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S0’z bos hi.

Zamonaviy kadrlami yetishtirish borasida respublikamiz
oliy ta’limi tizimida tub o’zgarishlar amalga oshirilmoqda. Bunga
sabab, «Ta’lim to’g’risida»gi qonun va «Kadrlar tayyorlash milliy
dasturi»ning gabul gilinishi va ularda ilmiy-texnika taraqqiyoti yu-
tuglarini xalg xojaligiga tadbiq qilish, ijtimojy-igtisodiy rivojla-
nish bilan uzviy bogiiq ekanligining aniq ko’rsatilishidir.

O'quv uslubiy go'llanma oliy matematika farming asosiy
bo’limlari bo'yicha mustaqil ish va laboratoriya ishi masalalaridan
iborat bo'lib u 2- gismdan iborat. 1- gism o'z ichiga chiziqgli alge-
bra va analitik geometriya, hosila, integral, differensial tengla-
malar mavzularidan o ‘tkaziladigan tipik ishlariga bag’ishlangan
bo’lib, ularda nazariy ma’lumotlar va namuna uchun masalalar
yechimi ko'isatilgan. Talabalar mustaqil yechishlari uchun shahsiy
variantlaryetarlicha keltirilgan

Qo’llanmani yozishda mualliflar Toshkent davlat texnika
univeisitetida ko’p vyillar davomida o’gigan ma’ruza va amaliy
mashg’lot daislarini asos gilib oldilar.

Mualliflar.



1. CHIZIQLI ALGEBRA VA ANALITIK GEOMETRIYA
Ikkinchi tartibli determinantlar va chizigli
tenglamalar sistemasi.

i b, iadvalga mos ikkinchi tartibli determinant
\a2 b2J
a, b,
- 072 d2y
a2 b2

tenglik bilan aniglanadi. Ikki noma’lumli ikkita chizigli tenglama-
lar sistemasi

[ajX+bjy~c,
[a2 +b2y =c2
al 1
uning determinanti D = @0 bo‘lsa, u yagona yechimga ega
<2 b2
bo‘lib, yechim Kramer formulalaridan topiladi:
c, b a, C,
X = Dx c2 b2 <2 c2
D a b~ D ~ a, b,
a2 b2 a2 b2

Agar D=0 bo‘lsa, sistema yoki birgalikda emas,
(Dx @0, Dy ®0) yoki aniglanmagan (Dx - Dy =0) . Oxirgi
holda sistema bitta tenglamaga keltiriladi. Sistemaning birgalikda
bo‘lmaslik shartini a, /a2 =b,/ b2 ®c, / c2,anigmaslik shartini
a, /a2=Db,/b2=cj/c2 kabi yozish mumkin. Chizigli sistema-
ning ozod hadi nolga teng bo‘lsa, u birjinsli deb ataladi.



Uchinchi tartibli determinant va chiziqli tenglamalar siste-

m as i

b, -«
<& b2 .,
.. b3
elementlarjadvaliga mos uchinchi tartibli determinant
a, b d
a2 b2 == -b, +c,
“3 b3

tenglik bilan aniglanadi.

Uchinchi tartibli determinantdagi berilgan elementni 0z ichiga ol-
gan satr va ustunni o‘chirishdan hosil bo‘lgan ikkinchi tartibli de-
terminant - uchinchi tartibli determinantning berilgan elementining
minori deb ataladi. Minorning (-I)k ga ko'paytmasi berilgan ele-
menming algebiaik to‘ldiruvchisi deyiladi. (A:-berilgan elementni
0°‘z ichiga olgan satr va ustun nomerlari yigindisi). Shunday qilib,
deteiminantning elementiga mos minor ishoiasi quyidagi

+ - o+

jadval bilan aniglanadi.

Yugqoridagi 3 - tartibli determinantni ifodalovchi tenglikning o ‘ng
tomoni 1 - satr elementlarini ulaming 0%z algebiaik
to‘ldiruvchilariga ko‘paytmalarining yig‘indisidan iborat.

Teorema 1.

3 - tartibli determinant ixtiyoriy satr (ustun) elementlarini 0‘z alge-
braik to‘ldiruvchilariga ko ‘paytmalarining yig‘indisiga teng.

Bu teorema determinantni ixtiyoriy satr (ustun) elementlari
bo‘yicha yoyib hisoblashga imkon beradi.

Teorema 2.

Ixtiyoriy satr elementlarini boshga satr elementlarining alge-
braik to‘ldiruvchilariga ko ‘paytmalarining yig‘indisi nolga teng.
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Determinantning xossalari.

1. Agar determinantning satrlarini ustunlari bilan yoki ustun-
larini satrlari bilan almashtiisak, determinantning giymati
0 ‘zgarmaydi.

2. Determinantning  biror satr elementlari  umumiy
ko‘paytuvchiga ega bo‘lsa, uni determinantning tashgarisi-
ga chigarish mumkin.

3. Determinantning biror satr elementlari boshga satr elemen-
tlariga teng bo‘lsa, unday determinant nolga teng.

4. Agar determinantning ikkita satrining o ‘mini almashtiisak,
uning ishoiasi teskariga o‘zgaradi.

5. Agar determinantning biror satr elementlariga boshga
satrining mps =elementlarini biror ozgarmas songa
ko‘paytirib go‘shsak, uning giymati o ‘zgarmaydi.

Uch noma’lumli uchta chizigli
a,x+h,y+c,z=d,
aXx+b2y +c2z =d2
aX +h3y +¢3z =d3

tenglamalar sistemasini quyidagi Kramer formulalaridan foydaia-
nib yechamiz.
x=DxD, y=Dy/D, z=DJD,

a, b, i d, b, ¢/
D=,, b2 ¢: ax=0d2 b2
a3 ps d d3 b3 s
a, di ¢ a, b, d,
D>=a2 02 @>Dz=a2 pp d2
a3 d3 a3 p3 d3

Bu yeida D"O deb laraz gilamiz (agar D=0 bo‘lsa, sistema anig-
lanmagan yoki birgalikda bo‘Imaydi).



Ikkinchi va uchunchi tartibli kvadrat matritsalar.
4i °2
K2l a2,
jadval - matritsa deyiladi.

<, a,2
az °22
A matritsaga mos determinant deyiladi. Bundan so‘ng Dg ®0 deb

D

garaladi. Agar D ®O \Ppg =0j boisa, A matritsa xosmas
(xos) deb ataladi.

41

2 22 23
\a2i @x»; :

re31 a 32 a33y
lar mos ravishda 2- va 3- tartibli kvadrat matritsalar deyiladi. Ko‘p
ta’riflami umumlashtirish uchun ulami 3- tartibli matritsa uchun
beriladi. Ulami 2- tartibli matritsa uchun go‘llash  qiyinchilik
tug‘dirmaydi. Agar kvadrat matritsaning elementlari amm =am

shartni ganoatlantiisa, matritsa simmetrik deyiladi.

4/ a2 an 'b,, b2 bl3"
A= a2 a2z aB, B=K b2 b3
y3l <R “33; N b b3y

matritsalar teng bo‘lishi uchun amn = brm shartning bajarilishi za-
rur va yetarlidir. A, B matritsalar yig‘indisi quyidagicha aniglanadi:
nall a2 a3’ (bn b2 bl autb, a2+b2 asthl3
ad a2 °8B * b2 b2 pB - a2+bd & b2 °3+bA

\ad a2 axB. I b2 byj °3, tbI a+b2 aB+bB;
A matritsani m soniga ko ‘paytirish uchun uning har bir elementini
m ga ko ‘paytiramiz:



au .. au- mau man Ta,Y
mm , a2 _, = ma2 Ta. maRs
vesr @m ., 3 ma3d max max>
A, B matritsalarko‘paytmasiquyidagicha aniglanadi:
° (bu B » _
AB= .. 2 2B R~
\a3 a2 %3, T 3532 |33\

oobs Z?)aol %P(l:j?»
. %azb,z }’é‘),( * 3

adjbj> L a3JbJ2 L<i,A*

\i=|

Ko‘paytma matritsaning i- satr va k- ustunda turuvchi
elementi, A matritsa i- satridagi elementlarini B matritsa k- ustunin-

ing mos elementlariga ko ‘paytmalari yig‘indisiga teng.

fldd matritsaning ko‘paytmasi, umuman, o ‘rin almashtirish
xossasiga bo‘ysinmaydi. Ikki matritsa ko'paytmasining detenni-

nanti bu matritsalar determinantlari ko ‘paytmalariga teng.

Hamma elementlari nollaidan iboiat boMgan matritsa - nol matritsa

deyiladi.
ro 0 O
0 0 0 =0
"0 0 0Oy
Bu matritsa uchun A+0=A tenglik o ‘rinli.

‘I 0 0)
E= 0 10 biriik matritsa deyiladi.

0 1

Bu matritsani A ga chapdan va o'ngdan ko‘paytmasi A ga teng:
EA-AE=A. AgarAB=BA=E bho‘lsa, B matritsa A-ga teskari matrit-
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sa deyiladi. A ga teskari matritsa A~‘ bilan belgilanadi: 5= A~!.
Har ganday xos emas matritsa teskari matritsaga ega. Teskari ma-
tritsa quyidagi formula orqali hisoblanadi:

An a2 V
da Da O0A
A= A2 A2 a2
Da DA DA
A3 AZB A3
da Da DAJ
Bu formulada Amn A matritsa determinantidagi amn -

elementning algebiaik to‘ldiruvchisi, ya’ni Amn - A matritsa de-

terminantidagi m -satr va n- ustunini o‘chirishdan hosil bo‘lgan
ikkinchi tartibli determinant ~ (minor) bilan (-)m# ifoda
ko ‘paytmas idir.

\x3;

ustun matritsa deyiladi.
AYko‘paytma quyidagicha aniglanadi:
4/ a2 x,n QpXj +a12X2 + anx3
AX = 2 ) az

<*2I1X1 &22X2 <*23X 3

Ka3l a® axs, \X3j 1as.x, +a32x2 a33x3J

A2X1+ a2X2 'T'&3X3 = h2

a 3IX1 a 32X 2 033X3 ~ 73
sistemani AX=B ko'rinishda yozish mumkin, bu yerda



Bu sistemaning yechimi X =A 1 B (DA ¢$O) bo‘ladi.
Vektorlar va ular ustida amallar

OXYZ koordinatlar fazosida berilgan a erkin  vektomi

a =axm +ay-j +az-k ko‘rinishida tasvirlash mumkin. a vek-

tomi bunday tasvirlash - uni koordinata o‘glari yoki ortlar
bo‘yicha yoyish deb ataladi. Bu yerda ax, ay, a~ lar - a vektoming
mos o‘glaidagi proyeksiyalari (a vektoming kooidinatalari) deyi-

ladi, i, j, k lar esa o‘glaming ortlari (mos o‘glaming musbat
yo‘nalishi bilan ustma-ust tushgan biriik vektorlar). axi, ayj, azk

lar a vektoming koordinat o‘glari bo‘yicha tashkil etuvchilari
(komponentalari) deb ataladi. a vektoming uzunligi |a | bilan bel-

gilanib, |a] = *of +ay +a] formula orgali topiladi. a vektoming

yo‘nalishi uning kooidinat o‘glari bilan tashkil gilgan a, [ vy
burchaklar orgali aniglanadi. Bu burchaklaming kosinuslari (vek-
toming yo ‘naltiruvchi kosinuslari)

cosa=" = —. alL..... cosp”™ L. -
a "a2+a2ya? « Ja2+a\l +a\
cosy =— - - a--——2

a Yyjax+al +az
formulalar bilan aniglanadi.Vektoming yo‘naltiruvchi kosinuslari
cos2a +cos2P +cos2y =1 munosabat bilan bog‘langan. Agar

a va b vektorlar ortlar bo‘yicha yoyilmasi bilan berilgan bo‘lsa,
ulaming yig'indisi va ayirmasi
a+b =(ax +bx)-1 +(ay +by) j +(az+bz)-k

a-b =(ax-bx)-i+(ay-by)-]+(az-bz)-k
10



formulalardan aniglanadi.
Boshlari ustma-ust tushadigan a va b vektorlar yig‘indisi tomon-
lari a va b bo‘lgan parallelogramm diagonali bilan ustma-ust tu-

shadigan vektor orgali tasvirlanadi. a - b ayirma shu parallelo-
gmmmning ikkinchi diagonali bilan ustma-ust tushib, vektoming

boshi b ning oxirida, oxiri a ning oxirida yotadi.

1-rasm 2-rasm
Ixtiyoriy sondagi vektorlar yig'indisi ko‘pburchaklar goidasi
bo‘yicha topiladi (1 va 2 - rasmlar). avektoming m skalyaiga
ko‘paytmasi m a=m-ax i+m ay j+m a, k formuladan
topiladi.  Agar m>0 bo‘lsa, a va T a vektorlar parallel
(kollinear) va bir tomonga yo‘nalgan, m<0 bo‘lsa, garama-qaishi
tomonga yo‘nalgan bo‘ladi. Agar m=I/a bo‘lsa, a/a vektor
uzunligi birga teng bo‘lib, yo‘nalishi a ning yo‘nalishi bilan ust-
ma-ust tushadi. Bu vektor a vektoming birlik vektori (orti) deyi-
lib, a0 bilan belgilanadi. a vektor yo‘nalishidagi birlik vektomi
toppish - a vektomi normallashtirish deyiladi. Shunday qilib,
au=a / a,yoki a = aa0. Boshi kooidinat boshida, oxiri A/nuqta-

da yotgan OM vektor M nuqgtaning radius - vektori deyilib,
r(M) yoki r bilan belgilanadi. Uning koordinatalari M nuqtan-
ing koordinatalari bilan ustma-ust tushgani uchun uning ort
bo‘yicha yoyilmasi r =xi +yj +zk ko‘rinishda bO‘ladi. Boshi
A(xi; yi; zj), oxiri B(x2, ¥2; z?) nuqtada bo‘lgan AB vektor
AB ko‘rinishda yoziladi, bu yenda r2 B nugtaning, r,A
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nuqtaning radius vektori.
Shuning uchun AB vektoming ortlar bo‘yicha yoyilmasi
AB =(x2-x,)i+(y2-y,)] +(z2-z,)k
ko‘rinishda bo‘ladi. Uning uzunligi A va B nuqtalar orasidagi ma-
soiaga teng.
VAB\=d =yj(x2-x/)2 +(y2~y,)2+(z2-2,)2

AB vektoming yo ‘nalishi

yo ‘naltiruvchi kosinus lar bilan aniglanadi.
Skalyar ko‘paytma.

a va b vektorlaming skalyar ko ‘paytmasi deb shunday songa
aytamizki, u vektorlar uzunliklarini ular orasidagi burchak kosinu-

sigako‘paytmasiga teng: a-b —abcostp
Skalyar ko‘paytmaning xossalari.

1. a-a=\a\ yoki a2 =|0]|?2;

2. Agar a = 0 yoki b =0, yoki alfi (noldan fengli vektorlar or-
togonalligi) bo‘lsa, a b =0;

3. a-b-b a (o‘rinalmashtirishqonuni);

4. a(b +c¢) - ab +ac (tagsimot gonuni);

5. (ma)b =a(mb) =m(ab) (skalyar ko‘paytuvchiga nisbatan

guruhlash gonuni).
Koordinata o ‘glari ortlarining skalyar ko ‘paytmasi:

i =j2=k2=1, ij =) k=i-k =0.
a =axi+ayj +azk,b =bxi+byj +b,k lar berilgan bo‘lsa,

ulaming skalyar ko‘paytmasi ab - a xbx +ayby +azbz formuladan
topiladi.
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Vektor ko‘paytma.
Quyidagi shartlami ganoatlantiruvchi ¢ vektor a vektoming b
vektorga vector ko ‘paytmasi deyiladi:
1. ¢ ning uzunligi a va b vektorlatdan yasalgan parallelo-
grammning yuziga teng (¢ = absirup, ¢--aAb)\
2. c vektor a vab vektorlaiga perpendikulyar,
3. a,b,c vektorlar bitta nugtaga keltirilgandan so‘ng o‘ng sistema-
ni tashkil etadi. (3-rasm)

a vektoming b vektorga vektor ko‘paytmasi axb ko'rinishda
yoziladi.

C~axL

3-rasm
Vektor ko‘paytmaning xossalari:

1 bxa=-a xb,o‘rin almashtirish xossasiga ega emas.

2. Agara=0,yo b=0,yo a || b boisa, axb - Oboiadi.

3. (ma)xb =ax(mb) =m(axb) (vektor k6 ‘paytmaning ska-
lyar ko ‘paytuvchiga nisbatan guruhlash qonuni)

4. ax(b +c) =axb +axc (tagsimotgonuni)

i, j, kK ortlaming vektor ko ‘paytmasi uchun

ixi=jxj =kx k-0,

ixj =— xi-k; jxk =-kxj=i; kxi =-ixk =j tengliklar
o‘rinli. a=x,i +ytj +Zjk, b=x2i+y2j +z2k vektorlaming
vektor Ko ‘paytmasi
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I 3 x
axb X, y, Z

X2 Y2 22

formula yordamida topiladi.
Aralash ko‘paytma.

Uch a,b,c vektoming aralash ko‘paytmasi axb ning ¢ ga skalyar

ko‘paytmasiga teng, ya’ni axb-c . Aralashko‘paytmaning moduli
shu vektorlarga qurilgan parallelepipedning hajmiga teng.

Aralash ko‘paytmaning xossalari:
1 Agar

a) ko ‘paytiriluvchi vektorlaidan biri nolga teng,
b) ikkitasi kolleniar,
d) uchta noldan fangli vektor bitta tekis likka parallel (komplanar)
boisa, aralash ko‘paytma nolga teng.
2. Agar aralash ko‘paytmada vektor ko‘paytma (x) va skalyar
ko'paytma () laming o‘mini almashtitsak aralash ko‘paytma
0°zgarmaydi, ya’ni ay.b c=a-bxc , shuni hisobga olib aralash
ko‘paytma a-b e kabi yoziladi.
3. Agar ko‘paytiriladigan vektorlar o‘mini doiraviy shaklda al-
mashtirsak, ko‘paytma o‘zgarmaydi: abc-bc-a =cab.
4. Ixtiyoriy ikkita qo‘shni vektor o‘mini almashtiisak, aralash
ko ‘paytmaning ishorasi o ‘zgaradi.
bac=-abc; cebm=-a<bec; acb--a-b c
a=x,i+ylj +zlk; b=x2i+y2j +z2k; c=x3i+y3j +z3k
laming aralash ko ‘paytmasi
X, Yi Z,
abe-x2 y2 z2

*s Y3 z3
dan topiladi. Aralash ko‘paytmaning xossalaridan quyidagilar kelib
chigadi: uch vektor komplanarligining zamr va yetarli sharti
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ab-c =0 dir. a,b,c laiga qurilgan parallelepiped hajmi
Vj =| a o x |, uchburchakli piramidaning hajmi

V2 =—V] =-\a-b-c\ gateng.
6\/] 5 g g

Tekislikdagi analitik geometriya.
To‘g‘ri chizigdagi koordinatalar. Kesmani berilgan nisbatda
bo‘lish.
x absissaga ega bo‘lgan OX koordinata o‘gining M nuqgtasi M(X)
bilan belgilanadi. Mi(xj) va M2(x2 nugtalar orasidagi masofa
d =Wx2- Xj\
formula bilan aniglanadi.

Ixtiyoriy to‘g‘ri chizigda AB (J1-kesmaning boshi, fi-oxiri)
kesma berilgan bo‘lsin; u holda bu to‘g‘ri chizigning ixtiyoriy C
nugtasi AB kesmani gandaydir f nisbatda bo'ladi, bu yerda
A = + \AC\ : \CB\. Agar AC, CB kesmalar bir tomonga garab
yo‘nalgan bo‘lsa “+” ishora , garama”arehi tomonga yo‘nalgan
bo‘lsa ishora olinadi. Boshgacha qilib aytganda, agar C nugta
A va B nugqtalar orasida yotsa, /1 musbat, tashqarida yotsa manfiy
bo‘ladi.

Agar A(xj)va B(x2) nugtalar OX o‘gida yotsa, AB kesma-
ni A nisbatda bo‘luvchi C(x) nugtaning koordinatalari

formula bilan aniglanadi. Hususiy holda, agar A=1 bo‘lsa, kesma
o‘rtasining koordinatalari uchun

2
formula kelib chigadi.

Tekislikdagi to‘g ‘ri burchakli koordinatalar.
Agar berilgan tekislikda XOY dekart koordinatalar sistemasi beril-
gan bo‘lsa, x, y kordinataga ega bo‘lgan M nugtani M(x,y) bilan
belgilaymiz, Mi(xtyi) , M2(x2yz) nugtalar orasidagi masofa
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d =T71](x2- x,)2+(y3-y,)2
formula bilan hisoblanadi. Xususiy holda koordinita boshidan
M(x,y) nugtagacha bo‘lgan masofa
d = njx2+ y?2
formula bilan aniglanadi.
A(xiy/) , B(x2yd nugtalar orasidagi kesmani berilgan A nisbatda
bo‘luvchi C(x, y) nugtaning koordinatalari
X, +AX, ~_Yi+/M
1+ N 1+ A
formulalar bilan aniglanadi.
Xususiy holda, J1=/ bo‘lganda kesma o ‘rtasining koordinatalari

X,+X,
g = y:}’I+YZ

2
Uchlarining koordinatalari A(xj,yi) , B(x2yr) >C(x3,¥3) bo'lgan
uchbuichak yuzasi

s = ~- WX, (Y2 ~Y3)+ x2(¥Y3 -Y 1)+ x3(Y1- ¥Y2)\ =

= ~x)(Y3-Y,)-(X3 X1)(Y2-¥Y>)\

formula yordamida topiladi.
Uchbuichak yuzasi

S=—A
2
formula bilan hisoblanadi, bu yeida
1 1 1
A= i X2 x3
Y, y2 ¥3

Qutb koordinatalari.
Qutb kooidinatalarida M nugtaning o ‘mi uning O qutbdan masofasi
/[OM/=p (p -nugtaning qutb radiusi)va OM kesmaning qutb
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0'gi OX bilan tashkil gilgan burchagi B (B - nugtaning qutb bur-
chagi) bilan aniglanadi. Qutb o‘gidan soat strelkasiga garama - gar-
shi olingan B burchak musbat hisoblanadi. Agar M nugta qutb
koordinatalariga ega bo‘lsa (p> 0, 0 <0 <2n), u holda un-
ga cheksiz ko‘p (p,6 +2kn), keZ qutb koordinatlari julli
to‘g‘ri keladi. Agar dekart koordinatalari sistemasining koordinata-
lar boshini qutbga keltiisak, OX o‘gini qutb o‘gi bo‘yicha
yo‘naltiisak, u holda M nugtaning to‘g ‘ri burchakli (x,y) koordana-
talari bilan (p,B) qutb koordinatalari o‘rtasida bog‘lanish quyi-
dagi
X —p C0S 6, y - psinG;

X, ¥ larga nisbatan har ganday birinchi darajali tenglama, ya’ni
Ax+By+C=0
(A, B, C -lar o‘zgarmas koeffitsientlar, A2+B2A)) tenglama tekis-
likda gandaydir to‘g ‘ri chizigni aniglaydi. Bu tenglama to‘g ‘ri chi-
zigning umumiy tenglamasi deb ataladi.
Xususiy hollar:
1.C=0; AA); BA). Ax+By=0 tenglama bilan aniglanadigan to‘g‘ri
chizig koordinatalar boshidan o“tadi.
2A=0; BA); CA). By+C=0 tenglama bilan aniglanadigan (y=-C/B)
to‘g‘ri chizig O Xo‘qiga parallel.
3.B=0; AA); CA). Ax+C=0 tenglama bilan aniglanadigan (x=-C/A)
to‘g‘ri chiziq OY o‘giga parallel.
4.B==C=0; AA); Ax=0 yoki x-0 tenglama bilan aniglanadigan
to‘g‘ri chizig OYo‘qi bilan ustma-ust tushadi.
5A=C=0; BA), By=0 yoki y=0 tenglama bilan aniglanadigan
to‘g‘ri chizig O Xo‘qi bilan ustma-ust tushadi.
To‘g‘ri chizigning burchak koeffifcientli tenglamasi
Agar umumiy tenglamada BA) bo‘lsa, uniy ga nisbatan yechib
y=kx+b tenglamani hosil gilamiz. (bu yerda k=-A/B, b=-C/B) . 5
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to‘g‘ri chizigning burchak koeffitsientli tenglamasi deb atashadi,
bu yerda k =tga, a —to‘g‘ri chizig bilan OX o‘gining musbat
yo‘nalishi orasidagi burchak. Tenglamaning ozod hadi b to‘g‘ri
chizigning O Y o‘gi bilan kesishgan nugtasining ordinatasi.

