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SO‘Z BOSHI

Qoilanma oliy ta’lim muassasalari texnika va texnoligiya bakalavr
ta’lim yo'nalishlari Davlat ta’lim standartlariga mos keladi va fanning o‘quv
dasturlariga to'la javob beradigan tarzda bayon gilingan.

Ushbu o‘quv qoilanma bakalavr ta’lim yo‘nalishlarining 1-bosgich
talabalari uchun mo'ljallangan bo‘lib, fanning chiziqli algebra elementlari,
vektorli algebra elementlari, analitik geometriya, matematik analizga Kirish,
bir o‘zgaruvchi funksiyasining differensial hisobi va bir o‘zgaruvchi
funksiyasining integral hisobi bo‘limlari bo‘yicha materiallami o0‘z ichiga
oladi.

Qo'llanmaning har bir boMimi zarur nazariy tushunchalar, ta’riflar,
teoremalar va formulalar bilan boshlangan, ulaming mohiyati misol va
masalalaming yechimlarida tushuntirilgan, shu bo‘limga oid amaliy
mashg‘ulot darslarida va mustaqil uy ishlarida bajarishga moMjallangan ko‘p
sondagi mustahkamlash uchun masqlarjavoblari bilan berilgan.

Har bir bo‘limning oxirida nazorat ishi va talabalaming mustaqil ishlari
uchun topshiriiglar variantlari keltirilgan. Har bir mustaqil ish topshirig‘ining
oxirgi varianti namuna sifatida yechib ko ‘rsatilgan.

Qoilanmani yozishda oily texnika o‘quv yurtlarining bakalavrlari uchun
oily matematika fanining amaldagi dasturida tavsiya gilingan adabiyotlardan
hamda o°‘zbek tilida chop etilgan zamonaviy darslik va o‘quv
go‘llanmalardan keng foydalanilgan.

Qo'llanma hagida bildirilgan fikr va mulohazalar mamnuniyat bilan
gabul gilinadi.

Muallif

0 ‘quv go'llanmada quyidagi belgilashlardan foydalanilgan:
8 - muhim ta’riflar;

- «alohida e’tibor bering»;
® , O ~ misol yoki masala yechimining boshlanishi va oxiri;

Shuningdek, muhim teorema va formulalar to‘g‘ri to‘rtburchak ichiga
olingan.
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CHIZIQLI ALGEBRA ELEMENTLARI

1.1. DETERMINANTLAR
Ikkinchi va uchinchi tartibli determinantlar. Determinantning xossalari.
n- tartibli determinantlar

1.1.1. anan - auad ifodaga ikkinchi tartibli determinant deyiladi va u
(1-1

deb yoziladi, bu yerda a. (i=12, J=12)- determinantning r-satr va

y'-ustunda joyla&hgan elementi.
an, a2 elementlar determinantning bosh diagonalini, aa, a,, elementlar

determinantning yordamchi diagonalini tashkil etadi.
<S) Ikkinchi tartibli determinant bosh diagonal elementlari ko'paytmasi
bilan yordamchi diagonal elementlari ko‘paytmasining ayirmasiga teng:

+

1-misol. Determinantlami hisoblang:

tga sina
sina ctga

® Determinantlami ta’rif (sxema) asosida topamiz:

0 ! * =1%2-(-5) 4 =22;

4 2 (-5)
tga sina . . .
. -tga ctga-sinasina =1-sin2a =cos2a. O
sina ctga



anaxa» +avaaan +ai,azan ~a,a2ai, ~ a,2azia» ~a,jianan ifodaga uchinchi
tartibli determinant deyiladi va u

deb yoziladi.

Uchinchi tartibli determinantlami hisoblashda (1.2) ifodaning o°‘ng
tomonidagi ko‘paytmalarini topishning yodda saglash uchun oson bo‘lgan
quyidagi sxemalaridan foydalaniladi.

«Uchburchak qoidasi» ushbu sxema bilan tasvirlanadi:

Bunda avval (1.2) determinant bosh diagonalidagi va asosi shu
diagonalga parallel bo‘lgan teng yonli uchburchaklar uchlaridagi elementlar
alohida-alohida chiziglar bilan tutashtirilib, determinantning musbat ishorali
ko'paytmalari, keyin determinantning yordamchi diagonalidagi va asosi shu
diagonalga parallel bo‘lgan teng yonli uchburchaklar uchlaridagi elementlar
alohida-alohida chiziglar bilan tutashtirilib, determinantning manfiy ishorali
ko'paytmalari hosil gilinadi.

«Sarryus goidalari» quyidagi sxemalar bilan ifodalanadi:



1-qoidada awal (1.2) determinant tagiga uning birinchi Ikkita satri
yoziladi, 2-qoidada esa (1.2) determinant o‘ng tomoniga uning birinchi ikkita
ustuni yoziladi. Keyin bosh diagonaldagi va bu diagonalga parallel to‘g‘ri
chiziglardagi uch element alohida-alohida chiziglar bilan tutashtirilib,
determinantning musbat ishorali ko‘paytmalari hosil gilinadi hamda
yordamchi diagonaldagi va bu diagonalga parallel to‘g‘ri chiziglardagi uch

element alohida-alohida chiziglar bilan tutashtirilib, determinantning manfiy
ishorali ko‘paytmalari hosil gilinadi.

2-misol. Determinantlami hisoblang: 1)A ni uchburchak goidasi bilan;
2)A,ni Sarryusning 1-qoidasi bilan, A3ni Sarryusning 2-qoidasi bilan.
2 -13 1 5 3 3 4-1
L=3 2-1  42=3 1 -2, A3=2 0 3
1 3 -2 2 -4 1 3-12

® 1) A determinantni uchburchak qoidasi asosida topamiz:

27"1 = -8+1+27=20, 3~2~-1 = 6-6 +6=6, A =20-6 =14
y -2 13 -2
2) A, va A determinantlami Sarryus qoidalari bilan hisoblaymiz:
51/3
-2
1= A =1-36-20- (6+8+15)=-55-29 =-84.

A3=0+36+2-(0-9 +16)=31L. O

Determinant an elementining Afminori deb, shu element joylashgan
satr va ustunni o‘chirishdan hosil bo'lgan determinantga aytiladi.

Aj =(-1Y*'Mnmigdorga determinant av elementining algebraik
to ‘Idiruvchisi deyiladi.



1.1.2. Determinant quyidagi xossalarga ega.

r.Transponirlash (barcha satrlami mos ustunlar bilan almashtirish)
natijasida determinantning giymati o'zgarmaydi.

2°. Determinantda ikkita satr (ustun) o‘rinlari almashtirilsa, determinant
ishorasini garama-qgarshisiga o'zgartiradi.

3" Agar determinant ikkita bir xil satrga (ustunga) ega bo‘lsa, uning
giymati nolga teng.

4°. Determinantning biror satri (ustuni) elementlarini /1*0 songa
ko'paytirilsa, determinant shu songa ko‘payadi yoki biror satr (ustun)
elelmentlarining umumiy ko ‘paytuvchisini determinant belgisidan chigarish
mumkin.

5" Agar determinant biror satrining (ustunining) barcha elementlari
nolga teng bo'lsa, uning giymati nolga teng.

6". Agar determinant ikki satrining (ustunining) mos elementlari
proporsional bo'lsa, uning giymati nolga teng.

1". Agar determinant biror satrining (ustunining) har bir elementi ikKki
go‘shiluvchi yig‘indisidan iborat bo‘lsa, determinant ikki determinant
yig‘indisiga teng bo'lib, ulardan birinchisining tegishli satri (ustuni) birinchi
go‘shiluvchilardan, ikkinchisining tegishli  satri ~ (ustuni) ikkinchi
go‘shiluvchilardan tashkil topadi.

8" Agar determinantning biror satri (ustuni) elementlariga boshga
satrining (ustunining) mos elementlarini biror songa ko'paytirib qo'shilsa,
determinantning giymati o‘zgarmaydi.

9". Determinantning giymati uning biror satri (ustuni) elementlari bilan
shu elementlarga mos algebraik to‘ldiruvchilar  ko‘paytmalarining
yigindisiga teng.

10". Determinant biror satri (ustuni) elementlari bilan boshqga satri
(ustuni) mos elementlari algebraik to‘ldiruvchilari ko‘paytmalarining
yig‘indisi nolga teng.

Uchinchi tartibli determinantni uchburchak va Sarryus qoidalari bilan
bir gatorda yuqorida keltirilgan xossalar orgali soddalashtirib, hisoblash
mumkin.

3-misol. Determinantni hisoblang:
12 3
A= 4 5 6
78 9



® 2- va 3—satrlarga (-1)ga ko4aytirilgan 1-sartni qo‘shamiz.
Bunda 8' xossaga ko‘ra determinantning giymati o ‘zgarmaydi.
¢ U holda
12 3
A= 3 3
6 6

Bu determinantning 2 - va 3-satrlarining mos elementlari proporsional.
Shu sababli 6° xossaga ko‘ra determinant nolga teng, ya’ni A=0. O

1.2.3. n ta satr va n ta ustundan tashkil topgan ushbu

an "2 “a fn
A= 47 7 B ]
2 anl -

determinantga n-tartibli determinant deyiladi.

/l—tartibli  determinant avval xossalar bilan soddalashtirilib, keyin
quyidagi usullardan biri bilan hisoblanishi mumkin:
a) O=4a,1 +allAl2+... +a,,Alr, i=I,n, (1.3)

O=a,A +auAu+- +ajAj, j =In. 1.4)

formulalar bilan biror satr yoki ustun elementlari bo ‘yichayoyib;

b) biror satrdagi (ustundagi) bittadan boshga barcha elementlami nolga
aylantirib, so‘ngra shu satr (ustun) bo‘yicha yoyib, ya’ni tartibini pasaytirib\

c) bosh (yordamchi) diagonaldan bir tomonda yotuvchi barcha
elementlami nolga aylantirib, ya’ni uchburchak ko 'rinishga keltirib.

4-misol. Determinantlami hisoblang: 1) A,ni biror satr yoki ustun
bo‘yicha yoyib; 2) A,ni tartibini pasaytirib; 3) A,ni uchburchak
ko‘rinishga keltirib.

2 1 3 -2 21 3 -5 58 3 4
4 3 0 -1 14 1 2 2050
A=, 11 20V ®T 321 27a&% 10940
0 3 -1 0 13 2 3 4721



@ 1) Determinantni biror satr yoki ustun bo‘yicha yoyib hisoblash
uchun odatda nol soni bor satr yoki ustun tanlanadi, chunki bunda nollar
gatnashgan qo‘shiluvchilar nolga teng boiadi. Berilgan determinantni
hisoblash uchun ikkita noli bor 4-satmi tanlaymiz va (1.3) formuladan
i =4da topamiz:

2 -1 3 -2 ) 3 2
43 0 o 21 -2
A = 2 1 1 2 —3(- )4'2 ) ](:) -:|é +(—i)*wr 4 3 -1
0 3 -1 0 ) 2. 12
=3(-6+8-2-24)+12+2-8+12+2+8=3*(-24) + 28=-44.
2) Determinantni xossalar yordamida tartibini pasaytirib hisoblaym

Bunda 2-satming 1-ustunida joylashgan elementidan boshga barcha
elementlarini nolga keltiramiz. Buning uchun avval 2-ustunga (-4)ga
ko@paytirilgan 1-ustunni go‘shamiz; 3-ustunga (-l1)ga ko‘paytirilgan
1-ustunni qo‘shamiz; 4-ustunga (-2)ga ko‘paytirilgan 1-ustunni
go'shamiz, keyin hosil boMgan determinantni 2- satr bo‘yicha yoyamiz:

2 13-5 2.7 1-9
14 12 10 ) -7 18
A= 3 5. 1.2 3 .10 -4 -g=(-1r-10 -4 -8
S13 2 3 -17 3 5 [

Hosil boMgan uchinchi tartibli determinantning 2-satrida (-2)ni
determinant belgisidan tashqgariga chigaramiz va 2-ustunning 1-satri
elementidan pastda joylashgan elementlarini nolga aylantiramiz. Buning
uchun 2-satrga (-2)ga ko‘paytirilgan 1-satmi go‘shamiz, 3-satrga (-3)ga
kolpaytirilgan 1-satmi qo‘shamiz, 3-ustunda 4 ni determinant belgisidan
tashqariga chigaramiz, hosil bo‘lgan determinantni 2-ustun elementlari
bodyicha yoyamiz va kelib chiqggan ikkinchi tartibli determinantni
hisoblavmiz:

-7 1 -9 -7 1 -9 -7 1 -9 19 2
[.=2- 52 4 =219 0 2 =2-4-19 0 22 =8(-I),+27 8:16.
7 3 5 28 0 7 0 8



3) Determinantni uchburchak ko‘rinishga keltirib hisoblaymiz. Buning
uchun quyidagi almashtirishlami bajaramiz:

- 3-satmi o‘zidan yuqorida joylashgan satrlar bilan ketma-ket o‘rin
almashtirib, 1-satrga joylashtiramiz;

- l-ustunning 1-satridan pastda joylashgan elementlarini nolga
aylantiramiz;

- 2-satrda 8ni va 3-satrda (~3)ni determinant belgisidan tashgariga
chigaramiz;

- 2-ustunning 2-satridan pastda joylashgan elementlarini nolga
aylantiramiz;

- 3-ustunning 4-satrida joylashgan elementini nolga aylantiramiz;

- hosil bo‘lgan uchburchak ko'rinishgagi determinantdan tashqaridagi
sonni bosh diagonal elementlariga ko ‘paytiramiz.

58 3 4 1040
2 050 58 3 4
1040 2 050
4 7 2 1 4 7 2 1
17 1
0 8 -17 4 .
=8'(3)'0182
07 -14 1 07 -14 1
10 4 0 10 4 0
01 T 1 01 ¥ 1
8 2 —.oa. g8 2
00 1 0 0 0 1 0
00 [ 00 0o O
8 ~2 ~2

N3=-24 41«11~ j=60. O

10



Mustahkamlash uchun mashqlar

Ikkinchi tartibli determinantlami hisoblang:

13 4 S
1.1.2. .
111 1-5 -2 — <
Y x-Y 1 a+b
1.1.4.
L1s. X -X 6+1 a+b
sin a cos'a ctga -1
115. 116 w©a+l
sin2p cosl/3 sina cosa

Uchinchi tartibli determinantlami uchburchak va Sarryus qoidalari bilan
hisoblang:

14 3 2 3 4

117. 2 1 3. 1.18. 5 -2 1
3 2 1 2 3

5 -1 1 -2 0 -4

1.19. 4 0 -3 1.1.100. 3 1 1
-3 1 -1 2 -3

2

Uchinchi tartibli determinantlami biror satr yoki ustun elementlari
bo‘yicha yoyib hisoblang:

4 0-2 3 1 -1
1.111. 7 1 -3 1112, 2 -10
30 4 0 0.2
b 1 x -1 g
1.113. b b © 1114, 1 x -1
b 0 -b X 1 T
sina sinp 0 tga ctgfi O
1.115. sina 0 sjpr 1.1.16. tga 0 tgp
0 sin? 0 ctga tofi



Uchinchi tartibli determinantlami xossalaridan foydalanib hisoblang:

1 c ab 1 [ 1
1117. 1 b ca. 1.1.18. ax ay az

1 a be a2+x2 a2+y2 a2z2

atb b b X X+y x~y
1.1.19. b a+b b 1.1.20. X X+z Xx-2z .

b b a+b X X X

a az+1 (1+a)2 1+cosa 1 Il+sina
1.1.21. b b2+1 (I+b)2 1.1.22. 1-sina 1 1- cosa

C C2+1 (1+<02 i 1 1

Tenglamalami yeching:

jt+3 x+2 2x-1 x+1
1.1.23. X =0. 1.1.24.

6-2x x+2 X+2 x-\

1 11 6 3 x4
1125 x2 4 9 =0 1.1.26. 4 X+2 2

x 2 3 2x 1 0

To‘rtinchi tartibli deterrninantlarni hisoblang:

1 -1 2 2 1132
3 -1 5 -2 2 00 8
1.1.27. 1.1.28.
2 3.0 2 300 2
0 -2 4 4 4 75
5 a 2 -1 3 2 2
4 b 4 -3 9 -8 5
1.1.29. 1.1.30.
2 ¢ 3 -2 5 -8 5
4d 5 -4 6 -5 4



1.2. MATRITSALAR

Matritsalar va ular ustida amallar. Teskari matritsa.
Matritsaning rangi

1.2.1. Sonlarning m ta satr va n ta ustundan tashkil topgan to*
to‘rtburchakli
an an .. aX

jadvaliga mxn o ‘lchamli matritsa deyiladi, bu yerda
au(i=bm,j=m)-matritsaning /-satr vay-ustunda joylashgan elementi.

1 xn oichamli matritsa satr matritsa yoki satr-vektor, mxl| oichal
matritsa ustun matritsa yoki ustun-vektor deb ataladi.

nxn o‘lchamli maritsaga n- tartibli kvadrat matritsa deyiladi. Bosh
diagonalidan bir tomonda yotuvchi barcha elementlari nolga teng bo‘lgan
kvadrat matritsaga uchburchak matritsa deyiladi. Bosh diagonali
elementlaridan boshga barcha elementlari nolga teng bo‘lgan  kvadrat
matritsaga diagonal matritsa deyiladi. Barcha elementlari birga teng boigan
diagonal matritsa birlik matritsa deb ataladi va E bilan belgilanadi.

Barcha elementlari nolga teng boigan matritsaga nol matritsa
deyiladi va Q bilan belgilanadi.

n— tartibli kvadrat matritsaning determinanti detv4d yoki \A\kabi
belgilanadi. Bunda agar det"*O bo‘lsa, A maxsusmas (yoki xosmas)
matritsa, agar detA =0 bo‘lsa, A maxsus (yoki xo0s) matritsa deb ataladi.

A matritsada barcha satrlami mos ustunlar bilan almashtirish natijasida
hosil gilingan A* matritsaga A matritsaning transponirlangan matritsasi
deyiladi. Bunda A=A* bo‘lsa A simmetrik matritsa bo4adi.

Bir xil oichamli A=(a) va B=(b.) matritsalaming barcha mos

elementlari teng, ya’ni a.=bfj boisa bu matritsalarga teng matritsalar
deyiladi va A -B deb yoziladi.

Bir xil oichamli A=(a0) va B =(b") matritsalamingyig ‘indisi deb,
elementlari cif=a. +b0kabi aniglanadigan shu oichamdagi C=A+B
matritsaga aytiladi.

13



A=(g..) matritsaning A* 0 songa ko'paytmasi deb, elementlari ctl=lan
kabi aniglanadigan shu oichamdagi C=aA matritsaga aytiladi.

- A=(-1) A matritsa A matritsaga garama-garshi matritsa deb ataladi.

Bir xil o‘lchamli A=(a™ va B=(b) matritsalaming ayirmasi
A -B=A +(-5)kabi topiladi.

Matritsalami qo‘shish va ayirish amallari bir xil o°‘lchamli

matritsalar uchun Kiritiladi.

1-misol. A:(1 2 o va ﬁ=l(g % %jmatritsalar berilgan.

[B -2 1

3A- 2B matritsani toping.

® Matritsani songa ko‘paytirish va matritsalami qo‘shish ta’riflari
asosida topamiz:
-4 2 o
3A=f3 ° °\ -2B=
19 -6 3j -6 2,
3+ (-4 6+2 0+00 < 8
3A-28 =+ (4) °
9+(-2) —6+(6) 3+2, | 7 -12 5)

mxp oflchamli A=(at) matritsaning pxn o‘lchamli B =(bA)
matritsaga ko \paytmasi deb, elementlari  cn=anbk+aibX+... + aibk

(qo‘shiluvchlari quyidagi sxemada Kkeltirilgan) kabi aniglanadigan m*n
o‘lchamli C=AB matritsaga aytiladi.

&> Ikki matritsani ko‘paytirish amali 1-matritsaning ustunlari soni
2-matritsaning satrlari soniga teng boMgan holda Kiritiladi.

14



2- misol. AB ko‘paytmani toping:

-1
17 2 -1 3
A= 2 1, =
0 4 2 -K
-3,
® Yugorida keltirilgan sxema asosida topamiz:
[4 -T
g 2 -1 3
AB=2 i
o 4 2-1
'31

f4-1+(-1)*0 4-2+(-1)*4 4(-D)+(-)*2 4-3+(-1)-HN
21+10 2-2+1-4 2(-)+1*2 2-3+I(-1)
01+(-3)*0 0-2+(-3)-4 0-H)+(-3)*2 0-3+(-3)*(-I)

4 -6 13
8 0 5
2 -6 3

Bir xil tartibli A va B kvadrat matritsalar uchun AB va BA

ko‘paytmalami topish mumkin. Bunda AB=BA boisa A va B kommutativ
matritsalar deb ataladi.

1.2.2. A kvadrat matritsa uchun AA~I=A~'A =E tenglik bajarilsa,
matritsa A matritsaga teskari matritsa deyiladi.

Har ganday maxsusmas A matritsa uchun A'lmatritsa mavjud va
yagona boladi.

& A matritsaning teskari matritsasi

4 n, 4-]

a~'=L 4, 4, A:
A

A K nT,

formula bilan aniglanadi.

15



3- misol. A matritsaga teskari matritsani toping:

(2 -1 O
A=-1 1 3
1 2 -1

® Matritsaning determinantini hisoblaymiz:

2-10
= -1 1 3 =-16*0.
1 2 -1

Demak, A'lmavjud. Aning algebraik toMdiruvchilarini hisoblaymiz:

1 3 -1 o -1 o

- =~7: =- =] = =~
4= 5 g A 2 .1 b A 1373
13 e 20 _ 20
4:=- 1 1 7 M= 4 TF Arv- g g 770
1 2 -1 2 -1
12 ° 1 2 - 87 1 1

Teskari matritsani (1.5) formuladan topamiz:
f1 1 3>
-1 -3N 16 16 16

1 1

1=~ 2 7276 8 8 2
-3 -5 1 3 5 1
, 16 16 16j
1.2.3. mxn  o‘lchamli A matritsadan k (k<T7Tn(T;n)) ta satr va

ustunni ajratib, hosil gilingan A:-tartibli kvadrat matritsaning determinantiga
A matritsaning K -tartibli minori deyiladi.

A matritsa noldan fargli minorlarining yuqori tartibiga A matritsaning
rangi deyiladi va r(A) (yoki rangA) bilan belgilanadi. Bunda A*Q uchun
1<r(n)<tt(7;n), A=Q uchun r(A) =0.

r(A)ni ta’rif asosida topish usuli minorlar ajratish usuli deb ataladi.

16
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Matritsalar ustida bajariladigan quyidagi almashtirishlarga elementar
almashtirishlar deyiladi:

a) fagat nollardan iborat satmi (ustunni) o‘chirish;

b) ikkita satming (ustunning) o'rinlarini almashtirish;

¢) biror satming (ustunning) barcha elementlarini noldan fargli songa
ko ‘paytirish;

d) biror satming (ustunning) barcha elementlarini noldan fargli songa
ko‘paytirib, boshga satming (ustunning) mos elementlariga qo ‘shish.

Elementar almashtirishlar natijasida matritsaning rangi o'zgarmaydi.

Biri ikkinchisidan elementar almashtirishlar natijasida hosil gilingan A
va B matritsalarga ekvivalent matritsalar deyiladi va A~B deb yoziladi.

Diagonal elementlarining ayrimlari (yuqori satrlardagi) birga va
ayrimlari nolga teng bo‘lgan matritsaga kanonik matritsa deyiladi. Kanonik
matritsaning rangi uning diagonalida joylashgan birlar soniga teng bo‘ladi.

r(*)ni A matritsani elementar almashtirishlar orgali kanonik matritsaga
keltirib topish usuliga elementar almashtirishlar usuli deyiladi.

4- misol. Matritsaning rangini minorlar ajratish usuli bilan toping:

2-13-24
A 4-2 5 17
2-11 8 2

<S> 1<r(1)<717(3;5) =3

Ikkinchi tartibli minorlardan biri
-1 3
-2 5

=-5+6=1*0.

Uchinchi tartibli minorlami hisoblaymiz:

2 -1 3 2 -1 -2
m;3: 4 -2 5 =°© < = 4 -2 1 :O,
2 -1 1 2 -1 8
I v, J
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2-14 -1 3 -2

nls= 4-2 7 =0 @ -2 5 1=0
2-12 -1 1 8
-13 4 3-2 4
M»’= -2 5 7 =0 nc = 1 7 =0;
-1 12 1 8 2
1 -2 4 2 3 4
M;8= 2 1 7 =0 4 5 7 =0;
1 8 2 2 1 2
2 3-2 2-2 4
M;3= 4 5 1 =0; M@p=4 17 =0.
2 1 2 8 2

Barcha uchinchi tartibli minorlar nolga teng. Demak r(A)=2. O

5- misol. Matritsaning rangini elementar almashtirishlar usuli bila
toping:
0 5-10 o'
Az -1 -4 5 -3
3 17 9
1 -7 17 3

® Matritsani kanonik ko‘rinishga keltiramiz.

Buning uchun elementar almashtirishlami bajaramiz:

- awal matritsaning 1-va 4-satrlarining o‘rinlarini almashtiramiz,
keyin 2-satr elementlariga 1-satming mos elementlarini qo‘shamiz va
3-satr elementlariga (-3)ga ko‘paytirilgan 1-satming mos elementlarini
go‘shamiz;

- hosil boMgan matrisaning 2,3 va 4- satr elementlarini mos ravishda
(-11), 22 va 5 ga bo‘lamiz, keyin (-1)ga ko‘paytirilgan 2 -satr elementlarini
3va 4-satming mos elementlariga gqo‘shamiz;

- hosil bo‘lgan matritsaning 2,3 va 4- ustun elementlariga mos
ravishda 7, (-17) va (-3) ga ko‘paytirilgan 1- ustun elementlarini qo*‘shamiz,



keyin 3- ustun elementlariga 2 ga ko‘paytirilgan 2-ustun elementlarini
gokhamiz.

5 -10 o4 1 7 3
4 5 -3 p.-1 5 -3
n= 1 7 9 3 7 9
7w 3 0 5 -10 0
1 -7 17 A\ -7 17 3n
(@0 -11 2 Bo 1-2 0
2 0 2 -44 0 1-2 0
5 0 5 -10 0 1-2 0
ntFR ¢ 0>fl 00 0
0 1-2 o 01-2 0 0100
O 0 00 00 0O 0O0O0O
0 0 00 120 0 g o000

Demak, r(A)=2. O

Mustahkamlash uchun mashqlar

A, 5 matritsalar va #, u sonlar berilgan. bl +ijB matritsani toping:
/11 V23T

12.1. A= B=
0"~ \-10 2

1 A=-1, /i=2

"0 -3> -1 2
1.22. A= -2 1 g= 3 -1,9=2 //=-3.

i

vl 4 2 -5



2-10 -3 1 N

1.23. A* -1 32 ,6B= 0-10 , N=-3*/=-2
2 3 1 -4 -3 2)
r2 -1 2

1.2.4. N= 5 -3 3, 49=£, A=1 Ih=—v.
-1 0 -2

A va B matritsalar berilgan. AB matritsani toping:
r” r

"2 0N (ar -1 — "4 -2"
1.25. A= >*:‘_3 . 126. A= 0 -1, 5=
-» 3 2 0 3 2 2 3]
v /
fl 1 4 -1 3 1 -1 ‘4 0
127.1=3 0 1,5= 0 -1 128. A=-2 0 3 ,~=2 -1
2 1 °) , 2 1, , 1 -1 0y o -1

A,B va C matritsalar berilgan. (AB)C matritsani toping:
2\ . .
1.2.9. A=(? Ls= + ¥ c=q.3.
U 3j “2 5,

A,B va C matritsalar berilgan. A(BC)matritsalami toping:

12130. ad3 1
U 4,

n 2
1.211. A= 3 0 f(x) =-2x2+5x+9 bo‘lsa, f(A)ni toping.

N12 01
1.2.12. A= o 2-1 , f(x)=3x —5c42 bo‘lsa?f(A) ni toping.
-2 1 4

1 matritsa berilgan. r(J1)w minorlar ajratish usuli bilan toping:

11208 ri -2 3"
1.213. A~ -1 3 0 1 1.2.14. A= -1 4 -2
y3 4 11 (2 -2 7
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A matritsa berilgan. r(A)ni elementar almashtirishlar usuli bilan toping:

1 -1 3 410
32l 2-13-2
- 1 4 -6 1.216. A=~ )
1.2.15. N 1.4 3 1
-3 1 -6 1.1
1 -3 0 -9
A matritsa berilgan. A" matritsani toping:
- 11 T
) 3 1.218. A= 1 2 -1
\2 2 4
'1T0 12°'
N 2 3
2 10 1
1.219. A=2 6 4 112 1
3 10 8
112 1

1.3. CHIZIQLI TENGLAMALAR SISTEMASI

Chizigli tenglamalar sistemasi. Maxsusvnas tenglamalar sistemasini
yechish. Chizigli tenglamalar sistemasini Gauss usuli bilan yechish.
Bir jinsli tenglamalar sistemasi
1.3.1. Ushbu
an*l +ai2 Xn=
d2axX + a2x2 anx* =" (16)

X\ +an2+ —+ am»=bT
Ko rinishdagi sistemaga n noma'lumli m ta chigzigli algebraik tenglamalar
sistemasi deyiladi, bu yerda au,am...,a®m-sistema koeffitsiyentlari,
X1>9...,xk- noma lumlar, bnb2.,.,om-ozod hadlar.

y N sistema koeffitsiyentlaridan tuzilgan A matritsaga
) sistemaning matritsasi (asosiy matritsasi) deyiladi.
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(1.6) sistemani matritsalar orqali AX =B ko‘rinishda yozish mumkin
bu yerda X, B -mos ravishda noma’lumlar va ozod hadlardan tuzilgan ustun

matritsalar.

Noma’lumlaming (1.6) sistema tenglamalarini ayniyatga aylantiradigan
giymatlariga (1.6) sistemaningyechimi deyiladi.

Kamida bitta yechimga ega boigan sistemaga birgalikda bo'lgan
sistema, bitta ham yechimga ega boimagan sistemaga birgalikda bo ‘1magan
sistema deyiladi.

Birgalikda boigan va yagona yechimga ega sistemaga aniq sistema,
cheksiz ko‘p yechimga ega sistemaga anigmas sistema deyiladi. Anigmas
sistemaning har bir yechimiga xususiy yechim, barcha xususiy yechimlar
to‘plamiga umumiy yechim deyiladi. Sistemaning umumiy yechimini
topishga sistemani yechish deyiladi.

(1.6) sistema matritsasiga ozod hadlami qo‘shish orqali hosil gilingan C
matritsaga (1.6) sistemaning kengaytirilgan matritsasi deyiladi.

Kroneker-Kapelli teoremasi. (1.6) tenglamalar sistemasi birgalikda
boiishi uchun sistema asosiy va kengaytirilgan matritsalarining
ranglari teng, ya’ni r(A) =r(C) boiishi zarur va yetarli.

(1.6) sistemani tekshirish va yechish quyidagi tartibda amalga

oshiriladi.

Tekshirish: sistema asosiy va kengaytirilgan matritsalarining ranglari
topiladi. Bunda:

- agar r(A) o r(C) boisa, sistema birgalikda boimaydi;

- agar r(A) =r(C)=n,ya’ni sistemaning rangi uning nomaium/Iari
soniga teng boisa, sistema birgalikda va aniq boiadi;

- agar r(A) =r(C) <n boisa, sistema birgalikda va anigmas boiadi.

Yechish: 1.  r(A)=r(C)=n boiganda sistemaning umumiy yechimi
topiladi.

2. r(A) =r(C)=r<n boiganda:

- sistema matritsasining biror r -'tartibli bazis minori aniglanadi;

- sistemada koeffitsiyentlari bazis minor elementlaridan iborat boigan
rta tenglama qoldiriladi (qolgan tenglamalar tashlab yuboriladi), bu yerda
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koeffitsiyentlari  bazis minorga Kkiruvchi rta noma’lumga asosiy
noma 'lumlar, golgan n - rta noma’lumga erkin noma lumlar deyiladi;

- asosiy noma’lumlar hosil bo‘lgan sistemaning chap tomonida
goldiriladi, erkin noma’lumlar sistemaning o ‘ng tomoniga o ‘tkaziladi;

- asosiy noma’lumlaming erkin noma’lumlar orgali ifodasi aniglanadi,
ya’ni sistemaning umumiy yechimi topiladi;

- erkin noma’lumlarga istalgan giymatlar berib, berilgan sistemaning
xususiy yechimlari (zarur bo‘lganda) topiladi.

1-misol. Tenglamalar sistemasini tekshiring:

jo +2x2- 4x, =0, + je2 - 5jc3= -3,
1) 5% +3¥ - 7x3=8, ; 2) 3jc, + je3+ X}=5, .
5X ~4x, +bx, =-1 5c + 2x2- x3=6

® 1) Sistemaning kengaytirilgan matritsasi ustida elementar
almashtirishlar bajaramiz:

L 2 -4 o rl 2 -4 0" "1 2 -4 oN
5 3 -7 8T90-7138~0-7138
5 -4 6 -1,hi\0 -14 26 -1 y0 0 0 -17

r(A)=2*3=r(C).

c=

Demak, sistema birgalikda emas.

2) Sistemaning kengaytirilgan matritsasi ustida elementar almashtirishlar
bajaramiz:

i 1 -5 -3N ri 1 -s -3"
cd J 3 1 1 5-~(2)0 -2 16 14
15 2 -1 6/ :(-3) ,0 -3 24 21

ri 1 -5 -3> 1 1 -5 -3
S 0187 0 18 7
cl o 1 -8 0 0 0 0

®0=2=2=r(C)<3.
Demak, sistema birgalikda va anigmas.
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13.2. n=m boMsin. Bunda (1.6) sistemaning A matritsasi kvadra
matritsa boiadi. A matritsaning Adeterminantiga (1.6) sistemaning
determinant deyiladi.

Agar O*0 boMsa, (1.6) maxsusmas (yoki xosmas) sistema, agar g =0
bo‘lsa, (1.6) maxsus (yoki xos) sistema deb ataladi.

n noma’lumli n ta chizigli maxsusmas tenglamalar sistemasi yagona
yechimga ega boiadi. Bu yechim matritsalar usuli bilan yoki Kramer
formulalari bilan topiladi.

<) 1). Cizigli tenglamalar sistemasi yechishning matritsalar usuhda
(1.6) sistemaning yechimi

X = A-'B. (1.7
formula bilan topiladi.

2-misol. Tenglamalar sistemasini matritsalar usuli bilan yeching:

3X, - x2+x} =4,
2c, +x2- 2x3=2,
xt- 3o, + g, =6.
'3 -1 r 3 - 1
A= 2 1 -2 , A= 2 1 -2 =3+2-6-1-18 +2=-18.
[ -3 1 1 -3 1 31

Demak, sistema maxsusmas.

Sistema determinantining algebraik to‘Idiruvchilarini topamiz:

1 -2 11 -1
—_ = - = 2 ,: =
A= 5 | =5 n, 3 A 1 .0 %
2 -2 1 3 1
=— *_ = => = =8
A 1 1 4 11 - A 2 -2
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U holda
r-b -2

n
A= 2 8
8 5

Tenglamaning yechimini (1.7) formula bilan topamiz:

-5 -2 1 4 f-20-4+6 N “18. o« P
18 -4 2 8 2 -16 +4+48 36 -2
-7 8 5 A 28+16+30\_| 18 -1
Demak, x, =1, xz=-2, x3-1. O

& 2)(1.6) sistema yechimini

x, *~ {i=u) (18)

formulalar orgali topish mumkin. Bu formulalarga Kramer formulalari
deyiladi. Bunda Ax determinant A determinantdan xi noma’lumlar oldidagi
koeffitsiyentlami ozod hadlar bilan almashtirish orgali hosil gilinadi.
3-misol. Tenglamalar sistemasini Kramer formulalari bilan yeching:
2x, + x2+3x3=-1,
X, + 2X, x3= 0,
3x, +4x2+2x3= 1
® A va Ax determinantlami hisoblaymiz:

2 1 3
A= 1 2 -1 =8-3+12-18 +8-2 =5;
34 2
113 2 -1 3 2 1 -1
AL= 0 2 .1 =415, pA@= 1 0 -1 =10, AG= 1 2 0 =5
14 2 3 1 2 34 1
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Tenglamaning yechimini (1.8) formulalar bilan topamiz:

A A5 o A 10 A8

TANTETT TR TS Xy A TS

Agar (1.6) sistema maxsus boisa:

- Ax,Ar2..,Ax, lardan birortasi noldan farqli boiganda sistema
yechimga ega boMmaydi;

- A =Ax2=...=Axa=0 bo‘lganda sistema cheksiz ko‘p yechimga ega
bo‘ladi yoki birgalikda bo‘Imaydi.

13J. n*m boMganda (1.6) sistemaning yechimi noma'lumlarni ketma-
ket yo'qotishga (chigarishga) asoslangan Gauss usuli bilan topiladi.

Tenglamalar sistemasini Gauss usuli bilan yechish ikki bosgichda
amalga oshiriladi.

1-bosgich (1.6) sistemani pog‘onasimon (trapetsiyasimon yoki
uchburchaksimon) ko‘rinishga keltirishdan iborat. Buning uchun birinchi
tenglamaning chap va o‘ng tomonini au * 0ga (agar au=0 bo‘lsa, u holda bu
tenglama sistemaning x, noma’lum oldidagi koeffitsiyenti nolga teng
bo‘lmagan tenglamasi bilan almashtiriladi) boiinadi va birinchi tenglama

gilib yoziladi. Birinchi tenglamani ga ko‘paytirib, /-tenglamaga
V al

go&khiladi va i-tenglama qilib yoziladi. Bunda sistemaning ikkinchi

tenglamasidan boshlab jc noma’lum yo‘qgotiladi.

Agar sistemada x, noma’lum oldidagi koeffitsiyenti birga teng bo‘lgan
tenglama bor bo‘lsa, bu tenglamani birinchi yozish orgali hisoblashlarni
osonlashtirish mumkin.

Shu kabi 0 deb, sistemaning uchimchi tenglamasidan boshlab

X, noma’lum yo~qotiladi va bu jarayon mumkin bo‘lguniga gadar davom

ettiriladi.

Bu bosqgichda, agar:

- 0=0ko‘rinishdagi tengliklar hosil bo‘lsa, u holda bu tengliklar tashlab
yuboriladi.

- 0=6/A@®* *0) ko‘rinishdagi tengliklar hosil bo‘lsa, jarayon
tolxtatiladi. Chunki berilgan sistema birgalikda bo‘Imaydi.
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2-bosqich pog‘onasimon sistemani yechishdan iborat. Pog‘onasimon
sistema yagona yoki cheksiz ko‘p yechimga ega. Agar sistema
uchburchaksimon ko‘rinishga kelsa, ya’ni tenglamalar soni noma’lumlar
soniga teng {k=n) bo‘lsa, sistema yagona yechimga ega boiadi. Agar
sistema trapetsiyasimon ko ‘rinishga kelsa, ya’ni k<n bo‘lsa, sistema cheksiz
kofp yechimga ega bo‘ladi. Bunda sistemaning oxirgi tenglamasidagi
birinchi noma’lum xttenglamaning chap tomonida qoldiriladi va golgan

erkin noma’lumlar deb ataluvchi x4#,...xqa noma’lumlar tenglamaning o‘ng
tomoniga o‘tkaziladi. Keyin xk oldingi (*-i)-tenglamaga qo‘yiladi va xkx
erkin noma’lumlar orqgali ifodalanadi. Bujarayon shu tarzda davom ettirilib,
birinchi tenglamadan x, ning erkin noma lumlar orqali ifodasi topiladi.

4-misol. Tenglamalar sistemasini Gauss usuli bilan yeching:
2X, - 4x2- x3=-2,

3X, + Xx2-2x3=-11,
X, - 2X2+4x3= 8.

® Sistemada quyidagicha almashtirishlami bajaramiz:
- birinchi va uchinchi tenglamalarning o ‘rinlarini almashtiramiz;

- (-3) ga ko‘paytirilgan birinchi tenglamani ikkinchi tenglamaga va
(-2) ga ko‘paytirilgan birinchi tenglamani uchinchi tenglamaga hadma-had
gqodshamiz;

- ikkinchi va uchinchi tenglama hadlarini mos ravishda 7 ga va (-9) ga
bo‘lamiz

- X3 ning giymatini birinchi va ikkinchi tenglamalarga go‘yamiz;
ikkinchi tenglamadan x2ni topib, uning giymatini birinchi tenglamaga
go‘yamiz;

- sistemaning yechimlarini x,, x2, x3ketma-ketlikda yozamiz.

2%, - 4>2- x3=-2, X, - 2x2+4x3= 8§,
3x,+ X2- 2x3=-11,=> 3x, + x2- 2x3=~11
X - 2X, +4x, = 8 2X, - 4x2- X3=-2
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- 2x2+4n07= 8, X,- 2X2+ 4xr= 8,

7x2-14x3=-35,: x2-2x3=-5,:
9y, =18 I=2
* = 2, x3= 2, X, =-2,
=>e X, - 2'22-5, =>n X2=-!,=>' X2=- ,
X, - 2Xx3+4-2= 8 T2 ~ =0 = 9L

Gauss usulining 1-bosqichini sistemaning o‘zida emas, balki uning
kengaytirilgan matritsasida bajarish qulaylikka ega. Masalan, yuqoridagi
tenglamaning 1-bosgichi quyidagichabajariladi:

-4 -1 -2> 2 4 8>
f2] 3
3 1 -2 11 -7 3 12 11

W-2 4 3. R -4 -1 w2

rn -2 4 8" "1 -2 4 8'
7 o0 7 -14 -35 -0 7 -2 -5
(-9) 1° 0 -9 -18 1° 0 1 2/

1.3.4. Ozod hadlari nolga teng boigan sistemaga birjinsli tenglamalal
sistemasi deyiladi.
Bir jinsli tenglamalar sistemasi hamma vaqt birgalikda (chunki
r(A) =r(C)) va nolga teng boigan (trivial) xx=x2= =0 yechimga ega.

Bir jinsli tenglamalar sistemasi nolga teng boimagan yechimga ega
boiishi uchun uning asosiy matritsasining rangi r nomaium/lar soni
n dan kichik, ya’ni r<n boiishi zarur va yetarli.

n noma’lumli n ta chizigli birjinsli tenglamalar sistemasi nolga teng
boimagan yechimga ega boiishi uchun uning A determinant nolga
teng, ya’ni A=0 boiishi zarur va yetarli.
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-misol. Birjinsli tenglamalar sistemasini yeching:

2jc, + 3x2- 2xi =0,
X, - X2+ 3xi =0,

4jc, + x2+ 4jc3=0.

2 V3 -2\ r 1 -1 3 fi1 -1 3'
i)-i 3 2 3-2 0 5 -8
4 1 4 -4 4 1 4y 0 5 -8
fl -1 3
0 5 -8

0 0 0J r(A)=2, n=3, r<w.

»

Demak, sistema cheksiz ko‘p yechimga ega.
Ulami topamiz:

[2x{+ 3x2- 2jc3=0, J2X, + 3x2=2x3,

xl- x2+313=0 T, - x2=~3jc3.
2 3
A= =-5,
1 -1
2x3 2 2
Ax = =X AX = =8jc.
3 - w T g
Vo Ix> v _Ax _ 8xy
il 5 A 5

Erkin noma’lumni *3=5k (&-ixtiyoriy son) deb, sistemaning umumiy
yechimini topamiz:
X, = -1k, x2=8k, x}=5E.

Sistemaning xususiy yechimlaridan birini, masalan k= 1da, topamiz:

X, =-7, x2=8, x3=5. O
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Mustahkamlash uchun mashqlar

Tenglamalar sistemasini tekshiring:

X, - X2WX3= 2, X,-X2- x3=-1,
1.3.1. X, + X2—x3=1, 1.3.2. 5x, ~x, +2x3= 3,
5%, - X, &x =T7. 4x, +3x, = 4.
X, + X, + 5x3+2x4= 1, X, -fx2- x3+ 2x453,
2X, + X2+ 3x3+ 2x4=-3, 2X, ~X2+ Xx3- x4=1,
1.3.3. 1.3.4.
2x, + 3x2+1 Ix3+ 5x4= 2, 3%, +jc2+ 2*3 - x4=5,
X, + X, + 3x3+4x4=-3. X, - X, +4x - 5x = 2.

Tenglamalar sistemasini matritsalar usuli bilan yeching:

X, +2X, - x3= 3, 2x, -f x2- x3= 2,

1.35. 2x,-x2+2x3=-1, 1.3.6. 2x, + 2x2~ 3x3=-3,
X, + 3X2- X3=6. X, +2x2- 2x3=-5.

X, + 2>+ x3= 8, 2, + 7x2- x3=10,

1.3.7. jc +2x2+ 3x3=10, 1.3.8. X +2x,+ Xx3= 2,
2X, - 3X, - 4x3=-4, 3%, -~bx2+ 3x3=-5.

Tenglamalar sistemasini Kramer formulalari bilan yeching:

3T, -4 x2=17, J5x, + Ix2=
1.3.9. x 1.3.10. L
5x +2x, =11. [6x, + 4x3=10.
X, +2x2+ 3x3= 5, 2X, ~2x2+ jc, = 8,
13.11. 3x, -2x, +3x3=-1, 1.3.12. X, + 3x2+ x3=-3,

2x, +3x2- 2x3= 8. 3x + 2x, - 2X, = -5.



JT, + 2x2 + 3x3= 6, ax, + ax2+ x3=1,
13.13. 4%, +5x2+6x}= 9, 1J.14. x, +aX2+ x3=ay
7X. +8x2 =-6. X. + ax, +ax, =1.

Tenglamalar sistemasini Gauss usuli bilan yeching:

2%, + x2+3x}=-13, 3x, + 2x2- 3x3=-1,
1.3.15. X +2x2- *3= -2, 1.3.16. 2x, + x2+2x3= 4,

3x, + X2-4x3= 7. jo - 3x, + X, = 9.

jo, + 2x2+ x3- 2x4= -4, 2X, +X2 + joA= 4,

je2+ je3+ 3x4= 1, jo - je2+ 2x3+ 2jc4= 1,

13.17. 1.3.18. ;

22X, J4= 0, X, +3x3+ 2jc4=-5,

3jc. + jc, + 4X, =-2 3jc, - jc, + 2X, = 3.

2jc + 3j2- j3- x4= 8§, X, - 2X2- 3x3+ 5x4=-1,

3jg + j2- jAB+ x4= 8, 2jc, - 3x2+ 2jc3+ 5x4=-3,
1319, T e 1.3.20. “ !

K- X2+ x3-x4= 0, 5jc, - Ix2+ 9x3+ 10jc4 = -8,

3x, + 7j2- 3jd3- joA =16. [ x, - x2+5x3 =-2.

Birjinsli tenglamalar sistemasini yeching:

13 21 IA)q “>X + ~0) 1322 f3X’ - X2+4x3= 0‘
[3ar, - x2+ 3x3=0. 15x, + 3x, + 3x, = 0.
3X, + X2+ 2%, =0, 2x, + 3x2+ x3=0,
13.23.  x +2x2-3x3=0, 1.3.24. 3x, - 2x, + 3x3= 0,
bX, + 5x2- 4x, =0. 4x, + 3x2+ 5x3= 0.
X, + 3x2—6x3-f2x4=0, X, - X2- 2x3+ 3x4=0,
2M ~ X2+ 2x, =0, X, + 2x2 - 4x4=0,
1.3.25. 1.3.26.
3%, -2X, +2x,-2x4=0, X, - 4x2+ X3+ 10x4= 0,

2x, + X, +4x, +8x4=0. 2x. + X, - 2X, - X. =0.



1-NAZORATISHI

1. Determinafltni xossalar bilan soddalashtirib, hisoblang.

2. A va B matritsalar berilgan. AB, (*)-'(agar mavjud bo‘lsa)
matritsalami va r(AB)ni toping.

3. Tenglamalar sistemasini tekshiring.

1-variant
13 0-1
2 2 4 -1 1o-4 0 -1
- -1 3n
1. 2.A= 2 0 ,B-
3 1-14 5 -12 0
1-332 -3
X, -— X2+3x3+3x4= 6,
3 3X, +2x2- X3+2x4=-3,
' X, - 4jc3+ x4= 0,
X. +3X, -2X. = 3.
2-variant
1 -2 2 -1
rs 2N
3 1 3 4 '3
1 2. -2 0 = 11)
1 -3 2 -1 v2 4 0of
2 4 -2 1 » 0 4,

2X, + X2- 3x3- X, =-3,
3x, H2x3. 3 =2,
- X +4x2+ X3+ 3x4= 6,
Bbx, + 3x2- 4x3- x4= 0.
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3-variant

-1
1 ( 12 r
2,A=3 1 B=
(0] ° v 2 0- 1,
=
2X, - 4X, + 3x345x4= -8,
- 3%, + 2x2+ 5x3- 2x4= -1,
- 4x, 4-13x3+ x4=-10,
- 2X, +3x24. 3x3+ 5x4= -8.
4-variant
-2
r-1 4» Lo
4 PR .
2. A= 2 1 B =
-3 9 3 1 2,
1 v /
vV x4=5,
2X, - X2+ 2x3+ 2x4=1,
- Jjo 4-3x2 4.3x4=1,
X, + 4x2 4-3%X3 =3.
5-variant
-2
2 ST 3 -T
on=2 2U )
; R s o
2 -3]

X, 4 X24 3X34-4x4=-3,
2X, 4 X24- 3x3+2x4=-3,
2X, & 3x24-11x34-5x4 = 2,
X, 4 X24 5x34-2x4= 1
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15-12
l\ _ll
4 1 2 2 5 -3 01
a.3 4.1 2.n:3-2,5=(
U 4 6/
2 2-1-4 4o,
2-t, + XT - *4= 1
- 2% +2  3x4= 2
5% + X]- X, +2%4=—
AT, - X2+ *3- 3*4= 4.
7-variant
- 1 3 -
2 4 - - 20 "2 3
3 5 o = 3 2 g= 0 1
-4 3 1
A% + *r+ *3+2%4=13,
3 2% 4+ 4% +3*3+ *4=21,
* - 2%F- *3+3%4= 5
T, +4% +3% + *4=21.
8-variant
-1 2 2 3
3 0 -1 4 2 T <% o
2. A= -2 4 , _
1 -2 3 2 T, 3 2 °2)
21 2 1 032

2%, + 2%, - *j+ *4= 4,
4% +3% - 3+ 2% = 6
3% +3*3- 2%, + 2*4= 6,
8*, +5*, -3*, +4*4=12,



2 5 -2
-1 4 1
4 2 -1
-2 3 2
1 -5 -1
2 2 -3
1 -3 0
2 2 1
3.
0 3-1-2
14 1 3
12-34
2 14 3
3.

9-variant

2.n=2 3

, N o N

4 -U

f\ -3>

. B=

2X,+3x2- x3+2x4=10,

X,-6x2+ x3 =-6,
4x,+3x2 - 3x4= -4,
3B -5x2- x, +2x4= 2.

10-variant

-2
-1
3 4 0)

3X, - + 2X, - 5x4=1,
- 5%, - X2+ X, =2,
-2X, - 2x2+ 3X, - 5x4=3,
-9x, -5x2+ 7x3- 10x4=8.

11-variant

-1 2

X}+2x2 +2x4=

5x, - m2+ 33

2X, + 3x, + 4x3- x4= 8,
X2+ X3- 7x4=-5.
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12-variant

13 -20 )
2 5-32 n_ré 1>
3-1 4-2 2. 1=3 -1 b3
1 2-2-3 4 -2,
Xx+ x2- 33+ 2x4= 6,
am - 3;+293 = 6,
*2+ xt+3x4=16
-X, +2c, + x4= 6.
13-variant
4 1 1 -2
1 3 2 _2 2 n_I—B '1> i
2 0 2 1 . =1 0 , B:\
4 3 1 3 J -3
X, - 2X, +2*, - 4x4=-2,
3 - 5x, + 8x, - 4Xx, +12x4=-4,
© 4x, - 7x, +5x, - 12x4=-1,
2X, —3X2+ X ,- 4x4= 3.
14-variant
2 3 -2 0
1 5 -1 1 2_f5'2> /
2 -2 32 -A=3 -3
3 1 4 5 3

+3x2 A x4—T,
X! +4X3' 3X4: 0,

5X,+2x2-3X,

=10,

X, +2X, -3X, +5x4= 1



3 4-11
-2 4-3 4

11-12
-2 3 01

3.
0 -1 -2 1
2 2 -5 -2
3 -4 1 -1
1 3 1 3
-4 12 -2
132 -2
2. 02 1
-4 11 3
3.

15~variant

2X, + 312- Xb- 3x4= 3,
-2X%X, + X2 +4jcd=-1,
3% - X2+ 313- joA=-6,

2X.-5%x, + nr,-5x.=-1.

16-variant
-3 r
-2 4.5
2 .2,

3o, - x2+ g3+ 5jdd =17,
2%, +3x3+ 2jc4=11,

4%, + X2 - 5v4=-9,
3x. - Xy+6jc, =1
17-variant
a1 -4n
5 0,5=
3 -3,

2xt+3x2- x3+ M= 5
ar - j@-3x3  =-1,
X, + 2X3+ 2jcd = -5,
4x, 43x2+ 3, -f514=10.

2 3 4n
3 0 >
/5 -1 3)
~,0 -1 2
f2 4 -2»
\2 2 5y



18-variant

-3 -2 3 |
3-12 5 -3 O
A= 3 , S =
-10 2 M4y
1 4 1 o
2jc +3x2- x,+ x4= 7,
- 2X, +4x2 - 5x4=11,
X, - 2%, + 3x3 =-3,
-X, +9x, - 10x3+ x4=16.
19-variant
4 5 -1 1 5 2N
1 3 -2 3 f-2 12
i 2.A=3 1. B= . ]
-1 1 - ) zZ
J -2j
-2 3 0 1
4x, - x2+ 3x3- 2x4=10,
- 2%, +2x3- x4= 1,
X, + 3x2 + 3x4=-5,
bx, + x2 +2x4= 2.
20-variant
1 -3 -3 2
rl
2 0 -3 -1 ~41 -2 °
2.A=0 1, B=
3 -4 1 -3 v3 3 2/
4 1 2 3 u -2,

-X, +3X2- 2x3+4x4=1,
3%, + x2 - 2x4=1,
2X, +5x3- x4=17,
4x, + 4x, + 3Xj + x4=8.



21-variant

X, +2x2- 3X3+ X4=-1,

- X.o- 3X, +9X, - 7xn= 2.

2 1-31 4
-13-12
1 , B=
11-12 )
35 4 1 v )
3%, - X2 +4x4= Q
3 2X, + X2+ 3x3 = 4,
" jo +2x2- 6x3- x4= -6,
BX. +3x, - 12X, + 2x =-12.
22-variant
-3 -1 (0]
3 5 -4 e
2. A: 3 2,8
-4 1 -2
3 -1 1 Ao
2X, - X2+ 5j83- x4= 9,
jc, + 3x2 - 4x4=-5,
5x2- 2Xb+ X4=-6,
3X. +4X. - X, =1.
23-variant
-2 1 3 -1
2 30 -2 13
1 0 2 4 2. A= 3 2 , 5=
—4 2 1 3 y4 K
2X,+3x%x2 -4x4=-1,
3. 4x, - X2+ 2x3 =-5,

s 9

2 2 1
gyl 0 2



24-variant

2-3-4 3 ,
b r
1 3-12 -
2 A3 1 5-l2 47
2 -2 0 v1 35
-3 3 1 0 -2,
- *4=6,
3 Y xa=1
) - X3+2x4=86,
X, -3x2+ 13x3+ x4=8.
25-variant
3 2-12 '
-2 3-14 2A—3-r 0 -T
12-15 A= 1L =5 ,
2 3 41 2 -3,

-X, +3x2+ 2x3+ 2x4=1,
2X, - x2+6x3 =8,
3T, +2xi- Xx4=6,
I, +5x2 -3ar =4.

26-variant
2-2-3 1
3 4-3-2 (4 P o -3 T
1-4 1-1 2. A 1 -3 5= 4 2
2 3 2 5 3 -k

2y, + 2x2- x3+3x4= 6,
-ar, + g2+ 3x3 s 3
3T, - 2ar2 - 4x4=-3,
X +6x3- 4x4= 2.



2 7-variant

2 21 -2 o T )
32-3
1 2. A= -1 3 , 5=
3 0 3 3 V3 0 -4
4 11 2 32
c +32- xr- x4=3
3 jc - 4jc, + 5jad= 2,
TS +3jc3+ x4=8,
2c, +8jc2 + 3c5- 9jca =4.
28-variant
-3 -2 -1 1
Y
4 1 -2 2 "3 2T
3 -2 , N =
2 -1 3 2 \ 0 1 3
2 -3,
-1 4 0 3
3jc, +2a:2- x3-2x4=2,
3 - jo, + 3x2- a3+ 2jcd= 3,
" 2jc, + 5jc2- 2x3 =5,
jo + 8jc2- 3x}+ 2jc4=8.
29-variant
4 1-21 0 5]
22 0-12 2A—1-1 Q o —
12-23 AT B3 1 4y
-3511 2 -2,
5X, - y2- jc3+ 2x4=-3,
3 - xl+2x2 - 3x4= 0,
T2 +3jc3+ x4= —4,

6m;, + X2+ 2jc3 =-7.



30-variant

0 -2 1 2

N -4n
. 1 -2 -5 -4 A3 s 3T
2 -4 2 -3 B 'B={P 3 o
2

3 1 -1 0

4x, +2x2- X3+ 2x4= 2,
X, - 3x2+ x3- x4= 5,
2X, - X2+ 2x3 =7,

X +6x, - 4x, +3x =-8.

1-MUSTAQIL ISH

1 Berilgan determinantni hisoblang: a) /-satr elementlari bo4yicha
yoyib; b)j —ustun elementlari bolyicha yoyib; c)y- ustundagi bittadan
boshqga elementlami nolga aylantirib va shu ustun elementlari bo‘yicha
yoyib.

2. A, B matritsalar va a, p sonlari berilgan. aA+ps, AB, /Il
matritsalami toping va A4™ =£ ekanini tekshiring.

3. Tenglamalar sistemalarini tekshiring. Birgalikda bo‘lgan sistemani
Kramer formulalari orgali, matritsalar va Gauss usullari bilan yeching.

4. Birjinsli tenglamalar sistemalarini yeching.

1-variant
1 3
2> 5 4 -5
-2 -4 5
1 A=1,j =2 2.1 = 4.5=3 -7 1
3 -1 ) )
) J 5, 1 :
a=-1, j»*4.
2X, - X2- 3x3= 4, 3%, + Xx2+2x3:
3.@) 3x, +2x2-3x3=15, b) X +3x2+2x3=7,

X, - 4x2—3X, = 6. 2X, + X2+ 3x3=6.

L)



2x,-3x2+ x3=0,
4.a) 5x2+2x} =0,

4x, - X r+4x, =0.

1 1 -2 3
2 3

1 12 i=3,y
-2 3 10
2 3 -2 0

4jc, - X2+ 2w3=1,
3. a) 2jc, - 3jc2- je3=17,
-2jc, +8jc24-5x3=10.

4jc, - 2jc2+ Xy=0,
4. a) 3jc, + je2- 3jc3=0,
2jc, + 4jc2- 7jc3=0.

2 - 0 3
3 )

N 2 1
11 -2 1
3 4 4

3T, +x2—5*3=¢
3. a) 2XX+ *2+ 3*3 =7
+ X2— é =2

Ut + Bx2_ g =0,

:O,
2x>- x2+3X -0.

4. a)

jc, + 3jc2- je3=0,

b) d4ic. - 54\ + j3=Q

3jc, - jc2 + 4jc3=0.

2-variant

=-3,p=5.

2jc, - X2+ 2jc3= 3,
b) o +jc2+ 2jc3= -4,
4jc, + X2+ 4jc3= -3.

4jc - 3j2 - =0,

b) 3ic+ i2- 2j8=0,

3-variant

jc + 6jg =0.

‘5 -8 4" "1 5
A= 7 0 -5 ,5=1 2

4 1 oj 2 -1
5, P=-1

3jc + j2- 2jd= 6,
b) *5x, - 3j2+ 2jd3= -4,
4djc - 2x2- 3ji3=-2.

2jc - j2+ 3jx3=0,
b) 3jg + 2j2- 2j3=0,
jo- 3j2 +4ji3=0.

5/\

-3,
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8-variant

2 -341
4-2-3 2 _
1 , 1=2, j =4
3 0 2
3-1-4 3
'-2 3 41 3 3 T
2. N= 3 -1 -4 B=06 2, «=2 p=-2
2 2 1 9 2
5X, + Xx2- 4x3=-3, 4x, + 2x2- 3x3=-2,
3.a) 2x,- 3x2+ 2x3=13, b) x + x242jc3= 5,
jc, - 10x, + 10j8= 30. 3X, & 2jc2- 2x3=-1.
4x, - X2+ 2x3=0, 2X, - je2+ 2x3=0,
4.a) 2x, - 3x2- x3=0, b) X 4j2+2x3=0,
- 2X. + 8x, 4.5x, =0. 4x, 4x244x3=0.
9-variant
0 4 1 1
-4 2 1
1. , 1=4, [=3.
0 1 2 -
3 4 -3
- 4 2 1 4
8 42 41
2. 15 3,5=13 2 a=-5 /3=1
,o 1 2 4 1 2>
2X, + 6x2- 3x3=-3, 2X, - X24. 5x3=27,
3.a) 3x - 2x24 x3=12, b) 5x, +2x2+13x3= 70,
X, + 14x2- 7x3=-8. 3X, - k= -2,
4%, + X2- 3x3=0, 5x, & x2- 2x3=0,
4.2a) x - 2x24 x3=0, b) 2x, - x243x3=0,

5x, - x2- 2x3=0. 2X, 4-7x, = 0.



4%

3.

4.

3.

4.

0 -2 1 7
4 -8 2 3
10 1 -5 4
-8 3 2 1

f-\ 0 2>

V37

3jc, - 2x2+ Xx3=
a) 19 -9ar2+5jc3=-1
2ar, + 3jc2 - 2jc3= 2.

4t, - @2+ 3j3=0,
a) Sic - 7i8=0,
jo + j@2- 10js3= 0.

-3 _1
2 2
1 -6

-2 "

=

17 3
-4 94,5:
y 0 3 2y
732+ (3=~

4+ 2 j8=2,
4ty -* 244%3=-3,

a)

2jd +3*2- Xj=0
a)
5rl~ #2+2*3=0,

X,~7x3+4X}=o0.

10-variant

4, 7=2
3 0 r
-3 1 7 =-1 p=4
3 2
-6, 4ar, + X2- 3jc3= -6,
O’ b) 8%, +3jc2-6jc3=-15,
jt, + X2- 3= -4.
2jc, - je2 - 3je3= 0,
b) o +sic2+ w3=0,
3jc, + 4jc2 + 2jc3= 0.
11-variant
3, y=4.
e 5 2>
19 2 a=-.3, r=-2.
4 52

jeo, + 3jc2- je3=0,

b) 4x, - 5jc2+ j3=7,

b)

3¥, - X2+ 4jc3= -4.

2%, - jec, +2jc3=0,
X + A2+ 2jc3=0,
4X]+ jc2 + 4jc3= 0.
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20-variant

-1 02 4 1
2 3 0 6 4 3
1. =4,y =3.
2 2 1 4 A 4
31 2 -1
3 4 -3n (2 -2 on
2. A= 1 2 3,B=5 4 1, a=4/=5
45 0 < 1
4x, + x2- 3*3=1, 5jc, + x2- 2x3=7,
3.a) jo- 2jc2+ x3=2, b) 2ic - x2+3x3=2,
5jc, —jc2 —2jc3=-5. 2jc, + 7x3=16.
5X, - 4jc2+ j3=0, X, + 2x, + x3=0,
4.a) 3x, +2x,- X3=0, b) 4x, - 3jc2- 2x3=0,
jo, + 8%, -3x3=0. 2X, - X2+ 3x3=0.
21-variant
1 1 -2
3 6-2
1. , =4, 7=1
10 6
2 3 -1
'3 5 "2 8
~61 ~51
2. 1= 2 4 3, -3 -1 o0 , «=3, [5=2
1 b | 4 5 §
4jc, - X2+ 3x3=-8, 2X, - X2- 3x3=-9,
3.a) sic, - 7x3=-3, b) x, +5x, + x3=20,
X, +X2-10x3=3. 3x,+ 4x2 + 2x3=15.
5%, - X2- 2x3=0, 7X, - 5x2+ x3 =0,
4.a) 3x, - 4x2+ x3=0, b) 4x, + x3=0,

2x, + 3x2- 3x3=0. 2X, +3X2 +4x3=0.



22-variant

2 0-1 3
6 3-9 0 j=3y=3
0 2-1 3
4 2 0 6
ooo-1 0 -3 0 -2>
s A= 3 3 1, %= 1 -6 3, a=2, [?=-3.
4 -4 -5, L2 0 >
o +313=-2, 4xj ~ *2" *3=10,
3.a) X2+ 2%j = -5, b) 2ic. +6X, =38,
.+ L+ =1 3X. -7*3 =5.
5ic, - 5x2- 4*3=0, X, + je2+ 2x3=0,
4. Q) 4jc,-4jc2- 9x3=0, b) 4x, +x2+4x3=0,
3x, -3x2-144r3=0. 2xj - x2+2x3=0.
23-variant
-12 0
2 -3 1
3-12 =1 =4
2 01

-1 4y 0O 0 -4
-9 3 ,5=5 -6 4 a=-5, £=1
2 -1y 34

X, - 2x2-3*3 =3, 3B - je2+ je3=12

3.8) )+ 3x2- 5x3=0, b) 5x + X, +2x3=3,
2%+ *2-8*3=4. X, + 2x2+ 4x3= 6.
3%~ x2+2x3=0, %320
n a) 3x, +5x2- x3=0,

4% +3jc3=0,

b) 2x, + x, + x3=0,
k*1 + x2+ x3=0.

X, + 4x2- 3x3=0.
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28-variant

4 -5 1-5
-3 2 8-2
1. ,1=1 ¥y=3
5 3-13
-2 4 6 8
'8 -1 -f 3 2 =
2. = 5 -5 -1 B=3 2 1 a=4, p=-4
Jo 3 2 J 0 >
4x, - 2x2+ x3=5, 4X, - 3Xx2- x3=5,
3.a) 3x,+ x2- 3x3=5, b)< 3x, + x2-2x3=-2,
2X, + 4x2- 7jc3= 4. X, + 6X2 =-5.
4x, + x2- 3x3=0, 5X, + 7x2- x3=0,
4.a) 2x, - 3x2+ x3=0, b)<| x, +7x3=0,
2x, -10x2+ 6x3=0. 2X, - 4x2+ 5x3=0.
29-variant
-1-2 3 4
2 0 1-1
1. J=47 =4
3-310
4 2 12
"3 -7 2> ‘0 5 -V
2. 1= 1 -8 3 2 4 1 «=-1, [1=2
4 -2 2 1 _y
5%, - x2-3x3=19, X, + 7x, —3x3=19,
3.a) 3x +2X, + x3=-2, b) 4x, - x2+3x3=-8,
X, + 5x2+ 5x3= -20. 6X, + 4x2- 2x3=0.
3X, + 7x2- x3=0, 3%, +2X, - x3=0,
4.a) 2x, +15x2+ x3=0, b) x +3x2+2x3=0,
4x, - x2- 3x3=0. 4x, - 5x2+ x 3F0.



30-variant

~4 1
2 -1 i=2,/=2
L 3 o
2
(4 1 -4n 0 -1 r
> _2 -4 6,B=2 50 a=-4 P=4
;3 2 J 1>
3%,-2% + *3=3, 2%, + *2+43*3=-3,
4% - *Q- 2*3 =6, b) * -s572- 3 =-10,
2% - 3%2+ 4*3 = 2, 3% +4*2+ *3=4.
B, - *2- *3=0, 2%, +*, - 33 =0,
4.a) X +32+T73=0, b) 4%, +893=0,
3* + *2+33=0. 5*. - 6%, =0.
NAMUNAVIY VARIANT YECHIMI
-4 \ 2 o
2-123
-3 0o 1 i 'r=2">=2
2 12 3

® a) Determjnantnj /=2 - satr elementlari bo'yicha yoyamiz.
e ermmantning 9° xossasiga ko‘ra

a»A» +n2A,, + aBAT +a2A2=-a2M 2 + aZM 2 - +aZAU=.
) 4 20 -4 10 4 12
Ol 1.1-.3 1 1-2-23 0 1+3s -3 01

3 2 23 2 1 3 2 12

AQ-2-0)-(-12 +4+0-0+8+18)- 2-(0+2+0- 0+4+9)+
"WB(0+2-6-0+4+6)=-6-18-30 +18=-36.
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b)Determinantni j =2 - ustun elementlari bo”yicha yoyamiz:

n= a2 "R MR M2M2 22022 322 fldM =
2 2 3 -4 2 0 -4 20
-3 11-1* -3 1 1-0+1- 2 2 3
2 2 3 2 2 3 -3 1 1

=-<6+4-18-6-4 +18)-(-12+ 440-0+ 84.18)+
+(-8-18+0-0+12-4)=-0-18-18 =-36.

C) Determinantni y=2-ustundagi bittadan boshga elementlami no
aylantirib va shu ustun elementlari bo‘yicha yoyib hisoblaymiz.

Buning uchun:

- 1-satr elementlarini 2- satming mos elementlariga qo ‘shamiz;

- 1l-satr elementlarini (-1)ga ko‘paytirib 4-satming mos elementlariga
gokhamiz;

- determinantni 2-ustun elementlari bo‘yicha yoyamiz

4 1 20
-2 4 3 -2 4 3

-2 0 4 3
A= =I(-1)fee -3 1 1 =—-3 1 1

300 11
6 0 3 6 0 3

6 0 0 3

Uchinchi tartibli determinantda 2-ustunning 2-satri elementidan
boshga elementlarini nolga aylantiramiz. Bunda a2element nolga teyg
bo‘lgani uchun fagat arzelemental nolga aylantiramiz. Buning uchun 1-satrga
(-4)ga ko‘paytirilgan 2-satmi go‘shamiz, hosil boMgan determinantni
2-ustun elementlari bo‘yicha yoyamiz va kelib chiggan ikkinchi tartibli
determinantni hisoblaymiz:

0 0 -1
A=- -3 1 1 =-l(-ham
6 0 3



' B= 2 5 o a--4, p=4.
200. A- 2 -+ B
1 2 - ! z
& a) aA +pB matritsani topish uchun A matritsa elementlarini aga, B
matrita SléMentiarini pga ko'paytiramiz va hosil gilingan aa va ps
4 1 -4l o -1 T

OA+PB=(-4) 2 -4 6 +4- 2 5 0

[ 2 A 12

"16 -4 16" A0 -4
= -8 16 -24 + 8 20 0

;48 W A4 s,

- 16-60 - 4+ (-4) 16+ 4" 16 -8 20
= - g+8 16+ 20 -24+0 = 0 36 -24
- 4+4 -8+ 4 4+8, | 0 -4 12,

\%
b) AB martitsani matritsalami ko ‘paytirish qoidasi asosida topamiz:
4 1 -4~ 0 -1 f
AB= 2 -4 6«2 50
[ 2 -ij [1I 1 2j

0+2-4 -4+ 5-4 4+0- & -2 - 3 -4v
0-8+6 -2-20+6 2+0+12 = -2 -16 14
o+ ' _1+410-1 1+0- 2, \ 3 8 -1,

¢) A matritsa determinantini hisoblaymiz:

4 1-4
M= 2 -4 6 _1646-16-16-48+2=-56%0.
1 2 -1
" algebraik toMdiruvchilami topamiz:
-4 6 2 6 &

I
&
k
|
&

4,= -8
2 -1 =% Aa =~
1 -1 1 2



A =- 1 -4 -7
2 1
1 -4
4| = -4 6 -—@
Bundan
4 4,
A=
WA
w3 43

n 8 -7 -ioN
42 56 8 o -32 -
ws> 18 -7 18] o

28

o ®

1 7s X
| N
7 28
1
28

7

(<)

AN =E ekanini tekshiramiz:

(1

1 -4 7
2-4 ¢ '
1 2 <« Z
| 7

:3,

3.30. @) 4x,- *2° =6,
2X, - 3X +4xr=2.

@ a) Sistemaning
almashtirishlar bajaramiz:

1 5N (4-1+4 4+0-4 20+16-36%)

g 28 7 8 28

. 16 2+4-6 2-0 +6 10-64 +54
28 7 5 g T E

1 9 1-2 +1  1+40-1 5+32-9

8 28\] I 7 8 28 \]

2xx+ x2+33 =-3
b)< xx-5x2- *3=-1o,
3jg +4x2+ jc3=4.

kengaytirilgan  matritsasi  ustida  elementar

\ J 3 2 3
~Li-2 4 .1 6

4 2 -3 2

37 ' 3. B

12 ~ o0 10 -5 12

10 \0 0 0 2V

r(A) =2* 3=r(C). Demak, sistema birgalikda emas.



S'stemaning kengaytirilgan matritsasi ustida elementar almashtirishlar

bajaramiz;
/2 1 3 Mg, to-5-1 -0
(s o l0- 213
3 4 1 4, i 73 4 1 4,
1 -5 1 -10
R R
5 17 1 0 ou
JO 19 4 % 0 1/ 4 3
\
1-5 -1 -10 | 5 -1 .10
, 4 5 U . 51
1 11
19 o5 & (M )
K n oy N\ y

r(A) =3=3=r(C). Demak, sistema aniq sistema.

