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So‘z boshi

Xususiy hosilali differensial tenglamalar fani nazariy va amaliy ahamiyatga
ega. Ushbu fanda asosan ikkinchi tartibli xususiy hosilali differensial tenglamalar
va ularga qo‘yilgan masalalar o‘rganiladi. Ikkinchi tartibli xususiy hosilali
differensial tenglamalar matematik fizika tenglamalari deb ham yuritiladi, chunki
bu tenglamalar fizikaning turli sohalarida uchraydigan jarayonlarning matematik
modellarini tuzishda ishlatiladi. Fanning maqgsadi matematik fizikaning klassik
tenglamalari deb ataluvchi to‘lqin, Laplas, hamda issiqlik tarqalish tenglamalarini
tekshirish va ularga qo‘yiladigan asosiy masalalarni yechishdan iborat. Bu
tenglamalarni o‘rganish talabalarda tegishli jarayonlar haqida tasavvurga ega
bo‘lishlariga imkon beradi. Ayni paytda ularni mantiqiy fikrlashga, togri xulosalar
chiqarishga o‘rgatadi.

Xususiy hosilali differensial tenglamalar hozirgi zamon matematikasining
muhim sohalaridan bo‘lib, u matematikaning bir necha sohalari, jumladan
matematik analiz, funksiyalar nazariyasi, integral va differensial tenglamalar
nazariyasi, funksional analiz, fizika, texnika fanlari bilan uzviy bog‘liq. Matematik
fizika tenglamalari so‘ngi yillarda keng rivoj topib kelyapti. Endigi kunda
matematik fizikaning klassik tenglamalaridan tashqari aralash turdagi xususiy
hosilali differensial tenglamalar ham o‘rganilib, va u fizikaning ko‘pgina
masalalarini hal gilish uchun keng tatbiqg gilinmoqda.

Matematik fizika tenglamalar fani 2018-2019 o’quv yilidan boshlab xususiy
hosilali differensial tenglamalar fani deb yuritila boshlandi. Xususiy hosilali
differensial tenglamalar fanining asosiy vazifalariga xususiy hosilali tenglamalar
hagida umumiy tushuncha berish, ikkinchi tartibili kvazichizigli tenglamalarning
turlarini aniqlab va ularni kanonik ko‘rinishga keltirish, va matematik fizikaning
klassik tenglamalari va integral tenglamalarni o‘rganish, har bir turdagi
tenglamalarga korrekt masalalarning qo‘yilishi, va bu masalalarrni  yechish

usullarini o‘rganishdan iborat.



Ushbu qo’llanmada xususiy hosilali differensial tenglamalarning
yechimlarini analitik ravishda olish, bu tenglamalarga qo‘yilgan turli masalalarni,
integral tenglamalarni yechish usullariga bag‘ishlangan bo‘lib, bu usullar imkon
qadar keng yoritishga harakat qilingan. Ko‘plab misol va masalalar javoblar bilan
ta’minlangan

O‘quv go‘llanma mualliflarning Buxoro davlat universitetida ko‘p yillar
davomida Matematik fizika tenglamalari va Xususiy hosilali differensial
tenglamalar fanlaridan olib borgan amaliy mashg‘ulotlarida o‘rganilgan misol va
masalalar asosida yozildi.

O‘quvchilardan ushbu qo‘llanma bo‘yicha talab va takliflarini kutib qolamiz.



1-bob. Xususiy hosilali differensial tenglamalar hagida asosiy tushunchalar.
Birinchi tartibli xususiy hosilali differensial tenglamalar
Ushbu bobda xususiy hosilali differensial tenglamalar hagida umumiy
ma’lumotlar berilib, birinchi tartibli xususiy hosilali differensial tenglamalarning
umumiy yechimlarini topish, ularga qo‘yilgan Koshi masalasini yechish

o‘rganilgan. Mavzuga doir mustaqil yechish uchun misol va masalalar keltirilgan.

§1.1.Birinchi tartibli xususiy hosilali differensial tenglamalarning umumiy
yechimini topish
Erkli o‘zgaruvchi, noma’lum funksiya va uning hosilalari orasidagi
funksional bog’lanishga differensial tenglama deyiladi.
Agar tenglamada noma’lum funksiya ko‘p o‘zgaruvchining (o‘zgaruvchilar
2 va undan ortiq) funksiyasi bo‘lsa, bunday tenglama xususiy hosilali differensial

tenglama deyiladi.

N o‘lchovli R" Evklid fazosida nugtaning dekart koordinatalarini  X;, X;,..., X,
n>2 orqali belgilaymiz. Tartiblangan manfiy bo‘lmagan N ta butun sonning
a=(a,,a,,..a,) ketma-ketligi n- tartibli multiindeks, |a|=a, +a, +..+a, soniga
multiindeks uzunligi deyiladi. @ - R" fazodagi biror soha (ochiq, bog‘langan
to‘plam) bo‘lsin. u(x) = U(Xl, Xy ooy Xn) funksiyaning xeQ nugtadagi

o = o, + @, +...+, tartibli hosilasini

o
DU =D“D&. Dfu=—2Y _ Du=u(x)
XX X

ko‘rinishdayozamiz. Masalan, @ =¢; xususiy hol uchun

% ou
a u:D-a'u, DU=—=UX,D2u=_=u
i OX

a; 1
i i i

D%u =

F=F(X. o) funksiya @ soha X nugtalarining va gq,=q,, , =D,

@;=01,... haqgiqiy o‘zgaruvchilarning berilgan funksiyasi bo‘lsin.

Ta’rif. Ushbu



F(X,.., D“U,..)=0 (1)
tenglik noma’lum U(X)=U(X,X,..,X,) funksiyaga nisbatan xususiy hosilali
differensial tenglama deyiladi.

(1) da gatnashayotgan hosilaning eng yugori tartibiga tenglamaning tartibi
deyiladi.

Agar F barcha 0,, (Ja|=01..,m) o‘zgaruvchilarga nisbatan chiziqli funksiya
bo‘lsa, (1) tenglama chizigli differensial tenglama deyiladi.

Agar differensial tenglamaning tartibi m bo‘lib, Fbarcha 0,, |a/=m
o‘zgaruvchilarga nisbatan chizigli funksiya bo‘lsa, (1) tenglama kvazichizigli
differensial tenglama deyiladi.

Ta’rif. @ Sohada aniglangan u(x)funksiya (1) tenglamada ishtirok etuvchi
barcha hosilalari bilan uzluksiz bo‘lib, uni ayniyatga aylantirsa, u(x) ga (1)
tenglamaning klassik yechimi deyiladi.

Xususiy hosilali M - tartibli chizigli differensial tenglamani ushbu

Lu= > a,(x)DU = f(x) (2)

|er|<m
ko‘rinishda yozish mumkin, bu yerda a,(X) lar tenglama koeffitsiyentlari,

L= Y'a,(x)D”

P
esa xususiy hosilali m - tartibli differensial operator.

Barcha xeqQlar uchun (2) tenglamaning o‘ng tomoni f (x) nolga teng bo‘lsa,
(2) tenglama bir jinsli, f(x) nolga teng bo‘lmasa, bir jinsli bo‘lmagan tenglama
deyiladi.

Agar u(x) va v(x) funksiyalar bir jinsli bo‘lmagan (2) tenglamaning
yechimlari bo‘lsa, ravshanki (tenglama chiziqli bo‘lgani sababli) w(x) =u(x)—v(x)

ayirma bir jinsli ( f =0) tenglamaning yechimi bo‘ladi.



Agarda U;(X), i=1..k funksiyalar bir jinsli (f =0) tenglamaning yechimlari

.....

k
bo‘lsa, u(x)=> Cu;(x) funksiya ham, bu yerda C;- haqiqiy o‘zgarmaslar, shu
i=1
tenglamaning yechimi bo‘ladi.
Eslatib o‘tamiz, @ sohada aniglangan va k- tartibgacha xususiy hosilalari
bilan uzluksiz bo‘lgan haqiqiy u(x) funksiyalar sinfi C*(Q) orqali belgilanadi,

c(Q)- Q sohada uzluksiz funksiyalar sinfi. g(x) eC*(Q) funksiyaning normasi

k
ol = > max{D“g(x)
i=0
kabi aniglanadi.
Ushbu
ou ou ou
o - 1
F(xl,x2 ..... xn,u,ax1 ’6x2 ..... 8xn] 0 ( )

ko rinishdagi ifodabirinchi tartibli xususiy hosilali tenglama deyiladi.
Agar (1) da F funksiya xususiy hosilalarga chizigli bo‘lig bo‘lsa, u holda
X, (xl,xz,...,xn,u)aa—u +..+ X, (xl,xz,...,xn,u)a—u = R(xl,xz,...,xn,u) (2
X1 n

ko rinishdagi tenglama kvazichiziqli tenglama deyiladi.
(2) tenglama bir jinli bo‘lmagan tenglama bo‘lib, uning simmetrik formasini
quyidagicha

n

X, X, 7 X, R

n

g _dx _dx, _du (3)

yozish mumkin. Ushbu sistema xarakteristik tenglamalar sistemasi ham deyiladi.

Bu sistemaning n ta erkli integralini

Wz(Xsz ----- Xn,u)z 2 (4)

topamiz. U holda (2) ning umumiy yechimi



(D(%(Xl!xz’-"’Xn’u)"//z(xl’xzv"’Xn’u)v-an(Xl’Xz’""Xn’u)) 0 (5)
ko rinishda bo’ladi.
Bir jinsli chizigli birinchi tartibli xususiy hosilali differensial tenglamaning

quyidagiumumiy ko’rinishga ega:

X, (x,, %5500, )S—M ot X, (XX, )8_u =0 (6)
X, ox,

Shuni aytish lozimki, u=const har doim (6) tenglamaning yechimi. Biz
trivial bo Imagan yechimni gidiramiz.

(6) ga mos oddiy differentsial tenglamalar sistemasining simmetrik formasi

ushbu
dx, _ dx, _ dx,, @)
X (xl’x2ﬂ"'9xn) X5 (xl ’x27"'9xn) X, (x1=x2>"'>xn)
ko‘rinishda bo‘ladi.

(7) sistemaga (6) tenglamaga mos bo‘lgan, oddiy differensial tenglamalar
sistemasi yoki xarakteristik tenglamalar sistemasi deyiladi. Ushbu sistemaning
yechimlari esa (6) tenglamaning xarakteristikalari deyiladi.

Eslatma. Ba’zan I-tartibli xususiy hosilali differensial tenglamaning
umumiy Yyechimini topishda xarakteristik tenglamalar sistemasi integrallarini
topish jarayonida

dx, dx, dx,

= S | I 1
bl(Xl’”"Xn) bZ(Xl’”"Xn) bn(xl’”"xn)
munosabatning o‘rinli ekanligidan
a,dx, +a,dx, +---+a,dx, "
a,b,+ab+---+a,b, - (8)
tenglikning bajarilishidan ham foydalanish mumkin. Bunda

& =a;(X, Xy, %), i1=12,---;m;me N biror bir funksiyalar.
Misol.Quyidagi tenglamaning umumiy yechimini toping:
ou

X2 — + yza—u—(x2 +y2)a—u=0.
oX oy 0z



Yechish: Berilgan tenglamaning xarakteristik tenglamalar sistemasini
tuzaniz:
ax_dy__ dz
X2 Yz —(x*+y?)
Sistemaning birinchi integrallarini topamiz.

dx_dy _dx_dy In|y| = In|x|+ In|C,|

Xz yz X
=C, = A = v ZX’
X X
dy dz xdx+ ydy+ zdz
—Z = = =
yz  —(x*+y°) 0

d(x*+y*+2z°)=0 = x*+y*+z°=C,

=y, =X +y>+12%)

bu yerda (8) tenglikdan foydalandik, ya’ni

dy _ dz B xdx+ ydy + zdz
vz —(C+y?) xexz+y-yz+z- (03¢ +y?))
xdx+ ydy+ zdz _ xdx+ ydy+ zdz
x-xz+y-yz+z-(—(x2+y2)) 0 '

U holda umumiy yechim
u =CD(X,X2 +y? +22)
X

ko‘rinishda bo‘ladi.
Tekshirish:

ou o0d Jdy, 00 0y, y od oD
—= . + . =—— + 2X
oX Oy, OX Oy, OX X° Oy, oy,

u_o0 oy, o0 oy, 1 00 , 00

X Oy, &y Oy, & X Oy, ow,

6_u: oD _81//1+ o0 Jy, iy oD L9y oD
0z Oy, 07 Oy, 01 oy, oy,

Topilgan ifodalarni tenglamaga qo‘yib, uning ayniyatga aylanishinga ishonch hosil
gilish mumkin.

Misol.Quyidagi tenglamaning umumiy yechimini toping:
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0z 0z
Xy—+(X—-2Z)—=Vyz.

OX
Yechish: Berilgan tenglamaning xarakteristik tenglamalar sistemasini
tuzaniz:
o _dy _d
Xy Xx-27 yz

Sistemaning birinchi integrallarini topamiz:

d_dz ok _dz In|z|=In|x|+In|C,|
Xy yz X

YA VA
=C=- = y=-,
X X

dy _dx_ _dy X gy a-2C,)dx
X—=2Z Xy Xx-=-2C)x Xy

y2 2 7 yz
:>7=(1—2C1)X+C2 =C, :%—(l—Zng:sz :7—X+22.

Natijada umumiy yechim quyidagicha aniglanadi:

2
@(E,y——x+22]:0.
X 2

Mustaqil bajarish uchun misollar
Tenglamalarning umumiy yechimini toping.

= _0.
ox oy
2 xa—u+ya—u+ a—“—o
%) oy oz
3 ou ou ou
YZ— 4+ XZ— + Xy— =
0 oy oz
4, ou_ ou_ ..
ox yay y
S xa—u+y =Xy+uU-
OX 9,
6 ou ou
y—+X—=U-
OX oy
y?-x@w
7 X

11



11.

12.

13.

14,

15.

16.

17.

18.

19.

20.

21,

22,

23.

., 01 0z ’
sin“x—+tgz—=cos" z.
OX

12



0z 0z
X+2)—+(Y+2)—=X+Y.
( )ax (y )8y y

24,
o/ o/
(xz+y)—+(x+y2)—=1-17°,
ou ou ou
(Yy+2)—+(z+X)—+(X+Yy)—=u,
26. oX oy 0z
x%+ y%+(z+u)g—s=xy.
217.
’8 (u—x)%+(u—y)%—zg—j:x+y.

§1.2 Koshi masalalarini yechish
Birinchi tartibli xususiy hosilali differensial tenglama uchun Koshi masalasi
quyidagicha qo’yiladi. (2) tenglamaning yechimlari ichidan shunday
u =f(x1,x2,...,xn)
yechimni topingki, ux, =x° da
U= X1, 2500%, 1) 9)
funksiyaga teng bo'lIsin, bunda - berilgan funksiya.

Koshi masalasini yechish ushbu tartibda amalga oshiriladi:

1. Tenglamaning simmetrik (3) formasini tuzib, (4) n ta integral topiladi.
2. (4) dagi x o‘rniga x_ ni go‘yamiz:

l//l(xl7x2 ----- Xn—llxr?'u):l/71
,U)Z ‘/72

X = Oy (73,0 7))
U=,y ¥7,)

3.Ushbu funksiyalardan
13



VTP 8 ST (Y 770 9 X (VA28 7% OO NN 778 2 29 R 6 10)
munosabatni tuzamiz. (10) ga Koshi masalasining oshkormas ko rinishdagi
yechimi deyiladi. Agar (10) ni U funksiyaga nisbatan yechsak, oshkor ko rinishida

Koshi masalasining yechimini olamiz.

0z 01 . .
Masala. Ushbu(1+\/Z—X—y)&+5:2 tenglamaning y=oda z=2x shartni

ganoatlantiruvchi yechimini toping.
Yechish: Berilgan tenglamaning simmetrik formasi
_&x Wy _d
1+ Jz—x-y 1 2
ko‘rinishdan iborat. Bu sistemani yechib,
w,=2-2y, y,=2Jz-x-y+Yy larni hosil gilamiz,
bunda y =oni qo‘yib,

L=y,

NZI-X=y,

larga ega bo‘lamiz. Bu sistemadan X va z ni topamiz:

2
v

XZWl_TZ’

1=y,

(10) formulaga ko'ra
!//2
l//l_z(vll_sz:O’ 2y, —y; =0,

bunda ¥, va ¥, larning ko rinishidan foydalansak,
22—4y—(2 z—x—y+y)2 =0

Koshi masalasining yechimini hosil gilamiz.
Masala. Quyidagi tenglamaning

(4y—z)a—u+ ya—u+za—u:0
ox "oy oz

o= y? +2° shartni ganoatlantiruvchi yechimini toping.

14



Yechish: Berilgan tenglamaning simmetrik formasi 9% _dy _dz _du p;

4y—z y z 0

yozib olib, uni yechish natijasidav//l:? w,=X-4y+1z, w;=U ifodalarga ega

bo‘lamiz.

Bu yerda x =0 deb,
z
;Zl/ll’ —Ay+z=y,, Y+ =y,

tengliklarni hosil gilamiz, hamda ulardan y va :larni topamiz.
(10) formulaga ko‘ra
2
W, 2 )2
=72 |1 ,
Vs (‘/’1_4j ( ‘H//l)
bunda ¥, ¥, va ¥; larning ko rinishidan foydalansak,
(x—4y+2)*( , _,
U=s-—-—"—Iy +z2
(z-4y) ( )
Koshi masalasining yechimi bo’ladi.
Masala. Quyidagi tenglamaning

0z oz
XZ—+YyZ— =—Xy
OX

y=x*, z = x?shartni ganoatlantiruvchi yechimini toping.
Yechish: Berilgan tenglamaning simmetrik formasidan iborat

dx _dy __dz
Xz Yz Xy

sistemani yechib,
X
V= Vas z? +xy larni hosil gilamiz.
Bunda berilgan shartlardan foydalanib,

X=—,
v,
2 X
X2+ X-— =y,
v,

15



tengliklarni va quyidagi funksional bog‘lanishni olamiz:
gL, 1
vl v

Buerda y; va ¥, larning ko rinishidan foydalansak,

2 3
(2 ()
X X
Koshi masalasining yechimini topamiz.

Mustagil bajarish uchun masalalar

Quyidagi Koshi masalalarini yeching :

ou ou _ou
(dy-2)—+y—+2—=0 =vi4z7?
29.(4y-2)— Vo e Ul =Yz
ou ou ou
XZ—+YyI—+xy—=0 =Xy.
30. %2 o Y ,ul =Xy

ou ou ) ou z
Xz-y)—+y(y-X)—+(y"=x2)— =0, u| _ =—,
3L x(z=y)—+y(y )ay (v -x)—=0,u, ;

32,xa—u+ua—u:0,u| -y,
OX oy x=1
Xaz yaz 0 . L
—— Y=Y, z2=2X,y =
33 OX 8}/
1% 1%
S -y T =0,22y,x=0
34. %
22y Z o 7=y x—1
35 OX 8y
ou o0 0
—u+—u+2—u:0, u=yz, x=1
36. ox oy oz
xa—+y@+xya—:0, u—x2+y2, z=0
37 15)4 8y
, OZ 0z 2
Y —t+Xy—=X, x=0, Z=Y
38, OX oy
oz 0
e XYy ek
39.

16



40.

41.

42.

43.

44,

45.

46.

471.

48.

49.

50.

ol.

52.

53.

54.

xg+y@—z—xy =2 2=y’ +1
ox oy ’ = '
tgxg+y——z =X 3

ox o Y=X,z=x

0

&Z—ya—z (x-3y), x=1, yz+1-0.
@+y—z z-Xx> -y’ 2

OX y Yy=-2, z=X-X".
yzg+xza——xy X=a y’+127=a’
X ' ' '
z@—xyg—ny =2 =1

ox oy YT

oz 2 2 o/ 2
Z—+(z°-x)—+x=0, y=X = 2X.
PV )ay , V=X, 2=2x

oz 0z

—2)—+(2-X)—=X-Yy, z=y=—X.
(y-2)—+( )ay y,z=y

0z oz
X—+(Xz+y)—=12, x+y=2z, xz=1.
OX oy

, 0L oz
y &"‘yza‘” =0, x-y=0, x-zy=1.

oz 0z
X&"‘Z@—y y=2X, X+2y=2.
674 )
(y+2z )——2x2 =X?, X=1, y =X,
6y
0 0
(x—z)a—i+(y—z)§=zz, x_y=2, z+2x=1.
xy3ax+x2222;_y32, — y=1°,
xaz+ya 2Xy, y=X 2
A ~ = ’ =A, zZ=X
OX

17



2-bob. Ikkinchi tartibli xususiy hosilali differensial tenglamalar hagida asosiy
tushunchalar. Ikkinchi tartibli xususiy hosilali differensial tenglamalarning
klassifikasiyasi. Kanonik ko‘rinishga keltirish

Ushbu bobda ikkinchi tartibli xususiy hosilali differensial tenglamalar
haqida umumiy ma’lumotlar berilgan bo‘lib, ikkinchi tartibli xususiy hosilali
differensial tenglamalarning klassifikasiyasi, ko‘p erkli o‘zgaruvchili funksiyalar,
n=2 va n>2 bo‘lgan hollar uchun ikkinchi tartibli xususiy hosilali differensial
tenglamalarni kanonik ko‘rinishga keltirish bayon etilgan. Mavzuga doir mustagil

yechish uchun misol va masalalar keltirilgan.

§2.1 Ikkinchi tartibli xususiy hosilali differensial tenglamalarni turi
saqlanadigan sohada kanonik ko ‘rinishga keltirish

Ta’rif. x,y erkli o‘zgaruvchilarning u(x,y) noma’lum funksyasi va
funksiyaning ikkinchi tartibigacha xususiy hosilalari orasidagi bog‘lanishga,
ikkinchi tartibli xususiy hosilali differensial tenglamalar deyiladi.

Ta’rif. R? fazoda ikkinchi tartibgacha xususiy hosilalari mavjud gandaydir
u(x,y) funksiya berilgan bo‘Isin (U, =U,). U holda

F(x,y,u,ux,uy,uxx,uxy,uw):O 1)

tenglama umumiy holda berilgan ikkinchi tartibli xususiy hosilali differensial
tenglama deyiladi, bu yerda F - berilgan biror bir funksiya.

Xuddi shunga o‘xshash ko‘p erkli o‘zgaruvchili ikkinchi tartibli xususiy
hosilali differensial tenglama quyidagi ko‘rinishda ifodalanadi:

F(xl,x2 o X U Uy Uy e Uy Uy ): 0. (2)

Ta’rif. Agarda ikkinchi tartibli ikki o‘zgaruvchili xususiy hosilali
differensial tenglama yuqori tartibli hosilalarga nisbatan ushbu ko‘rinishga

84, (% ¥) Uy +2a5, (%, y)- Uy, +a5,(x,y)-u,, +F(x, y,u,u,,u,)=0 3)

ega bo‘lsa, unda ushbu tenglamaga yuqori tartibli hosilalarga nisbatan chizigli

deyiladi.
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Ta’rif. Quyidagi ko‘rinishdagi tenglamalarga ikkinchi tartibli ikki

o‘zgaruvchili kvazichizigli xususiy hosilali differensial tenglamalar deyiladi:
aﬁ(x, y,u,ux,uy)-uXX +2a12(x, y,u,ux,uy)-uXy +a22(x, y,u,ux,uy)-uyy + F(x, y,u,ux,uy):O.
(4)

Ta’rif. Agarda ikkinchi tartibli ikki o‘zgaruvchili xususiy hosilali
differensial tenglama barcha xususiy hosilalariga va noma’lum funksiyaning o‘ziga
nisbatan ham chiziqli bo‘lsa, ya’ni quyidagi ko‘rinishga
2, (X, Y) Uy +28,(X, y) Uy, +ay (% y)-uy, +0y(% y)-u, +b,(x,y)-u, +c(x,y)-u+ f(x,y)=0.

()
ega bo‘lsa, unda ushbu tenglamaga chizigli tenglama deyiladi.

(5) tenglamada a,(xy), a,(xy) ax(xy) bi(xy) b(xy) c(x y)larga (5)
tenglamaning koeffitsientlari, (x,y) ga (5) tenglamaning ozod hadi deyiladi va
ular oldindan berilgan deb hisoblanadi.

Ta’rif. Agar (5) tenglamada f(x,y)=0 bo‘lsa, u holda bu tenglama bir jinsli
tenglama deyiladi. Aks holda, ya’ni f(x,y)=0 bo‘lsa, (5) tenglama bir jinsli
bo‘lmagan differensial tenglama deyiladi.

(3) (yoki (5)) tenglamada o‘zgaruvchilarni ixtiyoriy (o‘zaro bir qiymatli)
almashtiramiz. Bu uchun biz X va y erkli o‘zgaruvchilarni teskari almashtirish
natijasida, ya’ni

E=o(x,y) n=y(xy) (6)
berilgan chiziqli tenglamaga ekvivalent bo‘lgan va soddaroq ko‘rinishga ega
bo‘lgan tenglamaga ega bo‘lishimiz mumkin.

Buning uchun (3) tenglamada X va Y erkli o‘zgaruvchilardan yangi ¢ va

1 o¢zgaruvchilarga o‘tamiz:

u,=u.g, +u,m7,,

Uy = U;fy +u7777y’

Uy =Uslf +2U, &, + U, 178 +U S +U, 77, (7)

Uy = uéééjxfy +Ug (é:xny +§y77x)+urm’7x77y +u§é:xy +U, 7.,
uyy = uéééj +2u§f7§y77y +U,m775 +u§§yy +U,777yy-
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(7) ifodalarni (3) tenglamaga keltirib qo‘yib, ¢ va n o‘zgaruvchilarga nisbatan (3)

tenglamaga ekvivalent bo‘lgan quyidagi tenglamani olamiz:

a_ll(f,??)'ugg +2a_12(§,77)-ug,n +£(§,77)~u,m +E(§,n,u,u§,u”)= 0, (8)
bu yerda
au = a, &l +2a,E,8, +a,EL,
aw =a,&n, +ay, (.fxny + nxfy)+ a,&y 1y,
az =a,n} +2a,1n,0, + a0,
Ta’rif.

a, dy* - 2a,,dxdy+a,,dx* =0 (9)
oddiy differensial tenglama, (3) tenglamaning xarakteristik tenglamasi deyiladi.
Ta’rif. (9) tenglamaning integral chiziglari esa (3) tenglamaning
xarakteristikalari deyiladi.

(9) tenglama quyidagi ikkita tenglamaga ajraladi:

[,2
ﬂ: ay, /8 — 88y

dx a, ’ (10)
ﬂ:alz_\/alzz_an'azz ) (11)
dx a,,

(9) yoki (10) va (11) oddiy differensial tenglama yordamida berilgan (3)-

tenglamaning xarakteristikalari topiladi.

Ta’rif. Agar gandaydir D sohada a,-a; -3, >0 bo‘lsa, (3) tenglama
giperbolik turga qarashli, agar D sohada al,— ;- a, <0 bo‘lsa, (3) tenglama
elliptik turga qarashli, agar D sohada al,—a,-3, =0 bo‘lsa, (3) tenglama
parabolik turga garashli deyiladi.

Shunday qilib, a5 —a, - ay, ifodaning ishorasiga garab (3) tenglamani
quyidagi kanonik ko‘rinishlarga keltirilishi mumkin ekan:

ap—a,-3,>0  (giperbolik  tur), U, -u, =®(XY,uu,u)  yoki
u,, =D(x,y,u,u,,u,).
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ay, —ay, -85, < 0 (elliptik tur), U, +u,, =D(X,Y,u,u,,u,).
aj, —a,,-a, =0 (parabolik tur) u, =®(X,y,u,u,,u,
Bu yerda ®(x,Y,u,u,,U,) soddalashtirish natijasida hosil bo‘lgan funksiya.

Misol. Quyidagi tenglamani kanonik ko‘rinishga keltiraylik:

U, —2u, —3u, +u, =0.

Yechish:  a,--1, a,-1, a,=--3 — tenglama koeffitsiyentlari.
A=a}-a,-a, ifodaning qiymatini hisoblaymiz. A=4>0, demak tenglama
giperbolik turga tegishli. (9) xarakteristik tenglamani tuzib, uni yechamiz:

ﬂ:ﬂ:ﬂ:l:x_yzc )
dx 1 dx

Wy _12_dy_ 5 giy-c.
dx 1 dx

Umumiy integrallardan birini ¢ va ikkinchisini 7 bilan belgilab, (7)
formulalardan foydalanib hisoblashlarning natijalarini berilgan tenglamaga keltirib
qo‘yib, soddalashtirishlardan so‘ng tenglamaning quyidagi kanonik ko‘rinishini

A . 1
hosil gilamiz: u,, —1g U —u,) =0

Misol.  Quyidagi tenglamani  kanonik  ko‘rinishga  keltiraylik:

y’u, +2yu, +u, =0.
Yechish: a,-y, a;=Y°, a,-1 - tenglama koeffitsiyentlari.

A=a}-a,-a, ifodaning giymatini hisoblaymiz. A=0, demak tenglama parabolik

turga tegishli. (9) xarakteristik tenglamani tuzib, uni yechamiz:

dy y dy 1 y’
—===-—==—oX-—-=C,

dx vy dx vy 2
Natijada olingan integralni ¢ orgali, norgali esa ixtiyoriy funksiyani,
masalan 7=y deb belgilab, (7) formulalardan foydalanib hisoblashlarning
natijalarini berilgan tenglamaga keltirib qo‘yib, soddalashtirishlardan so‘ng
tenglamaning quyidagi kanonik ko‘rinishini hosil qilamiz: u,, =U..

Misol. Quyidagi tenglamani kanonik ko‘rinishga keltiraylik:
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(1+ xZ)JXX +(1+ yz).lyy +yu, =0.
Yechish:a, =0, a;=1+ X, a,=1+y* — tenglama koeffitsiyentlari.

A=aj-a,-a, ifodaning qiymatini hisoblaymiz. A= —(1+ x2X1+ yz), demak

tenglama elliptik turga tegishli. (9) xarakteristik tenglamani tuzib, uni yechamiz:

dy _ 0+iJL+ x2Jiry?) - dy . J1+V?

— =l =

dx 1+x? dx V142,
In(y+m)$iln(x+m):c

Umumiy nazariyaga asosan, olingan integralning haqiqiy qismini ¢
(§=Re(ln(y+w/1+ y? )Triln(XJr\/lex2 »=In(y+1/1+ yz»orqali, mavhum gismini esa 7
(nzlm(ln(y+1/1+ y? )Triln(x+\/1+ xz»= In(x+\/1+ x? »orqali belgilab, (7

formulalardan foydalanib hisoblashlarning natijalarini berilgan tenglamaga keltirib

qo‘yib, soddalashtirishlardan so‘ng tenglamaning quyidagi kanonik ko‘rinishini
hosil gilamiz: u. +u,, —thnu, =0.
Mustagqil bajarish uchun misollar
Quyidagi tenglamalarning turini aniglang:
ou ,0°u _d*u au

1. +1 -2 + X ——=0,1<x<3, O<vy<l.
(y )axz ooy o oy y

2 2 2
2 ya—l:+xa—g+2(x+y) TU o, % +(y-6)?<1.
oy oxoy
2 2 2
3, oy dY 20U 00U U, X<l |y<1

2 2

o°u o°u
4. (x+ y)y+(x—y)$+xu=0, (x+5)? +y® <1.

2 2 2
5. (y+1)a S—Zau +xal:—a—u=0, 1<x<3, 0O<y<Ll
ox* oxoy oy oy

2 2 2
6. 4a—l:—2(x—y)a u +(1—xy)a—l:=0, 2<X+Yy<5.
OX OXoy oy

2 2 2
X25 L:+a l2J+2x ou +ya—u—a—u:0, 1<x® +y?<T.
x: oy oxoy  ox oy
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2 2
8. xa_l;+6a_u+(x+y)a—g—ya—u=0,0<x<2, O<y<?2.
ox? o ox oy oy

2 2 2
ou au+xau+%=0,1<x<2, 2<y<3.

9. 6
oy o oy

o%u
OXoy

ou _ou d%u

2
10.2x—+3—+—2—(x2—2)a—l:—2y =0, x> +y® <1
oX o0y X oy

2 2 2
10 5x0Y 4y OU oy 0U Mg 10x<3  4<y<8.
or oy oyt ox

Quyidagi tenglamalarni kanonik ko‘rinishga keltiring:

12.u, —6u, +10u, +u, —3u, =0.
13.4u,, +4u, +u, —2u, =0,

14.u, —xu, =0.

15.u, —yu,, =0.
16. xu, —yu,, =0.
17. yu, —Xu, =0.

18. x°u,, +y°u,, =0.

19. y*u,, +x’u,, =0.

20. yu, —Xx*u,, =0,

21 (L+ 2, + L+ Y2, +yu, =0,
22.4y%u, —e”u, =0,

23.u, - 2sinx-u,, +(2-cos? ), =0.
24. yu, +2yu,, +u, =0.

25. X’U, —Xu, +Uu,, =0,

ou , ou  ou

26.2— — +— =
o' “oxdy oy
2 2 2
27,204 _0U _0U_g
X' oxdy oy
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28. -10 +25—-=0.

29. — +e¥ —+y——-x—=0.

30.62y§+2xeyax—ay+x —:0.

2 2 2
31. ya—g+x(2y—1) ou —2x? 0 l; -
ox oy oy

32,9y U4 6y?sinx 2y sin x O
X

33.x —2xy +(4+y?)—=0.

34.y— +(e*-y)

2 2 2
35. xa—l:+(1+xtgx) ou +tgxa—g=0.
ox oxy oy
? “u 0?

ou )
36.cos’ y— —2sin x-c0os -
Yoc Yooy T Yoy

—azu — 2y2 @ =

oxay oy*
o%u o o

38.y+2coszy +cos'y— =0.

oxdy oy

2
37.%° 272+ (2x* —y?)

o°u o°u

39.sin? yy+cos2 xyzO.

2 2 2
40. X‘l%—szy—8 u +y28—u+36_u=0_
X

OXoy o> ox
2 2 2
41.sin4xa—l:+23in2x ou +a—l:—a—u+sinx8—u=0
OX oxoy oy” oy X
2 2 2
42,6 Y TU  peexCU AU
OX oxoy oy ox
2 2
43.cos“xa—l:+sin4ya—lj_3a_u:o_
OX 2 )
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44, tgzxa——Zytg

45.e% o +3e” o +282u+eya_u_a_u:0
ox’ oxoy oy’ X oy

2 2 2
46, 482 426 56u 8u+16u
OX oxoy oy ox  x oy

., ol . ou o ou  ou
47.sin° y— —4siny +4— osy
OX oxoy oy oX oy

o%u Rl ) 62 ou

2
49.tgzxa—u+ctgzya—u—S|nx6—u+2005ya—u:O.
ox? oy’? X oy
X

Moy T8y Ze o,
xy oy

2 2 2
51.(x2+9)a l:—ny ou +y28 l;'
ox oxoy oy

2 2 2

=0.

, 04U ) 62u

2 2 2
5g. JU_p 0U p0U U A

ox* oxoy  oy* ox oy

o°u 262u o°u du au

59.3—+ ———+—+—=
OX oxoy oy- ox oy
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2 2 2
60.5a l;|+4 ou +ag+26—u+a—u=0.
OX oxoy oy oX oy

2 2 2
61,994 U OU g0 U

ox> oxoy oy°  ox oy

2 2 2
62,404 g Ol 50U, U A _j

ox> oxoy  oy® ox oy

2 2 2
63.8l:+6 ou +962+a—u+38—u=0.
OX oxoy oy ox oy

2 2 2
64.281;1_26u 58u au 8u _0.
OX Oxoy 8y ax ay

2 2 2
65 0 Uis ou +4a u+8—u+28—u=0.