To‘g‘ri chizigning kesmalarga nisbatan tenglamasi.
Agarto‘g‘ri chizigning umumiy tenglamasida C*O bo‘lsa, tengla-

mani C ga bo‘lib,
a

tenglikga ega bo‘lamiz (bu yerda a=-C/A, b=-C/B). Uni to‘g‘ri
chizigning kesmalaiga nisbatan tenglamasi deb atashadi; bunda a -
to‘g‘ri chizigning OX o‘gi, b - esa OY o‘gi bilan kesishish nuqgta-
sining shu o‘glardagi koordinatalari. Shuning uchun, a, b larga
to‘g ‘ri chizigning o'glardagi kesmalari deyiladi.
To‘g‘ri chizigning normal tenglamasi.
Agar to‘g‘ri chizigning umumiy tenglamasining ikki tomonini
=1/ 4a2+B2 ga ko‘paytirsak (Ji - normallashtiruvchi
ko ‘paytuvchi, ildiz oldidagi ishorani shunday tanlaymizki fjC <0
bo'lsin)  xcos<p+ysin<p-p =0 ga ega bo'lamiz. Bu tenglik
to‘g‘ri chizigning normal tenglamasi deyiladi. Bu yerda p koordi-
natalar boshidan to‘g‘ri chiziqga tushirilgan perpendikulyaming
uzunligi, q- perpendikulyar bilan OX o‘gining musbat yo ‘nalishi
orasidagi burchak.
To‘g‘ri chiziglar orasidagi burchak. Ikki nugtadan o ‘tuvchi

to‘g‘ri chizig tenglamasi.

y=Kix+bi, y=k"x+b2to‘g‘ri chiziglar orasidagi burchak
K2 - K,

tga =
J 1+Kk,k2

formula bilan aniglanadi.
K /= Kk 2 ikki to‘g‘ri chizigning paralellik shaiti. k j=-1/ k 2 ikki
to‘g ‘ri chizigning perpendikulyarlik shaiti.
K burchak koeffitsientli va M(%i, yj) nugtadan o ‘tuvchi to‘g‘ri chi-
zig tenglamasi quyidagi y-yi= k (x-x;) ko'rinishda yoziladi.
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BAJ(x/, y{) va Y1) nugtalardan o tuvchi to‘g‘ri chiziq tengla-
masi
Y-Yi _ x~xi

Y2- ¥l X2~X,
ko'rinishda yoziladi, to‘g‘ri chizigning burchak koeffitsienti

fonnuladan topiladi. Agar x/=x2 bo‘lsa, Mi, M2 nuqtalardan
o ‘tuvchi to‘g‘ri chiziq tenglamasi x=x\, agar yi=y2 bo‘lsa y-yi
boladi.

To‘g‘ri chiziglarning keslshuvi. Nuqtadan to‘g ‘ri chiziggacha
masofa.
AgarAYA20BIB2 bo‘Isa, A]X+Bjy+Ci=0 va AX+Bxy+C2=0to‘g‘ri
chiziglarning kesishgan nuqtasi koordinatalari ulaming tenglamala-
rini birgalikda yechib topiladi. M(xo,yo) nugtadan Ax+Bx+C=0
to ‘g ‘ri chiziggacha masofa

IAXQ + Byo +C\
g- W B O

nlaz +B2
Ajx+B/y+Ci=0 va Ax+B%+C2=0 to‘g‘ri chiziglar orasidagi bur-
chak bissektrisasining tenglamasi
Ax+B)y+C, AX+B% +C2_0

+Bj 4a2+B?2

boladi.
Tekis lik.

1)Tekislikning vektor tenglamasi r n = p ko‘rinishda bo‘ladi. Bu
yerda r =xi +yj +zk vektor, tekis likdagi M(x,y,z) nugtaning

radius-vektori; n—icosa +j cosft +kcosy koordinat boshidan
tekislikka tushirilgan pegendikulyaryo‘nalishiga ega bo‘lgan bir-
iik vektor; a,(3,y larshu perpendikulyaming OX, QY, OZ o‘glari
bilan tashkil gilgan burchaklari; p - perpendikulyar uzunligi. Yu-
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goridagi tenglamani koordinata ko ‘rinishida yozsak,
xcosa +ycos/3 +zcosy —p =0
ga ega bo‘lamiz (tekislikning normal tenglamasi).
2) Ixtiyoriy tekislik tenglamasini Ax+By+Cz+D=0 ko ‘rinishda
yozish mumkin.Bunda A2+B2+C2®0O A, B, C lar tekislikka

peipendikulyar n(A,B,C) vektoming koordinatalari. Umumiy

tenglamani normal holga keltirish uchun uni normallashtiruvchi
ko ‘paytuvchi

fl=4r-- =4 ...
M Ma2+b2+c2

ga ko‘paytirish keiak, bu yerdagi ishoia D ning ishorasiga teskari
boladi.
3)Ax+By+Cz+D=0 umumiy tenglamaning xususiy hollari:
A=0\ bu holda tekislik O Xo‘qgiga parallel;
B=0\ bu holda tekislik O Yo'giga parallel;
C=0; bu holda tekislik O Zo‘giga parallel;
D=0\ bu holda tekislik koordinat boshidan o ‘tadi;
A=B=0', bu holda tekislik OZ o‘giga petendikulyar (XQOY tekisli-
giga parallel);
A=C=0; bu holda tekislik OY o‘giga perpendikulyar XOZ tekisli-
giga parallel);
B=C=0\ bu holda tekislik OX o‘giga perpendikulyar (YOZ tekisli-
giga parallel);
A=D=0\ bu holda tekislik O Xo'gidan o ‘tadi;
B=D=0; bu holda tekislik O Y o ‘gidan o ‘tadi;
C-D=0; bu holda tekislik OZ o'gidan o ‘tadi;
A=B=D=0; bu holda tekislik XOY (Z=0) tekisligi bilan ustma-ust
tushadi;
A=C=D=0; bu holda tekislik XOZ (Y=0) tekisligi bilan ustma-ust
tushadi;
B=C=D=0; bu holda tekislik YOZ (X=0) tekisligi bilan ustma-ust
tushadi.
Agar umumiy tenglamada DA) bo‘lsa, tenglamani D ga bo‘lib
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Xy z -

a b c
ga ega bo‘lamiz.(bu yerda a=-D/A, b=-D/B, C--D/C.) Bu - tekis-
likning kesmalaiga nisbatan tenglamasi deyiladi; a, b, c¢ lar tekis-
likning OX, OY, OZ o‘glar bilan kesishgan nuqtalari.Tekislik koor-
dinata o‘glarining bazilari bilan kesishmasligi ham mumkin, Ma-
salan, agar A=0 bo‘lsa, tenglamada x ishtirok etmaydi. Bu holda

L . . . Yy 2
tekislikning kesmalaiga nisbatan tenglamasi —Y—=I

b c
ko‘rinishda yoziladi.
4) A/x+B/y+Ciz+Di"O va AX+By+Cxz+D2=0 tekisliklar orasi-
dagi burchak

A.A, +B,B2+C,C,
cos(p= .eren. v e

jAf +B] +C] -n]a2 +B2 +C2
formula bilan aniglanadi.
Ikki tekislikning parallellik shaiti Ai/A2=B//B2=Ci/C2
Perpendikulyarlik sharti AiA2+B)B2+CjC2=0
5) Mo(xo, yo, zo) nugtadan Ax+By+Cz+D=0 tekislikkacha masofa

Va2+b2+c2
formula bilan aniglanadi.
Y a’ni tekislikning normal tenglamasiga Mo(xo, yo, Zo) nugtaning
koordinatalarini go‘yib, natijaning absolut giymati olingan. Nati-
janing musbat yoki manfiyligi nugta va koordinata boshini berilgan
tekis likka nisbatan joylanishini xarakterlaydi. Agar M0 nuqta va
koordinat boshi tekislikning turli tomonida yotsa,

Ax0+By0+Cz0+D

4 A2+B2+C2

musbat, bir tomonida yotsa, manfiy bo‘ladi,
6) Mo(xo, yo, zQ nugtadan o‘tib, N - Ai+Bj+Ck vektoiga per-
pendikulyar tekis lik tenglamasi A (x-xQ+B(y-yQ+C(z-zQ =0
ko‘rinishda bo‘ladi.
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7) Berilgan M, (ri),M2(r2), M3(r3) uch nugtadan o ‘tuvchi
tekislik tenglamasini (bu yerda
ri =x,i+y,j +z,k, r2—x2i+y2j +z2k, r3 =x3i+y3j +z3k ),
r-n, 22—, 3—i vektorlaming komplanarlik shartidan
(r=xi+yj +zk radius - vektor) topamiz:
(r-n)(r2-n)(r3-n) =0
yoki koordinatlar ko‘rinishda
-X, y-y, Z-zj
=X, y2-y, 22-2,=0
i~ xi Y3-Y1 zZ3 ~ 2721
Fazoda to‘g ‘ri chiziq.
1) To‘g‘ri chizigni ikki tekislikning kesishgan chizig‘i deb gaash
mumkin:
JAX+B,y+C,z+D, =0
[A2x+B2% +C2Z + D2 =0
bunda A, CDE yoKki A_B LG
A2 B2 A2 B2 C2
2) Bu tenglamada ketma-ketx v&y ni yo‘qotib, x=az+c, y=bz+ci ga
ega bo‘lamiz. Bu yeida to‘g‘ri chizig, uni XOZ, YOZ tekisligiga
proyeksiyalovchi ikkita tekislik bilan aniglangan.
3) Ikki MI(X], y1, zi), Mifa, y2 z?) nugtadan o ‘tuvchi to‘g‘ri chiziq
tenglamasi:

X-Xj _y-y, _ Z-Zj
X2~X1 Y2-Y1 Z22-~171
4) Mi(xhywn z9 nugtadan o‘tib, S - Ii +mj +nk vektorga parallel
to‘g ‘ri chizigning kanonik tenglamasi:
X-X, =Yy-y,
t m n
Xususiy holda, uni quyidagicha
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X-X y-y, Z-12,

cosa  cosp cosy
yozish mumkin, bu yerda a, [ y -to‘g‘ri chizigning o‘glar bilan
tashkil gilgan burchaklari. To‘g‘ri chizigning yo‘naltimvchi kosi-
nuslari

| m
cosa = , cosf3 =

+m2+n7 +m2+n2

cosy -
Mt2 +m2+n2
formulalar bilan aniglanadi.
5) Kanonik tenglamalarda t paiametr Kiritib, parametrik tenglama-
laiga kelish mumkin:

X-f-t + X,
ey =mt+y,
z=nt+z,

6) Kanonik tenglamalar bilan berilgan ikki to‘g‘ri chiziq orasidagi
burchak

£,£,+m,m, +n,n7
cosg>= -, f i- m

L VA Vj£2 +M2
formula bilan hisoblanadi.
£,/ (2=m,/m2-n,/n7ikkito‘gri chizigning parallellik sharti,
£/2 +ni,m2+n,n2=0 ikkito‘g‘richizigning peipendikulyariik
sharti.
7) Kanonik tenglamalar bilan berilgan ikki to‘g‘ri chizigning bir
tekis likda yotish sharti
x2~X1 ¥Y2-Y1 Z22-71
£j mj ni  =0.
£2 m2 n2

Agar £,,m,,n, lar 12>m2'n2 “8iBa ProPortsioanal bo‘Imasa, u hr U
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da ko‘isatilgan munosabat ikki to‘g ‘ri chizigning lazoda kesishi
shining zamriy va yetarli shartidir.
8) (x-x\)/1 =(y-yi)/m=(z-z])/n to‘g ‘ri chiziq va Ax+By+Cz+D=0
tekis lik orasidagi burchak formulasi:

At+BT +Cn

SIn<P~ Va2+B3+C2-"2+T2+02
Al +Bm+Cn=0 - to‘g ‘ri chiziq va tekislikning parallellik sharti,
A/i =B/m=C/n - to‘g‘ri chizig va tekislikning perpendikulyarlik
sharti.
9) To‘g‘ri chiziq va tekislik kesishgan nugtasini topish uchun
ulaming tenglamasini biiga yechish kerak.
a) Agarv4 i +BT+Cn?tO bo‘lsa, to‘g ‘ri chiziq tekislikni kesadi.
b) Agar Al +Bm+Cn=0, Ax, +By, + Cz, + D *0 bo‘lsa, to‘g"ri
chiziq tekislikka parallel,
v) Agar A | +Bm+Cn=0, Ax, + By, + Cz, +D =0 bo‘lsa, to‘g‘ri
chiziq tekislikda yotadi.

Hisoblas h uchun vaziialar

1- vaziia. Birinchi masalada tenglamalar sistemasining birgalikda
ekanligi isbotlansin. Sistema Kramer va matritsa usuli bilan ye-
chilsin.
2 - vaziia. Ikkinchi masalada x vektor p, q, f bazis vektorla-
ri bo'yicha yoyilsin.
3 - vaziia. Uchinchi masalada Cx va C2 vektorlaming kolli-
nearligi tekshirilsin.
4-vazife. 4- masalada a va b vektorlaiga qurilgan parallelogramm
yuzi hisoblansin.
5- vaziia. 5- masalada A(xj,yi,zi), B(x2y2zz); C(x3,y3,r3) nugtalar
berilgan. A nugtaga qo‘yilgan ' = AB kuchining yo ‘naltiruvchi
kosinuslari va C nugtaga nisbatan moment miqgdori topilsin.
6 - vaziia. 6 - masalada uchlari Alt A2, A3,A4 nuqtalarda yotgan
tetraedming hajmi va A4 uchidan Alt A2, A3 yoqqa tushirilgan
balandligi hisoblansin
7 - vazifa . 7- masalada uchlari A, B, C nuqtalarda bo‘lgan
uchburchak berilgan :
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a)AB to‘g ‘ri chizig tenglamasi yozilsin,
b) C uchidan tushirilgan balandlik tenglamasi yozilsin ,
¢) B uchidan AC to‘g‘ri chiziggacha bo‘lgan masoia
topilsin ,
d) ichki A burchak bissektrisasining tenglamasi yozilsin.
8 - vaziia. 8- masalada A nuqtadan o'tuvrhi va BC vektorga
perpendikulyar tekislik tenglamasi yozilsin.
9 - vazifa. 9- masaladaMAnugtadan M2 M3 -nuqtalar
orgali o‘tuvchi tekis likkacha bo‘lgan masoia topilsin.
10 - vaziia. 10 - masalada ikki tekis lik orasidagi yoki tekis lik
bilan to‘g ‘ri chiziq orasidagi yoki ikki to‘g ‘ri chiziq orasidagi
burchak topilsin.
11 - vaziia. 11 - masalada to‘g‘ri chizigning umumiy
tenglamasini normal va parametrik tenglama ko ‘rinishiga
keltirilsin.
12 - vaziia. 12 - masalada to‘g‘ri chiziq bilan tekislikning
kesishish nugtasi topilsin.
Ko‘rsatma variant
1 Sistema biigalikdaligi isbotlansin va yechimi Kramer hamda
matritsa usuli yordamida topilsin:
/[ 3x™+ 2x2 + *3 = b
| 2xx+ 3x2 + *3 = 1
(2X™+ X2 +3B=11
Yechish: Noma'lumlaroldida tuigan koeffitsentlardan tuzilgan A -
aniglovchini hisoblaymiz:
3 21
a = 3 = 3-8-4-2+1-(-4) = 12*0

[/0 ekan, demak, sistema birgalikda va yagona yechimga ega
bo‘ladi:

Kramer usuli:
5 2 1
A= 13 1=58-2(-8)+1(-32) =24,
11 1 3
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3 5 1
Ax2 = 2 1 1 =3-(-8)- 5-4+1-20 = - 24,
2 11 3
2
= 3 1 =3-32-2-20 +5-(-4) = 36.
1 11
shunday qilib:
: =Ry 2
N o~ 12
Ax2 -24
X2~ A ~~12
AXx3 36
AC3=X = 12 _

Matritsa usuli:
sistemani quyidagi ko ‘rinishda yozamiz:
AX = B, buyerda

A= X= B =

Matritsa ko ‘rinishdagi tenglamaning yechimi ushbu ko ‘rinishga
ega bo‘ladL- X= A" mB, bundagi A~x ni ushbu formula
yordamida topamiz:

li W2 A3

r "2 AR

B AB A3
buyeida Ay - element ai; elementning algebiaik
to‘Idimvchisi /=13 =13

AUl ~ (_1)41*“1lf ?1)1 8 vaxk \A=[=12

shunday qilib
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Javob xr =2, x2= —2, x3=3
2. X vector p, ¢, f bazis vektoriarbo‘yicha yoyilmasiniyozing:
buyerda x = {15, —20, —1}, p={0, 2, 1},

g={0, 1, -1}, r={5 -3, 2}

Yechish: Yoyilmani ushbux = ap + + yr  ko‘rinishda
izlaymiz, buyerda a,ft, y lartopilishi kernk bo‘lgan
noma'lumlar.

Bu tenglamani vektorial koordinata ko‘rinishida yozamiz:.
15i- 20] -k =a(2j + fo)+ f}Q— fc) +y (5t — 3j + 2k)
15i- 20J-k = 5y i+ (2a+/?—3y) *j + (a- P+ 2y) ofc

y=3
2a+ p = -11
.a-p =-7
y—3, 3a=-—8 > a—=6, MP=a+7=1.

Shunday qgilib a=-—6, /?7=1, y=3 qiymatlatga ega
bo'lamiz
Javob: x = —6p + q + 3f

3 ea c2 vektorlar kolleniarmi?
g =4a- 3b, c2=9b —12a

a= {', 2,8
={3. 7. 1

bu yerda
b
Yechish:
4a = {—4, 8, 32} 9b = {27,63,-9}
-3b = {-9,-21,3} —12a = {12,-24,-96}
c[ =4a- 3b={-13,-13,35}
c2=09b- 12a ={39,39,-105}
Vektorlaming kolleniarlik shaitidan:
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*£i _ fci _ -13 _ -13 35 1
*2 " yQ " *c2 39 39 -105 3

Javob: cr, c2 vektorlar kolleniarva garama - qarshi yo‘nalgan.
4. Tomonlari a va b vektorlaidan iborat bolgan
parallelogrammning yuzi hisoblansin:

a=3p+2q , b=2p-q

lpf =4, Jal=3, (p/lg) ="
Yechish: Srep= |a x b|
axb =@p+2q)x(2p- q)=6pxp-3pxqg+
+2Q X 2p —2Q X q = 2qQ X p.
Ma’lumki:pxp =0, gXq=0. pxg=-—xp
Demak |a x b| = 7|q||p|.sin™ = 7 ¢34 ey = 420/2
Javob: S, @, = 42n/2 <kB «0.
5. 1 nugtaga gqo‘yilgan F = AB kuchning yo‘naltirovchi
kosinuslari va C nugtaga nisbatan moment migdori topilsin, bu
yerda
A(3, 4, SX-BJ-1. 770); C (1,-1. ).
Yechish: F=AB =0OB- OA={-4, 3,-5}
M=momcF= CAXAB=CAXFCA ={254}.
i J X
M=momcF= 2 5 4 —37i —6] + 26k.
-4 3 -5
\M\ = VC-37)2+ (-6)2+ (26)2= V208L
Mx -37 Mx -6
;o cos/? =th=t=
M| V2081 A A/l n/208
. Mz 26
Cosj = -=
M| V208T’

Javob : |Afl = n/2081, Cosa = "==<

Cosa =

-6
COS/?= mm ;—r, COSj =
T/LW V2081
6. Uchlari A/, A2 A3 vaA4 nuqtalarda yotgan tetraedrining hajmi

vaA4uchidan™/ A2A3yog'iga tushirilgan balandlik hisoblansin.
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Bu yerda: ArlL, ) 2) A2(2, I, 2),
A30. I. 4) na(e, -3, 8)
Yechish: Mnemp= £-h - SAAXIAZAI, = \\ArA2 mATA3 mAtA4\

AtA2 = 0A2- 0AX= {120}
ATA3 = OA3- OAr = {022}, AXA4= {5 -2,6}

1 J

i
~2 X « 12
0

N OX

2

= 114r -2/ +2k| =172 + (-2)2+22=V6

2 0
 =- 2 2 =\(/6+ 20)=6
-2 6

Javob: Lketp = 6 kub biriik. h —3n/6 biriik.
7. Uchlari n (1, -2); B(7, 6); C(-11, 3)
nugtalanda bo‘lgan uchburchak berilgan;
a )J12?to ‘g ‘ri chiziq tenglamasi yozilsin ,
b)C uchidan tushirilgan balandlik tenglamasi yozilsin ,
¢)B nuqgtadan JIC to‘g‘ri chiziggacha bo‘lgan masofa
topilsin ,
d) Ichkiv4 burchak bissektrisasining tenglamasi yozilsin .
Yechish:
a) AB to‘g ‘ri chizig tenglamasini topish uchun ikki nugta
A (1,—2) va B(7,6) lardan o ‘tuvchi to‘g‘ri chizig tenglamasidan
foydalanamiz:
X-Xx1 Y~ Vi x- 1 Y+ 2
X2- Xr~ ¥r- WM~ 7- 1“6+ 27
8x - 8= 6y+ 12 = Ax- 3y- 10=0 (AB)
Javob: Ax - 3y -10= 0
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b) hc 1l AB bo‘lganligidan, burchak koeffitsiyentlari quyidagi
munosobatda bo‘ladi, ya'ni

-1
KhC:-i(?AE

3
Khc = —A
Berilgan C (-11 ,3) nugtadan o ‘tgan to ‘g ‘ri chiziq tenglamasi

Y- = K(x +x1)=t>y- 3= —" (x+11)

yoki 3x+ 4y+21= 0
bu hc balandlikning tenglamasi.
Javob: 3x+ 4y+ 21 =0
c) B nugtadan AC to‘g‘ri chiziggacha bo‘lgan masofani topish
uchun AC to‘g ‘ri chiziq tenglamasini topamiz:
x - 1 Y + 2
-1 - 13 + 2
5x+ 12y+ 19=0 (AC)
Endi B(7, 6) nugtadan AC to ‘g ‘ri chiziggacha bo‘lgan masofa
fonnulasidan foydalanamiz:
\A-xB + B-yB+ C(

yjA2 + B2
15-7+ 12-6+ 19| 126
&BM V25 + 144 “« 13
Javob:
126
cm - s

d) Ichki A burchak bissektrisasining tenglamasini topish uchun bu
bissektrisani*C va AB to‘g‘ri chiziglaridan teng uzoglikda yotgan
nugtalaming giometrik o ‘mi deb gaialib, uning tenglamasi
Ax+ By+ C  Arx+ By + O
nn2+ B2 ~ A2+ B2
ko‘rinishda izlaymiz. AB va AC to‘g‘ri chiziglartenglamasini
normal holga keltiramiz AB: -x —-y —T =
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12 19

AC- 13 13Y- 1370
B issektrisa tenglamas i
4 3 10 12 191
5X- 5Y~ T 13 13Y7 181

B va C nugqtalar bissektrissaning turli tomcnlarida yotishi shartidan

IlIx + 3y— 5=0.
Javob: Mx + 3y — 5= 0.
8. A (5,3 —/) nugtadan o ‘tuvchi va BC vektoiga perpendikulyar
tekislik tenglamasi yozilsin. Bu yerda B(0, 0, -3 ); C (5, -I, 0).

