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M n z k u i  d a i s l i k n m q  i k k m r h i  n a s h n  r l n q g a m q a  h a m  10 Vil 
b o l d )  Bu v a q t  o r a l i g ' i d a  R e s p u b h k a m i z  h a y o t i d a  a v n i q s a
о  qi-sh o q i t i ^ h  s o h a s i d d  t u b  o ' / g a n ^ h l a i  sochi  b o  Ich S h u l a i d a n  
o n q  m u l n m l a n  o h y  l a h m n i n g  i kki  b o s q i c b h  l i z i m g a  o l i s l u d i t  
R u  <>sa о/,  n a v b a t i d a  o ' q i l i l a d i g . n i  p H ' d n u ' t l a m m q  d a s t m h n m i  
q a y l a  k o  11b c h i q i s h m  t a q o z o  qi lach

B oshqc»  p r r d i n o l l a i  s t n q a n  m a t r m a l i k  anah/.  k u i s i n )  beim 
q a y l a  " t a l l i s h "  q i l i s h  z a i u r a t i  p a y d o  b o l d ) ,  l k k n u h i  l o m o n d a n ,
о  q i l i s h  m o l o d i k a s i d a y i  z a m o n a v i v  y a n q i  I r x n o l o q i v a l a r  
o q i t i s h n m q  i n t e n s i v  u s u l l d i i  h a m  b u  m a s a l a n i  d o l z a i b  q i l i b

q o ' y d i .  . ,,
S h u  : . a b a b l a r q a  k o i a  l i iudl l i i ldi  o l d m g i  " M a l e m a l i k  a n a l i z  

d a r s l i q i  z a m i n i d a  " M a t c n i a t i k  a n a l i z  a s o s l a n  b a k a l a y i l a i  uc ! iun 
b i r  m u n c h d  ixc h a m  d a i s l i k  y a i a t i s l m i  o'/ o l d i l a t i q a  v a z i t a  q i i i b  

q o ' y d i l a i
D a i s l i k d a  t o ' p l a m l a i  iid/.di i y a s m i n g  r ' b m i e n t l a i i ,  h a q i g i y  

s o n l a i  n a z a i i y a s i n i n g  p l c m i o n t l a n ,  f u n k s i y a  l u s h u m  h a s i ,  b n  
o ' z g a i u v r h i h  l u n k s i v a  ( s h u  )unddd<in ktMma kf ' t l i k)  va  u n i n g  
l n n i t i .  u/. luksizl igi .  b u n d u y  f u n k s i v a l a i m n g  x o s s a l n  b a t a f s i l  
b a y o n  q i h n q a n .  S h u n m g d i ' k ,  b n  o'/.gaiuvc lull  f u n k s i y a l a r m n g  
d i l f e i o n s i a l  va  m t e q i d l  h i s o b l a n  h a m d a  s h u  h i s o b l a i r u n g  b a 'z i  
t a d b i q l a n  k o l t i i i l g a n .  A n a n a g a  k o ' i a  m a z k u i  d a i s h k n m g  b m n e h i  
l o n u  s o n l i  q a t o r l a r  i n a v z u s i  b i l a n  y a k u n l a n a d i .

S h u n t  a y t i s h  k e i a k k i ,  d a s i l i k  m a v j u d  d a s t u i  a s o s u l a  
y o z i l q a n .  Hai  b i r  b o b  o x i n d a  h a m  n a z a i i y .  h a m  a m a l i y  
a h a n i i y a t q a  p g a  b o ' i g a n  m a s h q l a i  k H t m l q a n .  D a r s h k m
о  z l a s b t i n s h  d a v o m i d a  k i l o b x o n  s hu m a s h q l a i n i  h a m  yoc l ia 
b o i i s h i  lo/.im. K i t o b d a  m a t o m a t t k  b o l g t l a r d a n  kc>ng f o y c l a l a n i s h  
b i l a n  b i r  q a t o t d a  l a s d i q l a i  i . s b o t m m g  b o s h l a n g a n h c j i  " 4 "  bf»lqi,  

t u g a q a n h q i  o s a  b e l g i  o r q a l i  i l o d a l a n g a n .
K i l o b  q o ' I y o z n i a s i n i  s i n c h i k l a b  o 'q ib ,  uni  i l m i y  v a  пнИосИк 

j i h a t  d a n  y a x s h i l a n i s h i g a  o ' z  hi ssa la ri ni  g o ' s h q a n l a r i  u c h u n  
p i  o i o s s o r l a i  S h  . A l i m o v ,  R  G ' a n i x o ' i a y o v  v a  d o t s p n t  
B . S h o n n q u l o v l a r g a  m i m l l i l l a i  t a s h a k k u i  i z ho i  q i l a d i l a i .  
Shuninc) (b- *k ,  d a r s l i k n i  n a s h i q a  t a v y o r l a s h d a  q a l n a s h g a n  
A . E s h q o b i l o v ,  J . X u r r a m o v a ,  A . X u s a n b o y o v  va N . U s m o n o v a l a r g a  

l n n a t d o i c h t l i k  b i l d i r a d i l a i .
\ j u a l l i f l a r .



I B O B

lO 'P I A M  11AQIDA T l J S l U J N i  1IA

l Ishbu bnbda matomat ika tamninq bai cha taimoqlar ida  
kong qo'l laniladigan to'plani tushunchasi  haqida ba'zi 
ma luinotlai  bonladi.

1—$. T o ’plam. T o ' p l a m l a i  ust ida amal lar

l (l. To'plani l u s h u m  h as i .  To'plam tushunc hasi 
nnitomatikaninq boshlang' i ch I i i shunchalandan bu î bo' l ib,  u 
misollar yoidamida  tushuntuiladi .  Masalan,  shkafdaqt kitoblai ,  
barcha to 'q ’n kasrlai,  quyosh  si stomasidagi  sayyoralai,  b o n lg a n  
riuqtadan o'tuvchi to'q'n ch iz iq lar  lo'plami haqida qapirish 
mumkin.  To 'p lamm tashkil o tgan  nar.salai (piodmotlai}  umriq 
olomontlan dob ataladi.

Odatda,  toplamlar  bosh  ha it lai  bilan, umnq olomontlari  osa 
kichik haï  flar bilan bolgilanadi.  Masalan,  --I, W , f lami  t o p l a m ,  

larni osa to'plam eleinonti  doyish mumkin.
Aqai ,i toplamning e lemont i  ,, bo isa ,  ,/(..•! yoki  A kabi  

yoziladi va "a  olomont a to 'p lam q a tegishli' '  dob o q i l a d i .  Aks 
holda yoki u<¿A dob yoziladi va "a olomont A to 'p lam qa  
toqishh oinas" dob oqi ladi  Masalan .  A •- {2,4.6.8.10} bo  isa, (5e/!, 
/<?.! b o l a d i

C'hokli sondagi o lemont lardan tashkil  topqan t o p l a m  chokl i  
topj lam dob ataladi. Masalan,  y u q o n d a  koltirilgan t o p l a m l a r d a n  
shkaldagi  kitoblar chokli to 'p lainm tashkil  otadi.

Matomat ikada  ko'pincha  c h o k h  b o l m a g a n  to p l a m la r n i  -- 
choksiz topla in larm qarashqa to'g' i i  koladi Masalan,  b a r c h a  
to q n kasrlar,  barcha natuial  sonlai ,  ben iga n nuqtadan o  tuvch) 
baic ba to 'g ’ri rhiztqldi t o p l a m i  choks iz  toplainlarqa misol  b o  la 
oladi Barcha  natural sonlardan iborat to'plani Y Inufi bi lan  
bolqilanadi va Y -- {1.2.1 . } yoki  y {;; 1.2. < } kabi vozladi .  
Yana bii  misol sifatida H = \\ >' s, * . u} to 'plamm kol tnavl ik.  Bu 
to'plam r  •'.v i (> - o tonglama îldiz.Iaiidan tashkil  topqan

Yuqorida biz to'plam uni nq  barcha  olomont lau  u c b u n  
xaiaklorli  bo' lqan xususiyatni,  qo idani  koltinsh bilan boii l ish im,  
shuninqdok,  umnq bdicha o lo inont laimi bovosjta k o r s a t i s h  b i lan
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b o t i h s h i m  k o r d i k  A v i n n  v a q t l a i d a  to pl ain (]<md<)v x a i a k t n l i  
M i s u s i n <i l q a  (hj<i b o  l q a n  (' If ' iTW'ntkiidcin tdshki )  t o p q a n l n j ]  m a  |um 
b o ' l s d  h a m ,  l)\l lltlilN XUMlsiVrit l i  t ' l*“in('ntltl l  mav|l ld l)(> I mas l i qi  
i n n m k i n  M a s a l a n .  ; t o ' p l a m  • > t o n q l a m a n i n q  ( » .  "> < •.

• m )  t l <l 1l l l <l l  S O J l l a t  t o ' p l a i l l l d a q l  l l d l / l d l  n l < m  t d s l l k l l  t o p q d l l  

d o v i l s a ,  b u  t o  p l a m n i n q  b i t t a  h a m  « ' I i mi h mi I i  y o ' q l i q i  m a l u m  

b o ' l a d i .  B u n q a  s a b a b .  b o i i l q a n  t n n q l a n i a u i n q  n < i t u i < i l  s o n l a i  

t o p l c i m i r l a  i l d i / q a  <Mj f i  < - * m a ^ l i q i d i i . B u n d a n  kt > i m a d i k i ,  

i ' b ‘ i m ‘ i ) t q a  » ' q a  h o l m a q a n  t o ' p l a n i l d r m  h a m  k o n s h q a  t o ' q ' n  

k c l a d i

B i t t a  li<iin o l o m e n l q a  e y a  b o  l m a q a n  t o p l d i n  b o ' s h  t o  p]<nn 
d o y i l d d )  va 0  kdhi  b H q i l a n a d i .

S h u n i  t a k u l l a s h  l o z i m k i ,  t o p l d i n n i  d m q l a s h d a  uni  l a s h k i l  
o t q a n  ( ' l f ' m o n t l a i  o r a s i d a  a y n a n  b n  b i i t q a  t i»nq b o ' l q a n  
o l o i n o n t l a i  t o ' p l a m n i n q  e l p i n o n t i  sj fdtidd tdqdl  b i i  m a i t a q i n a  
o l m a d i .  M a s a l d n ,  a  t o ' p l a m  v' U > :  u t o n q l a n i d J i i n q
l l d i / l a r i d a n  i b o i a t  b o ' l s i n .  Bu t i m q l a m a n i n q  l k h z l a u  

l , i x :  b o ' h b ,  u l a r d a n  t u z i h j a n  /> t o ' p l a m  d p g a n d a  hi/. 

1 va  e l o n i p n t l a i d a n  l u z i l g d i i  H  II. 2i t o  p l a m n i  t u s t n m a m i z
k o ' p m r h a  t o ' p l d m l a r ,  u l a r  c h f k l j  y o k i  r h r k s i z  b o ' h s h i c l a n  

q a t i y  rid/ai ,  s i m v o l i k  i a v i s h d a  t<-kis! ikda biro?  s h a k l ,  m a s d l a n ,  
( i o i i <i oh dl a r  b i l a n  t a s v n l a n a d i .  B u  osd t o ' p l d m l a r  u s t i d d  b d j ar i l c j a n  
a m a l l a r n i  t a s a w u r  q i l i s h d a ,  u l ai  o r a s i d a g i  m u n o s a b a t  l . irni
0  r g a m s h d a  a n r h a  q u l a y h k  t u g ' d i i a d i .  (1 -  c h i z m a  ).

A q a r  h  t o ' p l d i n n i n q  hdi  b n  ( ' l nmon l i  .! t o ' p l a m n i n g  hd in  
o l i ' i n p i i t i  b o ' l s a ,  H  t o ' p l a m  A  t o p l c u n n m g  q i s n u  y o k i  q i s r n i v  
t o ' p l a m i  ( t o ' p l a m  o s l i )  d o b  a t d l a d i  va  /< c - .1 k n b i  b r l q i l d n a d i  (S’

1 h i z i i i d ) . M a s a l d n ,  H  - ;2.-l.(>.8}, ,1 ' { 1 , ? , 3 , 4 , 5 , 6 . 7 , 8 }  b o ' l s i n .  B u n d a  
H a  A  o k a n l i g i n i  k o ' n s h  q i y i n  e m a s .

B o ' s h  t o ' p l a m  0  l i a r  q a n d a v  i t o ' p l a m n i n q  q i s n n  ( q i s n n v  
t o ' p l a m i )  d p b  h i s o b l a n a d i .  B i r o i  . 1  t o ' p l a m  b o r i l q a n  b o ' l s i n .  Bu 
t o ' p l a m m n g  b a u h a  q i s m i y  t o ' p l a m l a i i d a i i  i b o r a t  to 'pl ai i i i i )  /• ■.h 
k a b i  b p l q i l a y m i z .  R a v s h a n k i ,

O i :  l ‘ ( A ), -•!<

A



1 — r h i / m a . 2 —c h i z m f i .

F(. I) t o p l a m  f-lpmentlaiining o'zi toplamdir  
Masai, in,  , l - ! l , 2 } ,  /( { 1 .2 , 3 }  to p l am  u c h u n
/ • ( , l H { U . { 2 } . { l , 2 } , 0 ) } ,

1 ’ , 2 , 3 } , 0 }  b o ' l a d i .
1 - l a ’r i f .  A g a i  A c H ,  H e . . .  i b o  Isa,  A  v a  a  t o n g  t o ' p l a m l a i  

d o y i l a d i  Hu hoi  a - R  k a b i  y o z i l a d i .  M a s a l a n ,  a  t o p l a m  k n  

k o r i n i s h d a g i  s o n l a i d a n  i b o r a !  b o ' l s m ,  b u n d a  k - 0 ,  * 1, '-?.,■■■ y a  ni  
A = \a a  k j r . k  0 + 1 } .  H t o p l a m  f ' sa  sinx = o t o n g l a i n a n i n g  
y e c h i m l a n d a n  i b o r a t  b o ' l s i n .  y a n i  B  = {.r: sin j -- 0 } . A g a r  s m t - 0  
t e n g l a m a r n n q  b a r c h a  y e r h i i T i l a n  v -- kn.k 0.±1,±2,. f o r n m l a  b i l a n  

y o z i l i s h m i  h i s o b y a  o ls ak ,  A b o h s h i m  k o r a m i z
2U. To 'p la in lar  ust ida am al lar .  Biz quyida to pl am lar  ust ida  

ba jar i ladigan amal lami keltiram;/.

A - B A r' B

3 —c h i / . m a .  4  c h i z m a .
2 - t a ’r i l .  i va  B t o  p l a m l a i  i i i n g  b a r c h a  p l o i m ' n t l a r i d a n  

t a s h k i l  t o p g a n  C t o p l a m  A v a  n  t o ' p l a m l a i n i n g  y i g  i n d i s i  d r b  
a t a l a d i  i va  B t o ' p l a n i l a i n i n g  y i g  i n d i s i  <’ - A\ . j H k a b i  

b e l g i l a n a d i  (3 c h i z m a ) .
M a s a l a n ,  , i - { 2 , 4 , 6 , 8 } . H { 1 , 2 , 3 , 4 } ,  /■ - { 2 , 4 , 6 , 8 , . . . } ,

s



{ I  . Я л . /  } b o  lsa,  m u i d  i ildiiniK) v i g i n d i l a i i  g u w d a g i  
t o  p l a m l a t c l a n  i b o i a t  b o l a d j .  i • ¡< ; ! ? ' 4 . í ' X ¡  !■ ■ ¡> ! \

i /• :: h.s  ;
Y u q o t i d a  k e l t i  n k j a n  ?  l a ' i i l d a i i  .1 i .1. ■< • k H i h  

c h i q a d i ,  s b i i n i i K j d i ' k ,  a g a )  1 b o l s a  u n c i d  /> b o  lach.
3 —l d i  И. : v a  a t o  p l d i n l d r n i n g  b a i e  h a  u i n u i n i y  

c ' i i ' i i u ' i i l l a n c b i n  t a s h k i l  t o p g a n  /■ l o p l a m  A v a  н l o  p l a r n l a m i n g  
k o p a y t m a s i  d o y i l d d i .  ,i va  a l o p l a m l a m i n g  k o  p a y l m a s i  

/. k d b i  b o l g i l a n a d i .  [A < b i z m a ) .  M d s d l a n ,  i { - 1 , 0 , 8 }

H {1 ,^,3,4 }  b o ' l s d .  u l d i r u i u j  k o ' p a v t n i a s i  .!<•-,/? ::•!} t o p l a m  
b o ' l d d i .  3 l a ’n f d a n  b o v o s i t a  1 n<-\ k c l i b
c h i q a d i ,  s h u n i n g d f ' k ,  a q a r  i  ̂ b o l s a ,  und<i a >\H b o l a d i .

A q a r  .ím/í i) b o ' l s d  I va H k p N i s h m a v d i q a n  l o p l a m l a i  
dPVildd’i. M a s a l a n ,  /■ }./■' ■ ¡1.1.5.. ! t o p l a m l a i
k o s i s h m a y d i g a n  t o p l a m l a i  b o ' l d d i ,  c l m n k i  /-ri/- <i

Ui z  t o ' p l d m l d i n i n g  y i g i n d i s i  x a m d a  k o  p a y t m a s i  t a n f l a i i m  
î k k i  t o ' p l d i n g d  n i s b a t a n  k e l b i c h k .  A g a i  Ar Ar ...A„ l o p U m ü a r  
b o r i l g a n  b o i s a ,  u l a m n i q  y i g ’md is i  a , <j A7 u .  . ^ д ,  h a m d a  
k o p a y t m a s i  , i ,^/l2 rv.  ^ A .  y u q o n d a g i q a  o x s h a s h  t d'ui l di ia di .

4 - t a ’rit .  A l o p l a m t n n q  ч  t o p l a m g a  t o g i s h l i  b o l m a g a n  
b a r c h a  r l o n i p n t l d r i d a n  t n z i l g a n  /• t o p l a m  .1 t o p l a m d a n  H 

t o ' p l d i n n i n g  dyir ir idsi  d o b  a t dl a di .  .-i cian н  n i n g  a y n n i a s i  A . \ H ~ h  

k a b i  b p l q i l a n a d i  (5  — r h i z n i a ) .  M d s a l a n ,  i {1 , 'ЛЗ,4, .Ь},  

îî - { 3 . 6 Д Г Л }  b o ' l s a ,  a \ h  -  {1  г9,И,-'>> va H\A == { 6 , 9 , 1 2 }  b o l a d i .
A q a i  /I t o p l a m  Л t o ' p l a n m i n g  ( j i s i n i  ( y a ' n i  /le л’ ) b o ' l s a ,  

u s h b n  лЛл a y i r m a  a  t o ' p l a m n i  л g<i t o ' I d i r u v c h i  t o ' p l a m  d o b  
d l d h u l i  v a  С A k a b i  y o z i l a d i :

С  A -  S \ A .

5 - t r t ' r i f .  l o p l a m n i n g  > t o ' p l d i n g d  t o g i s h ü
b o l m a g a n  b a i c h a  o l o m p r i t l a i i d a n  v a  я  t o p l d i n n m g  .; 
t o p l a m g a  t p g i s h l i  b o l m a g a n  b a r c h a  p i p m r n t l a r i d a n
t u z i l g a n  t o p l a m  ; v a  и  t o  ' p l d i n l d r n i n g  s i m m o t r i k  a y n m a s i  
d o b  a t a l a d i .  S i m m p t r i k  a y n n i < i  . * \ H  k a b i  b e l g i l a n a d i  (b 

chi/lTld)



A \ B  A B
5 —chi/.ind 6 chizii ici

Ta'rifga ko'ru
/1Aß«(.l -D.

Masalan agar A Ц.2Л4.5.6}. H R5A7.X.9Î bo ls a  bu lo'plamlaming 

simmctrik ayirtuasi A.Mi = {1.2Л7.8.'->: bo ladi.
Ikki .1 va в  lo'plam berilgan bo lsin Birinchi clcmcnti A io plamga. 

ikkinchi clcmcnti в  to plamga tcgishli bo lgan tartiblangan (a.h> 
juftliklarni qaraylik: ae .A .be  H.

6-ta'rif.  Barcha (a,b) kormtshdagi jultliklardan tu/.ilgan lo planr! л 
va в  lo planilaming Dekart ко paytmasi deb ataladi Го planilaming 
Dekart kopavimasi a x b  kabi belgilanadi Odatda л * А  to plam A deb 
bclgilanadi: л *  A — A'. Bunda (</ />) va (ha)  juftliklar A x a  lo plaining 
turli elemenilari hisoblanadi

Masalan, A = {1.2},  И -  {2.1}  to'plamlar uchun
/3 ж 1.2),(1.3). (2,2),(2.3)),  в  * A -  {(2,1 ),(2.2).(3,1).(3.2)} bo'ladi.

Yuqorida to'plamlarni va ular ustida bajarilgan amallarm tasvirlash 
uchun ishlatilgan shakllar Eyler-Viycn diagrammalari deb ataladi (1-6- 
chizmalar).

1 .l.misol. a. h .C to'plamlar uchun M u ß ) n ( ’ = (ЛпС)и(ДглС) 
tcngliknmg o rinli bo'lishi isbotlansm.

^Aytaylik.  че(.- !ий)пС bo'lsin. Unda яе( /1ий) .«еГ  bo ladi. 
a e A. a e C  bo'lgailda ae Ar ^ C  bo lib. a e (.4 п Г )  kj(B гл ( ’). a e B .  a e C  
bo'lganda ачН<->с bo' lib. yana л  (. W')^(ft<-->C) bo ladi.

Demak.
(  A U  li ) П  f ’ C ( / i n  C ) W (  В(ЛС) ( 11)

bo'ladi
Aytaylik. , i6( . ' Jn( ' )u(finC).  bo’ lsin. Unda a e A r > C  bo lganda 

и е .4. а е г  bo'lib. ^ М и й ) л С ;  а е и ы :  bo'lganda o t / í . ^ r  bo lib. 

vana и£(.‘1и Л )щ '  bo ladi.
Demak.



(.ir ■ ( ' K H r\(' )í • (,) i. )r ■,[ ' (12 )
bo'ladi ( l . l )  \a (1.2) numosabatlaidan ( .-h ■/*). •'(' ( .-i r x ' )w(/* r > c ) 
bo lishi kelih chiqadi ►

l.2.mÍM>l. va a  lo plamlarda uslibu
< . ' \ )'. , H : ;

icngliknmg o rtnli bo lishi ucbuii ( i bolishi /arur \a \clarh ekanligi 
isbollansin.

•^Awavlik (A'.b')v h <r. A bo Isin Qo'shihivclnlarnmg liar biri 
\ ig'mdining qismi bo'lishidan. /<<•.. .-i ckanligini lopami/

Aylaylik. Aczlí  bo'lsin. Iluda i l  ID^IU.A bo hb, (.! H) ĵ Ií = a 
bo ladi ►

3°. Universal to'plam. Yuqorida kirililgan ainallar ixtiyom 
to’piamlar uchun. to'plamlaming labiaiiga hech qanday shan qo'ymasdan 
la’nflandi Animo bunda\ " uimimnlik ” baV.an konkrel hollarda 
ma'noning yo qolishiga olib kclishi hani mumkin Ma.salan. ,-¡ to'plam 
sifatida 2.4.6.8,10 sonlar lo'plammi: A - {2,4.6.x.lu}. a to'plam sifatida 
quvosh sislemasidagi savyoralar to'plammi otsak. ularmng vig'indisi va 
ko'paylmasi formal aytila olinsa ham. muayyan g'ayntabiiylikka olib 
kclishi ravshan. Bundav ma'nosi/lik hollanni istisno qilish uchun. odatda 
barcha amallar biror universal lo'plañí deb alaluvehi lo’planming qísmi> 
to'plamlari ustida bajanladi deb hisoblanadi.Bu universal lo plam yoki 
U bilan belgilanadi Macalan. yuqorida keltirilgan sonli misollarda 
universal lo'piam sií'atida natural sonlar loplami / = ,v . { i . z . i . ¡ olinishi 
mumkin. fcyler-Viyen diagrannnalari uchun esa / sifatida tekislikning 
nuqtaiari lo plami olinishi mumkin

Malemalik anah/ kursi davomida. universal lo'piam sifatida 
asosan haqiqiy sonlar lo plami (qarang 2-bob. 4-sj) qaraladi

4°. T o  plamni bo' lak lash .  Biror .i to'plam bcrilgan bo'lib. 
to plamlar uning qismiy to'plamlari bo'lsin:  AkciA

( k  =1.2..

Agar { -V -V  A )  qismiy lo'plamlar sisicmasi uchun
I ) A, l  = A..

2) ,.|t A -11 (k * i k. i = I. 2. ... n)
sharílar bajanlsa.  { - i . ! sistema i da bo'laklash bajargan yoki A 
to'plam .!,.A; . a.  to'plamlarga bo'laklangan dc\iladi Ba'zan 

¡ .A,.A... A . ) ni a  dagi bo'laklash.  larini esa bo laklashnmg 
elementlan deyiladi. Ikkala shari birgalikda .i dagi liar bir elemenl

t



ho la k lashnuu ’ b i l la  \a t'aq;it b itta  c lcm cn l i i ja  tegishli bo l i-h im  
Ui m in la\d i.

T i i b u y k i bi l l a ! ln plañida turli  b o ' l a k l u s h l a i  b a ja i i l g a n  b o  l ishi  

mumkin
1. 3 -  mi.sol.  , i ,  { 1. 2 ) , . 1  1 3 . 4 } ,  •! « ¡ 5 6 }  io p k mi l a r

i { 1 . 2 . 3 . 4 . 5 . 6 }  to 'plamda b o ' l a k l a s h  b a j a n s h i  k o ' r s a l i l s m .
l'o'plamlar Mg mdisi la'nl'idan 1‘ovdalanib lopanu/

, ; :w -i .w.i [ l . : ; ^ ' { 3 , 4 1 w { \ 6 ¡ -  ¡1.2,3.4,5.61 A 
To plamlar kopaUmasi  ta'riliga ko'ra

,-i i r >a l . 2 } u ‘ 3 .4 ¡ M i. A2r^Ay { 3 . 4 } ^ { 5 . 6 ) - 0 .
,1 ;n / I r - { l , 2 } o { 5 , 6 } - 0

bo ladi.
Shundav qilib. {/ii,.4 :•/! *] sistema uchun 1).2) sharllar bajan ladi 

va dcmak. u a dagi bo'laklash bo'ladi

2-§. T o  p l a m la r n i  ta q q o s la sh

Odatda, ko pincha turh to'plamlarni taqqoslashga, ya'ni ularm 
elcmentlarining miqdori bo’yicha solishtirishga to g ri kcladi.

Agar a va a  lar chekli to'plamlar bo'lsa.  u holda ularning 
elemcntlanni b ^o s i ta  sanash bilan clementlar soni yoki bir-biriga 
lengügini yoki a to plamning clcmentlari soni ö  to'plamning 
clemcntlari sonidan ko'p yoki kam ekanini aniqlash mumkin

Agar A va ß to'plamlar cheksiz to’ plamlar b o ls a ,  unda bu 
to'plamlarning clemcntlarini, ravshanki,  sanash vo ll bilan taqqoslab 
bo Imaydi. Ammo. bu to'plamlarni ularmng clemcntlarini bir-btriga
mos qo yish yo'h bilan taqqoslash mumkin.

