoBaHusaM JlopeHta.

[Iror mpuHIUO BCce BpeMs MPOBEPAETCSI — BCE BHOBb OTKPBIBA-
€MbIe 3aKOHBI (PU3UKM JOJKHBI yIOBJIETBOPATH MPUHIIUILY OTHOCH-
TeabHOCTH [[UHIITENHA; ecau 6y AeT OTKPHIT 3aKOH, HE YIOBICTBOPS-
o npuHuny [[AHIITenHA, TPUHIAN TPUAETCA IEPECMOTPETh.

C Ipyrou CTOPOHBI, TOT MPWHIINII UT'PAET SBPUCTUIECKYIO POIb,
orpaHuvuBasg GpOPMY YPABHEHUN [IBUNKEHUS.
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CpaBHUM [OBE CTPYKTYPHI MPOCTPAHCTBA-BPEMEHU — CAIMICEB-
CKYI0O U PEIATUBUCTCKYI0. B KaXJI0U W3 HUX COOBITHUA IapaMeTpH-
3YIOTCA TOYKAMHU HYeTBIPEXMEPHOI'O IPOCTPAHCTBA, MapaLIeJbHBIE
IIePEHOCE KOTOPOro 06pasyior R*.

B ranwaeeBckou cTpyKType OIpeIeJeHO JUHEUHOEe 0TOOpaXeHue
t: R* = R—spewms. Ecm coburtma ogospemenns (t(b) — t(a) = 0),
TO MEX 1y HUMU OIIPENEJICHO €EBKJINTOBO PACCTOAHUE, T. €. MHOXECTBO
OHOBPEMEHHEIX cOOBITHE 06pasyioT R3. U Bpemennée, u mpocTpan-
CTBEHHOE PACCTOAHUA COXPAHAITCA Ipu npeobpasoBanuax [anrmies.

B pemaTuBucTckoM ciytdae MeX Iy KaXABIMA AByMS COOBITHAMU ¢
u b onpegenen uarepsan (a’ —b%)2 — (a' —b')2 - (a® —b%)% - (a® - b?)2.
I'pynna [Tyaukape cocrout u3 adpPuHHBIX TPpeobPa3OBAHUU, COXPa-
HAOIIAX YTOT UHTEPBAJ.

A6Geppamusa

Broimumrem eme pa3 npeobpasoBauus Jloperma B caytae, eciau BTO-
pad CHCTEeMa OTCYeTa NBUKETCA OTHOCUTEILHO MEPBOU CO CKOPO-
CTBhIO U B HAaIIPpABJCHUU OCH T .

/ z —ut ’ / ! t —ux/c?

= =y; 2z =2; t =—.
V1—u?/c?’ v ’ V1—u?/c?

Dopmyisl peobpa3oBaHUA CKOPOCTEN:

, vg+u o vy/l—w?/et v/l —u?/c?

v, = ———— v v
o l+wu/?’ Y 1+vu/c? > 7F 1+ wvu/c?

Hycrs v, = v, =0, v, =v-cosO u vy, = v -sin©. Torga

tg O = vy _vy/1-u?/c? sin®

! v-cos©+u

<

B wacTHOCTH, ecau v = ¢, TO

tg 0 = V1—u?/c? - sin@®

cos®+ufec

nian
v

GO — v \/1—u2/02-sin@‘

¢ 1+cos®-ujc
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&) ®

o' C)

IIuc. 5.

IIycrs u/c < 1. Torga

/1 —u2/c2 - si
sin®' = w’/e-sin® ~sin® - (1 — u?/2¢?%) x

~ 1+4cos®O-u/c

2
X (1 —cos® -u/c) ~sin® (1—%-cos@—i—2>.

Ecm ©,0 < 1, To

o '
sin@'sinG):Qsin@ 5 © cos 2 ;6 ~0 -0,

2
r— _Ygne - Y.
-0 = csm@ 502 tg ©.

3nech © — yroa, HampuMep, Ha 3eMmie, a ©' — yroa oTHOCHTEILHO
COJIHITA.

3agadga. /[okaxure, 9TO MHOXECTBO MPEOOPA3OBAHUY, COXPAHI-
omux GopMy 2 — 2 — y2 — 2%, COCTOMT U3 YeTHIPEX CBA3HBIX KOM-

IIOHEHT, a UMEHHO:

1) CeA3HAA KOMIIOHEHTA €IWHULBL.
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2) CeasHas KOMIIOHEHTa NPOCTPAHCTBEHHOrO OTpaxeHus P
b — —zt, 2% — 20 (maTuHCKUME OyKBaMu 0603HAMAIOTCA IPO-
CTPaHCTBEHHBIE KOOPAWHATHI 1, 2, 3, a rpeveckuMu OyKBaMu —
BCE KOOD/JWHATEI).

3) Cesasmas koMIOHeHTa obpamenusa Bpemenn 1': 2! — z°, 10 —

— —z0.

4) Csasuas koMmoHeHTa npeobpasoBanus PT.

3agaga. Kaxagomy BekTopy z# mocTtaBuM B COOTBETCTBUE DPMU-
TOBYy MaTpUILy pas3Mmepa 2 X 2:

5= To+x3 X1+ 129
:El—’iJ?Q rog — I3

) =t 4a

[lokaxwuTe, 9TO TPU U3MEHEHUY CHCTEMBI OTCIETa 3Ta MATPUIA TPe-
o6pasyerca o npasary T = UTZU, rge U € SL(2, C). Takum o6pa-
30M, MBI [TOJIy9aeM Ui KaX [0ro cOOCcTBEeHHOr 0 npeobpasosanus Jlo-
penna (Ipeo6pa3OBaHUM U3 CBA3HOU KOMIOHEHTHI €IMHUIBI) HIEMEHT
U € SL(2,C), u, Tem caMmbiM, IBYMEPHOE TIPEACTABIEHUE CPYyIIIHL JI0-
perna 1 — U1, rae ¢ = (:ﬁ;) — dayzromnonenmubiti cnunop Betias.

3agaua. [laccmorpum auaenHoe qudPEpEeHIUATHEHOE YPABHEHE
(ypaBrenme Beitna) (0y +0'0;)y = 0. lokaxmTe, 9TO 3TO ypaBHEHHE
MHBAPUAHTHO OTHOCUTEIHLHO COOCTBEHHBIX Mpeobpasosanun Jlopen-
a.

IMockoabKy PU3MKM JOATO CAMTAMN, 9TO B IPUPOJE UMEETCA MHBA-
PHUAHTHOCTH OTHOCUTEILHO TOJTHOU TPyl JIOpeHIa, BKII0YAoMen
OTpaXeHusA, TO BMECTO DTOTO YPABHEHHUA PACCMATPUBAIUCH APYTHUE
ypaBHenus (ypasHenus [lupaka):

(30 + Ulal)’gb = m@,
(8 — 0" 03)p = m.

3agava. [Jokaxwure, yro ypaBHenus [lupaka WHBAPUAHTHBI OT-

HocuTenbHo P (Pt = ). ®usudeckunt CMBICA 1 — Macca, U OTH
YpaBHEHUA OIMUCBHIBAIOT SJCKTPOHBI.
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Orcrymwrenue. B 1956 romy OBLIO OTKPBITO, 9TO 3€PKAJbHAA
cummerpua P HapymaeTca mpu caaboM B3amMOJencTBum. Torma
Jlaggay npeamosoxun (u 5TO MOATBEPAUIOCH), ITO HEUTPUHO (y KO-
Toporo m = ()) onmceIBaeTCA ypaBHeHWeM Bewis, a B 3epKaje MBI
BuuM aHTuHEATpUHO. [lerTpuno ymosrersopser C' P-cuvmmerpun,
rae C'—3aMeHa JaCTHUIBI HA AHTUIACTHUILY .

BwmecTo mpAaMoro npousBeieHns CAMMETPUAN PEATU3YETCA UX KOM-
OMHAIMA.

OHeprusa M UMILYJbC PEIATUBUCTCKON HaCTHUIbI

Baxmyio poab B dusvmke mrpaioT 3aKOHBI COXpaHeHWs. B kiaccu-

JECKOM MEXaHNKe JaCTHUILI 00MagaloT MMIIyJALCOM P = MU W BHEp-
=2

ruen B = . O4eBUIHO, OHU COXPAHAIOTCA MPU TBUKEHUU OTHOU

qacTuinpl. [lomee TOro, cymMma TakuxX BEIUYUH COXPAHAETCI W TPHU
CTOJNKHOBEHUAX. TaKyWe BEIUIUHLI HA3BIBAIOT UHMEZPAAGMYU OBUMNCE-
HUA.

Onaako mpu npeobpasoBanuax JIOpeHIa DTU BEIMYUHBLI HE IIPe-
06pa3yioTcsa TaK, KAK MOMKHBI MPeoOpasoBBIBATLCA. [103TOMY OHEI
HE MOT'YT OBITh WHTETPAJAMU NBUXKEHUA.

[MocTtymupyem (moka), 9TO M B PEIATHBACTCKOM CIy9dae IaCTHU-
a 0013126 T YeTHIPbMSA MEPBEIMU UHTErPAJTAMU, IpudeM F — cKajsap
OTHOCUTENBHO BPAIEHUN, & — BEKTOD IPHU BPAIICHUAX.

Nmnyase monxkeH OBITH BEKTOPOM, OJIWHAKOBBLIM IO HAITPABIEHUIO
CO CKOPOCTBIO, & BEIWYUMHA €r0 JOJKHA 3aBUCETH TOJIBKO OT BEJIU-
amEBI ckopocTu. TakuM obpaszom, p = m(v?)¥, rae m— HekoTOpas
dbyrkmms. Ananoruano E = E(v?).

IMpoBegem cremyommu MBICACHHBIA dKcrepuMeHT. [labmomaTe-
m K m K', pacnomoxenusre B miockoctu 0xy, ABHKYTCA APYT
OTHOCUTEIBHO APYra ¢ OTHOCUTEIHLHOU CKOPOCTHIO v 1o ocu x. OHu
6pOCAIOT BIOMb KOOPIUHATHI i OJUHAKOBHIE MIAPHI ¢ OMUHAKOBOU II0
BEIMYIMHE CKOPOCTHIO U TaK, ITOOBI MPOU30ULIO JJOHOBOE CTOIKHOBE-
HUE DTUX MAPOB.

[TaccMOTpUM CKOPOCTH IIAPOB B CHCTEME KOOPAMHAT, B KOTO-

AzO,vf:v,vA:u,

pou K mnokourca. [lo CTOIKHOBeHHA: v} Y
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vf = —uy/1 —v2/c2. Tlocre ymapa: 04 = 0, 08 = v, 5;‘ = —u/,
55 = u/\/1 —v2/c?. Tak kax momxHO 6BITH pa + pB = p2 + pP,

2,2 n2,,2
v-m(v2+u2—%>:v-m<v2+(u')2—%>,

C

HODTOMY, €CIH M B3aUMHO OJHO3Ha4IHA, u = u' mwma u = —u'. Takxe

B

IOJIXHO BBIMOMHATHCA PABEHCTBO p;;1 + pf = ;5;‘ + p, . IITo 3naunmr,

ITO

)~ T= a7 m o7+ ! = U5 o

I[TogcraBuB v = 0, moayIaem

m(0)

V1—0v?/c2

Bemwauna m(0) = m maseiBaercsa macconn nokos. CregoBaTeasHO,

m(v?) =

AMITYJIbC PABEH
muo

e
V1=0v%/c?
[Ipu w3meHeHwwm CUCTEMBI KOODAWMHAT WMITYJILC IPeobpasyercs

ciaemnyomuM 06pa3om:

m v+ U
;o 1+ vu/c? _ mv + mu _ pa+uE/c?

(1+uv/c?)?

mc? r E+up

«/1—1}2/02; 1?3

Taxum o6pasowm, (E,p’) —4-Bekrop. llpu manbix v

2
Ezch—i—mTU.
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2.4 ,.0 _

3amerum, aro B2 — p2c? = m?ct, 2 =ct, 2t =z, 22 =y, 23 = 2
Uurepsar: (Al)?2 = (Az°)? — (Az!)? — (Az?)? — (Az?)?
1
. 0
[Mycrs g, = a _1 , rorga (Al)? = g Azt Az .
0

-1

Pu3MKU WCOOAL3YIOT 3AMUCh (A3BIK, NPUAYMAHHBIU [[WHIITEN-
HOM ), COIVIACHO KOTOPOU O HOBTOPSIOUIAMCS WHAEKCAM IIPOUCXOJUT
cymmupoBaaue. Kpome T0ro, 06bI9HO rpedecKre WHIEKCH IPUHAMA-
foT 3Hadenus 0,1,2, 3, a marunckue — Toawvko 1,2, 3.

Jluneitasie peobpasoBanms, coxpansomue uaTepsatl (Al)?, Ha-
3BIBAIOTCA npeobpaszosanusmu Jopenya: # — T = alz¥ (Tax du-
BUKHU 3aIIUCHIBAIOT yMHOXEHHUe BeKTopa (1¥) Ha MaTpuiy (al), 316Ch
[t — HOMED CTPOKW, ¥V — HOMED CTOabua).

Addunnsie mpeobpazosarus ¥ — TH = aLz’ + b, rae (al) w3
rpyumnst JIopeHma, Ha3BIBAIOTCA NPeobpa3osanuimy, Byankape.

BekTopom HazbiBaeTca a0bas BeIwnHA, UMEIOMmaa 4 KOMIIOHEHTHI
KoopauHaTel, A¥, KOTOpas mpu mepexone B APYTYIO CACTEMY KOOpP-

nuHAT npeobpa3yeTcs Kak BEKTOP
AP s AM = P AY.
KosekTopom masbBaeTca B, mpeobpasyomasacs
Eu = B, = azg,,.

KoBekTop —53T0, Ha caMOM fese, 2JIeMEeHT [BOUCTBEHHOTO ITPOCTPAH-
CTBa.

Bemwiuna, mpeobpasyomascs Kak NPOM3BEIEHME KOODJUHAT,
AW AWV = aﬁlazl AMVL HABHIBAETCA 2-BEKTOPOM WU TEH30POM
Tuna (2,0).

Jpumep. Merpuka g, npu npeo6pa3zoBaHIA KOOPAUHAT MEH:I-
eTCA CIenyIoIuM 0O6pa3oM:

=MV noap1 VoV (Y uo v [L30  p— M1 V1
Jut"T” = guaj, " ay x —(guyaula,,l)x " = gyt
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— n v

CTeIOBATEIBHO, Gy vy = Juv Oy, G, s
Top unu rensop tuna (0,2).

O6o3HaIeHNE €, ; 3AKPEILICHO 33 CTAHJAPTHEIM AHTHCHMMETDH-

U CIeJOBATENBHO, )y — 2-KOBEK-

YEeCKMM TEH30pOM paHra 4. AHTHCUMMETPUIHOCTHL O3HAYAET, TITO
€ro KOMIIOHEHTHI MEHAIOT 3HAK MPU MePECTAHOBKE JIO00U Maphl WH-
IEKCOB, KpOME TOrO0, £9123 = 1. Baneom HA3BIBAETCA TUCIO WHIEK-
coB TeH3opa. B oTux obo3HadeHumax ¢Gopma obbema paBHa dV =

= —Euwre Azt N dx” A dz* A dz°. Lyasvrbism MeH30POM HABBIBACTCS

4!
TEH30D, CBEPHYTHIN C €\ -
dpumep. llycts F,, = —F,, — aHTHCHMMETPHUIHLIA TEH30P.

1
Torpa (+xF') mo ompenenenmio pasem: Fj, = Eeuy,\gF’\", rae FA7 =

= QMQWFW u (g) = (gpur) "

IIycrs (z') n (z#) —nokaabHBIE KOODAUHATHL B TOUYKe U I =
= alz¥. Craaaprnoe nose —>TO GYHKIMA OT T, KOTOPAA HE MEHACTCA
npu npeobpasoBarmax koopamuar, ¢(z) — @(Z) = ¢(z). Bekroproe
I0JIe — DTO CedeHme KacaTeIbHOTo paccioenna AM(z) — AK(T) =

= ab AV (z).
3agaua. [IpoBepbTe MHBAPDUAHTHOCTD YPABHEHMI
1 (32(,0 _ pnv 9 9 —
Zop Bv=0 = 9Vgngme=0

OTHOCUTENLHO TpeobpasoBanuu [lyankape.
(JIJI2, Tm. 1, §1-14, ¢. 11-63.)

JlarpanxeBa MexaHMKa

CocTosHME KIACCHUYECKOM CHCTEMbI, MI3MEHEHHUE €€ BO Bpe-
MEHM

B eBKIMI0BOM CECTEME KOOP JUHAT MOJOKEHNE TACTHUIHL B CUCTEME
OTIPEeNACTCS TeKAPTOBBIME KoOpmHaTamu zb, rae o = 1,..., N —
HOMepa JacTui. TakuMm o6paszoMm, 3N BeIwW4wH, 32JAI0T IOJOXKEHUE
qacTul. B o6mem caygae 0606uennbie K00pouramb, — >TO HEKUE TIe-
PEMEHHBIE (;, 33, JAOIIHe TTOM0XKEHUA TaCTUIl B cucreMe. Bece Bo3MoOx-
HBIE MMOJOXKEHUS JACTUIL] WIK 3HAYEHUN ¢; B O0IIeM CIydae 00pasyioT
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KOHPU2YPAYUOHHOEe NPOCMPAHCME0. SHAICHUA KOOPAMHAT HE ONpe-
JEIII0OT CKOPOCTEH MeXaHWIEeCKOM CHCTEMBI U He 3a4al0T OyIyIIero.

Cocmosanue 3aJaeTCsa 3HAMEHUAME KOOPAMHAT T\, U UX TIPOU3BOJ-
HEIMH TI0 BpEMEHHI B JAaHHOW TOYKe — CKopocTamu &' . Bce BozMOX-
HBIE COCTOAHUA CHCTEMBI Wau 3HaveHuA (¢;, ;) obpasywoT ¢azosoe
npocmpancmeo. Ecim cocTosaue 3a1aH0, TO OOpeAeraeTca Oyayiee
U IPONLIOE CUCTEMBI C MOMOIIBIO YPABHEHWI [IBVXKEHWUA (HAIPUMED,
ypasuenuu [IsioToHa).

D pumMepsbI:
d*z .

1. mos = 0 — ypaBHeHUE CBOOOMHON YACTUIIHI.
d*x

2. mos = —kx — ypaBHEHUe IIAPUKA HA MPYXKUHE.

JIanaH)K npnrqa.n ITHUM ypa,BHeHI/IHM B CJIy‘{a,e IIOTEHIINAJBbHBIX CUJI
dbopmy

doL oL _
dtdg; Oq;
.2 P2 g2
roe L = % B mpuMmepe 1 u L = % — % B IIpuUMepe 2, IpuIeM
2
2 norenmmarbHAz DHEPrUs.

2

TeseoqornvecKny MPUHIMUIL

[Tovemy B 0 IHOPOTHOU Cpene CBET PACIPOCTPAHACTCA MO TPAMOM !
MoXHO JaTh CIEAYIOUUA OTBET: TOTOMY YTO BPEMs, 3aTPAIABAEMOE
UM B DTOM CIy9ae, MUHUMAJILHO. [ITO MOATBEpXK JA€TCA TaKkKe TpU
mpenoMieHuu. B 3TOM ciaydae cBeT, A0OMBAACH MUHUMUIAIUAUA CyM-
MapHOT'O BPEMEHHU, IPEANOYATALT ITPOUTHU OOMBIIE IO TOMY yIACTKY,
rfie ero CKOpOCTD BBIIIE, 9TOOBI C3KOHOMUTE TaM, I'Ie er0 CKOPOCTD
MEHBIIIE.

«Bce x gydmemy B 5TOM JIydIieM #3 MUPOB» — IPOBO3IVIAIIAET
meaeono2uueckuti npunyun. Cser, m BoobUe m0basd CACTEMA, UAET
IO TAKOMY IIyTH, YTOOBL CAEIATH (HEITO) HAMMEHBIINM. 1ITO «HEITO)
eCTb mercTBue S, PYHKIUOHAT OT TPAEKTOPUN

gpearpHoe _ 1 G
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B xuaccuueckon Teopuu Oyayuiee COCTOIHUE OMHO3HATHO IIPEIONpe-
IeJeHO HACTOAIIMM, TTO3TOMY MBI HE MOXKEM OTHOBPEMEHHO IOIYC-
KATh DTO U BEPUTH B TO, 9TO CyMIECTBYET CBOOOAA BOMM (OAWH M3
BaXHEUIINX IPUHIUIOB XPUCTHAHCTBA).

B xBamTOBOU Teopum >TOro mpormpopeuus Her. OkaswIBaeTCH,
9TO CHUCTEMa HUAET CPady MO MHOTUM TpaeKTopuaM. [Ipm sTom am-
UIUTY 3 BEPOATHOCTH TOT'O, 9TO CACTEMa, mepeuger u3 Touku A B
Touky B pasHa [ ¢'S/h pre mHTErpan GepeTca MO0 MHOXECTBY BCEX
TpaekTopui, coenunaaiomux A u B, a S— mgeucTBue HA TAHHOU TpPa-
ekTopuu. Kiaccuiyeckue ypaBHeHus noaydatorcd, korga h — 0. B pe-
3yJbTaTe UHTEP(PEPEHINA YCUIABAIOTC TPACKTOPUH BOIU3Y KIACCH-
geckou. Teneps Oyayinee HE OMHO3HAYHO OMPEIENACTCS HACTOMAIINM,
U IIPOTUBOPEUUA C IPUAHIIUIOM CBOOOIBI BOJIM HET.

Bapnaunonnoe HUCYHNCJIEHNE U IIPDUHIIUII HANMMEHBIIIEI'O ,[[eﬁ-
CTBUA

Ba,pI/Ia,HI/IOHHoe NCINCICHNE 3aHUMACTCA OTBICKAHUEM SKCTpEeMYy-
MOB (PYHKIMI, 06JACTD ONPEAETIEHAA KOTOPHIX — OECKOHETHOMEPHOE
OPOCTPAHCTBO (IPOCTPAHCTBO KPUBhIX). Takne pyHKIME HABBIBAIOT
PYHKEYUOHAAAMU.

WcTopuieckn mEepBOU CEPLE3HOU 3aJadedl BAPUAIMOHHOIO MCYU-
caeHus ObLTA 334294 O JUHUKM HAMCKOPEUIIEro CIyCKa: M0 KAKOU KPU-
BOU B MOJI€ CIIBI TAXKECTH, COCAAHAIONEN ABE JAHHBIE TOIKH, TOJKHO
OBUTATHCA TEM0, 9TOOBI BpeMs CIIyCKa ObLI0 HauMenbimmM ! [lanumem
(OYHKIMOHAT, MUHEMYM KOTOPOT'O — HyXHAsA KPUBAA.

MaJsieHbKUHT KyCcOo4ueK TpaeKTopuu AIuHbl \/ dr? + dy? npoxogurcs
3a Bpema +/dz? + dy? /v, rae v — ckopocTb. CKOPOCTH MOXHO HAUTH

2

muv
U3 33KOHA COXPAHCHWS SHEPIUM: — — + mgy = mgh. llosTomy v =

= /2¢g(h —y). UTak, HAM HAJO0 MUHUMU3UPOBATEH (PYHKIIMOHAT

1+ (dy/dx)* e
h—y

[Apyras 3agada ¢ 3apaHee U3BECTHLIM OTBETOM: KPUBAs HAUMEHb-
e [IMHBLI, COEqUHAIONAA IBe AaHHBIE TOYKU. [[auHA KPpUBOUA Yy =
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= f(z) sagaerca popmynon O(f(z)) = [/1+ (df /dx)? dz. Dysx-
[IOHAJT MOXHO HMPEACTABIATH KaK (DYHKIUIO OT GECKOHETHOTO TUCIA
nepemenHbx: y Gyukoun O(f1,..., f,) yBeauwamBaeTca Imcao apry-
MEHTOB, ¥ apI'yMEHT f; HOCTENEeHHO npespam@aeTca B f(x).

Mur GymeM 3aHUMATBHCA TOMBKO duddepenyupyembimy GyrKryuo-
nasamu, T.e. TakuMmu pyakauonatamu O, aro O(f + h) — ¢(f) =
= F(f,h) + R(f,h), rme F(f,h) 3aBucur ot h auneuno, a R(f,h) =

dh
= O(h?), r.e. m3 |h| < em ‘%‘ < ¢ creayer, aro |R| < Ce?. Dynx-
muonan F maswBaoT dufdepenyuaion, mma nepeoti sapuayuet.

[Iycrs gas Becex dynkumit h(z) ®(q(x) + eh(z)) nmeer MunrrMy™M

dd h
npu € = 0. [Tro sHaunT, aro nepsas Bapumanusa F'(q,h) = %

paBHa Hymo g1 Bcex dyukmuu h(z). B srom ciydae dymkuumio ¢
HAa3BIBAIOT aKcmpemabto GyHKIroHATA P.

B aarpamxeBon mauHAMWKE MBI OyJeM PacCMaTPUBATBL TOIBKO
($YHKIIUOHAILL BALA

to

rge L—o6bikaoBeHHAs QYHKIMA (& He (QYHKIMOHAT) OT HECKOIb-
KX TepeMeHHBIX. Takon QyHKIMoHAN sBisgeTcsa auddepeHnupye-
MBIM. [leACTBUTENLHO,

d

F(z,h) = EA(x(t) +eh(t)) =

_ / L L((t) + eh(t), i (t) + eh(t)) dt =
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- (- ) e (G
to

t1

to

Teopema. Ilkcrpemann Takoro QYHKIUOHAJIA IO JIAHIIOTCS
ypasuenuio [lurepa—Jlarpamxa

dor_ar _
dt 0&  Or
I[OKaaaTeJIBCTBO. Tak KaK MBI OCTaBIAEM HEMO ABU2KHBIMU KOH-
ust z(t), To h(tg) = 0 u h(t;) = 0. IlosTomy naa Bcex h ZOMKHO
BBIIIOJIHATBHCA Caeayroniee paBeHCTBO:

t1
oL d OL
/ (g - a%) h(t) dt = 0.

to

ITo ecan me BeimoaHeHO ypasuenue [lunepa—Jlarpamxa, T.e. ecan
CyHIECTBYeT to TaKOe, ITO

(%g—i - %) (t2) #0,

MBI MOXKEM B3ATb PYHKIUIO h, 1o9TH Be3je paBHyIo 0, & B OKPECTHO-
CTH TOYKY to IPUHUMAIOUIYIO O9eHb Oomnbine 3uadenust. [lxa Trakon h
uarerpan (1) e 6yzer pasen 0. [Iporusopetne.

YpaBHueHusa Jlarpanxa

Bee 5TO HYyXHO HaM MOTOMY, YTO TeIEPb MBI MOXEM [I0Ka3aTh
[NPUHIUT HAUMEHBIIEr0 NeUCTBUA U nepedOPMYIupPOBATE YPABHEHUS
[Metorona B Buge ypasuenun [lumepa—Jlarpamxa. /lercTBUTENBHO,
YPaBHEHUA NBUXKCHUA HI)IOTOHa, A IIOTEHIIMAJBHBIX CAJI UMCIOT BU

d i _pi_ 0U

—mnx — —.
« i1
ox?,

i:
e ¢

Beegem dyukmmio L =T — U (narpanxuan), rae

T:ZZm(za) ‘
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(o —momep wacTuupr). [LlemenTapHO TPOBEPAETCA, 9TO ypPABHEHUS
[TbroTOHA MOXHO TIepenucaTh B Buae ypaBuenuu [Inmepa— Jlarpamxa.
CremoBaTeabHO, DTO ypPaBHEHME 330aeT DKCTPeMaib (PyHKIIMOHATA,
NeICTBUA

t1

Alah (0),50) = [ Lah(0).40) dr.

to

Urak, IpuHIUNT HAUMEHBIIErO NEUCTBUAS TOKA3AH.

B ypaBuenusx B ¢popme Ilirepa—Jlarpamxa MOXHO IeIaTh MIPO-
MU3BOJBbHBIC 3aMEHBI KOOPDAWHAT xfl — Goy ¥ OT 3TOT'O BU I 5TUX YDPaB-
HEHUU He M3MEHUTCA. B caMoM gene, SKCTPEeMalbHOCTh TPACKTOPUA
HE 3aBUCUT OT TOr'0, B KAKMX KOOPAWMHATAX MBI paboTaeM. Y paBHEHU
[IproToHA He 06maga0OT TAKUM CBOMCTBOM. BeIUYIUHEL ¢, HA3LIBAIOT
0600WEHHBIMU KOOPIUHAMAMU, 8 BEIUIUHBI o, — 0000ULCHHBIMU CKO-
pocmamu. KOOpIMHATE 1 CKOPOCTH 33AaI0T COCTOSHUE CUCTEMBI.

[Texuns 4]

I/IHTel"paJIbI OABHUXKEHNsA U CUMMETPHUHU

HpI/IHIII/IH HaMEHBbIICI'O rZI;GI"/,ICTBI/IH IIO3BOJIAET CBA3BIBATH MHTEI'Da-
JIBI IBUXKEHUA C CUMMETPUAMMN.

Hrmezpaavt deuscenus —>To GyHKIUEI COCTOTHUA I, COXpaHAIO-
d .
IIMeCS OPX IBIXKCHUH, T. €. %I(q, q) = 0.

D pUMepPBHI TEPBBIX UHTETPAJIOB:
2
1. Coboauas gacTuUia: mﬂ = 0. Uarerpaas: P = mz, ' =

dt?
_ m(&)?
2
n 0 I — 0. 10 .; OL
2. llycre L = 0. [laccmoTpuM BermyuumHy ¢ FY (3mech, Kak m

ot
BCETrZIa, HOAPA3YMEBAETCA CyMMWUPOBAHUE II0 ITOBTOPAIOIIMMCSA WH-
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JeKcaM):

d (i0L\ _d?¢' 0L  ;dOL _

it \Yag )~ wog "Lataq
. dzqi oL .7 oL . d .
=Zoq T of — (q(t),4(t))-

d (0L _
i (75 -r) =

" MBI IIOJIY 1A HepBBIfI WHTEr'paJl — SHEPT'UAIO

., OL
E =¢'—— — L = const .
94
Cummempusmy HA3BIBAIOT OTHONAPAMETPUIECKUE TPYIILI MIpe-
06pa3oBaHMI KOH(PUTYPAIMOHHOTO MPOCTPAHCTBA

i i i _ i

q _>f(q7€)a f(qao)_Q7
COXpAaHAIOMINE JarpaHXKWAH. B mpuwHIUIE, MOXHO pacCMAaTPUBATEL U
6osee CIOXKHBIE CUMMETDUH.

Teopema (Dérep). Kaxgon cummerpun cOOTBETCTBYET Iep-
BBIM MHTErpPaJ

CremoBaTenbHo,

= OL i i) = of

I(g,9) = o7 h'(q), rae h'(q) = H-|e=0-
Toka3zaTeabCTBO.
d [ OL ; d [ OL . OL :; oL i OL :;
—_— —.'hl = — b 'hl —-'hZ:—»'hl —.'hl:
dt (8(1’ > dt (8(}’) T 5 o " o7

_ oL off oL of| _ dl(f(@.e).f@e) | _,
d¢" 0e = 9¢  0Oe le=0 de e=0

TaK KaK KaXOasd CAMMETPDUA COXPaHACT Jar DaHXWAH.

IIycTh y HAC €CTh HECKOIBLKO TEI M UX MOTCHINAILHAA SHEPrUd U
3aBUCHUT TOJBKO OT PA3HOCTEN T, — Tp. Torma npeobpaszoBanue L, —
— B, + £€—cuMmmeTpus, a

ok :Zaa_j; :;maig,

a
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UMITya6C (DEepPBBIM MHTErPa, COOTBETCTBYIOMUN DTOU CUMMETDPHN).

[TycTs mmeerca Heckoabko Ter u U aBraeTcsa GYHKIAEA OT pac-
crosuuit |Z, — L. Torga Kpome napa/lie bHBIX IEPEHOCOB €CTh elle
OVH HAGOP CHMMETPUU — MOBOPOTHI:

i i kil
Ty = Ty + W ELT,.

IITon CIMMETPUU COOTBETCTBYET MHTETr'DAJT NBUXKCHUA

k K oL k il Sk
M" = €t f-wazeuzm-wa:[p,x]
a

(3
- oz,
— MOMEHT KOJIAYIECTBA, JBUXKEHU.

I puMepbl CUCTEM

Jdpumep 1. CBo6oaHAS HEPEIATUBUCTCKASA IACTHUIA:

[IpuBegem HEKOTOPBIE CUMMETPHM U COOTBETCTBYIOIINE UM UHTE-
r'pajbl IBUXECHUA.

(a) mapamrensubie mepenocs L — i + £, p¥ = mi* = const.
(6) mosopoTs ! — x! + whelzl M =[P, #] = const.

m .TZ 2
(B) mepenoc Bo Bpemenu, E = ( S _ = const

Jdpumep 2. [laccmoTpum aBe ‘iaCTI/II_IBI B TpeXMepHOM IIPOCTPaH-
CTBe, IPUYEM CUJIBLI 3aBUCAT TOJBKO OT PACCTOSHUA:

- u(|i“'1 - 2_7’2|)
Beemem koopamHATED

= mi1E1 + mals o o —
=—== TF=I — T
mi1 + me

mimes
IIycte M = my + meo, BeuanHA M = P HA3BIBAETCA TIpPUBE-
my mo

neHHOU Maccou. B caydae mi K mo M = mo, m = my.
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MX? ;2 . MX?
2 +%—U(|$|):L1+L2,FA6L1= 5

Acwo, uro L =

.o
Ly = 5 u(|Z]).
MBI BEAUM, 9TO TAKOe ABUKECHHE PACIAJACTCA HA IBA — JBUAKE-

H1e CBOOOJHON YaCTUILBL U [BUXEHUE YACTUILL B PAJAAIEHOM CHIO-
BoM moie. Mccreqyem mocienHee NBUXKEHUE.

-2
mx —
B srom cayuae coxpansiorcs sHeprus E = 5 + U(|Z]) u mo-

MEHT KOJIUYIeCTBA ABUXECHUA OTHOCUTEIBHO (Z" = 0, T.€. BEININHA

—

M = [Z,p]. Tak xax £ L M u M = const, IBUXeHUE IPOUCXOJUT B
IIOCKOCTH. BBEAsA B HEM KOOPIUHATHL I' U (0, TIONYIaeM

m

L:2

(7 +r2¢%) = U(r).

L
W3 xoukperHOoro BuAa L cregyer, ITO oL = 0. Takas xoopauHaTa

Op

HA3bIBAETCA Yukauueckot. [ToaTomy

pw:g—i:mTZQb:M:const.

1 . o
QT — ILUIOMIAAEL CEKTOpA, IPOUIeHHA 33 efuHANYy BpeMenu. VTak,

CEKTOpHATbHASI CKOPOCTDL MOCTOAHHA. 1ITO 8mopot 3axon Kenaepa.

-2 2,2 -2 2
mE 477 +2T“0)+U(r):ﬂ+ M

2 2mr>

E =

"2
+U(r) = 75— + Ue(r),

2

+ U(r) masweiBaercsa adexmusnoti nomenyua.ib-

M
rae Ue(r) = 5

mr2
notli anepaued. Ilosromy

/dt:/\/2(E—(;j)r—M2/mr’

Ap— / (M/r?)dr .
V2(E -=U) — M2 /mr?
[MaccToanrue 10 MEHTPA KOMCOIETCA MEXAY T'min W Tmax (7 MOXET

6bITH TONBKO TakuM, 9T0 Ue(r) < E). Ilo, BooGime rosops, Tpaek-
TOPUU IIPU TAKOM [BUXKEHUU HE3AMKHYTHI, Ap # 27n.
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3aaaua. [oxaxure, aro B cayaae U(r) = kr? opbuts samkmy-
THL.

Apumep 3. Yacruna B xkymonoBoMm mose. [ITo wacTHBIM Crydan
opensigymero npumepa. U(r) = —%—KyJIOHOBLIﬁ norernuail. B

9aCTHOCTH, 3TO cnyqaﬁ rpaBUTAIUN.

"2
mr
L=— +a/r
2
B srom ciaydae ectb ckpblTas cuMmMmerpus ¢ rpymmou O(4) u go-
MOJTHUTEIbLHEIE 3 HTErpaJa ABUXCHUI.

K =[5, M] + % = mv?7 — mi(5,7) + %
K = mi(F? + r29?) — mir + %.

CyliecTBOBaHME DTOr0 MHTErpajia MOKA3BIBAET, ITO OpOUTA 3a-
MkHyTa. /[[eicTBUTENbHO, B MOMEHT, Koraa 1 = (), umeem 7 || K, r.e.
[epUreIuid He CMEIaeTC .

[lokaxem Tperun 3akoH Kerepa. YpaBHeHTE NBUKEHUA TUIAHETHI
nMeeT BHA[

d*7
maE T

Ecmu Me1 3aMennM ¢ Ha ut, a 7 Ha A7, mpmaeM 2 = A3, ypaBHenue
coxpansaerca. V3 sToro creayer, aro T? = yr3.

dpumep 4. Ocummrarop.

|Q
“S,

TakoMmy ypaBHEHUIO yIOBIETBOPSIOT MIAPUKYU HA [PYXKUHE, MATT-
muku. Umeercs cummerpus £ — Ax. U3 Hee ciaegyeT HE3aBUCHMOCTD
mepuoaa KOMeOGAHUN TAKOTO MAATHUKA OT AMILIUTY IbI.

dpumep 5. CucremMbl CBA3AHHBIX OCHULIATOPOB.

L _ Z m;mf _ Z k‘(l’l —2:L’i+1)2 )

3agadga. [lepergure K KOOpAMHATAM, B KOTOPHIX DTOT JArpaH-
JKUAH PACHalaeTCsa Ha HECKOJbKO HE3aBUCHUMBIX JAIDAHKMUAHOB.
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Opumep 6. IlemaruBucrckas wactuma (JIJ12, T3, §15,
c.64-66).

B sToM cayvae TpaeKTOpUs IEXUT B I€THIPEXMEPHOM IIPOCTPAH-
cree-Bpemenn (ct, z', z?, 23) = 2¥. TpaeKTopun TOMKHEI EPEXOUTh
B Tpaekropuu npu npeobpasoBanusax Jloperna. [lms sToro mocra-
TOYHO, YTOOBI AEUCTBHE GBLIO JOPEHII-UHBAPUAHTHO. MBI MOXEM BbI-
OpaTh Ha KPpUBOU B KadecTBe mapamerpa t. Torga mpocrenree mo-
PEHI-UHBAPUAHTHOE NEUCTBUE UMEET B

S—m / JEUE — 4 = md / 1 (dai 2 dt.

Jlerko moka3aTh, ITO DKCTPEMAIU DTOTO ACUCTBUA (HA CAMOM [ele
HA DTUX TPAEKTOPUAX JOCTUTAETCA MAHUMYM ) — OPAMBIE.
Urak, marpamxuas L = —mc?\/1 — (i/c)?. Ypaprernsa [lirepa —

Jlarpanxa umeT Bu

d oL _ OL
dt 9i* 9z’
Tak xakx 6855 = 0, uMmIyabc P= % = \/#W = counst.

mc?
V1—v2/c?

2 7’n’l_)‘2
SHeprua paBHa mc” + - [lepBoe caaraemoe B »TOM cymme E =

[ueprus umeer Bug E = &'p; — L = . IIpu Maabix v

= mc? MOXHO WHTEPIPETHPOBATH KAK BHYTPEHHIOI dHeprmio. A
BexTop p' = (E/c,p) aBngerca 4-BeKTopoM, T.e. Beamamua (p')? =
= m? coxpanserca mpu npeobpasoBanuax JlopeHmna.
CTpyKTypa IpoCTpaHCTBa-BPEMEHN — TO BOPOC HE T€OMETPUH,
a ¢usuku. DakTrUecku, 3TO BOIPOC O IPYIIEe WHBAPUAHTHOCTHU
YPABHEHWU ABUXKEHUA. Ero HeMb3A pemmThb 6e3 DKCIepUMEHTa.
(JUIL, T 1-3, § 115, c. 9 55; Apxl.)
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Teopusa nmons
[JTexuns 5]

[l11 BOBHWUKHOBEHUA TEOPUW TIOJIA UMEIOTCA ABE MPUIUHBI.

[TepBas mpuU<IUHA COCTOUT B TOM, ITO MBI MOXEM PACCMATPUBATD
CHUCTEMBI ¢ OECKOHEYHBIM YUCIOM cTenenern cBoboabl. Cucrema ¢ KO-
HEYIHBIM SUCJIOM CTEMeHEer CBOGOIBI OMUCHIBACTCA OO0OIEHHBIMY KO-
opauraTamu ¢;(t) u 0606menEbIME ckOpocTAMu §;(t). Ecau wmcno
KOOPAWHAT CTAHOBUTCA KOHTUHYAJbHBIM, MBI HATUHAEM UMETH IEJI0
¢ moneM @(x,t), roe HENpEepHIBHAA BEIWYUHA I UCDAET POJb MHECK-
ca i.

[TanpumMep, KOMEOIIOMAACA CTPYHA COCTOUT U3 OYEHBL GOJBIIOTO,
pakTmIeCckn GECKOHETIHOTO, YMCAa ATOMOB, HEMPEPHIBHO PacIpeme-
JIEHHBIX BIOJb HEe, U KaXIbIN U3 HUX COBEpIIaeT Komebanusa. B sTom
caygae 2 — HOMep (koopauHaTa) aToMa, a (I, t) — aMmmTyna ero
KOTeOAHUSA B MOMEHT BPEMEHH t.

Bropas npuvmna-— CymecTBOBaHWE OpENeIbHON CKOpocTu (c).
U3-3a 5TOrO 3HEPrUs B3aMMOJEUCTBUA TOMKHA, IIEPEMEIIATHCA MeXK-
oy MCTOYHMKOM W OOBEKTOM B3aMMONEUCTBUA, T.€. TAE-TO TOME-
marsca. [ITo «rge-To» u ecTs more.

Bosmymerre nosis B HEKOTOPOM MECTE BHI3BIBAET M3MEHEHU TOJIA
B COCENHUX TOYKAX, KOTOPBIE, B CBOIO OYEpeNb, PACIPOCTPAHIIOTCST
nagbire. Tak B TedeHWe KOHETHOTO BPEMEHU OCYIIECTBIAETCA TATb-
HOIEUCTBUE.

3aKOHBI TOJA TPEICTABIAIOTCA YPABHEHUAMYA B IACTHBIX ITPOU3-
BO/THBIX.

B caygae 3aeKTpOMATHUTHOIO TOMA CUIA, NEUCTBYIOMAS HA TO-
YEIHYIO 3aPAKEHHYIO IaCTUILY, ONPEAETAETCA OJEM HETOCPEACTBEH-
HO B DTOU TOUKE, W, HA0G0POT, MPUCYTCTBUE 3APAKEHHON TACTUIHI
M3MEHAET MOJE BO BCEM MPOCTPAHCTBE.

Lose—oaHa 3 riaBHeHIINX UAeU HOBOUW (DU3UKM, HAPALY C Pe-
JATUBUCTCKUM W KBAHTOBBIM TTPUHIATIAMU.

Jdpumep. CrpyHa.

[IycTs ¢(x) — OTKIOHEHWE TOYKM CTPYHBI ¢ KOOpAWHATON Z. To-
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0? .
raa a—t;‘o — yckopenwne Touku ¢ koopauuaTou z. [lo sakony ['yka

2

pAz - aan = kl(p(z + Az) — p(z)) — (p(z) — p(z — Az))].

[Mazgenus Ha Az v nmepers K Npenery, moayIaeM

02 02 .
p—f = A—f, roe A= lim kAx.
ot Oz Az—0
[ITo mpocTeumree ypaBHeHNE [TOJIA.
Mbr xoTHM OnmuCaTH JMHAMUKY IO C IMOMOIIBIO IPUHIIWIIA HAU-

MEHBIIEr0 JecTBuA. /JercTBre nMeeT BUJ

t1
A:/Lﬁ
to

ITo B oTom craywae marpanxuan L— pyakuma ot ¢(z,t), ¢(z,t),

0
6—SO. B TaCTHOCTH, B CAyva€ CTPYHEI JalDaHXWaH UMeEET BU
T

p=[o(5) -2 (52) ar

[MosTOMy mencTBHE MOXHO MEPENUCATH B BUIE

A=/¢@@w@mw, (1)

L Ha3BIBAIOT NAOMHOCTBIO AGSPAHHCUAGHA; B CIyIae CTPYHBI OHA TMEe-

€T BUT
9\ 2 9\ 2
£=0(5) 2 50)
ot oz
[lomarwue Bapuanum u SKCTPEMAJIHA JETKO MOXHO 00001 TE HA, CIIy-
Jall Teopuu Moad. B ciydae, eciu OeUCTBUE UMEET B[ (1), JKCTpe-

MaJy TIOLYUHAIOTCA CaepykoeMy o000uenuo ypasaenus [lumepa —

Jlarpanxa:
0oL 0 oL 0oL

9105 | 950p, 09’
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B cay4ae cTpyHBI 5TO ypaBHEHUE MMEET BU[

0 (o 00\ _ 0 .5_80)_
ot <2p at) oz (2’\ ac) ~

Mgl BUAMM, 9TO 5TO yPABHEHUE COBIAAAET C YPABHEHUEM CTPYHBI.
Opu MOCTOAHHBIX p u A. [IT0 3HAYMT, 9TO pemeHns ypaBHEHUA CTPY-
HBI [TEACTBUTENBHO ABIAIOTCA DKCTPEMAIAMEU HAIIErO (HYHKIMOHAIA
NEeACTBUA.