Yechish: Bir nugtadan o‘tgan tekislik tenglamasidan
foydalanamiz: ya’ni a(x —g0) + b(y —y0) + c(z —z0) = 0
bunda n = {a, b, c,}tekislikning normal vektori. Bu yerda
n = BC = {5,—1,3}. Izlanayotgan tekislik tenglamasi:
50 —5) —(y —3) + 3(2+ 1) = 0,

yoki

5x —y + 3z —19 = Q,
Javob: 5x —y + 3r —19 = 0,
9. M4 (/,—1,2) nuqtadan Mr(/, 5, —7), M2(—3,6,3) va
M3(—2,7,3) nugtalari orgali o‘tuvchi tekislikkacha bo‘lgan
masoia topilsin.
Yechish: Uch nuqtadan o‘tgan tekislik tenglamasi a ni vektor
ko‘rinishda izlaymiz, ya’ni MXM MrM2MxMr = O
Koordinatlari bilan berilgan uch vektoming aialash ko ‘paymasi:

X —1 y-5 z+
a —3—1 6-5 3+ =0
-2-1 7-5 3+
yoki
x—1 y—5 z+7
-4 1 10 =0
-3 2 10

a: (2x- 2y +z+ 15)
tekislikni normallaymiz.

1l
o
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Endi M0(J, —, 2) nuqgtalardan oc tekis likkacha bo‘lgan masoiani

topamiz:
| 2 2 1 15 2 1 15|
x| 2
-3%0+3MW_372-T7 .13 2-3 1-3 2-T|I
=T
Javob: d-1.
10. Ikki tekislik orasidagi burchak topilsin.
a Xx+2y—2z—7=0, w = {2 -2},
72 x+y—35=0, w = u,1,0}
Yechish:
A - LL, 1e1+2+1—0 3 V2
ya’ni cos<p = Bundan Pp=
Javob: ]
It
- = ?

N MX- 3y+ ? +%F-a t08 richiziknin8 umumiy
tenglamasi kanonik va paiametrik tenglama ko‘rinishiga keltiril-
sin:
Yechish : To‘g‘ri chizigning kononik ko ‘rinishdagi tenglamasi
*~*q _ Y-Y. _ 2-1z.
m n p
Y o‘naltirovchi vektor S = {m,n,p} quyidagicha topiladi

S= WxW bunda W, =4{2-3,—=2} W=4{1-3, 1} yani
1 K

S = |_|_||)(|_|_||:2-32 = —91 —4J) —3k,
1 ~3 .

demak, S = —91 47 —3k = {-9,—4, -3}

MO(x0 vy,, z,) nugtani topamiz. Buning uchun to‘g‘ri chizigda

z, = 0 deb, ikki noma’lumli ikki tenglamalar sistemasini hosil
gilamiz.
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(2x - 3y+ 6 O
[x - 3y+ 3 0.
Buni yechib, X, y noma’lumlami topamiz:
x»= -3, Y—0, z,=0, M, (-3,0,0)
Topilgan bu giymatlami
X-X0_y-y0_2z-2z0
T n p

ga go'yib, to‘g‘ri chizigning kanonik tenglamasini topamiz.

x+3 y—0 z-—-0

) -9 -4 -3
yoki
X+3 y z
9 4 3

bu tengliklami t ga tenglab , to‘g‘ri chizigning parametrik
tenglamasini topamiz.

x=9t—3, y=4t, z =3t,
Javob

X+3 vy
9 4

< w N

X = 9t —3, = 4t, z —31
12.
X—7 y—3 z+1
3 1 -2
to‘g ‘ri chiziqg bilan
2x+y+7z-3 =0
tekislikning kesishish nuqtasi  A/0(x0y0z0Q)  topilsin.
Yechish:
X—7 y-3 z+1
3 1
to‘g‘ri chizigning parametrik tenglamasini yozamiz:

X —=3t+7, y=t+3 z1=2t—1 *)

bu yerdagi, x,y,z laming giymatlarini
2x +y + 7z —3=0.

tekislik tenglamasiga qo‘yamiz , natijada t-ga nisbatan tenglama

hosil boiadi .Bundan t ni topib, (*) ga qo‘yamiz.
231+ 7))+ (t+3)+7(-21- 1)-3=07t=17,1t
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x0- 3ml+7=10, yo=4, 1z0=-3,
Natijada M (10,4,-3) nugtani topamiz.
Javob: M (10,4,-3).
Variantlar

1-variant

2x 4y +3z2=7
1 <3x—by+z=0

vdjic- 7y +z ——1
2.x = {-2,4,7}, p = {0,1,2}, q = {1,0,1}, r = {-1,2,4}.
3.a=1{1,-2,3}, b={3,0,-1}, ca= 2a+ 4b, cd= 3b
4a=p+2q, b=3p-q [p[=1 V=2 (p<)=
5 #(—,2,1), B(3,—,2), C(2,—1,3).
6.7(1,3,6), A2(2,2,1), A3(-1,04), na(—4,6,3).
7.1(1,2); B(3,4); C(5,3).
8./1(1,0, —2); B(2,—,3); C(0,-3,2).
9.M1(-3,4,-7); M2(l,5,—4); M3(-5,-2,0);
Mo(—12,7, —1).
100 x-3y+5=0; 2x—y+ 5z—11=0.

fax+y+z—2=0 =N =
(2x-y-3z2+6=0 (X—2y+7z2—24=0
2-variant
3x+4y+z=10
1 x+3y—2z=9

3X —2y + 22 = 3
2.x=4{6,12,-1}, p = {1,3,0} g= {2,-1,1},r = {0,-1,2}.
3.a={101} b={-235} cx=a+2b c2=3a-b.
4.a=3p+q b=p-29 |[p|=4 lq =1 (p,q) =17
5.A(3,—,4), B(l,2,—=3), C(l,—1,2).
6.Ar(—4,2,6), A2(2,—3,0), A3(—10,5,8), A4(-5,2,-4).
7. A(1,2); B(3,4); C(3,).



8.A(—1,3,4); B(—1,5,0); C(2,6,1).
9. MjC-1,2,-3); M2(4,—1,0); M3(2,1,-2); Mo(1,-6,-5).
10.x—3y+z—1=0; x+z—1=0.

rx-3y +2z+2=0 [’t'» :_3 Z;
(x+3y+z+14=0 X + 2y —5z + 20 =0
3-variant

/2x + 3y 45z = 10
1L <3+ 7y+4z=3

(x+2y+2z2=3
2.x={1,-44}, p={21,-1}, q= {032}, r = {1,-1,1}.
3.a={=241}b={1,—27} q =5a+3b, c2=2a-b.

4a=p+3q9,b=p+2q [p|]=1i.q - 1 (p,q) =1
5. A(l, —3,4), B(3,—4,2), C(-1,1,4).

6.Aj(7,2,4), A2(7,—,—2), A3(3,3,1), A4(-4,2,1).
7.A(5,3); B(3,4); C(3,)).

8.A(4,—21); B(l,—1,5); C(-2,1,-3).

9 Mx(—3, —,1); M2(-9,1,—2); M3(3,-5,4);

Mo(—7,0, —1).
10.4x —5y +3z—1=0; x—4y—2z+9=0.
- dydtz—F=D rX2 _y-3 - za
2x+|r21y—z—8:no 12 x+2y+32ﬁ4—0
4-variant
r5Sx —6y + 4z = 3
]. I3Xx —3y + 2z = 2
l4x —by + 2z = 1

2.x= {955}~ p={411}, q={20,-3}, r={1.21}
3.a={12-3},b={2-1,—1} q =4a+3b, c2=8a- bl
4.a=3p—2q, b=p+5q |pl=4 g =i, (p/q) =
5. A(3, —6,1), B(l,4, —5), C(3,—4,2).
6.Ai(2,1,4), A2(—15—2), A3(—7,—3,2), A4(-6,-3,6).
7.A(—2,2); B(1,5); C(I).
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8.A(—8,0,7); B(-3,2,4); C(-1,4)5).
9. Mi(1,-1,1); M2(—2,0,3); M3(24,-1); Mo(-2,4,2).
10.3x —y + 22+ 15=0; b5x+ 9y —3z—1=0.

j*+y+z-2=0 f—><_+31_y;2__§-3
{x—y-2z+2=0 Hir3y_—57+9=0
5-variant

'4Xx —3y + 2z = 4

1. 6x—2y+ 3z= -1

DOX—3y + 22 = 3
2.x = {-5, 5,5}, p=4{2021} q={13-1}, r= {041}
3.a={354} b={597}cr=-2a+b c2=3a—2b.
4.a=p-2q,b=2p+q, |p|=2i |q|=3! (p,q):
5 A(—2,1,1), B(1,5,0), C(4,4, —2).
6.Aj(—1,—5,2), A2(—6,0,—3), A3(3,6,-3), A4(10,6,7).
7. A(—2,2); B(1,5); C(4,2).
8.A(7,—5,1); B(5,—1,—3); C(3,0,-4).
9. M~"IL,2,0); M2(1,-1,2); M3(0,1,-1); Mo(2,-1,4).

10. 6x+ 2y —4z + 17 = 0; 9x+ 3y —6z—4 = 0.
mX-5 y-3 )

||[%§Mt’§ =0 ax y lse—12-0

6-variant
r5x -2y -3z = -2
1 <2x—2y+52=0
(3x + 4y + 2z = 0
2.x={132,7}, p={-2,0,1}, q= {1,3,-1}, r={04,1}.
3.a={14,-2}, b={11-1}, cr=a+b, c2=4a+ 2b.

4a=p+3qb=p—2q, [p| =2 |al =3, (p,a) =]
5.A(-2,3,-4), B(325), C(4,2,-1).
6.At(0,-1,-1), A2(—2,3,5), A3(l,—5,—9),
A4(—1,—6,3).
7.AC—1,1); B(0,3); C(1,1).
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8.A(—3,5, —2); B(-443); C(-3,2,5).

9. MN1142); M2(1,2,—1); M3(2,-24); Mo(-5,-9,1).

10.x- yw2+z- 1=0; XxX+2y+6z- 12=0.
Gxty-z-6=0 , ==,

UAGL 15, 2 1% _Pea=o

Variant 7
f2x + by —7z = 11

1.[x+3y—z=—+4
(3x + 8y —6z = 11
2.x ={-19,-1,7}, p={0211} qg= {201} r={310}
3.a={,,—=25} b={3-—-0} Ci=4a-2b, cd=b-2a.
4a=2p-qb=p+29 |p|=3 |q =2 (p.q) = 1.
5.A(3,2,—4), B(5,6,—1), C(4,2,—1).
6.Ax(5,2,0), A2(2,5,0), A3(1,2,4),A4(—,11).
7.A(—2,1); B(1,3); C(3,0).
8.A(1,—,8); B(—4,—3,10); C(—1,—1.7).
9. Ma(1,2,-3); M2(1,04); M3(-2,-1,6); MO0(3,-2,-9).
103y —z=0;2y+z=0.
n [x+5y+2z+11 =0 =N =A
(x-y-z-1=0 IXx —2y + 52+ 17 =0

8-variant
pc- 3y+2z=3
1l<2x—y+3z=-5
(x+6y—z=4
2.x=4{3,-34}, p={102} q={011} ?=4{2,-1,4}.
3.a={34,-1}, b={2-—2} cr=6a—3b, c2=b—2a
4a=4p+qgb=p-ql |p[=7 laf =2 (p.g) ="
5 A(3,2,—=3), B(5,I,—), C(,—=2,1).
67(2,-1,-2), Az(l,2,1) A3(5,0,—6), A4(—0,9, 7).
7.A(—5,2); B(—2,5); C(-1,2).
8.A(—2,0,5); B(2,7,-3); C(140,-1).
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9 MA340, —1); M2(—2,3, —5); M3(-6,0,-3); Mo(-6,7,-10).
10. 6x+ 3y —2z = 0; x+ 2y + 6z—12 = 0.

x+4y- 2z+1=0 (— =y =—

(2x- 4y+3z+4=0 "(XZ_ 2y+4z-19=0

9-variant

X+ 3y—z=3
1j2x —5y + 3z =11

(6x —y —7z = 17
2.x=4{33,—} p={310} q= {121}, r={-1,0,2}.
3.a=4{-2,-3,-2}, b={105} ct =3a+9b,c2=-a - 3b!
4.a=p-4q,b=3p+q, |p|=l’ |Q|=2, (pp|0=‘]
5A(,—2,4), B(-4,2,0), C(3,—2,1).
6.AiIC-2,0,-4), A2(—1,7,1), A3(4,—8,—4), A4(1,—4,6).
7. A(—5,2); B(—2,4); C(-2,0).
8.A(1,9,-4); B(,7,1); C(3,50).
9- Mr(—L,2,4); M2(—,—2,—4); M3(3,0,-1); Mo(-2,3,5).
10.x+ 2y +2z- 3=0; 16x+ 12y- 15z- 1= 0.

Mx+y—3z+4=0 = =N
Ux-y+2z+2=0 'bx -y+3z+23=0

10-variant

2Xx —5y + 6z = —5
1 x+3y+4z=4

3x- 2y +13z=2
2.x={-1,7,-4},p = {-1,2,1}, g = {2,0,3},“? = {1,1, -1}.
3.a={142}, b=4{3-2,6}, cr=2a- bc2=3b- 6a
4 a=p+d4g,b=2p— |p|—="1a =2 (p,q)="
5 A(l,-2,2), B(—4,11), C(-5,-5,3).
6.A,(14,45), A2(—5,-3,2), A3(-2,-6,-3),

A4(-2,2,-1).

7. A(—1,1); B(1,3); C(1,10).
8.A(—7,0,3); B(1,—-5,4); C(2,-3,0).
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9. Mr(0,—3,1); M2(—4,1,2); M3(2,-1,5); Mo(-3,4,-5).
10.2x —y + 52+ 16 = 0; x+2y+ 3z+8=0.

X+2 2 Z+3
X—y —2—2=0 (A

x2y+z+416 12{%y 502—7-0
11-variant

+3y-2z=5

X—4y + 3z =0

+ 5y +2z=15

2.4={65,-14}, p = {114}, q={0-3,2}, r={21,-1}.
3.a={50,-1}, b= {723}, cx=2a- b, c2= 3b- 6al

4.a=3p+2q, b=p-q, [pl=10, [g =1 (7 =\
5 A(l, —8,—7), B(2,20), C(1,-1,2).

6.Ai(1,2,0), A230,—3) A3(526), A4(8,4,-9).
7.A(=3, —3); B(—2,0); C(0,-2).

8.A(0, —3,5); B(—7,2,6); C(-3,2,4).

9. Mr(1,3,0); M2(4,—1,2); M3(3.0,1); Mo(4,3,0).

fO.P&— 2y :j4 , 6x+ 15y —10z 4-31 = 0.

[4x+y 3z+2—0 = =
12.<2 -1
[2x -y +z- 8—0 (4x+2y—z—11

12-variant
rbx —2y +z=4
<Ux —3y+2z=14
(x+2y+3z=14
x=9{6,-1,7}, p={1,—-=20} qg={113} r={104}
a=4{032} b={1,-2,1}, g =5a—2b, c2= 3a+ 5bh.
a=4p- 0 b=p+2q |Ip[=5 g/ =4, (p"q) =
A(2,7,- 6), B(7,-9,9), C(,-3,1).
AL(2,-1,2), A2(1,2,-1), A3(3,2,1), A4(-4,2,5).
A(—4,—4); B(—2,0); C(0,-3).
A, —1,2); B(2,—4,3); C(4,-1,3).
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9. Mx(—2,—1,—1); M2(0,3,2); M3(34,-4);
Mo(—21,20, —16).

10, 1=~ =~ , X+ 2y+ 3z—29 = 0.
RBx+2y- 2z- 1=0 = 5li
(2x—3y+z+6=0 —2y—47 —8 =0

13-variant

6X —2y+z=4
1 x—3y+4z=15

2X—y +32=6
2.x = {5150}, p={105}, q={-132} ?=4{0,-14}.
3.a={-2,7,-1}, b={352} cx=2a+ 3b”c2=3a+ 2b.

4a=5p-qb=p+5q Ipl=2 lal=1 (p.a) =Y.

5. A2, —1,—3), B(3,2,—1), C(—4,1,3).

6.AI(L0,2), A2(-14,3), A3(2,—2,4), A4(-1,8,-2).
7.AC—1,3); B(2,0); C(-24).

8.A(—3,7,2); B(3,5,-1); C(4,53).

9.M1(-3,-5,6); M2(2[, —4); M3(0,-3,-1); Mo(3,6,8).

10-6 XN b +2 ' 2x+y+z—4=0
Fex-7y-42-2 =0
-1 1 2
(x+7y—2z—5=0 |Z(X+2y_z_2:0
14-variant

r3x+ 5y —7z2=6
1.<2x—y +3z=3
(X —T7y + 8z=—=

2.x ={2,-1,11}, p={110}, qg= {012}, r = {1,0,3}.
3.a= {370}, b={1-3,4} cx=4a- 2b, cd= b- 2a
4'a=q_ 5p, b=p+q1 |p|=7! |Q|=|, (p,q):/\.

5. A(1,2,0), B(34-3), C(526).
6.Ax(2,3,1), A2(4,1,—2), A3(6,3,7), A4(7,5,-3).
7.A(—1,1); B(2,—2); C(-4,-3).
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8.A(0,—2,8); B(4,3,2); C(1,4,3).

9. Ma(2,-4,-3); M2(5,—6,0);
M3(—1,3,—3); Mo(2, —10,8).

10-~=? =5 > 2x+y+7z —-3=0
(8x—y —3z—1=0 Xf :y_? - Z;Z
(x+y+z+10=0 "' 5 y447+8=0

15-variant
IX—y+2=6
1 4x—2y+ 5z =14
X+y—z=2
2.x={115,-3}, p={102} qg={-1,0,1}, r= {25,-3}.
a={-1,2,-1}, b={-2,-7,1,} cr=4a- 2b, c2=b- 2al

4.a=2p+3q, b=q-5p Ip|=2 lg =3 (p/g)=J
5. A(2, —4,5), B(4,—2,3), C(3,2,-1).

6-Aa(l,1, —1), A2(2,3,1), A3(3,2,1), A4(59,—8).
7.A(=3,1); B(—2,3); C(—1,1).

8.A(1, —1,5); B(0,7,8); C(-1,3,8).

9. MA~l1,-1,2): Mr(24,2); M3(14,4); Mo(-3,2,7).

10'T1=4A :—2 f X—2X+ 7z —24 = 0.
X—=2 _ y—=2 _ ZH4
(6x+3y+3z+4=0 tx + 3y+5z-42 =0

16-variant

rax +y —2z = 17
Lix4+3y+z=14

Bx—y—z=28
2.x = {8,05}, p = {2,0,1}, q = {1,1,0} r={4,1,2}.
3a={79-2}, b={543} ca=4a- b C2=4b- a
4.a=2p-3q, b=3p+aq, |p[=4 g =1 (pM}) =
5 A(3,2,—4), B(2,—1,1), C(4,—2,3).
6.Aa(1,5,-7) A2(—8,6,3), A3(—2,7,3), A4(-4,8,-12).
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7.A(2,3); B(O4); C(3,0).
8.A(—10,0,9); B(12,4,11); C(8,5,15).
9 Mr(1,3,6); M2(2,2,1); M3(-1,04); Mo(5,-4,5).
10.—l =n =70 3x+¥—52— 12 = 0.
fx+5y——2—5=0 = =A
‘(2x- by +2z+5=10 ‘bx +y+4z- 47 =0

17-variant
X+2y+z2=7
L 3x—y+2z=1
AX +y —z =12
2.x = {318}, p=4{043} q={12-1}r={20,-1}.
3.a=4{50-2}, b={643} cx=5a- 3b,c2=6b- 10a.
4.d=5p+qb=p-3q, \p\ =1, |q] = 2,(jCq) = J.
5 A(12,-1), 5(1,-1,3), C(1,9,-11).
6
7
8
9

N(-3,4,7), N2(1,5,-4), N3(—5,—2,0), /44(2,5,4).
.N(2,2); B(—,1); C(1,-2).
N3, —3,—6); B(1,9,—5); C(6,6,-4).
. Mr(-4,2,6); M2(2,-3,0); M3(-10,5,8); Mo(-12,1,8).
=~ = X —2y + 4z —19 = 0.
(2x-3y+z+6=0 Ul f— =" =—
ox-By-Dz4+3-0 \2x+3y+72-52=0

18-variant
[3x —y —2z =4
1.2x +3y+z=9
(4x 4y - 4z =15

2.x={8112}, p={12-1}, q={302}r = {-11,1}.
3.a=1{83-1}, b={413}, cr=2a- bc2=2K- 4a.