Agar a to'plamning bitla har bir clcinentiga b toplamning billa 
elcmenti shundav mos qo yilsaki. bunda B ning clementiga mos 
keltirilgan a ning clcmenti yagona bo' l sa.  A va B to plam elementlan 
orasida o'zaro bir qiymatli moslik o'rnatilgan deyiladi

7- ta ’ rif. Agar i va h to'plam elcmentlari orasida o'zaro bir 
qiymatli moslik o'rnatish mumkin bo' lsa,  ular bir-biriga ckvivalcnl  
to plamlar deb ataladi.

Ekvnalcnl   ̂ va h to plamlar a ~ b kabi bclgilanadt. Masalan.  
to'g n burchakh a b (' uchburchak (A/i/íT) bcrilgan b o ls í n .  (7- 
chi/.maY



E  u
7- chi/ma.

Bu iichhurchakninu gipolenu/asi i n ning nuqlalandan iboral 
to'plamni / club, m kalclni uishkiI ctgan nuqtalar toplamini  esa / 
deb olas lik. Bu / \a / lo' plamlarning cleinonllari orasida o'/aro bir 
qi>matli moslik o'rnaiish mumkin.  /• lo pkmida olingan har hir ¡í 
nuqlaga slui miqladan .1 (' ga Uishirilgan perpcndikularning asosi o i)i 
mos qo y am i/  \a aksincha.  Bu osa / \a / lo'plam clenicnilari 
orasida o'/aro bir qiymalli  moslik niavjud ekanligini ko'rsaladi. 
Dcmak.  m'rifga binoan. / -  / bo'ladi.

sh im in g d c k .  i ¡i. A’ ¡2 lí'.s.io.i2¡ . \ ; i ? '  n \
Ü --!, V I lo 'plamlar bcrilgan ho'lsa, mida l- k va v

-  3 n
ekanini korami/.  l k\i\alcnilik lushuncliasi lo plamlarni sinílargn aj- 
ratish inikonini bcradi. Masalan.  quyidagi lo'plaitiiar bcrilgan b o ’ lsin : 

i ¡ 2.4.6.N. 10.121. !< 1 1 - 2 Í .C  1 1 0 .1 1 ! ./ )  ¡ 1.3.5.7 .‘) . í  I ¡. / ¡ ! ¡ .  
Bu to'plamlar orasida i va ;> lo'plamlar. li va < to'plamlar 
okvivalem: i - / 1, n - c .  Bunda /< va ' lo'plamlar billa 6 elementli 
lo 'plamlar sinllga kirsa. i< va < to'plamlar esa boshqa 2 clcmenili 
lo 'plamlar sint'iga kiradi. Animo / lo'plam i . H j ' j i  lo'plamlarning 
birontasiga ham ck\i\aleiu emas. U bir elementli lo'plamni lasbkil 
eladi.

Nalural sonlar lo' plañí i ,\ bcrilgan bo'Isin.  Bu lo'pkunga 
ckvivalcnl bo'lgan to'plamlarga misollar kcli¡ra> lik:

l i i  l\ ¡i................. ;. n < >
2 > n n

i.(>x la. : n<>
¡ 1 '  .5," 2u I ! n < > 2n I

8- l i i rril'. Nalural sonlar lo' lami \ ga ckvivalcnl bo' lgan liar 
qanda\ lo'plam sanoqli lo 'plam deb ataladi.

Natuta I sonlar lo'plami A ga ek\i\alent bo' lgan barcha 
lo'plamlar sanoqli lo plamlar sinl'ini Uislikil eladi.



nn\idui’ i ikki \ n. v "  , :n : u> piam
b e n i g n  bo Ism Bunda " A eka nlm  ia\shan Ammo uiqonda 
\ - \ lAanliguu ta'kullagan cdik Dcmak. \ \  ̂ v

I o plammnu qisnu o'/iga ck\i\alcnl bo lishi laqat clicks!/
lo plamlargagma xosdir.

Hi/ \ uqonda misol tariqasida kcllmmn to' plamlai inn/ asosan 
clickli to plamlar \oki sanoqli to plamlar edi fabi3>ki. chcksi/. ammo 
sanoqli bo Imagan to plamlar bornu'.\ dcgan sa\ol Ini’ dad)
Bundav to plamlar mayjud (qaralsm. jI]>

I k\i\alcnt to plamlar sinliniri[! miqdori\ xaraklcrisdkasi silalida 
lo plammng quvvali mshunchasi kirililadi. Clickli to plamlar ucbun 
quwat loplam clcmentlarming somdan iboratdir.

3-^. Matenut ik  bc l j i i lar

To plain tushunchasi bilan tamshishda bi/. ba’/i bu malcmatik 
bclgilarm ishlatdik Masalan. to’ plammng dementi voki " 
element .i toplamga tcgishli" dc\dganda <1 ■' .< deb tcgishldik bclgisi  
V "  m ishlatdik. Shuningdek. .x  "  yoki „ "  bclgi bu to’plam ikkmchi
lo plamnitig qismi bolganida qo llanilgan cdi.

Matcmatikada ba'/i hollarda yo/uvni qisqartinsh maqsadida ic/.-te/ 
uchra\ digati so'/ va so'/, buikmalari o'rniga maxsus belgilar 
ishlaliladi.

"Agar .. bo Isa. u holda . bo'ladi " iborasi • - implikatsi>a bclgisi  
orqali yo/iladi.

Masalan. a . h \a r  to'plamlar bcrilgan bo' lsin "Agar . \ r n .  h -.'(' 
bo'lsa. u holda a c : f  bo'ladi'1 iborasint qmidagicha  ifodalash mumkiu.  
/ - a . B c C - f / i i . . ( '

Ikki ckvi\alcnt tasdiqlar ekvnalenll ik bclgisi o  orqali \o/!ladi 
Masalan. ( . ¡\n)^(u\. i ) -  0 0  ( .n  h )\(a < );-<,)

"Har qandav". "ixti>oriy". "barchasi ucluin" so'/lari o'rniga . . V "  
unuinmlik k\antori bclgisidan fo>dalaniladi

"Mavjudki”. "topiladiki" so'/lari o'rniga , J "  mayjudlik kvanton
bclgisi ishlaliladi Masalan

1) "K tnorty  n hamda m natural sonlar yig indisi yana natural
sonlar bo'ladi" iborasim Vnc/V. t \ kabi yo/isli
imimkin.

2) "Ikki -i va /> to plamlar ko'pa>tmasi bo sh cmas" dcgan



iboiani i- \ о к i /, kahi ifodalasli mumkin
Sinnula\ qilib.  f 1 malcmalik belgilaim ко rib

о Ichk. Bi/ ulardan qula\ kclganda. fo\dalanib borami/
Mai с т а и  к bel g darning ishlaiihsh ma/muni qn\ idagi jad\ a I da 
il'odalangan:

N" Mdloinat ik Maton iddk  bolgdarning ishldlilish md/.mum 
I bHqi lar

1 I f 'gislililik liolgisi, plomont ¡ to p p la n m m g
j. , ‘' lomont i  bo Isa, a k . i  kabi  yozilddi.
!  ̂ í I egishl i  omaslik bHgisi  h ejonipnt a

to p l a m m n g  (‘lomnnti bo' Imasa,  ы-и kabi 
i lfodalariddi.

r- 1 qisni  bolgisi.  .1 to plain и lo plarmiing <jisini 
: b o l s a ,  и Ac. a kabi yoziladi.
i^'  V Umuiniyl ik kvanton belg js i  ”Hdi qanday”,
1 , i x t i y o n v ”, "bdirhasi  uch nn "  sozla i i  va so z
I . b i r ik ma lan  o rnida ishlatiladi
¡  ̂ i M avjudl ik  kvdntori belgisi .  "Mdvjudki".

topi ladi k i”, o rnidd ishlatiladi 
1 6 - Implikatsiya bolgisi.  "Agai ... bo lsa, u holdd
: . . . , bo  la d i ’ iboiasi  o ' inida ishlatiladi.

7 . 1 KkvivalontHk bolgisi.

4 -§ .  Matcmatik  imluksiva metorii

Har bir lanni cgallash undagi turli-iuman fakilarm. asosiy 
qonunivatlarni bilib olish bilan birga slui laiidagi tadbiq qilish 
mctodlanni o'/lasbtirishm ham taqo/o qiladi. Qadimis \a na\qiron 
malcmatika famda ham u o rganadigan obycktlarm qommiyallarni 
ochnvchi qator melodlar yaralilgan. Ulaming ba'/ilari muayyan 
masalalar uchun maxsus yaratilgan bo'Isa. ayrimlari unuimmatemalik 
ahamiyalga cgadir

Ana shunday nmumiy xarakicrdagi mclodlarni mukammal cgallash 
malcmaiika fatn sohasida \a.\sht mutaxassis bo’ lishnmg. uning ichki 
sirlarini anglab yctishning /arum shartidir

Malcmalik induksiya melodi matcmaukaning turli-uimau. hallo bir- 
biridan juda olis sohalanda mu\affaqi\at bilan kcng qo llaniladigan 
meloddir. Awa lo .  bu mctod о /.innig juda sodda bo Igan g'oyasi bilan

tZ



c l i h o r u a  s a / o v o r .  I k k i n c h i d a i i .  b u  m e l o d  i s b o t l a n a v o t u a n  g i p o l e / a n i n u  

> o k i  l e o i v i n a i i i n u  a n i q  h a u H i i n i  k e l t h i s l u h i  m a ' l i m i  " i o p o ü ' o n l i k " n i  

l a l a b  e t i . s h i  b i l a n  h a n i  v i r a k i c r l i d i r .

M a l c m a l i k  i i u l u k s i v a  c l c m c n l a r  m a l c m a l i k a n i n u  h a i v h a  

s o h a l a i i d a y i n a  c m a v  h a l k i  b o / i r y i  / a m o n a \  i \  m a l e m a t i k a n i n u  t u r l i  

b o ' l i  n i  l a  r i d a  l i a i n  > a n g i - \ a n g i  l a k i l a m i  i s b o t  q i h s l i n i i m  i m i h i i n  

o m i l i d i l ' .

l" .  I ) i ‘( lnU t i\  \;i inc lukt i\  l ï k r l a s h .  O d a k la .  b iror ja ra\on  \ o k i  
voqca  1«  lit isicla l ïk r  yu rh ish n in g  ikk i lom ia.s i iarq i I inac l i: d c d i ik l i v  
‘ ikrlasli va i iu k ik l iv  fikrlash.

l)cduksi\a-llkrlashniiiL: uimmm üi^d icj !;iitian \usum> lasd iq larna 
c  lish formasidir (dcduksiya so'/i manlk|iy \ulosam bikliiadi).  
Misollar ko ra\ lik.

l . - 4 - n i i s o l .  U n  \ ; i  o ' / i d a n  b o s h q a  b o ' l u \ c h i l a r u a  e u a  h o  l e a n  

son l a r  m u r a k k a b  son l a r  l o '  p l a m i n i  t a s h k i l  c l a d i .  ( A  ) 

s o n i  I \ a d a n  b o s h q a  .1  y a  h o ' l i n a d i .  < U )

I )cmak. .soni iiiurakkab son < ( ' )
1.5-misol.  Uarcha (ortbuivhaklai '  ko'  pbuichak lar nilasi*ja

k'L'.ishli. ! \ (

1 < ■ ’ irape ls iva- lo  r ih u rc h a k
( U )

D i' i i t . ik ,  i / ; c / .  irapc is i\a  ko p b u rc h a k ia r  o i la s iya  leu ish l i .  ( ( . )
I lai ikkala m iso lda h;im ( A )  um im ii }  ta sd iqdan  ( R )  tasdiq \o rd a in id a  

l (  ) \tisiisi\ tasdiq hosil q i l inad i.
h k h i k s j v a - l i k r l a s I i N i N L :  \ u s u s i \  l a s d i q l a r d a n  u n i u n m  l a s d i q l a  r u a

o ' i i s h  t o r n u i s i d i r .
1.6-niisol. 14(1 soni 5 ea b o ' l in ad i .  < \ ) 
D cm ak. No l bilan tuuayd igan  barcha  son k ir  5 ga b o ' l in ad i .  ( R )
1.7-misol. 140 voni 5 Lia bo ' l in ad i .  ( A )  

1 "5  soni 5 y  a bo ' l in ad i  ( H  1 
42> soni 5 ga h o ' l in ad i  ( ( ’ )

D cm ak. barcha ud i honali sonlar 5 ea b o ' l in a d i .  ( I ) )
1.6-ni¡solda ( A )  lu isusn  tasd iqdan  ( B )  u m um i}  tasdiq hos i l  

q i l in a J i .  { B )  tasdiq Io' lm ¡dir.
1.7-misokla ( A )  ( B )  ( ( ' )  hnsiisi_\ la .sd iqlarda ii ( D )  tm n m m  tasd iq  

hosil q i l ind i .  I .ck in  ( I ) )  tasd iq  n o t o V r i d i r .
I ad q iq o td i i  biror fakii ii isbo i la shd an  a v v a l .  Itirli m u lo h a / a la r  

\ordam ida bu tak ln ing  bo r l iu in i fahm lash i.  uni ishotlashya k ir ish ish d an  
avva l  csa isbo ilash u 'o w i la r in i  a i iü jab \ c t ish i  kerak  bo ladi.



D a h i U i w i  \ ü m d u k s n  ;i b u-b im u  lo ' l d i n n c ln  ( ikr lysh lunna la i td ir  
Hac|ic|;»l;.n liam. ish o l lan is ln  kcrak bo 'lgan  lusd iq lar (g.pote/alar) 
ku/a i ish largu  asos langan  l.olda m dukn\ \o  I h ilan hosil q i lmadi 
so  iigra bu ta sd iqnm g  l o ' g n l i g ,  isboilashm ng htror dcdukt.x me.od. 
yo rd am id a  ko rsau lad i

índuks iva  m ctnd i f i/ ikn . k i rm o  \a boshqa tab m  l'anlarda 
shu iiingdck. m a tem a i ik ad a  ham kcng qo l lam lad i.  y a ’m bu mclod 
yo rd an n d a  lu r l i  n ia tc m a i ik  tasd iq la r (g ipo le/u lar )  hcvsii q ihnad i Bunua 
m isa l lar k d l i r a \  hk:

1 . 8 - m i s o l .  'i s o n i m n q  kptma kol  ke lq an  uc lita 
d a i a j a s i m n q  y i cj indis ini  qaraylik:

i l o s i l  b o ' l qan  son  7 g a  b o l i n a d i .  hridi *
2; *2' i 2' :k

) l , o lc ían son  v a n a  7 ya karrali  N avb at da gi  da ia ia la in j  
q o s b a y l i k :  1

2 '  * 2 ‘ i 2 '  - ? ( i  

nosi l  b o l y a n  son  v a n a  7 qa  kairal i
B a j a n l g a n l a r g a  a so s l a n i b  i isbbu q ipolozani  ayl ish 

rrmmkin:  2 s o n n i n q  i x t i y o n y  urh ta  k o t m a kpf kolqan 
d a ia j a s i n in q  y ig ' i n d i s i  7 ga kanal id i r ,  y a ’ni v,.- v uchun
2 4 2 * -  V*g indi 7 g a  qoldiqsi/,  bo' l inadi .

2°. M a t e m a t i k  i n d u k s i y a  me todi .  Y u q o n d a g i  misolhirm 
ta h h l  n atqas ida  u s h b u  savol tugiladi.  Bu  q a n c h a  xususiy 
bol la rda  t o q ’n  b o j g u n  biroi lasdiq b e r i l q a n  bo  lsín Bu 
l a s d i q n m g  t o y r i l i g i m  k o r s a t u v c h i  b a r c h a  chpks iz ko'p 
xu s u s iy  hol larn j  k o ' r i b  chiqish inson q o  I idan kphnaydi 
( b a rc h a  n a t m a l  s o n la r  u ch u n  c h i q m i l g a n  tasdiq lar  shular 
|iimlasidandir) .

Xu sus iy  h o l l a r  c h o k s i z  ko'p bo ' l ga n i  uc hun  t o l a  
m d u k si ya n i  q o  liasli  i m k o n iy a l i q a  pga pmasmiz,  xususiy 
h o l l ar ga  a so s l a n i b  c h i q a i  l igan tasdiq osa x a t o  b o l i sh i  
m u m k i n

Induksiya  y o i d a m i d a  bi io i  ,íí„> gipotp/.a b a y on  ptilqmi 
b o l i b ,  bu m u l o h a z a n i n q  ix t iy on y  natural  son „ uchun 
r o s t l ig im  is bo t l a sh  k p i a k  b o l s í n  hamda ,i(„) inulohazaninq 
t o g ' r i l i g i n i  b a i c l i a  „ lai u ch u n  bpvosi la to k s h i n b  ko  r ishnmy 
i lo j i  b o l m a s i n .  ,i(„, m u lo h a z a ,  matpmatik ind u ks iy a  pn ns i pig a  
«isosan, q u y i d a g i c b a  i sbot  bmadi;

Bu ta s di qn in q  t o ' g ’i ihqi ,  avvalo * - i  u c h u n  tpkshinladi

M



S o 'n q i a  a y t i l q a n  t a s d .q m  ,  * u r h u n  «ost b o l s í n  <M> 1-»../ 
q ih b ,  m i in q  i o s t h q i  í -i u r h u n  is b o l  l a n a d i . S h u n d a n  so  nq ,

, , ,  t d s c b q  b a i c h a  n  I »  \| b u  m  l i l i l í  i ' - b o t l a n q a n  l u s o b l a n a d i .  

B u l a i q a  a s e s a n ,  u q - u  .*»■» t a s d i q  « l d a  i o s !  b o l s d ,  u  

n a v b d t d d q i  1 M  2 s o n  u r h u n  l i a m  i o s !  b o ' U d i .  l a s d i q m n q  

„ ■ u r h u n  r o s l h q i d a n  u n i n g  -  2 ♦ 1 '  u r h u n  l o s t l i q i  k o l i b

( in<iad 1. .
H u n d a n  osa  t a s d ig n m q ,  «>'/. n a v b a l i d a ,  ,  1 u c n u n

1 ost 1 iqi k H .b  r lu qa d i  va hoka/.o. S h u  yo ' smd a.  ixliy«>iiV »
m it u i a l  s o n y a c h a  y H i b  b o m i iu z .  D n in a k ,  J om t a s d iq  í x l i y o n v

n u r h u n  0 1  i n l l d i t .
A v t i l q a n l a i m  u im . i n l a s h t u  ib, u s h b u  u m m n i y  p n n s i p m

d o d a la v l i k :
1 „ 1 da ¡i».) nni l eha /an mq  ros t l iq i  te ks h m la d i .
•} „ k d a  A(n) m u lo h a / .a  ros t b o  l s ín  dn b  t a r a ?  q i l i b ,

„  * . i  u r h u n  .!(»> i m d o l i a z a n in y  r o s l l i y i ,  y a  111 -I (n  tik' V)
i s b o t la n a d i .  S h u n d a n  s o n y ,  A{>0 m u l o h a z a  b a r r h a  n la i  u r h u n
1 ost d t 'b  x u lo s a  y i lm a d i .

1.9 —m is o ! .  Y u q u i  id a q i  p r i n s i p q a  a s o s l a m b ,  í x t i y o n y  //
n a tu r a l  so n  u r h u n  u s h b u  I p n q h k n i  i s b o t l a n y :

„{>, * n
1 • 2-* * i . * "

B u  y p r d a  v a  h u n d a n  k o y m y i  m i s o l d a y i  t a s d iq m  !(») d t 'b  

b fd í jd a v m iz .
1. n 1 bo ' l y a n d a  1 d i ' ina k  .id) to  g ii.

7. I x t iyoi  i y ; natuial  son u c h u n  ,1(1) m n q  t o y ' n l i y i d a n
l ( A - l )  m n q  k o l i b  c h i q i s h i n i  i s b o t l a y m i z .

k { k  t-l)
I t 2 + + • ■ *■ k •; ^

t o 'd 'n  b o l s í n .  Y u q o n d a q i  m u n o s a b a t d a n  f o y d a l a n s a k
k { k  1 1) I( +-DK* <-»4 'I

I , :  1 t 1 k  >( k  \-\) -- \  » ( *  ' I » - "  2

hos i l  b o ' l a d i .  b u  o sa  ,l(i- 1 h n in q  o / . idn .
b u  osa, l a s d i q m n q  b a r r h a  l a r  u r h u n  o i m h  b n h s h i n i

b i l d u a d i .  t u ,
N la l f ' r u a t ik  i n d u k s i y a  p u n s i p i y a  a s o s l a n q a n  i s b o t l a i

i s b o t l a s h m n q  m a to i i i a t i k  m d u k s i v a  m e t o d i  d o y i l a d i .
M a lo m a t ik  induks iya  m^ to d iq a  a s o s la n i b  bi ror t a s d i q m

i s b o t l a s h d a  y u q o n d a  k o ' . s a t i l y a n  1 v a  2 p u n k t l a n u u q  h a t



b m n i  to k sh i i i s h  ( í sbot lash j  jud.i imili imdir.  Aqai u la idan 
buntif is ini  h i s o b q a  oJmasak .  chiq<inlqari xu lo sa  tn'qn b o l m a y  
qohshi  mu m ki n .

M a s h q l a r .
1.4. U s h b u  t. ]A [3 “([ Л -1!. J)\(L.y^[.]) W'nqlik isbot lansin,
1.5.  U  va □  ( b a rc h a  bi itun sonlardan ibora!  to 'plam)  lai 

uc l iun ! [ 3 1 . -i’ Q L . i  to plainlar topi ls in
1.6.  Л О [ _ ]  to ' p la m l a r  uchun
<1) О П ,  6) [ > □  r r >  [ > Q  c )  [ > □ ,  C H . ]  [ > [  ] b o l i s h i  

isbotldnsin.
1.7.  A c j t ï r  O C b [ . " J \ [  J bo'lsa,  П ~ Г .1 bo 'l i sh i  isbot lansin.
1.8.  Q d v a r i q  □  ko 'p bu rc h ak  diagonal lar idan tashkil  

top ga n t o ' p l a m n i n q  e lem on t lar i  soni 0 5 f j ( [ j - 3 )  qa t r n q  bo' l islu 
isbot lansi  n.

1.0.  Id c m p n t l a i  i soni [ j  ta bo ' lqan  to ' p la mn in q barcha  
q ismiv t o p l a m l a i i d a n  tuzi lqan to 'p la inning  o lom en t la i i  soni 
qa t(>nq b o  l i shi  i sb ot lan s i n .

1.10.  S o n l a r  o 'q i d a  ,v va / to 'p la m l ar n in q  q c o m o t n k  
tasvirlari  topi l sin .

1.11. Ixt iyoriv nt .v uchun ifoda 6 qn kairali ekamni 
isbotiang.

1.12. Aqar  p tub son bo'lsa,  n'' n son p ga b o ’linishini 
isbollang.  ( F e ni m n in q k ichik  fporpmasi).

1.13.  Ixtiyoriy »и \' uchun y i q ’indimnq 1] qa 
b o ’linishim isbot lanq.

1.14. Q uy id ag i  Koshi tongsizligini isbol lang Ixtiyoriy „ la 
maniiy b o ’lm a g a n  ur u.. sonlarmng o ' i ta  animetigi  shu 
sonlam mq o ' i t a  qooinetrigidan kichik Pinas, y a ’ni

Bu tengsizlik a, = a 7 bt)’lganda va faqat shu holdaqina
tenghkka  aylanadi .

IS



II BOB

Haqiqiy sonlar. Haqiqiy sonlar  to'plami mi 
utiinj» xossalari

Son tushunchasi u/oq o'tmishdan ina'lum. Odamlar sanash 
laqa/osi bilan dasilab 1. 2. 3. ... -natural sonlarni qollaganlai  So'ngra 
manfiy son. ratsional son va. nihoyat. haqiqiy son tushunchalan 
kintilgan va o'rgamlgan Albatta. bu tushunchalar kitobxonga o rta 
maktab matematika kursidan. litsey va kollejlardan ma’lum Shumng 
uchun ham quuda (shu bobmng ! -$ ida) ratsional sonlar 
to'plamlarining muhim xossalari qisqagina bayon ctilgan. Haqiqi\ son 
lushunchasiga kclganda shunt aytish kerakki.  uning kintihsln 
matcmatjk analiz uchun qanoatlanarli darajada emas. Shu sababga 
ko'ra quyida (shu bobning 2-5§ larida) haqiqiy son tushunchasmi 
Dedekind bo' vicha kiritamiz va haqiqiy sonlar to'plaminmg 
xossalanni batafsiI o rgananuz.

1-§.  Ratsional .sonlar to'plami \a uning xossalari

I o. Ratsional  sonlar.  Us hbu  qisqarmaydiqan

r = ~ \ p e Z , t ieiV kasr kor in ish ida  tasvirlanadigan har bir son

ratsional son deyiladi. Barcha  ratsional  sonlar  to'plamini Q d e b  
hplgilaymiz:

Q = \ r : r = — . p e. Z  . n e A’ } .
n

Ravshanki,
N  c z  Z  a  Q  .

Ratsional  sonlar to'plamida qo ' sh ish  [r + r e Q, .? e Q ), 
ayinsh ( r -  y; r e Q ,  .s e Q ), k o ’pay tnish  {/• .v; r e Q , j  e Q ) h a m d a  
bo' l ish (r • x-.r e (>. < € Q. v * o ) amal lan ,  shuningdek ratsional  
sonmng darajasi  (/•"./■ e Q . n  e 2 ), ra ts ional  sondan ol ingan íldiz 
( \ír \ r e Q,  n e N ) amallar kiriti lgan bo' l ib,  amal larmng m a ’lum 
xossalari o'rinli boladi .

2 U. Rats ional  sonlar t o ' p la m i n in g  tart iblanganl igi .  
Ratsional sonlar to'plami Q dan o l ingan íxtiyoriy ratsional >- . r 
sonlai uchun quyidagi íkki tasdiq o'rinli b o  ladi:

1) r - . s . r  ■ s.i'■ .v nmnosabatlardan bittasi va íaqat bi ttasi



o'nnli,
? \  ' ' '  i t ' M K j s i z l i k l c u d c i n  r  / l e n g s i z h k m n q  < > n n h  

b o ' h s h i  k e h b  r h i q a d i .

Bu hol r<itsioiidl sonlfti to'pfdirn y  ning l<nlibldnq<W)bgi 
xossasitn i fodalaydi.

3°.  Ratsion.i l  sonlar  to plamining /irhl iqi .  1 araz c]]l<i%'lik.

r c ( ¿ . t t  O va i i bo ls í n .  U huida ' / & o  vn /- 1 *'<!  bo ladi

Bu esa r va / latsional sonlar oiasida ' ’ ' ratsional son boi
2

pkanliqim k o  rsatadi .  ' sonm a hilan belgilab,  r va v sonlai

orasida j oy l ash gan  ' hamda v v<i / ora.sida joylashgan ' + ,

latsional sonlar  boi l ig i n i  ko  iainiz:
r  -t .v >• •*/ .v +  i

2 "  2  2 
Bu jarayonni í s ta lgancha  davoni ettirish yo'li hilan ixtiyoriy 

r va / m is io n a l  sonlar orasida chpksiz ko'p Misional sonlai 
borligi an iq lanadi.  M a n a  shu xossa ratsional sonlai to'plami o  
ning zichligi xossasi  deyiladi

Fa iaz  qi laylik,  A ratsional sonlardan tuzílgan bnor  lo’plani 
bo'lsill.  Ac Q

1 - t a r i f .  A g ar  shunday r '  c  A topilsaki,  •/;•< .1 uchun

r  ̂ l e ngs iz hk  ba jaulsa,  r '  ratsional son A t o p l a m m n q  ong  
ka t ta  e l v m e n l i  d c y ü a d i .

