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So‘zboshi

Qo‘lingizdagi ushbu kitob, “Oliy matematikadan individual
topshiriglar” nomli o‘quv qo‘llanmalar majmuasining ikkinchi gismi
bo‘lib, u oliy o‘quv yurtlarining muhandis-texnik mutaxassislari
uchun mo‘ljallangan 380-450 soatlik dastur asosida yozilgan.
Shuningdek, mazkur majmuadan, oliy matematika fanini o‘qitish
uchun ajratilgan soatlar anchagina kam bo‘lgan boshqa yo‘nalishdagi
mutaxassislar tayyorlaydigan oliy o‘quv yurtlarining talabalari ham
foydalanishlari mumkin. (Buning uchun tagdim etilayotgan
materiallardan keraklilarini tanlab olinishi lozim).

Tavsiya etilayotgan ushbu o‘quv qo‘llanma, auditoriyada amaliy
mashg‘ulotlar va mustaqil (nazorat) ishlarni o‘tkazish uchun hamda
oliy matematikaning barcha bo‘limlari bo‘yicha individual uy
topshiriglarini bajarish uchun mo‘ljallangan.

O‘quv majmuaning ikkinchi gismida kompleks sonlar, anigmas
va aniq integrallar, ko‘p o‘zgaruvchili funksiyalar va differensial
tenglamalarga bag‘ishlangan mavzular bo‘yicha materiallar
keltirilgan.

Kitobning ikkinchi gismi tuzilishi ham uning birinchi gismiga
aynan o‘xshash ko‘rinishda yozilgan. Boblar, paragraflar va
rasmlarning ragamlanishi birinchi gismga mos ravishda davom
ettirilgan.

Kitobning yaxshilanishi borasidagi bebaho ko‘rsatma va
maslahatlarini ayamaganliklari uchun mualliflar jamoasi, mazkur
majmuaning tagrizchilari bo‘lgan Moskva energetika instituti, FA
muxbir a’zosi, fizika-matematika fanlari doktori, professor S.I.
Poxojayev rahbarligidagi “Oliy  matematika” kafedrasining
jamoasiga, Minsk radiotexnika institutining “Oliy matematika”
kafedrasining mudiri, fizika-matematika fanlari doktori, professor
L.A. Cherkasga hamda shu kafedraning dotsentlari, fizika-
matematika fanlari nomzodlari L.A. Kuznetsov, P.A. Shmelyov,
A.A. Karpuklarga, o‘zlarining minnatdorchiliklarini bildiradilar.

Kitob borasidagi barcha fikr-mulohazalaringizni quyidagi
manzilga yuborishlaringizni iltimos qilamiz: 220048, Minsk,
Masherov shohko‘chasi, 11, “Bricias 1mkoja” nashriyoti.

O‘zbek tilidagi tarjimasi bo‘yicha Toshkent, Universitet
ko‘chasi 2: tel: 246-83-62 Mualliflar.



USLUBIY TAVSIYALAR

Tavsiya etilayotgan qo‘llanmaning shakli, undan foydalanish
uslubi, talabaning ko‘nikma va bilimlarini baholash mezonlarini
tavsiflab chigamiz.

Oliy matematika kursi bo‘yicha barcha ma’lumotlar boblarga
tagsimlangan bo‘lib, ularning har birida masala va misollarni
yechish uchun zarur bo‘ladigan nazariy bilimlar (asosiy ta’riflar,
tushunchalar, teoremalar va formulalar) keltirilgan.

Ushbu ma’lumotlar  yechilgan  mashglar  yordamida
mustahkamlanadi. (Misollar yechishning boshlanishi — » va oxiri
— <« belgilar yordamida berilgan.) So‘ngra auditoriya mashg‘ulot
(AT) va o‘tkazilayotgan mashg‘ulotlarda 10-15 minutga
mo‘ljallangan mustaqil (kichik-nazoratli) ishlar uchun javoblari
bilan birgalikda masala va misollar tanlab olingan. Va nihoyat 30
variantdan iborat haftalik individual uy topshiriglari (IUT),
namunaviy misollar yechimi bilan birgalikda berilgan. 1UT
ma’lum gismining javoblari ham keltirilgan. Har bobning
nihoyasida amaliy ahamiyatga molik, darajasi  yuqori
giyinchilikka ega bo‘lgan qo‘shimcha topshiriglar joylashtirilgan.

llovada muhim mavzular bo‘yicha bir va ikki soatga
mo‘ljallangan (har biri 30 variantlik) nazorat ishlari keltirilgan.

AT topshiriglarining ragamlanishi uzluksiz bo‘lgan ikki
sondan iborat: birinchi-gismi bobni aniglasa, ikkinchisi ushbu
bobdagi AU tartib ragamini belgilaydi. Masalan AT 9.1 shifri
ikkinchi ~ bobga  tegishli  birinchi  topshirigni  aniglaydi.
Qo‘llanmaning ikkinchi gismida 26 AT va 12 IUT berilgan.

IUT uchun ham boblar bo‘yicha ragamlash Kkiritilgan.
Masalan IUT 9.2 belgisi beshinchi bobdagi ikkinchi 1UT
ekanligini ta’kidlaydi. Har bir IUT ning ichida esa quyidagicha
ragamlash kiritilgan: birinchi son topshirigdagi masalaning tartib
ragamiga tegishli bo‘lsa, ikkinchisi variantning tartib ragamini
aniglaydi. Shunday qilib, IUT 9.2:16 shifri talabaning IUT 5.2
dan 16 variantdagi topshiriglarini bajarishini belgilab, ushbu
variantda 1.16, 2.16, 3.16, 4.16 masalalar borligini ta’kidlaydi.
IUT bo‘yicha variantlarni tanlab olishda oldingi topshirigdan
keyingisiga o‘tganida tasodifiy yoki boshga usulda almashtirish
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usulini go‘llash mumkin. Bundan tashqari, ixtiyoriy talabaga IUT
berilishida bir xil turdagi masalalarni har xil variantlardan olish
mumkin. Masalan, IUT -3.1;1.2;2.4;3.6 shifri talaba IUT -3.1 dan
birinchi masalani 1 — variantdan, ikkinchisini 4 — variantdan,
uchinchisini 6 — variantdan yechishini ta’kidlaydi. Bu
ko‘rinishdagi kombinatsion usul 30 ta variantdan keng gamrovli
ko‘p variantlar hosil gilishni ta’minlaydi.

IUT larni ba’zi oliy texnika o‘quv yurtlari (Belorussiya
gishlog xo‘jaligini mexanizatsiyalash instituti, Belorussiya
politexnika instituti, Uzoq sharq politexnika instituti v.b.) ning
o‘quv jarayonida qo‘llanilishi, IUT ni har bir haftalik auditoriya
topshiriglaridan keyin alohida har safar berishning o‘rniga, ikKki
haftada bir marta, ikki haftalik auditoriya mashg‘ulotlari
mazmuniga mos ravishda berish magsadga muvofiq ekanligini
ko‘rsatdi. Ushbu qo‘llanmaga muvofiq talabalar bilan ishlashni
tashkil etish bo‘yicha umumiy tavsiyalarni beramiz.

1. Oliy o‘quv yurtlarining 25 talik guruhlari uchun har
haftada ikkita auditoriya mashg‘ulotlari, talabalar erkin
gatnashadigan maslahat darslari rejalashtiriladi va haftalik IUT
beriladi. Ushbu tadbirlarni samarali tashkil etish magsadida,
talabalar bilimini, xato va kamchiliklarini aniglash va tuzatish
yo‘llarini ko‘rsatgan holda, tizimli baholash uchun kafedra
tomonidan oldindan tayyorlangan professor-o‘qituvchilarga IUT
ning javoblar varagasi va yechimlar majmuasi beriladi (talabalar
mustasno). Javoblar varagasi har bir topshiriglar uchun
tayyorlansa, yechimlar majmuasi fagat yechish usulini, amallar
ketma-ketligi va hisoblashlardagi ko‘nikmalarning to‘g‘riligini
tekshirish uchun zarur bo‘lgan muhim bo‘lgan masala va
variantlarga ishlab chigiladi. Kafedra tomonidan yechimlar
varagasi qaysi IUT lar uchun zarurligini belgilanadi. Yechimlar
varagasi (bitta variant bitta varaqda joylashadi) talabalar
tomonidan bajarilgan topshiriglar bajarilishida o‘z o‘zini nazorat
gilish uchun, talabalar o‘rtasida o‘zaro nazorat tashkil etishda
ishlatiladi. Lekin ko‘pchilik hollarda yechimlar varaqgasi
yordamida o‘qituvchi usulning to‘g‘riligini tekshirsa, talabalar
o‘zining hisob-kitoblari to‘g‘riligini nazoratdan o‘tkazishi
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mumkin. Ushbu usullar 25 talabaning IUT larini 15-20 minut
davomida tekshirib baholash imkonini beradi.

2. Oliy o‘quv yurtlarining 15 talik guruhlarida esa har
haftada ikkita auditoriya mashg‘ulotlari, guruhlar dars jadvalida
mustaqil tayyorlanish uchun, o‘qgituvchi nazorati ostida haftalik
yuklamaga kiritilgan ikki soatlik maslahat darslari rejalashtiriladi.
Dars jarayonini ushbu taxlitda tashkil etish (Belorussiya gishlog
x0‘jaligini mexanizatsiyalash instituti), talabalarning mustaqil va
ijodiy ishlashlari hamda bilim sifatini o‘qituvchilar tomonidan
tezkor ravishda nazorat qilish darajasi sezilarli tarzda oshishi
kuzatiladi. Yugorida tavsiya etilgan usullar bu yerda ham o‘zining
samarasini beradi. Lekin, ushbu guruhlarda AT va IUT larni
tekshirish  tezlashadi va topshiriglarni bajarishda nazariy
bilimlarni nazorat qilish imkoni oshadi, o‘zlashtirmovchi
talabalardan mavjud garzdorliklarni kamaytirish imkoniyati paydo
bo‘ladi. Shuningdek, yana IUT, mustaqil va nazorat ishlari
bo‘yicha baholar jamlamasi yordamida o‘quv jarayonini
boshgarish, nazorat qilish, talabalar olgan bilimlari sifatini
baholash imkoni ham paydo bo‘ladi.

Yuqorida aytilgan tadbirlarni amalga oshirish natijasida
semestr mobaynida o‘rganilgan bilimlar bo‘yicha an’anaviy
semestr (yillik) imtihonlardan voz kechish, hamda talabalar
ko‘nikmalari va bilimlarini baholash bo‘yicha blokli-siklik
(modulli-siklik) deb ataluvchi usuldan foydalanish mumkin
bo‘ladi. Ushbu usulning mohiyati quyidagilardan iborat: Fanning
semestrdagi (yillik) yuklamasi 3-5 ta blok (modul) larga bo‘linadi
va ularning har biri bo‘yicha AT, IUT bajarilib, sikl yakunida esa
ikki soatlik yozma nazorat o‘tkazilib, bu yerda 2-3 ta nazariy
savollar, 5-6 ta masala va misolllar beriladi. AT, IUT va yakuniy
nazorat ballarining yig‘indisi talabalarning har bir blok (modul)
va semestr (o‘quv yilida) hamma bloklar (modullar) bo‘yicha
olgan bilimlarini ham alohida obektiv baholash imkonini beradi.
Shunga o‘xshash usul Belorussiya qishlog xo‘jaligini
mexanizatsiyalash institutida tadbiq gilingan.

Fikrimiz yakunida, ushbu qo‘llanma o‘rtacha imkoniyatli
talabalarga mo‘ljallanganligini va bu yerdagi bilimlarni egallash
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oliy matematika fanidan gonigarli va yaxshi ko‘nikmalarga ega
bo‘lishlarini ta’minlashini ta’kidlashimiz mumkin. Iqtidorli va
a’lo bahoga o‘quvchi talabalar uchun esa, rag‘batlantirishning
chora-tadbirlarini  e’tiborga olgan holda alohida murakkab
topshiriglar (ta’limda individual yondashuv) tayyorlanishi zarur.
Masalan, bu talabalarga, oz ichiga ushbu qo‘llanmadagi yuqori
murakkablikka ega masalalar va nazariy mashglar (ushbu magsad
uchun, xususan, har bir bob oxiridagi qo‘shimcha topshiriglar
mo‘ljallangan) butun semestr uchun ishlab chigilishi lozim.
Oc‘qituvchi ushbu topshiriglarni semestr boshida berib, ularning
bajarilish ketma-ketligini belgilab (o‘zining shaxsiy nazoratida),
talabalarga oliy matematikadan ma’ruza va amaliyot darslarida
erkin gatnashishga ruxsat berishi mumkin va hamma topshiriglar
muvaffaqiyatli bajarilgandan so‘ng sessiyada a’lo baho qo‘yiladi



7. KOMPLEKS SONLAR VA ULAR USTIDA AMALLAR

7.1. ASOSIY TUSHUNCHALAR. KOMPLEKS SONLAR
USTIDA AMALLAR
Kompleks son deb, z = x + iy turdagi songa aytiladi. Bu
yerda, x va y lar hagiqgiy sonlar i =+/—1 esa, mavhum birlikdir,
ya’ni, kvadrati -1 ga teng bo‘lgan son yoki z2+1=0
tenglamaning ildizidir. Odatda, x ni kompleks sonning haqiqgiy
gismi, y ni esa, uning mavhum qismi deb yuritiladi. Ular uchun
quyidagi belgilashlar Kiritilgan: x = Rez va y= Imz. Agary =0
unga z =x € R agar x = 0 bo‘lsa, z = iy ni sof mavhum son
deyiladi.
A Geometrik nuqgtai nazardan
y garalganda, har ganday z = x +
iy kompleks songa tekislikning
M biror M(x,y) nuqtasi (yoki oM

y Z=XF vektor) mos keladi va aksincha,
tekislikning har ganday M(x,y)
nugtasiga z = x + iy kompleks
n 9 Ay son mos keladi. Umuman,
kompleks sonlar to‘plami bilan
Oxy tekislikdagi nugtalar orasida
o‘zaro  bir giymatli  moslik
o‘rnatilganki, Oxy tekislikni
B R e EEnE e z=xy  kompleks tekisligi deb yuritiladi

m va uni z kabi belgilanadi (7.1-
7.1 rasm rasm).

Barcha kompleks sonlar
to‘plamini C harfi bilan belgilanadi. Har doim, R < C ekanligini
ta’kidlaymiz. Barcha z = x haqiqgiy sonlarga mos keladigan
nuqtalar Ox o‘qida joylashadi, shu boisdan, Ox o‘qini kompleks
sonlar tekisligidagi haqiqiy o‘q deb yuritiladi. Barcha z = iy
mavhum sonlarga mos nuqtalar Oy o‘qida joylashadi va kompleks
sonlar tekisligining mavhum o‘qi deb ataladi.

Agar ikkita kompleks sonlarning hagigiy va mavhum gismlari
o‘zaro teng bo‘lsalar, ularni o‘zaro teng kompleks sonlar deb
yuritiladi.
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z=x+1iy va z=x —iy turdagi sonlar o‘zaro tutashgan
(bog‘langan) kompleks sonlar deb ataladi (7.1-rasm).
Agarda, z; = x; + iy;; 2, = x, + iy, ikki kompleks sonlar
bo‘lsa, ular ustidagi arifmetik amallar quyidagicha bajariladi:
7y + 2z = (X +iy)+(xp + i) = (% +x2)+i(y1 +52),
2y — 2y = (X +iy)— (22 + iy,) = (0 — %) +i(y1 — ¥2),
212y = (X1 +1y1) (X + 1y,) = (1% = Y1Y2) Fi(y1xz + Y22x1),

Z1 _ X1+iy1 — Z1%2 _ X1%2%Y1)> L X2Y1—X1Y2
Zy  Xptiy, 2,73 x2+y2 x2+y2
(oxirgi amal z, # 0 bo‘lsagina o‘rinli bo‘ladi). Yuqorida
bajarilgan amallar natijasida, umuman yana kompleks sonlar hosil
bo‘ladi. Shuningdek, kompleks sonlar ustidagi mazkur amallar,
haqigiy sonlar ustidagi arifmetik amallarga o‘xshash barcha
xossalarga egadir, ya’ni, qo‘shish va ko‘paytirish amallari
kommutativ va assotsiativdir, hamda ular distributivlik xossasiga
ega bo‘lib, ular uchun teskari amallar bo‘lgan ayirish va bo‘lish
(nolga bo‘lishdan tashqari) amallari ham mavjuddir.
1-misol. z;y =2+ 3i, z, =3 —4i va z3 =1+ i kompleks

Z1+212,+2%

sonlar berilgan. z =

» Ketma-ket hisoblaynswiz:
Z1+2z3=02+30)+A+i)=3+4i,
712, =(2+3i)(3—4i) =(6+12)+i(9—-8) =18+,
72 = (3 —4i)% =9 —24i — 16 = —7 — 24i,
Zi+ 212, + 25 =2+ 3i+ 18 +i — 7 — 24i = 13 — 20i.

ni topilsin.

13-20i 13-20i)(3—4i 39-80)+i(—60-52
U holda: z = B2 = E3-200C-4) _ (9-80HC00-5)
3+4i (3+41)(3—-41) 25
41 . 112
~8 12 4
25 25

Berilgan z = x + iy kompleks sonning moduli deb, r =
|OM| = vzZ songa aytiladi. OM vektorning Ox o‘qning musbat
yo‘nalishi bilan tashkil etgan ¢ burchagi ni kompleks sonning
argumenti deb ataladi va ¢ = Argz kabi belgilanadi.

Har ganday kompleks son uchun quyidagilarni yozish
mumkin (7.1 rasmga garalsin):

X =T1CcosQ,y = rsing,

cosQp = ;,sinfp = %, (7.1)

r= [Ty
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Bu vyerda, kompleks son argumentining bosh giymati
¢ = argz uchun quyidagi shartlar o‘rinli bo‘ladi: -r<argz<r yoki
O0<argz<2r.

Har ganday z = x + iy kompleks sonning trigonometrik
shakli deb,

z =r(cosp + ising) (7.2)
ifodaga aytiladi. Agar Eyler formulasi deb ataluvchi e’ =
cosg + ising ni inobatga olinsa, (7.2) dan kompleks sonning
ko‘rsatkichli shakli deb ataluvchi
z=re (7.3)
ni hosil bo‘ladi.

Yugorida keltirilgan (7.2) bilan (7.3) formulalarni kompleks
sonlarni ko‘paytirish va ularning darajasini oshirishda qo‘llash
magsadga muvofiqdir.

Agar z; = ry(cos@, + ising,), z, = r,(cos@, + ising,)
ifodalar berilgan bo‘lsa, u holda quyidagilar o‘rinli bo‘ladi:

2,7, = 1i13(cos(@y + @3) + isin(@,+¢y)) = ry1r,e (P1+92),
A r_l(COS(‘h — @,) +isin(@; — §02)) = r_lei((pl_(pz) (227#0)
Zy Ty Ty

z" = r"(cosng + isinng) = rte™? (7.4)
(7.4) formulani Muavr formulasi deb ataladi.
Agar (7.2) kabi berilgan kompleks sondan n-darajali (n>1,
n € Z) ildiz chigarish lozim bo‘lsa, ushbu ildizning n ta giymatini
beruvchi quyidagi formuladan foydalaniladi:

z, = Nz="\r (cos (p+j”k + isin (p+znk) =
Nrel@+2mo/m (o = 0,n — 1) (7.5)
Vr- arifmetik ildiz deb tushuniladi.
2-misol. (1 + i)*? hisoblansin.
» (7.1) formuladan foydalanib, z = 1 + i ning trigonometrik

yoki ko‘rsatkichli shakllarni yozib olamiz: r =v1+1 =

Lsing=—= o="C

V2, cosp = Tg,51n<p :[ﬁ,(p =3

= — icin — | — mi/4
Z \/E(cos4 + isin 4) V2e

Muavr formulasiga binoan,
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212 = (V2)' (cos( %) + isin (12 g)) = 21237 =
64(cos3m + +isin3n) = —64.4

3-misol. z + 1 = 0 tenglamaning ildizlari topilsin.

» Berilgan tenglamani z® = —1 yoki z = ¥/—1 kabi yozib
olish mumkin. (7.1) formulaga binoan, -1 ning trigonometrik
shakli —1 = 1- (cosm + isinm) kabi yoziladi. (7.3) formulaga
ko‘ra, gqaralayotgan tenglamaning ildizlarini

z,=vV-1=1 (cos%ﬂm + isin %ﬁkn) = elle+2mk)/n
yerda k = 0,5

dan foydalanib aniglaymiz. k ga ketma-ket 0,1, ..., 5,

giymatlarni berib z®+ 1 =0 tenglamaning barcha mumkin
bo‘lgan 6 ta ildizlarini topamiz:

T in® \/§+1, mi
Zy = coS—+ isin—=—+—-i=¢€%6,
0 6 6 2 2
z =COSE+lSlnE=l—€m/2
! 2 2

5 +isi 5 \/§+_1 —5mi
Zy, =CoS—TM+isin-m=——+i—=¢e 6 ,
2 6 6 2 2

7 7 V3 1 7w —5mi
Zz=cos-mtisin_m=————si=e6 =e 6,
3 6 6 )

3 3 3mi 3mi
Z4=cos§n+i5in§rr=—i=e2 =e 2,

\/__ 1. lim, —mi

25—cos—r[+lsm lr = Ji=es =es. 4

2
4-misol. z3 — 1 + z\/_ 0 tenglamaning ildizlari topilsin.

»z3=1-i/3= 2(cos§ — isin g) bo‘lganligi uchun (7.5)
) ni

i T omk
formulaga binoan, z, = Yz = ¥2(cos 2 - — isin2

yoza olamiz (k= 0,2).
Demak, berilgan tenglamaning ildizlari quyidagicha bo‘ladi:

ZO—\/_(COS— — isin ) zZ, = \/_(cos?— isin 9)
zZ, = W(COST— isin 2”). <
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AT-7.1

1. Agar z, =2+3i, z,=3+2i, z3=5—2i bo‘lsa,
(z, + 2z,)z5 hisoblansin. (Javob: 54+19i).

2. z;=3+5i,2z,=3—4i, zz =1— 2i kompleks sonlar
berilgan. z = 12302 |y yoni topilsin. (Javob: 3—58 + %i).

3

3. z;=2-2i,z,==1+1i, z3—1i va z, =—4 lami
trigonometrik va ko‘rsatkichli shakllarda ifodalansin.

4. z8—1=0 tenglamaning ildizlari topilsin. (Javob:

zo=1, z; =§++gi,22 =1i,23 = —§+\/7§i,24 =-1,z5 =
VZ NI, .. 2 2,
—S S bz =02, =~ —?l).
Mustagil ish
7 = alz2tz) ifodaning giymati topilsin. (Javob: 40—32i).

Z2
2. z,=vV3+i, z,=—1++/3i va z, =—% larning
trigonometrik va ko‘rsatkichli shakllari keltirilgan.
2. 1 Agarz; =4+8i,z,=1—1i, z3 =9+ 13i bo‘lsa,

Gat7y73) ning giymati topilsin. (Javob: 7+19i).
2. z2—-i=0 tenglama yechilsin. (Javob:
1+ i)/

+ .

- V2

3, 1 Agarz, =2—i, 2, = —1+2i, 25 =8+ 12i bo‘lsa,
2
@ topilsin. (Javob: 2+2i).

2
2. z,=2/(1+10), z, =—V/3—i kompleks son
trigonometrik va ko‘rsatkichli shakllarda ifodalansin.

7.2. 7- bobga qo‘shimcha mashglar
1. Quyidagi kompleks sonlar ko‘rsatkichli shaklda
ifodalansin

Q) z=-—12-2i, b) z= —cos§+ ising . (Javob: a)
4e7ni/6, b) e6rri/7).
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2n .

2. Isbotlansin (1 + cosa + isina)?" = (2cos %) e (n €
N,a € R).

3. Yig‘indi topilsin 3:%_, e™*%. (Javob: o)

4. n ning ganday butun giymatlarida quyidagi tenglik
o‘rinli bo‘ladi?

A+D"=A-0D"™ (Javob:n =4k, k€ Z.)

5. Eyler formulasidan foydalanib

cosx + cos2x + cos3x + -+ + cosnx yig‘indi hisoblansin.

. . nx n+1 . X
(Javob: (sm7 cosTx) sin 5.)
6. Ayniyat isbotlansin
x5 —1=(x—1)(x% — 2xc0s72° + 1)(x? — 2xcos144° + 1).

z=x+1iy nuqgtalarda ko‘rsatilgan shartlarni
ganoatlantiruvchi sohalarni (z) kompleks tekisligida topilsin va
ular tasvirlansin.

7. |z—2z]| <4, bu yerda: z;, =3 —5i. (Javob: markazi
z,nuqtada bo‘lib, radiusi R=4 bo‘lgan ochiq doira.)

8. |z+2z]| > 6,buyerda: z; = 1 —i. (Javob: markazi —z,
nugtada bo‘lib, radiusi R=6 bo‘lgan doiraning tashqarisi.)

9. 1< |z—-i|l <3. (Javob: markazi z = i nugtada bo‘lib,
radiuslari r; = 1 var, = 3 bo‘lgan aylanalar orasidagi halga.)

10. 0<|z+i] <1. (Javob: radiusi R=1 doiraning z =
—i nugtadagi markazini chiqarib tashlangan ichki gismi.)

11. 0 <Re(3iz)<2 . (Javob: y=0,y=—= toghi
chiziglar orasidagi gorizontal tasma.)

12. Re (i) >a,a =const,a € R . (Javob: agar a=0
bo‘lsa, u holda x > 0, ya’ni, chegarasiz o‘ng yarim tekislik; agar
a>0 yoki a <0 bo'lsa, u holda, (x—1/,,)" +y2=1/, ,
aylananing ichki va tashqi gismlari nugtalarini hosil gilamiz.)

13. Re ZZ = 0,bu yerda a = const,a € R (Javob: z = ai
nugta.)

14. Im(iz) <2 (Javob: x =2 to‘g‘ri chizigdan chapda
joylashgan yarim tekislik.)

ei(n+1)(p_1
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8. ANIOMAS INTEGRAL

8.1. BOSHLANG‘ICH FUNKSIYA VA ANIQMAS
INTEGRAL

Faraz gilaylik, (a; b) oraligda f (x) funksiya berilgan bo‘lsin.
Agar shu oraligning barcha nuqtalarida F'(x) = f(x) kabi tenglik
o‘rinli bo‘ladigan bo‘lsa, u holda, F(x) funksiyani f(x)
funksiyaning (a; b) oraliqdagi boshlang ‘ich funksiyasi deb
yuritiladi. Berilgan f(x) funksiyaning har qanday ikkita
boshlang‘ich funksiyalari bir-biridan ixtiyoriy o‘zgarmas son
bilan farq giladi.

Agar C ixtiyoriy o‘zgarmas son bo‘lganda, (a; b) oraliqda
berilgan f(x) funksiyaning F(x) + C kabi barcha boshlang‘ich
funksiyalari to‘plamini f(x) funksiyaning anigmas itegrali deb
ataladi va u quyidagicha yoziladi:

[f(x)dx =F(x) +C.

Integrallashning asosiy qoidalarini keltiramiz:

1) [ f'(0)dx = [ df (x) = f(x) + C,

2)d [ f()dx = d(F(x) + C) = f(x)dx;

3) [[f(x) £ p()]dx = [ f(x)dx + [ p(x)dx;

4) [af (x)dx = a [ f(x)dx (a = const);

5) [ f(x)dx = F(x) + C bo‘lib, a va b (a#0) lar o‘zgarmas
sonlar bo‘lganda, har doim quyidagi munosabat o‘rinli bo‘ladi:

[ f(ax + b)dx =2F(ax+b) + C;

6) agar [ f(x)dx = F(x)+ C bo‘lib, u= ¢(x), ixtiyoriy

differensiallanuvchi funksiya bo‘lsa, u holda:
[fw)du=F() +C.

Integrallash natijasining to‘g‘riligini tekshirish uchun,
topilgan  boshlang‘ich  funksiyaning hosilasi  hisoblanadi,
ya'ni:(F(x) + C)' = f(x).

Anigmas integralning ta’rifiga ko‘ra, integrallashning asosiy
goidalari va asosiy elementar funksiyalar hosilalar jadvaliga
asoslanib, asosiy anigmas integrallarning jadvalini tuzish
mumKkin:

. ua+1 .
1)fuadu—m+C(a¢ -1);
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du
2)f7—1n|u|u+ C;
a
S)fa”du—E+C,
4) [e*du = e“ + C;
5) [ sinudu = —cosu + C;
6) [ cosudu = sinu + C;

)f%=larctgu+6 = —larcctgu+C(a¢0);

u+a

8) f 22|+ ¢ = —Zm|==2] + ¢
2(1 u—a ut+a
9) [ —u2+a2 =lIn |u +Ju? + a2| + C (a0);
d .
10) fd\/:u = atrcsmE +C = —arccosg + C (a>0);
11) fcosu—tgu+C
12) fs;:;u = —ctgu + C;
13) fsiinu ln|tg |+C ln|——ctgu|+C
14) [ = ln|tg(—+ D=1 +C;

15) [shudu = chu+ C;
16) fchudu—shu+(];

17) fchz =thu+C;
18) fszguz—cthu+6.

Yuqorida keltirilgan munosabatlar integrallar jadvali deb
ataladi.

Eslatib o‘tamizki, keltirilgan jadvaldagi u harfi, erkli
o‘zgaruvchi ham bo‘lishi yoki uzluksiz differensiallanuvchi
u=¢(x) funksiya ham bo‘lishi mumkin.

Quyida, anigmas integrallarni hisoblashga doir ayrim
misollarni keltiramiz:

1-misol. [ (4x3 —2¥x? + % + 1) dx hisoblansin.
2
Pf(4x3—2w+%+1)dx=4fx3dx—2fx5dx+
5

4 3 -2
2fxBdx++ [dr =422 425 4 x4+Cc=x*-

4 s -2
§3Vx5—x—12+x+C. <
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dx hisoblansin.

. 1+2x2
2-misol. [ ===

1+2x2 (1+x _ 1+x?
> fx2(1+x2) f 2(1+x2) B fx2(1+x2) +
x? dx
fxz(sz) f ++ 2 1+x2 = —; + arctgx + C. <

3-misol. [ 3%e 2’falx hisoblansin.

» [3%e**dx = [(3e?)*dx = 1(113(83?:) +C.0«

4-misol. [(2x — 7)°dx hisoblansin.

» [(2x — 7)%x = —f(2x —7)% - 2dx
—~(2x =)0 ++C.<

5-misol. [ cos(7x — 3) dx hisoblansin.

» [cos(7x —3)dx = %f cos(7x —3)d(7x — 3) =

%sin(7x —3)+C. <

1 (2x 7)10
10

+C=

t
6-misol. fwdx hisoblansin.
x— arctgx arctgx d(1+x?)
d 1+x2 - f1+ zdx— 1+x2 zf 1+x2

—f arctgxd(arctgx) = Eln(l + x?) — Earctg x+C. 4
7-misol. [ ctg3xdx hisoblansin.
’f ctg3xdx — fCOSSX dx = _f cos3x-3dx — lfd(sinSx) —

" sin3x sin3x 3 sin3x
3 In|sin3x| + C. <

Yuqorida keltirilgan 4—7 misollardagi integrallarni hisoblash
jarayonida 5-qoidani qo‘llash magsadida integral belgisi ostida
qatnashgan ayrim ko‘paytuvchilarni differensial belgisi ostiga
kiritilib, undan keyin esa, kerakli jadval integralidan foydalanildi.
Bu xildagi almashtirishlarni differensial belgisi ostiga kiritish
usuli deb yuritiladi. Masalan, differensialluvchi bo‘lgan har

ganday f (x) funksiya uchun

f!(x) _radf
ff(x)dx—ff() In|f(x)| + C

deb yozish mumkin.
8-misol. [ sz ~dx hisoblansin.
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sin2x 2sinxcosx 2sinx
I;Hsinzxd - f 4+sin?x - f4+ (Slnx)
fw ==In(4 + sin’x) + C. <
4+sin?x
9-misol. [ ————dx hisoblansin.
> zm = 1 gy iR x5 + (.4
X +4x+5 x“+4x+5
AT-8.1

Ko‘rsatilgan integrallarni hisoblang va integrallash natijasini
differensiallab tekshiring.

1. f(5x7 —3Vx3 + 7. fe =
—)dx. 32% — —sin3 x cos x)dx.
2. [ gy 8. ftg3xdx

cos?xsin? x arcsinx—
3. f(3$inx+ 9. J—F— \/ﬁ
X 2x __
2*3 " 2)dx
4. f (Sx + 3)3 dx. 11. f 9 9x
5. f—m dx.
6. [(sin7x —e3 2* 4
cosz4x) x.

Mustaqil yechish uchun topshiriglar
Anigmas integrallarni hisoblang va integrallash natijasini
differensiallab tekshiring.

1. a)f(Bx-— </_+ 2 sinx — 3)dx; b) f(sin3x +
xV1 + x2)dx; ¢) [ — 2x+3
2. ) J(7 +gz+29dx;b) [ (x2VE =22 + ——) dux;
x4l x sin® 4x
C) fx2+2x—3 dx.
3. a)f(x2+7x® ——)dx b)

f (\/% — cos’ x sin x) dx; c) [ ctg(3x — 2)dx.
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8.2 FUNKSIYALARNI BEVOSITA INTEGRALLASH

Ko‘plab funksiyalarning anigmas integrallarini topish
masalasida, ularni jadval integrallaridan biriga keltirish usulidan
foydalaniladi. Uning uchun esa, integrallanuvchi funksiyalar
ustida algebraik ayniy almashtirishlar bajariladi yoki ayrim
ko‘paytuvchilarni differensial belgisi ostiga kiritish yo‘li
tanlaniladi.

1-misol. [ tg3xdx hisoblansin.

1
>f tg3de - f (coszx B 1) thdx - fzcoszx
_ L ﬂ _tg°x d(cosx)
{tgxdx = [tgxd(tgx) Jodx==+[- =
Etgzx + In|cos x| + C. <«
2-misol. [ £X dx hisoblasin.
x+3 xS x+5-2 2
[ cdx=] dx = [dx—[—dx=x-

1

tgxdx —

d g x+5
2[4 _ oy . 2in|x + 5| + C. <
x+5 d
3-misol. [ ——— hisoblansin.
x“—4x+8

dx _ dx _ dx _
a f)xz—4x+8 - fx2—4x+4+4 - f(x—2)2+4 -
xX—2 1 x—2
fm =5arcth+ C. 4
[ sinmxcosnxdx, [ sinmxsinnxdx, [ cosmxcosnxdx kabi
integrallarni hisoblashda, mos ravishda quyidagi formulalardan
foydalaniladi:

sinmxcosnx = = [sin(m + n) x + sin(m — n) x|,

Ll NC SN

sinmxsinnx = —[cos(m — n) x — cos(m + n) x|,

=N

cosmaxcosnx = [cos(m —n) x + cos(m + n) x].
4-misol. [ cos(2x — 1) cos(3x + 5) dx hisoblansin.

» [ cos(2x — 1) cos(3x + 5) dx = %f(cos(x +6) +
cos(5x + 4))dx = =%f cos(x +6)d(x + 6) + 1—10f cos(5x +

4)d(5x +4) = %sin(x +6)+ +1—10sir1(5x +4)+C. <«
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[ cos™xsin™xdx (m, n € Z) kabi ko‘rinishdagi integrallarni
hisoblashda quyidagi hollarni ko‘rib o‘tamiz:

1) m va n sonlaridan biri toq son bo‘lsin, masalan,
m=2k+1 bo‘lsin. U holda:

[ cos™xsin™xdx = [ cos?* xsin™xcosxdx = [(1 —
sin?x)¥ sin™xd(sinx).
Bu esa, darajali funksiyalarning integrallaridir.
2) m va n sonlarining har ikkalasi ham juft sonlar

. . 1-cos2x 1+cos2x -
bo‘lsin. Bu holda, sin’x = kabi

va cos’x =
formulalar orqgali, trigonometrik funksiyalarning darajalari
pasaytiriladi.

5-misol. [ cos”xsin3xdx hisoblansin.

> [ cos”xsin®xdx = [ cos”xsin?x sinxdx =
— [ cos”x (1 — cos x)d(cosx) == — [ cos”x d(cosx) +
[ cos®x d(cosx) = ——cos 8x +— coslox +C. <

6-misol. fcosz3xdx hlsoblansm

> [ cos?3xdx = [y

= %fdx +%fcos6xdx = %x +%fcos6xd(6x) =%x +
~ sinbx + C. 4
12

7-misol. [ - ~ hisoblansin.

Mazkur mtegralm hisoblash uchun kasr maxrajidagi kvadrat
uchhaddan to ‘la kvadrat ajratamiz. Natijada:

fS 4x—x2 f9 (x2+4x+4)
_f d(x+2) 1 x+2+43

32_(x+2)2 23 lx+2-3

x+5

|+C_—

|+c<

Ko‘phadni ko‘phadga bo‘lish qoidasidan foydalanib, integral
belgisi ostidagi funksiyaning suratini maxrajiga bo‘lamiz.
Natijada, integrallanuvchi funksiya butun darajali ko‘phad bilan
to‘g‘ri ratsional kasrning yig‘indisi ko‘rinishida ifodalanadi.
Kerakli almashtirishlarni bajarib, quyidagini hosil gilamiz.
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8f

5
> [ dx = [(x® - dx + o )dx = [(x3 - 4x)dx +
2xdx
2+4++f 2+4dx———Zx +8In(x% +4) +- arctg +
AT-8.2
Berilgan anigmas integrallarni hisoblang.
1. [(e? + e ?¥)dx. 0.
2. [X 1—7x x2dx.
3 J- 2x-3 4
o [ cos® 2x sin* 2xdx.
.
5. 6. [ctg32xdx.
[ cos? 3x - sin? 3 xdx. 0.
7. fxz_gdx. 8. [sin7x -
X749 sin 9xdx.
1.
dx 0.
S J-x +6x+13'
10. fx216x+7 ,
11 [——dx. Dm.fx +x+1dx.
x+1

Mustagil yechish uchun topshiriglar

Anigmas integrallarni hisoblang.

sindx ,
a) [ — dx; b) [ cos 2x - sin 10xdx;
[ tg?7xdx.
a) [ ———dx; b)[ sin(7x — 1) sin 5xdx;
3x$§+2x+5
f dx.

xz+12
a) fx2;1 dx; b) [ sin3(1 — 3x)dx;
Jrecre

x+1
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8.3. KVADRAT UCHHAD QATNASHGAN
FUNKSIYALARNI INTEGRALLASH

> x (8.1)
x“+bx+c

kabi integralni hisoblash lozim bo‘Isin.

Aytaylik, A#0 bo‘lsin. Integral belgisi ostida ba’zi ayniy
almashtirishlarni bajarib, quyidagini hosil gilamiz.

f Ax+B

AX+B _ (2x+b)+(2 d(x? +bx+c)
fx2+bx+c - _f x2+bx+c - _f x2+bx+c + (B —
)fx2+bx+c ——lnlx + bx +c| + +(B ——)f

x2+bx+c
Oxirgi |fodadag| integralni hisoblash uchun x% + bx + c dan

2
to‘la kvadrat ajratamiz, ya’ni: x% + bx + ¢ = (x + g)z +c— b:.

2
Natijada, ¢ — b: ning ishorasiga garab, fuzdfaz kabi jadval
integrallarining biriga kelamiz. -
1-misol. [ 23x_2 dx hisoblansin.
xX“+4x+13
f 3x-2 v = —f 2x+4—4— — Ef 2x+4 _
X2 +4x+13 2+4x+13 27 x2+4x+13
(x+2)2+9
= Elnlx2 + 4x + 13| — -larctng+2 + C. <
2-misol. f —dx hlsoblansm
5x—7 2x— 8+8—
>fxz 8x+7 - _f x2-8x+7 >dx =
—fz dx +13f2— lnlx —-8x+ 7|+
X 8x+7 X“—24x+16—-9 43
13 [ s =2 inlx? —8x+7|+13—l =2 ++c =
4)2 4+3

—lnlx —8x+ 7| +—ln|—| +C. <

Eslatma. Agar (8.1) integraldagi kvadrat uch hadning
ko‘rinishi ax? + bx + ¢ (a#0) kabi bo‘ladigan bo‘lsa, u holda u
integralni  hisoblashda a koeffitsientni qavsdan tashqgariga

chiqariladi, ya'ni: x? + bx + ¢ = a(x* + + Sx + 2),

. 4x-3
3-misol. [ ——

> dx hisoblansin.
—2x“+12x-10

fx—— _ ——f 4x—-3
—2x2+12x-10 x2— 6x+5
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2x—6+6—15 2% — 6
b P R
6x +5 x2—6x+5 (x—3)2

= —In|x? — 6x + 5| +—— |z+z+3| +C. <
f (Ax+B)dx

T kabi integrallarni hisoblashda ham yuqorida

bayon etilgan usuldan foydalaniladi, ammo bu yerda,
yuqoridagidan boshqacharoq jadval integrallari hosil bo‘ladi.
Agar A#0 bo‘lsa,

B
f (Ax+B)dx _if(zax"'b b+2—a> _fd(ax +bx+c)
vax%+bx+c 2a vax2+bx+c 2a” yax2+bx+c

( bA)f\/ax2+bx+c __m+ (B __)f

ni hosil gilamiz. U holda, oxirgi integral yoki,

IW Infu +Ju?+q?|+C

/a(x+—)2+(c——)

yoKi,
[—Z_ = aresin®+C
Ji—2 a
integrallarning biriga keltiriladi.

4-misol. f\/de hisoblansin.

3x-1 (2x- 4)+(
> f \/x2—4-x+ f VxZ-ax+8

f 2x -4 SJ- dx —
T2 x/x2—4x+8 V(x—2)?+4
= 3Vx2 —4x+8—51n|x—2+w/(x—2)2 +4|+C. 4

)d_

. 4x-5 . .
5-misol. | -———dx hisoblansin.
»f 4x—-5
. V=x2+2x+3
—2X+2+--2 2x42 x
_ -2 - — [ — _— | —=
ZJ-\/—x2+2x+3 x 2 f\/—x2+2x+3 dx f1/4—(x—1)2

—4—x2+2x+3 — arcsinxT_l+ C. 4

f Ax+B ( )
(x2+px+q)k
ko‘rinishdagi integralni qaraymiz, bu yerda, k>0 butun son
bo‘lib,p? — 4q < 0 dir.
Agarda, A#0 va k#1 bo‘ladigan bo‘lsa, aynan (8.1) holga
o‘xshash ayniy almashtirishlardan foydalanib,

endi
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2 —-k+1

éf (2x+p)dx _ é(x +px+q) +C
xZ+px+q)k 2 —k+1

ni ajratib olamiz. Natijada, (8.2) kabi integralni integrallash,
quyidagi integralni integrallashga keltiriladi:

dx dx du
I ey = f[(x+2)z+_4q-p2]" = J vy 83)
2 4

Bu yerda: u = x +§,a2 i
belgilash kiritilgan.

O‘z navbatida, (8.3) ko‘rinishidagi integrallarni hisoblash
uchun maxrajning darajasini pasaytirishga asoslangan quyidagi

rekurrent formuladan foydalaniladi:
f du _ u 2k-3 f
(u2+a?)k — 2a2(k-1)(u2+a2)k-1 ' 2a2(k-1) (u2+a2)k 1

(8.4)

6-misol. | (x23z+5 dx hisoblansin.
f 3x+5 f2x+2 2+10/3 . gfd(x2+2x+5)
(x2+2x+5)2 (9c2+2x+5)2 - (x2+42x+5)2
dx 1 x+1
2 f ((x+1)2+4)2 (8 4) - 5x2+2x+5 +2 (8((x+1)2+4)
31 1 x+1 1 x+1
_f4+(x+1)2) T 2xZ42x45 | 4 x242x+5 + +§aTCtg 2 +C. <

Bu yerdagi (8.4) kabi yozuv, keyingi hisoblashlarga o‘tishda

(8.4) formuladan foydalanganlik belgisini anglatadi. (Bu xildagi
gisga va qulay yozuvdan bundan keyin ham foydalanamiz).

AT-8.3
dx
1. IW (Javob: —arctg—+C) i
2. [ aln dx(Javob —lnlx +x+1|——arctg 24
x2+x
C)
3. fz dx (Javob:lln|x2—8x+7|+Eln x—_7|+
x°—8x 2 6 x—1

)

4, ff3+3x dx (Javob: Gl )+ ~In|x? + 2x + 2| -
x“+2x+2

—9arctg(x — 1) + C)

23



3x—1
. — . . 2 —
5. [im=—=dx. (Javob:3vVx?—6x+18+

Sin|x — 3 + +Vx% — 6x + 18| + ()
6. [—— = dx. (Javob: -8\/5 + 2x — x2 — 3arcsin*— +

V5+2x- Ve
C)
3x—1 4x+13
fmdx (JaVOb T 2120110 + —arctg + C)

8. [ == dx. (Javob: 2in|x + V& + 7| —3\/4+x2 +0C)

Mustagil yechish uchun topshiriglar
Anigmas integrallarni hisoblang

3x+9
L a) fxz 6x7+12 )fx/x +2x+

2. a)fx27;9r3+9 x5 b)fx/s 4x x2
3. )f2x2+4x+9 dx; b) f\/x2+10x+2 dx.

8.4. O‘ZGARUVCHINI ALMASHTIRISH YOKI O‘RNIGA
QO‘YISH USULIDA INTEGRALLASH

Agar x = @(t) funksiya uzluksiz differensiallanuvchi bo‘lsa,
u holda, berilgan [ f(x)dx integralda har doim yangi t
o‘zgaruvchiga nisbatan integralga kelish mumkin bo‘ladi, ya’ni:

Jf)dx = [ flo@®)]- ¢'(t)dt (8.5)

O‘ng tomondagi integralni hisoblab, natijada eski X
o‘zgaruvchiga qaytsak, berilgan integral hisoblangan bo‘ladi.

Anigmas integrallarni bu usulda integrallashga o zgaruvchini
almashtirish yoki o ‘rniga qo ‘yish usuli deb yuritiladi.

Bu yerda, shuni ta’kidlash kerakki, x = ¢(t) almashtirish
kiritilayotganda, ¢(t) bilan f(x) funksiyalar orasida o‘zaro bir
qiymatli moslik bo‘lishi va ¢(t) funksiya o‘zgaruvchi X ning
barcha giymatlarini gabul gilishi lozim.

1-misol. [ xvx — 1dx hisoblansin.

»t = +x — 1 almashtirish kiritamiz, u holda, x = t* + 1 va
dx = 2dt

Natijada,
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[xvx—1dx = [(t*+1)-t-2tdt =2 [(t* + t?)dt =
5 3
S+ == (- 1)+ (x— 1)z + C <
2-misol. [~ VaT+aZ ;¢ hisoblansin,
» Bu yerda, x=a-tgt (—% <t< g) almashtirishdan

foydalanamiz. dx = 2%
: .. cosPt
binoan quyidagini hosil gilamiz:

J-\/x2+a2 f\/aztnga2 adt _ f,/1+tg t

aztgzt cos?t sin?t
cos?t+sin? t cost
costsmzt f costsin?t f f
1+t
—.—+ln|tgt+—+C _NIHGT gy |tgt+
sint cost

Va2 2
+/1+1tg%t| +C = -+ ln|x+m| +C.<
3-misol. [ Va? — x2dx hisoblansin.
» Bu yerda, x = asint almashtirishdan foydalanamiz.
dx = acostdt (—g <t Sg va—a < x < a)gako‘ra,
quyidagini yoza olamiz:
[Va? — x2dx = [Va? — a?sin?t acostdt =

2 2 2
a? [cos?tdt ==a? [ qr =Lt 4y Csin2t + C =St +
2 2 4 2

J

a? .
?smtcost + C.

Agart = arcsingva cost =1 —sin?t = ’1 —z—j
ekanligini inobatga olsak, natijada,
2 2
[Va? — x2dx = “arcsin> + == ’1 —x—z+ C=
2 a 2 a a
2
%arcsing + +§\/a2 —x2+C. <
hosil bo‘ladi.
Ayrim funksiyalarni integrallashda, ko‘pincha, x = ¢(t)

almashtirish emas, balki, t = ¢(x) almashtirshdan foydalanish
magsadga muvofiq bo‘ladi.

4-misol. [ Y1 + sinx cosxdx integrallansin.
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» Yechish: 1+ sinx =t kabi almashtirish kiritamiz. U
holda, cosxdx == dt bo‘lganligi uchun,

4
. 4
[ V1 + sinxcosxdx = [ t3dt = $+ C=
V(1 + sinx)* + C. <
5-misol. [ e~ - x2dx hisoblansin.
» Yechish: —x3 = t deb olsak, —3x2dx = dt yoki x?dx =
— % bo‘ladi. Natijada,
e x2dx = [ et (—%) dt = —%et +C= —%e‘xz +C
hosil bo‘ladi. «

6-misol. [ ——=_ hisoblansin.
(x+1)Vx2+2x+10

»Bu yerda, t = i almashtirish kiritish magsadga muvofiq

bo‘ladi. U holda, x = % —1lvadx =— % bo‘ladi. Natijada esa,
quyidagini yozamiz:

dx zdf dt dt
f z =—J

(e+1)Vx2+2x+10 =f \/( ~12+2(2-1)+10 _ftJt-2+9 h Jorz+1

=——ln|3t+\/9t2+ |+C———ln / 2+1|+C<
x+1 (x+1)

Eslatma.  Anigmas  integrallarni  o‘rniga  qo‘yish
(o‘zgaruvchini almashtirish usuli) usulidan foydalanish jarayonida
qo‘yidagicha sxemani qo‘llash tavsiya etiladi. Bu sxemaning
qo‘llanishini yuqoridagi 3-misolni yechish jarayoni uchun bayon
etamiz:

> [ [aZ — x2dx = |dx=asint |=

x = acostdt

[Va? — a%sin’t acostdt = a? flcostl costdt =

= a® [ cos?tdt —a2f1+6052tdt = —fdt += fcostht ==

a? a? .
—t+—sin2t+C = —t +—smtcost +C =
2 4 2 2

t= arcsing,sint =x/a
cost = V1 — sin?t = /1 — x2/a?
2 2
+%x /1 —z—2+ C = %arcsin%+§x/a2 —x2+4+(C. <
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Bundan keyin ham barcha oraligdagi hisoblashlarni yozish
uchun ularni vertikal chiziglar orasiga joylashtiramiz.

AT-8.4
L[5 Qavob:2(Vx+3 - In|1 +Vx +3)) +C)
2. [x3/(5x% —3)dx. (Javob: - * i/(5x27—3)12 +C)

3. [ 2. (Javob: - W+C)

4. JYOTE gy (Javob: 2V F Inx — Inlnx +

2in|V1+inx—1|+C)

5. f\/— ‘k/— (\]aVOb. 2\/} — 4‘{/_+ 4(1 n W) 4 C)
o fx xz+ —. (Javob: —In x+2+zm+c)

7. V144 — x?dx. (Javob: 72arcsm§ + 2\/144 —x%2 4+
C.)

T
8. | ZW (Javob: C — x“‘)
9. fﬁdx (JaVOb —(e —2)ve"+1+C.)

dx
10. fx 7 (Javob: ln| +JT| +C.). .
Mustagil yechish uchun topshiriglar

1. a) [x3V4 —3x*dx; b)f dx (Javob: a) —
V(4 =3x*)3 +C; b) 2Vx® - x+4\/_—41n(1+\/_) +C)

(Javob:
2+V4—x2

2. a)fi/éd :b)f f’"_
a)——3(9—2x)2+C b) +C)

3. a)f V1 + cos? xsin2x dx; b)f A 0y, (Javob:
a)—2/(1 + cos?x)® + C; b)

8.5. BO‘'LAKLAB INTEGRALLASH
Bo‘laklab integrallash usuli deb ataluvchi usul, quyidagi
[udv = uv — [ vdu (8.6)
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formulaga asoslangan. Bu yerdagi, u(x) bilan v(x) lar
uzluksiz differensiallanuvchi funksiyalardir. Ushbu (8.6) formula,
bo‘laklab integrallash formulasi deb yuritiladi. (8.6) tenglikning
o‘ng tomonidagi integral, chap tomondagisiga nisbatan soddaroq
integrallanadigan hollarda ushbu formulani qo‘llash maqsadga
muvofiqdir. Shuningdek, ayrim hollarda, (8.6) formulani bir
necha marta qo‘llash kerak bo‘ladi.

Bo‘laklab integrallash usulini,
xksinax, x¥cosax, x*e®*, x"Inkx, x*chax, x*shax,

aP*cosax, aP*sinax, arcsinx, arctgx (n, k lar butun
musbat sonlar bo‘lib, @, f € R) va boshga xildagi funksiyalarni
integrallash uchun qo‘llash tavsiya qilinadi.

1-misol. [ xe~?*dx hisoblansin.

» Bo‘laklab integrallash usulidan foydalanamiz. u = x va
dv==e"%*dx deb olsak, du=dx va v=[e *dx=
—%e‘zx + S (har doim € = 0 deb hisoblash mumkin). U holda,
(8.6) formulaga binoan quyidagini hosil gilamiz:

[xe ?*dx = x (—%e‘zx) — f(—ée‘zx)dx = —%xe‘zx -
e 4 (. <

2-misol. [(x? + 2x)cos2xdx hisoblansin.
u=x?%+2x,du=(2x + 2)dx,

P [(x? + 2x)cos2xdx = dv = cos2xdx,

v = [ cos2xdx = ~sin2x
u=x+1,du=dx,

= %(x2 + 2x)sin2x — [(x + 1)sin2xdx = dv = sin2xdx,

V= —%cost
= ;(x2 + 2x)sin2x + (x + 1)§c052x — f§c052xdx =
= %(x2 + 2x)sin2x + % (x + 1)cos2x + %sian +C. 4
3-misol. [ xarctgxdx hisoblansin

dx
u = arctgx,du = —
g% 1+x2

2
» [ xarctgxdx = = —-arctgx —

xZ
dv = xdx,v = Y
2 x2+1-1

1+x2

dx
1+x2

1J~x2dx_x
27 14+x2 2

1 x2 1 1
arctgx —— [ dx = —arctgx — - [dx + [
=x7arctgx —%x+%arctgx +C. 4
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4-misol. [ e?**sinxdx hisoblansin.

P [ e**sinxdx = = st du = Cofde' =-e*sinx —
dv = e®*dx,v = Eezx 2

—lf e?* cosxdx = = cosx, du = —sinxdx, = Le2xginy —
2 dv = e®dx,v = Eez" 2

-2 (lez"cosx — [le?x sinxdx) = 2 e2Xsinx — = e*cosx +
2\2 2 1 2 4
+ [ e* sinxdx.

Oxirgi integralni chap tarafga o‘tkazsak

3 . 1 . 1 3

Zf e sinxdx = - e**sinx — - e**cosx + - C.
Natijada,

[ e**sinxdx = gez"sinx - %e“cosx +C. <

5-misol. [ x%In?xdx hisoblansin.

u = In?x,du = 2Inx - ~dx, 5
X

» [ x2In’xdx = g __ %lnzx _
dv = dex,‘l] = ?
dx
3 =1 ’d ==,
fo3lnx.ldx=x_ln2x__zflende== u nx, au x =
3 x 3 3 dv:dex'v=x3/3

_x3l2 2x3l x31d _x3l2 23l N
=g in'x—z|5inx 3570 ) =3 In*x —gxinx

+2 [ x2%dx = x3In?x — 2x3Inx + =23 + C. 4
9 3 9 27

AT-85
Anigmas integrallarni hisoblang.

[ x cos 3xdx. (Javob: %x sin 3x + gcos 3x+C.)

[ arccos xdx. (Javob: x arccos x — V1 — x% + C.)
J(x? — 2x + 5)e *dx. (Javob: —e *(x% +5) + C.)
[ In? xdx. (Javob: xIn? x — 2x Inx + 2x + C.)

X COSX R X X
f Sin?x czix. (JaVOb. —@ +2ln |tg E| + C)
[ x3e™*"dx. (Javob: —se™® (x2+1)+C.)

J eV*dx. (Javob: 2e** (vVx — 1) + C.)
[ sin(In x)dx. (Javob: g(sin Inx —coslnx) + C.)

N o g s P
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Mustaqil yechish uchun topshiriglar
Anigmas integrallarni hisoblang.

1. a)flnTxdx; b) [ xe~7 dx; ¢) [ x arcsin xdx.
2. a)f xe™ 'dx;b) [In(1 + x%dx); C) [ x cos (g + 1) dx.
3. ) [In(x —3)dx; b) [ xcos(2x — 1)dx; c) [ x - 23%dx.

8.6. RATSIONAL FUNKSIYALARNI INTEGRALLASH

Ratsional funksiya deb, ikkita ko‘phadning nisbatini
ifodalaydigan funksiyaga aytiladi, ya’ni:

_ Qm(x») _ boxm"'bixm_l"’.....bm
R(x) = Po(x)  agx™+a;x" 1+ _ap (8.7)
bu yerda, m va n lar butun musbat sonlardir: b;,a; € R (i =
0,m;j =0,n).

Agar m<n bo‘lsa, R(x) ni to‘g‘ri kasr, aksincha, m>n
bo‘lganda esa, uni noto‘g‘ri kasr deb yuritiladi.

Har qanday noto‘g‘ri kasrning suratidagi ko‘phadni
maxrajidagi ko‘phadga bo‘lib, uni biron bir ko‘phad bilan to‘g‘ri
kasrning yig‘indisi shaklida ifodalash mumkin bo‘ladi, ya’ni:

Qm(x) _ Ql(x)
e TR

bu yerda, M,,_,,,(x) va Q,(x) lar ko*phadlardir; gl—i’g esa,
to‘g‘ri kasr (I<n).

4

Masalan, ———

. X“+3x-1 . D .
kasrdir. Ko‘phadni ko‘phadga bo‘lish qoidasidan foydalanib,
suratni maxrajga bo‘lsak, quyidagini hosil qilamiz:
x*+4 x4+ 10 + —33x + 14
xzjl-3x—1__)c x' o x?2+3x—-1

Ma’lumki, ko‘phadni osongina integrallash mumkin, shu
boisdan, har qanday ratsional funksiyani integrallash, to‘g‘ri
kasrni integrallashga keltiriladi. Bundan buyon, m<n shartni
ganoatlantiruvchi R(x) funksiyalarni integrallash masalasini
o‘rganamiz.

Eng sodda kasr funksiya deb, quyida keltirilgan 4 xildagi kasr
funksiyalarning biriga aytiladi:

A A
1) x-a’ 2) (x—a)k’
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Mx+N Mx+N
) +4)

x2+px+q ' 7 (x2+px+q)k

bu yerdagi A, a, M, N, p, g lar ixtiyoriy sonlar bo‘lib, k esa
(k>2), butun son hamda p* 4¢<O0.

Birinchi va ikkichi xildagi eng sodda kasrlarni integrallash
bevosita integrallash yo‘li bilan amalga oshiriladi, ya’ni:
fﬂ=Aln|x—a|+C,

A S A
f(x_a)kdx=Af(x—a) d(x—a)=m+C.

Shuningdek, uchinchi va to‘rtinchi xildagi eng sodda
kasrlarni integrallash usullari esa, §8.4 da qaralgan edi.

Demak, har ganday eng sodda kasrni integrallash, elementar
funksiyalar orqgali amalga oshirilar ekan.

Ma’lumki, koeffitsientlari haqiqiy sonlardan iborat bo‘lgan
har ganday P,(x) kabi ko‘phadni haqiqiy sonlar sohasida
quyidagicha ifodalash mumkin bo‘lar edi:

Py(x) = ap(x —ay)*r ... (x —ag)ke -
(x4 pix+ gt . (2% + psx + q5)' (8.8)
bu yerda: oy, 0y, ..., aglar P, (x) ko‘pxadning mos ravishda ki,
k2, ..., kg karrali haqiqiy ildizlari bo‘lib, p, > — 4q, < 0 (y = 1,5)

ky ko4 o kg2t + 2t + o+ 2t =1,

(kq, ks, oon, kB' ty, ty, .., tg lar manfiy bo‘lmagan butun
sonlardir). U holda, quyidagi teorema o‘rinlidir:

Teorema (to‘g‘ri kasrni eng sodda kasrlar yig‘indisiga
yoyish).

Maxraji (8.8) kabi ko ‘rinishda tasvirlanadigan har ganday
(8.7) to‘g‘ri ratsional kasrni har doim yuqorida keltirilgan 1-4
xildagi eng sodda kasrlarning yig ‘indisi shaklida yoyish mumkin
bo‘ladi. Xususan, (8.8) ifodadagi har bir k. karrali a, ildiz
(r=1,8) ((x — a,)* ko ‘paytmaga) ga, yoyilmada quyidagicha
ko ‘rinishda bo ‘Igan k. kasrlar yig ‘indisi mos keladi:

Ay A, Ak

o Ve T G (8.9)
P, (x) ko'phadning har bir t, karrali juft o‘zaro qo‘shma
bo ‘Igan kompleks ildizlar
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((x%+ pyx + qy)ty ko‘paytuvchilarga) ga esa, quyidagicha t,
dona elementar kasrlarning yig ‘indisi mos keladi:
Mix+N, Myx+N, Mty x+Ngy,
x24pyx+q,  (X24+pyx+qy)? (x2+pyx+q,)t

Yuqorida keltirilgan yoyilmalardagi A, M, N larning
giymatlarini aniglash uchun ko‘pincha noma’lum koeffitsientlar
usulidan foydalaniladi.

Mazkur usulning mohiyati quyidagichadir:

Berilgan to‘g‘ri ratsional kasr R(x) ni (8.9) va (8.10) kabi eng
sodda kasrlarning yig‘indisi ko‘rinishida yozib olamiz. U esa, 0‘z
navbatida ayniyatdir. Shuning uchun, barcha kasrlarni umumiy
maxrajga keltirsak, suratda (n—1) darajali Q;_, (x) kabi ko‘phad
hosil bo‘ladiki, u esa, o‘z navbatida (8.7) ning suratidagi
Qm(x) ko‘phadga aynan teng bo‘ladi. Ushbu ko‘phadlar oldidagi
koeffitsientlarni x ning darajalariga nisbatan tenglashtirib, A, M, N
(indekslari bilan) noma’lum koeffitsientlarga nisbatan n
noma’lumli n ta algebraik tenglamalar sistemasini hosil gilamiz.

Hisoblash ishlarini soddalashtirish magsadida ayrim hollarda
quyidagi mulohazadan foydalanish ham mumkin, ya’ni,
Qm(x) bilan Q,_;"(x) ko‘phadlar ayniy teng bo‘lganliklari
sababli, x ning har ganday sonli giymatlarida ham ularning
giymatlari o‘zaro teng bo‘ladi. X ga muayyan giymatlari berib,
noma’lum  koeffitsientlarni  aniqlash  uchun tenglamalar
sistemasini hosil gilamiz. Mazkur usulni odatda, Xususiy
giymatlar usuli deb yuritiladi. Agarda, x larning giymatlari
maxrajning haqiqiy ildizlari bilan bir xil bo‘ladigan bo‘lsa, bitta
noma’lum koefﬁtsientga nisbatan tenglamaga ega bo‘lamiz.

1-misol. fl—)(dx hisoblansin.

» (8.9) formulaga binoan, quyidagini yozamiz:

(2x — 3)dx A B C
fx(x—l)(x—Z) _J-<;+x—1+—>dx )

Agarda, mazkur yoyilmadagi kasrlarda umumiy maxrajga
keltirilsa, u umumiy maxraj integrallanuvchi funksiyaning
maxraji bilan bir xil bo‘lib, (1) formulaning chap va o‘ng
tomonlaridagi integral ostidagi ifodalarning ham suratlari aynan
bir xil bo‘ladi, ya’ni:

2x =3 =A(x—1D(x—-2)+Bx(x—2)+Cx(x—1) (2)
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Mazkur ayniy tenglikning har ikkala tomonida x ning bir xil
darajalari  oldidagi  koeffitsientlarni  tenglashtirib  quyidagi
tenglamalar sistemasini hosil gilamiz:

x*)| 0=A+B+C
x1|2=-34-2B - C}
x° —3=2A

va uni yechib, A=- 3/2 B=1, C=1/2 larni topamlz

Endi, yoyilmadagi koeffitsientlarni xususiy giymatlar usuli
yordamida aniglaymiz. Shu magsadda, (2) ifodadagi x ning
o‘rniga maxrajning ildizlari bo‘lgan @y = 0,a, = 1l,vaa; =2
xususiy giymatlarni qo‘yamiz. Natijada, -3=2A, -1=-B, 1=2C lar
yoki ulardan A=-3/2, B=1, C=1/2 larni topamiz.

Ushbu topilgan giymatlarni keltirib, (1) tenglikka qo‘ysak,

1

3
2x —3 _ 2 1 2 _
fx(x—l)(x—Z)dx_f< x +x—1+x—2>dx_
= —%lnlxl + In|x — 1] +%ln|x —-2|+C”
ni hosil gilamiz (bu yerda, C*, integrallashdagi ixtiyoriy
o‘zgarmasdir). <
2-misol. fm hisoblansin.
P To‘g‘ri kasrni eng sodda kasrlarning yig‘indisi ko‘rinishida
ifodalash haqidagi teoremaga ko‘ra, quyidagini yozamiz:

xdx A B c
f(x—l)(x+1)2 = I(E Tzt m) dx
Umumiy maxrajga keltirilgandan so‘ng,
x=Ax+1*+B(x—-1)+C(x*—-1) (1)

ni hosil gilamiz.

Agar x =1 va x = —1 deb olsak, 44 =1 va —2B = —1 ni
va A=1/4, B=1/2 larni topamiz. Uchinchi noma’lum C
koeffitsientni aniglash magsadida (1) tenglikdagi x* ning oldidagi
koeffitsientlarni tenglashtirib, 0=A+C ni va undan, C = —1/4 ni
topamiz. Natijada,
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xdx
f (x =D +1)2

1/4
= d
fx—l x
Y
G+ 102
+f_1/4d ST R Sy M IR
x+1 T 2x+1 a4
Lol |x—1 11 .
o R P P
ni hosil qilamiz. <
. xdx . .
3-misol. fm hisoblansin

» Yuqorida keltirilgan (8.9) bilan (8.10) formulalarga binoan
integral ishorasi ostidagi ratsional kasrni eng sodda kasrlarning
yig‘indisiga keltiramiz.

f xdx —
A M (x_l)(x22+1)) (Mx+N)(x—1)
x+N A(x“+1)+(Mx xX—
I(E + x2+1 ) dx = f ( (x—1)(x2%2+1)

Bundan esa, x = A(x? + 1) + (Mx + N)(x — 1) ni hosil
gilamiz.

Ushbu tenglikda x = 1 deb olsak, 1=2A yoki A=1/2 ni

2
topamiz. §0| ii’ﬁé’} dan esa, M=—1/2 bilan N=1/2 larni topamiz.
U holda:

1 1 1
_oxax oz ) g =2 — a2
f(x—l)(x2+1) = f(x + x2+1>dx =Injx| — S In|x* + 1| +

1
Jarctgx + C <
. 443x2-5 . ;
4-misol. I(x) = [ 2= dx hisoblansin.
x342x245x ] )

P Integrallanuvchi funksiya noto‘g‘ri ratsional kasr
bo‘lganligidan, suratni maxrajga bo‘lib, uning butun qismi bilan
to‘g‘ri kasr qismlarini ajratib olamiz:

x*+3x2-5 2x2+10x-5
Siozio. T X—2+=——
x3+2x2+5x x342x2%+5x

Endi. (8.9) va (8.10) formulalarga binoan,



2x%+10x-5 (x—2)2
I(x) f(x - 2)dx + fx(x2+2x+5) = T +

f(é+ in+1\1 )dx
. . . x X“+2x+5
ni hosil gilamiz.

Oxirgi integral ostidagi ifodada umumiy maxraj topib,
tenglikning chap va o‘ng tomonlaridagi suratlarni tenglashtirsak,
2x%+10x — 5 = A(x? + 2x + 5) + Mx? + Nx ni hosil
gilamiz.
Bu yerda, x ning darajalariga qarab ular oldidagi
koeffitsientlarni tenglashtirib, quyidagiga ega bo‘lamiz:
f 2=A+M
10 =24 + N
x° -5=
Mazkur sistemani yechib, A——l M 3, N=12 larni topamiz. U
holda:

—2)2 —_2)2
1) =& 2) +f(—i+ Sxi2 )dx=(x22) — In|x| +

) x2+2x+5
2x+2+6 (x—2) 3~ (2x+2)dx dx
= — —=In|x| += =
fx2+2x+5 2 x| + fx2+2x+5 f(x+1)2+4
(x=2)?

— —In|x| +§ln|x2 + 2x + 5| +§arctgx7+1+ C. 4

AT-8.6
(x 2)

1. fxz = +6dx (Javob: In—=— +C)

x5 +x* x2%(x—-2)"
2. [/ % dx. (Javob—+—+4+l | T 6
3. f"“ dx. (Javob: x + > + In (’C 1) +C)

x3

x2-2x+3 V(x—1)(x=3)

4. f(x—l)(x3—4x2+3 )dx (Javob -+ ln—lxl +C.)

(2x?-3x-3)dx . 1/ —2x+5)3
5. f—(x_l)(x2_2x+5). (Javob: l"—|x—1| +

1 x—1
Sarctg—+ C)

x?dx 1 1 1-x
6. [=—. (Javob: —arctg X+ ;n |E| +C.)

v 1
[—22__ (Javob: — Zinlx + 1] +

(x+1)(x2+1)2

iln(l +x2)+C)

2( 2+1)
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Mustaqil yechish uchun topshiriglar
4dx

)f(x 1)(x+2)(x+3) )fx(x2+4)'
(Javob: a)E Ul

2x2+41x-91 d
2 A e 8 D e

(Javob: a) In M| +Cb)——+n |L| +C)
x+1 x+1

1.

Vx2+4
n
x|

(x+3)7
13dx
3. )fx( 2 1) )fx(x2+6x+13)
V____
(JaVOb a)ln. + C; b)lTlV§=:§=iT=-+ 5arctg-——-+-C)

8.7. AYRIM IRRATSIONAL FUNKSIYALARNI
INTEGRALLASH

Har ganday irratsional funksiya uchun elementar funksiyalar
orqali ifodalanadigan boshlang‘ich funksiyani topish har doim
ham mumkin bo‘lavermaydi.

Quyida, ayrim irratsional funksiyalarning integrallarini garab
o‘tamizki, ular 0°z navbatida biron bir o‘rniga qo‘yish usuli orqali
yangi  o‘zgaruvchiga  nisbatan  ratsional  funksiyalarni
integrallashga keltiriladi.

r1
Quyidagi [ R(x, (ax:Z) (ax:’)Sv) dx kabi integralni
qaraylik.

Bu yerda: R- ratsional funksiya bo‘lib, a, b, c, d lar ixtiyoriy
sonlar, r;, s; (i = 1,y) lar esa, butun musbat sonlar.

Mazkur integralni ax+2:um almashtirish orgali yangi

o‘zgaruvchi u ga nisbatan ratsional funksiyani integrallashga
keltiriladi. Bu yerda, m=EKUK (sy,s,...,S,) dir.

T v

Xususan, fR(x,xi...,xSv)dx kabi integral x=u

m

almashtirish orqali ratsionallashtiriladi.

1-misol. f4 = hlsoblansm

» Bu yerda EKUK(2 4y=4 bo‘lganligi uchun x=u*
almashtirish kiritiladi, ya’ni:
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1
fﬁdx_fxfdx_ x = u? |_
Vx3+4 x /a4 dx = 4-u3du

u? s 5 42 4
=4fu3+4u du=4f u “ A a du=§u

16
—?lnlu3 +4|+C=

=245 - Zin|VaF + 4| + C.

(chunki, u = Yx edl) <
\/de

2-misol. f 75 Nisoblansin.

» Bu yerda EKUK (2,3,6)=6 bo‘lganligi uchun

f Vx+ldx | x+1=ub | _ fu-6u5du _ utdu _
Vari+¥x+ 1 ldx = 6uldul = 7 udvuz u+1

=6f(u3—u2+u—1+i)du=§u4—2u3+3u2—
33 u+1 2 .
6u++6ln|u+1|+C=5,/(x+1)2—2x/x+1+3\/x+1—

6Yx+1++6n|Yx+1+1|+C. <«

Eslatma: Vax? + bx + ¢ ga nisbatan ratsional bo‘lgan ayrim
irratsionalliklarni integrallash §8.3 va §8.4 larda bayon etilgan
edi.

Quyidagi ko‘rinishdagi integralni qaraylik [

Pp(x)dx
_ ] _ i i VaxZ+bx+c’
Bu integralni har doim quyidagicha yoyish mumkin bo‘lar
ekan:

Pp(x)dx \/2— dx
J == 0na () Vax? + bx + c + [ =——= (8.11)

Bu yerda, 1€ R hamda Q,_,(x) esa, koeffitsientlari
noma’lum bo‘lgan (n-1) darajali ko‘phad bo‘lib, uning
koeffitsientlarini aniglash uchun (8.11) ni differetsiallab
yuboriladi. Natijada hosil bo‘lgan ayniyatdan, ham Q,,_ (x) ning
koeffitsientlari, ham X ni aniqlanadi.

3-misol. [ == J_ " dx hisoblansin.
» (8.11) formulaga binoan,

x*+4x? . 7
| 7= dx = (Ax® + Bx* + Cx + D)Vx* + +/1f\/—

ni yozib olamiz.
Oxirgi tenglikni differensiallab, quyidagini hosil gilamiz
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x*+4x?

Nz = (BAx? + 2Bx + C)Vx%2 + 4 +

2
+(Ax3 + Bx? + Cx + D)ﬁ m(l)

Tenglikning har ikkala tomonini vVx? + 4 ga ko‘paytirsak, u
holda:
x* + 4x? = (34x% + 2Bx + C)(x% + 4)

+ (Ax3+Bx*+Cx+D)-x+ A

Noma’lum  koeffitsientlar  usulini  qo‘llab, quyidagi
tenglamalar sistemasini aniqlaymiz, ya’ni:

x*| 1=34+4+4

x3 0=2B+B

x%2|4=12A+C+B

x! 0=4B+D J

x° 0=4C+2

Bu sistemani yechib, A=1/4, B=0, C=1/2, D=0 va A=—2 larni
topamiz.

Natijada,

x* + 4x? x3 + 2x

- = 2 — 2

\/ch—de_ 7 x“+4 2ln|x+\/x +4|+C
ni hosil gilamiz.

Differensial binom deb ataluvchi ifodaning integrali,
[x™(a + +bx™)Pdx ni (bu yerda, a va b lar noldan fargli
bo‘lgan o‘zgarmas sonlar bo‘lib, m, n, p lar esa, ratsional
sonlardir) integrallash uchun uni Chebishev almashtirishlari
yordamida ratsional funksiyalarning integrallariga keltiriladi.
Quyidagi uch holni garaymiz:

1) agar p butun son bo‘ladigan bo‘lsa, yuqorida ko‘rib
o‘tilgan eng sodda irratsional funksiyalarni integrallash holiga
kelinadi;

2) agar (m+1)/n butun son bo‘ladigan bo‘lsa,

a+bx"=utp= S, s > 0 kabi almashtirish qo‘llaniladi;

3) agar mTH + p butun son bo‘ladigan bo‘lsa, a + bx™ =
usx™ kabi almashtirish kiritiladi.
4-misol. [ hisoblansin.

7\/—
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»Bu yerda, m = —-7,n=4,p =—1/2 bo‘lganligi uchun,
m—“ +p== —% - —% =—2 butun sondir. Shu boisdan,

yuqorlda garalgan 3-holdan foydalanamiz:
1+ x* = u?x*

1
[=E_ | x=@-DF =
Newe
gy = —%(u2 — 1)75/*udu
7 1 1 5
= J-(u2 —1D7-ut-w?-1)2 (— E) (u? — 1) 3udu =
= _%f(uz—l)du= —1u3+1u+C= |u= 1;2)(4 =
= (——6+—)\/1+x4+C <
6x
AT-8.7
Aniqmas integrallarni hisoblang.
1. fsx = (Javob: —ln|\/§+4| +C)
Vxdx 66 12 12
2. fw_?. (Javob: 2 x5 + 2 /2% + Zin| " Vx® - 1] + C))
X
3. fm.(Javob.;(;x/3x+4—2\/3x+4+
+4in(V3x+4+21))+C)
dx
4. [=—xz- (Javob: ACx + 7% + 49| Vx - 7| + C)
1-x dx . Vitx—Vi-x
f P (Javob: In |\/£+\/1__x + 2arctyg ’ +C)

6. foi/mdx. (Javob: = 3/(1 + %)% ==Y/ + %)% + C)

Mustagil yechish uchun topshiriglar
Anigmas integrallarni hisoblang.

x3dx

’\/E .
L a)f gy dn D) =
(Javob: a) 4(‘{/_ In(¥x +1)) + C; b) (X2—4)3x/x2+2_+ c)
2. )f\/_ \/—d b)f 4xdx

2,3
\ 1212 1/(x+1) 3141’
(Javob: a)g \/_ S VB Gh)3YVx + T -4+ D +C)

dx 4xdx
3. a)f Vx+vx’ b)f3 (3x—8)2-23/3x—8+4
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(Javob: a) 6(%—3?+ Vx —In(1 + Vx) +C.);
b)g 3/(3x — 8)* +§(3x -8)+C)

8.8. TRIGONOMETRIK IFODALARNI
INTEGRALLASH
[ R(cosx; sinx)dx (8.12)
integralni garaymiz. Bu yerda, R ratsional funksiya. Bu
xildagi integralni integrallash, universal almashtirish deb
ataluvchi tggzu kabi almashtirish yordamida yangi u

o‘zgaruvchiga nisbatan ratsional funksiyani integrallashga
keltiriladi. Bu yerda,
1-u? o 2u dr — 2du
cosx =Tz oSix =z Y = g
belgilashlar inobatga olinadi (§8.6 ga garalsin).

1-misol. [ —2X_ hisoblansin.
1+sinx+cosx

> tg> = U deb olib, (8.13) lardan foydalansak, quyidagiga
ega bo‘lamiz:

(8.13)

ax 2du/(1+u?) du
= =|—=mn|ll4+ul+C ==
J-1+sinx+cosx f1+ 2u_ 1-u? f1+ | |
1+u?  1+u?

In

Agarda, R(—cosx,—sinx) = R(cosx,sinx) kabi ayniyat
o‘rinli bo‘lsa, integral belgisi ostidagi funksiyani ratsional
ko‘rinishga keltirish uchun nisbatan soddaroq bo‘lgan tgx = u

almashtirishni qo‘llash mumkin. Bu yerda esa,
u 1 du

sinx = ,COSX = ,dx = (8.14)
. Vi+uz o J14u? 1+u?
kabi ifodalar mobatga 0I|nad|

2-misol.
> tgx =u deb 0I|b (8 14) Iardan foydalanamiz:

dx 1+uz
f3+sm2 f 3+1+u2 f3+4u2 h arctg\/_ te=
SRty T +C.. 4

3-misol. [ tg®2xdx ni hisoblang.
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» Bu integralni hisoblash uchun tg2x = u almashtirish

kiritamiz. U holda, x = larctgu vadx =+ duz
. . . 2 . 21+u
olib, quyidagiga ega bo‘lamiz:
1 1
Jtg®2xdx = [u® 1+u2du——f( )duzgu"—

Zu? + +%ln(1 +u?)+C= gtg42x —Ztg 2x + 41n(1 +tg%2x) + C. 4

[ f(cosx)sinxdx va [ f(sinx)cosxdx kabi integrallarni

hisoblash uchun mos ravishda cosx =t va sinx =t
almashtirishlardan foydalanish magsadga muvofiqdir.