A'a_7p_2q1 b=p+3qv \p\=|i |q|=2’ (p,q):\]
5.J1(3,-2,1), B(2,1,2), C(3,—1,—2).
6.i41(-1,2,-3), A2(4,—1,0), A3(2,1,-2), N4(3,4,5).
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7. N(—3,—1); B(3,3); C(2,-3).
8.A(2,1,7); B(9,0,2); C(9,2,3).
9.Mr(7,2A)-, M2(7,-1,-2); M3(-5,-2,-1); MO0(10,1,8).
= = 2X —y + 3z + 23 = 0.
F5x+y+2r+ =0 —Ll—£+1
2 O 12.n 2 2
X-Y-3r+2-0 (3x+4y+7z—16—0

19-variant
r3x + 4y +2z =8
LI2x - 4y —3z =1
xX+5y4z=0
2.x ={-9,-8,-3}, p=4{141}, q={3,2,0},r = {1,-1,2}.
3.a={3-1,6}, b= {5710}, cr=4a-2b, c2=b-2a.

4'a=6p'q’b=p+qv \p\=3v |q|=4’(p’q)=‘]

5 N(2, —1,1), B(5,5,4), C(3,2, —1).
6.Ar(4,-1,3),M12(-2,1,0), N3(0,-5,1),  J14(3,2, - 6).
7.0(4,2); B(—2—2); C(2, -3).

8. N(—,1,—4); B(8,11,—-3); C(9,9,-1).

9. Mx(2,1,4); M2(3,5,-2); M3(-7,-3,2); Mo(-3,18).

100N =2"r=~, 4x+2y—2-—11=0
Mx+y+r+32=0 E®=£2 = £11
n-(2x-y-3z-8 =0 (2x —5y + 4z + 24 =0
20-variant
|"7x —by —31

L|4x + 11y - —43

(2 —3y +4z = =20
2.x = {-5,9, —13}" p = {0,1,-2}, q={3,-14}, r =J4.1.0}.
.a={1,—=24}, b={735} cr=6a- 3b, c2—b—2a.
4.a=11Op+qb=3p-2q Ip|=4 |d =1(p9) =
5.71(2,3,1), B(4,1,—2), C(6,3,7).
6.ANX-bl XAMNO), A3(2,1,-1), J14(2, —2,—4).
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7.j4(—1,2); B(3,1); C(I, —1).
8. (14 —6); B(—7,2,1); C(-9,6,1).
9.Mr(-1,-5,2); M2(—6,0,—3); M3(3,6,-3);

Mo(tO ,-8,-7).
10.r=n =1, X+ 3y +5z—42 =0.
J— —2 = =N =N
?_MF’2X+y 32 —2 ~O 12. < s -5 12
(2x —y +z2+6—0 (x —2y —3z+ 18 =0
21 -variant

rSx +8y -z=17
1.12x —3y + 22 =9
(x+2y+3z=1
2.x = {-15,5,6}, p={051}, q=4{32-1},r = {-1,1,0}.
3.a={370}b={46,-1}, cr=3a+ 2bc2=5a- 76.
4. a Gp_ q16=p+2q! |p|=81 |q|=|i(p!q)=‘]
5.4(1,4,-1), A(—2,4,-5), C(8,4,0).
6.Aa(1,2,0), i42(l,—,2), n3(0,1,-1), n4(-3,0,1).
7. A(—,2); B(4,4); C(1,1).
8.A(-3,1,0); 6(6,3,3); C(9,4,-2).
9. Mr(0,-1,-1); M2(—2,3,5); M3(1,-5,-9);
Mo(—4, —13,6).
1, m”2x—y —7=20 x-i _y+l _ z-0
1x—z+5=0" 1 -1 -r
. fx+y-§z-°2%0 ri.'3=y_—.l=—
_n 12. %1 -1 0
x y+z+2=20 (XxX+7y+3z2+11=0

22-variant

3x+y +z =5
1l x-4y-2z=-+41

5y —3x + 6z = 10
2.x = {8,9,4}, p=4{131}, q={0,—2,1}, r = {130}
3.a=4{2-14}, 6 ={3,-7,1}, ca= 2a- 36,c"= 3a- 26.
4.a=3p+49,6 =q9—p, |p| =25 9} =2 (p,q) =|
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5 N(0,1,0), B(0,2,1), C(1,2,0).
6.0(142), N2(1,2.-1), N3(2,-24), N4(2A4,0).
7.N(-1,2); B(-3,-2); C(-1,-1).
8.NM(-4,-2.5); B(3,-3,-7); C(9,3,-7).
9.M1(5,2,0); M2(2,5,0); M3(1,2,4); Mo(-3,-6,-8).
r2x-y-7=0 (y=]|x +8
"lz=2x+ 5 " [ z=3x
Xx—3y —z+ 11 =0 =N =
'"(x—2y+2z—1=0 [3x + 7y —5z —11 =0

23-variant

#x —y +5z2=4

X + 2y + 13z = -21

X —y +5z2=0
2.x = {23,-14,-30},p = {2,1,0}, q = {1,-1,0}, r = {-3,2,5}.
3.a={5,-1,-2}, b={607} ca=3a- 2b,c2=4b- 6a.
4a=7p+qb=p-3q, |p|=3 [q] =1, (p7f) =
5 1(—7,0,4), B(—1,6,7), C(1,10,9).
6./11(1,2, —3) /12(1,0,1), N3(—2,—1,6), J14(0, —5, —4).
7. 1(—,2); B(34); C(-3,-2).
8.J1(0,-8,10); B(—5,5,7); C(-8,0,4).
9. (2,-1,-2); M2(1,2,1); M3(5,0,-6); Mo(4,-3,7).
MRBx —2y + 16 = 0 x+0,5 _ Yy+15 _ r-0,5

1013x—z— 1 0 1
L QfX‘l=¥i2=Z_=6
w75 A
T +y-6z-5=0
24-variant
X +y-2z =-2

I4x —3y+z=1

2x+y —bz=1

2.x=4{3,13}, p=4{210} q={101} r = {-3,2,5}.
3.a={-953}, b={71-2}, ci1=2a- bc2= 3a+ 5b.
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4.a=p+3q,b=p-3q, PPl=3 \qg=1 (p,q)=

5 A(—2,4, —6), 5(0,2,—4). C(-6,8,-10).

6.7 (3,10,-1), A2(—2,3,—5), N13(—6,0,—3), N4(1, —1,2).
7. N(-1,2); B(-3,-2); C(4,4).

8.1 (-1,-5,-2); 5(6,-2,1); C(2,-2,-2).

9. (-2,0,-4); M2(—1,7,1); M3(4,-8,-4); Mo(-6,55).

N 4 X+3 __y+2 __ z+1
Z+ 2’ 1 2 1
tl (6x 7y—r— =0 Mzl =~ = £28
r a0 124 1 -1 0
--c+7y 4z-5- 0 "(5x + 9y +4z- 25=0
HOSILA

Hosila va differensial

x/ va x2aigumentning qiymatlari, yi=f(xi) va y2=f(xz) -esa y=f(x)
funksiyaning mos keluvchi giymatlari, Ax =x2- Xx; ayirma
aigumentning oittirmasi, Zly=y2-yv=f(x$ -f(xi) esa funksiyaning
[xi,xd kesmadagi orttirmasi deyiladi. y=f(x) funksiyaning x
aigument bo‘icha hosiiasi deb, aigument orttirmasi nolga
intilganda  funksiya orttinnasining aigument orttirmasiga
nishatining chekli limitiga aytiladi:

/= lim ~
yoki
f (x)= lim +
Ax 0 Ac
(hosila shunigdek bilan ham belgilanadi). y-f(x) funksiyaning

dx
giafigining x nugtasidagi urinmaning burchak koeffits iyenti hosi-
laning geometrik ma’nosini bildiiadi. Hosila funksiyaning x nug-
tadagi o‘zgarish tezligidir. Hosilani topish funksiyani diffensnsial-
lash deyiladi.
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Asosiy elementar funksiyalarni differensiallash formulalari:
.r

1. (xm) —m-xm1 11. (cfgx) = -cosec2x

2 (yfx)'= .12, (arcsinx)'= A
2n[x JT- %2
X X2 <Jl-x2
4. (ex)'=ex 14. (arctgx)'= 7
1+Xx2
5 (ax)'= ax Ina 15. (arcctgx)'= 1 ,
1+X
6. (Inx) =— . 16. (shx)'= (—----——)"'=chx
X 2
7- (logax)'=— 17. (chx)'=(---- )'-shx
xIna 2
8. (sinx) =cosx. 18 (thx)'-(""-)'= 7
chx ch x
h 1
9. (cosx)'=—sinx . 19. (cthx)'-(-c---)s)'z ———
shx sh x

10. (tgx)'= sec2x

Differentiallashning asosiy qoidalari:
C -o0'zgannas son, u-u(x), v-v(x) hosilaga ega bo‘lgan funk-

siyalar.
1 C =0 4. (cu)'—cu'
2. x'=1 5 (uv) -u'v +uv'
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3. (uxv)'- u'xv 6. uv-uv

v V2
7. Agary =f(u), u=u(x), yaniy - flu(xj\ bo'lib, f(u)va
u(x) funksiyalar hosilaga ega bolsalar, u holda yx'=yj'ux

bo‘ladi (mumkkab funksiyani diflerensialiash qoidasi).
Oshkormas funksiyalarni diflerensialiash.
y x ning oshkormas funksiyasi sifatida F(x,y) =0 tenglama

bilan aniglangan bo‘lsin. Bundan keyin bu funksiyani differensial-
lanuvchi deb hisoblaymiz. F(x,y) =0 tenglamaning ikki tomoni-

ni X bo‘yicha dif&iensiallab, y' ga nisbatan birinchi darajali
tenglama hosil gilamiz. Bu tenglamadan y', ya’ni x va y ning
batcha giymatlari uchun oshkormas funksiyaning hosiiasi oson to-
piladi, bunda tenglamadagi y' oldidagi ko'paytuvchi nolga aylan-
maydi.

Parametrik ko‘rinishda berilgan funksiyalarni differensiallash.
Agar aigumentning funksiyasi x = <p(t), ¥ = LI'(X) parametrik
tenglamalar bilan berilgan bo‘lsa, u holda

Ya
yoki
dy
tt= d_
dx dx
dt
bo‘ladi.

Hosilaning geometriya va mexanika masalalariga tadbiqi.
Agar egri chiziq y =f(x) tenglama bilan berilgan bo‘lsa u holda

f'(x0)=tga bo‘lib, a - x0 nugtada egri chizigga o ‘tkazilgan
urinma bilan O Xo‘gining musbat yo‘nalishi orasidagi burchakdir.
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y =1/ (x) egri chizigga M 0(x0;y0) nugtada o ‘tkasilgan urinma
tenglamasi quyidagi ko‘rinishga ega: y - yQ=_y'(x - x0), bu yer-
da y0- hosilaning X = x0 nuqtadagi giymati. Egri chizigqa
o0 ‘tkazilgan normal deb, urinmaga urinish nugtasida perpendikulyar

o0 '‘tkaziigan to‘g‘ri chizigga aytiladi. Normalning tenglamasi
quyidagicha:

Yo
Y-INnx)vay =f2(x) egri chiziglarining M 0(x0;y0) kesishish
nuqtasida ular orasidagi burchak deb, ulaiga shu M 0(x0;y0)

nugtada o‘tkazilgan urinmalar orasidagi burchakka aytiladi. Bu
burchak quyidagi formula yordamida topiladi:

tom -
1+X W X o)
Agar nugtaning to‘g‘ri chiziq bo'ylab harakat gonuni S = S(t)
berigan bo‘lsa, u holda xarakat tezligi deb yo‘ldan tQ vagtda
olingan hosilaga aytiladi: V = S'(ta).

Radius-vektor va chiziq orasidagi burchakni topish.
Dekart koordinatalarida y = f(x) tenglama orqgali yassi chiziq
berilgan. Berilgan M(x;y) nuqgtada chizigning yo‘nalishi, shu nug-
tadagi urinma bilan, ya’ni urinma va OX o‘gining musbat
yo‘nalishi orasidagi soat strelkasiga teskari yo‘nalishdagi burchak
bilan aniglanadi, bunda tga ~y' . M nuqtadagi radius vektoming
burchak koeffitsienti tg(p =y / x ni tashkil giladi, radius vektor va

bu nugtadagi chizigning urinmasi orasidagi burchak esa
(O—a — bo‘ladi. Shunday qilib,

tgcd tga-tgtp 4‘;;( = -y XEIY-de_
1+tgamgp j+y Y x+yy' xdx+ydy
X
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Agar chiziq qutb koordinatalarida r =r((p) tenglama bilan berilan
boMsa, u holda
x =rcos(p, y =rs\rup.
Bundan xdy-ydx =ra<p, xdx +ydy —rdr ni hosil gila-
miz. Demak,
rad(p r

tg0J =
rdr r'

Yugqori tartibli hosilalar.
y=/(X) funksiyaning hosilasidan olingan hosila uning ikkinchi tar-
tibli hosiiasi (ikkinchi hosiiasi) deyiladi. Ikkinchi hosila shunday

belgililanadi: y ”, yoki kjL, yoki f (x). Agars=f(t) - nug-

dx2
taning to‘gri chizigli harakat gonuni bo‘lsa, u holda yoidan vaqt
bo‘yicha olingan ikkinchi hosila d% bu harakatning tezlanishi
dt2

bo‘ladi. Xuddi shunga o‘xshash y =f(x) funksiyaning uchinchi
tartibli hosiiasi ikkinchi tartibli hosiladan olingan hosila bo‘ladi:
y m—(y )" mUmuman, y —f(X) funksiyaning rn+ tartibli hosi-
iasi deb («-7)-tartibli hosiladan olingan hosilaga aytiladi:

y(P(x)- (yF=°(X]) n-hosila shunday belgilanadi: y”rYyoki

— —, yoKki x )m Yugqori tartibli hosilalar (ikkinchi, uchin-

chi va h.k.), berilgan funksiyani ketma-ket differensiyalab hisobla-
nadi. Agar funksiya parametrik ko‘rinishda berilgan bo‘lsa:

x = (p(t),y = tft), u holda y'X,y XX,y X X X hosilalar quyidagi
formulalar bo‘yicha hisoblanadi;

I/ —y1 "oz 1 = A
i =YL Yxx = Lt ¥ i X%



Ikkinchi tartibli hosilani quyidagi formula bo‘yicha ham hisoblash
mumkin:

Yo -
(A)

Birinchi va yuqori tartibli diferensiallar.
y =f (x) funksiyaning differensiali deb (birinchi tartibli) funk-

siya ortirmasining argument ortirmasiga nisbatan chizigli bo‘lgan
bosh gismiga aytiladi. Argument ortirmasi argument differensiali

4-rasm
deyiladi: dx = AX. Funksiya differensiali , uning hosilasini argu-
ment differensialiga ko‘paytmasiga teng bo‘ladi: dy = y'dx . M(x;y)

nugtada funksiya grafigiga o‘tkazilgan urinma ordinatasining or-
tirmasi differensialni geometrik tasvirlaydi (4-rasm).
Differensialning asosiy xossalari.

1 dC =0, C —const,
2 d(Cu) = Cdu,

3. d(uxv)~ duzdv,

4 d(uv) = udv + vdu,

e q vdu - udyv,

6. df(u) =f(u)du.

Agar argument ortirmasi [ a absolut giymati bo‘yicha yetarlicha
kichik bo‘Isa, u holda Ay « dy va
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f(X +AX) « f(X) +f'( X) -AXx.
Shunday qilib, taqribiy hisoblashlarda funksiyaning differensialini
go‘llash mumkin. y = f(x ) funksiyaning birinchi tartibli diffe-
rensialidan olingan differensial uning ikkinchi tartibli differensiali
deyiladi: d y =d(dy) . Xuddi shunga o‘xshash uchinchi tartibli

differensial aniglanadi: d®y —d(d?y) Umuman

dry - d(dndy) . Agary = f (X),X- erkli o‘zgaruvchi bo‘lsa, u
holda yuqori tartibli differensiallar quyidagi formulalar bo‘yicha
hisoblanadi:

d2y =¥ (dx)2,d3y =yn{dx)3,....,dny =y (n)(dx)n.
Funksiyani tekshirish.
Roll teoremasi.

Agar f (x)funksiya [a,b\ kesmadauzluksiz, ]a,6 [intervalda
differensiallanuvchi va f{a)= fip) boMsa, u holda ]tf,b\ inter-

valda hech bo‘lmaganda bitta X = A giymat topiladiki, unda
f'(£) = 0 bo‘ladi. Agar, xususiy holda

/ (a) =0,f(b) =0 bo‘lsa, u holda Roll teoremasi funksiyaning
ikki ildizi orasida uning hosilasining hech bo‘lmaganda bitta ye-
chimi joylashishini bildiradi.

Lagranj teoremasi (chekli ortirmalar uchun).

Agar /(x) funksiya \a,b\ kesmada uzluksiz, ]a€fe[ intervalda dif-
ferensiyallanuvchi bo‘lsa u holda 1]a,6[ intervalda hech

boMmaganda bitta X = E giymat topiladiki, unda

bo'ladi.

Bu teoremalar quyidagi geometrik ma’noga ega: y = f(X) uz-
luksiz egri chizigning har bir ichki nuqgtasida anig urinmaga ega
bo‘lgan AB yoyida (OY o‘giga parallel bo‘lmagan), hech
boMmaganda bitta ichki nuqgta topiladiki , bu nugtada urinma AB
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vatarga parallel bo‘ladi. (Roll teoremasi uchun, AB xorda va urin-
malar O Xo‘qiga parallel ).
Koshi teoremasi.

Agar / (x) va (pipe) funksiyalar \a,b\ kesmada uzluksiz,

]n, b\ intervalda differensiallanuvchi bo‘lib, undan tashqgari
<p'(x) ® 0 bo‘lsa, u holda ]a,6[ intervalda hech bo‘lImaganda
bitta x = £ qiymat topiladiki, unda

MzIM <)

p{b)-th(a) PYE)
tenglik bajariladi, bunda a <{<b.

Teylor formulasi.
a nugtani o‘z ichiga olgan biror intervalda n+1 marta differen-
siallanuvchi  f(x) funksiya n-tartibli ko‘phad va Rn qoldig had-

ning yigindisi ko‘rinishida ifodalanishi mumkin:

1 2! n!

Rn =—-----1§|"(x-a)n+1, Bunda £ nugta C va X nugqtalarora-

(n+
sida yotadi, ya’ni cf = a+3(x - a),shu bilan biiga, 0 < i9 < 1.
a —0 da Makloren formulasi hosil bo'ladi:

fOrm+m xm X+, +& 1R
u 21 n!

__f {n+\0c)
(n 4-1)/

Ba’zi funksiyalarning Makloren formulasi bo‘yicha yoyilmasini
keltiramiz.

X X X2 X3 X" g*
c =/+4+--1 t-——-1..H iR R —mm- X
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R2mi = (~1)msinok  x I
(2m)1=
cosx=1 X 1X X6 f-... (=D rD+F[21,m,
21 41 6! (2m)!
. X 2m+l
R2m= (-1) mH sinQx
(2m+1)!
(l+')-:l+rl'* 2| +|13>; - ) on
, T{T-1). . {7-{n-D)IxN | 4
n/ n'

(m+1)
(bu formulalarda 0 <B <1).
Noanigliklarni ochishda Lopital qoidasi

x o Nugtaning biror atrofida (x « nugtaning o‘zidan boshga) f(x)
va (p{x) funksiyalar differensiallanuvchi va (p'(x) » 0 bo‘lsin.
Agar

limf(x)= lim (p(x)-0O

X—YXy X—>Xf)

yoki
lim f (x) = lim (p(x) =00
X~>Xq X-+XQ
bo‘lsa, ya’ni f(x)/<f)(x) nisbat x =x0 nuqtada 0/0 yoki co/cto

fl
ko‘rinishidagi noaniglikdan iborat bo‘lsa va ’b’@o(pL(XX;? mavjud

bo‘lsa u holda



x~0 (p(x) o <p(X)

tenglik o‘rinli.

Agar x —x g nugtada f'(x) nisbat 0/0 yoki oo/oo ko‘rinishidagi
cp'(x)

anigmasliklar bo*lib va f*(x) va (p'{X) hosilalar mos shartlami

ganoatlantirsa, u holda ikkinchi tartibli hosilalar nisbatiga o‘tish
kerak va xakozo. 0 ¢00 yoki 0o - 0o ko‘rinishidagi noaniglik hol-
larida, berilgan funksiyani shunday algebraik almashtiriladiki ,
bunda uni 0/0 yoki oo/oo ko‘rinishidagi noanigliklarga keltiriladi

va bundan keyin Lopital qoidasi go‘llaniladi. 0° , 00° yoki 7°°
ko‘rinishidagi noaniqglik hollarida berilgan funksiyani logarifrnla-
nadi va uning logarifmining limiti topiladi.

Funksiyaning o‘sish va kamayishi
Agar har ganday yetarli kichik h >0 uchun

f(x0-h)< f(x0)< f(x0+h) shart bajarilsa (5-rasm), f(x)

funksiya Xg nuqgtada o‘suvchi deyiladi.

Agar har ganday vyetarli kichik h>0 uchurt
f(x0—h)>f (x0)> f (xO+h) shart bajarilsa (6-rasm)
f (x) funksiya xn nugtada kamayuvchi deyiladi. intervalda
f{x) funksiya o‘suvchi deyiladi, agar ko‘rsatilgan intervaldan
olingan va x, <x2 tengsizlikni ganoatlantiruvchi har ganday ik-
kita Xj va x2 nuqgtalar uchun f(x,)< f{x2) tengsizlik bajaril-
sa. \x,b\ intervalda f{x) funksiya kamayuvchi deyiladi, aua-



ko‘rsatilgan intervalda x, <x2 tengsizlikni ganoatiantiruvchi har

ganday xt va x2 nugtalar uchun f\Xj) <f (x2) tengsizlik baja-
rilsa.

Funksiyaning o‘sish va kamayish belgilari
1) Agar f'(x)>0 bo‘lsa, u holda f{x) fiinksiya Xg nugtada
0 ‘sadi.
2) Agar f'(x0)<0 bo‘lsa, u holda f{x) funksiya X) nugtada
kamayadi.

Funksiyaning ekstremumlari

Agar har ganday yetarli kichik h >0 uchun f(x0-h)< f(xo0)
va f(x0+h)< f(x0) shartlar bajarilsa, f(x0) giymat f(x)
funksiyaning maksimumi deyiladi. Bu holda xn nuqta f(x)
funksiyaning maksimum nuqtasi deyiladi. (7-rasm).Agar har gan-
day yetarli kichik h=>0 uchun f(x0—h)>f(x0) va

f(x0+h)> f(x0) shartlar bajarilsa, f(x n) giymat f(x) funk-

siyaning minimumi deyiladi. Bu holda X0 nuqta f{x) funk-

siyaning minimum nugqtasi deyiladi.(8-rasm). Funksiyaning mak-
simum va minimumlari funksiyaning ekstremumlari deyiladi.
Funksiyaning maksimum va minimum nuqtalari uning ekstremum
nuqtalari deyiladi.