1) Sistemani Kramerformulalari bilanyechamiz.
Sistemaning determinantini va yordamchi determinantlami hisoblaymiz:

2 1 3 3 1 3
A= 1 5 .1 =5 Ax= -10 -5 -1 =-51:

3 4 1 4 4 1

2 -3 3 2 1 -3
AR= 1 -10 1 =102, A@3s 1 -5 -10 =-51:

38 4 1 3 4 4

~Nglamaning yechimini Kramer formulalari bilan topamiz:

*Y:/\_:/\]_:‘_ _ _102 ﬂ.r: -51
A si mXx> f-Tr=2 *3=X =7T =

SistemaWirhuiTAnan r bilan yechamiz.
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oisicina ucicniunanimmg aigeoraiK toiairuvcftilanni topamiz:

3 47
I 3 2 3
— 7. 2 1
A .*- =11 4% =-7;
4 1 31 3 48
1 3 2 3 2 1
= =14 A ~- = J s
b= g o4 T 1 -1 = 1.5 =u
U holda
oun wy
A'== -4 -7 5
19 -5 -11

Tenglamaning yechimini X =A'B formula bilan topamiz:
/1 u 14 3N/ 311045 (- f-u
X=AB=_ -4 -7 5 -10 - 12+ 70+20 102
51 51 51
19 -5 -11 4 -57+ 50-44 -514 KL/

Demak, x, =-1, j2=2, jc3=-1.

3) Sistemani Gauss usuli bilanyechamiz.
Gauss usulining 1-bosgichi yugorida sistemani tekshirishda unrg

kengaytirilgan matritsasida bajarildi va quyidagi ko‘rinish hosil qilindi:

| -5 -1 -10

I
1

0 0 1 -1

Gauss usulining 2-bosqichini bajaramiz:



’%: '1, Xl:-l
x2= 2 = *2=2, O

JC.-5-2 *-1l X3=-1.
X - x2- =0 2%, +x2- 3x3=Q
4J0.a) % +3, +7x, =0, b) 4x +8*3=Q
3* + x2+3x, =0. 5X, - 6X, =0,

<g a) Sistema matritsasi ustida elementar almashtirishlar bajaramiz:
1{ 1 -1 (o -16 -36] lTo -16 -36"
|£% 1 3 7-1 3 7
RIS T 0 -8 -18J o0 0 o

r(A) =2, 71=3, r<w. Demak, sistema cheksiz ko‘p yechimga ega.
Ulami topamiz:
5X, - X2- x3=0, j5%,  X2—xYy

je, +3jc, +7jc3=0 X, +3X, *=-7xt.
5 -1 x3 -1 5 X3
1 3 —16, Ac. I, 3 = -4iC, Ax2-= 1 -7x3 :-SGX,

Erkin noma’ lumni x3=-4k (Ar-ixtiyoriy son) deb. sistemaning umumiy
yech.mini topamiz: * =*, *2=9k, x, =-4k

b) Sistema matritsasi ustida elementar almashtirishlar baj 3ramiz:

. 1~ 1 -3 (10 2
A=4 4 0 8 ( 0 2 t92 1 3
60 5.6 0 T 5.6 0

0 2 fl o 2
ci. 0 LT 01 7
0 -6 10, p 0 -52,

' s%tema yagona x, =0,x2=0,x3=0 yechimga ega.
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11 bob
VEKTORLI ALGEBRA ELEMENTLARI

2.1. VEKTORLAR

Vektorlar ustida chizigli amallar. Vektorlarning chizigli bog'ijor .
bazis. Vektorning o‘qdagi proveksiyasi.
Koordinatalari biian berilgan vektorlar ustida amallar

2.1.1. Tayin uzunlikka va yo‘nalishga ega boigan kesma vektol
ataladi va AB yoki a kabi belgilanadi. Bunda A nuqtaga vektoming
boshlang‘ich nugtasi, B nuqtaga uning oxirgi nuqtasi deyiladi. BA wedar
AB vektorga garama-qgarshi vektor hisoblanadi. a vektorga garama-garshi
vektor (-a) bilan belgilanadi.

AB kesmaning uzunligiga AB vektorning uzunligi yoki moduli deyiladi
va|*L5] ko'rinishda belgilanadi.

Boshlang‘ich va oxirgi nugtalari ustma-ust tushadigan vektor nol vektor
deb ataladi va 6 bilan belgilanadi.

Uzunligi birga teng vektorga birlik vektor deyiladi va | ot
belgilanadi. a vektor bilan bir xil yo‘nalgan birlik vektorga a vektorning
orti deyiladi va 5° bilan belgilanadi.

Bir to‘g‘ri chizigda yoki parallel to‘g‘ri chiziglarda yotuvchi vektorar
kollinear vektorlar deb ataladi.

a va b vektorlar kollinear, bir xil yo‘nalgan va uzunliklari teng bolsa
ularga teng vektorlar deyiladi va a-b kabi yoziladi. Teng vektorlar erfa
vektorlar deb yuritiladi. Vektomi fazoning ixtiyoriy nuqtasiga 0°‘z-0'ag3
parallel ko‘chirish murnkin.

Bir tekislikda yoki parallel tekisliklarda yotuvchi vektorlar komploo
vektorlar deb ataladi.

a va i vektorlar yig'indisi deb a va A vektorlar bilan kotnpl*4
boMgana +b vektorga aytiladi. Ikki vektorning yig‘indisi uchburchak Y
parallelogramm qoidalari bilan topiladi.

Bir nechta vektomi uchburchak usuli bilan ketma-ket go'shib borien
Kin. Bir nechta vektomi bunday qo‘shish usuliga ko pburchak gqoidasi deyi*8Ngj



b vektorlaming ayirmasi deb, b vektor bilan yig‘indisi a

bj ~'beradigan q—b vektor tushuniladi.
\C hvektorning A* Osonga ko '‘paytmasi deb, a vektorga kollinear, uzunligi

Al 15'Ta teng bo‘lgan, A>0 bo‘lsa a vektor bilan bir xil yo‘nalgan, A<0
boiganda a vektorga garama-garshi yo‘nalgan An vektorga aytiladi.
Agar £=Aa bo'lsa, uholda a(a*0)\a b vektorlar kollinear bo'ladi va

aksincha, agar a (5*0) va b vektorlar kollinear bo‘lsa, u holda biror A son

uchun £=A0 bo'ladi.
a=e|-a, ya’'ni har bir vektor uzunligi bilan ortining ko‘paytmasiga

teng bo'ladi.
1-misol. ABCD to‘g‘ri to‘rtburchakning tomonlari AB=3, AD=4

M-DC tomonning o‘rtasi, N-CB tomonning
o'rtasi (3-shakl). AM,AN,MN vektorlami mos
ravishda AB va AD tomonlar bo'ylab yo'nalgan
vay birlik vektorlar orgali ifodalang.

® aAa " bo'lishidan, topamiz:

AB=\AB\~ =3/, ~AD=\AD\j =4j.
3-shaklga ko'ra
W= t\oc=-n8~-1,
2 2 2

BN=NC"bC=gAD =2J.
Vektorlami qo‘shish qoidasi bilan topamiz:
— 3,
AM—AD+DM =4/ H-= AN =AB +BN =3i +2]:

MN =MC +CN =MC - NC:-zT - 21
21.2. an

b’nbinatsivalri@ | +a'a" ifodaSa _yektorlaming chizigli

agan shunddy vektorlar ughyn  kamida Bittasi nolga teng
a,a +,or+_+ - aaY“'ct sor]lar topilsaki, bu sonlar uchun

Lt=Z4li bog'liq vehtorlald » Uholda vektorlarga



Agar 0,2,« A *..+«5. -Otenglik fagat «, -»
o'rinli bo'lsa, u holda, K vektorlarga chnigh erkli rebo£
deyiladi.
Ikkita vektor chizigli bogiiqg bo*lishi uchun ular koliinear bo'lishi zarur vayetajj”
Uchta vektor chizigli bog'liq bo'lishi uchun ular komplanar bo* lishi zarurm’\ .

Agar Rn fazoda ixtiyoriy a vektomi n ta chizigli erkin _
vektorlaming chizigli kombinatsiyasi orgali ifodalash mumkin bo‘IsIa,
fl=a,el+ad2+...+a” tenglik bajarilsa, u holda &132.%n vektorlar *
fazoning bazisi deb ataladi.

a=afx+azd2+a33 tenglikka a vektoming &@2%3 bazis bo'yik
yoyilmasi, al%2a3 sonlarga a vektoming &1E2%3 bazisdagi 4fi
koordinatalari deyiladi.

<¥© Uch oichovli RIfazoda komplanar
bo‘lmagan & %2%3vektorlar bazis tashkil
giladi. Ikki o‘lchovli R2fazoda koliinear
bodmagan &132 vektorlar bazis tashkil etadi.

24l

2-misol. Uchburchakli muntazam
piramidada ABACAD- A uchning girralari,
D O- D uchdan tushirilgan balandlik (2-shakl).
Agar £X32%3 mos ravishda AB,AC,AD qirralar
bo‘ylab yo‘nalgan vektorlar boisa, DO
vektoming 8182%3 bazis bo‘yicha yoyilmasini
toping.
® Vektorlami songa ko‘paytirish 2-shakl.
amalining xossasiga asoslanib, topamiz:
AB=Xei, AC=A<2 AD=A23 bu yerda #,92[13-haqiqiy sonlar. N
Piramidada &132%3 girralar komplanar emas. Shu sababli DO vekt
§1¢2¥3bazis bo'yicha yoyish mumkin. N
Piramida muntazam bo‘lgani uchun uning balandligi
medianalari  kesishish  nuqtasiga  tushadi, ya'ni 0~uCy I
medianalarining kesishish nugtasi boiadi.



Vektorlarni g0 shish qoidasiga ko'ra DO =DA+AQ.

Bunda 20T, 2 N15+N1C_
JA=-AD =-11¢,, AO=-AM == %V +Xer).

Demak,

DO=-Ae3+U\ex+Af). O

1.3. Anugtadan o‘qga tushurilgan pecpendikulaming A asosiga
Anugtaning | o 'qdagiproyeksivasi deiyilddi (3-shaklf
Ava Snuqtalaming | o‘qdagi Awa B, proyeksiyalarini tutashtiruvchi
Aji' vektorga AB vektorning 1 0 ‘gdagi
tashkil etuvchisi deyiladi (3-shakl).
ABvektorning lo ‘gdagi proyeksiyasi deb
nA tashkil etuvchi va / o‘gning bir tomonga

yoki garama-garshi tomonlarga yoiialgan
bo'lishiga garab, musbat yoki manfiy ishora
bilan olingan \ABI | songa aytiladi va Mp,AB
bilan belgilanadi, ya’ni

np~B =x\Ajt\

3 vektor bilan uning /o‘gdagi tashkil
etuvchisi S.orasidagi ¢ burchakka a vektor bilan lo ‘g orasidagi burchak
Ukki vektor (5 va a,) orasidagi burchak) deyiladi (3-shakl).

Vektorning o‘qdagi proyeksiyasi quyidagi xossalarga ega:

1. Joos<p,

1mlp{a +5, +...+Sn)=nPla, +JIp,a2+...+ MNMp,a/,

3- 'PX/1 a) =X Mp,a.

3-shakl.

e8a boMs~bu”h VektOrlari o zaro perpendikular va birga teng uzunlikka

koordinatalar siste ortanorma”an8an bazis deb ataladi. Dekart
bazis sifatida o. °*yzortanorma”™an8an bazis tashkil giladi. Bunda
5 vektor i~71 n °Z° ortlari boigan ij,k vektorlar olinadi.

4* bazisda quyidagicha ifodalanadi:
a—ex +afl +a,k. (U)



CB) (1.1) ifoda vektorning ij,k bazis boyicha yoyilmasi debat1 w
gisgacha a={axay;a,} deb yoziladi. Bunda aTar,alarga a
koordinatalari yokiproyeksiyalari deyiladi.

a vektor uchun
jai= +al+ (L1
ya'ni vektorning uzunligi uning koordinata o'glaridagi proyeksj
kvadratlarining yig‘indisidan olingan kvadrat ildizga teng bo‘ladi.
a ={axay;a.} vektorning yo‘nalishi uning Ox,0y va Oz o'glari >
tashkil gilgan a, ft,y burchaklari bilan aniglanadi.
Bunda

cosa= L | cosEI:ﬂ, cosy =%-.
1*1 \S\ \a\

cosa, cos/? cosy sonlariga a vektorning yo'naltiruvchi kosinusk
deyiladi. Bunda cos2a +cos2p +cos2y =1
a vektorning birlik vektori uchun a0={cosa;cos/?;cos/}.

3-misol. Uzunligi \a\=2 ga teng vektor Ox,0y koordinata o‘qglari ki
a =60% p =120"li burchaklar tashkil giladi. a vektorning koordinatalarini
toping.
® Vektorning o‘qdagi proyeksiyasining I' xossasidan topamiz:
=|]a]cosa =2¢0s60"=2-—=1 ar =|5 Jcos/? =2cosl20°=2 ~ =-1

Vektorning uzunligini topamiz:
2«/1 +i +aj.
Bundan a) =2yoki a. =V2 va a. =-1/2.
Demak,
5={-1V2} va5={-1-n/2} O
2.15.a=aj +ay +a.k va 6=bj +brj +b k vektorlar berilgan bo 14
U holda ) . . .
atf£=(a, B/ +(avt )j+(a. £b. )k (yoki a+6={axxbxay+ ¥
Aaxt +Ady] +Xak (yoki Ag={ImAn, .Jin})*

a=£ dan ax-bx a =byd a2=fc2 kelib chigadi.



_4i - 2y+ 44 vektor berilgan. Bu vektorga garama-garshi

4' misfilm earva uzunligi P F9 boigan vektoming koordinatalarini
yo *nalgan, KoLu»

“°pi2 b vektoming koordinatalari b,,br,bs,ya’'ni *»{*>;*} bo'lsin.

* e koliinear boMsa a =M bo'ladi, bu yerda - ixtiyoriy son.
5Va u holda ikki vektoming tengligi shartidan b, =dnr,b =Aay, b. =Ag.yoki
bx=-44, =-2A, 6. =4A.

Bu koordinatalami va 5 vektoming uzunligini hisobga olib, topamiz:

9=Vi6F+4A: +16A2, 9=45651 yoki A=x].

5 va b vektorlar garama-garshi tomonlarga yo'nalgani uchun $<0, ya’'ni

-4
A Demak,

b={63-6>- o

Oxyz dekart koordinatalar sistemasida OM vektoming koordinatalari

JVnugtaning koordinatalarini aniglaydi. OM vektor M nuqtaning radius
vektori deb ataladi va r={xy;z} bilan belgilanadi. Bunda M nugtaning
koordinatalari M(x; v;z)kabi belgilanadi.

)va B(x3y2z2 nugtalar berilgan bo'lsin.
U holda

vanivin e CdIBX™Y, o ) (1.3)
j Ve ?min™ AMdinatalari uning oxirgi va boshlang‘ich nuqtalari mos
natalanning ayirmasiga teng bo‘ladi.

ya'ni ab (1.4)
(1 4H*O" | n®UZN*® Ava B nugtalar orasidagi masofani aniglaydi.
5 . ®1 nllaorasidagi masofani topishformulas! deyiladi.

\ektomincnl ' S(4;5;1)' Cft-B/A nuqtalar berilgan. a =AB-3AC

® Velrtr, i'”*m' Vay°'na”'ruvchi kosinuslarini toping.
» Vdttorlamingkoordinatalarinrtopamiz:
__/={302}, AC=(2-32},

[ ** N ~37c ={3- 32;3- 3+(3);2- 32} ={-3;12;-4}.
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Bundan
|la |En/9+144+16 =13, cosa =“” cos/? = cosy=—i. "

Boslang‘ich va oxirgi nuqtalari ApRAY”™) va B(x2y222bo”
kesma berilgan bodsin.

AB kecmani berilgan A>Onisbatda boMuvchi, ya’'ni bu kesmada

tenglik bajarilishini ta’minlovchiB nuqgta bilan ustma - ust tushmavdi
C(x;y;z) nugtaning koordinatalari
i+ IR Y +ay2 1, +Az
1+A " Y 1+A 1+A

formulalar bilan, xususan, kesma o‘rtasining koordinatalari
1+ Y,+ Y2 21+ 22
tengliklar bilan aniglanadi.
6 -misol. a ={2-6;3} va b ={-4;3,0} vektorlardan hosil boMgan b

bissektrisasi bo‘ylab yo‘nalgan d ={x;y;z] vektorni toping.

a={2-63y va b={-430} vektorlami O nugtaga pant
ko‘chiramiz. Bunda a,b,d vektorlar oxirlarining koordinatalari J12#
S(-4;3;0), D(x;y%) boMadi.

Burchak bissektrisasi xossasiga ko‘ra
J_MAL_[a[.. v4+36+9 7
\DB\ \o| VI6+9+0 —5 °

Kesmani berilgan nisbatda bo'lish formulalaridan topamiz:

x, +AG 24g-(4) 5 YHy2 6+13 3
1+A 7 -2 1+A " 1+Z 4
5 5

+Az, _"+57 15 5
1+ 1+7 12 4*

5
Demak,

2 44



Mustahkamlash uchun mashglar

2.1.1. Agar \a+b)r\a-b\ bo‘lsa, a va b vektorlar ganday shartni

ganoatlantirishi kerak?
2.1.2.  ABC uchburchakda AMto‘gri chizig ZBAC burchakning

bissiktrisasi  bolib, M  nugta Be tomonda yotadi.  Agar
Jb=a, AC=b \a\=2, |£]=Ibo‘lsa, AM vektomi toping.

2.1.3. ABCD teng yonli trapetsiyada WAB =60", JADH DC H CB |22,
MAN -mos ravishda DC va BC tomonning olrtasi. BC,AAf,AN,NM
vektorlami mos ravishda AB va AD tomonlar bo‘ylab yo‘nalgan mva n
birlik vektorlar orgali ifodalang.

2.1.4. m ning ganday giymatida ¢ - a -mb va d - ->/3a+6b vektorlar
kollinear bo‘ladi?

uchta « =§;-2}, b={-21} va c={7-4} vektorlar

hprii

a = n Vertom™™ 4 °lgan ikki vektor bazisi bokyicha yoyilmasini
*ek Biror bazjsda a = 2}, EN{3;w6} vektorlar berilgan. a va
2X7l \]Olllll m bo_llsa " Va n Ili (13 Ptog'

vekiom' - t-V -W , ¢ ={2;2--\\ vektorlar berilgan. d ={3.7—4%

AABC=45° ~ n*urchakli trapetsiya asoslari J¥?|=4 va |CDj=2 va

; °zq%aAPr°yeksiyalarinfto*’\b* VerorfarPl' ng vektor bilan aniglanuvchi

Uchburchak __8 tOmonl" uchburch-iakning tomonlari 4y ga teng.
Apmg bUrChak bis’\ktritlrbonx|&9iry,ﬁ.hg|g;“"n’ yvo'aﬂxh %‘BQQI&WIJHW

rlarning koordinati vek”torlar berilgan. Quyidagi
Zd' 2E 2) * 2 &"™N"ksiyalarin, toping:

M ’bom‘ Agar ««{2;~l.n *b) ) 3)-2a - 4) 4b-a.
Sa’ uning oxirgj nugtasin-ATL®*  boshlang'ich nuqtasi J1(3;-2;-4}
Ing koocordinatalarini toping.



2.1.12. Agar a={24-1} vektorning oxirgi nuqgtasi g(, |
bodsa, uning boshlang'ich nugtasining koordinatalarini toping. ‘41

2.1.13. Tomonlari a ={-;0;7} va b ={5;-4;-5} vektorlar uzunjj,
iborat boigan parallelogramm diagonallarining uzunliklarini toping

2.1.14. A va B nugqtalar berilgan. AB vektorning uzunligjnj
toping:

1) A{-4;-9:6), j»(8:6;-10); 2) A6;-1:9), 5(2;-4;-3).

2.1.15. 0xo‘gining berilgan A nugtadan a masofada
nugtasini toping:
1) N(-3;3), a =5; 2) N(4,12) a =13

2.1.16. Oy o'gining berilgan nuqgtalardan teng uzoglikda joyl*J
nugtasini toping:

1) A(-4;2) va S(6;0); 2) AB;2) va fl(3;-3).

2.1.17. Uchlari N1(4;1;-3), S(l;4;-2), C(1;10;-8) nuqgtalarda bo'lgan
ABC uchburchakning ~Dmedianasi uzunligini toping.

2.1.18. A/nugtaning radius vektori koordinata o‘glari bilan bin
burchak tashkil giladi va uzunligi 3 ga teng. M nuqtaning koordinatalm
toping.

P 2g.1.19. a vektor OX\a OZo'qlari bilan mos ravishda 60'va \t
burchak tashkil giladi. Agar la [F4bo'lsa, bu vektorning koordinataln
toping.

2.1.20. a={23}, b ={;-3}, ¢ ={-I;3} vektorlar berilgan. a ningganda;
giymatlarida in=a +ab va n=a +3cvektorlar kollinear boiadi.

2.1.21. a=167-12y +15}tvektor berilgan. Bu vektor bilan br
yo‘nalgan, kollinear va uzunligi |ft F15 boigan vektorning koordinatal*
toping. 1

2.1.22. /42—%,0), 5(1;-1;2), C(0;5;3) nuqtalar berilgan. a =AB-CB
vektorning ortini toping.

2.1.23. Uchlari berilgan nuqgtalarda joylashgan uchburchak median>%
kesishish nugtasini toping:

1) XK7;-4), B(-18) va C(-12;-\)\  2) A(-4,2), B(2;6) va C(0;-2).

2.1.24. a={5214} va b ={-3;0,—4} vektorlar orasidagi burchak
bissektrisasining birlik vektorini aniglang.

22.VEKTORLARNI KO PAYTIRISH

» ktorning skalyar ko‘paytmasi. Ikki vektorning vektor

ko‘paytmasi. Uchta vektorning aralash ko‘pavtmasi

. jjfa s va b vektorning skalyar ko'paytmasi deb bu vektorlar
i4rlari bilan ular orasidagi burchak kosinusi ko’paytmasiga teng songa

Hlladi va ab,abyok\ (S,b) kabi belgilanadi, ya'ni

ab=\a\-\b\cos(p, (2.2)

yoki ab=\'b\-Mp6a="a\-Mpiib,
buyerda <$=(a,b).

Skalyar kopaytmaning xossalari.
I. ab=ba (o‘rin almashtirish xossasi);
2" (Ty>=Llab) (skalyar ko‘paytuvchiga nisbatan guruhlash xossasi);

3" a(b +¢) =ab +ac (qo‘shishga nisbatan tagsimot xossasi);
4' axhb=>ab=0. Shuningdek, ab =0 (la#0lb [0)=>a | b ;

5' a' =1a | yoki a |(¥17 * a).
Koordinata o‘glari ortlarining skalyar ko‘paytmalari:
=V ==L i-j=) k=k i=j i=k-j =im=0.

i-misol. Agar b |=, |IE]=6 " =(")=y boisa, Qa-b)-(2d +4b)
k°‘paytmani hisoblang.

hisobUvm’z~alr  Paytmai™ 8 tarifi va xossalaridan foydalanib,
& ~b) (2a+4b)=3a-2a-b-25+35 4b-b 4b=6a2+\0ab-4b2=

1+10]al ~|cosy-4]~|2=6.42-H0-4-6 i-4 -6 2=96 +120-144=72. O

misol. Agar |a]-4, \B|=8,<*=]|"a"j=-" bo‘lsa, bu vektorlarga

® ~ M d°~rarnm diagonallarining uzunliklarini toping.

® b vektoriardan®0"3"  AUrtMan diagonallari a+h V@
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Skalyar ko‘paytmaning xossalaridan foydalanib, topamiz-

[a+it [yj(a +ft)l =Va' +2ab +ft' =t\a }+2% [t |

=7N16+2-4-37-ij+9=VI3,
\a-b\=-yj(a-by =yJa' -2ab +b" =n\a\2—-21a || |cos +I"jr=
=M6+2-4-3~ +9=V37. O

a=ax +aj +a.k, £=bx +b j +b.k vektorlar berilgan boMsin.
U holda
ab =abx+arby +arby
ya’'ni koordinatalari bilan berilgan ikki vektoming skalyar ko‘paytmasi
ulaming mos koordinatalari ko‘paytmalarining yig‘indisiga teng bo‘ladi.

3-misol. Agar a ={4-23},Z>={l;-2,0},c ={2;I;-3} bo'lsa,
(a+3b)’(a-b +c¢) ko™paytmani hisoblang.

@ m=a+3b van=a-b +c¢ vektorlaming koordinatalarini topamz
A={4+312+3-2);3+30} ={7;-8;3}, A={4-1 +2;-2 +2+13- 0- ="
Bundan (2.2) formulaga ko‘ra

MmeA=75+(-8) «1+30=27. O

it

Skalyar ko paytmaning ayrim tatbiglari
1. Ikkivektor orasidagi burchak. a=aj+aj +a.k vab=bj+bj M

vektorlar orasidagi burchak <=(a,b) bo'lsin.
U holda
cos<p= ab
a\\b\
yoKki

S +aby +a:h:
ja; +a; +a] mb; +bl+ ft;

/(< ;4:y,) va A(a2;[;y3) yo'nalishlar orasidagi burchak uchun
00s™>=cosa, cosa2+ cos [, cosfi2+ cos”, cos/.

2m Morningperpendikularliksharti. alb boMsin.

UhoNe ab”ab +ab =o. (2.4)
, v0‘nalishlamingperpendikularlik sharti
I"va cosa, cosa, +coB[ cos/?2+cosylcosy, =0.
j.A0anOberilgfa vo ‘nalishdagiproyeksiyasi:
/bl 5ft aftr+a,ft,+a;ft

4. Kuchning bajargan ishi: A=F Smms<p  yoki A=F5, bu yerda

p=(/\s), ya’ni moddiy nugtaning to‘g‘ri chizigli harakatida o‘zgarmas
kuchning bajargan ishi kuch vektori va ko*chish vektorining skalyar
ko”aytmasiga teng.

4-misol. Moddiy nugta  A(l;-2;2) nugtadan £(5;-5;-3) nugtaga
F=2—2-3} kuch ta’sirida to‘g‘ri chiziq bo‘ylab ko‘chgan. Quyidagilami
toping: 1) F kuchning bajargan ishini; 2) F kuchning kofchish
yo'nalishidagi proyeksiyasini; 3) F kuchning ko‘chish yofnalishi bilan
tashkil gilgan burchagini.

® Moddiy nugta ko‘chish vektorini, uning va F kuchning uzunligini
topamiz:

S=AB={4-3; 5} [|5|=VI6T9+25=5V2, |F|=V4+1+9=VI4.
U holda:
1) A=FS=2 .4 +(-!) -3) +(-3) *(-5) =26 (ish ft);

2nPF=1_ 26 132
1 5v2 57
3)cosip=—£EL__ 26 13>/7 134/7
| *H*FaArsum~in- *-***.55 0
5- misol ni~- .
s Vabbirlik v ?'~* +2b va * =5a - 4ft o‘zaro pedpendikular vektorlar bo'lsa
® * }db ‘1 qganday burchak ® bku giladi? _
Aundan uchun (a +2ft)-(5a-4ft) =0 bo'ladi.
HBe-8fU=g yoki  5|aj2+6]al-|fc] cos'o- 8 1ft p=0.
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a va 2birlik vektorlar bo‘lgani sababli: 5+6cosep-8 =0.
Bundan

1
cos(p~~ y°w =y .n @)

2.2.2. Agar komplanar bo‘lmagan vektorlar tartiblangan uchliginjr
uchinchi vektori uchidan garalganda birinchi vektordan ikkinchi vektor®
eng qisqa burilish soat strelkasi yo*‘nalishga teskari boisa, bunday uchlik®
o‘ng uchlik, agar soat strelkasi yo‘nalishida boisa chap uchlik deyiladi
Masalan, 1, k vektorlar othg uchlik, j j % vektorlar chap uchlik tashkil
giladi.

a vektorning b vektorga vektor ko paytmasi deb quyidagi shartlar bla
aniglanadigan ¢ vektorga aytiladi:

1) ¢ vektor a va b vektorlarga perpendikular, ya'nicla vaclb;

2) ¢ vektorning uzunligi son jihatidan tomonlari a va b vektodardn
iborat boigan parallelogrammning yuziga teng, ya'ni k [HaJJo |sinp,

bu yerda ¢p=(a,b);
3) a,b,c vektorlar olng uchlik tashkil giladi.
a v&b vektorlaming vektor ko‘paytmasi axb yoki [a,b] kabi belgilanadi.

Vektor kopaytmaningxossalari:

r. axb=-bxa;

2. (Nd9)xb =A(a xb) (skalyar ko‘paytuvchiga nisbatan guruhlash xossas
3. 5x(b+c)=axi +5xc (go‘shishga nishatan tagsimot xossasi);

4°. Agar nolga teng boimagan ava b vektorlar kollinear boisa a*b

boiadi. Shuningdek, agar axb =0 (\a\*0,\b\*0) boisa ava "

kollinear bo‘ladi.

6-misol. JI\ic vektorlaming vektor ko‘paytmalarini toping.
® Vektor ko‘paytmaning ta'rifidan quyidagi tengliklar bevosita
chigadi:
ixj=k jxk=i, Kx/=].
Hagigatan ham masalan, i xj =k uchun: 1)Eli k 1j;



- o bl-1m3H 7,kvektorlar o'ng uchlik tashkil etadi.

U r holda vektor ko‘paytmaning I' xossasiga ko‘ra
Yx/=-k, kxj=-i, ixk =-j.
Vektor ko'paytmaning 4' xossasidan topamiz:
Ixi=] xj =&xk=0. O
7-misol. Agar |5]=3, 1*1=4, 51* bo'lsa, | (35-ft)x(5-2ft)] ni

hS’®anVektor ko‘paytmaning ta'rifi va xossalaridan foydalanib,

NB)N-26)=3ax3-bxa-65xb +2bxb =-5axb, chunki 5x5 =0,ftxft=0.

Bundan
|G- f)x(5-2*)N -55x ft 2515 1o [ft |sing? =5 8 misin® =60 +1=60. O

5=a) +aj +ajk,b=bj +b j +b:k vektorlar berilgan bo‘lsin.
U holda
axb m b E:| ZV itzj + o
yoki
i ] K
< (2.5)
K K h
.8 misol. Agar a ={I;3-2},ft ={2;-2,5} bo'lsa, (25 +3ft)x (5 - 2ft)
KO Paytmani hisoblang.
® 1 =25+3ft va n=a- 2ft vektorlaming koordinatalarini topamiz:

N=2m+32;2 «3+3+(—2);2 o(-2) +3 5} ={8,0;11};
Bundan N=0- 2023- 2¢(-2);-2 - 2+5}={-3;7;-12}.

rn)(/j:O 11 . 8 1 8

0
| - —_ *
7 -12 23 .12 J + 37 £=-71/ +637 +56*. O



Vektor ko'paytmaning ayrim tatbiglari
1.Ikki vektorning kollinearlik sharti. a\a b vektorlar kollinear
axh =0
yoki

b b b, u

9 - misol. m, n ning ganday giymatlarida a ={-2;3/%}vab =
vektorlar kollinear boiadi?

® lkki vektorning kollinearlik shartiga ko‘ra =2-3 v

m -6
Bundan m=4, n=~1. O

2. Parallelogramm va uchburchakningyuzlari:

2

N=25 = a= + a, +
b, b K b, K br

10 - misol. a=2j- 3k va b =4/ +3] vektorlarga qurilgan
parallelogrammning yuzini hisoblang.
® Parallelogrammning yuzini topish formulasiga ko‘ra

2 -3 0 -3

0 2
S_30 4 0 4 3

=19 +122+(-8)2=17(#)-°
3. Nugtaga nishatan kuch momenti:
Al=rxF, j
ya'ni go‘zgfalmas nuqtaga nisbatan kuch momenti kuch go‘yilgan nugt*
radius vektorining kuch vektoriga vektor ko‘paytmasiga teng.

2.2.3. Uchta a, b, ¢ vektorning aralash ko paytmasi deb a vekto
b vektorga vektor ko‘paytirishdan hosil boigan axb wvektorni ¢
skalyar ko‘paytirib topilgan songa aytiladi va abc kabi belgilanad*-  LLLL
Komplanar boimagan uchta vektorning aralash ko”payt"3* . "
bu vektorlardan iborat boigan parallelepiped hajmiga ishora
boiadi, ya’ni V*=zxalbc, bunda vektorlar o‘ng uchlik tashkil gilsa |
ishora, chap uchlik tashkil gilsa manfiy ishora olinadi.



* % % IELLEECNE AL R
r (anh) e & (B0,
r Shc=bca-" ~0‘paytUvchining o‘rinlari almashtirilsa aralash

3 DKSiorasini almashtiradi. Masalan, abc=-bad;
ko'paytmai® N {eng boMmagan a,b,c vektorlar komplanar bo*lsa,

4  aralash ko'paytmasi nolga teng bo’ladi. Shuningdek, agar
iI"MHI5W0,!E1*0,]c I*0) bo‘lsa a,b,c vektorlar komplanar bo‘ladi.
° Ca=aj +a~j+a.k, b=bj+bj +b.k, c=cJ +cJ+ ¢;k vektorlar berilgan
boisin.

U holda

** ay az
abc=b, b b (2.7)

11-misol. a ={-I;-3;2}, b =§;2;-4}, ¢ ={3,0;-5} vektorlar berilgan.
abc ko‘paytmani hisoblang.
~ Aralash ko*paytma formulasidan topamiz:

-1 -3 2
abc= 2 2 -4 =10+36-12-30=4. O
3 0-5

j e*tor koipaytmaning ayrim tatbiglari
holda vektorlarning o'zaro joylashishi: agar abc >0 bo'lsa, u

veWhri e*|°rar 0 n8 uchlik tashkil giladi, agar abc<0 boisa, u holda

AcecbpuchH k tashkil giladi.
c tavektoming komplanarlik sharti:

yoki 5Sd =0

2.8)

Q=
o Q
o
I
o



~  rallelepiped vapiramidaning hajmlari:

a* & B/
A= N =det b, A
c, C->

12-misol. a-{2U;-3}, S-fcWb r-M O vektorlarga quril®
piramidaning * va c vektorlarga qurilgan yogiga tushirilgan balandligining
uzunligini toping.

- &=, r veMrarga®P— S
hajminihisoblaymiz:
Vo=dt1 2 25
1 mi 6
-3 M

vektorlarga qurilgan yogning yuzini hisoblaymiz:
1 2 L1 2 .
5=1 2.1, o 1% o ys0400+ (51 =22
21 -3 1 11 1 -3 2V 2

PirarViida uchun V=-3hS. Bundan
, 25

Mustahkamlash uchun mashqlar

*Ng8ar I*h 6, [E 4 o=(1,E)=— bo'lsa, quyidagilarni toping:
2) (2a+h)2; 3) (3a-h)-(a+h); 4) (2a-3b)-(S-M"

N
toping; 2 T = va *={24;-5} vektorlar berilgan. (“{dagi**1
) «o*; 2)7 N 3) (3a-2b) (a+b); 4){a-bf-



2 2). Berilgan vektorlar m ning ganday giymatlarida perpendicular
‘ladi? 1) ag {L~2m"} *={423m}; 2) a={2-2m}, 5={3m]l}
A3) 5=@3" M08~ * =" +w;1;2} 4) 5 =1;-5;2}, N={m- 2;m,m +3}.
2 2-4- &y " birlik vektorlar uchun & +é, +& =0bo‘Isa,
- -s +5¢ nitoping.
2.2.5. Oxz va Owvz burchaklaming bissektrisalari ganday burchak

tashkil giladi?
2.2.6. Tomonlari 5=2/+] va b =-j +2k vektorlardan iborat bo‘lgan
parllelogrammning diagonallari orasidagi burchakni toping.

2.2.7. Berilgan yo‘nalishlar orasidagi burchakni toping:

N | My ,ra Nnon n\ l-(-I‘Sn In_r}
»Ahab'td 2" " T autd

2.2.8. a ={3;-6;-1}, b ={1:4;-5}, ¢ ={3;-4,12} vektorlar berilgan.

Quyidagilami toping: 1) Mpra;  2) Mpc(a+b)]  3) Ap-(2a-3h).
2.2.9. All;2;-3) nugtani Z?(5;6;-) nugtaga to‘g ‘ri chizig bo‘ylab
kolchirishda F ={2;~I;3}kuchning bajargan ishini toping.
2.2.10. a={3;-;5} va A={I;2.-3} vektorlar berilgan. Agar x *a =9,
o-b=-4ya 3 vektor Oz oqiga perpendikular boisa, * vektorni toping.
2.2.11. 5={2;-3)1}, b ={;-2;3} va ¢ ={l.2—F}vektorlar berilgan. Agar
X+a, xxh, x-¢ =10 boisa, x vektorni toping.
2-2.12. Agar |a]=4, |6 |6<p=(s,£)="~ boisa, quyidagilami toping:
)<*xd9  2) I(2a-3b)x (a +4b)l.

Paralon ~ Tomonlari a va b vektorlar uzunliklaridan iborat boigan
ANbgrammning yuzini toping:

a~m+2n, b=2m +n9buyerda |m]=, i<, *=("w)=-;
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; Abuyerca |/m|=4, |9]=3, 9=(10,9)="
2)<=1S, b=2/w-T, yerca. [ml=4 1A1=3, $=(0)

,buyeria |1]=2,]#]=3, 9=(1,0)=
710, 56=25 bo'lsa, 156 Ini toping.

3)i=M, b=5T7 +4m, I 3
i214Agr 15 15, \D\=""'

13, \aib\=36 bo‘lsa, ab ni toping.
Ulinar]5]=3, 1*1=15

_ ={2;-t'l vektorlar berilgan.
ab. .fig: 1 2) (3fI-A)x6;
Vekgzkoaytmalgin%l toping i } ) ( )X

3) u+im, 4) (25 /a A vektorlar uzunliklaridan iborat boiean
20 Tomonlari a v& "¢-

uchfcrctagyuzini toping -+  2)5={2_21K fr={84/1}.
ObftOi b ={05-7>
3)b{LL, b- {632}
Ephlari i(l;2,0), 5(3;0;-3), C(5;2;6) berilgan.

-2H Lchburc uc .~ c tomonga tushirilgan balandlik uzunligini
unveywyuya B uchidan a*

topiig.
ilgan. Bu kuchning B nuqtaga nishatan
U.Hmuqgtaga F kucK 4q5}X"021 -\i2;3);

moaning: 1) F={z "000; 3)F={12-1} "(:4:-2), S@3:1)
2)F—{M} >2—%-2), B
t gan ™\ yektorlar berilgan. 5 =a m +6&”? va

- bllnear bo gjymatida kollinear bo‘ladi?
N =3n 2wektorlar a ning O'

- N {763 vektorlar a va flning ganday
U.2li={-I;:3;a} ya

giyrtatianaikollinear b o iad i

b=}15 vektorlar berilgan. Quyidagi
U2zkkita 5={2;-3, vektorr!ltoplng

sharianjawatlantiruvchi r vau N . 3)5.-=n
1) ha \b-x =I\ 2) X

% |Tkomplanarm|7 1)5 ={3;-2;1}, b ={21,2},
Nyidagivektorl”

c={U1 2)a={2-1,2}, *
3)5*en,b ={1;9;-11},c"



» q4 nandav giymatlarida a,b,c vektorlar komplanar bo‘ladi?

2Un' 1 r' <3BL
"y“! piramida uchlarining koordinatalari berilgan. Piramidaning
2,2,2 Muchidan tushirilgan balandligini toping:
hgjmim va D A C(_3_2;8).Z>(1110); 2)XK1;1'1).B(2;0;2),C(22;2),0(3;4;-3);

- b ¢ wvektorlar berilgan. Bu vektorlar ganday uchlik tashkil
2,2"iqlang va qirralari bu vektorlardan iborat boigan parallelepiped

Ljminiwing. _3;Ib _,(0;2.5). 2) a-<l-»>,5-(Ma),c=(-U0;1;

SslIftsM -fl*-4"r-]2A;2,; He. (N A, b-bl n«, 1. ] ;3]

. - . UA va 5=Wm-24> vektorlar berilgan. Agar a*=-7, x5b =6
vac a JTi vektorfto-gigaperpcnd.kularbo'lsa, i vekton, toping,

2-NAIZORAT ISHI

1 a va b vektorlar berilgaun. Bu vektorlar bo‘yicha tuzilgan cva d
vektorlarning koliinear yoki ortiogonal bo‘lishi- boMmasligini tekshiring.

2. Anugtaga F kuch go'ytilgan. F kuchning to‘g‘ri chizig bo'ylab
AB ko'chishda bajargan ishini  va Bnuqtaga nisbatan momentini toping.

3. Uchlari A,B,C,D nugtalar*-<ia bo‘lgan piramidaning hajmini va ABC
yoq yuzini toping.

1 a={50—4 £={7;2;3), c=23-—D, d=1Ib-ba.
2. F=(-6;2;5), A-3;2;-6). B(4; 5;- 3).
3. VA(I;2), B(-1:1;3), C(2;-2;4), D(3<-1;0;-2).

2/\2-variant
1. a={42,-7}, b={,0;-3}, c =a-----3b, d=bbh-2a.
2-"=(-6; 1 4), 4-7,2,5), B4, — 2;1).
3- -4(-U2-3), B(4:;-1,0), C(2;;-2), D(3:4,5).
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2-MUSTAQIL ISH

\.AB,C nugqtalar berilgan. Quyidagilami toping: a) ah skaly®
ko‘paytmani; b)Mp~ proyeksiyani; ¢)<p={a,c) burchak kosinusini;

d) Jvektor ortini; e¢) / kesmani a:p nisbatda bo‘luvchi m nU®
koordinatalarini

2. a,b vektorlar berilgan. Quyidagilami toping: a) tomonlari a\
vektorlardan iborat bo‘lgan parallelogramm yuzini; b) parallelogram!,,

diagonallari orasidagi burchak sinusini, bu yerda <=(T,n)

3. a,b,c,d vektorlar berilgan. Quyidagilami toping: a) d vektoming
a,b,c bazis bo'yicha yoyilmasini; b) girralari a,b,c vektorlardan iborat
bo‘lgan parallelepiped hajmini; ¢) parallelepiped balandligining uzunligini
( a, bvektorlar parallelepiped asosida yotadi).

1-variant
1. AL32), B(-2;4;-1), C(I;3;-2};
a=AC, b=CB, ¢ =AB, d =2¢+5b, | =AB, a= 2, P =4.
2.a=m+n, b=2m-n, M2 phIB
3. a={201}, 6={11,0}, c={412}, J ={805}

2-variant
1. A4B7), B(2;-4;1), C(3-4;3},

a=BC, b=AC,c =AB, d=5¢-2h, /=BA a=4, p =3.

2.a-m-29, &=m+31 |ml=1 [Fj=2 .
3. a={12-1}, £={302}, c={-L;I}, J ={8112}.
3-variant

1. N(-4;-2;-5), A(3;7,2), C(4:6;-3};

a=ACy b=BA9c =BC, d=3c¢+9b, | =AB, a=3, 0 =4
2.a~6m-n, b-m +n, \m\~3, A1, (p-4—,
3. A={101}, 6 ={1~20}, c ={031}, f={275}.



4-variant
1. X34)), B(5;-2,6), C(4:2,-7};
S=AB>2=4C, d =-l¢ +5b, 1=AB, a =2, /?=3.

2. h=3m+24, £=31-ih, |w]=, |F=2, ="

3. n={012}, £=3101} ¢ ={-1,24} J ={-2,4;6}.
5-variant

1. XKB:45), XKT7;1,8)"C(2;-2;-7};

az=AB, b=CB,tc =AC, d =-2¢ +5b, bIBA, a =2, /=3

2.a=W+in,  b=2rh-n, [m|= KIS ¢:21-

3. 8=POHK £={03.2}, c ={I;-I;1}, rf ={1;-4;4}.

6-variant
1. N(4;3;-2), £(-5;2;6), C(4;-4;-3};
a=AB, b =CB, ¢ =AC, d=~¢ +4b, | =AB, a=3, B=5
2.a=2w+d b=2m-n, ME, jAF2 (@=—
3. a={£201}, 6={1;3;-1}, c ={041}, J ={-5;-5;5}.

7-variant
1 -4245), S(I;-2;3), C(I;-2;4};

5=5C, 6=1c, c=/IB, I=3c- 4b, /=B/l, a=2, /?=3,
2-a=m+3n, b=2m-3n, \mM\=2, ||=, <Pp=-.
L 3 i1, b=£201, c={310}, d ={-19:1.7}. °

I 8-variant
Aj>'~2,~6), B(3:45), C(2;-5:4};

e= E£=/1C,c=5C, d =-5c+%b, | =CA a=4, /3=3.

4 -S +2J), S,3«-2S, 1*1-3, [WE2 ,«£.
* e -{3;1;0}, 6 ={-1,2,1}5 ¢ ={-1;0;2}, J ={3;3;-1}.
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29-variant y
1 A{-2;3;-4), B(3;-1:2), C(4;2:4(;

4= b =AC,c =CByJ =4c +76, /=&4, a=5, /=3

2. 4 =3m+ij, b=3m-24, ImFL 92 =5°

3. a={210} *={101} c={-21}, J ={513}
30-variant

1. N(-1;-2;4), 5(2;4;5). C(l;-2;3};

a=C4, b =BA,c=BC, d =3¢-4b, 1=BC, a= 2, A=4

2.a=417 +2i", b=m+2n, |/M]=2 |i]=l, <P=J-

3. a={0-2}, b={3-ll>, c=<4]l0}, J ={59;-13}.
NAMUNAVIY VARIANT YECHIMI

1.30. XK-1;-2:4), B(2:4,5), C(l;-2;3};
a=CA b=BA ¢=-8C d=3c-4b, I=BC, a =2, =4
<> a,5,c vektorlami topamiz:
a=G4={-2,0;l}, 6 =A4={-3;-6;-1>, c =BC={-1;-6;-2}.
U holda
d =3c- 46 ={-3+12,—18+24;-6 +4} ={9;6;-2}.
a) ab skalyar ko‘paytmani aniglaymiz:
ab =(-2) «(-3) +0x(-6) +1+(-1) =5
b) cd skalyar ko‘paytmani topamiz va \d\ modulni hisoblaymiz:
erf =(-1) M0 +(-6) 6 +(-2) «2=-49, |d [F/92+62+(-2)2=11.
Bundan
ﬁ;o.'c=|°\j'| ﬁ
c) ac skalyar ko'paytmani va |al, |c| modullami topamiz:
ac =(-2) o(-1) +0e(-6) +1(-2) =0, Ja]=y/(~2) +02+12=>/5,
Ic |=>/(-1)2 +(~6)2+(-2)2=>/41



Bundan

ac (@]
(003 =
P 5]-lc]  V5-VAT'

d) d ={9;6;-2) vektorning modulini topamiz: | F"92+62+(-2)2 =11

U holda d" m 9 62
olda 1111 1
e) 1 =—=- =2. U holda
XA+A* 2421 4 4+42+-2) n
" 1+A 1+2 3 1+4 1+2
_zfi+Az4 54-2-311
1+A " 1+2 ~T'
Demak,

"OT)
2.30. 5=4/9+24, b=m+2n, |in|F2, |9]=, -~y -

® a) ax6 vektor ko'paytmani topamiz:
axb - @m+29)x (M +29) =4 TXT +8TXA+249XT +4dAxH9 =
=8&Mxn - 2mxA=6mx A

Vektor ko‘paytmaning ta'rifiga ko‘ra tomonlari 5va6 vektorlardan
iborat bo'lgan parallelogrammning yuzi

S =\axb\=6\m\-\n\sin(p=6-2-\-—- =6113(yb).

k) 5 va ~ vektorlaming yigIndisi va ayirmasi tomonlari bu vektorlardan
iborat boigan parallelogrammning diagonallari boiadi.
NN =a+5vad2=a-b, y=(a,b) bolsin. U holda vektor kofpaytmaning
tonfiga ko ra 13txd2 d{Je|d2%siny/. Bundan

sinly/=J4xdA
\dMd2\

N
(i >rf, x<2 vektorlami topamiz:
J, =4m + 24 +in +24 =5m +44,
d2=4m+24- in- 29 =3m,
dxxd2=(5in+44) x 3Im =129 x in.
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Bundan
N\l +4nY =225m' +40mn +\6n2 =4251m R-VAOL Av]s T Joos™>-HL61
=p125-4+40-2-1 ~+16-1=2n/39, \d2|=3Tnl=3|1]=3-2=6,

o
B4 d 21=1219xT| =12 0 | [smep=12-2-1 %2 =103
U holda
2v3 M3 n
2039 <6 13"

3.30, g ={0;1,-2}, 6 ={3~11}, c ={41,0}, <={-5;9;-13}.
® a) d =aa +pb +m bo'lsin. U holda

3p +4y ~ -5, a- p+t y=9 a- p+y- 9
a- P+ y= 9=*2a+/, =-13,=' - P+2y= 5 =
-2a +p =-13 3p+4y= -5 3p +4y = -5
a- /9+ Y= 9 r= o r=1 a= b5,

P-2y= -5=>< >3-21=-5 == [?2=.3,=> [f1=-3,
&= o a-/?7+ 1=9 a+3=38 y= 1
Demak, d =55-36 +c.

b) aEc ko‘paytmani topamiz: =

OHI’L)
1
1
[SEN
©

>~ w o

1
-1

1
Bundan

V=\ahe |=10010).
c) a x bko‘paytmani aniglaymiz:
[y £
_ 1-2 0-2 01
axb=0 1-2 = [ - 7+ K=-i —bj- 3
3 _1 0 '1 1 3 1 3 'l
U holda SqaxEE"(-1)2+(-6)2+(-3)2=s/46. Parallelepiped uchun V=5mi
Bundan
, K 10 5n/46. ,, n



LLI bob
Ti.;Kisl 1« yve 1 analitik geometriya

y.I.r~ KISLLKDA koordinatalar SISTEMASI

gtyttX: i;rrrs bf -r* ok “

N b" T r#iaemasini hosil giladi. Busis,e™ iL T 'Sikda dekan

0% lno'ed'g" P ‘vabirgalikda

ataladi Bund*» <* ™ 2~ ‘g gqlammg ‘ortlari , ya n « -A*
/ *y ko« / «, deyiladi * oy *

Joyhsfrgan tek<sl,t*»«* « .« . fefafe' deb ataladi va a * bllan belgllaJ di
<kanuqtaS|nmg 0, vektoriga ® *m

Or/ tekiS
deyilacth __,  radius vektorning koordinatalariga .
We/# Mel" rt koordinatalari deyiladi. Agar nn7={*yj boba n”

~ k”ordinatalan J1/(x;_y)kabl belgllanadl bu yerda I soni” ~
404 %ﬁﬂiﬂﬂ a/Nissasi, y soni n/nuqtaning ordinatasideb ataladi

30-2. Terislikda safl°4 boshiga, musbat yo‘nalishga qvg masshtab

birligigha ega b "~n aﬁi% oad] w{bDO\QI unin
0 sano™Jboshi 4uth deb ataladi.
Tef£isliknt*?8 qutb  bilan  ustma-ust
tshmaydigan xtyoriy M nugtasining holati
‘bkitas*on,o cfutbdan /V/ nuqtagacha bo‘lgan
r toas&fava 63" 4“tb o”qi hilan gm yo‘nalgan
Asitia c?rasidag:> Vburchak bilan aniglanadi
r va <P sonlariga M nugtaning qulb

boordin/H alari  deyilacSi va. wm(np) deb
y°aladi «Bund” r roasofa qutb radiusi,
¢ burchagidtb ataladi.

Vburch>a® 4ut



Bundan
Idt [Fn/(5m +4n)3 =V25in' +40/aii+16112 =725 1At | +40]w»|-]«|cos()? +16 | ~:
Iff, | =3~T=3|7]=3-2 =6,

=NA25-4 +40-2-1 i +16-1=2n/39,
N . w3
Irf. x 3, |=12]ix m|=12 [A1-Im IsSiv>=12 2 -1+ — = 120/3,

; VI3
Sinl/:=—--p==--=--—--=1, 6
I 211??3?—6 13

U holda

3.30. a={0,1-2}, £={3;-II}, c ={410}, ={-59;-13}.
® a) d=aa +pb+yc bo'lsin. U holda

3p +4y~ -5, a- p+ S a- P+Y- 0
a- P+y» 9, =«2a+p =13=>* -p+2y= 5=
-2a+p =13 3p +4y= -5 3p+ay= -5
a- p+ y= 9 r= 1 r= 1 a= b5
= P~2y= -5 = —2e1=-5 = /7=-3, £=-3,
o= O a~P+ 1=9 c y= 1
Demak, d =5a-3b +c .
0 1 =2
b) abc ko‘paytmani topamiz: abc= 3 -1 1 =10.
4 1 0
Bundan
V=abce |=10(17).
¢) axb ko‘paytmani aniglaymiz:
b = ! |7 £ 1 -2 / 0 -2 0 1
axb =0 2 -1 1_3I7+3-1
3 -1 o
Bundan



111 bob
TEKISLIKDAGI ANALITIK GEOMETRIYA

3.1. TEKISLIKDA KOORDINATALAR SISTEMASI

Dekart koordinatalari. Qutb koordinatalari
Koordinatalarni almashtirish

3.1.1. Umutniy boshlang‘ich O nuqtaga va bir xil masshtab birligiga
ega bo‘lgan o‘zaro pedpendikular Ox va Oy ofglar tekislikda dekart
koordinatalar sistemasini hosil giladi. Bu sistemaning Ox o‘giga abssissalar
0 ‘qi, Oyo'giga ordinatalar o ‘qi va ular birgalikda koordinata o glari deb
ataladi. Bunda Ox va Oy o‘gqlaming ortlari 7 va 7 bilan belgilanadi
(fP714, 1£)),0 nugtaga koordinatalar boshi deyiladi, Ox,0y o‘qlar
joylashgan tekislik koordinata tek isligi deb ataladi va Oxy bilan belgilanadi.

Oxy tekislik M nugtasining OM vektoriga M nugtaning radius vektori
deyiladi.

&> OM radius vektoming koordinatalariga M nuqtaning to'g'ri
burchakli dekart koordinatalari deyiladi. Agar OM ={xy} bo‘lsa, 1 holda
Mnugtaning koordinatalari M(x;.y)kabi belgilanadi, bu yerda x soni
Whnugtaning abssissasi, >>soni M nugtaning ordinatasi deb ataladi.

3.1.2. Tekislikda sanog boshiga, musbat yo‘nalishga va masshtab
birligiga ega boMgan Op o0‘q qutb o ‘gi, uning
O sanoq boshi quth deb ataladi.
Tekislikning  qutb  bilan  ustma-ust
justanaydigan ixtiyoriy M nuqtasining holati
r la ° gqutbdan M nugtagacha bo‘lgan
masofa va Op qutb o‘gi bilan OM yo‘nalgan
n~orasidagi  burchak bilan aniglanadi.

nooX "H 80" !'? JVnugtaning quth
y°2iladi Bun I yiadl va M{n(p) deb

o burhak iy BTSSR GRS



Qutb koordinatalari 0<r <+q -n <<p<n kabi o‘zgaradi.
Nugtaning qutb koordinatalaridan dekart koordinatalariga
X =rcos<p, y =rsin(p. (1.1)
tengliklar bilan o‘tiladi (1-shakl).
Nugtaning dekart koordinatalaridan qutb koordinatalariga o‘tish
r=ylx2+y2, tg<p= (1.2)
tengliklar orgali amalga oshiriladi. Bunda (p burchakning giymati nugtaning
joylashgan choragiga (x,y laming ishoralari asosida) garab, -n<gq><n
oraligda tanlanadi.
1-misol. M(-3;-3)nuqta berilgan. M nugtaning qutb koordinatalarini

toping.
® (1.2) formuladan topamiz:

r=V(-3)2+(-3)2=3Vz2,  <9=agcfgj—J =arcty\ =~ +nn.

M nugtan Il chorakda yotadi. U holda n=- 1va<p=" - *=-~ Dboiadi.

Demak,
O

2-misol. Qutb koordinatalaridaberilgan AZ,(r,;ftjva M2r2g2)nugtalar
orasidagi masofani toping.
® Ikki nugta orasidagi masofa y
formulasida (1.1) bog‘lanishni hisobga olib
topamiz:
d =V(x2~*1)2+(Y2~N)2=
= (r, cos(pe - 1, 008<p,)2 +(r2singR- r,sinft)2 =
=/f2+12 - 2rrXcosft cosft +sinftsinft) =
=VE2+1 - 2rr, cos(ft - ft).

Demak,
d =Vr2+rz2- 2rr, cos(ft- ft). O 2-shakl.



s-misol. ABC uchburchakning uchlari berilgan: AxyA B(*2>YX
C(x}y3e Uchburchakning yuzini koordinatalar usuli bilan toping.
@ A,B,C\ichlardan Ox o‘giga AAt, BBn CC, perpendikularl*1
tushiramiz. 2-shakldan topamiz:
YRC AAEB* /BRI SAKT*
Bundan

:j](xzy, - XY, XY 2- X, y2+Xy2- XF2+Xsy, - XY, - Xy, +XY, - X)>+r.3J -

~AMXr(y2-y,)-X,(¥2-y,)-X2Ay}-y,) + X (Y, -1,)) =

B XA
= (U2 - W)X -x) - (V3 Y )(X2- x))= 1
Y5s-N\ »2-Y1
Demak,
SA- A ~x\ Xi~xx
Yr-¥x  ¥2“ W\
3.1.3. Nugtaning bir sistemadagi koordinatalarim uniflS boshga

sistemadagi koordinatalari bilan almashtirishga koordinatalami ctimashtirish

deyiladi.

Tekislikda Oxy to‘g‘ri burchakli koordinatalar sistemasi beril™n taisin.
Koordinata o ‘glarini parallel ko'chirish - bu Oxy sistem”ar uning

o glari yo‘nalishlarini va masshtablarini o‘zgartirmasdan fagat ko & iatalar

oshining joylashishini o‘zgartirish orqali yangi Orxy i sistemaga o‘tishdir.

N NQOrdinata  o‘glarini  parallel  ko‘chirishda  tekislik  i*tiyoriy
nugtasining Oxy sistemadagi (x;y) koordinatalari Oxyt skteadagi
;Y) k°ordinatalari orgali

%1,M . . X=x0+x', y =yQ+y’ U-4)

boshing a bu yerda x0;y0- Oty {sistema ot icoof(* natalar

Koorc QXY S'stema”™a”i koordinatalari.
k°shini \ Jn?tQ° ~arin*burish - bu Oxy sistemadan uning koordinatalar

° 4brini bir*b? ~sshtablarini o‘zgartirmasdan fagat koordinata
or urchakka burish orqgali yangi sistemaga o ‘ti™<r

99



Umumiy O nugtaga va bjr xj] masshtabli o‘glarga ega bo‘lgan Oxy va
Oxx¥ xkoordinatalar sistemalarjda m nugtaning koordinatalari

X=X cosa-ysina9 y =x's\na +y'cosa ' gn
tengliklar bilan bo‘g‘lanadi.

Agar yangi sistema eski sistemadan koordinata o‘qlarini parallel
ko*chirish va burish orqgali hosji giiingan bo‘lsa, u holda

* =*) +x cosa’ysina, y =y0+*'sina +/cosa.
4-misol. To”g'ri burchakli koordinatalar sistemasining 0°‘qlari J12-6)

nugtaga parallel ko4&hirilgan va a =arctg™ burchakka burilgan. Yangi

sistemaga nisbatan Ava B(5") nugtalaming koordinatalarini toping.
® (1.6) formulalardan topamiz:

X cosa -y Sif™- x"x"N x'sina +y cosa=y-y0

Bundan
x'= (x -*0)cosa+ 0= Ji(>)sincr, yI:(y_yO)Cosa'(iC-th)sin a. (1.7)
a=arctg- da cosa= ---- *
> 50 45
U holda

r,=4(nr-grob 30,-n) , 4(y-y0-3(g-4c0)
.. 5 5
Nugtalaming yangi sisttmadagi koordinatalarini oxirgi tengliklar bilan

topamiz:
Anugta uchun;

B nugta uchun;

y=SIt6t i <Kz i2),13ya,ni 0



Mustahkamlash uchun mashqlar

3.1.1. Ox, Oy o‘glariga va koordinatalar boshiga nisbhatan
A(-32) nugtaga simmetrik bo'lgan nugtalami toping.

3.1.2. Berilgan nugqtalarga 1 va Il chorak bissektrisalariga nisbatan
simmetrik boMgan nugtalami toping:

4-1:2), S(4;-D, C(-2;-3), D(4;3).
3.1.3. Berilgan nugtalaming qutb koordinatalarini toping:
31, 3;-1), C(-3,-3), D(0;-3), £(-3;0).
3.1.4. Berilgan nuqtalaming tolglri burchakli koordinatalarini toping:
4*1 *(*-§) c[51) / (tf)

3.1.5. Qutbga va qutb olgiga nisbatan berilgan nuqtalarga simmetrik
boigan nugtalami toping:

30y
3.1.6. ABCD parallelogramm diagonallarining kesishish nuqtasi qutb
koordinatalar ~ sistemasining qutbi bilan ustma-ust tushadi. Agar
Parallel°grammn'ng ikkita uchi bo‘lsa, uning golgan ikKi
uchini toping.

3.1.7.75;”~]) va *8;--~j nugtalar orasidagi masofani toping.

OM 3/171 Uchlari °4utbda va B(r2\(2) nuqtalardajoylashgan
uchburchakning yuzirri toping, bu yerda @xpr

/ AN ratnng ikkita garama-qgarshi uchlari berilgan:
vV 6/ AN~j-Kvadratning yuzini toping.

KyifWw ™ * AVatratn/h” ikkita go'shni uchlari berilgan:
yuzini toping.



3.1.11. Uchlari N(-3;2), B(3;4), C(6;l), D(5;-2) nugtalarda bo4gan
to‘rtburchakning yuzini toping.

3.1.12. AlL2), £(44)nuqtalar berilgan. Agar ABC uchburchakning
5ga teng bo‘lsa, Oxo‘gida yotuvchi C nugtani toping.

3.1.13. N1(55), B(2;-3), C(-2;3) nuqtalar berilgan. Koordinata
0'zgartirmasdan koordinatalari boshi ko&hirilgan: 1) Anuqtaga;
2) B nugtaga; 3) C nugtaga. A,BEnuqtalaming yangi sistemadagi
koordinatalarini toping.

3.1.14. Koordinata o‘qglarini a =30° ga burib AN\ #(v3;2) 023

nugtalar hosil gilingan. Bu nuqtalaming eski sistemadagi koordinatalarini
toping.

3.2. TEKISLIKDAGI TO‘G‘RI CHIZIQ

Tekislikdagi chizig. Tekislikdagi to6g‘ri chizig tenglamalari.
Tekisiikda ikki to‘g4ri chizigning o4zaro joylashishi.
Nugqtadan tofg‘ri chiziggacha boigan masofa

3.2.1. Oxy tekislikdagi chizig tenglamasi deb aynan shu chiziq ke
nugtalarining  xvay koordinatalarini  aniglovchi ikki  o‘zgaruvchining
/?(x,y) =0 tenglamasiga aytiladi; koordinatalari ikki o‘zgaruvchinifig
F(x,y) =0 tenglamasini ganoatlantiruvchi Oxy tekislikning barcha J1/M
nugtalari to‘plamiga tekisiikda shu tengiama bilan aniglanuvchi chm .
(to‘g‘ri chiziq yoki egri chiziq) deyiladi.

Tekislikdagi chizig qutb koordinatalar sistemasida F(r,<p)=0 teng
bilan beriladi, bu yerda r,(p- chiziqg nuqtalarining qutb koordinatalari. j

Ayrim hollarda tekislikdagi chizig >=/(x) tengiama bilan ben
Bunda chizig y =f(x) fimksiyaning grafigi deb ataladi. n

Tekislikdagi chizig ikkita x=x(t),y =y(t),teT tenglamalar
berilishi mumkin. Bunda jc=x{®>>=;y(/)tengliklami qganoatlan”~"J
barcha M(x;y) nuqtalar to‘plamiga tekislikdagi chizigning P
berilishi,  x=x(t\y=y(t)  funksiyalarga bu chizigning P»



1 lari t ga parametr deyiladi. Chizigning parametrik tenglamalaridan
tengla® tenglamasjga  jr=A(/)*=>(/)tengliklarning har ikkalasidan
f(X'¥) dir usul bilan / parametmi chigarish orgali o‘tiladi.
gandrekislikdagi chizigning ikkita x =x(t\y =y(t) parametrik (skalyar)
~glamalarini bitta r =r(Ovektor tenglama bilan berish mumkin.

322 & XY o'zgaruvchilaming har qanday birinchi darajali

. asi tekislikdagi biror to‘g‘ri  chizigni ifodalaydi va aksincha,
tekfslikdagi har ganday to‘glri chizig xyy o”zgaruvchilaming biror birinchi
darajali tenglamasi bilan aniglanadi.

To'g'ri chizigning tekislikdagi har xil o‘mi (berilish usuli) turli
tenglamalar bilan aniglanadi.

1 Berilgan nugtadan o'tuvchi va berilgan vektorga perpendikular
to'g ri chizig tenglamasi:

A(x-xQ+B (y-yo)=0, (2.1)
bu yerda A,B- tof'ri chizig normal vektori (to‘g‘ri chizigga perpendikular
boMgan vektor) fi={AB}ning koordinatalari; x0,y0-berilgan nuqgtaning
koordinatalari, ~ x>y- to‘g‘ri chizigda yotuvchi ixtiyoriy nugtaning
koordinatalari.

2. Toy ‘richizigning umumiy tenglamasi:

AX+By +C =0, (2.2)
buyerda C-ozod had; A2+B2* 0.
Bu tenglama bilan aniglanuvchi to‘g lri chizigning xususiy hollari:
A+t =0 (B=0)-0y o'qqa parallel yoki Ox o'qqga perpendikular;
y+C=0 (4=0)~ Ox o‘ggaparallel yoki £x/dqqa perpendikular;
=0 (c =0)—koordinatalar boshidan o‘tuvchi;

x- 0 (B=0,c =0)- Oyo‘qda yotuvchi;
N 0 (A- 0,C=0)- Oxo‘gda yotuvchi.

°'tuvchivaarifhizigning kanonik tenglamasi ( yoki berilgan nugtadan
en &n vekt°rgaparallel to 'g'ri chizig tenglamasi):
- Y-Yo
ynda n,, R p.. A . s
- jwiua to *g'ri chizigyo "naltiruvchi vektori (to‘g‘ri chiziqqga parallel
0 Igan vektor) v=Y:q\mng koordinatalari.



4. Toy'ri chizigningparametrik tenglamalari:
F=E ALY =Y+t

ljii yerda /-parametr. @
5. Tofy'ri chizigning vek tor tenglamasi:
r=r0+ts,
HJ yerda f,r,- mos ravishda M(x-y), A/~NJnuqtalarning ra{c?{-B)
\ektorlari. L
6. Berilgan ikkinugtadan o ‘tuvchi to §'ri chiziq tenglamasi:
*_*- y_y’
Xi~x, Yi-Y,’ (26

[>uyerda x,,y,,xr,y2-berilgan ikki nugtaning koordinatalari.
7. Toy'ri chizigning kesmalarga nisbatan tenglamasi:
XY
a+l 1 )]
Nyerda a,b- to‘g‘ri chizigning moc ravishda Ox va Oy o‘qglarida ajratgan
tpmalari.
8. Toy ‘richizigning burchak koeffitsiyentli tenglamasi:
y-kx+b, (28
Neyerda Kk =tg<p-toy i chizigning burchak Kkoeffitsiyenti, <p- toy'ri
dfiigning og'ish burchagi (Ox owning musbat yo*‘nalishdan berilgan to‘g'i
Nizigga soat strelkasiga teskari yo‘nalishda hisoblangan eng kichik
juichak); b - to‘g‘ri chizigning Oy o'gda ajratgan kesmasi.
9. Berilgan nugtadan berilgan yo'nalish bo'yicha o "tuvchi tot'ri
J&iq tenglamasi (yoki tof§ ‘richiziglar dastasi tenglamasi):
y-y. =k(x-xt), 29
Ngerda xny, -berilgan nugtaning koordinatalari.
10. Toy ‘richizigning qutb tenglamasi:
rcos(a -<p)=p, e
hwerda p-qutbdan to‘g‘ri chiziggacha bo'lgan masofa; a -qutb oqi bilan
I“gan to‘g‘ri chiziqgga pedpendikular o'q orasidagi burchak; r,<p- to'g'n
jiizigda yotuvchi ixtiyoriy nugtaning qutb koordinatalari.
11. To'gri chizigning normal tenglamasi:
xcosa +”sina-p =0 0N
yerda p - koordinatalar boshidan to‘g‘ri chiziggacha bo‘lgan masofa;



_ bilan berilgan to‘g‘ri chizigqa perpendikular o‘g (inonna!
-Ox o'qi
rt orasidagi burchak.
%8> To‘g'ri chizigning (2.1)-(2.11) tenglamalaridan har birini

i keltirib chigarish mumkin.

1-misol. aning ganday giymatlarida (a-2)x +(a2-3a)"-2u +l=0
*'ri chizig: 1) Ox o'‘gqa parallel boiadi; 2) Ox o'gga perpendikular

boiadi; 3) koordinatalar boshidan o‘tadi.

© 1) To'g'ri chizigning umumiy tenglamasida .4=0 boisa to‘g‘ri
chizig Ox o‘qqgaparallel boiadi. Bundan a - 2=0 yoki a =2

2) (2.2) tenglamada 5 =0 boisa to‘g‘ri chiziq Ox o‘qqga perpendikular
boiadi. U holda al~3a =0 yoki a =0,a=3.

3) To'g‘ri chiziq koordinatalar boshidan o'tishi uchun to‘g‘ri chizigning
umumiy tenglamasida C=0 boiishi kerak. Bundan - 2a+1=0

yokia=". O
2-misol. 3ar-2~-6 =0 tengiama bilan berilgan to‘g'ri chizigni chizing.
® Tekislikdagi to‘g‘ri chizigni chizish uchun uning ikkita nugtasini

bilish yetarli.
To'g'ri chizig tenglamasida, masalan jc=0deb, v=-3ni, ya'ni /1(0-3)

nugtani  va shu kabj «(t-i3 nuqtani topamiz. Bu nugtalami tutashtirib,

berilgan tenglamaga mos toly ‘ri chizigni chizamiz. (3-shakl).
Bu masalani boshqgacha, ya’'ni to‘g‘ri chiziq tenglamasini kesmalarga
nisbatan tenglamaga keltirib yechish mumkin.
uning uchun tenglamaning ozod hadi (-6)ni Yy
ong tomonga o‘tkazamiz va hosil boigan
eng i ning har ikkala tomonini 6 ga bo‘lamiz:

3% 256, =i yoki o /X
6 6 -1
_ /B
3) —2
b’lan ani4lanuvchi to'g'ri chiziqg
tomonga 2 ol nisbatan (2co‘gida o‘ng 7
tene Ir " ten®tesmava Qvo'gida pastga 3 ga 3-shakl.

ng kesma ajratadi (3-shakl). o
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o'tuvchi va a ={34} vektc. *! - Uvagan

va b ={8;-2} vektorga paraMTReMLLI 459 VA -2;2)nuqtafan o tuveh
A j va U3) nugtalardan o'tuvchi-

4) Omro-qi hilan bortfej, giluvchy» ~  0.gni nugla*
kesuvchi; 5) MN2.-1) nuqvtuvchi va, 0>q b]jan ~ 3 *
hosil giluvchi; 6) koordinafc ijHa T , 4
e To'g'ri chizi, .eniti 'T’ekeSm\ aJrr VChi
holda tuzamiz; Planning shartlariga mos
chizig ttngbm as~ T p k' ; Jrga PerPendikular to‘g‘ri
~3(r-2)+ *m_0s -3ac+L| +12=0 Ki
-4j -18 =0
wng~ '(M )7 A~ n ° ', abeU* 2 [ * * chiziqg
X+2 yn?2
3 - 2. "MN=3(>2), 2#4+3j,_6_0 yok|
*3y —2—0;

3) berilgan ikki nugtada .-; ‘in‘o‘ri rw | i abi
Zr-_azz ;//+, f y ng ncS tenglamasi gabinoan

1-4 3+ ~=2° A~A=3743 yoki
3711 =0,

4) to'g-ri chizigning bun*ffitsiyentl,4g|iinias. (J g) » *
I}4x +4 yoki

=g +4
5) to‘g'ri chiziglar dasta ;lamasi (2.9)>ko.ra

Y+2 -* —(x-2)M x _2>x-Ify +2=0 yoki

6) to'g'ri chizigningL, ~ atan 4]Jamas.p 7)gako.ra

|_4):1 yoki
'Wy-12=0. 0
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4 -misol. A/(4;y]) va N/,(4;,0) nugtalardan o‘tuvchi to‘g‘ri chizigning

autb tenglamasini tuzing.
<> To'g'ri chizigning M, va M: nuqtalar orasidagi kesmasi katetlan

4 gateng bo‘lgan to‘g‘ri burchakli uchburchakning gipotenuzasi boMadi
(4-shakl). Bunda qutbdan to‘g‘ri chiziggacha
boigan masofa  to'g‘ri burchak uchidan
gipotenuzaga tushirilgan balandlikdan iborat.
Uning uzunligini (/>ni) va yo‘nalishini (or ni)

topamiz:
p O FIOM 4 Ao 457
N\OM, 12+ OM 147+47 4

Bundan (2.10) formulaga ko‘ra
rcos<p T =2v2. O

5-misol. To'g'ri chizigning
5ar-12 y+8=0 tenglamasini normal ko ‘rinishga keltiring.
® Berilgan tenglamani normal ko'rinishga keltiramiz. Buning uchun

tenglamaning chap va o‘ng tomonini normallovchi ko paytuvchi deb
soniga ko‘paytiramiz. Bunda M ning ishorasi

ataluvchi M =%~ - .
yjA2+B

C ning ishorasiga gqarama-qarshi qgilib tanlanadi

Uholda M =- 1 _1L3,chunki C>0. Bundan

=0,
13 13 13

buyerda cosa =- —, sina =12 =—. O
y 13 3771

3.2.3. (=8i Ikki to‘g ‘ri chizig orasidgi <p burchak to'g‘ri chiziglar

tenglamalarining ko‘rinishi asosida topiladi.
Agar to‘g ‘ri chiziglar umumiy tenglamalari Ax+B,y +C, =0 va

+B% +c¢ 2=o0bilan berilgan bo‘lsa, u holda
(2.12)



Bunda to'g‘ri chiziglar orasidagi o4kir burchak (2.12) tengliknjn
tomonini modulga olish orgali topiladi.

