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So‘zboshi

Qo’‘lingizdagi ushbu Kkitob, *“Oliy matematikadan individual
topshiriglar” nomli o*‘quv go‘llanmalar majmuasining ikkinchi gismi
boiib, u oliy o‘quv yurtlarining muhandis-texnik mutaxassislari
uchun rao‘ljallangan 380-450 soatlik dastur asosida yozilgan.
Shuningdek, mazkur majmuadan, oliy matematika fanini o‘gitish
uchun ajratilgan soatlar anchagina kam boigan boshga yo'nalishdagi
mutaxassislar tayyorlaydigan oliy o‘quv yurtlarining talabalari ham
foydalanishlari  mumkin. (Buning uchun taqdim etilayotgan
material lardan keraklilarini tanlab olinishi lozim).

Tavsiya etilayotgan ushbu o‘quv qo‘llanma, auditoriyada amaliy
mashg'ulotlar va mustaqgil (nazorat) ishlami o‘tkazish uchun hamda
oliy matematikaning barcha bo‘limlari bo‘yicha individual uy
topshiriglarini bajarish uchun mo’ljallangan.

0 ‘quv majmuaning ikkinchi gismida kompleks sonlar, anigmas
va aniq integrallar, ko‘p o‘zgaruvchili funksiyalar va differensial
tenglamalarga  bag‘ishlangan  mavzular bo‘yicha materiallar
keltirilgan.

Kitobning ikkinchi gismi tuzilishi ham uning birinchi gismiga
aynan o‘xshash ko‘rinishda yozilgan. Boblar, paragraflar va
rasmlaming ragamlanishi birinchi gismga mos ravishda davom
ettirilgan.

Kitobning yaxshilanishi borasidagi bebaho ko‘rsatma va
maslahatlarini ayamaganliklari uchun muallitlar jamoasi, mazkur
majmuaning tagrizchilari bo‘lgan Moskva energetika instituti, FA
muxbir a’zosi, flzika-matematika fanlari doktori, professor S.I.
Poxojayev rahbarligidagi  “Oliy matematika” kafedrasining
jamoasiga, Minsk radiotexnika institutining “Oliy matematika”
kafedrasining mudiri, fizika-matematika fanlari doktori, professor
L.A. Cherkasga hamda shu kafedraning dotsentlari, fizika-
matematika fanlari nomzodlari L.A. Kuznetsov, PA. Shmelyov,
A.A. Karpuklarga, o‘zlarining minnatdorchiliklarini bildiradilar.

Kitob borasidagi barcha fikr-mulohazalaringizni quyidagi
manzilga yuborishlaringizni iltimos gilamiz: 220048, Minsk,
Mashcrov shohko'chasi, 11, “Bbiclias wkona” nashriyoti.

O'zbek tilidagi tarjimasi bo‘yicha Toshkent, Universitet
ko‘chasi 2: tel: 246-83-62 Mualliflar.



USLUBIY TAVSIVALAR
Tavsiya etilayotgan goMlanmamng shakli, undan foydalanish
uslubi, talabaning ko‘nikma va bilimlarini baholash mezonlarini

tavsiﬂab chigamiz. . .
Oliy m atem atika kursi bo‘yicha barcha ma’lumotlar boblarga

tagsim langan bo‘lib, ularning har birida masala va misollami
yechish uchun zanir bo‘ladigan nazariy bilimlar (asosiy ta’riflar,
tushunchalar, teoremalar va formulalar) keltirilgan.

Ushbu ma’lumotlar yechilgan  mashglar yordamida
mustahkamlanadi. (Misollar yeehishning boshlanishi - » va oxiri
- M belgilar yordamida berilgan.) So‘ngra auditoriya mashg'ulot
(AT) va o‘tkazilayotgan mashg‘ulotlarda 10-15 minutga
mo‘ljallangan mustaqil (kichik-nazoratli) ishlar uchun javoblari
bilan birgalikda masala va misollar tanlab olingan. Va nihoyat 30
variantdan iborat haftalik individual uy topshiriglari (IUT),
namunaviy misollar yechimi bilan birgalikda berilgan. IUT
ma’lum qismining javoblari ham keltirilgan. Har bobning
nihoyasida amaliy ahamiyatga molik, darajasi yuqori
giyinchilikka ega bo‘lgan go‘shimcha topshirigiar joylashtirilgan.

llovada muhim mavzular bo‘yicha bir va ikki soatga
mo‘ljallangan (har biri 30 variantlik) nazorat ishlari keltirilgan.

AT topshiriglarining ragamlanishi uzluksiz bo'lgan ikki
sondan iborat: birinchi-gismi bobni aniglasa, ikkinchisi ushbu
bobdagi AU tartib ragamini belgilaydi. Masalan AT 9.1 shifri
ikkinchi  bobga tegishli ~ birinchi  topshirigni  aniglaydi.
Qo‘llanmaning ikkinchi gismida 26 AT va 12 IUT berilgan.

IUT wuchun ham boblar bo‘yicha ragamlash Kkiritilgan.
Masalan [UT 9.2 belgisi beshinchi bobdagi ikkinchi 1UT
ekanligini ta’kidlaydi. Har bir IUT ning ichida esa quyidagicha
ragamlash Kiritilgan: birinchi son topshirigdagi masalaning tartib
ragamiga tegishli boisa, ikkinchisi variantning tartib ragamini
aniglaydi. Shunday qilib, IUT 9.2:16 shifri talabaning IUT 5.2
dan 16 variantdagi topshiriglarini bajarishini belgilab, ushbu
variantda 1.16, 2.16, 3.16, 4.16 masalalar borligini ta’kidlaydi.
IUT bo‘yicha variantlami tanlab olishda oldingi topshirigdan
keyingisiga o‘tganida tasodifiy yoki boshga usulda almashtirish
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usulini go‘llash mumkin. Bundan tashqari, ixtiyoriy talabaga IUT
beriiishida bir xil turdagi masalalami har xil variantlardan olish
mumkin. Masalan, TUT -3.1;1.2;2.4;3.6 shifri talaba IUT -3.1 dan
birinchi masalani 1 - variantdan, ikkinchisini 4 - variantdan,
uchinchisini 6 - variantdan yechishini ta’kidlaydi. Bu
ko‘rinishdagi kombinatsion usul 30 ta variantdan keng gamrovli
ko'p variantlar hosil gilishni ta’minlaydi.

TUT lami ba’zi oliy texnika o‘quv yurtlari (Belorussiya
gishlog xo‘jaligini mexanizatsiyalash instituti, Belorussiya
politexnika instituti, Uzoq sharq politexnika instituti v.b.) ning
0°‘quv jarayonida qo'llanilishi, IUT ni har bir haftalik auditoriya
topshiriglaridan keyin alohida har safar berishning o‘miga, ikki
haftada bir marta, ikki haftalik auditoriya mashg‘ulotlari
mazmuniga mos ravishda berish magsadga muvofiq ekanligini
ko‘rsatdi. Ushbu go‘llanmaga muvofig talabalar bilan ishlashni
tashkil etish bo'yicha umumiy tavsiyalami beramiz.

L Oliy o‘quv vyurtlarining 25 talik guruhlari uchun har
haftada ikkita auditoriya mashg‘ulotlari, talabalar erkin
gatnashadigan maslahat darslari rejalashtiriladi va haftalik IUT
beriladi. Ushbu tadbirlami samarali tashkil etish magsadida,
talabalar bilimini, xato va kamchiliklarini aniglash va tuzatish
yoilarini ko'rsatgan holda, tizimli baholash uchun kafedra
tomonidan oldindan tayyorlangan professor-o‘gituvchilarga 1UT
ning javoblar varagasi va yechimlar majmuasi beriladi (talabalar
mustasno). Javoblar varagasi har bir topshiriglar uchun
tayyorlansa. yechimlar majmuasi fagat yechish usulini, amallar
ketma-ketligi va hisoblashlardagi ko‘nikmalaming to‘g‘riligini
tekshirish uchun zarur boigan muhim bo‘lgan masala va
variantlarga ishlab chigiladi. Kafedra tomonidan yechimlar
varagasi gaysi IUT lar uchun zarurligini belgilanadi. Yechimlar
varagasi (bitta variant bitta varagda joylashadi) talabalar
tomonidan bajarilgan topshiriglar bajarilishida 0‘z o‘zini nazorat
gilish uchun, talabalar o‘rtasida o‘zaro nazorat tashkil etishda
ishlatiladi. Lekin ko‘pchilik hollarda yechimlar varagasi
yordamida o ‘gituvchi usuining to‘g‘riligini tekshirsa, talabalar
0‘zining hisob-kitoblari  to‘g‘riligini nazoratdan o ‘tkazishi
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mumkin. Ushbu usullar 25 talabaning IUT larini 15-20 miriut

davomida tekshirib baholash imkonini beradi.
2. Oliy o‘quv yurtlarining 15 talik guruhlarida esa har

haftada ikkita auditoriya mashg‘ulctlari, guruhlar dars jadvalida
mustaqil tayyorlanish uchun, o'gituvchi nazorati oslida haftalik
yuklamaga kiritilgan ikki soatlik maslahat darslari rejalashtiriladi.
Dars jarayonini ushbu taxlitda tashkil etish (Belorussiya gishloq
xoqjaligini mexanizatsiyalash instituti), talabalaming mustaqil va
ijodiy ishlashlari hamda bilim sifatini o‘gituvchilar tomonidan
tezkor ravishda nazorat qgilish darajasi sezilarli tarzda oshishi
kuzatiladi. Yuqorida tavsiya etilgan usullar bu yerda ham o*zining
samarasini beradi. Lekin, ushbu gurahlarda AT va IUT lami
tekshirish  tezlashadi va topshiriglarni  bajarishda nazariy
bilimlami nazorat qilish imkoni oshadi, o °‘zlashtirmovchi
talabalardan mavjud garzdorliklarni kamaytirish imkoniyati paydo
bo‘ladi. Shuningdek, yana IUT, mustaqgil va nazorat ishlari
bo‘yicha baholar jamlamasi yordamida o'quv jarayonini
boshqgarish, nazorat qilish, talabalar olgan bilimian sifatini
baholash imkoni ham paydo boiadi.

Yugorida aytilgan tadbirlami amalga oshirish natijasida
semestr mobaynida o‘rganilgan bilimlar bo‘yicha an'anaviy
semestr (yillik) imtihonlardan voz kechish, hamda talabalar
ko‘nikmalari va bilimlarini baholash bo‘yicha blokli-siklik
(modulli-siklik) deb ataluvchi usuldan foydalanish mumkin
bo‘ladi. Ushbu usulning mohiyati quyidagilardan iborat: Fanning
semestrdagi (yiliik) yuklamasi 3-5 ta blok (modul) larga boMinadi
va ulaming har biri bo'yicha AT, IUT bajarilib, sikl yakunida esa
ikki soatlik yozma nazorat o‘tkazilib, bu yerda 2-3 ta nazariy
savollar, 5-6 ta masala va misolllar beriladi. AT, IUT va yakuniy
nazorat ballarining yig‘indisi talabalaming har bir blok (modul)
va semestr (o‘quv yilida) hamma bloklar (modullar) bo'yicha
olgan bilimlarini ham alohida obektiv baholash imkonini beradi.
Shunga o°‘xshasb usul Belorussiya qishlogq xofaligini
mexanizatsiyalash institutida tadbiq gilingan.

Fikrimiz yakunida, ushbu goilanma o'rtacha imkoniyatii
talabalarga mo'ljallanganligini va bu yerdagi bilimlami egallash
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oliy matematika fanidan gonigarli va yaxshi ko'nikmalarga ega
bo'lishlarini ta’minlashini ta’kidlashimiz mumkin. Igtidorli va
a’lo bahoga o‘quvchi talabalar uchun esa, rag‘batlantirishning
chora-tadbirlarini e’tiborga olgan holda alohida murakkab
topshirigiar (ta’limda individual yondashuv) tayyorlanishi zarur.
Masalan, bu talabalarga, 0‘z ichiga ushbu qo‘llanmadagi yuqori
murakkablikka ega masalalar va nazariy mashqglar (ushbu magsad
uchun, xususan, har bir bob oxiridagi go‘shimcha topshirigiar
moijallangan) butun semestr uchun ishlab chigilishi lozim.
0 ‘gituvchi ushbu topshiriglami semestr boshida berib, ularning
bajarilish ketma-ketligini belgilab (o‘zining shaxsiy nazoratida),
talabalarga oliy matematikadan ma’ruza va amaliyot darslarida
erkin gatnashishga ruxsat berishi mumkin va bamma topshirigiar
muvaffagiyatli bajarilgandan so'ng sessiyada a’lo baho qo‘yiladi



7. KOMPLEKS SONLAR VA ULAR USTIDA AMALLAR

7.1. ASOSIY TUSHUNCHALAR. KOMPLEKS SONLAR
USTIDA AMALLAR

Kompleks son deb, z —x + iy turdagi songa aytiladi. Bu
yerda, x way lar hagiqiy sonlar i = V—1 esa, mavhurn birlikdir,
ya’ni, kvadrati -1 ga teng bo‘lgan son yoki z2+1=20
tenglamaning ildizidir. Odatda, x ni kompleks sonning hagiqiy
gismi, y ni esa, uning mavhum gismi deb yuritiladi. Ular uchun
quyidagi belgilashlar kiritilgan: x —Rez va y= Imz. Agary = 0
unga z = x £ R agar x = 0 bo‘lsa, z = iy ni sof mavhum son
deyiladi.

Geometrik nugtai nazardan

garalganda, har ganday z = x +
iy kompleks songa tekislikning
biror M (x,y) nuqgtasi (yoki OM
vektor) mos keladi va aksincha,
tekislikning har ganday M(x,y)
nugtasiga z = x + iy kompleks
son mos keladi. Umuman,
kompleks sonlar to‘piami bilan
Oxy tekislikdagi nuqtalar orasida
o‘zaro bir qgiymatli  moslik
o‘matilganki, Oxy tekislikni
kompleks tekisligi deb yuritiladi
va uni z kabi belgilanadi (7.1-
rasm).

Barcha  kompleks sonlar
to‘plamini C harfi bilan belgilanadi. Har doim, Rcz C ekanligini
ta’kidla>Tniz. Barcha z = x haqgigiy sonlarga mos keladigan
nugtalar Ox o‘gida joylashadi, shu boisdan, Ox o‘gini kompleks
sonlar tekisligidagi haqigiy o‘gq deb yuritiladi. Barcha z —iy
mavhum sonlarga mos nuqtalar Oy o‘gida joylashadi va kompleks
sonlar tekisligining mavhum o°‘gi deb ataladi.

Aagar ikkita kompleks sonlammg haqigiy va mavhum gismlari
o‘zaro teng bo‘lsalar, ularni o‘zaro teng kompleks sonlar deb
yuritiladi.



z —Xx + iy va z =x —iy turdagi sonlar o‘zaro tutashgan
(bog‘langan) kompleks sor.lar deb ataladi (7.1-rasm).
Agarda, zt = xr + iyl; z2 mx2 + iy2 ikki kompleks sonlar
bo'lsa, ular ustidagi arifmetik amallar quyidagicha bajariladi:
zt +z2= (xl + iyt)+(x2+iy2) = (xr +x2)+i(yl+ y2),
Zi- z2= (xn +iy"-Oa +iy2) = (xa- x2) +i(yi - y2),
zxz2= (xn+ iy (x2+iyf) = (xrx2~yly2)+i(yIx2+yr),
Zi_ _ Xi+iyj _ ZjZz _ XiX2+y-,y2 + L XTYyX-XXyr
22 Xz+iy?. xf+yf *l+yf
(oxirgi amal z2” 0 boisagina o‘rinli bo‘ladi). Yuqorida
bajarilgan amallar natijasida, umuman yana kompleks sonlar hosil
bo'Ladi Shuningdek, kompleks sonlar ustidagi mazkur amallar,
haqgiqiy sonlar ustidagi arifmetik amallarga o°‘xshash barcha
xossalarga egadir, ya’ni. qo‘shish va ko‘paytirish amallari
kommutativ va assotsiativdir, hamda ular distributivlik xossasiga
ega bo‘lib, ular uchun teskari amallar bo‘lgan ayirish va bo‘lish
(nolga bo‘lishdan tashgari) amallari ham mavjuddir.
1-misol. zx —2 + 3i, z2=3—4i va z3= 1+ i kompleks

sonlar berilgan. z = — ni topilsin.

» Ketma-ket hisoblaymiz:
Zj+123= (2+3i)+ (1 +1i) =3+ 4
zxz2= (2+ 3t)(3 - 4i) = (6+ 12) +i(9- 8) = 18 + |,
zf = (3- 4i)2=9- 24t- 16 = -7 - 24t,
Zx+ ZjZ2+ zf = 2+ 3i + 18 Hi—7 —24i = 13 -- 20i.
U holda- Z — 13~2Q* — (13-20Q(3-4Q _ (39-80)+i(-60-52) _
3+4i (3+40(3—4i) 28

Berilgan z —x + iy kompleks sonning moduli deb, r =
\OM\ =myjzz. songa aytiladi. OM vektoming Ox o‘gning musbat
yo‘nalishi bilan tashkil etgan @ burchagi ni kompleks sonning
argumenti deb ataladi va @ = Argz kabi belgilanadi.

Har ganday kompleks son uchun quyidagilami yozish
mumkin (7.1 rasmga garalsin):

X —rcoscp.y = rsincp,

coscp —"\sin(p — (7.9
r=yjx2+y2
9



Bu vyerda, kompleks son argumentining bosh giymati
< = argz uchun quyidagi shartlar o‘rinli bo‘ladi: -n<argz<n yoki
O<argz<2n.

Har qganday z —x + iy kompleks sonning trigonometrik
shakli deb,

z = r{cos(p + isinxp) (7.2)

Ifodaga aytiladi. Agar Eyler formulasi deb ataluvchi elp—
coscp + isincp ni inobatga olinsa, (7.2) dan kompleks sonning
ko‘rsatkichli shakli deb ataluvchi

Z=reip (7.3
ni hosil bo ‘ladi.

Yugorida keltirilgan (7.2) bilan (7.3) formulalami kompleks
sonlarni ko‘paytirish va ularning darajasini oshirishda go‘llash
maqsadga muvofigdir.

Agar zx = r1(cos(pl + isincpx), z2 = r2(cos(p2 + isincp2)
ifodalar berilgan bo‘lsa, u holda quyidagilar o‘rinli bo'ladi:

ztz2=r"cos”™ + <) + wn((pr+<p2)) = rir2el(goi+<pA

— = — [cos(g)1— (p2) + isinCcp-L —<R2)) = — (z2*°\
Z2 r2 r2
zn = rn(cosn(p + isinncp) = rneinp (7.4)
(7.4) formulani Muavr formulasi deb ataladi.
Agar (7.2) kabi berilgan kompleks sondan «-darajali («>1,
n £ Z) ildiz chigarish lozim bo‘lsa. ushbu ildizning n ta giymatini

beruvchi quyidagi formuladan foydalaniladi:

zk = r)]/}z = = f Cosﬂt_z_rﬂ(___h ism f?.f_z_f'_k;t =
y feito+2nk)/n (fc = O|n -1) n (7.5)

Vr- arifmetik ildiz deb tushuniladi.

2-misol. (1 + i)12 hisoblansin.

> (7.1) formuladan foydalanib, z = 1 + i ning trigonometrik
yoki ko‘rsatkichli shakllarni yozib olamiz: r —VT+ 1 =

VE coscp = =, S =-j&.(p —"

z =2 (cos—+ isin— = n/2e/1M
Muavr formulasiga binoan,
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z12= (n/2)127cos (12 -0 + isin (12« = \[27eJIT
64(cos3n + +isin3n) = -64.41

3-niisol. z6 + 1 = 0 tenglamaning ildizlari topilsin.

» Berilgan tenglamani z6 = —yofciz = V—1 kabi yozib
olish mumkin. (7.1) formulaga binoan, -1 ning trigonometrik
shakli -1 =1-(cosn + isinn) kabi yoziladi. (7.3) formulaga
ko‘ra, garalayotgan tenglamaning ildizlarini

=1("cosM +isin™jrj = el +2nk*n,bun
yerdak = 0,5

dan foydalanib aniglaymiz. k ga Icetma-ket 0,1, ..., 5,
giymatlarni berib z6+ 1 = 0 tenglamaning barcha mumkin
bo'lgan 6 ta ildizlarini topamiz:

0 n . . n V3 1 ni
z0=cos- +isin- =— +-1 = es,
goog Ll
ZX - €c0S—+ isin—=i=em/,
5 .. 5 n3 1 -5m
Zz2=C€0S-n +isin-n = —— +i- =¢e 6 ,
6 6 2 2
7 o7 V3 1 Tjri —5ni
z3=c0S—n +isin-n = — — -| = e& =e 6,
2 2
Lo ) 3ni 3ret
z4=co0s-n +1i1sin-n =-1 —e 2 =¢e 2,
11 L1 _v3 o 1, —1i_ =2,.
Zr —cos—n + isin—§ = -—--—- t=ee =e«.4
a 6 6 2 2

4-misol. z3—1 4 iV'S = 0 tenglamaning ildizlari topilsin.
»z3=1—iv3 = 2(cos™ —isin  bo‘lganligi uchun (7.5)
formulaga binoan, zk = ﬁlz_z %/rfzcos A+2;P-'§-- isin:xﬂg ni
yoza olamiz (k= 0,2).
Demak, berilgan tenglamaning ildizlari quyidagicha bo‘ladi:
z0=\[2(cos - isin ), zx= V2 (cos ™ —isin

/ 1371 . . 13 X
22 = V2 {(cosf —isin). <



AT-71

1  Agar zx=2+3i, z2=3+ 2i, z3=5—2i boisa,
(zx+ 2z2)z3 hisoblansin. {Javob: 54+19Q.

2. zj =3+ 5i,22=3- 4i, z3= 1—2t kompleks sonlar
berilgan. z = 'z*AZ1|z- ni yoni topilsin. {Javob: ~ + —i).

3. 21—2—2i, 22— +1i, z3=—i va z4= —4 lami
trigonometrik va ko'rsatkichls shakllarda ifodalansin.

4. z8—1= 0 tenglamaning ildizlari topilsin. {Javob:

0= Ii, ZX= E+ +%;ZZ= £23= - £4£I,Z4= -1, 25=

2 \2. : \2 \2.4
-T“Tlz6="tzZ7=1 r»
Mustagqil ish

1. 1 Agar Zi=4+5i,22=1+1i, z3=7—9% bo‘lsa,
= —z-+z- ifodaning giymati topilsin. {Javob: 40—32i).
z2

2. z1=V3+i, z2=—1+V3 va z3=— laming
trigonometrik va ko ‘rsatkichli shakllari keltirilgan.
2. 1 Agarzx=4+8i,z22= 1—i,z3= 9+ 13£ bo‘isa,

(zi+zzz3) nng gjymatj topilsin. {Javob: 7+19i).

-i=0 tenglama yechilsin. {Javob:

3. 1 Agarzx~ 2—i, z2= —1+ 2i,2z3= 8+ 12i bo‘lsa,
- - - W'mr3) topilsin. {Javob: 2+2i).

2. zx= 2/(1 + ip> z2= —A/3 —i kompleks son
trigonometrik va ko‘rsatkiehli shakllarda ifodalansin.

7.2. 7- bobga goShimcha inashqglar

1 Quyidagi  kompleks sonlar ko‘rsatkichli  shaklda
ifodalansin
a) Z ——ypYL—2i, b) z = -cos- + isin- . {Javob: a)

4e,“6>p)e ™ 17).
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M2n
( 2cos~J ema.(n G
N.aE A). o
pi(n+i)<p_-i
3. Yig‘indi topilsin £E£=0e vm(Javob:..m
4. n ning ganday butun giymatlarida quyidagi tenglik
o ‘rinli boMadi?
QA+t)n=(1~0" (Javob: n = 4k, k GZ)
5. Eyler formulasidan foydalanib
cosx + cos2x + cos3x + — bcosnx yig'indi hisoblansin.

. 1\
(Javob: fsin X cos™*

. Xy
X Ism -.)

6. Ayniyat isbotlansin
x5- 1= (X —1)(x2—2xc0s72° + |)(x2—2xcoslA4° + 1).

Z=X+iy nugtalarda ko‘rsatilgan shartlarni
ganoatlantimvchi sohalami (z) kompleks tekisligida topilsin va
ular tasvirlansin.

7. |z—zx\' <4, bu yerda: zx = 3 —5i. (Javob: markazi
Zjnugtada bo'lib, radiusi R=4 bo'lgan ochiq doira.)

8. |z+1zj > 6,buyerda: za= 1—i. (Javob: markazi —zx
nuqtada bo‘lib, radiusi R=6 boigan doiraning tashqgarisi.)

9. 1< jz—t| < 3. (Javob: markazi z = i nugtada bo'lib,
radiuslari r, = 1var2 = 3 bo‘lgan aylanalar orasidagi halga.)

30. 0< |z+i] <1. (Javob: radiusi R—1 doiraning z =
—i nuqgtadagi markazini chigarib tashlangan ichki gismi.)

11. 0 < Re(3iz) <2 . (Javob: y =0,y = —" to‘gri
chiziglar orasidagi gorizontal tasma.)

12. fie >a,a=const,aER . {Javob: agar a —0
bo‘lsa, u holdax > 0, ya’ni, chegarasiz o‘ng yarim tekislik; agar

a>0 yoki a< 0 bo‘lsa, u holda, (x —" 2a) + ¥Y2*“
aylananing ichki va tashqi gismlari nugtalarini hosil gilamiz.)
13. ReZ = 0,buyerda a ~ const,a GR (Javob: z = ai

+al
nugta.)
14. /m(iz) < 2 (Javob: x = 2 to‘g'ri chizigdan chapda
joylashgan yarim tekislik.)



8. ANIOMAS INTEGRAL

8.1. BOSHLANG4CH FUNKSIYA VA ANIQMAS
INTEGRAL

Faraz qgilaylik, (a; ft) oraligda f(x) funksiya berilgan boisin.
Agar shu oraligning barcha nuqtalarida F'{x) = f(x) kabi tenglik
o‘rinli bo‘ladigan bo‘lsa, u holda, F(x) funksiyani f(x)
funksiyaning (a; ft) oraligdagi boshlang ich funksiyasi deb
yuritiladi.  Berilgan f{x) funksiyaning har ganday ikkita
boshlanglich funksiyalari bir-biridan ixtiyoriy o°‘zgarmas son
bilan farq giladi.

Agar C ixtiyoriy o‘zgarmas son bo‘lganda, (a; ft) oraligda
berilgan f(x) funksiyaning F{x) + C kabi barcha boshlang‘ich
fiinksiyalari to'plamini f(x) funksiyaning anigmas itegrali deb
ataladi va u quyidagicha yoziladi:

J/(x)dx = F(x) + C

Integrallashning asosiy qoidalarini keltiramiz:

D ffr(x)dx =Jd/(x) =/(*) +C,

2)df f(x)dx =d(F(x) + C) =f(x)dx;

) J[/(X) £ <p(X)]dx = f f(x)dx = f (p(x)dx;

4) | af(x)dx —af f(x)dx (a = const);

5 f f(x)dx = F{x) + Cbo‘lib, a va b (aO) lar o‘zgannas
sonlar bo‘lganda. har doim quyidagi munosabat o‘rinli bo ‘ladi:

Jf(ax ---b)dx = -F*ax + ft) + C;

6) agar / f(x)dx = F(x) + C bo‘lib, u=<p(x) , ixtiyoriy

differensiallanuvchi funksiya bo‘lsa, u holda:
[ f(u)dn = F(u) + C.

Integrallash  natijasining to‘g‘riligini  tekshirish  uchun,
topilgan  boshlang‘ich  funksiyaning hosilasi  hisoblanadi,
ya’ni:(F(x) + C)' = f(x).

Anigmas integralning ta’rifiga ko‘ra, integrallashning asosiy
goidalari va asosiy elementar funksiyalar hosilalar jadvaliga
asoslanib, asosiy anigmas integrallarning jadvalini tuzish
mumkin:

1) Juadu = 2 + C(a ® —):



2) ;N = (r.|u|+C;

3)/lacdu = £ +Ci

4)/ eudu = eu + C

5)J sinudu = —cosw+ C;
6)f cosudu. = sinu + C;

7) /é‘%hﬁ: Narct-9° + ¢ = ~\arcctg” + C {aOS);
u

— U+a — .
/a2-u2_£|n +C_-_@In'ﬁ1al'+c’
u

9)/-v A i =1In\W+ Vu2+ a2| + ¢ (a°);
10) Mol s = arcsin; +C= —arccos- + CSa>O);
1) [ o, = tBU+C
12) § Gingy = —EgM + G
13) J— =1In ¢y +c=1n smoUetam 4o
14)\/]55M:In< +5!:thosv|+t91u|1+C;

15) Jshudu = chu + Q\
16) f chudu = shun + G,

17y J ~ =rtu +C
N7 =
18) 6shu —cthn + C

Yuqorida keltirilgan raimosabatlar integrallar jadvali deb
ataladi.

Eslatib o'tamizki, keltirilgan jadvaldagi v harfi, erkli
o°‘zgaruvchi ham bo'lishi yoki uzluksiz differensiallanuvchi
u=cp(pc) funksiya ham bo‘lishi mumkin.

Quyida, anigmas integrallami hisoblashga doir ayrim
misollami keltiramiz:

I-misol. J (4x3—2Vx2+ ™ + |) dx hisoblansin.

>/ (Hor3—2Vx2+"j+ ljdx =4f x3dx —2Jx3dx +

-2
2!x~3dx++§dx=4¢:-2 A +2g+x+C=



—:Hgl-_—dx hisoblansin.
x2(1+x2)

4, f 122 iY - f(i+*+*2dr _ :
J x2(l1+;r2) J x2(1+x2) J x2(I+x2)
=-1+“TC\r+ C.
3-misol. J 3Xe 2xdx hisoblansin.

> 3xe2xdx = f(3e2Ydx = +C.0
J In(3e2)
4-misol. / (2x —7)9dx hisoblansin.
»f(2x - 7)9x =i/(2x- 7)9mdx = N+ C=

5(2 X-7 glo + +C<<
5-inisol. / cos(7x —3) dx hisoblansin.
» / cos(7x —3) dx =~/ cos(7x —3) d(7x —3) =

Asin(7x —3) + C. <

6-misol. ff_ﬂ%(EZ% dx hisoblansin.

N orx-arctgx arct (1+x
}J x-arctgx dx = — -dx - |---- g o _)___
+xz 2

I+x2 J 1+x2
—/ arctgxd(arctgx) = *In(l + x2) —~arctg2x + C.<
7-misol. f ctg3xdx hisoblansin.

wf itadxax = ffsndxdx = 3jf csIBt- = 35 diefndnet =

Aln\sin3x\ + C.<

Yuqgorida keltirilgan 4-7 misollardagi integrallami hisoblash

jarayonida 5-goidani qo‘llash magsadida integral belgisi ostida
gatnashgan ayrim ko‘paytuvchilami differensial belgisi ostiga
kiritilib, undan keyin esa, kerakli jadval mtegralidan foydalanildi.
Bu xildagi almashtirishlami differensial belgisi ostiga kiritish
usuli deb wyuritiladi Masalan, differensialluvchi bo‘lgan har
ganday /(x) funksiya uchun

[$<«*-JN-W W | +c¢
deb yozish mumkin.

8-misol. | sin2x dx hisoblansin.
J 4+smix
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SIT ZSITIXCOSX zsinx _
4+sm§- dx 'Zﬁ'mﬂ;(_d Y 4+sinx d(smxj -
rf(xl5in = =1n(4 + sinx) + C. <
J A#SIn2X
9-misol, f—------ dx hisoblansin.
J xX2+4x+5
>/ - — mmXx = ---; dx = InVx2+ 4x + 5+ C.
J X2+4x+5 +4x+5

AT-8.1
Ko‘rsatilgan integrallarni hisoblang va integrallash natijasini
differensiallab tekshiring.

1 [ (5r7—3Vx3+ 7. f(e~3r - —t
3 J 3X+2
—)dx. 37 -——-- sin3xcosx)dx.
2. f 8. [/ tg3xdx.
J cos2xsin2x ' f Varcsinx-x
3. /(3sinx + 9* J
10. Jigld *.
4. | \/(5x + 3)3d*. 11. r-J7=dx.
—::::d N V9 9*
J VirHb* 12. ] ——d)&
6. /(sinlx —e32x+
cosZ4x) X.

Mustaqil yeehish uchun topshiriglar
Anigmas integrallarni hisoblang va integrallash natijasini
differensiallab tekshiring.

1. a)f(3x —Vx*+ 2sinx —3)dx; bjf(sin3x +
xn/l +x2)dx; c)J dx.

2. a)f(x7+ §7X=+ 2x)dx; J (x2V4- x2+——)dx;

4x
©) 53505 9%
3. a)f(x~2+ 7x6—"=)dx; b)

N (VitjF —cos7x sin x™ dx; c) f ctg(3x —2)dx.
\j 7,C)i.

17



8.2 FUNKSIY ALARM BEVOSTTA INTEGRALLASH

Ko‘plab funksiyalaming anigmas integrallarini topish
masalasida, ulami jadval integrallaridan biriga keltirish usulidan
foydalaniladi. Uning uchun esa, integrallanuvchi fiinksiyalar
ustida algebraik ayniy almashtirishlar bajariladi yoki ayrim
ko‘paytuvchilarni  differensial belgisi ostiga Kiritish yo‘li
tanlaniladi.

1-misol. f tg3xdx hisoblansin.

»Jtg'xdx = f - 1) tgxdx

j tgxdx -
s tgxdx = Stgxditgx)-4 ~ d x = N +r - N =
-tg 2 + Znjcosx| + C.-4

2-rnisol. f dx hisoblasin.
J n:+5

»f— dx =f° dxzjjdx—jj—dxzx—
J x+5 J X+5

X+5

2 =X - 2In\x + 5| + C.<

3-misol. f , dx— hisoblansin.

J x2-4x+8
Noor dx _r dx _ __r dx
JXB-AR P X2AdAd4 [x~2")2+4
d(x-2) -1arctv9)—(-'-2-— hC <

J 4+ (x-2)2 2 2

/ sinmxcosnxdx,/ sinmxsinnxdx, f cosmxcosnxdx kabi
integrallami hisoblashda, mos ravishda quyidagi formulalardan
foydalaniladi:

1

sinmxcosnx = —sin(m + n) x + sin(m —n) x],
1

sinmxsinnx = - [cos(m —n)x~ cos(m + n) x],

cosmxcosnx = i[cos(m —n) X + cos(m +n)x].
4-rnisol. J cos(2x —1) cos(3x + 5) dx hisoblansin.
»/ cos(2x - 1) cos(3x + 5)dx ="f (cos(x + 6) +
cos(bx + 4))dx - =1f cos(x +6)d(x + 6) +~ / cos(5x +
4)d(5x + 4) = "sin(x +6) + +-~sin(5x + 4) + C. <

18



J cosmxsinnxdx (m, n GZ) kabi ko‘rinishdagi integrallami
hisoblashda quyidagi hollami ko‘rib o‘tamiz:
1 m va n sonlaridan biri tog son bo‘lsin, masalan,
m=2k+\ boisin. U holda:
f cosmxsinnxdx = j cosZkxsinnxcosxdx = f(l —
sin2x)ksinnxd(sinx).
Bu esa, darajali funksiyalaming integrallaridir.
2) m va n sonlarining har ikkalasi ham juft sonlar

formulalar orqgali, trigonometrik funksiyalaming darajalari
pasaytiriladi.

5-misol. / cos7xsin3xdx hisoblansin.

> J cos7xsin3xdx =/ cos7xsin2x sinxdx =
—J cos7x(1—cos2x)d(cosx) == —f cos7x d(cosx) +
/ cos9%x d(cosx) = — c0s8x + —cos1llx + C. M

6-misol. f cos23xdx hisoblansin.

»/ cos23xdx = f 1+c°H—dx =

—~fdx + cosbxdx —*x + Jcos6xd(6x) —\x-i-
~sin6x + C. <
12
7-misol. f-----—-- - hisoblansin.
J 5—4X—X2

Mazkur integralni hisoblash uchun kasr maxrajidagi kvadrat
uclihaddan to‘la kvadrat ajratamiz. Natijada:

Nor dx o dx
" wi}% % @l-(x2+4x+4)
I X
:JJ-'FL---—:—in 23 c=In +C.<
32—Ir+2)2 , 2-3 X+2-3 6 x-1

—— dx hisoblansin.
X2+4

Ko‘phadni ko‘phadga bo‘lish qoidasidan foydalanib, integral
belgisi ostidagi funksiyaning suratini maxrajiga 00°‘lainiz.
Natijada, integrallanuvchi funksiya butun darajali ko‘phad bilan
to‘g‘ri ratsional kasming yig‘indisi ko‘rinishida ifodalanadi.
Kerakli almashtirishlami bajarib, quyidagini hosil gilamiz.
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* f A T 4dX = ft* 3 ~ 4X + = ft* 3 - +><
%f<" ++f A dx =7 ~ 2x2+8 In(*2+ 4) + 2arCt9 "~

AT-8.2
Berilgan anigmas integrallarni hisoblang.
1. f(e2x+e 2x)dx.

2. f VI —7x3x2dx.

3 r 2x—3 4.
Cos N odxe / cos32x sind 2xdx.
O.
5. 6. [/ ctg32xdx.
J cos23x +sin23 xdx. 0.
X2-9 8. /sin7x m
7. —zq@éx.
JX sin 9xdx.
0.
9 C dx -
) ’\x24c-16x+13'
10 rodx
© Mx2-—6x+7- « 1
X2 + +
1§ e dx. o LxzrX ~ T dx,
J X + |

Mustaqil yeehish uchun topshiriglar
Anigmas integrallarni hisoblang.

1. af dx; b) fcos 2x msin 1Qxdx;
J . COSX J
c) Jtg27xdx.
2. al X s dx; b)j sin(Jx —1) sin 5xdx;
\' 3x+2

c) J-7— dx.
3. a)J"-~dx; b)/ sin3(1 —3x)dx;
c) f — dx.

J x+lI
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8.3. KVADRAT IJCHHAD QATNASHGAN
FUNKSIYALARNI INTEGRALLASH
(IN+E-dx (81)
J x2+bx+c - . .
kabi integralni hisoblash lozim bo‘Isin.

Aytaylik, AdO bo‘lsin. Integral belgisi ostida ba’zi ayniy
aimashtirishlami bajarib, quyidagini hosil gilamiz.

f Ax+B Hr - - f (2x+i,)+(2f~bid _ £ rdXx4bx+cl (
J x2+bx+c 2J X2+bx+c 2J x2+bx+c K

_2) 'rxg:“-chc = 'ZN T2+ bx+c\+ +Q3 ) 2_)5 x2+/l;x+c
Oxirgi ifodadagi integralni hisoblash uchun x2 + bx + c dan

toTa kvadrat ajgatamiz, ya’ni: x2+ bx +c¢c = (x + §)2+ C -tlz

Natijada, ¢ —— ning ishorasiga qarab, J kabi jadval
integrallarining biriga kelamiz.
3X—2 . R
I _2XZZ__4x hisoblansin.
XZ+4X+13

r 3X-2 X = 31 2X+4-4— _ 3 f 2x+4

J x2+4x+13 2- x2+4x+13 T2 X2+4X+13
n f dx__

(x+2)2+9

= -In\x2+ 4x + 131—8 marctg— + C. <

5X—7 . ;
[ X dx hisoblansin.
Xx2—8x+7
robx-7 o 5r2X-—8+8 —

_______ -dx —

xaxr 70X T TR
H~fX Smdx + 13 f ————ee-= = -Jn\x2—8x +7j +

X2—8x+7 J X2-2-4x+16-9

=,/nIx2- 8x+ 7+ 13—/n|-n - T TCT
1 2-3 Ix-4+3

g (x—4)2—9
’Z\In\xz- 8x +7j+ G—In I1X—_||1+ C <

Eslatma. Agar (8.1) integraldagi kvadrat uch hadning
ko‘rinishi ax2 + bx + ¢ (aO) kabi bo‘ladigan bo‘lsa, u holda u
integralni  hisoblashda a koeffitsientni gavsdan tashqariga

chiqariladi, ya’ni: x2+ bx + ¢ —a(x2+ + ~x + ).

3misol. Jf 3X2+12X-_-1-0dx hisoblansin.
! o S I UA=
J —2x2+12x—0 2- Xx2—6x+5
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r2x-6 +6-1 r 2x-6 Jf
=-J x2_6x+5 dx- -JX2- 6x+5 2V (x- 3)2- 4

= -Zn|x2- 6x + 5| + —in o
re +%)dx kabi integrailami hisoblashda ham yugorida
J Vax2+bx+c

bayon etilgan usuldan foydalaniladi, ammo bu yerda,
yugoridagidan boshgacharoq jadval integrallari hosil bo'ladi.
Agar™*O bo‘lsa,

I+ (Ax+B)dx _ A /-Qax+b-b+-—jdx » a rd(ax2+bx+c) *
Vax2+bx+c 2a Vax2+bx+c 2a j ax2+bx+c
+$B- b f T W T ~ ¢ + BH
2J )y/ax2+bx+c a ( 2a Ja(x++ )2+(ch

ni hosil gilamiz. U holda, oxirgi integral yoki,
| NYG2=INu+ViR+<ZA+c
yoki,
P ", ,=arcsin-+C
integrallaming biriga keltiriladi.
4-misol. f; I*-1- dx hisoblansin.
—4]1+8

»/TgEi_b=i;2”~ +ilit=
V*Y-4x+8

sIx2- 4><+B
» 2X—4 v, -4 ___dx_
2J vie- g S 3 T3¢ =
= VG2 —4Xx + 8 —5Zn|x —2 + N(x —2)2+ 4 + C 1
/ 4x5 . .
)/}zz"éwaldx hisoblansin.
> \DabEf X =
/ - - - o
AR = 22 f---_z* 2 gt
J:v2j.5v4 i *J ,/[-;2T,v.,ux J

—AV—x2+ 2x + 3 —arcsm2—+ £.-*
endi

[? Myr < 82)
ko‘rinishdagi integralni garaymiz, bu yerda, £>0 butun son
bo‘lib,p2 —4qg < 0 dir.
Agarda, va bo‘ladigan bo‘lsa, aynan (8.1) holga
0‘xshash ayniy almashtirishlardan foydalanib,

22



A (2x+p)dx _ A (x2+px+q) k+l £
2 (x2+px+q)k 2 -k+1
ni ajratib olamiz. Natijada, (8.2) kabi integralni integrallash,
quyidagi integralni integrallashga keltiriladi:

f dx f dX f du (O
J (x2+px+<j)fc J Mo {P)7 t4q-pzjfe J (u2+a2)k

Buyerda:n =x + a2=— (49 —p2> 0) deb
belgilash kiritilgan.

0 ‘z navbatida, (8.3) ko'rinishidagi integrallarni hisoblash
uchun maxrajning darajasini pasaytirishga asoslangan quyidagi

rekurrent formuladan foydalaniladi:
r du _ u 2fc—3 r du p

(u2+a2)fc 2a2(fc-1)(uz+a2)fc-1 2a2(fc-H)~ (n2+a2)n-1

6-misol. f dx hisoblansin.
J (x2+2x+5)2
Ay 3x+5 . _ 3 T2X+2-2+10/3 , __ 3 rd(x2+2x+5)
J (X2+2x+5)2 ~ 2 (x2+2x+5)2 2  (xz+2x+5)2
7 f dx _ [I"oan £ i Lp |
o ((x+1)2+4)z  ----- 2X2+2x+5 V8((x+1)2+4)

Ir &x _ 3 1 Lo*1 111t X, ¢
8-144 (x+1)2/ * 2 Xz+2x+5 N 4 X2+2x+5 + 9 ~ ’

Bu yerdagi (8.4) kabi yozuv, keyingi hisoblashlarga o‘tishda

(8.4) formuladan foydalanganlik belgisini anglatadi. (Bu xildagi
gisga va qulay yozuvdan bundan keyin ham foydalanamiz).
AT-8.3

1 . {Javob: jarctg-—+ C

[ — dx
J X2+4X+2Q
2% dx iJavob: 2 +*+ 11~ %arctg X +
c)
3-  JxNJto+7dx' Qavob:\ InXZ -8 x +7\+ ~ln
C))
4- L >3 4 dx [Javob\~-—2— + 5in|x2+ 2X + 2&—

X2+
*-9arctg(x —1) + O
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5. J_\élf-)%)llﬁedx— (iavob: 3V.r2—6x + 18 +
5injx —3 + +V*2-6x4- 18| 4 C)
6. Jrﬁ/@@é?xr_mgz dx. (Javob: -8n/5 + 2x —x2 —3arcsin -

C)
7. T77-3EL v Tavohi— 21 L arctgXih 10)
J (x2+2x+10)2 x2+2x+10 54 a 3

8. f-~J~rdx. (Javob: 2In\x + V4 + x2\—3V/4 + x2+ C)

Mustaqil yechish uchun topshiriqiar
Anigmas integrallarni hisoblang.

1. a,)J/ 3x*x} -dx; b)/ — dx.

x2~6x +X2 J Vx2+2x+2

2. a)]J m-- 7mdx; b)yJ-J* L AdX.

J x2-10x+9 J VS-4X-X2
3. a)f Ix+3-~dx; b)/ y —
) 2x2+4x+9 ) \X2+WX+29

8.4.0 ‘ZGARUVCHINI ALMASHTIRISH YOKI 0 ‘RNIGA
QO‘YISH USULIDA INTEGRALLASH

Agar x = (p(t) funksiya uzluksiz differensiallanuvchi bo‘lsa,
u holda, berilgan f f(x)dx integralda har doim vyangi t
0°‘zgaruvchiga nisbatan integralga kelish mumkin bo‘ladi, ya’ni:

ff(x)dx = f fl<p(t)] -(p'iOdt (8.5)

0 ‘ng tomondagi integralni hisoblab, natijada eski x
0°‘zgaruvchiga gaytsak, berilgan integral hisoblangan boiadi.

Anigmas integrallarni bu usulda integrallashga o zgaruvchini
almashtirish yoki o hiiga qo Yish usuli deb yuritiladi.

Bu yerda, shuni ta’kidlash kerakki, x = <p(fc) almashtirish
kiritilayotganda, (pit) bilan f(x) funksiyalar orasida o'zaro bir
giymatli moslik bo‘lishi va (p{t) funksiya o°‘zgaruvchi x ning
barcha giymatlarini gabul gilishi lozim.

I-misol. f x"Jx —Idx hisoblansin.

> t = \Ix —1 almashtirish kiritamiz, u holda, x —t2+ 1va
dx —2dt

Natijada,
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Jxn/x —1ldx = f(t2+ 1) mt m2tdt = 2f(t4+1t2) dt —
-St5+ -t3+ C=:I'I\§x-1)1 + -(x -I)Ji + C<*

2-misoL f—- — dx hisoblansin.

» Bu yerda, X = a mgt (—" <t <j) almashtirishdan

foydaianamiz. dx = ~ ~ b o ‘Iganligi uchun, (8.5) formulaga
binoan quyidagini hosil gilamiz:

J jcz J a2tg2t cos2t J sin2t
r [c052t+5|n2t cost 1 i
-------------- t=Joude+ [-2db==
n COS'[SII’IZ'[ COStS!I-nZt a d ostd
——t +—  # = — + +
Sint In\tgt cost ¢ ige fn‘“’:‘ft

+-y/l + t72t] + C= —a + /n|x + Va2+ x2| +

3-misol. / Va2 —x2dx hisoblansin.

> Bu yerda, x = asint almashtirishdan foydaianamiz.
dx = acostdt (—" | va—a < x < a) gako‘ra,
quyidagini yoza olamiz:

Jra2 —x2dx = JVa2—a2sin2t acostdt =
a2/ cos2t dt == ang ’; dt = 1+Tsin2t + C:-2 1+

?smtcost + C.

Agar t = arcsin - va cost = VI —sin2t = i —;‘5
ekanligini inobatga olsak, natijada,

fVa2—x2dx = -arcsin--+--- t|l—"r+C=
J 2 a 2 a-\J a2

-Zarcsin; + +-2V a2—x2+ C.
hosil bo‘ladi.
Ayrim funksiyalami integrallashda, ko‘pincha, x = <p(t)
almashtirish emas, balki, t —<p(x) almashtirshdan fovdalanish
mag.sadga muvofig bo‘ladi.

4-misol. J V1 + sinx cosxdx integrailansin.
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»Yechish: 1+ sinx =t kabi almashtirish Kkiritamiz. U
holda, cosxdx == dt bo'lganligi uchun,
VI +sinxcosxdx = f dt ==——FC=
2341 +sinx)4 + C.<

5-misol. f e~x*m 2dx hisoblansin.
» Yechish: —x 3 —t deb olsak, —3x2dx = dt yoki x2dx =

fe x3x2dx =fet(— dt - —2Let+C= —e~x2+ C
hosil bo'ladi. <

»Bu yerda, t = almashtirish kiritish magsadga muvofiq
bo‘ladi. U holda, x = *—1va dx = —" Dbo‘lad.i. Natijada esa,
quyidagini yozamiz:

f Nx f _ dt _ - dt _

(x+1)Ix2+2x+10 J tJt~2+9 J v'ot2+1

=-i/n|3t +VIt2+ 1| + C—-*xIn — + H +
| | x1 - yicd V +1

Eslatma. Anigmas integra larni o‘miga  qo‘yish
(o‘zgaruvchini almashtirish usuli) usulidan foydalanish jarayonida
go‘yidagicha sxemani go‘llash tavsiya etiladi. Bu sxemaning
go‘llanishini yuqoridagi 3-misolni yechish jarayoni uchun bayon
etamiz:

_ | x —asint |
>/ Vaz- x2dx = ldx = acostdt]
/ Va2 —a?2sin2lacostdt = a2/ kos-t| costdt -
=2a2‘(23052tdt =a2L>2 5 2dt - —Z—Bdt +—2—5 cos2tdt
rrt + —sin2t + C=—t + —sintcost + C -
2 4 2 2
t = arcsin;, sint —x/a
cost = I —sEn2t = g/1 —x2/a?2

+ox 1 — 4 C = arcsin - +;Va2—x2+ C.<

276\ a2 2
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Bundan keyin ham barcha oraligdagi hisoblashlami yozish
uchun ulami vertikal chiziglar orasiga joylashtiramiz.

AT-8.4
(R (Javob: 2(Vx 4- 3 —In\l +\/x + 3]) + C)
2. j xy/(5x2- 3Y dx. (Javob: ZV(SXZ- 3Y2+C)
. . - ?-+
3. f y ‘A (Javob Luhx C)
4. f dx. g.]avob: 2Vl + 'nx —Inlinx +
J XInX
2In\y/l + Inx —Ij + C)
5 f m(Javob: 2\fx -4 t/x +4(1 + ¥x) + C)
r r dx /| r 1 I x+2+27Mfx2+x+1 , ~y
6- < Vavob: ~In--—--—--- 7= +C

7. V144 —x2dx. (Javob: 72arcsin — + |vT_44 —X2+

X 7
9. f {Javob: - (ex —2)y/ex + 1 + C)

> |+c>
Mustagqil yechish uchun topshiriglar

1- a) / x3n/4 —3x4dx ;b)/~"dx. (Javob: a) —
AT(4 - 3x4)3+ C; b) Myfx* - x +4y/x - 41n(l + n/x)8+ C)
2- > SvArdxeIN - Gdawb:
a)-17(9-2nr3)2+ C;b) - j(n +cC.)
3* a)l/ VI + cos2x sin 2x dx; b)/ — -- dx. (Javob:

mJl-x2

a)—, (1 + cos2x)8+ C; b) C —5—— arcsin x.)

8.5. BOLAKLAB INTEGRALLASH
Bo‘laklab integrallash usuli deb ataluvchi usul, quyidagi
[ udv = uv —f vdu (8.6)



Mustaqil yeehish uchun topshiriglar
Anigmas integrallarni hisoblang.

1. a)J~dx; b)/xe~7dx\ c)f x arcsin xdx.
2. a)/ xellx-ndx\b) f In(l + x2dx)\ c)Jx cos + 1) dx.
3. a)f In(x —3)dx; b)fx cos(2x - 1)dx; c)Jx m23xdx.

8.6. RATSIONAL FUNKSIYALARNI INTEGRALLASH

Ratsional funksiya deb, ikkita ko‘phadning nisbatini
itodalaydigan funksiyaga aytiladi, ya’ni:

— QMW _ bXT+HIXT~1+ bT /9 U1
~nt P, (x) a0x"+alxn-'-+,.an '

bu yerda, m va n lar butun musbat sonlardir: ftxa; GR (i =
0,m ;j = 0,n).

Agar m<n bo‘lsa, R(x) ni to‘g‘ri kasr, aksincha, m>n
bo‘lganda esa, uni noto‘g‘ri kasr deb yuritiladi.

Har ganday noto‘g‘ri  kasming suratidagi ko'phadni
maxrajidagi ko‘phadga boiib, uni biron bir ko'phad bilan to‘g‘ri
kasming yig‘indisi shaklida ifodalash mumkin bo‘ladi, ya’ni:

Qmw N, <2i(%)
P.(¥)  M-m(X) +M(x)
bu yerda, M,,_m(x) va Qi(x) lar ko ‘phadlardir; P—()Tesa,
n
to‘g‘ri kasr (I<n). :
Masalan, xare ko‘rinishidagi ratsional funksiya, noto‘g‘ri

kasrdir. Ko'phadni ko‘phadga bo‘lish goidasidan foydalanib,
suratni maxrajga bo‘lsak, quyidagini hosil gilamiz:

X4+ 4 —33x + 14
—— = -=XZ- 3Xx+ 10 + - 5— —--m--- -
X + 3x —1 X2+ 3x —1

Ma’lumki, ko‘phadni osongina integrallash mumkin, shu
boisdan, har ganday ratsional funksiyani integrallash, to‘g‘ri
kasmi integrallashga keltiriladi. Bundan buyon, m<n shartni
ganoatlantiruvchi R(x) fimksiyalami integrallash masalasini
o°‘rganamiz.

Eng sodda kasr funksiya deb, quyida keltirilgan 4 xildagi kasr
fimksiyalaming biriga aytiladi:

O Aa’z) (x-gk



Mx+N 4 Mx+N
3) ;BZ-EFJ:‘I(;I_" 4) (x2+px+q)fc
bu yerdagi .4, a, M, N, p, q lar ixtiyoriy sonlar bo‘lib. k esa
(k=2), butun son hamda p 2 4g<0.
Birinchi va ikkichi xildagi eng sodda kasrlami integrallash
bevosita integrallash yo‘li bilan amalga oshiriladi, ya’ni:

f— = Aln\x —a\+ G

J x-a

FhAyedx = AT O apkd{x —a) = o2 C

Shuningdek, uchinehi va to'rtirichi xildagi eng sodda
kasrlami integrallash usuilari esa, §8.4 da garalgan edi.

Demak, har ganday eng sodda kasmi integrallash, elementar
funksiyalar orgali amalga oshirilar ekan.

Ma’lumki, koeffitsientlari haqigiy sonlardan iborat bo'igan
har ganday Ph(x) kabi ko‘phadni haqgigiy sonlar sohasida
quyidagicha ifodalash mumkin bo‘lar edi:

= “o(x- axX)kl.. (x - ap)kPm
. (x2+ pjX + @tl.. (x2+ psx +

bu yerda: a,|, a2>.., ap lar Ph(x) ko‘pxadning mos ravishda K\,

Kr, Apkarrali haqiqiy ildizlari boiib, py2—4qr <0 (y = 1,s)

foi + k2+ .. 4 2tx+ 2t12H .. + 2ts=n,.

(kl,k2,....,/cp,t1/t2, ...,tp lar manfiy boimagan butun
sonlardir). U holda, quyidagi teorema o‘rinlidir:

Teorema (tog‘ri kasmi eng sodda kasrlar yig'indisiga
yoyish).

Maxraji (8.8) kabi ko'rinishda iasvirlanadigan har ganday
(8.7) to'g'ri ratsional kasmi har doim yuqorida keltirilgan 1--4
xildagi eng sodda kasrlarning yig'indisi shaklida yoyish mumkin
bo'ladi. Xususan, (8.8) ifodadagi har bir k, karrali ar ildiz
(r = 1,/3) ((x —ar)kr ko paytmaga) ga, yoyilmada quyidagicha
Ko Tinishda bo ‘lgan krkasrlaryig'indisi mos keladi'.

A4 M) 4+ —thr— (@m
x-ar  (x-ar)2 (x-ar)kr

M(x) ko'phadning har bir ty karrali juft o'zaro go'shma
bo 1gan kompleks ildizlar
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((x2+ PyX + qY)ty ko'paytuvchilarga) ga esa, quyidagicha ty
dona elemental- kasrlarningyig indisi mos keladi:
+ MX+2 m. = (810)
X2+pyx+qy (a:2+prx+qr)2 (x2+pYx+q¥Yr Y

Yugqorida keltirilgan yoyilraalardagi A, M, N laming
giymatlarini aniglash uchun ko‘pincha noma’lum koeffitsientlar
usulidan foydalaniladi.

Mazkur usulning mohiyati quyidagichadir:

Berilgan to‘g‘ri ratsional kasr R(x) ni (8.9) va (8.10) kabi eng
sodda kasrlarning yig‘indisi ko‘rinishida yozib olamiz. U esa, 0z
navbatida ayniyatdir. Shuning uchun, barcha kasrlarni umumiy
maxrajga keltirsak, suratda (n-1) darajali Q ~1(x) kabi ko'phad
hosil bo‘ladiki, u esa, 0‘z navbatida (8.7) ning suratidagi
Qm(x) ko‘phadga aynan teng bo‘ladi. Ushbu ko‘phadlar oldidagi
koeffitsientlami x ning darajalariga nisbatan tenglashtirib, A. M, N
(indekslari  bilan) noma’lum koeffitsientlarga nisbatan n
noma’lumli n ta algebraik tenglamalar sistemasini hosil gilamiz.

Hisoblash ishlarini soddalashtirish magsadida ayrim hollarda
quyidagi mulohazadan foydalanish ham mumkin, ya’ni,
Qm(x) bilan Qn~i*(x) ko‘phadlar ayniy teng boiganliklari
sababli, x ning har ganday sonli giymatlarida ham ulaming
giymatlari o‘zaro teng bo'ladi. x ga muayyan giymatlari berib,
noma’lum  koeffitsientlami  aniglash  uchun tenglamalar
sistemasini hosil qgilamiz. Mazkur usulni odatda, Xxususiy
giymatlar usuli deb yuritiladi. Agarda, * laming giymatlari
maxrajning haqiqiy ildizlari bilan bir xil bo‘ladigan bo‘lsa, bitta
noma’lum koeffitsientga nisbatan tenglamaga ega bo ‘lamiz.

I-misol. J X% I)'('"z'jdx hisoblansin.
» (8.9) formulaga binoan, quyidagini yozamiz:
f (2x —3)dx C(A B C\

I X(X- D)(*-2)=J (x +x -1 +x—=2/dx (1)

Agarda, mazkur yoyilmadagi kasrlarda umumiy maxi'ajga
keltirilsa, u umumiy maxraj integrallanuvchi funksiyaning
maxraji bilan bir xil bo‘lib, (1) formulaning chap va o‘ng
tomonlaridagi integral ostidagi ifodalaming ham suratlari aynan
bir xil bo‘ladi, ya’ni:

2x —3 = A(x —1)(x —2) + Bx(x —2) + Cx(x —1) (2)
32



Mazkur ayniy tenglikning har ikkala tomonida x ning bir xil
darajalari  oldidagi koeffitsientlami tenglashtirib  quyidagi
tenglamalar sistemasini hosil gilamiz:

0=A+B+C
2=-3A-2B-C
X° -3 = 2A

va uni yechib, A—-3/2 5=1, C=1/2 larni topamiz.

Endi, yoyilmadagi koeffitsientlami xususiy giymatlar usuli
yordamida aniglaymiz. Shu magsadda, (2) ifodadagi x ning
o‘miga maxrajning iidizlari bo‘lgan ax= 0,a2= 1l,vaa3 =2
xususiy giymatlami go‘yamiz. Natijada, -3=2A, -1=-B, 1=2C lar
yoki ulardan A=-3/2,5=1, C=1/2 lami topamiz.

Ushbu topilgan giymatlami keltirib, (1) tenglikka go'ysak,

dx =

= —in|x| +in|x - 1] +*In\x —2| + C*

ni hosil gilamiz (bu yerda, C*, integrallashdagi ixtiyoriy
0‘zgarmasdir). <

2-misol. {]( 1) (x +I)!hls.oblansm

> To‘g‘ri kasrni eng sodda kasrlaming yig‘indisi ko‘rinishida
ifodalash hagidagi teoremaga ko ‘ra, quyidagini yozamiz:

FOMER=) (=1 + xe1)2 30 D
Umumiy maxrajga keltirilgandan so‘ng,
x=NKx+1)2+B{x- 1)+ C(x2- 1) (1)

ni hosil gilamiz.

Agar x —1 va x = —1 deb olsak, 41 = 1va —2B = —1 ni
va J1 = 1/4, B= 1/2 larni topamiz. Uchinchi noma’lum C
koeffitsientni anigJash magsadida (1) tenglikdagi x2ning oldidagi
koeffitsientlami tenglashtirib, 0=A+C ni va undan, C = —1/4 ni
topamiz. Natijada,



xdx

(x-1)0 +
f ![édx
Fiece )2
+ 1/4d —1—Zn' 1 L +1
It = gAe Ll
1 ix-1 11

ni hosil gilamiz. M

3-misol. f— —- hisoblansin
J (x-1)(x2+1)

» Yugorida keltirilgan (8.9) bilan (8.10) formulalarga binoan
integral ishorasi ostidagi ratsional kasrni eng sodda kasrlaming

yig‘indisiga keltiramiz.

r xdx
*(x-1)(x2+1) ~
Cf A Mx+N\ |, _ ra(x2+D)+(Mr+W)(a:-1) ,
Vx-1 x2+1 / * [ ] (x-1)y(x2+1)
Bundanesa, x = A(x2+ 1) + (Mx + N)(x —1) m h05|l
gilamiz,
Ushbu tenglikda x — 1 deb olsak, 1=2A yoki /4=1/2 ni
topamiz. XQ j ~an esa’ M=~J1/ bilan N=1/2 lami topamiz.
U holda:

P(,-)"«)=1(*+i£ )dx=2l0 ~41nx?+ 11+
-arctgx + C

4-misol. /(x) =/ dx hisoblansin.

» Integrallanuvchi funksiya noto‘g‘ri ratsional kasr
bo‘lganligidan, suratni maxrajga bo‘lib, uning butun gismi bilan
to‘g‘ri kasr gismlarini ajratib olamiz:

Xx4+3x2-S 2x2+10x-5

7+
X 3+2X2+5x X3+2x2+5x

Endi. (8.9) va (8.10) formulalarga binoan,
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I(*) = I(«-2)dx+S? g ~ dx=<Zf+

ni hosil gilamiz.
Oxirgi integral ostidagi ifodada umumiy maxraj topib,
tenglikning chap va o°‘ng tomonlaridagi suratlami tenglashtirsak,
2x2+ 10x —5 = A(x2+ 2x + 5) + Mx2+ Nx ni hosil
gilamiz.
Bu vyerda, x ning darajalariga qarab ular oldidagi
koeffitsientlami tenglashtirib, quyidagiga ega boiamiz:
*2 2=A+M]
X 10 = 2A+ Nj
-5 =51 )
Mazkur sistemani yechib, A=-1, M=3, N=12 lami topamiz. U
holda:

o’ _x2)2 e ( 1. 3x+12 \ ., _ (x-2)2 ' ,
16 = %+ J L mdx = S s

+2/ dx = _ faxi+1f +9f =
2 X2+2x+5 2 -2 N X2+2x+5 *(x+1)2+4
9 T In\x\+7|n\x2+ 2x+5||-e§rctg—2 +C <
AT-8.6
Lo J 55,00 (avofttzn .+ C)
- f X5+X4-8 j , . X3 X2 . o i X2(X-2%-S , 4
2- [-?2 g rdx- Nevo6:T+T +4+ta -5 +C.)
3. }‘ 9<3_+\ dx. S.Javob:x +-+1In w7 C)
. r Xz-2X+3 , . , 1 o I(x-D(x-"3) o, L,
4- & ,,4 3 » dx-(Javob[—i + In [] +C->
i_(_2><2»_3x-_3)d_>< (JTavob- |nY£2._'_Z_t_+_E)i+

L Jx(x—l)(xz—2x+5) [r—x
farctg X + ¢

6- /fnr (lavofe:JarctEx+ \lIn||“ |+ ¢

7. | — —— SJavob: — ——Inx + 1j+
J (x+1)(x2+1)2 2(x2+1) 2

2/n(l +x2) + C)

35



Mustaqll yechish uchun topshirigiar

_,,> 1 4dx

*o a)j(* D(x+2)(x+3) " ' x(x2+4)"

(i( _I)_x_+_3)3| C bﬁ Vx2+4

(JavoZ;: aj in
f 2x2+41x- 91

G . I’-
2. 8) SywThea b)-Jxm.)z-

(Javob: a) In LDty ¢ b) i hin e fC)
(x+3)7 | Ix+1
, r dx 13dx
*x(x2-1) ' N X(x2+6x+13)°
- = = -— 4+
\gJavob a) In 14 G b)i n,pz= + 5arctg > C.)

8.7. AYRIM IRRATSIONAL FUNKSIYALARNT
INTEGRALLASH

Har ganday irratsional funksiya uchun elementar funksiyalar
orgali ifodalanadigan boshlang‘ich funksiyani topish har doim
ham mumkin bo‘lavermaydi.

Quyida, ayrim irratsional fLmksiyalarning integrallarini garab
o‘tamizki, ular o‘z navbatida biron bir 0 ‘miga go‘yish usuli orgali
yangi 0‘zgaruvchiga  nisbatan ratsional funksiyalarni
integrallashga keltiriladi.

Quyidagi j R(x, (“ J)1,..., (™ ) Sy dx kabi integralni
garaylik.
Bu yerda: R- ratsional funksiya bo‘lib, a, b, ¢, d lar ixtiyoriy
sonlar, ritSi (i = 1,y) lar esa, butun musbat sonlar.
) _dx\~b .. . .
Mazkur integralni--—-—— = um almashtirish orgali yangi
o‘zgaruvchi n ga nisbatan ratsional funksiyani integrallashga
keltiriladi. Bu yerda, m=EKUK (si~s2,...,5y) dir.
ri
Xususan, fR ix,xﬁ, ...,xw\\dX kabi integral x=u
almashtirish orqali ratsionallashtiriladi.

1-misol. ff Wisoblansin.

»Bu vyerda, EKUK(2,4)=4 bo‘lganligi uchun x=u
almashtirish Kiritiladi, ya’ni:
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oJxdx _ 1 x2dx ] X = u4

J x5+ x3A+4  ldx = 4it3diJ
4u2 \

=4 { l;I_Z____ it = r _— _4 -
J}U§+4'r—alt 43 \ uz 3'-}+4/ 3|t
—]£/M|VI +4+C=
= *Vx3—-2ZnjVx3+ 41+ C
(chunki, u = Vx edi).4

2-misol. jdx+l+y/x+| hisoblansin.

» Bu yerda, EKUK (2,3,6)=6 bo'lganligi uchun

5 Y%x+ldx _ IX+ 1 = 1t6 I _ ru-6ubdu _ ~ juddu _
Vx+H+Vx+X  \dx = 6ubdu> J u3+u2 J u+l

=61 (}/13—l/l2+ n _1+Ll.+1/ du = 5U4—2u3+ 3tt2 —

6it + 4-64j[if + 1j+ C——sj(x + 1)2—2Vx + 1+ 3VX+T —
6VF+T+ +6InjVx+T + i| +c.<

Eslatma: Vax2 + bx + ¢ ga nisbatan ratsional bo‘lgan ayrim

irratsionalliklami integrallash 88.3 va 88.4 larda bayon etilgan

edi.
Quyldagl ko' nnlshdagl mtegralnl garaylik J -7‘—9—(1-(}:==

Bu integralni har doim quyidagicha yoyish mumkin bo‘lar
ekan:

[ K™ - w-wNrNTW T-c+ 81

Bu vyerda, Aein hamda (?,_i(x) esa, koeffitsientlari
noma’lum bo'lgan («-1) darajali ko‘phad bo‘lib, uning
koeffitsientlarmi  aniglash uchun (8.11) ni differetsiallab
yuboriladi. Natijada hosil bo‘lgan ayniyatdan, ham Qn_1(x) ning
koeffitsientlari, ham Xni aniglanadi.

3-misoi. / dx hisoblansin.
» (8.11) formulaga binoan,

fiw kdx = (*3+8Q + X+ D' 2 +4+  vfe

ni yozib olamiz.
Oxirgi tenglikni differensiallab, quyidagini hosil gilamiz
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THIX2 = (BAX2 + 2BX + C)n/x2 + 4 +
\1x2+4
+(Ax’ +Bx*+ Cx +D)7E=+ 7£=0)

Tenglikning har ikkala tomonini \1x2 + 4 ga ko'paytirsak, u
holda:
X4 +4x2 —(3Ax2+ 2Bx + C)(x2+ 4)

+ (Ax3+ Bx2+ Cx+ D) & + X

Noma’lum  koeffitsientlar  usulini  goMlab, quyidagi
tenglamalar sistemasini aniglaymiz, ya’ni:

x4 1=3A+A

x3 0=2B+B

x2 4=12A+C+B

x1 0=4B+D

X° 0 =4C+ 4 J

Bu sistemani yechib, ,4=1/4, B=0, C=1/2, D=0 va X===2 larni
topamiz.

Natijada,

'x4+ 4x2

|

I- Vx2+ 4

ni hosil gilamiz.

Differensial binom deb ataluvchi ifodaning integrali,
/ xm(a + +hxn)pdx ni (bu yerda, a va b lar noldan fargli
bo‘lgan o‘zgarmas sonlar boiib, m, n, p lar esa, ratsional
sonlardir) integrallash uchun uni Chebishev almashtirishlari
yordamida ratsional funksiyalaming integrallariga keltiriladi.
Quyidagi uch holni garaymiz:

1) agar p butun son bo‘ladigan bo‘lsa, yugorida ko‘rib
o‘tilgan eng sodda irratsional funksiyalami integrallash holiga
kelinadi;

2) agar (m +1)/n butun son bo‘ladigan boisa,

a+ bxn=usp =j,s > 0kabi almashtirish go'llaniladi;

X3+ 2X
Ox = ——---——--\/x2+4 —2In x +\Ix2+4 +C

3) agar + p butun son boiadigan bo‘lsa, a + bxn =
usx n kabi almashtirish kiritiladi.
4-misol. f-—7"==hisoblansin.
J XT7sll+x*
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»Bu yerda, m = —7,n = 4,p ——1/2 bo‘lganligi uchun,

+P== ——--" 2 butun sondir. Shu boisdan,
yuqorida garalgan 3-holdan foydaianamiz:
1+ x4=u2*4
dx

X= (u2—1) 4

dx = —2(u2—1)~s/4udu

Vi+x4

=J (mn2- 1)4 eu-1 m(u2- 1)2 M 2) (U2~ l)~*udu —
- - — = _N - = =N
J(u2—1) du cu3+su+C=u
=(-r?+1MW NT7M+c--'

AT-8.7
Anigmas integrallarni hisoblang.

*o  APMVT (Javoh: IIn\Ax + 4| + C)

\Vxadx ) .
2" /#'1'% m  (-/«voft: n +Hin| ™ - 1j+ C)
3. f-— — .. (Javob:- (-n/3x + 4 —2V3.r + 4 +
V3X+4+2 NI3X4-4 "V 3

+41In(\j3x + 4+ 21)) + C)
4% | VATAN @awft4(i N +7A + 49to|V A-T| + C)
. Wit+*xVi- e
> { Y] 14X X S'W Zn| =) ___Xf * 2arctg) +C5I
6. 1 x5Y (1+x3Y-iix, (Javob: - 7(1 + x3)8- T ¥(1 + *3)5+ Q

Mustagqil yeehish uchun topshiriglar
Anigmas integrallarni hisoblang.

'_ * Ky 11
= *)SYBITX« D)/ \Baip-
(Javob: a) A(VX3- InfVx3+ 1)) + G b) (FOVIEA2 s
a/rynNdx; hJF o
Vx IV (x+ X)24V x4-14-1 "
(Javob:  V?5- ~ M3+ Ch)3Vx+T —4(x + 1) + C)
4xdx

V (3x-8)2-2 3/3x-84-4"



(Javob: @) 6 (f - LU+ Vx - in(l + Vx) +C.);
b)"(37°T8)4+; (35, 8) + C)

8.8. TRIGONOMETRIK IFODALARM
INTEGRALLASH
/ R(cosx\sinx)dx (8.12)
integralni garaymiz. Bu vyerda, R ratsional funksiya. Bu
xildagi integralni integrallash, universal almashtirish deb
ataluvchi tg = —u kabi almashtirish yordamida vyangi wu

0‘zgaruvchiga nisbatan ratsional fimksiyani integrallashga
keltiriladi. Bu yerda,

_l—u2 2n dx = 2du 8.13
R T A Ty Rl T 13
belgilashlar inobatga olinadi (88.6 ga garalsin).
/ ------ A hisoblansin.

I+sinx+cosx

> th - = u deb olib, (8.13) lardan foydalansak, quyidagiga
egaboiamiz:

f— * L =(nji +u|+c ==
3 1+smx+cosX J hﬂwﬂ—i;wr J 1+u
In\l +tg>2 +c.<

Agarda, /?(—eosx,—sinx) = R(cosx,sinx) kabi ayniyat
o‘rinli bo‘lsa, integral belgisi ostidagi fimksiyani ratsional
ko‘rinishga keltirish uchun nisbatan soddaroq bo‘lgan tgx = u
almashtirishni go'llash mumkin. Bu yerda esa,

) it 1 du
sinx = — ,C0SX = --------- dx = --——--- (8.14)

o vT+u2 ybiil2 1+Y2
kabi ifodalar inobatga olinadi.

2-misol. jg-_;é-ihghisoblansin.
» tgx = u deb olit()ij(8.14) lardan foydalanamiz:

c =~ r TITy5 rdzi 1 2U n

arctg —21@5 +C..A

3-misol. / tgs2xdx ni hisoblang.
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» Bu integralni hisoblash uchun tg2x = un almashtirish

kiritamiz. U holda, x = “arctgu va dx = larni inobatga
olib, quyidagiga ega bo‘lamiz:

f tgS2xdx = fu5; -rdu =- r(M3—n4— | ldu —n4—
Au2+ 4~In(l 4n2) 4 C= —tg22x + jIn(l +tg22x)+C.-4

f f (cosx)sinxdx va Jf (sinx)c.osxdx kabi integrallarni
hisoblash  uchun mos ravishda cosx =t va sin* =t
almashtirishlardan foydalanish magsadga muvofiqgdir.