Ekstremum mavjudligining zarur sharti
Agar /(x) funksiya x0 nugtada ekstremumga ega bo‘lsa, u holda

uning hosilasi /'{xq) nolga aylanadi yoki mavjud bo‘Imaydi.
f'(x0)=0 bo‘lgan x0 nuqta - statsionar nuqgta deyiladi.
f'{xQ = 0 yoki f'{x0) mavjud boMmagan nugtalar - kritik nug-

talar deyiladi. Har ganday kritik nuqta ekstremum nugtasi bo‘la
olmaydi.
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\ J
I r"!
11 1 > 0 1 1 m
0 *re-/r p0+h £ ft'h @ Xoti 9B
7-rasm 8-rasm

Ekstrmum mavjudligining yetarli shartlari
1-goida. Agar x0 nugta f(x) funksiyaning kritik nuqgtasi bo'lsa

va ixtiyoriy yetarli kichik h>0 da f'(x0-h)>0 |,
f'(xo+h)<0 tengsizlik bajarilsa, f{x) funksiya XJ nugtada
maksimumga ega (7-rasm), agar f'{x0-h)<0 ,

f'(x0+h)>0 boMsa, x0 nugtada f{x) funksiya minimumga
ega bo‘ladi (8-rasm). Agar /'(x0- h) , f'{xQ+h) laming isho-
ralari bir hil boMsa, u holda x0 nuqtada /(x) funksiya ekstre-

mumga ega boMmaydi.

2-qoida. Agar f(x0)=0, f(x0)”~0 bo‘lsa, u holda f(x)
funksiya x0 nuqgtada ekstremumga ega, aniqroq aytadigan boMsak,
A*0), agar f(x 0)<0 boMsa, maksimum bo‘ladi, va agar
f(x0)>0 boisa, minimumbo‘ladi,.

3-qoida. Faraz gilaylik

['(*,)=0.0"(*»)=0./"(*,)= <../""-"(x,)=0,] ™(*,)*0
boMsin. U holda agar n-juft son bo‘lsa x0 nuqtada f(x) funksiya
ekstremumga ega bo‘ladi, ya’ni f ' n*(x0)< 0 da maksimum va
f~ n*{xg)> 0 da minimumga ega bo‘ladi. Agar nu-toq son bo*!sa,
u holda x0 da f(x) funksiya ekstremumga ega boMmaydi.

\a,b\ kesmada f{x) funksiyaning eng katta (eng kichik) giyma-
tini topish uchun, funksiyani oraligning chegarasidagi va shu ora-
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ligga tegishli kritik nuqtalaridagi giymatlaridan eng kattasini (eng
kichikgini) tanlash kerak.
Qabariqglik, botiqlik. Burilish nuqtasi
y = f(x ) funksiyaning grafigi ]a,b[ intervalda gabariq deyiladi,
agar u bu intervaldagi har ganday nugtaga o‘tkazilgan urinmadan
pastda joylashgan bo‘lsa, y = f(x ) funksiyaning grafigi Ja,b[
intervalda botiq deyiladi, agar u bu intervaldagi har ganday nuqtaga
o‘tkazilgan urinmadan yuqoridajoylashgan bo‘lsa,
Funksiya grafigining qabariqgligining (botigligining)
yetarli sharti
Agar]a,b[intervalda f (x ) <O bo'‘lsa, u holda bu intervalda

funksiya grafigi qabariqg boMadi (9-rasm).

9-rasm 10-rasm 11-rasm
Agar f ”( x) > O bo‘lsa, u holda funksiya grafigi Ja,b[ intervalda

botig (10-rasm). Funksiya grafigining gabariq gismidan botiglikka
o‘tadigan (x0,f(x 0)) nuqta burilish nuqgtasi deyiladi (11-rasm).
Agar XO—y —f (x ) funksiya grafigi burilish nuqtasining absis-
sasi bo‘lsa, u holda bu nuqgtada ikkinchi hosila nolga teng yoki
mavjud emas. f (x ) - O yoki f ”(x) mavjud bo‘lmagan nugtalar,
Il turdagi kritik nugtalar deyiladi.Agar x0 Il turdagi kritik nuqgta va
ixtiyoriy yetarli kichik h>0 da

f(x 0-h)<0, r(xt+h)>0
yoki

f'(xo-h)>0, f(x O+h)<O0
tengsizliklar bajarilsa, u holda y = f(x ) egri chiziqdagi absissasi
Xqg boMgan nugta burilish nuqgtasi deyiladi. Agar f ”(x0—h) va

f (x O+ h) lar bir hil ishoraga ega bo‘lsa, uholda y —f (x ) egri
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chizigning absissasi x0 bo‘lgan nugtasi burilish nugtasi boMmaydi.

Asimptotalar.

Agar egri chizigning M(x,y) nugtasidan L to‘g‘ri chiziggacha
bo‘lgan masofa, bu nugtani egri chiziqg bo‘yicha koordinata boshi-
dan cheksiz uzoqglashtirilganda (ya’'ni nugtaning koordinatalaridan
hech boimaganda bittasi cheksizlikka intilsa) nolga intilsa , L
to‘g‘richizig y = f (x ) egri chizigning asimptotasi deyiladi. Agar

lim /(x)=+o00 yoki lim fix')= —o0 boMsa, x —a
x->az+0 jc->0£0
to‘g‘ri chiziqg y —f(x ) egri chizigning vertikal asimptotasi
bo‘ladi. Agar UT f (x) = b, yoki lim f (x )- b, limit mav-

X~>+00 A —>—00

jud bo‘lsa, y = b to‘g‘ri chiziqg gorizontal asimptota bo' ladi.

Agar
K- lim f = b, b= lim [f(x)-kx]
A-->+Co X Jf->+00
yokKi
K= lim —— =b, b= lim[f(x)- kxj
n—>-oc X jr——e0

limitlar mavjud bo‘lsa, ¥ = kX 4- b to‘g‘ri chiziq og‘ma asimp-
tota bo‘ladi.
Xarakterli nugtalarga ko‘ra funksiyalarning grafiklarini ya-
sash
y ~ f(x ) funksiyaning grafigini yasashda uning xarakterli xusu-

siyatlarini aniglash foydali.

Bulling uchun:

1 funksiyaning aniglanish sohasini topish.

2. funksiya toq yoki juftligini tekshirish.

3. funksiya grafigining koordinata o‘qlari bilan kesishish nuqtalari-
ni topish.

4. funksiyaning uzluksizligini tekshirish.

5. funksiyaning o‘sish va kamayish oraliglarini va ekstremumlarini
topish.
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6. egri chizigning gabariqglik va botiglik oraliglarini hamda uning
burilish nuqtalarini topish kerak.

Hisobias h uchun vazifalar
1 - vaziia. Birinchi masalada berilgan chizigning absissasi x0
nugtadan o ‘tkazilgan urinma va nonmalning tenglamasi topilsin.
2 - vaziia. Dckinchi masalada funksiya diflfe rensialini toping.
3 - vaziia. Uchinchi masalada funksiyaning ikkinchi tartibli
hosilasi topilsin.
4 - vaziia. Logarifmik differensiallash qoidasiga ko‘ra liinksiya
hosilasini toping.
5- vaziia. Oshkormas funksiyaning hosilasini toping.
6 - vaziia. Bu masalada parametrik ravishda berilgan funksiyaning
ikkinchi tartibli hosilasini toping.

Namunali variant

1- masala. y = In(ex+ n/l + e2x) funksiyaning x0= 0
nuqtasiga o ‘tkazilgan urinma va normal tenglamasi yozilsin.

Yechish:

1 / 1 \ ex
y'(X) = - .. e(ex + — . e2xm2) =
ex+ VI +e2x ' 2n/1 + ezZx ' VI + e
y - fiinktsiyaning va uning hosilasi y' ning x0= 0 nuqtadagi
giymatini topamiz:

Yo=Y0)=In@1+72), y'(°)=n
Y = YC*) egrichizigning ( x0yO0) nuqtadagi urinma
tenglamasi

Y=Yo+Y'Oo0)(x-*0).
va normal tenglamasi
1

Y (x0)
dan bizning misol uchun urinma tenglamasi

Y = Yo~

y=In(l + yf2)+-=x,
V2
normal tenglamasi
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y = In(l + n/2) —V2x.
Javobi: x —V2~y + V2in(1+ V2 = 0,
y/2x + y —In(1+ n/2) = 0.
2 - masala.

1 sin26x

= ctgcosl + ————-- —
Y 9 6 cosl2x

funksiyaning diflferensialini toping.
Yechish: funksiya hosiiasi y'(x) nitopamiz:
1 2sin6x mcosbx m6cosl2x —sin26x(—sinUx) 12

1

n 6 co0s212x
sinl2x
cos212x’
dy=y'dx formulaga asosan: dy — " sl”™x ga ega bo‘lamiz.
Javobi: ay = Sinlzx
v co0s212x

3- masala. y = arctg(x 4V1+ x2 funksiyaning ikkinchi
tartibli hosiiasi topilsin.

Yechish:
- 1 ( X  N- 1
y ~ 1+ x+VIT~)2'V + VITX2 ~ 21 + x2
VA (VL L QR — A S = 1 —
y Yy > \2(1+x2)/ 2 (1 +x22 1 +x22
Javobi:
X
(1 +x2)2

4 - masala. y = (x3+ 1)t funktsiyaning hosilasi topilsin.
Yechish: Tenglikning har ikkala tomonini logarifmlaymiz:
Iny = tgx in (x3+ 1) .So'ng y(x) ni funksiya deb har ikkala
tomondan hosila olamiz:

1 1 1
- my' = - — INn{xX3+ 1) + t#X em- mme3Xx2 ,
y cos2x X3+ 1
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/7n(x3+ 1) 3xztgx

N A\ cos2x x3+ 1
/7n(x3 + 1?_+ 3x2t|gx\

\ cos2x x3+ 1J

= (X3+1)Ne

5- masala. arctg\ = \1n(x2+ y 2 fiinktsiyaning hosilasi
topilsin.
Yechish: x-niaigument, y(x) ni fiinktsiya ekanligini nazarga
olib, tenglikning har ikki tomonini differents iallaymiz:
Xy’ yy' X y
X2+ y2 x2+y2 X2+y2 x2+y2
Bundan y'(X - y)=x+y kelib chigadi.
Javobi: y'=s
y X -y
6 - masala. y”x - hosilani toping.
(x = Zn(1 + t2
ly —t ~ arc tgt
Bunda t- parametr.

Yechish:
ey = 1~ ~+~M = 1+ 12~ 1-
yx Xt 1 2t 2'
1+ t2 ' 2t
1 11 + t2 1+ 1
y«=(y;)rs=uy 2t 41
Variantlar
1-variant
= - = = in
ly cta5Vs 8 smSx x8 16 2.¥ \(// nVinT Iz4.
3.y = VX3+ Vx. 4. y = (x4+ 5y t9X. 5. e*+y = arctgxy.
( ,n 3t2+1
6, =-17-e

(y(t) = sin(t3).
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2 -variant
ly - (arctgexy , x0= 0.
2.y = In(cos2x+ VI + cos4x).
3y=U =r. 4.y = Xcos*2. 5V*2+y2- t*xy = 0.
6. x(t) = VI - t2
y(t) = tAVI + t.

3-variant
1y - e2(2 —sin2x —cos2x), x0= 0.
2.y = Inarcsin\ll —e2x.

n 2Bx3H+4x2X-2) v :
y ~ ——— 4y = (x3+4)a .5 xy=sm(x +vy).

n fjr(t) =J2t-t2

'w ) = vCt- 1)2-

4-variant
1y = ~In(e2x+ 1) - 2arctg(ex), xO0= 0. 2y = ~~
3.y = cos{ctg2x) - ~ 4.y = (>inx) Se*.
fx (t) = arccos(sint),
5 xy —3X+ xey. 6. (t) ( )
ly (0O = arcsin(cost').
5-variant
= X0 = 2y = arccos - oa
Y 2j1-3x* "0 2 Y = Vx4+16
T . I\, 1 sin24x . . , 2 i
tg Vins) + 4 4 Y =0 *)3 m 5 x3+ y3
5 x(t) = /n(t+ Vt2+ 1),
y(t) = Vt2+ 1.
6-variant
Ly =vfe' xon ° 2y = /n3(arccos”)-
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3.y = 5~x . 4.y - (tgx)de . 5.y esinx = cos(x - V).
6 rx(t) = ctg(2el),
"ly(t) = Intgiel.
7-variant
cosim-sin*7.x = = Zn arccosyfY Z ™ 4F
7C0OS14X 0 14 "
3.y = xVx2- 8. 4.y = (x2- 1)sin*. 5 3N+ 2X = 2*+y.

fx(t) = V2t - t2,
(y (t) = arcsin(t —1).

6.

8-variant
1 y = Jdn(e*+ Ve2x+ 1+ arcsine~x), xO0= 0.
2. 2y =-J(arctgex)2. 3.y = x2Inx. 4.y = {sin\[x)CtOX

(x(t) = Inctgt,
5.x+y = 2x+Y. 6.{ (t) = _*

cos2t’
9-variant
e*-3
ly = Vx3+ 2x + 1, xO0= 0 2 y = Marctg
3.y = In-=====, 4.y = 5x)2*. 5 y3+ 2 + b2= 0.
3% nVI_aX4 4.y (cos5x) y Xy
6 fx(t) = arctg e5,
ly(t) = Vec+ 1
10-variant
‘m* = *° = °- 2'y = arrts3(e' - ¢c"')-

3.y = x4Zn3x. 4.y = (x3+ |)cosx.
, fx(t) = tcost —2sint
5* -y = arcsmx - arcsmy. 6.7 =N + 2005(
11-variant
1y = xe~* + arcsin(52), x0= 0. 2.y = loga
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3.y = (1 —xI)\fx”. 4.y — (sinx)arctox.

. x(t) = In
5. xcosy —sin(y2) = 0. 6.

<t) = VvIi~t2

12-variant
1y = (x2- 2)V4 + x2, x0= 0. 2.y = arccosyjl + 2x3.
3.y = /n(x+ VI + x2). 4.y = (X7+ 1Y 9X.
(x(t) = VI - t2,
5 x fy = sinxy. 6.
Ne = 7h t-
13-variant

1 1 1 1+2* 4+301r2

1y = fh-indt xg= 0 2y = yoixe

3.y = xV4 —x2+ 4arcsin”™. 4.y = (1 —cosx)£X

fx(t) = yjl —t2
5 X + 1= e¢e*3. 6 (t) vl

ly(t) = in(l + VI - t2).

5 14-variant
1eY = - (arctgex)2, x0= 0. 2y = tg32x.
3.y = xX21wx. 4.y = xedBX 5. xy = sin(x + 4).
6 (x(t) = arcsinn/1 —t2,

ly (1)

(arccost) 2.

15-variant

1y = V(x3+ 7x - 7)3, x0= 1. 2.y = arccosx + Intgex.

3yw=a r c tg 4y = (cos2x)e*. 5. x3+ y3= 3*3.
6 fx (t) = Ln3cost,
' ly (t) = es'nt.
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16-variant
1.y —7(x2+x +1)3, x0= 0. 2y = esm2* —
lop3(n/x + 1).

3.y = arcsinj”j. 4.y = (tgx —1)@3A.

fx(t) = (1 + cos2t),

5 x - y-arctgyjy. 6. j _cost
N sin2t "
17-variant

1y = ~=arctg”™=-, x0= 0. 2.y = In2(x3+ cos2x).
3.y — 3Xcos2x. 4.y — (X3 —4)sm2*. 5 sinxy = y 2.

6 X (t) = arccos”?,

at2-

y (1)
18-variant

ly = |n;LZ, x0= 0. 2y = x2sin2x. 3.y = -B'arcsm\l-—3

4.y = tsrn ’)‘)]% g.COS*y = * 4 y. é Iy(t) = f + f2)"

19-variant
1y = In{ex+ V1+ e2x), xO0= 0. 2.y = arccos™1l —x2.

3y=3". 4y = (cosx)inx 5. x3+ y3= 3*y.
x(t) = in(l - t2),

y(t) = arcsin”™l —t2.
20-variant
1y = Vx3+ 4, x0= 0. 2.y = arctgjsin®™. 3.y = in(l + x2).
fx (t)

4.y = (inx)*2 5.arctg” = x. 6.
ly(t) = V1+ VL

arcsinyjt,
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) 21-variant
Ly =1—Vx2+ |>E(5 = 8. 2.y —Insin(x3+ 1).
3. y=VI+x2 4 vy = (t*"x)x+1l. 5 y = arctgy —y + x
6 fx (t) = 2sint,

iy(t) = 3cost.
22-variant
1y=-——, x0= 0,01 2 y —arcsin™J1 - x2.

.y =xe_* 4.y = (cosV*)El'2¥*m 5 ex—ey =y —X.
6 X(t) = e2t(t2+ 1),
t

y(t) = e3E
23-variant
axsX n ~nil
YT e 2 X TSIn
3.y = x2Inx. 4. y = (ctg3x4~x 3. 5. Znx + e * = 0.
( x(t) = arcsint,
ly (t) = arccosypt.
24-variant
1 > = = "] *m=1le 2-y:h't03*>.

3 y=xVI +x2 4 y = (ctg2xyint . 5. y = x + arctgy.
N (x(t) = ZnVI —t,

ly(C) = tint.
25-variant
.2
1y-= arCS|rl;L’)22, x0= 2. 2.y = 50X
3y = 4.y = (Zn (7x - S))arctg2x.
fx(t) = 2cost —tsint,
5 y = x2+ arcctgy. 6.

| y (t) = 3sint + tcost.
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26-variant

(1 4 3x + 5x2)4, x0= O.

+X

3 y - VI

1y =
2.y = sin(x2- 5x+ 1)+ tg Q

5 x3+ x2y = Iny.

4. y = (arcsin (2 + x))rn(*+3).
fx(t) = tgef
ly(t) = ineZt
27-variant

2y —--;a -5

1 y=Jdx+JIx +VZ x0= 4.

3. y = arccosy/X. 4. y = (arcsin2x)ctg’™x+1\

28-variant
X» = ? 2. .= In(e-"+»-*).
4. y = (7n(5x - 4))arccts*.
fx(t) = V1—2t,

e Y = |tS ?
3. y = Insin(x3+ 1).

5 e*y —xz+y = 0. 6

N ) = N r
29-variant
= & 2.y = 27 & InftgX)\

l. y = arcsfh— , x0=
3.y =22~ % 4 y = (tg3x3 A~ . 5 arctgy —Ix +y.
6 fx(t) = t2+ sin-Jt,
‘ty(O = orctgt.

30-variant

l. y = arctg® —InVx4 —a4, x0= 2a. 2.y = In

3 y=-==+"=. 4 y = (Cos2x2 arcsinv*.
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i . ix(t) -
5 X2siny —cosy + ysinxy = 0. 6.
(y (t) = COSyfF.
INTEGRAL
Anigmas integral.
Agar F'(x)=f(x) yoki df(x) = f{x)dx boisa, F(x) funksiya
f(x) funksiya uchun boshlangich deyiladi. Agar f(x ) funksiya

biror F(x) boshlang‘ichga ega bo‘lsa, u cheksiz ko‘p boshlangich-

larga ega bo'‘ladi, shu bilan birga barcha boshlang‘ichlar F(x)+C

ko‘rinishda bo'ladi, bu yerda C - o‘zgarmas. /(x) funksiyadan

yoki f{X)dX ifodadan olingan anigmas integral deb uning barcha

boshlang‘ichlari to‘plamiga aytiladi va quyidagicha belgilanadi
Jf(x)dx - F(x)+ c,

bu yerda | - integral belgisi , /(x) integral ostidagi funksiya,

f(x)dx integral ostidagi ifoda, x- integrallash o‘zgaruvchisi.
Anigmas integralni topish - funksiyani integrallash deyiladi.
Integrallash goidasi.

(W) =I(%)s

2. d{*f{x)dx}= f{x)dx

3. JAN) =AW+c

4. ~af(x)dx = a~f(x)dx buyerdaa- o‘zgarmas,

Se JIf,(*)mt £ 2(*)]<& = \FXx)dx£\F20)dx

6. Agar jf(x)dx = F(x)+C va u=<p(x) bo'lsa
Af{u)du = F(m)+ C  bo‘ladi.

Asosiy integrallar jadvali.

I- \dx=x+C
9
mH
n. fxmdx ———+C , ITod-1
m+ |
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L. \— =INA+C
X

jy r dx arctgx+ C

4 + X
\Y; r dx ]
= arcsinx + €
yllx* "
VI.
VII. = +C

VIII. js/nxfifr = -co.vx + C
bi' W
IX. Jcosxdx = sinx + C 5

X; Jsec2dx = tgx+ C R
XI. Jcosecdx = -ctgx+ C R
XIl. Jshxdx = chx+ C

X1, Jchxdx =shx + C

Xlv. 3 * =lfa+c
Jc/32x

XV. | -4--~x +C

?

0 ‘zgaruvchilarni almashtirish.

Anigmas integralda o‘zgaruvchini almashtirish ikki ko‘rinishdagi
o‘rniga qo‘yishlar yordamida bajariladi.
1 x = <p(t) , bunda (p{t)- yangi o‘zgamvchi t-ning monoton, uz-
luksiz differensiyalanuvchi funksiyasi. Bu holda o‘zgaruvchini al-
mashtirsh formulasi quyidagi ko‘rinishga ega.
Jf(x)dx =} fl(p{t)\p'{t)dt
2. u —y/{x), bunda w-yangi o‘zgaruvchi. Bunday o‘miga
qo'yishda o‘zgaruvchini almashtirish formulasi:

J = Jf{u)du
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Endi asosiy integrallar jadvalini quyidagi formulalar
toMdiramiz:

Xvu. J

xvir r dx =l arctgx +c
Jx2+a2 a a

xxi. f_3 ===/ x+>/?71+cC
sinx 2

XXIV. ~gxdx = -In\cos A+ C

XXV. Jctgxdx = In\sinx] + C

Bo‘laklab integrallash.
Bo'laklab integrallash deb integralni
\udv - u v - \vdu

formula bo‘yicha topilishiga aytiladi, bunda n = <p{x\ v =

bilan

lar uzluksiz differensialanuvchi funksiyalar. Bu formula yordami-

da \udv integralni topish - boshga jvdu integralni gidirishga
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keltiriladi, bu formulaning qoMlanishi, oxirgi integral berilganidan
soddaroq yoki unga o'xshash bo‘lgan hollarda magsadga muvofiq.

Bunda w sifatida differensiallanganda soddalashadigan

funksiya, dv sifatida esa, integrali ma’'lum yoki topilishi mumkin
bo‘lgan integral ostidagi ifodaning gismi olinadi. Masalan,
JP(x)eadx, \P{x)sinaxdx, fP{x)cos axdx ko'‘rinishidagi,
bunda p(x) -ko‘phad, integrallar uchun u(x) sifatida mos ra-

vishda P(x) ni, d(v(x]j) sifatida esa eaxdx,sin axdx,cos axdx
lami olish kerak,

jP(X)In xdx, JP(x)arcsinxdx, }P{x)arccos xdx
ko'rinishdagi integrallar uchun u(x) sifatida mos ravishda
Inx, arcsin x, arccos x lami, d (v (x)) sifatida esa p(x)dx ifodani

olish kerak.