“ox® oxoy oy ox oy

o°u 682u o°u du du

66.5— + S+ —+—=
X oxdy oyt ox oy

2
67.50 Y. 01 50U (a—”——)—

ox* o 8y 8y oy

2 2 2
68.90Y 1o 00U 40U glu AU

o oxay ay ox oy

2 2

69.55 582 L 45 o +3 S -2 -0,
X oxoy 8y oy
2 2

70,304 50U _H0U, 122 -0,

ox2 oxay oy oy

2 2 2
71.61:_26u+6u a—u+ﬂ— cu=0.
OX oxoy oy’ OX oy

2 2 2
72,00, 00U, 6N g,
OX oxoy oy’ ox oy

2 2 2
73.30U 40U OU_qou, A _g
o oy oy x oy

x 0°u y6u+18u 10u_
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o°u ou

76. x—2—4‘°’—2 -
ox oy ox
2 2 2
77. x2 2 l:—6xy ou +9y26 12y6—u:0.
OX OXoy oy’ oy
2 2
78.4y20 U _CU Lou_g
o oy yoy
2
79,7 QU 0 ra+e)yd 2o,
oxoy oyt oy
o°u  0u 1au

o%u
80.4y*— -4 ===
y OX? y@Xé'y 6y2 y oy

2 2 2
81. yzgl:+2xyaaxgy+2x2$+y%u=0.
X

2 2 2
82. cos® ya—2—2cosy ou +a—l;—xcos2 ya—u+(tgx—xcosy)a—u=0.
ox oxoy oy ox oy

2 2 2
83.%+25|nx ou —COoS xa—:O.

oxdy oy

2 2 -
84.siny ou 8 (Smy—ctgyJa—u=O.
OX 5’y oy’? X oy

2 2
zal: 6y6u+y28u ya—u=0.
OX OXoy oy? oy

2 2 2
86. XZZ—l:—szinyaa " tsin y%zo.
X X

85. 9x

2 2
87.x a—u+cos y6—+xa—u=0.
ox? oy? OX

2 2 2
88. sin’ ya—g+23iny ou +6—l;+cosy6—u 0.
OX oxoy oy OX

2 2 2
89,6 O U g0 TU 0 U _
OX oxoy oy oy

0.

26 u 48_u ﬂa_uzo_

o oy y oy

2 2 2X
28U 2ye o'u ezxé_u_yza_u_e_a_uzo

o2 OXoy oy’ Xy oy

90.y

9l1.y



2 2 2
02, 78 4y OU gl 1oU, A
OX OXxoy oy. Xox oy
2 2 2
93. yza—l;+4yx2 ou +4x“a—u+2x2 au 4xya—:0
ox ooy oy ox
o’u ou 82

94. cos’ y— —4c0s
y ox* y OX

ou  , 0 5,0 5, au

95.— +e +=e” —+=e” —=0.
o oy 4 4 oy
2
96.8—2—2cosx OV sin xa—uzo.
OX oxoy oy?
2 2 2
97.sin2xa—l:—2ysinx ou +y28—g:0.
ox oxoy oy
2 2
2 8 o yza—g+2ya—u=0.
oy oy
ou ou ou aou
99.t 2X——2 tgx 22— +tg°x—=0.
g o yg@x@y yayg g o
2 2
100, y%+%:o.
o°u du  adu
101. —+Y—+a—=0. a=const
OX oy oy
2
102. yZTl:er%:O.
2 2
103, XZT‘jw%zo.

§ 2.2 Ko‘p erkli o “zgaruvchili funksiyalar (n>2) bo ‘lgan hol uchun ikkinchi
tartibli xususiy hosilali differensial tenglamalarni kanonik ko ‘rinishga keltirish

Ko‘p erkli o‘zgaruvchili ikkinchi tartibli xususiy hosilali differensial tenglama
qanday kanonik ko‘rinishga keltiriladi? Shu masalani garab chigaylik. Ko‘p
o‘zgaruvchili chizigli ikkinchi tartibli xususiy hosilali differensial tenglama

umumiy holda quyidagicha berilgan bo‘lsin :
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Zn:A, axax ZB —+Cu—f (12)

i,j=1 =1 i
bu yerda A;,B;,C - tenglamaning koeffitsiyentlari, f - ozod hadi.

Ushbu tenglamaga mos keluvchi xarakteristik tenglama:

Qi 2) = > A (XA,

ij=L
kvadratik formaga ega bo‘ladi

Chiziqli algebra kursidan ma’lumki, har bir tayinXnuqtada @ kvadratik
formani uncha qiyin bo‘lmagan affin almashtirishlari yordamida kanonik

ko‘rinishga keltirish mumkin:
Q= Zai§i2 (13)
i=1

Bu yerda «a;lar 1, -1, 0 giymatlarni gabul qgiladi. (13) dagi manfiy va nol
koeffitsiyentlar @ ni kanonik ko‘rinishga keltirsh usuliga bog‘liq emas. Shunga
asosan (12) tenglama klassifikasiyalanadi.

Ta’rif. Agar har bir xeD nuqtada (13) dagi ¢;koeffitsiyentlar mos
ravishda: hammasi noldan fargli va bir xil ishorali; hammasi noldan fargli va
har xil ishorali; va nihoyat hech bo‘lmasi bittasi (hammasi emas) nol bo‘lsa,
(12) chizigli tenglama D sohada mos ravishda elliptik, giperbolik yoki
parabolik deyiladi.

Ko‘p erkli o‘zgaruvchili ikkinchi tartibli xususiy hosilali differensial

tenglamalardan bittasini kanonik ko‘rinishga keltirish usulini qarab chiqaylik.

Misol.Quyidagi tenglama berilgan bo‘lsin:

Uy +2U, +2u, +4u, +5u, =0,
Uning turini aniglaymiz va kanonik ko‘rinishga keltiramiz.
Yechish:Ushbu tenglamaga mos  xarakteristik  kvadratik  forma
Q=X +24,4, + 24 + 42,4, +5% ko‘rinishda bo‘ladi. Bu kvadratik formani, masalan,

Lagranj usulidan foydalanib kanonik ko‘rinishga keltiramiz:

Q=(4 +/12)2 +(4, + 2/13)2 + /5. Quyidagi belgilashlar kiritamiz:
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= + Ay Hy = Ay + 225, Wy =44 (14)

va natijjada Q formani kanonik ko‘rinishga keltiramiz: Q=g+ + i .

1 -1 2
(14) tengliklardan A larni topib olamiz. Shunday qilib, M =10 1 -2| matrisali
0 0 1

quyidagi xosmas affin almashtirishlari: 4, = g, — p, +2pu;, Ay =y, =2, , Ay = plar
Q formani kanonik ko‘rinishga keltiradi: Q= 4’ + 15 + 1. .

Berilgan differensial tenglamani kanonik ko‘rinishga keltiradigan xosmas

affin almashtirishining matrisasi M matrisaga simmetrik bo‘lgan matrisa bo‘ladi:

1 0 O
M"=|-1 1 0|, bu almashtirish quidagi ko‘rinishga ega: &=x; n=—x+y;
2 -2 1

§=2X—-2y+2.

Shulardan va u(x,y,z)=v(& n ¢) belgilashdan foydalanib, quyidagilarni

topamiz:
Ug =V +V,, +4v¢4 —2v4,77 +4v¥ —4v,7§ :
u, :VW+4V§§ —4vn§ ;o U, =V,

Uy =V, —4v§§ +V,, —2v§§ +4v,7§

" ; Uy, =—2v¢ +V,

‘-
Topilgan ifodalarni tenglamaga qo‘yib, soddalashtirishlar bajargandan
so‘ng, berilgan tenglamaning kanonik ko‘rinishiga ega bo‘lamiz: V. +V,, +v, =0,
Mustagil bajarish uchun misollar
Quyidagi tenglamalarni kanonik ko‘rinishga keltiring:

104. Uy +2U, —2u, +2u, +6u, =0.
105. 4u,, —4u, —2u, +u, +u, =0.
106. Uy —U, +U +U,—u, =0,

107. Uy +2u, —2u, +2u, +2u, =0.
108. Uy +2U, —2u, —6u, —u, =0.
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109. Uy +2U, +2u, +2u, +2u, +3u, =0.

110. Uy —Ug +U, —2U, +2u, =0,

111. Uy +U, +Uy, +U, =0.

112. Uy +2U, —2u, —4u, +2u, +u, =0.

113. Uy +2U,, —2U, +U, +2U, +2u, +2u, +2u, =0.

114. uX1X1 + Zzuxkxk _Zzuxmﬂ =0
k k=2
115 u, -2Y(-1)u, , =0
116, Yku, +23l,, =0
k=2

7. Yu,, +du,, =0

118. Uy, =0
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3-bob. Xususiy hosilali differensial tenglamalarning umumiy yechimini topish
Ushbu bobda ikkinchi tartibli xususiy hosilali differensial tenglamalarning
umumiy yechimini topish o‘rganilgan. Mavzuga doir mustaqil yechish uchun misol

va masalalar keltirilgan.

§3.1 O“zgarmas koeffitsiyentli xususiy hosilali differensial tenglamalarning
umumiy yechimini topish
Oddiy differensial tenglamalar kursidan ma’lumki, N —tartibli
FOVY,Y e ) =0
tenglamaning yechimi N ta ixtiyoriy o‘zgarmasga bog‘liqdir, ya’ni
y=¢(X,C,...C,). Bu o‘zgarmaslarni aniglash uchun noma’lum funksiya y(x)
qo‘shimcha shartlarni ganoatlantirishi kerak.
Xususiy hosilali differensial tenglamalar uchun bu masala murakkabroqdir.
Bu tenglamalarning yechimi ixtiyoriy o°‘zgarmaslarga emas, balki ixtiyoriy
funksiyalarga bog‘liq bo‘lib, bu funksiyalar soni tenglamalar tartibiga teng bo°ladi
vaixtiyoriy funksiyalar argumentlarining soni yechim argumentlari sonidan bitta
kam bo‘ladi.
Misol. Quyidagi tenglamaning u(x,y) umumiy yechimini toping:u,, =0.
Yechish:Dastlab X bo‘yicha, so‘ngra Y bo‘yicha integrallaymiz, natijada
u(x, y) = f,(x)+ f,(y) yechimni olamiz. Ko‘rib turganingizdek, xususiy hosilali
differensial tenglamaning yechimida tenglama tartibiga teng miqdorda, ya’ni
ikkita funksiya qatnashayapti, bu funksiyalar argumenti esa yechim
argumentlari sonidan bitta kam.
Misol. Quyidagi tenglamaning ham u(x, y) umumiy yechimini topaylik:
u,, =0.
Yechish: Yugoridagidek mulohaza yuritsak umumiy yechim:
u(x ) = H,00y+ 00+ f,().

Misol. Quyidagi tenglamaning hamu(x,y,z) umumiy yechimini topaylik:
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u, =0.

XyX

Yechish:Yuqoridagidek mulohaza yuritsak, umumiy yechim:
ux,y,z) =x-y- f,(x, y) +x- f,(x,2) + f,(y,2)
ifodaga teng bo‘ladi.
Oxirgi misolda, ko‘rib turganingizdek yechimda tenglama tartibiga mos uchta
funksiya qatnashaypti, yechim uch o‘zgaruvchili bo‘lgani uchun ixtiyoriy

funksiyalar argumenti ikki o‘zgaruvchilidir.

Mustaqil bajarish uchun misollar

Quyida berilgan tenglamalarning umumiy yechimini toping:

1. u,-a’u, =0.

2. U, —2u,-3u, =0,

3. u,+au, =0.

4. U, —5u, —2u, +3u, +u, =2,

5. U, +au, +bu +abu=0,

6. U, —2u, —3u, +6u=2e""

2 _
7. U, +2au, +a‘u, +u,+au, =0,

§3.2 Xususiy hosilali differensial tenglamalarning turi saglanadigan sohada
umumiy yechimini topish
Ta’rif. Xususiy hosilali differensial tenglamaning umumiy yechimi deb, shu
tenglamani ganoatlantiradigan funksiyaga aytiladi.
Misol. Quyidagi tenglamaning turi saglanadigan sohani topib, umumiy
ychimini aniglang: x°u,, —y®u,, =0.

Yechish: dy; = X%, a, =0, &y =-y? - tenglama  koeffitsiyentlari.

A=a},-a,a, ifodaninig giymatini hisoblaymiz. A=(xy)’, x%0 va y=o0

bo‘lganda, tenglamamiz giperbolik ekan. Yangi ¢ va n o‘zgaruvchilarga o‘tamiz :
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X
£=xy, N=— almashtirish yordamida berilgan tenglamani kanonik ko‘rinishga

keltiramiz. Qiyin bo‘lmagan hisoblashlarni bajarib, tenglamaning kanonik
ko‘rinishini topamiz:

1
& _2% =0,

u
Endi bu tenglamaning umumiy yechimini topamiz. u, =V almashtirsh

bajarib tenglamani yechamiz, natijada

Inv:%lng‘—lnf(n)

v=VEf@)  u=Ef()+a(©)
u, =& 1)

yechimni olamiz. Dastlabki o‘zgaruvchilarga qaytsak, biz izlayotgan umumiy

yechim

u(x,y) =l xyl- f&}@(xy)

ko‘rinishda bo‘ladi.
Mustaqil bajarish uchun misollar
Quyidagi tenglamalarning umumiy yechimini toping.
8. yu, +(x-y)u, -xu, =0,
9. XU, +2xyu, —3y°u, —2xu, =0.
10. X°u,, + 2xyu,, + y?u,, =0.
11. xyu, —xu, +u=0,
12.u,, +2xyu, —2xu=0.
13.u, +u, +yu, +(x-Lu=0.

14.u,, +xu, +2yu, +2xyu=0.
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ou , ou U

16. — - +—=
OX oxoy oy

2 2 2
ou 46u ou zau 6_u=

17. 4— - +t——2—+
OX oxoy oy oX oy

0.

o'u _0u _0u ou ,adu

> — +8—F+—-2—=0.
OX oxoy oy* ox oy
82u+282u _82u+6_u+a_u_
x> oxoy oy> ox oy
azu_G o’u +62u+ ou_ou_,
ox> oxoy oy°  ox oy
2 2 2
6[;_86u+36u ou ou
X% oxdy

18.

19.3

20.9

5+
- ox oy
2 2 2
22.6l:+6 ou +96l;+8_u+36_u:
OX oxoy oy ox oy
2 2 2
alj+4au+4al;+a—u+28—u:
OX oxoy oy° ox oy
82u+662u+62u+8_u+8_u_
ox>  oxoy oy® ox oy

21.4

0.

23. 0.

24.5

25.9 -12 +4 +3—-2—=0.

2 2 2
26.39Y ;50U _H0U [0 ) g
OX oxoy oy oXx oy
2 2 2
27, TU 0L 30U, 6Ny
of ooy oyt Tox oy

o°u o’y 0°u .du du
> —4 +—-3_—+_—=
OX oxoy oy oX oy

2 2
ou —a—l:+(l+ey)a—u=0.
oxoy 0y oy

2 2 H
30.siny ou +a ! +(Smy—ctgyJa—u:O.
oy X oy

28. 3

29. e’

31 +4——-5"_ 4+ "0

35



ou . ou . au
32. — —sInXx +(sinx—ctgx) — =0
ox’ ( J )8x
33, 40U _ 0 qu g
e Yoy x
2 2 2
34, TU_gx O g0 N
OX oxoy
35, x 24 _y TU LA
Coox® Coxoy  ox
36. 2x o —y@— a—U—O
oy Tyt oy
2 2 2
37, JU_gx O g 0U LU
OX oxoy oy X oX
38, x U 3y 0U 5% _
ooy oyt oy
30, x 24 _y TU 4
Coox® Coxoy  ox
2 2 2
40. a—l:—zcosx ou +coszx8—l:—2—+
ox oxdy oy ox
2 2
g1, SU L OV
OX"~  Oxoy
2 2
42. 4x ou —ya—‘j+3a—“=0.
oxoy oyt oy
2 2 2
43. xzal:—ny ou +y26 l:+xa—u+y
OX oxoy oy OX
o'u , 0
2 2
44t ﬁ_ 6720
45 ax Uy OU N
T Ty x
2 2
46,301 _yOU N _g
oxoy oyt oy
. Yy O 5
T Ty Toax
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48.

49.

50.

ol.

52.

53.

54,

55.

o .9l , 0°u ou . ou
— +2sinX —C0S" X— +— +(sinx+cosx+1)—=0.
OX OXoy oy®  Ox oy
2 2 2
a—l;+23inx —coszx—lj+cosxa—u=0.
OX 6 oy
2 2 2
8—lj—ZSinx ou —(3+cos? x)a—g—cosxé—u=0.
OX OX oy oy
2 2 2
8—l:—ZSinx ou —(3+cos’ x)a—l:+xa—u+(2—
OX OX oy OX
2 2 2
a—l;I—Sxy ou +2y28—l:+3ya—u:0
OX oxoy oy oy
2 2 2
32 7Y 1exy CY y16y2 Y 115k M g,
OX oxoy oy OX

U _,x0u X o 200 yioxPau_ s g
ox*> yoxoy yroyt xox y: oy '

2 2

OU _x@U, L1 [ 5Mligoo.
oxoy oy. X" +yl|ox oy
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4-bob. Ikkinchi tartibli giperbolik turdagi differensial tenglamalarga

qo‘yilgan Koshi masalasi

Biror fizik jarayonni to‘la o‘rganish uchun, bu jarayonni tasvirlayotgan
tenglamalardan tashqari, uning boshlang‘ich holatini (boshlang‘ich shartlarni) va
jarayon sodir bo‘ladigan sohaning chegarasidagi holatini (chegaraviy shartlarni)
berish zarurdir.Ushbu bobda ikkinchi tartibli xususiy hosilali differensial
tenglamalarga qo‘yilgan Koshi va Gursa masalasini yechish o‘rganilgan. Mavzuga

doir mustaqil yechish uchun misol va masalalar keltirilgan.

§4.1 Koshi masalalarini yechish

Shunday qilib, aniq fizik jarayonni ifodolovchi yechimni ajratib olish uchun
qo‘shimcha shartlarni berish zarur. Bunday qo‘shimcha shartlar boshlang‘ich va
chegaraviy shartlardan iborat.

Jarayon sodir bo‘layotgan soha G = R" bo‘lib, S uning chegarasi bo‘lsin.
S ni bo‘laklari silliq sirt deb hisoblaymiz.

Differensial tenglamalar uchun, asosan, 3 turdagi masalalar bir biridan farq
giladi.

a) Koshi masalasi. Bu masala, asosan giperbolik va parabolik turdagi
tenglamalar uchun qo‘yiladi; Gsoha butun R" fazo bilan ustma ust
tushadi, bu holda chegaraviy shartlar bo‘Imaydi.

b) Chegaraviy masala elliptik turdagi tenglamalar uchun qo‘yiladi; S da
chegaraviy shartlar beriladi, bu holda jarayon statsionar bo‘lgani sababli
boshlang‘ich shartlar tabiiy ravishda bo‘lmaydi.

¢) Aralash masala giperbolik va parabolik turdagi tenglamalar uchun

qo‘yiladi; G = R" bo‘lib, boshlang‘ich va chegaraviy shartlar beriladi.

Har ganday masalaning mohiyati berilgan ¢ € E, funksyailarga asosan uning

ueE, yechimini topishdan iboratdir, bu yerda E, va E, - metrikalari p, va p,

bo‘lgan qandaydir metrik fazolardir. Bu fazolar masalaning qo‘yilishi bilan

aniglanadi.
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Masalaning yechimi tushunchasi aniqlangan bo‘lib, har bir ¢€E,

funksiyalarga yagona U =R(¢) € E, yechim mos kelsin.

Agar ixtiyoriy >0 uchun shunday s(s)>0 sonni ko‘rsatish mumkin
bo‘lib, p,(p,¢,)<d(e) tengsizlikdan p,(U,U,) <e tengsizlik kelib chigsa, masala
(EU, E(p) fazolar juftida turg‘un masala deyiladi.

Bunda U =R(p), U €E,, @€k, i=12.. masalaning yechimi berilgan
shartlar (boshlang‘ich va chegaraviy shartlar, tenglamaning koeffisiyentlari, ozod
hadi va h.k.) ga uzluksiz bog‘liq bo‘ladi.

Agar tekshirilayotgan masala uchun ushbu

1) ixtiyoriy ¢ € E, uchun U € E, yechim mavjud;

2) U yechim yagona;

3) masala (Eu,Eq,) fazolar juftligida turg‘unlik shartlar bajarilsa, masala
(Eu,Eq)) fazolar juftligida korrekt (to‘g‘ri) qo‘yilgan yoki to‘g‘ridan
to‘g‘ri korrekt masala deyiladi.

Aks holda masala korrekt qo‘yilmagan masala deyiladi. Yugoridagi

talablardan kamida bittasi bajarilmay golsa yechim boshlang‘ich va chegaraviy

shartlarga uzluksiz bog‘liq bo‘lmasligi ham mumkin.

Masala. Quyidagi Koshi masalasini yeching:

1 .
xuxx—uyy+§uX =0,

u‘yzozx, u —0, x>0,

il

Yechish :Dastlab, tenglamani kanonik ko‘rinishga keltiramiz. A=alzz — a8y
ifodaninig giymatini hisoblaylik. A=x, x>0bo‘lgani uchun tenglama giperbolik.
Yangi ¢ va n o‘zgaruvchilkarga o‘tamiz :5:2&+y, 77:2\/;—y almashtirish
yordamida berilgan tenglamani kanonik ko‘rinishga keltiramiz. U quyidagi

kanonik ko‘rinishga ega: U, =0. Berilgan tenglamaninig umumiy yechimi

u(x,y) = F2¥x + y )+ g2vx - y) korinishda bo‘ladi.
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Bu yechimlar orasidan Koshi shartlarini ganoatlantiruvchi yechimni topamiz.
Buning uchun quyidagi tenglamalar sistemasini topamiz :

Atk

Natijada,r(z&)z g(Zﬁ):g yechimlarni olamiz, bu natijalarni keltirb umumiy

yechimga  qo‘ysak,  Koshi  masalasining  yechimi  hosil  bo‘ladi:

yZ

u(x,y) =x+ . x>0, |yl<2vx.,

Masala. Xarakteristikada berilgan quyidagi masalani yeching:

o’u 0% .
W=W, y+x=0 da u(x,y)=e(x) va y—x=0 da u(x,y)=w((x),
»(0) = (0).

(Eslatma. Giperbolik turdagi tenglamaga xarakteristikada qo‘yilgan masala
Gursa masalasi deyiladi.)

Yechish : Dastlab, tenglamani kanonik ko‘rinishga keltiramiz. A=alzz —ay;a,,
ifodaninig giymatini hisoblaylik. A=1, bo‘lgani uchun tenglama giperbolik.
Yangi ¢ va 7 o‘zgaruvchilkarga o‘tamiz:f=x+y, n=X-y almashtirish
yordamida berilgan tenglamani kanonik ko‘rinishga keltiramiz. U quyidagi
kanonik ko‘rinishga ega U, =0.

Berilgan tenglamaninig umumiy yechimi u(x,y) = f(x+y)+g(x—y) ko‘rinishda
bo‘ladi.

Bu yechimlar orasidan xarakteristikada berilgan shartlarini ganoatlantiruvchi

yechimni topamiz. Buning uchun quyidagi tenglamalar sistemasini topamiz :

{ £(0)+g(2x)= p(x)
f(2x)+9(0)=w(x)

Natijada, f (2x)=w(x)—g(©) Va g(2x)=p(x)— f(0) yechimlarni olamiz. Muvofiglik

shartidan esa f (0) + g(0) = p(0)(= v (0)) tenglikni olamiz. Bundan
f(x+y)= l//(x;zyj -g(0) va g(x-y)= w{%) —f(0) funksiyalarni aniglab,
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natijalarni keltirb umumiy yechimga qo‘ysak, masalaning yechimi hosil bo‘ladi :

Mxy):¢(£§Xj+w[£§Xj—¢®)

Mustagil bajarish uchun mashglar

Quyidagi Koshi masalalarini yeching :

1. u, =0;

u, =0 u T X, X <1.
2. Uy, +u,=0;

ul,_,=sinx, U, =1 |X| < o0
3. u,-u,+2u +2u, =0;

U yo=x, uy‘yzozo, X <0

4. u,-u,—2u, -2u =4;

U|X:0:_y’ uX|x=0 =y-1 |y|<oo,

u‘yzozo, u = X + COSX, \x\<oo.

y‘y:O
6. Uy, +YU, +xu +xyu=0;

—5x2

u‘ =0, u =g, x<1.

y=3x y‘y:Sx

7. XU, +(X+yu, +yu, =0;

3
1=X7,
y==

u =2x2, x>0.

8. U, +2(1+2x)u,, +4x(1+xju, +2u, =0;
Uio=¥s  Ulg=2 [Y<e
9. XU, -y’u, —2yu, =0;

u|x:1:y7 Ux|le=y, y<0
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10. x’u, —2xyu,, —3y°u,, =0;

u\yﬂ:o, u =4x", x>0.

Y‘yzl

11. yu,, +x(2y -1)u,, —2xu,, - Lu, =0;
X

X

2
uhﬂzx, u =1 x>0.

y|y:0
12. yu, = (X+y)u,, +xu, =0;

2
uhﬂzx, u =X, x>0

y|y:0

13.u, +2u, +u, +2u=1, x>0, y<1;

u

X,

><+y:1= X X+y=l = X .

14. Xyu, + XU, —yu +U=2y, x>0, y<w ;

u|xy=1=1_y’ uy|xy=1_

15.u, +i(uX +U,)=2, 0<X, y<owo
X+Yy

=1+x.
y=X

X7, u

X

16.uxx—uw+§ux—zuy:0, X-y|<L  |[x+y-2<1

U,a=u,() U] =w09, u,eC?(02), U, eC'(0,2).

17.2u,, —e™u, =4x, —oo<X, Yy<wo

uh2¢=x5cosx, uyyﬂ:=x2-+1.
ou o« ou
18. —+—=0,u/,,=0,— =-x-1.
oxot ot o o,
2 2 2
19, 39U 5 TU U M LMy gy =1 Y =3y,
OX oxoy oy ox oy OX|,o
2 2 2
20. 582+68u+ag+a—u+a—u=0,u|xzoz2y,a—u =5y
OX oxoy oy: ox oy OX 1o

2 2 2
21. 36L;+26u—ag+a—u+a—u=0,u|xzoz2y,a_u =4y,
OX oxoy oy ox oy OX|yco
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2
99 u o _0°
U u ou
ox 8x8y+88y P 25 =0
2 L N s
23. 4a u_g ou o A :
o oy it Rt
2 x oy ’u‘yzoz?’x'a_u 2
=2X
24. 323— o’u o : B
. — =
ooy o Uyo= 00, 2 =F
= F(X).
25, 30U _50U 0 )
OX ’ B
ooy oy o= 00, X =R
= F(X).
26, 20U .0 50U yzo
OX - -
oy o Uyo= 00, 2 =F
= F(X).
27. 374 44 704 .
OX
oxey 53/ =0, u‘yzozf(x)’ﬁ_u F(
= X).
28. ZZL;— o +6azu ayyzo |
X =0
oxoy oyt u‘y:():f(x),a_u F(
= F(X).
29, 3823_4 ou ou ,éu )
ox T
oy o Sax oy O Ut :
o y =0 Uram P 0] =t
=w(Xx).
30. G+ 0u _gou ou_au -
ooy ooy tox oy 0 U
oy yzo—f(x)’a—u F(
= X) -
31. x—azg—yazu Z—au — ) |
o2 7 oxoy =0 o
OX ,u|X=: ’ =
=Y Xl—2y3.
39 oy o'u  0°u ou _
ooy Vor Yoy
& 8y & O,U‘ =X gl; =3x3
33, Xazu ou ,du )
2z Y =~
o Vaxoy a0 U= o
Al —ay
34. ou % OX|y—o &
—6X2+ =0 u| = —6
oxoy ! x:1—2y+1’ - =
| x| Y
35, 4y 0 o°u ,du
ooy Yoyt oy 0 U= 46,
o0 =4, M g
=0oX -
36. 382u o°u . ou )
_y__2__
G 8y_0’”\y—1=x’a—u =16x*
ayy:l_ oX* -




2 2
37. 4X§X;y— %+3%:0,u‘y_1=x2+1,6_u —4.
y=1
38 o°u 82 2, au ’s
| ooy Yoy 2oy 0 Um0 O =exdx.
y=1
2 2
39. xa—l:—yau 7a—u=0, _1—3y,8u =2y",
OX oxoy  OX OX |,y
2
40. xjxgy—s Zy—“—5gy—o,u\y_1=4x4% .y
y=1
2 2
41 3 a_z_y au 4@=01 _1_4y 1 au :y7'
ox T axay  ox x|,
2 2
42. 2xa—l:—yau 56—u=0, =y2,a—u =2y’.
oo oxdy - ox x|,
2 2
43, 32Uy U N gy caeyn Y oy
o oaxay | ox x|,
o°u _ du  _éu au
44 ZXW_ya 5—_0 |X1 =y5.
Xoy  OX axH
2
45. 2xa—‘2‘—3 U, M _yg. ul,=2+3x3, My
ox o 53/ a
o°u o°u du
46, 3x Y oy fU M _o. . —yse3 A oy,
82 y8y2 aX u: y+ o y y
2
47.3x§xgy—4 Zy_u %u 0; ul,,=3x"+2x, & Ul _1_ox.
y=1
o°u o’u Lo au
48. 2x—— -5y —=0; u,,=3"+1L X _5x42
Oxoy 5)’ 5')/ -
2
49, axQU_gy0U A _o. ) g W _gp
o oy ox x|,
ou  d%u ou ou
50. 3X—— —+—=0; ul,_,=3y% — =1-y.
aXZ yayZ ax x=1 y axx:l y
o°u ou . ou au
51. 3x -2y—+2—=0; u‘y:1=3x2, —4-_x?
oxay ay oy -
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52.

53.

54,

55,

56.

o7,

58.

59.

60.

61.

62.

63.

64.

2 2 2
zal: yau+16y26—l:+15xa—u:0;u‘f_
OX oxoy oy OX

2 2 2
3x22—2—16xy§;y +16y2%+15x2—u =0;u
X X X

8_u
154

20 ,

x=1 3

x:l: 2y2’

o’u 25i o°u , 0u oau . 2N _,. _
P smxaxay—cos xy+&+(smx+cosx+ )5— ; U‘yz—cosx=1+25'nx1

au

=SinX.
oy y=—CO0SX

ou . 2 , ol ou
—— +2sinx —C0S” X—— +C0SX— =0 u‘
OX oxoy oy

—1+cosx, Y

=0.

y=—C0S X

y=—C0S X

2 2 2 au
a—E—Zsinxau —(3+coszx)a—l:—cosxa—u:0; u =sinx, —
X oy oy

y=C0S X ay

1
=—e .

y=C0S X

2 2 2
a—l;I—Zsinx ou —(3+cos’ x)a—g+xa—u+(2—sinx—cosx)a—u=0; u
OX OX oy OX oy

0,

y=cosXx

au 3
—|  =e?cosX.

8}/ y=C0S X
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Xususiy hosilali differensial tenglamalar almashtirish yordamida kanonik

ko’rinishga Keltirilgan,

dastl

abki

shartlarni ganoatlantiruvchi xususiy yechimini toping:

65.

66.

67.

68.

69.

70.

71.

72,

73.

74,

75.

76.

77,

78.

u a—u:O; E=2x+3y, n=4x—5y, u|x=0:1,a_u _9
okon o0& ..
gaun %Z_;=o; ¢=3x+8y, 77 =4x -5y, le:o=5,a—ux_o=7.
6852;77_ S_ZEZO; £=3x+7y, n=4x—5y, u|X=0:1,Z—l)J(X_O=2_
azzaun+3g_§=0; & =3x—-4y, n=5x+6Yy, U|X:°:2’Z_;J<X_0:3'
a(?au,]_ 2_220; & =2x+3y, n=5x-4y, U|X=0:1,g_;:x_0=1_
;g;un‘ 2_;17:0; §=5x—6y,77:x+2y,u|X:0:4,Z_;J(X_0:1.
a(z;un %%ZOJ §=2X—3y,n=3x+4y,u|X=O:2,Z_;‘(X_0:1.
azzau,f S_;:O? & =4x-3y, n=5x+2y, u|X:0:3,Z_§X_O:5,
o%u _ a_u:O; .§=3X—4y,77=3x+5y,u|X:0:y,a_u -1
o&on  on B
ai;un g_l:foi §=2X+3y,n=3x+5y,u\y_o=2x,a_uyoza
aizaun_ 2_;:0; &=3x+y, n=2y-5X u\y_0:3x+5,5_uy0
889;;;7:0; =Xy =y, Ux-1=3y3+5,g—ix_1:3y+1.
aiaun+%2—;=0; £ X2y p=x u‘y_l=2X,%“y_l:3X2+1_
88;(;774_%2_;:0; E=YXn=x u‘y—lzzxz’a—uyl=3x+1.
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tenglamaning berilgan boshlang’ich

=4,



79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

ai:aunJrllS; 0; &=xy’,n=y, U|X:1=3y,g—ix_1=2+3y.
aizau,]Jr;S; 0: E=x%y% p=x, u‘y_l=2X3,5_Uyl:3X.
aigzaun+42§ 0; £=xy' =y, U|X:l:1+2y,g_ix_1=3y2_
aiaun+%2—;=o; E=X*y  n=y, ul_,=3y° ,gi _1:3y4_
aijafsfygg 0; £=xy'n=y, U|x=1=y%x_l=3y+z.
o +33U x:1=3y2,a—u =3y +2.
0gon  n 05 x|,
8§8n+2372§ E=XY = x,= auy:Xz—Z.
869:;77_%2_;:0; §:X2y3|77=x,u‘yl—x +1, a_uy_lzx_
a‘?a“f%i—; LSV =X ], =4, auy_l=6x.

Xarakteristikada berilgan masalalarni yeching:

ox>  oy?’

2 2 2
a‘j+6a“ +5a‘j:0;
XX oxdy oy
»(0) = (0).

2 2 2
a‘j+6a“ +5a‘j:0;
XX oxdy oy
(1) =y (-1).

2 2 2

o‘u o“u +86u

76 7 =0;
OX oxoy oy

) =w@).

y—x=0dau(x,y)=e(x),5x—y=0dau(x,y) =w(x),

y=5x+3dau(x,y)=¢(x), y=x-1dau(x,y)=w(X),

y+4x=0dau(x,y)=@(Xx), y+2x+2=0dau(x,y)=w(x),
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y+x=0dau(x,y)=e(x), y-x=0dau(x,y)=y(x),

»(0) =y (0).



2 2 2
92.3al2J+2au _al;:
oxF “oxoy oy

0; x—y-1=0dau(x,y)=e(x),

X+3y+1=0dau(x,y)=w(x), (0(%) :W(%)-

o°u 8 o°u o°u

93.4— - +3—— =
x> oxoy oy

0; x+2y+1=0dau(x,y)=ep(x),

3x+2y+2=0dau(x,y)=w(x), (0(_%) = W(_%)-

2 2 2
94,37 Y ;50U _HOU_
o ooy oy

2x—y—1=0dau(x,y)=w(x), CO(%) = W(%)

0; Xx+3y+2=0dau(x,y)=e(x),

o%u o%u u .
05. 258X2 +56x8y _28y2 =0;2x—-5y—4=0dau(x,y)=p(x),

X+5y+3=0dau(x,y)=w(x), (0(%) = ‘//(%)

o°u 9 o°u ol

o2 Toxay oy

96. 0; 4x—y+3=0dau(x,vy)=e(),

2x+y—4=0dau(x,y)=w(x), 60(%)21//(%)

o'u ou  _.ou .
v +8x8y_66'y2 =0;2x+y+1=0dau(x,y)=e(x),3x—y—2=0dau(x,y) =w(x),
o(d) =y ().

2 2 2
ag_7au_4ag:
o ooy oy

97

98.2

0; 4x+y+1=0dau(x, y)=e(x),

x—2y+4=0dau(x,y)=p (9, 9(-3) =W(-3)

2 2 2
99.al:+2xau _161::
OX OXoy X oy

0, (x>0);  y-1=0dau(x y)=e(x),

X' —y=0dau(x,y) =y (X), p@) =y ).

Z_;uxaz“—o, (y>0);  y-x=0dau(xy)=gp(x),

oxXoy

Xx—=2=0dau(x,y) =y (x), @(2)=w(4).

100.

o°u

oy =0, (x>0);y—\/§:0dau(x, y) =o(X),

o%u
101. 2yy+

y—2=0dau(x,y)=y(x), ¢@4)=y(4).
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ou ,0u 1ldu 2
_ el PVt —-x"=0dau(x,y) =p(x),
102 v X" — < ox 0, (x>0), y (X, Y)=0(x)

y+x +2=00dau(X,y)=y(X), o=y .

o%u ou o 1 au ou
103. ~—— +2sh - Z _thx—=0:y-e*=0dau(x,y)=oe(x),
03 8x2+ > Xaxay 8y2+chxay Xax Y (y)=0(x)

y-e"=0dau(x,y)=w(X), »()=y(0).