4-misol. J —~dx hisoblansin.

COS™X
»cosx = t deb olamiz, u holda:

1l-co

-ax = [--- —smxdx =-/£+ £=
~t ZS -|~ +C= 3£s3x COSX
5-misol. 1= f co = hisoblansin.

y(2+35|n27)2
» 2 + 3s5in2x = t3deb olsak, cos2x = -2t2dt boiadi. U holda:

I=iJr=8=i/dt =" +C=\V(2+ 3sin2x) + C.<

[fsind 3xdx. (Javob: -x - sin 6x + gTsin 12x 4-C)

CO4* + Sind X . _1 , |-HtOAT] iL .
J A --éﬁ,{rax (5avob. 7 In hl-tgxl’ 4 > SIN X COSX 4-C)

AT-8.8
Berilgan anigmas integrallar hisoblansin.
2+yr
1 375 cory -1Javob: - In + C)
V3t x
2. 5-5-%“%0—052—* (Javob: -= ==arctq — 1+ S.)
3. o . (Javob\ In )
8- 4smar+7cosa
4, | cos3xsinl0xdx. (Javob: s TC)
dx i jtgx+3-V3
5 .(Javob: +=1n pgxrasva T C)
6.
7.
8.

dx

1 cOS Msin-5x

(Javob: In\tgx\ + C)

2sin2x
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Mustaqil yeehish uchun topshiriglar

dx
1. a b)f :
y COS* X 4-5 sin X

(Javob: a’; coshzax —3cos X3 %+ C; b) 3 ini {Iﬁgyfi! + C)

2 r cos2x ... <sin x<tx
ayJ-p===dx;b) - .
J V3+4sm2x sinx+1
(Javob :ah'V3 + 4sin2x + C;b)— + x + C)
4 I+£5]
il \'r sin 3xdx f sin2xdx
>J i/(3+2C0S3x)2 : )J 11-CO2 X m

(Javob: a)AV3 + 2cos3x + C; b)V2arctg 0™ ) - x + C)

8.9. 8- BOBGA DOIR INDIVIDUAL UY TOPSHIR1QLARI
1UT-8.1
Anigmas integrallarni hisoblang (1-5 topshiriglarda

integrallash natijasini differensiallab tekshiring).

1.1. f -~~"~2xdx.
1.2./ 2*&%(/«9"~1dx.
.3, J3Mxraxzs gy
14.f 7 j f +3dx.

15, JYX2XES gy

1.6. ] 23~ f+4dx.
/ 4T 4
1.7./(V x-i™ +3W

» fzxéa’fié;f i

................ ax.

1.9.

Uo.fixp=xdx.

*» - )(% )
JX*—SX2+3&
1.11. J X +3dx

42

1.12. / (xVx -~ + 1) dx.

1.13. J(XZ-AX-B )d x.

1 1o r2x3-3x*+1,
s | — 5 —
1.19, J3x2PEHT gy
J x3
- Y4 3/r2+1
I-2»- | — p---<m
1 21/(V 2.N 4 4)<(*.
fva_Q*Z;g.
dx.

1.22. J .
jt



124. /(v5 -g i+ 2 )dx. 'wK (% ~;+6) dx-

125 j (Vx — + 2%dx. 1-29. f(~-~+5jdx.

126, fr ~d ox . 1.30. f(~ ~ VF + 2)dx.
'27. f No - = +1)dx.

2.1./ yI3~+xdx. 2.17. | VI + 3xdx.
2.2. J \p\~+~xdx. 2.18. /V | + 3xdx.
2.3. 3 M(1 + x)2dx. 219. [ f====
AR 3VEs
2.4./m " 220 |y,
25.1 & dx
Vé)'( )3 2021 f (24x)*-
2%6- JtyFEr 2.22.  J V5 -2 xdx.
2.7.1(1 - 4x7)dx. 2.23. | V5 —4Ax dx.
2.8. /(1 + 4x)sdx. 2.24.
2.9. /(1 —3x)4dx. | ¥Y(6 - 5x)2dx.
2.10. JvT+ 3xdx. 225 | V2 - 5xdx.
2.11. [ V5 —4x dx. 226. | V4 - 2x dx.
2.12 o :
e my o 227. | v'3 —4x dx.
213, ax 228. \VT+2xdx.
V(1-4X)5 2.29.
dx
2.14. V(3-4X)2° [ 7(3 + 5x)3dx.
2 15. 72"_X5* 230. J3(27ydx.

2.16. | ¥/3 —2x dx.

3.
dx dx
3.1,/ 3.4./ Tix 371,
32.1 p 35,/ 3.8./
3)&;9 2+3* J 2X+3
33.1, . 3.6/~ 3.9. [ a5 4
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3.10. 3.17. 3.24.

dx dx dx
I 4-3x f 5+3x I 2+7x!
3.11. 3.18. 3.25.
m dx dx r dx
3X+4 I 3-5x J 7-3x
3.12. 3.19. 3.26.
dx r dx r dx
I 4x-2 - EVEY J S—2x’
3.13. 3.20. 3.27.
o dx dx r dx
' 5—3* / 6-3x 2x+7
3.14, 3.21. 3.28.
r dx dx dx
4-7X f 6esx I ax+o
3.15. 3.22. 3.29.
dx r dx r dx
fsxs | —7x © X3
3.16. 3.23. 3.30.
dx rodx rodx
I 32x J 1+6x’ 6x+I1
4.
4.1. f sin(2 —3x) dx. 4.16. / sin(4x -f 3) dx.
4.2. J sin(3 —2x) dx. 4.17. | sin(5 —3x) dx.
4.3./ sin(5 —3x) dx. 4.18. j sin(3x + 6) dx.
4.4.] cos(2 + 3x) dx. 4.19. f cos(5x —8) dx.
45.f cos(3 + 2x) dx. 4.20. / cos(3x —7) dx.
4.6./ sin(4 -+ 2x) dx. 4.21. | cos(5x —6) dx.
4.7. ] cos(5 —2x) dx. 4.22. [ sin(7x + 1) dx.
4.8. f cos(7x + 3) dx. 4.23. | cos(7x + 3) dx.
4.9. J sin(8x —3) dx. 4.24. | sin(7 —4x) dx.
4.10. f sin(3 + 4x) dx. 4.25. / cos(3x - 7) dx.
4.11. / sin(3 —AXx) dx. 4.26. J sin(8x —5) dx.
4.12. f cos(4x + 3) dx. 4.27. | cos(8x —4) dx.
4.13. f cos(3 —4x) dx. 4.28. f sin(9x —1) dx.
4.14. | cos(2 + 5x) dx. 4.29. J cos(10x —3) dx.
4.15. / cos(3x + 5) dx. 4.30. J sin(9x + 7) dx.
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I n/3dx.
5.1 ) o3
52 '—k

9x2+3

5.11. /

V5x2+3*

2xdx
6.1. /
V5-4X2

xdx
62.7 oy
3xdx

6.3./

4x2+1

4xdx
6.4./
V3~4x2
r 2xdx

Vgxg—g
xdx
6.6./

xdx

6.7./
V9—8x2

Vfdx
68./ 3y
6.9./

2xdx
V3x2-2
6.10. /

2xdx
V7-2X2

5.12.
5.13.
5.14.
5.15.
5.16.
5.17.
5.18.

5.19.
5.20.
5.21.

6.11.
6.12.
6.13.
6.14.
6.15.
6.16.
6.17.
6.18.
6.19.
6.20.

5.
dx

VA~TXr
y/sdx

\3-4x2"
dx
\I12x2-9"
dx
2x2+ 7"
dx
\3x2+1°
dx
3x2+2"
J2dx

Vi 12"
VI4dx.

2xg-T71"
X

8x2+9"
dx

I 3x2—=2"

6.

xdx

2x2-7"
r xdx

3x2+8
n 2xdx

3x2—7"
2xdx

V2x2+5*
xdx

oy["3x2'
xdx

2x2+ 9"
5xdx

V 3-5x2'
xdx

s/3x2+3~
r 5xdx

ni5x2+3’
r xdx

< 3x2-6

45

5.22.
5.23.
5.24.
5.25.
5.26.
5.27.
5.28.
5.29.
5.30.

6.21.
6.22.
6.23.
6.24.
6.25.
6.26.
6.27.
6.28.
6.29.
6.30.

Fodx
Jr4xé;3l
N V4x2+3"
dx
V3-4x2'
dx
V9-8X2'
dx
4x2-3"
dx

8x2—-9'
dx

B
.4+%§?"
\rdx2~3-

/- xdx

5x2+ |*
r 5xdx

5x2—3 "
xdx

f 2x2—
9xdx

f VI—9x2'
3xdx

I9x2+ 2"
5xdx

Vix2"-Al
3xdx

AN 1yx2+5-
2xdx

— =

o 5x2-3
xdx

3x2—=2"
r 7xdx

Tx2+1"'
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10.1.
10.2.
10.3. f

J c0s63x
10.4. | -"~==dx

J ylCOSX
10.5. [ -M—

J cosbx
10.6.
10.7./-

I8 Inx+2
cosx dx

10.8./ )
3-sinx’
10.9. f

f"-dx
J sin32x
sin3x

[T 11]

sinxdx

yITOSXF3

10.10 . ! \/S(I:"Oxs;(_:l
io n j cosxdx
J J(sinx-4)3
10.12. f~ -d x .
10.13. f"— d x
J yJCOSSX

10.14. f-"-dx

J sin34x
10.15.
/ siri35xcos5xdx.
10.16.

/ Vcos2xsin2xdx.

AN *
n.ij cosglé .
11.2J *

2xytg3
dx
11.3.7 9n2xctg x"
ctg52xdx
11_4"] sin22x
tgJax
11.5./ ensodx dx.

/ sind2xcos2xdx.

/ cos72xsin2xdx.

48

10
10.17.
J Vcos'i 2xsin2xdx.

10.18. fj~ d
VCOo sz4x
10.19.
/ sin35xcos5xdx.
10.20.

10.21.
10.22.

/ yJcos7xsin7xdx.
10.23.
/ sin63xcos3xdx.

1024, -

§in76x
10.25.
/ \/cos32xsin2xdx.
10.26.
J sm48xcos8xdx.
10.27.
| sin54xcos4xdx.

10.28.

/_ ™
J ysin Sx

f"dx.

€C0S*Sx

11.

chsx

11.6./ dX
11.7. ] %?‘52 dx.

dx

11'8'4 §1n2xct93x

dx
119. f .
J c0s23xtg43x

FEASEVAN
11.10. 5 sinZQ X



1.11. f5d
Sin*3x
112, ¢ 9 dx,
cos27x
ctg56x
113. sin26x
114, ;W _*“ dx
€c0s24x
115, | 9%
J sin23x
116, &
& c0s24xMtgdx "
117, " *
& sin23xctg33x-
118, | %
cosZSx
119, | ™

J &im2xctg3x "

1.20. 1 siH2|4x* :
121, ‘et .

m7 |~ dx-

warctg 3x
12.1.:.]-——ﬂ_+gx2 dx.

15'2.5 Varcsinx dx.

12.3j'W bg(dx

VI1-9x2
0.rcctg22x

dx.
1+4X2
j Darccos23x
——=='mdx.

12.4./

12:5.

126.3
(1+x2)arctg3x '

1* n f arccos*x *

12.8.
lfo
12.9./ arcsinb2x dx.
X
12.10. J \H-Xzagmin*x
arccos32x .
12.11. §====-dx.

49

12.

h IS0

okt

11.24. YW E nx,

11.22.

J
11.23. |
11.25. |
11.26.
11.27.
11.28.

J

sim25x
dx

sin2x y/ctg4x
dx
cos2x jtg 2x
tg62x
€c0S22X
Iltgs

§in~x

dx.

11.29. tJsSldx.
3 sin*x
11.30. SA4RY x .

J

12.12.
12.13.

12.14.
12.15.
12.16.
12.17.
12.18.

12.19.
12.20.

12.21.

12.22.

cosl 3x

arcctg73x

1+9x2
arccos4x

-JINI6Xx2
arcsin*x

mJl-x2
arcsin32x

\/I~4x2
dx
$1/+x2)arct97x
jarctg2x

1+4Ar2
arccos63x

1 +9x2
yfarctg3
d
1+x2
dx
(1+x2")yjarctgx"
dx
(1+x2)arctgsx "
arccos7xdx
V1-x2



J

14.1.
14.2.

i3 3

* ., ¢ \farccos2x ,

,2-23-

12.24. /IE £EE£N dx.

1+25X2

arcsm25)§
12.25. j roes b dX

12.26.
dx

VI-25x2arcsin5x ’

' ‘] ex3+ il
.| ecosxsinxdx.
. e2x3ix2dx.

sinx

i dx.

. e Tx2+2xdx.
. J e3~x xdx.

.| edx*+sxdx.
dx
f j i —x2garc.sinx '

1. f eb5x2~3xdx.
2. f el~4x2xdx.

A3, ] e3x2+4xdx.

4. f esinx+1lcosxdx.
5. f ed~x2xdx.

.16. Eeg Cosix dx.

J-N—-dx.
Tx 2+

[ At —dx

5x2+|
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13.

14.

12.27
n TO

n -2*-
12.29.
12.30.

arctga3x
foreloasy

) 192

rarccos27x
1>k w JIx-

3" f-l-)?éd X .
£ arcctg*Bxd
1+64.'2

13.17.
13.18.

13.19.
13.20.
13.21.
13.22.
13.23.
13.24.

| e5x2~3xdx.
| es~2x2xdx.
f e4~3x2xdx.

| er~6x?xdx.
[ ex3+1x 2dx.

/ ,arctgx
f--dx.
I+x2

/ e3x3x 2dx.
10 .

fA

/ AN

| e4~5x2xdx.

13.26.
13-27.
13.28.
13.29.
13.30.

14.4. f—ii h_ﬂx

145. [~ - dX.
3 2x 2+

146. f-"-dXx.
3 3x2+I

f e3cosx+2sinxdx.
f e4smx~1cosxdx.

f ecos2xsinlxdx.



5+X
14.7./ ax2e | dx. 14.20. ?Q}ld X

148./ 7" dx. 1421, 77
149. / -F=tax. 1422. 34 4 x
14.10. hr 3f‘° . 1423, [,
1411, § g dx. 1424, § Fgdx.
1412, [-"p%dx. 1425, | 2 dx.
1413, [ 14.26. 3+ 4 x
14.14, TR 1427 44 4
1415 L, dx 14.28. [ dx.
14.16. f, ., dx. 1429, " %7
14.17. fsxxzfg . 1430, [ = =dx
1418 0
1419, © "2 ]

V3xz+2 X’

Namunaviy variant yechimi
Anigmas integrallarni hisoblang (1-5 topshiriglarda
integrallash natijasini differensiallab tekshiring).
r3-2xdt+yx2

1 =220k,

» Integral ostldagl funksiya suratini maxrajiga bo‘lamiz va
integrallash usulining ikkinchi va uchinchi goidalarini qoilaymiz.
Anigmas mtegrallarjadvallnl qo Ilasak

f3—2xa+ Yx2 _
J ey = dx-3Jx4dx-2J x*dx+JX|de—

- X R VS
4x3A 19;1,4t17>gu +C= 4\43 o V17 + C
Hosil bo‘lgan natijani tekshiramiz:

(4X4 - i xA9/4 + LB w Cy=4.B -1/4 _JL.m T+
v 17 4 19 4

+F_ x5/12 = 3x r/4 2x4+X|2
dx

117 (4-8x)2"
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- Aaa5=/(4 " ex2'blx = « -8 +c=
-~V (4-to)J+C
Hosil bo‘lgan natija}ni tekshiramiz:
((+(4-8)1+C)=-" (4 - 8x)-f(-8) = (4- S*)'25
3 f—

6-—7*"
f dx 1
Hosil boMgan natijani tekshiramiz:
gn7|n\16_7X\1+C) 76-7% _\(/_7)y:e_-7*'*
4. [ cos(2 - 5x) dx.
»J cos(2 —5x) dx = —sin(2 —5x) + C
Hosil boigan natijani tekshiramiz:
(—2sin(2 —bx) + C)' —cos(2 —bx) *(—5) = cos(2 —bx). *
55

pf-I1r-=-f , 20k =-Zn|2x- V4x2-3| +C
Hosil bo‘lgan natijani tekshiramiz:
, 1 2+-0=\
(\m\2x +V iF~"3]| + =
3 2(Y4x2-3+2%)  _ 3 A
2 (2x+V4x2-3)V4x2-3 V4*2-3*
I Trdx
=lr N~ =2,n[3*2 + 4|+ <:.<
J 3x2+4 6 3x2+4 6
[ AVZ NS
» f = 4=/ = XA -=4=arcsin +C I<
n J(V6)2-(Vsx) v5 n
8./ e5-4xdx.
> e54xdx = — fes 45d(5- 4x) = --e 54*+ C.
4
J X+2
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X

YIn3(x + 2)
r " +y
3 7 10
= J Zn7(* + 2)d(In(x + 2)) = — Zn7(x+ 2) + C=
=73 /NM100 +2) +c
j. T cos3xdx

Vsin3*-4' ~
>/ = ~MffsinSx —4)“Sm3cos3xdx = ~f (sin3x —
—4)~d(sin3x - 4) =i -~{sin3x - 4)3+ C= "™ N(sin3* - 4)4+ C 4

f d*
sin2Ax yfctg™MAXx
i dx | f 2 4 \
b - - ct# 34x |-—— —dXx
J S|n24x1ct9224x 4] \1 sin 4x /
= ctg~34xd(ctgdx) ——"ctgiAx + C ——\Jctgdx + C. 4
aE%Zde.
f Jarcctgh2x I f s 2\
R =~2] aFCaﬂ32x\—— NTo=
[ f 8

= | arcct 32xd arctg2x) = -arcct 32x + C=
e g (arctg2x) = 5 @ g

= — Yarcctg82x + C. <
13. / e3cosx+2sinxdx.

» / e3cosx+2sinxdx = —j f e3cosx+2d(3cosx 4-2) =

_ig3co«+2 + +c¢ N
3 14. !Ef_ri°dx.
6jt2—4
6x2-4 J 6x2-4 j 6x2-4 4) 6x2-4

0r dx
V6 (V6x)2~22 ~

-A/n[622—4|14r4 AT rj4—(:<4
IV6*+2

276
IUT-8.2
Anigmas integrallarni hisoblang
1

10*"br2dx-@avob: * arct®* ~ \ Id-24-2| 4 C)
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1.2./ ~~=dx. Qavob: 3arcsinx + 5n/1 —n2 + C.)

13.j ~"=dx. (Javob: 8/n|x + n/x2 —I| —13n/x2 —1 +
C)

1.4.6 26:*4-_11 dx. \g.]avob: éln\2x2—1h+Tln il + C.;

15 f AL L dx. (Javob: —/2 —x2 —2arcsin-* + C.)

16./ \/3 dx. gJavob: -arcsin2x + V1 —4x2+ C)

J 1—4x2 2 4

1.7. /™= d x . (Javob: ~=In\y/2x 4-V2x2 + 1)j -

gn/2x2 +1+C)

1.8.J7=7 dx. (Javob: arcsin —V2 - x2+ C)

1.9./ dx. (Javob: MIn\2x2 + 1| + \flarctg V2x + C)
1.10. f dx. (Javob: ~ arctg 5x — ™ Zn|l + 25x2| + C)
1.11. 3™ z i dx-(Javob: “In\3x2- 4| -~Zn +C.)

1-12 ™9™ h dx-(Javob ~ Lm\™x2+ 7|-j= arctg LWL+ C)
1.13. / -~=l|=dx. (Javob: — arcsin + V4 —3x2+ C)
1.14. J-~=J=dx. (Javob: 2arcsin2x + VI —4x2+ C))

1,15’ (favol,; jf arctS”™ ~ \ In\2 + *2\+ C)
1.16. / -j====dx. (Javob: ~In\2x + V1 + 4x2| + *VI + 4x2+ C)
1.17. {]\7/_I-X2dx' (Javob: Sarcsinx + 4\/l —x2+ C)

1.18. / -~==dx. (Javob: Bn/x2—3 — /njx + n/x2—3| + C)

1.19. [ o= dx. (Javob: -In b — — Z?%il4x2 —1] + C)

1.20. / 32\25X(12k/ gJavoﬂ: --:IinKS - 3x3 + A mpA + C)

V6 T Iv2x+V3l
1.21. Jr "9(+42 dx. (Javob: —V9 —x2 + 4darcs(n .t C)
V9-X
1.22. | ~AY~~dx. (Javob: Zn|x2—5 jzé i |l+%| +C)
1.23. f -j~=dx. (Javob: 7n/x2 —1 —2 ZnIx + n/x2 —I1| + C)

yixz- 1

1.24. /1 4L dx. (Javob: In\x + n/x2 -f || +3n/x2+ 1+ C)
Vx2+i
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1>28*f ~ 7dx'(Javob:\ In\xZ+ 7| - arctg-*+ C)
1.26./ ~~dx. (Javob: 3arctgx —"/n|l + x2\+ C)

1.27. f~~~dx. (Javob: J=arctgV3x —-Jn\l + 3x2| + C))
1.28./ ;ﬂfi’;dx' (Javob: 3n/x2+ 4+7 fnllx + Vx2+ 4|1+ C)

1.29. /~==dx. (Javob: jV3xz—4-™/n|V3x + V3xz—4| + C)
1.30. J Q&_——de. (Javob: 5Vxz—6 + /nix + Vxz —6h+ C)

2.

21./ 1+3|;102\/—dx (Javob: —-In\I + 3cos2x| + C)
2.2. /’\L _dx. (/avofr - 1fn|1- x4| + C)
23. f— _-dx. gJavob: -In\3 —cos3x\ + C))

J 3-cos 3x 3 1
24'SEE£k- (Javeb: \ In\2ex + 3| + C)
2.5.J dx. (Javob: —/n|cos2x —41 + C))

J cosz*r-4

26.J ~ . (Javob: - ~fol4 - 3e*| + C)

2'7-~ 7 dx- (Qavob: - " in|7 ~ 5x3| + C)
28, "rS ™ 4 dxm(®avoi: i ?nl3sinZ* +41+ ¢c0
29-J 1" 5 (Jevoft: j«n|5 + e2*| + C)

2.10./ 7+2x4dx' (JaVob-2

211w/ i™"5XHi7dx-(Javob=N|2x2- 5x + 17| + C)
212, f - N—de. (Javob: éfn|2x4—5| + C)

2.13. / -j*===dx. (Javob: - \fsin3x —2 + C)
2.14. J v Ilgg*sz* dx. (/Javob: —2VI + cos2x + C.)/
2.15.f ~ “ ~dx. (Javob: —*In\l + 3cosx| + C)
2.16. / & ~~7xdx. (Javob: —Zn|4 —sin2x| + C))

217>/ 73r|- (Mavoft: -Nn\e3x - 5| + C))



2.18. f 773x3dx. (Javob: *In|7 + 3x3| + C)
2.T9./ 3*"3dx. (Javob: */n|x2+ 2x| + C)
22«-Ipih=- 41 1o>V?*T3 + C)

2.21.1/ dx. (Javob: Zn|x3 + x - 10J 4- C.)
222.1~"dx. (Javob: "In\3x6- 7\ + C))
2.23./ 1= d x. (Javob: *"Vx5+ 3+ C))

2.24. | ~M=dx. (Javob: V2x3- 4x + C)
2.25. f ~*===dx. (Javob: - » 5 - sin7x + C)
2.26. f JMIL -dx. (Javob: ~*cos4x + 3+ C)

2.27. f dx. (Javob: Znj4x3 + x5| + C.)
2.28. / .(Javob: -4V 1 - e2*+ C)
2.29. j Vssiggs*xdx. sJaVOGZ 2n/6 - cosZ2! + C.)

2.30. 1-~E|==dx. (Javob: "V5x2- 4 + C)

3.
31.J1 dx. (Javob-. - ~ — In\x2+ 1| + arctgx + C)
3.2.3 dx. (Javob: ~ +x —61In\1—x| + C))
3.3.J"d x . (Javob: - +-Zn|x2- 1] + Zn %11 + C)

34.)J" - dx. (Javob: *x3—x2+ x —Zn|2x + 1] + C))
3.5. / ~~dx. {Javob: +2x2+ 8In\x2- 4 — j~j +C)
3.6./ dx. (Javob: ~x3—2x —arctgx + C))
3.7. [-—dx. gJavob: -X3—~XzZ +-Xx —In\2x + I\ + C)

3 2X+1 6 8 8 16 1
3.8. / -2— dx. (Javob: -~"*3—2711 - x 3j+ C)
3.9. J ¢ -~dx. (Javob: x —V3arctg -=+ C)
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3.10.
3.11.
3.12.
3.13.
3.14.

3.15.
3.16.
3.17.
3.18.
3.19.
3.20.

3.21.
3.22.

3.28.
3.24.

3.25.
3.26.
3.27.
3.28.
3.29.
3.30.

X

6X3+X2~2.X+1

------------ dx. ijavob x3+ xi+- ;H\ZX —1| + C)

-f—dx SJavob\ —+ 3X + —&Zn ”C—vrs)l

21/3
xX3+55Y gJavob\--——hZ In\x2 + 1| + C)

dx*Uav°b- A—f 1n\x2 —4( + circtg| + C)
3 X, (Javob\ -— -X 2+ 9X - 2870 |x + 3) +C))
b —dx. {Javob: ~x2 + An\x2 —114- C)

X4+1
X‘%+l
’\2+ dx (Javob: ——3x Jt 2arctgx 4 C)

dxl\gJavob -x3—x + 2arctgx + C)

% dx, (Javob: —+ 4x +;In 1 4C)

~Ndx. (Javob: M— ’\x2-l—25x —128Zn|x + 5| + C)
—Hj-j-dx. (Javob: -x 2 —- In\x24-1| 4 arctgx + C))
\A~2X4dx (Javob: —gx3+ 2x —arctgx + C)

, dx. SJavob -X3+ 2x2+ 8x + 13Znjx —2| + C)

2 r2+5

+ dx. (Javob: 2x 4- 3arctgx 4 C))
dxmJavob-T + 7tnIx2+ 21+ -7? +C)
I:dx. (,]avob: — - 3x —67?n|x —2j + C))
AN ~dx. (Javob: x24- 14x 4 103/n|x —7| 4-C)

2x3-3

—~ d x. (Javob: *x34-x2+ 2x + 5/njx —1| + C)
’I‘:’Z)ingI(Javob: - }3+ 4x - j arctg| 4 C)
~~dx. (Javob: y 4 3x + 13in|x —3| 4 C)
g™rdx. (fevoi: x4 V2In|~ ~ | + C)

4.

4.1. f sin2(1 —x) dx. (Javob: X+ ;sin2(| —x) + C)
4.2, f sin3(l —x) dx. (Javob: cos(l —x) —*cos3(l —x) + C)
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4.3.
4.4,
4.5.
4.6.

4.7.
4.8.
4.9.

4.10.
4.11.
4.12.
4.13.
4.14.
4.15.
4.16.
4.17.
4.18.
4.109.

4.20.
4.21.

4.22.
4.23.
4.24.
4.25.
4.26.

4.27.
4.28.

J(1 —2sin”)2dx. (Javob\ 3x + 20cos| —5sin*~ + C.)

J c0s35x sinSx dx. [Javob: —~co0s45x + C)

/ cos3(l —x) dx. (Javob: —sin(1 —x) + isEn3(l —x) + C)
f (3 —sin2x)2dx. (Javob: ~ x + 3c0s2x —"sin4x + C)

f sin22—dx. (Javob: 5X —ésin3x + C)

/ (cosx + 3)2dx. (Javob: ~ x + bsinx +-sin2x + C))
f cos3(x + 3)dx. (Javob: sin(x + 3) —"sin3(x + 3) + C)
sm3‘4X bx. SJavob — cos— '— cos”x VE)

(1 —cosx)2dx. (Javob. - X —23|nx + 5|n2x + C)
sin2(2x —1) dx. (Javob: S —ésin(4x —2) + C)
sin36x dx. SJavob: —, cos 6Xx + EcosS 6x + C.)
sin20,5x dx. (Javob: - - -sinx + C))

sin2 (| + 1) dx. (Javob: | —sin(x + 2) + C))
cos22xdx. (Javob: ~+7"sindx + C)

(1 + 2cos™)2dx. (Javob: 3x + 8sin”™ + 2sinx + C)
cos23xdx. (Javob: - + —sinéx + C)

sin4 2x dx. SJavob: -X — s£n4x H— sin8x + C)
sin23x dx. SJavob ------- smbx +C)

(1 —cos3x)2dx. (Javob: - x —S|n3x + —sin6éx + C)
cosZ dx. (Javob: - + - sm-: + C)

S|n35x dx. SJavob —1cos 5x H— cos35x + C)
sin4dx dx. sJavob. X —45|n2x 4—32 sindx + C.)
cos4 xdx. gJavob: Xt isin2x H—323in4x + C.)
cos34xdx. (Javob: -sin4x ——sin34x + C))

cos27xdx. (Javob: - H— sinl4x + C)
(sinx —5) 2dx. (Javob: —x —"sin2x + lOcosx 4- C)
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4.29./ sin34x dx. (Javob: —*cos 4x + ~ cos34x + C))
4.30. fsin2—dx. (Javob: - — sin—+ C)
4 2 3 2

5
5.1. / tg2xdx. (Javob: tgx —x + C)
5.2. f ctff3(x —6) dx. (Javob\ —*ctg2(x —6) —Inl[sin(x —6)| 4 C)

5.3. Jtg43xdx. (Javob: ~tg33x —"tg3x + x + C.)

5.4. Jtg27xdx. (Javob: ~tg7x —x + C.)

5.5. / tg5xdx. (Javob: "tg~x —"tg2x —In\cosx\ + C)
5.6. thg2x2dx. (Javob: ~tgx2~\x2+ C)

5.7./ ctg3xdx. (Javob: —*ctg”x —In\sinx\ + C)
5.8./ tg21dx. (Javob: 2tg » —x + C))

5.9. Jtg31dx. (Javob: tg2~+ 2In cos” + C)

5.10. f tg24xdx. (Javob: "tgdx —x + C)

5.11. J ctg3xdx. (Javob: —ctg2x —In\sinx\ + C))
5.12. J ctg2Sxdx. (Javob: —*ctgSx —x + C))

5.13./ tg3~dx. (Javob: \ tg2~+ 3In jcos~| + C)

5.14. /(1 —tg2x)2dx. (Javob: In\cos2x\ +~tg2x + C)
5.15. / tgb2xdx. (Javob: z tg42x —-tgz2x —ln\cosx\ + C)
5.16./ (2x + tg27x) dx. (Javob: x2 4-~tg7x —x + C))
5.17. J tg4—dx. (Javoft: M#3y - gy +x + C)
5.18. J(tg2x + ctg2x)2dx. (Javob: "tg2x —~ctg2x + C.)

5.19. J(1 —ctgx)2dx. (Javob: —2In\sinx\ —ctgx + C.)
5.20. / ctg33x dx. (Javob: --6ctg 23X —gln\sin3x\ + C)

5.21. J ctg”xdx. (Javob: —~ctg3x + ctgx + x + C)
5.22./ tg 25 dx. (Javob: 6tg -+ C)
5.23. / tg4(x —6)dx. (Javob: -tg3(x —6) —tg(x - 6) + 51+ C)
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5.24. f tg 3Ax dx. (Javob: -1tg 24X+ ! In\cos4x\ + C.)
5.25. f tg4~dx. (Javob: *tg3” —4tg M +x + C)

5.26./ + 5)dx. (Javob: “tg3(x +5) —tg(x + 5) + X + C)
5.27. / tg3(x —3) dx. (Javob: “tg2(x —3) + in|cos(x —3)| + C))
5.28.j tg2(Sx + 1) dx. (Javob: \ tg(bx + 1) —x + C))
5.29. f tg2”~dx. (Javob: "tgh~ —x + C))

5.30. J tg54xdx. (Javob: -Mg AX —tg 24X + Min\l + tg24x\ +C.)

6

6.1. f sin3x cosx dx. (Javob: —lcos4x —-1c052x + C)
6.2. J sin52x cos2x dx. (Javob: A~s£n62x + C.)
6.3. J sin23x cos3x dx. (Javob: *sin33x + C.)
6.4. f cos35x sinSx dx. (Javob: ——co0s45x + C))
6.5. fsin- cos- dx. (Javob: —~cos-~ —2cos- + C)

J 2 4 \Y 3 1 4 14
6.6. Jf COSX sin™x dx. SJavob:———Z—acosIOx————1—5c058x + C)
6.7. / sin42x cos2x dx. (Javob: —sins2x + C.)
6.8. fsin- cos— dx. SJavob: ~-C0S2Xx +-cosx + C)

J 2 2 4 2
6.9. fcosbx sinx dx. (Javob: — cos6bx -I- C.)
6.10. f cos 2x cos 3x dx. (Javob: —sin 5x + -sinx + C)
6.11./ sin5x sin Ix dx. (Javob: -Isin 2X —15in 12x + C)

. 1 1

6.12. Jsin 4x cos 2x dx. &Javob: ----- COS6X — ,C082X + C)

12

6.13. j cos34xsindx dx. (Javob:—T600544x + C)

6.14 f cos 32xsin 2x dx. (Javob: - cos 22x + C)

6.15. § cosx sin 9x dx. (Javob: —xycos I0X —scos 8x + C)
6.16. J sin 4x cos 2x dx. (Javob: —- cos6x —-1c032x + C)
6.17. / sin 3x cos 2x dx. (Javob: —* Cos5x —~cosx + C)

6.18. j sin3 7x cos7x dx. (Javob: ?x + C)
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sinx

6.19. / dx. (Javob: ; cos 2x + C)

COSs x 2
6.20. Jf i -29 X . (Javob: 6sink o, TC )l
6.21 Jrcos 2x cos bx dx. (Javob: ésin 3x —14sin Ix + C)
6.22. / sin22x cosx dx. (Javob: - sin3x — sin5x + C))
6.23. Jf /s\m* . (Javob:——-- 3X + C)
6.24. / sin 2x sin 3x dx. (Javob. -sinx — -sin Sx + C)

6.25. / sinx cos3x dx. (Javob: z€££|£+ C‘)

6.26. / sin 5x cos x dx. (Javob ----- cosbx — cos4x + C)7
6.27. / sin x cos 4x dx. (Javob ----- -C0s 5X + - €0s 3x 4 C)
6.28. / cos 3x cos x dx. (Javob :115|n2x -f:sm 4x 4-C)
6.29./ cos42xsin 2x dx. (Javob: —~cos52x 4 C)
6.30. f cos Ix cos 5xdx. (Javob: -1sin 2X +isin 12x +C.)

;
71./

r 1 , X+2 4
7-2- f)’(\2347+’10 (Javob:"arctix7_j41(’3)
131 5l avobt or N s zovm + C)
74,/ T Te (Javob: - In 3.3+ C
75.] X

SN IA Jmob:l s arce« & )
X
7.6./ 2**-2*+i‘ (avo6; arct9(2x - 1) 4 C)

(A ™ 2xz 11x+2" g‘]aVOb /105 In !;—IHVIOSI 4 C'Z/

7'8' 1 o (j"ob -J arctg 4)IfIII + C)
[x-2-¥3;
79} oy HW@ \(Javob 7@5 PFix-2412 + )

7.10. / 2><F43x—(Javob: -bl .+ C)
X+ iz

i x-3
7.11. é o bxse SJavob, n o *C)
6l



7.12.
7.13.
7.14.
7.15.
7.16.
7.17.
7.18.
7.19.
7.20.
7.21.
7.22.
7.23.
7.24.
7.25.
7.26.
7.27.
7.28.
7.29.

7.30.

8.1.f

8.3. j

2x-3-4x2° o {Pavob:-—— I_arCtg VII +C)
3x2-8%-3 - (Javob: 7 o E +111+ Cy

ax (Javob.———— In '+ C)
8-2X-X2 v 6 X+4]

(Javob:i— In 5. 4+ C)
Sx-éf 6
X2+4dx+2 (Javob: -j=arctg~ + C))
X

2x 2- *x+T« Vaveb: Ll arCto Ll + C-}
SJavob -In 1’\" + C.)

3XZ=9x+6
dc ~1
e (JyavoB - arcta ————— (oh)
2x2a2x+5 % 4
SJavob n + C))
2x2- 3 2x+1
(Javob WO [n 22"
2x2 6x+1" 7 12x-3+VAL + C A~
d 4x-3
X .gJavob -—arctg “+C)
2x2'3x 2

2X+7- n/51 )
| c

—mmmen .(Ja Javob: nps TR +

X2+7X+11" v

dx 2x-2
2x2~3x+1 (JaVOb m 2x—1 +C')
5XZ_XOX+25I(Javob marctg ------ 1C)
|2x+3—r|/3
s (Pavob: o In ST+ C)

JG.q avoft 5 fajy 1+ C)

3x-i
m(Javob: --1In +C.)
1-2x-3x2 4 3x4-3.

dx .7 * 2 4x+3 . ~ 4

2x*+3n+6 <ﬂUJ>6 V55arct« X + C->

1 7 |GXHB-VI/13
------- \(‘/Javob [/ 2Xe5 5 + C.;
3x2+5x+| i3 6X+5+-113

8

VA + 8X_X? (Javob: arcsin®j==+ C.)

dx

\(/Javob:—ln X -- +
nI3x2—4x+1" v

. 4x+3
= \gJavob arcsin— - + C))
V2—3x—2x2 ni2 5
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dx
8.4. f (Javob: IN\X -- 3 + VX2 + 6X + 8] + C.)

Vx2+6x+8
dx

8'5- (Javob:tarcsin”™ + C))

8-6'f T w k"™ - (Javob: 7tarcsinlW + C)

8.7. § 3 0x_3xp (JAvOb: -—arcsin __ f C)

8.8. 7/ -j==L=. (Javob: arcsin —\;§~+ C)

8.9.7 dx — (Javob: m—In
-JSxz~Wx+4 ( \% +C)

d
8.10. / X (Javob: arcsin—+ C))

8.11./ Uhooaxss (AVODI-In x —1+ b2 —2x + m 4 ¢)
dx
8N2-/vT+S-~ arcs™ , + c.)

8.13./V gx » (Javob:-In X- 7+ jX2—X+ 1 +C)

4x2- x

8.14. / ptax3x3 {/Javob: ygaresin ~V:|(J)— + C.)

J 4
8.15. {‘¥4§5L|27+4 SJavob:éln X + 2t ]'I/X2 + .Zx + 1 +C)
dx
8/16- (JAob:-arcsin--~ +C.)

SA7A 7TxZx+mJavob:T2In X —2+ PX2=4x+- +C)

8.18./;\X. TolavobiIn X — +VX2—5x + 6 + C)
4X-3
8N9“"T3np- (@araif; j*arcsin~ + C.)
dx 1
8:.20.17 A L+ 3
on A JavobTiin X4t P2 X+ C)
4x+1
V2-X—2 2" +C)

82 MPIfe-Y (] InX + 1 +VXATIXAT +c)

823/ (5.9 (Javob:-arcsinf=+C.)

dx 1 ;
8.24./ Vax2-%t5 (Javob: gfBIn X b X2 - x +'= + C))
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8.25. /-g " (Javob: arcsin”~r + C))

. H /\__

8.26. JfVI-Zx-x2 (Javob: arcsin v C)
8.27. f , o sJavob: arcsin + C)

J vi4-3x-x2 5
8.28. I' - d*-— (Javob: InIx+-+Vx2+ 5x + 11+ C)

J Vx2+5x+| \Y
8.29. f (Javob: arcsin + C)
8.30. / (Javob: In\x + 2 + Vx2+ 4x + I] + C)

9

9.1. sz_xz+3x_4dx g/a\,(>2> -Z1i|22 + 3x —4] H—\IgEZnI r+3+v4“ +C)
912- -f+x;'idx"(Javob:1 In8x2 +* + U+~ arctg”™ + C)
93./ dx. (Javob: “IN\3x2 —2x + 6 | — arct# 4 C)
9A m/avo6; ; M|2*2+* + 51 ~ith arcts”~w + C)
9.5. Jf X042 dx. (Javob anxZ + X - le+ P an T2 + C)
9.6. f -\x~2— dx. sJavob —In\5x2- 3x + 2] — o arctg 1 1 + C)

5xz—3x+
9.7. szx 68 dx. (Javob In1|2x2—6x - 8|+ —Zhll): I1 C;
9.8. M dx. gJavob.-A!n\ZxZ- Ix + 1l+/\:l B 1+ C)
9.9. Foox~2 dx. (Javob: - InM\2x2- 5x + 2] + —Inl- 1+ C)

2x2-5x 12n—11

9.10. /I~ gn d X . (Javob."ln\4x2- 4x + 5] +Marctg”h~-f C)

9.11. f %2+ +idx- (Javob: ~Zn|2x2 + x + 1] + arctg 4C)

9.12. Jf—2 — dx Javob: ~In\3x2—2x —3l+~—ln I3 1y~ c)
3X

To 13*-i+Vloi
9-13-/4,*+6,-13 dXm(JavVOb 2Inl4*2+6X- W + ~ k In C >
9N 4- (Jav°b:~InN\x2—4x + 1] +~Zn | g=£] + C)
9.15./ m(Javob: ~In\2x2 + 2x + 5] —--arctg + C))

9.16. F—- 3—dx (Javob 2Zn!xz—5x + 4|1—-Zn —1I + C;

9.17. f—_ ~_dx. (Javob: Zn!2x2+ 8x —61| nk——= +C)
J 2x2+8x 6 7 *+2+V7I

9.18. f dx. (Jrvob. —i(n]4x2+ 16x - 121+ 7| +C)

1 4X2+16X 12 lic+2+V71

9.19. f—  — dx. (Javob: 5Zn]3x2—6x - 9|1+—an + C)
J 3x2-6x
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X x-3

9.20. f {Javob: —In\2x2 —jc—3] +j-In

2 +c >
dx. (Javob: £in|3x2+ x - 11- in + C.)
6x+I1+V T3l
dx. {Javob: - In\x2 —4x —2\+ —=In "2 + C)
2 2v6 1*-2+V®I
«+1-V33lI

9-23-/ 1 ;I*(W ,;; in|22+*- 4+w 1InIStttSI +¢)
9-24-fj£ Z bdx-~b:\In |3x2+2x- 7]+~ in Jg£~gj +C)

X-3 o . M-V T5]
9.25. // g3 dx. (Javob: - in|4x2+ 2x —3] — in |€X_+1+Vl3. + C)
9.26.

3*2—x+5 dAG («/aVvOfc; 6 ,n|3*2 - * 4 51 + LI arct9 X + C)
9.27. [ -=="-dx. (Javob: 2In\x2 + 5x —1] — R=In fARTH + C)
J x2-r5x-1I v 2 2V29 12X+5+V291
9.28. 1/, *Tdx. (Javob: Ain|4x2+ 31 —1] —~ in 2711+ C)
X _i 1 4Ax+41
9'29" fA IN T odx-iJavob:\In|5x2+ 2x - 10] + A= arct5”™ + C)

9-30-fI™ T 7dx-V™°h:xIn\5x2-x + \- “Larctg”™ - +C)

10
10.1. /Lgi_l_i),l;(_mdx (Javob: jV3x2—3x —16 m

-4v3in n-1 +Jx2_X- +C)

1-3 .
10.2. /V2x2~471-dX' gJavo 5.2 X2—4x —1 —

—V2In x—1+Jx2- 2x—" + C)

H0.3./ ;;=*3+=5 dx (Jowi> iV3x2- x + 5-

_Mn Wz‘?i*c‘)
2x+1

10.4. 1 \fapergpdx- Javob: \VI +x —3x2+  arcsig +C)
davoh: ~V4x2+ 8x + 9 +

+5In X+ 1+ Xx2+2x+- +C)

10.6. / -====jdx. (Javob: -2vTT x - x2—9arcsin*"*~ + C)
10.7. 7 \foxysodx. (Javob: 2VI —x + x2—
—7injx —'b+ Vx2—x + 1] + C)
10.8. / 79= == dx. (Javob: 3n/x2 + 6x + 13 —

Vr2+6x+13___
-5 in]x+ 3+ Vx2+ 6x + 131+ C)
10.9. ( dx. SJavob: 572x2—5x + 1+

V2x2-3x+1
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4%12:'” -+ I*2-5x+i +C)
10.111. Jf-y-~-~ —dx. (Javob: S\IX2 + 3x —4 —

/05 + 3ar-.
—In\X+ - + Vx2+ 3x —4] + C)

VX C +7dX-(@aVoh N 2x2 -X + 7

15 .,

MW" x~7+fx +C)

10.12. f dx. (Javob: 2v¥2- 3x + 4 +
J Vxa- 3a:+4

+2 Zn [x—"+ Vx2—3x + 4] + C)

10.13. f dx. (Javob: —4V2 + x —x2 + 3arcsin~ =2+ C)
b V2+x-x2 3

10.14. f~ TH#reg  (Javeh: ~V2x2+ 4x —5 —
4nl2 Zn x + |+ 712+ 2x-~ ++C)

10.15. / ***? _dx. (Javob: —8V4 + 2x —x 2+ Sarcsin” - + C)

N4 +2x
10.16. f it --— dx (Javob: . 3x2—2x + 1 —
J \3;;2
20 . 1
___§;£|n 23)( + = + C)

10.17. / V316+5 dx. (Javob: —V/3 —6x - x2+ 2arcsin\7 + C.)
10.18. + o > {Jav°h: 3°3x2+ x —5 +

N ~
+3r|/32n x+1+r|[><2+ r+c)
10.19. /™% dx. (Javob: 7\[x2—5x + 1 +
V*2-5x+1
+20n x— + Vx2- Bx + Ij +C.)
10.20. f — --—dx. (Javob V4x2+ X —5 —
J Vdjcz+x—5
iZZh X2+ ,x —; +C)

10.21. J ¥ «x. (Javob: —8V2 + 3x - x2+ ~-arcsin”J- + C)
10.22. . x 6 .dx. (Javob: =3 —2x —x2- 7arcsin’y- + C)

J ys
10.23. /\,22(52‘5’? 5. (lavob: V2x2—x + 6 +

+4=Zn I x5+ 127, +3]+c)

10.24. / rfx. (Javob: -n/4 + 2x - x2- 8arcsin ™ + C))
10.25. / dx. (Javob: 2\Jx2 + 5x —4 +

+27n |x+ N+ Vx2+ 5x - 4] + C)
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10.26. 1 .%x—i-z dx. (Javob: 5V2x2—6x +1+

3 V'2X2-6Xx+

+0=/mjx- ~+V2x2—6x + I] + C)

+Agn Xt5t Ix24»3x——3 +C)

10.28. r-r4*3 dx. (Javob: 2v2x2—x + 5 +
V2x2-x +5
+2n/21n W - i+ 22_ l. + C)
4 n 2

10.29, [/ 1=&#P. dx. (Javobh: 3VX2—bx + 1 +
3 VX2-SX+1
+/Ajx - 1+Vx2- 5x+ 1] + C)
10.30, f —-—-—dx (Javob —IV/2—3x —xz —arcsm

+C,;
1V2-3X- VI7

Namunaviy variant yechirai
Anigmas integrallami hisoblang.

1. /7~-dx
A 4x2+5
3- 7x r dx r xdx
J 4x2+ 5 * ~ 3] (2x)2+ (VH)2" 7~ 4x2+ 5«
r o) 7 T Bxdx 31 * o2x 7, 7
2/ "N 2~sfATE5=2MaC™ \b" 8'nidX +5>+c-
2 e zoenay

» u=2- e Xalmashtirishdan foydalansak, u holda du =
3e~3xdx va

Feagrey -3Ee~ &= -B\g - e~ LV

3. J’\xgld X.

» Integral ostida turgan funksiyaning suratini maxrajiga
bo‘lib noto‘g‘ri kasming butun gismini ajratib olamiz. Natijada
algebraik yig’indini integrallashga kelamiz:

% i3(< “ dx = (/f 3x3—3x —X—+1,)dx = i)(4' ;X 2-~2In\lx2+ 1l+ C-4

4. ] cos3(Ix + 2)dx.

» cos2(7x +2) = 1- sin2(7x + 2) trigonometrik ayniyatdan
foydalansak,

f cos3(Ix + 2)dx —f cos2(7x + 2)cos(7x + 2)dx =

= f(1—sin2(7x + 2))cos(7x + 2)dx =/ cos(7x + 2)dx -

—/ siri2(7x + 2) cos(7x f2)dx = ~sin(Ix + 2) —

—j f sin2(Ix + 2)d(siTi(7x + 2)) = isin(7x + 2) —§”sin3(7x + 2) + C.
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5. / ctg4Sxdx.
> ctgdx =jr~ - i ekanligidan foydalanib integralni

almashtiramiz
/ ctg45xdx =J ctg2Sx (—+ - 1) dx =
= N CtS25x7IN-xdx ~ 1 * g 25xdx = - 4{ctg2S x (--~)d x -
—Jf@rjész---l)de = —Isctg35x +’\5cthx +x 4-C. <
6. stin;xsin-zxdx
> é‘sin-rxsin-zxdx = f(cos2x —cosbx)dx = ;sin2x---;—sm5x + C.<
P (R |
P 6x2—3x+2
» Integral ostidagi funksiya maxrajida toia kvadrat

ajratamiz, u holda
r dx dx —if / x—1/4 | —
J 6x2—3x+2 6 “*2~x+1/3 ~ 6o 6vr alC 5 VI3/(4V3) ~

23 4Jt-1)V 3 s
= arct@( WA e <
3%/i3 Vi3

8. f-~jdx

J 2—-85x—X2
» Integral ostidagi funksiyaning suratida maxrajdagi
funksiya hosilasiga teng qo'shiluvchi ajratib integralni ikkiga

ajratamiz
r-gzs- rfs--|f -xH~stsdy = - 2 f 0 — =
J 2-Sx-x2 21 2-S*-x* 2j 2-Sx-x< 2 J 2-Sx-x2
- --Inl12 - 5x - m214+ — f s — - =
2 1 2 ' (x—5/2)2—2-25/4
«-]InR-5%- >+ /(1 /)" e/1)>=
. - Jjto]Z- 5«- 2]+ IfEjfajpfl + C-
_ 3 i ¢ 2. / |2rr—5 i
=-5In2 —r - 1t ﬁﬁ Inli'i'é'ﬁ/smcnﬁ
9 f. . d n

J Vsxr+2nr-7

» Integral ostidagi fimksiya maxrajida to‘ia kvadrat
ajratamiz, u holda

C dr _ 1r dx I f d(x+1/5)

VEx2+2x-7 _ VIim jx27x_7/s ~ V5 V(jt+1/8)2-7/5-1/25 *

H _ *
—Ain X+ 1/5 ++>c(2+|x 7/5 +C.

> Integral ostidagi funksiyaning suratida maxrajdagi ildiz
tagida turgan funksiya hosilasiga teng go'shiluvchi ajratib
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berilgan integralni ikkita integral yig‘indisi ko‘rinishida

ifodalaymiz;
2x—7 -6*+21-4+4

f dx =
V1—4X—3X2 3] VlI-4x-3ar2
_ -6ac—4 d 78 1
=-y 3>/3* JT~7
3 3
= —VI—4x—3x2— [ %
3 31/31

= -8V 1-4x —3x2- 311/3<31r05|n—7\//3+c—

= —V1—4x —3x2—_ -arcsin*?-+ C. <
3 3v3 V7

IUT-8.3
Anigmas integrallarni hisoblang.

1
VI - x2 VI x2-1
— ——ax. 1Jav0b —|n +V1—x2+C
VI—x2 +1
rvx2—1
1.2, — dx. Pavob:Vvx2—1 —arccos ;(+ C 3
rvx2+ 4 2 —V4 +x2
1.3. dx. X2+ In +
2+ V4 +x2
fvVI-x2 Lv (1-x2)3
4,) ——— dx. IJavob C—
Vx2+ 9 —_— 3 3—Vx2+9
dx. X2+ 9+ -/n +
X 3+ Vx2+9
/Vx2+4 X+ V4 +x2 V4—x2_ﬂ
X —V4 +x2 X
VX2 0x . Javob-. C—m
1 X . Javo T %3
dx
V(i +*2)3
1.10. | ——— dx .‘Javob: C—1 V(4 +x23
12 X:
rn/(4-x2 -
. (X B, o C_zjc-) V(4-X 25
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1.20°

1.21.

1.22.

1.23.

1.24.

1. 25.

1.27

1 \

1.28. 1 avob: arcsmx-—X J9 —x2+ C.
3 9 ,c(‘ZA\J jTRY X /
1.29.

1.30.

f

' J

J

\]x3x/T-x2dx ,(javob:-J(I —x2)5——y/ld —x2)3+ C.j

J

r dx

. - Javo
4 V(1+s25V
rvx2—9

1 X

B-.-
VTTx2 3d(l+x2)3

t 3 \
| e — da:. Javob: \Jx2— 9 —3arccos-+ C.1

dX-----. (Javob: C- * )
i V(*2-1)3 1

A\VARAN I

Ax2+9 \

r dx
. ...—.[Javob: C----mmmee
X2Vx2+ 9 ox ]

J x2VI1 -x 2dx .(javob:-arcsinx —xV 1—x2(1 - 2x2) + C.j

I dX
J V(9+x2)3 \%

[ x2dx

f¢%ﬂ6 X2
| —~ - dx

rn/l6 - x 2
| - ———-dXx
X2

 J x3-j9 —x2dx . (javob:-J (9 —x2)5—3~(9 —x 23+ C.]
F dx f X nx2-1 \
----- . Javob: C—
x2y/(x2 N3 VvV X /
f dx S Vx2—1 \
. —. Navob:——----- +C.
I x2vx2—1 \ X J
f VX2 - 1 Vvx2—9+x Vx2—9
R 5— dx.(J/avob:-In L. oo 1-C
J  *2 2 VFM9-x__ X
rdx ( 1 1 wvx2-1
rvo —x2 13(9 —x23 \
J x4 dx. "/avob C—— J

. (lavob:—p L = + C.)
9VITX2 /
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I/a|7obC—
48V Il
X
.(J/avob:C- arcsin- — =
4 V1

FJ(4 2)3dx [ x VA4-x2 1V(4-x 23
-------------- avob: arcsin-H =
! v 2 X 3 x3
f =. (javob:— . _+C
J V@A +x23 V AVTTX2
V 2 9 1vE~+* 3N
Jr X5 dx. «lavob C- W +g—g)——.J
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1 1vi+x2l

2.1] X+l 2v20an] W)

dx . i
(x+i)VII)I<)2' (javob: C In

221 yilb W =('auob; xo1 TC

2.3.1 (x+|)dVXx2A.(}amM +C')

dx . ol 1+VI1-X2
2.4./XV]-_§ . (javob: C
dx . e 1+VI+x2
2.5./ Vlexa (Javob: C ")
26./ = (javob: C—arcsinj.)
2.7.1 . Mavob: C—In ~+ }+ Vxzexedl )
X'Ixr+x+1 X _H
. + -
28./ ™ . (javob:C —In FVA - |)
dx
29/ p a ? .H :C-arcsin? .)
210. -~ = . (javob.C-arcsin”.)
2.11. o (Javob: C—lIn
W I+ Xx-x2 l)
1 . AN inNN\_-2.
2.12. 24T Qavob. C {aresin 3|§ I}
dx N - _ 1 Vx2-x+lI
213. (x+ 1)yhx " - x+1 Javob:C—"=In x+1 2 Y3(x+])
2.14. o (javob: C- In 13 vex
(x+)\/x5-x -1 X+ 2 X+l
. . s Vx2+x+1]
2.15. (X+ 1)V x2+x+]1 \(}&VOb. C—ln I?;I I2+ x+1
dx . . .
2.16. (x+|)\éx2+x—l (javob: C—arcsin =)
X i . i ) S
2.17. (VXX (javob: arcsin-"w™— + C.)
dx . . 1 1 Vx2+x+I1]
2.18. (X-1)V x2+x+I (javob: C \5'” X— 2 n/3(x-1) |
dx . . 11 Vx2-x + |
2.19. DV x2-x+1 (javob: C—to 1 1
dx . . . 1 3 Vx2+x-I
220. (X-)Vx2+ x-1 (Javob: C—in x-1 2 x-1 m)
dx . . . 3—X
2.21. (-Vx2-x -1 (javob: C—arcsmVS(X_I) )
dx . SO In Sl 1 AVIEX-X2
222. (x-)VI+x-x2 (javob: C—In X-1 2 x-1 °)
dx . O 1 1+ VI-x-x2
2.23. (x+VI-x- ° (javob: C- In x+l 2 x+l m)
dx . s oosx-l
2.24. (x-VT avob: C —arcsin VS(l)
dx i . inll__ Ly VIx-x2]
2.25. CV lox-x2 (Javob: C—Inx F T
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2-26- / w fej m{javob-C-larcsin® )

2-27* /u ,i)S:,-2 mOawf,:C ~ T2arcsin™ k )

228 < = flavob: € —ohiNE 2 SRR N
2 V2

J zVz)-3z+

2.29. § e T=

(Z+ V2 x- .\)aVOb: C_\}:z’in :|I:z/:l_+ it | 3

2 4 z+1

.
X

dx / o inll__3. VI1-3x-2x2] N

230 § 15y 0,5 JAVODICH N e

3.1 . (Javob: tgxIn\cosx\ + tgx —x + C .)

3.2./ cos(Inx)dx . (javob-A(sin(Inx) + cos(Inx)) + C.)
3-3-f~ fdx . (javoh: C )

3.4./ In(x + 2)dx . (Javob:xIn(x + 2) —x + 2In(x + 2) + C.)
35/ * £ ? ' (Jav°®b-C —ctgx In\cos X\ —x .)

3.6./ dx . (Javob: InxIn(Inx) —Inx + C )

3.7./ In2xdx . (Javob: xIn2x —2x inx + 2x + C.)

3.8. f"A=-dx. (javob: 2\[x Inx —4n/x + C.)

3.9./x In’l\;’x\-dx. \(}'avob:z—ln’I\+—;\-—x |n’\ ot C }

3.10. / in(x + VI +x2)dx . (javob: x In(x + VI +x2) —VI +x2+ C))
3.11. fIn(x +4)dx. (Javob: xIn(x + 4) —x + 4in(x + 4) + C))

3.12. * Jilex2 dx .(javob: VI + x2in(x + VI + x2) —x + C))
313, sinAxnd x ' (Javb- ¢ — X — ctgx —ctgx In(sinx) )
3140 2In(x + )dx . (javob:y i"(x + 1) -y +y —7+ +1)+C.

3.15. inxin(inx) ~  (javob-1/n2+ in(inx) —in2x + C .)

3.16. in(x2+ 1)dx . (Javob: x In(x2+ 1) —2x + 2arctgx + C .)

3.17. ~ dx. (}'avob: C '2>|<'rl Tix? )J

3.18. y[xIn2xdx (javoh: AVXNin2x —AVxNinx + ¢ VxMN+ C))

3.19. in~~dx . (javob: x —in(x2—1) + C.j

3.20. (xz—x + 1) Inxdx.(javob: (y —y +x)inx —y +y —x +C
3.21.  Vxinxdx. (javob: jV x*inx —£Vx~+ C))

3.22. iné%nnx)" (Javob: tgxIn(sinx) - x + C.)

3.23. xin(x2+ l)dx . (javob: y in(x2+ 1) - y + ~in(x2+ 1) + C.)
3.24. xIn2xdx .(javob: y in2x —yinx +y+C.)
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3.25. f x2Inx dx .(javob: A -~Ax— + CA
3.26. / xIn{x + 1) dx .(javob: y /n(x -1-1) — +1—j/n(x + 1) + C.
3.27. I sin(Inx)dx . (javob: | (sinQnx) —cos(Inx)) + C.)

3.28. / (jc2—4)sin 5xdx . (javob: ~xsinSx —"-"-cos 5x + C.)
3.29. / xIn(x + 5) dx .(Javob:x In(x + 5) —x + 5In(x + 5) + C.)
3.30. / In~~dx . (javob:xInj~—2In\4 —x2\+C./"

4
4.1./V I —xarccosyfxdx. (javob: MVx3-~\[x —*J(I - x)3arccos\[x +
4.2./ VI —xarcsinyfxdx . (javob: "Vx —"Vx3—"V(1 ~ x)3arcsin\fx +
4.3./ xarctglxdx .(javob: y arctg2x —"+ “arctgZx + C.)
44. ]y =y dx. (javob: 2y/x + larcsinx + 4V1 —x + C.)
45. [/ al ~ Xdx . (javob: 4v1 —x —2V1 —xarcsinx + C.)
46./ dx . (javob: 2y[x —2VI —xarcsin\[x + C.)
4.7./ y===?dx. (javob: VI + x2arctgx —In\x + VI + x2|+ C.)
4-8-/ ~ m(javob: x —VI - x2arcsinx + C.)
4.9. / x arctgxdx .(javob: y arctgx —] --~arctgx + C.)
4.10. Jx arcctgxdx .Uavob: ﬁarcctgx HX- h-larcctgx +CJ
4.11. J/ *@.H%de u{)'avob: C_E —4VI —4x2arcc052x.}
4.12. / arccos2xdx . (javob: arccos2x —jV I —4x2+ C.j
4.13. / arctgxdx . (javob: xarctgx —In(l +x2) + C.%j

4.14. / dx . (javob: C—2"Nx —2VI —xarccos-Jx.)
4.15. / y ==]-dx . (javob: C- x —VI —x2arccosx.)
4.16. / dx . (javob: C—4V1 + x —2V1 —xarccosx.)

4.17. [ arcctg2xdx . (javob: x arcctg2x + ~In(l +4x2) + C.)

4-18- / X p Xdx. (javob: VI + x2arcctgx + In|jx+ VI + x2|+ C .)
4.19. / arcsin2xdx . (javob: x arcsin2x +j VI —4x2+ C.)

4.20. /| M~==~dx . (javob: jx —VI —4x2arcsin2x + C.)

4.21. /Ny==pdx . (javob: 2V1 + xarccosx —4V1 —x + C.)

4.22. f x2arctgxdx . (javob: ’3\-arctgx - g\xz +’g|n(x2+ 1) + C.}

4.23. / x arctg2xdx . (javob: yarct#2x + | + Marctg 2x + C.)
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4.24. | arctg(x + 5)dx . (javob: x arctg(x + 5) —"in|x2+ 10Ox + 26] +
+5arctg(x + 5) + C

4.25. f x2arcctgxdx . \()'avob: -3arcctgx+ e éln(x2+ 1) + C.)

4.26. f x arcctg2xdx . [javob: —arctg2x + -arctg2x —x arctgx 4
+iln(x2+ 1)+ C.)

4.27. fx 2 cosjdx . (javob: 3x2sin™ + 18x cos™ —54sin™ + C

4.28. f x arcctg2xdx .(javob: ~ arcctg2x + ~arcctg2x + x arcctgx +
+iZn(x2+ 1) +C.)

4.29. / x2sin 2xdx .(javob: ]sin 2x —y cos 2x + ~cos 2x + C

4.30. / (92+ 4)e2* dx .(javobh: ~(x2+ 4)e2* + ~xe2* + Ne2x + C

5
5.1./ x2cos 2x dx . (javob: y sin  + Jcos 2x —"sin2x + C

5.2./ x sin2xdx . (javob: ~sin 2x —"cos 2x + C.)
5.3./ x sinx cosx dx . (javob: ~sin 2x —*cos 2x + C
5.4.J x2(sin 2x - 3)dx . (javoh: sin 2x —~c0s2Xx +"cos2x —x3+ C

5.5./ x2(sinx + 1)dx. (javob: 2xsinx - x2cosx + 2cosx +y + C
5.6. /(x2+ x)e~xdx . (Javob: C—(x2+ 3x + 3)e~x.)

5.7. f(x2+ x)exdx . (Javobh: (x2—x + l)ex+ C.)

5.8. f(x2—x + 1)e~xdx . (Javoh: C—(x2+ x + 2)e_x.)

5.9. f (x2—x + 1)exdx . (Javobh: (x2—3x + 4)e* + C.)

5.10. / x ctg2xdx . (javob: Zn]sinx] - x ctgx - y + C

5.11. / x2e~xdx. (Javobh: C—(x2+ 2x + 2)e“* )

5.12. / . (Javob: in]sinx] —x ctgx + C )

5.13. / m(Javob: x tgx + In\cosx\ + C .)

5.14. / x tg2xdx . (javobh: x tgx + (nJcosx] —y + C.)

5.15. / (x2+ 2)e~xdx. (Javob: C—(x2+ 2x + 4)e~*.)

5.16. fx2sin2xdx. (,iavob: -— —sin2x +-cos 2x+-sin2x + C.)
J 6 4 4 8

5.17. Jx 2(cos2sc + 3) dx . (javob: x3+y sin2x +~c0s2x —sin2x + C
5.18. / (x2+ 2)e-*dx . (Javoh: (x2—2x + 4)ex+ C.)

5.19. f(x3+ 3)sinxdx . (Javob: 2xsinx —(x2+ 1) cosx + C.)

5.20. /(x2—3) cosxdx . (Javob: (x2—4) sinx + 2xcosx + C.)

5.21. f(x2+ l)e~xdx . (Javob: C—(x2+ 2x + 3)e-x .)

5.22. J(x2- 1)exdx . (Javoh: (x —I)2ex+ C.)
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6.1.
6.2.
6.3.
6.4.
6.5.
6.6.
6.7.
6.8.
6.9.
6.10

6.11.
6.12.
6.13.
6.14.
6.15.
6.16.
6.17.

7.1
7.2.
7.3.
7.4.
7.5.
7.6.
1.1.
7.8.
1.9.
7.10
7.11

5.23. fXx2cos2xdx . Iv]avob: + sin 2x + ;€08 2X —8sin 2X + C.)
5.24. f(x2+ x)sinxdx . (Javob: (2x + I)sini —(x2+ x —2) cosx + C.)
5.25. f(x2+ x) cosxdx . (Javob: (x2+ x —1)sinx + (2x + 1) cosx + C.)
5.26. f(x2+ 1)exdx . (Javob: (x2—2x + 3)ex + C.)

5.27. f(x2—1)e~xdx . (Javob: C—(x + 1) 2e~x.)

5.28. / x sin2xdx . (javob: ~ —sin 2x —"cos 2x + C

5.29. f arcsin 9x dx . (javoh: x arcsin 9x + A"V T~"81x2+ C

5.30. / x arctg 2x dx . (javob: ~arctg2x - ~ ~arctg 2x + C.)

f(x + 1e2xdx.
f(x —2)exdx.
f(x —7) cos 2x dx .

f(x —1) cos 5x dx .
f(x + 2)cos bx dx .
f(x —2) cos 4x dx .
f{x —4) sin2x dx .
f(x —3) cosx dx .

f(x + 4)sin 2x dx.

. J xsin 3x dx .
f(x + 5)sinx dx .
f(x —5) cosx dx .
f(x +9)sinxdx.
J(x + 7)sin 2x dx .
f(x + 4)sin 3x dx .
f(x + 3)sin 5x dx .
f(x —4) cos 2x dx .

/ In(x —5) dx .

f arctg2x dx .

f x2e~xdx .

[ (x + l)e~4xdx .

J x2e~2xdx .

f arctg 3x dx .

f x cos 8x dx .

f arctgdx dx .

f arcsinSx dx .

. f(x + De~*dx.
. fxarctgx dx .

6.18.
6.19.
6.20.
6.21.
6.22.

6.23.
6.24.

6.25.
6.26.
6.27.
6.28.
6.29.
6.30.

7.12.
7.13.
7.14.
7.15.
7.16.
7.17.
7.18.
7.19.
7.20.
7.21.
7.22.

J(x - 8)sinx dx .
f(x + 4) cos 3x dx .
f(x + 8)sin 3x dx .
f(x + 6) cos 4x dx .
f(x - 6)sin™ dx.
f(x + 1) cos Ix dx.
J(x + 2)sin| dx.
Jf xsin; ax .

J(x +4)cos | dx.
/ (x + 1) sin ™ dx .
f(x + 2)cos”™dx.
f(x + 3)sin”™ dx .

J(x —9) sin™ dx .

jX 2e3xdx.

/ x cos(x + 4) dx.
/ x cos(x —2) dx .
Ix cos(x + 3) dx.
/ xe*+2 dx .

f xe~7x dx .

/ arcsinZx dx .

[ x sin(x +7) dx.
/ x cos(x —4) dx.
/ x sin(x + 4) dx .
Jxcos(x +9) dx.



7.23.
7.24.
7.25.
7.26.

8.1.
8.2.
8.3.
8.4.
8.5.
8.6.
8.7.
8.8
8.9.

= 32arcsin4
dx
2' IxV*2+5x+1
dx _ /- dt
N X5 dx = _Edt = .
" = —mtagEV2+ 5t+ 1+ C=
M -7

farccosxdx.
J xe~4x dx .

f arctg2x dx.
J X cos 6x dx.
f arsin3x dx.
f arccos2x dx.
f arctg8x dx.

f x sin(x —2) dx.

f arsin8x dx.

) x sin(x + 3) dx.
f x cos(x + 4) dx.
8.10.
8.11.
8.12.
8.13.
8.14.
8.15.
8.16.
8.17.

f arccoslx dx .

[ arctglx dx .
/ arsinSx dx.
JiIn(x —7) dx .

f(x + 3)e~xdx.

f(x2- 3)exdx.

fx cos(x —7) dx.

/ x sin(x —5) dx .
/(* - 4)exdx .
J xe~6xdx.

7.27.
7.28.
7.29.
7.30.

8.18.
8.19.
8.20.
8.21.
8.22.
8.23.
8.24.
8.25.
8.26.
8.27.
8.28.
8.29.
8.30.

/x cos(x + 7) dx
J xe~bxdx.
jxex+3dx.
Jxcos(2 - x) dx.

J X cos(x + 6) dx
f arctg ™ dx .
/1In(x +8) dx.
f arctg | dx.

f In{x + 12) dx.
Farcsin;3 dx .
/In(2x —1) dx.
j In(2x + 3) dx.
lfarccosg dx .
/arctg - dx .
farcsin; dx .

J arctgbx dx.
farccos- dx.

Namunaviy variant yechimi
Anigmas integrallarni hisoblang.

1./ x2VI16—x2dx .
j X2y]\6 —x2dx

X —4sin t, dx = 4 cos tdft,
sint = x/4,t= arcsinx/4

= J 16sin2t v 16 —16sin2t4 cos tdt = 256 J sin2tcos2tdt =

= 64 sin22tdt = 32J (1 —cos4t)dt = 32t —8sin4t + C=
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mln -1 +C 4

3. j (X —7) sin5xdx.

n=x—7,du = dx,
f(x —7) sin 5xdx =

dv —sinSxdx,v = —cosbx — | C*-
7)cos 5x + + ~f cos 5xdx = —](x —7) cos 5x f  sin5x + C =
4, / arccos4xdx.
4dx

> /-arccoi’4s:rfx == arccos4x, du = VI —16x2
§ = dx,v —X

—X arccos4x + 4Jf\7i>s-’|2(é*2: X arccos4x — VI —16n2 + £e<<
5. J xe*_Tdx.

i m=x,du=dx j

~7\ * =
> PG Ty = et 7dx
—X ex~£—e*~7 + CN"
arctgx
6- 7/ yll+Xi d

X arctgx n = arctgx, du = dx

»J Viexy 9X = i rix '+X27 = VI + x2arctgx m
dv="" ‘v= ’\1+x
——=f VI + x2arctgx —In]x + VI + x2]+ |. <
7. f(x2 —4x + 3)e~2+dx.

L , m=x2- 4n+3du—(2x-4)dx|
» f(x2-4x + 3)e 2*dx =

1 dv = e~ dx, v——2e é
= —((x2- 4x + 3)e~2x) + J(X - 2)e~2xdx -
n —x —2,du —dx, j
dv = e~2xdx,v —Ze X ~ T 4x + 3)e —

—(x- 2)e~x-"e~2x+ C <
8 Jrln(ln(x+|))|n(x+|) 1

________ Lo
e e = G+ D) d = oo
*. l -
* dp —-U)%’*IH’ dx, 2= 5n2(x + 11,

1 inGFl |
D nnx+ 1), X

) In(In(_x + 1)) —4In2(x + 1)+ CH4l

7



1UT-8.4
Anigmas integrallarni hisoblang
1.

I-1. i dx (Javob:6In\x 4 3] - In\x4 N\ 4
2 In\x + 5| + 4C.)

1,2°f 'k-2)(N-ix+3)dx-Oavob: 3In\x - 3] - 4In\x- 2\ 4
\Hti\x + 1) mmC.

1,3* Ma-i5(N-x-i2)dx- @avofc; 2 inl* “ 1] +5 Mx- 41 -
—7In\x + 3] + C.)

b4 A fed) (rt3)& " (Javob:x2+ 5znfx + 3| + Znjx4 2] +
4Znjx —1] + C)

1-5- ' (xf8+3)(i+3)  (Javob:-5 IN\x 4 5] 4 6 Zn|x4 3] -
—2XT 4 1] 4 C)

L6-f2xxZ Z + 1)dx-(,avob: *2+* + 2InXx + n +
4 7Znjx- 2] 4 43 In\x- 3] 4 C))

1-7" N IX-i){x™MTxTe) dx"Uavob: x2- 8InXx - Il + 5In\x 4 3] 4
+In \x4- 2] 4-C))

- r2a:4+17x3+328:2—7x . (
L4, J

s 9 » 1 ri. >
(Javob: x~- x - 5Zn|x4 5]4
3Zn|x4 411 —31In\x4 3] 4 C)

L9- f ix% {"Xx-2)dx-(Javob: 3In\x 4 1] 4 In\x- |j 4
4'2 In \x4* 21+ C.)

110, f (x-4)(*1L-3) dx-(JaVOT 4 InX - H - 7 Zn|x4 3] 4
43 In\x—4] 4 C.)