2 - t a ’rif. Ag ar  shunda y s. A topilsaki,  Vre^i uchun >' A r. 
tengsizlik bajari lsa,  r . ratsional son A to 'p lamnmg c n g  k i c h i k  
c l e m r n t i  d e y i i a d i .

4°. R ats ional  sonlarni  geometrik tasvirlash.  Sonlar o'qi va 
bu  o’qda O nu qtani  oJaylik. Bu O nuqtani  nol sonimng 
gpomptnk íasviri deb  qaraymiz.

Natural  va bu tu n  sonlarni gpoinptrik tasvirlash o'quvchiga 
ma'lum. Ixtiyoriy ratsional  sonni gpoinptnk tasvirlashdan avval 
birhk kesma (rnasshtab birligi) ning n («e V) qismini topishm 
ayíib o tamiz.

Bu katPti birl ik kosma  o¡  ikkinrhi  katet i  birhk kpsmani n 
mal ta qo'yishdan hosi l  bo' lgan kesmadan iboral.  to'q'ri 
burrhakl i  u c h b u r r h a k n i  qaraylik (8 rhizma).  Bu ninq '■>!■'



t o i n o n i d a g i  1 . 7 , 3 ,  , n 1 s o n l a m i  t a s v n  l( >vc tu m i q l a l a i  
I I .  I b o l s í n .  \ a t i j a d d  k d t o t c l a  b u  b m q a  l o n g

b o ' l q a n  n t a  o/\  / / . / ' k p s m a l a r  h o s i l  b u l a d i .

8 - ch izma
íindi ()!■' katPtdaqi h\ , imqtalardan !■}■.

gipotonuzaga parallel t o g r i  chiziqla i otka/ainiz.  Bu to'g' ri
rhiz iq la imng o í • kafpti bilan kpsishgau nuqta l an  /•;,./•......  ¡<: r
bo lsín Ravshanki ,  bu nuqtalar  Oh da o.' , /• , / . . /•;. 
ki-snidldini hosil qiladi. Dpmak,  Oh birhk kpsrna n ta

- / ,/• kpsmnlarqa a j ia ldi .  Falps tporpinasiga ko ' ra  
bu kpsmalar bu binga tpnq bo' ladi.  Dpmak, <>F, kpsma OF

knsmaning 1 qisimqa tonq

Masshtab kosiiid o í■ mn g  1 qisini  bo' lgdn Oh, kps inam o
H

nuqtaddn boshldb o'ng va rh a p  lom on la iqa  qo'vanii/.. Bu  
kpsmaning bir uchi o  nuqtada bo' l ib,  ikkinchi  uclu psa o 'n g  
tomondagi  mu da chap to m o n d ag i  muda csd M ,

nuqtdlaini belgilavlik.  Hndi 1 va sonlaiga w, va M  ,
n n

nuqtdlaini  inos qo  ydiniz Oh, kpsmani  o  nuqtadan uninq o 'n g  va 
chap tomonldiidaqi nurga kptina —kpt m marta q o y i s h

nati jasida m barrida -  m ratsional sonlarni  geoniptrik tasvir lovchi>' II
va \t . nuqtalarni topamiz.  Shu  y o l  büan sonlar o 'q i d a  

r sonni qpomptnk tasvirlovchi nuq ta  topiladi. M a s a la n ,

ushbu sonni tasvirlovrhi nuqtani  topish uchun a w a l

nidsshtab birhgmi o  nuqtadan o 'ng  tomonga bir m ar t a  
lovlashtirib. i', nuqta topiladi. S o n q r a  bu  nuqtadan b o s h l a b



masshtab b i i h g i n m q   ̂ gismini qo'vib,   ̂ sonni geomoti ik 

í fodalovrhi \i, nuq tani  topamiz.

Shunday qilib,  ratsional sonlar to'plamidart olingan ixtiyouv

r ~ n> [ m e Z . n a S ' )  so n g a  to'g' ii  chiziqda bitta '/ nuqta mos 
n

kf'ladi
Bundan k<j y in  qu lay h k  uchun r z ü  songa  l o g n  chiziqda 

mos  k( ' ladigan n u q ta m  \i. kabi belgi lamasdan y nuqta de*b 
olavoramiz. Rats ional  songa mos keladigan l o g r i  chizigdagi 
nuqta  ratsional n u q ta  ham df*b ataladi.

5 H. R a t s i o n a l  s o n la r  to'plamini  k en g a y t i r i sh  zaruriyati .  
Biz avvalgi b a n d d a  har  bir ratsional songa  t o g r i  chiziqda bitta 
nuqta  (ratsional nuqta)  mos qo'yilishini k o ' u b  o'tdik.  Animo 
to'g ri ch iziqda  sh u nd ay  nuqtaíar borki ,  ulai birorta ham 
ratsional son ga  m o s  qo 'y i lgan  bo'lmaydi.  Shuni  korsataylik.

To mo ni  bi r  b i r l ikk a  t^ng b o l g a n  oahc kvadiatni  qarayhk 
(9 — chizma).

c 3

\
\

\

\

\

\
i

A
\

i

0 0

9 — chizma
Bu kvadratning diagonal !  o a  r, ning uzunligi  V2 ga teng. 
Si rkulning uchini  o  n uq ta g a  qo'yib,  radmsi  OB ga teng b o l g a n  
aylana chizaylik.  Bu  aylana  <>a tomon joylashgan t o g r i  chiziqni 
D nuqtada  kesadi.

o A < O R  b o l g a n i  uch un D nuqta A  nuqtadan o n g d a  
joylashgan bo' ladi .  Ravshanki ,  ()fí=()¡) = \ 2 dpmak,  D nuqtaga x2 
son mos k^ladi.  v2 ^sa ratsional son enuis. Bu quyidagj  
teoremada isbot lanadi .

1- t e o r e m a .  R a t s i o n a l  sonlar  to'plarni <j d a  k v a d r a t i  2 g a  
t e ng  b o l g a n  r a t s i o n a l  s o n  imivjud emas.



< l ^ s k a n s i n i  la t a z  q i l c i vl ik .  vd n i  n  I o  p ] <u i k 1 o s h u n d a y  

cj iscj í i !  nidN'cii 9 0 11 ' (/;< / . a ' \i  k a s r  k o n n i s h d a  v o / i l a d i q a n  

r a t s i o n a l  s o n  ! ) o i k i .  h u

I r ; - ?
■ n '

tpnglik orml i  bo ls ín .  Yugoridciqi toi iql ikni  quvdagirha
p ?IT

yozib olaimz. Hundan p juil son pkanl iqi  k o n n a d i .  Domak, 
P  =- 2 i n  m  •- . Nati jada

II 2 Dt

hosil bo'ladi. Bu psa n sonnmq heim jufl okanl igini  korsatad j .  
DfUihik, vu qon daq i  faiazdan p va n sonlar  |uil sonliqi kel ib

chiqadi.  Binobarin,  ular uchun ?. umumiy k o  paytuvchi Bu psa f
U

sonnmq qisqaimaydiqan kasr okaniqa zid ►
Shunday qilib, to'g'ri  chi/iqda o l inga n har bir miqtaqa (,) 

toplanida unga mos kH ad iq an  latsional  son  mavjud ho lavormas 
pkan.

Aym paytda
v* :  (i

tonglama ham ratsional sonlar t o p l a m i  Q  da yechnn qa  eg a  
bolmaydi .  Bundan ratsional sonlai  t o p l a m i n i  kpnqaytirish 
zarurati kplib chiqadi.  Demak,  latsional  sonla i to'planuqa yangi 
tipdaqi sonlaini  qo'shib,  uni shunday kongayti r i sh koiakki,  bir 
tomondan,  sonlaining  bu konqavl ir i lgan  to'plamida v; - 2 - - 0  
tenglamam vechish va shu kahl k o p g i n a  masalalarm hal qilish 
mumkin bols ín,  ikkinchi tomondan esa,  ratsional sonlai  
to'plamining barcha  xossalai i  son larn ing  kengayti ri lgan 
to'plamida ham o'rinli bo' lsin

Ratsional sonlai topl a imni  kongayt i r i shda  hir — biriga 
ekvivülent bo ' lgan  bir nechta  usullai  mavjud (Koshi usuli, 
Kantor usuli, Veyersht iass  usuli hamd a Dedokind usuli). Biz 
quvida Dpdpkind usulim keltiraimz.

2~§ .  R ats io na l  sonlar  t o ' p la m i d a  kosim

1°. Kesiin.  Ir ratsional  son t a ’riii.  <J top la in d a  bajari lgan 
kesiin tushunchasi  hilan tanishaylik.



5 - l . j ' i i í .  R d l s i o n - i l  s o n l a i  t ( '  pl í i ni i  s h u n d a v  .1 \,i !'
I o p l c i f i i l í i i  q a  <111 t i111 Scik i , h u n d a

1). A - 0 . . I ’ / o.

:') .1' ■ .V o
.-5). V n  i I V f i ' ■ . I ’ • > a  ■ a'  

slldJ I Id I (JclIlOcl 11el t) t I I  ilsd, .! Vd .1’ t ( ) ' |)1,11111di t í J pl<UllC¡<i krsilll 
bajannh ( Job  a y l i l a d i  B im d d  .í to p ld in  k i 's i i r in iru j  q u y i  smfi, I' 
osa y u q o n  s in t i  d o y i l a d i .

M a s d l a i r  1).  6  v a  l i n d a n  k j e h i k  b o l q a n  b a r c h a  M i s i o n a l  
SOI l ldlddl )  i b o i d l  t o p l a i l l  . 1 ,  ,S (Idf) k d t l d  b o  Iqdl )  br t r ehd M i s i o n a l  
s o n l a i  l o  p i a n n  A' b o l s í n :  , l - ¡ <  r O r ■ - ' ¡ . , 1 '  \r / ;  () >■ o ;

B u  A  Vd / { '  t o p l a m l a i  u c h u i i  l a ' n l d a q i  u r h c h d l a  s h d i t i n n q  
b d j d n l i s h i n i  k o ' n s h  q i v m  ornas  Doi ri dk,  b u n d d v  t u z i l q a n  .1 vd 

I' t o p l d i u l a i  o  d d  k o s i n i  b a j a t d d i

2). a  t o 'p l a m  d o b  1 va  ?. m is io n a l  son ld i o id s jddq i b a i r h a  
M is io n a l  s o n l a i d a n  ib  o í di b o ' lq d n  /•. . \r , ,  ■ u  , .. . to 'p ld inm , ir 
to 'p la m  c J ob  1 v a  l i n d a n  k i r h i k  b o ' lg m i  b a i r h d  M is io n a l  sonldr 
l íam ela  7 v a  l i n d a n  k a t ta  b o ' l q d n  b d i c b a  M is io n a l  so n la rd a n  
ib o ia t

H' •- ¡/- /• cQ .r  • i ; !\r-.y. O.r "■ 2 : 
l u p l a m m  o l a y h k  R a v s h a n k i ,  /> * o , /f / o b a m d a  ii\: a ’■■■ (>, a n i m o  

a  t o  p l a m d a n  o h n y a n  b a r  b u  M i s i o n a l  s o n  ir  t o p l a n i d a n  
o l i n g a n  i s t a l g a n  r a t s i o n a l  s o n d a n  l i a r  c i o i m  k i d n k  b o l m a q a n l i g i  

s a b a b l i ,  b u n d a v  t u z i l q a n  ¡i v a  ¡r t o ' p l d i n l a r  t o ' p l ü i n d d ' k e s i n i  
b d j a r m a y d i  ( k o s i m  t a ' n f i d a g i  u c h i n r h i  s h a r t  b a j a n l m a y d i ) .

3). U s h b u  f  = ¡; ■ f t y . f s ü . r ' :  ¡,- to 'p la m la rn i  
o la y i ik .  B u n d a  bo 'l ib , r  t o 'p la n in m q  hai b i i  H o m e n t i

l o  p l a m n i n y  i s t a l g a n  o l o m o n t i d a n  k K ' h i k d n .  A n i m o  ( \ j C '¿ o 
b o l q a i u  u c h u n  b u  ( ’ v a  ( "  t o  p l a m l a i  ij  d a  k o s i m  b a j a n n a y d i  

( k o s i m  l a  l i f i d a q i  i k k i n r h i  s h a r l  b a j a r i l i n a y d i ) .

2 . 1 - i n i s o I .  A y t a y l i k  rQ < O b o ' l i b ,  . 1 ¡ r  r r  () r ■. } v a

( -  ¡/ i l {),/ - r(l [ b o l s i n .  B u  t o p l f i m l a i  o  d a  k o s i m  b a j a i i l i s h i n i  
k o ' r s a t i l s m .

^ O l i n g a n  i\ i . O  s o n  .1 t o ' p l a m g a  t o q i s h h .  B m o b a n n  A ->■ t i .
l in di

e  Q  . /*. ■» 1 . (J  va r .  ■ I > r  

bo  lishidan »; 4 I i A' okanligi kolib chiqadi.  Domak, A' ■* ti



K<1 Vshdlt  к I, ■' Г ¡/ г ,  ( i  г  /-м ¡ , \ r  / , () /■ ■ ; ( )  ß y  к O S 111 ! 

l a n f i m n q  i k k i n c h i  s h . n t i  b a j a i i b s h i n i  k o i s a t a d i  A g a i  
Víí (. . ( У ч '  i I '  b o l s a ,  m i d a n  «i • <i '  >\ v a ’rn ¡i  ' c k a m

k<‘ltb r l u q a d i  I V i n . i k  a  - u '  va  k o s i m  l a ' n l i n i n q  3  s h a i t i  h a m  
b d j a r i l a d i .  S h u n d a y  qi l i b,  .1 va  . 1 ’ t o p l a r n l a r  < /  d a  k<\sim 
b a j a r a d i . ^

O d a l d a  luí  k i ' s i i i i i n

/', -  ( A .  A ' )

kr ibi  h<mi b e l q i l a n a d i .  B u  k i ' s i i t m i n q  < j nvi  s i n f i  .1 t o p l a m d a  

( u n i i u j  o l o m e n l l a i i  o i a s i d a )  n t u j  k a t i a  o l o m o n l  i iww|iid b o  l i b ,  u 

o k a n l i q i  l a v s h a n d i i  A n i m o  k o s i m n i n q  y u q o i i  s i n l i  . Г 

t o p l a m d a  o s a  ( i m n u j  o l e m o n t l a i i  o r a s i d a )  o n q  kic l u k  p l o m e i t l  
n i a v | u d  o r n a s

r . - 1 1 I '  k c s i m n m q  v u q o n  s i n f i  . Г o l o m o n t l a n  o i a s u i a  

o n q  ki< l i i í j i  m a v j i i d  b o  l s í n  d o b  l a i a z  q i l a m i z  U n i  f  d o b  

b o l g d a y ü k :  г .Г .  k o s i m  t a r i f i g a  k o ' r a  f‘.; ■ r ‘ b o l a d i .  R a t s m n a l  

s o n l a i  t o p l a m i  z i e h  l o p l a m  b o l q a n i  u» h u n  s h u n d a y  t m i s i o n a l  

s o n  m a v j u d k )  b o ' l a d i .  . Г i i i í k j  t u z i l i s h i g a  b m o a n

t o p i l q a n  ! i l ( h i m  м  . 1 '  b o l i s l i i  k o i a k .  D o m a k ,  - Г  d a  r  d a n

k i r h i k  b o l q a n  / s o n  mav|ii<l .  V a h o l a n k i ,  b i z  r *  n i  .Y n i n g  o n g  
k u  h i k  o i o n i o n i i  d o b  o i g a n  o d i k . ^

B u n d a y  k o s u n l d i n i  q u y i  s i n l i  y o p i g ,  y u q o i i  s i n f i  o o h i q  

k o s i m l a i  v a  s o n n i  o s a  i t o p l a n m i  y o p n v c l i i  o l o m o n t  d o b  

a l a l a d i  ( 1 0 ( a )  r h i zm<i ) .

Л A  ....
К

Л .......__________________ A _________
0

A  _____________ A .  _______

ti
10  ( b i z m a

2 . 2 - m i s o l .  U s h b u  H \r r< (>.r r\  y a  H’ ~ \r r c O r  ■ ru ¡



to plíiiTiIat </ cia kosnn ba j anshi  ko'rsahlsin.
•4Yuqonda kol tni lqan  'Л I ntisoldaqidi'k ko' isatish 

muinkmki ,  <j da bu н va ,r  tnplamlai  [h.  и i knsim bajari ladi .^ 
lin holda iH.H')  kosimninq quvi sinli .-v to 'plañida (uninq 

olerm-ntlan orasida) hikj  katta (»W'iut'iit mav|ud oinas, kesimninq 
yuqoii  sinh H' to ' p la m n m g  *>lf*mfnitlari orasida eng kichik 
olenif'nt mavjud.  н quvi sint ochiq,  yuqoii  sinf ><’ esa vopuj 
bo'lib,  rb l at s ional  son psa />" toplamni  yopuvchi  r'lomout 
bo'ladi.  (10(0) chizma) .

2 . 3 - m i s o l .  Ku bi  dan kichik bo ' lqan  barcha  latsional 
sonlaidan iborat to ' p lam c ,  kubi 2 dan kat ta  bo' lqan barcha 
ratsional sonlardan iborat  to'plam <" bo' lsin:  Kubi (ja long 
bo ' lqan  ratsional son  mavjud emasligi 1 — tf'oromadaqid»*k isbot 
etiladi

( '  { r  : r  e  Q r  * <. 2) , C  c  2!

Ru (' va (" to 'p lamlar {> da  kesim bajansh ko'rsatilsin.
va ( "  topla i r i lar  tuzilishidan kosim t a ’iifidagi barcha 

shart larinmg bajar i l i shim topainiz.
Hu misoldaqi  (Г r ’) kosimda, kesimning quyi sinti с  

to 'plam plompntlan orasida eng  kcitta olement,  shumngdek 
yuqoi i  sinh (" to 'p lam plpinentlar oiasida ong k ichik elomont 
mavjud pmasligini  ko'rsataniiz.  (' t o p l a m d a n  /•„ sonni 
(/•0 f  .( >•„ > 1) olib, u n i n g  yordamida ushbu

2r, -  r 0 + -  ------------------
3/- . ;  +  3 /• -i 1

с < -
2 - г /

3 r , :  +  3 r  + i

ratsional sonni hosi l  qi lanuz.  Ru », ratsional sonninq kubi 2 dan 

k ichik  bo'ladi; < 2 . Haqiqatdan ham,
N *

'o + -  ■
V 0- + 3 r 0 + l ,

rn f
3 t f  -f 3  )'r -f 1

( 2 - /■ *
3 ---- - -

l - ч -  + - 4 + i y

-4

r n +

+ 3 r tl — — -  I —  4  -  - ( V {; I . V 0 t i ) ■--- 2
V 0‘ + .V 0 4 l  .V03 l V 0 + l V tlJ f3/-„ И

Demak.  <’ >\ e C  y a ’m  >\, c. ( '  sondan katta bo ' lgan r, ratsional

V 0? + 3 г и f  1 ,

^  , 2 2 »0
'о + - Ч  --- .

3 r (;  i V u t I

2 /•'



ч и п  i i < i i 11 t o p l a m q a  l e q i s h h  b o  l a d i .

S h u m la v  q ihb ,  i x t i y o n y  ' >' M i s i o n a l  son b f i i l g a n d a

h a m  k a n i i d a  t )111 ci s h u n d a v  '' m i s i o n a l  s o n  l o p i l a i  f k a n k i .  u 

r. va  - <■ ’ B u  <’S<) ( t o p l a m n m q  « » U u n e n t l a i  i o i a s i d a  e n g

k a t l a s i  m a v ] u < i  ( MTi c i s l к j i i u  k o ' i s a t a d i .

I n d i  t i k i ' S i m n m q  v u q o n  s i n f i  l o  p l a m m n q

( “I e i i H M i t I d i i  i i t a s i d f i  ( MKj  k i c  l u g i  m a v | w d  t ' i n a s l i q i i u  i s b o t l a y m i z .

r i ( "  i i\‘ 1 ) b o  I s m  I V m a k ,  r i -  •

l . ' s h b u

! u •

V 7’1 '
l a l s i o n a l  s o i m i  q a r a y i i k .  B u  l a t s i o n a l  s a n i u i i q  k u b i  ?. d a n

k a t t a  b o ' l a d i :  H a q i ( } a ! < i n  h a m ,

<  2 
3 r.:

r.. ?

т Г  <-I/*
r'¿ 1 

3rèy

<  ' • 2 

DiMinik.

- > < '  (>;Г - 2 )  2

}\,y <" y<i ’ n i  /(' ст í T' s o n d a n  k i r h i k  b o  I g a n  

l a t s i o n a l  s o n  l i a m  ( "  t o ' p l a m g a  t o g i s h l i  b o l a d i .

Shundav qilih, ix l iyony r ' c C '  ratsionat  son be n lg a n d a 

ham kaniida bitta,  shunday ratsional  son  lopilai  nkanki,  u 

/,'• i\, va 'V' ( " И“ ,>S<1 l o p l a m n in g  e l em o n t la n  orasida ong

k i c h i q i  mavjud emasl igim angl a ta di .^
S h u n d a y  q d i b ,  k o  r s a t i l a y o t g a n  m i s o l d a  с . ( " )  k e s i m  

uc :huu q u y i  s m í  ('  h a m ,  y u q o r i  s inf  C”  h a m  o r h i q  b o  hb,  < va  ( 
l o p l a m l a m i n q  y o p u v c h i  o l o m e n t l a r i  i n a v j u d  P i n a s  (10(b)  

c h i z m a ) .
2.-1- inisol .  Ratsional sonlar to 'plami o  da ham quyi sint i> 

t o p l a m m m q  Hemonlla i i  oiasida nng knttasi ,  ham vtiqnri sinl 
¡> to pl am mi ng  oli ' i iifi itlaii  oí asida t-iuj Uuhiqi  b o  Iqan (/>./> ) 
kosim tnavjud emasl igi  isbotlansm.

■ * K u a /  q i l a y l i k  <> t o p l a m d a  s h u n d a v  i/> П ')  k o s i m  

mav|U( i  b o l s i n k i ,  и „ s<jiii /> t o p l a i i m i n g  o n c j  k a í t a  o l o m e n t i ,  ч „ 
e s a  /' t o p l a m n i n q  e n q  k i c l i i k  e l e m o n t i  b o l s í n .  1) I m l d a  k o s i m



t a ' n f i g a  к о  ш  a Q ■ <'■> t o n g s i / . h k  о  n n h  b o  l a di .  

R a v s h a n k i ,

■» «

Bl l l ld (1  m i s i o n a l  s o n  /> t o p l a m g a  t p q i s h l )  p m a s ,

c l n m k i  s o n  !> toplamninq e n g  k a t t a  p l p m o n t i  va

a„ i a.• -  . S l n i n m g d e k ,  l a t s i o n a l  s o n  /г t o p l a m i q a

h a m  t o g i s h l i  o i n a s .  c h u n k i  * 1  soi .  />' t o p l a m n m g  pikj  k i c h i k

S I I- / J  '  d  П "I ^  ÍI
"j.1 _L_ °  a'  Demak ' lalsional son '■elempnti va 2 ' HltlK| 2

t o p l a m g a  ha m,  />' to pl am ga  ham tpgishh bolmaydi .  Bu psa 
kesim t a ' n f i g a  z.iddu Shunday gilib, bir vagtda quyi s m f i d a e n g  
katla plemant ,  yuqori  smfida psa e n g  k i rh ik  р ЬчпрШ b o Igan

kpsim m<iv]ud e m a s >  r
Rats i ona l  sonla i toplami  y  da b a j an lg a n  kesirn ta ntl va

kpsimga k e l t m l g a n  misol laidan guyidagi  xulosani keltuib
chiqai ish m u m k i n .  Q to'plarnda ba jan lgan  iA.A ') knsim fagat
uch  turli b o  l ishi mumkin:

1). k e s i n m m g  quyi smfi A da png katta р1ргпрп1 |'„ 
latsional  son) mavjud,  kesimning yuqori  sinfi Г da psa eng 
kichik plpinpiit mavjud pmas. Bunda ratsional son quvi smf

yopnvchi  e l e m e n t i  b o  ladi.
2) Kp s i m n i n g  quyi sinh A da en g  katta plomen! mavjud

pmas, k e s i m n in g  y uq o n  smfi A' da esa kichik plement ( ' 0 

ratsional son) mavjud Bunda r0' ratsional son yuqori sinf .1

ning y op uv c hi  e lem en t i  bo  ladi.
3) Kp s im n in g  quyi sinfi A da eng  katta p|pment mav|iid 

emas,  k e s i m n i n g  y u q o n  sinh a ' dd eng  k ichik element mavjud 
emas.  B un d a quyi  sinf .1 da, y uq o n  sinf ¡ da yopuvchi
element lai  m av ju d  pmas.

Birinchi  va ikkinrhi  tur kesmlarda  ulaining guyi yoki 
yuqon s inf lan  y op ig  bol ib ,  yopuvchi  elementlarni bn sinfdan 
ikkinchi  s infga  o'tkazib,  har doim bir turdagi kpsmga quyi 
sinfi ochig,  y u qo r i  sinfi esa yopiq b o l g a n  kesimga kpltmsh 
mumkin.  Biz '  bu n da n  buvon buinchi  va ikkinchi tui kosnnlai



o i t r n j a  b u  t u i  k c s m i n i ,  < j u\i  s m f d a  i>ng 11<i c Umt hmi I m a v | u d  
b o  I m a q a n  ( o c h i q  s i n i j ,  y u<|oi i  s m f d a  o s a  «m k j  k i c h i k  p l e n n m l  
m a v j u d  l )o  Icj<iii ( y o p i q  s i n l )  k e s u n n i  q a i a v m i z .  B u n d a v  
k o s i m l a i m  l a t s i o n a l  k c s m i  c l e b  n t a y m i / .

Ixtivoiiy n o  ratsional son ucbun t o p l a m d a  bar donn 
! i . 1') kt'sim bajarilishi mu mkm ki ,  bu k f s i m  latsional kosim 
boladi ,  bnnda to'plam ochiq suit, to 'p lam yopiq sint. 
yopuvchi fU'iTUMit r  s o n m n q o /1 bo' ladi Demak,  tj top la md a 
olmqon liai bii latsional son ga  {> da b a j an lq a n  latsional  kesim 
inos koladi

Aksincha,  n  t o p l a m d a  ( . ¡ . .4' )  kesim b a j a n lg a n  bo'hb, 
kesimning quyi sinii A o< hit], y uqo n sinfi , r  yopiq  harnda 
yopuvchi  olpment / b o i s a ,  bu kesim r ta ts ional  sonni 
itodalavdi.

Demak,  o  da b a ja i i lq an  har bir latsional  kpsuu bitta 
latsional  sonni aniqlavdi.

Shunday qilib, to 'plam e l emen t lan  b i lan  Q to'plamda 
ba jai i lqan  ratsional kesirnlai to 'planmiing e l e m e n t l a n  o zaro bir 
qiymatli  moslikda bo'ladi.

Ratsional sonlai t o p l a m i  ç  da ba ] a n lg a n  uchinchi  tui 
kesim quvi sinl ham, yuqor i  si ni liam och iq  bo ' lgan  kesim 
nratsional  kesim deyiladi.

6 - t a ’rif. Ratsional  sonlai  to pl am i  Q da ba janlgan 
nratsional  kesim irratsiona! sonni aniqlaydi dpyiladi.