» cosx = t deb olamiz, u holda:

sin®x 1-cos?x .,
J o o dx = [— - sinxdx = 1 f f
=—t‘3 —lic=1—1-Lica
) costdx 3 cos3x cosx
5-misol. I=[ s————— hisoblansin.
V(2+3sin2x)2

» 2 + 3sin2x = t3 deb olsak, cos2x = ltZdt bo‘ladi. U holda:

ft dt _fdt=%t+(j_§1/(2+3sm2x +C. <

AT-8.8
Berilgan aniqmas integrallar hisoblansin.

[ (Javob: 1in | A

f S — (Javob: — arctg

3sin? x+5cos2 x

3+5cosx

V3tg x
V5

|+C)

[—&  (Javob: ln

8—4sinx+7cosx

COS

[ cos® x sin'® xdx . (Javob: = Z2+c)

13
%tgx+3—\/§
2tgx+3+V3

dx o1
) .(Javob: ﬁln +C)

sinZ x+3 sin x cos x+cos? x

[ sin* 3xdx. (Javob: Zx - %sin 6x + ésin 12x + C.)
0 dx. (Javob: = In |M
cos2 x—sin? x 4 1-tgx

d 1
[—=—. (Javob: In|tgx| — oot C)

cosx sin3 x

f cos*x +sin? x

+%sinxcosx+ C)

O N 0o A~ W DN oE

41



Mustaqil yechish uchun topshiriglar

1. a)f3sm i =dx; b) [

4-5sinx
—=2
Z—+C)

CoS 2x sinxdx
2 a)f\/3+4sm2x )f sinx+1"
(Javob : a)—\/3+4sm2x+C b) x+x+C)

sin 3xdx sin? xdx
3. ) f 3\/(3+2cos3x)2 b)f 1+cos? x

(Javob: a)E\/3 + 2 cos 3x + C; b)v2arctg (%x) —x+C)

8.9. 8- BOBGA DOIR INDIVIDUAL UY TOPSHIRIQLARI
IUT-8.1

Anigmas integrallarni hisoblang (1-5 topshiriglarda
integrallash natijasini differensiallab tekshiring).

1.1. f3+\/_ Zxdx.

3vVx+4x%-5
2x2

2\/_—96 +3

13. [
14. [
15. [
16. [

dx.
dx.

x- 2x+5 dx.

dx.

2x —\/_+4-

Vx

1.7, f (Vx —24—&+3)dx.

18. f2x -V x5 +1dx.

1.9. fwdx.

1.10. fwdx.

J-\/_;x +3

1.11. dx.

1.
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1
1.12. f(X\/Xs—\/?-F
2 _
fo2 -

f VxZ-2x5+3

1.13.

1.14.
1.15.

1.16.
1.17.

1.18.
1.19.

1.20.
1.21.
1.22.

1.23.

X

f( + 2x3

f\/_ 3x%+2

J=——
J——
J

x2
3x2—Vx3+7

x3

3x4-3xZ+1

x2

1) dx.

—3)dx.
dx.

—4)dx.

" dx.
J(@2x% = 3Vx% + dx.
2x3-Vx2+1

dx.
dx.

dx.

I(W—%+4)dx.

f \/’J?—sz‘l'ﬁ dx

/

X

Vx—2x3+4

x2

dx.



1.24. f (Vx -5 +2)dx. 128, [ (22 -2+6)dx.

1.25. [ (¥x - +2)dx. ng_f(?/x_ )
Vx6-2x2+3
1.26. f%dx- 130. [ (3 \/_+2)dx.
1.27. f(7 -2+ 1)dx.
2.
2.1. [V3 + xdx. 217. [V1+ 3xdx.
2.2. [1 + xdx. 2.18. [ Y1+ 3xdx.
3 2
ij f (1 + x)Zdx. 2.19. fm_x)s
ve f\/m 2.20. f%/m
‘/(1 03 2.21. f(2+x)3
26. [ == 222. [35-2xdx.
27. f(1 - 4x7)dx. 2.23. [+/5—4xdx.
2.8. [(1 + 4x)°dx. 2.24.
2.9. [(1 - 3x)*dx. [3/(6 —5x)2dx.
210. [+V1+43xdx. 2.25. [Y2 = 5xdx.
211 [V5 — 4xdx. 2.26. [ —2xdx.
212. [y 227, [V3—dxdx
213 f ax 2.28. f V3 + 2xdx.
Va4 2.29.
X
2.14. IW- [ 3B +5x)%dx.
3
2.15. f%/m 230. [3/(2—=x)%dx.
2.16. [33—2xdx.
3.
31 [ = 3.4. [ 2= 37. [ ==
dx dx dx
3.2 f3x+9' 3.5. fzzlt3x' 3.8. f2x+3
X
33. [ = 36. [ = 39. [



3.10.
dx
f4—3x'
3.11.
dx
f3x+4'
3.12.
dx
f4x—2'
3.13.
dx
f5—3x'
3.14.

dx
f 4-7x"

3.15.

3.16.

4.1. [ sin(2 — 3x) dx.
4.2. [ sin(3 — 2x) dx.
4.3. [ sin(5 — 3x) dx.
4.4. [ cos(2 + 3x) dx.
4.5. [ cos(3 + 2x) dx.
4.6. [ sin(4 — 2x) dx.
4.7. [ cos(5 — 2x) dx.
4.8. [ cos(7x + 3) dx.
4.9. [ sin(8x — 3) dx.

4.10. [ sin(3 + 4x) dx.
4.11. [sin(3 — 4x) dx.
4.12. [ cos(4x + 3) dx.
4.13. [ cos(3 — 4x) dx.
4.14. [ cos(2 + 5x) dx.
4.15. [ cos(3x + 5) dx.

3.17.

dx
f 5+3x

3.18.

dx
f 3-5x"

3.19.

dx
f 5+4x

3.20.

dx
f 6—3x"

3.21.

dx
f 6+5x

3.22.

3.23.

dx
f 1+6x

4.16
4.17
4.18
4.19
4.20
4.21
4.22
4.23
4.24
4.25
4.26
4.27
4.28
4.29
4.30

3.24.
dx
f2+7x'
3.25.
dx
f7—3x'
3.26.
dx
f5—2x'
3.27.
dx
f2x+7'
3.28.
dx
f2x+9'

3.29.

3.30.

dx
f 6x+1"

. [ sin(4x + 3) dx.
. [ sin(5 — 3x) dx.
. [ sin(3x + 6) dx.
. [ cos(5x — 8) dx.
. [ cos(3x — 7) dx.
. [ cos(5x — 6) dx.
. [sin(7x + 1) dx.
. [ cos(7x + 3) dx.
. [ sin(7 — 4x) dx.
. [ cos(3x — 7) dx.
. [ sin(8x — 5) dx.
. [ cos(8x — 4) dx.
. [ sin(9x — 1) dx.
. [ cos(10x — 3) dx.
. [ sin(9x + 7) dx.



x dx
5.1. Z,:zdxg 512 | fmm 522 | g
5.2. fm' 5.13. ff%. 5.23. frm-
5.3 f9x2+3 5.14. fw. 5.24. IW-
5.4. f\/ng. 5.15. f2x2+7 5.25. IW'
55. [ G >16. fm' o2 f‘“‘dz >
X
5.6. f7xdzx—4' 5.17. f3x2+2 >:21. f8xdz_9.
Sdx V2dx 5.28. [——.
5.7. IW' 5.18. [ 225 o f4,262;7
58 fod;3 5.19. fﬁf’; e f4+z?3§c2
5'9'f5x2 . 5.20. fgxdzx_'_g- 5.30. f\/ﬁ
dx
510 [ e 5.21. [ %
5.11. IW
6.
2xdx xdx xdx
6.1. f‘/sdT 6.11. f2§2x7 6.21. fssx;d";cl.
xax
6.2. IW 6.12. f3x2+8' 6.22. f5x2_3.
63. [ . 6.13. [ . 6.23. [ 5=
4xdx 2xdx 9xdx
6.4.f\/§_de2. 6.14. f\/x;—+ 6.24. IW
6.5. [ ——. 6.15. [ ——. 6.25. [——.
iz i S
6.6. fm. 6.16. f2x2+9. 6.26. fﬁ
xdx S5xdx 3xdx
6'7'f\/ﬁ' 6.17. f@ 6.27. IW
6.8. [ V3dx 6.18. f%. 6.28. f5x"z_’“3.
%;2;2 5xdx xdx
69f ——. 6.19. f\/ﬁ 6.29. f3x2—2'
6 2xdx 6.20 f xdx 6.30 f7xdx
0. f\/ﬁ eV ) 3260 T x4



7.1.
dx
f 7x2-3 4
X
;z foZ 5
[ dx
V2-5x2'
7.4, [ 2
5x2+2
;2 f2x2+3'
[ dx
Norey
7.7 [ 2
78 2x2+49
f\/9 2x2
7.9.
| o
7.10.
dx
f5x2—4-'
7.11.
dx
f3x2—7'
8.1. [ e**7dx.
8.2. [ e3*5%dx.
8.3. [ e?3*dx.
8.4. [ e?**1dx.
8.5. [ e”* 2dx.
8.6. [ e5*7dLx.
8.7. [ e5**7dx.
8.8. [ e’ **dLx.
8.9. [ e3~**dLx.

7.
7.12.

dx
f3x2+7'
7.13.
dx
f6x2—7'
7.14.
dx
f7x2+6'
7.15.

J'_x
V7-3x2"
7.16.

dx
f 6x2+1°

7.17.

f‘/sz )
7.18.

dx
J-3962—5'

7.19.

f\/Z 3x2"
7.20.

f\/8 3x2"
7.21.

fm'

8.
8.10.

[ e10x+2qy,

8.11.

[ e2*710dx,

8.12.

f e4x+3dx_
8.13.

f e4x+5dx.
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7.22.

| e
7.23.

dx
f2x2+7'
7.24.
dx
f4x2—3'
7.25.
dx
f3x2+4'
7.26.

f‘/sz )
7.27.

fvs 4x2
7.28.

fv1 3x2
7.29.

fm'
7.30.

dx
f 3x2-2"

8.14.

[ e®1dx.
8.15.

[ e>~2*dx.
8.16.

[ e*3%dx.
8.17.

[ e375*dx.



8.18.

[ el~**dx.
8.19.

[ e?75%dx.
8.20.

[ eb**dx.
8.21.

f38x+1dx.

Qlf dx
“oex+1)dmzex+1)

92, faw/lnz(l—x)d

9.3, [ — 2 —

9.5. fln (1-x)

(1- x)‘/ nz(l x)
9.4 f(l x)w/ln3(1 x)

dx.

9.6. f,/ln(Zx 1) dox.

2x—1

9 7 f 1/11‘1(396""1 d

3x+1

f dx
Yo (x+D)In2(x+1)

9 f dx
(x+1) 1/ln(x+1
J- 3/nZ (x+1

9.10.

x+1

9.11.
9.12.

x+1

J-\/ In5(x+1) dx
f‘/lnz(x+1 dx.

x+1

9.13.
9.14. [——2

x+1
dx

9.15.

x+1

f JIn3(x+1) d X

(x+1)\/ln2(x+1 '
f,/ln7(x+1 dx.

8.22.
[ e?7%%dx.
8.23.
[ e?*dx.
8.24.
[ e37%%dx.
8.25.
[ e*=5*dx.
8.26. [e5*dx.
9.
9.16.
9.17.
9.18.
9.19.
9.20.
9.21.
9.22.
9.23.
9.24.
9.25.
9.26.
9.27.
9.28.
9.29.
9.30.
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8.27.

f e7+3xdx.

8.28.

f 62x+3dx.

8.29.

f e8x+1dx.

8.30.

[ et 7*dx.

dx
f (x+2)/In(x+2)"
In*(3x+1)
flniGen g
3x+1

f dx
(x-3)In*(x-3) "
d

x
f(x+5)ln3(x+5)'
fln (x— S)d
f ,/ln(x+4

x+4

J-lns(x 7)d
J-\/ln3(x+3 dx.

x+3

4
Il yint(x=5) ”;_(); %) dx.

f dx
(x+3)In*(x+3) "
J-lns(x S)d

fw/ln3(x+6 dx.

x+6

f dx

(x=4)In5(x—4) "
6

fln (x+9) dx
x+9

f In(3x+5) dx

3x+5




10.1. [ sin*2xcos2xdx.

COSZX

102. f

10.3. fcos33x
sinx
10.4. f 3\/cosx

sinx

10.5. [ 22 dx

sm32x
sin3x

10.6. [ cos”2xsin2xdx.

cosx dx
10.7 fsmx+2'
10.8. J-cosx dx.
10,9, [ s Sinads
e \/cosag+3l;l
sinxdx
10.10. IW
cosxdx
10.11. IW.
sin3x
10.12. fcsofé%cxd
10.13. [=
ore, |y
10'15' sin34x
[ sin35xcos5xdx.
10.16.
[ ¥Ycos2xsin2xdx.

11.1. f”g3xd.
112, f
11.3. |

11.4. [
115. [

cos xw/tg x’

sznzxctg4x
ctg 2xdx

stZx )
tg® ax

cosz4x

10.

10.17.
cos32xsin2xdx.
IV
sin4x
o T2
[ sin®5xcos5xdx.
cos5x
1020, [-o55x @
Sinsx
1021, [0
10.22.
[ Vcos7xsin7xdx.
10.23.
fsin63xcos?>xdx
10 24 f COSGX
10.25.
[ Vcos32xsin2xdx.
10.26.
[ sin*8xcos8xdx.
10.27.
[ sin®4xcos4xdx.
sindx
10.28. [ 3“7
Sinzx
10.29. fmdx.

10 30 f COSGX

11.
116, [ Y95 g

c0s25x
3\/ctg x

117, [
11.8. [
dx

11.10.  [L29% .

dx
sin2xctg3x’




11.11.
11.12.
11.13.
11.14.
11.15.
11.16.
11.17.
11.18.
11.19.
11.20.
11.21.

12.1. fv‘"“g X dx.

12.2.f
123, farCC0523x dx.
12.4. farcctgzzx do.

12,5, [ YOOI 3X gy
12.6. [

f ,/ctg3x

sm23x

f tg 7x
cos§7x
ctg®6x

J.sm26x d

f ‘/t954x
cosz4x

J-ctg 3x
sin?3x

f X
cos24x,[tgax’

J- dx
sin23xctg33x’

J- tg6x
cos26x

J- dx
sin2xctg3x’

f,/ctg4x
sm§4x
ctg®4x

J-sinz4x d

1+9x2

V arcsinx

i 0

V1-9x2

1+4x2

Varccos 3x
vi- 9x

12.7, [ 4recosx gy

128. f

V1-9x2
3 [arctg?x d
1+x2

12.9 J-arcsinSZxd

1210, [—2%

V_____

V1-4x2

(1+x2)arctg3x

Vi-x arcsm“x
1211, [oreoszx g,

12.

49

11.22. [
11.23. |

11.24. [
11.25. [

11.26. [
11.27.
11.28. [¥ox

11.29. [ox
11.30. |

12.12.
12.13.

12.14.
12.15.
12.16.
12.17.
12.18.
12.109.
12.20.
12.21.

12.22.

th7x
c0527x
3/ tg23x
cos? 3x
Jetg3sx

sin25x
dx

.5 .
sin2x3/ctg*x

dx

coszxsw/tgzx )

tg®2x

cos?2x

Jctg® x
sm2
1/ctg2

sm2
tg’ 4x

cos?3x

f arcctg’3x

1+9x2
f arccos4x

vi- 16x

f arcsin® x

Vi- xz

f arcsin 2x

Vi- 4x2
f(1+x2)arctg 7x'
f 1/arcthx

1+4x2
f arccos®3x

1+9x?
fw/arctg3x dox.

1+x2

f dx
(1+x2)arctgx
dx

f (1+x2)arctg5x’
f arccos” xdx

V1i—x2



J* arccost

12.23.

vi—- 4x
arcctg*sx
12.24. | sy
arcsin“5x
1225, [ peezdx
12.26.
f dx
V1-25x2arcsin5x
xdx
13.1. f 3x2+4
xdx
132, [ 2%
x 2dx
13.3. [ == gy

13.4. [ e sinxdx,
13.5. fe2x3—1 2dx.
13 6 lf sinx

CDSX

13.7. fe”‘ *2xdx.
13.8. [ 3 * xdx.
13.9. fe4x2+5xdx

13.10. f\/ﬁearcsmx
1311, [ e5**3xdx.
13.12.  [e'"*"xdx.

13.13. [ e3***4xdx.
13.14.
13.15.

13.16.

1‘94—x2

J‘etgx

cos?x

/ esm"“cosxdx.

14.1. [ =
14.2. f
14.3. [

2+4
[ 2x

2x+1

dx
5x2+1

13.

14.
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arctg®3x
12.27. ror?
arccos 7x
1228, [T m
1229, [Narcts g,
arg;;;48x
12.30. [2202
13.17. [ e3°oS**Zginxdx.
13.18. [e*m*~1lcosxdx.
13.19. [ 5" 3xdx
13.20. [ e5 2 xdx.
13.21. [ e* 3% xdx.
13.22. [ e*s%Xsin2xdx.
13.23.  [el"5*"xdx.
13.24. [e*’*1x%dx.
arctgx
1325, [S—dx.
13.26. [ e3*’x2dx
x*dx
1327, [Z
1328, [
xdx
1329 [
13.30. [e* 5" xdx.
x+3
14.4. [ Zdx.
145. [ 23"2 27dx
146. [ ~—d




14.7. 3521 x. 14.20. [
14.8. [ 2= 1421, 2= dx.
149, fjg 1422 [ELdx
14.10. [ *dx. 14.23. [ dx.
1411, [ dx. 1424, [Zdx.
1412, [ dx. 14.25. [ dx
1413, [ dx. 14.26. [ dx.
1414, [-dx. 14.27. [ dx.
14.15. [ dx. 14.28. [ —dx
14.16. [ dx. 1429, [22 gy
1417. i"fj dx. 1430. | %dx.
1418. | ézi

1419, [—=d

Namunaviy variant yechimi
Anigmas integrallarni hisoblang (1-5 topshiriglarda
integrallash natijasini differensiallab tekshiring).
oyt 3/2
1. %dx
P Integral ostidagi funksiya suratini maxrajiga bo‘lamiz va
integrallash usulining ikkinchi va uchinchi qoidalarini qo‘llaymiz.

Anigmas integrallar jadvalini qo‘llasak:

3—2x* + Vx? 1 15 5
J—dx=3jx 4dx — 2 jx4dx+jx12dx=

é/z 12
19 17
= 4x3/* — 19x4 +ﬁ’“2+c 4%/ x3 ‘/ _|_ 2I17 4 C.
Hosil bo‘lgan natijani tekshiramiz:
8 19412 17/12 1—p.3..-1/4_ 8 19 1
(4xs ——=x7" +—x +C)'=4-~x ———x4+ +
19 17 4 S 19 4

15
+£-%x5/12 = 3x" /% - 2x7% + x12. <
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9 [(4—8x)25dx = — > (4—8x)e 4 C =
bfm—f(4 8x)#fdx =——(4-8x)s +C =

5 s
= 22 (4—-8x)3+C.
Hosil bo‘lgan natijani tekshiramiz:
(—%(4;8x)§+C) =—22(4-8x) 5(=8) = (4 — 8x)"%/5 <
3. =

6—7x"

>f e +c
6—7x 7" b

Hosil bo‘lgan natijani tekshiramiz:
(-imle—7x1+C) = -1 (-7 =~
4. [ cos(2 —5x)dx.
1
| 2 f cos(2 —5x)dx = —gsin(Z —5x)+C.
Hosil bo‘lgan natijani tekshiramiz:
(—§sin(2 —5x) + €)' = —cos(2 — 5x) - (=5) = cos(2 — 5x). «
5.

p [ —f 2 ——ln|2x—\/4x2 3|+ ¢

w3 27 x- (a2

Hosil bo* lgan natijani tekshiramiz:

24—
( ln|2x+\/4x2 |+C) 2<2xf\/:x;2—3>—

3 2(V4x2-3+2x) _ 3
2 (2x+Vax2—3)V4x2—3  Vax2—3
6 J- 7xdx
. 7 3§CZ+4.7 6xd 7
xdx 7 xdx _7 2
> f3x2+4 6f3x2+4 ~In|3x* + 4| + C. <
[£ J.\/6 5x2 (Ex)
>f—=ifd$——arcsm +C.00 <
J6-5x2 /(ﬁ)z_(ﬁx) V5 Ve

8. [ e5**dx. ) )
> [eSdx=—1[e’™d(5 —4x) = —_ e + (. «
g.f7—\/l”3("+2)dx_

x+2

52



> Yin3(x +2)
J- x+2

3 7 10
[ e+ 2dante +2) = S5 e+ 2 + € =
=3 mOx+2)+C. <«
cos3xdx
10. f Usin3x—4" )
> % = - [ (sin3x — 4)75 - 3cos3xdx =§f(sin3x -
4

—4) sd(sin3x — 4) = %-%(sin3x —4)s+C==

Y (sin3x — 4)* + C. «
dx
11. fsin24x31/ctg24x
»f dx 1[ . _34 4 p
_—  — —— Cg3x(——_ x):
sin24x3/ctg?4x 4 sin24x
2

1
—1fctgT3axd(ctgdx) = —2ctgidx + C = —23[ctghx + C. <
g g ~ctg ~etg

\/arcctg 2x

12. f 1+4x2

f 1/arcctg52x 1[ . gz ( 2 )d 3
T X773 amgl ;C L+ a2 *
farcctg32xd(arctg2x) =—= —arcctg32x +C=

= _E Yarcctg®2x + C. <
13. [ e3cos** 2sinxdx

P [ e3c0¥+2ginxdx = —%fe3“’5x+2d(3005x +2) =
_%e3cosx+2++cl <«
3x+10
u !iﬁ) N 3xd 12xd
x xdx _ 1 xdx
>f624 f624-+ 0f624 f6x2—4
f(\/a)z 22 =
V6x—2
Linj6x? — 4] + = ﬁ+2| +C. <
IUT-8.2
Anigmas integrallarni hisoblang
1
1.1. fz 3xdx (Javob: \/_arctg—— = lnlx +2|+C)

53



3-5x

1.2. f _ dx. (Javob: 3arcsinx + 5V1 — x2 + C.)

13, fs i = dx. (Javob: 8 In|x +VxZ — 1| — 13VxZ — 1+
c)

1.4 f“‘“ dx. Qavob: 2 in2x2 — 1| + Z1n ﬁilil +C)

1.5. f dx (Javob: —x/—ix2 2arcsin%+ C.)

1.6. f = dx. (Javob: arcstx +- m +C.)

1.7, fvzxidx (Javob: — ln|\/_x+m)|
V2xZ+1+C.)

1.8. f Ltx = dx. (Javob: arcsm——\/ —x2+C.)
1.9. f3x+2 dx. (Javob: —ln|2x +1|+\/_arctg\/_x+C)
1.10. 1 dx. (Javob: = arctg 5x — 1—0 In|1+ 25x2| +C.)

1+25x2
ax3 V3, |V3x—2
111, f = dx. (Javob 2in|3x? — 4] = Zin [Z2] +C)

1.12. f dx (Javob: —ln|9x + 7] —iarctgj—f+ C.)

1.13. f EX = dx. (Javob: arcsm—+\/4—3’x2+6)

1.14. f gET = dx. (Javob 2arcsm2x + \/1——4362 +C)
arctg \/_— E ln|2 + x|+ C))

1.16. fJﬂd x. (Javob: 2ln|2x +VT+4x2| + VT + 422 + C)

1.17. f;ﬁdx (Javob: 5arcsinx + 4vV1 —x2 + C.)

118f5x1dx (Javob: 5VxZ =3 — In|x +VxZ = 3| +C.)
1.19. f1 o ~dx. (Javob: 2 in |22 - 2 inj4x? —1|+c)
120. [ = 3 ~dx. (Javob: —-ln|3—2x2|+ \F o
1.21. f P = dx. (Javob.—\/w+4arcsm +C.)
1.22. fo 7dx (Javob: In|x? —5|—_l |—§|+C.)
123f7x2dx (Javob: 7\/362——21n|x+\/352——|+c)

1.24, fjﬂdx (Javob: In|x + VxZ + 1| +3VxZ + 1 +C)

|+C)
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'llnlx2 +7|—iarctg%+6)
3 7x

1.26. f ~dx. (Javob: 3arctgx——ln|1+x2| +C)
1.27. f ~dx. (Javob: —arctg\/_x——ln|1+3x2|+C)
1.28. e dx. (Javob: 3\/x2 447 In|x +VxZ + 4|+ C.)

—

1.29. fJﬂdx. (Javob: Zv3x? — 4 — = In|V3x + V3xZ — 4| + C)

1.30. f 5= dx. (Javob: 5Vi” = 6+ lnfx + vx? = 6 + C)

82x

2.
2.1. fﬂdx (Javob ——ln|1 + 3cos2x| + C.)

1+3co 2x
—x*+C)
2.3.f inx — dx. (Javob —ln|3 — cos3x| + C.)
24. [ = e (Javob ~In|2e* + 3| +C)

2.5. fcjnzlzx dx. (Javob: —In|cos? x — 4| + C.)
2.6. f"’ “dx (Javob: — Zin|4 —3e*| + C)
2.7. f ~dx. (Javob: — —ln|7 5x3| + C.)

28. [ S —, dx. (Javob: —ln|3 sinx +4| + C.)

3sm2

2.9. fe Tdx (Javob ~In|5 + 2| + C)
2.10. f7+2x4 dx. (Javob: Eln|7 + 2x*| + C.)
2.11. [ —22>__ gy, (Javob: In|2x? — 5x + 17| + C.)

x2 5x+17
2.12. f - dx. (Javob: —ln|2x —5|+C)

2.13. f\ﬂdx (Javob: —\/sm3x— +C.)

2.14. f%dx (Javob: —2v'1 + cos? x + C.)

2.15. sinx —dx. (Javob: ——ln|1+3cosx| +C.)

1+3co

2.16. f:_l:iifxd x. (Javob: — In|4 — sin®x| + C.)
2.17. f::if’; (Javob: %lnle“ —5]+C)
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2.18. [ 2 dx. (Javob: 2 In|7 + 3x| + C.)
219f —dx. (Javob: —lnlx + 2x| + C.)

2.20. fjﬂ (Javob: VeZ* + 3 + C.)
2.21. [

3x741 ~dx. (Javob: In|x® +x — 10| + C))
2.22. f3x65_7dx. (Javob: X n[3x® — 7| + C))
4
2.23. fJx_dx. (Javob: VxS +3 +C.)

2.24. fJ—dx. (Javob: V2x3 — 4x + C.)

7 2 -
2.25. f\/%dx. (Javob: —>v/5 —sin7x + C.)

2.26. f%dx. (Javob: —l\/cos4x +3+C.)
2.27. f“’" *52 dx. (Javob: Inf4x® + x5| + C)
2.28. fji_%. (Javob: —4v1 — e2¥ + C.)

in2
2.29. f\%dx. (Javob: 2v6 — cos2x + C.)

dx. (Javob: E\/sz —4+C)

3x+3

7x
2.30.J‘7§§§Ei

3.
3.1 [ 222 g Qavob: — = — Linjx? + 1] + arctgx + C)
e 1+x2 . : 2 2 g .

7—x? L x?
3.2.f—dx (Javob: —+x—6ln|1—x| +C)
33J-x+2
34f8x —dx. (Javob x —x? +x—ln|2x+1|+C)
n[=2|+c)

3.6. fzx dx. (Javob x —2x—arctgx+C)

x3+C)
3.9. fﬁdx. (Javob: x — \/§arc1:g\;6—§ +C.)
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3.10. f%dx. (Javob: x3 + x2 + 1ln|2x —-1]+C)
x+\/_| +C)

3.12. [ 5% dx. (Javob: £+ 2 lnlx +1]+C)

3.13. fx2_5x+6d (Javob' X — Elnlx —4| + arctgx +C)

3.14.

3.15. —1]+C)

3.16.

3.17. fx Lo L dx. (Javob ——3x+ 2arctgx+ C.)
3.19. = x +25x—128ln|x+5|+C)
3.20. fx+1dx (Javob x — lnlx + 1| + arctgx + C.)
3.21. fl 2% . (Javob ——x +2x—arctgx+C)

3.22. fz" s dx. (Javob: 2x® + 2x2 + 8x + 13In|x — 2| + C.)
3.23. fzx s dx. (Javob 2x + 3arctgx + C.)
3.24. fx P dx. (Javob: —+ lnlx + 2| +—arctgf_+ C.)

3.25. 6ln|lx — 2|+ C.)
3.26. fz’“ +5dx (Javob: x2 +14x+103ln|x—7|+C)
3.27. fzx +3d (Javob: x +x2+2x+5n|lx—1|+C.)

3.28.f1 o , dx. (Javob: ——+4x——arctg +C.)
3.29. [Z +4dx (Javob: —+3x+131n|x—3| +C)

V2x—-1
3.30. [ 22 dx. (Javob: x + V2in ﬁi+1| +C)

2x? +3

4.
4.1. [ sin?(1 — x) dx. (Javob: %x + %sinZ(l —x)+C)
4.2. [sin3(1 — x) dx. (Javob: cos(1 — x) — écos3(1 —-x)+C)
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4.3. [(1 - 2sin E)de. (Javob: 3x + 20cos§ — SSinz?x +C)

4.4. [ cos® 5x sin5x dx. (Javob: —2—10cos4 5x +C.)

4.5. [ cos®(1 — x) dx. (Javob: —sin(1 — x) + gsin3(1 —-x)+C)
4.6. [ (3 — sin2x)*dx. (Javob: 12—9x + 3cos2x — ﬁsinéLx +C)

4.7. | sin? 32—xdx. (Javob: %x — %sin3x +C.)

4.8. [(cosx + 3)?dx. (Javob: %gx + 6sinx + isian +C.)
4.9. [ cos®(x + 3)dx. (Javob: sin(x + 3) — %sin3(x +3)+C)
4.10. [ sin® %x dx. (Javob: —Zcos %x + 1—52 cos? %x +C.)
4.11. (1 — cosx)?dx. (Javob: Zx — 2sinx + isian +C)
4.12. { sin®(2x — 1) dx. (Javob: 5 — ésin(4x —2)+C)
4.13. [ sin3 6x dx. (Javob: —%cos 6x + %cos3 6x +C.)
4.14. { sin? 0,5x dx. (Javob: g — %sinx +C.)

4.15. [ sin? (g + 1) dx. (Javob: 3 — 2sin(x +2) + )
4.16. [ cos? 2xdx. (Javob: g + ésin4x +C.)

4.17. [(1 + 2cos g)zdx. (Javob: 3x + 85in§ + 2sinx + C.)
4.18. [ cos? 3xdx. (Javob: g + %sin6x +C.)

4.19. [ sin* 2x dx. (Javob: Zx - gsin4x + 6—14sin8x +C.)
4.20. [ sin? 3x dx. (Javob: g - %sin6x +C.)

4.21. [(1 — cos3x)?dx. (Javob: Sx - gsian + 1—125in6x +C.)
4.22. [ cos? % dx. (Javob:  + > sin =+ C.)

4.23. [ sin® 5x dx. (Javob: —%cos 5x + %Scos3 5x+C.)
4.24. { sin* x dx. (Javob: Zx - %sian + %sinélx +C)
4.25. [ cos* xdx. (Javob: zx + isian + %sinéLx +C.)
4.26. [ cos® 4xdx. (Javob: %sin 4x — 1—125in3 4x + C.)
4.27. | cos? 7xdx. (Javob: g + 2—185in14x +C.)

4.28. [(sinx — 5)*dx. (Javob: Sz—lx - isian + 10cosx + C.)
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4.29. [ sin® 4x dx. (Javob: —icos 4x + %0053 4x + C.)
4.30. [ sin? 34—x dx. (Javob: g — gsinZ—x +C.)

5
5.1. [ tg?xdx. (Javob: tgx — x + C.)
5.2. [ ctg?(x — 6) dx. (Javob: —%ctgz(x —6) — In|sin(x — 6)| + C.)

5.3. [ tg*3xdx. (Javob: gtg33x — éthx +x+C.)

5.4. [ tg?7xdx. (Javob: %tg7x —x+C.)

5.5. [ tg®xdx. (Javob: itg‘*x — %tgzx — In|cosx| + C.)
5.6. [ xtg?x%dx. (Javob: %tgx2 — %xz +C.)

5.7. [ ctg3x dx. (Javob: —%ctg2 x — In|sinx| + C.)

5.8. ftgzgdx. (Javob: Ztgg— x+C.)

5.9. ftg3’2—cdx. (Javob: tg? g +2ln |cos§| +C.)

5.10. [ tg?4xdx. (Javob: %tg4x —x+C)

5.11. [ ctg3x dx. (Javob: —%ctg2 x — In|sinx| + C.)
5.12. [ ctg?5x dx. (Javob: —%cthx —x+C)

5.13. ftg3§dx. (Javob: ;tg2§+ 3ln |cos§| +C.)

5.14. [(1 — tg2x)? dx. (Javob: In|cos2x| + %thx +C.)
5.15. [ tg®2xdx. (Javob: %tg‘*Zx - ithZx —%lnlcosxl +C)
5.16. [(2x + tg?7x) dx. (Javob: x? + %tg7x —x+C)
5.17. [ tg*Zdx. (Javob: >tg* = —2tgZ +x + C)

5.18. [(tg2x + ctg2x)? dx. (Javob: %thx — %cthx +C)
5.19. [(1 — ctgx)? dx. (Javob: —2In|sinx| — ctgx + C.)
5.20. [ ctg®3x dx. (Javob: —%ctg2 3x — élnlsinle +C.)
5.21. [ ctg*xdx. (Javob: —%ctg3x +ctgx +x +C.)
5.22. ftgzgdx. (Javob: 6tg§ —x+C)

5.23. [ tg*(x — 6)dx. (Javob: - tg*(x — 6) — tg(x — 6) +x + C.)
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5.24. [ tg34x dx. (Javob: %tg2 4x +iln|cos4x| +C.)
5.25. ftg“l—cdx. (Javob: gtg3 E — 4tg% +x+C)

5.26. [ tg*(x + 5)dx. (Javob: S tg®(x +5) — tg(x + 5) + x + C))
5.27. [ tg®(x — 3) dx. (Javob: %tgz(x —3) + In|cos(x —3)| + C.)
5.28. [ tg?(5x + 1) dx. (Javob: %tg(Sx +1)—x+C.)
5.29. [ tg?~dx. (Javob: >tg = — x + C.)

5.30. [ tg®4xdx. (Javob: itg“llx —%tg24x + ilnll + tg?4x| + C.)

6
6.1. [ sin3x cosx dx. (Javob: —%cos4x - icost +C.)

6.2. [ sin®2x cos2x dx. (Javob: %sin62x +C.)

6.3. [ sin?3x cos3x dx. (Javob: %sin33x +C)

6.4. [ cos35x sin5x dx. (Javob: —2—106054596 +C)

6.5. fsin% cosf dx. (Javob: —gcos%x - ZCOSE +C)

6.6. [ cosx sin9x dx. (Javob: —2—10c0510x — icosSx +C)
6.7. [ sin*2x cos2x dx. (Javob: 1—10sin52x +C.)

6.8. fsing cos%x dx. (Javob: —%cost + %cosx +C.)

6.9. [ cos®x sinx dx. (Javob: —%COSGX +C.)

6.10. [ cos 2x cos 3x dx. (Javob: %sin 5x + %sin x +C))
6.11. [ sin5x sin 7x dx. (Javob: isin 2x — isin 12x +C.)

6.12. [ sin 4x cos 2x dx. (Javob: — 1—12 cos6x — %cost +C)
6.13. [ cos? 4x sin4x dx. (Javob: —1—16cos4 4x + C.)

6.14. [ cos™3 2x sin 2x dx. (Javob: %cos‘2 2x+C.)

6.15. [ cos x sin 9x dx. (Javob: —%cos 10x — 1—16cos 8x+C.)

6.16. [ sin 4x cos 2x dx. (Javob: —%cos6x - icost +C)
6.17. [ sin 3x cos 2x dx. (Javob: — 1—10cos 5x — %cos x+C.)

6.18. [ sin® 7x cos7x dx. (Javob: isin4 7x + C.)
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6.19. [ == dx .(Javob:lcos-2x+ )

6.20. f”sz"d (Javob: — st +C)

6.21. [ cos 2x cos 5x dx. (Javob. gsm 3x + 1—145in 7x +C.)
6.22. [ sin?2x cos x dx. (Javob: %sin3 X — %sin5 x+C.)
6.23. [ <= dx. (Javob: ————+C))

n-x

6.24. [ sin 2x sin 3x dx. (Javob: lsinx - isin 5x +C))
+C.)

6.26. [ sin 5x cos x dx. (Javob: — E cos6x — %cos 4x + C.)
6.27. [ sin x cos 4x dx. (Javob: — 1—10 cos 5x + %cos 3x +C.)
6.28. [ cos 3x cos x dx. (Javob: isin 2x + %sin 4x +C.)
6.29. [ cos* 2x sin 2x dx. (Javob: —1—100055 2x +C.)
6.30. [ cos 7x cos 5x dx. (Javob: %sin 2x + isin 12x +C.)

COS X

6.25. [ sinx cos® x dx. (Javob: —

7
8x—5
7.1. f4x2 — . (Javob: —arctg e +C)
7.2. fxz 4 +10 (Javob.—arcth+ C)
4x—7—/41
73.f xz z —- (Javob: J__ln yo 7+\/_|+ )
74, [ ——. (Javob: |22+ C)
5x+1
75. [ x2 2 - (Javob: —arctg e +C)
76. [ — = —- (Javob: arctg(2x — 1) + C)
1 4x—11-/105
1. f2x2 11 +2' - (Javob: sl 4x 11+\/1T +C)
7.8. f 2+ —. (Javob: —arctg \/_ lic)
x—2—/3
7.9. fm (JaVOb.—l x 2+\/_|+C)
7.10. —ln| /|+C)

711f

(Javob In |—| +C.)
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4x-1

712 [ — e (Javob— rarctg —+C)
3x-9
7.13. f (Javob s +1| +C.)
7.14. f
7.15. [ — (Javob - ln |_| +C)
7.16. [ 2+4 +25 (Javob: arctgr+c)
7.17. szz —ox 5 (Javob: Tarctg\/_-k(j)
7.18. f3 orre (Javob.g Tl| +C)
7.19. fz 7 = " (Javob:%arctg%+ C)
.1 2x—4
7.20. [ —° = —. (Javob: < in [ +5~_,)
.1 2x—-3—7
7.21. fz . 6 T (Javob 2—ﬁln Py 3+\/_| +C.)
.22 f2 =z > (Javob: Farctg‘“‘ 2+ ¢)
1 2x+7—/5
7.23. 2+7 — (Javob.\/—g n |2x+7+\/_| +C)
724, [ =~ e ~—. (Javob: In ix 2|+C)
725 fm (Javob: arctg > + C.)
2x+3- V_
7.26. foz (Javob —ln e R
.21, f (Javob = ln |—| +C)
3x—1
7.28. [ (Javob -2 ln = +C)
7.29. fz 2 3 (Javob Tarctg jf +C)
6x+5—/13
7.30. f3 2+5 = (JaVOD.EIn 6x+5+\/_| +C)
8
8.1. [ —=—. (Javob: arcsin’=2 + C.)
T Vatgx—x? . 770 .

+C.)

_dx L _2 ’ 2_ 4,41
8.2.fm.(Javob. ln‘x + [x2—cx s

8.3. [ —=_ (Javob: — arcsm— +C.)

dx
V2-3x-2x2"
62



8.4. [ s=——. (Javob: ln|x +3+ M| +C)
8.5. f\/u:% (Javob: arcsm I 24C)

8.6. f\/% (Javob: arcsmT+ C.)

8.7. f\/# (Javob: arcsm \/_ L

8.8. fx/i (Javob: arcsznT+ C.)

8.9. f—m. (Javob:—ln x—14 [x%2—2x +§ +C.)

8.10. f\ﬁ (Javob: arcsm—+ C.)

_ax -1 _ 2 _ 3
8.11.fW. (Javob.zln x—1+ [x?—2x+7|+C)
8.12. IW (Javob: arcsin*— 1+C)

8.13. IW (Javob: —ln x——+ /xz——x+1‘+C)
8.14. fm (Javob: arcsm—+C)

8.15. fm (Javob: —ln
8.16. [ —=

x+7 >4+ /x2+ x+1‘+C)

(Javob arcsm 3 ic. )

8.17. f\/i (Javob: x—2+ ’xz 4x+5|+C.)
8.18. [ — Javob'ln x——+ x2—5x+6|+C.
ﬁ v
8.19. Javob: arcsm— + C.
\/_

V3 222

ln

8'20'IW (Javob: ln x——+ x2——x+ +C)
8.21. fﬁ (Javob: arcsm?+C)

8.22. J‘m (JaVOb. In |x +E+ Vx2 4+ 3x — 1| + C)

8.23. [ —=——. (Javob: iarcsirﬁ"ri7 +C)
8.24. [ Tff“ (Javob: ln x—= + x2 — —x + +C)
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2x+1
\/_

8.26. f\/d—é (Javob: arcsinT +C.)

8.27. Javob: arcsm— +C.
\/i
8.28. fﬁ (Javob: ln|x+—+\/x2 +5x+1|+C)

8.29. f\/— (Javob: arcsm?+ C.)

8.25. f\/% (Javob: arcsin +C.)

8.30. fW (Javob: In|x + 2 + VxZ + 4x + 1| + C.)
9
4x+3-V41
9.1. f2x2+3 dx. (Javob: —ln|2x + 3x — 4] +4\/_ oY )
9.2. fsxf:6+ dx. (Javob: —ln|3x +x+ 1|+ \/_arctg 6;‘11 +C.)
3x-1
9.3. f3x2dz — dx. (Javob: —ln|3x —2x + 6| —?arct;ql/l_ +C)
94. f2xf+x+5 (Javob: —ln|2x +x+5|— \/_arctg :;_ +C.)
95. [ —dx. (Javob: S In|x? + x — 2| +2In *—| + C))
9.6. f5x23x32+ dx. (Javob: —ln|5x —3x+2|— 5\/_arctfg 1?;(_3+C)
9.7. [ = dx. (Javob: 2In|2x? — 6x — 8] + = in [ 2| + )
xX+4 4x 741
9.8. foz ——— dx. (Javob: —ln|2x - 7x + 1| +4F yo— 7+\/_| +C)
9.9. fzxf"52+2dx (davob: % in|2x? — 5x + 2| + 12 In | 2= “| +C)
9.10. fhdx (Javob: —ln|4x —4x + 5] + arctg—+C)
9.11. fof:1+1 dx. (Javob: —ln|2x +x+ 1 +-= arctg \/_ L+ C)
x+1 3x-1—/10
9.12. f3x2_2 dx. Javob: —ln|3x —2x — 3| +o = l P 1+\/_| +C))
9.13. f = —dx. (Javob: S In|dx? + 6x — 13| + —— m;ﬂ +C)
Sx+1
9.14. fxz Xt —dx. (Javob: —lnlx —4x + 1| +—ln 2+\/_| +C)
9.15. fzxi (Javob: —ln|2x + 2x + 5|
2x +2x+5
9.16. [ =" dx. (Javob: 5 In|x? — 5x + 4| —gz +C)
2x— 1 x+2 V7
9.17. [ ———dx. (Javob: —lnIZx +8x—6|——l il T 6
9.18. [ —2X—dx. (Javob: —2injax® + 16x — 12| + =t 2] 4+ ¢ )
9.19. fﬁdx (Javob: %ln|3x —6x—9| +—l |—| +C.)

64



2x-3

9.20. [ —Z=_ dx. (Javob: —; In|2x? —x—3|+—l 22 4c)
6x+1—\/ﬁ
9.21. f3 2+ dx (Javob: —ln|3x +x-1] - 6r sl 6
9.22. f 20 — dx. (Javob: —lnlx —4x—2| +—ln i_i;ﬂ +C)
4x+1-V/33
9.23. szZ o dx (Javob: —ln|2x +tx—4l+ = = |4x+1+\/_\|/i(,‘)
2x+3 3x+1
9.24. J 575 dx. (Javob: —ln|3x + 2x — 7| +ozn |3x+1+\/\/__|+ C.)
4x+1
9.25. f4x2:22 dx. (Javob: —ln|4x +2x—3|—=In 4X+1+‘/_ +C)
X
9.26. J 55— dx. (Javob: —ln|3x —x+5]| +3\/_arctg \/_‘/_+C)
2x+5
9.27. fx2+5x 1dx (Javob: —lnlx +5x — 1| - 2\/_9 |2x+5+\/_| +C.)
9.28. [ =5 2+3 —dx. (Javob: —ln|4x +3x — 1] ——l |zx+i| +C)
9.29. I5 zzf;iwdx (Javob: —ln|5x +2x — 10| +5rarctg J_ Lic)
39 10x-1
9.30. fst— —dx. (Javob.ElnISx —x+7| - psarctg s+ C)
10
10.1. [ =222 dx (Javob: 2v3xZ — 3x — 16 —
Y \3xZ-3x-16 3
—4\/§ln‘x—l+ ’xz—x—§ +C.)
12 —4x—1-—
10.2. dex. (Javob: >v2x? — 4x
—\/Eln‘x—1+ ’xz—Zx—%‘+C.)
10.3. f\/32—dx (Javob:lx/3x2—x+ -
_5 _1 2 _%
6\/_ln x + x + +C)
2x+1 4 . 6x—1
10.4. fﬁdx (Javob'—\/l +x—3x* +_zarcsin==+C)
10.5. f\%dx (Javob: —\/4x2+8x+ 9+

+§ln|x+1+ ’x2+2x+z|+C.)

2x-10 . —  2x-1
10.6. fﬁd . (Javob: —=2v1+x — x 9arcsin == +C.)
10.7. [ == dx. (Javob: 21— x +x% —

—7ln|x——+m|+C)

3x+4
8. 2 —
108. [ —= ————dx. (Javob: 3Vx? + 6x + 1
—5in|x+3+VxZ + 6x + 13|+ C.)

3x-1 RN r e
10.9. fmdx. (Javob: Zv2x? —5x + 1+
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Lin

_2 ’2__
w3 X + X x+

5x_+2 - 5y/x2 “4-
10.10. fmdx. (Javob: 5vx? + 3x
—Eln|x+§+\/x2+3x— |+C.)

10.11. [-=——dx. (Javob: \/sz —-x+7-

+C)

x/zz—

15 _1 ’2____
4\/_lnx i |x +C)

2 _
10.12. f\/ﬁdx (Javob: 2vxZ —3x + 4 +
+Zln|x——+m|+6.)
1013, [ g Gavob: —WZF 7= 7 + 3aresinZL + )
N Py
10.14. dex (Javob: 2x2 + 4x
~4Zin x+1+\/m|++c.)

10.15. fﬂdx. (Javob: —3v4 + 2x — x2 + Sarcsin® = + C.)

Va+2x L V5
RN v - _
10.16. dex (Javob: Zv3x? — 2x +
—?ln x——+ ’xz—zx+l +C)
10.17. dex (Javob: —vV3 — 6x — x? +2arcsm—+C)

2%+4
10.18. fmd .(Javob.3\/3x2+x— +

+osin|x o+ /x2+f—E +C)
2
10.19. f\/—dx (Javob: 7vxZ —5x + 1+

—ln|x——+\/m|+6‘)

1ixZrx—5—
10.20. f\/42—dx (Javob: v4x +x
~Znlx+i4 ’x2+—x——‘+C.)
16 8 4 4

3x+4 17 . 2x-3
10.21. f%dx (Javob: —3v2 + 3x — x2 + 7arcsm% +C.)

10.22. f\/—dx (Javob: —V3 — 2x — x2 — 7arcsinle1+ C)

10.23. f\/%d x. (Javob: V2x? —x + 6 +

+Lln’x—1+ /x2—5+3’+c.)

22
1024 dex (JaVOb _m 8aTCSiTl%+C.)
10.25. f¢fx+7dx (Javob: 2vx2 + 5x — 4 +

+20n |x + 3+ +5x — 4| +C)
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10. 26 _1/_2_
[——— ﬁ — dx. (Javob: =+/2x 6x+ 1+

1 _3.y

zﬁ n| + 2x%2 —6x+1 |+C)

10.27. f%dx (Javob: —\/3x2 +9x—4+

x+5+ ,x2+3x—§‘+(3.)

10.28. f\/%dx. (Javob: 2v2xZ —x + 5 +

+2\/71n‘x—3+ ’x2—§+§

2
+\/—§ln

+C)

10.29. f St =dox. (Javob: 3vx? —5x + 1+
+- ln|x——+\/m|+c)
10 30. f 2l — dxx. (Javob: =7v2 = 3x — x? - —arcsm— +C)

Namunaviy variant yechimi
Anigmas integrallarni hisoblang.

1. [ ax
4x%+5
>f3—7xd 3[ dx 7J’ xdx
——dx = —_— — =
4x%2+5 (zx)z + (\/_)2 4x%2 +5
_3 d(2x) 7 8xdx 31 2x 7
= f(Zx)2+(\/§)2 sf4x2+5 > \/_arctg\/_ 8ln|4x +5|+C.0a«
2 dx

» u = 2 — e~3* almashtirishdan foydalansak, u holda du =
3e73¥*dx va

dx 3e~3¥dx _
fe3x(2 e‘3"’) _f 2_e-3% __lnlz 3x| +C.<
3x5-4x
3 [T

» Integral ostida turgan funksiyaning suratini maxrajiga
bo‘lib noto‘g‘ri kasrning butun qgismini ajratib olamiz. Natijada
algebraik yig‘indini integrallashga kelamiz:

f%dx=(f3x3—3x— )dx—— —gxz—%ln|x2+1|+C.<

4. [cos3(7x + 2)dx.

> cos?(7x +2) = 1 —sin?(7x + 2) trigonometrik ayniyatdan
foydalansak,

[ cos3(7x + 2)dx = [ cos?(7x + 2)cos(7x + 2)dx =

= [(1 = sin?(7x + 2))cos(7x + 2)dx = [ cos(7x + 2)dx —

— [sin?(7x + 2) cos(7x + 2)dx = ;sin(7x +2)—

—%f sin?(7x + 2) d(sin(7x + 2)) = %sin(7x +2) - %Sin3(7x +2)+C.

x2+1
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5. [ ctg*5xdx.
> ctg?5x =
almashtiramiz

-1 ekanligidan foydalanib integralni

sin?5x

fctg45xdx = [ctg?5x (stsX )dx = 5

_ 2 —_1 20, (— -
—odx — [ ctg?Sxdx = 5fctg Sx( sin25x) dx
l)dx = —%ctg35x+%ctg5x+x+ C. <

= [ ctg®5x—

- f (sm2 5x

6. [sinxsin>xdx
2 2

> fsin%xsin%xdx = %f(cost — cos5x)dx = %sian — 1—105in5x +C. <

7. f dx

6x2-3x+2 "
P Integral ostidagi funksiya maxrajida to‘la kvadrat
ajratamiz, u holda

_1 _1 dx 443 x—1/4 _
f6x2—3x+2 - f x+1/3 f(x_g)z (@)2 ek t9 =) Vi3/(4V3) ti=
A (x5 4 43,
_2E x-
=nYtI 5 +C. <
8. [ 376 gy

2-5x—x2
» Integral ostidagi funksiyaning suratida maxrajdagi
funksiya hosilasiga teng qo‘shiluvchi ajratib integralni ikkiga
ajratamiz

= - = L
= 2|2 =5x —x?| + 2 [ o =
=_§zn|z—5x—x2|+zf(xs/2)zdw=

=——ln|2—5x 2+ l|%|+c=

= -3z =5 -+ S EEEE §+?|+C<

9 J m _ )
» Integral ostidagi funksiya maxrajida to‘la kvadrat

ajratamiz, u holda

f _ if dx _ _f d(x+1/5) _
Vsx?+2x—7 V5 \/X2+3X_7/5 T V5 J(x+1/5)2-7/5-1/25
5

_1 2.2, _
—\/gln|x+1/5+ /x +ox 7/5‘+C.<

2x-7
10. fv1—4x—3x2 x

» Integral ostidagi funksiyaning suratida maxrajdagi ildiz
tagida turgan funksiya hosilasiga teng qo‘shiluvchi ajratib
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berilgan integralni ikkita integral yig‘indisi ko ‘rinishida

ifodalaymiz:
f _ ——f —6x+21-4+4
Vi- 4x 3x2 V —4x— 3xZ

f —6x—4 f
3 V1-4x-3x2

_gm__f -

2 2
25 ( );g»;;;)
= —_ —_ 2 =2 d =
i 3\/15 4x — 3x 3\/§arcsm\/_ +C=
—_ —— —_— — 2 — — — .
3\/1 4x — 3x 3\/§arcsm ﬁ 24cC. <
IUT-8.3
Anigmas integrallarni hisoblang.
1
Vv1-— 1 V1—x2%—
1.1.f dx (]avob = |+\/1—x2+C.>
—x

Vx? =1
1.2.f . dx.(]avob:\/xz—1—arccos—+C.)

Vx2+4 ( — V4 + x2
1.3.[ dx .| Javob: \/4+x2+ln +C.)
d + V4 + x?

x3

X x
1.5.1\/4—x2 dx.(]avob:ZarcsmE+E\/4—x2 +C.)
Vx2+9 3 |3—=vVx?+9
1.6.J dx.(]avob:\/x2+9+§ln— +C.)

\/1—x2 ( (1 —x2 )3 )
1.4.J dx .| Javob: C — 3—

3+Vx2+9
. md p VAR VA=
. f p; x .| Javo m - o + C.
1e [V, A At S0
. J prs x .| Javo ZT
X

9.]13?i:i%;§§§. ( avo ::7fi?§§'+ C.)

Vx2 +4 (4 + x2)3
1.10.[ o dx .| Javob: C — 12T

[(a — x2)3 f(a — 5
111, [YE=X, | Javob: ¢ - 1J@-x

x5 20 x5
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112f dx (] bi— L +c>
.| ——=(Javob: —= .
V(A +x?)5 Vi+xZz 3/(1+x2)3

rZ =
1.13.f ad 9dx.<]avob:\/x2—9—3arccos%+C.>

dx x

114J-m (]avob:C—ﬁJ
1.15.fx3\/9 —x2%dx . (]avob:%\/@ —x2)5 —3,/(9—x2)3 + C.)

x x2—1
avob: C — - .

dx
1.16.[—. :
x2/(x2 = 1)3 (j x2 -1 x
dx Vxz—1
1.17.-{7 . | Javob: +C.
x2x?2 -1 x
X2 -9
c.)
x
\/x2 )
+C

dx .| Javob:=In

118J‘Vx2—9 1 |Vx2 9+x
T 2 |x2 9—x

dx 1 1
1.19. f— Javob: —arccos +
x3 2

ViZ —1
1zof o x 57 7(9;;( s )

1.21 J- dx (] b:C X +9 )
.21. | ———.|Javob: C — .
x2Vx2+9 . 9x )
1.22.fx2\/1 — x2dx .(]avob:garcsinx —gxxll -x2(1-2x)+¢C )

1.23.fx3\/1 — x2dx .(]avob:%\/(l — x2)5 —%\/(1 —x2)3+C )

dx (]avob C—

124J‘ (4 — x2)3dx b ] x+\/4—x2 1\/(4—x2)3+c
.24. o .| Javo .arcsm2 . 3 3 .
dx x

1 zs.fi . (]avob:7+C.>

V(4 +x2)3 4 +x2

Vx2+9 9+x )3
1.26.f dx.| Javob: C — —=—————

x4 27 x3

1 27.f\/ﬁ . (]avob:%/:+C.)

1.28. .f\/—_x Javob: 9arcsmx———x\/9—x2+C )
V16 — x2 1 3

129[7(136 <]avobC—E\/ﬁ )

1.30 J-de (]avob'C—arcsinf—#+ Cc )

.30. > . : P e .
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2

dx 1 1 1 Vi+xZ
2 [ e Javobi € — in s~ 3505 )

dx ’
2.2. f(x-i—l)—x\/Tl . (]avob + C. >
2.3. f(x+1)\/x2— (]avob ’ +C. )

24fW (]avobC T )
25. W (avob C—In|= 1+x2 )
2.6. fx — (avob C—arcsm; )
2.7. fm . (]avob:C—ln i‘l‘%‘l‘% )
2.8. fo (]avob:C—ln %—% )
dx . 2=X
29. [ —=—. (]avob.C —arcsmﬁ.)
2.10. fx xffx_l . (]avob:C - arcsin%.)
211 & <]avob:C—ln Lyl e )
2.12. fx\/% . (]avob:C —%arcsin%{x.)
dx 1 1 1 x%—x+1

2.13. f(x+1)\/x2—x+ <]avob.C _Eln x+1 2 V3(x+1) )
214, [ <]avob:C—%ln gy
2.15. fm . <]avob:C—ln ﬁ—%-F% )
2.16. f(x+1)m . (]avob: C — arcsin \/_( o )
2.17. f(x+1)m . (]avob:arcsm\/_(xﬂ) + )

NS
2.18. f m : <]avob:C—%ln +% \/’%(:_C;l )
2.19. fﬁ . <]a1]0b:C— In xlTl‘l'%'i‘ X)ZC:)i+1 )
220, [ — m (ravob: ¢ = tn| 25+ 2+ 2] )
2.21. f m (]avob:C—arcsin\/;(; 5 )
222 [ =" (]avob:C—ln Ll )
2.23 fx+1)m (]a"Ob:C_l" it )
2.24. f(x 1)m (]avob:C - arcsin\/;zcx__l) )
225 [ 2 (]avob C—lnft— 142 )

2 x




6—Xx
2.26. fm (]avob C— arcsm R ) 5
ot
2.27. f(x+1)W (]avobC \/_arcsmm)
3 VxZ-3x+2
2.28. fm (]avob.C—Tn ~ 34 i
1,1, VIxR?
22 f(x+1)m (f“""bc—fln—+;+—x+1 )
Vi-3x—2x2
2.30. IW (]avob.C—ln ;—E+T )
3
3.1.J lnfﬁﬁff dx . (Javob:tgx In|cos x| + tgx —x + C .)

3.2. [ cos(Inx)dx . (]avob'f (sin(lnx) + cos(Inx)) + C )

3.3. fm—xdx (]avob C - m’;fl.
3.4. fln(x+2)dx.(]avob.xln(x+2)—x+21n(x+2)+C.)
3.5. fm(cosx)d (Javob: C — ctgx In|cosx| — x .)

sin?x
3.6. fm(;—nx)dx . Javob:Inx In(lnx) —Inx+C .)
3.7. [In?xdx . (Javob: xIn?x — 2xInx +2x + C.)

inx

38. [~ dx. (]avob-Zx/—lnx—4\/_+C)
3.9.fxlnmdx (]avob —ln——x——ln—+C )

1+x 1+x

3.10. [In(x +V1+x? )dx. (]avob.xln(x+v1+x )=V1+xZ+C.)
3.11. [In(x +4)dx. (Javob:xin(x +4) —x + 4In(x +4) + C.)

3.12. fxm(:;%”)dx (Javob: V1 +xZin(x + V1 +x2) —x + C.)
3.13. [

In(sinx)
sin®x x3 x3  x2 x 1

3.14. [ x? In(x + 1)dx. (]avob: ST+ D -S+—-S+;mx+D+ C.)

3.15. fmxh;ﬂdx (]avob:%ln2 xIn(lnx) — %ln2 x+C )

3.16. [In(x? + Ddx . (Javob: x In(x? + 1) — 2x + 2arctgx + C .)

inx 1

Inx
317. [2Edx. (]avob C—F—m.)
3.18. [+xIn?xdx . (]avob. 5\/_ln x—%x/?lnx+%x/?+ C.)
3.19. flnl_—xdx (]avob'xlnl_—i—ln(x2 -1D+C )
320. [(x*—x+1)Inxdx. (]avob (———+x)lnx—x—:+§—x+C.)
321 [VxInxdx. (]avob \/_lnx——\/_+ C)
In(sinx)
322, [——= o dx. (Javob: tgxln(smx)—x+ C)

3.23. [xIn(x?+ 1)dx. (]avob: 7ln(x +1) — 7 + %ln(x2 +1)+ C.)
3.24. [xIn?xdx. (]avob: - Cinx+ S+ C.)
2 2 4

dx . (Javob: C — x — ctgx — ctgx In(sinx).)
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3.25. [x%Inxdx. (]avob: %Slnx - %3 + C.)
3.26. [xIn(x+1) dx.(]avob: x;ln(x +1) —§+§—%ln(x +1)+ C.)
3.27. [sin(Inx)dx . (]avob: %(sin(ln x) — cos(lnx)) + C.)

3.28. [(x* —4)sin5xdx. (]avob: %xsin 5x — x2;21 cos 5x + C.)
3.29. fxln(x +5)dx .(Javob: xIn(x +5) —x+ 5In(x+5)+C.)
3.30. [ ln—dx (]avob:xlnz%—Zlnlﬁl—le+C.)

4

4.1. {1 —xarccosvVxdx . (]avob: S\/F - 2\/— —§ (1 —x)3arccosvx + C.)

4.2. {1 = xarcsinVxdx . (]avob: %\/I - %\/F - gx/(l — x)3arcsin/x + C.)

2

4.3. [ x arctg2xdx . (]avob: %arcthx - f + %arcthx + C.)

4.4, fagx . (Javob: 2vVx + Tarcsinx + 4V1—x + C.)

45, farcsmx . (Javob: 41 —x — 2V1 = xarcsinx + C.)

4.6. farjﬂ\/— . (Javob: 2v/x — 2v/1 — xarcsinyx + C.)

4.7. fm"tgx dx . (Javob: V1 + x2arctgx — In|x + V1 +x%| + C.)
xaTCSlnx

48. [ Npwre dx . (Javob: x — V1 — x2arcsinx + C.)

2
4.9. [ x arctgxdx . (]avob: x?arctgx - g + %arctgx + C.)

x2 x 1
4.10. [xarcctgxdx. (]avob. ~ arcctgx + >+ -arcctgx + C.)

4.11. f%dx . (]avob: C - g - i\/l - 4x2arcc052x.)

4.12. [arccos2xdx . (]avob: arccos2x — %\/1 —4x24+C )
4.13. [arctgxdx. (]avob: xarctgx — lln(l +x2)+C )

4.14. farjg‘/_ . (Javob: € — 24/x — 21 — xarccosvx.)

4.15. fxf/rlcc_osx dx . (Javob: C — x — V1 — x2arccosx.)

4.16. fa\r/clcfojx . (Javob: € — 41 + x — 24/1 — xarccosx. )
4.17. [arcctg2xdx . (]avob: x arcctg2x + iln(l +4x) +C )

4.18. f%dx . (Javob: V1 + xZarcctgx + In|x + V1 + x%| + C .)

4.19. [arcsin2xdx. (]avob' x arcsin2x + 1\/1 —4x24+C. )
4.20. f% (]avob “x— —v1 — 4x%arcsin2x + C . )

4.21. faf;cﬁx dx . (Javob: 2V/1 + xarccosx — 41 —x+C.)

4.22. [x%arctgxdx. (]avob: S arctgx —Ex +gln(x +1)+ C.)

2
4.23. [x arctg2xdx . (]avob: %arcthx + % + %arctg 2x+C )
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4.24. [arctg(x+5)dx. (]avob: x arctg(x +5) — %lnlx2 + 10x + 26| +
+5arctg(x +5) + C )

4.25. [x%arcctgxdx. (]avob: garcctgx + XT: - %ln(x2 +1)+ C.)

4.26. [x arcctg?xdx. (]avob: x;arctgzx + %arctgzx — x arctgx +
+%ln(x2 +1+C )

4.27. [ x? Cosgdx . (]avob: 3x2 sing +18x cosg — 54sin§ +C )

4.28. [x arcctg®xdx. (]avob: x?zarcctgzx + %arcctgzx + x arcctgx +
+%ln(x2 +1)+C )

4.29. [x?sin2xdx. (]avob: gsin 2x — x?zcos 2x + %cos 2x+C )

4.30. [(x*+4)e**dx. (]avob: %(x2 +4)e?* + %xez" + %ez" + C.)

5

x% x 1,

5.1. [ x? cos 2x dx . (]avob: S Sin2x +-cos2x —_sin2x +C )
2
5.2. [ x sin?xdx . (]avob: %—zsin 2x —%cos 2x+C )
5.3. [ x sinx cosxdx. (]avob: %sian—%cost +C )
5.4. [ x?(sin2x — 3)dx . (]avob: gsin 2x — x;cos 2x + icos 2x—x3+C )
3

55. [ x2(sinx + 1dx. (]avob: 2xsinx — x%cosx + 2 cosx + x? + C.)
5.6. [(x? + x)e™*dx . (Javob: C — (x* + 3x +3)e™*.)
5.7. [(x? + x)e¥*dx . (Javob: (x> —x + De* +C.)

58. [(x2 —x + Ve *dx. (Javob: C — (x? + x + 2)e ™ .)
5.9. [(x? —x + De*dx. (Javob: (x> —3x +4)e* +C.)

5.10. [x ctg?xdx. (]avob: In|sinx| — x ctgx — % +C )
5.11. [x%e™*dx. (Javob: C — (x? + 2x + 2)e™™.)

5.12. fsf::x . Javob: In|sinx| —x ctgx + C .)
5.13. f;ifx . Javob: x tgx + In|cos x| + C .)

5.14. [x tg?xdx. (]avob: x tgx + In|cos x| — % +C )
5.15. [(x? + 2)e™dx. (Javob: C — (x? + 2x + 4)e™*.)
3 2
5.16. [x? sin?xdx. (]avob: Y X sin2x +Zcos2x ++sin2x+C )
6 4 T 8
517. [x2(cos2x +3) dx. (]avob: x3 + %sin 2x + gcos 2x — isin 2x+C )
5.18. [(x% + 2)e™™dx. (Javob: (x? —2x + 4)e* + C.)
5.19. [(x% + 3)sinxdx. (Javob: 2xsinx — (x? + 1) cosx + C.)
5.20. [(x%? —3)cosxdx. (Javob: (x?2 — 4) sinx + 2xcosx + C.)
521. [(x% + 1)e *dx. (Javob: C — (x? + 2x + 3)e™™.)
5.22. [(x%? — 1)e*dx . (Javob: (x — 1)?e* +C.)
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x3  x? x 1
5.23. [x? cos?xdx . (]avob: <t sin2x +7cos2x —<sin2x + C.)
5.24. [(x?+ x)sinxdx. (Javob: 2x + 1) sinx — (x2 + x —2) cosx + C.)
5.25. [(x?+x)cosxdx. (Javob: (x®> + x — 1) sinx + 2x + 1) cosx + C.)
5.26. [(x? + 1)e*dx. (Javob: (x> —2x +3)e* +C.)
527. [(x* — e *dx. (Javob: C — (x + 1)%e™*.)

2
5.28. [x sin?xdx. (]avob: X _Xsin2x —icos2x+C )
4 4 8
5.29. [arcsin9xdx . (]avob: x arcsin9x + %\/1 —81x2+C )
2
5.30. [x arctg2xdx. (]avob: %arcthx - E + %arctg 2x+C )

6
6.1. [(x +1)e** dx. 6.18. [(x —8)sinx dx.
6.2. [(x —2)e* dx. 6.19. [(x+4)cos3x dx.
6.3. [(x — 7) cos 2x dx . 6.20. [(x +8)sin3x dx.
6.4. [(x — 1) cos 5x dx . 6.21. [(x +6)cos4x dx.
6.5. [ (x +2) cos 3x dx. 6.22. [(x—6) sing dx.
6.6. [(x —2) cos 4x dx. 6.23. [(x+1)cos7x dx.
6.7. [(x —4) sin2x dx. 6.24. [(x+2)sinZ dx.
6.8. [(x —3) cosx dx. Ty 2
6.9. [(x +4) sin 2x dx. 6.25. [ x sinz dx.
6.10. [ xsin3x dx. 6.26. [(x +4) cosg dx .
6.11. [(x +5)sinx dx. 6.27. [(x+1)sin> dx.
6.12. [(x —5)cosx dx. 3
6.13. [(x+9)sinx dx. 6.28. [(x+2) cosy dx .
6.14. [(x+7)sin2x dx. 6.29. [(x+3)sin dx.
6.15. [(x +4)sin3x dx. 6.30. [(x—9)sinZ dx.
6.16. [(x + 3)sin5x dx. 2
6.17. [(x —4)cos2x dx.

7
7.1 [In(x —5)dx. 7.12. [x%e3* dx.
7.2. [ arctg2x dx . 7.13. [x cos(x +4) dx.
7.3. [x*e ™™ dx. 7.14. [x cos(x —2)dx.
74, [(x + e * dx. 7.15. [x cos(x +3) dx.
7.5. [x?e™** dx. 7.16. [xe**?dx.
7.6. [ arctg3x dx . 7.17. [xe " dx.
7.7. [ x cos 8x dx . 7.18. [arcsin2x dx.
7.8. [ arctg4x dx . 7.19. [x sin(x +7) dx.
7.9. [ arcsin5x dx . 7.20. [xcos(x —4) dx.
7.10. [(x+ e *dx. 721, [x sin(x +4) dx.
7.11. [xarctgx dx. 7.22. [xcos(x+9) dx.
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7.23. [(x+3)e*dx.
7.24. [arccosx dx.
7.25. [(x?—3)e*dx.
7.26. [xe **dx.

8.1. [ arctg2x dx .

8.2. [ x cos6x dx.
8.3. [ arsin3x dx .

8.4. [ arccos2x dx .
8.5. [ arctg8x dx .

8.6. [ x sin(x —2) dx.
8.7. [ arsin8x dx .

8.8. [ x sin(x + 3) dx.
8.9. [x cos(x +4) dx.
8.10. [arccos7x dx.
8.11.
8.12.
8.13.
8.14.
8.15.
8.16.
8.17.

f(x —4)e*dx.
[xe % dx .
[arctg7x dx.
[ arsin5x dx .
[In(x—7) dx.

[x cos(x—7) dx.
[ x sin(x —5) dx.

7.27.
7.28.
7.29.
7.30.

8.18.
8.19.
8.20.
8.21.
8.22.
8.23.
8.24.
8.25.
8.26.
8.27.
8.28.
8.29.
8.30.

[x cos(x+7) dx.
[xe > dx.
[ xe**3 dx.
[ xcos(2 —x) dx.

[ x cos(x +6) dx.
[arctg® dx.

[ In(x +28) dx .
farctgg dx.
[In(x + 12) dx.
farcsing dx .
fIn(2x — 1) dx.
[In(2x + 3) dx.
farccosg dx .
farctgf dx.
farcsin§ dx .
[arctgbx dx .
farccosg dx.

Namunaviy variant yechimi
Anigmas integrallarni hisoblang.

1. [x*V16 —x2dx.
> jx2\/16—x2dx = |

x =4sint,dx = 4costdt, | _
sint =x/4,t = arcsinx/4| ~

= f 16sin?t+/16 — 16sin?t4 cos tdt = 256fsin2tcosztdt =
= 64jsin2 2tdt = 32[(1 —cos4t)dt = 32t — 8sin4t+C =
= 32arcsin§—§(8 —x®)V16—x2 +C. 4

2 f dx
' xVx2+5x+1

L
»f dx _ t

xVxZH5x+1

==
(e+3) -5

=—ln|t+5+\/t2+5t+1|+C=
_z 2
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=—In

+iy /%+5+1|+C.<
x 2 x x

3. [(x - 7)sin5xdx.

u=x—7du=dx, 1
dv = sin5xdx,v = —%cosSx = _E(x B
7)cos5x + + %fcosSxdx = —%(x—7)0055x+% sin5x+ C. <

4.  [arccosdxdx.

» [(x — 7) sin5xdx =

4dx
| 2 f arccosdxdx = |~ arccos4x, du = _ﬁ' =

dv=dx,v=x

= x arccos4x + 4f% = x arccos4x —i\/l —16x2+C. 4
5 [xe*7dx.
_ u=xdu=dx _ _
Pfxe" Tdx = |dv=ex‘7,v=e"‘7 =xe* 7—fex Tdx =
=xe* 7 —e¥ 7 + (.4
xarctgx
6. Jmrd
d
x arctyx u = arctgx, du = T))Ccz 7]
> [ iy 4 dv— e =1+ x2%arctgx —
==, =+
fm V1 +x%arctgx — In|x + V1 +x%| + C. €

7.  [(x? —4x+ 3)e **dx.
u=x%—4x+3,du = (2x — 4)dx,

—-2x

» [(x? —4x + 3)e ¥ dx =

dv=e" 2’Cdxv———e

= 1 = A 367 4 [(x - 2)e~Pdx =

u=x-—2du=dx, 1
=—s(? —4x +3)e™ -

= _ 1
dv=e 2"dx,v=—;e 2x

—(x—2)e -2+ (. <
g, [nUnctinGen),

x+1
dx

(x+1) In(x+1) —

> fln(ln(x+1)) In(x+1) dx u= ln(ln(x + 1))’ du =

X+l dv=%d v=lln2(x+1)
ln(x+1)d

= 0D i ne + 1) — 2 [

_ in? (x+1)
T2

In(In(x + 1)) — Zlnz(x +1)+C.«

7



IUT-8.4
Anigmas integrallarni hisoblang
1.

3x%+20x+9
1.1. fmdx (]avob. 6ln|x + 3| - lnlx + 1| +

2In|x + 5|+ +C)
12
12 fmdx (]avob. 3 lnlx - 3| —4ln|x - 2| +
+in|x + 1| + C.
[ 43x-67
|' ! (lx—l)(xz—x—lz)
=7ln|lx +3[+C.)
2x%+8x3+9x2 -7
|1 ! fl (x2+x-2)(x+3)
+in|x — 1|+ C.)
8x
1.5. fmdx (]avob. -5 lnlx + 5| + 6ln|x + 3| -
—Inlx +1|+C))
2x*—7x3+7x2-8x L2
1.6. fmdx. (Javob: x* + x + 2 In|x + 1| +
4inlx - 2|+ +3In|x—-3|+C.)
4 3_ _
1.7. f%dx. (Javob: x?> —8In|x — 1| + 5In|x + 3| +
+in|x+2|+C)
2x*+17x3+32x%-7x a2
18 fmdx.(]avob.x X 5ln|x+5|+
3inlx ++1|-3In|x+ 3|+ C)
6x2+6x—6
1.9 fmdx (]avob: 3ln|x + 1| + lnlx - 1| +
+2in|x+2|+C.)
1.10 f&dx (Javob:4 In|x — 1| — 7 In|x + 3| +
T (e-4)(x242x-3) '
+3ln|x—4|+C.)
3x2+3x-24
1.11. f(x—3)(x—2—x—2)dx' (Javob: 2In|x — 2| + 3In|x — 3| —
—2n|x+1]+C)
2x*=7x3+3x+20 L2 _ _
1.12. fmdx UClUOb. x“+x 4ln|x 2| +
3inlx = 3|+ +3In|x+ 1|+ C)
3x2-15
1.13. fmdx. (Javob: In|x + 2| — In|x — 1] +
+3In|x + 3| +Cz'.)
x2-19x+6
1 ' f(x—l)(x2+5x+6)

—16In|x + 2|+ C.)

dx.(Javob: 2 In|x — 1| +5 In|x — 4| —

dx. (Javob: x? + 5In|x + 3| + In|x + 2| +

dx.(Javob:18In|x + 3| — In|x — 1| —
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1.15. [
—4in|x+ 2|+ C. )
4x2+32x+52
116 fmdx (]avob. 3ln|x + 1| + 2 lTlIX + 3| -
—In|x+ 5|+ C.z
2x“+41x-91
117 fmdx (]avob.4ln|x - 1| - 7lTl|X + 3| +
+5In|x—4|+C))
2x*+8x3-17x-5 cu2 _ _
1.18. fmdx. (Javob: x% — In|x — 1| + In|x + 2|
—2lIn|lx+3|+C.)
2x*+17x3+40x2+37x+36
1.19. f (x2+8x+15)(x+1)
+3inlx +3|-3In|x+ 5|+ C.)
2

dx (Javob: In|x — 1| + 3 In|x + 1| —

dx.(Javob: x? — x + 3ln|x + 1] +

1.20. fmdx. (Javob:In|x — 1| — 3in|x + 1| +
+81n|x+2|+c)
- S22 o
1 21 f(xz D(x+2) dx' UaUOb-3x 12X+ lTlIX 1|

—3ln|x+1|+321n|x+2|+C)
1.22. fmdx (Javob: 2in|x + 3| — 3 In|x + 1| +
+3In|x+5]+C)
2x2+12x-6
1.23. fmdx. (Javob: 6ln|x + 3| — 2 In|x + 1| —
—2In|x+5|+C.)
2x*-5x3-15x%+40x-70 D2 T
1.24. 2D dx.(Javob: x* — x + 4 In|x — 1|
—inlx+3|+2In|x—4|+C)
2x*-7x3+2x2+13 2
1.25. fmdx (]avob.x +x+ 21n|x + 1| +
+in|lx —2|+In|x—-3]|+C)
6x*—21x%+3x+24 L2 _ 1] —
1.26. fmdx. (Javob: 3x? — 12x + 2 In|x — 1|
—3n|x + 1| + 101n|x+2| +C.)
2x*-3x3-21x2-26 L2 _
1.27. f—x2_5x+4)(x+3) dx.(Javob:x* + x + 4 In|x — 1| +
+ln|x+3|—2ln|x—4|+C)
1. 28 fmdx (]avob 2ln|x - 2| + 3ln|x - 3| +
+2ln|x+1|+C)
1.29. fwdx. (Javob:3x? — 12x + In|x — 1| —

(x2-1)(x+2)
—3lnlx+1|+2In|x+2|+C)
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2_
1.30. fwdx. (Javob: 20ln|x + 3| — In|x — 1| —

(x2+5x+6)(x—1)
—1l6n|x+2|+C.)
2
21 x3+1 . 1
A fmdx. (Javob:x + - — In|x| + 2In|x — 1| + C)

3_ 5.2

2.2. f%dx. (Javob: x + In|x| +%— 2Inlx — 1|+ C.)
3x2+1 2
fmdx Ua;;obZ lnlx - 1| —;-l' lnlx + 1| + C)
2.4. fx;C—xZ dx. (Javob: = — 3 In|x| + 3in|x — 1| + C.)
4x*+8x3-3x-3 4
2.5. f’fz”de. (Javob: 2x? — 3 In|x| —Zlnlx +1l-—+C)
2.6. fx;c+_x2dx' (Javob: In|x + 1| — In|x| —=+C)
4x? 2

27 fmdx (]avob. 3 lnlx - 1| _E-}- lnlx + 1| + C)

2.8. fwdx. (]avob:%— 3ilnlx| + In|x — 1| + C.)
2.9. fzx —5+ . (Javob:In|x| + In|x — 1| +ﬁ +C.)

x3-2x24x
4x*+8x3—x-2 . 2 _ _ _i
2.10. f—4x(x+31)2 Z dx. (Javob: 2x* — 2 In|x| — 2In|x + 1| - —+C.)
2.11. f%dx_ (Javob: x? + Inlx| — Inlx — 1] + ==+ C.)
3x— X
212. R 2 dx. (Javob: In|x + 1| — 2In|x| ——+ )
2x3+1
2.13. fxz(“l) dx.(Javob: 2x — In|x| —; —In|lx+1|+C.)

3-3 1
2.14. fOc—ic)(T—de' (Javob:x + —+2In|x — 1| = In|x + 1| + C.)

2.15. fxz_3—x+2dx (Javob: 2 In|x| +L —In]x + 1| +C.)

x3+2x2+
2.16. fmdx (Javob: 2 In|x| — 2 lnlx -1 ——+ C.)
4x*+8x3-1
2.17. dex (Javob: 2x% — In|x| — 3 In|x + 1|2—m+ c.)
2.18. fmdx Javob:In|x — 1] = In|x + 1| = ==+ C.)
2.19. fx;ixz.(]avob: In|x + 1| — In|x| —i+ C.)
3_ 4.2 _
2.20. f%dx. (Javob: x — In|x| —%— 2Iln|x — 1|+ C.)
o2
2.21. f%dx. (Javob: — In|x| — In]x — 1| —ﬁ +C.)
3 2
2.22. f%dx. (Javob: 2x + In|x| —%— Inlx+ 1|+ C.)

x3—4x+5 1
2.23. fmdx. (Javob:x — In|x — 1| = —+2In|x + 1| + C.)
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3x2+2 5
2.24. | dx. (Javob: 2 In|x| + In|x + 1] + )

x(x+1)2
2.25. fﬁdx. (Javob: In|x + 1| — In|x — 1| —%4. )
2.26 fde (Javob: 2 In|x| + In|x — 1] +24c )
T @2en@r- ) 1 .
x2+x+2 )
2.27. f dx. (]avob-Zln|x+1|—ln|x|—_+C.)
2.28. f (]avob ——ln|x|+ln|x—1|+(;)
2.29. [ 32"2;21 dx. (Javob: In|x| + In|x — 1| —_+ C.)