1,11/ (n )y~ 2 (Javoowinx - 214 3 znjx- 3| -
-2In\x+ 1]4C))

1N2'/ g :g z&F_3J (Javob: x2+ x - 41In\x- 2] 4
3ZnIx- 3] 4 43in |x4 1] 4 C)

1/13-f 0~SxCsx+6) dX-UaVOb: A + 2*- - n+
43 In\x4 3] 4 C))
1N4" 1 ix-iHx+6)dx-(Javoa LUn1s + 317 ~1

-16/n|x 4 214 C))
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1.15. J— ~dx. (Javob: INNK—1] + 3 In\x + 1] -
-4/n|x + 2]+ C\) X

1«16- 0 S S S i d*’~avob: 3Zn|x+ 11+ 2 Mx+ 31-
- In\x+ 5] + C)

117, SOM 3K x-7)dx-(Javob: 4IN\X —1] —7 Zn|x + 3| +
+5 In\x—4] + C)

IN8' MY +X=3XR nx-(Javob-x2 ~ In\x - 1]+ In\x + 2]-
—2Ln\x+ 3]+ C)

noin f 2x4+17x3+40x2+37.x+36

119 Ao+TSKT+T)  (Javob:x2- x + 3In\x + I\ +
+3In\x + 3] - 3In |x+ 5] + C)

120° /7 (x2+ax+2")(x-i) dx* (Jav°b- In\x —11—3 In\x + 1] +
+8 In\x+ 21+ C)

1-21" N (*2-i)(z+2) (Javob: 3x2- 12x + In\x - 1] -
-3 Inlx+ 1] + 32 Z2n\x+ 2] + C)

L22- Napob: 2/nl* + 3<~ 3InX + ] +
+3 In\x+ 5j + C)

L23- Navob: 6/ + 3i- 2'ni*+ n -
-2In\x + S\+ C.)

n ~n r2xn-5x3-15x2+4:0x-70 , s > L

L24-f — 2+;X-3)(x-4) dx-Uavobmxr-x +41n\x-1\-
—An\x + 3] + 2In\x—4] + C)

g N a1 7#\+2,qr/\+13 , ..

L23° f-& - Sx+6)(x+) dX- UUVOo X* + X+ 2 |«I* + 11 +
+/n|x 2|+ M x—3]+C)

r —21ar2+3ar+24 /r > .
1 26° f ' (x2+x-2)(x+D (Javob: 3x2-12x + 2 1In\x- 1] -

—3In\x + 1] + 10 In \x+ 21+ C)
1-27-f 3~ 74)C ~ dx-(Javob-x2 + * + 4 InX- H+
+Zn|x + 3] —2Zn|jc —4] + C.)

128, f (X*2x=3)(x- 9 d* -Clavofc: 2/nlC- 2] + 3 Zn|x- 3] +
+2In\x + I\+C.)

1-29-/ dx-(Javob: 3x2- 12x + In\x- 1] -
—3In\x+ 1] + 2In\x+ 2] + C)
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L3°-

/ dx-uavob: 20InXx + 3<_ M~ i -

—16 In\x+ A+ C))

2

2.1. | -~~ndx. (Javob: x + A~ bt]x] + 2 In\x - 1] + C))

2.2,)]-—?m- :dx.(Javob:x + Zn|x] + ~~ 2/n]x —1] + C.)

2'3, f (%i)("™-i)dx-Vavob: 2 In\x - N\~ IN\x + \+ C.)
2.4, fl+*2dx. Javob-T—3 InNN\ + 3 In\x - 1] + C.)

2.5. $~x *xr*x 3dx. (Javob: 2xI —3 INN\ —In\x + 1] — + C.)
2.6./ ~~d.x. (Javob: In\x + Ij —InN\\ —*+ C.)

2 )"/ ixil-ztliy.x+i)dx-(Javob: 31 n\ x-I\ ~ + In\x+ 1]+ C))
2.8. 1 26z™*i"1dx. (Javob-1—3 In\X\ + In\x —1] + C.)

2,9°fS S S dx-C/a»ob: InX\+ N * - 11+~ ; +¢C-)

2.10. $**xX:y2 ~dx. (Javob: 2x2—2 in]x] —2frilx + 1] — + C.)
2.11. /~ ~4*(x-v2 4XMdx‘ Uavob-92 + _ —il +~~+c.)
2.12. /3 Viy (Javob-Inx + H~ 2InX\~ ™ +c¢-)

2.13./ Y o ”_-dx. (Javob: 2x —In\x\ - . —/M|x+ 1] + C))

2.14. ] — t.dx. (Javob: X + — + 2In\x- Ij —In\x + 1] + C.)
2.15./ (Javob: 2inJx] + ~ - In\x+ 1] + C))

2.16. J x3*22+x dx- (Javobm InNNA\ —2 In\x —1 |- +C)
2A1'SEw *+ vdx'(lavOb:2x2 ~ InM - 3/n|x+ - ~ + C)
2.18./ -2 "~ —dx.(Javob: In\x- 1] - In\x+ 1] - + C-)

2.19. / x~—{Javob: In\x + 1] —Zn|x] - ~+ C.)

2.20. j -—* +2* 1dx. (Javob: x —in]x] —/—2 Znjx —1] + C.)
2.21. /M- ~Mr~adx. (Javob: - INN\ —inx —1] —  + C)

2.22. ) 2xm ~x. (javob:2x + Inlx] - §- Znlx+ 1j+ C.)
2.23. ] ~_~~-dx. (Javob: x —in]x —1] — =+ 2dn|x+ 1] + C.)
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224, f ~~~dx. (Javob: 2InN\ + In\x + 1] + ~ + C))
2-25, $™ xlIx+1dXt (Javob: In\x + 1] - In\x - 1] - + C)

2'26, / (x~Mxx-i)dx~Javoh-2In\x\ + In\x- 1] + i+ C.)

2.27. ) dx. Javob: 2 In\x + 1] - In\x\ - ~+ C))
2.28.1 (Javob:- —Inv\ + In\x - 1] + C))
2°29° /7i *22>+xdX’ (JaVob'InM + In\x-I\-~+ C)
2.30. /7 ldx-(Javob: 2x + fn]x] + i + 2in]x+ 1] + C.)
3
3J)-fe ) |ln2;+5)dx-~avo6:2 Zni* - r' -
|l 1 %4 1
"Injxz 4 2x 4 5]-arctg —--—-—-- hC.

3.2 f~ 88dx. (Javob: 2 InNx + A -~n\x2- 2x + 4] -
-j=arctgg§ +C.)

3J') (x+i)(N-Li3)dx-avob-Inx + ~ - \InX2 - 4* + 13] -
-arctg?— + C.)

3,4e Vavob-3InX - - iinl*2+ 2* + 5]~
—2arctg— + C.)

3’5’ Uavob: In™2+ 6x+ 13f~ InX + !] +
+larctg X3y Lf

3.6.
Jry-dx.(/favob:2m | x-1] --i fo|*2+ x + 1|+ ~arctE~gi +
c.)

3*¥7* N (x+2)j-2 x,10)dX- 2bIX+ 21" ~ITX2 ~ 2* +

10] + 2 arctg + C))
3%’ A (Ni)(X L +i3)dx-C/awb;iZn]x2- 4* + 13] -
—Znlx + 11+ 2arctg X——_Zh C.)
3.9. /p — dx. (Javob: InN\x2- 2x 4-4j - 2in]x+ 2] +
+jlarct9 ~ +C.)
8L



3.10. | — 3x+r7 dx(Navob:3In\x—1|+
J (x-1 )( 2+2x +

1 3 X+ 1
+-In\x2+ 2x + 5] —arctg—-— +C)

31L / jeHx~dx Uaveb: I \~Tx~
1 1 X
- - fa]x2+ +4] - - arctg- + C))

3.12. Jfb?+'27(x2—2x+'1'05dx' (LJlavob: 3 In\f< + 'Z\—I IN\x2 - 2x +
+10]+arctg”™- + C))
3.13. / 4p3+B12  (Javoh:~MIn\x2 —2x + 4] - 2bz|x +

+2|~;larct57f +C),)

314-/CAKN-T+B¥)N- (Javob: 3InX + li - InX2~4x + 131
-arctg”™ +C)

3.15./ dx. (Javob: In\x2 + x + 1] —2 Jn]x —1] —
-4 y3arctg + C.)
3.16.

JN-jrdx. (Javob: 2 In\x + 2A—In\x2 —2x + +4] —n/3arctg~ -+ C.)

3.17./ -dx. (/auob /n|1x2 —2x+ 10]- In\x+ 2 |+

J (x+2§oz 2++10)
+iarctEé”™ +C)

3.18. oo ® 4 +23------- dx. (Javob 3IN\x + 1] — In\x2+ 6x+
+131- 5arctg— + C))

319-/(x X x N x ™ dx-vaVob: 2Inlx ~ 11+ l arctg xT +¢c¢-)

3.20. f 19*~ 34 . dx. (Javob In|x2- 4x + 13] - 3in|x +
I Ix+1X*2-4%+13)

+11+ 3arct*”™ +C))

3.21. f‘(‘ '2§(5(2—'§'(¥10)dx' (tljavob: 3in|x + 2]+ -5ri|,><2—2x +
+10] +~arctflf™ + C))
3.22. [ ------- Ao dx. gavob: InN\x + 1] —-Zln\x2+ 6X +

b (x+1)(*2+65K+13)
+131- arctg — +C.)

3.23. f—2 H+—— dx.(Javob:In\x + Ij + Eln\xz- 4x +

J (x+1)(x2-4x+13)
+13] + "iarctg™Y + C.)
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3.24. {-—---)2!—13 ----- -dx. (Javob: In\x + I —-In\x2+ 6x +
(K+1)(x-2+6x+13) 1 1 2 1
13] arctg—- + C.)
3.25. ) - J -plldx. (Javob: 2 In\x + 2\ + In\x2 —2x + 4] +
+n/3 arctg ~=- + C.)
3'26" NN (N 25 dy-CAaronn: 2W * - 1] + In\x2+ 2x + 5] +

+ -arctg + C))

3.27. / dx. (Javob: 2 In\x — 1] +~In\x2+ x +
+1\+j=arctg ~ + C.)

3.28.
f~1~dx. (Javob: 2 In\x —1] —In\x2+ x + +1] +2V3a rc tg +
c.V

3.29. /5T ~ T T n)dx'(Javob: 3 inx + 1] + in|x2 + 6x + 13] -
-Zarctg”Mn+C.)

3K % ~-Lio)dx-Vavob:1d +2,~ 1 Inx2 ~ 2x +
10] +~arctg”™ + C))

4,
4-1- /~4 T 4 (Javofr - il +ifnx+ 1] -i/n]x2+4j +
+C))
4.2. /7 -3~ —dx (Javob: Mn\x + I\ —x2 ~~In\x —1] +

~Narctgx+ +C.)
4-3- /* H*+sx*+4 *2dx (Javob: x + ~arctgx + NMn\x2 + 4] -
~Narctg”™n+ +C))
4, 4«f «*+5 -4 (fawofe i /ni* ~ 11~ i + ~arctsf+C))
4-5-f ~~htdx (Javob: 2InM + Yx~ \InX2 + 41-\arctg”™+ C)
4 6-J) X-lyl*+7)dx (Javoh: InNN\x2+ 4\ --~ +\rctgx+C.)
4.7. f*'N Z~r3dx (Javobmin]*l ~ - *’1*- |j +in]jc+ 1] + C.)
4'8, f x*+3*x*-4dx (Javob: I InX + r1~\InX ~ !I] + lIn\x2 + 4] +
+ ~arctg™ + C.)
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4.9./ —dx (Javob: InNN\ — — In\x —1] +~In\x + 1] f +C.)
4-10- (¥« N Ix2+ 4] - In]*- 1] -
N -+ +arct™] + C)
4,1% |~ ~ 2 dx(Javoi: ZnM - ~ +4]-iarcC5 | +
+C.)
4.12.] dx (Javob. INN\ + N+ frejx —1] —/n|x + 1] + C.)
4.13. /714 3 I* dx (Javoh:iInXx2 + 11+ arctgx —In\x2 + 4] +

+co S 3
4.14. 1 2x 2 X'dx (Javob:-~In\x + Ij —i In\x —1] —x2 —

—Marctgx + C.)
™ / n S X \
4.15. j V(SM74dx (Javob:x +-arctgx --arctg - + C.J
4.16. / ?-~"~-dx (Javob: InN\x —1] —jIn\x + 1] + +~In\x2 +
1] ~arctgx + C))
4,171 X;~N T dx(@avob: Inkx\+ ™+ \arctg?+C.)
4.18. f— 7+ \— dx \()'avob: In\lx —1_|---X-_-1-----2In\x2+ 4] —

3 (x-1)(x2+4)
arctg ?+ +C.)
4.19. / —~~ ~~dx (Javob:4n\x - 1] +~In\x + 1]+arctg--+ C.)
4.20./ dx (javob: InN\x —1|—*—in]x+ 1|+ C.)
4.21. | 2* ~2*~5dx (Javob:-In\x + 1] —~In\x - 1]+ In\x2 +
X 40X 4 2 2
+4 1+ iarctfl] + C)

4.22. | - —:dx (Javob: In\x - 1] + —---------- -In\x2+ 4]+ C))
3 (x-1)2(x2+4) 1 x-1 21 g

4-23-/ xXC*xb4dx (Javob-\arct9 f ~larctgx + C.)
424, f r4~"2  (avob-InNQ + 4] - 2 Znlic] - ~ "arct ~+

+C.) " 3H*
4.25./ * +4* dx (Javob: INNx —1]+ ~n]x + 1]- An]x2+ Ij --
Tl \ 2 4

—i arctgx + C.)

4-26-S2A * * i £ r dx (Javoh-/n]*2+ 9L " \arct9\ + c-)
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4-27. f 9dx (Javob:-Jn\x2 +9\ + In\x2 + 1] -
arctgx + +C.)

4.28. J N -~~-—dx (Javob \In\x —1] —\In\x 4 1] —x24
-r In\x2 + 1|+ ~arctgx + C.)

4'29' f X*+sx*4 dx (Javob’\InX2+ 41+ ~arctg~~ Marctgx 4
+C.)

4.30. J/ EZ|)(X)§T§}’/2\+4'>Z'-Z)F\§JaVOb:"';-T""EarCtg S+ C.}

51. 1 — (Javob: 2VX + 3 —4In\\rx + 34 2] 4 C)

5.2.j -~=. (Javob: j-y/Cx+3)3 _ 6VXx + 3 4 C.)

5.3.f U, (avob : | V(*-3)S- 4V (*-3)3+ 18VF="3 + +C))
5-4./ (Javob: 3-J(x+4)3- 2(x+4) + 2v'x + 4 -

-4ZnjVx"4 442] 4 C)

55./79 | (Jave*: M (x41)7- }
54y'x + 1+ C)

5.6. |sgylpdx (Javob: 2Vx + 2+ 35/ vonp) + C)

5.7. j‘ zﬁ&;ﬁt (yavob: (In {15 Zao + C)

N _ .
5.8.7 *_32dx. (Javob: 2n/x 4 2 4 IMkG+2+Vs| +
5.9. /7 +— . (Javob: 2~Jx —6injVx43] + C)

)

VA

5.11. f -~~dx. (Javob: "Vx3- X + AN/x- 4ZnjVvx4l] + C)
5.12. / ~=. (Javoh: “yflx-1)34 2n/x- 14 C)

5.10.J — (Javob: —arctg |-+C.)
(*+3) V3 ~3

5.13. / X-i (Javob: 2\fx + In |\ Ai + C)

VXH
5.14. { (Javob: 2n/x 4 5 - 6ZnjVx + 5+3] + C)
5.15. / (Javob: 2Vx —1 —2Zn]l+vx —I| +

5.16. / ~==. (Javob: 2arctgyjx —7 + C))
5.17. M~==dx. (Javob: 2Vx —1 + 2arctgVx —1+ C)
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5.18. /7 £=] (Javob: Ay[(x~7Y + AYol-7)5+ +2yJ(x-7)3 +
2nIx~7 + C)

5.19./ J=1J (Javob: AV ("N 4)5+ N [(x-4)3 + 2[x~—4+ +C.)

5.20. / ~~"-dx. (Javob: 2vx + 4 —2arctg”™"x + 4 + C))

5.21. 7/ (Javob: 7y[(M+W - fVCA+2)S + +2y(x+2y -
2VT+2 + C)

5.22./ (Javob: 2\fx —2\rW arctgl-~ + C.)

523 'A< A 4 fjil+c>

5.24. / |+)‘}/sz2 (Javob: 24X/~ 2 - 2Zn]1+Vx - 2] + C)

5.25. f A&, (Javob: V2arctg 74 c)

5.26. / ~=] (Javob: -J(x-2y> + N (x-2)3+ 8a[["2 + +C.)
5.27. / I™-L-dx. (Javob: 2\/x —2 —\l2arctg + £m)

5.28. 7/ (Javob: jy/(Xx+6)7+jy/(Xx+6)s+ +87(x+6)3 +

16VxT6 + C)
5.29. / (Javob : 27k —6 —6/n|Vx—6+3j + C)

5.30. / ~ $& . (Javob: 27n/F~8 - AIN\VAB+2\ + C)

6.

6.1. (IT\?)Z;D/\\};?I'dX (Javob: 3\/x + 1 —~\[(X+1)

6VX + 1 - 3IN\\Ix + 1+11- 6arctgVx + 1+ C))

6.2./ N=dX. (Javob: X +AYXNA—2y[X —AN\fX + +2in|Vx+1] +
darctg VX + C))

6.3.6 (N +5I_+|I -dx. (Javob: - 6(x+ 1)7- (x+1)

V3r+T
gff N+ IF +¢)
6.4. / Q’/;s~ ~dx. (Javobh: x + -2Vx2+ 2n/x + 6VX + C)
6.5. / X+ dx. (Javob: - Vx2+ 6arctg Vx + C))
arll+Vx) 2
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6.6.f -1 ~ TTdx. Javob: 2x+I1) + ~v'(2*+1)5+ ¢-)
6.7.f T~~8Ef (Javob: \[&=/1Y - (Xx-1) +fVO"O*~
IV (*-1)2+ 2VF=T- + bXfir™l - 6In]V x~ + 11 + C)

6.8.7 (Javofe:x - 1- ~ +
+96¥ N rT - 384V AT + 768/n|] Vx—T+2] + C)

6'9* ylI+U+3 @Qavoh: 7V (*+3)7“ (*+3) + £V (*+3)5-
-~V (*+3)2+ 2v'x+'3 - 3VF+3 + 6VF+3 - 6/n]VF+3+i] +c.)

6&_‘]/\/)(_”;;\,[7:. (Javob: 3 %(i(q),z —2Vx- 1+ 3VWx—1—
—6Vx —1+ 6A4|Vx —I+I] + C)

6.11. /~gg. (faw/-)Fi+3Y - £EYN+3)5 + 2vixT 3 -
-6V*+3—arctgVx+ 3+ C))

6.12. 1] S dx. (Javob-. x + é\/x®- iVx2—2Vx+ 3\fx +
+6Ux— A Vx+I|] —6arctg\[x+ C)

6.13. f jj="j== (Javob: "\j(x+3)2- 2\[x + 3+ 3V*~+ 3 —
BUXT3 + +6/n|VxT3+l] + C)

s YA [ x+l+™NX+1)2+6AX+1 i f f J
bn4-1 c,.)(»Vgi) dx {Jav°b:
~M\j(x+2)2 + 6arctgVx + 1+ C)

6.15. / jAjir~-jzdx. (Javob: AVx2 —3\[x —694x + IZn| V3c+Lj +

+6arctgMx + C)

6.16. ] -==~"~===dx. gJavob: -(3x+1) --- 7,(3x+lg5+
\3x+1+2 v3XTT 3% 5

2N (3x+1)2- -AV3XTT + 12¥3XTT - 48V3XTT +
96ZnjV3x + 1+ 2j+ C)

6.17.J ir-----" (Javob :- V2x'+ 1+ 3V2x + 1 +
V(2x+1)2-V25+1 v 2
+3Zn] V2x + 1j + C)
6.18. f yx_y’f_‘l—dx. (Javob: ; VX7 4—5 Vx5 + VX2 + 4/ +

_ 2V x—1—-V5
9VX + +30V* + in + 24En|Vx-Vx-I] + C)
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Vxelx . *_ o i i )
6.19.7/ 1VEF (Javob: VX*- X VXx3- 2Wx- 4\VX
4Zn]l=*] + +C)
V3JC+1+1
6.20./ 3x+1-V3r+
2vi3x + | + +4V3x + 1 +4In\V'3x + 11|+ C)

yfxdx . \b -2
6.21./ o e (Javob: 2\[x + 24\[x + 24In |

6.22./ ~ dx. (Javob: ~x3 + 6xs - 6arctg VX + C.)

| dx. (Javob: ~V(3x+1)2+ -n/3x + 1 +

+C)

\fxdx

6.23. / (Javob: 2VXx + 6 VX + 3/n + C)

VEH
yfxdx

2v3
6.24. / 30 (Javob: VX —3Vx + —arctgVox + C)

6.25. / (Javob: 3In 3/*1+|. VX7 — VX5—2VX —BVX +
+C.)

_N - . *
6.26. / 'ZA{iH&SdX' (Javob: 4Vx2 Vx + ZdV*+1 1+ C)

6.27. / {Javob: *WXN —X + MVX3 —2VX + 4\]x —

—4Zn|Vx+l] +C.)
6.28. /7 ¥ dx (Javob: 2(3x+1) < V(@Bx+D)s+

3/ 3x+i+V3x+i

+¥ (3X+ 123X+ 1+ 2¥3x + 1- 4V3xTI +
AZn|V3x + 1+1] + C)

6.29. / (Javob: - WX+ - VX 4. —lIn 28&-1 + C.)
2 8 327 2Vl
6.30. / -dx. (Javob: A\ /(x+1D2- 3K+ i

6VXx 4 14 +3Zn] Vx 4 I +1[ + BGarctgVx + 1+ C.)

7.

71. /7 o . (Javob: JFarctq

5+2sinx+3cosx

12./ 5—4sirv(3k+2wsx (Javob: {Earctg
73.7/

3sinx-2co0sx
|+cosx
dx

5+3C0SX-55m X

dx. (Javob: 2tg - 4- 3In jfg2- + 1j —4arctg - + C)

. (Javob: 3 In ~1— + C)
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dx . _ tg--2-vs
5./ Scosx+lOsinx SJaVOb' S_stZS_) In \@-2")\6 +C)

dx
7.6. f 342C0sX—SITX" (Javob: arctq B~ ) +Q
7n- (Javoh: \arct9 (2t$ +5))

dx
7.8./ 845in*+7cos*.(JaV0b' In tg-3 * C')

dx -21
79. /7 a4 500er (JAVODI— 1IN =+ C)
dx .
7.10./7 2si.nx+3cosx+3 (Javob: ~In 2 3 j+C)
EtE2+AN\

7.11.f grj—-(Javob -arctg + C

dx (oY
r12./ 8+4COSX Ii) + C'>

1tg-
7.13. 7/ oo (Javob: - In + C)
7.14. Pl prreed (Javob: e in stges74%758] ,
7 15 / . _ tflf-4-v 2T
: 2vasmiPiace (JAVODE —2FIn L, + ©)

7.16. /4cosr+f,63\smx (Javob: —In 5(2 |2 + C)

7.17./ 2TeInTrRces dx. (Javob: 3x - tg— Znk;g2-+1j+ C)

l+cos*
dx
118, ) immamoaie 3VOD° vis 870G\ vis s+ C)
7.19. /a_si'nx+3cosx+-s (Javob: C - aﬁ—z.)
7.20. / 7+651'z':;5*005* dx. (Javob: 12tg -+ bln jtig2—1j—5x + C.
f . K 12tg +I\
124 s (vob: Zarctg (5 71+ €
7.22. / GS:EC:TS dx. (Javob: 6In \tg23-+I\ - tg - + x 4-C)
X 1
7.23. /7 soovgs(Javob: C—1In tgj+3 )
7.24. 5 43005 sJavob: ;arctg (r) + C.)
7.25. f Javob: —f=iln 92
T 4smx-6005x'( avob: Vs n 3Es|+2+VIf +C)
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3+5smx+3cosx

7.26. | e - .(Javob:-r>ln bl 11-31 + C)

7.27.) —- (Javobh: -arctg \AN + C)
J C0SX-3SIUX
1.28. ) o irysrgy ~(javobigin (el C)
7.29./ — ——— (Javob:4=In ' +c)
3sm x-cosx
7.30. J oo — —. (Javob: -=In stinelve C)
2-3cosx+sinx
88.1.J --—-- 5— ——oe- (Javob In i s C)
QsinEx—16sinxcosx tgx
8.2./ —  dXj---——-- .(Javob:-In |’\-|| + C)
16sin2x-Ssinxcosx 8 " 2tgx |
8.3.J (Javob~arctg ™ + C)
8A {Javob: 1nNe *+ A +j=2arctg («f ) + C)
8-5-[ 3coS'E£*sin*x {Javob: 7f3arct° LW + C")

5.6.J T g2xdx. (Javob:\In\tg*x-I\ + C)

8.7. ) - (Javob In + C)

4sm 2x - 5c052x V5 \2tgx+>fs\
8-8- -f Tws™ sh~x — arctg + C)
8.9. /[ — dx. (Javob: arctg(tg2x) + C)

~ sindx+cos4x

8.10. / SJavob 1 + + C.;

cosxsm3x 2tfl2*
811- f i+tin2x (Javob: arctg{\[2tgx) + C.)
8.12. ) s - f oo

8N3-/ T ™M tN x dx-(Jav b'\arctg(lt92x) + C)
8.14. f — s — —. (Javob: arctq(tgx—2) + C)

sm /x~4stnxrosjc+5co05i:x

8-15-f 4cosCsst™x (~ob ¢ 3arctg (™ ) +C)

8.16. 3] ZOSZXZ'SJaVOb: ﬁ;ln lllliygggxxll * C'z

BT | nacrsmaamn $avop: Zarcta -, )+ C)

818§ siinbagmsax 2VOP s " Kisigeead * ©7

8.19. ) — - —— — (Javob -:—In - +3~\H |+ C)
S|n2x+35m]cco VX-CC»SZX V13 I2t0*+3+v13|
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8-20- f 7inZlcos*xdX- (JavOb:\arct9 (~T*) + C-)

8'21A~ T7cas2ic+16sin2x' A~ ° b: T jjarCt9 LI

8-22-f i£br3-(Javoh:i arct8 {~ f) +c~>

8-23-f id S h ? (7avofc; A arct5 (® +c.)

824-f 7iJrS i~ dx-(Jav®b: \In<tg2x + 4)--2arctg + C)
8’25'f jEinrx-Vavob-1 k arct® ("7 ) +c>

8,26°$ W ;L dx-(Javob: ~arctg(\[2tgx) + C)

8.27. 1 25|n2)(—5|n2(+0052<'\(/JaV0b: arctgtgx—) + C.J)
8-28-f (Javob: \arctg(2tgx) + C.)

8*29-J1'~ 1 L s*xdx-(@av°b:\In\tg2x + 3] + C.)

8J0-f 3siSx-co™Mxdx-~ ob:\19x + Marctg(V3tgx) + C)

9.1. fcos43x.sin2 3xdx. SJavob i X —lgsinIZX + sin36x + C.)

9.2. / Vsindxcos3xdx. (Javob: 5 Vsin9x —FVsin)Qx + C)

9.3. f cos3xsin8xdx. (Javob: -sin9x ——sinn x + C.)

9.4. / cos4xsin3xdx. (Javob: ;cos?x —;cosSx + C)
3_..:— 3\3/sin5x.)
\lsinx 5
9.6. / Vsin32xcos32xdx. (Javob: EVsin82x ?Vsinwzx + C.;

9.7. £ 2de. (Javob: 3\/sinx—; Vsin7x + C)
INZX

aJs

95.)J = dx (Javob: C—
vsin~x

9.8. J 5JL=dx. (Javob: 36\/3 * ?] + - Veos5x + C_?
ycos x o) T
9.9 IEL(I)'gy:,I' nx'g‘]avoclgs: ------- 2 +C)

m cosx—

9.10. fsinbxcos4xdx. (Javob: ;cos?x — c0s5x —90059x + C')
9.11./ -~="=dx. (Javob: —Vcos™hc —Vcos”™x + C.)
Jcos3x 12 2
9.12. / Vcos2xsin3xdx. (Javob: ™ Veos”™x —Vcos5x + C)
9N3. / Vsin2xcos3xdx. (Javob: MVsinbx —  Vsinllx + C)
9.14. / Vcos32xsin32xdx. (Javob: EVcoslazx TMcosBZx +C)

9.15. f . (Javob: - Vsin2x ——Vsin12x + C.)
mJsin3x 2 12
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9.16. f sin22xcos42xdx. sJavob: X stx + —sm3Ax + C)
9.17.J) Tr== dx. (Javob : -4cos7x- 3\fcosx+ C)

mJC0S2X
9.18. f Vcos4xsin3xdx. (Javob: — Vcos19x —|] Vcos9x + C))

9.19. / sin42xco0s22xdx. (Javobh: X —sin8x — -sin 3AX + (7)

9.20.J JJ5.— dx. (Javob: - \Jsm2x ——\fsm72x + C)
yjsin22x

[ —- \I

9.21. f ioOR2X (Javob: 14Vcos72x ; \!cos2x + C.)

9.22. / sin4dxcos3xdx. (Javob: - sinsx —- sin7x + C.)

9.23. fsin2xcos4xdx. (Javob:—x ——sinAx + —sin32x + C.)
J \ 16 64

9.24. Jf sin4dxcos2xdx. SJavob: Frec v sinAx----Z-sm32x + C)

6 64
9.25. J sin3xcos8xdx. (Javob: —cosllx —~cos9x + C.)
9.26. f ’\4 dx (Javob:i——-------- V +¢c>
sinx SITINX

9.27. f sm5x Vcos3xdx. (Javob: “Vcos18x — Vcos8x -
—Vcos28x + C.)
28 2 1

9.28. 3] sin4xcossxdx. (Javob: ;sin X —, sin7x + ;sin9x + C)

9.29. J sin43xcos23xdx. g.Javob: —X — —S'inl2x — --sin36x + C.)
16 192 144

9.30. j \icos*xd'x' (Javob: ?5)5( + -5Vcossx + C).
Namunaviy variant yechimi
Anigmas integrallarni hisoblang.
. e TX-X2~4
L) e aExas)
> Integral ostidagi funksiya ratsional kasrdan iborat. Uning

maxrajini ko‘paytuvchilarga ajratamiz: (x+1)(x —2)(x —3) .
(8.9) formulaga asosan maxrajdagi har bir (x—a) ko‘paytuvchiga
bitta — . 90 ‘shiluvchi mos keladi. Shuning uchun bizning
hollmlzda
7X-X2-4 IX-X2~4 A J3_ c
(r+1)(x2-55:+6) (x+1)(x-2)(;t-3) X+l “ x-2 ' x-3
Oxirgi tenglikning o0‘ng tomonini umumiy maxrajga keltirib
va kasrlaming suratlarini tenglashtirib topsak,
Tx- x2-A = A(Xx-2)(x-3) + B(x+1)(x—3) + C(x+1)(x-2)
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ayniyatni  hosil qgilamiz. A, V,S Kkoffitsientlami xususiy
giymatlar usuli bilan topamiz (§8.6 ni garang):

x=-1 —12-12A,
X=2 6=-3V,
x=3 8=48S,

Bu yerdan A=-J, V=-2, S=2. Topilgan koeffitsientlami
integral ostidagi funksiyaning eng sodda kasrlarga yoyilmasiga
go‘yib integrallasak

§ [erDbadstee) 9X=f k x+1 x=2 * x=3)dx = -In\x+INg+

o + O + C*ni .
2/‘ITRT 131 2In\lx—l2| C*-In [x+ [Or-2)2 C* ni hosil
gilamiz.
Bu yerda C’ - integrallash doimiysi. <
r. ¢ 1Sx-a:2-11
J o tx-\){x2+x-i)
»f 152-x2-T dx = f IM|_*+}+xdx =M = f ,J_ + +
(x-1)(x2+x-i) J (x-1)2(x+2) 1 Sc-1 (x-1)z
— )dx=S8A=
x+2

ISx -x2- IIM (x-1)(x+2) + B(x+2) + C(x-1)2
x=1 3=3K v=l,
=X=-2 ~45=9S, S=-5, =
X2-1=A+S, A=4
4 N+~~~ ~")dx =-SIn\x+2\+Mn\x-I\ - £ + C\

Shuni ta’kidlash lozimki, koeffitsientlami topish uchun
xususiy giymatlar usuli va noma’lum koeffitsientlar usuli
go‘llanildi. (§ 8.6 ni garang). -4

f X- 8x3+23x2-43x+27 |

3=y = K2 x-Bxa5)

» Integral ostidagi funksiya noto‘g‘ri kasr bo‘lganligi uchun
kasming suratini maxrajiga boflib, uni butun ko‘phad va to‘g‘ri
kasrlar yig'indisi shaklida ifodalash mumkin:

m-iq,- 4+ «*+ 1 {Eri+

EREJdx =
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-2x2+ 3x- 13 = A(xr-2x+5) + (Bx+C)(x-2),
=x=2-15=5A ,A=-3, =
x2-2=A+V, V=I,
xn-13=5A-2S, S=-1
—AX +J (— + —)dx == 4x —3In\x—2\+

X—2 X2-2X+8Sj

An\x2—2x+5] + C*
f 2x3-5xz+8x-22d‘

4. ] e
J XZ+9XI"+20

. 2x3-5x24Bx-22 C 2x3-5xz+8x- 22 n ix+B . Cx+D

[ g ks ettt PO 222 gy = ) (Bl L P gy=
J X4+9x2+20 i (x2+4)(x2+5) j x2+4 x2+5

2Xx3- 5x2+ 8x - 22 = (Nx+B)(x2+5) + (Cx+D)(x2+4),
x32=A+S,A=0
=x2-5=V+D, V=-2, =
X «=54+41?, 5=2,
x° -22=5V+4D, D=—3

+ § 3 Ydx=~arct9 (f) + fn(|x2+5]) — arctg (~) + C*

N
5 ]‘3_\&_2dx
>f"—d—"~ * ~ 2 =12
i-"x-2 X f%_jé dx —?tJt
=-2j (2:3)tdt = -2/ (t2+ 3t + 12 + dt =

=-2 (it3+/t2+12t+36Zn(|t-3])) + C =

=-Fsir -~ 2)3~30 - 2)- 2avF="2 - 72ZnVxAI-3] + CoA
~ AN'X-2+ ak-2

wen s
M 4yfr=2¢#MZ=2 _ m = EKUK(2, 3,6) =
$ N=2+23/2=2dX X= 16+ 2, dx = 6tsdt~

_}] t3+2t2 t+2

=6/ (4t5- 8t4+ 15t3- 30t2+ 60t- 120 + ~)dt=
0j-6 o/5 Jrr4
=6(240In(Jt+2]) + fi-_“L +il__iot3+ 3012- 120t) + C=
=4(x—2) - j $/(x-2)5+ ~ Y (x-2)2- 60yfx"2 - 720 +

+180VXx"="2 + 1440in]Vx~2+2\ + C. <

ok

3sinx-2cosx+|

7.
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p. r a X _ ==t=tgxsinx =”/rz,cosx =" 2,

3sinx-2cosx+|

dx —j%qt|>x = 2arctgt

r dt —yf_ —£f o —£T d
6E£-2+2t2+ 11-t2 7 3t2+6t—1 3 t2+2t-] (t+1)2 1
_ 2V3 t+1-2/V 3 _ sl V 3tg-+sf3-2
TITANGTGAS T T s jarglevsee TG
8 dx
: 2sin?x-sin2x+3cos2x"
0* _(S.14)
>/ 25nDx~sin2x+3U0s2x
_ N S V4 =1
t= tgx,sm%?- 1+t5.cosg’y- i
sinxcosx ¢ dx = at
T2 T ire2
rtt
212-2t+3 -IC-
N arctg(”™~ 1) +c. 4
9 ffS~dx.
y/sindx
. 34x, , sindx = ft, 1 1-t2)d *
> B2 k= —ﬁf\tbt th L. te)dt=

Vsnit + dt - 4cos4xdx
4 va —Ht~yv C:EVSII’]44X ?Vsm’%x +C 4
8.10 8- boHimga doir go'shimcha topshirigiar
Anigmas integrallarni hisoblang.

1. f x2\l4 - x2dx. (Javob: N (x2—2)VT —x2 + Zarcsin| + C)

b = Javobidavabi, F=tn* 1020+ ©)
(@r2+4)viax2+l 4v 15 NS -BVFLTHT

3. J (x+1)Vx2 + 2xdx. (Javob; Nyj(x2+3x)3+ C)
4. f In{x+'Jl + x2)dx. (Javob: xIn(x+VI + x2) —VI + x2+ C)

5. /arccosJ™jdx. (Javob: xarccos) ~ + Vx - arctgVx 4 C)
6 J (X;1)Si7- Javaki Bk~ \ Inx+1\+Jmi+*2i+cC)
7. / ~=n-dx. (Javob: 2Vx + I(Zn]x+I|—2) 4 C)

5. J endx. (Javob: 3e N (\fx2- 2\[x+2) + C)
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9. Aniq integral
9.1. Aniq integral tushunchasi. Aniq integrallarni hisnblash
y=f(x) funksiya [a;b] kesmada aniglangan bo‘lsin. Ushbu
kesmani ixtiyoriy usul bilan a=x(< xj< X2 <... x,,=b nugqtalar
orgali uzunligi A xf= x, —x_i , i=1,n bo‘lgan bo‘lakchalarga
bo‘laylik. Har bir bo‘lakchada bittadan q , x,"< £e< X, nuqtani
ixtiyoriy tanlaymiz (9.1-rasm). 71Quyidagi yig'indini

i=1
y=f(x) funksiyaning [ab\ kesmadagi «-integral yig'indisi
deyiladi. Geometrik nugtai nazardan S,,-yig‘indi 9.1-rasmda
tasvirlangan to‘g‘ri to‘rtburchaklar yuzalarining yig‘indisi bo‘lib,
ulaming asoslari A x, kesmalardan, balandligi esaf(Q ga teng.

9.1- rasm

S,,integral yig‘indining gismiy kesmalarning eng kattasi 0 ga
intilgandagi limitif(x) funksiyaning x=a dan x=b gacha aniq
integral deyiladi va ushbu ko‘rimshda belgilanadi

NTTaxnar(-o I"=i ~ fOQdx (9.1)

Bu yerdaf(x) integral ostidagi funksiya, [a;b] -kesma
integrallash oralig‘i, a va b sonlar integrallashning quyi va yuqori
chegaralari, x-integrallash o‘zgaruvchisi deyiladi.

Teorema. Agarf(x) funksiya [a;b] kesmada aniglangan, ham
uzluksiz boisa, u [a,b] oraligda integrallanuvchi bo‘ladi, ya’'ni
(9.1) integral yig‘indining limiti mavjud va u [a;b] kesmani
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boiish wusuliga, gismiy kesmalardan nugta tanlashga bog‘liq
bo'Imaydi.

Agar f(x)>0, x€[a;b] bo‘lsa, aniq integralning geometrik
ma’nosi, y=f(x) funksiyaning grafigi, x=a. x=b to‘g‘ri chiziglar va
Ox o‘gi bilan chegaralangan figuraning yuzini anglatadi. Bu
figura egri chiziqgii trapetsiya deyiladi. Umumiy holda, f(x)
funksiya [a,b] kesmada turli ishoraga ega boisa, aniq integral Ox
o‘gning yuqori gismida va quyi gismida joylashgan egri chiziqii
trapetsiyalar yuzalarining ayinnasini bildiradi, Ox o‘qgidan pastda
joylashgan yuzalar minus ishorasi bilan olinadi. Masalan grafigi
9.2 rasmdagi funksiya uchun

faf{x)dx = S1-S2+S3
a

v\
WYYIYYYYNyYY' YN
W W W W T b, mm
L L K .%o 1 1
B o! < b X
9.2-rasm

Aniq integralning asosiy xossalarini keltirib o‘tamiz (f(x) va
cp(x) funksivalami inos kesmalarda integrallanuvchi deb faraz
gilamiz)

1) /,,(/0) = V>(x))dx = fbf{x)dx £  <p{x)dx;

2) C cf{x)dx =c¢ f(x)dx (c = const);

3) fa f(xYx = ~fbfwdV

4) A f {x)dx = faf{x)dx + f* f(x)dx;

5) agar[a,7>] kesmadaf(x)>0 va a<b bo‘lsa, u holda

fa f(x)dx >0

6) agar cp{x) < fix"), x[a;b], a<b u holda

f*(p{x)dx < fbf{x)dx
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7) agar m=minxe[a,b] /7 (*) ,M = maxxe[ab] f(x) va a<b
bo‘lsa u hoida
m(b —a) < Anf(x)dx < M(b - a)
8) agarf(x) funksiya[a;b] kesmada uzluksiz bo‘lsa kamida
bitta x=c, x<c<b nuqgta topiladiki, quyidagi tenglik bajariladi
f* f(x)dx = f(c)(b - a)
9) agarf(x) funksiyamiz uzluksiz va ®(r;) - f xf(t)d t tenglik
o‘rinli bo‘lsa u holda
®’00 = f(x)
ya’ni aniq integraldan yuqori chegarasi x 0‘zgaruvchi
bo‘yicha hosila, integral ostidagi funksiyaning yuqori
chegarasidagi giymatiga teng.
10) agar F(x)- birorta boshlanglich funksiya bo‘lsa, quyidagi
tenglik o‘rinli
faf(x)dx = F(b) - F(a) = F{x)\b
va bu formula Nyuton - Leybnits formulasi deyiladi. Uni F(x)
boshlang*ich funksiya ma’lum bo‘lgan holda x=a vax=b
giymatlarda hisoblash giyinchilik tug‘dirmaydigan shartlarda
go‘llangan maqul.

1-misol. Aniq integral hisoblansin
R3(x-1Ydx
»J23(x - 1)2dx = {x- )3~ = (2- 1)3- (1 - 1)3= 1<
2-misol. Hisoblang
JB(V2x + \fx)dx
8.

» MB(VTX + 4 ~)dx = JB4 Txdx + /BVtdx =
( ) o+T

i(16)f+:(8)1 =33~

3-misol. Hisoblang

fdsin3 pdp
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» J@2sin3(pd(p = —J@(l —cos2(p)d(cos(p) =

cos3
—COoSs ®

4-misol. Hisoblang
_22X-1
|, X*¥+X
Integral ostidagi funksiya to‘g‘ri ratsional kasr, uni sodda
kasrlarga ajratib olamiz
2x-1 A Bx+C
X X ox —1= A(x2+ 1) + Bx2 + Cx
X 3+X X x2+1

x20=A+B
x1-1=A
x°2=C

bundan A=-1, B-1, C=2. Demalk,

firn dx=-fi(-*"+T~ +Thb)dx=(~InW + +
2arctgxd ¥ = —n2 +/~In5 + 2arctg2 —In2 —2arctg 1 = “In] +
2(arctg 2 —arctg 1) «« 0.38

Faraz qgilaylik, y=f(x) funksiya [a;b\ kesmada uzluksiz,
x=(p(t) funksiya o'zining hosilasi bilan [a; /7] kesmada uzluksiz,
monoton va (p{a) = a,(p((i) = b tenglik o‘rinli, murakkab f((p(t))
funksiya [a; /7] kesmada uzluksiz bo'lsin. U holda aniq integral
uchun o'zgaruvchini aimashtirish fonnulasi o'rinli

S*f(x)dx = f((p(t))cp\t)dt (9.2)
S-misol. Hisoblang
r8 xdx
w3 y/1+X
> Quyidagi VI +4ex = t almashtirishni bajaramiz. U holda
x=?~1, dx=2ldt. x=3 bo'lganda giymatidat = 2 = a,x = 8 da
£ = 3 = /2 bo'ladi. Yuqoridagi (9.2) formula uchun hamma
shartlar bajarilgan. Demak,
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N

= £ “

=4 V -1 N =2(fFf-1)
2(9 —3) —2(! —2) —=
6-misol. Hisoblang
dXx
JI(:);_zcosx+3
“Integral ostidan —tg (jj almashtirishni bajarsak cosx =
Y _ 2du _ e A .
1+L12,dx = w2 tg 0 = 0,/3 = tg ~0 = 1 bo‘ladi. Demak,
n 2du
fj..2>.. = fl ~» =

0 2cosx+3 30 r(lur B ot~ %/AarCI/%VIf) )

COSX+ r(l- (0] + S S
tilhy

-arctg-J“* 0.38-4

Agar va v(3t) fimksiyalar [a;/1] kesmada uzluksiz xususiy
hosilalarga ega bo‘lsa, u holda

/[bu(x)dv(x) = u(x) mv(x)\b - J* i7(x)du(x) (9.3)

n
7-misol. Integralni hisoblang f@xcosxdx
» &xcosxdx = I , =X du :_dx
\dv = cosxdx Vv = sinx
A
XsSmx Jf(gsinxdx == -zsiﬁl- —0 + cosx -
0 _1
8-rnisol. Integralni hisoblang J3 xIn2xdx
u=1In2x du= 2Inx--dx
»Jexln2xdx =
dv = xdx V = X
u —Inx
du = - dx 1 2
-x 2fa2 fexlnxdx = = X
dv = xdx 2
V = -lx 2
2
(7 H

1 £s*2'\dx) =ie2- j"2+\1I'xdx “ ;*2]i ==
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9.1-AT
Aniq integral hisoblansin.

1L/*(2x2+ dx (Javob : ~)
2. j™"Vxdx (Javob :vy)

3-( 'w as D 2>
4X i 7k TsV avob: arcts\)
5.J\ ¥ cosx —cos3xdx (Javob : -)

6'-Ci+~+f Uavob m2 —In2)
7.7iV v I + x2dx (Javob : —)
8./QV4 —x2dx (Javob : )

IfaTad«™ n, «IT 1)

Mustaqil ish
Anig integrallarni hisoblang

1. a)/4n"2x + dx;b ) d x (Javob: a)21; b)
7+21n2)
2. aiC— ~dy;b)S*~(Javob: a)23/3; b)16/3-2In3)

3- a/d”™ N ; b)/®N=d x (Javob:a)3/16; b) 3+4In2)

9.2 Xosmas integrallar
Agary=f(x) funksiya a < x < +qo, oraligda uzluksiz bo‘lsa,
u holda
faFl)f (x)dx = /(/?) integral ft ning uzluksiz funksiyasi bo‘ladi.
(9.3-rasm)
U holda quyidagi limit

lim~ 40  f(x)dx (9.4)
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f(x) funksiyaning [a; +co] oraligda yuqori chegarasi cheksiz
bo‘lgan xosmas integral) deyiladi.

/"/ (x)<fa (9.5)
9.3-rasm
Demak, ta'rifbo‘yicha
fAf(x)dx = lim~+o0,, f(x)dx

Agar (9.4) limit mavjud boisa, u holda (9.5) integral
yaqginlashuvchi. agar (9.4) limit mavjud bo‘lmasa, Xxususan
cheksiz bo‘lsa uzoglashuvchi deyiladi.

Quyi chegarasi cheksiz bo‘lgan xosmas integrallar va yuqori.
quyi chegarasi cheksiz boigan xosmas integrallar ham shu kabi
aniglanadi:

[-00fNe dx = lim™-00 /J7U) dx,

SI“f(x)dx = ,im”™-00 S*f(x)dx + HTB_+0 f(x)dx

bu yerda —eo< c < +oo0 . Agar f+*\f(x)\dx integral
yaginlashuvchi boisa u holda (9.5) integral absolyut
yaginlashuvchi deyiladi. Xosmas (9.5) integralning
yaginlashishini tekshirish uchun quyidagi taqqoslash belgilaridan
foydalanish mumkin.

1-teorema. Agar barcha x > a uchun 0 < f(x) < <p(x)
tengsizlik o‘rinli bo‘lsa, u holda:

1 agar /mocp(x)dx integral yaqinlashsa f*°°f(x)dx
integral ham vyaginlashadi shu bilan birga /+°f(x)dx <

/ar°°<P(*)d*
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2) agar f~°° f(x)d x integral uzoqglashsa u holda <p(x)dx

integral ham uzoqlashuvchi bo‘ladi. Absolyut yaqginlashuvchi
xosmas integral yaqginlashuvchi bo‘ladi.

1-misol. Xosmas integral ~ (a > 0) berilgan. Ushbu

integral a ning qganday qiymatlarida yaqinlashuvchi, ganday
giymatlarida uzoqglashuvchi bo‘ladi?
NeFaraz gilaylik, o&l bo‘lsin. U holda:
Fpdx _ 1 i-a.B _ 1 frjl-a _ n\
¢l xa 1-a i I—a

Demak, agar a>1, bo‘lsa
j+oodx _ 1

'l Xa a-1
ya’'ni integral yaginlashuvchi, agar a<l, bo‘lsa
+00 dX
Xa= +00

ya’ni integral uzoglashuvchi bo‘ladi.
Agar «=7, bo‘lsa

-+codx_ fB— = Ilim InB = +o00

1 X B»+@®@ 1 X B-»+00
ya’ni integral uzoglashuvchi bo‘ladi.

2-misol. Xosmas integralni hisoblang
r+00 dx

w1 X2+4x+13
yoki uning uzoqlashuvchi ekanligini ko‘rsating
A -+00 dx . f+0  dx . 1 X+2

J\imp~+Harctg~ - arctgl) = ~(f ~f) =
3-misol. Xosmas integralni yaqinlashishini isbotlang.
r+00 dx
w'| (x2+1)e*

> x> 1 qumatda tengsizlik o‘rinli bo‘ladi va

<
(x 2+I)ex (1+nc2)
integral

J +oc— ﬂ%ff 1o = limg”™arctgx =

(1+ X 2)

I|m (arctg(3—arctg|) S T,
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yaqginlashuvchi, demak !-teoremaga ko‘ra berilgan integral

yaginlashuvchi bo‘ladi.
Eslatma. Integrallash oralig‘i cheksiz bo‘lgan xosmas

integrallarni hisoblashda quydagi tenglikdan foydaianamiz
C mf(.x)dx = F(x)\+™
bu yerda F'(x)=f(x) va F(+00) = )J_';IQDF(X)
Faraz gilaylik y=f(x) funksiya [a;b] kesmaning x=c
nuqtasidan tashgari barcha nuqtalarida uzluksiz bo‘lsin. U holda
ta’'rifga asosan:

£f(x)dx =
HmMEINOf “ ~SIf(x)dx + lime2 0 f(x)dx (9.6)

Bu yerda, £1,e2 > 0 va s nuqta ikkinchi tur uzi'lish nugtasi.
Yugoridagi (9.6) integral uzulishga ega bo'lgan funksiyaning
xosmas integrali deyiladi. Agar (9.6) tenglikning o‘ng tomonidagi
limitlar mavjud bo‘lsa, bu integral yaginlashuvchi, agar ulardan
kamida bittasi mavjud bo'lmasa, integral uzoglashuvchi deyiladi.
Uzilish ¢ nugtasi s uchun c=a yoki c=b bo‘lsa, (9.6) tenglikning
0°‘ng tomonida faqat bitta limit bo‘ladi.

jfl

AN

\\

a?

9.4-rasm

KM



4-misol. Xosmas integral uchun yaginlashish va uzoqlashish
shartlarini aniglang

0* = const > 0)
» Integral ostidagi funksiya x=0 nuqtada ikkinchi tur

uzlishga ega. Agar a @ 1 bo‘lsa u holda
ridx rldx - X~aH .1
Jo xa - lime->0+0 1€XA- 1ImE-»0+0 77 1£ ~

i £-atl\ _f— ,«< 1

= InE=040

a+i -a+1j/ “dooja > i

Agar a=Il bo‘lsa f1— — lim Inl1l”~= —]im Ins = +o00 .
g *  £-0t0 e £->+0

Demak, ushbu hosmas integral 0<a<I da yaginlashuvchi «>/ da
esa uzoglashuvchi boiadi.

5-misol. Xosmas
ri dx

integralni hisoblang
» Integral ostidagi funksiya x=1 nuqtada cheksiz uzilishga
ega. Demak, ta’rif bo‘yicha

fo~r=b = lim~° ~XT ldx = Kme_0(--2)(1 -
i I-£
X)2 =
0
= 2ImEX(\V/I - 1+ 1+ VI- 0) = 2lime_0(l —V») =
2 (£ > 0) ya’ni bu integral yaqinlashuvchi boiadi. <
2-Teorema. Agar [a;b] kesmada x=c nuqtadan tashqgar
ibarcha nuqgtalarda <p(x)>f(x) >0 tengsizlik bajarilsa, vafagat x=c.
nuqtada bufunksiyalar cheksiz uzilishga ega bo ‘Isa, n holda

1) agar

f 7 <p(x)dx
integral yaginlashuvchi bo ‘Isa,

fa f(.x)dx

integral ham yaginlashuvchi bo ‘ladi.



2) agar
f*f(x)dx
integral uzoqlashuvchi bo 'lIsa,
Sa<P&)dx
integral ham uzoglashuvchi bo ‘ladi.

Bu 1 va 2 tasdiglar taqqoslash teoremalari deyiladi.

6-Misol. Xosmas
dx

\'X+2x3
integralning yaqginlashishini tekshiring:
» Integral ostidagi funksiya x=0 nuqtada uzilishga ega
1 1

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Vx + 2x3  \fx
va x>0 da yugoridagi tengsizlik o‘rinli bo‘ladi. Bundan
Xosmas
/G4, = limE Ofg+e-"=dx = limE_0™KX|™ - MIimE O(l - Vi) =
f(*>0)
integral yaginlashuvchi va 2 teoremaning 1 tasdig‘iga ko‘ra
berilgan xosmas integral yaginlashuvchi boiadi. <

9.2- AT
Berilgan xosmas integrallar hisoblansin.

1. Zelnxdx (Javob m 1)
2. f* x2cosxdx (Javob —2n)

3. fQ cosyfxdx (Javob m—4)

4. f78xarctgxdx (Javob : — )

2

5. f x2exdx (Javob : e —2)

Xosmas integrallarni hisoblang yoki ulaming
uzoglashuvchiekanini ko‘rsating.

6- (Javob- 0,5)

7. x 3e~*2dx (Javob: 0,5)

2
8. (m—JrsijI’Q—dx (Javob: uzoglashuvchi)
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to-/,2"n (Javob: 2)

Mustaqil ish
1.1) Integralni hisoblang
f* xe~xdx (Javob: 1-2/e)
2) Integralni hisoblang yoki uning uzoqglashuvchi ekanligini
ko‘rsating

ii™ kv avob-2>
2.1) Integralni hisoblang
f0 xsinxdx; (Javob: n)
2) Xosmas integralni hisoblang yoki uni uzoglashuvchi
ekanligini ko‘rsating
(Javob: 0.5)

3.1) Integralni hisoblang
fAxe3xdx; (Javob: 2eg+1)

2) Xosmas integralni hisoblang yoki uning uzoglashuvchi
ekanligini ko'rsating

ff o (Javob: Uzoglashuvchi)

9.3 Aniqg integralning geometrik masalalarga tatbiqi

Yassi figuraning yuzini hisoblash. Aniq integral (f(x)>0
X ¢ [a;b]), geometrik nuqgtai nazardan (9.18) egri chiziqgii
trapetsiyaning yuziga teng bo‘lar edi. Yassi figuraning yuzini esa
egri chiziqgii trapetsiya yuzlarining yig‘indisi va ayirmasi sifatida
garash mumkin. Demak, anigq integral yordamida turli yassi
figuralaming yuzalarini hisoblash mumkin.

1-misol. Ushbu y=x2-2x egri chiziq, x=-1, x=I to‘g‘ri
chiziglar va Ox o‘qgi bilan chegaralangan yassi figuraning yuzini
hisoblang.

> Dastlab berilgan chiziglar bilan chegaralangan figurani
chizib olamiz (9.5-rasm). Qidirilayotgan yuza S=|i/|+]iS2|=¥/<S2
demak,
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s =f-i(xZ- 2x)dx - /OV 2- 2x)dx = (Y - 1) j_°t -

Umumiy holda berilgan figura y=fi(x), y=f2(x) egri chiziqglar,
x=a, x=b to‘g‘n chiziglar bilan chegaralangan bo‘lsa, bu yerda
fi(x)<f2(x), x[a;b], (9.6-rasm) u holda

s = C (f2(x)-f1(x))dx (9.7)
2-misol. Quyidagi y=3x-x2vay=-x chiziglar bilan
chegaralangan figuraning yuzasini hisoblang.
Egri chiziglaming kesishish nugtasini topib olamiz va
yuzasi gidirilayotgan figuraning rasmini chizib olamiz (9.7-rasra)
y —3x —xz| f Yy——=
y —x ] X% = 3x —x2

Sistemani yechib: xi=0, xr-4, yj=0, y2~ 4 giymatlarga ega
boiamiz, u holda (9.7) formulaga ko‘ra

5="fo(3x -x2- (~x))dx = Jg(4x - x2)dx = (2x2-Yy)

Agar egri chizigli trapetsiyani chegaralovchi AV egri chiziq
parametrik ko‘rinishda berilgan bo‘lsa x=(p(t), y=y/(t) u holda
uning yuzasi

S = giKi)<P'(.t)dt (9.8)
bu yerda a va [1, (p(a)=a, u>(p)=b tenglamadan aniglanadi
(y/(t)>0, [a;f}] kesmada), fonnula bilan aniglanadi.
n,2 2

3-misol. Berilgan A — ellips bilan chegaralangan

yuzani hisoblang

> Ellipsning parametrik tenglamasini yozib olamiz: x-acost,
y=bsint. Figuraning simmetrik ekanligini hisobga olib va (9.8)
formuladan (9.9-rastn)

5 = 4 f¥ydx = 4fn asint(—bsint)dt = 4abJ@sin2tdt = =

n 2 n
\ab JQ— dt = lab {t - ~sin2t™j X = nab <

Egri chizig qutb koordinatalar sistemasida p=p(tp) tenglama
bilan berilgan bo‘lsa, egri chizigi OM\M2 (9.10-rasm), egri
chizigning yoyi va OM) va OM2 < va (® giymatlarga mos
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keluvchi qutb radiuslari bilan chegaralangan sektoming yuzi
ushbu fonnuia bilan hisoblanadi.

S = Klip{.<p))2dp (9-9)
>
\ >
3 /
& /
R _ji’
tiJ
Wk ., ..
<1 6 V;VI"—Ul /2 X
*]
9.5-rasm 9.6-rasm
9.7-rasm 9.8-rasm
J'f
|)f o
i 1 4 .-fiw)
| Wy \ /fffC
f 11t
&
X erererreen, l X
4 /
| .&BfA ................ X
...... 1
9.9-rasm 9.10-rasm
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4-misol. (A2+y2)2 = a2(k2—y2) Bemulli lemniskatasi
bilan chegaralangan figuraning yuzini hisoblang

> Egri  chizigning  tenglamasini qutb  koordinatalar
sistemasida yozib olamiz. Tenglamada x = pcos<p,y —psinQ)
almashtirish bajarsak, p2 = a2cos2(p

yoki p a”coslcp . Figuraning simmetrikligini hisobga
olsak, qgidirilayotgan yuza (9.9) formula bilan hisoblanadu

n -
S=4m a2cos2cpd(p = 2a2 wsin2(p\* = a2-4

Egri chiziq yoyining uzunligini hisoblash. Agar egri
chizigning AB yoyi (a:b) vay=f(x) tenglama bilan berilgan bo‘lib,
f(x)-d\fferensiallanuvchi funksiya bo‘lsa, n holda AB yoyning
uzunligi (9.12-rasm)

I = fayll + y'2dX (9.10)
formula bilan hisoblanadi.
B

Iy

A Y_*c
.a X

Yc
a 0
9.12 rasm

Agar egri chiziq o‘zining parametrik tenglamalari x =
y = xp(t) lar bilan berilgan bo‘lib, a = <p(E)>Y = V*(0 lar
differensiallanuvchi funksiyalar bo‘lsa, u holda 1 yoyning uzunligi

1= fa ] X't+y tdt (9.11)

formula bilan hisoblanadi, parametr tning a va [1giymatlari
yoyning chekka nugtalari A va B ga mos keladi.
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Agar sillig egri chizig qutb koordinatalar sistemasida
p = p(<p) tenglama bilan berilgan bo‘lsa, M ,M 2 yoyning /
uzunligi ushbu formula bilan hisoblanadi:
@
1=] yjpl+p* (1P (9.12)
dr

Bu yerda (p va (p giymatlari yoyning boshi va oxirgi

nugalari M, va M 2ga mos keladi.
5 - misol. Egri chiziq ¥ =~ Jx* tenglama bilan berilgan,

yoyning boshi va oxirgi nugtalari abssissalari xx=4 b va x2=4
bo‘lsa, yoyning uzunligini toping.

> Yoyni uzunligini hisoblash uchun (9.10) formuladan
foydaianamiz:

n
/=ny+(7!§5] d7x:-.rn1+-; & - Q+—X/2‘]rc'l~3—4 ook
& [ 3 B 3
2
6-misol. Sikloidaning birinchi arkasi yoyining uzunligini
toping
y —a(1 —cost),x = a(t —sint)
y Sikloidaning hamma arkalari bir xil, birinchi arkada t
parametr 0 dan 2 71 gacha o'zgaradi. U holda (9.11) formulani
go‘llaymiz:

~NoY 2 2 .2 2a I 2 .2
/= | \a (l-cosf) +a sin t dt- a} gl—2cos/ +cos ?+sin t dt-
0 0
2n In
mj yj2(\-cost) dt=2aj sin—dt =-4a cos—
o] 0

7-misol. Logarifmik spiralning bitta aylanishda hosil
bo‘ladigan yoyining uzunligini toping, p = e



> Qutb koordinatalarida yoynmg uzunligini hisoblash (9.12)
formulasidan

2n 20t _oonn
1= +e2v dcp= IV2epfir=V2<H = - 1) * 108,16 ~
0 0 10
kelib chigadi.

Jisniiarning hajmini hisoblash. Fazoda berilgan jisin Ox

o‘gidagi [ a, b] kesmaga proeksiyalansin. Har ganday Ox
o‘qiga perpendikulyar 1 G[a, 6] nugtadan o‘tuvchi tekislik, jism
bilan kesishganda, yuzi S(x) ga teng figura hosil giladi (9.13
rasm). B unda jismning hajmi quyidagi formula bilan hisoblanadi:

b
V = J S(x)dx (9.13)

a

Xususan OX o‘qi atrofida egri chizigli aABb (9.14-rasm)
trapetsiyani aylantirsak. ko‘ndalang kesimning yuzi: S(x) = 4

(f(x))2 ga teng bo'ladi. Shuning uchun egri chizigli trapetsiyani

Ox o‘qi atrofida aylantirishdan hosil bo‘lganjismning hajmi:
n

K =g (f(x))2dx (9.14)

formula orgali ifodalanadi.

yf
/ y /'
7% "
fo m T 17V
! V4
Yy X \/ 1 7/

9.13-rasm
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8-misol. Ushbu
hisoblansin

9.14-rasm

9.15-rasm

sirt bilan chegaralangan jismning hajmi

> Berilgan tenglama bo‘yicha ellipsoidning rasmini chizib

olamiz (9.15-rasm).

Oy o‘giga perpendikulyar va y e [-£>£]

ixtiyoriy nugtadan o‘tuvchi tekislikni garaymiz. Ko‘ndalang

kesimda:



+ e =1 y = const

1 2 >
hV b
v J

N\ - £ Y bo'lgan
=al b1

ellipsni hosil gilamiz.
Bu kesimlaming yuzi:

S(y)= naxuj = 7a—c(| - b—).

U holda (9.13) formuladan
b 2 b 2

V="mc{\-~)dy=2mc~r(\-~)dy =2mc(j--~])

b b 0 D DU

9-misol. Oxy tekislikda yotuvchi va y~ —4 —X, X —0
chiziglar bilan chegaralangan figurani Oy o‘gi atrofida
aylantirishdan hosil boigan jismning hajmini hisoblang.

» Rasmdan (9.16-rasm) ko‘rinib turibdiki:

d 2 2 2 &
W=njxdy=>tj(4-y2Ildy=2aj(4-y22dy =2xj(\6-8y2+y*)dy=2n\16y --y }+
c -2 o o v 5:]0
=29a-(32-— +—)=— 4-*107,23 *
3 5 15
y?
2*,.
rf \ “j *'v. A'on
: S- !
o'
. - - >
Zix - " X 477K
L1
</
9.16-rasm
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Aylanish jismlarining sirtlari yuzini hisoblash

Agar v="f(x) funkssiya uzluksiz differensiallanuvchi
bo‘lsa, shu egrichizigning AB gismi yoki
A(a;f(a)), B(b;f (b)) Ox o‘qgi atrofida aylanishidan hosil
bo‘lgan sirtning yuzi:

Qx = J*f(x)J1+ (f{x))2dx (9.15)

formula orgali, topiladi.
Y

9.17-rasm

10-misol. V2 —2x +1 parabolaning Xj —1 va X2 —I

abssissalar oralig‘idagi yoyini (9.17) aylantinshdan hosil bo‘lgan
sirtning yuzasi hisoblansin.
» Rasmdan va (9.15) formuladan quyidagiga ega bo‘lamiz:

X=2n \[2x~+1JI + (~=)2dx=2n u2x+ 1+ 1dx =

2nf7V2x + 1dx == 2n--(2x#f /27" = -T1r(64 -8) = — M
2 3/2 11 3 v ' 3

AT-9.3.
1. Ushbu )2 —9x,y —3x chiziglar bilan chegaralangan

soxaning yuzasini toping (Javob:0,5).
2. y —X +4x, y —X+ 4 chiziglar bilan chegaralangan

. . . 125
soxaning yuzasmi toping (Javob:----- ).
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*2
3. Ushbu y = I_il—);(g’ Y= > chiziglar bilan chegaralangan

soxalaming yuzasini toping {Javob: “ ~ ~

4. Yopiq >'2 —X2 —X4 chizig bilan chegaralangan soxamng
yuzasini toping {Javob: 4/3).

5. Sikloidaning birinchi arkasi y =a(l- cost),
x = a(t-sint)vsL Ox o‘gi bilan chegaralangan soxaning yuzasini
hisoblang {Javob: 3na?2).

6. Parametrik ko‘rinishdagi x =3t2)y =3t-t2 chiziq bilan

chegaralangan soxaning yuzasini hisoblang {Javob:
2

7. y-xe 2 egri chizig va uning asimptotasi bilan
chegaralangan soxaning yuzasini hisoblang {Javob: 2).

8. Kardioida bilan chegaralangan soxaning yuzasini
hisoblang: p-a{l —cos<p). (Javob: 3na2/2).

9. Ushbu X2+y2-4, x2+y2=9, y =X, y--xyiB3
chiziglar bilan chegaralangan soxaning yuzasini hisoblang
{Javob: 255).

24
Mustaqil ish
1. Ushbu chiziglar bilan chegaralangan soxaning yuzasini
hisoblang:
a) y2=x+5 y2--x+4, b)p =a cos 2 {Javob:
a9~ b)r-)-
2. a)y={x-4)2, y=\6-x2 chiziglar bilan chegaralangani

soxaning yuzasini hisoblang:
b) Arximed spiralining birinchi va ikkinchi o‘rami orasidagi,

p=ap {a>0) yuzani hisoblang (Javob:a)_; 6)—)=
3 a3
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3) Ushbu egri chiziglar bilan chegaralangan soxalaming
yuzasini hisoblang:

3. a)dy =8x-x2, 4y =x+6 ; b)y=4t2-6l, x-21 va Ox
o”i (Javob: a) i?,, 2,04] Db)l).
24 2

AT-9.4
1. Berilgan y=2J~X parabolaning x/=0va X2— abssissalari
o‘rtasidagi yoy uzunligini hisoblang. (Javob: /2 +In (1+ y[2)
*2,29;

2. Astroidaning uzunligi hisoblansin x=a cosit, y=a sin3t
(Javob: 6a)

3. Kardiodaning uzunligini hisoblang p =a (1- cos ).
(Javob: 8a)

4. y= tJ(x—1)" egri chizigning xi=I, X2=9 abssissalar

o‘rtasidagi yoy boMagining uzunligi hisoblansin/ Javob: —m)

5. Ushbu z = 2(--2--h-V—2, z=1 sirtlar bilan chegaralangan

4 2
jismning hajmi hisoblansin. (Javob: n yfl)

6. Okxy tekisligida yotgan va y-X2 x=y2 chiziglar bilan
chegaralangan figuraning Ox o‘gi atrofida aylanishdan hosil
bo‘lganjismning hajmini hisoblang

(Javob: L)

10

7. Sikloida x=a (t-sint), y-a (l-cost) birinchi arkasini Ox
o‘gi atrofida aylantirishdan hosil bo‘lgan jismning hajmini
hisoblang.

(Javob:5a2 n 2
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8. y- —nldjc—1 egri chizigning x/=/ nugtadan xr=9

nuqtagacha bo‘lgan yoy bo‘lagini aylantirishdan  hosil
boigansirtning yuzini toping (Javob: 104 n/3)

9. vy-a cha chizigni x/=0 nugtadan X2~a nugtagacha

bo‘lgan gismining Ox o‘qgi atrofida aylantirishdan hosil bo'lgan

sirt, katenoidning yuzini hisoblang. (Javob: (er_e-2+4))
4

Mustaqil ish
1. 1.Ushbu vy- —lyj(2x—l )3 egri chizigning abssissalari
ji~2 va X2=8 ga teng boigan M/M2 nuqgtalar orasidagi yoy
boiagining uzunligi hisoblansin (Javob:56/3).
2. y:3x to‘g‘ri chizigning x/=0 va x2-2 abssissaga ega

nugtalari bilan chegaralangan kesmasini Ox o°‘qgi atrofida
aylantirishdan hosil boigan aylanish sirtining yuzasi hisoblansin.

(Javob: 12vH) n)
2. 1 Tenglamasi y=--x boigan chizigning x/=2 va x2=5
3

nuqtalar orasidagi yoy uzunligi hisoblansin. {Javob: 5).

2. Tenglamasi Y= —% ~_,y = T boigan sirtlar bilan

chegaralangan jismning hajmi topilsin. (Javob: n)
3. 1. y=Inx tenglama bilan berilgan egri chizigning

abssissalari Xi=- 4 ”>va x2= J% nuqtalar orasidagi yoy uzunligi
hisoblansin.

{Javob:i+1lin-» 12)
2 2

2. Oxu tekislikda yotgan y=2x-x2 va y=0 chiziglar bilan
chegaralangan figurani Ox o‘qgi atrofida aylantirishdan hosil

boigan jismning hajnii topilsin. {Javob:

118



9.4. Aniq integralni fizik masalalarni yechishga goMlash.
Tczlik bo‘yicha bosib o‘tilgan yo‘Ini hisoblash.

Agar n=f (t) moddiy nuqtaning to‘g‘ri chiziq bo‘yicha
harakatidagi tezligini ifodalasa, u holda [ti;t2] vaqt oralig‘ida
bosib o‘tilgan yo'l.

r,
S =] f(t)dt

(9.16)
formula bilan ifodalanadi.

I-misol. Moddiy M nugta u(t) = 3t2 +2~ + Im,A tezlik bilan
to‘g‘ri chizigli harakat gilsin. Nuqtaning [0;3] sekund oralig‘ida
bosib o‘tgan yo‘lini toping.

» (9.16) formulaga asosan

S = /fC3t2+ 21+ I)dt = (t3+ t2-ft) = 39 M. *

0
0 ‘zgaruvchi kuchning bajargan ishini hisoblash

Moddiy M nugta F(s) kuch ta’siri ostida OS to‘g‘ri chiziq
bo‘yicha harakatlansin. Bu kuchning yoining [ab\ gismida
n

bajargan ishi A - j F(s)ds formula bilan hisoblanadi.

2-misol. Agar prujinani Ism cho‘zish uchun IkN kuch sarf
gilinsa uni 10sm cho'zish uchun bajariladigan ishni hisoblang.

> Guk gonuniga asosan, prujinani cho‘zadigan kuch,
cho‘zilishiga proporsional, ya’ni F=hc, bu yerda x-prujmailing
cho'zilishi (metrda), A£proporsionallik koeffitsenti. Masala
shartiga ko‘ra x-0,01lm, F~1 kn, 1=0,01 k tenglikdan k=100
ekanligi kelib chiqadi vaF=100x bajarilgan ish.

A = /0[100xdx = 503c2 Béc'x = 0,5 kDj. <

y2
3-misol. Qozon z — elliptik paraboloid shaklida
bo‘lib, balandligi H=4m va zichligi 5=0,St/ml1bo‘lgan suyuqlik
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bilan to‘ldirilgan. Qozon chetidan suyuglikni haydab chigarishda
bajarilgan ishni hisoblang.
» zi balandlikda qgalinligi A z( (9.18-rasm) bo‘lgan suyuqlik

gatlamini ajratamiz, ko‘ndalang kesimda yarim o‘qglari a—2
ga teng boMgan ellips hosil bo‘lgani uchun, bu

gatlamning massasi Ami ~ 6K8 Zi AZ. va hajmi

ga teng boMadi. Suyuqlikni haydab
chigarish uchun bajarilgan ish:
A = limn_>0S?=i |bngSz”~H - z;)Az; = /" 6ngSz(H -

9.18-rasm

Suyuqglikning plastinkaga bosim kuchini hisoblash

Bu masalani yechish usulini anig misolda ko‘rib o‘tamiz.

4-misol. Asosi a=3m va balandligi N-2m bo‘lgan
uchburchakli plastinka suyuglikka uchi bilan vertikal botirilgan va
asosi suyuglikning sathiga parallel bo‘lib, undan Jm uzoglikda
joylashgan. Suyuglikning zichligi

S = 0,9 tYm3 bo‘lsa, uning plastinkaning har ikki tomoniga
bosim kuchini hisoblang.
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»mSuyuglikning bosim kuchini hisoblash uchun Paskal!
gonunidan ioydalanamiz, unga ko‘ra suyuqlikning h chugqirlikdagi
AS vyuziga bosim Ap = Sgh A S formula bilan aniglanadi. Bu
yerda S -suyuglikning zichligi, g-jismning erkin tushishdagi
tezlanishi.

Suyuqlik satxiga parallel to‘g‘ri chiziglar bilan, uchburchakni
eni dy ga teng boigan kesimlar (9.19-rasm)

S -
3M j d-m
Al -B H2M
cf
1y
9.19- rasm

bilan bo‘lib chigamiz va u suyuglik satxidan y+d masofada
bo‘lsin. AYS va A, V, S, uchburchaklarning o‘xshashligidan:

14B.j
a

dS =4j(H —y)dy,

Uchburchakli plastinkada kesilgan kesim yuzining har bir
tomoniga bosimi

H|:|y,\a.b,\:ﬁ(H—y) '’ ya'ni kesimning  yuzi:

dp :ﬁ Sg(d+y)(H—y)dy oga teng boiadi. Oxirgi

tenglikning ikki tomonini integrallab, quyidagini hosil gilamiz
P:}’r}ng(d +y)(H -y)dy/\Sg \V+y—yady:ng[2y+/\_/\\\£ =359»4A,]KH

Inersiya momentini hisoblash
Anig integral yordamida yassi figuralaming inersiya
momentini hisoblash mumkin.



5-misol. Massasi M ga radiusi R ga teng bo‘lgan bir jinsli
doiraning markaziga nisbatan inersiya momenti hisoblansin.

> Massasi M bo‘lgan moddiy nugtaning O nugtaga nisbatan
inersion momenti, shu nuqta massasining, undan O nuqtagacha
bo‘lgan masofa kvadratining ko‘paytmasiga teng. Moddiy
nuqgtalar sistemasining inersion momenti, shu nugqtalar inersion
momentlarining yig‘indisiga teng.