Iiratsional sonlar to 'plamini  !' hait  bi lan be lqi layl ik.

3 - ÿ .  Haq iq iy  s o n l a i .  H a q iq i y  sonlar  t o ' p l a m i n i n g  
tar t ib lan ç jan l ik  va z ichl ik x o s s a la r i .

Ratsional sonlar t o p l a m i  {> da ba jar i lgan  k es i m faqat îkki 
fui ratsional yoki inat s ion a)  sonni aniq lashin i  biz yuqoi ida 
ko' idik

7 - t a ’rif. Ratsional hainda  nratsional sonlar  urnumiy nom 
bilan h a q i q i y  so n la r  i leb ataladi.

Barcha haqiqiy sonlar  top la m i  R harfi b i l an  belgi lanadi  
T a ' n f g a  ko'ra, H - Q'-j I' ■ ¡- lotinclia Reali s  - "haq iq iy "  degan 
m a ’nom anqlatuvchi so 'zninq bosh haiti.

Shunday qilib, latsional sonlar to p l a m i  n  ni haqiq iy  sonlar 
lo'plami i< gacha kengavtnildi .



1°. I l a q i q i y  sonlar  to 'p lam in iny  tai l ib langanliq i .  Avval 
haqiqiv sonhu 1«> planuda tontjlik. kallci va ki< luk 
t i i s hu nch al an ni  knitaini/..

Avtavlik,  v v<i i hoqiqiy sonlai  beiilcjan ho' lsur \<H !< 
Ma 'hn nk i ,  bal  bu haqiqiv son tatsmnal v i i la i  topl ami  - da 
ba j a i i lg an  kesnn bil.m amqla na di  Binobaun. -V v<i v lamí 
am ql o vr hi  i va i -■>. /> > kes imlai  honlqan

< . (.1 .1'),  v i H />’ ')
Bu kPsinilarniiHj quvi sml lan . t , a  lar uc hun voki A - 1< (bu 
holda,  albatta,  .'I' H' bo ladi} ,  yoki A * h [bu holda A' * H') 
in u n o sa ba t l a i d a u  bni o i i n l i  bo  ladi.

Agai  A- i< bo lsa ,  va (■ f . />') kesunlar b i r -  bniga
tony deydadi :  i.l. (*> (lili'). Bu holda ulai amqlangan .< va 
v ha qi q i y  sonla i  hatn bu hincja tenq deytladi. > y .

[indi í - />’ bo'lsin la i d a  shu ndav /•,<•.! boiki,  i\<fH b o  ladi, 
yoki sh u n d a y  r c ti boiki,  >; * . J bo' ladi.  Buinrhi holda r,c A 
( 'kanliqi kol ib rhiqadi.  Kf 'suninng ta'ufiga kora,  bu holda l< c A 
b o ’ladi. I k ki nr hi  huida esa r. > />’•! . l pkanliqidan kf’ lib

chiqadi.
S h u n d a y  qilib,  \rH bo  Iqand a y o  i H yoki l< c  A b o l a i

okan.
Agai  A-..H bo lsa ,  (.1.•!’ > kesim iH HA kosimdan kichik 

deyiladi.  Bu holda  v haqiqiy son r haqiqiy sondan kichik dpb 
ataladi:  v- v.

Agai  Az>n bo lsa ,  i. l-AA kosnn {H.HA kesimdan katta 
dryi ladi .  Bu holda  i haqiq iy  son  i1 haqiqiy sondan kalta 
deyiladi:  \ - i .

S h u n d a y  qilib, ix l iyony íkki .<• va v haqiqiy sonlar benlgan 
bo lsa, u n d a

X'- r A'-- y ,  X > y  
m u n os ab a t l a r da n  biltasi  va faqat bittasi  o nnli bo ladi

F.ndi x € l<, >’ <- K . z í H sonlar  uchun ushbu x - y , y  <- ~ 
tensizl ik lardan x  < z tc>ngsi/lik kolib chiqishni isbotlayini/. 
x.  i ; :  s o n l a i m  amqlovc ln kosnnlai

x  - ( A . A ' ) , y  -  (/* .  /¿') , r  ( ( ' . ( ” )

bo ls ín .
Ayt<iylik, x  v r va .V •• z  bo  lsín. T a ’riiga asosan

v <. i > A B . v •• z > H c ('



.i < H. H < > 1 < c  
R u n d a n  \ ' !)(> llall i  k o h b  ( h i q a d i

t o p l a n i m n q  b u n d a v  x u s u s i y a t q a  o q a  b o  l i s l u  u n i n g

tartiblanqanligini  ilodalaydi.
2 " .  H a q i q i y  s o n l a r  t o ' p l a m i n i n q  z i c h l i q i .  F a r a z  « j i l a y l i k ,  

H , . h v a  . 1 b o  l s í n .  U l i o l d a  s h u n d a v  r m i s i o n a l  s o n  

inav|i i<lki ,  s h u  s o n  u r h u n  u s h l m  \ z < v I c n q s í / . l i k l a i  o n n l i  

b u  l a d i  S h u n i  i s b u l l a y l i k
r to p l a m d a  ba ja i i lgan  ( ¡ . ; i H.h')  kosimlai  ' va \ 

sorüaini aniqlansm:  v ( . l .  i ' i ,  i </i./í ) .  U holda  > v dan 
, (l u k d i b  f Iíi<jadi Doinak,  ü l o p l a m d a  shunday ralsional  son 

mavjiKlki,  b o l a d i .  /;,(/*. Unda v- ' f  b o  ladi va dornak,
t • r„ ti 'nsi/hk o'iinli b o l a d i .  Ikkinchi  tomondan,  v -(/<./>’ i, r^i.ü.tí 

to 'plamning olemontldii  orasida ong kattasi  mavjud fm a sh g i  
sababh,  shundav ratsional son > ‘ B  mavjudki,  r , < r  va 
bo  ladi Nati jada v r^ r- y tongsiz liklarga oga b o l a n u z .  Rundan 
osa v- r v okanhgim ko' ramiz.  Shu  usul bilan veR,y<.-K va v • v 
bo  Iqanda hain v ^ r - y  nuinosabat laini  qan oat lanl i i  uvchi 
iatsional  son / iuavjud okanl iqi  koisa t i ladi .  S h u n d a y  qihb, 
ixt iyony ikkita bn b i n q a  tony bo' lrnagan ha qiq iy  sonlai  orasida 
kamida  bitta haqiqiy son inavjud. Bl indan osa  ulai orasula 
chokst/. ko'p haqiqiy son  mavjudl igi  kolib chiqadi .  R 
to 'plamning bunday xusu s iy a l i ga  oga bo l i sh i  l ining zioh to plam 
okanini  ilodalaydi

4 - $ .  Haqiqiy so n la r  to'plamning to'liqligi.  
D e d c k in d  teoremasi

Agar haqiqiy sonlar t o p l a m i  R da ham ba jar i lgan  kosim 
tushunrhasi  kiritilsa, rats ional  sonlar t o p l a m i  o  da sodn 
bo' lganidok,  R ni ham kengayt i r i sh  zarurati sodir  b o  ladimi yoki 
yo'qmi dogan tabiiy savol tug' iladi.  Quyida  biz b u n d a y  holat 
bo'hnasl iqini ,  ya'ni R da  ba jar i lgan har q an d a y  kosnn faqat 
birinc hi tui kosim b o l i s h i m  korsatarniz  O d a t d a  bu xossa 
haqiqiy sonlai lo p l a m i  R ning to l iq l i k  xossasi  dovüadi 
Dastavval,  r da ba jan lgan  kosnt) tushunchasi  bi lan  tanishayhk

8 - t a ' r i í .  Haqiqiy sonlar  to plami R  sh u n d a y  /• va h '  

to 'plamlaiqa ajiatilsaki,  unda



1 ) /■' / 0 /• ' / .
?.) !■ ; h ' l<
3) Va  ! /■■ v r  !■:' :■ v ■ \ ' 

shai l la i  ba]anlsa,  / v<i to pldmlai ■ to'pUimda k^sau  b a j a t a d i  
d^vdadi va (/■ '•') kabi belgi lanadi (."> td’nfqd qaianq)

Avvalqidpk,  i to'plam k es im m m j  <jnyi sinli, r- to'plam eso 
k p s i m m n q y n q o r i  sinti  deyiladi.

M asalan ,  ushbu
/■ ¡ x : . v -  H . X - X , , ) '  i "  í v .v ( R . x  - r. Ï (v * li) 

to p lamlai  K da r  !■’) kosim bajaïadi .  Bu kesimnmq quyi sinli 
/• da oMiq katta eleinent ( v qa tí'iicj) bo'hb,  vuqon smli / da 
enq  k i r h i k  olpinont bo' lmaydi .

Ushbu
/' ¡x : ,v . R. x • x0¡ , i'" { x : x >  R .x  ■ .v„ ) i v ^ A 1) 

to 'p lamla i  ham ¡< da (/ .7 ') kpsunmi ba|aiadi. Bu kesimning 
quyi  sinli / da ong kat ta  plomon! bolnidsdan,  yuqoi i  smfi / ' da 
en q  k i r h i k  olpinent (v.v0 ga tenq)  b o  lcidi.

2 . 5 - m i s o l .  Haqiqiy sonlar to'plami R da quyi sinl 
to 'plai i i iung elemontlari  orasida enq katta. y uqo n sinf < 
to 'p ia m n i n q  plemontlari  orastda enq kirhik element bor bo' lqan 
(t, o") ke s i m inavjud pmasliqi isbotlansin.

(c ) kesim H da b a ja n lq an  kosini bo'lib, unda a  mng 
ene} k a t t a  elomonli  .v„ va (,' ninq f>nq kichik elementi  i ;  bo'lsin. 
Kpsmi la 'n f iqa  k o i a ,  -v v„ bo' ladi.  li to 'piamninq ziehlik 
xo ss as iq a  bnioan shunday h o R son mavjudki,  v; - u ■ r„ bo'ladi. 
Ke yi n qi  tenqsi/liklaidan ko 'nnadik i ,  u son <i ga teqishh ornas, 

ch u n ki  v,, son a  da en q  kat ta  eleinenl va n . Shuninqdok,  

u<\va va v„ son (/' to 'p iamninq f>nq kicbik elpinenti ek amdan u 
so n n m q  (¡' ga teqishli em a sh gi  kelib rhiqadi.  Shunday qilib, 
í/eW son (; va to'plaiTilanunq biroitasiga ham tegishli
bo ' lmaydi .  Bundan c; va (>" to 'plamlar R da kpsiin bajarihnashgi 
kel ib chiqadi .  Bu osa y uq o n d aq i  íaiazga /id. ►

Dem ak ,  r lo 'plamda b ir  vaqtda quvi liarnda yuqori  smílaii 
vopi q  b o  Igan kesim niavjiid ornas.

2 - t e o r e i n a  (Dedekind leo ienids i) .  H a q i q i y  s o n l a r  to'plami  
R d a  b a j a r i l g a n  liar q a n d a y  (/ . / 'i k c s i m  ucltiin f a q a l  q a y i d a g i  
i k k i  ¡ t o ld a n  b i i i  bo' l ishi  mu nik in :



a). Kcsitmii iK] ifuyi s in f i  /■ d a  e n g  k a l i a  ek'int'nti wav/tid,  
y u q o i ï  s i n f  - >■" d a  c s a  e u g  k i c h i k  é l é m e n t  inav/ud e m a s :

hf. Ke s i t un in g  <]uyi s in f i  /• d a  t'iig k a t t a  e l e m e n t  nuivjud  
e ma s ,  y u q o u  s in f  i d a  e s a  e i u j  k i c h i k  elcnu'Ht mavj ini .

^ F a r a z  qilavlik, r da bi roi  (/-' h") kesim b a j a n l g a n  bo ls i n  
to 'plamuinq barcha ratsional  sonlan t o p l a m i n i  i, /• 

to p l a m n in q  barchd lats ional  sonlan  to planiim devhk
Ravslianki,  J r .  t.A': !■" Bu tuz i lqan .-i va f  topl arn la i  o  da 

kesim bti]aushini k o i sd tam iz .  A w a l o  A va 
topldin larning  bo'sh Hiiasl igini  isbotlayhk.

/■■' *  (J bo'lgani u rhu n 3.v0 e K..x„ e . Aqai *■'„ ratsional  son 

bo  lsd, \\,cA bo ï ib .  ! * d b o l a d i  Agdt v„ n idts ional  son boisa ,  
ta ’ritiqa k o i a  u 0  t o p l a m d a g i  ikkinchi tur ke s i m bilan 
aniq lanadi  Demak, v„ -  ( -1„, /#0).  Bunda . I . ./ 0  b o ' l g a m  Sdbabli. 

.)/■„< O, /*„ < . l(l boïadi .  Anim o /■„ < va t h. b o  Iganida  esa 

r. < •( ek a m  kelib chiqadi.  De ma k,  .) *  o xuddi  shuninqdek.  
.i / o ekdtu hatti ko' rsati ladi .  H- t. t  ’ d an  va 
to'plaii i larning tu/.ilishiga ko ' ra  A^;A’ {> bo  Iddi

kesim /. d<i b a ja r i lg an  kesimligidan va A<zt.A‘<.zt 
dan mos  lavishda .1 va A' lo 'plamlarga tegishl i  u na a' 
e lementla i  m liun d'ti' t engs iz l ik  o'rinli. Demak,  (A, A') kesim.  Bu 
kesim bi ior liaqiqiv u sonni  (ratsional yoki irratsional  sonm) 
amqldydi :  a (. J . . f > a e R. K e s i m m n g  ?.) shartiga k o  ra a son yoki 

to plamqa,  yoki !■:' to ' p la m g a  tegishli  b o l a d i  u c t  b o l s i n  
Endi u son /■ top la m e l em e n t l ar i  oiasida en g  kattasi  ekanini  
isbotlaymi/.  Teskansini  laraz  qilaylik,  ya’ni u son  to p l a r n  h. 
e lom ent lan  orasida eng  kat tas i  b o lm a s m .  U n d a  3x&/ u < * 
b o la d i .  Haqiqiy sonlai t o p l a m i  zichligiga k o  ra sh u nd a y  ' 
ratsional son mavjudki,  a o - < x  tengsizl iklar  o i i n l i  b o l a d i .  Ushbu 
vt /■ va / \ nmnosabatlardan ’ <.!■' va dem ak ,  r e A  kelib 
chiqadi .  Aimno </ kes i inrung quyi sinfi A to  phinidagi  r
son bu kesim an iq la g a n  sonddn kalta b o  l ishi munikin
emas.  Bu  ziddiydthk. D em ak ,  u  son /• t o p l a m  e l eme nt ia i i  
orasida eng kaitasi b o ’ladi.

Shunt ja o'xsliash mu lo h az a  bi lan a  e t '  bo lg a n d a  u son  t. ‘ 
to'plam elementlari  oiasida  e n g  kichigi  ekani ko  rsatiladi.  ►

Dedekind leo iemasiga  k o ' i a  haqiqiy sonlar t(j plann R da 
ba|aiilqan luir qanday (/'.A') kes im uchun îkki  bol  b o la d i .



H u n d a  v o k i  ; s i u ü a i n i n q  v o p u v c h i  H<' in<‘n l  lai  irn b i n d a n  
i k k i n c b i s i q a  o ' t k a / j s h  v o ' l i  h i l a n  b i t t a  h o l q a ,  k < ' s n n m  h n  tur 
k o s m i g a  k f ' l l m s l i  n n i m k m  Hi/ ' d a  h a | a r i l q a n  h a i  q a n d a y  ko. s jm 
i/''..' ') d a  k o s i m n i n q  q u s i  s i n l i  / d a  o n t j  k a t l a  ( ' U - m o n t  y o ' q .  

\ u q o r i  s m f  /■' d a  <>sa f>nq k i c l n k  p h ' i n e n t  b o l  b o l q r i n  k<>s]ju d«-'l> 
q a i a y i m /  B u  e s a  D i ' d o k i n d  I f - ' onMnasmi  q u y i d a q i c h a  h a t n  
í f o d a l a s h  m u m k i n h g i n i  k o ' r s a t a d i

3~l(M>rein.i. !< d a  b a j a n l q a n  Iku q a n d a y  (/ ./•.') kcsi in  
y a q o n a  h a q i q i y  sonri i  an i f j l ay d i .

Ví/« .'<■ son yoidatnida  hai doilTi da a  (/•;./:') kosini hajansh 
inuinkink),  hunda haqiq iv son ,/ kosnnninq y uqo n siníi /:' ga 
toqishli  bo  lib, unincj r n g  k i r lu k  rlnrriPiiti bo'Uidi. Aksinc ha, r 
da (/'.A' ' kosim ba jari lqan  b o ls í n .  2 tooiPiimga va yuqondagi  
kol i shuvnnizqa  ko'ra bu kos imrung yuqoii sinli ’ ' da onq kirhik 
piernón! mavjud bolib). kf-'sim shu sonni iíodalavdi.

Domak,  haqiqiy sonlar  to'plami H shu to'plainda bajai i lqan 
k e s i m la i  to'plami hilan o'/.aio lm qiymatli mosl ikda bo'ladi.

5 - $ .  Son l i  to p l an i l arn inq  cheqara lar i

1°. Sonli  top la rn lar .  E lc me nt lan  haqiqiy sonlardan iborat 
b o ' l qa n  to'plam sonli to 'plam doviladi. Matematik  analiz. kuisida 
a so sa n  sonli  to'plamlar qaraladi.

Masalan,

I - {0,1. , .. ( / í- ¡ . v  v-^y í ,v ‘ .v - (i|

shu n ingdpk
A' /  ■ Q  - R

lar sonl i  to'plamlar bo' ladi.
K u i s  davomida har doiin uchrah tuiadiqan sonli 

to 'plainlarni  kelt jramiz.
Ikki m  K.btK  son bpr i lgan  bo'lib, /■ bo'lsin.  Ushbu

¡ x . x c R . a •_ v < /> }
to 'p lam s c g m c n t  dob ataladi va u |,í./>] kabi helqilanadi:

| // /) | _ ¡ \ \- c- ]( a < x s />}
B u n d a  a va >■ sonlar spgmontnituj  c h r g a m v i y  n u q t a l a i i  yoki 
c h e q a r a l a r i  dryiladi.

Ushbu
¡ v . x e- K . n .t * b }



11> p 1 <nn ¡ntrrval  cicvilíuli v<¡ u i-- M kabi bplqilanadi.
i . i /i )  : >• \ < l< . ¡i ' • h I

Quvidaqi
: » V /V a  \ • h | , ; a  x > R . «  ■ x ' b \ 

to'pldtnlar yaütn  s r g m c n t  cloyilnrii va ul.ii mos ravisbda \a.b)  va 
(a.H | kdbi bolqilanadr

t „  b )  \ x  X  i K . . I  ■ X  ■ h \  . d i . h  I { - V  V e  K .  </ <  r  •: M

Knyinqi mulohazalai(Id dsosdn sonli t o p l a m l a r  bi lan ísh 
k o ’nladi.  Shuning u rh u n  bunddi i  kpyin /•: "sonli  t o p l a m  doyis i
o rrmjd qisqacha  "to p la m"  so zim voki E c R  be lgü ash m
ishlalamiz.  .

2Ü. T o p l a m n i n g  ctniq yuqor i  ve an iq  qu yi  c h e q a r a l a n .
Biroi !■:<-.R to'plam bonlc jan  b o  lsín.

9 - t a ’rif. Agar sb un day  M son mavjtid bo' lsaki ,  Vxe/- ucnun 
*<w tpnqsizlik bajarilsa,  / to'plam y u q o r i d a n  c h e g a i a l a n g a n

■ dnyilddi, m son osa /-. tui i cj  y u q o r i  c h e g a r a s i  deyiladí.
Bu ta ’iitni qisqacha,  quyid agi cha  aytsa b o l a d i ,  agar

i A/ r R V .v f /•' x M 
bo  lsa, k to'plam yuqor i dan c hpqaralangan deyiladi ,  M son osa 
/ n ing  yu( jon chegarasi  deyiladí

1 0 - t a ’rif. Aqar
V M  6  H  - 3 j t0 E  x u > K Í  

b o ’lsd, E to'plam yuqui  i d a n  c h e g a r a l a n m a g a n  deyiladí.
1 1 - t a ’rif. Agai

d  m  G K  . V  .v e  /•-' v >  m  

bo'lsa,  E to'plam q u y i d a n  c h e g a r a l a n g a n  deyiladi,  m son esa h 
ning quy i  c l w g a iu s i  dpyiladi.

1 2 - t a ’rif. Agar
V m  e  I < , 3 x 0 e  * 0 < m

bo'lsa.  i: to'plam q u y i d a n  c h e g a r a l a n m a g a n  dpyiladi.
1 3 - t a n f .  Agar / c R to  plam ham quyidan,  h a m  yuqoridan

cdipqaialangan bo'lsa, /, to 'plam c h e g a r a l a n g a n  deyiladí.
Masalan,

i i
*  - , s  ,-■■■

to 'plam rhogaralangan;
,v { 1 . 2 , ; . .  5

to'plam quyidan che gara langan,  yuqoridan c h e g a ia la nm ag a n ,
/•' : :  { V X  (= R . V '  D }



to 'plam esa quvidan cheqai  alai imag^n, vuqoiidan cheqaia lanqan 
lo platn bo  ladi.

2 . 6 ~ in is o l .  Ushhu
í » I
; */ • i ! 

to 'p lamn inq  cheqaia langanl iq í  ko  rsalilsm.
A  Ravshanki ,  ).» da

H l l
//' 4 1

bo' ladi.  Deinak,  ¡ to 'plam qu yi da n chegaialangan.
Aqai

„ I
o < („ - \ ) : -  „ - I n  t I In * ti +1 ,

»  t I i

b o l i s h i m  o'tiboicjd olsak,  mida  i top la n in m g  yuqoridan
che qa i a la n g a n h q in i  topamiz.  ►

Yu qo r i da  kohtinlgan t a ’n l  va nusollatdan k o n n a d i k i ,  agai 
!■' t o p l a m  y uq on da n che gara langan bolsa ,  lining yuqoii  
c h e qa ra s i  cheks iz  ko'p bo' ladi.  Bu tasdiq u  sondan katta bo'Iqan 
liar q a n d a v  haqiqiy son to 'p lamnmg yuqon chegaias i  h o la
ohs h id an  kolib chiqadi.

Shuningd^k,  agar /. to 'p lam quyidan chogaia lanyan bolsa ,  
uninq quyi  chogaiasi  hani ch e ks i z  ko'p boladi .  Bu esa m sondan 
k ich ik  bo ' Iq an  bar qandav haqiqiv son / to p l a m m n g  quyi 
c h r g a r a s i  b o l a  olishidan k e h b  chiqadi.

4 - te o re n ir t -  Har <¡anday yuqoiidan  chegaralangan  toplam  
uchu ii lining y iiqoii ch eg ara lan  orosuiu cng kidtigi m ovjad.

M r  to'plam y u q o n d a n  chogaialangan bo ls ín ,  ya ni 
s h n n d a y  haqiq iy  m son mavjudkí ,  v< <-/■' uchun v - A/ tengsizhk 
o n n l i .

}■: nuig  e leme nt la n  orasida ong kattasi mavjud bo ls í n .  Uni 
V.. dob olaylik.  l > m a k ,  V*e /• uc hun  v- v bo'hb,  bu osa -v., son 
/ n ing  yuqori  cheqaia la i í  q a t o n d a  bo lishini ko  rsaladi.  Animo /■. 
to ' p la mn in q y uq on  chegarasi  bo' lmish hai qanday u  son v„ 
sond an  k ic h i k  bo'lniaydi,  ya'ni  : w chunki .v, e /■ Bu esa vtl son 
!• n ing  yuqon chegaralari  orasid<) eng kiclugi ekanligmi 
bi ldiradi .  Bu  holda teorema isbot bo'ldi.

Pndi i- to'plam element lar í  oiasida eng kattasi mavjud 
bo 'h n a y a n  holm qaraymi/.. /■ rung vuqori ( hegaralaridan iboiat 
to 'p lam / ' bo'lsin.  Bu ' ' to 'p lamga tegishh bo 'hnagan baicha



haqigiY sonlaidan tboral to'plai imi ■ d<>ytik. Ravshanki .  /• - - >■ 
va /•• toplamlar  H <ia ¡ л . л ■') k»sim bajaïadi .  /■ cr/■ va r  
y nq o nd an  rl ipgaialanganl ig idan pkani  kol ib cluqadi.
shumnqdek,  /■ va /■ ' l arninq tu/.ihsludan osa /•-,/•' /< va 
VW /-.Va-'*- /•' > л • V' b o ï a d i  Dodekmd t e o ie m a s ig a  ko  ra bu 
( : i kosim bitoi ./ ha qiq iy  sonni aniqlaydi:  ./ - (/• h ') Bu u 
son tabnyki,  h to pl a i n ni n y  va dpmak, /ч / b o  lgarudan !• 
t o  plamnimj  lîaiii y uq on  chogarasidi i .  уа 'ш a  e  /' ' shu bilan 
b u q a  u / ' topla innmg plomont lan  orasida png k ichigi .  ►

1 4 - l a ’ril. Yuqoridan cho g ai a l an ga n  i: to p l a m n m g  yuqori 
c l ipgara lanmng png k ich ig i  /■ ning a n i q  y u q o r i  c h r g a r a s i  deb 
ataladi.  U sup/ kabi bedgilanadi

Bu lotmcha suprernum "enq yuqon "  d o g a n  m a  noni
angla tuvchi  so'zdan olinqan..

5 —teorema.  I k i r  q c m d a y  q u y i d a n  c î w q a r c i l a n q a n  to plain 
uchuri  l ining quyi  < h c g a i a l a r i  o r a s i d a  m g  k a t t a s i  ¡navjud.

Bu teorema yuqoi idagi  4 - t e o r e m a  kabi  isbot lanadi .  Uning
isbotmi  o 'quvchiqa havola qilamiz.

1 5 - ta ' r i f .  Quyidan choqa ra lan ga n /■: to 'p lamninq quyi 
tho g a ia l a im i n g  eng kat ta s i  mng an iq quyi ch eg a ïa s i  dnb 
ataladi.  U in ï H kabi bolqi lanadi .

Bu lol incha mf imum " e n g  quyi" deg an  m a ’n o m  anglatuvchi
so''zdan olinqan.