§4.2 To‘lqin tenglamasi uchun Koshining klassik masalasi
C*(t>0)NC*(t>0) sinfdan shunday u(x,t) funksiya topilsinki, bu funksiya

t>0da
u, =a’Au+ f(xt)
tenglamani va quyidagi boshlang‘ich shartlani qanoatlantirsin:

u |t:+0: uo(X)’ Us |t:+0: Ul(X),

Bu yerda f,uy,u; - berilgan funksiyalar.
Bu masalaga Koshining klassik masalasi deyiladi.
Agar quyidagi shartlar bajarilsa:
f eC'(t>0),u, eC*(RY), u, eC'(R), n=1;

f eC*(t>0),u, eC*(R"), u, e C*(R"), n=2,3,

Koshining klassik masalasining yechimi mavjud, yagona va quyidagi formulalar

orgali topiladi:
n =1 bo‘lganda, Dalamber formulasi bilan

x+at t x+a(t-7)

u(x,t)=%[uo(x+at)+uo(x—at)]+2—1a jul(g)d§+2—1aj [T ndadr. (1)

x—at 0 x—a(t-7)

n=2 bo‘lganda, Puasson formulasi bilan, agar n=2 bo‘lsa:
t
S feodgde 1 u@ds
275 s st (t-1) —| E-x P 2ttt | £ - x [

1 0 U, (£)ds
L1 9o 0 . (2)
278 Ot jjea J2%P | &~ X |

n =3 bo‘lganda, Kirxgoff formulasi bilan, agar n=3 bo‘lsa:

49



ux=—1, | Lf(;,t—w‘xgdﬂ L u@ds+ 122{} J'uo(/:)ds}

4m’ . el § =X a 4ma’t .y o 4ma’ Ot| b, 5 o
©)
Ba’zida berilgan f,U,,U; funksiyalarga garab, n>2uchun quyidagi formuladan

ham foydalanish mumkin:
t2k+1 a.2k t

S tZk 2k Ak 2k Ak 2k+1 Ak
u(x,t):é{ma Auo(xl,...,xn)+(2k+1)!a Aul(xl,...,xn)+(2k+1)!2|)‘(t—r) A f(xl,...,xn,r)dr}
4)

bu yerda, A - Laplas operatori bo‘lib, k =031,2,..marta mos ravishda Uy,u;, f -

funksiyalarga qo‘llanilgan. (4) formuladan foydalanish, berilgan funksiyalar,
ayniqsa, ko‘phad bo‘lganda qulaydir.

Uy =U, +U, +U, +ax+bt
Masala: u(x, y,z,0)= xyz
u,(x,y,2,0)=xy+z

masalani (4) formula bilan yeching.

Yechish: Uy, =Xyz funksiyaga keraklicha marta A operatorni qo‘llaymiz:
AUy =Uy =XyZ; AUy = AUy(X, Y, Z) = Ugy +Ug,, +Uy, =0+0+0=0. Laplas operatorini
keyingi qo‘llashlarda ham nol hosil bo‘ladi, demak hisoblashni shu yerda
to‘xtatamiz.

Xuddi shu hisoblashlarni U;, T  funksiyalr uchun ham bajaramiz:
Au =U, =Xy +2;
ANu, =AU, =..=0; Af = f =ax+bt; Af =A*f=..=0,
Hisoblashlarni (4) formulaga qo‘yamiz, natijada:
axt’ bt?

s yechimni

t
u(x,y,z,t) = xyz+t(xy+z) +j(t —7)(ax+br)dr = xyz+t(xy+2z)+
0

olamiz.

X

Masala: U, =Uu, +€"; u_ =sinx, u]_ =Xx+cosx,

Koshi masalasini (1) formula bilan yeching.
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Yechish: U, =sinX, u —x+cosx, f(Xt)=¢€" berilgan funksiyalar. Masalani

yechish uchun Dalamber formulasidan foydalanamiz:

x+t t X+(t-7)

u(x,t)== [sm(x+t)+sm(x t)]+ J.(§+cos§)d§+ij Ie‘fdédr:
0 x—(t-7)

SR S
L1 & X+(t—-7 _ e R _
+ de o [sin(x +t) +sin(x —t)]+

1 incx— )]+ L[ £ 1
= 2[sm(x+t)+sm(x t)]+2[ 5 +SIH§J

x—t

+3((x+t) (X +1)?
2

> > j 2[sm(x+t) sin(x—1)] _[e sh(t—z)dz =sin(x+1) +

+ xt-e*ch(t—r)\; = sin(x+t) + xt+e* (cht —1)

n=2van=3 bo‘lgan masalalarni mos ravishda Puasson va Kirxgoff
formulalari bilan yechganda, ba’zan Dekart koordinatalar sistemasidan qutb va
sferik koordinatalar sistemasiga o‘tib yechish ma’qul. Quyida mos ravishda
Puasson va Kirxgoff formulalarining qutb va sferik koordinatalar sistemasidagi
ifodalanishini keltiramiz:
Puasson formulasi:
LX) = 21 j f(¢ndde 1 u, (£)dé&
8% VA (-7) = [ E-XP 2B At E-x

J- u(§)ds 1 ja(t D25 f (X + pCOSQ, y+psm(pf)pd(0dpdr+
27za6’t|§ x|<at\/53-2J[2—|‘§»Z_X|2 2my o o a’(t—z) - p?

+

t27 at2

”u(x+pc05go,y+psmgo)pd(pd Jju(x+pc03¢,y+psmgo)pd(pdp

0 \/at \/at

Kirxgoff formulasi:

=gy | A talE e Lo fugoes s ;QF juo@ds}=

7 |§—x|<at|§_x| |é-x|=at ot
at2
;|
0
al

|&—x|=at
“ f(x+ L COSESING, Yy + psingsing,z + pcoso,t —§jpsin9d6d<pdp+
00

T2

t 2

j_[_[ul(x+ pPCOS@sing,y + psingsing, z + pcosd)p’sinéd @ pdp +
000

_+_
47a?
1
4a

at2zm
. %Fj”uo X + pCOSPSING, y + psingsing,z + pcosd)p’ S'ngdgd(”dp}
000

Mustaqil bajarish uchun mashglar

Quyidagi Koshi masalalarini yeching:
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a) (n=1)
104.
105.
1086.
107.
108.
109.

110.

b) (n=2)

111.
112.
113.
114.
115.
116.
117.
118.
119.

120.
c) (n=3)

121.

122.

123.

3 3.
Uy =3AU+ X" +Y°; Ul

U, =Au+e

Uy =Uy +6; ul_, =x%, u]

=4x.

t=0

Ug =4U, +Xt; U =x*, ul _ =x.

t=0 t=0

Uy =Uy +SiNX; ul_ =sinx, u|  =0.
. :
Ug =U, +€"; u|_ =sinx, u]_, =x+cosx.

Uy =9, +8inX; =1, ul  =1.

t=0

U, =a’u, +sinax; U|t=0 =0, ut|’[:0 =0.

U, =a’u, +sinat; ul_, =0, uf_=0.

U =AU+2; ul  =x,ul =Y.
U, =AU+6Xyt; Ul =x*—y*, uj_ =xy.

Uy = Au+x° =3xy*; ul_ =e€*cosy, u_ =e’sinx.
U, =Au+tsiny; u_ =x*, uf_ =siny.

— . 2 2 2 2
Ue =2AU; u|l  =2x"—y?* u|  =2x*+y*.

2 2
t:O_X 'ut|t:o_y'

3x+4y .

_ A3x+4y

_ A3x+4y
t=0 e J ut|t=o =e '

u

; u,=r* ul_,=r" buyerda r=x2+y?.

Au; uf_ =cosbx+cy), u_, =sin(bx+cy).

u, =a’Au+r’e'; u_ =0, ul =0, buyerda r=x?+y>.

Upg =AU+2Xyz; U] =x*+y*—-22°, u|_ =1.

t=0

2

_ 2,2. _ 2
U; =8AU+t°X"; u|_ =V?*, u,

|t:0 =7,

U, =3Au+6r’; ul_ =x*y?*z%, u|_, =xyz, bu yerda

r=yx*+y*+z°.
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124. un—Au+6te sinycosz, u‘ ,=e*Ycoszv/2, u| =e¥"* sin5x.

t=0

125. u =a’Auul_ =r* uj_ =r‘ buyerda r=x?+y?+2’

126. U, =a’Au+r’e', ul_ =0,ul_ =0,buyerdar=x*+y>+z*.
127. U, =a’Au-+cosxsinye’, u|_ =x%"", u|  =sinxe’”.

128. U, =a’Au+ xe' cos@y +4z), ul_, =xycosz, u]_, =yze.

129. U, =a’Au, u|_ =cosr,u|_ =cosr, buyerda r=x*+y?+z°.

§4.3 Issiqlik o ‘tkazuvchanlik tenglamasi uchun Koshi masalasi

C*(t>0)NC(t>0) sinfdan shunday u(x,t) funksiya topilsinki, bu funksiya

xeR", t>0da
U, =a’Au+ f(xt)
tenglamani va quyidagi boshlang‘ich shartni ganoatlantirsin:
U oo = Uy (X),

bu yerda f,U, - berilgan funksiyalar va |u/<M, M >0 - biror son.

Bu masalaga issiqlik o‘tkazuvchanlik tenglamasi uchun Koshining klassik
masalasideyiladi.

Agar f eC*(t>0) funksiya va uning barcha ikkinchi tartibigacha hosilalari

har bir 0<t<T sohada chegaralangan, u, e C(R") funksiya chegaralangan bo‘lsa, u

vaqgtda Koshining klassik masalasining yechimi mavjud, yagona va quyidagi
Puasson formulasi orgali topiladi:

[x=&

e f(67) e
u(x,t) = Up(E)e #tdé+ | | —t—e (P dadr. 5)
(Za\/_ (2avat) & I I J »ayrt—7] '
Quyidagi formuladan ham foydalansa bo‘ladi:
2k
u(x,t) = Z _aZkAk (11 o n) a I(t )ZMAk (1’ -an’T)dT . (6)

2k + 1)1

2

ou ,o°u
Masala. —=4—+t+e', u

o ox |, =2. Koshi masalasini yeching.
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Yechish : Bu masalani yechish uchun (5) formuladan foydalanamiz. Bu
holda berilganlar quyidagilardan iborat :a=2, U,(x)=2, f(x,t)=t+e'. Ularni (5)

formulaga etib qo‘yamiz:

1 % o) Lo L ar 71(;(—5)2)
u(x,t)=——— [2e ® dé+ [ [—=——e ¥ ddr=1, +1,, 7
22%[0 ![04 7(t-71) P 7
b d 1 7 ey | j‘T T+e’ ig(_tg)z)dé:d Int I .
u yerda 1, =—— [e 1 d¢ va =| |[——=—=—=¢e *"d&dr. Integralarni
verda 1= fe o S RN :
alohida-alohida hisoblaymiz.
X=& . s
——= = n belgilash kiritamiz,
N
§:x-4\/f77
- Te‘(xﬂi)zdg— dé =-4tdn N jw (-4ﬁe-"2)dn—
N N
é’:—oo_)nzoo
§=0—>1=—0
:iTe‘”zdn: ]Ee‘”zdn=\/;-Puassonintegrali :i-\/;:Z,
Jz 2, :, Jr
demak, 1, =2.
t o T+eT 7()(_4:)2
l, = [ [-——==——=e ™d&r - integralni hisoblashda ham yugoridagi kabi
0_004 7Z'(t—T)

2
fikr yuritib, hisoblashlarni bajaramiz va quyidagi natijani olamiz: I, =%+et -1.

Ikkala integralni (7) ga qo‘yamiz, natijada quyidagi yechimni hosil gilamiz:

t?
u(x,t):?+e +1,

Mustaqil bajarish uchun mashglar
(5) yoki (6) formulalar yordamida quyidagi Koshi masalalarini yeching.
a) (n=1)

1. u =4u, +t+e’, U _ =2.
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_ 2 i
2. u =u, +3°, ul_, =sinx.

3. U, =U, +€ COSX, Uu|_, =CosX.
4. U =u, +e'sinx, u[_ =sinx.
5. U, =u, +sint u|t:0 —e .
6 du =uy,, ="
7. U, =U,, ul_, = xe ™
8. du =Uy,  uf_ =sinxe™

b) (n=2)
9. u =Au+e', ul_ =cosxsiny.

10.U, =Au+sintsinxsiny, u| =1,
11.u, = Au+cost, ul,_, =xye .
12.8u =AU+, u_ =e .
13.2u, =Au, u|I=0 = COSXY.

) (n=3)
14.U, =2Au+tcosx, u|_ =cosysinz.
15.u, =3Au+¢', u_, =sin(x-y-1z).

16.4u = Au+sin2z, ~Lsin2z+ e cosy.
t=0 4
17.U, =Au+cosx-y+z), |  =e v,

18.U, =Au,  u|_ =cos(xy)sinz.
d) Quyidagi Koshi masalalarini yeching
u =Au, ul_, =Up(x), xeR"

bu yerda up quyidagicha aniqlanadi:

n
2
19.u, =08 Y X, . 20. u, =e " .
k=1
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5-bob. O‘zgaruvchilarni ajratish (Furye) usuli

Ushbu bobda tor tebranish va issiqlik o‘tkazuvchalik tenglamalariga
qo‘yilgan aralash masalalarni yechishning Furye usuli o‘rganilgan. Mavzuga doir

mustagil yechish uchun misol va masalalar keltirilgan.

§5.1 Giperbolik turdagi tenglama

Uchlari x=0 va x=Inugtalarda mahkamlangan tor tebranishi tenglamasi

masalasi uchun Eurye yoki o‘zgaruvchilarni ajratish usulini bayon gilamiz.

Erkin tor tebranish tenglamasining:

ot? ox’
1)
boshlang‘ich:
U= Ug (X), Uy fio= Uy (X) 2)
va chegaraviy:
u |x:0:0’ u|x:I:O (3)

shartlarni ganoatlantiruvchi  u(x,t) yechimini b ={xt):0<x<I;t>o0}Sohada
aniglaylik.
Dastlab, (1) tenglamaning xususiy Yyechimlarini quyidagi korinishda
gidiramiz:
u(x,t) = X ()T (1), (4)
bu funksiyalar aynan nolga teng emas va (3) chegaraviy shartlarni ganoatlantirsin.
(4) funksiyani (1) tenglamaga qo‘yib quyidagi oddiy differensial
tenglamalarga kelamiz:
T"(t)+a’AT(t) =0, (5)
X"(X)+ AX (x) =0, (6)
bu yerda A =const.
Chegaraviy shartlar quyidagicha bo‘ladi:
X(0)=0, X()=0. (7)
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Natijada biz (6)-(7) Shturm-Liuvill masalasi deb ataluvchi masalaga kelamiz.

Bu masalaning xos sonlari:

2
A :(?j k=12,..

va bu xos sonlarga quyidagi xos funksiyalar mos keladi:

X, (x) = Izsm#

A =4, bo‘lganda (5) tenglama quyidagi umumiy yechimga ega:

T (t) =a, cosk7|Zat + b, sm@

Shuning uchun

u, (x,t) = X, (X)T, (t) = (ak CcoS k;:at +Db, sin k’:a jskaﬂX

funksiyalar har ganday &, va b, uchun (1) masalani va (3) chegaraviy shartlarni

ganoatlantiradi.
(2)-(3) shartlarni qganoatlantiruvchi (1) masalaning yechimini gator

ko‘rinishida qidiramiz:

k;zatj kzx
|

u(x,t) = ZX ()T (t) = Z(ak cosk7|Za +b, sml— sin—— (8)

Agar bu qator tekis yaginlashuvchi bo‘lib, uni hadma-had ikki marta
differensiallash mumkin bo‘lsa, u vaqtda gator yig‘indisi (1) tenglamani va (3)

chegaraviy shartlarni ganoatlantiradi.
a, va b, doimiy koeffitsiyentlarni shunday aniglaymizki, (8) gator yig‘indisi

(2) boshlang‘ich shartlarni qanoatlantirsin, U holda quyidagi tengliklarga kelamiz:

U, (X) :ZaksinkTﬂx, 9)
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(9) va (10) formulalar Uy(X) va u,(x) funksiyalarning (o, 1) intervalda sinuslar

bo‘yicha Furye qgatoriga yoyilmasini beradi. Bu yoyilmalarning koeffitsiyentlari
quyidagi formulalar bilan topiladi:

k_ﬂxdx’

2 | :
a, = I—juo(x)sm I
0

2 |  kax
b, = ——|u,(X)sin——dx.

Masala: Quyidagi masalani yeching:

Uy =U, +U, 0<x<l,u _ =0,ul =t u_ =0,y =X

t=0 t=0 I '

Chegaraviy shartlar noldan farqli bo‘lgani uchun, yechimni u=v+Ww ko‘rinishda

gidaramiz, bu yerda w=ﬂl(t)+|5(y2(t)—yl(t)), (=0, 1,@)=t. U holda
W(x,t) = Xl_t yechim esa

u(x,t) =v(xt)+ th (*)

ko‘rinishda bo‘ladi. Yechimdagi wv(xt) funksiya quyidagi masalani
ganoatlantiradi:

Vtt:Vxx+V+XTt’0<X<I’V|x:0:0’v|x:lzo’V|t:0:0’vt| 0. (11)

t=0

2
Berilgan tenglamaning 2, :(Iﬂj X0s sonlarini  va sinlﬂx x0s funksiyalarini

aniqlaymiz. Shunga asosan yechimni quyidagi ko‘rinishda qidiramiz:
v(x,t)=2gn(t)sin?x, (12)
n=1

Tenglamaning ozod hadi f (x,t) = th funksiyani Furye gatoriga yoyamiz:

)=y fn(t)sin?x. (13)
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f.(t) - Furye koeffitsiyentlarini quyidagi formula yordamida aniglaymiz:

| |
fn(t):lgff(§,t)sin?§d§=%j%sin?§d§. Integralni  bo‘laklab  integrallab,.

0

natijada
o=y 2 (14)
tenglikni hosil gilamiz.
(12) va (13) funksiyalarni (14) ni hisobga olgan holda (11) masaladagitengliklarga
qo‘yamiz, natijada noma’lum 0,(t) funksiya uchun quyidagi Koshi masalasini

olamiz:

n (15)

0, 0 {(?J —1]gn(t) (2

9 (1)=0, g,(t)=0.
(15) masalani yechishda, dastlab, tenglamaning yechimini quyidagi ko‘rinishda
qgidiring: g,1(t)=§n(t)+g*n (t), bu yerda ﬁn(t) - berilgan tenglamaga mos bir jinsli
tenglamaning umumiy yechimi, 9%, (t) - berilgan tenglamaning xususiy yechimi
bo‘lib, o‘ng tomonga qarab tanlanadi, bizning holda, §*,(t)=at ko‘rinishda

gidirish mumkin.

(15) masalani yechib, natijada (11) masalaning yechimini aniglaymiz:

sin[{ (ﬂlnj —1}4}
v(x,t) = i (1) 2'2
)
| 1
(16) funksiyani (*) ga qo‘yib, berilgan masalaning yechimini olamiz, ya’ni:
sin[{ (ﬁn) —1J-tj
):t i (_ 1)n+12. 2 t B 2
m[(ﬂlnj ] EE

t—

sin?x. (16)

.7
sme.




Mustagil bajarish uchun masalalar

Quyidagi aralash masalalarni yeching:

1. Utt:UXX—ArU, (0<X<1) U|X:0=0, U|X=1:O’ u|t=0:X2_X, ut| 0

t=0

_ _ _ _ _ 2 _
2. Ug+t2U =Uy-U, 0<x<z)U _ =0,u_=0,ul_ =m-x* ul, =0.

3. Uy +2U =Uy-U (0<x<z); Ul ,=0,u_=0,u_ =0, uf, =x.

t=0

4. UgtU =Uy, (0<x<2) U|X=0 =t, U|X:1=0, u|t:0=0, ut|t:0:1—x_

5. Uy =Uy+U, 0<x<2)u ,=2t,ul ,=0,u[_ =0,u], =0.

t=0 t=0

6. Uy =Uyt+U, (0<x<I)U|X=O=O, U|x:I =1, u|t=0=0, ut|t:0:|§.

7. Uy =Uy+X(©0<x<z); U, _=0,u_=0,u_ =sin2x,u| =0.

8. UytU =Uy+lo<x<1);u_,=0,u_=0,u_ =0, ul =0

t=0

©

- t 7. _ _ _
U, —U, +2U, =4x+8e cosx(0<x<§j, ul =2t u|ng =, u|_, =cosx,

=2X.

U, |1:0 -

10. U, —U, —2u, =4t(sinx-x) E0<x<%j; u =3, u - =t"+t, u_ =3
. §

U, = x+sinx.
11.u, -3u, =u, +u—x(4+t)+cos37X (0<x<nx); ux|x:0 =t+1, U|X:,r =7x(t+1),

u|t:0 =X, ut|t=o =X.

12Uy —7u—=U, +2u -2t =7x+€7sin3X (0<x<~); U _,=0,u __=xt,

u|t:O:0’ utt=o:X'

13.U, +2U, =U,, +8u+ 2x(1-4t) + cos3x (0 <X< %) ul,,=t, u|x=§ :%, ul_, =0

u_ =X.

t=0

14-utt :UXX+4U+ZSin2X(0<X<7;); uX|x=o:0 u =0, u|t=0 =0, ut|t=0:0'

! X|x:;z
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: T
15un:um+1mm+2&n2xamx[0<x<o§j;u O,UJh§:0,ULO=0,

X|x:0 -

_0.

U, |t=0 -

16.Uy =30, =Uy +2U, =3X-2t 0 <x<x); Up=0, U _ =, u|_ =esimx,

ut|t=0:x.
o%u o
17.¥:a2y, (t>0), u@©t=0, u(l,t)=0, u(x,0) = f(x),
ou .
E(X'O) = F(x);
ou , 0% i3 1 i 8
18.—=a’—, (t>0), u@©ty=0, u(l,t)=0, U(x,0)=5sin*—2sin,
ot OX
ou .
'EF(KO)—-O,

19. 5 =a

ou ,0%
F=8 o7 (>0 wen=0  u(n=0ux0=0,

Z—T(X,O) =6sin % —sin 3 +sin 4%,

o%u ol
20.¥:a2y, (t>0), u(0,t) =0, u(l,t) =0,
U(x,0) =3sin 2% + 4sin % — Lsjn 2

g—l:(x,O) = Asin% + Bsin&*; A,B=const s,peN.

ou , 0% N
21.—=a"—, (t>0), uot)=0, u(,t)=0, u(x,0) = Ax, A 0y=0;
OX g
o°u ol
22-_2:a2y, (t>0)l u(0,t) =0, u(l,t) =0, u(x,0)=0,
0, 0<x<a,
ou _
E(X,O)z Uy, a<X<p;
0, B<x</
23 @ = a2 @ (t > 0) | 4hX(| B x)
"ot ' v u(0,t) =0, u(l,t) =0, u(x,o)zl—z’
ou _
E(X'O) =0;
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h

o°u o
24— =a’— c
ot ol (t>0), u@.t=0 u(l,t)=0, u(x,0) = 3 pere
! h(x—1)
c-n c<x<l,
ou
E(X,O)ZO;
o°u o
25.—=a"—
poe v (t>0), uot)y=0, u@,t)=0,

U(%,0) =2 [(2)* — 2(2)° + (2 ou
() +@10>0, 2 (x0) o

o ou
26.— =a'—
atz 2 (t>0), U(O,t =0 a_u —
ox )=0, o (1,t) =0, u(x,0) = f (x), %J(X,O): F(x);
62 2
27 _u:aza_u (t>0) ou
[l 2 ] i
ot ¥ ) U(O,t)=0,&(l,t)20, u(x,0) = Asin + Bsin2%,
0
a—l:(x,O):O
28 o°u azazu (
T A4 o t>0), _g o
P " ) uEH =0, — (1) =0, u(x0) =0,
ou
E(X,O)z%sing—ﬁx—%sinf’z—ﬁx;
o ou
29— =a"—
o ~, (>0, uon=0 Ya.1= =Ssi
x 0.9=0, 2 (1) =0, u(x,0) =sin3z
ou .
E(X,O):smz—ﬁ*;
o°u o
30.—=2a"—
atz 21 (t>0), u(o,t) = a_U =
> =0, 20, =0,u(x0) =0, 2 (x0) =
o ou
3l.—=2a"—
e >, (>0, uon=0 Ya.1= h
Ox (0,t) =0, aX(l,'[)—O, U(X.0)=I—X,g—l:(x,0):0;
ou ou
32.—=a"—, (t>0 ou
o =2 pa ©0 uon=0.Ta.n-0Ul0)=gsing-gsing,
o
S x0) =0y
33 LU 20U
SEEA L (20, won=0 Lay-
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

ou_ _,0u

ar

g—l:(x,O):sin%—Zsing—ﬁ*;

ou , 0% 5

—=a"—, (t>0), —o M _

pe PV (t>0), ug,t)=o, = (0=0,

ou o%u

?ﬁfy, (t>0),u(|,t)=o,z—§‘((o,t):o,
Z_l:(x’o)zo;

ou 0° 5

¥:a2 7 (t>0),u(l,t)=0,a—§‘((o,t)=o,
gt—u(x,O):Zcosi—’jx—%sinQ—”,*;

ou o%u

i 267, (t>0)nu(l,t)=0,2—i(0,t)=0,

g—l: (x,0) = cos3x — S cos =,

ou, 0% 5

—=a"—, (t>0), o M _

pY PV (t>0), ug,t)=o0, = (0=0

ou  , 0% 5

—=a"—, (t>0), —o M _

o > (t>0), uq,t)=0, ~ (00=0,

ou , 0% 5

—=a"—, (t>0), o M _

pe PV (t>0), ug,t)=o0, = (0D=0,

ou
E (X,O) = UO;

o o%u

yzazy, (t>0), ug.ty=o0, Z_:(O’t) )
Z_l:(x,o) =C0SZ& —3Cc0Ss3;

o o%u

Fed sy (0.0 Z—;‘((o,t) ~0,
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t>0), uon=0 Ya.=o,
OX

u(x,0) = Ax,

u(x,0) = f (x), a—u(x,O) = F(x);
ot
u(x,0) = Acos% + BsinZ=,

u(x,0) =0,

u(x,0) =cos%

ou
u(x,0)=0, E(X,O) =0y;

h(l—x) éu

u(x,0) = y —
(x,.0) | ot

(x,00=0,

u(x,0) =1cos% -2 cosx,

u(x,0)=1-x,

u(x,0) = A(l — x), Z—ltj (x,0) = v,;



44,

45.

46.

47.

48.

49.

50.

ol.

52,

53.

o4,

u ou ou
_:a 5 t>0 y — = —_— = =
P (t>0) - 00=0 —(1,)=0,u(x0=f (),

ou .
E(X’O) = F(x);

Fu_p0u t>0), Mon=0 Ma1=0ux0)=0, M(x0) =cos =
atz 6X2’ '& ] — Y, & ] — VY, ] - 15 I} - T
o’u _, 0% 5 :

=ats, 150, Mon-0 Map=o ux0) =sin?E=, M g _
a5 (0 ~0n=0 (=0 (x,0) S (x0) =0
o°u o%u

¥:a26?, (t>0),‘2_§(o,t):o, Z_t‘((u):o, u(x,0) =1+ cos2= —Lcos®

aa—l: (x,0) = 2cosé= — 2 cos1®;

@_ 2@ (t>0) ou aul hx ou .
@tz axzi I&(O,t)zo, &(,t):O,U(X,O):Ty E(X,O)Zoy
o’u _, 0% 5 :
—=at—, (t>0), “wot=0 May=o ux0)=sin®Z Y oy=x:
p PV (t>0) ~ 0D=0 (=0, (x,0) o (X0 =x;
o’u _, 0% 5
—=a’'—, (t>0), _ M= —x, M = vy;
poe v (t>0)  00=0 = (L) =0,u(x0) =x, Z(x,0)=;;
o’u _, 0% 5
—_— = ) t>0,—u = a—u = =1—
pe PV (t>0) ~ OD=0 21,0 =0,u(x0) =1-x,
%J(XO):coszSTﬂx,
TU_22 %8 (150, Moo, =0, ux0)=cos ™
a2 2 '&( 1) =0, &(,t)— , u(x, )_COST'
Z—‘:(X,O)zl—x
o°u o%u
yza27, (t>0),O<x<|,u(O,t)=0,Z—i(l,t)+hu(l,t)=0,h>0,

u(x,0) = f (%), Z—l:(x,O) =F(X);

ou , 0%
a -
ot? Ox?

. (t>0), 0<x<I, u©,t) =0, g—i(l,t)Jrhu(l,t):O, h>0,

ou
—(x,0) =0;
at( )
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ou_ _,0u

D = e

(t>0),0<x<l,a—u(0,t):0,a—u(l,t)+hu(l,t):0,h>0 ,
oX OX
u(x,0) = f(x), Z—l:(x,O) =F(X);

ou_ _,0u

6. = e

(t>0), 0<x<1, (0,ty=0, X (1,ty+ hu(l,ty =0, h>0,
OX oX
u(x,0)=0 8_u(x 0)=1,
’ 1 at b el

ou 22 o%u

57¥_ y1

(t>0), 0<x<1, M 0,ty=0, 24 (1,t)+ hu(l,t) =0, h>0,
oX OX
u(x,0) = Ax a—u(x 0) =0;
b at b H

o _,0u

58¥_ yi

(t>0), 0<x<lI, u(l,t) =0, %(O,t)—hu(o,t)zo, h>0,
u(x,0) = f(x), aa—l:;(x,O) =F(x);

o’u_ _,0u

09 T e

t>0), 0<x<t, Xa=0, Y ©1)-hu@©t)=0,h>0
OX OX

u(x,0) = f(x), (Z—l:(x,O) =F(x);

——=a’—, (t>0), [ _ ou _
60 v (t>0), 0<x<lI, ~, (00 -hu(©,H)=0, ~ (D+hud,H=0,
h>0 u(x,0)= f(x), aa—l:(x,O):F(x);

Fu_ a0
OX?

61.¥—

: (t>0),0<x<l,a—u(O,t)—hlu(O,t)zo, a—“(l,t)+hzu(l,t)=o,
OX OX
h, >0,h, >0, u(x,0) = f(x), aa—l:(x,O) =F(X);

ou o%u 0* 0
62.  Cr=a'g. (>0).0<x<lu@p=0 Srn=-h (),

X

u(x,0) = f(x), aa—l:(x,O) =F(X);

o%u 252U o%u ou

—=a"—, t>0), - —(I,t)=-h—(1,1), —
63 o PV (t>0), 0<x<I,u(,t)=0, atz( ) ax( ), u(x,0) = Ax,

ou )

E(X,O)—O,
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o’u _, 0% 5 o%u ou
4. —=a"—, (t>0), ou —0 —(1,)==h=(1,1), -
6 o 7 (t>0), 0<x<l, . (0,t) =0, 8'[2( ) ax( ) u(x,0) = f (%),

ou .
E(X’O) = F(x);

65. 20 Tl (0,00, 0000200, Zan-nDay,

ux0) =100, 2 (x0)=Fx;

ot

66.%%%:% Z—i(o,t)zo;%g,tjﬂ;u(xm:f(x), aa—l:(x,O):F(x);
67.%%%”:2% Z_i‘((o,t)zo;%@,tjﬂ;u(xm:cosx, g—l:(X,O)zO;
68.%—%:2% u(O,t):O;% %,t =0; u(x,0) = f(x), aa—l:(x,O):F(x);
69.%—%:2% u(O,t):O;% %’t =0; u(x,0) = f(x), aa—l:(x,O):F(x);
70.%—10u:g% u(O,t):O;% %,t =0; u(x,0) = f(x), g—l:(x,O):O;
71'%_10“:2% u(O,t):O;% %,t =0; U(x,0) = £sinx+sin3x,

ou .
E(X’O) = F(x);

o’u o°u ou( P
——-1Tu="— —0, —| =,t|=0; — N (x,0) = F(x):
12 e 5 UOD=0; 6x(2 j U0 = T, -(x0) = F(x);

§5.2. Parabolik turdagi tenglama
Bir jinsli ingichka sterjenda issiglik tarqalish masalasini ko‘rib chigamiz,
uning yon sirti issiqlik o°‘tkazmaydi, x=0 va x=Ichegaralarida esa nol
temperatura saqlanadi deb faraz gilamiz. Ushbu masala uchun Furye yoki
o‘zgaruvchilarni ajratish usulini bayon qilamiz.
Quyidagi masalani garaylik:

ou o°u
a o an
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tenglamaning boshlang‘ich:
U o=, (X), (18)
va chegaraviy:
ul,,=0,ul,,=0. (19)
shartlarni ganoatlantiruvchi u(x,t) yechimini p = {(x,t):0<x <I;t >0} sohada topish
talab etilsin. Dastlab, (17) tenglamaning xususiy yechimlarini quyidagi korinishda
gidiramiz:

u(x,t) = X ()T (1), (20)
bu funksiyalar aynan nolga teng emas va x (x) funksiya (19) chegaraviy shartlarni
ganoatlantiradi.

(20) funksiyani (17) tenglama qo‘yib quyidagi oddiy differensial
tenglamalarga kelamiz:

T'(t)+a’AT(t) =0, (21)

X"(X) +AX (x) =0, (22)
bu yerda A = const.

X (x) funksiya uchun chegaraviy shartlar quyidagidan iborat:

X(0)=0, X()=0. (23)

Natijada biz Shturm-Liuvill (22)-(23) masalasiga kelamiz.

Bu masalaning xos sonlari

2
A :(?j k=12,..

bo‘lib, va ularga quyidagi xos funksiyalar mos keladi:
X, (x) = sin# .
A =72, bo‘lganda (21) tenglama quyidagi umumiy yechimga ega:

2
Lﬂajt

Tk (t) = ake_( |

Shuning uchun
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U, (%,1) = X, ()T, (1) = ake‘(.] t Sinkl_ﬂx

funksiya har ganday @, uchun (17) masalani va (19) chegaraviy shartlarni

ganoatlantiradi.
(18)-(19) shartlarni ganoatlantiruvchi (17) masalaning yechimini gator

ko‘rinishida qidiramiz:

K 72x

b = X, (0T, (1) :iake('ajtsinT (24)

Agar bu gator tekis yaginlashuvchi bo‘lib, uni to‘zgaruvchi bo‘yicha bir marta
xo‘zgaruvchi bo‘yicha ikki marta differensiallash mumkin bo‘lsa, u vaqtda qator

yig‘indisi (17) tenglamani va (19) chegaraviy shartlarni ganoatlantiradi.
a, doimiy koeffitsiyentlarni shunday aniglaymizki, bunda (24) qator
yig‘indisi (18) boshlang‘ich shartlarni ganoatlantirsin. U holda quyidagi

tengliklarga kelamiz:
uo(x):ZaksinkT7ZX ,
k=1

(25)
(25) formula Uy(X) funksiyaning (o,1)intervalda sinuslar bo‘yicha Furye
yoyilmasini beradi. Bu yoyilmaning koeffitsiyentlari quyidagi formula bilan

topiladi:

|
a, :Igjuo(x)sinkl—ﬂxdx.
0

Masala: Quyidagi masalani Furye usulida yeching:
U =Ug+U, 0<x<nu_ =0,ul_ =0,u_ =13x.(26)

Dastlab, (26) tenglamaning xususiy yechimlarini (20) ko‘rinishda gidiramiz.
X (x) va Tt)funksiyalr aynan nolga teng emas va x(x)masaladagi chegaraviy
shartlarni ganoatlantirsin.

(20) funksiyani (26) masaladagi tenglamaga qo‘yib quyidagi oddiy
differensial tenglamalarga kelamiz:
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T'(t) + AT(t) =0, (27)
X" (X)+(A+D)X(x) =0, (28)
bu yerda A =const.
Chegaraviy shartlar quyidagicha bo‘ladi:
X(0)=0, X()=0. (29)
Natijada biz Shturm-Liuvill (28)-(29) masalasiga kelamiz.

Bu masalaning xos sonlari:

(2

bo‘lib, va bu xos sonlarga quyidagi xos funksiyalar mos keladi:

X (%) =sin$.