2x34+5x%-1
2.30. fwdx. (Javob: 2x + In|x| +;+ 2In|lx + 1|+ C.)

3
3.1. dex. (Javob: 2 In|x — 1| —

(x—1)(x2+2x+5)

1 x+1
—In|x? + 2x + 5|—arctg— +C.)

3.2 [ =25 _6x+8dx (Javob: 2 In|x + 2| ——lnlx —2x+ 4| -
arctg\/§ +C.)

_teex . _1 2 _ —
3.3. f(x+1)(x2_4x+13) dx. (Javob: In|x + 1| — ~In|x? — 4x + 13|
—arctg x; +C.)
2x2+2x+20

3 f(x—l)(x2+2x+5)

-2 arctgxzLl +C.)
x2+3x-6 . 2 _

35 fmdx.(]avob.lnlx +6X+13| ln|x+1|+
+%arctgx7+3 +C.)

3.6.

x%2+3x+2

=

)

_ﬁ

dx.(Javob:3 In|x — 1| — %lnlx2 +2x + 5| —

dx.(Javob: 2ln|x—1|———ln|x +x+1|+ arctg \/_1
- > . - 2 _

3.7 f(x+2)(x2 i) dx.(Javob: 2 In|x + 2| In|x? — 2x +

10| + Zarcth +C.)

8. dex.(]avob:%lnlx2 —4x + 13| -

(x+1)(x2-4x+13)
x—2
—Inlx +1|+2 arcth +C)
3.9. f%dx. (Javob:In|x? — 2x + 4| — 2 In|x + 2| +
1 x—-1
+ﬁarctgf +C.)
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2
3.10. fwdx. (Javob:3In|x — 1| +

(x—1)(x2+2x+5)
1 3 x+1
+—ln|x2 + 2x + 5| —jarctg—— + C. )
3.11. f dxt —dx. (]avob In|x| ——=—

- Elnlx + +4| —Zarctgz +C.)
x2-5x+40 ) _ 2 _
312 fmdx (]avob. 3 lnlx + Zl lnlx 2x +
+10]| +arctgx%1 +C.)
2
3. 13 fudx (]avob:%lnlx2 —2x+4|—2In|x +
+2| - arctg 5 +C)
_ x?-13x4+40 : _ 2 _ _
3.14. f(x+1)(x2_4x+13) dx. (Javob: 3 In|x + 1| — In|x? — 4x + 13|
—arctg% +C.)
3.15. f 379 T dx. (Javob: Inlx?+x+1|-2Inlx-1| -
—4\/_arctg B +C.)

3.16.
f6 % dx. (Javob: 2 In|x + 2| — In|x? — 2x + +4| — \/_arcth +C.)

x3+8

4x—-10
3.17. fmdx(]avobzlnlx —2x+10| ln|x+2|+

+§arctgx7_1 +C.)
x2+23 . _ 2
318 fmdx (]avob. 3 lnlx + 1| lan + 6x +
+13| - Sarctng+3 +C.)
2x2+7x+7 3 xX+1
3.19. fmdx. (Javob: 2In|x — 1| + Zarctg— + C.)

3.20. dex (Javob:In|x? — 4x + 13| — 3In|x +

(x+1)(x2 —4x+13)
+1| + 3arcth +C.)
4x%+38 . 1 2
321 fmdx (]avob.3ln|x+2| +Zln|x 2x +

+10| +§arctng_1 +C.)

-8 . _1 2
3.22. f(x+1)(x2+6x+13) dx. (Javob: In|x + 1| — ZIn|x* + 6x +
+13| - arctg%r3 +C.)
2x2+4x+20 ) 1 2
3 fmdx (]avob.lnlx+1| + zlnlx 4x +

+13| +3arctng_2 +C)
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5x+13 ' T
3.24. f—(x+1)(x2+6x+13) dx. (Javob:In|x + 1| — S In|x* + 6x +
13] +;arctgx7+3 +C.)
2
3.25. f%dx. (Javob: 2 In|x + 2| + In|x? — 2x + 4| +
+\/§arct:gx—\/_§1 +C.)
4x24+7x+5 . _ 2
3.26. fmdx. (Javob: 2 In|x — 1| + In|x? + 2x + 5| +
+§arctg%1 +C.)
2
3.27. fwdx. (Javob: 2 In|x — 1| +§ln|x2 +x +
2x+1 +C.)

+1| + —arctg
3.28.

)

5x2+17x+36 . 2 _
329 fmdx (]avob. 3 lnlx + 1| + lTllX + 6x + 13'

9 x+3
—jarctg—— + C.)

_ x+22 . _1 2 _
3.30. f(x+2)(x2_2x+10) dx. (Javob: In|x + 2| — ln|x* — 2x +

10| +§arctgx7_1 +C.)

4,
4.1 [ 2 (Javob: 2in|x — 1] + 2ln|x + 1] — 2 In|x? + 4| +
xX*+3x°—4 2 2 2
+C)
5_
4.2. fLZZde (Javob: ZIn|x + 1] — x2 — 2 in|x — 1| +
1 1-x 4 4
Sarctgx + +C))
x*+x342x% +x+2
s 4.3 f x*+5x2+4
Sarctg; 2+40)
44. fx4+3 2-4
45, fx A2 (Javob: 2n|x| + — — In|x? + 4| — 2arctg = + C.)
+4x2 2x 2 4 2
x 3_2x2+5 . 2 _L 1 x
4.6. f—(x e 4)d x (Javob: In|x +4| +oarctg>+C)
47 [T == +f ~*=3 dx (Javob: In|x| — 3 — lnIx— 1| +Inlx+1|+C.)

x2
48 fx4+3 2_
+;arctg2 +C.)

dx (Javob: x + %arctgx +§ln|x2 + 4| —

(Javab: —lnlx— 1| ——ln|x+ 1] ——arctg +C)

——dx (Javob: —ln|x+1|——ln|x—1|+ ~In|x? + 4] +
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4.9, [ gy (Javob: Infx| — 2 — Linlx — 1] + 2inlx + 1] + +C
9. x4_x22x vob: in|x| — == In|x S Inlx D)
2x°—7x+10 .1 2 _ _ _
1 4.10.f—(x_l)(x3_x2+4x_4)dx (Javob: < in|x? + 4] — In|x — 1]
X
——; + tarctg; +C.)
x1 fevz . 11 2 1 x
411. oz dx (Qavob: infx| — — —~ln|x? + 4| — Carctg > +
+C.
) x3-x+2 2
4.12.f > dx (Javob: Infx| + =+ In|x — 1] — In|x + 1] + C.)
4.13. fx4:52x2+44d (Javob:%lnlxz+1|+arctgx—§ln|x2+4|+
+C.
)4141'Md b'—ll| +1|—ll| -1 - 2 _
it P x (Javob: - In|x S nlx x
——arctgx+C)

4.15. fx4+5x2+4 dx (]avob X+ arctgx ——arctg +C. )

4.16. [~ );z_xfs dx (Javob: In|x — 1| — ;lnlx + 1|+ +Zln|x2 +
1] - —garctgx +C.)

3+4x-3 3 3
4.17. fxx4+:x22 dx (Javob: Infx| + -+ garftg;—c+ C.)
_7Tx=2 . =t _1 2 -

4.18. f(x—l)(x2+4) dx (]avob. In|x — 1| — 2lnIx + 4|

arctg;—c+ +C.)

x3+2x2+4x-2 1 1 x
4.19. fmdx (JaVOb. Elnlx - 1| +;ln|x + 1|+ arctg; + C)

4.20. [ 5222 (Javobstnlx — 1] 2~ Infx + 1] + C.)
421, 2x3 2%~ de (Javob: —ln|x+1|——ln|x—1|+ln|x +

x4+3 2-

+4| + Earctg >+ C.)

_ 3x78 . _ L 1 2
4.22. f(x PR dx (Javob: In|x — 1] + — — - In|x? + 4]+ C))

x%dx .2 x 1
4.23. f";J'SxZH dx (Javob: Zarctg; — Zarctgx —1— C.z )
N 2 _ R i
. )4.24. fx4+4x2 dx (Javob: In|x? + 4| — 2 In|x| — ——Sarctg > +
+C.

3_.2
4.25. f%dx (]avob: Inlx — 1| + glnlx +1] —zlnlx2 +1| -

—%arctgx+C.)
4.26. fmdx (Javob: In|x? + 9| — —arctg +C.)

x*+13x2+36



4.27. [EE2EIBE9 4y Gavob: 2 infx? + 9] + Infx? + 1] —
x4 +10x2+9 2
arctgx ++C.)
5_5.3_.2
4.28. flei#dx (Javob:%lnlx —1] —%lnlx +1] —x%2 +
+ In|x? + 1| + %arctgx +C.)

x3+x%+x-1 1 2 5 x_2
)4.29. fmdx (Javob: S In|x? + 4] + —arctg S — arctgx +
+C.

4.30. f& (Javob: —x—il - éarctg% +C.)

(x—1)(x3-x2+4x-4)
5.
5.1. [ =5 Qavob: 2Vx +3 —4in[Vx +3 + 2|+ C)
5.2. [ 2= L (Javob ,/(x+3)3 6Vx+3 +C.)
5.3. [ ae (Javob : —J(x—s)s — 4/(x—3)3 + 18Vx — 3 + +C))

=
5.4. fzj”;‘ﬁ. (davob: 2/ (x+4)% — 2(x+4) + 2Vx + 4 —

—4n|Vx + +2| +C.)

5.5. [ T2 (avob: 2/Ge+1)7 — 2 1)F + +9/ G+ 1)? -
54Vx + 1+ C)

x+1 Vx+2-2
5.6. f = dx. (Javob: 2vx +2 +7_l v—+r| +C)
vVt
5.7 f(x+1)\/— (Javob: —l meL\/§| +C)
Vx+2 Vx+2—/5
5.8. [ 22 dx. (Javob: 2\/x T2+l 2222 + €)

5.9. [ "—". (Javob: 2vx — 6ln|Vx+3| + C.)
510./ %oy J‘( +3)
511.[ - ok = dx. (Javob: g‘/x_— x + 4x — 4ln|Vx+1| + C.)
512. [ = i — (Javob: 2/(x—1)% + 2Vx = 1+ C)

513. [ = ‘/—dx (Javob' 2Vx + In |@| +C)

(Javob: arctg \f +C)

5.14. [ 5= (avob: 2vx +5 — 6In|[vx + 5+3| + C)
5.15. f = (Javob: 2Vx—1-— 21n|1+\/x -1|+c¢)
 —

x+1
5.17. x\/ﬁdx' (Javob: 2vx — 1+ 2arctgvx — 1+ C.)
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5.18. [ jg (Javob: 2 /=77 + S =7)% + +2,/(x—7)? +
2Vx—7+4C)

5.19. [ jg (Javob: 2/ (x—4)% +2/(x—4)% + 2Vx — & + +C)

5.20. [ mdx. (Javob: 2vx + 4 — 2arctgvVx + 4 + C.)

5.21. [ 22 ax - (Javob: %J(x+2)7 —g\/(x+2)5 ++2/(x+2)3 —
2Vx + 2+ C)

5.22. f\/—dx (Javob: 2+/x — 2\/_arctg\f +C.)

5.23. f - (Javob: in |—| +C)
5.24. f (Javob 2Vx =2 = 2In|1+Vx — 2| + C.)

=
5.26. f ad d" (Javob: —\/(x—2)5 + —\/(x—2)3 +8Vx =2+ +C)
5.27. XIdx (Javob: 2\/x—2—\/_arctg\/7+C)

5.28. [ == b = (Javob: 2\/(x+6)7 + Z/(x+6)° + +8,/(x+6)° +

16Vx + 6 +C)
5.29. x—6 xX—06
5.30. fz — (Javob 2\/x—8 4ln|w/x—8+2|+C.)
6.
6.1 f%dx (Javob: 33x + 1 —23/(x+ 1) +

6Yx +1— —3ln|W+1| - 6arcth+ C)

6.2. [ %dx. (Javob:x+§‘§/F—2\/E—4‘{/E+ +2in|Vx+1| +
4arctgi/x + C.)

6.3. ‘/W+de (Javob: 2 W— (x+1) +

. VR
Ei/(x+1)5 +C)
6.4. [ &\/de. (Javob: x + 3 VxZ 4+ 2vx + 63x + C.)

6.5. [ x+\/_+\/_dx (Javob: —3\/_+6arctg§/_+ C)

x(1+3%)
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VIR A
6.6. [ %dx. (Javob: - (2x+1) + 23/ (2x+1)5 + C))

6.7. [ o S S Gavob: 2 /=17 - (x—1) + 25/G—1)F -
—23./(x 1)2+ zvx—1—3\/x—1+6§/x—1—6ln|§/x—1+1|+C.)
6.8, [ V2V 4 (Javob: x =1 -2G=D5 + 12312 +

23x=T+Vx—1
+96Vx — 1 — 384%x — 1+ 768In|Vx — 1+2| + C)

6.9. fﬁ‘” - (Javob: 23/Ce+3)7 — (x+3) + 2/ +3)° —
—2GH3)7 + 2V +3 - 3Yx + 3 + 68 + 3 — 6ln|Vx + 3+1| + C)

Sx—1dx .23 N2 — 37 _
6.10. f m (Javob. 3 Vx—1) 2Vx—1+3Vx—-1
—6x =1+ 6in|Yx — 1+1| + C)

6.11. [ 2 Sdx . (Javob: 2/G+3)7 -2 GH3)S + 2Vx + 3 —
—6\/x+3—arctg\/x+ +C.)

Vr+3x . 66— 335 3

6.12. [ e (Javob.x+5\/x_ Zx/x_ 2vx +3%¥x +

+6%/x —%ln|§/§+1| — 6arctgi/x + C.)
6
6.13. [ [ Gasdx (Javob: %3,/(x+3)2 —2Vx+3+3Vx+3-

Vx+3+Vx+3
6Yx+3+ +6ln|6\/x +3+1|+C)

6.14. [ 2= “(XH)ZJ’Wd (Javob:
(x+1)(1+ 1)

2\/ (x+2)2 + 6arctg¥x + 1+ C.)
6.15.fwdx. (Javob: = \/_ 33x — 66\/_+3ln|3\/_+1|+

+6arctgifx + C.)

__V3x#1+2 _2 5
6.16. [ s . (Javob: (3x+1) Y Bx+1)5 +

23/Bx+1)2 — —4V3x + 1+ 12V3x + 1 — 48\/3x +1+
96In|33x + 1+2| + (:)

6.17. f 3:/(2x+1)2 —V2x+1
+3mn|V2x + 1 1| +C)

6.18. f3 -dx. (Javob: 6‘i/_+6(§/_+3§/_+4\/_+

9%/E++30§/§+ﬁ 2%: 3+ 2400 x—Yx-1] + )

(Javob : gi/2x+ T+3%2x+ 1+
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6.19. [ 2 (Gavob: — Vx5 — x — 447 — 2y — 44 -
4in|1- \/_|++C)

6.20. fféﬂd (Gavob: -/ Bx+1)2 +IV3x + 1 +
2V3x + 1+ +4338x + 1+ 4n|V3x + 1-1| + C.)

6.21. [ f;”j‘_ (Javob: 2vx + 24Y/x + 24in Zﬁ

6.22.fﬂd (Javob: x3+6x6 6arctg§/§+C.)

#(1+3%)

6.23. f = Vardx 75 Qavob: 2T + 6%% + 3In | & —
6.24.f ‘/_dx (Javob \/_ V_+Tarcth+C.)

6.25. f‘/_dx (Javob: 3In —§6x7—§‘i/ﬁ_2\/§_6g/§+
+C)

6.26. [ ’E_ x)dx (Javob: = \/_ Vx + In|¥x+1| + C)

6.27. [ —= Vrdx = (Javob: \/_ X+ 2Ux® = 2vx + 48/x —
—4ln|‘{/_+1|+C)

V3x+1-1 _ 2 5
6.28. [ T Wd . (Javob: (3x+1) YBx+1)5 +

1s 2_ _% _
2,/(3x+1) 3\/3x+1+2\/3x+1 4\/3x+1+
4In|3x + 1+1| + C)
6
6.29.f Vrdx (Javob \/—+3‘3/—+ 26\/‘/2;1 +C)

6.30. fﬁdx (Javob: 33\/(x+1)2 3xF1-

63x + 1+ +3in|Vx + 1+1| + 6arctg¥x + 1+ C)

-2
2| +¢)

tyc)

Q/— 1

7.
X
gE+1
7.1. f75+25mx+3cosx (Javob: arctg( = >+ C.)
.2 tg3—4
7.2. f—s . (Javob: arctg( £ )+ C.)

7.3, [ Ix209% 5y (Javob: Ztg + 31n |tg2§+ 1| - 4—arctg§+ C.)

1+cosx
74.(

(Javob: = ln +C)

54+3cosx—5sinx’
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thZ\/—

75 [ ——=—
76. [
7.7 —
78. [

(Javob: ( L )ln +C)

5v5

5cosx+10sinx’

3+2cosx sinx’

. (Javob: arctg ( ) +C)

. (Javob. —arctg (Ztg—) +5)

(Javob: In |-
‘92

“l+¢)

8—4sinx+7cosx’

79.

(Javob ——ln +C)

3+5co.

. (Javob: —ln|2tg +3| +C)

2sinx+3cosx+3’

7.11. (Javob: —arctg ( ) +C)

5+4sinx’
7.12. sroo—- (Javob: —arctg( )+ C.)
7.13. . (Javob: —ln gz 2 +C)
3sinx—4cosx’
%4758
7.14. . (Javob: = In % +C)
7sinx—3cosx’
7.15. /| ————. (Javobh: ——l tgz—4—\/ﬁ +C)
2+4sinx+3cosx’
7.16. . (Javob: ——ln +C)
4cosx+3sinx’ 2732
717. 2— smx+3cosxd . (Javob: 3x — tg— —In |tg2£+1| +C)
g2+1
7.18. +smx+3msx ( Javob: arctg< V15 ) * C)

1
+2)

dx. (Javob: 12tg + 6ln |tg2£+1| —5x+C.)

7.19. . (Javob: C —

4sinx+3cosx+5
7+6sinx—5cosx

1+cosx
g +1

7.21. . (Javob: arctg( = ) +C)

3+cosx+sinx’

-
J
J
| simics
| e yoryes
J
| resreyrme
v
| R rormerrymes
J
-
| R resrorme
J
| esryrme
J
Ve

6sinx+cosx
7.22. oo dx. (Javob: 6ln|tg —+1| - tg +x4+C)
7.23. . (Javob: C——l gz sl

3cosx— 4smx +3

tg

7.24. o (Javob: arctg( )+ C.)
7.25. . (Javob: —— n [2922BL y

4sinx— GCOSX
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7.26. [ . (Javob: —ln|5tg +3|+C)

3+5sinx+3cosx’

7.27. f m (JaVOb —arctg( >+C)
7.28. [ ——% (Javob: in —g |+ c)
729. [ % avob: = in [0 2 )
5tg5+1-V6
7 30 f 2-3cosx+sinx’ (JaVOb _l 5tg§+1+\/3 + C)
o1 tgx—2
88.1 fssmzx 16sinxcosx’ ( Javob: _l |
8.2. f 165m xdgsmxcosx (Javob: _ln |2t2£ixx1 + C')
8.3. [ e (Javob— arctg—+ C.)
84. [ %dx (Javob: In|tg?x+2| + —= arctg( )+C)
d 2t
8.5. f m (Javob: ClT'Ctg( \/g—x) +C.)
8.6. [ — tgx —dx. (Javob: —lnltg x—1|+C.)
d 2tgx—/5
8.7. f 4sin?x-5cos?x’ (JaVOb ln |2tgx+\/— ¢)
d V2t
8.8. [ m (Javob: ﬁarctg( \/:qx) +C)
8.9.f %dx (Javob' arctg(tg®x) + C.)
8.10. f cosxsm x
8.11. 1+Sm2x (Javob —arctg(\/_tgx) +C)
t
8.12. f4sm 2x+8sinxcosx’ - (Javob: _ln| el T C )
8.13. [ 4smil;2:054x dx. (Javob: Earctg(Ztgzx) +C)
8.14. [ — 4smxcosx+5Cos —. (Javob: arctg(tgx—2) + C))
8.15. f m ( Javob: —arctg (\/—tgx) + C)
1+\/_tgx
8.16. fsm o 2 (Javob —l |1 g +C.)
tgx+1
8.17. f szn2x+sm2x+3cos x (JaVOb Cf/iCtg g_\/— )+ )
tgx—
8.18. f 5sin2x— 3cos x (JaVOb \/_tgx+\/_| +C )
. 2tgx+3—-vV13
8.19. f sin2x+3sinxcosx—cos2x’ (JaVOb' \/T_3l |2tgx+3+\/_| + C)

90



8.20. fsm‘*jcl-:l::os‘} dx. (Javob: —arctg( )+C)
8.21. —7coszx+165m .- (Javob: —arctg (4t‘qx) +C))
1 V3tgx
8.22. [ ——— zeos x+3 . (Javob: Earctg( = )+C)
8.23. [ oz (Javob: iarctfg( )+ C.)
8.24. [ Smgi‘jzc;zx dx. (Javob: —ln(tg x+4)— —arctg ( ) +C)
2+2tgx

8.25. f5+35m2x (Javob: Tar tg( = )+C)
8.26. f cos’x —dx. (Javob: arctg(\/_tgx) +C)
8.27. fm (JaVOb arctg(Ztgx—l) + C)
8.28. [ ——— 5. (Javob: —arctg(Ztgx) +C.)

tgx
8.29. [ —F— sy dx. (Javob: Elnltg j_+ 3|+ C)

sin“x L1 3
8.30. [ ——— T oo, dx. (Javob: S tgx + ?arctg(\/gtgx) +C.)

9.1. fcos*3xsin? 3xdx. (Javob X —Esmlzx +—sm 6x+C.)

9.2. [ Vsin*xcos3xdx. (Javob. 5 VSLngx - E \/smlgx +C)
9.3. [ cos3xsin®xdx. (Javob: %singx - ﬁsinllx +C.)
9.4. [ cos*xsin3xdx. (Javob: ;cos7x - lcossx +C)

95. [ 3\;ﬂdx (Javob: € — VSln x.)

9.6. [ Vsin32xcos32xdx. (Javob. E \/smBZx — > sin®2x + C)
cos3x ca3fo 33/
9.7. 3\/mdx. (Javob: 3Vsinx — - Vsin’x + C))

sin3x . 1 33 3

9.8. f ﬁdx. (Javob. 3 (ﬁ) +g vVcos x + C)
3sindx o1 3

9.9. [ —5—dx. (Javob: —————+()

9.10. [ sin®xcos*xdx. (Javob: écos7x - §c055x - icosgx +C)
9.11.f sj%dx. (Javob: % VeostZx — ; Veos?x +C.)

9.12. [ VYcosZxsin3xdx. (Javob: 13—1 Veostix — g Veos®x + C.)

9.13. [ VsinZxcos3xdx. (Javob: ?\/Sirﬁx - % Vsin'lx + C.)

9.14. [ Ycos32xsin32xdx. (Javob: - i VeosT82x — % Yeos®2x + C)

9.15. C:’;de (Javob: —\/sm X — i/sinlzx +C.)
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9.16. [ sin?2xcos*2xdx. (Javob: ix - ésinSx + %sin34x +C.)
i3
9.17. 3\;%dx. (Javob : %3\/0057 —3%/cosx + C.)
9.18. [ Ycos*xsin3xdx. (Javob: = YcosTx — > Vcosox + C.
19 9
9.19. [ sin*2xcos?2xdx. (Javob: ix - ésian - %sin34x +C)

3
9.20. [ 222X gy, (Javob: ;i/sian - % Vsin’2x + C.)

sin22x

sin32x .33 75— 33
9.21. 3\/mdx. (Javob: — Vcos72x ~Vcos2x + C)
9.22. [ sin*xcos3xdx. (Javob: ésinsx - ;sin7x +C)

9.23. [ sin®xcos*xdx. (Javob: ix - ésim}x + isin3 2x+C.)

9.24. [ sin*xcos?xdx. (Javob: ix - ésim}x - isin3 2x+C.)
9.25. [ sin3xcos®xdx. (Javob: ﬁcos“x — écosgx +C)

9.26. [ 2% 4 (Javob: - — —1_4 ()

sin%x sinx sigﬁx s
. 5 5 5
9.27. [ sin®x VYcos3xdx. (Javob: < Veos™8x — S Vcos8x —
5
P VYeos?x + C.)

9.28. [ sin*xcos®xdx. (Javob: %sinsx - ésin7x + %singx +C)
9.29. [ sin*3xcos?3xdx. (Javob: —x — — sin12x — — sin36x + C.)
sindx 5 16 33 192 144
9.30. f ﬁdx. (JaVOb: ﬁ + : VcosSx + C)
Namunaviy variant yechimi
Anigmas integrallarni hisoblang.
f 7x—x%-4 d
" (x4+1)(x2-5x+6) x.

» Integral ostidagi funksiya ratsional kasrdan iborat. Uning
maxrajini ko‘paytuvchilarga ajratamiz: (x+1)(x —2)(x — 3) .
(8.9) formulaga asosan maxrajdagi har bir (x—a) ko‘paytuvchiga
bitta ﬁ qo‘shiluvchi mos keladi. Shuning uchun bizning

holimizda
7x—x2-4 7x—x%—4 A B .

(+1)(x2-5x+6)  (x+1)(x—2)(x-3) x+1  x-2 ' x-3
Oxirgi tenglikning o0‘ng tomonini umumiy maxrajga keltirib
va kasrlarning suratlarini tenglashtirib topsak,
7x —x?—4=A(x—2)(x=3) + B(x+1)(x—3) + C(x+1)(x—2)
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ayniyatni hosil qgilamiz. A\V,S koffitsientlarni xususiy
giymatlar usuli bilan topamiz (§8.6 ni qarang):

x==1] —12=12A,
x=2 6=—3V,
x=3 8=45,

Bu yerdan A=-1, V=-2, S=2. Topilgan koeffitsientlarni
integral ostidagi funksiyaning eng sodda kasrlarga yoyilmasiga
go‘yib integrallasak

7x-x2-4 Y=
J (x+1)(x2—5x+6) =/ (- m - ﬁ + —)dx = —lnjx+1] +
2In|x—3| — —2In|x=2] + € =In—22"_ 1 ¢* ni hosil
|x+1|(x=2)2

gilamiz.
Bu yerda C — integrallash doimiysi. <
15x—x2-11
2 f (x—l%(x2+x—2) dx ,
15x—x“-11 — 15x—x —11 _JggL_
f (x—-1)(x2+x-2) f (x—1)2(x+2) f(

)d §8.6:

(x 1)2

x+2

15x — x? — 11=A(x—1)(x+2) + B(x+2) + C(x—1)?,
x=1 3=3V, V=i,
=x=-2—-45=9S, §=-5, =
x* —1=A+S, A=4
5 =_ I i
=f (— e 1)2 —m)dx = —5In|x+2| + 4in|x—1]| T C.

Shuni ta’kidlash lozimki, koeffitsientlarni topish uchun
xususiy qiymatlar usuli va noma’lum koeffitsientlar usuli
go‘llanildi. (§ 8.6 ni garang). <«

x*—8x3+23x%2-43x+27

3. 100 = f (x—2)(x2—2x+5)

P Integral ostidagi funksiya noto‘g‘ri kasr bo‘lganligi uchun
kasrning suratini maxrajiga bo‘lib, uni butun ko‘phad va to‘g‘ri
kasrlar yig‘indisi shaklida ifodalash mumkin

_ _ -2x2+3x-13 _§86_ A
1(x)=[ (x—4 +7(x_2)(x2_2x+5))dx —4x+ [ ( +

Bx+C
)dx=
x2-2x+5
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—2x%2 + 3x — 13 = A(x2=2x+5) + (Bx+C)(x-2),
=x=2 —15=5A, 4=-3, =
X —2=A+V, v:1,
X’ —13=54— 2S S=
— _ x?
== —4x+ f (— +—= 2er5)d =5 4x — 3ln|x—2| +
Elnlx —2x+5|+ C". <
2x3-5x2+8x-22
4. f x*+9x2+20 d

2x3-5x2+8x—-22 2x3—5x2+8x—22 AX+B Cx+D
’f x*+9x2+20 f (x2+4)(x2+5) f( x2+4 x2+5)d
2x3 —5x% + 8x — 22 = (Ax+B)(x? +5) + (Cx+D)(x*+4),
x}2=A+S, A=0
=x? -5=V+D, V=-2, =
X 8:5A+4S, S=2,
x° —22=5V+4D, D=-3
=f (x2+4 2§+z)dx——arctg( ) + In(|x?+5]) — —arctg( ) +C. <

5 f x+1
’f x+1 \/ —2=t x_z_tZ

Cx=t242 dx=2tdt

zf (t2+3)ear +3)tdt —2f (t2+3t+ 12+%)dt:
) (gt +Et +12t+36ln(|t—3|)) +C=
2

f?/(x —2)3—-3(x—2) —24Vx —2 = 72In|Vx —2-3| + C. <«
6 f 4\/xT2+6\/xT2

Va—2+23x=2
4N x—2+Vx—2 m= ,3, =6, x — = t6,
[ WrzHx=z g EKUK(2,3,6) =6 2=1t5 _
Ve—2+23x=2 X =1t6+2, dx = 665dr
_(at3-t)etar 4t6—t4
=/ t3+2¢2 =6/ oy dt= »
=6/ (4t° — 8t4 + 15t3 — 30t2 +60t — 120 + )dt=
=6(240in(|t+2]) + 2= — 22 4+ 352 _ 10¢3 + 3062 — 120¢) + C=

5

=4(x—2) - 2/ (x— )5 +2 i/(x 2)2 - 60Vx — 2 — 7208/x — 2 +
+180\/x— 2+ 1440ln|\/x— 2+2|+ C. <

7. f : dx

3sinx—2cosx+1"



X 2t _1-t2
t = th,SlTlx —m ,COSX =

dx 27
>J' : = 1+t% —
3sinx—2cosx+1 __2at _
dx = —,x = 2arctgt
1+t2
dt dt 2 dt 2 dt
=2J 6t—2+2t2+1+t2 2J 3t246t-1 Ef £2 =3/ 2 27
+2t—3 3 (t+1) -3
b
2v3,  [t+1-2/V3 _ \/_tg +V3-2
=-—1 +C= —l —%—|+C. <
3 4 t+1+2/V3
8 f dx
' 2sin?x—sin2x+3cos?x’
f dx —(8.14)_

2sin2x—sin2x+3cos2x

_ 2. b _
t =tgx,sin“x ey rvvelll
dt

1+t2’ X = 1+t2
— _ dat  _1(2 t—
=f 21;2 2t+3 _f L,z t+ f (t_ )2+5— E(TE) arctg(

=1 arctg (Ztgx 21) +C. 4

sinxcosx =

N[ =

)+e-

s[5

7 V5
cos 4x
9 f 5\/sm4x .
>fcos4x _ sindx =t, _f(l t)dt —f(tS—tS)dt—

m dt = 4cos4xdx

4
1( t5—it5)+C— \/sm‘*4x——\/sm144x+C |

8.10 8- bo‘limga doir qo ‘shimcha topshiriglar
Anigmas integrallarni hisoblang.
. fx2V4 — x2dx. (Javob: f(x2—2)\/4 —x2+ 2arcsin’2—c +C.)
xx/ﬁ+2\/4-x2+1
f (x2+4)m (Javob: 4\/_ xVI5-2/4x2+1 c)
[ (x+1)Vx2 + 2xdx. (Javob: ;,/(x2+3x)3 +C)

[ n(x+V1 + x2)dx. Javob: xin(x+v1+x2) —V1+xZ+C.)

. [ arccos /—dx (Javob xarccos / +Vx — arctgvVx + C.)
_ Zxdx _1 1 2

) TGIDE (Javob: ( — 1) . Linlx+1] + 4ln|1 +x%|+C)

) h:/();ll) dx. (Javob: 2vx + 1(In|x+1|-2) + C.)

[ e¥Zdx. (Javob: 3¢ V¥ (¥x?—23/x+2) + C))

©® N o Ew N e
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9. Aniq integral
9.1. Aniq integral tushunchasi. Aniq integrallarni hisoblash
y=f(x) funksiya [a;b] kesmada aniglangan bo‘lsin. Ushbu
kesmani ixtiyoriy usul bilan a=xo< x;< x; <... x,=b nugtalar
orgali uzunligi 4 xi= X — X1, i=1,7n bo‘lgan bo‘lakchalarga
bo‘laylik. Har bir bo‘lakchada bittadan & , Xi1< &< X; nugtani
ixtiyoriy tanlaymiz (9.1-rasm). Quyidagi yig‘indini

Sn = Z DA%,

i=1
y=f(x) funksiyaning [a,b] kesmadagi n-integral yig‘indisi
deyiladi. Geometrik nuqtai nazardan S,-yig‘indi 9.1-rasmda
tasvirlangan to‘g‘ri to‘rtburchaklar yuzalarining yig‘indisi bo‘lib,
ularning asoslari 4 x; kesmalardan, balandligi esa £(&) ga teng.

A

A y

9.1- rasm

Snintegral yig‘indining qismiy kesmalarning eng kattasi 0 ga
intilgandagi limiti f(x) funksiyaning x=a dan x=b gacha aniq
integral deyiladi va ushbu ko‘rinishda belgilanadi

liMmaras -0 Dia f (§0A% = [} f()dx (9.)

Bu yerda f(x) integral ostidagi funksiya, [a;b] -kesma
integrallash oralig‘i, a va b sonlar integrallashning quyi va yuqori
chegaralari, x-integrallash o‘zgaruvchisi deyiladi.

Teorema. Agar f(x) funksiya [a;b] kesmada aniglangan, ham
uzluksiz bo‘lsa, u [a,b] oraligda integrallanuvchi bo‘ladi, ya’ni
(9.1) integral yig‘indining limiti mavjud va u [a;b] kesmani
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bo‘lish usuliga, qismiy kesmalardan nuqta tanlashga bog‘liq
bo‘Imaydi.

Agar f(x)>0, x€[a;b] bo‘lsa, aniq integralning geometrik
ma’nosi, y=f(x) funksiyaning grafigi, x=a, x=b to‘g‘ri chiziglar va
Ox o‘qi bilan chegaralangan figuraning yuzini anglatadi. Bu
figura egri chizigli trapetsiya deyiladi. Umumiy holda, f(x)
funksiya [a;b] kesmada turli ishoraga ega bo‘lsa, aniq integral Ox
o‘gqning yuqori gismida va quyi qismida joylashgan egri chiziqli
trapetsiyalar yuzalarining ayirmasini bildiradi, Ox o‘qidan pastda
joylashgan yuzalar minus ishorasi bilan olinadi. Masalan grafigi
9.2 rasmdagi funksiya uchun

afabf(x)dx =851 =5, +5;

9.2-rasm

Aniq integralning asosiy xossalarini keltirib o‘tamiz (f(x) va
¢(x) funksiyalarni mos kesmalarda integrallanuvchi deb faraz
gilamiz)

D) [0 £ o(e)dx = [ f)dx £ [ p()dx;

2) f: cf (x)dx = ¢ f:f(x)dx (c = const);

3) [, fx)dx = - f; f(x)dx;

4) [, fydx = [ fGIdx + [ f (o)

5) agar[a;b] kesmada f{x)>0 va a<b bo‘lsa, u holda

fabf(x)dx >0

6) agar ¢(x) < f(x), x[a;b], a<b u holda

[} p()dx < [ f(x)dx
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7) agar m=min,e[q;p) f (x) , M = maX,,q;p f(x) vaa<b
bo‘lsa u holda
m(b—a) < f;f(x)dx <M(b—-a)
8) agar f(x) funksiya [a;b ] kesmada uzluksiz bo‘lsa kamida
bitta x=c, x< ¢<b nuqta topiladiki, quyidagi tenglik bajariladi
I, fGdx = f(©) (b - a)
9) agar f(x) funksiyamiz uzluksiz va ®(x)=J" f (t)dt tenglik
o‘rinli bo‘lsa u holda
O'(x) = f(x)
ya’ni aniq integraldan yuqori chegarasi X o‘zgaruvchi
bo‘yicha hosila, integral ostidagi funksiyaning yuqori
chegarasidagi giymatiga teng.
10) agar F(x)— birorta boshlang‘ich funksiya bo‘lsa, quyidagi
tenglik o‘rinli
2 Fodx = F(b) = F(a) = FCo)l
va bu formula Nyuton — Leybnits formulasi deyiladi. Uni F(x)
boshlang‘ich funksiya ma’lum bo‘lgan holda x=a va x=b
qiymatlarda hisoblash qiyinchilik tug‘dirmaydigan shartlarda
qo‘llangan maqul.

1-misol. Aniq integral hisoblansin
J730x - 1)%dx
730 —1)2%dx = (x — 1)3@ —2-1P-(1-1)°=14
2-misol. Hisoblang

JP(V2X + ¥x)dx
3 4
> (V2% + VR)dx = [}V Zxdx + [ Wedw = 1228 4 S =
2 3

1 R - |
3-misol. Hisoblang

Jgsin®p do
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3 cin3 — (201 — 2 _
> [2sin® pde = — [2(1 - cos*p)d(cosp) =

s s

L |E
—Cos @ ? +% 2 =24
0 0
4-misol. Hisoblang
fz 2x—-1
1 x3+x

Integral ostidagi funksiya to‘g‘ri ratsional kasr, uni sodda
kasrlarga ajratib olamiz
22 =£+Bx+c 2x—1=A(x*+1) + Bx?>+Cx

x3+x x2+1’

x!-1=A

x? 0=A+B }
x° 2=C

bundan A=-1, B=1, C=2. Demak,
fz 271 x = flz (—1 + -+ L) dx = (— In|x| + iln(l +x2) +

1 x3+x x  1+x2  1+x2

Zarctgx) |i = —In2 +%ln5 + 2arctg2 — %lnz —2arctg 1 = %lng +
2(arctg 2 —arctg 1) == 0.38
Faraz gilaylik, y=f(x) funksiya [a;b] kesmada uzluksiz,
X=g(t) funksiya o‘zining hosilasi bilan [«; §] kesmada uzluksiz,
monoton va ¢(a) = a, (B) = b tenglik o‘rinli, murakkab f{p(?))
funksiya [a; 8] kesmada uzluksiz bo‘lsin. U holda aniq integral
uchun o‘zgaruvchini almashtirish formulasi o‘rinli

[2fdx = [ fle)e'(©de (9.2)

5-misol. Hisoblang

f8 xdx
3 Vi+x

» Quyidagi V1 + x = t almashtirishni bajaramiz. U holda
x=t*"1, dx=2tdt. x=3 bo‘lganda giymatidat = 2 = a,x = 8 da
t = 3 = [ bo‘ladi. Yuqoridagi (9.2) formula uchun hamma
shartlar bajarilgan. Demak,
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8 xdx _ (3(t2-1)2tdt _ . 3 o (t? 3
f3 \/x+1_f2 t _2f2 (tz_l)dt_z(?_t)lz B
8 32
2(9—3)—2(5—2) ==24

6-misol. Hisoblang

T
- dx
2

0 2cosx+3

» Integral ostidau = tg (g) almashtirishni bajarsak cosx =

1-u? T .
= =tg (—) = 1 bo‘ladi. Demak,

1+u 4

T o4 1 2 1 2d 2 1

- X 2 u u

2 = L — | = —arctg—|. =

0 2cosx+3 0 2(1-u?) . 0 u2+5 +/5 V5'0

(1+u?)

2 1
\/—garctg N 0.384

Agar u(x) va v(x) funksiyalar [a;b] kesmada uzluksiz xususiy
hosilalarga ega bo‘lsa, u holda

[ u@dv() = u@) - v)|° - [} v du@) 93)

7-misol. Integralni hisoblang fOExcosxdx
u=x du = dx|

> f 2 xcosxdx = |
dv = cosxdx v = sinx

n T
. T -
xsinx |2 — [2 sinxdx = = Zsin= — 0 + cosx 2:——14
0 0 2 2 e

8-misol. Integralni hisoblang fle xIn?xdx

. u=In?x du=2nx-~dx
> [ xIn*xdx = P
dv = xdx v=5x2
| u=Inx |
L1 du=~dx| ,
~x%ln — J; xInxdx = = dv = xdx| 267~
1 1,
V=EX
x? e e121 o2 1 5 1ce _1.,€ __
(zlnx|1 E dx) se? 42 [ xdx = Jx?| ==
(e —1).4
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9.1-AT
Aniq integral hisoblansin.

1f2( 2 4 i)dx(]avob:%
2. f \/_dx (Javob : )

3. fle xm (Javob : 2)

4. (! (Javob : arctg—)

0 x2+4 +5

5. f_ZEVCOSX — cos3xdx (Javob : g)
2

4
Sy 1+W (Javob : 2 — In2)
7. fo x°V1 + x2dx (Javob : %)
8. f02v4—x2dx (Javob : m)

Javob : In 720

9 J-3 dx
1 x\/ 2+5x+

10. fo — '—3x+ (Javob : —ln112)
Mustagqil ish
Aniq integrallarni hisoblang
L af (22 +2)dx
7+2In2)
2. 4)f;%=dy;b) f‘* l’fj_ (Javob: 2)23/3; b)16/3-2In3)
9 d
3. ), Grai Dy

9.2 Xosmas integrallar
Agar y=f(x) funksiya a < x < 40, oraliqda uzluksiz bo‘lsa,
u holda
ff f(x)dx = I(B) integral B ning uzluksiz funksiyasi bo‘ladi.
(9.3-rasm)
U holda quyidagi limit
limg_ 4, [7 FO0)dx (9.4)
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f(x) funksiyaning [a; +] oraligda yuqori chegarasi cheksiz
bo‘lgan xosmas integrali deyiladi.

[ f(x)dx (9.5)

9.3-rasm
Demak, ta’rif bo‘yicha
177 Feodx = limg. o [ f(0)dx

Agar (9.4) limit mavjud bo‘lsa, u holda (9.5) integral
yaqinlashuvchi, agar (9.4) limit mavjud bo‘lmasa, xususan
cheksiz bo‘lsa uzoqlashuvchi deyiladi.

Quyi chegarasi cheksiz bo‘lgan xosmas integrallar va yuqori,
quyi chegarasi cheksiz bo‘lgan xosmas integrallar ham shu kabi
aniglanadi:

f_boof(x)dx = limy,_co f;f(x) dx,

S22 F@odx = limy o [ f(0)dax +limp_ o, [7 f(x)dx

bu yerda —wo<c<+oo . Agar fa+°°|f(x)|dx integral
yaqginlashuvchi bo‘lsa u holda (9.5) integral absolyut
yaginlashuvchi  deyiladi.  Xosmas  (9.5) integralning
yaginlashishini tekshirish uchun quyidagi tagqoslash belgilaridan
foydalanish mumkin.

1-teorema. Agar barcha x >a uchun 0 < f(x) < ¢(x)
tengsizlik o‘rinli bo‘lsa, u holda:

1) agar [ “@(x)dx integral yaginlashsa [' f(x)dx
integral ham yaginlashadi shu bilan birga fa+°°f(x)dx <

L7 p(x)dx
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2) agar [ f (x)dx integral uzoglashsa u holda [ ¢ (x)dx
integral ham uzoqlashuvchi bo‘ladi. Absolyut yaginlashuvchi
xosmas integral yaqginlashuvchi bo‘ladi.

1-misol. Xosmas integral f:"f—i (a > 0) berilgan. Ushbu
integral o ning qanday qiymatlarida yaqinlashuvchi, ganday

qiymatlarida uzoqlashuvchi bo‘ladi?
» Faraz qilaylik, a;kl bo‘lsin. U holda:

d _a.B 1 _
ffxz: 1a| :_( 105_1)’
f1+ooz_x - hmB—)oo_(Bl * 1)

Demak, agar a>1, bo‘lsa

1 x@ a-1
ya’ni integral yaqinlashuvchi, agar a<1, bo‘lsa
+00 dx _
S =t
ya’ni integral uzoqlashuvchi bo‘ladi.

Agar a=1, bo‘lsa
+00 dx . _
fl x B—)+oof x Bl—1>r+r—100 InB = +oo
ya’ni integral uzoqlashuvchl bo‘ladi.
2-misol. Xosmas integralni hisoblang
J-+oo dx
1 x2+4x+13
yoki uning uzoqlashuvchi ekanligini ko‘rsating
x+2 B
| e —

+00 d
>/ —Z = llm,;_,w,f1 v_dx llm,;_H_oo arctg ==1

xZ+4x+13 (x+2)2+9

1,.
Ellmﬁ_,Jroo(arctg T —arctgl) = 3 (g — %) = %4

3-misol. Xosmas integralni yaginlashishini isbotlang.
f+oo dx

1 (x241)eX
tengsizlik o‘rinli bo‘ladi va

» x > 1 giymatda

<
(x2+1)e* — (1+x2)
integral
400 dx B dx ﬁ _
fl (1+x2) g_ri}o fl m - llmﬁ—m arctgx |

11m (arctgﬂ —arctgl) =-— _Z = —4
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yaginlashuvchi, demak 1-teoremaga ko‘ra berilgan integral
yaqinlashuvchi bo‘ladi.

Eslatma. Integrallash oralig‘i cheksiz bo‘lgan xosmas
integrallarni hisoblashda quydagi tenglikdan foydalanamiz

(%] 40
[T fdx = F@I™
bu yerda F'(x)=f(x) va F(+wx) = 11111 F(x)
X—>+o0
Faraz qgilaylik y=f(x) funksiya [a;b] kesmaning x=c
nugqtasidan tashqari barcha nuqtalarida uzluksiz bo‘lsin. U holda
ta’rifga asosan:

J; fdx =
limg, Lo [} f(x)dx + lim,, fc”ﬂz FO)dx (9.6)
Bu yerda, £, &, > 0 va s nugta ikkinchi tur uzilish nugtasi.
Yuqgoridagi (9.6) integral uzulishga ega bo‘lgan funksiyaning
xosmas integrali deyiladi. Agar (9.6) tenglikning o‘ng tomonidagi
limitlar mavjud bo‘lsa, bu integral yaqinlashuvchi, agar ulardan
kamida bittasi mavjud bo‘lmasa, integral uzoqlashuvchi deyiladi.
Uzilish ¢ nugtasi s uchun c=a yoki c=b bo‘lsa, (9.6) tenglikning

o‘ng tomonida faqat bitta limit bo‘ladi.

A

Y

|
|
|
|
|
|
|
l
[
|
l
|
|
|
|
|
1
s

v

I
a of c—5lcteg b X
|

9.4-rasm
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4-misol. Xosmas integral uchun yaginlashish va uzoglashish

shartlarini aniglang

1dx
0 Ta (a = const > 0)

» Integral ostidagi funksiya x=0 nugtada ikkinchi tur

uzlishga ega. Agar a # 1 bo‘lsa u holda

ldx _ lax _ . kot ]
0 xa — MMgso40 fg o = MMeso040 |(9 =

1
= lim, g0 (—; — =) —{m a<l
- £-0+0 \ _ _ -
a+1 a+1 0o, a > 1

—a+1

Agar a=1 bo‘lsa foldx—x = ligr}rolnlx| 1 =— lirPOlns = +o00,
£ &>

Demak, ushbu hosmas integral 0<a<1 da yaginlashuvchi o>/ da
esa uzoqlashuvchi bo‘ladi.

5-misol. Xosmas

1 dx
fo i

integralni hisoblang

» Integral ostidagi funksiya x=1 nuqtada cheksiz uzilishga
ega. Demak, ta’rif bo‘yicha

1 dx . 1-¢ 2 ,
N = lim,o [, (1 —x)72dx = lim,_o(=2)(1 —
J1—¢
xX)2 =
0

= =2limo(VI =1+ e+ V1 —-0) = 2lim, (1 — Ve) =
2 (¢ > 0) ya’ni bu integral yaqinlashuvchi bo‘ladi. €

2-Teorema. Agar [a;b] kesmada x=c nugtadan tashqgar
ibarcha nuqtalarda ¢(x)>f(x)>0 tengsizlik bajarilsa, va fagqat x=c
nuqtada bu funksiyalar cheksiz uzilishga ega bo ‘Isa, u holda

1) agar

b
J, p(x)dx
integral yaqginlashuvchi bo ‘Isa,

ff f(x)dx

integral ham yaginlashuvchi bo ‘ladi.
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2) agar
[? f(x)dx
integral uzoglashuvchi bo ‘Isa,

2 o(x)dx

integral ham uzoglashuvchi bo ‘ladi.
Bu 1 va 2 tasdiglar taggoslash teoremalari deyiladi.
6-Misol. Xosmas

1
fO $x+2x3
integralning yaginlashishini tekshiring:

» Integral ostidagi funksiya x=0 nugtada uzilishga ega
1 1

I G
Vx +2x3 7~ x
va x>() da yuqoridagi tengsizlik o‘rinli bo‘ladi. Bundan
Xosmas

1d 1 _ 2.
Jy 3; lim,_,q fw de = lim,_ = ﬁ|€ = ~lim, (1~ Ve) =
2 (e>0)
integral yaginlashuvchi va 2 teoremaning 1 tasdig‘iga ko‘ra

berilgan xosmas integral yaqinlashuvchi bo‘ladi. «
9.2- AT
Berilgan xosmas integrallar hisoblansin.

1. fle Inxdx (Javob : 1)

2. f:xzcosxdx (Javob : —2m)

3. fﬂz cosvxdx (Javob : —4)

4, f xarctgxdx (Javob : ———)
5. fo x2e*dx (Javob : e — 2)

Xosmas integrallarni hisoblang yoki ularning
uzoqlashuvchiekanini ko‘rsating.

6. f:" s = (Javob: 0,5)
7. f x3e**dx (Javob: 0,5)

8 J-OO 2+sinx

Vx

dx (Javob: uzoglashuvchi)
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fo x(l (Jovob 1)
2 xdx

10f\/_(/ avob: —)

Mustagqil ish
1.1) Integralni hisoblang
fol xe *dx (Javob: 1-2/e)
2) Integralni hisoblang yoki uning uzoglashuvchi ekanligini
ko‘rsating

d
ff x\/;;_x (Javob: 2)

2.1) Integralni hisoblang
f: xsinxdx; (Javob: )
2) Xosmas integralni hisoblang yoki uni uzoglashuvchi
ekanligini ko‘rsating
[ XX (Javob: 0.5)

0 (1+x)3’
3.1) Integralni hisoblang

f xe3*dx; (Javob: )

2) Xosmas integralni hisoblang yokl uning uzoglashuvchi
ekanligini ko‘rsating
[?22. (Javob: Uzoglashuvchi)

1 xin
9.3 Aniq mtegralnlng geometrik masalalarga tatbiqi

Yassi figuraning yuzini hisoblash. Aniq integral (f{x)>0
X € [a;b]), geometrik nuqtai nazardan (9.1§) egri chizigli
trapetsiyaning yuziga teng bo‘lar edi. Yassi figuraning yuzini esa
egri chiziqli trapetsiya yuzlarining yig‘indisi va ayirmasi sifatida
garash mumkin. Demak, aniq integral yordamida turli yassi
figuralarning yuzalarini hisoblash mumkin.

1-misol. Ushbu y=x*2x egri chizigq, x=-1, x=1 to‘g‘ri
chiziglar va Ox o‘qi bilan chegaralangan yassi figuraning yuzini
hisoblang.

P Dastlab berilgan chiziglar bilan chegaralangan figurani
chizib olamiz (9.5-rasm). Qidirilayotgan yuza S=|S;|+|S;|=S:-S;
demak,

2e3+1
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S = fo (x% — 2x)dx — fol(x2 —2x)dx = (963—3— xz) |_01 -
(F-2)lp=(-1) =24

Umumiy holda berilgan figura y=fi(x), y=f,(x) egri chiziglar,
X=a, X=Db to‘g‘ri chiziqlar bilan chegaralangan bo‘lsa, bu yerda
f1(x)<fa(X), X[a@;b], (9.6-rasm) u holda

s = [, () = fi(x))dx (9.7)

2-misol. Quyidagi y=3x-x* va y=-x chiziglar bilan
chegaralangan figuraning yuzasini hisoblang.

» Egri chiziglarning kesishish nugtasini topib olamiz va
yuzasi gidirilayotgan figuraning rasmini chizib olamiz (9.7-rasm)

y = 3x — x? y=-x
y=-—x }:{—x=3x—x2

Sistemani yechib: x;=0, x,=4, y;=0, y,=—4 giymatlarga ega

bo‘lamiz, u holda (9.7) formulaga ko‘ra
4

S = f04(3x —x% — (—x))dx = f04(4x —x¥dx = (sz —x;) |0 = %4
Agar egri chizigli trapetsiyani chegaralovchi AV egri chiziq
parametrik ko‘rinishda berilgan bo‘lsa x=¢(?), y=y(t) u holda

uning yuzasi

S =[] w®e @) dt (98)
bu yerda a va f, g(a)=a, w(p)=b tenglamadan aniglanadi
(w(1)>0, [o;f] kesmada) formula bilan aniglanadi.

3-misol. Berllgan — + — =1 ellips bilan chegaralangan

yuzani hisoblang

» Ellipsning parametrik tenglamasini yozib olamiz: x=acost,
y=bsint. Figuraning simmetrik ekanligini hisobga olib va (9.8)
formuladan (9.9-rasm)

S= 4faydx = 4f1? asint(—bsint)dt = 4ab [Z sin*tdt = =

1-cos2t

4ab f2 dt = 2ab (t - —sm2t) |2 = nab <

Egri ch|2|q qutb koordlnatalar sistemasida p=p(p) tenglama
bilan berilgan bo‘lsa, egri chizigli OM;M, (9.10-rasm), egri
chizigning yoyi va OM; va OM, ¢; va ¢, giymatlarga mos
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keluvchi qutb radiuslari bilan chegaralangan sektorning yuzi
ushbu formula bilan hisoblanadi.

_ 1192 2
5 =312 (p(0)de ©9)
yﬂ
3 Ve y=f,(x)
¢
n}’c 5
) 7T /2 x 9@ Xc%bx
1 y=f,(x)

9.6-rasm

9.10-rasm

9.9-rasm
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4-misol. (x% + y?)? = a®*(x* — y?) Bernulli lemniskatasi
bilan chegaralangan figuraning yuzini hisoblang

»Egri chizigning tenglamasini qutb  koordinatalar
sistemasida yozib olamiz. Tenglamada x = pcos¢,y = psing
almashtirish bajarsak, p? = a%cos2¢

yoki p = a,/cos2¢ . Figuraning simmetrikligini hisobga
olsak, gidirilayotgan yuza (9.9) formula bilan hisoblanadi:

n T
S = 4'%]02612C05‘2(pd§0 = 2a* -%sin2<p|4 = a’ <«
0
Egri chizig yoyining uzunligini hisoblash. Agar egri
chizigning AB yoyi (a:b) va y=f(x) tenglama bilan berilgan bo‘lib,

f(x)-differensiallanuvchi funksiya bo‘lsa, u holda AB yoyning
uzunligi (9.12-rasm)

L= |1+y"dx (9.10)
formula bilan hisoblanadi.

} B
(
C
YC[ {
Xc b X
9.11 rasm 9.12 rasm

Agar egri chiziq o‘zining parametrik tenglamalari x =
@(t),y = P(t) lar bilan berilgan bo‘lib, x = @(t),y = P (¢t) lar
differensiallanuvchi funksiyalar bo‘lsa, u holda | yoyning uzunligi

1=[f /x'§+y'§dt 9.11)

formula bilan hisoblanadi, parametr t ning o va g qiymatlari
yoyning chekka nugtalari A va B ga mos keladi.
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Agar sillig egri chizig qutb koordinatalar sistemasida
L = p(@) tenglama bilan berilgan bo‘lsa, M;M, yoyning |
uzunligi ushbu formula bilan hisoblanadi:

¢2
|= j Jpt+p? dg (9.12)
¢

Bu yerda @, Ve, giymatlari yoyning boshi va oxirgi

nuqgalari M; va M, ga mos keladi.
5 — misol. Egri chiziq y:%x/? tenglama bilan berilgan,

yoyning boshi va oxirgi nugtalari abssissalari x1:\/§ va X2=\/§
bo‘lsa, yoyning uzunligini toping.

p Yoyni uzunligini hisoblash uchun (9.10) formuladan
foydalanamiz

|_j,/1+(\/' dx - J.\/1+_dx_(1+x)/f =

2
6-misol. Sikloidaning birinchi arkasi yoyining uzunligini
toping

y=a(l—cost),x =a(t—sint)
p Sikloidaning hamma arkalari bir xil, birinchi arkada t
parametr 0 dan 2 7 gacha o‘zgaradi. U holda (9.11) formulani
qo‘llaymiZ'

2z
| = I 2l cost)2+azsin2t dt=a | \/1—2005t+coszt+sin2t dt =
0 0

27 ox
~a | J2@—cost) dt=2a [ sin= dt = —4acos£‘26f _ga <
0 0 2 5

7-misol. Logarifmik spiralning bitta aylanishda hosil
bo‘ladigan yoyining uzunligini toping. p = e?
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p Qutb koordinatalarida yoyning uzunligini hisoblash (9.12)
formulasidan

2z 2z
| = J'\/ez‘/’ +e2 dp= jﬁe¢d¢=\@e¢ Zgzﬁ(ez” ~1)~10816 €
0 0
kelib chigadi.

Jismlarning hajmini hisoblash. Fazoda berilgan jism Ox

o‘qidagi [ a, b ] kesmaga proeksiyalansin. Har ganday OX
o‘qiga perpendikulyar X €[a, b] nuqtadan o‘tuvchi tekislik, jism
bilan kesishganda, yuzi S(x) ga teng figura hosil giladi (9.13
rasm). Bunda jismning hajmi quyidagi formula bilan hisoblanadi:

b
V = j S(x) dx (9.13)

Xususan OX o°qi atrofida egri chiziqli aABb (9.14-rasm)
trapetsiyani aylantirsak, ko‘ndalang kesimning yuzi: S(X) = n
(f(x))* ga teng bo‘ladi. Shuning uchun egri chizigli trapetsiyani

OX o¢qi atrofida aylantirishdan hosil bo‘lgan jismning hajmi:
b
V, =7 j (f(x))? dx (9.14)
a

formula orgali ifodalanadi.

9.13-rasm
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S(x)

9.14-rasm

9.15-rasm

8-misol. Ushbu sirt bilan chegaralangan jismning hajmi

hisoblansin
=y

7 +b—2+

p Berilgan tenglama bo‘yicha ellipsoidning rasmini chizib
olamiz (9.15-rasm). Oy o‘qgiga perpendikulyar va ye[-b;b]
ixtiyorty nuqtadan o‘tuvchi tekislikni qaraymiz. Ko‘ndalang
kesimda:

x>z y? y2

2
—+—=1-=, y=const yoki agar 1— 2~ >0 bo‘lsa
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NG z°

2 2+ 2 2

[aJl—EZZJ [ch—éJ
Y’ WY’

ya’ni, yarim o‘qlari a, =a 1—b—2, c,=C 1_F bo‘lgan

ellipsni hosil gilamiz.
Bu kesimlarning yuzi:

=1, y=const

2
S(y)=ra,-C = m-c(l—%).

U holda (9.13) formuladan
b 2 b 2 3
y y y’\[p_4
V=|mc@-=)dy=2zc|(l-=)dy=2mc(y——=—)| =—mbc
jb (t-7) dy !( )y (V=327 3

9-misol. Oxy tekislikda yotuvchi va y2 =4-x,x=0
chiziglar bilan chegaralangan figurani Oy o‘qi atrofida
aylantirishdan hosil bo‘lgan jismning hajmini hisoblang.

p Rasmdan (9.16-rasm) ko‘rinib turibdiki:

d 2 2 2 5
_ 24, N2, 22 4, _ 2, 8\ 8 5.y _
v, —E!X dy_ﬂ£(4—y ) dy—27rj0'(4—y ) dy—erb[(lﬁ—Sy +y )dy_25{16y—3y +5]0_
—or(32-2132) 52 107,234
3 5 15
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Aylanish jismlarining sirtlari yuzini hisoblash

Agar y = f(x) funkssiya uzluksiz differensiallanuvchi
bo‘lsa, shu egrichizigning AB gismi yoki
A(a; f(a)), B(b; f (b)) Ox o‘qi atrofida aylanishidan hosil
bo‘lgan sirtning yuzi:

Q=2 [’ f(x) 11+ (f'00)” dx (9.15)

formula orgali topiladi.

9.17-rasm

10-misol. y2 =2X+1 parabolaning X =1 va X, =7
abssissalar oralig‘idagi yoyini (9.17) aylantirishdan hosil bo‘lgan
sirtning yuzasi hisoblansin.

p Rasmdan va (9.15) formuladan quyidagiga ega bo‘lamiz:

2
Qx=27rf17\/2x+1\/1+(\/2iﬁ) dx=27tf17\/2x+1+1dx=

7 1(2x+2)3/2|7 2 112
2m [ V2x+1dx == 2m - ;22— | = Zm(64 - 8) = =7«
1
AT-9.3.

1. Ushbu Y°=9X,y=3X chiziglar bilan chegaralangan
soxaning yuzasini toping ( Javob:0,5).
2. Y=X*+4X, y=X+4 chiziglar bilan chegaralangan

soxaning yuzasini toping ( Javob: 12?5).
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2

L y:X? chiziglar bilan chegaralangan

(1+x2)

3. Ushbu y =
. L. 7 1
soxalarning yuzasini toping (Javob: 573 ).

4. Yopiq y2 =x* —x* chiziq bilan chegaralangan soxaning
yuzasini toping (Javob: 4/3).

5. Sikloidaning birinchi arkasi y =a (1—cost),
x=a (t—sint)va OX o‘qi bilan chegaralangan soxaning yuzasini

hisoblang (Javob: 3za?).
6. Parametrik ko‘rinishdagi x=3t*, y=3t—t* chiziq bilan

chegaralangan soxaning yuzasini hisoblang (Javob: 72;@ ).

7. y=xe 2 egri chizij va uning asimptotasi bilan
chegaralangan soxaning yuzasini hisoblang (Javob: 2).

8. Kardioida bilan chegaralangan soxaning yuzasini
hisoblang: p=a (1—cos¢).(Javob: 3za*/2).

9. Ushbu x24y2=4 x*+y2=9, y=X y=-x/3
chiziglar bilan chegaralangan soxaning yuzasini hisoblang

(Javob: 257),
24

Mustagqil ish
1. Ushbu chiziglar bilan chegaralangan soxaning yuzasini
hisoblang:

a) Yy’ =x+5 y'=-x+4, b)p=acos2¢ (Javob:
2
a) 942; b)%)-
2. a)y=(x-4)?, y=16-x* chiziglar bilan chegaralangani

soxaning yuzasini hisoblang:
b) Arximed spiralining birinchi va ikkinchi o‘rami orasidagi,

p=a¢ (a>0) yuzani hisoblang (Javob: a)%f‘; b)SaLj).
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3) Ushbu egri chiziglar bilan chegaralangan soxalarning
yuzasini hisoblang:

3. @Q)4y=8x—X’, 4y=x+6; b)y=4t*-6t, x=2t va Ox
o‘qi (Javob: 4 49 (5 0a.  p)2).
24 2

AT-94

1. Berilgan y=2\/; parabolaning x;=0 va x,=1 abssissalari
o‘rtasidagi yoy uzunligini hisoblang. (Javob: V2 +In 1+ \/E)
~2,29)

2. Astroidaning uzunligi hisoblansin x=a cos’t, y=a sin’t.
(Javob: 6a)

3. Kardiodaning uzunligini hisoblang p =a (1- cos @ ).
(Javob: 8a)

4, yzél(x—l)3 egri chizigning x;=1, x,=9 abssissalar

o‘rtasidagi yoy bo‘lagining uzunligi hisoblansin.( Javob: %)

2 2
5. Ushbu z= x_+y7’ z=1 sirtlar bilan chegaralangan

jismning hajmi hisoblansin. ( Javob: n\/a)

6. Oxy tekisligida yotgan va y=x?, x=y® chiziglar bilan
chegaralangan figuraning Ox o‘qi atrofida aylanishdan hosil
bo‘lgan jismning hajmini hisoblang

(Javob: 37)

10

7. Sikloida x=a (t-sint), y=a (1-cost) birinchi arkasini Ox
o‘qi atrofida aylantirishdan hosil bo‘lgan jismning hajmini

hisoblang.
(Javob:5a° 7%)
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8. y= %\/4x—1 egri chizigning x;=1 nugtadan X,=9

nugtagacha bo‘lgan yoy Dbo‘lagini aylantirishdan hosil
bo‘lgansirtning yuzini toping (Javob: 104 z/3)

X
9. y=a Chg chizigni x;=0 nugtadan x,=a nugtagacha

bo‘lgan gismining OX o‘qi atrofida aylantirishdan hosil bo‘lgan
sirt, katenoidning yuzini hisoblang. (Javob: m* (e?—e?+4))
4

Mustagqil ish
1. 1.Ushbu y= % /(2x—1)° egri chizigning abssissalari
X1=2 va X,=8 ga teng bo‘lgan M;M, nuqtalar orasidagi yoy
bo‘lagining uzunligi hisoblansin (Javob:56/3).
2. Y=3X to‘g‘ri chizigning x;=0 va x,=2 abssissaga ega

nugtalari bilan chegaralangan kesmasini Ox o‘qi atrofida
aylantirishdan hosil bo‘lgan aylanish sirtining yuzasi hisoblansin.

(Javob: 12410 )
2. 1. Tenglamasi y=gx bo‘lgan chizigning x;=2 va X,=5

nugtalar orasidagi yoy uzunligi hisoblansin. (Javob: 5).
2 2
2. Tenglamasi y = xT + Z:,y =1 bo‘lgan sirtlar bilan

chegaralangan jismning hajmi topilsin. (Javob: )
3. 1. y=Inx tenglama bilan berilgan egri chizigning

abssissalari x1==«/3_’ va x2=«/§ nuqtalar orasidagi yoy uzunligi
hisoblansin.

(Gavobizs+tin3+12)
2 2

2. Oxu tekislikda yotgan y=2x-x* va y=0 chiziglar bilan
chegaralangan figurani Ox o‘qi atrofida aylantirishdan hosil
bo‘lgan jismning hajmi topilsin. (Javob: 16 )

15
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9.4. Aniq integralni fizik masalalarni yechishga qo‘llash.
Tezlik bo‘yicha bosib o‘tilgan yo‘Ini hisoblash.
Agar v = f (t) moddiy nuqtaning to‘g‘ri chiziq bo‘yicha
harakatidagi tezligini ifodalasa, u holda [t;;t;] vaqt oralig‘ida
bosib o‘tilgan yo‘l.

t
S = f(rdt
4

(9.16)

formula bilan ifodalanadi.

1-misol. Moddiy M nugta o (t) = 3t + 2t +1m/s tezlik bilan
to‘g‘ri chizigli harakat qilsin. Nuqtaning [0;3] sekund oralig‘ida
bosib o‘tgan yo‘lini toping.

» (9.16) formulaga asosan
3

=39 M. <

0

O‘zgaruvchi kuchning bajargan ishini hisoblash

Moddiy M nugta F(s) kuch ta’siri ostida OS to‘g‘ri chiziq
bo‘yicha harakatlansin. Bu kuchning yo‘lning [a;b] gismida

S=[(3t* +2t + Ddt = (3 +t* + 1)

b
bajargan ishi A =I F(s)ds formula bilan hisoblanadi.

2-misol. Agar prujinani 1sm cho‘zish uchun 1kN kuch sarf
gilinsa uni 10sm cho‘zish uchun bajariladigan ishni hisoblang.

» Guk gonuniga asosan, prujinani cho‘zadigan kuch, uni
cho‘zilishiga proporsional, ya’ni F=kx, bu yerda x-prujinaning
cho‘zilishi (metrda), k-proporsionallik koeffitsenti. Masala
shartiga ko‘ra x=0,01m, F=1 kn, 1=0,01 k tenglikdan k=100
ekanligi kelib chigadi va F=100x bajarilgan ish.

A= [7"100xdx = 50x 0(')1 = 0,5 kDj. <

3-misol. Qozon z=%2+%2 elliptik paraboloid shaklida
bo‘lib, balandligi H=4m va zichligi §=0,8t/m* bo‘lgan suyugqlik
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bilan to‘ldirilgan. Qozon chetidan suyuqlikni haydab chiqarishda
bajarilgan ishni hisoblang.

» z, balandlikda galinligi A z; (9.18-rasm) bo‘lgan suyuqlik
qatlamini ajratamiz, ko‘ndalang kesimda yarim o‘qlari a=2\/Z_i
b=3 \/Z—, ga teng bo‘lgan ellips hosil bo‘lgani uchun, bu
gatlamning  massasi AMIi~679Z, Az, va  hajmi
AV, = 7-2.[7, -3\[z;Az, ga teng bo‘ladi. Suyuglikni haydab
chigarish uchun bajarilgan ish:

A=1lim,, X", | 6mgdz;(H — z;)Az; = fOH 6mgdz(H —

3
1575,53kD). <

z)dz = 6mgs (H?— —i) |I(-)I = mgéH? = 64gnb ~

'\%ﬁnmﬂ%‘ | 2
-6 0 y
./ 4
X
9.18- rasm

Suyuglikning plastinkaga bosim kuchini hisoblash

Bu masalani yechish usulini aniq misolda ko‘rib o‘tamiz.

4-misol. Asosi a=3m va balandligi N=2m bo‘lgan
uchburchakli plastinka suyuglikka uchi bilan vertikal botirilgan va
asosi suyuqlikning sathiga parallel bo‘lib, undan 1m uzoglikda
joylashgan. Suyuglikning zichligi

8 = 0,9 t/m® bo‘lsa, uning plastinkaning har ikki tomoniga
bosim kuchini hisoblang.
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» Suyuglikning bosim kuchini hisoblash uchun Paskal
gonunidan foydalanamiz, unga ko‘ra suyuqlikning h chugirlikdagi
A'S yuziga bosim Ap=agh A S formula bilan aniglanadi. Bu
yerda & -suyuglikning zichligi, g-jismning erkin tushishdagi
tezlanishi.

Suyuqlik satxiga parallel to‘g‘ri chiziqlar bilan, uchburchakni
eni dy ga teng bo‘lgan kesimlar (9.19-rasm)

9.19- rasm

bilan bo‘lib chigamiz va u suyuqlik satxidan y+d masofada

bo‘lsin. AVS va A, V, S, uchburchaklarning o‘xshashligidan:
|A By

a

a
dS == (H —y)dy,
H( y)dy

H a . o .
_ Hy:\AlBl\:ﬁ(H—y) , ya’ni kesimning yuzi:

Uchburchakli plastinkada kesilgan kesim yuzining har bir
tomoniga bosimi

dp =%5‘g (d+y)(H-y)dy ga teng bo‘ladi. Oxirgi

tenglikning ikki tomonini integrallab, quyidagini hosil gilamiz
P:!%&g d+y)(H —y)dy:gb‘g l(2+y—yz)dy=%59[2y+y?—%J‘gzssg ~44,1KH

<

Inersiya momentini hisoblash

Anig integral yordamida yassi figuralarning inersiya
momentini hisoblash mumkin.
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5-misol. Massasi M ga radiusi R ga teng bo‘lgan bir jinsli
doiraning markaziga nisbatan inersiya momenti hisoblansin.

» Massasi M bo‘lgan moddiy nuqtaning O nuqtaga nisbatan
inersion momenti, shu nugta massasining, undan O nugtagacha
bo‘lgan masofa kvadratining ko‘paytmasiga teng. Moddiy
nugtalar sistemasining inersion momenti, shu nuqtalar inersion
momentlarining yig‘indisiga teng.

Konsentrik aylanalar yordamida doirani n ta, eni d ga teng
bo‘lgan halgalarga

9.20- rasm
bo‘lamiz, Bu xalgalarning yuzi 0S=27rdr , massasi
dm =2zrdrd zichligi 6 =M (zR?) ga teng (9.20-rasm).
Ajratilgan xalqalarning elementar momenti dl, = 2z5r3dr .
Elementar inersion momentlarni integrallab
4R 1 ., M 1,
do 2R w4

Yassi figuraning og‘irlik markazini hisoblash

Quyidagi hollarni ko‘rib chigamiz.

1. u=f(x) funksiya grafigining, zichligi 6=0(x) bo‘lgan, AV
yoy bo‘lagining og‘irlik markazi koordinatalari c(x.,y.) ,
quyidagi formulalar yordamida aniglanadi (9.12-rasm):

B x6(X)\/m _ Jay8GoViyax
Yo = P stofiyia: ¢ [P etoyinydx
2. Agar yassi figura quyidan fl(x), yugoridan f,(x),

f,(x) < f,(x), chiziglar bilan [a,b] kesmada chegaralangan va

R
| :jzﬂar?’dr —2m5" 2
0

122



figuraning zichligi 6=d(x) bo‘lsa, u holda uning og‘irlik markazi
S(Xs:Us)
_ Prs@(he-fa)de 2[R~ (0))dx
CSO(R@-f0Ax TC T[] 8x(f(0—-fi(x)dx
formula orgali topiladi
6- masala. Markaziy burchagi 2«, radiusi R ga teng bo‘lgan
aylananing bir jinsli yoy bo‘lagining og‘irlik markazi topilsin.

P Koordinatalar sistemasini 9.21 rasmda
A

(9.17)

[

y
a
L C _
0 R X
-a
9.21- rasm

ko‘rsatilgandek tanlab olamiz. U holda yoyning bir jinsli va
simmetrik ekanligidan us=0 kelib chigadi. Yuqoridagi formuladan
xs Ni topib olamiz (& = const)
& /T dy
Xe = [ may

Aylananing parametrik tenglamasidan foydalanamiz x=R
cost, y=R sint,

= ffaliz costdt Sint‘L_aa| a _ Rsina
J% Rat t| N bt a
7- misol. Bir jinsli, y=6-x, y=2 chiziglar bilan chegaralangan
yassi figuraning og‘irlik markazi topilsin.
» Bu figuraning bir jinsli va simmetrik ekanligidan (9.22-
rasm) x. = 0.y, koordinatani topish uchun (9.17) formuladan
foydalanamiz:

<
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Yo = %f_zz((i —x?)?—2%dx 1 [7,32 - 12x2 + x*)dx
Jo, (4 — x?)dx 2 2[4 —x?dx
1 (32x — 43 +%5> )
2 (4x — 3/3)|2 0~
_1192/5 — 36 <

2 16/3

XAL

-\/6[-2 0 Z\JE X

9.22-rasm

AT-95.
1. To‘g'ri chizigli harakat gilayotgan nugtaning tezligi
v=t.e"" m/s ga teng. Nuqtaning to‘la to‘xtaguncha bosib

o‘tgan masofasini hisoblang (Javob:10%m)
2. Uzunligi | ga og‘irligi R ga, teng bo‘lgan bir jinsli
sterjenning oxiriga nisbatan inersiya momenti topilsin. (Javob:

3. Bir jinsli, zichligi 8=2,5 t/m® qurilish materialidan,
radiusi R=2m, balandligi H=3m bo‘lgan konus ko‘rinishdagi
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qo‘rg‘onni qurish uchun sarflangan ishni hisoblang. (Javob:
% 7196 H? R? = 4879 ~1477 8« /o)

4. Yuqori asosi suyuqglik sathiga parallel, 5m chuqurlikka
vertikal cho‘ktirilgan, asosi 8m, balandligi 12m bo‘lgan to‘g‘ri
to‘rt burchakka suvning bosim kuchi aniglansin. Suvning zichligi
8 =1t/m*. (Javob: 656 g~ 6428,8kN)

X
5. Zanjir y=achg chizigning x= -a nugtadan x=a

nuqtagacha bo‘lgan bir jinsli yoy bo‘lagining og‘irlik markazini
toping.
a 2+sh?

Javob: x.=0, y, =—
(avobix=0. ¥e =4 =77

6. x=a (t-sint), y=a (1-cost), (0<t <27 ), siklonda birinchi
arkasining bir jinsli yoy bo‘lagining og‘irlik markazini toping
(Javob: x;=ra y.=4al3)

7. Yassi u=x va u=x*2x chiziglar bilan chegaralangan
birjinsli figuraning og‘irlik markazini toping. (Javob: (3/2, 3/5))

Mustagqil ish

1. 1. Asosi suv sathiga parallel, balandligi H=3 m, asosi
a=2m va 4m chuqurlikka tik tushirilgan paralelogramm
ko‘rinishdagi plastinkaga beradigan suvning bosim kuchini
aniglang. Suvning zichligi 1t/m°. (Javob:16g ~156,8 xH )

2. Radiusi R ga markazi koordinata boshida bo‘lgan
aylananing birinchi kvadratda yotgan bir jinsli yoy bo‘lagining
og‘irlik markazi topilsin.

(Javob: 2R/ 7z, 2R/ 7).

2. 1. Moddiy nugtaning tezligi v =4te™ m/s bo‘lsa, nuqta
harakat boshlagandan to‘xtaguncha gancha yo‘l bosib o‘tadi
(Javob:2m)
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2. Bir jinsli y=sinx, y=0 (0<x<x) chiziglar bilan
chegaralangan figuraning og‘irlik markazi topilsin. (Javob:
z oz
2' 8

3. 1. Agar suvning zichligi =1 t/m®, bo‘lsa diametri 20m
yarim sferik ko‘rinishdagi idishdan suvni haydab chiqarishda
bajarilgan ishni hisoblang. (Javob: 2,5¢10° 7 ~76969x/Jc)

2. Bir jinsli yassi u?=20x, x*=20u chiziglar bilan
chegaralangan figuraning og‘irlik markazini toping. (Javob:

9,9)).

9.5. 9 bo‘limga doir indiviudal uy topshiriglari

IUT-9.1.
Anig integralni verguldan keyin 2 ta ragam anigligida
hisoblang.
J3
Jx3\/1+ X% dx.
11. 0 (Javob: 1,78.)

1203 19y 5dx
12. 0 VX°+1 ( Javob: 2,60.)

¢ x2dx
-
13. 0% 1 (Javob: 0,21.)
7l2
Isin X Cos* xdx.
14, 0 (Javob: 0,33.)
7l2
J' 1cosx dx
15, o ~+COSX (Javob: 0,57.)
4/3 dX
2
16. 4% +1. (Javob: 0,41.)
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2 dx

1.7. 0V23+3X ( 3ay0h: -0,67.)

S xdx
1.8. 0VX* +4 (3av0h: 1,24))
1+Inxdx.
19.1 X (Javob: 1,50.)
1 Z3
j 5 1dz.
110, of 7 ( Javob: 0,20.)
7l2 dX
—.
111, #1708 X 3au0h: 050)
i dx
112, 2V5+4x=x" (3av0h: 1,57)
1
J.x3xl4+5x4dx.
1.13. © (Javob: 0,63.)
Isinzgdx.
1.14. -~ (Javob: 3,14.)
2 e1/><
5 dx.
115. 1% (Javob: 1,07)
Y2 xdx

J

116, ° V1=X* (Javob: 0.13)

.I[B(X2 +x%e* )dx.
0

1.17. (Javob: 2,72.)
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1.18.

1.19.

1.20.

1.21.

1.22.

1.23.

1.24.

1.25.

1.26.

1.27.

1.28.

T

. cos/x
=" dx.