Agar to'g'ri chiziglar kanonik tenglamalari **™* '
P. qx
va x—x>=——  bilan berilgan bo‘lsa, u holda
Pi r
bl = AA +N\T
bl 4 W y 3

Agar to‘g‘ri chiziglar burchak koeffitsiyentli y =Ax+bl \
y =kX +b2tenglamalari bilan berilgan bo4sa, u holda
K.-KN
w o 'ukjT- (¥
Bunda to‘g‘ri chiziglardan qaysi bin birinchi ekani ko‘rsatilmasdan

ular orasidagi o‘tkir burchakni topish talab gilinsa (2.14) formulaning o'g
tomoni modulga olinadi:

K
t9<|0—1+ki(2 21

6-misol. To‘g‘ri chiziglar orasidagi burchakni toping:

1) x-5>>-3 =0 va 3jf-2y +9=0;, 2) = va =

3)y- ]x -1 va >=2jc+5; 4)y :-3x +6 va 5x+y +8=0.

® 1) To'‘gfri chiziglaming har ikkalasi umumiy tenglamalari Hb®
berilgan. Bunda 4=1, B,=-5, A =3, B2=-2. To'g‘ri chiziqglar orasidagi

< burchakni (2.12) formula bilan topamiz:

cosff = -3 +(- 5y). @. Qundan 9:*
M2+(-5)20/3 +( 22 2 4
2) Birinchi to‘g‘ri chizig kanonik tenglamasi bilan berilgan. i

to'g‘ri chizigning tenglamasini kanonik ko‘rinishga keltiramiz:
1



_u n =3 <7/=-4 U holda (2.13) formulaga binoan

DN-VTIT7?#T(=4)2" 0yokIr -2
,_*ri chiziglaming har ikkalasi burchak koeffitsiyentli tenglamalan
3) Tog 1
bilan berilgan bolllb, bunda K,=-, *r=2.
U holda (2.15) formulaga ko‘ra

1
3 3 "
s == Bundan (p- arctg=« 37"
igP= 4 ® 944

d) Birinchi tenglamaga ko‘ra kx:?’. Ikkinchi  to‘g‘ri  chizig
tenglamasidan topamiz. 5*+y+8=0, >=-5* - 8 bunda k2=-5.
U holda

—+5

- 2__ =18 =
<P = undan p 2 O

*+2 (5>

® To'g'ri chiziq tenglamalarining ko'rinishiga garab, ulaming
perpendikular bo ‘lishi quyidagi shartlardan biri biian aniglanadi:

AA2+B,B2=0: (2.16)
PiPz +U\T =0; (2.17)
1+k k2 =0. (2.18)

ljg.® Quyidagi shartlardan biri to‘g‘ri chiziglar tenglamalarining
nls iga ko'ra, ulamingparallel bo 'lishim aniglaydi:

A =A- (2.19)
a2 b2’
£1=11; (2.20)
A 1

(2.21)



7-misol. To'g‘ri chizig tenglamasini tuzing: 1) J1/0-2;2) nugtadan
o‘tuvchi va 2x- 3y +4=0 to‘g‘ri chiziqga perpendikular bo‘lgan;

2) A/A-W) nugtadan o'tuvchi va = to'g‘ri chizi4da parallel

boigan; 3) y =2+—2 to‘ghi chiziq bilan (p=—ga teng burchak hosil giluvchi
va ordinatalar o‘gida 4 ga teng burchak ajratuvchi.
® 1) To‘g‘ri chizig tenglamasini Ax+By +C =0 ko‘rinishda izlaymiz.
Masalaning shartiga ko‘ra:
-2 A+2B+C=0 (to'g'ri chizig M(-2; 2) nugtadan o'tadi),
2¢J1+(-3)«[4=0 (to'g'ri chiziq 2x- 3y +4 =0 t&g'ri chiziqga 1).
Sistemaning yechimi: A=-C, B=C.
Nva 5 koeffitsiyentlami izlanayotgan tenglamaga qo‘yamiz:
EGC+Cy +C =0.
Bundan
3* +2+2=0.
2) To'g'ri chizig tenglamasini J1*+By +C =0 ko‘rinishda izlaymiz.

U holda
-J1 +3#+C =0 (to'g'ri chizig M (-1,3) nugtadan o'tadi),

4t

T 2*2:{ 8’ 'c;\lzl.(f ~Y~= 2-"'7 clfﬁiziqqa
2
Bundan A=-Cy B=--?E3 .
Demak, izlanayotgan to‘g‘ri chizig tenglamasi:
2
- X - -y +l=0 yoki
3je+2> 3=0.

3) Ordinatalar o‘gida 4 ga teng kesma ajratuvchi to‘ghi chizij?
burchak koeffitsiyentli tenglamasiy =kx+4- No\fiishda be'ledir  ~
(w3 1¢

shartiga ko‘rag>=Ax+4 va "~ =2jc- 1 to‘g‘ri chiziglar =* ga *enSbU’



3X+j>-4=0va*-3.y+12=0. O

To'g'ri  chiziglar umumiy tenglamalari Oor+5~ +C, =0 va
A +8,y +C, =0bilan berilsa, ularning kesishish nugtasi koordinatalari
quyidagi sisteraadan topiladi:

(2.22)

Bunda M(x;y) kesishish nuqtasi orgali o'tuvchi to'g'ri chiziglar

dastasi ushbu
Ax+Bty +C, +/(/1Xx +B% +C,) =0 (2.23)

tenglama bilan aniglanadi, bu yerda fA-sonli ko'paytuvchi.
8-misol. 2x-y-2 =0a to'g'ri chiziq bo'ylab yo'naltirilgan yorug'lik
nuri X-2y +2=0 to'g'ri chizigda akslanadi (qaytadi). Qaytuvchi nur
yo'nalgan to‘g‘ri chizig tenglamasini tuzing.
® Yorug'lik nurining gaytish nugtasi 2x-y-2 =0 va x-2y +2=0
to g'ri chiziglarning kesishish nuqtasi bo'ladi.
Bunugta M(x;y) bo'lsin.
Uni quyidagi sistemadan topamiz:
2x- y~2=0,
X-2y +2=0.

bundan A/(2;2).Yorug'lik nuri akslanuvchi va yo'nalgan to'g'ri chiziglar
ldagi burchak tangensini topamiz:

~gensiga teng bo'ladi.



buyerda k- nurgaytuvchi to‘g‘ri chizigning burchak koeffitsiyenti.
Bundan * =
Demak, izlanayotgan to‘g‘ri chizig //(2;2)nugtadan o‘tadi va uning

burchak koeffitsiyenti *=-~ga teng. U holda (2.8) tenglamaga ko'ra

y-2=~(x-2) yoki
2jc+1ly - 26=0. O
To'g‘ri  chiziglar umumiy tenglamalari Ng+£>+C =0 va
A+B% +C2=0 bilan berilgan bo‘lsa
A= = (2.24)
a2 b2 cr
tengliklar to‘g‘ri chiziglaming ustma-ust tushish shartini ifodalaydi.
9-misol. a va b ning ganday giymatlarida 5x-3j>+1=0 wa

ax+by- 2=0 to‘g‘ri chiziglar ustma-ust tushadi?
N To'g'ri chiziglaming ustma-ust tushish shartiga ko‘ra

5 -3=]_

a~ b -2
Bundan

a=-10, b=6. O

9 2.2.4. Nugtadan to‘g‘ri chizigga tushirilgan perpendikularning
uzunligiga nugtadan to 'g*ri chizigqqacha bo 'lgan masofa deyiladi.
MO(xGy0) nugtadan Ax+By +C =0 to‘g‘ri chiziggacha bo‘lgan masofa
JAX.+By9+C\ (2.24

formula bilan topiladi.



FKO-misol. ABC uchburchakning A(41) uchidan 5x+12y - 65, tenglama
bilan aniglanuvchi BC tomoniga tushirilgan balandlik uzunligini !py,

< Izlanayotgan balandlik uzunligi A uchdan BC tomongacr, boigan
masofaga teng bo'ladi. Uni (2.25) formula bilan hisoblaymiz:

¢=124H128 L, o
V2+122

11-misol. 3x+4y-4 =0 va 6x+8+5=0 parallel to'g'q chiziglar
orasidagi masofani toping.

® Birinchi to'g‘ri chizigda ixtiyoriy M(x;j>)nuqgtani olami/ Masalan
agar x=0 bo‘lsa, u holda >=1bo'ladi, ya’'ni A/(0;1).U holda benL] paraue]
to'g'ri chiziglar orasidagi d masofa M(0;1)nugtadan ikkinchi &98v-=56=0
to'g'ri chiziggacha boigan masofaga teng bo'ladi. Uni (2.25) fonya ~|an
hisoblavmiz:

¢= N80 +8:1 3413y B
«6: +82 H

Mustahkamlash uchun mashgqlar

3.2.1. Chizigning berilgan parametrik tenglamalarini
F(x;y) =0 ko'rinishga keltiring:

jrixst +l, |x =4cost,
[y =3<fe/{ [>=3sim,fe[0;2n-]
lv.r-4,-S.ie«" Ir .w,16*- "'

3.2.2. To'g'ri chiziglaming burchak koeffitsiyentini va Ordinata
0 4larida ajratgan kesmalarini toping:

D3m+4y _i2 0 2)x =3y-2; 3 )N == 4))fe |

N
2 4 5 2-
3'2,3* To'g™ri chizigning tenglamasini tuzing: 1) W,(2-Juot fi
Va **<"> "O ™ lvek'oVga eg. boMgan' 2)
a Clvan= yo‘naltiruvchi vektorlarga ega boigan; 9m3<23)

o”vchT ° tuve/¥° x 0'qga perpendikular boigan; 4) M4(3,2) nug%n
1°y o qda b =5 ga teng kesma ajratuvchi.
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3.2.4. Tenglamalardan qgaysilari to‘g‘ri chizigning normal tenglamasini
ifodalaydi?

Ny +2=0; 2)jc—2,5 =0;

3.4 2.5

= X--y-9=0 4) X+ +2=0
3) 5 X 5y 3=0 ) 13 13

3.2.5. To'g'ri chiziglaming kesishish nuqtalarini va ular orasidagi
burchakni toping:

1) sie-y - 320,  2%-3>"+4=0; 2)y xS, 4x+3y- 5=0;

X+1 y-\ L jc-1 _y+3 jc—=2_y -2
X-by +9=0

3\ F IR V1 5 2 <3

326. m va n ning ganday gqiymatlarida mc+9y +/=0 va
4x +my - 2 =0 todg'ri chiziglar: 1) parallel boiadi; 2) ustma-ust tushadi;
3) perpendikular boiadi?

3.2.7. m ning ganday qiymatlarida to‘g‘ri chiziglar: 1) parallel
bo‘ladi; 2) perpendikular boiadi?

1) x-my+5=0, 2jc+3v+3=0; 2) 2jc-3y +4=0, Tpgr-6y +7=0;

3.2.8. jc+j>-7=0 to'g4i chiziqda koordinatalari 2x-y +4 =0 tenglik
bilan bogiangan nugtani toping.

3.2.9. A4;2) nugtadan o‘tuvchi va koordinata o‘glari bilan yuzi
2(yh.)ga teng uchburchak ajratuvchi to‘g‘ri chizig tenglamasini tuzing.

3.2.10. Uchburchakning uchlari berilgan: 4(-3;2),£(5;-2),C(0;4).
BD balandlik tenglamasini tuzing.

3.2.11. Uchburchakning uchlari berilgan: N1(-2;0),£(5;3),C(1;-1).
AD mediana tenglamasini tuzing.

3.2.12. 2c- >»+3=0 va x+y -2=0 to'g‘ri chiziglaming kesishish

nugtasidan o‘tuvchi va 3jc- 4v- 7=0 to‘g‘ri chiziqga pecendikular to‘g4d
chizig tenglamasini tuzing.



3.2.13. To'g‘ri burchakli teng yonli uchburchak gipotenuzasining
tenglamas' 3x +2y-6 =0dan va uchlaridan biri A(~\--2) nugtadan iborat.
Uchburchakning Katetlari tenglamalarini tuzing.

3.2.14. Parallelogrammning ikki uchi JI11) va B(2;-2) nuqtalarda yotadi
va diagonallari (-1;0)nuqtada kesishadi. Parallelogrammning tomonlari
tenglamalarini tuzing.

3.2.15. ABCD to‘rtburchakning uchlari berilgan: /1(5;3), S(I;I), C(3;5),
D(6;6).Uning diagonallari kesishish nugtasini va diagonallari orasidagi
burchakni toping.

3.2.16. Uchburchakning uchlari berilgan: /1(8;3),5(2;5),C(5;-1).

Uchburchak medianalariningkesishish nuqtasidan o‘tuvchi vax +>>2=0
to‘g‘ri chizigga pebendikular to‘g‘ri chizig tenglamasini tuzing.
3.2.17. Burchak tomonlaridan birining tenglamasi 4x-3y +9=0dan va

bissektrisasining tenglamasi x- 7y +2\ =0dan iborat. Burchak ikkinchi
tomonining tenglamasini tuzing.

3.2.18. Uchburchakning ikki uchi J1(5;1),B(1;3) va medianalari kesishish
nugtasi M(3;4) berilgan. Uchburchak tomonlarining tenglamalarini tuzing.

3.2.19. Uchburchakning ikki uchi  A(2;-2),B(-6;2) va balandliklari

kesishish nugtasi M(I;2) berilgan. Uchburchakning B uchidan tushirilgan
balandlik tenglamasini tuzing.

3.2.20. Uchburchak tomonlar o'rtalarining koordinatalari berilgan:
Wi(l;-3),Af; (2;-2),A/ (-3;4). Uchburchak tomonlarining tenglamalarini tuzing.

3.2.21. Parallelogrammning ikki tomoni 2x+y -2 =0, x-y +17=0
tenglamalar bilan berilgan va uning diagonallari M (- 3,5;3)5) nugtada
1 adi. Parallelogramm golgan ikki tomonining tenglamasini tuzing.

3* jr-2=+5=0 to‘g‘'ri chiziq bo‘ylab yo'nalgan yorug‘lik nuri
to' +7=0 to'8*ri chiziqda akslanadi (qaytadi). Qaytuvchi nur yo‘nalgan
8 ri chlzi4 tenglamasini tuzing.
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3.2.23. Kvadratning uchlaridan biri A(3;4) nugtadan iborat bo'Lk
tomonlaridan biri 2x +Sy +3=0 to‘g4i chiziqda yotadi. Kvadratning yuzini
toping.

3.2.24. 4jc-3” +8=0 va Sx-6y - 7=0tolylri chiziglar orasidagi
masofani toping.

3.2.25. Kvadratning ikki tomoni 5x +12y- 61=0 va 5r+12>+17=0
tenglamalar bilan berilgan. Kvadrat diagonalining uzunligini toping.

3.2.26. A/(-8;12) nugtaning 4(-5;l)va Z?(2;-3)nugtalardan o‘tuvchi
to'g‘ri chizigdagi proyeksiyasini toping.

3.2.27. 3x+4;/--7=0 to‘g‘ri chiziqgga parallel bo‘lgan a
N(3;-Ynugtadan 3(uzh) masofada yotuvchi to'g'ri chizig tenglamasini
tuzing.

3.3. IKKINCHI TARTIBLI CHIZIQLAR

Aylana. Filips. Giperbola. Parabola.
Ikkinchi tartibli chiziglarning umumiy tenglamasi

33.1. H Oxy koordinatalar sistemasida X,y 0‘zgaruvchilaming
ikkinchi darajali tenglamasi  bilan aniglanuvchi chiziq (egri chizig)
tekislikdagi ikkinchi tartibli chizig deyiladi.

Tekislikdagi ikkinchi tartibli chiziglarga aylana, ellips, giperbola \a

parabola kiradi.
B Markaz deb ataluvchi nuqtadan teng uzoglikda yotuvchi tekisM

nugtalarining geometrik odmiga avlana deyiladi.
(x-xoy+ (y-yJ=R 2
tenglamaga aylananing kanonik tenglamasi deyiladi. Bunda MQ(x0, y0)nJ®
aylana markazi, R masofaaylana radiusi deb ataladi. Am
x2+y2=R2 tenglama markazi koordinatalar boshida yotuvchi vara

R ga teng aylanani aniglaydi.



I-misol. Koordinatalari x=Rcost, y =Rsin/tenglamalar bilan
aniglanuvchi M(X;y) nugta aylana nugtasi bolishini ko‘rsating.
® M(x;y) nuqgta koordinatalarining har ikkala tomonini kvadratga
ko‘taramiz va hadlab qo‘shamiz:
X2+>" =R~0s' t +R' sin21=R2(sin21+c0s2t) =R2

yoki
X2+y2zR2

Demak, koordinatalari x—Rcost, y~Rsint tenglamalar bilan aniglanuvchi
M(x;y) nugta markazi koordinatalar boshida yotuvchi va radiusi R ga teng
aylanada yotadi. O

Aylanani aniglovchi ushbu
X~Rcosty
y =Rsint, /e[0;2;r]
tenglamalar sistemasiga aylananing parametrik tenglamalari deyiladi.

(3.2)

2-misol. Aylananing kanonik tenglamasini tuzing: 1) markazi
koordinatalar boshida joylashgan va radiusi R=5 ga teng bo‘lgan;
2) markazi J1(-4;3) nugtadajoylashgan va koordinatalar boshidan oftgan;
3) 5(-4;2) nugtadan o‘tuvchi va koordinata o‘qglariga uringan;
4) diametrlaridan birining uchlari koordinatalar boshida va C(-4;6) nuqtada
yotgan; 5) markazi koordinatalar boshida joylashgan va 12*-Sy +26 =0
to'g‘ri chizigga uringan.

® 1) Markazi koordinatalar boshida yotuvchi va radiusi R ga teng
aylana tenglamasidan topamiz:

—~m ¥-r \R)nugtada yotadi. (3.1) tenglamadan topamiz.
(-A+R)2+(2-R)2 yoki R1-12« +20=0.



Bundan /1, =2, R2=10. U holda izlanayotgan tengiama
(x +10)2+(_y-10)2=100 yoki (.-f-2)2+(>>2)2=4.
4) 0(O;0O)va C(-4;6) nuqtalardan o‘tuvchi diametrning kvadratini
topamiz:
d2=(-4-0)2+(6-0)2=52.
Bundan 4R2=52 yoki R2=13. Aylana markazi M(a\b) diametr o'rt_asij

yotafli. Shu saabh a==4+0=_3; p=640-_m% S

Bundan
(*+2): +O - 3)2=13.
5) Markazdan, ya’ni koordinatalar boshidan urinmagacha boMgan an
R ga teng. Nugtadan to‘g‘ri chiziggacha bo‘lgan masofa formulaskdan amna0
topamiz:
» [12 0-5-0+26) ,
*= y\22+(-5)2 ' 2
U holda
x2+w=4. O

3-misol. (ac-3)2+(y +2)! =25 aylanaga M(0;3)nugtada o'tk tkazilgan
urinma tenglamasini tuzing.
® M(0;3)nugtadan o‘tuvchi urinma (to‘g‘ri chiziq) tengl; amasmi
y =kx+3 ko‘rinishda izlaymiz.
Aylana bilan urinmaning umumiy nugqtasini topish uchurs q. quyidagi
sistemani yechamiz;
y =br+3,
(e - 3)J +(y +2)2=25.
Bundan  (x- 3)2+(far+3+2)2=25 yoki  (k2+I)jr2+(10* - 6)jc +- -+9=«Bu
tengiama to‘g‘ri chizig aylanaga uringani uchun yagona yecbinmiej *£
boMadi. Su sababli tenglamaning diskreminanti nolga tengirmg» va
(5K -3)2-9(k2+1)=0 yoki 16£2-30* =0. Bundan 4 =0, g 3 Togfl
chizigning burchak koeffitsiyentini y =kx+3 tenglamaga go‘yacni z:
y=3va y=  +3yoki

y=3va 15ar-8>+24=0. O



2 g8 Har biridan fokuslar deb ataluvchi berilgan ikki nuqgtagacha
11 jnasofalarning yig‘indisi o'zgarmas migdorga teng bo‘lgan tekislik
b°qSarining geometrik o‘miga ellips deyladi.

4 +N =lp'=a>-¢> (3.3)
a~ b

tenglamaga ellipsning kanonik tenglamasi deyiladi.
4 -misol.x=acost, y =bsint tengliklar ellipsning nuqtasini aniglashini

ko'rsating.
> x=acost, y =bsint tengliklardan topamiz: " =cost, ® =bsint.

Uholda (-] +[£) =cos2f+sirr/=1 yoki ~ +Jr =I-

o

- 2
Demak, x=acost, y =bsint tengliklar ellipsning nuqtasini aniglaydi. O

Ellipsni aniglovchi ushbu
j X=ac°st, (;94)
B==/%inr, re[0;2;r]
tenglamalar sistemasiga ellipsningparametrik tenglamalari deyiladi.
Ellipsda 2a, 2b uzunliklariga mos ravishda katta va kichik o4qlar,
<*h sonlarga mos ravishda katta va kichik yarim o4qlar deyiladi.

e ~ Kkattalikka ellipsning ekssentrisiteti deyiladi. Bunda 0 <e <1

to nugtadan dl19d2 masofada oltuvchi va tenglamalari x~+~ dan

orat bo lgan to‘g‘ri chiziglar ellipsning direktrisalari deb ataladi.
Ulrektnsalar ushbu

tengliklam
¢ ganoatlantiradi. Bunda r., r2 fokal radiuslar deb ataladi.
tihPsningfokalradiuslari

formulalar ky r=a~ r=a+a
aKb b~ [ananiglanadi.
y°tuvchi Va “an”a (3-3) tenglama uzunligi 2/>ga teng katta o'qi Oy o‘gida
UZUnligi 2aga teng kichik olgi Ox o‘gida yotuvchi ellipsni



bu
,_cl*c)nuqtalarda Y °

,vs*a FY9' A tu N chi
aniglaydi. bi*ipsning fokuslan ,» “inataboshida Y
yerda c janizi k°° /sbatan
a=b banda (3.3) tenglama t lar boshig*» ™>>snmg
,arad.uS .iengaylanan.™<IW ko ordi«” »tirovchi
5-miw?okuslari abssissaiat “\a,arni gan®°. )fttalardan o‘tuvC ' 16 >
simmetnk )4hgan va quyidagi « B].(0;7) °u”™ ng; 3)kattaa 4
kanomk teiigt to zmg-.N";C'" ~fa 6 ga diktrisalari ora '
2)kattao‘q i~ fokuslariorasidagv ~ " ga>  d
ekssentrisittt ga leng; 4) W n 5 n ito
masofa 25*Neg. d) fokuslan ber*rilgan shartlar **
orasidagi tms,8ga teng. Hffandda e
® B ligtenglamalarimha *n (3.3) tenglama*»
tuzamiz. dbr~paaralall v
1) 5b(o7) nugtalaming
ganoatlantin%erak va'ni o
64 o~ A~
a2 bl
Bundan ¢~ =49. Uholda ,
r
— . 1
64 . NMiycee
auti'iati a "
2) Sha% o4a. 2a=8, 2c=6.
b>=a2- c: =1l=7. U holda , n
4+ 7 £ i yokiC" A

16! . Badan”~8' « 4
3) Shartga%oan. 2a=16, e="
U holda a2=4(’3-64-4 =60 va "
5lv6oU

64 Bundan ~
4) Shsrtffle2#-40, dx+n 28 A

+[i = 2fr 25 yoki c= 2*



[Jholda a2=25, b2=25-4 =21va

U n -

5) Shartda berilishicha 2¢=6, d, +d2=8. Bundan ¢=3, — =8.

Uhofla 2 =83_-12 »=-12-9=3va

f 1 O

6-misol. 24x2+4=2=1176 tengiama bilan berilgan ellipsda toping:
1) yarim o‘qlar uzunligini; 2) fokuslar koordinatalarini; 3) ekssentrisitetni;
4) direktrisalaming tenglamalari va ular orasidagi masofani; 5) ellipsning

M(jc;y)nuqtasidan chap fokusgacha boigan masofa 12 ga teng boisa,
M(x;y) hugtani.

® Ellips tenglamasining har ikkala tomonini

1176 ga bo"lib, uni
kanonik shaklga keltiramiz:

X2,¥2_4
49 24

1) Bu tenglamadan topamiz: a2=49, h2=24,ya'ni a=7, b -

2) t2=a2- b2tenglikdan topamiz: ¢c2=49- 24 =25, ¢ =5.
Bundan F,(5;0), F2(~5,0).

3) £=-a~ formuladan topamiz: £=?.

4) Ellipsning direktrisalarini x =x- formulalar orgali topamiz:
E

X =il—=i§, ya'm x, =@,x2=——4—9.
5 5 1 5 2 5

ar 7
U holda direktrisalar orasidagi masofa
N_49 f_49A 98
"5 | 5j b*

) M(x",y) nugtadan chap fokusgacha boigan masofa rx=12.
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«niqlaydi. Bu ellipsning fokuslari F,(0;c)va F20;-c)nuqtalarda yotadi, bu

ylrda ¢ =Vb2- a2
a-b bo'lganda (3.3) tenglama markazi koordinata boshida yotuvchi
va radiusi a ga teng aylanani aniqglaydi.

5-misol. Fokuslari abssissalar o‘gida koordinatalar boshiga nisbatan
simmetrik joylashgan va quyidagi shartlami qganoatlantiruvchi ellipsning
kanonik tenglamasini tuzing: 1) /1(8;,0) va 5(0;7) nugtalardan o‘tuvchi;
2) katta o‘qi 8 ga, fokuslari orasidagi masofa 6 ga teng; 3) katta o‘qi 16 ga,
ekssentrisiteti i ga teng; 4) katta o‘qi 10 gav direktrisalari orasidagi
masofa 25ga teng; d) fokuslari orasidagi masofa 3 ga, direktrisalari
orasidagi masofa 8ga teng.
® Ellipsning tenglamalarini har bir bandda berilgan shartlar asosida
tuzamiz.
1) M(8,0) va B(0;7) nugtalaming koordinatalari (3.3) tenglamani
ganoatlantirishi kerak, ya’ni
64 0 , 0 49
a2+bh2~"'a2+h2~"'
Bundan a2=64, b2=49. U holda

64 49
2) Shartga ko‘ra: 2a =8, 2c=6. Bundan a =4, c=3,
h2- a2-¢2=16-9=7. U holda

6 7
3) Shartgabinoan: 2a=16, £:21. Bundan s =8, §:'4 yoki C:Zﬂ®2.

U holda a2=64, h2=64-4 =60 va

— 4N
64 60
4) Shartga asosan: 2a =10, dx+dz=25. Bundan a =5,

5’. +_r/\_ :5_+ rE:E :_2_t|_2:j% yokl| C :_g_a_'_zzz-.
e e S e ¢ 25
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n holda a2=25, f2=25-4 =21va

5) Shartda berilishicha 2c =6, dt+d2=8 . Bundan ¢=3, — =s.
C

Uholda al=y = =12, b2=12-9=3va

6-misol. 24*2+49y 2=1176 tengiama bilan berilgan ellipsda toping:
1) yarim o‘qglar uzunligini; 2) fokuslar koordinatalarini; 3) ekssentrisitetni;
4) direktrisalarning tenglamalari va ular orasidagi masofani; 5) ellipsning
M(x\y) nugtasidan chap fokusgacha bo‘lgan masofa 12 ga teng bo'lsa,
M(x;y) nugtani.

® Ellips tenglamasining har ikkala tomonini 1176 ga bolib, uni
kanonik shaklga keltiramiz:

1) Bu tenglamadan topamiz: a2=49, h2=24,ya’'ni a=7, h =2"6.

2) c2=a2-6 2tenglikdan topamiz: ¢2=49-24 =25, ¢ =5.
Bundan Ft(5,0), F2(~5;0).

3) e =~ formuladan topamiz: £-~-

4) Ellipsning direktrisalarini X:ié formulalar orgali topamiz:

U holda direktrisalar orasidagi masofa
98

(-?) s

5) y) nugtadan chap fokusgacha boigan masofa r, =12,
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*U holda r, =a +ex formulaga ko‘ra 12=7+|x. Bundan x=7. jcni ellipsning
kanonik tenglamasiga go‘yib, M(x;y) nugtaning ordinatasini topamiz:

1V =lyoki y=0. Demak, M(7,0). O

3.3.3. 88 Har biridan fokuslar deb ataluvchi berilgan ikki nugtagacha

boigan masofalar ayirmasining moduli o‘zgarmas miqdorga teng bo4gan
tekislik nuqtalarining geometrik o‘miga giperbola deyiladi.

(3.5
tenglamaga giperbolaning kanonik tenglamasi deyiladi.
y =x-Xx tengiama bilan aniglanuvchi to‘g‘ri chiziglarga giperbolaning

asimptotalari deyiladi.
Giperbolada 2a uzunlikka haqiqiy o‘q, 2b uzunlikka mavhum o'q,
a,b sonlarga mos ravishda haqigiy va mavhum yarim o‘qlar deyiladi.

e =—Xkattalikka giperbolaning ekssentrisiteti deyiladi. Bundas >1.
a

M nugtadan d. va d' masofada o‘tuvchi, tenglamalari x:i-e~ dan ibo-

rat to‘g‘ri chiziglar giperbolaw/ng direktrisalari deb ataladi. Direktrisalar ushbu
AN
f. d2' e
tengliklami ganoatlantiradi.
Giperbolaning fokal radiuslari ushbu
x>0 boiganda =zx-a, r2=£x+a;
x<0 boMganda rx--a-ex, r2=a-ex
formulalar bilan aniglanadi.

7-misol. Fokuslari abssissalar o‘qida koordinatalar boshiga nisbatan
simmetrik joylashgan va quyidagi shartlami ganoatlantiruvchi giperbolaning
kanonik tenglamasini tuzing: 1) A/,(8;2n/2) va M,(-6;l) nuqgtalardan o‘tuvchi;
2) fokuslar orasidagi masofa 26 ga, mavhum o‘qi 5 ga teng; 3) fokuslar
orasidagi masofa 8 ga, ekssentrisitet 2 ga teng; 4) fokuslar orasidagi masofa

20 ga, direktrisalar orasidagi masofa 64 ga teng ; 5) fokuslar orasidagi
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masofa 26 ga teng, asimptota tenglamalari y =+ ~* dan iborat.

ig> 1) 1/,(8,21/2) va nuqtalaming koordinatalari
(3.5) tenglamani ganoatlantirishi kerak, ya’ni

64 8 6 1
Bundan al* 32, *r=8. U holda
iL_2L =i.
32 8
2) Giperbolada a=Vc2-b 2. Shartga ko‘ra ¢ =13, *=5.
Bundan a =V169-25 =12. U holda a2=144, h2=25 va

144 25

3) Giperbola ekssentrisiteti e =- ga teng. Shartga binoan c =4, e =2.

Bundan a=- =2 va b2-¢2-a2=16-4 =12. U holda
g

Neo 4 12
4) Giperbolada direktrisalar orasidagi masofa 2—: ga teng. Shartda

berilishicha ¢ =10, ~ - =— . Bundan a2=64, 2=c2- a2=100-64 =36 va
L C 5

100 36

5) Giperbolaning asimptotalari y =iéx tenglamalar bilan aniglanadi.

Shartgaasosan ¢ =13, v=*—x. Bundan - =—, 6=—a,
9y 75 a 5 5
a2=c2-62=1i69-"a2 yoki \+ =1609.

Uholda a2=25, h2=169-25 =144 va

|iB; B o144
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3.3.5. Ikki xva >>dzgaruvchining ikkinchi darajali tenglamasi umum
X ko'‘rinishda

Ax2+2Bxy +Cy2+2Dx +2Ey +F =0, A2+B2+C2* 0 (3.9)
kabi yoziladi.
Bu tenglamani koordinata o‘qlarini a burchakka burish orqali
Ax2+Cy2+2Dx +2Ey +F =0 (3.10)

ko‘rinishga keltirish mumkin.

Teorema. (3.10) tengiama hamma vaqt yoki aylanani (~ =Cda), yoki
ellipsni (A-C>0da), yoki giperbolani (J1-CcOda), yoki parabolani
(A C=0da) aniqglaydi. Bunda ellips (aylana) uchun - nugta yoki mavhum
ellips, giperbola uchun - kesishuvchi chiziglar juftligi, parabola uchun -
parallel chiziglar juftligi kabi buzilishlar boiishi mumkin.

n - misol. 3x2+4y 2+30jc- 32y +91=0tengiama bilan berilgan ikkinchi
tartibli chizig ko4rinishini aniglang.

® Berilgan tengiama ellipsni ifodalaydi, chunki AeC =3+4>0.
Hagigatan ham

3(j2+10* +25) +4 (/ - 8>+16)- 75- 64 +91 =0,
3(x +5)2+A(y - 4)2=48,
(x+8)2 ;(Y"4)a_
16 12
Shunday qilib, markazi 0(-5;4) nugtada joylashgan va yarim o‘qglari

a - 4, b=2n/3ga teng boigan ellipsning kanonik tenglamasi kelib chigdi. O

Mustahkamlash uchun mashqlar

3.3.1. Aylananing kanonik tenglamasini tuzing: 1) markazi AZ,(-I;3
nuqtada joylashgan va radiusi R=6 ga teng boigan; 2) markazi M2(-35)
nuqtada joylashgan va J1(4;4) nuqtadan o‘tgan; 3) diametrlaridan birining
uchlari £(-1;3) va C(-3;5) nugqtalardan iborat boigan; 4) D(8;-4) nugtadan
o‘tgan va koordinata o‘qlariga uringan; 5) markazi M(2;-1) nugtada
joylashgan va urinmalaridan biri 3x+4=>+3=0 to‘g‘ri chiziqdan iborat
boigan.



3.3.2. x2+y 2—2x+/y —20=0vax2+y 2—10y +20 =0 tenglamalar bilan
berilgan aylanalar markazlari orasidagi masofani toping.

33.3. 4)1<Jy~=l tokg‘rf chizfqning koordinata o‘qlaridan kesgan
kesmasi aylana diametriga teng. Aylananing kanonik tenglamasini tuzing.

3.3.4. A2;-1), £(3;4)nuqgtalardano‘tgan va markazi jc->>-4 =0to‘g‘ri
chizigdajoylashgan aylananing kanonik tenglamasini tuzing.

33.5. Uchburchakning uchlari berilgan: /1(-2;2),4(0;-2),C(-1;~1).
Uchburchakka tashqi chizilgan aylananing markazi va radiusini toping.

3.3.6. Aning ganday giymatlarida y =kx to‘g‘ri chiziq
x2+y2- 8x- 2y +16* oaylanani kesadi, bu aylanaga urinadi?

33.7. (jc- 4)2+(y - 2)2=4 aylanaga uringan va koordinatalar boshidan
o‘tgan to‘g‘ri chiziglar tenglamalarini tuzing.

33.8. Aylana kanonik tenglamalari bilan berilgan:
1) X2+y 2=16jc; 2) x2+y2=4y; 3) j@ +y2=2x +2y.
Qutbi koordinatalar boshidajoylashgan va qutb o‘qi Ox o'q bo‘ylab
yo‘nalgan koordinatalar sistemasida aylananing parametrik tenglamasini
tuzing.

3.3.9. Fokuslari ordinatalar o‘gida koordinatalar boshiga nisbatan
simmetrik joylashgan va quyidagi shartlami ganoatlantiruvchi ellipsning

kanonik tenglamasini tuzing: 1) kichik o‘qi 12 ga va ekssentrisiteti ~ga teng

boigan; 2) fokuslari orasidagi masofa 10 ga va ekssentrisiteti ~ ga teng
boigan; 3) A/,(6;0)va A/20;9) nuqtalardan o4gan; 4) direktrisalari

orasidagi masofa — ga va ekssentrisiteti s =- ga teng boigan.

2

3.3.10. —+ =i ellipsga tomonlari ellips o‘qlariga parallel gilib
kvadrat ichki chizilgan. Kvadratning yuzini toping.
| 2 2 N
33.11. I 1Az =lellipsning x +y-20 =0to‘g4i chiziqqa parallel

k° lgan urinmasi tenglamasini tuzing.
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3.3.12. 162 +25y 2-400 =0ellipsning fokularining biridan uning kichik
o‘giga parallel o‘tgan vatari uzunligini toping.

¢ 33.13. %Ml\\g:lellipsning A/(x;y)nugtasidan uning o‘ng fokusigacha

boigan masofa chap fokusigacha bo‘lgan masofadan 4 marta katta. M(x;y)
nuqtani toping.

3.1.14. X—2+’y-2=1ellipsning M (x;y)nugtasidan uning chap fokusigacha

7 o

bo‘lgan masofa o‘ng fokusigacha boigan masofadan 2 marta katta.
M(x\y) nugtani toping.

3.3.15. Ellipsning fokuslaridan biridan uning katta o‘qi oxirlarigacha
boigan masofalar 2 va 8 ga teng. Ellipsning kanonik tenglamasini tuzing.

3.3.16. Kanonik tenglamalari bilan berilgan ellipsning parametrik
tenglamalarini tuzing: 1) 16x2+25y 2- 400=0; 2) 144.r +25y 2- 3600=0.

3.3.17. Fokuslari ordinatalar o'gidajoylashgan va quyidagi shartlami
ganoatlantiruvchi giperbolaning kanonik tenglamasini tuzing:

1) direktrisalari orasidagi masofa Ega va ekssentrisiteti Ir)ga teng boigan;
2) direktrisalari orasidagi masofa ?ﬁgga teng va asimptotalari tenglamalari
y :ilégxboigan; 3) direktrisalari orasidagi masofa % ga va haqiqgiy o‘qi

8 ga teng boigan; 4) direktrisalari orasidagi masofa ga va fokuslari
orasidagi masofa 14ga teng boigan.

33.18. Giperbolaning nuqtalaridan bin va asimptotalarinit
tenglamalari berilgan. Giperbolaning kanonik tenglamasini tuzing:

1) M(6:2),jh=% - 2) M(4-2),y =% ~ X
3) A/(4;3)y==%]|x; 4) M(6;3),y =%"-x.
3.3.19. Giperbolaning ekssentrisiteti 2 ga teng. Uning asimptotala

orasidagi burchakni toping.
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3.3.20. Giperbolaning asimptotasi haqigiy o‘q bilan Iga teng burchak
tashkil giladi. Giperbolaning ekssentrisitetini toping.

3.3.21. b ning ganday giymatlarida y =2x +b to‘g‘ri chizig
18r; - 1y 2=126 giperbolani kesadi, bu giperbolaga urinadi?

3.3.22. 5x2+17/ -85 =0 ellips berilgan. Ellips bilan bir xil fokuslarga
ega boigan teng tomonli giperbolaning kanonik tenglamasini tuzing.

3.3.23. Giperbola 25n2+9y2=225ellips bilan bir xil fokuslarga ega.
Giperbolaning ekssentrisiteti 2 ga teng boisa, uning kanonik tenglamasini
tuzing.

3.3.24. Berilgan fokusi va direktrisasi tenglamasiga ko‘ra parabolaning
kanonik tenglamasini tuzing: 1)F(-3;4),* -5 =0; 2)F(5;3)>+2=0.

3.3.25. Berilgan tenglamasiga ko‘ra parabolaning uchini va simmetriya
0'‘gining tenglamasini aniglang:
1) y2-2y +\6x+65=0; 2) 2x2+y-8x +5=0.

3.3.26. y 2=4x parabolaga uringan va quyidagi shartni ganoatlantiruvchi
to'g‘ri chiziq tenglamasini tuzing: 1) y =2x +7 to‘g‘ri chiziqqa parallel
boigan; 2) N1(-2;-1) nuqgtadan o‘tgan.

3.3.27. Aning ganday qiymatlarida y =kt-1 to‘g‘ri chizig /+5x =0
parabolani kesadi, bu parabolaga urinadi?
3.2.28. Berilgan tenglamalar bilan ganday chiziglar aniglanadi?
1 .*: (e'+ 0. .
) 2)" M3 =2+l 4) x=-Ny' +4
Y=-(e'-e-")

3.3.29. Egri chizigning tenglamasini soddalashtiring, chizigning turini
aniglang va shaklini chizing:

1) 5jrt + 9 / - 30x +18~ +9 =0; 2) 2x2-12x +y +\3=0;
3) 5jr2- 4y2+30.r +8y+21=0; 4) 2y2-X -12/+14=0;
5) - 6t+y2-8=0; 6) x2+y +y 2-1 =0.
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3-NAZORATISHI

1. ABC uchburchak tomonlari tenglamalari bilan berilgan:
a) AB tomon uzunligini toping; b) BD balandlik tenglamasini tuzing
va uning uzunligini toping; c¢) EC tomonni B uchdan C uchga
garab 1:3 nisbatda bo‘luvchi E nuqtadan va Auchdan o‘tuvchi
to”ri chizigning parametrik tenglamasini tuzing.

2. Ko‘rsatilgan nugtadan o‘tuvchi va markazi C(x;y) nugtada
joylashgan aylana tenglamasini tuzing.

1-variant
. Ix+3y-3 =0 (AB), 4jt-3v+3=0 (BC), x+2y-\3 =0 (CA).
2. 33jc2+49y 2=1617 ellipsning o‘ng fokusi ,C(1;7).
2-variant
. 4x-9a>-6 =0 (AB), 2x-y +4=Q(BC), x+3y-\2 =0 (CA).
. 3x2-5y2=30 giperbolaning chap fokusi, C(0;6).
3-variant
. 4x+3)+3=0 (AB), x+4y +4 =0 (BC), 5x+7y-6 =0 (CA).
. 2x2-9y2=18 giperbolaning o‘ng uchi, C(0;4).
4-variant
. 2X+7"+15=0 (AB), 2x-3y+5=0 (BC), 61+"-15=0 (CA).
. \6x2 +41y 2=656 ellipsning o‘ng fokusi, C - uning quyi uchi.
5-variant
. x-4y-\0 =0 (4B), 2x-37-10=0 (BC), x+ Vv-5=0 (CA).
. 5x2-11y 2=55 giperbolaning chap fokusi, C(0;5).
6-variant

. X+ +9=0 (AB)y 2jc-7,v+6=0 (BC), 5x-3y-\4 =0 (CA).
2. 571:2-64y 2=3648 giperbolaning o‘ng fokusi, C(0;8).



7-v(*riant

j X+y+i=0 (AS), 3x+5y+3=0 X -y ,.jt(CA).

2. \2x2-13/ =156 giperbolaning chac-P f°kusi;i, q[2).
8-variant

It 30-5y +8=0 (AB), x+4 y-3=0 (= 44* 12=0 (CA).

2. 24y2-25x2=600 giperbolaning f°kusgi, f .'8)-
g.variant

1. i-4y-7 =0 (AB), y+2=0(BC), x +y ~2=(i0
2. 4x2-9 / =36 giperbolaning uchi, C(Q\4).

10-v(*riant

. 4x-3y-\4 =0 (AB), x-y-4 =0 (BC") 6 *-% -»"° (CA).
. 40x' -81y 2=3240 giperbolaning o uchi., CI-?)'

N =

11-va™ *

X-2y +3=0 (AB), 6x+7y+3=0 (9c= Ux-)+7=0 (CA).
. 9x2+25y 2=1 ellipsning o‘ng fokus " (0;6),.

e

12-variant

X+4y-(> =0 (AB), 5x+3y-30 =0 (07), 3x-~$} =0 (CA).
. S(I;4), C-2y2=x-4 parabolaning ucbh'-
13-variant

N

jc+4v-8 =0 (AB), 5x+3y-40 =0 (0C=* 3x- sy*=0 (CA).
. 3x2+7y 2=21 ellipsning chap fokusi»c (-1;-3!)-

N T

14-variant

1- 4.r-3>-10=0 (AB), 4c+5~-26=0 CBC= a*y-y-fo (CA).
2. 5xr- 9y 2=45 giperbolaning chap i*chi> C(0;-6



3NAZORATISHI

1. ABC uchburchak tomonlari tenglamalari bilan berilgan:
a) AB tomon uzunligini toping; b) BD balandlik tenglamasini tuzing
va uning uzunligini toping; c¢) BC tomonni B uchdan C uchga
garab 1:3 nisbatda bo‘luvchi E nuqtadan va Auchdan o‘tuvchi
to‘g'ri chizigning parametrik tenglamasini tuzing.

2, Ko@satilgan nugtadan o‘tuvchi va markazi C(x\y) nuqtada
joylashgan aylana tenglamasini tuzing.

1-variant

. Ix+by-b =0 (AB), 4x-3y+3=0 (BC), x+2y-13 =0 (CA).
. 33x2+4972=1617 ellipsning o‘ng fokusi ,C(1,7).

2-variant

. 4x-9y-6 =0 (AB), 2x-y +4=0 (BC), x+3y-\2 =0 (CA.

. 3x2-5/ =30 giperbolaning chap fokusi, C(0;6).
3-variant

. 4x+3y+3=0(AB), x+4y+4=0 (BC), 5x+ly-6 =0 (CA).

, 2x2-9/ =18 giperbolaning o‘ng uchi, C(0;4).

4-variant

. 2*+7y+15=0 (AB), 2x-3>>+5=0 (BC), 6*+.y-15=0 (CA.
. 16x2+41>-2=656 ellipsning o‘ng fokusi, C - uning quyi uchi.

5-variant
x-4y-\0 =0(AB), 2x-3y-\0=0 (BC), x+y-5 =0 (CA.
. 5x2-11y 2=55 giperbolaning chap fokusi, C(0;5).
6-variant

. 3x+4>+9=0 (AB)y 2x-7,y+6=0 (BC), 5x-3>>-14 =0 (CA).
. 57x2-64y 2=3648 giperbolaning o‘ng fokusi, C(0;8).



7-variant

1. x+y +1 =0 (AB), 3x+5y+3=0 (BC), x-y-7 =0(CA).
2. 12x2-13/ =156 giperbolaning chap fokusi, C(0;-2).

8-variant

3x-5y +S=0 (AB), x+4y-3=0 (BC), 4x-j>~12 =0 (CA).
. 24y 2- 25x- =600 giperbolaning o‘ng fokusi, C(0;—8).

o=

9-variant
1. x-4y-1=0 (AB), y+2=0(BC), x+y-2 =0 (CA).
2. 4x2~9y2=36 giperbolaning uchi, C(0;4).
10-variant

4x-3.y-14 =0 (AB), x-y-4 =0(BC), 6x-5.y-20 =0 (CA).
. 40x2-81/ =3240 giperbolaning o'ng uchi, C(-2;5).

o=

11-variant
X x-2y +b=0 (AB), 6x +7>+3=0 (BC), 4x- 3y +7=0 (CA).
2. 9x2+25/ =1ellipsning o‘ng fokusi, C(0;6).
12-variant
1. x+4v-6 =0 (AB), 5x+3y-30=0 (BC), 3x-5y+16=0 (CA).
2. £(1;4), C- 2v2=x-4 parabolaning uchi.
13-variant

1. x+4v-8 =0 (AB), 5x+3.v-40 =0 (BC), 3x-5y +10=0 (CA).
. 3x2+1y- =21 ellipsning chap fokusi,C(—%-3).

N

14-variant

4.r-3>-10 =0 (AB), 4x+5y-26 =0 (BC), 4x+y - 2=0 (CA).
2. 5x2-9y 2=45 giperbolaning chap uchi, C(0;-6).



"% 8-inisol. S*J- 4v’ 20 tengiama bilan berilgan gipcrbolada typing:
1) yarim o ‘glar uzunligini; 2) fokuslar koordinatalarini; 3) cksscntrisitctni:

4) asimptota va difcktrisalammg tenglamalarini; 5) J¥f3;~jnugtaning fnksl

radiusJarini.
® (iipcrbola tenglamasini kanonik shaklea kcltiramiz:

H 1
1) Bli tenglamadan topamiz: a: =4. b' -J.ya'ni i/=2, b- vS.
2) r: =U +b' tcnglikdan topamiz: ¢: - 4i5-9, t-3.
Bundan F,(3,0), F.(-3;0).

3) s - ¢ formuladiintopamiz:
a 2

4) asimptota tenglamalari >'-+*x=2"-jr.
a n

dirtkirisa tenglamalari =

4) Al'j 3-" jnuqgta giperbolaning o‘ng tarmog'ida yotadi <n-3>0).
Uholda r - sx-a, r.=sx+a Ibfmulalanra ko'm
3..5

Yarim o'glari teng (a-b) bo'lgan gipcrbolaga teiig tomvnli giperbola
deyiladi. Teng tomonli gipcrbola

*-jf-al (3.6)

tengiama bilan aniglanadi. Asimptotalari <9.*va Oy o'glardan iborat bo’lgun

teng tonKtnli gipcxbola >- - ko'rinishdagi tengiama bilan aniglanadi.

<S> Agar giperbolaning fokuslari /0" gida yotsa, u holda gipe»bo!j

£4 " * *
lenglama bilan aniglanadi. Bunda giperbolaning ebsenirisitcti € :b~ tenglik

bilan, asimptotalari y=iéxtenglamalarbilan, direkrrisalari v=%_



KnglumsUirbilan topiladi. (3.5) va (3.7) tenglamalar bilan uniq lanuvchi
gipert>olalarga qn ‘shmagiperbololar deyiladi.

*

9-misol. giperbolaning chap fokusi bilan bu giperbolada
go'shnia cip«bolaning o*ng fokusi orasidagi masofani toping.

<& c*=fls+b: tenglikdan topamiz: ¢’ -9 +16=25,¢=S. U holda
berilgan giperbola uchun F,50> /\(~5,0)va qo'shma giperbola uchun
f\05> £{0.-5) boiadi.

Bundan

INV'(-5- < #(0--5)l =Sj2(w*). O

33.4. © Hokus deb ataluvchi berilgan nuqtadan va direktrisa deb
ulaluvchi berilgan to’'g'ri chieigdun teng u/oglik'da yotuvchi tokislik
nugtalarioing geometrik o'migaparabola deyiladi.

FokuMlan dircktrisagacha boigan p masofagaparabola»ingparametti
deyiladi.

v'=2pX (3.8)
lenglamagaparabolaning kanonik tenglamasi deyiladi.

Parabolada 0(O;O)nugla uning uchi, ttro'q uning o’qi deb ataladi.

Paraboliinm” ekssentrisiteti s =, L =1ga teng,direktriiasi i - - ?2
tenglama bilan aniglanadi.

10-misol. Xx3=6y tenglama hilaa berilgan parabolada toping:
1) foku&ning kooniinatalarini; 2) dircktrisaning tenglamasini;

3) V] - 2" |nuqtaning fokal radiusini.

® 1>Shartga ko'ra ip - 6. Bundan p =3.
U hulda: 1) fokus \0;~ |- £\0:~ koordina’larga ega boiadi:
2)dircktrisay- tcnglamaga ega boiadi;

3) A/[-2:-~ |nugraning fokal radiusi r =y, +£-'~i ~-4ga teng boiadi. O



"% 8-inisol. S*J- 4v’ 20 tenglama bilan berilgan gipcrbolada typing:
1) yarim o ‘glar uzunligini; 2) fokuslar koordinatalarini; 3) cksscntrisitctni:

4) asimptota va difcktrisalammg tenglamalarini; 5) J¥f3;]jnugtaning lokal

radiuslarini.
® (iipcrbola tenglainabini kanonik shaklea kcltiramiz:

H e
1) Bu tenglamadan topamiz: a: =4. b' -J.ya'ni i/=2, b- vS.
2) r: =u +b' tenglikdan topamiz: ¢: - 4 i 5-9, t-3.
Bundan F,(3,0), F.(-3;0).

3) s - ¢ fomiuladantopamiz:
a 2

4) asimptota tenglamalari >'-+*x=2"-jr.
a n

direktrisa tenglamalari =

4) Ai'j 3" jnugta giperbolaning o‘ng taruiog'ida yotadi <n-3>0).

Uholda r - sx-a, r.=sx+a formulalarka ko'm
3..5

Yarim o'glari teng (a-b) bo'lgan giperbolaga teiig tomvnli giperbola
deyiladi. Teng tomonli gipcrtxila

*ojfo-al (3.6>

tenglama bilan aniglanadi. Asimptotalari <9.*va Oy o'glardan iborat bo’lgun

teng tonKtnli gipcxbola >- - ko'rinishdagi tenglama bilan aniglanadi.
<S> Agar giperbolaning fokuslari Oyo' gida yutsa, u holda gipe»bo!j
Z l-iL .. 3.7»

lenglama hilan aniglanadi. Bunda giperbolaning ckbsentrisitcti € :E tenglik

bilan, asimptotalari y=i-a*tenglamalarbilan, direktrisalari v=%_



KnglumsUirbilan topiladi. (3.5) va (3.7) tenglamalar bilan uniqg lanuvchi
gipert>olalarga qn 'shmagifyerbolalar deyiladi.

9-misol. gipcrboiaiiing chap fokusi bilan bu gipcrbolada
go'shma giperbolaning o*ng fokusi orasidagi masofani toping.

<& c*=fls+b: tenglikdan topemiz; ¢'-9 +16=25.c=5 U holda
berilgan giperbolu uchun F(50> /\(~5,0)va qu'shma gipcrbola uchun
f\05>, fT(0:-5> bo'ladi.

Bundan

F\r31- V(-5 - 0) 4(0-5)! =5v2(i/A>. O

33.4. © Kokii.s deb ataluvchi berilgan nuqtadan va direktrisa deb
alaluvchi berilgan to’g'ri chieigdun teng u/oglikda yotuvchi lekislik
nuqtalarining geometrik o*migaparabo/n deyiladi.

FokuMlan dircktrisagacha bo'lean p masofa™’a parabola»ing parameni
deyiladi.

V'=2pX (3.8)
tenglamagaparabvlanmgkanonik tenglamasi deyiladi.

Paraholada 0(0;0)nuqla uning uchi, ttro'q uning o‘gi deb ataladi.

Parabohinm" ekisentrisiteti s = =1 ga leng, direktriiasi i - - ?

tengiama bilan aniglanadi.

10-misol. .v. =6]‘ tengiama hilan berilgan parabolada toping:
1) foku&ning kouniinatalari-ni; 2) dircktrisauiflg tenglamasini;

3) w] - 2.~ I nugtaning fokal radiusini.

1>Shartga ko'ra rP-(>. Bundan p-3.
U hulda: 1) fokus A1 ft™ |- £\0:~ koordina”larga ega bo'ladi:
2)dircktrisay - A tenglamaga ega bo'ladi;

3) A/[-2:-" |nugraning fokal radiusi r =.r, +~ - ~<”- 4ga teng bo’'ladi. O
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"% 8-inisol. S*J- 4v’ 20 tenglama bilan berilgan gipcrbolada toping:
1) yarim o ‘glar uzunligini; 2) fokuslar koordinatalarini; 3) cksscntrisitctni:

4) asimptota va difcktrisalammg tenglamalarini; 5) J¥f3;~jnugtaning fnksl

radiuslarini.
® (iipcrbola tenglamasini kanonik shaklea kcltiramiz:

H e
1) Bu tenglamadan topamiz: a: =4. b' -J.ya'ni u=b-vs.
2) r: =U +b' tenglikdan topamiz: ¢: - 4 i 5-9, <=3.
Bundan F,(3;0), F.(-3;0).

3) s - ¢ fomiuladan topamiz:
a 2

4) asimptota tenglamalari y-i*”; X=7'"X.
n

direktrisa tenglamalari =

4) Al'} 3- jnuqta giperbolaning o'ng tarmog'ida yoladi <n-3>0).

Ulicolda r - sx-a, r.=sx+a formulalarka ko‘ra
3..5 3. _ 13

Yarim o'glari teng (a-b) bo’lgan gipcrbolaga teiig tomvnli giperbola
deyiladi. Tengtomonli gipcrtxila

*-jf-al (3.6)

tenglama bilan aniglanadi. Asimptotalari <9.*va Oy o'glardun iborat bo’lgun

teng toinonli gipeibola >- - ko'rinishdagi tenglama bilan aniglanadi.

<S> Agar giperbolaning fokuslari /0" gida yutsa, u holda giperbolj

£4 " * *
tenglama bilan aniglanadi. Bunda giperbolaning ck”senirisucti ¢ :b~ tenglik

bilan, asimptotalari y:i-axtenglamalarbilan, direktrisalari v=+
i



gagluinabtrbilan topiladi. (3.5) va (3.7) tenglamalar bilan unig lanuvchi
gjpdbotalargaqn shmagiperbololar deyiladi.

9-misol. giperbolaning chap fokusi bilan bu giperbolaga
go'shnia giperbolaning o*ng fokusi orasidagi masofani toping.

<& c*=fls+b: tenglikdan topamiz: ¢’ -9 +16=25,¢=S. U holda
berilgan giperbola uchun F,50> /\(~5,0)va qu'shma giperbola uchun
f\05> £{0.-5) boiadi.

Bundan L

INV'(-5-  #(0--s)! =Sj2(w*). O

33.4. © hokus deb ataluvchi berilgan nugtadan va direktrisa deb
ulaluvchi berilgan to’g'ri chizigdun teng u/oglikda yotuvchi lekislik
nuqtalariuing geometrik o'migaparabola deyiladi.

FokuMlan direktrisagacha boigan p masofagaparabola»ingparameni
deyilatli.

v'=2px (33)
tenglamagaparabolaningkanonik tenglamasi deyiladi.

Parabolada 0(O;O)nugla uning uchi, ttro'q uning o‘gi deb ataladi.

Parabohinmg ekssentrisiteti S =  =1ga leng, direktriiasi i - - ?

tenglama bilan atiiglanadi.

10-misol. x3=6y tenglama bilan berilgan parabolada toping:
1) foku&ning kooniinatalarini; 2) direktrisaning tenglamasini;

3) W - 2.2 | nugtaning fokal radiusini.

® 1>Shartga ko'ra ip - 6. Bundan p =3,
U holda: 1) foku? /4 0;~ |- fj 0:~ koordina™largi ega boiadi:
2) dircktrisiiy -~ tcnglamaga ega boiadi;

3) A/[-2:-~ |nugraning fokal radiusi r =y, +£-'~i ~-4ga teng boiadi. O
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"% 8-inisol. S*J- 4v’ 20 tenglama bilan berilgan gipcrbolada loping:
1) yarim o ‘glar uzunligini; 2) fokuslar koordinatalarini; 3) cksscntrisitctni:

4) asimptota va difcktrisalammg tenglamalarini; 5) J¥f3;~jnugtaning fnksl

radiuslarini.
® (iipcrbola tenglamasini kanonik shaklea kcltiramiz:

H e
1) Bu tenglamadan topamiz: a: =4. b' -J.ya'ni u= b - vS.
2) r: =U +b' tenglikdan topamiz: ¢: - 4 i 5-9, <=3
Bundan F,(3,0), F.(-3;0).

3)s - ¢ fomiuladmtopamiz:
a 2

4) asimptota tenglamalari >'-£*x=2"-jr.
a n

direktrisa tenglamalari =

4) Ai'j 3 jnugta giperbolaning o‘ng tarmog'ida yotadi <n-3>0).

=sx+a formulalarka ko‘ra

Ulicvlda r - sx-a, r.
3., 5 3. _ 1B

Yarim o'qlari teng (a-b) bo'lgan gipcrbolaga teiig tomvnli giperbola
deyiladi. Tengtomonli giperbola

* - jf-al (36>

tenglama bilan aniglanadi. Asimptotalari <9.*va Oy o'glardun iborat bo'lgun

teng tonKtnli giperbola >- - ko'rinishdagi tenglama bilan aniglanadi.

<S> Agar giperbolaning fokuslari /0" gida yutsa, u holda giperbolj

£4 * %

tenglama bilan aniglanadi. Bunda giperbolaning ck”senirisiicti ¢ :E tenglik

bilan, asimptotalari y=i-axtenglamalarbilan, direktrisalari v=+
i
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gagluinabtrbilan topiladi. (3.5) va (3.7) tenglamalar bilan unig lanuvchi
gjpdbotalargaqn shmagiperbololar deyiladi.

9-misol. gipcrboiaiiing chap fokusi bilan bu gipcrbolaga
go'shnia cip«bolaning o'ng fokusi orasidagi masofani toping.

<& ¢*=fls+b: tenglikdan topemiz: ¢'-9 +16=25. ¢c=5 U holda
berilgan gipcrbola uchun /\(=5,0)va qu'shma gipcrbola uchun
f \05>, fT(0:-5> bo'ladi.

Bundan

£\r31- V(-5 - 0) 4(0-5)! =5v2(/A> O

33.4. © hokus deb ataluvchi berilgan nugtadan va direktrisa deb
utaluvchi berilgan to’g'ri chizigdun teng luoqgljkda yotuvchi lokislik
nuqtalariuiug geometrik o'migaparabola deyiladi.

FokuMlan dircktrisagacha bo'lean p masofagaparabola»ing parametti
deyiladi.

v'=2px (33)
tenglamagaparalxjlanmx kanonik tenglamasi deyiladi.

Parabolada 0(O;O)nugla uning uchi, ttro'q lining o'qi deb ataladi.

Parabohinmg ekisentrisiteti s = =1ga leng, direkzritasi i - - ?

tengiama bilan aniglanadi.

10-misol. x1=(ty tengiama bilan berilgan parabolada toping:
1) fokusning kooniinatalarini; 2) dircktrisaning tenglamasini;

3) W - 2.~ | nugtaning fokal radiusini.
® 1>Shartgako'ra ip - 6. Bundan p-3.

U hulda: 1) fokus /i ft~ |- fj 0, koordina”~larga ega bo'ladi:
2)dircktrisay - " icnglamaga ega bo'ladi;

3) A/[-2-" |nugraning fokal radiusi r =y, +£-'"Ai ~-4ga teng bo'ladi. O
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"% 8-inisol. S*J- 4v’ 20 tenglama bilan berilgan giperbolada typing:
1) yarim o ‘glar uzunligini; 2) fbkuslar koordinatalarini; 3) cksscntrisitctni:

4) asimptota va dircktrisalammg tenglamalariui; 5) JVf3;]jnuqgtaning fokal

radiusJarini.
® (iipcrbola tenglamasini kanonik shaklea kcltiramiz:

H n

1) Bu tenglamadan topamiz: a: =4. b' -J.ya'ni i/=2, b - vS.
2) r: =u +b' tenglikdan topamiz: ¢: -4 i 5-9, <=3.
Bundan F,(3;0), F.(-3;0).

3)s - ¢ fomiuladantopamiz:
a 2

4) asimptota tenglamalari ,v-+ <x=="r,
a

/\.
n
dnektrisa tenglamalari =
4) Ai'j 3 jnuqta giperbolaning o'ng laruiog'ida yotadi <n-3>0).
U licslda r - sx-a, r.=sx+a l'ormulalarka koin
3..5

Yarim o'qlari teng (a-b) bo'lgan uipctbolaga teiig tomvnli giperbola
deyiladi. Teng tomonli gipcrtxila

- al (36>
tenglama bilan aniglanadi. Asimptotalari <9.*va Oy o'glardun iborat bo’lgun

teng tonKtnli giperbola >- - ko'rinishdagi tenglama bilan aniglanadi.
<s> Agar giperbolaning fokuslari /O' gida yotsa, u holda giperbolj
jl-iL ., 3.7»

leiiglania bilan aniglanadi. Bunda giperbolaning ekssentrisiteti ¢ :E tenglik

bilan, asimptotalari y=i-a*tenglamalarbilan, direktrisalari v=%_



KnglumsUirbilan topiladi. (3.5) va (3.7) tenglamalar bilan uniqg lanuvchi
gipert>olalarga g0 'shmagiperbololar deyiladi.

*

9-misol. giperbolaning chap fokusi bilan B\\ gipcrbolada
go'shnia giperbolaning o*ng fokusi orasidagi masofani toping.

<& c¢*=fls+b: tenglikdan topamiz: c¢'-9 +16=25,¢=S. U holda
berilgan giperbola uchun F(50>. /\(~5;0)va qo'shma giperbola uchun
f \05>, £;,{0: -5) bo'ladi.

Bundan

£\r31- V(-5- 0) 4(0- 5)! =5v2(/A> O

33.4. © Kokns deb ataluvchi berilgan nuqtadan va direktrisa deb
alaluvchi berilgan to'g'ri chieigdan teng u/oglikda yotuvchi tekislik
nugtalariuing geometrik o*migaparabola deyiladi.

FokuMlan direktrisagacha bo'lean p masofagaparabola»ing parameni
deyiladi.

v'=2pX (3.8)
tenglamagaparabvlaningkanonik tenglamasi deyiladi.

Paraholada CLI0-0)nugta uning uchi, ttro'q uning o'qi deb ataladi.

Parabolitnmg ekisentrisiteti s = =1ga leng,direkzritasi I - - ?

tenglamu biian aniglanadi.

10-misol. \v. =6.i‘ tenglama bilan berilgan parabolada toping:
1) foku&ning kooniinatalarini; 2) direktrisaning tenglamasini;

3) w] - 2.~ I nugtaning fokal radiusini.

1>Shartgako'ra ip - 6. Bundan p-3.
U hulda: 1) foku? /i ft~ |- fj 0:~ koordina”larga ega bo'ladi:
2)dircktrisiiy - P~ icnglamaga ega bo'ladi;

3) A/[-2:-~ |nugraning fokal radiusi r =y, +£-'~i - 4ga tene bo’ladi. O
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Oxyz fazodagi chizig tenglamasi deb aynan shu chizig barcha
nuqtalarining x,y,z koordinatalarini aniglovchi \\pF&ﬁng :Q$ tenglamalar
\G(x,y,z) =0

sistemasiga aytiladi.

Fazodagi chizigni nuqtaning trayektoriyasi deb garash mumkin. Bunda
chiziq r =r(t)vektor tengiama bilan yoki x=x(t),y =y(t),z =z(t),te T
parametrik tenglamalar bilan beriladi.

4.1.3. Tekislikning fazodagi har xil o'mi turli tenglamalar bila
aniglanadi.

1. Berilgan nugtadan o'tuvchi va berilgan vektorga perpendikular
tekislik tenglamasi:

A(x-xa)+B (y-y™ +C(z-za)=Q (1.1)
bu yerda A,B,C- tekislik normal vektori (tekislikka perpendikular boigan
vektor) n={ABC}ning koordinatalari; x,,y0,z0-berilgan  nugtaning
koordinatalari, x,y,z-  tekisiikda yotuvchi ixtiyoriy nugtaning
koordinatalari.

2. Tekislikning umumiy tenglamasi:

AX+By+Cz+D=0 1.2)

bu yerda D -ozod had; A2+B1+C2* 0.

Bu tengiama bilan aniglanuvchi tekislikning xususiy hollari:

By +Cz+D=0 (A=0)- Ox o‘qqga parallel;

Ax+Cz+D=0 (B=0)-0y o‘qqga parallel;

Ax+By +D =0 (C=0)- Oz o‘qqga parallel;

Ax+By +Cz =0 (D =0) - koordinatalar boshidan o‘tuvchi;

By +Cz=0 (4 =0,D=0)- Ox o'qdan o'tuvchi;

Ax+Cz=0 (B=0,D=0)-Oy o‘qdan o'tuvchi;

Ax+By =0 (C=0,D=0)- Oz o'qdan o'tuvchi;

Cz+D =0 (A=0,B=0)- Oxy tekislikka parallel yoki 0z o0'qga
perpendikular;

By +D =0 (J=0,C=0)- Oxz tekislikka parallel yoki 0y 0'qga
perpendikular;

Ax+D =0 (B=0,C=0)- Oyz tekislikka parallel yoki o0x o0'qgga
perpendikular;



z=0 (A =0,B =0,2) =0)~ Oxy tekislik;
x=0(B =0,C =0,D =0) - Oyz tekislik;
y =0 (A =0,C =0,D =0) - Oxztekislik.
3. Berilgan nugtadan o ‘tuvchi va berilgan ikki vektorga parallel tekislik
tenglamasi:
X~X» Y~Y, z-2z0
P, & r, =0 (1.3)
Pi 4, r2
bu yerda x0,y0,z0-berilgan nugtaning koordinatalari;
pxqt,r,pr,ur,r2-berilgan ikki vektorning koordinatalari.
4. Berilgan uchta nugtadan o ‘tuvchi tekislik tenglamasi
*oxiooy-y, z-~z,
X2~x< Yr-y, Z22-Z, = 0. (1-4)
Xx1~x, ¥Y3-Y, Z3-Z,
bu yerda x,,yl,z,,X2y222 x3y},z, -berilgan uchta nugtaning koordinatalari.
5. Tekislikning kesmalarga nishatan tenglamasi:

X y_ 2_
-+ 4= .
a b ¢ (1.5)

bu yerda a,b,c- tekislikning mos ravishda Ox,0Oy va Oz o‘qglarda ajratgan
kesmalari.

6. Tekislikning normal tenglamasi:

xcosa +yco$P +zcosy-~P =0, (1-6)

bu yerda p - koordinatalar boshidan to‘g‘ri chiziggacha boigan masofa;
cosa,cos/3,cosx-tekislikka pecpendikular birlik vektorning koordinatalari.

Tekislikning umumiy tenglamasini normal tenglamaga (1.2) tenglikning
chap va o‘ng tomonini M ==- 1 normallovchi ko'paytuvchiga

'Ja2+b2+c?2

ko'paytirib, oikaziladi. Bunda M ko'paytuvchining ishorasi
D koeffitsiyentning ishorasiga qarama-qarshi gilib tanlanadi.

5O x,y,z 0‘zgaruvchilaming har ganday birinchi darajali tenglamasi
fazodagi biror tekislikni ifodalaydi va aksincha, fazodagi har ganday tekislik
®y,z 0‘zgaruvchilaming biror birinchi darajali tenglamasi bilan aniglanadi.
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1-misol. Tekislik tenglamasini tuzing: 1) Oy o'gdan va M(Q(5;3;-2)
nugtadan o'tuvchi; 2) Oz o‘qga parallel bo‘lgan va N1/,(5,0,~1)J1/2(-3;4;-2)
nifgtalardan o'tuvchi; 3) Ox o‘qqga perpendikular bo'lgan va M,(4;-2;4)
nugtadan o'tuvchi; 4) Oxy tekislikka parallel boigan va A/4(-1;3;-2)
nugtadan o‘tuvchi.

® 1) Oy o'qdan o'tuvchi tekislik tenglamasi Ax+Cz =0 bo'ladi. Bu
tenglamani A/(5;3;-2) nugtaning koordinatalari ganoatlantiradi, chunki bu

2
nuqta tekislikda yotadi. U holda 5A~2C=0 yoki A=~C. Bundan

2
jCx +Cz=0 yoki

2X +5z =0.

2) Oz o'qqa parallel tekislik tenglamasi Ax+By +D -0bo'ladi. Bu
tenglamani N1/,(5;0;-1),M,(-3;4;-2) nuqtalaming koordinatalari
ganoatlantiradi, ya'ni

5N +£>=0,
-3A +4B +D =0.

Bundan A g) va B:--gD. U holda --Ex~-bDy +D =0 yoki

x+2y-5 =0.
3) Ox o'qqa perpendikular tekislik tenglamasi Ax+D=0. A/34;-2;4)
nuqtada 4A+D =0 yoki D =-AA Bundan
x-4 =0.
4)0xy tekislikka parallel tekislik tenglamasi Cz+D=0bo'ladi. Bu
tenglikdan M4(-1;3;-2) nugtada -2C +D=0 yoki D=2Ckelib chigadi.
U holda
z+2=0. O

2-misol. Tekislik tenglamasini tuzing: 1) Afe(—;3;2)nugtadan o'tuvchi
va normal vektori n={32-2} bo'lgan; 2) M,(3;-1;2) nugtadan o'tuvchi,
f,={L3Z% va s2={2-3,0} vektorlarga parallel bo‘lgan; 3) M23;2;-1),
MX1;-1;2) nugtalardan o'tuvchi va s, ={21—4 vektorga parallel bo'lgan;
4) JVA1;-1,2), M,(-2;3;1) va A/6(;~3;3) nuqtalardan o'tgan; 5) koordinata
o'glarida a=-2; b=3; c¢=-5 birlik kesmalar ajratgan; 6) koordinatalar
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boshidan 26 ga teng masofada yotuvchi va normal vektori n={3-4;12}
bo‘lgan.
<$> Berilgan masala shartiga mos tekislik tenglamalaridan foyda-
lanamiz.
1) Shartga ko'‘ra  tekislik  MOQ(-1;3;2)nugtadan  o'tadi va
n ={3;2;-2} vektorga perpendikular bo‘ladi. (1.1) tenglamadan topamiz:
3e(x +1) +2 (" - 3)- 2¢(z- 2) =0 yoKki
i 3x+2v- 2z +1=0.
2) Shartga binoan tekislik N/,(3;-1;2) nugtadan va
J; ={1—2} v2={2;-3,0> vektorlardan o‘tadi. (1.3) tenglamadan topamiz:
x-3 y+1 z-2
1 -1 2 =0.
2 -3 0
Bundan (x - 3)¢6- (> +1)¢(-4) +(z- 2) -3 +2) =0 yoki
6x +4y - 2-12 =0.

3) Tekislik Af,(3;2;—%), Afyl;-1;2) nuqtalardan o‘t i b , ={2;I;-j vektorga
parallel bo’lgani sababli n M,(1;-1;2) nugtadan va MM, ={-2;-3;3},

?, =(2,1,—%} vektorlardan o‘tadi. U holda
je-1 y+1 z-2

-2 -3 3 =0.
2 1 -1

Bundan (x-1)<(3-3)- (y +1)m2- 6)+(z- 2) -2 +6) =0 yoki
y +z-1 =0.