YpaBuenus MaxkcBemra Tak®ke MOTYT OBITH 3alUCAHBI B BUIE
OPpUHOWIIQ HAXMMEHBIIETO |,qu‘/,ICTBI/IfI. HeJIHTI/IBI/ICTCKa.fI MHBApPUAHT-
HOCTH OT'PAHUYUBAET BUJ PACCMATPUBAEMBIX JATPAHKAAHOB.

CymecTByeT oGMUEA NPUHYUN UHEGPUGHMHOCTIU: €CIT MBI XOTHM,
9TO0BI DKCTPEMAIN OBLIM MHBAPUAHTHBI OTHOCUTEJBHO HEKOTOPOU
CPYIIIEL IPe0oOpPa30BaHUM, JOCTATOYHO, YTOOH JAarPAHKXUAH ObLI WH-
BapuaHTEH OTHOCUTEJIBHO BTOfI TDYIIIIBL.

[MamumeM OPOCTERIUU  JOPEHI-UHBAPUAHTHBIN JTarDAHKUAAH.
IIycts @(z,t) —ckanap oTHOcUTENIbHO HpeobpasoBanusa Jlopenia,
r.e. ' (2',t") = p(z,t), ecmu (2, ') nonywaerca us (x,t) npeobpaszo-
BauueM Ilyamkape. IlycTs meucTsBue paBHO

s [[3G) - (@) -]

Teopema. [lercTBue S MHBAPUAHTHO OTHOCUTEIBLHO TPE0OGPa3o-
sanuu Jlopenna, T.e. S[p] = S[¢'].
d¢
ox
npeo6pasosanuax Jlopernma. Ksagpat storo Bektopa (J,p)%? =

1 (9p)? 9o\ 2 2 2
=2 (E) - (%> , a cregoBaTenbHo u L = (9,p)° — m @ —
ckamap. Popma 06beMa TOXKE JOPEHI-HHBAPUAHTHA. Y pABHEHUE [IJIA

DKCTPEMaJeN 3TOr0 JIeNCTBUL:

[lecTBUTEABHO, IPAJAUEHT — BEKTOP, COXPAHAINIUUCI IIPU

TaKXe JOPEHI-MHBAPUAHTHO. Ero HasmBaoT ypasuenuem Kaetina —
Topdona.
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JPpPOCTPAHCTBEHHO-BPEMEHHBIE CUMMETPUHN U TEH30pD DHEpP-
CUU-UMILYJIbCa

Ecnm marparxwan JOPEHI-MHBAPUAHTEH, TO CyIIECTBYET COXPa-
HAKIIANCA TEH30D SHEPrUU-UMITYIbCA, BLIPAKAIOIANCA 9epe3 ¢ U
€ro Ipou3BOJHBIC, IIPAIEM:

v o __ v,

1) T =T,

2) 9, T = 0.

[Iycts L(¢, 0up) — TOpeHI-MHBAPHAHTHAA IIOTHOCTH JAarDaHKM-
aHa, 3aBUCANAA OT HECKOJbKUX TEH3OPHBIX momen . [ITo 3madqwT,
9TO0 JEeACTBUE

Alp] = /ﬁ(eo, D) d'a

MHBAPUAHTHO OTHOCUTEJBHO NPEOOPA30OBAHUU & — & + € TpU € =
= const wmm e* = wz". [laccmoTpum Bapuanuio GyHKITOHATA A
npu 0ECKOHEYHO MAJOM HpPeoOpa30BaAHWU TAKOIO BUIA, IJIA MIPOU3-
BosbHOrO €. OHA MMeeT BU[

0A = /8#6,, - TH (z) d*a.

[Tto cregyeT m3 TOro, YTO BapUAIUA NOJKHA OBITH JUHEWHA 110 € U
ucue3aTs B caydae dye, = 0 —IIOCTOAHHBIX €.

W3 jopeHn-uaBapuaHTHOCTH ciaenyeT, aro TH = TVH, [laa ypas-
HEHUU [BUXEHU

JA = /6M6VTIW d'z = — £,0,TH d*z = 0.

Beugy npoussoasrocTH €, 0,TH = 0.
dpumep 1. Ecin

s = [10u0)? - m?¢?)a,

TO

v 1
T = Oup - 0vp — 50u[(Oup)® — m*¢7].
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Jdpumep 2. Ecim
5= [@F- 0 - m¥Fp) d's,
TO
— 1
Ty = 0% - 0y — §5W£.
[Mosee nogpo6ubn BeiBOA M. [II1D, c. 338.

DJIEeKTPOMArHEeTU3M

Baexmpuueckoe nose. K ero oTKpBITUIO IPUBEIN HEBUHHBIE OIbI-
THI ¢ 300HUTOBBIMU IAJIOYKAMU, 3 TaKXe HAOMIoneHna u Hebe3omac-
HbIE DKCIEPUMEHTHI HA I'PO3HBIMU MOrOgHbIME sBiaeHuaMu. [la co-
BPEMEHHOM S3BIKE CUJIA, C KOTOPOU NEUCTBYET DIEKTPUUECKOE TIOJE,
CBA3aHA C HAIIPAXKEHHOCTBIO E crepyomen (popMyJIon:

F = ¢E,
rae e —3apsam, E—sﬂeKTpnquKoe moJIe.

Maenummnoe nose. MarauT B mpupomge OTKPHIT maBHO. Kommac
u3o6peren kuraunamu 6omee 1000 meT mazax. MaruuT geucTByeT
HA MArHUT ¥ HA OPOBOAHUK C TOKOM. lITO 3HAMUT, ¥TO mMOJe Mar-
HUATa, IeNCTBYEeT Ha ABUXKYIIMUCA DIEKTPUUeCKUU 3apsag. 1Ito yxe
3apOBIII 00bEIUHEHNA DIEKTPAIECTBA U MarHeTu3Ma. B coBpemen-
HOU (bOpME DTU 3AKOHBI BEIpaxkaloTca B popme 3akoHa Jlopenna aia

cmnnt F = (5, H). Wrax, b _ ek + <[5, H).
c dt c

YpaBueuns Maxkcsesia

1) 3axon Iaycca. CunoBbie TMHMA DAEKTPUIECKOTO TIOJISA HAMMHA-
I0TCA W KOHYAIOTCA Ha 3apAnax. [I0TOK DIEKTPUIECKOrO MO Iepes3
IIOBEPXHOCTH PaBEH 3apALy BHYyTPH €€, T.e€.

/Ed§:4wQ:4w/pdv,

oD D
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rie p— IIOTHOCTb SJIEKTPUICCKOroO 3apaa.
[Tampire Bce 3aKOHBI 3ANUCHIBAIACH MIPUMEPHO B TAKOU popme —
B ¢dopme mHTerpaios. llepsoe, uro caeran MaxkcBemwr, —3T0 mepe-
oucala ypaBHeHHA B AuddepeHnuaIbHon popMe, I UX CTaJ0 IPOIIE
AHAJIN3MPOBATH:
divE = 4d7p.

2) Omcymemsue maznumunix mononoaet. [lukro He Mor orpe-
3aTh y MAarHUTA IOJIOC: OTPEXeUb MOMI0C, AyMaellb, OCTAJICA TOMb-
KO OJMH — HO HET, UX ONATH ABa. CUIOBBIE JIMHUU MATHUTHOTO TIOJIA
HUT/le He HAYUHAIOTCA U HUr e He KoHYaoTcda. [ITo 3ma4duT, 910 OT-
CYTCTBYIOT MAarHUTHBIE MOHOIOJH, T. €.

/ HdS =0,
oD
win, B nuddepennuanibaon popme,
divH =0.

3) Unodyruyus Papades — nauaao 06vedunernus. Ecam maraut nsu-
XKEeTCA BHYTPU 3aMKHYTOI'O IPOBOAALIErO KOHTYpa, TO B KOHTYpE
BO3HUKAET TOK. HI/IpKyJIﬂHI/IH IEKTPUICCKOTO IO PaBHA

- 1d S o
%Edl_—za/HdS,
or r

win, B nuddepennuanibaon popme,

Q
=
—
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MakcBemn 3aMeTriI, 9T0 U3 3aKOHa AMrepa ciaegyer, 9TO 3apsil
He MOXET BBITEKATH 3 00JacTu, 9TO OLIBAET HE BCErna, T.e€.

divi=0

(aT0 caegyer m3 Toro, aro divrot H= 0).

3akoH AMmepa OLLT IPOBEPEH B CTAIMOHAPHOM caydae. OTam<ine
JMOJI2KHO IIPOABAATHCA B HECTAIIMOHAPHOM CJIy‘Ia,e. MaKCBeJIJI rZ[O6a,BI/IJI
B 3aKOH AMIepa ele OWH WIeH, U MOy IMIOCh

-~ 1dE 47 -

rot H +-—=—-7.

c dt c J
W3 ypaBuenun MakcBewia Creayer, 9To JJIeKTPUIECKUE U MArHUAT-
HBIE [IOJIA MOT'YT PACIPOCTPAHATHCA. CyleCTBYIOT BIEKTPOMATHUT-
HbI€ BOJIHBEI. OKaBa,JIOCI), q9To CKOpOCTb paCHpOCTpaHeHI/IH 2THUX BOJJH
COBITAAET CO CKOPOCTHIO cBeTa. VIMeHHO m3 »Toro Makcsesun caema

BBEIBOJ, O TOM, ITO CBET HMeeT JJICKTPOMArHUTHYIO IPAPOLY.

JlopeHI-MHBAapUAHTHOCTL ypaBHeHun Makcsesia

Ypasuenus MakcBeiuta He MHBAPUAHTHBI OTHOCUTEIHHO IPe0obpa-
sosanusa amunes. Jlopenn (g0 orkpeitusa [InHIITERHOM TeOpUU OT-
HOCUTEILHOCTH) OOHAPY KW (POPMATbHY 0 NHBAPUAHTHOCTH yPABHE-
Hui MaKcBeLIa OTHOCUTEILHO IPeo0pas3oBaHII

x — vt t—vz/c?

N .
V1—02]E’ V1—v2/c?

Ecmu omHOBpeMeHHO mpeobpa3oBeiBaTh F 1 H cregyroomum ob6pa-
30M:

X —

E,+ H,v/c E.,-H,/c
!/ !/ Yy ! Yy

E,=E;,, E,= Wiy Sk E, = Wiy S
11; == Iiiva 11]’] == —y = _ EZU/C HI = -2 Y- + Ey'U/C

TO ¢popma ypaBHenurn MakcBemwia COXPAHUTC.
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IIra cuMmmerpusa geraerca 6ojee OYEBUAHOU, €CIM IMEPEIUCATH
ypaBHeHusa MakcBemra B deThIpexMepHbIX 0603HadeHuax (cm. 11D,
c. 184, 344).

1d 0 0 0
gy =g k=g =4

Foi = Ei;  Fip = —eguHy;  j = (cp,])-

0o =

3agaua. Brmummre matpunst (F*) u (F),) wepes E n H. Bur-

i L

mummre (F),) wepes £ u H.
Ypasuenus Makcsesra geaarcs Ha aBe mapsl. [lepBas mapa—osTo
BTOPOE U TPEThe YPABHEHUs, KOTOPHIE HE 3aBUCAT OT 3apATOB U TO-

KOB, BTOpas — IIepBO€e U IeTBepTOe YpaBHEHUA, KOTOPHIE 3aBUCAT.

8/\1 j12% + 6M1 v T 8VF)\H =0 (2)
47 .
wy o v
O FH = ~ 7"

3ajgada. Beimumwmre cooTBeTCTBME MeXAy ypaBHeHUuAME (2) @
ypaBuenuaMu MakcBesnia.

B 5Tou 3anmcy MHBAPMAHTHOCTH OYEBUAHA, €CIM CIATATH F,
TEH30pOM, a j# — BEeKTOPOM 10 OTHOLIEHUIO K IIpeobpasoBanmim Jlo-
PEHIIA.

BekTOpHBIN MOTEHIUAI, KAIMOPOBOYHAA MHBAPMAHTHOCTD

[Tonpo6yem pemuTh mepByo Hapy ypasBHeHnun Makcseana, T.e.
nepBoe ypasHeHue u3 (2).
Ecmn A, — BekTOpHOE HOTE, TO

F,, =0,A, -0,A,

yIOBIETBOPAET IEPBOU Mape ypaBHeHM: Makcsemna. Bepro n o6pat-
Hoe: ecaw F,, yIOBIETBOPAET HEPBOMY yPABHEHWIO M3 CHCTEMHI (2),
TO CyIeCTBYeT BEKTOPHOE IOJe A, HA3BIBAEMOE 8EKIMOPHbLM NOTNEH-
yua.rom, Taxoe, aro Fy,, = 9,A,—0,A,. llpencrasrenne F,, B hbopme
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OuA, —0,A, e equacTBenHO. [lercTBuTensro, ecmu A, = A, +0,f,
T0 Fyy = Fy.
TpexMepHaa 3aMKUCh BIEKTPOMATHATHOTO MOMA I€pe3 BEKTOPHBIN
MO TEHIUAT:
H=rotA; E=-Vp-—

1 04
- TAe p = Ap.

[MompoGyem HaUTK TarPDAHKUAAH [JA 3APAKEHHON PESATUBUACTCKON
YACTHUILI B DIEKTPOMATHUTHOM moje. CHAYAIA TPEAIOJORKUAM, TTO
DIEKTPOMATHATHOE HOJE AAHO, T.€. OHO HE 3aBUCUT OT 3aPAKECHHBIX
9ACTHII.

[Tam vago manry Takoe S[zH (1), A, ()], 9T068 ypasuerune 05 = 0
OBLIO DKBUBAJEHTHO

g = e =
at € c '

OueBnIHO, TEUCTBUE MOJKHO OBLITH JOPEHI-UHBAPUAHTHO U KAJIHU-
OpOBOYHO-UHBAPUAHTHO. [laccMOTpUM mercTBUe BUIA,

S:—mc/ds—g/Audx“,
C

rje MHTerpaibl 6epyTca BAOAL TpaeKTopum. llepsoe craraemoe —
OeuCTBUE MIA CBOOOMHOW HaCTHUIBL. JIOPEHI-CUMMETPUA OYCBUIHA.
Bugno Takxe, uro geucrsua gia A, m A, + 0,f oTamuaiorca Ha
koucraury f(b) — f(a), a 3HAUMT, DKCTpEMAIH >TUX AEUCTBUU CO-
BIAAIOT.

3apgaua. BeiBequre ypaBHeHUsA ABUXKeHUA, Ucxons u3 05 = 0.

BaMe‘laTeHbHBIM 06CTOHT€JIBCTBOM ABAAECTCA TO, 9TO TaKas BCIIO-
MOraTelbHad, Ka3aloCh ObI, Belb, Kak A, (z), mo3Boaser HammcaTsb
MPOCTOE BBHIPAXKEHUE A AEUCTBUA. BbhIpaxkeHus aid HeUCTBUSA, UC-
noab3ytomue F,,, O9eHb CIOXKHBI X HEKpACHUBHL IITO cuzmas, yka-
3BIBAIOIIMY HA, (PYHIAMEHTAIBHO 3HAYEHNE BEKTOPHOTO MOTEHIUAIA,
KOTOpOE BHIABIACTCA B KBAHTOBOU MEXAHUKE.

(JII2, Tn. 35, § 15— 45, c. 64— 142.)
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[Texuus 6]

3JIeKTpOMal"HPITHbIe BOJHBI. BorHOBOE YpaBHEHUE

YpaBuenus MakcBenia B IIyCTOTE UMEIOT BUI:

rot E = _18_H; divH = 0
c Ot

rot H = —la—E; divE = 0.
c Ot

Oxa3pIBaeTCA, 3TU YPaBHEHUA MOTYT MMETH OTIUYIHBIE OT HYJA
pelIeHus, MEHAIINecs co BpeMeneM. [ITo roBopuT 0 TOM, ITO HiI€eK-
TPOMArHATHBIC BOJHBI MOI'YT PAaCOPOCTPAHATHCA, AaxXe KOrAa HeT
3apsa0B U TOKOB.

Beipasum ' w H «epes Bexropubin morenmman A, = (A, A).
Bri60p BeKTOPHOT'O MOTEHIIAANA HEOAHO3HATEH, IODTOMY MBI MOXEM
HAJOXUTDH Ha HET'O AOIIOJMHUTEJIBHOE YCI0BUE, C TEM ‘{TO6BI I/I36a,BI/ITI)—
€A OT IPOU3BOJA U YIPOCTUTD pelieHusa. Takue yCIoBuA HA3BIBAIOTCA
8bLOOPOM KAAUOPOBKU.

Bribepem kaaubposky Ay = 0. B sTon kamubposke

L 104 .
E=—-—-—; H=rotA.
c Ot

Buipaxenus aaa £ u H depe3 BEKTOPHLIN MOTEHINAL, Pa3yMeeT-
€, AaBTOMATUYECKH YAOBIETBOPAIOT TEPBOU Mape ypaBHeHuun Maxkc-
Bewra. [logcTaBuMm 5TU BRIpaXeHUA BO BTOPYIO Hapy:

- - .o 1 024
rotrot A = —AA+graddivA = — 5 —-.
c® Ot

I[TecmoTpsa Ha BeIOOp KamubpoBku Ay = (), MBI MOXEM JeIaThb [O-
MOJMHUTEJIbHbIE KAaTUuOpOBOUHBEIE mpeobpasoBanua A = A + grad f,

eciu [ He usMmenseTcsa BO Bpemenu. U3 ypasuenus div E = 0 caeny-

9 .. =
er, aro — divA = 0. [looTomy MBI MOXeM BeIOpaThb f Tak, ITOOBI

ot
div A = 0. B aTom caygae rot rot A = —AA u ypaBuenuns Makcseswna
IPUHAMAIOT BHU[

924 -

C
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HTO n eCTh BOTHOBOE YPDAaBHECHUE.

[lpyrou BwIBOA. YpaBHeHus MakcBewna B IIyCTOTE UMEIOT BU[
0uFu, =0, rme F,, = 0,A, — 0,A,.

IToaTomy

0,0, A, — 0,0, A, = 0.

Bribepem xamu6posogroe ycaosue d, A, = 0. Takou BEIGOp Ha3EI-
BAIOT Kaaubposkot Jlopenya, 310 ycaoBue crabee, 9eM IpeabIAyIIee.
IHonysaem 0,0,A, =0, T.e. AA, = 0.

BepremMmcsa o6paTHO B KaTuOpPOBKY divAd =0 u Ay = 0. Iaccmo-
TPUM 9YaCTHBIU CIy4daud, Korga A, 3asumcut mums or x u t. [lra xa-
KON W3 KOMIOHEHT ypaBHeHHe (3) mMeeT BUJ

0% f 0% f
FIE P

0 0 0 0
(5i —caz) (51 teas) =0

Orcioga BugHO, 9TO pemenus (3) UMeET BU

ftoy=f(t-2)+ L (t+2). )

[Tepsoe caaraemoe B (4) —5TO IIOCKasA BOIHA, GECyLIAd CO CKOPO-
CTBhIO C B ITOJOXUTECJABHOM HAIIPABJICHUM OCHA I: TO, ITO HAXOOAUTCA B
TAHHBIM MOMEHT B JaHHOU TOUKe, Uepe3 BpeMa At CABUHETCA Ha, Pac-
crosuue cAt o ocu x. Bropoe craraemoe — miockas BoIHA, Oerymmasn
B IPYLYIO CTOPOHY.

0A 0A
Tax xkak A me 3aBucuT OT y M 2, T.¢. — = — = 0, TO u3
’ Ay 0z ’

2 = (. Torga w3 ypaBHEHUA CAEAYET, ITO

ox

= 0; T.e. Az = const — MOCTOAHHOE DIEKTPUIECKOE HOJE BIOIb

div A = 0 cregyer, 4T0

0A,

ot
ocu z. Ilygem cumrars, 9To 3TOro mois Her, u uro A, = 0. Torga

A nepneHguKyJISpHO OCU I U

n, E = ——[’IZ,E],

C C

104 5 7 . 1[4 BA] 1. =
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tak kKak A = A(7F7 — tc), rae 7 — eIUHATHBIN BEKTOD BAOIb OCH .
Takum o6pa3oM, B IMIOCKOX BoaHe F m H mepneHIuKyJIApHBL APYT
OPYTYy W HAIPABJICHUIO PACIPOCTPAHEHUs BOJIHBI.

[ToTok sHEPrUM BIEKTPOMATHUTHOU BOJHBI PABEH

E H =X Ei=-"=.

5 9
§= 47 4 o7

c
|

ILrorHOCTH SHEPrum VICKTPOMArHUTHOI'O IIOJIA PAaBHA

3necs (W, S1,8S2,S53) — 9eThIpe KOMIIOHEHTHI TEH30Pa DHEPrUA
umiryasca 1y, AIa 5IeKTPOMarHMTHOTO moad, a uMeHHo, W = Ty,
Si =Ty.

3apgaga. Brisequre u3 obiiero Buga TeH30pa SHEPTUU-UMITYIbCA,
OCJIeHEEe PABEHCTBO.

3agaua. [lenocpencrsenno u3 ypapuenun MakcBewia BeIBEIUTE,

ow —
T - = div S u, caegoBaTenbHO,
d & 1o
T / W = / Sds.
D 8D

YacTHBIN CIyYay IIOCKOUW BOJHBI — MOHOXPOMATHYIECKASA BOTHA!

82A 2 - — (UZ —
— = —w“A, u, ciegoBareasuo, AA+ S A=0.
ot> ’ ’ ’ c?
Memenns sToro ypasueHus umeor Bug A = Re Age @(t—2/c),
27c = W, o
rgje A = —— — [UIMHA, BOMHBI, K = —7— BOJHOBOU BeKTOp. Ecanm
w c

BEKTOp 7l He COHAIDABIEH OCH I, TO pElIeHHe nMeeT BAA A =
— Re A'Oe—iw(kf'—wt)‘
(JIJI2, Tn. 6, §46 — 52, c. 143-170.)
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3amnasapIBaomme noTeHnuaabl (moreHuuans: Jluenapa — Bu-
xepTa)

Mpgr pazo6panauch ¢ 2JeKTPOMATHAUTHBIME BOJHAME B IycTOTE. Te-
Iepb IOCMOTPHM, KaK BOJHBI M3JIYIal0OTCA MOTCHIIAAJIAME.

CHavana pacCMOTPUM CIyYal, KOT/a 3apAAbl U TOKU HE 3aBUCAT
OT BPEMEHU.

div E = 4mp; rot E = 0, caegoBaTeIbHO, E=— grad ¢.

DyHKIUIO  HA3BIBAIOT CKAJAPHBIM MOTeHnuajioM. VI3 aTux ypas-
HEHUU caenyeT ypasHenue Ilyaccona

Ap = —4mp. (5)

CHauana Ha@JeM peIIeHue JIA TOYEIHOTO 3apAna, PACIOJOKEH-
HOTO B Hadale KOOPAWHAT; OOIIee DEeIIeHre MBI MOXEM HAUTH MO
JUHEUHOCTH.

U3 coobpaxenurt cuMMeTpUM SICHO, ITO E IOJKHO OBITH HAIIPA-
BICHO 110 pagmycy, 1 9To |E| sapmcnt mums or R. Torga ms pasen-
crBa [ E d5 = 4nQ caexyer, wro E - 4rR? = 47Q.

Ypasmernne |E| = Q/R? mm E = QR/R?—sro saxon Ky-

moHa u ¢ = @Q/R. U3 (5) m mocreguen (HOpMyabl CIeAyeT, €GTO
1 =g o
AE = —470%(R). Ecim 3apagoB MHOTO, TO ¢ = E;— uwm o =
=> %, rae R, — paccTosHme OT 3apana e, 0 HAOIIOATEN,
B—7,

R—xoopauHaTh HaOIIOOATENA, ©n — KOOPAUHATHL 3apiana €,. B
CIIy4ae HEIPEPBLIBHOTO PACHPEIENEeHNA

3 _ [ pl7)dr
p(R)= | ———=
|7 — R
[l CTaTHIECKUX TOKOB (DOPMYJIBI AHAJIOTAIHBIE.
Teneps mycTh 3apa bl MEHAIOTCA CO BpeMeHeM. Toraa B Kaaubpos-
ke 0, A, = 0 ypaBHEHUA BEINIAZAT TaK:

47 .
AA, = =
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nian

- 1‘32/1’_ 4_71'—.'

Moz =T
1 0% 4«
Ap=F G =P

Kak u B crarmyeckom caydae, pa3o0beM TPOCTPAHCTBO HA Ma-
nrerbKue obbemunku. IlnoTHocTs 3apaga p = e(t)d(R)
1 0%  A4r
2

i —7€(t)5(§)

¥ Be3je, KpoMe Hadajla KOOpAUWHAT,

1 &%
= -—=0.
& dt?

U3 cummerpuanocTu ciaegyer, ITo ¢ 3asucuT Jjuirb 0T R. Ilepe-
mucaB A B cpepuIecKuX KOOPAMHATAX, TOLYIAEM

10 p2dpy 1 Po
R2aR(R 6R) 2 di? =0

R.t 2 2
[MogcraBum ¢ = X(R’ ). Torma % — c% . % =0, T.e.
x = fi(t — R/c) + fa(t + R/c).
x(t — R/c) .
[TaccmoTpuM wacTHOE pelreHue BUga, @ = g ¥ HaIeM ¢
2
B Havajge KoopawHAT. YcTpemaas R — 0 m orbpaceBas «reH a—tf,
HE COAEPXKAIMYA GOMBIINX IPOU3BOAHBIX MO R, morxydaem mpu R —
— 0, aro Ayp = —%e(t)é(ﬁ). [Ito ypaBHeHME MBI yX€ peElIAIN:
e(t— R/c) .

p=——7 Pu3mIeCKUT CMBICA 3TOr0 PEIMEHUA: TTOTEHIUAT CO-

R
3aeTCA 3apA0M B MOMEHT BpeMEHU Ha — paHblie Tekyuero. OkoH-
c

JaTeJIbHBIN OTBET:

3 p(rt — Rfc) 3 /p(ﬁt—lé—Fl/C) 3
R) = —— = d’r = = d’r.
o (R) / R ' R — 7| '
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Anamormaso

it JEe=1E=71e) s,
c IR —7|

[Tty dopmynsl HABBIBAOTCA POPMYIAMEA 30N430bI6 GIOULUT NOMEH-
YUaL08 WIA Nomenyuatos Juenapa — Buxepma.

Teneps paszbepemcs, Kak w3ay<IaroTcsa BOIHBL. [lycTs nmeercs cu-
CcTeMa 3apAN0B U TOKOB B HEKOTOPOM Iape AMaMeTpa [, 1 MbI CMO-
TPUM Ha DIEKTPOMATHUTHOE TOJe Ha paccrosauu Ry > [. B sron
obmacTu

R — 7| ~ R — iiF,
rae 7 — eIMHAIHBIA BEKTOP, HAIPABICHHEIN K HaM. [1a 60abmmx pac-
CTOAHMAX MBI MOXEM NPEHEOPETh WIEHOM i B 3HAMEHATEJE:

Tt [y B_TT\ 5
A_CR/J<T’t c c)dr'

——

rn
[Tomee Toro, wieHOM — TakKXke MOXHO npenebpets, ecin | < T,
C

rae T — xapakTepHOEe BpeMA U3MEHEHUI TOKOB.
o R 7 Y. R
O e L]

T cR

1
/N
Lol
~
|
o | =
N———
S

w
3

Orcioga BugHO, 9T0 ecau R cyiecTBeHHO 60JbIIe | U [IUHBL BOJ-
HBL A = ¢T', T. e. eC/Ix BOJHBI MOXHO CIUTATD INIOCKAMU, TO HE TOJIHKO

" S [AdA] = "
HoTeHnual yObBaeT KAk }%, Hom H =rot A = % u =i, H]

1 Lo
yOBIBAIOT, KaK I [TosTomy moTok sHepruu [E, H| nponopruonaien

1 .
i IIOJHBIM IIOTOK dHEPIUU Iepe3 Kaxayio cdepy, OKPYKaIoUIyio

CUCTEMY 3apALOB, OCTAeTCA MOCTOAHHBIM. [Ipyrumu cioBaMu, 3HED-
rUs AeUCTBATENLHO yXOOUT. B ciIydae craTmaeckux 3apsamoB H=0
U IOTOKA DHEPTUU HET.

3agaua. Onpegenure W3JIy<deHUE JUATIONIL d, Bpamapomeroca B
IIOCKOCTH C YIVIOBOM CKOPOCTBIO §).

(JLII2, Tn. 8, § 6265, c. 207 —220.)
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[Texuns 7]

JealbHOCTDb BEKTOPDHOI'O IIOTEHIIAJIA B KBaHTOBOﬁ MEXaHHN-
Ke

B kBaHTOBOU MEXaHWKE BEPOATHOCTH TOTO, UTO FACTHIA TIEpe-
meT m3 OJHOM TOYUKM B APYTYIo, pasHa |A|%, rne A— ammmTyna Be-

POATHOCTH]:
—iS/h
A= E e /,

a cymMMa GepeTcs [0 BCeM BO3MOXHBIM IyTAM, S — IEUCTBUE, B KO-
TOpPOE, KAK MBI BAEIN, BXOJAUT BEKTOPHBIN IOTEHINA.

[Iycte y HAC €CTh MCTOYHHUK HIEKTPOHOB, MPOJETAMIMIAX ‘Iepe3
sKpaH ¢ aByMmsa menaMu. [labmaogaercs naTEpdEpEHInOHHAS KAPTH-
Ha. MUHUMYM WM MAKCHMyM HAXOJATCSI B JAHHOU TOYKE MHTEpPde-
PEHIIMOHHON Kap TUHEL — 3aBUCUT OT pasHocTH da3s. [Taccmorpum co-
JgeHonsi 6eckoHEIHOU quHbL. Ecim mo o6MOTKe naeT TOK, TO BHYTPH
COIEHOW/Ja BO3HUKAET MAarHUTHOE IIOJe, HO CHAPY KU TOr0 He IIPOUC-
xomgut. [lecmoTps HA 5TO, €CIU MBI IOMECTUM COJEHOW MEXIY ABY-
MsA Oy9KaMU, TYJa, [Je He MOT'YyT IPOIETATh SIeKTPOHBI, X BKIIOTIM
TOK, nHTEephEPEHIMOHHAI KapTuHa cmectuTcs. [ITo mpoucxoauT, mo-
ToMy 4uTO B cuty H = rot A Tam, rge npoaeTanT 3IeKTPOHEL, H3Me-
HAETCA BeKTOPHBIN noTennuan A (xorsa u orcyrcrsyer H), a 3HauuT,
u3MeHseTcsa u 3Hadenue S. [IToT AKOOBI BCIOMOraTelbHBIN 00BEKT —
BEKTOPHBIU TOTEHINAT — ABIAETCA BIOIHE (DU3UIECKUM, U TACTUIEL
C HUM B3aWMOIEUCTBYIOT.

T'eomeTpus u xkarun6poOBOYHbIE MOJIA

Onucanme IeKTPOMATHUTHBIX ABICHUN TPUBOANAT €CTECTBEHHBIM
00pa3oM K TeH30py HAIPAXKEHHOCTH F),, m BEKTOPHOMY MOTEHIIUA-
1y A,. OKa3pIBaeTCA, STU BEIXIMHBI KMEIOT 3aMevaTelbHBIA I'eoMe-
TPUIECKUU CMBICT. BBIABICHUE DTOrO CMBICAA, BEJET K WHTEPECHBIM
1 BaXXHBIM OOOOIIEHUAM.

Bekropusit morennuan A, (z) —>sro BekTOpHOE mOoMe. DPu3MKy
ompegenaeT A, Mo MOJyIO KaImOpOBOYHEIX IpeobpasoBanmia A, —
— A, + 0uf. Ilycrs 9(z) — kommiekcroe mose. Ilaccmorpum gen-
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crue rpynusl U(1)*® = [[Ugi(l) (upomssemenms rpynu U(1l) B
KaXJIOU TOYKe) Ha MOIAX )(x), onpenereHHOe (pOpMyYIOon

Y(a) = D (z).

Taxum 06pa3oM, B KaXJIOU TOYKE MBI UMEEM OTHOMEDHOE KOM-
NIEKCHOE (MIu ABYMEPHOE BEIECTBEHHOE) MPEACTABICHUE TDYIIIbI
U(1) (mmm O(2): ¢ = 91 + i)2). assocTs ¢ (y) — ¢(r) He aBrgeTcs
«IIPaBUIBHBIMY 00BEKTOM, N60 He MPeobpa3yeTcA IO IpeaCTaBIEHUIO
Hamel (KaaubpOBOYHOM) I'PYIIIbL. AHATOIWYHO IPOU3BOAHAAL O, He
SABIAETCA MPABWIBHBIM 00BEKTOM. UTOOBI 0OOUTHU DTO, MBI BBEIEM
BekTOpHOE moxe A,(x), mpeobpasyomeeca IOJ AUCTBAEM HAIIEI'O
npejgcraprerus no dopmyre A, — A, + 0,f, u ¢ ero momome0
onpeneauM NapaIelbHBI epeHoc (x) B Touky y no kpusou C
COENUHAIONIEN L 1 Y:

P(a = y,C) L et e An ey ().

Buguo, uro ¢¥(x — y,C) npeobpasyercsa Tak ke, kKak u# P (y).
Mosromy u 9(y) — ¢ (z — y,C’) — npaBuiIbHBIN 0OBEKT.
Ecmm y* = z# + AxH, o

Pz + Az) —p(z = = + Az) = (Vp) A,

rae
V, =0, —iA,.

V,, Ha3BIBAIOT K0sapuanmuoli npoussoduot. OgeBmano, aTo V, —
BEKTOD, KaK u O, ¥ Ipu KaIuOGPOBOTHOM IPeoOpa3oBaHMM

Vi — DV .

MaremaTuaeckue vazBanua. PyHkumin 1)(1) HABBIBAETCA CEUEHU-
em paccaoenus, U(1) —osT0 cmpyxmypras 2pynna 5TOr0 paccioeHus,
A, — ceasnocmo.

Mebr onpenenwin mapaiielbHBIA IepEeHOC ¢ moMoursio kpusou C
COEMIMHAONIEN TOYKN T ¥ Y. SABUCUT JU IIePeHOC 0T KOHTypa C'7
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IITo ompememsercs Tem, paBeH Jju () mHTErpas MmO 3aMKHYTOMY
KOHTYDY f A, dz*. IlToT mATerpa; cCBOAUTCA K CyMMe MHTEIDAIOB
10 MAJIEHbKUM KOHTypPaM

7{ Ay dat = F, AS™,
AS

rae Fy,, = 0,A, — 0,A, =[V,, V]

[Tapanre bHEIN IIEpeHOC He 3aBUCHT OT myTH, ecim Fy, = 0. Ta-
KO€ PACCIOCHUE HABBIBACTCA NAOCKUM, a BemmauHa, F),, — kpususnot
cBA3HOCTH A,.

HOJIy‘IaeM, 9TO TEH30D HAIPAXKCHHOCTHU SJCKTPOMArHATHOTO IIO-
JIsl ABISAETCA KPUBU3HOU.

Bce, 0 9eM roBopmIoCh TOJBKO UTO, AOMYCKaeT 0H600IIeHne Ha, CIy-
qan HeabeJeBOW KaauOpPOBOYHOUW Ipynnbl. BMECTO CKAIAPHOTO MO
() paccmorpmm Temeps BexTopHOe more ¢ (z). Ilycrs U-— Heko-
Topas rpynna G marpun N x N, A, — MaTpuaHO3HAIHbIEC (DyHKIMNA
ALk(w) co s3HaveHuaMu B anrebpe Jlu rpymnstr U, nputdeM npu 3aMeHe
KOODJWHATHL T HA Y

oz?

Ay — A, Ay = A(2) 5 -

A, —5T0 KammOGpPOBOYIHOE IIOJE WM CBA3HOCTH B JUHEMHOM pac-
CIOEHUU CO CTPYKTYpHOU rpymmon G.

OmpeneanM mepeHoc u3 TOUKY X B TOUKY Y 10 KOHTYpy C caeny-
foren GopMyJIon

P(x —y,C) = H(l + A, dx").

Mer pazbusaem kpuByio C' Ha MHOT'O MAJEHHKUX KYCOIKOB U 6epeM
YHOOPAJOYEHHOE TPOU3BEACHNE 3HAYCHUN HA KAXKJOM KYCOUKE:

P = 2+ Az) = (1 + A, Ax")(z).

[Ipu 3amene ¢ (z) Ha g(x)(z) cBA3HOCTH mpeobpasyerTcs Mo Ce-
oyromen gpopmye:

A, = gAug™! — (0u9) - g7
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ITo onpenenennio KOBapraHTHAS IPOU3BOLHAA PABHA

Vip = (O + Ap).
Teopema. Ecin ¢(z) — g(x)¢(x), Ay — gAMg_1 — O0ug - g~ ', ToO
Vup — gV
Teopema. Onpenemnm kpususny Fy,, ¢ = [V, V,|¢. Torga

Fu = 0,A, —0,A, + [Au, Al
B abeneBoM cirydae MoOCIeIHUN 9iIeH, €CTECTBEHHO, UCIYE3AET.

NcrTopuyueckoe oTcrymienue

IITo 0606uerne 6bw10 pugymano Aurom u Mumwuicom B 1954 ro-
Iy, MO-BUAUMOMY, U3 YUCTO DCTETUIECKUX COOOpaxeHuu. B Tom xe
roay Jlanmay m ero COTPYIHUKU IIPOBO3IVIACHIA (MEOPEMY» O HYAE
3apsada (MOCKOBCKHU HyJb), B KOTOPYIO BCE MOBEPWIM U U3 KOTO-
POH CIENOBAJO, ITO KBAHTOBAA TEOPUS IIOMA HE MOXET OIUCHIBATH
B3aMMOJIEUCTBUE DIEMEHTAPHBIX JacTull. 1ITo ybex menue mpocyie-
cTBoBaJo 20 JeT (HA IPOTAKEHAN KOTOPHIX IMOYTU HUKTO KBAHTOBOU
TEOPUEN TOJIA HE 3aHUMAJCA), KOTOPHIE MOHA00UINCH [T MOCTPO-
€HUA KBAHTOBOM TEOPHUU HeabeleBBIX KAIUOPOBOUHEHIX IIOMEH, IOCIE
9ero «reopemay 0 HyJe 3apsama ObLIa MPOBEPEHA A DTOTO CAy<as U
He nmoaTBepaAmiIach. [locae 3Toro kxBaHTOBasA TeOpUA MOJA ObLIA pea-
OMIUTUPOBAHA.

[JTexuns 8]

[Ta ogHOM M3 HpPEABIAYIIUX JEKIUUA MBI BBEINM YETHLIPEXMEPHLIA
TEH30p dACKTPOMarauTHOro noas F, = —F,,

0 E, B, Ej
~E, 0 Hy —H
-Ey, —-Hy 0 H
By Hy, —H, 0

Fu =
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u BekTOp TOKa j* = (cp,j1,72,73). Teneps ypasuenus Maxcsemna
MOTYT GBITH 3AIMCAHBI TAK:

(9qu,\ + 6VF/\M + (9,\F,w =0,

47 .
Oy, = —%jy.

[TamomuwMM, wTO rpevdeckme mHAEKCH npoberaior 3uadeHus 0, 1,
2, 3,
1d o, 0 9, 0
cdt’ L™ 52 - 37T 0z
OdeBuHO, DTU ypaBHEHUA 00JATAIOT JOPEHI-UHBAPUAHTHO CTHIO,
TaK KaK eciu TeH30p paBeH () B OMHOUW cECTeMe KOOPAUHAT, TO OH

o =

paBen 0 u B APYrou CUCTEME KOOPIUHAT.
[TepByto mapy ypaBHeHUN MaKCBENLIa MOXHO PEIIATD:

Fu = 0,A, — 0,A,.

BexTopHbIi noTeHIUAT A, IIPE 5TOM OIpejerdeTca He OTHO3HAY-
HO, & C TOYHOCTBIO M0 KATUOPOBOYHBLIX MPe0Opa30BAHUN

Ay — A+ 0uf.

IITa curyanwms sSBAAETCSA TACTHBIM CIy9Ia€M PACCIOCHUS CO CBA3-
HOCTBIO.

[Maccmorpum dyukIMO ¥ Ha TpOocTpaHcTBe MUHKOBCKOTO CO 3HA-
9EeHUAMU B HEKOTOpOM N-MEepHOM MPOCTPAHCTBE, WIX, IPYTUME CJIO-
savm, N dymxumia ! (z),...,1»" (z). Bosbmem maTpuaryio rpymn-
ny G u pyukumio ¢g(z) co 3uadenuamu B G. KamuGposounoe mpe-
obpa3oBaHue

9(@): P(2) = g@)p(@)  (¥'(2) = gil2)9" (2))

(1) ma camoM nene He DYHKIUA, & CEIEHUE PACCAOCHMUA).

Dysxnua 0,1 TEM CBOMCTBOM He o6IalaeT, T.e. IPH 3aMeHe
Y(x) va g(x)Y(x) Oup(z) mepexogur He B g(x)0d 1 (x). Trobsr MC-
IIPABUTH DTO, BMECTO IIPOM3BOLHOM 0, BBEJeM KOBADHAHTHYIO IIPO-

mwsoguyo V), = 0, + A, (t.e. (V) = (0,9°) + (AL)49F). Mut
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xoruM, 9To06B mpu 3amene ¥(z) Ha g(z)Y(x) Bhpaxenume V,i(z)
nepexoauio B g(x)V ,9(x). [Jaa aroro Heo6xoauMo, ITO6E A, mepe-

xonuno B gA,g "t — 0,9 - g L. Noxaxewm sTo.

(O + 9Aug™" — 0ug - g7 gt = 0u(g) + gAY — Oug - =
= ug-¢+g-8u¢+gz4u¢—3ug-¢ :9(6M+Au)¢ =gVu.

B cry4ae, eciun g — yrurapHas marpuna 1 X 1, T.e. KOMILIEKCHOE
amcao, pasuoe 1 mo Moxymo, (g(z) = e/(*)), monyaaerca Ay — Ay —
— 10, f.

C HOMOIIBIO CBA3HOCTH OIPEAEIACTCA IMAPALICABHBIN HEPEHOC
Y =z +dr) = (1+ A, de")yp(x).

[ITo BEIpaxkenme npeobpasyerca Tak xe, Kak u 1 (z + dx). [losTomy
X MOXHO BBIIATATH, MPeoOpa3ya KOBAPUAHTHYIO Mpou3BoaHyw. C
HOMOINIBIO TOU (POPMYIBI MOXKHO nepeHocuTb U (2) mo KpuBbIM, pas-
Ousasa ux Ha MauseHbKme Kycoduku. ([lapamnensubin mepenoc () mo
KPUBOU ABIAETCA pelnreHneM AudpepeHnuaisHoro ypapaenus V, ) =
= 0, rjge v — KacaTeabHBIA BEKTOP K KPUBOIL. )

B o6mem cryvae pe3yabTaT mapaIerbHOrO IEPEHOCA 3aBUCHT OT
nyTu. Ilepenoc me 3aBucur or myTw, ecmn Fy,, = [V,,V,] = 0. B
STOM CIydae CBA3HOCTH HA3BIBAIOT N.A0CKol. Beraucium Fy, .

vuvu'éb = (au + Au)(au + AV)",b =
= 0,0Y + A0, + 0u(Avth) + A ALY,
VoV = 0,0, + A,0utp + 0, (Auy) + AL Ay,
6M(Au¢) = (8/LAV)¢ + Au(alﬂ:b)a 6V(Au¢) = (&JA/L)TP + Au(aﬂ/’)a
(Vuvv - Vuvu)¢ = (6MAV - aVAu + [Auv Au])w-

CBA3HOCTD HABBIBAIOT MPUBUGALHOT, €CIN €€ MOKHO KATUOPOBOY-
HBEIM IpeobpasoBanumeM npusecTn K Bugy A, = 0.

3agadga. /[[okaxuTe, ITO CBA3HOCTD ABIAETCA TPUBUAILHOU, €CIN

Ay=-0ug-g "
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[MeucTBHE 3IEKTPOMATHUTHOTO MOJA

EcTe ypaBHEHUA ABYX COPTOB: MEPBBIE OMUCHIBAIOT, KAK BEAYT Ce-
6 IACTHUIBI, BTOPHIE — KaK Pa3BUBAIOTCA CAMHU DIEKTPOMATHUTHEIE
moJisA, HApuMep, ypasaenue Jlopenma F =e¢E+ e[v, H | u ypaBuenus
Maxcaemta.

[lo cux TmOp BHIpAXKEHWEM [JiA NEMCTBUA IACTUILI B DIEKTPOMAT-
HUTHOM 10Jie OBLIO

S = Sz + Spa, vae Sy = me [ds, Sga = _SfA“ dz*, 3gecw
A, —3anaEHAaA GYHKIUA KOODAUHAT.

3agadga. [lokaxure, uTo ypaBuerue S = () DKBUBAJEHTHO ypaB-
mernuio Jlopenra.