A =14, bo‘lganda (27) tenglama quyidagi umumiy yechimga ega:
T, ()= ane[(Ij 7] .

Shuning uchun

U (1) = X (0T, () = ane'[m —1} SinnT7ZX

funksiya har ganday &, uchun berilgan masalani ganoatlantiradi.

Berilgan masalaning yechimini qator ko‘rinishida qidiramiz:

7Zﬂ2
7) ‘1} . n7ax
sin—==.

u(x) = 3 X, (0T, (1) = iane_[(

a, doimiy koeffitsiyentlarni shunday aniglaymizki, bunda bu qator yig‘indisi

boshlang‘ich shartlarni qanoatlantirsin. U holda quyidagi tenglikni hosil gilamiz:

13:x=)a, sin?,

n=1
bu tenglik U, (X) =13x funksiyaning (o, 1) intervalda sinuslar bo‘yicha Furye gatoriga
yoyilmasini beradi. Bu yoyilmaning koeffitsiyentlari quyidagi formula bilan

topiladi:
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|
anzlgjl&x-sin%dx.
0

Bu yerda integralni bo‘laklab integrallab, a_ = 261 —1)™* larga ega bo‘lamiz. U
7mn

vaqtda izlanayotgan yechim quyidagi ko‘rinishda bo‘ladi:

u(x,t) = 261 i )™ e[(ﬂInj 71} sinnT7ZX .
T

o N

Mustagil bajarish uchun masalalar

Quyidagi aralash masalalarni yeching:

73.U;=U,, 0<x<nu _,=0,u =0, u|_ =A=const.
74U, =Uy, 0<x<nul_,=0,u ,=0,u_ =Ax(-x), A=const.

75.U =Uy,, (O<x<I)U|X:0:0, (Ux+hux =0, u|t=0 =Uy(X).

x=I

76.U,=U,, 0<x<1)(U —hu) =0, (U +hu) =0, u_ =us(x).

x=I

77.U,=Uy, @<x<1)U],_,=0,u] =0, ul_, =u;=const.

u, =const, agar 0< x<l
78-ut :uxx: (0<X<|)ux|x:0 :O’ u><|x=| :O’ u|t=0 - | ’
0, agar §<X<|

limu(x,t) -2

t—c0

79-ut:uxx,(O<X<|)UX|X=0:01ux| :Ol

x=I

%x, agar 0<x<|5

ul_, =

t=0 1

%(I—x), agar <x<lI

!
2

bu yerda Uy =CONSt. iy u(x,t) —2

t—o0

80.U; =U,, (0<x<1) UX|x=o =0, u|x=1:0’ u|t:0 =x"-1.
81.U =U, +U, (O<X<I)u|x=0:0’ u|x:l =0, u|t=0:1'

82.U, =U, —4U, 0<x<n)U_,=0,u_=0,ul_ =x"-n.

X

71



83.U =Uy, 0<x<1)U, =1, U, =0, U =0.
. . T
84.U, =U, +U+2sIn2xsinX, (0<x<5j u,l, =0, u|X:%=0, ul_, =0.
85.U, =U, —2U, +X+2t, (0<x<1), U, =0,ul =0, u_ =e*sinx.
. T
86.U, =U, +U+25Sin2XCOSX , (O<X<§j u _, =0, ux|x% =1, ul_ =x.

87.U, =U, +U+2sin2XsiNX, (0 <x <) U, =0, “x|x:,[ =21, u|_, =0.
88.U, —U, +2u, —Uu=e'sinx—t, o<x<)ul_, =1+t, u_=1+t,

ul_, =1+e*sin2x.

89.U, —U, —U=Xt(2-t)+2cost, o<x <) Ul ,=t*, u| =t* u|_ =cos2x.

90. U, —U, —9u=4sin’tcos3x-9x* -2, (0 <x <) U, _, =0, u,| =27,

U, =x*+2.
91.u, =U, +6u+2t(1-3t)-6x+2c0SXxC0S2X [0< x<%) Ul =lul =t+Z,

_X.

u|t=0 -

92. U, = Uy, +6u+X*(1-6t) -2t +3x) +5iN2X, (0<x <2) U], =1, U =27t+1,

u|t=O =X.

—2X

93.U, =U, +4u, +X—4t+1+e™ cos’ X, (0<x<1), ul_,=t,ul_ =2t u_ =0.
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6-bob. Integral tenglamalar

Integral tenglamalar nazariyasi hozirgi zamon matematikasining muhim va
murakkab yo’nalishlaridan biriga aylanib bormoqda. Integral tenglamalarning
turlari shu gadar ko payib ketdiki, ularga umumiy ta'rif berishning iloji bo Imay
goldi. Shunday bo’lsada integral tenglamaning mavjud ilmiy adabiyotlarda gabul
gilingan ta’rifini eslatib o tamiz.

Ta’rif. Agar tenglamadagi no malum funksiya shu funksiyaning argumenti
bo'yicha olinadigan integral ishorasi ostida bo'lsa, bunday tenglama integral
tenglama deb ataladi.

Integral tenglamalarning ba’zilari va ularni yechish usullari bilan biz quyida

tanishamiz.

§6.1. Fredgol’m tenglamalari. Ketma-ket yaqinlashish usuli

Matematik fizikaning ko’pgina masalalari u(t) noma lum funksiya nisbatan

TK(x,t)u(t)dt = f(x), 1)

u(x) = f(x)+ zi K (x,t)u(t)dt (2)

ko’rinishdagi integral tenglamalarga keltiriladi. Bu tenglamalarda f (x) - 0zod had
va K(xt) tenglamaning yadrosi — berilgan funksiyalar, 2 - (2) tenglamaning
parametri, integrallash chegaralari @ va b berilgan haqiqiy o zgarmas sonlardir. (1)
va (2) tenglamalar mos ravishda Fredgol’mning birinchi va ikkinchi turdagi
integral tenglamalari deyiladi. (2) tenglamadagi no malum funksiya u(x) integral
ishorasidan tashqgarida ham ishtirok etmoqda. Bu tenglamalardagi f(x) funksiya
I (a<x<b) kesmada, k(x,t) yadro esa Q(a<x<b, a<t<b) Yyopiq sohada berilgan
va uzluksiz funksiyalar deb hisoblanadi.

Agar (2) integral tenglamada f =0 bo’lsa, unda u
u(x) = A K(x,t)u(t)dt (3)

ko’rinishda bo’lib, bu tenglama (2) tenglamaga mos bir jinsli ikkinchi turdagi
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Fredgol’m integral tenglamasi deyiladi.

Nihoyat, ushbu
P()u(x) = f(x) +,1T K (x,t)u(t)dt (4)

tenglamaga uchinchi tur integral tenglama deb ataladi.Agar | kesmada o(x) = 0
bo’lsa, undan (1) tenglama; »(x) =1bo’Isa, undan (2) tenglama kelib chigadi.
Yugorida biz tanishgan integral tenglamalarning barchasida noma’ lum u(x)
funksiya bir argumentlidir, ya ni birgina X erkli o zgaruvchining funksiyasidir.

Misol uchun quyidagi integral tenglamani olaylik:
u(x) :3x—2+3j xtu(t)dt,

Bunda
f(x)=3x-2, K (x,t) = xt, a=0 b=1
A=3
Demak, bu tenglama Fredgol’mning ikkinchi tur tenglamalaridan ekan.
Ta’rif. Agar u(x), x<[a,b] funksiyani (1) yoki (2) integral tenglamaga olib
qo’yganda bu tenglama ayniyatga aylansa, u holda bu funksiya shu mos

tenglamaning yechimi deb aytiladi.

MiSO|Zu(x):Sin% funksiya quyidagi integral tenglamaning yechimi

ekanligini ko’rsating:

u(x)_%zjK(x,t)J(t)dtzg, bunda

0

K(x,t)=

Yechish: Tenglamaning chap tomonini yadroning ko’rinishining hisobiga,

o’zgartiramiz:
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2

u(x) %UK (x, tuft dt+jK X, ) )dt}
:u(x)—%zﬁt(z_ )u(t)dt+jx z_t)u(t)dtJ=
= u(x)- %(?itu(t)dt + gj(z —t)u(t)dt].

X
2
Hosil bo’lgan tenglamaga u(x) = sin%x ni qo’yib,

. T . T
ju 72 xtsmzt 1 smEt .
sinZ x-"-(2-x)| dt+x[ (2-t)—2-dt=sinZ x-
2 4 ’ 2 2

0
7t t g 2 . oA 2—t7zt27ztt1x
-— (2—x ——CO0S— +—Sin— o+ X ———C0S———sin— |5, [=—
4 T 2 2 T 2 7l 2 2

ekanligiga ishonch hosil gilamiz. Demak, u(x):sin%x funksiyani berilgan

integral tenglamaga qo’yganda ayniyat hosil bo’ldi. Bu esa u(x)= sin%x funksiya

tenglamaning yechimi ekanligini ko’rsatadi.
Endi ikkinchi turdagi Fredgol’m integral tenglamasini ketma — ket

yaginlashish usuli bilan echmiz. (2) tenglamada k (x,y)va f (x) funksiyalar o’zlari

aniqlangan sohalarda uzluksiz bo’lgani uchun

b
[IKeyldy<M, a<x<b, max| f (x)| =m (5)
bo’ladi.
Agar (2) tenglama A parametri
1
A

shartni ganoatlantirsa, u holda bu tenglamaning yagona u(x) yechimi mavjud

bo’lib, uni ketma-ket yaqinlashish usuli bilan topish mumkin.

Nolinchi yaginlashish sifatida (2) tenglamaning ozod hadini gabul gilamiz
Uy (X) = F(x).

Birinchi yaqginlashishni
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u () = £ 00+ A[K(x, y) f (y)dy
munosabat bilan aniglaymiz. Bu jarayonni davom ettirib n-yaginlashishni
u, (x) = f(x)+}tiK(x, YU, (y)dy, n=12,.. (7)

formula bilan aniglaymiz.

Shunday qilib, (7) rekkurent munosabatlarni ganoatlantiruvchi
Up (X), Uy (X), o Uy (X), . ®)

funksiyalar ketma-ketligiga ega bo’lamiz.
Matematik analizdan ma’lumki, (9) ketma-ketlikning yaginlashishi

u (X)+Z ()=, ()] 9)
gatorning yaginlashishiga teng kuchlidir. (7) formulani
U, (x)= f (x) MIK(x, Y1 (¥) = Up o (¥) + Uy (V) By =
= f(x)+ /Ii K (X, y)u,_, (y)dy + ﬂi K YU, 1 (y) = Uq, (V) Hy = (10)

= U, () + A KU (V) —u By, n=234, .

ko’rinishida yozib olamiz.
(6) ga asosan, (10) dan darhol quyidagi tengsizliklar kelib chigadi:

lus (X)| < m,
Juy (x) = U (X)] < M|A|M (b —a),
lu, () —u, (x)| < mA*M2(b - a)?,

Ju, () —u, () <m[A]"M " (b-a)".

Shunday qilib, (9) gatorning har bir hadi musbat sonli
S mA"M" (b-a)" (11)
n=0

gatorning mos hadidan katta emas. (11) qator esa, (6) ga asosan

yaqginlashuvchidir. Demak, (9) gator, natijada uzluksiz funksiyalarning (8) ketma-
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ketligi uzluksiz u(x) funksiyaga absolyut va tekis yaqinlashadi. (7) tenglikda n=w

limitga o’tib,
b
u(x) = f(x)+A[ K(x, y)u(y)dy

tenglikni hosil gilamiz, bu esa u(x) funksiya (2) tenglamaning yechimi ekanligini
ko’rsatadi. Endi (2) tenglamaning u(x) dan boshqa yechimi yo'qligini ko’rsatish
qiyin emas. Buning uchun aksincha, ya’ni (2) tenglamaning u(x) dan boshga yana
bitta v(x)yechimi bor deb faraz gilamiz. U holda bu yechimlarning ayirmasi

w(x) = u(x) —v(x) (3) bir jinsli tenglamaning yechimidan iborat bo"ladi, ya ni
w(x) = [ K(x, y)w(y)dy,

W, = max|w(x)|

as<x<b

deb belgilab olsak, oxirgi tenglikdan
W, <|A|Mw,
tengsizlikka ega bo’lamiz. Agar W, #0 bo’lsa, oxirgi tengsizlik (7) tengsizlikka

ziddir. Demak, W, =0, bundan w(x) =0, ya’ni u(x) = v(x) ekanligi kelib chigadi.

§6.2. Volterra tenglamalari. Ketma-ket yaqginlashish usuli

Ta’rif. Ushbu

A[K (X y)e(y)dy = £(X) (12)

P(x) = T () + A[K(x, y)p(y)dy (13)

integral tenglamalarga mos ravishda Volterraning birinchi va ikkinchi tur integral
tenglamalari deyiladi. Bunda ¢(x)— noma’lum funksiya, A tenglamaning
parametri, f(x) —ozod had I(a<x<b) kesmada va K(x,y) tenglamaning
yadrosi — R(a<x<b,a<y<x) yopiq sohada berilgan deb hisoblanadi.

Volterra ikkinchi tur (13) integral tenglamasini ketma-ket yaqinlashish usuli

bilan yechamiz. 6.1 paragrafdagi mulohazalarni gaytarib,
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0o (X), 0,(X), vy @, (X),... (14)

funksiyalar ketma-ketligini hosil gilamiz, bunda
P (X) = £(x), ¢,(x)= 1E(><)+/1IK(X, V)@, (y)dy,

m=max|f (x), N =max|K(x,y)|

Belgilashlar kiritildi. Bu holda

|¢O(X)| < m,
[2.(%) = 0, ()] = |A[ K (X, ) (¥)dly| < [AIMN (x =), ...,
|¢)n (X) _q)n—l(x)| =m |/l| N n(lx_a)n ! :1’2"'" (15)

n:

tengsizliklarga ega bo’lamiz.

Musbat hadli miw N ('x—a) =melN funksional gator A parametrning
n=0 n:

ixtiyoriy chekli gqiymatida tekis yaqinlashuvchi bo’lgani uchun (15) tengsizliklarga
asosan (14) funksiyalar ketma-ketligi absolut va tekis yaqinlashuvchi bo’lib, uning
limiti bo’lgan ¢(x) = limg, (x) funksiya (13) tenglamaning yechimidan iborat
bo’ladi.

Endi (13) tenglama yechimining yagona ekanligini ko’rsatamiz.

Faraz gilaylik, (13) tenglama ikkita »(x) va w(x) uzluksiz yechimlarga ega

bo’lsin. Bularning ayirmasi w(x) = o(x)—w(x) bir jinsli
o(x) = [ K(x, y)a(y)dy (16)

tenglamani ganoatlantiradi.

m” =max|w(x)| deb belgilab olsak, (16) dan
()| < |A[[[K(x, y)]ex(y)|dy <[2|Nm" (x - a)

tengsizlik kelib chigadi. Bundan foydalanib (16) tenglikdan

« (x—a)?

()| <|A[[[K(x, y)ex(y)|dy <[] N?m
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tengsizlikni hosil gilamiz. Bu jarayonni davom ettirib, ixtiyoriy natural n uchun
(0] <|2"Nm =8
nl

tengsizlikni hosil gilamiz. Bu tengsizlikdan N—® da w(x)=0 YOKi o(x)=w(x)
ekanligi kelib chigadi.

Shunday qilib quyidagi xulosaga keldik. Volterraning ikkinchi tur (13)
integral tenglamasi, uning yadrosi k(x,y) va ozod hadi f(x)uzluksiz funksiyalar
bo’lganda A parametrning har bir chekli giymati uchun yagona yechimga ega
bo’ladi.

Bu esa Volterraning ikkinchi tur integral tenglamasi har bir A uchun ham
yechimga ega bo’lavermaydigan Fredgolmning ikkinchi tur integral tenglamasidan

tubdan farq qilishini ko’rsatadi.
Misol. Ushbu

u x)=x+j‘(t—

tenglamaniketma-ketyaginlashishusulidanfoydalanib yeching.

Ro’rinib turibdiki
f(x)=x va A=1

Endi quyidagi munosabatlardagi ifodalarni hisoblab chigamiz:

Uy (x) = f(x)=x;
AN [ LA G Y

2 t=0

u,(x)= j(t )(— —jdt = ?j

0, (x) = j(t )(_ _]dt - X

va hokazo. Bu ifodalarning hosil bo‘lishidagi qonuniyat ko‘rinib turibdi. Ularning
yig‘indisini hisoblasak, izlanayotgan yechimni hosil gilamiz:
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§6.3. lterasiyalangan yadro. Rezolventa.

(2) ko’rinishdagi

o(x) = f(X)+ zi K (x,t) p(t)dt

Fredgol’m ikkinchi turdagi integral tenglama berilgan bo’lsin.

bajarilganda (8) funksiyalar ketma-ketligi (2) tenglamaning

()

(7) tengsizlik

u(x) yechimiga

yaginlashishi isbotlangan edi. Endi shu ketma-ketlikning har bir hadini batafsilroq

o’rganamiz. Ma’lumki,
b
2. () = F )+ A[K(x, ) f (y)dy,
so’ngra

P, (X) = (x) + ii K(x,t)g, (t)dt =

= f(x)+ zi K(x,t) f (t)dt + zzi K (x, t)dtj‘ K(t, y) f (y)dy.

Ikkilangan integralda interallash tartibini o’zgartirib,
K,(X,y)= .T K(x, t)K(t, y)dt
kabi belgilab olib,
P, (X) = T(x)+ li K(x, y) f(y)dy + ﬂz_T K, (x, y) f(y)dy

tenglikni hosil gilamiz.

Bu jarayonni davom ettirib,

0,00 =100+ 4] 27K, (x ) f (y)dy

a il
tenglikka ega bo’lamiz, bunda K;(X,y)lar

Kl(xv y) = K(Xv y) 1
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K, (X, y):TK(x,t)Kil(t,y)dt, i=23 .. (18)

rekurent munosabat bilan aniglandi. K;(X,Y) funksiyalar iterasiyalangan (takroriy)

yadrolar deb ataladi.

Integrasiyalangan yadrolarni (18) ga nisbatan umumiyroq
Ki (%, y) = [ K, (K, (t, y)dt (19)

formula bilan ifodalash mumkin. Hagigatan ham, (17) da K (t,y) yadroni yana

shu (18) formula yordamida K,_, bilan ifodalab,

< ()= | K(x,mﬁ Kt 1)K, (t,, y)dtz}dtl = [T ROIK K, o (6,

aa

tenglikni hosil gilamiz. K, (t,,Y) yadroni K,_; orgali ifodalash mumkin va

hokazo. Bu jarayonni davom ettirib, oxirida

b b
Ki (6 y) = [ KOGE)K (1) Kt Y)dt,..dt
formulaga kelamiz. t, o’zgaruvchi bo’yicha integralni ajratib, oxirgi formulani

K. (X, y) = Tdtr {TT K(xt)K(t,t,)..K(t ., y)dt,..dt_, x

b b
x [ R DK ) K y)dtHl...dtil}

ko’rinishda yozib olamiz. (20) formulaga asosan figurali gqavs ichidagi birinchi
integral K, (X,t,) ga, ikkinchi integral esa K;_, (t,;,Y) gateng.
Shunday qilib,

Ki (X1 y) = jl I'<r (X1tr)Ki—r (tr ! y)dtr

bunda t; ni t ga almashtirib (19) formulaga kelamiz.
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(8) ketma-ketlikning yaginlashishini isbotlangandagi mulohazalarni gaytarib,

a<x<b, a<y=<b kvadratda
ZAHKi (X, y)
=1

gatorning tekis yaginlashishiga ishonch hosil gilish mumkin.

Bu gatorning yig’indisi R(x,y,2) NI K(x,y) Yyadroning yoki (2) integral
tenglamaning rezolventasi yoki hal giluvchi yadrosi deyiladi.

(17)da n—> o deb limitda o’tib, (2) tenglamaning yechimini rezolventa

yordamida

b

p(x)= () + A[R(x,y, 1) f (y)dy

ko’rinishidayozibolishimizmumekin.

R(x,y,A)rezolventa Qa<x<b, a<t<b) yopiq sohadauzluksizbo’ladi. Shu
sababli, avvalgi formuladan f(x) bilan bir gatorda (1) tenglamaning o(x)
yechimining uzluksizligi kelib chigadi.

Shunga o’xshash, Volterra (13) integral tenglamasining yechimini rezolventa
orgali yozish qiyin emas. Shu maqgsadda matematik analiz kursidan ma’lum
bo’lgan Dirixle formulasini eslatib o’tamiz.

Faraz qilaylik, f(x,y) funksiya x=y, x=a, y=b to’g’ri chiziglardan tashkil
topgan teng yonli uchburchakda uzluksiz bo’lsin. U holda A bo’yicha olingan

J= H f (X, y)dxdy

integralni ikki usul bilan hisoblash mumkin. Avval x o’zgaruvchi bo’yicha a dany

gacha, keyin y bo’yicha a dan b gacha integrallash mumkin, ya’ni
by
J = [dy[ f(x y)dx

So’ngra y bo’yicha x dan b gacha, x o’zgaruvchi bo’yicha a dan b gacha

integrallash mumkin, ya’ni
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b b
J = [dx[ £(x, y)dy.
Oxirgi ikki tengliklardan
b y b b
jdyj f(x, y)dx:jdxj f(x,y)dy

tenglik kelib chigadi. Bu tenglik Dirixle formulasi deyiladi.

(13) tenglama uchun birinchi yaginlashishni

X

p,() = F()+ 2] K(x, ) f (y)dy

formula bilan aniglagan edik.

Ikkinchi yaginlashish
220 = 100+ 2 K (x g, ()t =
=f(xX)+ /1} K(x,t){ f(t)+ lj K(,y)f (y)dy}dt =

— f(X)+ zf K (x,t) f (£)dt + ff K(x,t)dtj K(t,y)f (y)dy

tenglik bilan aniglanadi. Oxirgi ikkilangan integralga Dirixle formulasini

qo’llaymiz:
J: K(X,t)dti K(t,y) f(y)dy.= _I f (y)dyi[ K(x,t)K(t, y)dt
Agar
K, (0 9) = [ KX DKL, y)dt
deb belgilasak,
£, ()= 1% +zi K(x, y)f(y)dywiKz(x, D (y)dy

bo’ladi.

Bu jarayonni davom ettirib, xuddi Fredgolm tenglamasidek,

83



0,00 = 100+ 2] X 27K, (x 1) T ()dy (20)

a i=L
tenglikka ega bo’lamiz, bunda

K. (X, y) =K(X,y)
Ki(xy) = [KOGOK (L y)dt, =23, ..
y

6.2 paragrafdagi mulohazalardan A parametrning ixtiyoriy chekli giymatida
iiiilKi (X, y)
i=1

qatorning absolut va tekis yaqinlashishi kelib chigadi. Bu qatorning yig’indisini
R(x,y,4) orqali belgilab olamiz. Bu holda ham Rr(x,y,2) ga (13) Volterra
tenglamasining rezolventasi deyiladi.

(20) tenglikda N—o deb limitda o’tib, (13) tenglamaning yechimini

rezolventa orgali yozib olamiz:

X

()= )+ A[R(x, Y, ) f (y)dy.

a

Misol. Ushbu

X

u(x)=x+ I(t —x)u(t)dt

tenglama rezol’venta usuli bilan yechilsin.
Quyidagilarni hisoblaymiz:

K, = K(x,t)=t—x=—(x—t),

(x=sf(x~t)—(x—s)lds

Kz(x't):

-

(x—s)(s—t)ds=JX'(x—s)(x+s—t—x)ds=

Y S

= [(x=s)(x=t)— (x—s)hs = (x—)] (x— s)ds -

N S

(x—s)zds:—(x—t{%(x—s)z} +1[(x—3)3]

s=t st

L etp L=
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Xuddi shu kabi K (x,t) ni topamiz:

X

PO CE) Y 2ds - =Y
K3(x,t)_—_[(x—s)Tdt——g_f(x—t—s+t)(s—t) ds=— o

va hokazo. Bularni T(xt,2)=K,(xt)+AK,(xt)+ 22K, (X t)+.. formulaga qo‘yib,

rezol’ventani hosil qilamiz:

(ot 2) = —(x—t)+ & ;!t)s _l ;!t)s - = sin(x—t)

U holda berilgan tenglamaning yechimi
u(x) = x —.X[sin(x—t)tdt

bo‘ladi. O‘ng tomondagi integralni hisoblab quyidagi natijani olamiz:

u(x) =sinx.

Misol.  Quyidagi tenglamaning iterasiyalangan (takrorlangan) yadro

yordamida rezol’ventasini va yechimini toping:
1
o(x)— A[ xto(t)dt = (x).
0

Yechish: Birin — ketin quyidagilarga ega bo’lamiz:

K,(x,t)= xt,

[ s® xt
Kz(x1t)= !XS- stds =xt€‘§) - 3

1
K,(x,t)= %Ixs-stds=;—t,
0

2

...........................
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Agarda |4| <3 bo'lsa, u holda rezol’venta

8

n-1
R(x,t,4)= Z (x,t)A"* = tZ( j = ;’i ga teng bo’ladi. Bundan foydalanib

. T 3xt
yechimni ushbu o(x) = f(x)+ 4]

f(t)dt ko’rinishga topamiz.

2r
Misol. @(x)— 2 [sin(x — 2t}p(t)dt = f(x) tenglama ixtiyoriy chekli A uchun
0

yechimga ega ekanligini ko’rsating.

Yechish: K(X t)=sin (X 2'[) ekanligidan ikkinchi takroriy yadroni topamiz

2z

2z
K, (x,t jsmx 2s)sin(s —2t)d =%Icosx+2t 3s)—cos(x— 2t —s)Hs =
0

s=27w __
o =0.

= %(—%sin(x +2t —3s)+sin(x — 2t - s)j -

Bu yerdan barcha takroriy yadrolar uchun Kn(x,t)=0 bo’ladi. Shunday

qilib, rezol’venta R(x,t)=sin(x—2t) ko’rinishga ega va yechim  ixtiyoriy chekli
2z

A uchun ¢(x)= f(x)+4 Isin(x— 2t)f (t)dt bo’ladi.
0

Bu misoldagi yadro x,t<[0, 27] kesmada 0’z — 0’ziga ortogonaldir. O’z — 0’ziga
ortogonal yadrolar uchun ikkinchi takroriy yadro k,(x,t) =0 bo’ladi va rezol’venta

integral tenglamaning yadrosi bilan ustma — ust tushadi.

§6.4. Ajralgan yadroli Fredgol’m tenglamalari

Ta’rif. Agar (2) Fredgol’m ikkinchi tur tenglamasida ishtirok etayotgan

yadro ushbu
K(x 1) =Ya,(b, 0 (21)

ko’rinishga ega bo’lsa, bunday yadroga ajralgan (o’zgaruvchilari ajralgan) yadro
deyiladi, a;(X) va b;(t) lar [a, b] kesmada uzluksiz funksiyalar.
Ajralgan yadro uchun (2) integral tenglamani chizigli algebraik tenglamalar

sistemasiga keltirib yechish mumkin. Hagigatan ham,
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u(x) = f(x)+ /1.? K(x,t)u(t)dt

tenglamaga (21) yadroni qo’yib, quyidagi ko’rinishdagi tenglamaga kelamiz:

u(x) = f(x)+ A_Zn:Ciai (x), (22)

b
bu yerda ¢, = [b, (t)u(t)dt - noma’lum sonlar.
Shunday qilib, ajralgan yadroli (2) tenglamaning yechimini (22) ko’rinishda
gidirish kerak. Bu funksiyani (2) tenglamaga qo’yib, hosil bo’lgan tenglikning
o’ng va chap tomonlaridagi 8;(X) funksiyalar oldidagi ifodalarni har bir i =1,2,...,n

lar uchun tenglab, C; larga nisbatan algebrail tenglamalar sistemasini hosil

gilamiz:
C, =/1icjaij +B,i=12,...n,
j=1
bu o, =.l|)'ai(t)bj(t)dt, B, =Tf(t)bi(t)dt.

Bu sistemani yechib, C; larni, va demak, (2) tenglamaning yechimi u(x)
funksiyani hosil gilamiz.
Bu usulni n=3 uchun batafsil bayon gilamiz. Bu holda C;,i=123 lar

quyidagicha aniglanadi:

j‘bl(t)u(t)dt =C,, sz (u(t)dt =C,, fbs (t)u(t)dt = C,.
a a a (23)

Bu integrallardagi u(t) funksiya noma’lum bo’lgani sababli, c , c, va C; lar ham
noma’lum sonlar bo’lib, ularni topish talab qilinadi. Shu magsadda (23) ni (22)
ga n=3uchun qo’yamiz:

u(x) = f(x)+4a,(x)C, + 1a,(x)C, + Aa,(x)C,. (24)

(24) ifoda yordamida (23) tengliklarning birinchisini o’zgartiramiz:

C, = j'bl (tu(t)dt = ibl ML) + A2, (1)C, + 18, (t)C, + 4a,(t)C, ]dt=
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= ibl (t) f ()dt+ zclibl (t)a, (t)dt +/1C2ibl (t)a, (t)dt+ zcjbl (ta,(t)dt.  (25)

O’ng tomondagi aniq integrallar o’zgarmas sonlar bo’ladi va ularni quyidagicha

belgilab olamiz:

[b,0f @yct = A, [b,0a, 0t =a,,
j‘bl (Da,(dt=a,,, ibl (Hay(t)dt=a,;.

U holda (25) tenglik
C,=A +1Ca, +1C,a, +1C,a,
ko’rinishiga keladi. Bundagi C;, C,, C;noma’lum sonlarni 0’z ichiga oluvchi
hadlarni tenglik ishorasining bir tomoniga o’tkazsak,
(1-4a,)C, -4a,C, -1a,,C, = A
uch noma’lumli chiziqli algebraic tenglama hosil bo’ladi.

Shunga o’xshash yana ikkita algebraik tenglamani keltirib chigarish uchun

(23) tenglamalarning ikkinchi va uchinchisiga murojaat gilamiz:

C,=

A s 1

b, (t)u(t)dt = sz [ f (t) + A, (1)C, + 4a, (t)C, + Aa, (t)C,]dt=

= ibz (t) f (t)dt + ﬂCjbz (t)a, (t)dt +iczib2 (t)a, (t)dt + ,103in (t)a, (t)dt.

Bundagi integrallarni quyidagicha belgilaymiz:

_sz ) f()dt=A,, _sz ) a,(t)dt=a,,
_sz (t)az (t)dt =ay,, _sz (t) a, (t)dt =a,;.
U holda
C,=A,+1Ca, +4C,a,, + AC,a,,
yoki

- 2,,C, +(1-12,)C, — 4a,,C, = A,

hosil bo’ladi.
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Xuddi shuningdek, (23) dan:

C,=

D ey T

b, (t)u(t)dt = .Tb3 ()L (t) + Aa, (t)C, + 4a, (1)C, + Aa,(t)C,]dt.

Buni ham yuqoridagilar kabi o’zgartirsak ushbu
—185,C; - 42,,C, +(1-185)C, = Ay

natija hosil bo’ladi; bunda

fb3 () f (Hdt = A,, _Tb3 (M, (Hdt=a,, ,
_Tbs (Da, (H)dt=a,, _?bs (Ha,(t)dt=as; .

Shunday qilib, biz C;larga nisbatan quyidagi chizigli algebraik tenglamalar
sistemasini hosil qildik:

1- /13-11)C1 - /1a12C2 - /1a13C3 = A1
— A8, C; +(1-12,,)C, - 18,,C; = A, (26)
—43,,C, - 1a;,C, + (1-4a,)C; = A

Bu sistemadagi A lar va @; lar ma’lum sonlardir, chunki ularga mos integrallar

ishorasi ostidagi funksiyalar masalada berilgan bo’ladi.
Endi (26) sistemani oliy algebradagi Kramer formulalari yordamida

yechamiz:
C,=—, C,=—2, C,=—. (27)

Bu formulalarda

1-Aa, -1a, -—Aa,
D=|-2a, 1-4a, -/Ja, (28)
—Aay, —Aa, 1-1a,

Ma’lumki, p,ni topish uchun (28) determinantda birinchi ustun elementlari
o’rniga (26) dagi A, A,, A ozod hadlarni qo’yish kerak, D, va D, lar ham shu
usulda topiladi. Shuni ham ta’kidlab o’tishimiz zarurki, (26) sistemadagi
A, A, Alarning kamida bittasi noldan farqli bo’lganda, (28) determinantning
noldan farqli bo’lishi shart.
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Demak, 4 parametrning D  determinantni nolga aylantirmaydigan
hamma qiymatlari uchun (24) ko’rinishdagi yadroli (2) Fredgol’m tenglamalarini
shu usulda yechish mumkin ekan. Shubhasiz, bu masalada ishtirok etayotgan
barcha integrallar mavjud deb faraz gilinadi.

Misol. Ushbu tenglama yechilsin:
u(x) =x*+ Aj(1+ xt)u(t)dt.
Bu misoldagi A parameter umumiy holda berilgan bo’lib, K(x,t)=1+xt

yadro yuqoridagi  (21) ko’rinishda  ifodalangan.  Tenglamaning o’ng

tomonidagiintegralni ikkiga ajratib,
[@+xtyu(tydt = fut)dt+ x[ tu(t)dt
tenglikni hosil gilamiz.
So’ngra quyidagicha
C, = fudt, C, = [tu(t)dt
kabi belgilashlar kiritamiz. U holda berilgan integral tenglama
U(x) = x* + AC, + AC,x
ko’rinishidayoziladi. Noma’lum funksiyaning bu ifodasidan foydalanib, C,

bilan C,ni hisoblaymiz:
1 1
C, = J.u(t)dt = j(t2 +AC, + AC,t)dt =
0 0
1
= 1t3+ﬂ,Clt+1ﬂpC2t2 :l+}tCl+1/1C2
3 2 s 3 2

yoki
1 1
(1—/1)C1 —E/ICZ = §

Xuddi shuningdek,

90



1 1
C, = jtu(t)dt = jt(t2 +AC, + AC,t)dt =
0 0
1
| Ly +1;tclt2 +1/1C2t3 =1+1;Lc1+1/1c2
4 3 . 42 3

yoki

1 1 1
~ZAC,+(1-ZA)C, =~
2 1 ( 3 ) 2 4

Shunday qilib, quyidagi chizigli algebraik tenglamalar sistemasi hosil bo’ldi:

1 1
(1_1)01 _E;tcz = é,

1 1 1
~ZAC,+(1-ZA)C, ==.
Yk ( 3 )C, 2

Bu sistemaning yechimini Kramer formulalariga asosan yozamiz:

D D
Clzgl, C2=32;
Bu yerda
D=| 21 == (1*-164+12) =0,
—ZA 1-22
3
1.1 .
D=3 4 |=o5(A+24),
- 1-Z2
4 3
D2_ 1 125(3—/1)
-z, =
2 4
Demak,
D, 1 A+24 D, 3-1
=5~ 7 16113 D "7 16110
D 6 A*-164+12 D 12-164+12

Bularni izlanayotgan noma’lum funksiyaning yuqoridagi ifodasiga qo’yib, uni

quyidagi ko’rinishda yozamiz:
AB=4) . AA+24)
A2 -16A4+12  6(F-164+12)

u(x)=x>+
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Bu esa berilgan masalaning yechimidir. Yechim ifodasidagi kasrlarning maxraji
nolga teng bo’Imasligi uchun A parametr

A2 -164+12=0

Kvadrattenglamaningildizibo’Imasligishart, ya’ni A #8 £ 2413, Xususiyholda 1 =2
debfarazqilsak, yechimquyidagichayoziladi:

Misol. Ushbu tenglama yechilsin:

u(x)=f(x)+ /”chos(x +t)u(t)dt.