7219 Vx (Javob: 1,73.)
3 y2dx

.
11+ X7 (Javob: 0,20.)
jsin In x

dx.
X ( Javob: 0,46.)

dx

Xv1-In?x (Javob: 0,52.)
v X +1dX.

(Javob: 12,67.)

ﬁ‘l—*

O L S S—

l2
Isin acos® ada.

716 (Javob: 0,14.)
7l6

J'120tg 3xdx.
7118 ( Javob: 2,77.)

j- dx
o V4-3X ( Javob: 0,67.)
2 xdx

2
1V4-X* (Javob: 0,32.)

2

In® x

j dx.
1 X (Javob: 0,33.)
T dx

4x? -9

(Javob: -0,13)

-1
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1.29.

1.30.

2.1.

2.2.

2.3.

2.4.

2.5.

2.6.

2.7.

2.8.

2.9.

l2
Icosasin%cda.

716 ( Javob: 0,23)
Jzi4 xdx

! COS2("2)'( Javob: 0,50.)

3
[ yin(y—1)ay.
2 (Javob: 1,02.)

0

J'xze‘x’zdx.
-2 ( Javob: 5,76.)
7l2

Ixcos xadx.

0 (Javob: 0,57.)

Ixz sin xdx.
0 ( Javob: 5,86.)
1/2

jarccos 2xdXx.
172 (Javob: 3,14.)
2
[ (y=1)in ydy.

1 (Javob: 0,25.)
0

J.xe‘zxdx.
-172 (Javob: -0,25.)

Ixsin X C0S xdXx.
- (Javob: 1,57.)

-2/3

( Javob: 0,82.)
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2.10.

2.11.

2.12.

2.13.

2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

2.20.

(Javob: 0,16.)

Jx In xdx.

(Javob: 18,33.)

arctg~/x dx.
(Javob: 0,57.)

(x +2)cos = dx.

O Ly Ot P 1

( Javob: 6,28.)

718
I x? sin 4xdx.
0 (Javob: 0,17.)

2

y“ In ydy.
(Javob: 1,07.)

n(x+1) dx.
(x+1) (Javob: 0,15.)

2
J. artg (2x —3)x.
3/2 (Javob: 0,21.)

72

_[ (x +3)sin xdx.
0 ( Javob: 4,00.)

e

jx In? xdx.
1 ( Javob: 1,60.)

0

I(x —2)e3dx.

-3 (Javob: -19,32))

P N — N
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2.21.

2.22.

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

2.29.

2.30.

3.1.

719 XdX

! cos®3x
1

(Javob: 0,12.)

Iarcsin(l— X )dX.
12 (Javob: 0,13.)
¥
J. arctg —dx.
1 X (Javob: 1,37.)

(Javob: 2,32.)

In(3x + 2)dx.
(Javob: 1,87.)

w

x? +9dx.

>

(Javob: 282,40.)

(x +1)e > dx.
(Javob: 1,10.)

'L'—,o Ot n P N O e

N
-
~

Ixtg 2 xdX.
0 (Javob: 0,13.)

1
Ixarctg Xdx.
(Javob: 0,29.)

3x* +3x° +1 4 +3x? +1
dx.

Sl (Javob: 1,79.)
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2x* —5x2 +3

x? -1

3.2. ( Javob: 9,67.)

XZ(X‘l) ( Javob: 0,53.)

2

>
\_/

3.4. ( Javob: 0,12.)

3
T

'3[ X+ 2
2

3
[

1 5dy

35. 1Y *+2 ( Javob: 0,09
23x2 + 22X — 3d

3.6. 2 X* =X ( Javob: 1,62.)
1/2 de

J

5
3.7. 1/3(X_1) ( Javob: -1,25.)

<

N ey 0

j’- dx
38, s =D(+2)" 30000 0.04)
t dx

3.0, 3 (x+Dx- 2)'( Javob: 0,16.)

.l[(2x+3)dx

310. © (x-2f (Javob: -1,63.)
j- dx

311, 2 (=D 6+ avon: 0.15)
j (x +2)dx

312, 3 (x+1)* (x-1) ( Javob: 0,50.)
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3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

ex*+3x% -1
j >— dx.
o (x+1) ( Javob: -0,20.)
°x®—2x2 +3
J'—de.
0 (x—2) ( Javob: 9,38.)
Jl- xdx

—-—.
0 X" +3XH2ga0p:0,12)
1J9 x? +3)dx

3 2 '

a X~ X" —6x (Javob: 0,29.)
Ne

[EEN
|
b

T
(Javob: -15,34.)

1

3

I

2

3 dx
-!x“—l
0

I

1

(Javob: 0,02.)

G-l (Javob: 0,37.)
B ox2 14

3 2 '
o X=X +X+1(Javob: 0,88.)

dx
“(x-1) ( Javob: 0,02.)

Ot N B 1
— >
N—" o

X

5 .
x+1){x" +4 ( Javob: 0,23.)
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i 2_x+2
324, 7% 75 v (Javob:0,04.)
6
=
325, X —6X"+16-6 35,00 051)
JZ- dx
3
326, 1%t (Javob 0,25.)
f X° +1
6
327, X+ (Javob 1,44.)
ix + X2 +2,
308, 2 XX’ —1) (Javob -0,12.)
j —2x +4
329. 3 (x-2f (Javob: 0,35.)
/43 x2dx
.
330. o X ~1(Javob: -0,08)
2
Ixz X — X2 dx.
4.0 (Javob: 3,14.)
le/4 X2
42,7 X (Javob -0,47)
6 2
I X " 9dx.
43.3 X (Javob: 0,02.)
1
j\/4—x2dx.
4.4. 0

(Javob: 1,91.)
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45, 1X*V4=X" (Jay0b: 1,02)

4.6. (Javob: 2,36.)

bad
N
©
|
bad
N
o
x

— w o'—'é\ ._‘!_.a

|
w

4.7. (Javob: 31,79.)

o
x

X
=

Gp—n
H
|
x
N

>
oo

(Javob: 0,53.)

O ey
=
|
bad
N
~—
o
x

&
©

(Javob' 0,59.)

@-—.H
w
X
/,;\
+
<,
v

4.10. (Javob: -0,62.)
JZ- X2 -1,

411. 1 (Javob: 0,68.)
1
I 2 3/2

412, o x +3) (Javob: 0,27.)
72
I 2 — x> dx.

413. 1 (Javob: 1,29.)
1

414, ° +1) (Javob: 0,14.)

dx
2 [o2 '
415 2BX VX" =9 (3ay0h: 0,04

—
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4.16.

4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

. dx
s XL X (Javob: 0,59.)
V3/2
ﬁdx.
172 (Javob: 0,26.)
dx

X (Javob: 0,68.)
1/2 dX

32 0= NI=X( avo: 116)

mdx
!

2
(5_)( ) (Javob: 0,20.)
x*dx

23.
) ( Javob: -0,20.)

a!_.r\)
N

Qo

~ || X
(JO

(Javob 0,05
X -
(Javob: 0,11.)

( Javob: -502,09.)

aom X (Javob: 0,01.)
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4.27.

4.28.

4.29.

4.30.

5.1.

52. 0

5.3.

5.4.

5.5.

5.6.

5.7.

H‘—.s‘
o
>

X* =1 ( Javob: 0,29.)

>
B
©
|
>
N
o
>

(Javob: 71,53.)

>
w

o

x

Ol O
O
+
>
N

(Javob: 5,31.)

V6 — x2dx.

(Javob: 4,71.)

O'—.é‘

/14 3
CoS® X
dx.

2 VSINX(33y0h: 0,26.)

wl2 dX

2+C0SX ( Javob: 0,60.)

zl4
jsin3 2xdX.
0 (Javob: 0,33.)

Isin4 gdx.
0 (Javob: 1,18.)

7l3
Icos3 X sin 2xdx.

0 (Javob: 0,39.)

713

J.tg 2xdx.

0 ( Javob: 0,68.)
sin X dx.

T \3
+12(1—cosx) (Javob: 0,38.)
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rl4
_[Zcos Xsin 3xdx.
5.8. 0 ( Javob: 1,00.)

f X X
Icos 5 cosS 3 dx.
5.9. 0 ( Javob: 1,80.)

7132

jSZcos 4x — 16)dx

5.10. 0 (Javob: 1,41.)
T cos xdx

5.11. sin® x+1 (Javob: 3,14.)
73
[t9* pdo.

512. /4 (Javob: 0,93.)

f X 3x
IcosEcos?dx.

513. © (Javob: 0.)
l4
J'sin 3X cos 5xdx.

514. 0 (Javob: -0,25.)
/3 - .3
sm4xdx.
515. 0 5 X (Javob: 1,33)
716 dX
516.  © “%% (Javob: 0,55)
72
J.ctg3xdx.
517. ~/¢ ( Javob: 0,81.)

12
jcos X €COS 3X cos 5xdx.

518. © (Javob: 0,16.)
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5.19.

5.20.

5.21.

5.22.

5.23.

5.24.

5.25.

5.26.

5.27.

5.28.

5.29.

v
Icos4 Xsin? xdx.

0 (Javob: 0,20.)
l2
Isin6 xdXx.
0 ( Javob: 0,49.)
J.\/1+ sin xdx.
#l2 (Javob: 2.)
"*1+1g x
sis SN 2X ( Javob: 0,38.)
”fsin 2X 4

. .
715 COS" X (Javob: 1,69.)
718
_[sin Xsin 3xdx.
0 (Javob: 0,05.)
J.sin XSin 2xsin 3xdx.
wi4 (Javob: -0,21.)
l2 dX
133X 3av0b: 0,55.)
l2
J'cos5 XdXx.
0 ( Javob: 0,53.)
Icoszxsin“ XdX.
2 ( Javob: 0,10.)
l2 dX
Sasin®x’

( Javob: 0,60.)
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5.30.

6.1.

6.2.

6.3. -

6.4.

6.5.

6.6.

6.7.

6.8.

6.9.

6.10.

v
X
Ism“—dx.

(Javob: 1,18.)

[

- .
22X +3X=2 ( 33y0b: 0,06.)
])- dx
2m (Javob: 1,10.)
[

_ :

5 X" +4X=21 ( jav0b: -0,14.)
Jf’ x2dx
1 13-6x° +x° (Javob 0,26.)
Jz- dx

2
1 X7 X (Javob: 0,29.)
T
1, 4% +4x+5

(Javob: 0,20.)
——

3128+ 2X=%* ( Javob: 0,52)
_d
Jt2 45t + 4
2

(Javob: 0,07.)
xdx

IR
0 X" +3XH2 av0b: 0,28.)
2 X_5

2—.
1 X" = 2X+ 2 3ay0h: -2,79))
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j- dx
S X2 +2x+5

6.11. (Javob: 0,39.)
]3- dx
X% + 2%

6.12. ¢ ( Javob: 0,03.)
Jl- dx

6.13. 12VX=X" (Javob: 1,57
T 2x -8

6.14. —1/2V1 X=X’ (Javob 3,99.)

. dx

6.15. 3aN2+3x-2x° (Javob 1,11)

T
6.16. s (Javob 0,77.)
j x2dx
=
6.17. X —6x+10 ( Javob: 9,35.)
i xdx
2
6.18. 35 7XJFl?’(Javob: 4,94.)
i 3x—2
L
6.19. 2X ~AX+5 (3ay0p:3,19)
j (x-1)°
. .
6.20. 22X FIXHA gau0n: 2.41)
i dx
4 2 )
6.21. X ~4X+3 (3av0:0,02)
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1 3

X
Z—J-dX.
6.22. 2% TX*L(3av00: 0,08)
lJ? x®dx
-
623 7% “XH2 (30000 38,67)
.[ x2dx
6.24. 3VBx—Xx"-15 (Javob 51,81.)
1
|
625 0% +4x+5 (Javob: 0,14.)

S dx

6.26. /3V2—6X=9X" (jayop: 0,21)
J7~ dx
5 X2 +3x—-10

4/3 dX

6.28. 1/3V8+6X=9%" (3ay0h: 0,52)

6.27. (Javob: 0,09.)

3

6.29. 2VAX- Vax-3-x* (Javob 1,57)
1
[——

6.30. X +2X+3(Javob 0,61

29 3(X—2)2 "

[

71, 23+00=2 pavon: 16.16)
IT dX

72 1 €B+e7) ( Javob: 0,13))
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Js» dx
7.3, 0 2X+V3X+1 (33000 0,94)
T«/x+1 +1 4,
7.4, 39X+ 1=1 5au0h: 11,77)
j’- xdx
7.5, 3VX+1 (3av0p: 10,67
'“seX\/eX——ldX
76 0 © +3 (Javob: 0,86.)
2In2 dX
7.7. 2 € =1 (Javob: 0,41)
In2
J'\/eX —1dx
78. 0 ( Javob: 0,43.)
j- xdx
79.0 VX+4 ( Javob: 4,67.)
j- dx
710, oltV2X+1 (ga000:1,31)
713 XdX
7141, 23V2+3X (3au0h: 0.96.)
In3 dX
712, me® —€ (Javob: 0,20.)
Jl- x2dx

e
7.13. 0(1+X) ( Javob: 0,04.)
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7.14.

7.15.

7.16.

7.17.

7.18.

7.19.

7.20.

7.21.

7.22.

7.23.

7.24.

( Javob: 0,29.)
cos ydy

0 4FVSINY( avob: 0,22)




eI In xdx
L UL
725, @XA=I"X) 3av0b: -0,49)

726, aVX=1 (Javob: 8,39)

——r-
o7, (1) (Javob: 22,88.)

[t g
3
728, oV2X+1 " (3a000: 38,06

7.29. wsVe +4 (3ay0b: 0,26.)
xdx

7.30. V94X (Javob: 0,17.)

8
Xosmas integrallar hisoblansin yoki ularning uzoglashuvchi
ekanligi isbotlansin.

gk
8.1.2) 1 16x* +1° b) 32— 4x
16xdx : dx
8.2.a )j164 ;b)jm.
-T xidx Te?ﬁx i
8.3.a) 0 V16X' +1 ) 0 |
P

84a)J.\/16x7— Iﬁ
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¢ In(3x-1)

8.5.a) Im I Syl dx
xdx dx

6.0 [ 22 e ) oo to

8.7.4) xdx ) j- In 2dx

'([411(16+X2)5 1 1/2(1_X)|n2(1_x).
]‘3 xdx 2j~33,/lni2—3xidx
8.8. a) \/X —4x+1 b) 0 2-3X .

89.a) 1 I7zix +4x+5i b)I xdx .

810, )_[ ”I’G c0s 3X
x +4x+5 /1 sm3x
.[ arcg2x . .l[ 2xdx_
811 zi1+ 4x? ) b) 0 1 x*
T 16dx _ j’- dx
812. a) l,27Z(4X2 +4X+5), b) 1/33{/]T3X

o0

xdx )
813. a) -([4x2 +4X+5 b) 3-,..4 33-4x
J- x+2 dx
3/(x? +4x+1)

7l2 tgx
eg

8.14. b) dx.

. COS 2X
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8.15.

8.16.

8.17.

8.18.

8.19.

8.20.

8.21.

8.22.

8.23.

8.24.

2 .
1-—arcsin x
73— x? t2 7
dX; ———dx.

i )!ﬂm
I(,/arctg 2X .2[ dx
1raxt b) 1 ax—x2—4

a) °
sin xdx
a)
‘!X(1+|n 2x)’ ”J/.Z\/COS X
T dx
Xsin xdx; .
a) v('). b) _3;[4'\/4)(‘}‘3
f 7dx
2) J (X 4x)|n5 b) I xdx
(x> -1)°In2
T adx _ 1]-3 dx
2y 7o+ 9x*)arctg®3x’ b) © Ox* —9x+2’
T dx
2 (4+x%),|x arct X 12 5
2 a 92 b)” 3sin® xdx
¢ JJeosx
T ii/_dx
1(x +2x)|n 3o x?
) 1 4
je""’xxdx, I X"

a)

0

fx? X % x%dx

o J—
a) x*—=1 1+X b) 0 64 — X
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t o dx

ot i
8.25. a) OZX ~2e1 b) 172 Y1=2x
° x2dx
a) .
'!.XZ(X+1) Iw/31(x -
a) ]c- J‘ dX
e x(Inx 1) V3x—x* -2
T dx
1 (6x° —5x+l)|n—
8.28. a) j 10xdx
0 4/(16 — x?
© dX 1/4 dX
829. a)|———; b .
)£9x2—9x+2 ) !3«/1—4x
T dx 1]-2 dx
2 ! 2"
830. a) 3 X°—=3x+2 b) 0 (2x-1)

Namunaviy variantni yechish
Aniq integralni verguldan keyin 2 ta ragam aniglikda
hisoblang

'2[ dx
< X(L+x?)
p Nyuton —Leybnits formulosidan foydalanib

b
jf(x)dx:F(b)—F(a), kasr-ratsional funksiyadan integral

hisoblaymiz:
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1= A+ x?)+(Bx+C)x
JZ. j(A Bx+Cj _[x=0] 1=A A=1 JZ' 2 xdx —In\x\z
IX@+x?) \x 1+x? X2 |0=A+B (B=-1"J yx J1ix 1

x | 0=C C=0

1 2
—ZIn@@+x%)| =
2 ( )1

:In2—lln5+lln2=§In2—1In5=§~0,69—1-1,61:0,24
2 2 2 2 2 2

jln2 xdx
> Bo‘laklab integrallash formulasini ikki marta qo‘llaymiz

u=In®x du= 2Inx—dx
X

fln xdx = xlnzxi

—Zjlnxdx:
do=dx ov=Xx 1

| d ld
=u=inx du= =elne—2(xInx— x)‘ =e—2e+2e-2=0,72

do=dx o= x
j Ox* —14x+1
X2 —2x% —x+2
> Integral ostidagi funksiya to‘g‘ri ratsional kasrni bildiradi.

Mahrajni oddiy ko‘paytmalarga ajratib hosil gilingan kasrlarni
oddiy kasrlarga ajratsak

dx

f 9x® —14x+1 f 9x? —14x+l 7f[i+i+ C de—
I X -2x% - (x+1)( -2) dlx+1 x-1 x-2 N
Ox2 —14x+1= A(x 1)(x- 2)+B(x+l)
(x 2)+C(x+1)(x-1 ! 2 3
24=6A)A=4 = ol i ) &=
X l -4=-2B;B=2 8
x=2| 9=3C |C=3

=(4In|x+1+2In|x-1+3In|x-2]) ‘g:4In5+2|n3+3|n2—4In4—2|n2:|n(5“-32.2)—ln4“ =

4 2
=Inu=ln@=3,78.

4* 256 <
1
.[ x>dx
0 VX 11
>
1 JE 2
.[Xz WX +l=t, X +1= t2 xdx = tdt .[ :J‘ 1)dt:(1t3—t)“/§:0,20.
I | t=1 x=0, t=v2, x=1 . 1 3 1 <
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5. dx

s 4—3cos® x +5sin? x
> Integral ostidagi funksiya sinx va cosx ga nisbatan juft

Ot |y

bo‘lgani uchun (sin® va cos®x ga ratsional bog‘liq) t=tgx ((8.14)
formula) almashtirish bajaramiz.

4 t =tgx,1d _dt 1cos? o
= tgx, ldx = ,1cos*x =
j dx _ g 1+¢2 1+¢2
4 —3cos?x +5sinx t? n
0 cosmx smex sinfx=——,1t=01x=01t=11x =—
1+ t2 4

_f dt _
- (1+t2)(4 3 Stz)_

AT
1 1
= arctg3t arctg3-arctg0)=0,42. <
I92139"03(9 90)
6. J‘ 2x-11
0V3-2x-x*
P Berilgan integralni, ikkita integralga shunday ajratamizki,

suratida maxrajidagi ildiz ostidagi uchhadning birinchi tartibli
hosilsi tursin. Natijada quyidagiga ega bo‘lamiz:

to2x-11 2x-2 dx x+1[1
dx=-4 dx-19 =-843-2x-x* —19arcsm— =
'..x/3 2x-x* '[\/3 2x-x? '[\/4 (x+1)? 20

—8\@——7r+€ﬁ~—605

10/3

7. xdx
513 (3x—1)4/3x -1 <
» Ushbu integral v3x — 1 = t almashtirish orgali ratsional

funksiyadan integralga keltiriladi.
f10/3 xdx

2/3  (3x-1)\3x—1 =
‘\/Sx —1=t3x—1=t%x =§(t2 +1),dx =§tdt,
t—1x—2/3 t=3x=10/3

f3 3(¢? +1) tat _ _ 3idt (t——)|3~0,59. <

1 ¢3
8. Xosmas integralni  hisoblang ~ yoki  ularning
uzoqlashuvchi ekanligini ko‘rsating
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T dx )J~3X +2

x2+4x+9’ \/_

o )J' ,[ J‘ dx  _ lim ¢ lim f
x2 +4x+9 X2 +4x+9 X2 +4x+9 &>~ (x+2 ) +5 ,5—>+°°0

a)

x+2

= [lim iarcthJr2 0, [lim 1 arctg XJ_Zgfaim_w(iarctgi_iarctga+2j+

e R B E R
lim 1 o .
+ﬁ%l;o)[\/_a ctg —= J_ J_ar gJ_] J_arcth_—T[——j EE—\/garctg—5 N

JSX +2 v‘-3X +2 J‘3X +2 ||m

= (3x‘”3+2x2’3)dx+ I—IinO (3x4/3+2x2’3)dx:
lim (9 3 :
= — X% +6X°
ﬂ—>07(7
9

7 1
%16-205 6o |-142 4
77077 7

1 lim lim

9
a:ﬂ—>07(7ﬂ3+6ﬁ3+7+ej+x—>0+

-1"a—>0+

1
B, lim (%XS‘FBXSJ

1IUT-9.2
1. Berilgan chiziglar bilan chegaralangan figuraning yuzini
verguldan keyin ikkita ragam anigligida hisoblang

1.1, P=3JC0S20. 55u0b: 9,00)

12. Y= X*, y=3-x. (Javob: 10,67.)

13. Y= VX, y=x" (Javob: 0,42.)

14, X=TC0S°L y=TsiN"t. 50000 57 70)
1.5. P =4C€0S34. 3ay0p: 12,56.)

1.6. P =3C052¢. (3ay0p: 14,13)
17. #=20-C086) (3ay0p: 18,84)

18, P =2sin2p. (Javob: 1,00.)

19, X=4(t—sint) y=4(01-cost) jap: 150,72)
110, P =20+00S¢) jayop: 18,84)

111, P =25IN3¢ (5ay0h: 3,14)
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1.12.
1.13.
1.14.
1.15.

1.16.
1.17.

1.18.
1.19.

P =2+C0SP. (3ay0h: 14,13)

y =1/(1+ xz), y=x’/2 (Javob: 1,23.)
y?=x+1 y*=9-x. (Javob: 29,87.)
y?=x% x=0, y=4. (Javob: 6.05.)
p=4sin° 4. (javob: 18,84

x =3cost, y =2sint. (Javob: 18,84.)
y? =9x, y=3x. (Javob: 0,50.)

x =3(cost +tsint), y =3(sint —tcost), y=0 (0<t < 7).
(Javob: 29,25.)

1.20.
1.21.
1.22.

1.23.
1.24.

1.25.
1.26.

1.27.

1.28.
1.29.

1.30.

2.

y* =4x x* =4y. (Javob: 5,33
y?=x% x=2, (Javob: 4,51.)
y=xy=2-x". (Javob: 2,67.)

y’ = (4— Xa). x=0. (Javob: 25,60.)
p=3sIN49. (3ay00: 14,13))

y= X3, y=1x=0. (Javob: 0,75.)

Xy =6, X+y—-7=0.(3av0p: 6,76.)
y=2",y=2x=x*, x=0,X=2. (33,05 302)
x> =4y, y =8/(X2 “‘4) (Javob: 4,95.)
y=x+1y=005X y=0. (3ay0p: 150)
x=2cos’t, y =2sin’t. (Javob: 4,71.)

Berilgan chizigning uzunligini verguldan keyin ikkita

ragam aniqligida hisoblang.

. 3 hein3
2.1, X=2€0S°t, y=28IN"L. 33000 12,00))
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59 X=2(cost+tsint), y=2(sint—tcost) (0O<t<rx)
(Javob: 9,86.)

23, P=siN’(¢/3)(0<¢<7/2) 300n:0.14)

24, P=25I°($13)0<$<7/2) (1ay0p: 0,27)

3 2 2 _3
2.5. I +3ly? =40, (Javob: 18,00.)

26 XY =47 ob: 24.00)

27.y* = (X +1)3, X =4to ‘g ri chiziq bilan kesilgan (Javob:
24,81

sg Y=1-Incosx (0<x<r/6) (Javob: 0,55.)

29, P=6005"(¢/3)(0<4<7/2) (33,0p: 5,60,

_ 3 _ )
210, X=4C0S°t y=4SIN"t. 35000 24.00)
211, y*=(x—-1)° A(1,0) nugtadan Vv (6, \/125)
nugtagacha (Javob: 8,27.)
2.12.  y* =X, x=5 to g ri chiziq bilan kesilgan (Javob:
24.81))
213. P =3C0S¢. (3ay0h: 9,42)
214, P =3(-cosg) (Javob: 24,00.)
_ 3
215, P= 2cos (¢/3)' (Javob: 9,42.)
16 X=5cos’t, y=5sin*t(0<t<2) (Javob: 7,05)
217. 9y* = 4(3 — X)3 (Oy o ‘qi bilan kesishgan nuqtalar
orasida) (Javob: 9,33.)
218. P =35INP. (3ay0b: 9,42))
519, Y=Insinx(z/3<x<7/2) (Javob: 0,55.)
500 X=9(t—sint), y=9(1—cost)(0<t<2x) (Javob:
72,00.)
221, P=20-005¢) (3au0p: 16,00)
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2.22.
7,63.

2.23.

y? =(x-1)° A(2,-1) nugtadan V ( 5,-8 ). (Javob:

x =7(t—sint), y = 7(1—cost) (27 <t < 4r).

(Javob: 56,00.)

2.24.

2.25.

2.26.
4,00.)

2.27.
2.28.

2.29.
2.30.

y=e""+e™"* (0<x<2) (a,0n: 2.35)
X=4c0s’t, y =4sin*t. 3000 24 00))
x =+/3t?, y =t —t* (sirtmog). (Javob: nugtagacha

p=5sing. (Javob: 15,70.)

P =4C0S¢. (3av0b: 12,56.)

p=5(+C084). (3ay0b: 40,00.)

y*=x" A(0,0)nugtadan V (4, 8) nugtagacha.

(Javob: 9,07.)
3. Berilgan o‘q bo‘yicha F shaklni aylantirishdan hosil
bo‘lgan jismning hajmini (verguldan keyin 2 ragam aniqligida)

hisoblang.
3.1. F:

3.2. F:
3.3.F:

3.4.F:
3.5. F:
1064,88.)

3.6. F:
37,68.)

3.7. F:
3.8. F:

Y =4=% x=0, OY. 33y0p: 107,17)
Vxyy =42,x=0,y=0, O 1001 6g)

x*19+y?/4=1, Oy. (Javob: 150,72.)

302
y =X ¥y=1 OX (5y0p: 359)
x = 6(t —sint), y = 6(1—cost), Ox. (Javob:

x=3cos’t, y =4sin’t (0<t<x/2), Oy. (Javob:

2 2
y =xx"=y, Ox (Javob: 0,94.)
3
y?=(x-1)", x=2, Ox. (Javob: 0,78.)
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3.9. F:

3.10.

3.11.
3.12.

3.13.
3.14.
3.15.

3.16.
3.17.

3.18.
3.19.
3.20.
3.21.
3.22.
3.23.
3.24.

3.25.
3.26.
3.27.
3.28.
3.29.
3.30.

X = l_yZ’y:\/EX’y:O, OX
2 (Javob: 1,24.)

nonm o m o m o mmm e m o mm omom o momom T

y=sinx y=0(0<x<7z) OX (3a,0b: 4,93)
y* =4x X" =4y, OX. (3ay0b: 60,29)
x=2cost, y =5sint, OY. (jy0h: 83,73))
y=x*8x=y* Oy. (Javob: 15,07.)

y=e", x=0,y=0,x=1 Ox (Javob: 10,05.)
y* =4x/3,x=3, Ox (Javob: 90,43.)

y=2x=x",y=0, OX (32,01 3,35)

p= 2(1+ cos ¢), polyarnaya os. (Javob: 66,99.)
X=7c0s’t, y=7sin’t, OY. (3ay0p: 328.23)
X 116+y*/1=1, OX. (3ay0p: 16,75)

X =(y=1)" x=0,y=0, OX (5 0n 640
Xy =4,2x+y-6=0, OX (33y0h: 4,19))

3cost, y=2sint, Oy. (Javob: 25,12.)

y=2-x°, y=x* Ox. (Javob: 16,75.)
y==X"+8,y=X", OX (3ay0b: 535:89))
y*=(x+4)", x=0, Ox. (Javob: 200,96.)

Y= x*, x=0, y=8, Oy. (Javob: 60,29.)
_x=co0s’t, y=sin’t, Ox. (Javob: 0,96.)

2y =X, 2x+2y=3=0, OX. (35,00: 57.10)

2
y=X=x7,y=0, OX (330p: 0,10.)
2
y=2-x"12,x+y =2, OY. (3a0p: 4,17.)
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4. Berilgan o‘q bo‘yicha L egri chiziq yoyini aylantirishdan
hosil bo‘lgan jismning hajmini (verguldan keyin 2 ragam
anigligida) hisoblang.

P |

42. L: p=2cos@, quthbo‘qi. (Javob: 12,57.)

43 L:x=10(t—sint), y=10(1—cost) (0<t<27), Ox.
(Javob: 6698,67.)

4.4, L:y=x*12,0y.y=3/2 to‘gri chizig bilan
kesilgan.(Javob: 14,65.)

. _ 2
45, L33y =X (0<x<2), OX (330p: 24,09))
46 L: y =~/X, OX. y=X

(Javob: 5,34.)
47 Lix=2(t—sint), y=2(1-cost)(0<t<2r) Ox

(Javob: 267,95.) _
4.8 Lix=cost, y=3+sint, Ox (Javob: 118,32.)
Ay 3
4.9. L:3x=y (0 sys 2)’ Oy. (Javob: 24,09.)

C Y3
410, Liy=x13(-1<x<1) OX (3a0p: 127)
411, Lix=cost,y=1+sint, Ox (Javob: 32,28.)
412, L:X*=4+y Oy.y=2
kesilgan.(Javob: 259,57.)
413 L:x=3(t—sint), y=3(1—cost)(0<t<2x) Ox
(Javob: 602,88,
. _ 3 — ain3
414, LiX=C0STty=sint, OX 3,0h:754)

a15. LP=NCOS20, i (Javob: 14,82)

416. L:y®=4+X Ox X=2 to‘grichizig bilan
kesilgan.(Javob: 64,89.)

417. L:y>=2x,0x2x=31to ‘g ‘ri chiziq bilan
kesilgan.(Javob: 14,65.)

to ‘g ‘ri chizig bilan kesilgan.

to ‘g 'ri chizig bilan
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oy 3
418, LB3y=x(0<x<1) OX (35,0n: 0,63)

.2
419, Lip =4C0S20, i i (Javob: 14,80.)
420, LiP=6SN0, i (Javob: 354,96.)
491 Lix=t—sint, y=1-cost (0<t<2z) Ox.

(Javob: 66,99.)
4.22. L: p=2sing, qutb o‘qi. (Javob: 39,44.)

L2p=gCOS(o,
4.23. 3 qutb o°gi. (Javob: 7,07.)
v 3 _ H]
424, LiX=800STL Yy =38IN"L OX (5ay0p; 67,82,

.2
426, Lip =9C0S20, ) oeqi (Javob: 16,38.)
427. L:y= x*, Ox. x=%2/3 to ‘g ‘ri chiziq bilan
kesilgan. (Javob: 0,84.)
v 3 _ HI|
428, LiXx=2c08"1, y=2sin"t, OX (35,0h: 3014)
429, L:x=cost,y=2+sint, OX (35,0n: 78 88)
4.30. L:p=4sing, qutb o ‘qgi. (Javob: 157,76.)
Namunaviy variantni yechish
1. y=InX va y=In*x (9.23-rasm) egri chiziglar bilan

chegaralangan figuraning yuzi hisoblansin
yt y=In'x

|
xXvy

y=1Inx

9.23- rasm
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> Egri chiziglarning kesishish nugtasini topamiz: M;(1,0),
Mz(e,1) va (9.7) formuladan foydalanamiz. Natijada:
S = ff(lnx — In?x)dx

u = Inx,du = Zlnx-%dx

[ In%xdx = =xIn’x — 2 [ Inxdx,

dv =dx,v=x

=1 du = ! d
Ilnxdx= u=Inx, du Ty X :xlnx—Idx=xInx—x+C.
dv=dx v=x
U holda
S = flelnxdx —ffln2 xdx = (xin x — x) |i — (xIn®? x — 2xIn x +
20[; -
=elne—e+1—(eln?e—2elne+2e)+2=3—e~0,28. «
2. Parametrik ko‘rinishda berilgan X = (t2 — 2)3int+2tcost,
y= (2 —tz)sost+2tsint (O <t< 7r) chizigning yoy uzunligi
verguldan keyin ikki ragam aniglikda hisoblang.
» (9.11) formuladan foydalanamiz:

t, 2 2
1= (dxj +[dyj dt

o Yldx dt
Integral ostidagi funksiyani topamiz:

d—: = 2tsin+(t> - 2)cost + 2cost — 2tsint = t2 cost,

% = —2tcost—(Z—tz)sint+25int+2tcost =t%sint,

2 2

dt
Yakunda quyidagiga ega bo‘lamiz:
3
T_T

T 3
|:jt2dt:t— _ 71032
! 310 3

<4

3. Yassi y=3-x° va y=x’+1 parabolalar bilan chegaralangan
figuraning Ox o‘qi atrofida aylantirishdan hosil bo‘lgan jismning
hajmini hisoblang
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> Parabolalarning kesishish nugtalarini topamiz: M; (-1;2),

M, (1,2). Jismning hajmini (9,14) formulaga ko‘ra hajmlar
ayirmasi V,-V; ko‘rinishda hisoblaymiz.

Vv, = ﬁj(3— xz)zdx, Vv, = ﬂ'lf(xz +1)2 dx
Demal_<1 ’

Vv, :ﬂjl(s_xzf dx—ﬂjl(xz +1)2dx:7rj‘1( (3-x) ~(x 41) )dx:;rj;(S—sz)dx:

3
—gr| x-%X %:16;:(1—1}33,504
3 )l 3

Quyidagi 9.24 rasmda Oxu tekislikda yassi figura va uning
Ox o‘qi atrofida aylantirishdan hosil bo‘lgan jism (uning chorak
gismi kesib olingan ) keltirilgan.

9.24- rasm 9.25- rasm

Qutb koordinatalar sistemasida o =10 sin ¢ aylananing

qutb o‘qi atrofida aylantirishdan hosil bo‘lgan sirt (9.25 rasm)
yuzini verguldan keyin 2 ta ragam anigligida hisoblang.
> Qutb koordinatalar sistemasidagi (9.18) va (9.15)

formulalardan foydalanamiz.
¢,

s=2zy\[p/+p" dg,
4
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Bu yerda y = psing. Bundan
P, =10cos¢g; y=psing=10sin’p,
¢ =0, @,=m,

$ = 27[10sin’ p\100cos” p+100sin” ¢ dg = 2007 [sin® pdg =
0 0

ﬂ~
0~985,96 <

_ 2oo;zjl_cgs 2% 4 :10071'(¢)—%Sin 2(/7)
0

1IUT-9.3

1. R rezervuardan suv haydab chigarish uchun bajarilagn
ishni hisoblang. Suvning solishtirma og‘irligi 9,81 kH/m?®, 7=3,14.
(natijani butun soniga yaxlitlang).

1.1. R: Asosi 2m va balandligi 5m bo‘lgan to‘rtburchakli
muntazam piramida (Javob: 245kDj)

1.2. R: Uchi pastga yo‘naltirilagan asosi 2m, balandligi 6m
bo‘lgan to‘rtburchakli muntazam piramida (Javob: 118 kDj)

1.3. R: Balandligi 1,5m, radiusi 1m bo‘lgan sferik segment
ko‘rinishdagi qozon (Javob: 22 kDj)

1.4. R: Asosining radiusi 1m, balandligi 5m bo‘lgan yarim
silindr. (Javob: 33kDj)

1.5. R: Yuqori asosining radiusi 1m, quyi asosining radiusi
2m, balandligi 3m bo‘lgan kesik konus (Javob: 393 kDj)

1.6. R: Ko‘ndalang kesim parabola, uzunligi 5m, eni 4m,
chuqurligi 4m bo‘lagan tarnov. (Javob: 837 kDj)

1.7. R: Asosning radiusi 1m, uzunligi 5m bo‘lgan silindrik
sisterna (Javob: 154 kDj)

1.8. R: Asosi 2m, balandligi 5m bo‘lagn muntazam
uchburchakli piramida (Javob: 106kDj)

1.9. R: Asosi 4m, balandligi 6m uchi pastga qaratilagn
uchburchakli muntazam piramida. (Javob: 204 kDj)

1.10. R: Asosning radiusi 3m, balandligi 5m uchi pastga
garatilagn konus. (Javob: 578 kDj)

1.11.  R: Yugori asosning radiusi 3m, quyi asosning radiusi
1m, balandligi 3m bo‘lgan kesik konus. (Javob: 416kDj)
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1.12.  R: Asosning radiusi 2m, balandligi 5m bo‘lagn konus.
(Javob: 770 kDj)

1.13. R:Yuqori asosning tomonlari 8m, quyi asosnhing
tomonlari 4m, balandligi 2m bo‘lagn muntazam kesik piramida.
(Javob: 576kDj)

1.14. R:Asosining radiusi 2m, chuqurligi 4m bo‘lgan
aylanma paraboloid. (Javob: 329 kDj)

1.15. R: Asosning radiusi 1m, chuqurligi 2m bo‘lgan
aylanma ellipsoid. (Javob: 31 kDj)

1.16. R: Yugori asosning tomoni 2m, quyi asosning tomoni
4m, balandligi Im bo‘lgan muntazam to‘rtburchaklikesik
piramida. (Javob: 56kDj)

1.17. Asosning tomoni 1m, balandligi 2m bo‘lgan
muntazam olti burchakli piramida (Javob: 26kDj)

1.18. R: Asosning tomoni 2m, balandligi 6m, uchi pastga
garagan olti burchakli muntazam piramida. (Javob: 306 kDj)

1.19. R: Asosning radiusi 1m, balandligi 3m bo‘lgan
silindr. (Javob: 139kDj)

1.20. Yuqori asosning tomoni 1m, quyi asosning tomoni
2m, balandligi 2m bo‘lagn muntazam oltiburchakli kesik
piramida. (Javob: 144 kDj)

1.21. R: Ko‘ndalang kesim radiusi 1m ga teng yarim
aylana, uzunligi 10 m bo‘lgan tarnov. (Javob: 65kDj)

1.22.  R: Yugori asosning tomoni 2m, quyi asosning tomni
1m, balandligi 2m bo‘lgan muntazam oltiburchakli piramida.
(Javob: 93kDj)

1.23. R:radius 2m bo‘lgan yarim sfera. (Javob: 123kDj)

Solishtirma og‘irligi y bo‘lgan materialdan Q inshootni
qurishda og‘irlik kuchini bartaraf etish uchun bajarilgan ishni
hisoblang.

1.24. Q: yugori asosning tomoni 2m, quyi asosning tomoni
4m, balandligi 2m bo‘lagn muntazam to‘rtburchakli kesik
piramida: y=24 kn/m?. (Javob: 352kDj)

1.25. Asosning tomoni 1m, balandligi 2m bo‘lgan
muntazam oltiburchakli piramida; y=24 kn/m®. (Javob: 21kDj)
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1.26. Q: Asosning tomoni 2m, balandligi 4m bo‘lgan
muntazam to‘rtburchakli piramida: y=24 kn/m*. (Javob: 128kDj)

1.27.  Q: Yugori asosning tomoni 1m, quyi asosning tomoni
2m, balandligi 2m bo‘lgan muntazam oltiburchakli kesik
piramida: y=24 kn/m>. (Javob: 229kDj)

1.28. Q: Asosining tomoni 3m, balandligi 6m bo‘lgan,
muntazam uchburchakli piramida; y=24 kn/m®. (Javob: 234kDj)

1.29. Q: asosning radiusi 2m, balandligi 3m bo‘lgan konus
¥=20 kn/m®, (Javob: 188kDj)

1.30. Q: Yugori asosning radiusi 1m, quyi asosning radiusi
2m, balandligi 2m bo‘lagn kesik konusi; y=21 kn/m®. (Javob:
88kDj)

2. Vertikal cho‘ktirilgan plastinkaga, suvning solishtirma
og‘irligi 9,81 kH/m*® deb hisoblab, suvning bosim kuchini
aniglang (natijada butun soniga yaxlitlang). Plastinkaning
joylashishi, shakli va o‘lchami rasmda ko‘rsatilgan.

2.1. 9.26. rasm. (Javob: 98 kH)

2.2.9.27. rasm. (Javob: 85 kH)

2.3. 9.28. rasm (Javob: 248 kH)

2.4.9.29. rasm (Javob: 105 kH)

2.5. 9.30 rasm (Javob: 167 kH)

2.6. 9.31 rasm (Javob: 26 kH)

2.7.9.32 rasm (Javob: 131 kH)

2.8. 9.33 rasm (Javob: 23 kH)

2.9. 9.34 rasm (Javob: 523 kH)

2.10. 9.35 rasm (Javob: 33 kH)

2.11. 9.36 rasm (Javob: 31 kH)

2.12. 9.37 rasm (Javob: 62kH)

2.13. 9.38 rasm (Javob: 24 kH)

2.14.9.39 rasm (Javob: 22 kH)

2.15. 9.40 rasm (Javob: 239 kH)

2.16. 9.41 rasm (Javob: 123 kH)

2.17. 9.42 rasm (Javob: 78 kH)

2.18. 9.43 rasm (Javob: 13 kH)

2.19. 9.44 rasm (Javob: 52 kH)

2.20. 9.45 rasm (Javob: 3 kH)
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2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

5m

9.46 rasm (Javob:
9.47 rasm (Javob:
9.48 rasm (Javob:
9.49 rasm (Javob:
9.50 rasm (Javob:
9.51 rasm (Javob:
9.52 rasm (Javob:
9.53 rasm (Javob:
9.54 rasm (Javob:
9.55 rasm (Javob:

23 kH)
16 kH)
251 kH)
31 kH)
13kH)
6kH)

6 kH)
39 kH)
20 kH)
272 kH)

Y S i

= = = e T —
Parallelogramm Teng yonli trapetsiya
9.26- rasm 9.27- rasm
< m > < 8m >
I e o Y - — — —
— — |2m- - - — =
= - — -

Teng_yonli tra@etsiya

9.28- rasm

Teng yonli trapetsiya
9.29- rasm

Parabola
9.30- rasm

Yarlm ellips
9.31-rasm
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Teng yonli trapesiya
9.32- rasm

— v — 4 —
iy

Halqanlng to‘rtdan bir qlsml
9.33-rasm

gl it
Teng yonli uchburchak

9.34- rasm

__— =

-

doira
9.36- rasm

—dn

Yarim aylana
9.38- rasm

Yarim aylana
9.40- rasm
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1
NN —
= A

Teng yonli uchburchak
9 35- rasm

d0|ra
9.37- rasm

_

Yarlm aylana
9. 39 rasm




— — TS i—_ ‘Lm— e
5, e
Romb To‘g‘ri burchakli uchburchak
9.42- rasm 9.43- rasm
< M >
i ——v— il
Yarim aylana To‘g'ri burchakli uchburchak
9.44- rasm 9.45- rasm

To‘g‘ri burchakli uchburchak To‘g‘ri burchakli uchburchak
9.46- rasm 9.47- rasm

Parabola Parallelogram
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e 2M—>

9.48- rasm 9.49 rasm

kg _HM?_—_—_——

—2M —

Yarim ellips To‘gri burchakli uchburchak
9.50- rasm 9.51- rasm
0 i 4y —>
— — — A — — i __T(
— - ,,1”'— — _2m_ _
_— — 2M—~>‘ _—_— _L 4 y? =_H__
A\ -

*" Ayeamapacons
To‘g‘ri burchakli uchburchak Parabola yoyi
9.52- rasm 9.53- rasm

Kvadrat Parabola
9.54- rasm 9.55- rasm

3. Bir jinsli yassi egri chizigning og‘irlik markazi topilsin.

3.1. L:Ox o‘qi ustida joylashgan yarim aylana: x* + y2 =R?,
(Javob: , B
X.=0, Y. =2RI7y
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3.2. L: Sikolidaning birinchi arkasi x=a (t-sint), y=a (1-cost)

(0<t<2x).(Javob:x, =7, VY, =ga)

2 2 2
3.3. L:astroidaning X® +x% =a® uchinchi kvadrantidagi
bo‘lagi.
(Javob: xs=y.=-0,4a.)
3.4. L: Radius R ga teng bo‘lgan aylananing x ga teng
markaziy burchakni tortib turgan yoy bo‘lagi. (Javob: og‘irlik
markazi yoy tortib turuvchi markaziy burchakning bissektrisasida

markazdan 2RsiN(x/2) masofada joylashgan).
X

3.5. L: Zanjir chizigning yoy bo‘lagi y=a (x-a), (— asx< a).

(Javob: x, =0, y _@ 2+sh2
4 shl

3.6. L: Kordiodaning yoyi p=a(1+cos¢)(0<¢p<x). (Javob:

X, =Y. :ga)
3.7. L:Logarifmik spiralining yoyi p=a-e” (%g(pgﬁ) :

a2-e” +e” a e —2e”
Javob:x =—— ="~ —~ y ==
( c 5 e;z'_enIZ yC 5 ezz'_eiz/Z )

3.8. .L: Sikloidaning bitta arkasi x=3(t-sint), y=3 (1-cost).

(Javob: X, =37, Yy, =4)
3.9. L:Astroidaning yoyi x= 2c033&], y= 25in3(ij

(Javob:x =y :ﬂ)
C C 5
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3.10. L:x=e'sint y=e'cost (0<t< j egri chizigning yoyi
2

Javob: x, = 2e” +1 y, =2 -1

TR
3.11. L: kardioida p=2(1+cosp). (x, =16, y, =0)
3.12. L: p=2sing egri chiziq (0:0) nugtadan (ﬁ ﬂ]
4

nuqtagacha. (Javob: x, = E Y. =(7-2)/x)
T
3.13. L: Aylana o‘ramasining yoyi x=a (cost+ t sint), y=a
(sint-t cost), (0 <t< ﬂ).(Javob: X = 2(,,2 +4)/a,,2, y :@)
c c T

3.14. L:p=0 va ,-Z nurlar orasidagi p = 2/3cos¢ egri
4

chizigning yoy bo‘lagi. (Javob: x, =/3(z+2)/x, y, =23/ 7. )
3.15. L:Egrichizig x=~/3t%, y=t—t* (0<t<1).

7\/' 1

(Javob: x, = 5 Ve = (0<t<1))
3.16. L:-tomonlar|x+y =a, x=0, va y=0 to‘g‘ri chiziqlarda

yotgan uchburchak. (Javob: X, = Y, :% )

2 2

3.17. L: koordinata o‘glari (XZ 0,y ZO) va :—2+Z—2=1

ellips bilan chegaralangan

(Javob: x_ = _ b )
( ) (37)
3.18. L:- Sikloidaning birinchi arkasi x=a (t-sint), y=a (1-
cost) va Ox o‘qi bilan chegaralangan. ( Javob x, =7a,y, = %2 ).

6
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319. L: y=x%y=+x egri chiziglar  bilan

chegaralangan: [Javob: X =y, = 2%)
3.20. F: y=sinxSinusoidaning yoyi va OX o‘qining

(0< x < x)kesmasi bilan chegaralangan: (Javob X, = % oy, = %) ,
3.21. F: Yarim aylana y=+R?-x* va OX o‘qi bilan

chegaralangan. [Javob 'x, =0,y = g_Rj.

3.22.  F: Parabolaning yoyi y=byJx/a (a>0,b>0), OX
o‘qi va x=b to‘g‘ri chiziq bilan  chegaralangan.

(Javob X, =3—a, V. =%j.
5 8

3.23. . F: Parabolaning yoyi y=bvx/a (a>0,b>0), OU
o‘qi va y=b to‘g‘ri chizig bilan chegaralangan.

(Javob X, :B—a, v, =3—6j.
10 4
3.24. F:Yopiq y2 =ax’ —x" chiziq bilan chegaralangan.
(Javob X, :5§a, v, =Oj

3.25. F. Koordinata o‘qlari va astroidaning birinchi
kvadrantga joylashgan yoy bo‘lagi bilan chegaralangan.

[Javob X, =y, = (éfSZ)J

3.26. F: Radiusi R markaziy burchagi 2a bo‘lgan doiraning
sektori: (Javob: Og‘irlik markazi sektorning simmetrik o‘qida

doiraning markazidan 2 5 Sina masofada bo‘ladi. Agar doiraning
3 a
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markazi koordinata boshida, sektorning simmetrik o‘qi Ou o‘qida

bo‘lsa, x —0,y =2 R SM% gateng).
c c 3 a

3.27. F: Kardoida p=a(1+COS¢)) bilan chegaralangan.
(Javob:xc,:%l,yvzoj

3.28. F: Bernulli lemniskatasining birinchi  bo‘lagi
p2=a2C052(p(JaV0b:xc=«/§7m/8, yc=0).

3.29. F: Koordinata o‘qlari va /x+./y =+a parabola

5

3.30. F:Yarim kubikparabola ay2 =x’va x=a to‘gri

bilan chegaralangan. ( Javob:x =y, :ﬁj,

chiziq bilan chegaralangan (a> 0). (Ja\/ob;x :5_“, y :oj.
c 7 c

Namunaviy variant yechish.

1. Uzunligi L, asosining radiusi R bo‘lgan doiraviy silindr
(9.56-rasm) ko‘rinishidagi rezervuarning yugoridagi suvni haydab
chigarish uchun bajarilgan A ishni aniglang. Suvning solishtirma
og‘irligi y = 9,81 kN /m3. Bajarilgan A ishni L=5m, R=1m
bo‘lgan hol uchun hisoblang.

» Z balandlikda suvning dz gatlamini ajratamiz (9.56-
rasm). Uning hajmi:

dv = 2|0,B|Ldz = 2L\/R?> — (R — z)?dz = 2L/z(2R — z)dz.

V4
z
L &
LT y
5 dz 4 dZ A4 “L‘ ™~ ‘R\ v“l 2R
X 0



Bu qatlamni H=2R-z balandlikga ko‘tarish kerak, dz
gatlamdagi suvni haydab chigarish uchun bajariladigan elementar
dA ish quyidagi formula orgali topiladi:

dA=Hydv =2 (2R-2),/z(2R-z) dz.

Butun suvni haydab chigarish uchun bajariladigan ish
elementar ishlarning yig‘indisiga teng:

A= jdA fzyL(zR—z./ z(2R-z) dz= 2;4_jz% (2R-z) (1)

Yuqorldagl differensial binomdan ollngan (1) integralni
hisoblaymiz,,, -1 ,_1 p:§_w+ngez Bo‘lgani uchun (1)
2 n

integralni hisoblashda a+bx" =u®x" (8.7 paragraf) almashtirish
bajaramiz. Almashtirishni qo‘llab:

2R-7=u"z, dz=—4Rulu’ +1)"du | = u‘du_ ga
2R
A=2 [z (2R-2) dz=| 2=2R/u*+1, qeapz=0u=c0 32R J~( >

’ azapz=2R,u=0

ega bo‘lamiz.

Oxirgi xosmas integralda, integral ostidagi funksiya to‘g‘ri
ratsional kasr bo‘lib, (8.10) formulaga ko‘ra uni soda kasrlarning
yigeindisi ko‘rinishida yozilishi mumkin (8.6). Bu kasrlardan
integrallar (8.4) rekkurent formula orgali oson topiladi. Rekkurent
formulani qo‘llab:

©

T

T
4 3

oo

.b\w
N

J- u*du :T 12 N 1 du:£—2~§-£+
sz +1)f ol +1f  (+1f (41 4 4 4

u holda: A=32jLR*z/32 = zjLR®. Agar: L=5m, R=1m bo‘lsa
A=314-981-5-1~154kxc <

2. Suvning solishtirma ogirligini 9.18 xx/ x° deb hisoblab,
suvga vertikal cho‘ktirilgan plastinkaga ta’sir etayotgan suvning
bosim kuchini hisoblang. Plastinkaning joylashishi, o‘lchovi,
formasi (9.57 rasm) da keltirilgan.

p Koordinata sistemasini 9.57 rasmda ko‘rsatilgandek tanlab

olamiz. U holda parabolaning sodda tenglamasi x°=-2py
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ko‘rinishda bo‘ladi. Parabola A(1/2,-1) nugtadan o‘tgani uchun,
p=1/8, x* =—y/4gateng bo‘ladi.

Kengligi dx va yuzi ds = (1|, )dx bo‘Igan gorizontal kesimni
x chuqurlikda ajratamiz. Suvning bu kesimga bosimi:

Ap = x (L—y| )dx = x (1— 4x? )dx ga teng bo*ladi.

9.57- rasm

U holda suvning butun plastinkaga bosimi ushbu formula
orqali topiladi:
P=yTX(1—4XZ)dX=y[L;_X4J';zy[%z_HA}

Agar  _1va y =981 xn/x® bo‘lsa bosim
2

Pzgygl(;_i}@z%mga teng bo‘ladi. «
8 16 16

3. Bir jinsli figura y=x?6q y=+/x e€gri chiziglar bilan
chegaralangan bo‘lsa, uning og‘irlik markazini toping.

p Figuraning og‘irlik markazi ( 9.58 —rasm) (9.17) formula
orgali hisoblanadi, bu yerda:

f,(x)=x% f,(x)=+/x.
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\ y=x
y Nl
/

/]

1 (\y=x

o xc 1 X
9.58- rasm

Egri chiziglarning kesishish nugtalari 0 (0,0) va B (1,1)
bo‘lgani uchun a=1, b=1. U holda:

1 1
e
1 1 5 \
o2

1

1 1 1 x> x>\1 3
00 w2 Jheowthoc- 32 - L2
bundan x, =y, =i_ <

20

9.6 9 — bo‘limga qo‘shimcha masalalar.
1. Tenglamani yeching:
i _7. 0 dx :%, (Javob: a) x=2; b)

? J'L -1 12’ .!2 ver—1
In4)

2. Tenglikni isbotlang:

1 1/x

-[1+t2 - I1 7 x>0

3. Agar |n=jtg”xdx (n>1,n—butun)  bo‘lsa,  ushbu
0

I, +1,,= il tenglikni isbotlang.

n—

n
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4. Berilgan chiziglar bilan chegaralangan egri chizigli
trapetsiya yoki figuraning yuzini toping?

a) = xiz, x €(35),

YT IG-3)6-x)
b) y:ﬁam‘?—i;&), x e [0:1);

C) p:tg(o, p:CO]S.(l)igoeliol;rja

d y=x-e:,xe[0)
e) Vx

f) xy? =8 —4x va uning asimptotasi;

9 (x+1)y*=x*  (x<0) vauning asimptotasi;

(Javob: a) 397/2; b) 2;¢) z/4; d)1;e) 7, 1. f)4x; g)

4 2

8/3.)

5. Berilgan chiziglarni aylanishidan hosil bo‘lgan sirt bilan
chegaralangan jismning hajmini toping:

a) y=e ™ vay=0,0yoqiatrofida;

b) (4-x)y*—x* =0uning asimptotasi atrofida;

c) = 1 ~ uning asimptotasi atrofida;
1+x

d) y=e "Sinm va x>0, Ox o‘qi atrofida.

(Javob: a) z; b) 167%; ¢) 7%/2; d) 7°/(a(l+ 7))

6. Silindrik bak vertikal joylashgan bo‘lib suv bilan
to‘ldirilgan, tubida kichik tirgish bor. Bakdan suvning yarim “t”
vaqt ichida ogib chiqdi. Hamma suv gancha vaqt ichida oqib
chigadi?

Bu yerda =1 va up=uf2gh, v - tirgishdan oqib

chigayotgan suvning tezligi. (Javob ; (2+ﬁ)Tmin).
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7. Qarshiligi o‘zgarmas R bo‘lgan rezistorga o‘zgaruvchan
U =U,sinmt kuchlanish berilgan. Rezistorga ganchalik

o‘zgarmas kuchlanish berish kerakki, 727 vaqt ichida ajralib
[0

chiggan issiglik, o‘zgaruvchi kuchlanish bergandagi shu vaqt
ichidagi ajralib chiggan issiglikga teng bo‘lishi kerak. (Javob:
U,//2).

8.  Elektr zanjir boshlang‘ich paytida R om garshilikga ega
va u tekis vom/c tezlik bilan o‘sadi. Zanjirga o‘zgarmas U g
kuchlanish berilgan. Elektr zanjirdan tc. vaqt miqdorida o‘tgan
zaryadni aniglang ( Javob : Em%).

a

9. Yer atmosferasi massasini uning zichligi, balandlik
oshishi bilan P = P, e " gonun bilan o‘zgarsa, bu yerda h- yer
sirtidan garalayotgan nugtagacha bo‘lsa, hisoblab toping. ( Yer
radiusi “R” bo‘lgan shar deb hisoblanadi).

(Javob: (470,(a?R? + 2aR + 2))/a%).

10. Jism temperaturasi 7=20°C bo‘lgan muhit bilan
goplangan.  Sovutish  natijasida  jismning  temperaturasi
100°0an60” ga tushgan. Sovutish boshlanishidan gancha vaqt

keyin jismning temperaturasi 30°C ga tushadi? ( Javob: 1soat ).
11. Massasi “m” bo‘lgan moddiy nugta chizigli zichligi p

bo‘lgan cheksiz sterjendan “/ ” masofada joylashgan. Qanday
kuch bilan sterjen nugtani tortadi? ( Javob: mypm/l,y —
gravitatsion o‘zgarmas).

12. O‘q galinligi “h” bo‘lgan taxtani teshib o‘tgandan keyin
tezligi v, danv, ga o‘zgaradi. Qarshilikni tezlikning kvadratiga
proporsional deb hisoblab, o‘qning taxta ichidagi vaqgtini toping?

(Javob: h(v, ~v,)/ (v, v, In i) :
Ly
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10. BIR NECHA O‘ZGARUVCHILI FUNKSIYALARNING
DIFFERENTSIAL HISOBI
10.1. BIR NECHA O‘ZGARUVCHILI FUNKSIYA
TUSHUNCHASI. XUSUSIY HOSILALAR

Aytaylik, biror D(xy) sohada har bir tartiblangan (x,y)
juftlikka aniq zeEcCR son mos qo‘yilgan bo‘lsin. U holda z, X va 'y
larga bog ‘lig bo ‘Igan ikki o ‘zgaruvchili funksiya deyiladi. X va y
o‘zaro bog‘liq bo‘lmagan o‘zgaruvchilar yoki argumentlar
deyiladi. D to‘plam funksiyaning mavjudlik yoki aniglanish
sohasi, E to‘plam esa funksiyaning giymatlari sohasi deyiladi.
Simvolik ravishda ikki o‘zgaruvchili funksiya z =f(xy)
ko‘rinishda yoziladi, bu yerda f moslik gonuniyatini belgilaydi.
Bu qonuniyat analitik ko‘rinishda (formula orqali), jadval
yordamida yoki grafik ko‘rinishda berilishi mumkin.

Umuman olganda dekart koordinatalari sistemasi Oxyz
kiritilgan fazoda har ganday z = f (x,y) tenglama biror sirtni
aniqlaydi, ya’ni ikki o‘zgaruvchili funksiyaning grafigi deganda
koordinatalari z =f(x,y) tenglamani ganoatlantiruvchi fazodagi
M(x,y,z) nuqtalar to‘plamidan hosil qilingan sirtni tushunamiz.
(10.1 —rasm).

Geometrik nugtai nazardan, funksiyaning aniglanish sohasi
D, odatda shu sohaga tegishli yoki tegishli bo‘lmagan chiziglar
bilan chegaralangan Oxy tekislikning biror gismini tasvirlaydi.
Birinchi holatda D soha yopiq soha deyiladi va D bilan
belgilanadi, ikkinchi holatda esa ochiq soha deyiladi.

1 — misol. z= In(y-x*+2x) funksiyaning D aniglanish sohasini
va E — giymatlar sohasini toping.

» Berilgan funksiya Oxy tekislikning y-x*+2x > 0 yoki
y> x2-2x o‘rinli bo‘ladigan nuqtalaridagina aniglangan.

Tekislikning y=x?2x tenglikni ganoatlantiradigan nugtalari D
sohaning chegarasini tashkil giladi. y=x*2x paraboladir. (10.2 —
rasm.) Parabola D sohada yotmaganligi uchun shtrixli chiziglar

bilan tasvirlangan). y=>x?2x tengsizlik o‘rinli bo‘ladigan nugtalar
paraboladan yuqorida yotishini tekshirish oson. D soha ochiq
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atrof bo‘lib, (10.2 — rasmda y shtrixlangan) uni quyidagi
tengsizliklar sistemasi bilan aniglash mumkin:
D: {—00 < x < +00, x2 — 2x < u < +00}

v

10.1. rasm 10.2. rasm

Ikki o‘zgaruvchili funksiyaning tarifini uch va undan ko‘p
o‘zgaruvchilar uchun umumlashtirish qiyin emas.

Agar biror n — o‘lchamli fazoda Xi,...,X, o‘zgaruvchilarning
har bir (xi,...X n) to‘plamiga, y ning biror aniq giymati mos
qo‘yilsa, u holda y kattalik x3,...,X, o‘zgaruvchilarning funksiyasi
deyiladi va simvolik ravishda y=f(xy,...,xn) ko‘rinishda yoziladi.

O‘zaro bog‘liq bo‘lmagan Xj,...X, o‘zgaruvchilarning
giymatlari to‘plami n o‘lchamli fazoda M(Xy,....Xn) nugtani
aniqlaydi, u holda har qanday ko‘p o‘zgaruvchili funksiyani
odatda mos o‘lchamli fazodagi M nugtaning funksiyasi deb
garaladi: y= f(M)

Agar har ganday € > 0 son uchun, shunday & > 0 son
mavjud  bo‘lib, |x——x,| <dvalu—uy| <8§ shartlarni
ganoatlantiruvchi x va y lar uchun

If(x,y) - Al <e

tengsizlik o‘rinli bo‘lsa, u holda A soni z=f(x,y) funksiyaning
Mo(Xo,Uo) Nugtadagi limiti deyiladi.

Agar A soni f(x,y) funksiyaning Mo(Xo,Yo) nuqtadagi limiti
bo‘lsa, u holda quyidagicha yoziladi:

A= ;lgf% fle,y) = Ng%f (x,y)
Yo
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. T x2+y?
2-misol. A = hmf;g T

» Limit belgisi ostidagi ifodada almashtirishlar bajarib,
quyidagiga ega bo‘lamiz.

(2 +y))(JZF Y F1+1)

limitni hisoblang.

A T - (e ir1)
= limyoo RV o (JaZHyZ 1+
Y0 x2+y2+1-1 Y0
1)=24
Agar limx-x, f(x,y) = f(xq,v,) tenglik o‘rinli bo‘lsa,

Y=Yo
z=f(x,y) funksiya Mo(Xo,Yo) nugtada uzluksiz deyiladi.

Masalan, z=1/(2x*+y?) funksiya cheksiz ko‘p uzilishga ega
bo‘ladigan M(0,0) nuqgtadan tashqari, tekislikning barcha
nugtalarida uzluksizdir.

Biror D atrofning barcha nuqtalarida uzluksiz bo‘lgan
funksiya, berilgan D sohada uzluksiz deyiladi.

Agar y ni o‘zgarmas deb olib, X o‘zgaruvchiga biror
Ax orttirma bersak, u holda z= f(x,y) funksiya x o‘zgaruvchi
bo‘yicha z funksiyaning xususiy orttirmasi deb ataluvchi
A,z orttirma oladi.

Ayz= f(x+Ax,y) — f(x,¥)

Xuddi shu kabi, z= f(x,y) funksiyada x ni o‘zgarmas deb
olib, u ga Ay orttirma bersak, u holda y o‘zgaruvchi bo‘yicha z
funksiyaning xususiy orttirmasi quyidagicha bo‘ladi.

Ayz = f (x,y +4y) = f(x,y)

Agar
Ayz 0z .
AalcToA__a_Z = (%)
lim Ayz 0z
Ay—0 Ay 6y fy(x Y)

limitlar mavjud bo‘lsa, bu 1foda1ar z= f(x,y) funksiyaning
mos ravishda x va y o‘zgaruvchilar bo‘yicha xususiy hosilalari
deb ataladi.
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Ixtiyoriy sondagi o‘zaro bog‘liq bo‘lmagan o‘zgaruvchilarga
ega bo‘lgan funksiyaning xususiy hosilalari ham shu kabi
aniglanadi.

Ixtiyoriy o‘zgaruvchi bo‘yicha olingan xususiy hosila, golgan
o‘zgaruvchilarni o‘zgarmas degan shartda shu o‘zgaruvchidan
olingan hosilaga teng bo‘lgani uchun bir o‘zgaruvchili funksiyani
differensiallashning barcha qoidalari va formulalari ko‘p
o‘zgaruvchili funksiyaning xususiy hosilalarini topish uchun
o‘rinlidir. «

3 —misol. Z=arctg§ funksiyaning xususiy hosilalarini toping.

» Xususiy hosilalarni topamiz:

0z 1 ( y) _ y

[ — Y -z
ox 14+ (y/x)? x? x? +y?
1 1 x
dy  1+(y/x)2 T x  x2+y2

4 — misol. W=In®(x*+y*+ 7% funksiyaning xususiy
hosilalarini toping.
» Xususiy hosilalarini topamiz.

ow 5 5 5 1
E=21n(x +y +z)xmx2x
ow . 5 . 1
E=21n(x +y +Z)me2y
ow L X 2z4

5 = 2In(x? + y? + z?) x PR

Bog‘liq bo‘lmagan o‘zgaruvchilardan biri o‘zgarmas,
ikkinchisi o‘zgaradi degan shartdagi z= f (x, y) funksiyaning
differensiali xususiy differensial deb ataladi, yani tarif bo‘yicha

dyz = f(x,y)dx, dyz = f, (x,y)dy

bu yerda, dx=AXx, dy= Ay lar o‘zaro bog‘liq bo‘lmagan
o‘zgaruvchilarning  ixtiyoriy orttirmalari  bo‘lib, ularning
differensiallari deb ataladi. Bu uch o‘zgaruvchili w=f(X,y,z)
funksiya uchun ham o‘rinlidir.

5-misol. w = (xyz)z3 funksiyaning xususiy differensiallarini
toping.

» Berilgan funksiyaning xususiy differensiali

dow = z3(xy?)=" 1 x y2dx, dyw = 23(xy?)?° "1 x 2xydy
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d,w = (xy?)% x In(xy?) x 3z%dz <
6 —misol. w = \/x? + y? + z2 — xyz funksiyaning M(2,-2,1)
nuqtadagi xususiy hosilalarining giymatlarini toping.
» Xususiy hosilalarni topamiz:

ow x ow y
— -y, = ——— — X2,
0x  [x24+y2 + 22 9y  [xZ+y?+22

ow z

e R 4
0z [x2+y2+ 272
Hosil gilingan ifodalarga berilgan nugtaning koordinatalarini
qo‘yamiz.
2 oo 8 aw| 2 8
Mo™3 77379z M ™ 3 3

aw 1 13
— =-+4=—4d9
az| Mo 3+ 3

ow
0z

10.1.- AT
1. Quyidagi funksiyalarning aniglanish sohasini toping.

)z = Ju?—-2x+4) b)z=ﬁ+\/x—u

V) z =Inx+Incosyc) z =/x2 +y?—9

2. Ko‘rsatilgan funksiyalarning xususiy hosilalarini toping.
a)z=(x*+y%—xy?)%b) z =arcsin§

C) z =X\/§ +%d) z =In(x +/x?+y?)

g) z = In(x X y + Inx X y) e) u=arctg(xy/z)

f) u=In /(x2 + y2)(x2 + z2) 2) u=(xy) 2 _q

3. Agar u=In(l+x+y? + z2) bo‘lsa U, + U, + U, ning
Mo(1,1,1) nugtadagi giymatini hisoblang. (Javob: 3/2)

4.z = x + u + +/x? + y? funksiyaning xususiy hosilalarining
Mo(3,4) nugtadagi giymatlarini hisoblang. (Javob: 2/5, 1/5)

5. Quyidagi funksiyalarning xususiy differensiallarini
toping:

a)z=In /x?2 +y?2b)z=arctg f_t:;

C) U:xyz d) U:M

ZZ_xZ_yZ
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Mustagqil ish
1. Quyidagilarni toping:
a) funksiyaning aniglanish va giymatlar sohasini:
z=In(4-x? + y?);
b) funksiyaning xususiy hosilalarini
z = sin®(x cos?y+y sin®x);
v) funksiyaning xususiy differensiallarini
u=In—2

x2+y2+4z2 "
2. Quyidagilarni toping:
a) funksiyaning aniglanish va giymatlar sohasini
r=ya-2+u
b) funksiyaning xususiy hosilalarini
u=arcsin /xy?z3;
v)  funksiyaning xususiy differensiallarini
z= /(2 +yD)/(x? — y?).
3. Quyidagilarni toping:
a) funksiyaning aniglanish sohasini va giymatlarini
Z=+VxXu++Vx—u;
b) funksiyaning xususiy hosilalarini
u=tg*(x-y? + 2°);
v)  funksiyaning xususiy differensiallarini

10.2. TO‘LA DIFFERENSIAL. OSHKORMAS VA
MURAKKAB FUNKSIYALARNI DIFFERENSIALLASH

Az = f(x + Ax,y + Ax) — f(x,y)

ayirmaga z = f(x,y) funksiyaning to‘la orttirmasi deb
ataladi.

z = f(x,y) funksiyaning to‘la differensialining, o°zaro
bog‘liq bo‘lmagan Ax va Ay o‘zgaruvchilarning orttirmasiga
chizigli bog‘liq bo‘lgan bosh qismi, funksiyaning to‘la
differensiali deb ataladi va quyidagicha belgilanadi dz.
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Agar funksiya uzluksiz xususiy hosilalarga ega bo‘lsa, u
holda to‘la differensial mavjud bo‘ladi va quyidagiga teng
bo‘ladi.

0z 0z
dz = de + Edy (10.1)

bu yerda dx = Ax,dy = Ay — o‘zaro bog'liq bo ‘Imagan
o zgaruvchilarning differensiallari deb ataluvchi ixtiyoriy
orttirmalardir.

n o‘zgaruvchili u= f(x 1,Xz...Xn) funksiya uchun to‘la
differensial quyidagi ifoda bilan aniglanadi.

du du Ju
du = a—xldx1 + a—xzdxz + -4 N dx, (10.2)

1-misol. z = x? — xy + y? funksiyaning to‘la orttirmasi va
to‘la differensialini toping

» Tarifga asosan

Az = (x + Ax)2-(x+Ax)(y+Ay)+ (y + Ay)?-x% + xy — y?
X2+ 2XAX+Ax*-Xy-XAy-UAx-AxAy+y*+2yAy + Ay*-

—  XPHXY-yP=2XAX-XAY+2yAy-yAx +Ax?-Ax Ay+Ay*=(2x-y) Ax+

+(2y-X) Ay+Ax*-AxAy+Ay?

(2x-y) Ax+(2y-x) Ay ifoda Ax va Ay larga nisbatan chizigli
bo‘lib dz munr mubdepennmanummp, a=Ax*-AxAy+Ay?* Kattalik
esa Ap =./Ax%+ Ay ga nisbatan yuqori tartibli cheksiz
kichikdir. Shunday qilib, Az = dz+a <

2 — misol. u=In’(X*+ y%— z%? ) funksiyaning to‘la
differensialini toping.

» Avval xususiy hosilalarni topamiz:

Ju 2x
—=2n(x?*+y?— z?) x

’

d0x x? +y? — 7?2
oy n(x®+y z°) x? +y? — 72 Y
Ju
— =2In(x?+y% - z?) x 5 X (=22).

0z x> +y2—z
(10.2) formulaga asosan quyidagiga ega bo‘lamiz.
du = 4In(x? +y? — z%) x vt (xdx + ydy — zdz) <
Az =~ dz bo‘lgani uchun ko‘p hollarda to‘la differensial
funksiyaning qiymatini taqribiy hisoblashda qo‘llaniladi, yani
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f(xo+Ax,y+Ay)  f(Xo,Yo)+ dz(Xo,Yo)
3 —misol (1,02)*% ni tagribiy hisoblang.
» z=xy funksiyani garaymiz. xo=1 va yo=3 da quyidagilarga
ega bo‘lamiz.
20=1°=1; Ax=1,02-1=0,02, Ay = 3,01 — 3 = 0,01
z=x" funksiyaning ixtiyoriy nuqtadagi to‘la differensialini
topamiz.
dz = yx" 'Ax+x"Inx Ay
Berilgan Ax=0,02 va Ay = 0,01 orttirmalarni etiborga olgan
holda buning M(1;3) nugtadagi giymatini hisoblaymiz.
dz =3-12-0,02+13In1-0,02=0,06
U holda z=(1,02)*"  z,+ dz=1+0,06=1,06 <«

z = f(u,v) funksiya, bu yerda u=¢(x\y), v=¢(x,y) X va y
o zgaruvchilarning murakkab funksiyasi deb ataladi. Murakkab
funksiyaning xususiy hosilalarini  topish uchun quyidagi
formulalardan foydalaniladi:
0z _ 0z0u , 0z dv
ox  duox ' ovox
0z _ 9z0u , 0z v
oy oudy  ovay
uU=¢(x), v=y(x) bo‘lgan holda (10.3) formulaning ikkinchisi
aynan no‘lga aylanadi. Birinchisi esa quyidagi ko‘rinishga ega
bo‘ladi.

(10.3)

dz 0dzdu 0zdv
dx oxdx  avdx
Oxirgi formuladagi % ifoda funksiyaning to‘la hosilasi deb
ataladi (Z—i xususiy hosiladan farqgli ravishda.)
4 — misol. z=sin(uv) funksiyaning xususiy hosilalarini
toping, bu yerda u=2x+3y, v=x+y.
» Quyidagiga ega bo‘lamiz:
% =vcos(uv) -2 +ucos(u Xv)-y=cos (2x%y+3xy?)
(4xy+3y?)

g—; = vcos(uv) -3 +ucos(u X v)-x =cos (2x’y+3xy?)
(6xy+2x°) <
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5 — misol. U=x+u?+ z3 funksiyaning to‘la hosilasini toping,
bu yerda y=sinx; z=cosx

» Quyidagiga ega bo‘lamiz:

9z _ Ju | Ry Dy ) Oy o142y cosx+3 z2(-sinx)=
dx dx 0y dx 0z dx

=14 2sinxcosx — 3 cos’xsin x <«

Agar F(x,y) = 0 tenglama oshkormas ravishda ikki
o‘zgaruvchili z(x,y) funksiyani ifodalasa va F,(x,y, z) # 0 bo‘lsa,
u holda quyidagi formulalar o‘rinlidir:

0z Fy(x,y,z) 0z Fy,(x,y,2)
ox = Fp(x,y.2)’ ou = Fy(x,y,2) (107)
6-misol. Oshkormas ravishda berilgan x*+y*-e¥-5=0
tenglamadan y funksiyaning hosilasini toping.
» (10.6) formulaga asosan, quyidagiga ega bo‘lamiz.
ou _ 3x%-exy
ax 3y2— eX¥Vxx

7 — misol. Oshkormas ko*rinishda berilgan xyz+x3-y*-z3+5=0
tenglamadan z funksiyaning xususiy hosilalarini toping.

» (10.7) formuladan foydalanib, quyidagiga ega bo‘lamiz:

9z _  yz+3x® 9z _  xz-3y?
ax  xy-3x2'dy  xy-3x2'
10.2 - AT

1. Quyidagi funksiyalarning to‘la differensialini toping.

a) z=X3+xy?+xY;  b) z=e*’; v) U=sin?(xy?s°)

2. Funksiyalarning mos orttirmalarini ularning to‘la
differensiallari bilan almashtirib, berilgan ifodani taqribiy
hisoblang:

a) (1,02)* (0,97)% b) /(4,05)2 + (2,93)2 (Javob: a)0,97;
b)4,998.)

3. Agar u=x siny, v=ycosx bo‘lsa, z=vu? + v? funksiyaning
xususiy hosilalarini toping.

4. Agar u=xy, v=x/u, t=e" bo‘lsa, w = In (U*+v>-t%)
funksiyaning xususiy hosilalarini toping.

5. Agar y=sinm/x bo‘lsa, z= tg?(x?- y?) funksiyaning hosilasini
toping.
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6. sinxy-x>-y*=5 tenglama bilan oshkormas ravishda berilgan
u funksiyaning hosilasini toping.

7. xyz- sin® xuz+x3+y*+ z°=7 tenglama bilan oshkormas
ravishda berilgan z funksiyaning xususiy hosilalarini toping.

8. x2 + y? + z% — xyz = 2 tenglama bilan oshkormas holda
berilgan z funksiyaning xususiy hosilalarining My(1,1,1)
nuqgtadagi giymatlarini hisoblang.

Mustagil ish

1. Quyidagilarni toping:

a) u=z-arctg(x/y) funksiyaning to‘la differensialini;

b) sin’xy?+cos’yx’=1 tenglama bilan  berilgan vy
funksiyaning hosilasini.

2. Quyidagilarni toping:

a)  z=ctg’(xy?-y>+x?) funksiyaning to‘la differensialini;

agary = e bo‘lsa,

b) z = arctg./x? + y? funksiyaning hosilasini.

3. Quyidagilarni toping:

a) z = e @Y fynksiyaning tola differensialini;

b) x?y?z?+ 7y* —8xz3 + z* = 10 tenglama bilan
berilgan z funksiyaning xususiy hosilalarini.

10.3. YUQORI TARTIBLI XUSUSIY HOSILALAR
URINMA TEKISLIK VA SIRTNING NORMALI

Birinchi tartibli xususiy hosiladan olingan hosila ikkinchi
tartibli xususiy hosila deb ataladi.

0%z 0 <62>_ oy
dx2  dx \dx = fex (0,3),
0%z 6(62)_ e y)
ayz_ay dy _fyy XY
0%’z 0 (82)_ oy
dxdy  dy \ox = oy (5,3),
0%z 6(82)_ * xy)
dydx ~ 9x \dy = fyx (0,7),
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Uchinchi va undan yuqori xususiy hosilalar aynan shu kabi

aniglanadi. aaﬁ yozuv z funksiya x o‘zgaruvchi bo‘yicha k

xkay
marta, y o‘zgaruvchi bo‘yicha n-k marta differensiyallanganligini
bildiradi. f;, (x, u) va f,, (x,y) xususiy hosilalar aralash xususiy
hosilalar deb ataladi.
Aralash xususiy hosilalar uzluksiz bo‘lgan barcha nuqtalarda
ularning qiymatlari teng bo‘ladi.
1—misol. z = e*** funksiyaning ikkinchi tartibli xususiy
hosilalarini toping.
» Avval birinchi tartibli xususiy hosilalarini topamiz:
0z
ax
Yana bir marta differensiallab quyidagiga ega bo‘lamiz:

2.2 0z 2,,2
=X -2xy2,a= e* V" - 2x2y.