Konsentrik aylanalar yordamida doirani n ta, eni d ga teng
bo‘lgan halgalarga

9.20- rasm
bo‘lamiz, Bu xalgalarning yuzi ds=2nrdr , massasi

dm —Inrdrd zichligi S=M(nR2) ga teng (9.20-rasm).

Ajratilgan xalqgalarning eleinentar momenti dl0 = 2ndr dr
Elementar inersion momentlami integrallab

/= [27rSr3dr =2n6r- R=-7iR4-"j=~M R2. ~
| 40 2 7TiR 2

Yassi figuraning og‘irlik markaziai hisoblash

Quyidagi hollami ko‘rib c’higamiz.

1. u=f(x) funksiya grafigining, zichligi S-d(x) bo‘lgan, AV
yoy bo:lagining og‘irlik markazi koordinatalari c(xc,yc) ,
quyidagi formulalar yordamida aniqlanadi (9.12-rasm):

x8(x)JI+y"2dx J*yS{x)-I\+y"2dx
C  C 8(x)\>l+y"2dx I, 8(x)I1+y " 2dx
2. Agar yassi figura quyidan f](x) , yugoridan f 2(n"),

f x(x) < f 2(x), chiziglar bilan [a,b] kesmada chegaralangan va
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figuraning zichligi 6=d(x) bo‘lsa, u holda uning og‘irlik markazi
S(xxu,)
Zzzg rfwNe W-AM)<i* R ! /a G (xXf?(x)-f?(x))dx U/
fa S(x)(f2(x)-f~(x))dx c J*fix(/2(x)-/ 1(x))dx

formula orqali topiladi

6- masala. Markaziy burchagi 2a, radiusi R ga teng bo‘lgan
aylananing bir jinsli yoy boiagining og‘irlik markazi topilsin.

Koordinatalar sistemasini 9.21 rasmda

ko‘rsatilgandek tanlab olamiz. U holda yoyning bir jinsli va
simmetrik ekanligidan us=0 kelib chigadi. Yugoridagi formuladan
XS ni topib olamiz (& —const)
_ frfaxjl+x"2dy
X a2y
Aylananing parametrik tenglamasidan foydalanamiz X=R
cost, y=R sint,

ffar2costdt _ RSinta"a (o :’\ng_r_\_a}_<
tl--a —a a
7- misol. Birjinsli, y-6-x2y-2 chiziglar bilan chegaralangan
yassi figuraning og‘irlik markazi topilsin.
»<Bu figuraning bir jinsli va simmetrik ekanligidan (9.22-
rasm) XC = 0 yc koordinatani topish uchun (9.17) formuladan

foydalanamiz:
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9.22-rasm

AT-9.5.

1. To‘g'ri chizigli harakat gilayotgan nuqtaning tezligi
U=te~0t m/s ga teng. Nugtaning to‘la to'xtaguncha bosib
o4gan masofasini hisoblang {Javob: 104m)

2. Uzunligi | ga og'irligi R ga, teng bo‘lgan bir jinsli
sterjenning oxiriga nisbatan inersiya momenti topilsin. (Javob:

3. Bir jinsli, zichligi 8=2,5 t/m3 qurilish materialidan,
radiusi R=2m, balandligi H=3m bo‘lgan konus ko‘rinishdagi



go‘rg‘onni qurish uchun sarflangan ishni hisoblang. {Javob:
e ngS H2 R2=48%> « 1477,8K[X)

4.  Yugori asosi suyuglik sathiga parallel, 5m chuqurlikka
vertikal cho‘ktirilgan, asosi 8m, balandligi 12m boMgan to‘g‘ri
to‘rt burchakka suvning bosim kuchi aniglansin. Suvning zichligi
d —+/m3 {Javob: 6569 x 6428,8kN)

5. Zanjir y—ach~ chizigning jt= -a nugtadan X=a
a

nugtagacha bo'lgan bir jinsli yoy bo‘lagining og‘irlik markazini
toping.
a 2+sh2
{Javob: xc=0, yc 2 1 )
6. x=a (t-sint), y~a (1-cost), (0<t <2n), siklonda birinchi
arkasining bir jinsli yoy boiagining og‘irlik markazini toping
{Javob: xc=na wvc=4a/3)

7. Yassi U=X va U=x2-2x chiziglar bilan chegaralangan
birjinsli figuraning og‘irlik markazini toping. (Javob: ('3/2, 3/5))

Mustaqil ish

/. 1 Asosi suv sathiga parallel, balandligi H=3 m, asosi
a=2m va 4m chuqurlikka tik tushirilgan paralelogramm
ko‘rinishdagi plastinkaga beradigan suvning bosim kuchini
aniglang. Suvning zichligi 1t/m3. (Javob: 16g * 156,8 kH)

2. Radiusi R ga markazi koordinata boshida bo‘lgan
aylananing birinchi kvadratda yotgan bir jinsli yoy boiagining
og‘irlik markazi topilsin.

(Javob: 2R!n,2R /n).

2. 1. Moddiy nugtaning tezligi n =4te  m/s bo‘lsa, nuqgta
harakat boshlagandan to‘xtaguncha qancha yo‘l bosib o‘tadi
(Javob:2m)
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2. Bir jinsli y=sinx, y-0 (0 <x<rc) chiziglar bilan
chegaralangan figuraning og‘irlik markazi topilsin. {Javob:
non
2 ¥

3. 1 Agar suvning zichligi 6—1 t/m3 bo‘lsa diametri 20m
yarim sferik ko‘rinishdagi idishdan suvni haydab chiqgarishda

bajarilgan ishni hisoblang. {Javob: 2,5g103" &76969k/X)
2. Bir jinsli yassi Uu2=20x, x2=20u chiziglar bilan
chegaralangan figuraning og‘irlik markazini toping. {Javob:

9,9)).

9.5. 9 bo‘limga doir indiviudal uy topshiriqiari
IUT-9.1.
Aniq integralni verguldan keyin 2 ta ragam aniqgligida
hisoblang.

1.1 0 {Javoh: 1,78)

jsinx c0S2 Xdx.
1.4. 0 (Javob: 0,33)

COSX

dx.
15, o 1tCOSX (Javob: 0,57.)

. (Javob: 0,41)
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3 dx
1? Ln!25+3x (Javob: .0,67)
| x"dx

1.8. «« + 4 (Javob: 1.24)

fii™dx.
19. i X (Javob: 1,50.)
z3
1.10. °Z +1  (Javob: 0,20)
nl2 ax
1.11. 1 cos * (Jamb: 0,50.)

1.12. W5 +4x-x2 (Javob: 1,57.)
I

| x3n/4+ 5jcAite

1.13. 0 (Javob: 0,63.)
j sin2—dx.

1.14. K ~  (Javob: 3,14)
2 1'%

*
115. IV ™ (avob: 1,07)
12 joofc
J
1.16. o VTTx2 (javob: 0.13)

| 3(x2 + Jt2e'c )ibc
1.17. 0 (Javob: 2,72.)
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1.18.

119

1.20.

1.21.

1.22.

1.23.

1.24.

1.25.

1.26.

1.27.

1.28.

C cosVx ,
j — f=-dx.

V* (Javob: 1,73)
V8 2
-',1 +x6 (Javob.(0=20.)

fsinlnx .

[ra—— ax.

oo (Javob: 0,46.)
® &

1xn/1-1n2x 0,52.;
8

J nix+Tdx.

3 fJavob: 12,67.)

n/2
Jsina cos3at/a.

nlk (Javob: 0,14))

q16
112c¢?g 3xcte.
*/8 (Javob: 2,77))

[1 iix

°~4 3x (Javob: 0,67.)
xax

|I-\$'4-x- (Javob: 0,32)

*n2x

1 * (Javob: 0,33;;

0 tic

| i
14%2-9 (33y0b:-0,13)
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a72
j cosa sin3ada.

1.29. *A (Javob: 0,23)

vinlA xd%
f
1.30. o C0S (.\Azvob: 0,50.;

I;ylii(j>-1)dy.
2.1. 2 (Jovob: 7.02.;
0

Jlx2e~x 20x.
2.2, 2 (Javob: 5,76.)
A2
}' X COS Xdx.
23. 0 (Javob: 0,57.)
n
| x2 smxdx.
2.4. 0 (Javob: 5,86.)
1/2
| arccos 2xdx.
2.5. 4/2 (Javob: 3,14.)
2
j (V- Din ydy.
26. 1 (Javob: 0,25)
0

J xe~2xdx.

2.7. I_1|/2 (Javob: -0,25.)

| X sinx cos xdx.

2.8. -* (Javob: 1,57.)

-2/i
X

29. asze (Javob: 0,82.)
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2.10.

2.11.

2.12.

2.13.

2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

220.

Bi 2
J
i X (Javob: 0,16.)

e2

J y[x In xadx.

i (Javob: 18,33))
i

| arctgJx dx.

0 (Javob: 0,57.)

j|1(x + 2)cos X—dx.

> 2

B

jV sindjc«ic.

0 (Javob: 0,17.)

2
Jy2inydy.
i (Javob: 1,07)

1tx + 1) (Javob: 0,15.)

2
Jartg (2x - 3)dx.

R (Javob: 0,21.)
n2

J (x +3)sin xr&r.

0 (Javob: 4,00.)

€
J jtin2 xdx.
1 (Javob: 1,60.)

J(x -2 Je~xndx.
-3 (Javob: -19,32))
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221.

222.

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

2.29.

2.30.

° COs23x (Javob: 0,12))
1

| arcsin(l - x)dx.
(Javob: 0,13)

(Javob: 1,37))

IxIn(I-x)<£v.

-i (Javob: -0,25.)
jr _a_l_r__c_srlnEx/AZ) dx.

0 '12~x (Javob: 2,32.)
2

J In(3x + 2)dx.

1 (Javob: 1,87.)

4
JX Vv X 2+ 9dx.

° (Javob: 282,40.)
)

J (X + \Je~">dx.
-i (Javob: 1,10
ai4
J x fg2xdx.
0 (Javob: 0,13)
1
j x arctg xdx.

0 (Javob: 0,29.)

I3x4+3x2+1 i
| 2mmmmmmm e .

A +N (Javob: 1,79.)
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F2jcA-5%x2+3j

- y S— dX'

3.2. 2 x ~X (Javob: 9,67.)
} x+2

33 O DL (Javob: 0,53)
rdx

34. r ~ " 1) (Javob: 0,12)

3.5. -iy +2 (Javob: -0,09.)

X2 202y

36.2 * % (Javob: 1,62.)
1sz xaX

3.7.iB3(*“ 1) (Javob:-1,25)
r dx

3.8. 4 +2) (Javob: 0,04.)
n dx

3.9. 3(x+ (A~ 2) (javob: 0,16.)
| (2x + 3)dx

3.10. 0 (x~2) (Javob:-1,63)

r dx
311 2(*-1)2(*+1) (javob: 0,15.)
r (je2+ 2)dx

3.12. 3(*+0 (*“0 (Javob: 0,50.)
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3.13.

3.14.

3,15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

1,4

0 ~+12 (Javob:-0,20.)
J'x5—2x2+3
-i

&(_ 2y dX'

(Javob: 9,38))
Xax

I~
of" 2T (Javob: 0,72

" (x2+ 3)akr

J«*3 *  6x (Javob: 0,29.)
j dx

ix4+*2 (Javob: 0,16.)

3 .7
% dx

2¢ ** (Javob:-15,34-)
r dx

J2’y4—|1 (Javob: 0,02.)

r Xdx

I13-1 1avob: 037)

P 2x*+4

X3 —x2+ X+ 1

0 (Javob: 0,88.)
j dx
~x2(x 1) (Javob.002)

r n

O(x+1X*2+4) (javoé.
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r X2-x +2

3.24. (Javob: 0,04.)

r xdx

3.25. 413- fa'+ 16 6 (Javob: 0,51)

2 dx
I
3.26. i*3+1 (Javob: 0,25)
n s,
f4-+r ‘fc-
3.27. ix +X (Javob: 1,44)
rx3+x2+ 2dx.
3.28. 2 (Javob:-0,12.)
rx3-2x2+4
----- 7-------dX.
329. 3 *4*-2) (Javob: 0,35)
vn 5
x 2dx

J va_1
3.30. 0 (Javob: -0,08.)

JX2vX - x2dXx.
41. 0 (Javob: 3,14)

42.n *__ (Javob: -0,47.)

43. 3 (Javob: 0,02.)

| V4—x2dx.
4.4. 0 (Javob: 1,91)
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45 1x v4-x (Javob: 1,02.)
\3

jv 3 —x1dx.
46. 0 (Javob: 2,36.)
3

J m2n/9- x 2dx.
47. 3 (Javob: 31,79.)

48. N (Javob: 0,53))

J-Jil-x27dx.
49. 0 (Javob: 0,59.)
! dx
:
4.10. -»»W (1+*2)> (Javob:-0,62.)

411. 1 X (Javob: 0,68.)

J dx

2 .\

4.12. °\4’32 £+ (Javob: 0,27.)
\2

jv 2 -x 2dx.
413. 1 (Yayo6: 1,29.)
r x2x

414, °(*2+1) (Javob: 0,14)

r dx
] 2Tr2 =*

415. 22 x Vx ~9 (Javob: 0,04.)
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4.16.

4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

i dx
W3 x24\+x2 (Javob: 0,59.)
Vs2
| v1—x dx
w2 ~Navob: 0,26.)
r dx

»(9+x2)N1 +** (Javob: 0,08.)

2 X fJavob: 0,68.)

v

AA (- x )VI-x  ~javob: 1,16.)
@ <

!J M T
172 XAdX
I

(Javob: -0,20.)

| dx
v x4V x2-3 (Javob: 0,05.)
{N6-x2
2 (Javob: 0,11.)
4Tih

| x3/7+x2<kc

0 fJavob: -502,09.)

| wxe-8

vl X4 (Javob: 0,01.)
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n dx

f :
427, Ix’ -1 (Javob: 0,29)
3

| X4\P- x2dx.
428. 0 (Javob: 71,53))
3 x3dx
4.29. on19+x2 (javoh: 5>31)
n___ _
J yl6-xdx.
430. O (Javob: 4,71))
f* cos’x |
-J=dx.
5.1. -wavsmx  (Javob: 0,26.)
a72 s
r OX
5.2 § 2+ 00SX (’J:{voﬂno,éa)\
nsa
j sin32xdx.
53. 0 (Javob: 0,33)
n
fsin4d—dx.

5.4. 0 2 (Javob: 1,18)
b

| cos3xsin 2xdx.
55. 0 (Javob: 0,39.)

X7/3

J tg"' xdx.
5.6. 0 (Javob: 0,68.)

r sinx

|y A— v dx-
5.7. “ asX (Javob: 0,38))
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r/4
j2cosxsin3x£/ x
58. 0 (Javob: 1,00.)

rx X
COS—COS—aX.
59.5 ~ 3 (Javob: 1,80)

jr/32

J (32 cos24x —lejdx.

5.10. 0 (Javob: 1,41)
2
cos Xdx
|, o
5.11. SmI7TI1'(Javob: 3.14)
nts
j 1ud mhp.
5.12. ns (Javob: 0,93))

fcos x?cos— &c
5.13. ("Vavofe: 0.;

ar/4

J sin 3jc cos 5jedr.

5.14. 0 (Javob: -0,25.)
nls = 3
I sin" X

515. 0 Cos X (Javob: 1,33)

¥ &

5.16. 0 CScC (Javob: 0,55.)
nl2
| ctg3xdx.

5.17. 06 (Javob: 0,81.)

a72
Jcos X cos 3x cos 5xdx.

5.18. (Javob: 0,16.)
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\] cos4xsin2xdx.

519. o (Javob: 0,20.)
a/2
J sin6 xdx.

5.20. 0 (Javob: 0,49.)

T

j VI + sin xdx.

521. n'r (Javob: 2)
NN, tg X
520, it Sin2x (Javob: 0,38.)
71/3 .
sin 2x
523, %% X (javob: 1,69

7/8
J sinx sin 3xdx.

5.24. 0 (Javob: 0,05))

T

| sinx sin 2 x sin 3xdx.
5.25. «¢ (Javob: -0,21))

nil

N

5.26. *nsmx (jaVob: 0,55))

ai2

| coss xdx.
5.27. 0 (Javob: 0,53))

s

| cos2xsin4 xdx.

5.28. M (Javob: 0,10.)
1272

H _*
5.29. Sin3x (Javob: 0,60.)
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j sin4—dx.
530. wu 2 (Javob: 1,18)

dx
1 dx
6.2. -2 'Jx2+2x+4 (javob.J 10)
dx
f )
6.3. _5X2+4X 2\ (Javob: -0,14.)
FOXHC

6.4. .~ -6x4 x6 (Javob: 0,26.)

2 dx

I
6.5. ix +x (Javob: 0,29.)

o
6.6. -12' X ¥V ¥3 (Javob: 0,20.)
| dx
6.7. -ifF/8+2x - x2 “~yavoi. 0j52.;
dt

?
6.8. "‘\ +5f+4 (Javob: 0,07
r x<fc

6.9. 0*2+3* +2 (Javob: 0,28.)
r x-5

Jr2 + 9

z

6.10. i ‘Iz>r<+ (Javob:-2,79.)
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6.11.

6.12.

6.13.

6.14.

6.15.

6.16.

6.17.

6.18.

6.19.

6.20.

6.21.

' dx
yX +2x+5 (Javob: 0,39.)
8 dx
J
* X~+1x (Javob: 0,03)
dx
J
2¥¥X-%2 (Javob: 157.)
J 2x-8
-2 -x-x2 (Javob: 3,99)
dx
h
3/4v2 +3x-2xz (Javob: 1,11)
dx
*+1 (Javob: 0,77.)
x2dx
f
F72-lgx +10 (Javob:9 35)

xdx

f
132 Vi o
3500 V13 avob: 4.94)

r 3x-2

2x2_4x +5 (Javob: 3,19.)

\

2* 2+ 3jc+ 4 (Vavofc 2,4/ .;
f %<dx
AV 4x2+3 ~ avofe. 0
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J ————dx
6.22. -12* +X+I| (Javob: 0,08)

¥ x3dx
J je2 + 2

6.23. i2_ Z (Javob: 38,67.)
5 x ldx

|
6.24. 3V8x-x2-15 (javob: 51,81.)
r dx

6.25. ox2+41+5 (Javob: 0,14.)
j ax
6.26. -1 6x 9aoc¢ flavob; 0,21.)
dx

6.27. ~ 2+3x 10 (Javob: 0,09.)
4/3 dX

h
6.28. iAV8+6x-9x (Javob: 0,52.)
dx

6.29. 2V 4x-3-x- (Javob: 1,57)

i alx

6.30. -ix +2x+3 (Javob: 0,61.)

TJS-*

7.1. s3+v(x 2) (Javob: 16,16.)

)

72. 0 - ; (Javob: 0,13))
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dx

|
7.3. 02x+v +' (Javob: 0,94.)
r/x+1+1,

74.3vx+1Y 7 (Javob: 11,77)
i x/x

75. 3 (Javob: 10,67.)
b L* 1
jeif ™ +dx
76. 0 e"+3 (Jamb: 0,86.)
2In2 T
] ax
7.7. i _1 (Javob: 0,41)
I
78. 0 (Javob: 0.43)
j  xdx

7.9. o~ +4 (Javob: 4,67.)

|1 -
7.10.  °l1+”72x+1 (Javob: 1,31)
" xan

7.11. 273v2 + 3x (javob: 0,96.)
ims 1
r dx
J N *

7.12. e ¥ (Javob: 0,20)
j x2dx

7.13. 00 +x) (Javob: 0,04.)
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7.14.

705,

7.16.

7.17.

7.18.

7.19.

7.2a.

7.21.

7.22.

7.23.

7.24.

r dx

> 1+~ +1 (Javob: 0,58.)

-Iln 2

2r exdx
o EX¥E'X (Javob: 0,20)
7 z2dz

ov9+z ~Navob: 0,67.)
r xdx

oVT+3x (javob: 4,00.)

i dx

° +n/(*+0 (Javofe: 0,52.;
0 j X

rizeg_”~x.

i"N+e (Javob: 0,29.)
I\ cosydy

"4+~ > (Javob: 0.22)
X 2dx

n 1 (Javob: 8,44)
in2 dB(

I /\ b6
« YT (Javob: 1,05.)

dx
!R/ I +In* (Javob: 2,00.)
Inx 0&

i#\Zn/I +e” (Javob: 0,41)
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¢ In xdx

f-
7.25.  «&x(1_lir X) (Javob: -0,49.)

| dx.
7.26. 4VX-I (Javob: 8,39.)
mib szd

J
7.27. N (*2+]0) (Javob: 22,88.)
V jt+i
7.08. o V2x +1

' 1n12
dx

-dx.
(Javob: 3S,06.;

7.29. H5 +4 (Javob: 0,26.;
| X&

7.30. -iv5- 4x (javob: 0,17)
8

Xosmas integrallar hisoblansin yoki ularning uzoglashuvchi
ekanligi isbotlansin.

r xdx frix

8.1.a)°16x +1 b) 0 ~4x

823) b) f , L ™
i 16x -1 JVx2—6x+9
, |
T x’dx Ye x
-j=="1, \~rdx
8.3.a) Ovléx +1 b) 0 *
XC& T JX

U'a)] vagea-1 -+ T\ja-xt
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dx r dx
_ [ -
825 a) 02X27 XL Wiy

8.26. a)
Jf%)%fyh'" Jf1;l/31(ns 1)
° dx s i(é dx
CIP Y R S—— 7:b) J
301927 7 X yl3x—x2-2
dx
: . e X
1(6x 5x+1NIn - 1 10%/x
8.28. a) 4 -
DV (16-x2)3
1/4 )
8.29. I _7AN =
a)é X - 9X ¥ ) E\}I—4x'
P odx ¥oodx

]
8.30. a) 3c2 3r+2 b) 0 (2x

Namunaviy variantni ycchish
Aiiiq integralni verguldan keyin 2 ta ragam aniglikda
hisoblang

dx
I x(1+x2)
~Nyuton -Leybnits formulosidan foydalanib

jf(x)dx =F(b)~ F(a) , kasr-ratsional funksiyadan integral
a
hisoblaymiz:
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1= Afl +x2) + (fix+ C)x
X=| 1-A A=l 2 1 )
+T g=-1=I!T-la-=pH" " f1+j2

=1n2-—1n5+ —1n2=—1n2~—1n5=—0,69-—1,61=0,24
2 2 2 2
e

2. JIn2xdx
i

~ Bo‘laklab integrallash formulasini ikki marta qo‘llaymiz
K _ _ 3
|In2XdX:M_Inx du—21nx—xdx :Jtlnzx‘fpf

du=dx v-Xx

n—Xxx du- idx

x - =e\n2e-2(x\nx-x) =e-2e+2e-2=0,72
dv=dx u=x

3 roOx A\dx+1 dx
2X -XNn-2

~Integral ostidagi funksiya to g‘ri ratsional kasmi bildiradi.

Mabhrajni oddiy ko‘paytmalarga ajratib hosil gilingan kasrlami
oddiy kasriarga ajratsak

o -1ax+i g5 ALB C
Pa+D(l-ar-2) -ifxe1r x-1
9x2-\4x4l = A(X-i)(;c-2) +.#(x + I)x
x(a--2) + C(.t+1)(.x-1" .
ic=-1 24 =61 \A--4 '

=ff— +—_ +— -
X=1 2=-25i5 =2 rilx+1  x-1  x-2)
x~2 9=3C JC=3"

Cdxe
iX"-22%2-X +2 x—2J X

Ar|pH]21i) |X|j +31N | X2 K=405-+2ArB+31rD- A1rd-202=In(5 -3 -2-nd =

lyfx2+1"

ran& ixi+l=f r +1=(", xib =tat 1 £ =020 A
XJ+1 J(=1 x=0, t=y2, x=I
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5. N dx
§@3cos * +5sin x
N Integral ostidagi funksiya SinX va C0SX ga nisbatan juft

bo‘lgani uchun (sinx va cosX ga ratsional bog‘liq) t=tgx ((8.14)
formula) almashtirish bajaramiz.

_ dx o dt lcosh 1
dx E,—th,l X_T+t2 COSZX_1+12
3c0s2x + 5sin2x t2 T
St T 01X =01t= 110 =~
1+t 4
X
dt
-/
dt —-%mugfeit B=-(arc/g3-arcfg0) =0,42
ot+\ 3 3 o
6. 2ic1
‘%’3 -2X-X2
> Berilgan integralni, ikkita integralga shunday ajratamizki,

suratida maxrajidagi ildiz ostidagi uchhadning birinchi tartibli
hosilsi tursin. Natijada quyidagiga ega boiamiz:
i 2*—_|_| dr=-4f “2x-2 no -8v3- 2a- : 1—19arcsin?(-'t-'!
né—ac- n/3-2ar- 0 2
=8>/139;r+£;9r*—6,05.

2 6

10/3

, 2‘,]3 Bx—)-\/3x— *
» Ushbu integral \[3x~—1 —t almashtirish orgali ratsional

funksiyadan integralga keltiriladi
<m10/3 _

/3 (3x-1)V'3F:f ~
V3x- 1=13x- 1=1t2x="(t2+ 1), dx = M,
t=1x=2/3t—3x = 10/3

Sl - _ 5 340eq 271N 050
ot et s tuL O
8. Xosmas integralni hisoblang yokiulaming

uzoglashuvchi ekanligini ko‘rsating
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dx 3x2+2

a)
SX2+4AX +9 1 VX2
dx dx lim V_ tic lim fix
TENIXAXTI [ x2+4x+9"{ x2+4x+9 < ‘]'(x+2? +5TP->+XW><+2)2+5
liin 1 *+2]o0  lim 1 , T+2IW_ im f1 .2 1 a+21
7 10="H

lim T 1 a+2 1 21 1 2 1(a1 1n 1 2 T
V -4~ 0CSN UM ACgN T A acSV 5" NMif2j+h 2-~°mSh AN
b)

f—+6--a,-6el]1=14-. <
1?2 7 J 7

L T-9.2
1. Berilgan chiziglar bilan chegaralangan figuraning yuzini
verguldan keyin ikkita ragam anigligida hisoblang

L p -- 37cos 2o (Javob. 9 ()0)

2. Y =x2>Y =3~x-(javOb: 10,67.)

3. >'=V* 'y =x?- (Javob: 0,42.)

A. Xx —7cos3/, j =7sin3l (JavQb: 5? /ft;

P = 4cos3” (Javob: 72,56.;
v = bco&2. (Javob; 14 ]3]

7. P=2(1*cosNl (Javob.- 75,54.;

8. P2=2*mI(P (Javob: 1,00.)
9 x=4(t-smt),y =4(\-cost} (Javob.]LL72)

,10. P =20 +008/1 (Javob: 18,84.)
U p=2$in3<0./‘avoZ?.3 14
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112 P=2+°°s” (Javob: 14,13)
AN V=1I/(1+x2),y=* [/2-(Javob: 1,23.)
2=x +\,y2=9-x. (Javob: 29,87.

LaA y2=X y X. (Javo )
y2=x3, X=0, ¥ =4. (javob: 6.05.)

1.16. (Javob: 18,84.)

1d]e x = 3cost, y =2smt. (javob: 18,84.)

jjg y2=9x, y=3x (javob; 0,50.)

X "13(cost + 1sin
(Javob: 29,25.)

J 29 =4x, x —4y. (javob: 5,33.)

y =3(sinl- /cost\y =0 (0£ 1<4

j 2i y2=x mx =2"(Javob: 4,51.)
j22 y=x2,J =2-x2. (javob: 2,67.)
N2j 02 =(@4—x ), x=0. (Javob: 25,60.)

124, P =3siR4™ @flvob;, K /5>
125 y=x\y =1 x=0- (Javob: 0,75.)
126 xy=6,x+y -7 =Q-(Javob:6,76.)
Ny =aXy =2 Xx-x2,x =0,x =2. (javob: 3,02)

128 *2=4y’y=8 + 7 (Javob: 495>
129 y=*+ Y=cosx’¥= (Javob: 1,50.)
x =2Q0SN, N = 2sin ™ (Javob: 4,71))

2. Berilgan chizigning uzunligini verguldan keyin ikkita
ragam anigligida hisoblang.

< X 2c0s3], y=2sin t. (javob: 12,00.)
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2.2. +—2(cosf+ fsinf), y —2(sint—tcos/) (0 </<”)
(Javob: 9,86.)

23. M =,in4(¢*/3) (o™ n } (Javob:Ol4)

IA.P=~m (0~ *[12 ) (Javobh:027)

%@\Iﬂ+if/ ="9.

(Javob: 18,00.)
X223+ v2B=423
2-6, ‘ (Javob: 24,00.)

2.7. > = (m+ 13, x =4to g ri chiziq bilan kesilgan (Javob:
24.81.)

2.8/~ =1-]Inco« (0S *S */6 \ (Javobh:0M)

l.< ,.P 2~y im ™~ 12\ (Jmob:g60)

2.10.  *= W ,,y =

2.11.  \M2=(-t-1)' N (1,0) nugtadan V (6,V 125)
nugtagacha (Javob: 8,27.)

2.12. > =x5 *=5 toQ i chizig bilan kesilgan (Javob
24.81.)

2.13. P 3cosd (javoly 9 42)

2.14. |’ =3(l-cosf») fjavob: 24,00j

2.15. (Javob: 9,42.!
2.1*, *=W ~=5sm 2((0<t<*2) (Javob: 70S)

2.17. 9y~ =4(3 - xf (Oyo qi bilan kesishgan nugtalar
orasida) (Javob: 9,33.)

2.18. P 3sin”. (Javob: 9,42)

2.20. J:- 9(,_sIn").>"'=9(I"CoslIX0S(S2a-)[ ,, ,
72.00.) <Javob:

221. P~ -~ ® Y (Javob: 16,00.)
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2.22.
7,63
223

y2=(x-\fA (2,-1) nugtadan V(5,-8). (Javob:

X=n Y= - cost){in <t< Am).

(Javob: 56,00.)

2.24.

2.25.

2.26.
4,00.)

2.27.
2.28.

2.29.
2.30.

Y=eX2+p xI22"x<2). (Javob.2,35.)

X =4cos Y =4sm3L (Javob: 24.00.)
X=n/3r,y =t—t (sirtmog). (Javob: nugtagacha

P =5sin® (Javob: 15,70.)

P =4cos® (Javob: 12,56.)

P=5*+00 (Javofe: 40,00.)

y2- x} A (0, 0)nugtadan V (4, 8) nugtagacha.

(Javob: 9,07.)

3.

Berilgan o‘q bo‘yicha F shaklni aylantirishdan hosil

boigan jismning hajmini (verguldan keyin 2 ragam anigligida)

hisoblang.

31.F: ¥2=4-x, x=0, Oy. (Javob.j07i17.)

3.2.F:
3.3.F:

3.4.F:

3.5 F:
1064,88.)

3.6. F:
37,68.)

3.7. F:
38. F:

Ox. (Jamb: , 68)

x2/9+>2/4 =1, Oy. (Javob: 150,72.)

Yy3=X\Y =1 Ox (Javob.359)
X - b{t —sint), y = 6(1 —os /), Ox. (Javob:

X=Db f"Y=4sin21(° - 7112) °Y- (Javob:

Y2=x' =Y 0x (Javob: 0,94.)
Y2=(x_13* =2>"°x-(Javob: 0,78)
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x=¢p-y2,y=J~x,y=0, Ox
3.9. F: V2 (Javob: 1,24.)
310. F:y=*wx,y=0{0<x<n\ Ox (Javob; 443)

3.11. F: Y2=4x’x2=4Y’ (Javob: 60,29.)
3.12. F: x=2C0S Y=ssin °Ye (Javob: 83,73)
3.13. F: ¥Y=--xX\8x=y2, Oy. (javob:i507)

314, F:Y=eX'X=0Y=0X=> (Javob: 10,05.)
3.15. F: ¥2=4x13"x=3" °x- (Javob: 90,43.)

3.16. F: ¥Y=2x~x\y =0 Ox. (Javob.335j

3.17. F: p —2(I + cos™), polyarnaya os. (Javob: 66,99.)
318. F: x=7c0s3Y¥=7s,n31* °Y- (Javob: 328,23.)
3.19. F: m2116+Y /1=7 (Jovob: 16,75.)

3.20. f.~3=(>'-1)2~ =0~ =05 O* (Javob: 6,44.)
3.21. F ;™ =42x+7-6 =0, Ox. (Javob;419)

3.22. F; A=V3cos/,>-=2sin/, Ov. (Javob: 25J2))
3.23. F: ¥Y=2~#*2>>=*2>av- (Javob: 16,75.)

324, F: Y=-*'+8,y=x2, Ox. (Jovo6.55559;
3.25. F: Y2=(X+4) '* =0, (Javob: 200,96.)
326. F: =***=°>Y¥Y=8 2  (Javob: 60,29.)

3.27. F:x=00s3/ >=sin m °x (Javob: 0,96.)
3.28. F: 2Y=X>2x+2j - 3=(X Qx. (Javob: 57] qj

3.29. F: N"=*%“x“>¥Y=0, Ox. Navob6.qjqj

330, F:¥Y=2~x "lLx+Y=2> (javob: 4,17.)



4. Berilgan o‘q bo'yicha L egri chiziq yoyini aylantirishdan
hosil boigan jismning hajmini (verguldan keyin 2 ragam
anigligida) hisoblang.

41. L"-y~* /3(-b'2<x<1/2), Ox. (Javobh.425)
4.2. L\ p -2 cosdy qutbogi. (Javob: 12,57.)
43 L:Xx=10(f-sin?),y=10(l-cos?)(0<f <2n\ Ox
(Javob: 6698,67.)
4.4. Ly =x2/2,0y.y=3/2 to g i chiziq bilan
kesilgan. (Javob: 14,65.)
45. N :3>=x%x2(0<x<2), Ox. “avob.24,09.)

46.Lmy —/x, Ox.y- x (0 chiziq bilan kesilgan.
(Javob: 5,34.)
47 L:x=2{t-sint),y-2(\-cost)(0<t<2n), Ox

(Javob: 267,95.)
48 L:x =cost,y=3+sin?, Ox. (Javob: 118>32)
49 L:3x =y3(0<y<2\ Oy. (Javob: 24>09.)

4.10. 7N:¥Y=x3/3(-1<x<l), Ox. (Javob: j=27)
4n L :x =cost, y = 1+sint, Ox. (Javob. 32 28)

4.12. L.x ~4+Y Oy.y- 2tQ.gy-cfczjq buan
kesilgan.(Javob: 259,57.)

413 L X=3(V-sin?), >=3(l-cos?)(0<?<27t), Ox.
(Javob: 602,88.)

4.14. L :X =c0&3*>Y =sm31> 0x- (Javob: 7,54.)

4.15. NP >fos2<p qUbo qi (Javob: 14,82.)

4.16. L :y" =4+Xx, Ox. x—2 tog'richiziq bilan
kesilgan. (Javob: 64,89.)

4.17. L".y2—2x, Ox. 2x = 3 to g 'ri chiziq bilan
kesilgan.(Javob: 14,65.)
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4.18. L by ° X (Javob: 0,63.)
419. L'P2=4cosl(P" qutbo qi. (Javob: 14,80.)
4.20. L:p =6smtp, qu(b Qg[ (Javob: 354 96j
£:X=t-s'mt,y =1-cos/(0</<2n\ Ox
(Javob: 66,99.)
4.22. L \p =2sin (p, qutb o gi. (Javob: 39,44.)

I p =2cos (p,
4.23. 3 qutb o’gi. (Javob: 7,07.)
424 L :x =3cos3l, y =3sin31, Ox.

4.25. L'x =2cost,y =3+ 2sin/, Ox (Javoh: 236,64.)

426. ~'P “9C0O2n, qutb o'gi. (Javob: 16,38.)

4.27. L\y =x3, Ox x=%2/3 /og Vi c/iizig bilan
kesilgan. (Javob: 0,84.)

428. 1: =W N =2shlI3 * Nevob: J0,7<g

429. L:x=cos Y=2+smt Ox. (Javoh: 78>88)

4.30. Z.p =4sin(p, qutb o gi. (Javob: 157,76.)
Naniunaviy variantni yeehish

1 ); =Inx va ] =1In2X (9.23-rasm) egri chiziglar bilan
chegaralangan figuraning yuzi hisoblansin
yf y-InX
I
1 ;’4_ y= InXx

9.23- rasm
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~ Egri chiziglaming kesishish nugtasini topamiz: M/(1,0),
M->(g,l) va (9.7) formuladan foydalanamiz. Natijada:
S —f(Inx - In2x)dx

Yin'xdx = 1= N2 du = 2Inx-5dx" 1o 55ink dx,

dv —dx, v = X
[Inxdx ="~ 1N, du-;dx =xlnx- [
J J
dv=dx v=x
U holda
S = ®Inxdx —®IN2xdXx —(XInXx —x) —(XIn2x- 2xIn X +

2X) =
=elne—+1—eln2e—2elne+2)+2=3—« 028 4
2. Parametrik ko‘rinishda berilgan x ~[t2—"jsint+2tcost,
y —(2— Zsost+2tsint(0 <t <7t) chizigning yoy uzunligi

verguldan keyin ikki ragam aniglikda hisoblang.
» (9.11) formuladan foydalanamiz:

Y Codd \dt
Integral ostidagi funksiyani topamiz:

dt = 2/sin + (f2- 2)cos/ +2c o s 2?sinf =t2cost,

d_

at 2/cos/-(2- 2)sinf +2sin/ +2/cosf = t2sin/,

\2

+ I -Ij - J t' cos’ t+t*sin2t =tz

Yakunda quyidagiga ega bo‘lamiz:

3. Yassi y=3-x2va y=x2+] parabolalar bilan chegaralangan
figuraning Ox o‘qi atrofida aylantirishdan hosil bo‘lgan jismning
hajmini hisoblang
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~  Parabolalaming kesishish nugtalarini topamiz: M/ (-1;2),

M2 (1,2). lismning hajmini (9,14) formulaga ko‘ra hajmlar
ayirmasi V2V/ ko‘rinishda hisoblaymiz.
i i

F2=71r] (3-x 2Jdx, V, =/rj(x2+ D2dx

-1 -
Demak

V=M-V =xjf3—xJ) dx-n-](xr+1) dx=n”

( (3-x2) -(je2+1) \dx=jtJ(8-8jcj)dx =
-1 A -l

=8u = a 33,50 <

Quyidagi 9.24 rasmda Oxu tekislikda yassi figura va uning
Ox o gi atrofida aylantirishdan hosil boMgan jism (uning chorak
gismi kesib olingan ) keltirilgan.

9.24- rasm

Qutb koordinatalar sistemasida p = 10 sin ¢ aylananing

qutb o‘gi atrofida aylantirishdan hosil boigan sirt (9.25 rasm)
yuzini verguldan keyin 2 ta ragam aniqgligida hisoblang.
A Qutb koordinatalar sistemasidagi (9.18) va (9.15)

formulalardan foydalanamiz.

S ~-2nj +p2 A
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Bu yerda V=psin (p. Bundan
p'h=10cos”; > = psin™>=10,sin2(p,
(x=0, (2=n,

n n
S =2/rJ10sin2<j100c0s2” + 100sin2<p dtp =200 Jsin2<pdp=

=200 | -—COS ty /¥>= 10072/ (p—LbM\2(p

IUT-9.3

1 R rezervuardan suv haydab chigarish uchun bajariiagn

ishni hisoblang. Suvning solishtirma og‘irligi 9,81 kH/m\ 7t=3,14.
(natijani butun soniga yaxlitlang).

1.1. R: Asosi 2m va balandligi 5m bo‘lgan to‘rtburchakli
inuntazam piramida (Javob: 245kDj)

1.2. R: Uchi pastga yo‘naltirilagan asosi 2m, balandligi 6m
bo‘lgan to'rtburchakli muntazam piramida (Javob: 118 kDj)

1.3. R: Balandligi 1,5m, radiusi Im bo‘lgan sferik segment
ko‘rinishdagi gozon (Javob: 22 kDj)

1.4. R: Asosining radiusi Im, balandligi 5m bo‘lgan yarim
silindr. (Javob: 33kDj)

1.5. R: Yugori asosining radiusi Im, quyi asosining radiusi
2m, balandligi 3m bo‘lgan kesik konus (Javob: 393 kDj)

1.6. R: Ko‘ndalang kesim parabola, uzunligi 5m, eni 4m,
chuqurligi 4m bo‘lagan tamov. (Javob: 837 kDj)

1.7. R: Asosning radiusi Im, uzunligi 5m bo Igan silindrik
sistema (Javob: 154 kDj)

1.8. R: Asosi 2m, balandligi 5m bo‘lagn muntazam
uchburchakli piramida (Javob: 106kDj)

1.9. R: Asosi 4m, balandligi 6m uchi pastga garatilagn
uchburchakli muntazam piramida. (Javob: 204 kDj)

1.10. R: Asosning radiusi 3m, balandligi 5m uchi pastga
garatilagn konus. (Javob: 578 kDj)

1.11. R: Yugqori asosning radiusi 3m, quyi asosning radiusi
Im, balandligi 3m bo‘lgan kesik konus. (Javob: 416kDj)
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1.12. R: Asosning radiusi 2T, balandligi 5T boiagn konus.
(Javob: 770 kDyj)

1.13. R:Yuqori asosning tomonlari 8m, quyi asosnhing
tomonlari 4m, balandligi 2m boiagn muntazam kesik piramida.
(Javob: 576kDj)

1.14. RAsosining radiusi 2m, chuqurligi 4m boigan
aylanma paraboloid. (Javob: 329 kDj)

1.15. R: Asosning radiusi Im, chuqurligi 2m bo‘lgan
aylanma ellipsoid. (Javob: 31 kDj)

1.16. R: Yugori asosning tomoni 2m, quyi asosning tomoni
dm, balandligi Im bo‘lgan muntazam to‘rtburchaklikesik
piramida. (Javob: 56kDj)

1.17. Asosning tomoni Im, balandligi 2m boigan
muntazam olti burchakli piramida (Javob: 26kDj)

1.18. R: Asosning tomoni 2m, balandligi 6m, uchi pastga
garagan olti burchakli muntazam piramida. (Javob: 306 kDj)

1.19. R: Asosning radiusi Im, balandligi 3m boigan
silindr. (Javob: 139kDj)

1.20.  Yugori asosning tomoni Im, quyi asosning tomoni
2m, balandligi 2m boiagn muntazam oltiburchakli kesik
piramida. (Javob: 144 kDj)

1.21. R: Ko‘ndalang kesim radiusi Im ga teng yarim
aylana, uzunligi 10 m bo‘lgan tamov. (Javob: 65kDj)

1.22.  R: Yugqori asosning tomoni 2m, quyi asosning tornni
Im, balandligi 2m boigan muntazam oltiburchakli piramida.
(Javob: 93kDj)

1.23. R: radius 2m bo‘lgan yarim sfera. (Javob: 123kDj)

Solishtirma og‘irligi y boigan materialdan Q inshootni
qgurishda ogirlik kuchini bartaraf etish uchun bajarilgan ishni
hisoblang.

1.24.  Q: yugori asosning tomoni 2m, quyi asosning tomoni
4m, balandligi 2m boiagn muntazam to‘rtburchakli kesik
piramida: y=24 kn/m3 (Javob: 352'nDj)

1.25. Asosning tomoni Im, balandligi 2m boigan
muntazam oltiburchakli piramida; y=24 kn/m3 (Javob: 21kDj)
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1.26. Q: Asosning tomoni 2m, balandligi 4m bo‘lgan
muntazam toilburchakli piramida: y=24 kn/m3. (Javob: 128kDj)

1.27.  Q: Yugori asosning tomoni Im, quyi asosning tomoni
2m, balandligi 2m bo‘lgan muntazam oltiburchakli kesik
piramida: y =24 kn/m3 (Javob: 229kDj)

1.28. Q: Asosining tomoni 3m, balandligi 6m bo‘lgan,
muntazam uchburchakli piramida; y=24 kn/m3 (Javob: 234kDj)

1.29. Q: asosning radiusi 2m, balandligi 3m boigan konus
y=20 kn/m3 (Javob: 188kDj)

1.30. Q: Yuqori asosning radiusi Im, quyi asosning radiusi
2m, balandligi 2m boiagn kesik konusi; y=21 kn/m3 (Javob:
88kDj)

2. Vertikal cho'ktirilgan plastinkaga, suvning solishtirma
ogirligi 9,81 kH/m3 deb hisoblab, suvning bosiin kuchini
aniglang (natijada butun soniga yaxlitlang). Plastinkaning
joylashishi, shakli va oichami rasmda ko‘rsatilgan.

2.1. 9.26. rasm. (Javob: 98 kH)

2.2.9.27. rasm. (Javob: 85 kH)

2.3. 9.28. rasm (Javob: 248 kH)

2.4. 9.29. rasm (Javob: 105 kH)

2.5. 9.30 rasm (Javob: 167 kH)

2.6. 9.31 rasm (Javob: 26 kH)

2.7. 9.32 rasm (Javob: 131 kH)

2.8. 9.33 rasm (Javob: 23 kH)

2.9. 9.34 rasm (Javob: 523 kH)

2.10. 9.35 rasm (Javob: 33 kH)

2.11. 9.36 rasm (Javob: 31 kH)

2.12. 9.37 rasm (Javob: 62kH)

2.13. 9.38 rasm (Javob: 24 kH)

2.14. 9.39 rasm (Javob: 22 kH)

2.15. 9.40 rasm (Javob: 239 kH)

2.16. 9.41 rasm (Javob: 123 kH)

2.17. 9.42 rasm (Javob: 78 kH)

2.18. 9.43 rasm (Javob: 13 kH)

2.19. 9.44 rasm (Javob: 52 kH)

2.20. 9.45 rasm (Javob: 3 kH)
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2.21.9.46 rasm (Javob: 23 kH)
2.22.9.47 rasm (Javob: 16 kH)
2.23. 9.48 rasm (Javob: 251 kH)
2.24. 9.49 rasm (Javob: 31 kH)
2.25. 9.50 rasm (Javob: 13kH)
2.26. 9.51 rasm (Javobh: 6kH)
2.27. 9.52 rasm (Javob: 6 kH)
2.28. 9.53 rasm (Javob: 39 kH)
2.29. 9.54 rasm (Javob: 20 kH)
2.30. 9.55 rasm (Javob: 272 kH)

Parallelogramm Teng yonii trapetsiya
9.26- rasm 9.27- rasm
Teng yonli trapetsiya Teng yonli trapetsiya
9.28- rasm 9.29- rasm

Parabola Yarim ellips

9.30- rasm 9.31- rasm
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Teng yonli trapesiya Halganing loitdan bir gismi

9.32- rasm 9.33- rasm
y LLIAnL-LI
mloMm ... —
Teng yonli uchburchak Teng yonli uchburchak
9.34- rasm
.a m
doira doira
9.36- rasm 9.37- rasm
Yarim aylana Yarim aylana
9.38- rasm 9.39- rasm
Emmk
LU 2mLL

aa T
-

Yarim aylana ellips
9.40- rasm 9.41- rasm
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Romb
9.42- rasm

Yarim aylana
9.44- rasm

To‘g‘ri burchakli uchburchak
9 46- rasm

/ hz
<.—4m~
Parabola

165

~2M..'n  1lm

W

To‘g‘ri burchakli uchburchak
9.43- rasm

To‘g‘ri burchakli uchburchak
9.45- rasm

To‘g‘ri burchakli uchburchak

9.47- rasm

D G |

SR [

L L it
* *

Parallelogram



9.48- rasm

Yarim ellips
9.50- rasm

To‘g‘ri burchakli uchburchak
9.52- rasm

Kvadrat
9.54- rasm

9.49 rasm

To‘g‘ri burchakli uchburchak
9.51- rasm

Parabola yoyi
9.53- rasm

Parabola
9.55- rasm

3. Birjinsli yassi egri chizigning og‘irlik markazi topilsin.

3.1. L:Ox o'gi ustidajoylashgan yarim aylana: X" +y2- R2.

@aveb: x =0



3.2. L: Sikolidaning birinchi arkasi x=a (t-sint), y=a (1-cost)
4
(0O<t<z2k). (Javob:xc- na, yc=—a)

2 2 2
3.3. L.astroidaning x3+x3=a3 uchinchi kvadrantidagi
bo‘lagi.
(Javob: xs=yc=- 0,4a.)
3.4. L: Radius R ga teng bo‘lgan aylananing x ga teng
markaziy burchakni tortib turgan yoy bo‘lagi. (Javob: og‘irlik
markazi yoy tortib turuvchi markaziy burchakning bissektrisasida

markazdan 2-"sin(x/2) masofadajoylashgan).
X

3.5. L: Zanijir chizigning yoy bo'lagi y=a (x-a),(-a < X <a).
(Javob: x2=0, v =- 2+sk2 j

4  shl
3.6. L: Kordiodaning yoyi p=a(l + cos#>)(0<”<7r). (Javob:

4.

B N
3.7. X/Logarifmik spiralining yoyi p =a-e,p(ﬂ—<(p<|<‘(l-
V2 i
a 2-eln+en ae2a-2e*
Javoh. X —---mm-miesieeee- e —
( ¢ C‘b eK _eﬂ/z yc l'bek _e»/Z )
3.8. L: Sikloidaning bitta arkasi x=3(t-sint), y=3 (1-cost).
(Javob-.xc =3n, yc =4)

3.9. Z.Astroidaning yoyi X-2 cos" v , V=2sin’ v
viy 4
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3.10. L:x=e'sint y=e‘cost jo<j<—j egri chizigning yoyi

, 2e’ +1 e’ -1
Javobh:x.=-7——=1,yc=

e2-1j 57e2-11]

3.11. L: kardioida P =20 +cos<) ixc~ Y =0)
3.12. L: p-Ismcp egri chiziq (0:0) nugtadan —
2
nugtagacha. (Javob: xc=— yc=(n- 2)In)
n

3.13. L: Aylana o‘ramasining yoyi Xx=a (cost+ t sint), y=a
(sint-t cost), (O< t < n).(Javob: x 0: 2{a2+4)/as2ye=—)
K

3.14. L: (=0 va p=iE nurlar orasidagi /= 2/3cos (P egri
4
chizigning yoy bo‘lagi. fJavobexc=/1{n +2)/n, yc- 2v3in. )
3.15. L.Egri chizig x —/3 t2,y =t—* (O<t<]).
7 /3 1
{Javob-. xc=-"-yc=—/(0 </ <1))
3.16. Z -tomonlarix+>)=a, x- 0, va y=0 to‘g‘ri chiziglarda

a
yotgan uchburchak. {Javob: x¢c = yc = —)

L L
3.17. L: koordinata o‘glari [Xx >0,y >0) va ~1 B =1
a
ellips bilan chegaralangan.
, . 4a b .
(Javoh:xc = {3—n§ Yc = 7{§n3 Yo

3.18. L:- Sikloidaning birinchi arkasi x=a (t-sint), y-a (1-

cost) va Ox o‘qi bilan chegaralangan. (Javobxc=m,yc= 5 ).
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319. L y=x\y=y[x egri chiziglar bilan

chegaralangan: Javob:x. =v =
V 20

3.20. F:. y=sinxSinusoidaning yoyi va OX o°‘qgining
(0<x< Mkesmasi bilan chegaralangan: j Javob :x, ~—y, =—
\% 2 8

3.21. F: Yarim aylana y-"R2-x2 va OX o‘gi bilan

4R
chegaralangan. Javob :xc=0, Yc= ~ J-

3.22. F: Parabolaning yoyi y-bjx/a (a>0,, b>0), OX

ogi va X=b tog‘ri chiziq bilan chegaralangan.
Javob:xe=361 yc=§
3.23. . F: Parabolaning yoyi y-bjx/a (a>0, b>6), Ol
o‘qi va y=Db to‘g‘ri chiziq bilan chegaralangan.
L 3a 3N
(Javob X ==Y, — .
V 10 "¢ 4]
3.24. F:Yopiq y2 —a x3 —x4 chizig bilan chegaralangan.

IJavob wr=—, v =0
Vv 8

3.25. F: Koordinata o‘glari va astroidaning birinchi
kvadrantga joylashgan yoy boiagi bilan chegaralangan.

f 256a
IJavob .x -y
| (3154
3.26. F. Radiusi R markaziy burchagi 2a bo‘lgan doiraning

sektori: (Javob: Oglirlik markazi sektorning simmetrik o‘gida
doiraning markazidan 2 R Sna masofada boiadi. Agar doiraning
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markazi koordinata boshida, sektoming simmetrik o‘gi Ou o‘gida
bo‘lsa, * =0, v =-/1 gateng).
3 a
3.27. F:. Kardoida p —a(l + coscp) bilan chegaralangan.
{javob-. xc=",yc=0
3.28. F: Bernulli leinniskatasining birinchi  bo‘lagi

pl=a2cos2m[.Javob :xc=-JI na/8, yc—0j.
3.29. F:. Koordinata o‘glari va yfx +-Jy =4a parabola

bilan chegaralangan. (javob:Xtc=yc=-
\Y/ 5

3.30. F:Yarim kubikparabola ay2=x3va X = a to‘g'ri
chiziq bilan chegaralangan (a> 0). |javob:xc=y ,yc=0j =

Namunaviy variant yeehish.

1 Uzunligi L, asosining radiusi R bo‘lgan doiraviy silindr

(9.56-rasm) ko‘rinishidagi rezervuaming yugoridagi suvni haydab
chigarish uchun bajarilgan A ishni aniglang. Suvning solishtirma
og‘irligi y = 9,81 KN/m 3. Bajarilgan /1 islini L-5m, R=Im
bo‘lgan hoi uchun hisoblang.

N Z balandlikda suvning dz qatlamini ajratamiz (9.56-
rasm). Uning hajmi:

dv = 2\01B\Ldz = 2LdR2- (A- z)2dz = 2Ljz(2R - 2)dz.

2

Zi
™Y e W AN
. Hi .,
e I_l\r/fI,LIJ R dzﬂnﬂ" c* R }2R
m . N r.--- I:I;II
o

9.56- rasm
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Bu qatlamni H=2R-z balandlikga ko‘tarish kerak, dz
gatlamdagi suvni haydab chigarish uchun bajariladigan elementar
dA ish quyidagi formula orqali topiladi:

dA=Hydu=2yL{IR- z~zilR -z) dz

Butun suvni haydab chigarish uchun bajariladigan ish

elementar ishlaming yig‘indisiga teng:

2R IR _ IR
A=\dA=jlyL2R- ~ 7 } dz=2LjV (2R-zf dt 0
0 0 0

Yuqoridagi differensial binomdan olingan (1) integralni
hisoblaymizm:,g\, n-\ P:1' - rTA+ »=3e7 Bo'‘lgani uchun (1)
integralni hisoblashda a +bx" =usxn (8.7 paragraf) almashtirish
bajaramiz. Almashtirishni qoilab:

&K 2R-z =uZ, dz=-4Ru {u~+I) du
A=2j£ JZ12R- 2)'dz-  z- 2R/u2+1,arapr =0,u =@ o\ +1]j
azapz ~2R,n=0
ega boiamiz.

Oxirgi xosmas integralda, integral ostidagi funksiya to‘g'ri
ratsional kasr boiib, (8.10) formulaga ko'ra imi soda kasrlaming
yig‘indisi ko‘rinishida yozilishi mumkin (8.6). Bu kasrlardan
integrallar (8.4) rekkurent formula orqgali oson topiladi. Rekkurent
formulani goilab:

r undu r
[(M+1)4~][(«2+D)2 “ ual] 1 N44 B 4 4732

u holda: A=32jLRi7r/32 =njLRi.Agar: L=5m, R=Im boisa
N=314-981 i « 154/0/c <

2. Suvning solishtirma ogirligini 9.18 kH/nr deb hisoblab,
suvga vertikal cho‘ktirilgan plastinkaga ta’sir etayotgan suvning
bosim kuchini hisoblang. Plastinkaning joylashishi, oichovi,

formasi (9.57 rasm) da keltirilgan.
w Koordinata sistemasini 9.57 rasmda ko‘rsatilgandek tanlab

olamiz. U holda parabolaning sodda tenglamasi X2=-2py
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ko‘rinishda boiadi. Parabola A(l/2,-1) nugtadan o‘tgani uchun,
p =1/8, Xx2=—y/4 gateng boiadi.
Kengligi dx va yuzi ds = «_jvj Jdx boigan gorizontal kesimni

X chuqurlikda ajratamiz. Suvning bu kesimga bosimi:
Oo=yx(I- dj )dx=yx(I- 4x2)dx ga teng boiadi.

fw
H-0Sm .o "L X
P A o
X'~ -2py
9.57- rasm

U holda suvning butun plastinkaga bosimi ushbu formula

orgali topiladi:
H 32
P=y$x(l-4x2)dx=y\?j-x4

Agar i va ~"=98lknh!At boisa bosim
2

|. Mi.wi,, Bateng boiadi <
i6J
3. Bir jinsli figura y=x2eay=JIc egri chiziglar bilan
chegaralangan boisa, uning ogirlik markazini toping.
> Figuraning ogirlik markazi ( 9.58 - rasm) (9.17) formula
orgali hisoblanadi, bu yerda:

A\(X)=x2 f2X)=-\x.
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9.58- rasm

Egri chizigiarning kesishish nugtalari 0 (0,0) va B (1,1)
boigani uchun a=I1, b=I. U holda:

Joo - Shyaxe 1ov- xdax=jix 1 - 133 é 2

/ \ /n 4 0
jx(y2-y~dx =j xgvx-x Zdx = —- — -
Z 0 4 020

x2 x* 1=3

) L
|16b+ )(\/2— Y, )dx =\ j(*-X*)dX:| > sio _26

bundan X, =y =— .4
L "¢ 20

9.6 9 - bo‘limga go‘shimcha masalalar.
1. Tenglamani yeching:
= dx _n r N (Javob: a) x=2; b)
hxJT™NI 12 ire 6’
x—n4)
2. Tenglikni isbotlang:
rodt d dt Yy
X 1TT7(* >O)-

3. Agar ir=Jtg"xdx (n>1 n- iw/msa)  bo‘lsa, ushbu

tenglikni isbotlang.
M—1



4. Berilgan chiziglar bilan chegaralangan egri chizigli
trapetsiya yoki figuraning yuzini toping?

a) “ B 5*

(arcsin Vx fnn

1
) p=typ,p=-—-m <pe o ,ft
cos P
d) vy =x-e"~, xe[0;00"
€) y=Ex+ iy
f) Xxy2=8- 4x va uning asimptotasi;
g) (x+\)y2—x2 (x < O) va uning asimptotasi;
(Javob: @) 39;r/2; b)2;c) n74; d) L;e) £ +1- f)4n ;)
4 2
8/3.)

5. Berilgan chiziglami aylanishidan hosil boigan sirt bilan
chegaralangan jismning hajmini toping:

a) y= vay =0,0y o‘qi atrofida;
b) (4- X)y2- x3=0uning asimptotasi atrofida;

c) Y-_! uning asimptotasi atrofida;
I +x2

d) y- eXxSinax va x>0, Oxo‘qi atrofida.

(Javob: a) n\ b) 167r2; c) 12/2; d) Kb/(4(1 + K2)))

6. Silindrik bak vertikal joylashgan boiib suv bilan
toidirilgan, tubida kichik tirgish bor. Bakdan suvning yarim “t”
vaqt ichida ogib chiqdi. Hamma suv gancha vaqt ichida oqib
chigadi?

Bu yerda U4 =1 va v=ju™2gh, o - tirgishdan oqib
chigayotgan suvning tezligi. {.Javob:{2+4i ]t min).
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7. Qarshiligi o‘zgarmas R bo‘lgan rezistorga o‘zgaruvchan
U-UOsincot  kuchlanish  berilgan.  Rezistorga ganchalik
o‘zgarmas kuchlanish berish kerakki, T=~- vaqt ichida ajralib

to
chiggan issiglik, o‘zgaruvchi kuchlanish bergandagi shu vaqt
ichidagi ajralib chigqgan issiglikga teng boMishi kerak. (Javob:
Uqg/n/2).

8.  Elektr zanjir boshlang‘ich paytida R om qarshilikga ega
va u tekis nom/c tezlik bilan o‘sadi. Zanjirga o‘zgarmas U B
kuchlanish berilgan. Elektr zanjirdan tc. vagt miqdorida o‘tgan

zaryadni aniglang (Javob : U\nR+at)m
a R

9. Yer atmosferasi massasini uning zichligi, balandlik
oshishi bilan p = p 0 e &'gonun bilan o‘zgarsa, bu yerda h- yer
sirtidan garalayotgan nuqtagacha bo‘lsa, hisoblab toping. (Yer
radiusi “R” bo'lgan shar deb hisoblanadi).

(Javob: (4npn(a2R2+ 2aR + 2))/a3).

10. lJism temperaturasi T=20°C bo‘lgan muhit bilan
goplangan. Sovutish  natijasida  jismning  temperaturasi
100" paH 60° ga tushgan. Sovutish boshlanishidan gancha vaqt

keyin jismning temperaturasi SO~Cga tushadi? (Javob: Isoat).

11. Massasi “m” bo‘lgan moddiy nugta chizigli zichligi p
bo'lgan cheksiz sterjendan “t ” masofada joylashgan. Qanday
kuch bilan sterjen nugtani tortadi? ( Javob: nypT/l,)y —
gravitatsion o‘zgarmas).

12. 0 ‘q qalinligi “h” bo‘lgan taxtani teshib o‘tgandan keyin
tezligi vLdanv2 ga o‘zgaradi. Qarshilikni tezlikning kvadratiga
proporsional deb hisoblab, 0‘gning taxta ichidagi vagtini toping?

(Javob: h(\ -0 2)/(> u2In—) .
~
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10. BIR NECHA O'ZGARUVCHILI FUNKSIYAEARNING
DIFFERENTSIAL HISOB1
10.1. BIR NECHA 0 ‘ZCARUVCHIU FUNKSIYA
TUSHUNCHASI. XUSUSIY HOSILALAR

Aytaylik, biror D(X)y) sohada har bir tartiblangan (X.y)
juftlikka aniq zEEczR son mos go‘yilgan bo'lsin. U holda z, X vay
larga bog'lig bo*lgan ikki o*zgaruvchilifunksiya deyiladi. x va y
o‘zaro bog'lig bo‘lmagan o‘zgaruvchilar yoki argumentlar
deyiladi. D to'plam funksiyaning mavjudlik yoki aniglanish
sohasi, E to‘plam esa funksiyaning giymatlari sohasi deyiladi.
Simvolik ravishda ikki o'zgaruvchili funksiya z =f(x,y)
ko'rmishda yoziladi, bu yerda / moslik gonuniyatini belgilaydi.
Bu gonuniyat analitik ko'rinishda (formula orgali), jadval
yordamida yoki grafik ko'rinishda berilishi mumkin.

Umurnan olganda dekart koordinatalari sistemasi Oxyz
kiritilgan fazoda har ganday z = /7 (x,y) tenglama biror sirtni
aniglaydi, ya’ni ikki o'zgaruvchili funksiyaning graflgi deganda
koordinatalari z =f(X,y) tenglamani ganoatlantiruvchi fazodagi
M(x,y,2) nugtalar to'plamidan hosil gilingan sirtni tushunamiz.
(10.1 - rasm).

Geometrik nuqgtai nazardan, funksiyaning aniglanish sohasi
D, odatda shu sohaga tegishli yoki tegishli bo'Imagan chiziglar
bilan chegaralangan Oxy tekislikning biror gismini tasvirlaydi.
Birinchi holatda D soha yopiq soha deyiladi va D bilan
belgilanadi, ikkinchi holatda esa ochiq soha deyiladi.

1 - misol. z—In(y-x2+2x) funksiyaning D aniglanish sohasini
va E —giymatlar sohasini toping.
> Berilgan funksiya Oxy tekislikning y-x2+2x > 0 yoki

y> x2-2x 0'rinli bo'ladigan nugtalaridagina aniglangan.
Tekislikning y=x2-2x tenglikni ganoatlantiradigan nugtalari D

sohaning chegarasini tashkil giladi. y=x2~2x paraboladir. (10.2 -

rasm.) Parabola D sohada yotmaganligi uchun shtrixli chiziglar

bilan tasvirlangan). y>x2~2x tengsizlik o'rinli bo'ladigan nuqtalar
paraboladan yuqorida yotishini tekshirish oson. D soha ochiq
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X

atrof boiib, (10.2 - rasmda y shtrixlangan) uni quyidagi
tengsizliklar sistemasi bilan aniglash mumkin:
D: {—o0 < X < +00, X2—2X < N < +00]

il* N

W I " 4

10.1. rasm 10.2. rasm

Ikki o‘zgaruvchili funksiyaning tarifmi uch va undan ko‘p
o‘zgaruvchilar uchun urnumlashtirish giyin emas.

Agar biror n - oichamli fazoda x/,...x,, 0‘zgaruvchilaming
har bir { x x ,) to‘plamiga, y ning biror aniq giymati mos
go‘yilsa, u holday kattalik Xj,...,xno‘zgaruvchilaming funksiyasi
deyiladi va simvolik ravishday=f(xi,...,xn) ko‘rinishda yoziladi.

0 ‘zaro bogiiq boimagan X X N o‘zgaruvchilaming
giymatlari to'plami n o‘lchamli fazoda M(xi,...,x) nugtani
aniglaydi, u holda har ganday ko‘p o‘zgaruvchili funksiyani
odaida mos o‘lchamii fazodagi M nuqtaning funksiyasi deb
garaladi: y=f(M)

Agar har ganday e > 0 son uchun, shunday S > 0 son
mavjud bo‘lib, \X--—--x0]< 5va[u- u0]< S shartlarni
ganoatlantiruvchi x va>' lar uchun

\f(x,y)-A\ < E

tengsizlik o‘rinli boisa, u holda A soni z=f(x,y) funksiyaning
MO(XQU(j) nugtadagi limiti deyiladi.

Agar A soni f(x,y) funksiyaning MO(xQyo) nugtadagi limiti
boisa, u holda quyidagicha yoziladi:

A= = g/ (X
§£558 (X>Y)
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2 - raisol. A = Hrnmx™o S — limitni hisoblang.
3,70 <IX2+y2+ |- Nl

> Limit belgisi ostidagi ifodada almashtirishlar bajarib,
quyidagiga ega bo‘lamiz.
(x2+y2)(Ix2+y2+1 +1)

A= lim —
y20{n/x2+y2+1- )(V*2+y2+ 1+ 1)
= y_*0(,4y,|? %7 T - |imy_,>-d(VF-+?TT +
1) =27
Agar lim*»*, f(x,y) = f(x0,y0) tenglik o'rinli boisa,
Y~*¥o

z=f(x,y) funksiya MQO(x0,y0) nugtada uzluksiz deyiladi.

Masalan, z=]/(2x2+y2 funksiya cheksiz ko‘p uzilishga ega
boiadigan M(0,0) nugtadan lashqari, tekislikning barcha
nugtalarida uzluksizdir.

Biror D atrofning barcha nugtalarida uzluksiz boigan
funksiya, berilgan D sohada uzluksiz deyiladi.

Agar Yy ni o'zgarmas deb olib, X o‘zgaruvchiga biror
[Ox orttirma bersak, u holda z= f(x,y) funksiya x o‘zgaruvchi
bo‘yicha z funksiyaning xususiy orttirmasi deb ataluvchi

AXz orttirma oladi.
Axz = f(x + Axy) - f(X,y)

Xuddi shu kabi, z=/(x, y) funksiyada x ni 0‘zgarmas deb
olib, u ga Ay orttirma bersak, u holda y o‘zgaruvchi bo'yicha z
funksiyaning xususiy orttirmasi quyidagicha boiadi.

Ayz = f (x,y + Ay) - f(x.y)

Agar
lirn Axz dz p
ATE A = ox = = Xxy)
AyZ dz ‘
Ay>o£\y___2¥_ }//(Xy)

limitlar mavjud boisa, bu ifodalar z=/(x,y) funksiyaning
mos ravishda x va y o‘zgaruvchilar bo'vicha xususiy hosilalari
deb ataladi.
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Ixtiyoriy sondagi o‘zaro bog'lig bo'lmagan o‘zgaruvchilarga
ega bo‘lgan funksiyaning xususiy hosilalari ham shu kabi
aniglanadi.

Ixtiyoriy o'zgaruvchi bo‘yicha olingan xususiy hosila, golgan
o‘zgaruvchilarni o‘zgarmas degan shartda shu o‘zgaruvchidan
olingan hosilaga teng bo'lgani uchun bir o‘zgaruvchili fimksiyani
differensiallashning barcha qoidalari va formulalari ko‘p
o'zgaruvchili  funksiyaning xususiy hosilalarini topish uchun
o'rinlidir. 4

3 —niisol. Z=arctg- funksiyaning xususiy hosilalarini toping.

» Xususiy hosilalami topamiz:

dz 1 c( yy. y
ox 1+ {y/x)2 v x2 X2+ y2
d2 1y 1. A
dy 1+pr/x)2 x XZ+y2
4 - niisol. (x +y + r) funksiyaning xususiy

hosilalarini toping.

> Xusu5|y hosilalarini topamiz.
= 22+ y2 +22) x xz;'g;'z'rizx 2

1
21n(x2+y2+ 223 X5 3:')7'2_1_22 2y
2\r\(x2+y2+22) X ———- X 22<

Bog'lig bo' Imagan ozgaruvchllardan b|r| 0‘zgarmas,
ikkinchisi o'zgaradi degan shartdagi z=f(x, y) funksiyaning
differensiali xususiy differensial deb ataladi, yani tarifbo'yicha

dxz = fx(x,y)dx, dyz = fy (x,y)dy

bu yerda, dx=AXx, dy- Ay lar o‘zaro bog'liq bo'Imagan
o'zgaruvchilaming ixtiyoriy orttinnalari  bo'lib, ulaming
differensiallari deb ataladi. Bu uch o'zgaruvchili vs=f(xy,z)
funksiya uchun ham o'rinlidir.

5-misol. w —(xy2Y funksiyaning xususiy differensiallarini
toping.

» Berilgan funksiyaning xususiy differensiali

dxw = z3(xy2)zi~1 x y2dx,dyw = z3(xy2y 3~1x 2xydy

dw
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dzw = (mry2)2 x In(xy?2) x 3z2dz 4
6 -misol. w = -Jx2+y 2+ z2—xyz funksiyaning M(2,-2,1)
nuqtadagi xususiy hosilalarining giymatlarini toping.
» Xususiy hosilalami topamiz:

dw X dw y
dX Jx2+y2+z2 N dy sx2+Y2+z2
dw z

- = - - )(y
dz  yjx2+y2+z2
Hosil gilingan ifodalarga berilgan nugtaning koordinatalarini
go‘yamiz.

2 8 dw 2 8
dz mMm=3+2= m- ~3“2--3
dzIM _ 3 3
I0.1.- AT

1. Quyidagi funksiyalaming aniglanish sohasini toping,

a)z = Vu2—2x + 4) b)z = "== + yix—u

v)z =Inx+Incosyc)z = p/x2 + y2—9

2. Ko'rsatilgan funksiyalaming xususiy hosilalarini toping,

a)z =(x2+y2—xy2)3b) z =arcsin-

c)z=xMy+ d)yz=In(x +Yyjx2+y?2)

g)z = In(x xy + Inx x y) e) u=arctg(xy/z)

) MA7-Y(X2+ y2)(x2+ z2) z) w=(xy) 2 —1

3. Agaru=In(l+x+y2+ z2 boisa Wk + Uy + I'z ning
MQ(1,1,1) nugtadagi giymatini hisoblang. (Javob: 3/2)

4.z = X + N + p/x2 + y 2 funksiyaning xususiy hosilalarining
MQ(3,4) nuqgtadagi giymatlarini hisoblang. (Javob: 2/5, 1/5)

5. Quyidagi funksiyalaming xususiy differensiallarini
toping:

a)z=1In "x2+y2b)z = arctg "y

c) U=xyz d) u -*2+y2-z2
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Mustaqil ish
1. Quyidagilami toping:
a) funksiyaning aniglanish va giymatlar sohasini:

z=In(4-x2+ y2;
b) funksiyaning xususiy hosilalarini
z = sin (xcosy+ysin x);

v) funksiyaning xususiy differensiallarini

u=lh-_ Y7

X2+yz+z2
2. Quyidagilami toping:
a) funksiyaning aniglanish va giymatlar sohasini
z = yl4 —x2+ u;
b) funksiyaning xususiy hosilalarini
u=arcsin y]xy2z3;
v) funksiyaning xususiy differensiallarini
Z= -/(x2+ ¥Y2)I(x2—Y2)-
3, Quyidagilami toping:
a) funksiyaning aniglanish sohasini va giymatlarini
Z = YjX X U+ X —n;
b) funksiyaning xususiy hosilalarini
u=tg2(x-y2 + z3);
v) funksiyaning xususiy differensiallarini
z = \j{x2—y2)2.

10,2. TO LA D1IFFERENSIAL. OSHKORMAS VA
MLRAKKAB FUNKSIYALARM DEFFERENSIALLASH

Az = f(x + Oxy + Ox) —f{X, y)
ayirmaga z= f{x,y) funksiyaning to‘la orttirmasi deb
ataladi.
z= f{x,y) funksiyaning toia differensialming, o‘zaro
bogiiq bo‘lmagan Ax va Ay o'zgaruvchilaming orttirmasiga
chizigii bogiiq boigan bosh qismi, funksiyaning to'la
differensiali deb ataladi va quyidagicha belgilanadi dz.
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Agar funksiya uzluksiz xususiy hosilalarga ega bo‘lsa, u
holda to‘la differensial mavjud bo‘ladi va auyidagiga teng
bo‘ladi.

dz—é\x-dx+’5y-dy (50.1)

bu yerda dx = Ax,dy = Ay - o0 zaro bog 1ig bo ‘Imagan

0 zgaruvchilarning differensiallari  deb ataluvchi ixtiyoriy
orttirmalardir.

n o'zgaruvchili u= f(x ,x2..xn) funksiya uchun to‘la
differensial quyidagi ifoda bilan aniglanadi.

du:—dx1+—dx2+-+9—dxn (10.2)
dxt 1 dxz xn n

1-misol. z = X2 —Xxy + y 2 fimksiyaning to‘la orttirmasi va
to‘la differensial ini toping

» Tarifga asosan

Az = (X + AX)2-(X+AX)(Yy+AY)+ (y + Ay)2-x2+ Xy - y2
X2+2XAX+AX2ZXY-XAY-UAX-AXAY+Y2+2y Ay + Ay 2-
— X2+XY-y2==2XAX-XAy+2yAy-YyAX+AX2-AXAY+Ay2=(2x-y) Ax+
+(2y-x) Ay +Ax2-AxAy+Ay2

(2x-yj Ax +(2y-x) Ay ifoda Ax va Ay larga nisbatan chizigli
bo‘lib dz HuHr gudpcbepeHumannamp, a~Ax'-AxAy+Ayl kattalik
esa Ap = YJAX2+ Ay ga nisbatan yugori tartibli cheksiz
kichikdir. Shunday qilib, Az = dz+aA

2 - niisol. u=In2(x2+ y2—z2 ) funksiyaning to‘la
differensialini toping.