Ma’lumki,
cos(x +t) = cosxcost —sinxsint

va demak, tenglamani

u(x) = f(x)+ /Icosxj' costu(t)dt — Asinx j sintu(t)dt =
0 0
= f(x)+Acosx-C, —Asinx-C,

ko’rinishda yozish mumkin; bunda
C, = [costu(t)dt, C, = [sintu(t)dt.
0 0
Bu integrallarda u(t) o’rniga uning yuqorida olingan ifodasini qo’yamiz:

C, = jcost[f (t) + AcostC, — AsintC, ]dt =
0

O ==y

costf (t)dt + /’LCJcos2 tdt — ACZJ.cost -sintdt.
0 0
Integrallarning qiymatlari
T 7. .
jcos tdt = —; _[cost-smtdtzo.
0 2 0

bo’lgani uchun birinchi tenglama

Az

ko’rinishda yoziladi. Bu yerda
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A= jcostf (t)dt.
0
Xuddi shu usulda c,ni izlaymiz:
C2=jﬁnﬂfa)+ﬂcoﬂcl—isknCﬂdtz
0

= _[sintf (t)dt —/102_|'sin2 tdt + iCljcost -sintdt;
0 0 0
jsinztdtzz;
0 2

bo’lgani uchun

L+ ’%”)c2 _ B,

bu yerda

B = [sintf (t)dt
0

va demak,
__ 2 A C,= 2
2—-Ax 2+ Ar

Cl

Izlanayotganyechim quyidagidan iborat:

21 cosX B 21sin X B
2—Ar 2+ Ar

ux)= f(x)+

Buifodadagikasrlarningmaxrajlarinolgaaylanmasligiuchun 4 - -2 bo’lishikerak.
T

Xususiy holda, agari=1, f(x)=xdeb olsak,

A=jtcostdt=—2, B =jtsintdt=7r
0 0

bo’lib, yechim uchun quyidagi ifoda hosil bo’ladi:

2T .
Sin X.

COSX —
2—r1 2+

u(x)=x-

Mustaqil bajarish uchun misollar

a) p(x) = Aj K(x, Y)o(y)dy+ f(x) integral tenglamani quyidagi hollar uchun yeching:

1. K(x,y)=x-1, f(x)=x.
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2. K(x,y)=2e"" f(x)=¢",
3. K(x,y):x+y—2xy,f(X):X+X2.

b) o(x) = le(x, y)o(y)dy + f (x) integral tenglamani quyidagi hollar uchun yeching:
4. K(x,y)=xy+x2y%, f(x)=x2+x".

5. K(x,y)=X%+y%, f(X):1—6X2.

6. K(xy)=x"+5x%, f(x)=x*-x".

7. K(xy)=2xy* +5x%y?, f(x)=7x*+3.

8. K(xy)=x"=xy, f(x)=x*+x.

9. K(x,y)=5+4xy-3x" -3y’ +9x*y*, t(x)x.

C) o(x)= ;LT Kx, y)p(y)dy + f(x) integral tenglamani quyidagi hollar uchun yeching:

10. K(x,y) =sin@@x+y), f(x)=z—2x.
11. K(x,y) =sin(x—2y), f(x)=cos2x
12. K(x,y) = cos@x+y), f(x)=sinx.

13. K(x,y) =sin(3x+y), f(x)=cosx.

14. K (x,y) =siny+ ycosx, f(x):l—ﬁ.
T

15. K(X,y) =€0s (X=Y), f(x)=1+cosax.
d) o(x) =/1j”|<(x, y)o(y)dy+ f(x) integral tenglamani quyidagi hollar uchun yeching:
16. K(x,y) = cosx-cosy + c0os2xcos2y, f (xX) = cos3x
17. K(x,y) =cosx-cosy+2sin2x-sin2y, f (X) = cosx
18. K(X,y) =sinx-siny +3c0s2x-c0s2y, f(x) =sinx

e) Quyidagi integral tenglamalarning barcha xarakteristik giymatlarini va shu

xarakteristikalarga mos xos funksiyalarini toping
19. p(x) = Aj'[sin(x +y)+ ﬂ(p(y)dy
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20. p(x) = /IT_COSZ (X+y)+ ﬂw(y)dy

21 o0 = A{| 7y - 2
009 =[xty = ZJotyray

2a| A A
22,900 =4 &j +(§j }o(y)dy

2z
23. p(x) = ij(sin X -sin4y +sin2x-sin3y +sin3x-sin2y + sin4x-sin y)p(y)dy
0

24.a va b parametrlarning ganday giymatlarida quyidagi tenglama yechimga
ega va shu giymatlardagi yechimini toping:

X; y +%){p(y)dy+ax2 +bx—-2?

o(X) =12_:[(xy -
25.a parametrning ganday giymatlarida quyidagi tenglama yechimga ega:
P(x) = \/Ei [y(ax> —3x)+ x(4y? —3y)p(y)dy + ax + %?
26. A parametrninggandaygiymatlerida
P(x) = /ITCOS(ZX —Y)e(y)dy + f(x)

integral tenglama har ganday f (x) e c([o,2~])uchun yechimga ega, shu yechimni
toping.
g) Barchaava ozod hadga kiruvchi barcha a,b,c parametrlar uchunquyidagi

integral tenglamalarning yechimini toping:

zl2

27. p(x) =2 _[(ysin X +cosy)p(y)dy +ax+b

—-7l2
28. p(x) = Af cos(X + y)(y)dy + asinx +b

1
29. p(x) = ﬂj(1+ xy)p(y)dy + ax* +bx+c
]

1
30. p(x) = ZJ. (x2y + xy?)(y)dy + ax + bx®
A
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1
3L p(x)= /I.f%(xy+ x?y?)p(y)dy + ax+b
]

32. p(x) = /?bj[S(xy)}/3 + 7(xy)% }go(y)dy +ax+ bx”

1+ xy

- o(y)dy + ax + bx?
1+y

33. p(x) = ﬂ,j.
34. p(x) = ﬂj. (i/; + i/?)(p(y)dy +ax® +bx+c

1
35. p(x) = A'[(xy+ x? +y? =3x°y?)p(y)dy + ax+b
a

36. K(x,y) Yyadroning xos sonlarini va ularga mos keluvchi xos funksiyalarini

toping va barcha 4,a,b,c lar uchun quyidagi tenglamani yeching
1. K(Xy)=3x+xy-5X’Y*, f(x)= ax.
2. K(x,y)=3xy+5x%y?, f(x)=ax*+bx.
37. K(x,y)yadroning xos sonlarini va ularga mos keluvchi xos funksiyalarini

toping va barcha 1,a,b,c lar uchun quyidagi tenglamani yeching
P() = 4 [K(x, Yp)dy+ f ()

1. K(x,y)=xcosy+sinx, f(x)=a+bcosx.
2. K(x,y)=xsiny+cosx, f(x)=ax+b.

I) Quyidagi integral tenglamalarni yeching va r(x, y; 1) rezolventasini toping

38. ¢(x) = 2 [ sin(x+ Y)p(y)dy + £ (x)
39. p(x) =4[ (L= y + 2xy)e(y)dy + f (x)
40. p(x) =1 j (xsiny +cosxX)p(y)dy +ax+b

41. p(x) = ﬂf(sin xsiny +sin 2xsin 2yy)ep(y)dy + f (x)
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p) Har ganday A parametr uchun quyidagi integral tenglamalar yechimga ega

bo‘ladigan a,b,c parametrlarning barcha giymatlarini toping:

1
42. p(x) = /1J.(xy+ x2y?)p(y)dy + ax? +bx+c

1
43. p(x) =/1_|'(1+ xy)p(y)dy + ax® + bx+c, bu yerda a? +b? +¢c? =1.

-1

44, p(x) = ﬂf

o(Y)dy +x* +b
\/7

45. p(x) :/IJ'(xy—%)(p(y)dy+ ax’ —bx+1
-1
1

46. p(x) = ;Lj (X+ Y)o(y)dy +ax+b+1

47. p(x) =1 fcos(Zx +4y)p(y)dy + >

48. p(x) = lj (sinxsin2y +sin2xsin4y)p(y)dy + ax® + bx +c
-1

1
49, p(x) = /1'[(1+ x? + y)e(y)dy + ax + bx®
a

g) Quyidagi integral tenglamalrnig xos sonlarini va ularga mos keluvchi xos

funksiyalarini toping:

11 3
0. P(X, %) = lJ. J.|:X1 + X, + §(y1 +Y, ):|(0(y11 y,)dy,dy,

-1-1

SL () =2 [ U +1y)e(y)dy, x = (X, X,)

lyl<t

52. 900 =2 | 12100y x= 06,55, %)
lyl<1
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7-bob. Elliptik turdagi tenglamalar

Ushbu bobda elliptik turdagi tenglamalar haqida umumiy ma’lumot berilgan
bo‘lib, ularga qo‘yilgan korrekt masalalarni yechish o‘rganilgan. Mavzuga doir

mustagil yechish uchun misol va masalalar keltirilgan.

§7.1 Umumiy tushunchalar va fundamental yechim

Issiqlik maydonlari (sterjen) garalganda, bu maydonlarda issiglik targalish
masalalari ko‘rilgan edi. U maydonlar statsionar bo‘lmagan maydonlar bo‘lib,
issiqlik tarqalish jarayoni vaqtga bog‘liq edi.

Endi issiglik targalish jarayonini statsionar deb garaymiz, ya’ni vaqt o‘tishi
bilan maydondagi temperatura o‘zgarmaydi. Bunday maydonlar statsionar
temperaturali maydonlar deyiladi.

a) Bir jinsli sterjenda issiglik targalish jarayoni statsionarbo‘lsin, u holda

issiglik targalish tenglamasida %“ =0 bo‘lib tenglama

o°u
2 0 1
aXZ ( )
ko‘rinishga keladi.
Agar sterjenga doim issiqlik manbalari ta’sir etsa, tenglama
o°u
- = 2

ko‘rinishda bo‘ladi.
b) Bir jinsli membranada issiglik targalish jarayoni statsionar bo‘lsa, issiglik

targalish tenglamasi

—+—=0 3

ko‘rinishda yoziladi. Agar membranaga doimiy issiglik manbalari ta’sir etsa,
tenglama
o°u o%u
ou_cu__ 4
o Tayr (4)
ko‘rinishni oladi.
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c¢) Bir jinsli qattiq jism uch o‘lchovli fazoda qaralayotgan bo‘lsa va unda
issiglik targalish jarayoni statsionar bo‘lsa, u holda issiqlik tarqgalish tenglamasi

2 2 2
o°u  o°u au_o

t—t— = 5
x> oy’ oz’ ®)
bo‘lib, agar unga issiqlik manbalari ta’sir etsa, tenglama ko‘rinishi
o*u o’u  d%u
- (6)

Py oy’® T
kabi bo’ladi.

Yugorida yozilgan (1), (3), (5) tenglamalar mos ravishda bir, ikki, uch
o‘Ichovli Laplas tenglamalari deyiladi. (2), (4), (6) tenglamalar esa bir, ikki, uch
o‘Ichovli Puasson tenglamalari deyiladi.

S sirt bilan chegaralangan gandaydir D sohani garaylik. D soha ichida
u(x,y,z) temperaturaning statsionar tarqalish masalasi quyidagicha qo‘yiladi:

D soha ichida au=—f(x,y,z)tenglamani va quyidagi chegaraviy shartlardan

bittasini:
l.u=1, Sda (birinchi chegaraviy masala)
. g_“ = f,, Sda (ikkinchi chegaraviy masala)
n
I1l. Z—“ +h(u-f,)=0,Sda (uchinchi chegaraviy masala)
n

ganoatlantiruvchi u(x,y,z) funksiya topilsin, bunda keyingi tengliklarda n - S sirt
o‘tkazilgan normal, h - berilgan doimiy son, f,, f,, f; - berilgan funksiyalar.

Laplas yoki Puasson tenglamasiga qo‘yilgan 1-chegaraviy masalaga Dirixle
masalasi, 2-chegaraviy masalaga esa Neyman masalasi deyiladi.

A orgali 2-tartibli xususiy hosilalarning quyidagi differensial operatorini

belgilaymiz:

n 2

=) —.
i OX;

Ushbu A differensial operator Laplas operatori,

ANGET
AU = Zly =0 (7)
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tenglama — n o’Ichovli Laplas tenglamasi deyiladi.

(7) tenglamaga mos kvadratik xarakteristik forma quyidagicha aniglanadi:

i=1
va bu forma E, fazoning hamma nugtalarida musbat aniglangan. Bundan esa (7)

tenglama E, fazoda elliptik ekanligi kelib chigadi.

Ta’rif. 2-tartibli uzluksiz hususiy hosilalarga ega bo‘lgan va Laplas
tenglamasini ganoatlantiruvchi (ya’ni uning yechimi bo‘lgan) u(x) funksiya
garmonik funksiya deyiladi.

X va go‘zgaruvchilarning funksiyasi bo‘lgan quyidagi funksiya ham X, ham
¢ bo‘yicha Laplas tenglamasini ganoatlantirishini to‘g‘ridan-to‘g‘ri tekshirish

mumkin:

1
E(x,§)=¢n-2
—logé — x|, n=2,

|§—x|27", n>2, ®8)

bu yerda, |£—x=(&-x)+(&-%)F+.+(&-x ). Hagigatan, x#¢ bo‘lganda
(8) dan quyidagini olamiz:

ZX_E :_|§_X|*” +n|§—x|_”_2(§i —Xi)z- i=12..,n (9)

(9) ni etib (8) ga qo‘ysak quyidagiga ega bo‘lamiz:
-n-2
AE =-nlé—x"+né-x D(&-x)=0.
i=1
E(x,&) funksiya X va & o‘zgaruvchilarga nisbatan simmetrik bo‘lganligi uchun, bu
funksiya ¢, & # x o‘zgaruvchi bo‘yicha ham Laplas tenglamasini ganoatlantiradi.
(8) formula orgali aniglangan E(x,¢) funksiya Laplas tenglamasining
elementar yoki fundamental yechimi deyiladi.
n=3 bo‘lgan holda fundamental yechim X (yoki ¢) nuqtada joylashgan

birlik zaryadning potensialini bildiradi.
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Masala. U =U(X, .., X,) garmonik funksiya berilgan (%u-&—u, (n=2) funksiya

1 2

garmonik funksiya bo’lish yoki bo’Imasligini tushuntiring.

Yechish. v(x,, X, )= SX—U : STU belgilash kiritamiz. Garmonik funksiya ta’rifidan
1 2

foydalanamiz. Funksiyadan o‘zgaruvchilar bo‘yicha ikkinchi tartibli xususiy

hosilalarni olamiz:

OV(x,X,)_0°u ou 0 ofu  ou @
ox? e ox,  OxZ OXOX, OX, OX,0x2

%v(x,, %, ) o'u au 0% 2w  au &
X2 e X, OxE OxOx, OX, OXOX:

Laplas tenglamasini qanoatlantirishini ko‘rsatamiz,
~ azv(xl,xz)+ o*v(x,%,) _8°u au +282u 2% Lo du
ox? OX? oxd ox,  OxZ OX,0X, OX, OX,0x]
+& ou 282u o°u ou  d°u _ au (83u o’u j ou [ o'u % GU)

s T 2 + ’ 2~ s T 2 Tt 2, T |t
oX, OX OX; O%0X, OX, OX0X, OX,\OX; OX,0°X,) OX \0X,0°% OX, OX,

o%u (o*u d°u) ou o (o*u d°u) ou o (8°u  otu o%u (o*u o%u
2 + = — | —t— |+ — + +2 + :
OX,0X, \ OXZ OXZ ) Ox, Ox \ox;  oxi ) ox, ox,\ oxi  ox; OX,0%, \ o2 Ox2

masala shartiga asosan

AV

+ 0,
ox;  ox5

bundan

o*v(x, %, ) . *v(x.,x,)

; 22=0, ya’ni Av=0. Demak, berilgan funksiya
aXl aXl

garmonik.

Masala. X; +kx X; berilgan funksiya garmonik bo‘ladigan k doimiyning
giymatini toping?

Yechish.u(Xl,Xz)=X13+kX1X22 belgilash  kiritamiz. Garmonik funksiya
ta’rifidan foydalanamiz. Funksiyadan o‘zgaruvchilar bo‘yicha ikkinchi tartibli
xususiy hosilalarni olamiz:

a%u(x,, x,)
Ox?

O%u(x,, %,)

=6X,,
' ox;

= 2kx,

Laplas tenglamasini ganoatlantiradi, ya’ni
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o°u  d°u

oxZ  ox;

bundan
6x, + 2kx, =0,
k=-3.
Demak, k =-3 bo‘lganda berilgan funksiya garmonik funksiya bo‘ladi.
Mustagil bajarish uchun mashglar
1. Laplas operatorining quyidagi koordinatalar sistemasidagi ifodasini toping.
a) egri chizigli koordinatalarda
X=¢(&,n),y=yw(&n),
b) qutb koordinatalarida
X=rcosg,y=rsing
¢) silindrik koordinatalarida
X=rcose,y=rsing,z=z
d) sferik koordinatalarida
X =rsinvcosg, y =rsinuvsing, z =rcosv

e) yassi sferoidal koordinatalarida

x=&nsing, y =4(£2 ~)(L-n?),z=Encose.

2.U=U(X,,..., X,) garmonik funksiya berilgan quyida yozilgan funksiyalardan
qaysi biri garmonik funksiya bo’lish yoki bo’Imasligini tushuntiring.

a) u(x+h),h=(h,..,h,) -doimiy vektor;

b) u(ax), 2 -skalyar doimiy;

C)u(Cx),c -doimiy ortogonal matrissa;

d)a_u.a_u’nzz;
0%, OX,

e) a—u-a—u,n>2;
OX, OX,
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ou ou ou
1)) xl&+x2—+x3—,n=3;

1 2 3
xS M=,
aXl aXZ
h) xza—u—xla—u,n:Z;
OX, 0X,
au
K) X oo

21
1] 2]
of3] ]

3. Quyida garmonik bo‘lgan funksiyalar berilgan.k doimiyning gqiymatini
toping.

a) X +kxx;;

b) X2 + X2 +kx;

c) echkx,;

d) sin3x,chkx,;

| ||< |X| lez |X|¢0
I

4.u(x,y) funksiyani garmonik deb faraz gilsak, (o(Z):a—z—l%funkswanmg

analitik bo‘lishini ko‘rsating.

5.u(x,y)=Re f(z), Ya ni u(x,y) funksiya f(z) funksiyaning haqiqiy
qismiga teng bo‘lsa, D sohada egri chiziq integralidan foydalanib, f (z)ning
analitik bo‘lishini keltirib chigaring, agar:

5.1.u=Xx"-3xy%

5.2.u=e’siny.
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5.3.u =sinxchy.
6.u, — v, =0, u, + v, = 0Koshi-Riman tenglamalar sistemasidan

foydalanib, u(x,y) funksiya bilan qo’shma garmonik bog'langan v(x,y) funksiyani
toping:
a)u(x,y)=xy’ - yx’;
b)u(x,y)=e’sinx;
C)u(x,y) = shxsiny;
d) u(x, y) = chxcosny;
€)u(x, y) = shxcosy;

f) u(x,y)=chxsiny.
7.Koshi-Riman tenglamalar sistemasidan foydalanib, u(x,y) garmonik

funksiyani toping:
a)u,(xy)=3x"y-y’;
b)u, (x,y) =e"cosy;
c)u,(x,y)=e’siny;
d) u, (%, y)=x*—y* +x+Yy;
e) U (X, y)=Xxy+x* -y’
8.Agar:
a)u, =e’cosz-2y,
b) U, =shxcosz+2xy,
C)U, =Xy’ —Xz° +6XZ+X;
d)u, =e*(xcosy-ysiny)+2z.
bo‘lsa, u=u(x,y,z)garmonik funksiyani toping.
9. Agar:
a)u, (x y)=y’ -3¢y,
b)u, (x,y) =€’ cosx;
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c) U, (x,y) =shxsiny;
d)u, (X, y)=chxsiny;

e)u, (x,Y)=Xxy.
bo‘lsa, u(x,y) garmonik funksiyaga bog'liq bo‘lgan v(x,y) funksiyani toping.

§7.2Chegaraviy masalalarni doirada va doira tashqgarisida Furye usuli bilan

yechish
Doira uchun Dirixle masalasi:
D ={p? =x* + y* <a’|doirada
Au=0 (10)
ikki o‘Ichovli Laplas tenglamasining
_f (11)

s
birinchi  chegaraviy ~ shartni  ganoatlantiruvchi  yechimini  topish masalasini
ko‘raylik, bu yerda f berilgan funksiya.

Dastlab$ = {x* + y> =a’ jaylanada f € C'deb faraz qilaylik (keyinchalik bu
shartni olib tashlaymiz).
Markazi doira markazida bo‘lgan(D,{D) qutb  koordinatalar sistemasini

Kiritamiz. Unda (10) tenglama

2
AP S:A - O SO S P
p  op\" op) p° Op

ko‘rinishni oladi.
(12),(11)masalani o‘zgaruvchilarni ajratish usuli bilan yechamiz ya'ni (12)

tenglama yechimini u(p, @) = R(p) - ®(p) = 0ko‘rinishda izlaymiz. Bundan esa

) + AD(p) =0, ®(p)=0 (13)

2

gi(de(p)

j—ﬂR(p)=O,R (p)#0 (14)
pdp" dp

105



tenglamani hosil gilamiz. (13) tenglamaning yechimi®(¢):Acosnﬂ¢+ Bsinnﬁw
bo‘lib, bu erda A B ixtiyoriy o‘zgarmaslar. Ko‘rinib turibdiki, @ burchak 0 dan
27 gacha o‘zgarganda bir qiymatli U(,O, (p)funksiyayana 0°‘z qiymatiga qaytishi
kerak, yani  u(p,¢+27)=u(p,p)yechim davriy bo‘ladi. Bundan esa
®(p + 27) = d(p)ham davri 27T bo‘lgan davriy funksiya bo‘ladi. Bu esa fagat
VA =n -butun son bo‘lsagina mumkin va

@ (p)=A, cosnp+B, sinng.

Endi R(,O)funksiyaga nisbatan Eyler tenglamasi hosil bo‘ladi, uning
yechimini R(,O)= p"ko‘rinishda izlaymiz. Buni (14) tenglamaga qo‘yamiz va p“ ga
gisgartirib, N’ =u*  yoki u=+n(p>0) tenglikni olamiz. Demak
R(p) =Cp" +Dp ™" bunda c, D - ixtiyoriy o‘zgarmaslar.

Agar D=0 bo‘lsa p —0 da u=R(p)D(p)—=Va u(p,e)funksiya sohaning ichida

garmonik bo‘lmaydi. Shu sababli, agar ichki masalani qgarayotgan bo‘lsak

R(,O)= Cp"ya’ni u=ndeb olish magsadga muvofiq bo‘ladi. Shuningdek tashgi masala
uchun R(p)=Dp ™", (u=-n)deb  olishkerak, chunkitashqi masalada
yechim p — « chegaralangan bo‘lishi kerak.

Shunday qilib, ichki va tashgi  Dirixlemasalalarining xususiy yechimlari
mosravishda p < «bo‘lganda: U, (p,¢)=p"(A cosnp+B, sinng) va P 2 bo‘lganda:
u, (p,0)=p"(A, cosnp+B, sinng) bo‘ladi.

Shuni ham ta'kidlash lozimki, p=0 nugtada (12)Laplas operatori
ma nosiniyo‘qotadi.Biz Au, =0 tenglik,p =odaham bajariliishni ko‘rsatishuchun
p'cosng va p"sinng  xususiy yechimlar p"e™ =(pe")' = (x-+iy)" funksiyaning
haqigiy va mavhum qismlari ekanligidanfoydalanamiz. Bu X va Yy ga nisbatan

ko‘phad bo‘lib, >0 da AU =0,hamda uzluksiz ikki marta differensiallanuvchi

bo‘lgani uchun ,-o da ham AU = O tenglama chizigli bo‘lgani uchun bu xususiy
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yechimlaryig‘indisi ham mos masalalar yechimi bo‘ladi:

0

> p"A(,cosng+B, sinng)ichki masala uchun;

n=0

u(p, )
u(p, @)= ip*“ (A, cosng+ B, sinng)tashqi masala uchun.
n=0

An va B, koeffisiyentlarni aniglash uchun (11) chegaraviy shartdan

foydalanamiz:
u(a, o) :ia“ A, cosng+B, sinng)= f(p) (15)
n=0

va f(qo)funksiyaning Furye gatoriga yoyilmasini yozamiz (uni mavjud degan

faraz bilan)
f(p) %+i a, cosng+ f3, sinng) (16)
1 v
buyerda @, =— I f(w)cosny dy (n=012,..), (17)
B, =2 [ f(y)sinny dy (n-012..) (18)
7[—71'

(15) va (16) qatorlarni tenglashtirib, ichki masala uchun:

a, a 5
=290 A =Zn B I
AO 2 n an n an
tashgi masala uchun esa
AO=“—2°, A =a"a,, B, =a"pg,

giymatlarni topamiz.

Shunday qilib. doirada Dirixlening ichki masalasi uchun

)—?°+Z(§j (e, cosng + 3, sinng) (19)
n=1
yechimni, tashgimasala uchun esa

u(p,p)= +Z[ j a, cosng + B, sinng) (20)

yechimni hosil gilamiz.
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Bu funksiyalar hagigatan ham izlanayotgan yechim bo‘lishini ko‘rsatish uchun,
ularni hadma-had differensiallab, hosil bo‘lgan qatorlar ham yaqginlashuvchi
bo‘lishini, hamda, chegarada uzluksiz bo‘lib, chegaraviy giymatni gabul gilishini

isbotlash lozim bo‘ladi. (19), (20) gatorlarni bitta ko‘rinishda yozib olamiz:

u(p, @)= it” (cx, cosng+ 3, sin n¢)+% (22)
n=1 '

<1 (p <a—ichki),
(

P

buyerda t=!2
a p > a—tashqi),
o)

a,, B, laresa f(qo)funksiyaning Furye koeffisiyentlari.
(19), (20) qatorlarni t<1bo‘lgandaistagancha differensiallash mumkin. Qatorning
umumiy hadiu, =t"(a, cosng+ £, sinng) ni garaylik, hamda uni ¢ bo‘yicha k

marta differensiallaymiz:

o, =t"n"| a co{n +ﬂkj+ﬂ sin(n +ﬂkj
Ggok - n ® 2 n ® 2

Agar .| <M, [B,]<M desak, quyidagi bahoga ega bo‘lamiz

o u,
agpk

<t"-n*.2M.

2
Birorta 0, <& (ichki masala uchun) va p1=a—>a(tashqi masala uchun)
Po

giymatlarni fiksirlaymiz, bunda t0:%<1 bo‘ladiva ushbu qgatorni garaymiz

3t (|, | +]8,[)<2MDt0 0k (t<t,)
n=1 k=1
Ko‘ramizki, bu gator ixtiyoriy chekli k uchun t<t; <lbo‘lganda yaginlashadi.

Shuning uchun (19), (20) gaorlarni mos ravishda ichki, tashqi nuqtasida k marta

differensiallash mumkin.

Xuddi shunga o‘xshash ko‘rsatish mumkinki, (19) va (20) gatorlarni o, <ava

P, > a(doiraning ichi va tashgarisida) mos ravishda p o‘zgaruvchi bo‘yicha ham
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istagancha differensiallash mumkin. Fiksirlangan p,ning ixtiyoriyligidan esa (19)

va (20) qatorlarni doiraning mos ravishda ichki va tashqgi nugtasida
differensiallash mumkin bo‘ladi, hadma-had hosila olish mumkinligidan esa,
superpozitsiya printsipini qo‘llash o‘rinli ekanligi kelib chigadi. Demak,
koeffisiyentlari (17) va (18) formulalar bilan aniglanadigan (19) va (20)
funksiyalar (10) tenglamani va (11) chegaraviy shartni mos ravishda doiraning

ichida va tashgi sohasida ganoatlantiradi.

Masala. x> +y* =1’ <R* doirada Dirixle masalasini yeching:
Au(x,y)=0, 0<r<R,
ux,y)=g(xy), r=R
bu yerda, g(X,y)=2x"-x-V.
Yechish. Yechim (19) gator ko‘rinishida bo‘ladi, koeffisiyentlari (17) va

(18) formulalar yordamida aniglanadi. g(x,y) funksiyani qutb koordinatalar
sistemasida  yozib olamiz:  g(r,@)=2r’cos’ p-rcosp-rsing va r=R da

g =2R%cos’ p—Rcosp - Rsing bo‘ladi.

a, =£_fg(y/)cosnx//dz// _1 I(ZRZ cos’  — Rcosy — Rsinz//)cosnwdz//
T T

-

B, =1J‘g(yx)sinnyxdy/=lI(Zchoszy/—Rcosw—Rsim//)sinm//dz//
T® T®

a, :%J'(ZRZ%—Rcosw—Rsinz//jdz//=2R2

a, = i _[(2R2 cos’ — Rcosy — Rsin l//)COSWdl// =R

-

a, = % I(ZR2 cos’ v — Rcosy — Rsiny/)coszwdy/ =R?

-
T

_1 2R?cos’  — Rcosy — Rsiny Jsinydy = —R
! T

-

Qolgan barcha koeffisiyentlarning giymatlari nolga teng. Topilgan

natijalarni (19) qatorga etib qo‘yib, berigan masalaning yechimini olamiz:
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u(r,p)= %+2[Lj (e, cosng + B, sinng)=R? —rcosg +r?cos2¢p —rsing.

=
Oxirgi tenglikda dekart koordinatalar sistemasiga o‘tamiz va masalaning
yechimini olamiz:
u(x,y)=R* = x+x*-y*-y.
Masala.a<r<b,0<p<27halga ichida quyidagi u(r)chegaraviy masalalarning
yechimlarini toping: Au(r) =0,u(a) =T, u(b) =U.
Yechish. Bir o‘Ichovli holda Laplas tenglamasi quyidagicha:

Au(r) = %(%(r %D =0.

Tenglamani yechimi: u(ry=c,Inr +c,. c,c,larni chegaraviy shartlardan

topamiz:
u@==C;Ina+C, =T
u(@)=C,Inb+C, =U

¢ _T-V

a

In—=

b
T-—

c,=T-1°Y

Ina

In—
b

Demak, yechim quyidagicha:

T-U
In

u(r)=T + r
a

In—=
b

bo‘ladi.

10.X* +y* =1’ <R? doirada Dirixle masalasini yeching:

Au(x,y)=0, 0<r<R,
ux,y)=g(xy), r=R

Bu yerda:
a) g(x,y) =x+xy;
b) 9(x,¥)=2(x" +Y);
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c)9(x.y) =4y
d) g(x,y)=x" -2y
e) g(x,y) =4xy’;

f)axy) =%y2 +Rxy;

g)9(x,y) =2x*-x-y.

11.x* +y* =r’ <R? doiradan tashqarida Drixle masalasini yeching:
Au(x,y)=0, R<r<oo,
u(x,y) =g(x,y), r=R.|u(x,y)| <o
Bu yerda:
a) g(x,y) =y +2xy;
b) g(x, y) = ax+by+c;
) g% y)=x"~y";
d)g(xy)=x"+1,
&) 9(xy)=y ~xy,
f)g(xy) =y +x+y
g) 9(X,y) =2x* = X+Y.
12.x°+y* =1’ <R? doirada Puasson tenglamasiga go‘yilgan Drixle masalasini
yeching:
Au(x,y)=f(xy),0<r<R,
u(x,y)=9g(x,y),r=R.
Agar:
a) f(xy)=1g(x,y)=0;

b) f(xy)=x09(xy)=0;
2

¢) f(x,y)=—1,g(x,y):y7;

d) f(x,y)=y,9(x,y)=1
111



€) f(x.y)=49(xy)=1.

13.x° +y* =1’ <R? doirada to‘g'ri qo‘yilgan Neyman masalasining
Au(x,y)=0, 0<r<R,

ou(x, y) bajarilish shartini toping.

=g(x,y), r=R
oy
Agar:
a)g(x,y) = A

b) g(x,y)=2x"+A
€) g(x.y)=2xy;
d) 9(xy)=Ay"~B;
e) 9(x,y)= A +By’ +y.
bo‘lsa, to‘g ri goyilgan masalaning yechimini toping, bu yerda A,B-doimiy.

14.X*+y*=r*<R* doira tashqarisida g(x,y) funksiya uchun to‘g’ri go‘yilgan

Au(x,y)=0, R<r<om,
Neyman masalasining yechimini toping au(x,y)

ey =g(xy), r=R, |u(xy) <’

Agar:
a) g(xy)=y'-A
b) g(xy)=x"+Ay-B;
C) g(x,y)=2xy—Ay+B;
d) g(xy)=x"-Ay’+B;

bo‘lsa, masalaning yechimini toping, bu yerda A,B-doimiy.

15.Agar quyidagilar berilgan bo‘lsa, K:0<r<R,0<p <~ doirada

u(R,»)—u(R,,») = f () Shartni ganoatlantiruvchi u(r,¢) e C*(K) garmonik

funksiyani toping, bu yerda 0<R, < R,fo (p)dp=0;
a) f(p)=sing;
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b) f(p)=cosg;
c) f(p)=cos’p+C;
d) f(p)=sin2¢p+cos3gp:
e) f(p)=Acos’p+Bsing;
f) f(p)=sinp-3cos’ p+C;
bu yerda A,B,C-doimiy.
16.k:0<r<RO0<gp<rzdoira tashgarisida  u(R,¢)-u(R,@)="f(p)  Shartni

ganoatlantiruvchi  u(r,p) eC'(CK) garmonik funksiyani toping, bu verda
0<R1<R,Tf(¢)d¢=0;

a) f(p)=3sin2y;

b) f(p)=5sin*p-A

) f(p)=sinp+2;
d) f(p)=sinp+3cos’ p-A
€) f(¢)=singp+cos5p;
A-doimiy

Au(x,y,z) =0,
u(x, y,0)=9g(xy), u,(xy,0)=h(xy)

Laplas tenglamasiga qo‘yilgan Koshi masalasini yeching.

2k+1

Tkt

foydalaning, bu yerda7(X,,... X, 4),V(X,... X,4) - boshlang’ich shartda berilgan

funksiyalar.)

Agar:
a) g(xy)=x+2y,h(x,y)=2x-y?
b) g(xy)=xe’,h(x,y)=
c) g(x,y) =xy+ x5, h(x,y)=¢e* +v;
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d) g(xy)=xsiny,h(x,y)=cosy;
e)g(x,y)=x’+2,h(x,y) =2x* -y,
) g(x,y)=cos2x,h(x,y)=x—2sin2y;
bo‘lsa.
a<r<b0<g<2rhalga ichida quyidagi
yechimlarini toping.
18. Au(r)=0,u(a) =T, u(b) =U.
19. Au(ry=0,u(a)=T,u, (b) =U.
20. Au(r)=0,u, (a) =T,u(b) =U.
21. Au(r)y=0,u,(a)=T,u, (b) =U.
22. Au(r)=0,u(a)=T,u, (b) + hu(b) =U.
23. Au(r)=0,u,(a)—hu(a)=T,u(b) =U.
24. Au(r)=0,u,(a)=T,u, (b) +hu(b) =U.
25. Au(r)=0,u, (a)—hu(a)=T,u, (b) =U.
26. Au(r)=0,u, (a)—hu(a) =T,u, (b) + hu(b) =U.
27. Au(r)=0,u(a) =T,u(c) = hu(b),a<c <b,h=0.

28. K:x*+ y2 +2x<0 aylanada

Au(x,y)=f(x,y).(x,y) eK,
U(X’ y) = g(X, y)!(X’ y) =K,

masalani yeching, agar:

a) f(xy)=0,0g(xy)=4x"+6x-1;
b) f(xy)=0,g(x,y)=x"+2y;
o) F(xy)=0,9(xy)=2y"-x;
d) f(y)=4,90xy)=2xy+1;

) f(xy)=24y,9(x,y)=y.
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§7.3Chegaraviy masalalarni to‘rtburchak sohada Furye usuli bilan
yechish
Elliptik turdagi tenglamalarga to‘rtburchak sohada qo‘yilgan chegaraviy
masalalarni, tor tebranish va issiqlik o‘tkazuvchanlik tenglamalariga qo‘yilgan
aralash masalalarni Furye usulida yechish algoritmi asosida yechiladi.
Masala. Laplas tenglamasiga o<x<p,0<y<s to‘gri to’rtburchak
sohadaqo’yilgan chegaraviy masalani yeching:
u(0,y)=u,(p,y) =0, u(x,0)=0, u(x,s) = f(x);
Yechish. Ikki o‘lchovli Laplas tenglamasi quyidagicha:
o’u  ou
o oyt

Berilgan masalaning yechimini quyidagi ko‘rinishda qidiramiz:

AU = 0.

u(x, y) = X(x)-Y(y).
bu yerda x(x) - X o‘zgaruvchining funksiyasi, Y (y) - Y o‘zgaruvchining
funksiyasi. Ular uchun quyidagi tenglamalar hosil bo‘ladi:
X"(X)+AX(X)=0
Y (y)-AY(y)=0
chegaraviy shartlardan foydalansak, x (x) funksiya uchun quyidagi ko‘rinishni
oladi: x(0)=0, x'(p)=0.