Yu qo n d a ke l tn i l qa n  tporomalardan,  bar qanday 
chogara langan F t o p l a m n m g  aniq yuqori  va  aniq  quyi 
chegaralar i  mavjud bo' l ib,

int H  á  sup H

bo l i sh i  kebb  chiqadi.
Endi topl am nin g aniq  yuqori  ha m d a  aniq quyi 

chogaralai ining  îmihim xossasini  keltiramiz.
Aytaylik,  f\ .R  to'plain uc hun

a  -- ÿup H {a  £ K)
bo Isin. U liolda:

1) Vv. /•' da \-'¿.г,
2) V/:>o son o l inga nd a ham, shunday >’<./•, son  topiladiki,
v’ > <i >: bo  ladi.
M  l'o plamning a n iq  y uq on  chogaras i  ta rifidan V x t .  h

ne hun X • •> bo'ladi.
il -  sup /■' bo isa h a m  ?.) - s h a r t  ba jar i lnmsin  deb faraz

A



q i l a y h k .  D u d a ,  s h u n d a v  / t o p i l a d i  / w h i m  ' » ■■
b o h b ,  «  sup E  b o l a d i .  N a t i j a d a  „ - m a n o s i z  L m g s i z l t k k a .  

y a ' n i  Z l d d i v a l g a  k n l a m i ? . .  D o i n a k ,  '?.) s h a r t  o  n n l i  b o  l a d l .  ►
I sbotlash  muiiikinki,  aga i  E< R va <м ft uchun l j  . 2j 

shoitUii ba janlsa ,
d - sup V.

bo  ladi. 
Avtayl ik,  E i  R t o p l a m  uch un 

A = l i l t/: '  

bo'Isin.  U holda:  
1) Ухе E da x'- /]
2) V/. ■•<) son o linqanda ham shunday x ' e k  son topiladiki, 

x' ' h + i.' b o  ladi 
Bn  tasdiq  yuqoi idaqi  kabi  isbotlanadi.  Isbotlash mumkmki,  

agai  /■ H va h&!< u ch u n  1) , 2) - shaitlar bajarilsa
/> -  m l  /•'

bo  ladi.
2 . 7 - m i s o K  Ushbu

I "  IH \ n : n e Л' . • , ' - —-
I /Г 1 “t I

t o p l a m n m q  am q ynqoi i  ha m d a  aniq quyi chogara lan topilsin 
A  Vnet t  da

o- -  ■ 1
и -t ‘1

bo la d i .  Domak,  a  t o p l a in  cbogara langan Yuqorida kol tinlgan 
tporpinalarya ko' ia  bu  t o p l a m n i n g  amq chog aia l an  nmvjud 
bo  ladi.  А у ш  paylda:  

1) v?ig V uchun • i
n ‘  + 4

2) V/.- -0 son o l inganda nt c.N ni
M ( f  r)\

dpi) olinsa,  unda » da

bo  hull Domak,

Xn d d i  sh i inga  o'xshash

n,  =

- 1 
н ' . 4

s u p  H  -  1 

ml h  -  <>



Ixj'lmhj ko isatiladi.  ►
lldqiqt\ sonidl to'plcWH . Id lk lb iqa  ■ \n - < s imvol larni  

. . .  - uc hun  r > / va .t • \< xususiyat  bi lan  gnshib .  R to ' p la mn i
ln'ÿil ({ilriiiii/.:

R K ; \ \ i
Bu siiuvolldininq kiritilishi rh p g a ia l a n m a g a n  lo 'pldmlarning 

amq vuqoii  va ci ri i c j quyi ( hc g a ia la nn i  kni t i sh  imkonini bpiadi.
Agdi /■ yuqon dan  choqaidlarunagan bo'lsa, Mip ,

quvKldn < hogara lanniagan b o is a ,  ml /•.' / df-b o linadi.  
Demak,  shu kplishuvinnzga ko' ia

sup A' : sup{ 1.2,3,.. | -  i / , il il { \ x K , \ -  -y.
bo'ladi.

6 - $ .  Haqiqiy sonla r  u s t i d a  amallar

1". H a q iq i y  sonlar  yig' indisi .  Ikki a  va /! haqigiy  s o n la r  
bonlgan bo'Isin. Bu sonlar ralsional  sonlar to'plami () d a  
bajari lgan ushbu <>-(A,.l'i,  fi ■ î h .H') k^simlai  bilan anig la ns i n .  
Kpsiirilarning quyi sinflari .-1 va to'plairi lardan mos rav ishda  lt 
vu i sonlarini obb,  ularnmg yîg'irïciisi . - u  + h ni tuzamiz. B u n d a y  
vig indilardan iborat to ' p lamni  ' b i lan :
( ' ^ ¡ r c E i j . c  a . h. a e A,!> c- B }, so 'ng  {> (' to'plamni psa (" b i l a n  

(j < ) bolgilaviniz.  T u 7.ihs.higa ko ' ra  0=(\ .A" .
Hndi ( va (" to'plamlai O da  kesim ba ja r i s h in i

ko'rsatamiz.  «  iA/4'), p  \ lar  <j da bajari lgan k o s i m la r
bo lg an i  uc hun

I *  i),.•]' * 0 ; .-1 u  A’ ~ O :a  €. A a ' e A’ -> a < a'.
shuningdpk,

ï l ) ; f iw / r  ■-{)■. h s H .  !>'e  FV :■ h < b'. 
bo'lib,  undan a w a l o  ( ’ *<) pkani kol ib ch i qadi  S o n g r a  har do in j  
a + /iv<j' + />' bo' lgani  uchun C to ' p lam yuqoridan ch o g a ra la n g a n  
bolib ,  sup -• inavjuddir. Anim o A va B to'plam o le m o n t l a n  
orasida png kattasi  mavjud bo ' lmagani  u ch u n  a^ b ^y ,  i a e A . b e  B) 
bo'ladi. Unda a + b ' îy ,  (¡¡' e A'.h' c- /5'), b o  lib, a ' + b'e.C .Bundan 
¿ > c r Q  c - < " .  Domak, c " * o  shuningdok,  c - a ^ b z C  va  
c < t ’ = a' + b'çQ  '(• okaniga ishonch ho sü  qilamiz.

Shu nda v qilib, C va C  to 'p lanilar  <> da a \ r ^  k p s i m  
bajaradi.

1 6 - t a ‘rif.  kpsini bi lan aniq lana dig an  y h a qi q i y  son



Z va ß  h a q i q i v  s o n l a i n m g  y u f m d i s i  d o b  a t d l a d i  Viq i ndi  "  ; /'

ídbi belqilanadi.  .
F-'ndi haqiqiv sonbirm qo s h . s h  amalming ba /j  xossahumi

keltiramiz.  Fa .az  qi !a\lik.  ■ K . f i r  R . * ‘- К b o  ls.n U holda
q u y i d a g i  t e n g h k l d i  o i m l i :

1) a
2) (tr * />1 * í ' - «  < í /í  +
3) N o l  s o m  u c h u n

a  4 (i 0 + a  -  fx 
Biz ulardan b m n m y ,  masalan .  3) mng isbotiru M ü r a m i z

M Ma' lumki,  0 soni Q to plañida (Q .(>,)  kpsim bilan

amqlanadi :
( J  -  \r : r  r  o . r  < ( ) ¡ ; ( A  ^ \ r  r e < ¿ . r > 0 \ .

0 -  ( 0  . Q  , )
a e R  son esa .-Ti kesim bilan aniqlansin.  T a ’rifga ko'ra

a  и )  = (С/ ' ' )  b o l i b ,  bu n d a
с ’ [ti + r\a ¿ A . r e. Q }

Ammo «e/í ,  r e Q  b o l q a n d a  a ¥ r < a  munosabat orml i .  

Shu ning  uchun <:<zA b o  ladi. Bundan
«+ •()< «-  Г )

ekani  kelib ch iqadi
A to p l an id an  ixt iyor iy a sonni olamiz.  A da eng katta

e leme nt  mavjud b o h n a g a m  uchun a < a, tengsizlikm
qanoatlant. iradigan u, с A son mavjud Unda +
tenql ikdan /•-<* -<л - 0 b o i i s h in i  hisobga olib, A to p l a m n m g  hai
bir ‘ elempntim « + r ( « e . O e  {) » k o r m is h d a  yozish
muinkinligini  aniq laymiz.  Bu  esa

A c .  { a  +  r  ■ ч  £  A , r  €  Q ]  -  С

y a n i  Ac.C  e k a m n i  k o r s a ta d i .  Demak,
a  s  a  + o (’ )

Endi (‘ 1 va (“ ) munosa ba t lard an  очО=а tengl ikka eg a  bo  lamiz. ► 
2o. Ha qiqiy  s o n la r  ust ida bajariladigan keyingi amallan  

ayirish, kop ayt i r i sh ,  b o ’lish, darajaga kotar i sh ,  ildiz chiqarish 
amallari ,  sh unm gde k,  haqiq iy  sonlarm g eom et r ik  tasvirlashlarni 
mazkur bo bn ing  ox ir ida  mashq tarzida bay on ptamiz.



7 - § .  Haq iq iy  s o n n i n g  a b s o l u t  q i y m a t i  va  u n i n g  
x o s s a l a r l

M a ’lumki,  x e R  son n in q  absolu !  ( jnutloq) q i y m a t i
11 uyiticitjit ha aniq lanadi:

' a. a g c i r  x  '• ü h o ' I s a
| v| • j

| x . a g a r  v • 0 h t '  ' I s a

Haqiqiy sonninq absolut q iymat i  xossa lar in i  koUirami/.
I !l. .v c R sou ui huu

| \ [ ?  0 . J \ \ | .v <  j.\ j. -  \ |.x | 

munosabat lar  o'rinli.  Bu mimosa ba t l ar  sonninq absolut  qiyi ikit i  
la ’rifidan koî ib ('lii(]a(ij.

2°. A q a r  n  R . son \x\< a ( ,/>ü)  t e m j s i / l i k n i  q a n o a l l a n l i r s d ,  

b u n d a y  v s o n  a < \ v  a  t o n g s i / l i k J a r n i  h a m  q a n o d l l a n t i r a d i  

v a  a k s i n c h a .  I ’i )stii]cî( h a  <]i l i b  « i y t . q a n d a  y u q o r ï d a q i  t o n q s i z l i k l a r  
«•kvivr i lonl  l e n c j s i / . l i k l d rd i r :

|.v | < a O  - a  ■ x < a
M  • 11 k ’n q s iz l i k  o ' r i n l i  b o ' l s i n :  v r  ^ . j . v | <  a  . 1 ° -  

x o s s a q a  k o ' r d  | \ | v \. x\ b o ' I i s h i d a n  l i a i n d a  a ■ |ij 

l o n q s ï / . l i k d a u  l opani i/:  - <; • • |x| r *■|\[ <• a  . B u n d a u  o s a

o  •„ .v ■ a  «‘ k a n i  kol ih r h i q a d i .
Endi a  - x <-a  lonysixl ikldr o'rinli bo' lsin:  x <- R ,

i l  • -V • i l  .

A q d r  v •• () bo ' Js a,  \ \-  \ b o ' l i b ,  \\\- u b o ' l a d i .  A q a r  .« o 

h o  Isa,  Y  \ b o ' l i b ,  \ • n b o ' l q d i i i d a n  (j s.i  ; v| <- « e k u n i n i  t o p a m i z .  

D r i i i a k ,  u ■-x ■. a b o l q a n d d  tuir  d o i m  ¡v[- a b o ' l a d i .  ►

Bu \ossa quyidaqi | t  : .y e R, j v| < <i ) Vri {.v :.v < R. a  < .v •- 
haqiqiy sonlar  lo 'plamlaiïninq bit — biriya  lenql iqini  i fodalaydi.  

v 3 U. Ai)ar \ t  R sonldr |v , a leiHjsizlikiii qano al la nt  irsa,
bundav .v
sonlar tr-\'..a tonqsi/liklarrii ham  qanoatlanti radi  v<i a k s in cha ,  

y.l’ni ¡.\j <  i7 <=>-<7 < .r < i7 .

Bu xoss<i xossa kabi isboflanadi .
I”. Ikki  c R va y> R h a qi q i y  son yiq' indisininq a bso lu t  

qi ymal i  bu sonlar absolut qiyinaUdrinmq yiq' indjsidan katta 
oinas, ya'iti |.v - v | . |.i | • | v | .

^  Aqar .v i i' _■ 0 bo Isa v • i l.v > v I bo  lib, \ l.\ |, v . ni



l o n g s i x l i k l c i m i  h i s o b q a  o l q a n  h o l d d

I V I V  j '  V 4 V I V j I ¡ У  I

b o ' l i s h in i  topam i/. .  Acjcir v - v - 0 bo 'ls . i ,  um ld
pr * \-j -  о  I V) X 1 I V I - | . X ' l [ l j  h o  l < ) d i .  ►

R n  im j iiosc ibf il  q o 's h i lu v <  h i la r  son i ikkil<xl<m k<ilt<i b o ' lq a n  
h o ld a  h a m  o 'r in l i  b o 'h ld i :

; \ , • л . -  .. +  .r . I j .vt  I + |\ , I +  . ..  i j .v„ j 

a- <- R , i' ■- R s o n ld r  uc hun
|v r| ■ h i  I V  I

t o i i c j s iz l ik  o ' r i nl i .

^ R d v s h d n k i ,  \ (\ • v) - i .  1 1 nd<i 4 °  — x o s s d q a  b i n o . m  

, t j - (л r ) - v ! * ! v  v| i !v| b o  lit), b u  UMiqsi/.likcidii  j.r i h ' l ' i  |t¡ 

b o l i s h i  k f l i b  c t i i ( ] ddi .  ►
6 ° .  v f- R , vi R s o n l d r  i i c h u i i

IÏ i I I \ I • j v j

U M K j I ik  o 'r in l i .
l i n  U ' lH j I ik  s o n n i n q  d b s o lu t  qivm<Hi l a ' r i l i d d n  k o l ih  t hiq<i<Ii. 
7". v i  R , \ € R , i .-i) so n ld r  m h u n

< j h i

i ! . i I 
t e n q l i k  o ' r i n l i .

•< Y :  f l f 'b  o l . i v l i k .  H u n d a n  v rv b o ' l i s h i n i  l o p a m i / .

A m m o  iV1— x o s . s a q a  k o ' r d  |y - 'I v,i h u n d a n  p i I c m j l i k
!r

k o l i b  r h i q a d i .  ►

8 ~ § .  I r r a t s io na l  sonni tacjribiy hisoblash

R i r o r  a  i i T d t s i o n d l  s o n  b o r i l c j d i i  b o ’ l ib .  u l o ' p l a m d a  b d j a r i l q a u  

k o s i m  b i l d i i  m i i q l a n g a n  b o ' l s i n :  «.  u .  л ' ь  H u i t í n  s o n l d r  l o ' p i d i n i  

/ r a t s i o n a l  s o n l d r  l o ' p l a m i n i n q  q i s m i



s o n l t i i  t o ' p l a m i  , r a t i o n a l  s o n l a r  l o ' p l a i m n i n g  q i s m i  
b o ’l g a n h q i d a n  k o t m n - -  kf*t  k e l q a n  л v a  ^  t ¡ b u t u n  s o n l a i  

t o p i l a d i k i ,  u s h b u  a . '  a  < ,¿ ‘ i t o n g s i / l i k l a r  o ' n n l i  b o ' l a d i  B u  

h o l d a  r, . . j , ,  s o n  a  i r r a t s i o n a l  s o r i m  " k a n n "  b i l a n ,  >.[ .1, f  i o s a  

" o i t i g  1" b i l a n  t a q r i b i v  i f o d a l a v d i .
F.ndi

1 2  4
'> -(,о + -a ., 1 4"  <Jr, 4 1° 10 10 111

sonlarni olamiz an ■■« < an 4 1 b o l g a n i  u rh u n  bu sonlai orasida  
kptnni - kf‘t kolqan shunday ikkita

a, a. -t 1
a , f —  •

10 10
s o n l a r  t o p i l a d i k i ,  u s h b u

111 "1 1a  , •< — . •• ir ■ a  , • --------  •* -------
10 10 10

tengsizliklar o 'nnl i  bo'ladi, bunda a, son 0, 1, 2, ... , 9 so nla rda n 
biridir. Quyidaqi

a,r, = a ,-+••- - • - и ,, , <1,,1 ' 1П 1
, «, 1 1r, = a,. + 4 - • = í/. , tí. H----
1 “ 10 10 ° 1 10

sonlar a  sonni  mos ravishda "ka ini "  hamda "ortig i ” bi lan  = 0.1

amql ikda taqribiv ifodalaydi.  S o n g r a
a. a.  1

a n +  -— , ü„ + ------- h — r
10 10 10*

a .  2  <1, <1, I
</,-»—  + — 7 ...., íí0 + —  + -- r,ci0 + —  + —

10 103 10 10' 10 10
sonlarni olamiz.  Agar ushbu

a . и , 1a „ + —— < a  < a n f  —• + —  
10 10  10

tengsizliklar o'nnl i  pkanmi e ’t ib or ga  olsak,  u holda yuq or id agi  
sonlar orasida shundav k p t l n a - k o t  k o l g a n  ikkita

a, tí, <7, a. +
• ~ :!t  +  T 7 Y  ’ a 0 +  7 Г  +10 \ol v 10 ur  

sonlar topiladiki,  ular uchun ushbu
a. я, íí, a. *•!

a. +  —  +  — ~  < a  < a ,  4  - -  +  — -  —
' 10 líH 10 10*

tpnqsizliklar o'nnli  bo'ladi, hunda a¡  son 0, 1, 2 .........9 so nla rd an
biridir. Quyidagi



‘ 4 ,
Il) |(r
,/ 1

• 4  - -  i l  t l  <L

II) 11)' ] ( )■ 1 ' 10*
s o n l a r  a  s o n n i  ITIOS r a v i s h d a  " k a m i "  h a m d a  " o r t i g i  b i la n

- o.iil a n i q l i k d a  t a q r i b i y  i i o d a i a y d i .

B u  j a ï a y o n m  d a v o m  P tt i ra  b o r i b  n  ta  q a d a m d a n  k r y i n
10'

sh u nd ay  ikkita
a,  a .  u„

10- 10" 
î ,J, il, u K + I

,J a'a- a" + u)n " ' îi,, + ‘iô + T ' 7 '  ' f  io-
sonlar  topiladiki,  ulai u c h u n  ushbu

ii, a
“• + 10 1 u r  f "■ * 10- '  "  ‘  ‘i,, t |0 + î o ; "   ̂ lfT

tengsizl iklar  o'rinli bo' ladi,  blinda </,- n : ;  a K sonlarmng haï
b i i i  o, l r 2 ........ 9 so nlardan buicja tengdir.

Quyidagi
1

r n  ■ <> n , r n "  a r , - a \U 2 - - Ü r, +  j~ „ '

sonlarninq haï biri <x î r iatsional  sonni aniq l ikda taqnbiy 

i fodalaydi.
Shunday qilib, yu qor idagi  munosabaldan kor inadik i ,  n ni 

yptar hc ha  katta qi l ib ulish hisobiga a  sonni  istalgancha

aniq l i kda  r„ va r'„ ratsional  sonlai {onl i  kasrlar) yordamida

taqr ib iy  hisoblash mu m ki n :  u  *  rn . a  « r'n . Yuqoridagi  rn va r„ 
ratsional  sonlarni n ios  ravishda "kami" hamda "ortig i" bilan a  
s o n m n g  o'nli yaqin lashuvchi lar i  dpb ataladi.

Mashqlar .

2.8.  M a ’lumki,  q i sqa mi ay dig an  r -  ~ - , ( p  e 7., n e Y )  kasr

ko' r inishida tcisvirlanadigan har bir son ratsional son doyilai pdi. 
Shuningdpk,  chpks iz  davriv onli  kasr kor inishida  
tasvir lanadigan har bir son ham ratsional son dryiladi Bu 
ta' rif larning pkvivalpntligi isbotlansin.



2 . У. t ' s h b u

■: ■ ■ h I
)

t o  p l a m  c l i e q a i a l a n q c i n h k k a  t e k s h i r i l s i n .  
2 . 1 0 .  U s h l ) U  h' : . ! - ! ,  1 s o n l a i n i n q  r a t s i o n a l  s o n  e m a s l i q ]  

i s b o t l a n s m .

2 . 1 1 .  I  b h b u  \ \  1- v - * • ч // t и .• i » s o n n i n q  l a t s i o n a l  s o n  
m n a s l i g i  j s b o t l a n s m .

2 . 1 2 .  U s h b u

.1 {/•:/•' { ) .  r  • i i /- (  n , /- - ( -  л J

. I ' - V Г <J.r (1.Г ■ 2 |
top la ml a tn in g  Q da kesmi ba j a u sh i  va A to p l a m d a  e n g  kat la ,  

Г to p l a m d a  pikj  kirhik Piémont mavjud pmasligi k o is a t i l s i n .  
2.1чЗ. Agai to'plam ch o q a i a la n g a n  b o ’lib, /•', r _ b o i s a ,

ni! /' ' шГ l'\ ■- Slip l \  •- sup [■: 

tenqsjzliklai  ninq bajanlishi isbol lansin.
2 . 1 4 .  A v l a v l i k ,

A  ̂ {r :r  t- O ) : A' - r Q\
to plamlai u  da (.1,. ! ' ) kes im bajarib,  u a  haqiq iy  sonni 
aniqlasin:

Ushbu
-  . ■ ! ' - {  r ‘ : r' ■- . ! [ r -  .1 { - r : r с  A } 

to ’plamlcii çj da kesim ba jari sh i  korsat i l sin.  (Bu kps im 
amq la nga n son и soniga ([aranui - q a i s h i  son dpyiladi va u — a  
kabi  bolgilanadi,  qaralsin, |1 j, 2  bob) .

2 . 1 5 .  j l  haqiqiy sonlai  Ы . . Г ) ,  kpsimlar b i lan  
amqlansin:

</ -  ( . I. /Г) . / t  =  ' )  [ i l  >  ()./< ?•; 0 }
Ushbu

Г  { r  r  e  {.) . /■ ' . [ )  {>• t : r  <. A . r  •<)./. .  H , I . u }, Г ' -  Q  ( ’ 
topla mlar  о  da kpsim bajar ishi  k o i sa t i l s m  (B\i kos nn  
amqlangan son a  va // ba qiq iy  sonlar  k op ay lm a si  deviladi va u 
>t kabi bplgiianadi,  qaralsm, J l ] ,  2 b o b ) .

2 . 1 6 .  Aytaylik,  </ -o haqiq iy  son ç  da ba|<inlgan 
kpsim bi lan aniqldng<m bo'lsin.  Ushbu

i ¡/- /- c { K f  " j  > j  I * r r . - l ’ i .  i " - < j  r
I r  I



topla i i i la i  (' da kos i m ba|arishi k o i s a t i b m .  |Hu krsim 
an iq lam ja n  sou a h a qi q i y  songa  nishdtan t t 'skan son dpyiladi va

u ' kabi  beJgilanadi ,  qaralsin,  |1|, •’ bob).

2.17.  Haqiqiy so im in g bulun daiajasi ,  luiqiqiv sondan 
o lingan ildiz hamd a h a q i q iy  soiming misional  daiajasi  t a nf l a n  
kpltirilsin.

2.18.  Aytaylik,  a  c- R . a  ■ 1 va /< mu shat haqiqiy son y  da 
ba jar i lqan  (/MO k e s i m  bi lan  aniqlangan sonlar bo ls í n .  Ushbu

/■; -  { X -  V e  Л .  V <  0 }  w  { , / '  b e  B \

/■; ' - R '' }■:
l o p l a m l a r  R da  k e s i m  bajarishi korsat i l s in  (Bu kpsim 
an iq la n g a n  son a h a q i q i y  soiming -  fi darajasi  dpyiladi va u

a p kabi  bplgi lanadi qaralsin,  11]. 2 bob)
2.19.  Aytaylik,  x e  R , y  e R bo Isin. Ushbu

p ( x ,  \ ) -  I.Ï -  > 1 
m iq d or  *  va .v n u q t a l a r  oiasidagi masofa dpyiladi.  Masofa 

quyidagi
1 ) p (x . y )  Ï  0 , p { r  . y)  -  11 C=' A =•• >■
2) p { x , y )  » p ( y , x )
3 )  P  к X  . У  )  <  о  . P  (  X . 2  )  +  p i s .  y  î  ( -  с  Ä )  

x os sa l arg a  ega  ekaii l igi  isbot lansm.
2.20.  s2 son ta q r ib iy  hisoblansin.
2.21.  7i  i r ratsional  so iming gpometrik tasviri topilsin.
2.22.  Haqiqiy  so n lar n in g  gporriptiik tasvirlan topilsin.



I l l  B O B

F u n k s i y a

Punksiyd matematik an al i zn in y  asosiy Uishunchasi ,
 ̂ Tabia tda ,  texnikada  vd fanning lurli s o b a l a r i d a  

uchray diga n k op gi na  jar a yo nl ar  iunks iya  lushunchas i  b i la n  
b o g l i q  (bu jarayonldni ing tinit(»mutik inodellari fu n k s i y a la r  
bilan i lodalanadi) .  Binobarin,  bu jardyonlar  bi lan b o q ' l i g  
iikiSd Idldrni o'rganish va y o c h i s b  lu nksivalnrni o r q a n i s h n i  
taqozo etadj .

l - § .  F u n k s i y a  t u s h u n c h a s i

1°. O 'zg aru vc h i  va  o ’z g a r m a s  miqdor lar .  Biz i a b ia tn i  
kuzatish va o'rganish jarayonida  uzunlik,  yuz, ha jm,  vaqt ,  
temporatura,  massa kabi  mi qd or la ry d  duch kcldmiz.  K o n k m l  
sharoitda bu miqdorlar b a ’zan  turl i  qiymat larni  qabul  q i lsa  
b a ’zan bir xil q iymatga l o n g  bo'Jadi.  MasaJan,  aciar 
audi lor iyadagi  talabalarga a y la n a  cbizish  taklii  etilsa,  u n d a  
taldba turli kattal ikdagi radius  bilan aylana ch i z g an i n i  
kora mi z .  Bund a aylana radiusi turli qivmatlarni  qabul  q i lq a n i  
uchun u zyaruvrhi  miqdor bo' iadi .

Ma  lumki,  liar qa nd ay  a y la n a  uzunligi S  n iny  u n i n g  

diamelri  2 r ga nisbati ^  o z g a r m a s  son ga tengdir .

S h u n d a y  qilib, ikk i  xil o 'zgaruvchi  hamda o z g a r m a s  
miqdor lar bo' iadi.  Odatda o ’zg aru vc hi  , v , r ,... harf lar o rq al i  
belgi lanadi .

Agar o zga ru vc hin ing  q a b u l  qi ladigan q i ym at lar id an  
tuziigan to plain m a 'Jum bo' l sa,  o 'zgaruvchi  ber i lgan  d eb  
hisoblanadi.  O z g a rm a s  miqd orn i  h am  o'zyaruvchi  deb  q a r a s h  
mumkin.  Butida o z g ar uv c hi n in g  qa bu l  qi ladigan q iymat lar id an  
tashkil  top ga n to'plam bi ttagina  e l c m e n t d a n  iborat bo' iadi.

Matem at ika da  bir n e c h a  o 'zga ruvc hi  miqdor lar  h a m d a  bu 
o'zgaruvchi  miqdorlar o ra s id a g i  bog' lanishlar  o ’rganiladi .  
Aylana radiusi r ham. ay lana  uzunl ig i  ham o'zyaruvcbi  m i q d o r  
bo  lib, s - 2xr munosabat  bu o 'zgan jvchi lar  s o ra s id ag i  
bog  lanishni ifodalaydi. Bu erda  r — erkli  ravishda o 'zg a ra d ig a n  
o z g a n j v c h i  bo  lib, s osa un y a  b o g l i q ,  erksiz o ’zgaruvchidir .  
Aylana radiusi A - - - { r . r r  R , 0 < r < . o o }  to 'p lamdagi  qiymat larni  q a b u l  
qilsa, aylana

k s



u / . u n l i q i  t u n g  q i y t n a t l a n  > g a  b o q ' l i q  b o ' l g a n  h o l d a  

A. ---¡.v .v f RS)  • \ •• *  } t o p l a r n r n  l a sh k . i l  e t a d i .
S h u n d a y  qi l i l ) ,  í k k i  x i l  o r k l i  h a m d a  o r k s i z  o ' z g a n i v c h i l a i  

b o l a i  f * k a n
2".  Funksiya t a ’rifí. a va ) lar hagiqiy sonlarmnq bnor  

l o ’planilan (A' c  R .)' c  / 0  bo'lib, x va y o'zgai nvchilar mos  
iavishda shu to p la m la id a  ozgais in :  jre.V. ye>'

1 - l d ' n f .  Agar .v t o p l a m d a g i  har bu x songa biroi f  
q o id a g a  ko'ra y t o p l a m d a n  bitta y  son inos qo'y i lgan  bo  lsa, ,\' 
to ' p l am d a funksiya beriiqan  de b aytiladi.