Temepb MbI X0TUM HauTH B S4 Tak, 9T00BI Bapuanusa S = Sy +
+ Sz,a + Sa no A, mpuBogmma K ypasHeHmaAM Makcsemrra. OTser
ecThb

1 2
Sa(A) =— F: d*zx.
Al) = —15er | Fuw
Ecmu 651 MbI paccmaTpuBamn S Kak dyEKnmosan ot Fy,, 05 =0
osHadaI0 OB, 9TO F),;, = 0. II0 MBI JOMTXHEI IOMHATE, ITO HA CAMOM
pene Fy, = 0,A, — 0,A, n He3aBUCUMBIC IePeMeHHBIe — A ;.

1 1

55,4 == _SC_W/FHV (SFIUJ == _SC_W/FMV(au 6Au - 61/ 5Au) =

1 1
== /Fwau §A, = H/E)MFW §A, = 0.

Nrak, ypaBrenme 054 = 0 skBuBaaeHTHO ypasHeHmio d,F,, =0,
T. €. JJEBOU YaCTU BTOPOU mapsl ypasuenun Makcsemra. [IpaBas vacts
BTOPOU Maphl ypaBHEHWU MAaKCBEMTa MOIYIAeTCA, €CIN MPOBAPHU-

posats Sy 4 o A (68 = 0S, + Sz + 0S4, Spa = —g [ A, dz*

IEPEXOIUT B —% [ A+ dz*). Tleppas mapa ypasHeHmiz Makcser-
C

JIa aBTOMATUIECKHU BBIINIONHACTCA, TaK KaK MbI CINTAaEM, ITO Fl“/ =

= 0,A, — 0,A,.
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DacimpeHue TPyNnbl CAMMETPUH

Ypasuenus MakcBesia B BAKyyMe UMEIOT 60Jee MUPOKYO IPYIIILY
cummMeTpun, dyem rpymma [lyankape. Ilto rpynna xowg@opmmbiz npe-
06pazosanut, T.e. TPyNIa MpeoOPa3OBAHUM, COXPAHAIOMINAX YIJBI,
wiu rpynma npeobpasosanuit o — yH (), mia koropeix (dyt)? =
= p(z)(dz*)?. I'pynma KoHGOPMHBIX HTPEOODPA3OBAHUN COTCPKHUT

rpyuny Ilyaskape, pactaxenus ¥ — Az u unsepcuio z# — yt =
i

x
= ———3, 7 9T npeobpa30BaHUAA MOPOXIAIOT BCIO IPYHOIy KOH-

Yo (at)?

(hopMHBIX TpeobpazoBanui. ['pynma KOH(DOPMHBIX Ipeo6pa3OBAHUN
uzomopdua 0(4, 2).
3agaqa. [IpoBepbTe OpenbIIyIMe yTBEPXK TCHUA.

Jouasa Aura— Mmwica

dopmyna IeUCTBUA I HICKTPOMATHATHOTO TOMA MPAMO 06006-
IAETCA HA HEAOEAeB CIy<Ial.

[laccmoTpum dopmy kKpuBusHHL F,,. IITo 2-dopma ¢ koapduu-
eaTamu B aare6pe Jlu rpynnet G, T.e. 0py KaXk0M 3HAYECHUU (L U U
BeaumauHa F),, —»T0 mMarpuna N X N u3 arre6ps Jlu rpymnu G,

2 o 2
F,,, —rakxe Marpuna N X N. Y sTom MaTpuusl ecTb caeg Tr Fj,
KOTOPHIA Ha3biBaeTcsa gopmoti Kuaaunea.

[Tonoxum S = —ﬁ fTrFEV d*z. Casnoctu A, (r), MUEIMHA3H-

pyIolIre JaHHOE NEeUCTBUE, HA3bIBAIOT noiaMu fura— Muiica.
1 4
0S = o /TrFWVH(SA,,d T,

rae V,a = 0ya + [Ay, al.
0S = 0 o3nagaer, 9TO

Y, F =0, (6)
Kpome Toro, Bcerja BBIIOIHAIOTCA yPABHEHUS
VuFV/\ + VI/F/\;L + V)\F/w =0, (7)

KOTOPBIE HA3BIBAIOTCI mocdecmeom Bvanku.
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Ypasuenus (6) u (7) maswiBatorca ypasnenusmu Anea — Muasca,
STO HEIWHEWHBIE YDABHEHUS.
3agada. loxaxure ToxaectBo lIbaaku B HEabeaeBOM Ciry<ae.

(IIID, .1, §42, c. 403 -406; <. 11, § 32, c. 732—1750.)

[Texuns 9]

Tomoorus MPOCTPAHCTBA KAIMOGPOBOYHLIX IOJEH C KOHE'-
HBIM JeMCTBHEM

[Tymem camTaTh TPOCTPAHCTBO €BKJIMAOBLIM M I€THIPEXMEPHBIM.
[Maccmorpum pemenus ypapaenmin fara—Mmmica A,, ara xoro-

peix S[A] < oo. [na sroro gocraro4ro, arobur Fj,, = o <#>
T
npu |z| — oo mm A, = 8,9-97 40 (ﬁ) npu |z| — oo.
T

3agaua. [lokaxwure, uro u3 ycaosua Fy, = 0 cregyer, aro A, =
= (Oug) - 9™"

Tax xax A, = dug-g ' +o (ﬁ), To npu Goabmmx |z| > 1
moayvIaeM oToOpaxeHue

g: 83 = G.

[acemorpum rpymmy G = SU(2). SU(2) ~ S3. Jlio6oe mempepbis-
HOe oTobpaxenme ¢g: S° — S ¢ TOYHOCTBIO O TOMOTOMHYECKON
SKBUBAJEHTHOCTH XapPAKTEPU3YeTCA MeabiM ducioM k € Z = m3(S?),
COBIIA,IAIOMIAM CO CTEIEHBIO DTOTO OTOOPAKEHMA.

3apgaua. [lokaxnre, uro m3(SU(2)) = Z. Bepro aum, aro m3(G) =
= Z, rae G — npousBoibHaA mpocTad rpynma Jlu? Beraucaure w3 oT
SO(2), SO(3), SO(4), SU(n), SO(m).

B caygae G = SU(2) mo6ou srement g € G—>s10 2 X 2 MaTpu-
ma, yAOBICTBOPAIOIIAA ycaoBmio gtg = 1, rae 1 — eguAnmaHAS Ma-
Tpuna. JI1o0yw TaKyl MATPHUIY ¢ MOXHO MPEICTABUTH KAK CyMMY

3
g = n’1+ " nFoy, rae o — marpuns aymmu, ¢ yeropuem . (n#)? =
k=1
= 1 (mamomuuM, aTo n# = n#(z), GyHKIUN TOYEK HAIIETO H!;)OCTpa,H—
crea RY).
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Creneds 0TOOPAaXEHUA ¢ MOXHO BBIYUCIUTH, IPOUHTECPUPOBAB
axkobmaH oToOpaXeHu.

dpumep. Ilaccmorpum orobpaxenme v: S; — Si. Mycrs Ha
St = {(z1,72) | 22 + 72 = 1} yriosas koopammaTa «, a Ha S§ =
= {(y1,92) | y% + y% = R2} yoiIoBag KoopauwHaTa . Torga 2m =

27 —y2dyy +y1d
:deD:f Y2 Zl Zl yz’HO

0 s Y1ty

27
degv = — Z—zda =
0
1
T uR? /—y2(81y1 dzy + Oay1 dz2) + y1(O1y2 do1 + Ooy2 dzo) =

Si

1
T uR? /yaau?/b date®® =
Si
(Bcaysae R=1) 1
e / Wby Dy d.

Si

3agaua. [lokaxwure, 9T0 B caydae orobpaxenus P,: C — C, rge
z =x1] +ix9, w =y +iys 1 w = Py(z) —MHOrOWIEH k-U CTeneHH,
deg Py(z) = k.

Yxa3anue. B KOMIUIEKCHOM aHAJIW3€e >TO Ha3bIBaeTcA JeMMa, [lyime.

3agava. Beramcamre Tpexmepubii 00mem chepsr S3 C R equ-
HUIHOTO PATAYCA.

ycrs g: 2 — SU(2) ~ S3. O6e cdepor Broxens B R*. ITy-

IeM, KaKk M B IpuMepe, CIUTaTh, IYTO KOOPAMHATHL B IpooOpa3se

(2°,...,2%), a B o6pase— (n?,...,n?), S (n*)% = 1.

Onpenenuwm caenyiomue nuddepeHuaibabe GOPMBI:

1
w=3 d (Z(n“)2> = n"dnt,
3
Q=3 "(~D)F It dn® AL AdnfA LA dn®
un=0
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(Bo BTOpOU dOpMyne B KaxIOM CraraeMoM OAmH auddepeHnma,
00603HAIAEMBIN 3HAIKOM dnH, IPOILYIIEH).
Torma

wAQ=dn® Adnt Adn? Adnd. (8)
®dusuku 3anuceBaioT Gopmy () Tak:
Q= éeabcdna dn® A dn® A dn? = dr,
g (Q) = éeabcdna(aunb dz") A (8,n° dz”) A (O\n® dz*) =

1
= Eeabcdnaaunba,,nca,\ndsw)‘ dz* A dz’ A dz?,

M A datdg’ de™ = dst.
Crenens 0TOOpaXeHUs ¢, KAK U B IPUMEPE, 33,1A€TCA UHTETPAIOM

1

Pz

1
q T=17 /6abcdna8unbaynca)\nd dstA, (9)
Y[3

S3 S3

Teopema. BrimonrHeHO creayolee COOTHOIIEHTE

1 _ _ _
Eabean* O’ OynOan? = S Te(0ug -9~ ") (Dvg - g~ )(Org -9 "). (10)

ITockonpky mpasas u JeBas dacTu paseHcrsa (10) SU(2)-umsa-
puaHTHBI, TO JOCTATOYTHO AOKA3daTh PABEHCTBO B €AUHWUIIC I'DYIIIIbI
SU(2).

Opug=—c n’=1,n!=n%=n3=0. Kpome Toro, 3 (n*)? =1,
creposarensto, 9,n’ = 0. lokasbiBaeMoe PaBEHCTBO GyleT BHIMIA-
IeTh TaK:

Eabed 0 Dynon® = epeq0,n’O,nO\nt = %ﬁ(aug)(aug)(aw)a

rae 0,9 = Oyn'oy +9,n%0y+0,n303, KOTOPOE MPOBEPAETCA IPAMBIM
BBIYIUCJICHUECM.

3ameduanue. MBI paccMaTpUBaeM Clell, IO3TOMY B IIPABOM IaCTH
HAC MHTEpecyeT TOABKO KoddhdunmerT npu 1.
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O4eBupno, 9TO MOXA A), ACAMOTOTUKYE KOTOPBIX PABHEI PA3IMI-
HBIM ¢, He MOT'YT OBITH IPOAEe(pOPMUPOBAHBI OJHO B ApPYyroe.
CymecTByeT 3aMedaTelbHOE IIpeACTaBleHne q depes F),, .
1

Teopema. Ecmn A, = 0,9 - gl+o <ﬂ> mpu |z| — 00, TO g =
T
1

= 1672

Crauana nokaxewm, aro Tr [ F,, F, L d*z = const mpu BapbEpOBa-
R4

1
Tv [ Fu F;, d'z, vpe F), = Eeuy,\UF)\g.
R4

uun A, . [lencrBurensHo,

5 Tr/FWF;V dz| =6 (%euy,\UTr/FWFM d4x> -
R‘l

= TretAe / F,0F, d'z =
= TretA? / F (Va6A, — V,0Ay)dz =
= 2Tr el A7 / Fu VA, d's =

= 2 Tret? / F0A, dr — 2 TrelvA? / (VAFu)0A, d'z = 0.

S3(R) R4

B nocaegmeM BBIpaXKeHUW T'DAHUYHBIA <IEH MOPENCTABIAET U3

ce6a maTerpan no S3(R) oT GyHKIMYU, PABHOK 0 (#) o) ( L ) =
xr

|z]
1
=0 P npu |z = R — 00 M IOTOMY CTPEMUTCA K HYIIO
T
npu |z| — oo. [laBeHCTBO HyII0 HOCIEAHErO WIEHA HKBUBAICHTHO
Tox gecTBy llbsHku

V/\F/w + VuFV/\ + VI/F/\;L =0.

Caeposarensro, [ F,,F, L d*r He MeHAeTCA TpPY HENPEPLIBHBIX U3-
R4
MeHeHuAx A,
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Kpowme Toro, Bepro paBeHCTBO
* J—
VuFE,, =0. (11)
[lencTBATENLHO,

ViuFu, = %%mﬁ{auFaﬁ + [Ap, Fapl}s
Fop = 00Ag — 03Aa + AnAp — AgA,.
N3-3a KOCOCUMMETPUIHOCTH €103
Euvaf(Oadg — 08A0 + AaAp — AgAa) = 26003(0aAg + AaAp).
ITosTomy
VuF, = cuwap{0u(0aAs + AaAp) + Au(0aAp + AaAp) —
— (0nAp + AqAg)AL} =
= €uwapl{0u0aAg + 0pAa - Ag + An0yAg + A 00 A + Ay A Ag —
— 00Ap - Ay — AgAgA,} =
= €uwap{O0u0adp + (Opda - Ap — Oudp - Ay) +
+ (Aa8uAp + A0 Ag) + (A, AgAs — AgAgAL)} =0

13-32 KOCOCUMMETPUTHOCTH €03
CrenoBaTenbHO,

Tr(FuFy,) = Tr {(0,A, — 0,A,)Fy, + (A A, — A A F), L =
= Tr {(9u 4y — O, AWF;, + AJAF,, — A F AL} =
= Tr {(8, 4y — 0, A F;, + AulA,, F) 1}

b, I B BbHEHIIEM, MBI HCIOJAB3VEM CBOMCTBO IUKIMICCKOU IIe-
3mecs, AJTbHEHIIEM, CIIONB3VeM CBOHMCTBO eCKOH IIe
pecTaHoOBKHU NOJ 3HaKOM caefa. Vcmoassys (11), norygaem

Te(FuFyy,) = Tr {(0,Ay — OyAL)Fhy — Audy i, } =
=Tr {044, - F}, — 0,(AuF},)} =
= 5 Teuas {0 A Fas — 0, (A,Fap)} =
= Tr € vap {(0uA0) (Oads + AuAs) — 0,(Au00As + A AnAs)} =
= Tr {eap[(0uAr) (OaAp) + (OuAv) AadAp — 0, AudaAs—
—A,0,0,A8 — 6V(AMAQA5)]} .
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Bocnoassyemcs Tem, 1To

1
Tr{e ap(0uAL)AaAg} = 3 Tr{evas0u(ALAaAp)},

‘5MV&5[_(6VAM)(8&A§)] = Euvap (3HAV)(6QA5),
€Mya,3(9yaaz4,3 =0.

[Toaygaem

Te(F,, Fy,) = Tr {gwﬂ [2(auA,,)(aaAﬂ) + gau(AuAaAﬁ)] } =
= T {epwas [20,4)(0aAg) +24,0,00 A5 + 304(AsAaAp)| | =
=Tr {2€Wag [(% (AuaaAﬂ + %AuAaAﬁ)} } -

= O { T 20 [A,00ds + 24,4045}

O6osmamm J,, = Tr{2€,wa/g [A,,aaAg + §AVAaA5] } IIycTn
B(R) —map paguyca R B R*. Toraa

/TrF Fr) :Jc—/(?Jd4 /Juds“:
B(r)

si(r)
2
i / Trcyas (Avdods + 24, Aads) ds. (12)
si(n)

Bocnomssyemcsa Teneps ycaosmem, uto Fj, — 0 mpu R — oo, T.e.
OuA, — 0,A, = —[Au, Ay] 1 TeM, 910 26,030, A0 = €uvag(0uAL —
—0,AL) = —€uaplAu, Ayl = =260 A, A, . Homywaem mpr R — 00

/TrF F*

—9 / Tr ey (—AvAady + gAVAaAﬁ) ds" =
S9(R)
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3
S3(R)

-2 / Ewas Tr(Ay Aadg) dst.  (13)

IMogcrasaas (13) B (9) u (10), moxygaem yTBepK IeHUe TEOPEMBL.

3ameuaHue. Bce BbramcieHus, MIPOBEAEHHBIE B [OKA3aTEIbLCTBE
OCAEAHEN TEOPEMEL,— 3TO PA0OuIMH ANMApPAT (PU3NKA M CIATAET-
ca B pusuKe «OOBIYHBIME 0003HAMEHUAMMY. MaTeMaTuKn HA3BIBAIOT
TAKOU amapaT KOOPIUHATHLIM U MPEANOYATAIT paboTaTh B «bec-
koopauaaTHOW dopme. [lonpobyem mpuBecTu CIOBAph MEPEBOIA U3
OIHOU (POPMEI B APYTYIO.

0, dzt d— muddepenuan
E, F = F,, dz" Ndz" — 2-popma,

g At A dz? N A ds? | dV = ' Ads? Ads® Ads!
) dopma obbema

Foy = %EMV)\(TF/\U «F = F, dz!" \ dz¥ — conps-
JXKeHHaA 2-popma

[Tampumep,

S Y N

1= g | bl e =
R4

1 1

3272 /Trglwz\aF;wF)\a d4$ = W /TI‘F/\ F.
R4 R4

W3 pasencTsa (8) u Toro, 4To w = % (3 (n?)?) — popua, oproro-

HambHAA K cepe S°, crenyer, uTo ) — (opMa TpexMepHOro obbeMa
ma S3.
Tox nectBo [IbsgHKYM 3amucEIBaeTCA KaK

[V,Fl=dF + ANF—FANA=0.

Bwmecro J, Hyx)HO paccMaTpuBaThk Auddepernuaibayio ¢hopmy J =
= J, ds". Torga pasencrso (12) ecrs mpocro Teopema Crokca.
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3agaua. [Iposegure 40Ka3aTEIHLCTBO MOCIEIHEN TEOPEMBI B 6ec-
KOODIUHATHOUN (popMe.

Bepremcs k mamemy gercrsuio S[A]. Horyuaem, aro

S[4] = i’_[‘r/FWFW dtz =

— %Tr/(FW —F;)d's + iTr/FWF;V dz > 8r%q.

Ecin MuHIMYM CyIIECTBYET, TO IOJE, HA KOTOPOM OH JOCTHUIAET-
Csl, JONIKHO yIOBJIETBOPATH ypaBHEHUIO dyaavrocmu: Fy, = Fj,,.

Ilemenns sToro YPaBHEHUA HA3BIBAKOT UHCMAHIMOHAMU.

3agada. /loxaxwure Creaymomue yTBEPXK JCHU.

1) Ipu ¢ = 1 pemennsa ypaBHEHUA AyaqbHOCTH UMEIOT BU]

:L.Z

A, = ———-nto,n
TR w1l

rae

2) Iltw pemenns chepuaecKn CUMMETPUIHBIE.

3) OcraabHBIE PEMIEHUS MOTY IAIOTCA U3 DTOTO AEUCTBUEM I'PYIIIIBI
Ty = Ty + Qu; Ty — ATy,

4) Tlemenus cOCTABIAIOT H-mApPaAMETPUIECKOE CEMEUCTBO.

UssectHo, uTO aas ¢ > 0 cymecrsyer (8|g| — 3)-napamerputdeckoe
CEMENCTBO PEIIeHNN yPaBHEHUA aBTOMYAILHOCTH.
Moapo6uocTu cm. [AIID, 4.11, § 32.
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[Texunms 10]

O6uiaa Teopus OTHOCUTEJILHOCTH

CrenuanbHasg TeOpuA OTHOCHTEIHLHOCTH IIOKA3alda, UTO IeoMe-
TpUSA UTCPAET BAXHYIO poib B ¢usuke. OOmas Teopus OTHOCUTENb-
HOCTH UAET Aajbllle U AeJaeT IIar K TOMY, ITOOBI CBeCTH (PU3UKY K
reOMeTPUH, & UMEHHO, IPABUTALAA CBOJUTCA K METPUIECKON CTPYK-
Type IPOCTPAHCTBA-BPEMEHN.

[lons rpaBuTAUM WrPAeT PUMAHOBA (IICEBIOPUMAHOBA) CTPYK-
Typa MPOCTPAHCTBA-BPEMEHU, HA, KPUBU3HY KOTOPOU BIMUAET ILIOT-
HOCTBb DHEPTUU-UMITYJILCA, MaTepuu. [Ipu 5TOM H9acTUIBI CAMOU Ma-
TEepUN ABUKYTCA IO T€0NE3UIECKIM.

CuenuaibHasg TEOPUA OTHOCUTEALHOCTHY HE COBMECTHUMA, C [IboTo-
HOBCKOU TEOPUEN I'DABUTAIMU, OCHOBAHHOU HA, MOCTYJIATE MIHOBEH-
HOT'O JAJBLHOJCUCTBUA.

AD = 4nkp,
2 =
% = —grad @,

3aech ® — rpaBUTAIMOHHBIN MOTEHIUAT, ) — ILIOTHOCTH MACCHI Ma-
Tepun, 7(t) — KOOPAMHATHI IACTHUIIHI.

[IT; ypaBHEHUA MOXHO MOAUGDUIMPOBATE TAK, ITOOBI B3AXMOIEH-
cTBEE OBLIO 3aIIa3ABIBAIOIIAM U MEPEIABAIOCH CO CKOPOCTBIO CBETA,
HO TP DTOM CBET He OyAeT MCKPUBIATHCA B MPABUTAIMOHHOM IO-
JIe, ITO TPOTUBOPEYTUT OMBITY: NPU NOAHBIT COAHEUHBIT 3AMMEHUAT
BUIUMBLE NOAOHCENUA 36€30 OMAUUNDL O UCTNUHHBLL.

(JITI2, c. 288 - 317, 330—408; I, c. 372386, 705 732.)

OcuoBauusa AJIA paCHIupeHNus ImocTyJsaTa OTHOCUTEJIBHOCTHN

[Tiamrrens uckan o6obmenus CTO us duaocodpckux coobpaxe-
HI/IfI EMy HE HpaBWJIACh BBIACJICHHOCTH WMHEPIOUAJBHBIX CUCTEM OT-
cuera.

IIycts R;, Ry mBa COOCHBIX KOJbIA, OJHO W3 KOTOPHIX ITOKOWUT-
ca, a apyroe Bpamaerca. [Ipuwamnon Toro, aro w(Ry) # 3.14..., a
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m(Ry) = 3.14..., BBICTABIAIOCH TO, 9TO R MOKOUTCA OTHOCUTENb-
HO TaJIMJeeBa MPOCTPAHCTBA, T.€. TAKOr0, OTHOCUTEIHLHO KOTOPOT'O
BepeH 3akOH mHepruu, a Ry —muer. Ilo, oueBugnO, 5T0 pukTHBHASL
npuunHa. [lerT Takoro omeITHOrO (hakTa, KaK TAIWIeeBO MPOCTPAH-
CTBO.

3aKOHBI IPUPOIBLI JOMKHBI OLITH CIPABEIUBHL VIS TPOU3BOJLHO
OBIKYyIIAXCA cucTeM. [ITo HA3BIBAETCI nocmyaamom obweti Kosapu-
AHMHOCTU.

Baxuwpmm pusudeckun pakt. [Iycts K — raauneesa cucteMa, Mac-
ca M nokoutca B Henr. [Iycts K' paBHOYCKOPEHHO ¥ TPAMOIMHETHO
aBmkeTca orHocuTeabHo K. Torga M coBepmaeT OTHOCHTEILHO K/
YCKOPEHHOE [BUXEHUE, MPUIEM YCKOPEHUE He 3aBUCAT OT puamde-
CKOT'0 ¥ XUMHUIECKOT'O COCTOAHUA Teda. MoxeT jqu HAbIIoAaTeab, 0~
koammica B K', 3aK/I0MATH, 9TO OH «JICACTBUTEIBHO» HAXOAUTCA B
yckopsmomenca cucreme orciera? [ler! 6o Takoe mopemeHnme Macc
MOXHO OOBACHUTD HAJIUYIUEM TPABUTAINMOHHOTO IO, BHI3BIBAIOIIE-
'O YCKOPEHHOE [IBUXKEHUE, IPUTIEM TaK, ITO YCKOPEHUE He 3aBUCUT
OT MACCHI T€la, ero (PU3UIeCKOro U XUMmUIecKoro cocrasa. Fme [Ma-
JUIen 331aBaa cebe BOMPOC O PABEHCTBE MHEPIIMOHHON W IPABUTAIIN-
ounon macc. IIkcnepumenT IITBema mokasai, <ITo

Mg — Munep < 10_8’
mTﬂ)K
I05TOMY MOXKHO CIUTATH, ITO Mgk = Mymep-

3 aToro paBeHCTBa CAeAyeT, 9TO I'PABATAIMOHHOE TIOIe JOKATb-
HO MOXHO CO31aTh WJIN YHUYITOXNUTH U3MECHCHUEM KOOp,Z(I/IHaTHOf/i CH-
cremsl. IITo yYTBEPXK OCHUEC HA3BIBACTCA NPUHUYUNOM IKBUBAACHITIHO-
cmau.

IITo, B cBOIO OYEpeb, O3HAYACT, ITO OOIAA TEOPUA OTHOCHUTEIh-
HOCTM — DTO TeOpHA I'PaABUTAIINN.

[Texunms 11]

I'paBuTamnus u reomerpusa

[TeT ocHOBaHUU MpEANONATATH, UTO CUCTEMY KOODAUHAT MOMXKHO
BBRIOpaTh TakK, YTOOBI OHA ObLIA TAJWUIEeBON wiau eBKaugoBou. [lo-
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ITOMY cdienayeTr AOonyCTUTh IPOU3BOJbHBIC CUCTEMBI KOODAVHAT U UC-
KaTh (D)OPMYJIAPOBKY 3AKOHOB IPUPOIBI, KOBAPUAHTHYIO OTHOCUTENb-
HO JIOOBIX 3aME€H KOODAUHAT.

Urak, kaxg0My COOBITHIO COOTBETCTBYET (I1,T2,Ts3,T4) B IPO-
M3BOJBHOU CHCTEME KOOPAMHAT. BMECTO TBEPAOrO TN — MOAMOCK
omcuema, Kak roBopui [IiHmTenH (MOLIIOCK KaK HEITO aMOPQHOE).

MeTpuka = rpaBuTanusa

EcTecTBenHO cUMTATD, ITO Aad 6€CKOHETHO MAJBLIX IeTHIpEXMep-
HBIX 00MacTell TpU MOAXONAIEM BEIOOPE CUCTEMBI KOOPAUHAT CIpa-
BE/UINBA CIEIUAAILHAA TEOPUA OTHOCUTENILHOCTH. T.e. B HEU TaHBI
JAVHEVKU HEGOIBIIMX PA3MEPOB W 9aChl, m3Mepaomme (L1, L2, T3, T4);
€ TOMOIIBIO HUX U3MEPAETCA WHTEPBAI MeX 1y 6€CKOHETHO OIU3KUMU
CcOOBITUAME BHYTPU OECKOHEYHO MAJOU OOJIACTH.

ds® = dz? + da + dz3 — da?.

I/I 9TO WHEepOuaJbHasaA CUCTEMa, B HefI HET r'paBAUTAIAN, U TaCTUIIA
OBUXKETCA PABHOMEPHO IO IPAMOM.

JluaenHOMy 2IeMEHTY dS B HEKOTOPOU BHIOPAHHOU CUCTEME KOOP-
OUHAT COOTBETCTBYET

dei,dee, dzs, dzy);  dat = atde”;  ds® = g, do* dz”.
v 1

CuenmanbHas T€OpUA OTHOCATETHHOCTY MIPEAIOIATAET IaCTHBIN CIy-
Jail: KOOPAMHATHEI MOXHO BHIOpAaTh Tak, ITO g,y = (1,1,1,—1) Bcio-
ay. B obmem crydgae IpOM3BOIBHOIO @), TAKOM BEIOOD HEBO3MOXKEH.
guv CIefyeT PacCMaTPHUBATH KAK BEIMINHBI, OIMCHIBAIOIIAE [DABUTA-
nuoHHOe 1071e. Eciu g, B HeKOTOPOU 06/1aCTH HOCTOAHHEL, TO JBUXKE-
HUE MATePUATbHBIX YaCTHUI] B 3TOU CACTEME KOOPAMHAT PABHOMEDPHO
7 IpAMOIMHERHO. [10 u B APyruX KOOPAMHATAX YCKOPEHUE M KPUBOIU-
HEMHOCTDb HE 3aBUCUT OT (PU3UIECKOU IIPUPOIBI TelA, T. €. IBUXKEHUE
MOXHO HCTOJKOBATH KaK IBUKEHUE B TPABUTAIMOHHOM IOJE.

Urak, noABieHWE TPABUTAMOHHOTO TOJA CBA3AHO C 3aBUCUMO-
CTBIO ¢y, OT IPOCTPAHCTBEHHO-BPEMEHHHIX KoopAuHAT. Ilo u B 06-
eM CIIydae, KOTAa Helb3d gy, npusectu K ugy (1,1,1,—1) B koned-
HOU 06JIACTH, MBI IPEANIOJIOXKAM, ITO 33 JaHUEe METPUIECKOTO TEH30-
pa guu dzt dz” sKBUBAICHTHO OIpeeNeHrI0 TPABUTAIMOHHOTO MOJA.
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YpaBHeHue reofe3anveckou (JBUXKEHUE MaTEPUAILHOM TOY-
KM)

BriBenem ypaBHeHUE reone3myueCcKON U3 MPUHIUINA HAUMEHBIIETO
nencTBUA i HyHKITUOHAIA, JJIUHEL.

Py 2
dz* dz"
_ B (). ar” AT gy
0 /ds =0, zt=zl(\); 5/ Y d)\d)\ 0.

Py

A2

Al g ar|
/d)\ dX dzh dz¥ dA
M Ly
1 9z 9x° Ogap

oz = 0.

5 da* dz” d\ d\ Oz”
Imr =N "dn

3ameuanue. [le 3a0yabpTe, ITO BapHbUPOBATH HYXKHO HE TOJIb-
ko z*, HO 1 g, () mo .

Bribpas A = s—HATypaJbHBIM apaMeTpPOM, T.€. TAKUM Iapa-
MEeTPOM, 9TO gaﬂdcaiﬂ = 1, noxy4gaem

A2+ aﬁdmo‘ dzb . p 1 v Ogva 6g,,5 8ga,3
gz Tl g =0 rae U 227 T 0z or

HA3BIBAOTCA cumsosamy Kpucmogdean. OueBumHO, 9TO reoaesntie-
CKasd HAa KaXJAIOM YYaCTKe, pa3Mep KOTOPOr'0 MEHBIE PAaUuyca KpU-
BU3HBI, ABIAAeTCA TpsaMon. [ITo u ects ee onpenenenune. [losTomy u3
NPUHYUNG IKBUBAACHMHOCNU CALIYEM, UMO UGCMUYA DBUNCEMCA NO
2eodesauueckot.

KoBapuaunTHoe gu¢pdepeHupoBaHue

0A,
ox¥
Ten3op. IIo OTHOIIEHNIO K KPUBOIMHENHBIM KOOPAUHATAM UM IIPOM3-
BOJILHBIM TPE00Pa30BAHUAM KOOPIUHAT DTO yXKe He Tak. U cBa3aHO

B rammneersix xkoopauaaTax dA, —BekTop, Kak u A, a
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aT0 ¢ Tem, uro dA, = A,(r + dr) — A,(xz) — pasHOCTH BEKTOPOB
B PA3IMIHBIX TOYKAX. KaXIblil U3 WIEHOB PA3HOCTH mpeoGpasyoT-

CA Pa3IMYHO, TaK Kak B gopmynax AF = g{,, A m A, = aiu A,
oTH
ox¥
YTo6b1 HAUTHU AHAJOTH MTPOU3BOAHBIX OT TEH30POB, HO TPeobpasy-

MaTPpUIHBI 3aBUCAT OT I.

omuecs IPaBUIbHO, HALO ONPENEeNATh MNOHATHUE NAPAALEAbHO20 Ne-
pewoca Tak, ITOOB Hpu NpeoOpa3soBaHUU TAJWIEEBLIX KOODAWHAT
KOMIIOHEHTHI BEKTOPA MPU MepeHoce He MeHamuch. Onpenemum

SAM = —TH AY da?.

def
B rammreesoit cucreme koopaunar I, = 0. Temeps DA* = dA+ —

— §A* —BekTOp U

DAr — (gi v A”) da* & (V5 4") do

Tak Kak CKalApbl HE MEHATCA [IPU HapaIeIbHOM IIE€PEeHOCe, TO
— —_ TV A
6(A¥By) = 0. Orcropa cregyer, aro 6By, =", B, dz* n

8B, .
DB, = (a £ — Ty V) di* = (V\B,) dz?,

V. Ha3BIBAETCA KOBAPUAHMHOU NPOU3EO0IHOT.
Amnanornaso

V/\A/w = 8/\Alw - f\tuAau - f\tyA/wd
V/\Au... = (6)\—|—Fg/\+)Aa ;

v/\(A/LBV) = (v/\Au) B, + AMV/\BV; unTn.

3akoH npeobpaszoBanusa cuMBoioB Kpuctoddens BHIBOAUTCS U3 TEH-
30pPHOr0 XapaKTepa Mpeobpa3s0oBaHUA KOBAPUAHTHOMU IIPOU3BOIHOMN.

~a 3 .
VA, gmu g”’uv Ag, orciona
T R Y
wy aB 9z dzt fx¥  OxMOx’ OTP”
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(CpaBuure ¢ npeobpaszoBanmem A, — KaIuGPOBOYHON CBA3HOCTHL. )

Orcioga BHAHO, 9TO (F/’)V - F,’}u) — TEH30p, KOTOPHIU HA3BIBAIOT
men30pom Kpyuenus. Ecam cymecTByeT cucTeMa KOODAUHAT, T'IE
kpydenue paBHo 0, TOo oHO Be3ge Oyzxer pasuO () m Ff;,/ = Fﬁu. IIy-
IeM paccMaTpWBAaTh B MaJbHEUIIEM TaKWe METPUKU, I'Jie KPyIeHue
pasHo 0.

JlokanpHO reojge3mveckas CUCTEMA KOOPJUHAT

I[TycTs w3BecTHO, 9TO B ToUKe (7§ ) cumBoast Kpucroddens papHbt
Fﬁu(xg) = F;)}uo- Bosbmem HOBBIE KOOpAWHATEHL BOIU3M To: T = x# +

oxH

ox”
2Ty TpeoOpa30BaHUA HE MEHAIOT TEH30POB B TOYKE I, TODTOMY B
Hel 0 JHOBPEMEHHO MOXHO IIDUBECTH g, K TanmieeBoMy Bufy. Takas
CHCTEeMa, Ha3BIBACTCA A0KAAbHO 2e00e3Uuuecrot.

Cease [, ¢ g,y yCTaHABIMBAETCA U3 yCIOBHA COMVIACOBAHUS Ia-
PaJIEILHOrO IEPEHOCA, U OIEPAINHI HOTHATUA WHIEKCOB. CBA3HOCTD
COMIACOBAHA, C METPUKOMU, €CAU HAPALIEAbHBIA IIEPEHOC COXPAHAET

CKaJIApHOE Tpou3Benenune. I3 3TOro yciIoBua moxydaeM, ITO

A 1 Ao agua 691/(1 _ 89#"
D = 29 <8$" + ozt oz )~ (14)

+ %Fgﬂoxaxﬂ + ... Torga I'(zy) = 0. Tax xax (mg) = O, To

Takas METPUKa HA3BIBACTCA Pumano8ot (ncesdo-pumanosot).

TeH30p KPUBU3HEI

IIpm nmepeHoce o MajJOMy 3aMKHYTOMY KOHTYPY

AA, = $TU Ay da* = R, 5 A, A0, rae
— Ol Ol

111045 T 0% 9B
Beauuanna RZa,B ~——3TO0 TeH3op, n6o AA, — pasHOCTH B OJHOK TOIKE.
Tenzop R/Vuxﬁ HA3BIBAETCA MEH30POM KPUsu3Hbl. Ecam mpocTpaHcTBO
IJIOCKOE, R;Vmﬂ = 0 m mao6opor. llepBas dacTh odeBugHA. BTOpas
ClIEAYET U3 TOrO, 9TO B OECKOHEYHO MAJIOU OKPECTHOCTHU TOYKYU MOXK-
HO B3ATb MaIWIEEBCKYIO cucTteMmy, a u3 R = 0 cregyeT BO3BMOXHOCTH
OTHO3HAYHOT'O €€ PA3HECEHUS BO BCE TOYKHU.

+ T4, — T - (15)
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CBoOMCTBa TE€H30pa KPUBU3HBI

Ten3zop KpuUBU3HEL RZa,B yIOBJIETBOPAET CJAEAYIOUIUM COOTHOIIEe-
HUAM:

R!Vtaﬂ = _Rﬁﬂa; Rﬁa,@ + RZﬁI/ + Rul/a =0. (16)

3apgaua. I[Iposepbre coorHOmeHus (16).

Beegem Bemmamay R0 o gMRl)/‘aﬁ. U3 coorromennu (14), (15),
(16) mocne BEIMUCIEHUN MOXYTaeM, ITO

1
Ryvap = 5 (0,0a9us + 0u059va — OuBagup — 0v059ua) +
+ 9po (F/Ija Z,B - F/pwc g,@) ) (17)

OTCIOfIa CleAyeT PaBeHCTBO [,03 = Roguy-
m
Tensop kpususnet R, 3 YHROBIETBOPAET TOXCCTBY [Teauaxm

VA,Rffaﬂ + VaRffm + VgRy,, = 0.

3agadua. [IposepnTe oT0.
Yxazanue. llepenaure B cucremy, rie I, = 0, koTopas ABrIETCA

JOKAJIBHO T'€0Je3UYIECKON.

def
Ompegemum semuauny R, = g8 Ryovp = R}, KOTOpas Ha3BI-

BaeTCA TMEH30POM Buuyu.

Us (14), (15), (16), (17) cregyer, uTO

ore, ore,
Ry, = ke — o — 19,00, + %00, Ru =Ry,
Kpowe roro, VR = %g—}ia rae semriuma R % g"" R, Ha3bIBAET-
T

cA ckaaaprot Kpususnot. U3-3a CBOUCTB CUMMETPUU U TOXIECTBA,
[IbsuKY caeqyeT, 9TO TeH30P KpUBU3HBL nMeeT 2() HE3ABUCUMBIX KOM-
HOHEHT, a R, umeeT 10 HE3aBUCUMBIX KOMIIOHEHT, KOTOPLIE yOBJIE-
TBOPAIT AuddepeHIuATBHOMY TOX ACCTBY

9"V (RI/)\ - %QVAR) = 0. (18)
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YpaBHeHUus DUHIITENHA

IIqHIITeNH UCXOAWI M3 TOrO, ITO yPABHEHMA HAa METDHUKY .y
JOMXHBI YAOBIETBOPATH CAEAYIOIINM YCIOBUAAM:

1) 6BITH OOIMIEKOBAPUAHTHBIMUY;

« —
2) mIOCKOe MPOCTPAHCTBO (Rﬁ/w = () mOMXKHO OBITH WX PEIIEHHU-
eM;

3) 9MCI0 ypaBHEHWU MOMKHO OBITH PABHO YHMCIY HE3ABUCUMBIX Ie-
peMeHHBIX g, = 10 (T.e. paBHo 10);

4) 6bITh AUBPEPEHINATLHBIMA YPABHEHUAME BTOPOrO HOPSIKA,
MEPEXOANMMY B CIy4dae C1abod IPABATAIMN B HbIOTOHOBCKUE

Ap = 0.

[ITtuM ycaoBuaM ymoOBIETBOPAIOT ypaBHeHUA [IMHIITENHA,
1
Ru=0 Ry — g (6 Rag) = 0. (19)

(B mycTOM mpOCTPAHCTBE OHM DKBUBAJECHTHHI. )

JercTBATEIBHO, B CIA0OM IIOJE, T.e€. KOTAA Gy = Ny + by, TAC
Nuy — MeTpuka Munrkosckoro, hy, < 1, ypaBHeHHE IBIKCHHUA “1a-
CTHITBL:

d2$l 6h44
2 Y T
dt ox'
T. e. hyq UrpaeT poib HHIOTOHOBCKOI'O MOTEHINAIA, U ypaBHeHus [1iH-
IITENHa Ipeobpas3yTcs B

A(hl“/ - %nﬂl/h’) =0, rme h d:ef U“thu-

Orcona TOHATHO, KaK MOAUMUIMPOBATEL ypaBHeHue [IHmTEHHA,
B mpucyTcTBuu MaTepuu. [lago mo6aBUTH B IpaBylo YacThb TEH30D
BTOpOrO panra 1), Takod, 9To B npegene 14 CTPEMATCA K ILIOTHO-
CTH DHEPrUH, PABHOU TUNIOTHOCTH TPABUTAIMOHHON MAcChl. [ITo TeH-
30D DHEPIrUU-UMIIYIbCA MATEPUH.
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IToaToMy ypaBHEHUS HIPUMYT BHU[
1
Ruy — EglujR = Tluj.

Temepb BTOPOH “WIEH B JIEBOW IACTU HEOOXOMUM [IJIs COINIACOBAHHOCTH
ypasHeHuU, u60 Temepsb, Boobme rosop#a, R # 0, a g"'V T, = 0.

3aga4a. IIpoBepbTe, 9YTO TeM Xe CBOMCTBOM OOJIALAET JIEBasd
9aCTh, T.€. JOKaXWUTEe TOXACTBO (18).

3agadua. [IposepsTe, 9T0 B c1aboM mose MOSY<IAIOTCA yPABHEHUS
[IstoTOHA.

Bewenue. [laccMOTpuM ABUXKEHUE MEIIEHHON MATEPUATLHON TOY-
KI B CIa00OM I'DaBATAIMOHHOM IIOJE

d?x? ; dz® dzf

0z Tlas g =0

Ecim v < ¢ n rpaBuranmonHoe moxe craboe, T.e. gy, &~ (1,1,1,—1)
U HE 3aBUCHUT OT t, TO, B3AB 3a MAPAMETP S BPEMA t, IOLyIaeM

A2zt 9 4 . 1 0ga44
o+ I'y=0, z°=ct; Tiy=Timu= N
1 9ua | Og OGuv
A _ L o va [
BenmomuuM, 910 FW = 29 (83:” + Py Hpo |0 B
P’ 9D o o 22
= g TAe gu= =

Ypapuenus [Inamrenna R;, = —k (Tik—%gikT>, rae Ty, = pot,ty;

Ty = poc®; T = —ppc? — TEH30p PHEPrUM-HMIYIbCA, IPH U <K C
OPUMYT B[

1 2 Ty,
Ry = —5143#00 ;o Ry~ 50
2
Fg4%—Fa44=—16g44 ~ 1§ o AP
' 20z 2 ox? c?

OxoH4aTenbHO morydaeM, 9To AP = %ch,ug. (Cm. AI1D, §39.)
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YTBepXIeHUe, ITO IPU MAJIBIX MACCaX M CKOPOCTAX yPABHEHUS
[TiamrTrensa mepexoqaT B ypaBHeHUA [[bI0TOHA, HA3BIBACTCA NPUHYU-
NOM CO0MBEEMCMEUA.

[Jlexnnmsa 12]

Jewuenne [IBapuuinmisga

[Maigem cranmoHapHOE, CPEPUIECKU CUMMETPUYHOE PEIICHUE
ypasHeHuu [IHHIITENH — AHAJIOT HBIOTOHOBA MO TEHIIAALA

by = -G—.
T
2 _ 2 142 _ 2_ .2 2. — L.
3amnuieM MeTpuKy B Buge dp° = ¢ dt°goo—g11 dre—r dQ2=; gog = €”;

g = et Us CTAIMOHAPHOCTHU U CHEPUICCKON CUMMETPHUU CIeAyeT,
— _ A
aT0 goo = 9oo(7), g11 = g11(r). [na koapdunuenTos B FW u R,

da . Oa
nMeeMxozct; zlzr; :132:(9; $3:<p; a’:E;a:E;H
Fh = X/Q; F[1]0 = 1/'/2; F§3 = —sin© cos O;
[ =34 Th=—re ™ T = (/2

2
Ml =% =1/r; D =ctg®; i =1r/2
Il =XA/2; Iy =—rsin?@e?

(en. JIID, §39).

Cocrapnaa ypasaerue IR, = 0, norysaem

0 oAV LY L o (N 1), 1
A=0; e <r+r2> r2_0’ e (T " +r2_0’

2
!
orkyaa v + A = f(t). llpu 3amene t — t'(t), v > v =v —1In (Cfl—tt>

MoxHO o6paTuts f(t) B 0. [locae gero monyvaem peruerue

1
goo =1—ry/r, gu= T=r/r
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29 r
rjae ry— HeKad KoHcTaHTa. llpm r — 0o goo =~ 1+ == 1- 7“7, o =

2

1 M 2GM

_ _%;‘ CpasuuBaz ® ¢ g = —GT, MOJIydaeM g = _G2 . ry
c

BEIUYUHY HA3BIBAIOT 2PABUMAYUOHKHbIM paduycom. IIpocTeie BbIIm-
crerna paioT rq(Comrna) = 3 KM, rg(3emmm) = 0.44 cum.

IITo pemenwe KOPPEKTHO Aus 7 > 14. IIpw r = 1y pemenne umeer
CHHTYJIAPHOCTD.