4) Shartga ko‘ra tekislik uchta nugtadan o‘tadi. (1.4) tenglamadan
topamiz:

x—1 jy+l z-2 x -\ >+1 z-2
—2—-1 3+1 1-2 =0, -3 4 -1 =o0
1-1 -3 +1 3-2 0 -2 1

Bundan (x-1) 2- (y +1) «(-3) +(z - 2) *6 =0 yoki
2x +3y +62-11 =0.
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5) Tekislik koordinata o‘glarida a=-2; b =3] ¢ =-5 kesmalar ajratadi.
Tekislikning kesmalarga nisbatan tenglamasidan topamiz: L S

((2) +3+(-5)
yoki
15x - 10/ +6z +30 =0.
6) Tekislikning normal tenglamasidan foydalanamiz. Buning uchun
n={3;2-2}vektorning yo‘naltiruvchi kosinuslarini topamiz:
cosa=-7= = 3 = = =3 cosPi=-4, cosv=L2.
V3. +(-4): +12: 13 13

U holda (1.6) tenglamaga ko‘ra izlanayotgan tekislik tenglamasi
3xX 4y™\2z 26
13~T3 +TIr~T3"

yoki
3x-4>-+12z-26=0. O

4.1.4. Ikki tekislikning normal vektorlari orasidagi burchakka ikki
tekislik orasidagi burchak deyiladi.
0, va a, tekisliklar orasidagi burchak < ga teng boisin.
Agar tekisliklar Ax+By +C,z+[ =0 va AX+B,y +CZ+D2=0
tenglamalar bilan berilgan bo‘lsa
B R e (L.7)
jJA;+B;+C-jAl+B;+C2
Bu tekisliklar orasidagi go‘shni burchaklardan kichigi (1.7) tenglikning
0‘'ng tomonini modulga olish orqali topiladi.
er,vacr2 tekisliklarperpendikular boMsin.

U holda
AA2+B,B,+C,C2=0. (1.8)
< vacr, tekisliklarparallel bo‘lsin.
U holda
A =A =£ . (1.9)
A 5 2
¢, vao2 tekisliklar ustma-ust tushsin.
U holda
A=A -£1= (i i0)
A B C &
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3-misol. 4*10>>+z-3 =0 va lIx-8v-7z +8=0 tekisliklar orasidagi
burchakni toping.
<& Ikki tekislik orasidagi burchak formulasi (1.7) bilan topamiz:

4e11+(10)o(-8) +1+(-7)  _V2

Y2+ (-10)2+ R ed V+(-8)2+(-7)2 2
Bundan <p:T. 0]

4-misol. Tekislik tenglamasini tuzing: 1) JW0(1;-2;3) nugtadan o‘tuvchi
va 2x-6y +3z-5 =0 tekislikka parallel bo‘lgan; 2)/1/,(3;-2;1),1/2(2;-1;4)
nuqgtalardan o‘tuvchi va 3*- 4y +z - 2=0 tekislikka perpendikular bo‘lgan.
® 1) Tekislik tenglamasini Ax+By +Cz +D =0 ko'rinishida izlaymiz.
Misolning shartiga ko‘ra:
fA-2B+3C+D=0 (tekislik (1;—2"3) nuqtadan o'tadi),

j= =" =y (tekislik 2x-6_y +3z-5 =0 tekislikka [

Bundan A=§C, B=-2C, D=-§C. U holda

|cx-2Cy +C z-yC =0 yoki
2x - 6y +3z- 23 =0.

Bu masalani boshgacha yechish mumkin. Tekislik MOQ(I;-2;3) nugtadan
o‘tgani uchun (1.1) tenglamaga ko‘ra J1(x-1) +B(y +2) +C(z-3) =0.
Tekislik 2x- 6>+3z- 5=0 tekislikka parallel bo‘lgani uchun uning normal
vektori sifatida n ={2—6;3} vektomi olish mumkin. U holda
2mx-1) - 6 m>+2) +3(z - 3) =Oyoki
2x- 6y +3z- 23=0.
2) Tekislik tenglamasini Ax+By +Cz +D =0 ko‘rinishida izlaymiz.
Misol shartiga ko‘ra:
|3A- 45 +C =0 (tekislik 3x- 4y +z - 2 =0 tekislikka X),
j 3A-2B +C =-D (tekislik Mx(3;-2;1) nugtadan o'tadi),
[2A-B +4C =-D (tekislik M ,(2;-1;4) nugtadan o'tadi).
Sistemaning yechimi: A=13C, 5 =10C, D =-20C.



A, B,D koeffitsiyentlami izlanayotgan tenglamaga qo‘yamiz:
e 13Cx +10Cy +C z- 20C =0

Bundan
\3x+10y +z-20-0. O

4.1.5. Nugtadan tekislikka tushirilgan perpendikulaming uzunligiga
nugtadan tekislikkacha bo 'lgan masofa deyiladi.

MJx0;y0,z0) nuqtadan Ax+By +Cz +D=0 tenglama bilan berilgan
tekislikkacha bo'lgan masofa ushbu formula bilan topiladi:

:!A, + By0o+ Czo+ D \
V/i2+s2+c2

5-misol. A/,(54;-1) nugtadan Af(3;0;3), A/,(0;4,0) va J1/00;4;-3)
nuqgtalardan o'tuvchi tekislikkacha boigan masofani toping.

® Berilgan uchta nugtadan o'tuvchi tekislik tenglamasini tuzamiz:

x-3 'y z-3 n-3 y z-3
0-3 4 0-3 =0, -3 4 -3 =o0.
0-3 4 -3-3 -3 4 -6

Bundan -12m(*-3)-9e y+0¢(z—3) yoki 4r+3y-12 =0.
MQ(5;4;-1) nugtadan 4x +3y -12 =0tekislikkacha boigan masofani
(1.11) formula bilan hisoblaymiz:
d _14-5+3-4-12| _

4(ub). O
42+32+02

Mustahkamlash uchun mashqlar

4.1.1. Oz o'gqning M ,(-1;-2;5) va M,(2;];3) nugtalardan teng uzoqlikda
yotuvchi nuqtasini toping.

4.1.2. Oxy tekislikning A/Z,(;-3;D), N/,(195) va M,(0;-1;-2)
nugtalardan teng uzoglikda yotuvchi nugtasini toping.

4.13. MQ(2;-1;3) nugtadan o'tuvchi va shu nugtaning radius vektoriga
pedendikular bo'lgan tekislik tenglamasini tuzing.

4.1.4. n ={2;-3;4} vektorga pedpendikular bo'lgan va Oz manfiy
yarim o'gda 5ga teng kesma ajratuvchi tekislik tenglamasini tuzing.
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4.1.5. Tekislik tenglamalarini tuzing:

1) A0(1;3;-2) nugtadan va berilgan o'qdan o'tuvchi: a) OxX\  b) Oz,

2) M,(2—¥9 nugtadan o'tuvchi va berilgan o'qga pedendikular
bo'lgan: a) Oy; b) Oz

3) A(3;-2;4) nugtadan o'tuvchi va berilgan tekislikka parallel bo'lgan:
a)Ooxy; b) Oyz,

4) A/,(2;-3), A/,(3;4,0) nugtalardan o'tuvchi va berilgan o'qqa
parallel bo'lgan: a) Oy; b) Oz;

5) koordinatalar boshidan va berilgan nuqtalardan o'tgan:
a) M,(3-4:2), M2(-1114); b) M,(2;4;5), MX(-1;2;-1);

4.1.6. 2x+y - 3z+6=0tekislikning koordinata o'qlari bilan kesishish
nugtalarini toping.
4.1.7. M((I;-2;3) nuqgtadan va berilgan ikkita vektorga parallel tekislik

tenglamasini tuzing:
13 =211>va b ={31-1}, 2) a ={1;4;-2} va b ={52;-2>.

4.1.8. M,(2;-1;3), Af2(—;3;2) nugtalardan o'tuvchi va Ox, Oz o'glarida
teng musbat kesmalar ajratuvchi tekislik tenglamasini tuzing.

4.1.9. A/,,(2;5-2) nugtadan o'tuvchi va Ox,0z o'glarida Oy o'qqa
nisbatan uch barobar uzun kesma ajratuvchi tekislik tenglamasini tuzing.

4.1.10. Berilgan uchta nugtadan o'tuvchi tekislik tenglamasini tuzing:
1) AZ,(21-1), TVe(3,1,0), MY-1;25-1); 2) A/ (I-2;3), MZ4U3), M, (1;2;-1).

4.1.11. 9x- 2y +62-11 =0 tekislik tenglamasining kesmalarga nisbatan
va normal ko'rinishlarini yozing.

4.1.12. MQ(3;3;3) nugtadan koordinata tekisliklariga tushirilgan
pecpendikular asoslari orgali o'tgan tekislik tenglamasini tuzing.

4.1.13. Tekisliklar orasidagi burchakni toping:
1)*-2;y +2z+5=0vax-y-3 =0;
2) 3jc-y +2z+12=0 va 5x+9y-3z-1 =0;
2*-3>>-4z +4 =0va 5x+2>+z-3 =0;
4) ¥+2v+3=0vay +2z-5=0
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4.1.14. T\a nning ganday giymatlarida tekisliklar parallel bo'ladi:
1}33x-5y~nz-2 =0, mx+2y-3z +11=0;
2)&x-6y-6z +4 =0, 2x+mv+3z-8 =0.

4.1.15. mning ganday giymatlarida tekisliklar perpendikular bo'ladi:
1) 4jr-7v +22z-3 =0,-3jt +2y+mz+5=0; 2) x- my +z2=0,2x+ 3y+ mz-4 =0.

4.1.16. Tekislik tenglamalarini tuzing:

1) M,,(2;2;-2) nuqgtadan o‘tuvchi va berilgan tekislikka parallel bo'lgan:
a) jr-2y-3z =0; b) 2ic+3>+z-1 =0;

2iV/O——%.2) nugtadan  o‘tuvchi  va  berilgan  ikki  tekislikka
peipendikular bo'lgan: 1) x +2>>-22+6=0, x-2y +z +4 =0;
2) x+3y +z-1=0, 2x-y +z-2 =0.

)N/, (5-4;3), N/,(-2;1;,8) nuqtalardan o‘tuvchi va berilgan tekislikka
pedendikular bo'lgan: a) Oxy\ b) Oyz\ c¢) Oxz.

4.1.17. N/(-2;1;3)nugtadan va x-2y-2z +6=Q, 2x+3y-z+3=0
tekisliklaming kesishish chizig'idan o'tuvchi tekislik tenglamasini tuzing.

4.1.18. A/(2;;-2)nugtadan o'tuvchi va c+3y +2z +1=0, 3x+2"-z +8=0
tekisliklar kesishish chizig'iga perpendikular tekislik tenglamasini tuzing.

4.1.19. M,(2;0;0), A/,(0;1;,0) nuqtalardan o'tuvchi va Oxy tekislik bilan
45”1i burchak tashkil giluvchi tekislik tenglamasini tuzing.

4.1.20. Tekisliklaming kesishish nugtasini toping:
1) x+2y-z +2=0, x -y -2z + 1| =0, 3jt->--2z +11=0;

2) X- 2y-4z=0, x+2y- 4z+4=0, 3x+y - z- 4=0.

4.1.21. M,,(5;-1:4) nugtadan A/,(3;3,0), /1/,(0;-3;4), M, (0;0;4)nugtalardan
o'tuvchi tekislikkacha bo'lgan masofani toping.

4.1.22. 2x+v- 22 +6=0, x +2y +2z - 9=0tekisliklardan teng uzoqlikda
yotuvchi O.rogning nugtasini toping.

4.1.23. 2x-,v-2z-5=0tekislikka parallel bo'lgan va M((4;3;-2)
nugtadan d =3masofadan o'tuvchi tekislik tenglamasini tuzing.

4.1.24. Ikki yoqi 12x+3y-4z-4 =0 va 12x +3" -4z +22 =0tekisliklarda
yotuvchi kubning hajmini toping.

144



4.2. FAZODAGI TO'‘G'RI CHIZIQ

Fazodagi to‘g‘ri chiziq tenglamalari. Fazoda ikki to‘g‘ri chizigning
o‘zaro joylashishi. Fazoda to‘g‘ri chiziq bilan tekislikning o‘zaro
joylashishi. Nugtadan to‘g‘ri chiziqggacha bo‘lgan masofa

4.2.1.To'g'ri chizigning tekislikdagi har xil o'mi turli tenglamalar bilan

aniglanadi.
1.To'g'richizigning kanonik tenglamasi:
xS =Y~Y0 =7 ~2« (21)
p q r

bu yerda, p,q,r- tof 'ri chizig yo naltiruvchi vektori (to‘g‘ri chizigga
parallel boigan vektor) s ={p;q;r}mng koordinatalari; X,,yt,z¢-berilgan
nugtaning koordinatalari, X,y,z- to‘g‘ri chizigda  yotuvchi ixtiyoriy
nugtaning koordinatalari.
2. Tog'richizigningparametrik tenglamalari:
X=xa+pt,
w:y"+qt, (2.2)
Z=2,+rt
bu yerda, t-parametr.
3. Tog'richizigning vektor tenglamasi:
r-r0+ts, (2.3)
bu yerda, r={xy;z}, r,={t;y,;z0}- mos ravishda M(X;y;z), Mt(xt;yt;zt)
nugtalaming radius vektorlari.
4. Berilgan ikki nugtadan o tuvchi to §'ri chizig tenglamasi:
Y-y, =*-z, ° q .4
X7 ~X, Yy2-y, z2-z,’
buyerda, X,,yltzlt x2y2z2-berilgan ikki nugtaning koordinatalari.
5. Tof Tichizigning umumiy tenglamalari:
Ax+B)y+Cz+D,=0,
AX+B +CZ +D2=0,
bu yerda, T, , A,B2C2-ikkita parallel boimagan tekislik i, ={Al;BI;C}
Va ={*,5,,C} normal vektorlarining koordinatalari.
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Umumiy tenglamasi bilan berilgan to‘g‘ri chizigning yo'naltiruvchi
vektori

g=i *oc, A C 4 s,
. 8 C ¢ /i B,

formula bilan topiladi.

(2.6)

{ x+4y-z +2=0,
A[2x-3y +z-7 =0.
kanonik va parametrik ko‘rinishlarga keltiring.

® To'g'ri chizigda yotuvchi MO nuqgtaning koordinatalarini topamiz.
Buning uchun berilgan sistemani

Jojt+ av= z-2

1-misol

to'g‘ri chizigning umumiy tenglamasini

[2x-3y =-z +7.
ko‘rinishga keltirib, z ga z0=0 giymat beramiz va sistemadan g=xa va
lami aniglaymiz: x0=2, y,,=-1
To‘g‘ri chizigning yo‘naltiruvchi vektorini (2.6) formuladan topamiz:

<I PRt 11 1 4
S = , = {13

9 w=
-3 1 2 1 2 -3

Sy

U holda (2.1) formulaga ko‘ra berilgan tenglama ushbu
jc— [/+1_ z
1 -3 -11
kanonik shaklga keladi.

t parametr kiritamiz: X 2- v+1- 2 .=i.Bundan

1 -3 -11

Xx=2+t, y=-1-3t, z=-1U, teT. O
2-misol. M(2—%1) nuqgtadan o‘tuvchi va koordinata o‘glari bilan a =->

P= =— burchaklar tashkil qiluvchi to‘g‘ri chizigning umumiy

4 2

tenglamasini tuzing.
@> To'g'ri chizigning yo‘naltiruvchi vektori s ={p;q;r) bo'lsin.

Masala shartiga ko‘ra; p =cosa =cos™ =" , ? =cos/7=cos"-=--"->
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r =cos)'=cos—=0, ya'ni s=11.X 4
2 2

To'g‘ri chizig A/(2;-I;l) nugtadan o'tadi. Shu sababli (2.1) tenglamadan
X-2 _ k+1l_r-|

oki
V2 " V2" 0 y
2 2
X-2 y+12z-1
1
*-2=-(y +))
Bundan
- - 1.0 yokl
je+j11 =0, ~
r-1=0
422 -— =-—=- va -—" =-——=-—" tenglamalari bilan
A 7 r, p, 72 r2

berilgan ikki / va 120y i chiziglar orasidagi burchak < ga teng bo‘lsin.
U holda

cosy /2 (2.7)
VA +«r+»i VA +fifi +ra
Bunda to‘g‘ri chiziglar orasidagi o‘tkir bugchak (2.7) tenglikning o‘ng
tomonini modulga olish orgali topiladi.
/va/, to g V/chiziglarperpendikular bo‘lsin. U holda cos<p=0 yoKki

AA+Ti?2i +Vi =°- (2-8)
/va/2  toy 'ri chiziglar parallel bo‘lsin. U holda s, ={/>;/}va
N= vektorlar kollinear bo'ladi, ya'ni
P1=11=2. (2.9)
A 42 12

/va 2tog 'richiziglar bir tekisiikda yotsin.

A holda s, ={p1?|;r.}.,s2={p,;?2r2}, MtM2={2- xt;y2- y,;z2- zt} vektorlar
shu tekisiikda yotadi, ya'ni

X2~X, Yr-¥x 22~14
Pi 4 ri =0. (2.10)
P2 w ri
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Agar / va A to'g'ri chiziglar aygash boisa
Y-y, z3-2,
P, 4, r, *o.
P2 W r2
/ va / to'g'richiziglar ustma-ust tushsin.

U holda
A =£i1=4
P2 2 I
(21
p. g rl
3. misol. X-2 y+3 2-1 7*+22 - 8=0,

8 7 un a 4x+ v+6=0 t0 g ri -chlziglar
orasidagi o‘tkir burchakni toping.
<S> Birinchi to‘g‘ri chizigning yo‘naltiruvchi vektori J, ={8,7,11},
Ikkinchi to'g'ri chizigning yo‘naltiruvchi vektorini (2.6) formuladan
topamiz:
0 2 7 2
5, =<

i 10 * 40 m={-2,87}.

7
4 1
U holda (2.7) formulaga ko'ra

cosp= = 18.(_2? +¥_8+11_7 MZ. Bundan©=—.0
oJs +7+11 -V(-2)2+8-+72 2 4

4.2.3. To‘gii chiziq bilan uning tekislikdagi proyeksiyasi orasida
burchakka to § 'ri chiziq bilan tekislik orasidagi burchak deyiladi.
/ to‘g'ri chizig -——=—  =z-z° tenglama bilan va a tekislik
p q r
Ax+By +Cz +D =0 tenglama bilan berilgan boisin.
U holda
sin1)- — Ap +Bq +Cz
\ Ja2+B2+C2lp2+q2+r2
boiadi, bu yerda <- to‘g‘ri chiziq bilan tekislik orasidagi burchak.
Bunda to‘g‘ri chiziq bilan tekislik orasidagi o‘tkir burchak
(2.13) tenglikning o‘ng tomonini modulga olish orgali topiladi

(2.13)
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richizig (Y tekislik perpendikular bo'lsin.
g

Ito
U holda A BC
(2.14)
p g r
Itof'richiziq < tekislik parallel bo‘lsin.
Bunda Ap+Bg+Cr=0. (2.15)
Agar N\\o boMmasa, u holda to{§'ri chizig va tekislik kesishadi.
Shu sababli 4 +* +£> 0 (2.16)
4- misol. to‘g‘ri chiziq bilan 2x-y-z +9=0
tekislik orasidagi o4kir burchakni toping.
® (2.13) formuladan topamiz:
sin@@ () +(De(] 1 Bunfan &=’ 9Q

9 +(-\Y +(-\Y +2+(-2y 2

5- misol. ~ = 8 chizig bilan 2x+by- z- 3=0

tekislikning kesishish nugtasini toping.
® Ap+Bg+Cr=2m-1)+3K-2) +(-1) «3=-11 *0. Demak, to‘g‘ri chiziq
bilan tekislik kesishadi.

To'g'ri chizig va tekislik M~x”y~z,) nugtada kesishsin. U holda bu
nugta ham to‘g‘ri chizigda, ham tekislikda yotadi. Shu sababli M,(x,
nugtaning koordinatalari to‘g‘ri chiziq va tekislikning tenglamalarini
ganoatlantiradi:

S+ 2=ZL#I=b_IL? 2x, + 3*-*,-3 =0.

To g ri chiziq tenglamalarini parametrik ko‘rinishga keltiramiz:
| Xi=-2-1 yt=-\~2t, z,=| +3f.
Bu koordinatalami tekislik tenglamasiga go'yamiz:
Bundan,- , e 2<2-O +3(-1-20-(1 +30-3 =0.
tOPamiz- 1 M 4iymatlarini parametrik tenglamalarga go'yib,

E=-2-(-)=4j =—2-2m()=1 z=I+3 (-)=-2.
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Demak, Af,(-I;1;-2). O
/toy ‘richiziq a tekisiikda yotsin.

U holda
[Ap +Bg +Cr =0,
[Ax, +By,, +Cz0+D =0. (2.18)
6- misol. MQ(-1;2;-3) nuqgtadan o'tuvchi va 2*-3y +6z-i =0
tekislikka

pedrendikular to‘g‘ri chizig tenglamasini tuzing.
® To'g'ri chizig bilan tekislikning pedendikularlik shartidan topamiz-
2 3 6
Pq T
3
Bundan g =— p, r=3p.
(2.1) tenglamadan topamiz:
X+l _y-2 _z+3 X+1_y-2_z+3

ye 1
2
Bu masalani boshgacha yechish mumkin. To‘g‘ri chiziq tekislikka
pedpendikular bo‘lgani sababli tekislikning  normal vektori to'g'n
chizigning yo‘naltiruvchi vektori bo'ladi, ya'ni J ={2;-3,6}.
U holda A(-1;2;-3) nugtadan 0°‘tuvchi to‘g‘ri chizigning kanonik
tenglamasi:
X+l y-2 _z+3
2 ~-3 " 6
7- misol. mning ganday giymatida i =£ il to'g'ri chizig
m m+l
va 3r+y - 3z-1 =0 tekislik parallel boMadi?
<$> To'g'ri chiziq va tekislikning parallellik shartiga ko'ra
3-3+1-m+(-3) «(m+1)=0. Bundan m=3. O
[Bx-y+ 2-3 =0,
\2x+y-2z +9=0
to‘g‘ri chiziq va M (-2;-3;2) nuqtadan 0‘tuvchi tekislik tenglam asinituzin®.
® Berilgan to'g‘ri chizigdan o‘tadigan tekisliklar dastasi tenglam”

8- misol.



tuzamiz: -y +2-3 +W X +y-2z +9)=0.

. nugta koordinatalari tekislik tenglamasini ganoatlantiradi.
Shu sababli 3{_2)_(3)+2-3 +A(2-(-2)-3-2-2 +9)=0.

Bundan”g top.jgan gjymatini tekisliklar dastasi tenglamasiga qo'yamiz:

X +3.v-5z +21=0. O

424. MOx0y0z0 nugtadan * = = tenglama bilan

berilgan /to'g'ri chiziggacha bo'lgan masofa d ga teng bo'lsin.
U holda

(2.19)

9- misol. M,(-5;4;3) nugtadan —3= to'g'ri chiziggacha
bo'lgan masofani toping.

Masalaning shartiga ko'ra: A/,(-5;4;3), AM0(2;3;1), ? ={-1;3;2}.

Bundan
M\MO={2- (~5);3- 41- 3}={7;-1;-2}.
U holda
t j K
M,MOxs = 7 -1 -2
-13 2

=(-2 +6)1- (14- 2)J +(21-1)k =47-12] +20k,
W N OXS |=ifif+ i-ny + 202=14n/35,
Is |~p/(—1)" + 3" + 2" = n/14 .

(2 19) formula bilan topamiz:

n =2ViO(Mi)). o
V14 ()
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Mustahkamlash uchun mashglar
4.2.1. To'g'ri chizigning kanonik tenglamasini tuzing:
1) M,(I;1;-2) nugtadan o'tuvchi va s ={2;3;-1} vektorga parallel bo'lgan »
2) A/22;-3;-1) nugtadan o'tuvchi va Oy o'qqa parallel bo'lgan;

X=3+2/

3)A/,(—2—23) nuqgtadan o'tuvchi va y=-1+3/, to'g'ri chiziqga parallel
2=1—

bo'lgan;

4 . L. _\x+3X+ 2+6=_0, _ ..

) A4 —%E—2,—3)nuqtadan o tuvchiva j _4z+3=0 to'g'ri chiziqga

parallel bo'lgan.

4.2.2. M(-3;6;2) nugtadan o'tuvchi va Oz o'gni to'g'ri burchak ostida
kesuvchi to'g'ri chiziq tenglamasini tuzing.
4.2.3. To'g'ri chiziq tenglamasini parametrik ko'rinishga keltiring:
|5x +7-32 +5=0, fic+n-z-1 =0,
[8x- Ay- 2+6=0; {ic- y +2z +1=0.

424, | x+2y+4z 8 0>tenglama bilan berilgan to'g'ri chizigning
[6x+3>+2r-18 =0 ]

yo'naltiruvchi vektorini toping.

4.2.5. Berilgan nugtalardan o'tuvchi to'g'ri chizigning umumiy

tenglamasini tuzing: 1)M,(-1;2;2),M, (3;1;-2);
2)M,(L-2,1), A3:15-1);  3)M,(3;-15-2),M2(2;2;2).

4.2.6. M(2;2;-1) nugtadan o'tuvchi va a ={1;1,2},6 ={%31} vektorlarga
pedendikular to'g'ri chizig tenglamasini tuzing.

I
4.2.7. A/(-;2;-3) nugtadan o'tuvchi va koordinata o'qglari bilan a =3>

)

:4—, y:—3 burchak tashkil giluvchi to'g'ri chizig tenglamalarini tuzing-

4.2.8. Uchburchakning uchlari berilgan: -4(—%,2;3),S(—-21),C(34%- |
A uchdan o'tkazilgan mediana tenglamasini tuzing.
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1

29 ABCD parallelogrammning ikki uchi /!(-1;2;0).S(4;I;3)va
4’ ilari kesishish nuqtasi 0(-2;1;2) berilgan. Parallelogramm
anglnining tenglamasini tuzing.

42 10. To'g'ri chiziglar orasidagi o'tkir burchakni toping:

r=-2+3%, X=\+2 X+y +2-1=0, \x-y +2=0.
, =0, va >=0 X-y +3z+1=0, [2x+y -z - 6=0.
7=3-t z=-3+]

4 2.11- A/(-2;3;-1) nugtadan o'tuvchi va berilgan to'g'ri chiziglarga

perpendikular to'g'ri chiziq tenglamasini tuzing:

*

y -2 jf+l oy +l_z-2

92=T_3°' 1 -1 2°

x5 y+l z-3 je+2_y 2+
2)T '=~T" -2’ 2 ~-5~4
4.2.12. To'g'ri chiziglaming o'zaro joylashishini aniglang:
5 4 2-3 X=2+8,
X-9 _y - - —
N 2~ y =6t
2=-3-4,
A*+4_[0+3_2-1 x _ -1 2+2

1)

3 2 1'-2"7 3
4.2.13. To'g'ri chiziq bilan tekislik orasidagi burchakni toping:

+1
o qw g » 2X+2y-9=0;

7) x-2y-1 =0,
Y- 2_2=0 x+2y~z+6=0.

H~

2.14. To g ri chiziq bilan tekislikning o'zaro joylashishini aniglang:
3+47-6 =0,



4.2.15. To'gkri chiziqg bilan tekislikning kesishish nugtasini toping:
1) = = N-3N-22z+5=0;
2)£,Z+H £iZ 5»-2-4 o

2 17 13

4.2.16. m va nning ganday giymatlarida to‘gri
chiziqg:
1) mx+2y-4z +n =Qtekisiikda yotadi;
2) mx+ny +3z- 5=0 tekislikka perpendikular bo‘ladi;
3) 2x+3y +2mz -n =0 tekislikka parallel boiadi.

4.2.17. A/(l——3) nuqgtadan o‘tuvchi va berilgan to‘g‘ri chizigqa
pedendikular tekislik tenglamasini tuzing:

N*+| _Y+2 z+2, +3 _z-5. fx-1 =0

2 " -3 4 4 ~~T AT {"+2=0.

4.2.18. M(4;5;-6) nugtadan berilgan tekislikka tushirilgan pedye”1kular
tenglamasini tuzing:
1) x-2y-3 =0; 2) x-y +z-5 =0.

Xx—3y +5=0,
4.2.19. M(0;1;2) nugtadan va y

o‘tuvchi
tekislik tenglamasini tuzing.

4.2.20. A/(5;2;-)nugtaning x +2z-1 =0 tekislikdagiproyeksiyasini
toping.

4.2.21. N/(2;3;4)nugtaning = = to‘g'ri chizigdagi
proyeksiyasini toping.

4, 2.22. M(2;-3;-1) nugtadan berilgan to‘g‘ri chiziggacha boigan
masofani toping:

n x-3 _y+2 2+1. NX+\_y +2 z+\
4 " 3 " 5 2 ~ — 2



4.3. IKKINCHI TARTIBLI SIRTLAR

Sfera. Ellipsoid. Giperboloidlar. Konus sirtlar.
Paraboloidlar. Silindrik sirtlar

4.3.1. Oxyz koordinatalar sistemasida x,y,z o‘zgaruvchilaming ikkinchi
darajali tenglamasi bilan aniglanuvchi sirt ikkichi tartibli sirt deyiladi.
Uchta x,y va z o‘zgaruvchining ikkinchi darajali tenglamasi umumiy
ko‘rinishda
AX2+By2+Cz2+Dxy +Exz +Fyz + Gx+Hy+ Kz +L=0, A2+B2+C2*0 (3.1)

kabi yoziladi.
(3.1) tenglamani koordinatalar sistemasini almashtirish orqali
Ax2+By2+Cz2+L =0 (3.2)
yoki
AX2+By2+Kz +1 =0 (3.3)

ko'rinishdagi tenglamalardan biriga keltirish mumkin.

(3.2) ko'rinishdagi tenglamalar bilan aniglanuvchi sirtlarga sfera,
ellipsoidlar, giperboloidlar va konus sirtlar, (3.3) ko‘rinishdagi tenglamalar
bilan aniglanuvchi sirtlargaparaboloidlar kiradi.

Shu bilan birga ikkinchi tartibli sirt

F(x,y) =0 (G(x,2) =0, H(y,z) =0)
tenglama bilan berilishi mumkin. Bunday tenglamalar bilan aniglanuvchi
sirtlarga silindrik sirtlar kiradi.

Sl Markaz deb ataluvchi nuqtadan teng uzoqlikda yotuvchi fazodagi
nugtalaming geometrik o‘miga sfera deyiladi.

Markazi Mc(x,,;v0z)nugtada boigan va radiusi #ga teng sferaning
kanonik tenglamasi:

(x- x0)2+(y~ya)2+(z-z202=R2 (3.4)

Markazi koordinatalar boshida boigan va radiusi Rga teng sferanig
kanonik tenglamasi:

X2+y2+z2=R2

1-misol. Markazi MQ(-2;2;)nuqtada yotgan va 2x+y-2z-5=0
tekislikka uringan sfera tenglamasini tuzing.

® Tekislik sferaga uringani sababli sferaning markazidan, ya'ni
M, (—2;2;1)nugtadan 2x +_y~2r-5 =0 tekislikkacha boigan masofa sferaning



Bundan
(x+2)2+ (.y-2)2+ (z-1)2=9. O

4.3.2. Oxyz koordinatalar sistemasida

(35)

kanonik tengiama bilan aniglanuvchi sirtga ellipsoid deyiladi.

Ellipsoidning Oxy, Oxz, Oyz tekisliklarga parallel tekisliklar bilan
kesimlari ellipslardan iborat boiadi. a, b, ckattaliklar ellipsoidning yarim
o'qlari deyiladi. Agar ular har xil bo‘lsa, u holda ellipsoid uch o'gn
ellipsoid boiadi; agar ulardan ixtiyoriy ikkitasi bir-biriga teng boisa, u
holda ellipsoid aylanish ellipsoidi boiadi; agar ulaming uchalasi teng
boisa, u holda
ellipsoid sfera bo’ladi.

2 - misol. :—2+’E/-5:1 ellipsning Ox va Oy oqlari atrofida aylanishifda{n

hosil boigan sirtlaming tenglamalarini toping.

<& Agar ikkinchi tartibli chizig F(x,y) =0 tengiama bilan berilgan
boisa, u holda bu sirtning Ox oqi atrofida aylanishidan hosil boigan sirt
F{x;£"y2+22)=0 tengiama bilan, Oy oqi atrofida aylanishidan hosil boigan

sirt esa f(+£Jx2+z2,>>)=0tenglama bilan aniglanadi.
tenglamasini topamiz:

Ellipsning Oy oqi atrofida aylanishidan hosil boigan sirt tenglamas
shu kabi topamiz:



B J bo<dgan tenglamalarning har ikkalasi ham aylanish ellipsoidini

an'aijs 072 koordinatalar sistemasida

46[+bs »54-1 (3.6)
k tenglama bilan aniglanuvchi sirtga birpallaligiperboloid deyiladi.

kan°Bir pallali giperboloidning Oxy tekislikka parallel tekisliklar bilan

. lari ellipslardan, Oxz va Oyz tekisliklarga parallel tekisliklar bilan
rimlari giperbolalardan iborat bo'ladi. a =b bo‘lganda (3.6) tenglama bir
pallali aylanish giperboloidim ifodalaydi.

3-misol. x2- 4y2+4z]+2x+8y - 7=0 tenglama ganday sirtni aniglaydi?

@ Tenglamaning chap tomonini to‘la kvadratlarga ajratamiz:

X2+2x +1- Lly2+2y +1)+4z2-1 +4- 7=0
yoki

Bundan

(x+1)3- 4(y - )2+4z2=4.
(x+DJ z2 (y-1)2
22 12 12

X'=x+l, y'=y - 1 z —z deb, Oxyz sistema markazini 0'(-1;1;0) nuqtaga
parallel ko‘chirish orgali O'x'y'z' sistemaga o‘tamiz. Bu sistemada tenglama

il EN_ZI=i
b.ee. . . 2+12 12 ) .
o nmshni oladi. Bu tenglama O'y' oq bo‘ylab yo‘nalgan bir pallali

giperboloidni aniglaydi. O

Oxyzkordinatlar sistemasida

Neo b

tenglama bilan aniglanuvchi sirtga ikkipallali giperboloid deyiladi.
kesiml 1 8*Perboloidning Oxy tekislikka parallel tekisliklar bilan
kesimiar! e~'Asfarctan’ 0x2 va Oyz tekisliklarga parallel tekisliklar bilan

Pa//afi av/fPei/0'a’arc’an *b°rat bo'ladi. a =b bo‘lganda (3.7) tenglama ikki
nis giperboloidim aniglaydi.
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*

4-misol. mning ganday giymatida X+mz- 1=0 tekislik x2+y2- z2=_i
ikki pallali geperboloidni kesadi: 1) ellips bo'yicha; 2) giperbola bo'yicha?

® 1) Giperboloid  tenglamasidan  topamiz: x2+Yy 2-z 1+1=o.
Giperboloidni tekislik bilan kesganda ellips hosil boiishi uchun
X2- z2+1 >0 bo‘lishi kerak.

Tekislik tenglamasidan topamiz: X=1- mz.

xning qiymatini tengsizlikka go‘yamiz:
(1-mz)2-z1+1>0, m2Z2-2mz +|-z2+1>0, (m2-1)zJ-2mz +2>0. Bundan

2) Kesim giperboladan iborat bo‘lishi uchun x2-z 2+1<0 boiishi kerak.
U holda Om2- 1)z2- 2mz +2 <0 yoki

4.3.4. Oxyzkoordinatalar sistemasida

kanonik tengiama bilan aniglanuvchi sirt konus sirt deyiladi.

Konus sirtning Oxy tekislikka parallel tekisliklar bilan kesimlari
ellipslardan, Oxz va Oyz tekisliklarga parallel tekisliklar bilan kesimlari
ikkita kesishuvchi to‘g‘ri chiziglardan iborat boiadi.

4.3.5. Oxyzkoordinatalar sistemasida

—7+YT=z,a >0,£>0 (3.9)
a b~

kanonik tengiama bilan aniglanuvchi sirtelliptikparaboloid deyiladi.
Elliptik paraboloidning Oxy tekislikka parallel tekisliklar bilan
kesimlari ellipslardan, Oxz va Oyz tekisliklarga parallel tekisliklar bilan
kesimlari parabolalardan iborat boiadi. a=b boiganda (3.9) tengiama
aylanish elliptik
paraloidim aniglaydi.
Oxyzkoordinatalar sistemasida

X M=z a>0b>0 (3.10)
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kanonik tenglama bilan aniglanuvchi sirtgiperbolik paraboloid deyiladi.
Giperbolik paraboloidning Oxy tekislikka parallel tekisliklar bilan

kesimlari giperbolalardan, Oxz va Oyz tekisliklarga parallel tekisliklar bilan
kesimlari parabolalardan iborat bo'ladi.

5-misol. Af,(0;b;0) nugtadan va y =-b tekislikdan teng uzoqlikda
yotuvchi nugtalaming geometrik o'mini toping va shaklini chizing.

@ M(x;y; z) fazoning ixtiyoriy nuqtasi bo‘lsin.

Masala shartiga ko'ra [MtM |=]j+A]

yoki

*x2+(y-b)2+z2y +b |
Bundan
O +y2- 2yb +b2+z2=y2+2yb +b2,
X2+z2=4by  yoKki

X z _
4b+4b~Y"'

Sirtning Oxz tekislikka parallel tekislik

bilan kesimi ushbu

x2 | z2

|4bh + Abh ~

y =h, h>0
tenglamalar sistemasi bilan aniglanuvchi aylanalardan iborat. Sirtning Oxy
va Oyz tekisliklar bilan kesimlarida >-:%E va y:% parabolalar hosil
bo'ladi. O

Shunday gilib bu sirt aylanish paraboloididan iborat bo'ladi (3-shakl).

4.3.6. Fazoda L chiziq va /to'g'ri chizig berilgan bo'lsin.

L chizigning har bir nugtasi orgali | to'g'ri chiziqgga parallel qilib
o'tkazilgan to'g'ri chiziglar to'plamidan hosil bo'lgan sirtga silindrik sirt
deyiladi. Bunda L chiziq silindrik sirtning yo'naltiruvchisi, 1 to'g'ri
chizigqga parallel to'g'ri chiziglarsilindrik sirtningyasovchilari deb ataladi.

® Agar Oxyz koordinatalar  sistemasini Oz o0'q / yasovchiga
Parallel, 1 yo'naltiruvchi Oxy tekislikda yotadigan qilib tanlansa va

£ yo'naltiruvchining Oxy tekislikdagi tenglamasi F(x,y) =0 bo'lsa, u holda



F(x,y) =0 tengiama yasovchilari Oz o‘qqa parallel bo‘lgan silindrik sirtni

t ifodalaydi.

Silindrik sirtning nomlanishi va teznglaﬁnasi L yo‘naltiruvchining shakl’

asosida aniglanadi: Oxy tekisiikda

X2 v

silindrni ifodalaydi.

6-misol. x1=2z tengiama bilan
aniglanuvchi sirt shaklini chizing.

<S> Berilgan tenglamada
y gatnashmaydi va .r2=2z chiziq

Oxz tekisiikda yotuvchi parabolani
ifodalaydi.
Shu sababli j(xzzlgz, tengiama

yosovchilari Oy o'qqga parallel bo'lgan
parobolik silindrni ifodalaydi. Parabola
y =0 tekisiikda Oz o0'gga nisbatan
simmetpik  bo'ladi, uchi 0(0;0;0)

+~ =1 tengiama elliptik silindrni
a~ b g P >

ﬁzltengiamagiperbolik silindrni, y2=2px tengiama parabolik

nugtada yotadi va A/,(-2;0;2),/1/,(2;,0;2) nuqtalardan o'tadi (4-shakl). O

Mustahkamlash uchun mashqlar

4.3.1. Sferaning tenglamasini tuzing: 1) markazi A0(4;-4,~2) nugtada
yotgan va koordinatalar boshidan o'tgan; 2) diametrlaridan birining uchlari
M,(4;;-3)va JV¥2(2;-3;5)nuqtalarda yotgan; 3) markazi M0Q(3;-5;-2) nugtada

yotgan va 2x-y-3z +\\=0 tekislikka uringan; 4) markazi 2. ., ..

+3=0

tekisiikda yotgan va M,(-5;0;0), U23;l;-3), M,(-2;4;1) nugtalardan o'tgan;

. . fijf24y242x=25
5) koordinatalar boshidan va fz 3y +52- 5 ’0 a%Ianadan o‘t%an.
je- - 0=

72 _

4.3.2. mning ganday giymatlarida x+my-2 =0 tekislik x2,22 =y
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elliptic parabaloidni kesadi: 1) ellips bo‘yicha; 2) parabola bo‘yicha?
43.3. Berilgan sirtning ko'rsatilgan o'qlar atrofida aylanishidan hosil
Wi . L X2
boigan sirt tenglamasini tuzing: 1) r =- —, Ox va Oz,

£1-X =1, Or va Oy, 3 +
16 25 & )64 16

4.3.4. Markazi koordinatalar boshida yotgan va yo'naltiruvchilari
X2- 2z+1=0, y -z +1=0 tenglamalar bilan berilgan konus tenglamasini

= Oyva Oz

tuzing.
4.3.5. Berilgan sirtlaming kesishish chizig'ini aniglang:

2 2 _ 2 v .
nil+z-=2z, 3jr-,y+6z-14 =0; 2 ) - N- =2z, J>>+62-14 =0,
"3 6 4 3
3 * .2 =7, x-2y-1=0; 4) —+-— — =-15x+2z+5=0.
10y I )3ty L
43.6. JV"O—0J nuqtadan va y =-~ tekislikdan teng uzoqlikda yotgan

fazoviy nugtalarining geometrik o'mini toping.

4.3.7. Har bir nugtasidan M(3;0;0) nuqgtagacha va x =\ tekislikkacha

bo'lgan masofalar nisbati V3 ga teng bo'lgan fazoviy nuqtalaming geometrik
0'mini toping.

4.3.8. Berilgan tenglama bilan aniglanuvchi sirt turini aniglang:

1) 36.F +64/ - 144z* +576 =0; 2) X2+y 2+22-2(x +y +2)~ 22 =0;
3) 3r +2y 2-12z =0, 4) 16x2+3M2+1622- 64* - G>+19 =0;
5) 25x2- 9/ - 225 =0, 6) 9n2- 4y 2- 36z =0;

7) 4x2+3y* _5z: +60=0; 8) jc2+y2- 2x- 3=0;

9) 3am- +64y r +144z2- 576 =0; 10) z2- 2x =0.
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4-NAZORATISHI

1.(1.1.-1.15) A,B,C,D nugqtalar koordinatalari bilan berilgan:
a) A,B,C nuqtalar orgali o'tuvchi a tekislik tenglamasini tuzing;
b) D nuqtadan o‘tuvchi va a tekislikka perpendikular bo'lgan / to‘g‘ri
chizigning kanonik tenglamasini tuzing: ¢) /to'g'ri chiziq bilan
a tekislikning kesishish nugtasini toping.

1.(1.16.-1.30) A,B,C nuqtalar koordinatalari bilan berilgan:
a) AB to'g'ri chizigning kanonik tenglamasini tuzing; b) C nugtadan
o'tuvchi va AB to'g'ri chizigga perpendikular bo'lgan a tekislik
tenglamasini tuzing; ¢) AB to'g'ri chiziq bilan < tekislikning kesishish
nuqtasini toping.

2. Berilgan chiziglaming ko'rsatilgan o'q atrofida aylanishidan hosil
bo'lgan sirt tenglamasini tuzing va turini aniglang.

1-variant

1. XK-M-1), fi(l;-9;6), C(5;-1:6), D(-5;2;-1).

2. anl -9y'~ =9, 0x, b) 3y 1=z, Oz
2-variant

1. N(4;-3;-7), 5(10;-5;0), C(6;-13,0), £(121).

2. a)5x2- 1y 1=35, Ox; b) y =5,2=2, Oy.
3-variant

1. A(3;2;-8), fl(10;0;2), C(10;-4;-6), D(-A;-4;1).

2. a)jr2+3z2=9, 0z, b) by2+18z; =1, Oy.
4-variant

1. XK~730), S(-8:3;-1), C(-4;1;4), D(3;-1:3).

2. a) 3y' +18z: =1, Oy, b) jc=2y =-4, Oz
5-variant

1. XK-2;-5:1), 5(6;-7;6), C(4;-5;3), D(-5:-2;6).

2. a)jc) +3z2=9, 0Oz; b) x =3,j' =4, Oy.

162



6-variant
. N1(1;-1;6), 5(2;0;6), C(6;3;4), D(4;2;-3).

. a)3x: - 8v2=288, Ox; b) x=5,z=-3, Oy.
7-variant

. N1(-1;3;-6), 5(4;7;-8), C(0;4;-6), £>(-5:4;-5).

. a)2x2- 6y 2=12, Or, b) y2=4z, Oz
8-variant

. N(3;7;-10), 5(I;1 1-5), C(3;8;-9), D(I;-L;).

. a)x2+3z2=9, Oz, b)jc =4,z =6, Oy.
9-variant

. XK-7;2;4), S(3;-6;12), C(I;-2;12), £>(-4;0;-I).

. a)3jr - 5z2=15, Oz, b) z=-1,_y=3, Ox.
10-variant

A(2;-4;3), 5(3:-4;4), C(12;0;11), E£>(-4:61).

. a)y2=3z, Oz; b) 2jc2+322=6, Ox.
11-variant

A-3:-2,0), S(-4:-1:3), C(-5;-2;-2), D(-5:9;6).

a)2j;2=172, Oz, b) 6/ +5z2=30, Oy.
12-variant

N(4;-5;7), S(2;-2;0), C(6H ;8), D(-3;6;l).

a)5x2- 7y2=35, 0x; b) r =2,y =-4, Oz
13-variant

N(-5;4;-8), 5(3;0;2), C(-3;4;-6), Z>(7;2;-4).

a)3ic. =-27, Oz b) 6y 2+5z2=30, Oy.






3-MUSTAQIL ISH

1. ABC uchburchak uchlarining koordinatalari berilgan: a) C uchdan
tushirilgan balandlik tenglamasini tuzing va uning uzunligini toping;

b) B uchdan o‘tkazilgan mediana tenglamasini tuzing va uchburchak
medianalarining kesishish nugqtalarini toping; c)A burchakning radian
giymatini hisoblang va uning bissektrisasi tenglamasini tuzing.

2. (2.1- 2.16.) Har birA/(x;y)nugtasidan berilganA(x,\y,) va 5(x,;v,)
nuqgtalargacha bo‘lgan masofalar nisbati aga teng bo'lgan chizig
tenglamasini tuzing.

2. (2.17-2.30) Har bir M(x; v)nuqtasidan berilgan A(x,;y,) nuqtagact
va x=b to'g'ri chiziggacha bo'lgan masofalar nisbati mga teng bo'lgan
chiziq tenglamasini tuzing.

3. ABCD piramidaning uchlari berilgan: a) AB girra tenglamasini

tuzing; b) ABC yoq tenglamasini tuzing; c¢) D uchdan  ABC yoqqa
tushirilgan balandlik tenglamasini tuzing va uning uzunligini toping;
d) C uchdan o'tuvchi AB qgirraga parallel to'g'ri chiziq tenglamasini
tuzing; e) D uchdan o'tuvchi AB qirraga perpendikular tekislik
tenglamasini tuzing; f) AD girra bilan ABC yoq orasidagi burchak sinusini
toping; g) ABC va ABD yoqlar orasidagi burchak kosinusini toping.

4. Berilgan nuqta va to'g'ri chizigdan o'tuvchi tekislik tenglamasini
tuzing.

5. To'g'ri chizigning kanonik tenglamasini yozing.

6. Berilgan to'g'ri chiziq bilan tekislikning kesishish nugtasi
koordinatalarini toping.

7. Sirt turini aniqlang va shaklini chizing

2. A41), S(-2;-1), a =4
78. 4 N@B3-21, YT vEod
g x-3 _y+3_z-5
' 3 -_kI’
jc+2>--2z2+27=0.
7.a) 5x2+y2-3z2=0; b) z2=2y2+4,



2-variant

1. A(2;-3), 5(-3;9), C(6;0). 2. N(5;7), S(-2;1), a=4
3. .«6:6:5]. S(4A5). C(4;6;I1), 0,6:9,31 4. 1(4S;-2), = =
r,-,+2+2-0.
*[3*+y +z - 6=0. 1 0 -2
7.a) *2+4z2+6y =0 b) 4jt+3z2=12.
3-variant
1. A(-1-2), B(7;4), C(4;10). 2. N(-3;3), 5(5;1), a=".

3. N822), A(5-32), C(5-3:-), D@-37). 4 A(312, <2 ¥ 21

- - - 2. -
5.A[3X 7y+22+19 0, Z(._.]; :-'____2_ :-Z.-.S:, §X-2'>»-Z-1t5’ =0.
| x+ly-z+ 8=0. 2 -3 1
7.2) 8jc2-y2+4z2+32=0; b) 3/+2z2=6.
4-variant
1. Mr21), 5(1;5), C(-14;6). 2. N(2;-4), B(3;5), a=].
3. N1(8;-6;4), S(10;-5;5), C(5;-6;5), D(8;4;7). 4. N(-1;2;1), ’\4 ::‘: =, |
5 4\ 2Xy-32-2 =0 6 XX2_ 021 222 4y oy 4sz+ir=o.
[3nr-y-2r —1=0 -2 4 3
7.2) G2+5/ -102J-30=0;  b) 5x2-4z2=6.
5-variant
1- 41—, B(9;5), C(6l1). 2. N(1,6), 5(4;-2), a =2.
" Y . . gy XFL_y-5 _z+2
3- 1(0;4;5), 5(3;-2;1), C(-4;5;6), D(3;3;-2). 4. N(2;1,2), “F.Trver -
5 "+7>'-7-6 =0, 6>£+5=72-3 =z-1 sx_2 3z_3=0.

[2jr-7_y +2z +10=0. 3 1 6
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3. N1(3;2;5), B(4;0;6), C(2;6;5), £>(6;4;-1). 4. /((1;23), W =Y~6
3

~T'=-"7p
f mx-2j'-z +4 =0, x-4_j;-2 z-1 ! "2
* |6X +2.y +3z +4 =0. 1 " 0 _~2~4~27+2~19 =o.
7.a) 9x2+92+9z2-16 =0; b) 3y2-3x2=I5.
30-variant

1. 00-2), 5(-5;10), C(4l). 2. A(,0), x=], m=2.

3. VA(2;1;7), 5(3;3;6), C(2;-3;9), D(I;2;5). 4. N(5;,0;4), ~ =27 =r-1
r ~3 2 i
(x-y +2r-1 =0, x 1l y-2 z3 ¢ ,

5' {x +y+z+Il =0. 6*~Y ~N"N3=~T" 5x~2Y-*~ 13 =0.

7.a) 9x2-2/ +z2=18, b) 4x2-3y2=12.

NAMUNAVIY VARIANT YECHIMI

1.30. .4(0-2), B(-5;10), C(4)).
® a) /Ii? tomon tenglamasini berilgan ikki nuqtadan o'tuvchi to'g'ri
chiziq tenglamasi formulasidan topamiz:

xwb v—0 12x+5¢ +10 =0 (AB),
0+5 -2-10
Bundan
Vo2 0l f =12,
5 1 5
CM balandlik AB tomonga pecendikular bo'lib, ¢ nugtadan

o'tadi (5-shakl). Shu sababli uning tenglamasi
>>-1=*(x-4), y -1 =_J-(x_4)5y - 1=—(ar-4),
K| it

5x-12y - 8=0 (CM).

CM balandlik uzunligi C nuqtadan AB t0'g'ri chizigqacha bo lgan

masofaga teng.
Demak.



BAC tomon 0‘rtasi LLIX;y) nugtada boisin. U holda kesmaning o'rtasi
koordinatalarini topish formulasiga ko'ra:

2+l 1 yoki /M2,

2
BN mediana tenglamasini tuzamiz:
SB?- x+5 /-10
is i- 2+5:_]:———1-6’ 3x+2y~5=0(BN).

Uchburchak medianalarining xossasiga ko'ra medianalaming kesishish

nugtasi /r(r;y)da” | =y =2 bo'ladi. U holda

. 142~ 3y 142 :3yok|K[--;]3|.

c) AC tomon tenglamasini tuzamiz:
0 :’1+2 3*-4y-8 =0 (AC).
AB va AC tomonlar orasida burchak
IA =pbo’lsin. Uni ikki to'g'ri chiziq
orasidagi burchak formulasidan foydalanib
hisoblaymiz:
12-3+5-M) 16

yok
M12+52-/32+(-4)2 65

<p:a1rccosE » 0,3134.

65
Aburchak bissektrisasi CB tomon bilan
L(*.y) nugtada kesishsin (5-shakl).

ko.réJchburchak bissektrisasining xossasiga

5-shakl.



IAC FV(4- O2+(1+2)2=5 \a \VAB\=](-5 - 0)2+(10+2f =13 ekanidan

lgl_ 5
\LB\ 13
U holda
. #0
13 13
Ikki nugtadan o‘tuvchi to‘g‘ri chiziq tenglamasidan topamiz:
x-0 y+2
—-0=-4+2
2 2

yoki
11x-3.y-6 =0(/1/.). O
2161 A(3-2), B(4:6), a:é,
® Ikki nuqta orasidagi masofa formulasidan topamiuz:
\AMA=Y (X-3)i +(y+2Y, \BM\=J(x-4)2+(y-6)"-.
Misolning shartiga ko‘ra
\d -, VA~3)3+(3+2)2 3
*W| V(x-4)3+0-6)2 5
Bu tenglikda almashtirishlar bajaramiz:
25(ar2-6x +9+/ +4>+4) =9(x2-8x +16+/ -12>-+36),
25%x2-150x +25/ +100y +325=9x2- 72x+9/ - 108y +468,
16x2- 78x +16/ +208>=143,
16|x2-y x +/ +13" =143

2 .39, (39v, 2
S22 — X+ 2T +y F2°
e e Y



(15>/63Y
|l i6 7+

gu tenglama markazi % 123 nugtadajoylashgan va radiusi 15}1265 ga

teng bo'lgan aylanani aniglaydi. O

2.30. A(60), x=], m=2

<> Ikki nugta orasidagi masofa va nuqtadan to‘g‘ri chiziggqacha boigan
masofa formulalari bilan topamiz:

IAM\=i)(x-6)2+(y- 0)2, BM  °

2
Misolning shartiga ko‘ra
\AM
\BM

Bundan
(x-6)2+y
Bu tenglikda almashtirishlami bajaramiz:
X2-12x +36+y — {*2-3%+0
X2-12x +36+/ =4x2-12x+9,
] V-/-27, 1

Bu tenglama fokuslari Ox o‘qgidajoylashgan va yarim o‘qlari
a=3, =3V3gateng bo'lgan giperbolani aniglaydi. O

330. NI(2,1;,7X S(3;3;6), C(2;-3;9), D(1;2;5).
® a) /is girra tenglamasini berilgan ikki nuqtadan o'tuvchi to'g'ri
chiziq tenglamasidan foydalanib tuzamiz:

= = oki
3-2 3-1 6-7 y
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(AB).

b) ABC yoq tenglamasini berilgan uchta nuqtadan o‘tuvchi tekislik
tenglamasi bilan tuzamiz:

x-2 y-12z-7
1 2 -1 |=o0.

. 0 -4 2
Bundan

y +22-15 =0 (ABC).

c) D uchdan tushirilgan DE balandlik ABC yoqqa perpendikular

bo‘ladi. Shu sababli DE to‘g‘ri chizigning yo‘naltiruvchi vektori s ={p;q.r}
sifatida ABC yoqning normal vektori n, ={012}ni olish mumkin. U holda

to‘g‘ri chizigning kanonik tenglamasi formulasiga ko‘ra

x—+_y-2_1z-5
- - DE).
0 1 2 ©B

Nugtadan tekislikkacha boMgan masofa formulasidan topamiz:

IDE | 10-1 +1-2 +2-5—451 3B

d) C uchdan o'tuvchi CF to‘g‘ri chiziqg AB girraga parallel bo'gani
sababli CF to'g'ri chiziq va AB girraning yo‘naltiruvchi vektori
J, =5 ={1,2—3 bo’'ladi. U holda

X-2_"+3_2z-9 (CP).

-1

e) D uchdan o'tuvchi tekislik AB girraga perpendikular bo'lgani uchun
AB to'g'ri chizigning yo'naltiruvchi vektori s, ={"2—8ni izlanayotgan
tekislikning normal vektori n, ={A;B;C} deb olish mumkin. Tekislik
tenglamasini berilgan nugtadan o'tuvchi va berilgan vektorga perpendikular
tekislik tenglamasi bilan topamiz:

1s(x-1) +2+0 - 2) +(-1) -(z- 5)=0
yoki
X+2y-z=0.
f) AD qgirra tenglamasini tuzamiz:
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X-2 _y-\ r-7
-y (AD).
-1 1 -2
AD qirra bilan ABC yoq orasidagi burchak sinusini to'g'ri chiziq bilan
tekislik orasidagi burchak formulasidan topamiz:
0(-1) +I'l1 +2-(-2)
mol +12+22-V(-1)J+12+(-2)2 ~ 5 -/6

srnp = *-0,54
g) ABD yoq tenglamasini tuzamiz:
x-2 y-1
1 2 -1 =0
-2
yoki
X-y —z+6 =0 (ABD).
ABC va ABD yoqlar orasidagi burchak kosinusini ikki tekislik orasidagi
burchak formulasidan foydalanib topamiz:
01 +I-(-1) +2(-1) -3
M2+12+22 VI2+(-1)2+(-1)2 Vv5-V3

coshN = «-0,77. O

430, N(5:0:4). X'32 y+2 z-1

® M(x;y;z) izlanayotgan tekislikning ixtiyoriy nugqtasi bo'lsin.
To'g'ri chizigning tenglamasiga asosan MO0(2;-2;1) nugta va ?2={-3;2;1}
vektor to'g'ri chizigda yotadi. U holda MOM ={x-2;y+2;z-1}, J ={-3;2;1},

AM ={3;2;3} vektorlar izlanayotgan tekislikda yotadi, ya’ni bu vektorlar
komplanar bo'ladi.

Uchta vektorlaming komplanarlik shartidan topamiz:
X-2 y+2 z4
—3 2 1

3 2 3
yoki

Xx+3y-3z+7=0. O
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Sjlj \x-y+2z-1=0.
X+Yy +z +11=0.

To'g'ri chizigning berilgan tenglamasiga ko‘ra:

4=1, B,=-1 C,=2,4=1, fl2=I, C, =1

berilgan”™"y®’z™ nudtan‘ toP'sh uchun zga z0=0 qiymat beramizvauni
tenglamaga go'yib topamiz:

~0-Yo =D

Bundan .
=-5, 1 =-6 yoki A/(-5;-6;0).

o‘tzatm-!_qu’1 A chizigning umumiy tenglamasidan uning kanonik tenglamasiga

jc+5 >+ 6 z-0
-1 2 2 1 1 -1
1 1 11 1 1

yoki

X+5 _y+6_z ~
~r~ 1 ~2
6-30\ je-1 y-2 z-3
kesishisk 2 -3 1 '5%-2>"r-13=°-
«nugtasini toping.

bilanteJc™ p +~ + Cr=5,2 +(-2) (-3) +| (-1) =1580. Demak, to‘g'ri chiziq
7ov'slik kesishadi.
nugta ®r' c™z*q va tekislik Af(jct\y,;z9 nuqtada kesishsin. U holda bu
nugtanir*J*1t0 ~ ” chizigda, ham tekislikda yotadi. Shu sababli M faw d
ganoatl®,™ koordinatalari to‘g‘ri chiziqg va tekislikning tenglamalarini
‘itiradi:
ini=>Z2-z-3 e
TO". 2 -3 1 1 y' 2
~ i chizig tenglamalarini parametrik ko‘rinishga keltiramiz:
*1=1+2/, ~=2-3/, z,=3+/.
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Bu koordinatalami tekislik tenglamasiga qo'yamiz:
51+2/)-2(2-3f)-(3 +/)-13 =0. Bundan f=I.
t ning giymatlarini parametrik tenglamalarga qo'yib, topamiz:
X, =1+201=3, y, Z2—3e1=—1 2z,=3+11=4.
Demak, A/,(3;-1:4). o
7JO. a) 9x2-2y +z2=18; b) AX' -3/ =12

® a) Sirt tenglamasini kanonik shaklga keltiramiz:

N~ +7: =2v+18, 9x2+22=20 +9), JA°22+%:0 +9).

9

Bu tengiama elliptik paraboloidni aniglaydi (6-sahkl).
b) Berilgan tenglamada z =0. Bunda berilgan sirt yasovchilari Oz

o'qga parallel silindrik sirtdan iborat bo‘ladi.

2
V2

3 [
N/

""""" =7
s

4
6-shakl. 7-shak.
4x! -3/ =12 tenglamadan topamiz:
T4 =1

Bu tengiama giperbol. tenglamasi bo'ladi. Demak. berilgan tengiama
B'perbolik silindrni aniglaydi (7-shakl). <&
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X-y +2z-1 =0,
X+y +z+11=0.

5.30.

® To'g'ri chizigning berilgan tenglamasiga ko'ra:
4=1, B,=-1 C,=2,~=1, 52=1 C2=1

Mn(x0,y0;z0) nugtani topish uchun zga z,=0 giymat beramiz va uni
berilgan tenglamaga qo'yib topamiz:

*0~Yo~
*,+y0=-Il.

Bundan x,=-5, (0=-6 yoki A/0(-5;~6;0).

To'g'ri chizigning umumiy tenglamasidan uning kanonik tenglamasiga
o'tamiz:

X+5 y +6 z-0
102 2 1 1 -1
1 1 11 11
yoki
O+5_y+6_z
~3~~ i 2
6.30.—2 :3 . ,5*%-2j>-z-13 =0.

kesishish nugtasini toping.

@ A4Ap+Bg+Cr=s5-2 +(-2)s(-3) +1+(-1) =15*0. Demak, to'g'ri chiziq
bilan tekislik kesishadi.

To'g'ri chizig va tekislik M”x"y~z,) nugtada kesishsin. U holda bu
nugta ham to'g'ri chizigda, ham tekislikda yotadi. Shu sababli

nugtaning koordinatalari to'g'ri chiziq va tekislikning tenglamalarini
ganoatlantiradi:

-1 7.-2_r1,-3
2 -3 1
To'g'ri chizig tenglamalarini parametrik ko'rinishga keltiramiz:
x,=l+2t, y,=2-3t, z,=3+t.

, 9% -2y, -z, -13 =0.

180



Bu koordinatalami tekislik tenglamasiga qo'yamiz:
51+2/)-2(2-30-(3+/)-13=0. Bundan f=I.
t ning giymatlarini parametrik tenglamalarga qo'yib, topamiz:
T=1+21=3, j. =2-3-1=-1, 2z =3+1e1=4.
Demak, M,(3;-1;4). o

7.30. a) 9jc2-2”~ +z2=18, b) 4x2-3/ =12.
® a) Sirt tenglamasini kanonik shaklga keltiramiz:

9X2+z- =2y +18 9x2+z2=2("+9), y +y =0>+9).

9
Bu tenglama elliptik paraboloidni aniglaydi (6-sahkl).
b) Berilgan tenglamada z =0. Bunda berilgan sirt yasovchilari Oz
o‘qqa parallel silindrik sirtdan iborat bo‘ladi.

6-shakl.

-3y2=12 tenglamadan topamiz:
—— =1
3 4
Bu tenglama giperbola tenglamasi bo'ladi. Demak, berilgan tenglama
Bperbolik silindmi aniglaydi (7-shakl). ®



2) E(v'4-x) =[0;+00). Shu shababli £(/)=[3;+0c).
3)£ (jc2)=[0;+00). Shu sababli 3* funksiyaning giymatlar so]

funksiyaning x>0dagi qiymatlar sohasi bilan bir xil bo'ladi _
E(/)=[1*=) ya'ni

o ey= V2

a /(-x) =/(x). Shu sababli, funksiya eng kichjfc
giymatiga x =0 da erishadi va eng katta giymatiga jc==— da erishadi-

/(0 :arcsir}—-:"—, fki* V2 =arcsm Demak, £(/)= n_n
(0) LW LW (/) 167

5) acosx +bsinx =va2+b2cos(x-<0)| p=arctg—} formuladan topamizl

£(cos(3x-™))=[-I;I] ekanidan £(/)=[-555]. O

. 3x2-1 . N . .
- . — funk h dagil t :
3-misol. /(x) 3+ unksiya uchun quyidagilami toping
+1
)/(0); 2)I(V2) : YA 5) /(8)-1.

<S> 1)-3). Berilgan funksiyaning analitik ifodasiga xning belgilangan
giymatlarini qo'yib, topamiz:

/ym_3~0-1 — i Kx 3eV2)2—413 2-15
3-0+1 ' 3-(N)2+1 3-2+1 7°
/(-a)=3-"N)-"3ani.
3(-a)2+1 3a2+l

4) Funksiya a ning 13(a -1) ~°’shartni ganoatlantiruvchi giymatlarida
[ flr-170
aniglangan.



AN

~ A
3%‘%’?---& eg-co;-]] n (L-He). "

R hl
+1 = 3(a-J)
3a2 +1 3a‘ +1 3a +1
B
4-misol. /(*) = ;—  funksiyaning monotonlik intervallarini va
HL 2x x 3

eng kichik giymatini toping.
® <PW=2x- x2- 3 belgilash kiritamiz.
tp(X)=2X-X~ -3 =-2 - (x 2—2w+1) ==22—g—)2
Bu funksiya (-o0+00) intervalda manfiy, (—eojl] intervalda o'sadi va [I;+°0)
intervalda kamayadi.

U holda 7 (x) :—%%)—()funksiya(-oc;l] intervalda kamayadi va [l:+°0)
intervalda o'sadi. Bunda min/(x)=/(l)=-4. o

5-misol. Funksiyalaming juft, toq yoki umumiy ko'rinishda ekanini
aniglang:
)/ (X)=x3-8x; 2)/(x)=x‘-3|x]; 3)/(x)=2e" +e*
4)/(x) =3sinx +C0SX; 5) / (X) =In(2x +VT+4x2).
® 1)D(f) =(-00/4>)va 7/ (-x) =(-jc)5- 8(-x) =-x3+8x =-(x3- 8) =-/(jc).
Demak, funksiya toq.
Lt 2) 4 7)=(-«+cp va /(-X) =(-X)6|-x| =x6-|x|=7(x), ya’'ni funksiya
juft.

3) D(/) =(-co;+qo) va f(-x) =2e' +e" *+/(x). Demak, flinksiya umumiy
ko'rinishda.
4) D(/) =(-co;.**) va / (-jo =3sin(-x) +cos(-x) =-3sinx +cosx * +/(x),
¥8 n~funksiya umumiy ko'rinishda.
£4/) =(-co;+qo). Toq funksiya uchun /(-x) =-/(x) yoki
+f(~x)=0 bo'ladi. Tekshirib ko'ramiz:
+ =Injr+ VI +4x2) +In(-2x + VI +4jc- ) =In(l +4x2- 4x2)=1In1=0.
ftmksiyatog. o
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6-misol. Funksiyalaming davrini toping:
D /(*) =sin6x; 2) f(x) =cos 6x +tg4x;

3) f(x) =cos23x; 4) f(x) =ctg™

<$> 1) sinx funksiyaning davri Tt=2n. Bundan 0=~ =IL
6 3

*

2) cosbx va tgdx funksiyalaming davrlari mos ravishda rl: £4 Var

U holda 7(x)=cos6x +tg4dx funksiyaning davri n va ~sonlarining eﬁg
kichik
umumiy karralisiga teng bo‘ladi, ya'ni T,=>
3)cos! 3jc="+ ekanidan berilgan funksiyaning davri
cos6x funksiyaning davri bilan bir xil bo‘ladi. Demak, T,,=~=—
6 3
4) ctgx funksiyaning davri Tt=n. Bundan T,= =3\ o

7 - misol. f(x) =log,(x +VI+x2) funksiyaga teskari funksiyani toping.

<€ VI+x1>x | boMgani sababli berilgan funksiya (-00;+oo)intervalda
aniglangan. Bu funksiya uchun f(x) +/(-jc)=0, ya’'ni funksiya tog.
Funksiya x>0 da o‘sadi. Demak, berilgan funksiya xe(-00;<x>)da gat’iy
monoton va unga teskari funksiya mavjud.

y =f(x) desak, y=log,(x+VI+x:) bo'ladi. Bu tenglikni xga nisbatan
yechamiz: 3' =x +VI +x2, 3" =-x +VI +x2(chunki funksiya toq).

Bundan X:|(3J +3‘V) y0k| y:A(gl +3m). o

5.1.5. W y=f(x) funksiyaning grafigi deb Oxy koordinatalar
tekisligining abssissasi xargumentning giymatlaridan va ordinatasi
y funksiyaning mos giymatlaridan tashkil topgan barcha (x;/(*)) nu(l
to‘plamiga aytiladi. Bunda har bir vertikal (Ov o‘qqga parallel) to‘g ri chi”
(x;/(x)) nugtalar to'plamining fagat bitta nuqtasini kessa, bu top
y =f(x) funksiyaning grafigi bo‘ladi.
Elementar funksiyaning graflgini chizishda funksiyaning quyidagi



«alarini inobatga olish kerak:
ft funksiyaning grafigi ordinata o‘qiga nisbatan simmetrik bo'ladi;

~"og funksiyaning grafigi koordinatalar boshiga nisbatan simmetrik

_ 0'zaro teskari y =f(x)va y=g>(x) funksiyalaming grafiklari /va 111
horaklar koordinata burchaklarining bissektrisalariga nisbatan simmetrik

~davriy funksiyaning grafigi Ox o'gi bo'ylab chapga va o'ngga davr
birligiga surish orqali qaytariladi;

- o'zgarmas funksiyaning grafigi abssissalar o'giga parallel to'g'ri
chiziq bo'ladi;

- darajali funksiyaning grafiklari (41) nugtadan o'tadi va a ga bog'lig
bo'ladi:

- ko'rsatkichli funksiyaning grafigi (0;1) nugtadan o'tadi;

- logarifmik funksiyaning grafigi (1,0) nugtadan o'tadi;

- teskari trigopnometrik funksiyalarining grafiklari trigonometrik
ftinksiyalaming grafiklaridan y =xto'g'ri chizigga nisbatan simmetrik qilib
hosil gilinadi.

& Funksiyaning grafigini  oldindan ma’lum vy =/(*) funksiya
grafigidan almashtirishlar (surish, cho'zish, siqish) orqgali hosil qgilish
mumkin.

Xususan:

1) Y- f(x) +b funksiyaning grafigi y =/(x) funksiya grafigini Ovo'qi
bgi_yladb b>0 da yuqoriga,6<0da pastga 6] birlikka surish bilan hosil
gilinadi;

n y-f(x-a) funksiyaning grafigi v=/(*) funksiya grafigini Ovo'qi
giinedi- ° >0 ongHa>«<0da chapga |a] birlikka surish bilan hosil

3) y-ty(x)(k*o,k *1) funksiyaning grafigi y=/(ar)funksiya grafigini

4 boylab |E|= (ja |*|marta cho'zish, |E]<lda — marta surish
Quali~hosil gilinadi; Ikl
o' n ~ fonksiyaning grafigi ==/(w*)funksiya grafigini
Yab da |£|marta sigish, Ji(<lda — marta cho'zish
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orgali hosil gilinadi;

5) y =-/(jc) funksiyaning grafigi y =/(jc) funksiya grafigini o*0°

enisbatan simmetrik akslantirish orgali hosil gilinadi;

6) y =/(—a) funksiyaning grafigi y =/(jc) funksiya grafigini Ov 0°
nisbatan simmetrik akslantirish orgali hosil gilinadi; AT

7)  Y=I/MI funksiyaning grafigi y =f(x) funksiya grafig,ning Qx
o‘gdan yugorida yotgan gismini o'zgarishsiz goldirish, OX o‘gdan qu H
yotgan qismini esa bu o‘gga nisbatan simmetrik akslantirish orgali ho”
gilinadi;

8) y=f(1*1) funksiya grafigi y =/(*)funksiya grafigining Oy 0‘gdan
0‘ngda yotgan gismini o'zgarishsiz qoldirish, Oy o‘qdan chapda yotgan
gismini esa bu 0‘qqga nisbatan simmetrik akslantirish orqali hosil gilinadi-

9) y =fix) +9(x) funksiyaning grafigi y, =/ (jc)va y2=g(x) funksiyalar
grafiklarining mos ordinatalarini qo‘shish orqgali hosil gilinadi;

10) y =¢jc) -g(jc) funksiyaning grafigi y,=/(x)va y2=g(x) funksiyalar
grafiklarining mos ordinatalarini ko‘paytirish orgali hosil gilinadi;

11) y:Iii(_X—f)_ funksiyaning grafigi y, =/(x)va y,=g(x) funksiyalar
g(x

grafiklarining y2*0 boMgan mos ordinatalarini bo'lish orqgali hosil gilinadi;

12) y =f(<p(x)) funksiyaning grafigi avval z=<p(X) funksiyaning grafigini
chizish, keyin esa y =/(z) funksiyaning xossalarini bilgan holda v=f(<p(x)
murakkab funksiyaning grafigini chizish orgali hosil gilinadi.

8-misol. y=2sin(3x - 2) funksiyaning grafigini chizing.
<> Avval funksiyani y =2sin3”jc- | j ko‘rinishda yozib olamiz.

1) y, =sinjc funksiya grafigining bir toMqinini chizamiz.

2) 3-bandga ko‘ra y, =sinft funksiya grafigini Ovo'gi bo‘ylab >
marta cho‘zib, y2=2sin;c funksiya grafigini hosil gilamiz.