» Awal xususiy hosilalami topamiz:

ddX:ZIn(\}gZ+y2- z2) x
u C 1 :
W—le'(ﬂp +y —22) XQI_)_/Q_:-Z-QX 2y,

0 1

du—2I XZ 3 X X (-2
dz 7 2IN0@r gz 20 Xogysgp X (22,

(10.2) formulaga asosan quyidagiga ega bo‘lamiz.

du- 4In(x2+y2- z2) X -2 \--- X (XdX + vdy - zdz) =

Az« dz bo‘lgani uchun ko‘p hollarda to‘la differensial
fimksiyaning giymatini tagribiy hisoblashda qo‘llaniladi, yani

2X
X2+y2—z2’
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f(xn+Ax,y+Ay) f(xQyo)+ dz(xo,yo)
3- misol (1,02/0Lni tagribiy hisoblang.
» z-xy fimksiyani garaymiz. xg=1 vayo=3 da quyidagilarga
ega bo‘lamiz.
z0=13=1; Ax=1,02-1=0,02, Ay = 3,01 - 3 = 0,01
z=xu fiinksiyaning ixtiyoriy nugtadagi to‘la differensialini
topamiz.
dz = yxu=-"Ax+xunx Ay
Berilgan Ax=0,02 vaJly = 0,01 orttinnalami etiborga olgan
holda buning M (1;3) nugtadagi giymatini hisoblaymiz.
dz =3-12-0,02+13Inl-0,02=0,06
U holda z=(1,02)30 z,,+ dz=1+0,06=1,06 <
z = f(u,v)funksiya, bu yerda u=<p(xy), v= (p(X,y) X vay
o'zgaruvchilarning murakkab funksiyasi deb ataladi. Murakkab
funksiyaning xususiy hosilalarini topish uchun quyidagi

formulalardan foydalaniladi:
dz _ dzdu dz dv

~x ~ pgli~gx  dvdx’
dz _ dzdu dz dv

dy dudy dvdy
u=(p(x), v=y/(x) bo‘lgan holda (10.3) formulaning ikkinchisi
aynan no‘lga aylanadi. Birinchisi esa quyidagi koiinishga ega
boiadi.
dz dzdu dzdv
dx dxdx dvdx'
Oxirgi formuladagi & ifoda funksiyaning to‘la hosilasi deb

ataladi (E xususiy hosiladan fargli ravishda.)

4 — misol. z =sin(uv) funksiyaning xususiy hosilalarini
toping, bu yerda u=2x+3y, v=x+y.
» Quyidagiga egaboiamiz:

cos (2x3/+3xy2

~ =vcos(ilv) -2 + ncos(n x v) sy
(4xy+3y3

N = vcos(uv) m3 + ncos(u X v) X
(6xy+2x29 A

cos (2x3/+3xyJ



5 - misol. U=x+u2+z3 funksiyaning to‘la hosilasini toping,
bu yerda y=sinx; z=cosx
» Quyidagiga ega boiamiz:

_ — 4 — -4 — —— + i —
dx  dx dyxdx dZde I +2y cosx+3 z 2(-sinx)

=1+ 2sinxcosx —3 cosXsinx -4
Agar F(x,y) = 0 tenglama oshkormas ravishda ikki
o‘zgaruvchili z(x,y) funksiyani ifodalasa va Fz(x,y,z) ®0 boisa,
u holda quyidagi formulalar oiinlidir:
dz _ K(Xxyz) & _ _ Fulxyz2)
dx  Fz(xy,zy du Fz(x,y,z) ’
6-misol. Oshkormas ravishda berilgan x3+y3-ex+5=0
tenglamadan y funksiyaning hosilasini toping.
» (10.6) formulaga asosan, quyidagiga ega boiamiz.

du _ 3x2-exyxy .-
dx ~  3y2-e xYxx o
7 - misol. Oshkormas ko‘rinishda berilgan xyz+x -yr-z +5=0

tenglamadan z funksiyaning xususiy hosilalarini toping.

» (10.7) formuladan foydalanib, quyidagiga ega boiamiz:
dz _ yz+3x2 dz _ xz-by2 ~
dx xy-3 x2' dy Xy- 3x2

10.2 -AT

1. Quyidagi funksiyalaming toia differensialini toping.

a) z=x3+xy2+x2;, b) z=e¥B \j U=sw2(xy23

2. Funksiyalaming mos orttirmalarini ularning to'la
differensiallari bilan almashtirib, berilgan ifodani taqribiy
hisoblang:

a) (102f- (0,97f ; b) V(4,05)2 + (2.,93)2 (Javob: a)0,97;
b)4,998.)

3. Agar u=xsiny, v=ycosx boisa, z=yju2 + v 2 funksiyaning
xususiy hosilalarini toping.

4. Agar u=xy, v=x/u, t=exyboisa, w = In (us+v3-t3
funksiyaning xususiy hosilalarini toping.

5. Agary=siny[x boisa z=tg2(x2-y 29 funksiyaning hosilasini
toping.

184



6. sinxy-x2-y2=5 tenglama bilan oshkormas ravishda berilgan
n funksiyaning hosilasini toping.

7. Xyz- sin2xuz+x3+y3+ z3=7 tenglama bilan oshkormas
ravishda berilgan z funksiyaning xususiy hosilalarini toping.

8.x2+y2f z2—xyz —2 tengiama bilan oshkormas holda
berilgan z funksiyaning xususiy hosilalarining Mn(1,1,1)
nuqtadagi giymatlarini hisoblang.

Mustaqil ish

1. Quyidagilami toping.

a) u=z mrctg(x/yj funksiyaning to‘la differensialini;

b) sinXy2+cosy/x2=1  tenglama  bilan  berilgan vy
funksiyaning hosilasini.

2. Quyidagilami toping:

a) z=ctg2('xy2-y3+x%/) funksiyaning to‘la differensialini;

agary = e~x~bo'lsa,

b) z —arctgjx2-fy 2 funksiyaning hosilasini.

3. Quyidagilami toping:

a) z —ecos2 funksiyaning to'la differensialini;

b) x2y2z2+ 7y4—8xz3+ z4 = 10 tenglama bilan
berilgan z funksiyaning xususiy hosilalarini.

10.3. YUQORI TARTIBLI XUSUSIY HOSILALAR
URINMA TEKTSLIK VA SIRTNING NORMALI

Birinchi tartibli xususiy hosiladan olingan hosila ikkinchi
tartibli xususiy hosila deb ataladi.
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Uchinchi va undan yuqori xususiy hosilalar aynan shu kabi
aniglanadi. p)(l%/ﬁ_l(yozuv z funksiya x o‘zgaruvchi bo‘yicha k

marta, y 0‘zgaruvchi bo‘yicha n-k marta differensiyallanganligini
bildiradi. fxy{x,u) va fyX(x,y) xususiy hosilalar aralash xususiy
hosilalar deb ataladi.

Aralash xususiy hosilalar uzluksiz boMgan barcha nuqtalarda
ulaming giymatlari teng bo‘ladi.

1 - misol. z-= exy funksiyaning ikkinchi tartibli xususiy
hosilalarini toping.

» Awal birinchi tartibli xususiy hosilalarini topamiz:

JX = ex2% xy2,— = ex2Y2m2x2y.
Yana bir marta differensiallab quyidagiga ega bo‘lamiz:
0 = WX2y4 + exy2 my?2,

d2
q Z%-ex;? wx2y2+ eXy *2x2,

d2z

dxdy exy mXiys+ exy e<4xy,

= exzy? l4x3y3 + ex2y2 mxy.

Z
= —ekannllgml
xdy — oydx

dudx
Oxirgi ikki ifodani sollshtlrlb

ko‘ramiz. A

d2z | d2
2 - misol z = arctg - funkS|ya i< Laplas

tenglamasini ganoatlantirishini isbotlang.
» Quyidagilami topamiz:

dz y dz X
dx X2+y2'dy x2+y?2
UHo}ﬂia d2z d22 — _ 2yX 2XY__—g.4

dx 2 dy2  (x2+y2)2  (x2+y2)2

z=f(x,y) funksiyaning ikkinchi tartibli to‘la differensiali d2z
quyidagi formula bilan ifodalanadi.
_d2z d22

2
dz=—dx= —dxdy +d—

Z
= daxi 2 axdy [dy2

dy*
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X

3 —miso! z=x +y +x?y funksiyaning ikkinchi tartibli to‘la
differensialini toping.

H Ikkinchi tartibli xususiy hosilalami topamiz.
v y2+2ry;

52 — g* +2y2; a2 — By +m;ﬂ?‘ = fxy.
Shunday qilib,
d2z = (6x + 2y 2)dx + 8xydxdy + (6y + 2x2)dy2-4

Agar sirt z=f(x,y) tenglama bilan berilgan bo‘lsa, berilgan
sirtga Mo(x0,y0,Z0) nuqtada o ‘tkazilgan urinma tekislik tenglamasi
quyidagicha bo'ladi:

Z- 20 = fx(x0ly0)(x - x0) + fy(xQy0)(y - y0). (30.8)

Sirtga Mo(xo,yo,) nugta orgali o‘tkazilgan normalning kanonik

tenglamasi esa quyidagicha bo‘ladi.

X~x° N ¥YYo N z7° no 9)
x~"Xo'Vo)  fy (x0,y0) -1

Sillig sirt tenglamasi oshkormas holda F(x)y, z)=0 va
F(x0,y0,z0)=0 ko‘rinishda berilgan bo‘lsa, u holda MO0(x0yo,)
nuqgtadagi urinma tekislik tenglamasi quyidagi ko'rinishda
bo;ladi.

dz
x - 3x2+ 2xy?2

Fx(x0,y0,z0Xx - xQ - Fy (x0ly0,z0)(y - y0) +

Fz (x0,y0,z0)(z - z0) = 0, (10.10)
normalning tenglamasi esa:
X-X p Y-Yo z-za n non)

XOOWYY)  Fy(0y0z0) E(OMAD)
4-misol. x3+ y3+z3+xyz-6=0 sirtga Mo(l,2,-1) nugtadagi
xususiy hosilalaming giymatlarini hisoblaymiz:
» Fx(x0,y0,z0) = (3x2+yz) (M = 1,
F (x0,y0,z0) = (3y2+xz) W= 11,
Fz {x0ly0,z0) = (3z2+yx) (M = 5.
Bularni (10.10) va (10.11) tenglamalarga qo‘yib, mos
ravishda urinma tekislik tenglamasi
(x-D+11(y-2)+5(z - 1)=0

va normalning kanonik tenglamasini topamiz:
x-1 _ y-2 _ z+l »

1 ~ 11 _ 5
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10.3-AT
1. Quyida ko‘rsatilgan funksiyalaming ikkinchi tartibli
xususiy hosilalarini toping va ularning aralash hosilalarini
tengligini tekshiring.
)z =" (x2fy2)3

b)z —In(x +-Jx2+y2);
V) z = ex(siny 4- cosx);
g)z = arctg

2.z = ex(xcosy —ysiny) funksiyaning " =0

tenglamani ganoatlantirishini isbotlang.
3. z = ecos(x+3y) funksiyaning 9 x — =~ tenglamani

ganoatlantirishini isbotlang.

4. Xy z2 +2y2+3y z +4 = 0 sirtga Mo(0,2,-2) nuqtada
o'tkazilgan urinma tekislik tenglamasi va normal tenglamasini
toping.

5. z=-x2—y2 sirtga Mo(3,l,4) nugtada o4kazilgan
urinma tekislik va normal tenglamasini toping.

(Javob: 3x-y- z=4, =—3)

6. x?+2y2+ z2=1 ellipsoid uchun x-y+2 z = 0 tekislikka
parallel urinma tekislik tenglamasini yozing.

Mustaqil ish

1. 1. z=In(x2+y) funksiyaning ikkinchi tartibli
hosilalarini toping.

2. X2+2y2+ 3z 2=6 sirtga Md1,-1,1) nuqtada o‘tkazilgan
urinma tekislik va normalning tenglamasini yozing.

2. lLz= exy2 funksiyaning ikkinchi tartibli hosilalarini
toping.

2.z = 1 + x2+y2sirtga Md1,1.9 nuqgtada o'tkazilgan urinma
tekislik va normalining tenglamasini yozing.

3. 1,z=(x+y)/(x-y) funksiyaning ikkinchi tartibli xususiy
hosilalarini toping.
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2. X2z-xyz+y2-x-3=0 sirtga Mo(-2,3,z0) nuqtada o‘tkazilgan
urinma tekislik va normalining tenglamasini yozing.

10.4. IKKI 0 *ZGARUVCHILI FUNKSIYANING
EKSTREMUMI

Agar M0O(xn,yo.) nuqgtadan fargli va uning yyetarlicha kichik

atrofiga tegishli barcha M(x,y) nuqgtalar uchun
f(x0y0Q>f(x.y) (f(xo,yo)<f(xy))

tengsizlik o‘rinli  bo‘lsa, MO(xQyo,) nuqgta z= f(x,v)
funksiyaning lokal maksimumi (minimumi) deb ataladi.
Funksiyaning maksimum yoki minimumi uning ekstremumi
deyiladi. Funksiya ekstremumga erishadigan nuqta, funksiyaning
ekstremum nugqtasi deb ataladi.

7 —teorema. (Ekstremum zaruriy sharti).

Agar Mo(xo,yo.) nugtaf(x,y) funksiyaning ekstremum nuqtasi
bo'lsa u holda fx{xQ 0) =fy(x0y0) =0 bo‘ladi yoki bu
hosilalardan birontasi mavjud bo‘Imaydi.

Shu shart bajariladigan nuqtalar statsionar yoki kntik
nuqtalar deb ataladi. Ekstremum nuqtasi har doim statsionar
nugta bo'ladi, ammo statsionar nuqta ekstremum nuqtasi
bo‘lmasligi ham mumkin. Statsionar nuqta ekstremum nugtasi
bo‘lishi uchun, ekstremum mavjudligining yyetarli sharti
bajarilishi kerak. Ikki o‘zgaruvehili funksiya ekstremumining
mavjudligining yyetarli shartini tariflash uchun quyidagicha
belgilashlar kiritamiz:

A=/ (x0y 0), B =f"y (n0§0), C= f"y (x0y0), I=AX C-B 2

2- teorema. (Ekstremum yyetarli sharti).

Aytaylik z=f(x,y) funksiya Mo(xo,yo,) statsionar nugtani oz
ichiga olgan hiror sohada uchinchi tartibli uzluksiz xususiy
hosilalarga ega bo ‘Isin. U holda:

1) agar A>0 bo‘lsa n holda Mo(xoyo.) nugta berilgan
funksiya uchun ekstremum nugqtasi bo ‘ladi, bunda M0 nuqta

A < 0(C < 0) bo'lganda maksimum nugtasi va A > 0(C >
0) bo ‘Iganda minimum nugtasi bo ‘ladi;
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2) agar < 0 bo Isa, n holda Mo(xoyo>) nugtada ekstremum
yo'q;
3) agar A= 0 bo'lsa, un holda ekstremum bo’'lishi ham,
bo ‘Imasligi ham mumkin.

Ko'rinib turibdiki, uchinchi holda go'shimcha tekshirish talab
etiladi.
1- misol. z= X3+y3~3xy funksiyani ekstremumga tekshiring.

» Qaralayotgan misolda d—Zva L doimo mavjud boiadi,

shuning uchun statsionar (kritik) nugtalarni topish uchun quyidagi
tenglamalar sistemasiga ega boiamiz (1- teoremaga garang):

e 3x2-3 0
- = 3x2- =0,
oX y

dz_323 =0
ay—y-x—.

Tenglamalar sistemasini yechamiz:

x2—y =0 . .

Iya—X: (Jbundan xi= 0,x2 -l,yi=0,y2 1

Shunday qilib, Mi(0,0) va , M2(1,1) ikkita statsionar
nugtalarga ega boiamiz.

Quyidagilami topamiz:

d2z d2z d2z
A=T..=6x,B=— - =-3,C= =
AXT AXpy AyT

Uholda =AC-B2=36xy-9.

Mi(0,0) nugtada --9, yani bu nugtada ekstremum yo‘q.
M2(I,1) nugtada =27 OvaA = 6 > 0, bundan kelib chigadiki,
bu nugtada berilgan yunksiya lokal minimumga erishadi: zmin =
Sl<

z=f(x,y)  funksiyaning <p(x,y) = 0 shartda topilgan
ekstremumi shartli ekstremum deb ataladi. <p(x,y) = 0 tenglama
bogianish tenglamasi deb ataladi.

Shartli ekstremumni topishning geometrik masalasi z=f(x,y)
sirtning (p(x,y) = 0 silindr bilan kesishgandagi egri chizigning
ekstremal nuqtalarini topishga keltiriladi.

6y
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Agar (pipey) —O0 bog‘lanish tenglamasidan y yfx) ni topib
z=f(x,y) funksiyaga go'ysak, u holda shartli ckstremumni topish
masalasi bir o'zgaruvchili z=f(x,y(x)) funksiyaning ekstrernumini
topishga keltiriladi.

2 - niisol. z—xr-y2 funksiyaning vy 2x-6  shartni
ganoatlantiruvchi ekstremumini toping.

> y 2x-6 ifodani berilgan funksiyaga qo'yib bir
o'zgaruvchili funksiyaga ega bo‘lamiz:

72=X2-(2X-6)2 z--3x2+24x~36.

Quyidagini topamiz z' =-6x+24; bundan x=4. Shunday qilib

z" =-6 0, u holda berilgan funksiya Mi(4,2) nuqtada shartli

maksimumga erishadi: zmax~12. <

Differensiallanuvchi funksiya, chegaralangan yopiq D sohada
0‘zining eng katta (eng kichik) giymatiga yoki D sohaning ichida
yotuvchi statsionar nugtada yoki shu sohaning chegarasida
erishadi.

Funksiyaning yopiq D sohadagi eng katta va eng kichik
giymatlarini topish uchun, uning berilgan sohaning ichida va
chegarasida yotuvchi barcha kritik nuqtalami topish zarur,
funksiyaning shu nugtalardagi va shuningdek, chegaralaming
golgan barcha nuqtalaridagi qiymatlari hisoblanadi, so‘ngra
solishtirish yo'ii bilan hosil gilingan sonlardagi eng katta va eng
kichiklari tanlanadi.

3 - misol. z-x2-'ny2-xy+x+y funksiyaning x=0, y=0, x+y=-3
chiziglar bilan chegaralangan sohadagi eng katta va eng kichik
giymatlarini toping.

» Quyidagi tenglamalar sistemasidan M) statsionar nugtani
topamiz:

dz

0—X=2x-y +1 =0,
dz _
a—;—Zy—x+I =0

Bundanx=-J, u=-l. zl=z(-I,-1)=1 bo‘lgan Mt(-1,-1) nugtani
hosil qiilamiz.
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Berilgan funksiyani ehegaralarida tekshiramiz.
x=0 boigan OB to‘g‘ri chiziqda

z=y2+y ga ega boiamiz va masala

bir oichovli funksiyaning [—3,0]

\n »M0
giymatlarini topishga keltiriladi.
Quyidagilarni topamiz: p 3
S
Zy =2y +1=0x = —2zyy =2 8
22=12(C boiadigan

M2(0r ~) shartli lokal minimum nuqgtani hosil gilamiz. OV
kesmaning chekka nugtalarida z3 = z(0; —3) = 6,z4 =z(0; 0) =
0 boiadi.

Xuddi shu kabi v=0 boiadigan OA kesmada quyidagilarga

ega boiamiz: z=x2+x, Zx=2x+I, x=-1/2, zxx = 2, yani M3(- 0)
- lokal minimum nuqgta boiib. bu nugtada z5=(-~, 0)=  boiadi.
A nugtada z6=2z(-3;0)-6 boiadi. x+u=3 to‘g‘ri chiziqdagi AB
kesmada y=-x-3 ifodani z funksiyaga qo‘yib, quyidagilarni hosil
gilamiz.
z=3Xx2+9x+6, zx-6x+9=0, X--3/2.
Bundan, z4 = = boiadigan M4(-

nugtani topamiz. AB kesmaning chetki nuqtalaridagi funksiyaning
giymatlari topilgan. z funksiyaning barcha topilgan giymatlarini
solishtirib, quyidagi xulosaga kelamiz, Af-3,0) va B(0,-3)
nugtalarda o‘zining eng katta giymatiga erishadi zmax = 6, Mt(-
1,-1) statsionar nugtada esa zmin =-1 boiadi. 4
4 - misol. To‘g‘ri burchakli parallelepipedning toia sirtining
yuzi S ga teng. Eng katta hajmga ega boiadigan oichamlarini
toping.
> To'g'ri burchakli parallelepipedning hajmi V=xXy x z ga
teng, bu yerda x,y,z —parallelepipedning oichamlari, uning toia
sirtining yuzi esa S=2(xy+xz+yz) ga teng.
S—2x Sxxx —2X2y 2
(x+yy)’ 2())l(+y = V\(IX yf
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V = V(x,y) funksiyaning ekstremumini topamiz:
dv  y2{S —2x2—4xy)

Y ox+y)2 ol
dK  x2(5 —2yZ—4xy)
du 2(x +y)2 -

x>0,y>0 bo‘lgani uchun oxirgi sistemadan x=y=
ekanligi kelib chigadi. V=V(x,y) funksiyaning maksimumi
boiadigan yagona S nugtaga ega bo‘ldik. (yani masala

yechimga ega!), shuning uchun maksimum mavjudligining
yyetarli shartini tekshirishning hojati yo‘q.
Quyidagini topamiz:

S-f 2x5
2= 4 =221 =376
4 4

Shunday qilib, qirrasi [ ga teng bo‘lgan kub eng katta
hajmga ega bo‘lar ekan. -4

104 - AT.

1. Quyida berilgan funksiyalarni lokal ekstremumga
tekshiring:

a) z~Xx3+3xy2-15x-12y;

b) z=x+xy+y 2x-y;

C) z=3xy-x"-y2~10x+5y;

(Javob: @) zmin = z(24) = -28 ,zmax = z(-2, -1) = 28;

b) zmin = z(1,0) = —1; s) ekstremum nugqtalari yo‘q.)

2. z-x+2y funksiyaning x2+y2=5 shartni ganoatlantiruvchi
ekstremumlami toping. {Javob: x=-I, y--2 bo‘lganda zmin —-5;
x=l, y=2 bo‘lganda zmax =5).

3. z=x -}r+4xy-6x+5 funksiyaning, x=0, y-—9, x+y=3
to'g‘ri chiziglar bilan chegaralangan sohadagi eng katta va eng
kichik giyrnatlarim toping. {Javob:

~e.kichik  ~(3,0) 9, Ze.katta



4. z=x2y (4-x-y) funksiyaning, x=0, y—6, x+y=6 to‘g'ri
chiziglar bilan chegaralangan sohadagi eng katta va eng kichik
giymatlarini toping. (Javob:

zekichik ~ ~(4j2) — —64,ZeMatta —z(2,1) —4.)

5. Hami V ga teng to‘g‘ri burchakli parallelepipedning,
sirti eng kichik yuzaga ega bo‘ladigan o'lchamlarini toping.

(Javob: girrasi MV ga tengbo‘lgan kub.)

Mustagqil ish
1. z=x3+y3-3x+2y funksiyani ekstremumga tekshiring.
(Javob: zmin = z(1, -1) =3)
2. M\Xy/y-x"-y+6x+3 funksiyani ekstremumga tekshiring.
(Javob: zmax = z(4,4) = 15))
3. z-3x2-x3+3y2+4y funksiyani ekstremumga tekshiring.
(Javob: zmin = z(0,-2/3) =- 1)

10.5. 10- BOBGA DOIR INDIVIDUAL UY
TOPSHIRIQLAR!
1. Ko'rsatilgan funksiyalaming aniglanish sohasini toping.

1.1. z=3xy/(2x-5y) 1.2. z =arcsin(x-y)
1.3. z="Ny2 —x2 14. z=In(4-x2y)
15. 2 =2/(6-x"-y) 1.6. z=yjx2+y2—5
1.7. z =arcos(x+y) 1.8. z =3x+y/(2-x+y)
19. z=p/9- x2 1.10. z =In(x2+y23)
111 z=42x2—y 2 1.12. z =Axy/(x-3y+)
1.13. z =Axy /(x +y2 1.14. z =arcsin(x/y)
1.15. z —n(y2x>) 1.16. z =x3/(3+x-y)
1.17. z =arcos(x+2y) 1.18. z =arcsin(2x-y)
1.19. z - In(9-x2y2) 1.20. z =*3 —x2—y 2
1.21. z=l/y/x2+y2- 5 1.22. 7 -4x+y/(2x-5y)
1.23. z =V3X —2/ (xz+y2+4) 1.24. 7 =5/(4- x2y)
1.25. z =In(2x-y) 1.26. z =7x3/(x-4y)
1.27. z=Jl —x —y 1.28. z =eV*2+y2-i

1.29. z=I/(x2+y2-6) 1.30. z =Axy/(x2—y 2)
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2. Quyidagi funksiyalaming xususiy hosilalarini va xususiy
differensiallarini toping.

2.1. z =In(u2-e-x) 2.2. z =arcsiriy[xy

2.3. z =arctg (x2+y2 2.4. z -cos(x3 2xy)

2.5. z =sin yfy/x3 2.6. z -tg(x3+y)

2.7. z =ctg -J~xy3 2.8. z =e~*2+Hy2

2.9. z =In(3x2-y) 2.10. z =arcos(y/Xx)

2.11. z -arcctg(xy2) 2.12. Z—€0Syjx2 +y?2

2.13. z =sin ~Njx —y 3 2.14. z =tg(x3y/4

2.15. z =ctg(3x-2x) 2.16. z =e2x*~y5

2.17. z =In (y/xy —1) 2.18. z =arcsin(2x%)

2.19. z -arctg (y?/y) 2.20. z =cos (x —yjxy3)

—aj X+y _ 2X+y2

2.21. z smx_y 2.22. 7z =tg==-2Lf

2.23. z =ctg 2.24. 7 =e~"1x2+Y2
/X~y

2.25. z - In(3x2)7) 2.26. z —arccos (X-y9

2.27. z =arcctg— 2.28. z —€0s 3~ -

229 7 =sin 2.30. z =e-(*3tY3
X+y

3.f(x,y,z) berilgan funksiyaning Mo(xo,yo,zo) nuqtada fi (M0,

fy (M0), fz (Mo) xususiy hosilalarining giymatini verguldan
keyin ikki xonagacha aniglikda hisoblang.

3.1.f(x,y,2)=Z/yjx2 + y 2, M0 (0.-1J). (Javob: fx (0,-1,1)=0,

/M(0,-1,1)=1,/20.-1,1)=1.)

3.2.f(x,y,2)=In(x+"->, M0 (1,2,1). (Javob: fx (1,2,1)=0.5,

195



in
CN
L}
I
CN
(0]
il
4 K
>[N
I— N
4%
n
4 s ™
N
+ |cN
2 K
¢ tJ
<N ]
0 N
N
-0 ir »o
0 .
3. ao
-3 fr>
00
o
1
CN
rH
-is
0
>
J3
ON
us ™
Oli K jje°
9
) jm
oy o
O , ri
uM X A
«l
CN
0 n
ioN
czr g Oj
CcN s4 it
CN
4/ rH
4N~

of

3N ¢l

s DNgr o33y

00

g

00

o our
£ «

A %

Hh3 23 ?

S

g

ir>

d

O
JK

?S
sK

1>
4 CNI »Ti
tin o o
o s}
1 20 ey . IM oo
» al
N m w m
m o % 4« _l N
N&was Bk 2 O mo TN o =0
i ! 00"
\2 N Cyf/‘oﬁl o, , 0" to g
" /\ Ll
° O o islw u o1”-r
N o N A KING AL !
; ON N © sf LY N ' %,
o m N Irc + an q d) 8 7S
- 1
4 -W?‘iﬁ/l ® n «J1 /\S <A M 4* 4 @ oA o
. M Vi - 0 r- r-4 >4 W
o Tr CN N 14+ I r~t 25 g S
CN o ] & r) A ° w © N d ri
N g ! NI§ AL N ? I
b R N A
00 imi <N U KIN G
N Kiav 4 N a
CN I o, ] ] I '
N rn N Ci T ni Klan oy N MO O
'&\ ‘ A ys b RN ANV 2 X
sit SY wmoTT e K . >r . K
»8 < r0 ~0 .cii "Jr -00 ! 0 qr<(5 a -(,3 ~ L, -0
> A oos > > § 2K 5> g os & s 9
»N <N ,Q <N A <N kS *n p5 »N <N m «
<5 O w "0 O n <4 ~ ** Fn A *4 A
r-
o
t~ . i
40 CN n
CN o in 0"
o' ' N
o ¥ on o te rn
(6 A o N oN oN
T of A vV or—t CN I in
N N on ~o-r
;nC o . Ci K «-In rxf A4
N o
A ¢ i oA S o) N w IG5
'uN S 3 NoCcos A~ Y N r\;_w' /\4
e <> . o - 42 7S
0' < ~ *N
WL si
), Ci - - oN
B> »1 A g i o A A *M Vo TR
or NS cigaci £ - bov v T
. - <3 <NCi R
O' Q“—/l ”1/ |A4 N CN (N“ ° 4* ™ !
4 N
g~ 25 4n QN o omn s
LI gl ]3 Iﬂ tE sl A T N T r
g TH & Lo T I:&NQ i o RAnU
- 5 4 o+ A,
S 1w (N o Po > J\r z s S @ *1 * N c m >
N 27 b 1N
Qo N ‘}9& N CN ‘nCi'tM o v o Im~  ‘na
T v 4 &S 3s - ;;‘S‘"W A
. BT VK 77 4S5 oA 1 'A_ B 4l - Sl
R R OLE ngb oy e e
g = os > g CN > g n § 4d n
K S M4 2 «d Q N *l' N 5 I 5 4
m 3- m » o » i 3 m tS 4



4.1.
4.3.
4.5.
4.7.
4.9.

4.11.
4.13.

4.15.
4.17.

4.19.

4.21.

4.23.

4.25.
4.27.
4.29.

5.

4. Ko'rsatilgan funksiyalarning to‘la differensialini toping.

z-2xy=4%y’
z=arctgx+Jy
Z =5xy4+2xy 7
z =In(3x2 —2y 2
z =arcsin(x+y)

z =7x3-y[xy

Z =ex+y~4

z =tg((x+y)/(x-y))
Z =xy4~3x3/+1

Z =2X3/ 2+x3y3
z ~arcsin((x+y)/x)
Z =yj3x2 —y 2 + X

Z -arcos (x+y)
Z =2- X3y3+5x
z=e>X

42. z=x¥ sinx - 3y

4.4. z =arcsin (xy)-3xy2
4.6. z =cos(x2 —y 2)+x3
4.8. z -5xy2-3xy4

4.10. z -arctg (2x-y)
4.12. 7 =yjx2 +y2 —2xy
4.14. z =cos(3x+y)-x*

4.16. z=ctg(y/x).
4.18. z -dnfx+xy-y2

4.20. z=y/3x2- 2y2+5
4.22. z =arcctg (x-y)
4.24., z -y 2~3xy-x4

4.26. z -In(y2-x2+3)
4.28. 7 =Tx- X3/ 2+y4
4.30. z=arctg (2x-yj

u=u(x,y), bu yerda x=x(t), y-y(t) murakkab

fimksiyaning t=t0 nuqtadagi hosilasining giymatini verguldan
keyin 2 xonagacha aniglikda hisoblang.

5.1.
5.2.
5.3.

5.4.
5.5.
5.6.

5.7.
5.8.

u=ex2y, x=sint, y=t3 t0=0. (Javob: I.)

n =In(ex+e~y), x=t2,y=t\ t0--1. (Javob: -2,5.)
n =yx x=In (t-1), y-e /2, to=2. (Javob: 1.)

n =e-2x+2, x=sin t, y=cos t, t0=" (Javob:-!.)
N =x2 ey, Xx=cos t, y=sin t, to=n. (Javob: -1.)

n =In(ex+ey), x=t2 y=t3 to—. (Javob 2,5.)

n =xy, x=e‘,y=In t, to=I. (Javob:1.)

n =ey-2x, X-sin ty—¥, to-0. (Javob:-2.)
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5.9. n=y? vy, x=sin t, y=sin, (Javob:0.)

5.10. u =In(e~x+ey), x=I", y~t3 to--Im(Javob:2,5.)

5.11. n =ey-2x-l, x=cos t, y-sin t, to=—~ (Javob: 2.)

5.12. n --arcsin (x4y), x=sin t, y=cos t, to=n. (Javob: 1.)
5.13. n-arccos (2x/y), x-sin t,y=cos t, to=n. (Javob: -2.)
5.14. n =x2/(y+l), x -J-2t, y=arctg t, to~0. (Javob: -5.)
5.15. n =xfy, x-ely-2-e2, to~0. (Javob: 3.)

5.16. u =In(ex+e3), x=", y="t3 to=I. (Javob: -2.)

517. n=*Jx +y 2+ 3, x=In t, y=t2 to=I. (Javob: 1,25.)
5.18. n =arcsin x24, x-sin t, y=cos t, to~n. (Javob: 0.)
5.19. n ~y2/x x=1-2t, y=1+arctg t, to=0. (Javob: 4.)
é].JZO. " zyx; X-sin t,y=cos t, torl—f. (Javob: -4.)

5.21. n=/x2+y + 3 x=Inty- 2 to~l. (Javob: 0,5.)

5.22. n =arcsin % X-sin t,y=cos t, to- n. (Javob: 0,5.)

5.23. n=-— x-sin 2t,y=tg2t, to=—. (Javob: -8.)

524. n=yjx +y + 3, x=In t, y-t2 tp=I. (Javob: 0,75.)

5.25. n =y/x, x-e\ y-1-e 2, to-0. (Javob: -2.)

5.26. n -arcsin 2x/y, x=sin t,y=cos t, to=n. (Javob: 2.)

5.27. n = In(e2x+ey, x=t2, y™t4 to—1. (Javob: 4.)

5.28. n =arctg (x+y), x=?+2, y=4-t2, to=I. (Javob: 0.)

529\m -yjx2 +y2+ 3 x-In ty-t3 to=I. (Javob: 1,5.)

m 5.30. n-arctg (xy), x=t+3, y=e\ to=0. (Javob: 0,4.)

6. Oshkormas funksiya ko‘rinishida berilgan z(x,y)
fimksiyaning xususiy hosilalarining MO0 (x0,y0,z0) nuqtadagi
giyinatlarini verguldan keyin ikki xonagacha amglikda hisoblang.

6.1. x3+Y3+z3~3xyz- 4, M0(2,1,1).

(Javob. zx(2,1,1)-3, zu(2,1,1)=-1.)

6.2. Xx2+y2+z2-xy=2, M((-1,0,1).

(Javob: zx(-1,0,)=-1, zu(-1,0,1)=0,5.)

6.3. 3x-2y+z=xz+5, Mo(2,1,-).

(Javob: Zx(2,1,-1)=4, zu(2,1,-1)=-2.)
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6.4. e z+x+2y+z=4, M((1,1,0).

(Javob: zx(1,1,0) =-0,5, zu (1,1,0) =-1.)

6.5. x2+y2+z2- z -4=0, MO(1, 1-1).

(Javob: 7x(l,1,-1)=0,67, zu (1,1,-1)=0,67.)

6.6. z3+3xyz +3y=7, MO(l,1,1).

(Javob: zx(I,1,1)=-0,5, zu (I,1,1)=-0,5.)

6.7. cosx+cosy+cosz=", MO( ~ J .

(Javob: zxr-, 8f, f>=-1, z, (f, f, % -L)

6.8. ez~1-I=cos x cosy+1, MO(0, ™1).

(Javob: zx(0, \,N=0, zy (0, \,H)=-1)

6.9. x2+y2+z2~6x=0, M0(1,2,1).

(Javob: zx(1,2,h)=2, zy (1,2,)=-2.)

6.10. xy=z2~1, M,,(0,1,-1).

(Javob: zx(0,1,-)=-0,5, zy (0,1,-1)=0.)

6.11. X2+2y2+3z2-yz+y=2, Mod U).

(Javob: zx(J,1,N=-0,4, zy (1,1,1)=0,8.)

6.12. x2+y2+z2+2xz=5, M((0,2,1).

(Javob: zx(0,2,)=-I, zy (0,2,1)=-2.)

6.13. X cosy +y cos z+z cos Xx=—, Mo(0, n)

(Javob: zx(0, n)=0, zy(0, n)=l.)

6.14. 3x3/2+2xyz2 2x¥+4yZ =4, M0(2,1,2).

(Javob: zx(2,1,2)=7, zy (2,1,2)=-16.)

6.15. X2~22+z2~4x+2z+2 =0, MO(1,1,1).

(Javob: zx(I,1,1)=0,5, zy (1,1,1)=1.)

6.16. Xx+y+z+2= xyz, Mo(2,-1 ,-1).

(Javob: zx(2,-1 ,-1)=0, zy (2,-1,-1)--1.)

6.17. x2+y2+z2~2xz=2, Mo(0,1,-1).

(Javob: zx(0,1,-1)=1, zy (0,1,-1)=1.)

6.18. ezxyz-x+1=0, Mo(2,1,0).

(Javob: zx(2,1,0)=-1, zy (2,1,0))=0.)

6.19. x3+2y3+z3~3xyz-2y-15=0, M(1,-1,2).

(Javob: zx(l,-1,2)=-0,6, zy (1,-1,2)=0,13.)
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6.20. x2~2xy-3y2+6Xx-2y+2z2~8 +20=0, M0(0,-2,2).
(Javob: zx(0,-2,2)=2,5, zy (0,-2,2) =2,5.)
6.21. x2+y2+z2=y-z+3, M((1,2,0).

(Javob: zx(1,2,0)=-2, zy (1,2,0) =-3.)

6.22. Xz+y2+2722+2xy-yz-4x-3y-z=0, Mo(l,-1,1).
(Javob: zx(I,-1,1)=2, zy (1,-1,1) =2))

6.23. X2y2-22+6z+2x-4y+12=0, L1} 0.1.-1).
(Javob: zx(0,1,-1)=-0,25, zy (0,1.-1) =0,75.)
6.24. Jx 2 +y 2+22~3z=3, Mo(4,3,).

(Javob: zx(4,3,)=0,8, zy (4,3,1) =0,6.)
6.25. x2+2y2+3z2=59, M((3,1,4).

(Javob: zx(3,1,4)=-0,25, zy (3,1,4) =-0,17.)
6.26. X2+Y2+z2~2xy-2xz-2yz=17, M(0(-2,-1,2).
(Javob: zx(-2,-1,2)=0,6, zy (-2,-1,2) =0,2.)
6.27. x3+3xyz -z 3=27, M0(3,1,3).

(Javob: zx(3,1,3)=2, zy (3,1,3) =1,5.)

6.28. Inz=x+2y- z+In3, Mo(l,1,3).

(Javob: zx(l,1,3)=3/4, zu (1,1,3) =3/2)
6.29. 2x2+2y2+z2 8xz-z+6=0, M((2,1,1).
(Javob: zx(2,1,D=0, zy (2,1,1)"-0,27.)

6.30. z2=xy-z+x2'4, MO(2,1,1).

(Javob: zx(2,1,1) 1,67, zy (2,1,1) 0,67.)

Namunaviy variantning yechimi

1 z=In(x2 3y+6) funksiyaning aniglanish sohasini toping.

> Logorifmik ~ funksiya argumentning fagat musbat
giymatlariga aniglangan, shuning uchun x2-3y+6 0 yoki 3y
x2+6. Demak, sohaning chegarasi x2~3y+6 0 yoki x2=3y-6
chizigdan iborat parabola bo*ladi.

Berilgan funksiyaning aniglanish sohasi parabolaning tashqi
nuqtalaridan iborat bo‘ladi. (104 - rasm.)

3 2
2. z7=e~" y funksiyaning xususiy hosilalari va xususiy
differensiallarini toping.



> Bir o‘zgaruvchili murakkab funksiyani differensiallash
formulalaridan foydalanib. avval xususiy hosilalarni topamiz:
BE— ,,-tyP+SJ* 1 (x2 +5)Q)~1 x N =Jie-VJW m__ |

3yj *X] 3e VFZ+s_nyZ
g.-e—V SW (. 1 (x2+ 5y2)-5.10y) =
1
3/(x2+Sy2)?

Ertdi xususiy differensiailami topamiz:
2x I br2

dz
dxz = — dx ~ 3 & X' By "_.Z+5y2

dyz =™ dy = - — e"\W2+5y2, L »
dy 3 V(* +5y )

3. f(x,y,z)=yfxy cos z funksiyaning Mo(l.l, ~) nuqtadagi fx

(M0, fu (Mo), /z (M0Q), xususiy hosilalarining giymatlarini
verguldan keyin ikki xona aniglikda hisoblang.
» Berilgan funksiyaning xususiy hosilalarini topamiz,

so'ngra ularning Mo(l,l, -) nuqtadagi giymatlarini hisoblaymiz:
fx(x,y,z) = cosz,fx (I,I,f) = 0,25,
fy(x,y,z) =jj~cosz,fy (I.1.f) = 0,25,
/z(xy,z) = - jxysinz, fz =-0,86 4
4, z-arctg  funksiyaning to'la differensialini toping.

» Berilgan funksiyaning xususiy hosilalarini topamiz:

dz 1 1 1y yi o1 yf

dx Xy x+y 2y/x Y 2(x+y)’
Y
y
AR | 1 / x\ y Ty 7/ jc\_ -jy
oy 1+£ K VyY x+y 2% ' YV 2(x +y)’
Yy
(10.1) formulaga asosan, quyidagiga ega bo'lamiz
S IE
92 = (ay) X ey Y
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5.z —arccos— bu yerda x=I+Int, y=-2e 1 +1, murakkab
funksiyaning t0=I bo‘lgandagi giymatini verguldan keyin ikKki

xona aniqlikda hisoblang.
» (10.4) formulaga asosan quvidagiga ega boMamiz:

dz dz dx dz dy [ 2x 1
dt dx dt dy dt y z
X/\
I_—...
Y2
to=I bo’lganda, x=I, u=-2 boiadi.
Bundan,
dzl
(ith=1 V5
6. 4x, ~3y +2xy z -4x z = 3 tenglama bilan
ravishda berilgan z(x,Y)
funksiyaning Xususiy
hosilalarining MO(0,1,-1)

nugtadagi giymatlarini verguldan
keyin ikki xonagacha aniglikda
hisoblang.

> Shartga asosan
F(x,y, z) =5x3~3ys+2xyz-4xz-3,

Shuning uchun

Fx = 12x2 + 2yz - 4z,
Fy = 9y 2 + 2xz,
Fz = 2xy —4x + 2z
(10.7.) formulaga asosan,

dz \2x + 2yz —4z
dx 2Xy —4x + 2z
dz —9y 2 + 2xz

dy 2Xy —4x + 2z
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— va — laming M0(0,1,-1) nugtadagi giymatlarini
hisoblaymiz:

az(Q,l,-1) _ 1t dz( __4qn
dx ' du

10.2 Individual uy topshiriglari
1 Berilgan S sirtga MO(x0yozo) nugtada o‘tkazilgan urinma
tekislik va normal tenglamasini toping.
1.1. S: x2+y2+22+6z-4x+820, M0 (2,1,-1).

1.2. S: ja+22-4y2=-2xy, M0 (-2,1,2).

1.3. S: x2+y2+z2-xy+3z=7, Mo (1,2,1).
1.4. S: x2+y2+z2+6y+4x=8, Mo (-1,1,2).
1.5. S: 2x2-y2+z2~'4z+y=13, M,, (2,1,-1).
1.6. S: x2+Y2+z2~6y+4z+4=0, Mo (2,1,-1).
1.7. S: x2+z2~5yz+3y=46, MO0 (1.2.-3).
1.8. S: x2+y2-xz-yz=0, Mo (0,2,2).

1.9. S: x2+y2+2yz-z2+y-2z=2, Mo (1,1,1).

1.10. S: y2-z2+x2~-2xz+2x=2z, M0 (1,1,1).

1.11. S: z~™"x2+y2=-2xy+2x-y, MO (-1,-1,-1).
1.12. S: z=y2-x2+2xy-3y, MO0 (1,-1,1).

1.13. S: z=x2-y2~2xy-x-2y, M0 (-1,1,1).
1.14. S: x2¥2+272+xz-4y=13, M0 (3,1,2).
1.15. 4y2-72+4xy-xz+3z=9, MO (1,-2,1).
1.16. S: z=x2+y2~3xy-x+y+2, M0 (2,1,0).
1.17. S: 2x2-y2+2z2+xy+xz=3, M0 (1,2,1).
1.18. S: x2-y2+z2~4x+2y=14, M,, (3,1,4).
1.19. S: x2+y2-z2+xz+4y=4, M0 (1,1,2).
1.20. S: x2-y2-z2+xz+4x=-5, M0 (-2,1,0).
1.21. S: x2+y2-xz+yz-3x=Il, Mo (1,4,-1).
1.22. S: x2+2y2+z2~4xz=8, M0 (0,2,0).
1.23. S: x2-y2~222~2y=0, M((-1,-1,1).

1.24. S: x2+y2-322+xy=-2z, Mo(1,0,]).
1.25. S: 2x2-y2+z2~-6x+2y+6=0, MO(1,-1,1).
1.26. S: x2+y2-z2+6xy-z =8, Mo(l,1,0).
1.27. S: z=2x2-3y2+4x-2y+10, M0 (-1,1,3).
1.28. S: z=x2+y 4xy+3x-15, MO (-1,3,4).
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1.29. S: z-x2+2y2+4xy-5y-10. MO0 (-7,1,8).

1.30. S: z=2x2~3y2+xy+3x+1, M,, (1,-1,2).

2. Ko'rsatilgan funksiyaiaming 2-tartibli xususiy hosilalarini
toping. Zxu == zux ekanligiga ishonch hosil giling.

2.1. z=ex2y2. 2.2. Z =ctg(x+y).
2.3. z ~tg(x/y). 2.4. z =cos(xy2).
2.5. z =sin(x2-y). 2.6. z =arctg(x+y).
2.7. z —arcsin(x~y). 2.8. z =arccos(2x+y).
2.9. z =arcig(x-3y). 2.10. z -Infix2 —2y 2).
2.11. Z =e2+Y2. 2.12. z =ctg(y/X).
2.13. z ~tgy]xy. 2.14. z =cos(x/2 5).
2.15. z =sinjxy. 2.16. z ~arcsin(x-2y).
2.17. z -arccos(4x-y). 2.18. z =arctg(5x+2y).
2.19. z -arctg(2x-y). 2.20. z =In(Ax2 —b5y 3).
221. z=eY. 2.22. z =arcsin(4x+y).
2.23. z =arccos(x-5Y). 2.24. 7 "siriyjxy.
2.25. z =x0s(3x2y3. 2.26. z =arctg(3x+2y).
2.27. z In(Sx2 —3y 4). 2.28. z =arctg(x-4y).
2.29. z =In(3xy —A). 2.30. z =tg(xyd.

3. Berilgan u funksiyaning ko'rsatilgan  tenglamani
ganoatlantirishini tekshiring.

31 x2£; + 2Xy %+ yﬁg—ig =0,u

an. du

N RETAL
3-2-xto +y N = 3(x y ) U~|r¥~+(x V3)
«2!] +0 ,un=(nry +6,+/1

3-4-y™ -y’ ((+y Inx>b y~"
n du du _ _ Xy
3.5. X& + y d_y = 2u, U—)—(—_r_gl.

33.x°92 +yt~ 0, U = e*%

2d2u  d2u
1 = u=sin2(x-ay>
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AX2  pY2
3IL E + % ]Tz=0" u=(x-y)(y-z)(z-X).

3.12. 313+ y o = u, U=x //r—X.

3.13. yN- —x N = =1n(x2+Y?) .
YA —X A = QUEInGey)

314" ATx ~ xy % +y2=0" u="+arcsin(xy).

3,- 20m a2n 202m A n

3-156n N - 2XY N+ Y n=0" n=e
. BN _ x+y

3.16. >3y 6, u-arctgl_xy.

J./7.jf+2-2 =0, ,=/, N'+y'T204 /y.
iiix &Bx +yg)i/+u = O,B:X§+iy22
$ 0 2{HEN
3.20. X,2|,\>Z+}/'ﬂ = 24,n =(x2 +y2)tgy-.
321~ + /N =% y=e~(x+3y) sin(x + 3y).
&Y 2% H N -

3.23.w§é§f=gy§|=xeyﬂ

124, X2+ y ===0, u=arctg- .
Xy T umarty

. B A20 y 21 . // , -

325" 3 iy Ay IH‘SE)%AzC) |/|=1n(x+e§\.
Mo, amoon X



3.30. ox2  dy2 =0, u=In(x2 —y 2.

4. Quyidagi funksiyalarni ekstremumga tekshiring.
4.1. z =y\fx-2y2-x+14y. (Javob: z max4,4)=28.)
4.2, z =x3+8y”6xy~T5. (Javob: z min(1,0,5)=-4.)
4.3. Z = 1+15x-2x2-xy-2y2. (Javob: z max(-4,-1)=-97.)
4.4,z - 1+6X-X2-xy-y2 (Javob: z neq4,-2)=13.)
4.5, 7 = x3+y-6xy-39x+18y+20. (Javob: z m,,(5,6)=-86.)
4.6. z = 2x3+2y' ~6xy+5. (Javob: z min(1,1)=3.)
4.7. z = 3x3+3y3~9xy+10. (Javob: z min(l,1)-7.)
4.8. z =x2+xy+y2+x-y+1. (Javob: z min(-1,1)=0. )
4.9. z ~ 4(x-y)-x2-y2 (Javob: z mx(2,-2)=8. )
4.10. z = 6(x-y)-3x3 3y3. (Javob: z na(l,-1)-6.)
4.11. z - X2+xy+y2~6x-9y. (Javob: z niH{l,4)=-21.)
4.12.z - (x-2)2+2y2~10. (Javob: zmin(2,0)=-10. )
4.13. z - (x-5)2+y2+]. (Javob: znin(5,0)=1.)
4.14. 7 =x3+y3~3xy. (Javob: zmm(l,l)--1.)
4.15. z ~ 2xy-2x2~4y2. (Javob: z max(0,0)=0. )
4.16. z =xyfu-x2-u+6x+3. (Javob: znma(4,4)=15.)
4.17. z = 2xy-5x2~3y2+2. (Javob: zmax(0,0)=2.)
4.18. z =xy(12-x-u). (Javob: znaq4,4)—64.)
4.19. z =xy-x2-y2+9. (Javob: znmax0,0)=9.)
4.20. z = 2xy-3xr~2y2+10. (Javob: z max(0,0)=10.)
4.21. z =x3+8y3~6xy+l. (Javob: znin(1,0,5)=0.)
4.22. 7 =nn/x-y2-x+6y. (Javob: znma(4,4)=12.)
4.23. 7 =X2-xy+y2+9x-6y+20. (Javob: zmn(-4,1)~1.)
4.24. z =xy(6-x-y). (Javob: zneq2,2)=8.)
4.25. z =j?+ y2xy+x+y. (Javob: z mn(-1,-1)=-1.)
4.26. z =x2+xy+y2'2x-y. (Javob: zmn(l,0)=-1.)
4.27. z - (x-1)2+2y2 (Javob: znin(1,0)=0.)
4.28. z =xy-3x2~2y2. (Javob: zrmax0,0)-0.)
4.29. z =x2+3(y+2)2 (Javob: z mn(0,-2)~0.)
4.30. z = 2(x+y)-x2-y2 (Javob: z ma(l,1)=:2.)
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5. Berilgan chiziglar bilan chegaralangan D sohadagi z - z
(x,y) funksiyaning eng katta va eng kichik giyinatlarini toping.

5.1, z =3x+y-xy, D:y=x, y=4, x=0. (Javob: z Ggkatta(2,2)=4, z
eng kichik(0,0)= z (4,4) =0.)

5.2. z =xy-x-2y, D:x=3, y—x, y=0. (Javob: zc n g (0,0)=z

(1,2)-17,z  «ichik (1,00—3.)

5.4, z =5x2~3xy+y2, D: x=0, x—&, y=0, y=I.

(Javob. z engkatta (1$) 5’ z engkichik (0>0) 0.)

5.5. z =x2+2xy-y2~4x, D:x-y+1=0, x=0, x=3, y=0,

(Javob. z engkatta (3,3) 6, z engkichik (2,0) 4.)

5.6. z =x2+y*~2x-2y+8, D: x=0, y=0, x+y-1=0, .

(Javob. 7 engkatta (0,0) 8, Z engkichik (0,5,0,5) 6,5.)

5.7. z =2x3xy2+y2, D: x=0, x=I, y=0, y=6.

(Javob. z engkatta (0,6) 36, z engkichik (0.0)—8.)

5.8. z =3x+6y-x?-xy-y2, D: x=0, x=I, y=0, y—.

(Javob. z engkatta (1>1) z engkichik (0,0) 0.)

5.9. z =x2~2y2+4xy-6x-I, D: x=0, y=0, x+y-3=0,.

(Javob. z engkatta (0,0) 1, z eng kichik (0,0,3)  19.)

5.10. z =x2+2xy-10, D: y=0, y=x?-4,

(Javob. z engkatta ( ~ Z engkichik (1>3)  15-)

5.11. z =xy-2x-y, D: x=0, x=3, y=0, y=4 (Javob: Z eng katta
(3,4)=2, z engkichik- ~(3,0)=-6.)

5.12. z =-x?-xy, D: y=8, y=2x2 (Javob: z egkaita (-2,8)=18, z
engkichik (2,8)=-14.)

5.13. z =3x2+3y2~-2x-2y+2, D: x=0, y=0, X+¥_|1=O’4'

(Javob. Z engkatta (0,1) Z (1>0) 3, Z engkichik

9.14. 7 =2x2+3y2+1, D :y=J9 - ?x2,y=0.

(Javob. z ergkatta (0,3) 28, z engkichik
5.15. z =x2~2xy-y2+4x+l, D: x=-3, y=0, x+y+1=0,
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(JdVob. a engkatta (**3,2) 6, Z en, kichik (“2,0) ~3.)

5.16. z =Bx2+3y2-x-y+I, D: x=5, y=0, x-y-1=0, .
(J&VOb. Zengkatta (5>4) 115, Z engKkichik 4D

5.17. z =2x2+2xy"y2-4x, D:y=2x, y =2, x=0,

(Javob. Zengkatta (0,0) % (1>2) 0, Zengkichik (0,2) 2.)
5.18. z =x2~2xy+"~2x, D: x=0, x=2,y-0, y=2.
(JdVob. Zemglata (0,2)—10, Zegkidik >) 1,67.)
5.19. z =xy-3x-2y, D: x=0, x=4,y-0, y=4

(JdVob. Zemglata (0,0)—6, Zeyghkidik (4,0) 12.)

5.20. z =x:~+xy-2, D:y=4x2-4, y=0.

pavob. Zeylata (~~2,22) 0,07, Zergkidhik 3) 3,25)
5.21. z =x/(4-x-y), D: x-0, y=0, y=6-x.

fJavOb. Zeglata (2,1)—4, Zegkidik (4,2) 64.)

5.22. z =xs+y3-3xy, D: x=0, x=2,y=-1, y-6.
(Javob. Zegkata (2,-1) —13, Z{k kidik (0,-1)  1.)

5.23. z =4(x-y)- x%—y62, D36x+2y=4, x-2y=4, x=0.
(Javob. Zeglata ,~) ~,Zegkidik(0,2) 12))

5.24. 7z -x2+2xy-y2~4x, D: x-3, y=0, y-x+1.

(Javob. Zeygkata (3,3)—6, Zeghkidik (2,0) 4.)

5.25. z =6xy-9x2-9y2+4x+4y, D: x=0, x—, y=0, y=2
[Javob. Z engkatta (}t L f %engkichik (0)2) 28.)

5.26. z —%2+2xy-y2~2x+2y, D:y—x+2,y-0, x=2
(Javob. zsngkatta (2,3) ~9, Z cny kichik (Afi)  le)

5.27. z =4-2x2-y2, D:y=0, y=y[T- x2

(Javob. zengkatta (0,0~ 4, Z engkichik (~1,0)~ Z (1,0)—2.)
5.28. z Z=5x2-3xy+y2+4, D: x=-I, x=I,y~ 1, y=J.
(Javob. Zengkatta (~1>1) % (1>~1) ~3, Zengkichik ("fi)~4.)
5.29. z =x2+2xy+4x-y2, D: x+y+2=0, x=0, y*O
(Javob. z engkatta (0}0)~0, Z eng kichik (~*>0) —z (0,-4) 4.)
5.30. z =2x3¥/-xy-x3/ 2, D: x=0, y-0, x+y=6

(Javob. Zengkatta (1>0.5) 0. 25, Z engkichik (4, 2) 128.)
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Namunaviy variantlar yechimi
1 s: z=xT7+y2+3xy-4x+2y-4 sirtga MO0(-1,0,1) nuqtada
o‘tkazilgan urinma tekislik va normalning tenglamasini toping.
» Xususiy hosilalami topamiz:
dz 3 dz 5 5
dX—2x+ y—4,dy— vV +3x +
Mo(-1.0.1) nuqgtaning koordinatalarini hosil gilingan ifodaga
go'yib, berilgan nugtada (10,8) formulaga asosan S sirtga
perpendikulyar ~ boMgan Il vektoming  koordinatalarini
hisoblaymiz.

A= M=—0,0=dy M=-1C =-1
Bundan, urinma tekislik tenglamasi quyidagicha boMadi.
- 6(x+1)-y-(z —1)=0 yoki 6x+y+ +5=0.

(10.9) formulaga asosan normalning tenglamasi
x+1 _y _z-l .
6 ~1—1
ko‘rinishda yoziladi.

2. z=arccos - funksiyaning ikkinchi tartibli xususiy

hosilasini toping.
Zxy = zyx ekanligiga ishonch hosil giling.
> Awal berilgan funksiyaning birinchi tartibli xususiy

hosilalarini topamiz: C |
[

21- Yy 2\Xjy™x’

I Y \y
1/ *\N_ W
Y= W3- r y2'  2vivy=X'
y "y

Olingan hosilalaming har birini x va y bo'yicha
differensiallab, berilgan funksiyaning ikkinchi tartibli xususiy

hosilalarini topamiz:
I r— w
L 2 X 2jy-x _ y-X-X

y-2X
XX 2x (y-x) AXN\[Y\Iy-X(y-X)  H~x(y-x)\/y-x
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" =-N(-4)N-Frio-4vty 1)V—

- VE 2-Jy - X\ *fx(2x +3y)
w21 y2(y—x) | 2y2(y —x)
yy-x | yi
1 2Vx 2™y - X y - X+ X
2y y —X 4y(y —)vyly~—x
4 \fxiy - x)jy ~—x
Ko'rinib turibdiki, aralash xususiy hosilalar teng bo‘ladi, yani
tyx —IxyA
3. u=In (x2+y2 funksiyaning
du d2u d2u 4y2 du .
572 - 2*yLl;+3" = x S tenglaman,

ganoatlantirishini lekshiring.
» Birinchi va ikkinchi tartibli xususiy hosilalarini topamiz.
du 2X du 2y
dx x2+y2'dy Xx2+y2
32m  2(y2—x2) d2u 4xy 92w 2(x2—y?2)
dx2 (x2+y2)2'3xgy (x2+y2)2'9y2 (x2+y22
Olingan hosilalaming giymatlarini dastlabki tenglamaning
chap tomoniga qo'yamiz:
2 (y2—x2) 8x2y 2 2(x2—y 2 8x2y 2
(X2+y22 "' (x2+y22+ (x2+y2)2 (x2+y2)2
U holda tenglamaning o‘ng tomonida quyidagiga ega
bo‘lamiz.
4y 2 2X 8xy2
X2+y2Xx2+y2 x2+y2
Olingan natijalami solisbtirib, berilgan funksiya dastlabki
tenglamani ganoatlantirmasligini ko‘ramiz.
4. z=xy(x+y-2) funksiyani lokal ekstremumga tekshiring.
Berilgan funksiyaning birinchi tartibli xususiy hosilalarini
topamiz:
ZX = 2Xy + y2—2y,zy = X2+ 2xy —2x
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Bulami no‘lga tenglab, quyidagi tenglamalar sistemasiga ega
bo‘lamiz.
y(2x +y —2) =01
X(x+2y- 2)- 01
Bu sistemani yechib, berilgan funksiyaning Mj(0,0,),
M2(2,0,), M3(0,2,), M4(3,2/3,) statsionar nuqtalarini aniglaymiz.
104 dagi 2 teoremadan foydalanib, bu nuqtalarning gaysilari
ekstremum nugqtalari ekanligini aniglaymiz.
Buning uchun awal berilgan funksiyaning ikkinchi tartibli
xususiy hosilasini topamiz:
ZW—2y, 2y = 2X +2y - 2,2\ = 2X
Hosilalar uchun olingan ifodaga statsionar nuqtalarning
koordinatalarini go'yib va ekstremum mavjudligining yyetarli
shartidan foydalanib, (8 10.4 ga garang) quyidagilarga ega
bo‘lamiz:
M, nugta uchun = —4 < 0, yani ekstremum yo‘q,
M2nuqta uchun = —4 < 0, yani ekstremum yo'q,
M3nuqgta uchun = —4 < 0, yani ekstremum yo‘q.

M4nuqta uchun A= LS 0,A=4/3 >0, yani zmr=z

(2/3,2/3)=-8/27 bo‘lgan funksiyaning lokal minimumiga ega
bo‘lamiz.

5. x=0, y=0, x+y-1=0 chiziglar bilan chegaralangan D
sohadagi z=xy-y2+3x+4y funksiyaning eng katta va eng kichik
giymatlarini toping. (10.5 - rasm.)

*
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> Berilgan D soha ichida yotuvchi, yani OAB uchburchak
ichida  statsionar nuqgtalaming  mavjudligini  aniglaymiz.
Quyidagiga ega boiamiz.

Z*=Y+3=0, |
zu=x- 2y +4=0J

Qlingan tenglamalar sistemasini yechib, M(-10,-3) statsionar
nugtani topamiz. Bu nuqta D sohadan tashgarida yotganligidan,
masalani yechishda bu nugtani hisobga olmaymiz.

Funksiya giymatlarini D soha chegaralarida tekshiramiz. z
funksiya OAB burchakning OA (y=0, 0< x < 1) tomonida z=3x
ko‘rirushga ega. z =3 boiganligidan, OA kesmada statsionar
nugtlar yo‘q.

@] va A nugtalarda mos ravishda z (0,0)=0, z (1,0)=3
Uchburchakning OB (x=0, 0 <y < 1) tomonida z funksiya
quyidagi ko‘rinishga ega. z = —y2+4y, z--2y+4=0;2y+4=0
tenglamadan y=2 statsionar nuqta topamiz.

Shunday qilib, Mj(0,2) nugta D sohada yotmaydi.
Funksiyaning B nuqtadagi gqiymati z(0,l) = 3. AB tomondagi
eng katta va eng kichik giymatlarini topamiz. AB: x+y=J, bundan,
y=I-x, z =-2x2+2x-h3, u holda z "=-4x+2 va z — dan x=1/2
boiadi, yani M2(1/2, 1/2} statsionar nuqta D sohaning chegarasida
yotadi. Bu nuqtada funksiyaning giymati z(1/2,1/2)=3,5 boiadi.
Funksiyaning barcha olingan giymatlarini solishtirib, z eng katta=
z (1/2,1/2))=3,5, z eng kichik=z (0,0)=0 ekanligini ko'ramiz.

10.6. 10~bobga gqoShimcha masalalar
L. U=-Jz(2 ~ z) + In(4 —x2) —3y funksiyaning aniglanish
sohasini toping. (Javob: M\ < 2,0 <z < 2)

2.0X,y;-1"aqar*" +y2*°
0,agarx =y =0
funksiyaning x=u=0 nuqtada uzilishga ega ekanligini, ammo
0(0,0) nugtada xususiy hosilaga ega ekanligini isbotlang.
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(xy(x2-n2) 2
J.f(x ,yH ~ "~ -aearx +y *
Qagarx =y =0
funksiya uchun /Ay (0,0) ® Ax(0,0) tengsizlik bajarilishini
isbotlang.
4. z X'y*funksiya x—2+ u”™ ~ (x +y + Znz)z tengfamani

o

ganoatlantirishini isbotlang.

5 2= X+y |—yjl —x2 —y 2 funksiyaning uzluksizlik
sohasidagi eng katta va eng kichik giymatlarini toping. (Javob: z
eng katta=V2, z eng kichik—1)

6. Fazoda A (4,1,5) nugtadan 2x+6y+3 -12=0 tekislikka
parallel tekislik o‘tkazilgan. z = x2 + y 2 aylanish paraboloiaidan
shu tekislik bilan ajratilgan sohani, tengsizliklar sistemasi orqgali
ifodalang.

(Javob: x2 +y2 <z < 2x + 6y + 3z —29)

7.yz'yy + 2zy = z/x tenglamani u=x/y va v=x-y yangi
0‘zgaruvchilar bilan ifodalangan.

(Javob. 2R
2u-Hj

uv
8. — + — ifodani qutb koordinatalarida yozing.
ETwu d2z% g &2z 4 17\

-
2u(y—) m

" n o, v.. . A e
-zuu + 2uzuv  ou_inw M 2zv —

N\ N

9. Koordinata o'qlaridan bir xil kesma ajratuvchi X +
X2 — 1 urinma tekislik tenglamasini toping.

(Javob:xx £y +z = ya2+ b2 +r2)

10. Jtyz=afsirtga urinma tekislikning sirtning ixtiyoriy
nuqtasida koordinata tekisliklari bilan o‘zgarmas hajmli tetraedr
hosil gilishini isbotlang va bu hajmni hisoblang. (Javob: V=2"a3)

11. Perimetri 2r ga teng uchburchakni biror tomoni orgali

aylantirishdan eng katta hajmlijism hosil bo‘ladi. Shu
uchburchakning tomonlarini toping. (Javob: a=b=3p/4, c=p/2)
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12. :.c2+4y2=4 ellipsda ikkita A(-/'b, 1/2) va B(l, y/3/2)
nuqtalar berilgan. Bu ellipsda, shunday C nugtani topingki, ABC
uchburchakning yuzi eng katta bo‘lsin. (Javob: C ,—=))

13. z—x°+y > 9xy+27 funksiyani ekstremumga tekshiring.

(Javob: z min(3,3)=0.)

14. A = ‘Isa, -
| garu zx+eyz+}/ bo‘lsa, i
isbotlang.

15. xyz=8, xy/z=8 shartlami ganoatlantiruvchiu = x +y +
z funksiyaning shartli ekstremumini toping. (Javob:\=y=2\[6,

xg,qm,q! = dxdudzdx ekan“gml

16. Oshkormas ko'rinishda 3x3/2+2xyz2 2x} +4y3 -4=0

tenglama bilan berilgan funksiyaning (2,1,2) nuqgtadagi ikkinchi
tartibli d2z differensialini toping.

(Javob:-31,5 tIx2+206 dxdy-306 dy2

17. Kvadrat taxta, shaxmat tartibidajoylashtirilgan 2 ta oq
va 2 ta qora kataklardan iborat. Har bir katakning tomoni uzunlik
birligiga teng. Tomonlari taxtaning tomonlariga parallel, bitta
burchagi taxtaning gora burchagi bilan ustma-ust tushadigan
to‘g‘ri to‘rtburchakni garaymiz. Bu to‘g‘ri to‘rtburchakning gora
gisimning yuzi S bo‘lib, uning tomonlarining uzunliklari x va n
ning ftmksiyasi bo‘ladi. Shu funksiyaning analitik ko‘rinishini
yozing.

(Javob:
( xy,agar0<x<10<y <1
J agar 0<x<l,l<y<2
"] y,agar 0<x<2,0<y<I

M+(X—)(y —1),agar 1 <x<2,1<y<2
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11. ODD1Y DIFFERENSIAL TENGLAMALAR

11.1. ASOSIY TUSHUNCHALAR. BIRINCHI TARTIBLI
DIFFERENSIAL TENGLAMALAR

Izoklin usuli.

Agar tenglamada izlanayotgan  funksiyaning  hech
bo‘Imaganda bitti  hosilasi gatnashsa, bunday tenglama
differensial tenglama deyiladi.

Differensial tenglamaning tarlibi tarifga asosan tenglama
tarkibiga kiruvehi eng yuqori hosila tartibi bilan ustma-ust
tushadi.

Agar izlanayotgan u funksiya bitta argumentli funksiya
boisa, u holda differensial tenglama oddiy differensial tenglama
deyiladi.

Agar izlanayotgan y funksiya bir necha argumentli funksiya
boisa, u holda differensial tenglama xususiy hosilali tenglama
deyiladi.

Masalan: 2xy'-3y=0 tenglama, bu yerda y=y(x), birinchi
tartibli oddiy differensial tenglama boiadi. ux —uu + xy + 1 =
0, bu vyerda u-u(x,y) esa birinchi tartibli xususiy hosilali
differensial tenglama deyiladi. (Bu bobda fagat oddiy differensial
tenglamalar qaraladi shuning uchun, keyinchalik, gisqalik uchun
“oddiy” degan so‘zni qoldirib ketamiz.)

Umumiy holda n tartibli differensial tenglama quyidagi
ko‘rinishda yoziladi.

FOyyLy™,...y(,),y<r)=0 (11.1)

Agar (11.1) tenglamani eng yuqori hosilaga nisbatan yecha
olsak, u holda normal formadagi tenglamani olamiz.

y(=f(x,y,y\y",.../”5 (11.2)

Differensial ~ tenglama yechimlarini  topish  jarayoni
tenglamani integrallash deb ataladi.

(11.1) yoki (11.2) differensial tenglamaning yechimi (yoki
integrali) deb, biror (a,b) oraligda aniglangan va o‘zining
hosilalari  bilan berilgan differensial tenglamani ayniyatga
aylantiruvchi ixtiyoriy haqiqiy y=y(x) funksiyaga aytiladi. (Shu
bilan birgalikda y=y(x) funksiyaning hosilasi mavjud deb faraz
gilinadi.)
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1-inisol. Sonlar o'gida aniglangan y=xe2x funksiya y'~
4y '+4y=0 differensial tenglamaning yechimi ekanligini isbotlang.

» Funksiyaning o'zini va uning hosilalarini

y —eX(1+2x),y  4de2(l+x)

berilgan tenglamaga qo‘yib, quyidagi ayniyatni hosil gilamiz.

4e2(| +x)- 4e2q(| +2x) +ax*x=4e2(| +x-1-2x+x)=0.

2-misoi. F(x,y)=In--5+xy=0 oshkormas ko'rinishda berilgan
y=y(x) funksiya (x+x3)y -y-xy2differensial tenglamani aymyatga
aylantirilishni yani uning yechimi ekanligini isbotlang.

Hagigatan ham , F(x,y)= 0 (10.6 formulaga qarang)
oshkormas funksiyani diffensialiash qoidasiga asosan, quydagiga
ega boiamiz.

o B -y 1-xy_1-xy2
N (x+-)" x 1+xyY x+x2

Olingan hosilay' ni dastlabki differensial tenglamaga go'yib,
ayniyat hosil gilamiz.

Agar F(x,y)=0 oshkormas ko‘rinishda berilgan ftinksiya
differensial tenglamaganing yechimi bo'lsa, u holda F(x,y)=0
berilgan differensial tenglamaning integrali (yechim emus)
deyiladi. Shunday qilib, 1 va 2 misollarda berilgan differensial
tenglamalaming mos raxishda yechimi va integraliga ega
bo‘lamiz.

(11.1) differensial tenglama yechimining (yoki inlegralining)
Oxy tekislikdagi grafigi integral chiziq deyiladi. Shunday qilib har
bir yechimga yoki integralga integral chiziq mos keladi.

(11.2) differensial tenglama yechimining mavjudligi va
yagonaligi go‘ydagicha hal gilinadi.

1-Teorema (Koshi).
Agar (11.2) tenglamaning o'ng tomoni
X0.yayo,...,yJn? (H-3)

Qiymatlaming biror atrofida uzluksiz funksiya boisa, u holda

(11.2) tenglama

y (x0) =yo,y(x0)=yo , ... yor =yfl (11.4)



bo'lgan Xonugtani 0'z ichiga olgan biror (a,b) oraligda y —y(x)
jyechimiga ega bo‘ladi.
Agar ko‘rsatilgan atrofda y , y , y ' J argumentlari

bo‘yicha bu funksiyaning xususiy hosilalari ham uzluksiz bo'lsa,
u holday =y(x) yechim yagona yechim bo‘ladi.

(11.3) dagi sonlar to‘plami boshlang‘ich giymatlar, (11.4)
tenglik esa, boshlang'ich shartlar deyiladi.

n- tartibli differensial tenglama uchun Koshi masalasi
go‘ydagicha ta’riflanadi.

(11.1) yoki (11.2) differensial tenglamaning, (11.3)
boshlang'ich giymatlarini va (11.4) boshlang'ich shartlarini
ganoatlantiruvchi, y=y(x) yechimni toping.

Koshi  teoremasini  ganoatlantiruvchi ~ sohada  (11.2)
ko'rinishdagi ixtiyoriy differensial tenglama cheksiz ko‘p
yechimga ega bo‘ladi. Umuman olganda bu (11.1) differensial
tenglama uchun ham o‘rinlidir.

Bu yechimlar to‘plamini tavsiflash uchun umumiy yechim
tushunchasini kiritamiz.

(11.1) yoki (11.2) differensial tenglamaning umumiy yechimi
deb y =9 (xCiC2.... ,CJ yoki qgisgacha y= < (x,Cj)
ko‘rinishdagi funksiyaga aytiladi. Bu yerda C, (i=I,n) go'yidagi
ikkita shartni ganoatlantiruvchi ixtiyoriy o'zgarmas:

1. y=(p(x,c) funksiya C ning ixtiyoriy giymatida (11.1)
yoki (11.2) differensial tenglamaning yechimi bo‘ladi.

2. Differensial tenglama yechimga ega bo‘ladigan har
ganday x0,yo Yo', mmYo”™ boshlang'ich giymatlardan
<p(x0, Co) = Y0l ... , (pn~1 (x0, Co) = (po~l shartlarni
ganoatlantiruvchi, C,=C,0 0'zgarmaslarning giymatlarini
ko'rsatish mumkin.

F (x,y,Cj) 0 oshkormas ko'rinishda olingan, umumiy yechim
differensial tenglamaning umumiy integrali deyiladi.