Eng sodda ratsional kasrlarni integrallash.
Ratsional kasr deb , P{x)/Q,(x) ko'rinishdagi kasrga aytiladi. bu
yerda p{x) va Q{x) - ko‘phadlar. Agar P(x) ko‘phadning darajasi
q (x) ko‘phadning darajasidan past bo‘lsa, ratsional kasr to‘g‘ri

kasr deyiladi, aks holda kasr noto‘g‘ri deyiladi. Eng sodda elemen-
tar kasr deb quyidagi ko‘rinishdagi to‘g‘ri kasrlarga aytiladi:

A
1 .
X-a
1. A bunda sar-birdan katta butun son.
(x-a)m
11, Ax+B bunda E— ~<0Oya'ni x2+px +q kvadrat
X2+ px +q 4
uchhad hagqiqiy ildizlarga ega emas.
V. Ax + B yerda n - birdan katta butun son va
(x2+px + qf

x2+ pX + q kvadrat uchhad hagiqiy ildizlarga ega emas.

Bu kasrlaeda A,B,p,q,a koeffitsiyentlar - haqiqgiy sonlar deb faraz
gilinadi. Sanab o‘tilgan kasrlarni mos ravishda I,II,I1l va IV turda-
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gi eng sodda kasrlar deb ataymiz.
Birinchi uch turdagi eng sodda kasrlardan olingan integrallami
ko‘rib chigamiz. Quyidagilarga ega bo‘lamiz:
Imj dx-AINNk—a\+ C =
X- a

N, Adx A 1
I +C

(x-a)m m.1 (x-arfl

~(2x+ +\B
AX + B ( P) ‘)
11 dx =

X2+ px+q X +px+q B
dx

A
—f--~— —n +1' A IN\Xx + px + g\+
2 Jx' +px+q ~f) X + px+q 2 1 '

( dx
2 \-—In\x2+px+q+
1. .P]1 p

I Y 4)
2B - A +
" P arctg-'/é)f’ JD +C
yiig ~P2 Vaq~p2
Endi IV tur eng sodda kasrlami ganday integrallashni ko‘rsatamiz:

j___+B fx R q KQ integralni hisoblash kerak. Surat-
x* +px+qf 4
da, maxrajda turgan kvadrat uchhadning hosilasini ajratamiz.

{2 yang P
{2x + +
Ax + B t2 P

I- ax=J— -dx -
x2+ px+qf (x2+ px+qf

2X+p Ap\ dx
=4/ dx+\B
2 (x +px+qy X +px+qy
Tenglikning o‘ng tomonida turgan birinchi integral

X2+ px +q-t o‘rniga go‘yish yordamida oson topiladi, ikkinchi-
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sini esa quyidagicha o‘zgartiramiz:

dx ., dx
(x2+px + qf rr ( w2
X+P +
\ 2
Endi X+ R =t dx=dt desakva a-? — - a2deb belgilasak,
2 4
f dx _f_dt_ tenglikni hosil gilamiz. Shunday qi-

+px+qf (t2+ a2y
lib, IV tur elementar kasmi integrallash rekurent formula yordami-
da bajarilishi mumkin.
r dt t 2n —3 r dt

\ (2+a2y ~ 2az2(n—)(t2+a2l ' + 2a2(n -1) » f 7
Ratsional kasrlarni eng sodda ratsional kasrlarga ajratish yor-
damida integrallash
P(x)/Q(x) ratsional kasmi integrallashdan oldin quyidagi algebraik

o‘zgartirishlar va hisoblashlar bajarilishi kerak.

1.Agar noto‘g'ri ratsional kasr berilgan bo‘lsa, undan butun gismi-
ni ajratish, ya’'ni kasmi

eM w eW
ko‘rinishga keltirish , bunda M(x) ko‘phad, P,(x)/g(x)~ to‘g‘ri

ratsional kasr.
2. Kasr maxrajini chizigli va kvadrat ko‘'paytuvchilarga ajratish
kerak:

Q{x)={x-aY ..(x2+ px+Qj..., bu yerda PL-gq<O > wva'ni
4

X2+ px + q ko‘phad kompleks qo‘shma ildizlarga ega.

3.To'g'ri ratsional kasmi eng soda kasrlarga ajratish kerak:
P,(x)_ A, _ A2 n  t Am |



1 B/X +Cj N B2x+c 2 ~ [ Bx+Cn ~»
(X2+ px+qj (x2+px+dj X+px+q

4. AL,A:,.,AT,., B,C,B2C2....Bn,Cn..., noma’lum
koeffitsientlami hisoblash uchun so‘nggi tenglikni umumiy
inaxrajga keltirib, hosil bo‘lgan ayniyatni chap va o‘ng
gismlaridagi x ning bir xil darajalari oldidagi koeffitsientlarini
tenglash va hosil bo‘lgan chizigli tenglamalar sistemasini
izlanayotgan koeffitsientlarga nisbatan yechish kerak.
Koeffitsientlami boshga usul bilan ham topish mumkin, hosil
bo‘lgan ayniyatda x ga ixtiyoriy sonli giymatlar berib, aniglash
mumkin. Ko‘pincha koeffitsientlami hisoblashni ikkala usulini
goMlash foydali. Natijada, ratsional kasmi integrallash masalasi
ko‘phadning va eng sodda ratsional kasrning integrallarini topishga
keltiriladi.

r« Jdx ko‘rinishdagi integrallar, bunda R- ratsional
funksiya.
ex —t o'rniga qo‘yish yordamida, bundan
, 8 dt dt
e dx = dt, dx=— = —:
ex t
\ R (e )dx ko'‘rinishdagi integral, ratsional funksiyadan olingan

integralga keltiriladi.
Eng sodda irratsional funksiyalarni integrallash

rit n?

1, - ' ,...)dx ko‘rinishdagi integralalar,
1 1873 yEX A4

bunda /i -ratsional funksiya , m2,ri2,...- , butun sonlar(ad£bc).

“[')K x{

---------- =t o‘rniga go'yish yordamida berilgan integral rat-

sional funksiyaning integraliga aylantiriladi, bu yerdas - n/, ...
sonlaming eng kichik umumiy bo'linuvchisi.
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Trigonometrik funksiyalarni integrallash
\R(sinx, cosx) dx ko‘rinishdagi integrallar, bu yerda R rat-

sional funksiya. Bu ko'rinishdagi integrallar ratsional funksiya-
laming integralariga universal trigonometric almashtirish  deb
nomlangan tg(x/2)=t o‘rniga qo'yish yordamida keltiriladi. Bu
o‘miga go'yish natijasida quyidagilarga ega bo'lamiz:

aax=1-“-Z =1=4 ’ x=2arc,g'.
i+tig‘2 ,+°' i+'g’l J+1
dx = 2dt
tg(x/2) =t universal o‘miga gqo'yish ko‘p hollarda murakkab
hisoblashlarga olib keladi, chunki uni goMlaganda sinx va cosx lar
torqgali f ni o'z ichiga olgan ratsional kasrlar ko'rinishida ifodala-
nadi. Ba’'zi xususiy hollarda j R{sinx,cosx)dx ko‘rinishdagi inte-
grallami topish soddalashtirilishi muinkin.
1.Agar R(sinx,cosx) - sinx ga nisbatan toq funksiya, ya’ni
R(-sinx, cosx)=-R(sinx, cosx) bo‘lsa, cosx=t o‘'miga qo'yish yor-
damida integral ratsionallashadi.
2. Agar R(sinx,cos x) cosx ga nisbatan toq funksiya , ya'ni
R(sinx, - cos x) = -R(sinx, cosx) bo‘lsa, integral sinx=t o‘rniga
go'yish yordamida ratsionallashadi.
3.Agar R{sinx,cosx)- sinx, cosx larga nisbatan juft funksiya, ya'ni
R(-sinx,-cosx) = R(sinx,cosx) bo‘lsa, magsadga igx=t o‘rniga
go'yish olib keladi.
Trigonometrik o‘rniga qo‘yishlar.
| n(x,n/a2- x2)dx> JR{x,-Ja2+ x2dx, ffi(x,-Ix2-a 2)dx
ko'rinishdagi integrallar mos trigonometrik o‘miga qo‘yish yorda-
mida sint va cost larga nisbatan ratsional funksiyalaming inte-
grallariga keltiriladi. Birinchi integral uchun jc= asint yoki
X = acost, ikkinchi integral uchun x = atgt yoki X = actgt va
uchinchi integral uchun jc = asect yoki X = acosect almashti -
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rishlar bajariladi.
Aniq integral
f(x) funksiya K b\ kesmada aniglangan bo'lsin. M I kes-
mani
a= X, <X, <X, <0< X <X =b

nugtalar bilan ixtiyoriy n-ta bo‘lakka bo‘lamiz, har bir elementar
Wkr xK\ kesmadan ixtiyoriy g nuqgta olamiz va har bir shunday

kesmaning uzunligini topamiz: ~ = Xk- xkt mf(X) funksiya
uchun [a,b] kesmada integral yig‘indi deb & = Y,f{g )AXx
k-1
ko‘rinishdagi yigindiga aytiladi, agarda har bir e > 0 son uchun
shunday 8 >0 son topilsaki, £ ning ixtiyoriy tanlanishida gx <5

dan \cr-I\<£ tengsizlik bajarilishi kelib chigsa, yig‘indi chekli

limitga ega bo'ladi, f{x) funksiyadan \ab\ kesmada (yoki a dan
/;-gacha bo‘lgan chegarada) olingan aniq integral deb integral yi-
gindining elementar kesmalaming eng kattasining uzunligi

max Axk nolga intilgandagi limitga aytiladi.

I =\f(x)dx- lim a - Ilim ~/{™KJ/IXK

maxAx%~*0 maxAx® M)k -j
Agar f(x) funksiya [a,b] da uzluksiz bo'lsa, integral yigindining
limiti mavjud boiadi (aniq integralning mavjudlik teoremasi).
a va b sonlar mos ravishda integrallashning yuqori va quyi chega-
ralari deyiladi. Agar [a,b] da f(x)>0 Dbo'lsa, Jf[x)dx an*4
integral geometrik ma’'noda egri chizigli trapetsiyaning, ya’'ni
Y =7 (ic), X =a, X-b, y =0 chiziglar bilan chegaralangan

shaklning yuzini ifodalaydi (12-rasm).
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Aniq integralning asosiy hossalari

L JFe)dx = A F(x)dx

2. \f(x)dx =0;

b c b
3. If(x)dx = ]f(x)dx + \f(x)dx;
a a c

4 WM = N.()]* =IN0(*)* £ a5z (XNe ;
5-JC-/(*>& = C «Jf{x)dxm bu Yercla C-0‘zgarmas;.

6. Anig integralni baholash:
agar [a,b]da m< f(x)< M bo'lsa, uholda
b
m(b - a) < J/fx)dx <M (b - a)

a

Aniq integralni hisoblash qoidalari
1. Nyuton-Leybnis formulasi:

\f{x)dx = F(x) =F(b)-F(a)

bu yerda F(x) -f(x) uchun boshlangich, ya'ni F'(x)= f(x) =
2. Bo'laklab integrallash:

Judv = uv

bu yerda u=u(x), v=v(x) lar [a,b] kesmada uzluksiz differensialla-
nuvchi funksiyalar.
3. 0 ‘zgaruvchini almashtirish:

1f{x)d x = ff\<p{t)) (p'{t)dt
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buyerda X = (p{t) @ <t < I3 kesmada o‘zining hosilasi ¢>{f)
bilan birgalikda uzluksiz funksiya, a = <(@), b= (p{f3), f[(p{t)]-
a <t <p kesmada uzluksiz funksiya.

4. Agarf(x)~toq funksiya bo'‘lsa, ya'ni f(-x) =-f(x) bo‘lsa, u holda

Jf(x)dx =0

Agarf(x)~jufit funksiya bo‘lsa, ya'ni/ (- x) = /(x)> bo‘lsa, u holda
If(x)dx = 2Af{x)dx
-a [0}

Xosmas integrallar
Xosmas integrallar deb:
1 chegaralari cheksiz bo‘lgan integralarga;
2. chegaralanmagan funksiyadan olingan integrallarga aytiladi.

a-dan +a>-gacha f(X) -funksiyadan olingan xosmas integral

if(x)dx = lim \f{pc)dx

a *-*4F a
tenglik bilan aniglanadi. Agar bu limit mavjud va chekli bolsa,
xosmas integral yaqginlashuvchi deyiladi; agar limit mavjud
bo‘lmasa yoki cheksizga teng bo‘lsa, uzoglashuvchi deyiladi.
Xuddi shuningdek,

j f(x)dx = lim ff(x)dx

< a

f f(x)dx = lim \f{x)dx
b*+CD

Agarf(x) funksiya [ a,b] kesmaning C nuqtasida cheksiz uzilishga
ega bo‘lsa va a< x <C va C< x < b latda uzluksiz bo‘lsa, u
holda ta'rifga ko‘ra

b c-s b

b —TLS-TU Uu—ruTyVv

a a c+@
deb olinadi. Agar tenglikning o‘ng tomonidagi ikkala limit mavjud
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bo Isa, \f[x)dx (bu yerda /(c)=o00, a<C<b ) xosmas

integral yaginlashuvchi deyiladi, va agar yuqoridagi limitlardan
xech boimaganda bittasi mavjud bo‘lmasa yoki cheksiz bo‘lsa,
xosmas integral uzoglashuvchi deyiladi.

Taqqoslash belgilari.
Xosmas integrallami yaginlashuvchiligini tekshirganda tagqoslash
belgilarining biridan foydalanadilar.

1. Agarf(x) va <p(x) funksiyalar barcha x > a -lar uchun aniqg-

langan va [a, A ] kesmada, bunda A > a, integrallanuvchi va bar-
cha X > a laruchun 0 < f (x)< (p(X) bo‘lsa, u holda

+00
a) J(p(x)dx integralning yaginlashishidan *Jf(x)d X integraln-

a a
ing yaginlashishi kelib chigadi, shu bilan birga

\f(x)dx< \(p(x)dx
a a
+0 4®
b) Jf(x)dx integrating uzoglashishidan ~(p(x)dx inte-
a a
graining ham uzoglashishi kelib chigadi.
2. (a) Agar x —> +00 da f (x ) > O funksiya 1/x -ga nisbatan

+00 # \]

p >0 tartibli cheksiz kichik bo‘lsa, $f(x)d x integral p> 1

bo‘lganda yaginlashadi va p < 1 bo‘lganda uzoqglashadi.

(b) Agar f(x )> 0 funksiya a < X <b oraligda aniglangan va

uzluksizva x —> b —0 da ~ ga nisbatanp tartibli cheksiz

b -x
b
katta boisa, \ f(x )d x integralp <l bo‘lganda yaqginlashadi,
a

p>l bo‘lganda uzoglashadi.
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Yassi figuralarning yuzini hisobias h
y - f(x) [/ (*)> O\egrichizig, X—a va X—b to‘gri chiziqlar
va O X o‘gidagi[a,b] kesma bilan chegaialangan egri cizigli tra-
petsiya yuzi quyidagi formula yordamida hisoblanadi:

S = \f(x)dxm

Yy=*%f,(x)'Y=fAxIf,(xX)~/ M egri chiziglar, X=a va X=b
to‘gri chiziglar bilan chegaialangan figura yuzi quyidagi formula
yordamida topiladi:

Agaregri chizig X = x(/) ,y = y{t) ko'rinishdagi parametrik
tenglama orqgali berilgan bo‘lsa, u holda bu egri chiziq bilan hamda
X—a, X=b to‘gri chiziqg va O X o ‘g\dag[ [a, b] kesma bilan chega-
ralangan egri cizigli trapetsiya yuzi quyidagi formula yordamida
topiladi:

S = \y(t)x'(t)dt
n

bunda t\ va tj lar quyidagi

a=x(t,),b = x(t2), [tj < t< t2 da y(t)>0]
tenglamalardan topiladi. Qutb koordinatalarida berilgan p = p{Q)
egri chizigva O = CC, 0 = P (a < p) qutb radiuslari bilan che-

gaialangan egri chiziqli sektor yuzi quyidagi formula yordamida
topiladi:

p
S = 1\ p 4G
2a
Yassi egri chiziq yoyining uzunligini hisoblash
Agary = f ( x) egrichizig [a,bJ oialigdasillig bo‘lsa (ya'ni
y' = f'(x ) hosila uzluksiz)u holda bu egri chizigning mos yoyi-
ning uzunligi quyidagi formuladan topiladi:
8l



L =\"jl +y'2dx-
AgarL egrichizig x = x(t) va y —y (t) pammetrik tenglama-

lar bilan berilgan bo‘lsa (x = x(t) va y —y (t) funksiyalaruz-

luksiz differensiallanuvchi) t paiametming t} dan t2 gacha mo-

noton o ‘zgarishiga mos keluvchi egri chiziq yoyining uzunligi
quyidagi formuladan topiladi:

L -\ jx3+y At

AgarlL sillig egri chizig qutb koordinatalarsistemasida berilgan
bo‘lsa,ya'nip-p (B),a <B < p bo‘lsa. uholda yoy uzunligi
quyidagiga teng:
h Aip 2 ~7~de
a
Aylanish sirfining yuzasini hisoblash
O XY tekisligidagi y -f(x), a < x < b chizigni OX o‘qi
atrofida aylantirishdan hosil bo‘lgan sirt-aylanish sirti deyiladi
(13-rasm).

Aylanish sirtining yuzasi
b e

S =2n Jf (x)n]1+ {f'(x))2dx
a

formula bilan, agar chiziq

82



X = x(t), Y ~y(t)> a<t<i3 (&)
parametric tenglamalar bilan berilgan bo‘lsa,

S =2njy (t)-\j(x'(t))2+ (y'(x))2dt
a

formula bilan hisoblanadi.

Aylanish jis mining hajmini hisoblash

y-f(x), a<x<b cizigni OX o‘qi atrofida aylantirish-

dan hosil bo'lgan sirt, x=a va x=b tekisliklar bilan chegaralangan
jism-aylanish jismi deyiladi.
Uning hajmi

formula bilan, agarciziq (*) parametric tenglamalar orqali berilgan
boMsa,
b
V = T y2(t)x'(t)dt

a

formula bilan hisoblanadi.

Hisoblash uchun vazifalar
1- vazife. |- 4 - masalalaida anigmas integmllami hisoblang.
2 -vaziia. 5,6 - masalalaida aniq integrallami hisoblang.
3 -vazifa. 7 - masalada hosmas integralni yaginlashuvchanligini
teks hiring.
4 -vaziia. 8 - masalada aniq integralni tatbiq qgilib geometriyaga
oid masaglani yeching.

Namunali variant

1- masala. f arcsinx dx anigmas integralni hisoblang.
Yechish: Bu integralni boMaklab integrallaymiz. Buning uchun
/ udv = uv —J vdu formuladan foydalanamiz:

83



n = arcsinx , du —

dv = dx , v —X
dx

O = x arcsinx
~I Xvr x2
xearcsinx l a - *2) 1/2<{1 - *2

= x earcsinx + V1—x2+ C

Javobi: X sarcsinx + VI —x2+ C
2 - macana.
M2x5+ 6x3+ 1
A dx
X4+ 3x2

anigmas integralni hisoblang.
Yechish: Integral ostidagi noto‘g ‘ri kasming butun gismini ajratib
olib, to‘g ‘ri kasiga keltiramiz:
2Xs + 6x3+ 1 _ 1
X4+ 3x2 + x4+ 3x2
hosil bo‘lgan to‘g‘ri kasmi noma’lum koeffitsientlar usuii bilan
sodda kasriaiga ajratamiz:
1 A B Cx + D
X2(x2+ 3) x2~x x2+ 3
1=A(x2+ 3)+ Bx(x2+ 3)+ (Cx+ D)x2=
m= (B + C)x3+ 04+ D)x2+ 3Bx + 3A
Bundan
fB+ C =0,

IA3BD=0 °' A=\ - s=0'" ¢c=0"'" D— 8§
3A=1
Demak,

X2(x2+ 3) 3x2 3(x2+ 3)
Bu ifodani integrallasak,
2x5+ 6x3+ 1 / 1 1 \ .
j X4+ 3x2 j V + 3x2 3(x2+ 3))
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Javobi:

c2~h ~ m arct® ~ + c -
I + VSF . Lo
3 —masala dx integralni hisoblang .
m /[ x+ yfx

Yeclmh: x = t4 almashtirish bajaramiz. U holda
dx = 4t2dt boiadi.

fih+ yx , f Littl ., P t3(1 + )

| = = ————4t3dt = 41 dt —

J x + JIXx J t4+ t2 J t2(t2+ 1)
ft(t + 1) rt2+ t fr/ t—1\

- 4 — "Nt=4]— -dt =4 (1 +— —)dt =
J t2+ 1 J t2+ 1 J V t2+ 1

= At —2lnit2+ 1) —4arctgt =
= 4Vx —21n(n/x + 1) —4arctg\[x + C .
Javobi: I\[x —2In(y/x + |) —4arctg\[x + C .
dx

4 —masala. i anigmas integralni hisoblang.
/ 2sinx —cosx

t
Yechish: Buyerda x = tg- belgilash kiritamiz, u holda

1—t2 2t 2dt
cosx =, ., , sinx=——- , dx = —a— bo ladi.
1+ t2 1+ t2 1+ 12
dx 2dt

2sinX —cosx -

=/ I (1+ 12 ( -
u + c; + T2 I Ft/

£ f&'t_ - ot dt _, :Jn|t+2—V5
J t2+ 4t —1 J (t+ 2)2- 5 2V5 t+ 2+ V5

tgj+ 2- V5
-— in + C.
t"5+2 + V5
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n/5 tgj + 2-yfS
Javobi: — + C .
tgj + 2+ /5
5-masala.
nu

cosZx dx aniqg integralni hisoblang.

Yechish: Bu integralni bo‘laklab integrallaymiz.

m=x2 , du= 2xdx ,
1
dv = cos2xdx , v —-sinlx
nU
mn/ rrza
= f x 2c082x dx = — sin2x /4- xsin2xdx = 3o
74
-/ xsin2xfc
Yana bo‘laklab integrallashni qo‘llaymiz.
U= X, du—dx , /
. -1 = X 2c0s2x dx =
dv = sin2xdx , v = — c€0S2x
74
A 0 n
7 4 -1T cos2x dx sinzx (4
= 32 + 2 cos2x 0 2J 32 4 0
«2— 8
32
6 —masala.
rr,
+ X + |
- V r dx anig integralni hisoblang.

Yechish: Berilgan integralni uchta integralning yig‘indisiga
ajratamiz, u holda
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v2/2 V2/z

j —\] earcsinxd(arcsinx) —- \] (1 —x2~2 d(1—x2) +

(o] 0]

an 2 dx _ earcsinx 4

VI- X2

V1-—-X2 +

. ~Nep nj 1 m n/ it 2V2
Jlarcsinx N=eg [ *-I|--= ]

Javobi:

7 —masala. f2 3,d* xosmas integralni yeching.