3) 4-bandga ko*ra y2=2sinjc funksiya grafigini O.xo'qi bo‘ylab ucb
marta sigib, y3=2sin3jc funksiya grafigini hosil gilamiz. (

4) 2-bandga ko'ra y, =2sin3jr funksiya grafigini Oxo‘qgi bo'ylab on

| birlikka surib, izlanayotgan, ya’'ni y =2sin(3jr-2) funksiya grafig'? S
bir toMginini hosil gilamiz (1-shakl).



/ . V=2sm3(x-2)
y}=2sin3x

1-shakl.

y =2sin(3x-2) funksiyaning grafigi bu to’lginni Ox o‘qi bo‘ylab
chapga va 0'ngga davriy davom ettirish orqali topiladi. O

9-misol. y =|2R- 81x 5] funksiyaning grafigini chizing.

@ Avval =2x2- 8x+5 funksiya grafigini chizamiz. Buning uchun
uni to'la kvadrat ajratish orgali y, =2(x-2)2-3 ko'rinishda yozib olamiz.

1) y2=x2 funksiya grafigini chizib olamiz.

2) 3-bandga ko‘ra y2=x1 funksiya grafigini t>yo'qi bo‘ylab ikki marta
cho'zib, =2x2 funksiya grafigini hosil gilamiz.

3) 2-bandga ko'ra y,=2x: funksiya grafigini Oxo'qi bo'ylab o0‘ngga 2
birlikka surib y4=2(x-2)2 funksiya grafigini hosil gilamiz .

4) 1-bandga ko'ra y4=2(x- 2)2 funksiya grafigini Oyo'qi bo'ylab pastga
3birlikka surib yt=2(x-2)2-3 funksiya grafigini hosil gilamiz (2-shakl).

( 8-bandga ko'ra yt=2(x-2):-3 funksiya grafigining Oy o'gdan
o ngda yotgan gismini o'zgarishsiz qoldirib va Oy oqgdan chapda yotgan
Asmini bu o qga nisbatan simmetrik akslantirib, Y\ =2x2-8|x]+5 funksiva
grafigini hosil gilamiz.
yudorida™alWa Mra y»>= - ~8Ix|+5 funksiya grafigining Ox o'gdan
4>sniini bu ~?”an 4>smini 0'zgarishsiz goldirib va Ox o'gqdan pastda yotgan
Y~ - gI° CC3 n's™atan simmetrik akslantirib, izlanayotgan, ya'ni

ml+5] funksiya grafigini hosil gilamiz (3-shakl). O



5.1.6. Koa'rsatkichli funksiyalardan hosil gilinadigan quyidagi elementa
funksiyalarga giperbolikfunksiyalar deyiladi:

- giperbolik sinus: y =shx, bu yerda =8 €"

- giperbolik kosinus'.y =chx, bu yerda ChX:e”+e~

- giperbolik t y=thx, b da thx=—
giperbolik tangens.y uyerda thx=—

- giperbolik kotangens:y =cthx, bu yerda cthx :2—+j

Giperbolik funksiyalar uchun trigonometrik funksiyalarga xos bo g®1
quyidagi mos formulalar o‘rinli bo‘ladi:

ch-sh 2 =\ ch2x =chrx +sh, sh2x =2shxchx, tkx=

chx

shx
- CthX:ShX

chx’
ch(xxy) =chxchy £shxshy, sh(x x£y) =shxchy+chxshy vaboshqalar.
5.1.7.y =f(x) funksiyaning oshkor ko‘rinishdagi berilishi hisobi
Shuningdek, ayrim hollarda funksiyaning oshkormas ko nni
foydalanishga to‘g‘ri keladi.



e Funksiya X to'plamda aniglangan bo'lsin. Agar har hi
«relemen.ga mos qo'ylgan yagona funksya gandaydir F(x
lenglamani  ganoa.lant.rsa, u holda funksiya F(i,y), 0 tengiama bilan
aUcmas benlgan deb aalad. Bund, fu,ksiyaga oshkormas "
deyiladi. Oshkoraias funks,yamng grafigi deb Oxykoordinatalar K k,5I" ,w1 I
Ne.,).0 tenglamani ganoatlanrimvchi barcha nuqtalar, to'plamiga ayiiladi

® ,,"Cbl '°'P“ i va y.y(.) finksiyalar berilgan
bo-te. U holda a » koordinatalar tekisligming koordinatalari (,,y 1 ,
bo'lgan barcha nugtalan to'plamiga parametrik kn'rimchH Kk . > )
(egri chizig yoki to'g'ri chiziq) deyiladi. belT«an chizi4

Agar parametrik ko'rinishda berilgan chizig v= N be

fgraﬁglm Ifodalasa, u holda bu funksiyaga parametrik k [V -f? fyanuw«
unksiya deyiladi. nmshda bérilgan

Mustahkamlash uchun mashqlar

5.1.1. Funksiyaning aniglanish sohasini toping:

D/W-j+L. 2/ (xX)« _I£E .
x2+bx ¥B6’
3>/(an) =4 lp\ BIW =
n ~ bl x +2
5)/(X)s IIO~x ) ]
J-ILc +i8; 6)/0)=ilz 3lz£1I.

8)/W-V2ITT-VITT;

Y() =" -2+ 204y Oxa1g; 10)/W =V?T-8+ 3

H Ax) =arcsin v OZI}MV' . 2 - X
\} -jr); ~=aresm(x-2) +3In(x- 2);

14) /(ar) aIngija.



15) /(x) =eJ40g2(2-3x); 16) /(x) =In

K M(x-6)-
17) /(x) =/3- 4x +arccosx 6 18) f(x) =arccos”
19) f(x) = -5sin 2x. 20)13) /(x) =" £ £ 3)
Kix: -3x +2 vg-?
5.1.2. Funksiyaning giymatlar sohasini toping:
1) /(X)=x2+4x +2; 2) /W =V 71" +2
3) /(x) =2sinx-5; 4) /(x) =sinx +cosx;
5) /(x)=2" -1 6) /(x) =2e-"+1;
) AX)=m"T; 8) f (x) —aretg;
24r-3
N/ (X)=3|x]|~; 10) Z(x) =
)/ (x)=31x]| ) /(x) Dy—31
2
Mn)/(x)=—
M/ (x) 2x3+4x +5’ 12070 WVn2-4x +3’

5.1.3. /(x) =x3' funksiya berilgan. Quyidagilami toping:
)7("); 2)/(-V4); 3) /(-x); 4)/W

5.1.4. Funksiyaning monotonlik oraliglarini toping:
1) f(x) =x2-5x +6; 2) /(x)=x’ +arcsinx;
3) /W=-\}; 4) f(x) =arctgx-x.
X! _—
5.1.5.  Funksiyaning juft, toq yoki umumiy ko‘rinishda ekanini aniglan8

1)/ (x) =x3-3x-x5 2) /(x) =x4+5x]+l;



4) /(x) =<%3x +c0s2X;

«2X-
(3 +x 6) /(x)=h(Xx+/x2+1;
5) /(*)=h\3-x
8) /(x) =x x|

/(X)) =223
9) /(A)=3"(* +sinx);

5.1.6. Funksiyaning eng katta va eng kichik qiymatlarini toping:

1) f(x) =(k-n)cos2x +n (0 <k<n)\ 2) /(x) =4sinx5
4) /(x) =3sinx +4cosx;

10) /(%) % %

3) /(*)=sin2 +c0s2X;

5) /(x) =sindx +co0s4x; 6)/(x)*| cosdx].

5.1.7. Funksiyaning monoton, gat’iy monoton yoki chegaralanean

ekanini aniglang: 6
. X +2
1)/(x) =sin3; 2)/(x) w7
2)/(x) =n/3x4: 0/(x) = X, agarx<0 bo'lsa,
B ’ )/ ()= -3, agarx>0 bo'lsa.

5.1.8.  Funksiyaning davrini toping:

1) /(x)=-2cos— 2) f(x) =ctg(2x-3);

3) /(n)=igx- cosz—; 4) /(x) =sin2x +cos3x;

5) /(*)=sin'x-cos4X; 6) / (x) =sin = cos> cosxcos 2x;

8) /(x)=jco8sx]|; Jjt £

7) /(X)=(sin2xi;
10)/«“«J' +

19) /(x) =sin—4Cos—3;
5.1.9. Funksiyaga teskari funksiyani toping.

1)y -3x +5; 2b =~
3) y=4-+log3, 4) y =2sin3x.

s-1.10. /(9(\) va g(f(x) murakkab funksiyalami toping:
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1) /(x) =3x+I1, g(x)=x5 2) /(x) =sinx, g(xX)=Ixl;

3>/(x)=¢-, gU)=4 4) /W =2F  =log.

5.1.11. Funksiyaning grafigini chizing:

1) y=x2+4x +3; 2)y =-2sin3x;
3) ¥=2£71; 4) y=-x: Kk}
2x+1
5) y =xsinX; 6) y =x +sinx.
|
7) =>=arccos I, 8) y=3*

5.1.12. Ayniyatni isbotlang:

2) cfAX -1 =n
en X sh x
3) CA2X .C.'.A.g.)s:t.l ) S/rX—“EA-Z'z(-lz
| 21
5)sA(In x) =—-—-; 6)c/i(Inx) =*--+ .
)SA(IN x) ™ )c/i(Inx) o

5.1.13. Qaysi nugta y +cosy-x =0 tenglamaga tegishli ekanini
aniglang: /f(1,0); B(0;0); D(n-\n).

x~f\ ) _ o
{ ~ | parametrik tenglamalar bilan berilgan

egri chizigga tegishli ekanini aniglang: /f(I;5); AN

5.1.15. Parametrik ko‘rinishda berilgan funksiyani y =v(x) Ko rinishga

keltiring:
fx =/+2, [x =3sin/,
j.y =/2+4f+5; [V=2cos/.

5.2. SONLI KETMA-KETLIKLAR



Sonli ketma-ketlik. Sonli ketma-ketlikning limiti.
Vaginlashuvchi ketma-ketliklar. e soni

§2 1 S Har bir n natural songa mos go'yilgan xt,xt,x3,...,xn

'* sonlar to‘plamiga sonli ketma-ketlik deyiladi va  }kabi belgilanadi.
Rlﬂ%a X2 — sonlar (e }ketma -ketlikning hadlari, xn bu ketma-
Vrtlikning umumiy hadi, n umng nomen deb ataladi.

Analitik usulda ketma-ketlikning umumiy hadini topish formulasi
beriladi Rekurrent usulda ketma-ketlikning n- hadini oldingi hadlar orgali
topish formulasi beriladi.

I-m isol Berilgan ketma-ketliklaming birinchi beshta hadini toping:

—— njuft bo'lsa,

1x.=LA-; 2)x.= "-1 3)*,=3,
) Uh" ) I , ntoq bo'lsa;
n2+1

® Birinchi ikkita ketma-ketlikda n ning o‘miga 1,2,3,4,5 giymatlar
qo'yib topamiz:

mx=24 1 =-Lx 1 1

1 , 3 1 5

) T2 X~ x,~jo’ X¥~3' x,~26

3) Uchinchi ketma-ketlikning birinchi hadi jc=3. Keyingi hadlarni
rekurrent formuladan  topamiz:

*2=2-arr, =2 -jg =2-3 =6, jg =3-j@2=3-6 =18,
x4=4-jB3=4-18 =72, jb=5-jg =5-72 =360. O

Agar V/ieiV uchun xn=c(c e R) bo‘lsa, {x } ketma-ketlikka o ‘zgarmas
ketma-ketlik deyiladi.

m N | Marshunday o‘zgarmas M(m)soni topilsaki, VneW uchun x, <M
deyiladi ° ~ A ketma-ketlikka yuqoridan (quyidan) chegaralangan
ho'llsa ™ ar ™ ketma-ketlik ham quyidan ham yugoridan chegaralangan
WS X N Unday o'zgarmas m va M sonlari topilsaki, \ne N uchun

® A» ° N ~ketma-ketlikka chegaralangan deyiladi.
3l son uchun {jcJ ketma-ketlikning |jcJ> A tengsizlikni



ganoatlantiruvchi hadi topilsa, {xj ketma-ketlikka mralanmagan
deyiladi.

2-misol ketma-ketlikning chegaralatligini
ko‘rsating.
<> Birinchidan x,,=-~-=| ——<1. Demak, Kketinalik yuaoridan
n+1 n+1

chegaralangan. Ikkinchidan x, =n+ to‘g‘ri kasr. Shu sail*,>0. Demak,

1
ketma-ketlik quyidan chegaralangan. Shunday qilib, 0<y (m=o0,M =1)),
ya’'ni berilgan ketma-ketlik chegaralangan. O

M AgarVneN uchun; x.<*, (x.>x,J boisa, {jketma-ketlikka
gat'iy o suvchi (gat’iy kamayuvchi) deyiladi; x, Sx,,, (x.sj bo‘lsa, {x}
ketma-ketlikka kamaymaydigan (o ‘s/waj>fl'/ga/?)deyiladi.

0 ‘suvchi, kamaymaydigan, kamayuvchi va o‘smaydig,;;tma_Kketliklar
monoton ketma-ketlik nomi bilan umumlashtiriladi. Bunda achi va
kamayuvchi ketma-ketliklarga gat 'iy monoton ketma-ketli-”yjlacjj

3-misol {xj=|p]| ketma-ketlikning gat’iy kaman”i ekanini

ko‘rsating.

Agar ketma-ketlik gat’iy kamayuvchi bo‘lsa, x,<t y0|§ £ex<i
Xn

bo'ladi.

:17;#1:.” * L ekanidan

X, 33 3"3n n 3 1 n)3 fJ<L
Demak, berilgan ketma-ketlik qat’iy kamayuvchi. <4

Ikkita {x} va{v.} ketma-ketlikning yig‘indisi, ayin™ “opaytmasi,
bo‘linmasi (bunda yt *0)deb har bir hadi bu ketma-ketlikl. ~ ha(j]arining
yig'indisidan, ayirmasidan, ko‘paytmasidan va bo'linm asii®” |0‘igan
ketma-ketlikka aytiladi.
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Xususan, {*} ketma-ketlikning chekli songa ko‘paytmasi deb har bir
hadi {xj ketma-ketlik hadining shu songa ko‘paytmasidan iborat bo'lgan
ketma-ketlikka aytiladi.

Ll Agar VE>0 son uchun shunday N=N(e) nomer topilsaki, Vn>N

uchun [xj< e bo‘lsa, {t} cheksiz kichik ketma-ketlik deyiladi.

4-m isol {a}=i- r+—|jiketma-ketlik cheksiz kichik ekanini

ly

ko'rsating.

. n
®> Vs >0son olamiz. (o
I 1|=ﬂ2+1

In - 2
<f£tengsizlikdan n>-
e

tengsizlik kelib chigadi. N=  desak, Vn> N uchun J,, |ce bo'ladi.

Demak, ketma-ketlik cheksiz kichik ketma-ketlik. O
[n2+1)

BB Chekli sondagi cheksiz kichik ketma-ketliklaming algebraik
yig'indisi va ko'paytmasi cheksiz kichik ketma-ketlik bo'ladi. Shuningdek,
cheksiz kichik ketma-ketlikning chegaralangan ketma-ketlikka va chekli
songa ko'paytmasi cheksiz kichik ketma-ketlik bo'ladi.

Agar VA >0 son uchun shunday N =N(A) nomer topilsaki, V«>N lar
uchun |, |1 bo'lsa, {*.} cheksiz katta ketma-ketlik deyiladi.

B» Agar {.vj cheksiz katta ketma-ketlik bo'lsa, u holda j—j cheksiz
kichik ketma-ketlik bo'ladi va aksincha, agar {aj cheksiz kichik ketma-
ketlik bo'lsa, u holda j—j cheksiz katta ketma-ketlik bo'ladi.

52.2. SS Agar Ve>0 son uchun shunday N=N(s) nomer topilsaki,

Vn>N uchun | -ae bo'lsa, o'zgarmas a songa {*,} ketma-ketlikning
Umiti deyiladi va limx =a kabi yoziladi.

® Cheksiz kichik ketma-ketlikning limiti nolga teng bo'ladi.
Cheksiz katta ketma-ketlik limitga ega bo'Imaydi. Uning limitini o deb
garaladi.
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*.

-mi im-" —= inii
5-misol. lim a1 2ekanini isbotlang.

Vs>0 olamiz. Misolning shartidan topamiz;

2n+5 3 3
+1 n+1 n+1

\x-2\=

\(,-??\CE tengsizlikni ganoatlantimvchi n ning giymatlarini IOPi.hI
n S

uchun———;—|<e tengsizlikni yechamiz. Bundan n >é'|'

N nomer sifatida fg-l] sonining butun gismini, ya'ni w= 3_1l

£

sonini olish mumkin. Bunda Vf>0 son olinganda ham Vn>N uy,
lic, - 1]<€ bo'ladi.

U holda ketma-ketlik limitining ta’rifiga ko'ra

|m?‘.8--.':.5:2 6
n+1
5.2.3. 88 Ghekli limitga ega bo'lgan ketma-ketlikka yaginlashuvc

ketma-ketlik deyiladi.
Yaginlashuvchi ketma-ketliklar quyidagi xossalarga ega.
1°. Yaginlashuvchi ketma-ketlik yagona limitga ega bo'ladi.
2°. Yaqginlashuvchi ketma-ketlik chegaralangan bo'ladi.

3% Agar {+} va{y,} ketma-ketliklar yaginlashuvchi bo'lsa, u holda
im e + v ) = limic. = limy, bo'ladi.
4°,  Agar {xn} va{y,} ketma-ketliklar yaginlashuvchi bo'lsa, u holda

limic «y =lim, limv bo'ladi.
A-»X n ” >, " n-*x- "
Xususan, limx =a bo'lsa, u holda limi *=a*, limKT,, =V«, *=2,34, -
i | KN n-x*

5°. Agar {jc} va {yj yaginlashuvchi ketma-ketliklar bo'lib, li&Y-*
] limjc. .
bo'lsa, u holda lim— =—=— bo’ladi.

~ Y ~ Y . . . holda
6". Agar {jcJ ketma-ketlik vyaginlashuvchi bo'lsa, u ”

lim cec, =celimi., (cef1) bo'ladi.



iv \ vaginlashuvchi ketma-ketliklar bo'lib, biror

¢ .Agggsmalg vaﬁ({é}' (uemys) o lsa, w holda fimx. &lim v

nerda, . .

>lim v j bo'ladi.
(ejS* ar ,v} va {4 vyaqginlashuvchi ketma-ketliklar hamda

8 _ bo'lib  biror nomerdan boshlab <V, <z, bo'lsa, n holda
lan*=N®r*=
limy. =fl bo'ladi.

6-misol {x}= I ketma-ketlikning yaginlashuvchi ekanini
ko'rsating.

. . a+2 a+2i 3« 3 1
® Birinchidan 2' n- 6da-

Ikkinchidan =/~->0, VneW da.
A n n

¥, =0 z =—-belgilash kiritamiz. Bunda limv =limr =0 va V«>6

uchun y, <x, <r, bo'ladi.
U holda 8" xossaga ko'ra limxn=0, ya’'ni berilgan ketma-ketlik

yaginlashuvchi bo'ladi. O
$ Limitga ega bo'lmagan yoki cheksiz (oc)limitga ega bo'lgan ketma-
ketlikka uzoglashuvchi ketma-ketlik deyiladi.

5.2.4. <S> Sonli ketma-ketlik uchun ushbu

formula o'rinli bo'ladi.

e soniga Neper soni deyiladi. esoni irratsional son. Uning taqribiy
giymati 2,78 (e= 2,718284828459045...)ga teng.

bmumman olganda
b (i VM
N5 1+7TT  =e, buyerda/j->00 da/(«)-+00. (2.1)
Sonli >
limdn.nl ~  a:? liklar,, mavzus,n,n« asosiy masalalaridan bid uning
*mitining™S’ fill “>orat’ Ketma-ketliklaming limitini topishda ketma-ketlik
~Nel)fommiajn '~an’ yadinlashuvchi ketma-ketliklaming xossalaridan va
ladan foydalaniladi.



7-misol. Quyidagi limitlarini toping:

1) limfrxl: 2)

WET Y -2 N5 - ;
3) limVn+2 +V3-n; 4) lim-"MiktiN +""+2-V-

»rx NI
5) lim (N+D"53- ; 6)

& 3al+2(n +1)! "H3n-2,

<S> 1) Ketma-ketlikning surat va maxraji limitga ega emas, chunki
chegaralanmagan ketma-ketliklar. Shu sababli “yaginlashuvchi ketna

ketlikning 5° - xossasini go‘llab boimaydi. Bunday hollarda avval ketma'
ketlikning surat va maxraji n ga boiinadi va keyin yaginlashuvchi ketma
ketlikning kerakli xossalari go'llaniladi.
Demak,
5+— lim 5+ lim5+lim-
im i oy N L
»**n 2 limj 7— 1 lim7-lim
n n

5+3}}i,[,1f1>-i 5+3-C(—D c.in <

N 00

Keyingi limitlami topishda avval ketma-ketlikning xossalarini
qgoilashga olib keluvchi almashtirishlar bajaramiz, so'ngra xossalami
go'llaymiz:

+? 1_1 linfla+-—y -I [
2 limV4n2+3n-1-« —|im______p_:_r_]:z____—_ ______ M r%___?}——?___ T -1,
> nbs Ty N | - . S S1 - [U
- lirafl--
Il_“V n

— y(n+2): - 7(n+2)(3-n) +¥Y(3-")

. +2+3-
=lim- n+2+3-n



=5lM ) ir oy - Kifn+2X3- n)+ ¢ - nf

"2)(3--«) +V(3- HY ketma-ketlik cheksiz katta.

) . ketma-ketlik cheksiz
Shu sababli 2)3-a) +™N(I~n?

kichik bo'ladi.
Bundan t

lim -0
= Af(n+2)2- \J(n+2)(3-n) +V(3 - <)

Demak, limkin+2 +V3-n - 0.

1-3"
Mhim2 6 +18+- +2-3"1 g 1.3y 371
~ 4-3""'+5 — 4-3-3"+5 12¢ 3" +5

tob L f-h1!]..1..
-« 12+A U2+0J 12

-4

lim - 1 =1 im- N_t°% %

R e L
TR

M < ~ 27~ 0%at u-"°° "a /(«)-+. Shu sababli ichki gavs uchun
ormulani va tashgi gavs uchun yaginlashuvchi ketma-ketlikning
-x0ssasmi qo'Hab, topamiz:



Mustahkamlash uchun mashglar

5.2.1. Ketma-ketlikning birinchi to'rtta hadi berilgan. Uning

n I1il . c 25 125 625
' QAGREX1L 2'6 'la
3)-1,1 -1,1,... 4) 1515,..

5.2.2. Chegaralangan ketma-ketliklami ko‘rsating;

1) X'=2 +n2’ X'~ cosn7t + 2tgnji;

3) . 4) x, =V/r. +1 -n.
yin

5) x, =(-1)" wu, 6) x, =In(n +1)-Inn.

5.2.3. Ketma-ketliklardan qaysilari monoton va qaysilari qgat'iy
monoton?

X.= " 2) X, =lx, = 2
) 3/i-2 7 XN+
3 =3". \ =_n.
)X, = 4y X
5)x,,=[V"} 6)Xx,,=".
524.1,-— ketma-ketlik cheksiz kichik ekanini isbotlang.
717 2n -1

2.5. 4”7 +1 ketma-ketlik - %a teng limitga ega ekanligiw
14 29 50 3/i2+2 3

ketma-ketlikning limiti ta'rifidan foydalanib isbotlang.

5.2.6. Ketma-ketlikning limitini toping:

M 5-14,2 o 3 +2-

Dje-=57 ",

3) X - 3n+73 . 4) x »[271+3aM11 .
~2/r +3/,+7’ n2- 2fi+1J



2l

3B  1-5n2
TXur1+3l + 5n+1"’

9) * :W-m_'_ - —Jn--2\

A+H(n+1)!
(a+1)1-2ar

17 e =2ri t 4- 7+..+29- (29 +3).

"5

G A M1 N (65-5)(65 +1)

20) X ===m= +-—mmm
2-4 4-6
2»> 4N -
3+l
23)*. * A +A +..+ix2\
4 16 64 4"
25) jc =i :
) jc =i,cosn 69 +T
27),.=fi_iY
u*-iJ >

1

3n2+2

3 54
gyx.= A+2 2a+T

6)*,=

V«2+4 - -Ya2- s

Kfex -4 q2-9;

14)* = \inf 1
™, @n+1)+(2a+2)!
(29 +3) -/ £2)V

1y _1+2-f3+..+4
* q:-29+1

22),,=" L F5_
% Qﬁ“j
24)X _ 1+3+9+.. +3—
237245

2Bt

(V-1Y -1

30)*
) U2+1,
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5.3. FUNKSIYANING LIMITI

Funksiyaning limiti. Limitlar hagidagi teoremalar
Ajoyib limitlar

5.3.1. LI Agar Vf>0 son uchun shunday $=>5(e) >0 sonto
xning jx- j@f<$ tengsizlikni ganoatlantiruvchi barcha '
- N A, X*X
giymatlarida \f(x)-A\<e tengsizlik bajarilsa, A soniga f(x) funksiyani ’
Xa nugtadagi yoki x->xu dagi limiti deyiladi va limf(x)=a
yoziladi.

Bu ta’rif funksiya limitining Koshi ta’rifi deb vuritiladi.

1-misol. lini(5x-6) =4 ekanini ta'rif orgali isbotlang.

® Ve>0 son olamiz. S=5(e)>0sonini shunday tanlaymizki
lic—=2<<&da V/ (x)- 41<£ bo'lsin.

U holda J(x)-4H(5x- 6)- 4155-1085(x - 2) 5 Ix - 2kebo'ladi.
Bundan |x-2 1<j. Agar 5(e) =" deb olsak, [x—=21<&da |/(x)-4]<«
boiadi.

Demak,
IXi_[>721(5x- 2)=4. O

M Agar Ve >0 son uchun shunday $=8(e)>0 son topilsaki, x ning
x0<x <x0+<%5(x0-8 <x<x0)tengsizlikni ganoatlantiruvchi bard*

xeR, x*x0 giymatlarida \f(x)~A\<e tengsizlik bajarilsa, A soniga /(*)
funksiyaning x0 nuqtadagi o'ng (chap) limiti deyiladi va ton/W*
yoki f(x +0)=A (Umo/(x) =11 yoki /(x-0) =A) kabi belgilanadi.

<E> f(x) funksiyaning xOnuqtadagi o‘ng va chap
tomonlama limitlar deyiladi. Agar /(x) funksiyaning X, nuqtadagi 0
chap limitlari mavjud va ular o‘zaro teng, ya'ni /(x0+0)=/(-w
bo‘lsa, /(x) funksiyaning x0 nuqtadagi limiti mavjud va Ji» L

boiadi.



VE>0 son uchun shunday &=<5(e)>0 son topilsaki , x ning
S A S tengsizlikni ganoatlantiruvchi barcha xeR, x*x0 giymatlarida
x>5(x<" tengsizlik  bajarilsa, A soniga /(x) funksiyaning
1f(%)" ,%;‘ -too)dagi limiti deyiladi va lim f(x) =A (lim 7(x) - A) kabi
-
belgilanadi.

5J 2. Limitlar hagidagi teoremalar. .. ... .. Voo,
[ teorema lkkita funksiya algebraik yig indismmg limit! bu
finuivalar limitlarining algebraik yigindisiga teng, ya’ni

'u lm(/() £9(x)) = [imf(x) +limg(x).

2-teorema. Ikkita funksiya ko‘paytmasining limiti bu funksiyalar
limitlarining ko‘paytmasiga teng, ya'ni
lim /() my(x)) =limf(x) limg(x).
1-natija. Funksiya jc ->»X,,da yagona limitga ega boiadi.

2-natija. limC =C, C -0 ‘zgarmas funksiya.
3-natija. lim(k+/ (*))-k- lim f(x), ke R
4-natija. lim(/(x))* =(lim/ )\ M \jf(x) =*Amf(x), K=123,.-
3-teorema. Ikki funksiya bo‘linmasining limiti bu flinksiyalar
limitlarining nisbatiga teng, ya’'ni
fir\ lim
lim g ="frded) * limg(*>*0-
rema* Agar X0 nuqgtaning biror atrofidagi barcha xlar uchun
- & <g(x) tengsizlik bajarilsa va lim fix) - lim g(x) =A bo'lsa,

0 Wadi - -

A8al’ X' nudtaning biror atrofidagi barcha x lar uchun

bo'isa i t jengs'z™ bajarilsa va f (x x) funksiyalar x -» x0da limitga
“ JI gI|m/WJS|mgW I(acgmg(.) y :
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6-teorema. lim g(x)=0, I|m/() C*0 boisin. U holda-

1) agar |xx,|<<5 (&=>0) tengsizlikni ganoatlantiruvchi barcha
uchun ~~>0boisa, Ilm NN =400 boiadi;

9() 9k

2) agar |x-xj<£ (<5>0) tengsizlikni ganoatlantiruvchi barcha
uchun ~-A<0 boisa, lim~ A =-00 boiadi.

9(x) w0 §(X)
5.3.3. Birinchi ajoyib limit
lim %=1
Ikkinchi ajoyib limit
lim
HI1"

Ajoyib limitlar va limitlar hagidagi teoremalar asosida quyidagi
formulalar hosil gilingan:

1 lim §1[]-'-A-X—|| tgkX ||m_§l_'].|9.(:||m-zl’-]£<-x:]: KeR.
kx %% kx kx kx
2. |,_@{}_T_[°Q_m_:1__ m(m> 8)
3. linJso+ M .i
O Ky
S|
4. lim----m- =Ina(e>0)
5. mﬂﬁu l.
6. ligx“ Inx=1im x=° Inx = lim x%e~' =0 (a>0).
7. limfl +—1 =e!
_ | X)
K
8. lim(l +x)' =e.!



J jr =e buyerda x->® da /(x) ->°0
9. b®[1+7w J
JG+H/(*)7S =~ buYerclax 1da/W ~ °e

10. «#

2-misol. Limitlami toping:

-1 . 2) lig— .
1) tyliS+Sx +1° X3+2x-15
3 2. 4) lim~* 1
Y =5
SN -1 7 ‘> 5 Ao
X arcsmx.
"*0 sin 5jc n
9JRi 5|H; 10) lim—— .
)lzx +4} : ?~4ng

® 1) Limitlar hagidagi teoremalardan foydalanib, topamiz:

2r'-iL I|m(2x2 n Iiign_2_>_<_:__-_l_i_r_n__l_ ______

lim—p — = ANl = =a -
—4x +5x+2 Fm(4x2+5x+2) lm4x~ +lim5X+lm2

2limx2- 1 2(Umx)2- 1 2(-1)2-1
4Limx3+5limx +2  4(limx)2+5limx+2  4(-1)2+5(-1) +2

2) Bu limit uchun ikki funksiya bo'linmasining limiti hagidagi
remani g°ilab bo‘Imaydi, chunki x->3 da kasming maxraji nolga teng

e Bundan tashqari suratning limiti nolga teng. Sunday hollarda ~

kasminp”' an“maslik berilgan deyiladi. Bu anigmaslikni ochish uchun

*-3*tuSURL va maxrajini ko‘paytuvchilarga ajratamiz va kasmi
3*°(x->35lekin x*3)gabo‘lib, topamiz:

im(£23X£+3)=limx+3=6=3
"J(x- 3)(Xx+5) *8x+5 8 4
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3) «c—>7 da ~ko'rinishdagi anigmaslik berilgan. Kasrning surat

maxrajini Vx-3 +2 ko‘paytirib, topamiz:

lim =Jim-—--
(X- 7XVx-3 +2) (x- 7)(Vx-3 +2) ~

=li
352 W s 2 v e
4) =x almashtirish bajaramiz. Bunda x - » 1da t-» 1. U holda

hrn11/x -1 —hm
=V x-1 MJ/i-1 (t- D¢ +1) o<+l

LS e A €1 ) NSRS e e §

5) x—23 da oo-» ko‘rinishdagi anigmaslik kelib chigadi. U holda

Ihnf-i— 1 =Lf "2#3~ 18
M x -3 x'u' 271 I‘_—T3 x3-27
(X-3)(x +6) . X +6 1

55 ) W v a3

6) x->+a0 da 00-00 ko'‘rinishdagi anigmaslik berilgan. Kasrning surat
va maxrajini /¥x3+9 +x ko‘paytirib, topamiz;

(VR2+9-x)(VX2+9+X) _ x2+9 X2

Tim S--femeeen lim
Vxz+9 +x TRE/X +9+x
9 i
M e TR TEY T
J1+- +1
. X \VARN (1]

7) x->0 da ™ ko‘rinishdagi anigmaslik berilgan.  Almashteril®

bajaramiz:
3
i 3x S
Nignax M g '5"iiFﬁsme
5x 5x

Yugorida keltirilgan 1-formulaga ko‘ra lim =1



nemak, . 3x 313
imgtdx =6 1-5
Q) _>p da - ko'rinishdagi anigmaslik berilgan. /=arcsin.v

aunashrirish bajaramiz. Bunda ,-O d . »-/>. U holda

WHYMG, = g timsns Y
/ -0/
9) jc>mwda I ko'rinishdagi anigmaslik berilgan.

Kasming butun gismini ajratib, almashtirishlar gjjaramiz:

w {/ t )
1 i+ L
1+ R
2jc+4 2x +4

Xx—& da 2jc+4-> mbo‘lgani sababli yuqorida keltirilgan 9-fomiulaga

ko'ra / 7 \g4
im 1+—— ] =e
*H 2K 4
U holda
‘-4
~— =i — = N = i imf-2 - —e'2=—
oy lim 4240 2 ekanidan I’Lr'r&fzzx +§J e'2 =
0 i}
10) da - ko‘rinishdagi anigmaslik berilgan. Almashtirishlar
bajaramiz:
pi* 1 ~ oz oL
lim----=-L=11_2r 2.7Q 2x
<gXx -0 /g™ 3 tg3x
K38LLE 3x xis 3X

Uforminl'n8 s“rat'8a yuqorida Kkeltirilgan 5-formulani va maxrajiga
Uholda  4° laymiz'
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Mustahkamlash uchun mashqlar

5.3.1. Funksiyaning limiti ta'rifi yordamida isbotlang:

D gy (2x-3) = 2) 1ra(1-3ac) =4
3)limx2=1; 4),|7||_|J o
5.3.2. f(x) funksiyaning x =xa nuqtalardagi chap va o‘ng limf
toping:
D /)= *3 2) 7{x)=2", x0=0;

X agarx <2 bo'lsa,
X2-4 agarx>2 bo'lsa, x0=2;

5.3.3. /(x) Zsignx funksiyaning x0=0 nuqtada limitga ega emasligini
ko‘rsating.

5.3.4./(x) =x-[x] funksiyaning x0=2nugtada limitga ega emasligini
ko‘rsating.

5.3.5. Limitlami toping:
1) lim(2x! +3x-1);

[itTF—— 7- -=
X-2 X -5x+6;}



4x"3X +2;
BB x-3x4
X1+ 2

15) | ® 717 ~T 3°

17) _limx(V57rrT - 2x)’

9 1 67 1)
H2X.
2DS T

23) RN

I-cos3x

25) @) xsinﬁx ,
sin3x

Dz v

29) /0
31) lim(x-\otg/D\

33)@,;(&1).

3x-;
3B)limfl
42X +I

aNd*LzIvV.

X +31]

39) lim flIfl.
x-2 7

41) I'm(] 4-sinjcj .
43) lim(3_27)Sfci.

QU T-MEIN
4 N7 N -28inx;

2-
14) lim X4
X3+3x-x3

x5- 2x:
2X +Xx-4
18) lim(n/xr -4 +x);

16) lim

( x3
5x +1 5x+2)
X - SmMX

22) lim .
20X +sin x

20) lim

24) lim ™ 3*
sin2x

26) lim dr-smx

28) lim V2-VT +cosx

30) lim tgx-
cosX

32) limf~ - xj/g”;

34) lim«gfe=-2);
X —2

36) liml _
TV3X + 2]

38) lim X *3
X+2

42) lim(cos2x)"'®;

x>0
2x-3

44) m@3- x) 7.

X=*2

6) i .
5 arcsin X +3X

3

48) lim(4x +1)(In(3x +2)-In(3x-1)).
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5.4. CHEKSIZ KICHIK FUNKSIYALAR

Cheksiz kichik funksiyalar. Cheksiz kichik funksiyalarni
Ekvivalent cheksiz kichik funksiyalar " ta(]t,0s,s5h

541 m Agar UWMWW=D boisa, /(*) funksiyaga x, nuqtada Lu
x ->X0 da cheksiz kichik funksiya deyiladi.

Chekli sondagi cheksiz kichik funksiyalaming algebraik vj «
va ko'paytmasi cheksiz kichik funksiya boiadi. Shuningdek, chek”~g" ~'
funksiyaning chegaralangan funksiyaga va chekli songa ko'paytmasi*h't®
kichik funksiya bo'ladi. K

& Agar ton/(x)=A bo'lsa, a(x)=f(x)-A funksiya Xo ,u
cheksiz kichik boiadi.

@ Agar V>0 son uchun shunday 8 =5(e) >0 son topilsaki, xning
I¥x,]<<5 tengsizlikni ganoatlantiruvchi barcha xeR, x*x0 giymatlarida
\f)\>c tengsizlik bajarilsa, fix) funksiyaga X, nugtada yoki *-+xt ch
cheksiz kattafunksiya deyiladi.

Bu holda @/(X):m deb yoziladi va fix) funksiya x-»x,, da
cheksizlikka intiladi yoki x =x0 nuqgtada cheksiz limitga ega boiadi deyiladi.

Agar f{x) cheksiz katta funksiya boisa, u holda T cheksiz

kichik funksiya boiadi va aksincha, agar fix) cheksiz kichik funksiya

boisa, u holda R ) cheksiz katta funksiva boiadi.
X

1-misol. ¥Y(x)=@—3)2cos ~~—3J ‘wvn"5Ya x-"lda cfetsz
boiishini ko‘rsating.
® lim(x- 3) =0 ekanidan a(x) =(x - 3)2funksiya cheksiz kichi .

/2(X) =cos funksiya chegaralangan, chunki cos

/(x) funksiya cheksiz kichik a(x) funksiyaning cbegara®* " Ij(Sya
funksiyaga ko‘paytmasidan iborat. Shu sababli u cheksiz 1C
boiadi. O
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5|21|2 Cheksiz kichik funksiyaiar bir-biri bilan nisbati yordamida

aqgeslanad)-  fAnksiyaar * > da cheksiz kichik funksiyaiar boisin.
ane) va :
L Agt ppy A0 (A chedisom) - botlsa, a(t) va PG

iyalarga birxil tartibli cheksiz kichikfunksiyaiar deyiladi.
2 AgQF “’[pp—cb-:o bo‘lsa, a(x) funksiya (Mx) funksiyaga nisbatan

on tartibli cheksiz kichikfunksiya deyiladi va a =o(P) deb yoziladi.
i Agar Ilim—" =0 boisa, a(x) funksiya p(x) funksiyaga nisbatan
€ *e P(X)
quyi tartibli cheksiz kichikfunksiya deyiladi.

4 Agar Iimpf&s mavjud bo‘Imasa, a(x) va p(x) funksiyalarga

taggoslanmaydigan cheksiz kichikfunksiyaiar deyiladi.

54.3. g Agar Iimpf&s =l boisa, u holda da a(x) va P(X)

ekvivalent cheksiz kichik funksiyaiar deyiladi va a(x) ~P(x) kabi
belgilanadi.

I Agar ikkita cheksiz kichik funksiya nisbatida cheksiz kichik
funksiyalaming har ikkalasini yoki ulardan bittasini ekvivalent cheksiz
kichik funksiya bilan almashtirilsa, bu nisbatning limiti o‘zgarmaydi.

N 2. Chekli sondagi har xil tartibli cheksiz kichik funksiyalaming
yig mdisi quyi tartibli qo‘shiluvchiga ekvivalent boiadi.
kich'lr kichik funksiyalaming yig'indisiga ekvivalent boMgan cheksiz
H”siyaga bu yig'indining bosh gismi deyiladi. Cheksiz kichik
‘artib”h T 'ng 'nd's'n‘ un>ng bosh gismi bilan almashtirishyndqori
° e 12kichikJunksiyalami tashlab yuborish deb yuritiladi.

2—misol,@g +  437*

< shx limitni toping,
"babli x->o0da +3x" funksiyaning bosh gismi 2x dan iborat. Shu
ARiak a 2r +5r va 1-ajoyib limitga ko'ra sin.r~x.
iim 2* +5x2+3jt4_

. S
sinic. ligyy =hig?=2. O
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- ko'rinishdagi anigmasliklami ochishda ekvivalent cheW e
0 e Me kichjt

funksiyalarni almashtirish qoidasidan va cheksiz kichik funksi
xossalaridan foydalaniladi. Bunda ko‘pincha quyidagi ekviv'l***|
goMlaniladi: a entiklar

x-»0 da sinkx~kx, tgkx~kx, arcsin&x-fac, arctgkx—~kx
1 - ¢ o s eb—~kx, ak-1~Axlna,
In(l +kx)~kx, loga(l +4x)~for-logae, (1+kx)"-\~mkx.

3-misol. Limitlami toping:

1y Lign i 2y lim-lg(l+

) n‘gn tgx ’ y lu;ﬂxgrcsn‘%%(
3) r':’-*())) gnﬁ 32]]( ! 4) @ InJcosx|
5) lim—j - — ------ 6) u_mxfcl*-l).

Sm3x - arctglx
® 1)x 0da2'-1~xIn2 va tgx- x ekvivalentlikdan foydalanamiz:

lim~-~ =lim— =In2.
tgx = X

2) x-»0 da lg(l +x2)~x2lge, arcsin3x~3x ekanidan

Um M lil.fciite.Sf,
*e*arcsm3je ¥* x'3x 3 31nl0

3) x 0 daarctgjx ~VX, sin2x- 2x. U holda

Iimxarctgm(_ . _2(_\_/_x \% V.
sin - 2x (2x T2V2
VI+xsmx 1 VI +xsinx -1

4) fun- In]cosx| =lup, | 1+(cos™_1)(-

0 da In]l+(cosx-I)] ~cosx-I, chunki x-*0 da cosjr-1-*®-



1 holda JT+7? _t

JujstoN £ =(sinx~Xx)=lim—— = (A+X) - 1 -
) ( ) «-toll+tcosx DI ( ) 2

_ m’;_a_s_)z___ 1- cosx >;Z>>L Zu_m x72 -1.
B-2n . (32-1)-(2%-1)
5)  sin3x-"arctg2x — sin3x - arc/g2x
- _2_>_<_I[1_§_-_ 3x|n2: 2In3 -3 In2:|,n 9
3x-2x 1 8
6) -=t belgilash kiritamiz. Bunda x-><* da /->0.

X
U holda

lImx(3™* - =Hm-+@ - D=lim-+tin3=1In3. O

X—*ac

Mustahkamlash uchun mashqlar

5.4.1. Quyidagilami isbotlang:
x->0 da a(x)=tg2x va /3(x)=3x+x1 funksiyalar bir xil tartibli;

2)x-»| da a(x)=f__ va p(x)=yfx-\ funksiyalarekvivalent;

Jrr<> da a(x)=— 2 va p(x)=—=— funksiyalar uchun a =o(/3);
1+x X-JX +2

~*0 da a(X)=arcsin2x+x2 va /?x)=Il-cosx funksiyalar uchun
P=o{a).

~soblang; ~'7T 'Tfarn’ ekvivalent cheksiz kichik funksiyalardan foydalanib

0 limn 2*
Ind +3x); 2) lim—izfEif—;
3) lim- 7OX +2X*+H3X*
*s®*--3in4x; 4) lim-3- -1 ;

0 arcsin2x



gF-1 3% 5

13) lim 14) lim-

*= In(l +arcsin2x)” arcsin2x-x3’
15) lim SIN3X 16) 1imi2(2 +cosE).
3tgax **sinx(ep- 3’
) L n A i i -
) 0 x +3X 18) l"l“mté\xl*-/\sr)%g( :
19) lim —- COs2x; 20) lim
xsin* jccos™
21) Umx (e™: -1); 22) limjr-(2"-3")
23) lim (e -\)-tglx
)i In(l- 3ar)(1- cos2x)’ 24) n RN

55. FUNKSIYANING UZLUKSIZLIGI

Funksiyaning nuqtadagi uzluksizligi. Uzluksiz funksiyaiar
hagidagi teoremaiar. Funksiyaning uzilish nuqtalan.
Kesmada uzluksiz funksiyaning xossalari

5.5.1./(x) funksiya x0 nugtada va uning biror atrofida

bo'lsin.
8L Agar f(x) funksiya *, nugtada chekli limitga ega bo

funksiyaning shu nuqgtadagi qiymatiga teng, ya'ni lim =
u holda f(x) funksiy’a *0 nugtada uzluksiz deyiladi.

bu limt

N



a -n boisa u holda f(x) funksiya xn nuqtada uzluksiz
ear W - . .
A Bunda AX=x-x0 argumentning nugtadagi orttirmasi,

deyiUdi- N funksiyaning *0 nuqtadagi orttirmasi.
Ay=f tx) vargumentning *, nuqtadagi cheksiz kichik orttirmasiga
HjJV*. jn, bu nugtadagi cheksiz kichik orttirmasi mos kclsa,

e "z'"feiz boradi
1- misol. y=cos.r funksiyani uzluksizlikka tekshiring.
e , =cosx funksiya neefda aniglangan.

Vxe/ nugtani olamiz va bu nugtada Awvni topamiz:

[y =cos(x +Ax} - cosx :-Zsm‘\x+—2-J *sMm A2"

Uholda limy=Um”-2sin”™x +y j ssin-yj =0, chunki chegaralangan va
cheksiz kichik funksiyalaming ko'paytmasi cheksiz kichik funksiya boiadi.

Ta'rifga ko'ra y =cosx funksiya Xe Rnugtada uzluksiz. O

o Agar lim ey =/(icoy 1 lim/(x) =/(x@j boisa, u holda f(x) funksiya

f; nugtada o 'ngdan (chapdan) uzluksiz deyiladi.
® f(x) fimksiya i, nugtada ham chapdan va ham o'ngdan uzluksiz
bo Isa, u shu nugtada uzluksiz boiadi.

15.2. Uzluksiz funksiyalar hagida asosiy teoremalar.
1-teorema. f(x) va g(x) funksiyalar x0nuqtada uzluksiz boisin.

holda f(x)£g(x),f(x) g(X), (9(x,,)* 0) funksiyalar x0nugqtada
“zluksiz bo'ladi.
* /(x)jtho" N alr funksiya X, nuqtada uzluksiz boisa, u holda
2~teoreni X" nudtada uzluksiz boiadi.

"basidagi h Ju Asos'y elementar funksiyalar o'zlarining aniglanish
_nUqtalarda UZIuk8iz bo'ladi-
2nuqtad — X nudtada uzluksiz va v=f(z) funksiya

I nudtada Urb |,3 UZULSZ k°isin. U holda y =f(g>(X)) murakkab funksiya
Uks>zboiadi.



* <sg Agar /(x) funksiya x, nuqtada uzluksiz bo‘lsa, !_im/(x) =/(X,,)
tenglikni /]limxj=/(x0)kabi yozish mumkin, ya'ni uzluksiz f(x)

funksiyada xargument o'miga uning X,,nuqtadagi limit giymatini qo‘yish
mumkin.

2-misol. limlo8” 1+ (a>0,a*l) limimi toping.

<> o y :Ilm;(-Iog,(1+x):l):mlog,,(l+x) .

Logarifmik funksiya uzluksiz. U holda

limlogo(l +x)* =log lim(l +Xx)'

Bundan Ixi_gow(l +x)* =e ekanini inobatga olib, topamiz:

toistaiia.tog.,. o
> A

5.5.3. IS Agar /(x) funksiya x, nugtada uzluksiz boimasa, u holda x0
nugtaga /(x) funksiyaning uzulish nugtasi deyiladi.

IS Agar /(x) funksiya x0nugtada chekli birtomonima lim /(x) =A va
TI_‘iﬂmO]‘(x) =A2limitlarga ega boisa, u holda x, nuqtaga /(x) funksiyaning
birinchi tur uzilish nugtasi deyiladi. Bunda:

a) A =A boisa, x0bartarafgilinadigan uzilish nuqtasi deb ataladi;

b) A * A boisa, x0sakrash nugtasi va /4=\- a, | kattalik funksiyaning
sakrashi deb ataladi

LLIAgar x0 nuqtada /(x) funksiyaning bir tomonlama limitlaridan
kamida bittasi mavjud boimasa yoki cheksizlikka teng boisa, u holda
x0nuqtaga /(x) funksiyaning ikkinchi tur uzilishi nuqgtasi deyiladi.

3-misol. Funksiyalami uzluksizlikka tekshiring:

-1 agar x<-2 ho'lsa,
1) f(x) =arctg 2) /(x)=2v; 3)/(x)= Xx+lagar -2<x<0 holsa,
X
cosx agar x >0 bo'lsa-
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<> 1) Funksiya jc=0 nuqtada aniglanmagan:
/(-0) =limarctg———==A,, /(+0) =limarctg—=—=11,.

Demak, =0 sakrash nuqgtasi va bu nugtada funksiya birinchi tur

A

uzilishga ega. Funksiyaning sakrashi 1 =W - A\ 2~{|~§

=4.

2) Funksiya x =0 nugtada aniglanmagan:
/(-0) =xlimV =0, /(+O)=Fl[mv =00
Demak, funksiya x =0 nugtada ikkinchi tur uzilishga ega.

3)y =-1, y-x +1 v=cosx funksiyaiar butun sonlar o'qida uzluksiz.
Shu sababli berilgan funksiya analitik ifodasini o‘zgartiradigan x,=-2 va
X, =0 nugqtalarda uzilishga ega boiishi mumkin.

j6 =-2 nuqtada: /(-2 -0) = ligd-1) =-1, /(-2 +0) = Jimx +1) =-1.
Bundan /(-2 - 0)=/(-2 +0). Funksiya x, =-2 nuqtada aniglanmagan.

Demak, X «-2 bartaraf gilinadigan uzilish nuqtasi va bu nuqgtada
funksiya birinchi tur uzilishga ega.

X, =0 nuqgtada: /(-0)= rmx +1) =1, /(+0) :t!)!mocosle, /(0) =0+1~"1
Bundan /(-0)=/(+0)=40).

Demak, j@=0 nuqtada funksiya uzluksiz. O

4-misol. /(r)=__!— _ buyerda r=¢g>X)=—i~ boisa, f(x) =f{<p(x))
Z-2-56 X-2

murakkab funksiyani uzluksizlikka tekshiring.
® z=<p(X)=—— funksiya jc =2 nuqtada uzilishga ega. /(z) =——-—--
| X-2 z--2-6
nksiya ~ z2-z-6 =0 tenglamani qanoatlantiruvchi z, =-2 va z2=3
Nugtalarda uzilishga ega.
zi=-2 da —2=—-—_. Bundan jc =-.

je, - 2 2

22-3da 3=—— . Bundan i, = ZZ)



*.* Demak, murakkab funksiya x,=2, X, :g, XZZE nuqtalarda uzilishga
ega bo'ladi. Bu uzilish nuqtalaming turlarini aniqlaymiz.
jo0=2 nuqtada: I|mf(x)—I|m/ =0, )L%/ —I|m/ =0.

Bundan /(2 - 0)=/(2 +0). Funksiya g0=2 nuqgtada aniglanmagan.
Demak, jd=2 bartarafgilinadigan uzilish nuqtasi va bu nugtada
murakkab funksiya birinchi tur uzilishga ega.

X =—nugtada: lim f(x)= lim /(z) =4&¢& lim fix) = lim /(z)-00

2 2

7
X2=j nuqgtada: lim/(*)=1im/(z) =% lim /(*) =lim /(z) =+oc.

Demak, [ _3 va - nuqgtalarda murakkab funksiya ikkinchi tur
uzilishga ega.

55.4, Agar f(x) funksiya (a;b) intervalning har bir nugtasida uzluksi
bo'lsa, u holda fix) funksiyaga (a;b) intervalda uzluksiz deyiladi.

Agar /(x) funksiya (a;b) intervalda uzluksiz bo‘lib, a nugtada o'ngdan
uzluksiz va b nuqtada chapdan uzluksiz bo'lsa, f(x) funksiyaga [a\q]

kesmada uzluksiz deyiladi.
Kesmada uzluksiz funksiyalaming xossalarini ifodalovchi teoremalar.
Bolsano-Koshining birinchi teoremasi. fix) funksiya [a\b] kesmada

uzluksiz va kesmaning chetki nuqtalarida turli ishorali giymatlar gabul gilsin.
U holda shunday ce {a;b) nuqta topiladiki, bu nugtada /(c) =0 bo'ladi.
Bolsano-Koshining ikkinchi teoremasi. /(ar) funksiya [a;b] kesmada
uzluksiz va f(a) =A f(b) =B, A<C<B bo'lsin. U holda shunday ce[a;b]
nuqta topiladiki, f(c) =C bo'ladi.
Veyershtrassning birinchi teoremasi. Agar f(x) funksiya [a,b] kesmada

uzluksiz bo'lsa, u holda u bu kesmada chegaralangan bo'ladi.
Veyershtrassning ikkinchi teoremasi. Agar f(x) funksiya [a\b] kesmada

uzluksiz bo'lsa, u holda u shu kesmada o'zining eng kichik va eng katta
giymatlariga erishadi.
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Mustahkamlash uchun mashgqglar

5.5.1. Funksiyaning uzluksizligi ta’rifidan foydalanib berilgan
funksiyalaming Vxue Rda uzluksiz ekanini isbotlang:

1) f(x) =3x2-1; 2) f(x) =x3+7x-6.

5.5.2. Uzluksiz funksiyalaming xossalaridan foydalanib berilgan
funksiyalaming (-00;+00) intervalda uzluksiz ekanini isbotlang:

1) f(x) =cos3jc- e2~; 2) f(x) =YTA"3 +sin2 +
X +2

5.5.3. Berilgan fiinksiyalami uzluksizlikka tekshiring va grafigini
chizing:

2) /(*) =" J

*) =2'l-"
= 6) /(ac)=rT1 "
lagarx<-3 bo'lsa x2agarx<3 bo'lsa,
)f(x) =-"9-x2 agar -3<x<3 bo'lsa, 8)/(*)=" 4 agar2<x<5 bo'lsa,
X- 3 agarx >3 bo'lsa; -x+ 1 agarx>5 bo'lsa;
10) /w=J ! “£l- .
(x-N)sinx

5.5.4. a ning ganday iymatlarida berilgan funksiyaiar uzluksiz boiadi?

5.5.5. f (x) funksiyaning x{ nugtadagi uzilish turini aniqlang:
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5.5.6. Murakkab funksiyani uzluksizlikka tekshiring:
Xx+2 agarx< 0 bo'lsa,

X-2 agarx>0 bo'lsa; 2) /(2)=222-3, Z=1gx.

55.7. /(X):(x+3KX-4) funksiyani [a;6] kesraada uzluksizlikka
tekshiring:
1) M]=[-4:i]; 2) [a;b]=[-2;3].

5.5.8. /(x) funksiyani [0;2],[-3;I],[4;5] kesmalarda uzluksizlikk
tekshiring:

X—4
= r—_ 2) /(*)*=1

1)/ (x) Ml ) /(%) N s

55.9. Tenglamalar berilgan kesmada kamida bitta ildizga ega boMishir
ko'‘rsating:
1) x3-5x2+3x+2 =0, f-1;1]; 2) sinx-x +1=0, [1,2,

5-NAZORATISHI

1. Funksiyaning x0nugtadagi chap va o‘ng limitlarini toping.
2. Limitni toping.

1-variant
. =arctg--—-- =1, 2. i
L 109 arctgl_x, X0 A 3 3-+5in 2
2-variant
1- /(*)=—L, -, X,=0. 2. 0 Fe
2 +ex toe - aX
3-variant
1. /(x)=— x0=0
1434 In(l +3x)



n/l —Cos*

1 /<)=— 1T "’ *0=0-

1. f(x) =y*\ *,=0.

L /()= %ol
1- f(X) I(—X_Z—)T, X,:Z.
L /(=liix i *0=0.

1 /(x)=2-\ x0=3

1 /(x) :’;+4 x0=-4.

/(*)=arcf%: xe=l.

4-variant

5-variant

6-variant

7-variant

8-variant

9-variant

10-variant

11-variant

12-variant

13-variant

2.

2:x-3"’
3T +tgdx

lim

2.to M liil.
*

N

N

N

%o X' +sin3x

lim 2%-3
A Sin3x +sin2x

l 2?2gx-sinx
ARy 353 F

sin3x-sin
m

2sin27(x +I)

M +3%)

lim sin5(x +ff)

** '

lim- .
Wsinx Fsmx

lim M i,
X" +fg2x

2%- 2'

§ Ly
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14-variant

I AX)w?* . * =0. 2.
)Vl—coséx >k
15-variant
L« 4 IGr— » sl e 2 ';r*ﬁ>§iﬁx/\+s’?n2'jc
16-variant
1- /(*)=—L-, Jt,=0. 2. lim e3~e"
3_2% V*2sinx - xtgx
1 7-variant
I
1. /(m)=3"2 m0=2. 2. lim—2— —
wA2smXx-jr
18-variant
I. /(*)-«=, *.-0.
19-variant
el G ¥l K.V 3 Sy g i Y
|1-x |2 (I-x) *-°5in2x +4%X
20-variant
d wN= X ef » I hxgjpx-cos2x .
e -1
21-variant
le f(x) :arctgyng* =3. 1 lin._e e
&N 9 sin3x +sinjc’
22-variant
= i N~
I. f(x) =2\ x0<90. 2. I,c{->g]9'_3§§'
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1 /w=

- /w =

*o /W:

* /(%)=

sinx, *<0,
X0=0.
Xk x>0, 0

x-+2, x<l,
x0=1

2X, jc>1L

5X\ JO=3.

\x\-I

- arcsinx

23-variant

24-variant

25-variant

26-variant

27-variant

28-variant

29-variant

30-variant

2. limSigax J)ggt.

) I-cos2x
X e -e Ry

5 42
2.1 -

im
*-e 2sin. T + /g3jc

2. Km-

**0 3sinjc +/g2x
2. M enmmmmnee 344"
" 'me3sinx +xtglx
5. limJ2n{l+59

2sinx-sin2x
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4-MUSTAQIL ISH

1. Funksiyaning aniglanish sohasini toping.
2-3. Sonli ketma-ketlikning limitini toping.
4-8. Limitni toping.

9. Limitni ekvivalent cheksiz kichik funksiyalami almashtirish
goidasi bilan toping.

10.9.1 - 10.16. Funksiyani uzluksizlikka tekshiring va grafigini chizing.
10.17 - 10.30. Funksiyani berilgan nuqtalarda uzluksizlikka tekshiring.

1-variant
1. /(x)=n/25-x" +Insinx.
1 rzWHﬂ’}!l‘udn+3)!
(n+4)!
-0 /M2+1-1
7 Iimcos*-cos2x
wl-*, * <0,
10./()== 0,0<<,
X-2, X>2.
2-variant

2. X =4nr- 21+6 -Vn2+2n-6.
mJin2+u—2

x3-4x-5 V3+2x-V X +4

X- 3, X <0,
10. 7 (x) =mx +1, 0<x <3,

7-*, *>3.
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2X

3 jf =—F(1+2+30——in).

5190 11x +18

sin(x + 1)

9- Te

i. / «
30l 2+4 +6 +-—H2n

7. lim--—~sin 2v
*C 3x!

*f  sinjc-1

1-/W =
lg(l-x)

3.,.71 +H +...+*

6 36 6

+VX+2.

3-variant

2. %, =V5+8n3- 2w

1—fjc+2c’
- AR 3jcd+2jct+5

[ee)
-é.

jc +4, X<—]:,
10. /(9= x2+2, —4<ic< ],
3X, jeS 1.

4-variant

2. XH=-Ind+3- V-2,

4 fim ZX4Sictl
"3y +7x +3
. n/3x-x

6. lim2a=XX
M3-27

X2  xXNO,
10. /(*)= 0 0<x<2,
2- X, X >2.
5-variant

2. %, =n—Ljn(n-1).

4. ljmXE0Xe ,
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. AX2+T7x- 2
lim

T t#)3x +8x+4
7 Iximl'COS4'X 8.
X-SInX ~\5x+1J
9. lim in2-2x ~2(* + XS-]
g£Sgt 3m ) 10. /(x) = % »
g * '] < XS3,
6-variant
¥ /(x) =lgsin(x —3) + VIE" 2. %,-n- (\[s+87 - 2»)
| +2 + 301/,
3. X = ' i X3-5Xx! 43
\f77n 4. fim
5. fafdx 4 & Iim&t/é—'-?’-
X2- x-12 l M5n/x-l-2l
. 2X+3
7. lim COS x- cosje 8. lim L+l
"*|-cos3x AR X3 )
9. lim 22 e
i =
sinsk 10./(x) = x3, 0<x<I,
X +1, x>1.
7-variant
1. /(x) =arccos . 2. X,=n-n/n3-3.
2 +sinx
3. x. :2-5 +4-7-i— +2n-(2« +3) [/1\ IImZ_XJ_"'z_)Sg_ﬂ.
«+5 X -5X +2
5 lim x4+4x2- 5 6. hmn/X_i.g-’
- X 3+2x2-x-2" WS /X +2 -3

7 lim *~cos8* .
l-cos4x 8. iz 74



m2r jr. T
9.1® *cosx

3-2x
, f(X)=JJ--x +arcsin

3%, % (g )1l

8x4-6Xx2- x-1

S 44 g

298 _J

9. lim
*In(cosx)

le /M =1"1/x-4 +n/(T-X).

3.Xx =-L+J_ 1
1-2 23

S lim flzIflii
N23x2-x-lo"

im—_ 1
JIMnx  fgx

9. limMJIfosx)
(°Tuyrl--

nn+1)°

X, X<-2,
10. /(x)= -x +1, -2<x<lI,
x2—4, X>1.

8-variant

2. xn=n/n-(n/n+3- n/n- 2).

. Tx3-3x2+1
4, lim-
5-9x3
o limV9*2% -5
«e 2-V X
S.limfrE
*-4y3-2Xx
1, x <0,
10. /(*) = cosx, O<x<ir,
1- x, X >r.
9-variant

2. x. =2 mn/n +4 - yfn-3).

*
4. MRRS>
X +3x3
. lJ|ﬁ(nT| - W3- 2
X -10x +9
g lime* X1V
VA 1Y
X +3, X <0,
10. /(x) X2+4, 0<x<2,
X -2, X > 2.
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10-variant

. /(X)=lg 5--- -V X +5. 2. X, =

x2-10 X + 24 +n
B 2|| +3|| ) 7X+4
X, = gm ygm 4. lim-
Cfim 8- 2x+1 6. lim ~iil~ 1+ S
*-14x3+2%x2-xX +1 * 1 4x;+3x-1
i V1 sin2x -1 8. lim filrr
1- cos2x ” *\3 +2xJ
3%, i Jt-1, x<0,
. lim = si
™ (x1- 72)tgax 10. /(x) = sinx, 0<X<n,
3, x>k,
11-variant
. /(X) =Vsinx + /T6- x2 2. Xn=n-/m-2)(n+3).
X =gl peope 1 4. Iim-3X4_2X+I
T4 4-7 (371-2)(3n +1)
. 2x2+1Ix +15 .
i 6. lim—p==—, .
*-33x2+5x%x-12 W21/2- X - n/X+6
. U’T(I-X)/QE' |Imf—.2J
X3,
lim, 10. /()= X hol<
Bln2x - 9) =X +5, x>3.
12-variant
A=A = 0 H 2. X.=n+*14-?-



4. lim Ie2+16x—
€ 3-5x +2x2°'
212- o-21

oJx+10- V4 - X

6. lim

s-asM3x-4
1- sinx 8.1 i m f
7. lim-. 7,7 - M“NV4x + 1]
n-1*
0SX, £ —
COSX X 2
e -e 10. /(x) = 0, Lex<or,
9 ~nto(3175) 2
2-X, X >7T.
13-variant
1. f(x)= 2. X, =W«(«+2)- VA2- 2n+3.
(x) {1_1*1 )
=L e L . 4, |im-7-’-1§-f§’-‘3§1.
- 1-7 3-9 /7- \)(2n +5) 2+3x- X
slik ~zii. 6. bmi- VX 20
2x* -19JCH-35 - X +64
) A 3x
RO 8. im(ax+ 9"
ol By W 1 X x<0,
. lira-
In(*3-2x- 2) 10. /(x) = -(X-1)2, O<x<2,
X-2, XxX>2.
14-variant

1 /(*)=log,.,(*]-3x +2).

* ='- 243+ 4«

2. %, =n/n- fn(n +2)(n+3).

7x3-2%x2-1



LBy EEYR,

m sin22x-sin2x
™ 3x2

tg3x 8. lim(4-3x)"-*.
In(4x-1) 10, /() X'+, XSl
VI-C0S7CC -1 ' 2x- 1<1<3
X+3> x>3
Li-variant
/(X)) =(x2+ X+]) 2. XN
, 1 1 1
_ 3+3r+" +F 4. lim— 3~5c+L.
- X(5x +3)
1+]+J1-+-+ >
3X2- 7X- 6 .
L lIm— —— 6. Ierg
*392X -7X +3 VI +x-V I-x
sinx+sin3x 8. lim(2x +3)[In(x +2)-Inx].
arcsinx
X+2, X™UPR
(x - T)tgX 10. /(X): X2+|, -1 <X/,
In(cos2x) X +3, x>|-
16-variant
i. /w-vpqgihi.
Il ,1-2+3-4+.-X2-D -2., 4 lim5&% "™ r .
o Nl 1+ .1
. lim f(3'8 s.hm -Arnary
#22x" -9x +10 J

i
8> Um (2x-3rJ-
T2



X2, x£0,
10. fix): (*-1)2, 0<x <3,

X +1, X>3.

17-variant

i M -jzn+ Jttre- 2.x,=\lin +2)2-\Jin-2)2

3-n2+2fn___ 4 lim 18x2- 5x
3% =2+7HTT<"" +(55"-3) M 6x2+ 3x-I"
X3+X- 2 : 3x2- 2x-8
; Q lim— ====
S8L2 ~TV2X*+1-V 9-2x
fim?” 0832 8. lim@2x- N[In(I- 3x) - InQ- 3x)].
X-arctgx
i Vx! +3x-3-1
A Sin® 10. /(x) =~ =3, xr=2.
18-variant
1- fix) :arcsinx-3 lg(4 - x). 2. X, =«2- N4+ /r+].
vk AL i +5x-
3 LD e oy 4 brnS50%-2
5-limilllx - 28 r7~4 rrr7y
6. limv4x~3“V2x +3
X2—2X - 3
7. limHElin5x w
8. limf 2v
2x-3

OHin,-bK7~3x)"
10. /(x) =2'J; x, =4, x,=b.



19-variant

2-5x+6
1. /(x)=lg* I
09 gX2+4X +6 2. x’:¥m'2:~«+2-V’\jT
% =t 4. li ill5 7
=— —— 000t o — ) N +
1-3 35 (2n - 1)(2n+1) . D dil
5 lim x2-4
lim- N .
"23x2+x -10 6.lim > 81 o).
. €cOSX-sinx
7. lim 8. limf— ~
~ 1~tgx ~*\2-x
9. IimZ-VSX + 1

1. /7(x)=Ig|4-x2

(3<-1)1+(3n +1)

3x =
3ni(a +1)

m 2x2-11x- 6
T 63%2-20x +12

X-arcsinx

9. lim 9
~2In(2x2- 7)

1- /(x) =M arcsin(log, X)..

10. /(xX)=JE-; *i=3>
X +5

20-variant

2. X =vwVW -2-VT7+3.

3x4+x2- 1|
4. lim---- .

1-x +3x
~ V2x +1 —VXx +6
6. [im-—meemee - .

x5 x -8x +15

8 i e+l

3x-1J

= *

10. /(x)=3 * X ==>

21-variant
2. X,,=V«3+4-Vn+«

3 x —38"+1_2+5+8H—--h(3n—)) i Ajé?
3 20 +3 4 img Rt



6. lim2X T 2-1
*  2-\fx
1-sinx 8. lim 5f_|i_)’(\ Jr,
/-] 10 700 =7 x =1, 3=
! X' _1’ 1 i .

9 S S/\/\toj/\)y
22-variant

*=2 . X, =/ .
1/W '\]’é)\(x\l‘ﬁ ’{X+5 2. %, =V/M+3/r+1-«2

_1+4+7+—H3n- 2) 4. lim2x3+10x-7
T men2-1 EX3X x4
& i PX2*x- 3 £ jim V2x+13->/T+x
' 2x2+3x +1 "6 X'+5x-6
. 8.
wearctglx *x4 X+ ]
9. fagg»-*)*, —7. — —
gllgi(sin3>)<) 10. /(x)=7-3 x, =2, X, =4

23-variant



24-variant

3X
f(x) =M - 5x +arccos

1.
3.x. = 2 4. lim
S +2m 44T +3%3°
5. lim <% 6. lim-jE=+-AE+L
2X2+5x-3 "~V 8-jc-V 4-5x"
-si jr
7. limSSXsin X, 8. lim(3jr- 5)
1-CtgX
a. «"-2| 10. /(x)=>—  x, =2, *r=s.
x-*~2 ylA+Ix+x- __g 4 -X
25-variant
1. /(x) =arccos ) 2. x,=2n-\I3+Srt".
4+ 2sinx
3. x :i ;__2_?__}__1_3_,?___}____ S 4, IimBg—_-?i)-(-Tl-
©7" 10 100 T 1000 10- |- 2x-x
X3-3x+ 2 i x3+x-2 1
S M- 6. Umy /37T n-n/r-2x
X - 4x +3
7. 0im_ " 2X_ 8. lim(@x +Dlto(2x-1) - M2*+1
sm3x-sinx
9.. 10. /(x) =5'-5 X, =3, *==4-
n/4-3x+x -2
26-variant
1. /(x)=log,logo - 2* 2.x,=y[onr-~n
(2n+D)+(2/4+2)! 4 lim

ok (2n +3)!

23*



5 ) 2-r+-T+1

TS%~c0S vV
7 - r-sin2x
P li® _4

i f(X)=%K&- 3+3V3- x +V1+X

2+5+8+-—-+(3n-I)

S i 75

*

7. lu® .
»-!(4ng|-)|’

9. lim ~x-zry
In(l +cosx)

1 /(X)=lg2'>-4)+V T~".

3. x =ilt2)H n +I)!

(n+2+un+I}
5lim~lii5x-8

7. limH"2x--cos! 2V
LE[P 4x2 .

9 'mi-l4+cos®.-

§. lim- 72X 3x-9
*~3/x+10-n/4-x

im(4x +9)2.

.I
X-»-2

8

10. /(x) =63H; x,=-2, x2
27-variant

2. %, =V(nd+1X2-1)-

X4+ 7x-1
. lim
*#%2+3x2-5x3

. X2+ 3x-4
6. lim
Mx+20-n/12-x

28-variant
2. x,=yn(n" - 1) - n/<&5- 8.

2-6x-x4
X +4X2+2x4"

4. lim

V2x +12-V3x +17

6. lim
X - 8x+15

*M 5 5)"

10./7/(x)=8"3; x. =-3, X,



29-variant

L 109 :VX+J\~2|_;"'|9(2X'3)" 2. Xn-V fl-(«-V5+7)

3.5 9 1+2”
3.X, ==+ oot . ;

4 16 64 4 4. lim
5 lim x3-64

TAXTX2- 21X - 4
7 lim sin5x - sin 3jc
T 0 2% 8- 1™ (x ~4)[In(3- 2x)- In(5—2c)].
Sk

9. L['IQ r-*-\

arcsinf In

30-variant
mx+5

I* fix)- 2. xn=n2yfn - (A3+%2_2-

" lgte- 59

I | -
3 % = (8 +2)+2(a +2)! 4 tim* 2X 2+x4
" oA-1+5+9 +...+(4a - 3)) 3 +x3+1

" in-

5."mx-x-SO , mVI 3
r's  g3+125 -l Irrr

7.lim X9 8. lim(x+21n@x + 3)-1a(2)C-)-

cosx-COS X



NAMUNAVIY VARIANT YECHIML

VX+5
1J0.
piementar funksiyalar (darajali funksiya, kasr ratsional funksiya,
Z jt funksiya) ning aniglanish sohalarini inobatga olsak,
%?o*z "luvchi quyidagi shartlarni ganoatlantirishi kerak:
g

X +5>0, X>-5, X> -5,
8
I9(9- 5x) * 0, 9-5r*1 X*-S’
9-5.00, <9, 9
X<
. 8" (8
ya'ni D(f) = (5,5

230. x,=«2 -V (77ix7™Y).

limjc, = lim(n2yfn~ "~ (n1+T)(n1-2))
=lim T;\LY _.r.‘..;zcii??;;ém ;Iim----——zﬂ?é"%%" AN =
«@mVn +V(« +1X«2-2) n2n/n+"(B3+1Xur-2)
=lim 2-0+0  Lyn O
3.30. (w+2)!+2( + 11
WKL+5+9 +... +(4n-3))
® My=-—jg_j- 2)1+2(n +1)! N+ )/ +2+2)  (a+!)(« +4)

MKL+5+9H  +(4n_3)) 1+4n- 3 A fi(2n01)

fe*.=lim</ilXn +4) I IIQ,(1+O)(1+O) 10
0.1 2-0 2
n

Bundian



4.30. lin™-—-ifl
3X +x3+1

X-20 +x4 VX3 X2 J ' x2 X3

3 +x +1 ,+Hl+n 5+t -
X xJ
U holda
2 1 2 1
limL~2¢.+* =lim— Jk2_.** - +® - 1-0+0-1 S
X4+x3+1l "~3 +1 +)_ 3+l +i 3+0+0 I ¢
X X 00 X
5.30. fim X'~ X~ 30
«-» X3+125
I-X- - -
< i X 30 Iim____(x+5)(x 6) —lim—X 6 _u

1 - I 0 h—
/ +125 v H(x +5Xx2-5x +25) —sx2-5x +25 75

6.30. limA X3

N8 fx+2
U Iiml I17-3 hm-’\(-ﬂ-/ A-3)(n/T 1 +3) \fx*J-:ZVx +4_
"8 Vi+2 +2)(UXT-2Vx+4)  VI-x +3
(x+8  VI-7+3 VI-x+3 3+3
7.30. lim- XT3
'COSX-C0S3X
Xsin3x Xsin3x
cos3tcosx(l - cos2x) €0S3XC0SXSin2x

sin3x . sin3x

=lin 1 oli_rn_ . 3Jf :'1_§_ I;EB__é_-\s(- N3, F =3. O
COS3XCOSX ~1( SiAXY i Six 21
bl =

8.30. lim(x+2)(In(2x +3)- In(2x-1)).