JBuxenue nepurenaus MepKypus ¥ UCKPUBJIECHUE CBETOBBIX
JTyden

ypaBHeHI/IH JABUXKCHUS M&TGpPI&JIBHOfI TaCTUIbL

d?a? i dot dzv det dz” o

o T lw g g =0 I = (20)
n 0 ABUXKEHUA CBETa

d*z’ i dz* dz¥ dxt dx¥

o Ty =0 gwy gy =0 (21)

MOryT OBITH BBIBEJEHBI M3 BapwanuoHHOro npuanuma S = [ LdA,
dz* dx¥
rae L = I T

[ns crygas, xorga gy, — Mmerpuka [lIBapmmmibga, nmeeTcsa aBa
MHTErpaja [BUXKEHUI:

1) BcreacTBUE MEHTPATBHON CUMMETPHUA COXPAHACTCA MOMEHT KO-
JIWYeCTBA ABUXKEHUA, T. €. INIOCKOCTE ABUXKeHusa (O = 7) u BeIudInHa

2) BCIeACTBHE CTAIMOHADHOCTH COXPAHAETCA (DHEPLUAy. € =
dt
= 9o (B cxyqae (21), 7 = A).
.

UTak, nMeeM TOMOJHUTENIHHOE YCIOBUE

e (§) ~ 1 () -2 (5) = e
(1 rg/r)c (d’l’ 1—ry/r \dr " dr —ac

(¢ = 1 s gactunst ¢ m # 0; ¢ = 0 aag cBeTa) W ABa MHTErpala

dt d
ch— = £—DHeprud u r2%2 — M — mowment.
T

aBmkenua: (1 —ry/r) .
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W3 Hux MBI mOIydaeM

2
M2 (dr\® e 5 M2
7(%) _c_z_(qc +r—2>(1—7”g/7“)-

1
CaenaB 3ameny r = . Horytaem

2
du e?
M? <%> === (gc® + M?u?)(1 — ryu) =
52
= (c—2> + qcPrgu — M2u? + rgM?u® — gc®. (22)
[IBuxeHue IPOUCXOAUT B HOTEHIIMAIHLHOM ITOJE.

Cuayvan maccuBHOU dacTuibl (g=1)

[Ipoauddeperumposas (22), morysaem

d?u

d—<p2 +u= a(l + >\U2), (23)
_cry  Gm | 3M? .
rue o = o 2T 2 —— MaJIBIA mapaMeTp (HAIIOMHUM, ITO

M — 5T0 MOMEHT 9aCTHUIIBL, & 1 — MaCcCa COTHIA).

B mymresom npubnuxenun v = a(l — e cos ¢). Ecam A =0, To u—
nepuoawieckas GyHKuA p, npu A < 1 nepro Majo OTJAUYEH 0T 27
u pemrenue uimeM B Buae paga Pypobe. C TOIHOCTBIO OO MEPBOTO
OOPAIKA 110 A ©MEEeM

u=a+ \Gy — acospp + Aiﬁkcoskptp;
k=2
u" = p? (ae cos pY — A Z k23, cos k:pgo) ; (24)
Au? = Ao (1 — 2¢ cos pyp + 2 cos? pap) .
Ypasaenue (23) Tenepb MOXHO IEPENACATH TAK:

a+ M3y — ag(p? — 1) cos pp — AZ(kQ — 1) Bk cos kpypg =~
k

~ o (1 + \o? (1 — 2¢ cos pyp + €2 cos2,0<p)) .
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[IpupaBHUBas WIEHBI TPU COS P U COS 2p(p, MOTyIaeM
3 g 2 2 3€” 2
,60201(14-5); 1—p°=2\a"; 3B =ac’=; p=x1-XAa".

OTKyma yromr Mexay AByMs IIEPUCAAIME MIOIYIAeTCA 13 (POPMYJILI
G*m?
® = 2m(1 + Aa®) = 27 + Gﬂﬁ.

[ns Mepkypus aTa mompaBka OpuBOAMT K cMmemenuio Ha 43" B cTo-
netue. IITO XOpOIIO COMIacyeTcsa ¢ OMBITOM B Impefenax ommook. Ile-

o 1
JATUBUCTCKAY dPPeKT B mmose — B 6 pa3 MeHbIIE.
T

Cuay4uan ceera (g=0)

B sTom cayuae, npoguddepernuposas (22), moryaum

2
du 1 2 3
(@) :E—U —i—rgu 5 (25)
M
rope p = E*HPHHGJIBHOQ paccrosaue. B mHymeBoM mnpubiaumxeHuun

w\® 1, 1
pellleHus ypaBHEHUA o = Eh u“ IMEIOT BUJ U = P cos(p — o).

[ITo ypaBHeHme npsamMon, mpoxoaamen Ha paccrosauun p ot ComnHia.
Yron Mexay AByMS HYIAME Ug(p), T.€. «(ACHMITOTAMI»Y, DABEH .
[Ipoguddeperumposas (25) mo ¢, MOIYIUM

Yro6b1 HAUTH TOMPABKY, Oy/ZeM MCKATL pelleHre B BUAE U = Uy +
+ reu1 + ..., TOrAA

up +uo =0; ug=Acosp, (A=-);

3 3 o
uf +uyp = 5“3 = §A2 cos? o, Tg — MAJIBIA ITAPAMETP.
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[Monyuaem pemenue u; = ZAZ — iAZ cos2¢p + Bcosp + Csinp.

2

d 1 1

W3 ycaoBus e ey rgu3 crenyer, ato A = =; B = 0,
dp P p

C omupepenseT TPOU3BOA B HAYAJIE OTCYETA, (P, MOITOMY ITOMOKUAM

C =0.

[TanpaBnerue Ha OECKOHEYHOCTHU Qoo ONPENENACTCA YCIOBUEM

w(poo) = to(Poo) + Tgu1(Poo) = 0;
Acos oo + 1y (%A2 — iAQ CoS 2gooo> =0;

Voo = g +rgA.

Taxum 06pa3oM, OTKIOHEHUE IyHa

2r
Ap = 2(pog — o) =2rgA = Tg’

9TO XOPOIIO COMVIACYETCA C DKCIEPUMEHTAJbHBIMYU JAHHBIME II0 OT-
KJIOHEHUIO BUAMMOrO mojoxenusa 3Be3q BOau3u Coanma, Habaogae-
MOr'O IIPY MOJHBIX COMHEYIHBIX 3aTMEHUAX.

N3orponnpie mogenn Ppuamana

[Tacuopenenenne BemecTsa Bo BeeleHHOR 04HOPOIHO U U30TPOIIHO.
IITo mogTBEpPXK 1AETCS COBPEMEHHBIMU ACTPOHOMUIECKUMU HAOIIO e~
HuAMU. KCTEeCTBEHHO MPEIOJOXUTb, ITO U METPUKA TAKKE OITHO-
pomHa W m30TpOomHA. B DTOM Ciydae CKaaApHAasd KPWUBU3HA A TPEX-
MEpHOU METPHKH 7Yjj; IOCTOAHHA (MBI CIATAEM, ITO ds? = 2 dt* —
— Yir dzt dzt).

Bo3MoxHBI Tpu ciydad:

1) A > 0—mpoCTPAHCTBO MOCTOSHHOU MOJOXWUTEILHOU KDUBU3-
ubl. [Ipumepom asaserca chepa S5 C RE.

2) A < 0—mOpoCTPaHCTBO HMOCTOSHHOU OTPUIATEIHHON KPUBU3-
HBI, IPOCTPAHCTBO JI06ATEBCKOTO.

3) A =0 mwI0CKOe eBKAMIOBO MIPOCTPAHCTEO.
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Cay4au 1. MeTpuka IpoCTpPaHCTBA COBIAIAET C METPUKON TPeX-
MepHO# cdepsl pagmyca R, S* = {(z1,z2,23,y) | 25 + 23 + 23 +
+y? = R%*}: dI? = da?} + dad + d2d + dy? = da? + d23 + dzd +

(1’1 dl’l + o dl’z + T3 d$3)2
* R? —2? — 23 — 13
PBI WIu paauyc KpuBU3HBEL BBegem B mpocTpancTse (11, T2, L3) che-
puieckue koopauuatel R, 0, ¢. Torga

1
. KpuBmszua A = L rae R—pannyc cde-

dr?

2 _
di” = 1-r?/R? +

2 (sim2 0 dp* + d92) .

B sTux xoopamHATAX AIUHA OKPYXKHOCTU PABHA 277, & PATUYC DTOU

r
JI-r2/R

KoopamHaTa U r = Rsin .
[ToBrie KOOpAUHATEHL X, 0, ¢ —BTO chepuaeckas TapaMeTPU3AII
TPEXMEPHOU C(PEepHl U METPUKA B HAX BBHIPAKAETCA KAK

OKPYKHOCTH PaBeH [ = Rarcsin % = Ry, rae x — HoBas

dI? = R? (dx* + sin? x (sin® 0 dp* + d6?)) .

B sTux KoopAmHATAX IOmALs chephl pasuyca X pasHa 4mR2 sin? x,
a 06bem Bcero mpocrpancTsa V = 212 R? koneden.

Cay4au 2. Ilpu A\ < 0 mpore Bcero moayduTh METPUKY, CIeTaB
3ameHy R — ¢R B npegwpigymem caydae. Torma

dr?

2 _
di” = 1+r?/R?

+ 72 (sim2 0 dp* + d92) ,
WM TIOCTe BBEIEHUA HOBOU KOODAUWHATHI TaKOU, 9TO r = Rshy
dI? = R? (dx” + sh? x (sin® 0 dy® + d§?)) .

Cayuau 3. A\ = 0. IITo IpUBBEIYHOE €BKIMI0BO MPOCTPAHCTBO C
METPUKOU
di* = da? + da3 + da3,

win B chepuvdecKux KOOPAUHATAX T, 0, ¢

di*> = dr® + r? (sin” 0 dp” + df?) .
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Kap guransabiv marom @puamana (1922 r.) 661t oTkas oT cramu-
onaprOCcTE Beenennon. OPpuaMaH IpeAIONOXKAI, 9TO BO BCEX CJILyda-
ax R = R(t). Hocregyromue nabmonerus Xabbma (19251927 roga)
[OATBEPAWINA STO IIPEAMOIOKEHHE,

[Ipw uccnenoBanvm MeTpukm yao0HA COMYTCTBYIOMAA CUCTEMA, B
KOTODOU MaHHASA YACTUIA BEMIeCTBA (FaJaKTUKA) MOKOUTCA. Boibe-
pem Bpems t Tax, aTo0b ds? = ¢ dt? — dl?. Ilto o3maxaeT, 9TO t —
COOCTBEHHOE BpeMA TACTHUIIHL.

Cayqau 1. 3akpbiTas Mogeab. A>0

[Ipu HameM BHIGOPE METPHUKA PABHA
ds* = ¢* dt* — R*(t) (dx? + sin® x (d6” + sin® 0 dp?)) .
Beemem HOBYI0 KOOpAmMHATY 1) Tak, 9To0bI cdt = R(n) dn. Toraa
ds> = R*(n) (dn2 —dx? —sin? (d92 + sin? OngQ)) .

BrimumieM KOMIOHEHTHI METPUYIECKOTO TEH30Pa, CUMBOIEI KpucTod-
deas u kommouneHTHl Ter30pa, [luaan.

g00 = R*(n), g = —R*(n),
g2 = —R*(n)sin®x,  gs3 = —R*(y)sin® x sin” 6;
R'(n) o _ RB'(m) R 0
ry=—", 0 _ ik, Db = o, 1o =T =
0= R(y) ik R3(n)g k 0k = R(n) °k 0i 00
) dR
3IeCh IMTPUX O3HAYAET MPOU3BOAHYIO IO 7) (R (n) = d_77> E nuu-
CTBEHHAA HeHy/eBad BemmamHa RY pasma R) = _R43( )((R'(77))2 —
— R(n)R"(n)), a ckanapras KpuBU3HA PaBHA
6 7
R=- R(n) + R .
s () + R o)
Torma
1 3
Ry~ ;R= (R*(m) + (R'(m)?)
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O603HAMMM Ty ke KOMIOHEHTY TeH30Da DHePTUH-IMIyabca Ty
gepes (7).

Ypasuenue [luHmrernna npespamaercsa B 00bIKHOBEHHOE nudde-
PEHIIATHHOE YPABHEHUE

(B2m) + (R'1)*) = ven). (26)

3
R*(n)

CrenaeM TIpeamoNOXeHne, 9TO B3AUMONEHCTBAEM BEIIECTBA MOXHO
npene6peys, T.e. gasrerue p = 0 u £(n) = c2u(n), rae p(n) — mior-
HOCTh MaTepuu (Maccel). [ITa MOZeIs HABBIBAETCA NbLAEEUIHOT Ma-

mepueti. KpoMme TOro, MOXHO CIATATHL, ITO O0IIAsd MACCa BEIIECTBA
BO BcenerHon

M

_ 5 2p3 _ M
M = 27n“R’(n)u(n) = const, WIn p(n) = PR

[Ty npeAmonoXeHnsa HA3BIBAIOTCSA ypaBHeHUAMHE cocToauus. [logcra-
BIAA ux B ypaBHeHue (26), moxyaaem

fiey (B2 + (Rm)*) = 231,

R(n mc
/ dR
4’7]\?}2 _ R2
V 3mc

Boigensa moasbin KBaapaT u 0003HAIAA

= &1 + const.

2yM

wc?

= Ry, noxygaem

arcsin (E - 1) = £ + const .
Ry

CrangapTHHIN BHIGOP 3HAKA M KOHCTAHTHI UHTEIPUPOBAHUA IIPUBO-
IAT K OKOHYATEIHLHOMY PE3YJIbTATY

R(n) = Ro(1 — cosn).

YTo6bl HAUTH ¢, MOLCTABAM IOLY<IE€HHOE BBIDAXKEHUE B yPABHEHUE
cdt = R(n) dn, Torga

_ o
_C

t (1—cosn)dn:%(n—sinn).
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OKOHYATEIBbHBI OTBET
R = Ry(1 — cosn),

t= %(n — sing),
_2yM
-~ 3n

Ry

Orcroga caeayer, 1ro paguyc Beenennon R(t) usMeHA€TCA MO IAKIO-

une, Bospactas ot 0 mpu £ = 0 10 MakcumaabHOrO 3Ha4MeHUA R = 2Ry
TIY 27TRO
npu t = —, » a3areM yowiBag g0 0 mpu ¢t = —

27TRO/C t

IIuc. 6.

Yuer naBieHws He MeHIET (PAKTA CHHTYIIPHOCTH.

Cay4uau 2. OTkpbiTas Mmogeiab. A<0

Kak u B 3akpbITOM MOJENN, IPK HallleM BLIOOpE METPUKA PaBHA
ds® = ¢ dt* — R*(t) (dx” + sh® x (d6” + sin® 0 dp?)) .

Tak ke, KaK U B 3aKPLITOU MOJeIU, BBOIUM HOBYIO KOODAWHATY 1)
Takylo, aro cdt = R(n) dn. locie aHATOrMIHBIX BEIMUCICHAN KOMIIO-
HEHT METPHUIECKOTO TeH30pa, CUMBOIOB KpucToddes 1 KOMIOHEHT
Ten3opa [lugauwm, ypaBuenue [luHITENHA TpEBpAIAeTCA B OOBIKHO-
BeHHOEe nuddepeHnualbHoe ypaBHEHTE

iy (B )" = B(0) = Treln).
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[emas ero B Mojiesu NBUIEBAIHON MATEPUM U MIPEANONAras, KAK U B
saxperToin Mogemn, 9o 2mu(n)R3(n) = M = const, moryTaem

R =Ry(chn - 1),
R
t =="(shn —n),

_29M
o = 3rc?’

3agaua. IIpogenaiTe >TH BEIMACICHAA.

3agaua. IIpogenanTe mogOOHLIE BEIMUCICHAA B CIy9ae ILIOCKON
mogemu (A = 0).

WNuTepecHo, 9T0 BO BCEX TPEX MOJEMAX B TOYKE CUHIYIAPHOCTH
t ~ 0 paguyc Beerennon Beger cebsa onuaakoBo: R(t) ~ t2/3.

(JIJI2, T 10— 12, §81-88, 91103, c. 288 324, 330—407; [IID,
w1, §39, c. 372 386; .1, § 31, ¢. 705 731.)

CemuHnapsl o kypcy «Teoperudeckas pusnkar
[5-11 cemecTp]
A. A Kagenmsunu, A.T'. Kyaakos

[IpuBoguTCa HAOOP TEeM U 3a71at, KOTOPHIE Pa3bupaIuch HA CEMU-
HapCKUX 3aHATUAX. Kpome Toro, Ha ceMmHapax pa3bmpanauch 3313494,
MaHHBIE HA JEKIIUAX.

Cemmuuap 1

Tewmebr:
1) Cucremser oTcuera.
2) Jlumerka ¢ 9acaMu, 9aChl CAHXPOHU3UPOBAHBL.

3) UsmepeHue nawHBI U BDEMEHHU.
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4) TlocTOAHCTBO CKOPOCTH CBETA B WHEPIUAILHOUN CUCTEME OTCYIE-
Ta.

5) Kak caencrsue, npeobpasosanue Jlopenna.
6) Usmepenue CKOPOCTH U yCKODEHWUS.
7) 4-ckopocTb, 4-yCKOpEHUe.

3agadga 1. /IBe cucTeMbl OTCUETA NBUKYTCA CO CKOPOCTAMHE V1, V2
OTHOCUTEIBLHO TPEThEU CUCTEeMBI oTcueTa. [lanaure ux oTHOCUTETH-
HYIO CKOPOCTb.

3agaga 2. [labmogarTens NBUKETCA C MOCTOIHHBIM yCKODEHH-
€M OTHOCUTEIBHO COOCTBEHHOU CUCTEeMBI oTcueTa. OnummTe 1BUXKe-
HEEe HAOIIOATENA B WHEPIUAILHOU CUCTeMe oTcdeTa. [Ipumedanue:
KOHIIbI JIMHEUKY HEIOIBUXKHBI IPYT OTHOCUTEABHO Apyra. [losTomy
B MCHOBEHHO CONIYTCTBYIOIEH CACTEME OTCUETa JUHEHKA MOKOUTCA

1 COBIIagaeT C OChIO T.
o

3agaua 3. [lokaxwure, 9T0 4-ycKOpeHUE g EMeeT JuIlb 3 me-
dv®
3aBUCUMBbIE KOMIOHEHTHI. CBAXUTE g © YCKODEHHEM, H3MepACMBIM

HAOIIOATETEM B CBOEU CUCTEME OTCUYETA.

3aga4ua 4. Cucrema S’ IBUXKETCA CO CKOPOCTHIO (3 OTHOCUTETLHO
cucremsr orcaera S. [lox yrmom ©' k 5 B cucteme S’ BhIIyImeHa my i
co ckopocThio v'. Yemy pasen yroa B cucreme S7

3apgadga 5. Taxuon umeeT CKOPOCTh U. TaxMOH M3Iy9IaeTCsA MOKO-
AUAMCSA UCTOTHAKOM, a IPUHUMALTCA Y IAISIOUAMCA CO CKOPOCTBIO U
HAOMIOATETeM U TOCBLIAETCA HA3al. B MOMEHT mpuema, pacCTOSHUE
Mexny HuMu L. Yepes kakoe BpeMsa MOXET ObITH MOLYIeH TAXUOH-
HBIK OTBET?

3agada 6. BriBegure npeobpasosanus Jlopernma u3 creqyommx
[IPEAIONOXKECHNN:

a) 9YeTHIPEXMEPHBIE IPAMBIE IEPEXOJAT B UETHIPEXMEPHBIE,

6) KOHEYHBIE TOYKM HE MOTYT MEPEXONUTH B OECKOHETHBIE,

B) kBaapaTwaHag dopma z2 + y? + 22 — c?t? coxpaunsercs.
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3agada 7. BuBenure dpopmynsr npeobpasoBanus Jlopenma u3 To-
ro gaxTa, 9TO MPU 3aMeHe ict = T KBaAapaTuIHAd (HopMa z? + y2 +
+ 22 — 22 nepexoquT B z% + y2 + 22+ 72

Cemunap 2

Tema: 4-ckOPOCTH U €€ MPUMEHEHUE.
3agada 1. Boraucaure koMmoHeHTHL 4-CKOPOCTH.
Omeem:

— 2
Ug = dj—:; ds = \/dal — da? "= cdty [1 - %;
C
(27)

. 1 7
e (w —2j@ /1 —v2/c2> '

3agaua 2. [laumgure MOAYIb OTHOCHUTEILHOM CKOPOCTHU CHUCTE-
Mbl K oTHOCHTEIBbHO cucTeMbl Ko.

3agada 3. K-ou mameraer ma nporos. [lepnenaukysipao BbLIe-
TAaeT HEUTPOH U MO yIioM — IuoH. [Ipu kakux F,, peaknus BO3MOXK-

HA!
mi +m3 4+ m2 — 2mym, — m2
(¢ =1), nwon nerur

Omesem: By, >
2(mp —my)
CO CKOPOCTBIO CBETA.
3agaua 4. [lanauTe MUPOBYIO JWHUIO TeIa, KOTOPOE B COMYT-
CTBYIOIIEN CHCTEME OTCYETa UMEET MOCTOSHHOE YCKOPEHUE.
3agaua 5. CrepxeHb AIMHBL [ CKOIB3UT CO CKOPOCTBIO ¥ MUMO
sambl mupuabl L. [Ipn kakoMm cooTHomenunn mexay I, L, v cTepxeHb

OPOBATUTCA B AMY 7

Cemunap 3
Tewmpbr:
1) Jlarpamxuams.
2) Ypasuenus [Tiunepa — Jlarpanxa.

3) lNaMunbTOHOBA 3aMUCh KAHOHWYECKUX yDABHEHUN.
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4) [lencTBUE B raMUIbLTOHOBOU (POpPME.

3agaga 1. 3anumuTe JTarpaHXUAH, KAHOHUIECKAE UMITYIbLCH 1
FaMUJIBTOHUAH CBOOOMIHOU YACTUIBI B C(PEPUIECKUX KOOPIUHATAX.

3agadga 2. To xe camoe I PEAATUBUCTCKOU TACTUIIHL.

3apgaga 3. To xe camoe g peryiasTopa YaTTa.

3agaua 4. OnumuTe IBUXEHUE 3aPAKEHHON PEMATUBACTCKON Ia-
CTUILL B DJEKTPOMATHUTHOM TIOJE.

3agaua 5. [langure 9acToTy KOJIEOAHUA [BYX IPY3UKOB MACC 1M,
CBA3AHHBIX MPYXUHOU KECTKOCTH k.

3agaua 6. 2 mapuka, CBI3aHHBIE NIPYXUHOU, ¢ dHepruen W Ha-
meraioT Ha cTeHKy. OTCKOK a) ympyruu, 6) He yupyrun. [lamaure
Wi, Wiones TTOCTE OTCKOKA.

3agadga 7. Onpenenure IBUXKEHUE CAMMETPUTHOTO BOIIKA C 3a-
KPEILIEHHOU TOYKOMU.

Yxa3anue.

1

[Tomoxenune Tesaa 3a0aeTCA TPEMA YIIAMA SWIEPA.

)

2) [lBmxeHue Tena 3aJaeTCA yIIOBOU CKOPOCTBIO.
3) Jlarpamxwuas.

4) Temzop wrepuuU.

5) MomeHT mmITyanCa.

6) 3aKOHBI COXPAHEHWUS.

3agaua 8. [lazbepure CIydall TAKEIOTO CUMMETPUIHOTO BOIIKA,
C 3aKpEILIEHHOU HUXHEH TOIKOMU.

Cemvmmunap 4
Temsr:
1) [lBukeHye B OCTOSHHOM U OZHOPOJHOM MATHUTHOM IOIE.
2) Ieuxenue B Kyronosom moue.

3) Komebanue cTpyHBI.
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Cemunap 5
Tewmebr:
1) Tose paBHOMEPHO 3aPAKEHHOTO MIAPA.
2) Ione niockocTu.
3) llap ¢ momocThio.
4) TIpOBOAHUK B DIEKTPUIECKOM IIOJE.
5) Iaeprus sIeKTPOMATHUTHOTO TIOJ.

3agaua 1. [laugure pacupenenrerne 3apana Ha IPOBOIALIIEH ILIOC-
KOCTU BOIU3U 3aPAIA q.

3agaua 2. [IpoBogsammyu map HAXOAUTCA B OJHOPOIHOM DIEK TPU-
geckoM mosie. [lauauTe pacupeneneHue 3apiana U mMoJe, CO3JaBASMOe
oIapom.

3agadga 3. [leckOHEUHBIN TMIVMHAPUIECKAN TPOBOIHUK IOMENIEH
B OJJHOPOJHOE DIEKTPUIECKOE mone. [lanaure pacupeaeseHue 3apama
HA TOBEPXHOCTH MPOBOJIHUKA..

3agada 4. BrerducanTe SHEPruio PaBHOMEDHO 3aPAXKEHHOI'O IIa-
pa.

3apgaua 5. [ano geicrsme S = —mc [ ds—z [ A, dz*. Beisegure

M3 DTOr'0 JEUCTBUA 3AKOH [BUXCHUA YaCTUILL.
Cemunap 6

TeMmpbr:

1

[Tone maueHOrO MPOBOMA.

2) Ilome 6€CKOHEYHO IIUHHOTO COJEHOUIA.

4

3) Ilome mIMHHOrO HPOBOAA B NBUKYIIEUCI CHCTEME OTCUETA.
) o gBMXKymmXCa 3apALOB.

5

[Ipeo6pasoBanue masA IMOIEH U MOTEHIUAIOB.
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6) IMorennman Jluenapa— Buxepra.

7) Marauraeii qunoas. [lone gwumoss.

Cemmunap 7

3agauga 1. OcuwimaTop mMeeT MacCy m, 3apafg e, XKeCTKOCTh
npyxwuasl k. [ladgure naMeHeHre aMIUIUTYbI, CBA3AHHOE C W3JIyJe-

HUEM DHEpPruu (CumTaeM, 9TO IacTOTa wy He MEHAETCH).
2e%w?

Omsem: & = —
3m

3agaua 2. Onpegernmre marydeHwe AWHONA d, BPAIAIOMErOCA
B ILIOCKOCTH C yTWIOBOM CKOPOCTHIO §).

3agadga 3. Oupegennre SHEPTUIO U3IYIEHUA OCIULIATOPA, B IIOJIE
maaioner Ha Hero BOJIHEL.

Cemunap 8

Tema: mornomons Jupaxka.

Cemvmunap 9

Tewma: mounomons T’ Xodra—[lomsakosa.

Cemmunap 10

Tema: pemenne HIBapmmumisaa ypapuennu [IrHmTenna.

Cemmuuap 11

Tema: momenu PpuamMana U CBA3aAHHBIE C HUMU 33,1a91.
3agaua 1. Kakyo 9acTb BCEIEHHOU BUAUT HAOIIOLATENH B MO-
nenax Opuamana?
3agada 2. KakoBa cBa3b KOHCTAHTHI Xab0/1a # KPUBU3HBEL B MO-
nenax Opuamana?
R

Omeem: H = R
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CemMmmuuap 12

Tema: xapTel Kpyckamaa B 3amade [lIBapmmmibaa.

Bo3moxHbIe 3agaun
IJIs IACbMEHHOI'O DK3aMeHa

3agaua 1*. Hanaure npeobpaszosanua (z,y, z,t) — (z',y', 2/, 1),
KOTOpEIE 00JaJal0T CICAYIONIMHA CBOMCTBAMM:

1) (0,0,0,0) — (0,0,0,0).
2) (%,0,0,%) = (*,0,0, ).

3) IIpocTpaHCTBEHHBIE NPAMBIE TIEPEXOAAT B MPAMBIE, OTINIAK0-
muecsa CABUIOM.

4) CoxpaHAIOT PABHOMEPHOE, PAMOJIMHENHOE [BUKEHUE.
5) CBeTOBOM KOHYC IEPEXOAUT B CEO.
6) CogepxaT HOATPYHILY IPOCTPAHCTBEHHBIX BPAIICHUN.

3agaua 2. [langure 3ak0H NPeOOPABOBAHUA AHTUCAMMETPUTHO-
ro Tegsopa F),, npu npeo6paszosanum JIOpeHIa co CKOpOCTBIO U =
= (v1,0,0,0). [lesyapraT BBHIPA3UTH AIA Eu H. Bripasurs epes
aux F,, F** u F,, F*.

3agada 3. CKOJIBKO BPpEMEHU IO 36MHBIM YACAM 3aUMET IyTe-
LIeCTBUE [0 3Be3bI 1 0OPATHO, €CIM PACCTOAHME 10 Hee 1 CBeTOBOU
rof, a ckopocTh pakeTsl v = 1/0.9999 ¢? Ila ckorbKO BpeMeHu HYKHO
6pathb eny? Bo ckoabko pas O0JbIIe TOMINBA, HYXKHO MOTPATUATE IS
Pa3roHa PAKeTHI, UM B CIy€ae BHIBOAA €€ Ha OKOJO3EeMHYI0 opouTy?

3agada 4. [langnre HAROOJBUIYIO DHEPrUIO ONHOU M3 IO IUB-
wuxcs upu pacnage (M — my + mgy + m3) gacTurm,.

3agadga 5. [lauguTe TPaeKTOPHUIO 3aPAKEHHON IACTUILI B IIOCTO-
SAHHOM JVICKTPUYICCKOM II0JIC.
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3agaua 6. [Tangure TPaeKTOPHUIO 3aPAKEHHON IACTUIIBI B IIOCTO-
SHHOM MACHUTHOM IIOJE.

3agaua 7. [langure TpaekTOPUIO 3aPAKEHHOU YACTUIBI B IIO-
CTOAHHLIX DIEKTPUIECKOM U MACHUTHOM IOJIAX, MaPAIEILHBIX APYT
APYTY.

3agaua 8. [languTe BLIpaXeHue I JAILIACKAHA B CHEPUICCKAX
KOOPAWHATAX.

3agada 9. [okaxnuTe TOXIECTBA:

—,

1) div(pA) = ¢div A + Agrad p;

)

2) rot(pA) = prot A — A x grad ¢;

3) div[AB] = Brot A — Arot B;
4) rotrot A = —AA + grad div A.

3aga4a 10. [lanaguTe >IeKTpUYIECKOE IIOJE, CO3AABAEMOE PABHO-
MEPHO PACHPENETCHHBIM 3aPAJ0M ¢ IO KOJBILY PAIAYCA I' X TOYUCTHBIM
3apsagOM —¢ B IEHTPE 3TOr'0 KOJbIA, HA OCH KOJbIA HA PACCTOSHUU
T >r.

3agadua 11. Ilokaxwure, 9TO E?_H?2u EH WHBAPUAHTHBI OTHO-
CUTENBHO peobpasoBanuy Jlopenma.

3agadya 12. Yacruma M maccer M uw P = pjs HaneTaeT Ha MO-
KoAyIocsa dactuily M Maccel m u P = 0. O6pasyercsa gacTuna u.
[Manigure ee Mmaccy, UMIYJabC U CKOPOCTh.

3agaua 13. [laugure 5JeKTPUYIECKOE M MATHUTHOE IIOJE 3apPi-
KEHHOU YACTUIBI, IBUXKYIIENCI C MOCTOAHHOU CKOPOCTBIO V.

3agaua 14. [lumons d BPAIIAETCA CO CKOPOCTDIO {) B ILIOCKOCTH.
Kaxkyto saepruio o msiaydaer?

3agaga 15. IlamguTe TeH30p >HEPrUU-UMIIYJIbCA, ILIOTHOCTH
SHepruu u noTok >Hepruu [IM mos.

3agaua 16. [larguTe moje B MOIOCTU PABHOMEDPHO 3aPAXKEHHOTO
IIapa ¢ MAapOBOU MOJOCTHIO.
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IIpuMep NUCHLMEHHOIO 3K3aMeHa M0 KypCy
«TeopeTnueckasa ¢pusmkar, 5-u ceMecTp

BapwmanT 1

TeopeTudeckune BOIPOCH

1. BuiBeguTe npeobpasosanus Jlopenna w3 npuanunos [InHmrTen-
HA.

2. a) KanubpoBo1uHas WHBAPUAHTHOCTH B DIEKTPOJUHAMUKE.

Kamubposka Jloperua u kamudbposka Kyona.

6) Kaaubposounasa nHBApMAHTHOCTH B Teopuax fura— Mummica.

3. [IrexTpoMarHuTHBIE BOJHBEI B mycToTe. llmoTHOCTL dHepruum-
UMITYyJbCA SJICKTPOMArHUTHBIX BOJIH.

3amaxu

1. [MarauTe HAMOOMBIIYIO DHEPTUI0 YHOCUMYIO OJHOU U3 YACTHUIL
[IpU paclaje IacTUILl MACCH M Ha TpH JaCTHUIBL MACC My, Mo, M3.

2. Tenexka KATUTCA MO CTOJIY CO CKOPOCTBIO (3, MO HEU KATHUTCS
BTOpasA TEIEXKA C OTHOCATEILHOU CKOPOCTHIO [, U T. [. N~ TEIEKKA
katurca o (n — 1)-u orHOCUTERbHOU cKOpocThIo (. [lanamre cko-
POCTDb N-U TEIEXKKM OTHOCUTEILHO CTOJA U €€ Mpeael IPHu n — 0O.

3. 3apAKEHHYIO IACTUILy MACCHI 11, ¥ 3aPALA € PA3TOHAIT 10 CKO-
pocTu v. B mumonbHOM DpHOIMXEHWN HAUIUTE 3aTPATICHHYIO DHED-
rHIo.

4. BeKTOpHBIN MOTEHINAL 6€CKOHETHOI'O COOCHOI'O C OCBIO 2 COJIe-
HOWA MMEET BHE COJCHOWIA BUJ

Ay = k52— Ay=k— A, =0.

:L.Z_'_yz? 1’2+y2’

[MampsaxkeHHOCTH MArHUTHOTO TOJA BHE cojaeHonaa pasua 0. [Tangure
KaauOpOBOYHOE IpeoOpa3oBaHme, 3aHydaolee A BHe coleHonaa.

BapwmanT I1

TeopeTudeckne BOIpPOCH
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1. BeiBegure npeobpasosanus Jlopena us aByx mocryaatos [iH-
wrerHa (IPUHIWUIA OTHOCATEIBHOCTU W MPUHINAIA HE3ABUCUMOCTHI
CKOPOCTH CBETA).

2. Nzny4denue 31eKTPOMATHUTHBIX BOTH. POpMyIa Iad TUIOIBHO-
O M3JIyIeHUs.

3. acTanTOHEI.

3amaxu

1. TTa mOKOAUIYIOCA YACTUILY MACCHL 171] HAJETAET TACTHUIA MaC-
CBI Mo W UMITYAbCA p. [lanauTe MacCy, UMIIYJIbC U CKOPOCTH 0Opa3o-
BABIICHUCA TIaCTHUIIBL.

2. 3apan ¢ paBHOMEDHO PACIPEIENeH MO OKPYRKHOCTHA PALAYCA, T
[Tangure HECKOIBKO (GOJBIIE OTHOTO) “WIEHOB DA3JOXKEHUsA HAIIDS-
XKEHHOCTH DJIEKTPUIECKOr0 HoaA F B TOYKE, PACIOIOXKEHHON HA, OCU
OKPYXHOCTH HAa PACCTOAHWUU [ > r OT IeHTPa OKPYXHOCTH.

3. Ompegernre SHEPIUIO WIIYIeHUE NUIONA d, BPAIIAIOMIErOCH B
IIOCKOCTH C YTVIOBOM CKOPOCTBIO (2.

4. 3apAaxeHHas JACTUIR, BPAAeTcAa B mmockocTu 0xy ¢ yriaoBou

CKOPOCTBIO W B MATHUTHOM MOJE MEPHEHAUKYIAPHOM ILUIOCKOCTH C
HaIlpAXeHHOCTbIo H = rén (r? = 2% + y?). /lpmKenme TACTHITHI
BO3MYIIAIOT B MOPU3OHTAIBHOU TIOCKOCTHU. [langure gacrory {2 pa-
TUATBHBIX KOMEOAHUN OTHOCUTEILHO NBUKEHUS 10 MEPBOHAMAILHON

OKPYXHOCTH.
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Beegenune

Bo BBemenun xorenock Obl CeIaTh HECKOIBKO 3aMedaHui, oOpa-
IIEHHBIX K MATEMATHKAM.

1. ITamomMHUM CIOBa, CKA3AHHBIE B HAYAJE MPEABIAYIIErO CEMECTPA
0 TOM, YTO DTO KyPC TEOPETUIECKON (PU3UKU, OCHOBHASA 33,1393 KOTO-
pPOT'0 pacCKa3aTh, KAK MPUAYMBIBAIOTCA YPABHEHUA WIA OTKYAa OHU
06epyTcs, U KOTOPHIA OTIMIALTCA OT KypCa MAaTEeMaTUIeCKOU (pu3u-
KU, TJIe OTU YPABHEHUA PEIIAIOTCA.

2. KBaHTOBasg MEXaHWKA, KAK, BIPOUEM, U TEOPUA OTHOCUTETb-
HOCTY, — YIUBUTEIbHBIN IPUMED TOrO, KaK (PU3UKKU B HAIIEM BEKE,
Ka3aJOCh OBbl, U3 (HUYIErO» CO3MATN HOBBIE CUCTEMbBI MUPA U CO3JAI0T
UX 10 CeW AeHb. 3MeCh yMeCTHO mpouutTupoBaTh Jlamraca «Caact-
auser [IbI0TOH, Beb cUCTEMY MUpPa MOXHO CO34aTh OJHAXKIBD (2TO
BBICKa3bIBaHUE BCe Bpemsa mutupyer A. Cmuira B cBoen kuure «Odve-
BUTHOE — HEBEPOATHOE», MABIIEH HA3BAHUE MOMYIAPHON TeIeNepeaa-
qe).

3. C apyrou cTOpPOHBI, U3JIOXKEHUE TI000U HUBUIECKON TEOPUN HE-
BO3MOXHO 0€3 pelleHNs ee ypPaBHEHWH, YTO B HAIlel KIACCH(pUKA-
AU SABIAECTCA MATEMATUYIECKOU (DUBUKOU. YPABHEHUA HEOOXOIUMO
pelaTh XOTA OBl A TOr0, YTOOBI CBEPUTH TEOPUIO C DKCIIEPUMEH-
Tom. [lo, rmaBHOE, YTOOBI BEIPAOOTATH ONPENEICHHYIO UHTYUIAIO, C
HOMOIIBI0O KOTOPOU B NAJBHEUIIEM (II0 AHAJOTUMW) (& DTOT DBPUCTH-
9EeCKUU METOJ — [VMIABHBIM ¥ OCHOBHOM METOJ TEOPETUIeCKOUn pusu-
K¥), CIeAys MATEMATHICCKUM TEODPUAM, CO3AaBATH HOBYIO (DUBUKY
(cm. snurpad 4).

4. Bropou u3 aBTOpPOB, y4Yach HA MEXMATe, CEPbE3HO CUUTAN, U
oyMaro, 9T0 Bbl cemdac Takxke cIMTaeTe, UTO M3MAraTh KBAHTOBYIO
MEXaHUKY MAaTEMATUKAM HYXHO KaK AKCUOMATUIECKYIO cucremy. Ta-
KOU MOAXOM, C TOUYKU 3PEHUA BTOPOT'O U3 ABTOPOB, IMPEAEIHHO MOCIe-
nosarensHo ocymecTsieH B [DA] (cm. raxxe [PII]).

5. OdeHb X0TEIOCH ObI, YTOOBI YUTASA DTU JEKIUU, BBl B KAX TBIN
MOMEHT OTIaBaIu cebe ACHBIA OTYeT, KAKOEe W3 [BYX TUIIOB U3I0KE-
Husg pusuku cenvac nepen Bamu. U ecaim Bam He mpasuTcsa Heder-
KOCTb (POPMYJIUPOBKA KAKOU-HUOYIH U3 TEOPEM, TO CHPOPMYIUPYUTE
ee camu. [IToT m MHOrmMe apyrue CmoCoOBI, KOTOPBIMA MATEMATUK
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MOXeT u3ydaTh Gusuky, 3amedareasHo omucansl B [M]. Kaura sra,
CIIBHO MOBJUABIIAS HA BTOPOT'O U3 aBTOPOB, OYKBAILHO ITOCBAMIEHA
TOMY, «(KaK MAaTEMAaTUK OOJXKECH U3yI1aThb q)HBI/IKy». Ee MOXHO IITUTU-
pOBaTH B DTUX JEKIUAX OYKBAJILHO C JI0OO0OTO MECTA.

Tak xe 3aMedaTeIbHBIM, 10 MHEHUIO BTOPOT'O M3 ABTOPOB, SABJA-
ercs yaebuuk [DJIC]. B mem ouens noapo6HO pazbupaeTcs dKCIepu-
MEHT 1m0 qudPAKIUA JIEKTPOHOB HA, ABYX Ineisx u3 Jlexmuum 13.

[JTexunms 13]

C] €y JOBJIETBOPUTEJNBHOCTh KJIACCUYIECKHUX l'Ipe,I[CTaBJIeHPIﬁ

Knaccuieckme MexaHUKa U BIEKTPOIUHAMUKA, TPA TIOMBITKE TP~
MEHUTDb UX K OOBACHEHUIO ATOMHBIX ABJICHUU TPUBOAAT K PE3yIbTa-
TaM, TPOTUBOPEIAIINM SKCIEPUMEHTAILHBIM (haKTaM.

[TpuBenem BaxHEUIIUE MPUMEPHI B XPOHOJOTMIECKOM TOPAIKE.

Opumep 1. [lnank —usnydenune geproro rena (1900).

Wmeercs 9epHBIN AMUK (YE€PHBIM = He OTPAaXKAIOUUU CBETA, KOTO-
peiit Ha HEro nagaet). CTEeHKHU AlMKa HATPETHL 10 HEKOTOPOU TeMIIe-
PATYPHI U M3IYYIAI0T BHYTPb. TePMOAMHAMUITIECKOE PABHOBECUE MEXK-
Iy manydeHueMm u crenkamu. [Tueprus ~ (E? + H?).

3aga4a. [locumranre qncno rapMoHMK B mHTEpPBaIE (V,V + dv),
rae v — JacToTa.

8
Omsem: dN = —31/2 dv.
C
ITo xmaccwm9IeckuM IpPEeACTABICHAAM CPEIHAA DHEPrUA OJHOTO OC-

NUWLIATOPA He 3aBUCAT OT JacTOTH U pasHa e(v) = kT. Torga dE =

8w
= —3u2kT dv, orcioga [ dE = oo. IITo «TeopeTmieckoe) ABICHHME
C

MOy YUJI0 HA3BAHUE YAbMPaPuosemosots Kamacmpodgbo.

[lnaHk TPEAIONOKUI, ITO CBET U3MYy9IaeTCA NOpumAMU (KBAHTA-
MU) ¥ OfHA HOpumsA paBHa hr. Bo3MOXHBIE COCTOAHUA DHEPIUM Ha-
crorel v paBusl F,(v) = nhr (5a camom gene E, = (n + 1/2)hv).

h 2
3agada. Besequre orciona, uro e(v) = ——— i ; u dFE = 872,/ X
erT — C
h
X Mi’/ dV.
erT — 1

3agada. [langure 9acTOTY ¢ MAKCUMAJIBLHOU DHEPrHUEH.



96 KBanTOBAA MEXaHUKA

L w
=5

Apuwmep 2. [Tiuamrens — porosddext (1905).

[0 o6mapyxeno (Tepu, lambsaxc, Jlemapa, Henrren, Munmm-
K€H), 9YTO yIbTPapUONETOBBIE W DPEHTTEHOBCKHUE JIy9M BHIOUBAIOT
DIEKTPOHBI, KOTOPHIE NPUOOPETAIOT KUHETUYECKYIO DHEPIUIO, pa-

[TamomuwM, wT0 ht = hw, h = 2£, v
m

CTYUIYIO C 9aCTOTOU U3AYIEHUA MO 3aKOHY

0, v <y

puT i
rne EKpPIT = hVKpI/IT'
hv — EKpI/IT7 vz Vxpur,

[TiHIITeNH TPEAIOIOXWI, ITO CBET COCTOUT U3 (POTOHOB U DHEP-
rus $HoToHa ¢ JacToTou v pasHa hv. Ilmeprua Eip,, —3T0 dHEprusa
BBIXO/[a DIEKTPOHA U3 BeuecTBa. llTa rumoresa momHOCTBIO 06BAC-
HAET DKCIIEPUMEHT.

Apuwmep 3. Ilop—arom (1912).

JlunenaaTeie CcnekTpel u3rydeHus aTomoB (1912), oTkperTme
crpykTypbl atomoB (Ilesepdopa, 1911), KOMOMHAIMOHHBIN IPWH-
uun [lutna—ugbepra, cepum m3aydeHumsa aToma BOAOPOLA: CEpuUs
Jlaimana, B koTopout v, = cR(1 — 1/n?), cepua Iamemepa, B KO-
Topor v, = cR(1/4 — 1/n?) u apyrue (3mece R = 109700 cm ! —
nocmoannas Budbepea) — >Tm OTKPBHITHA TOPOIWIA MHOXECTBO BO-
mpocos. [Tampumep, modemy aTom ycronuns? Benb Bpamasch BOKpyT
SAIPa, DIEKTPOH UCHBITHIBAET YCKOPEHUE, CIEAOBATENLHO, HOIKEH U3-
JIy9aTh, CI€OBATEILHO, HOIXKEH CBAIUTHCA HA AIPO.