Yechish: Integral ostidagi funksiya [—/; 2] kesmaning ichidagi
X, nuqtada uzilishga egadir. Shuning uchun quyidagi formulaga
ko'ra

b C.Et b

" f(x)dx — lim J f(x)dx + lim J f(x)dx;

a (Ei>0) a (e2>0) c+e2
(x = ¢ nuqtada funksiya uzilishga ega).

r2 dx . f1£l dx . f2 dx
. = lim [ —— + lim L

1: Mix ~ 1Yy *1-0 - 1)2 *r-*]1+Er\10c-1)2
f1el rz
= /tm 3Vx - 1 + Zim 3Yx~—T -
£1-° o/-! 0 ° N+e2

= 31imCM~i ~ V=2) + Zim(l - = 3(vV2 + I).

Berilgan xosmas integral yaginlashadi.

Javobi: 3(V2 + 1).

8 —masala. r = acos3j egri chiziq yoyining uzunligini
hisoblang (14-rasmO

Yechish: Berilgan funksiyaning shaklini chizamiz (14-rasm).
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3
Shakldan ko‘rinib turibdiki, 0 < p< -n omlig‘i o‘zgarganda
egri chizigni yarmini yasaymiz. I) holda

Lab = Jj® y/r2(dp) +V 'O p))2 formuladan,

14-rasm
-

L=2f2 -sjr2{(p) + (r'(<p))2dgp bo'ladi.

Jo
B uyerda,
r(<p) = acos3”, r'((p~) ——acos2”- sinj

T v .
t - 2 f \] “,20056§+ a2c0s4—sin2— dop —

r2a P e/ 2cp\
= 2aj cos2— dv = aj \l + cos— Jd(p =

Il \-n 3 29I

—a P2 +~sm— 2 = -asd.
vV 10 10
Javobi: -zaﬂ.

VARIANTLAR
1-variant

1.J(4-3x>-3xdx. 2./7gdx. 3.f>Xx y dx

) 2+ | I+1n(x-1)
4. f sinlxcosxdx. 5. jf dx.
J e+l n:-1
coarctgx

7-f:
8. Quyidagi chiziglar bilan chegaralangan tekis yuza hisoblansin
y —(x —2)2, y = 4x —8.

6.J° O 2+ 5x + 6)cos2xdx.
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2-variant

I.f arctg(V4x - 1)dx. 2. f 33fr~rd x.
Vx 4x+6 (2x-3)3

4.f sinSxcoslxdx. 5.f1 * +1  dx. 6.f°,(x2- 4) cos3xdx.

J -'o (x3+3Y+1)2 J-2V N

roo dy,
7.J1 ! 8. Quyidagi chiziglar bilan chegaialangan tekis yuza
hisoblansin y = 4 —x2, y = x2—2x.

3-variant

1 f(3x + 4)e3xdx. 2./--* — dx. 3./ I— dx.

J J x2-4x+3 J (2~x)yl]2+x
4.J si‘nxcos*xéx. %.]fl.rol ff-;—f—:—_gz):( dx. 6. i’o, )—(—%tf—z)fj-?-’fcosxdk.
7./0 8. Quyidagi chiziglar bilan chegaialangan tekis yuza

hisoblaasin y = arccosx, y = 0, x = 0.
4-variant

1 J(4x —2)cos2xdx. 2. f 22 +5 dx. 3. ... d?- .
J J x2-x-2 J vf(ar-i)3(x+2)S

4 f sin2xcos4xdx. 5 -r—dx. 6.f°,(x + 2)2cos3xdx.
J JO x2+4 j—2 §

7. /0 8. Quyidagi chiziglar bilan chegaialangan tekis yuza

hisoblansin 'y = (x + 1)2, y2=x+ 1.
5-variant

1/(4 - 16x)sindxdx. 2. f ~ —-dx. 3./—"~""~L=dx.
J J X2+x-6 J (x+1)2-Vx+T

4.5sm2x0053xdx. 5'jn2nx—2:2§|21(x dx.

6 /°4x2 + 7x + 12) cosxdx. 7. 8- Y = el~xegri
chizig‘i va y = 0, x = 0, x = 1to‘g'‘ri chiziglari bilan
chegaialangan figuianing O X 0‘qi atrofida aylanishidan hosil
bo‘lganjismning hajmi topilsin.

6-variant

1/ In(x2+ 4)dx. 2./ mu5 dx. 3./ -
J J X2+3X+2 J y/x+Vx

4 dsiasink 5 g0 (X IMYIX B JgCX2F AX t THEgsERER
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7.11x2b 2- 8 x = ~Sinty = a(l1~ cost)
sikloidaning yarmining O X o‘qi atrofida aylanishidan hosil bolgan
jism sirtining yuzasi hisoblansin.

7-variant

1.J(5x - 2)e3xdx. 2./(x» ~ H ~)dx3-1 V(™ ~ 1)(* - 2)dx.
4./ sin3xcos2xdx. 5./@8x a® 2 dx.

6.$*(9x2+ 9x + 11) cos3xdx. 7

8. quyidagi chiziglar bilan chegaralangan tekis yuza hisoblansin
y = ex,y =e-* x =1
8-variant

FAOE—BRM2ER. 7 f ROBLHY. o il
4. f sindxcos5xdx. 5 M4-—~""dx.

(VX+X)
6.f*(8x2+ 16x + 17)cos4xdx. 7. xe~x2dx

8. quyidagi chiziglar bilan chegaralangan tekis yuza hisoblansin
y = Inx y —In2x
9-variant

1/'n(1 + 42 N. 2f 3,81:J"m ok

SfojB- ('m I' A~ + S)cos2xdx.
7. J0°e~~dx. 8. quyidagi chiziglar bilan chegaralangan tekis

yuza hisoblansin x2+ y2+ 6x —2y + 8 = 0, y = x2+ 6x + 10.
10-variant

1/7(2 —4x)sin2xdx. 2./~— 3J7~dx.

r +-
4. / sinbxdx. 5.J3J?j-JL-dx. 6. f*n(2x2—15) cos3xdx.

7.3" . 8. r = ayjcos2(p egrichizig'i, unga x=0 nuqtada

o‘tgan urinma va O X o'‘qgi bilan chegaralangan tekis yuza
hisoblansin.
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11 -variant

1 f xsin2xdx. 2. £ 4 2 3. f xdx

Vx2-4
3 d
4. / x8sin2xcos6xdx. 5.!']ﬂ , X0 .. 6. ffx 2e3xdx.
J vz VX4-Xx2-i
7./0 8 y = Inx egri chizig'i, unga x=0 nuqtada o ‘tgan
urinma va O X o‘qgi bilan chegaialangan tekis yuza hisoblansin
12-variant
1 fe~244x - 3)dx 2 f 2-Itlly~91 dx 3 f-~"-dx
J ; J (x-1)(x+3)(x-4)apn:- J7"~-VF
— S .Oif" Ndoxo. 6. f27|£|—8x2)7cOs4xdx.
J21—s/|\nx J 1+x2 w0
7.J0 — . 8. r = asin3(p egri chizig‘i bilan chegaialangan tekis
yuza hisoblansin.
13-variant
1 fp-37T? - 9 f (53+2) Ny 1 f-——- A e
J 1 Axsax. z. Jx3+bxe+4nan:i- JJ (1_W*O1+34T

4. / cosdxdx. 5. i — AN — dx .6 f°4x2+ 2x + 1) sin3xdx.

7. J@"===f- 8.y = inx egrichizig'ining /3 < x < -~MBoialiqdagi

yoy uzunligi hisoblansin.

14-variant
1.t arctgyl2x — 1dx. 2. f ?d‘ 3. f , B dx —.
J a J (2X-1)(4X2-16X+15) J V(x+1)2(x-1)4

4. f sin3xdx. 5. fQ dx. 6.fQ(x2- 3x)sin2xdx.
7.// j-sinidx. 8.y= arcsin (e~Xx) egri chizig'ining

0 < x < 1 oialigdagi yoy uzunligi hisoblansin.

15-variant

1 / arctgy/3x~~ldx. 2. f dx. 3. f dx
(x-2)3(x-S) ~J 3fEi

4. f sinbxdx. 5. /@ml dx. 6. /"N (x2- 3x + 2) sinxdx.

7./0° e~axsinbxdx. 8. Quyidagi egri chizigning berilgan

oialigdagi yoy uzunligi hisoblansin
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X = 2(cost + tsint) "< t< n
y = 2{sint —tcost) ~ ~ 2
16-variant f
1 f arctgylSx —Ildx. 2 f ")23—(;(‘_-2")3—dx. s ijT dx.
4. / cos3xdx. 5. dx. 6.J2(x2—5x + 6)sin3x dx.
7. e~xsinxdx. 8.y = xex egrichizig'ihamday = 0, x = |

to‘g ‘ri chiziglari bilan chegaralangan figuraning O X o ‘gi atrofida
aylanishidan hosil bo‘lgan jismning hajmi hisoblansin.

17-variant
I. f(5x + 6)cos2xdx. 2 /NN~ 3
4 j  smicdx 5 d* 6. J° (Xx2+ 6Xx + 9) sin2xdx.
J smx+3cosx JV3 War2+1 J-3

7.3" g N ~dx .8.Quyidagi egri chizigning berilgan oraligdagi yoy
uzunligi hisoblansin j* 0<t. <-,
J(y = |Osm~”t 2
18-variant

3 x . i 4-6x3+12x2+6
1 1((\I7>x - |O)sm41xdx. 2, JrAeTIEES 4y 3. J AL

4. f 5/ 1 --= mx. 6.f° (x + 2)3In2(x + 2) dx.
J 1+tflx J (x-sinx)2

T7/NN = e 8. = 1. ellipsning OX o‘qi atrofida
aylanishidan hosil bo‘lgan jismning hajmi hisoblansin.
19-variant
t fA
Lf{xs/2-3)cos2xdx. 2. ,

4. f 24sin6g ) dx. 5./7~"p=j. 6.J2(1 - 5x2) sinxdx.

7-/0°x3e_x2dx . 8.y= 2x —x2parabolaniy=-x to‘g‘ri chizig'i
kesishdan hosil bo‘lgan segmentning yuzasi hisoblansin.
20-variant

I./(4x + 7)cos3xdx. 2.3 o §)(— . 3.ﬂ*d(

a)(x+b) J V3x+4

4. f— . 5. f_e —)I(n dx. 6.A£13(3x- x255|n2x dx.

f
3 HEOS2X
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7. 3j0 8.x2+ (y —3)2= 16 doiraning O X o'‘qi atrofida

aylanishidan hosil bo‘lgan toming sirtyuzasi hisoblansin.

21-variant
— ~N___ N\ N
1 6 2xe3xdx. 2. 5 (x+3|)(x-z) dx 3. j WH;IX dx. 4.j ctg6x dx.
5/@(Vx —W2x)dx. 6.JQe2cosx dx. 7./" — dx.

8 y = /nx, x = a/3, x — /8, chiziglar bilan chegaialangan
yassi figuraning yuzini hisoblang.

22-variant
1.J In &3x- 5)dx. 2/ 3"+2 dx. 3.f3 4. /"~"Ndx
n y n 2x2+x-3 N Vx*+2\/x J sm3*
r-rl_xix_ ~-r'~4 xd_x. 7 iCOiCtgd’
S0 (x2+1)2 4 LT2X
8 Quyidagi parabolalar bilan chegaialangan yassi figuraning yuzini
hisoblang: x = —2y2, x = 1—3y2.
23-variant

1./7(2x - I)/n (x + )dx. 2/ .3./ 3~ dx. 4./ tg3x dx.

5.J£Iz-si~n3(>j(x. G.f%nsm2xsmlx dx. 7..% ;(8+_8'

8. x = 0,x = 2 to‘g‘richiziglarva y = 2x,y = 2x —x2egri
chiziglari bilan chegaralangan yassi figuraning yuzini hisoblang:
24-variant

1-Sxarctgdx. 2.f-i~ £ sxdx.3.f*Sjrdx 4.3
5.f* COS* x dx. («>1).

8. y = x2+-1parabolava x + y = 3to‘g‘richizig‘i bilan che-
garalangan yassi figuraning yuzini hisoblang.

25-variant
I.fe2xsinbx dx. 2 1— dx. 3. f4’\ AL 4. f tg7x dx.
J J *4+4x2+
5. [T 1Oy SRS AT B b=,
Oy JO cos X J~°° X2+2x+2

X2 4y va x2+ y2= 5 egrichiziglari bilan chegaralangan
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yassi figuraning birinchi chorakdagi gismining yuzini hisoblang.

26-variant
1./2x*cosxdx. 2.f 3 14— dx. 2./— N = 4./ "N~-dx .
J J X3+X2-4x+4 J (I-x)V1-x2 J cosbx
rri e* s , flxdx _ . » *rectg\
s fc * 4 7N - s y=(*-4)2

y = 16 —x2 va OfT o‘gi bilan chegaralangan yassi figuraning
yuzini hisoblang:
27-variant

1. f3x2e4xdx. 2.f 2x3— dx. 3./(x-2) f~dx.
J J x2—5x+6 Jv all-x

4./sindxcosex dx. 5,/".st'h3]dx 6./0x5(1 —x)3dx

7.J" - dx. 8. Quyidagi parabolalar bilan chegaralangan
P 7 3 }
yassi figuraning yuzini hisoblang: x =y , X = -y0 + 1.
28-variant
J B x2-Sx+6  ® v4x2+4x—3 A 1+sinx

5.f16 ;
JO  yfx+9-y/x

8.r = cosO aylana yoyining uz.unligini hisoblang,

6.f2cosbxsin 2x dx. 7. e~xsinx dx.
Jo Jo

29-variant
Nrp-N -p==== A
I.j 3x2e_3*dx. 2'fo5-de' 3.JJVsz+2X+2dx. 4',—‘]0 7 dx.
rimexlex-r . N , = .r
5.5 = dx. 6. lgx cosx dx. 7.0 ——F=,
In3  ex+l J0 J~2X2+VXx*+3

8.y = x2+ 4x parabolava y = x + 4 to‘g'‘ri chiziglari bilan
chegaralangan yassi figuraning yuzini hisoblang:
30-variant

. rsin*x r recos(lnx) re-1, s ,

4. - dx .5.J,— -dx.6.J rn(x + 1) dx. 7.3, ---—- .
J Cosx 'l X 0 J1 x2(I+x)

8.y = x2—4x parabolavay = 4 —4x to'g'ri chiziglari bilan

chegaralangan yassi figuraning yuzini hisoblang.

r 00 dx
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DIFFERENSIAL TENGLAMALAR
Birinchi tartibli tenglamalar

F(xyy)-0 (1)
yoki

y'= 1 ( X>Y) (2)
ko‘rinishdagi tenglamalar birinchi tartibli differensial tenglamalar
deyiladi. Bu tenglamalaming (a,b) intervaldagi yechimi deb
shunday Y —f (X) funksiyaga aytamizki, uni va uning hosilasini
(1) va (2) tenglamlarga qo‘yganda, bu tengliklar ixtiyoriy
xe(a,b) larda ayniyatga aylanadi. Bu yechimni oshkormas
ko‘rinishda aniglovchi @ (X,y) —O funksiya differensial tengla-
maning xususiy integiali deb ataladi. Uning grafigi esa differensial
tenglamaning integral chizig'i deb ataladi. (1) yoki (2) tenglama-
ning G sohadagi umumiy yechimi deb x aigumentga va C ihtiyoriy
o'zgamiasga bog‘lig bo‘lgan shunday Y = <p(X,C) funksiyaga
aytiladiki, u C o‘zgarmasning har qanday giymatida (1) yoki (2)
tenglamaning yechimi bo‘ladi va G sohsning har ganday ( x0,yO0)
nugtasi uchun C parametrning y() = <p(x0,CO0)shartni ganoatlanti-
ruvchi yagona C(jgiymati topiladi. Umumiy yechimni oshkormas

ko'rinishda aniqglovchi & (X,y,C) —O funksiya esa bu tengla-

maning umumiy integrali deb ataladi
0 ‘zgaruvchilari ajraluvchi tenglamalar

y' —f(X,y) differensial tenglamada f(X,Yy) funksiya
/1(x) "f\(Y) ko'rinishdagi ko‘paytuvchilaiga ajralgan boisa,
bu tenglama quyidagi ko‘rinishga keladi:

N-=1,(x)-f2y)
ax
yoki

-/, (x)dx.

fAy)
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Bu oxiigi tenglikni integrallab, berilgan tenglamaning umumiy ye
chimini hosil gilamiz. Xuddi shuning kabi
M (x,y)dx + N (x,y)dy =0
differensial tenglama berilgan bo'lsa va
M(x,y) =M, (x) M 2(y)
N(x,y)=N,(x)'N2y)
ko‘paytuvchilaiga ajialsa, u holda berijgan tenglama quyidagi
ko‘rinishga keladi:
bl U b =-bl 1 1 Ny.
N, (x) M, (y)
Buni avallgidek integrallab tenglamaning umumiy yechimini to-
pamiz.
Bir jinsli tenglamalar
Agaf birinchi tartibli differensial tenglamani

y - ()
X

ko‘rinishga keltirish mumkin bo‘lsa u bir jinsli deb ataladi.Bu

tenglamani — = u(x) almashtirish yordamida o ‘zgaruvchilari ajra-
X

luvchi tenglamaga keltiriladi. Ya'ni y —X mU b o'‘lib, undan

y —un + un <xni hosil gilamiz. Ulami berilgan tenglamaga qo'‘yib
u+ u mx —f (1) o‘zgaruvchilari ajraluvchi tenglama hosil qi-
lamiz. Uni yechib n =u(x, C) yechimni topamiz va n
o‘zgaruvchidan Z. laiga gaytib y = <p(x,Cj yechimni olamiz.

X
Birinchi tartibli chiziqli tenglama

Agar birinchi tartibli differensial tenglama y va y' lami birinchi

tartibda o‘z ichiga olsa, yani

Y'=P(x)y +Q(x)
ko‘rinishda bo‘lsa, u chizigli deyiladi.
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Agar Q(x) = O bo'lsa, u holda berilgan tenglama

y =P(x)y
ko‘rinishdagi chizigli birjinsli tenglamaga keladi. Bu tenglamani
o‘zgaruvchilari ajraluvchi tenglama bo‘lib uning yechimi.

\p(x)dx
y - C - e 1
ko‘rinislida bo‘ladi, bunda C - ixtiyoriy o‘zgarmas son, jp(x)d x
esa P(x) funksiyaning biror boshlang‘ichi. Berilgan chiziqgli
lenglama
y(x) =u(x)-v(x)

almashtirish yordamida quyidagi ko‘rinishga keltiriladi:

~du N (dv n

Vo - P(x)u + u-Q(x) o

v dx dx i
Birinchi qavsni nolga tenglab U= U, (x)- xususiy yechim topi-
ladi. Ikkinchi gavsdagi u(x) o‘miga u,(x) ni go‘yib va uni
nolga tenglab V= v, (X,C) umumiy yechimini topamiz. Bular-

dan esa berilgan tenglamaning umumiy yechimini topamiz:

To‘la differensialli tenglamalar
P(x,y)dx + Q(x,y)dy =0
tenglama to‘la differensialli tenglama deyiladi agar uning chap
gismi biror u(x,y) funksiyaning to‘la differensial bo'‘lsa, yani

pOxy) =4r> QU>Y) =g

bo‘lsa.
Berilgan tenglamaning to‘la differensialligini ko‘rsatish uchun

dP(x,y) = 5Q(x,y)
dy dx
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shartni tekshirish zarur va yetarlidir. Agarbu shart bajarilsa bu
tenglamani du(x,y) = O ko'‘rinishida yozish mumkin va uning

umumiy integrali u(x,y) —C ko‘rinishda boiadi, bunda C - ix-
tiyoriy o‘zgannas son.
u(x,y) nitopish uchun, avvalo

ox
ni x bo'yicha, y- tayinlangan deb integrallaymiz va integrallash
o‘zgarmasini y ning fimksiyasi sifatida olamiz, va quyidagini hosil
gilamiz:
u(x,y) = \P(x,y)dx + (p(y)

So‘ngia

N =~{]P(x,y)dx)+ <p'(y) = Q(x,Y)

ay oy
tenglikdan (p(y ) ni topib va uni yuqoridagi tenglikka go'yib
u(x,y) nihosil gilamiz.

Yugori tartibli differensiyal tenglamalar

a) y" —f (x) ko‘rinishdagi tenglama.
Bu tenglamani 2 marta integrallash natijasida
y = \dx\f(x)dx + Ax + B ko'‘rinishdagi yechimini topamiz. Bu
yerda A xa B lar ixtiyoriy o‘zgamas sonlar.
b) F(x,y',y")-0 ko‘rinishdagi tenglama.

Bu tenglamada noma’lumj funksiya ishtirok etmaydi. Uning
tartibi y' —p (x) almashtirish yordamida 1 birlikka tushiriladi.
y7—p (x) ni topib berilgan tenglamaga qgo‘yamiz va
F(x,p,p"')-0 ni hosil gilamiz. So‘ngra p = <p(x,C,) ni topib
y'=p(x) ga qoyib y =<p(x,C,) dan y =\<p(x,C,)dx + C2
yechimni hosil gilamiz.

c) F(y,y',y") = 0 ko‘rinishdagi tenglama.

98



Bu tenglamada eikli o‘zganivchi jc- ishtiiok etmaydi. y'=p(y)
almashtirish yordamida uning tartibi 1 birlikka tushiriladi.
y"=p'y'—p'p ni topib berilgan tenglamaga qo‘yamiz va
F(y,p.,p') —0 tenglamaga kelamiz. Uni yechib p~qjfy.C,)
yechimini hosil gilamiz va almashtirishga qo”ib

y'=<p(y,C,) ni hosil gilamiz . Undan esa 'y —y/(x,CItC2) ye-
chimni hosil gilamiz.

Chizigli bir jinsli, o‘zgarmas koeffitsientli differensial tengla-

malar

y"+ay' +az =0
ko‘rinishdagi tenglamalar chiziqli birjinsli, o‘zgarmas koeffitsien-
tli diffeiensiyal tenglamalar deyiladi. Bu yerda a,,a2 lar ixtiyoriy

o‘zgarmas sonlar.