% = eV ax?yt 4 X7 2y2
% =e¥V" axty? + ¥ 2x2,
a(j:azy =¥V ax3y3 + XV - axy,
6(1262x = e®’Y"  4x3y3 + X'V - 4xy.
Oxirgi ikki ifodani solishtirib, a"j;zy - a"’E ekannligini

ko‘ramiz. <«

2 —misol z = arctg? funksiya 22 + 22 = ¢ Laplas
g x dx2  0y?

tenglamasini ganoatlantirishini isbotlang.
» Quyidagilarni topamiz:

0z y 0z x
0x  x2+y?’dy x2+y?
9%z | 8%z _  2yx o 2xy
U holda oz T 57— iy Gy 0«

z=f(x,y) funksiyaning ikkinchi tartibli tola differensiali d*z
quyidagi formula bilan ifodalanadi.
22z =22 42 4207 gy + 92 4y
2= 92 dxdy xay dy? Y

186



3 — misol z=x*+y>+x%?” funksiyaning ikkinchi tartibli to‘la
differensialini toping.
» Ikkinchi tartibli xususiy hosilalarni topamiz.

0z 0z
— = 3x? + 2xy?; 3y = 3y? + 2x2y;

0x
0%z _ 2, 0%z _ 2 02 _
Py 6x + 2y~; Phe 6y + 2x oxay 4xy.
Shunday qilib,

0%z = (6x + 2y?)dx + 8xydxdy + (6y + 2x?)dy* <
Agar sirt z=f(x,y) tenglama bilan berilgan bo‘lsa, berilgan
sirtga Mo(Xo,Y0,2Z0) nNuqtada o ‘tkazilgan urinma tekislik tenglamasi
quyidagicha bo‘ladi:
z— 2y = f (X0, o) (x — x0) + fg;(xo'}’o)(y — ¥o)- (10.8)
Sirtga Mo(Xo,Yo,) nuqta orqali o‘tkazilgan normalning kanonik
tenglamasi esa quyidagicha bo‘ladi.

X—Xo Y—Yo Z—2Zy
= =I5, 10.9
fx(xOJ’O) fy (xo,yo) -1 ( )

Silliq sirt tenglamasi oshkormas holda F(x)y, z )=0 va
F (x0, Y0, 29) =0 ko‘rinishda berilgan bo‘lsa, u holda My(Xo,Yo,)
nuqgtadagi urinma tekislik tenglamasi quyidagi ko‘rinishda
bo‘ladi.

FJ;(xO'yO'ZO)(x — Xo) — F}.} (%0, ¥0,20) (Y — ¥o) +

F, (X0, ¥0,20)(z — 2¢) = 0, (10.10)
normalning tenglamasi esa:
TH - _ YT TR 4 (10.11)

Fy(x0.¥0.20) F3lz (x0¥020)  Fy (X0.Y0:Z0)
4-misol. X*+ y+2°+xyz—6=0 sirtga Mo(1,2,-1) nugtadagi
xususiy hosilalarning giymatlarini hisoblaymiz:
» F.(x0,¥0,20) = (3x* + yz) |M0 =1,
E, (x0,¥0,20) = (3y? +x2) |MO =11,
F, (x0,¥0,20) = (32% + yx) |M0 = 5.
Bularni (10.10) va (10.11) tenglamalarga qo‘yib, mos
ravishda urinma tekislik tenglamasi
(x-1)+11(y-2)+5(z — 1)=0
va normalning kanonik tenglamasini topamiz:
x—1 y—2 z+1
—_— — = — 4
1 11 5
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10.3-AT
1. Quyida ko‘rsatilgan funksiyalarning ikkinchi tartibli
xususiy hosilalarini toping va ularning aralash hosilalarini

tengligini tekshiring.
8) z = 3,/ + yD);
b) z = In(x + {/x2 + y2);

V) z = e*(siny + cosx);
)z = arct Lard
9 91
aZ

2+%%=0

— pX — i 1 1 -~
2. z = e*(xcosy — ysiny) funksiyaning oz

tenglamani ganoatlantirishini isbotlang.
— pcos(x+3y) H ; 3_22 — B_ZZ .
3. z=e funksiyaning 9 x o = 9y tenglamani

ganoatlantirishini isbotlang.

4., xyz?+2y%+3y z+4 =0 sirtga My(0,2,-2) nuqtada
o‘tkazilgan urinma tekislik tenglamasi va normal tenglamasini
toping.

5. Z=%x2—%y2 sirtga  My(3,1,4) nugtada o‘tkazilgan
urinma tekislik va normal tenglamasini toping.

x-3 _y-1 _z—4

(Javob: 3x-y- z=4, — === _—1.)

6. X+2y*+ z%=1 elllpsoid uchun x-y+2 z = 0 tekislikka
parallel urinma tekislik tenglamasini yozing.

Mustagil ish

1. 1. z=In(x*+y) funksiyaning ikkinchi tartibli
hosilalarini toping.

2. X*+2y*+ 3z %=6 sirtga Mg(1,-1,1) nuqtada o‘tkazilgan
urinma tekislik va normalning tenglamasini yozing.

2. 1l.z=e"’ funksiyaning ikkinchi tartibli hosilalarini
toping.

2.z = 1+ x%+y? sirtga Mo(1,1,20) nuqtada o‘tkazilgan urinma
tekislik va normalining tenglamasini yozing.

3. l.z=(x+y)/(x-y) funksiyaning ikkinchi tartibli xususiy
hosilalarini toping.
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2. X’z-xyz+y*-x-3=0 sirtga Mo(-2,3,20) nugtada o‘tkazilgan
urinma tekislik va normalining tenglamasini yozing.

10.4. IKKI O‘ZGARUVCHILI FUNKSIYANING
EKSTREMUMI

Agar Mo(Xo,Yo,) Nugtadan fargli va uning yyetarlicha kichik

atrofiga tegishli barcha M(x,y) nugtalar uchun
f(xo0,Yo)2f(x,y) (f(X0,Yo)AXY))

tengsizlik o‘rinli  bo‘lsa, Mo(Xo,Yo,) hnugta z= f(x,y)
funksiyaning lokal maksimumi  (minimumi) deb ataladi.
Funksiyaning maksimum yoki minimumi uning ekstremumi
deyiladi. Funksiya ekstremumga erishadigan nugta, funksiyaning
ekstremum nugtasi deb ataladi.

1 —teorema. (Ekstremum zaruriy sharti).

Agar Mo(Xo,Yo,) nugta f(x,y) funksiyaning ekstremum nuqtasi
bo‘lsa u holda f;(xo¥0) = f,(x0¥0) =0 bo‘ladi yoki bu
hosilalardan birontasi mavjud bo‘Imaydi.

Shu shart bajariladigan nuqtalar statsionar yoki Kkritik
nugtalar deb ataladi. Ekstremum nuqtasi har doim statsionar
nuqta bo‘ladi, ammo statsionar nuqta ekstremum nugqtasi
bo‘lmasligi ham mumkin. Statsionar nuqta ekstremum nugqtasi
bo‘lishi uchun, ekstremum mavjudligining yyetarli sharti
bajarilishi kerak. Ikki o‘zgaruvchili funksiya ekstremumining
mavjudligining yyetarli shartini tariflash uchun quyidagicha
belgilashlar kiritamiz:

A=fex (X0Y0), B = fry (x0¥0), C = fyy (X0¥0), A= A C — B2,

2- teorema. (Ekstremum yyetarli sharti).

Aytaylik z=f(x,y) funksiya Mo(Xo,Yo,) Statsionar nuqtani o'z
ichiga olgan biror sohada uchinchi tartibli uzluksiz xususiy
hosilalarga ega bo ‘Isin. U holda:

1) agar A> 0 bo‘lsa u holda My(Xo,Yo,) Nnugta berilgan
funksiya uchun ekstremum nugqtasi bo ‘ladi, bunda My nugta

A < 0(C <0) bo‘lganda maksimum nugtasi va A > 0(C >
0) bo ‘Iganda minimum nuqtasi bo ‘ladi;
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2) agar A< 0 bo‘Isa, u holda My(Xo,yo,) Nuqtada ekstremum
yo'q;

3) agar A= 0 bo‘lsa, u holda ekstremum bo lishi ham,
bo ‘Imasligi ham mumkin.

Ko‘rinib turibdiki, uchinchi holda qo‘shimcha tekshirish talab
etiladi.

1 — misol. z= x*+y*3xy funksiyani ekstremumga tekshiring.

» Qaralayotgan misolda Z—i va z—; doimo mavjud bo‘ladi,

shuning uchun statsionar (kritik) nugtalarni topish uchun quyidagi
tenglamalar sistemasiga ega bo‘lamiz (1- teoremaga garang):

02 _ 3¢2_3y=0

ox y==u

02 352 _3x=0

3y =3y x =0.
Tenglamalar sistemasini yechamiz:
{xz_yzobundanx—OX -1,y1=0 1
yz—x=0 1= U, X2 yY1= 0,y L

Shunday qilib, Mj(0,0) va , Mj(1,1) ikkita statsionar
nuqtalarga ega bo‘lamiz.

Quyidagilarni topamiz:

A_022_6 B - 0%z 36—622—6
Tz P Taxay T T T2 T Y

U holda =AC-B2=36xy-9.

M;(0,0) nugtada =-9, yani bu nugtada ekstremum yo‘q.
My(1,1) nugtada =27 OvaA = 6 > 0, bundan kelib chigadiki,

bu nugtada berilgan yunksiya lokal minimumga erishadi: z,,;, =
-1. <

z=f(x,y)  funksiyaning ¢@(x,y) =0 shartda topilgan
ekstremumi shartli ekstremum deb ataladi. ¢(x,y) = 0 tenglama
bog‘lanish tenglamasi deb ataladi.

Shartli ekstremumni topishning geometrik masalasi z=f(x,y)
sirtning ¢(x,y) = 0 silindr bilan kesishgandagi egri chizigning
ekstremal nuqgtalarini topishga keltiriladi.
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Agar ¢(x,y) = 0 bog‘lanish tenglamasidan y y(x) ni topib
z=f(x,y) funksiyaga qo‘ysak, u holda shartli ekstremumni topish
masalasi bir o‘zgaruvchili z=f(x,y(x)) funksiyaning ekstremumini
topishga keltiriladi.

2 — misol. z=x*y* funksiyaning y  2x-6 shartni
ganoatlantiruvchi ekstremumini toping.

> vy 2x-6 ifodani berilgan funksiyaga qo‘yib bir
o‘zgaruvchili funksiyaga ega bo‘lamiz:

7=x-(2x-6)?, z=-3x°+24x-36.

Quyidagini topamiz z' =-6x+24; bundan x=4. Shunday qilib

z'" =-6 0, u holda berilgan funksiya M;(4,2) nuqtada shartli

maksimumga erishadi: z,,,,=12. 4

Differensiallanuvchi funksiya, chegaralangan yopiq D sohada
o‘zining eng katta (eng kichik) giymatiga yoki D sohaning ichida
yotuvchi statsionar nugtada yoki shu sohaning chegarasida
erishadi.

Funksiyaning yopiq D sohadagi eng katta va eng kichik
giymatlarini topish uchun, uning berilgan sohaning ichida va
chegarasida yotuvchi barcha kritik nugtalarni topish zarur,
funksiyaning shu nugtalardagi va shuningdek, chegaralarning
golgan barcha nugtalaridagi qiymatlari hisoblanadi, so‘ngra
solishtirish yo‘li bilan hosil gilingan sonlardagi eng katta va eng
kichiklari tanlanadi.

3 — misol. z=x*+y?-xy+x+y funksiyaning x=0, y=0, x+y=-3
chiziglar bilan chegaralangan sohadagi eng katta va eng kichik
giymatlarini toping.

» Quyidagi tenglamalar sistemasidan M; statsionar nugtani
topamiz:

% e gx—y+1=0,)
ox Ty B '}
02 @y x+1=0

dy y—x B )

Bundan x=-1, u=-1. z1=z(-1,-1)=1 bo‘lgan M;(-1,-1) nugtani
hosil gilamiz.
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Berilgan funksiyani chegaralarida tekshiramiz.
Xx=0 bo‘lgan OB to‘g‘ri chiziqda v
z=y*+y ga ega bo‘lamiz va masala
bir o‘lchovli funksiyaning [—3,0]

oraligdagi eng katta va eng kichik A awlo
giymatlarini topishga keltiriladi. X __|_M_u_._‘.‘.‘ g
Quyidagilarni topamiz: wa M

: 1 .
zy=2y+1 :0,x=—§,zyy=2
Z, =2 (0; —%) = —% bo‘ladigan
M>(0,- %) shartli lokal minimum nugtani hosil gilamiz. OV
kesmaning chekka nuqtalarida z; = z(0; —3) = 6,2, = z(0;0) =
0 bo‘ladi.
Xuddi shu kabi y=0 bo‘ladigan OA kesmada quyidagilarga

ega bo‘lamiz: Z=X2HX, Z,'C=2X+l, x=-1/2, Z;x = 2, yani Mz(- %, 0)
— lokal minimum nugqta bo‘lib, bu nuqtada 252(—%, 0)= —i bo‘ladi.
A nugtada z,= z(-3;0)=6 bo‘ladi. X+u=3 to‘g‘ri chiziqdagi AB
kesmada y=-x-3 ifodani z funksiyaga qo‘yib, quyidagilarni hosil
gilamiz.

2=3X°+9x+86, z,=6x+9=0, x=-3/2.

Bundan, z, = z (—2,—2) = —% bo‘ladigan My(- %; —; )
nugtani topamiz. AB kesmaning chetki nugtalaridagi funksiyaning
giymatlari topilgan. z funksiyaning barcha topilgan giymatlarini
solishtirib, quyidagi xulosaga kelamiz, A(-3,0) va B(0,-3)
nuqtalarda o‘zining eng katta qiymatiga erishadi z,,,, = 6, M1(-
1,-1) statsionar nuqtada esa z,,;,, =-1 bo‘ladi. «

4 — misol. To‘g‘ri burchakli parallelepipedning to‘la sirtining
yuzi S ga teng. Eng katta hajmga ega bo‘ladigan o‘lchamlarini
toping.

» To‘g‘ri burchakli parallelepipedning hajmi V=XX y X z ga
teng, bu yerda X, y, z — parallelepipedning o‘lchamlari, uning to‘la
sirtining yuzi esa S=2(xy+xz+yz) ga teng.

S-2xy Sxxxy—2x2y?
2w T ey V&Y
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V = V(x,y) funksiyaning ekstremumini topamiz:
v y*(S—2x*—4dxy) l

ox 2(x +y)?
vV x*(S—2y%—4dxy) 0
ou 2(x+y)? h J

X >0,y >0 bo‘lgani uchun oxirgi sistemadan X=y= Z

ekanligi  kelib chigadi. V=V(x,y) funksiyaning maksimumi

bo‘ladigan yagona M( \E, \E) nuqtaga ega bo‘ldik. (yani masala

yechimga ega!), shuning uchun maksimum mavjudligining
yyetarli shartini tekshirishning hojati yo‘q.

Quyidagini topamiz
°T3_

Shunday qilib, girrasi \E ga teng bo‘lgan kub eng katta

| “

hajmga ega bo‘lar ekan. «

10.4 — AT.

1. Quyida berilgan funksiyalarni lokal ekstremumga
tekshiring:

a) z=x>+3xy? 15x-12y;

b)  z=X*+xy+y* 2X-y;

C)  z=3xy-x*-y* 10x+5y;

(Javob: a) z,,i, = 2(2,1) = =28,z 0 = z(—2,—1) = 28;

b)  z,in = z(1,0) = —1; s) ekstremum nugtalari yo‘q.)

2. z=x+2y funksiyaning x*+y’=5 shartni ganoatlantiruvchi
ekstremumlarni toping. (Javob: x=-1, y=-2 bo‘lganda z,,;, = -5;
X=1, y=2 bo‘lganda z,,,, =5).

3. z=x%y*+4xy-6x+5 funksiyaning, x=0, y=0, x+y=3
to‘g‘ri chiziglar bilan chegaralangan sohadagi eng katta va eng
kichik giymatlarini toping. (Javob:

Ze kichik = 2(3,0) = =9, Ze karea = 2(0,0) = 5.)
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4. z=x%y(4-x-y) funksiyaning, x=0, y=0, x+y=6 to‘g‘ri
chiziglar bilan chegaralangan sohadagi eng katta va eng kichik
giymatlarini toping. (Javob:

Ze kichik = 2(4.2) = =64, Zo garea = 2(2)1) = 4.)

5. Hajmi V ga teng to‘g‘ri burchakli parallelepipedning,
sirti eng kichik yuzaga ega bo‘ladigan o‘Ichamlarini toping.

(Javob: girrasi 3V ga teng bo‘lgan kub.)

Mustagqil ish
1. z=x3+y*3x+2y funksiyani ekstremumga tekshiring.
(Javob: z,,;, = z(1,—1) = 3))
2. 7=x,/y-x?-y+6x+3 funksiyani ekstremumga tekshiring.
(Javob: z,,4, = z(4,4) = 15.)
3. z=3x%-x*+3y*+4y funksiyani ekstremumga tekshiring.
(Javob: z,,,;, = z(0,—2/3) = —g.)

10.5. 10 - BOBGA DOIR INDIVIDUAL UY
TOPSHIRIQLARI
1. Ko‘rsatilgan funksiyalarning aniqlanish sohasini toping.

1.1. z=3xy/(2x-5y) 1.2. z =arcsin(x-y)

13. 2=/y? — x2 1.4. z = In(4-x*-y?)

1.5. 2 =2/(6-x"-y") 16. 2=/x +y2 -5
1.7. z =arcos(x+y) 1.8. 7 =3x+y/(2-x+y)
19. 2=/9—x2 — 2 1.10. z=In(x*+y*3)
1.11. z=./2x2 —y2 1.12. z =4xy/(x-3y+1)
113, z=\/xy I[(x*+y) 1.14. z =arcsin(xly)
1.15. z = In(y*-x%) 1.16. z =x’y/(3+x-y)
1.17. z =arcos(x+2y) 1.18. z =arcsin(2x-y)
1.19. z = In(9-x*-y?) 1.20. 7=3—xZ —y?
1.21. z=1/Jx2 + y2—5 1.22. 7 =4x+yl(2x-5y)
1.23. z=v3x = 2/ (X+y?*+4) 1.24. 7 =5/(4- X-y%)
1.25. z = In(2x-y) 1.26. z =7x%y/(x-4y)
127 z=J1—-x—y 1.28. 7 =eV¥*+y?-1
1.29. z =1/( xX*+y* 6) 1.30. z =4xyl(x? — y?)
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2. Quyidagi funksiyalarning xususiy hosilalarini va xususiy
differensiallarini toping.

2.1. 2= In(u*-e-X) 2.2. 7 =arcsin,/xy
2.3. z =arctg ( x°+y?) 2.4. 7 =cos(x*>2xy)
2.5. z=sin,/y/x3 2.6. 2=tg(x*+y?%)

2.7. z=ctg/xy? 2.8. z=e X"+’

2.9. 7= In(3x*-y") 2.10. z =arcos(y/x)
2.11. z =arcctg(xy2) 2.12. 7=C0s \/x% +y?
2.13. z=sin J/x — y° 2.14. 7 =tg(x’y")

2.15. z =ctg(3x-2x) 2.16. 7 =e2x*-¥°

217. z=In (Jxy —1) 2.18. z =arcsin(2x’y)
2.19. Z=arctg (XZ/y3) 2.20. 7=c0s (x — [xy?)
2.21. z sm 292 _tgz’”y

2.23. 7 =ctg / 2.24. 7= VXY
2.25. 7 =In(3x*-y 2.26. z =arccos ( x-y?)
2.27. 1 :arcct97 2.28. 7=cos x’;;zz

2.29. 7=sin |- 2.30. z=e~ ")
T x+y

3. f(x,y,2) berilgan funksiyaning My(Xo,Yo0,Z0) nuqtada £, (Mo),

f3; (Mo), £, (M) xususiy hosilalarining giymatini verguldan
keyin ikki xonagacha aniglikda hisoblang.

3.1. f(x,y,2)=Z/\/x% + y2, My (0,-1,1). (Javob: £, (0,-1,1)=0,

£, (0,-1,1)=1, £,(0,-1,1)=1.)

3.2. f(x,y,z):In(x+2y—Z), Mo (1,2,1). (Javob: f, (1,2,1)=0.5,
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fj} (1,2,1)=0.25, £, (1,2,1)=-0,5.)

3.3. f(x,y,2)=(sinx)”%, Mo (g, 1,2). (Javob: fx'(g, 1,2)=0,87,
fy ¢,1,2)=-0,35, f,(%,1,2)=-0,17)

3.4. f(xy,2)=In (x3 + 2y3 — z3), My (2,1,0).

(Javob: £, (2,1,0)=1,2, fj; (2,1,0)=0,6, £, (2,1,0)=0.)

3.5. f(x,y,2)=x/\/y? + z,. Mo(1,0,1).

(Javob:f, (1,0,1)=1, f; (1,0,1)=0, £,(1,0,1)=-1.)

3.6. f(x,y,2)=In cos(x? + y2 + z), Mo (o,o,g).

(Javob: £, (0,0,5)=0, £, (0,0,5)=0, f; (0,0,7)=-1)

3.7. f(x,y,2)=273/x + y2 + z3, Mo (3,4,2).

(Javob: £, (34,2)=1, f, (3,4,2)=8, f, (3,4,2)=12.)

3.8. f(x,y,z)=arctg(xy?+z), Mo (2,1,0).

(Javob: £, (2,1,00=0,2, f; (2,1,0)=0,8, £, (2,1,0)=0,2.)

3.9. f(x,y,z)=arcsin(x2/y- z), My(2,5,0).

(Javob: £,(2,5,0)=1,33, £;(2,5,0)=-0,27, £,(2,5,0)=-1,67.)

3.10. f(x,y,2)= vz sin(y/x), Mo (2,0,4).

(Javob: £,(2,0,4)=0, £,(2,0,4)=1, £,(2,0,4)=0.)

3.11. f(x,y,2)=yVx? + z2, M (-1,1,0).

(Javob:f,(-1,1,0)=1, £,(-1,1,0)=1, £,(-1,1,0)=0.)

3.12. f(x,y,z)=arctg (xz/y?), Mo (2,1,1).

(Javob: £,(2,1,1)=0,2, £,(2,1,1)=-0,8, £,(2,1,1)=0,4.)

3.13. f(x,y,2)=In sin (x-2y+z/4). Mg (1,1/2,m).

(Javob: £,(1,1/2,m)=1, £, (1,1/2,7)=-2, f,(1,1/2,w)=0,25.)

3.14. f(x,y,z)=§ + ; - g, Mo (1,1,2).

(Javob: £,(1,1,2)=-15, f,(1,1,2)=-1, £,(1,1,2)=1,25.)

3.15. f(x,y,2)=1/\/x? + y? — z%2, M, (1,2,2).

(Javob: £,(1,2,2)=-1, f§(1,2,2):-2, £(1,2,2)=2))

3.16. f(x,y,2)= In(x+y?)- Vx2z2, My (5,2,3).

(Javob: £,(5,2,3)=-1,14, £;(5,2,3)=0,44, f,(5,2,3)=0,75.)

3.17. f(x,y,2)= Vzx?¥, My (1,2,4).
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(Javob: f(1,2,4)=4, £,(1,2,4)=0, f,(1,2,4)=0,25).

3.18. f(x.y,2)=z/y/x2 + y2, Mo (V2, V2, V2).

(Javob: £(v2,V2,v2)=0,25, f,(v2,v/2,V2)=0,25, f,(V2,
V2,v2)=-0,5.

3.19. f(xy,2)= In (x® + }/y-2), Mo (2,1,8).

(Javob: £, (2,1,8)=12, £, (2,1,8)=0,33, f; (2,1,8)=-1.)

3.20. f(x,y,2)=z/(x* + y?), Mo (2,3,25).

(Javob: £,(2,3,25)=-1,28, f,/(2,3,25)=-0,24, f, (2,3,25)=0,04.)

3.21. f(x,y,2)=83/x3 + y2 + z, My (3,2,1).

(Javob:f£,(3,2,1)=2,7, £,(3,2,1)=0,4, f,(3,2,1)=0,1.)

3.22. f(xy,2)=In(¥x + {/y — z), Mo(1,1,1).

(Javob: £(1,1,1)=0,2, £,(1,1,1)=0,25, f,(1,1,1)=-1.)

3.23. f(x,y,2)=-2x/\/ y? + z2, M, (3,0,1).

(Javob: £,(3,0,1)=-2, f,(3,0,1)=0, f;(3,0,1)=6.)

3.24. f(x,y,2)=ze~**+¥*)/2 ‘M, (0,0,1).

(Javob: £,(0,0,1)=0, £,(0,0,1)=0, £,(0,0,1)=1.)

3.25. f(x,y,z)=@, Mo .7, V3).

(Javob: £,(Z,2,V3)=05, £,(Z,7,V3)=-05, £,(Z, =, V3)=-
0,17.)

3.26. f(xy,2)= vz In(Vx + \/y), Mo (4,1,4).

(Javob: £,(4,1,4)=0,17, f,(4,1,4)=0,33, £,(4,1,4)=0,27.)

3.27. f(x,y,2)=xz/(x-y), Mo(3,1,1).

(Javob: £,(3,1,1)=-0,25, f,(3,1,1)=0,75, f,(3,1,1)=1,5.)

3.28. f(x,y,2)=y/x2 + y2 — 2xy cos z, Mo (3,4, g).

(Javob: £,(3,4, g):o,a, £, (3.4, g):o,s, £.(3.4, g):2,4.)

3.29. f(x,y,2)=ze ™™, My (0,1,1).

(Javob: £,(0,1,1)=-1, £,,(0,1,1)=0, £,(0,1,1)=1.)

3.30. f(x,y,2)=arcsin(x,/y-yz%), Mo (0,4,1).

(Javob: £,(0,4,1)=2, f,(0,4,1)=-1, £,(0,4,1)=-8.)
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4. Ko‘rsatilgan funksiyalarning to‘la differensialini toping.

4.1. 7 =2x%y-4xy® 42. z=x%sinx—3y

4.3. z=arctg x+,/y 4.4. z =arcsin (xy)-3xy*
4.5. 7 =5xy*+2x%y’ 4.6. z=cos(x? — y?)+x°
4.7. 7 =In(3x? — 2y?) 4.8. 7 =5xy* 3%y’

4.9. z =arcsin(x+y) 4.10. z =arctg (2x-y)
4.11. z=7x%-\[xy 4.12. 2=\[x2 +y2 - 2xy
4.13. 7 =eX+y* 4.14. 7 =cos(3x+y)-x?
4.15. z =tg((x+y)/(x-y)) 4.16. z =ctg(y/x).

4.17. 7 =xy* 3x%y+1 4.18. z =In(x+xy-y?)

4.19. 7 =2xy*+x>-y3 420. 2=/3x2 —2y2 + 5
4.21. z =arcsin((x+y)/x) 4.22. z =arcctg (x-y)
423. 1=/3x2 —yZ + x 4.24. 7=y* 3xyx*

4.25. 7 =arcos (x+Y) 4.26. 7 =In(y>-x*+3)
4.27. 7 =2- x3-y*+5x 4.28. 7 =7x- Xy*+y*

4.29. z=¢’-x 4.30. z=arctg (2x-y)

5. u=u(x,y), bu yerda x=x(t), y=y(t) murakkab
funksiyaning t=t, nuqgtadagi hosilasining giymatini verguldan
keyin 2 xonagacha aniqglikda hisoblang.

5.1. u=e*-2y, x=sint, y=t3, t,=0. (Javob: 1.)

5.2. u =In(e*+e ), x=t%, y=t3, t;=-1. (Javob: -2,5.)

5.3. u =y*, x=In (t-1), y=e"2, t,=2. (Javob: 1.)

5.4. u =e’-2x+2, x=sin t, y=cos t, tozg. (Javob:-1.)

5.5. u =x* ¢’, x=cos t, y=sin t, ty=m. (Javob: -1.)

5.6. u =In(e*+eY), x=t?, y=t3, t;=1. (Javob:2,5.)

5.7.u=x, x=¢', y=In t, ty=1. (Javob:1.)

5.8. u =e’-2x, x=sin t, y=t*, t,=0. (Javob:-2.)
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5.9. u =x%¢ Y, x=sin t, y=sin?, to=§. (Javob:0.)

5.10. u =In(e *+e¥), x=t*, y=t*, ty=-1. (Javob:2,5.)

5.11. u =e¥-2x-1, x=cos t, y=sin t, t0=§. (Javob: 2.)

5.12. u =arcsin (x/y), x=sin t, y=cos t, t,= . (Javob: 1.)
5.13. u =arccos (2x/y), x=sin t, y=cos t, to= 1. (Javob: -2.)
5.14. u =x°/(y+1), x=1-2t, y=arctg t, t,=0. (Javob: -5.)
5.15. u =x/y, x=¢', y=2-e%, t,2=0. (Javob: 3.)

5.16. u = In(e™+e ™), x=t?, y=§t3, t;=1. (Javob: -2.)

5.17.u=y/x +y? + 3, x=Int, y=t, t,=1. (Javob: 1,25.)
5.18. u =arcsin Xy, x=sin t, y=cos t, to= . (Javob: 0.)
5.19. u =y?/x, x=1-2t, y=1+arctg t, t,=0. (Javob: 4.)
5.20. u =§ - g X=sin t, y=cos t, to=§. (Javob: -4.)

5.21.u=y/x2 +y + 3, x=Int, y=t%, ty=1. (Javob: 0,5.)
5.22. u =arcsin % x=sin t, y=cos t, t,= 7. (Javob: 0,5.)

5.23. U =§ - % X=sin 2t, y=tg>t, to=§. (Javob: -8.)

5.24.u=/x + y + 3, x=Int, y=t?, t,=1. (Javob: 0,75.)

5.25. u =y/x, x=e', y=1-e*' 1, t,=0. (Javob: -2.)

5.26. u =arcsin 2x/y, x=sin t, y=cos t, to= 1. (Javob: 2.)

5.27. u = In(e*+eY), x=t, y=t*, t,=1. (Javob: 4.)

5.28. u =arctg (x+y), x=t?+2, y=4-t*, t,=1. (Javob: 0.)

5.29. u=,/x2 + y2 + 3, x=Int, y=t*, t,=1. (Javob: 1,5.)

5.30. u =arctg (xy), x=t+3, y=€', t,=0. (Javob: 0,4.)

6. Oshkormas funksiya ko‘rinishida berilgan z(x,y)
funksiyaning xususiy hosilalarining My (x,,v,,2,) nugtadagi
giymatlarini verguldan keyin ikki xonagacha aniglikda hisoblang.

6.1. X>+y3*+2z% 3xyz=4, My(2,1,1).

(Javob: z,(2,1,1)=3, z,,(2,1,1)=-1.)

6.2. X>+y*+2z%-xy=2, Mo(-1,0,1).

(Javob: z,(-1,0,1)=-1, z,,(-1,0,1)=0,5.)

6.3. 3x-2y+z=xz+5, My(2,1,-1).

(Javob: z,(2,1,-1)=4, z,,(2,1,-1)=-2.)

199



6.4. eZ+x+2y+7=4, Mo(1,1,0).

(Javob: z,(1,1,0)=-0,5, z, (1,1,0)=-1.)
6.5. X2+y*+z%- 7 -4=0, Mo(1,1,-1).

(Javob: z,(1,1,-1)=0,67, z, (1,1,-1)=0,67.)
6.6. z°+3xyz +3y=7, Mo(1,1,1).

(Javob: z,'c(l 1 1) -0,5, z; (1,1,1)=-0,5.)

3
6.7. cos’x+cos?y+cos? z— MO(Z T" %)

(Javob: z(, ?T” B=-1,z, &, 3f Z) =1)

6.8. eZ~1-1=c0s X cos y+1, Mo(0, = ~1).

(Javob: z,(0, 7,1)=0, z,, (0, 7,1)=-1.)

6.9. X2+y*+2z%6x=0, Mo(1,2,1).

(Javob: z,(1,2,1)=2, z,, (1,2,1)=-2.)

6.10. xy=2z*"1, Mo(0,1,-1).

(Javob: z,(0,1,-1)=-0,5, z, (0,1,-1)=0.)

6.11. X*+2y*+32z%-yz+y=2, Mo(1,1,1).

(Javob: z,(1,1,1)=-0,4, z, (1,1,1)=0,8.)

6.12. X2+y*+2z%+2xz=5, Mo(0,2,1).

(Javob: z,(0,2,1)=-1, z,, (0,2 1) -2.)

6.13. x cos y +y COS Z+Z C0S x- , Mo(0, 2 > )

(Javob: z, (0, = ~ m)=0, Zy(O, > r[) 1)

6.14. 3x3y>+2xyz> 2x°7+4y*z =4, Mo(2,1,2).

(Javob: z,(2,1,2)=7, z,, (2,1,2)=-16.)

6.15. x> 2y*+2z% 4x+2z+2 =0, Mo(1,1,1).

(Javob: z,(1,1,1)=0,5, z, (1,1,1)=1)

6.16. x+y+z+2=xyz, Mo(2,-1 ,-1).

(Javob: z,(2,-1 -1)=0, z,, (2,-1 -1)=-1.)

6.17. X°+y*+2z%* 2x2=2, My(0,1,-1).

(Javob: z,(0,1,-1)=1, z, (0,1,-1)=1.)

6.18. e’-xyz-x+1=0, Mo(2,1,0).

(Javob: z,(2,1,0)=-1, z, (2,1,0))=0.)

6.19. X*+2y*+2> 3xyz-2y-15=0, My(1,-1,2).

(Javob: z,(1,-1,2)=-0,6, z, (1,-1,2)=0,13.)
200



6.20. x> 2xy-3y?+6x-2y+z> 8z +20=0, My(0,-2,2).
(Javob: z,(0,-2,2)=2,5, z, (0,-2,2) =2,5.)
6.21. X2+y*+z%=y-7+3, My(1,2,0).

(Javob: z,(1,2,0)=-2, z, (1,2,0) =-3.)

6.22. X2+y*+2%+2xy-yz-4x-3y-z=0, My(1,-1,1).
(Javob: z,(1,-1,1)=2, z, (1,-1,1) =2.)

6.23. X2-y2-z2+67+2x-4y+12=0, Mo(0,1,-1).
(Javob: z,(0,1,-1)=-0,25, z,, (0,1,-1) =0,75.)
6.24. \/x2 + y2+2z°37=3, My(4,3,1).
(Javob: z,(4,3,1)=0,8, z, (4,3,1) =0,6.)
6.25. X*+2y*+32°=59, My(3,1,4).

(Javob: z,(3,1,4)=-0,25, z, (3,1,4) =-0,17.)
6.26. X>+y*+2z% 2xy-2xz-2yz=17, Mo(-2,-1,2).
(Javob: z,(-2,-1,2)=0,6, z, (-2,-1,2) =0,2.)
6.27. X*+3xyz —z°=27, Mo(3,1,3).

(Javob: z,(3,1,3)=2, z, (3,1,3) =1,5.)

6.28. In z=x+2y- z+In3, My(1,1,3).

(Javob: z,(1,1,3)=3/4, z, (1,1,3) =3/2.)
6.29. 2x°+2y*+2z> 8xz-2+6=0, My(2,1,1).
(Javob: z,(2,1,1)=0, z, (2,1,1)=0,27.)

6.30. Z2=xy-z+x* 4, Mo(2,1,1).

(Javob: z,(2,1,1) 1,67, z, (2,1,1) 0,67.)

Namunaviy variantning yechimi

1. z=In(x*3y+6) funksiyaning aniglanish sohasini toping.

» Logorifmik  funksiya argumentning faqat musbat
giymatlariga aniglangan, shuning uchun x*3y+6 0 yoki 3y
x*+6. Demak, sohaning chegarasi x*3y+6 0 yoki x*=3y-6
chiziqdan iborat parabola bo‘ladi.

Berilgan funksiyaning aniglanish sohasi parabolaning tashqi
nuqtalaridan iborat bo‘ladi. (104 — rasm.)

37 . . . . . .
2. z=e~ V¥*+5¥* funksiyaning xususiy hosilalari va xususiy
differensiallarini toping.
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» Bir o‘zgaruvchili murakkab funksiyani differensiallash
formulalaridan foydalanib awval xususiy hosilalarni topamiz

— ,—x2+5y2 . 2x _3[x2y5y?
%= 3/x%+5y ( (x? +5y%)73 Zx)— x°+5y —W
0z _ ,-3x%+5y? (- E (x? + 5y ) 3. 10y) = _% _3/xZray7 .

dy
1
3/(x2+5y2)2
Endi xususiy differensiallarni topamiz:
dyz = 6—de B s L g
0x 3 (xz + 5y2)2

_0rg, My Y1
dyZ—aydy— Se +3y 3\/mdy,<
3. f(x,y,z)=/xy cos z funksiyaning Mo(1,1, g) nugtadagi £,

(Mo), £, (Mo), £, (M), xususiy hosilalarining giymatlarini
verguldan keyin ikki xona aniglikda hisoblang.
» Berilgan funksiyaning xususiy hosilalarini topamiz,

so‘ngra ularning My(1,1, E) nuqtadagi giymatlarini hisoblaymiz:
filey,z) =2 cmz&( ) =025,
iy, 2) = =cosz, £, (1,1,5) = 0,25,
£i(x,y,2) = \/_ysmz, £ (115) = -086 «
4. z=arctg \/% funksiyaning to‘la differensialini toping.
» Berilgan funksiyaning xususiy hosilalarini topamiz:

y
9z 1 11_y\/§1_\/;

a_1+§ ZJZ y x+y 2yx y 2(x+y)
y

e

Iy 1+, K\ ¥y xty 2vx

6z 1 1 (_x) y ﬁ(_x)z_

2(x +y)

(10.1) formulaga asosan, quyidagiga ega bo‘lamiz

0z = ‘/% dx — \F dy <

2(x+y) 2(x+y)
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2
5.z = arccos % bu yerda x=1+Int, y=-2e~t**1 murakkab

funksiyaning t,=1 bo‘lgandagi qiymatini verguldan keyin ikki
xona aniglikda hisoblang.
» (10.4) formulaga asosan quyidagiga ega bo‘lamiz:
dz 0z dx 0z dy 1 2x 1
E_ala-l_@la_ — e

x4 y z
1=y
1 x? —-t2+1
- == (—2e )(=2t).
x4 y
1=
to=1 bo‘lganda, x=1, u=-2 bo‘ladi.

Bundan,
dz _ 4
dtli=1 ~ V3
6. 4x*3y*+2xy z -4x z =3 tenglama bilan oshkormas

ravishda berilgan z(x,y)

funksiyaning Xususiy A\ } /
hosilalarining My(0,1,-1) A\ /
nuqgtadagi giymatlarini verguldan A /
keyin ikki xonagacha aniglikda ), ///Z;s
hisoblang. >
» Shartga asosan \*z/
F(X,y,z)=5x>3y>+2xyz-4xz-3, Z -
Shuning uchun ' ’

E, = 12x% 4+ 2yz — 4z,

Fy = —9y? 4 2xz,
F, = 2xy — 4x + 2z.
(10.7.) formulaga asosan,
0z  F,  12x*+2yz—4z
ox F,  2xy—4x+2z’

B __ ZWit2a
dy E, 2xy —4x + 2z°
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% ba Z—; larning Mo(0,1,-1) nugtadagi qiymatlarini

dx
hisoblaymiz:
92(0.1,-1) _ 1 02(01,-1) _
= L— —4,5 4

10.2 Individual uy topshiriglari
1. Berilgan S sirtga Mo(Xo,Y0,20) nuqtada o‘tkazilgan urinma
tekislik va normal tenglamasini toping.

1.1. S: X°+y*+7%+67-4x+8=0, M, (2,1,-1).
1.2. S: X*+7% 4y?=-2xy, My (-2,1,2).
1.3. S: X2+y?*+2%-xy+32=7, M (1,2,1).
1.4. S: X2+y*+72+6y+4x=8, My (-1,1,2).
1.5. S: 2x%-y?+7% 4z+y=13, My (2,1,-1).
1.6. S: X2+y*+2% 6y+4z+4=0, M, (2,1,-1).
1.7.S: x2+22*5yz+3y=46, Mo (1,2,-3).
18.S:x+y -xz-yz=0, My (0,2,2).
1.9. S'x+y+2yzz+y 27=2, My (1,1,1).
1.10. S: y?-z +x “2XZ+2x=17, My (1,1,1).
1.11. S: z=x +y “2Xy+2x-y, Mg (-1,-1,-1).
1.12. S: z=y?-x*+2xy-3y, Mo (1,-1,1).
1.13.S: z=x2 y2 2xy-x-2y, Mg (-1,1,1).
1.14.S: x? y +7224xz-4y=13, My (3,1,2).
1.15. 4y?-z +4xy -xz+3z=9, My (1,-2,1).
1.16. S: z=x +y 3xy x+y+2, Mg (2,1,0).
1.17. S: 2x*- ’ +22 +xy+xz=3, My (1,2,1).
1.18. S: X2-y*+7% 4x+2y=14, My (3,1,4).
1.19. S: x +y2 22+xz+4y 4, Mo (1,1,2).
1.20. S: x -y? z 2+xz+4x=-5, My (-2,1,0).
1.21.S: %% +y xz+yz -3x=11, My (1,4,-1).
1.22. S: X2+2y*+7* 4xz=8, M (0,2,0).
1.23.S: x2 y2 27° 2y 0, Mo(-1,-1,1).
1.24. S: x*+y* 3z%+xy=-2z, My(1,0,1).
1.25.S: 2x2 y2+z 6X+2y+6=0, Mo(1,-1,1).
1.26. S: X*+y?*-z +6xy z =8, My(1,1,0).
1.27.S: z= 2x 3y +4x-2y+10, My (-1,1,3).
S

1.28. S: z=x+y* 4xy+3x-15, Mg (-1,3,4).
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1.29. S: z=x2+2y?+4xy-5y-10, My (-7,1,8).
1.30. S: z=2x% 3y*+xy+3x+1, Mg (1,-1,2).

2. Ko‘rsatilgan funksiyalarning 2-tartibli xususiy hosilalarini

toping. z,,, == z,, ekanligiga ishonch hosil giling.

2.1. 7=V, 2.2. 7 =ctg(x+y).

2.3. z =tg(xty). 2.4. 7 =cos(xy2).

2.5. z =sin(x*-y). 2.6. z =arctg(x+y).

2.7. z =arcsin(x-y). 2.8. z =arccos(2x+y).
2.9. z =arctg(x-3y). 2.10. z =In(3x? — 2y?).
211, 7 =e2x*+y? 2.12. z =ctg(y/x).

2.13. 7 =tg/xy. 2.14. z =cos(x’y*5).
2.15. z =sin/x2y. 2.16. z =arcsin(x-2y).
2.17. z =arccos(4x-y). 2.18. z =arctg(5x+2y).
2.19. z =arctg(2x-y). 2.20. z=In(4x? — 5y3).
2.21. 7 =eVX¥y, 2.22. z =arcsin(4x+y).
2.23. z =arccos(x-5y). 224. 7 =Sin\/x_y.

2.25. 7 =cos(3x*-y°). 2.26. z =arctg(3x+2y).
2.27. z =In(5x? — 3y*). 2.28. z =arctg(x-4y).
2.29. 7 =In(3xy — 4). 2.30. z =tg(xy?).

3. Berilgan u funksiyaning ko‘rsatilgan tenglamani

ganoatlantirishini tekshiring.

20%u 9%u 20%u _y
31.x—=+ nyaxay tyioE= Ou==<.

Ju ou _ 3 _ 53y =InY 3.3
3.2. X +yay =3(x°—y°),u Inx +(x° —y°).
2%u  9%u
=t 3y U= In (+(y+1)?).

0%u _ gu Y
3.4. yaxay—(1+y Inx) =, y=x".

du ou xy

3.5. Xt Yoy = 2u, U=———.

3.3.

2%u
2”7 "= =Xy
a§2+yzay2 0, u=e™.
20°u __ d0°u . 2 _
3.7.a o2 = oz U=SIN (x-ay).

3.6.X
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3.8. x2 zx’; 222712‘= LU=y [

3.9. 22+ 22+ 2=, =
310, 2% _ Ziyz’ U=e—COS(x+2y)

3.11. Z—Z + Z—;+Z—LZL=O, u=(x-y)(y-z)(z-x).
3.12. XZ_Z + yZ—;‘ =u, u=xIn % .

3.13. yZ—z - xZ—; = 0, u=In(x*+y?) .

3.14. XZZ—;‘ — xy Z—;+y2:0, u:§+arcsin(xy).
3.15. xz‘;%‘ — 2xy a‘f;y + y? Ziyl:+2xy, u=0, u=e*.
3.16. ;;; =0, u=arctglx_+xyy .

3.17. % + ZZTI: = 0, u=In (P+y?+2x+1).
3.18. X2 + yg—‘y‘ tu=0,u=2"

uyo  Ouvo, AU 4 _ [ 71 2
(ax) +(ay) +(az) 1, u={x?+y?+22,

XZ—Z + yZ—Z = 24,u =(x? + yz)tgg .

9% + ZZTZ = 0, u=e~**3M sin(x + 3y).
X2 %+2xyaf;y+ 2 zi;:=0, u=xe",

% + 3271;=0, u=xe"”.

du ou x
Xo= + y ===0, u=arctg-~ .
6x+y6y 0, u=a ctgy
du 0%u _Ou 0%u
dx 0xdy 0y 0ydx?

xZ 4+ y 2 = 0, u=arcsin =

ox yay - x+y’
1 0u, 1 0ou_u _ ¥y
x ox |y dy  y¥ (x2+y?)Ss’
ou | du _ x+y _ x%+y?

=0, u=In(x+e?).

ax ' ay  x—y x-y
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ou  ou _ 2y 2
3.20. Py 3w uU=4/2xy + y2.

o%u 0w _ =In(+2 — v2
3.30. o 9y 0, u=In(x* — y*).

4. Quyidagi funksiyalarni ekstremumga tekshiring.
4.1. 7 =y\/x-2y?-x+14y. (Javob: z na(4,4)=28.)
4.2.7 = x*+8y* 6xy+5. (Javob: z nin(1,0,5)=4.)

4.3. 7 = 1+15x-2x°-xy-2y?. (Javob: Z max(-4,-1)=-97.)
4.4.7 = 1+6X-X*-xy-y>. (Javob: z max(4,-2)=13.)

4.5. 7 = X3+y-6xy-39x+18y+20. (Javob: z yin(5,6)=-86.)
4.6. 7 = 2x3+2y* 6xy+5. (Javob: z min(1,1)=3.)

4.7. 7 = 3x3+3y* 9xy+10. (Javob: z min(1,1)=7.)

4.8. 7 = X*+xy+y*+x-y+1. (Javob: z nin(-1,1)=0.)
4.9. 7 = 4(x-y)-x*-y2. (Javob: z max(2,-2)=8.)

4.10. 7 = 6(x-y)-3x> 3y, (Javob: Z max(1,-1)=6.)
4.11. 7 = X*+xy+y? 6x-9y. (Javob: z min(1,4)=-21.)
4.12. 7 = (x-2)2+2y*10. (Javob: z nin(2,0)=-10.)
4.13. 7 = (x-5)2+y*+1. (Javob: Z yin(5,0)=1.)

4.14. 7 = X3+y* 3xy. (Javob: z min(1,1)=-1.)

4.15. 7 = 2xy-2x*4y?. (Javob: Z nax(0,0)=0.)

4.16. 7 =x\Ju-x*-u+6x+3. (Javob: z nax(4,4)=15.)
4.17. 7 = 2xy-5x* 3y*+2. (Javob: Z ;a(0,0)=2.)

4.18. z = xy(12-x-u). (Javob: z n(4,4)=64.)

4.19. 7 = xy-x*-y*+9. (Javob: Z ya(0,0)=9.)

4.20. 7 = 2xy-3x* 2y*+10. (Javob: Z n(0,0)=10.)
4.21. 7 = X3+8y*> 6xy+1. (Javob: z nin(1,0,5)=0. )
4.22. 7 =uV/x-y*-x+6y. (Javob: z nax(4,4)=12.)

4.23. 7 = X*-xy+y*+9x-6y+20. (Javob: z min(-4,1)=-1.)
4.24. 7 = xy(6-x-y). (Javob: z max(2,2)=8.)

4.25. 7 = X*+y*-xy+x+y. (Javob: z min(-1,-1)=-1.)
4.26. 7 = X*+xy+y? 2x-y. (Javob: z nin(1,0)=-1.)
4.27. 7 = (x-1)*+2y2. (Javob: Z nin(1,0)=0.)

4.28. 7 = xy-3x* 2y (Javob: Z max(0,0)=0. )

4.29. 7 = x*+3(y+2)>. (Javob: z yin(0,-2)=0.)

4.30. z = 2(x+y)-x*y2. (Javob: Z max(1,1)=2.)
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5. Berilgan chiziglar bilan chegaralangan D sohadagi z = z
(x,y) funksiyaning eng katta va eng kichik giymatlarini toping.

5.1. z =3x+y-xy, D:y=x, y=4, x=0. (JavVob: Z ¢ng katta(2,2)=4, Z
eng kichik(ono)= z (414)=_0')

5.2. 2 =xy-x-2y, D:x=3, y=X, y=0. (JavoDb: Z eng karta (0,0)= z
(3,3)=0, Z eng kichik (3,0)=-3.)

5.3. z =x*+2xy-4x+8y, D:x=0, x=1, y=0, y=2 (JavVob: Z eng katta
(1,2)=17, Z eng kichik (1,0)=-3.)

5.4. z =5x*3xy+y?, D: x=0, x=1, y=0, y=1.

(Javob: Z eng katta (1,0)=5, Z eng kichik (0,0)=0.)

5.5. Z =X°+2xy-y? 4x, D:x-y+1=0, x=0, x=3, y=0,

(Javob: z eng katta (3,3)=6, z eng kichik (2,0)=-4.)

5.6. Z =X°+y? 2x-2y+8, D: x=0, y=0, x+y-1=0, .

(‘JaVOb: Z eng katta (010):& z eng kichik (0151015):615-)

5.7. z =2x3-xy*+y?, D: x=0, x=1, y=0, y=6.

(Javob: z eng katta (0,6)=36, z eng kichik (0,00=0.)

5.8. z =3x+6y-x>-xy-y%, D: x=0, x=1, y=0, y=1.

(‘JaVOb: Z eng katta (1'1):6, z eng kichik (010)20-)

5.9. z =x* 2y*+4xy-6x-1, D: x=0, y=0, x+y-3=0, .

(JaVOb: z eng katta (0,0):-1, z eng kichik (01013):'19-)

5.10. z =x*+2xy-10, D: y=0, y=x*4,

(‘]aVOb: z eng katta (_ %’ - %): - %’ z eng kichik (17'3):'15-)

5.11. z =xy-2x-y, D: x=0, x=3, y=0, y=4 (Javob: Z eng katta
(3,4):2, Z eng kichik= :(3,0):-6.)

5.12.7 =%x2-xy, D: y=8, y=2x* (Javob: Z ¢ng katta (-2,8)=18, z
eng kichik (2,8)=-14.)

5.13. 7 =3x*+3y? 2x-2y+2, D: x=0, y=0, x+y-1=0, .

(JaVOb: Z eng atta (0,1)= 2 (1,0)=3, Z eng ek (5, 3)= =)

5.14. 7 =2x?+3y?+1, D: y= /9 - zxz, y=0.

(Javob: z eng katta (0,3):2815 eng kichik (0,0=1.)
5.15. z =x* 2xy-y*+4x+1, D: x=-3, y=0, x+y+1=0,
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(JavoDb: Z eng katta (-3,2)=6, Z eng kichik (-2,0)=-3.)
5.16. 2 =3x*+3y?-x-y+1, D: x=5, y=0, x-y-1=0, .
(JaVOb: Z eng katta (5,4)=115, Z eng kichik (1,0) = 3)
5.17.z2 :2x2+2xy-%y2’4x, D: y=2x, y=2, x=0,

(JaVOb:Z eng katta (0,0)= z (1,2)=0, Z eng kichik (0,2):-2)
5.18.7 =x2‘2xy+§y2‘2x, D: x=0, x=2, y=0, y=2.
(Javob: z eng katta (0,2)=10, z eng kichik (§:§)=‘1167-)

5.19. z =xy-3x-2y, D: x=0, x=4, y=0, y=4

(Javob: Z eng katta (0,0):0, Z eng kichik (4,0):-12.)

5.20. z =x°+xy-2, D: y=4x*4, y=0.

(JavOD: Z eng katta (-%,-2,22):-0,07, Z eng kichik (0,5; —3)=-3,25.)
5.21. 2 =x%y(4-x-y), D: x=0, y=0, y=6-x.

(Javob: z eng katta (2,1)=4,z eng kichik (4,2)=-64.)

5.22. 7 =x+y>3xy, D: x=0, x=2, y=-1, y=6.
(Javob:Z eng katta (2,-1)=13, Z eng kichik (0,-1)=-1.)

5.23. 2 =4(x-y)- X?-y?, D: x+2y=4, x-2y=4, x=0.
(‘]aVOb: z eng katta (2’2)23_5,6' z eng kichik (O; 2):'12-)

5.24. 7 =x°+2xy-y> 4x, D: x=3, y=0, y=x+1.

(‘]aVOb: z eng katta (3’3):6; z eng kichik (2;0):'4-)

5.25. 7 =6xy-9x* 9y*+4x+4y, D: x=0, x=1, y=0, y=2
(‘]aVOb: z eng katta (%)%): %a z eng kichik (0,2):'28-)

5.26. Z =X?+2xy-y? 2x+2y, D: y=x+2, y=0, x=2
(Javob: 7 eng katta (2,3)=9, Z eng kichik (1,0)=-1.)

5.27.z7 =4-2x*-y* D: y=0, y=vV1 — x2.

(Javob: Z ¢ng katta (0,0)= 4, Z eng kichik (-1,0)= 2 (1,0)=2.)
5.28. z =5x* 3xy+y*+4, D: x=-1, x=1, y=-1, y=1.
(Javob: Z eng katta (-1,1)= Z (1,-1)=13, Z eng wicnik (0,0)=4.)
5.29. z =X?+2xy+4x-y?, D: x+y+2=0, x=0, y=0
(Javob: Z eng katta (0,0)=0, Z eng kichik (-2, 0)=z (0,-4)=-4.)
5.30. z =2x%y-x%y-x4y?, D: x=0, y=0, x+y=6

(Javob: Z eng katta (1,05):0 25,2 eng kichik (4, 2):-128)
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Namunaviy variantlar yechimi

1. S: z=x*+y*+3xy-4x+2y-4 sirtga Mo(-1,0,1) nuqtada
o‘tkazilgan urinma tekislik va normalning tenglamasini toping.

» Xususiy hosilalarni topamiz:
0z ) 3 4 0z
ax Xt "oy

Mo(-1,0,1) nuqgtaning koordinatalarini hosil gilingan ifodaga
qo‘yib, berilgan nuqtada (10,8) formulaga asosan S sirtga
perpendikulyar  bo‘lgan  II  vektorning  koordinatalarini

hisoblaymiz.

A:% M0=_6’B=g_; MO=—1C=—1

2y +3x + 2

0x
Bundan, urinma tekislik tenglamasi quyidagicha bo‘ladi.
— 6(x+1)-y-(z — 1)=0 yoki 6x+y+ +5=0.

(10.9) formulaga asosan normalning tenglamasi

x+1 y z—1

—_— = — 4

6 1 1

ko‘rinishda yoziladi.
2. z=arccos \/% funksiyaning ikkinchi tartibli xususiy

hosilasini toping.
Zyy = Zy, ekanligiga ishonch hosil qiling.
» Awval berilgan funksiyaning birinchi tartibli xususiy

hosilalarini topamiz:
' 1 1 1 _ 1

Z ol _—_———
x 1_% 2 Xy Zﬁvy—x’

. :_;.;(_L): VX
y2 24/x\y=x
Olingan hosilalarning har birini x va y bo‘yicha
differensiallab, berilgan funksiyaning ikkinchi tartibli xususiy
hosilalarini topamiz:

1 Vx
S = WY T = _ y—x—x _ y—2x
x> 2x(y—x) ANIVY=X(Y-X)  AXY-X)VY—%
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" 1 1 _3 1
VA = ——| —— —X) 2 =
w 2\/5( 2) o= 4y —x)Jy—x
y
—-x+
.oAx Y 2y —x Vx(2x + 3y)
VA = — —_ —_ —
o2 y2(y —x) 2y2(y — x)
VY =X NG
. 1 N 2Vx 2 y—x y—x+x
Z —_ — = =
2y y—x 4y(y — 0V [y —x
1

4Wx(y —x)Jy —x

Ko‘rinib turibdiki, aralash xususiy hosilalar teng bo‘ladi, yani
Zyy = Zyy 4

3. u=lIn (x*+y?) funksiyaning

az_u — 2xy 0%u az_u _ 4y?

0x2 dxdy  0y? x2+y2
ganoatlantirishini tekshiring.

» Birinchi va ikkinchi tartibli xususiy hosilalarini topamiz.

Ju 2x Ou 2y

%y Ay
0*u  2(y*—x?) 0%*u 4xy %u  2(x*—y?)
Ox (o +yDPoxdy (a2 +y)P 0y (xP+y?)?
Olingan hosilalarning giymatlarini dastlabki tenglamaning
chap tomoniga qo‘yamiz:
2(y? —x?) 8x2y? 2(x2 —y?) 8x2y?
(x2 + y2)2 (xz + yz)z (xz + y2)2 - (xz + y2)2
U holda tenglamaning o‘ng tomonida quyidagiga ega
bo‘lamiz.

X ou tenglamani
ox g

2

4y? 2x 8xy
x2 +yzxx2 +y2 T x2 _|_y2
Olingan natijalarni solishtirib, berilgan funksiya dastlabki
tenglamani ganoatlantirmasligini ko‘ramiz.
4. z=xy(x+y-2) funksiyani lokal ekstremumga tekshiring.
Berilgan funksiyaning birinchi tartibli xususiy hosilalarini
topamiz:

z, = 2xy +y* — 2y,2,, = x* + 2xy — 2x
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Bularni no‘lga tenglab, quyidagi tenglamalar sistemasiga ega

bo‘lamiz.
y2x+y—-2)= 0,}
x(x+2y—2)=0,

Bu sistemani yechib, berilgan funksiyaning M;(0,0,),
M2(2,0,), M3(0,2,), M4(3,2/3,) statsionar nuqgtalarini aniglaymiz.

10.4 dagi 2 teoremadan foydalanib, bu nugtalarning gaysilari
ekstremum nugqtalari ekanligini aniglaymiz.

Buning uchun avval berilgan funksiyaning ikkinchi tartibli
xususiy hosilasini topamiz:

Zyx = 2, Zgy = 2X + 2y — 2,2y, = 2X

Hosilalar uchun olingan ifodaga statsionar nugtalarning
koordinatalarini qo‘yib va ekstremum mavjudligining yyetarli
shartidan foydalanib, (§ 10.4 ga qarang) quyidagilarga ega
bo‘lamiz:

M; nugta uchun A= —4 < 0, yani ekstremum yo‘q,

M, nugta uchun A= —4 < 0, yani ekstremum yo‘q,

M3 nugta uchun A= —4 < 0, yani ekstremum yo‘q,

M, nugta uchun A= % >0,A=4/3>0,yani Z zin=12
(2/3,213)=-8/27 bo‘lgan funksiyaning lokal minimumiga ega
bo‘lamiz.

5. x=0, y=0, x+y-1=0 chiziglar bilan chegaralangan D
sohadagi z=xy-y*+3x+4y funksiyaning eng katta va eng kichik
giymatlarini toping. (10.5 — rasm.)

4 |

<Y
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» Berilgan D soha ichida yotuvchi, yani OAB uchburchak
ichida statsionar nugtalarning  mavjudligini  aniglaymiz.
Quyidagiga ega bo‘lamiz.

Z,=y+3=0, }
Zy =x—2y+4=0,

Olingan tenglamalar sistemasini yechib, M(-10,-3) statsionar
nugtani topamiz. Bu nugta D sohadan tashgarida yotganligidan,
masalani yechishda bu nugtani hisobga olmaymiz.

Funksiya giymatlarini D soha chegaralarida tekshiramiz. z
funksiya OAB burchakning OA (y=0, 0< x < 1) tomonida z=3x
ko‘rinishga ega. z =3 bo‘lganligidan, OA kesmada statsionar
nugtlar yo‘q.

O va A nugtalarda mos ravishda z (0,0)=0, z (1,0)=3
Uchburchakning OB (x=0, 0<y < 1) tomonida z funksiya
quyidagi ko‘rinishga ega. z = — y*+4y, z=-2y+4=0;2y+4=0
tenglamadan y=2 statsionar nuqta topamiz.

Shunday gilib, M1(0,2) nugta D sohada yotmaydi.
Funksiyaning B nuqtadagi giymati z(0,1) = 3. AB tomondagi
eng Kkatta va eng kichik giymatlarini topamiz. AB: x+y=1, bundan,
y=1-x, z =-2x*+2x+3, u holda z =-4x+2 va z =0 dan x=1/2
bo‘ladi, yani M,(1/2, 1/2) statsionar nugta D sohaning chegarasida
yotadi. Bu nugtada funksiyaning qiymati z(1/2,1/2)=3,5 bo‘ladi.
Funksiyaning barcha olingan giymatlarini solishtirib, z eng katta=
z (1/2,1/2) )=3,5, z eng kichik= z (0,0)=0 ekanligini ko ‘ramiz.

10.6. 10-bobga qo‘shimcha masalalar

1. U={/z(2 — 2) + In(4 — x?) — 3y funksiyaning aniglanish
sohasini toping. (Javob: |x| < 2,0 <z < 2)
x3y
2. f(x,y)={x6+y?’
0,agarx =y =20
funksiyaning x=u=0 nuqtada uzilishga ega ekanligini, ammo
0(0,0) nugtada xususiy hosilaga ega ekanligini isbotlang.

agar x® +y2 # 0
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xy(x?-u?)
3. f(xy)={ x2+y% ’
0,agarx =y =10
funksiya uchun f,,(0,0) # f,,(0,0) tengsizlik bajarilishini
isbotlang.
4.z xy* funksiya x— + u = (x + y + Inz)z tenglamani

ganoatlantirishini |sbotlang.

5.z=|x + y| — /1 — x?% — y? funksiyaning uzluksizlik
sohasidagi eng katta va eng kichik giymatlarini toping. (Javob: z
eng katta=v/2, z eng kichik=-1)

6. Fazoda A (4,1,5) nugtadan 2x+6y+3 -12=0 tekislikka
parallel tekislik o‘tkazilgan. z = x? + y? aylanish paraboloididan
shu tekislik bilan ajratilgan sohani, tengsizliklar sistemasi orqgali
ifodalang.

(Javob: x2 + y% <z < 2x + 6y + 3z — 29)

7.Yzy, + 2z, = z/x tenglamani u=x/y va v=x-y yangi
o‘zgaruvchilar bilan ifodalangan

(Javob:* (“ v,
M)

uv

agar x> +y? # 0

" v, 2u(u— 1)
Zyy T 2uzyy, + S Zw T, — 2z,

8 — + — |fodan| qutb koordinatalarida yozing.

1 0z
(Javob —+—2 W ;5)

9. Koordinata o‘qlaridan bir xil kesma ajratuvchl + +
2

% = 1 urinma tekislik tenglamasini toping.

(Javob:tx + y + z = Va? + b? + c?)

10. xyz=a’ sirtga urinma tekislikning sirtning ixtiyoriy
nuqtasida koordinata tekisliklari bilan o‘zgarmas hajmli tetraedr
hosil gilishini isbotlang va bu hajmni hisoblang. (Javob: V=§a3)
11. Perimetri 2r ga teng uchburchakni biror tomoni orgali

aylantirishdan eng katta hajmli jism hosil bo‘ladi. Shu
uchburchakning tomonlarini toping. (Javob: a=b=3p/4, c=p/2)
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12. x?+4y*=4 ellipsda ikkita A(-v3,1/2) va B(1, v3/2)
nugtalar berilgan. Bu ellipsda, shunday C nuqgtani topingki, ABC

uchburchakning yuzi eng katta bo‘lsin. (Javob: C (%. _f_l))

13. z=x3+y* 9xy+27 funksiyani ekstremumga tekshiring.

(Javob: z 1in(3,3)=0.)

14. Agar u=zx+e”’+y bo‘lsa,
isbotlang.

15. xyz=8, xy/z=8 shartlarni ganoatlantiruvchi u = x + y +
z funksiyaning shartli ekstremumini toping. (Javob:x=y=23/6,

2
Z= \/;)

16. Oshkormas ko‘rinishda 3x%y*+2xyz* 2x> +4y® -4=0
tenglama bilan berilgan funksiyaning (2,1,2) nugtadagi ikkinchi
tartibli d2z differensialini toping.

(Javob:-31,5 dx*+206 dxdy-306 dy?)

17. Kvadrat taxta, shaxmat tartibida joylashtirilgan 2 ta oq
va 2 ta qora kataklardan iborat. Har bir katakning tomoni uzunlik
birligiga teng. Tomonlari taxtaning tomonlariga parallel, bitta
burchagi taxtaning qora burchagi bilan ustma-ust tushadigan
to‘g‘ri to‘rtburchakni qaraymiz. Bu to‘g‘ri to‘rtburchakning qora
qisimning yuzi S bo‘lib, uning tomonlarining uzunliklari X va u
ning funksiyasi bo‘ladi. Shu funksiyaning analitik ko‘rinishini
yozing.

4

0x20udz = dx0udz 0x ekan“gml

(Javob:
xy,agar0<x<1,0<y<1
_ x,agar0<x<1,1<y<?2
S(xy)= yagar0<x<2,0<y<1
1+(x—1)(y—-1,agar1 <x<2,1<y<?2
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11. ODDIY DIFFERENSIAL TENGLAMALAR

11.1. ASOSIY TUSHUNCHALAR. BIRINCHI TARTIBLI
DIFFERENSIAL TENGLAMALAR

I1zoklin usuli.

Agar tenglamada izlanayotgan  funksiyaning  hech
bo‘lmaganda bitti hosilasi qatnashsa, bunday tenglama
differensial tenglama deyiladi.

Differensial tenglamaning tartibi tarifga asosan tenglama
tarkibiga kiruvchi eng yuqori hosila tartibi bilan ustma-ust
tushadi.

Agar izlanayotgan u funksiya bitta argumentli funksiya
bo‘lsa, u holda differensial tenglama oddiy differensial tenglama
deyiladi.

Agar izlanayotgan y funksiya bir necha argumentli funksiya
bo‘lsa, u holda differensial tenglama xususiy hosilali tenglama
deyiladi.

Masalan: 2xy “3y=0 tenglama, bu yerda y=y(x), birinchi
tartibli oddiy differensial tenglama bo‘ladi. w, —u, + xy + 1 =
0, bu yerda u=u(x,y) esa birinchi tartibli xususiy hosilali
differensial tenglama deyiladi. (Bu bobda fagat oddiy differensial
tenglamalar garaladi shuning uchun, keyinchalik, gisgalik uchun
“oddiy” degan so‘zni qoldirib ketamiz.)

Umumiy holda n tartibli differensial tenglama quyidagi
ko‘rinishda yoziladi.

F(xyy y .. Y&, y™)=0 (11.1)

Agar (11.1) tenglamani eng yugori hosilaga nisbatan yecha
olsak, u holda normal formadagi tenglamani olamiz.

yO=fx,yy y .. YY) (11.2)

Differensial  tenglama  yechimlarini  topish  jarayoni
tenglamani integrallash deb ataladi.

(11.1) yoki (11.2) differensial tenglamaning yechimi (yoki
integrali) deb, biror (a,b) oraligda aniqlangan va o°‘zining
hosilalari bilan berilgan differensial tenglamani ayniyatga
aylantiruvchi ixtiyoriy hagiqgiy y=y(x) funksiyaga aytiladi. (Shu
bilan birgalikda y=y(x) funksiyaning hosilasi mavjud deb faraz
gilinadi.)
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1-misol. Sonlar o‘gqida aniglangan y=xe® funksiya y'
4y +4y=0 differensial tenglamaning yechimi ekanligini isbotlang.

» Funksiyaning o‘zini va uning hosilalarini

y =e?(1+2x), y "= 4e*(1+X)

berilgan tenglamaga qo‘yib, quyidagi ayniyatni hosil gilamiz.

4e”(1+4X)- 4e®(1+2x)+4x™=4e™(1+x-1-2x+X)=0.

2-misol. F(X,y)=|n§-5+xy=0 oshkormas ko‘rinishda berilgan
y=y(x) funksiya (x+x®)y =y-xy? differensial tenglamani ayniyatga
aylantirilishni yani uning yechimi ekanligini isbotlang.

Hagigatan ham , F(x,y)= 0 (10.6 formulaga qarang)
oshkormas funksiyani diffensiallash qoidasiga asosan, quydagiga
ega bo‘lamiz.

1
, (J’—;)_y 1—xy 1-xy?

__E_

(x+l)'_; 14+xy x+x2y
y

Olingan hosila y' ni dastlabki differensial tenglamaga qo‘yib,
ayniyat hosil gilamiz.

Agar F(x,y)=0 oshkormas ko‘rinishda berilgan funksiya
differensial tenglamaganing yechimi bo‘lsa, u holda F(x,y)=0
berilgan differensial tenglamaning integrali (yechim emas)
deyiladi. Shunday qilib, 1 va 2 misollarda berilgan differensial
tenglamalarning mos ravishda yechimi va integraliga ega
bo‘lamiz.

(11.1) differensial tenglama yechimining (yoki integralining)
Oxy tekislikdagi grafigi integral chiziq deyiladi. Shunday qilib har
bir yechimga yoki integralga integral chiziq mos keladi.

(11.2) differensial tenglama yechimining mavjudligi va
yagonaligi qo‘ydagicha hal gilinadi.

1-Teorema (Koshi).
Agar (11.2) tenglamaning o‘ng tomoni
X0, Y0, Y0, cvrerry Yo (11.3)

Qiymatlarning biror atrofida uzluksiz funksiya bo‘lsa, u holda

(11.2) tenglama

y (X)) =Yo,Y(X)=Yo , e, vd ' =yd"’ (11.4)
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bo‘lgan Xo nuqtani o‘z ichiga olgan biror (a,b) oraligda y=y(x)
yechimiga ega bo‘ladi.
Agar ko‘rsatilgan atrofda y , y , ..., »"’ argumentlari

bo‘yicha bu funksiyaning xususiy hosilalari ham uzluksiz bo‘lsa,
u holda y= y(x) yechim yagona yechim bo‘ladi.

(11.3) dagi sonlar to‘plami boshlang‘ich giymatlar, (11.4)
tenglik esa, boshlang ‘ich shartlar deyiladi.

n- tartibli differensial tenglama uchun Koshi masalasi
go‘ydagicha ta’riflanadi.

(11.1) yoki (11.2) differensial tenglamaning, (11.3)
boshlang‘ich qiymatlarini va (11.4) boshlang‘ich shartlarini
ganoatlantiruvchi, y=y(x) yechimni toping.

Koshi  teoremasini  ganoatlantiruvchi  sohada (11.2)
ko‘rinishdagi ixtiyoriy differensial tenglama cheksiz ko‘p
yechimga ega bo‘ladi. Umuman olganda bu (11.1) differensial
tenglama uchun ham o‘rinlidir.

Bu yechimlar to‘plamini tavsiflash uchun umumiy yechim
tushunchasini kiritamiz.

(11.1) yoki (11.2) differensial tenglamaning umumiy yechimi
deb y=¢ (XCi,Cy,......... ,Cn) yoki qgisqacha y= ¢ (x,C)
ko‘rinishdagi funksiyaga aytiladi. Bu yerda C; (i=1,n) qo‘yidagi
ikkita shartni ganoatlantiruvchi ixtiyoriy o‘zgarmas:

1. y=¢@(x,c) funksiya C ning ixtiyoriy giymatida (11.1)
yoki (11.2) differensial tenglamaning yechimi bo‘ladi.

2. Differensial tenglama yechimga ega bo‘ladigan har
ganday Xo ,Yo ,Yo’, ...., yo "’ boshlang‘ich giymatlardan
O(X0,C0) = Yooy e, @ (X0, o) = @B~ shartlarni
ganoatlantiruvchi, C;=Cjy o‘zgarmaslarning qiymatlarini
ko‘rsatish mumkin.

F (x,y,Ci) =0 oshkormas ko‘rinishda olingan, umumiy yechim
differensial tenglamaning umumiy integrali deyiladi.

Umumiy yechim yoki umumiy integraldan, ixtiyoriy
o‘zgarmas C; ning fiksirlangan giymatlarida olingan yechim mos
ravishda differensial tenglamaning xususiy yechimi yoki xususiy
integrali deyiladi.
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Eslatma: Differensial tenglamaning, ixtiyoriy o‘zgarmas C;
ning hech qanday giymatlarida umumiy yechimdan olib
bo‘lmaydigan yechimi (integrali) mavjud bo‘lishi mumkin.
Bunday yechim shu ma’noda maxsus deyiladiki, uning ixtiyoriy
nuqtasida Koshi teoremasining gandaydir shartlari bajarilmaydi.

Masalan: y" = 33/(y’ — 1)? differensial tenglama y = x +
i(x + C)* + +C, umumiy yechimga ega, bu yerda C; C, —lar
ixtiyoriy  o‘zgarmaslar. y=x+C funksiya ham berilgan
tenglamaning yechimi bo‘ladi, bu yerda C — ixtiyoriy o‘zgarmas,
ammo bu yechimni C; va C, ning hech ganday giymatlarida
umumiy yechimdan olib bo‘lmaydi. Bundan tashqari, y =1,
yechimlarning ixtiyoriy nugtalarida, Koshi teoremasidagi
yagonalik shartining buzilishiga olib keladi yoki berilgan
tenglamaning o‘ng tomonidan y bo‘yicha olingan xususiy hosila y

=1 da uzilishga ega bo‘ladi. Shunday qilib, y=x+C yechim
mahsus yechim bo‘ladi. Bundan keyin, qoida bo‘yicha, mahsus
yechimlar garalmaydi.

Anigmas integrallar nazariyasi, umumiy yechimi y =
[ f (x)dx =F(x)+ C,(buerdaF(x) —1(x) funksiya uchun
boshlang‘ich funksiya, ya’ni F (X)=f(x); C—ixtiyoriy o‘zgarmas )
bo‘lgan oddiy differensial tenglamalar sinfining nazariyasi
hisoblanadi.

Birinchi tartibli differensial tenglama, umumiy holda

F(x,y,y)=0 (11.5)
yoki, agar uni y ga nisbatan yechsak, qo‘yidagi normal
ko‘rinishda yozilishi mumkin.
y =fxy). (11.6)
2- teorema (Koshi teoremasi).
Agar f(x,y) funksiya My (Xo , Yo) nugta va uning atrofida

uzluksiz bo‘lsa, u holda (11.6) tenglamaning y(Xo)=Yo shartni
ganoatlantiruvchi y=y(x) yechimi mavjud bo‘ladi. Agar berilgan

funksiyaning Z—i xususiy hosilasi ham uzluksiz bo‘lsa, u holda bu
yechim yagonadir.

219



Ba’zi hollarda birinchi tartibli differensial tenglamalarni
differensial formada yozish qulaydir:

P(x,y)dx + Q(x,y)dy=0 (11.7)

Birinchi tartibli differensial tenglamalar uchun Koshi
masalasi quydagicha ta’rifga ega.

(11.5) yoki (11.6) differensial tenglamalarning ¢(x,C;) =
Yo(®(x0,¥o) = 0) boshlang‘ich  shartni  ganoatlantiruvchi
y= @(x) (P (x, y)=0 integral) yechimini toping. Bu geometrik
nugtai nazardan shuni anglatadiki, berilgan tenglamaning barcha
integral chiziglari orasidan berilgan My (Xo,Yo0) nuqtadan o‘tuvchi
integral chizigni topish kerak.

(11.6)  differensial  tenglamaning  geometrik talqini
quydagidan iborat. U 2- teorema (Koshi teoremasi)ning barcha
shartlarini ganoatlantiruvchi, D sohaga tegishli har bir M(x,y)
(11.6) tenglama yagona integral chizig‘iga, M(x,y) nugtadan
o‘tuvchi y = tga = k urinmasining yo‘nalishini, ya’ni D sohadagi
maydon yo‘nalishini aniqlaydi. (11.1-rasm)

(11.6) tenglama uchun D sohada har biri izoklin deb ataluvchi
bir parametrli f(x,y) = K = const chiziglar oilasini ajratish
mumkin.

11.1-rasm

Izoklinni va u bo‘yicha yo‘nalishni topish, yo‘nalishlar
maydonini hosil gilishga va berilgan differensial tenglamaning
integral chiziglarini tahminan qurish ya’ni bu tenglamani grafik
ko‘rinishda integrallash imkonini beradi.

3-Misol. y = -2y/x differensial tenglamaning integral
chiziglarini izoklin usulida taxminan yasang.
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> —%y:K(K:const) deb olib, berilgan tenglamaning

y=—§x izoklinini topamiz. Bular koordinatalar boshidan
o‘tuvchi to‘g‘ri chiziglarni ifodalaydi. Bu chiziglar bo‘yicha
y' = K = tga tenglik bilan yo‘nalishlar maydoni aniqlanadi. K ga
turli giymatlar berib, ularga mos izoklinlarni topamiz. Bu
izoklinlar bo‘ylab integral chizigga urinmaning Ox ugiga
og‘ishgan a burchagi bilan tavsiflanuvchi yo‘nalishlar maydoni
aniglanadi. Kerak bo‘lgan hisoblashlarni jadval ko‘rinishida
yozamiz. (1-jadvalga garang).

K 0 +1/43 +1 +V3 +2 +3 o

a 0 +30° +45° ~ +60° ~ +64° ~ +72° =~ +90°
y=k =0 y=+i y 1 Y 3 = Fx —¢Ex x=0
:—Ex y _2\/§ =$Ex 2173( Y Y= 2

Shu jadvalga asosan yo‘nalishlar maydonini yasaymiz va
so‘ngra taxminiy ravishda integrallar chizig‘ini chizamiz. (11.2
rasm) OX o‘qida soat stelkasi yo‘nalishi bo‘yicha yoki unga
teskari yo‘nalishda hisoblanishi a burchakning giymatlari mos

ravishda musbat yoki manfiy bo‘lishini ko‘rsatadi.

y=—4x y=4x
a® 83°

a X —83°

11.2-rasm.
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11.2. O‘ZGARUVCHILARI AJRALADIGAN
DIFFERENSIAL TENGLAMALAR. BIR JINSLI
TENGLAMALAR
Quyidagi ko‘rinishdagi tenglamalar.
P(x)dx + Q(y)dy =0 (11.8%)
O ‘zgaruvchilari  ajraladigan  differensial ~ tenglamalar
deyiladi. Uning umumiy integrali qo‘yidagi ko‘rinishda bo‘ladi.
[PX)dx + [ Q(n)dy=C (11.8)
bu yerda C — ixtiyoriy o‘zgarmas.
Qo‘yidagi ko‘rinishdagi tenglamalar
M1(x) N1(y)dx + M2(x)N2(y)dy =0 (11.9)
yoKki

Y =2 = £()L0) (11.10)

shuningdek, algebraik almashtirishlar yordamida (11.9) yoki

(11.10)  tenglamalarga  keltiriluvchi ~ tenglamalar ~ ham
o zgaruvchilari ajraladigan tenglamalar deyiladi.

Ushbu tenglamalarda o‘zgaruvchilarni ajratish qo‘ydagicha

bajariladi. N1(y) 0, M2(x) # 0 deb faraz qilamiz va (11.9)

tenglamaning ikkala gismini N1(y) M2(x) ga bo‘lamiz. (11.10)
tenglamaning ikkala gismini dx ko‘paytiramiz va f,(y) # 0 ga
bo‘lamiz. Natijada o‘zgaruvchilari ajraladigan (ya’ni (11.8%)
ko‘rinishdagi) tenglamani hosil qilamiz.

M, (x) N,(y) _ dy
4y =0 [i(0dx =203

dx
M, (x) N1( )

Bu tenglama (11.10) formulaga asosan qo‘ydagicha

integrallanadi.

M, (%) N (v) — _ (9 _
D@+ gy =6 J fitdde = J2005=C

1-Misol. Differensial tenglamaning umumiy yechimini
toping.