[Mop mpeanoso)ui, 9T0 Mpu CACAYIOMEM COOTHOUIEHUU HA, OpOUTY
saekTpona: mu2nr = nh (wmm mor = nh) on He maxydaer. [oBopar,
9TO OpbuTa DIEKTPOHA KBaHTyeTCa. ATom ucmyckaer (poToH (m3-
JLy9aeT CBET), KOIJA HIEKTPOH MEPEXOAUT ¢ OpOUTHL HA OpOUTY, U
9aCTOTA M3IYYEHUs V CBA3aHa ¢ sHepruen nepexoga AFE = hv.

BBIBOABI M3 5TOU T'UAMOTE3HI 3aMETIATEABHO COTVIACOBAHBI C DKCIIE-
PUMEHTATbHBIMA (haKTAMHU.

dpumep 4. e [Ipoias —unTepdepeniusa 2IeKTPOHOB Ha, KPU-
cramiax (1926).

B skcnepuMenTax mo 00MyYEHUI0 KPUCTAIOB DJIEKTPOHAMU ObI-
au obHApYyXKeHbI WHTepdepeHIINOHHbIE MOJOCH. [lydok »aekTpoHOB
0OHAPY XU BOJHOBBIE CBOUCTBA.
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[le TIponnb npeamonoXmi, 9TO JINHA BOJIHBI A IIy 9K, DIEKTPOHOB
paBHA A = — U CBET U DJIEKTPOHBI BeAyT ce0s MHOTAA KAK BOJHHI,
p

HOr'1a KaK IaCTUIIbI. Kak »T0o coBmecTnTn?

NuaTepdepennusa 31eKTPOHOB

[MpencraBum cebe MBICIEHHBIN DKCIEPUMEHT: S M3IydaeT DIEK-
TPOHBHL, a geTekTop D perucrpupyer ux. OHI MOIATAIOT IO OTI€Ib-
HOCTHU HA 3KpaH B, kak oTxeibHbIe TacTUIBL. MBI u3MepseM BepOsT-
HOCTH P momajgasus 3a 1 ¢ BIEKTPOHOB B I€TEKTOP HA PACCTOAHUU &
ot ocu (puc. 7, a).

B
x z

1 D Py

Py
SIEKTPOHHAA
oymka  § S~—— |~ ]
P Py
z

CTE€HKa IIOIVIOTUTEIb

a o 6

IIuc. 7.

ITockonbky nrekTpOHBI BenyT cebf Kak HaCTHUIBI, MOXHO OBLIO
ObI TPEAIOIOKUTE, ITO KAXALIM IMPOXOAUT UE€pe3 OMHO W3 OTBEP-
CTUM ¥ B CIy9ae IBYX OTKPHITBIX OTBEPCTUU BEPOATHOCTDH IIOIA-
OaHWSA B TOYKY & ObLIa Obl cymMmou BeposTHocTen Pos = P + P
(cm. puc. 7, 6). Ilo onbT gaer Apyryio KapTHUHKY — puc. 7, 6. Ila ca-
mom gene P(x) coBmamaer ¢ pacupeeneHmeM WHTEHCUBHOCTY DU
uaTepdepennun BoaH. [losTomy (mo amasorum ¢ mHTEpdeEpeHImen
CBETA) MOXHO MPEIOIOKUTE, 9TO CyNECTBYET AMILIATY 1A BEPOAT-
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HOCTHU () Takas, 9To

P(z) = o), @(z) = p1(z) + 2(x),
Pi(z) = o1’ Palz) = |paf*.

Mgl BEIYHCIIEM THTEHCUBHOCTD BOJIH, KOTOPBIE JOCTUIIA GBI TPUOO-
pa, a 3aTeM MHTEPIPETAPYEM DTy NHTEHCUBHOCTH KaK BEPOATHOCTD.

Kak ckaswbiBaeTcs BIusHue HAOIOQEHUAS HA DTOT DKCIEPUMEHT !

ITonpoGyem onpemenuTs, 9epe3 KaKoe OTBEPCTHE MPOXOAUT HJICK-
TPOH, HAIIPAMED, ¢ TOMOIILI0 ¢BeTa. CBET paccemBaeTCsa HA DIEKTPO-
Hax. [ITo asrenue HaswiBaercsa sddexmom Komnmona.

B pesyabTare MbI TOYHO 3HAEM, UTO IEKTPOH IPOXOAUT JTUOO
qepe3 oTBepcTue 1, mub6o depes orBepctue 2. B sToMm caydae P =
=P+ P.

ITo, mcmonb3ys cBET, MBI BHOCHIN BO3MYIIEHUE B TOBEICHUE DIIEK-
TPOHOB. Ka,KOBa, ero I/IHTeHCI/IBHOCTI)? BCHOMHI/IM, 9TO CBET COoCTOUT
73 POTOHOB, KAXK BN U3 KOTOPHIX UMeeT 3Hepruio F = hy u ummyasc
p = h/A\. Ecim MBI 3aperucTpupOBAIN PACCEIHHBIN HA DIEKTPOHE
$OTOH (M CIEIOBATENBLHO, y3HAMU YE€PE3 KAKOE OTBEPCTHUE MPOIIEN
DIEKTPOH), TO (POTOH MEPEJAT DIEKTPOHY UMIIYJIbC mopanka h/A u
MBI MOJNYYWJIN HEOUPENeJeHHOCTh TAKOT'O Xe IOpPAAKAa B permcrpa-
[UU TIONOXKEHUs >MeKTpoHa. OCIabuTh BIUIHUE CBETA HA DJICKTPOH
MOXHO yBEIUINBASA )\, HO 9TO npuUBEeAET K YMEHBIICHUIO TOTHOCTH, C
KOTOPOU MBI ONIpeJeaeM, Tie IPOXOIUT daeKTpoH. [leTounocTn Az
7 Ap B U3MEPEHUU KOOPAUHAT U UMILYJIbCA DIEKTPOHA, CBA3AHBI MO-
DTOMY COOTHOIIEHNEM HeompeneleHHoCTH ['enmsenbepra Ap - Ax > h.

[Tapagokca B yTBEPXKACHUU, ITO DIEKTPOH — ITO UACMUUA — 804~
HG He BO3HUKAET, ecau Ji000e (PU3nIecKoe BMENaTeIbCTBO C HEeAbI0
ONIPENENUTD, Iepe3 KAKOe OTBEPCTHE MPOXOAUT DIEKTPOH, IIPUBOIUT
K MCKAXEHWIO OUBITA W MHTEP(PEPEHIINA NCIE3AET.

B cmry 5T0T0 € KaX 10U MOCTAHOBKOU OIBITA CBA3aH OTKA3 OT OJ-
HOU U3 [BYX CTOPOH OMUCAHUA (PU3UIECKOTO ABIeHUA. [ITu nBe cTo-
POHBI ABIAIOTCA JONOAHUMEAbHVIMYU OaHA K apyrou. [ITor npuamun
HA3BIBAIOT NPUHYUNOM Jdonosrumesbrocmu Bopa.

[IpuMmensas TpUHIAN HEONIPEAEIEHHOCTH K ATOMY BOAOPOIA, MOX-
HO OLIEHUTH pa3Mep >Toro aroma. IlycTs ¢ — pa3amep aToma BOAOPO-
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na, V(r)— noTeHnumam KyJIoHOBOrO B3auMmomencTsusd, 1 — KuHeTHIe-
CKad DHEPTuA, TOT/a,

Via) = - Az =a, Ap=hla,
K2 K2 e?
p~nhja, T = 2ma?’ Erom = oma? a’
FE
Amin
Eq WG
TIuc. 8

[TonywaeMm, 9TO cyIecTByeT pasMep @, Ipu KOTOPOM oy MUHU-
MaJbHA.

3agada. Breisegure, aT0
h2
@min = — — pasmep aToma Bojgoposaa B Teopuu [lopa,
me
me*
Ey = o — DHEPrUA aTOMAa BOJOPOAa B OCHOBHOM COCTOSHUU.
YBeIuuuBasA 9UCIO OTBEPCTUU U DKPAHOB B DKCIEPUMEHTE IO UH-
TepdepeHIun IeKTPOHOB, MBI IpuxonquM K uaee 11 Dennmvana uH-
Terpaja 1o MmyTAM B KBAHTOBOU Teopun. MOXHO CIUTATH, 9TO MPO-

CTPAHCTBO B KaX/JAOM MECT€ COCTOUT U3 TAKHX (<OTB€pCTIII>i>).

[Taz6upas momo6HbLIE 3aa~U U CPABHUBAA UX PEIICHUA C SKCIIEPU-
MEHTAIbHBIMU TAHHBIME, CO3/AaTeln KBaHTOBOU MexaHwku (['emsen-
6epr, Hlpenunrep, [Aupak, [lop, Iopw, [le Ipours u ap.) npunum
K OTKPBITHIO — COCTOAHUE IACTUIILI ABIAETCA BEKTOPOM, HAOIIOqae-
Masg —>3TO JUHEUHBIN ONepaTop, AEUCTBYIOIIANA HA, TAKAX BEKTOPAX,
7 MBI MOXEM OIPENeIATh TOILKO COOCTBEHHBIE 3HAYMEHUS STUX OIe-
pPaToOpOB.
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[Texuns 14]

MareMaTuKa KBAHTOBOM MEXaHUKH

B knaccudaeckon MeXaHUKe MOMHOE OMUCAHUE COCTOAHUA (hU3mde-
CKOU CHCTEMBI OCYIIECTBIACTCA 3aaHUEM BCEX €€ KOOPIUHAT U CKO-
pocren. [lo >TuM HAaYAIBHBIM TaHHBIM YDABHEHUS IBUXEHUA IIOJ-
HOCTBIO OIpPEAeNdIioT IOBeleHue CUCTEeMBI BO Bce OyAylIire MOMEHTHI
BpeMeHu. B KBAHTOBOU MEXaHUKE TAKOE OMUCAHUE HEBO3MOXKHO, IMO-
CKOJBKY KOOPAMHATHL I COOTBETCTBYIOIINE UM CKOPOCTH HE U3MEpH-
MBI OqHOBpeMeHHO. OnucaHne COCTOAHUA KBAHTOBOU CUCTEMBI OIpe-
IEeNAETCA MEHBIINM YUCIOM BEJIUIUH, €M B KIACCUIECKON MEXAHUKE,
T. €. ABIAETCA MEHee MOAPOOHBIM, YeM KJIACCUIECKOE.

Omnpepenenune. [Ta6ops! pusmaecknx BeIUIuH, 006712 aI0ITE TEM
CBOUCTBOM, YTO HTU BEIUYAHLI U3MEPUMBI OJHOBPEMEHHO, MPUIEM
eCIu OHU MMEIOT OJHOBDEMEHHO ONpeJeJeHHBIC 3HAYCHUA, TO yXKe
HUKAKaA APyrasd (pu3MIecKas BeAUInHA (He ABIAIOWAACT (QyHKIMEN
OT HUX) HE MOXET MMEeThb B 5TOM COCTOSHUU OIPEEJICHHOIO 3HAte-
Hus, OyeM HA3BIBATH NOAHBIMU HGOODAMU.

[agum HA0OP OCHOBHBIX MPUHIUIOB KBAHTOBOU TEOPWH.

(1) Cocmosanue KBaAaHTOBOMEXAHWUIECKOU CHCTEMBI OyeM IIOHHU-
MATb KAaK BEKTOD B HEKOTOPOM (rWiIb6EpTOBOM) MPOCTPAHCTBE.
O6osuauenue: |A). O6BIMHO 5>TO TPOCTPAHCTBO HYHKIUH.

[Iycts B cocTosuuu |A) HEKOTOPOE U3MepeHre IPUBOAUT C NOCTO-
BEPHOCTBIO K pe3yabTarTy 1, a B cocrosuuu |B) —k pesyabrary 2.
Torga OpUHEMAETCA, UTO BCAKAsA JTuHEeUHas kombuHanusa |aA + B)
ONUCHIBAET COCTOAHUE, B KOTOPOM TO € M3MEPEHHue nacT aubo pe-
3yabTaT 1, 160 pesyabTatT 2. HaYe MOXHO CKa3aTh, ITO HEKOTOPOE
COCTOSHME MOXET OBITH PACCMOTPEHO KAK CYTEPIO3UIUA APYTUX CO-
croauunt. (IIpuMep — npoxoxgeHUe DIEKTPOHA €Uepe3 OJHY IeTb U
Yepe3 ApYrylo Weab B ONMCAHHOM Bbime ombiTe.) T.e. cymepnosm-
A — DTO JUHEMHAA KOMOMHAIIAA.

[IT; yTBEpXKACHWA COCTABIAIOT COAEPKAHUE NPUHYUNG CYNEPNO-
3UYUU — OCHOBHOT'O TOAOHCUMEAbHO20 TPUHIANA KBAHTOBOM MeEXa-
HUKN.

(2) Mabmogaembre, miu GU3NIECKUE BEAMIAHBL, Oy 1y T TUHENHBIMEA
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OmepaTopaMy B YIOMAHYTOM I'MIEOEPTOBOM IIPOCTPAHCTBE. (Omepa-
TOPHI Oy 4y T 0603HAMATHLCA OYKBAMU CO LLIAIKOX — [, a mHOrAa U 6e3
ULTATKY, KOTa TIOHATHO, 9TO f — omepaTop). Bo3aMoxHbI cocToaHM A,
3HAYMEHUSA (PU3UIECKON BEIUIUHBI B KOTOPHIX (PUKCUPOBAHBL: TAKUMHA
cocrosaUAMEU OyayT COOCTBEHHBIE BEKTOPHI omeparopa. B mpyrux
COCTOSHUAX (PU3UIECKAA BEIUINHA HE MOXET UMeTh OIpeneIeHHOrO
3HAYEHUA.

(3) B mpocrpancTse BBegeHa apmumosa mempura. CIuraem, ITo
HAOJI0 [A€MBIM OTBEYAIOT CAMOCOIPSIXKEHHbBIE onepaTopsl. Co6cTBeH-
HBIE 3HAYEHWS TAKOrO OIepaTopa (3HAYeHWs HAOIIOJAeMOM) Belle-
crBeHHBI. (POPMATLHO MOXHO PACCMATPUBATH TAKXKE U KOMILIEKC-
HBbIE (PUBWYECKUE BEJIMYIUHEL. )

(4) Homubt HAGOP HAOGIIOJAEMBIX COOTBETCTBYET TAKOMY HAaOO-
Py KOMMYTHPYOIMIAX MeXIy coBOM omepaTopoB, IT0 HAGOP uX cO6-
CTBEHHBIX 3HAYEHUHU MOMHOCTBIO 33aeT BEKTOP MPOCTPAHCTBA.

[Tomee TOwTHO — cOCTOsTHUE OMpENEIIeTCA HE BEKTOPOM, & HAIIPa-
BiIeHmeM. B Hammx paccyxaeHuax 6ygeM CIMTATh BEKTODHI HOPMU-
pPOBaHHBIME (TaM, ©Ae 3TO BO3MOXHO).

IIycTs |t)) He sABAAETCA COOCTBEHHBLIM BEKTOPOM [ HAOIIOLAaE-
MOU Q IIycrs 9, —HAbOP ee cOOCTBEHHBIX BEKTOPOB: @1/1” = qn¥n-
Cob6cTBeHHBIE BEKTOPHI 9PMUTOBA, OMEPATOPA, OTBEYAIONINE DABIU Y-
HBIM COOCTBEHHBIM 3HAYEHWIM, OPTOTOHAJABLHBI. IlooTOMY MOXHO
pPacCMOTPETb COCTOAHME 1) KaK CyNepHoO3umuio ¥ = Y. cpi,. Ksa-
ApaT MOAYIA |c,|? Kaxmaoro m3 KoapUIMEHTOB NAHHOTO pasio-
XKEHUs ONPEIeNseT BEPOITHOCTH COOTBETCTBYIOUIErO 3HAMEHUI ¢
BEJIMTHHE @

Beemem nomartme o cpeduen anauenuy ((Q) BemmamHbL Q B JAHHOM
cocrosHUA [1)):

(@)= ZQn|Cn|2 = (¢7Q\¢)7

rae (-,-) o603HAYAET SPMUTOBO CKAIADHOE IPOU3BEJECHUE B HAIIEM
IIPOCTPAHCTBE.
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3pHHHHH aAeTepMHHHU3MAa B KBaHTOBOﬁ MEXaHUuKe

3Hasd B HAYAIBHBIL MOMEHT BpeMeHu ¢ = () cocTosHue [1)) KBAHTO-
BOM CHCTE€MBbI, MBI JOJKHBI YMETh OMpPeIeLATh COCTOAHUA |1);), t > 0.
Beemem (ImHENHBIN) OmEPATODP SBOSIOLUAN

|9e) = U(t, to)|o)-

[ockonbky MbI cuamTaeM (1]1)) = 1, omepaTop DBOMIONUAU YHUTADEH:
UtU =1.

[IycTh B HAYATBLHBIM MOMEHT BPEMEHH t, M3BECTHA KOODIUHATA
qacTunsl Z,. (Ilygem o603HagaTs cCuMBOIOM |Z) coCTOsAHME C M3BECT-
HOU KOODPAWHATOW, PABHOM Z.) |tf;) — COCTOAHUE B HEKOTOPBIM IO-
CJEIYIOMAN MOMEHT BpeMeHu t. [IpeacTaBuM ero Kak Cyneprno3HuIuio
BCEX BO3MOXHBIX COCTOHHHﬁ C M3BECTHBIMU KOOPpAMHATAMMN:

) = / (K (b, 29; s 0) ) dz,

rae K(to,x2;t1, 1) — aMIIMTy 8 PACIPOCTPAHEHUSA OT TIOJOKEHUA
|£1) B MOMEHT BpeMeHH t] O MOJOXKEHUA |T2) B MOMEHT BPEMEHH to.
Ee nassiBator @etinmanosckum nponaz2amopom. 3amMerbTe, 9TO B ap-
yMEHTaX HEKOTODBIX BEIMYUH BPEMs BO3PACTAECT CIPaBA HAJEBO.

JInHAMUYIECKAN TTPUHIUAI

[MHEAMWYECKAN OPUHIMAND KBAHTOBOM MEXAHUKHU 3aKIIOTACTCA B
TOM, 9TO aMILIUTYAA [IEePeXoJa U3 |Tp) B |T) 3a BpeMms ¢ momydaeTcs
CyMMUPOBAHUEM O BCEM BO3MOXHBIM TPAEKTOPUAM, (T ), BELYIIAM
u3 o = x(tg) B x = z(t):

K(ty, Tp; ta, Ta) = > A(z(7)),

110 BCEM TPAEeKTOPUAM

rae A— dasa BKIAIA TPACKTOPUM:

A(a(r)) = N exp (%) |
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a PYHKIMOHAI [EeACTBUSI
tp

S[x(T])):/L(x,:b)dT, (ty) = 2ay w(ty) =

la

KorTHHYyaILHON CyMME B OINpefeleHuN (PEMHMAHOBCKOIO IIPOIA-
raTopa MOXHO IOpUAATH HeKOTOpyIO Ma,TeMa,TI/I‘IeCKyIO CTPpOrocCrsb.
VMeHHO, BMECTO TOr0 9TOOBI PACCMATPUBATE BCE HEIIPEPHIBHLIEC TPa-
eKTOpuH, pa3obbeM BPEMEHHOU OTPEe30K [tq, tp] Ha N paBHBIX dacTen
mHbL € = (ty — tg)/N: tq = tg < t1 < ... < tny—1 < ty = tp,
7 OTPAHUYUMCA KYCOIHO-IMHENHBIMYU TPaeKTopuamu. Kax nasa Takas
TPAEKTOPUA OLPEAENAETCA BLIOOPOM Y3IOBBIX TOYEK (t1, 1), (t2,Z2),

y (tN—I, xN—l), rae i,...,IN-1 — 1100kbIe. TOFrl(a,

K tba Tp; taa xa ~

NC/de 1/d(EN 9. /d(E1eXp (iS[:L‘(to,t;i,...,tN)]>‘

YBeamauBas KOTMIeCTBO TOYEK pa3buenHus (yMeHbIIAs €), MBI CMO-

XKEM MOIYyIuTh GoJee MOJHOE TPeICTABICHNE MHOXECTBA, BCEX TPACK-
Topui. [lo HEBOBMOXKHO AOCTUYL IPEeaa dTOTO MPOIECCa, TaK KaK
TAKOTO Tpelena He CylmecTByeT. [1eo6XoqumMo ompeneiuTs HOPpMU-
poBOYHBIN MHOXUTEIHL C, KOTOPBIU, HA CAMOM €€, 3aBUCAT OT E.
K coxanenuio, ompepeneHne 3TOr0 HOPMUPOBOTHOTO MHOXKUTENT —
BeCbMa, TPY[AHAA 3aJatTa M HE M3BECTHO, KAK DTO AEIaTh B 0OIeM

cIyae.
2
[Tanpumep, B cryvae Jarpamxuana suga L = % — V(x,t) mop-

MIpOBOYHBIN MHOXHITETs pases C N, rae
2mihe\ /2
C= ( ) .

dxy d dry_
K(tb,$b;ta,$a = // / (i/h)S[a,b] gl 22—2:8 1,

rae Sla,b] = tib L(z,4,t) dt npencrasiaser co60M OTHOKPATHBIN UH-

Terpaji BIOJb KyCOYHO-IUHENHOU TPAEKTOPUMN.
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Bosmoxubr HEY106CTBA, CBA3AHHBIE C HAIIAM OIPEICICHUEM CyM-
MBI II0 TPAEKTOPUAM. TeM He MeHee, Uesd COXPAHIET CMBICIA, HECMO-
TPs HA, HEJOCTATKU OTAEJbHBIX TOCTPOEHUMN.

YpaBuenue llpeaunrepa

IMycrs
w(x,t—l—a):/é exp (%L(x;y,xgy)>¢(y,t)dy

(31€Ch y — KOOpAMHATA HA IPAMOU B MOMEHT t). [Ipumenss 5To K 4a-

mi
crune B morennuane V(x), T.e. nmpu L = 5 " V(x), moxyamm

) (z+y)
T —zaV( 5
votre) = [ & F e - Y1) dy.

W3-3a GbICTPON OCHMLIALMY TEPBOU DKCIOHEHTHI i O6iu3ko K z. [lycTh

y=z+mn,
:Jct+€ /—e

o eh
OCHOBHOU BKJIAJ B MHTErpPaJ BHOCAT 1) ~ 4/ —. DyHKIUO 9 HYX)HO
m

71.5V(:c+7]/2)

2 o (x4 m,t) dn.

;ﬂ'\S

Pa3JOXUATH B DAL W yAEPXKATh JUIIb WIEHB IOPAAKA €, T.€. Pa3Jo-
XUTH [0 BTOPOro mopsaaka mo 7. Iloxyaaem

Yo, t) + e =
= —/ P < is:(x)> <1/f(w,t) +ng—w + 17?225) dn.

2mihe\ /2
CpaBHeHHUE WIEHOB HYJeBOTO mopaaka gaeT C = ( - ) . B mep-

BOM IOPAJKE IO £ MOILYIaeM

9 1 1 [ o imu o _ie
567:_2(0/”6% d”)a VY
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o h oY h? 0%y
o T Tamawr VY
OKOHYATEIBHO
hoY ~  h? o7

[ITo ypaBuenue HaswviBaerca ypasuenuem lpeduneepa (Ipexun-
rep, 1925). Ono 6buo moryveno Ilpegmarepom m3 obmmx coobGpa-
xeHuil. BeiBog ypasuenus (28), NpWBEIEHHBIN 31€Ch, IPUHAIIEKAT
I1. ®ennmany (cm. [DX]).

[JTexunms 15]

JBuxenue cBO60OJHOM YACTHUIBI IO MPAMOK

M

[Maccmorpuwm Jlarpamxuan L = %
Awvmuuryna pacnpocrpaHeHus
- S
IC((L‘Q,tQ;xl,tl) = / D:E(t)elg.

:L‘(tl):irl, :D(tz)::Dz

[IycTs z((t) — pemenue kraccuaeckoro ypasaenus 05 = 0 ¢ Ha-
JaabHBIME ycaoBuaMu zo(t1) = 1, zo(t2) = z2. B mamem ciydae

uMeeM ypasHeHue mi = 0, 3HAUAT, Z( (1) THHETHA, & TOCTOSHHBIE UH-
. Ty —
TErpUPOBAHUA HAXOAATCA U3 TPAHUTHBIX yCIOBUM Lo (t) = t2 ; L+
2 —t
T1ly — Xt
+ % [Ipencrasum z(t) = zo(t) + n(t). llremenT o6vema He
2 — 1t
MeHAeTCA npu casure, suaqut, Dx(t) = Dn(t). Torga mas nencrsus

nMeeM:

S(ﬂj) = S(J?O) + S(’I’]), rae S(IBU) — %%’

to
.2
S(n) = / % dt, upm ycaosuu 7)(t1) = n(t2) =0.
t1
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CremoBaTenbHo,

= exp (7”7;1((22 :tail)) ) Alty, t2).

s Toro arober mantu A(t1,t2), pacCMOTPUM TPYIIIOBOE COOT-
HOIIIEHUE, KOTOPOMY yAOBJIETBOPAET OMEPATOP DBOMIOIWMN:

U(tg,tl) = U(tg,t)U(t,tl), t1 < to.

Torma
IC((L‘Q,tQ;xl,tl) :/K(xg,tg;w,t)lC(x,t;xl,tl)dx, t1 <t <t (29)

Bcnomunas Bug pyHKIME PACOIPOCTPAHEHUA W 3aMETAA, ITO
o0
ix? s
e dr =/ —,
[0
— 00
HOITyd9aeM TAaKOe ypaBHEHHeE:

A, DA ) 20 [ OO0 ) )

ty —ty

3apgaua. [Ipogeraiite HEOOXOAUMBIE BHIKIANKY U yOEIUTHCS, TTO
MHOXHUTEIb
im(zy —11)?
P ( h(ts — th) )
COKPATUTCA.

Yxa3anue. 3amada CBOAUTCA K BBIIEICHAIO IOTHOT'O KBAIPATA.

27Tih(t2 - tl)
m

Honoxum F(t1,t2) = A(ty,t2) . Torga ypaBHe-

uue (30) skBuBaxenTHO ypasueHuio F(t1,t)F(t,t9) = F(t1,t2), pe-
IIEHUsI KOTOPOr'O AafoTcsa hOPMyIon

F(ty,ts) = I(t2)



KBanToBas mexanuka 107

rae f(t)— nopmupoera. MOXHO cuenraTs 3aMEHy W CIMTATH, ITO

9O = FO0, Ulta,t) = T (0, 10).

Torma

’C(:L‘ZatQ; $latl) =

m ox im(ze — 11)?
it —t1) P\ 20ty —t1) )’

1
to —tp

CaeapcrBue. [l10THOCTH BEPOATHOCTH TOTO, ITO JACTHUIA OCTa-
HETCA B TOYKE T1, 0OOPATHO HPOIOPIUOHAIHFHA BPEMEHH.

(K (w2, ta; 71, 11) [ ~

YpaBHEeHUsA IBUXKEHU

Mgbr 3HaeM, ITO B KJIACCHIECKOM CIydae YpaBHEHUA IBUKEHUS

AMEIOT BHA[
dor oL _
dt 8¢ 9q
9TO BKBUBAJCHTHO 05 = (.
Crl[eJIa,eM B BI)Ipa,)KeHI/II/I rZ[JI}I a,MHJII/ITyAbI 3a,MeHy HepeMeHHOﬁ NH-

TErpupOBAHUS
X(t) = X(t) +n(t), n(t) =n(t2) =0, n<h.

3necy X (t) —npom3BOIbHAS TPAEKTOPUA, IO KOTOPOU WAET WHTE-
rpuposanue, a 1)(t) — QUKCUPOBAHHAA «MATAA» TPACKTOPHA C COOT-
BETCTBYOIUME yCaoBuAMA. 1lockoabky mepa DX (t) me mensercs
IIPA CIBUTAX, MBI TTOLY A€M

/DX@kﬁmhi/DX@kﬁmﬂwh wm

i i oL d oL
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/DX(t)e;zS[X] =
- ot (1 ] (2~ 428) o) o 1)

CirenoBaTenbHO, B MIEPBOM MOPALKE MAJOCTHU 110 H%H IOXyIaeM

igrx oL d oL
/DX(t)ehS[’\}/<£ - %%) n(t) dt = 0,

nin, MOMEHAB IIOPAAOK MHTEI' DUPOBAHWUA,

/ (/ DX (t)ei ] (g_i - %%)) n(t) dt.

B cuny npousBoabaOCTH 7)(f) OKOHYATEABHO HMEEM

dOL 0L\ _ dOL 0L\ isqz) _
<dt8j: 8m>'_/DX(t)<dt8jr &:)eh =0

CPIMMeTpPIPI 1 MHTEr'paJbl IBUXEHWUA

B KIACCHYECKOM MeXaHUKE C CUMMETPUAMHE CBA3aHA TeopeMa
[Térep.

[Ipeanonoxum, aro ¢ynkuma Jlarpanxa L(z,T,t) me menserca
Ipu Takux 3aMeHax T — h(z,s) (s—mapamerp), uro h(z,0) = z u

Oh
h(z,s) ~x+ sn(z) npr s < 1 (T.e. 35 ‘5:0: n).
Torga B KIacCHYIECKOM CIy4ae (;(Jm UCTUHHBIX TpaeKTopHﬁ) cy-

wecrByeT nepsbi uaTerpan I(z, i) = %n(x) (cm. Jlekums 4 npe-

d
ABIAYIIETO CEMECTpPa) U EI = 0. [TaccmoTpuM Bapumanuio BUIA

z—=z+st)nx); S— S(x+s(t)n(x)) =S(x) -i—/S'(t)I(w) dt.
Torga Ha KIACCHIECKOU TPAEKTOPUN

/ S(t)I(z)dt = / SWI(z)dt =0, nua S(t) = S(tz) =0,
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orkyna I = 0.
B xBaHTOBOM ciIy4ae, KaK U B IPEIBIAYIIEM IYHKTE, BEPHO, ITO

%(D =0, rage(l):= /D(I;(t) (%g_ﬁ:n(xD e Slal — .

[ercTBUTEIBHO, B KBAHTOBOM CIydae Bapuanuio © — x + s(t)n(z(t))
MOXHO PAaCCMATPUBATEL KAK 3aMEHY IMEPEMEHHOU B (pEMHMAHOBCKOM
maTerpate. Kak m B mpepaylieM IyHKTE, MOAYydIaeM HaIle yTBep-
XK JIeHUE.

CaencrBue. Bapuanuam QyHKIMOHAIOB B KIACCHIECKOM CIIyIae
COOTBETCTBYET 3aMEHA TEePEMEHHON MHTErPUPOBAHUA B )EAHMAHOB-
CKOM WHTErpaJe.

Nmnyasc
. ma?
B kuaccuke, ecam dactunma csobommas (L(z,z) = T)’ TO
. . . oL
L(z,%) = L(x + ¢,4) m uMoyasc p = mi = —- ABIACTCA HeEp-

ot

BBIM MHTErpajoM. 10 ke caMoe MPOUCXOAWT B CIydae 3aMKHYTOU
CUCTEeMBbI HCCKOJIBKUX YaCTUL, €CIn B3a,PIMOrZ[eI>JICTBHe 3aBUCUT TOJBKO
oT |x; — ;.

B xBanTOBOM CiIydae

Pz, t) = /m(f)eés[%(w,()).
Crenaem 3aMeny
z(r) = z(1) +n(7), n(0) =0, n(t)=¢.
Toraa
Pz +e,t) = / Da(r)er Sy (z,0)

z(t)=x+e
= mocle CACJAHHOU 3aMEeHBI

— [ Dalr)ei BN y(a,0)

z(t)=x
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e /D JerS! )]g§¢($,0)+

v [Datr ( [ (5 - 5 ntr)ar ) e#(a,0).

B cuiy KBaHTOBBIX YpABHEHWN ABUXKEHUA TOCACTHUN WIEH PABEH HY-
JIIO ¥ MBI TIOJY9a€eM

31/1(93 t) _

. zs (1)] oL
= /D amiﬁ(w,O).

Ucxonsa u3 KIaCCHYeCKOU CUTYAIUU, €CTECTBEHHO CYATATDL, 9TO MO-

P(x +e,t) =P(x,t) +¢

:r\e

ClIlefHee CIaraeMoe ONpefesaeT OHepaTOp MMILYIbCA
ig 0L
(z,1) /Dw en Sl (%1/;(3:,0).

IToayaaem, 1TO

oy i/\w ~ ho
Oz hp ’ i 0z’
MEeI DOIyImIn 3aMe9aTeIbHBIN (DAKT
HAmnyavc nponopyuonasen 2enepamopy cdéuza, m. e. 2EHepamopy

CUMMEMPUYL, NPU KOMOPOT OH COTDAHACMNCA.

Cob6cTBenHbie (PYHKIMA NMILYJILCA

[TaccmoTpuM 3amatdy HA COOCTBEHHBIE 3HAYEHUSI U BEKTOPA OIEpa-
TOpa UMIIYJIbCA:

~ h Oy
P% = pi/’pa wm - ) = p¢p-
i Oz
)
x
CremoBaTenbHO, COOCTBEHHBIE (DYHKIUU ’l/Jp = ceh’ — mmockume Boa-
Hbl. KpoMme TOoro, ainHa BOTHBL A = —, 8 BEPOATHOCTH HAUTH YACTUILY
p

B mo6oM MecTe |1)|? = ¢? me zapucuT OT .
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o i
[Topmuposka dyHknUI 9, = cer’’ momydaeTca u3 COOTHOIICHUA

/ () () dz = 5(p — ).

Takum oOpa3om,
1 ipy
Pp() = —=erP".
P V2
[aszn0oxkenue NpPOM3BOILHOU BOAHOBOM (GYHKIME 1)(z) mO cOOCTBEH-
HBEIM QYHKIMAM €€ HMILYJIbCA, HA3LIBAEMOE UMNYAbCHbIM NPedcma-

BACHUEM, — DTO MPOCTO pazaoxeHue B mHTErpas Oypne
(o, t) = / e(p.)y(x) dp, Tac clp,t) = / (o, ) () do.

KOMMyTaHHOHHbIe COOTHOLIEHNA U COOTHOILIEHNE HEOIIpEaEe-
JIEHHOCTH

[las omepaTopoB KOOPAWHATHEI T W MMITyAbCA P BBLIIOJHEHO CJIe-
Ayroliee KOMMYTAIUOHHOE cooTHOwenue: [z, p| = ih. IIto o3navaer,
YTO UMILYJIbC U KOOPAWHATY HEIb3A W3MEPUTH OTHOBPEMEHHO.

Ounpegenum Heonpedeaennocmsb 6 usmepenuy HabIo 1aeMOn ¢ KaK
CPEIHEKBAIPATAIHOE OTKJIOHEHHE HAOIIOJAEMON OT CBOETO CpenHe-
ro, T.€. KaK KBaAPaT AUCIIEDCHN: <(a\— 5\)2>

Mampme caegyeT CTaHAAPTHOE MOKA3ATENbCTBO HEPABEHCTBA
MEX Iy KBaAPaTOM CKAJIPHOI'O MPOW3BEICHUA W KBAAPATAME [JIWH
IBYX BEKTOPOB.

[Iycrs () = (p) = 0 (B 06mem cayuae To xe camoe). [laccmorpum

((aZ +ip)(az —1ip)) = 0,

rae H = ax —ip, H" = oZ +ip, H"H — 5pMITOB U HOJOKATEICH.
Newzcteurensro, |H||? = (wHT Hq) > 0. CregosaTtemsno, a?(z2) +
+ ah + (p?) > 0, oTKyaa U3 ycIoBMA Ha JUCKPUMUHAHT IIONY9aeM

2
€00 2% > L
THOLIEHWE HeonpepeaeHHocTu (Z°)(p°) > T
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MuunmMusamnua COOTHOIEHNA HEOIIPEAEJIEHHOCTU. BO/IHOBEIE
HaKeThbl

W3 npeapiayumx pacCMOTPEHUHR CIEAYET, YTO MUHUMYM JTOCTUATA-

eTCA Ipu o0 = — (9TO KOpEHB MOCIEAHErO KBA,IPATHOTO yPABHE-

2(z?)
HUSA TIPU HYJEBOM AMCKPUMUHAHTE). B DTOM CiIydae MOLy<daeM, ITO
| Hyl|> =0, Hyp = 0, .e.

$2

(o — ip)yp = 0, wmm mp:ng_f, b= Ne M@,

_
2(72)

22

2
A~ a _x_
O6o3aasmm (72) = ~» TorAa 1) = Ne 222 [Ipu 5TOM MOXHO MOCIHA-

TATh CpeHee 3HANECHNE OIIePATOPOB 22 1 P° B cocToaumu 1. I1o ompe-
~ ~ e e h?
merenmio norydaem (2) = (¥|22¢) = a?/2 u (p?) = (Y|p*y) = 502"
3apga4a. [IpogenanTe >ty Boraucienna. Yemy pasuao N7
B cayqae p = pg # 0 u T = 29 # 0 BonHOBasA DYHKIAA YIOBICTBO-

pfeT ypaBHEHUIO

(5 — po)ip = — S5 (5 — m0)y.

3agaua. [lemwuTe 5TO ypaBHEeHUE.

Omsgem: ‘
ipg(z—zg) _ (z—zg)*
¢ =Ne * 242

3apga4a. [IposepbTe, YTO B MOLyYEHHOM cOoCTOAHUU (T) = ¢, a
(p) = po.

JIBU>XX€eHUEe BOJHOBOI'O IMaKETAa

IIycTs cBobomHAA YacTuIa Haxonuiaachk npu t = 0 B cocToAHNHT

ipo(r —x0) (T — T0)?

¢ = Ne h 2a*

[TazgeMm, B KaKoe COCTOAHME OHA MEPEUJeT depe3 Bpems t.

(1) = / K (£, 004 (,0) dy =
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m N im(e—y)?  ipgy=zq) _ (y=2q)?
- =~ e 2ht (& h 2a2 y = ...
2mih \/E

3agaua 10. [Ipogenanre BoraucieHUA.
[JTexuns 16]

[pyrou cnocob MOHATH NBUKEHUE BOIHOBOTO MAKETA — DTO Pas-
JIOXUTH BOJHOBYIO (DYHKIIHMIO IO IJIOCKUM BOJHAM:

ipxz

$(z,0) = / e(p,0)e’%" dp,

rae sermamaa, |¢(p, 0)|? pasra BeposTHOCTH MMeTh WMITyILC p. Torma

3 ypasuenws lllpenuarepa B My I6CHOM IPEACTABICHAN

2
inl = 2

ot 2m

¢ HadaIbHBIM ycaosueM 1(p,0) = ¢(p,0) caexyer, aTo

. 2 .
e(p,t) = c(p,0)e B, (o, t) = / (p, 0)e~ e % dp.

OTcioga BUIHO, 9TO paclpeneleHre MO0 WMIYJIbCAM He MEHAETCA:
le(p,0)|? = |c(p,t)|?, a pacnpemererme MO KOOPAMHATAM PACILIBIBA-
eTCs, TOCKOABKY IACTHUIA C GOJIBIINM UMITYILCOM YXOMUT 38 BpeM t
[ATBIIE.

3agada. [lemure ypasuernne [llpegunrepa ¢ Ha9aIBHBIM YCIOBH-

eM 9(x,0).

TN'amMuasTOHMAH

[Iycrs narpanxuan L(z, %) He 3aBUCAT OT BpeMeHHU SBHO (OLHO-
poAHOCTH 1O BpeMmeHu). Torga

to to+¢e

S[m(t)]:/L(x(t),ab(t))dt: /L(x(t—e),a’:(t—e))dt.

t1 t1+e
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[MaznoxuM MOCIEAHUN MHTErPAJ 10 € N0 YWIEHOB IIEPBOrO MOPAIKA, B
TOM YUCJIE, 10 BEPXHEMY W HUXHEMY IpeaeraM:

Slz(t)] =S +e (L(ac(t),:t(t)) L2 _/ [g_iﬂ g_m dt) _

to
. .OL .[OL d oL
_ .0L
B kunaccuke orciona cregyer, aro ramumibToHuaH H = T~ L siBms-

€TCs MEPBBIM MHTErPAJIOM, T. €. COXPAHAETCA.
B xBanTOBOM CiIydae

¥la,t) = [ Dalr)eWp(z,0)
Cuenaem 3ameHy
z(r) = z(t+¢), z(t+e)=z, t=7+e, T=t—c K1

Torma

= [ Delt)et (a0 =
z(t+e)=x
= mocje CAeTaHHOU 3aMEHbI

_ / Dx(t)e% S La(t—e) @ (t—¢)) dtw(x, 0) =

z(t+e)=x
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_ % (/ (Dx(t)e%[ ] (g_i _ %%)) :i:dt) b(z,0).

B cuiy KBaHTOBBIX YpABHEHWN ABUXKEHUA TOCACTHUN WIEH PABEH HY-
JIFO, ¥ MBI IOy 9a€eM

Pt ) = Ple,t) + 20D
.OL

_ /D %—L)zp( ,0).

Kak B caydae ¢ uMIyibcoM, UCXOIA U3 KIACCUIECKOU CUTY AT, €CTe-
CTBEHHO CYMTATH, ITO IOCAETHEE CIATaeMOe OIPEeNeIaeT OIepaTop
raMmiabTOHMaHa H

mls

(z,1) /Dw xg—L - L) P(x,0).

:r\e

IToay4aaem, TO

81& i€ 73 &~ 0
eor = —EH’L,b, AIn H_Zhat'

Wrak, MBI TTOXYYIWIN BTOPOU 3aMEIATEILHBIN (PAKT:

lamusbmonuar nponopyuoHaler 2eHepamopy CuMMempuy, npu
KOMOPOU OH COTPAHAEMNCA.

KBanToBbie cko6ku Dyaccona

Crobxamu Byaccona B KIACCHYIECKON TEOPUM HA3BIBACTCA
Ou Ov Ju Ov
CUEDD (a_a_ - a_a_> -
A qk OPk Pr Ok

3agaua. [Iposeprsre crepyromme cBoucTBa cKO60K Ilyaccona:
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1) {u,v} =—{v,u};

2) {u,const} = 0;

3) {u1 +ug,v} = {ur,v} + {uz,v};

) {’U,I’U,Q,'U} = {Ul,’l)}’llg + UI{UQ,'U};

6) {u,vive} = {u,v1}ve + v1{u,va};

)
)
)
4) {u,v1 +v2} = {u,v1} + {u,v2};
)
)
)

7 {U’v {'Uv w}} + {'Uv {wv U’}} + {wv {U’v U}} = 0.

[Tabaro raembie B KBAHTOBOM TEOPHUHM HE KOMMYTHPYIOT, HOSTOMY IIO-
npoOyeM HAUTH YCJIOBUA HA «KBAHTOBBIEY CKOOKU Ilyaccona, cauras,
9TO B KBAHTOBOM TEOPWUM [MONKHBI BBITOJHATHCA TE XK€ CBOUCTBA.
[laccmoTpuM BeIpaxeHue {uug, V102 }h. Ero MOXHO BEIMUCIATE ABY-
Msa cnocobamu. CpaBHUBAA PE3YIBTATHI, IOLYIAEM

{Ul, 'Ul}fi(u2'U2 - ’U2’U,2) = (ulvl - 'U1’LL1){’LL2, 'UZ}fZ-

[TockonbKy BCe 5T HAOIIOZaeMble HE3aBUCHMBbI, €CTECTBEHHO IIOJIO-
KUTH
ih{u,v}p 1= uv — vu.

dpexacrasiaenue I'ensenbepra

Cpasaum gBa npeacrasienus [lpeguarepa

h(t) = U(t)ho,
.0
S = Hy, () = .

[Mocaexnee ypaBHeHUE MOXHO (GOPMAIBLHO pemuTsh: (1) = e*%HtipO.
Ht 77-1(4) —
=enll, Iycrs g(t) = U(t)gU ' (t), rae mabmogaeMasn ¢ He 3aBHCHAT
ot Bpemenu. Torma

i

Orcroza momysaem, 1To oneparop ssoantomun U (t) = e™ &

ih% — [ﬁ(t),f]\(t)] , WId @ = {ﬁ(t),f]\(t)}ﬁ,
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vae  R{H (1), ()} = [H(2),q ()]

CremoBaTenbHo, H — omeparop »Hepruu. Mbl moay<wmiau, TO UIpH
i — 0 KBaHTOBasg TEOpPUsA MEPEXOAUT B KIACCHICCKYIO (ypDABHEHU
IBUXKEHUA 10 GopMe OCTAITCA TEMHU Xe, a HAOIIO faeMble HAUMHAIOT
KOMMYTHPOBATH MEXIy COOOM).

CTaIIPIOHaprIe COCTOAHUA

[IycTs B HAMATBHBIA MOMEHT g — COOCTBEHHAA (DYHKIINA TAMATb-
ronnana (Hipy = Evy). Toraa 1h(t) = e~ 7 Ttapg. Ipu orom |1h|? me sa-
BUCUT OT BpeMeHM. Takume COCTOSHUA HA3BIBAIOT CMAUUOHEGDHBLMU.
FE maswBaior yposwem osnepeuu. Kcam mamnomy sHadeHuto F coot-
BETCTBYET HE OHA, & HECKOJIbLKO COOCTBEHHBIX (DYHKIIUU, TO TAKOU
YPOBEHb HA3BIBAIOT BbIPOHCOCHHBIM.