<& lim(x +2dn(2x +3) - In(2x -1)) =lim(x +2In| ;XX+|3



‘o —timine ' =lime )2 =2 o
1+ oy -1 =limine |m2JC T4

N2 T~1
9J0. lim
311+In|sin/}'1
N *.>/7 da - ko'rinishdagi anigmaslik berilgan. t=x-n almashtirish

bajaramiz. Bunda x -+nda t->0.

U holda
. e (H)
lim ') =ljm
fb(sm ]
« 2'“%-1 g -1
B = limp
1+1f COS- 1-1 | +]cos~—I1-1
ry

t-*0 da o'rinli bo‘ladigan ekvivalentliklardan foydalanamiz:
\
2V 2‘ 1

sing

p+Hin] 1+fcos™-1 11-1

<@ >
24 -1 _
V7 m-Hng st -
141-L 1 v 8y

f1+In | SJJ
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fg[9 1n2
(n -T2 Ww -u"1i

Neo ) -
In2
Demak, lim ﬂlua 4E =-54In2. °
~24

X +3, -00<X<-2,

10.16<1). /(x) = (X+1)2 2<jc<} y
4-x3 1<x<+mo

@ Funksiya xe(-oo;+o0)da aniglangan.

(-00—-3), (-2;1),(I;+0>) oraliglarda funksiya

uzluksiz. x=-2, x=l nuqgtalarda funksiya \

analitik berilishni o‘zgartiradi. Shu sababli,

bu nugtalarda funksiya uzilishga ega bo‘lishi A L/
mumkin. / K , >

x=-2 nuqtada: /(-2-0)= lim"x+3)=1 7/ -2 o i X
/(-2 +0)= lim (x +1) =1 /(-2) =-2 +3=1
Bundan / (—2- 0)=/(-2 +0)=/(-2). 4eshakl

Demak, x=-2 nuqtada funksiya uzluksiz.
x=1lnuqtada: /(1-0)= lim(x +)2=4=4, /(1 +0)= NT1(4-x3="3=/R

Demak, x=1 sakrash nuqtasi va bu nuqtada funksiya birinchi tur
uzilishga ega. Funksiyaning sakrashi p=\A,-4|=|3-4|=I(4-shakl). O

10.30. J(x) =5 3; x, =-4, x2=-3.

A X =-4 nugtada: /(-4-0)= Iim 5*4=0, /(-4 +0)= lim 54 =+

Demak, x, =4 nuqtada funksiya ikkinchi tur uzilishga ega.

X, =-3 nugtada: /(-3-0)= *_Ij_r}l 5"* =125, /(-3 +0):X]j_r37305J' =125,

3
/(-3) =5'5* =125. Demak, X, =-3 nuqtada funksiya uzluksiz. o
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V1 bob
BIRO0 ‘ZGARUVCHI FUNKSIYALARINING
DIFFERENSIAL HISOBI

6.1. FUNKSIYANING HOSILASI VA DIFFERENSIALI

Hosila. Differensiallash qoidalari. Hosilalar jadvali.
Logarifmik differensiallash. Funksiyaning differensiali. Yuqori tartibli
hosilalar va differensiallar. Oshkormas funksiyani differensiyallash.
Parametrik ko‘rinishda berilgan funksiyani differensiyallash.
Hosilaning geometrik va fizik tatbiqglari

6.1.1. /(gr) funksiya xo nugtaning biror atrofida aniglangan bo'lsin.

H f(x) Junbiyaning x0 nuqtadagi hosilasi deb, funksiya orttirmasi
4y ning argument orttirmasi Ax ga nisbatining Ax->0dagi limitiga (agar bu
limit mavjud bo‘lsa) aytiladi va quyidagilardan biri bilan belgilanadi:

/7 (%) vi(%); Y'L4-

Shunday qilib,

/ (XO):!‘Imi/t\ :L'_Ln b+ *A)I? Nnb).

1-misol. /'(*,,)ni hosila ta’rifidan foydalanib toping:
1) f(x) =\[i, x0=-8; 2) f(x) =tgax, x,,=x.
® 1) Hosila ta'rifiga ko‘ra

7' (-8) =(™)'| =1lm =lim -8 +Or+8
8 A fix L Ac +(>/(-8 + AX)2 + (-2)V- 8+ AX +4)
1 1

=lim

V(-8+ Ox)r +(-2)V-8+Ox+4 12
2) Hosila ta’rifmi va tangenslar ayirmasi formulasini goMlab, topamiz:
fix) =(tgaxi =H.[BA +f'h§x)~,gar

tun ! [ | S
AX  M*°cos(ax+ aAx)cosax cos*ax cos"ax




Y=/(*)funksiyaning x, nuqtadagio 'ng (chap) hosilasi deb
/e'<*>-&E£ (/-'(xj=lim”) Hmitgaaytiladi. ¥

2-misol. Funksiyaning g0=0 nuqtadagi hosilalarini toping-
1)/ (*H*1. 2) £(x) =X\X\.
<S> 1) Funksiyaning jd=0 nuqgtadagi orttirmasi
Ar=/(0+/m)- /(0) 40+ DE I

U holda
MO=jin ,, =lm =1 £O)=lnini=ip =i,
f(x) Ix [funksiya uchun Ax-*0da vl nisbatning limiti mav&ud
emas. Shu sababli /(x)=|x] funksiya x,,=0 nuqgtada hosilaga ega emas.

2) Funksiyaning x, =0 nuqgtadagi orttirmasi
Ay=/(0+Ax)- /(0) =(0 +Ax)-10+Ac |-0-10 =AX |Ax }

U holda
f{0)= Jip = 1=JimAX=0,_ f(0)= i =Hm X<

AX->0-

/@=im , =imcl0 O

A—

6.1.2. Dijferensiallash qoidalari
1 (uxv) =u" 2V, n=u{x)v=v(x)- differensiallanuvchi funksijf**"»
2. (nev) =u'v+uv', xususan {Cu)'=Cu, C -o‘zgarmas SON,
3 1] xususan CA Cl\/\>

‘

v v
4. yx=—, agar y =/(x) va x =<p(v);

5/ =/«', agary =f(u) va « =¥{*



« a.lari*"* Ne ,reT W W H/on««bilan)

\ (C¥s ' 1
2 xmusan (j)

3 (8%)'=B"“1nB-W- Xususan

vV__ ! u, xususan (1nm) =--bl';
6. (cos«)' =-sinu u
5. (sinw)'=cosm -}
8. (ctgu)' — —
7 (fgu) =5 , U’ (ctgw) sSin w
1 , . oft-
9. (arcsinw)' = my; 10. (arccosu) tt,
12 ‘= /\17 :
11. (arctgu)'- - 50 'K . (arcctgu)’ =- on;
13. (shu)'=chu mu; 14. (chu)’- shu mi\
15 (thu)':ﬁmu 16. (cthu)' =—A- “

Keltirilgan differensiallash qoidalari va formulalari bir o'/garuvchi
tunksiyasi differensial hisobining asosini tashkil giladi, ya'ni ular ixtiyoriy
funksiyani differensiallash (hosilasini topish) imkonini beradi.

3-misol. Differensiallash qoidalari va formulalaridan foydalanib
funksiyalaming hosilasini toping:

Dy=~~.-£k+22 +3VP~-4 X- +3"
2 =
3 -3 * )Y xe
P e arclgx~2yfxcosx +x\og 4) y =arctg*A

3) ¥=log<sinbx;

6) y =th- +cth- +)n(shx) + In(c/uc);
- 2 2

8) y garctgx \
® 0 Funksyani differensiallash uchun qulay ko‘rinishga keltiramiz:

Y=~x3- 2X'T+5+2X- +3x| -4x~\
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Differensiallash goidalari va formulalaridan foydalanib to
y =i-3x2-2-(-2)x-3+0+2 -~ + 34x'L 4.f_I
=X2 H—+3VXx H---
2V T XxXVX

2) Differensiallash goidalari va formulalarini qo‘llab topamiz

y'_ (2 +3>% _ (x2+3")'xed ~(xe")"'(x2+3r1
xe

(2x+3" In3)xe* - (x 'e* +(eX)'x)(x2+31) _ (2x +3] IB3)xe" -(1 +x)e’ (x! +3")

- 2x2+3'xIn3-x2-3* -x 3-3'x _ 3*(xIn3-x - D+ xAi_x)
XV X® " ~"U
3) y'=(e*arctgx- 14 x cosx +xlog X%)' =
={e*)"arctgx + es(arctgx)' - 2(VX)'cosx - 2Vx(cosx)’+X'10g2x +x(log, X'

=e arctgx+e - 1 COSX#Zn}xsﬁx+log,x+ X
x xIn2
e arctgx + +2xsinx-cosx +iog, )4
=e\arcgx+ 4, + - r-..... 0g, (eX).
I+4(‘J x g

4) Murakkab funksiyani differensiallash goidasidan foydalanaraiz:
4arctg'x

, 1
y =(arctg x)'=4arctg x marctgx) =4arctg x “14x2 14

5) logarifmik ifodani soddalashtiramiz:

y =Iog4sinf3x :glog4sin3x

Murakkab funksiyani differensiallaymiz:

1 203X |ggde =
o ¢ ’ g4e =2logde mtg3x.
Y- 3 sin3x-In4 cos3x-3m sin3x
6) y =th—+ cth—+In(2sAx) + In(cAx) =th"- + cth—+In(sA2.v).
2 2 2 ~

U holda
Lo Jo 101 ghoxe—

chl?. 2 X 2 sh2x
7 7



A y=Afnx funksiyaga teskari funksiya x=shy. Teskari funksiyani
goidasiga ko'm [ , , ,

y _(Arshx) (shyy chy +stfy  -A\+x2

0) y=jarctgx\ funksiyani
f actgx agar x >0 bo‘lsa,

Y=\ _arctgx agarx <0 bcflsa

ko'rinishda yozib olamiz.

Uholda

* agarj: >0 bo"lIsa,
[ +x

1 .
| +i3 agarx <0 bo'lsa. O

6.14. Funksiyani awal logarifmlab, so‘ngra differensiallashga
logarifmik differensiallash deyiladi.

4-misol. y:-Q(-:ii-l)—.j(x—_z)fl.—21 funksiyaning hosilasini toping.

(x—4)

® Bu hosilani differensiallash goidalari va formulalaridan foydalanib
topish mumkin. Bu jarayonda bir gancha almashinishlar bajarishga hamda
~eremiallaeh qoidalari va formulalarini qo‘llashga to‘g‘ri keladi. Shu

nni!' 5 jarayonni _engillashtirish uchun logarifmik differensiallash
goidasidan foydalaniladi.

Funksiyani logarifmlaymiz:
In™=In(jc3+1)+~1n(n - 2) +xIn2 - 31In(x- 4).

~ ®glilenmg har ikkala tomonini * bo‘yicha differensiallaymiz:



y'ni topamiz:

y =y { 3fl, 'E(XA'?) +I-n2-.3(|__4 I},
yoki
_(x]+1)-V(x-2)4-2'

(x-4)J + 55\ hZ_A)

«> Dararajali-ko ‘rsatkichli funksiya deb ataluvchi \=uv fimh-.J
hosilasi logarifmik differensiallash yordamida "an®8

00'=*-[InuV +y - j
formula bilan topiladi.

5-misol. y =xmx funksiyaning hosilasini toping.
® w=x, =1 v=cos3x, v'=-3sin3xlami formulaga qo‘yib topamiz:

Yy _ xo3 X ”~_3sjn3a.) +(cos3j,) .ij

yoki
y' =x“*GMe(cos3x - 3.vinx ®in 3x). O
6.1.5. @8 Agary =f(x) funksiyaning x, nuqgtadagi orttirmasini
Ay- AAHa(X)ar
ko‘rinishda ifodalash mumkin bo‘lsa, f(x) funksiya X0 nugtada
differensiallanuvchi deyiladi, bunda A-o'zgarmas son, 1nma(/x)=0.

&8 y =f(x) funksiya orttirmasining [gga nisbatan chizigli bo'lgan bosh
gismi /'(x0Ox ga y =f(x) funksiyaning xOnuqtadagidifferensiali deyi
va dy (yoki df(x)) bilan belgilanadi, ya’ni

dy =f*(x a)dx. ]
6-misol. y=2x3-x2+| funksiyaning xa-2 nuqtadagi orttirmasudVa
differensialini Ar=01 da toping. Orttirma bilan differensial orasidagi
ayirmaning absolut va nishiy xatoliklarini hisoblang.
<€ Oy=(2(x +0x)5-(x +Ox)2+ 1)-(2x5-x 2+1) =
=2x(3x - DOx + (6x - 1)A*2+ 2JIXK
dy - 2x(3x - Jfixe



ny-J1'=@6r"" +21!
Bndan " Va (Ll,c:&,){béa Ay=2112, ry=2, [BF-p=0,112.

bsolut?va nisbiy xatoliklami hisoblaymiz:
A b Oy-gw 0,112 :
JA~d\~ 0112 Ay 112 « 0,053 yoki 5,3%. O
* hilik masalalami yechishda funksiyaning x, nugtadagi orttirmasi

funks},i?;aﬁind gpnul nuatadagl differensialiga taqriban almashtiriladi, ya'ni

.»»-a. deb olinadi.
Bunday almashtirish yordamida biror A migdommg taqribiy giymati

ouvidagi tartibda hisoblanadi:
\ Amigdor jc nugtada biror f(x) funksiya gqiymatiga tenglashtinladi:

Nn=7(x);
2 nugta x ga yaqin va /(x,) ni hisoblash qulay qilib tanlanadi;
3 ox va f(xa) hisoblanadi;
4" /'(X)topilib, /'(*,,)hisoblanadi;
5.A/(*,.)./'(*) qiymatlar /(x)« /(x,) +/'(x0)Ar formulaga go‘yiladi.

7-misol. arcsin0,47 ning taqribiy qiymatini toping .

® 1.°4=arcsin0,47,/(x) =arcsinxdeymiz. U holda /1=/(0,47) va
X=047,
-'ei,=05 deb olamiz;

3.~ =047- 05=-0,03, /(0,5) :_6 « 0,5236;

4/ /'(05)=11547;
5/(047)* /(0,5) +/ (0,5)r =0,5236 +1,1547 «(-0,03 =) =0,489. O

n /(v) funksiya (afc) intervalda /'(x) hosilaga ega bo'lsin.
deylfaj Ju. WH<S*aning hosilasidan olingan hosilaga ikkinchi tartibli hosila
uchinchi rarrn/ tart”y* hosila mavjud bo'lsa, bu hosiladan olingan hosilaga
~hilabvi/) ‘w' 7os”a deyiladi va hokazo. Hosilalar ikkinchi tartiblidan
oy0ki fﬁ@(\?ﬁi&r}_" “hosila deyiladi va y' va,yiA....y"\...
ir . . .
(*)r. /7 (X),... ) kabi belgilanadi.



8-misol. ~=xrim3y bo‘lsa, y 5(2)ni toping.
<S> Y =(x2'In3x +j¢' (In3x)" =2xIN3X +jr2e— =*(21n3x +n.
y' =(X(2 IN3x +1)) =x\2 In3* +1) +x(2Yix +,)(=

=1 (21n3jr +1) +x *2 *—=2 In3* +3-
1

S-=@In3n-+3)'=2 ~ =-; Yd4=f~) =__L y*
( ) 33X X U ) T2 3){
Bundan
/5,(2)=? =r °
Yugori tartibli hosilalar uchun quyidagi formulalar o*rinli bo'ladi-
1 (a'T"a'b'a (a=0), H "W ; 2. {sinx)""=S) x+™
2
3. (XT "=a(a-1)...(a-n +)x“"laeN; 4. (ccgg) T =cos|*+y j;
5. (Inx)(" = 6. (MxVy)™ =u")xv'",

7. Cm)* =om'™; 8. (M) =gy Y-

9-misol. y=*xe2 funksiyaning q -tartibli hosilasini toping.
® (u-v)) :%CVVI'*’ formuladan foydalanamiz.

Shartga ko‘ra u=x, v=e2.

Bundan
x'=1 jrr=0, ..., x()=0; (e2l)'=2e2x (e2)'=2W ..,(eJ) )s2' "
U holda o
xer'=icy ™' r™~c.V V r'+c>v2)™+..-+0,""")
=jg_.x.reb+ 1. 1.2~ 40+, +0=2"(2X")-
0'n\ I'(n-1)
Demak,

(xezy"™ =2"~'ex(2x +n). O



Iftmksiya {ab) intervalda dy differensialga ega boisin.
f(*\ tartibli dy differensialdan olingan differensialga ikkinchi

9 B'Trensiol deyiladi va d & =f"(x)dx2kabi yoziladi. bunda dx2=(dxy.
tartM’ differ (jifferensialdan olingan differensialga uchinchi tartibli

D4q0CH w 'deyiladi va hokazo. wu-tartibli differensial deb (n-1)-tartibli
Njrrensialdan olingan differensialga aytiladi va d"y =/ “'(x)dx" kabi

10-misol. y =*5+3x3-1 boisa, d'y ni toping.

y'=5X +ox\ y' =20x5+18x, y" =60x2+18, yw =120x.

1B/1|1 diy Ay ()(x)dxi =\20xdx\ O

6.1.7. x nugtada differensiallanuvchi y=v(x) funksiya F(x,y) =0

tengiama bilan berilgan boisin.
® Y(x) hosilani topish uchun avval F(x,y) =0 tenglikning chap va

ong tomoni X bo'yicha differensiyalanadi ( bunda y =y(x)ga X ning
funksiyasi deb garaladi) va so'ngra hosil boigan tengiama y' ga nisbatan
yechiladi.

M-misol, y - cos(x+y) =0boisa, y’n\toping.

® y-cos(x+>=0 tenglikning har ikkala tomonini x bo'yicha
differensiallaymiz: y' +sin(x +_y)(I +y) =0.

Bundan
Y(L+sin(x +Vv)) =-sin(x +y)  yoki
sin(x +y)
U holda ' >H* (/)"
' 1 -- cos(* + VK + V)(I +sin(x+ y)i-cos(x + VMI+ v*)sin(x+ y)
V S'U+bi (L +sin(x—+ v))
=—cotjx +y) a,
(i+ y)i
= fi  sin(x+v) V cos(x +y) 0

( snx+>4  l+sin(x+y)d (I +sin(x +.y))’



6.1.8. y =f(x) funksiya
T=E4),
ly =V (t),teT

parametrik tenglamalar bilan berilgan bo'lsa, u holda
== va Vi-
X. X

.o fx=3cosf, . -
12-misol. j>=2sin?" boisa,  ni toping.

W (2sin/)  2cosr 2
® N~x;(3c080;"-387 3CyL
U holda

M 2 i
(3cosr), -3sin< 9 sin'/’

(A. 1V 2 cosr
> (yd, b3 sinB»., 3 sing* 2 cost
o I (3cos<), -3sinf 9 sin!f

6.1.9. f(x) funksiya xt nugtada hosilaga ega boisin.
W) f(x,) hosilay =f(x) funksiya grafigiga M,,(x,,,/(*.,)) nugtada
o'tkazilgan urinmaning burchak koeffitsiyentiga teng, ya’ni
K=iga =f(x0).
Bu jumla hosilaning geometrik Ta nosini ifodalaydi.
y =f(x) funksiya bilan berilgan egri chiziq grafigiga M,,(v

nugtada o'tkazilgan urinma
y-y»=f{xj,x-x0)

tenglama bilan, normal ﬂ

tenglama bilan aniglanadi.



/ =1 ellipsga MS23) nugtada o‘tkazilgan urinma va
[3”misob 16 12

non‘a ‘'S n g =2 nuqgtadagi giymatini topamiz:
2X+21=0, /«-£* Y(2)=- E
6 12

nugtaning koordinatalari va v'(2)m urinma hamda normal
tenglaroalarigago‘yamiz:
v_3 =—2(jc-2) yoki  x+2y- 8=0;
! y-3=2(jt- 2) yoki 2x-y~\ =0.
Demak, izlanayotgan urinma tenglamasi
X+2y~8 =0,
nomel tenglamasi
2x-y-1=0. O
& MAXx,,;//(xe)) nugtada kesishuvchi ikkita chizig x nuqtada hosilaga
egaboigan y-f(x) va y =/2x) funksiyalar bilan berilgan bo‘lsin. Bu ikki
chiziq orasidagi burchak deb, ularga A/, nuqtada o‘tkazilgan urinmalar

orasidagi burchakka aytiladi.
Bu burchak

Irm- 2(*0)~/w<
, . - i+/K) o/>(*)
tormuia bilan topiladi.

U-misol. J'=—2y =2-xchiziglar orasidagi burchakni toping.

nAtalaiirdtZ"*am'n” ten8'ama‘ar'm birgalikda yechib. ulaming kesishish

Bundan A 114 X
Funks A (2,0).
A posilalarimng bu nugtalundagi giymatlarin hisoblaymiz:

Noe > 471 -ix | Ne )-1I.
X )



Nn(-1;3) nuqtada 1) =5, //(-1) =-1; 5(2;0) nugtada 2)=2 r,
To'g'ri chiziglar orasidagi burchak formulasidan topamiz-
[-1:3) nugtada tg<p =m g/l , 9l=arCtl.

B(2,0) nugtada tg<?2= * 2" =3, <p=arctgX 0

Material nugta harakat gonunidan / vaqgt bo‘yicha oline
material nuqtaning tvaqtdagi to‘g‘ri chizigli harakat tezllglgaw N
jumlahosilaning mexanik ma’nosini ifodalaydi. r

Agar y —fix) funksiya biror fizik jarayonni ifodalasa, u holda y hosh
bujarayonnig ro'y berish tezligini ifodalaydi. Bu jumla hosilaningfizik
Ta 'nosini anglatadi.

15-misol. Massasi 27 kg bo‘lgan jism s=In(l +f3 gonun bo‘ida
to'g‘ri chizigli harakat gilmogda. Jismning harakat boshlangandan 2surd

o‘tgandan keyingi kinetik energiyasini \k =—2-4 toping.

<X v(t)=sl(i) :E—_rr’ v(2):3.
U holda
AT——2 ——6?] =24(J). O
16-misol. Material nugta j* gonun bilan harakatlanmoqda-
[Ly=V3cos2f

Nugta tezligining t=" vaqtdagi yo'nalishini toping.
® Nugta tezligi uning harakat yo‘nalishiga o'tkazilgan urinmabo
yo'naladi. Urinma og'ish burchagining i =/yaqtdagi tangensi

-A
3cos2/ | * 3

Demak, /=8—vaqtda material nuqgta tezligi Ox 1

yo'nalishiga 9=-60" li burchak ostida yo'naladi.



Mustahkamlash uchun mashqlar

1 ta’rifidan foydalanib funksiyalaming hosilasini toping:
6.bl. Hosiu

=T 2)/ (x)=— —:
IU1*)1 100 :&%r
3f(x)=c,52x
, [, )ni hosila ta'rifidan foydalanib hisoblang:
N/ (*)-< o 2)/(x) =In(I-4x), x, =0;

Ne«H b-* X7

6.13. Berilgan funksiyalaming 7.'(x0) va //(xj hosilalarini toping:

)/ X)H3x-2], x0=1; 2)/(x) =x-2 1+1x+21 x0=2;
3 I xagarx<2 bo'l*sa, ny Vr-r 1—
)-V_Il-xj +3x agarx<2 bolsa,x, =2, )/ (x) =Ve -1, xo=0.
6.1.4. Differensiallash qoidalari va formulalaridan foydalanib berilgan
fanksiyalaming hosilasini toping:
)y=3x4_~x3+In2; 2)y =—xb+3x4-2x;
3) 4y, ~ n +=x_,
b = Inx +e'
bjc-r gsly:-J------- r;
ff.>*
u)»; * %
Sx~Crgx, J2) _ X3 X—eosx
13) v=Xdt*~shx XCOSX +sinx’
15" 14) y=/k+IK
17)>=4A" p - 16)y =4sin! x-31gx +4cos: x;

18),v =argsin-v/x;



19)y =cos4x - sin4g; 20)y =A(|3n*_

X +3
21)y =41-x 2+ xarcsinx; 22)y =In(e2 +1)-2 arctge";
23)y =iln ~ | 24)y =log sx';
25)y = +/ 005 m—; 26) y = e3'(sin 3x + c0os3x);
27)y =\le' -1 - arctg-Je* -1; 28)y =tac/gj™ +j;
29)y =3arccos"T="W6x-4-x2; 30)y = j-Zf - * arctg * +inV?T2
V5 4&' +2) 4V2 V2

6.1.5. Berilgan x =<(y) funksiyaiar uchun y hosilani toping:

1) X =~——; 2) x=ev; 3) X =2sin>>; 4) x =3c/g.y.
1+Y

6.1.6. Oshkormas funksiyalaming hosilasini toping:
1) bx2+a2y2=adJ; 2) / =x3+3x" 3) '™ =xy;
4) cos(:<y) =x2; 5)e'+xy =g 6) xsiny +>sinx =0.

6.1.7. Funksiyalaming berilgan nuqgtadagi orttirmasini va
differensialini berilgan argument orttirmasida toping:

1)y =x2-x, x=10, Ox=0,1; 2) y=x2+3x+l, x=2, Ox=0,;

3) y=x3-7x2+8, x=5, Ox=0,1; 4) y =x3-x, x=2, [OAx=0,01.
6.1.8. Quyidagi sonlami differensial yordamida tagriban hisoblang:

) Y, 2)Iglo,21; 3) ctg 45i07; 4) 3,0133

6.1.9. Quyidagi funksiyalaming berilgan nuqtadagi taqribiy giymatml
differensial yordamida hisoblang:

1)y =Vx2-7x +10, x =0,98; 2)y= x=0,15;

*=2,037; 4) y="Rx-sin”™, x=1,02.



6.1.10. Berilgan murakkab fimksiyalaming differensialini erkli
o'zgaruvchi va uning differensiali orgali ifodalang:

) yix2+5x, X =t3+2t +I: 2) y =COsX, X= t2-1,

3)y=ex, x=-In;, t=2u2-3u +1. 4) y=Inx, X=tgt, t=2u2+u.
6.1.11. Berilgan fimksiyalaming birinchi tartibli differensialini toping:

\)y=x(Inx-1); 2)y =" 3)" =cos32x;

4)y =esin3x. 5) yN3"*" 6) y =In3cosx.
6.1.12. Berilgan hosilalar uchun y™ ni toping:

Dy=(nc2-1)3  2)>'=e2,cosx; 3) y ={\+xarctgx\  4)y =xAInx-1).
6.1.13. Berilgan funksiyalar uchun /™'(0)ni toping:

)_y =SiN5XC0S2X; 2) P=xcosjc; 3) y =x2sinx; 4) y =x2\

6.1.14. Berilgan funksiyalar uchun ix ni toping:

fx=<2+1] (x=ecosf,
b=f5-1; |y=asin/;

3 x=In(l +72), fx=arcsin<,
y =t- arctgt\ >=VI-/2

6.1.15.  Berilgan egri chizigga MO(xni,ylt) nugtada o‘tkazilgan urinma va
normal tenglamalarini tuzing:

Dy=y, 2) y =s'mx,

) +x2-1 egri chizigqa y =x2 parabola bilan kesishish nuqtasida;

I _ 1 7 +22); 6,{y-cos2,
y t2r
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6.1.16. Berilgan chiziglaming kesishish burchaklarini toping-
1)y =4-x to'g'ri chiziqvay =4- ~ parabola;
2) y =sinx sinusoida va »=ccsa kosinusoida (0<x< ),
3) y =(x-2)2 va y =4x- x2+4 parabolalar;
4) y =1n(V3*-1) egri chizig va abssissalar 0'qi.

3
6.1.17. Material nugta Ox o‘qi bo'ylab .t=y-2/J+3r gonunbilan
harakatlanmogda. Qaysi nuqtalarda nuqgtaning harakat yo'nalishi o‘zgatadf>

6.1.18. Material nugta s=s(t) qonun bilan to‘g‘ri chizigli harakat
gilmoqda. Qaysi vaqtda material nugtaning tezlanishi a(m/c2) ga teng
bo'ladi?

)s(f) =273 +3<+I(m), a =19, 2)s(t) =t3+]/J-4t +3(m),a =9

61.19. O’tkazgich orgali o'tuvchi tok migdori /=0 vaqtdan boshiab
g =3t2-1 gonun bilan aniglanadi. Ikkinchi sekund oxiridagi tok kudhini
aniglang.

6.2. DIFFERENSIAL HISOBNING
ASOSIY TEOREMALARI

0 ‘rta giymat hagidagi teoremalar.
Lopital goidasi. Teylor teoremasi

6.2.1. Ferma teoremasi. f(x) funksiya (a\b) inten"ld3 '

bo'lib, bu intervalning biror ¢ nugtasida o'zining eng kichik
giymatiga erishsin. Agar funksiya ¢ nuqtada differensiallanuvc

u holda /’(c)=0 bo'ladi. va
Roll teoremasi. f(x) funksiya [a\b] kesmada aniglang3 jnterva”
bo'lib,  /(e) =f(b) bo'lsin.  Agar  funksiya top'l@"

differensiallanuvchi bo'lsa, u holda shunday ce(a,b) 0
/'(c)=0 bo'ladi.



Roll teoremasi o'rinli bo'lishini tekshiring:

1 mf°3x-4 funksiya uchun [0,3] kesmada; 2)/(x)=V ?-1 funksiya
f-kfl k da.
Wil o o0& a4 funksiya  [0;3]  kesmada  uzluksiz,
~mJ7jlajjuvchi va uning chetki nugtalarida bir xil giymatga ega:
differensia__~ ~  sababli, bu funksiya uchun Roll teoremasi o'rinli

AMadi x ning f*(x) =0 bo'lgan giymatini topamiz: f'(x) =4x- 3=0.

Bundan x:z-

2) /(i)=*/?-1 funksiya [-1;1] kesmada uzluksiz, /(-1)=/(i)=o0,
r,f]n :L Bu hosila x=0e(-I;I) nugtada mavjud emas. Demak, bu
’flz(nIGTy;tﬁhun Roll teoremasi o'rinli bo'Imaydi. O

Lagranj teoremasi. f(x) funksiya [a;b] kesmada aniglangan va uzluksiz

ho'lsin. Agar /(.v) funksiya (a;fc)intervalda differensiallanuvchi bo'lsa,
uholda shunday ce(a;b) nugta topiladiki,

b-a
bo'ladi.

Natija. Biror intervalda hosilasi nolga teng bo'lgan funksiya shu
iniervalda 0'zgarmas boiadi.

2-misol. y =x- +6x +1parabolaning urinmasi J/1(-1;-4) va J1(3;28)
rf‘gtmi tutashtiruvchi AB vatarga parallel bo'lgan nugtasini toping.
"sgWarbo* +6x+1 A va B nugtalaming abssissalari chetki
bu fui"csi a'83” kesmada uzluksiz, chekli hosilaga ega. Shu sababli,
ab parabebHClm 2a®an] teoreniasini go'liash mumkin, Teoisnmaga ko'ia
nugtada @ b°‘Imaganda bitta ¢ nugta topiladiki, funksiya grafigiga

n & “ vaar8aparallclb0',adi’
Budan ¢- / m1 ~*"A=Ac)(3-(-1)) yoki 28+4=(2c +6)-4.
Nak'm,( d3/(c)=8-
"a <(328) n'ugjjI™ " 141413 beril8an parabolaning urinmasi A (-1;-4)
011 tutashtiruvchi AB vatarga parallel bo'ladi. O
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3-misol. arctgx+arcctgxxeR ekanini isbotlang

@ f(x) =arctgx +arcctgx deb olsak, xeR da
x) — —
7 )_I+x2 1+—0
U holda natjaga ko‘ra ) =C, ya'ni arctgx t-aresigx =C b "~ .
topish uchun xga biror giymatni, masalan, x=1

arcfgl +arcctgl =C yoki ~ =C. Bundan ni Ao'yarlr:

arc/gx +a/r£*gx=? xeR. q

tfosA/ teoremasi. f(x)\ag(x) fimksiyalar [a;A] kesmada aniglangan
uzluksiz bolsin. Agar funksiyalar (e;ft) intervalda differensiallanuvchi
bo‘lib, Vxe(a;b) uchun g'(x)*0 boisa, u holda shunday ce(a;b) rua
topiladiki,

boiadi
6.2.2. 1-teorema. ]-— ko'rinishdagi anigmaslikni ochishning Lopital gpicksi]

nugtaning biror atrofida f(x) va g(x) funksiyalar uzluksiz,
differensiallanuvchi va g'O)*0 bolsin. Agar lim /(jr) =0 va lim gW=0

bolib, lim =k (chekli yoki cheksiz) limit mavjud boisa, u holda
g ()
ur /M =ntneg)
o e g(x) g (X
boiadi. ,
Izohlar: 1. 1- teorema f(x) va g(x) funksiyalar x=x0 da aniqg
ammo lim f(x) =Ova lim g(x) =0 bolganda hamo'rinli boiadi.
X0 hi ¢
2. 1-teorema x-*ao da ham o‘rinli boiadi. tiantirsa-
3. f\x) va ¢'(x) funksiyalar I-teoremaning shartlarini gan°®
bu teoremani takror gollash mumkin:

im L2) =l =_=ym -r va hokazo.
9(*) N CO O



j™ -j +tax ]imjtnj toping.
4 tnisol- LI e, e

| 1-1+In:y, g(x)=e"'-¢e (f)unksiyalar v=Il nugta atrofida

¢ /)" . - o : :
. r(x) =0, ya'ni - ko'rinishdagi anigmaslik hosil
agiglangan- Ne 1 > ~ 0
bo’'ladi. s
2X +- >
, T (9 =lim--—--=- mavjud va g\x) =¢*0 .
*229°(f) e' e
Uholda 1-teoremaga ko‘ra
x2ixIng_3
«l e — ¢
2-teorema. ko'rinishdagi anigmaslikni ochishning Lopital qoidasij

Vv nugtaning biror atrofida f(x) va g(x) funksiyalar uzluksiz,
differer.siallanuvchi va g’(x)*0 bo'‘lsin. Agar lim f(x) =lim g(x) =ac bo'lib,

lim — limit mavjud bo‘Isa, u holda
9K
LUTNE)=rm m
. *(*) g'(x)
boiadi.
3-misol. lim a” limitni to?ing.
\a(e’-e )

e~~e*
=im— 1 1 1
—~—=r=Iim - = =1 0O

( a)+e «* I+(x-a) I+(a-a) 1+0

"l teorernalar asosiy anigmasliklar deb ataluvchi - yoki —
Ko"nishdaei an” . o 0 o)
Oal mS am' °chishda qo‘llaniladi.

AshlarvefH 1. @~  ko'rinishdagi  anigmasliklar ~ algebraik
r mida asosiy anigmasliklarga keltirilib, ochiladi.
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6- misol. limxj"e' - “ limitni toping.
I
® "mM‘fEX'leE(oo-O) =lim-- - - =

X
7- misol.  limf—-----— ] limitni toping.
N otax x -1j

(1 x N 4 fx-l-xtax) (O

([ Apr—— I=(do- co)=Ilim!
- *N\1nx X -] ( ) "'v (x-Ntax J MO

Climetax e xtax o tax+l 1

mrtax +——  'A'xtax +x-| *ltax +1+1 2
X

& 0" o00° yoki I' ko'rinishdagi anigmasliklar lim/(x)"1=e
formula yordamida asosiy anigmasliklarga keltirilib, ochiladi.

8-misol. lim(cosx)' x2Iimimi toping.

Ji{%jc-‘z‘;lr(aﬁv)((}») X

® lim(cosx) 1={<)=e <

i1t —  Hm

-sm.t

=e°=1. O

iy
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9 -misol. limIn(-] limitni toping.

fty limedrfirf- <@~ ol 1 ~Id]
rato i -N -«~ "U) =*

*-*e[ ] T 1
—e =¢ =e*=e°=1 O
10-misol. iim( +sinjc)'®limitni toping.

v imbitnf) oI
® %(I+smx)®‘ (I) e~

cosjt
. i A . ..
Ilgue'ir:*ls!ms\rnjr B I'lmﬂﬂt B .o|‘||5|u1 S B

6.2.3. Teylor teoremasi. /(jc) funksiya x, nuqtaning biror atrofida
aniglangan bo'lib, bu atrofda (n +1)-tartibligacha hosilalarga ega va "' (x)
hosila jo nugtada uzluksiz bo‘lsin. U holda

Ko LA (x_xy N n r
N («+D)!
bo'ladi,bunda c=jc,,+0(jc-jco), 0<<O<L
Bu tenglikka Lagranj ko ‘rinishidagi qoldig hadli Teylorformulasi
deyiladi.

® (**)*/(>K0)+fel(]c-13)+ al +..+ i - 10)"ga

j@nugtada boigan n- darajali Teylor ko phadi,
R,(j)_f_l_|£0) , - . - .
oTTI)! 0)*Lga Teylor formulasining Lagranj ko rinishdagi
Ndighadi deyiladi.



11-misol. f(x) =x4- 3c2- x+2 ko'phadni (x+1) ikkihadning butun

%mushbat darajalari bo‘yicha yoying.
<§> Funksiyaning hosilalarini topamiz:
/'(x) =4x5—6jc—4, f'(x) =12x2- 6, f(x) =24x, '\ x) =24,
f(x) =0, (n £5 uchun, /"’(x) =0).
Ko'phad va uning hosilalarining x0=—24dagi giymatlarini topamiz:
/(-1)=1 /'(-D=l, /"(-)=6, /"(1)=-24, f" ()=
U holda
/() =x4-3x2-x +2=1 +3(x 43) +- (x +1)2- 22 + 13+ +i)a=

=l +(x+1) +3(x +1)2-4(x +1)3+(x +)4. O

+1)!
hosil bo'ladi. Bu formulaga Maklorenform ulasi deyiladi.

Ayrim funksiyalaming Makloren formulasiga yoyilmasi:

1L 2= +3(I +x—|2+...+x—"+---e-a-"---jp"' X&R

[\ (]
2.SINX =X ----- + -ér“-ﬁ (- )" 1-(é;:__i)_| ( ) Sinfi*_(_Q_/-?-“Z_)_V Xe R,
X X4 XN e
3. cosx =l E+4I+ (- )( 2] (—l-ycosSc(2/1 iy XeR;

2 E1’+x) =Et+ﬂx +m(m-'-llx’ 4+, +m(mal)..(m-n +\ 2,
Il 2! N

(n+1)! X€(-L5);

Xususan, n =m da ( Nuyton binomi)
(I+xy =1+"x+ NX2+..+«"[ -1 x>+ +nx-" +X-,
1 2! 3

5, h(I +X)=x -y + N +N +. . +(-D)2A N +(-1)"» -—-r, xe(-Ne 4
( ) y234 ()n()n+1(1+W (



"N «-nini 0,««i anigHkda hisoblang.
B Sbartga ko-rax=I, £ °-1Ql
Maklorenfarmuiasigabmo”™n | j
1 2 nl

e“ A~ rOa0l,0<0<I tengsizlik bajariladi
,=6da A.(*)=(rn!

Demak, 111 w1
en T g

*=2+ 0,5+0,1666-770-()4167+0%80833 +0'00,39 =2'718- °

Mustah*kam,ash uchun mashqglar

v- fc>erilgan kesmada Roll teorema” 0 nn"

« s S ¢C ; - Mpi-g:

«2.2. FOOksW "‘bun I bl *»*“ |® ™ * L**™4j forml,laS" ° bl
Cning tegishli giymatini topiis«£:

1 /(x)=i B3_ X+JI, [0:1]; 2>/(n) =e% t0;1];
4)/w = ,--6,+u m
«m23. Benlg#" ftmks.yas. grafigining unnraasi vatar(S>>P U el

San nugtasini tofPing;
N1 -2, 2, /M-NTT. «ga**r
6-2.4. Furtksi®a uchun b o ig an kesmada Koshi formula®n. yozmg va

CIn8 tegishli cjiymPatini topinJ”:
[<*f) 2)/W .x'-3,gW~" " +i[W I.
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6.2.5. Funksiyaning o'zgarmas boiishlik alomatidan foydalanib
quyidagilami isbotlang:

1-x 2 . 2X XS4
1) arccos— —=2arctgx, 0 :£X<+q0; 2)arcsin------- = larctgx, -1 <x<lI
1+x 1+

-n -2arctgx, x>i

6.2.6. Limitlami Loopital qoidasidan foydalanib toping:

1) tim S 2) lim X210
— Inx
. Inx
3 lim ~ 4) Jim-=:
)1 "hsinx ) J"—-«C/QX
i N N
e Y 6) [im ;
In 1+
a2 . Incos(3x -x)
7) fon™-r1T— ; 8) lim i '
sin x 0  sin2x
9) Iimxfgx—; 10) Ixi_[p(l-elx)ctgx\
11) Ix}))r_g(seCX-fQX); 12) I"’m];(—"éPE@(
|
13) lim (n--2xr"; 14) lim**"-":
x-A,-0 x+
- 2
15)to(2-]]n ; 16) Ijm(cosi%x)’:;
17) lin™Mgx) 18) lim(x +3x)".

6.2.7. Ko‘phadni (x-x0) ning darajasi bo‘yicha yoying:
1) P(X) =x3+5x2- 3x+1, x0=-2; 2) P(X) =x4- 2X3+5x- 6, x0=2

6.2.8. Funksiyaning berilgan nuqgtada uchinchi tartibli Teylor
formulasini yozing:

1) /(x) =VT+x, x0=3; 2) /(%) X, =-2.

_-X'
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6.2.9. Funksiyalami Makloren formulasi yordamida xning darajalari
bo'yicha yoying:

1) /(X) =xe ; 2) f(x) =chx.
6.2.FO. Berilganlami 0,001 aniglikda hisoblang:

1) sin36°; 2) €0s32°;

3) ije; 4) 1g10,09.

6.3. FUNKSIYALARNI TEKSHIRISH VA
GRAFIKLARINI CHIZISH

Funksiyaning o‘sishi va kamayishi. Funksiyaning ekstremumi.
Funksiya grafigining botigligi, gavarigligi va egiiish nuqtalari.
Funksiya grafigining asimptotalari.

Funksiyani tekshirish va grafigini chizishning umumiy sxemasi

63.1. y =f(x) funksiya X to'plamda aniglangan va X, ¢ X bo'lsin.

L Agar Vx,x2eX ,uchun x <x,bo‘lganda: 7(x,)</(x:)(/ (xt)>/(x,))
tengsizlik  bajarilsa, y =f(x) funksiyaga X  to'plamda o Suvchi
(kamayuvchi) deyiladi.

Funksiya o'suvchi va kamayuvchi bo‘lgan intervallar funksiyaning
monotonlik inter\allari deb ataladi.

® /(x) funksiya (a\b) intervalda differensiallanuvchi bo'lsin;

1) We<=a/>) da /'(x)>0 bo'lsa, funksiya (a\b) intervalda o‘sadi;
2)Vxe(a;6) da f\x)< 0 bo'lsa, funksiya (a;b) intervalda kamayadi.

1 -misol. 7(x)=8+21x- x" funksiyaning monotonlik intervallarini
toping.

® D(f) =R Hosilani topamiz: /’(x) =27 - 3x: =3(9 - x2).

Uholda: 1) 7'(x) =3(9-x2)>0 dan |x]<3 yoki -3<x<3;

) /(x) =3(9_j-2>0 dan |x]>3 yoki x<-3 va x>3.

Demak, berilgan funksiya (-3;3) intervalda o'sadi,
"N-3)u (3 H0)intervalda kamayadi. O



6.3.2. B Agar *, nugtaning shunday 5 atrofi topilsaki h
barcha x*x0 nuqtalarida /(x)</(x0 {f(x)>/(x0)tengsizlik ba‘aril atr0fi4
x0nugtaga f(x) funksiyaning maksimum (minimum) nugtasi devils* |

Funksiyaning maksimum va minimum nuqtalariga

deyiladi. Funksiyaning ekstremum nugtadagi qiymati T ”, nJtalar
ekstremumi deb ataladi Junk siya”

Teorema (ekstremum mavjud bo'lishining zaruriy sharti) Ao»
funksiya x0 nugtada ekstremumga ega bo‘lsa, u holda bu nuqtadf~*1
hosilasi yoki nolga teng (/'(x0 =0) bo'ladi yoki mavjud bo'lmaydi.

f(x) funksiyaning hosilasi nolga teng bo'lgan yoki mavjud bo'lmagm
nuqtaga kritik nugta deyiladi. f(x) funksiyaning hosilasi nolga teng bo'lgan
nugtaga statsionar nuqta deyiladi.

Teorema (ekstremum mavjud bo'lishining birinchiyetarlisharti). Agar
f(x) funksiya x, kritik nugtaning biror 5 atrofida differensiallanuvchi bolib.
x0 nugtadan chapdan o'ngga o'tganda f(x) hosila: ishorasini nmusbatdan
manfiyga o'zgartirsa x0 nugta maksimum nuqta bo'ladi; menfiydan
musbatga o'zgartirsa x0 nugta minimum nugta bo'ladi; ishorasini
0'zgartirmasa x, nugtada ekstremum mavjud bo'Imaydi.

2-misol. /(x)=V 7-f funksiyaning ekstremumlarini toping.
ilani - 2 1 e i 12NN

<> D(f) =R Hosilani topamiz: f(x) =—p - - yoki f(x)=-- A
l.

Hosila x, =0 nuqgtada mavjud emas va x2=8nugtada nolga ten™

nugtalar berilgan funksiyaning aniglanish sobesMU
(-<»0), (0;8), (8;+*>)intervallarga ajratadi. w osi1anin, har bir knt

chapdan o'ngga o'tgandagi ishoralarini chizmada belgilaymiz.

o maksimum
Demak, x, =0minimum nuqta,y m =/(0) =0 va x, -



( kstremum mavjud bo'lishining ikkinchi yetarli sharti).
Teorema  statsionar nuqtada ikkinchi tartibli /'(.v)hosilaga ega
f(x) /'(r)<obo’lsa g0 nugta maksimum nugta bo'ladi;
AN bl bo'lsa®x, nugta minimum nugta bo'ladi.
m | Asosi a ga va balandligi h ga teng uchburchakka eng katta
3 mS bollgan to'g'ri to'rtburchak ichki chizilgan. To'g'ri
trtburchakning yuzasim toping.
® To'g'ri to'rtburchakning tomonlari
xvay bo'lsin. _ _
Uchburchaklaming o'xshashlik
alomatidan topamiz (1-shakl):
y h-Xx
a h

Uholda y :’H-(h-x) va S=xy = (hx-x2).

s:="(A-2jd =0 dan

Bugiymatda s‘:~T<O. Demak, to'g'ri 1-shakl.
to'rtburchak eng katta vuzaga ega bo'ladi.
Xx= da = = va eng kattato'g'ri to'rtburchak yuzasi
8 =xy =2 h_ah (yuza.b) o
kichik m ~“mada uzluksiz y =f(x) funksiyaning eng Kkatta va eng
vakesmymat*a” n' uc™un funksiyaning kesmadagi kritik nuqtalaridagi

kichigi tanlanacf6™ ' nUtaai’ (‘a8' giymatlari orasidan eng kattasi va eng

kid1i|i rqf'sm' y x ~3r funksiyaning [0,2] kesmada eng Katta va eng
« /™a'f|rin' “w
Funksiy X 3=0 CGdI]=-].Jr; =L kritik nugtalardan.v, e[o,2],
4ymatlarini.  ~ ®=lnuqtadagi va kesmanmg chetki nugtalaridagi
ANAPamizvasolishtiramiz: /(1) =-2, /(0)=0, /(2) =2.

»=/(2)=2 X, =/d)=2. o



6.3.3. 8 Agar (a\b) intervalning istalgan nuqtasida y =f(x) funk
grafigi unga o‘tkazilgan urinmadan yuqorida (pastda) yotsa, funksiya
(a\b) intervalda botiq (qavariq) deyiladi.

Teorema. Agar y =f(x) funksiya (a;b) intervalda ikkinchi tartibli
hosilaga ega bo'lib, Vxe(a;6)da: f(x)<0 bo'lsa, funksiya (a;b) intervalda
gavariq boiadi; /"(x)>0 bo'lsa, funksiya (a;b) intervalda botiq bo'ladi

8 f(x) funksiya x0 nuqtaning biror <batrofida differensiallanuvchi
bodib, > nugtadan o'tganda botigligini qavariglikka (yoki gavarigligjnj
botiglikka) o'zgartirsa x, nugta funksiyaning egilish nuqtasi deyiladi. Bunda
M(xG f(x0)) nugta funksiya grafigining egilish nuqtasi deb ataladi.

Teorema (egilish nugta mavjud bo ‘lishining zaruriy sharti). Agar
x0nugta f(x) funksiyaning egilish nugtasi bo'lsa, u holda bu nugtada uning
ikkinchi tartibli hosilasi yoki nolga teng (/*(*,)=0) bo'ladi yoki mavjud
bo'Imaydi.

f(x) funksiyaning ikkinchi tartibli hosilasi nolga teng bo'lgan yoki
mavjud bo'Imagan nuqtaga ikkinchi tur kritik nuqta deyiladi.

f(x) funksiyaning ikkinchi tartibli hosilasi nolga teng bo'lgan nugtaga
ikkinchi tur statsionar nuqta deyiladi.

Teorema (egilish nugta mavjud bo 'lishining birinchi yetarli sharti)
y =f(x) funksiya x, nugtaning biror 8 atrofida ikkinchi tartibli hosilaga ega
bo'lsin. Agar < atrofhing x0 nugtadan chap va o'ng tomonlarida
f(x) hosila har xil ishoraga ega bo'lsa, u holda xi nugta funksiya
grafigining egilish nuqtasi bo'ladi.

5-misol. y=i-_-)§(-r funksiya grafigini botiqg va gavariglikka
tekshiring.

® D(f) =(-00;-)u (-1;1) u (l;00).
[ 11_ X +1 t X2+ nj 2x(x2+3)
[-X20 (1-x22" } I(1-x22] (I-x1)3

Ikkinchi tartibli hosila x, =-1, x, =0, x3=Lnugtalarda nolga teng va mayH
emas.



/+aey hosilaning bu nugtalardan
chapdan o‘ngga o‘tgandagi ishoralarini
chizmada belgilaymiz:

Demak, funksiyaning grafigi (—20) va (l;00)intervallarda gavariq,
(-oo;-l) va (0;l)intervallarda botiq bo*ladi.0(O;0) nugta funksiya grafigining
egilish nugtasi boMadi. O

Teorema (egilish nugta mavjud bo Tishining ikkinchi yetarli sharti).
y(R funksiya x, ikkinchi tur statsionar nuqtada uchinchi tartibli
/"(jc)hosilaga egabo'lsin. Agar /" (x)*0bo‘Isa, u holda x0 nuqta egilish
nugta boiadi.

6-misol. y =e- 3)5+5x +4 egri chizigning egilish nugtasini toping.

@ Funksiyanig uchinchi tartibligacha boigan hosilalarini topamiz:

y' =3(x- 3)2+5, 3*=6(jc-3), y m=b.

Funksiyaning ikkinchi tartibli statsionar nugtasini topamiz:

/ =6(x-3)=0 dan ;. =3. Bu nuqgtada y”=6*0.

Demak, x =3funksiyaning egilish nuqtasi. x=3da y =19. Berilgan egri
chizigning egilish nugtasi M(3;19). O

6.3.4. B Egri chizigning asimptotasi deb shunday to‘g‘ri chizigga
aytiladiki, egri chizigda yotuvchi M nuqgta egri chizig bo‘ylab harakat qilib
koordinata boshidan cheksiz uzoglashgani sari M nugtadan bu to‘g‘ri
chiziggacha bo'lgan masofa nolga intiladi.

Assimptotalar uch turga boiinadi: vertikal, gorizontal va og‘ma.

Agar lim f{x) yoKki IimO/(x) limitlardan hech boimaganda bittasi

cheksiz (+oo yoki -oo0) boisa, x=x0to'g‘ri chiziqga y =/(x) funksiya
grafigining vertikal asim ptotasi deyiladi.
Agar shunday «kw/> sonlari mavjud boiib, x-»00 (Xx-»-<»)da
f'(*) funksiya
f (x) =kx+b +a(x), lima(x)=0
“'nishda ifodalansa, y =kx+b to‘g‘ri chiziqga y =f(x) funksiya
grningog'ma asimptotasi deyiladi. Bu yerda

ko

kK=lim , b=lim(/(x)-fcx).



Agar lim lim(f(x)- kx) limitlardan hech bo‘lmaganda bittasi

mavjud bo‘lmasa yoki cheksiz bo'lsa, f(x) funksiya grafigi og‘'ma
asimptotaga ega bo'lmaydi.

Agar k=0 bo'‘lsa, 6=limfix) bo‘ladi. Bunda y =b to‘g‘ri chiziqga
f(x) funksiya grafigining gorizontal asimptotasi deyiladi.

Izoh. y =f(x) funksiya grafigining asimptotalari x ->+<*dava *-» X
har xil bo‘lishi mumkin. Shu sababli k va bni aniglashda x-»+00 va x-»-®
hollarini alohida garash lozim.

x2-3

7-misol. y ===-=- funksiya grafigining asimptotalarini toping.
X
w im*23 L iim X3 L.
0+ X 0 x

Demak, x =0 to‘g'‘ri chiziq vertikal asimptota.

limf(x) =lim - — —=o va limf(x) =lim -—- =,,.
Xe++C xF X x—=>HE X+% X
Demak, gorizontal asimptota yo‘q.
kK=lim— =lim----- =1, 6=iim(f(x)-kx) =limf - -X j=lim — =0,
X *oqw X «=** X J X
kK =lim —4Him * m ~=1 6=lim(/(x) - fa)=limf x| =lim — =0.
kX i—¢ X \ X J »>» X

Bundan y =kx+b =x. Demak, y =xto‘g‘ri chizig og‘ma asimptota. O

6.3.5. Funksiyani tekshirish va grafigini chizishni malum tartib

(masalan, quyidagicha) bajarish magsadga muvofiq boiadi:

L. Funksiyaning aniglanish sohasini topish.

2". Funksiya grafigining koordinata o‘glari bilan kesishadigan nugtalarmi
(agar ular mavjud boisa) aniglash.

3”. Funksiyaning ishorasi o‘zgarmaydigan intervallami ( /(x)>° Y%
/(x) <0 boladigan intervallami) aniglash.

4". Funksiyaning juft-togligini tekshirish.

5°. Funksiya grafigining asimptotalarini topish.

6". Funksiyaning monotonlik intervallarini aniglash.

7°. Funksiyaning ekstremumlarini topish.



g" Funksiyaning gavariglik va botiglik intervallarini hamda egilish
nugtalarini aniglash.

- 8" bandlardagi tekshirishlar asosida funksiyaning grafigini chizish.

Keltirilgan sxema albatta bajarilishi shart emas. Soddaroq hollarda

keltirilgan bandlardan ayrimlarini, masalan I*,2* 7'ni bajarish yetarli bo'ladi.
Agar funksiya grafigi juda tushunarli bo'lImasa, I - 8" bandlardan keyin
funksiyaning davriyligini tekshirish, funksiyaning bir nechta go'shmcha
nuqtalarini topish va funksiyaning boshqga xususiyatlarini aniglash bo'yicha
go'shimcha tekshirishlar o'tkazish mumkin.

g-misol. y =—— funksiyani tekshiring va grafigini chzing.
@ T. Funksiyaning aniglanish sohasi:
D(f)=(=2>—) Vv (i)  (i+°0)-
2" x=o0day =- 1 boiadi. Funksiya Oy o'gini (0;-l)nuqgtada kesadi.
y* 0 boigani uchun funksiya Ojco'qini kesmaydi.
3" Funksiya (-00;-)va (l;+o0)intervallarda musbat ishorali va

(-Ly) intervalda manfiy ishorali.
4". Funksiya uchun /(-*) =/(jgbo'ladi. Demak, u juft.

r. L2+1 X+l
5. lim —-—=—+00, lim ——-"=—80,

m ,lim
X-+1-0jj2 _J x-fr—+0 ]

Demak, x=-1 va x=I to'g'ri chiziglar vertikal asimptotalar bo'ladi.

K=Ilim —Xz-t-l--:o (x-++o0o0da hamjt-+-00 da ham £=0),
E>X(X - 1)

b= li
"!mitxz-l
U holda y =i to'g'ri chizigq gorizontal asimptota bo'ladi.

¥=1to'g'ri chiziq x ->+coda hamx -+ -oo da ham gorizontal asimptota
bo'ladj,

AOX =L

6% Funksiyaning o'sish va kamayish intervallarini topamiz.

2x(x2-1)-2x(x2+1)_ 4x
W (x2-1)2 (x2-1)2*

27S



Bundan fc<0 da y>Ova *>0 da y<O0.

Demak, funksiya (-00,0) intervalda o'sadi va (0;+00) intervalda kam
7°. Funksiyani ekstremumga tekshiramiz. Hosila *=-i va

mavjud emas va * =0 da nolga teng. Bu nugtalar berilgan funksiyanin

aniglanish sohasini to‘rtta (—eo;-I), (—£,0), (0;1), (I;+x) intervallarga ajratadi
Hosilaning  har  bir  kritik

nugtadan chapdan o‘ngga o‘tgandagi + +

ishoralarini chizmada belgilaymiz: TJ o} ] N
Demak, * =0 maksimum nuqta, n

8°. Funksiyani qavariglikka va botiglikka tekshiramiz va egilish
nugtalarini topamiz.
r
y = 4x
Tl (x-ir
(x!'-1)2-x-2(x2+1)-2x  4(1+3x2)
(x2-1y (x1-» 3

-4

Ikkinchi tartibli hosila j, =-1, x, =1

nuqtalarda mavjud emas.

y" hosilaning bu nugtalardan
chapdan o'ngga o'tgandagi ishoralarini -
chizmada belgilaymiz:

Demak, funksiyaning grafigi (-1;1)
intervalda qavariq, (-°0;-I) va (L+%°)
intervallarda botiqg bo'ladi. Funksiya
grafigining egilish nuqgtasi yo'q.

1'- 8  bandlardagi tekshirishlar
asosida funksiya grafigini chizamiz (2-shakl).

2shakl.



Mustahkanilash uchun mashqlar

i Berilgan funksiyalaming monotonlik intervallarini va

Aum larini roptBA4

N/w,/ -V +15r, 2) f(x)=— —2x;
ji/H-WP?; 6)/(x)-3(/7-*;

7) f(X)=>e~"\ 8) f(x) =ch1

9) /() =1n(t +1); 10) /(*)=JL;

) /() =1 +1) ) /(%) I
11)/(x) =*-2sinx, 0Sx<2w; 12) /(x) =.r+2cos; jr, 0<.v<Tr.

6.3.2. Funksiyalaming berilgan kesmadagi eng katta va eng kichik
giymatlarini toping:

1) f(x)=x"-3x, [0;2]; 2) f(x) =x"' +3x2-9x-10, [-4;0];

3) /() =m+cos2x, 4) 7(x) =x5Inx, [Le].
kataS t,n T 5 21;+3" ~I 4onun bilan harakatlanmogda. Jismning eng

Milishca ™ °n™a*an8 kesimi to'g'ri to‘rtburchakdan iborat to'sinning
ko’'ndalang kesimning eni bilan bo'yi kvadratining

Nilishga marenPICMOdBoma* ~diametrli xodadan kesilgan to'sinning
~ ‘lishi kerak? '~ ~attabo'lishi uchun to‘sinning o'lchamlari ganday

T° 8'rito'rtbUrch!'if'm1  tCn™ m's simdan to'g'ri to'rtburchak bukilgan.
ganday bo'lishi kerak'~ MJzas*ené katta bo'lishi uchun uning oMchamlari

6.3.6.
tonbfxks, 6 9 1e”Ps8ato'g'ri to'rtburchak ichki chizilgan. To'g'ri

LLIB eng katta yuzasini toping.



631 R radiusli sharga yon sirti eng katta bo‘lgan silindr ichki Chbl
uchun silindming balandligi ganday boiishi kerak?

6 3 8. Silindming hajmi Vga teng. Silindr eng kichik toia sirtga ega
boiishi uchun uning balandligi ganday boiishi kerak?

6.3.9. Berilgan funksiyalar grafigining botiglik, gavariglik intervallarim
va egilish nugtalarini toping.
1) 7(x) =x4-4x3+6X; 2) /(@) =(jc-5)! + ax-13;
3) f(X) =2x-B\[x*\ 4y /(x)=1+
5) f(x) =x—n(l +x); 6) /(x) =In(l +xJ);
i) /W =rrt; 8) /(x)=x3- °
1+X

6.3.10. Berilgan funksiyalar grafigining asimptotalarini toping:

D/(*)=,_, 2) 7(x) =3V X2
3) /(x) =Vxr -3x; 4) o) | WXJ
In: x
DA 6) /w =
1=k 8) /(x) = -xarctgx.

6.3.11. Berilgan funksiyalami tekshiring va grafigini chizing.

X-2

/)=



6-NAZORATISH1

j. Berilgan funksiyaiar grafigining abssissasi r bo‘la,
O‘tkazilgan urinma va normal tenglamasini tuzim> ' nUqtas,da

WP--

v=7t] - xo=l.

Y
Vo1t x> 1

My
V=2rr D=L

5 7 *0=1

1-variant

2-Y=x!+3x+1, x=302

2-variant

2.y =i$r3+é'xJ-.v+4 , =1L

3-variant
2.y =\ix* , x=104

4-variant

2. y=k[x2 , x=1,04.

5-variant

2.y=J= , =415
y Vx a

6-variant

2.y =V3x+cosx , x=0,01.

7-variant

2. p=Vx , x=1,74.

8-variant



.y —x3- 3, x0=-2.

. pP=x2+8n/x-16, jd=4.

[ —
.y =\x3-3jc, x0=1
.y =\[x*~20, x0=-8.

1+Vx
} r~ XN
-n/or

. v=4Vx-16, j©=16.

. J=3X:-2X +6, jd=2.

Vv X =-
toox2+l X -

v=2VXx-x, x0=2.

9-variant
2-Y =arcsmx(X==0,06.
10-variant

2-3="/xr+7TT
27 *=097.

11-variant
, x=0,98.
12-variant
2*Y=*6, x=0,99.

13-variant
2 v_,/2-T

14-variant
2. v=5bx'-2x +3, x=2,01.

15-variant
2. ] =Wx+Vx , x=159

16-variant

2.y =sJE | x =0,15.
V3 +x

/7-variant
2.y =f4+x2, x=0,2.

18-variant
2.y=JTT |, x=2,04.

19-variant
2. =nx+2ax)+l * =L

20-variant
2.y =Vx3+2x +4 , x=1,9S.



21-variant
2.y =y[4x~3 , n=0,88.

22-variant

2.y =4x2+5, x=198.
23-variant

2.y =\Ix}+7 , ;=10L

24-variant

25-variant

2.y =Jx1- 7x+10 , x=0,98.
26-variant

2. y=*3-44r+6*+3, x=1,03.
27-variant

2.y =VT+x , x=03.
28-variant

2. (/=Vx , x=1586.
29-variant

2.y =41+x +sinx , x =0,02.

30-variant
2x- sin— , jc=101
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5-MUSTAQIL ish

1-5. Hosilani topin

6 Berilgan funksiyaqéming n- tartibli hosilalarini toping.

7 Oshkormas ko‘rinishda berilgan funksiyalaming hosilasini toping |

8. Parametrik ko‘rinishida berilgan y funksiyalaming * bo‘yicha
ikkinchi tartibli hosilasini toping. . _ _

9 limitni Lopital qoidasidan foydalanib berilgan toping.
10. Funksiyani to'la tekshiring va grafigini chizing.

1. y=\i5x*-2x-1 + g

- 5)
(2X + 5Y
3.y=
S YA x-2)2x+iy
7. xsiny-ycosje”O.
9-H x
i 77-3.
by (x+2¥Y
e*3
3*y ~4S~"N)x+5
(x-2M x +1y

7.3 -aylnx =15.
1

9.. lim*'-

1-variant
2. V=ctg—earccosx4.
X
4.y =(cosx)'

6. y=3*

x =f+sinf,

"y =t- cosl
10. y=
2-variant
2 .y =tg\fx sarcctgix
4.y =(x3+1)"".
6.y =Sinx +Cos2X.

X =ts +2t,
'=t3+8/-1.

OY=145



y=#-7) +4V +3r- 5

e*‘*

r~ \ 7

(x-2

- g3x
lim"TT*
LA >g5x

y=ifr+4Y - De- AT+T

COS5X

Ax+5>{x-2Y
(lc+14

ysinx +cos(x - y) =cos V.

>'473797]~V'U +5)>
e*c

(*-2)J

ien2>'J'cos2x =i0.

3-variant

2.y =tgi2x earccos2jr3
4. y=(par/&n)5r.

6. =Ig@jc +1).

x =e2(,
y =cost.

8.

100 v= <~
"4 (x-1)

4-variant

2. y =2** arctgs3x.
4. y =(arctgxY~".

\+Xx
6.y=
I-x
\X = Ctgt,
8- | >
€0s2?

10.y=-

X +Xx+1

5-variant

2+ y =tg32x marcsinx*.
4, >=x" 2.

6.y=2".

X =Incos 2/,
V=sin~2/.

10.y= "1
y X1 -2X

283



y=- 2+\,2x2-3x +1

; e' - /fgr

3 4x2+7X-5

5 y=(x +2Yyl(x +1¥Y
(x-3):

7. xy +1nmy-21nx =0.

. Jgv- sinx
9. lim v .
»0 4X —sinx

1. v=—
(x +4)

,_ CO0Ss3X
(2x +4)s

5.y,-Jb V.
(x+3)V2x-I

7. (el-x)2=xz+4.

9. lim(I - cos 2x)c/g2x.

y:.
(x-1)3 6x2+3x-7
3.y =yl5x2- x+1 m3

« V(X +5)3(x +2)

D* V —reeeeeee F-ul - = .
V(3x +1)3

7. e*w =sin—

9. lim(l +x)"™\

T-V4-3X-X4.

6-variant

2. >=cfg x sarccos2x3

4. ; =x",

6. ¥=sin2x +cos(x +1)

y=In(r +1).
10. jy=~fZi)l
y x2+1 [

7-variant

4. P=(sinx)3\

6. p=3“4k
fx=l-e3
8- |v=i(e3+e-3).

2-4x%x2
10.y "1-4%x2

8-variant
2. y =em'-ctg8x3

4. y=(cosx)".
6. v=xe'

x =In(l +0>
v =t- arctgt-

x3+I
10 .y .-j-



7__+"g7-3X:-
L Yy*(x-1)
21

S/b 1

5.v=(A+2)J2.t+1)5
[.XW -*"+y=4"

9. limV*InJx.

1.y=\3x2+4.T-5

3YZ 3%y
2N+

V(3x+2)2
7.(x+j)J-(x-2y)3=0.

o linf L)

AV -] InxJ"

L 32747 +_i__

3=(3x+1)4,e<

Sv=iEnrV (rif
(3x+1)5

“arcfgy.

lim f-
v -1

9-variant

2. ] =CO0S5X *arccos4x.

4. y=(tgxr\
3+4x
6.
y 2x + 1
X =2(r-sin/),
T =201 - cos/).
i, y=—252_
Y 4x -1
10-variant

2. y =sin37x earcctgSx2

4, y =x3@\

6. y=log,(3x-1).
\x =tgt,
8. 1
b =-1-1-.
™ y:3-:‘xI -
11-variant

2.y =sin: 3x mrcctg3xs.

4. y=x"H\

6.y =log,(x +4).
X =sin34/,
2190534/.

2%<+|

10. v=", -
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-y

12-variant

Sy =\3x4-2x" +X ---(-)-(-;—)- 2 .y:COSVX -arctgx*.
y - (5x2+4x- 2): X & Y=(x2+1)*"
Vx*5)32x +1)2_

(x-1)3 ' 6. j» =cosx +sin(x +1)

SInx-x1ny =x+ y. g [r="+C/g,

. [Y=2Inctg i.

im- 10, >=(£+1)1

M x (x-1)2’
13-variant
r:(X_+4)2'y(3X2'X +)7 2. y=/g62x-cos7x!.
:QX-SY 4. 3=(sin2x)”1
Vu-3Y
- " 6. >=a2.
(2x-1)2(3x +1)!
fx=4-e2,
. ev-x2+y3=0. 8. 4 3
i In(cosex) 10
—_—— . v=
"‘-mln(cosox) X2-9
14-variant
V=V (*-4)7- 10 2.y =c/g54x earcsin VX.
(3x - 5x +1)
y =@ 307 4. y=(x+1)*2
_(2X + L+ 18 6.y -x e
(x+3r
3 . 0 _ fx =3c0s2/,
- + =
= EsInxy =2 ' v=2sin3/
e'-1l

M+ 2%)



Ly~V +2%-5+]7y

3"
NVvi(2jg-lerd)

vm -V (x-3)s
5 v=

7. /\:j +Xsmv.

L y=\J(x-3)4- 2

4x

X -3x +I

(3x +5)’
Moy (BXHY AT Y

LLIX+3)7

T.e el +i =j
R

lim(cosjc)"

gyl@_ﬂ+c'

15-variant
2.y - 2m* mrctgSx3

4. M=(sinx)""

6. V=1g(ic +3).
*=2-cost,

10.
(t+1)j

16-variant
2. S=4n1 nan—+2).

4.y =(3x2

. 4
o. :~.
=X

g f*=/+Incosr,
b =r-Insiiu.

10. y=-2x~1
(x-1)2°

1 7-variant

2- Y- 3™ earcsin 7x4

4.y =(e)"\

10. v=-
*3.T






1. y=\1(x-2y +
6x2+bx-1
_smSr

:Ox-2)2
_ (x+3)V(@Ejc- iy
V(x-3)4

3.y

7.e"r=--1.

9. limfl +sinx)"™".

1. y=VI+5x- 2x2+— -— .

(*-3)4
3 v= +2x- X
5 ATTV (x-3)
(*+1)5

7.c0s8(x-j)-j+4v=0.

Incosx
\ T

1. y=V2x4-5X +6 --—- - _
(x-2)4
3r
3.,= _ £ _ .
V3x -4x-7
e (3x-iy\f(x +iy
B \j(2x +3Y

24-variant

2" v ~cos53jr te(4x+i)\
4- J'=(sinx)"4.

6- v=Ig(l +6x)
8.f7:4r+ ]
10. y =
25-variant
2. y~tg*x marcsin 4x2
4.y =x"9H4
6. y =sin2(x~1) +cosx.

g Ix=/+~sin2/,
[[>=cos2/. K

2+4x +|
107 =X2%%
X

26-variant
4

2.y =arcsin’ 2x-ctg 7X .

4.y =(cosx)"'"



+ye
7. Xe

y- arctgx
Qliw

3. V=

5y= D& -2

1 @y=f.

1 1
AMinx  sin(x-1)

/- X-4- L
(*~3)5
(r+4r
2-3s =

7,1+4Y-10x +>=0

bni+e*

8 j.r =cos3/,
[y =sin3r.
in x3-1

27-variant

2. y =c?g3x earccos3x\
4. y=(*+2)"\

6. y =x2\

_ sint
8. 1+sin?’
cost

1+cosf
X~ +16
10.y =
y 4+

28-variant

2. y =arccos24je «in(x - 3).
4. y=x""
6. »=In(5x-I).

1-/

I+t
y=1r1"

10.y = X+2

X-i



8". Agar m va M sonlar /(.t)funksiyaning [a,b] kesmadagi eng kichik
Va eng katta giymatlari boisa, u holda

m-a)<\f(x)dx<M(b-a)
a
bo‘ladi.
9°. Agar f(x) funksiya [a\b] kesmada uzluksiz bo‘lsa, u holda shunday
ce[a;6] nugta topiladiki,

\f(x)dx =f(c)(b-a) (73)
a
bo‘ladi.
K
3-misol. [-...— intcgralni baholang.
4 +3sinjc
® 0<sinlx<l ekanidanj<------l—r-
7 4+3sin x 4

U holda aniq integralni baholash hagidagi teoremaga ko‘ra
K

—<f . <-.
14 {4 +3sinJC 8

7.7.2. 1-teorema ( integral hisobning asosiy teoremasi). Agar HX
funksiya [a,b] kesmada uzluksiz bo‘lgan /(g) funksiyaning boshlang'ich
funksiyasi bo‘lsa, u holda [a\b] kesmada /(ar) funksiyadan olingan aniq
integral F(x) funksiyaning integrallash oraligMdagi orttirmasiga teng, ya'ni

H)dx =F(Xx)F=F(b) - F(a). 04)

(7.4) formulaga Nyuton-Leybnisformulasi deyiladi.

4-misol. sf—---J-L ------- integralni hisoblang.
Jx -4x +13
dx t dx 1 X-2

= =f-- =-arctg ------ :-(arctgl -arctgO) -rr -
2jc -4x +13 i (c- 2)2¥32 3 3 r 3 >3

2-teorema. Agar: y- f(x) funksiya [a\b] kesmada uzluksiz-
x-ip(t) funksiya [a;/?kesmada differensiallanuvchi va ~'(r) funksiya [«.$
kesmada uzluksiz; jc= 2{/)funksiyaning giymatlar sohasi (a;6] kesmadan



iborat; ®(a) =a va <p(fi)=b boisa, u holda
\f(x)dx =\f(g>(t))(p\t)dt (7.5)

boiadi
(7.5) formula aniqg integralda o 'zgaruvchini almashtirish formulasi deb

yuritiladi.

i5- misol. &\I9-x2dx integralni hisoblang.