Umumiy vyechim yoki umumiy integraldan, ixtiyoriy
o'zgarmas C, ning fiksirlangan giymatlarida olingan yechim mos
ravishda differensial tenglamaning xususiy yechimi yoki xususiy
integrali deyiladi.
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Eslatma: Differensial tenglamaning, ixtiyoriy o‘zgarmas C,
ning hech qanday qiymatlarida umumiy yechimdan olib
boimaydigan yechimi (integrali) mavjud bo‘lishi mumkin.
Bunday yechim shu ma’noda maxsus deyiladiki, uning ixtiyoriy
nuqtasida Koshi teoremasining qandaydir shartlari bajarilmaydi.

Masalan: y" = 3\/(y' —I) 2 differensial tenglama v - x +

+ Cr)4 + +C2 umumiy yechimga ega, bu yerda C/ Cj -lar
ixtiyoriy ~ 0‘zgarmaslar. y=x+C funksiya ham berilgan
tenglamaning yechimi bo‘ladi, bu yerda C --ixtiyoriy o'zgarmas,
ammo bu yechimni Cj va C2 ning hech ganday giymatlarida
umumiy yechimdan olib bo‘lmaydi. Bundan tashqari, y =1,
yechimlarning ixtiyoriy nuqtalarida, Koshi teoremasidagi
yagonalik shartining buzilishiga olib keladi yoki berilgan
tenglamaning o‘ng tomonidany bo‘yicha olingan xususiy hosilay

=1 da uzilishga ega boiadi. Shunday qilib, y=x+C yechim
mahsus yechim boiadi. Bundan keyin, goida bo'yicha, mahsus
yechimlar garalmaydi.

Anigmas integrallar nazariyasi, umumiy yechimi y =
// (x)dx = F(x) + C,(bu erda F(x) —I(x) fianksiya uchun
boshlangich funksiya, ya'ni F (x)=f(x); C—ixtiyoriy 0‘zgarmas )
boigan oddiy differensial tenglamalar sinfming nazariyasi

hisoblanadi.
Birinchi tartibli differensial tenglama, umumiy holda

F(x,y,y)=0 (11.5)
yoki, agar uni y ga nisbatan yechsak, qo'yidagi normal
ko'rinishda yozilishi mumkin.
y="f(x,y). (11.6)
2- teorema (Koshi teoremasi).
Agar f(x,y) funksiya M0 (x0, yo) nugta va uning atrofida

uzluksiz boisa, u holda (11.6) tenglamaning y(xQ=yo shartni
ganoatlantiruvchi y=y(x) yechimi mavjud boiadi. Agar berilgan

funksiyaning ~ xususiy hosilasi ham uzluksiz boisa, u holda bu
yechim yagonadir.
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Ba’'zi hollarda birinchi tartibli differensial tenglamalami
differensial formada yozish qulaydir:

P(x,y)dx + Q(x,y)dy”~0 (11-7)

Birinchi tartibli differensial tenglamalar uchun Koshi
masalasi quydagicha ta’rifga ega.

(11.5) yoki (11.6) differensial tenglamalaming (p{x,Cd—
Yo(®(n'0.Yo) = 0) boshlangich  shartni  ganoatlantiruvchi
y- (p{X) (® (x, y)=0 integral) yechimini toping. Bu geometrik
nugtai nazardan shuni anglatadiki, berilgan tenglamaning barcha
integral chiziglari orasidan berilgan MO (xQyo) nugtadan o‘tuvchi
integral chizigni topish kerak.

(11.6) differensial  tenglamaning  geometrik  talqini
quydagidan iborat. U 2- teorema (Koshi teoremasi)ning barcha
shartlarini ganoatlantiruvchi, D sohaga tegishli har bir M(x.y)
(11.6) tenglama yagona integral chizig‘iga, M(x,y) nugtadan
o‘tuvchiy = tga = k urinmasining yo‘nalishini, ya'ni D sohadagi
maydon yo‘nalishini aniglaydi. (11.1-rasm)

(11.6) tenglama uchun D sohada, har biri izoklin deb ataluvchi
bir parametrli f(x,y) = K = const chiziglar oilasini ajratish
mumkin.

11.1-rasm

Izoklinni va u bo'yicha yo‘nalishni topish, yo‘nalishlar
maydonini hosil qilishga va berilgan differensial tenglamaning
integral chiziglarini tahminan qurish ya’ni bu tenglamani grafik
ko‘rinishda integrallash imkonini beradi.

3-Misol. y = -2y/x differensial tenglamaning integral
chiziglarini izoklin usulida taxminan yasang.
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\%

2

> ———f—yz K(K = const) deb olib, berilgan tenglamaning
t

y —~—x izoklinini topamiz. Bular koordinatalar boshidan

o‘tuvchi to‘g‘ri chizigqlami ifodalaydi. Bu chiziglar bo‘yicha
y‘ = K —tga tenglik bilan yo‘nalish'ar maydoni aniglanadi. K ga
turli giymatlar berib, ularga mos izoklinlami topamiz. Bu
izoklinlar bo‘ylab integral chizigga urinmaning Ox ugiga
og‘ishgan a burchagi bilan tavsiflanuvchi yo‘nalishlar maydoni
aniglanadi. Kerak bo'lgan hisoblashlami jadval ko‘rinishida
yozamiz. (1-jadvalgagarang).

K 0 +i/V3 i1 +V3 +2 +3 +00
a 0 +30“ +45° « *60° * +64° * +72° ~ +90°
y= y y 3
A e D =¢V—23X Y= y=tox X7

Shu jadvalga asosan yo'nalishlar maydonini yasaymiz va
so‘ngra taxminiy ravishda integrallar chizig‘ini chizamiz. (11.2
rasm) OX o‘gida soat stelkasi yo'nalishi bo‘yicha yoki unga
teskari yo‘nalishda hisoblanishi a burchakning giymatlari mos

ravishda musbat yoki manfiy bo‘lishini ko‘rsatadi.
y *»—AX y XK

221



11.2. 0 *ZGARUVCHILARI AJRALADIGAN
DIFFERENSIAL TENGLAMALAR. BIR JINSLI
TENGLAMALAR
Quyidagi ko‘rinishdagi tenglamalar.
P(x)dx + Q(y)dy =0 (11.8%)
O’zgaruvchilari  ajraladigan  differensial  tenglamalar
deyiladi. Uning umumiy integrali qo'yidagi ko'rinishda bo‘ladi.
f P(x)dx +J Q(y)dy=C (11.8)
bu yerda C - ixtiyoriy 0'zgarmas.
Qo'yidagi ko‘rinishdagi tenglamalar
MI(x) N1(y)dx + M2(x)N2(y)dy =0 (11.9)

y =1 =/IVACO (4}e

shuningdek, algebraik almashtirishlar yordamida (11.9) yoki

(11.10)  tenglamalarga  keltiriluvchi  tenglamalar ~ ham
0 'zgaruvchilari ajraladigan tenglamalar deyiladi.

Ushbu tenglamalarda o‘zgaruvchilami ajratish qo‘ydagicha

bajariladi. NI(y) 0, M2(x) ®0 deb faraz gilamiz va (11.9)

tenglamaning ikkala gismini NI(y) M2(x) ga bo'lamiz. (11.10)
tenglamaning ikkala gismini dx ko'paytiramiz va /2(y) ®0 ga
boiamiz. Natijada o'zgaruvchilari ajraladigan (ya'ni (11.8%)
ko‘rinishdagi) tenglamani hosil gilamiz.

Mi (x) N2(y) dy

'W()adx + M dy =0fin dx~i1'2'(y)\: 0

Bu tenglama (11.10) formulaga asosan qo‘ydagicha

integrallanadi.

ey * *d ¥, =CGIILgdx =) 7o ~C
1-Misol. Differensial tenglamaning umumiy yechimini
toping.

yoki

(xy+y)dx+(xy+x)dy =0 (1)
> x® 0, yip 0 deb faraz gilamiz va berilgan tenglamaning
ikkala qgismini xy ga bo‘lib, o'zgaruvchilari ajraladigan
tenglamani hosil gilamiz.

(1 +i)dx + (I + dy =o



buni (11.8) formulaga asosan integrallab,

/tl+~)d*+] (1+~)dy=Inlcl
x+InIXI+y +Injly | =Injc]j

InIxy |+ Inex+y =In|c |, xyex+ty =C

lami topamiz. (ixtiyoriy o‘zgarmasni In\c\ ko'rinishida
yozish mumkin.)

Oxirgi tenglik (1) tenglamaning umumiy integrali bo‘ladi.
Buni topishda x® 0, ycp 0 degan shartlar go‘yilgan edi. Ammo,
x=0 va y=0 funksiyalar ham, dastlabki tenglamaning yechimlari
bo‘la oladi. buni tekshirish oson, ikkinchi tarafdan ular C=0 da
umumiy integraldan hosil gilinadi.

Shunday qilib, x=0, y=0 (1) tenglamaning xususiy
yechimlaridir.

2-Misol. (1+eZ)y2y =e* tenglamaning y=(0) boshlang‘ich
shartini ganoatlantiruichi xususiy yechimini toping.

> Berilgan tenglamani differensial ko'rinishda yozib olamiz.

((11.7) formaga garang.)
(J+ex)y2dy--edx =0
Endi o‘zgaruvchilarini ajratamiz.

T Ndx="°
Oxirgi tenglamani integrallaymiz va dastlabki tenglamaning
umumiy yechimini hosil gilamiz.
ex Cy3 Cc
+eX 2'3
y =yC + 3arctgex
Boshlang‘ich shartlardan foydalanib ixtiyoriy o'zgarmasning
giymatini aniglaymiz.

1=

Shunday qilib, dastlabki tenglamaning xususiy yechimi
quyidagi ko‘rinishda boiadi.
Agar har ganday teR uchun, f(tx,ty) funksiya aniglangan
bo‘lib, a-const va f(tx,ty) = taf(x,y) tenglik o‘rinli boMsa ,
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f(x,y) funksiya, x va y argumentlarga nisbatan a o'lchamli bir
jinslifunksiya deyiladi.

Masalan, / (X,y)=3x4-x2 y2 +5y4 funksiya to‘rt oichamli
(a = 4} birjinsli boiadi, chunkif(tx,ty)= 3(tx)4- (tx)2+5'(ty)4=
t4 (3x4-x2y 2 +5y4)= t4f(X,y).

f{x,y) = Vx* —23xy +4~/y2  funksiya  f(tx, ty) =
\j(tx)2 =2y (tx)ty) + 4\f(ty)2 = VIV x2—2\jxy +
4yfy2) = t2'3f{x,y) boiganligidan a =2/3 oichamli bir
jinsli boiadi.

Agar a = 0 boisa u holda funksiya nol oichamli boiadi.
Masalan, f(X,y")="~In(—+1) - nol oichamli bir jinsli

funksiya, chunki

ntx, ty) = tx+ty In(i(ityi;2+ I)/ :;\(X-\l-yr)] \(tz o IB -

X-y T
ity IE\yZ + 1j =f(x,y), buyerda t0.

Agar f(x,y) funksiya o‘zining argumentlariga nisbatan nol
oichamli bir jinsli funksiya boisa, u holda normal ko‘ririishdagi
go‘yidagi differensial tenglama x vay o‘zgaruvchilarga nisbatan

birjinsli deyiladi.
y'=g =/(*y) (11-11)
P(x,y) , Q(xy) funksiyalaming har bin a —oichamli bir
jinsli funksiya boisa, ya'ni P(tx,ty) = taP(x,y),Q (tx,ty) =
taQ(x,y) boiganda, fagat shu holdagina differensial formadagi
P(x,y)dx+ Q(x,y)dy =0 differensial tenglama birjinsli boiadi.

Hagigatan han, f(fx,ty) = =-9 9 j=/(xy)
boiganligidan, uni qo'ydagicha nonnal foimada yozib, y’' —

_Hxy) _ rs

Qlxy) I .Y) , S .
f(x,y) funksiya nol oichamli bir jinsli funksiya ekan degan

xulosaga kelamiz. Bir jinsli differensial tenglama (11.11) ni har
doim normal formada y' =J(x,y)=f(tx,ty) ko‘rinishida yozish
mumkin, u holda t-1/ x deb olib, qo‘ydagini hosil gilamiz.
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-1-/703-*0

Bundan kelib  chigadiki, y =xu(u =" ,y"' =n +xu)
almashtirish yordamida (11.11) tenglama va yangi funksiya u(x)
ga nisbatan o‘zgaruvchilari ajraladigan tenglamaga keltiriladi.

u+xu =<p(u) , x ~ = <p(u) - n

3-Misol. 2x? y' =x2+y2 differensial tenglamani integrallab,
uning y(I)=0 boshlang‘ich shartini ganoatlantiruvchi xususiy
yechimni toping.

> 2n:2 va x2 +y 2 ikki o‘Ishovli funksiyalar bo‘lganligidan,
berilgan tenglama ham bir jinslidir.

y=xu, y'-u+xu' almashtirish bajaramiz.

U holda , 2x2(u+xu’) =x2 + (xU)2 , 2x2 (u+xu) =x2(I+U2.
x ® 0 deb faraz qilib, tenglamaning ikkala qismini x2 ga
gisgartiramiz. So‘ngra quydagiga ega boMamiz.

2u + 2xd-x-: | + u2,2xdu = (1 +u2- 2u)dx.
0 ‘zgaruvchilami ajratib, go‘ydagilami topamiz.
du dx I du _rdx rd(u-1)1

"T+j?2~—2u ~12x'J\I+u2-2u~ 121 (u-12~2 TN’
-_-t----i--—z|n|x| +InC, 1 = (1 —)1n(C//bl)
| [
Ohirgi ifodada »n ning o‘miga y/x giymatni qo'yamiz va
quydagi umumiy integralni hosil gilamiz.
1= (-0 In(CVM) ,x =(X-y)uyLLL
Buni y ga nisbatan vyechib, dastlabki differensial
tenglamaning umumiy yechimini topamiz. y = x -
y()=0 boshlang4ich shartdan foydalanib, C ning giymatini
aniglaymiz.
0= 1—”5, InC—1, C=e
Shunday qilib, dastlabki tenglamaning xususiy yechimi
go‘ydagi ko‘rinishga ega bo'ladi.

y=x~-dkm <
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11.1 - AT
1. y=(x,c) funksiya, bu yerda C- ixtiyoriy o0'zgarmas,
go‘ydagi  differensial tenglamalarning yechimi  (integrali)

bo'lishini aniglang.
I

a) y-x2(\+cex), xy'+(I-2x)y =x2,
b) y =cex+e~x, xy"+22y - xy =0,
V) x2+y"=cy2, xydx =(x2- y")dy.

(Javob: a) ha; b) vo‘qg; v) ha.)

2. Qo'ydagi differensial tenglamalarning har birining
tahminiy integral chiziglarini chizing va izoklin usulida maydoni
yo'nalishini yasang.

a) Yy =x +tW\b)2x' =y2/x;V)xy' =1-y

3. Qo'ydagi differensial tenglamalarning umumiy yoki
xususiy yechimini (umumiy yoki xususiy integraiini) toping.

a) xy'=y2+1

b) (x +xy)dy +(y —xy)dx =0,y (l) =1

V) 3y'=g +9"N+09;

9 xy' =y +y/xe+y2,y(l) =0

Mustagqil ish.

1y = Cx+ 1/c funksiya xy' —y + 1/y = 0 differensial
tenglamalarning yechimi bo‘la oladimi ? (Javob: yo q.)

2. Qo'ydagi differensial tenglamaning yechimini toping.

4(x2+y)dy +po/5+y2dx =0

(Javob:y = iﬁ((c - arctgx)2- S)

3. Qo'ydagi differensial tenglama uchun Koshi masalasini
yeching.

xy' = xsinz +y,y(2) =n

(Javob: y = 2xarctg (x/2).)

1. 1 ey!x = Cy tenglama bilan oshkormas holda berilgan

y =y(x) funksiya xyy'—y2 = xy differensial tenglamaning
integrali bo‘la oladimi? (Javob: ha.)
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2. Quydagi differensial tenglamaning umumiy integralini
toping? ydx + (yfxy - y[x)dy = 0. (Javob:
yfx + yfy=InCjy(c> 0).)

3.ydx + {yfxy —x)dy = 0,y(1) = 1 differensial tenglama

uchun Koshi masalasini yeching? (Javob:2 —In|jv] = 2Jy/x.)

2. ly = 2 funksiya differensial tenglamaning yechimi

bo‘ladimi? (Javob: ha)

2. Differensial tenglamaning umumiy yechimini toping?
(L +e')y' =yex(Javob:y = c(1+ ex).)

3. rv' =y(l +Iny—Inx);y(l) =e2 differensial
tenglama uchun Koshi masalasini yeching ? (Javob: y = xe2x)

11.3 Birinchi tartibli chizigii differensial tenglamalar.
Bcrnulli tenglamasi
Noma’'lum funksiya y va uning hosilasi y' ga nisbatan
chiziqii bo‘lgan quydagi tenglama
y' + P(x)y = Q(x) (11.13)
(algebraik  shakl  almashtirishlar ~ yordamida  (11.13)
ko‘rinishga keltirish mumkin boigan har ganday tenglamalar
ham) birinchi tartibli bir jinsli bo'lImagan diflerensial tenglama
deb ataladi. Yechimi mavjudligi va yagonaligi hagidagi Koshi
teoiemasining shartlari bajarilishi uchun P(x) ® 0 va Q(x) ® 0
funksiya biror sohada. masalan [a, b] kesmada o'zluksiz bo'lishi
kerak. (11.11 dagi 2 teoremaga garang.) (11.13) ko'rinishdagi
tenglamaning umumiy yechimini har doirn quydagi ko‘rinishda
yozish mumkin
y = e~fpMdx(J Q (x)e$pxHxdx + C (11.14)
bu yerda C - ixtiyoriy o'zgarmas. Shunday qilib (11.13)
tenglamaning umumiy yechimi har doim P(x) va Q(x) ma’luin
funksiyalaming integrallar ~ orgali  ifodalanadi.  (11.14)
tenglamadagi integrallami hisoblayotganda ixtiyoriy
0‘zgarmaslarni, ixtiyoriy o'zgarmas C ning ichiga kirgan degan
farazda nolga tenglab olish mumkin.
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Agar (11.13) tenglamada Q(x) = 0 yoki P(x) = 0 bo'‘lsa, u
holda, umumiy yechimi Q(x) = 0 yoki P(x) = 0 bo‘lgan holda
mos ravishda (11.14) tenglamadan aniglanuvchi o'zgaruvchilari
ajraladigan differensial tenglamani hosil qilamiz. <2(x) =0
bo‘lgan holda (11.13) tenglama, birjinsli tenglama deb ataladi.

1-misol (x2—x)y' +y —x 2(2x —1). Tenglamani umumiy
yechimini toping? Koshi masalasini y(—2) = 2 boshlang‘ich
shartda yeching.

> Berilgan tenglamaning ikkala gismini x2—x ®0 ga
bo'lib, (11.13) ko‘rinishga keltiramiz.

y = x\2x- I)

XZ-X X - ’
Bu yerda |5(x) m—t =1 Ax) = ROXP = x|
(11.4) formulaga asosan dastlabki tenglamaning umumiy

yechimi quyidagi ko‘rinishda bo‘ladi.
y —e~jx(x-D(f x(2x~1sefXx-i)dx + C) (11.15)
Bu yechimga kiradigan integrallarni topamiz. Quyidagiga ega

bo‘lamiz. /[ X =l-+— =ml- A=—B=I]|=/(--+
J x(x-1) Ix x-1 (I -1) | J\v X
dx = —In|x] + +In|]x —11=In |»
{">e~\~\dx = dx = xf(2x - L)dx =
+(X2 - x),

Bu yerda modul ichida 11241: ix—'l- tenglamaga ko‘ra «+»

va «-» belgilari paydo bo‘ladi.
Topilgan integralni (11.15) ga go'yib, dastlabki tenglamani
umumiy yechimini topamiz.

y - e~In|x*(£0e2- x) +C) =] J (£(*2- x) +C)
= i (+x(x----1) +C)=x2+ ‘1

Bundan y(—2) = 2 boshlang ich shartga mos Kkeluvchi
Xususiy yechimni ajratamiz.
2=4-— C=3y=x2---,<
-2-1 X-1
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Ba’zida differensial tenglamay ning funksiyasi boigan, x ga
nisbatan ham chizigli bo'lishini bilish foydadan holi emas, ya’'ni
quyidagi koiinishga keltirilishi ham mumkin.

dx
— + P(y)x =q(y) (11.16)
Buning umumiy yechimi quyidagi formula bo'yicha topiladi.
X=e-1pblaY(J q(y)e! RYY dy + C)

2-misol. y' = — ,(2x —y 2)y" = 2y tenglamaning umumiy
integralini toping.

> Berilgan tenglama x(y) funksiyaga nisbatan chiziglidir.
Hagigatan ham, (2x- y2 g =2y,2x- y2=2y~ ~, ~ -
£=_2zZ,p(y)=_1,a(y) = -Z

ya'ni (11.16) ko‘rinishidagi tenglamani hosil gildik. (11.17)
formulaga asosan, dastlabki tenglama quyidagi ko‘rinishiga ega.

x= y(f~e ~ydy+cl=elnM fje~imdy +cj =
lyl (="~may+c) =~Udy+G/= cy~\y2

(11.13) chizigli differensial tenglamani Bemulli usulida ham
integrallash mumkin. Bu usulning ma’nosi quyidagicha: y =
u(x)i9(x) formula bo‘yicha (o‘miga quyishning Bemulli usuli)
u(x) va i9(x) ikkita nomaium funksiya kiritamiz. U holda
y' —n'g +ue.y vay' lar uchun hosil gilingan ifodalami (11.13)
tenglamaga quyib, u'd +ud: + P{x")ud = Q(pc) tenglamani hosil
egilamiz. Bu tenglamani quyidagi ko‘rinishda yozish mumkin.

(# +P(x)-19)u +u'i9 = Q(x) (11.18)

Nomaiiun funksiyalardan birini, masalan, d ni ixtiyoriy
tanlashimiz mumkin (chunki dastlabki (11.13) tenglamani, fagat
n ws  ko'paytma qanoatlantirishi kerak). 9 funksiya sifatida
(11.18) tenglamadagi u ning koeffitsientini nolga aylantimvchi
9" + P(x){S = 0 tenglamaning ixtiyoriy xususiy yechimi d =
i19(x)ni tanlaymiz. Shundan so‘ng (11.18) tenglama u'v=Q(x)

ko‘rinishga keladi. Bu tenglamaning m=wm(x,C) umumiy
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yechimini topamiz. So'ngra (11.13) tenglamaning
y =t/ (x,C)-v(x) ko‘rinishdagi umumiy yechimini hosil gilamiz.
Shunday qilib, (11.13) tenglamani integrallash o‘zgaruvchilari

ajraladigan ikkita tenglamani integrallashga keltiriladi.
3~Misol. Quyidagi tenglamani

1
y'+ytgx = -
COSX
Bemulli wusulida integrallang va y(n) =\ boshlang‘ich
shartda Koshi masalasini yeching.
> 0 ‘miga qgo'yishning Bernulli usulidan foydalanamiz.

y - uv, y'=u'v+uv' vaquyidagiga ega bo‘lamiz.

u'v +uv' +uvtgx = -------

(v '-\-vtgx?u FUV = e
v COSX

v'+vtgx —0 tenglamaning xususiy yechimini topamiz.

dv +vtgxdx =0, -——-ftgxdx = 0 ,
Vv

{— +Ttgxdx =0, InM—illjcosx] =,nc, » ¢c,=1 deb olib,

vV =Cc0sx xususiy yechimni tanlaymiz. Endi, u'v=1/cosx , bu
yerda v=cosx , tenglamaning umumiy yechimini izlaymiz.
Quyidagiga ega boiamiz

75 :----]5—, M= c_dx_ +c=tgx+c.
COS X J cos x
Dastlabki tenglamning umumiy yechimi quyidagicha bo'ladi:
y =u v = (tgx+ c)- coSX Bundan

y{nr)=1 1=(0+c)(-1), C--1 boshlang'ich  shartlami

ganoatlantiruvchi, xususiy yechimni ajratib olamiz. c¢=-—1
giymatni umumiy yechimga qo'yib, dastlabki tenglamaning
xususiy yechimini hosil gilamiz:
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y =(fgyx-l)cosx =sinx-cosx. <
Quyidagi ko‘rinishdagi differensial tenglama

y'+P{x)y =Q(x)ya. (11.19)
bu yerda a =consteR, a ®0, a ®1, shuningdek, algebraik

shakl almashtirishlar yordamida (11.19) tenglamaga keltiriluvchi
har ganday tenglama, Bemulli tenglamasi deyiladi.

Z - yFa formula bo'yicha yangi Z(xj funksiya Kkiritish

yoii bilan Bemulli tenglamasi shu funksiyaga nisbatan chiziqii
tenglamaga keltiriladi:

Z'+{\-a)P(x)Z ={\-a)Q{x).(\\2Qi)

Oxirgi tenglamani yuqorida keltirilgan biror bir usul bilan
yechib, Z =Z(x) ni topamiz, so‘ngra y =z v~a”*ni topamiz.

Bemulli tenglamasini, (11.13) chizigii tenglama kabi,

y =w(x)-v(x) Bemullining o‘miga qo'yish usuli yordamida

ham yechish mumkin (3-misolga garang).
4-miso!. Bernulli tenglamasining umumiy yechimini toping.

y'+2e'y =2e’ ">,
> Berilgan tenglama uchun « =1/2 bo‘lgani uchun,
Z=yxa=Jy almashtirishni bajaramiz. (11.20) tenglamaga

asosan, Z'4-exZ -- extenglamani hosil gilamiz. Bu tenglamaning
umumiy yechimi (11.14) formulaga asosan quyidagi ko‘rinishda
bo‘ladi.

=e"" Vecdex+xj=e e e +cj=1+ce~" -

Dastlabki tenglamaning umumiy yechimi quyidagicha
boiadi.

y =Z22=(l +ce~€)\ <
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5-misol. Tenglamaning umumiy yechimini toping.

Xy'+y =xy2lnx.

> Berilgan tenglamaning ikkala gismini x~O ga bo'‘lib,
yuborib, a =2 bo‘lgan Bemulli tenglamasini hosil gilamiz. Uni
Bemullining o‘miga  qo‘yish  usuli  bilan  yechamiz.
(y-MV, y'=u'v+uv'):

x (i/v+m/) +mv =x(wv)~ InX.
Xv'+v =0 tenglamaning xususiy yechimi v=x"' ni
osongina topamiz. Endi xvu =xulv2Inx tenglamaning, bu yerda

v=x1, ya'ni u'=v2—" tenglamaning, umumiy yechimini
X

topishimiz kerak. Oxirgi tenglamda o‘zgaruvchilarini ajratamiz va
uni integrallab quyidagini hosil gilamiz.

du dx rdu _r dx

— =Inx—, — = Inx—,

U X Ju X
1 In2x ¢ L 2

—N

m 2 2 c+ln x
Shunday qilib, dastlabki tenglamaning umumiy yechimi

quyidagicha boiadi. y-uv = _? — . A
x(c +In"x)

11.2. AT
1 Differensial tenglamalaming turlarini aniglang va ularni
yechish usullarini ko‘rsating.

a) xy'+2Jxy =vy; d) y'=eX- ex;
y e) xy'+y-y2=0;
b)ycosx=— ;
Ixcoslydx +{ly - x 2smly~dy =0;
Y ~2x\ny +y-x " z) y2+xy' =xyy'
g) +e2r)ydy—exdx =0;
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2. Differensial tenglamaning umumiy yechimini toping.
a) y"+—=1+2Inx b) y' +4jcy =2xe~"2y .

X
(Javob: a) y —x Inx+c/x; b) y =4e~x (c +x2/2j )

3. Koshi masalasini yeching.
a) Ixydx +(y!'+x2jdy ~0, y(-2.) =4

b) y'~2y-x +ex, y(0)=-I.

(Javob: a) x2—y\n(4elj); b) y =~x~e*+'"0 ~e2*)-)

Mustagqil ish
Koshi masalasini yeching.

la) y'+3y =e2y2 y(0)=1

b) y' +ytgx =1/cosx, y(n) =5.

(Javob: a) y =e-2xb) y =—5cosx +sinx .)

2.2) y2ax - (x +ye=xy}dy, y(0) =-3;

b)y'-ly =>y2 vy{o0)=2.

(Javob: a) x =e~(3—y); b) y —l0elx /(e10t —6")
3.a) xdy ~ (e—x- y™dx, S(l) =1

cayy = Mg L B gy I3
(Javob: a) y x\/1+e eg . b)y 24(')
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114. TO'LA DIFFERENSIAL TENGLAMALAR
Agar D sohada P(x,y), Q(x,y) funksiyalaming
aniglanishidan va (11.21) tenglamaning mavjudligidan quyidagi
tenglik bajariisa,

8P(x,y) = SQ{x,y) (1122)
oy dx
u holda
P(x,y)dx +Q(x,y)dy =0. (11.21)

ko‘rinishidagi tenglama to'la differensialli tenglama deyiladi.
(11.21)  tenglamaning  umumiy integrali  quyidagi
formulalaming biri bilan aniglanadi.

\%

\p(x,y0)dx +jQ (x,y)dy =c, (11.23)

Yo

j.P(x,>>)& +$Q (x0y)dy =c. (11.24)
Yo
bu yerda M ((x0,y0)e D.
Misol. Tenglamaning umumiy integralini toping.
(x2+y —4Ndx +(x +y +ey~dy =0.
» P =x2+y—4, Q=x+y +ey belgilashlar Kiritamiz.
GP

— =1 -—=1,ya’'ni (11.22) shart bajariladi, u holda berilgan
dy dx

tenglama to'la differensialli tenglama bo'ladi. Soddalik uchun
x0=0, y0=0 deb olib, uning umumiy integralini (11.23) yoki

(11.24) formulalar orgali topish mumkin. x0,y0 gqiymatlami
tanlashimiz o'rinli, chunki bu nuqtada P(x,yj va Q{x.,y)
funksiyalar va ulaming xususiy hosilalari aniglangan, ya’ni
MO0(0;0)e£) . (11.23) formulaga asosan quyidagiga ega
bo‘lamiz.
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X

[[x2+0- 4)dx+1(x +y +ey~dy- c,
0 0

Umumiy integralni (11.2.4) formula bo‘yicha topamiz.
*

y
| (x2+y - 4jdx +j(0 +y +eylddy =c,
0 0

— +xy-4x +-—VYey-1 =c.
3 y 2 y

Bu yechim awal topilgan yechim bilan ustma-ust tushadi. A

11.3. Auditoriya topshiriglari
1. Differensial tenglamalarning umumiy integralini toping.

a) fex+y +sinyjdx+ {e¥+ X + X cos_y)dy =0;
b) (2x +exly)dx +jN - - Jexiydy =0;

V) / =(y-3x2)/(4y-x).
(Javob: a) ex+ey +xy +xsiny =c; b) x2+yexy =c; V)

X3—xy +2y2—cC.)
2. Koshi masalasini yeching.

a) e~'dx+(2y - xe~yjdy =0, y(-3)=0;

b) xdx+ydy =f&dy-ydx)Il{x2+y2), J(!) =1
V) x+yex+(y +ex)y'=0, y(0) =4,

(Javob: a) xe~y +y 2+3 —0;

b) “ 1*2+>"") +arctg—=I+~~; V) x2+y2+2yex- 24.)
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3. Ixtiyoriy M nuqtasiga o‘tkazilgan urinmaning burchak
koeffitsienti, M nuqgtani koordinata boshi bilan tutashtiruvchi
to‘g‘ri chizigning burchak koeffitsientidan uch marta katta

ekanligini bilgan holda A(2,4] nugtadan o‘tuvchi to‘g‘ri chiziq

tenglamasini toping (Javob: y —-x1.).

4. Nyuton gonuniga ko‘ra, jismning sovush tezligi jism va
atrof-muhit temperaturalari ayirmasiga proporsional. Pechkadan
olingan non temperaturasi 20 minut davomida 100° C dan 60° C
ga kamayadi. Havoning temperaturasi 25° C. Qanday vaqt
oralig‘ida (sovish boshlanishidan hisoblab) nonning temperaturasi
30° C ga pasayadi. {Javob: 71 min.)

Mustagqil ish
1. Koshi masalasini eching.

(2jc+ +3x2sin  ac+(x +x3cosM +2y) 1 =0;
y(0) =2
(Javob: x2+xy +—y2+x3siny =2.)

2. Boshlang‘ich tezligi v(0) =0 boigan m massali jism
yugoridan tushmoqgda. Agar jismga p - mg og‘irlik kuchidan
tashqgari, proporsionallik koeffitsienti 3/2 ga teng, v(?) tezlikka
proporsional havoning garshilik kuchi ham ta’sir gilsa, jismning
ixtiyoriy t vaqtdagi v =v(f) tezligini toping.

(Javob: v- *mg{\ - eV2cj .)

2. 1 Differensial tenglamaning umumiy integralini toping.

A3x2y+sin x}dx +(x3—cos v)dy =0 .(Javob:

X3/ - cosx - siny =c.)
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Vv

2. Radiyning tarqgalish tezligi uning targalmagan soniga
proporsional. Agar 1600-yilda radiyning dastlabki miqgdorining
yarmi targalishi aniq bo‘lsa, 1 kg radiydan 650 g qclishi uchun
necha yil kerakligini hisoblang.

(Javob: 1000-yildan keyin.)

3. 1 Differensial tenglamaning xususiy yechimini toping.

\
q fx2 )

( 2x\ny + X+ — Ftgx+ey’ dy =0, jy(0) =1
)

v cos X
.(Javob: x2Iny +ytgx +ey =e )

2. Agar to‘g‘ri chizigning ixtiyoriy nuqtasiga o‘tkazilgan
urinmasining O o'gidan ajratgan kesmasi, urinish nuqtasidan
koordinata boshigacha bolgnan masofaga teng bo‘lsa, /1(1,0)
nugtadan o'tuvchi shu to‘g‘ri chiziq tenglamasini yozing. (Javob:

y=\{

11.5. TARTIBIPASAYTIRILADIGAN YUQORI TARTIBLI
DIFFERENSIAL TENGLAMALAR

Tartibi  pasaytiriladigan  yuqori  tartibli  differensial
tenglamalaming ba’zi turlarini ko‘rib chigamiz.

y{n)=f(x). (11.25)

ko‘rinishdagi tenglamaning umumiy yechimini n - marta

integrallash orqgali topamiz. Uning ikkala qismini dX ga

ko‘paytiramiz va integrallaymiz, natijada, (a-1) tartibli
tenglamani hosil gilamiz.

y =Ayndx =AM{x)dx = ([x(x)+cx. (11.26)

Shu amalni takrorlab, (/1—2) tartibli tenglamaga ega
bo‘lamiz.
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yO2=1Y" Ddx=J("M(x) +c)tee = | (X)(iv +Icalth7; (x) +clx +c2

(11.27)
M - marta integrallashdan keyin esa, (11.25) tenglamaning
quyidagi umumiy yechimini hosil gilamiz.

Y =<h(x)+cix"d+c2xM2+ - +Cn-IX+  «(11-28)

bu yerda ct{i =1,nj, cl,cl,...,cn - ixtiyoriy o‘zgarmaslar

bilan ma lum ma’noda bogiiq bo‘lgan, ixtiyoriy o‘zgarmaslardir.

1-misol. yn =8/(x-3) tenglamaning umumiy yechimini
toping.

(11.26) formulaga va integrallash qoidalariga asosan,
quyidagiga ega boiamiz:

y'*" =fy,vdx = = 1 -y+c
J(*-3)5 (*-3)5 1

(11.27) yechimga mos ravishda quyidagini topamiz.
y"=\yudx=\ 4+q dx=e j +cx+c2m
(,-4) 3(x+3)
Oxirgi tenglikni yana ikki marta integrallab, dastlabki
tenglamaning umumiy yechimini hosil gilamiz:
2 1 1-.2

/=jy'dx=] — T ar+Ccx+C, ax=--------z t+5ex +C[+C-
3(x-3)3 2" 3(x-3)2 22 2 3

y=Jy'dx=]] - --1:_71%- X +CX +C3 dx =
3(*-3)2 2 °

1 +i<§ X+ic-2§ +CX+cA= 1 +C X3+ CX" +CX +ch

3(Gic3) 61 2 3(jc—8) 1

Il. Faraz qilamiz, n - tartibli differensial tenglama
izlanayotgan funksiya va uning (&~1) - tartibli hosilalarini o'z

ichiga olmasin. (I <k <wn):
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FIx,yk, y(*¥),...,7 ) =0. (11.29)
Zyx) =yk formula bo'yicha vyangi rtoma’lum Z[x)
fimksiyani kiritamiz va y (kH)=2', v =Z",...yfD=Zn)
ekanligini e’tiborga olib, Z(x) funksiyaga nisbatan (n~k) -
tartibli tenglamaga ega bo‘lamiz.
f(x!z,z2'.2",..,ZM)) =0. (11.30)
ya’'ni (11.29) tenglamaning tartibini k ga pasaytiramiz. Agar
(11.30) tenglamaning umumiy yechimini Z =<p(x,c,...,cnk)
ko‘rinishida izlashga erishsak, yechimi k - marta integrallash
bilan topiiadigan (11.25) ko‘rinishdagi quyidagi tenglamani hosil
gilamiz.
Z =y ® =<p(x,ci,c2,....cnk).
Xususiy holda, agar n=2, k=1 bo‘lsa, u holda (11.30)

tenglama birinchi tartibli tenglama bo’ladi.
2-misol. Tenglamaning xususiy yechimini toping.

xy"=y'\n§ y(l) =e, y'(l) =e2.

» Berilgan tenglama Il tur tenglama boiadi. (n =2, k =1),
ya'ni tarkibida u qatnashmaydi. Z=y ni qo'yib. bu
tenglamaning tartibini bittaga pasaytiramiz. U holda y”=2"

boiadi va berilgan tenglama izlanayotgan Z funksiyaga nisbatan
birinchi tartibli birjinsli differensial tenglamaga aylanadi.

XZ'=Z\n(Z/X). (1)

Bu tenglamani maium usullardan biri bilan yechamiz.

Z =xu(x) o'rniga qo'yishini bajaramiz. U holda Z'=u+xu’
boiadi va (1) tenglama quyidagi ko‘rinishga keladi

X +xu' =u\nx. ()
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(2) tenglamada o‘zgaruvchilami ajratamiz, ketma-ket
quyidagilami topamiz.

-=—— IhInMY=Inx HIIg :
u(\nu-\) x

mu—\=cx, u—e" Z=xe“t.
Z =y ekanligidan, oxirgi tenglama bir marta integrallab
yechiladigan birinchi tartibli differensial tenglama bo‘ladi.

/ - xe'#ex y :\]xexlffxdxz-’\xd (efex) =

¢\

=- [xex+v- J ehoxdx) =1 +/

Dastlabki tenglamaning umUmiy yechimini hosil qildik.
y(l) =e, y'{\) =e2 boshlang‘ich shartlardan foydalanib, c, va
c2 ixtiyoriy o‘zgarmaslaming giymatlarini aniglaymiz. Quyidagi
tenglamalar sistemasiga ega bo‘lamiz.

e = -e He +c2, e2=ele\
ci

Bundan, Cj = 1, C2 —e ekanligini topamiz.

Shunday qilib, dastlabki tenglamaning xususiy yechimi
quyidagi formuladan topiladi.

y=(x—l)ehx+e. <4

3-misol. y"'ctgx +y" =2 tenglamaning umumiy yechimini
toping.

» Bu yerda n=3, k=2 bo‘lganligidan berilgan tenglama
Il turdagi tenglama bo‘ladi. Z =y yangi funksiya kiritamiz va
berilgan tenglamadan Z'+Ztgx =2tgx ko'rinishda yoziladigan,
ya'ni Z'ctgx+Z =2 chizigli tenglamani hosil gilamiz. Uning
umumiy yechimi (§ 11.2 garang)

240



-Jugxox \ '
Z=e"""  2tzxel dx +aq g

J
X(2 ftgxe Ylsddx +cy) =[cosx] 2f "~ -dx+q
Vi J jeosx|
rsinx ., - 1 .
=2c0sx — ~dX +C,COSX - 2COSX ------- +¢, cosx =2 +¢j ABX
Jme*r rnc v

Z = _y" boiganligidan, yechimini oson boigan, quyidagi I
tip differensial tenglamani hosil gilamiz.

y" =2+q cosx, y'=](2 +c,cosx)dx =2x +cnsinx +c,.

Yy =j (2x+q sinx +c2)/x=x2- clcosx +cX +c3. 4

M. x argumentni oshkor holda o‘z ichiga olmagan n -
tartibli differensial tenglamani garaymiz.

F{y.y\y",...0n) =0. (11.31)

Bu holda har doim, P(y)~Y vyangi funksiya Kiritib,
tenglamaning tartibini bittaga pasaytirish mumkin, bu yerda y
uning argumenti sifatida garaladi. Buning uchun y'y",... y*n
lami yangi funksiyaning y bo‘yicha hosilalari orqgali ifodalaymiz

va murakkab funksiyani differensiallash qoidasidan foydalanib
quvidagini hosil gilamiz.

=£ «» : = = = (1132)
dx dx dy dx dy
dy”_ df dp\_dp d d dpX 2d
y —_Y_:_ _p :_P.___L- aj_zp‘_ p ZE

T dx dxV dyd” dx dy = dxdy  yilv P dy
va h.k. Yugoridagi hisoblashlardan ko‘rinib turibdiki, y~K\

tartibi k—1 dan oshmaydigan, p va y laming hosilalari orgali

ifodalanadi. Natijada. (11.31) tenglama o‘miga quyidagi
ko‘rinishdagi tenglamani hosil gilamiz.
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m( a2p  alfhp/

y'p'w -~ orr,
Agar (11.33) tenglama quyidagicha umumiy yechimga ega

(11.33)

bo‘lsa, p =<p(y,cxc2,...,cJT1 , bu yerda p=d— , U holda
X

(11.31) tenglamaning umumiy integralini topish uchun, oxirgi
tenglamaning o‘zgaruvchilarini ajratib yeehish kerak

_______________ r = fdx, y/(y,cxc2,...,.c =X +cn.
J(p{YI'Icr, ,cnx)J o o

Agar (11.31) tenglamada n=2 bo‘lsa, u holda (11.33)
tenglama birinchi tartibli tenglama bo'‘ladi.
4-misol. Koshi masalasini yeching.

yy Yy +1=0, y() =h /(1) =LU

> Bu tenglama, n =2 va X argument oshkor holda
gatnashmaganidan, Il tip tenglama boiadi. Shuning uchun.

(11.32) formulaga asosan, P (y) =y" almashtirishni bajarib,

uning tartibini bittaga kamaytiramiz va yechilishi oson bo‘lgan
o‘zgaruvchilari ajraladigan birinchi tartibli tenglamani hosil
gilamiz. Quyidagiga ega bo‘lamiz.

y2 2-&'\; +1=0, pap=—y~Ay, pr2dp =- fy-ay,

p:y:%’ ekanligini e’tiborga olib, oxirgi tenglamani
X

quyidagi ko'rinishda gayta yozib olamiz.

y = fI5 7 +3C|' (1)

242



Bu tenglamani yechishdan awal, boshlang‘ich shartlardan
foydalanib, c, ixtiyoriy o‘zgarmasning giymatini aniglaymiz.
Ulami (1) tenglamaga qo'yib, cuyidagini hosil gilamiz.

J h LBC, c,-0e
2 11
Shunday qilib, o‘zgaruvchilarini ajratish yo‘li bilan oson
f5  NA
yechiladigan, y'm _ ¢ tenglamaga kelamiz.

dy=(jy21 dx (I/I=
JA -
L "™NY x+cy
vT I £

(1) =1 boshlang‘ich shartidan c2 ni topamiz.

1= (1 +c2)3/18, ¢c2=IT\8-1.

bundan kelib chigadiki, lzlanayotgan xususiy yechim
quyidagi formuladan topiladi.

y .= (x+LW -1)\<

5-misol. Koshi masalasini yeching.
Y-(¥Y)2/y=6(y)2y, y(2)=0, y(2) =1 yn{2)=0

> M= 3 bo‘lgan, (11.31) ko‘rinishdagi tenglamaga ega
boiamiz. (11.32) tenglamaga mos ravishda, p(y) vyangi
fimksiyani kiritamiz va ketma-ket quyidagilami topamiz.

JrfE +p(x) J px 1p-6
a2 PGy TPy e eeys

243



d
01 9% ey -0 (p=0),
\gy

d2
bu yerdan d—%—6y . Bu tenglama birinchi tur tenglama
y

bo‘lib, ikki marta integrallash yo'li bilan oson yechiladi.

A =) 6ydy =3y2+c,, p=j(3y2+c,)dy =y 3+cly +c2,

y'(2) =p(0) =1, y"(2) =p (0 )~ =0.

munosabatlarni va boshlang'ieh shartlami hisobga olib,
y' =y 3+c,y +¢2  tenglamani hosil qildik, bundan,
¢, =0, c2=1 ekanligini topamiz.

Endi y' =y 3+1 tenglamani integrallaymiz.

f Jk-=dx,

dx y3+1 Sy3+1
—%zarctggy'\ FETTRE A DU
T3 T3 3 Jy'-y+i

y(2)=0 boshlang‘ich shartlardan foydalanib,
, =2 6\7/3: ni topamiz. Bundan quyidagi izlanayotgan
xususiy yechimni hosil gilamiz.

X = 1—arct gy:-|_+_11n b+II:-+2+-]-I A
B 73 3 TTTAT U6l

11.4. AT
1. Quyidagi tenglamalami integrallang.

a) ym=x2-sinjc; b) y ,v=yn/x; v) yy’=y'2.
2. Koshi masalasini yeehing.
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»)/=~r. >0=3 /(0-=i;

b) xyT-/= x2+1 y()=0, y(-D)=21/(-1=0;
vy y7’=ery, y(0)=0,/(0)=1.

3. Avtomobil yoining gorizonta! gismida v=90 km/s
tezlikda harakterlanmoqda. Vagtning biror gismida sekinlashishni
boshlaydi. Sekiniashish kuchi avtomobil ogirligining 0,3 gismiga
teng.

Sekmlashishi boshlanishidan bekatgacha boigan masofani va
bu masofani bosib oiish uchun ketgan vaqtni toping.

(Javob: 8,5 sek; 106,3 m.)

Mustagil ish
1. 1.Tenglamani integrallang. XZ-\W - )‘?2
2. Koshi masalasini yeching.
2yn = (y-1)y\ [/ 0)=0, y(0)=1
2. 1.Tenglamani integrallang. N )\//_XZPX.
2. Koshi masalasini yeching.

[l+i=o0, li)=i, y(i)=o0
3. 1.Tenglamani integrallang. xy" +y' =y'2.

3. Koshi masalasini yeching.
2/ =3/, y(2)=1 ¥(2)=-1

11.6. IKKINCHI VA YUQORI TARTIBLI CHIZIQLI
DIFFERENSIAL TENGLAMALAR
Umumiy hoi. Quyidagi ko ‘rinishdagi tenglamalami
yD+«i (x)y{m)+a2(x)yind +... +anl(x)y’+an(x)y =f(x)
[(11.34)
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bu yerda a,.(x)u =1,nj, /(*) - biror D sohada berilgan
funksiyalar n -tartibli bir jinsli bo'Imagan chizigli differensial
tenglamalar deyiladi. Agar D sohada (11.34) tenglamaning o‘ng
tomoni / (jo=0 bo‘lsa, u holda (11.34) tenglamaga mos
keluvchi, bir jinsli chizigli differsial tenglama deb ataluvchi
quyidagi tenglamani hosil gilamiz.
y[n-fa, (x)¥"_)+a2(x)y(md+...+an}(x)y’+an(x) v=10.
(11.35)
Agar a, (x), fix) funksiyalar D sohadagi (a.b) oraligda

uzluksiz  bo‘lsa, u holda ~(™0)= Yo ¥Y'(x0)= Yo>—>

YNO(MroE~"U)> *06 (a™)) (bu Yerda Yo'Yo'- 'Yo'™

ixtiyoriy sonlar) boshlang‘ich shartlar bilan berilgan (11.34),
(11.35) ko‘rinishdagi har ganday tenglamalar uchun yechimning
mavjudligi va yagonaligi hagidagi Koshi teoremasi o ‘rinlidir.

(11.34) va (11.35) ko‘rinishdagi tenglamalarning umumiy va
xususiy  yechimlarini  topishda  yX(x), y2(X),...,yr{x)
funksiyalarning o‘zaro chizigli bog'lig yoki chizigli bog'liq
emasligi tushunchalari muhim ahamiyatga ega.

Agar bir vaqtda hammasi nolga teng bo'Imagan
n

0‘zgarmas sonlar uchun ixtiyoriy xe(a,b) da u.y. (x)=0
H

munosabat o'rinli bo'lsa, yxy2,...,yn funksiyalar (a,b) oraligda
o'zaro chizigli bog'liq deyiladi. Agar yuqoridagi munosabat fagat
barcha - =0 lar uchun o'rinli bo'lsa, u holda yi(x)
funksiyalar (a,b) oraligda o'zaro chizigli bog'liq bo'lImagan

funksiyalar deyiladi.
Quyidagi ko'rinishdagi determinant Vmoskiy determinanti

(yoki vronskian) deb ataladi.



Funksiyalaming chizigli bog‘lig yoki chizigli bog‘iq
bo‘Imaslik mezonlari.

Agar yjx*(i =1,nj funksiyalar ¢ fazolar sinfida (a,b)

oraligda o'zaro bogliq bo‘lsa, (ya'ni, (a,b) oraligda (n-1J)
tartibgacha uzluksiz hosilaga ega bo 1gan funksiyalar bo Isa), u
holda (.bj oraligda W =0 bo'ladi. Agar W ®0 bofisa, u

holda yt(x) funksiyalar chizigli bog'liq bo'Imaydi.

Masalan: 1,x,x? 4 funksiyalar uchun W "0, shuning
uchun ular chizigli bog‘lig boimagan funksiyalardir.

(11.35) tenglamaning chizigli bogiiq bo‘lmagan n ta
yy(x), Y2(x)>—Y,,(*) yechiralar to‘plami  fundamental

yechimlar sistemasi deb ataladi. Uning yordamida (11.35)
ko‘rinishdagi bir jinsli tenglamaning umumiy yechimi tuziladi.
Quyidagi teorema o ‘rinlidir.

1-teorema. Agar yl,y2...,yn lar (11.35) tenglamaning

ixtiyoriy fundamental yechimlari sistemasi bo‘isa, n holda
quyidagifunksiya (11.35) tenglamaning umumiy yechimi bo'ladi.
n

§’=QW+025/2+...+cnyn="c,.y (*)” (N -37)
i=\

buyerda c. - ixtiyoriy o 'zgarmas.

1-misol. ex,e~x,e funksiyalar sistemasi
}m—2y" —y’+2y =0 tenglamaning fundamental yechimi
ekanligini ko ‘rsating va uning umumiy yechimini yozing.

> yx—ex, y2=e~* 38=e2X funksiyalar va ularning
hosilalarini berilgan tenglamaga qo‘ysa, ularning tenglamaning



yechimlari ekanligini ko'ramiz. Uiaming vronskiani quyidagi
ko‘rinishiga ega bo'ladi (11.36).

Bundan kelib chigadiki, exe xe'x fimksiyalar chizigli
bog‘ligmas va ular berilgan tenglamaning fundamental yechimlar
sistemasini tashkil qiladi. Uning umumiy yechimi, (11.37)
formulaga asosan, quyidagi ko‘rinishga ega.

y =c,ex+c2e x+cE2x <

2-teoerma. ((11.34) tenglamaning umumiy yechimining
tuzilishi hagida). Chizigli bir jinsli bo'lmagan (11.34)
tenglamaning umumiy yechimi quyidagi ko Tinishga ega.
y =y +y*, buyerda y - unga mos keluvchi bir jinsli (11.35)
tenglamaning (11.37) ko Tinishdagi umumiy yechimi y* esa
(11.34) tenglamaning xususiy yechimlaridan biri.

2-misol. Xususiy yechimlaridan biri y* =x + 1 funksiyadan
iborat  bo‘lgan, ym- 2y"-vy 42y =2x+1  tenglamaning
umumiy yechimini yozing.

> 1-misolda berilgan tenglamaga mos bir jinsli tenglamaning
y umumiy yechimi topilgan edi, u holda berilgan tenglamaning
umumiy yechimi quyidagicha bo'ladi.

y =y +ty*=cex+cre~x+Cwe X+x+1. <

Agar (11.35) tenglamaning fundamental yechimlar sistemasi
ma’lum bo‘lsa, u holda (11.34) tenglamaning y* Xxususiy
yechimini har ganday holatda ham ixtiyoriy o 'zgarmaslarni
variatsiyalash usuli (Lagranj usuli) bilan topish mumkin va V*
har doim quyidagi ko'rinishda ifodalanadi.

*=c, (MY, (x)+c2(x)y2(x) +... + ¢, (x)yn(x). (11.38)
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bu vyerda vyi(x) (11.35) tenglamaning fundamental
yechimlari sistemasini tasbkil giladi, ¢c; noma’lum funksiyalar esa
quyidagi n - ta c\ noma’lumlarga nisbatan chizigii algebraik
tenglamalar sistemasidan topiladi.
Ck 1+ CY: + -+ Cvh~ O
QY[+ cy2+.. .+ cnyn= 0

Sistemaning determinanti, >’(w*) fundamental yechimlar

sistemasi noldan fargli bo‘lgan holda, Vronskiy determinanti
boiadi. ((11.36) ga garang). Shuning uchun (11.39) sistema

c\=<p(x) ko'rinishdagi yagona yechimga ega. Bu birinchi
tartibli differensial tenglamani integrallab, c, (x) = [({ x)dx ni
topamiz.

Shundav qilib, (11.34) tenglamaning y* xususiy yechimi
quyidagicha bo‘ladi.

y* =y, | e{(xX)pc+y2) (R(X)<& +... + ynftpn(x)dx. (11.40)

l-eslatma. (11.40) formuladan integrallami topishda n ta
ixtiyoriy o‘zgarmaslar paydo bo‘ladi. Ulami nolga teng deb

hisoblash mumkin.
3-misol. Quyidagi tenglamaning umumiy yechimini toping.

S-2S-y+ 2y-£-. (D
> (1) tenglamaga mos, bir jinsli tenglamaning umumiy
yechimi quyidagicha bo‘ladi.
y =c\ex+ cZ2~Xx + C1e2X.
(1-misolga qarang.) (1) tenglamaning umumiy yechimini
topish uchun, Lagranj usulida uning y * xususiy yechimini

topamiz. (11.38) formulaga asosan quyidagiga ega bolamiz.
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y* =¢, (x)ex+c2(x)e 1+ c3(x)e2x,
(11.39) sistema bizning misolimizda quyidagi ko'rinishda
bo‘ladi.
clex+c'e~x+de2Xx 0,
ce~-c2 wm2c'e =0, ()
c,Y +c'ef* +4cEX=¢e/(e" +1j.
Buning determinanti W = -6e2 ®0 (1-misolga garang). (2)
sistemani Kramer usuii bilan yechib, quyidagilami topamiz.
le
, = 3
2 ex+l  ° 6<+] 3 3el+l ®)

(3) ifodani integrallab, quyidagilami hosil gilamiz (1-
eslatinaga garang).

2Jex+l| 2J) ex+l 2 Y 1

6e+l 6)J e+l 6JV er+ly 612 ‘

1f dx &=
3v+1l 3] e'+l 31 e+l
d(ex+1)

e e [(x-In(e* +1))-

(1) tenglamaning xususiy yechimini yozamiz.

y*=-"exIn(ex+D)+"e* e2'~ +In(e*+1D+ie2*(x- Ine*+1)j=

= —el- —+-xe2r+f-e~* - —e*~-e2r)in(e* + 1)«
12 3 2 2 3 3(' )

(1) tenglamaning umumiy yechimi quyidagi ko'rinishda
bo'ladi.

Y=Y +Y*=cler+c2e~x+cle2x+~{"4xe2x+e*-2)+"(e~x-2e2x)In(e* +1)
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2-eslatma. (11.35) tenglamaning fundamental echimlar
sistemasini topish usullari mavjud emas. Shuning uchun umumiy
holda (11.34) tenglamaning v* xususiy yechimini topish
mumkin emas, demak uning umumiy yechimini ham topish
mumkin emas. (11.34) tenglamani yechimining boshga usullari
mavjud emas. Fagat xususiy holda, (1 1.34) tenglamaning barcha

(x) koeffitsientlari o‘zgarmas sonlar bo'lganda, (11.34)

tenglamaning fundamental yechimlari sistemasini va umumiy
yechimini topish usuli mavjud.

0 ‘zgarmas koeffitsientli chiziqli differensial tenglamalar
(11.34) va (11.35) tenglamalarga a\x) =pi=conste R ni
go‘yamiz. U holda mos ravishda quyidagilarga ega bo'lamiz.
YH +PY{™) +Piy(r] + - +PnyY +Py =/(x).(n.4\)
Y-+PiyM +pjr*) +...+Pny +Pny =0. (1142

(11.42) tenglamaning fundamental echimlar sistemasini, fagat
algebraik usullardan foydalanib, quyidagicha topish mumkin.
(11.42) tenglamaning xarakteristik tenglamasi deb ataluvchi
quyidagi algebraik tenglamani tuzamiz.

a» + PI'~]+p2x -2+...+Pn_A+Pn=0. (11.43)

Bu tenglama n ta ildizga ega bo‘lib, bular orasida oddiy va
karrali hagigiy ildiz!ar, shuningdek go‘shma-kompleks (oddiy va
karrali) iidiziarham boiishi mumkin.

Agar (11.43) harakteristik tenglamaning barcha ¢, ildizlari
haqigiy va oddiy bo‘lsa, u holda (11.42) tenglamaning quyidagi
fundamental yechimlar sistemasini hosil gilamiz.

ev ,ev ,...,ev . (11.44)

Ma’lumki, (11.43) harakteristik tenglamasining har bir K
karrali ildiziga (11.42) tenglamaning quyidagi ko ‘rinishidagi,
chizigli bo‘lmagan yechimlari mos keladi.

yx=e?*t y2=xe*,...,yK=x*-%sn* (11.45)
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(11.43) harakteristik tenglamaning m karrali go‘shma-
kompleksi har bir a =4 juft ildizga quyidagi ko‘rinishdagi
(11.42) tenglamaning o‘zaro chizigii bog‘liq bo‘lmagan 2m ga
teng yechimlari mos keladi.

yi=eaxcosfix, y 2= eaxsin fijc,
y3=xeax cosfix, >4 = xeaxsin fix,
y5=x2eaxcosfix, y5=x2eaxsinfix, Nl

Y21\ =xmyeaxcosfix, y2an=xmeaxsin fix.

Yuqgoridagilami umumlashtirib, quyidagiga ega boiamiz.
(11.43) ning harakteristik tenglamasining ildiziga birjinsli (11.42)
tenglamaning, ixtiyoriy koeffitsientlar bilan chizigii kombinatsiya
(11.37) formulaga asosan, (11.42) tenglamaning umumiy
yechimini beruvchi, fundamental yechimlar sistemasini hosil
giluvchi, n ta chizigii bog‘liq bo‘Imagan yechimi mos keladi.

4-misol. O'zgarmas koeffitsientli 4-tartibli bir jinsli chiziqii
tenglamaning umumiy yechimini toping.

y,v-\6y =Q.
> Berilgan tenglamaning harakteristik tenglamasini tuzamiz
va uning ildizlarini topamiz.

A4-16 =0, (/12-4)(n2+4) =0, N2=4, "=+2, n2=-4,
Aj'4 = £2i 2 tasi haqgiqgiy va 2 tasi qo‘shma-kompleksli, 4 ta ildizni
hosil qildik (a =0, fi =2} bo‘lgan (11.44) - (11.46) xususiy

yechimlami e’tiborga olib, quyidagi undamental yechimlar
sistemasini hosil gilamiz:
yX—e2x, y2=e-2X y3=edcos2x = cos2x, v4=elxsin2x = sin 2X

(11.37) formulaga asosan, berilgan tenglamaning umumiy

yechimi quyidagi ko‘rinishga ega bo‘ladi.
y =cfeX + cx~Ix +c3cos2x + c4sin2x. M
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Agar (11.42) tenglamada n =2 bo‘lsa, u holda o'zgrmas
koeffitsientli 2 tartibli bir jinsli chizigii differensial tenglamani
hosil gilamiz.

y +py'+p2y =0. (11.47)
Uning xarakteristik tenglamasi
M+pN+p2=0. (11.48)

ko‘rinishda boldi.

Bu tenglamaning ildizlari quyidagicha bo‘lishi mumkin.

a) hagigiy va turli: &1

b) haqiqgiy va o‘zaro teng: J11=/12=11

v) qo‘shma kompleks!i: JT2=a + f3i.

Ularga (11.47) tenglamaning quyidagi fundamental yechimlar
sistemasi va umumiy yechimlar mos keladi.

1. yx= y2=e** y=c”X+cXkv ;

2.yv=ef y2=xelJk y =c,eJk+cXelk;

3. yx—eaxcosfix, y2=eaxsin(3x, y =ea(c, cosfix +c2sinfix) m

5-misoL Quyidagi tenglamalarning ummniy yechimini
toping.

a) y"-\by'+26y =0;

b) y'+6y'+9y =0;

v)y'-2y'+10y=0.

> Har bir tenglama uchun xarakteristik tenglamasini tuzamiz

va uning ildizlarini. fundamental yechimlar sistemasini va
umumiy yechimlarini topamiz.

a). N12-15/1+26=0, 9 =2, X =13,

Yi=eU’Y2=e"3x>
- 2X +C2513x
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6) N2+6/1+9=0 JI1=A7=-3;

Y] =e~\ ¥2=Xe~X

y =e~&(c, + cX).
B) A2- 27+10 =0, ~ 2=1+3/

y; = excos 3x, y2=exsin 3x.
y = ex(c, cos3x + ¢2sin 3x). <

Shunday qilib, o'zgarmas koeffitsientli chizigli tenglamalami
yechish uchun quyidagilar zarurdir:
1. mos fundamental yechimlar sistemasini topish;

2. bir jinsli (11.42) tenglamaning y umumiy yechimini
tuzish;

3. Lagranj wusuli bo‘yicha (11.41) tenglamaning y5)
Xususiy yechimini topish;

4. Yy —y +y™* fonnula bo'yicha (11.41) tenglamaning y
umumiy yechimini hosil gilish;
Turli injenerlik masalalarini yechishda (11.41) tenglamaning

J (X) 0°‘ng qismi ko“p hollarda quyidagi maxsus ko‘rinishga ega
boiadi.
1(x) =e™(pr(x)cosbx +Qs (x)sinfec), (11.49)
bu yerda Qs (x) - mos ravishda r va s darajali
ko'phadlar. a,b - biror o‘zgarmas soniar / (*) funksiyaning
xususiy hollari quyidagicha boiadi.
f(x) =Pr(x)e<ab =0); (11.50)
[(x) =iMN(x)cos&x + £5(x)sinbx (a = 0), (11.51)
/ (x)=e* (Acosbx +Bsin/«)(A =const, B-const). (11.52)
/(x) = Ncosfor+5sin6x(a =0, Pr(x) = A, Q(x) - Bj: (11.53)
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[(*) =Pr(*)="M (e =0, 6=0). (11.54)
Bu hollaming barchasida, shu.ningdek. umumiy holda

((11,49) formulaga garang), (11.41) tenglamaning Xxususiy
yechimi, bu o°‘ng gismlaming tuzilishiga aynan o ‘xshashligi

isbotlangan. Umumiy hoi uchun funksiyaning ko ‘rir«ishi
quyidagicha bo'ladi.
v* = xkeax| Pm(x)cos fix + Qm(x)sin fixj, (11.55)

bu yerda Pm(x), Qm(x)- m=rmx(r,.y) darajali

ko'phadlar; k (11.43) Zz= X+ [ - songa mos Kkeluvchi
xarakteristik tenglamaning ildizlari soniga teng.
Shunday qilib, agar =1l,w) ildizlar orasida Z son

bo‘lmasa, k =0 agar Z bilan mos keluvchi bitta ildiz mavjud

ho‘lsa. k —1, agar Z son bilan mos keluvchi ikki karrali ildiz
mavjud bo‘lsa, k —2, va h.k. Bundan kelib chigadiki, (11.55)

formulaga asosan, fagatgina P /«(*) va ko‘phadlaraing

koeffitsientlarigina noma’lum bo‘lgan, y* xususiy yechimning
tuzilishini birdamga aniglash mumkin ekan. (11.44) tenglamaga
y* yechimni va uning hosilalarini go‘yib, o'ng va chap
tomonlarining o°‘xshash koeffitsientlarini  tenglashtirib, shu
noma’lum kojeffitsientlarni topish uchun vyyetarlicha sondagi
chizigli algebraik tenglamalarni hosil gilamiz. Koeffitsientlami va
y * ni bunday usulda topish, anigmas koeffitsientlar usuli deb
ataladi. Bundan kelib chigadiki, y * ning tuzilishini bilgan holda
((11.55) formulaga garang), tenglamani Lagranj usuiida yechishda
hosil bo‘luvchi integrallash amalini gollamasdan, differensiallash
va chiziqli tenglamalar sistemasini yeehish kabi elementar amallar
yordamida xususiy yechimni topish mumkin ekan.
6-misol. Tenglamaning umumiy yechimini toping.
y V-3y”=9x7. (1)
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> Xarakteristik tenglamasini tuzamiz va uning lldizini,
fundamental yechimiar sistemasini, bir jinsli tenglamaga mos

keluvchi y umumiy yechimini topamiz.
N4-3 N2=0, N2(N2-3) -0, \ =A =0 4, =J4=1%>/3;

y =q+cX+c,4bX +Cx "X

(1) tenglamaning o‘ng tomoni, maxsus (11.54) xususiy
holga tegishli, shuning uchun Z = 0. Xarakteristik tenglamaning
ikki karrali \ = /J11=0 ildizlari, Z = 0 bilan ustma-ust tushadi,

bundan k =2 ekanligi kelib chigadi. (1) tenglamaning o°‘ng
tomoni ikkinchi darajali ko‘phad boiganligi uchun (11.55)
formulaga asosan, y * xususiy yechim quyidagi koiinishga ega
boiadi:

y* =x2"Ax2+Bx +cj,

y* larni (1) tenglamaga qo‘yib, ayniyat hosil gilamiz (
y *- (1) tenglamaning yechimi).

Bu yerda va keyinchalik hisoblash qulay boiishi uchun
y*y*x yx y*1y *| V ifodalaming har birini alohida qator
yozamiz va vertikal chizigning chap tomoniga tenglamadagi
ularning oldida turgan koeffitsientlami  mos  ravishda

joylashtiramiz. Bu ifodalami koeffitsientlarga ko ‘paytirib, go‘shib
va o‘xshash hadlarni ixchamlab quyidagiga ega boiamiz:

0 y*=Ax4+Bx3+cx2,
0 y*' —4Ax3+3Bx2+2x
-3 y*" =12Ax2+6Bx +2c,
0 y*m=24A:<+6B,
1 y*IV=24A
y*IV-3v*' = -36A2-18Bx +6C +24A = 9x2
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Oxirgi ayniyatning o‘ng va chap tomonlaridagi x ning bir xil
darajalari oldidagi koeffitsientlarini tenglab, A,B,C lami
anigiash uchun algebraik tenglamalar sistemasini hosil gilamiz:

-36A =9,
-185 =0,
-6C +24A - 0.

bu yerdan A=-1/4, B=0, C=— Bundan kelib
chiqadiki,
y W_x2 . x 2-1]
(1) tenglamaning umumiy yechimi quyidagicha boiadi.
y =y +y* =cx+cX + e X+ cre -J‘—x4-x2.<1

7-misol. Koshi masalasini eching
y'-7y'+6y=(x-2)ex, y(0)=1, /(0) =3.(2)

> Xarakteristik tenglamasi \ =1, =6 yechimlarga ega, u
holda j"~7v'+6y =0 bir jinsli tenglamaga mos keluvchi
tenglamaning umumiy yechimi quyidagicha boiadi.

y = 0ex+ cxobx.

(1) tenglamaning o‘ng tomoni, (11.50) ko‘rinishdagi

maxsuslikka ega, bu yerda a -1, /3=0; P{[x)=x—2,r=\. r

xarakteristik tenglamaning ildizi boiadi, u holda k =1 va (1)
tenglamaning xususiy yechimi quyidagi formuladan topiladi.

y*-xex(Ax +B).(2)

Endi, 6-misoldagi kabi, quyidagilami topamiz:

6 y*=e (Ax2+ Bxj

-7 y*' =ex(Ax2+Bx)+ex(2Ax +B),

1y*" =ex[Ax2+ (2A+B)x +B) +e*(2Ax +2A +B).
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Y -1y +0y* =ex (((A-IA HAXL+(DB-1B-\4A +2A-+B-+2A)XIB +2A+2B)sex (x-2)

Oxirgi ayniyatning ikkali tomomnini e* ®0 ga boiib yuboramiz
va 0‘ng va chap tomonlaridagi x ning bir xil darajalari oldidagi
koeffitsientlarini tenglab, quyidagiga ega bo‘lamiz.

0=0,
-10n=1
2A-5B =-2.
bu yerdan A =-—-1/10, B - 9/25, quyidagi funksiya (1)
tenglamaning umumiy yechimi bo'ladi.

1.2 9
— * __c\eX + c26X + 4 > QTR X
y —y +y* —c\eX + c26x + &% 0 om /
Koshi masalasini yeehish uchun y" ni topamiz.
2 9 1 9n
y'—Cex+6cex+ex — x +— X\+ten —XYU—
10 25 5 25y

Boshlang‘ich shartlardan foydalanib, C wva C2 ixtiyoriy

o‘zgarmaslaming  giymatlarini  aniglash  uchun  chizigli
tenglamalar sistemasini hosil gilamiz.

y (0) =cr+c2=1 ¥ (0)-cx+6c2+9/25=3.
Buyerdan ¢, =84/125, c2=41/125 lami topamiz.
Shunday qilib, berilgan boshlang4ch shartlarni

ganoatlantiruvi  xususiy yechimmng Kko‘rinishi quyidagicha
bo‘ladi.
84 41 A 9 >

Y -ex + e6X+ e — X
125 125 v 10* 25 J
(11.41) ko‘rinishdagi chizigli differensial tenglamalar uchun
ma’nosi quyidagicha bo‘lgan, yechimlarning superpozitsiya
prinsipi o‘rinlidir. Agar (11.41) tenglamada

[(*) =fx(x) +2 (x) bo‘lib, y*(x) va y2(x) lar o‘ng

258



\%

tomoni mos ravishda f\{x) va J2{x) bo‘lgan quyidagi
(11.41) ko'rinishdagi tenglamani y x(x) va ¥Y2{x) lar o‘ng

tomoni mos ravishda fx(x) va f7(X) bo‘lgan quyidagi

(11.44) ko‘rinishdagi tenglamalammg yechimlari bo‘lsa,
y.) +pj.-0+ P j = fi(xy (1156)

yW +Py(-0+ 4P,y=f2(x). (11.57)

u holda y* =y[ +y'2 funksiya o‘ng tomoni f {x) bo‘lgan
(11.41) tenglamaning yechimi boiadi.

/, (x) va ,/2(s*) funksiyalar ((11.49) ko'rinishdagi faqgat

turli turdagi (11.50)-(I 1.54)) maxsus ko‘rinishda boiish mumkin.
U holda, har bir turdagiga goilash mumkin boigan va anigmas
koeffitsientlar usulida (11.56), (11.57) tenglamalaming Xxususiy
yechimlarini topish imkonini beruvchi (11.55) ko ‘rinishdagi
xususiy yechimning tuzilishidan foydalanish mumkin. Shu bilan

birgalikda f\ (-*) - maxsus koi'inishda, f2{x) esa maxsus
ko‘rinishda boiasligi mumkin. Bunday hollarda, (11.41)
tenglamaning xususiy yechimi y * ni, Lagranj usulidan
foydalanib birdanig topish mumkin yoki ikkita bosgichga boiib,
(11.56) tenglamani yechish uchun (11.55) ning tuzilishidan
foydalanib, (11.57) tenglamani yechish uchun esa Lagranj
usulidan foydalanib topish mumkin.
8~misol. Tenglamaning umumiy yechimini toping.
y”+y = XSinXx + c0s2X. (@)

» Maiumki, xarakteristik tenglamasi \ —i, ~ =—

yechimlarga ega. U holda yn+y —O0 bir jinsli teoremaning
umumiy yechimi quyidagi funksiya bilan aniglanadi.

Y. c,cosx +c2sinx.
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(1) tenglamaning o‘ng tomonini (11.51) va (11.53)
ko‘rinishdagit maxsus turdagi ikkita funksiyaning yig‘indisi
shaklida yozish mumkin:

13 (x) = xsinx, f2(x)=cos2x . Shuning uchun (11.55)
ning tuzilishidan foydalanib, anigmas koeffitsientlar usuli bilan
y*+y =Xl .X. (2)
tenglamaning y\ xususiy yechimini, va
y" +y = CcoSs2X. 3)
tenglamaning y\ xususiy yechimini topamiz. (2) tenglama
uchun 8=0, b=12z =i=A, , shuning uchun k —1 va
y* =X((AXx +B)cosx + (ex + D)sinx)

6-misolda keltirilgan sxema bo'yicha A,B,C,D anigmas
koeffitsientlami hisoblaymiz.

Quyidagiga esa bo'lamiz:

1y* = (Ax2+5x)cosx + (cx2+Dxjsinx,

0 y* =(2Ax +B)cosx - (AXL+ Bxjsinx +
+(2cx +D)sinx + (cx2+ DxJcosx =
= (cx2+2AX +Dx +B)cosx + (-*x2—Bx +
2cx+D)sinx,
1y*=(2cx+2A +Z))cosx-(cx2+2/ix + Dx + 5”sinx +
+(-2Ax- B+2c)sinx + (-Ax2~Bx +2cx + DYjcosx,
y* +y* =(Ax2+ Bx +2cx +2A +D —Ax2—Bx +2cx + Djcosx +

+(Cx2+ Dx - Cx2- 2Ax- Dx- B- 2Ax-B +2c]sinx = xsinx
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Oxirgi ayniyatda o‘ng va chap tomonlaridagi o ‘xshash hadiar
oldidagi koeffitsientlami tenglashtirib, A,B,C,D va y' lami
topamiz:

XCOSX 4c =0,
cosx 2A +2D =0,
xsinx -4A=1
sinX -2B +2c =0,

bu yerdan A=—/4, B—0,c=0,D =1/4.

Bundan kelib chigadiki,

V,*=X ————1Xcosx+—15inX -X (sinx-xcosx).
1 4 4 \Y '

(3) tenglama uchun a —0, b —2, z = 2, shuning uchun
K=0 va

y2=M cos2x + iVsin2jc.