OcHoBHbIe cBOMCTBA ypaBHeHus lllpegunrepa

W3 ypasuenus [llpegunarepa He cregyeT HUKAKUX OCPAHUICHNN HA,
BOJHOBYIO QyHKIXO 1. OOBITHO BELABUTAIOT CAEIYIOUIE PU3NTECKAE
TpeboBaHUA:

1) BoaHOBasg (QYHKIMA OJHO3HAYHA W HEIPEPHIBHA BO BCEM MPO-
cTpaHCTBe (JaXxe Opu Pa3peIBHOCTHU NMOTeHImaxa, V );

2) B obmactu, rae V = oo, 1) = 0;

3) B obmacTu, rae V # 00, HOMKHBI OBITH HEMPEPHIBHBL U TPOU3-
BOJHBIE BOJHOBOU (DyHKITAY.

U3 TpeGosanusa (1) cregyer, uro Ha rpanume obmactu {V = oo}
BOJHOBaA (PYHKINA TOMKHA OBITH HEIPEPBLIBHA, HO 3TOT'0 HENB3A CKa-
3aTh 00 ee IPOMW3BOMHBIX.

3agada. /[Jokaxwure, 9TO YHEPreTUIECKUE YPOBHU CUCTEMBI OO0Ib-
e MAHEMAJBHOT'O 3HAMEHNA HOTEHInAaIa, T.e. £, > V.

3agadua. Ilycte V wmmeer Bum, xkak ma puc.9. [Jokaxwre, 9T0
CIIEKTP OTPUIATEIHHBIX COOCTBEHHBIX 3HAYCHUN SHEPTUY — AUCKDPe-
TEH, a IIOJOXHUTEJIbHBIX — HEIIPEPBIBCH.
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'V

IIuc. 9.

3agada. [IpuBeaure mpumep noTeHnuata V', UMEIOIEro BU KaK
Ha puc. 9, cobcTBennoro 3uadenus Ep < 0 u BoanoBou pyHKIMM ),
COOTBETCTBYIOWEN 3TOMY COOCTBEHHOMY 3HAUEHUIO, TAKUX, ITO

(a) [ |Yrl>dz < 0o; (6) 9k # 0 B obmacTu, rae B < V.

3agadua. [lycre V B magane xoopamaaT 00pamaeTcs B —OO IO
3akoHy V = —% (a > 0), T.e. mmeeT BuA, Kak Ha puc. 10. [lokaxwure,
q9aTo

(a) mpum s > 2 CyIECTBYIOT OTPHUIATEIbLHEIE COOCTBEHHBIE 3HAME-
HUS DHEPIUU, CKOJIb YI'OAHO OOJIbIINe M0 abCOMOTHON BEIUIUHE;

(6) mpu s < 2 HEPruUs He MOXET IPUHAMATH CKOIb YT'OLHO GOIb-
X 1o a,6COJIIOTHOﬁ BEIXYINHE OTPpULATECIBHBIX BHa‘IeHHfl.

3agadga. Mccrenqyure xapakTep OTPUIATEILHOTO SHEPTETH e CKO-
IO CHEKTPa MOTEHINAJIOB, KaK Ha, puc. 10 (V ~ —%), B OKPECTHOCTH
HY . "

'V

IInc. 10.

Yxazanue. [TaccmoTpuTe moBenenre BOMHOBLIX (PYHKIIUN HA, OOIH-
IINX PACCTOSHUAX.

(JLI3, Tw. 3, §18, c.73.)
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BapualmOHHLIM MPUHIIUI

3agaua. IIposepwTe, uro ypasuenue [lpemumurepa Hy = E
MOXHO TOJIY4UTh, KaK ypaBHerue [lunepa —Jlarpanxka ¢yHKnnoHaIA
Slp,*] = [ 4" (H — B da.

Yrazanue. 1o ¢ u 9™ MOXHO HE3aBUCHMO BapbUPOBATH PYHKIA-
onax S[i,¢*].

3apgaua. IIposepwrTe, uT0 ypaumenme H1y = EvY npum ycaoBum
[ ¥y*dr = 1 moxnO momyumTs, Kax ypaHenue Ilinepa—Jlarpan-
XKa B 3ajJade HA YCIOBHBIM DKCTpeMyM (yHKumonama Si[p,¢*] =
= [¢*Hy dz npum ycaosun [ 91p* du = 1. IIpu srom E moxHO pac-
CMATPUBATEL KAK MHOXUTENb JlarpaH®ka B DTOU 3a1axe.

[Ipegpiaymme paccyXeHUS ABIAIOTCA OCHOBOU I IPAMOTO Ba-
puanuorHoro MeToga. Cyxenune Kiaacca GpyHKIUA 10 ABHO 32 JAHHOTO
¥ 3aBUCAIIEr0 OT MapaMeTpa npespamaeT pemtenre ypasuenusa [lpe-
OUHTEpa B 33a9y HA OTHICKAHUE MUHAMYMA (HYHKIMOHAIA.

3agaua. IlycTh m3BeCTHBI BOAHOBBIE DYHKIAMA 1o, Y1, « .., Pp_1
[EPBBIX 7 COCTOAHUY, PACIOIOKEHHBIX B MOPAIKE BO3PACTAHUS SHED-
run. [JokaxuTe, 9TO HA BOTHOBOU (HYHKIUH 1) CICAYIOMIErO COCTOS-
HUA JOCTUTAETCA MUHUMYM (DYHKIIMOHAJIA, f Y* H1p dx, mpu ycaoBusx
Jyyp*de=1m [¢*pdz=0,k=0,1,...,n— 1.

(JIJI3, T'n. 3, §20, c. 79.)

OagHoMEepHOEe ABUXEHUE

3agaqa. [[ycTb mOTeHIUATLHAS SHEPTAA IACTUAIBI 3ABUCAT TOb-
KO OT oguOM KoopawuaaThl: V (1,y,z) = V(z). [IposepbTe, 9TO TOTAa
BOHOBYIO GyHKIUIO 9(Z,Yy,z) MOXHO UCKATh B BUge P(T,y,z) =
= 91 (z)2(y, 2), voe Po(y,z) ymosrersopser ypasaenuio IlIpexgun-
repa A cBOGOIHOU NBYMEDHOU IacTUIEL, a (L) — 0ZHOMEPHOMY
ypasrermio [lIpegunarepa:

d21/11 2m
dz? + h?

[E — V(a)]r = 0.

3agaua. Ilycts morenmumasbuas sHeprus dactunbl V(z,y,z) =
= Vi(x)+Va(y)+ V3(2). [IposepbTe, 9T0 BOTHOBYIO (DyHKIMIO MOXKHO
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uckats B Buge P(x,y, z) = P1(x) + P2(y) + ¥3(2), roe kaxmgas u3 1h;
YIOBIETBOpACT OXHOMEepHOMY ypaBHeHmIo lllpenmarepa

d* i (x) i 2m

0 4 2B — Vi) = 0. (31)

[Tokaxem, 9T0O B OMHOMEDPHOU 3a1a9€ BOAHOBLIE (PYHKIMYU PUHUAT-
HBIX COCTOAHUY UMEIOT PA3INIHbIE COOCTBEHHBIE 3HAYCHUS (MM, ITO
TO XK€ CaMOe, ITO «IHEPrETUIECKWE YPOBHM NUCKPETHOr'O CIEKTPA,
HEBBIPOXK I€HED) ).

[lencTBATENBHO, MYCTh €CTh ABa pemenus (31) ¥y u Py ¢ ogaUM
suadernumeMm F. Torma

" 2m "

1 2
L 1 B v o
b g )=
Caegosarensno, 1y — 1110y = 0. Uarerpupys 510 ypasHeHHUE, MO~
aygaeM Yo — PP, = c. Ilockoabky 11 = 1o = 0 mpm & — 00,
To koucranTa ¢ = 0. CregoBaTensno, V|12 — 194 = 0, u, eme pas
MHTErPUPYA, MOIyIaeM 11 = cio.

OauHomMmepHOE ABHXKEHME, IIOBeAEHNE HA 6€CKOHEYIHOCTH

IIycre V mmeer cregyromyio ¢popmy, cm. puc. 11.

-1V

[Tmc. 11.

[Ipu TakoMm moTeHIWATEe BOIHOBBIE (DYHKIIUU U UX IIPOU3BOTHBIE
ooMXKHBI ObITH HenpepouiBHBI. KpoMe Toro, ypasuenue lllpeguarepa

¢+ 2 = V(@) =0 (32)
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B obmactu |z| > 1o cBoguTCa K auddepeHnraTbHBIM YPABHEHUAM C
MIOCTOAHHBIMU KO3 PUImeHTaMn

2
W'+ S (B = Vo) =0, o < —r,
" 2m (33)
'l/f‘*‘?E’l,b:O, £U>’f'().

Kax Bcerma, mac mHTepecyoT aub60 KBAAPATUIHO MHTETDUPYEMBIE
pelIeHusa, KOTOPhIE ABIAIOTCA COOCTBEHHBIMU (DYHKIUAME OLEPATO-
pa H, 1ubo pemrenus, OrpaHUYIeHHBIE HA BCEU TUCIOBOU OCH, OIMCHI-

BaIOIIVE HEMPePHIBHLIN criekTp H.

2 _ _2m

(1) E < 0. O6osnasmm a? = hz(E——Wﬂ,a%zw—%?ELai>(l

Torma ypasaerus (33) uMEIOT pemeHms:

npu r < —rg P = c1eM” 4+ cge” MY,

upu x > 19 P = ce®” 4 che” ",

KpagpaTnvaas MHTErpEpyeMOCThb %) Opu T < —T( O3HAYAET, TITO
vem NS E

c2=0,re.mpurx < —ry p=e r VO LT TI1o xe pemenne mpu

T > ro ABIACTCA JIUHCHMHOU KOMOmMHAImen c1e®?® + coe™ %% g moxerT

OBITH KBAAPATHIHO MHTErpUpPyeMbIM TOJAbKO mpu ¢; = (. UTak, mbr
V2

crapTyeM c pemenus (32) ¢ = e BoVVo—ET phy g < —rg; pTO perme-
HUe IDePenucbiBaeM Ipu T > 7o depe3 PyHJaMeHTAJbHBIC DEIICHUs
clem’” + 026_‘/1“7 ¥ IPUPABHUBAEM HYJIIO c;. YpaBHeHHE ] = (0
ABIAETCA, HA caMoM gene, ypasaerueM ua E: ¢1(F) = 0. Kopam sToro
yPaABHEHUA W 33JaI0T AUCKPETHHIN CIHEKTP omepaTopa H.

3amaua. [Ipogenanre mpegbIAyUyI0 TPONEAYPY ABHO B CIydae
MMOTEHINAIa, puc. 12

Vo, <0,
V=4V, 0<z<nr,

N
0, z2=nrp.

[Mangure MaTpuy npeobpa3oBaHus COOCTBEHHBIX (YHKIUY (MATPH-
na MoHOApOMUM) Tpm nmepexone ot Vo k Vi, ot Vi kx 0.
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\%
Vo
To x
Vi
IImc. 12.

Bewenue. Obo3HAIIM % Vo —FE = a, %\/E—Vl = b,

V2
VARJ-E = c. O6mume pemrenue ypasuenus lllpenumurepa 3amucei-
BaIOTCA

Cleaw + Cgeiaw, npu z < 0’ (34)
e 4 e npu 0< 3 < ro, (35)
e+ dfe™,  upu s > o, (36)

1) Haccmorpum 91 = €. [lpm mepexoge k (2) HyX)HO 3ammcaThb
YCJIOBUE HEMPEPHIBHOCTH PEIICHUsA W MPOU3BOAHOU B Touke r = (.
ITonyuaem cucremy

!/ /
cip + e = 1,
ibcy, — ibch, = a,
13 KOTOPOU ITOLYYIaeM MEPBBIM CTOAOEN MATPHUIIEI M“//Ol:
a+ b
i _ 2ib
My =1 _d¥
2ib

Bropou cronbern moaydaercs u3 mepBoro ¢GopMaibHOU 3aMEHOU ¢ —

— —a. Wiam
a+1ib —a + b
Vi _ 2ib 2ib
My =1{ _d%n  oFib
2ib 2ib
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2) AHATOrU9IHO PACCMOTPEHUIO TIPEABIAYIIETO Ty HKTA, 3AIUCHIBAL
YCIOBUE HEIPEPLIBHOCTH PELIeHUS W MPOU3BOMHOU B TOYKE T = Ty,
IOy 9a€M JUHENHBIE CUCTEMBI Ha, KOI(MPPUIMEHTH MATPUIBI M‘[}O.

o(—eribyro CE b (e ibyro € — b

. 0 _ 2c 2c
Omeem: My, = (c-tibyro € — ib (c_ibyro €+ 1
e — e —

2c 2c

Orcroga caepyer, aTo ypasuenue ¢ (E) = 0 HA TUCKPETHBIN CIEKTD
F sxBuBaIeHTHO

e (¢ 4 ib)(a + ib) + e (¢ — ib)(—a +ib) =0 wm

p2ibro _ (c—b) (a—ib)
(c+ib) (a + ib)

@eV?%w@ﬁZm:(¢f§%vﬁ—mx¢%_E%vﬁ_%) (37)
(V=E+iv/E-Vi)(/Vo-E+iV/E-V1)

(2) 0 < E <V

3agaga. 3anumure o0mun Buj pemenus ypasuenus lpemgunre-
panpmr < —rg 4 OPpU & > 1p.

U3 pemenus 3aga<dum BUIHO, 9TO KBAAPATUIHO WHTEIPUPYEMBIX
PELIeHN HET.

3agadga. [languTe orpaHUIeHHBIE PEIICHUA B CAy9ae MOTEHIA-
aa puc. 12 u 0 < E < V;. IIposepbTe, 9TO OHO €AMHCTBEHHO (C TOY-
HOCTBIO [0 HPOHOPIMOHATILHOCTH).

3agada. /JokaxuTe, 9TO U B caydae o0mero norennuana (puc.
11) mpu 0 < E < V| CHeKTp ABIACTCA TPOCTHIM HENPEPHIBHBIM.

(3) E > V.

B sTom caydae ypauenue lllpenuarepa umeeT u npu < —rg, 1
Ipy & > () OPPAHMYEHHBIE PEmeHus 1, = ¢1e % +cye '%? [TopTomy
a00as BOMHOBAasA (PYHKIUA OrpaHUYeHa. KBaapaTudHO MHTErpUpye-
MBIX PEIIeHNN HeT.

Caenosarensuo, npu F > V; oneparop H mmeeT HempepbIBHLIN
IBYKDPATHOBBIPOX IEHHBIU CIIEKTP.
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DOTEeHINAILHAA AMAa

[MoTeHmuatbHON AMOU HA3BIBAETCA MOTEHIMA BUAA IIOTEHIUAIA,
Ha puc. 13:

V() 0, npu x < 0 wiu x > o,
xTr) =
Vi, mpu0<z<ry.

[ITo wacTHBIN crydau moTenmuaia Ha puc. 12 npu Vy = 0.

V

70

Vi

[Tmc. 13.

YpaBHEHUE HA AUCKPETHBIA CIIEKTP omnepaTopa H Takoro mores-
nuaia (37) yupomaerca. B pesyibrare morydaem

GVEVirgYzm _ V-E—ivVE - W
V=E+iVE=V;

3agadua. [IposepbTe, 9TO B CIydae MOTEHIIUAIA

(38)

oo, npuz <0 wmmmz>ry
V($):{ ) )

0, npu 0 < o < rg.

(moTeHnman ¢ 6ECKOHEYHO BBICOKMMU CTEHKAME) CIEKT] IMOIHOCTHIO
OUCKPETHBIN 1 UMEET BU

_ 7T2h2 2

E, n®, n=123,...

- 2
2mry

Yxa3anue. llemmmre 3amady ¢ camMoro Hadasia.
(JIJI3, T'n. 3, §22, c. 86.)
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[Texuns 17]

JIMHEeMHBLIN OCHULIATOP

Onpepenenue. JIMHEUHBIM WM TAPMOHUYIECKUM OCIALIATOPOM

HaA3BbIBAIOT q)HSH‘{eCKyIO CI/ICTeMy C TaMUJIBbTOHUAHOM
2 2,22
m-w-r

2m 2

CnekTp rapMOHHMYECKOT'0 OCIILIATOPA

2
p mwx2

H
3aMeTuMm, 9T0 — = +
hw 2mhw 2h

anyarHOU. BBemeM caeqyromme onepaTopbl, KOTOPbIE OOBIYHO HA3BIBA-
I0TCA OIIepPaTOPAMHA POXICHUA U YHAUITOXECHUA JTACTHUIBL:

sABasgeTcs 6e3pa3sMepHOU Be-

+ P . [mw
0" = ——+ /577
vV 2hmw 2h
. [mw
a =

_r 1 —T.
vV 2hmw 2h

Ecim 651 omepaTopsl p 1 & KOMMYTHPOBAINA, TO @ - ¢ OBLIO OBI pas-
JOXEHMEM -~ 110 ¢ opmyse pasHOCTH KBAPATOB.

3agadua. [Iposepbre creyromme COOTHOUECHMS:

H= %‘}(acfr +ata); [a,aT]=1;, H=hw (a+a + %) i
Omnpegemmu eme oguH omepaTop o = a™ a.
3agaua. [IposepbTe, 9TO

nat =at (M +1),
na =a(n —1).
[laccmorpum cob6eTBeHHYO GYHKIMIO (COCTOSAHEE) 1)) OmepaTo-
pa a Takyio, 9To ay = 0.

3agaua. [IposepbTe (10 UEAYKIMAHA), 9TO A1d 9y, = (a™t)™pg BEI-
HOMHEHO Ny, = Ny,
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3agadua. IIposepbTe, 9TO 9, — cOOCTBEHHBIE (DYHKIIAU T'aMUIb-
rounana H, t.e. Hi,, = By, u E,, = hw(n + 1/2).

OKOHYIATEIBHO Oy IaeM

Teopema. ["apMOHHYECKHN OCHULIATOP OO0JaTaeT JIUIIbL JUC-
KpeTHBIM cnektpoM E, = hw(n + 1/2), T.e. paccrosnus mMexay
OBYMA OMMXKAUIIMMA YPOBHAMYA OJUHAKOBLEL M PABHBI fiw.

Cob6cTBenHbIe (PyHKIMA APMOHUYIECKOr0 OCLHMLIATOPA

Yro6bl HAUTH COOCTBEHHBIE (DYHKIUYU MAPMOHUYIECKOTO OCIUILIA-

TOpa, HyXKHO PEINTh ypaBHEeHUe a)y = 0, KOTOpOEe SKBUBAJIECHTHO B

~ hd ~
KOODAWHATHOM NPEACTABICHUN (BCIOMUHAEM, 9TO D = ——, & T —

idz’
9TO yMHOXEHUE Ha, 1)

d mw
E’lﬁo = —$T’¢Oa (39)
OTKYya 1)y JIErKO HAXOIUTCH:

_ =2 h
Yo =cpe 202, rme b= 4/—.
mw

U5 ompenenenus 1, = (a™)™py momrygaem

—i\" /., d z\"
i@ = (%) (g —5) oo
T
EcrecTBenHO cmesaTh 3aMeHy z = 7 Torga

n(bz) = (%)n (& —2) po(b2),  mam

Yn(b2) = (%) (&%) e

Onpepgenenne. [lomunomsr [Ipmura H, () onpenensorcs us cie-
OYIOIIAX COOTHOIIEHUN:

(40)

dre—e°/2

dx™

= (=1)"e % 2H,(z).
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3agadua. [IposepbTe, 1aTO

L. an(w)Hm(x)e_ﬂ/Z dxr = 0 mpu n # m;

2. fHTQL(:E)e*mQ/2 dz = n!\/2m;

3. Hyy1(z) = ¢Hy(z) — %Hn(x).

3apga4ga. [okaxure, uro cucrema {H,(r)} momrsa B mpocTpan-
cre L ,(R) ¢ p = e /2,

3agaua. OpToronammsyure B mpocTpancTse Ly ,(R) ¢ p = e=e’/2
cucremy muOrOwIeHOB {1, 7, 22, ... 2"}

Onpegerum Teneps nomuaombr P, (z) cooTHOmMEHUAMEI

(i - Z)n e P2 = (1) F2P,(2)

3agadua. [IposepsTe, 1aTO

L Pua(2) = 2:Pa(2) — L P, (2);
2. Py(z) = (%) H,(V22).

3agaga. Bemummre ABHBIM B HOPMUPOBAHHBIX COOCTBEHHBIX
GYHKIUM TAPMOHAIECKOTO OCIIILIATOPA 1y, depe3 noamHoMbl [Ipmu-
Ta (OTBET MOXHO HAUTH B JIOO0M y4eOHUKE [0 KBAHTOBOM MEXaHU-
2 2
ke). Beraucrure (p),, (p >¢n, (z)y, B (z >¢n.
(JIJI3, T'm. 3, §23.)

[Jlexunmsa 18]

MomMeHT uMMITyJIBCA

ITpocTparcTBo M30TpOnHO. [ITO 0O3HATAET, 9TO BCE HANIPABICHAA B
HEM JOJXKHBI OBITH DKBUBAJCHTHHI. [[05TOMY raMUILTOHUAH 3aMKHY-
TOU CUCTEMBI He MeHsAeTCa mpu moBopoTax. To ects VHY = HV 1,
rae V —onepatop moBopora. Ecim 5T0O CBOUCTBO BHIMTOIHACTCA A
6€CKOHEYHO MAJIOr0 IIOBOPOTA, TO OHO OyIeT BBIOTHATHCA U [JIA JIO-
6oro mosopoTa. [lammem Bua reEepaTopa G€CKOHETHO MAJIOr'O IIOBO-
pora.

[TycTs 0§ —BEKTOp GECKOHETHO MAJOr0 TMOBOPOTA, HAIPABICH-
HBIU [10 OCU MOBOPOTA ¥ PABHBIN 110 BEJIUYUHE yIiy MOBOpoTa. Torma
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07 = [0, 7]. IITo BepHO NI PAJUYC-BEKTODPA T JOOOU YACTULBL Q.
[Toaygaem

0 =ap(r1 +0r1,m2 + 012, ...) —P(r1,12,...) =
=D oraVatp = 0@ > [Fa, Valih.

Ouneparop 1 + 0 Y [re, Vy] u ecTb onepaTrop GECKOHEYHO MAJIOro
OBOPOTA.
Beegem omepatop M = > [Fa, Pal, THE Do = %Va. Us ycrosus
a
» o §
V'HV=HuV =1 +25<p€ crepyer, uaro [H, M] = 0.
[lomysaem, 9TO MOIHBIA MOMEHT MMIIYJIbCA 3AMKHYTOMH CHCTEMBI

dM
COXPAHACTCA: — = = 0.

Mbl MOXeM B malbHEUIIEM PacCMAaTPUBATL OGHY dYacTuiy. Tak
KAaK OIIEPATOPbI, OTHOCANIAECA K PA3HBIM JaCTHUIAM, KOMMY TUPYIOT,
TO BCE KOMMY TAIIMOHHBIE COOTHOUIEHUs, BEPHBIE [JIA OJTHOU YACTUIIBI,
OyayT BEPHBI U [JA CUCTEMBI TaCTHUI.

Beezgem omepaTopsl mpoekIu MOMeHTa uMmyabca M; = —ih[r,V];
7 OIpeneIuM OmepaTopsl L; = %Ml wl?=L3+132+ Lg.

3apgaua. [IpoBepsTe, ITO B KOOPAMHATHOM IIPEACTABICHAN

. 0 0
Ll =1 ($38—Z’2 — $26—1'3> ,

. 0 0
Lo =1 ($18—$3 - $36—z1> ) (41)

. 0 0
L3 =1 ((I,‘Qa—ml — 1,‘16—2:2) .
3agaua. [Iposepsre, uT0 omepaTopsl L; HEACTBYIOT TOABKO HA,
YIJIOBBIE TIEPEMEHHBIE, T. €. I Jio60u 9 = (1) BeimoareHo L;i(r) =
=0.
3agaua. IIposepbTe, wro omepaTopsl L; u L? yIOBIeTBOPSIOT
CIeAYyIIMUM KOMMYTAIVOHHBIM COOTHOIICHUAM:

1. [Li,Lj] = iEijkLk;

2. [L* L;] = 0. (42)
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W3 mocnennen 3aqa4du ciaegyeT, 9TO TPOEKIMA MOMEHTA, UMITYIbCA,
HE SBJIAIOTCA OJHOBPEMEHHO m3MepseMbIMuU Beaum<dmuamu. OmxHOBpE-
MEHHO MOryT 6])ITI) U3MEPEHBI TOJNBKO KBaJAPaT MOMEHTA UMITYJIbCA
7 oA U3 ero npoeknui. OOBIYHOE COMMAIIEHNE COCTOUT B TOM, ITO
“3MepsaeMas MPOEKNUsA MOMEHTa UMITyabca —31o hls = AL®. Ymob-
HO BBecTHU caexpyoique omepatopsl: Ly = Ly +1Lo, L. = Ly — iLo.

3agadua. [Iposepbre cregyromme COOTHOUIECHMS:

1. [Ly,L_] = 2Ls;
(L3, Ly] = Ly (43)
(L3, L_]=—L_.

9. L2=L,L_+L2—Ly=L_L,+L%+ Ls.

Ymo6HO MMETb BHUJ BBeIEHHBIX OIEPATOPOB B KOOPAUHATHOM
IPeACTABICHUY TIOJIAPHBIX KOOPAUHAT

x = rsinf cos p,
y = rsinfsin p,

z =17cosf.

3agaua. [IposepbTe, 9TO

L =e i [—% +ictg 0%] ; (44)
o _ |1 O 12(- 2).
3. L7 = [sin2954p2 + sinf 00 sm966 ’
1a=52(0) - 51

r r

W3 mocregred 3ana4m ciegyer, 9To omeparop L2 paseH, ¢ TOUHO-
CTBIO 0 MHOXUTEA, YIVOBOU 9acTU omepaTopa Jlamraca.

(JLJI3, T 4, § 26.)
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CnekTp onepaToposB L? u Lj

MMaigem cobcTBenHble 3HAxeHns omeparopoB L2 u L. Haccmo-
TPUM HOAIPOCTPAHCTBO, COOTBETCTBYIOIIEE OMHOMY (PUKCUPOBAHHO-
My cOGCTBEHHOMY 3HadeHmio omeparopa L. O6osmaxqum ero A, T.e.
L2y = A4 TIycrs 4y — co6CTBeHHBIR BeKTOP L3 M3 BTOT0 TOAIPO-
CTPAHCTBa C cOGCTBeHHBIM 3HadeHumeM M, T.e. Ly = M. Us

.0
KOOPAWHATHOI'O IPELCTABICHUA (Lg = —za— TIOMY<IaeM, ITO Py =
12

= f(r,0)eM?¢, a u3 ogrosmaHOCTH 1) Cregyer, aTro M = 0,+1,. ..
nemoe.

((L* = L) Y, ur) = (Apar — MPPar b)) = A — M2,
C APYTOU CTOPOHHI,

((L* = L3) Yn, ) = (Lioar, o) + (L3¢ar, par) =
= (L1nr, L) + (Lo, Lotpas) > 0.

Mosromy |M| < V/A. Tloxy«saem, 9T0 COGCTBEHHEBIE 3HAMCHUS OTIEPa-
Topa L3 Ha HalleM IPOCTPAHCTBE OFPAHUYIEHbI CBEPXY M CHU3Y.

O6o3ua"aum My = L. W3 3aga4uu npeasiaymero naparpada cie-
AyeT, ITO

(a) Ly(Lytpm) = (LyLs+Ly)ypy = (M +1)Litpas, Te. Litpy =
= rry1 u, Taxxke, Lty = Ppr-1;

(6) LJJ/’L =0m LQ’QbL = (L,L+ + Lg + L3) P = L(L+ 1)¢L, T. €.
A=L(L+1),

(8) L_vp_r =0.

IToxygaeMm, 9TO COGCTBEHHOE MOANPOCTPAHCTBO C (PUKCHPOBAH-
HBIM cobcTBenHbIM 3Hadenumem L(L + 1) omeparopa L? mmeer pas-
MepHOCTH 2L + 1 1 HaGop COGCTBEHHBIX 3HAYEHUN omepaTopa L3 Ha
wém L ={-L,...,L —1,L}.

['oBOpAT, 9TO yPOBEHBL DHEPTUHU, COOTBETCTBYIOIIUNA MOMEHTY L,
(2L + 1)-xpammuo svipoarcden, ecin [H, L;| = 0.



KBanToBas mexanuka 131

Teneps MOXHO HAUTH MATPUYIHBIE DIEMEHTHI onepaTopos Ls, L
u L_ B >TOM mogmpocTpancTse (mpencrapieHuu) B 6a3uce cOOGCTBEH-
HBIX BEKTOPOB ); = | M) omeparopa Ls.

(L3)MM’ =My, Tme M€ L.
LL+1) = (M|Ly|M —1)(M — 1|L_|M) + M? - M =
= ((M|L{|M —1))? + M* — M.

CremoBaTenbHo,

(M|Ly|M —1) = (M —1|L_|M) = /(L + M)(L — M +1).

3agava. Boimummre maTpuns: onepatopos Ls, Ly, Ly, Ly B oTOM
6asuce.
(JIJI3, I'm. 4, §27.)

Cob6cTBennbie PyHKIMM OIEPATOPA MOMEHTA

B srom maparpade Bce Gombimme GyKBBI CTAHOBATCA MAJIEHBKI-
vu: L =1, M =m.

[ycts Yy, (0, ) — cobersennsie ¢ynkmun omepatopos L2 u L,
KOTOpBIE Ipu (ukcupoBaHHOM | 00pasyioT (2] + 1)-mepHoe npencra-
BIeHWe aIreOpsr 50(3):

{ LY (0, ) = (1 + 1)V} (6, ),

LY (0, ) = mYim (6, ¢).

W3 dpopmyn nmpeapiaymux naparpadgoB CIeIyeT, ITo

1

lem(ga (P) = \/—Q_Weimwglm(g)?
1 im
Yu(0,¢) = Nir "0u(0),
d939(0) — Uctg0)0u(0) =0  (L4Yy =0).

[lemas mocregHee ypaBHEHUE, MOTYIaeM

0;(0) = N, sin' 6.
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3agaua. [langure HOpMUPOBOIHBIN MHOXUTEEL N; TAKOU, ITOOBI
unTerpan 07 (0) mo epurmIHON cdepe 6bLT paseH 1.
OcTanock TOIBKO BOCIOAB30BATHCA PABEHCTBOM L_tpr = Ypr_1:

Vin(®: ) =\ gt g (P Va0 )

(JLJI3, T 4, §28.)

[Texunms 19]

rZ[BIII)KeHIIIe B NEHTPAJBbHO-CUMMETPUYTHOM II10JI€

Oneparop Hlpeguurepa 11 cBOOOJHOM YACTUILL B TPEXMEPHOM
IPOCTPAHCTBE B KOOPJUHATHOM IIPEICTABICHUN UMEET BHU

H=-1"a
YpaBHeHUe Ha COOCTBEHHBIE (DYHKITAN
—h—2A¢:E¢, E=k>0
2m

uMeeT peuieHusA

)

1 )3/2 V2 (i)

v = (52

rue ke S? — BEKTOp HA equHUIHOU cdhepe.

CuexTp oneparopa H ABIAETCA MONOKUTEIHLHBIM, HEMPEPHIBHBIM
1 6eCKOHETHOKPATHBIM. Kax oMy HAIDABICHUIO k COOTBETCTBYET
cobcrennas Gyukims ¢ (). CobcTrennbie QYHKIMT (HYMEPYIOTCS)
TOYKAMU €IUHUITHON CPEepHI.

Omneparop [MIpeaunarepa ama 9acTUnb B HOTEHIMAIEHOM [IOIE B
KOOPAWHATHOM TPEACTABICHNE umeeT Bug H = —;—A + V(x).

Kak u B kmaccuieckon MexaHUKe, B KBAHTOBOU MEZ(La,HI/IKe K 3ajate
0 [BUXEHUU YACTUILI B MOTEHIUAILHOM IIOJE CBONUTCA 337a9a O
IBUXEHUU IBYX TEJ.
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Ha,CCMOTpI/IM cuCreMy ABYyX YaCTHUIL 1M U 19 C IIOTECHIUAJIOM B3auU-
mopgeuctsus V (£ —Zy). Oneparop llpeaunrepa aus TaKOU CHUCTEMBL
B KOODAMHATHOM IPENCTABJIEHUN UMEET BU[

2 2
H=-T"A — " A1 vz — 7).
2

2my L™ om
Kak 1 B knaccuaeckon 3aade, BBEIEM IE€PEMEHHBIE:

mi1T1 + Mals

X=————==" x=x1—29, M=mq+msy,
mi1 + mso
mims
|4 = ————— — IpuBeJEeHHAA MAacCa.
mq + mo

3agada. [IpoBepbTe, 9TO B HOBBIX IIEPEMEHHBIX
h? h?
H=—-——Ax—-—A .
B ypaBHeHuu Ha cOGCTBEHHBIE 3HAUYEHU
HY(X,z) = EV(X,z)
[IepEMEHHbBIE PA3AEIATCA, U PEIIeHNe MOXHO UCKATH B BUE

(X, z) = (X)) (2).

Dyuxnun 1 (X) u 11 () yIOBIETBOPAIOT ypaBHEHUAM

— o AY(X) = ep(X),
_%Aq/;l(gj) + V(x)Y1(z) = e (z).

rae F = ¢+ ¢€1. llepBoe u3 >TuX ypaBHEHWN €CTh ypaBHEHUE HA, COO-
CTBeHHEBIE 3HadeHus oneparopa lllpeauHrepa cBOGOHON IaCTHUIIBL, &
BTOpOE coBnagaeT ¢ ypasaerueM [lIpeaunrepa i 9acTHBL MACCH L4
B morernuaie V(z).

Kak u B k1accudeckoMm ciydae, HamboIee BaXKHBIM ABIAETCS CILy-
Yal IEeHTPAIbHO-CUMMETPHAYIHOrO nojd, B koropoMm V (z) = V(|z|) =

=V(r).
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Ypasuenne lllpenuarepa ais IBUXKEHUS TACTUILI B IMEHTPAILHO-
CAMMETPHUIHOM IIOJEe MMEET BH

Ay + 2B~ V(r)p =0. (45)

[lygem uckarh cTamumoHAapHBIE COCTOAHWA B Buge V(r,6,¢p) =
= R(r)Yim (0, ¢), T.e. paccMaTpuBaTh BOIHOBBEIE (DYHKIUY C (PUKCH-
POBAHHBIM 3HAYEHMEM MOMEHTA | M €ro IPOEKIWY M

HV =EV, L[V =I11+1)¥, L3¥=mV.

Benomuus (44), nonydaem

Ld (ﬂdR(r)) -V Ry + 22— v(nlRe) = 0. (46)

r2 dr dr r

3amerum, 9TO ypaBHeHue (46) HE COMEPKUT 3HATCHUA TPOEKIUH MO-
MEHTa m, ITO cOOTBeTCTBYeT (2 + 1)-KpaTHOMY BBIPOXJEHWIO IO
HAIIPABIEHUIO MOMEHTA.

(JLJI3, Tw. 5, § 32.)

rZ[BI/I}KeI-IIIIe B KYJIOHOBOM II10J1€

KthOHOBbZM, KaK 1M B KJIaCCHKE, HAa3bIBACTCA IIOTECHIIMAJ BHIA

Vir) = —%. Ypasuenue (46) npumer Buj
d’R | 2dR 1(l+1) 2m [ a} _
e+ - R+ 2 B+ 2| R=0. (47)
3apgadga. IlposepsTe, 9TO HpU 3aMeHe 1 = h—zr E = mazE
pasa. IIposepsre, p = st B = =B
ypasrenume (47) npeobpasyercsa B
R+ 2R - l(l;I)R+2(E+%>R:0. (48)

[Maccmorpum nosegenue pemenus R(r) B ABYX CIydasx.
(1) r =0, R(r) — r.
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IIpu r — 0 rraBHBIME SBIAIOTCA [EPBbIE TPHU “LICHA yPaBHE-

una (48). IlpupasEmBas mymo KoadduumenTer B (48) mpm ro 2,

HOJTy 9aeM
ala—1)+2a—-1(1+1)=0 (49)

wim o(a + 1) = [(l + 1). CregoBarensro, o = [ mmm o = —(1 + 1).
OrcyrcerBue pacxogumoctu npu £ = 0 guKTyeT BHIGOD

a=1.

(2) r — oo.
[Ipw r — 0O MIABHBIMU ABJIAIOTCA WICHDL

R'"+2ER=0, m.e. R(r)=e*V2ETf(r).

IIpu orpunarersabix 3Ha4MeHUAX cuekTpa F < (0 orcyTcrBme pacxo-
OUMOCTH TIPHU 7" — 0O QUKTYET BHIOOD 3HAKA

R(r) = e V2T f(r).

1
O6osHauum n = \/ﬁ (moka >TO TOABKO 00O3HAYMEHUE, HO CKOPO

Oy/eT MOKA3aHO, ITO 1 — IEJIoe).
[Iynem mckarh pernenune

Ru(r) =rle V2ETW (r). (50)

[Mogcrasaaa (50) B (48), moxyuaem ypasuenume Ha W (r):

W 4 [(2l + 1)% +2 (—\/—2E>] W+

+ @ +1) (-v=2E) % + %} W =0. (51)
3apgaua. I[IposepbTe 5TO.
Ypasuenue (51) ABAAETCA BBIPOXK JEHHBIM TUIIEPTEOMETPUIECKIM

yPaBHEHMEM, IPO KOTOPOE M3BECTHO, 4To pemreHue (51), umeromee
MOCTOSAHHBIN Tpenen npu r — 0 m pacrymee He ObICTpee CTEneHU
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Ha 00, cymecrsyer npu —(—2F)"1/2 = p nerom. Iomyuaem, arTo
E = ——, rge n—nenoe. BcnoMuuMB 3aMeRy, CAETAHHYIO B ypaBHe-

aum (47), momyvaemM AUCKPETHBIN CIEKTP KYJIOHOBOT'O MOTEHIIUALA!

2
E=-12 (52)

= Tt
(JLTI3, T 5, § 36.)

CkpbITag CAMMETPHUA B KYyJOHOBOM 3ajade

[Momoxum m = 1, « = 1, b = 1. 3ameTum, ITO HOJYyIUB OTBET
B 0€3pasMepHOM BU/IE, MTPABUIBHBIA OTBET MOXHO BOCCTAHOBUTH U3
COOOpaXeHNN Pa3MEPHOCTH, 3aMeYas, ITO

h2 % mo
=2 = pem =
=~
o = p 1
laMmIbTOHMAH KYJOHOBOM 3aga<du pasen H = 5 T roge r =

= i+ 23+ 23

B knaccudaeckom ciaydae B KyJOHOBOU 3a,/ate CYIIECTBYET IEPBHIN

UHTErpaJa BUIA

N}
Il

Sy

- [pa L]
[TaccMOTpUM aHATOIMYIHLIM OLEPATODP B KBAHTOBOM 3aIae:

-
~

ro=
;_[pa ]7

Y]
I

e nocregHAa CKOOKa IMOHMMAaeTcCA CHadala KaK BEKTODHOe MPOou3-
BeJleHrE BEKTOPOB, a IIOTOM — IIPEBPAIIEHUE UX B OIEPATOPHI, T. €.

L — poL3 + p3Lo,

€
r
T

Ag = r2 —p3Lq +p1L3,
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- X
Az = 73 —pi1La +paLy.

=S ISy

Bapaua. [Iposepsre, aTo A = - — %([ﬁ, E] - [E,p]) (cm. JLJI3,

§36).
3agada. llposeppTe craemymomme COOTHOWUIEHWS [ OIEPATO-

poB A;:
[Li, Ak] = i€iji Ak,

53

3agaua. Besegure us coorHomenu (53) Win NPAMBIM BbITUCIE-
HUEM, ITO

[H, Ax] = 0. (54)

[Tocnegree coOTHOLUIEHNE TOKA3BIBAET, ITO U B KBAHTOBOU KYJOHOBOU
sagade A ABIAETCA MEPBBIM MHTETPAIOM.

Dukcupyem yposens suepruu F < 0, T.e. paccMOTpuUM mOAIPO-
crpaucTBo Hvy = E1). [la sTOM mOAIpOCTPAHCTBE MOCAEIHEE COOT-
Hourerve (53) nmpumer Bup

[AzaAk] = —2Ei6ijkLk. (55)
Bregem HOBEIE OmepaTopsr N = i C y4eToM 2TON HOPMUAPOBKA
I paTop 75 OV pmup

KOMMY TAaIIlUOHHBIE COOTHOUICHUA OJIA Lk n Nk BBIIVIA AT KaK COOT-
HOLIEHUsA [ 00pasyomux aare6psr §0(4):

[Li, Lj| = ieijx L,

[Li, Ni] = i€ Nk,

[Ni, Ni] = iciji L.
Mul moydwau, 9TO MPOCTPAHCTBO COCTOAHUYN C 3aJaHHOU DHEPru-
el —HTO HPOCTPAHCTBO mpeacTasiaerus rpymnst O(4).

3agadua. [IposepsTe, 9TO HA >TOM HOAIPOCTPAHCTBE BBHIIOJHEHBI
COOTHOIICHUSA

LN =0,
1 (56)

2 2_ . 1L
L4+ N°=-1 55"
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Anrebpa o(4) uzomopdua 0(3) x o(3). [lencrurensHo, BBEAEM
OIepaTOPHL

5 1. - O T,
J1 = §(L+N), J1 = §(L_N)'

3agada. IIpoepbTe, 9TO KOMIIOHEHTHI KaXOIOTO W3 OMEPATO-
poB J; KOMMyTHUDYIOT, Kak obpasyrommue $0(3), T.e.

[J1i, J1j] = teijre i,
[J2i, Joj] = igijidor,
[Jlia Jgj] =0.

[lns mOoBBIX OmepaTopoB J; coorHOmernus (56) mpumyT BU

Jf:Jf:—i@+5%>:jU+U.

IMocregree paBeHCTBO MOKA, ITO ABIACTCA TOABKO 0Oo3HaMernneM. [1o-
KaXeM, IMOBTOPAA IMOYUTH JOCAOBHO PACCYXACHMA U3 JeKnuu 18, aro
Jj — LeJoe WIN TOMYILEN0e.

3aga4a. /[Jokaxure, ITO B HAIIEM IIOAIPOCTPAHCTBE CYIIECTBYET
6a3uc m3 cOOCTBEHHBIX BEKTOPOB omepaTopa J3, Takux 910 J3e,, =
= meg, Tjie M — OeJIbIe TUCIA.

3agaua. ITokaxwure, aro omeparop J2 = j(j + 1)1, rae 1 — exqu-
HUYIHBIA OIIEPATOP.

3apgada. Beena oneparopst Jy u J_ (J1 = J; £iJy), mangure nx
KOMMY TAIlMOHHBIE COOTHOLIEHUA U TOKaxuTe, 910 |m| < 1/j(j + 1).

3apgaua. [IposepwTe, 9aTO Ji€), = —\/(j Fm)(jEm+ Dentr.

IIycTe m1 m me — HamMeHbIIEE, COOTBETCTBEHHO, HANOOAbIIEE U3

qucenr m.
3agadua. [Iposepbre ciemyiomme COOTHOIIECHUS

J_em, =0, Jyem, =0,
(J? = T2+ J3)em, =0, (J? — J2 = J3)em, = 0.

3agaua. Beegure u3z 3TUX COOTHOIEHUN, 9TO

j(G+1) —m? +my =0,
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(G +1) = mj —mg =0,
(m1 +m2)(m1 — Mo — 1) =0.

[Momyugaem, aTo my + me = 0 mwmm m; = —mg (mg = my).

Mo — M1 = 29— NEM0e FUCJI0 WIW HyJdb, TO3TOMY 719 TPUHAI-
1 3 .

JIEXXAT MHOXECTBY 0,5,1,5,... . Hoxygaem, a0 7 = mgy €
1 1 1

€ 0,—,1,§,... . 3waunr, F, = —————— = ——— win, me-
202 2(2j + 1)2 on?

ma?

PeXOAs K Pa3MepHBIM Beaw+aumHaM, [y, = ———.
2h*n

Yposuu ¢ gamHou >Hepruen F, He 3aucat ot [ u m um, cregosa-

TersHo, (25 +1)(25 4+ 1) = n?-kparnO BEIpOX AEHEL IITO (CIyUaiHOE)

BEIpOX feHne o0bsacHaeTca O(4)-cummeTpuen.

JBuXkeHUe B KYJOHOBOM IHOJIe. D POSOJIKEHUE

BepreMcsa k ypaBHEHHUIO

I(0+1)

R'+ 2R - LR 2B+ 1/nR=0.

[emum ero apyrum metogoM. ITo0bI M30ABUTHCA OT MEPBOU MTPOU3-

x(r)

momxken cxonuThesa npu r = 0. [Toxyaaem

2 1l+1) 2
[——(+)+;]X:—2EX.

dr? 2

BOJHOU, cenaeM 3ameny R(r) = ¢ yerosuem, ato [ |x(r)|? dr

3agadga. [IpogenanTe BCe BBITUCICHUA.
[Ipu r — oo perrerne JOMKHO UMETH ACKMITOTHAKY X — €V —2Br,

Crenaem eme sameny x(r) = f(r)e™"/%, rae a = ek [Moxygaem
£ 24 1(+1) , 2],
[dr2 adr r2 + T ] f=0.