<S> x =3sinf, 0</< ~ belgilash kiritamiz. Bu o'zgaruvchini almashtirish
2-teoremaning barcha shartlarini ganoatlantiradi: /(x) =m-x2 funksiya
[0;3] kesmada  uzluksiz;  x=3sin; funksiya 0;2— kesmada
differensiallanuvchi va x*=3cos/ funksiya bu kesmada uzluksiz; x=3sin/
funksiyaning giymatlar sohasi [0;3] kesmadan iborat; <p(0)=0 va

(7.5) formuladan topamiz:

j™9-x2dx =9jcos2tdt =—J (1 +cos2t)dt =--(t +-sin It

6-misol. 0 integralni hisoblang.
t=yll +x2 o‘miga qo‘yishni bajaramiz. U holda

tdt 'x=0dat=1/1
x=1dat=0/2j’
[Iin/2]kesmada s/2-1 funksiya monoton o‘sadi. Shu sababli
(7.5) formulani qoilaymiz:

x=WR2-1, dx=

JW i+ =|n/"T./m =f W= 0
« IE[?/‘I I| /24 1| 3 3

3-teorema Agar wu(x) va wX) funksiyalar «'(x)va V(x) hosilalari
kesmada uzluksiz boisa, u holda

jurfv =uvj”- JWu (7-6)



430. y=xUT.
® Logarifmik differensiallash formulasidan foydalanamiz'
u)y'=u~Ihu+—j.
Shartga ko‘ra u=x, v=3sinx. Bundan u'=1, v'=3cosx. Uholda

y'. Ve Jt“ ‘[Jcosxto«+iii:- 1j« 3ca, |, , t 3sin«j

5J0.,,< ix N H E .
\Ix+2

® Logarifmik differensiallash usulini go‘llaymiz.
Funksiyani logarifmlaymiz:

Iny =3In(x +1)+y 1n(3*-1) - i In(x +2).

Bu tenglikni x bo'yicha differensiallaymiz:

1 .y:?’_____ +_Q __3 ______]:_____]:r .
y jc-bl 5 3X'| 3 jc+2

y ni topamiz:
f 3 18 1
Y=Y NE a1 3(e+2)
ya’'ni
,_ (*+lysIBx-ly (B { 18 _ 1
VT+2 [x+1 5@3x-1) 3(x+2)7 w
6.30. y =x3*“.

< (uw)w =£C*u()v&*) formuladan foydalanamiz.

Shartga ko‘ra n=x, v=3"
Bundan
jt=1, x'=0, .., x(>=0; (3)'=3'ta3, (3%'=3'1n'3,...,(3")"=3"1 3-
U holda
(x3y m:»Y%O"LI?)'"*’ =c>(0(3,)& +c>"(3V)'" " Heeetc; ¥ (3T =

=— of}s3rIn"3+ - ¢1e3* IN"-13+0 +... +0 =y In""13(xIn3 +n)-
o'n! (a-1

Demak,  (x3')" =3*1n"3(.T1ln3+n). ©



730. fx +4y =bxy-
fenglikning har ikkala tomonini differensiallayrrmiz:

Ax+
gundan
» Yy (1IQyyfx-l) 0
Y VA-(I-10xjy)
c=t" +(+I
830 yy =t' +/.
.V . _32+1
Y X (@HHy, 2/H
|) holda
M3/r+ _
00; Uf+il, @/tij(2+i)-(2Z+]) ur +)
U +1 @/ +1V
_6/2<+1)-2(3r +I) =61 +6<—2 A"
(2r+l)y (2f +1)’
9.30.1im(2 -2M)®".
imafi(22)
® LWn(2-2x)** =(I') =e”!
Bunda
Ilrlnfg® In@2- 2,v)=(cx)-0)=’l_|.rln S (w
Oxirgi limitga Lopital qoidasini qoilaymiz:
»¥  ctgnx -N - (ctgnx)’ «, n n
Deinak sin27vc

lim(2 - 20c)*” =e’



1030, y:x2+1
je-1 '

® 1° Funksiyaning aniglanish sohasi: D(/) =(-<»l)u(l;a0);

2”. x=0da v=—1 bo'ladi. Funksiya Oy o‘qini (0;-)nuqgtada kesadi
y*0 bo‘lgani uchun funksiya Ojco'qini kesmaydi.

3°. Funksiya (1-he)intervalda musbat ishorali va (-<»;l)intervalda

manfiy ishorali.

4* Funksiya uchun /(-*) =/ (j9 v;a/ (-jg =-/(jc)tengliklar bajarilmaydi,
Demak, u umumiy ko'rinishdagi funksiya.

5. lim *==-- =+00 va ljm -==--= =_350
L1 ]Jr%LG-I:—l

Demak, je=1to‘g'ri chiziq vertikal asimptota bo‘ladi.
K=lim X +1 =1, ft=lim
Jtrh X(X - l) -1 - 1
Demak, y =x +1to‘g‘ri chiziq jc->+oodaham,,Y-»-00 da ham gorizontal
asimptota bo'ladi.
6°. Funksiyaning o'sish va kamayish oraliglarini topamiz.

/'(*)= =X—=20: 1./'(*) =0dan i, = 1- V2, i, =1+V2.
*) (x-1) (nr-zﬁ ) an s !

Hosila x =1 nugtada mavjud emas va jc =1- <2, x2=1+41 x=0
nugtalarda nolga teng. Bu nugtalar berilgan funksiyaning aniglanish
sohasini to‘rtta (-oo;1-v2), (1- v2;l), (L1+v2), (I +v2;+o0) intervallarga
ajratadi. Funksiya (-o0;lI-41\ (1+V2+o0) intervallarda o‘sadi va (i- v2;l)
(1-V 2;1), (11+V2) intervallarda kamayadi.

T. Funksiyani ekstremumga tekshiramiz. Hosilaning har bir kritik
nugtadan chapdan o‘ngga o‘tgandagi ishoralarini chizmada belgilaymiz-

Tr7T7 1+V2

Demak, x=1- V2 maksimum nuqgta, x=1+V2 minimum nugta-
N=/d-V2)=2-2/2 N, =/(1+")=2 +2V2.



0~ Funksiyani gavarigiikka va botiglikka tekshiramiz va egilish

nugtalanni topamiz.

f 00~ ==l

3-shakl.

Ikkinchi tartibli hosila x, =Inugtada mavjud emas. vy
Ishorasi bu nugtadan chapda manfiy va o‘ngda musbat.
~Nemak. funksiyaning grafigi (—=°) intervalda qavariq, (1+®)
tervalda botig bo'ladi. Funksiya grafigining egilish nugtasi yo‘q.

I. ' ~8 bandlardagi tekshirishlar asosida funksiya grafigini
chiamiz (3-hakh._ O ya gratig

hosilaning



Yllbob

BIR 0 ‘ZGARUVCHI FUNKSIYALARIivINr
INTEGRAL HISOBI n

7.1. BOSHLANG'ICH FUNKSIYA
VA ANIQMAS INTEGRAL

Boshlang‘ich funksiya. Anigmas integral.
Anigmas integralning xossalari. Integraliar jadvali

7.1.1. y =f(x) funksiya (a;b) intervalda aniglangan boisin.

® Agar Vxz(a;b) da F'(x) =f(x) (yoki dF(x)=f(x)dx) bo'lsa, F®
funksiyaga (a;b) intervalda f(x) funksiyaning boshlang'ich funksiyasi
deyiladi.

Agar F(x) funksiya f(x) funksiya uchun (ab) intervalda
boshlang'ich funksiya bo'lsa, u holda f{x) funksiyaning barcha
boshlang'ich funksiyalari to'plami F(x)+C kabi topiladi, bu yerda
C-ixtiyoriy o'zgarmas son.

OS (a;b) intervalda uzluksiz bo'lgan har ganday funksiya shu
intervalda boshlang'ich funksiyaga ega bo'ladi.

7.1.2. 8 f(x)  funksiyaning  (a;b) intervaldagi  boshlang'ich
funksiyalari to'plami F(x)+Cga f(x) funksiyaning anigmas integrali
deyiladi va] /(*)<&kabi belgilanadi.

@) Boshlang'ich funksiyaning grafigi integral egri chiziq deyiladi-
Anigmas integral geometrikjihatdan ixtiyoriy C o'zgarmasga bog* Hy
bo'lgan barcha integral egri chiziglar to'plamini ifodalaydi.

7.1.3.Anigmas integral quyidagi xossalarga ega.
1" Anigmas integralning hosilasi (differensiali) integral os

funksiyaga (ifodaga) teng:
N\)dx)’ =f{x) (d\f(x)dx =f(x)dx). n
2". Funksiya differensialining anigmas integrali shu funksiya
o'zgarmas sonning yig'indisiga teng:
\dF(x) =F(x) +C.

21



y o0 ‘zgarmas ko'paytuvchini anigmas integral belgisidan tashqariga
chigansh mUmkm' \kf(x)dx=k\f(x)dx, k=const,k* 0.

4» Chekli sondagi funksiyalar algebraik yig'indisining anigmas integrali
shu funksiyalar anigmas integrallarining algebraik yig‘indisiga teng:

1(7 (*)£g(x\)dx=\f(x)dx £Jg(x)dx.

5° Agar Jf(x)dx =F(x) +C bo'lsa, u holda x ning istalgan
differensiallanuvchi funksiyasi u-u(x) uchun j f(u)du =F(u) +C boiadi.

Xususan, \ f(ax +b)dx =~"F(ax+b) +C,a,b- 0 ‘zgarmas sonlar.

7.1.4. Integrallarjadvali

].fu°du=a—+1+C, (ax-1); 2. J—M =In|«]=C;

3. \a"dJ:_I%E-FC' (0<a*l); 4. \e'du=e* +C;

5. jsinudu ---cost! +C, 6. Jcosudu=sinn+C;

7. \tgudu =-In jcosu |=C; 8. Jctgudu =In [sinn\=C;

10. /-Sm/«~:-ctgu +C;



1 -misol. Integrallami anigmas integralning xossalarini va '
jadvalini go‘llab toping: Inte8*allar

1)](2 3" - 4shx +6cosx +9)d\

3IBx-7)"&;
sin 2x
ax dx
1l n/x-3 ->/x-7 8H m+X2

® 1) Anigmas integralning 2", 3", 4° xossalarini va integrallar
jadvalining 3, 6, 17 formulalarini qo'llab, topamiz:

J(2 8' - 4shx +6cosx +9)dx =2 m'dx - j4shxdx+ |6cosx<&+ =
=2J3<fo- 4Jshxdx +6j cosxdx +9j dx =
=De

4cAX+6sinx +9x +C :-i_-é\r ~A4cix +6sinx +9x +C,

2) Integral ostidagi kasming suratini maxrajiga hadma-hadbo lamir

K= 2Xx+5Yx_ _2c2+A
xY1 *
Bundan
3X2- 2X +5YXgk=jjr3x*-2x " 2+ Aj-dx =j3x:A -12x 2f+]
J XX
=3 —2 —+51nXx +C =2xV x-4V X +51nx +C,
-+l H
2

3) Anigmas integralning 5 xossasini qo‘llaymiz:

1(3x-7)y~r BV 5= g



misollarda awal integral ostidagi ifoda ustida almashtirishlar
keyin anigmas integralning xossalari va integrallar jadvalini

bajaran» 2 v

N oyih -£ Z « I * -0 * |
4 /— Vi - x VI +x2

=arcsinx - Inx+VI+x2 +C;

S5lLdx= =-m-)*+jt
3?,J1+x1 ) Jlgxﬁ

1+*

3
i=-fdx+jx~[dx+j ox =- x+X +arctgx +C;

6),«7E* (%- * 7 E*

i -L-- =
Jsin 2x J4cos'xsmx 4

fl
JVsmx cos'xy

1

4
______ — — =-~(ctgx +tgx) +C = —
2sm2x

_f rix__Lr dx :(
“3m x4 Cos x

Kk _("Ux—=3+aljc~7 dx
WX-S+ VX" VINI-TXNT”

':i4J(V N3+V er)(iv:%,l (X-3)> +%’\ I 7Tr +c.

infeoll~180*3 osdidagi ifodadan to‘la kvadrat ajratamiz va anigmas
"lining 14 formulasini goMlaytniz:

=Iny + m+/3+x +x3 +c. o



Mustahkamlash uchun mashqglar

7.1.1. Berilgan integrallami anigmas integralning xossalari va integral
jadvalini go‘llab toping: n
1)J[ 5c05X— —- +x* lodx;
\Ix - x2%" - de4
gyfzenszy 6)j[sinf +cosE) dx
Y)Jje’{Hcfif‘iw sinx
9)\ctgdx; i &
)\etgax; ) cOS' X - €C0S2X
dx . dx
12)j ..
»)J 25 +4cT’ ) ij3 +4x~2x2

7.2. INTEGRALLASHNING ASOSIY USULLARI

Differensial ostiga Kklritish usuli. 0 ‘rniga go‘yish
(o‘zgaruvchini almashtirish) usuli. Bo‘laklab integrallash usuli
isg 7.2.1. Anigmas integralda x o‘zgaruvchidan boshga n
o‘zgaruvchiga o‘tish orqgali jf(x)dx integralni jadval integraliga ke

integrallash usuliga differensial ostiga kiritish usuli deyiladi. uvjdegi
Bu usulda f'(u)du=d(f(u)) formulaga asoslangan 4

almashtirishlar keng qo'llaniladi:
du=d(u +a), du=—d(au+b), udu:Ed(UZ), cosudu-d(srDu)t
a

sinudu =-d(cosu), —du =d(\nu), ---—-—du =d(tgu),
" COS* U

v_L=+MM=</(arcsiim), ——-du=d(arctgu), a,b-o zgarmas
n/1-«r 1+



j misol. Integrallami differensiai ostiga Kiritish usuli bilan toping:

2)\e-xdx-
m'\6+9x _
,arctgXfa. 4 OSSNV
' Asmx-cosjt
f dx If d(3x) 1r du 11 n 1 X,
e 1 '"5*S kSF -5*iw =5 +c"li“re'g7 +c
-i(e'V (»-).ifc-N +C- i«-' +C.

3) \rct8 --dx =\arctg'xd(arctgx) = fu\tu =— +C =-arctg\x +C.
)N g'xd(arctgx) 2 £t

. reosic+smx ,  f«/(sjnx-cosx) rdu ) )
4)emetmeen e fl =|-A-mem-t= f— =In M +C =In|sin.r-cosjf +C. O
SMX-COSX SiNx-cosx "

7.2.2. N Anigmas integralda integral ostidagi funksiyaning bir
gismini u=u(x) o‘zgaruvchi bilan almashtirish orqgali jf(x)dx integralni
integrallash qulay bo‘lgan \f(u)du integralga keltirib integrallash usuliga
omiga go yish (yoki o zgaruvchini almashtirish) usuli deyiladi. Bu usul

\f(x)dx = \n<p(t))<p\t)dt (2.1
tormulaga asoslanadi.
Ayrim hollarda t=<ux) 0‘miga qo'yish tanlashga to‘g‘ri keladi. U holda
«1) formula 0‘ngdan chapga goMlaniladi, ya'ni jf(<p(x))<p\x)dx =\f(t)dt.

LY Integrallami o'miga qo'yish usuli bilan toping:
2)J M +cos2* sin 2xax\

e 41— o
} N\ e
shusaed ° T 'géa 4°'y*shni bajaramiz. U holda x=r +3, dx=2tdt.

\xJ7bdx =\(tz +3) T 2tdt =2j(/4+3r)dt =

2t d>+6lldt=2"- +({ - , c =-fix - A" +2vld 3) tC



2) | +cos2x =/2deymiz. U holda sin2x=-bdt, i =VITcos7

e 9 oo Bundan
FA +cos2x sin x<ix =Jt(-2t)dt =-2 «—+C — +c0s2x)3+C.
3) I +Inx=f2bo'lsin. Bundan Inx=/2-1, ~ =2tdt, ' ="Hnx.U ho”
VI +In /-1 B
xInx /+1 +C=
—oyl ik +1n VTINXL
VI +Inx +1

4) x =2sin/, dx=2costdt, V 4-x2=2cosr deymiz. Bunda t=

U holda
rn/4-x2 - rcos2/ . N-sin2/. f K
1 x sin t 1 sint sin'l 1
1-sin2 arcsin
=-ctg\ arcsin- |} arcsin- +C= J -arcsin—+C=
) - sin”arcsin 2

n/4-x -arcsin2—+C. )

Ba'zan bajarilgan o‘miga qo‘yishdan so‘ng shunday integral hesil
bo'ladiki, bu integralni boshga o‘miga qo‘yish orqgali soddalashtirish yoki
jadval integraliga keltirish lozim bo'ladi.

3- misol. f------------ 7===integralni toping.
(8x2+I)V4ax +1

® x=- 0'miga qo'yishni bajaramiz. U holda dx=—p- va

dx C
O 8+ 4+7

r

Nex2+ e +1— -
Keyingi integralda 4 +/2=z2 o¥iga qo'yishdan foydalanamiz.
Bundan A/=z<fe, 8+f2=z2+4. U holda

, f* = r_A _=-1lerc/gf+c.
J(22+4)z z2+4 2 2

-J

8 +<Qn/ 4+ 7

oi x orgali ifodalaymiz:
'=I|/4+/2:J" 1  n/4x2+1
: .

7 =.
Demak. _
u i_ ______ q 2(: == :_1 arct _\_/_I_)_(_Z_:'_-J'_-i- C 6
J(Bx2+)/ae+1l 2 2X

7.23. @ Anigmas integralda integral ostidagi ifodani udv ko'paytma

shaklida ifodalash va

judv=uv-jvdu (2.2)
formulani go'llash orgali \f{x)dx integralni integrallash qulay bo'lgan \vdu
integralga keltirib topish usuliga bo 1aklab integrallash usuli deyiladi.

& Bo'laklab integrallash usuli bilan topiladigan integrallami asosan
uch guruhga ajratish mumkin:

|P(arctgxdx, J P(x)arcctgxdx, Jp(x)Inxc£t, \P(x)arcsin xdx,
jp(x)arccosxdx (bu yerda P(x)-ko'phad) ko'rinishdagi 1-guruh integrallari.
Bunda dv=P(x)dx deb olish va golgan ko'paytuvchilami wn orqali belgilash
qulay;

\P(x)ebdx, J.P(x)sin&wx, jP(x)coskxdx ko'rinishdagi 2-guruh
integrallari. Ulami topishda n=P(x) va golgan ko'paytuvchilami dv deb
olish magsadga muvofig;

\ebsmkxdx, Je~cosforrfx ko'rinishdagi 3-guruh integrallari
(2-2) formulani takroran qo'llash orqali topiladi.

4-misol. Integrallami bo'laklab integrallash usuli bilan toping:
‘)J amgxdx- 2)Jin2xdx;

-3drzsin 2xdx; 4)\edcospxdx.
~h o ld™ “arCiBxdx *n*e8ral 1- guruhga Kkiradi.

> jerctgxdx = arctgx=u, du :-—9-)5:

¢ =xarctgx- f—*~dx=
dx=dv, v=Xx 1+Xx

' xarctgx - i ¥ - xarctgx - ~In]l +x21+C.



2) 1- guruh Jin2xdx integraliga (2.2) formulani ketme-ket ikki
qo’llaymiz:

_ _ dx
JIn"xdx = In2x =y, du =2lnx =x\a-x-2\\nxdx =
dx =dv, v=x
Inx=bl, du= o

=x\n2x~2x\nx +2jdx=x\n~x-2xInx +2x +C
dx=dv, v=x

3) JxJsin2xdx integral 1- guruhga kiradi.
U holda

x1=u, du=2xdx,

|x2sin2xdx = . COS2X =  X2C0S2X +Jxcos2xalx =
sin 2xdx =dv, v=—

X =u, du=dx,
sin2* =--X 2c082X +-Xsin 2x - —fsin 2xdx =
2 2 2J

cos2xdx =dv, v=-

=-iX 2c0S82X +—xSin2x +—€0s2x +C.

4)1 e" cosfixdx integral uchinchi guruh integrali bo’lgani sababli
(2.2) formulani takroran go‘llaymiz:

e" =u, du=ae“dx,

/=|e” cosfixdx = cosfixdx =dv, v=~——

em=u, du=ae”dx

—~p g VAN | 1%1F1 = .
e* sin fix j e< si*1fixdx sin fixdx =dv, v= _cosfix

=ie i hiX-— af e1 é’osfixf-tr—\ae' c”o&fix\,-\e _n fismfix +acosfix ZaAJ
P P{ P P
Bundan
/ p sinfix +a cosfix Q
az2+p?2
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Ko'rsatilgan uch guruh bo‘laklab integrallanadigan barcha integrallami
0‘Zichiga olmaydi. Masalan, J§I>F]dx integral yuqgorida Kkeltirilgan integral
X

gtiruhlariga kirmaydi, lekin uni boiaklab integrallash usuli bilan topish

mumbkin.

X =u, du=dx

r xdx _ :
sin2ic dx s-dv, v=-Ctgx mxctgx +Jctgxdx =—xctgx+In kinx [+C.
sin" x

Mustahkamlash uchun mashglar

7.2.1. Berilgan integrallami differensial ostiga kiritish usuli bilan toping:

Df-~-dx; 2)Jcos2xsinxd!x;
cos'j:
3 I+4x X+5
5)Je” ‘cos.taljr; 6)je " Xx2h,
1) 8)(22"N;
9byhler 10)J gimomjctdoas”

7.2.2. Berilgan integrallami o‘miga go'yish usuli bilan toping:

Sy & 20\ %2
3)J Hf * A~
JV 2T 4*
5) fjic2V?T3tEc; 6) -~ s2xrfr ;
1+sinxcosx’
71— . 04f4jc-5J .
(arcsmxyn/T-"?" Ax2+5
m U — 10)/------- *



11)3.6(2.t +7)I0<& 12)J .

X\ - x)
eudx _In2x dx
13 g g Winax x

7.2J . Integrallami bo‘laklab integrallash usuli bilan toping:

l)jxarctgxdx; 2) jarcsin;aEc;

3)Jjrin xdx; 4N\XZ'dX;

5)Jjc3‘dx; 6)\x&valxdx;

7Y Jin3xc 'fj(sinjc«far
)Jin3xax { oosx e
s ] W) [ xarctgdx
9)jsin(Injf)«£t; TVITT

11)IW 2jc+1<& 12)jV " sin 4xalx.

7.2.4. Integrallami toping:

D$x, N\+x2dx; 2) | sin 7>xsnbxdx;
3)je’ cosAex)dx; 4)JMt
rl-tgx . . Inxdx
5)J +1gx o «f ar(1-1n2x)’
dx dx
2T+ 1x00-3) &)1 T
xdx tic
i 10
9)!305*1‘: )IW2x-9'
e-"dx 12)) eudx

") \#x2° Y3T.



7.3. RATSIONAL FUNKSIYALARNI
INTEGRALLASH

Ratsional kasrlarni sodda kasrlarga yoyish
Sodda kasrlarni integrallash.
Ratsional kasr funksiyalarni integrallash

7.3.1. Ikkita Qnfx) va P (x)ko‘phadning nisbati
R(x):-Q‘]X) bxn +b,xre>+... +b A x +h,,
Pnx) a, X +ax +..+amk+a,
ratsional kasr funksiya (yoki ratsional kasr) deb ataladi. Bunda ratsional
kasr m<n bo'lganda tog rfikasr, m>n boMganda notoQ Ti kasr deyiladi.
© Har bir noto‘g‘ri kasr ko‘phad bilan to‘g‘ri kasrning yig'indisiga
teng. Bu ko‘phad kasrning butun gismi deyiladi va u kasrning suratini
maxrajiga odatdagidek bo‘lish orqali topiladi. Bu jarayonga kasrning butun
qgismini ajratish deyiladi.
Quyidagi to‘g‘ri kasrlarga sodda (elementar) kasrlar deyiladi:

x-a It. (IC_ a) (k>2, kez);

L -J**+N ,(p2-4q<0); IV. - I\/b(;i\l , (sZ2, sezZ, p2-4q<0),

X +px+q (~+px+0Q)
buyerda A,M,N,a,p,q- hagigiy sonlar.

Har ganday to‘g‘ri kasmi sodda kasrlar yig‘indisiga

yagona tarzda yoyish  mumkin:

Qlx) A A2 A

P.(x) X-a (x-a) (x-a)l

AMXEN, - MXEN, re Mx+N ’
K- X“+px+q (X +px+0)- (x +px+aq)

uyerda A,,A2,...,AkM, N, M2N2,...Mt,Ns- noma’lum koeffitsiyentlar.
xirgi tenglikning noma’'lum koeffitsiyentlarini  topishning turli
an mavjud. Ular quyidagi tasdiglarga asoslanadi.
1+ Ukkita ratsional funksiya bir-biriga teng bo'ladi, agar ular bir xil
Vamaxrajga ega bo'lsa.



2°. Ukkita ko'phad bir-biriga teng bo'ladi, agar ular bir xil darajaga ega
bo'lsa va ularda noma’lumning bir xil darajalari oldidagi koeffitsiyentlar
teng bo'lsa.

3" Ikkita n-darajali ko'phad bir-biriga teng bo'ladi, agar Uar
noma’lumning n+lta turli nuqgtalarida bir xil giymatlar gqabul gilsa.

Noma lum koeffitsiyentlar usulida:

1. (3.1) yoyilmaning o'ng tomoni />,(Yumumiy maxrajga keltiriladi;
natijiada ayniyat hosil bo'ladi, bu yerda

J P(x) P(x)
Snfx)- koeffitsiyentlari no'malum bo'lgan ko'phad.

2. T - tasdigga asosan suratlar tenglashtiriladi: Qnfx) =Sngx).

3. 2“- tasdigga asosan 0 j¢x) =5,,(x)tenglikda jcning bir xil darajalari
oldidagi koeffitsiyentlar tenglashtiriladi; natijada tenglamalari noma'lumlar
soniga teng bo'lgan sistema hosil bo'ladi va bu sistemadan izlanayotgan
koeffitsiyentlar topiladi.

Ixtiyoriy giymatlar usulida 3“- tasdiqga asosan Q,,(X) == ning
har ikkala tomonida xga turli m+1 ta giymatlar beriladi va izlanayotgan
koeffitsiyentlar topiladi.

Noma’'lum koeffitsiyentlami topishda yuqorida keltirilgan ikkita usul
birgalikda go'llanishi mumkin.

7.3.2. 3 Sodda kasrlaming integrallari quyidagi formulalar &
topiladi:
I f -=/jInjic- a #C
Jjc-a
F Adxr A +€;

(<) (X ea)w

L Infic’ +pX+q\+~2 _Mp-arctg 2XHP LT
X +px+q 2 bF~P~ V44~P"

Yy .f— K J N_MP
3(x2+px+q)" 2(1- «X* +hx+q) \% 2

u a s t dt 1 f 1 ,25~3r
buyerda
Bunda /, integralni hisoblash indeksi bittaga kichik bo'lgan
I . integralni hisoblashga, integralni hisoblash esa 0‘z navbatida



j integralni hisoblashga Kkeltiriladi va bu jarayon quyidagi integralni
Jpjshgacha davom ettiriladi:

/ =l =—arctg- +C.
+a a a

I-misol. Integrallami toping.

. Bdx ~.rldx

ON2X +3; (x +5)4'

)f— dx; 4))]  X+"—dx
"X2+2X +3 JXx2-4x +5

8> Avval integral ostidagi ifodalami sodda kasrlarga keltiramiz va
keyin ulami yuqgorida berilgan formulalar orgali integrallaymiz.

3
Xx+- +C.
2

'J2x+3 2] 2

e
2

2)f ldx S S
J(X+5)4  (1-4XX+5T 1 3(x +5)J

3)f *+1 1r(2*+4)-2 " Md(x2+4x+8) , d(x+2)
X +4x +8 2 X2+4x+8 2 X2+4x +8 (x +2)2+22

=i Ink2+4x +4 kiarcfg "2 M +1

D WVolaf Hy ™ - 12552 16)s
1,d(x2+2x+5), .« dx
2 (x2+2x +5)3 (x2+2x +5)5

(x

1 +35 J(x+1) ! +3/
2(1-3X x2+2x +5)W (x +12+ 22 #Rz+2x +5)
buyerda /=jc+1, a=2.
U holda
t 2-3-3



| f t 3 ft It
4a2l (t2+a2)2+2a2u 2+a2+a°lMXBa

yoki
w3 Xt Lareramill'll
16L4x2+2x +5)2 8U 2+2-t+5 2 2))
Demak,
| x+4 =- o+3/y:
(X2+2x +5)3 4(x2+2X +5)'
1 X+1 3 X+1 3 X+1
“H— e t— arete-—---- +C-.
4(X2+2x +5)2  167(x2+2x +5)2 8 x2+2x+5 16 2
3x-1 49 x+L 1—9 arete +C. O

(o) R(x):%(MX)) ratsional kasr funksiyani integrallash  quyidagi

tartibda amalga oshiriladi:

1) berilgan kasrning to‘g‘ri yoki noto‘g‘ri kasr ekanini tekshirish; agar
kasr noto‘g‘ri bo‘lsa, kasrdan butun gismini ajratish;

2) to‘g‘ri kasming maxrajini ko‘paytuvchilarga ajratish;

3) to‘g‘ri kasmi sodda kasrlar yig‘indisiga yoyish va yoyilmaning
koeffitsiyentlami topish;

4) hosil bo‘lgan ko‘phad va sodda kasrlar yig'indisini integrallash.

2-misol, JX2 XA+ X8I+ OX 14 integralni topmg.
X3- 3x3+4x- 2
X5- 3x4+7x3- 8x2+6X-1 410 rj kasrdan butun gismini ajratamiz-
X3- 3x3+4x- 2
_X5-3x4+7x3-8x2+6x-1 x3- 3x2+4x- 2
X5- 3xX4+4x3—2x2 X2+3
3x3- 6x2+ 6x -1
3x3-9x2+12x-6
3X - 6x +5.
Bundan
XS- 3X4+7x3- 8x2+6x -1 3 3x2- 6X +5
=X +3+

X3- 3X2+4x - 2 X3- 3x2+4x - 2



To‘g‘ri kasming maxrajini ko‘paytuvchilarga ajratamiz:
x3-3x2+4x-2 =(x-1)(x2-2x +2).
To‘g'ri kasrni sodda kasrlarga yoyamiz:
3x2-6Xx +5 A Bx+C
X3-3x2+4x-2 x-1 Xx:-2x +2'
Yoyilmaning koeffitsiyentlarini topamiz:

3X: - X +5=A(X2-2x +2) +B(x2- x) +C(x -1).

Bundan
x2: A+B=3
-2A-B +C=-6,
v x*: 2A~C =S
yoki A=2, 5=1 C -
Shunday qilib,
3x2- 6x +5 2 jc-1

-+e
X3-3X24+4x-2 x-1 X2-2Xx +2

Ko'phad va sodda kasrlar yig‘indisini integrallaymiz:

ifx ~Y +xXo-8n~+6x~I<£t= f(x2+3)dx+2f— +f X~1--dx=

J X - 3x +4x-2 x-1 X - 2X+2
x1 . lrd(x2- 2x+2) x3
=— +3X + PR S A P -
3 3X 21n1x 11 51 % T Es 3 +3x+2In 'x-1
~- - +2|+C= =— -
2In[x2 2X +2|+C=: 3 +3x+2InX -2x+2+C' (@]

Mustahkamlash uchun mashglar

7.3.1. Berilgan to‘g‘ri kasrlami sodda kasrlar yig‘indisiga yoying
koeffitsiyentlami noma'lum koeffitsiyentlar usuli bilan toping:

nfl +4x+I ,»43x3-5x3+8x-4



7.3.2. Berilgan to‘g‘ri kasrlarni sodda kasrlar yig‘indisiga yoying va
koeffitsiyentlami ixtiyoriy giymatlar usuli bilan toping:

X2+2X +3.
x4+x3

3XL- 2x2- 2x +7 ,
X -x2

73.3. Integrallami toping:

(x-2)(x +5)
xdx
3L (x +1)(x +2)(x +3)’
3x2+2x-3

IX(x-1)(x +1)

_Ar2x3+2x2+4x+3
7)J ------- mM—r— <B

-31(x4+3x3+2x2+x +1

dx;
X +Xx+1

2Bl ox 2oy ™
dx
19)N(X2+4x +5X*2+4x +13)'

2y

2x2-11x- 6
X3+x2- 6x’

4 xTIx

xdix
(x +1)(2x +1)
8xdx
(x +1)(x2+6x +5)’

2)1

4)1

) *%

1 x'2(x—+-l)
121 &
1+x3
14)g2;
dx

16)i (x2+9)5

i. 1)1 X4+2x2+X

J (x“-- WXZT4E ;

dx
20)1(x+|)2(x2+ )

22)< rab5 F 4;

24> 1 1 X 1 n



7.4. TRIGONOMETRIK FUNKSIYALARNI
INTEGRALLASH

|(sin.v,cosjc)rfx ko‘rinishidagi integrallar.
Jsin" xcos"Ixdx ko‘rinishidagi integrallar.
\tg'xdx, |ctg''xdx ko‘rinishidagi integrallar.
jsinmxcos)m&, Jsinwxsin nxdx, j cosmxcosnxdx k«‘rinishidagi
integrallar

7.4.1.J7(sinx,cosx)dx  ko'‘rinishidagi integralni hamrna vaqt
universal trigonometrik o ‘rniga qo yish deb ataluvchi tg~=t 0‘miga qo‘yish

orgali t o‘zgaruvchili ratsional funksiyaning integraliga almashtirish, ya’ni
ratsionallashtirish mumkin.
Bunda J/?(sinx,cosx)<£c ifodadan

o‘miga go'yishlar yordamida t o‘zgaruvchili

ratsional funksiya kelib chigadi.

1-misol. f---m--m--— - integralni toping.
200sX=-8stnX-+3
® deymiz. U holda
2dt
i+r itV

=i(In]/-5]-In]/-1])+C =~In/g|-5 -In/g~-1 +C. O



J/{(sinx, cosx)tfcc ko‘rinishidagi integralni quyidagi o‘miga qo'yishlar
orgali ham topish mumkin:

a) fl(sinx,cosx) ifoda sinx ga nisbatan toq bo'lganda uning integrali
cosx =t o‘miga qo‘yish orqali ratsionallashtiradi;

b) /?(sinx,cosx) ifoda cosx ga nisbatan toq bo‘lganda uning integrali
sinx=/ o‘miga qo'yish bilan ratsionallashtiriladi;

¢) 5(sinx,cosx) ifoda sinx va cosxlarga nisbatan juft bo‘lganda uning
integralini tgx=t o‘miga qo‘yish ratsionallashtiradi. Bunda quyidagi
almashtirishlardan foydalaniladi:

tgX t2 1. 1 dt

sin’x = =57 COS2X =---if- =-—  x=arctgt, dx=— -
1+tg'x | +t2 1+fg X 1+t2 1+/2

2-misol. Integrallami toping:

. C sinxoix _ roodx
COS2X-2COSX +5°’ A3sin‘ x -4

<€> 1) Integral ostidagi funksiya sinx ga nisbatan toq funksiya.
Shu sababli cosx =t, -sinxdx=dt deb olamiz.

U holda
. smxdx @ d_ r d(t-1)
C0S2X-2C0SX +5 "/2-2/ +5 (/7-1)2+4
1 ft-1 cosx-1
=— arct +C=— arct ---------- +C-
N> 97
2) Integral ostidagi funksiya sinx ga nisbatan juft funksiya, shu sat
tgx=t 0'miga qo'yishdan foydalanamiz:
dt
f—n =J 1+£...._J_jL =-larctgL =-larcJ® ) +C. O
J3sin2x -4 <+4 2 2 2 \2
1+t2

7.4.2.|sin" xcos”xdx ko‘rinishidagi integrallar m va n butun sc
bog‘lig holda quyidagicha topiladi:

a) n>0va toq bo‘lganda cosx =/ 0‘miga qo'yish integralni
ratsionallashtiradi; 2|

a) m>0 va toq boMganda sinx=< o'miga qo'‘yish orgali m
ratsionallashtiriladi;



c) T va n sonlarining har ikkalasi juft va nomanfiy bo‘lsa,
., _1-cos2x oy _ | +C0S2X
c0s"x =

formulalari bilan integral ostidagi ifodada daraja ko‘rsatkichlar pasaytiriladi;
d) m+n<0 va juft boMganda tgx=t yoki ctgx=t o‘rniga qo'yish
bajariladi. Bunda m<0 va n<0 bo‘lsa, suratda | =(sin2x +cos2x)‘

ajmashtirishdan foydalaniladi, bu yerda k= -1;

e) m,n<0 va ulardan biri toq bo‘lganda sinn va cosxlardan gaysi
binning darajasi toqligiga qarab, surat va maxrajni shu fimksiyaga
go'shimcha ko‘paytirishdan foydalaniladi.

3-misol. Integrallami toping:

1)fsin2xcosXrfx; 2)fsin4xcosXfi&; 3) f— .
1 J Jsin xcos x

® 1)jsin2xcosXdx (m>0 va tog, sinx =/)=Jsin2xcos2xcosxdx =
=JA1-t2dt=jtd t-jtidt=Y ~"j +C =jsin’x -~sin'x +C.

2)|sin2xcosaxt/x (n,m>0 va juft) =j"(sinxcosx)2cos2xdx =

_j~sin_2xj M cos2.t™ —AJ(Sin22x +sin22xc0s2x)<& =

=—f-— dx +— fsur 2xrf(sin2x) =
8J 2 16J
1(  sindx| sin32x_+_=_1( ___s_|_r_1_z_1_>5 _§_|_n__5_2_2<’\ .
161, 4 ) 48 161, 4 3 )
N~ r4dx~~ integralda n=~4, m=-2, n+m=-6<0, k=mm- " -1 =2,
sin XCos X 2
Demak,
lfr J_d_ B(§jggx +0052x) 2, —\fsindx +25fin2xc0512x +COSAX 4
Xcos X J  sin Xcos X J sin xcos x
=] +2] +1Q08 y dr dx 2ct Jct xd(ctgX) =
cos r sin x 1 smy =lgx- 20tgx- g xd(ctgg =

=--ctgix-2ctgx +tgx+C. O



7.4.3. \tg"xdx va \ctg'’xdx (bu yerda n>0 butun son) ko'rinishidag
integrallar mos rasvishda tgx=t va ctgx=t o‘miga qo'yish orqali topiladi
Bunday integrallami o‘miga go'yishlardan foydalanmasdan, bevosita

1 2__ 1
tgx =—=—-1 = e 1
9% c0s'x L og sin‘
formulalami qo’llab topish mumkin.
4 -misol. \tg'xdxintegralni toping.

l-usul. jtgxdx=tgx=t, d x = j~ =\ = jtdt-jdt +j~ =
=B t +arctgt :-]tg'x - tgx +arctg(tgx) +C=-1-;g’x ~tgx+x +C.

2-usul. Jtg*xdx =jtg'x mgXdx =jtgx-" "----Jdx =

=\tgXx —V - - ftgxdx=Jtgxd(tgx) - J] — - lldx=
3 cos'x 3 3 vhos X )

=  X~\d”Sx)+jdx= ~tg'x - tgx +x +C. O

7.4.4. Jsin/njccos/mic, Jsin mxsin Wwx6c, Jcosmxcos/woer ko'rinishdagi
integrallar

sin mxcos nx =—{sin(m + n)x +sin(/w-n)x),

sinmxsin nx=" (cos(m - n)x- cos{m+ri)x),

€OS MXCOS X =~ (cos(m +n)x +cos(m - n)xd)
trigopnometrik formulalar yordamida topiladi.

5-misol. Jsin3xecosSxdx integralni toping.

<S> |sin 3x mos5xdx =" j (sin 8x - sin2x)dx =

=—}- -cos8x +—€0s2x J+C =—(4co0s2x-cos8x) +C. O
2v 2 J 16



Mustahkamlash uchun mashqlar

7.4.1. Berilgan integrallami toping:

odx . dx
i)j5 +4sinx 2°) Bsinx +;in2x‘
X
N T O M ; ,
J3+5smx +3cos.r 4 +2sinx +3cosx
f sinxdx 6\)]{3_(:053’@(.
W3- cos3x ’ sin X
4,C0S4X +sindx
8)3““". """ — &,
11 +srn' x cos$'x-sm'x
. dx
9)Jsin! xcos4x<Er, 10)J sinxcosax "
dx \2)\ctg'2xdx\
A2 +3sin: X - 7¢0S: X
. ar Sin2xax . 14)] cos2xcos 5xdx;
N+cos2x’
15)Jsin2xcos3xa_T: 16)J cosx cos 2x cos 3xdx.

7.5. GIPERBOLIK FUNKSIYALARNI
INTEGRALLASH

Giberbolik  funksivalarni integrallash trigopnometrik  funksiyalami
integrallash kabi amalga oshiriladi. Bunda giperbolik funksiyalar uchun
o'rinli bo‘ladigan quyidagi formulalardan foydalaniladi:

A2X + | h2x-1
chx-shx-1 2shxmchx=sh2x, (:h'xzc—X sh xzc—’\)-(---,
i Sth*_ 14+t
\-th-x =— cthx -1 =— | shx=--——-- 2-, shx=------- -
chx shx
2 2

1-misol. Integrallami toping:
f dx



dx

3) jth3xdx;
)] 4)J 3chx + 2sfix
dx je'l
o Gl X e
* 2shleh X TthZ i P2
2 2 2 2

)J-gnr;( =] Cﬁ\_)zmc-lll-‘]x =JO - th)d(thx) =thx - %-th&( +C.

3) Jth'xax =) thxsthzxdx =) j<&=Jthxk - Jthxd(th) =

zrsf:;(]dx Zl?lix rdg;hx ]thx \n\d”b(\—lth-’-x+c
X X

4) thz—t belgilash kiritamiz. dx-l_tz,shx-l_tzshx-l_t oml%a
go'yishlar yordamida topamiz:
2dt
r dx |-t2
"3cAx+2sfot IN LH +2 2/ 'fj/z+"/+i
T-/3+ 1-t2 3
"3t X 42"
2 3?2 +2\
- pareht 1 >C=T sarctg\ \E +C o
<t-
3..
& Giberbolik funksiyalarni o‘z ichiga olgan integrallami

R(ex) ratsional funksiyaning integraliga keltirib topish mumkin.
Bunda jR(e")dx ko'rinishdagi integrallar e =t o'rniga qo‘yish yordamida
ratsionallashtiriladi.

2-misol. Integrallami toping:
dx
Ofmm

}dx 4_“_2_@2(_ =2) f— =(e’ =r, e'(fr= L)‘ZZJ-r—dt
—2arg /gf+C =2arctge' +C.



dt 2t-1 2f-1

/(B3-7-21 =HE+)(2-2

Ratsional kasmi sodda kasrlarga yoyamiz:
2t-\ n B C

tt+\)(t-2) t t+1 t-2
Yoyilmaning koeffitsiyentlarini topamiz:
2t- 1=A(t2- t- 2) +B(t2-20 +C(r +/).

Bundan
f2: N+A+C=0,
f': -A-2B +C-2,
2/4=-1.
yoki A=7, B=~\, C=i
Shunday qilib,
_____ 2:1 gp=_fdt j idt 1__1[&t;

-e'-2 Jgp +LL ~2) 2Jt T+l 2 (-2
F Int- IK+1) +iln(f- 2)+C =

a tol N +C=lto If*2)I+C. O
2 (t+\y 2 (ex+1)

Mustahkamlash uchun mashgqlar

7.5,1. Berilgan integrallami toping:

* e 3 8 8
thxolx

4Hf -1
c/Ww&

6)J oJch2x’

8) Jcth*xdx;

10>J:*
e’shx

<dt.

)



7.6. IRRATSIONAL FUNKSIYALARNI
INTEGRALLASH

fax +ftV' (ax +b\'>

dx ko‘rinishidagi integrallar.
Nex +rfJ \ecx +d)

Jr(x,J0x' +bx +c)dx ko‘rinishidagi integrallar.
fxm(a +bx"ydx binominal differensial integrali

7.6.1.0K dx (J1-ratsional funksiya,
\cx +dJ \ct+rfj

ax
m,4,,m,,1 . - butun sonlar)

CX +
funksiyaning integraliga keltiriladi, bunda s = EKUK(n,,n,,...).
1-misol. Integrallami toping:
2) M+ \122 T\ dx

x V2 -x -JIX+\
® 1) =,! deymiz. Bundan *=2~—  dx=— dt
2 -x t2+\ (t2+1)2
U holda
rl 2+x, f /+1 8tdt T vdt
Voo Foe-1) T e+n2=4¥i - ixr+D
-1 o=
t+1
h +x-427x
:2arctg
JY+Xx +42-x
2) EKUK(2,3)=6. 2x +\=t" deymiz. U holda
S2x+1 =t3) j2x +\=r, dx=3tdt
Demak,
[4%2 Afd, =3ff/2- 2/ +f2+1)1=
J V2T+T J t3 1

thop o‘miga qo'‘yish yordamida ratsional
d
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N L Al
p +

-+ +C=—(3/12-10/6+9/2+15) +C =
15 29 573 g (3/12-10/6+9/2+15) +C

=?L2>1c5.tl S(i2x; - 8x+9v2x+1 +8)+C. O

7.6.2. Jn(*,'/ax’ +bx+c) dx ko‘rinishdagi integrallar Eylerning uchta

o'miga go'yichi orqali ratsional funksiyalardan olinadigan integrallarga
keltiriladi:

a) a>0 bo'lganda -Jax2+hx+c=txJax almashtirish orgali integral

ostidagi funksiya ratsionallashtiriladi (Eylerning birinchi o ‘miga qo Yishi);

b) ¢>0 bo‘lganda -Jax2+bx+ c =txt4c almashtirish yordamida integral

ostidagi funksiya ratsionallashtiriladi (Eylerning ikkinchi o ‘miga qo Yishi);

c) ax2+bx+c  kvadrat uchhad a(n--gr,)(x-x2) ko‘rinishda

ko'paytavchilarga ajralganda integral ostidagi fimksiya
/ax2+bx +c =t(x- x,) almashtirish bilan ratsionallashtiriladi (Eylerning
uchinchi o ‘miga qo yishi).

2-misol. Integrallami toping:

AX2+9x +1” VT +x + ] i, A2x -3

® a>0. Shu sababli v4x2+9x +1=2x+t 0'miga qo'yishni bajaramiz.
U holda

[=IVAX2+9X +1 -2X Vva 4X2+9x +1=4x2+4x/ +/\ 9x-4/x =/2-1.

Bundan

X :_/_2:__'_ . dx=- 22/29/+£dt V4x+9]c-'!-I=2/-2_9t+2
9-4/ 9- 4/ 9-4/

Topilganlami berilgan integralga gqo‘yamiz:
*

(K 4 - )
Vax2+97+1 4 2t2-9i +2){ (9-4H 1 14/-9
Bundan

f K= —n[4/ -9[+ C.
N/4x2+9x +1 2

X °‘zgaruvchiga gaytamiz:

f--r - dx. =--In]4(Vx2+2x +2-2x)-9[+ C.
\(4x2+9x+\ 2
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2) ¢>0 Shu sababli V*2+x+1=it+1deymiz. U holda

+ N A A i A
fYREXEL 02 e rimtx 40 40, x-kt2 =B\

X
Bundan
jt = _Z_E_-_\dx :!_2___!:_1-_ / SV 7 f% __________ —
1-/ (1-/

Topilganlarni berilgan integralga qo‘yamiz;
=== Ol 7 QLotrgy _h2k
JW777n juU -il U'z <+|J I (1-*22 ) 2/-1
Bundan

—==fm——=  =in1y-114C=in 2R FXFI 20X

== +C.
JW A+ x +1J2f-1

3) x2+2x- 3=(@- (c+3) bo‘lgani uchun */(*- 1)(jc+3) =(- I/ o'miga
go‘yish bajaramiz. U holda
—_ *
(ar-1)(nr +3) =(ar-1)28%6 t lio—1
Bundan
x=-‘2+3 dx=—-—— n/,qri_%z_;( 3—- 41
r-1 (f'-1) f2-1
Topilganlarni berilgan integralga go‘yamiz:
r dx r/V-14( -8/ A ,, d
NX2+2x-3 1 4 JI(/2-1)2 ] f2-1
Bundan

]+ =21 —=mn o XAl

4 x2+2x-3 t-1 /-1 mx+3- Yyar-1
® Eyler o‘'miga qo'yishlari murakkab hisoblashlarga olib kelgan
hollarda integrallashning quyidagi usullaridan foydalaniladi.
|/ Aer /a0 +bx +c)dx  ko‘rinishidagi  integrallami topishning kvadral
uchhaddan to'la kvadrat ajratish usulida kvadrat uchhaddan to'la kvadrat

ajratish yo‘li bilan berilgan integral awal ushbu integrallardan binga
keltiriladi:

a) agar a>0 va b2- 4ac <0 bo'‘lsa, u holda JR{t,sIm2+n22)dt, bu yerca



b) agar a>0 va bl~4ac>0 bo'‘lsa, u holda j R(t,-Jn22- T 2)dt, bu yerda
b2-4ac b
— i e , r=JH---—-
>=a, m 4 a 2a
c) agar a <0 va b2-4ac >0 bo‘lsa, n holda jR(t,Jm2- nZ2)dt, bu yerda
2 b2- 4ac b
m - 49 , ~X+Ya
So‘ngra hosil gilingan integrallar mos ravishda t=—tgz, =
n /isinz
/=sinz trigonometrik o‘miga qo‘yishlar orqali Jfl(sinz,cosz)</z ko‘rinishga
n
keltiriladi.

3-misol. J-JI +6x-x2dx integralni toping.
® Kvadrat uchhaddan to‘la kvadrat ajratamiz, yangi /o‘zgaruvchi
kiritamiz va trigopnometrik o‘miga qo‘yishdan foydalanib, topamiz:
y i +6x-x2x="\6-(x-3)2x= X-3 =1, =J/16 -t2dt= F=dsinz,
dx =dt dt =4coszdz

Z/\

=|//16-16sin2z 4coszt/z =JI6cosZz<fe=8|(l +co0s2z)dz :8|"z+§~'[1z J+C=

r
(z=arcsM2 =8 arcsintt b --22) 4c =
| 4, 4 44 16,
. . *-3 1 .
=8arcsin™ +~tyj\6-t2+C =8arcsin™-™ +7(jc-3)-\/7 +6jr-jc] +C. O

@5 Shuningdek, IR(x,fax2+bx+c)dx ko‘rinishidagi integrallami
topishda quyidagi usullami qo‘llash mumkin:

a)J— p(x)a ko'rinishidagj integrallar, bu yerda P,,(x)-n- darajali
ko'phad:
— Adx A . .
0 «=0 da lJ- bo‘ladi; bu integrallar a>0 boiganda
-Jax2+bx +c

®®grallarjadvalining 14-formulasiga, a<0 bo'lganda esajadvalning
" °rmulasiga keltiriladi;



2) a=1lda boMadi; bu integrallar suratda kvadrat
Vox +bx+c

uchhadning hosilasini ajratish natijasida ikkita, biri integrallar jadvalining
1-formulasiga va ikkinchisi 1) banddagi integralga keltiriladi;
3) n>2 da berilgan integraldan keltirish formulalari yordamida quyicWj
ko‘rinishdagi ifoda hosil gilinadi:
J~ =Q -i(X)n/ax2+bx+c +M\ A
blax'+bx +c¢ bbx +bx+c
bu yerda (x)- koeffitsiyentlari noma’lum bo‘lgan «-1-darajali
ko'phad, M-gandaydir o‘zgarmas son. Bunda ko‘phadning noma’lum
koeffitsiyentlari va Msoni oxirgi tenglikni differensiallash hamda
tenglikning chap va o‘ng tomonidagi x ning bir xil darajalari oldidagi
sonlami tenglashtirish orqali topiladi.
b>JtaX+p)Aax2+bx+c ko‘rinishidagi integral ax +p=- almashtirish
yordamida 1) banddagi integralga keltiriladi;
c)f-------—---===== (neZ,n>1) ko'rinishidagi integrallar ax +B=-
(ax +py”~ax" +bx+c t
o‘miga qo'yish orqgali 3) banddagi integralga keltiriladi.

4-misol, i ==

(x-3)3vx2-6x+1
«> Xx-3 =- deymiz. U holda dx=-", x2-6x +10=4-+1- Bundan

4 4
X 12 LI rdt
\x-3)5n/x2-6x+1o 4 oJr +1

3) banddagi integral hosil gilindi. n=2 boMgani uchun

w2 +1 W3+
Tenglikning har ikkala tomonini differensiallaymiz:

V/)+1 Jt2+1 W +
yoki
12=A\+t2 +(At+B)t +M.



Bunclan/1=-, b=0, m =~ . U holda
n A

At _tlrl Irodt g+t 1ok i
JVI+F 2 2JVT+F 2 2 1 |

yoki eski 0'zgaruvchiga gaytsak
f < _ ype-6x+\0 1 JI+V?-6.7+70

1(x-3y/x2-6x+10 2(x-3y 2 X-3 *c o

7.6.3. \xa(a +bx")pdx  ko‘rinishidagi integral binominal differensial
integrali deyiladi. Bunda m,n,p- ratsional sonlar.

<g> Binominal differensial integrali fagat uchta holda ratsional
funksiyalarni integrallashga keltiriladi:

a) p butun son bo‘lganda integral x=t' (bu yerda s=EKUK(m,n))
o'miga qo‘yish orgali ratsionallashtiriladi;

/m+ 1

b ) n butun son boiganda integral a+bx'=/!(bu yerda 5- psonning
maxraji) o‘miga qo'yish yordamida ratsionallashtiriladi;
c) +p butun son bo‘lganda integralda a+bx"=t'x"(bu yerda

]
j - psonning maxraji) almashtirish bajariladi.

Bu 0'miga qo'yishlar Chebeshev o ‘miga qo Yishlari deb ataladi.

5-misol. j- 7--1— dxintegralni toping.

® Integralni standart ko'rinishda yozamiz: jV '~7—4.r3 dx.

-2+ 1
Bundan m=--, n=~ p=-\a =— —I-butunson.
3 3 6 n 1

Sababli Chebishevning ikkinchi o'miga qo'yishini bajaramiz:
7 - 4 [ =VT7-4VI,

=(_7-f ) , X=a(7'f )\ dX=-§(7'tytwt



Bundan

yoki

FTNE Y gyt gy (W e

Mustahkamiash uchun mashqlar

7.6.1. Berilgan integrallami toping:

g
dx 21
DI jx+rfx"
VI +x VjT+T
ate
51 n/2x1 +\f(2x-\y
adx
N1 mpo—3x+2
<
N Worg +x +1
ox
1IN +\[-2x-x2’
\3)"5 +4x-x{dk, 14|n/x2-411;
161 "
J(ar-1)n/-* +3x-. (x-DVx3=2x'
17):.]] 4r3-2x- x-
9) W 20)n ;
NN .
20)IX'V (i+7)TA; 2) " ey
adx

24) \ KK.
23) )1L>|Zl'b|x

B\



7.7. ANIQ INTEGRALNI HISOBLASH

Aniq integrating ta’rifl, geometrik ma’nosi va xossalari.
Aniq integralni hisoblash

7.7.1. y =f(x) funksiya [a;ft] kesmada aniglangan va uzluksiz bolsin.
[a;b] kesmani ixtiyoriy tarzda a=x0<x, <..<xM<x, <...<xs, <XnmFb
nugtalar bilan uzunliklari [x, =X,-X 0,..,[8%,=X, =X (_ydX,, =X,-XWboigan
n ta gismga bo‘lamiz. Har bir Ax (i=I,n) gismda ixtiyoriy £ nugtani
tanlaymiz. f(x) funksiyaning bu nuqtadagi giymati /(£) ni hisoblaymiz, bu
giymatni tegishli [Ox, uzunlikka ko‘paytiramiz va barcha ko‘paytmalami

go‘shamiz, ya'ni
a :;&f(’\i)Ax, (7.0)
yig'indini tuzamiz. Bu yig‘indiga /(x) funksiyaning [a\b] kesmadagi
integralyig ‘indisi deyiladi.
H Agar (7.1) integral yigindining A=max[x. ->0dagi chekli limiti [a\b]
kesmani gismlarga bo‘lish usuliga va bu gismlarda nugtani tanlash usuliga
bog'lig bo‘lmagan holda mavjud boisa, u holda Bu limitga [a;ft] kesmada

/(x)funksiyadan olingan aniq integral deyiladi va \f(x)dx kabi belgilanadi:
a
%‘f(x)dx—lim E{(E,),ﬂ,x,. (7.2)

Agar /(x) funksiya [ab] kesmada uzluksiz boisa, u holda shu
kesmada integrallanuvchi boiadi (anig integralning mavjudlik teoremasi).
uningdek, [a;ft] kesmada chegaralangan va chekli sondagi birinchi tur

uzulish nuqtalariga ega boigan /(x) funksiya shu kesmada integrallanuvchi
bo'ladi.

1-misol. g(t/x integralni integral yig‘indining limiti sifatida hisoblang.
® fOl] kesmani 0 =x0<x, <.. <xM<x, <..<X,, <X, =1 nugqtalar bilan

liklari [ix. :ri1 (/=i,u) boigan nta bolakka bolamiz.



Bunda ﬂ:g%r@%(ﬂr,=mﬂ;o. L nugta sifatida gismiy kesmalan

LD
oxirlarini olamiz, ya'ni =q, :-n.
Tegishli integral yig‘indini tuzamiz:
o, A= 0 I
Bundan
im_a =Lfmnti 1

{ro) 2 T3 2n 2
Endi 4, nuqta sifatida qismiy kesmalaming boshlarini olamiz:

£ =* , =—-Bundan
n

(d Bl n n n- 2n
. ¥ _ ___1
Al - =2
Demak, integral yig‘indining limiti [0;1] kesmani bo'lish usuliga va bu
kesmada £ nuqtani tanlash usuliga bog'liq emas.
I J

U holda ta’'rifga ko‘ra gxdx:~2~. @)

y =f(x) funksiya [a\b] kesmada uzluksiz va /(jr)>0bo’lsin.

Yugoridan y =f(x) funksiya grafigi bilan, quyidan Ox o‘q bilan, yon
tomonlaridan x=a va x=b to‘g‘ri chiziglar bilan chegaralangan figuraga
egri chizigli trapetsiya deyiladi.

b\f(x)dx aniq integral son jihatidan egri chizigli trapetsiyaning
a
yuziga teng. Bujumla aniq integralning geometrik ma’nosini anglatadi.

2-misol. JVI6-x:<r integralni uning geometrik ma’nosiga tayanib
0

hisoblang.
<$> x ning 0 dan 4 gacha o‘zgarishida tenglamasi >=v16-*
chiziqg x2+y: =16 aylananing | chorakdagi bo'lagidan iborat boiadi.
Shu sababli x=0, x=4, y =0, y =-J16-x2chiziglar bilan chegaralangan eg0



chjdqli trapetsiya x2+y2=\6 doiraning chorak gismidan tashkil topadi.
Uningyuzi S=~ gateng.
Demak.

%)n/lG-x 2dx =4n. O

<o) Aniq integral quyidagi xossalarga ega.
I Aniq integralning chegaralari almashtirilsa uning ishorasi o‘zgaradi,
ya'ni
\f(x)dx - -] f(x)dx.
a b

2°. Aniq integralning chegaralari teng boisa uning giymati nolga teng
bo'ladi, ya'ni

\f(x)dx =0.
3" 0 ‘zgarmas ko‘paytuvchini aniq integral belgisidan tashgariga
chigarish mumkin, ya’ni
h b
jkf(x)dx =k jf (x)dx, kK =const.
&, Chekli sondagi funksiyalar algebraik yig'indisining aniq integrali
go'shiluvchilar aniq integrallarining algebraik yigindisiga teng, ya’ni
J(/ (%) £<p)dx - 1f(x)dx £\<p(X)dx.

5” Agar [aft] kesmada funksiya o'z ishorasini o‘zgartirmasa, u holda

bu funksiyadan olingan aniq integralning ishorasi funksiyaning ishorasi bilan
bir xil bo‘ladi.

6°. Agar [a\b] kesmada f(x) ><p(X) bo‘lsa, u holda
\f(x)dx>\<p(x)dx
bo'ladi.
7>- Agar [a;fe] kesma bir necha gismga bo‘lingan bo‘lsa, u holda [a;b]

bo'yicha olingan aniq integral har bir gism bo'yicha olingan aniq
egrallar yigMndisiga teng boiadi. Masalan,

j fO)dx = [f(x)dx+If(x)dx, ce[a\b].



(7.6) formula aniq integralni bo’'laklab integrallash formulasi d
ataladi.

7-misol. Jxsinxalx integralni hisoblang.

X=u, dv=sinxdx
du=dx, v=-cosx

=-ncost+ 0-cos0 +sinX* =A+0+sin*-sin0 =7r. O

=-xcosal +] 0osxck=

Mustahkamlash uchun mashgqglar

7.7.1. Integrallami integral yig‘indining limiti sifatida hisoblang:
D\ 2)\xak

7.7.2. Integrallami aniq integralning geometrik ma’nosiga tayanib
hisoblang:

1)Jcosxad\ 2)%(3 +X)J1;
! [~x,agar -25x<0,
3)j0VI6- x2d\ 43/ (xVfc, N*) =] eagal-0 <x<2.

7.7J . Integrallami tagqoslang:

z X

1)/, =Jcosx<*r, /2=|sinxdx; 2)/ .= JIVZ-X <8, /2:}>Xfﬂf-
3)7, = VI -x'rfx, 12=j(I -X)dx\ 4)7, = jxcosxt&r, /2= jxsinxi*-
-2 -2 ‘ xa ||£2

7.7.4. Integrallami baholang:

2)/2=}n+37&;



7.7.5. Funksiyalaming berilgan kesmalardagi o‘rta giymatini toping:

= [—2:2]; 2)y=\x\,
3)y =3x+2, [13]; 4) y =x2\ [01],
7.7.6. Berilgan integrallami hisoblang:
- 4
1)j(x2+2x +\)dx 2) Jsin4xdx;
A
3)|cosx(&;
¥
XK
5)jcos2JE; .
gosses 6) ki
7\M ~ 8) J(2jc3+\)x2lx;
Ry ) J(2ic3+\
9)](;(4\ +x dx; 10) Acos;tsinSxdx;
g n
i ?sinxdx dx
12) J )
1+cosx ‘W 4-9jt2’
3
& It
13 j sin’ xdx;
)13 axp 14) Josm xdx;
£

15)) c.osxdx.
6-5sinx +sin: x’

2
|
17) barcsinxﬁic; 18) | In2xrfx;
.
4
19> j»ini*; i :
oJ >>|f12| 20) %exsm 2xdx;
2y dx; 22) Julnxtfr;

24) Jcos(In x)dx.



7.8. XOSMAS INTEGRALLAR

Cheksiz chegarali xosmas integrallar.
Chegaralanmagan funksiyalardan olingan xosmas integrallar.
Xosmas integrallarning yaqinlashish alomatlari

7.8.1. Cheksiz  chegarali  integrallarga va  chegaralanmagan
funksiyalardan olingan integrallarga xosmas integrallar deyiladi.

w f(x) funksiya [a+00) oraligda uzluksiz bo‘lsin. Agar limJ/Amg)cx
chekli limit mavjud bo‘lsa, bu limitga yuqori chegarasi cheksiz xosmas
>

integral (I tur xosmas integral) deyiladi va Jf(x)dx kabi belgilanadi:
a
1F{x)dx = \m*\f(x)dx. (8.1)
» a a
Bu holda \f{x)dx integral yaqinlashuvchi deyiladi.
a

Agar \m\f(x)dx limit mavjud bo'lImasa yoki cheksiz boisa, u holda
a

+®
J/ (X)dx integral uzoglashuvchi deb yuritiladi.

Quyi chegarasi cheksiz va har ikkala chegarasi cheksiz xosmas
integrallar shu kabi aniglanadi:

if(x)dx:Xm{z;f{x)dx, (8-2)
Jf(x)dx =JimJIf(x)dx +limj f(x)dx, (8-3)

bu yerda c-Ox o‘gning istalgan fiksirlangan nuqtasi.

1-misol. Integrallami yaginlashishga tekshiring:

1)]e°*dx\ 2) IxsinjttEr;
0

- o1+ X
<|> 1) a *0 boisin.
U holda

le~“%dx =lim\ e “dx=—Iim(e~* -1).
0 a
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Bunda

a >0 bo'lganda \e~nux- lim-"- +—=-0 +—=—,
0 aF'e a a a
a<Oborlganda (@"<&=-—lime” +—=+4x
ar-* & a

+C
a=0 boiganda jV°'dix= J*&=limZ>=+00
0 o A

+0
Demak, %e “dxxosmas integral a >0 da yaginlashadi va a <0 da

uzoglashadi.

0 0 f 0 \
2) jxsinjrabc = lim Jxsinxdx - lim - xcosxf +Jcosxdtt =lim(acosa-sina).

0
Bu limit mavjud emas. Shu sababli Jxsinx<& integral uzoglashadi.
3) (8.3) tenglikda ¢ =0 deb, topamiz:

*arctgxdx _ rarctgxdx 7 arctgxdx

1 \+x2 ~1 I+x: +1 1+x2
Bundan
}z_a[g_t_gxdx hmJarCthdX |marcN0’>€\ =— I|m arctg’ a—--p--,
14X ***’ 1+X 2"*“ PR 8
=lim] ~ x =1 , =1
{ 1+x1 1+x 2> o 2% 8

Varctgxdx _ K2 nr

I 1+x3 ~T~T~

Demak, xosmas integral yaqginlashadi. O
7.8.2. &8 /(L) funksiya [a;b) oraligda aniglangan va uzluksiz bo'lib,
x~bda aniglanmagan yoki uzilishga ega bo‘lsin. Agar lim }f(x)dx chekli
tifoit mavjud boMsa, u holda bu limitga chegaralanmagan funksiyadan
°Agan xosmas integral (11 tur xosmas integral) deyiladi va jf(x)dx kabi
Agilanadi:
\f(x)dx =\imjf(x)dx. (8.4)



Nar) funksiya * ning a ga o‘ngdan yaginlashishida n*r
boMganda J,shga ega
j fO)dx =lim f(x)dx

bo‘ladi. 65)

/(gr) funksiya ce [a\b] da uzilishga ega boMganda
jf)dx =lim]/ (g)dx +lim Jf ( x)dx
a a GE

(86)
boMadi.

1 fa
2-misol. J-7==f integralni yaqginlashishga tekshiring.

on/l —mI
® pmg=1da integral ostidagi funksiya ikkinchi tur uzilishga ega.
U holda (8.4) tenglikka ko‘ra
f- = lim f = limarcsinxl" = lim(arcsin(l -e)-0) =arcsinl =-
Wl-x2 — 1 na/1-Jc2 lo — 2!

Demak, xosmas integral yaqginlashadi. O

7.8.3. Xosmas integralning yaginlashuvchi yoki uzoglashuvchi boMishi
yaginlashuvchi yoki uzoglashuvchiligi oldindan ma’lum bo'lgan boshga
xosmas integral bilan tagqoslash orqali aniglash mumkin.

1-teorema (/ tur xosmas integralning yaginlashish alomati). [e+>

oraligda /(ar) va <p® funksiyalar uzluksiz boMsin va o</(*)*fw
tengsizlikni ganoatlantirsin. U holda:
a) agar \<p{dx integral vyaqinlashsa, Jf(x)dx integral

yaginlashadi;
b) agar j / (x)dx integral uzoqglashsa, }<p(}dx integral ham uzoq .=
a o

3-misol. je"™dx integralni yaginlashishga tekshiring.
0 , N,,.ich funksiy”
® Puasson integrali deb ataluvchi bu integral bosh a

ega emas. Bunda
\e-' dx =\e-¥ddx +]e !dx.



integral xosmas integral emas va u chekli son giymatiga ega.
r
I -'dx integralni qaraymiz. [l;+w) oraligda O<e " <e’ hamda va

ftUsiyal" urf-ksir. U hoida
fe' dx=limJe ‘dx =|lig(-e“)] = - lim—=-.

Demak, bu integral yaginlashuvchi va 1-teoremaning a) bandiga binoan
puasson integrali ham yaginlashadi. O

2-teorema (// tur xosmas integralning yaqinlashish alomati). [7;6)
oraligda /(*) va p(*) funksiyalar uzluksiz boisin va 0</(*)<<p(i)
tengsizlikni ganoatlantirsin, v=/da 7/ (x) va <p(Xfunksiyalar aniglanmagan
yoki uzilishga ega bo'‘lsin. U holda:

a) agar J<p(dx integral vyaginlashsa, \f(x)dx integral ham
yaqinlashadi;h 5
b)agar |f(x)dx integral uzoglashsa, j<p(x)dx integral ham uzoglashadi.

4-misol. integralni yaginlashishga tekshiring.

« VI —jc

® Integral ostidagi funksiya x=1da Il tur uzilishga ega.

*e(0;1]da =forx__1 ~ 1
\% \liTx vi-x
I dx
xosmas integralni yaqginlashishga tekshiramiz:

yoroooo 2 dx 03 - _ 3/ \ 3
ovie M5 = g3 = fme e,
Demek f *

MTT= Integral yaqginlashadi va 2-teoremaning aj bandiga
n°an beril * X

Integral ham yaqginlashadi. O

Ma ~ar Jf(x)\dx fj]/(x)]«brl integral yaginlashuvchi boisa,

uholda
(!f(x)dx integral ham yaginlashuvchi boiadi.
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Agar J|/(Gt)]dx [J1/(jc)|*J integral yaginlashuvchi bo‘lsa, u ~

\f(x)dx |j/(x)<fcj integralga absolut yaqinlashuvchi xosmas integr /
deyiladi.
Agar J f(x)dx jjf(x)dx ) integral yaginlashuvchi bo‘lib,

JI/(x)]dxy I/(x)]abcj integral uzoglashuvchi bo‘lsa, u holda

Jf(x)dx \\f(x)dx”™ integralga shartliyaginlashuvchi xosmas integral

deyiladi.

5-misol. \~~dx integralni yaginlashishga tekshiring.

o C

<S> Integral ostidagi funksiya [0;+o0)oraligda ishorasini almashtiradi.

, . smx 1 . L . . .
Ma’lumki <e_ . 1-misolga ko'ra je~2dx integral yaginlashuvchi.

U holda 1-teoremagabinoan jAS';X dx integral yaginlashuvchi va

3-teorema va 3-ta’rifga asosan \—/~dx integral absolut yaginlashadi. O
e

Mustahkamlash uchun mashqlar

7.8.1. Berilgan integrallami hisoblang yoki uzoglashuvchi ekanini
ko‘rsating:
) 2 ) fxe~dx;
iltn 0
3) Jicos.iiiv; 4))—

2X



\ dx . 10)F—*m o

b Ta

13)j"; 14)L 2+6x+10°
7.8.2. Integrallami yaginlashishga tekshiring:

o 2)h f a

3)J J *

Ajﬁrcdsj’.t’ “Wo=dbsx

93 ™ N, 10)/ T'x<b m
(x-0)5 »WTAT

11)I59\S&&; \2) N exsmxdx.
X2

7.9. ANIQ INTEGRALLARNING TATBIQLARI

Yassi figuraning yuzasini hisoblash. Tekis egri chiziq yoyi
uzunligini topish. Avlanish sirti yuzasini hosoblash.
Hajmni hisoblash. Momentlar va og‘irlik markazini hisoblash.
Kuchning bajargan ishini hisoblash

7.9.1. Yugoridan y2=/,*) funksiya grafigi bilan, quyidan -=m=/(x)
fanksiya grafigi bilan, yon tomonlaridan x=a va x=b kesmalar bilan
esmalardan biri yoki har ikkalasi nuqtadan iborat bo‘lishi mumkin)
c egaralangan yassi figura yuzasi

$ =g(/,(*)-/(*)N9 (9.1)
a bilan hisoblanadi (1-shakl).

mh. |
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»  Funksiyalardan biri nolga teng boMganda, ya’ni yuqori yoki qu
chegaralardan biri Ox o‘gdan iborat boMgan egri chizigli trapetsiyanb
yuzasi quyidagi integral bilan hisoblanadi: ®

92)
Agar y=f(x) funksiya x=tp(t), y=v(0. a<t<p parametrik
tenglamalar bilan berilgan boMsa
S-\y(t)<p'(t)dt 9.3
a

boMadi, bu yerda, a=<p(a) va b - ip(P).

Qutbhdan chiquvchi =a va <p=p nurlar bilan hamda tenglamalari
r-r,(<p) va r=r{{p) (r,(<p)<ri<p))boMgan egri chiziglar bilan chegaralangan
yassi figura yuzasi

§ =~\{rt(<p)-rA<p))d<p

integralga teng boMadi (2-shakl), xususan r=r(<p)(r{{<p=0) funksiya grafigi
bilan chegaralangan figura uchun

S =\\r\<p)dg>. 94)
L a

I-shakl. 2-shakl.
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1- misol. y*=x2, y=0 va x=1 chiziglar bilan chegaralangan figura
yuzasini hisoblang (3-shakl).
<€ (9.2) formuladan topamiz:

S=|xAx=-

2-misol. y =cosx, y=0, x=0 va x=n chiziglar bilan chegaralangan
figura yuzasini hisoblang (4-shakl).

® 4- shaklda berilgan figurani yuzalari 5, va S, boigan
kesishmaydigan gismlarga ajratamiz. U holda yuzaning additivlik xossasiga
asosan berilgan figuraning yuzasi gismlar yuzalarining yigindisiga teng
boiadi.

Demak,

K

S =S, +S2=Jcosxd't-|cosxtEf = smx|2-sinx]* =1- (-1)=2. O

3-misol. y=x+1 va m=x-1 chiziqglar bilan chegaralangan figura
yuzasini hisoblang.