.. i . 2n+1
Natijada masalani yechsak: X, (x) =sin np+ X

2n+1 2n+1
7 pe b
Y, (y)=a.e +b.e .

] ] ] o o @ny 2n+172y
Masalaning yechimi: u(x,y)=>"u,(x,y) = Z{ane P t+be P |sin 2n+1
n=0 n=0

p

X .

Qolgan chegaraviy shartlardan foydalanib, yig‘indidagi noma’lim

koeffisiyentlar uchun quyidagi tenglamalar sistemasini olamiz:
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bundan,

b,=-a

n?

2n+1 2n+1
s s ) 2n41
Sin

n
dale? —e °
n=0

ax = f(x).

Oxirgi tenglik f (x) funksiyaning Furye gatoriga yoyilmasini beradi.

Demak, berilgan masalaning yechimi:

u(x,y) = Zw:(ansh(zn;lﬂy]sin[zn +17sz .

P

p

bu yerda, 5 - ! | f(x)sin(zn +1ﬂdex.
2n+1 ° p
p- sh( 0 7sz

29. Laplas tenglamasiga o< x < p,0< y < s to‘gri to’rtburchak sohadaqo’yilgan

chegaraviy masalani yeching:
a)u(0,y) =u,(p,y) =0,u(x,0) =0,u(xs) = f(x);
b)u,(0,y)=u,(p,y) =0,u(x,0) = A u(x,s) = Bx;
c)u, (0, y)=u(p,y)=0,u(x,00=0,u,(x,s) = Bx;

d) u(0,y)=U,u (p,y)=0,u (x,O):TsinZ—ﬂz,u(x,s):O;

e) u(0,y)=0,u,(p,y)=0,u(x,0)=0,u,(x,s) =U;

) u(0,y)=0,u(p,y) =Ty, u(x,0)=0,u,(x,s) = %

30. 0<x<wx,0<y<I yarim tekislikda chegaraviy shartlarni ganoatlantiruvchi
Laplas tenglamasining yechimini:
a)u(x,0)=u,(x,1)=0,u(0,y) = £(y),u(e,y) =0

u(x,0) =u, (x,1) +hu(x,1) =0,

b)
u(©,y) = f(y), u(o,y)=0,h>0;
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C) u(x,0)=u(x,1)=0, u(0,y)=y(l —y), u(w,y) =0;
d u, (x,0) —hu(x,0) =0, u(x,1) =0,
u(,y)=1-vy,u(xo,y)=0, h>0.

31.0<r<R doirada quyidagi chegaraviy giymatlarni ganoatlantiruvchi garmonik
funksiyani toping:

a)u(R,¢) = p(27 - 9);

b)u(R,¢) = psing;

C)u, (R, @) + hu(R, ) =T +Qsing+U cos3y;

d)u. (R.9) = T (e).
32.0<r<R doira tashqgarisida quyidagi Laplas tenglamasiga qo‘yilgan u=u(r,)

chegaraviy masalani yeching:

au(R,p)=T sin%; b)u(r, p) =%+(/)Sin2¢;

C)u, (R,@) +hu(R,) = f (¢);

d)u, (R.¢) =U(p+cosg).
33. a<r<b halga ichida chegaraviy giymatlarni ganoatlantiruvchi u=u(r,¢)
garmonik funksiyani toping:

a)u(a,¢) =0,u(b, ) = Acosg;

b)u(a,¢) = Au(b,p) = Bsin2g;

C)u(a.¢) = qcose,u(b,p) =Q +Tsin2¢;

d) ua, @) =T +U cosg,u, (b, p) = hu(b, ») =0;
34, a<r<b0<gp<a doira sektorida chegaraviy shartlarni giymatlarni
ganoatlantiruvchi garmonik funksiyani toping:
a)u(r,0) =u(r,a) =0,u(R,p) = Ag;

b)u,(r,0)=u(r,a) =0,u(R,¢) = f(¢);

c)u,(r,0)=u,(r,a)=0,u(R,p)=Ugy;

d)u(r,0) =u(r,a) =0,u, (R,0) =Q;

e)u(r,0) =u¢(r,a)+ hu(r,a),u, (R,@)+ (R, ) =0.
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8-bob. Giperbolik sistemalar

Ushbu bobda xususiy hosilali differensial tenglamalar sistemasi hagida
umumiy ma’lumotlar berilib, birinchi tartibli xususiy hosilali differensial
tenglamalar sistemasining klassifikatsiyasi, kanonik ko‘rinishga keltirish, umumiy
yechimini topish, shuningdek giperbolik sistemalarga qo‘yilgan Koshi va aralash
masalalarni yechish o‘rganilgan. Mavzuga doir mustaqil yechish uchun misol va

masalalar keltirilgan.

§8.1 Umumiy tushunchalar. Giperbolik sistemalarni kanonik

ko‘rinishga keltirish va umumiy yechimini topish

Quyidagi tenglamalar sistemasi berilgan bo’sin

Ay (X t) =+ AL (X, t) 2+ By, (x, t) L+ By, (x t) = f,(x1), o
A (X, t) +Azz( t) +le( t) +Bzz( t) = f,(xt)
Bu yerda, A,(x.t), A, (x1), By (1), By, (%), Ay (X, 1), Ay (X,1), By (X, 1), B,y (x,t) - SiStema
koeffisiyentlari,  , (x,t), f,(x,t)-0zod hadlar bo‘lib, berilgan funksiyalar.

u,(x,t),u,(x,t) - noma’lum funksialar. (1) sistemani matrisaviy shaklda yozib

olamiz, bu uchun quyidagi belgilashlar kiritamiz:

(B 2 e ) o[ Biun(%),
AQl AQZ 821 Bzz f2 u,

Natijada, berilgan (1) Sistema quyidagi ko‘rinishni oladi:

A gM 1)
ot OX

u, (x,t),u, (x,t) funksiyalarning to‘la differnsiallarini yozamiz:

du, = M gt + a“l dx,
o vy
8u2 8u2

du, dt + =2 dx.
ot

(1) va (2) sistemani birgalikda garaymiz:
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ou ou
A11 A12 8)(1 + Blzﬁ_xzz fi,
8u 8u ou ou
A, —L+A,—%+B,—-+B,—2=1,
21 8t 22 at 21 6X 22 ax 2 (*)
ou, ou,
dt M 4 ax e _ gy,
ot OX
dt Mz 4 gy Mz _ gy
ot OX
Hosil bo‘lgan (¥) sistema &1 & &2 s pomg’lumlarga nisbatan chizigli
ot ox ot ox

tenglamalar sistemasini tashkil giladi. (*) tenglamalar sistemasining matrisaviy
shakli quyidagicha:

ou
A—+ B——
Ot ox f
tha—u dx Ea—u:d
ot ox

(*) tenglamalar sistemasi noldan farqli yechimga ega bo’lishi uchun

A B
#0
dtE dxE
bo’lishi kerak.
Ta’rif.
A B
- 3
dtE dxE ( )

tenglikni ganoatlantiruvchi chiziglar (1) sistemaning xarakteristikalari deyiladi.

Xarakteristikalar ustida munosabatni aniglash uchun quyidagi kengaytirilgan

A B f
dtE dxE du)

Agar ushbu matritsaning rangi asosiy matritsaning rangiga teng bo’lsa, u holda

matritsani garashimiz kerak

xarakteristikalar ustida munosabat aniglangan deyiladi, ya’ni

rA B f_rA B
dtE dxE du) |\dtE dxE)
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Akustika tenglamalari sistemasining xaraktiristikalarini aniglang va
xarakteristikalar ustida munosabatni quring. Sistemaning umumiy yechimini
toping?

Yechish. Berilgan sistemani matrisaviy shaklda yozib olamiz:

1
1 0Yo(u) |0 —|o(u) (O
J— + po_ = .
0 1jot\p s ox\ p 0
pcy O

00

o el wp Gk

Bundan,

Pocg
AV gV
ot OX

Ta’rifdan foydalanib xarakteristikalarini aniglaymiz:

1 0 0 i
Po
0 1 pc 0|=0
dt 0 dx 0
0O dt O dx

Po 1 0 O
dtf0 p,c2 0[+dx0 1 p,c2l=-cidt’+dx* =dx*—cidt*=0.
dt dx 0 dt 0 dx

(dx—c,dt)(dx +c,dt) =0

X _¢,, X—cyt=const,
dt

9X_ ¢, X+Ct=const,
dt
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Demak, tovush targalish tenglamari sistemasi quyidagi xarakteristikalarga ega:
X—C,t =const, X +c,t =const

Endi ushbu tenglamaning kengaytirilgan matritsasini yozib olamiz:

100i0

Po
0 1 poct |0 0

dt 0 dx 0 du
0 dt O dx dp

Xarakteristikalar ustida munosabatni quramiz, bu uchun kengaytirilgan
matrisaning 4-tartibli ixtiyoriy minorini hisoblaymiz (fagat oxirgi gator

o‘chirilmaydi!):

1 0 0
1 pct 0 0
dt 0 dx dul
0O dt 0 dp
1 0 O 0 1 2 0
Polo
0 1 pci O
Po%o =[0 dx dul=dxdp+ p,cidtdu=0.
dt 0 dx du
dt 0 dp
0O d 0 dP
dx
adp+p0c§du:0.
dx )
a:c0 = c,dp+ p,Ccodu=0, d(p+ p,cou)=0,

Berilgan sistema uchun X—C,t =const xarakteristika ustida munosabat quyidagicha:

c,dp+ p,codu=0.

%:—c0 = -Codp+ poCedu=0, d(p— p,Cou) =0

Berilgan sistema uchun X+ ¢t =const xarakteristika ustida munosabat quyidagicha:
—c,dp+ p,codu=0.

Xarakteristika munosabatlardan foydalanib berilgan sistemaning umumiy

yechimini topish mumkin:

P+ peCol = fi(X=Cot);  P—pColl = f,(X+Cot).
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u

Yuqoridagi tenglamar sistemasidan noma’lum U =(
p

J -vertor funksiyani topamiz:
Natijada berilgan akustika tenglamalri sistemasining umumiy yechimi
quyidagicha:

U= (f,(x+cot) — F, (X +Cpt)),

290C,
p= %(fl(x—cot) + f,(X+C,t))

Barcha xarakteristikalari haqiqiy va turlicha bo’lgan sistemalar giperbolik
sistemalar deyiladi.

Giperbolik sistemalarga Koshi masalasi xususiy hosilalai differensial
tenglamalarga qo‘yilgan kabi t =0 da Ox o’qining biror bir intervalida qo’yiladi.

Quyidagi

ou ou

B = 4
A6t+BaX 0 4

sistemani garaylik. Agar t =0 chiziq xarakteristika bo’lmasa % hosila sohaning
barcha nuqtalarida mavjud bo’ladi. Faraz qilaylik
det] A % 0.

A matritsaga teskari A" mavjud. (4) sistemaning chap tomonini A™* ga

ko’paytiramiz

AtaY A o,
ot OX
A*A=E, A'B=C deb belgilasak
YN cM_p ®)
ot oxX

Agar (4) sistemamiz bir jinsli bo’lmasa, ya’ni

ouU ou

A™f =g bilan belgilasak
U _ou :
BT =g (59

sistemaga kelamiz.
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Biz asosan (57) ko’rinishidagi sistemalarni qaraymiz.

E C
dtE dxE

ko’rinishida bo’ladi.
Faraz qilaylik tenglamalar sistemasi N o’zgaruvchili bo’lsin. dt ni

determinantdan tashgariga chigaramiz

E C
dt"| %E=o,
dt
0 C—%E
dt" dxdt =0
E —E
dt
dt"(—l)"C—%Ezo
dt
ga kelamiz.
d
o =k (6)

(6) tenglik bilan aniglanadigan chiziglar xarakteristikalar deyiladi.
Xarakteristikani aniglayotganda K; giymatlar
IC—kE|=0 (7
tenglikdan topiladi.
(7) tenglamaning ildizlari K; lar haqiqiy va turlicha bo’lsa, u holda
garayotgan sistemamiz giperbolik sistema deyiladi.
Quyidagi sistemani garaylik
Ax LU Bt )Y - f(x.tU) (8)
ot ox
(8) ko’rinishidagi sistemaga Kvazichizigli sistema deyiladi.
Chizigli tenglamalar sistemasi uchun aytilgan mulohazalar Kvazichizigli

sistemalar uchun ham o’rinli.

Misol.Berilgan giperbolik sistemani kanonik ko‘rinishga keltiring va

umumiy yechimini toping:
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ou ov

ot ox
v _u_y
ot ox

Yechish. Berilgan sistemani matrisaviy shaklda yozib olamiz:

(9 MY
Yl el

Xarakteristik tenglamani yechamiz:

e MY LR
-1 0 0 k

Ildizlari: k, =1, k, = 1.

Bunda,

B matrisaning xos vektorlarini topamiz:

(B-kE)z=0,

{2 )

Xos vektorlardan quyidagi matrisani tuzamiz:

S

Ushbu matrisaga teskari matrisa:

T
2(-1 1

U =2V almashtirish yordamida tenglama kanonik ko‘rinishga keladi:

N kN _
ot OX

bu yerda, K =z Bz =(_1 (D v =(V1].

0,

0 v,

Berilgan tenglamaning kanonik ko‘rinishi quyidagicha:
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ot OX
%4_%:0
ot OX

Ushbu sistemaning yechimi: ) =1, (x+),
v, (x,t) = f,(x-t).
Dastlabki sistemaning yechimi quyidagiga tenglikdan aniglaymiz:
U=2v
uy (1 -1\v,
v) 1 1)y,
Bundan, berilgan sistemaning umumiy yechimi:

u(x,t) = f(x+t)— f,(x—t),
v(x,t) = f(x+t)+ f,(x-1).

Mustaqil bajarish uchun mashqlar
Berilgan sistemalarning xarakteristikalarini aniglang:
{ux —bv, —cv, =0,
u, —av, +bv, =0
yu, +u, =0

yu, —u, =0

XUy, +2X0, —U,, —20,, = (X+Y)*U,
{ Uy — U —2U, +U, =V, =0
{uxx -2v,, —u, =0,
"o, +2u, —v, =0
@w=U+iv, Z=X+1y, Z=X—-iy w,, =0

. Xu, —y%u, —2yu, =0;

a(zauj , 0°U .
N e e e,
X\ oX oy?

oau 0%

ot ox*
: (1+ XZ)JXX —(1+ yZ)JW + XU, +yu, =0;
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10.

11.g(uxe—uf—u§ )+%(uye—uf—u§)zol

129 [ 9 L
ox| 1+u? | oy (J14u?

+a
13. ot OX 154

0, p= p(wlcof + oy )

5 0
JAgwﬂﬂabm)
a o
15, oy ox

gmuwngpa

p={-v?-u?), o =const.

op ou ov
—+ PCo|l —+— [=0,
ot ox oy
16. a—u+ia—p=0,
ot p, OX
v, Ld_g
ot p, oy
ﬁ'aHlJraEg_aEZ:
c, ot oy oz
ﬁ_aH2+aEl_aE3:0
c, ot oz ox
ﬁ_6H3+8E2_8E1=0
171 & x oy ’
.i.aEl_aHer@HZ:O’
c, ot oy oz
£.6E2_8H1+8H3:0,
c, ot oz OX
i.8E3_8H2+6H1:0
c, ot OX oy
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oy oy % oy
18. —=A —+A —+A—+mA
ot A X 9 oy A W
0 0 0 1 0 0 0 —i 0
a-fo 0o, Joo o o
o1 oo *Jo-ioof ° 1
1 0 0 O i 0 0 O 0
%+22—u+u=0,
X
19. v v e
ot ox ’
10
_'% a¢l+¢l+a0¢o:%’
20,1V 3 00 r(p vV = const
= 1+ 2 4+ 3a,0, =0,
v ot 191
(1+ z)ﬁJraUz 5( 2)8u1 Xou, 2x°
21. ot t oX t oXx t
ou, tau, _
o x ox
d(P +zcos2y) . d(zsin2y) 0
ox '
22. a(rsinZz//)_a(P—rcoszw)_o r=2(P)
ox oy ’

u, —v, =0,

23. {(cz —uth, —uolu, 40, )+ (6 —0* o, —0

24.U, + Au, =0,
1 0 O 0
0 t> 0 0
A=
0 0 -1 O
0 0 0 -3t
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, ,

E ox
ou, 2 au; 1 o,
ot 3 ox 3 oX

8uk+k+1'8uk+l+ K ouy
ot  2k+1 ox  2k+1 ox

ouy 4 N oduy N-1 oduy,

+ . —+ .
ot 2N-1 ox 2N-1 oX
ou, N N duy,

ot 2N+1 oX

25,

Giperbolik sistemalarni kanonik ko‘rinishga keltiring:

o,

ot ox
ov ou 0

26. Lot ox

2u, + (2t =1u, — (2t +1), =0,
217.
20, — (2t +1u, + (2t -1, =0;

X

a—u+(1+x)@+u=0,

28. ot X

29. ot ox

—+
30. ot OX
8_a)+36_a): 2U+0+2w:
ot OX

6_u+ 66_u + 56—0 =0,
ot OX OX
ov ou ov
—+5—+6—=2u,
31. ot OX OX
399,692 3N 5 30-3u,
ot OX 15)4
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Giperbolik sistemalarning umumiy yechimini toping:

(x =1, —(x+2)o, +u, =0,
34. {(X+1)ut —(X—l)ut -v, =0;

35 {ux Tu, = 2(ux _Uy)_3(Ux _uy)’

Uy +Uy :3(ux _Uy)+2(Ux _UY);

5.5
19 u 19
—+5—+4—=0,
36. ot OX OX
G0 g _y00_,
ot OX OX
ou, +8u1 +8u3 _0,
ot OX OX
ou ou ou
37 2 _3 2 + 3 :O,
ot OX OX
Ou, _66u2 +48u3 o
ot OX OX

§8.2Giperbolik sistemalarga qo‘yilgan Koshi masalasi va aralash
masalani yechish
Giperbolik sistemalarga qo‘yilgan Koshi masalasi va aralash masalani
yechish xususiy hosilali differensial tenglamalarga qo‘yilgan Koshi masalasi va
aralash masalani yechish kabi. Quyidagi misollarda sistema uchun qo‘yilgan
masalalarni yechish ko‘rsatilgan.

Masala.Gipebolik sistemaga qo‘yilgan Koshi masalasini yeching:
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2u. —u, —v, =0,
iy u(x,0)=0, v(x,0) = 2x, ~0 <X <0,
2Vt_ux_VX=0,

Yechish. Berilgan sistemani matrisaviy shaklda yozib olamiz:

o Jaleal Sl
s e o) )

Xarakteristik tenglamani yechamiz:

-1 -1 k 0
-1 -1 0 k

lldizlari: k, =0, k, =—2.

Bunda,

B matrisaning xos vektorlarini topamiz:

(B-kE)z=0,

Z, = 1 Z, = .
1 _1 ’ 2 1 .
Xos vektorlardan quyidagi matrisani tuzamiz:
1 -1
7 =
i)
Ushbu matrisaga teskari matrisa:
S 1 11
2\-1 1

U =2V almashtirish yordamida tenglama kanonik ko‘rinishga keladi:

6V+K8V:

s -0,
ot OX
-2 0
bu yerda, K=2"BZ = V=[]
0 O v,
Berilgan tenglamaning kanonik ko‘rinishi quyidagicha:
N _,M g
ot OX
&,
ot
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v, (x,t) = f,(x+2t),
Vo (X, 1) = f,(X).

Dastlabki sistemaning yechimi quyidagi tenglikdan aniglaymiz:
U=2zv

-G 5

Bundan, berilgan sistemaning umumiy yechimi:

Ushbu sistemaning yechimi:

u(x,t) = f,(x+1) - ,(x),
v(xt) = f(x+1t)+ f,(x).

Endi berilgan sistema uchun Koshi masalasini yechamiz:
u(x,0)=0, v(x,0) = 2x, ~0 <X <0,

u(x,0) = £,(x) - £,(x) =0,
v(x,t) = f,(x)+ f,(x) =2x.

1:1()() =X,
f,(X) =x.

Bundan

f,(X+1t) =x+t,
f,(x) =x.

Demak, berilgan masalaning yechimi:

u(x,t) =t,
V(x,t) =2x+t.
Masala.Akustika tenglamalar sistemasi
u, 1 o
ot p, OX
op , Ou
—+ p,Cy — =0,
ot Po%o ox

berilgan bo’lib, u=0, x=0, x =1 chegaraviy shartlarni ganoatlantiradi.
Yechish.Xususiy yechimni quyidagi ko’rinishda qidiramiz:
u=T(U(X)
p=THP(X)

Agar yechim mavjud bo’lsa, u holda T, P, u lar o’zaro quyidagicha bog’langan:
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T __ 1P
T  po U(X)
T'(t) _ 2 U'(x)
W——Po 0 P(x)

= A =const

= A =const

Bundan T (t) =const-e” va shuning uchun xususiy yechimlar:

U=e"-U(x),
P=e"-P(x),
ko’rinishida bo’ladi.
Ma’lumki u(x) uchun, u(0)=u(l)=0 chegaraviy shartlar bajarilishi kerak.
U, P ga bog’liq oddiy differensial tenglamaga kelamiz:

AU 4+ P dP 0
Po dx

/1P+pOCOZ—L):=O

Bu tenglamalarning umumiy yechimi quyidagicha

AX X
U=~Ae® +Be &

P=-p,C,Ae® + p,C,Be ©

A, B doimiylarni u (o) =u (1) =0 chegaraviy shartlardan aniglaymiz. Bu shartlar bir

jinsli chizigli tenglamalar sistemasiga kelamiz:
A+B=0
A A
Ae® +Be © =0

Al Al
o _ga - ni g

0

Agar

1 1

A=

D(4) =
eC ¢ G

=€

bo’lsa, u holda yuqoridagi sistema nol bo’Imagan yechimga ega ya’ni:

1= 'k”CO (k-butun son)

A= 1; B—_21 deb olamiz.
2 2



kz kz
I—X —1—X

e'! +e !
P=-p,C, —J; =-p,Co coskl—” X
AU+ 9P g
Py dx
du

/1P+pocoa:0

sistema noldan farqli yechimga ega bo’ladigan giymatlari A parametrning Xos
giymati, shu xos sonlarga mos yechimlar xos funksiyani tashkil etadi.

Xos giymat va xos funksiya quyidagi formula bilan aniglanadi

L

. . kx kz
,ukzlsml—x, pk:—pococosl—x.

Xususiy yechimlar cheksiz ko’p

u, =e™U, ()
Py =e™ P (x)

Ma’lumki ushbu tenglamalar ixtiyoriy chekli chiziqli kombinatsiyasi ham,
u=> au, ! 0
« =>a, :
p=>ap \P) X P
k

u,1o_g,
ot p, Ox
op 2 OU _

—+p,C
ot Po 0 5%

ya’ni ushbu tenglamalar:

Quyidagi sistemani

0

va
u(O,t) =u(P,t) =0
chegaraviy shartlarni ganoatlantiradi. Bu masala yechimi odatda u(x,0) = ¢(x),

P(x,0) = o(x), lp(x);w(x)}  vektor funksiyani chekli chizigli kombinatsiyada

o)) . (U,
(wx)] ~Za‘<£mx>]

apraksimatsiyalaymiz:

tabiiyki
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U(x,t) =Y ae™U,(x)
p(x.t) =) ae™P(x)

yechimlar u(x,t) va p(x,t) yechimlarni aproksimatsiyalaydi.

Kompleks xususiy yechimi:

.klﬁt. T .k nC,, . Kz
u =ie ! sin===icos tsin— x

0

. kr .k
tSIﬂTXSIH

.kaC
=0 knC . . kaC
P, =—p,Coe ' cosTﬁx=—p0C0(cos I Otcoskl—”x+|sm | °tcosk|—7rx}

Chiziqli kombinatsiyalab

u,+u_, u, —u_,
U 2 i 2i
a =) a + ) 1a
Z k(ka Z “ Pe + Py Z “ Py — Py
2 2i

Shunday qilib, chizigli kombinatsiyadan quyidagi xususiy yechimga ega

bo’lamiz:
u:—sinkﬂcotsink—ﬂx, Mz—pocosinkﬂcotsink—ﬂx
2 | I 2 I
U U _ 05 K7Co tsinkl—”x, %z—pocosin I(ﬂcotcoskl—”x-
Yechim
. kaCy, . krx kaC,, . krx
4 —sin tsin— x cos tsin—— x
4 | | b | | _
p kzC, kz . kaC, kz
- p.C, cosTt cosl— X -p.C, smTt cosT X
kaCo(t+7) . kr
— Cos——>——sin—=x
=+va’+
a+b kG, (t+7)  kr
- PoC, SIN——-=C0S—X

ko’rinishida tasvirlanadi.
x =0, x =1 qo’zg’almas tekislik orasida gaz qatlamining tebranishi tik to’lqin

deb ataladi. u

1-chizmada qandaydir vaqtdagi to’lqin tezligi va U

bosimi tagsimoti grafigi keltirilgan.
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“Tik to’lginlar” nomi shuni ifodalaydiki nuqtaning tebranishi uchun tezlik
amplitudasi (yoki 1-chizma
p bosim) nolga teng bo’lsa, yoki hamma vaqt ekstremal bo’ladi.

Tugun nuqtada bosim amplitudasi maksimal bo’ladi. Bundan tashqari izoh
berish kerakki U siljish fazosi bo’yicha bosim siljishi o’shanga qarab siljigan
bo’ladi.

Akustika tenglamalar sistemasi uchun yaratilgan Fure usulini garab chiqdik.

u(0,t) =u(l,t) chegaraviy shartlarni cheklashdagi xususiy yechimlar
yig’indisi tik to’lqinni ifodalaydi.

ou Lo 09 _

M 2% g
Masala.!®t X L0.t) = 9@Lt) =0, u(x0) =X, (x,0)=0.
159 _au

—+5—=0

ot OX

Yechish: Yechimni quyidagi ko‘rinishda qidiramiz:
u=T()U(X)
9=T()V(X)
T'(t)-U(X)+2V'(x)-T(t)=0 TOU(X)
V(X)T'(t)+5U'()T () =0 TV (X)

T, V0 _
Tt  U(x)
T, U0
Tt V()
TO LV U0
T(t) U (x) Vix)

T'(t)—AT(t) =0,

Vi) _ gU'(0) V() ()
_2 :_5 :2« — ' _

U (x) V(x) v U(X) , U'(x) —
10V"(x) y ’ o .
=W 2,10V (X) - AV (X) =0, V(X) = -

AV (x) (x)=0, V(x)=e", V'(x)=ke",
" /’i
V (X):kzekx’ lOkzekX_ﬂvzekx=0, ekx(lokz_lZ):O’ k:iﬁ
Lx ,LX C A C A
v :Cle\/E C.e Vo y VI(X)=—2 1 EX——zﬂ, 7EX.
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i)( —LX LX —LX
2((:1/1&5 _ L2 g7 ] Z[Clem —C,le 10 J
U(x)=

i Tt )
A - J10
C., , & Cb , "
el L jgeVio _ 2 ja V10
[‘/E \/E J At 2(C1_C2)
- e 2O
A - V10

z(clei(z”mjx - clzei(gwjx] 2cl(co{; ¥ ﬂnjx i sin(z " ﬂanj

U(x)=- = -

J10 J10
Vi .. T .. T
co§ —+zn [X—isin| —+zn X 4Cjisin| —+zn (X
B 2 2 B 2
V10 V10

v (X) = Cle'(f“’”}‘ + Clﬂveil[?rmJX - 201(% " ﬂnjx = C1 - %\/E‘ - \/ECO{% +

—4|sm( ) L
U(x) = Clz—\/_ =—2|S|n[£+7znjx
2 2
U(x,t) = emi(%m)t (zi sin[% + mjxj v V(X t) = e ( co{

Joe (5

UGt {cos\/_Ot( v isinyio{ 2 mﬂ (mco{gmjxj.
T ) G R e 6 )

2 2

E‘

NN

+m))-
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s e i )

vl o{n )

cosrot( e sisin i 7 +mj(rco{

)

—+

V,+V_,
2 2
(cos\/_Ot( + 7an +isin \/_Ot( D(\/ﬁ COS(;T + ﬂanj

2

= \/Ecos\/ﬁt(% + 7211) co{% + 7ZﬂjX .

—2isin| Z+n |x | cosv10t| =+ 2n | +isin</10t Z +
u,-u, _(( [2 jj( (2 j (2

)

2 2

e o) s )

2

=2 cos\/ﬁt[z + ﬂnjsin(% + ﬂan

COS\/—Ot[ + 7ZT’IJ +1isin \/—Ot( > + ﬂnj(\/— CO{

V, -V,

)

2 2

o ) ) 50

2

ol )l 5o

Demak, berilgan masalaning yechimi quyidagicha:

et

V
mcosm(gmjco{gmjx
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2005@{% + ﬂnjsin(% + 7ZﬂjX
+b) :
sin \/Et(% + nnj\/ﬁ cos(% + ﬂan

Boshlang‘ich shartlardan foydalanib, noma’lum koeffisiyentlarni Furye

usulidan foydalanib topamiz:

u(x,0) = bZZsin(% + ﬂan =X,

1

1 1
2b = 2.[ xsin[z + ﬂnJXdX-i- ZICO{Z + ijdX = —2 5 sin(z + ﬂnjx
0 2 0 2 T 2

0

2

2 > sin(zwzn}:Z(—l)”(zwznj_l.
r 2 2
[2+7zn

9(x0)=0, a=0, p__ D"

(5+m)
—+m
2
Demak, berilgan masalaning yechimi:
) Zcos\/ﬁt[zwznjsin(zwmjx
u T 2 2
(9) = 22(—1)”(5 + ﬂnj _
sin \/Et(%mnj\/ﬁco{gwmjx

Masala. Endi esa Furye almashtirishni qo’llab giperbolik sistemaga qo’yilgan
aralash masala ganday yechilishini ko‘rsatamiz. Giperbolik sistemalar tebranma
jarayonlarini, tovush targalish hodisalarini ifodalaydi.
D={xt)/0<x<1t>0 } sohada quyidagi masalani qaraylik:
ou ov
—_—t =
ot ox
ov ou
_+_:
ot ox
u0,t) =u@,t) =0, u(x,0)0=0, Vv(x,0)=cosnx.

0,
O<x<l], t>0,
0.

Yechish.Masalani yechishda Furye almashtirishidan foydalanamiz.
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Bir o'zgaruvchili funksiya uchun to'g‘ri va teskari Furye almashtirishi mos

ravishda quyidagicha bo’ladi:

2 1 T —ixs .

f(s)= ELf (x)e " dx;

Fr) = —— T f (s)e™ds.
N2 2

Ikki o'zgaruvchili bo'lgan holda to'g‘ri va teskari Furye almashtirishi mos

ravishda quyidagicha bo ladi:

1 T —ixs .
U (S,t) = EJ;U(X,t)e dX,
1 T —ixs .
V (S,t) = E_J;V(X,t)e dX,
1 i ixs .
U(X,t) = EJ;OU (S,t)e dS,

V(x.t) = % Tv (s, t)e"ds.

ixs

sistemadagi tenglamalarni ——=¢€ ™ ga ko paytirib, R cohada integrallaymiz.
N2

ou ov
—+—=0,
ot oOXx
@_Fa_uzo_
ot oOX
1 fou _ 1 7 i
—— | —e™dx+— | —e™dx=0
27 '[Oat \/ﬂ'[oax
L gy, L[y g
27 _mat 2r _waX
1 Ja_ue_'xsdx g —1 ju(X,t)e_lxst —d_U
27[ 7wat ot Y/, dt
1 wav —ixs dV
= J'_e ="
27 2 ot dt
e—ixs u d d 1 o
1 Fou = u=—ise"dx , is , .
Zedx=|ou =——u(xt)e™| +—— |u(x,t)e"dx=isU(st)
ﬂ_wax &dX: v v=u J2r C \/E_'[c

Xuddi shunday
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1 Tov .
—— | —e™dx=isV(s,t
\N27 J;@'X (s.1)

Bizning masalamiz uchun quyidagilar o rinli:

008 —lxs 1 T 8” —ixs o
J;E dx = t —mj;&e dx =isU (s,t),
1 wav —ixs dV . —ixs
E_J;Ee dX:E’ \/_.[—e dx =isV (s,t) ,
U holda berilgan sistema quyidagi ko rinishga keladi:
UEY L isvisy =0
M+isU(s,t)=0
U(@,t)=U@Lt) =0, U(x,0) =0, V (s,0) = d(s),
2
OI—V—sV 0
dt?
V,(s,0)=0

Ya'ni Koshi masalani hosil gilamiz. Bu yerda cos;:x:ﬁfcb(s)e‘“ds. Ushbu

masala ikkinchi tartibli differentsial tenglamaga qo"yilgan Koshi masalasi.

Hosil bo‘lgan masalaning umumiy yechimni aniglaymiz:

—ist ist

e +¢€

V(s,t) = D(s)
Ushbu funksiyaga teskari Furye almashtirishini go’llaymiz.

J'(ei(x—t)s n ei(x+t)5)q)(s)ds _

1
2\ 2m =,

= X = j@(s)e‘“ds = %(cos;z(x —t) +cosz(Xx +t)) = cosaxcosnt

J‘eisx (e—ist n eist)q)(s)ds _

r . 1
V(t,s)e"ds =
'[ (t.5) 2\ 27 =,

v(x,t) =

f

Demak, v(x,t) = coszxcosat

Endi u(,t)== ! ‘jj\t/ s2v tenglikdan foydalanamiz:
is
U(s,t) = %CID(S)(e‘St —e™
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Ushbu funksiyaga Furye almashtirishini qo’llab, natijada  u(x,t)=sinmxsinat
yechimni olamiz.
U holda berilgan masalaning yechimi quyidagicha boladi:

{u(x,t)zsinnxsinnt

Vv(X,t) =cos zxcos zt

Shuni ta'kidlash joizki giperbolik sistemalar, Furye almashtirishi

matematikada keng tadbigga ega sohalaridan hisoblanadi. Xususiy hosilali
differentsial tenglamalarga qo'yilgan masalalar giperbolik sistemalarga go yilgan

masalalarga keladi.

Gipebolik sistemalarga qo‘yilgan Koshi masalasini yeching:

2u, —u, —ov, =0,
38-{ . UX_O u(x,0)=0, (x,0) = 2x, =% <X <.

2v, —u, —v, =

2u, — (2t -1, + (2t +1)p, =0,
39 ) x ) i mexem
{ZUt +(2t+2)u, —(2t -1, =0, u(x,0)=0, v(x,0) = 2x,

X

3u, +2v, —u, —v, =0,
40.{ P20 0 =00 )0, (x,0) = x, ~0 <X <0,
u, +u, +ov, =0,

_ . o°u 0%
41.Gursa masalasini yeching: t >|x| oy =0, u(x,x)= p(x), x>0,

u(x,—x)=w(x), x<0, p(0)=y(0).
M + 68—u + 5@ =0,

OX oy oy
42. ou ov _0

oy OX

u(x,x)=x x>0
v(x,5%) = x?, x <0.

Giperbolik sistemalarga qo‘yilgan aralash masalalarni o‘zgaruvchilarni

ajratish usuli bilan yeching:

43.