ITygem uckars peuenue B Buge paga f(r) =Y csr’. Torga

S {ss—12 2= g 22 =0,

S
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¥ MBI IIOIYYa€M PEKYPPEHTHOE COOTHOIIEHUE

eols(s = 1) =1+ 1) =, 1 [2°2 L 2]. (57)

Us ycnosus ua [ |x(r)|? dr crenyer, aro s =1+ 1.
3agaua. [laz6Gepure caydanm s = —I.
[MaccmoTpum Temeps acUMOTOTUKY psaga mpu Goabmmx §. Torma
Cs

2
~ —. llosromy, ecau psg He 06pbIBaeTCA Ipu OOMBIINX S, TO OH
Cs—1  Sa
2r

1
CXOAUTCA K Y 5 (
S. a

— €"/% 9T0 PUAMIECKH HEeIpHeMIeMO.
[Ing o6opserca, ecan aasa HekoToporo s = n+1, (n > 1) GyaeT BbI-

S
) = /5 u npu Gompmmx T moxydaem x(r) —

n
IIOJTHEHO COOTHOIICHNE [2— — 2] = 0. Torga cp11 = cpy2 = ... = 0.
a

po®

Com2n?
3ameuanue. Popmyna (52) @11 dDHEPreTUIECKUX YPOBHEH B Ky-

1
Orcrona F = ——. Wan, B pasMepHbIx BeauduHax, K, =
2"’1,2 ) y n

HOHOBOﬁ 3a0a'€ IMO3BOJACT BBIYUCIUTH IaCTOTHI CIICKTPAJbHBIX JIW-
HUM, HAaIpUMep, a8 aToma Bogopoga (o = €2). Uz (52) u dopmy-
aer [lopa

hmn = By — By En > Enm

MOy IaeTcsa popMyaa

4
“’m":g_;;<%_$>’ n < m, (58)
N3BECTHaA KaK q)OpMyJIa, HaJH)Mepa 7 OTKpPBITAA MM YUCTO SMIIUPU-
YeCKU 0 CO3TAHUA KBAHTOBOU MEXAHWKW. BHIMUCIEHHBIE TTO (POPMY-
ae (58) cnekTpanbHBIE IMHUE ATOMA BOJAOPOIA C YAUBUTEABHON TOY-
HOCTBIO COBINAJAIOT CO CHEKTpadbHbIMU auHUAMU (cepus Jlanmana,
[Tanbmepa, Ilamena u T. 1.) pearbHOr0 aTOMa BOAOPOA, HAOIIOLAE-
MBIMHE B DKCIepuMenTe (CM. aeknuio 13).

po®
2h2

WTax, MBI OIy9I®au, ITO ypoBHIO F, = — COOTBETCTBYIOT
2n

BOTHOBBIE (DyHKITANT

a2
Ui (1,0, 0) = rle V2 " Py (r) Vi (0, ),
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rae Py (r) = f(r) — maOrowien, ko> GuIueHTH KOTOPOro BHIMMCIA-
1orcsa mo gpopmyae (57), crenenu n — [ — 1.
3agaqa. IIposepbTe eme pas, ITO CTEIEHb BLIPOXACHHUA PaB-
2
HA N°.

Bewenue. Iyxno moacanrars qucao dbyakoui V., (r, 0, ¢) g

n—1
marHOrO N. Ux wmeno pasro Y. (20 + 1) = n?.

=0
CouH 371€eKTpOoHA

[TaccMoTpuM cucTEMy FIACTHI], KAK €UHOE MEM0e, HAXOMANIYIOCA B
oupemeaennoM cocrogauu. Oua 06Ia1aeT ONPENeTeHHON BHY TDEHHER
sHepruen (cobGCTBeHHOE 3HadeHWe omeparopa H) um ompenereHHBIM
momerToM (cobeTBenHoe 3Hadenwe oneparopa L2). EcrecTsenHo n
KaXJOU DJIEMEHTAPHON YACTUIE IPUIMCATL HEKOTOPHIA «COOCTBEH-
HBIM» MOMEHT.

Crout eme pa3 ynomaayTs onbiThl [llTepra u epaaxa, mokazas-
[Ive, ITO MPHU BKIOYEHUN MATHUTHOTO MOJA My9I0K ATOMOB BOLOPO-
na pasgBamBaeTcsa. 1ITo o3HAadaeT, 9TO NPOEKIUA HA HAMPABICHUE
MATHUTHOTO TOJA MOMEHTA aTOMa BOJAOPOIA B OCHOBHOM COCTOSHUM
NPUHUMAET [BA 3HA4YeHUA. AGCOMIOTHO Tak Xe BeaeT cels U ImyvoK
AJIEKTPOHOB. HOBTOMy €CTEeCTBCHHO CYIUTATh, ITO SJCKTPDOH mMeeT
COGCTBEHHBIM MOMEHT UMITYJILCA, IIPOEKIIAA KOTOPOT'0 HA HEKOTOPOE
HaIlIPpABJICHUE IIPDUHUMAECT ABA 3HAICHUA.

Co6GCTBEHHBIN MOMEHT DJIEKTPOHA HA3BIBAETCA CNUHOM, & MOMEHT
IMITYIbCA, CBI3AHHBLIN C JBUXKEHUEM DIEKTPOHA B IPOCTPAHCTBE, Ha-
3BIBACTCA OPOUMAALHBIM MOMEHMOM.

[TonHBIT MOMEHT CHCTEMBI YACTHUILL ABAAECTCA CYMMOU UX OPOUTATE-
HBIX MOMEHTOB W CIITHOB.

Urax cowmH—5TO HOBasg HAOIIOLAEMAsA, MPUHUMAONAI TBA 3HA-
genusa. CregoBaTeabHO, YUCIO0 COCTOAHUUN DIEKTPOHA JOJKHO YIABO-
ATbCA. MBI TOMXKHBI CIATATDH, HAIIPAMED, ITO DIEKTPOH MOXET Ha-
XOOUTHCA B OBYX PA3IUTIHBIX BHYTPEHHUX COCTOAHUAX, HE 3aBUCI-
X OT €ro «BHEITHErO» COCTOAHMA. [locMOTpUM, KaK MaTeMaTHIe-
CKU OIIXCATh 3Ty CUTYyallWIO OJd 3JICKTPOHA.

Oycrs H = L?*(R®) — npocTpaHCTBO COCTOAHMN IEKTPOHA.



142 KBaHTOBasA MEXaHUKA

U (z,y,2) € H. lacemorpum npocrparcTso H = C? ¢ 6asucom u; =
= ((1)) u uy = ((1]) B sToM mpocTpamcTBe M OygeT NeACTBOBATH
HabmogaeMas cnuH. Temepb TPOCTPAHCTBOM COCTOSHUU C YI€TOM

cimea OymeT
He = L*(R®) @ H.
CaMOCONpAXEHHBIN omepaTop S, meucTByoommu B H, MOXHO

IpEeJCTaBUTH B BUIE

S =apl + ajo1 + avos + azoy, rTae

(10 (01 (0 = (1 0
—\o 1) P71 o) 2T\ o) BT\ o -1

MaTputsl [layanm.
h .

O6osnadum s; = —0j, j = 1,2,3.

2

3apgaua. IIposepbTe, UTO 5; yAOBIETBOPAIOT KOMMYTAIIMOHHEIM
coorHomenusnM (42)

[Si, Sj] = ZEiijkh.

Taxkum 00pa3oM, OIEpPATOPHL §; YAOBIETBOPAIOT TEM XK€ KOMMY-
TAIMOHHBIM COOTHOIIEHUAM, ITO X KOMIOHEHTHI YIVIOBOI'O MOMEHTA.
[TosToMy ecTecTBEHHO IPEANOIATATE, ITO S; COOTBETCTBYIOT BKJIAIY
COOCTBEHHOI'O YIVIOBOI'O MOMEHTA.

3aaaua. [Iposepwre, aro 82 = % + 53 + 3§ = 2h2.

2

3
Co6CTBEHHOE 3HAYMEHNE OIEPATOPa $° 3alUCHIBAIOT B BULE ZhZ =

1
=s(s+ 1)A%, rae s = 5 VIMeHHO B 5TOM CMBICIE TOBOPAT, ITO CIWH

1
DIEKTPOHA, PABEH .
3agada. IIposepbTe, 9T0 COOGCTBEHHBIE 3HAMEHUA OMEPATOPA S3
1 1
Ha BeKTOpax hi, hy paBHBI, COOTBETCTBEHHO, TRt
3agaua. [IposeppTe, 9TO Bce omepaTOpHL S; UMEIOT COOCTBEHHEBIE
1
3HAYECHUA :l:E.

[TpocTpamcTso cocToaamn H.g €CTECTBEHHO TIPEACTABIATE KAK Ma-

pbl QYHKIUT
1/11 (xa Y, Z))

s = (s
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oroxaectsus Y (x,y,z) @ hy ¢ (w(x(’)y’z)), a(z,y,2) @hs c (w(a:(,)y,z))'

Bekrop-dyukuusa V(z,y, z) = (i;) HA3LIBACTCA crimHOPOM. Pusn-

ku V(z,y, z) 3anmuceBaior kak ¥ (x,y, z,0), HIOHUMAA 0 = % (mmm «+»)

KaK KOMIIOHEHTY H® hy, 0 = —% (mmu «—») xax kommonenTy H Q ho.

Ecan cdeputecku-cummerpuaaomy ramumiabToruany H cooTsBeT-
CTBYeT IpeNCTaBICHNUE p1 B IPOCTPAHCTBE H U p2 B IpocTpaHcTBe H,
TO

ps(g) = p1(g) ® p2(g)

npencrasireane SO(3) B mpocrpanctee Hg = H ® H.

CaemoBaTenbHO, 0JA CUCTEMBI CO ChHepUIeCKU-CUMMETPUIHBIM
oneparopom Illpeauarepa CupaBemqInB 3aKOH COXPAHEHUA MOJTHOTO
MoMeHTa uMmyasca Jj = Lj + s;.

(JIJI3, Tn. 8, § 54, 55, ¢.234.)
[Texunms 20]

Teopus BO3MYIIEHUHA

Tounomy pemenuto ypapuenusa llIpenunrepa
Hp,, = Epipy, (59)

mogmatoTcsa HeMHorue cucrembl. Onuako ecmm H = Hy + V', Hy—
TOYHO pemaeMas 3ampada, a V <K Hp—wmamoe Bo3Mymienue, TO 3a-
oady ¢ FaMIIbTOHHAHOM H MOXHO pemuTh mpubimxenHo. Takas
TeOpUs HA3BIBACTCA «TEOPUEN BO3MYyLIeHUW. B Teopun Bo3MyueHMn
€CThb B METO/A.

B ogHOM — BO3MYyIIEHNE PACCMATPUBACTCA KAK MPUINHA, U3MEHE-
Hus cocTosuu. [IToT MeTon mojseseH M CTAMOHAPHOTO CIYJas.

B mpyrom— cocTosHUSA HE MEHAIOTCS, & CUCTEMA COBEPIIAET IIe-
PEXOABI MEX Y COCTOAHUAMM.
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CTamuoHapHbLIN, HEBLIPOX J€HHBLIN CJIydan

Ilycte Hy m V He 3aBucat or BpeMmeHu. llycTh HAM m3BEeCTHO pe-
[IeHNe HEBO3MYIIEHHON 33,491

Hoyy = EJyy, (60)

CIIEKTP KOTOPOU MBI OyJeM CYUTATH HEBLIDOXKIEHHBIM W JUCKDeT-
vbiM. [Iynem uckats v, B Buge

Y= em(n)yl. (61)

[Togcrasus (61) B (59), momyanm

(Ho+ V) (z cmm)w?n) _5, (z cmm)w?n) |
> em(n) (B, +VYl,) =D cm(n)Entd,.

m
YMHOXUB CKaJIAPHO HA BEKTOP 1/12 nocIeJHee PABEHCTBO, MOLYIUM

(En — E][i]) ck(n) = Z cm (1) Viem (62)

m

—0
rie Vi = (QR|VI[n,) = [, Vb, dV.
[Maznoxum reneps E, u ¢y, (n) mo napameTpy mamoctu, T. e. Gynem

uckars E, u ¢, (n) B Buge
E,=E+E' +FE>+..., (63)
cm(n) = 0% +cb (n) +c,(n) +...,

1
m

mo V u 7. 1.
[Moacrasum (63) B (62) m npupaBHAEM WIEHBI C OAMHAKOBBIMU TI0-

2

rae E}L 7 C,, TIOPAAKa MajgocTu V, E?z 4 C,, BTOPOr'0 NOPAAKA MAJIOCTHI

pAgKaMu MajgocTu mo V.

3agaua. IIpogerayTe >TH BBYMUCICHUA U BBHIIUIIATE CACTEMBI,
KOTOPBIE Oy IaTCA.

[Monyuaem

(ES —E)+Ey+Ez+...) (0f +cp(n) +ci(n)+...) =
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=3 (08 +ch(n) + () + ... ) Vi,

CpaBHUBas HyJEBOU MOPAMOK MAJIOCTH, TOLYIAEM
0 0) sn __
(E) — E}) 6p =0.
W3 mepBoro mopsaka MajiOCTH CAETYeT, ITO

B + ci(n) (B) — B) = 07 Vim.

1) n =k, crenoparensuo, Bl = V,,;

v
2) n # k, ciefoBaTerbHo, ¢ = ﬁ.
n k

1
n

MUPOBKU (TO (3AKJIMHAHUE)» O3HATAET, ITO MBI XOTHM, ITOOBI |1/12 +
112
+4,|%, rme

Beanuuna ¢, (n) He HAXOAWTCA U3 >TUX ypaBHeHuu. U3 yciaoBus HOp-

1 _ § : an 0
’lzljn - E() _ E() wmv (64)
n m
m#n
oTMmUATack 0T 1 Ha BTOPOM MOPATOK MAJIOCTH) CIEAYeT, 9To C.: (n) =
=0.
W3 mompaBku mepBOro mpuOIMKEHMs K BOIHOBHIM (yHKuAM (64)
CIeqyeT, 9TO METO/ IPUMEHUM, €CJIN

0 0
|an| < |En - Em|
CpaBHuBas Teneps BTOPOU MOPAMLOK MAJIOCTH, TOLYIAEM

B8 + Elep(n) + (B — EY) ci(n) = chy(n) Viem.

m

)n=k E2= Lol
" m#n Eg_E?n
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2 1 anVkm anVnn
cp(n) = ————= —
- |\ L Bes BB
m#n
/i
3agad4a. [lauguTre mepByoo u BTOPYIO MOIPABKU K YPOBHAM DHED-
' aHTaPMOHMNYICCKOI'O OCHUALIATOPA

~2 2,.2
ES P mw e 3 4
H="—4+—" 4 + .
. 5 or Bx

BoIpoXK JeHHLIN CIydan

IIycTs '¢2,a, a = 1,...,N —INHEHHO HE3aBUCUMEIE PEIICHUI
ypaABHEHUA Hm/;?w = Egi/nga, cooTBeTCcTBYyMOmMAE [N-KPATHOMY BBI-
pox erHOMY co6cTBerHOMY 3HateHmio FC. [lyneM Ha3mIBATH BEKTO-
PbL B 3TOM MOAIPOCTPAHCTBE NPGEUAbHbLMY, €CIA OHU MAJ0 MEHSI-
OTCA TI0[] AeUCTBUEM BO3MYIIEHUS.

[Tymem mckaTh QYHKIUU HYJEBOI'O NPUOIUKEHUA KAK JUHEUHBIO
KOMOWHAMY QyHKITUA 1/1270(. Torga ma kospdummertsr ¢ = (cl)
DTOU JUHENHON KOMOWHAIUN IIOIYIaeM JIAHENHOE OJHOPOMTHOE ypaB-
HEHUE

(V-EYDNM =0, rge V= (Vap),

n,o

Vag = /1;0 Vi/)?%ﬁ, I —emuuumanas N x N marpuma.

[Ito ypasrenue mmeer HeHyneBoe pemenue npu ycaosum det(V —
-~ EMI ) = 0, 9TO0 ompenenseT mepBble HONPABKY K SHEPLUU.

[Monyuaem creayromui pe3yabTaT.

Bpasuavnvie 80ano8bie GyHKyulU HYAC8020 NPUOAUNCEHUS — FMO
cobcmBenHble BEKMOPbL ONEPAMOPG 803MYULEHUS, CTPOEKMUDOBGH-
HbLE HA NOINPOCMPAHCMEO JaHHO20 8bIPOAHCIEHH020 YPoeHA. Bonpas-
Ka K YPOBHIO IHEP2UU, COOMBEMCMBYIOUGA 0aHHOT NPaBUAbHOT 804~
HOB0U PYHKYUU, PABHA CPEOHEMY OM BO3MYWEHUSL 8 IMOM COCMOA-
HU.

3agada. [laiTu BorHOBBIE (DYyHKIVNM B IEPBOM IPUOIUKEHUN.
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JpumeHeHne. AToM B MarHuTHOM mnoJje. DdpdekT 3eeMmana

[MaccmoTpum arom (Hampmmep, BOAOPOAA) B MOCTOIHHOM MAJIOM
MArHATHOM moJ€e. IIpeHeOpexeM IOJHBIM CIHHOM aTOMa ¥ BMeE-
CTO CyMMBI OyJ€M pacCMATPUBATL OAWH SJICKTPOH. IlamoMHEM, 9TO
B KJACCUYECKOU TEOPUU

=2
. muv
L(g,q) = +

=5 toATew

ol®

npu ycaosun div A = 0. Yro6sr monyuuts H, HyXHO M3 ypaBHEHUS

p= 8_L BoIpa3uTh ¢ = ((p,q) m nogcrasuts B H = H(p,q) = pg —

9q
- L(qa q)
[Ipomemraem Bce 5TO C HAIIKM JATrPAHAKAAHOM
OL e 1 e 7
>_ 9L _ soep s_l-o_ ez
p ov mu ¢’ v mp me

3amedas, 9TO HET MPOOIEMBI ¢ PACCTAHOBKOU MOPALKA OIEPATOPOB
pu A, tak kak [p, A] = —ihdiv A = 0, noxygaem

2m

= G 1 [~ en? | .
H=pv—-L=mv+-,v —L:—(p—EA> +ep =
c
el 2~

= Ho + L Ap + == (A)?,

me 2mc

p2
rae Hy = om + ep.

Yeaosuas H = rot A, divA = 0 BHIIOJHAIOTCA NI MOCTOAHHOTO

S S 1.4

MarauTHOro moas H, ecmm A = §[H ,7]. IlogcraBasa 5T0 BeIpaxe-
HUE B TAMIIBTOHWAH W TPeHeOperad MOCICAHUM ICHOM HM3-3a €ro
BTOPOr0 MOpAKa MaaocTu mo H, morygaem

~ ~ |e|[_. ~ |e| TG N |e| o~

H,T_"]f)\:Ho—i-

2me

A~
b

rae L = [7,7).
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CumTas, 9T0 MATHUTHOE TOJE HAIPABJICHO MO OCH 2, MOLYy<daeM,
9T0 Mo Teopuu Bo3Mmyinenuu monpaBka AE = pupHL,, roe up =
lelh

2me
AHUA 2Z-U COCTABIAIOMIEM MOMEHTAa. 1.e. MACHHTHOE IOJEe CHUMAeT

BBIPOX IEHME YIIIOBOIO MOMEHTA, B/IOJIb CBOEr0 HanpasaeHus. [ITo Ha-
3BIBAIOT affexmom 3eemara.

[TocmoTpuM Ha DTO SABIEHUE C TOYKU 3PEHUA TEOPUM IIPEICTABIE-
HUA Ipymm. Y cepruecKu-CUMMETPUIHOI0 MaMUAILTOHUAHA (KyI0-
HOBA 33444, DIEKTPOH aTOMa BOAOPOAa) BCE MPOCTPAHCTBO COCTOM-
HUU PACKIAIBIBAETCA B IPAMYIO CYMMY IIPOCTPAHCTB HEIPUABOAUMBIX
npencrasaean rpynner SO(3). Tlocre BkaOUeHNA MATHUTHOTO OJLA
no ocu z3 (2) kaxjgoe HempusoguMoe npexcrasierre SO(3) orpaxu-
guBaeTca Ha noarpymmy S C SO(3), cocTosmyio 13 BpaleHUI Bo-
KpyT »Toi ocu. S' — abeneBa rpynma u BCe ee HENPUBOAMMbIC MPE/-
CTABJCHUA OJHOMEPHBI, & COCTOAHUA, COOTBETCTBYIONINE PA3HBIM UH-
BAPMAHTHBIM OTHOCHTEIBHO S’ II0AMPOCTPAaHCTBAM, HMEIOT, BOOGIIIE
COBOpS, PA3HbIe DHEPreTUIeCKWe YpPOBHU. [ITO paciierieHue Crek-
TPAIbHBIX JUHUY DY BKIYEHUN MATHUTHOTO TOAA HAOIIO[AETCS B
DKCIIEPUMEHTE.

, a L, paBHO cpemHemy 3HAYMEHWIO HEBO30YXKIEHHOIO COCTO-

Boamymienus, 3aBucsamme oT BpeMeHH

[Iycts Teneps Bo3myuenue 3asucut or Bpemenu: V = V (t). Ily-
lleM CIMTATh, ITO HAM W3BECTHBI BOTHOBblE (DYHKIUH 1)) HEBO3MY-
EHHOW 3aa9M, T.€e. PElleHusa HecTarmuoHapHoro ypasHeHus [lpe-

OUHI'€Pa OJad HEBOSMYUIECHHOI'O 'aMIJIbTOHUAHA H()
o0
? a—tk = H()’(,bg, (65)

a mpom3BOIbHOE pemrenue (65) MOXeT OBITH 3ANUCAHO B BHAE P =
= > agtp). llynem uckaTh pemreHne ypapHeHU

IS = (Ho+ V) (66)

B BUZIE

p="ar(t)p. (67)
k
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Mogcrasasaa (67) B (66) u yuursBas (65), norydaem

iny " 6”;;” =S ar V. (68)
k k

Yuuoxus (68) ckaxapHO Ha 12,, TOIyTHM

inml > eult) Vo). (69)

rae Vik(t) = WSOV = [PuBVYLE) AV = Vygemit,
E° — EV

Wk = " % Vink, BOOOIIE TOBOPA, TOXKE 3ABUCAT OT BPEMEHH:

Vi = (92 [VI92) = / POV ()l av.

ycts V — 0 upu t — £o0.
[TacCMOTPUM BO3MYTIEHHE N-T'O CTAIIIOHAPHOTO COCTOSHES 1)) TIpH
U3MEHEeHUM BpeMeHu ¢ 0T —o0 K +00. Wmem 1), (t) B Buge

Palt) = 3 ani(t)pe T,
k

_ .0 1
ank (t) = Qg+ Ay (t)a
rae al, = 6k umeer mymesolt mopazok MamocTH, a al, (t) mmeer mep-
BBIM MTOPALOK MAJOCTHU 110 V.
B nepBoM mpubamxeHun morydaem

day,,(t)

ih 7t

¢
ab,(t) = —% / Vipenit dt.
—00

CaefoBaTenbo, ank(t) = al (t) mpun # k, a ap,(t) = 1 +al, (t) =

.t
—1-L [ v, dt
nd
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BeposaTHOoCTh mepexoma M3 COCTOSHUA N B cocTosHue k npu t —
— +00 paBHA

00 2
Wnk:% / Viypenit dt| . (70)
— 00

DepuognuecKoe BO3MYIIIeHHEe. ATOM B IOJE JJIeKTpOMAr-
HUTHOU BOJIHBI

[IycTs V= eE\(w)ei‘”t. U3 dopmyasr (70) momydaem, 4TO

/ezwtezwnkt dt

[Mocaegauu comuoxurens B (71) He o6pamaercsa B HyJb, €CIA W =

= —wyk. [lomygaem, 9T0 HEHyIEBasA BEPOIATHOCTH mepexoma W, cy-
E, —E
WECTBYeT MEX /1y COCTOAHMAME DU yOIOBUM W = ——— — IIH Ep—

2 2

62

/ P B (w)yp dV

— B, = hw. llToT pesyabTar coorBeTcTByeT npasuiy llopa o mormio-
IIEHUU ATOMOM KBAHTa CBETA.

(JIJI3, 1. 6, § 3842, ¢. 163.)

[Jlexunmsa 21]

KBasuknaccuieckoe npubinxeHue

h . .
IycTe A = » < L, rpe L —muekasn QiwHA, CBOUCTBEHHAS NAHHOU

3agasde. Takue CUCTEMBI HA3BIBAIOTCA K6A3UKAGCCUYECKUMU.
B ypasuenuu IIpenunarepa

%mp F(E-UW=0 (72)

o

iz
cleraeM IONCTaHOBKY v = e . Ilomy1aem

1
2m

L I
(Vo) — %AU =E-U. (73)
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IIpm A — 0 MOXHO MCKATH peElleHne B BUAE PIIA

h B\ 2
O'ZO'Q-l-?O'l-l-(?) o2+ ... (74)
II0 CTemeHaMm h.

[Maccmorpum oguOMepHBIU cay4dau. Torga (73) SKBUBATEHTHO

1
2m

wv—ggﬂ:E—U@y (75)

[Togcrasus (74) B (75), moxydaem

1

5-(00) =E U,
opo) — %Ug =0, (76)
20h0h 4+ (0))? + 0 =0, mT.x
W3 nepsoro ypasuenus (76) momydaem, 9To
T x
%:i/d%mawmmm:i/m@m, (77)
xo Zo
rae p(z) = /2m(F — U(z)) —KIacCU9ecKull UMIYJIbC TaCTUIBL.
IITo BepHO, ecan
hloy ' d (R _ dA
(04)? <1 p?  dx \p) dr <l (78)

[Mocrennee HEPABEHCTBO ABIAETCA YCAOBUEM ITPUMEHUMOCTH KBA3W-
KJIACCAIECKOTO TPUOIMKEHUS: JIUHA BOJHBI JIACTHUIBI JOJKHA Ma-
JIO MEHATBCA HA PACCTOAHUAX, CPABHUMBIX C 3TOU miauHOU. llepernu-

, m dU
mem (78), UCIONB3YsA KIACCHIECKOE PABEHCTBO p/ = ~ Torma

(78) sKBUBATEHTHO

mh dU

> < 1. (79)
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[
s,
8
N

IInc. 14.

NTak, KBa3MKIACCHIECCKOE MPUOMMKEHUE HE TMPUMEHHMO IPHU OYCHb
MAJTEHBKOM WMMILY/IbCE YACTUIBI W 3aBEJOMO HE MPUEMAEMO BOIU3W
mouex nosopoma, T.e. TOIEK &, B KOTOpuIXx E = U(z) (cMm. puc. 14).

B;[&)Jm OT TOYEK MOBOPOTA U3 BTOPOrO ypasuerus (76) momywaem

o7 1p'
o) = 0 = __1’1‘ CremnoBaTeabHO,
200 2 p

o1 = —% Inp. (80)

[Mogcrasaas (77) u (80) B (74), moxygaem

i( +h )
—(oo+—0o
'Lp(x) :eh 0 ) ! =
( T T
C1 ) C2 7
—expX + dr y + —=exp{ —= dz p ,
VB ﬁ/p N h/p

Zo

(81)

hexp / pldo / plds b,

rje nepsoe pemrerre (81) 3amaeT BOIHOBYIO QYHKIMIO 1 () B KIACCH-
geckux obnactax (U(z) < E), a BTOpoe — B KIACCUIECKH HEJOCTYII-
uex obmactax (U(z) > E). 3ameTnM, 9TO B OKPECTHOCTSX TOYEK
Bo3Bpara norennuana U(z) MOXHO 3aMEHATH HA JUHEMHBIN, JJIA KO-
TOPOTO CyMECTBYET TOYHOE penreHne — pyHknua [iupn.

IIycte U(a) = E u obmacts U(z) > E—»r0o z > a (cMm.
puc. 15, a). W3 ycnoBuin Ha GECKOHEYHOCTH CIEAYET, UTO B DTOU

\
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obracTu

c 1 r
P(x) = 2—\/mexp —E/|p|dx

BosaukaeT BOmpoc 0 TOM, KaK «CIINTbY DTO PELIEHUE C PelIeHueM
B obnactu & < @, €CIU KBA3WKJIACCUKA HE MPUMEHUMa, BOJU3U TOY-

K T = Q.
IIynem paccmaTpuBaTh pelneHume, Kak (QPYHKIUO KOMILIEKCHOT'O
IIEPEMEHHOr0 & W obomaeM TOYKy £ = a. Ilymem coBepmaTh 00-

X0 BOKPYT' TOYKM I = ( IIPOTUB YaCOBOM CTPEIKM B 00JIaCTH, IJe
nna dysxmun B — U(z) = Fy(z — a) MOXHO OrpaHUYIATHCA IEPBHIM
“WIEHOM TEUIOPOBCKOrO IPUOIVIKEHUs, HO BEPHA KBA3UK/IACCHKA (CM.
puc. 15, 6).

1) IlepBoe ycaoBme BeIMOMHEHO, ecan |z — a| K L —macmrrab us-

menenus U(z) (FU = %(a))

2) Bropoe ycaosue BepHO, eciu BhIIOIHEHO (79):

mh dU h 3/2
e «1 U — a2
P dz < A N < |z —al

W3 >Tux ycaoBum momydaeM yCIOBUE COBMECTHOCTH

s I (82)
Vm|Fo|

Torma

c 1
x) = . X
Yu(e) 22m|Fo )4 (z — )t/

xr
X exp —%/\/2m|F0|(ac—a)dx . (83)

[Ipocaenum 3a 06X040M TOIKM G B BEPXHEH MOIYILIOCKOCTH ((p MEH-
erca or 0 go 7, cm. puc. 15, 6):

xr
/\/x—adac = %(1‘—@)3/2 =



154 KBaHTOBasA MEXaHUKA

B
3p3/2€ 2 = §p3/2 (0053 + isin 3£> (84)

2

ITogcrasus (84) B (83) u cpaBHUB c nepBHIM ypaBHeHEeM (81), moxy-

qaeM ¢ =0 1 ¢p = Zce /4,
\ii
E ~ Ulz) \m/ Jof
| 1
T @ o |1 TN

a 6 6

IInc. 15.

Togamo Ta,K e, IPO/OJIKAS “1ePe3 HIXKHIOW HOIYIIOCKOCTD, IOy~
JaeM c] = 5 Ceid

i = 2\;— /|P|d$ ;
c 1 T
Y1 %cos ﬁ/pdx—i-z

3agaqa. [IposepbTe, ITO B CIydae CIIMBAHAA PEIICHUN CIEBA HAa-
npaso (U(z) umeeT Bu, moka3aHHBIA Ha pUC. 15, 8) MOLyIal0TCA CIe-
IYIOUAE PEIIeHMA:

xr
c 1
Pir = ——expg —~ / lp| dx
2y/1p] h / ’
1 = — cos

x
c 1 m
e[

b
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JPpaBUIO KBAHTOBaHUA Jopa—3oMMepdeabaa

[TpuMeHnM MOy 9IeHHBIE B MPEALIAYIINEM Taparpade pes3yabTaThl
IS TONyYeHWs IpaBwi KBaHToBaHuWsA [lopa—3ommepdensa (cM.
puc. 16, a):

wl—%cos %/pdxwL% =
a
T
—icos 1 de — = % =
b
x a
1 1 m
— cos ﬁ/pdw—ﬁ/pdxwLZ
b b
CremoBaTenbHo,

a

1 _ T ~_( _1\n
ﬁ/pdm—Q—i—wn u ¢=(—-1)"c,
b
win

1 1

¥

rIe KOHTYP Y UMeeT BU[, NOKA3aHHBIA Ha puc. 16, 0.

Ypasaenue (85) HA3BIBACTCA Ycaosuem keanmosarus Bopa—3om-
mepPeabda m ABIAECTCA ypABHEHMEM Ha COOCTBEHHBIE 3HAYEHUS F.

YcrmoBue KBa3MKIACCUKU OOBITHO DKBUBAJEHTHO YCIOBUIO 1 > 1,
HO /I HEKOTOPBIX MOTEHI[AAJOB 3TO yCIAOBUE BBIMOIHACTCSI HATWHASA
cn=1.

OcTaHOBUMCS eIlle Ha YCJIOBAM HOPMUPOBKH.

oo a a a

2 o ~ 2 gr = |2 [ 3~ & _arT
[ 1wk ac~ [lopdo=pf [ =i =,
—00 b b b

rae T — nepuo KomeGaHNA KIACCHYIECKON TACTHUILI B IIOJE C JaHHLIM
IOTEHIMAIOM U dHepruen F.
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U
U(z)

FE

I I

I I ‘

I I

I I (D——=——
11T 1 b II N N

@ ‘ b a

a 7]
IImc. 16.

JpoxoxaeHue dyepe3 6apbep

[TycTs moTeHnman mMeeT BU, MOKA3AHHBIA HA puc. 17.

v U(x)
| |
| |
ol )
IIme. 17.

ITanumem kBasukIaccuIeckKoe pemenue B pa3/InITHBIX obuacTax.
III) = > b.

T

c 7 X
¢HI—%6XP ﬁ/PdﬂEvLZ
b

Tam, rae U(z) — 0, iy — €'n. E—U(z) = Fy- (z — b), Fo > 0.
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IT) a < 2 < b. Ipomomxkaem 9y B obaacts 11:

T

c 1 ) T

P = 2mF0(m—b)1/4eXp }—i\/QmFo/\/x—bdx—i—Z =
b

T
< 1 exp { & |p| dx
© V2mFp (b—x)Y/4 Pin ) P
b

T
2 .3
Mer BocmombzoBamuch Tem, 9To [ —bdr = §p3/2 (— s1n7@ +
b
- 3(p T
+14C0S =~ | M COKATUIH "1 B “ICIATENE U B SHAMEHATEE. [Tomy4a-

€M

i1 = —— exp /|P| dx
Vil /

I) < a. lIpogomxum pemenue ;) B 5Ty 061aCTb.
3apgaga. [IposepsTe, ITO MOMIyIUTCA OTBET

5] Iplde e @
P = 667 exp %/pch + exp —%/pdw . (86)
a a

[Tepsoint wien B popmyae (86) npeacraBaseT Aasa GOMBIIMX IO MOLY IO
OTPHUIATENbLHBIX T

x
i _ipz
exp{ - [ pdzx ~ e h
h T——00
a
OTPaXEHHYIO OT 6aphepa BOIHY, a BTOPOU
xr
) ipz
exp{ —= | pdzx ~ eh
h T——00
a

MaTAONIYI0 Ha 6apbep BOJHY.
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Torma pemenue 1] — >TO NPOMIEAIAA CKBO3b Oapbep BOIHA (TyH-
HeJIbHBIN P DEKT).
[IycTs majaromias BOTHA UMEET BU/ e%, OTPaXEHHAS Ae_%, a
IpOILIEIIAI Be'n . K oaPPuyuenmom omparcernus Ha3bIBACTCA BEIN-
AP
AP + B>’
__ I8P
AP+ (BP
3agava. Berauciaure D B ciydae, pa3o6paHHOM B DTOM Haparpa-
de.
3agaua. Ilaccmorpum morenmuan V(z) = az? — Bz2, o, 8 > 0,
miy OOIMKA MOTEHIMA IOX0Xero Buaa. Kcam Obl 6apbep mpu £ =
= 0 ObwT 6B HEIPOHUIAEM IS JACTUILI, TO YPOBHU DHEPIUU OBLIN
OBl IBYKDPATHO BBIPOXIEHBI. BO3MOXHOCTH IPOXOAa epe3 Gapbep
IPUBOIUAT K PACUIEINIEHWIO KAaX OO0 YPOBHA Ha OB OIM3KUX, COOT-
BETCTBYIOIINX COCTOSHUAM, B KOTOPBIX IACTHUIA IBUKETCSI OTHOBPE-
MeHHO B 0b6enx amax. Oupenennre BeIUUIWHY PACUIEIUVICHUA B KBa3W-
knaccuaeckom caygae (JIJI3, §50, zagaga Ne 3).
(JIJI3, Tn. 7, §46 - 50, c. 198.)

a Koaduyuenmonm npoxroxrcdenus — seausuna D =

[Texkuns 22]

YpaBHuenue [Jupaka. JeIATUBUCTCKAA TEOPUA DIEKTPOHA

o h? 0?1

-, = 5~ ) ., WHBADHAHTHO OTHOCUTEJIBHO IIpe-
ot 2m ' Ox?

obpazoBanun [amunes, HO PEIATUBUCTCKA HEMHBAPUAHTHO. [ITO BujI-
HO XOTA OBl U3 TOrO, 9TO { U Z; BXOAAT HE CHAMMETPHUIHO.

Oycts (20 = ct, 2!, 2%, 2%) — 4-BexTop.

YpaBuenue if

0.1 .2 3 ~ ~ ~ ., 0
¢:¢($7$7$7$) u pOZZh— pk:Zh—a p,u:Zh@

0 0
0z°’ ozt

— ToXe 4-BEeKTOPHI.
KJIa,CCH“IeCKHﬁ PeIATUBUCTCKHA HHBapHaHTHLIﬁ raMUuJIbTOHUAH
cBoGogHOM TacTUIb mMeeT Bug H = const \/m2c? + p2, mosTomy

KBAHTOBAHUE NacT ypaBHEHUE

[Po — (M2 + P12 +po> + p32) /2y = 0. (87)
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[loMHOXWB HA CONPMXKEHHOE 3HAYEHWME, MOIYy4IuM ypaBHeHmEe Oosee
CHMMETPHUIHOE OTHOCUTEIBHO Py U P

[p5 — m*c® —pi — b5 — D5l = 0. (88)

IITo ypaBHeHnne HaswBatoT ypasnenuem Kaetna—[opdona. K coxa-
neHmio, ypasHenue (88) He coBceM TO, 9TO HAM HyXHO. XOTA OHO
qopent-uaBapuanTHO (Po? — Y Pr? — 2TO KBagpaT 4-BEKTOpA), OHO
uMeeT GOabIIe peueHu, YeM ypasuenue (87), U He ABIACTCS JTAHEU-
HBIM TIO Pj.

[MommpobGyem HaviTU ypaBHEHUE, KOTOPOE OBLIO ObI

1) JIOpeHI-uHBAPUAHTHO,

2) JIMHEWHO IO g, B YACTHOCTHU, MMEJO Obl IEPBLIM MOPALOK IO
BpEMeHH,

3) ¥ mIoCKue BOMHBL ¢ = € h €' T , ABIAIOIMECS PEIIeHUAMY yPaB-
HeHus (88), ABIAINCH OBI €r0 pPelIeHUAMA.

iEt
h

>[8

[Iynpem mcxkaThb 3TO ypaBHEHUE B BUJE

[Do — cpy — copa — azpsz — By = 0. (89)

W3-3a ofHOPOAHOCTHU MPOCTPAHCTBA-BPEMEHU (y; U (3 HE MOMKHBI 3a-
BuceTsb OT x#. Ymuoxus (89) Ha CONPAKEHHOE 3HAMEHUE, TIOLY TUM

[p§ — cicejpip; — (i3 + Bey)p; — B = 0.

B sTOM MecTe MOXHO HAYATH CIUTATH, 9TO (; U (3 — HE YUCIa, a
HeITO Apyroe. [lupak Ha3bIBaI UX «TUIEPUNCIaMmy. B 1r060M ciaydae,
DTO HEKOTOPasA AIreOpam<decKas CTPYKTYypa.

W3 cBouCTB ypaBHEHUS MOIy4YaeM COOTHOIIEHUA HA q; U

o0 + ooy = 25ij
a; 8+ Pa; =0
82 = m2c
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[Maxomum, aTo B = mcag u BCe g, k = 0,1, 2,3 o6pasyroT aare6py
Kruddopma
K=A{a, | apa, + @y =26, p,v=0,1,2,3}.

Ypasuenue (89) MOXHO IEpENMCATH B BUAE

A
[/\ — >

Do — ap — agmclyp = 0. (90)
Yreepxaenue. [lanmenniiee npegcrasienue anreOpsr K — de-
Teipexmepaoe. CieqoBaTenbHO, 1) — Y€ THIPEXKOMIIOHEHTHAA (DYHK-
uus. B ¢pusmdeckon aurepaType 1 Ha3BIBAIOT CNUHODEMU.
OpnHa U3 peaausaluu >TOroO MPeNCTABICHU:

. 1 0 L 0 g;
040— 0 —II_ 9 al_ UZ 0 9
rae
/01 (0 —i /(10 L_ (10
1=%10) 27 io ) 27 \o=1)" "~ \o1 /"

YeTh pEXKOMIIOHEHTHOCTD PEIATUBUCTCKON KBAHTOBOU YACTUIIBI
CBA3aHA C TEM, 9TO HE CYIECTBYET 2-MEPHBLIX MPEACTABICHUA TPYII-
ust Jloperma. [Ipasga, cymecTByoT 2-MepHBIE IPEACTABICHUS I'PYII-
bl COGCTBEHHBIX TTPeo6pa3oBanuil rpynnsl JlopeHra.

Bxiaio4yenne IEKTPOMArHuTHOI'O I10Jisa

Crenysa Kr1accuvIecKOMy IPABUIY, TAMUAILTOHUAH TACTHUIHI B DIIEK-
TPOMArHATHOM IIOJI€ MOXHO IONYYUTh, CAEIAB 3aMEHY

Po — po + EAO
P—p+ Z/f.
[Toxydaem ypaBHeHme B moJe
[.50 + ZA[] —a (;5'-!- fo) — agmc} 1 = 0. (91)

W3 Buga 3amMeHbl Cpady I[OLY9IaeTCA JOPEHI-WHBAPUAHTHOCTH
ypasaerus (91).
3apga4a. IIposepsre, uTo (91) MHBAPDUAHTHO OTHOCUTENIBHO Ka-

Jm6POBOIHBIX mpeobpasoBarmia A, — A, + B—x{“ P — etnelap.
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NuBapuanTHOCTL ypaBHeHus /upaka OTHOCHUTEILHO Tpe-
o6pasosaunu Jlopenna

~

Mauwnas c sToro maparpada, mepecTaHeM OHUCATH CHUMBOI « »
Hag omeparopamu. [lepenummem ypasuenue (91). [las sToro ymmuo-
xuM (91) creBa Ha « #, BBesa HOBBIE IIepeMEHHEIE

€ 0 1 0
AH:pH—,_EAH’ ’Y:Oé():<0 _]]_>7

e — 0 —o;
Yi = oG — o 0 )

IOy IUM ypaBHEHUE

(YA, —me)p(x) = 0. (92)
[Tepemennsie v# yposrersopsior ycaoBuam {yH,v”} = 2¢M1, rge
{a,b} = ab+ba, a

1
. 0
wy -
(¢") = 1
0
-1

— crangapTHad JIopeHeBa METPHKA.

YT0o6b1 MOHATH, Kak BegeT cebsa pemenume ypasHeHusa (92) mpwm
npeo6pa3oBaHuax JIOpeHIa, BOCIOMb3yeMCA JIOPEHI-MHBAPUAHTHO-
creio (92), cmeraB GeckomedHO Mmamoe mpeobpasoBanue Jlopenma

¢ =abx’, rae al, =0 +wh m wl’}gi + gf\tw,’,\ = 0. Torzma

ot — TH = F + whaV,
Pu — 17/1 =pu+ prlla
P(z) = P(z),

Ay — Ay =a)A,.

Cumverpus ypasrenma (92) osmagaer, uro ¥(z) = S(a)p(Z)
ABNACTCA pemenuem ypapuerus (92), rae S(a) — HemspecTHas Ma-
rpuna, (¢;(z) ABIAOTCA IUHEMHBIME KoMOwHaumsamu ;(T)), T.e.
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BBITIOJIHACTCA PABEHCTBO

YAy = mc]S(a)y(z) = 0.

-1

Mlomuoxus cresa Ha S(a)”" U BCHOMHUB, ITO Py = Gy, Py = )Py,

rue EZa,i‘ = 5,’}, OpUBeAeM MOCIeIHEee YPABHEHNE K TOUKE I:
[S*Ify“SGZA,, —mc]p(z) = 0.

[ITo ypaBuenue coBmagaer ¢ ypasuenuem /lupaxa, ecau S(a) ymosme-

TBOPAET YCJIOBUIO

S_lfy“SEZ =4Y, wmm ST'4MS = aky". (93)

[Iygem mckaTs MaTpuny S 41 6€CKOHETHO MAJIOro Ipeobpa30oBaHUI
Jloperna B Buge S = 1 + w0, rae 0y, — HEU3BECTHBIC MATPUIIBL.
Torna us ypasuenus (93) moryaaem (al, = 0% + wl)

(Vs Yo -

ANy

Opw =

3apgaua. Ilposepere, uro 04 = =[yy,7| ABIAIOTCA pemeHu-

4
eM (93) ¢ TounocTsio 10 0(w).

3agadga. BepHo au, 9TO ABYIMCTHOE HAKPBITHUE HAJ CBAZHOU KOM-
noHeHTON equannsl rpynmst Jloperna aro SL(2,C)?

3agaga. [laugure S aaa oTpaxenun B rpymme JlopeHna u mis

OPYyruX KOMIIOHEHT.