=0

(xy+y)dx-+(xy+x)dy=0 (1)
» x# 0, y# 0 deb faraz gilamiz va berilgan tenglamaning
ikkala qgismini xy ga bo‘lib, o‘zgaruvchilari ajraladigan
tenglamani hosil gilamiz.
1 1
(1+Ddx + (1 +;)dy =0
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buni (11.8) formulaga asosan integrallab,
1 1
J(1 +;)dx+]<1 +;)dy — In|C|

X+ln|x| +y+ln|y| = ln|c|

In|xy| + mex+y=1in|c|,xye*” =C

larni topamiz. (ixtiyoriy o‘zgarmasni [ n| c| ko‘rinishida
yozish mumkin.)

Oxirgi tenglik (1) tenglamaning umumiy integrali bo‘ladi.
Buni topishda x# 0, y# 0 degan shartlar qo‘yilgan edi. Ammo,
x=0 va y=0 funksiyalar ham, dastlabki tenglamaning yechimlari
bo‘la oladi, buni tekshirish oson, ikkinchi tarafdan ular C=0 da
umumiy integraldan hosil gilinadi.

Shunday qilib, x=0, y=0 (1) tenglamaning Xxususiy
yechimlaridir.

2-Misol. (1+e*)y2y =e* tenglamaning y=(0) boshlang‘ich
shartini ganoatlantiruichi xususiy yechimini toping.

» Berilgan tenglamani differensial ko‘rinishda yozib olamiz.
((11.7) formaga garang.)

(1+ e*) y* dy — e*dx =0

Endi o‘zgaruvchilarini ajratamiz.
X

y'dy — T +erdx =0
Oxirgi tenglamani integrallaymiz va dastlabki tenglamaning
umumiy yechimini hosil gilamiz.

) e* C y3 . C
Jy dy — jmdx =5,?—arctge =3
y = 3/C + 3arctge*
Boshlang‘ich shartlardan foydalanib ixtiyoriy o‘zgarmasning
giymatini aniglaymiz.
3

3 3
1: — =1——
C+47T,C 47‘[

Shunday qilib, dastlabki tenglamaning xususiy yechimi
quyidagi ko‘rinishda bo‘ladi.
Agar har ganday teR uchun, f(tx,ty) funksiya aniglangan
bo‘lib, a-const va f(tx,ty) = t*f(x,y) tenglik o‘rinli bo‘lsa ,
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f(x,y) funksiya, x va y argumentlarga nisbatan a o ‘Ichamli bir
jinsli funksiya deyiladi.

Masalan, f (x,y)=3x*-x* y* +5y* funksiya to‘rt o‘lchamli
(a = 4) bir jinsli bo‘ladi, chunki f(tx,ty)= 3-(tx)* — (tx)*+5-(ty)*=
t* (3x*-x2 y? +5y* )= t* f(x,y).

floy) =VxZ—23/xy +43/y?  funksiya  f(tx, ty) =
Y02 = 23/ (0 ty) + 4 (ty)? = Ve2(Vx% — 23/xy +
43[y?) = t?3f(x,y) bo‘lganligidan a =2/3 o‘lchamli bir
jinsli bo‘ladi.

Agar ¢ = 0 bo‘lsa u holda funksiya nol o‘lchamli bo‘ladi.

Masalan, f(x,y) =%1n(’y‘—z+1) — ol o‘lchamli bir jinsli

X

funksiya, chunki
_ tx=ty . ((tx)* _ tx-y) tx? .

f(tx' ty) - tx+ty In ((ty)2 + 1) - t(x+y) In (t2x2 + 1) -

ﬂln(£+1)=f(x ), bu yerda t= 0

x+y y2 YD )

Agar f(x,y) funksiya o‘zining argumentlariga nisbatan nol
o‘lchamli bir jinsli funksiya bo‘lsa, u holda normal ko‘rinishdagi
qo‘yidagi differensial tenglama X va y o‘zgaruvchilarga nisbatan
bir jinsli deyiladi.

Y =2Z=f(x,y) (11.11)

P(x,y) , Q(x,y) funksiyalarning har biri @ — o‘lchamli bir
jinsli funksiya bo‘lsa, ya’ni P(tx,ty) = t*P(x,y),Q(tx,ty) =
t*Q(x,y) bo‘lganda, faqat shu holdagina differensial formadagi
P(x,y)dx+ Q(x,y)dy =0 differensial tenglama bir jinsli bo‘ladi.

. _ Plexty) t%P(x,y) _
Hagigatan ham f(tx,ty) = Aty = a0y f(x,v)
bo‘lganligidan, uni qo‘ydagicha normal formada yozib, y' =

_Py) _
Q(X.y) - f(x’ y)

f(x,y) funksiya nol o‘lchamli bir jinsli funksiya ekan degan
xulosaga kelamiz. Bir jinsli differensial tenglama (11.11) ni har
doim normal formada y’ =f(x,y)=f(tx,ty) ko‘rinishida yozish
mumkin, u holda t=1/ x deb olib, qo‘ydagini hosil gilamiz.
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,_dy AN
v == (13)=0()
Bundan kelib  chigadiki, y=xu(u=i—/,y’=u+xu)

almashtirish yordamida (11.11) tenglama va yangi funksiya u(x)
ga nisbatan o‘zgaruvchilari ajraladigan tenglamaga keltiriladi.

u+xu =¢(u) , xi—z =¢pu)—u

3-Misol. 2x* y' =x*+y® differensial tenglamani integrallab,
uning y(1)=0 boshlang‘ich shartini qanoatlantiruvchi xususiy
yechimni toping.

» 2x2 va x? + y? ikki o‘Ishovli funksiyalar bo‘lganligidan,
berilgan tenglama ham bir jinslidir.

y=xu, y'=u+xu’ almashtirish bajaramiz.

U holda , 2x3(u+xu’) = x2 + (xU)2 , 2x2 (u+xu’) = x3(1+U?).
X # 0 deb faraz qilib, tenglamaning ikkala gismini x2 ga
gisqartiramiz. So‘ngra quydagiga ega bo‘lamiz.

2u + ZxZ—Z =1+ u?, 2xdu = (1 + u? — 2u)dx.

O‘zgaruvchilarni ajratib, qo ydagilami topamiz.

du _dx dlu—1) 11
1+u2—2u_ﬂ'f1+u2—2u f (u—1)2_ nix|
ui _E In|x| + InC,1 = (1 — w)In(C/|x])

Ohirgi ifodada u ning o‘rniga y/x qiymatni qo‘yamiz va
quydagi umumiy integralni hosil gilamiz.

1= (1 —%) In(C+/|x]) , x = (x — y)In/|x|

Buni y ga nisbatan yechib, dastlabki differensial

- - - - . - _ _ X

tenglamaning umumiy yechimini topamiz. y = x N ED)

y(1)=0 boshlang‘ich shartdan foydalanib, C ning giymatini
aniglaymiz.

0=1--——,InC=1,C=e.

Shunday qilib, dastlabki tenglamaning xususiy yechimi
qo‘ydagi ko‘rinishga ega bo‘ladi.

O
Y =X T
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11.1 - AT

1. y=(x,c) funksiya, bu yerda C- ixtiyoriy o‘zgarmas,
qo‘ydagi differensial tenglamalarning yechimi  (integrali)
bo‘lishini aniglang.

1
a) y=x*(1+ce*), X’y +(@1-2x)y=x
b) y=ce*+e™, xy"+22y'-xy=0,
v) X2+ y"=cy?, xydx = (x* —y")dy.

(Javob: a) ha; b) yo ‘q, v) ha.)

2. Qo‘ydagi differensial tenglamalarning har birining
tahminiy integral chiziglarini chizing va izoklin usulida maydoni
yo‘nalishini yasang.

a) y=x+y;b)2x' =y?/x;V)xy'=1—y

3. Qo‘ydagi differensial tenglamalarning umumiy yoki
xususiy yechimini (umumiy yoki xususiy integralini) toping.

a) xy'=y?+1

b) (x+xy)dy+ (y—xy)dx=0,y(1) =1;

v) 3y =%+9i—/+9;

9 xy' =y+Jx?+y?,y(1)=0

Mustaqil ish.

1. y=Cx+1/c funksiya xy'—y + 1/y = 0 differensial
tenglamalarning yechimi bo‘la oladimi ? (Javob: yo ‘q.)

2. Qo‘ydagi differensial tenglamaning yechimini toping.

4(x*+y)dy +/5+y?dx =0

(Javob: y = il—lé((c — arctgx)? — 5)

3. Qo‘ydagi differensial tenglama uchun Koshi masalasini
yeching.

xy' = xsin§+y,y(2) =7

(Javob: y = 2xarctg (x/2).)

1. 1 eY* = Cy tenglama bilan oshkormas holda berilgan
y = y(x) funksiya xyy'—y? = xy differensial tenglamaning
integrali bo‘la oladimi? (Javob: ha.)
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2. Quydagi differensial tenglamaning umumiy integralini
toping? ydx + (\/xy —+x)dy = 0. (Javob:
Vx + ,/y=InC,/y(c> 0).)

3.ydx + ({/xy —x)dy = 0,y(1) = 1 differensial tenglama
uchun Koshi masalasini yeching? (Javob:2 — In|y| = 2,/y/x.)

2+Cx . . . . ..

2. 1y= Ton funksiya differensial tenglamaning yechimi
bo‘ladimi? (Javob: ha)

2. Differensial tenglamaning umumiy yechimini toping?
(1+e)y =ye* (Javob:y = c(1+e%).)

3. xy'=y(A+Iny—Inx),y(1) = e? differensial
tenglama uchun Koshi masalasini yeching ? (Javob: y = xe?¥)

11.3 Birinchi tartibli chizigli differensial tenglamalar.
Bernulli tenglamasi
Noma’lum funksiya y va uning hosilasi y' ga nisbatan
chiziqli bo‘lgan quydagi tenglama
y' +P(x)y = Q(x) (11.13)
(algebraik  shakl  almashtirishlar ~ yordamida (11.13)
ko‘rinishga keltirish mumkin bo‘lgan har ganday tenglamalar
ham) birinchi tartibli bir jinsli bo‘lmagan differensial tenglama
deb ataladi. Yechimi mavjudligi va yagonaligi hagidagi Koshi
teoremasining shartlari bajarilishi uchun P(x) #= 0 va Q(x) # 0
funksiya biror sohada, masalan [a, b] kesmada o‘zluksiz bo‘lishi
kerak. (11.11 dagi 2 teoremaga qarang.) (11.13) ko‘rinishdagi
tenglamaning umumiy yechimini har doim quydagi ko‘rinishda
yozish mumkin
y = e [PWaxX([ g(x)el P@axgy + ¢ (11.14)
bu yerda C — ixtiyoriy o‘zgarmas. Shunday qilib (11.13)
tenglamaning umumiy yechimi har doim P(x) va Q(x) ma’lum
funksiyalarning  integrallar ~ orgali  ifodalanadi.  (11.14)
tenglamadagi integrallarni hisoblayotganda ixtiyoriy
o‘zgarmaslarni, ixtiyoriy o‘zgarmas C ning ichiga kirgan degan
farazda nolga tenglab olish mumkin.
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Agar (11.13) tenglamada Q(x) = 0 yoki P(x) = 0 bo‘lsa, u
holda, umumiy yechimi Q(x) = 0 yoki P(x) = 0 bo‘lgan holda
mos ravishda (11.14) tenglamadan aniglanuvchi o‘zgaruvchilari
ajraladigan differensial tenglamani hosil gilamiz. Q(x) =0
bo‘lgan holda (11.13) tenglama, bir jinsli tenglama deb ataladi.

1-misol (x? —x)y’' +y = x%(2x — 1). Tenglamani umumiy
yechimini toping? Koshi masalasini y(—2) = 2 boshlang‘ich
shartda yeching.

» Berilgan tenglamaning ikkala gismini x? —x # 0 ga
bo‘lib, (11.13) ko‘rinishga keltiramiz.

' y x%(2x-1)

- xiox i 1 Z(2x-1) _ x(2x-1)

X xX— xX(2x—

Buyerda P(x) = ¥x x(x 1’ Q) = x(x-1)  x-1

(11.4) formulaga asosan dastlabki tenglamaning umumiy
yechimi quyidagi ko‘rinishda bo ladi.

x(2x-1) f
y=e e 1>(f = udx + C) (11.15)
Bu yechimga kiradigan mtegrallarnl topamiz. Quyidagiga ega
dx A B 1
x(x-1) * | x—1 x(x 1)’ A= 1'B=1|=f(_;+
= )dx = —In|x| + +In|x — 1| =
IX()ZCxll) In |—| dx = [X&1

+(x% - x),
Bu yerda modul ichida |x7_1| = ixT_l tenglamaga ko‘ra «+»

)

bo‘lamiz. f

=+ [(2x - 1dx =

x-1

va «-» belgilari paydo bo‘ladi.
Topilgan integralni (11.15) ga qo‘yib, dastlabki tenglamani
umumiy yechimini topamiz.

y=e —In |x— '(+(x —x)+0) = —|(+(x -x)+0C)

Cx
=i—(ix(x——1)+C)=x +—
x—1 x—1

Bundan y(—2) =2 boshlang‘ich shartga mos keluvchi
Xususiy yechimni ajratamiz.

2=4-25 c=3y=x2-3% <

-2-1 x-1
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Ba’zida differensial tenglama y ning funksiyasi bo‘lgan, x ga
nisbatan ham chiziqli bo‘lishini bilish foydadan holi emas, ya’ni
quyidagi ko‘rinishga keltirilishi ham mumkin.

dx
ot P(y)x = q(y) (11.16)
Buning umumiy yechimi quyidagi formula bo‘yicha topiladi.

x = e—fP(y)dy(J. q(y)efP(y)dy dy + C)

2-misol. y' = Z—i’ ,(2x — y?)y' = 2y tenglamaning umumiy
integralini toping.

» Berilgan tenglama x(y) funksiyaga nisbatan chiziglidir.
Hagigatan ham, (2x — yz)j—z =2y,2x —y% = ZyZ—; ,Z—; = s—% ,Z—i—
=3 PO) = .40) =3

ya’ni (11.16) ko‘rinishidagi tenglamani hosil qildik. (11.17)
formulaga asosan, dastlabki tenglama quyidagi ko‘rinishiga ega.

dy — %y
x=ey (f%e 5 dy+C) = elnbl (—f%e‘ln|y|dy+C) =

WI(=3/Zdy+C)=—3[dy+Cy=Cy—;y* D
(11.13) chizigli differensial tenglamani Bernulli usulida ham
integrallash mumkin. Bu usulning ma’nosi quyidagicha: y =
u(x)9(x) formula bo‘yicha (o‘rniga quyishning Bernulli usuli)
u(x) va 9(x) ikkita noma’lum funksiya kiritamiz. U holda
y' =u'9 + ud. yvay'lar uchun hosil gilingan ifodalarni (11.13)
tenglamaga quyib, u'9 + w9’ + P(x)ud = Q(x) tenglamani hosil
qgilamiz. Bu tenglamani quyidagi ko‘rinishda yozish mumkin.
@' +Px)-Du+ud=0Q(x) (11.18)
Noma’lum funksiyalardan birini, masalan, 9 ni ixtiyoriy
tanlashimiz mumkin (chunki dastlabki (11.13) tenglamani, fagat
u-9 ko‘paytma qanoatlantirishi kerak). ¥ funksiya sifatida
(11.18) tenglamadagi u ning koeffitsientini nolga aylantiruvchi
9"+ P(x)9 = 0 tenglamaning ixtiyoriy xususiy yechimi 9 =
9(x) ni tanlaymiz. Shundan so‘ng (11.18) tenglama u'v =Q(Xx)

ko‘rinishga keladi. Bu tenglamaning U=U(X,C) umumiy
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yechimini topamiz. So‘ngra (11.13) tenglamaning
y =u(x,C)-v(x) korinishdagi umumiy yechimini hosil gilamiz.
Shunday qilib, (11.13) tenglamani integrallash o‘zgaruvchilari
ajraladigan ikkita tenglamani integrallashga keltiriladi.

3-Misol. Quyidagi tenglamani

, 1
Y+ yigx = ——
COS X

Bernulli usulida integrallang va Y(7)=1 boshlang‘ich
shartda Koshi masalasini yeching.

» Ofrniga qo‘yishning Bernulli usulidan foydalanamiz.
y=uv, Yy =uv+uv' vaquyidagiga ega bo‘lamiz.

) ' _ 1
UV + UV’ +uvtgx = ——,
COS X

(V'+vigx)u+u'v= L
COS X
V'+vtgx =0 tenglamaning xususiy yechimini topamiz.

dv + vtgxdx =0, dv +tgxdx =0 ,
v

J‘d7V+J.thdX=O, Injv|—Injcosx|=Inc, . ¢ =1 deb olib,

v =cosx Xususiy yechimni tanlaymiz. Endi, u'v=1/cosx, bu
yerda v=cosx , tenglamaning umumiy yechimini izlaymiz.
Quyidagiga ega bo‘lamiz

1 dx

u'= , U= +Cc=tgx+c.

cos’ x I cos® X J

Dastlabki tenglamning umumiy yechimi quyidagicha bo‘ladi:
y=U-v=(tgx+C)-COSX . Bundan

y(;r) =1 1= (0 + C)(—l), c=-1 boshlang‘ich  shartlarni

ganoatlantiruvchi, xususiy yechimni ajratib olamiz. c=-1
giymatni umumiy yechimga qo‘yib, dastlabki tenglamaning
xususiy yechimini hosil gilamiz:
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y =(tgx—1)cosx =sinx—cosx. «

Quyidagi ko‘rinishdagi differensial tenglama
y'+P(x)y=Q(x)y”. (11.19)

bu yerda ¢ =const e R, a#0, a #1, shuningdek, algebraik

shakl almashtirishlar yordamida (11.19) tenglamaga keltiriluvchi
har ganday tenglama, Bernulli tenglamasi deyiladi.

Z =y"* formula bo‘yicha yangi Z(x) funksiya Kiritish

yo‘li bilan Bernulli tenglamasi shu funksiyaga nisbatan chiziqli
tenglamaga keltiriladi:

Z'+(1-a)P(x)Z =(1-a)Q(x). (11.20)

Oxirgi tenglamani yuqorida keltirilgan biror bir usul bilan
yechib, Z = Z(X) ni topamiz, so‘ngra y = 2 ni topamiz.

Bernulli  tenglamasini, (11.13) chizigli tenglama Kkabi,

y:u(x)‘v(x) Bernullining o‘rniga qo‘yish usuli yordamida

ham yechish mumkin (3-misolga garang).
4-misol. Bernulli tenglamasining umumiy yechimini toping.

y'+2e'y =2¢e"[y.
» Berilgan tenglama uchun a=1/2 bo‘lgani uchun,
Zzyl‘“z\ﬁ almashtirishni bajaramiz. (11.20) tenglamaga

asosan, Z'+e*Z =e* tenglamani hosil gilamiz. Bu tenglamaning
umumiy yechimi (11.14) formulaga asosan quyidagi ko‘rinishda
bo‘ladi.

7l Uexejexdxdx + c) =e* (Jexeexdx + c) =
—e® (I e de* + x) —e® (eex + c) =l+ce™.

Dastlabki tenglamaning umumiy yechimi quyidagicha
bo‘ladi.

y =22 =(1+ce‘ex)2. <
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5-misol. Tenglamaning umumiy yechimini toping.

Xy +y=xy’Inx.

» Berilgan tenglamaning ikkala gismini x =0 ga bo‘lib,
yuborib, a =2 bo‘lgan Bernulli tenglamasini hosil gilamiz. Uni
Bernullining  o‘rniga  qo‘yish  usuli  bilan  yechamiz.
(y=uv, y=uv+u):

X(UV+uv')+uv = x(uv)2 Inx.

xv'+v=0 tenglamaning xususiy yechimi v=x" ni
osongina topamiz. Endi xvu’ = xu®v?In x tenglamaning, bu yerda

1 , ., _olnx . . o
V=X, ya’ni U =v°—— tenglamaning, umumiy yechimini
X

topishimiz kerak. Oxirgi tenglamda o°‘zgaruvchilarini ajratamiz va
uni integrallab quyidagini hosil gilamiz.
du dx ¢du dx
—=Inx—, —szlnx—,
u X

u? X

1 In°x ¢ 2

u 2 2 c+In’x’
Shunday qilib, dastlabki tenglamaning umumiy yechimi

quyidagicha bo‘ladi. y =uv=——"—"——.
X(c+In*x)

11.2. AT
1. Differensial tenglamalarning turlarini aniglang va ularni
yechish usullarini ko‘rsating.

a) Xy'+2/xy = y; d) y'=e”—e'y;
e) xy'+y-y’=0;
b) y'cosx =Y €) Xy'+y-y
Iny )
y 2xcos’ ydx +(2y - Xsin2y ) dy = ;
\Y = ; ’ '
)y 2xIny +y—x ) Y2+ Xy =xyy

g) (1+e™)y’dy —e*dx=0;
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2. Differensial tenglamaning umumiy yechimini toping.

a) y'+X:1+2Inx b) y’+4xy:2xe’xz\ﬁ.
X

(Javob: @) y=xInx+c/x; b) y:ie‘xz(c+x2/2).)

3. Koshi masalasini yeching.

a) 2xydx +(y+x*)dy=0, y(-2)=4;

b) y'=2y-x+e*, y(0)=-1.

. 1 X l X
(Javob: a) X —yIn(4e/y);b) y=5x-e +Z(1—e2 ))

Mustagil ish

Koshi masalasini yeching.
2Xy,2

1.a) y'+3y=e"y?, y(0)=1

b) y'+ ytgx =1/cosx, y(z)=5.

(Javob: a) y=e?*;b) y=-5c0sXx+sinx.)

2.4) y’dx=(x+ye™)dy, y(0)=-3

b) y'-7y=e>y?* y(0)=2.

(Javob: a) x=e"?(3-y); b) y=10e""/(e"* -6).)
3.8) xdy=(e"-y)dx, y(1)=%
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11.4. TO‘LA DIFFERENSIAL TENGLAMALAR
Agar D sohada P(xy),Q(x,y) funksiyalarning

aniglanishidan va (11.21) tenglamaning mavjudligidan quyidagi
tenglik bajarilsa,

P (x,y) :8Q(x, y)
oy OX

. (11.22)

u holda
P(x,y)dx+Q(x,y)dy=0. (11.21)
ko‘rinishidagi tenglama to ‘la differensialli tenglama deyiladi.
(11.21)  tenglamaning umumiy integrali  quyidagi
formulalarning biri bilan aniglanadi.

X y
IP(X, yo)dX+IQ(X,Y)dY=c, (11.23)
Xo Yo

P(x, y)dx+JXQ(x0y)dy:C. (11.24)

Yo

S C—y

bu yerda Mg (X, Y,)€D.

Misol. Tenglamaning umumiy integralini toping.
(x2+y—4)dx+(x+ y+ey)dy:0.

» P=x’+y—-4, Q=x+y+e’ belgilashlar kiritamiz.

%D =1, 2—Q =1, ya’ni (11.22) shart bajariladi, u holda berilgan
X

tenglama to‘la differensialli tenglama bo‘ladi. Soddalik uchun
X, =0, Yy, =0 deb olib, uning umumiy integralini (11.23) yoki
(11.24) formulalar orqgali topish mumkin. X,,y, giymatlarni
tanlashimiz o‘rinli, chunki bu nuqtada P(X, y) va Q(X, y)
funksiyalar va ularning xususiy hosilalari aniqlangan, ya’ni
MO(O;O)ED . (11.23) formulaga asosan quyidagiga ega

bo‘lamiz.

234



X x> +0-4 dx+y x+y+e')jdy=c,
[
x—3—4x+xy+y—2+ey—1=c.

3 2

Umumiy integralni (11.24) formula bo‘yicha topamiz.
X y

j(x2+ y—4)dx+j(0+ y+e')y=c,
0 0

3 2
X—+xy—4x+y—+ey -1l=c.

3 2

Bu yechim avval topilgan yechim bilan ustma-ust tushadi. <«

11.3. Auditoriya topshiriglari
1. Differensial tenglamalarning umumiy integralini toping.

a) (e* +y+siny)dx+(e” +x+xcosy)dy =0;
b) (2x+ex’y)dx+(1—§]ex’ydy =0;

v) ¥ =(y-3x")/(4y -x).
(Javob: a) e* +e” + xy+xsiny=c; b) x*+ye” =c; V)

x*—xy+2y*=c.)
2. Koshi masalasini yeching.
a) e’dx+(2y-xe”)dy=0, y(-3)=0;

b)  xdx+ydy = (xdy - ydx)/(x*+y?), y(1)=1
v) x+ye'+(y+e )y =0, y(0)=4.

(Javob: a) xe™¥ + y* +3=0;

b) 1(x2+y2)+arctgﬁzl+z; V) X2+ y%4+2yef =24))
2 y 4
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3. Ixtiyoriy M nuqtasiga o‘tkazilgan urinmaning burchak
koeffitsienti, M nugtani koordinata boshi bilan tutashtiruvchi
to‘g‘ri chizigning burchak koeffitsientidan uch marta katta

ekanligini bilgan holda A(2,4) nuqtadan o‘tuvchi to‘g‘ri chiziq

tenglamasini toping (Javob: y = %x?’ ).

4. Nyuton qonuniga ko‘ra, jismning sovush tezligi jism va
atrof-muhit temperaturalari ayirmasiga proporsional. Pechkadan
olingan non temperaturasi 20 minut davomida 100° C dan 60° C
ga kamayadi. Havoning temperaturasi 25° C. Qanday vaqt
oralig‘ida (sovish boshlanishidan hisoblab) nonning temperaturasi
30° C ga pasayadi. (Javob: 71 min.)

Mustagil ish
1. Koshi masalasini eching.

(2x+y+3x*siny)dx+(x+x*cosy +2y)dy =0;
y(0)=2

(Javob: X* + xy +% Yy +x°siny=2))

2. Boshlang‘ich tezligi v(0)=0 bo‘lgan m massali jism
yugoridan tushmoqgda. Agar jismga p=mg og‘irlik kuchidan
tashqari, proporsionallik koeffitsienti 3/2 ga teng, V(t) tezlikka
proporsional havoning qarshilik kuchi ham ta’sir qilsa, jismning
ixtiyoriy t vagtdagi v =Vv(t) tezligini toping.

2
Javob: v==mg(1-e¥*"),
( Al ))

2. 1. Differensial tenglamaning umumiy integralini toping.
(3x°y +sinx)dx+(x*—cosy)dy =0 .(Javob:

x’y —cosx—siny=c)

236



2. Radiyning targalish tezligi uning targalmagan soniga
proporsional. Agar 1600-yilda radiyning dastlabki miqgdorining
yarmi tarqalishi aniq bo‘lsa, 1 kg radiydan 650 g qolishi uchun
necha yil kerakligini hisoblang.

(Javob: 1000-yildan keyin.)

3. 1. Differensial tenglamaning xususiy yechimini toping.

y2 X2
[2x|ny+ - ]dx+(7+tgx+eyjdy:0,y(O):l

COS™ X
.(Javob: x*Iny + ytgx +e¥ =e.)
2. Agar to‘g‘ri chizigning ixtiyoriy nuqtasiga o‘tkazilgan
urinmasining O, o‘qidan ajratgan kesmasi, urinish nuqtasidan
koordinata boshigacha bo‘lgnan masofaga teng bo‘lsa, A(l,O)

nuqtadan o‘tuvchi shu to‘g‘ri chiziq tenglamasini yozing. (Javob:

1
y=§(l—xz)

11.5. TARTIBI PASAYTIRILADIGAN YUQORI TARTIBLI
DIFFERENSIAL TENGLAMALAR

Tartibi ~ pasaytiriladigan ~ yuqori  tartibli  differensial
tenglamalarning ba’zi turlarini ko‘rib chigamiz.

y" = f(x). (11.25)

ko‘rinishdagi tenglamaning umumiy yechimini n — marta

integrallash orgali topamiz. Uning ikkala gismini dx ga

ko‘paytiramiz va integrallaymiz, natijada, (n—l) tartibli
tenglamani hosil gilamiz.

y" = J. yVdx = J. f(x)Jdx=¢ (x)+E. (11.26)

Shu amalni takrorlab, (n—Z) tartibli tenglamaga ega

bo‘lamiz.
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Yy = [y dx = [, () +6, ) dx = [ g (x)dx+ [ Eidx =, () + Ex+€,

.(11.27)

N — marta integrallashdan keyin esa, (11.25) tenglamaning
quyidagi umumiy yechimini hosil gilamiz.

Y=, (X)+CX"T+C,X" 2 +..+C X +C,. (11.28)

bu yerda Ci(i :ﬁ), €,.C,,...,C, — ixtiyoriy o‘zgarmaslar
bilan ma’lum ma’noda bog‘liq bo‘lgan, ixtiyoriy o‘zgarmaslardir.
. v 5 . . ...
1-misol. vy :8/(x—3) tenglamaning umumiy yechimini
toping.
(11.26) formulaga va integrallash qoidalariga asosan,
quyidagiga ega bo‘lamiz:
8dx 2
m_ [ yVdx = __ &
y" = [ y"dx I(X_3)5 TR

(11.27) yechimga mos ravishda quyidagini topamiz.

2 2
" yMdx=[| - — & +¢& dx=—2 " S+ EX+E "
y jy j[ (x—4)° 1}1 3(x+3°

Oxirgi tenglikni yana ikki marta integrallab, dastlabki
tenglamaning umumiy yechimini hosil gilamiz:

Y':jy"dX:f : 3 +CX+C, X:_;z"'lczxz“'cz)(*'cs'
3(x-3) 3(x-3)" 2

, 1 1., -
y:J'ydx:J'[—g(x_S)2 +Eclx2+czx+c3]dx:

bt e lewiexse -
3(x-3) 6 27 ¢

<

+C X3+, X7 +C X +C,

1
3(x-3)

Il. Faraz qilamiz, N — tartibli differensial tenglama
izlanayotgan funksiya va uning (k—l) — tartibli hosilalarini oz

ichiga olmasin. (1<k <n):
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Foys v ..y =o0. (11.29)
Z(X)z y* formula bo‘yicha yangi noma’lum Z(X)
funksiyani kiritamiz va y*?% =z, y®&?d =z  y® =70
ekanligini e’tiborga olib, Z(X) funksiyaga nisbatan (n—k) -
tartibli tenglamaga ega bo‘lamiz.
F(x,Z,Z',Z”,...,Z("’k))=O. (11.30)
ya’ni (11.29) tenglamaning tartibini k ga pasaytiramiz. Agar
(11.30) tenglamaning umumiy Yyechimini Z:go(x,c,...,cnfk)
ko‘rinishida izlashga erishsak, yechimi k — marta integrallash
bilan topiladigan (11.25) ko‘rinishdagi quyidagi tenglamani hosil
gilamiz.
Z=y" =p(%,6,CpCr i ) -
Xususiy holda, agar n=2, k=1 bo‘lsa, u holda (11.30)

tenglama birinchi tartibli tenglama bo‘ladi.
2-misol. Tenglamaning xususiy yechimini toping.

xy”=y’|n%-y(1)=e, y'(1)=¢’.

» Berilgan tenglama Il tur tenglama bo‘ladi. (n=2, k =1),
ya’ni tarkibida u qatnashmaydi. Z=Y' ni qo‘yib, bu
tenglamaning tartibini bittaga pasaytiramiz. U holda y"=2Z"

bo‘ladi va berilgan tenglama izlanayotgan Z funksiyaga nishatan
birinchi tartibli bir jinsli differensial tenglamaga aylanadi.

XxZ'=ZIn(Z/x). (1)

Bu tenglamani ma’lum usullardan biri bilan yechamiz.

Z= XU(X) o‘rniga qo‘yishini bajaramiz. U holda Z'=u+ xu’
bo‘ladi va (1) tenglama quyidagi ko‘rinishga keladi

X+xu'=ulnx. 2
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(2) tenglamada o°‘zgaruvchilarni ajratamiz, ketma-ket

quyidagilarni topamiz.
du dx

————=—, In|lnu-1=Inx+Inc, ;

u(lnu-1) x
Inu-1=cx, u=e"*, Z=xe"*.

Z =y ekanligidan, oxirgi tenglama bir marta integrallab
yechiladigan birinchi tartibli differensial tenglama bo‘ladi.

y'=xe"", y= I xe* o dx = cll j xd (%) =

_ i(xehqx _ J'el+c1xdx) — J' Clxz_lelwlx +C,.
Cl Cl

Dastlabki tenglamaning umumiy yechimini hosil gildik.
y(l) =g, y’(l) = e’ boshlang‘ich shartlardan foydalanib, c, va
C, ixtiyoriy o‘zgarmaslarning qiymatlarini aniqlaymiz. Quyidagi
tenglamalar sistemasiga ega bo‘lamiz.

c,—1

c/

2

e +c,, ef=e"",

e=

Bundan, ¢, =1, C, =€ ekanligini topamiz.

Shunday qilib, dastlabki tenglamaning xususiy yechimi
quyidagi formuladan topiladi.

y=(x-1)e""+e. <

"

3-misol. y"'ctgx+ y" =2 tenglamaning umumiy yechimini
toping.

» Bu yerda N=3, k=2 bo‘lganligidan berilgan tenglama
II turdagi tenglama bo‘ladi. Z = y" yangi funksiya kiritamiz va
berilgan tenglamadan Z'+ Ztgx =2tgx ko‘rinishda yoziladigan,
ya’ni Z'Ctgx+Z =2 chizigli tenglamani hosil gilamiz. Uning
umumiy yechimi (§ 11.2 garang)
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7= e—_[tgxdx (J' 2tgxe dX ic j In\cosx\

(thgxe oSy 4 ¢ ) |cosx|[zj|cg dX+ClJ:

=2C0S X —dx+c COSX =2C0SX- L+C COSX =2+ C, COSX
cos’ X COS X
Z =y" bo‘lganligidan, yechimini oson bo‘lgan, quyidagi I
tip differensial tenglamani hosil gilamiz.
y”=2+c,COSX, y’=f(2+clcosx)dx =2X+C,SiNX+C,.

y'=I(2X+ClSinX+C?_)dX=X2—C1003X+CZX+C3- <

Ill. X argumentni oshkor holda o‘z ichiga olmagan n —
tartibli differensial tenglamani garaymiz.

F(y. v,y y™)=0. (11.31)

Bu holda har doim, P(y)=Y' yangi funksiya Kkiritib,
tenglamaning tartibini bittaga pasaytirish mumkin, bu yerda Yy
uning argumenti sifatida garaladi. Buning uchun y’,y”,...,y"

larni yangi funksiyaning y bo‘yicha hosilalari orgali ifodalaymiz

va murakkab funksiyani differensiallash qoidasidan foydalanib
quyidagini hosil gilamiz.

dy ,_dp_dp dy dp 11.32
y_d YT dy dx pdy' (11.32)

w_Oy"_d( dp)_dp dp  d’p _ (dp)  .d%p

VT _dx[pdyj dx dy " dxdy p(dyj v

va h.k. Yuqoridagi hisoblashlardan ko‘rinib turibdiki, y(k),
tartibi k —1 dan oshmaydigan, p va y larning hosilalari orqali

ifodalanadi. Natijada, (11.31) tenglama o‘rniga quyidagi
ko‘rinishdagi tenglamani hosil qilamiz.
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dyn&
Agar (11.33) tenglama quyidagicha umumiy yechimga ega

bo‘lsa, p=¢(Y,C,C,,....,C,;) , bu yerda ng, u holda

2 (n-1)
d{y, p,‘;y'?,...,d p}=o. (11.33)

(11.31) tenglamaning umumiy integralini topish uchun, oxirgi
tenglamaning o‘zgaruvchilarini ajratib yechish kerak
dy
=|dx, w(Y,c,C,,...;Co4) = X+C,.
'[(D(y,Cl,Cz,...,Cn_l) I ( v l)

Agar (11.31) tenglamada n=2 bo‘lsa, u holda (11.33)
tenglama birinchi tartibli tenglama bo‘ladi.
4-misol. Koshi masalasini yeching.

yyy'+1=0, y(1)=1 y'(1)=33/2.
» Bu tenglama, N=2 va X argument oshkor holda
qatnashmaganidan, III tip tenglama bo‘ladi. Shuning uchun,
(11.32) formulaga asosan, P(y)=y’ almashtirishni bajarib,

uning tartibini bittaga kamaytiramiz va yechilishi oson bo‘lgan
o‘zgaruvchilari ajraladigan birinchi tartibli tenglamani hosil
qilamiz. Quyidagiga ega bo‘lamiz.

2,2

d - -
y2p d—+1:0, p’dp =—y~dy, _[pdeZ—Iy “dy
y

3

p_11
2

3 y2+C1’ P=3

d
p= y':d—y ekanligini e’tiborga olib, oxirgi tenglamani
X

quyidagi ko‘rinishda gayta yozib olamiz.

y' = 3@% +3C, - 1)
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Bu tenglamani yechishdan avval, boshlang‘ich shartlardan
foydalanib, c, ixtiyoriy o‘zgarmasning qiymatini aniqlaymiz.
Ularni (1) tenglamaga qo‘yib, quyidagini hosil gilamiz.

§/§=3§+301, c,=0.
2 \AZ

Shunday qilib, o‘zgaruvchilarini ajratish yo‘li bilan oson

%
yechiladigan, y'= (g yzj tenglamaga kelamiz.

%

dy:[gyz) dx, 3d—y2:dx'

27
3 §J- y’m’dy =Idx.

2

3

X+C
?/%'3y%=x+czy y:( i 2) :

18
y(l) =1 boshlang‘ich shartidan ¢, ni topamiz.
1=(1+c,)’/18, c,=¥18-1.

bundan kelib chigadiki, izlanayotgan xususiy yechim
quyidagi formuladan topiladi.

1 3
y:E(x+i’/1_8—1) . 4
5-misol. Koshi masalasini yeching.
ym _(yrr)z / yr — 6(yl)2 y, y(z) — O, yr(z) — 1’ ym(z) — 0

» N =3 bo‘lgan, (11.31) ko‘rinishdagi tenglamaga ega
bo‘lamiz. (11.32) tenglamaga mos ravishda, p(y) yangi
funksiyani kiritamiz va ketma-ket quyidagilarni topamiz.

d? oY ( dpY
5245) 3] e
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d2
pz(dyE—GyJZO (DZO),

d2
bu yerdan Wg:Gy. Bu tenglama birinchi tur tenglama

bo‘lib, ikki marta integrallash yo‘li bilan oson yechiladi.

d

£ :I6ydy =3y*+c, p= I(Syz +c1)dy =y +cy+cC,,
0)

!’ 4 dp
¥(2)=p(0)-L y(2)-p(0) 2L
munosabatlarni va boshlang‘ich shartlarni hisobga olib,
y'=y’+cy+c, tenglamani hosil qildik, bundan,
¢, =0, c, =1 ekanligini topamiz.

=0.

Endi y' = y®+1 tenglamani integrallaymiz.
d—y=y3+1 dy =dx, J' dy —jdx,

dx "oyl v+l

1 2y-1 1 ly+1]

——arcty +oIn——=—L_=x+c,.
3 V303 fyroy+t ’

y (2) =0 boshlang‘ich shartlardan foydalanib,

c3:—2—i ni topamiz. Bundan quyidagi izlanayotgan

63
xususiy yechimni hosil gilamiz.
1 2y-1 1, |y+1 7
X=—=arctg—2—+=1In +2+ . 4
3 B3y —ys1 63

11.4. AT
1. Quyidagi tenglamalarni integrallang.
a) ym — X2 —Sin X b) yIV — ym/ X; V) yyrr — y12.
2. Koshi masalasini yeching.
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" I !
a) y =%, y(1)=3 y'(1)=1

b) xy"—y" =x"+1, y(1)=0, y'(-1)=1 y"(-1)=0;

v) y'=€”, y(0)=0, y'(0)=1.

3. Avtomobil yo‘lning gorizontal qismida v =90 km/s
tezlikda harakterlanmoqgda. VVaqtning biror gismida sekinlashishni
boshlaydi. Sekinlashish kuchi avtomobil og‘irligining 0,3 gismiga
teng.

Sekinlashishi boshlanishidan bekatgacha bo‘lgan masofani va

bu masofani bosib o‘tish uchun ketgan vaqtni toping.
(Javob: 8,5 sek; 106,3 m.)

Mustagil ish
m__ \n2

- X2
1. 1.Tenglamaniintegrallang. X Y =Y .
2. Koshi masalasini yeching.

2y”=(y-1)y". y(0)=0, y'(0)=1

2. 1.Tenglamani integrallang. Xy' =y
2. Koshi masalasini yeching.

yly"+1=0, y(1)=1, y'(1)=0.
3. 1.Tenglamani integrallang. xy” +y' = y'.
3. Koshi masalasini yeching.

2y"=3y%, y(2)=1 y'(2)= -1

r_ Xzex

11.6. IKKINCHI VA YUQORI TARTIBLI CHIZIQLI
DIFFERENSIAL TENGLAMALAR
Umumiy hol. Quyidagi ko‘rinishdagi tenglamalarni
yW+a (x)y" +a, (x)y" P+ ra,, (X)y +a, (X)y = T (X)
. (11.34)
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bu yerda ai(x)(i :1_n) f (x) — biror D sohada berilgan
funksiyalar n -tartibli bir jinsli bo‘lmagan chizigli differensial
tenglamalar deyiladi. Agar D sohada (11.34) tenglamaning o‘ng
tomoni  f (Xx)=0 bo‘lsa, u holda (11.34) tenglamaga mos
keluvchi, bir jinsli chizigli differsial tenglama deb ataluvchi
quyidagi tenglamani hosil gilamiz.
y" ra (x)y" +a,(x)y"? +..+a,, (x)y' +a,(x)y=0.
(11.35)
Agar & (x), f(x) funksiyalar D sohadagi (a,b) oraliqda

uzluksiz  bo‘lsa, u holda y(xo): Yo y'(XO)z Yoreos

Y (%Y xe(@ab)) bu yerda Yo,y -

ixtiyoriy sonlar) boshlang‘ich shartlar bilan berilgan (11.34),
(11.35) ko‘rinishdagi har qanday tenglamalar uchun yechimning
mavjudligi va yagonaligi haqidagi Koshi teoremasi o‘rinlidir.

(11.34) va (11.35) ko‘rinishdagi tenglamalarning umumiy va
xususiy  yechimlarini  topishda Y, (X), Y,(X),...,¥,(X)
funksiyalarning o‘zaro chizigli bog‘liq Yoki chizigli bog lig
emasligi tushunchalari muhim ahamiyatga ega.

Agar bir vaqtda hammasi nolga teng bo‘lmagan z, 14,,..., 44,

o‘zgarmas sonlar uchun ixtiyoriy X €(a,b) da >y (x)=0
i=1

munosabat o‘rinli bo‘lsa, Y;, Y,,..., y, funksiyalar (a,b) oraliqda

o‘zaro chizigli bog ‘lig deyiladi. Agar yugoridagi munosabat fagat

barcha — z4 =0 lar uchun o‘rinli bo‘lsa, u holda yi(x)

funksiyalar (a,b) oraligda o‘zaro chizigli bog‘liq bo‘lmagan

funksiyalar deyiladi.

Quyidagi ko ‘rinishdagi determinant Vrnoskiy determinanti
(yoki vronskian) deb ataladi.
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Y1 Y. Y
Yo Yy o Vi
W=(oys)=| T (H0)
oy Ly
Funksiyalarning chizigli bog‘liq yoki chizigli bog liq
bo ‘Imaslik mezonlari.

Agar yi(x)(i :1_n) funksiyalar ¢" fazolar sinfida (a,b)

oraligda o‘zaro bog‘lig bo‘lsa, (va'ni, (a,b) oraligda (n—l)
tartibgacha uzluksiz hosilaga ega bo ‘Igan funksiyalar bo ‘lsa), u
holda (a,b) oraligda W =0 boladi. Agar W =0 bo‘lsa, u

holda y; (X) Sfunksiyalar chizigli bog ‘liq bo ‘Imaydi.

Masalan: 1,x,%%,...,x"" funksiyalar uchun W =0, shuning
uchun ular chiziqli bog‘liq bo‘lmagan funksiyalardir.

(11.35) tenglamaning chizigli bog‘liq bo‘lmagan n ta
yl(X), yz(x),...,yn (X) yechimlar  to‘plami  fundamental
yechimlar sistemasi deb ataladi. Uning yordamida (11.35)
ko‘rinishdagi bir jinsli tenglamaning umumiy yechimi tuziladi.
Quyidagi teorema o‘rinlidir.

1-teorema. Agar Vy,Y,,...Yy, lar (11.35) tenglamaning

ixtiyoriy fundamental yechimlari sistemasi bo‘lsa, u holda
quyidagi funksiya (11.35) tenglamaning umumiy yechimi bo ‘ladi.

Y=CYy +CY, +ont G Y, = 2.6 (X)), (11.37)
i=1

bu yerda c, — ixtiyoriy o zgarmas.

1-misol. e, e%, e funksiyalar sistemasi
y"—-2y"—y'+2y=0 tenglamaning fundamental yechimi
ekanligini ko‘rsating va uning umumiy yechimini yozing.

> vy, =€ y,=e% y,=e* funksiyalar va ularning
hosilalarini berilgan tenglamaga qo‘ysa, ularning tenglamaning
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yechimlari ekanligini ko‘ramiz. Ularning vronskiani quyidagi
ko‘rinishiga ega bo‘ladi (11.36).

er e * ¥ 1 11
W (ex,e’x,ezx) =le¥ —e* 2e¥|=e'e*e®11-12|= -6 #0.
et e 4e* 11 14

X A2X

Bundan kelib chigadiki, e*ee” funksiyalar chizigli
bog‘ligmas va ular berilgan tenglamaning fundamental yechimlar
sistemasini tashkil giladi. Uning umumiy yechimi, (11.37)
formulaga asosan, quyidagi ko‘rinishga ega.

y=ce +ce+ce”. <

2-teoerma. ((11.34) tenglamaning umumiy yechimining
tuzilishi haqida). Chizigli bir jinsli bo‘lmagan (11.34)
tenglamaning umumiy yechimi quyidagi ko ‘rinishga ega.
y=y+y™*, bu yerda y — unga mos keluvchi bir jinsli (11.35)
tenglamaning (11.37) ko ‘rinishdagi umumiy yechimi Y* esa
(11.34) tenglamaning xususiy yechimlaridan biri.

2-misol. Xususiy yechimlaridan biri y*=Xx+1 funksiyadan
iborat  bo‘lgan, Yy"—-2y"—y' +2y=2x+1 tenglamaning
umumiy yechimini yozing.

» 1-misolda berilgan tenglamaga mos bir jinsli tenglamaning
y umumiy yechimi topilgan edi, u holda berilgan tenglamaning
umumiy yechimi quyidagicha bo‘ladi.

y=y+y*=ce*+ce+ce”+x+1. «

Agar (11.35) tenglamaning fundamental yechimlar sistemasi
ma’lum bo‘lsa, u holda (11.34) tenglamaning Y* Xususiy
yechimini har ganday holatda ham ixtiyoriy o0 ‘zgarmaslarni
variatsiyalash usuli (Lagranj usuli) bilan topish mumkin va y*
har doim quyidagi ko‘rinishda ifodalanadi.

y*=C,(X) ¥, (X)+C, (X) Y, (X)+...+¢,(X)y, (). (11.38)
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bu yerda y;(x) (11.35) tenglamaning fundamental
yechimlari sistemasini tashkil giladi, ¢, noma’lum funksiyalar esa
quyidagi n — ta ¢ noma’lumlarga nisbatan chiziqli algebraik
tenglamalar sistemasidan topiladi.

c,y, + CoY, +.t cy,= 0
cy, + CoYy + .t cy,= 0
ey oy oy = 0

Sistemaning determinanti, y(x) fundamental yechimlar

sistemasi noldan farqli bo‘lgan holda, Vronskiy determinanti
bo‘ladi. ((11.36) ga garang). Shuning uchun (11.39) sistema

¢/ =¢,(X) ko‘rinishdagi yagona yechimga ega. Bu birinchi
tartibli differensial tenglamani integrallab, c; ( _[(p, x)dx ni

topamiz.
Shunday qilib, (11.34) tenglamaning Y* xususiy yechimi
quyidagicha bo‘ladi.
—ylj'gol X Jx + yZJ.go2 x)dx +.. +an§0n x)dx. (11.40)
1-eslatma. (11.40) formuladan integrallarni topishda n ta
ixtiyoriy o‘zgarmaslar paydo bo‘ladi. Ularni nolga teng deb

hisoblash mumkin.
3-misol. Quyidagi tenglamaning umumiy yechimini toping.

y'=2y"—y'+2y =— @
e*+1

» (1) tenglamaga mos, bir jinsli tenglamaning umumiy
yechimi quyidagicha bo‘ladi.

y=ce*+ce*+ce”

(1-misolga garang.) (1) tenglamaning umumiy yechimini
topish uchun, Lagranj usulida uning Yy* xususiy yechimini
topamiz. (11.38) formulaga asosan quyidagiga ega bo‘lamiz.
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y*=c (X)€" +¢,(x)e ™ +c,(x)e*

(11.39) sistema bizning misolimizda quyidagi ko‘rinishda
bo‘ladi.

cle* +cie* +cie® =0,
cle* —cie™ +2c,e™ =0, 2)
cie* +cye +4cie” =e/(e" +1).

Buning determinanti W =—6e* =0 (1-misolga garang). (2)

sistemani Kramer usuli bilan yechib, quyidagilarni topamiz.
., 1 e , 1 e , 11
= = ®)

=—Z.——, C==——, Ci== ,
o2 e+l P 6er 4l T 3e+1

(3) ifodani integrallab, quyidagilarni hosil gilamiz (1-
eslatmaga garang).

clz—%_[exﬂz—ljwz—%ln(ewl),

ex+1 29 e +1
3>< X 2x
= f dx_1 (e)—lj(e*—u ! )de*_l(e —ex+ln(e*+1)]’
e+1 67 e+l 6 e’ +1 6\ 2
= j Y Bl AV I Y
ef+1 3 e +1 3 e +1

=§[x—1%}§<x—m<e*+n>-

(1) tenglamaning xususiy yechimini yozamiz.
-* 1 X X 1 —X 1 X X X 1 X X
yr=-2¢ In(e +1)+€e (Eez —e* +In(e +1)+§e2 (x—ln(e +1))j:

e 1 e (Lo Lo Lo In(e +1)
12 6 3 6 2 3

(1) tenglamaning umumiy yechimi quyidagi ko‘rinishda
bo‘ladi.

y=y+y*= C1eX +Czeix + C3e2x +é(4xe2x +e' - 2)"‘%(6—X _262)()“’1(6X +1)

. 4
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2-eslatma. (11.35) tenglamaning fundamental echimlar
sistemasini topish usullari mavjud emas. Shuning uchun umumiy
holda (11.34) tenglamaning Y* xususiy yechimini topish
mumkin emas, demak uning umumiy yechimini ham topish
mumkin emas. (11.34) tenglamani yechimining boshga usullari
mavjud emas. Fagat xususiy holda, (11.34) tenglamaning barcha
ai(x) koeffitsientlari o‘zgarmas sonlar bo‘lganda, (11.34)

tenglamaning fundamental yechimlari sistemasini va umumiy
yechimini topish usuli mavjud.

O¢zgarmas koeffitsientli chizigli differensial tenglamalar
(11.34) va (11.35) tenglamalarga &, (x)=p, =consteR ni

qo‘yamiz. U holda mos ravishda quyidagilarga ega bo‘lamiz.
y+p¢“+py Dt Py Py = F(X). (1141)

Y 4y 4 py P+ p Y + Py = 0. (11.42)

(11.42) tenglamaning fundamental echimlar sistemasini, fagat

algebraik usullardan foydalanib, quyidagicha topish mumkin.

(11.42) tenglamaning xarakteristik tenglamasi deb ataluvchi
quyidagi algebraik tenglamani tuzamiz.

A"+ p A"+ P A" P+ p A+ p, =0, (11.43)

Bu tenglama n ta ildizga ega bo‘lib, bular orasida oddiy va

karrali haqiqiy ildizlar, shuningdek qo‘shma-kompleks (oddiy va

karrali) ildizlar ham bo‘lishi mumkin.
Agar (11.43) harakteristik tenglamaning barcha A ildizlari

1

haqiqiy va oddiy bo‘lsa, u holda (11.42) tenglamaning quyidagi

fundamental yechimlar sistemasini hosil gilamiz.
eh e .. e, (11.44)
Ma’lumki, (11.43) harakteristik tenglamasining har bir k
karrali ildiziga (11.42) tenglamaning quyidagi ko‘rinishidagi,

chizigli bo‘lmagan yechimlari mos keladi

y,=e”, y,=xe™, ..,y =x"e™. (11.45)
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(11.43) harakteristik tenglamaning m karrali qo‘shma-
kompleksi har bir o+ g juft ildizga quyidagi ko‘rinishdagi
(11.42) tenglamaning o‘zaro chiziqli bog‘liq bo‘lmagan 2m ga
teng yechimlari mos keladi.

Y, =e“ cos Bx, ¥, =e* sin px,
¥, = xe”* cos X, ¥, = Xe“ sin gXx,
o 2 jax & 20X A% (1146)
¥s = x“e”" cos X, ¥, = x°e“* sin Bx,

Vo = X" € COS BX, ¥, = X" e sin BX.

Yuqoridagilarni umumlashtirib, quyidagiga ega bo‘lamiz.
(11.43) ning harakteristik tenglamasining ildiziga bir jinsli (11.42)
tenglamaning, ixtiyoriy koeffitsientlar bilan chizigli kombinatsiya
(11.37) formulaga asosan, (11.42) tenglamaning umumiy
yechimini beruvchi, fundamental yechimlar sistemasini hosil
giluvchi, n ta chizigli bog‘liqg bo‘lmagan yechimi mos keladi.

4-misol. O‘zgarmas koeffitsientli 4-tartibli bir jinsli chizigli
tenglamaning umumiy yechimini toping.

y" —16y=0.
» Berilgan tenglamaning harakteristik tenglamasini tuzamiz
va uning ildizlarini topamiz.

A'-16=0, (1°-4)(1*+4)=0, A’ =4, },=%2, 2’=—4,
Ay4 = +2i 2 tasi haqiqiy va 2 tasi qo‘shma-kompleksli, 4 ta ildizni
hosil gildik (=0, #=2) bo‘lgan (11.44) — (11.46) xususiy

yechimlarni e’tiborga olib, quyidagi undamental yechimlar

sistemasini hosil gilamiz:

y,=e”, y, =%, y, =e%cos2x = cos 2x, y, = °*sin2x =sin 2x

(11.37) formulaga asosan, berilgan tenglamaning umumiy

yechimi quyidagi ko‘rinishga ega bo‘ladi.
y =ce”* +C,e* +¢,c082X +C,Sin2X. «
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Agar (11.42) tenglamada n=2 bo‘lsa, u holda o ‘zgrmas
koeffitsientli 2 tartibli bir jinsli chizigli differensial tenglamani
hosil gilamiz.

y'+py+p,y=0. (11.47)
Uning xarakteristik tenglamasi
A2+ pA+p®=0. (11.48)

ko‘rinishda bo‘ldi.

Bu tenglamaning ildizlari quyidagicha bo‘lishi mumkin.

a) haqgigiy vaturli: A, # 4,

b) haqiqiy vao‘zaroteng: 4, =4, =1

V) qo‘shma kompleksli: 4, =a =+ fSi.

Ularga (11.47) tenglamaning quyidagi fundamental yechimlar
sistemasi va umumiy yechimlar mos keladi.

1y, =% y,=e% y=ce®+c,c?;

2.y, =™y, =xe”, y=ce” +c,xe”;

3.y, =e™cos Bx, y,=e"sinpx, y=e"(c,cosp x+c,sinpBx).

5-misol. Quyidagi tenglamalarning umumiy yechimini
toping.

a) y'—15y'+26y=0;

b) y"+6y'+9y=0;

v) y'=2y'+10y =0.

» Har bir tenglama uchun xarakteristik tenglamasini tuzamiz

va uning ildizlarini, fundamental yechimlar sistemasini va
umumiy yechimlarini topamiz.

a). A2 —151+26=0, A =2, A, =13,
yl :eZk’ y2 :e13X,

=ce” +c,e™,
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6) A>’+61+9=0, 4 =4,=-3
y,=e %y, =xe>
y =e~(c, +¢,x).
6) A2 —22,+10=0, A,=1%3i
y, = €*cos3x, Yy, =e*sin3x.
y =e*(c,cos3x+c,sin3x). «

Shunday qilib, o‘zgarmas koeffitsientli chizigli tenglamalarni
yechish uchun quyidagilar zarurdir:
1. mos fundamental yechimlar sistemasini topish;

2. bir jinsli (11.42) tenglamaning Y umumiy yechimini
tuzish;

3. Lagranj wusuli bo‘yicha (11.41) tenglamaning y*
Xususiy yechimini topish;

4, Y=Y+ Y™ formula bo‘yicha (11.41) tenglamaning Y
umumiy yechimini hosil gilish;
Turli injenerlik masalalarini yechishda (11.41) tenglamaning

f (X) o‘ng qismi ko‘p hollarda quyidagi maxsus ko‘rinishga ega
bo‘ladi.

f(x)=e™(p, (x)cosbx+Qg(x)sinbx),  (11.49)

bu yerda p,(x), QS(X) — mos ravishda r va s darajali

ko‘phadlar. 8,0 — biror o‘zgarmas sonlar f (X) funksiyaning

xususiy hollari quyidagicha bo‘ladi.
f(x)=PR (x)e” (b=0); (11.50)
f (x)=P (x)cosbx+Q (x)sinbx («=0),  (11.51)
f (x)=e™ (Acosbx + Bsinbx)( A= const, B—const). (11.52)
f (x)= Acosbx +Bsinbx(a=0, P,(x) = A Q(x)=B): (11.53)
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f(x)=P.(x)=P(x) (a=0,b=0). (1154

Bu hollarning barchasida, shuningdek, umumiy holda

((11.49) formulaga gqarang), (11.41) tenglamaning Xususiy

yechimi, bu o‘ng qismlarning tuzilishiga aynan o‘xshashligi

isbotlangan. Umumiy hol uchun f (X) funksiyaning ko‘rinishi
quyidagicha bo‘ladi.

y* = x“e™ (Pm (x)cos Sx+Q,, (x)sin ﬂx), (11.55)
bu yerda Pm(X), Q,(X)—m=max(r,s) darajali

ko‘phadlar; k (11.43) Z=a+/f - songa mos keluvchi
xarakteristik tenglamaning ildizlari soniga teng.

Shunday qilib, agar ﬂ,(izl,_n) ildizlar orasida Z son

bo‘lmasa, k =0 agar Z bilan mos keluvchi bitta ildiz mavjud

bo‘lsa, Kk =1 agar Z son bilan mos keluvchi ikki karrali ildiz
mavjud bo‘lsa, k=2, va h.k. Bundan kelib chigadiki, (11.55)

formulaga asosan, fagatgina Pm (X) va Q, (X) ko‘phadlarning

koeffitsientlarigina noma’lum bo‘lgan, y* xususiy yechimning
tuzilishini birdaniga aniglash mumkin ekan. (11.44) tenglamaga
y* yechimni va uning hosilalarini qo‘yib, o‘ng va chap
tomonlarining o‘xshash koeffitsientlarini tenglashtirib, shu
noma’lum kojeffitsientlarni topish uchun yyetarlicha sondagi
chizigli algebraik tenglamalarni hosil gilamiz. Koeffitsientlarni va
Yy* ni bunday usulda topish, anigmas koeffitsientlar usuli deb

ataladi. Bundan kelib chigadiki, y* ning tuzilishini bilgan holda
((11.55) formulaga garang), tenglamani Lagranj usulida yechishda
hosil bo‘luvchi integrallash amalini qo‘llamasdan, differensiallash
va chizigli tenglamalar sistemasini yechish kabi elementar amallar
yordamida xususiy yechimni topish mumkin ekan.
6-misol. Tenglamaning umumiy yechimini toping.
y" —3y"=9x%. (1)
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» Xarakteristik tenglamasini tuzamiz va uning ildizini,
fundamental yechimlar sistemasini, bir jinsli tenglamaga mos

keluvchi y umumiy yechimini topamiz.
A*=32°=0, A*(A°-3)=0, 4 =4,=0, 4,=1,=%3;

yl:er:L yzzerXZX’ ysze\ﬁx’ y4:eﬂﬁx’

_ —3x
Y =, +C,X +C,\/3x +ce ™V,

(1) tenglamaning o°‘ng tomoni, maxsus (11.54) xususiy
holga tegishli, shuning uchun Z =0. Xarakteristik tenglamaning
ikki karrali A4, =, =0 ildizlari, Z =0 bilan ustma-ust tushadi,
bundan k =2 ekanligi kelib chiqadi. (1) tenglamaning o‘ng
tomoni ikkinchi darajali ko‘phad bo‘lganligi uchun (11.55)
formulaga asosan, Y * xususiy yechim quyidagi ko‘rinishga ega
bo‘ladi:

y*=x2(Ax2+Bx+c),

y* lamni (1) tenglamaga qo‘yib, ayniyat hosil gilamiz (
y*—(1) tenglamaning yechimi).

Bu yerda va keyinchalik hisoblash qulay bo‘lishi uchun
y*, y* vy y*" y >V ifodalarning har birini alohida gator

yozamiz va vertikal chizigning chap tomoniga tenglamadagi
ularning oldida turgan koeffitsientlarni mos  ravishda
joylashtiramiz. Bu ifodalarni koeftitsientlarga ko‘paytirib, qo‘shib
va o‘xshash hadlarni ixchamlab quyidagiga ega bo‘lamiz:

0| y*= Ax*+Bx®+cx?,

0| y*=4Ax*+3Bx* +2x

-3| y*" =12Ax* + 6Bx + 2c,

0| y*" =24Ax+6B,

1| y*" =24A

y*V _3y* =_36A% —18Bx +6C + 24 A=9x*
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Oxirgi ayniyatning o‘ng va chap tomonlaridagi x ning bir xil
darajalari oldidagi koeffitsientlarini tenglab, A,B,C larni
aniglash uchun algebraik tenglamalar sistemasini hosil gilamiz:

X’ —36A=09,
x| -18B =0,
x°|-6C +24A=0.

bu yerdan A=-1/4, B=0, C=-1 . Bundan kelib
chigadiki,

(1) tenglamaning umumiy yechimi quyidagicha bo‘ladi.

_ 1
Y=Y+ Yy =c +C X+ +ce ﬁ—zx“—xz. <

7-misol. Koshi masalasini eching
y' =7y +6y=(x-2)e*, y(0)=1, y'(0)=3.(1)
» Xarakteristik tenglamasi 4, =1, A, =6 yechimlarga ega, u
holda y"—7y'+6y=0 bir jinsli tenglamaga mos keluvchi
tenglamaning umumiy yechimi quyidagicha bo‘ladi.
y=ce* +c,e’.
(1) tenglamaning o‘ng tomoni, (11.50) ko‘rinishdagi
maxsuslikka ega, bu yerda o =1, B=0; B(x)=x-2,r=1 r

xarakteristik tenglamaning ildizi bo‘ladi, u holda k=1 va (1)
tenglamaning xususiy yechimi quyidagi formuladan topiladi.

y*—xe* (Ax+B). (2)

Endi, 6-misoldagi kabi, quyidagilarni topamiz:

6| y*=e* (A’ + Bx)

7| y¥ =e*(AX + Bx)+e* (2Ax+B),

1| y* =e* (A +(2A+B)x+B)+e* (2Ax+2A+B).
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y* <7y +6y*=e*((6A-7A+ A) x> + (6B~ 7B~ 14A+2A+ B + 2A)xTB + 2A+ 28 ) =e* (x-2)

Oxirgi ayniyatning ikkali tomomnini e* #0 ga bo‘lib yuboramiz
va o‘ng va chap tomonlaridagi x ning bir xil darajalari oldidagi
koeffitsientlarini tenglab, quyidagiga ega bo‘lamiz.

x|  0=0,
x| —-10A=1,
x°|2A—-5B = -2,
bu yerdan A=-1/10, B=9/25, quyidagi funksiya (1)
tenglamaning umumiy yechimi bo‘ladi.
y=y+y*=ce* +ce” +e* EESCINL AN
S 10~ 25

Koshi masalasini yechish uchun y’ ni topamiz.

’ X X x( 1 2 9 j x( 1 9 j
y'=ce’ +6c,e" +e" | ——X"+—=X [+€ | —=X+—|.

10 25 5 25

Boshlang‘ich shartlardan foydalanib, C, va C, ixtiyoriy

o‘zgarmaslarning  qiymatlarini  anigqlash  uchun  chiziqli
tenglamalar sistemasini hosil gilamiz.

y(0)=c,+c,=1 y'(0)=c,+6c,+9/25=3.
Bu yerdan ¢, =84/125, c,=41/125 larni topamiz.
Shunday  qilib,  berilgan  boshlang‘ich  shartlarni
qanoatlantiruvi xususiy yechimning ko‘rinishi quyidagicha
bo‘ladi.
84 41 1 9
y=—-¢e'+—e¥+e| ——x*+—x|. «
125 125 10 25

(11.41) ko‘rinishdagi chiziqgli differensial tenglamalar uchun
ma’nosi quyidagicha bo‘lgan, yechimlarning superpozitsiya
prinsipi o‘rinlidir. Agar (11.41) tenglamada

f(X):fl(x)+f2(x) bo‘lib, yf(x) va y;(x) lar o‘ng
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tomoni mos ravishda f,(X) va f,(X) bo‘lgan quyidagi
(11.41) ko‘rinishdagi tenglamani YI(X) va yZ(x) lar o‘ng

tomoni mos ravishda f,(X) va f,(X) bo‘lgan quyidagi
(11.44) ko‘rinishdagi tenglamalarning yechimlari bo‘lsa,
y" Ry 1Py = £ (). (11.56)

y" Py Py = 1, (X). (11.57)

u holda y*=y. +y, funksiya o‘ng tomoni f (X) bo‘lgan
(11.41) tenglamaning yechimi bo‘ladi.
fl(X) va f2 (X) funksiyalar ((11.49) ko‘rinishdagi faqat

turli turdagi (11.50)-(11.54)) maxsus ko‘rinishda bo‘lish mumkin.
U holda, har bir turdagiga qo‘llash mumkin bo‘lgan va anigmas
koeffitsientlar usulida (11.56), (11.57) tenglamalarning xususiy
yechimlarini topish imkonini beruvchi (11.55) ko‘rinishdagi
xususiy yechimning tuzilishidan foydalanish mumkin. Shu bilan
birgalikda fl(X) — maxsus ko‘rinishda, fz(X) esa maxsus
ko‘rinishda bo‘lasligi mumkin. Bunday hollarda, (11.41)
tenglamaning xususiy yechimi Y* ni, Lagranj usulidan
foydalanib birdanig topish mumkin yoki ikkita bosgichga bo‘lib,
(11.56) tenglamani yechish uchun (11.55) ning tuzilishidan
foydalanib, (11.57) tenglamani yechish uchun esa Lagranj
usulidan foydalanib topish mumkin.
8-misol. Tenglamaning umumiy yechimini toping.
y”+ Yy =XSinX+C0S2X. 1)

» Ma’lumki, xarakteristik tenglamasi ﬂlzi, A =i

yechimlarga ega. U holda Y"+ Yy =0 bir jinsli teoremaning
umumiy yechimi quyidagi funksiya bilan aniglanadi.

Y =C,COSX+C,SinX.
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(1) tenglamaning o‘ng tomonini (11.51) va (11.53)
ko‘rinishdagit maxsus turdagi ikkita funksiyaning yig‘indisi
shaklida yozish mumkin:

f,(x)=xsinx, f,(x)=cos2x . Shuning uchun (11.55)
ning tuzilishidan foydalanib, anigmas koeffitsientlar usuli bilan

y'+y=xsinx. )
tenglamaning y, xususiy yechimini, va
y"+Yy =C0S2X. (3)

tenglamaning y, xususiy yechimini topamiz. (2) tenglama
uchun @a=0, b=1 z=i=4 , shuning uchun K=1 va,

*

Y, = x((Ax+ B)cos x +(cx + D)sin x)

6-misolda keltirilgan sxema bo‘yicha A,B,C,D anigmas
koeffitsientlarni hisoblaymiz.

Quyidagiga esa bo‘lamiz:
y; =(AX® +Bx)cosx+(cx® + Dx)sinx,

Y, =(2Ax+B)cosx—(AX® +Bx)sinx +

o

+(2cx+ D)sin x +(cx2 + Dx)cosx =
= (cx2 +2AX + DX + B)cosx+(—Ax2 —BX+

2cx+D)sinx,

-

Y, =(2cx+2A+D)cosx—(cx’ +2Ax+Dx+B)sin x+
+(~2Ax— B +2c)sin X+ (—Ax* — Bx + 2cx+ D) cos X,

yf+y*=(Ax2+Bx+20x+2A+D—sz—Bx+Zcx+D)cosx+
+(Cx2+Dx—Cx2—2Ax—Dx—B—2Ax—B+20)sianxsinx
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Oxirgi ayniyatda o‘ng va chap tomonlaridagi o‘xshash hadlar
oldidagi koeffitsientlarni tenglashtirib, A ,B,C,D va vy, larni
topamiz:

xcosx| 4c=0,
cosx [2A+2D =0,
xsinx| —-4A=1,
sinx |-2B+2c =0,
bu yerdan A=-1/4, B=0,¢c=0, D=1/4.
Bundan kelib chigadiki,

« 1 1. 1 ..
Y, = X| —=XC0SX+=sinX | ==X(SinX—XCcosX).
4 4 4

(3) tenglama uchun a=0, b=2, z=2i, shuning uchun
k=0 va
y, = M cos2x + Nsin2x .
Endi quyidagilarni topamiz:
y, = M cos 2x + N sin 2x,
y, =—2Msin2x+ 2N cos2X,
y, =—4M cos2x — 4N sin 2x.
Y, + Y, =—3M cos2x — 3N sin 2x = cos 2x.
bundan ko‘rinib turibdiki, —3M =1, —3N =0 , shuning
uchun

x 1
=——C0S2X.
Y2 3
Natijada quyidagini hosil gilamiz:
Y* =Y +Y, =%x(sin x—xcosx)—%cost.

va berilgan (1) tenglamaning umumiy yechimi quyidagi
formula bilan aniglanadi.
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. . 1 . 1
y=y+Yy =clcosx+c23|nx+zx(smx—xcosx)—§c052x
. 4

9-misol. Koshi masalasini yeching.

y'—2y'+5y =3y* +e'tg2x, y(0)=3/4, y'(0)=2.(1)

» Avval berilgan tenglamaning umumiy yechimini topamiz:
tenglamaga mos  keluvchi A°—21+5=0 xarakteristik
tenglamaning ildizlari 4, =1+2i bo‘ladi. y"—2y+5y =0 bir
jinsli tenglamaning umumiy yechimi quyidagi funksiya bilan
aniglanadi.

y =€ (c,cos2x+c¢,sin2x).

(1) Tenglamaning o‘ng tomoni ikkita funksiyaning
yig‘indisi ko‘rinishidan iborat. Ulardan birinchisi f,(x)=3e*,
maxsus turdagi (11.50) ga tegishli bo‘lib, bu yerda
R(X)=3, a=1 b=0, z=1#4, bo‘ladi. Shuning uchun,
y"—2y'+5y =3e* tenglamaning xususiy yechimi quyidagi
ko‘rinishga ega y, = Ae*, bu yerda A quyidagi ayniyatdan
aniglanadi. (A—2A+5A)e* =3e*; bundan A:% A =§ex.
Ikkinchi, f,(x)=e*tg2x funksiya maxsuslikka ega emas va
y"—2y+5y=e*tg2x tenglamaning y, xususiy yechimini
ixtiyoriy o‘zgarmasni variatsiyalash usuli bilan izlash zarurdir
(Lagranj wusuli). (11.38) formulaga asosan, quyidagiga ega
bo‘lamiz.

¥, =e*(c,(x)cos2x +c, (x)sin 2x).
Bizning misolimizda, (11.39) ko‘rinishdagi sistema ikkita
tenglamadan tashkil topgan (y1 =e*cos2x, y,=e"sin 2x) .
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C,e* cos2X + Cye*sin2x =0,
c.e* (cos2x —2sin2x) + c,e” (sin2x + 2c0s 2x ) = e*tg 2x.
Sistemaning tenglamalarini e* ga gisqartirib, quyidagini hosil
gilamiz.
C,C0S2X +C,Sin2Xx =0,
c;(cos2x —2sin 2x)+ ¢, (sin2x +2¢0s 2X) = tg2x.

Oxirgi sistemaning determinanti (vronskiani) quyidagicha
bo‘ladi.

COS2X sin2x

lcosx—2sin2x  sin2x+2c0s2x|
Kramer formulasi bo‘yicha quyidagini topamiz.
.1 0 sin2x
2[tg2x sin2x+ 2c0s2x

, 1 COS2X 0
2|cos2x—2sin2x  tg2x
Topilgan tengliklarni integrallaymiz
:__Ism 2x :__J-l cos’ 2x :__J-
C0S2X C0S2X

o2

C,= %sin 2xdx = —%cost.

1.
= ——5In 2XtgXx.
2 g

:lsin 2X.
2

COSZX

+—J'0032xdx:lln
2 4

+lsin 2X.
4

Bundan quyidagi kelib chigadi.

s

——sm 2x0052xj = %e In

C0S 2X +%sin 2XCO0S2X —

a5
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Shunday qilib, berilgan (1) tenglamaning xususiy yechimi
quyidagicha bo‘ladi.
T
tg| ——X
9(4 )

~c032x],

y*=yI+yZ=§e*+%e* In .C0S2X =

i

Uning umumiy yechimi esa quyidagi funksiya bilan
aniglanadi.
tg(%—xj
2)

Koshi masalasini yechish uchun y(0)=3/4, y'(0)=2
boshlang‘ich shartlardan foydalanib, (2) umumiy yechimdagi ¢,

=1ex(3+ln
4

y =Y+ y*=e*(c,cos2x +c,sin 2x)+%ex[3+ln

‘COSZX] .

va ¢, ixtiyoriy o‘zgarmaslarning qiymatlarini hisoblaymiz. y’ ni
topamiz.
y' =e*(c,cos2x +c,sin2x) +e* (—-2¢, sin2x + 2c, cos 2x ) +

-cost]+

1 x COS 2X Vs
+—e"| - tg] ——X
4 r 7 4
tg| ——x |-cos| ——x
4 4
y va Y’ lar uchun olingan ifodalarga x =0 giymatni qo‘yib,

boshlang‘ich shartlarni e’tiborg olib, quyidagilaarni hosil gilamiz.

y(0)=3/4=C1+3/4.
y'(0)=2=2c,+3/4-1/2.
bu yerdan c, =0, c,=7/4.
Natijada izlanayotgan xususiy yechim quyidagicha bo‘ladi.

1 X T
+—e” | 3+Inftg——x
4 4

—2In -sin2x |.
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y :%eX (3+7sin2x—ln

e

11.5. AT
1. Quyidagi ikkinchi tartibli bir jinsli chizigli differensial
tenglamalarning  umumiy  yechimlarini va fundamentlar
yechimlari sistemasini toping.
a) y'-2y' -4y =0,
b) y"+6Yy'+9y=0;
v) y'—6y'+18y =0.

(Javob: a) y, =™y —e

-costj. |

8y —ce

b) y,=e, y,=xe”; y=e (C1+C2X);

V) y, =e*cos3x, y,=e*sinx; y=(c,cos3x+c,sin3x).)

2. Quyidagi yuqori tartibli bir jinsli chizigli differensial
tenglamalarning umum yechimlarini va fundamental yechimlari
sistemasini toping.

a) y"-5y"+16y'-12y =0;

b) y" —8y" -7y =0;

V) yV _6yIV +9ym:O;

g) y" -3y’ +3y" =0.

(Javob: a) y, =€, y, =e®cos22x, y, =e*sin2y2x;

y=ce* +e* (cl €05 2+/2x + ¢, sin 2\/§x); b)
J7x

(l+ 5)x

+oel e,

y, =€ y,=e”, y,=e y, =e V™ y=ce'+
\ﬁx \ﬁx 1 V) y1=1, yzle y3=X2, y4=e3x’

y; = xe**, Y =C +CX+CX +(C, +Cx)-e%, g)

L . .
ce +ce V" +ce
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3x/2 \/§

V=l Yo =% Yo =Xy, =Xy, =e7Feos=Ex,

w2 o V3 B3 Na)

Yo =€ sin==x; y:c1+c2x+c3x2+c4x3+e3x’2(clcos2x+czsinij')

Mustagil ish

Quyidagi bir jinsli chizigli differensial tenglamalarning
umumiy yechimini va fundamental yechimlari sistemasini toping.

1. a)3y"-2y'-8y=0; b) y"+9y'=0;

(Javob: a) y =ce® +c,e™”,

b) y =c, +C,C083X+C,SIn3X.)

2. a) y'—-6y'+13y=0; b) y"v —8y"+16y=0.

(Javob:a) y =e*(c,cos2x+c,sin2x);

b) y=(c, +c,x)e* +(c,+c,x)e ")

3. a)4y"-8y'+5y=0;b) y"-3y"+3y'-y=0.

(Javob: a) y =¢* [cl Cos = + c,sin 5) ;
2 2
b) y=e*(c, +Cx+Cyx) ")

11.6. Auditoriya topshiriglari
Quyidagi, bir jinsli bo‘lmagan tenglamalarning ko‘rsatilgan
boshlang‘ich shartlarni ganoatlantiruvchi, xususiy yechimlarini
toping. (Koshi masalasini yeching.)

1L y"-3y'+2y=e"(x"-x), y(0)=1 y(0)=-2.
. « O 1 .

(Javob: y=4(e* -¢’ )+§(x2—2x+2)e3 :

2. ym_yr:_zxy y(O):O, yr(o)zyn(o)zz

(Javob: y=e*—e ™ +x°).

5 Y -y=8e, y(0)=0 y(0)=1 y"(0)=0
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(Javob: y=2xe*—3e*+e* +cosx+2sinx.)

4 Y -2y+2y=detcosx, y(r)=me", y'(r)=¢"

(Javob: y=¢ ((ZX_”_l)Si”X_”COSX) )

c y"+4y=4(sin2x+cos2x), y(7)= Y'(”)=2”_

(Javob: y =37 cos 2x+%sin X+ (sin 2x—cos 2x).)

Mustagqil ish
Ko‘rsatilgan  quyidagi  tenglamalarning  boshlang‘ich
shartlarni ganoatlantiruvchi xususiy yechimlarini toping.
y'-22y=2¢e*, y(1)=-1, y'(1)=0

2x-1

1.
(Javob: y=e

y'+4y=x,y(0)=1, y’(0)=%

—-2e*+e+1.)

(Javob: y=£x+c052x+ z 1 sin2x)
4 4 8

3 y"+6y'+9y =10sinx, y(0)=-0,6, y'(0)=0,8
(Javob: y=0,8sinx—-0,6c0sX.)
11.7. Auditoriya topshiriglari

Quyidagi berilgan bir jinsli bo‘lmagan chiziq differensial
tenglamalarning har birining xususiy yechimini aniglang va uning
tuzilishini yozing.

| Y-8y +16y= e™(1-x) |

2. yll_3yl — eSX _28X .

3 Y'+16y=xsinx

g Y'Y =2x+e”"
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5 Y —4y'=2cos’ 4x

6. Y —y=3xe"+sinx
" ' 2

.Y —-7y' =(x-1)

g YV +Yy =x*+2x
y"—4y'+13y = e (x* cos3x +sin 3x)

9. :
10, Y -y =2xe" -4

Berilgan chizigli tenglamalarning umumiy yechimini toping.
11 Y'+4y=cos’x

12, Y +5y' +6y=e"+e*
13, 4Y'-y= x3 —24x

14. Y'+Y'=6x+e”"

15, Y'+4y=1/sin*x

16. Y'Y =X

Mustagqil ish
1 Y'+4y'+4y=e*Inx

(Javob: y = (cl+c2x+%x2 Inx—%xzje2X )
5 Y'+y+ctg’x=0

(Javob: y =2+c, cosx+c,sinx+cosln

X
tg—|.
o)
" ' _AX 2
3 y'-2y'+y=e /(x +1).