Ba'zan funksiya A' to 'plamda borilgan deyish o' iniga 
t i mk siy a  to 'plamda a n iq la n g a n  dpb hain yuritiladi. Funksiya 

f  x y  yoki y - f  (x )
k ab i  bplgilanadi.

Bund a A' lun ks iy an in g  aniqlanish to'plami (sohasi), y psa 
h ink s iy an ing  o'zqarish to'plam i (sohasi) deb ataladi,  X erkli 
o'zgam vch i yoki í u n k s i y a n in g  aigumenti ,  y erksiz o'zgaruvchi 
yo k i  x o 'zgaruvrhming fun ksiyasi deyiladi.

Funks iyaga  misol lar  koltirarniz:
1), X  =  ( - 0 0  , + c o  )  , Y' -  ( O . + o c  ) bo'lsin, f  qoida  sifatida

/  : x - > y ~ x 2 4 1 
ni  olaylik.  Bu liolda, ravshanki ,  har bir .reA’ uc hun  bitta v’ +l 
topi ladi  va t i  e Y bo ' l ad i  Dcunak, A" da y -  v  *  1 funksiya 
aniq langan.

2). X - R ,  ) -  Z va  / - h a i  bir haqiqiy * songa  uning butun 
q ismi  [x \ ni mos qo 'y uvchi  qoida  bo  lsín. D^mak,

/ v -» [a] yoki y = [v]
fun ks iy aga  ega  bo la m iz .

3). Har bii  íat s ional  s o n g a  1 ni, hai bir inats ional  songa 0 
ni  m o s  qo'yish nat i jasida funksiya hosil bo' ladi Bu Dinxle 
funksiyasi  dpyiladi va l)(x) k a b i  belgilanadi:

[1.  a v a r  x  m is ion a! son  b o 'lsu  
Ü( x )  =  \

[ 0 .  d i’ür x irralsionu l son no'Isa

Funksiya  ta ’nfida X.Y to'plamlarning hamda f  qoulaning 
ber il ishi  muhimdir.  Ko 'pincha,  amaiiyotda íunksiyaning 
aniq lanish  sohasi A’ h a m  shu qoidaga ko'ra, ya'ni  funksional 
bog' lanishning  xarakter iqa  ko' ra topiladi.

Ma salan  , ushbu

A ‘



X +  I

x  1 -  5 -r +■ (>

funksiycimng amqlamsh sohasi ,  tabi iyki  \ - 2  , x  =3 nuqta larni  
o'z i chiqa  olmasligi keiak 

I J shbu
{/(Jf) -V £ .V }

to plam funksiyaning q iymat lar i  to'plarni deyiladi va ), kabi 

belqi lanadi:
y ,  =  { / { X )  : X e  .\ }

Ravshanki,
Y , c  Y

Kelt iri lgan 1 - m i s o l d a  y t [i.+oo], 2 — inisolda y : = ¿ , 3 — misolda

esa Y. = {0,1} bo'ladi.
Biror A’ toplamda y = f ( x )  funksiya amq la n ga n  bo' l sin 

e A* ga inos keluvchi y0 m i q d o r  y = J ( x )  funks iyaning  x  = x 
rmqtadagi  xususiy qiymat i  d eb  ataladi va u f { x 0) = y0 kabi 
belgi lanadi .  Nlasalan, 2 - m i s o l d a  x0 = n bo ' lganda 
bo'ladi.

Tekis l ikda  Dekart koordinatalar  sistemasini  olamiz.  
Te kis l ik nm g (*/(*)) nuq ta la n da n  iborat  ushbu

{(JC,/(Jfjj } = { ( x , f i x ) ) : x c  A \ / U > 6  Y}  
lo 'plam y =f ( x )  funksiyaning grafigi  deb ataladi.  Ravshanki ,  
{(^/U))}^ XxY bo'ladi. Nlasalan,  y = xi funksiyani  A'=[-U1 
t o p l a m d a  qaraylik Bu funksiyaning  graí igi  1 1 —chizmada 
í fodalangan.  Bunda XxY  to  p la m  shtrixlar bi lan k o  rsat ilgan 
kvadratni  bildiradi.

11 — c h i z m a



3 . F u n k s i y a n i n g  bor i l i sh  iisullari.  Funksiya ta'rifidagi hai 
bu  a (ja bitta i m nios q o y a d i q a i i  qoida yoki qo nun tuil i  usulda 
berilishii mumkin  Biz ularm qisqacha  qarab o tamiz

Ko  pincha  v va , o z qa m vc h i la r  o iasidagi  bog' lamsh 
fo imula lar  voidamida í todalanadi .  Blinda a igumpnt .1 ¡ung hai 
bir q i ym at iga  nios kpladigan , funksivaning qiyinatini a ustida 
turli a m a l l a r -  qo  shish, ay insh,  ko'paytirish, bo'l ish, darajaqa 
k o t a n s h ,  íldiz ch iqansh,  log<uífiulash va h.k. ainal larm bajarish 
nati jas ida  topiladi.  O d a t d a  bu nda y usul íunksiyaninq ana l i t i k  
u s u l d a  ber i l i s lu  doyiladi.

Misol lar  kelt irayhk:
1). x va y o zg a iuvchi lar  ushbu

r ~ 4\ -  r'
formula  yordamida b o g ' la n g a n  bolsín.  Bu funksiyaning 
a m q l a n is h  sohasi  A {x . .x z R.--\< x <\) [ i.ij t o p l a m d a n  iborat. 
B u n d a  har bii , ga mos  kpladigan , ning qiymat i  a w a l o  x ni 
kva dratga  k o t a n s h ,  s o n g r a  uní 1 dan ayirish va bu ayirmadan 
kvadi at  ildiz rhiqarish kabi  amallarni  ba]arish nati jasida (opiladi.

2). a- va y o zga iuvchi la i  orasidagi b og  lanish quyidagi 
formulalar  yordamida bpri lgan  bo  lsín;

.,-=/00 J 1-
I - 1 .  ‘1̂ -ir x  -v 0  hit' Isa

Bu funksiyaning  a m q l a n is h  sohasi = bo'lib,  uning 
q iymat lar i  sohasi  >={ - u)  to ' p l am d an  iborat Odatda  bu funksiya

y  -  signx
kabi  bplgi lanadi.  Bunda  s ign  lotincha signum s o z id a n  olingan 
b o l i b ,  belgi" ,  " i shora” d pg an  m a ’noni anglatadi

B u  y^stgnx funks iy an ing  .v = o nuqtadagi qiymati  nolga tpng 
d eb  qabul  qilsak, u H t o p l a m d a  amqlangan bo'ladi.  ( 1 2 -  
chizma) .
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h o n - М П  h ; >ll' i r d í  ,V , t " n  V"  r l V ‘ n  °  7,9 ' 1 Гиус'Ь ¡ I t ir  o r a s i d a q i  
b o q  l a n i s l i  f o r m n I f i l c i r  y o r d a m i d a  b e r i l m a . s d a n  j a d v a l  o r q a l i
j ie ri lqan l)o listn mumki i i .  Masalan,  ki ln d a v o m id a  Imvo

ha] oral  mi kuzalq......1 п Ы „, ,, ve«,ld„ havo harora l i  /, , vaqtda

E 7 ’ hdn>r,,li '  V"  h k N-Mi.i<|d q u y i d a q i  ladvalqa

V . i q l ,  1

hnn -| n ■ ' "  Г '“ 1 an  han,rdti  T  oräsi<l« 4 i  funksional  
o q l a n j s , , , ,  ifoclalaydl, b l inda I arqumenl ,  T  osa  innksiya

d e b l t l i r  Я ’ b( 'riMshi' jf,dvrtl usul ida  ' ’ '’ rilishi

\(>) t e k i s l i q i d a  s b u n d a y  L c h i z i q  b e r i l q a n  b o ' l s i n k i  o\ 
o q i d a  ( o y l a s h q a n  n n q t a l a r d a n  s h u  o q q a  o l k a z i l q a n  
p e r p e n d i k u l ä r  b u  L r h l z i q n i  l a q a t  b i l t a  n u q t a d a  k e . s i b  o ' t s i n  ' 

ox  o q i d a q i  b u n d a y  n u q l a l a r d a n  i b o r a t  t o p l a m n i  i o r q a l i  
b e l q . l a y h k .  \ t o  p l a ñ i d a  n i x t i y o r i y  , n i  o l i b ,  b u  „ u q t a d a n  ox 
o q i q a  p e r p e n d i k u l ä r  o t k a z a i m z .  B u  p e r p e n d i k u l a r n m q  L 
< n i / i q  b i l a n  k e s i s h g a n  n u q t a s m i n q  o r d i n a t a s i m  , b i l a n  

j o l c j i l a y m i z  v a  o l i i u j a n  , q a  b u  , ni  m o s  q o ' y a i n i z .  N a t i i a d a  \ 

t o  p l d i m l d i ]  o l i n q a n  h a r  b i r  л q a  y u q o n d a  k o ' r . s a t . i l q a n  q o i d a q a  
k o r a  ni t  t a  , m o s q o y i l i b ,  f i m k s i y a  h n s i l  b o ï a d i .  B u n d a  , v a  v

boZh d U l ' t - ar ° raSlda bo ( i ‘lanish L i'hiziq y o r d a m i d a  ber ilqan



bo ' ladi  (13 • chizma).
O d a t d a  / n i n g  b u n d a y  b e r i l i s h i  u i i i n g  y i a f i k  u s u l d a

b e r i l i s h i  df-*b a t a l a d i .

S h u n d a y  qilib, biz funksiyaning  anahtik,  jadval, giafik 
usul larda  beri l ishim k o r i b  o t d i k .  * va > o zgaruvchilar oiasidagi 
tun ks ion al  b o g l a n i s h  yuq or id agi  uchtn usul b i langina  bprilib 
qo lm a sd a n ,  boshqacha ,  f a q a t g m a  íboralar bi lan ham berilishi 
mu m ki n .  Masalan,  har bir natural  n songa uning bo lu v ch i la n  
so n m i  m o s  qo y a yl ik .  B u  moslikni (p orqali  belgi laymiz 
X u su s a n,

<p(\) = 1,^(2) -  2: <p(3) = 2,<?>(4) = 3.y?(5) = 2,. ,p(12) = 6  
O d a t d a  b u  funksiya Eyler  f u n k s i y a s i  deyiladi.

M a t e m a t i k  analiz kurs ida  asosan anahtik usulda berilgan 
fun ks iy a lar  organi ladi .

X  t o p l a m d a  y ^ f ( x )  funk s iy a  aniqlangan b o l s í n  Agar bu 
funk s iy a  q iym at lan da n tuz ilgan

Y f  =  ( / { * }  . x e  .V}

t o p l a m  yuqor i dan (quyidan) chegara langan bo lsa ,  f (x)  funksiya 
X to ' p l am d a yu qo r i dc i r  ( q u y i d a n )  ch egc i ra la ng an  deb ataladi, 
aks  h o ld a  esa  funksiya y u q o r i d a n  (q u y i d a n ) c h e g a r a l a n m a g a n  
deyiladi .  Agar f (x)  funks iya  x  topl am da  ham yuqoridan,  ham 
q u yi d a n  chegar a lan gan  b o  lsa, funksiya chegaralangan deyiladi

3 . 1 - m i s o l .  Ushbu

" ■ ! : 5
funks iya nin g  che gara langanl ig i  k o  rsatilsin.

so



•4 Bu funksiva c.cc) da aniq langan ho'l ib,  t  «= к  da 
/(.v) -o boladi .  D^mak,  bfMilgan funks iya  (¡uyidan 

chogara langan 
Ravshanki,

(I - V: ) 2 > 0 =* 1 - x4 > 2 v г : < i
1 + x  * 2

l lnda,  Vvf  R uchun

bol i sh i n i  topainiz. Dpinak,  b e n l g a n  funksiya y uqo r i da n ham 
chogaralangan.  ►

X toplamdci aniq langan ikki fix) hamda </>(.*) funksiyalanu 
qaraylik.

Agar Удел' da f(x)=<p{x) b o ls a ,  bu funks iyalar  .V toplamida  
b ii biriga teng funksiyalar deyiladi.

Л to pl am d a  an iq la n g an  t-\x) = f {x)  •* q>{x) funk s iy a  f (x) va 
(p{x) funksiyalarmng yig indis idan iborat. Ikki funks iya  avirmasi, 
ko  paytmasi  va msbati  ham shu nga  o x s h a s h  ta' rif lanadi .

4°.  Juft  va toq funksiyalar .  Agar u c h u n  - x e X  bo  lsa .V 
t o p l a m  о  nuqtaga msbat an  sim m etrik to'plam  deyiladi.

о  nuqtaga  nisbatan s immetr ik  bo' lgan X to  p lamd a x = f{x) 
funksiya aniqlangan b o ls i n .  Ag ar  v.re.V uch un

./'(-*) = f ( x )
b o ls a ,  f ix)  juft funksiya d e b  ataladi.  Agar v.reA’ u ch u n

/ ( - * )  = - f i x )
b o  lsa, f {x)  toq funksiya d e b  ataladi.  Masalan,

у  -  c o s  x,  у  =  |дг|

funksiyalar uchun
c o s (  — J f )  =  c o s  x,  j -  jc| =  Jjc|

b o l g a n i  sababli ular juft funksiyalardir.
Ushbu

у  =  S l n  X , v =  *  '

funksiya uchun
s i n (  X )  =  -  s i n  X .  (  -  X  ) 1 =  -  Л '

b o  lgani sababli ular toq funksiyalardir.
Shuni  ta'kidlash lozimki ,  funksiya har doim juf t  yoki toq 

funksiya bo  lavprmaydi.  Bunday funksiyalarga
f(x) = x2 x.<p(.r) = sinx-ccis.r lar  misol  bo ’la oladi Bu funksiyalar juft 

ham omas, toq ham emas.



Juft funksivaning giafigi  oidinata o'qiga msbatan  simtnetnk 
joy l ashgan dir .  Haqiqatan,  b u n da y  funksiyalar uchun ( v. /(v)) 
nuq ta  tunks iya  grafigida y ot ga n  bo'lsa, ( \jlx)) nuqt<i ham shu

T o q  funks iyaning  grafigi  koordinata boshiga  nisbatan 
s imirietrik joylashadi .  Haqiqatdan,  bu tunksiya grafigida (x.f(x)) 
n uq ta  b i lan  bi rga  har doiin (-.r.-/(*)) nuqta  yotadi.

5 Ü. Dav r iy  funk s iya lar .  Aytaylik,  f ix)  funksiya XczR 
t o 'p la m d a ber i lgan  va l e R  bo' l ib,  T * o  bo'lsin

2 - t a r i f .  Agar
1 )  V . r  6  X  d a  x - T  f . V  ,  x + T e X
2) f ( x  + T) = f ( x )  (3.11 

bo' lsa,  f ( x )  d a v r iy  funk s iya ,  7 soni esa funksiyaning davr i  
deyiladi.

A g ar  /(a) davriy funksiya bo'lib,  uning davri 7 ga i/ * 0 ) 
te ng  bo ' l sa,  kT (fr = +i.±2,±3.. ) k o ’rinishdagi sonlar ham shu 
f u n k s i y a n in g  davri bo' ladi.  f (x )  funksiyaning musbat  davrlan 
to'plamini  A/ dpb belgiavlik.  Agar

70  ̂mt M
ham f i x )  funksiyaning  davri, ya 'ni  70eA/ bo'lsa, u en g  kichik 
musbat  davr  (asosiy davr) deyiladi.  Eng kichik musbat  davr 
mavj ud bo ' l i sh i  ham mumkin,  inavjud bo'Imasligi ham mumkin  

M is o l l a r  qarayhk.  1). f (x)  = snu funksiya davriy funksiya. 
Uning  davrlari  to'plami \2nk *• = +].±2. } bo'lib, eng k ichik  musbat 
davri Tc = 2n b o  ladi.

2).  /(.r) = {.v| funksiyani qarayhk,  bunda 1 x\-  qara layotgan x



ning ktisi qismi ¡ ' l - . v  j.v| bu davriy funksiyddu Uninq 
davrlaii to'plami [m f I . t2.  ¡ bo' l ib,  onq  k ichik musb.il
d<ivri  T. - I  b o ' l a d i

3). f ( x) ^c  bo'lsia,  bundci ( ’ --cohsi. Ru holdci pnq kichik 
musbat davr mavjud omas.

4j. Dirixle funksiyasi
f I , agai .v ratsional  son bolsa ,

¡ H x )  - <
[ 0, agar x ir ra ts ional  son bo'lsa 

m qaiayhk.  Aytaylik,  T — b n o r  iatsional son \T í i i )  bo'lsin.
U holda

í ratsional son, agar at i at s ional  son  bo' lsa
x +  T  ~  -j

| irratsional son. agar x  irratsional  son bo'lsa

b o ' l a d i .  D e m a k ,
( 1, aqar .v ratsional son b o  lsa,

/>{* + ’/"> j
 ̂ 0,  agar  -t irratsional son  bo' l sa

Shunday qilib, v.t uc hun  7  ratsional son b o ' l g a n d a  
! ) ( x + '/') =  I  ) { x )  ( * )

bo'ladi. Demak,  Dirixlp funksiyasi  davriv funksiya,  íx t iyony T * n  
ratsional son bu iunks iyaning  davri.

Endi biror r irratsional sonni olaylik.  U n d a  v* uchun (3.1) 
munosabat o'rinli bo lm ay d i ,  chunki * ratsional  son bo' lganda 
\ + T irratsional son bo'lib,  / ; ( . * )  = l ,  D ( x  + r )  = o .  Demak 

irratsional sonlar Dirixle funksivasi  uch un davr pmas. B inobann,  
Dirixlp funksiyasining davrlari to'plami (j {0¡ dan iborat. Enq 
kichik musbat davr es a  mavjud emas —b a i c h a  musbat ratsional 
sonlar toplamining  lnfimunii nol bo'lib,  u Q' }()} ga tpgishli emas.

6 (l. Monoton fnnksiya.  Teskari  fun ksi ya .  Murakkab  
funksiya.  Faraz qilaylik,  J\ x )  funksiya , V c «  t o p l a m d a  berilgan 
bo'lsin.

3 - t a ’rif. Agar V v .  e uchun
V, < x 2 f ( x t ) - . J ( X 2 )  

bo'lsa, f i x )  funksiya A to plamda o ' s u v c h i ,  

r, < ,v: / ( v,) • j  ( v; )

•>%



bo'lsa,  f (x)  funks ivd .v to 'plamda qat 'iy o' suvchi  deyiladi.
4 —t a ’rif.  Agai  v.r, e .V, v.x, c  .V uchun

-V, / ( X , ) : *  f  ( a‘: )

bo 'l sa  f (x )  funks iya  -V to 'plamda k a m a y u v c l ü , 
x, • x-, => / ( * , ) > /( * ; )  

bo'lsa,  f {x )  funk s iy a  X to 'plamda qat 'iy k a m a y u v c h i  deyiladi.
O 'su vc h i  hcimda kamayuvchi funksiyalar monoton 

funksiyalar  d eb  ataladi.
3 . 2 - m i s o l .  /(x)-=x! funksiya X = R da qat ' iy o'suvchi bol i sh i  

korsati l s in.
4  Darhaqiqat ,  Vx. q R, V.v2 e R nuqtalar olib, x, <*, b o  lsín 

deb qaraylik.
U  ho lda

bo  hb,
/ < * , ) > / < * , )

bo'ladi.  Dem ak ,
X, < r 2 ^  f ( x , ) < f ( x : )

bo  lishi t o p i ld i .^
X a R  t o 'p la m d a  v -  f ( x )  funksiya aniqlangan bo'lib,  Y.- esa

funksiya  q iymat lar idan iborat t o p l a m  bolsín:  Y,  =  { / ( x ) : x e A ’ } . 

Endi Y{  to 'p la m d an  o lingan har bir y ga x to'plamdan faqat 
bi tta  ( / ( * ) =  v b o l g a n )  v ni m o s  qo shish mumkin bo'lsin.  Bu 
holda Y,  to 'p la m d an  ol ingan har  bir >• ga x  to'plamda bitta x  

mos qo 'y ii ishini  l fodalaydigan funksiyaga  kelannz. Odatda,  bu 
funksiya y  = / ( x )  ga nisbatan teskari  funksiya deyiladi va u 
x = /-'(y)  k a b i  be lgi lanadi  Demak,  x = f-'(y)  shunday funksiyaki,  

/"'(.v) = /  ‘ (/(*)) = *  bo'ladi.
Agar x~ f  \y)  funksiya y  = f { x )  ga nisbatan teskari funksiya 

bo'lsa,  y - f ( x )  funksiya x = / ’(>) ga nisbatan teskari bo'ladi.  
Shuning  u c h u n  ham y = /<x>, r = / ‘(>) funksiyalar o'zaro teskari 
funksiyalar deyiladi.

Ravshanki ,  quyidagi
/ ( /  1 ( V ) )  =  v .  . /  1 ( / ( ■ « ) )  =  .T

xossalar  o'rinli.
Masalan ,  /(x) = 2.r + l funksivaning [0,1] oraliqdagi



qivmatlan [1.3] orahqm tashkil  e tadi  va 11.3] ora hqda 

dniqldngan x / ’( i) 1 funksiya b o u l g a n  i = 2.v I funksiyaga

nisbatan teskan funksiyd boladi .
Endi m u ia k k a b  funksiva tushunchas i  bi lan  tanisharmz.
>' /(v) funksiva \ sohada a n iq la n g a n  bolib,  Y, osa 

funksiya qiymatlaridtin iborat to p l a in  bo l s í n :  ),--{/<•*'' . veA} .  
So'ngra Yf to 'plamda o z  navbatida  bi ror  z -<f iy)  funksiya 

beri lgan bo lsín. Nat i jada .v t o p l a m d a n  o l i n ga n  har bir x ga Yf 

to p la m d a n  bitta \{f x- >vi son va Y, to  p l am d an  olingan b un day  
v  songa bitta z ( g > . y - + z )  son mos qo y i l a d i :

Demak,  x  to p l a m d a n  o lingan har bi r  x gd bi tta  z son m o s  
qo  yiladi.

Odatda,  bunday holdo /  va (p funksiya larning  mu rakkab 
funksiyasi ber i lgan  d^yiladi va u z~<p( f(x'Y) kabi  belgi lanadi

Masalan,  z~^Jx + 1 funksiyani qaray l ik  Bu funksiya z---yjv,  
>■- t - t - l  funksiyalar yordamida hosil  bo ' lgan .  y = x + l  funksiya  
R ~ . ( - cc.-kc) da aniq langan bol i b ,  z - J y  funksiya esa y >  0 ya 'm  

x f I > 0 da mavjud b o la d i  Demak,  z  ~ Vx + 1 murakkab funksiya 
ushbu A” = { x . x  e  R.  x >  - 1} to 'plamda aniq langan.

2 - § .  F lem en ta r  funk siya lar

M a lu m k i ,  o'rta maktab  in a te m a t i k a  kursida e lementar  
funksiyalar va ularning b a ’zi bir xossalar i  o'rganiladi.

F:unksiyd - matemat ik  analizda o'r g am la d ig a n  asosiy ob yekt  
bo ' lgam uchun biz ushbu paragrafda e l em en tar  funksiyalarga 

» to xtalamiz.
Hlementar funksivalar sinfr a so sa n  orkli ozgar uvch i  x 

(jre/?) hamda o 'zgarmas sonlar us t ida  qo'shish, ayirish,  
ko'paytinsh,  bo'lish, darajaga ko ' lar i sh  hamda logarifmlash 
ainallariiii bajarish nati jasida hosil  b o l a d i  Bu hosil bo ' lgan  
l fodalainmg mavjudhgi  2 — b o b d a  q a r a b  o'tilgan ha qiq iy  
sonlarning yig'indisi,  ayinnasi ,  k o p a y t m a s i ,  nisbati,  shunmgdek,  
haqiqiy sonning haqiqiy darajasi,  h a qi q i y  son logarifmining 
mavjudligidan kel ib chiqadi.



I1'. Butiin v a  kasi  ratsional  funksiyalar.  Lshbu
i’ = a (i v" f г/, v” -t t ü" , V t </„

k or im sh d ag i  iu n k s iy a  (blinda nc '• va « , <v ■<•„ •, " .  o z g a i m a s  
sonlar) but un  m i s i o n a l  iunk s iya  c)pb ataladi Rutun ratsional 
iunksiya k o ' p x a d  deb  ham vuritiladi Butun ratsional iunksiya 
K^(-«. ,+cc)  da  am ql an ga n .  Xususan,  у- -чх  + Ь chiziqli iunksiya 
va v = a x - t } , x + с kvadral uchhadlar  butun ratsional 
iunksivalardir.  M a ï u m k i ,  chiziqli iunks iyaning  qrafigi tekisl ikda 
t o g n  chiziqni ,  kvadrat  uchhadning  g ia figi  psa parabolam 
lfodalaydi.  Kvadrat  uchhad grafiginmg holati  и  kopffitsipnt 
hamda disk rmi na nt  ning i shoralanga b o g h q  bo'ladi.
1 5 - c h i z m a  p a ra bo la n in g  tpkislikda turl icha joylanish holat lan

ko'rsati lgan.

(!\

15 —chizma.
Ikki butun ratsional  funksiyaning nisbatidan tuzilgan

a t,x" a , . t” 1 + • + c*„ *  a„
+ b_b 0 X + b ix ” ' ь .. f- b n................

funksiva kasr  ratsional  iunksiya dpb ataladi.  Kasr ratsional 
funksiya

*  = /< \ { v t  e  /Í./’0.vm + Лi r m 1 + * h m ,.v i b m = 0} 
toplamda,  y a 'm  maxraj ru nolga aylantiruvchi nuqtalardan faiqli  
b o l g a n  b a r c h a  h aq iq iy  sonlardan iborat t o p l a m d a  aniqlangan.

Xususan,  v = -  va v--a^ h. lar kasr ratsional iunksiyalar
x + d



bo'ladi.
M<i luniki, \ 1 tunksiya qra liq i tonq yonli q ipo ibo ladan

\
iboiat [ l 't  chi/.ma).

\/*
‘ ;l

I

17 < hizma.
2 ° .  D a r a j a l i  f u n k s i y a .  U s h b u

У x "
k o n n isad ag i íu iiksiya  dt.i'ujaii ii i- iL sy  •» df'b ö'<1cj i, hunda 
ix tivo ny  ozq ann as  haqiq iy son. D arajali lunksiyan inq  an iq lan ish  
sohasi и  ga b og h q . u butun son bo lg an da  ratsional h inks iyag a  
tjga bo lanuz.