® Figura umumiy 5(0;-1) va C(3;2) nuqtalarga ega boigan parabola
vato‘g‘ri chiziq bilan chegaralangan. Shaklni uchta gismga, ya’ni yuzalari
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S, ga teng boMgan AOD va AOB parabolik sektorlarga va yuzasi s, ga ten
bo‘lgan BCD parabolik uchburchakka ajratamiz (5-shakl).
U holda

S$=25+52= 2_hyfx +ldx +!')b/7+T- (x- \))dx =
=14 HV(*+03-v +cl - °

Yuzani hisoblashga oid masalalami yuzaning ko‘chishga nisbatan
invariantlik xossasiga asosan soddalashtirish mumkin. Bunda figura

yuzasi (9.1) formulada x va y o‘zgaruvchilar (Ox va Oy o‘glar) ning
o ‘mini almashtirish orgali hisoblanadi, ya’ni

S:;J(/Z(*)- f (X))dXZCJ(QZ(X)- g (y))dy. 95

Masalan, 3-misolda berilgan figura yuzasi y o°‘zgaruvchi bo‘yicha
hisoblansa, figurani gismlarga ajratish shart bo‘Imaydi:

5=j(y+1- (yr-1))dy= (y -y +2v]l =|.

4-misol. x=asinr, y=6sin2t chiziglar bilan chegaralangan fig0l3

yuzasini hisoblang.
® 6-shakldan ko‘rinadiki, egri chizigning t parametr 0 dan n gaC
0 ‘zgarishiga mos bir halgasining yuzasini hisoblash yetarli.



(9.3) formulalar bilan topamiz:

N 9 i f'cos31 8
S =2jbsin2tacostdt =4abfcosztsintdt =-4atA------ 1 =-ab. O
0 0 V 3 y0 3

5-misol. r=2cos3<p egri chiziq bilan chegaralangan figura yuzasini

hisoblang.
r=2cos3rp tenglama uch yaproqgli gulni ifodalaydi (1-ilovaga
garang). Uch yaprogli gulning oltidan bir gismi yuzasini hisoblaymiz:

is =ij4c°s23pp=J(I + A)I>=" +

Bundan
S=tr. o
7.9.2. [ab] kesmada uzluksiz y =fix) funksiya grafigining (egri chiziq
yoyining) uzunligi
I =\f\ +f'\x)dx (9.6)
a

formula bilan topiladi.
Agar egri chizig x=g(y), ye[c;d\ tenglama bilan berilgan bo'lsa uning
uzunligi

| =}i+ g dy)<fy (9.7
integral bilan topiladi.
Agar y=f(x) funksiya Xx=<p), y=4(1), a<t<p parametrik
tenglamalar bilan berilgan bo'lsa
I=\J<p'\t) +y"(t)dt 9.8)
a

bo'ladi, bu yerda, a=<p(@) va b =<p(P).
Qutb koordinatalar sistemasida r=rf<p), a<ip<p tenglama bilan
berilgan AB egri chiziq yoyining uzunligi
[=\Jr (@) +r'((p)d<p (9.9)
a

»

integral bilan topiladi, bu yerda r(<p), r’(<g) funksiyalar [a\p] kesmada

°2luksiz va A, B nugtalar qutb koordinatalarida a,p burchaklar bilan
ani4lanadi.



6-misol. y =-x\[x - egri chizigning Ox o‘q bilan kesishish
nuqgtalari orasidagi yoyi uzunligini toping.

@ y =0 deb egri chizigning Ox o‘q bilan kesishish nuqtalarini
aniglaymiz: x, =0, x2=141.
Hosilani topamiz:

7-misol. in-ly\g—--lday egri chizigning y, =1 dan y2=e gacha yoyi
uzunligini toping.
<& X' hosilani topamiz:

2 2y 2
Yoy uzunligini (9.7) formula orgali topamiz:

1_

1(1+£1zILEI£] o

8-misol. \ X acos t' tenglama bilan berigan egri chiziq uzunligi*I
[y =asin t

toping.
® Berilgan tenglama astroidani ifodalaydi (I-ilovaga garang).
Astroidaning uzunligini (9.8) formula bilan topamiz:
n

I1=4Jn/(-3acos21sint)2+ (3asin2tcost) !dt =
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:4{)3A-y/cosz1sin21 m(cos21 +sin2)dt =
= 12ai)cos/sin/t/? = 6asin2’?f2- 6a Q
9-misol. r- a(\+cos<p), a>0 kardioida uzunligini toping.
<S> Egri chizigning simmetrikligini (1-ilovaga gamg) hisobga olib,
(9.9) formula bilan topamiz:

=21 =2$yja~(l +coscp)2 +a2(-sin<p)2cp=4a” \}' +gCB<7dcp:
0 0
=4a| cos"dg>- sasin® =8a. O

7.9.3. [a;ft] kesmada f'(x) hosilasi bilan birga uzluksiz boMgan v=/(x)
funksiya grafigining Ox o‘q atrofida aylanishidan hosil boMgan jism sirti
yuzasi

a =2*\f(x)J\ +f ' 2(x)dx (9.10)
a

formula bilan hisoblanadi.
x=g(y),y e[c;rf] funksiya grafigining Oy o°‘q atrofida aylantirshdan
hosil boMgan jism sirtining yuzasi

a=2nfg(y)Jl +g'2(y)dy (9.11)

integralga teng boMadi.

x=<p(t), y-y/U), a<t<p parametrik tenglamalar bilan berilgan egri
chizigning Ox(Oy) o‘q atrofida aylanishidan hosil boMgan jism sirti yuzasi
quyidagicha hisoblanadi:

ct =2m\in(ryl<p2(t) +ill'2(t)dt (cr —ji\<p(t)"'2{t) +(En{t)dt\, (9.12)
buyerda a =<p(@) va b =(p(P) (c ="(a,)va d =y/(P,)).

Qutb koordinatalar sistemasida r=r<p), a<<p<p tenglama bilan
berilgan egri chizigning Ox(Oy) o‘q atrofida aylanishidan hosil boMgan jism
Srti yuzasi

a =2njr(tp)s'mq>yjr2(<p) +r'2(cp)dg> fcr =21 ] r(<p)COS<pyjr2(<p) +r'2((p)d<p\ (9.13)



10-misol. Radiusi R ga teng bo'lgan shar sirti yuzasini hisoblang.

<€ Aylana markazi qutb qilib olingan qutb koordinatalar sistemasida
aylana r =R tenglama bilan aniglanadi (1-ilovaga garang). Bu aylana
yarmining Ox o°‘q atrofida aylanishidan shar hosil boiadi.

Shaming koordinata o'glariga simmetrik boiishini inobatga olib
hisoblaymiz: .

a=2-2*j/JsinW ra™ =474 -cos” =4gqii:. O

7.9.4. Oxyz koordinatalar sistemasida gandaydir V jismning Oy
koordinata tekisligiga parallel tekislik bilan kesimi yuzasi S ma’lum
bo'lgan gandaydir D yassi figura boisin. Agar V jismning Ox o‘qga
proeksiyasi [alb] kesmadan iborat boiib, V jismning Ox o0'qga
perpendikular boigan va (jc;0;0)nugtadan o'tuvchi kesimining yuzasi S(*)
xning uzluksiz funksiyasi bo'lsa, uhoda bundayjismning hajmi

V =\s(x)dx 9.14)
formula bilan hisoblanadi.
11 - misol. J_r§+ Z|2+Z—2:1ellipsoidning hajmini hisoblang.
a C

<S> Ellipsoidning koordinatalar boshidan x (~a<x<a) masofada
o'tuvchi Ox o'qga perpendikular tekislik bilan kesamiz. Kesimda yarim

o'glari b(x)=bjl-*r wvac(x)=cji1-"- bo'lgan ellips hosil bo'ladi.

Uning yuzasi
s(jr) = Ttb(x)c(x) = nbcj 1
-S>
U holda
r:]*nbc(l-x( Fndx:7d)c(x - 2X0T qvabe. o
\' al 4y 3By

12-misol. Balandligi Hga va asosining yuzasi S ga teng piramidaning
hajmini hisoblang.

<S> Oxy koordinatalar sistemasini koordinatalar boshi piramida uc 1
joylashgan va Ox o'q balandlik bo'ylab yo'nalgan qilib tanlaynl2



W

piramidani uning uchidan x masofada asosga parallel kesim bilan kesamiz
vakesim yuzasini S(x) bilan belgilaymiz.
U holda parallel kesimlar xossasiga ko'ra (7-shakl)

S(X) je2 . .
- oki S(x)= 2
s ~pp YOKI SK =i
(9.14) tenglikdan topamiz:
. . S
VAjs(x)dx =] ~ x 2x =" - "1 ="~SH.
js(x)dx =]~ x Zx =" j o 4 T5SH
A 8-shak.

13-misol. x2+y2=9 va x2+z2=9 silindrlar bilan chegaralangan jism
hajmini hisoblang.

9-shaklda berilgan jismning | oktantda (.t>0,_y>0.z>0) joylashgan

sakkizdan bir boMagi keltirilgan. Uning Ox o'gqqa perpendikular tekislik
bilan kesimi kvadratdan iborat. Kesim abssissasi (g:0,0) nugtadan o‘tganda

kvadratning tomonlari a=y=z=J9-x2 ga va yuzasi i(x)=9-x2eng
bo'ladi, bu yerda 0<x <9.
Jismning hajmni (9.14) formula bilan hisoblaymiz:

V=8j(9 - x2)dx =8 9x - | 144. O



g=a Yugoridan >=f(x) uzluksiz funksiya grafigi bilan, quyidan ox
o‘q bilan, yon tomonlaridan x-a va x=b to‘g‘ri chiziglar bilan
chegaralangan egri chizigli trapetsiyaning Ox o°‘q atrofida aylantirishdan
hosil bo‘lgan jism hajmi
V=n\f\x)dx (9.15)
a

formula bilan hisoblanadi.
Bu egri chizigli trapetsiyani Oy o‘qi atrofida aylantirishdan hosil boigan
jismning hajmi quyidagi formula bilan hisoblanadi:

V =2n]xf(x)dx. (9.16)

<S) Agar egri chizigli trapetsiya x =g(y) uzluksiz funksiya grafigi,
Oy (Ox) o‘gq, y =c va y =d to‘g‘ri chiziglar bilan chegaralangan bo‘lsa, u
holda

V=njga(y)dy (Oy) \V=2n]yg(y)dy (Ox)J. (9.17)
esp, r=r(<p) egri chiziq va <p=a, $=f3 nurlar bilan chegaralangan
egrichizigli sektoming qutb o’gi atrofida aylanishidan hosil bo’lgan
jismning hajmi
v:z—;1 ng sin<ptp (9.18)
formula bilan topiladi.

14-misol. Radiusi R ga va
balandligi H ga teng bo'lgan
konusning hajmini hisoblang.

® Konusni katetlari R va H
boMgan to‘gri burchakli
uchburchakning balandlik bo‘ylab
yo'nalgan Ox 0°q atrofida
aylanishidan hosil boMgan jism
deyish mumkin (9-shakl). Gipotenuza
tenglamasi y =kx bolsin deymiz.

U holda 9-shakl.



Bundan

7.9.5. Oxy tekislikda massalari mos ravishda boigan
N (x2'YOr—A,,(x.;y.) nuqtalar sistemasi berilgan boisin.
Sistemaning Ox (Ov)o'qga nisbatan statik momenti M (M,) deb nugtalar

tnassalarini  ulaming  ordinatalariga  (abssissalariga)  ko‘paytmalari
yig‘indisiga aytiladi, ya’ni

Sistemaning Ox(Oy) o‘gga nisbatan inersiya momenti J, (Jr) deb

nugtalar massalarini ulaming ordinatalari (abssissalari) kvadratiga
ko'paytmalari yigindisiga aytiladi, ya’ni

Sistemaning og ‘rlik markazi deb koordinatalari

boigan nuqgtaga aytiladi, bu yerda m="Emr

® Tekis egri chizigning momentlari va og ‘irlik markazi.

Oxy tekislikda AB egri chiziq y=f(x) (a<x<b) tenglama bilan berilgan
bo'lib, egri chizigning har bir nugtasida y =y(x) zichlik va f(x) funksiya
o0°zining /'(jc) hosilasi bilan birga uzluksiz boisin.

U holda AB egri chizigning statik va inersiya momentlari hamda
°g‘irlik markazining koordinatalari quyidagi formulalar bilan aniglanadi:

Mx=]|yydl,  My=jyxdl; (9.19)
Jx=\yyadu Jy=jyxal; (9.20)
b b
Jyxdl Jyydl

o 0 (9.21)



15-misol. Zichligi y=1 ga teng bo‘lgan
jc=3(r-sinO, y=3(1-cosr), /e[0;?r]sikloida yarim arkasining statik \a

inersiya  momentlarini hamda massasi va og‘irlik markazin,,,
koordinatalarini toping.

<S> dx=3(1- cost)dt, dy=3sintdtbo‘lgani uchun

dl ="9(1-cos/)1+9sin'-tdt =3a/2-2cos7<* = 6sin~dt.
Izlanayotgan kattaliklami (9.19) - (9.21) formulalar bilan topamiz:
M =\ydl = f3(1- cosr)6sin-<* = 36fsin2”sin '-dt = 36jf 1- cos2/] sin tdt =
c%/ 0 X ) 2 o 2 2 JN 2) 2

:36fsin-"*+725')0052-"[\(}os" |=-72cos" +72-- 053t =72-24 =48;
n 2 2 2) 2.

* t t t
M., = fxdl = £32- sint)6sin- dt =18)/sin- dt -18Jsintsin-dt =
y o o] 2 o 2 o 2
=1n- 2fcos~ + 2jcos™frj - 36|sin2" cos-dt =360+ 2sin~

- 72jsin2irffsin/1 =36m- 72-%5&#13'2— =72-24 =48;

J = fy-dl =j9(l-cosf) Bsin—/ =216jsin<-"sinrff =
0 0 2 o 2 2
=216jf1-cos2j sin™Ndt=216}sinMdt +864jcos2*cos j -

- 432|cos4-j~cosn-j =-432cos™ + 864 -3C0832— -432- i5C 0s 5’2‘

=432-288 + 32 112

J =]x-dl =29(/ -sin/) 6sin—eft = 54?/2sin"-dt - 1086'/sin/sin -dt +
y 1 i 2 n 2 1



Yassi figuraning momentlari va og irlik markazi. Oxy tekislikda
[ab] kesmada uzluksiz boigan y =f(x) funksiya grafigi , Ox 0‘g, x-a va
x=b to‘g‘ri chiziglar bilan chegaralangan egri chizigli trapetsiya (yassi
figura) berilgan boiib, yassi figuraning har bir nuqgtasida y =y(x) zichlik
uzluksiz boisin. U holda vyassi figuraning momentlari va ogirlik
markazining koordinatalari quyidagi formulalar orqali topiladi:

Mx:éjg/yxdx, Mf::}iyxydx; (9.22)



16-misol. y=cosx kosinusoida yoyi va Ox o‘gining ~!L"Xx"x
~ ~2
boiagi bilan chegaralangan, zichligi y=1 ga teng figuraning og‘irlik

markazini toping.

<> Kosinusoidaning simmetrikligidan xc=— bo'ladi.

U holda ]
n it
M =-f =- 2.«&=
=5 {yax=, ooz«
H.l +cos2x If_ . sin2x
=- fe—2——dx=-  Xx+-—=-
21 2 4v 2
2
n
2 . * n T
m= | cosxtEc =sinx|2l =
Demak,
 H
7.9.6. Material nuqta o‘zgaruvchan F kuch ta’sirida Ox o‘qi bo"

harakatlanayotgan bolsin va bunda kuchning yo‘nalishi harakat yo‘nalishi
bilan bir xil boMsin. U holda F kuchning material nugtani Ox o‘qi bo‘ylab
x=a nuqtadan x=b (a<b) nuqtaga ko‘chirishda bajargan ishi quyidagi
formula bilan hisoblanadi:

A=\F(x)dx, 9.24)

bu yerda F(x) funksiya [a;b\ kesmada uzluksiz.

18-misol. Agar prujina 12 H kuch ostida 4 sm ga cho‘zilsa, uni 22 sm
cho‘zish uchun gancha ish bajarish kerak?
® Guk qgonuniga ko‘ra prujinani cho‘zuvchi kuch prujinaning
cho“zilishiga proporsional boiadi, ya’ni F =kx.
Misolning shartiga ko‘ra: F{0,04 m)=12 H yoki 12=0,04*. Bundan A=30 =
U holda

0,22

A= J 300x<Ec=15002°" =7,26 (J). O



Mustahkamlash uchun mashqlar

7.9.1 Berilgan chiziglar bilan chegaralangan figuralar yuzalarini
hisoblang:

)y=9-*2"3=° 2) y=-X, y=2x-x2

3) v=In(x+6), y=31lnx, y =0, x=0; 4) p=Inx, y =0, x=%,

5) X=y2 X=|.y+2; 6) x>=4, x=5-y\

Ny =x\ y2=-x; 8).y=x\ »=x3 x=-1, x=I

9) x=4cos/, _y=3smf, 0</<2;r;

10) x=3(r-sin?), *=3(l-cos/), sikloidabittaarkasi;

11) r =3Vcos2™, 12) >-==3sin2p.

13) r =2+ 3c0s™>; 14) r =2 biro’rami.

7.9.2. Berilgan egri chiziglar yoylari uzunliklarini toping:
1) v=—, x=0 dan x=4/3 gacha;
2) y =chx, x=0 dan x=1gacha;
3)y2=x3 x=0 dan x=5 gacha;
4) v=arccosvx - fIx- x2, x=0 dan x=1I gacha;
5) Y=1dan j =2 gacha;
6) *=I-In(/-1), y=3dan y =4 gacha;
7)*=/2 >»=y-r, koordinata o‘glari bilan kesishish nugtalari orasidagi;
8) *=f2 j>=f3 /=0 dan r=I gacha;

9) x=2(f- sinf), y =2(1- cos/), sikloida bitta arkasi;



*10) x =3(2cos<-cos2/), V=3(2sin?-sin20;

11) r =a(l-cos«5), r<~ kardioidabo'lagining;
12) r=8coslj, (p=0 dan =" gacha.

7.9.3. Chiziglaming berilgan o‘q atrofida aylanishidan hosil bo'lgan sirt
yuzasini hisoblang:

1) y2=4x, x=0 dan x=3 gacha, Ox o‘q;

2) x- +y2=9, Oy o‘q;

3)x =2(f-sin0O, y =2(1-cost),bitta arkasi,Ox o0‘qg;
4) x =V2co0s<, y =smt,Ox 0'q;

7.9.4. R radiusli shar hajmini hisoblang.

7.9.5. Asosi A +2=1 ellipsdan iborat bo'lgan va balandligi h=3ga
teng elliptik konusning hajmini hisoblang.

7.9.6. x2+y2+2z2=16 shar hamda x =2 va x = 3tekisliklar bilan
chegaralangan jism hajmini hisoblang.

7.9.7. X2 + 22 _x 2=1 bir pallali giperboloid hamda x=-1 va
jc=2 tekisliklar bilan chegaralangan jism hajmini hisoblang.

7.9.8. Berilgan chiziglar bilan chegaralangan figuraning berilgan o q
atrofida aylanishidan hosil bo'lgan jism hajmini hisoblang:

1) x3=4-y, y=0,0x o'qi;

2) x2+y2=4 yarim aylana (x>0)va y2=3xparabola, Ox 0'qi;
3) »=arcsmx, * =0, x=1 Oy 0'qi;

4)Y =x3 x=I, ~=0, Oy o0'qi;

5) x2=4y, x=0, jp=1, Oy 0'qi;



e)N +f =10 N ° g

7) jc=2(/ —sin/), y =2(1-cost), bittaarkasi, Ox o°‘qi;
8) x=t\ y=t\ g=0, y=10)"0qi;

9) r =3(I +cos<p), qutbo‘qgi;

10) r =2Rcos(p, yarim aylana, qutb o“qi;

7.9.9. r—2Rsintp birjinsli aylananing og'irlik markazini toping.

7.9.10. x =acosat, y =asm't birjinsli astroidaning Ox o‘gdan yuqorida
yotgan yoyining og‘irlik markazini toping.

4.9.11. 4x+3y- 12=0 bir jinsli to‘g‘ri chizigning koordinata o'qlari
orasida joylashgan kesmasining koordinata o'glariga nisbatan statik
momentlarini toping.

4.9.12. jc=0, 7=0, x +y =2 ciziglar bilan chegaralangan birjinsli tekis
shaklning koordinata o'glariga nisbatan statik va inersiya momentlarini,
og’irlik markazini toping.

7.9.13. y =4 -x2va y =0 birjinsli chiziglar bilan chegaralangan
figuraning og‘irlik markazini toping.

7.9.14. Yarim o‘glari a=5 va b=4 bo‘lgan birjinsli ellipsning
koordinata o‘glariga nisbatan inersiya momentini toping.

7.9.15. x2+y2=R: aylananing birinchi chorakda joylashgan bo'lagining
°‘girlik markazini toping. Bunda aylananing har bir nugtasidagi chizigli
zichligi shu nuqgta koordinatalarining ko ‘paytmasiga proporsional.

7.9.16. x=8cos't, 8--4sind astroida birinchi chorakda yotgan yoyining
koordinata o'glariga nisbatan statik momentlarini va massasini toping.

Uunda astroidaning har bir nugtasidagi chizigli zichligi .tga teng.

7-9.17. Prujinani 4 .vm.ga cho'zish uchun 24 J ish bajariladi. 150 J ish

Narilsa, prujinana ganday uzunlikka cho‘ziladi?

7.9.18. Agar prujinani 1vm.ga siqish uchun 1kG kuch sarf qgilinsa,
jinaning 8 sm.ga sigishda sarf boladigan F kuch bajargan ishni toping.
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25-variant
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30-variant
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8-NAZORAT ISHI

1. Aniq integralni hisoblang.
2. Xosmas integralni yaginlashishga tekshiring.

., f oxdx
LLL K 7

}-Ix2-4
yyx--2 ,

liff]—xi_ dx-

Lj—*

kx2J(I+x2y,

LIEEE~.
3*

1 4
» Vf64-X2)1’

1. f— * Ifr
mx24x2- 9

™ f&1520 3

1. IF_ ax

1-variant
, ?5-x2

2_
2-variant
i e
2 J— —ar.
iCOS Jt

3-variant

I dx
2 3-(3cp+ 12’

4-variant
2 T xdx
19x' +1
5-variant
2. JJE* N
J1-jra
6-variant
,r &
'1x3-2x-3
7-variant
, T *
"b Ac+l)
8-variant
2. R Ken)s -
9-variant
2 otr

i xInx



1. Ix2V16-x2dx

10-variant
x'dx
Y We4-x6"
11-variant
xdx

2']i Ax' +4x+5
12-variant

2. \M+dx.
No

I3-variant
Inx<£t

4 9 *
14-variant
dx
2 by 4+ 2x+2
15-variant
dx
2']U I-bx

16-variant
dx

nx2.6 x +9

4

17-variant

4 X2-4X

18-variant
. SInX<&
2-] \/cos2x

19-variant

"TVA4x-x2-4



IV (4~ x 2)3x.

/5

T dx

Wonr7

jn/16-.r n.

Jx 2725~ xzdx.

\x 49 -x 2dx.
0]

[n/3 +x: 1\

* Jnl25 — pr2civ.

0
} dx
0V(l6 + x2)

fleﬁ*.

20-variant

dx

H oxIn2x

21-variant

dx

z 1xInx

22-variant

2']i X - 4x+3
23-variant

> TG
24-variant
X Ax

2-\vg1xy+r
25-variant

2-1"
26-variant
9.1 X Ax
l(x3+ 8)

27-variant
dx

2-1 X +16
28-variant
2.\ n(2 - x>dx
{ 2-x
30-variant

30-variant



1. y=x4'9~7, y=0, (0<x"3).

2. r=31+sin<), - g<(p17|0.

2. x=2c0s3, y=2sin31, 0<f<-

2.y =cAx+4, 0<Jt<H.

2. jc=2(r-sinO, y =2(1-cosf),
6-variant
K
2. r=4(l-sinp), 0<dit-~.
7-variant
2. y=Incosjr+3 0 < ti—
8-variant

2. r=3p 0<$£-m

9-variant

2.y=J~ 7 +arccosx, 0<"9



*o

P*

10-variant

*=0""2)\ x=4y-8. 2y 0N x <2,
11-variant

y=3x-x\ y=-x. 2. x=3(f-sin/), y=3(1—eo0s/)» n<t<2n.
12-variant

Y =4x, x* =4y. 2. r=2(l-cosp), -n<w Vl-?
13-variant

Y-2%y=2x-x!, x=0, x=1 2.y =-JI - x 2 +arcsinx, ()<x<?
14-variant

X=4-y2 Xx=y2-2y. 2. 1=3e4, ~?<<p<?
15-variant

y=y]4-x2, y =0, x=0, x=1 2. x=5c0s2f, j =5sin2/, 0</<?
16-variant

r =cos(p-sm<p. 2. r:ZSin3? 0<c>5?
17-variant

w=2(f-sin/), y =2(1- cos/). 2. y=e'+12, InVI5 <<<InV24.
18-variant

3=sinx, p>=cosx, x=0. 2. >=1n(1-n2), 0<f<L.
19-variant

mY"*2 x+y +2=0. 2. p=Insinx +3 ?<t<?



1. x=4co0s4 >=4sin,«

1. y=x24 N\

1. r=41—eosgp).

I. v=x2-6, y=-x2+5x-6.

1 y=(x+2)\ y=4~x, y=0.

l. , =S

1. x=3c0s<, >=2sint.

yoym-2,+3

y=0 (0<x<2).

20-variant

2. r=2e

21-variant

J.»-W«,y-W<.0srs*
22-variant
2.,.2-V ,Inj5S<<InA

23-variant

2. x=5(<-sin0O, y =5(1-cos?»>0<r<*,
24-variant

2. r-47), 0<<p_--
25-variant

26-variant

2.y =In"™, V3<x<8.

27-variant
X1 Inx . <9
2. 4 2
28-variant
29-variant

A
2. x=8cosJf, y=8sin4 05" 6"

30-variant



6-MUSTAQIL ISH

1- 4. Anigmas integralni toping.

5-7. Aniq integralni hisoblang.

8. Berilgan / egri chizigning ko‘rsatilgan o‘q atrofida
aylanishidan hosil  boMgan srirt yuzasini hisoblang.

9. Berilgan egri chiziglar bilan chegaralangan figuraning
ko'rsatilgan o°‘q atrofida aylanishidan hosil bo'lgan jism hajmini
hisoblang.

10 (10.1-10.15). Bir jinsli / egri chiziq og‘irlik markazining
koordinatalarini toping.

10 (10.16- 10.30). Berilgan chiziglar bilan chegaralangan bir
jinsli D vyassi figura og‘irlik markazining koordinatalarini
toping.

1-variant

r ax
4 2+ 4sinx+ 3cosjt

(o]
5. J(X+2),COS3erV 6. J24cossj«&.

8./: *=*sinr, y =e'cost egri chizig yoyining /=0 dan
'8 gacha gismi, Ox.
“ Y=xe\ x=~2, v=0, Ox.

1®F/: x=2cos3™. y=2sin3~ astroidaning birinchi kvadrantdagi gismi.



2-variant

1. f-Xx +3% ———qdx. 4 o )
J(x+1)(x2+6x +13) 4cosx +3sinx’
3T 4.\ Nclx.
M+ K[7+3 J x-'4?
5. jVxIn2xdx. 6. j24sin6xcos: Xfic.

8. /1 x=2cos5/, j/=2sin3/ astroida, Oy.
9. y1=3%, x2=3y, Oy.

10. /: r =2sin<p egri chizigning =0 dan <=n gacha gismi.

3-variant
x2- 3x+1 ot sinxche
X+ +4) -1 5+3sinx
ral+x . 4. {W wu -dx.

3-Hy agn - J x-Vx4
5. |(X2-3X)SinXd|X. 6. | 24sindxcosdxfc-

2x-10

-dx.

7'1{*‘]\+x - X

8. I: x=3(/- sin/), y =3(1-cos/) sikloidaningbirarkasi, Ox.

9. r2=«cos2<p qutb o’qi.

_3 gachaqg'SlU
10. /: y =3c/i(x- 3) zanjir chizig yoyining x=-3 dan x



4-variant

£ m zIItBdx. 2. J Cosxax
LJ v+8 J1 + sinX +CcosX
, 'H&dx. 4.1~ ~ -d x .
m
5. jxIn(3x + 2)dx. 6. J24sin“xotc.
4 2 dx.
7- bl  3x+4

g, /: r=4si"> aylananing =0 dan p=—gacha gismi, Ox
9./ =(xx+I\ x=0, Oy.

10./: x=5co0s3, j>=>5sin3/ astroidaning Oy o‘gdan chapda yotgan gismi.
5-variant
g fo X8 ,. TBsinx-5c0sx +7 .
(x-D)(x'+2x +5) 1+ cosx
nts Vx-1 , , e\l +\[x*
Wow 4-1Tnrr“x
J* Inxdr. 6. fsin4d--cos4—dx.
o 4 4
FeLutsz o
8.1V j —4-12 egn chizig yoyining t=0 dan
1=5/4 16
gacha gismi, Ox

b el sh0, >=a(l - cos/), b.a., Ox.
K/

43 -9 aylananing ip=60"ii markaziy burchagi orasidagi gismi.



6-variant

I j 3x2+5x-1 i &
(ic+ DG + 2) 3cosar —5
Yy r a/xdx . fVO+V*)5
MR x-\[7 ~
5. Hx2+l)cosr«£t. 6. | sin2—cos* - dx
0 i 4 4
, b x99
7-1;S 7w

8.1y =f—|@ egri chiziq yoyining g=1dan *=egacha gismi, O«
9. x1+(y-2)2=1, Oy.

10. /: r=2(l-cosp) kardioidaning <p=-1 dan =~ gacha gismi.

7-variant
, 2x3+1 r odx

T (x+2)(x2+ 27+ 3) 2*h5cosx +3
3 (Ve prdicnly 3 P,

3 47+1 J x-91/7
5. fx2e~2dx. 6. j 2ssin: xcosext&

1 £
7.3

2yl -3 x-x2

8. I: j'=sinxsinusoidaning x=0 dan x=n gacha gismi, Ox

9.y=e\ x=0, y =0, (jc>0), Oy.
o . | eacha qgisoT*
10. /1 p=n3r2, y = t-t} egri chiziq yoyining t- 0 dan /=



8-variant

dx

4 Sinx+ cosjr +3

0
5. jxarctgxdr, 6. J27sin* «it.

7,
J2x2- x +5

0/. £-+i- =1 ellipsning x=0 dan m=5 gacha gismi, Ox.
s p g £=59 q
9. x2=(y +4)\ >=0, Ox

10.i: x=3(cosf +/sin/), j>=3(sin/-/cosO (0</<;r) egri chizig yoyi.

9-variant
i 5t+6 A 2 r 1l+sinx A
(jc- 2)(X2— X + 1) ' SUIX+COSX + 1
Fl~rrd X 4.\NNd x .
X- AVX Jje-"7
ffo°r, n 29 .
. x&; 6. Jsin43jccos43xdx.
| 0
FiTT | e
W -x 8%
8 [ox o>

-y--lch')~S zanjirchiZiq yoyining x=0 dan x=2 gacha gismi, Ox
9



i 3g2—2x +1
1  egri chizig yoyining =0 dan 9= ~gacha q’

9. y=— t, &=0, v=0, x-\, Ox
y \+X

10. /- r:4(1+cos(p) kardioidaning 9=0 dan ¢ n Sacha 4



12-variant

36dx dx
. J(x+2)(x -2x +10) 4 2c0s.X-smjr +3
. \fxdx 4
-i
5. Linl(x +\)dx. 6. j2*sin2.vcos&xdx.
"-W2x: - 4x—1

8 /: I=2x +I| parabolaning x=0 dan x=7 gacha gismi, Ox.
9. x=e(f-sin/X y =a(l - cost), b.a., Oy.

18.1 y=ach~- zanjir chiziq yoyining x =-a dan x=a gacha gismi.

13-variant
1f J~+3x+1 ) dx
(x+h(x2-x +1) X ' jfEinx+cosx’
1N~
?r=fJWT 4.0 -b.
1*9%in.*
5-1«25|n2 ' 6. Jsin2xcoshbxdx.
Al %X:EI:::fa
°vl +x-3x2

9cos2* limniskataniing @=Q dan =—gacha gismi, Ox.

Pf*6*=1x=4, v=0, Ox

I.:V+ =
y 16 aylananing Oy o‘gdan o°‘ng tomonda yotgan yarim gismi.



L X+ (X +2x+2)

3. 4.
J n/x-1 X-VX-
5. xdx_ 6. )24sindxcos4xdx.
{cos2x o
1
? 4n+l
"oV 2+x-x

8. /: r=4cosp egri chiziq yoyi, Ox.

9. y:aché, -a<x<a, Ox

10./: x=3cos5", ~=3sin3" astroidaning uchinchi kvadrantdagi gismi.

15-variant
5x +2 r r_JEi"L__
J(x +3)(x2+2x+2) > J1+smx +cosx
JVX+T +1 X o+
n Pyl
5. fx2Inxrfx. 6* fcos -/1.
i)
7. 4iC-1 - dx

n/ax +4x+17

8. I: r=2(1- cosip) kardioidaning p =-;r dan - 2gacha

9-$ +A =14

o o Han oj= h : ':1_
10. /: r=2cos(p egri chiziq yoyining (p:_;L aan q_zgac agisn



16-variant

dx
4 3sin.r-cosjc’

4.
J x-y/Ix

6. f2Jsin2-cos6-dx.
| 2 2

1J\-x +x2
8./: x=e'sin/, y =e'cost egri chizig yoyining /=0 dan
gacha gismi, Oy.
9. r=a(l - cos”™>), qutbo‘qi.
10. D: r2=9cos2p limniskataning birinchi halgasi bilan chegaralangan.

17-variant

| (x+2)(X -ajc +13) " i j 3cosjc +5

ol
6. Jsinbxcos2xdc.

— egri chiziq yoyining v=1dan y=egacha gismi, Oy.

'n=U-2)J, x=4, y=0, Oy.

Y=sinxsinusoida va Ox o0'gining [0;;r] kesmasi bilan

Siangan.



18-variant

1 j, 2xN-2x+]? dx 2. J- dx
{&:Q?XMQ‘Z“ 5) j3sinx-4cosx'
o + JO x2-\Jx2

5. J(j@-4)cos3xalx. 6. 12*sinéxcos2dx

7.}, * 4 =<fr.
oV2x -Xx +7

8. /: x=cost, y =I+sinf egri chiziq yoyi, Ox.
9. x=acosd, >=asin'f, Oy.

10. D:y2=3x va x2=3y egri chiziglar bilan chegaralangan.

19-variant
I dx. 2. f- *
(V+2)(x +2x+3) J8+4cosx
3. ) 4 f/\(1+/\ !)_
Ji-V1 J x2-VI
K
5 ? . 6. J28&inex<.
surx |

7.1 -.2x+3  dx
W* -2x+10

f2 t3
8. /: x=4-—, ¥ -— egri chiziq yoyining t=0 dan

t=2V2 gacha gismi, Oy.

9. y =arcsinx, y =arccosx, y =0, Oy.

10. D: x=4co0s3* y=4sin3r astroida yoyi bilan chegar



20-variant

3cosx-4sinx +4

3 fI +WX B 4- X -Vx
5, 3@ - * J)sin2x<fo 6. ]2 “sindxcosaxdx.
\4*x2+8x+9

8./ E+’\‘/2:1ellipsning y =0 dan y =5 gacha qgismi, Oy.

o+ 7 =1 ox.
10. D: r=2(l-cos<p) kardioida bilan chegaralangan.

21-variant
I f 5x"+17x+36 , I cosdx
L (x+I)(x +6x +13) 2-12+cosx
M; 1 460
5mjx:In(l - x)dx. 6. t124sin4-2(:os4-2dx.
8 |/ = 1!4 eér' chiziq yoyining <=0 dan ¢-=—gacha gismi, Ox.
s,|n22 2
92%,42y-3=0, o
0. B X vy

r 25+i6=1 ellipS Va koordinata o‘glari (y>0, x>0) bilan
Siangan.



26-variant

1 5X2+2x +1 5 F_ fa
box ¥t I %linx-3cosjc
3. 4. j
Ji-v o7 3 f-V7
5. jjr arcsin(l-jr)d.r. 6. Jsint-cos3--J1.
o o} 4 4
7. ) = A
2
8. /: y=cosx kosinusoidaning x=~— dan x=—gacha gismi, Ox.
»  ¢F . Ox.

10. D:y=t3-t , x=t2-1 chiziq va Oxo’q bilan chegaralangan.

27-variant
2. .
X +4x j 4sinar -3cosjc
3.\ x-~-C _dx. 4. SN° + N po-dx
JIX(l+VX) 1 x2-Xx
5. }(x3-1y 'dx. 6. J2“sin6—e0s2
[ o 2 2

7.} . A~5 &
3-J&x-15-x1

8. I: x =2Rcost - Rcos2t, y =2Rsint - Rsin2t egri chizigning x- n <an
x=0 gacha gismi, Ox.
9. x=ecos'<, y=asind, Ox.

10.  D:x=2(/-sinf), y=2(l-cos/) ning bir arkasi va' 04 bilan

chegaralangan.



28-variant

LK XS LS S
dX+3X* -x +I) " 5+3cosx-5sinjt’
3 4.3 N B
3,J*-V7 1 x2-Kfe
5. j(x! +5)cos2xdx. 6. f24sin*—dx.
0 0 2
77 %14
"hjTx1-5ac+1

8./: r=Vcos2<p limniskataniing =0 dan =" gacha gismi, Ox
QI;I1 -Tbr =1 -biixiib, Oy.

10. D: xJ+y2=9 aylananing Qxr o'gdan yugori yarim gismi
chegaralangan.

29-variant
6*-10 , dx
(*+2)(r -2x +10) 3cosjc +4sinx +5
4.
N«*8Tal. 6. Tsingj«te.
0 0

7. f__4x+3

9 /: g8=3y egri chiziq yoyining x=0 dan x =\ gacha gismi, Ox.

£ ‘*~acos?, y =ftsinf, 0<x<— Ox.
2

ifl,
I “r=4(l +cos") kardioida bilan chegaralangan.

bilan



30-variant

1 I 4 +7x+5 » j f2-sinx +3cosx
Ge—IXj@2+ 2x +5) 1+ cosx *
3allk M M EA&B
X+ 3+\Ix +3. X-"x5
A
g j_xdx_ 6. j25ssin”xcos: xdx
1 C0S23X «
2
2 2x-5
bvo e o

4

8. /: x=5cos%, >»=5sin3 astroidaning /=0 dan /=~ gacha gismi, Oy.
9. x=(y~3"-, y=6, x=0, Ox.

10. Z=; —j-’t\) =1to‘g‘ri chiziq va koordinata o’glari bilan chegaralangan.
a

B. NAMUNAVIY VARIANT YECHIMI

1.30. I(X -+Ix +5—

= 2x+5)

<® Integral ostidgi funksiya to‘g‘ri kasrdan iborat. |
maxFajidagi %2+ 2%+5 kvadrat uchhad ko ‘paytuvchilarga ajralmay b
£— q=-4<0.
7 q

U holda kasmi

Ix~+7x+5 = A |
(x-1Xx2+2x+5) x-1 x2+2x+5

ko’rinishda yozib olamiz. keltira®*2 va

Tenglikning chap va o‘ng tomonlarini umumiy maxrajga

suratlami tenglashtiramiz:
4x* + 7Tx +5= A(x2+ 2x + 5) + (Bx +CX*- 0-



n, B, ¢ koeffitsiyentlarni topamiz:

g=1:16=8A,

x3: 4=A+B,

X”: 5=bA-C.
Bundan A =2, =2, C=5.
Shunday qilib,

4i2+7g+5 <@=2f-~L+f_JjL+1_vfr_,wyv ,, ,r<(*2+2x+5)
Nﬂ\))ﬁxafﬂ,wS) 5X-1 ~ 1 1H"7d+2<+5 +
t/(x+17)

+3M(je+ 1)2+22 21nl ,l+Inl-c' +2x + 5]+"arc<g’y-*+C. O

2.30. fiz.sin"3cos ”
1 1+ cosv

® Integralda almashtirishlar bajaramiz:
f2-sinx +3cosx . _ f3+3cosx-1 - sinx
L+ cosx 1+C0OSX 1+cos.r

__ T*tegratai universal trigonometrik o‘miga go'yish orgali
te»ionallashtiramiz:

; SMx =— - *=i L
=S g - o 2 T mi
I'+ cosx jedt
X+7’ x=arct&
i+-"L
I+1zL i+t 3 i+r J Ji+r2 J i+i>
i+t2

~ +Inll+r =g +Inpg ¢ =tg~~ X
=9 1+ gZ% t92 2\nCOSZ.
Demak.

|2-si_nx +3cosx . . jc | rl
iVcosx =3x - fg—+ 2Injcosjj +C. O



J Vx+3+V*+3 vuKn%g -
<g, x +3=tk belgilash kiritamiz, chunki EKUK(2,3,6)

Bundan x=te- 3, dx=6t dt.
U holda

) jr+ /T v+

=6(E1+1.TA=6|*Y<2- '+1>n =
11+1

. 6e
N 7t 1-té‘+-t5+ 0:7’\-/\+W +-B&+3?7~x+cC- °

\I(I+VxX
4.30. ( )
® Intend ostidagi funksiyani standart shaklda yozib olamiz:
N3
X* "2 +-t4

Demak, m:-rlz, «~y>p=73 Bundan  +P- 1
Chebishevning uchinchi o‘miga go‘yishidan foydalanamiz:

1+ xi=x a3 yoki x4(* -1)=1-
Bundan i

(o 1HVXA3 x= de=—12f(? "1) dt-

U holda
rSffl.

_iVrr VXA =- 12i*4*



"o {Cc0s23x
<> Aniq integralni bolaklab integrallash usuli bilan hisoblaymiz:

6JO. j 2'sin6x cos2xdX.
® Integral ostidagi funksiyaning darajasini pasaytiramiz:

2'sin‘ Xcos2x = 24(22sin4x)(22sin2xc0s2x) = 16(2sin‘ x)2(2sinxcosx)2=
=16(1 - cos2x):sin22x = 16(1- 2c0S2X + €0S22X)sin22x =
= 16sin22x-32¢c052Xsin22x + 16sin22xc0s22x =
=8(2sin22x) - 32c0s2xsin22x +4(2sin2xc0s2x)2=
=8- 8c0s4x - 32c0s2xsin22x + 2(1- cos8x) =
=10- 8cos4x - 2c0s8x - 325in22xC0s2X.

Integralni hisoblaymiz:

JZRin" xcos2xdx = 10jdx - 8Jcosdxt/x - 2Jcos8x& - 32Jsin22xcos 2xdX =



7:30.) 2X-b gy

yj2 +3x-2x2

4

<&> Ildiz ostidagi funksiyada almashtirishlar bajaramiz:
2+3x-2.r =2-2"2-|:cj =

U holda
dx anr-
-=- i -.IgLr 3
1f2 +3x-22-Fr i-1(s n)l;az resin
*nil2. - Nr--
vu
_I (arcsiniz-'—3-~z;1rcsin0|:MZ2 arcsinlz—gvz— (o¢]

8.30. /:x =5cos3f, y =5sin3d astroidaning /=0 dan r=y gacha gismi,

® x=<), y=yAt), a<t<p
parametrik tenglamalar bilan berilgan
egri chizigning Oy o‘q atrofida
aylanishidan hosil bo'lgan jism sirti
yuzasi

a =2X\(p(t)yj<p'2(t) +y/'2(t)dt
formula bilan hisoblanadi.

X =5cos3t, y =Ssm3t

astroidaning 20<f<yj Oy o‘qg

atrofida aylanishidan hosil boigan
sirt yuazini hisoblaymiz: (10-shakl). 10-shakl.
or= 2;rj05c033t7(-150052/sin/)2+ (15sin2/cos/)dt -

£ -
=150;rj cos3(cosf sinf)2(cos21 + sin2t)dt = 150/rj oS3 o s« Sinidi

186



£ *

= 1505-}cos41sintdt = - 1505j cosd/</(cost) =- 150—— - =3057. O
9.30. x=- Y=6, =0, Ox.
® pg=0da v=3

Jm
Uholda K=2rtlyg(y)dy formulaga ko‘ra

r-2*jr& ~"+dy”/0--6/ =
3 J 3 3 V4 2

I.fc

n
9-36-2-216 +9 18-I+54-?]:_n. (o)
I

T 2

10.15(2). I: x=a(t- sint), y =a(l-cost) sikloidaning bir arkasi.

® Sikloidaning birinchi arkasi x=m to‘g‘ri chizigga nisbatan
simmetrik boiadi. Shu sababli sikloida og‘irlik markazining abssissasi
X'-m bo‘ladi.

Sikloida og“irlik markazining ordinatasini

\yydi
yc~--—-, m=\ydl
m *

K
formula bilan topamiz.
Bunda

dl =yj(a(t - sinf)")* + («(1 - cost))di =Ve(l- cos?)2+sin2t)dt=
=<A\2- 2 costdt =2asin~dt.

Egri chiziq birjinsli bolgani uchun uning zichligi y =constbo4adi.
~ nolda
m=yjdl = 2yajsin-dt =-4}«cos- =8ya;
o ] . 2 m 2,
2yaJa(1- cosOsin-dt =2j«2]2sin2- esin-dt =
0 2 0 2 2

=-8ya2J”l - cos2Mj -t/hcoshj = - 8}«4cos - jcosIj



Demak, C"m;~j.

10.30. D: ~+” =1 to‘g‘ri chiziq va koordinata o'glari bilan chegaralan]

<S> To‘gri chiziq tenglamasidan topamiz: vy :--ax +h.

Quyidagi formulalami goMlaymiz:

\yxydx --fjy aix
X'= oo Yo=—-oeee- m =\;yydx
U holda
_ba"y-2_a _ab-2_b

6ebay 3’ * 6ebay 3

Demak, C(f;]). O
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JAVOBLAR

1.1. Determinantlar

111, 14 1.1.2. 2. 1.1J0.-1*. 1.1.4. -b(a+b). 1.1.5. sin(a- /J)sin(a +p),
1.16. 2sina. 1.1.7.40. 1.1.8—10. 1.1.9.-47. 1.1.10.-18. 1.1.11.22. 1.1.12.-10
1.1.13.62(6-2).1.1.14. 4jc. 1.1.15. -2 sinasin/?sinp. 1.1.16. -tga-igp.

1.1.17.(a-b)(a- c)(b-c). 1.1.18. a(x-y)(x-z)(z-y). 1.1.19a2(a+36), 1.1.20. - xyz.
1.1.21. 0. 1.1.22. cos2a. 1.1.23.x, =-2, x2=\. 1.1.24.jt =1 =5

1.1.25. =2, x2=3. 1.1.26. jc, =-4, i, v |, X, =2 1.1.27. 63. 1.1.28. 100.

1.1.29. 2a-Sb +c+5d. 1.1.30.-6.
1.2. Matritsalar

3 7 © 3 -12 0o 1 -2 2-v. -1 2
121, 3 12.2. -13 5 .123.3-7 6 124 5 -3.y 3
w4 23] 2 -3 -7 -1 0 -2-v
10 -1 2 -1 4
2 2 A% o6 2 3 127 128. -8 -3 1B
T4 6 0 -2 2 1 -2
0 8 -6)
1.2.9. 32 zg 12.0. 13554 fgﬁ 12.11. (* 5} 1212. 6 1 -13 12133
20 1 27
0 -2 -3
1.2.14. 2. 1.215.2. 1.216.3 1.217. 5.6 -6 2 2
3-2 -3
-2 0 1
6 1 -1 ro o 4 -4
-4 6 -3 5
1219. -4 -1 2 1220 = e
2 -4 2 4 25 3

1.3. Chizigli tenglamalar sistemasi
1.3.1. Birgalikda emas. 1.3.2. Birgalikda, anigmas. 1.3.3.girgalikda, anig.
1.3.4. Birgalikda emas.1.3.5. jc, =-1, x2=3, jc, =2. 1.3.6. X, =3, x2=-3. xj-
1.37. 4 =3, x2=2, jc, =1. 1.38.x =1 jr=L*J=_1 139.j; =3, i _

=2
1.3.10. *, =3, J=-2. 1J.11. x, =1 x2=2, x, =0. 13.12. x, =1, x2=-2. *



j3.13 i, =2, x2=I, §,=2.13.14. x, =0, x2=— x3=0, a(a- IXa+2)*0.

1j.15. x, =_1>*i =-2, x,=-3.1.3.16. x, =2, x2=-2, X, =1

jj.17e =1 *}2=_1" xi =-1>*=11-3.18. x, =2, xr=-1, x3=-2, x« =1

1319 x,=2, x2=£ +1, X, =2k - 1, x4=k. 1.3.20. x,=5-13%*, -3, x2=5i2—-8f - 1 X,
Xt=k, 1.3.21.x, =~k, x2=0, X =k. 1.3.22. x, =-15*, x2=1U, x, =14*

1323- x, =Tk, X, =-114, x3=-5k. 1.3.24. x, =x2=x3=0. 1.3.25. X, =x2=X, =x4=0.
13.26. x, =-2k, x, =1k, x, =0, x4=3*

2.1. Vektorlar
211 alb. 2.1.2.AM = 2.1.3. SC =2(n-m), AM =2n+m, AN =ii+3m,

=n-2m 214, or=203. 2.15.a=2i+c,£= c=a-2b .2.1.6./a=1 n=
217 d=2a-3b+c. 2A4.Mp,AB =252, nPIAD=-J2, Mp,lI =1, MNp,AC=0.
2.19. Mp,AB =b, Mp,BC =0, Mp,CA=-3, Np,AD=3, MNp,BIr =~ , Mp,CE=~ .

2.1.10.1) §£7:17-42%; 2) (3) [ +7:H [4) {9-9:14}. 2.1.11. S(5;-3;-3).
2112.01<-3;-1;-3>.  2.1.13. |5+b|=6, |5-/i|=H- 2.1.14. 1)|NA=25, |55]|'= LU}, ;|;-

UBI=I3, |55 r=|_|;-1+1J. 2.1.15. (10), (-7,0); 2)(-LL, (90).
2116, 1)(0;-4); 2)(0:5). 2.1.17. |AD\= 7. 2.1.18. .M(J1;+73;£73).
2119 a= {22222} 2.1.20a=-3. 2121.6=|y -y |. 2122 a°

aA|)<-apg:u(-la}

2.2. Vektorlarni ko paytirish
221 1)—2; 2)112; 3)68; 4)252. 2.2.2. 1)-16; 2)3; 3)-89; 4)86. 2.23. 1)1 =1
2)'»=6; 3) M=-5, m=5; 4)m =2, m=3. 2.2.4.-5. 2.2.5.3;. 2.2.6.5.
Ny’ 2);r- 22X 2)-4: 3)Ny- 229. 10 (WNA). 2.2.10. x=2/ -3y.
2211 5=77+5]J+A 2.2.12.1)128%; 2)132. 2.2.13. 1) |(>A); 2) 42V2(VA); 3)
BrfyA). 2.214. 25n/3. 2.215. #15. 2.2.16.1){9;9;-3}; 2){27;27;-9}; 3){- 18;-18,;6}



4}6363:21). 2217. 1) %, 2) 9°2; 3) , 22.18. S=Ulyb); =~ (b),
2.2.19. P ={8-9—4} M ={10-2;11} /7 = {l—4—7}. 2.2.20. a =-9. 2.2.21.a =2
2.2.22. 1){3;23:2){-2:3}:3)|-|;-|l. 2.2.23. I)yo‘q;2)ha; 3)ha. 2.224. 1)a=1;

2) a=-3. 2.2.25. 1) K= 14(AA)J1 = W14N); 2) K =2(ii.*.), i =3->/2N);3)

. 4n/3
P =4M,N=-yUnn). 2.2.26. 1) chap uchlik, K=51(AA); 2) o‘ng uchlik, F = 12(W>);3)
chap uchlik, V = 18(/?i>); 3) chap uchlik, V =21(hb). 2.2.27. i = {2;-;-2}.

3.1. Tekislikda koordinatalar sistemasi
3.1.1.4(-3;-2M 2(3;2M,(3;-2). 3.1.2. .4(2;-1), S(-1;4), C(-3;-2), D(3;4).

3.13.72:1j, £3,7M) 31A X300 B{1~
c(0;5), 318-¢) 437> N1(3;0);2) B: 2~ j :
3)C.,[Lyi, 3.16. (3;", ("5;— .3.17. 7(«A). 3.1.8.S =|r,r2sinfo-p,).

3.1.9. 4 (yi>.),3.1.10. 64 (>A). 3.1.11. 26{y/T). 3.1.12.(3;0),(-7;0).
3.1.13. 1)71(0:0),.B(-3;-8).C(-7:-2); 2) J1(3;8),«(0:0),C(-4:6); 3) A(7:2), B(4:-6), C(00).

3.2.Tekis!ikdagi to g ‘ri chizig
321 1) 3x-y-3=0;2) y "+~ -1 =0;3) x2-y +1=0; 4) v2-~-x =0.
322.)*=-],a =4,6=3; 2)k=[l,a=-2*=|; 3)*=|,a =5ft=-];

4)*=-|,a=|,* =|. 3.2.3. 1)3ar+4y+6 =0; 2)3x+y+9=0;3)*+2=0; 4) x+y-*=

3.2.4. 2va3. 3.2.5. 1)W0(1;2),¥=45°; 2)/1/,,(2;-1),<p=90“; 3)M,, €0 ,9=0; 4)» " "d i
3.26.1)m=-6,/i*3 va T=6, n*-3; 2)T=-6,n=3va/a=6,9=-3; 3)T~
son. 3.2.7. 1) T = I, m=J <fal; 2) m=4*a j, m=-9 X.3.2.8.

3.29. x~y-2=0 va x-4y +4=0. 3.2. 10. 3n+2y-11=0. 3.2.11. x-5y+2=0-
3.2.12. 12x+9y-17 =0. 3.2.13. 5x-y +3=0, x+5y+I1=0.



3214, 3*+v-4-0, x+5y+8=0, 3x+_y+10=0, x+5>--6=0. 3.2.15. J1/(44),p =£.

3.2.16. 3n-3y-8 =0. 3.2.17. 3x+4y-12 =0.
3218. x+2y-7= 0, 7x+2y-37 =0, 5x-2>'+1=0. 3.2.19.y =2x.
3220.x-y +7=0, 7x+4y-6 =0, 6x+5y+9=0. 3.2.21. 2x+y +9=0, x -y - 3=0.

3222, 294r-2y+33=0. 3.2.23. 29(yb). 3.2.24. 3.2.25.61(ub). 3.2.26. (-12;5).
3.2.27. 31+47-20 = Ova 31+ 4y+10=0.

J.5. Tekislikdagi ikkinchi tartibli chizilar

3J.LN(* +1)2+(>-3)J=36; 2)(ar+3)2+(.V-5)2=50; 3)(x+2)2+ (y-4)2=2;
4) (x-4)2+(y+4)2=16, (x- 20)2+(y+20)2=400; 5) (x-2)2+{y+1)2=1.

332 s41{ub). 3.33. (jt-2)2+7y--j =—.3.3.4 (jt-5)2+("-1)2=13.

3.35. A/,,(3;2), R=5. 3.3.6. 0<k<~,kl=0va k2=-j. 3.3.7.y =0 va 4x-3y =0.

338 1) ] *=8(1+cos2)- 2){x=2in2),
[>=8sin2f,JE[0;2ff]; [y =2(I-cos2t),/e[0;2*];

»{Felg**x__ * «nDil.i,,; e *UzU,
=1+sm2/~cos2/,/ e [0;21]. 36 100 24 49 36 8~
X yn
N+ 25 12nA). 3.3.11. x+y +5=0vax+y-5 =0. 3.3.12.— (u").
3313, 3.3.14. M (3,0). 33.15. 16je2+2 5 /= 400.
33.16. 1) J* =50W'". x=5cos;, v2 2
[>'=4sin< /e[0;2"]; A =12sm/,/e[02*]. 3-3*17- 5V "i6=1;

Jy f Hé4-1- N 2t-t ==
Ji2"i7=1, HY™~T?=13JU9-y 3.3.20. 4i. 33.2L. i*|>1Ta 6==Vio.
;’33222 (2 N ?J22§_ A"i bigigly b = +]y 2)y= 1*2*+3

S i
tr IN(-451), >-1; 2)A(2$) x—2 3.3.26. I)4x- 2y+|-0 2)x- y+|-0va
H |+ 4=0.33.27.k = 3.3.28. 1) ar-/ =1- giperbola; 2)y2=| *- parabola;

«aimogj ‘ann8 pastgi yarim tekislikdagi tarmog'i; 4) giperbolaning chap yarim tekislikdagi



4.1.Tekislik

4.1.1. N/(0;0;4). 4.1.2. M(\1,40). 4.13. 2*-y+3r-14=0. 4.14. 2*-3y+4z+20=0
4.15. 1)a) 2y+3z=0, b)3ar-y=0; 2)a) yu-1=0. b)r-3=0;3)a)z-4 =0,b);t-3-g.
4)a)*+z-3 =0, b) 74r-y-17 =0; 5) a)22.r+14y-5z - Q b) 14*+3y-8z =0.

4.1.6. N(-3;0;,0),5(0;-6;0),C(0;0;2).1). 4.1.7. 1)2*-5y+Z-15=0; 2)2.t+4v+9z-21 =0
418 *+>+z7-4 =0. 4.19. x+3y+z-15=0. 4.1.10. 1)x+3y-z-6 =0; 2) c-y-r_0

4.1.1. =t Nr-un>+MNr"1=0" 4112w ®+>+r-6 =0.

2 Y "6
4.1.13.1)45°; 2)90°; 3)90°;4) arccos(0,4). 4.1.14.1)w=-|,n0 =- —; 2w =3,01=-4.
4.1.15. Hw=13;2)m=1 4.1.16. 1)a)aT-2y-3r-4 =0; b)2r+3>'+2-8 =0;
2)a)23+3y+4z- 3=0; bar+y-7r +19=0; 3)a)sagr+7y+3=0; b)y-z +7=0;
C) r+7r-46=0. 4.1.17. 7*+14y-27+6=0.4.1.28. *-y +r+1=0.
4.1.19. x+2y+V1z-2 =0 vajr+2y-V5z-2 =0. 4.1.20. 1)M(-2;1;2); 2)M(2;-1;1).
4.1.21. 4(ub). 4.1.22. M(-15;0;0)va Af(1;0;0).4.1.23. 2*-y-2z =0va 2*-y-2z-18 =0.
4.1.24. 8(Ah.).

4.2. Fazodagito'g'ri chiziq

421 N* 1 y~1_z+2. _Y+3_z+1_ jt+1 y+2 z-3,

2 3 -1 0 1 0 2 3 -1
=13, X=t,
4 £+|=y+2=2+| 422, — =—="HN 4.2]). 1} y:1+19/ 2) y:1_3/
-11 6 -7 -12 0 '

z2=2+28, z=-2/.

42402 (02291425 D Y 1o D15, % 59 %58 S

426.£22=Zrl =£xi_ 427 £+i=Z " =£+]|. 428 *x|=" =£zI.
-5-3 4 1 2 - 2 10

42953 V-2 42101) p=X; 2) p=arccos Y8 42,111y T2 -Y-IEflL

2) — =~ =f£+i. 4.2.12.1) parallel; 2) aygash. 4.2.13. D<p="1i 2) ? =f «

4.2.14. Q) parallel; 2) to'g'ri chiziq tekisligida yotadi. 4.2.15. 1) A/(3;2;1); 2) M(2,4,6).
4.2.16. ) m=3, n=-23; 2) m=12, n=—412; 3) m=2, n- chekli son.

4.2.17. 1)2x-3y +42-1=0; 2)4jr-y-2*—7=0; 3)z+1=0.

42181)— =" _ =— ;2)— =" =— . 4219 3.5 +22-9=0.
1 -2 0 1 1 1

4220. ANy;2;-]j. 4.2.21. M(2;3:4).4222. 1)~-(ub.); 2)-y(ub.).
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4.3. Ikkinchi tartihli sirtlar
431, 1)<jc-4)2+0°+4)2+(z-2):1=36; 2)(*-3)2+0-+1)2+(z-1)2=21;
3) (x- 3)2+0’+5)2+(z +2)2=56; 4) (x-1)2+(v+2)2+(z-3)2=49;
N X2+y2+72-10x+ 15y-252=0.4.3.2.1)m*0 va i; 2)m=0.

j ». + +
4331) 4y’-x4+421=0, z=--)-(-%f>i-2; Z)X—2 varz2_ 5‘2--9-'?—22—1

25 16
Wojerzz_j ng:z\'/%:l. 434, x2+v2-22=0. 4.35. 1)eilips: 2)giperbola;

3) parabola; 4) nugta. 4.3.6. x2+z: = 10y (aylanish paraboloidi). 4.3.7. y2+z2- 2x2=-6 (ikki
pallali giperboloid). 4.3.8. 1) ikki pallali giperboloid; 2) sfera; 3) elliptik paraboloid;
4) aylanish ellipsoidi; 5) giperbolik silindr; 6) giperbolik paraboloid; 7) ikki pallali
giperboloid; 8) doiraviy silindr; 9) ellipsoid; 10) parabolik silindr.

5.1. Biro‘zgsaruvchiningfunksiyasi
5.1.1. DH®;-2)u(-2;+00); 2) (-00;-3)u(-3;-2)m (-2;w0); 3) [-2;2]; 4) (-2;1)u (I;-wo);
5)4)(-«s2)u(9;10]; 6>[“L~i)u A5 A 10 7) [7,10]; 8) [“54®) 9) {2k

10)(2+00); 11)0; 12)(2;3]; 13)(10;+®); 14) (2nrr;(2n+ 1)ar),«eZ; 15) N)

16) [3;6)u(6;71; 17)L 4 4] 18) [-5;0)u(<bl];  19) (-00;)w(l;2)u (2;+); 20) (-3;2).

5.1.2. 1) [ 2;+00); 2) [2;+00); 3) [-7:-3]; 4) [-V2;V2j; 5) [0;+®); 6) (13]; 7) [03];
§("H) 9 ~ixk} 10 H}u<l); n) O3] 12) (0] 513 13 3 ~F,;
J

4)p-. 5.1.4.1) da kamayadi, ~ ! +oc] dao‘sadi; 2) (~ao;+00) dao'sadi;

3) (-00;0) u(0;+oc) da kamayadi; 4) (-oo;-wo) dakamayadi. 1.1.5.1) toq; 2)juft; 3)juft;
4) umumiy ko'rinishda; 5) tog; 6) tog; 7)juft; 8)toq; 9) tog; 10)juft.
516. UM=n,m =k\ 2) M - 4m=-4\ 3) M =-J2m =-n/2; 4) M =\fs,m =—JE;

$M=Im="; 6)M =Im=0. 5.1.7. 1) chegaralangan; 2) gat’iy monoton; 3) gat’iy

“onoton;  4) monoton. 5.1.8. 1)6*; 2)|; 3)4/r; 4)2*; 5)a; 6) N|; 8)



5.1.15. 1)y =x2+1; 2)—+£- =1
)y =X )9 A

5.2. 5on/i ketma-ketliklar
5.21. ., 2>%  3)L=cosnn; 4)x, =3+2(-)". 5.2.2. 1);2); 4); 6).
5.2.3. 2), 5)- monoton, 1),3),4),6)- gat’iy monoton. 5.2.6. 1) --; 2) 0; 3) ® 4)8; 5) 4.
6)2; 7)1; 8)-|; 9)0; 10)1; 11)-|; 12)-1; 13)®; 14)o0; 15)1; 16)0; 17)-3;
18)7; 19) j; 20)7; 21) 0; 22) -|; 23); 24) 25)—%; 26)2; 27)i; 28)-L; 29)
e3; 30) e2

5.3. Funksiyaning limiti
5.3.2. 1)/(x0- 0)=2, /(x0+0)=3;2)/ (x0-0) =0, /(nro +0) = +®; 3)/ (x0- 0) =2, /(jr0+0)=0,
4)I(x,-0) =1 /(x, +0)=1.53.5. 1)8; 2)0; 3 )|; 4)| 5)I; 6)2; 7)-"; 8)|; 9)-I;
10)+® 1)—2 121% 13)-j; 14)-3; 150; 16)+® 17)-1; 18)2 19)0; 20)—;
21)2; 22)0; 23)1; 24)-2—; 25)21; 26)%; 27)6V2; 28)—8 : 29)0; 30)0; 31)?; 32)r1];
33)-1; 34)1; i5)e'3; 36)e; 37)+®; 38)0; 39)e2 40)e-*; 41) e; 42)<T2 43)r, 44)«

45)1; 37)3; 46)1; 47)1; 48) 4.

5.4. Cheksiz kichikfunksiyalar
5.4.2. 1)1; 2)1; 3)-1; 4)In3; 5)1; 6)5; 7)~; 8)2; 9)|; 10)1; u)i 12)2; 13)1;

14)lInj; 15)-1; 16)-1; 17)1; i8)_9. i9)3; 20)-; 21)0; 22)In2; 23)-1; 24)-.

5.5. Funksiyaning uzluksizligi

55.4. 1)—3,3; 2)—1. 5.5.5. 1) ikkinchi tur uzulish nugtasi; 2) birinchi tur ~ art j
gilinadigan) uzulish nugtasi; 3) birinchi tur uzulish (sakrash) nuqtasi; 4) ikkinchi tur

nugtasi; 5.5.6. 1) x =0 birinchi tur (bartaraf gilinadigan) uzulish nugtasi; 2) x=—+"*("

birinchi tur (bartaraf gilinadigan) uzulish nugtasi. 5.5.7. 1) x =-3da ikkinchitur uzu*S*1*.,"'a
2) uzluksiz. 5.5.8. 1) [4;5]da uzluksiz, [0;2]da x =Il-ikkinchi tur uzulishga ega,

x=-3,x =I- ikkinchi tur uzulishga ega; 2) necn bircesm aaa aniglanmagan.
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6.1. Funksiyaning hosilasi va differensiali

6.1.1. I)/’(x)=;\l/'ljfl\ 2)f'(x )_(TS__) f'(x)=--j-7_

6.1.2. 1)=3; 2)—4; 3)4; 4)-i. 6.13. 1)-3, 3, 2)0, 2; 3)1, -2x+3; 4)-I, 1

; 4)f'(x) = 2sh2x.

6.14. 1)/ =12x3-x 2 2)y’=x5+12x3-2; 3)/ =— I= +7xV +—
XVxX XVx2
N4 4 ; NDN= 6)/=i"i-
2\/4 ) ) (2' 3*)
7)! In2x—=inx =1 8) /- 2* fth*z 9) 2si 10)/=—1
= - > '=-  2sinx =—1—7
(Inx—)2 x(Inx-e 5 / (1-cosx)* 1-sin A4’
IDEGR G PV E Gessranok s Y S lamasnkd Y T wie
15)/=— - I/ =— s 17) - — 18)/= « .7 19)/ =-2sin2x;
X2k hi nl4-3x2 20x- X2
— arcsin y - 2e(ex ) - 3*In3 _
%2-9 21) / =arcsinx; 22)/ == e2*+1< 23)/—1_* 24)/ =i
25)/=(1-/1g3x)2; 26)/ = sin3x; 27)/ = 1; 28)/ =—
K 2 GBA
29)/=- 1 ";SO)I:X3+X'I, 6.15. 1)/ =-
V6 -4-x"* (x‘+2)y ) ,it»r2|/_;;)
Lt r—— 6.6, )y =—8X. 2y =X*tY. 3, -¥0X).
4a- x ay y -x x(y-1)’
E y =_2x+ysin("). S),,=__J_;6)/ =_>c°sx+siDv 617 ))41,=(91 Jv =19.
xsin(xy) el+x Xcosy +sinx

2) Ay=0,71, dy=0,7; 3)Ay=0581, /1 =05 4) fly=0,110601, rfv=011. 6.1.8. 1)2,0125;
2)1009;,  3) 09942, 4)27,351. 6.1.9. 1)2,03; 2) 0,97, 3)0,31; 4)1,01.

2.1.10, D<ly=(2/3+4r +7)(3/2+2)dt; 2)dy=--sm-—-dt; 3)dy=—4um
K, 2 4 2n/2m2-3n +1
4)rfv 4 (§&+ 1)Ju 6.1.11. l)<fo=Inx<fr; 2)<ly= i")&c ir; 3)<h=-2sindxx

*  =3asm2xcosxrfv; 5)Jy =-sin x3“ *In3<ix; 6)>=-3/gxIn2cosxatc.

4.12. 1)i"=24x(5.r: -3); 2)v*=e2(2cosx-Usinx); 3)v»= , 4; 4) y*=
| @+x) X

*113. I)sin-—; 2)nsin—; 3)-n(n-l)sin —; 4)n(n-1). 6.1.14. 1)—; 2)— 3)
j+r2 2 2 2 4
¢ 4)-VT7. 6.1.15. )3x-3y +2=0, 3x+3y+4=0; 2)x+y-N =0,x-y-4- =0;

Q7



3)54r->-4 =0,@+5v-6 =0; 4)5n+4y-25= O 20x 25y+64=0; 5).1-y =0, f, R
1
6) 4x+2>- 3=0, 2x- 4y +1=0. 6.1.16. 1)<p--, < =are/g-; 2) p=arctg(2yf2) ;

3) p=anctg-jj; 4)p =y . 6.1.17.t, =1/, =3. 6.1.18.1)/=2c; 2)/= . 6.1.19./ =12

6.2. Differensial hisobining asosiy teoremalari
6.2.1. I)c="~;2)c = 3) yo'q; 4) yo'q. 3>c,»_ U 4)
~T “ U -H ) 2|(H) = »*-le 626 »-*> 3).;

4)0; 5)0; 6)2; 7);8)-%;9)3; 10)-3; 11)0; 12) 0; 13) 1; 14)e; 15)e*; 16)e-*; i7)].

18) 3e. 6.2.7. 1) fla) =19-11(.r+2)-(j: +2)2+(x+2)’;
2) P(x) =4 +13(x- 2) +12(*- 2)2+6(x- 2)J+(x- 2)4;

6.2.8.1»2 * | " L <»<U
1 +2 +2)2 +2)3 +2)4 s

2) " (x J) (x+2)2 (x+2) +(x ) o = *+B(REK0) O<0<1.

j.2 3 n n+l
6.2.9. 1) f(x) =x+— + BTt L (B+n+1Y\ 0<0 <1,

o -1 4

X2 x4 X2 x2%1  P&-(>-*

2) I(*)=1+_ +_ +.,+_ +_ _ ._ _ _ lo<e<l. 2.2.10.1)0,587; 2)0,868;

3) 1,395; 4) 1,004.

6.3. Funksiyalarni tekshirish va grafiklarini chizish

6.3.1. 1) ("»;l)u(S;-wo) intervalda o‘sadi, (1;5)intervalda kamayadi,/,, =/(1)=7,
™ =/(5) =-25; 2) (-ao0;-1)u(2;+00) intervalda o‘sadi, (—%2) intervalda kamayadi,

7 10
/, =1(-1) =E. =/(2)=- ?; 3) (0;2)u(2;+00) intervalda o‘sadi, (-00;-2)u (2;0)
intervalda kamayadi, /V, =/(0) =0; 4) (-2;2)intervalda o‘sadi, (-<»;-2)u (2;+00) intervalda

kamayadi,/* =/(2) =1 f,m=/(-2)=-1 5) f—J=;-4=) intervalda 0‘sadi,
nR2v2ij

LMY D) inendcHanaed’ =
6)(-®;-1)u(0;l) intervalda o‘sadi, (-10)vj(L-kc) intervalda kamayadi, Nn. =/H ) =2
fmtxi =/(0 =2, /nm=/(0) =0; 7)(—=»J1)intervalda o°‘sadi,(l:+°0) intervalda kamayadi,

nn =/() =-; 8) (0;+<x>)intervaldao‘sadi, (-®;0) intervalda kamayadi, /nin=/ (®)=>*
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m (0;+°0)intervalda o'sadi, (-°0;0) intervalda kamayadi, =/(0)=0; 10) («+e)

intervalda 0'sadi, (0;)u (Le) intervalda kamayadi, f,, =/(e) =¢; M) [y ;y] intervalda

o'sadi, 'Oy )M (y ;2] intervalda kamayadi, fm =j\~ j~ y +n/3,

=//y ’2 'ntervaWa o'sadi, J intervalda kamayadi,

/- = = n 12 /* :Kﬁ:)= *6-3-2- DA/ =2, « =-2;

W =17, m=-10; 3)/1/ m=— -; 4)M=e\ m=0. 6.3.3.v=24 (tez.birl.).

6.3.4.yE>(em), "O(bo'yi). 6.3.5.~~ 6.3.6.5=24(yuz birl.). 6.3.7.H = in/2.

6.3.8.# :Q/Fi¥~ 6-3.9. 1) (~00;,0) u (2;+00) intervalda botig, (0;2) intervalda gavariq,
A

M,(0;0), M2(2,—4) egilish nugtalari; 2) (5;+co) intervalda botig, (-<»;5) intervalda
gavarig, M(5;7) egilish nugtasi; 3) (-x:0)u(0;+m) intervalda botiqg, egilish nugtasi yo'q;
4) (3-1¢0) intervalda botiq, (~°0;3) intervalda gavariq, M(3;l)egilish nugtasi; 5) (~I;+=c)
intervalda botig, egilish nugtasi yo'q; 6)(-1;1) intervalda botiqg, (-I ;-1)W(L+I) intervalda

gavarig. e egilish nugtalari; 7 a intervalda
botig B intervalda gavarig, a . a egilish nugtalari;

8)|ﬁ intervalda botiq, [g ~| intervalda gavarig. R JLa.... |
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