MarsuTHLEII MOMEHT JJEKTPOHA

[Tepenumewm ypasuenue [Jupaka B Buge ypasuernus lIpexuwarepa
ih%—zf =Hvy, rme H=—eAy+cd (;5'+ fo) + agme?,

7 TOJIOXUM 1) = (’;) I[Ia v m v monyvuM ypaBHEHUS

ih% = —eAu + [c& <ﬁ+ E[fﬂ v + mctu,
L o0v (o, e 9
zha = —eAyv + [ca (p—i— cA)] U — Mcv.
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[Iynem uckars pemeHue B Buge 9 = e R (;’), rae GYHKIUA @, Y
HE 3aBUCAT OT BPEMEHU.

Kpowme Toro, nepengem k npegenbHon curyanuu v <K ¢, T. e. Oyaem
cuamTaTh, uTo F, = mc? + E, E < mc?. IITo o3HAaMaeT, 9TO UMITY.Ihb-
cbl MaJjble u 1ojsa caabo Mmensiorca. [logcrasiaas 1) B npenbigymyio
CUCTEMY, TOJIyIaeM

o(V)x = (B + eAo)p = 0,
(2mc? + E + eAg)x = ¢(GV) o,

rae V=p+ EA. W3 BTOpOro ypaBHEHUA MOLydIaeM, ITO X ~ 20 ®,
mc

Tak Kak 2mc? > F + eAy. Cregosaremsno, ¥ < ¢. Hogcrasmas x B
MepPBOE YPABHEHUA, TIOIYIAEM

@V _
[ 5 eAy| ¢ = Eop. (94)
BcrnoMuHas CBOMCTBA 0, a UMEHHO, 02 = 1 u 010y = (03 u T. .,
HOJLy IaeM
(@B)(C) = (BC) +i(d[B, C]),
(p—l——ff) X (ﬁ%—% ) :S(ﬁx/_f—i-/_fxﬁ):
= —ihSrot A = —zhgﬁ,

OxorvaTenbHO noxydaeM, 9T0 ypasaerue (94) SKBUBATEHTHO

Hyo = FEop,
rae
1 /5 e 2 he ,_ =

Hpe,qnocne;(Hnﬁ YJIECH 5TOr'o raMMJAbTOHMNAHA IIO aHAJOI'MHA C KJIACCH-
IEeCKUM I'aMWIBTOHUAHOM MHTEPIPETUPYETCA KaK BBaHMOAeﬁCTBHe
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S he
cOOCTBEHHOTO0 MATHUTHOT'O MOMEHTA [f = —2—0 C MarHATHBIM IIO-
me

aem H.

[Maigem BeIpaXeHWe IS MOMEHT, KOIMYIECTBA ABUKEHUS DIEK-

1 - - S o R

Tpona. IlygeM MCKaThb MOMEHT B BH.E ﬁM =L+S=["p+S,
rae S = (s1, $2, §3) — MOCTOAHHBIE MATPUILL, U onpeneanM M u3 wH-
BapuaHTHOCTU M 01 cBOGOAHOTO 3aeKTpOHA. Ila A3bIKe KBAHTOBOU

MEXAHWKY 5TO O3HAIAET, 9TO M — MepBLIM MHTErPA, T. €. KOMMYTH-

pyeT ¢ raMmIbTOHEAHOM CBOOGOAHOrO saekTpona H = cap + agmc?.

Urak, BEINOTHAIOTCA ypABHEHUA [M ,H| =0 nim
[L, cap) +[S, cdp) = 0. (95)
[lepenumem (95) B TepMUHAX OHEPATOPOB [; U 8;:
[l;, cagpr] + [si, cagpr] = 0.
cali, pr] + ¢[si, axlpr = 0

(@A omepaToOpoB [; BEIMHUHBL (v, TOCTOAHHBL, & S$; U Pr KOMMYTHDY-
1oT). [locrenaee ypaBHeHIE MOXHO MEPEMUCATD, MONb3YACH IEPECTa-
HOBOYHBIMU COOTHOIIECHUAMA MEXAIY [; U pg, Tak

. 0 [si, O] ]
1Eik1OLDPL T+ r = 0. 96
kLD [[si,ak] 0 |P (96)
[Iygem camTaTh (MBI OIATH yraasBaeM OTBET), 9TO §; = Ao;. U3 (96)
Oy IaeM
1€ikIOED] + €5 0 2o =0
ikl kPl ikl | o Aoy 0 by =Y,
i
i€kl (akpr + 2Aupy) = 0.
ITocneguee paBeHcTBO BBHIMOAHAETCA, ecau 2\ = 1. OkoHYATEIBHO

HOLy9aeM, ITO S; = ({i/2. Ecau o6o3uauts & = (01, 09,03), T0 S =

1, 1.- = 0 o o
==-0u—-M =L+ —. Ucxoga u3 5T0ro, COGCTBEHHBIN MATrHATHBIN

MOMEHT 9JIEKTPOHA IIPABWJIBHO 3alIMCBIBATH KaK

i=— (@) __¢hg

mc
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BcnoMuuB, 9T0 OpOUTAIBEHBIA MOMEHT DABEH

N he = -
= T = upl
Hop6éuTarsmoe 2 mpBL,
rae KOHCTaHTa B = —— HA3bIBACTCA MAZSHEMOHOM Bop(l, IOy 1aeM
mc
A =2pupS.

(4, §66, 67.)

Cemunapsnl o Kypcy «Teoperudueckas pusmkar
[6 cemecTp]

A. A. Kagenmsuiu, A.I'. Kyrakos

Cemmuuap 1
Tewmebr:
1) OCHOBBI KBAHTOBOU MEXAHUKW.

2) «lIpenmuarepoBckas KapTUHAY (IPENCTABICHAE) KBAHTOBOU Me-
XaHUKN.

Cocrosanns.
[Ta6aogaemere.

BepoaraocTs HabIOa€MOK B JAHHOM COCTOAHWM.

laMuiabToHMAH.

)
)
)
6) Cob6cTBEHHBIE COCTOAHUA JAHHOU HAOIIOIAEMON
)
) Ypasuenue Illpeaunurepa.

)

KOOp,lII/IHa,THOQ u MMIIYJBCHOE IIDpEACTABJICHUA.
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3agaua 1. [lnank B cBOER paboTe UCXOMWI U3 CAEAYIONIUX MIPE]-
MIOJIOX CHUH.

1) AToMBbI 9€PHOTO TEMA, HAXOAAWErOCa npu TemnepaTrype 1T', Mo-
YT HAXOMUTHCA B HOPMAJBHOM COCTOSHUU WX B BO30YXKIEH-
HOM. B HOpMaJIBLHOM COCTOAHWM BHE 9E€pPHOrO Teaa 1 GPOTOHOB
€ 9aCTOTOM w, B Bo36yx) geHHOM —n+ 1. (n u n+1—>sT0 cpea-
Hee Tuca0.) Nocw, Nposs— KOIMYECTBEHHBIE XaPAKTEPUCTUKA
COCTOAHUU (MOXET OBITH YMCIO ATOMOB, 8 MOXET OBITH MacC-
ca).

2) U3 repmogmHaMuKu Nowss _ - 4F

NOCH

3) |a|? — BepoaTHOCTD, YTO OAME GOTOH IPOB3AMMOIEHCTBYET C
BE€IICCTBOM, IOIVIOTUTCA WIN UCIIyCTUTCA, HE 3aBUCUT OT CO-
crosaua. CKOpOCThb (CpeAHss, eCTECTBEHHO) PaBHA

NCOCTO}IHI/I}I X (‘H/ICJIO (I)OTOHOB) X |a|2.

Nwmeercs B BULY «KaX I B3AUMOIEUCTBYET C KAXK IBIM.
4) KonevHo ke, CKOPOCTb HOMVIOUIEHUSA = CKOPOCTY UCIYCKAHMUA.

5) Hnank: AE = Egorona = fiw.

IManguTe 3HEPrU0 (POTOHOB B JAHHOM COCTOAHUM.
Bewenue. CxkopocTs memyckanua = Noegn|al?, ckopocTs morio-
urenus = Nposg(n + 1)|a|?. Hoxygaem
1 hw

NOCHn|a’|2 = B036(n + 1)|a'|272> Nocut = > EOﬁI.LIBﬁ = "he .
ert — 1 ert — 1

3agada 2. IlaccMOTpHM MBICACHHBIM 3KCIEPUMEHT, OMHMCAHHBIN
il; k
et 2
) IDZ = |1/JZ| , The

l;
l; — paccTosHUe, KOTOPOe IPOJeTaeT DAEKTPOH J0 dKpaHa depe3 i-

B nepBou Jekiuu. [lymem caurarh, 9TO 9; = C

10 1weib, P;(Z) — MHTeHCUBHOCTH Ha DKPAHE C i-U OTKPBITOU IIEJBIO.
Cunras a < [, ¢ < [, HayguTe
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1) Pi(z), Py(z), Pra(z), P12(0);

2) TMaccroarme d MeXay TIABHBIM MAKCAMYMOM M OJVKAWIIAM
MUHIMYMOM, B TaCTHOCTH, KaK II0 d ONPEIEIATDb \, WK, 3HAT A
u d OnpenernTh a;

3) Yro mpoumsomgeT, ecau UCTOIHUK CABUHYTDH IIEPIEH JUKYIAPHO
ocu oublta Ha D (L — paccTosHue 0T UCTOUYHUKA 10 ILIOCKOCTH
mernen, D < L)?

4) Yro mpowmsoumeT, eCIu a YBEIAIUTDb B 2 pasa, B n pa3?

5) Yro mpom3ougeT, ecau MEepPBYIO WeIb CAeIATh B 2 pasda mupe?!

3agaua 3. Onpenenure d>HEPreTUIECKUE YPOBHU DJIEKTPOHA, B
aToMe Bogopoma B Teopuu Ilopa:

[V
M
[V
M

muv e muv e

EFE=—+—, — =-, muv2rr=nh, mvr=nh.

[\
=
<
<

3agaqa 4. [loTeHIMAT raMIIBTOHMAHA OTPAHUYIEH CHE3Y. IlycThb
min V(x) = Viyin. [Jlokaxure, 970 IUCKPETHBIN CHEKTP raMUIbTOHU-
aHa yJIOBICTBOPACT HEPABCHCTBY Eiuckp = Viin

Bewenue: Eyyexp = (Y| H|p) = (T)y + (V) = Vinin-
Cemunap 2

Tema: «enr3enbeprosckas KApTUHAY KBAHTOBOU MEXAHUKH.
3agaua 1. [lokaxwuTe, <ITO

eABe A =B+ 11[21\, B] +

! SA A B+ ...

3apgaqa 2. [Haugure p(t), z(t) mua

a) CBOOOIHOW IaCTUIIH;

6) JIMHEMHOTO FapMOHUYECKOTO OCHULIATOPA.
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p(t) = mwZ sin(wt) + pcos(wt)
{E = (Mﬁ + ﬁﬁ)

A* ~ 1 ~
A = < mwz — mp)
[A\, A\*] = 2h, H= %(A\*A\—i— h), A\(t) _ A\eiwt’ A\*(t) — A*eiwt

3agadga 3. [las cucrem a) u 6) U3 OpPEABIAYIIEH 3a0a4N HAUJUTE

[2(t),p(t)]-
Omeem:

a) [Z(t),p(t)] = ih.

6) [3(t), p(t')] = ihcos(w(t — t)).

. =2
3aga4ga 4. Ilycres H = ;; + U(%). Hangure ypaBHeHus Ha a)
m

(p(t)) m 6) (z(1)).

Omsem:

3agaua 5. [la auHENHBIN OCHWIAATOD, HAXOIAIMUCA mpu t —
— —00 B OCHOBHOM COCTOAHUW, AEUCTByeT BHemHda cwia F(t),
F(t) — 0 mpu t — *oo. [langure BEPOATHOCTEL BO30YXACHUA Pa3-
JUIHBIX COCTOAHUM OCIHULIATOPA, CPEJHUU HOMEDP BO30YXKIEHHOrO
COCTOSAHUA ¥ CPeJHee 3HAYEHNEe DHEPIrUK OCHWLIATOPA Tpu § — ~+00.
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Bewenue:
SN ﬁ mw?z? B ~
H(t) = T + 5 F(t)z =
W e 1 o~ 2
=-(A"A+h) F(t)g\/m(A + A),
dAM) _ Qs dal R iF(t)
S = AW, A0)] = iwA) + 22,

— 00

t — 400, A(t) = Ay = ™A + a),

+oo
_ ; —iwT
rge o = \/M/F(T)e dr.
—00

OcHOBHOE (MU BaKyyMHOE) COCTOSHME OCIULIATOPA OIPEAeNACTC
yeaosusamu Ay = 0, ||¢o|| = 1. IIBomonus BakyyMHOTO COCTOAHUS

P(t) = U)o, Ao=0, At)p(t) =UE)ATH ()T (t)9ho =0,

a(t) = G, P(t) = Yoo mpm t — +o00.

OKOHYATETHHO MOMYIAEM, UTO Yoo YAOBIETBOPIET yPABHEHUIO

(A4 a)hso = 0. (A)
BameTny, 1To A, A* OpPONOPIUOHAILHEL 4, @*: 4 = i a* = Y
? ? ? \/ﬁ’ \/ﬁ
IMogemus (A) ma 2k, MBI MOTyYMM CreAyIOIEe yPABHEHWE
~ %
a—+ =0, rze = —. B
@+ B =0, Tre == ®)
Kak wm3BecTHO, OCTaabHBIE COCTOAHUA JUHEUHOTO TaPMOHUIECKOTO
1
OCHWLIATOPA MOLYIaI0TCA U3 BAKYYMHOTO 1), = ﬁ(a*)"wo, ltbnll =
n!

= 1. Ilycte Yoo = > Cpthn = Z%(A\*)”wo Kpowme Toro, ecrs

emre ycaoBue HOPMUPOBKH || ||? = 3 |ey]? = 1. Us (B) momysaem
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PEeKypPPEHTHOe ypaBHEHUE HA KOX(PGUIUEHTEL Cp, & U3 HOPMUAPOBKA
OKOHYATEJIBbHO MOJAyYIaeM caMu KO PUITMEHTHI

n _ 2
"”“:‘w%% i cn=(—1>”%ffo, ool = eI,
1
o —sl8
CnZ(—l)”%e 2"

Wrak, mer noxyuwmnn IlyaccoHoBO pacupegeneHue 1o COCTOAHUAM OC-
nuIATOpa. BepoaTHOCTH mepexofa, CpefHee 3HAUEHUE DHEPIUU U
CpefiHee 3HAYEHUE HOMEPA, COCTOAHUSA PABHBL

Wosn = [(thnlthoo) 2 = L. exp(—|82), Ty = 3 mleal? = |B2,

n!

E(+00) = (foo| Hioolthoo) = D lenl By =
=S e P b (e 1) = o (5 16P).

3aga4ga 6. [11 IMHEWMHOrO OCIHWIIATOPA HAUIUTE MATPUIHBIE
DJIEMEHTEI, NCXOAA U3 KOMMY TAIMOHHEIX COOTHOIICHWH.

Bewenue:
R -~ 2
H = 2p_m + %52, E, = hw(n + %), H pmaromanbual
1.9 o ik ih
[Hax]_%[p 7‘7:]__%1)’ [H,:L‘]]k::_gp]ka
2
[H,p] = =5~ [a?,p] = ihmw?a, [H, plj1, = ihmw?zj,
ih
Ejrj, — Epxjp = ik

Ejpjr — Expjr = ihmw2$jk,
ih

hw(j = k)jk = ——pijk, (G—k)? =1,
hw(j — k)pjr = ihmexjk,
_ _ 1.9 mw? 9
E,=Hy,, = om (P )nn + 5 ($ )nn =

1 mw?
= om anjpjn + D) Z$n]$]n =
J J
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(|pnn+1| + |Pn— 1n| ) + (|5Enn+1| + [Zn— 1n| ) =

= mw (|xn,n+1| + |(L‘n_17n| ) = hw (n + 5) ’
h

2mw’

n =0,

h
n=n, |Tnnl® =5 —(n+1).

Cemmunap 3

TeMebr:

1) Onwucanue B IeKapTOBBIX KOOpAUHATAX — {p, T }.

2) Ouncanue B cdepuveckux koopaunarax — {l,¢}.
3agaua 1. Kax serasgur pasercrso il = [F, p] mo-koopauHaT-
HO?

hly = @\ﬁz - /z\l/)\ya hly = /Z\l/’\x - &‘\p;n hl, = Zgﬁy - /y\ﬁx

3agaua 2. BeiBeguTe KOMMy TAIMOHHBIE COOTHOUICHUA MEX Iy Ha-
6arogaeMeIMu U, T;, D;.
Omeem:

Ui 1] = teijple,  [li, Z5] = igijuTr, [li, ;] = i€ijiDi-
3apga<a 3. Brsegute KOMMyTaL:I/IOHHLIe COOTHOLICHUA MEX Iy Ha-
OJIF0 JTaeMBIME lz, u li = l + zly, lz, u 2= P + l2 + P

Omeem:

~

(0] =iy, [I4,0-]=2,, [I®]=0.

CaenoBaTensHo, (l l )—HOJIHHH HabOp HAOIIOTAEMBIX.
3agada 4. Kak BHINIAAT Pul,s KOOPIMHATHOM IIPEICTABICHUN
B chepHuIeCcKnX KOOPJUHATAX.
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s .0 o 1 o 1 0 (. ,0
=iy = ﬁﬁaaw'%mwaaGm9%>}
3aga4a 5. [lanauTe cOOCTBEHHBIE (DYHKIIUU OIEPATOPA [ 2-
Omeem:

Lap =1Lap, = f(r,0)e=?, 1,=0,41,42...

7 0003Ha4YaeTCA, OOBIYHO, M.

3agava 6. Borauciaure cOOCTBEHHBIE 3HATEHUA OEPATOPA 2.

YHG3GHU€. I/IX MOXHO IOJYYIUTH TOJNBKO M3 KOMMYTAaIIUOHHBIX CO-
OTHOIIIECHUN.

Fewenue. TlaccmoTpuM mpOCTPAHCTBO COOCTBEHHBIX BEKTOPOB
omepaTopa [2 ¢ co6cTBeHHBIM 3HATeHTEM S, T. €. Vg = {1/;|f2¢ = Sy}.
[ITo xoHewHOMEpHOE TMPOCTPAHCTBO. [loKaxuTe Ciaeqyiolme yTBep-
K JTCHU:

1) mpocrpancTBo Vg packaansBaeTcsa mo COOCTBEHHBIM BEKTOPAM
omepaTopa [,;

2) ecan L) = map, To I, (lAﬂ/;) = (m £ 1)1,
3) CymecTByeT BEKTOP 1, TAKOW, 9TO i—iﬁm =0, l;d;m = —MWYp;

4) mpumenum coorromenue [2 =[]+ 12 — [, k 1, u noxyunm
S =m(m+1).

3agada 7 BriBegure npaBmio CIOXEHUSI MOMEHTOB.
3agada 8. I[laccmorpum aare6py sl (R), mopoxpenuyio maTpu-

maMu
1 0 0 1 00
= %) m=(00) ==(10)

BriBeaure xoMmyTanuonsbe cooTHomenus mexay H, Ly, L_. 3o-
Mop(Ha a1 >Ta aarebpa airedpe, IOPOX JEHHON im, iy, l;?

3agada 9. Bemmummre ypasuenue [llpegunarepa mis cepuiaeckn
CAMMETPHUIHOrO FaMUIbTOHUAHA B mpocTpancTee V. [lasznenne me-

pEMEHHEBIE U CAeIaTh CTaHAApTHYO 3aMeny R(r) = X
r
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CemMmmunap 4
Tewmpbr:
1) Cranmonapuas Teopus BO3MYyIeHUN. [[eBBIPOX JEHHBIN CIy Ial.
2) CranmoHapHas TEOPWA BO3MYIIEHUN. BBIPOX JEHHBIN CIy9Ial.

Brinuimure BCe (POPMYIBI CTAIMOHAPDHOU TEOPUM BO3MYUICHUN
B HEBBIPOXK JIEHHOM CJIytae.

3agaua 1. [Taugure caBur B c1abOM BJIEKTPUIECKOM II0JIE U IOJIA-
pPUB3YEMOCTH OCHOBHOT'O YPOBHSA 3aPAKEHHON IACTUIHL B OJHOPOTHOM
d-norenunane U(zr) = —ad(z).

3agaua 2. Bumnummre Bce GOPMYIBI CTAIMOHAPHON TEOPUU BO3-
MYIIEHUY B BBIPOXK IEHHOM CJIy9ae.

3agadga 3. B mavanpaem MoMeHT BpeMmenu t = () cucTeMa HAXO-
OATCA B COCTOSHUU 1/150) IBYKPATHO BHIPOX JeHHOrO ypoBHsa. Ompe-

JleIUTe BEPOATHOCTD IIEPEXOIa B COCTOAHUE 1/;&0) O/ AeMCTBUEM II0-
CTOAHHOTO BO3MYIIECHUA.
3agaua 4. [langure mONpaBKU K DHEPrUM JUHEHHOTO OCIMILIA-
TOpa U BOMHOBbIE GyHKUWM npu Bo3mymenun V (r) = ep = —eFr.
[MaitauTe ycaoBue NPUMEHUMOCTH TEOPUH B JAHHOM CIy9ae.
3agada 5. Oupegenrure ypOBHU SHEPIUY AHTAPMOHUIECKOT'O OC-
OUWLIATOPA C TAMATLTOHUAHOM

=2 2,2
g-— P mwa 3 4
H—2m—)— 5 + ax® + Px”.

(JIJI3, T'n. 6, § 38, 3amaqa 3, c. 166.)

Cemmunap 5

Tema: HecTAIMOHAPHAS TEOPUI BO3MYIICHUN.

3agagya 1. Brmwummre Bce GHOpMyJabl HECTAIMOHAPDHOU TEOPUU
BO3MYIIIEHUN.

3agaua 2. [langure BepOATHOCTE MEPEXO A OCIHULIATOPA U3 1-T'0
COCTOAHUA IPU t = —00 B j-€ IpHU t = +00 IPX BO3MYIICHUN PABHOM
V(t) = (Fe ™!+ Fret).
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3agada 3. [lananre CKOPOCTH MOHM3AIUI) (BEPOATHOCTH U3ME-
HEHUA COCTOAHUA B €UHUILY BPEMEHU) A OCHOBHOT'O COCTOSHUA a-
CTULBL B 0-sMe 1o geucTBueM Boamymenus V(z,t) = —zFy cos(wt).

3agaua 4. YacTuna HAXOAUTCA B OCHOBHOM COCTOAHWE B 0-AME
(U(xz) = —ad(z)). pu t = 0 AaMa OIpUXOAUT B ABUXKEHUE C IIOCTO-
AHHOU CKOPOCTBIO. [lallquTe BEPOATHOCTH TOTO UTO AMA (YBICIETH
qacTuIly 3a COOOU.

3agaua 5. [la IMHEMHBIN OCHMIIATOD, HAXOIAIIUMUCA IpHU t —
— —00 B OCHOBHOM COCTOAHUW, AEUCTByeT BHemHda cwia F(t),
F(t) — 0 mpu t — *oo. [langure BEPOATHOCTEL BO30YXACHUA Pa3-
JUIHBIX COCTOAHUM OCIHULIATOPA, CPEJHUU HOMEDP BO30YXKIEHHOIO
COCTOSHMA M CPEIHEE 3HAYEHUE DHEPTUU OCHWLIATOPA npu ¢ — +00.

Bewenue:
Son D2 mwiE ~
H(t) = 2m+—2 F(t)yr =
PPN 1
= §(A A+h) _F(t)Z\/M(A + A),
dAM) Qs Tnl R iF(t)

. +w
rge @ = —— / F(1)e ™7 dr.

—00

OcroBHOE (MM BaKyyMHOE) COCTOSHWME OCHULIATOPA OIPEMEMAETCA
yeaosusamu Ay = 0, ||¢o|| = 1. IIBomonus BakyyMHOTO COCTOAHUS

P(t)

Ut)po, Ao =0, A(t)p(t) =UR)ATT 1)U (t)po = 0,
Q(t) = Gso,  P(t) = oo mpu t — +00.

OKOHYATETHHO MOMYIAEM, UTO Yoo YAOBIETBOPIET yPABHEHUIO

(A + a)thoo = 0. (A)
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~ A o~ A A
3ameruM, 9To A, A* npomopnumoBaJdBHEL @, @*: @ = —, aF = .
? ? p p ? \/ﬁ’ \/ﬁ
IMogemus (A) ma 2k, MBI MOTyYMM CIeAyIOIEEe yPDABHEHWE
~ «
a+ =0, rxze = —. B
(@+ B)so =0, AT (B)
Kak m3BeCTHO, OCTAIbHBIE COCTOAHUA JUHEXHOTO TapMOHHIECKOTO
1
OCHWLIATOPA MOLYIAI0TCA U3 BAKYYMHOTO 1, = ﬁ(a*)"wo, ltbnll =
n!

1 ~

= 1. IIyctb Yoo = > Cpthp = Eﬁ(A*)"wo. Kpowme Toro, ects
n.:

emre yclIoBHe HOPMEUPOBKH |92 = Y |ea|? = 1. Us (B) momysaem

PEeKypPPEHTHOe ypaBHEHUE HA KOX(POUIUEHTEL Cp, & U3 HOPMUAPOBKA

OKOHYATEJIBbHO MOJAyYIaeM caMu K02 PUITMEHTHI

_ 2
it = — e, e = (—1)" o, [eof? = e VP,
n+1

= (_1)n5_e*é|ﬂ\2‘

n!

Wrak, mer noxyuwmnn IlyaccoHoBO pacupegeneHue 1o COCTOAHUAM OC-
nuIATOpa. BepoaTHOCTH mepexofa, CpefHee 3HAUEHUE DHEPIUU U
CpefiHee 3HAYEHUE HOMEPA, COCTOAHUSA PABHBL

wym = (o) P = 2 exp(—|61), ey = 3 mlenl? = 1512

E(+00) = (Yool Hooltho) = Z len 2By =
= %e“ﬁphw (n+3) =ho (5+18P).
Cemunap 6

Tema: Ilazubie 3aga<m.
3agaga 1. Onpegennre KO>HOUIMEHT MPOXOXKIEHUA U€pPe3 IO-
rernuanbabl 6apbep U(z), rae

0 0
U(x): , T <V,
Uy—Fx, x>=0.
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Boraucaure skcnonernmanbabii MaoxuTens. (JIJI3, Tn. 7, § 50, 3amna-
qa 1.)
3agadua 2. [lemure ognomepuoe ypasuenue [lIpeguurepa maa mo-
TEHIIAAIA
Vo, 1 <z <o,
V(z) = V1, z3 <x(ry <13)
0, B Opyrux ciryvax.

[Iazo6paTh BCe BO3MOXHOCTH.
3agaua 3. [laigure ClIeKTP OJHOMEPHOU YACTHUIIHI B IIOTEHIIUATE

400, ecmm (0 <z,
V(z) =140, ecm 0 < = < Zg,
Vo, ecin rg < T.

3agaua 4. [laigure cpegame 3HAdMeHWa mMmmyasca (p), (p?) m
koopaumaaThl (), (z2) YacTuubl, HAXOAAMEHCS B COCTOAHUM ) =
sin? (kx).

3apga4a 5. ¢(z) = Asin(kx). KakoBo cpenuee 3HAMEHUE MMITYIb-
ca (p), (p?) B arom cocTosrEn?

3agaga 6. Bosmymenme NOTeHNUWALA OCHUIIATOPA PABHO
0V (z) = az. llangure MONPABKA SHEPTHAU OCHMILIATOPA, BOSHUKAIO-
mue 3a CIeT >TOro Bo3Mymenuda. CpaBHUTE ¢ TOYHBIM PEIICHUEM.

Bo3moxHbIE 3again
IJIsI MACHbMEHHOT'0 dK3aMeHa

3agadya 1. Berawmciasas KOHTHHYAJIbHBIM WHTErPATL, HAUAUTE aM-
IIUTYAY pacupocTpaHeHus cBoboguon dactunsl K (z,t,y,0).

3apgaua 2. [lemmre ypasuenue lllpegunrepa ¢ HA9aIbHBIM yCIO-
BueMm g (z) = §(z — xo).

3apgaua 3. [languTe BOIHOBYIO DYHKIINIO, MUHUMU3APYIOLIYIO CO-
OTHOIIEHUE HEONIPENEICHHOCTH.

3apgaua 4. [lemmre ypasuenue Illpenunarepa mas ciaydas KoHed-
HOU TPAMOYTOJBHOU SIMBI.
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3aaaua 5. Beraucaure (p2), (22) B ocHOBHOM COCTOAHWE aToMa
Bomopoja H.

3agaua 6. Berauciure (p?), (22) ana ocnmmiaropa B 0CHOBHOM
COCTOSHUM.

3agaua 7. U3 Teopuu BO3MYIIEHUN HAWIUTE 5F,gl) [JIST OCIIAJLILS-
TOpa B moTeHruase V = Azt

3agadga 8. OupegenruTe CHATHE BHIPOXKJICHUS B ATOME BOIOPOIA
IV N = 2 B OJHOPOHOM DJIEKTPUAICCKOM IOJE.

3agada 9. [langure monpasky 1/17(3) u FT(LZ) B CTAIMOHAPHOM CIIy-
qae.

3agaua 10. [Taugure F,, mIa OCHULIATOPA IO KBA3MKJIACCHKE.
Cpa,BHI/ITI) C TOYHBIM DEUICHUEM.

3agaga 11. B xoopAMHATHOM W WMIYJILCHOM MPEICTABICHUN
Haugure omeparopst x(t), p(t) mIA IMHEMHOrO rapMOHUYIECKOTO OC-
nuIATOpa B KapTuHe ['enmsenbepra, u BHIPA3UTE AUCIEPCUAUA KOOP-
AVHATBI 1 UMITYJbCA I€PE3 UX HATAJIBHBIC 3HAICHUA.

3agadga 12. [Tangure S-ypoBHU 3HEprum B CheputIeCKA-CUMME-
TPUIHOU SAME:

-V, r<a,

Vir)=
(r) 0, = a.

3agada 13. B HAYATBHBIN MOMEHT BPEMEHU ILIOTHOCTD Paclpe-
JIeNeHuss KOOPAWHAT CBOOOMHO DBOJIOIUOHUPYIOMIEH TACTUIBI MMETA,
TlayccoBy dopwmy:

2

P(x,0) = N exp <”’%—;—62>, xr €R

1) 3a xakoe BpeMs NIMPUHA TAKETA YBEIAIUTCA BIBOE!
2) Maugure 9P(x,t).
3) Beramcaure cpegHee 3HAYMEHUA W AUCIEPCUU L W P.

3agaua 14. Ilokaxure, 9TO B [EeHTPAILHO-CUMMETPUAIHOM IIOJE
H, 1%, 1, 06pa3yloT KOMMYTHPYIOIINH HAGOP HAGIIOJAEMEIX.
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3agada 15. YacTuia HaXOAUTCA B COCTOSHUYT C JAHHBIM OIpPee-
JEHHBIM KBaJPATOM OPOUTAILHOTO MOMEHTA M ONPEAETCHHON SHEP-
I‘I/IQI?I B KyJIOHOBOM IOJIE IIPDUTAXCHUA. BI)I“II/ICJII/ITe CpeqHne 3HaAICHUA
1), (), (r0).

3agaga 16. Beraucianre aMIinTy 1y PacCesHUs YaCTHALBI HA IO-
TEHIIUAILHON AMe
-V, r<a,

Vir)=
(r) 0, rZa,

B Ipefefe HyJeBOU DHEPIUM.
1
3agada 17. YacTuma co cumaOM o ABIXETCA B IOTE NEHTPAIE-

HbIX cu. [IposepbTe, 4TO HAOIIOZAEMbIE j, = |, + 5,, j2, [? aBiAioT-
Cs OJHOBPEMEHHO M3MEPUMBIMM ¥ HAUIUTE UX OOIme COOCTBEHHBIE
dyHKIIAN.

3agaua 18. [lokaxuTe, 9TO B COCTOAHUU C OIPEAEICHHON DHEP-
CUEd B IMEHTPAIBHO-CAMMETPUTHOM TI0JE KYJIOHOBOT'O 3aPSA 1A BBIIOJ-
msercsa paserctso 2(T) = —(V).

IIpumep mucbMEeHHOT 0O dK3aMeHa M0 Kypcy
«Teoperuyeckaa pusuka», 6-u cemecTp

BapwmasT 1
TeopeTudeckune BOIPOCH

1. Ipeauareposckoe u ['en3eHGEProBCKOE OMUCAHUA KBAHTOBOU
MEXaHUKH.
2. TapMOHMYIECKUT OCLULIATOP.

Sagadu

1. HanauTe cuekTp (dHEPreTUYECKME YPOBHM) W BOJTHOBBIE (DYHK-
[UU CBA3AHHBIX COCTOSHUU MPU AAHHOM OJHOMEPHOM MOTEHIINAJE:

U[]a |ZL‘| <a,
0, |z]>a.

U(x) =
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2. [TagguTe M0 TEOPUU BO3MYIIEHUN MONPABKU 1-10 1 2-10 OpsA -
KOB K DHEPTUU OCHOBHOT'O COCTOSHWSA OCIHWIIATOPA, BO3MYIIEHHOTO
norernuatom V() = ax?.

3. ATOM BOZOpO/A IOMEIIEH B OJHOPOTHOE DIEKTPUIECKOE TOJE C
HanpsxkeHHocToio F. [langure pacuenienue BTOpOro ypoBHs.

4. ITa ocumwIIATOP NEUCTBYET B TEYUCHUM KOHEIHOT'O BPEMEHU BO3-
mymenne V(z) = xf(t), rae f(t)— uanTHAZ dyHKUUA C HOCHTE-
aem [0; tp]. [lanagure BEpOATHOCTD HEpPeXoa U3 OCHOBHOT'O COCTOAHUS
B 7-€.

BapwuaHT 2

TeopeTudeckune BOIPOCH

1. Cocrosnus, pusndeckue HAOIIOAEMbBIE, YDABHEHUS IBUXKEHUS
B KBAHTOBOU MEXAHUKE.

2. TapMOHMYIECKUT OCHULIATOP.

3. CranuoHapHas TEOPUA BO3MYUICHUN.

Sagaqau

1. Manaure cuekTp (ypaBHEHUE HA DHEPreTUYECKHAE YPOBHU) CBA-
3AHHBIX COCTOAHWU IPW TAHHOM OJHOMEDPHOM MoTeHmmase. [lpubiam-
XKEHHO TOCYUTANTE DHEPTUIO OCHOBHOTO COCTOAHUA B IPENIONOKE-
HUM O €€ MAJOCTH.

Up, < —-amna<r,
U(:E): UO, - <$<b7
0, —a<zz<-bub<z<a.

2. ATom BomOpOIa TOMEIIEH B CIa60e OMHOPOMHOE DICKTPUIECKOE
moJsie ¢ HanpsaxkeHHocTbio F. [languTe paciuenienue TpeTsero ypos-
HA.

3. AToMm BOIOpOIA IOMEIIEH B CIa00€ OJHOPOIHOE MATHUTHOE TI0-
ae ¢ HanpsxenaocTbio H. [lanauTe pacienienue BTOPOro ypOBHS.

4. ITa ocumwIIATOP NEUCTBYET B TE€YUCHUM KOHEIHOT'O BPEMEHU BO3-
mymenue V (z) = az? f(t), roe f(t) — dunurHas GyHKIMA ¢ HOCATE-
aeMm [0; tp]. [langure BEpOATHOCTD HEpPEX0a U3 OCHOBHOT'O COCTOAHUS
B n-e€.



180 JlurepaTypa
JlurepaTypa
[JLI1] JL [O.Jlaggay, E.M.J/JIupmua. Mexanuka, T.1. M., Ilayka,

[TLIT2]

[ATID]

[ApH]

[PA]

[M]

[DJIC]

[JLJI3]

[PX]

[P]

[Apu2]

1973.

JI. . JTagmay, E. M. JIupumna. Teopus moas, T.2. M., Ilayxka,
1973.

I1. A. ly6posun, C.II.IloBukos, A.T.Pomenko. CoBpemen-
nas reomerpuwi. M., [Tayka, 1986.

B. . Apronsg. MaremMaTudeckne METOIB KJIACCAIECKON Me-
xanuku. M., [Tayka, 1989.

JI. [I. Daggees, O.A.fAky6osckuu. Jleknum 1o KBAHTOBOU
MexaHuke. [[jaa cTyageHTOB MaTeMaTukoB. JI., 3 maTeabcTBO
Jleaumarpagackoro yausepcurera, 1980.

FO.U. Mauuu. Maremaruka u Pusuka. Cepusa «MaTemaTu-
Ka, kubepruerukay 12. 1979.

I1. ennaman, I1. Jleuron, M. Cougc. PenamanHOBCKUE JEKIUT
o ¢pusuke. M., Mup, 1967, 1978 u npyrue u3ganus.

JI. . JTagmay, E. M. Jludumn. KBanrosas mexanuka, T. 3. M.,
[Tayxa, 1974.

I1. A. M. [lupax. [Ipuanuner ksanToBon Mexanuku. M., I1ay-
Ka, 1979.

I1. ennman, A. Xubc. KBanTopas MexaHHKa M HHTETPAJILI IIO
Tpaekropuam. M., Mup, 1968.

Don [Tenman Y. MaremaTndeckue OCHOBBI KBAHTOBOU MeXa-
muku. M., [Tayka, 1964.

B. . Apuoasg. Jlekuum mo ypaBHEHUAM € YACTHBIMEA TPOU3-
BogubiMu. M., U3n-so MK IIMY, 1995.



OruaBieHue

181

OruaBiieHue

Beemenme . . . . .. e
®dusuka n MaTemaruka (3). EBkimaosa cTpykrypa mpocTpancTsa (4).

Cneuna.ana.ﬂ TEOPUA OTHOCUTEIBHOCTHM . . . .+ v v v v v v 0 o o o 0 0 0 s

Bpewms (6). Bpocrpancrsenno-spemennasn cucrema orciera (6). Bpua-
mun orHocuTempHOCTH Lamumes (6). Ceer (7). Bpeobpasosanme mac-
wraboB u 3amegrenue dacos (10). Bpocrpancreo Munkosckoro (16).
A6eppamus (17). Breprusa u umnyasc peasrusucTckon dactunst (20).

JIarpaHKEBA MEXAHIKA . .« « « « « vt v v vt e e et e e e e e e e

CocrosHne KIaCCHIeCKOU CHCTEeMBL, U3MeHeHue ee Bo Bpemenu (23). Te-
aeonormieckuyt npuauun (24). BapumanmonHoe mcYucaeHWE M IPUHIWI
HamMmeHbIIero aeuctsua (25). Ypasmenusa Jlarpamxa (27). UnTerpamrst
aermxenus u cumMerpun (28). Bpumepst cucrem (30).

TeOPHA HOMA .+ v v v e e e e e e e e e e e e

BpocTpaHCTBEHHO-BpEMEHHBIE CHMMETDPUM U TEH30D YHEPrHAU-MMILYIh-
ca (37). Baekrpomaruaerusm (38). Ypaeuenns Maxcsewra (38). Jloperu-
HHBapUAHTHOCTH ypaBHeHm: Makcsewra (40). Bekropubm norennmadr,
KamMOPOBOYHAA MHBAPUAHTHOCTH (41). BIeKTpOoMarHWTHEIE BOIHBL.
Boxnoeoe ypasuenme (43). 3amasjgblBaroliue HOTEHIZAIb! (IOTEHIN-
axbr Jluenapa—Buxepra) (46). BealbHOCTB BEKTODHOIO MIOTEHIMATA
B kBaHTOBOU MexaHuke (49). Neomerpua n kammbpoBoIHbIe moIa (49).
Ucropuieckoe orcrymaenume (52). [lencTBue >I€KTPOMATHATHOIO IO-
aa (55). Bacumpenue rpynner cuvmmverpun (56). Boas flara—Mumwi-
ca (56). Tomomormsa mpOCTPAHCTBA KATUOGPOBOIHBIX MOMEH C KOHETHBIM
gercrsueM (57). Obwian Teopus orHocurersrocTH (65). OcHoBaHUA Aus
pacmmpenus nocryrara orHocurearsHoctu (65). I'paBuranus u reome-
tpua (66). Merpuka = rpasutamma (67). YpaBHEHHE reo0ne3MIeCKOU
(mBuxenne marepmaapuOn Toukm) (68). Kosapmanrmoe muddepen-
nuposanue (68). JlokanbHo reogesmueckas cucrema xoopausar (70).
Tensop kpususus (70). CeoucTBa TeH30pa KpuBm3HEL (71). YpasHeHus
Bunmrenna (72). Bemenne IIsapuumasaa (74). JBuxenue nepuremms
Mepkypus n mckpusrerue cseroBbix ayten (75). Cayuanl maccuBHOU
gactunst (@ = 1) (76). Caywan ceera (¢ = 0) (77). UszoTponasle MOgeIm
®pugmana (78). Cayuan 1. 3akpbiras Mogeas. A > 0 (80). Cayuan 2.
Orxpoitas mogers. A < 0 (82).

Cemunapsr o kypcey «Teoperuveckas Pusukay . . . . . . . . . . ...

Cemunap 1 (83). Cemunap 2 (85). Cemunap 3 (85). Cemunap 4 (86).
Cemunap 5 (87). Cemunap 6 (87). Cemunap 7 (88). Cemunap 8 (88).
Cemmnap 9 (88). Cemunap 10 (88). Cemmuap 11 (88). Cemmuap 12 (89).

23

34



182 OruaBiaeHne

BoaMoxubie 3aa4u 18 MUCHMEHHOTO DK3aMEHA, . . . . - . . . . . . . 89
Bpumep mucbMeHHOTO DK3aMEHA, 5-1 CEMECTD . « « « « v o v v v o o . . 91
KBaHTOBAg MEXAHMKA . . . « v v v v v v e e e et e e e e e e e e e e 93

Beegenue (94). BeynoBreTBOPUTETBHOCTE KIACCUIECKAX IIPEACTABIC-
aun (95). Unrepdepernnsa saektponos (97). MaremaTuka KBaHTOBOU
mexanuku (100). Bpunrnun gerepmuHusma B kBanToBOK Mexanuke (102).
Muuramvmaecknu npuanun (102). Ypasuenne llpeamnrepa (104). Ismxe-
Hue cBOGoAHON JacTunsl 1o mpsamon (105). Ypasuenus asumxenus (107).
Cummerpun u urrerpaist asmxernns (108). Mmmnyasc (109). Cobersen-
gele dyEkmum wMmmyabca (110). KoMMyTannoHHBIE COOTHONICHUA M
coorHowernne HeompegereHHocTu (111). MuHMMM3amUsA COOTHOLIEHUS
mHeonpenerenHocTr. Boanosbie nakersr (112). /IBuxenue BOAHOBOrO ma-
xera (112). Pammnsronuan (113). KsanTtosee cko6xu Byaccona (115).
Bpexcrasrenue I'emsentbepra (116). Craunonapusie cocrosuus (117).
OcuoBrbte csoucrsa ypasaenws lpenmurepa (117). Bapmanmonusem
npuanun (119). Ogromeproe asmxkenme (119). OgHOMEpHOE ABMXKEHUE,
nosegenre Ha Geckoneunoctu (120). Borenunarsuas ama (124). JIunen-
uei ocuuaaarop (125). CumekTp rapmormdeckoro ocumwiaropa (125).
Co6cTBeHnbIE (PYHKINU MrapMOHMYIECKOro ocnmuaTopa (126). MomenT
mumyasca (127). Cuexrp omeparopos L? u Ls (130). Co6crpennbre
¢yuxuun oneparopa momenTta (131). [IBmxeHme B LEHTPAIBHO-CHAM-
meTpuunoM moxe (132). [Ismxenne B kyaoHosoMm moxe (134). Ckpwr-
Tasg cmMMeTpusa B KyJaoHoBou 3amade (136). [IBmkeHwe B KyJOHOBOM
noxe. Bpogomxenue (139). Cuun sazexrpona (141). Teopus Boamywie-
mnwn (143). CranmonapHBIN, HEBBIPOXK AeHHBI cayIan (144). Beipox nen-
e cayan (146). Bpumenenme. Arom B mMarmurHOM moxe. Bddext
3eemana (147). Boamywmenus, saBucamme ot Bpemenu (148). Bepuo-
OWIECKOe BO3MYIIEHWE. ATOM B IOJE DAEKTPOMArHUTHOU BoaHEL (150).
Ksasukaaccuaeckoe npubamkenue (150). Bpaeuro keanroBanus Bo-
pa—3ommepdensna (155). Bpoxoxaenme wepes Gapwep (156). Ypas-
nenue [lupaka. Bersrusncrckas Teopus smekrpona (158). Brmrouenne
saekrpomarauTHOro noas (160). VusapmanTaocTs ypasHenus Jupaka
oTHOCHTEAbHO npeobpasosanuu Jloperna (161). MarawTHBIZ MOMEHT
saexTpoHa (162).

Cemunapsr o kypcey «Teoperuveckas pusukay . . . . . . . . . . . .. 165

Cemunap 1 (165). Cemunap 2 (167). Cemunap 3 (171). Cemunap 4 (173).
Cemmuap 5 (173). Cemunap 6 (175).

BosMoxubie 3aa4u 18 MUCHMEHHOTO DK3aMEHA, . . . . - . . . . . . . 176
Bpumep nucbMeHHOrO K3aMeHa, G-I CEMECTD . . . .« « v o v v v v o . . 178

JIITEPATYPA - -« o v v o o e e e e e e e e e e e 180