Endi quyidagilami topamiz:

y2 —M cos2x + N sin 2x,
y2 = =2A/sin2x-+-2/Vcos2jr,
y2 =-AM cos2x —4N sin 2x.
y2 +y2=-—-3M cos2x —3N sin2x = cos 2x .

bundan ko'rinib turibdiki, —3Nr=0 , shuning
uchun

1
y2 =- —€0S2X .
Natijada quyidagini hosil gilamiz:
1
y* ~ yx+y2 ~ Ny (sinx ~ x cosx) B COS2x .

va berilgan (1) tenglamaning umumiy yechimi quyidagi
formula biian aniglanadi.
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Y- Y+ ¥Y*=c\cosx +c2sinx + M-x(sinX - XCOSX)- ~C0S2X
<

9-misol. Koshi masalasini yeching.

y”-2y"' +5y = 3yx+extg2x, y(0)=3/4, /(0) =2.(1)

> Avval berilgan tenglamaning umumiy yechimini topamiz:
tenglamaga mos  keluvchi  N12- 2A+5=0  xarakteristik
tenglamaning ildizlari A,2=1x2i boiadi. yv—2y +5y =0 bir
jinsli tenglamaning umumiy yechimi quyidagi funksiya bilan
aniglanadi.

y = ex(q cos2x +c2sin2x).

(1) Tenglamaning o°‘ng tomoni ikkita flmksiyaning
yig‘indisi ko‘rinishidan iborat. Ulardan birinchisi /J (x) = 3ex,
maxsus turdagi (11.50) ga tegishli bo‘lib, bu yerda
Pr(x)=3, a=1, b=0, z=\"AI12 boiadi. Shuning uchun,

y ’—2y' +5y = 3ex tenglamaning xususiy yechimi quyidagi
ko‘rinishga ega y* = Aex, bu yerda A quyidagi ayniyatdan
aniglanadi. (A —2A +5A)ex=3ex ; bundan A:3—, y, 3 n

Ikkinchi, f2(x) =extg2x funksiya inaxsuslikka ega emas va

y’—2y +5y =extg2x tenglamaning y2 xususiy yechimini

ixtiyoriy o‘zgarmasni variatsiyalash usuli bilan izlasli zarurdir
(Lagranj wusuli). (11.38) formulaga asosan, quyidagiga ega
bolamiz.

Y2 =ex(c, (x) cos 2x + c2(x) sin 2x).
Bizning misolimizda, (11.39) ko‘rinishdagi sistema ikkita
tenglamadan tashkil topgan (yx=excos2x, y2--exsin2xj.
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c\excos 2x + c2xsin2x =0
Cjex (cos2x - 2siri2x) +c2ex(sin2x + 2c0s2x) = extg2x.
Sistemaning tenglamalarini ex ga gisqartirib, quyidagini hosil
gilamiz.
c\cos2x + c2sin2x = 0,
¢, (cos 2x —2sin 2x) + ¢2(sin 2x + 2¢0s 2X) = tg2x.
Oxirgi sistemaning determinanti (vronskiani) quyidagicha
bo‘ladi.
C0S2X sin2x

CO0SX-2sin2x sin2x +2co0s2x
Kramer formulasi bo'yicha quyidagini topamiz.

1 0 sin2x ]
c; —-"sin 2xtgx.
2 tg2x sin2x +2co0s2x
c0s2X 0 )
C.=~ = ~sin2x.

€c0s2Xx - 2sin2x  tg2x 2
lopilgan tengliklami integral! aymiz.
lrsrn 2x 1rl- cos 2x_. Ir dx
-tIx = — ax

2 J cos2x 2N v

1.
leOSZXdX—KIntg\F- +4—3|n2x

C, = —sin2xdx = —C0S 2X .
2 2 4

Bundan quyidagi kelib chigadi.

1 f I
In n €0S2X +—sSin 2X oS 2X -
* 4 -0 * 4
v
C
1. 1 N
— sin2xcos2x i=—exIntg - X HCOS2X .
4 ] 4 vé
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Shunday qilib, berilgan (1) tenglamaning xususiy yechimi
quyidagicha bo‘ladi.

YT=Y ,+Y>\<:"+\e> Intg ——x  Cc0OS2X
( (v \ '
-l 3+en e x  ECOS2X
4 \ 14

Uning umumiy yechimi esa quyidagi funksiya bilan
aniglanadi.

y =y +y* =ex(ctcos2x +c2sin2x) +-e x| 3+In costJ

2
® Koshi masalasini yeehish uchun _y(0)=3/4, y'(0) =2
boshlang‘ich shartlardan foydalanib, (2) umumiy yechimdagi c,
va c2 ixtiyoriy o°‘zgarmaslaming giymatlarini hisoblaymiz. y ni
topamiz.

y' =ex(c, c0s2Xx + ¢2sin2x) +ex (- 2c¢, sin 2x +2c2c0s2X) +

n
f—e 3+Intg-——-X mos2x !

4 4 J

tg —- X mOs — —x
\ u V4 ) /

y va y' lar uchun olingan ifodalarga x —0 giymatni qo‘yib,
boshlang‘ich shartlarni e’tiborg olib, quyidagilaami hosil gilamiz.
_y(0)=3/4 =c¢, +3/4.

Y (0)=2=2c2+3/4-1/2.

buyerdan g =0, c2=7/4.
Natijada izlanayotgan xususiy yechim quyidagicha bo'ladi.
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/ A \
. 71 n
3+ 7sin2x-In g ----- X *C0S2X
V V4 y /
11.5. AT

1. Quyidagi ikkinchi tartibli bir jinsli chizigli differensial
tenglamalaming  umumiy yechimlarini va  fundamentlar
yechimlari sistemasini toping.

ay/-21/1-4y =0

b) y"+6/ +9y =0;

v)y '-6y'+18y =0.

(Javob:a)y e N, y2=e(">-, y=Cc [ ¥F}x+c2* ;

b) y, =e'3x, y2=xe-3x, y =e X(c, + cX);

V) yx=e3xXcos3x, v2=eXsinx; y =(c, cos3x+c2sin3x).)

2. Quyidagi yuqori tartibli bir jinsli chizigli differensial
tenglamalaming umum yechimlarini va fundamental yechimlari
sistemasini toping.

a)/"-5/416/-12y =0;

by /"-8/-7y =0

V) y1-6yIV+9ym=0;

gy"-3/+3/K=0.

(Javob: a) y}= y2=eXcoslyjlx, y3=eil sin2>/2x;
y = +e2*(c, cos2\/2x + ¢c2sin2>/2xj; b)
y, =e\ y2=¢"*, y3=eflx, yd=1¢e * x\ y =Ce*+

Ce-x+cE-"+cne*x; v) y,=1 y2-x, y3=x2, y4re3x
y5= xe3x, y =¢, +CX +cX2+ (c4+cx) m3, 0)
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Mustaqil ish

Quyidagi bir jinsli chizigii differensial tenglamalarning
umumiy yechimini va fundamental yechimlari sistemasini toping.

1. a) 3y"-2y'-8y=0; b) ym+9y' =0;

(Javob: a) y =cle2 + cre A3,

b) y =cj+c2cos3x + 63sin3x.)

2. ay'-6y"'+\3y=0; b) ylv-by*+ 16y =0.

(Javob:a) y =ex(c, cos2x +c2sin2x);

b) ¥=(ci+CX)eU + (c3+cs*)e 2

3. a)d4ym 8y'+5y=0;b) ym 3y"+3y -y =0.

b) y = e*(cj + ¢ +¢3c)")

11.6. Auditoriya topshiriglari

Quyidagi, bir jinsli bo‘lmagan tenglamalarning ko‘rsatilgan
boshlang'ich shartlami ganoatlantiruvchi, xususiy yechimlarini
toping. (Koshi masalasini yeching.)

1 y"-3y'+2y =eX(x*-x), >(0)=1 >0)=-2.

(Javob: y =4 (ex- elx) ml (x2- 2x +2)e3re)
o ymy'=-2x, y(0)=0, ¥ (0)=Y (0)=2
(Javob: y =ex—e X+jc2).
3_ yrv—=y=8Sex, y(0)=0, /(0)=1 >*(0)=0
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(Javob: y =2xex—3ex+e x+cosx +2sinx.)

N yt-2y ' +2y =4excosx, y(ar) =7re*, y'(Tr) =e'T
=e\(2x-;r--1}sinx-;rcosx} N

(Javob: X’ \(7 g }>.)

c y,+4>=4(sin2x +c0s2x), y"n)-y =25

(Javob: y =3n cos 2x+?sin X +(sin 2x - cos2x).)

Mustaqil ish
Ko‘rsatilgan  quyidagi  tenglamalaming  boshlang‘ich
shartlarni ganoatlantiruvchi xususiy yechimlarini toping.

L y"-22y =2et,>()=—, ¥(1)=0
(Javob: y =edcl—2ex+e+1))

y +4y=x,>'(0)=1/(0)="
2. 2.

(Javob: y =—x -i-c0s2x + 1—— Isin2x)
4 u 8J

3 | +6/ +9j =10sinx,y (0)=-0,6,y (0)=0,8
(Javob: y =0,8sinx - 0,6cosx.)
11.7. Auditoriya topshiriqglari
Quyidagi berilgan bir jinsli bo‘lmagan chiziq differensial
tenglamalaming har birining xususiy yechimini aniglang va uning
tuzilishini yozing.
LY -8Y +16y =eX(Il-x)

2 y"- 3y' =elx- 28x
3 y+16v=xsinx

st HIT=2x+e x
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5 Y*—4y'=2c0s24x
6 ¥~y - Bxe +sinx
I -7 1 =(i-1f
g y/r+ _y'=x2+2x
NY-rNY +BY =edf(x2c083x +sin3x)
10. /-Y K=2xe"-4
Berilgan chiziqii tenglamalarning umumiy yechimini toping.
y" +4y =c0s2X
12 y"+5/+6y =e-x+e-X
13 4y"-y =x3~24x
14, ym+S =6x+e-X
15 y"+4y =1l sin2x
16. YT+Y'=<8

Mustagqil ish
1 Y't4y'+4y =e’21InX

{Javob: y ="c, +cX + -~x2Inx - x2j e“Qc)
2 Y +y+tc#EX=0

(Javob: y =2+ ¢, cosx +c2sinx + cos In

3 y'-2y'+y =ex/(x2+])

(Javob: y =e*|c, + c2- InVx2+1 + xarctgxj .)



11.7. DIFFERENSIAL TENGLAMALAR SISTEMASI

Quyidagi ko‘rinishdagi sistema

Y= )
(N58)

Y »=/AX'Y1*Yr>~"yn).
(bu yerda x,yl,y2,...,yn o‘zgaruvchili fi(i =\,n} funksiya

(n+1) o‘lchamli biror D sohada aniglangan) yX(x)

y2(x), (x) nomalum funksiyali n - ta birinchi tartibli

differensial tenglamalaming normal sistemasi deb ataladi.
(11.58) sistemaga kiruvchi tenglamalar soni uning tartibi deb
ataladi.

(11.58) sistemaning (a,b) oraliqdagi yechimi deb, (a,b)
oraligda uzluksiz differensiallanuvchi va o‘zining hosilalar bilan
(11.58) sistemaning har bir tenglamasini ayniyatga aylantiravchi
N=NM> ¥2 = ¥3(X)>->Y,, =¥n(x) funksiyalar tofplamiga
aytiladi.

Birinchi tartibli differensial tenglamalar sistemasi uchun
Koshi masalasi quyidagicha ta riflanadi.

(11.58) sistemaning

N (X0) =Y1I0 ¥Y2bl =Y20>>Yn(x0) = Ynom(11.59)

bu yerda yl0,y2,...,yr0 - berilgan sonlar: x0e(a,6)
boshlanglich shartlami ganoatlantiruvchi
N =N (Xx)> Y2(x)>>YH =¥YnM yeehimlari topilsin.

Quyidagi o ‘rinlidir.

Teorema. (Koshi masalasining mavjudligi va yagonaligi
hagida).
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Agar ft(i=1In) funksiya (x0,yl0,y20,...,yn0)e D

Qf
nugtaning atrofida uzluksiz bo ‘lsa va li=1n) uzluksiz
dy, v ’

xususiy hosilalarga ega boisa, 1 holda har doim shunday xO

markazli integral topiladiki, (11.58) sistemaning (11.59)
boshlang'ich shartlarni ganoatlantiruvchi yagona yechimi
mavjud bo 'ladi.

(11.58) sistemaning umumiy yechimi deb, quyidagi
boshlang'ich shartlarni ganoatlantiruvchi va n ta c\,c2,....cn

ixtiyoriy 0°‘zgarmaslarga bogiiq boigan, n ta
yi=E&(x,cl,c2,....cn)[i- \,nj funksiyalar to‘plamiga aytiladi.

1) (@ funksiya x,cxc2,....cn o‘zgaruvchilrning biror
IR

0‘zgarish sohasida aniglangan va ~d~ uzluksiz ~ xususiy
X

hosilalarga ega boisa;

2) (o to‘plam c: ning ixtiyoriy qiymatlarida (11.58)
sistemaning yechimi boisa;

3) Koshi teoremasi o‘rinli boiadigan c¢ sohadagi har
ganday (11.59) boshiangich shartlar uchun har doim
cto,c20,...,cr0 boshiangich shartlaming shunday qiymatlari

topiladiki, 0= (pt(x0,c]0.c20..,,cn0) tenglik o‘rinli boidi.

(11.58) sistemaning xususiy yechimi deb, ixtiyoriy
o0‘zgarmaslaming biror xususiy giymatlarida umumiy yechimdan
olingan yechimga aytiladi.

(11.58) sistemani yechish usullaridan biri, uni yuqori tartibli
bitta yoki bir necha differensial tenglamalami yechishga olib
kelishdir. (Noinaiumni yo*“qotish usuli).

Yuqorida aytilganlaming barchasi, quyidagi ko ‘rinishdagi,
(11.58) sistemaning hususiy holi boigan chizigli differensial
tenglamalar sistemasi uchun o'rinlidir.
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Y[=an{x)yl+an (x)y2+...+aln(x)yn+ f](x)

Y2 =a2 (-*)yx+al2(x).y2+... +am(x)yn+/ 2(x

(-*)y (x).y (x)y (x) (11.60)
Yn=all x)Ylan2(x)Y2+-+ann(x)y,,+/K(x)

bu yerda a4x), ¥Y~(x4LY = l,rcj funksiyalar odatda, biror

(a,b) oraligda uzluksiz deb faraz qilinadi. Agar barcha

f. (x) =0 boisa, u holda (11.60) sistema birjinsli, aks holda bir

jinsli bo imagan deyiladi. Agar ay.(x) = const boisa, sistema

0 'zgarmas koeffitsientli chizigii sistema deyiladi. Bunday
sistemalami integrallashga imkon bemvchi usullar mavjuddir.
Shulardan ikkitasini ko ‘rib chigamiz.
1. Xarakteristik tenglamasini tuzamiz.

C\J —A a.b
a -A
22 n o, (11.61)
*n\ n2 A

bu yerda a; = const . Determinantni ochib chigib, n ta

yechimga ega boigan (ulaming Kkarraliklarini hisobga olgan
holda), X ga nisbatan darajali, haqgigiy o‘zgarmas koeffitsienli
algebraik tenglamani hosil gilamiz. Shu bilan birgalikda quyidagi
holatlar bolishi muinkin.

1 (11.61) xarakteristik tenglamaning lldizlari turlicha va

hagigiy. Ulami Al,A2,...,An deb belgilaymiz. Ma’lumki, har bir
Av(i -1 ildizga quyidagi ko‘rinishdagi xususiy yechimlar mos

keladi.
y{]= y® a\oari v(0 --a”p”"x (11.62)
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bu yerda a\},a2\...,afd koeffitsientlar quyidagi chizigli
algebraik tenglamalar sistemasidan topiladi.

(a11- " )a f ')+ a 12« f ) + ...+ aln« I') = 0

+ (€@ N )«é(]br - + a2a»]=0 (11.63)

ania™ + " deeet (“» - Ai)a»]=0
Barcha (11.62) ko'rinishdagi xususiy yechimlar fundamental
yechimlar sistemasini tashkil giladi.

atl-const, /’(jc)=0 bo‘lgan holda (11.60) sistemadan
olingan bir jinsli o‘zgarmas koeffitsientli tenglamaning umumiy

yechimi, (11.62) yechimining chizigli kombinatsiyasini tashkil
etuvchi quyidagi funksiyalar to ‘plamini ifodalaydi.

Yi = g = cia “eV +c2i +- +crd\Nekx

= + f +...+ X
Yy /;12 c2orflev cra[nesn (11.64)
yh:ﬁ_ = +C2«%§ +- +O«reV

bu yerda c, - ixtiyoriy o‘zgarmaslar.
1-niisol. Birjinsli sistemaning umumiy yechimini toping.
Y1=3Y1~Y2 +¥3
Yr=““49 + 5>3- >3
Y3=Y-¥Y2+3¥3
» Berilgan sistemaning xarakteristik tenglamasi
3-N -1 1
-1 5-4 -1 =0. (1)



Ay - 2, A =3, Al —6 boigan turli haqiqiy ildizlarga ega.
Ularning har biri uchun (11.63) ko‘rimshdagi sistemani tuzamiz.
(T1VV *?}. 0’ 01
cor+32 < =0, -ald+2a@-a o,

(¢))
or< -foriT = 0, al? ai2=o,

-3alv-a2 a\i]=0,
2@ mrj3 - orj3 = 0,
orf = orf"- 3arf*= 0.

Bu sistemalarning determinantlari, (1) formulaga asosan,
nclga teng, u holda ularning har biri cheksiz ko‘p yechimga ega.
Bunday holda. Shunday yechimni tanlash mumkinki, ular uchun

=a)Z2 =a,p =1 bo'ladi. U holda (2) sistemaning quyidagi
yechimlarini hosil qilamiz: agar a,=2 bo‘lsa, u holda
a,() =1, a0 0, or??=1 ; agar o2=3 boisa, u holda
9 agar or=6 boisa, u holda

a;3=1 a- -2, of = 1.

Bundan quyidagi fundamental yechimlar sistemasini hosil
gilamiz.

)P =<r, yf=0 rf)=_e
y?=e'\ ¥Y?=e\ yf:e3"
W\ y2=-2¢-, Y=l

(11.64) funksiyalar to‘plamini e’tiborga olgan holda bu

yechimlarmng chizigli kombinatsiyasi dastlabki sistemaning
umumiy yechimini beradi.
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y, = e,eX+ CRE+Ciebx
v = cix - 2c¥™
—_ 2” ] 6X
y3=-c,e” +c2x"' +cw
2. (11.61) xarakteristik tenglamalari 1,12,..../1n ildizlari

turlicha, ammo ular orasida kompleks ildizlar mavjud. Ma’lumki,
bu holda (11.61) xarakteristik tenglamaning har bir juft go'shma -
kompleks Ai2=A+ij3 ildizlariga juft xususiy yechim mos

keladi.
yf =afe”™ipx (11.65)
y f =al2e(H)i (11.66)
bu yerda A=A =N=+i/3 vaA =A2=A -ifi lar uchun mos
ravishda (11.63) sistemadan a®, koeffitsientlar aniglanadi.
a0) a(? koeffitsientlar, qoida bo‘yich, kompleks sonlardir,

ularga mos keluvchi yj\ y f funksiyalar ega, kompleks

funksiyalardir. yf va y f funksiyalaming mavhum va hagigiy

gismlarini ajrutib va haqiqiy koeffitsientli chizigii tenglamalar
uchun yechimlarining mavhum gismi ham, haqiqgiy gismi ham
yechim ekanligidan foydalanib, bir jinsli sistemaning xususiy
haqiqiy juft yechimlarini hosil gilamiz.

2-misol. Sistemaning umumiy yechimini toping.

A =1Y\+yr 1

Yr=~2M~5¥rJ
» (1) sistemaning xarakteristik tenglamasi
-1—A 1
-2 -5-A
Ai2 =-6 i ildizlarg ega. (11.63) formulaga asosan,
quyidagini hosil gilamiz:

@

-A +121+37=0.
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(L—X)a{+ a2=0lI
-2a, +(-5- X)a2=0 |

af\ larni hisoblash uchun \ =—6+i ildizga quyidagi
sistema mos keladi.

(11.65) formulaga asosan, quyidagi xususiy yechimini hosil
gilamiz.

(Bu yerda biz Eyler formulasidan foydalandik:
yechimdan mavhum va

haqiqiy qismlarini alohida olib, (1) sistemaning fundamental
yechimlar sistemasini hosil giiuvchi, 2 ta haqgigiy ko‘rinishdagi
yechimni hosil gilamiz.

U holda (1) sistemaning umumiy yechimi quyidagi
ko‘rinishda bo‘ladi:

Endi, P, =-6 —i ikkinchi ildizni foydalanish ortigchadir,
chunki yana (I)-(4) yechimlami olamiz. Bu mulohaza barcha bir
jinsli chizigli differensial tenglamalar uchun o‘rinlidir. M

3. (11.61) xarakteristik tenglamaning #1,42,...,An ildizlari
orasida karralari mavjud. Bu holda quyidagicha yo‘l tutamiz.
Faraz gilaylik, 4 —(11.61) xarakteristik tenglamaning k - karrali
ildizi bo‘Isin. U holda (11.60) sistemaning
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(ay =const, ft(ar)=0(/,/ =Ln)) k Kkarrali ildiziga mos
keluvchi yechimini quyidagi ko‘rinishda izlaymiz.
N —"™0 CH\X+&IX + ...+ je

2= (« Ve 1ie7)

i (@0 ~anXNMargX +es+ark\X )e e
aMi=\,n, e=0,k—Ilj sonlami quyidagicha topamiz.

(11.67) dan yi fimksiyani va uning y\ hosilasini au va f:(x)
larga ko‘rsatilgan cheklanishlarda dastlabki (11.60) sistemaga
go‘yamiz. So‘ngra (eA* 0 gisgartirganimizdan keyin) olingan
tenglikni o‘ng va chap tomonlanda x ning bir xil darajalan
oldidagi koeffitsientlarni tenglashtiramiz. 0 ‘tkazilgan
protseduralar natijada barcha Aie sonlardan ixtiyoriy o°‘zgarmas
sifatida qgabul qilinuvchi k soni har doim erkin o°‘zgaruvchi

sifatida goladi.

(11.61) xarakteristik tenglamaning oddiy (karrali bo‘Imagan)
yechimlariga mos keluvchi fundamental sistemaning yechimlari,
1va 2 hollarda ko‘rsatilganday aniglanadi.

3-misol. Sistemaning umumiy yechimini toping.

Y[= Y2 +Y1’
Y2=Y1+Y2-Y3> (9
Y3= Y2+Yr
» (1) sistemaning xarakteristik tenglamasi
-1 1 1
1 1-A -1 =-(4-1)24=0- (2)

0 1 1—A
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X

ikki karrali /1,2=1 va bir karrali A*"—O ildizlarga ega.
(11.67) formulaga asosan, ikki karrali $2=1 ildizga quyidagi
ko‘rinishdagi yechim mos keladi.

)= (A0 + «,,*X> yp2) =(ad+a2x)ex,
€)
yl12) =(ad+a,,)ex.
aie(i=13, e=0,1) koeffitsientlar y1y2,y3y[,y'Lys lar
uchun olingan ifodalami (1) dastlabki sistemaga go'yishdan hosil
bo‘lgan sistemadan aniqglanadi. ex 0 ga gisqgartirilgandan so‘ng,
quyidagiga ega bo ‘lamiz.
an+al0+anx =ad+a2«+al+allx,
azit«0+a2x ~«wo+auX+oD+a?X- «P—adlx, p
«31 + «30 + a3]x ::«20 +a2\X+ a30+ a3d\X-

0 ‘ng va chap tomonlaridagi x ning bir xil darajalari oldidagi
koeffitsientlami tenglashtirib, quyidagi sistemani hosil gilamiz.

A, t Y
«| @ 31*
@ «20—10 «07” @z
«1 —«11 "Ae21  «31°
31 —«21  «31°

«31 «30 — «20 «30’
bundan ., _ 5 - «1r @xp a.0, a2l=0  ekanligini

topamiz. al0 va an sonlami ixtiyoriy parametrlar deb hisoblash
mumkin. Ulami mos ravishda c, va c2 deb belgilaymiz. U holda
(3) yechim quyidagi ko'rinishda yoziladi.
svp =(c,+cX)e\ y22=cie’> ¥3')=(Cl+cax)eXe(4)
(11.62) formulaga asosan, A, =0 ildizga quyidagi yechim
mos keladi.
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yi(s) = 3P = afi)> AP - @R - B P (IR =3i3) (5)
bu yerda a f',a f',a33 - sonlar quyidagi sistemadan topiladi
((11.63) sistemaga garang).

orf' + =0,
aB+d3_¥P -,
43 M1
Uning yechimi quyidagicha bo‘ladi.

af}=2c3 M= 3 aﬁ3)=c-3. Natijada Aj = 0 ildizga mos
keluvchi (1) dastlabki sistemaning (5) ko‘rinishdagi yechimi
guyidagicha boiadi.
=2¢c3 O ez yés) = 3>

bu yerda c3 - ixtiyoriy o‘zgarmas.

Dastlabki  sistemaning umumiy yechimi quyidagicha
ko'rinishda yoziladi.

Yi=Yr+nNQ@=(c, +cXx)ex+2d3

Yr=Yrd+y? =cle* -3

Y3=Yp'+Y¥Y? =(Cl+ C2*K +c3
Agar sistema bir jinsli bolmasa, u holda bir jinsli sistemaga

mos keluvchi (11.64) ko‘rinishdagi umumiy yechimni bilgan
holda, dastlabki bir jinsli bo‘lmagan sistemaning umumiy

yechimini (11.64) yechimdagi Cv C2,...,CN ixtiyoriy
o‘zgarmaslami variatsiyalash usuli bilan topish mumkin. Bu
savolni tolaroq ko‘rib chigamiz. Birjinsli bo‘Imagan sistemaning
yechimini clc2,...,cn ixtiyoriy o°‘zgarmaslarni, ularga mos

keluvchi c, (x),c2(x),...,cn(x) funksiyalarga almashtirib, har

doim (11.64) ko‘rinishda yozamiz mumkinligi isbot gilingan. Bu
funksiyalar berilgan bir jinsli bolmagan sistemalar yordamida
quyidagicha aniglanadi. Berilgan sistemaga
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Y\*Yr>Me YI'Y2'- 'Yn laming  ifodalari  go'yiladi  va
c[(x), c2(x),...,c' (x] larga nisbatan, yechimi har doim mavjud
va quyidagi ko ‘rinishda tasvirlash mumkin bo‘lgan:
c;(x) = (x), ¢ (X)=E2(x),....c'n(x) = E(x).

bu yerda <(x){i=3,nj - ma’lum funksiyalar, n ta
algebraik tenglamadan iborat chiziqgii tenglamalar sistemasi hosil
gilinadi. Bu tengliklami integral lab quyidagilami topamiz.

ca(*)=| Vi(*)<&+cm

bu yerda c - ixtiyoriy o'zgarmas.

(11.64) yechimga ci=const lar o‘miga topilgan c (x)
laming qiymatlarini qo‘yib, bir jinsli bo‘lmagan tenglamalar

sistemasining umumiy yechimini hosil gilamiz.
4-misol. Koshi masalasini yeching.

y[ =41 —by2+4x + |,

A (0) = BYr(0) - 2 ()]
Yi=Y\ ~2y2+x.
> Awal, bir jinsli sistemaga mos keluvchi umumiy
yechimni topamiz.
y[=4yi-5y2}
2
Y2=Y>-2y2\ @
Uning xarakteristik tenglamasining ildizlari:

N =-, Ar=3 umumiy yechimi esa quyidagi Kko‘rinishda
izlaymiz (1 holga garang):
y, =c,e~x+ 5¢c%ex\
y2=c,e '+c2e @)
(3) yechimda ¢, va c2 lami c¢,(x) va c2(x) noma’lum
funksiyalar deb hisoblaymiz (o‘zgarmasni variatsiyalash usulini
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ma’nosi ham shunda), yxva y2 larni (1) dastlabki sistemaning
yechimlari bo‘Isin deb talab gilamiz va quyidagilarni topamiz.
y[ =c,' (X)e~x—€, (x)e~x+5c2(x)e X +15c2(x)e 3,
y2=c,"(X)e~* =g (x)e_J+c2{X)e*+ 3c2(x)e3X
(1) sistemaga Y,,y2 Y[y'2 & uchun olingan ifodalarni
go‘yamizyu. 0 ‘xshash hadlami ihchamlab, quyidagi sistemani
hosil gilamiz:
c[(x)e~x+5c'2[x)eX=4x + 1,1
c[(x)ex+c2(x)eX=x. J
bundan,
c[(x)="(x-1)ex, c2(x)="(bx +\)e-bx

Oxirgi tenglikni integrallab, quyidagiga ega boiamiz.
Ci(*):\(x”Z)e*+Ci> CZ(*):H/\Z (3X+ ' +O"

g (x) va c2(x) larni (3) tenglikdagi C} va C2 larning
o‘miga go‘yib, dastlabki (1) bir jinsli bolmagan sistemaning
umumiy yechimini topamiz.

* =c,e* +5ckIx+1 (x- 2)- A (3x+2),

y2=0e-x+c2X+x (x-2)-1(3x+2)

Boshiangich shartlardan foydalanib, cxva ¢2 o‘zgannaslami
topish uchun quyidagi sistemadan
1—€, +5¢2-1/2-5/61
2=c +c2-1/2-1/61J
c,=11/4, c2—1/12 giymatlami hosil gilamiz. Shunday
gilib, Koshi masalasining yechimi quyidagi ko‘rinishda
aniglanadi.

VI=—e X~—eX+-(x-2)~ — (3k+2).
78Xt (x-2)m w2
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Y =lie-* - —e3i+- (x-2)—@jc+2) e <
2 L'te 12e 49( )12(JC )

Il. (11.60) sistemaning integrallashning ikkinchi usuli
(noma lumlarni yo gotish usuli) quyidagilardan iborat. Ba’zi

shartlami bajarishda, bittadan boshga, masalan yt dan boshga,
barcha noma’lum funksiyalami yo‘qotish mumkin va y (X)
uchun bitta n — tartibli (agar (11.60) sistemada a = const

bo‘lsa) o'zgarmas koeffitsientli bir jinsli bo'lmagan chizigli
differensial tenglama hosil gilish mumkin. Uni echib, golgan
barcha y2(x),...,yn(x) noma’lum funksiyalami differensiallash

amali yordamida topamiz. Bu quyidagicha bajariladi. (11.60)
sistemaning ( atl=const deb hisoblaymiz).  Birinchi

tenglamasining har ikkala tomonini X bo'yicha
differensiallaymiz. So'ngra y[,y'2,...,y'n laming o'miga (11.60)
sistemadan ulaming giymatlarini go'yamiz va quyidagini hosil
gilamiz.
yl=auy'l +auy2+... +auy n+Z'(x) =L2(yl,y2,...,yn)iF 2(x),(11-68)
bu yerda L2(yl,y2...,yn) yl,y2,y3,...,yn funksiyalaming
o'zgarmas koeffitsientlar bilan ma’lum chizigli kombinatsiyani,
F2(x) esa /iIW> fiw,...,fn(x) va /'(x) funksiyalaming
chizigli kombinatsiyasini ifodalaydi. (11.68) tenglamaning ikkala
stomonini X bo'yicha differensiallab, yana bir jinsli bo'Imagan
chizigli tenglamani hosil gilamiz.
Y\=b{Y»¥Y1>“uy¥Yn)+pr(x)-
Bu jarayonni davom ettirib, quyidagini topamiz.
WD =K{Yy’Y »- ") +Pr{x)-

Natijada, n - tatenglamadan iborat sistemani hosil gilamiz.
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V=« ,+ amyr +..+ahyn+f (*),

Y\= *p(Y1>Y1>->Yn) + Fi (x)’ (11.69)

yIrd)=Lni (yl,y2...,y,,) +Fn](x),

(11.69) sistemaning birinchi n- 1 tenglamasini, y2,y 3,—y,,
funksiyalarga nisbatan yechib olamiz (bu qoida bo‘yicha
mumkin). Ko‘rinib turibdiki, bu funksiyalar x,y{,y[,y",...,y\n/)
lar orgali ifodalanadi.

Y2=(Pr{x,Y"Y[,Y1-,Y (X,
y3=<p3(x,yLy{,yL....,y[)), (11.70)

yn=<Pri{x,¥1,y1,y1 ~,y[ X)-
(11.70)  sistemadan y2,y3...,yn ifodalarni  (11.69)

tenglamalar sistemasining oxirgi tenglamasiga qo‘yib, n - tartibli
o'zgarmas koeffitsientli, bir jinsli bo‘Imagan chizigli differensial
tenglamaga kelamiz.

y\n=F{xyLyLyl-,y{ ),
Buning umumiy yechimi ma’lum metodlar yordamida
aniglanadi (8 11.5 ga garang).

)\ =Vi(x,cl,c2,...,cn). (11.71)
Oxirgi ifodani x bo'yicha n-1 marta differensiallab,
y[L,yX,....,y[" ® hosilalami topamiz. Ulami (11.70) sistemga

go‘yamiz va (11.71) funksiya bilan birgalikda dastlabki
sistemaning umumiy yechimini topamiz.

Y2 ~ 42 (N, Q, ),
Yr=¥Y's{x,cLc2,...,cn), (u ?2)

Y =V, (X' 0>C2’- *Qn)
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(11.71)*%(11.72) sistemalarni va beriigan boshlang‘ieh
shartlami e’tiborga olgan holda, Koshi masalasini yechish uchun

C,C2,...,Cn ixtiyoriy o‘zgarmaslami topamiz va ulami (11.71)-
(11.72) sistemalarga go‘yamiz.
5-miso!. Noma’lumlami yo‘qotish wusuli biian quyidagi
sistemaning
Y[ =3Y1-YT + Y3 +eX>

Y2 =N\ +Y2+Y3+X> @
Y3=4y]-y 2+4y3.

WN(0)=0,34, y2(0)=-0,16, ¥3(0)=0,27 (2)

Boshlanglch shartlarini  ganoatlantiruvchi  umumiy va
xususiy yechimlami toping.

> (1) sistemaning birinchi tenglamasini x bo‘yicha
differensiallaymiz va Y\y'2y'b lar o‘rniga ulaming shu
sistemadagi ifodalarini go‘yamiz.
y"=3y[—y2+ Y3+ &~ 3(3yy- Y2+ Y3 +ex)- (y, y2+yr-x) +

+4y, y2+4y3+ex =12y, - by2+ 6y3+4ex +Xx.

y" ni x bo‘yicha differensiallab va yana y[,y'2y'3 larni
ularning (1) sistemadagi ifodalari bilan almashtirib, quyidagini
hosil gilamiz.
y”=\2y[-5y'2+6.y" +4ex+1=12(3v, -y 2+y, +ex) -5 (Y, +y2+ v3-Xx) +
+6(4y, - y2+4y3)+4e -x =55y, - 23 y2+ 31y3+16ex+6X.

Bu holda (11.69) sistema quyidagi ko‘rinishga ega boiadi.

?1=3Y1-Y2 +Y3+e*>
y "= 12y, - 5y2 + 6y 3+ dex+x, (3
y "=55y, —23y2+31y3+ 16en+ 6jc.
Birinchi 2 ta tenglamadan y2 va y3 larni topamiz.

y2=y”-by[+6y]+2ex-X,

@
Y3 = y*—b5y! + 3Y] +ex—x.
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y2 va y3 ifodalami (3) sistemadagi uchinchi tenglamaga
go‘yamiz.
Y\~ 556y, ~23(y[ - 6y[ + 6y, +2ex- x) +31[y"- Sy[ +3y, +ex-x) +

+]6e* +6x = %y —YJy[ + 10y, +ex—2x.

Quyidagi 3-tartibli o‘zgarmas koeffitsientini  bir jinsli
bo'Imagan chizigli tenglamani hosil gilamiz:

rf-8yf+1y\ - 10y, = e*- 2x. (5)

Uni ma’lum usulda yechamiz (§ 115 ga garang).

Xarakteristik tenglamasini tuzamiz.

N3- 8N2+17n-10 = 0. (6)

Bulling yechimlari N,=1 /=2, Aj=5 bo'ladi. (5)
tenglamaga mos keluvchi bir jinsli tenglamaning umumiy yechimi
y, quyidagi ko'rinishda bo'ladi.

y, = oex +c2elx + cE~X.

(5) tenglamaning o'ng tomoni (11.50) va (11.51) maxsus
ko'rinishdagi 2 ta funksiyaning yig'indisidan iborat.

f(x) =flI(x)+f2(x), fx(x)=ex, f2(x)=-2x, fl(x)=ex.
uchun Z=1, yani \ =1 ildiz bilan ustma-ust tushadi,

shuning uchun k =1 f2(x)=-—2x uchun Z=1 va y (6)
xarakteristik tenglama ildizlari orasida yo'q, shuning uchun Kk =0

Shunday qilib, (5) tenglamaning xususiy yechimi y* ni

quyidagi ko'rinishda izlash kerak.
y* = Axex+ Bx+c.

bu yerda A,B,C noanig son anigmas koeffitsientlar usuli
yordamida topiladi. y*,y *'y*’ lami aniglab, y* bilan birgalikda
(5) tenglamaga qo'yamiz va quyidagiga ega bo'lamiz.

y* = Aex--Axex+ B, y* =2Aex+ Axex,

y* =3 Aex+ Axex,
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3Aex + Axex-8 (2 Aex+ Axex) +\1(Aex+ Axex+B)-
10(Axex +Bx +c) = ex—2x,

4Aex+17B-10Bx-10c =ex-2x,

4A =1 -105=-2, 17J7—10c =0,
buyerdan A=1/4, # =1/5, ¢=17/50.
Shunday qilib,

(5) tenglamaning umumiy yechimi quyidagi formuladan
topiladi.

=y, v =ce'+ceX+ce™ +ixe +ix He---,

Y=Y T TS 5 4 5 50

y[,y” hosilalami topamiz va ularni (4) tenglikka go‘yamiz:

yi\ :clex+20I,e2*+ 503e5<+;1 Xex+s,

Y =ce*+4ck2+ 2bce'x+ "ex + A xex,
y2=ce' +4c22*+ 25c-eix +—e* +—xe*—h(ck* + 2C-|28|Kf 5cie55m4e*-174 xexuf5

+6 ce* +cle® +e eyt
V1 2 3 4 5 50.

2e* —x = c.ex—2c,e X+ c,e51—e* + —xe* + —X + —.
1 2 5 4 5 25

v3=c,.e" +4cjt’2*+ 25¢c,e” +"Ne' +-"NJtic*- 5jc,e' +2c,e2*+5t35 + e’ +-mxe'j +

.ect+c,e2*+ cEX+—xex+: - +ex -
R 4 i 50

2 1

ex- 3ceX+3cEX - - XH------.

4 4 5 50

Shunday qilib, (1) sistemaning umumiy yechimi topiladi.
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4" ' 4 5 50
Koshi masalasini yeehish uchun boshlang‘ich shartlardan
foydaianamiz. c,,c2,c3 ixtiyoriy o‘zgarmaslami aniglash uchun

quyidagi sistemani hosil gilamiz.

2 . -c,,-3c, +30,1+—1+ —.
100 1 2 4 50

Bundan ¢, =0, c2=0, c3=0.

Izlanayotgan xususiy yechim quyidagi ko‘rinishga ega

boiadi.
Y, =ixe‘ -X +— 17
1 4 5 50
y?:ixe*-ex+ 6x +g',
2 4 5 25
1 1,2 1
y,-— xe +—e X+—
4 4 5 50
11.8. AT
1 Noma’lumlami yo‘qotish usulidan foydlanmasdan,
quyidagi bir jinsli tenglamalar sistemasining umumiy yechimini
toping.
N - Y\~YT + Y
AY -bx+Yr, b Y1=Y~*M> y
a ~ ) v T \ = ~ ’
) 1Y2=-2y-5y2, ) {YZ:b,+YZ>; Yr=h+¥y2-y3
. Y3=2Y1~Y2-

(Javob:



a) cosx+c2sin*), y2=e-6q(cl+c2)cosx-(c,-c2)sinx);

b) yl-e* (c. sin3x +c2c0s3x); y2 = ex{clsin3x - c2c0s3X) ;

V) yt=c,ex+c.eX+cE~X, y2=cxex- 3cE~x,
y3=c,ex+cxIx—bcE~X.)

2. Quyidagi har bir tenglamalar sistemasining umumiy
yechimini noma’lumlarni yo‘qotish usuli bilan toping.

Q) I\=  +DF+< b)J =3y +*F V) YSEY I ~-33
[Yr=yY"6y2+e-u, j y2=3y,~4y2; bl =5y,+5y2-4y3
y3=6y,+4y2-4y3

(Javob: a) y = +cZe—7X+—O ex+-e~2,
4
y2=—geX~CRIX+—ex 3
2" ‘ 40 io'
b) y, =2¢c,«" *<*f” - 1> - «Y*+ -1
V) y, =ctex +c22*+ ¢33 y2=c,ex +2c33; y3=2c,ex+cxlIx +2c,e3x-)
3. Quyidagi  differensial tenglamalar uchun, Koshi
masalasini yeching.
\?1=Yr>
fTYT=Ys Y, (0) = Y2(0) - y3(O=1 b)
Y3=4A>
yl =Y2+Ys3,
Y2=y1+Ys> ¥,(0)=-1, ¥2(0)=1 >3(0)=0.
Y3=Y,+Y2-

(Javob: a) y, =y2=y3=ex; b) y, =-e-*, y2=e~x, y3=0.)

Mustaqil ish
Differensial tenglamalar sistemasining umumiy yechimini
toping.
jyi =y2+tgx - |
I | yIr-yx+tgx.
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(Javob:
y]=c, cosx + c2sinx +tgx, y2 = —€, Sinx + c2cosx + 2 ,
{M =Y1-Y2>
2> 1/ =>+y2+ex
(Javob- ¥ =((cic’sjc+ g2sinx- D)et’ 72= (cisin* ~ c2cosx)*7*) .

I{ =yt+y2~ QX
3 (Vj - -2y\ —y2+sinx +cosx.

(Javob:
Yy, =C, COSX+C2sin/i- XcosX, y2=(c2-cj)cosx-(c, +c2)sinx+x(cosx+sinx)-)

11.8. 11 BOBGA INDIVIDUAL UY VAZ1FALARI

IUT-11.1.
Differensial tenglamaning umumiy yechimi (umumiy
integral) ni toping.
1

1.1. ex*ydy =xdx. {Javob; e’y =1 (c-Xe x-e~Xx).)
1.2. y'sinx =y J)y.(Javob: \ay =c*tg(x/2).)
lay':(ZX-I)c,gy.(Javob: = )
1.4. sec"xtgydy +sec2ytgxdy =0. (Javob; 0 ~ *8Y*8* .)

15, {>+ex)yd y-eydx= Q. (Javob: _e-y+1)=iD_ ‘f*_1+ Co
ex+

(y2+3\dx—e*ydy =0
1.6. * .(Javob:\n(y2+b =2(c-xe~x-e~xy)

1.7. siny cosxdy = cosy sinxdx. (Javob: A ~cosx'cosY )
1.8.y' = (2y + Dtgx. (Javob: ~2y +\ -c/cosx*)
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1.9. (sin(x +y) +s\n(x - y))dx + =0 .(Javob:
V=c-u2cosx)
1710. (1 + ex)yy' = ex (Javob:y2 = ZInC(l + ex)J

1.11. sinx . (Javob:
1.12. ~sin ydx+ (1—e*)cosydy =0 siny=c(e*-1)3}

sinxtgydx — =0 Inlsiny| = C+2—X —4$in2x

1.13. ¥ =e /hlY.(Javob: j,(iny-i) =1 e2*+c-)

114 y +#dy+xdx=0 (Javob.y = 13" +c]ns.)

2
1,15, (CAYfX-2Y) ¥ COSK+ AY))Y' =SECX 10 sin2y = tgx +¢
1.16. y'= e“(/' +y2; (JTav%)b: arctgy =c +iea )

1.17. ctgxcos2 ydx+sin2 xt& dy = 0. (Javob: =ctS2x+2c.)
I |8 sinx-/=ycosx+2cosx "javofr y =Csinx-2 "

119 1+(1+=W = 0.Novo;,. c(™_Ii) =e-.)

120 /««<*+>mM=2. (ymob;: vy =CCOSX+2 ]
e~ dy ™ dx n
121, * +cosh~ (W ,; L 7+1sill2y=c-ig”.)
2 4 2

1.22. exsmydx+tgydy =0 (Javoh.” g E+2

=C-exe)
vd 2

1.23. (I+~ > * =~ (NnJl; i = “In(i+~) +c)
2 3

| GOS0 O

smY .(Javob: ctgy =C—sin2x.)
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1.25. cosydx =2-JT+x"dy +cosyy/T+X2ly (Favob:w

INjx+VI+jt3+c-)
1.26. W ™ -cos2™ 0'(Jamb. (gy = arcsinX+c }
137 «m**=(e-«*)«'xX r . "igy-c,(<m:) 9
1.28. /+sin(j:+y)=sin(x-")

[ ]

(Javob: In 3 =¢ - 2sinx.)

199, cos3dy e/-cos(2x+.y)=cos(2x-y)
1 1. .
(Javob: —y + —sin2y =sin2x +c .)

130, 3v * —yy'/x (javoh: y-y2=y*2_2cIn3)

2.1. (Jmob: cx=p +S)(l1+y*).)
22. N 17>'"A=3.(Javob: Ty =3¢7~-x+clIn7.)

23. W =2(1+*24(./<,vo;,; y=G IV T"r?+2)
24, M * [ =1+*V (jflvob: y=Cc/ (*+1)+1.)

25. (X+4No - XddX =°.(Javob: Y =Ce' 1(* +4)*))
2.6. ®'+~+2=0.(Jflvoi- j>/(jy+1)=C-x.)



2.7. y2\nxdx-(y-\}xdy =0

1 +lii)=C+iinli.)
] 2

2.8. (W )Y4-+M -/& =0 Nevoi

{v—l
y +Infi———=. fInX)

29. +2j;+> _~(/ayoi,- -2)/y - Cex.)

2.10. (*2+ M+ (/+ 1)« =" (n,06.
yz o iz g2,
2 + n> T _

21, (~)yn +(n-y-Hp =0 (Nwnn;

+1 =cVx2- 1)

212, ("+/)'& - (™ +4M)«"'=0 (W
—In(y2+ 1) = ct arctgx.)

2.13. + X .(Javob: —Inj2x+ 1=x2/2+c.)

214, Y~XY ~3(|+n y),(Javob: y =cifi/~"TT3+3)

215, 2AT'=1-~ (/mrj4. yr=Injx|_".+c))

2.16. "~ ~ 1)y’- Xy=0.(Javobh: y *c ™~ 1)
217. (A +/)~+ ** =0 NevoA.

33=3(C-x+Injx +1|)
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218. ("+*)/*>'-(>2-D)*> =0 .(Jmob:
Iny +—1z =ctx————1r ’51
2y X
219. *Y ~y~y .(Javob: yt(y +\) =Cx.)

2.20. n]y2+1dx =xydty. (Javob: i~ o)
221, Y ~XY =2x¥Y' (javob: Injj|(y+ 2)]=c+x2)

222. 2xyy+y =2 (javob: In|2-y 2=c+1/x )

2.23. = (H—/)/(V X 2) .éSavob: arc.)

224, NV '~ = |'. (Javob: +/)" =c+x’")
(y+Dhy'= ly-2+xy
2.25. VI-* .(Javob:
y +Iny = arcsinx +x2/2 +c )
2.26. {)+X22lv +yyf|+x2:xe/ (Javob: y = 8\‘3’,4-1 jl
X+ -JT+ X"
I+ x2
Xy
2.27. 1 Y .(Javob: 2y2- y4=41n|xj+2x2+cC.)
2.28.  (*y-*)*<ly+y('-x)dx =0 (Jawb.

L oy +iny|= Injx[+ 2+ c )
2 X
(Xy -y fy'=x-y +x2-1

y -y +Iny+I[="Nn +c.)
X+ 1
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b ~y2dx+ydp —x2dy =0

2.30. (Javob:
-y =arcsinx+c
y-Xy'=xsec—
3.1. X . (Javob: sin—= InF+.)
3.2. (>2-3x2"dy +Ixydx = 0. (Javob: ~ A V)
3.3. Jt+2>)fa- A =0 .yavoi,.- , =«>-*)
3.4. (x-y)n+(x+y)p =0 (IW >;
1, y2+x2 .
arctgl+— |n—¥———’\x— = InC—.)
X 2 Xr X
3.5. o. (InA.yi(x-y)=a.)
3.6. N + = .(Javob: ~ =7 )
3.7." - y=Xlg(yIxI(/avob: M y/x)=C\ }
3.8. 0" =Y -xeY,X. (Javob: € "bI=1nCx.)
m 39 Xy'-I=(x+y)In((x +y)/x) (Javob:

b jl+y /x| =Cx)
3.10. 7' =>dSto” /j:).(yav»4: Ogfiln* :1nCX))

+Jxyjdx = xc A ?
3.11. y Y] fy.(Javob: y —In Cx.)
7

3.12. # wW'1*-Y‘+Y.<M-ob: (v/*) = hi&.)
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y =xly'-\le*)

3.13. . {Javob: — yx—InCx.)

314, Y ~YlIx~\ (Javob: y =x\n[c/x).)

3.15. ¥Yx+x+Y¥Y=°.(Javob: y =--~.)
X 2

3.16. = (Javob: M -Z .bC .)
K X

3.17. rty-ydx”*JSiy'dx (W
y+fx X'y"=Cx

3.18.  (4x2+Dbxy+y2hcIx+{4y2+3x+p2)h =0 .(Javob:

2, fy +x1]
J+ + £V +4*4
5 r2
3.19. , =*/InG )
320 W = (N +*>-) (Null; ¥Y+2ln—=1In—)

I X X

3.21. (12-2™)y =~ -/ . (yovo6: * +2to~-1,Cr.)
Yy X

3.22. y-,h>[Q1.)

xy"+yfIn— 1 =0
3.23. K x J (Javob: y - xeclx.)

3.24. (M +1)* +2°  =°. NevoA/y A /3 '-7A[3.)

3.25. a . /InQ.)
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3.26. (*+2N <fat**'=0.(.W , y=c!/(3*’)-*/3.)
32?7 (2X-y)*& +(x+>>)p=0

1. 2+ x2N1
Javob: —lnfy ZX +arctgy—= InCx .)
2.y Xy X
3.28. 2X ~' (2x ~}'\ (Javob: / =x1/In(Ct)*.)

320. A =Y(X+Y).(QJavob: >=-*/b (°').)

. Xy
[= -+ -
3.30. A . (Javob: y2=x2In(Cx) )
4, Differensial tenglamaning xususiy hosilasini (xususiy

integralini) toping.
i1 (x2+ 1)/ +4xy=3, y{0)=0

(Javob: + )
4/1\.2. y *ytex=secx, ‘V\(/OL: O.(favob: y =sinx.)

43. (I-x)(y'-y)=eX y(°)=0.

(Javob: y = e~x|n-1----- )

4.4, X /- 2X=2x"" >0)=0. (Javob: y =*¢ )
45. % =2X(X1+Y) Y(°)="°. Javob: y =x"* +1-e>.)

46.Y'-Y =e y(°>1. (Javob:
e,_,*

4.7. xy'+y +xe x =0, v(l)= P .(Javob: 2X )
e
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" cos(ix = (x + 2cos>")sinydy, y(0) =;r/4

(Javob: x = {/sinZy X a)-s? )

4.9. xy'+xy+1=0, y(l)=0. (Javob: » (Inx)/n ~
4.10.‘yx tX=4y3+3y2 X&Z} - 1. (Javob: x :y?'+y2.34
4U (2x+y)dy =ydx+Ainydy, y(0)=1 (Javob. 2lny+1 y.)

\

4 =y/(3x-y2?, y(0)= 0.(Javob: X :y2-y 3.)

4.12.
4.13. (1-2ny)/ =y(y-1), y(0)=1.

(Javob: <y - N =(y- bly~X)

4.14. x(Y'-¥Y) =eX ¥Y(')=°. (Javob: y=¢e’ blx.)

4.15. Y=x(Y -xco*x)> Y(>k/2)=0.(Javob: M sin*~])*.)
4.16. >(«)-<>. (1W .

2e3- =1, 0)=0
4.17I'I( e3-x)y y(0) . (Javob: x =ey-e vy.)
418 V +(x+D)>=3xVx y(l)=0

(Javob: y = (x2—1/ x) e~x.)

4.19. {*+Yr)"Y=YNN*- y(°)=".(Javob: *=/-,.)
420 {siRly +xctSy)y'=1 >4°)= 2
(Javob:x= -sinycosy.)
421 (X+1)Y,+Y=X3~x2>4A°) =0
3x4+4x3 4
(Jamb:y = w ~1jJ
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40 (\ny'-Zy)7+ x2=0, y(I)=0

423. *y'+y'=sinx, y(Aa72)=2/n\

(Javob: y = a(zlnx.)

Nevob.">"= (1- COSX)/ | .)
4,4 (J2-1)/-w =iu3-x, >>@2)=1

(Javob: y =x2—1.)

425 (1 —x2y'+xy=1y(0) =1 (Javob: y =x+

VI —x2)
426 "N ~n=20Cs2XagX’ ¥Y(°)=0

inx-2si :
(Javob: y = 6sinx sm3x'

3c0sXx

427. Y'+2*Y+3' Y()=-\ (Javob:y =-\!x)

428. [+2xKk=". F)=° . (Qiv®.->=05*Vv

4.29. y'- 3x2y - x2*3=0, y(0)=0

(Javob: Y=~x'e' ®

Vo +y=In*+l| 1) =
4.30. Pty =in » y() =0 . (Javob: y =1Inx.)
5. Differensial tenglamaning umumiy yechimini toping.

5N.y'+y ¢ .(@Aflvo6. » =~ _2e*«+cj2e-*)
g2 YN +2x"V = 2y\fx sec2ydy
(Javob: x = (ytgy +Injcosy|+c) /y2)

53. 1/ +2>»= .(UfIVoB. g, =/(Ce2x+ <))
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5.4. Y'=Y*cosx+ytgnc {javob; y = 1/ (cos Xyjc —fgxj )

5.5. xyafy = (y2+ x)c£t. (Javob: ¥ —~S/2 11x) )

56.V +2y+x5 V ==0.(<W ; J =1/(x2 (7 7)).)

57. vXx shYy~XY "y (javoly x _~ [(c—€o0sy).)

5.8. x=1/(>(c-In2>))m)
2/ - £ =_"L _

5.9. x ~1.(Javob: y =sjc-y/x2-1 n/x2-1.)

510. ~ N .(Javob: y =— (c- Inx)" )

511. *WV -* +y (Javob: y =xd (c- 1/xj.)
512. (*+1)(/+ 1) =~>
(Javob: y =1/((x +)(c + In|x +1j)).)

5.13. +Y- XY (Javob: y = 1/(x(c +1Inx)).)
514. Y -*Y=->3" (W r ~'2/"2(c+X).)

5.15. y ~ .(Javob: y - x(x2/2+¢c)2)
516. y'+ny=x33.

Nevol: ¥ = ;'ISe-1+e'+c }

Y=-«2+/

5.17. . (Javob: vy \;x2+ c.)

l/(y(c*+Iny)).)

518. Y *+x-—yx (Javob: x



519. x(x-1)y'+y3=xy
(Javob: y = (n:-1) / J'2.(x —inx +c) .)
5.20. 2XxbYY' +3x2¥2=1=0.(Javob: ¥Y="¢c~x 1 )

f1-*; dx
5.21. b .(Javob: x =y /(/+c).)

522.y +o® 3y.(Javob: y = e3" <TJc+"e'2*+cCj .)

523. xY'+Y=¥2blx.(Javob: y =1/(Inx +1+Cx) .)

dx =(x2/ y -y 3)d boeoee -
5.24. Xax (}( 9/ a lx.(\]avob: X=Yyyjc-y2.)
5.25. Y +2xy=.2% .

(Javob: Y =2e™ 77 +teN +4)
5.26. y'+y =xI ¥ .(Javob: e-“Jxel' ~jsl+c .)

527. [-e>«* +/ cos=0 7=1/((x+c)cosx).)

5.28. *  COoS X.

f xfgx + Inlcosx! + e“?
(Javob: y = ---memmee- e

529, y'- vy +y2c0SX=o

(Javob: y = 2ex/ (ex(cosx +sinx) +c) .)

y'=xjy+
5.30. * .
(Javob: y =\ —«Hx24) +c yjx2—1)
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Namunaviy variantlarning yechilishi
Differensial tenglamaning umumiy yechimini (umumiy
integralini) toping.
1. (xy2+x)dx+y(y-x%)=0.
» Berilgan tenglamani quyidagi ko ‘rinishda yozib olamiz.
y (1-x2dy=-x(y2+l)dx.
But englama o°‘zgaruvchilari ajraladigan tenglamadir.
0 ‘zgaruvchilarini ajratamiz.
ydy _ —xdx
y2+1 1- A2
Oxirgi tenglikning ikkala tomonini integrallaymiz.

, iIn(_v2+I) =-Inbc2-1| +—nC,
y +1  }\-x2 2 21 12

Y2+l =cjjc2- 1, y2=(\x2- 1- 1
Shunday qilib, dastlabki tenglamaning umumiy yechimi
quyidagicha bo‘ladi.
y =tJc\x2-\\-1-<
2. secXtgy dx+secd tgx dy=0
» Berilgan tenglama o‘zgaruvchilari ajraladigan differensial
tenglamadir. Ulami ajratib, integrallaymiz va differensial
tenglamaning umumiy yechimini hosil gilamiz.
sec2ydy _  sec2xdx  t(tgy) _ rd(tgx)

tgy tgx " J tgy = (X
=-HH tgy = C!tgx, t>etgx = C. <
dy _ dy
3. V-XE(_XJr%/dx

» Berilgan tenglamadan @ ni topamiz: ® Y~x
dx dx x+y

Dastlabki tenglama 1-tartibli bir jinsli tenglamadir. Uni
o‘miga qo‘yish yordamida yeehamiz y=xu(x) va quyidagini
topamiz.

, NX —X , n—
y'=uXx+u, uX+u=--—--—-- , UX +U---mmmms
X +Uux 1+u



, n—1 —- — du n +1
nx- n= , — = )
n+1 bi+1 dx n+l
0 ‘zgaruvchilari ajraladigan tenglamani hosil qildik. Uni

yechamiz.

n+1 " dx ru+\ U = cadx
u +1 X ow +1 J X
1r2udu r du 111 1

N ln(w2+ 1) +arctgu =In\CJx\, arctgu =1In
c\Ju}+)

\Q
arctg LA T

X Jx2+y2’
Shunday qilib, dastlabki tenglamaning umumiy yechimini
topdik. A
4.  Differensial tenglamaning xususiy yechimini toping.
dy - e xdx +ydx - xdx = xydx; y(0) = In5.
> Berilgan tenglamani hosilaga nisabatan yechib, quyidagini
hosil gilamiz:

dy xy+e~x-y dy ~ i-x e~X
dx I-x dx I-x I-x )
-X
— +y = tenglama I-tartibli chizigli tenglamadir. Uni
dx I-x

y=u(x)v(x) ko‘rinishidagi almashtirish yordamida yechamiz va
quyidagiga ega boiamiz.
c X t U \' \ e~X

J— W - [, + VvV =
y —uv+uv, u'v-ruv +uv I_X,uv+u ix 31
av +v =0 shartdan v(x) funksiyani topamiz.
dx
Doy, Mgk Vo i = ex, v=e

dx dx Jv J
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bu ifodani (1) tenglamadagi v(x) funksiyaning o'miga
go‘yamiz:

du e~X du 1
e =
dx 1- x dx 1—x,
, dx r ™ rodx i n C
aM=------, N/bl= - , n=—ii1-n +0C, 1y=InF-—-
1-x J J1-x |1—x|

u holda y =uv =exlIn
=X
li-

Bu dastlabki tenglamaning umumiy yechimidir. Boshlang‘ich
shartdan foydalanib, C ni topamiz.
y(0)=InCc=In5, C=J
Shunday qilib, dastlabki tenglamaning xususiy yechimi

guyidagi ko‘rinishda bo‘ladi. y = e~xInj » <
{1—x
5. Differensial tenglamaning umumiy yechimini toping.
(1+x2)— =xy +x2y2.
dx

> Tenglamaning turini aniglash uchun uni quyidagicha yozib
olamiz:

dy X2 2
— T Ty = y.
dx 1+x 1+ X
Butenglama  Bemulli  tenglamasidir.  Bu  tenglamani

y =u(x)v(x)ko ‘rinishidagio'migaqo ‘yishyordamidayechamiz.
Uholda

ylubaevd ooy @Y L XA
1+x2 1+x2
Uvs K dv. xv 1 xVv2 (l)
dx 1+ 1+x2
v(x) ni — =0 shartdan topamiz. Bu tenglama

dx 1+ x2
o‘zgaruvchilari ajraladigan differensial tenglamadir. Bundan

302



dx 1+x2r v w#xz'd v JI+x2' 1l 2
v(X) ning hosil gilingan ifodasini (1) tenglamaga go'yamiz:
du /, ., ji _Xx212(1+x2)  du  x7dx

J+ X

dX _1+>g I »2 V|+x
fdu ( xdx fdu 1

u”x) =x, du, =dx
r Xdx

A\X2 dv= V)I%dr);z’ v, =Vt |, =X+ x1- §Vinxrd X- x-J1+x* - f dx-
>t dx
=x\l+x2- [ —f-N
J nIT+x2

Oxirgi tenglikdan quyidagini hosil gilamiz.

—X\)4XA-INL +VI+A1-2C, f-irh = -xy FTA--bdx b \fL 4xny-C
XAD*FxA-Inly +Vi+ s2i77 %Y A

f
mp+7 I

Bundan

i AT b xaviexe - C,
Iz 2

—=—InX+ Al +x2 - =/l +x2+C,
n 2 2

E—In X +1 1Txr —=xyj] +X2+C |
2 2 j

Shunday qilib, dastlabki tenglamaning umumiy yechimi

quyidagi formuladan topiladi.
>'= SX

-2In/x +yjl +x2/-->§n/1 +x2+C

11.2.-1UT
1. Differensial tenglamaning xususiy yechimini toping va
hosil gilingan y —p(x) funksiyaning giymatini x=x(>da verguldan
keyin ikki xona anigligida hisoblang.
1.1. 3, =sinx’ *0o=a!2, >0)=1 y'(0)=0, y"(0)=0.
(Javob: 1,23).
12 ym=1/x, *0=2, y()=1/4, y'(I) =y \)=0.

(Javob:0,38).
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j 25 y"=2sin2xcosx, x0=n, y(0)=1/9, ¥(0) =1
(Javob:4,14).

1.26.

.y =2sinxcos2x-sm3x, x0=n/2, y(0) =0, Y(0) =1

(Javob: 1,90).
1.27.

y" =2c0sxsin2x-cos3x, x0=a/2, y(0)=2/3, y'(0) - 2.
(Javob:3,41).

128. Y = x0=2, y(l) =-5/12, ¥ (1) =3/2.
(Javob: 1,62).

129. / =1/*2 xo0=2, y() =3, V(D)=L

(./avo6;4,31).
1.30.
y m—cos4x, x0=n, >0 =2, ¥(O)=15/16, y"(0)=0.
(Javob:5,14).
2. Tartibi  pasaytirish ~ mumkin  bo‘lgan  differensial
tenglamaning umumiy yechimini toping.
2.1 1—x2)yl—xy =2.

(Javob wY =arcsm 2jc+ C\arcsin+C2."

22,2xyY -y'2- 1L

(Javob-9Cc2(¥ ~C2)2=4(C,x+1)3,y =xx+C.y
23. *V + =1e(Javob: Y =C>b x +1/x +C2)
2N y" +y'tgx =sin 2x.

(Javob:y =C, sinx - x- ~sin2x +C2)

2.5. Inx =¥' (Javob:yY =Cx(inx -1) +C2).
26. M X [/ =*2 (yavo6; 3 =*t<>-]) +Cix- +C2>
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2.1, Y*x\nx = 2y".
(Javob Y = In2x —2n In -+ 2X) + C2).

2.8. x2Y"+ Xy '=1-(Javob:y =(n2 X552 +C, Inx+ C2).
2.9. Y"'=-x/y.

(Javob:y = ) arcsinai +2—,q/c,2— x2 + C2).

2.10. =Y'-(Javob:y =" /2+C2).
211 7/ =y +x.(/ayob.y =—x%2/2—x+Clex+C2).
212.  xy" =y'+ x2.(javoh;y =x3/3+C,x2/2 +C2).
2.13. xy" =Y n(//x).
(Javob:y m - ecl\Fl 20+ C2).

C C2
214, =y =InX.gavob.Y = (X+ CI)\INMX-2X +C2).

215 Y °tgx=y +1.(Javob.y =-C, Inx- x +C2).

2.16. N +2xy'2=°-(Javob:y =— i n +C2).
2Q X + C,
217 2xy'/ =y'2+1 . {Javob.r = 2 (C~ _1)3/2 +Cr}
3C]
v - Y
2.18. x—

(Javob:y =x4/8- x3/6+C,x2/2- Cx+C2).
2.19. Y +y”gXx =secx.
(Javob:y —sinx —C; cosx + C2x + C3).

220 Y7 ~2y'rt&x ~ ¥ 3x-
(Javob-Y =~s'n3 X/ b+Cjx/2 —C[sin2x/4 + C2).
221, " +4y =2x3.
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(Javob: Y ~0376 —x2 /8 +x /16 —C,e™*x /4 + C2).
2 22 xy'" —y' —2x2ex.
(Javob:y ~2ex(x-1) +Cx~/2+C2).
223.  x(y"+1)+Y =0.(Javob:Y =~x2/4+Cilnx +C2).
224  Y”+4Y' ~c0s2X
I 1 C
(Javob:y = — sin2x - — cos 2x -——--e~AX+C)).
10 20 4 2
225 y"+y'=sinx.

(Javob:y =- ~cosx - Asinx- C , +C2).

2.26. x2Y'=Y'2'(Javob: Y =Cx ~C\M.*+ci) +C2>

2.27. 2/\W =Y'2~4-(Javob:y =— (C,x +4)32 +C2).
3c,

228. Y"*In*=Y-

Cx?2
(Javob:y =m ..(2Inx - 3) + C2x + C3).

2 29. +Y =2-(javob: Y =2x + C, sinx + C2).
2.30. Qa+ =2x3-(Javob:Y =CY /3+Qx +C2).
3. Tartibi  pasaytirilish  mumkin bo‘lgan differensial

tenglamalar uchun Koshi masalasini yeching.
31 y'=y™*y> y(°) =0> /C0) =1
(Javob:y =-In]l - x|, y =0).
32 y'2+2yy" =0, y(0)=1 Y (0)=1
(Javob.y =V £3x/7 * =D
33.A"+Yy2=° §0)=1 Y(0)=i.
(Javob:y =V2x +1, >=1).
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3.4.y"+2yy'2=Q y(0)=2, Y(0)=1/3.
(Javob:x =y '/3-y-2/3, y =2).
35.¥Y3Y =2/2, y()=qa72, Y()=2.
(Javob:y = arctS(2 ~2xX vy - n/2).

3.6. 2-""=Y 2(0) = 1+{Javob: y = SLy =l
bA.YY'-y'r=y\ >ms=1 /<()=1

(Javob: x =xIn(l+V2)%x In------ )
Vv ; 1+Jy+i

3g_/ =-1/(24 MO)=1/2, Y(0)=41

(Javob:y ="~ +VA)
39.Y =1-¥r. 40) =0, ¥(0)

(Javob:x =xIn& + D)

3.10. K0)=2/3, Y(0)=L1
(Javob:yY ~(x +2)3/12, Y =2/3).
3.11. 2yy'=/2+1 y(0)=2, ¥Y(0)=1

x 4+2\2
(Javob:y = +1.)

312. Y =2— F0)=2,¥(0)=2
(Javob: Y ~2sin x +2

313. / =Wy’  =1¥,0) =°'(Javob:X =a/7 +1.)
3.14.  YY*~2Y¥3=0,j(0)=1Y(0) =2.

1
Javob: =
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Y=Y +Y¥2580)=0,Y(0)=1.

3.15.
2ey -1
(Javob. x = In 7y =0)
y'+— -y'2=-°, y(o)=o0, /(0)
3.16.
(Javob.y Jty"l_)

2. /(1H>)52x0)=0y(0)=L

Javob. 7 _a
(Javo Z1'4(1li§)> S e

515/ (2y+3)=-2/2=0,><0)--0,/(0)

(Javob.y =] (~-1), y =0)

319 4/21+y 2,40)=1,/(0)=0.

(Javob: x =21n ! y+1+J(y +1)2-4.)
300 2Y2=(y-1) =y\y(0) =2,yX0) =2.

(Javob:y =1+ y=2)

1—2jc’
391 11Y2=3Y,40)=1Y(0)=0.
(Javob: Y+n/c/- 1))

120, YH3Y3q H0)=1 M0 =2

(Javob:y =\I6x+\ y =1.)
323, 3Y'-y2=0, 3<0)=1 Y(0)=2

(Javob: ~ y =1)
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324. yy'-y'2=y2foy>y(.0) =iyX0) =i-
(Javob:x —Aniny +yjln23+1 )

3.25. >0-toy)f +(1+Iny)y'2=0,y(0) =1y 10) =1.

1
(Javob: x = n 1, 7=1)

3.26. /Cl1+Y)=Y2+Y,7(0)=2,Y (0) = 2.
(Javob: Y N 2e* N =2-)

3.27. Y =Y /A> (°) =1,Y(0) =2.

(Javob:y - (x+1)2, y =1)

328. / =/0+/2). *0)=0, /(°) =°-
(Javob: x = 2arctg~Jey —1.)

3.29.  jy"-2i{y'In.y =72, y(0)=1 Y(0)=1L

3.30. y'"'=y /1 ¢« XO)=Y(0)=0. (W>;l1 =173,

4. Quyidagi tenglamalami integrallang.
1

dy- Y dx =0.
4.1. x X (Javob:y Ix =C.)
xdy —ydx _n
2 2 -~
42. x N1 (Javob: arctg(x/y) =C.)

43 (2x —y 4-\)dx+(2y —x —)dy.

YayOb:x2+Y2--X/+x ~Y =C-)

xdx +ydy 4_y_qxxgy :

4.4, X +/
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2 2 *
(Javob :-)-(-- i\érctg —+C.)

4.5. rix - ydy =0.
x?-/ il
(Javob:'ijz' y1l-x=¢)
2x(\-ey)

dx + mdy-0.

Bx YEP2q 0. 4 )
47. N Yy (Javob:-7 7
4.8 (\-exy)dx+exy(l-x/y)dy =o.

(Javob: x + YeX/y=C)
49 X(2x2+y2) +y(x2+2y2)y' =0.

(Javob:**+x2Y2+ Y4 =Cl1
4,10.  (3x2 +6x}>2)dx + (6x1ly +4y:)dy =0

(Javob:x3+3*V+/=C.)
4.11.

ax+

(Javob: yx~ +y 2 +1npy] 4— - C))
( o 3/ 3y
M+ x3sec23+4y3+ dy =0.
4.12. Y
(Javob: xVgy +y4+ =C)
n
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2 2N
+
Xy X

2 dy.
X +y y
(Javob: x2 4-----—=C.)
Y X
/sin 2 . sin2X
N X ax <ixt ! \dy =0.
4.14.
x?+v® sif X
(Javob =
2 Y
415 2—2!12— 4-(2_y—x4-3j~)cfy =0.

(Javob: x3+y3—x2—x>+y2=C))
xcec+ydy xdx- ydy _~

T AVATE & I =
(Javob: —+jidx2+y2 =C))
X

4 " (3x2y +_y3)x+ (x34-3x>2)afy =0.

(Javob: xy(x2+y2)=C.)

418 XA2+Y2+a2)kly+x(x2—y2—a2)dx —0.
(Javob:"2 +y2)2+2a2(y2—x2)=C.)

( :
419.  sinydysinx4 B\dx+'xcosy-cosx-  dy =0.

v X] Y/
(Javob:tgxy-cosx-cosy =C.)
2 / \
420. | £ S N - + - — -siny dy =0.
cos" yx VCOS yX 3

(Javob:~  ~cosx“cosy=C >
42] (3x2—=cosxy +y)dx + (x —x cos xy)dy —0.
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]

12x dx + Y dy = 0.
422, N~ Y
(Javob: 3x* +8y 2 —ex'y =C.)
4.23.
\ C
Y. +2xysinx2y +4 dx+ —sz +x"sinx2>’)\dy=0
2*xy yxy J

(Javob: -Jxy - cosx2y +4x =C.)
424,  y3"ki3</jc+(x3”n3-3)Efy =0.

(Javob: ~3y =C.)
4.25.

+3x57 dx+\Ix%y® ———siny \dy=0.
X~y X-y )

(Javob: injx - yj+x3y7=C))

2y +ycosj<y dx+  -x+cosay dy=0.

4.26.
(Javob: sinxy - J =C.)
n
- 2x dx+ xdy2 2:0
4.27. Xy

(Javob: arcsin xy —x2 —C.)
428  (5-*4MA +28X6)<&+ (4x5y" - 3y2)dy =0.

(Javob: x5y *-Y * +4x7
429 (2xexeH2 +2)dx + (2ye*2+/ - 3)dy =0.

(Javob:r V. +2x-3y =C.)
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430 cos 3x +7)Ar +Oy2sin 3a-—2y)dy —0.
(Javob:Y"'bbl 3x-y1+7x +C.)

5. Agar y ning ixtiyoriy nuqtasidagi burchak koeffitsiyenti,

shu nugtaning k marta kattalashtirilgan ordinatasiga teng ekanligi
ma’lum bo‘lsa, A, y0Q nugtadan o‘tuvchi egri chiziqg
tenglamasini yozing.

5.1.A(0,2), k-3. (Javob:y=-2e3.

5.2. A(0,5), k=7. (Javob:y=5eX.

5.3. A(-1,3), k=2. (Javob: y=3e 2¢2).

5.4. A(-2,4), k=6. (Javob:y=4e (x'2.

5.5.A(-2,1), k=5. (Javob: y~-e 5«).

5.6. A(3,-2), k=4. (Javob: y=-2e4xI2).

Ixtiyoriy nugtasidagi urinmaning burchak koeffitsiyenti, shu
nuqtani koordinata boshi bilan tutashtiruvchi to‘g‘ri chizigning
burchak koeffitsiyentidan k marta katta ekanligi ma’lum bo‘lsa,
A(x0,Y0) nugtadan o‘tuvchi egri chizig tenglamasini yozing.