Uning hususiy yechimlarini y = e** ko'rinishda gidiramiz.
y —e** yf= AeN.y" - A2e** lami berilgan tenglamaga

go‘yib va ikkala tomonini e™ ga bo'lib
A + djA + a? —0
hatakteristik tenglamani topamiz.
Uni yechib A /va A 2ildizlarini topamiz.
3 xil hoi bo'lishi mumkin:
1m A /d A2 haqiqiy.
2) N = a = ifi go‘'shma kompleks sonlar,
3) A/= A2 2karrali haqiqiy ildiz .
1) Agar harakteristik tenglamaning ikkita turli haqiqiy ildizlari
boisa u holda berilgan tenglama y; = eXxva y 2= e*2 xusu-

siy yechimlarga ega bo‘ladi. Ulaming chizigli kombinatsiyasi

y —C,eXx + C 2e*2Xberilgan tenglamaning umumiy yechimi
bo‘ladi.
2)Agar A-azifi bo'‘lsaberilgan tenglama
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yt=emsinfix,y 2 —e@lcos /3x xususiy yechimlarga ega
bo‘ladi va ulaming chizigli kombinatsiyasi

y = Cje@sin fix + C 2e ax cos fix berilgan tenglamaning
umumiy yechimi bo‘ladi

3)A i = 4 2bo‘lsa berilgan tenglamaning bitta xususiy yechimi

Y, - € XX ikkinchisiesa ¥ 2 = XB bo‘ladi.
y = C,esix + C2xe*Z esa umumiy yechim bo‘ladi.

Chiziqgli bir jinslimas, o‘zgarmas koeflitsientli differensiyal
tenglamalar

y"+ay' +azy =f(x)
Bu tenglamaning umumiy yechimi y = yO+ y ko'‘rinishda izlana-

di. Bunda Yo - berilgan tenglamaga mos, bir jinsli differentsiya!

tenglama Yy”+ a,y' + a2y = 0 ning umumiy yechimi. Y esa
berilgan tenglamani gqanoatlantiruvchi biror xususiy yechim.
Differensiyal tenglamalar sis temasi
dy,

—" =a,x+b,y,
dx
<

Bu sistemani yechishining usullaridan biri noma’lumSami
yo‘qotish usulidir. Bunda tenglama bir noma’lumli ikkinchi daraja-
li tenglamaga keladi va uni yechib birinchi noma’lum topiladi
so‘ngra ikkinchi noma’lum topiladi.

Koshi masalasi.

F(x, v,y'") - O tenglama berilgan. Masala bu tenglamaning

y(Xxg) = yg boshlang‘ish shaitni ganoatlantiruvchi xususiy ye-
chimini topish bo‘lsin. Avvalo berilgan tenglamani biror usul bilan

yechib uning umumiy yechimini topamiz: y —f(x,C)
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So‘ngra i vay o‘zgaruvchilar o‘miga x0,y 0 lami gqo‘yib C ning
mos giymatini topamiz. Uni umumiy yechimiga qo'yib
y —f(x ,C 0) xususiy yechimini topamiz.
Hisoblash uchun vazifalar

1- vaziia. 1, 2, 3 - masalalarda birinchi tartibli differensial ten-
glamaning umumiy yechimini toping.
2 - vaziia. 4 - masalada birinchi tartibli differensial tenglama
uchun Koshi masalasini yeching.
3 - vazife. 5 - masalada (masalani shartiga garab) differensial
tenglamaning xususiy yoki umumiy yechimini toping.
4 - vaziia. 6 - masalada o‘zgarmas koeffitsientli chiziqgli bir jin-
slimas differensial tenglamaning umumiy yechimini toping.
5- vazifa. 7 - masalada o‘zgaimas koeffitsientli chizigli birjinsli
differensial tenglamalar sistamasini yeching:
a) yugori tartibli bitta tenglamaga keltirish usulida;
b) matritsalar usulida;
c) sistemalar yechimini turg‘unligini tekshiring.

Namunaviy variant
1- masala. xy'—y = y3 tenglamani umumiy yechimi topilsin.
Yechish: Bu tenglama o ‘zgaruvchilari ajraladigan differensial
tengiamadir. Uni quyidagicha yozamiz:

I
XL = +
dx y Yy
So'ngra o'zgaruvchilarini ajratamiz:
dy dx /1 y \ dx
————— — = — 8KMK e e— =) dy = —
y(y2+1 X \y vy2+ 1/
tenglamani ikkala tomonini integiallaymiz:

1

wy\ - TIn(y2+:D:In\x’d, co 0.

Natijada y = Cxjy2+ 1

Javobi: y = CxMNjy2+ 1

2 - masala. ydx + (2Jxy —x)dy = 0 tenglamani umumiy
yechimi topilsin.
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Yechish: Berilgan tenglama birjinsli tenglama bo‘lganligid
quyidagicha yozamiz:

iy - y yoKi dy- *
d —2 J d
X X ey X 1.2 |
So‘ng y = n mx a’amawrmpuwl 6axkapamio,

an uni

dy du
di=x'di+u
U holda berilgan tenglama:
du 7] 1—2n/A dx
X— + U = --mmmmme = y°ki - — du = — bo ladi .
dx 1-2Vu 2u L2 *
B uni integlallab  fri|]x] = - IN\u\ + C ni hosil gilamiz
Bundan In\ux\ = ~~=+ C,y = x -uedi.unda Zn]yj = ~J

Javobi:  Znly] = C —

3 - masala.

tenglamaning umumiy yechimi topilsin.

~ 4+ C

Yechish: Berilgan tenglama to‘la differensial tenglama ekanini

2
ko‘rsatamiz. Buning uchun, M (x;y) = = Ba JI/(x;y) =
deb olamiz:
dMm 6X dN 6X dMm dN
—- = ——, — = -— —,demak - = —
dy y4 dx y4 dy dx
bo‘lganligidan
X Yy

I M(x;y)dx + j N(x;y)dy = C x0= 0, yO=1

P dI1d0 o

*0

y 2~3x2

desak



Javobi: x2—y2 —Cy3.

4 - masala.
1
y'-y tgx=—— ; y0= 0.
CcOsX

Koshi masalasi yechilsin.
Yechish: Bu differensial tenglama chiziqli bo‘lganligi uchun
Bemulli usulida yechamiz. Yechimni y = nev ko‘rinishda
izlaymiz.

1
u'v + v'u —uv tgx = -——- yoki u’v + u(v’—v tgx) =

cosX
1
cosx

Bundan

v’ —v tgx = 0
1

cosx
ni hosil gilamiz. Sistemaning birinchi tenglamasini integrallab:

uv

1
ni hosil gilamiz. v = --—--- - ni giymatini ikkinchi tenglamaga
gqo'yib:

Pl 1

U
COSX  cOosX

ni hosil gilamiz. Bundan u=jc+c bo‘ladi. wn vav ning
topilgan giymatlarini y=u v ga qo'ysak, umumiy yechim

cosx
boiadi. y(0 = 0 boshl!lang'ich shaitni go‘llasak, C=0 hosil

bo‘ladi. Unda Koshi masalasini yechimi

Javobi:

5-masala. y"y3+ 25 = 0 tenglamaning y(2)=-5, y'(2)=-1
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boshlang‘ich shartlami ganoatlantiruvchi yechimi topilsin.
Yechish: Bu tenglamani tartibini pasaytirish yo‘li bilan yechamiz:

y' = p(y), y" —pep'mBu qgiymatlami berilgan tenglamaga
go‘ysak:

pp' ey3+ 25 =0
yoKi

¥3p— + 25 = 0.
pdy

0 ‘zgamvchilarini ajratamiz:

25

pdp = - — dy
bundan

p2 25 cX

T =2y2+ 2"
yoki

n/25 + Cxy 2

y' = p(y) nie'tiborga olsak: y' = * -—-——-oe— v ni hosil

gilamiz. Cr —ixtiyoriy o‘zgannasni boshlang‘ich sliartdan
topamiz:

J2S + Cj m25
-1== -5
yoki 5 = 5a/1 + Cv Bundan C]=0. Ci ning giymatini oxirgi
tenglamaga qo'‘ysak
/ = +5
Yy
hosil bo‘ladi.
Buni integrallasak:
y2
— = +Sx + C2

ga ega bo‘lamiz. Bu tenglikni integrallabva y(2) my = 5 ni
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y2

hisobga olib = 5x + C2 ni hosil gilamiz.y(2) = 5

shartdan Cz nitopamiz:

Demalk, y = 5x+ ™ yoki y2= 10x + 5.
Javobi: y2= IOx + 5.

6 - masala. y"+9y=cos2x tenglamaning umumiy yechimi
topilsin.

Yechish: Bu yerda xaiakteristik tenglama k2+ 9 = 0 go‘shma
kompleks ildizga ega bo'ladi: k12 = £+31 .U holda birjinsli

tenglamaning umumiy yechimi
y = Cxcos3x + C2sin3x
bo'ladi .Birjinsli boHmagan tenglamaning xususiy yechimini
quyidagicha izlaymiz:
y = Acos2x + Bsin2x
A va B o‘zgarmas sonlami anigmas koeffitsientlar usulidan
foydalanib topamiz:
y' = —2Asin2x + 2Bcos2x ,
y" — —4Acos2x —4Bsin2x .
Bulami berilgan tenglamaga go‘yamiz
5Acos2x + 5Bsin2x = cos2x
Bundan

larni hosil gilamiz.

Berilgan tenglamaning xususiy yechimi

1
y = -c0s2X

bo‘ladi .Umumiy yechim esa:

1
y = C~coaA3sa: + C2sin3x + -c0sS2X
Javobi. y = CiCosSx + C2sin3x + i cos2x.
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7 -masala

(x=-Y,

[y = x
tenglamalar sistemasini umumiy yechimi topilsin va turg‘unligi
tekshirilsin.
Yechish:
a) Yechimni bitta birjinsli tenglamaga keltirib toping;
Sistemani birinchi tenglamasini diflfeiensiallaymiz.
X = —y, bunda y ning giymatini ikkinchi tenglamaga qo'yamiz:
—X = X ékn x + x = 0.
Bu tenglamaning umumiy yechimi

X (t) = Cj~cost + C2sint

bo'ladi.
Endi
y = —X
dan
y(t) = —(—CiSint + C2cost)

yoki y(t) = CiSint — C2cost ni hosil gilamiz.
Shunday qilib Cx, C2 ixtiyoriy o‘zgarmaslar uchun sistemaning
umumiy yechimi:
fx(t) = C~ost + C2sint
ly(C) = C~int — C2cost
b) Sistemani matrilsa usulida yechamiz.
Berilgan sistemani matritsa ko'rmishida yozamiz:

£-1r1r. buyerda x=(J®) 4 = (° J) .
U holda sistemani umumiy yechimi x(t) = <t>(t) «C  boMadi.

Bu yerda: - haqigiy xususiy yechimining fundamental

matritsasi: C = ([i1) — ixtiyoriy o‘zgaiTnasining matritsasi.

Xarakteristik tenglama tuzamiz: det(A —JIE) = ‘_A _li': 0

Uning ildizi Al12 = #i dir.
Endi B matritsa tuzamiz (xarakteristik tenglamaning ildizlari har
xii hagqigiy boiganda B matritsa A matritsaning kanonik
ko‘rinishiga teng bo‘ladi):
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" (0 -,)

Fundamental kanonik matritsa tuzamiz:

eu O
A(C) = eBt =
,0
g - FHL a1\
Va2l a22'
matritsa tuzamiz, u A S=S B shartni gqanoatlantiradi.
(° ~ (ail °12\= (ail ai2) .( 1 0~
vl o/ \§A go¥ N§A gy VO i)
flu , al2, a2l, a2 sonlami topish uchun 4ta tenglamadan 2la
harxil tenglamani olamiz.
—a2i = wXl
{-"a22 = ~*.a12

an = 1, al2= 1 debolib a2l = —i
gilamiz. Demalk,

, a2 —i lami hosil

Berilgan sistemaning yechimini( fundamental matritsasi,
® (0 = S-H(t)
yoki
/1 I\/elt 0O
PO = (-<  i)(o
bo‘ladi. Haqigiy va mavhum gismlarini ajratib
/ cost sint \
®(0 = Ksrnt - cost)
ni topamiz. Sistemaning umumiy yechimi
/ cost sintx/C»™ / CMost + C2sint\

\sint —cost/\C2 KCj"sint — C2cost)

Javobi:
(x(t) = CMost + C2sint
l1YCO — Clsint — C2cost
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c) Berilgan tenglamalarsistemasini x(t)=0, y(t)=0 tinch nuqgtadagi
trivial yechimini turg‘unligini tekshiramiz.
Xarakteristik tenglamalami ildizi go‘shma komleks bo‘lgan!igi
N~xr Ba ReA=0 , Jm /1 =+ 1®0 dan tinch nuqgtada sistema
tuig‘undir va tinch nuqgta - maikazdir.
Variantlar
1-variant

1. 4xdx —3ydy = 3x2ydy —2x2ydx. 2.y' = N + 4N + 2
3. 3x2eydx + (x3ey —1)dy = O. 4. y' —N=x2, y(l) = 0.

5. 4y3y" = y4- 16, y(0) = 2n/2, y'(0) = /=,

.y» %= eyl X. ]7|l§/(

o>

2-variant
1. /4 + y2dx —ydy = x2ydy. 2.y' =

3{/3x2+ g/cos;} dx = {./L&co3;dy.
4.y' + ycosx = y(0) = o.

5,.y" = 128y y(0) = 1,y'(0) = 8. 6.y'" —y' = 2ex + COSX.

(X=x-vy,
7-{y=y-4*.
3-variant
1.6xdx —6ydy = 2x2ydy —3xy2d.2. xy' - + 4“ + 2.

3. (3x2+ 4y2dx + (8xy + ey)dy = 0.4.y' —yctgx =
= 2xsinx, y = 0. 5.y"y3+ 64=0 y(0) = 4,y'(0) = 2

Nl . fx = 8y - X,
6.y ty = gsmx. 7.]( .
y = X + .

4-variant

1.xjl+y2+yyIlvVT+lc2= 0.2.xy' = y/2+y2+y.
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3. [Ix —1- dx —(2y — dy = 0 4. y' + ytgx = cos2*,
yG )r=2 5. y" = 32sin3y ecos5y, y((I) =1, y'(l) = 4.
BY'+y = 2e*. T7.[* 1 * + *2x

5-variant

1y/3+ y2dx —ydy — x2ydy. 2.2y' =" + 67N+ 3.
3. (y2+ ysec2x)dx + (2xy + tgx)dy = O.

4 -y'~~ = x2+ 2%, y(0) = 0.

5. y" = 2y3, y(—1) =1, y'(-1) = 1

6.y'"" —4y' = 8sin2x. 1.j* _ X
3x H-y.
6-variant
3 2

1x/3 fy2dx + yV2+ x2dy = 0. 2.xy' = 2&/%1%
3. (3x2y + 2y + 3)dx + (x3+ 2x + 3y2dy = 0.
4. y' — = e*(x + 1), y(0) = 1. 5. x2y" + xy' = 1.
6.y'™ - 4y' = 24e2x. 7. f* L

(y = x+vy.

7-variant

1 (e2x+ 5)dy + ye2xdx = 0. 2.y'

3-(t L5t 1) OX (7=, + 3 en,dy = 0,

4. y' —~ = xsinx, y (0 = 1.5 . tgx ey'" = 2y".
6.y" + 16y = 16cos4x.
(y = 2y —x.
8-variant
my'YAT P = - 1- 2.Xy' = 2] X 2+y2+y.

3. [sin2x —2cos(x + y)]Jdx —2cos(x + y)dy —O0.
4. y'+ N =sinx, y(n) = ™. 5 (1 + x2y" + 2xy' = x3.
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6./'+3y = -e-3,
9-variant

1 Xy/b+ y2dx + yn/4 + x2dy = 0. 2 xy' =
7y Ty2 y
3.(x2+ y2+ 2x)dx + 2xydy = 04 y' + ~ ;Y =~ -Y (°) = j

5y"+jry ' =2x.6.y'"m- 36/ =36,“. 7.9 | 2 +~
10-variant

1 6xdx - 6ydy = 3x2ydy — 2xy 2dx. 2 3y' =" + 8N+ 4.

3. (x +y)dx + (ey+ x+ 2y)dy = 0. mY' + ~ = *2< Yyl - 1

5 x4y" + x3y'= 4. 6.y" + 3y'=e3x. 7.j*r ~ " +
11-variant

1 y(@4 + ex)dy - exdx = 0. 2. y'= e 3 xy2dx +

+ty(x2+y2dy = 0.4 y'-"~y =5 y(2)=4 5 y"-

X + 4y,

X
36y' = 299(cos7x + sin7x). 6.y'""tgx = y". 7. Fy - 2x + 3y

12-variant
1.V4 —x2y' + xy2+ x = 0. 2.xy' = y[2x2—y 2+ y.

3 vy )+ HTAR) =
4.y'+~="e* y(l) =e 52xy™ = y"

6.y" + 25y = 20cosbx. 7. j* * *

13-variant
1. 2xdx - 2ydy = x2ydy - xy2dx . 2.y' =" + 67N+ 6.

3. <2y dx + ‘y2 dy = 0. 4.y +§<__x’ y(l) = 1

= 3x + 2y,
w o " A * AR
5.Xy™ + xy" = 1L.6.y" +3y"+ 2y' = 1- x2. 7.{ 2% + y.
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14-variant

1L Xyf\ + y2dx + yVI + x2dy = 0.2.xy' = Nyx+"3 ¢
3N - xxfdy =0.4y'-y=-H y(l) = 45 xy" + 2y" = 0.

6.3y,v+y" =6x-1. 7, g "™ -

15-variant

1. (e* + 8)dy —yexdx = 0. 2.y '=

3-Adx - Xrdy =° 4.y'~y =x3 y(l)=-].
5 y" =32y3, y4) =1 y'(4) = 4

6.y"™ - 4y" + 4y' = (x - l)e* 7. [* 1 f ++3£

16-variant
1. 5+y2+y'yvVlI —x2=0. 2.Xy' = 3y/x2+ y2+y.
3. (xex+”~ dx —" = 0. 4. y'+ ~=3x, y(I) = 1
5y"y3+ 16 =0, *y(l) =2, y'(l) = 2*

6-y,v+y'" = 12x + 6. 7

17-variant 5
1. 6xdx - ydy = yx2dy — 3xy2dx. 2.2y' =N + 8N+ 4.
3. (I0Oxy — dx + (Bx2+ —y2siny3j dy = 0.

4 y'="gr+l1+x2 y(l) =3

5y" —2y3, y(-1)=1 Y'(—1) = 1-

6.y" + 2y' = 4e*(sinx + cosx). 7.j* “ +y'
18-variant

1Lylny + xy' = 0. 2.xy'=?9gg9g9£
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3 .\9-X§+-y12+ ex)yd x "x/2\+yr2: 0. 4y'=—gy+1Y(1)

al

&)

ok W

y'y3+y =0 y(0) = -1, y'(0) = -2.

y"

(1 +e*)y' =ys*

+y'+ By = -sin2x. 7.9 | Bx+36y
19-variant

2./ =~ -~

eydx + (cosy + xey)dy = O. 4.y' 4~ y (1)

.y V' = 4(y4- 1), y(0) = V2, y'(0) = vV~

y

y
X

+y = 2co0s4x + 3sin4x. 7.§* ¢ N3N+ 3y

20-variant

"+ 2xy = —2x3, y(l) = e-1.
y'" o= 2. 6.y" —4y' + 4y = e2xsin5x.

fx = x + 6y,

“(y

-2X + 9y.
21 -variant
X + 4y —5
1. V3 + y2dx - ydy = x2ydy. 2y = — n

3.2xydx + (x2—y2dy = 0. 4.y' + —= 3X, y (1)

5.y" —2y'+ |0y = 74sin3x, y(0 = 6, y'O) = 3.

/X = 2X +y
6.y" —2xy + 2y = ex + Xcosx. 7. v- .

22-variant
1.x(4 +y2dx +y(l + 3x2dy = 0. 2.y' =
3.y2(ydx —2xdy) = x3(xdy —2ydx).
4.y'+7; = x,y(l) = 1.

5.y" - = x(x - 1),y(2) = 1,y'(2) = -1.

1

L/ —x2y' + xy2+ x = 0. 2. Xxy' = 37"2x2+ y2+ y.
(y 3+ cosx)dx + (3xy2+ ey)dy —O.



6.y" + 6y' + 10y = 3xe 3x—2e3xcosx. 7

.\y=y-2x
23-variant
1.(6x+3xy2)dx = ydy + 2x2ydy. 2.y' = ~~~-
3.(2 —9xy2xdx + (4y2—6x3)ydy = 0.
4.y'-N = xsinx, y(f) = 1. 5.yy" —y'z= 0,y(0) = 1,
y'(0) = 2. 6.y" = 8y' + 20y = 5xedxsin2x.
/X = 2X +y
\y = x + 2y
24-variant
1.3(x2y +y)dy + y/l2+y2dx = 0. 2.y' = ]

3. (2 —9xy2xdx + (4y2—6x3ydy = 0.

2xy
4y =T TN =1+ X" y(1l)=3

5.y" + 3y'"=0,y(0) = l.y'(0) = 3.

6.y" + 7y' + 10y = xe~2xcos5x. 7. x~2y-‘ .
y=-2x-5y

25-variant
1. 2xdx —2ydy = yx2dy —3xy2dx. 2.y' = X&S%(g4_
3. - =dx + (y3+ Znx)dy = 0. 4. y' + yx = —x,y(0) = 3.

5.y" =4x3- 2x+ Ly(l) =~ , y'(1) = 2.

5. yin +y'= smx + xcosx. 7. ——X—f—s-)-(:r-‘-ly—.
y=-2x+lly
26-variant
J— = — ' = ?
1. 2xdx + V2 x2d3/ ZX}IZdX. 2.3/ 23*:;.4.

3. 3x2(l + Iny)dx = "2y -——-- ~dy.
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/Ng 1
4. y'+ ytgx = cosx,y

5, y"=e2 y(0) =i,y '(0) =

6.y" + 2y'+y = x(e_x - cosx). 7.

27-variant
1. (3 + e*)dy = e*dx. 2.y'= ox_y 8
3. x(iny + +21nx —1)dy = 2ydx. 4. y' —y coOoSX =
—sinlx, y(0) = 3. 5. y" = sinx —1,y(0) = —1,y(0) = 1.

6.y" —6y’ + 8y = 5xe2" + 2edsinx. 7. y=_44)2<_26)y.
28-variant

1. ylnxdx + xdy = 0. 2.y'=

3. (x2+y2-4-x)dx +ydy =0. 4. y'+ "~ =

= e*(x + 1),y(0) = 1. 5. y" = x —cos2x, y(0) ~

y'(0) = —1. 6.y" —9y = ¢c-3F(x2+ sin3x). 7.
29-variant

1.0/5+y2dx + 4y(x2+ I)dy = 0. 2. y' = 2x+ _ 2-

3.ydy = (xdx + ydx)7 1+ y2-4. y' + " y(e) = e.

5 y" =/7<Y(e) = 2e,y'(e) = 3.
6.y" —8y' + 17y = e4(x2—3xsinx). 7.

30-variant
1.yVI"Fdy + 75 +y2dx = 0. 2.y' =
3.(x24-3Iny)ydx - xdy. 4.y' + y cthy = 2xsinx,y =0
5.y" = 2x- 3x2,y(l) = 0,y'(l) = 1

6. y" —2y' + 5y = 2xe* + exsinx. 7. y=-7x-3y"
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