8—u+96—U=0,

ot OX

ov au

—+—=0.

ot oOx u(0,t) = o(z,t)=0,
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U(x0)=X*, (x,0)= 0, 0< x < 7;

44,
a—u+9a—0+8—w:0,
ot oX  OX )
ov, o _, u(x,0) = 0, v(x,0) = 0, @(X,0)= X%,
oo u(0,t)—30(0,t) = 0, w(0,t) = 0, v(L,t) =0,
8_&) 5_&)_ ) 0<x<1;
ot ox
45.
ou  ov u(0,t)=o(z,t)=0, u(x,0) =0,
—+4—+u=0, in2
t ox v(x,0)=sin*x, 0<x <.
ov au
—+—+0v=0,
ot ox
46.
au ov u(0,t)+o(0,t) =0, u(L,t)—o(1,t) =0,
—+27—+u=0,
ot OX 0<x<1.
a—U+38—u—z):0,
ot OX
47.
6—u+27a—u—u:0,
a u(0,t) = o(L,t)=0, 0 < x < 1;
3= _p=0,
ot OX
48,
a—u+6—U+x2u+(1—x2)u=0,
Sx u(0,)=0, UL, t)— (L, t) =0, 0 < X <1.
—+4—+(1—X2)J+XZU=O,
ot OX
49,
a—u+26—0=0,
ot OX
@+58—u=0,
ot ox u(0,t)=0, o(L,t)=0, u(x,0)= x,
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v(x,0)=0,0<x<1;

50.
au_,0v_ u(0,t)=0, (L t)=0,
gf) gﬁ u(x,0)=0, v(x,0)=x,0<x <1
~~_3—=0,
ot OX
51.
ou  ,0v (0,t)=0, uL,t)=0,
—+2—=0,
gt) g)lj v(x,0)=x, u(x,0)=0,0< x<1;
— 43— = 0’
ot OX
52.
a_gov g
ot OX
v _gou _
ot x|

u(0,t)=0, v(L,t)=0,
u(x,0) = x,

v(x,0)=0,0<x<1;
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6u+8z):0

53 ot OX
CL L)
ot OX

v(0,t)=0, (1,t)=0,

u(x,0)=1 o(x,0)=0, 0 < x <1;
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Javoblar

1-bob.

— 2
1234567.2= F(X'+Y°).8.2=f(xy+y"). 0.z = f(%Jri). 0.z2= 1% . Ly (X+yz+22) ) .

11.F(x2—y2,X—y+z)=0.12.F(e*X—y1e In|y|) 0. 13 F(x* - (X+Xy)) 0. 14.

2 15.F X 0. 16.F( +£ L +E)—0 17
F(x*+y?, ) 0. (— Xy——) iy 2%y 2 .17,

F(x*+y*, y(z +422+1))=0. 18, F(%—%,In|xy|—§) =0.19.

F(x*+ yz,arctg(§) +(z+1)e?) =0, 20.20.33. 7 = 2xy. 34. 2= Ye* —e” +1 357 = yZe?/*2
36.u=(L—x+Yy)(2—2x+2).37.U :(xy—22)(§+%} 38.y? —x? —Inﬁ: z—In|y]|.
30.2C (y+1) = ¥ +42 -1 40.(0+2y)° = 2X(2+Xy) a1 E E @

2xy +1= X+3y+l 43.X=2y = X% + y2 +7.54.2=Xy+ f(%) bu yerda f ixtiyoriy funksiya
zZ

bo‘lib, u uchun f (1) = 0shart bajariladi.

2-bob.

1. Elliptik. 2. Giperbolik. 3. Parabolik. 4. Elliptik. 5. Giperbolik.6. Giperbolik.7. Parabolik. 8.
Elliptik. 9. Giperbolik.10. Elliptik.11. Elliptik.12. Uz +U,, +U, =0, §=X, 5 =3x+y. 13.

u, +u. =0, £=x-2y, n=x.

14.u, +———(u, +u,)=0 e-2yes n=3x§—y (>0; Uy U, — U, =0
e G(é:_'_n) 3 n ! 3 Y 3 J U= nn 34:: 4 !
2. 2 1
E==(-X)2,n=Y, x<0. 15, u§n+—(u5—u,7):0, §:x+2\/§,77=x—2\/§, y>0;
3 2(&-1n)
1 1
U%% +u'777_5u’720’ é:X,]?:ZJ—y, y<016 Ug—uw—g(ué—un)=0, §=\/m,

7=y, (x>0, y>0 yoki x<0, y<0) ; Uy +U,, — ig(u +u,)=0, &=\Ix], n=ATy] @0,

145



1 1 3 3
y<0 yoki x<0, y>0). 17. U, —U,, +§u§ —3 U =0 6= X|2, 7 =|y|2, (x>0, y>0 yoki x<O0,
4l

1 1 3 3
y<0); Uz +U,, +§u§ +3-u, =0, £=|x|2, n=|y|2, (x>0, y<0 yoki x<0, y>0).
7]
18. U +U,, —U.=U, =0, §=In[X|, 5 = In|y| (har bir kvadrantda).

1 1 2 2 .
19. U +U,, +£u§ +%u,7 =0, £ =y, n=X" (har bir kvadrantda).

20. U, + (nué +§u,7)= 0, £=y2—x% n =Y +X*(har bir kvadrantda).

1
4n* -&%)
21. u; +u,, —théu, =0, &= In(x+\/1+ XZ) n:In(y+1/1+ yz)

2204 —— 1 (u—u )t
T L A T

23. U +U, +c0séu, =0, £=X, n=y-cosx.24.U, =U..25.26. & =2y + x ;77 = X;elliptic,

(uf +u,7)=0, E=y?4+e*, 1= yz —e’ (y>0 yoki y<0).

%+§—:;:F(§,n, 22: o )275 2¢e” —y . 1 =X+ Y; giperbolik,

ai;uﬂ:F(.f,r], 2—2 a_) 28,5 =5x+y: n:X;parabolik,%—F(f, n, ,2—2 a_)
20. £=¢"; n:y;elliptic,% 2:7 =F(&n ,ua—ga—”) 30. £=x"-2¢' ;=
parabolic, 2:7 =F(&,n,u 2; on —).31. E=Y- X 77=X2+y2;giperbolik,
86;6 (§nua—2 6_u) 32. &= COSX+y n = X; parabolik, %—F(f, 1, 2—2 8_)
33. &£=yx;n =2x; eIhpUk%JrSTU: (&,n,u Z; Su)34§ 2e” —y N=X+Y;
giperbolik, 6(?;; =F(&,n, 2—2 S—u) 35. §=eyCOSX;77=%;giperbolik,
66;6 =F(,n ,ug—z S—u) 36. £ =cosx—siny; 1 =X; parabolik, 2:7 =F(&,n, 2—; 8_)
37.§=2x—y;77=§+%;giperbolik, ai;u =F(¢,n, 2—2 8_) 38.&=tgy—x;nN=X;
parabolik, 2;“ =F(&,n,u, 2—; 8_) 39.& =cosy;n =sinx; elliptic,

146



%+%= F(f,n,u,g—;,g—;).m.g:my_%; n = X; parabolik, s;uz = F(§,n,u,2—;,2—;).

1.y ragin =i parabolk, § & ~F(2nu S .42 £ =% 2y im =e ™ e,

%4‘2—:;: F(f,?],u,g—;,g—;)A&g:ctgy;77=th; elliptik, %Jr%: F(é,n,u,g—;,g—;).

44. & = ysinx;n = X; parabolik, g—:;=F(§,n,u,2—;,§—;).45.§=X—ey;77=2X—ey;

giperbolik, a‘?@“ﬂ _ F(§,n,u,2—2,2—;).46.§ _ y+§;77 :% : elliptik,

%+2—:;=F(f,n,u,Z—;,g—;)A?.g:2x—siny;77=y;eIIiptik,

2—;+§—:;= F(§,n,u,2—2,2—;).48.§ =y—Insinx; 7 =X; parabolik,

272;; :F(f,n,u,g—;,g—;)AQ.g:Incosy; n = Insin x; elliptik,

%+2—:;=F(f,n,u,g—;,g—;).w.g=e“°“’§\/ﬁy2; 1=X-Y; giperbolik,

aiaun:F(§,n,u,2—2,2—:).51.§=xy; p=3y  yoki E=Iny+Hn0C49); ;- arag;

elliptik, %+%: F(f,n,u,g—;,g—;)ﬁz.g:X—yz—lnx;77=X—y; giperbolik,

6(?;6“77 = F(§,n,u,2—2,§—;).53.§ = xy+Inx;n =X+ Yy;giperbolik, ;ejauﬂ = F(g,n,u,g—;g—;).m.
2 2

E=x—t; n=X,giprbolik, ou =0.55.£ = x+y, 7 =Y parabolik, 0 u2 =0.56..& = x+2y,
0&on on

ou 1au ou  1au
= X; parabolik, — —-=—=0.57.£ =4 , =2 ; elliptik, -——=0.58.
. 0u du au . .
£ =x+y, n=X;elliptik, 6_52+8_772+%:0'59'§:X_y’77:X+3y;glperb0“k'
ou 1lau ou du  ou
+—=—=0.60.£=2y—x, n=VY;elliptik, —+—5+—=0.61.£=x+3y, 7 =X;
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ou 1au oy 1au
arabolik, — +=—=0.62. £ = 2y, n =3x+ 2y giperbolik, -—-—=0.63.

. 0%u au -
&=x-3y, n=X,parabolik, — +—-—=0.64.& = x+2y, = 3x; elliptik,
on® on

2 2 1 ) 2
a_lj+a_li+_(a_u+a_u)=o_65_§:2>(_y, n:x;parabollk,a—uera—u:O.GG.
o0& on* 60 on on~ on

82u 1 ou
+=——=0.67.£=x+y, n=x-Y; elliptik,
E=X+Y, y; ellip

£ =x—5y, n=X-Y; giperbolik,

ou A . aou o°u  1du
—+—+2—=0.68.&£ =2x + 3y, = X; giperbolik, +=—=0.69.£=x+2y,

... 0u du ,au . .
77=2x+y;elllpt|k,a—§2+8—772+2%=0.70.§:x+3y, n = 2x-y; giperbolik,

o°u  du o°u ou ou
+—=0.71.&£= =V ; parabolik, —+(a+pB)—+pF—+cu=0.72.

o°'u  1lau
+=—=0.73.£=x+3y, n=x+V; giperbolik,
oZon 202 & =x+3y, n=X+Yy;gIp

E=x+y,n=3x—y ;giperbolik,

2 2
ou lou_, 74.& = xy, n = Y ;giperbolik, 0
o&kon 20n X

u [o2
agan—0.75.§—ln(x+ X +1),

2

. 0u du 2 2 . R
=In(y ++/y? +1); elliptik, — +—=0.76.¢ = X"+ Y, 1=y —X";giperbolik, =0.77.

Y3 0 4 au 2 _ 2 . .
E=Xx%, n =Yy ; parabolik, 8_772+§%=0'78'§_ Yy + X, 71=X-Y" ;giperbolik,

o%u y . . 0u  au 2 .
=0.79.£ = = X+¢€" :giperbolik, +—=0.80.¢ =X"+Y, n=X; parabolik,
2o E=x1 gip 2eon " an § Y, n=x;p

2 u o o 1 1
a—‘izo.zal.i:xz—yz, n =X’ elliptik, o lﬁ 40 li + M LA 82.5 =x+siny,
on 0c™ on° &-nog 2non

2
n = X; parabolik, %H]S—u =0.83.£ = x+ y+cosx, 11 = X—Y —C0SX; giperbolik,
n n

o°u
0&on

§+f7(

ou o’y 1au
2 0

1 ou
+=C0S ———)=0.84.£=x+cosy, 7 =X; giperbolik, +=—=0. 85.
4 n 0 ogon 1 on
2
&= y3x, n = X; parabolik, 2—#—%2—2:0. 86.£=xtg2, 1= x; parabolik,
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u 28 au Ou du 28
—=0.87.£=tqgy, In x ; elliptik,

on* & +n* og sty =G S o o "L e
P 2

£ =X +cosy, n:y;parabolik,a—u2=0.89.§=ey—2X,77=ey—X;giperbolik, OU _g.90,
on ogon

=0. 88.

o°u 62u 1 éu

2 X .
— 4x: elliptik, — +—+=--"—=0.91., =Y +26", n =y : parabolik,
du 1lau 2 2 ... 0u du 1 adu 3 2
-2 =0.92.8=X"+Y, n=X"; elliptik, — + — + ——=0.93.£ =4x" - 3y",
o7 o g Y, 77 Ptik, 522 5 2 a2 g y
. 0u  6p® ou _ .
n=x; parabollk,a—nz+ e _§%=O. 94.£ =2x +siny, n=y ; parabolik,
2 2
au2=0.95.§:X+26 v 17 =2X; eIIIptlka—u+a—u—0 96.& =x+y+sinx, p=x—-y-—sinx
o&?  on’
. .0 1 E+n,du
- giperbolik, +=cos=—1~ 0.97. 197, arabolik,
gip ~n 2 2(577 5) c=Y93.7=y;p
o°u 25 au RY au
— — =0.98.& = ychx, 7 =shx; parabolik, — + —) 0. 99.
o E 4’ g : L o o¢
. o%u 2§ ou .. 3
£=ysinx, n=Y;parabolik, ————=0.100.y > 0daelliptik, £=x, n=2y?;
on* n*oé ’

Pu,du 1
0&*  on? 377 on
62u 1 ou

(———) 0.101.y >0 daelliptik, & = x, 77:2\/§;
ocon  (n-&) 0& on

o’'u o 2a-1du
s+t ——+
0" on n on

62u 1 ou
T _DY=0.102.6=x"
55577+(77 5)(8(: a) E=x\n=y (x>0, y<0), va

=0 ;y <0 dagiperbolik; fzx—é(—y)z,n=x+§(—y)g,

—=0; y<o0 dagiperbolik, £=X-2/-y, n=X+2-Y

ou 82u 1ou 1 du

=" 1 =(-y)" liptik, <
§=(-%%n1=(-Y)* (x>0,  y<0), ellipti Frd 82 3§8§+377877

3

==X -y, n=(-X)7+Yy* (x>0, y <0),vasé =X’
(x>0, y <0), giperbolik,

—(-Y)%, 7 =%t + (=),

ou 1 A ou
2 A _ e My _0.103.£ =X,
55577+38772—8§ Y PE 9:5) E=Vx,n=yy (x>0, y >0), va
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o%u 82u lou 1ou _
E=A-X,1=\-Y (x>0, y=o0), elliptik, — a2
0e? on? £oc non

§=\/—_X, n=4Y (x<o0, y>O),§=\/;, n=+-Y (x<o, y > 0), giperbolik,

o o lau 10
2R 2 0104 u, +u, U, =0, E=X p=y-X, 4’=x—%y+%z.

08T on® E8E non

1 1 1
105. v, —u,, +u, +u, =0, §=§x, nzzx+y, g’:—Ex—y+z,106.

nn

Uz —U,, +20, =0, §=X+Y, n=y-X, & =y+z.

&
107. U§§+UW :O, gt:X, n=y-X, ¢=2x-y+z.108. ug‘g‘ _uflﬂ_u(é’ :O’ QK:X, n=y-X,

§=g><—%y+%2- 109. Uy +U,, +U, +U, =0, E=X, 7=y-X, f=x—y+z,

T=2X—-2y+2z+t.

110. Ug —U,, +U, +U, =0, E=X+Y, n=y-X, ¢ =z, r=y+z+t.

111. Ug —U,, +U, +U, =0, E=X+Yy, n=y-X, ¢ =—2y+z+t, 7=2-1,
112. Uz —U, +U, =0, =X, p=y—-X, ¢ =2x—y+z, T=X+Z+t.

113. u§§+u,m:0, E=X, n=Y,=-x-y+z, T=X—Yy+t.

114, Zugy@k ZX,,k 12,..,n. 115, Z( D*tu,, =0, & = le,k 12..n.
116. Zugkgk & =X S =X~ X, k=23,...,n. 117. Zuﬁ =0,

[ 2k .
ék k ( ZXJ’ k=12 n.118. u§1§1_zufk§k :0' & =X — Xy
+1 1<k k=2

_ (2k=2) ~
S =\ "2 (k - 22x},k_3,4 ..... n.

1<k

3-bob.

L f(y+a)+g(y—ax).2 f(x—y)+g@x+y). 3. F(y)+g(x)e™.

3y—x

4. x=y+ f(x=3y)+g@x+ye 7. 5 [fR+gME"™ 6. €™ +[f(x)+ g™

7. f(y-ax)+g(y-ae™ 8 f(x+y)+ (X=X =¥*) (x> -y yoki x <-y).

9. f(xy)+|xy|s g( j (har bir kvadrantda). 10. f(y}rxg(%} (X2+y2¢0).
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1L xf (y) - £'(y)+ [ (x— £)g(£)e?dé . Korrsatma. U, =V belgilash kiritib, U=Xv-V,,
0
y
V,y =XV, =0 munosabatlarni oling. 12. yg(x)+ % g'(x) + j (y - &) f(&)e ™ “dé. Ko‘rsatma.
0

U, =V belgilash Kiritib, u = 2_1XVX +yv, Vyy +2XyV, =0 munosabatlarni oling.
y

13. ey{yf (x) + f'(x)+_f(y—n)g(n)ex”dn} Ko‘rsatma. U, +U =V belgilash kiritib,

0

U=V, +yv, v, +V, +yv, + yv=0munosabatlarni oling. 14.
y

e yf(x)+ f'(x) +I(y—n)g(f7)e‘x”dn. Ko‘rsatma. U, +U =V belgilash Kiritib,
0

U=V, +2yV, (v, +xv) +2y[v, +xv)=0munosabatlami oling.15.4 = #(X ~0 +¥(X): 16,

U= g0t y) -y @x+ ¥)i 17,0 00 29) +W (26 18 1 iax e y)e™™ 4 p(@xa y): 16,
u=ep(x- y)+y/(x+3y)e?; 20. u=@(x+3y)+ y/(x+3y)e_§; 21.
U=p(x+2y)+y(3x+2y)e ¢ ;22 U=0(y—=3x) +y(y-3x)e”; 23.
U=p(2X-y)+y(2X-Y)e™; 24. u=gp(x—5y)e * +y(x-y);25.

U=@(2x +3y) +w(2x+3y)e; 26. U=0(2X—Yy)+p(x+3y)e’™; 27.

U=p@BX—y)+y(x+y)e 7 ; 28.u=p(x+3y)+y(x+y)e *; 29. U=p(X)+y(x-€')e™; 30,

— 1 - 31 _ =5 - azu +18_u=0
u_(p(x+cosy);+1//(x), LE=X+Yy,n= X_y’ﬁéﬁn 6 0n ;
2
u=p(X+y)+y(Bx—y)e ¢;32. £=y, n=Yy—-COSX; aizaun—S—;zo
_ y. b oy 3du _ 4y 3 .
U=o(y)+y(y-cosx)e’; 33. =Xy, n=y; —=—=0; U=p(xy" )y +y(y); 34.
ogon nog
2
E=X"+Y, n=x ;au2—a—uzo;u:(p(x2+y)+y/(x2+y)ex;35,§:Xy,,7:y;
on® 0on
o’y 1du 2 o’y 1du
—= =05 u=yp(y) +y(y): 36. ¢ =XV, =X; ————=——=0
ocn 1 of e ocon 1 of
2
U=y X+ (x); 37 E=xt+y,  p=x; Lo _g
on® non



~ou 2au
e ——% S U=p(X°y)x* +y/(X); 39,

U=p(X* +y)X>+y(x*+y); 38. =Xy, p =x

ou 3au_ .. _ 3 AN : e
oen mae 0 e(xy)y" +y(y); u=p(xy" )y +y(y); 40. £ =sinx+y,

E=xy,N=Y;

2
n=x; T4 2% 0;u=p() +p(Qe"; A=Y ey S0 LA

on* on x’ "o&on  n O
o%u 16u 1
u= + 42. £=X X; =0;u==gp(xy* L 43.& = xy, 1] =
D)y +y(y); 42. E=xy = deon Tmoe U= ety Ty (0 435 =xy =Y
2
a—+16—u—0 VU = @(xy)Iny +y(xy);44.
"on* non
, 0 1 au 3 ou  1lau
- =2 —— —=0:Uu=0(xt)+Vxty(X); 45. =Xy ,n=y: -
E=x 1=t g e p(xt) +Vxty (2); 45. £=Xy°, n=y P
3 : 3 0'u 1 au L, )
U=o(X + y 46. &= =X ) ___ZO, = : ; 47, =Xy,
p(xy")y +y(Y) E=x1 yagan 35 on =0 P(X)+ Xy (xy°) &=Xxy
o’y 3adu 2.3
=y, ~2==0, u=¢(x +(y); 48 &= 7=X—Y—COSX,
1=V Sy o o(Xy“)y +w(Yy); 48 £=x+y+cosx, 7=X-Y
o°u  1aéu 1 o%u
——=0, u= 2 049, £= , =X—Yy—CO0SX, =0,
aganJrzag u=p(&)e * +y(n) E=Xx+y+cosx, 1 y oéon
o°u
u=e@(&)+w(n); 50. £ =2x—y+cosx, 7 =2X+ Yy —COSX, =
0&on
u=ep@)+y((&); ol. £=2x—-y+cosx, n= x+y—cosx,a§877 408
a ou lou _ 1
U=on) +w(Ee: 52. E=XY, n=xy, += U=—0p(x’y)+w(xy); 53.
() +w (&) oeon Tnoe Xy
1 3 o%u 2 ou 2
é::XyA’n:XyA ’ ___:O! u:qo(é)n +l//(77)’
ogon nog
o’u 2 au n°

2 2 _ _¢cou B — 2
54.& =X +y"7_x’a§an » OF n* =0, u=p&)+y(&)n’° +10 55. £=x, N=X"+Y,
o Llau 577

~—+1=0, U——¢(§)+w(77)
0&on n5§ n

4-bob.
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40 25 _ 1 1
1. 3 y —|X|2 ,|x|<1, O<y<1l. 2 siny-1+e*7; —o0<X, y>0. 3. X_y_§+§ezy

—0 <X, y>m, 42[1 x =3y +(x+y—1)*J-0 < X,y < .5.

3.2y { yj.
Xy +—Sin—>c0g X+ = [;—00 < X, y < o0,
273 3

x2+y? 2

6.(y—3x 2 ;x<ly<3. 7.2:x>0,y>0. 8 2X+y-X—0<X,y <,
y

2x°
9. %-l— 3y;x>0,y<0. 10.%w/x7y(\/§—i}x>o,y>0. 11. X2 +Y;x>0,y <X,
y

12. X3 +y%y>—x 13_%+(4—3y)e2(“y) —(2x+gje2(“y); R =2 14,

xy-y;R :ﬂ.
X1
15.X-y+xyiR=12.
&+
1 1 X+y-1
16 5 0y Dhury =2y byl [l e

17. (y—x)(x2 +1)+ x® cosx.18.u =%t2 —xt—t; 19.u= —%e_;x(x+3Y+3) +%(16—18X+9Y); 20.

u=e ™ (-25y +5x—110) +110-27x+ 27y;21.u = e (-12y —4x—54) +14y —14x + 54; 22.

u= e%(12x+3y +12) -5y -10x-12; 23. u= e%(6x+4y+ 24) -6y —3x —24; 24.

3
x+y
_3f(x+y)+ F(x=3y) *IVF(T)O,T 25. U=3f(x+y)- 2f(x+ y)+2 jF(r)drzes

4 x-3y X+y
_2f(x+y)+5f(x-2y) STF(T)d o7y 3 =N +TT(x+3y) | jF(r)dr -
7 2 10 2

x+l

u=3f(x+ y) 2 (x+ y)+6jF(r)dr 29,

X+

oy X+3y

u=ge (p(x+y)——(o(x+3y)+4e E I[3¢(z)+2w(z)]e dz; 30.

X+y
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X+y

u=1cry) 28 IR - F@kdzsLu= 0 -y + ¥i32 u—x+ ey -1y

_1
X sy

33.U=3y" +(x* -1)y°;34. u =2y +1+ yInx; 35. U= +X(y* -1);36. u=x+3X*(y* -1);37
u=x"+y*38 u=x>+¥/x(y° —1);30.u=3y> + (x> ~1)y";40. u=4x* +x*(y* -1);41.

u=ax 2y (¢ -;42.0= Y+ 00 Dy a3 u=xy +haau= (1) 45 S = XY = x;

o’u  248u 40(5) 1 2,3
+=—=0; U=—"+y(n); u=7 St 424 3x? 2y 46.E= XY n=y;
o0& n o0& n’ y 2
ou  1au 1
+=—=0; Uu==9(&)+yn);
ogon nog n
2
Sy 43— v _ 3 47. x* , . ou +£6_u=0_ (P(@ .
U=yXP 3= yx Y oyt Ty £=x"y’ X oean e oz 0iu= i +y(n);
2
:ﬂ %_ 2 3 —ﬂ48 :X5 2’ =X . au +36U O.u (0(5)_'_
U=y o xy® +3x 43X S=XYn  aeon aoe =Y e w(n);
25 25 o’u 5 ou _
_2 225, 2.496=%° ; + =
U=y y+3x 5 X3 E=Xy n=y; ocon 3o
u= ¢(§)+l//(f7)
n°
6 v u 2au . co(ff)
: 50. X ; +——=0; U=
u= 7xy +1- &= y n=y, ofon 1 o
3 . 3 u 4 au (p(§)
L _ S 4 y:51. X°, +— 2 -0;
u=2x — Xy + 3y? St E=y’ 6/;8 3 0 u= - +y(n);
ou  3du

——— =0} u=n*0(&) +yw();

1 4
= 2_1D+=x2(1-y%)+3x%:52.¢=XY ,n=Y;
u=2(y--1) 5x @-y®°)+3x?%; GZ Y.n=y o&0m PY:

2

1 X
u=3y+(l-x*)8y*53.U :T‘|‘(Xt)2;54.u —5x%y? —3x%y?;55.u = 5x*y? — 3x2y?; 56.

o 1 du 2 ,
U=2vxt;57.¢ = xy 77— y 656 —2—% =0,u=ng q)(XI)-I-t//(n) U=Ti+%|nX,58.
3 x> o0 5 au 1 3 18 x 1 x2
=XY,n=—; +——=0ju= : + = XX+ S YR+ =S
$=XY,ny y " 2eon o a2 - co(é) w(n);u 3xx +7y><+7y§ 3y

59.u=x(1+Y).60.U = (x* +X*)y* 61.u =1+sin(x— y —cosx) + e**** sin(x + y + cosx); 62.
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u=1+cosx-cos(y+cosx);63.u=sinx- cos(#) + e%h(@);m.

2X—y—C0S X . y—COSX

2 COS X-SIN 5 . 3 2’]
u=2e » 65.u=e"p(5) +yw(n); U= 22e3 +2— 66.u=e () +vy(n);
112 . 347 7 i, .
U=—"—e i+ ;67.u=e"p(&) +yw(n);u= %v +% 68.u=ep(&) +w(n);
u——ie’%x —69u—e3’7 &) (7); u—ieze’x ==, 70.u =e¥p(&) &);
T 19 19 pie) v =53 23 vyl
1 63 —z 1Ty 50
u:Eel g 7l.u=e §¢(f)+l/l(§) u——ﬁe 1 +ﬁ;72-u=e*35rp(§)+l//(§);
10 e 217 3 35 & 35
- L2273y — e —y Dy 22 e 29 .7y
TN go  UTe v U=y T Xt T
u=e*@(&)+w(&); u=2x+3y;75.u=e4f(p(§)+z//(.§);u:3x+y+5+%e‘ﬁx—%;7

9 9 2 1
u=e(&)+w();u =3y3+5—5y+lnx—5x3y; 77T.u=—¢()+w(n),
773

7 1 1 4
u =$x2(y2—l)+2y2+2x—2;78.u =?¢(§)+V/(77)J u=§xy2+%y3+2x2—gx—§;79.

1 4 5 l . 4
:_4(0(5)""//(77); u=§x5+gyx5+§y—§;80.u =—p(&)+w(n);, u :gxyé +2x3—gx;
n 2 5 5° 2 n 4 4

1
81.u :?co(f)w(n); u =§x2y2 +1+2y—gy2; 82.U = = (&) + v (1):
773

u:3y5+%y4( 177—1) 83.u=— ¢)(§)+y/(77); u :%y(xz—1)+2x+ y —2;84.

773

1 . ; 1

== (&) +y () u =%x6y+%x2 +3y2—%y—g;SS.u:—ggp(;‘)ﬂy(n);
n 772
3 s, 2 , 3

13 2 2 3 2
U=—y x2Sy 4+ x°— = x2—-2:86.u=7? U=—=Yy X+ x*+1+=x; 87.
13)/ 3 y 13 3 u=7np(&)+y(n) 3 y 3

! 24 24 _
U=—@()+y(m):iu="2xy" +4x* ——x8.u = (" Zy)+!//(—X; Y) — 0(0); 89.
773

u= oy p (- 0900 = o X% 4y XY ey 01,
=<o(‘yz‘2X)+w(4“2y+2)—q)(1):92.u =q)(“34y+3>+w(3x‘jy‘l)—go(%);%.
u=<o(3“T2y”)+w( w)— p(2):94.u = (GX‘jy‘Z)w(“S“S)— o(2): 95.
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2X — 5y 3 2x+y 3 4x — y+4

U= 1y )~ p(3); 9. = g )+ ) - 0():97.
u=<p(3x‘Ty‘1)+w(2“y+2>— p(D):%B.u=p(* =22y, w(SX”Ty“‘)—qo(—g);%.

U=p(1-y+x*) +y(/y) = 01);100.u = p(x) + w (y — x* + 4) — p(2); 10L.

X% + X2 —y+2
u(p(yz)w(xy2+4)¢(4);102-U—¢[ Zy}rw(\/TyJ—q)(l):lOB-

y—ex+m)ﬂll(lnex—y+m)_¢(0);104.(x+2t)2105-

2 2

u=¢(In

X2 + xt + 4t? +%xt3 .106. sinx . 107. Xt+sin(x+t) - (1-cht)e”.108. 1+t+%(1—cos3t)sin X.

109. 11— cosact)sinax 110. - L sinot 111, X+ty+t2.112, xytlL+t2)+ %7 —y2.113
a w w (4]

Le2(x2 —3xy?)+ e* cosy + te? sinx. 114. X* +t” +tsiny.115. 2x* - y* +(2x2 + yz)t+ 2t2 + 2%,

1 3 3x+dy 25 1 1
116. x? G Sy )+t St L 117. € chbt —— + =shbt |,
X* +ty? + ot (6+ x> +y?)+t 5t (x+y) {26 et e

118. cos(x + cy)cos(at b? +c2)+ sin(bx+cy)sin(at b? +c2)

1
avb? +c?
119. (x2+y ) (1+t) +8a’t (x +y { L j+8a4t 1+Et .

3 3 5
120. (x2 +y? +4aZXet —1—t)— 2at2(1+%tj.121. Xt +y% -22% +t+tixyz

122. y? +tz® +8t? +8t +it X +£t
3 12 45

123. x*y*2” +txy +3°(x* + y* + 2% + Xy + X727 + y222)+gt4(3+ X2+ y? + zz)+%t6.
124. cos(z\/_)+te3y+‘”S|n5x+t3 “sinycosz.

125. (L+t)\x2 +y? +2°f +10a2t2(1+%tj(x2 1y +2?)+altt (5+t).

126. (x2 +y2+17° +6a2Xet —1—t)— a’t?(3+t).

127. iz (1—cosat)e’ cosxsiny +e”** F shatsinx + %sh(atﬁﬁ xzch(at\/z)}
a a

128. xycoszcosat+1yzexshat+ X 2cos(3y+4z et—cos5at—isin5atj.
a 1+25a 5

a
156



129.

1.
(cosat+—sm atjcosw/x2 +y*+z° +

a

. . 1.
siny/x® +y* +2° (tcosat—atsmat——smat}
a

B
VX2 +y?+ 272

§4.3

XZ

11+¢ +%t2. 2. t* +e'sinx. 3. (].-i-t)e_t COSX. 4. chtsinx. 5. 1—cost+(1+4t)’%e_?t.

2 2 2
1 2X—X+t 3 —X 1 74x +t

6. (1+t)2e M . 7. x(L+4t)2e™. 8 (1+t) sinl—xte ‘o g ' ~1+e7 cosxsiny.
+

L ) . _xiry? t =i
10. 1+lsmxsm y(25|nt—cost+e*21) 11. S|nt+L3e wa 12, — 4+ e Mt
5 (1+4t) 8 1+t

1 Xy _t(x2+y )
13. cos e 209 g Zcosx( t~1+ 2t)cosycosze ™. 15.

Vi+t? 1+t
e —1+sin(x-y-zf™.

1 L\, cos2y X 1 ) 1 _(ery-2f
16. Z(l-e' )+ —=2e Wt 17. Zcos(x—y+zll—e )+ —— g 112t
4( ) St 3 s(x—y )( ) N
sinz Xy ot 0 b
18. cos——e 4 19 g™ cosz X,. 20. (1+4t)ze 4, 21,
Vi+4t? 1+ 4
I

n+2 _

(1+4t) 2 e &4,

n ) n i

B LR

22 (1+4t) 2sin*=—e 4 23 R — - -1 .
1ea s ant

5-bob

8 & |n(2k+1)7zx
.——3 s(\/ (2k +1)° 7 +4t)
k=0 2k +l

-t «
_Be Z cos(2k +1)t +sin(2k + Dt]sin(2k +1)x.

T k=

oL [ 2 g kD (@k+D)
7(2k +1) 2 2

1 1 . ) 1
(k;z)3 {2cos/1kt+ﬁ—ksmlkt—2}sm7zkx, A = \/m

3 2
——sin At smﬂkx A = (k—ﬂj -1
/”tk 2

k=0

o _t
4otl-x)+> e ?
k=1

2

5. t(2-X) i{

k=1
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0 _1\k+ 2
6. X—t+22( 1)2 t—isin/lkt sin@, A = (k—”j -1
| & k2| 4 | |

k
7. sin2xcos2t + Y (-1)" k—23[1— coskt]sinkx.
k=1

8.

t
—Zc{—be 2(c03ykt+ﬂisinyktﬂsin(2k +D)7x, ¢, = .l :\/(Qk +1)27TZ _%.

k

(2k +1)° 7°
Ko‘rsatma. Yechimni u(x,t) = ZTK (t)sinkzx qator ko‘rinishida gidiring. 1zoh. Yechimni

ket
U =V+ o yig‘indi ko rinishida qidirish mumkin, bu yerda v = %x(l— x) funksiya tenglamani va

chegaraviy shartlarni ganoatlantiradi. U holda

u(x,t) = M—Z COS 11, t + 1
2 & 2

k

sinyktJe_2 sin(2k +1)7x.
9. 2xt+(2e" —e " —3te Jcosx. 10, 3+ X[t +17 )+ (5te’ —8e" + 4t +8Jsinx
5 t
11. x(t+1) + Ter' g2 % cos3x 12. xt+ i—162t+ie5‘jexsin3x.
5 5 2 10 6 15

2

13. xt+(1— e —te‘t)COSBX. 14, %(e2t - e‘“)—%—%cost. 15.
%sin x(ch3t —1) + sin3x(cht —1).

16. xt+(2e' - e“)e*x $iNX.17.18.19.20.

0 —| @ zt |
73. Zane [ ! j sin@, bu yerdaa, =%ju0(x)sin$dx,
=1 0

- 7(2k+1)2;r232t
U, (x) = A = const, bo'lgani uchun u(x,t) = ﬁz L o n sinM.
7T g 2k+1

_(2k+1)* 7°a?

2 w ahbile/ S
74. u(x,t)ng Z 1 e 1 tsin(ZK;l)ﬂx_

© 2 2 Hpa’t

2 o+ u =5 . X I . X —
75. _z —— M e n” buyerda a = |u,(x)sin=—"=dx, (n=12,.) -
[ n:1an 0(0+1)+,u ¢ sin | y § '([ 0(X) | "

X . X
““msmﬂln

H

p e w1, COS
tgu = —g, o =hl >0 tenglamaning musbat ildizlari. 76. Tane ¥
=1

oo +2)+ 4
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bu yerda b, :IUO(X)(/’ln ,u; | )dx 73 (n=12,..)- Ctgﬂ—%(g_%),

o =hl >0 tenglamaning musbat ildizlari. 77. U,. 78.

u_0 2y gy 1 (A (2K +1)ax

_ == t) =
. 2( k+1° €5 limutxt =
u0 My &, o M 2(2K +1)mx
0 TN (- COS————, u(x,t) =
Z( ) (2k 1)2 | Itm (x,t) =
" (2n+1)z Zt
. 3—32 L [ :) cos 21U 81.
= 2n+1) 2
. (2k+1)z Zﬂ]t
Z H ) sin (2k +1)2x
T 2k +1 I
22t
82. —— -2t gin(2k +1)x.83, x -1 + - Ze—zcos/lkx; ’y _ 2k +1)
7Z'k0 2k+1 3 ko(2k+) 2l

X—t-rt

84. tcosx+%(e8t —~1)cos3x.85. Xt+sinze . 86. x+tsinx+%(1—e8‘)sin3x.