5.7. A(2,5), n~8.(Javob:y =5xs/256

5.8. A(3,1), n=3/2.(Javob:y=-xJx /(3"3))

5.9. A(-6,4), n=9.(Javob:y=-~x¥/11664.

5.10. A(-8,-2), n=3.(Javob:y-—x3/256.

Egri chizigning ixtiyoriy nuqtasiga o‘tkazilgan normalnitig
ordinata o‘qgidan ajratgan kesmasiningning uzunligi shu nugtadan
koordinata boshigacha boigan masofaga tengligima’lum boisa,
A(x0yo) nugtadan o‘tuvchi egri chiziq tenglamasini yozing.

5.11. A(0,4), (Javob: y=-x2/16+4).

5.12. A(0,-8), (Javob: y=x2/32-8.

5.13. A(0,D), (Javob: y=-x2/4+1.

5.14. A(0,-3), (Javob: y=x2/12-3.

A(x0yo) nugtadan o‘tuvchi va quyidagi xossaga ega boigan
to'g‘ri chizig tenglamasini fuzing: koordinata boshidan egri
chizigning urinmasiga o‘tkazilgan perpendikulyaming uzuniigi,
urinish nugtasining absissasiga teng.

5.15.A(2,3), (Javob: (x-13/4)2+u2=169/16).

5.16. A(-4,1), (Javob: (x+17/8)2+u2=289/64).

5.17. A(l,2), (Javob: (x:-2,5)2+u?~-6,25).



5.18. A(-2,-2), (Javob: (x+2)2+un2=4).

5.19. A(4,-3), (Javob: (x-25/8)2W =625/64).

5.20. A(5,0), (Javob: (x-2,5)2+12=6,25.

Mxo,Y0) nugtadan o'tuvchi va quyidagi xossaga ega boigan
egri chizig tenglamasini tuzing.

Egri chizigning ixtiyoriy nugtasining urinmasining Ou o‘qdan
ajratgan kesmasi, urinish nugtasi absissasining kvadratiga teng.

5.21. A(4,1), (Javob: y=17x/4-x2

5.22. A(-2,5), (Javob: y--9x/2-;,<c2.

5.23. A(3,-2), (Javob: y=7x/3-x2.

5.24. A(-2,-4), (Javob: y=4x-x2.

5.25. A(3,0), (Javob: y=3x-x2.

5.26. A(2,8), (Javob: y*6x-x2).

Egri chizigga urinmaning ordinata o‘gidan ajratgan kesmasi,
urinish nuqtasining koordinatalari yig‘indisining yarmiga teng
ekanligi ma’lum boisa, Ao yo) nugtadan o‘tuvchi egri chiziq
tenglamasini yozing.

-JXx-Xx)
5.27. A(9,4), (Javob:y= 3
5.28.A(4,10), (Javob:y=7 -Jx—x)
5.29. A(18,-2), (Javob:y= 4yfx —x)
5.30. A(l,-7), (Javob:y=-6 Jx —x)
Namunaviy variantlar yechimi

1. Differensial tenglamaning xususiy yechimini toping va

hosil gilingan funksiyaning x=-3 dagi giymatini verguldan keyin
ikki xonagacha aniqlikda hisoblang:
y"(x+2/=3,y(-N)=1/12, y(-1)=-1/74.

> Berilgan tenglamaning umumiy yechimini topamiz

(§11.59a gqarang, 1xildagi tenglama):
1 I dx 1

_________ T = = +

e T R T
Y= f(----—----- — 7 + C\)dX = == ------ ~+C'x+C2
") A(x+2) 1 12(x +2)
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Boshiang‘ich  shartlardan  foydalanib, C/ va C2
laminggiymatlarinianiglaymiz:
y(-1)= 1/12-C,+C2=1/12, C,- C2=0,
y'(-1)- -1/4+Ci=-1/4, C,=0, C2=0.
Boshlangich shartlami  qganoatlantiruvchi,  dastlabki
tenglamalaming xususiy yechimi quyidagi ko'rinishda bo'ladi:
y=I/(12(x+2)3
y(x) funksiyaning x=-3 dagi giymatini hisoblaymiz.

y(-3) 53T o 0,08 <
2. Tartibi  pasaytirilish  mumkin bo‘lgan differensial
tenglamaning umumiy yechimini toping.
y'(e"+I)+y=0.
> Berilgan tenglama Il xildagi tenglamadir. (§ 11.5. 2-misolga

garang).
Shuning uchun y'=z(x) almashtirish bajaramiz. U holday —

dz

dx
42ve +1)+z=0, U =z,
clx dx
dz dx rdz c dx
z  -ex+1 Fr-fax+1

va e?+|l=t o‘zgaruvchilami almashtirish vo‘li bilan
quyidagini topamiz.
Inbl =In (e*+I)-In ex+/n C
Oxirgi ifodani potensirlab, dastlabki tenglamaning umumiy
yechimini topamiz:

z=C, -dx = C,(x-e3+C2 y—Cjf-~dx =
ex e
C\x—e—x) 42 <
3. y(h=Jy boshlangVich shartlami
ganoatlantiruvchi, tartibi pasayuvchi, y3 y'-1 differensial

tenglamaning yechimini toping.
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> Berilgan tenglama Il tip~a tegishlidir. (811.5. 2-misolga
garang). Shuning uchun, y =p(y) almashtirish yordamida
tenglamaning tartibini pasaytiramiz. U holda,

oy D
> :P'ayr
Bundan,
sndp _ dy
= do = —=2
p dy pdp 7
ly” 2 2y2
P2-~T+2Cl, r
Y v2
+ =%y -2CY X=x— A - =
dx ~ y ' n+2C\y2’
x=iﬂ Vv +c2=-=z-j1+2c ¥ ) D(Hc/],
yll+2 cy 4C1J

X==x-" -\l +Cly 2 +C2.

ya'ni, dastlabki tenglamaning umiuniy yechimini hosil gildik.
Endi boshlang‘ich shartlardan foydalanib, C/ va Q laming
giymatlarini aniglaymiz. x=7, y=7 va y'=0 da quyidagiga ega
bo‘lamiz.

1= ~ p +2C, +C2,0==x\l +2ClI
ZMV/]
bundan, 1+2Ci=0, Ci=-1/2, C2=I.
Natijada, dastlabki yechim quyidagi ko‘rinishga ega boiadi:
X=+Jl-y2+I

Geometrik nuqtai nazardan bu yechim (x-J)2+y2=I
aylananing o‘ng yoki chap tomonining yarmini tasvirlaydi. <
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4.  Tenglamani integrallang.
(— y1l+4)dx+(- 7——3xy2)dy=0.
X

Quyidagi belgilashlami kiritamiz:
P(xy) =I/x-y3+4, Q(x,e)=-1/y-3xy2 (11.26) tenglamaga
garang.

U holda, — =~3y2, ~ =-3y2
dy Y dx Y

g = ~dQ bo‘lganligidan, berilgan tenglama to‘la differensial
y K
tenglamadir. Uning umumiy integrali (11.24) formuladan topiladi:

b&' - -/ H)<fe+T /) dy=C,
0 VO 4-9,
Quyidagiga ega bolamiz:
rx dx y x r
_nySdX+4J4dX- o §\-o

3x« X «0 s Y

X ,jte X Y
in M -A +4x  --In CO,

In \NAIM\X0\-Xxy3+x0y3+ax-4xo-1n\y\+1m\yo\-xoy3+mn y | = CO0,

I\ —\-xy3+4x=C,
Yy
bu yerda,

C~Co+In |— 1+4x0-x Oy 8.
Yo *

5. Agar koordinata o‘glari bilan hamda egri chizigning
ixtiyoriy nugtasiga o‘tkazilgan urinma va urinish nuqtasining
koordinatasi bilan chegaralangan trapetsiyaning yuzi o‘zgarmas
son bo‘lib, 3 ga teng ekanligi ma’lum boisa, (11.3-rasmga
garang) A(2,2) nugtadan o‘tuvchi egri chizigning tenglamasini
yozing.

»Quyidagiga ega bolamiz:
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m c \\dc\
’ DMCCr M

IMCl=y, |ID0|=
+ DB\+BO =+dbMYWc\=2db\ty.
OC|=x, = DB|=-|BM|tga=-|BM]y'=xy’.

\
\

ts

/I

(0] C *t 2 *8 vV  x

11.3-rasm

bu yerda, agar y = tga< 0 bo‘lsa, (x<x1, 11.3-rasmga garang)
|DB] oldiga “+” belgisi go'yiladi, agar y'= tga> 0, bo‘lsa, (x>xt)
oldiga  belgisi go'yiladi.

Shuning uchun ikkala holda ham |DO0]=-xy '+m Shularni
e’'tiborga olib, quyidagilami topamiz:

i ,qr‘y'+5<u=6,y|—2j>=—6
X X
Birinchi tartibli chizigli tenglamani hosil qildik. Buni
yechamiz:

u=u9, y'=un9 +n3d', u\d+uff'--—
. dv 23 6
W8+ (o y=—- (1)
ax X X
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(13 29 dt9 2dx
....3...T.._

j— =2 J— ]9 =2n|x],9=x2
Topilgaru9 = X2 ifodani (1) tenglamaga qo'yamiz: n— °

M=-6]*"=A+c
J X X"

U holday=u-9 =(— +C)x =—+Cx
X X

Egri chizig A(2,2) nugtadan o‘tganligi uchun, 2-2/2+4C,
C=I/4. 1zlanayotgan egri chiziq tenglamasi quyidagicha bo‘ladi.

9 r2 —
—+— 0<x<x0=v 16
X 4

Ushbu chizig 11.3-rasmda tasvirlangan bolib, x, da
minimumga ega bo‘ladi. A

11.3. Individual uy vazifalari

1. Differensial tenglamaning umumiy yechimini toping.
1.1. a) y"+4u=0; b) y"'-10y’+25u-0; v) v''+3y" +2y=0.
1.2. a) y"-y'-2y=0; b)y"+9y=0; v)y" +4y" +4y=0.
1.3. a) y"-4y'=0; b) y"'-4y'+13y=0; v)y''-3y" +3y=0.

e 14.a)y"-5yr+6y=0; b)y"+3y'=0; v) y"'+2y’ +5y=0.
1.5. a)y"-2y’+10y=0; b)y "+y'-2y=0; v) y"'-2y=0.
1.6.a)y"-4y-0; b)y"y™+2y'+17y=0; v) y**-y"' -12y=0.
1.7.a)y " +y'-6y-0; b)y"+9y'=0; v) y"-4y"'+20y=0.
1.8. a) y"'-49y—0; b)y'"-4y'+5y=0; v) y"'+2y'-3y=0.
1.9. a)y"+7y'=0; b)y"-5y'+4y=0; v)y"' +16y=0.
1.10. @) y''-6y'+8y=0; b) y"'+4y'+5y=0; v) y"'+5y'=0.
1.11. a)y"-8y'+3y=0; b)y"-3y’=0; v) y"-2y'+10y=0.
1.12. @) y "+4y'+20y=0; b)y "-3y'-16y=0; v)y'-16y=0.
1.13. a) 9y""+6y'+y=0; b)y"-4y'-21y=0; v)y"'+y=0.
1.14. @) 2y™ +3y'+y=0; b)y"+4y'+8y=0; v)y ”-6y'+9y=0.
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3.3.1.y"-8y" + 17y = 10e2¢(Javob:y=24(Cicos+CXin x)+212)

3.2.y"+y -6y= (6x+1)e3x (Javob: y —Ci e x+C2e2x+(x-1)e3x)

3.3.y"- Ty' + 12y = 3edx (Javob: y —C/e3x +C2 edx+3xedx)

3.4. y"- 2y'=6 + 12y = 24x2;(Javob: y= Ci +C2 e2x+4x3+
3X2+3X.

3.5.y"- 6y" + 34y = 18 cos 5x+60 sin 5x;

(Javob: y=e3q(Cicos 5x+C2sin 5x)+2 cos 5x.)

3.6.y"- 2y'= (4x+4)ex(Javob: y—C) +C2 e+ (x2+x)e '\)

3.7. y"'+ 2y'+y= 4x3 +24x2+22x-4;(Javob: y—Ciex+CXxex+
4X%2X.)

3.8.y"- 4y'~ 8-16x;(Javob: y= C/ +C2 edx+ 2x2—x.)

3.9. y"'-2y'+y= 4ex(Javob: y= Ciex+C2e +2x2eX)

3.10. y"-8y" + 20y = 16 sin 2x-cos 2X;

(Javob: y ~B4x(Cicos 2x+C2sin 2x)+sin 2x.)

3.11.  y"-6y' + 13y =34e3sin 2x;

(Javob: y=e3(C/cos 2x+Cxin 2x) +2-3C0s 2X.)

3.12.  y"+ 2y'-3y = (12x2+6x-4)ex;(Javob: y=C/e~3x+C2
ex+(x3-x)ex)

3.13.y"+ 4y' + 4y = 6e 2 (Javobi:y=Cie2dCX e 2¢-3x2"X)

3.14.  y"+ 3y' =10—6x; (Javob: y=Cj+C2e"'X-x24x.)

3.15.  y"+ 10y'+25y =40+52x-240x2~200x3;(Javob: y=C,e
5x+C2e 5x-8x3+4x.)

3.16. y"+ 4y'+20y =4cos 4x-52 sin 4x;

(Javob:y=e2(Cicos 4x+C2sin 4x)+3 cos 4x-sin 4x.)

3.17.  y"+ 4y'+by =b5x2~32x+5;(Javob: y=e2(C/cosx+C2
sinx) +x8x+7.)

3.18. y"+ 2y'+y = (12x-10)ex(Javob: y=C/ e x+C2 xe
X+(2x3-5x9 e X)

3.19. y™4y = (-2x-10)e2(Javob: y=Cicos 2x+C2 sin
2X+(3x2+X)e)

3.20. y"+ 6y'+9y = 72e3x(Javob: y=C, e 3x+C2x e 3x+2e3X)

3.21. y"+ 16y = 80e2x(Javob: y=Clos 4x +C2 sin
4x+4e2X)

3.22. y"+4y' = 15ex(Javob: y=Cj+C2e 4x+3ex)

3.23.  y"+ y'-2y = 9cos x-7 sin x; (Javob: y=Cie2 +C2
e?+3sin x-2cos X.)
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3.24.  y"+ 2y'+y = (18x+8)e~x;(Javob: y~C/ e* +C2xex+
(3x3+4x9 e\)

3.25. y’14y'+49y = 144 sin 7x;(Javob: y=Cie®& +CjxeTr+
2 cos 7Xx.)

3.26. y"+9y=10 e3x(Javob: y—Ci cos 3x+C2sin 3x +e3x)

3.27. 4y"-4y'+y =-25 cos x;(Javob: y=Cjda2 +C2e?2 x+3
cos X +4sinx.)

3.28.  3y'"-5y'-2y =6 cos 2x+38 sin x 2X;

(Javob: y=C/exff +C2xed2 +cos 2X -2sin 2X.)

3.29. y"+4y'+29y =26ex(Javob: y=e2 (Cjcos 5x +CXin
5Xx)+ex)

3.30. 4y "+3y-y =11 cos X-7sin X;

(Javob: y=e2 (Cjext +C?ex +2 sin X - COsX.)

4. Boshiangich shartlarni ganoatlantiruvchi differensial

tenglamaning xususiy yechimini toping.
4.1,y "-2y'+y=-12cos 2x-9 sin 2x, y(0)=2, y'(0)=0.
(Javob: y=-2ex-4xex+3sin 2x.)
4.2.y"-6y"+9y= 9x2~39x+65, y(0)=-1, y'(0)=I.
(Javob: y=-6e3+22xe3x+X2 3x+5.)
4.3.y"+2y'+2y= 2x2+8x+6, y(0)=I, y'(0)=4.
(Javob: y=e x(cos x+3sin x)+x2+2x.)
4.4.y"-6y'+25y= 9sindx-24 cos 4x, y(0)~2, y'(0)=-2.
(Javob: y=e X(2cos 4x-3sin 4x)+sin 4x.)
4.5.y"-14y"'+53y= 53x3~42x2+59x-14, y(0)=0, y'(0)=7.
(Javob: y=3e sin 2x+x3+Xx.)
4.6.y"+6y= e x(cos 4x-8 sin 4x), y(0)=0, y'(0)=5.
(Javob: y=sin 4x-cos 4x + e?cos 4X.)
4.7.y"-4y'+20y= 16xe2 y(0)=lI, y'(0)=2.
(Javob: y=e 2(cos 4x-1/4 sin 4x) +xe2x)
4.8.y"-12y'+36y= 32 cos 2x+24 sin 2x. y(0)=2, y'(0)=4.
(Javob: y=e 6x-2xefx+cos 2x.)
4.9.y "+y=x32+7x-10, y(0)=2, y'(0)=3.
(Javob: y=4cos x+2 sin X+x3~4x2+x-2.)
4.10.y "-y=(1446x)exy(0) =0, y'(0) =-1.
(Javob: y=ex-ex+(4x2-3x)e~x)
ANN\.y"+8y'+16y=16xr-16x+66, y(0)=3, y'(0)=0.
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(Javob: y=-2e"4x-6xe~4x+x2 2xX+5.)

4.12.y "+10y "+34y=-9e3xy(0) =0, y "(0) =6.

(Javob: y=e S(cos 3x +2sin 3x)-e5)

4.13. y"-6y"+25y= (32x-12)sin x-36x cos3x, y(0)=4, y*(0)=0.
(Javob: y=e 3(4cos 4x -3 sin 4x)+2x sin 3X.)
4N14.y"+25y= e (cos5x-10sin 5x), y(0)=3, y'(0)=-4.
(Javob: y=2cos 5x - sin 5x+e cos 5x.)

4.15. y"'+2y"+5y= -8e %sin 2x, y(0)=2, y'(0)=6.
(Javob:y = e x(2cos 2x +3 sin 2x)+2xe Xcos 2X.)
4.16. y"-10y"'+25y=e 5 y(0)=I, y'(0)=0.

(Javob: y= 3e5x-2xebx+ x exx)

4.17.y"+y-12y= (16x+22)edx y(0)=3, yLL| =5.
(Javob: y= eX+edx+ (2x+i)ed)

4.18.y"-2y"'+5y= 5x2+6x-12, y(0)=0, y'(0)=2.
(Javob: y= ex(2 cos 2x-sin 2x)+x +2x-2.)
4.19.y"+8y'+16y= 16x3+24x2~1O0x+8,y(0)=1, y*(0)=3.
(Javob: y=4xe'4l+x2-x+L)

4.20. y"'-2y'+3y= 36excos 6x, y (0)4), y'(0)=6.
(Javob: y=exsin 6x+3xexsin 6x.)

4.21.y"-8y'= 16+48x2-128xxy(0) =-1, y'(0)=14.
(Javob: y-2e8-3+4x4 2x.)

4.22.y"+12y'+36-72x3 18, y(0)=-1, y'(0)=0.
(Javob: y=cos 6x+8 sin 6x+2x3 2x.)
4.23.y"+3y'=(40x+58)e2x y(0)=0, y'(0)=2.
(Javob:y -4 e 3 7+(4x+3)eX)

4.24.y"-9y"+18y=26 cosx-8 sinx, y(0)=0, y’(0)=2.
(Javob:y=2e6¢3e3xsin X+cos X.)

4.25. y"+8y'=18x+60x2~32x3  y(0)=5, y'(0)=2.
(Javob: y=3+2e~8x4+3x3)

4.26.y"-3y'+2y=-sin X-7 cos x, y(0)=2, y*(0)=7.
(Javob: y=ex+2e2«cos x+2 sin x.)
4.21.y"+2y'=6x2+2x+l, y(0)-2,y'(0)=2.

(Javob: y=3-e2+x3-x2)

4.28.y"+J6y=32e4x y(0)=2, y'(0)=2.

(Javob: y=cos 4x+sin 4x+e4x)

4.29.y"+5y+6y=52 sin 2x, y(0)=-2, y'(0)=-2.
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(Javob: y=2e2x+e 3x5c0s 2x+sin 2x.)

4.30.y "~4y=8e2 y(0)=1, y '(0)=-8.

(Javob: y=3e2x+2e2x+2xeX)

5. / (x) funksiyaning ko'rinishi bo'yicha chizigli bir jinsli
boimagan differensial tenglamaning y* xususiy yechimning
tuzilishini aniglang va yozing.

5.1. 2y~ 7y" + 3y=Ff(x); a) f{(x)=(2x+1)e3x b)f(x)=cos3x.

52, 3y"~ 7y' + 2y= f(X); a) f(x)=3xe2x bh) f(xX)=-sin 2x -
3c0s2x.

5.3. 2y"'+y'-y=f(x); a)f(x)=(x?~5)ex b)f(x)=x sin x.

54. 2y~ 9y'+ 4y=1(x); a)f(x)=- 2edx b) fix)=excos 4x.

5.5. 2y7+49y=1(x); a)f(x)= x3+4x; b)f(x)= 3sin 7x.

5.6. 3y"+10y'+3y-f(x); a)f(x)=eix; b)f(x)= 2 cos 3x-sin 3x.

5.7.y"-3y"+2y=1(x); a)f(x)=x+2ex b)f(x)= 3cos 4x.

5.8.y"-4y"+4y—f(x); a)f(x)=sin2x+2eKb)f(x)= x2-4.
5.9¢y"-y"'+y~f(X); a)f(x)=excosx; b)f(x)= 7x+2.
5.10.y"-3y="f(x); a) f(x)=2x2~5x; b)f(x)= exin 2x.
511.y"+3y'-4y=1(x); a) f(x)=3xedx b)f(x)= xsinx.
5.12.y"+36y="f(x); a)f(x)=4xex b)f(x)= 2 sin 6x.
5.13.y"-6y"'+9y~1f(x); a)f(x)=(x-2)e3x b)f(x)= 4 cosx.

5.14. 4y -5y'+y=f(x); a) f(X)=(4x+2)eg b)f(x.)= exin 3x.

5.15. 4y"+7y'-2y=1f(x); a) f(x)=3e 2 b) f(xj= (x-1) cos 2x.

5.16. y"-y'-6y= f(x); a) f(x)=2xe3x b)f(x)= 9cosx-sinx.

5.17.y"-16y~f(x); a)f(x)=-3edx b)f(x)= cosx-4sinx.

5.18ey"-4y=Ff(x); a)f(x)=(x-2)edx b)f(x)= 3cos 4x.
m 519 y"-2y'+2y=f(x); a)f(x)=(2x-3)edx b)f(x)- 6xsin x.

5.20. 5y""-6y'+y=f(x); a)f(x)=x2ex b)fix) = cos x -sin x.

5.21. 5y"+9y'-2y= fix); a) fix)=x32x b) fix)= 2sin 2x-
3C0S2X.

5.22.y"-2y"-15y=f(x); a)f(x)=4xe3x b)f(x)= x sin 5x.

5.23.y""-3y~f(x); a) f(x)=2x3~4x; b)f(x)= 2exl cosx.

5.24.y 1y'+12y=f(x); a) f(x)-xeX+2exb) f(x)= 3xsin2x.

5.25.y"+9y=1f(x); a)fix)=X +4x-3; b)fix) = xe2sinx.

5.26.y""-4y"'+5y=f(x); a) f(x)=-2xex, b)f(x)= xcos2x - sin2x.
5.21.y"+3y"+2y-fix); a)f(x)=(3x-7)ex b)f(x)= cosx-3sinx.
5.28.y"-8y’+16y=fix); a)f(x)=2xe4dx b)f(x)= cos 4x + 2sin 4x.
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5.29.y"+y"-2y=1(x); a)f(x)=(2x-1)ex b)f(x) = 3xcos 2x.
5.30. y"+3y'-4y=f(x); a)f(x)=6xex; b)f(x)—xZin 2x.

Namunaviy variant yechimi,

Differensial tenglamalaming umumiy yechimlarini toping.

1 a; 4y"-lly'+6y=0; b) 4y"-4y'+y=0; v)y"-2y'+37y=0;

Berilgan har bir tenglama uchun xarakteristik tenglama
tuzamiz va uni yechamiz.. Xarakteristik tenglamaning olingan
ildizlarining  ko‘rinishiga qarab, differensial tenglamaning
umumiy yechimini yozamiz (11.48 formulaga va § 11.6 dagi 5-
misolga garang).

a) 4A2~11s1+6=0, A -3/4, A~=2 ildizlar har xil va
haqiqiydir, shuning uchun tenglamaning umumiy yechimi
quyidagicha bo‘ladi y=Cle3¢/4C2:2x

b) 4A24A+1=0, Ay —A2=1/2 - ildizlar bir-biriga teng va
haqigiydir, bundan kelib chigadiki, tenglamaning umumiy
yechimi quyidagicha bo‘ladi.

y=C,ex/2+CXxex2

v) A2~2A+37=0, Jly2~A2=1+6/- ildizlar go‘shma
kompleksdir, shuning uchun tenglamaning umumiy yechimi
quyidagicha bo’'ladi.

y =66C)cosbx+CXin6x).

2.y"- 3y'-4dy=6xex

> A *“3 A—4 =0 xarakteristik tenglamasi A i=4,/1=—
ildizlarga ega. Bundan kelib chigadiki, bir jinsli tenglamaning
umumiy yechimi quyidagi formula bilan aniglanadi.

Y=Ced+C2Xx

Tenglamaning o‘ng tomonida joylashgan f(x)=6xexfunksiya
bo‘yicha xususiy yechim tuzilishini yozib olamiz ((11.50)
formulaga garang).

y =(Ax+3)e~xmX

Bu vyerda, z=a+ib=-1 xarakteristik tenglamaning ildizi
boiganligidan (Ax +Bx)e~* ifodani x ga ko‘paytirdik. A va V



koeffitsiyentlami ~ noma’lum  koeffitsiyentlar  usuli  bilan
aniglaymiz. Buning uchun quyidagilami tuzamiz.

y ** = (2Ax + BMeTx - {Ajc2 + Bx)e~X

y*"'= 2Ae~x + (Ax2 +Bx)e7x - 2(2Ax +B)e~;

y* ,y*" lar uchun topilgan ifodalarni berilgan tenglamaga
go‘yib, uning ikkala tomonini e"*ga bo‘lib, x2, x va a" lar oldidagi
koeffitsiyentlarini tenglashtiramiz va A va V larni topish uchun
sistema hosil gilamiz. Shunday qilib, yugorida bayon
gilinganlarga mos ravishda quyidagilarga ega bo‘lamiz:

2A+AX2+Bx-4AX-2B-6AX-3B+3Ax2+3Bx-4AxJ~4Bx=06X,

A+3A-4A =0 )
B-4A -6A-3B-4B =6
X 2A- 2B- 3B =0

Bu yerda A B=- " .

U holday*= ~(~x2 + e~X

Berilgan, bir jmsli bo‘lmagan tenglamaning umumiy yechimi
quyidagi lormuladan aniglanadi.

Y~Y+y* -C/edx+ C2% x—(~*2 + e~x-A

3. y"+y '=bx+cos2x.

» Tenglamaning 2 +J/1 =0 xarakteristik tenglamasining
ildizlarini topamiz. A[=0, ¢l =-—1. Bundan kelib chigadiki, bir
jinsli tenglamaga mos keluvchi umumiy yechim quyidagi
.ko‘rinishga ega bo'ladi.

y=Ci+C2ex

Tenglamaning o'ng tomonidan turgan f(x)=5x+co0s2x
funksiya, fi(x)=5x va f2(x)=cos2x funksiyalaming yig‘indisidan
iborat. Ularga quyidagi 2ta xususiy yechim mos keladi:

y \=Ax +B, y * =A/cos 2x+Bisin 2x,

ya'ni, y*—y* +y 2 Quyidagilami topamiz.

y*'=2Ax+B-2Aisin2x+2Bjcos 2x, Vy'" =2A-4Ajcos 2x-4Bt

Sin2x.
y*' va v*" lar uchun olingan ifodalarni dastlabki tenglamaga

go‘yamiz va A, B, Aj,Bi koeffitsiyentlami hisoblaymiz.
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2A-4A/c0s2x-4Bisin2x+2Ax+B-

2Aisin2x+2Bicos2x-5x+c0s2x,
Xi 2A=b ]
x°\2A + B = Q]
cos2xl —4A1 +2Bx = 1) 100! =1,j
sin2x\ -2 Ay- 4N =0J'At =~2Bj
bundan A=5/2, B=-5, A/=//5. B;=]/\().
Shunday qilib, dastlabki tenglamaning xususiy yechimi
quyidagi ko'rinishga ega boiadi:

y*=—x2-5x-—€0S 2X +— sin 2x
2 5 10
uning umumiy yechimi esa quyidagicha boiadi
5 ,1 1
=y+y*=C]+C2% x+—Xx 5x— co0s2/1:H---sin2x.-"
y=y+y*=C] > . 0

4. Berilgan boshiangich shaitlami ganoatlantimvchi,

differensial tenglamaning xususiy yechimini toping.
y "+16y=(34x+13)e*, y(0)=-I, y'(0)=5.

A2 +16=0 xarakteristik tenglama A +4z mavhum
yechimlarga ega. Bir jinsli tenglamaga mos keluvchi umumiy
yechimi quyidagi formula bilan aniglanadi.

y=Ci cos 4x+C2sin 4x,

Uning xususiy yechimi esa quyidagi ko‘rinishda boiadi.

y*=(Ax+B)ex

Quyidagilarni tuzamiz:

y >=Aex(Ax+B)ex y*"'=-2Aex+(Ax+B)ex

y*' vay*" laming ifodalarini dastlabki tenglamaga qo‘yamiz.

- 2A+Ax+B+16Ax+16B=34x+13, hosil gilingan ayniyatdan
A=2, B=1 lami tuzamiz. U holda

y*=(2x+1)ex

boiadi va dastlabki tenglamaning umumiy yechimi quyidagi

ko‘rinishda boiadi
y-Cicos 4x+Cxin 4x+(2x+1)e'x

y(0)=-1, y'(0)=5 boshiangich shartlardan foydalanib, C/ va
C2 laming qiymatlarini hisoblash uchun quyidagi sistemani
tuzamiz.

y(0)=-1=C,+I
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y'(0)=5blC2+2-1
bundan C/=-2, C2=I. Civa C2laming giymatlarini umumiy
yechimga qo'yib, dastlabki tenglamaning xususiy yechimini
topamiz.
y=sin 4x-2cos 4x+(2x+l)ex A
5. f(x) funksiya ko‘rinishi bo'yicha y'"-9y=f(x) chizigii bir
jinsli bolmagan differensial tenglamaning y* xususiy yechimini
aniglang va ko‘rinishini yozing
a)f(x)=(5-x)e3x b)f(x)=xsin 2x.
>A2-9=0, tenglamaning yechimlari Ai=-3, 3 lardir.
a) f(x)=(5-x)ex bolganligidan, wuning xususiy yechimi
quyidagi ko'rinishida bo‘ladi.
y*=(AXx+B)e3x=(Ax2+Bx)e3x
Bu yerda, z=a+ib=3 va k=1 bo‘lganligidan x ko‘paytuvchi
hosil boiadi.
b) f(x)=xsin 2x bolganligi uchun xususiy yechim
quyidagicha boiadi:
y*=(AiX+B])cos 2x +(AX+B3sin 2x.A

11.4-1UT
1. Chiziqii bir jinsli differensial tenglamaning xususiy
yechimini toping.
1.1. y"-7y"+6y'=0, y(0)=0, y'(0)=0, y "'(0)=30.(Javob: y=5-

6e?+ebx)
1.2. y w9y "), y(0)=I, y*(0)=-I, y"*(0)=0,y"**(0)=0, f(0)=0.
(Javob:y=1-x.)

1.3.y "-y"-0, y(0)=0, y ’(0)=0, y*" (0)=-1.(Javob:y=I+x-ec)

1.4.y ""-4y,=0, y(0)=0, y'(0)-2, y "(0)=4.(Javob: y=e 2¢l.)

1.5, y"™+y'=0, y(0)=0, y’(0)-I, y*(0)=I.(Javob: y=I-cos x-
sin x.)

16. y"-y'=0, y(0)=0, y'(0)=2, y"(0)=4.(Javob: y=-4+e
x+3ex)

1.7.y,v+2y m2y'-y=0, y(0)=0, y'(0)=2, y"(0)=0, y ""?0)=8.

(Javob: y=2e~x-4xe %-4x2e x-2ex)

1.8.y"""+y"-5y"+3y=0, y(0)=0, y'(0)=I, y"(0)=-14.

(Javob: y=ex3xex-e X)
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1.9.y""+y"=0, y(0)=0, y'(0)=1, y**(0)=-1.
(Javob: y=1-ex)
1.10. 'y "-by"+8y'-4y=0, y(0)=1, y (0)=-1, y"(0)=0.

(Javob: y=—ex+ —e2x—xe2x.
2 2 8

1,11, y™+3y"+2y'=0, y(0)=0, y'(0)-0, y"(0)=2.
(Javob:y =1-2ex+ e )

1.12.  y "™+3y"+3y"+y=0, y(0)=-1, y'(0)=0, y"'(0)=1.
(Javob: y=-ex(1+x).)

1.13. y "2y"+9y'-18y=0, y(0)=-2,5, y'(0)=0, y"*(0)=0.

(Javob: y = 422 x ----10cos2XH--L2 5ih /X!
26 13 13

114, y"m9y'=0, y(0)-0, yLL, =9, y"(0)=-18.

(Javob: y=-2+2 cos 3x +3 sin 3x.)

1.15. y "~13y"+12y'=0, y(0)=0, y'(0)=1, y"'(0)=133.
(Javob: y=10-11ex+el2x)

1.16. f -5y"+4y=0, y(0)~2, y'(0)=1, y "(0)=2, y "LL=0.

(Javob:y =- e*-e~x+—eX+- e"2*)
3 12 4

1.17. 7/ /10y"+9y=0, y(0)=0, y'(0)=0, y"'(0)=8, y 70) =24.
(Javob: y=-2e*+ex+e3x)

1.18. y "™-y"+y'-y=0.y(0)=0, y (0)=1, y*(0)=0.

(Javob: y-sin x.)

1.19. y "-3y"+3y"-y=0, y(0)=0, y'(0)=0, y**(0)=4.
(Javob: y=2x2ex)

1.20. y"-y"+4y-4y=0, y(0)=-1, y'(0)=0, y"*(0)=-6.
(Javob: y=-2ex+cos 2x+sin 2x.)

121, yM2y+y"=0, y(0)=0. y'(OM), y"(0)—, y T(0)=2.
(Javob: y=1-ex+xe*)

1.22. f-y=0, y(0)=0, y'(0)=0, y"(0)=0, y ""LLL=-4.
(Javob: y=e »+2 sin X.)

1.23. ]/v-16y=0, y(0)=0, y'(0)=0, y**(0)-0, y ""LL=-8.

(Javob:y="e 2 ~~"e2x +"-sin2x.)



1.24. 'y "4y "-4y'-4=0, y(0)=0, y'(0)=0, y**(0)=12.

(Javob: y=e 2x+3e2¢4ex)

1.25.  y "+y"+9y'+18y=0, y(0)=1, y'(0)=-3, y"'(0)=-9.

(Javob: v~cos 3x-sin 3x.)

126. ywyyv+9y" =0, y(0)= y'(0)= y"(0)= yT(0)=0,
)/y(0)=27.

3
(Javob:y=1+2x+—x2-e "X +xeX)

1.27. y "™+2y"+y'+18y=0, y(0) =0, y L} =2, y "*(0)=-3.
(Javob: y-1-ex+xex)

1.28. y "™-y"-Y+Y¥=0,y(0)=-1, y '(OM), y"(0)=1.

(Javob: y=-4ex+ 7xex+3e'x)

1.29.  ylv+5y"+4y=0, y(0)=1, yL, =4, y"(0)=-1, y "(())=16.
(Javob: y=2 sin 2x + cos X.)

1.30./+10}"""+9y=0, y(0)=1, y'(0)=3, y**(0)=-9, y 1(0)=-27.
(Javob: y= cos 3x”sin 3x.)

2. Differensial tenglamalar sistemasini ikki usulda yeching:
a) yugori differensial tenglamaga keltirish yo‘li bilan;

b) xarakteristik tenglama yordamida.

X -2 X+Yy, X =C.e5 +C,e'

Iy +4 (Javob : )
= + . = - ¢
5 1. X+ay y =3Qe -C2e
X =X-Yy, x=C,e3+2C2%* ~
(Javob :
» =-4x+y. y =—2Cx | +2Ce~r
g x=Ce" +2Cx™
Y (Javob :
=X +Yy. y =V Cle3,= C 2-
23. 21 4
=-2x - 3y. (Javob x=Ce~3 +C2
. vob: o R
Y =-x. 7=1A H e

2.4.
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r

(x'=4x-y,
223 \Y'=~xHy......... (Javob:I ~C'e ‘+V
2.24. b =e>3-cv ';
fx'=:2x +8y, fx =q +C2e&
b '=*+4>\ ... (Javob] _
}y:—C.+|ce6
2.25. 4 1 2 2

\]X':5+8/ [x =Cpe-"+C2o
(Javob:! 3 2

]
[Y'=3x+3y cooene.
2.26. S = [CeT+5Ce)
fx'=3x +y, f
(Y'=8X+VY.one (Javob : T ~C,e" +c¢ 2¢$*
2.217. ly =~4Cle~t+2C2e&
i X '=x~by, \X=C " ,+C22
Y =-X-3Y . (Javob:\ '

\y=Ce"4+~Ce
2.28. I 5 2
fx'=-5x +2y, fx :C]e"t+C,e_7
[y'=x~6y. ... (Javob: 1 )
299, LY =§Cie" -C 2e-7
fX'=6x +3y, JX:C,e-Z +Ce3
iy'=-8X-5y. e, (Javob: 2*
2.30, (Y 3G g3
fx'=4x-8y, r
ly'=~8X +4Yy ... (Javob:JX ~C=" +c2e'2
\y=Qe'A~rJn'
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3. Differensial tenglamani ixtiyoriy 0‘zgarmasni
variatsiyalash usuli bilan yeching.

e X

3.1. y_y= ex+1
Javob:y =(-— +—n(e* ™) +el) - ¢ x+(—dIn—f-—--fe2ex

(avobzy = (- +in(e" A)+el) -¢ X+ (An—f-—f eQ)ex)
1

3.2. Yy Hy= €0S 2X

(Javob:y =(-—Inlkos 2\ + C2) cos 2x + (—jc+ C2) sin 2x.)

2x

3.3. v'-4y+5y" cosx

{Javob:y = (In cos xI + C,)e2Xcos x + (x + C2)elXsin 2x.)

sin
3.4. Yy = Qs JC
(Javob:y = -C-(-)-S-Cj + (Inj(lzos Xj +C2) cosx +(x - tgx +C3)sin x.)
1
3.5. y"'+9y COS3X

(Javob :y = (—x +CJ) cos 3% + (*nsin 3|1+ C2) sin 3x)

xe +m '
3.6. y'+2y" +y Xe
(Javob:y - Ce x+C2xe *+1-exl- - & X-Xe X+xe xInx.)
3.7. "+2y'+2
yrarTey COSX

(Javob:y = (In cosxj + C,)e xcosx + (x + C2)e *sinx.)
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3.8. y'-2y'+2y = sin X

{Javob:y —(In(c«£)2(% +C,)excos X +(—_-%--- £C2)exsinx.)
sinx

3.9.y"+2y"'+2y =e~xtgx

{Javob:y = C p xcos X +CZ&~xXsin X +e~xsin x mn |rE(x/2)].)
3.10. y"-2y'+ 2y-ex/sin*.

{Javob:y =(-x +C, )excosx + (Injsinx] + C2)exsinx.)

3.11. y"-2y'+y =exAR.

{Javob:y = (Hnx+C,)ex+(—1/x +C2)xex.

3.12. y"+y=tgxm

{Javob:y - C, cosx +C2sinx - cosx «In\tg(x/2 +n i 4)]).

3.13.  y"+4y=ctyg2x-
Javob :y - C, cos2x + C2sin 2x +”sin 2x mnj/gx|.).

3.14. y"+y=c/gx

Javofr:y =Cxcosx +C2sinx +sinx ¢In |/gx(x/2)|.).
3.15. y"-2y'+y =eWx.

Javob:y = (—x+C,)ex+(Inx + C2)xex).

3.16. /'+2/+y =exX

Javob:y =(—x+C,)e”™+ (Inx +C2)xe X).

3.17.  y"+y' =I/co0s x.

Javob:y - (InJoosx] +C,)cosx +(x +C,)sin x).
3.18. y"+y—/fsinx

Javob:y =(-x +C,)cos x + (Injsin x] + C2) sin x).
3.19. y"+4y =I/sin 2x
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X 1
Javob:y =(——C,)cos2x + (—ln«%sin2x| + C2) sin 2Xx).
3.20. y"+4y =tg 2x
Javob.y - C,lcos 2x+C,23in 2x—4|n tg(x +7_1) C0S2X).
3.21.  y"+HAy'+4y = e 24G.
Javob :y =Q 4 C2 +1i(2x))x-2*%).
3.22.  y"-4y'+4y =e 2/X3.
Javob:y = Cle +C2xelx +e2x /2x).
3.23.  V"+2y'+y =3Fx-Ix—H
Javob:y =(- M J{X+\f +2(x+\f +CY e x+(2yj{x+])3+C2)xeX).
3.24, y"+y=
Javob:y =C, cosn+C2sinx +cosx ¢In|/gx/2)| +2.)
3.25. >'-y'=edcos(eX.
Javob:y =C*+ C2x- cos(ex).)
3.26. y"-y'=e2-sinCe").
Javob:v=C, +C2x- sin(el).)
3.27. y"+y=tg*x.
Javob:v==_CQwcosx +C2sinx +sinx ¢In j( +7)-2)
3.28. y'"+y =2/sinX.
Javob:y =C, cosx +C2sinx +2cosx sInftg(x 72)] - 2).
e*
3.29. y"+2y'+5y= sin2x
N0 1. . .
Javob iy =(—2 +Cl)e~xcos2x +(A: In]sin2A +C2)e~xsin2x.)
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1
3.30. y"+9y = cos3*
Javob:y = (1—|n I|c053x| +C,) cos3x +(X—+ C2)sin 3x.)

4. Quyidagi masalalami yeching:

4.1. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini
yozing: Egri chizigga urinma, urinish nuqtasidan abssissa 0‘qiga
tushirilgan perpendikulyar va abssissa o‘qi bilan chegaralangan
uchburchakning yuzi o‘zgarmas Kkattalik bo‘lib b2ga teng.

(Javob:y=2bV(CxX)).

4.2. Egri chizigga ixtiyoriy urinmaning abssissa o0'qi bilan
kesishish nugtasi, urinish nuqtasi va koordinata boshidan bir xil
uzoglikda ekanligi ma’lum bo‘lsa, egri chiziq tenglamasini
yozing.

(Javob:y=C(x2+y2).

4.3. Quyidagi xossaga ega boigan egri chizig tenglamasini
yozing: koordinata o‘qlari, egri chizigga urinma va urinish
nuqtasidan abssissa o°‘giga tushirilgan perpendikulyar bilan
chegaralangan trapetsiyaning yuzi o‘zgarmas kattalik bo'lib, 3a2
ga teng.

(Javob:y~Cx2+2aZx")

4.4. Quyidagi xossaga ega boigan egri chizig tenglamasini
yozing: urinma, abssissa o‘gi va koordinata boshidan urinish
nuqtasigacha boigan kesma bilan chegaralangan uchburchakning
yuzi a2ga teng boigan o'zgarmas kattalikdir. (Javob:x=aZy+Cy).

4.5. Ixtiyoriy urinmadan koordinata boshigacha boigan
masofa, urinish nugtasining abssissasiga tengligi ma’lum boisa,
egri chiziq tenglamasini yozing. (Javob:Cx=x2+y .)

4.6. Quyidagi xossaga ega boigan egri chizig tenglamasini
yozing:

ixtiyoriy urinmaning abssissa o‘qgi bilan kesishish nugqtasi,
urinish nugqtasining abssissasidan ikki marta kichik boigan
abssissasiga ega.

(Javob:y-Cx32.
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4.7. Urinma, urinish nugtasidan abssissa o‘giga tushirilgan
perpendikulyar va abssissa o‘gi  bilan  chegaralangan
uchburchakning katetlari yig‘indisi o'zgarmas kattalik bolib, agar
teng bo‘lgan xossaga ega egri chiziq tenglamasini yozing: {Javob:
+x=C +aln v—y (0 <y <a).)..

4.8. Ixtiyoriy urinmasining abssissa o‘qi bilan kesishish
nuqtasi, urinish nuqtasi abssissasining 2/3 gismiga teng abssissaga
ega boigan egri chiziq tenglamasini yozing. (Javob:y=Cx3

4.9. Quyidagi xossaga ega boigan egri chizig tenglamasini
yozing:

Egri chizigning ixtiryoriy nugtasidan o‘tkazilgan urinma va
normalning abssissa o‘gidan ajratgan kesmaning uzunligi 2 1ga
teng.

(Javob:x"C+I-Infl+ >je2 - y 2) £-J{ez-y 2).)

4.10. A(2,4) nugtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chizig tenglamasini yozing: Egri chizigning ixtiyoriy
nuqgtasiga o‘tkazilgan urinmaning abssissa o‘gidan ajratgan
kesmasining uzunligi, urinish nuqtasi abssissaning kubiga teng.

(Javob:y=2n/3 x/vV —J)

4.11. A(l,5) nugtadan o‘tuvchi va quyidagi xossaga ega
boigan egri chiziqg tenglamasini tuzing: ixtiyoriy urinmaning
ordinata o‘gidan ajratgan kesmasining uzunligi, urinish nugqtasi
abssissasining uchlangani ga teng.

e (Javob:y-3xInx+5x.)

4.12. A(1,2) nugtadan o‘tuvchi va quyidagi xossaga ega
boigan egri chizig tenglamasini tuzing: ixtiyoriy nugtasining
ordinatasining shu nuqta abssissasiga nisbati, izlanayotgan egri
chizigga shu nuqtada o‘tkazilgan urinmaning burchak
koeffitsiyentiga proporsional. Proporsionallik koeffitsiyenti 3 ga
teng.(Javob:y2=8x.)

4.13. Ixtiyoriy nuqtasidagi urinmaning burchak
koeffitsiyenti,  urinish  nuqtasi  ordinatasining  kvadratiga
proporsional ekanligi ma’lum boisa, A(2.-1) nugtadan o'tuvchi
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egri chiziq tenglamasini tuzing. Proporsionallik koeffitsiyenti 6 ga
teng. (Javob:y =etx!2)

4.14.  Ixtiyoriy nuqtasidagi urinmaning burchak
koeffitsiyentining urinish nuqtasi koordinatalarining yig‘indisiga
ko‘paytmasi, shu nugta ordinatasining ikkilanganiga teng ekanligi
ma’lum bo‘lsa, A (1,2) nugtadan o‘tuvchi egri chiziq tenglamasini
yozing. (Javob:y=2(y-x)2)

4.15.  Ixtiyoriy nuqtasiga urinmaning burchak
koeffitsiyenti, shu nuqta ordinatasining uchlanganiga teng
ekanligi ma’lurn boisa, A(0,-2) nugtadan o‘tuvchi egri chiziq
tenglamasini yozing. (Javob:y=z2e3X)

4.16. Quyidagi xossaga ega bo‘lgan egri chiziq
tenglamasini yozing:

Urinmaga koordinata boshidan tushirilgan
perpendikulyarning uzunligi urinish nuqtasi absissasiga teng.
(Javob:y2=Cx-x2.)

4.17. Biror nugtasiga urinmaning burchak koeffitsiyenti,
shu nuqtani koordinata boshi bilan tutashtiruvchi to'g‘ri
chizigning burchak koeffitsiyentidan n marta katta boigan
x0ssaga ega egri chizig tenglamasini yozing. (Javob:y-Cx'")

4.18. Quyidagi xossaga ega boigan egri chiziqg
tenglamasini tuzing:

Egri chizigga urinmaning koordinata o‘glari  bilan
chegaralangan kesmasi, urinish nuqtasida teng ikkiga bolinadi.
(Javob:xy=C)

4.19. Egri chizigning biror nugtasiga olkazilgan
normalning ordinata o‘gidan ajratgan kesmasining uzunligi, shu
nugtadan koordinata boshigacha boigan masofaga teng degan
Xossaga ega egri chizig tenglamasini tuzing.

(Javob:y=~(Cx2- ™).)

4.20. Egri chizigning biror nugtasining abssissasining shu
nugtaga olkazilgan normalning OU o‘gidan ajratgan kesmasi
uzunligiga ko‘paytmasi shu nuqtadan koordinata boshigacha
boigan masofa kvadratining ikkilanganiga teng boladigan egri
chizig tenglamasi tuzilsin.
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(Javob:x2+y2—Ex4.)

421. Ou o‘qgi, urinish nugtasining radius vektori va
urinmasidan tashkil topgan teng yonli uchburchak uchun egri
chiziq tenglamasini tuzing.

(Javob:x2+y2=Cy, y 2=C2-2Cx, xy=C)

4.22. A(2,0) nugtadan o‘tuvchi va quyidagi xossaga ega
boigan egri chizig tenglamasini tuzing: Urinish nugtasi va Ou
0'gi orasidagi urinmaning kesmasi, 0‘zgarmas kattalik bolib, 2 ga

teng. (Javob:xy =yl4-x2 +In(-— r-—a)
2 +1/X- X2

4.23. Barcha urinmalari koordinata boshidan o‘tuvchi egri
chiziq tenglamasini yozing. (Javob:y=Cx.)

4.24. Har bir urinmasi, urinish nuqtasi abssissasining
ikkilanganiga teng abssissali nugtada u=I to‘g‘ri chizigni kesib
o‘tuvchi egri chiziq tenglamasini yozing. (Javob:y=C/x+l1.)

4.25. Quyidagi xossaga ega boigan egri chiziq
tenglamasini tuzing: Agar ixtiyoriy nuqtasidan koordinata o‘qglari
bilan kesishguncha, ularga parallel to‘g‘ri chiziglar o'tkazilsa, u
holda hosil boigan to‘g‘ri to‘rtburchak yuzi egri chiziq biian ikki
gismga ajraladi va ulardan birining yuzasi ikkinchisining
yuzasidan ikki marta katta bo‘ladi.(Javob:y=Cx2.)

4.26. Agar egri chizigga urimnaning Ou o‘gidan ajralgan
kesmasi uzunligi bo‘yicha urinish nuqtasi koordinatalari

yigIndisining —ga teng. boisa, egri chiziq tenglamasini toping.
n

(Javob:y-C-x(I'fx.)

4.27. M(x,u) nuqtadagi normalming Ox o‘gidan ajratgan
kesmasining uzunligi uVx ga teng boigan egri chiziq
tenglamasini yozing.

(Javob: y= xyj2In(C /x))

4.28. Urinmasining Ou o‘gidan ajratgan kesmasining
uzunligi, urinish nuqtasi abssissasining kvadratiga teng boigan
egri chiziq tenglamasini yozing.

(Javob:y—€x-x2.)
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4.29. M(xu) nugtadagi normalining Ou o‘gidan ajratgan
kesmasining uzunligi x2/u ga teng boigan egri chiziqg
tenglamasini yozing.

(Javob: C=x2/(2y7) +Iny.)

4.30. Egri chizig, ordinatasi 2 ga teng nuqtada Ou o0‘giga
45° ostida og‘gan. Uning ixtiyoriy urinmasi abssissa o‘gidan,
uzunligi bo‘yicha urinish nugtasi ordinatasining kvadratiga teng
kesma ajratadi. Berilgan egri chiziq tenglamasini yozing,

(Javob:x=(5-y)y.)

Namunaviy variantni yechish.

1. Chiziqgii bir jinsli differensial tenglamaning xususiy
yechimini toping.

f-y=0, y(0)=5, y'(0)=3, y*(0)=y""(0)=0.

Xarakteristik tenglamasini tuzamiz va uni yechamiz:

A*1=0, (A2-\) (A2+ D=0, A =-I, Ar=1, \ A= .

Berilgan tenglamaning umumiy yechimi quyidagi ko‘rinishda
boiadi.
y=Cje'x+C2et+C.QBx + CaSU X
Quyidagilami topamiz:
y'=-Cje'x+Ci-CiSin X+C. COSX,
y "=Ciex+C2exC}Sin X-Casin X,
y ""=-Cie'x+C2ex%Cssin X-Ca COS X.
Boshlang‘ich shartlardan foydalanib, Cj, C,, Cj. Ca laming
giymatlarini topish uchun sistema tuzamiz va uni yechamiz:
Ci+ Q+CQ&3=51N
Ci+Q+ A= 31 2X+ 2C2 = 51
+ C2—C3=10 j —2Ci4-2C2= 3]
—Ci+ @—C4 —5J
buyerdan Cj=I/2, C.=2, Cs=5/2, Ca=3/.
Berilgan tenglamaning xususiy yechimi quyidagi ko‘rinishda
boiadi.
y= le’ +2Ae’\+icos X+ isi'n X.
2 2 2

2. Quyidagi tenglamalar sistemasini 2 xil usulda yeching.
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a) yugori tartibli differensial tenglamaga keltirish yoii
bilan;

b) xarakteristik tenglama yordamida.

X'=-Tx+y, Xx=x(1), X'= dx\dt,

y'=-2x-5y, y=y(1), y-dy\dt.

Berilgan sistemaning birinchi tenglamasini differensiallab,
quyidagini hosil gilamiz. x"'=-7x"+y"

So‘ngra oxirgi tenglamada j/ni berilgan sistemadagi ikkinchi
tenglamasidagi ifodasi bilan aimashtiramiz: x "~-7x'-2x-5y. OXxirgi
tenglamada y ni sistemasining birinchi tenglamasidan topilgan
V=x'+7x ifoda bilan aimashtiramiz. Natijada, ikkinchi tartibli
differensial tenglamani hosil gilamiz.

X TX=2X-5(X"+ 7X), X "+12x"+37x=0.

Oxirgi tenglamani ma’lum usulda yechamiz (§ 11.7ga

garang) -

A2+12A +37=0, A =-6 *n/36- 37 =-6 %/,

x=ed(Cicost+C2Sint).

Bundan quyidagini topamiz.

x'=-6eA(Cicos t+Cysin t)+e6t(-Cisin t+C2Cos t).

x va x' lar uchun olingan ifodalami y=x'+7x ga qo'‘yib,
quyidagini hosil gilamiz.

y'=-6e6l(C[Cos t + C2sin t)+efl(-Ci sin t+Cr cos t)+7e
6'(CiCos t+Cxin t).

Shunday qilib, izlanayotgan yechimlar quyidagi funksiyalar
bo‘ladi.

x=e°'(Cicos t+C2sin t),

y=e@(Cj(cos t-sin t)+C2(cos t+sin t)).

b) xarakteristik tenglamasini tuzamiz va uni yechamiz:

- 1 -5-A=0, (7+OX5+4)+2 =0

J2+12A+37 =0, Al2=-6=%i, \ 2=-6 +i,

Xx = —6 + i uchun quyidagi sistemani hosil gilamiz. (§ 11.7
dagi 2-misol bilan solishtiring)
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(—+6—-)a+P=0 >
—2a+(—5+6—HN=0
—S1+i)c+P=0
—2a+(1—i)p=0

a=1 /? =1+7 deb olib, dastlabki tenglamaning birinchi
xususiy yechimini topamiz.
X iz e ("6+/)t,>>1=(1-1-/)e ("6+i)t
Ar = —6 —i uchun
(—+6+i)a+/=0,
—2a + (-5 +6 +i)fi —0
(1+ia+B=0
—2a+(1+)P =0 j
a =lva/? =1 —i deb faraz qilib, dastlabki tenglamaning
ikkinchi xususiy yechimini hosil gilamiz.
x2=e('6it, y2=(I-i)e(6it
Quyidagi formulalar bo‘yicha yangi fundamentall yechimlar
sistemasiga o‘tamiz.

X i~(xi+x3/2, x 2=(xi-x2)/(21),
Y 1-Y14Y0)/2, y 2=(yi-yt)/(2i),

Eyler fonnulasidan foydalanib, = eat (cosp (+
isin.pt), quyidagilarni topamiz

X i=e 6rost, X 2=e6sint,

y 1=éb(cost-sint), y 2=e6,(cost+sint),
Dastlabki sistemaning umumiy yechimi quyidagi ko‘rinishga
ega bo‘ladi.

X=CiX1+C2X2,y—C€iY1+C2Y?2,

ya’'ni,

x=e 6,(Cicos t+C2sin t),

y=e6tCj(cos t-sin t)+C2(cos t+sin t)).

3. Differensial tenglamani ixtiyoriy 0‘zgarmasni
variatsiyalash usuli bilan yeching
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2eX

Berilgan tenglamaga mos keluvchi bir jinsli tenglamani
yechamiz.

y"-y=0, A2-1 =0, Al =-I, A2=I
Birjinsli tenglamaning umumiy yechimi quyidagicha bo‘ladi.
y=Cle x+C2x

C/ va C2larni x ning funksiyasi deb hisoblaymiz, ya’'ni,
y= Ci (X)ex+C2 (x)ex
quyidagi sistemadan C\(x) va C2(x) larni aniglaymiz ((11.39)
sistemaga garang).
CL(x)yx+C'2(x)y2 =0,

CL)y[ +C2(x)y'2 =f(x).
berilgan tenglama uchun bu sistema quyidagi ko‘rinishga ega.
C;(x)e-X+C'2(x)ex =0,

- C[(x)e-X+C' (x)ex = 2exf(ex-1).
Bu sistemadan awal C2(x), C{(x), larni, keyin esa C2(x) va
Cj(x) lami topamiz.
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In V—Ilj—Inrj + C2 —In -1 e +C2,

C[(x) =-C2(x)e = ex!{ex-1),

c. e t = ex,dt —e"cic,
IW=-J4:"= x=Int

__rtt_ ftdeig
17T

Shunday qilib, (11.38) formulaga asosan, dastlabki
tenglamaning umumiy yechimi quyidagicha bo‘ladi.

t |
:—t——ln#l-1|+ C,=—e -In 1+Cr

y=(-exIn ex- 11+ CDexrin ! +c2)ex
e

Ciex+C2ex+exn ex— . exdnex-1-1
ex
4. R(l,2) nugtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chiziq tenglamasini tuzing.
Egri chizigning ixtiyoriy nuqtasining radius-vektori, shu
nugtaga urinma va abssissa o'gidan  tashkil  topgan
uchburchakning yuzi 2 ga teng.

11.4-rasmdan ko'rinib turibdiki, \(LLL=\CB\+ \AB\ =mx + \AB\
.BMA uchburchakdan quyidagini hosil gilamiz.



11.4. -rasm
\BA\ N,
— 1=ctg(n-a) =-ctg a, [«/lj=-yctg a,
7

dx
1A =— ,
/9« ® rfy

dx
Coma-0,5 \OA\\ \WB\=2.

Oxirgi tenglikka \NOA\Wz \MA lar uchun hosil qgilingan
ifodalami go'yib, quyidagi differensial tenglamani hosil gilamiz.

dx
10J2|05| +1A4| =jc- Vv
11 1 1 dy

1 dx 2dx
(XY =)y =2, xy-y — ~4
2 dy dy

y.ZdX:)(y. 4 d?.( ....... X - X

dy dy vy Yy
ya’'ni, x=x(y) funksiyaga nisbatan chizigli, 1-tartibli boigan
tenglamani hosil qildik. Bu tenglamani x=y i? almashtirish
yordamida yechamiz va quyidagiga ega boiamiz.

4 4
v'an-u 9’---9-9:— -, " |9+u(-9|-l-J ----- ? )=—1,

Yy Y dy vy y
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ds d9 _dy fdQ [dy

~dy~~y~ ’

inj"l=in|™, 9 =y, =-4 -

j 1™ oo By =4

d’u=--f\-d =— +C,2 X =(— +C§y=Cy+—. 2
Yy Yy Yy

Izlanayotgan egri chizig R(l,2) nugtadan o'tadi. Shuning
uchun 1=2C+1, C=0. Natijada, uning tenglamasi x=2/y yoki
xy=2 bo‘ladi, ya’'ni berilgan egri chiziq giperboladir.

11.9 11-bobga go‘shimcha masalaiar
1. Lokomativning tezlanishi tortishish kuchi F ga to‘g'ri
proporsional va poezd massasi m ga teskari proporsional.

Lokomativning boshlang‘ich tezligi 90, tortishish kuchi F-b-k. 9

, bu yerda. 9 -tezlik b, A-0'zgarmas sonlar. Agar boshlang'ich
vagtda t=0 da F=F0=b-k9 obo‘lsa, lokomativning t vaqt ichidagi
tortishish kuchini aniglang.

(Javob:F=F0e'kA)

2. Uzunligi 1va ko‘ndalang boigan kesim yuzi S boigan
polatsim giymati R gacha o‘suvchi o‘zgarmas kuch bilan
cho‘zilmoqda. Agar simning cbo'zilishi quyidagi formula bilan

aniglansa: /= &.F/"’ bu yerda &-cho'zilish koeffitsiyenti; 10-
simning boshlanglch uzunligi boisa, cho‘zilish kuchining
bajargan ishini aniglang.
(Javob:A=—- P2)
2F
3. Motorli qgayig kolda 9 0=20 km/s tezlik bilan
harakatlanmogda. Motori o‘chirilgandan so‘ng 40 sekund o'tgach
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gayigning tezligi ,90=8m/s gacha kamayadi. Motor o'chirilgandan
so‘ng 2 minutdan keyingi qayigning tezligini aniglang? (suvning
garshilik kuchi gayiq harakatining tezligiga proporsional)

(Javob: 1,28 km/soat)

4, Suv bilan to'ldirilgan balandligi N va asosining yuzasi
Ci ga teng silindrik idishning asosida yuzasi C2ga teng teshik bor.
Suvning teshikdan to‘la ogib tushib ketish vaqgtini aniglang. (Oqib

tushish tezligi quyidagi formula bilan aniglanadi: 19 =yj2gh bu

yerda h-o‘sha vagtdagi suv gatlami balandligi, g-erkin tushish
tezlanishi)

5. Zanjirli ko‘prik argonining uchlaridan biri R=5m
balandlikda, uning o'rtasi esa, ko‘prikdan o‘tish gismidan N=4m
balandiikda joylashgan. Ko‘prikning uzunligi 21=20m. Argonning
egilish egri chizig'ini toping.

{Javob: y-4=x2/100.)

6. Tog' jinsining bo'lagida 100OmMg uran va 14 mg uranli
go‘rg‘oshin bor. Agar uranning yarim targalish davri 4-5-109
yildan iborat va 238 g uranning to‘liq targalishida 206 g uranli
go'rg'oshin hosil bo‘lsa, tog* jinsining yoshini aniglang. (tog’
jinsining paydo bo'lishi tarkibida qo‘rg‘oshin bo'lmagan va tezda
targaladigan oraliq birikmalarda uran va qo‘rg‘oshin targalishi
e’tiborga olinmagan deb hisoblansin)

{Javob: 975 1Gyil.)
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7. Raketaning massasi to‘liq yonilg‘l zahirasi bilan M ga,
yonilg‘isiz esa m ga teng, yonilg‘l mahsulotining tugash tezligi -
s, raketaning boshlang‘ich tezligi 0 (nolga) teng. Raketaning
og'irlik kuchini va havoning garshiligini e’tiborga olmagan holda,
uning yonilg‘i yomb bo‘lgandan keyingi tezligini aniglang.

{Javob: C-In(M/m).)

8. Jism yer sathidan 18m balandlikdan 30m/s tezlik bilan
yuqoriga vertikal holatda tashlangan. Balandlikni vagtning
fimksiyasi deb garab, jismning t vaqtdagi balandligini toping.
Jism ko'tarilishining eng katta balandligini aniglang.

{Javob: S-h=- gt +30; + 18/? ekaita=63,9m.)

9. Ma’lumki, havoda jismning sovush tezligi jism va havo
temperaturalarining ayirmasiga proporsional. 20 minut davomida
jismning temperaturasi 100°C dan 60°C gacha kamayadi.
Havoning temperaturasi 20°C ga teng. Jism temperaturasining
250°C gacha kamayish vaqtini aniglang.

{Javob: 1 soat 20 min.)



ILOVA

. Nazorat ishi. “Anigmas integrallar” (2 soat)
Anigmas integarallarni toping.

1 12%-320k

sin xdx
1i ‘JVI +2cosX

3 | 7¥/sin x cos5xdx

+
X + (arccos 3x)2 ik
1.4, vl - 9x2
reg
—— T ox.
1.6. I+xT2
r dx
1.7. vx(I +-J)
J QCBxdx
J3l 2~
1.8. VAU *.
r sinxdx
1.9. v3+2cosx
X—
1.10.
L] j Xarctg xdx
C px-l
1.12.  4x -4x+17
r dx
1.13.  2sin x-3cosxX
WnJL + N x
1.14. V3+2x-x2.
JX2-20K

1.15

Fooodx
1.16. ' M —ahn2x

1.17. JRTZH

r2n
1.18. * 7i+4lnr.

jsin 5x mcos xrfx
1.19.

X+2

1.20. Jx3—2x2+2x

r sinsx "
1.21. 7 14€08 5x

r3-2cr™x
122.

o3X +X +5x+I
1.23. ] * p*

r dx
124, yxT) .
dx
1.25. J{1+x )(arc/gx-3)
f o
-dx
1.26. J cos2x(] +7gx)
r e2dx
1.27. e4-5'

+
Log 1(x2+3e2ax

!
129, J(x +2)Inxdx.

81x-3 x
f “ax
1.30.
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2.1.

2.2.

2.3.

2.4.

2.5.

Jarcsin xdx

| x In(x2+ 1)ike

f 8r'"n rfr
JV5+2x%x-x2

r ox—1
J3x +2 +1

f afr
WSin2XCcos2x

X2 720x
5.

2.7.

2.8.

2.9.

2.10.

2.11.

2.12.

2.13.

2.14.

2.15.

jVcos3xatt

Ea_rcsm Xax

/\~+ X

f ™dx.
J x

;LI X +2
r+2x+5

J xX*
3x-4
V6X -X 2-8
c sin2xo*
I8¢ x+4
2+VT+;d
M +x
Fx +2
*4 + 3x2

i/x

dix.
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2.16.

2.17.

2.18.

2.19.

2.20.

2.21.

2.22.

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

2.29.

2.30.

3X_1.<ﬂ

Jvx Inx<&

fax* -1[x

J(I-x)sin;a£t.

h -

J arctg<Jxdx.

i X+2

“Vix2- 4x4-3

r 5x-3 ix.
V2x2+8x +1

f(x2+3)cosx<Ec

dx.

\] 3X +2 dx

+4x +12

r x+4 dx

NT +6X-X2

f fitc

J* _.*2.

r

n/3-x-x2

r x +x+5

X C*+3)(x-2)
2X +1

AVI+6Xx-3x2



3.
X+ 1
3.1, Vsxo+3x+1
3x-13
?

5 — dx.
3.2.JXx -4x +8

X+5
3.6. /30 +6x +1
r X+
ax.
3.7. 4x2-12x +3
f*+2
3.8. v3 +2x-x2
r dx
3.9. 4x2-x
I x2dx
3.10. Mx+2)2(x+4)?"
\—2x

3.11. " NM-4X
I xdx

3.12. +

3Ix—7
Ja i
3.13. 3+Xx2+4x +4

J 2xz—}c—lm

3.14. I X3-%2-06

3/15.

je Xsin(e 2)dx.
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3.16. 13 1+cos 4x

X+5
3.17. 2x2+2x+3
% &
3.18.  n/4x-3x24

]M2x—10 ~
3.19. X5

rvarctg2x
320. N r+X*
r__ k4

3.21. Jx2—2x+3
xadx

3.22. Jsin jc

3.23. JIM+Vx

[42—x2+-32+X2 .

ax.

3.24. 4a-

3.25.

J.zo.
3.27. NYx+5-x2

3.28. m'xIn5x'

f 22x+--— dx.
3.29. Jx2-5x +7

xcx
dx.
3.30. *n/2x+1+1



4. 2xdx

X+3 ax. 416 (XFHD(x2+x+2)
41, (x+2)(x2+x+1) o
(>/jC-1X*/jC+])n. 4.17. 5-4sinx
4.2, VX2 418, X 2 -5xndx.
X dx "
43. 9-x4 419 VICH-T
4.4 X3+4x—x2—4 4.20. VX Inxrfx.
X1 o
45. X —8x+10 421, x =16
o dx
4.6 422, "WKHVX
22 +1 dx dx
47, X3H+X=+2X+2 4.23. 4sinx +3cosx +5
2x2+1 dx xdx
48,  X3+2K2+2x 424,  2X2+2X+5
3si OIX4 2X X
sin x +4cos x -dx.
e 425, (7-x)3
] X2c0s 6;0£LC.
4.10. X2—=2X +1 dx
X = gy 426, X +2X +X
4.11. 5x2- X +2 dx
X -1
dx -JIx—9
4.12. X348 4.27. X-JIX )
3x -7 fr X
413 X3HX2+4x+4 4.28. X4- 6x3+9x2
X —arctg Zx—cix dx
4.14. 1 1+4x2 429 Vx+1-ml
felnax sin(In Yx

4.15. 1 COS X 4.30.
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5. dx

1 * 5.16. Sin2xcos2x
51. Vi-rx-~" 1 dx
| & x
e COSX sinxsin3xflfr.
Al
5.3. j'1+sfnxOIX 5.18. ‘
QCB3ACCRIX. 519 (-Sin2)zm
5.4. ] 19. _
X+2 tie
dx. .
55, 'X3—2X2+2x X 5.20. yjx-x1+1
C xdx X 2dx
5.6. ¢ x3- 1" 5.21.
+ -
FVI+x2 5oy HOFXX
57. 1 X
xdx
E x 2A
523 2X +5
5.8. W4
d
o 524, CA—16
59. "+ 3
n/2x-3 "
5.10. 5.25. X
11n2xadx. dx
5.11. i 506 5-3C05X
5,19, | 008 2xc0S2X0X In(x2+ t&.
5.27.
rex+1
dx. dx.
5.13. Jer— 528  4ix-\
X222 dx
5.14.J 529 7(1-x 2)arcsinx
x 2sinxd!x. o
5.15. ]

dx
5.30. X4—5x2+4
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6.
p sinxdx

6.1. \MI+2cosx

\(x2+X)-ydx.
63. ( )BY

6.4 JV 4 —x2dx

f dx
65 W +t/?

f ~ n
6.6. Ji+VI

6.7

JSin2xcos2X*EL.
6.8.

f r2x-1  dn

6.9 /R-4x+1
C dx

6.10. Sin23xc0s23x
Jsin 2xcos5xdx.

6.11.
N IL *

6.12. J V3x+l

-5*<&.
613 IO<&

J 7+l dx
6.14. I X 4-x+|

6.15. 7 X

Jcos 2xsin 2xdx.

6.16.

6.17.

6.18

6.19.

6.20

dx
Ji

-

L7 g

1 X1 -4.
dx
\ t4+2x3+2x2"
r -5a- +
X' -5a ldx.

wX3-

Jsin5xcos3xdx.

sin3x +I_ dx

6.21.

x1+1 dx

6.22.

6.23.

6.24.

6.25.

6.26.

6.27.

6.28.

6.29.

6.30.

WX -dx.

f dx
" 3+45sinx +3cosx

Jsin X

dx

dx



2. Nazorat ishi.
“Differensial tenglamalar” (2 soat).
Berilgan differensial tenglamalami yeching.

t.
1N.y'-y/x-1/(sin(y/x))=0.
1.2. xdy-ydx= +y 2(h-
1.3. xu'=xy+y2
1.4, xdy=(x4 2y)dx.

S5,y +3y/x-2/x3=0.

1.6. xdy+y2x=3(x2-y3dx.
1.7,y '=4+y/x+(y/x) 2

1.8. (x2+y3dx-xydy=0.
1.9. xy'-y=x2Z0s X.

3

—y =X
1.10. y'-x
1.11. y'+2xy=2xy3
1.12. x¥J'+xF+x+I1=0.

1.13. y'+2y/x- X

2.
2.1.y 'cos2x+y=tg X.
2.2.y"+y COS X—COS X.
2.3. Incos ydx+x tgydy=0.
2.4.y-tgx-tgy.
2.5.y"cosx Iny—y.

el tg ydx =——dy.
2.6. X -1

27. ¥

20 (1+e"x)y2dy = exdx.
2.16. yndxz(xy—x4)dy.

1.14. y'+2xy=xe 1.

1.15. Xy+y2=(2x2+Xxy)yr.
1.16. Xyr+y=sinx

1.17. xy'+y=sin x.

1.18. xy'-y=x tg (y/X).

1.19. y'-y/x=<?k

1.20. y'+y tgx = 1/cosxX.
1.21. y 'cos x-y sin X =sin X.
1.22. xy'=y+x evk

1.23. y'+xy=x3

1.24. x In (x/y)dy-ydx=0.
1.25. (xy exArryddx=x2exydy.
1.26. x3/'=2xy+3.

1.27. dy~(y+x3dx.

1.28. (x21)y'-xy=x3x.
1.29. y'-2xy=xe~x2

1.30. xy’'=3y-x4 2

1.31. y'-y=e\

2.9.

3extg ydx = (1 +e" )sec2ydy.
2.10. YY'/x+ey=0.

21 y’'+y =exsinx.
212 (x+y)dx +xdy =0.

2.13. I+ (I+y)e'=0.
2.14.

x cos X{ydx +xdy) = x> sin Ldx.
X X

205 Y +y/(x+1)+x2=0.
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S5N.y"+4y'+4y=e 2X/x*

5.2.y"+3y'+2y=1/eX+ 1.

1
5.3.y"+4y= c0s2X

Vcos2x
1
55y"+5y'+6>=1+e
5.6.y "+4y=ctg 2x.
5.7.y"-y=sh x.
5.8.y"-3y"'+2y=2x

5.9.y"-4y'+5y= c0OSsX.
5.10. y n+dy=cos2x.
5.11. y"-6y'+9y=
IX7+6x+2 3
x3(3x-2)

5.12. y"+2y+y=be" Y, T

5.13. y"+y'=tgx.
1

5.14. /'+4y=c0s2X

5.15. y"-y=e*-|
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5.16

5.17.
5.18.

5.19.

5.20.

5.21.
5.22.

5.23.
5.24.

5.25.

5.26.

5.27

5.28
5.29

5.30

/ 37

. y"-6y'+9y=36"xe
1
y"+y= cos2*
y''+4y=2 tgx.
1
y'y'=1+7
1
y "+y=sin x
e~X
y'+2y'+y= X
Y'Y= x0
2 +cos’ X

y I+y=c0s2x
y''+y=tg2x.
y"-3y'+2y= 1+

4
y "+4y=T™2x

e*
LY Y Y= X

1

. y"+y= cos3x
. y"+y=cfgx.

e* .

.y Ay +4y=e-2X]nX-
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