Aqrii ^  iatsional, m asrlan // - 1 >n bo lsa , m j'jft b o lg an d a

v " - x "  lunksiyan ing  an iq lan ish sclm si .V =Kî,mo), ioq  b o lg a n d a  
<*sa funksiyan ing  aniqlanish sohasi К  oraliqdan iborat
bo'ladi. f i irratsiojial bo lganda л - о deb olinadi. D ara ja li 
funksiyaning grafigi //>(> b o lg an d a  hai doim  tokishkning (0,0) 
hamda (1,1) nuqta landan о îadi (18-  chizina).



a>1

О X
1В - chizm a. i 1) chiZIT’d

Darcijaii fu n k s iya  ushbu (<>. M  o ialiqda a -o
bo'lganda o'suvchi, t¡ <) bo'lqanda esa kainayuvt iu  bo'ladi 

3°. K o 'rsa tk u  h li fu n k s iya . Ushbu

korin ishdaq i (unks iyc  ko 'isa tk ich li funksiya dob araladi ouncv 
j  -o va ,i*i. K o 'isd tg ic lili íunksiyaning aniqlam sn solios! ¡i 
to 'plam dan ibo ia l b o lib , funksiya q iym atlan  osa hai doim 
musbat bo'ladi. Ru  funksiyan ing  g ia iig i ox  o'qidan yuqonda 
joylashgan va doun tok islikn ing (0,1) nuqtasidan otad i. (19- 
rhizma)

4 °.Lo ga rifm ik  fu n k s iya . Ushbu

konn ish d ag i fu n k s iya  loganfm ik íunk.;iva d(-b -lUilad-, Ы т.Л а 
<,•>;) va u * i .  I.ogarifm ik  funksiya .'^4+^ in tor/alda апЫ апд^п  
Bu  hm ksiyani-ig g ra iig : o v  o‘c in i o'ng Icm o n id a  joylashg?n va 
doim  tokisiikm ng (1,0) nuqtasidan o'tadi (20 chizma).

У - log . X



20 •- rhizma. 21 rlnzma.
5{). T rigonom etrik  fu n k s iya ld i. t(>) tf'kishkdo, m aikaz i 

kooid inatalar boshida, radiusi I ga If'iig  bo'lgan r  + v - 1 
aylaiidni o lay lik  (21 rhizma). Bu av lanan ing  OU>) nuqtasidan 
unga ('!’ unnm a oïkazam iz. K o o idm ata  boshidan ch iqqan  va  
()t o g  b ilan  butchak tashkil n lgan ol nui aylannm  .1 
nugtada, < uunm ani h nuqtada knsadi. Ru -I va h 
nuqtdlam ing koo id ina la la ii nios lav ish da  U . r , ), (!•>’ . ) bo Isin. 
Ravshanki, .1 va a nuqta la in inq  o 'im  .v burehakka bog liq. 
Domak, lia i l)ii vi K Sun uchun ()/ o'q b ilan  v burchak tashkil 
ctddigan ol nui o tka/.ilsa, bu nurn ing  ay lana va urinm alari b ilan  
kpsishgan rm qtalim ing koo id in a ta lan  t .v x.y . lai x ga bog liq. 
Har bu v ga shu koordm atdlarini inos qo 'yayhk.

/ v > r ,

<P ■ x -> ,
<f> . x -> r  ,

Odalda, <p : v r, ga sin v, f  x >/ ga cos x,</>. \ ■-* y. ga t£x 
tunksiya deb ataladi.

V, -SII1V, V . - I,l».V , I - COS X
Bunda ), -sin», i o s  v funksiya lar r  da am qlangan ?n d avrli 
tunksiyalar bo ïib , niai uchun V ît/ ?  da

I • MI1 v-1, 1 cos v 1
tongsizliklar o ï ïn l i  bo'iadi.

v, - /tf-v tunksiya -V- l<\{.\ i !) ,/< <U I... [



b ) .

c .

0 ? *

22 chizma.
cigx , see X, cos ecx funksiya lar sin .r. cos .v va  t%x funksiyalar orqali 
quyidag icha an iq lanqan:

1
sec.v- - , cosea: - • - 

cos x ' in x
cigx - —  ,

fa*
I  Jshbu sin x, eos.v, lux v a <t%x lunksiya larn ing  grafiklari 22,--

chizm alarda tasv irlangan
6 °. G ip e rb o lik  funks iya la r. Ushbu v = ^ ' ko rsatk ich li

funksiya yordarm da tuzrlgan quyidagi
e * - e t'1 y e t' ‘ - c t- ‘ + e

2 ’ 2 c ' + f ‘ - i- '
funksiya lar g ip erbo lik  (mos ravishda g iperbolik  sinus, g iperbolik 
kosinus, g iperb o lik  tangens, g iperbolik kotangens) funksiyalar 
deb ataladi va u la r shx . chx .thx. cthx kabi belgilanadi:

c ‘ -t- ecthx - ---- -
e ‘ - eshx -

('■+«* . e ech v = ---- thx - - —-
2 <•’'+«'

shx ,chx .thx funksiya lar R da, cthx funksiya esa A R 1 !()i
to plarnda an iq langan.

G iperb o lik  funksiya lar orasida ham trigonom etrik

so



íunksivalai orasidagi bog'lam shga u xshash munosabatlar 
mav]ud N lasaian,

,hx - ' //v , ‘ //'v <hx- , sh 2x - 2 thu-hx
tll\ a/í<

7". le ska ri trigonom etrik  fu n k s iya la r . M d ’lumki, \~siti.» 
íunksiya . (id aniqUingan bo'lib, umng q iym atjan  {\cf<  - .IS vS l}
top lam m  tashkil otadi A qa i biz argum enl >r ning * c = |- *.

spqmontdagi q iym dtla iin í qarasak, y  -sinv funksiyaning

q ivm allan  ham ) M*U soginoiitda o zgarib, hunda A=rl " 2’ 2'

to'plainnm g plom^ntlari > ~\ II]  to 'p lam ning  oleu iP iitlari bilan 
o'/aro bu qiymatlt m oslikda bo ladi. Bu  hol y  s in r funksiyaga 
msbatan tpskari fim ksivan i qarash im kon in i boradi. >■ = sinx 
íunksiyaqa toskan iunksiya v-arc.suix kab i be lg ilanad i Dpmak, 
y  aresíii v tunksiya -V | — 1 -1! to p la in d a  an iq la iiaqu  bolib, 

o'zqarish sohasi y t °  p ídmn‘ tashk.il etadi
Xud d i shunga o xshash, y -cosx.y - txx,v  ̂cigx lunksiyalarga 

msbatan toskari bo'lgan iunksiyalar ham teskari trigonom etrik 
funksiyalar deyihb, ular m os ravishda
v arccos .r.» iirct^x. v - arccix.x kabi bplgilanadi.

v - ¡irccos v iunksiya V-|-l.!| da a iuq langan  bo'lib, uning 
q iym atlan ) l o' pl amdan iborat. y  = arci$x y  = arcci%: 
funksiyalai H da aniqlangan. Bu  funksiya larn ing  o zgarish 
sohalari mos ravishda va (0,;r) lo p la m la rd an  iborat.

23 -  chizm alarda teskari trigonom etrik  funksiyalarning 
grafik lan tasvirlangan.



23 -chiznia

Hndi funksiya tushunchasiga doir ba’zi m isollaini 
kpltiram iz.

3 .3-m iso l. Ushbu
/ ( * ) - -  y j \x  I -  V

funksiya iung  an iq lan ish  sohasi topilsin 
^ R a vsh a n k i, Vxe !< uchun

_  I *  I < X
bo'ladi. Dem ak, iloda m a’noga pga bo'lishi uchun

IXI X y a ’m X = к {к  с / ) 
bo'lishi kprak. Borilgaii funksiyan ing aniqlanish sohasi .V - ;y 
bo'ladi. ►

3 .4-m iso l. Ushbu

f{x) = x + '
X

funksiyam ng (0 :+ x) orahqdagi q iym atlari orasida png k ich ig i 
topilsin.

■M B i'r ilq an  funksiya uchun
y ‘ •) 1 ( V 1)' t 2x (»• 1 “

A l l  -2

fii-



Ь т к ч у а п т д  ( u -t / i d a g i png ku Ink  q iym a ti ?. qa tenq ►
3 .5-  miso! U shbu

/ ' \ ) log л ( г < V  v ‘ -M i (</ • 0. (I *- 1)
funksivanm q loq funksiya okanin i ko 'rsatilsin.

Л  Bu funksiyd A < - i  * f ) dd an iq lanqan  Borilgan 
funksiyaninq x nuqtadagi q iyinatim  topamiz;

/ (  V) lo g e(- X  i V J C ' ! I ) log „ -  - -
X i V r  » 1 

1 0 g „(x  t- 4 x 2 I- 1 ) ■ / ( X )
Dpmak, f{x ) toq funksiyd. ►

3.6-m isol. LJshbu
./м . c^iih hx 4 c l , a .b , i  o ’zqarmas son la i (/>»(>) 

hm ksiyam m j davtj topilsin.
< Da v i IV funksiva ta 'n fid an  ilodalam b,

i/ >.inI h ( . x  * 7‘ ) t <• I - и  sin( />.v f c )

deymiz. Urida

bo'lib,

- l>T , h r2 sin - - COSÍ OV + г f - ) = О
2 2

sin 1,1 -  о 
2

bo'ladi. Kpym qi tonglikdan topamiz:
hT , „  2k я

к к  уд 'n i / - ---- ( i  -±1.1:2....)
2 /)

Top ilyan  / rung q iym atlari orasida png k ich ik  musbati

T - 
" h

bo'ladi. ►
3.7-m isol Agar

I -  V

bo'lsd, / ( / ( / ( л* )}) topilsin.
< Ravshanki, /  funksiya Л' ( -cc ,1 ) \j (1 , tcc ) to 'plam da 

aniqlangan.
M urakkab  funksiya tushunrhasidan fovda lan ib  topamiz:



/I /( Ml 1 / ( w

Bu funksiva ( ■*: o i w (.()•'1 1 ■ ' > to ’plamda aniqbimjan ►

3-§ . N a tu ra l a rq u n ie n tli lunksiydlac 
(Son lar k c iin .t- k c t liq i)

la ia z  q ila y lik , /(д-i tunksiva \; -{1,2Л- • "  \ to ’plamda 
an iq lanqdn b o ’lsin. Bu holda lunksiyam ng  argument! natuid l son 
bo'ladi. Sh iin m g  m lm ri lunksiyan i ruituial a igum entli iunksiya 
deyilad i va /(/;) kab i voziladi.

Bu  funks iyan ing  q iym alla ii
v„ / (n )  ( "  ~ 1-2.-V. )

dan tashkjl topqan ushbu
X , . л*, . л , - . - a , . .. (3.2)

to’plam sonlar kotma -  kotliqi deyilad i, to ’plamnmq elem entla ji 
esa kotm a kothkim ng J ia d la i i deyilad i.

O datda, (3.2) sonlar keim a kotliqi lin ing iim um iy hadi 
% ( „  hadi) orqali belgilanadi M asalan.

,  ’ . . 1 . 1 . - 1 ... .  
a 2 3 n

x „ - n\. 1! .2! .3 ! ....  л ! ......

x„ ц " : <f.q ' . q ' . . . .  Ц" ... , 
v„ =(- I)" ■ ■ 1-1. 1-1, Д- 1)"- 

v., 1 1 L I . . 1... 
lar sonlai ko tm a kotlik lan  bo ladi.

Shun i ta ’k id lash lozimki, v „ sonlar kotma - ke llikn inq  
( n - 1.2.4.. i hadlari sonj rheksiz  bo’lgan holda bu kotma- 
kotliknm g b a irh a  hadlaiidan tuzilg-m to ’plam rhoksiz voki

chekli to ’p lan i b o ’lishi nunnkin. M asalan, l .  ̂ ' kotma

kotlik  h ad la iid an  tu/.ilgan j  to'plam rheksiz, 1, 1,1,

1,.. kotm a ketlikn ing  had la iidan  lu/ilgnn { 1,1} to 'plam  osa



c h o k li t n ’p la m d ii
( h ( ‘(j<iuilciiHj<irilik. m o n o ln n l ik  t a 'i i l ld i i  sonlai k H m a -  

kotliqi
V л , . x , - V ......

u c h u n  q u y id d q n  hd itocidbincidi:
5 -  Id 'i i f  A<jdi

Ш  ■ R  . и  ■ Л' x „  • Л/ 
t ( 'ii(js i/ .lik  bd jdi ilsti, (3.2) k o t in a  k p tlik  y u q o n d a n
( iK 'C Jd ld ld lK Jd l),

.1 in  R  . V  n  ■ N  ' X,. • in  

to n q s i/ lik  l>d]diilsd (3.2) k p tm a  k o lh k  gnyidnn  c tic g a ia la r ig a n  
d p v ild d i.

6 - td 'r if . A q a i (3.2) kfMma k t 'l l ik  ham  quvtddn, h am  
vu q o n d a n  r lip q a ia la iid q n  b o ’lsd, u ch eg cu a lan g an  dpy ilad i.

3 .8 - im ír o I U shb u
( ! )"n  НП

v„ - ,  ( / / 1 2 .  j
\i и ■ ]

k('lm<i kotliknm cj с hpqd id la iidq dn lig i isbotlansin .
< R avsh an k i,

j( \ )" и \ lo i ■ \ I i" //1 i l<) и 4 K i.

V a ‘ 1 - и

U n d d

¡I 1 ) "  »  t H>| n + 10 _  J ( 1() t J !

' ¡ i 1 I "
y a ’m

I ! '  X„ I I (./it .V )
bo'ladi. ►

7 - ta ’i i f  Aqar n i-: N  ud um
V. ■ -V „ . .

tonqsiz lik  bd ja iilsd , (3.2) k i'tm a  k o t lik  o ’siivcln ,

'■ , *  .. . ,

tP iiq s izhk  bdjdi i Isa, (3.2) k f'tm a k o ll ik  q d l'iy  o 'su vch i d p y ila d i
8 - ta 'r if .  A q a r ' n - \ u rh u n

X  „ - X  ,, , ,

ipuqsiz lik  bd jd iilsa , (3.2) ko ln id  k o t lik  kam ayuvch i,



tpnqsizlik bajanlsa, (3.2) kotma -k^flik q a t 'iy  kam ayuvclu 
dpviladi.

O ’suvchi va k a in ayu vch i kPtma kptlik ia i um um iy nom 
bilan  monoton kotm a -k^tlik lar deyiladi 

3.9-rnisol. U shbu

t ,  - (1 + Г “  ( n  =  1.2.3....)
n

kptm a —ketlikn ing  k am ayu vch i ekani isbotlansin
< Berilgan ketm a — kethkn ing

hadlarim  olib,

* „ = (1 + M l  f ---- r ) " * :
n n + !

,Y
nisbatni qaraymiz. U n i q uy idag icha yozib olamiz.

(1+ )К « ,
n

(1+ 1- Г 1

(И  +  1) 

n(n  + 2)
Г - —

n i l  I n(n  + 2) J  n + \
И 4 Г

Be rn u lli tengsiziig iga (ushbu (\ + и ) л > \ + an ( a  > - 1 ) tengsizlik 
Be rn u lli tengsizligi d ey ilad i. (qaralsin, (1|, 2 - b o b  )) asosan

n {n  + 2)
> 1 + (и + 2)

n (n  + 2) n

b o 'lish in i hisobga olsak, natijada Vw e A' uchun
X „ , , 1 ч n .------ > (1 + — ) = 1 y a ’ni X „ ^ X

*  n » i n n 4 1 7
b o ’lish in i topam lz>

Aytaylik , ikk i
x n ; X",,.. ,

У »  '■ У \ * У и  V * ....  У » ......
ketm a -  kptliklar b e rilg an  bo 'ls in  Quyidagi

X, + у \ .x 2 + Уг.х-к f v . .  •• * „  + >’„•
X, - .v ,,*2  -  У 2л ,  - У у .... X n - y „ ,

x \ ■ ) ' i  . *  2 1 У  : ' x  * 1 У  * .....  x n ’ У  n •••



X , X - х ( X „
---- — . - • - --  •• •• ( v * 0. // - 1.2. )
У , V' ; у  , У  ..

kotma -kptlik lar mos ravishda v „ va  v „ к И т а  — k P th k lam in g  
yig 'ind isi, ayirm asi, k o ’paytm asi va nisbatan dpyilad i va u la i

xn
x „ 4 Л',( -Л'и _  У „ ' x ' У „ '~ ^ ~  kab i belg ilanad i

M asalan,
1 n

x „ = —  , У n4 n
kPtm a kptlik lar uchun

, 2  n - I x„ )
X„ + V' = 1, x - y n - ■■ - \.xn - yn -  — - . —  ----- - ( „ * ) )

n n y n n -1
bo ’ladi.

M ash q la r .
3.10 Ushbu

a) / (x ) - lg ï ‘ b ilan  9>(х) = 2 lg |x|, 

b} / ( r )  = lgx ; b ilan  </>(r)-2 1gx, 
s) /(,*) = arcsin X  b ilan  <p(x) = arccos \l\ - x' ( ( ) £ * < ] )  

funksiyalar bir — binga aynan tengm i?
3.11. Agar /(*} funksiya (0.1) m terva lda  an iq lagan b o ’lsa,

f i t : '), f  (sin r), / ( ln  /)>
v

funksiya larn ing  am qlanish sohalari topilsin.
3.12. Agar

x1 - 1, a^ar |x| < 2 bo'lsa(0, uvar Ы  < 1 bo'lsa 
/ ( * ) = ,  I L ,  h =1. dtfar l.tl > 1 bo Ina -1. agur Ixl> 2 bo'lsa

bo'lsa, f (< p (x ))  topüsin.
3.13. 0 nuqtaga nisbatan s im m ptrik  bo 'lgan  Л <zR to 'p lam d a  

am qlangan har qanday funksiya ju ft va  toq funksiyalar y ig 'in d is i 
ko 'rin ish ida îfodalanishi isbotlansin.

3.14. Agar y = f (x )  juft funksiya , *=</>(/) osa toq lu n k s iya  
bo'lsa, u ho lda y ~ f  (<?(0) n ing  toq  funksiya bo 'lish i isbotlansin .

3.15. Ikk i toq funksiya k o ’paytm asim ng juft fu n k s iya  
bo ’lishi isbotlansin.

3.16. Agar /(*) va  funks iya la r X r . R  to ’p lam da o 'su vch i 
bo'lib , с  - const bo'lsa, u holda



a) /'(vi i r  o ’suvch i funksiya,
b) o o ’suvchi, ( < 11 da kam ayuvchi, 
s) / ( a  ) + ' i o ’suvch i funksiya

b o ’lishi ishotlansm.
3.17. Ushbu

(n - 1.2.3. .)

kptmd — kptliknincj o ’suvch i bo’lishi ishotlansm.
3.18. Ushbu

*„ = il + -)" n
ketm a — kotlikn inq  yu q o rid an  chpgaralanganligi ishotlansm

3.19. Ushbu

x„ - V «
kptm a —kptlik uchun

( n  - - 2 ,3 ,4 , )

yjn
tengsizlikning b a janh sh i isbotlansin.

3.20. Tom on lari a  va h bo’lgan ( « -•()./’ > to ’g ’ri 
to ’rtburchak shak lid ag i tunuka plastinkam ng uchlaridan tomom 
x ga tpng k vad ia tla r kesib  tashlangan

24 — chizma
So ng ch izm ada k o ’rsatilgan punktir ch iziq lar bo ’ylab bukib 

idish hosil q ilingan. Ravshanki, bu idishnmg hajm i * ga bog'liq 
bo 'lad i Shu bog ’lam shn i ifodalovchi funksiyani topilsin.

3.21. Ushbu  f { x )  = x(x + \ )(x i 2){x + t.) funksiyam ng png 
k ich ik  q iyinati top ils in



IV  B O B

Fu n k s iya  lim it!

Funksiya linnti (hmitga o'tish am ah) m atPinatik analizning 
dastlabki m uhiin tushunchalaridan A y m  paytda u knyinroq 
kn itilad igan  asosiv tushunrhalar u ch un  zamin bo 'lib  hizmat
qilcidi .

Funksiva  lim iti nazaiiyasim  dastlab sodda h o l- so n ia t  
kptma ketliq i (natural argumpntli funksiya ) uchun o rganamiz.

l- § . Son la r k e tm a - k e tliq i lim iti

I 11. Son lar k e tm a~ k e tlig i lim it i ta 'r ifi. B iror
x n : x , , r  , . v , ,  - -V „ . (4.1)

ketma- kptlik hamdd biror a e R  son b erilg an  bo Isin.
1-ta’ril. A gar V i; .» (> o lingam da ham  natural son « 0 6 ^ 

m avjud bo ’lsaki, n>n„ trngsizhkm  qanoatlan tiruvch i barcha
natural sonlar uchun

j.t n - a  | < >'■ (4-2}

tongsizlik bajarilsa. a son v „ k e tm a - k e t l ik n in g  lim iti deb
ataladi.

Lim it uchun
lun x n - a ( yok i lim ^ a , y ° kl da

bplgilashlardan foydalam ladi
Bu  ta ’n fn i quyidag icha ifodalash m unik in:

V i; > 0  3 « 0 = rt0(/;) c- N  . V  « > » „  : |x„ - a \ < e  .
M a 'lu ink i, |jt„ - <i\< i.- tenqsiz lik  a - c  < r„ < a + &• tengsiz lik  —

larga pkvivalentdir.
Odatda, ( a - t . f l  + f )  m t P i v a l ,  y a ’ni

V  r (a ) r { r . x 6 / ( , f l  - c  < x <  a +  c )
to’plam a nuqtaning atrofi {£  - a tro fi)  deyilad i.

K e ltin lg an  ta'rifdan (4 1) ketn ia  -  kethk  hadlari uch un  (4.2) 
tpngsizliknm g bajan lish i shu had larm ng  a  nuqtan ing e  - a t ro f i  
( I . ( a )  to ’p lam ga tegishlilig i kolib ch iqad i.

Dpmak, (4.1) k p tm a - k p tlik  lim itin i quyidag icha ham



td’nflash m anik in .
2-ta 'rif. Acjcii a nugtaning lx ttyony > i i <itroii 

olinganida ham kotina kptlikning b iio r hadidan kovingi
baicha hiidlari shu dtrofga trg ish li b o ’lsa, a son x „ kohm i 
k e tlik n in g  iim it i deb  dtaladi.

Shurn ta 'k id lash  lozimki, kptixia--ketlik  Iim iti Ui’n lidagi c 
lx tivony musbdt son b o ’lib, natuial son /?„ psa shu >: qci va 
qaralayotgan kptm a - kptlikka bog ’liq ravishda topiladi.

4 .1-rnisol v kp tm a --kptlikning Iim iti 0
n 2 3 

ga tpng b o 'lish im  ko'rsating.
< Ix t iy o iiy  nnisbat >■ sonni o laylik . Shu /; ga ko'ra

•f I n i topanuz. U  holda baicha // > n0 sonlar uchun

v.. - a\ = -  -  0
+ I

munosabat o 'lin li. Dem ak, ta 'n fqa ko ’ra Inn - - 0. ►
n

4.2-m isoI. I Js h b u  -v„ 1)" :-1.1,-I....,(-1)". . kp tm a — 
k p tlik n in g  Iim it i m a v ju d  pm asligm i k o ’isa tin g .

A  V ae/ i so n n i o la y lik . A g a r i b o ’lib, u n in g  ( I f / . .  1+/;) 
a tro fi (0 < ¿- < I)  o lin sa , kptm a k p tlik n in g  b iro r had idan  boshlab 
k e y in g i b a rch a  h a d la r i shu atrofi tog ish li b o 'ln id yd i 
( - l e 1,1 + k .1 + ¿ ) ) .  B in o b a r in , u--i kptm a - k p tlik n in g  Iim iti Pinas. 
X u d d i sh u n d a y  v a z iy a t  V a e R  u ch u n  yu z  bprad i.

Dprnak, b e r i ig a n  k e tm a  — kpthk  lin u tg a  pga em as. ►
4.3—m iso l. U s h b u  0,3: 0,33: 0,333:.,., 0.33...3, ... kptm a —

k p tlik n in g  Iim it i | g a  tpng b o 'lish im  ko 'rsa tin g .

< Ve> 0 son o lib , 0.3.' 3 - 1, ni garaymiz. Ravshanki,

0,33.. 3 - -  = 0.33 ...3 - -| = — -- •
3 M 0"3 100...0 3 3 10" M 0 ’

Endi £>0 ga k o 'ra  shunday n0 c  ̂ son topish kprakki,

n a tijad a  «>«,, la r  u c h u n  ten g s izh k  o ’rin li b o ’lsin.



K ey in q i lenqsiz lik  n> lg(3/;) bo 'lganda o 'r in li b o 'lish i 
ravshau. Dom ak, hi/. h„ s ifalidu [ lg (.V ;)] sonni o lish im iz  e tarli. 

Bu  esa (¡d r<i Idyolijdii kolu id  — k c t lik  iim itin inq  ’ qa tenq

bo’lish in i k o ’rsatadi. ►
2 °. C h ek s iz  k ich ik  in iq d o rla r.

3- td 'rif. Aqdr -v,( k('lni<j — k o llik n in y  lijn iti no lqa tenq  
ho Isa, a o 'zqaruvchi cheksiz k ich ik  m iqdor dob a ta lad i, 
teqishli .v„ <>sd cheksiz k ich ik  k c t im i- k c t l ik  deyilad i.

K o l ina — kel lik lin iiii t¿i rilid d  i i o dob o l í r i c j < J b o ' l s a ,  
uncid bdrchd na lu ra l n -• >¡„ s o n la r  u ch u i) (1.2) to n q s iz lik  

lv I- len q s iz lik ka  ko ld d i. D e in ak , ch ek s iz  k ic h ik  
m iq d o r o  / (¡iirn v i hi m iq d o r h o 'lih , u o 'zqarish  jd ra y o n id a  
abso lu t ( j iy ii )d li b o 'y irh a  a v v a ld a n  b o rilq a n  har q a n d a y  k ic h ik  
jru isb a l /: sondd ii k ic liik  bo 'tdd i.

Masdldi), \  ̂ kel nid ko 11 i k cheksiz k ich ik  m iq ilo r 
bo’ladi.

4 .4-n iiso l. I 'shbu

* 1 ( (l «=■ R  , L/I :• 1 )
a

kolm a — ketlik  cheksiz k ich ik  m iqdor okan liq i isbotlansin.
^ '"! ! ! ,v deylik. Unda <>' |,/| I - 
lonqsiz liq iqa ko'ra

(I t- Ó )" • I i m'i * «<>’
bo'Iib , ’///. \ uc hun

bo'ladi. Domak, 

tengsizlik, b.tn ha 

bo 'lganda o 'rin li. Agar

bo 'ldd i. B o r n u l l i

//<>

¿'(V



dpyilsa. Vn :-n ,uchun

bo 'lad i Dpmak,

lim - V  - 0 ,
" a

t n - kptma - ke tlik  cheksiz kichik miqdor. ►
a "

4.5-rn iso l Ushbu
x - a "  { a e R \a | < I )

k e tm a - k e t l ik  cheksiz k ich ik  rmqdor pkam isbotlansin.