X—4t

87. tx? + (e —1)+ tcos2x.88. t+1+ (1—e‘t)eX sinx+e"" sin2x.
4

89. xt? +e' +sint—cost + e~ cos2x.90. X° +2e” + (Zt —sin Zt)COS3X.

91. x+t2 +%(e5t —1)cosx+%(— e ™ +1)cos3x.

2 1 1
92. X°t+ X+ 2 etV Jegs(2k —1)x, C ( )
Z2k 1y ( ) @=D% Co = 2 ke 3
P C 7(22 )t .
03. (X+Dt+e ) —k _1—e W ksinkax,
(x+1) ;kzﬂ'z +4( )
0, agar n=2m
C.o=11( 2 N 1 N 1 agar n=2m-1.
z\2m-1 2m+1 2m-3)/
6-bob.
1. Agar A =—2 bo‘lsa, yechim yo‘q. Agar A #—2 bo‘lsa, uholda ¢(Xx) = ZX(T_#
+

X

1 e
bo‘lsa, u holda bo‘ladi. A = da yechim yo‘q. 3. Agar
1 1-Ae*-1) A

2.Agar 2 = A,,buyerda A, =

1223 — 240x — 2> + 422
6(1+6)2-1)
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A #2 va A#—6 bo‘lsa, uholda . A =2 va A =—6 datenglama yechimga ega



5(7+24)
7(5-24)

emas. 4. Agar 1 ¢g va A ¢g bo‘lsa, u holda x? +x* Agar 4 :g bo'lsa, CX + ?xz +x*, bu

/ 5
yerda C - ixtiyoriy doimiy. A = g da tenglama yechimga ega emas. 5. Agar A # £ E bo‘lsa, u holda

22 E : 5 1
27 (53/x +64)+1—6x2. A =1, |— datenglama yechimga ega emas. 6. Agar 1 = > va 1 # = bo‘lsa,
1247 —5( ) 12 Jemay e : 2 2
u holda —5(2/1 -9 X +x° Agar ] = 1 bo‘lsa, Cx® + x? —Ex4 bu yerda C - ixtiyoriy doimiy. 1 = 5 da

3(5-24) ' 2 ’ 6 ' 2

tenglama yechimga ega emas. 7. Agar A # g va A # % bo‘lsa, u holda A X +7x*+3.Agar 1= g

bo‘lsa, 7x* +3— % x% 4+ Cx, buyerda C - ixtiyoriy doimiy. A = % da tenglama yechimga ega emas. 8. Agar

A # +§bo‘1sa u holda —3(5_ 22) X+ x° Agar 1 = 3 bo‘lsa 1 X+ X3 +Cx? ,buyerda C - ixtiyoriy
T2 ’ 5(3+24) ' 2 5 ’
- 3 . 1 1. . 3
doimiy. A = -5 da tenglama yechimga ega emas. 9. Agar 4 = A4, = § va 1 # 5 bo‘lsa, uholda C, + Ex.

Agar A=A, :g bo‘lsa, C, (3x2 -1 - g X, buyerda C,,C, - ixtiyoriy doimiylar. A = 4, = g da tenglama

3x

yechimga ega emas. Agar A# /1i , 1 =1,2,3 bolsa, uholda ¢(x) = 3 81 10. Agar A ¢% va A # —%

bo‘lsa, u holda

2/1/15"1 2X+ 7 —2X.Agar A = —g bolsa, 77 —2X—2sin2X +Ccos2X, bu yerda C -

ixtiyoriy doimiy. A :% da tenglama yechimga ega emas. 11. Agar 1 = —% va A # —g bo‘lsa, u holda

37A

; 3 37 . .
————SINX+CO0S2X . Agar A = —= bo‘lsa, cC0S2X ———sinx+ C cosx, buyerda C - ixtiyori
2(24+3) : 4 4 4 yory

. 3 . 3
doimiy. A = —— da tenglama yechimga ega emas. 12. Agar A#tt—0— bo‘lsa, u holda
2 242

: 3. 3
SINX + Y (2/1 COS2X + ESII’] ZXJ . Agar A== 5 bo‘lsa, tenglama yechimga ega emas. 13. A ning
barcha giymatlarida —*” sin3 14 Agar 4=+ borlsa, wholda 1— 2 G CosX
archa giymatlarida sin3x+cosx. 14. Agar A # == bo‘lsa,uholda L ———————
2—-Ar 2 7 6(21+1)
Agar 1 :% bo‘lsa, %—Q + (8+ 7’ cosx)C , buyerda C - ixtiyoriy doimiy. A = —% da tenglama
V4

yechimga ega emas. 15. Agar A # E va A # i bo‘lsa, uholda cos4x +1+ CAgar A = i bo‘lsa,
ya 2 2—Arn 7T

cos4x —1+C, cos2x+C, sin2x, buyerda C,,C, - ixtiyoriy doimiylar. 4 = 2 da tenglama yechimga ega
7w
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emas. 16. Agar A = 1 bo‘lsa, uholda COS3X. Agar A = 1 bo‘lsa, cos3x +C, cosx + C, cos2x, bu

T T
e 1 1 . COSX 1
yerda C,,C, - ixtiyoriy doimiylar. 17. Agar 4 = — va 4 = —— bo‘lsa, uholda Agar 4 = —
T 2 1-An 2
bo‘lsa, 2C0SX +Csin2Xx, buyerda C - ixtiyoriy doimiy. A = 1 da tenglama yechimga ega emas. 18. Agar
T
A # 1 va 1 # S bo‘lsa, u holda SInX . Agar 4 _ bo‘lsa, Esinx+Ccost, bu yerda C -
T 3z 1-An 3z 2
L 1 : 1 . _ 1
ixtiyoriy doimiy. 4 = — datenglama yechimga ega emas. 19. A4, = —, SINX+C0SX,1; A, = ——,
T T T
COSX—SiNX. 20. A, SENT 2, ~2 cos2x; Ay —_2 sin2x.21. A =-45,3%x*-2; 4, _45
2z V4 Vs 8

2 2 2 2
2

15x% —1.22. A, =3 s xS A, __3 axs_x5.: A, =—=,sinx—sin3x; 4, _2
8 2 T T
sin2x+sin3x, sinx+sindx.24. a=-12,b=12,-12x" +C,x+C,  bu yerda c,, C, - ixtiyoriy

doimiylar. 25. a = \/E -3 C[4\/Ex2 + 3(1_ \/E)x]+ 1_ 3x, bu yerda C - ixtiyoriy doimiy 26. Har
X

2z
ganday A parametr uchun ushbu tenglama yechimga ega: ¢(x) = A jCOS(ZX —y)f(y)dy+ f(x) 27. Agar
0

1 Aar® . 24b 1
A# E bo‘lsa, u holda SINX+ +ax+b. Agar 1 = E da, a = b =0 bo‘lsa, va faqat shu

12(1-24) 1-22
holda tenglama yechimga ega bo‘lib, yechim: ¢(x) = C, cosx +C,, bu yerda C_,C, - ixtiyoriy doimiylar. 28.
Agar 1 = ig(a, b -ixtiyoriy) bo‘lsa, u holda 2(61_—2/“))sin X+b. A= 2 da ixtiyoriy a, b larning
T

2+ Ax T

giymatida tenglama yechimga ega: ¢(x) = MZ—;A'bsin X +b+ C, cosx, bu yerda C, - ixtiyoriy doimiy;

A=- E da az+4b =0 bo‘lsa, va fagat shu holda tenglama yechimga ega bo‘lib, yechim:
b

@(X) =b+C,sinx, bu yerda C, - ixtiyoriy doimiy. 29. Agar A = %va A# g (a,b, ¢ -ixtiyoriy) bo‘lsa, u

2/”ta+30Jr 3b i ax’ 1, % -0 botl .
.A==—daa+aoC= 0°lsa, va fagat shu holda tenglama yechimga ega
3(1-21) 3-24 2 v gaina yeehimen 8

holda
o 3 2 C 3 b=0 bo'
bo‘lib, ¢(X) = be +ax“ +C,, buyerda C, - ixtiyoriy doimiy; A = > da D =0 bo‘lsa, va faqat shu holda

tenglama yechimga ega bo‘lib, yechim: @(x) = ax® — % (a+c)+C,x, bu yerda C, - ixtiyoriy doimiy. 30.

2A(5a+30) , 44 (5a+3)

- - X+ ax+bx3.
15—-42 5‘15—4/1 ,

15
Agar A # iT (a, b -ixtiyoriy) bo‘lsa, u holda
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V15

A= 7 da 5a+3b = 0 bo‘lsa, va fagat shu holda tenglama yechimga ega bo‘lib,
5 5 v15
o(x) = a(x "3 X3] + Cl(\gxz + XJ ,bu yerda C, - ixtiyoriy doimiy; A = ~—, da5a +30 =0 bo'lsa,

5 3 5
va faqat shu holda tenglama yechimga ega bo‘lib, yechim: o(X) = a(x - 5 X" |+C,| X— §X , bu yerda

3a 51b
X+ X
3-1 3(-4)

2
C, - ixtiyoriy doimiy. 31. Agar 4 # 3 va A #5 (a, b -ixtiyoriy) bo‘lsa, u holda +b.

5
A =3 da a=0 bo‘lsa, va faqat shu holda tenglama yechimga ega bo‘lib, @(X) = b(i x> +1 |+ C,, bu yerda

C, - ixtiyoriy doimiy; A =5da b =0 bo‘lsa, va fagat shu holda tenglama yechimga ega bo‘lib, yechim:

o(X) = szz _gax , bu yerda C, - ixtiyoriy doimiy. 32. Agar A # % (a, b -ixtiyoriy) bo‘lsa, u holda

30da+7b ; 1 . .
———— X% +ax. 1 == da5a+7b =0 bo‘lsa, va fagat shu holda tenglama yechimga ega bo‘lib,
7(1-6A1) 6
7 1 2
o(X) = —gbx+ C,x® +C,X?, buyerda C, va C, - ixtiyoriy doimiylar. 33. Agar A = % va 1 # 43” (

2a+b(4-7) 2

a, b -ixtiyoriy) bo‘lsa, u holda X+bx*. A= 2 daar+b(4-7)=0

2-Arx 2-A4-7) 7z
U 2
bo‘lsa, va faqat shu holda tenglama yechimga ega bolib, @(X) = ﬂ X+bXx" +C  puyerda C - ixtiyoriy
72' J—
. . 1 /5
doimiy; A = 2 da tenglama yechimga ega emas. 34. Agar A # iz 5 (a,b, ¢ -ixtiyoriy) bo‘lsa, u holda
-

1 2
54(142+36/b+420) } 281°a+304b+35 , lzgﬁ 42 15y3 + 75(a+¢) =0
21(5-122%) 7(5-122%) 2\'3

1
> 3
2
bo‘lsa, va fagat shu holda tenglama yechimga ega bo‘lib, @(X) =ax” +bx+c+ Cl(xg + \/g , bu yerda C,-

115
ixtiyoriy doimiy; A = —E \/; da 15\/§b - 7\/6(8. + 3C) =0 bo‘lsa, va fagat shu holda tenglama yechimga ega

1
> 3
bo‘lib, yechim: @(X) = ax’ +bx+c+ Cl(x3 - \/g , bu yerda C, - ixtiyoriy doimiy. 35. Agar 1 # —% va

300-DA ., 3a? - 3642 (b-1) 15
15+84 3-24 (15+81)(3-24) 7 8

A# g (a, b -ixtiyoriy) bo‘lsa, u holda da
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b =1 bo‘lsa, va faqat shu holda tenglama yechimga ega bo‘lib, ¢@(x) = g ax+1—20a+C(x* +1), bu

yerda C - ixtiyoriy doimiy; A = g da a =b = 0 bo‘lsa, va fagat shu holda tenglama yechimga ega bo‘lib,

@(x) =C,x+C,, buyerda C, va C, - ixtiyoriy doimiylar. 36.1. A, = % o, =X A, ;

2 3 1 3ax T 3
(1) =3X—4x ragar A, # — va A, # —— bolsa, p(X) = a-ixtiyoriy); A = > da tanglama
2 1 7 VA D P(X) =5, @xiyoriy); 2= datang
yechimga ega, agar & =0 bo‘lsa va ¢@(X) = %ax+ 02(3x - 4x2), bu yerda C, - ixtiyoriy doimiy. 36.2.

ax’ +bx

1 1 .
= ———; A == datenglama yechimga ega, agar
1-21 > g YA ga ega, ag

1 2) _ 2
11:2, gol() :X,(pl()=X ;agarl;t%bdlsa, o(x) =

2
a=b=0 bolsa, va P(X) = C1X +C,X bu yerda C, va C, - ixtiyoriy doimiylar. 37.1. 1, = l
272

@, =sinx;agar A = 1 bo‘lsa, @(X) =a+bcosx+ Abax +
T 1-7A

sinx: 4 = 1 tenglama
T

yechimga ega, agar b =0 bo‘lsa, va @(x) = a+ Csinx buyerda C - ixtiyoriy doimiy. 37.2. A = l

@ = X,agar A # 1 bo‘lsa, ¢(x) =
2r

X _ b+ 2bzcosx (bu yerda a,b — ixtiyoriy); A = 1 da
A 2

tenglama yechimga ega, agar 8 =0 bo‘lsa, va ¢(x) = b(1+ cosx) + Cx bu yerda C - ixtiyoriy doimiy. 38.

=Sin(x+y) +ﬂzcos(x— y)

o(X) =1 j e f (y)dy+ f(X),agar A(A) # 0 bo'lsa, bu yerda
0

2
T
A(i) =1-X T; A= E da tenglama yechimga ega, agar f, + f, = O bo‘lsa, bu yerda
T

f, = Icosyf (y)dy, f, = Isin yf (y)dy ., vayechim: p(x) = C,(sinx + cosx)+E f,sinx+ f(x) (
T
0 0
C, - ixtiyoriy doimiy); A = —— datenglama yechimga ega, agar f, — f, = O bo‘lsa va yechim:
T
@(x) = C,(sinx —cosx)— 2 f,sinx+ f(x) (C, - ixtiyoriy doimiy);
A

sin(x+y) +/Z[cos(x -Y)

R(x,y;4) = - rezolventa.

AQ2)
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11—E/I+ y(2x—-41x-1)

30. () = 2] —2 D) F(y)dy+ f(x),agar A(A) # 0 bolsa, bu yerda
-1

1
A1) =(@1- 2/1)(1—2/1) A :% da tenglama yechimga ega, agar f, = 3f, bo‘lsa, bu yerda f, = J. f (x)dx

-1

1 1

N J.Xf (x)dx, va yechim: @(X) = [X_E) f,+f(x)+C, (C, - ixtiyoriy doimiy); A :% da tenglama
-1

yechimga ega, agar f, = O bo‘lsa va yechim: ¢(X) = _g f, + f(X)+C,(x+1) (C, - ixtiyoriy doimiy);

1—2/1+ y(2x —44x-1)

R(x,y;A4) = A - rezolventa. 40.

o(X) =41 J[lx_slzn”); +CoSs x}(ay +b)dy +ax+b = 1_a2xm1 +27xAbcosx+b,agar A = % bo‘lsa

(a,b —ixtiyoriy); A = ZL da tenglama yechimga ega, agar @ = 0 bo‘lsa, yechim: ¢(x) = b(cosx +1)+ Cx (
7w

C - ixtiyoriy doimiy); R(x,y;A) = fsﬂ + CcosX -rezolventa.

27 = - - -
41. p(X) = /I_[Slnxsm y +sin2xsin2y f(y)dy+ f(x),agar A = 1 bo‘lsa; A = 1 da tenglama
0 1-74 V4 Vs

27 2z
yechimga ega, agar _[sin yf(y)dy = _[sin 2yf (y)dy =0 bo‘lsa, yechim:
0 0

@(x) = f(x)+C,sinx+C,sin2x (C,,C, - ixtiyoriy doimiylar);

sinxsiny +sin2xsin2y
1-74

R(X,y; 1) = -rezolventa. 42. b =0, 3a+5c=0.

3 1 3 1 1
43.d=—— pb=0,C=-—=;d=-—"= ,b=0,C=—=.44.a=0,b=—=.45.2=6.
V10 V10 J10 NT 2

46. a=0, b =-1.47. a,b - ixtiyoriy. 48. a,b, c - ixtiyoriy. 49. 7a+5b=0.50. 2, =1,

4J3-6

T

(2} =4(X1+X2)+1; 2“2 =-1, P> =4(X1"'Xz)_:l-'Sl'ﬂ'l = ) §01 :2+\/§(X12 +X22);

4/3+6
Ay=—— 0, :\/§(X12+X22)—1.52. ,Il:i, (plzi,buyerda r={x’ +x>+x2.

T 47 1+r
7-bob.

1. Analiz kursidan ma’lumki, X;, Xy,...y X dekart ortogonal koordinatalari sistemasidan ixtiyoriy Y15 Y5 Yy

egri chiziqli koordinalar sistemasiga o’tishda quyidagi ifoda:
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quyidagi formula bilan ifodalanadi:

Au_\/—z_(\/—gkau

j.k 1
jk G a jk kj
bu yerda g = det”gjk“ , 9% = F . G"=G"- Ok J j elementning algebraik to’ldiruvchisi detHg ij
da ,
5 OX. OX;
g'(yly!""ly): —
jk\J1r J2 n ;ayj ayk

Y1) Y51 ¥,y koordinatalar orthogonal bo’lganda, J k= 0, _| K.

1 au 12_ 21 aU 22 au
f%(fg o fagf )fa (Jog PR faé:(fg

1
bu yerda @ = (XY, = Y:X, 2, _(X +Y, )), g% = :—E(XgXU—ng”),

a) AU =

1
o = (¢ +)

10 1 o%u 1 o%u azu
b) Au==—(r —) 2—2;0) :——( —) —+—
ror r-op ror r’ 0p° oz
2
d)Au:ii r2@+ ! —(sn 8_u) _12 ali)
2or or’ r’sinvov ov” r’sinv op

e)

Ay V& -DA=7") | 0 62 Sl ou) of i dul, o)t 1 au
& —n?) |o¢ n’ ff Ton\\e-1""an |Top| & JE -)-n?) o9

2.a) garmonik; b) garmonik; c) garmonik; d) garmonik; €) yo’q; f) garmonik; j) yo’q; h) garmonik; k) garmonik.

Bevosita hisob kitoblar katta. Keyingi hisoblashlarda garmonik funksiya —u=u(x,x,) nhi Re f(z),

z = X, +iX,, deb olib, vektor analitik f(z) =u+iv funksiyaning mavhum gismio(x,, x,) = Im f (z)
o . . : oo ou_ov du oV

funksiyani qurish mumkin. Koshi- Riman sharti bu holda quyidagicha: —=—, —=——. Ko’rinib
x X, X, X

. ou . ov . g . . :
turibdiki, W(zZ) =——+1——, funksiya analitik va Koshi-Riman shartiga asosan W(z) = ——1—.
%, ox,  OX,

Shunday qilib quyidagi funksiya ham analitik
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ou . ov ou

1 1 X

= 2 av = 8X12 % 5 » uning hagigiy gismi: 28 1 5> garmonik; 1) garmonik;

wiz) MM (e} ou au) fou
X | ax ) | ax, ox )\ ox,

m) yo’q.
3.a)k=-3; b) k=-2; ¢) k = +2i,chkx, = cos2x,;d)k = +3; €) k=0, k=n-2 n>2 da.
4. p(z) analitik, uning U (X1 Y) = U, haqigiy va V(X, y) = _Uy mavhum qismlarining 0’zi va birinchi tartibli
hosilalari uzluksiz va Koshi-Riman shartini qanoatlantiradiUX —Vy =U, + Uyy =0;
U, +V, =u, -u, =0.
5.1 u(x,y) va v(x\y) lar f(z)=u(x,y)+iv(x,y) analitik funksiyaning hagigiy va mavhum gismlari, Koshi-Riman
shartiU, =V, = 0,U, +V, =Obilan bog’langan. Shuning uchun dv =V, dx+v,dy =-u dx+u,dy ifodalar
funksiyalarning to’la differensiali bo’ladi, shunday qilib U, +UW = Au =0 Bundan, IdV = I—Ude+UXdy
ixtiyoriy fikserlangan (Xq, Yg) nuqtadan to o’zgaruvchi nuqtagacha (x,y) nugtagacha egrichizigli integral D

sohada yo’nalishga bog’liq emas.

X y
f(z) = x> =3xy* +i I6xy0dx+j3(x2—y2)dy +iC:x3—3xy2+i(3x2y—y3)+i(—3x§y0+y§+C)
X

Yo

52, f(z)=e"siny—ie" cosy+i(ex° cosY, +C)
5.3. T (z) =sinxchy +icosxshy+ i(—(:osxoshy0 +C)e.a)v(x, y) = %(x‘* Tyt —6x2y?) +C;
b) V(X Y) =e’ cosx+C; c)v(X,y) = —chxcosy+C; g) v(X,y) =shxsiny+C ; d)

v(X,y) =chxsiny +C ¢) v(x,y) = —shxcosy +C ; 7.a) U(X,Yy)= X‘°’y— Xy3Cy +C,

d) u(x,y)=e*siny+Cx+C,;

% y2—x?
o) U(x,y)=€"siny+Cy+C, ;e u(x,y):xzy—§+xy+ +Cx+Cy;
1., , XY X 2,2
f) U(X,y)ZEX y—Xy +§—E+Cy+CO 8.a)U=Ye COSZ-Yy +X +g(X,Z), bu yerda g(x,z)-

2 2
ixtiyoriy garmonik funksiya.b) U = CNXCOSZ — Y* + YX" + g (X, Y) , bu yerda g(x.y)-ixtiyoriy garmonik funksiya.
3

X
c)u= xyzz —? +3x2° =X+ Xz + 9(X,Y), buyerda g(x,y)-ixtiyoriy garmonik funksiya.

d)U = Xze" cosy—yze*siny + 7’ - XZ) +0(X,Y), bu yerda g(x.y)-ixtiyoriy garmonik funksiya.
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4 4

9.a) V(X,Y) = X Zy ~1,5(xy)’ +C,x+C,

b) V(x,y)=—€’sinx+C,y+C, ; C) v(x,y) = —chxsiny+C,y +C,; d)

V(X,y) =—chxcosy +Cyx+C,

10.a) u(x,y) = ( ]y+2[ jxy ZR (a, coske+h, sinke) = Rsing+R*sin2¢ .
r

k=0

coske va sinke oldidagi koeffisiyentlarni tenglashtirib, quyidgini olamiz:

bl:Rz, a0:a1:a2:"':0 b2:R4’ b3:b4:_“:0.8hundayqi|ib’
X 4,2 o; R ’ R )
u(x,y)=Rr-sing+R"r SIHZ(DZ(?j y+2(?j Xy

b)u(x, y)=[$) (ax+by) +c; c)u(x, y)=[$) (x* = y?);d)u(x, y)=%($) (xz—y2)+($j +1;

e)u(x,y):(sj —0,5[?) (xz—y2+2xy);f)u(x,y):($j —05( j (x> -y )+( j(x+y)

IO L [ER L PRSP L ML

ZRfk (a, coskp+b, sinkey) = Rsing + R?sin2¢p. coske va sinke oldidagi koeffisiyentlarni
k=0

tenglashtirib, quyidgini olamiz: b, = R?, p=a=3a=..=0 b, = R*, b,=h,=..=0

2 4
Shunday gilib, u(x, y) = R*r*sing+R*r?sin Z(p:(Ej y+2(5j Xy .
r r

b) u(x, y) :Gj (ax+by) +c;c) u(x,y) =[$) (x* = y?);d)
u(x, y)—%[—j (xt - y2)+(5j "
r
e) u(x, y):(sj —O,5[$) (x* —y? +2xy); ) u(x, y):[$j -0 5( j (x> -y )+( j (x+Y);

—R?

; Tenglamaning xususiy yechimini

4 2 2
9) u(x,y) = RZ+($) (Xz—yz)—@) (><—y);12.«':1)u(><,3/)=r

tanlab, Laplas tenglamasiga qo’yilgan Dirixle masalasini yechish masalasiga kelamiz.
2 X2 . 1 , ,
g DU y) =2y +yx =Ry #8);

b) u(x,y) = %(x3 +xy” —R,X);¢) u(x,y) =
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e) U(X, Y) =r*-R? +1.13.a)A=0da u(x,y) = const. A#0 da masala xato qo’yilgan.b) A = g da

2

u(x,y) = %(x2 —y?)+const. A= % da masala xato.c) u(x,y)=Rxy+const;d) B = da

2

2

u(x,y)= —%(X2 —y?)+const. B# da masala xato.e) B=Ada

2
u(x,y) = ?(x2 —y?)+ Ry +const. B # A damasala xato.14. a) A = E3 da

R® R?
u(x,y) = P(X2 - y2) +const, A= 7 da masala xato.

R? R® AR’ R?
b) B = - da u(x,y) = P(y2 —XZ)—7y+COHS'[_ B=# 7da masala xato.

5 2

2 5
0B = AR _%(xz—yz)—%chonst_ B =

da masala xato.

1+ AR® R’

RZ
d)B= (A—l)7da u(x,y) = ar = (y*-x*)+const B # (A—1)7da masala xato.

sing-+const.u(r,p) = Zr a, coskep+b, sinke) . Bundan
k=0

15. a)u(r,p) = - '

UR ¢)-U(R,0) = 3 (R ~RE)(a, coskp+b, sinkg) =sing

1

Q=4 =8 o RR, , =b, uning uchun
r . 1
u(r, @) = 5 sing+a,, a, =const; byu(r,p) = cos@+const; c)C :_Eda
- -y
r’cos2¢
u(r,p) = ————-+const. C ——da f d O shart bajarilmaydi.
(r.o) 2RE_R?) *=3 I(co)co jarilmay
2 -
dyu(r,p) = ' 25|n220+r 5053¢+c0nst e)B=-Ada u(r,p) = A—220+const. B#—-Ada
R?-R? R*-R} R*-R;
Tf( )d¢ = Oshart bajarilmaydi.f)u(r )_I‘Sln¢+3r €S20 . const, C = 3.C »15 da
) 1Re= PP TRIR T 2(RT-RY) 2
3R’R/sin2¢p
f (¢)d ¢ = Oshart bajarilmaydi.16.a) U(r, ) = —————5 +Constb)
I (R*—R/)r?
5R’R/ c0s2¢ 5 2z

u(r,p)=-— +const, A= > A= 25da I f (p)d g = Oshart bajarilmaydi.c) masala
0

2(R2 _ R12)r2
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RR, singp 3R°R/cos2¢p
(R-R)r 2(R*-R)r’

yechimga ega emas.d) A = gda u(r,p) = +const A=15 da

2
I f (¢)d ¢ = Oshart bajarilmaydi.
0

3

H 5p5
RR, sing R°R; COSS(erconstl?.a)U _ x+2y+z(2x—y2)+%; b)u = xe” cosz:

R-R)r (R -R)r°

c)U=X(X+Y)+z(y-z)+€"sinz; d)u = xsin ychz + shzcosy ; €)

eu(r,p) =

u =x3+z(2x2—y)—3xzz—§z3+2;

;
In—
f) u = xz+cos2xch2z —sin2ch2z; 18.u=T + (U —T)—E :19.u=T +bUIn’;20.
In— a
a

u=U +aT In% ;21.aT =bU dau = aT Inr + const, aks holda masala xato qo’yilgan bo’ladi.22.

b(U —hT)In" a(T +hU)In_
u=T+ 4 Bu=U+— D04, VAT gy, Tog
1+bhin— 1+ahln—= bh b
a a
r r r r
B abh(TIn—+UIn—)+bU —aT hin——In—
_bU=aT it 26 b2’ aTint;27.u=—b ¢
ah a h(a+b+abhin>) b hin _in?
a b c
28.2)U(X,Y) =X =3¢ =37 +3y" +120=L:b) u(x, y) =2 (¢~ y*) - x+2y 9
u(x,y)=y* -x*-3x;
d) U(X,Y) = (X+Y)" +2x+1; ) U(x, y) = 3y(x+1)* +3y° -2y ; 290.0)
U(X,y)=2aksin(2k+1)” (2k+1)” yia =2 71(2k+1)7zs.[f()(2k+1);z
2p o
o u(x,y) = (PB=2A)Y 5 4pB 1 cos KD o k4D
2s T3 (2K +1)°s h(2k+1)7zs p P
p
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= (-D* 2% (2k +1)? - (2k+D)my (2k+1)7zx
c) u(x,y) = sh
I Z(;Zk+1) on (ZKHm - 2p 2p
2

u(x,y) =U +2—IO Tshly— chi ™ 4 +Tsh 2 ch—y sinx—
T 2p 2p A\ p 2p 2p 2p

oy (kDS
ﬂi 2 @D o @kel)r
TS (2k+) 2p 2p

e)
4qs 1 e sh (2k +1)7zxSin (2k +1)ny N
7 k=0 (2k +1)? cos~ = 7F . » S S

u(x,y) =

4 & 1 (k+1)zy . (2k +1)7x
T ks> 2p O 2p
T 0 (2k +H)sh =5 P P

o f k+1(
f)u(x,y)=28Tz( Y L oop KW gk, L gk gnka |,
LShkﬂS p p Shk77Zp S S

p S

w _(2k-)x 1
30.a)u(r,(p)=2ake 2 sin@, a, =%jf(y)sin%dy;
= 0

b)u(x, y) = i{l(ﬁgizjk)kf f(f)cosﬂkfdé}e‘“xcosﬂ«y, AtgAl =

' 0 _(2k+1)
cyu(x, y) ——LZ ! sin—(2k+1)ﬂy;
k=0

(2k+1)3 i
d)
() =20+ h)Y ) w0 " gl
u(x,y 1+ y. (), y.(y)=A cosiy+hsindy, tgdl = —
3L.a)u(r, (o)— Zw: (—j coske ; b)

k=1
r k
u(r, ¢)_—1—§005¢+Esm(p+22 kz_l(—j coske ;
T Or . ur? e _
c)u(r,go)=F+1+hRsm(p+mcos&o;d)u(r,go):C+kz_l:rk(Akcoskgo+Bk5|nkgo);
1 2z 1 27 . 2

A= g | T@)coskedo, B = opr [ (p)sinkpdy, [ f(p)do =0
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k
k=1

4R? R® R® 1 (RY
b) u(r,p) =C + CoS +—Cosz ——S|n2 +4R — | cosk
) u(r, o) 3y COS¢+ 7 €082 @ Z e (r) @

kl

c) u(r, (p)——i—B P ( j (A, coske+ B, sinke)

27z 74 k+hR
2 2
A = [ f(p)coskede, B, = [ f(p)sinkedp, d)
0 0

2 k
u(r,p) = 7zu—$3|n(p+zuz 2k = [—J sinke ;

K(L—K?)
A a’ In% ab? a', .
33.3) U(r,9) =W(r——)005¢) b) u(r, ) = A|n_3+b4_a4 (rz—r—z)sm2¢;
o) u(r,p)=Q+ bzajq - (r —b—:)c03¢+ b“r-t:Za“ (r° +':—z)sin 20
| 1+ hbln? (1—hb)%+(1+ hb)kr) |
) u(r, ) :Tm+abu b7+ a? + hb(b? _a?) cosg;

2AQ% & (—1)k-1(rjka” ko
34.8) u(r,p) = — | sin—=%;
yulr @) == ; 7 -

(2k-Dz (2k +l)7Z' G2k
b) u(r ar * CoOS————¢, a = f
)(w); 2 P8 = =R j()cos

(2k2+1)7r o,
a

¢) u(r, gp)_au 4; i 2(—jacosk%0;d) u(r,(p)_4aQ i%(—j sm%’;
k=

k1

& u(r.g) = ZQRZ{ 2(h* + 47)(1—cosak,) }(Ljﬂk sin 4.

A (YR+ ) L+a(h? + 4]
oy -bx+b*+ac
8-bob, — = ——————;
OX a

1. 2\/§:i+C y>0,y<0; 2. 2x%+y:C1;—2x%+y:C2;X +y=C,. 3. 4.y =C,x,

xy=C,.5.x+ty=C.; 6. y=C.7.arcsinx+arcsiny=C. 8.9. ?:—ZUXuy +/2uf +2u; -1

X
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1 1 dx —5)
(@) 2+uu + dxdy+ ) ) =0. 11. (a-9) +y5>0. 12
1+uy ( 1+u§)3 ( 1+uf)3 yL+ug 4
d
Jolep@)]>0, 0= ol +e). 13 et -l +)-0 1a 15.
2
A B
Kz—rz[ﬁzrz—fz—nz—é'zj =0.‘ ‘=|AD—BC|, CA=AC, 16.
Co Co C D

2

(rz—gz—nz—;z):o. 17. 18, 19. dv+udt=0x+t=cC,; du+vdt=0x—2t=c,.20.

1)
+ \/§d(p1 +1d¢0 +dt(— do +i+a0(po i\/Bal(le =0, = + —t.

21. X +t°=C,, u, =c,: Xx=Cyt, t(1+ xz)dul +tdu, +2u,x°dt =0.22.

ey +dPI—7? =0, W oSN EVI=T o0 0y e e D ut et s
dx cos2y + 1’

do(c? —02)+du[—u0¢\/cz(u2 +0° —CZ)J< 0

(c* —v?)dx= [—uzﬁr\/cz(u2 +0? —cz)}jy.

t3
2.4, = C, x—t=Cyi Uy =Gy X =5 =Cyi Uy =G, X+ 1= Cqi Uy =Gy x4+ 7 =y

-1 1 0
1,2
3 3
k k+1
0 - 0 - 0
25. 1 = 2k +1 2k +1
0 g N-1 o . N
2N -1 2N -1
0 N -1
2N +1

l, =P, (1), a, =const
Up + 3P (A, +-++ (2N + 1P, (4 uy =C
Xx-At=C., A 1,(1)=0.

%4_%20’
26. iﬁi_aai_o U =u—o, U, =U-+u0.
ot ox
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u, =

u,_au, _

27 ot 0ox _ _
. 8U 8U u =u-+ov, U, =u-+o.
+2t—==0,
ot OX
au,

ou
+(L+x)=%+u, =0,
28. oX

u =u+o,U, =U+0.
al—(1+x)ai+u1—0
ot OX
aul 1 oy X+x-1  x*+x+1 x(u, —v)
+ ST Up + Sy Uy — =0,
29 \/1+x o 2L+x?) T 21+x°) 7 214 X2 1+ x?)
6u2_ 6u2+x3+x—1u+x3+x—1u Xy - 0
ot «/1+x2 ox - 2L+x?) T 2a+x?) ? 2«/1+x2(1+x2) ’
U, =U++1+x%0, U, =u—+1+x%0.
oo
ot OX
30. %4. %:&jl’ ulzwuz=2u+u+2w,u3:—14u+70+2a).
%_4%:2u31
ot OX
oy 11%—u LUy,
ot OX
31. %+88LX2:—U1—U2, U1=U+UU2=U—U,u3:_4u+50+9a)'
%+ %:3u1+2u2+u3,
ot OX
32. 33.
oo 2800 ) [0 =B} o )
34. 35.
v=gt+2x)- flt-x2)" |(v=(/5+3)f3x—5y)+ J_ 3)g(x+\/§y)
u=f(9t—x)+g(t+x) u, = f(x—t)+h(x+2t)+3g(x—3t),
36. v=f(9t—x)-g(t+x), 37. u, =3h(x +2t)+ g(x—3t),
a):%f(Qt—x)+3g(t+ X)+ (2t + X). u; =3h(x+2t)+6g(x - 3t).

3. u=t,v=2x+1.39. u=—t@+t), v=2x-t+t>.40. u=—t, b=X+2L.

t -t _
41. u= (D(X;j + q)[x_j_q)(o) 42. u, = 5y —x 25( _ y)2

2 2 4 16

x5y25_z
o e XY

43. 44. 45.46.47. 48.
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“ l“):i (1) ZX{ 25|n( +k7Z'jXCOS\/_( +k7zj J
[j k—O(”+kﬂ] \/_cos( +k7zjxsm\/—( +k7rj

— isin[Z + k7zjxsin(Z + kﬂj\/gt
X \/g 2 2

2 co{% + knjx co{% + kﬂ)\/gt

y 3\/_ +k7rjxsm\/_[ +k7rj
) 25|n(2+k7zjxcos\/_[ +k”j |

sm(2+k7r}xcos\/_( +k7rJ
k a §c0{2+knjxsm\/—( +k7r} |
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