(Javob: y =e* (c1 +¢, —Iny/x? +1 + xarctg x) )
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11.7. DIFFERENSIAL TENGLAMALAR SISTEMASI

Quyidagi ko‘rinishdagi sistema
yi=f.(% Y0, Yoren V)
Yo =T, (X Y0 Yo Yi)

yr,1 = fn (Xl y11 y2|---| yn)
(bu yerda x,y,,Y,,..., Y, o‘zgaruvchili fi(i =1_n) funksiya

(11.58)

(n+1) olchamli biror D sohada aniglangan) Y,(X) ,

Y,(X),-, ¥y (X) noma’lum funksiyali n — ta birinchi tartibli

differensial tenglamalarning normal sistemasi deb ataladi.
(11.58) sistemaga kiruvchi tenglamalar soni uning tartibi deb
ataladi.

(11.58) sistemaning (@,b) oraliqdagi yechimi deb, (a,b)

oraligda uzluksiz differensiallanuvchi va o‘zining hosilalar bilan
(11.58) sistemaning har bir tenglamasini ayniyatga aylantiruvchi

ylzyl(x), y2=y2(x),...,yn:yn(x) funksiyalar to‘plamiga
aytiladi.
Birinchi tartibli differensial tenglamalar sistemasi uchun

Koshi masalasi quyidagicha ta’riflanadi.
(11.58) sistemaning

Y1 (%)= Yior Y2 (%)= Yagreees Y (¥o) = Yo (11.59)
bu yerda Vg, YaYae — Derilgan sonlar: X, e(a,b)

boshlang‘ich shartlarni ganoatlantiruvchi
Yo =Y1(X), ¥5(X)ses ¥y = Yo (X) yechimlari topilsin.
Quyidagi o‘rinlidir.

Teorema. (Koshi masalasining mavjudligi va yagonaligi
haqgida).
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Agar fi(i:l,_n) funksiya  (Xg, Yior Yo01--1 Yoo ) € D

nugtaning atrofida uzluksiz bo‘lsa va %(Izﬁ) uzluksiz
xususiy hosilalarga ega bo‘lsa, u holda har doim shunday X,
markazli integral topiladiki, (11.58) sistemaning (11.59)
boshlang ‘ich  shartlarni  ganoatlantiruvchi  yagona yechimi
mavjud bo ‘ladi.

(11.58) sistemaning umumiy yechimi deb, quyidagi
boshlang‘ich shartlarni qanoatlantiruvchi va n ta c,c,,...,C,
ixtiyoriy o‘zgarmaslarga bog‘liq bo‘lgan, n ta
Y, = (X,Cl,Cz,...,Cn)(i zﬁ) funksiyalar to‘plamiga aytiladi.

1) ¢, funksiya x,c,,c,,...,c, o‘zgaruvchilrning biror

o9

n

o‘zgarish sohasida aniglangan va uzluksiz  xususiy

hosilalarga ega bo‘lsa;

2) ¢, to‘plam c, ning ixtiyoriy qiymatlarida (11.58)
sistemaning yechimi bo‘lsa;

3) Koshi teoremasi o‘rinli bo‘ladigan c sohadagi har
ganday (11.59) boshlang‘ich shartlar uchun har doim
Ci9:Cyos-Co boshlang‘ich  shartlarning shunday qiymatlari

topiladiki, @, = @, (X9, Cy0,Cp1--1Coo ) tenglik orinli boldi.

(11.58) sistemaning xususiy yechimi deb, ixtiyoriy
o‘zgarmaslarning biror xususiy qiymatlarida umumiy yechimdan
olingan yechimga aytiladi.

(11.58) sistemani yechish usullaridan biri, uni yugori tartibli
bitta yoki bir necha differensial tenglamalarni yechishga olib
kelishdir. (Noma’lumni yo‘qotish usuli).

Yuqorida aytilganlarning barchasi, quyidagi ko‘rinishdagi,
(11.58) sistemaning hususiy holi bo‘lgan chizigli differensial
tenglamalar sistemasi uchun o‘rinlidir.
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Vi =y (X) Yy + 8y, (X) Y+ + 3, (X) ¥, + i (X)
Yo =, (X) Y, +ay, (X) Y+ 8y, (X) Y, + f,(X) |

Yo =ay, (X) Vi, (X) Y, +..+a, (X)y, + f,(x)
bu yerda a; (x), fi(x)(l, j :1_n) funksiyalar odatda, biror
(a,b) oraliqda uzluksiz deb faraz gilinadi. Agar barcha
f;(x) =0 bo‘lsa, u holda (11.60) sistema bir jinsli, aks holda bir
jinsli bo ‘Imagan deyiladi. Agar aij(x)zconst bo‘lsa, sistema

o zgarmas koeffitsientli chizigli sistema deyiladi. Bunday
sistemalarni integrallashga imkon beruvchi usullar mavjuddir.
Shulardan ikkitasini ko‘rib chigamiz.
1. Xarakteristik tenglamasini tuzamiz.

a, -4 a; a,
a a -4 .. a
2 2 1=0. (11.61)
a, a, ... a,-4

bu yerda a; =const . Determinantni ochib chigib, n ta

yechimga ega bo‘lgan (ularning karraliklarini hisobga olgan
holda), 4 ga nishatan darajali, haqiqiy o‘zgarmas koeffitsienli
algebraik tenglamani hosil gilamiz. Shu bilan birgalikda quyidagi
holatlar bo‘lishi mumkin.

1. (11.61) xarakteristik tenglamaning ildizlari turlicha va
haqgigiy. Ularni 4, 4,,...,4, deb belgilaymiz. Ma’lumki, har bir

A (i =1n ) ildizga quyidagi ko‘rinishdagi xususiy yechimlar mos
keladi.
yl(') = al(')ejix, yg') = ag')eﬂix,..., yr(:) = ar(:)ejix, (11.62)
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bu yerda al(i), S),...,a,(]i) koeffitsientlar quyidagi chizigli

algebraik tenglamalar sistemasidan topiladi.
(a, —Zl)al(') + aizag') ot alnar(]') =0
a21ozl(')+(a22 —i,)ag')+...+ a, a =0 (1163)

aqa+ all+..+(a,-4)a" =0

Barcha (11.62) ko‘rinishdagi xususiy yechimlar fundamental
yechimlar sistemasini tashkil giladi.

a; =const, f(x)=0 bo‘lgan holda (11.60) sistemadan

olingan bir jinsli o‘zgarmas koeffitsientli tenglamaning umumiy

yechimi, (11.62) yechimining chizigli kombinatsiyasini tashkil
etuvchi quyidagi funksiyalar to‘plamini ifodalaydi.

n .
Y, =Y e = cafe™ +cale’ +.. 4 c o e
i=1

N ) D) (2) 20X (M) X
= C. =Cao,'e* +Ca,’'e* +...+C ., 'e
& gg.yz T 22 2 . (11.64)

Y, =2 Y\ = cale +c,alle + ..+ c oo
i=1

bu yerda ¢, —ixtiyoriy o‘zgarmaslar.

1-misol. Bir jinsli sistemaning umumiy yechimini toping.
Y1=3Y1= Y2+ Y,
Yo ==Y1+5Y, ~ ¥,
Y3 = Y1 =Y, +3Y,

» Berilgan sistemaning xarakteristik tenglamasi

3-4 -1 1
-1 5-1 -1|=0. (1)
1 -1 3-4
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A, =2, 4,=3, 4;,=06 bo‘lgan turli haqiqiy ildizlarga ega.
Ularning har biri uchun (11.63) ko‘rinishdagi sistemani tuzamiz.

al(l) - agl) + agl) =0,

" +3a¥ —al =0,} —a?+2a?-al?=0,l. ()

3

—a§2> + aéz) =0,

al(l) — agl) + aél) =0, al(z) — aéz) =0,

—30:1(3) - 043) + a§3) =0,
_al(S) _ 043) _ af‘) —0,
al(s) - af’) - 3a§3) =0.

Bu sistemalarning determinantlari, (1) formulaga asosan,
nolga teng, u holda ularning har biri cheksiz ko‘p yechimga ega.
Bunday holda. Shunday yechimni tanlash mumkinki, ular uchun
al(l) = 1(2) =0(1(3) =1 bo‘ladi. U holda (2) sistemaning quyidagi
yechimlarini hosil qilamiz: agar o =2 bo‘lsa, u holda
al(l)zl, a£1)=0, a§1)=1 , agar a,=3 bo‘lsa, u holda
al(z) =1, a;z) =1, agz) 1 ; agar a=6 bo‘lsa, u holda

=1 ¥ =-2, ¥ =1.
Bundan quyidagi fundamental yechimlar sistemasini hosil

gilamiz.
yW=e yP=0, y=-e

3x

v =e”,

ng) _ e3x’ ygz) _ eSx;

6

Yfg) _ e, yf) _ 6%, ygs) — eb%

(11.64) funksiyalar to‘plamini e’tiborga olgan holda bu
yechimlarning chizigli kombinatsiyasi dastlabki sistemaning
umumiy yechimini beradi.
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Y, =ce” +c,e” +c,e™,
Y, = c,e” —2ce™, ;. <
y, = —Ce** + e +ce™.

2. (11.61) xarakteristik tenglamalari A, 4,,..., 4, ildizlari
turlicha, ammo ular orasida kompleks ildizlar mavjud. Ma’lumki,
bu holda (11.61) xarakteristik tenglamaning har bir juft qo‘shma —
kompleks 4,,=A+ipg ildizlariga juft xususiy yechim mos

keladi.
y] )= oM, (11.65)
Y\ = a0, (11.66)
buyerda A=4 =A%if va A=4,=A—if lar uchun mos
ravishda (11.63) sistemadan aﬁl), aﬁz) koeffitsientlar aniglanadi.

1) (2
i G

ularga mos keluvchi y\", y'' funksiyalar ega, kompleks

a koeftitsientlar, qoida bo‘yich, kompleks sonlardir,

funksiyalardir. ygl) va y(jz) funksiyalarning mavhum va haqiqiy
gismlarini ajrutib va haqiqiy koeffitsientli chizigli tenglamalar
uchun yechimlarining mavhum gismi ham, hagiqgiy gismi ham
yechim ekanligidan foydalanib, bir jinsli sistemaning xususiy
haqiqiy juft yechimlarini hosil gilamiz.

2-misol. Sistemaning umumiy yechimini toping.

N } ®
Y, = -2 Yi— SY2
» (1) sistemaning xarakteristik tenglamasi
—7-A 1

=1*+124+37=0.

-2 -5-1
A,=-6=xi ildizlarg ega. (11.63) formulaga asosan,
quyidagini hosil gilamiz:
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(-7-V)a,+  a,=0
—2a,+(-5-1)a, =0
al(l), aél) larni hisoblash uchun A4, =—6+1 ildizga quyidagi
sistema mos keladi.
(—7—/11)0{1(1) +0{£1) =0, (-1- i)al(l) +a§1) =0 al(l) =1
= =
20" +(-5- 1)’ =0 201" +(1-i)af’ =0.
(11.65) formulaga asosan, quyidagi xususiy yechimini hosil
qilamiz
v =afle
e
2

=1+i

) A (a+iB)x a+iB)x —6-+i )X

=g = gl ® ) — g (cosx +isinx),

el = (1-7)el " = e (cos x —sin+i(cosx +sinx)). (2)
(Bu yerda biz Eyler formulasidan foydalandik:

el =™ (cos Bx+isin fx) ) (2) yechimdan mavhum va

haqigiy gismlarini alohida olib, (1) sistemaning fundamental
yechimlar sistemasini hosil qiluvchi, 2 ta haqiqiy ko‘rinishdagi
yechimni hosil gilamiz.

yy =

v —e® cosx, y, =& (cosx —sinx),
=(1) —6X o = —6x . ®)
y, =e*sinx, y,=e"*(cosx+sinx).
U holda (1) sistemaning umumiy yechimi quyidagi
ko‘rinishda bo‘ladi:
0 =0 g .
Y, =CY, +Cy, =e(ccosx+c,sinx), @)
Y, :cly2)+czy(21 =e*(c, (cosx—sinx)+c, (cosx +sinx)).

Endi, 4, =—6—1 ikkinchi ildizni foydalanish ortigchadir,
chunki yana (1)-(4) yechimlarni olamiz. Bu mulohaza barcha bir
jinsli chiziqli differensial tenglamalar uchun o‘rinlidir. <«

3. (11.61) xarakteristik tenglamaning A, 4,,..., 4, ildizlari

orasida karralari mavjud. Bu holda quyidagicha yo‘l tutamiz.
Faraz gilaylik, 4 — (11.61) xarakteristik tenglamaning k — karrali
ildizi bo‘lsin. U holda (11.60) sistemaning
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(aij =const, f (x)=0(i,j=1 n)) k Kkarrali ildiziga mos
keluvchi yechimini quyidagi ko‘rinishda izlaymiz.
y, = (0‘10 + o X+ o, X+t alk_lxk’l)e“,

y, = (azo + Oy X+ Ay X+t aZkflxk‘l)e“,
y, = (ano + o X+, X +...+ank_lxk’l)e’“.
a; (i =1n, e=0, k—l) sonlarni  quyidagicha topamiz.

(11.67) dan vy, funksiyani va uning y; hosilasini a; va f;(x)
larga ko‘rsatilgan cheklanishlarda dastlabki (11.60) sistemaga
qo‘yamiz. So‘ngra (€™ =0 gisgartirganimizdan keyin) olingan
tenglikni o‘ng va chap tomonlarida x ning bir xil darajalari
oldidagi koeffitsientlarni tenglashtiramiz. O‘tkazilgan
protseduralar natijada barcha A, sonlardan ixtiyoriy o‘zgarmas

e
sifatida qgabul gilinuvchi k soni har doim erkin o‘zgaruvchi
sifatida qoladi.

(11.61) xarakteristik tenglamaning oddiy (karrali bo‘lmagan)
yechimlariga mos keluvchi fundamental sistemaning yechimlari,
1 va 2 hollarda ko‘rsatilganday aniglanadi.

3-misol. Sistemaning umumiy yechimini toping.

yi = Yy + Ya
y;=yl+y2—y3, (1)
Ys= Yyt Vs
» (1) sistemaning xarakteristik tenglamasi
-2 1 1
1 1-2 -1|=—(A-1/1=0" )
0 1 1-2
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ikki karrali 2,,=1 va bir karrali 4, =0 ildizlarga ega.
(11.67) formulaga asosan, ikki karrali 1, =1 ildizga quyidagi

ko‘rinishdagi yechim mos keladi.
y1(1'2) = (oo + X)€", yélyZ) = (00 + X)€%,

®)

X

yglVZ) = (aso + 0{31)6 .
aie(i =13, e:al) koeffitsientlar y,,y,, Y., Y;, Y, Y; lar

uchun olingan ifodalarni (1) dastlabki sistemaga qo‘yishdan hosil
bo‘lgan sistemadan aniglanadi. €* # 0 ga qisqartirilgandan so‘ng,
quyidagiga ega bo‘lamiz.
Oy + Oy + O X = Oy + Oy X+ Ogy + Ay X,
Oy + Oy + 0y X = Qg + O X+ Oy + Oy X — Qlgy — Oy X,
Olgy + Qg + O X = Oy + O X+ Oy + Oy X

O‘ng va chap tomonlaridagi x ning bir xil darajalari oldidagi
koeffitsientlarni tenglashtirib, quyidagi sistemani hosil gilamiz.

Oy + Oy = Oy + Oy,
Oy = Oy + Oy,
O+ Qyy = Oy + Ayy — Ay
O = Oy + 0y — Ay,

Oy = Oy + Ay,

O3+ Oy = Oy + gy

bundan o, =ay =0, oy =0, a,=0 ekanligini

topamiz. «, va ¢, sonlarni ixtiyoriy parametrlar deb hisoblash

mumkin. Ularni mos ravishda c, va ¢, deb belgilaymiz. U holda
(3) yechim quyidagi ko‘rinishda yoziladi.

y? = (c +cx)e’, yiP =ce’, vy =(c, +c,x)e*. (4)

(11.62) formulaga asosan, A, =0 ildizga quyidagi yechim

mos keladi.
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1(3):0[13)60x 1(3, gs af)eox af), yf): 053 ) (5)

bu yerda al( ),ag ),a§ ) _ sonlar quyidagi sistemadan topiladi

((11.63) sistemaga garang).
af) + a§3> =0,

@y, _,0

o +a, —a;’ =0,
af) + aég) =0.
Uning yechimi quyidagicha bo‘ladi.

af3)=203, a§3)=—c3, af):cs. Natijada A, =0 ildizga mos
keluvchi (1) dastlabki sistemaning (5) ko‘rinishdagi yechimi
quyidagicha bo‘ladi.

Y1(3) =2¢;,, ygs) =G, ygs) =C3,

bu yerda c, — ixtiyoriy o‘zgarmas.

Dastlabki  sistemaning umumiy yechimi quyidagicha
ko‘rinishda yoziladi

y, = y1 ) 4 yl =(c, +¢,x)e* +2c,,
Y, = y2’ + yés) = Clex —Cs, <
y, =y 4y = (c,+c,x)e* +c,.

Agar sistema bir jinsli bo‘lmasa, u holda bir jinsli sistemaga
mos keluvchi (11.64) ko‘rinishdagi umumiy yechimni bilgan
holda, dastlabki bir jinsli bo‘lmagan sistemaning umumiy
yechimini (11.64) yechimdagi C,,Cy,..r,C ixtiyoriy

n
o‘zgarmaslarni variatsiyalash usuli bilan topish mumkin. Bu
savolni to‘laroq ko‘rib chigamiz. Bir jinsli bo‘lmagan sistemaning

yechimini c,c,,...,C, ixtiyorly o‘zgarmaslarni, ularga mos

keluvchi ¢, (X),c,(X),....c,(X) funksiyalarga almashtirib, har

doim (11.64) ko‘rinishda yozamiz mumkinligi isbot qilingan. Bu
funksiyalar berilgan bir jinsli bo‘lmagan sistemalar yordamida
quyidagicha aniglanadi. Berilgan sistemaga
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Vi Yores Yo Y1s Y5, Yy, larning  ifodalari  qo‘yiladi  va
c;(x), €5 (X),....c,(X) larga nisbatan, yechimi har doim mavjud
va quyidagi ko‘rinishda tasvirlash mumkin bo‘lgan:
() =@i(x). ¢ (%)=, (x),.¢ (%) =, (X).

bu yerda ¢ (X)(i :ﬁ) — ma’lum funksiyalar, n ta
algebraik tenglamadan iborat chizigli tenglamalar sistemasi hosil
gilinadi. Bu tengliklarni integrallab quyidagilarni topamiz.

¢ (x)= Igoi (x)dx+c.
bu yerda ¢ — ixtiyoriy o‘zgarmas.
(11.64) yechimga c, =const lar o‘rniga topilgan C (X)

larning qiymatlarini qo‘yib, bir jinsli bo‘lmagan tenglamalar
sistemasining umumiy yechimini hosil gilamiz.
4-misol. Koshi masalasini yeching.

y, =4y, -5y, +4x+1,

%:(0)=1, y,(0)=2 (1)
Y=Y —2Y, + X
» Awval, bir jinsli sistemaga mos keluvchi umumiy
yechimni topamiz.
y; =4y, —5yz} "
Y2=Y1=2Y, |
Uning xarakteristik tenglamasining ildizlari:

A4, =-1 A4,=3 umumiy yechimi esa quyidagi ko‘rinishda
izlaymiz (1 holga garang):
y, =ce " +5¢,e™,
—-X 3x (3)
y, =Ce " +c,e”.
(3) yechimda ¢, va c, lai ¢,(x) va C,(X) noma’lum

funksiyalar deb hisoblaymiz (o‘zgarmasni variatsiyalash usulini

279



ma’nosi ham shunda), y, va y, larni (1) dastlabki sistemaning
yechimlari bo‘lsin deb talab qilamiz va quyidagilarni topamiz.
y; =c;(x)e ™ —c,(x)e ™ +5¢c; (x)e* +15¢, (x)e>,
Y, =c(X)e ™ —c,(x)e ™ +c;(x)e™ +3c,(x)e™.
(1) sistemaga vy,,Y,, ¥;,¥, lar uchun olingan ifodalarni

go‘yamizyu. O‘xshash hadlarni ihchamlab, quyidagi sistemani
hosil gilamiz:
c(x)e™ +5c;(x)e* =4x+1,
c(x)e ™ +cy(x)e¥ =x.
bundan,
¢ (x)= %(x -1)e*, cy(x)= %(Bx +1)e ™.
Oxirgi tenglikni integrallab, quyidagiga ega bo‘lamiz.

C1(X)=%(X—2)eX +C,, cz(x)z_%(3x+2)e-3x+02.

Cl(X) va CZ(X) larni (3) tenglikdagi C; va C, larning

o‘rniga qo‘yib, dastlabki (1) bir jinsli bo‘lmagan sistemaning
umumiy yechimini topamiz.

x « 1 5
y, =ce ¥ +5c,e’ +Z(X_2)_E(3X+2)'

y, =ce " +c,e’ +%(x— 2)-—(3x+2)

1
12
Boshlang‘ich shartlardan foydalanib, ¢, va ¢, o‘zgarmaslarni
topish uchun quyidagi sistemadan
1=c,+5c,~1/2-5/6
2:c1+c2—1/2—1/6}
c,=11/4, c,=-1/12 qiymatlarni hosil gilamiz. Shunday
qilib, Koshi masalasining yechimi quyidagi ko‘rinishda
aniglanadi.
1 5.

y1:_67 -

1 5
T(x-2)-> 2).
4 12 +4(X ) 12(3X+ )
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1M, 1.4, 1 1
V.= —Ees +Z(x—2)—ﬁ(3x+2)- <

Il. (11.60) sistemaning integrallashning ikkinchi usuli
(noma’lumlarni yo‘qotish usuli) quyidagilardan iborat. Ba’zi
shartlarni bajarishda, bittadan boshga, masalan y, dan boshqga,
barcha noma’lum funksiyalarni yo‘qotish mumkin va yl(x)
uchun bitta n — ftartibli (agar (11.60) sistemada a; = const

bo‘lsa) o‘zgarmas koeffitsientli bir jinsli bo‘lmagan chiziqli
differensial tenglama hosil gilish mumkin. Uni echib, golgan

barcha yz(x),..., Y, (X) noma’lum funksiyalarni differensiallash

amali yordamida topamiz. Bu quyidagicha bajariladi. (11.60)
sistemaning  ( a; =const deb hisoblaymiz).  Birinchi

tenglamasining har ikkala ~ tomonini X bo‘yicha
differensiallaymiz. So‘ngra Yy, Y,,..., Yy, larning o‘rniga (11.60)

sistemadan ularning qiymatlarini qo‘yamiz va quyidagini hosil
gilamiz.

Vi =Yy +8pY; o Yy + 1 (X) = L (Vi Yoo ¥ ) + R (), (11.68)

bu yerda Lz(yl,yz,...,yn) Yis Yas Ya,-on Y, funksiyalarning
o‘zgarmas koeffitsientlar bilan ma’lum chiziqli kombinatsiyani,
F(x) esa f,(x), f,(x),... f,(x) va f/(x) funksiyalarning

chizigli kombinatsiyasini ifodalaydi. (11.68) tenglamaning ikkala
tomonini x bo‘yicha differensiallab, yana bir jinsli bo‘lmagan
chizigli tenglamani hosil gilamiz.

Y=Ly (Yo Yoren Yo )+ R (X).
Bu jarayonni davom ettirib, quyidagini topamiz.

ym=L (Yo Yorees Yo )+ F (X))
Natijada, n — ta tenglamadan iborat sistemani hosil gilamiz.
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Yr=any, ta,y, .. ta,y, + fl(X),
Y7 =L (Yo Yoo Yo )+ o (X), . (11.69)
D=Ly (Yo Yo Vo )+ Fra (%),

(11.69) sistemaning birinchi n—1 tenglamasini, y,, Y,,..., Y,
funksiyalarga nisbatan yechib olamiz (bu qoida bo‘yicha
mumkin). Ko‘rinib turibdiki, bu funksiyalar X, Yy, Y., Y/..., y\"™
lar orgali ifodalanadi.

Y2 = coz(x, Vi Yo Yisees y(”*”),
Yo =05 (X, Yo Vi Vi V7). (11.70)

Yo = @0 (% Yo Vi Vi V)
(11.70)  sistemadan Y,,Y,,...,y, ifodalarni  (11.69)

tenglamalar sistemasining oxirgi tenglamasiga qo‘yib, n — tartibli
o‘zgarmas koeffitsientli, bir jinsli bo‘lmagan chiziqli differensial
tenglamaga kelamiz.

Y = F (% Y0 ¥ Ve )

Buning umumiy yechimi ma’lum metodlar yordamida
aniqlanadi (§ 11.5 ga qarang).

Y: =¥, (%,C,,C,,.,Cy ). (11.71)
Oxirgi ifodani x bo‘yicha n—1 marta differensiallab,
yl',yl",...,y{”‘l) hosilalarni topamiz. Ularni (11.70) sistemga

qo‘yamiz va (11.71) funksiya bilan birgalikda dastlabki
sistemaning umumiy yechimini topamiz.

Y, :Wz(x,cl,cz,...,cn),
Y5 =¥,3(X%C.,C,, .., C ),

, (11.72)



(11.71)-(11.72)  sistemalarni va berilgan boshlang‘ich
shartlarni e’tiborga olgan holda, Koshi masalasini yechish uchun

C,,C,,...,C, ixtiyoriy o‘zgarmaslarni topamiz va ularni (11.71)-
(11.72) sistemalarga qo‘yamiz.
5-misol. Noma’lumlarni yo‘qotish usuli bilan quyidagi
sistemaning
Y1 =31 =Y, +Ys+e’,
Yo = Y1+ Yo+ Y+ X, @)
Y3 =4y =Y, +4Ys.
A (O) =0,34, vy, (O) =-0,16, v, (O) =0,27 2

Boshlang‘ich  shartlarini ganoatlantiruvchi  umumiy va
xususiy yechimlarni toping.

» (1) sistemaning birinchi tenglamasini x bo‘yicha
differensiallaymiz va y,,y,,y; lar o‘miga ularning shu
sistemadagi ifodalarini qo‘yamiz.

Vi =3y;—Ys+ s+ =3(3y, ~ Y, + Vs + €)= (Y, + Y, + Vs~ X)+
+4y, -y, +4y,+e" =12y, -5y, + 6y, +4e" + X.

y; ni x bo‘yicha differensiallab va yana yj,Y,,Yy; larni
ularning (1) sistemadagi ifodalari bilan almashtirib, quyidagini
hosil gilamiz.
y,'=12y; -5y, + 6y, +4e +1:12(3y1— Yo+ VY, +ex)—5(y1 +Y, + Y, —X)+
+6(4y, — Y, +4Y,)+4e* — x =55y, — 23y, + 31y, +16e* + 6x.

Bu holda (11.69) sistema quyidagi ko‘rinishga ega bo‘ladi.

Y1 =3y, =Y, +Y;+e’,
y, =12y, -5y, + 6y, +4e* + X, 3)
y,'=55y, —23y, + 31y, +16e* + 6x.

Birinchi 2 ta tenglamadan vy, va Y, larni topamiz.

Yy, =Y,/ —6y, +6y, +2e* —x, @
Y;=Y;—5y; +3y, +e" =X
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y, va Yy, ifodalarni (3) sistemadagi uchinchi tenglamaga
go‘yamiz.
y'=55y, — 23(y; — 6y; + 6y, +2€" —x) +31(y/—5y; + 3y, +&* —x)+

+16e* +6x =8y, —17y; +10y, +e* —2x.

Quyidagi 3-tartibli o°‘zgarmas koeffitsientini bir jinsli
bo‘lmagan chiziqli tenglamani hosil gilamiz:

y; —8y; +17y; —10y, =e* - 2x. ®)

Uni ma’lum usulda yechamiz (§ 11.5 ga garang).

Xarakteristik tenglamasini tuzamiz.

A*—81*+174-10=0. (6)

Buning yechimlari A, =1, A4,=2, 4,=5 bo‘ladi. (5)
tenglamaga mos keluvchi bir jinsli tenglamaning umumiy yechimi
Y, quyidagi ko‘rinishda bo‘ladi.

y, =Ce* +c,e” +ce™.

(5) tenglamaning o‘ng tomoni (11.50) va (11.51) maxsus
ko‘rinishdagi 2 ta funksiyaning yig‘indisidan iborat.
f(x)="f.(x)+f,(x), f(x)=e* f,(x)=-2x, f(x)=e*.

uchun Z =1, ya'ni 4 =1 ildiz bilan ustma-ust tushadi,
shuning uchun k=1. f,(x)=-2x uchun Z=1 va y (6)

xarakteristik tenglama ildizlari orasida yo‘q, shuning uchun k =0

Shunday qilib, (5) tenglamaning xususiy yechimi y* ni

quyidagi ko‘rinishda izlash kerak.
y, = Axe* +Bx +cC.

bu yerda A B,C noanig son anigmas koeffitsientlar usuli
yordamida topiladi. y;,y,",y, larni aniglab, y; bilan birgalikda
(5) tenglamaga qo‘yamiz va quyidagiga ega bo‘lamiz.

y, = Ae* + Axe* + B, Yy, =2Ae" + Axe”,

y, =3Ae* + Axe’,
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3Ae* + Axe* —8(2Aex + Axex)+17(AeX + Axe* + B) -
1O(AxeX + Bx+c) =e* —2x,

4Ae* +17B -10Bx —10c = " — 2x,
4A=1 -10B=-2, 17B-10c =0,
buyerdan A=1/4, B=1/5 ¢=17/50.
Shunday qilib,
« 1 1 17

Y, == Xe +=X+—.
4 5 50
(5) tenglamaning umumiy yechimi quyidagi formuladan
topiladi.
_ * X 2x 5X 1 X 1 17
Y=Y, +Y, =Ce +Ce” +Ce +4xe +5x+50.
y;, Yy, hosilalarni topamiz va ularni (4) tenglikka qo‘yamiz:

1 1
y, =Ce* +2¢c,e™ +5c,e™ + 7 xe* + T

1 1
y; =ce* +4c,e” +25c,e™ +§ex +erx,

y, = C,e* +4c,e”* + 25¢,e™ 4—%ex +%xeX —6(c1ex +2¢,6™* +5c,e™ +%eX +%xex + %)4—

X 2x 5x 1 X 1 17
+6| ce” +C,e”" +Ce” +—Xe' +=X+— [+
4 5 50
1 21
2ex—x:clex—Zczezx+c3e5x—ex+—xex+§x+—.
4 5 25

Y, = Ce* +4c,e” + 25¢c,e% Lo e 5(cleX +2¢,6”* +5c,e™ clel xe*)+
2 4 4 4
1 1 17
+3| ce* +C e +Cc ¥ + X + =X+ — |[+eF - X =
4 5 50

=" —3c,e”* +3c,e™ o L 2L
4 4 5 50

Shunday qilib, (1) sistemaning umumiy yechimi topiladi.
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2% 2% sx L1, 17

Yy =™ +oeT + e+ xet H X o,
< 2x sx x 1 o, 6 21
y, =Ce" —2C,e” +c,e”" —e +er +§X+£’
y, =—C,e* —3c,e”* +3c,e™ +%ex +%xeX —%x—%,
Koshi masalasini yechish uchun boshlang‘ich shartlardan

foydalanamiz. c,c,,c, ixtiyoriy o‘zgarmaslarni aniqlash uchun
quyidagi sistemani hosil gilamiz.

—=C +C,+C +E

50 *+ 2 7 50’
4 21
——=(—-2C,+C,—1+—,
25 T2 25

27 1 1
—=—C—-3C,+3C, +—+—.
100 4 50

Bundan ¢, =0, ¢,=0, c;=0.
Izlanayotgan xususiy yechim quyidagi ko‘rinishga ega
bo‘ladi.

1 .1 17
Y, =S Xe + =X+ =—,
4 5" 50
. . 6 21 | 4
y,==xe* —e* + =X+,
4 5 25
1 . 1,2 1
Yo=—=xef+e —=x+—
4 4 5 50

11.8. AT
1. Noma’lumlarni yo‘qotish usulidan foydlanmasdan,
quyidagi bir jinsli tenglamalar sistemasining umumiy yechimini
toping.

' , - _ + ’
a){y1=—7yl+y2’ ] {y1=y1—3y2, ) §§_§1+§2_§s
yr:—Zy—Sy, y’:3y+y; 2,_ 1 2 31
2 2 Lo Vi =2y, -y,

(Javob:
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a) y, =€ (c,cosX+C,8inX), Y, =€ ((c,+C,)cosx—(c, —C,)sinx);
b) y, =e*(c,sin3x+c, cos3x); v = e*(c15in3x — cy¢053%) ;
V) y, =ce*+ce +cet, y,=ce*—3ce
=ce* +c,e”* —5ce ™)
2. Quyidagi har bir tenglamalar sistemasining umumiy
yechimini noma’lumlarni yo‘qotish usuli bilan toping.
a) [Yi=-5%.+2y,+¢, p) {yl' =3y, -2, + %, y}’f:yﬁsyz —43y3,
Y, = y1+6y2+e Y, =3y, —4Y,; ylr_ Yit9Y, =4Ys
Y; = 6y1 +4y2 _4y3-

(Javob: a) y —ce* SOFRLIPVIRE e
40 5
y L —ce’ +ie _3 e
22 4" 10
b) y, =2ce* +c¢ e’""x—gx—E —cet 3ce Y - txo L.
yl 1 2 3 187 yZ 1 2 2 12’
V) y, =Ce He,e? +ce™, y, = ce +2c,e™; y, = 2c," +Ce? + 2c,™ )

3. Quyidagi dlfferen3|al tenglamalar  uchun, Koshi
masalasini yeching.

yl yZ’
)2y, =vy, %(0)=y,(0)=y,(0)=1; D)
Yi= Yy
Y1 =Y, + Ya
Yo=Y +Ys ¥.(0)=-1 y,(0)=1 y,(0)=
Yi=Yi+ Y,
(Javob:a) y, =y, =y,=e*; b) y,=—e, y,=¢, y,;=0.)

Mustaqil ish

Differensial tenglamalar sistemasining umumiy Yyechimini
toping.

{yl y, +1g°x -1,
1 y2=—y1+tgx.
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(Javob:
Y, =C,COSX +C, Sin X +tgX, Y, =—C, SiINX+C, COSX + 2 )

{ Y1 = Y1~ Yz
9 y'=y,+y,+e"
(Javob: Y, =((c,cosx+c,sinx—1)e”, y2=(clsinx—czcosx)ex).)

Y1 =Y;+Y, —COSX,
3 Y, =—2Y, — Y, +SiN X+ COS X.
(Javob:

Y, =C, COSX+C, SiN X —XCOS X, yz=(cz—cl)cosx—(cl+cz)sinx+x(cosx+sinx)-)
11.8. 11 BOBGA INDIVIDUAL UY VAZIFALARI

IUT - 11.1.
Differensial tenglamaning umumiy yechimi (umumiy
integral) ni toping.
1.

X+3 _
1.1, &7y = XX (3ay0p: 62 = 3(0 —xe™* —e’x) )

12 Y'sinx=ylny (Javob: Iny=c*tg(x/2).)

oy y2
1.3. y'=(2x~1)ctgy . (Javob: Injeos y|=x—x )

1.4. sec?xtgydy +sec? ytgxdy = 0. (Javob: €= tGY19X y

1+e*)ydy—e’dx=0 x
)y d . (Javob: -7 (y+1)=In € l+c-)

eX

1.5. (

(y2+3)dx—%ydy=0

1.6. .(JaVObZ|n(y2+3):2(c—xe’x—e’x).)

1.7. sin ycos xdy = cos ysin xdx . (Javob: C=cosx/cosy )
1.8.y" = (2y + Dtgx. (Javob: \2y+1=c/cosx.)
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1.9. (sin(x + y) + sin(x — y))dx + Cj:y =0 .(Javob:
tgy =c+2cosx)
1.10. (1 + e®)yy’ = e* (Javob: y% = 2InC(1 + e%))
sinxtgydx—_d—y:O In|sin y|=c+1x—lsin2x
1.11. sinx |, (Javob: 2 4 :

11 3€'sin ydx+(1-e*)cos ydy =0 (Javob: siny=c(e*-1) )

! A2X
1.13. Y'=¢€"/Iny, (Javob: y(Iny—l):%e2X+c-)

1.14. 377y +xdx=0_(33y0p: g _ %3 +cin3.)

115 (cos(x—2y)+cos(x+2y))y’ =secx

116, Y = x(1+Y)

.(Javob:sin2y =tgx +c
. (Javob: arctgy =c +%ex2 )

1.17. ctgxcos® ydx +sin® xtgydy =0 (Javob: tg®y =ctg®x+2c )
118, SINX-y'=ycosx+2cosx (Javob: y:Csinx—Z_)

119, LH(A+y)e’ =0 (Javob: c(e’ ~1)=e™)

1.20. YOUOX+Y=2 (33 0p; ¥ =CCOSX+2
e’*zdy+ dx _
1.21. X cos’ y . (Javob: %y+%5in 2y :(;_%ex2 )

tg(erlj‘:c—eX )
4 2

1.22. €' sinydx+tgydy =0 (3300 |

1+e* )xdx =e¥d 2
1.23. ( " ) Y (3avob: X—=1In(l+e3y)+c.)
2 3
. . dy
sin(2x+y)-sin(2x—y))dx=——
1.24.( (Bexy)=sin( ) Siny  (Javob: ctgy = C —sin2x.)
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1,95, Cosydx = 21+ x2dy +cos yy/1+ X*dy (Javob: 5,

tg(%+%)+
yzln‘x+\/1+x2 +c-)
r/ 2 2., B .
1.6, YN1=X" =008 y =0 (550p. 19y =arcsinx+c

e'tgydx = (1—e*)sec” ydy (Javob: tgy=c/(e"-1) )

1.27.
128 y'+sin(x+y)=sin(x—y)
(Javob: In|tg %‘zc—ZSinx.)

129, cos’y-y'—cos(2x+Yy)=cos(2x—y) |

(Javob: % y+%sin 2y =sin2x+c.)

y27X2 _ , , )
1.30. 3 =Yy /X. (Javob: 37 =3 —2¢cIn3.)

2

2.1. (xy+x3y)y':1+ yz. (Javob: Cx:\/(1+ X*)(1+y°))
22. Y177 =3 (3avob: 7Y =3.-7*+¢cIn7)

2.3. y—xy’:2(1+x2y'). (Javob: y:Cx/erZ.)
2.4, y—xy':l+x2y’.(\]avob: y=Cx/(x+1)+1)

x+4)dy—xddx=0. (Javob: y=Ce*/(x+4)

2.5. ( )

26 Y +Y+Y =0 (Javob: y/(y+1)=C—x.)
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y? Inxdx—(y—1)xdy =0

2.7. (Javab:
i+Iny:C+%In2x.)
2 vy —
2s,  EW)deydeyibeo
1
y+|n(y_1) =c+Inx.)
y
29, Y +2y+y* =0 (Javob: \/(y—-2)/y =Ce".)
2 2 _
2.10. (X +X)ydx+(y +1)dy_0 .(Javob:
2 2 2
y?+lny:c—%—x?.)
3 2,2 \2 _
2.11. (xy +x)dx+(x y -y )dy 0 .(Javob:
%/y3+1:c\/x2—1.)
2 _ 2 _
2.12. (1+y)dx (y+yx)dy 0 .(Javob

1
ZIn(y® +1) =c +arctgx
SIn(y*+1) ox)
213, y'=2XV+X.(Javob:%|n|2x+1|:x2/2+c.)
—xy'=3(1+x°
21a, V=3 y).(Javob: y=cdx13Yx+3+3)
’ 2 2
215, 2 =1-X" (3av0b: y2=In|x|—X?+c.)

2 ' _
2.16. (X —1)y _Xy_o.(Javob: y=cyx?-1)

)17 (y*x+y?)dy+xdx =0

y*=3(C—x+In|x+1) )

(Javob:
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(1+°) y’dxy —(y* -1)x°dy =0

1 1
Iny+—=ctx——.
Yoy )

2.18. .(Javob:

219. W' =Y=Y" (Javob: y/(y+1)=Cx))

2.20. \/ﬁdx = xydy . (Javob: \W =InCx )

201, Y =21y (Javob: In|y|(y+2)|=c+x*)
220, 2XW'+Yy =2 (Javob: In‘2—y2‘=c+1/x.)
y'=(1+y?*)/(1+xX°)

2.23. . (Javob: arc.)

i 2 _ Y2
204, YNITY =X |y.(Javob: (1+y2)3:c+x2.)

' y
(y+1)y'= + Xy
2.25. UES'S (Javob:
y+Iny=arcsinx+x*/2+c.)

2 ’ ’ 2
(1+X )y+y Lx _Xy.(Javob: yz—cm )

X + 1+ X2

2.26.
;14 X2
Xyy' = ——
2.27. 1=¥" (Gavob: 2y? —y* =4In|x|+2x* +c.)
(xy—x)2 dy+y(1-x)dx=0

2.28. .(Javob:
L 2y +ly|=mn|x+1+c)
2 X
2 2 2y 2
2.29. (Cy=y) ¥ =xy=y+x-1 .(Javob:

x-1
X+1

2
y7—y+ln|y+1|:%ln +C.)
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[ 2 / 2 4,
2.30. 1=y dx+yyl-x"dy=0 : (Javob:
«/l— y? =arcsin x+c )

3
oY
y—Xy' = Xxsec=
canY o C
3.1. X, (Javob: sin==In—".)
X |x
2 2\ Ay2,,3
3.2. (y2—3x2)dy+2xydx:0. (Javob: (y X ) oy )

3.3. (x+2y)dx—xdy:0. (Javob: y =cx?—x.)

3.4. (x=y)dx+(x+y)dy=0 . (Javob:

y Y%+ x?
X

X2

arctg +1In =In3.)
2 X

- (y*—2xy)dx+x’dy =0

. (Javob: y/(x-y)=Cx.)
36, Y XY =Xy (Javob: e =cy )

3.7. xy’—y:xtg(ylx). (Javob: sin(y/x):Cxl)
3.8, Y =YX (3au0p: e =InCx )

g VY =(x+ y)In((x+y)/x)

In[Ll+y /x| =Cx.)

(Javob:

310, xy'=ycosIn(y/x) 2

dx =xd
3.11. (y+ﬂ) X=X y.(Javob: y=§|n2Cx.)

. (Javob: Ctg (lln%j =InCx.)

r_ 2 2
312, Y ENX Y +y.(Javob: (y/x)=InCx.)
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y=x(y-{e’)
3.13. . (Javob: —e¥* =InCx.)

314. Y =Y/X=1 Gavob: y=xIn(c/x))

315 YX+tX+y=0 (Javob: y=£—§.)
X

dx+(2yxy —x)dy =0
3.16. y +( Y ) y . (Javob: \/E—X=Ian.)
X X

317 Xdy-ydx= x? + y?dx

Y+t +y? =Cx )

(Javob:

3.18.  (4X"+3xy+Yy’)dx+(4y* +3x+x")dy=0 (Javob:

g|n[u)+ 2 2
5 L X [ Y +24X —iarctglzlng.)
) X 10 2X X

20y —
3.19. (x=y)ydx—x dy=0 (Javob: y=x/InCx.)

2 (ny2 2
320, WY =(2¢+0)y  @avob: L+2mY =it
X X X

(¥ —2xy)y' =xy-y*

3.21. . (Javob: 2+2InY =—Incx)
X

y
3.22. (2\/@_ y)dx+ xay = O. (Javob: y =xIn*|Cx].)

Xy’ + y(lnz— j:o
3.23. X . (Javob: y = xe”*)

2 2 _
3.24. (X Y )dx+2xydy_0. (Javob: y*=c®/3*—x*/3))

y* —2xy)dx—x’dy =0

3.25. ( . (Javob: y=x/InCx.)
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3.26. (

3.27.

X+2y)dx+xdy =0 (davob: y=c*/(3x*)-x/3.)

(2x—y)dx+(x+y)dy=0
y

2 2
Javob: 1In(y +2X ]+arctg—=Ian.)
2 X X

3.28.

3y, ! 2,2
2X y=yYy (2X y ) (Javob: y2 :leln(CX)A.)

24,0 _ _
329, XY —y(x+y). (Javob: y= X/In(CX).)

3.30.

4,

;X
y =42 :
Y X Qavob: y*=x*In(Cx)".)

Differensial tenglamaning xususiy hosilasini (xususiy

integralini) toping.

(x2 +1) y +4xy=3, y(0)=

4.1.

(Javob: y=(x3+3x)/(x2+1)2 )

4.2. Y’ Yigx =secx, y() . (Javob: y=sinx.)
a3 L=X)(y'-y)=e", y(0)=0

(Javob: y=e*In 1 )
1-x

m xy'—2x=2x*, y(1)=0

4.5.

4.6.

4.7.

. (Javob: y=x*—x2))

;o 2

y —ZX(X +y) y(0)=0 . (Javob: y=x*+1-¢".)
y-y=e', y(0)=1 - Qavob: Y~ (X+1)ex-)

2

efX

2 y:
xy'+y+xe™ =0, y@)zé%.Ummm 2X )
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48, cosdx =(x+2cosy)sinydy, y(0)= 7r/4.

(Javob: x = [sin2 y —%)

1
cosy

4.9. X’y +xy+1=0, y(1)=0. (Javob: y=—(Inx)/x

' _ 3 2 _

4.10. 7 tX=4y" 43y y(2)—l. (Javob: x =y®+y?)
411 (2x+y)dy = ydx+4In ydy, y(0)
r_ 2 —

412, Y —y/(3x y ) ¥(0) 0. (Javob: x=y?—y?)
4.13. (1-2xy)y' =y(y-1), y(0)=1.

2
(Javob: x(y-1) :(y—lny—l).)
4.14. x(y'-y)=¢" y(l):O. (Javob: y=e*Inx.)
415, y =X(y' —xcosx), y(;r/2)=0. (Javob: y:(sinx—l)x_)

)

:l- (Javob: 2iny+1-y.)

416 (Xy —1)|nX=2y, y(e):O (JaVOb y:(|n5x_|n2 X)/S)

y [ —
(22 =x)y'=1 y(0) O avob: x=¢'—e)
xy'+(x+1)y=3x%", y(1)=0

4.17.

4.18.
(Javob: y = (x2 -1/ x)e’X )

2 _ _
4.19. (x+y )dy—ydx, y(O)—ll (Javob: x=y?—vy.)

420 (sin” y+xctgy)y' =1, y(0)=x/2

(Javob:x= —sinycosy .)

401 (x+1)y'+y=x"-x* y(0)=0
3x* +4x°

(Javob: y = 12(x+1)

)
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' 2 __ _
4.22. (%' =2y)+x* =0, y(l)—O. (Javob: y=—x*Inx.)
4.23. xy'+y'=sinx, y(z/2)=2/x.

(Javob: y =(1-cosx)/x )

soa (x2 —1) y —xy=x>—X, y(ﬁ) =1.

(Javob: y=x*-1))

425, (1-x*)y'+xy=1y(0)=1 (Javob: y=x+
V1 —x2)
y'ctgx —y = 2cos’ xCtgx, y(0)=0

4.26.
(Javob: y = 6sin x —2sin® x
' 3cosx
427, Y TVFS y(1)= -1 (Javob: y=-1/x.)
428. Toxy=xer, y(O):OI (Javob: y =0, 5x%
)
429 y' —3x%y —x%* =0, y(0)=0

(Javob: y = % x%e* )

430, WY=L Y(@Q)=0 oy k)
5. Differensial tenglamaning umumiy yechimini toping.

51 Y7 yx\/y. (Javob: y = (xex’2 —2e"% 4+ c)2 e )
59 YoX-+2xdy =2y/xsec’ ydy
(Javob: x = (ytgy +In[cos y| + c)2 1y?)

53 Y +2y= y'e’ . (Javob: y = /(Ce2X + ex) )
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5.4. y' = y* cos X + ytgx . (Javob: y=1/ (cos x?/c—tgx) )

5.5. xydy =y’ +x)dx. (Javob: y= XW )

56 XY +2y+xXye =0 (Javob: y =1/(X2ﬂ/2(eX +C)) )
5.7. YX'siny=xy'-2y (Javob: x=/y/(c—cosy).)

2 _ r_
58 (2X ylny X)y y. (Javob: x:1/<y(c—ln2 y)) )

X Xy

2y'——:
5.9. y —1 (Javob: y=+c—/x2—14x2 1))

510, Y ~2X \/_ 4y . (Javob: y = 4( —Inx) )
511, XY =x+y’ (Javob: y = x§f3(c—1/x) )
5.12. (X+1)(y'+y2)=_y.

(Javob: y=1/<(x+1)(c+|n|x+]4)).)

513, YXTY="X" (avob: y =1/(x(c+Inx)).)

’ 3,-x2 5
514. Y X =YY€ (Javob: ¢* ’2/4/2(c+x) )
' 3y
515 X "Xy =Y, (Javob: y:x(x2/2+c)2 )
5.16. Y +xy=xy°.
_ X2 2,—X2 -x?
(Javob: y=e /\/x e +e +c.)

' X 2X
Y ==e"+y
5.17. y . (Javob: y=e*Jx*+c.)

518. Y *TX==Y (Javob: x=1/ (y(c+Iny)))
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510, X(X=DY+y =xy

(Javob: y=(x—1)/aj2(x—lnx+c) )

5.20. 2X'WY' +3X°Y* =1=0_(530p; ¥ =VC—x/x"?
%:(l—ZXJdX

521. % \¥ .(Javob: x=y/(y*+c).)

522 Y1 x%ﬁ =3y . (Javob: y =e* (gezx +%e2X + cj )
523, ' TY=Y"INX Gayob: y=1/(Inx+1+Cx).)

Y OV I I
5.24. X _(X ly=y )dy. (Javob: x=y,/c—y’ )
5.25. Y +2xy=2xy’.

_ —x? 2,.-2x° —2x?
(Javob: y=2e /\/2xe +e +4c_)

’ 2
526. Y TY=XIY" (Javob: e‘%/xe3X —%e“ +C.)

5.07. ¥~ Ytgx+Yy’ cos=0 (Javob: y=1/((x+c)cosx).)

y’+ﬂ=—2*/2y
5.28. X COS™X
2
xtgx + In|cos x|+ ¢
(Javob: y:( g )|( | j.)

509 Y -Yy+y‘cosx=0
(Javob: y =2e*/(e"(cosx+sinx)+c).)

, Xy
y' =Xy +
5.30. W x* -1,

(Javob: y = (%(xz —1)3/4 + cj Jx3-1)
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Namunaviy variantlarning yechilishi
Differensial tenglamaning umumiy yechimini (umumiy
integralini) toping.
1. (xy*+x)dx+y(y-x%y)=0.
» Berilgan tenglamani quyidagi ko‘rinishda yozib olamiz.
y(1-x3)dy=-x(y>+1)dx.
But englama o‘zgaruvchilari ajraladigan tenglamadir.
O‘zgaruvchilarini ajratamiz.
ydy  —xdx
yi+1 1-x2
Oxirgi tenglikning ikkala tomonini integrallaymiz.
ydy  pxdx 1., . 1 1, 1
Iy2+1__jl—x2' >ty +1)_§In‘x —]4+§Inc,
y2+1:C‘x2—ﬂ, y2=C‘x2—ﬂ—1.
Shunday qilib, dastlabki tenglamaning umumiy yechimi

quyidagicha bo‘ladi.
y:iJC|x2 —]4—1-4

2. sec’xtgy dx+sec?y tgx dy=0

» Berilgan tenglama o‘zgaruvchilari ajraladigan differensial
tenglamadir. Ularni ajratib, integrallaymiz va differensial
tenglamaning umumiy yechimini hosil gilamiz.

sec’ ydy _ sec’ xdx .[ (tgy) J d(tgx)

tgy tgx tgy tgx
Injtgy| =—Injtgx| +In[C|, tgy =C/tgx, tgy -tgx = C. «
y—xd—:x+ yd—y
3. dx dx
» Berilgan tenglamadan 9 ni topamiz: 4 _Y-X
dx dx x+y

Dastlabki tenglama 1-tartibli bir jinsli tenglamadir. Uni
o‘rniga qo‘yish yordamida yechamiz y=xu(x) va quyidagini
topamiz.

C , ux—x u-
y'=uX+u, uXx+u= , UX+u=—=
X + UX 1+u

300



. u-1 —u?-1 du u®+1
Ux=——-u= , X—=-— :
u+l u+l dx u+l

O‘zgaruvchilari ajraladigan tenglamani hosil qildik. Uni

yechamiz.

u+1 dx pu+1 dx
—du=——,| 5—du=—|—,

u+1 X “u“+1 X
SIS [ =il + i)
u-+1 u®+1

%In(u2 +1)+arctgu=1In|C/x|, arctgu=In

C
xyu? +1
X [XZ + y2

Shunday qilib, dastlabki tenglamaning umumiy yechimini
topdik. <

4. Differensial tenglamaning xususiy yechimini toping.

dy —e *dx + ydx — xdx = xydx; y(0) =In5.
» Berilgan tenglamani hosilaga nisabatan yechib, quyidagini
hosil gilamiz:
dy xy+e’-y dy 1-x e

arctg

X

dx  1-X aC1ox’ 1-x )
dy e L : :
—+y= tenglama 1-tartibli chizigli tenglamadir. Uni
dx 1-x

y=u(x)v(x) ko‘rinishidagi almashtirish yordamida yechamiz va
quyidagiga ega bo‘lamiz.

’ 1, ’ [2 ' e_x 1, dV _ e—x
y =uv+uv, UuUv+uv +uv= ,UV+U —4+V | = }

1—x dx 1-x
? +Vv =0 shartdan v(x) funksiyani topamiz.
X
ﬁ—v, %—d ﬁz—jdx, Invj=—x, v=e
dx dx '
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bu ifodani (1) tenglamadagi v(x) funksiyaning o‘rniga
qo‘yamiz:

%e—x:e# %:_l

dx 1-x"  dx 1-x,
du=£,_|.du= ﬁ u=-Inl-x+InC, u=InL.
1-x 1-x [1—x|

X C
uholda y=uv=e Inll—x
Bu dastlabki tenglamaning umumiy yechimidir. Boshlang‘ich
shartdan foydalanib, C ni topamiz.
y(0)=InCc=In5, C=5
Shunday qilib, dastlabki tenglamaning Xxususiy yechimi

x 5
quyidagi ko‘rinishda bo‘ladi. y=¢€""1In m <

5. Differensial tenglamaning umumiy yechimini toping.
(1+ xz)ﬂ =Xy + x%y’.
dx

» Tenglamaning turini aniglash uchun uni quyidagicha yozib
olamiz:

dy X X2
Vi Aael &
dx 1+x 1+ X
Butenglama  Bernulli  tenglamasidir. Bu  tenglamani

y=u(X)v(x)ko‘rinishidagio‘rnigaqo‘yishyordamidayechamiz.
Uholda

xu-v. XX .,

y=uv+vu, uv+Vu-——== SUv
1+x° 1+x
vVoooxv x2u?v?
u'v+u(d—— zj:u—z 1)
dx 1+x 1+x
v(x) ni dv__x _, shartdan topamiz. Bu tenglama

dx 1+x2
o‘zgaruvchilari ajraladigan differensial tenglamadir. Bundan
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dv XV dv xdx dv xdx 1
= Jnlv == In(L+ x?),v =1+ x?
dx 1+x2 v 1+x% -[ J.l+x2 | | 2 ( )

v(x) ning hosil qlllngan ifodasini (1) tenglamaga qo‘yamiz:

2,2 2 2
ﬂm:xu(ltx), d%JZ xdx,
dx 1+x U 1+ x2

du_f x“dx [u__t
ut e et

2dx u,(x) =x, du =dx J J J 1+ %2
=|;,_  xdx v =XV X — (V1 P dx= X1+ XF - dx=
,[ hexz |dv= v v, =v1+x%, .[ .f ity

——y x“dx
=L j\/1+x I\/l+x2'

Oxirgi tenglikdan quyidagini hosil qilamiz

2
ZI X dx = X1+ X2 —In‘x+ 1+ x2 x'dx \/1+x ——In‘x+ 1+x?|-C
\/1+x 1+ x?
Bundan
—Ex\/1+x2—lln‘x+ 1+ x2 1_ %In‘x+ 1+x2—%x\/1+x2+c,
u

-C,
( In‘x+\/1+x‘ fx\/l+x +Cj

Shunday qlllb, dastlabki tenglamaning umumiy yechimi
quyidagi formuladan topiladi.

V1+x2 <
%In/ X+ 1+ X2 /—%x\/1+ x> +C

y:

11.2. - IUT

1. Differensial tenglamaning xususiy yechimini toping va
hosil gilingan y =¢(x) funksiyaning giymatini x=x, da verguldan
keyin ikki xona anigligida hisoblang.

1.1. y"=sinx, x,=x/2, y(0)=1 y'(0)=0, y"(0)=0.
(Javob: 1,23).

12 Y'=UX X =2, yQ)=1/4, y®=y"D=0.
(Javob:0,38).
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13 Y'=Ueos®x, x, =713 y(0)=1 y'(0)=3/5.
(Javob: 2,69)

1a Y"=6IX, =2 y(1)=0, y()=5 y'Q)=1
(Javob: 6,07).

15 y"=4cos2x, X, =xnl4, y(0)=1 y'(0)=3.
4,36).

16, Y =UAAX) %=1 y(O)=0, y(©0)=0. ..
0,44).

17. xy"=2, X, =2, yO=1/2, yQ)=y'@)=0.
(Javob: 0,77).

1.8.

L4 1 14
y" =e” Ko =50 YO =2, V(0 =7, y(0)=
(Javob:1,22).
1.9.
y"=cos’X, X, =z, Yy(0)=1 y'(0)=-1/8, y"(0)=0
(Javob:3,58).
110, V'=1/41-x% %=1 y(0)=2 y'(0)=3
(Javob:5,57).
1 5 T\ 7« Vs
n:—, =", ==, Ve :1.
L1 sinfax’ 4" y(4j rRRAYY
(Javob:3,93).
112, Y =x+sinx, x, =5, y(0)=-3 y'(0)=0.
(Javob:5,31).
113 Y =arcgx, x, =1, y(0)=y'(0)=0.
(Javob:0,15).

(Javob:

4

:tX. ,
1.14. y =9 cos? 2x

(Javob:-0,39).

=rl4, y=1/2, y'(0)=0.
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1.15.

y"=e"’+1 x,=2, y(0)=8, y'(0)=5 y'(0)=2.
(Javob:25,08).

1.16.

y'=xle*, x,=-1/2, y,(0)=1/4, y'(0)=-1/4.
(Javob:0,34).

1.17.

y"=sin?3x, X, =x/12, y(0)=-x°/16, y'(0)=0.
(Javob: -0,01).

1.18.

y"=xsinx, x,=z/2, y(0)=0, y'(0)=0, y"(0)=0.
(Javob:0,14).

1.19.

y"-sin*x=sin2x, x,=57/2, y(x12)=nl12, y(xl2)=1y"(x/2)=-L1.

(Javob:7,85).

1.20 y'=cosx+e”, X, =, y(0)=—e", y'(0)=1
(Javob:1,00).

1.21.

y'=sin’x, X, =257, Y(z/2)=-719, y'(x/2)=0.
(Javob:-0,78).

1.22.

"= x-sin2x, X =L y(O)=-V8 y(0)=ex2 (0=,

2
(Javob:0,08).

1
"=————— X,=4x, y=0, y'(0)=1.
123 cos?(x/2)" ° y y(©)
(Javob:12,56).
1.24.

y" =2sinxcos’ X, X, =7x/2, y(0)=-5/9, y'(0)=-2/3.
(Javob:-1,00).
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105 Y =2sin’xcosx, X, =7, y(0)=1/9, y'(0)=1
(Javob:4,14).

1.26.

y" =2sinxcos® x—sin®*x, x, =7/2, y(0)=0, y'(0)=1.
(Javob:1,90).

1.27.

y"=2cosxsin’ x—cos*x, x,=7/2, y(0)=2/3, y'(0)=2.
(Javob:3,47).

1.28. y"=x—-Inx, x,=2, y@ =-5/12, y'(1) =3/2.
(Javob:1,62).

1p9. Y'=UXE, % =2 y()=3 y(@D=1
(Javob:4,31).

1.30.

y" =cos4x, x, =, y0)=2, y'(0)=15/16, y"(0)=0.
(Javob:5,14).

2. Tartibi  pasaytirish mumkin bo‘lgan differensial
tenglamaning umumiy yechimini toping.

2.1 (1-x*)y"—xy =2.

- 2 -
p: ¥ =arcsin °x+C, arcsmx+C2.)_

(Javo
22. 29y =y" -1

(Javob: 9C,(y-C,)* =4(C,x+1)°* y =+x +Coy,
23 XY +X*Y =1 (35,0p: Y =Ci Nx+1/x+C,.)
9.4 Y+ Y1gx =sin2x.

(Javob:y =C, sinx — x—%sin 2x+C,.)
25 YXINX=Y" gayop; ¥ =CX(INx -1 +C,).

26, W'=Y =X (jay0p: ¥ =€ (X=D+Cx* +C,).
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2.7. YXInx=2y"
(Javob: ¥ = Ci(xIn* x=2xIn x+2x) +C,).
28, XY +%Y =L (aygh: ¥ = (IN* X)/2+C, N x+C,).

29 Y =—xly.

2

(Javob: y = C71arcsin CL + ngcf —x*> +C,).

1
210. 9" =Y"(Javob: ¥ =Cix*/12+C;).
2.11. Y"Zy'+X.(JaVOb:y=—x2/2—x+C1ex+C2),
212, W'=Y +X* ayoh: Y =X /3+CX*/2+C,).
213, W' =YIn(y' /).
X
[ :
214, W'=Y =INX(3a,0p: Y= (X+C)INx=-2x+C,).
215, Y OX=Y'+1 (3ay0n: Y ="C Inx—x+C,).

" 12 _ _
216, Y T2 _0'(Javob:y:iln x=C,
2C, x+C,

(Javob: y = —e“**"* — Ciecl“1 +C,).

+C,).

N 2
217. 2XY'=Y +1'(Javob: y = %(Clx—l)”2 +C,).
1

y”—L: X(x-1).

2.18. x-1

(Javob:y = x*/8—x*/6+C,x*/2—C,x+C,).
219 YY" +Yy"tgx =secx.

(Javob: y = —sinx—C, cos x +C,x+C,).

200, Y —2y'ctgx =sin®x.

(Javob: Y = —sin® x/3+C,x/2—-C,sin2x/4+C,).

291 y”+4y’ = 2X3.
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(Javob: Y = X° 16 =X 18+ x/16—C,e ™™ /4+C,).

002 XY'—y' =2x%"

(Javob: y =2e*(x-1) +C1X2/2+C2)-
_ 2

223, x(y"+1)+y =0.(Javob: Y =X [4+CInx+C,).

204 Y +4y' =cos2x.

(Javob: y = isin 2X —icos 2x—&e‘4X +C,).
10 20 4

205 Y +Yy =sinx
1 1. x
(Javob:y:—Ecosx—Esmx—Cle +C,).
206 XY=y (Javob: Y = Cx—CZIn(x+C)+C,).
Mt _ 12
227. 2WY'=Y _4'(Jav0b: y =%(C1x+4)3’2 +C,).
1

"

208 Y"™XInx=y".
C.x°
4
229, YCIOX+Y =2.(35,0p: ¥ = 2X+C;siNX+C,).
230 @+ XZ)Y"=2Xy.(JaVOb: y=C,x*/3+C,x+C,).
3. Tartibi pasaytirilish mumkin bo‘lgan differensial
tenglamalar uchun Koshi masalasini yeching.

31 Y'=Yye, y(0)=0, y'(0)=L1
(Javob: y =—Infl—x, y=0).

32 YZ+2yy"=0, y(0)=1 y'(0)=L1.
(Javob: ¥ = @+3x/2)**, y=1).

33 W+Y?=0, y(0)=1 y(0)=1.

(Javob: y =4/2x+1, y=1).
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34 Y +2yy°=0, y(0)=2, y(0)=1/3.
(Javob: X =Y’/3-y-2/3 y=2).
35 YOy =2y?, yQ=x/2, y@Q=2
(Javob: Y = arcig(2-2x), y=71/2).

" __ 12 _ 2
a6, 2 =Y YO gavay = 541] , y-1)
3.7. W =y?=y" y0)=1 y()=1
(Javob:x:iln(1+\/§)i|n#_)

1+4y?+1

a8 Y =-1/2y%), y(0)=1/2, y(0)=+2
(Javob: y= m-)

39 Y'=1-y? y(0)=0, y(0)

e’ + \/ey——l‘.)

310 Y=Y, y(0)=2/3 y(0)=1

(Javob: Y = (x+2)°/12, 'y =2/3).
311, 2W'=y?+1 y(0)=2, y'(0)=1

x+2)
(Javob:y=| —— | +1)

(Javob: X ==In

2
312 ¥Y'=2-y,y(0)=2y(0)=2
(Javob: y=2sinx+2.)
313, Y =UYVO=1YO=0. jay0p x= Jy7+1)

314, W' -2y°=0,y(0)=1y'(0)=2.

1
y=1)

Javob:y = ——
( y 1-2x
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315 Y =Y +y%y(0)=0y(0)=1
2e’ -1
ey ' y = 0)

(Javob: x =1In

" 2 ’ ,

y'+——=y"?=0, y(0)=0, y'(0)=1.

3.16. 1-2
1

y=1-—— y=0)
(Javob: X+1
317, Y'@L+y)=5y"y(0)=0,y'(0)=1.
(Javob:l— 1 -,

4 4A(1+vy)

y"(2y+3)=-2y” =0,y(0)=0,y'(0) =3.

y=0)

3.18.
(Javob: y = g(ex -1), y=0)

319, 4Y"1+Y?%y(0)=1y'(0)=0.
(Javob: x = 2In%‘y +1+ m‘)
300, 2Y2=(y-D=y.y(0)=2y(0)=2

1
Javob:y =1+ , -2
(avob:y =1+ = ¥=2)

301 1+ =w.y(0)=1y(0)=0.

(Javob: X = In‘y+w/(y2 _1)‘,)
390 Y'+y?®=0 y0)=1 y(0)=2

(Javob: y =3/6x+1, y=1)
303 W -Yy?=0 y(0)=1 y(@0)=2
(Javob: Y = e”, y=1)
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304 WY =y’ Iny,y(0)=1y(0)=1

(Javob: X = In‘ln y+4/Iny +1‘.)

305  YA=Iny)y+(@+Iny)y?=0,y(0)=1y'(0)=1.

1
= -1 y=1.
1-Iny y=1)

306 Y@+y)=y?+Y,y(0)=2y(0) =2
(Javob: Y =28, ¥Y=2)

307 V' =YI{y.y0)=1y(0)=2
(Javob:y = (x+1)?%, y=1))

308, V'=1/@+y"), y(0)=0, y(0)=0.
(Javob: x = 2arctg \/ey——l.)

(Javob: x

320, W -2y'Ihy=y? y0)=1 y'(0)=L1

(Javob: Y = e y=1)

330, Y =14y, ¥@=y(0)=0. (Javob: X = ; y

4. Quyidagi tenglamalarni integrallang.

Edy—lzdx =0.
41. X X (Javob:y/x=C.)
xdy —ydx 0

2 2 ’
42. X Y (Javob: arctg(x/y) =C.)
4.3 (2x—y+Ddx+(2y —x—1)dy.
(Javob: x> +y?—xy+x—-y=C.)
ydx —xdy 0

Xdx + ydy +=———
4.4, Xty
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2 2

+y

(Javob: X +arctg 3 +C.)

5 [_1}1&0
VX2 —y x> -y
(Javob: VX -yt —x=C)

2x(1—¢e”) dx + e’

dy =0.
2\2 2 y _
46 1+x7) 1+x (Javob: > ;L=C.)
1+Xx
2 ny2 2
Ky Y "X g0, X _1_g)
4.7. y® y (Javob:y y

1g (A—€"")dx+e""(1-x/y)dy=0.

(Javob: X+ ye''” =C.)

4.9, X(2X*+y?)+y(x* +2y*)y'=0.

(Javob: x* +x?y* +y*=C)

410, (Bx*+6xy*)dx+(6x*y +4y?)dy =0.
(Javob: x*+3x’y* +y*=C))
4.11.

L+1+l dx + L+l—— dy=0
JXi+yr Xy x2+y2 Y Y’
(Javob: y/X* +y? +In|xy| L X C)

y

3
[3x2tgy—2y jdx{x sec’ y +4y° +3y de 0.
4.12 X

3

(Javob: X’tgy + y* +% =C)

312



2

2 2 2
(2X+ - 2+ y ]dx =X +2y dy.
4.13. X"ty Xy

(Javob: x* + X ¥_ C)
y X

i s
(sm2x+xjdx+[y_sm2 X)dy:O,
4.14, y y

2 2 a2

X*+y*  sin®x _
y

415 (3x* —2x" —y)dx+(2y — x+3y?)dy =0.

(Javob: X*+y?—x* —xy+y*=C)
xdx + ydy N xdx —ydy 0

416, VXY X
(Javob:%h/x2 +y? =C)

417 GX°y+y )dx+(x* +3xy*)dy=0.

(Javob:

C)

(Javob: xy(x* + y?) =C.)
418, YO +y?+a’)dy+x(x* —y* —a’)dx=0.
(Javob: (x* +y*)* +2a’(y* —x*)=C)

4.19. (sin y+ysin x+%]dx+(xcos y —C0S x+%]dy =0.
(Javob: tgxy —cosx—cosy =C.)

H 2
4.20. y+smxzcos yde+(
COS“ yX
(Javob:tgxy—cosx—cosyzc.)

491 (3x? —ycosxy +y)dx +(x—xcos xy)dy =0.

)2( —sin yjdy =0.
COs“ yx
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(Javob: x* —sinxy +xy = C.)
(12x3 —eX 1jdx +(16y +i2e”yjdy =0.

4.22. y y

(Javob: 3x* +8y? —e*’Y =C))

4.23.

[ y +2xysin x2y+4de+{

2%y

(Javob: |/xy —cosx?y +4x=C.)
424 Y37 In3dx+(x3¥In3-3)dy =0.
(Javob: 3” —3y=C.)
4.25.

(i +3x2y7de + [7x3y6 1 sin y}dy =0.

+x°sin xzdey =0

X
209

X=y X—Yy
(Javob: Injx—y|+x*y’ =C.)

(2—Z+ y COS xy}dx+(i2x+cos xyjdy =0.
426, \X X

(Javob: sin xy —lz =C.)
X

y xdy
—2X [dX+ ———==0
497 { [ Xzyz J /1_ Xzyz

(Javob: arcsin xy — x> =C.)
4.98. (5x*y* +28x°)dx + (4x°y* —3y?)dy = 0.

(Javob: XY* =y’ +4x" =C)
429 (2xe* " +2)dx + (2ye* ™ —3)dy = 0.

Javop:€ " +2x-3y=C)
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430, (By®cos3x+7)dx+(3y?sin3x—2y)dy = 0.
(Javob: y3sin3x—y? +7x+C.)

5. Agar y ning ixtiyoriy nuqtasidagi burchak koeffitsiyenti,
shu nugtaning k marta kattalashtirilgan ordinatasiga teng ekanligi
ma’lum bo‘lsa, A(Xo, Yo) nuqtadan o‘tuvchi egri chiziq
tenglamasini yozing.

5.1. A(0,2), k=3. (Javob: y=-2&*).

5.2. A(0,5), k=7. (Javob:y=5e™).

5.3. A(-1,3), k=2. (Javob: y=3e **?).

5.4. A(-2,4), k=6. (Javob: y=4e &*1?),

5.5. A(-2,1), k=5. (Javob: y=-e >*19),

5.6. A(3,-2), k=4. (Javob: y=-2e 1%,

Ixtiyoriy nugtasidagi urinmaning burchak koeffitsiyenti, shu
nuqtani koordinata boshi bilan tutashtiruvchi to‘g‘ri chizigning
burchak koeffitsiyentidan n marta katta ekanligi ma’lum bo‘lsa,
A(Xo, Yo) nuqtadan o‘tuvchi egri chiziq tenglamasini yozing.

5.7. A(2,5), n=8.(Javob:y =5x?/256

5.8. A(3,1), n=3/2.(Javob:y=—xV* /(3V3)

5.9. A(-6,4), n=9.(Javob:y=—x°/11664.

5.10. A(-8,-2), n=3.(Javob:y=—x/256.

Egri chizigning ixtiyoriy nuqtasiga o‘tkazilgan normalning
ordinata o‘qidan ajratgan kesmasiningning uzunligi shu nuqtadan
koordinata boshigacha bo‘lgan masofaga tengligima’lum bo‘lsa,
A(Xo,Yo) nuqtadan o‘tuvchi egri chiziq tenglamasini yozing.

5.11. A(0,4), (Javob: y=— x*/16+4).

5.12. A(0,-8), (Javob: y=x?/32-8.

5.13. A(0,1), (Javob: y=-x*/4+1.

5.14. A(0,-3), (Javob: y=x?/12-3.

A(Xo, Yo) nuqtadan o‘tuvchi va quyidagi xossaga ega bo‘lgan
to‘g‘ri chiziq tenglamasini tuzing: koordinata boshidan egri
chizigning urinmasiga o‘tkazilgan perpendikulyarning uzunligi,
urinish nuqtasining absissasiga teng.

5.15. A(2,3), (Javob: (x-13/4)*+u’*=169/16).

5.16. A(-4,1), (Javob: (x+17/8)*+u?=289/64).

5.17. A(1,2), (Javob: (x-2,5)*+u’*=6,25).
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5.18. A(-2,-2), (Javob: (x+2)*+u’=4).

5.19. A(4,-3), (Javob: (x-25/8)*+u’*=625/64).

5.20. A(5,0), (Javob: (x-2,5)*+u’=6,25.

A(Xo, Yo) nuqtadan o‘tuvchi va quyidagi xossaga ega bo‘lgan
egri chiziq tenglamasini tuzing.

Egri chizigning ixtiyoriy nugtasining urinmasining Ou o‘qdan
ajratgan kesmasi, urinish nugtasi absissasining kvadratiga teng.

5.21. A(4,1), (Javob: y=17x/4-x2.

5.22. A(-2,5), (Javob: y=-9x/2-x*.

5.23. A(3,-2), (Javob: y=7x/3-x°).

5.24. A(-2,-4), (Javob: y=4x-x?).

5.25. A(3,0), (Javob: y=3x-x?).

5.26. A(2,8), (Javob: y=6x-x?).

Egri chiziqqa urinmaning ordinata o‘qidan ajratgan kesmasi,
urinish nugqtasining koordinatalari yig‘indisining yarmiga teng
ekanligi ma’lum bo‘lsa, A(Xo, Yo) nuqtadan o‘tuvchi egri chiziq
tenglamasini yozing.

E\/}_ X)
5.27. A(9,4), (Javob: y= 3
5.28. A(4,10), (Javob: y=7 v/X —X)
5.29. A(18,-2), (Javob:y= 4/x — x)

5.30. A(1,-7), (Javob: y=-6\/§ —X)
Namunaviy variantlar yechimi
1. Differensial tenglamaning xususiy yechimini toping va
hosil gilingan funksiyaning x=-3 dagi giymatini verguldan keyin
ikki xonagacha aniglikda hisoblang:
y"'(x+2)°=1, y(-1)=1/12, y'(-1)=-1/4.
» Berilgan tenglamaning umumiy yechimini topamiz
(§11.5ga qarang, 1 xildagi tenglama):
1 ;_J‘ dx 1

"= ; =- +C
Y oxa2? Y T et axa2t

1 1
= [(-———+C,)dx=————+C'x+C?
y I( A(x +2)* ) 12(x +2)°
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Boshlang‘ich  shartlardan ~ foydalanib, C; va GC;
larninggiymatlarinianiglaymiz:
y(-l)= 1/12-C1+Cy,=1/12, C;- C,=0,
y'(-1)= -1/4+C;=-1/4, C,=0, C,=0.
Boshlang‘ich  shartlarni  ganoatlantiruvchi,  dastlabki
tenglamalarning xususiy yechimi quyidagi ko‘rinishda bo‘ladi:
y=1/(12(x+2)%)
y(x) funksiyaning x=-3 dagi giymatini hisoblaymiz.
y(-3)=; = _1 =-0,08 <
12(-3+2) 12
2. Tartibi pasaytirilish mumkin bo‘lgan differensial
tenglamaning umumiy yechimini toping.
y'(e*+1)+ y'=0.
» Berilgan tenglama Il xildagi tenglamadir. (§11.5. 2-misolga
garang). '
Shuning uchun y'=z(x) almashtirish bajaramiz. U holda y'=

dz

dx
E(ex+1)+ z=0, E(eX +1)=- 2,
dx dx
dz _ dx %_I dx
z —-e'+1 Z e +1.

va e+1=t o‘zgaruvchilarni almashtirish yo‘li bilan
quyidagini topamiz.
In/z/ =In (e*+1)-Ine*+In C
Oxirgi ifodani potensirlab, dastlabki tenglamaning umumiy
yechimini topamiz:

=C, € = cxe)rC, y=cfTldx=
eX
Cl(x_e_x)‘I'CZ 4 ,
3. y@)=1y '(1)=0, boshlang‘ich shartlarni

ganoatlantiruvchi, tartibi pasayuvchi, y® y'=1 differensial
tenglamaning yechimini toping.
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» Berilgan tenglama 111 tipga tegishlidir. (§11.5. 2-misolga
garang). Shuning uchun, y =p(y) almashtirish yordamida
tenglamaning tartibini pasaytiramiz. U holda,

dp
y" pdy
Bundan,
5, dp _ dy
dp = ——2
y pdy pap y3
d 2
fop=[ LA
y 2 2y

1
pZFJrZCl, p:i/%+2C1,

dy __\1+2C,y’ N

dx y ! J1+2Cy?

ydy , =1 1,2y -2 2
x=4[—2L__ +C2=—=[@+2Cty?) Y2d(1+Cy?),
j,/1+ 2C, Y 4Clj

(1: J1+Cy? +C,.

1
ya’ni, dastlabki tenglamaning umumiy yechimini hosil gildik.
Endi boshlang‘ich shartlardan foydalanib, C, va C, larning
giymatlarini aniglaymiz. x=1, y=1 va y =0 da quyidagiga ega

bo‘lamiz.
1= i% 1+ 2C, +C,,0=%,1+2C,

1
bundan, 1+2C,=0, C,=-1/2, C,=1.
Natijada, dastlabki yechim quyidagi ko‘rinishga ega bo‘ladi:

x=F1-y* +1
Geometrik nuqtai nazardan bu yechim (x-1)*+y°=1
aylananing o‘ng yoki chap tomonining yarmini tasvirlaydi. <«

X==
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4. Tenglamani integrallang.
(1 -y + 4)dX+(-l -3xy?)dy=0.
X y

Quyidagi belgilashlarni kiritamiz:
P(x.y)=1/x-y°+4, Q(x,e)=-1/y-3xy> (11.26) tenglamaga
garang.
U holda, aw_ -3y?, €Q_ -3y?
dy dx
(;—P ((ij bo‘lganligidan, berilgan tenglama to‘la differensial
y X

tenglamadir. Uning umumiy integrali (11.24) formuladan topiladi:
x 1 5 y, 1 2 B
J Gy o [ -90 y) dy=C,
Quyidagiga ega bo‘lamiz:

y dy y
3 2y —

L—— y dx + 4I — 7_3X°L0y dy =C,,

X 4 |x° X y2 y
In|x| | -y*|" +4x —In|y” -3x,2|" =C,,

XZ X yO
In |x|-In|xo|-xy3+x0y3+4x-4xo-|n|y|+In|y0|-x0y +Xo ys =C,,
In| |-xy>+4x=C,
bu yerda,

C=Cop+In |ﬁ‘+ AX, — X, Y.
Yo <

5. Agar koordinata o‘qlari bilan hamda egri chizigning
ixtiyority nuqtasiga o‘tkazilgan urinma va urinish nuqtasining
koordinatasi bilan chegaralangan trapetsiyaning yuzi o‘zgarmas
son bo‘lib, 3 ga teng ekanligi ma’lum bo‘lsa, (11.3-rasmga
qarang) A(2,2) nuqtadan o‘tuvchi egri chizigning tenglamasini
yozing.

» Quyidagiga ega bo‘lamiz:
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M| +|DO|
2
IMCl=y, [DOJ=

+|DB|+ BO = 4|DB| + [MC| = /D] + v

OC|=x, + DB|=-|BM|tgo=—BM|y’=xy’.
¥

oc]

Sbmco=

11.3-rasm

bu yerda, agar y’= tga< 0 bo‘lsa, (X<X;, 11.3-rasmga garang)
|DB| oldiga “+” belgisi qo‘yiladi, agar y'= tga> 0, bo‘lsa, (X>X;)
oldiga “-” belgisi qo‘yiladi.
Shuning uchun ikkala holda ham |DO|=-xy '+u. Shularni
e’tiborga olib, quyidagilarni topamiz:
1
R

Spmco=

%x2y1+xy:3,

- xy+2xu=6, y' 2 y = —%, x #0.
X X

Birinchi tartibli chizigli tenglamani hosil qildik. Buni
yechamiz:

u=ud, y' =u'gd+ud, u'19+ul9’—2u_'9 :_%,
X X
u'19+u(%—2—'9)=_£2 1)
dx X X
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d9_29_, dg_2dx

9 X 9 X

9 _, J.d—x In.9| = 2In‘x|,l9 = x?
9 X
Topilgan 9 = X? ifodani (1) tenglamaga qo‘yamiz: u'=-£4,
X
dx 2
M= [ =5 ¢

U holda y=u- 9 = (%+C)x2 _2 +Cx?
X X

Egri chizig A(2,2) nugtadan o‘tganligi uchun, 2=2/2+4C,
C=1/4. Izlanayotgan egri chiziq tenglamasi quyidagicha bo‘ladi.

2 X 216
u=—+7,0<xsxO =v16
X

Ushbu chiziq 11.3-rasmda tasvirlangan bo‘lib, x1=?{/Z da
minimumga ega bo‘ladi. «

11.3. Individual uy vazifalari
1. Differensial tenglamaning umumiy yechimini toping.
1.1. a) y"+4u=0; b) y"-10y'+25u-0; v) y"+3y' +2y=0.
1.2. @) y"-y-2y=0; b) y"+9y=0; v) y"+4y' +4y=0.
1.3.a) y"-4y'=0; b) y"-4y'+13y=0; v) y"-3y’ +3y=0.
1.4. a) y"-by'+6y=0; b) y"+3y'=0, v) y"+2y’ +5y=0.
1.5. a) y"-2y'+10y=0; b) y"+y’-2y=0; v) y"-2y=0.
1.6. a) y"-4y=0; b) y" y"+2y'+17y=0; v) y"-y' -12y=0.
1.7. @) y" +y-6y=0; b) y"+9y'=0; v) y"-4y'+20y=0.
1.8. a) y"-49y=0; b) y"-4y'+5y=0; v) y"+2y"-3y=0.
1.9. a) y"+7y’'=0; b) y"-5y'+4y=0; v) y"+16y=0.
1.10. a) y"-6y'+8y=0; b) y"+4y'+5y=0; V) y"+5y'=0.
1.11. a) y"-8y'+3y=0; b) y"-3y'=0; v) y"-2y'+10y=0.
1.12. a) y"+4y'+20y=0; b) y"-3y"-10y=0; v) y"-16y=0.
1.13. a) 9 y"+6y'+y=0; b) y"-4y'-21y=0; v) y"+y=0.
1.14. @) 2 y" +3y'+y=0; b) y"+4y'+8y=0; v) y" -6y'+9y=0.
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1.15. a) y"-10y'+21y=0; b) y"-2y'+2y=0; v) y"+4y'=0.

1.16. a) y"+6y'=0; b) y"+10y'+29y=0; v) y"-8y'+7y=0.

1.17. a) y"+25y=0; b) y"+6y'+9y=0; v) y"+2y'+2y=0.

1.18. a) y"-3y'=0; b) y"-7y’-8y=0; v) y"+4y'+13y=0.

1.19. a) y"-3y-4y=0; b) y"+6y'+13y=0; v) y"+2y'=0.

1.20. a) y"+25y'=0; b) y"-10y'+16y=0; v) y"-8y'+16y=0.

1.21. a) y"-3y-18y=0; b) y"-6y'=0;, v) y"+2y'+5y=0.

1.22. a) y"-6y'+13y=0; b) y"-2y’-15y=0; v) y"-8y'=0.

1.23. a) y"+2y'+y=0; b) y"+6y'+25y=0; v) y"-4y'=0.

1.24. a) y"+10y'=0; b) y"-6y'+8y=0; v) 4 y"+4y'+y=0.

1.25. a) y"+5y=0; b) 9 y"-6y'+y=0; v) y"+6y'+8y=0.

1.26. a) y"+6y'+10y=0; b) y"-4y'+4y=0; v) y"-5y'+4y=0.

1.27. a) y'-y=0; b) 4 y"+8y’-5y=0; v) y"-6y'+10y=0.

1.28. a) U+8y'+25y=0; b) y"+9y'=0; v) 9 y"+3y’"-2y=0.

1.29. a) 6 y"+7y-3y=0; b) y"+16y=0; v) 4 y"-4y'+y=0.

1.30. a) 9 y"-6y'+y=0; b) y"+12y'+37y=0; v) y"-2y'=0.

2.2.1. y"+y'= 2x-1. (Javob: y=C;+Cye *+x*3x)

2.2. y"-2y'+ 5y =10e™cosx. (Javob: y=e*(Cicos 2x + C,
sin2x)+e™cos2x).

2.3. y"-2y’ -8y =12sin2x-36c0s2x. (Javob: y=Ce®+Ce™
+3C052X).

2.4.y"-12y' +36y =14e™. (Javob: y=C, e™+C,e ™ +7x%%).

2.5.y"y' +2y =(34-12x)e™. (Javob: y=C,e*+Coe™ +(4-2x)e™).

2.6.y"-6y' +10y =51¢*. (Javob: y=e*(C,cos x+Csin x)+3e™).

2.7. y"+ty=2cos x-(4x+4)sin x.(Javob: y=Cjcosx + Csinx
+(x2+2x)cosx).

2.8. y"+6y’ +10y =74¢*. (Javob: y=e¥*+(Cycos x+C, sin
X)+2e>).

2.9. y"-3y'+2y =3cos x+19sin x.(Javob: y=Ce* +C,e™+6 cos
X + sin x).

2.10. y"+6y+9y = (48x+8)e* . (Javob: y=Cie®* +Cye -
¥+(3x-1)e").

211, y"+5y'=72e*. (Javob: y=C;+Cye *+3e?).

2.12. y"-5u'-6y =3cos x+19sin x. (Javob: y=C;e”
+C.e%+c0s x -2 sin x).
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2.13.  y"-8u'+12y =36x-96x*> + 16x-2. (Javob: y=Cie”
+C1e%+3x — x2).
2.14.  y"-8u'+25y =18 (Javob: y=e -*(C; cos 3x + Cysin

1
3X)+ = 5x
)56)

2.15.  y"-9u'+20y =126, (Javob: y=C, e*+ S, €>+3e)

2.16.  y"+36y =36+66x-36x°. (Javob: y=C;cos 6x+C,sin 6x
— X3+2x+1).

2.17.  y"+y =-4cos x+2 sinx-36x>.(Javob: y=C; cos x+C,sin
X + Xx(cos x -2sin x).).

2.18.  y"+2y"-24y =6cos 3x-33 sin 3x.(Javob: y=C;e®+C,
e™+sin 3x).

2.19.  y"+6y"+13y =-75 sin 2x.(Javob: y=e*(C; cos2x+C
sin2x)+4c0s2x- -3sin2x).

2.20.  y"+5y'=39c0s3x-105sin3x. (Javob: y=(C; +C, e +
4c0s3x+5sin3x).

2.21.  y"-4y+29y=104 sin5x.

(Javob: y=e*(C; cos5x+C,sin5x)+ 5c0s5x+sin5x).

2.22.  y"-dy"+5y=(24sinx+8cosx)e .

(Javob: y=e?(C, cosx+C,sinx)+ C,)+e 2(cos x+sin x).).

2.23.  y"+16y=8cos 4x. (Javob: u=C; cos 4x+Cysin 4x+x
sin 4x).

2.24.y"+9y=9x*+12x*27. (Javob: C;cos 3x+Cssin 3x+x*3).

2.25.  y"-12y+40y=2e%. (Javob: y=e®(C, cos 2x+C,sin

1 6x
2X)+26 ).

2.26.  y"+4y'=e* (24cos 2x+2sin 2x).(Javob: C1.C, e*+2¢*
sin2x).

2.27.  y"+2y+y=6e™).(Javob: y=Cy.e™ +C, xe*+2e™ +3x%
X
).

2.28.  y"+2y'+37y=37x"33x+74. (Javob: y=ex(Cicos
6X+C,Sin 6X)+x>-x+2).

2.29. 6 y"y'-y=3e*. (Javob: y=C, e¥*+C,e™3+e%).

2.30.  2y"+7y+3y=222sin3x. (Javob: y=(C,e* +C, €

X2+ 7c0s3x+5sin3x).
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3.3.1. y"- 8y’ + 17y = 10e*;(Javob: y=e™(C,cos+Cssin x)+21%*)
3.2. y"+y’-6y= (6x+1)e*;(Javob: y=C, e ¥+C, e*+( x-1)e**)
3.3.y" 7y’ + 12y = 3e*;(Javob: y= C; e* +C, e*+3xe™)
3.4. y" 2y'=6 + 12y = 24x%;(Javob: y= C; +C; e®+4x*+
3x2+3x.

3.5. y"- 6y’ + 34y = 18 cos 5x+60 sin 5x;

(Javob: y=e*(C,cos 5x+C,sin 5x)+2 cos 5x.)

3.6. y"- 2y'= (4x+4)e™;(Javob: y= C; +C, ¥+ (x*+x)e™.)

3.7. y"+ 2y'+y= 4x3 +24x*+22x-4;(Javob: y= Ce™+Cxe™+
4x*-2X.)

3.8. y"- 4y'= 8-16x;(Javob: y= C; +C, e™+ 2x*-x.)

3.9. y"-2y'+y= 4e*;(Javob: y= C; e*+C, e*+2x%".)

3.10. y"-8y’+ 20y = 16 sin 2x-CoS 2X;

(Javob: y=e™(C;cos 2x+Casin 2x)+sin 2x.)

3.11.  y"- 6y’ + 13y = 34e”¥sin 2x;

(Javob: y=e*(C,cos 2x+C,sin 2x)+2—>*cos 2x.)

3.12. "+ 2y-3y = (12x*+6x-4)e*;(Javob: y=C.e¥+C,
e+ (3-x)e’.)

3.13.y"+ 4y’ + 4y = 6e;(Javobi:y=C,e *+Coxe *+3x2*)

3.14. y"+ 3y’ =10-6x;(Javob: y=C,+C, e -x* 4x.)

3.15. "+ 10y'+25y =40+52x-240x*200x>;(Javob: y=C.e"
X4+C, e -8x3+4x.)

3.16. y"+ 4y'+20y =4cos 4x-52 sin 4x;

(Javob: y=e?(C,cos 4x+C, sin 4x)+3 cos 4x-sin 4x.)

3.17. y"+ 4y+5y =5x*32x+5;(Javob: y=e?(C,cosx+C,
Sinx)+x% 8x+7.)

3.18. y"+ 2y+y = (12x-10)e™;(Javob: y=C; e*+C, xe’
*+(2x35x%)e™)

3.19. y"4y = (-2x-10)e*;(Javob: y=Cicos 2x+C, sin
2x+(3x%+x)e.)

3.20.  y"+ 6y'+9y = 72¢%;(Javob: y=C, e ¥*+C, xe ¥+2e*)

3.21. y"™+ 16y = 80e*;(Javob: y=Cjcos 4x +C, sin
Ax+4e*)

3.22.  y"+ 4y’ = 15¢*;(Javob: y=C;+C,e*+3e*)

3.23. y"™ y-2y = 9cos x-7 sin x; (Javob: y=Ce™ +C,
e”"+3sin x-2c0s X.)
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3.24. y"+ 2y'+y = (18x+8)e;(Javob: y=C; e* +C, xe™+
(3x3+4x?) ™)

3.25.  y"-14y'+49y = 144 sin 7x;(Javob: y=Cie™* +C,xe™+
2 Cos 7x.)

3.26. y"+9y=10 e¥;(Javob: y=C; cos 3x+C,sin 3x +e**)

3.27. 4 y"4y'+y =-25 cos x;(Javob: y=C,e“? +C, e’ x+3
COoS X + 4 sin X.)

3.28. 3 y"-5y"-2y =6 cos 2x+38 sin x 2x;

(Javob: y=C,e™® +C,,e*? +cos 2x -2sin 2x.)

3.29.  y"+4y'+29y =26e™;(Javob: y=e* (C,cos 5x +Cssin
5x)+e™.)

3.30. 4y"+3y’-y =11 cos x-7 sin x;

(Javob: y=e (C,e¥* +C, e* +2 sin X — COsX.)

4. Boshlang‘ich shartlarni ganoatlantiruvchi differensial
tenglamaning xususiy yechimini toping.

4.1. y"-2y'+y=-12c0s 2x-9 sin 2X, y(0)=2, y'(0)=0.

(Javob: y=-2e*-4xe*+3sin 2x.)

4.2. y"-6y"+9y= 9x% 39x+65, y(0)=-1, y'(0)=1.

(Javob: y=-6e¥*+22xe>*+x? 3x+5.)

4.3.y"+2y"+2y= 2x*+8x+6, y(0)=1, y'(0)=4.

(Javob: y=e *(cos x+3sin x)+x?+2x.)

4.4.y"-6y'+25y= 9sindx-24 cos 4x, y(0)=2, y'(0)=-2.

(Javob: y=e ¥ (2cos 4x-3sin 4x)+sin 4x.)

4.5. y"-14y"+53y= 53x° 42X°+59x-14, 1(0)=0, y'(0)=7.

(Javob: y=3e sin 2x+x3+x.)

4.6. y"+6y= e *(cos 4x-8 sin 4x ), y(0)=0, y'(0)=5.

(Javob: y=sin 4x-cos 4x + e*cos 4x.)

4.7. y"-4y'+20y= 16x¢>, y(0)=1, y'(0)=2.

(Javob: y=e % (cos 4x-1/4 sin 4x) +xe*™.)

4.8.y"-12y"+36y= 32 cos 2x+24 sin 2x, y(0)=2, y'(0)=A4.

(Javob: y=e ® -2xe®*+cos 2x.)

4.9. y"+y=x>4x*+7x-10, y(0)=2, y'(0)=3.

(Javob: y=4cos x+2 sin x+x> 4x*+x-2.)

4.10. y"-y=(14-16x)e™ y(0)=0, y'(0)=-1.

(Javob: y=e*-e™+(4x> 3x)e™.)

4.11. y"+8y"+16y=16x>-16X+66, 1(0)=3, ¥'(0)=0.
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(Javob: y=-2e*-6xe *+x* 2x+5.)

4.12. y"+10y"+34y=-9¢" y(0)=0, y'(0)=6.

(Javob: y=e *(cos 3x +2sin 3x)-e™*.)

4.13. y"-6y'+25y= (32x-12)sin x-36x cos3X, y(0)=4, y'(0)=0.
(Javob: y=e ¥(4cos 4x -3 sin 4x)+2x sin 3x.)

4.14. y"+25y= €* (cosbx-10sin 5x), y(0)=3, y'(0)=-4.
(Javob: y=2cos 5x — sin 5x+€* cos 5x.)

4.15. y"+2y"+5y=-8e *sin 2x, y(0)=2, y'(0)=6.
(Javob: y=e™(2cos 2x +3 sin 2x)+2xe * cos 2x.)
4.16. y"-10y+25y=e > y(0)=1, y'(0)=0.

(Javob: y= 3e> -2xe™+ x%*))

4.17. y"+y-12y= (16x+22)e™, y(0)=3, y'(0)=>5.
(Javob: y= e¥ +e*+ (2x+1)e™)

4.18. y"-2y"+5y= 5x*+6x-12, y(0)=0, y'(0)=2.
(Javob: y= e* (2 cos 2x-sin 2x)+x*+2x-2.)

4.19. y"+8y'+16y= 16x>+24x*10x+8, y(0)=1, y'(0)=3.
(Javob: y=4xe ¥ +x?-x+1.)

4.20. y"-2y"+3y= 36¢C0s 6X, y(0)=0, y'(0)=6.
(Javob: y=e’sin 6x+3xe’sin 6x.)

4.21. y"-8y'= 16+48x% 128x* y(0)=-1, y'(0)=14.
(Javob: y=2e¥-3+4x*2x.)

4.22. y"+12y'+36=72x>18, y(0)=-1, y'(0)=0.
(Javob: y=cos 6x+8 sin 6x+2x% 2x.)

4.23. y"+3y'=(40x+58)e*, y(0)=0, y'(0)=2.
(Javob: y=4e3*-7+(4x+3)e*)

4.24. y"-9y'+18y=26 cosx-8 sinx, y(0)=0, y'(0)=2.
(Javob:y=2e%-3e*-sin x+cos X.)

4.25. y"+8y'=18x+60x*32x>,  y(0)=5, y'(0)=2.
(Javob: y=3+2e¥*-x*+3x%)

4.26. y"-3y'"+2y=-sin X-7 cos x, y(0)=2, y'(0)=7.
(Javob: y=e*+2e?-cos x+2 sin X.)

4.27. y"+2y'=6x"+2x+1, y(0)=2, y'(0)=2.

(Javob: y=3-eZ+x>-x%)

4.28. y"+16y=32¢",  y(0)=2, y'(0)=2.

(Javob: y=cos 4x+sin 4x+e**)

4.29. y"+5y+6y=52 sin 2x, y(0)=-2, y'(0)=-2.
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(Javob: y=2e#*+e*-5cos 2x-+sin 2x.)

4.30. y"-4y=8e* y(0)=1, y'(0)=-8.

(Javob: y=3e#+2e”+2xe™.)

5. f (x) funksiyaning ko‘rinishi bo‘yicha chizigli bir jinsli
bo‘lmagan differensial tenglamaning y* xususiy yechimning
tuzilishini aniglang va yozing.

5.1. 2y"- 7y’ + 3y= f(x); a) f(x)=(2x+1)e*; b) f(x)=cos3x.

5.2. 3y"- Ty' + 2y= f(x); a) f(x)=3xe®; b) f(x)=sin 2x —
3C0S2X.

5.3. 2y"+y"y= f(x); a) f(x)=(x* 5)e™; b) f(x)=x sin x.

5.4.2y"- 9y'+ 4y= f(x); a) f(x)=- 2e™; b) f(x)=€" cos 4x.

5.5. 2y"+49y= f(x); &) f(xX)= x*+4x; b) f(x)= 3sin 7x.

5.6. 3y"+10y"+3y= f(x); a) f(x)=e™*; b) f(x)= 2 cos 3x-sin 3x.

5.7.y"-3y'+2y= f{x), a) f(x)=x+2¢e*; b) f(x)= 3cos 4x.

5.8. y"-4y'+4y= f(x); a) f(x)=sin2x+2e*;b) f(x)= x*4.

5.9. y"-y"+y= f{x); a) f(x)=e* cosx; b) f(x)= 7x+2.

5.10. y"-3y= f(x); &) f(x)=2x%5x; b) f(x)= e™sin 2x.

5.11. y"+3y-4y= f(x); a) f(x)=3xe™; b) f(x)= xsinx.

5.12. y"+36y= f{x); a) f(x)=4xe™; b) f(x)= 2 sin 6x.

5.13. y"-6y"+9y= f{x); a) f(x)=(x-2)e*; b) f(x)= 4 cosx.

5.14. 4y"-5y"+y= f(x), a) f(x)=(4x+2)e*; b) f(x)= e”sin 3x.

5.15. 4y"+7y'-2y= f(x); a) f(x)=3e **; b) f(x)= (x-1) cos 2x.

5.16. y"-y"-6y= f(x); a) f(x)=2xe*; b) f(x)= 9cosx-sinx.

5.17. y"-16y= f(x); a) f(x)=-3e™; b) f(x)= cosx-4sinx.

5.18. y"-4y= f(x); a) f(x)=(x-2)e™; b) f(x)= 3cos 4x.

5.19. y"-2y"+2y= f{x); a) f(x)=(2x-3)e™; b) f(x)= *sin x.

5.20. 5y"-6y"+y= f{x); a) f(x)=x%€; b) f(x)= cos X -sin Xx.

5.21. Sy"+9y-2y= f(x); a) f(x)=x>2%; b) f(x)= 2sin 2x-
3C0S2X.

5.22. y"-2y"-15y= f(x); a) f(x)=4xe®; b) f(x)= x sin 5x.

5.23. y"-3y= f(x); a) f(x)=2x*>4x; b) f(x)= 2e>* cosx.

5.24. y"-7y"+12y= f(x); a) f(x)=xe>*+2e*;b) f(x)= 3xsin2x.

5.25. y"+9y= f{x); a) f(x)=x> +4x-3; b) f(x)= xeZsinx.

5.26. y"-4y'+5y= f(x), a) f(x)=-2xe*; b) f(x)= xcos2x — sin2x.

5.27. y"+3y"+2y= fix); a) f(X)=(3x-7)e™; b) f(X)= cos x — 3sinx.

5.28. y"-8y"+16y= f(x); a) f(x)=2xe™; b) f(x)= cos 4x + 2sin 4x.
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5.29. y"+y"-2y= f(x); a) f(x)=(2x-1)e™; b) f(x)= 3xcos 2x.
5.30. y"+3y"-4y= f(x); a) f(x)=6xe™; b) f(x)= x’sin 2x.

Namunaviy variant yechimi.

Differensial tenglamalarning umumiy yechimlarini toping.

1. a) 4y"-11y'+6y=0; b) 4y"-4y+y=0; v) y"-2y"+37y=0,

Berilgan har bir tenglama uchun xarakteristik tenglama
tuzamiz va uni yechamiz. Xarakteristik tenglamaning olingan
ildizlarining ko‘rinishiga qarab, differensial tenglamaning
umumiy yechimini yozamiz (11.48 formulaga va § 11.6 dagi 5-
misolga garang).

a) 41711 4+6=0, A =3/4, 4, =2 ildizlar har xil va
haqiqiydir, shuning uchun tenglamaning umumiy yechimi
quyidagicha bo‘ladi y=C ,e¥"*+C,e**;

b) 41%241+1=0, A =A, =1/2-ildizlar bir-biriga teng va
haqigiydir, bundan kelib chigadiki, tenglamaning umumiy
yechimi quyidagicha bo‘ladi.

y=C,e?+C,xe*?

V) %2 4+37=0, A,=1,=1%6i - ildizlar qo‘shma

kompleksdir, shuning uchun tenglamaning umumiy yechimi
quyidagicha bo‘ladi.

y = €*(C1c0s6x+C,Sin6Xx).

2.y"- 3y’-4y=6xe™;

» 123 1-4=0 xarakteristik tenglamasi A ;= 4,4=-1
ildizlarga ega. Bundan kelib chigadiki, bir jinsli tenglamaning
umumiy yechimi quyidagi formula bilan aniglanadi.

y =Ce®+Cpe™;

Tenglamaning o‘ng tomonida joylashgan f(x)=6xe™ funksiya
bo‘yicha xususiy yechim tuzilishini yozib olamiz ((11.50)
formulaga garang).

y =(Ax+B)e™-x

Bu yerda, z=a+ib=-1 xarakteristik tenglamaning ildizi
bo‘lganligidan (Ax+ Bx)e ™ ifodani X ga ko‘paytirdik. A va V
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koeffitsiyentlarni noma’lum  koeffitsiyentlar — usuli  bilan
aniglaymiz. Buning uchun quyidagilarni tuzamiz.

y* = (2Ax+ B)e ™ — (Ax® + Bx)e ™

y*'=2Ae ™ + (AX® + Bx)e ¥ —2(2Ax + B)e*;

y*", y*" lar uchun topilgan ifodalarni berilgan tenglamaga
qo‘yib, uning ikkala tomonini e*ga bo‘lib, X%, x va x°lar oldidagi
koeffitsiyentlarini tenglashtiramiz va A va V larni topish uchun
sistema hosil gilamiz. Shunday qilib, yuqgorida bayon
gilinganlarga mos ravishda quyidagilarga ega bo‘lamiz:

2A+AX*+Bx-4Ax-2B-6AX-3B+3Ax*+3Bx-4Ax* 4Bx=6x,

x2| A+3A-44A =0
x |B—4A—6A—3B—4B =6
x°l 24-2B-3B =0
3 6

Bu yerda A=, B=——.
5 25

U holday'= —(sz + %x) e ™

Berilgan, bir jinsli bo‘lmagan tenglamaning umumiy yechimi
quyidagi formuladan aniglanadi.

~ * = 3 6 —

y=y+y :Cle4x+ Ce™*— (EXZ + EX) e *. 4

3. y"ty'=5x+cos2x.

» Tenglamaning A*> + A =0 xarakteristik tenglamasining
ildizlarini topamiz. 4 =0, A, =-1. Bundan kelib chigadiki, bir
jinsli tenglamaga mos keluvchi umumiy yechim quyidagi
ko‘rinishga ega bo‘ladi.

37=C1+C2e'x.

Tenglamaning o‘ng tomonidan turgan f(X)=5x+cos2x
funksiya, fi(x)=5x va fy(x)=cos2x funksiyalarning yig‘indisidan
iborat. Ularga quyidagi 2ta xususiy yechim mos keladi:

y =AX*+B, y, =A;C0s 2x+Bsin 2x,

ya’ni,y'=vy. +y, Quyidagilarni topamiz.

Y '=2Ax+B-2A;5iN2x+2Bcos  2x, Y =2A-4A;cos 2x-4B,
sin2x.

y*"va y*" lar uchun olingan ifodalarni dastlabki tenglamaga
qo‘yamiz va A, B, A;,B; koeffitsiyentlarni hisoblaymiz.
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2A-4A,c0s2x-4B1Sin2x+2Ax+B-
2A15IN2x+2B1C052X=5X+C€0S2X,

x 2A=5 }

x°124+ B =0,
c052x| —4A, + 2B, = 1} 10B; = 1,}
sin2x! —24; —4B; = 0)’A; = —2B;

bundan A=5/2, B=-5, A;=-1/5, B;=1/10.
Shunday qilib, dastlabki tenglamaning xususiy yechimi
quyidagi ko‘rinishga ega bo‘ladi:

y*:E x2‘5x-lcos 2x+isin 2X
uning umumiy yechimi esa quyidagicha bo‘ladi

5 1 1 .
=y+y*=C;+C,e”"+ = x> 5x- =C0S2X + —5Sin 2X .«
YT 5 10

4. Berilgan boshlang‘ich shartlarni ganoatlantiruvchi,
differensial tenglamaning xususiy yechimini toping.

y"+16y=(34x+13)e", y(0)=-1, y'(0)=5.

A* +16=0 xarakteristik tenglama A 1, *4i mavhum
yechimlarga ega. Bir jinsli tenglamaga mos keluvchi umumiy
yechimi quyidagi formula bilan aniglanadi.

$=C; cos 4x+C, sin 4x,

Uning xususiy yechimi esa quyidagi ko‘rinishda bo‘ladi.

y*=(Ax+B)e™.

Quyidagilarni tuzamiz:

y*" =Ae”-(Ax+B)e”, y*"=-2Ae*+(Ax+B)e™.

y*' va y*” larning ifodalarini dastlabki tenglamaga qo‘yamiz.

— 2A+Ax+B+16Ax+16B=34x+13, hosil gilingan ayniyatdan
A=2, B=1 larni tuzamiz. U holda

y*=(2x+1)e™

bo‘ladi va dastlabki tenglamaning umumiy yechimi quyidagi

ko‘rinishda bo‘ladi
y=C;€0s 4x+C,sin 4x+(2x+1)e™.

y(0)=-1, y'(0)=5 boshlang‘ich shartlardan foydalanib, C; va
C, larning giymatlarini hisoblash uchun quyidagi sistemani
tuzamiz.

y(O):-l:C1+l
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V'(0)=5=4C+2-1

bundan C,=-2, C,=1. C;va C; larning giymatlarini umumiy
yechimga qo‘yib, dastlabki tenglamaning xususiy yechimini
topamiz.

y=sin 4x-2c0s 4x+(2x+1)e*. <«

5. f(x) funksiya ko‘rinishi bo‘yicha y"-9y=f(x) chizigli bir
jinsli bo‘lmagan differensial tenglamaning y* xususiy yechimini
aniglang va ko‘rinishini yozing

a) f(x)=(5-x)e>; b) f(x)=xsin 2x.

» 12-9=0, tenglamaning yechimlari A;= -3, 1,=3 lardir.

a) f(x)=(5-x)e® bo‘lganligidan, uning Xususiy yechimi
quyidagi ko‘rinishida bo‘ladi.

y*=(Ax+B)e¥x=(Ax*+Bx)e>*,

Bu yerda, z=a+ib=3 va k=1 bo‘lganligidan x ko‘paytuvchi
hosil bo‘ladi.

b) f(x)=xsin  2x bo‘lganligi uchun xususiy yechim
quyidagicha bo‘ladi:

y*=(A;x+B)cos 2x +(A,x+B5)sin 2x. 4

11.4 -1UT

1. Chizigli bir jinsli differensial tenglamaning xususiy

yechimini toping.

1.1. y 7y "+6y'=0, y(0)=0, y'(0)=0, y"(0)=30.(Javob: y=5-
6e*+e®)

1.2.y"-9y "=0, y(0)=1, y'(0)=-1, y"(0)=0, y (0)=0, y"(0)=0.

(Javob:y=1-x.)

1.3,y 72p"=0, y(0)=0, y'(0)=0, y"(0)=-1.(Javob: y=1+x-€)

1.4.y7-4y'=0, y(0)=0, y'(0)=2, y"(0)=4.(Javob: y=e **-1.)

1.5. y"y'=0, y(0)=0, y'(0)=1, y"(0)=1.(Javob: y=1-c0oS X-
sin x.)

1.6. y™y'=0, y(0)=0, y'(0)=2, y"(0)=4.(Javob: y=-4+€
*+3¢)

1.7y +2y " 2yy=0, y(0)=0, y'(0)=2, y"(0)=0, y "(0)=8.

(Javob: y=2e™-4xe *-4x%e™-2e*)

1.8y 74y"-5y"+3y=0, 9(0)=0, y'(0)=1, y"(0)=-14.

(Javob: y=e*-3xe*-e*)
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19,y "4y"=0, y(0)=0, y'(0)=1, y"(0)=-1.
(Javob: y=1-e™)
110 y”-5y"+8y"4y=0, y(0)=1, y'(0)=-1, y"(0)=0.
(Javob: y:EeX s Leo Sy
2 2 8
111,y 3y"+2y'=0, y(0)=0, y'(0)=0, y"(0)=2.
(Javob: y=1-2e™+ e*)
1.12.  y”™3y"+3y+y=0, y(0)=-1, y'(0)=0, y"(0)=1.
(Javob: y=-e*(1+x).)
1.13.  y”2y"+9y"-18y=0, y(0)=-2,5, y'(0)=0, y"(0)=0.
(Javob: y:—E 2X —Ecos 2x+Esin 2X).
26 13 13
114, y"™9y'=0, y(0)=0, y'(0)=9, y"(0)=-18.
(Javob: y=-2+2 cos 3x +3 sin 3x.)
115,y 13y"+12y'=0, y(0)=0, y'(0)=1, y"(0)=133.
(Javob: y=10-11¢*+e'*.)
1.16.  yY-5y"+4y=0, y(0)=-2, y'(0)=1, y"(0)=2, y "(0)=0.
(Javob: y=—g”* Ze‘X +le2X +§e‘2X )
3 12 4
1.17.  yV-10y"+9y=0, y(0)=0, y'(0)=0, y"(0)=8, y "(0)=24.
(Javob: y=-2e*+e*+e*))
1.18.  y”y"+y"y=0, y(0)=0, y'(0)=1, y"(0)=0.
(Javob: y=sin x.)
1.19.  y”3y"+3y"-y=0, y(0)=0, y'(0)=0, y"(0)=4.
(Javob: y=2x%*)
1.20. y”y"+4y"-4y=0, y(0)=-1, y'(0)=0, y"(0)=-6.
(Javob: y=-2e*+cos 2x+sin 2x.)
1.21. yN-2y+y"=0, y(0)=0, y'(0)=0, y"(0)=1, y "(0)=2.
(Javob: y=1-e*+xe"))
1.22.  yVy=0, y(0)=0, y'(0)=0, y"(0)=0, y "(0)=-4.
(Javob: y=e *+2 sin x.)
1.23.  yM-16y=0, y(0)=0, y'(0)=0, y"(0)=0, y "(0)=-8.

(Javob: y= 1e2X - 1e2X + 1sin 2X.)
4 4 2
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1.24. y’”+y" 4y'-4=0, y(0)=0, y'(0)=0, y"(0)=12.

(Javob: y=e *+3e*-4e™)

1.25.  y"y"+9y'+18y=0, y(0)=1, y'(0)=-3, y"(0)=-9.

(Javob: y=cos 3x-sin 3x.)

126, y-yV+9 y" =0, y0)= y'(0)= y"(0)= y0)=0,
yV(0)=27.

(Javob: y=1+2x+ g X% —e ¥ +xe®)

1.27.  y"42y"+y'+18y=0, y(0)=0, y'(0)=2, y"(0)=-3.
(Javob: y=1- e'x+xe'x.)

1.28. y™y"-y+y=0, y(0)=-1, y'(0)=0, y"(0)=1.

(Javob: y=- 4e “+7xe*+3e™)

1.29.  yV45y"+4y=0, y(0)=1, y'(0)=4, y"(0)=-1, y "(0)=-16.
(Javob: y=2 sin 2x + cos X.)

1.30.yV+10y"+9y=0, y(0)=1, y'(0)=3, y"(0)=-9, y"(0)=-21.
(Javob: y= cos 3x+sin 3x.)

2. Differensial tenglamalar sistemasini ikki usulda yeching:
a) yuqori differensial tenglamaga keltirish yo‘li bilan;

b) xarakteristik tenglama yordamida.

X'=2Xx et O
{ I (Javob: ™~ ¢ Ty
y =3X+ 4y y= 3Cle5t _ Cze[

{X . (Javob: ™ e +2C¢!
y'=—4X+Y. y=-2Ce> +2C,e™
X'=—x+8y, x=Get +2C,e™
{ ............ (Javob: 1 4 1. )
y'=X+Y. y=7Ge" =, Ge
x =Ce™ +Cye'
X'=-2x-3y, - 2
{ e (Javob: 1 . )
y = y:§cle—t_czet
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{x' =X-Y, (Javob: x =C, +C,e™
R S
{x' =-2X+Y, (Javob x=Ce' +Cye’t
26. y'=-3x+2y. - y=3Ce' —C,e™
{x':6x—y, (Javob x = Ce® +C,e™
B T 1y=3ce e
{x':2x+ Y, (Javob: C, +Cye™
2.8. y'=—6x-3y. . y=-2C,-3Cpe"
{x' =Y, (Javob _{X =Ce' +Cy e
29 y':X yzclet —3C2€ t
2.10.
_ t 2t
X'=—X—2y, (Javob x=Ce +Cje )
J'=3xedy, T Ny oo —2cen
1 2
X'=-2X, x=C,+Ce™
e (Javob .
211, WY y=-Ce'+C,
2.12.
X'=4x+2y, | x=Ce* +Cye™
Ay By (Javob: _ o o
y'=4x+6y y=-Ce® +2C,e
2.13.
_ 2t 7t
X'=8X—3y, e x=Ce" +C,e
y'=2x+y. B0 e + L
1 2
{x' =3X+Y, (Javob x =Ce™ +C,e™
. Jim x4 3y, Y= G+ e
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2.15.

X'=2x+3y,

T (Javob 5 .,
y'=5x+4y. y=-Cet+2 "
2.16.

X|:X+2y X=Cl€t +C2€7t
' e, (Javob 1 )
y'=3Xx+6Yy y_—EclJrBCze7t
X'=5x+4y, =Ce' +C,e”
{ . S (Javob:{X © : 2 N
217, Y TAXTOY y=-Ge +Ge
2.18.
{X' =X+ 2y, (JaVOb |x= Clet + C2e3t
y'=4x+3y ............ - y=_Clet+2CZe3t
2.19.
X'=x+4y x=Ce ' +Ce™
{ . [T (Javob ,
y =X+y y=—=Ce ' +=C,e”
2.20.

X'=Xx+4y,
y'=2x+3y
2.22.

X'=T7x+3y,
y'=X+5Y.

{

x=Ce*" +Ce”
............ (Javob )

y= —% Ce* -2C,e"

x=Ce ' +C,e™
............ (Javob )

y= —% Ce ' +C,e™

x =Ce™ +C,e™
............ (Javob )

y=-Ce" + % C,e™
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{x':4x—y,
593, y'=—X+4y.

2.24.
X'=2x+8y,
y'=x+4y.
2.25.
X'=5+8y,
y'=3x+3y.
2.26.
X'=3X+Y,
yoBxty.
2.27.
X'=X-9Y,
y'=—x-3y."
2.28.
X'=-5X+2y,
y'=X-6Y.
2.29.
X"'=6x+3y,
y'=-8x—-5y
2.30.
X'=4x-8y,
y'=-8x+4y

x =Ce ' +Ce™

........ (Javob:
y=-4Ce " +2C,e™
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3. Differensial  tenglamani ixtiyoriy ~ o‘zgarmasni
variatsiyalash usuli bilan yeching.

X

e
31. Pry= e +1

X X

e’ 1 1 e
Javob:y=(——+=In(e* +1)+e)—e*+(=In——+¢e,)e".
( y=( >3 ( )+¢€) (2 o1 ,)e’.)

1
3.2. Y +4y= COS2X
(Javob:y = (—%In\cos 2x|+C,)cos 2x+(%x+C2)sin 2X.)
e2x
3.3. y"-4y+5y’ =
COS X
(Javob: y =(In|cos x| +C,)e cos X+ (x+C,)e? sin 2x.)
sin”
3.4. yr+y! - cos® X
(Javob:y= iCl +(In ‘cos x| +C,)cos x+(x—tgx+C,)sin x.)
cos
1
3.5. y"+9y = cos3X
(Javob:y = (—%X+Cl)0033x+(%ln‘sin 3x|+Cz)sin 3X.)
« 1
xe* +—.
3.6. y"+2y"ty = xe
(Javob:y=Ce ™ +C,xe™” +%eX —%ex —xe *+xe Inx.)
3.7. y"+2y'+2y = € .
COS X

(Javob:y=(In ‘cos x| +Ce "cosx+(x+C,)e"sinx.)
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X

e
38 e . sin”x’

(Javob: y = (In(ctg g) +C,)e* cosx + (ﬁ+c2)eX sin x.)
3.9. y"+2y"+2y =e *ctgx.
(Javob:y =Ce™cosx+C,e™sinx+e™*sinx-Inftg(x/2)|)
3.10. y"-2y'+2y =e*/sinx.
(Javob:y =(-x+C)e*cosx+(In \sin x|+C,)e*sinx.)
311, y"2y+y =X
(Javob:y=(-Inx+C)e* +(-1/x+C,)xe".
3.12. y"ty=tgx:
(Javob: y =C, cosx+C,sinx—cosx-In[tg(x/ 2+ 7/ 4)).
3.13.  y"+4y =ctg 2x"
Javob : y = C, cos 2x +C, sin 2x +%sin 2x-In]tgx|.).
3.14. y"+y=ctgx
Javob: y =C, cosx+C, sin x+sin x-In|tgx(x/ 2)|.).
3.15.  y"-2y+y =¢€"Ix.
Javob:y =(—x+C)e* +(Inx+C,)xe").
3.16. y"+2y"+y = e’Ix
Javob:y=(—x+C)e " +(Inx+C,)xe™).
3.17.  y"+y'=1/cos X.
Javob: y = (In|cos X +C,) cos X+ (x+C,)sin x).
3.18. y"+y =l/sinx.
Javob: y = (—x+C,) cos X+ (In[sin x| +C,)sin x).
3.19. y"+4y =1/sin 2x.
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Javob:y = (—§+ C,)C0S2X + (% In|sin 2|+ C,)sin 2x).
3.20. y"+4y =tg 2x.

Javob:y=C, cos2x+C,sin ZX—%In COS 2X).

T
tg(x+ 4)
3.21.  y"+4y+dy = eI,

Javob:y =C, +C,x+1/(2x))x ).
3.22.  y"4y+dy = e,

Javob: y =Ce”™* +C,xe* +e”*/ 2x).
3.23.  y"+2p+y =3e*Vx+1

Javob:y = (- gJ(x F17 42 (x+D)° +C e + (24 (x+D° +C,)xe™).

3.24.  y"+y = -ctg?x.

Javob:y =C, cosx+C,sinx+cosx-Injtg(x/ 2)|+2.)
3.25. "y’ =e*cos(e”).

Javob:y=C, +C,e* —cos(e*).)

3.26. y"y'=e* -sin(e”).

Javob:y=C, +C,e* —sin(e).)

3.27. y"+y =tg®x.

Javob:y=C,cosx+C,sinx+sinx-In

X
tg(=+—-)|—2.
9(2 4)‘ )
3.28.  y"+y =2/sin’.
Javob:y:Clcosx+Czsinx+2cosx-|n‘ctg(x/2)|—2).

X

e
3.29. y"+2y+5y = SiN2x’

Javob:y= (—§+C1)eX COS2X + (% In ‘sin 2x/+C,)e*sin2x.)
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1
3.30. y"+9y = cos3x "

Javob:y = (% In|cos 3x| +C,) cos 3x + (g +C,)sin3x.)

4. Quyidagi masalalarni yeching:

4.1. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini
yozing: Egri chiziqqa urinma, urinish nuqtasidan abssissa o‘qiga
tushirilgan perpendikulyar va abssissa o°‘qi bilan chegaralangan
uchburchakning yuzi o‘zgarmas kattalik bo‘lib b? ga teng.

(Javob:y=2b%/(C i"‘{))

4.2. Egri chiziqga ixtiyoriy urinmaning abssissa o‘qi bilan
kesishish nugtasi, urinish nuqtasi va koordinata boshidan bir xil
uzoqlikda ekanligi ma’lum bo‘lsa, egri chiziq tenglamasini
yozing.

(Javob:y=C(x*+y?)).

4.3. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini
yozing: koordinata o‘qlari, egri chizigga urinma va urinish
nuqtasidan abssissa o‘qiga tushirilgan perpendikulyar bilan
chegaralangan trapetsiyaning yuzi o‘zgarmas kattalik bo‘lib, 3a?
ga teng.

(Javob:y=Cx*+2a%x")

4.4. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini
yozing: urinma, abssissa o‘qi va koordinata boshidan urinish
nuqtasigacha bo‘lgan kesma bilan chegaralangan uchburchakning
yuzi a? ga teng bo‘lgan o‘zgarmas kattalikdir. (Javob:x=a%y+Cy).

4.5. Ixtiyoriy urinmadan koordinata boshigacha bo‘lgan
masofa, urinish nuqtasining abssissasiga tengligi ma’lum bo‘lsa,
egri chiziq tenglamasini yozing. (Javob:Cx=x’+y?.)

4.6. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini
yozing:

ixtiyoriy urinmaning abssissa o‘qi bilan kesishish nuqtasi,
urinish nuqgtasining abssissasidan ikki marta kichik bo‘lgan
abssissasiga ega.

(Javob:y=Cx?).
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4.7. Urinma, urinish nuqtasidan abssissa o‘qiga tushirilgan
perpendikulyar va  abssissa 0°qi  bilan chegaralangan
uchburchakning katetlari yig‘indisi o‘zgarmas kattalik bo‘lib, agar
teng bo‘lgan x0ssaga ega egri chiziq tenglamasini yozing: (Javob:
+x=C+alny—-y(0<y<a).).

4.8. Ixtiyorly urinmasining abssissa o‘qi bilan kesishish
nugtasi, urinish nugtasi abssissasining 2/3 gismiga teng abssissaga
ega bo‘lgan egri chiziq tenglamasini yozing. (Javob:y=Cx?)

4.9. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini
yozing:

Egri chizigning ixtiryoriy nuqtasidan o‘tkazilgan urinma va
normalning abssissa o‘qidan ajratgan kesmaning uzunligi 2 1 ga
teng.

(Javob:x=C+l-In(l£ \/ez —y*)+ \/(82 -v%))

4.10. A(2,4) nugtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chiziq tenglamasini yozing: Egri chizigning ixtiyoriy
nugtasiga o‘tkazilgan urinmaning abssissa o‘qidan ajratgan
kesmasining uzunligi, urinish nuqtasi abssissaning kubiga teng.

(Javoby=2v3 x/~/x* 1)

4.11. A(1,5) nuqtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chiziq tenglamasini tuzing: ixtiyoriy urinmaning
ordinata o‘qidan ajratgan kesmasining uzunligi, urinish nuqtasi
abssissasining uchlangani ga teng.

(Javob:y=3xInx+5x.)

4.12. A(1,2) nugtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chiziq tenglamasini tuzing: ixtiyoriy nugtasining
ordinatasining shu nugta abssissasiga nisbati, izlanayotgan egri
chiziqga shu nuqtada o‘tkazilgan urinmaning burchak
koeffitsiyentiga proporsional. Proporsionallik koeffitsiyenti 3 ga
teng.(Javob:y*=8x.)

4.13. Ixtiyoriy nuqtasidagi urinmaning burchak
koeffitsiyenti, urinish  nugtasi  ordinatasining  kvadratiga
proporsional ekanligi ma’lum bo‘lsa, A(2,-1) nuqtadan o‘tuvchi
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egri chiziq tenglamasini tuzing. Proporsionallik koeffitsiyenti 6 ga
teng. (Javob:y =e®12)

4.14. Ixtiyoriy nuqtasidagi urinmaning burchak
koeffitsiyentining urinish nuqtasi koordinatalarining yig‘indisiga
ko‘paytmasi, shu nuqta ordinatasining ikkilanganiga teng ekanligi
ma’lum bo‘lsa, A (1,2) nuqtadan o‘tuvchi egri chiziq tenglamasini
yozing. (Javob:y=2(y-x)2.)

4.15.  Ixtiyoriy nuqtasiga urinmaning burchak
koeffitsiyenti, shu nuqta ordinatasining uchlanganiga teng
ekanligi ma’lum bo‘lsa, A(0,-2) nuqtadan o‘tuvchi egri chiziq
tenglamasini yozing. (Javob:y=-2¢*.)

4.16. Quyidagi xossaga ega bo‘lgan egri chiziq
tenglamasini yozing:

Urinmaga koordinata boshidan tushirilgan
perpendikulyarning uzunligi urinish nugtasi absissasiga teng.
(Javob:y>=Cx—x%)

4.17. Biror nuqgtasiga urinmaning burchak koeffitsiyenti,
shu nugtani koordinata boshi bilan tutashtiruvchi to‘g‘ri
chizigning burchak koeffitsiyentidan n marta katta bo‘lgan
xo0ssaga ega egri chizig tenglamasini yozing. (Javob:y=Cx")

4.18. Quyidagi xossaga ega bo‘lgan egri chiziq
tenglamasini tuzing:

Egri chizigga urinmaning koordinata o‘glari bilan
chegaralangan kesmasi, urinish nuqtasida teng ikkiga bo‘linadi.
(Javob:xy=C)

419. Egri chizigning biror nuqtasiga o‘tkazilgan
normalning ordinata o‘qidan ajratgan kesmasining uzunligi, shu
nuqtadan koordinata boshigacha bo‘lgan masofaga teng degan
X0ssaga ega egri chiziq tenglamasini tuzing.

1 1
Javob:y==(Cx?* -=).
( y 2( C))

4.20. Egri chizigning biror nugtasining abssissasining shu
nuqtaga o‘tkazilgan normalning OU o‘qidan ajratgan kesmasi
uzunligiga ko‘paytmasi shu nuqtadan koordinata boshigacha
bo‘lgan masofa kvadratining ikkilanganiga teng bo‘ladigan egri
chiziq tenglamasi tuzilsin.
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(Javob:x*+y?=Cx*.)

4.21. Ou o‘qi, urinish nuqtasining radius vektori va
urinmasidan tashkil topgan teng yonli uchburchak uchun egri
chiziq tenglamasini tuzing.

(Javob:x?+y?=Cy, y*=C?-2Cx, x-y=C)

4.22. A(2,0) nugtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chizig tenglamasini tuzing: Urinish nugtasi va Ou
o‘qi orasidagi urinmaning kesmasi, o‘zgarmas kattalik bo‘lib, 2 ga

2—\/4—x2)
2 ++/X—X?

4.23. Barcha urinmalari koordinata boshidan o‘tuvchi egri
chiziq tenglamasini yozing. (Javob:y=Cx.)

4.24. Har bir urinmasi, urinish nuqtasi abssissasining
ikkilanganiga teng abssissali nugtada u=1 to‘g‘ri chizigni kesib
o‘tuvchi egri chiziq tenglamasini yozing. (Javob:y=C/x+1.)

4.25. Quyidagi xossaga ega bo‘lgan egri chiziq
tenglamasini tuzing: Agar ixtiyoriy nuqtasidan koordinata o‘qlari
bilan kesishguncha, ularga parallel to‘g‘ri chiziglar o‘tkazilsa, u
holda hosil bo‘lgan to‘g‘ri to‘rtburchak yuzi egri chiziq bilan ikki
gismga ajraladi va ulardan birining yuzasi ikkinchisining
yuzasidan ikki marta katta bo‘ladi.(Javob:y=Cx2.)

4.26. Agar egri chizigqa urinmaning Ou o‘qidan ajralgan
kesmasi uzunligi bo‘yicha urinish nuqtasi koordinatalari

teng. (Javob: + y = V4 — x> +In(

yig‘indisining — ga teng. bo‘lsa, egri chiziq tenglamasini toping.
n

(Javob:y=Cx"Y"x)

4.27. M(x,u) nugtadagi normalining Ox o‘qidan ajratgan
kesmasining uzunligi u?x ga teng bo‘lgan egri chiziq
tenglamasini yozing.

(Javob: y=x,/2In(C/x))

4.28. Urinmasining Ou o‘qidan ajratgan kesmasining
uzunligi, urinish nugtasi abssissasining kvadratiga teng bo‘lgan
egri chiziq tenglamasini yozing.

(Javob:y=Cx-x?.)
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4.29. M(x,u) nuqtadagi normalining Ou o‘qidan ajratgan
kesmasining uzunligi x*u ga teng bo‘lgan egri chiziq
tenglamasini yozing.

(Javob:C=x?/(2y*)+Iny.)

4.30. Egri chiziq, ordinatasi 2 ga teng nugtada Ou o‘qiga
45° ostida og‘gan. Uning ixtiyoriy urinmasi abssissa o‘qidan,
uzunligi bo‘yicha urinish nuqtasi ordinatasining kvadratiga teng
kesma ajratadi. Berilgan egri chiziq tenglamasini yozing.

(Javob:x=(5-y)y.)

Namunaviy variantni yechish.

1. Chizigli bir jinsli differensial tenglamaning xususiy
yechimini toping.

y"-y=0, y(0)=5, y'(0)=3, y"(0)=y "(0)=0.

Xarakteristik tenglamasini tuzamiz va uni yechamiz:

A*-1=0, (2> —1) (2* +1)=0, 4, =-1, 4,=1, A;, =i.

Berilgan tenglamaning umumiy yechimi quyidagi ko‘rinishda
bo‘ladi.

y=C,e”+C,e*+C,c0s X + C,sin x.

Quyidagilarni topamiz:

y'=-C1&™+C,e*-C3sin x+C4 COS X,

y"=C1e”+C,e"-C3sin x-C4 Sin X,

y ”=-C1e™+C,e*-C3sin X-C, COS X.

Boshlang‘ich shartlardan foydalanib, C,;, C,, Cs, C4 larning
giymatlarini topish uchun sistema tuzamiz va uni yechamiz:

Ci+ C,+C3=5
—Cl+C2+C4_:3 2C1+2C2:5}
Ci+C—C;=0 —-2C,+2C, =3

-G+ C—C,=5

bu yerdan C,=1/2, C,=2, C3= 5/2, C4=3/2.

Berilgan tenglamaning xususiy yechimi quyidagi ko‘rinishda
bo‘ladi.

1 .5 3 .
y=—e +2e"+ —cos X+ —sin X.
2 2 2

2. Quyidagi tenglamalar sistemasini 2 xil usulda yeching.



a) yuqori tartibli differensial tenglamaga keltirish yo‘li
bilan;

b) xarakteristik tenglama yordamida.

X'=-Tx+y, x=x(t), x'= dx|dt,

y'=-2x-5y, y=y(t), y'=dy|dt.

Berilgan sistemaning birinchi tenglamasini differensiallab,
quyidagini hosil gilamiz. x"=-7x"+y’

So‘ngra oxirgi tenglamada y' ni berilgan sistemadagi ikkinchi
tenglamasidagi ifodasi bilan almashtiramiz: x"=-7x'-2x-5y. Oxirgi
tenglamada y ni sistemasining birinchi tenglamasidan topilgan
y=x'+7x ifoda bilan almashtiramiz. Natijada, ikkinchi tartibli
differensial tenglamani hosil gilamiz.

x"=-Tx-2X-5(x"+7x), x"+12x"+37x=0.

Oxirgi tenglamani ma’lum usulda yechamiz (§ 11.7ga

garang)

P +124 +37=0, J ,=-6++36-37 =-64i,

x=e"*(Cycost+C,sint).

Bundan quyidagini topamiz.

x'=-6e*(C,cos t+C,sin t)+e®(-C;sin t+C,Cos 1).

X va x' lar uchun olingan ifodalarni y=x'+7x ga qo‘yib,
quyidagini hosil gilamiz.

y'=-6e(Cicos t + C, sin t)+e®(-C; sin t+C, cos t)+7e”
8(C1c0s t+Cysin t).

Shunday qilib, izlanayotgan yechimlar quyidagi funksiyalar
bo‘ladi.

x=e(Cycos t+C,sin t),

y=e"®(Cy(cos t-sin t)+C,(cos t+sin t)).

b) xarakteristik tenglamasini tuzamiz va uni yechamiz:
-7-2
-2
A +124+37=0, A?=-6+i, A, =—6+1,

A1 = —6 + i uchun quyidagi sistemani hosil gilamiz. (§ 11.7
dagi 2-misol bilan solishtiring)

_5_;‘:0, 7+A)B+A)+2=0

345



(=7+6-Da+p =0
—2a+(-5+6—-0)=0
—-A+dDa+p=0 }
—2a+(1-0)p=0
a=1, f =1+l deb olib, dastlabki tenglamaning birinchi
Xususiy yechimini topamiz.
Xl:e(-6+i)t, yl:(1+i)e(-6+i)t
A, = —6 —iuchun
(=7+6+D)a+p=0
—2a+(—5+6+i)[>’=0l
(-1+Da+p=0
2a+(1+DB=0 )
a=1vaf =1-—ideb faraz qgilib, dastlabki tenglamaning
ikkinchi xususiy yechimini hosil gilamiz.
X2=e(-6-i)t, y2=(l_i)e(-6-i)t
Quyidagi formulalar bo‘yicha yangi fundamentall yechimlar
sistemasiga o‘tamiz.

X 1= (Xa+X)/2, X 5= (x1-X5)/(2i),

Y 1=(y1+y2)/2, Y 2=(y1-Y2)/(2i),
Eyler formulasidan foydalanib, e@*AD" = et (cos Bt +
isingt), quyidagilarni topamiz

X 1=e%cost, X ,=e®sint,

y 1=e(cost-sint), y ,=e"(cost+sint),
Dastlabki sistemaning umumiy yechimi quyidagi ko‘rinishga
ega bo‘ladi.

X=C1 X1+C X2 y=C1y 1+C2 Y »

ya’'ni,

x=e®(C;cos t+C,sin t),

y=e® Cy(cos t-sin t)+C,(cos t+sin t)).

3. Differensial tenglamani ixtiyoriy ~ o‘zgarmasni
variatsiyalash usuli bilan yeching
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2e”
e -1
» Berilgan tenglamaga mos keluvchi bir jinsli tenglamani
yechamiz.
y"y=0, 2> -1=0, 4, =-1 4, =1
Bir jinsli tenglamaning umumiy yechimi quyidagicha bo‘ladi.
y=C1e”+Ce*
C,va C; larni x ning funksiyasi deb hisoblaymiz, ya’ni,
y= C; (x)e*+C, (x)e*
quyidagi sistemadan C;(x) va C,(x) larni aniglaymiz ((11.39)
sistemaga garang).

C.(¥)y, +C;(x)y, =0,

yy=

Ci(¥)y; +C,(0)y; = F(X).
berilgan tenglama uchun bu sistema quyidagi ko‘rinishga ega.
C/(x)e™ +C,(x)e* =0,

—C/(x)e ™ +C,(x)e* =2e" /(e* -1).
Bu sistemadan avval C;(x), C/(x), larni, keyin esa Cx(x) va
C1(x) larni topamiz.
2e”

2C; (X)e _e 2()——1

X = Int,
dx dt/t

gl

l
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In ‘t—]J—In|t|+C2 _ ittt +C,=In exex—l +C,,
C/(x) =-C,(x)e™ =e>* [(e* -1),
e t=e* dt =e"dx,|
C - d = ! ,:
(%) Iex—l X x=Int |
t t-1+1 .
=— tTl:_-[ =] dt=—t—Inft-1+C, =—e"~Ine* -1+ C,.

Shunday qilib, (11.38) formulaga asosan, dastlabki
tenglamaning umumiy yechimi quyidagicha bo‘ladi.

y=(-e*-Inle” —ﬂ +C,)e”+(In € X_l +C,,)e'=
e
=C7+Ce*+e*In e -1 —eXInle* —ﬂ -1
e* |

4. R(1,2) nuqtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chiziq tenglamasini tuzing.

Egri chizigning ixtiyoriy nugtasining radius-vektori, shu
nugtaga urinma va abssissa o‘qidan tashkil topgan
uchburchakning yuzi 2 ga teng.

11.4-rasmdan ko‘rinib turibdiki, ON = |OB| + |AB| =X+ |AB|
. BMA uchburchakdan quyidagini hosil gilamiz.
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M{xy)

11.4. —rasm

[BA]

N =ctg(r—a)=—ctg o, |BA =-yctg o,

tg o ﬂ
dx
COMA:0,5|OA4 |MB|:
Oxirgi tenglikka |OAlva [MV| lar uchun hosil gilingan
ifodalarni qo‘yib, quyidagi differensial tenglamani hosil gilamiz.

y y dx dx
BAl=——2—=—2 —_y=" oA = _x—y X,
BA g 0A =|0B| +|BA| = 'y

1 dx , dx
“(Xx-y—)y=2, — =4,
( ydy)y Xy —y dy
dx dx x 4
Yo =xy—4, - =——.
dy dy y vy

ya’ni, Xx=x(y) funksiyaga nisbatan chizigli, 1-tartibli bo‘lgan
tenglamani hosil qildik. Bu tenglamani x=y 9 almashtirish
yordamida yechamiz va quyidagiga ega bo‘lamiz.

y’9+u3'—%:—;’ u'g+ u(———)_—i

dy y y*
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49_0_, 49 _dy rdd oy
y

dy vy 9y g
du 4
In|9=Inly|, 8=y, —y=——,
gl=tnlyl. g=y. Y=
du=—4—d3y, u:%+C, x=(£2+C)y=Cy+E.
y y y y

Izlanayotgan egri chizig R(1,2) nugtadan o‘tadi. Shuning
uchun 1=2C+1, C=0. Natijada, uning tenglamasi x=2/y yoki
xy=2 bo‘ladi, ya’ni berilgan egri chiziq giperboladir.

11.9 11-bobga qo‘shimcha masalalar
1. Lokomativning tezlanishi tortishish kuchi F ga to‘g‘ri
proporsional va poezd massasi m ga teskari proporsional.

Lokomativning boshlang‘ich tezligi 4,, tortishish kuchi F=b-k. $

, bu yerda. 9 -tezlik b, k-o‘zgarmas sonlar. Agar boshlang‘ich
vaqtda t=0 da F=Fy=b-k 3¢ bo‘lsa, lokomativning t vaqt ichidagi
tortishish kuchini aniglang.

(Javob:F=Fe™*'M)

2. Uzunligi | va ko‘ndalang bo‘lgan kesim yuzi S bo‘lgan
po‘latsim qiymati R gacha o‘suvchi o‘zgarmas kuch bilan
cho‘zilmoqda. Agar simning cho‘zilishi quyidagi formula bilan

aniglansa: Al :k-glo, bu yerda k-cho‘zilish koeffitsiyenti; lo-

simning boshlang‘ich uzunligi bo‘lsa, cho‘zilish kuchining
bajargan ishini aniglang.

Kl
(Javob:A=—2P?)
2F
3. Motorli gayig ko‘lda 4 =20 km/s tezlik bilan
harakatlanmoqgda. Motori o‘chirilgandan so‘ng 40 sekund o‘tgach
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gayigning tezligi 9 ,=8m/s gacha kamayadi. Motor o‘chirilgandan
so‘ng 2 minutdan keyingi gayigning tezligini aniglang? (suvning
garshilik kuchi gayiq harakatining tezligiga proporsional)

(Javob: 1,28 km/soat)

4. Suv bilan to‘ldirilgan balandligi N va asosining yuzasi
C,ga teng silindrik idishning asosida yuzasi C, ga teng teshik bor.
Suvning teshikdan to‘la oqib tushib ketish vaqtini aniqlang. (Oqib

tushish tezligi quyidagi formula bilan aniglanadi: $=./2gh bu

yerda h-o‘sha vaqtdagi suv qatlami balandligi, g-erkin tushish
tezlanishi)

(Javob: T= G [2H )
GV g

2

5. Zanjirli ko‘prik arqonining uchlaridan biri R=5m
balandlikda, uning o‘rtasi esa, ko‘prikdan o‘tish qismidan N=4m
balandlikda joylashgan. Ko‘prikning uzunligi 21=20m. Argonning
egilish egri chizig‘ini toping.

(Javob: y-4=x%/100.)

6. Tog® jinsining bo‘lagida 100mg uran va 14 mg uranli
qo‘rgéoshin bor. Agar uranning yarim targalish davri 4-5-70°
yildan iborat va 238 g uranning to‘liq tarqalishida 206 g uranli
qgo‘rg‘oshin hosil bo‘lsa, tog* jinsining yoshini aniglang. (tog*
jinsining paydo bo‘lishi tarkibida qo‘rg‘oshin bo‘lmagan va tezda
tarqaladigan oraliq birikmalarda uran va qo‘rg‘oshin tarqalishi
e’tiborga olinmagan deb hisoblansin)

(Javob:975-10%il.)
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7. Raketaning massasi to‘liq yonilg‘l zahirasi bilan M ga,
yonilg‘isiz esa m ga teng, yonilg‘l mahsulotining tugash tezligi —
s, raketaning boshlang‘ich tezligi O (nolga) teng. Raketaning
og‘irlik kuchini va havoning qarshiligini e’tiborga olmagan holda,
uning yonilg‘i yonib bo‘lgandan keyingi tezligini aniglang.

(Javob:C-in(M/m).)

8. Jism yer sathidan 18m balandlikdan 30m/s tezlik bilan
yugoriga vertikal holatda tashlangan. Balandlikni vaqgtning
funksiyasi deb garab, jismning t vaqtdagi balandligini toping.
Jism ko‘tarilishining eng katta balandligini aniglang.

(Javob: S=h=-% gt? + 30t +18, N ¢ kata=63,9m.)

9. Ma’lumki, havoda jismning sovush tezligi jism va havo
temperaturalarining ayirmasiga proporsional. 20 minut davomida
jismning temperaturasi 100°C dan 60°C gacha kamayadi.
Havoning temperaturasi 20°C ga teng. Jism temperaturasining
250°C gacha kamayish vagtini aniglang.

(Javob: 1 soat 20 min.)
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ILOVA
1. Nazorat ishi. “Aniqmas integrallar” (2 soat)
Anigmas integarallarni toping

2% .3%dx.
j sin xdx 1.16. Ixm
Jm f Jﬁ
13 J.\/Wcos xdx o
J‘X+(arcc053x) i 1.18. Ix NPT
1.4. W . 119 J‘SinSX'COSXdX.
jmdx I#
157 x . 1.20. ¥ —2x?+2x
il sin5x
1.6. f+x2 o 1.21. I
jL I3_2°§gzxdx
1.7. 7 Ix@+x) 1.22. 1 cos?x
jcosxdx jwdx
Ysinx | 1.23. R
f ins 1.24. Jm_
33+ 2cosx I "
| a Lox 1.25. ° @+x*)(arctg x-3)
1.10. " X' —x I%dx
111, fx3arctg XdX. 1.26. cozsx X(L+1tgx)
J‘de _[ e4x fxs
1.12. 7 AxP—4x+17 1.27. e2 .
1.13. JW- 1.28. Jo +2)|e dx'
[ X8 129, J (¢ +2Inxdx
1.14. " V3+2x-x. jﬁd )
115, X2 130 0 9
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2.

21 _[arcsin xdx

» jxln(xz +1)dx

——0X

J‘ 8x-11
23 " V5+2x-X
I 5x-11

2— X
X +2+1

J' dx
25 7 sin®xcos? X

J'xze‘x’ 2dx.
2.6.

2
97 jx cos3xdx

Jarcsm X

rx

J.mdx

29.° X
X+2

2.10. J‘x2 +2X+5

2.11.

j 3x-4
212, " VBx=x*

.[ sin 2xdx
213, 9 3sin’x+4

241+ x

2.14. 1+x
J‘ X3+2

——dx.
x* +3x°

2.15.

jiﬁt¥ifdx

dx

354

2.16.

2.17.

2.18.

2.19.

2.20.

2.21.

2.22.

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

2.29.

2.30.

J‘ 3x-1

VX2 +2X+2
jx&ln xdXx.
JF X 4

6Ux
_[(1— X)sin xdx.
€
Iex _1dx |
'[arctgm.

j X+2

VAxX? —4x+3

_[ 5x -3

V2x% +8x+1
j(x +3) cos xdx

J‘ 3X +2 dx.

X2 +4x +12

X +4
I 7+6x—

J.x“c?(xz '

e ™

.[ X2 +X+5

X
X (x+3)(x—2)

J~ 2x+1
1+6x—



3.

x+1
J.Z—dX.
3.1, 7 5x°+3x+1
3x-13

J—;—————dx
3.2 ¢ X —4x+8
I x*dx
3.3. 7 1-x
I xdx
3.4, 9 cos’x’
35, jxsexzdx.
I————zﬁf}i————dx.
36 - V3x° +6x+1
J‘ X+1
3.7 7 4x* -12x+3
I X+2
V3 +2x—x°
dx
3.9. J 4x* —x’
x“dx
3.10. J.(X+2)2(X+4)2.
J‘ 1-2x
311, " V1-4x
I Xdx
312, " V1+xt
J‘ 3xX—7 X
313, X+ x* +4x+4
Iix‘;x—llx
3.14. 7 X" —Xx" —6X
215 jef“sin(ef“)dx.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

3.24.

3.25.
3.26.

3.27.

3.28.

3.29.

3.30.
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I sin4x

1+cos4x

J‘ X+5
2x% +2x+3

j;;;j@&;;ﬁdx
Vax—3x? -1
IZX -10

N1+ x—x32

3/arctg ?x
——————d
J V1+x X

IVX —2X+3

xdx
Ismzx'

8/x
e
IVZ X% +42+x? dx
J4 x*

Ilnx

Iezxngde

I 5x+3

Vax+5-x2 o
J-dX
xIn®x’
j 2X+3
x? —5x +7

dx.

J.de
V2X+1+1



4, .[ 2xdx

dx.

[ X3 g 416t (HDOCHx+D)
(X+2)(X“ +x+1) j dx
Wx -DE/x +1) 4.17. ? 5-4sinx
I 3fy2 ax, 2 Ex/2
4.2. U 418 [ 5"
x2dx o dx
4.3. Joox 4.19, Hersmy
3/y2
3x-1 dx
J‘Xz 6X+10 X 421 IX4 _16
dx dx
4.6. '[\/1+e 4.22. Im
2x?+1 dx
47, I X% +x? +2x+2dx' 4.23. I4sinx+3cosx+5'
2x* +1 xdx
j o o % _[ P VI
48.° X +2x +2X 424, ¢ 2X°+2X+5
J' 2X —X
4.9. 35|nx+4cosx J. ———aux
6xd 425 ° (1=%)
X XdXx.
4.10. f cos I x* —2x+1
[ _2x -1 426 0 X +2x°+X
411, 7 5% -x+2 | dx
x -1 :
412 _[ v +8d' 427 ° X 2X—d9
X
3x =7 _
4.13. -[ x3+x2+4x+4dx' 4.28. '[ x* —6x° +9x°
X —arctg 2x dx
AT A . ——
4.14. ‘[ 1+4x° 4.29. j»\/X+1+f|.
sin? x .
dx. in(In x)dx.
4.15. Jcoszx " 4.30. IS (Inx)d
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5.

dx
5.1, I«/1—2x —41-2x
J‘ dx
5.2, Ysin’x’
J' COS X
5.3. Y 1+sinx

5.4 fcos3xcosxdx.

J- X+2
55 ¢ X —2x*+2x
J- xdx

X3 -1
e

X

dx.

5.6.
dx.

5.7.
J- x%dx '
58, V@-X)
j xdx
59, ° Y1+3
Ix53 1+ x%)%dx
IIandx.

5.10.
5.11.

5.12
dx.

J- e’ +1
513. * €' -1

sze“dx.
5.14.

Ixzsin xdx.
5.15.

_[cos 2xc0s” xdx.

5.16.

5.17

5.18

5.19

5.20

5.21

5.22.

5.23

5.24.

5.25.

5.26

5.27

5.28

5.29

5.30.
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dx
S xcosx
dx
Isin X sin 3xdx.
j (1—sin2)2dx.
. dx
_ I\/x—x2 +1
x*dx
el
jctg“xdx.

xdx
j2x4+5'

dx.

X
-[x4—16
j‘\/ZX—3

X

dx.

dx
-[5—3cosx'

j In(x? +1)dx.
x—1
R =

J. dx
\ @—x?)arcsin x
2

J.Xi_?)dx
x* —5x* +4



6.
j sin xdx

3/7 +2cos x
J-x +2X-2
6.2. x* -1

63 j(x2+1)-3de.
6.4 J'\/4—x2dx

dx.

X_
——dX
65 J.GIXS +4/X3
J‘ A/ X
7 _dx
1+3/x

6.7.

J‘sin2 X €0s? XdXx.

j 2x-1

VX2 —4x+1

J‘ dx
6.10. ° sin?3xcos?3x’

6.11.

J X+1
6.12. ~ ¥3x+1
6.13. .[X-S dx.

J- Xx+1
6.14. ° X +x+1

J‘l;xzdx
6.15. x

_[cos 2xsin? xdx.

J.sin 2XC0s5xdx.

6.16.

6.17.

6.18.

6.19.
6.20.

6.21.

6.22.

6.23.

6.24.
6.25.

6.26.

6.27.

6.28.

6.29.

6.30.
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dx
J‘3\/1+ X —v1+X
I 5x° -8
x3 — 4x

dx
J.x“+2x3‘+2x2'
I 2x* —5x+1

x* —2x% + X
J sin5xcos 3xdx.

dx.

J-sin3x+1

c0s? X

J' X2+l

— - "=  dx
(x=1)°*(x+3)

J'(x +1)e*dx.
jsin2 xcos* xdx.
J‘(1+sin4 x)dx.
3/x
S L
J X(vx +3/3x) X
J‘ dx
3+5sinx+3cosx

dx.

J- sin® x
1+ €OS X

dx

J- dx
2sinX—Ccos X



2. Nazorat ishi.
“Differensial tenglamalar” (2 soat).
Berilgan differensial tenglamalarni yeching.

1.
1.1. y-y/x-1/(sin(y/x))=0.

[ 2 2
1.2. xdy-ydx= X" 4y dx.

1.3. x%u'=xy+y>.

1.4. xdy=(x*2y)dx.

1.5. y'+3y/x-2/x3=0.

1.6. x%dy+y2dx=3(x?-y?)dx.
1.7. y'=4+y/x+(v/x)>

1.8. (x?+y?)dx-xydy=0.
1.9. xy-y=x2cos x.

3

1.10. y-X
1.11. y'+2xy=2xy°.
1.12. x¥y"+x%y+x+1=0.

e—X
113, y'+2ph= X

y=X

2.
2.1. y'cos? x+y=tg x.
2.2. y'+y cos x= cos Xx.

2.3. In cos ydx+x tg ydy=0.

2.4.y'=tg xtg y.
2.5.y"cos x In y=y.
2x

ety ydx = €

2.7.Y'=2""
5 g (L+e*)y*dy =edx.
2.16. y?dx=(xy-x)dy.

dy.
1y

1.14. y'+2xy=xe

1.15. xy+y?=(2x*+xp)y"
1.16. xy +y=sinx

1.17. xy'+y=sin x.

1.18. xy-y=xtg (y/x).
1.19. y-y/x=e"™

1.20. y'+ytgx = 1/cos X.
1.21. y'cos x-y sin X =sin X.
1.22. xy'=p+x e”*.

1.23. y'+xy=x’

1.24. x In (x/y)dy-ydx=0.
1.25. (xy e¥+y?)dx=x? & dy.
1.26. x?%'=2xy+3.

1.27. dy=(y+x?)dx.

1.28. (x*-1)y"-xy=x3-X.
1.29. y-2xy=xe™*"

1.30. xy'=3y-x*2

1.31. y-y=¢€"

2.9.

3e*tg ydx = (1+e*)sec? ydy.
210, Y/x+e’=0.
211 Y +y=e'sinx
212 (X+y)dx+xdy =0.

2.13. 1+(1+ y"e'=0.
2.14.

xcos%(ydx + xdy) = x? sin%dx.

215, Y +Y/I(x+1)+x*=0.
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2.17.

2.18.
2.19.
2.20.
2.21.

1-2x
y+ X
4xy 1
X+l X0+l
xy'=y-xy.
(x%-2y2)dx+2xydy=0.

y=1.

x+y=xy"
3 2

3"

y’+; B X
yxty=-xyZ.

2.22.
2.23.

3.
3.1. y"cos? x=1.
3.2.y"tgy =2(")>
3.3.y"xInx=y"
3.4. (1+x?)y"=3.
3.5.y" +2y(y")*=0.
3.6. y"+y'tg x=sin 2x.
3.7.y"=4 cos 2x.
3.8. yy"+y”?=0.
3.9. x¥y"+x?'=1.
3.10. x’ "=6.

3.11. y ”sin *x=sin 2x.

3.12. yy"+1=y"

3.13. x% "=y
3.14. 2+ 2yy"=0).

3.15. y"=2yy".
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Y X+ Yyln X.
2.24. xy'In X X
2.25. y*+x?y'=xyy’
2.26. y=y'Iny.

2.27. (x*x%)y'+y?+xy?=0.
2.28. 3
e*tg ydx = (L—e*)sec? ydy.

2.29.
2.30.

3.16.
3.17.
3.18.

3.19.
3.20.
3.21.
3.22.

3.23.
3.24.

3.25.
3.26.
3.27.
3.28.
3.29.
3.30.

(1+y)dx- Vxdy=0
xtxy+y'(y+xy)=0.

ny!y u:y 2.9
2714y
sz:yrz_{_].
xy"-y f:xzé' .
x2y"+y"=0.
x(y"+1)+y'=0.
xy"=y'+x2

1 y'=0.
yr+ X
x2y"=4.

Jﬂzdl—yd.

y?}y"-3=0.
xy"+2y'=0.
1+y"?+yy"=0.
ey
yr=2-y.



4
4.1.y"-5y'+6y=x, y(0)=0, y'(0)=1.

4.2. 4y"-8y'+5y=5 cos x, y(0)=0, y'(0)=-1/13.
4.3. y"+6y'+13y=26x-1, y(0)=0, y'(0)=1.

4.4. 2y"-y'=1+x, y(0)=0, y'(0)=1.
4.5.y"-4y=2-x, y(0)=11/2, y'(0)=1/4.

4.6. y"-y=cos 2x,y(0)=-1/5, y'(0)=1.

4.7. y"-2y"+5y=5x>-4x+2, y(0)=0, y'(0)=2.
4.8. y"+3y"-10y= xe **, y(0)=0, y'(0)=0.

4.9. y"-2y'=e*(x* +x—3), ¥(0)=2, y'(0)=2.
4.10. y"-4y'+4y=sin x,, y(0)=0, y'(0)=0.

4.11. y"-3y'+2y=- e 2, y(0)=1, y'(0)=0.
4.12. y"+y=-cos 3x,y (712) =4 (712) =1
4.13. y"-y= e*, y(0)=1, y'(0)=2.

4.14. y"-4y=3e™, y(0)=0, y'(0)=0.

4.15. y"+4y=sin x, y(0)=0, y'(0)=0.

4.16. y"-2y'+2y=2x, y(0)=0, y'(0)=0.

4.17. 2y"+y'-y=2¢e*, y(0)=0, y'(0)=1.

4.18. y"-4y'+3y=2¢°, y(0)=3, y'(0)=9.

4.19. y"+4y=5¢e*, y(0)=0, y'(0)=1.

4.20. y"+6y'+8y=3x*+2x+1, y(0)=17/64, y'(0)=0.
4.21. y"+y=xe*, y(0)=0,5, y'(0)=1.

4.22. y"-y=2(1-x), y(0)=0, y'(0)=1.

4.23. y"-y=9xe**, y(0)=0, y'(0)=-5.

4.24. y"-6y'+9y=e>, y(0)=1, y'(0)=0.

4.25. y"+4y=xe**, y(0)=0, y'(0)=0.

4.26. y"-4y+5y=xe**, y(0)=-1, y'(0)=0.

4.27. y"-3y"-4y=17 sin x, y(0)=-4, y'(0)=0.
4.28. y"-3y"+2y=e*(3—4x),y(0)=0, y'(0)=0.
4.29. y"+2y"+y=9e** + x,y(0)=1, y'(0)=2.
4.30. y"+y=sin 2x, y(0)=0, y'(0)=0.
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5.1. yrr+4y/+4y= e—2>< / X3
5.2. y"+3y+2y=1/€" +1,

1
5.3. y”—}—4y= COS 2X
1
54.y"+y= :
A/ C0S 2X

1

5.5. y"+5y'+6y=1+ e

5.6. y"+4y=ctg 2x.
5.7. y"-y=sh x.
5.8. y"-3y+2y=2"

er

5.9. y"-4y'+5y=COSX

5.10. y"+4y=cos? x.

5.11. y"-6y'+9y=

OX? +6X+2 o3
x*(3x—2)

5.12. y!I+2yl+y: e *Jx+1.

5.13. y"+y'=tg x.
1

5.14. y"+4y=C0S2X
eZX
5.15. yry=€' -1
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5.16.

5.17.
5.18.

5.19.

5.20.

5.21.
5.22.

5.23.
5.24.

5.25.

5.26.

5.27.

5.28.
5.29.

5.30.

y"-6y '+9y=36m
1
J""4y= COS 2X
y"t+4y=2tg x.
1
Plp'= 1+e*
1

y"—f—y: Sin X .
€

—X

y"2y+y= X
1_ 3y 4 qy—, e”
R =
2+cos® X
Py= cos? X
y'ty=ig’x.
1+
yr3yray=
4
yll+4y: Sin2 X .
eX

1
1+e*

y"-2yty= X

1
ry=C08° X
y"+y=ctg x.
Y4y +4y= e ?*Inx.
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