A  A gar a *  b o 'lg an d a  - - A  deyilsa. u holda |M > 1 va

lim a  " - lim —  - 0

bo 'lad i. ►
A vtay lik , x,

*  I • *  2 - *  3 ..............V  -

ketm a — ketlik  va  a son (a e R )  berilgan bo ’lsin.
1 —teorem a, a son x, ketm ci—ketlikn in g  lim it i b o 'lish i uchun

a  „ -  x n -  a  (/i = l , 2  .3 ,...) 

ketm a- k e tlik n in g  ch ek s iz  k ic h ik  m iq do r bo’lish i z a ru r va yetarli.
*  Zaru rlig i. Faraz qüaylik ,

lim x „ = a

b o 'ls in  Lim it ta ’rifiga b inoan
V i  > ( ) . 3 n 0 e /V , V n n 0 : ¡.v „ - a \ < e

A gar x„ - a = a n dpyilsa, u n da  \cr „ | < k bo'lib,
lim a  „ - 0

bo 'lad i.
Y e ta r lilig i. A y tay lik , a  B - x n - a bo'lib,

lim a  „ - 0

b o ’lsin. Yana lim it ta ’rifiga ko 'ra

i t



V >; ’ 'i . 3 n с V . V n ■' n , \* „ 

t ío 'Icicii 11nda <i\■ >'■ bo'tib,
lim V .. a

bo'lcid i ►
MaSrtldll,

ketnm kptlik uchun

bo'lganhgi sababli

- t * — . hm - 
n ■■■ n

n + 1
hm ----». . • t!

bo'lad i
End i chf'ksi/. kichik m iq d o ila r hagida ha'zi tasd iq larn i 

kf'ltiramiz.
1-le inm a. ( hek li sondagi choksiz  k ich ik  m iqdoilar y ig 'm d is i 

ch(‘ksiz k ich ik  miqdor bo ’ladi.
< Avtctvllk, a, Vfl fir

a  } , (* j , a  , a  n . .

P  , , P  2 , P  , v ., P  „ ■ 
ch^ksiz k ich ik  rniqdorlar bo'lsin:

lim a  „ = 0 lmi /* „ - 0

Unda
F. i i (■V f ;  > 0. — , 3 п .  e Л , V  n > n „ W  „ < —
2 I 1 2

V f ;  '> 0 . ^  , Я n " e iV , V  n > » " . |/i „ ¡ - ~- 

bo'ladi. Agar n0 = max{ deyilsa , uchun

bo'Iib,

к +  P n I  - - - I * , ,  I  +  \ß,, I  ~  +  t  "

fpngsizlik bajariladi. Buridan
l i l i )  ( a  н +  f i  n ■) 0



lim ( a  „ f ß  „ ) •- 0

b o 'lish i kelib  ch iqad i. A g a r  y„ ham chcksiz  k irh ik  m iqdor 
bo'lsa,

a  n + ß  „ + y „ - ( a  ,, f ß  ;t ) + / 
iiing  chcksiz k ich ik  in iq d o r bo 'lish i yuqorid .u jidek  ko'rsatiladi. 
►

2 - lem m a. C h eya ra l.m g an  kotims -  ke tlik  b ilan  cheksiz 
k ich ik  m iqdor k o ’p aytinas i cheksiz k ichik m iqdor b o ’ladi.

< A ytay lik , .v„ ch eq ara lan q an  ketma — ketlik , <x„ esa cheksiz 
k ich ik  m iqdor bo'lsin:

a M  € R  . M  > 0. V n e V |.v . | s  W .

V i; 0. • - , I n e V . V n \a I <
M " 1 -1 M

Bu inunosabatlardan

I ï tx ! I.v I • la I >. M - t;I 1 I » I I ■ ! A/
b o 'lish i kelib  ehiqadi. D em ak,

lim ( . r ,  • tx n )  0  . ►

3 °. C h eks iz  k a tta  m iq d o r la r  Biror
•v„ : -v , . .v . . .v , ......... v „ ....

ke tm a — ketlik  berilgan  b o ’lsin.
4 - ta 'r if . A q ar har q an d ay  musbal M son berilq .m da ham 

shunday  «,.e.v son top ilsak i, barcha «.>>»., la r uchun
| y „ | > M

tengsiz lik  o 'r in li b o ’lsa, ,r„ o'zqaruvchi cheksiz  katta m iqdor 
deb  atalad i, tey ish li < ketm a — ketlik ch ck s iz  k u lta  k e tm a-  
k e tlik  deyilad i.

Dem ak, cheksiz katta  m iqdor o 'zqaruvchi m iqdor bo ’lib, u 
o ’zgarish jarayon ida abso lut q iym ati bo’y icha avva ldan  berilqan 
ha r qanday  musbat sondan kalt«) bo'hidi.

Ravshanki, cheksiz  katta  m iqdorlar chek li lim itga eqa emas. 
Q u la y iik  nuqtai nazaridan  cheksiz katta m iqdorlarn inq  lim iti 
cheksiz  yok i cheksiz katta  mi<idorlar cheksizga in tilad i deb 
o linad i va

lim x n = x  yok i x„ -> x

kab i yozilad i.
A gar

V A /  > 0 , 3 n „ g  N . V n > n 0 ; .v „ > M



liiu v ;i - -t / kabi yo/ilci<h.
Agai

V  M  0 . J ;? A' . V n s n „ A' „ < M  
bo lsa , \ kotma - kotlikning lim iti / deb o linad i va 
lux -- * kabi yo/.iladi.

M asalan, v,, i h"/i i'(i - n zn -- n kotma kothkla in inq  
luniti mos ravish da  ̂; >; w *  bo 'lad i

5—t a ' i i f  (h o k li lim itga  <>ga bo ’lgan kotm a — kotlik 
y a q m la sh u v rh i ketnia - k c t lik  doyilad i.

(j- ta 'r if  Agar kotma ko tlikn ing  lim iti choksiz yok i hmiti 
m<iv]ud bo'lmasa, u u zo q lash u vch i k e tm a - k e tlik  doyilad i.

M asalan, -v„ - " * ' ketm a - ketlik  yaq in lashuvch i, 
a

\ i I )” -t « ketnia -ko th k la r osa uzoq lashuvchi bo'ladi.
//

2—§. Y aq in lash u vch i k e t iiia “ k e t lik la rn in g  xossa la ri

Yaq in lashuvchi kotma k«ithkl<ir qator xossalarga oga.
1-xossa. Agai kotm a - ketlik  yaq in lash u vch i va

Inn .V „ - a bo' lib, ■< • p ((/<.</) bo'Isa, u ho lda kotm a -- kotlikn ing 
bnoi hadidan keym gi barcha hadlari ham p sondan katta ( q 
sondan k ich ik ) bo'ladi

< >„-»u bo'lib, a>p bo 'ls in , /:.*o sonni lin ing  lx tiyo n y lig idan  
foydalanib, < a p trtigsi/.hkni qanoatlan tirad igan q ilib  olayhk.

Kotina ketlikm nq cho k li j  lim itga oga okan lig idan  w.-->o 
son uchun, jum ladan o- urhun, shunday «„ e N son topish
m um kinki, /»■'«„-■> |vM uj *./;<£> . • v„ <; • /• bo 'lad i. Natijada 
j? /;, tongsizlikni qanoatlan tiruvclu  barcha natura l sonlar uchun 

' va i: < a - p tongsiz lik lar o ’rinh bo 'lib , undan *. •/ 
bo ’lishi kolib chiqadi. (<'--</ hoi uchun xossa xuddi 
yuqo iidag idok isbot o tilad i)>

Ru xossadan quyidagi natija  kolib chiqadi.
1-natija . Agai . kotm a ketlik  yaq in lash uvch i va 

Inn \ -- a bo'lib, j  - o (a< 0 ) b o ’lsa, u holda kotm a- kotlikning 
biroi hadidan koyingi barcha hadlari musbat (m an iiy ) bo 'lad i



2~\oss«i. \gai kotma kM lik  yaqmlashuvt hi bo ls(i, u
< hoga ia langa ii bo'ladi

•4 Inn v. a bo'lsm . T a ’n fqa ko’ia о Ihmilqanda ham
sh u n d a v  и í V son to p ilad ik i. n  tonqsizhkru
q a n o a t la n tu u v c h i bate ha n a tu ra l sonlai uchun ; v .; | • >. 
b o 'la d i, v a 'n i X-, ko tm a — k M lik n in q  t», i h --lu id x ian  boshlab 
k o vm g i b a ic h a  had lari u c h u n  <> ton g siz lik la i
b a |a n la d i D p inak, ko tm a- kothk oshib  borsa,

xr x ___ x)in h a d la r i a v ( <a+/, longsiz lik ld trn  q a n o a lla n liim a s lig i
m um kin. A gar

I a - к I j <t -I /; I. ! ' i I I л I - t v " I
son larn ing  ong kattasini А/ dob olsak, u Imlda bonlgan kotma 
ko thkn ing  b a irh a  hadlaii

I v „  j ■ M  I и  1 2 . '  i

lonqsiz likn i qanoat lantiradi. B u  osa > kotma kothkning 
choqa ia lanqan ligm i b ild irad i. ►

1— e s la lin a . Sonlai kotm a kotliknm q rhogaia langanhqulan 
un ing  yaq in lashuvch i b o 'lish i hai doim kohb cliiqaverm aydi. 
M asa lan , v„ - ( I ) "  -1,1. 1.  . i l i " .  kotm a kothk
ehoqara lanqan  Ayni vaqtda un ing  lim ili inavjud omasligi 
yuq o rida  k o ’isatilgan odi.

3 -xossa . Agar » k o tm a - k o th k  y<jqinlashuvchi bo ’lsa, uning 
lim iti yagonad ir.

•4 T e sk a iis in i iaraz q ilay lik . kotma kotlik ik k ila  о va h 
(a  t M  lim itla rga  oga bo ’lsin:

hm v„ = a  , Inn V ,  h  ( a  -t- b )

I.im it ta ’rifiga k o 'ia
V  к '■> 0 . J. i l c -  ,V , V и > и ' I V n а I <" /: .

V /; > 0 . H i l с -V . V n > ' h |\ „ - h \ •• >.

b o ’ladi. Aga i /?' va n': natura l sonldinmg kattasini »?„ dosak,
V/7 ■> >/„ da

\ i < i: , |.t„ /' I • i:
bo'lib ,

|.v„ a  I I I V ,t - h j ■ ?  i:

b o ’ladi Ravshanki.

ir



i'' ■ I" ' „ f v „ ‘̂| ‘ Iv r i  ! 1 Iv i ’ I
D o n id k  ■/ /> 1 2 I. >■ (I П И Н ) ix  t i v n i i  v l iq id a  i h  b o ' l i s ln  

k i’lil) < hiqodi ►
4 — xossrt. Ydqmlashu vchi k d  nía kol likhir ushdd an iino tik  

-til).llldl
2—looren ia /V/а/ > ví? i k rtm u  k r t l ík la i y a c j i id a s h u v ln  

bo'lsa, » * г krtm a k c tlik  h am  ya q in la s lu tv ch i va
lim( \ ' г„ 1 Inn д-„ + hin r„

!<<imult•/ o 'i in l i  bo 'ladi.
< Imi v (( a , lim > /> bo 'lsm  I- tooioinaga m uvofiq  

» i </ , , v. „  i /í bn'ladi, bundd и , //, lar rhoksiz  k ieh ik  
m iqdo ila i. tM io lda  uch un  quvidaq i

' 1 i ' . ( * M  •* ( „ ( <’ !> * У  „

tonqhkka kol.uní/,, hunda y „ <* H l. „ < heksiz k ic lnk  m iqdor. 
Hundan osa, yana o'sha t toon-imiqa muvoíiq

lililí VM I t ) - (1 •< /> “  lllll V(l ' lllll l ,
bo 'lislii kolib  ch iqad i^

Bu looroma íkki ydq in lashuvcb i kclina  ko llik  y ig ’ind is in im j 
Himfi l)ii kotina kothklai lim itla iin in q  v ig ’indisiqa tpnq doqan 
(joidfini ifodalaydi

Isbot etilqan tooioma q o 'sh th iv rh ila im n y  soni ikk itadan  o ihq  
(rhokli) bo ’lqan holcld ham o ’rin li bo 'lish in i ko 'rsahsli m um kin .

3 - l o o r o m a .  A q a i  ». v a  i ,  k e t m u  k e t l i k k w  y a q i n l a s l n i v c h i  

b o l s a  y .  r .  k e t m a ■ k e t l i k  h a m  y a q i n l a s h u v c h í  v a

hm( r H - v„ ) bm .v„ lim у  я 
f o r m u l a  n ' r i n l i  b o ' l a d i

■4 lim v„ - ч , liiii _v n -• /> bo'lsm . U  holda xH - ч 1 cr„ , 
t. >/ i //„, u, va /í, l<tr choksi/. k iob ik  m iqdorlar. brida

vH r„ w i ' (/„)(/» -‘ ß  n ) ah - ^ „ f ,f , JK . )
bo'ladi. Choksiz k iclnk m iqdorlar haqidaqi 1 va 2 
lom m alaiqa asosan <\ - u/iN +ht/n -t </„/*„ kc'tma kotHk choksi/ 
kiolnk nnqcJoi bo'ladi. Domak,

л'„Д'„
bo'lib, t)un<l<m

Imu v V" ) • ah lmi v„ • lim v,, 
okdiii k'-lib fliK jddi ►



Bu !<“' >i enia tkk ita  yaqinlaslm vchi ketma k'>thk 
k o ’pav tinasininq liim ti bu kHm a ketlik la i 1 inu * l<u im iiy 
k o ’pavtmastqa teng b o 'lish iiii ilodalaydi

Xususan, aqar x ketm a ketlik  yaqm lashuvcln bo 'ka , mida
hm r„ - (lini v „ ) bo 'lad i.

Aqar •< ketma ke tlik  vaq in lashuvrh i ho'lsa, unda ' -mí 
u rh u n  r> ketm a - ketlik  ham yaq in lashuvrh i va 
lim( C.v ) - i" inii a-, io im u la  o ’rinli bo'ladi.

4- teo re ina  A q a r  .. v a  i krtm a ke tlik la i yaq in lash u vch i

b o 'lib  vnp.v uchun  v *  0 va  hin bo’lsa, '••• ketm a -ketlik
v „

h am  ya q in la sh u vch i ha  in d a
v hm v lmi —  - -

'mi
fo rm u la  o 'r in li bo 'lad i.

• 4 lim V „ - a , lili! V „ - h bo’lsin. U  ho lda vn a * a n. 

v „ ■ /> f A ,,bunda cheksiz k irh ik  nnqdoriai. Slmní
e ’tibo iqa olib topami/.:

v a a » u  „ <i 1 . . . .- • - - - - _ (/> ir a /> „ )
v „ h b 4 /< „ h b ( b + fi „ )

C h eks iz  k ich ik  rm qdorlar haqidagi 1 vn 2 - leim nalarga

asosan h a  - a / 1 n cheksiz  k ich ik  miqdor b o ’lib, - -  • esa
b{b * p„ )

chegaralangan (chunki b - chekli, /*„--»0) m iqdor bo'lgam

uch u n  y» _ ---  «/?„) cheksiz k ich ik  m iqdoi bo’ladi.
h (h  + p „ )

Dem ak,
v a

7.
Rundan

t a lim .v „
h,M , /  h - l ^ T .

m unosabatlar o ’rin li okan i kelib  chiqadi>
Shunday qilib, yaq in lash uvch i ketma --ketliklai nisbatining 

lim iti ularm ng lin u tla ii nisbatiga teng (hunda mahraj noldan 
ta iq li bo ’lishi lozim).



2-eslatm a. Ikk i « va i kotma kf'tlikm r.g y ig 'ind isi, 
ayirma^i, ko'paytuidsi va nisbatidan iboiat b o ’lgan kotma 
kntliknm q vaqinlashuvchi b o ’hshidan bu >. va t, kotma 
kptlik la irung hai bin yaq in lashuvch i bo'lish i hai doim  kelib 
■ •hiqavpimaydi. Masalan, v„ - -J7T+ I - J u  1 kptm a kothk

yaqinlashuvchi, chunki lim< vw-t l J »  i r = hm = o
J>1 + 1 +%//! — 1

-mimo J n * ]  va J n - ]  kptm a- kp tlik la in ing  yaq in lashuvch i 
i'rnashgi ravshan.

Ravslianki, 1 » kptma - kP tiik  yaq in ldslm vchi (urung lim iti 1
t i

ga tpng). Lpkin 1 ketma — kpflik yaq in lashuvch i, « kp tm a-
n

kptlik psa yaqm lashuvrh i ornas.
5-xossa. T en g lik  h am d a  ten g s iz lik la rd a  lim itg a  o 'tish.

KPtm a kotlik lar linntin ing m avjudlig im  k o ’rsalish  va lim iti 
m avjud bo ’lgan kptma - ketlrk larnm g hm itlarn i topish kabi 
masaldlarm hai qilishda teng lik  hamdn longsizhk larda lim itga 
o 'tish  qoidalan tpz tpz q o 'llan ilib  turadi. B iz  u larn i keltiram iz.

1). v va v, ketma — ke th k la r vaq in lashuvch i bo'hb, lim t ,= a , 
Inn y H = h bo'lsin. Agar v «e ,v  uchun *„ - bo 'lsa, u ho lda a-h 
bo'ladi.

Bu qoida yaq in lashuvch i ketrna - ke tlik  linntin ing 
yagonalig idan kelib chiqadi.

2). x va v, kotma - k e tlik la r  yaq in lashuvch i bo 'lib , lim x ,,- « , 
hmy„~-/j b o ’lsin. Agar v»eA r uchun xr < v,. (■*•„> ) bo'lsa, u 
holda a < b (a ¿ b )  bo'ladi.

< Tpskarisini íaraz q ila y lik , ya 'm  k e ltin lgan  shartlar bajanlsa 
ham <i > h bo'lsin. ,¡>c >h tongsiz lik la in i qanoatlan tiru  vchi <■ sonni 

, o laylik . Dpmak, lun v„ = a  va <)>< Y aq in lash u vch i kptma — 
kptlik larn ing  1 - xossasiga (shn bobning 3 - § iga qarang) k o ’ra 
shunday n^sS  mavjudki, b arch a  « > n„ lar u ch u n  xH >c bo'ladi. 
Shunm gdpk, lim 1 „ - h , b < c .  Yana o'sha xossaga m uvofig 
shunday «'e/V mavjudki, barcha n > «ó 1<*i u ch un  y H <c  bo'ladi. 
A gar n m;i\{ /»„,«'> deyilsa. unda barcha « > ñ„ la r uchun bir 
vaqtda v>( > c  hamda f •>,, tengsizlik lai o ’rin li bo 'lib , undan 
1 j , bo'lishi kplib chiqadi. Bu  psa v,



„  = i 2 . <... tengsizhkka ziddir. Demak. a < h  bo ladi
X u d d i shunga o'xshash, lim = a , Inn y„ - >' ham da v«e.v 

uchun X . > y r bo ’lislndan ¿>h  tengsizlik kelib  chiqishi 
k o 'rsa tilad i>

3—es la tm a. va k e tm a - k e t lik la r  yaq in lashuvchi bo'lib,
lim xn -- o , lim vn = h bo'lsin.

Ba rch a  n = 1,2,3.. lar uchun  x„<y,  qat’iy  tengsizlik lam ing 
b a jan lish id an  a<b tengsizlik ham m a vaqt kelib chiqaverm aydi 

M asa lan , ketm a ketlik lar yaqinlashuvchi. Bu
n r

ketma- ke tlik la rd a  v«eA uch un  b o lsa  ham

]¡m( _ i )  = iim -  = 0 bo 'lad i 
n n

2 - n a tija . A gar ketina - ke tlik  yaqinlashuvchi bo 'lib , vwe.v
uchun  x ,Z c  bo'lsa, u ho lda lintu.Sc (lnn.t,>c) bo ’ladi
(bunda c o'zgarm as son).

Bu  natijam ng  isboti yuqoridag i 2) da y,=c,  n *= 1.2,3. deb
o lin ish idan  ke lib  chiqadi.

3 ) x va  r, k e tm a - k e t lik la r  yaq in lashuvchi bo'lib,
lim*,, = lim zn =a  bo'lsin. Agar V»e,V uchun a-, £ y,  < z„ bo'lsa, u 
ho lda yn k e tm a - k e t l ik  ham yaq in lashuvch i va limy„ ~ a  bo ’ladi.

^ K e tm a - k e th k n in g  lim iti ta ’nfiga asosan w > 0  benlganda 
ham  shund ay  n0 e ,v top ilad ik i, barcha n>n0 lar uchun 
|x - a \ < £  y o k i a - e < x „ < a  + e tengsizliklar o ’rinli bo 'lad i 
Shun ingdek , o ’sha ¿->o o lingan ida  ham shunday «¡eA ' topiladiki, 
barcha n  >  « ó  la i uchun | z „ - a | < > ;  yoki a - E < z n < a  +  E 

tengs iz lik lar o 'r in li bo 'lad i. E n d i «o = max{ n0. n a) deylik. Unda
n > n  o b o ’lganda bir vaqtda a  ~  e  <  x n <  a  +  e  , a - e < z n < a  +  E 

tengsiz lik lar o 'n n li bo 'lad i. A m m o shartga ko 'ra Vn&N  uchun 
xn < v„ <. z„ tengsiz lik lar o 'lin li. Shuning uchun « > « 0 b o ’lganda 
a -  e  < xH < y „ ^ zn < a + e  ya 'm  cx -  c < y„ < a  e  b o ’lishi kelib 
chiqadi. B u  esa y„ ketm a -  ketlikn ing  yaq in lashuvchilig in i va 
lim y„ - a ekan lig in i k o ’rsatadi ►

4.6—m iso l. Ushbu
x „  = \ fn (n = 1.2,3,..)



ketm a - ketliknm q liniiti topilsin. 
Hu ketma ketlik ucbun

I - V  h < i I + )
V  >1

bo 'lad i (qaialsin. 3 bob, 3.19- mashq). 
Ravshanki,

(4.3)

lim 1 - I . 1)111 I = ( lim f 1 -jz 
" •' * " ’ • V Vn 1 ” ■ " { '/>’

(4 3) m unosabatdan. n-»* da lim itga  o 'lish  bilan
lim "-Jn = 1

bo 'lishn i topam iz>
•1.7—m isol. l ’shbu jt, = n-\f> 7 '~n: ketm a — ketlikn ing  lim itim  

topmg.
< Berilg an  ketma- ke tlikn ing  um nn iy  hadi ni quy idag ich .i 

yozib olamiz:
\ / \x „ - n - V  h - f t

( n - \fn /! 2 )i "  '' + »  V
H + II \f/l ' - n 2 

1
I V  r  1 ,1 + Wi - + \ <1 - ■■)•V n V n

Bundan  esa
lim x. = lim( /; - - n: ) = 

1 •

• lim 1-f J ] -  ' + J ( l -  1 ) :
V n V n

bo'lishi ke lib  chiqadi>
3—§. Son ld r k e tin a- k e tlig i l im it in in g  m av ju d lig i 

h aq id a  teo rem a la r

Ketm a ketlikning qachon ch ek li lim itga ega b o 'lish i 
haqidagi rnasala lim itlar nazariyasin ing  m uliim  m asa la laridan  
bin. Ushbu paragrafda, a w e l m onoton ketma- ketlikn ing  lim iti 
haqida, so’ng lxt'.yoriy ketm a -- k e tlik n in g  lim itga ega bo 'lish irn



iloda lavd igan  toorem ala in i ki'ltndnu/..
l 11. M ono ton  k e tm a—k e tlik n in q  lim iti haq ida  teorem alar.
5—teorem a. A q a i ke tm a  ketlik  o 'suvch i bo 'lib , yuqoridan  

c h c g a ia la n g a n  b o lsa , и c h e k li lun itga vqa: agar \ ketm a -ketlik 
yu q o r id a n  c h e g a ila m n a q a n  b o lsa , и ¡to lda  ketm a ketlikn ing  
lim it i +00 b o la d i.

■< A w a lo , л ke tm a ketlik o’suvchi va yuqoridan 
chegaralangan b o ’lgan  holn i qaraymiz. ketm a ketlik  yuqoridan 
chegara langan liy i uchun  shunday м  son m avjudki, v « t ,v  son 
uchun  i,<A/ tengsiz lik  o 'rin li bo'ladi Bn esa ketm a -  ketlikninq 
barcha hadlaridan tuz ilgan  {.v,} to lp lam nm g yuqoridan 
chegara langan lig i ifoda layd i. Undd to’p lanm iny am q yuqoii 
chegarasi haqidagi 3 - toorem aga asosan bu to 'p lam  uchun 
sup{xt } mavjud b o 'lad i. B iz  uni a  bilan belg ilaylik : 
lind i a  son л-, ketm a k e tlikn ing  limiti bo 'lish in i ko'rsatamiz.

A m q  yuqon  chegaran ing  ta'rifigd ko ’ra, bm nchidan, {x, 
to 'p lam n inq  har b ir e lem ent) uchun » tengsizligi o'rinli 
bo 'lsa, ikk inch idan , V/;> 0 olinganda ham ketm a ketlikninq 
shunday x ,(| hadi top ilad ik i, bu had uc hun vn > a i: 
tengsiz lik  o 'rin li bo 'lad i.
Dem ak,

xn < 0. V« & ,V
sup{.r. } - a J

Q aid layo tgan  xa ketm a ketlik o 'suvchi. Demak, 
n > ,¡: ^  v„ > _v(( . Sh u  sababli n -•//„ bo'lgandd
() < a - v„ < a - x ih < с tengsiz lik  bajanladi. Shunday qilib, v*>o 
o linganda ham shunday nu с v son topiladiki, «>»„ bo'lgandd 
\x n - ¡i I < к tengsiz lik  bajarilad i. Bu esa a  son .r„ ketma 
k etlikn ing  lim iti ekan in i ko'rsatadi.

End i хя ketm a k e tlik  o'suvchi bo 'lib , yuqoridan 
chegaralanm a(jan bo 'lsin . U nda  har qanday katta musbat A son 
o linganda ham x„ ketm a ketlikning shunday hadi
top ilad ik i, > A  b o ’lad i Am mo barcha n > n'0 lar uchun 

x u > x n- tengsizlik o 'r in li bo 'lqan i sababli xa >A tengsizlik ham



bajanlcidi. Bu (>s.i Inn v t /• bo 'lisbm i b ildnad i>
Q u v id aq i t(‘(iir>nm ham xuddi vuqondag i tooinm aqa o 'xsbash 

isbot la nad i.
6 - teorem a. Agm  \ ketm a ko tlik  k am ayu vch i bo 'lib , q u y id a n  

rh e g an tla r ig a n  ho'lsn, u c h e k li ¡ in iitg a  ega: agen < ketm a -kotlik 
(ju yu ia n  ch eg a ia la ru u ag an  bo 'Isa, u ¡to lda k e tm a —k c t lik n in g  
iim it i > bo 'lad i.

4 .8- in iso l l ’shbu \ „ ketm a kotliknjng lirn itin i topm q.
n"

4 A w a lo , bu ketm a -kotlik lum tiiunq m avjudhg im  
ko'isataim z.

Ravsbanki,

( n f I )' n 1 n "  ' n
i n -!■ I ) “ ' 1 t i "  (//-t-])'' " l t‘ + I 

Blindan baiclu i //••] lai uchun  v „, , i „ ¡engsi/’-kninq o ’rinli 
okam keüb chujcidi Bu osa borilgan  ketma Kotlik kam ayu vch i 
okam ni ko'rsatadi. R e tin a  -- ke l liknm g liar bir had i inusbat,

• o .n 1.2 . .. Demak, u q u y id an  rhegaia langan . Sh u n d ay

ilil), .v„ - --ri ketma - ko tlik  kam ayuvch i v¿i quy idan
n "

chegaralangan. 5 — tooiom aga k o ’ra bu ketm a ko tlik  chek li 
lim itqa ega. Biz uni a b ilan  be lg iJayhk :

«!litn -- - (I 
n

Ravsbanki, */>o . Bernu lli tongsizlig idari loydalanib  topamiz:

I + - )  > 1 f ,i ■ ' - 2 .
n ) ii

B lindan  osa (« t ] )"  > 2 n " k e lib  chiqadi. U  holda
t i ” _ (// *- I )"

(h -t- 1)" (n i 1)"
2n" - n " x „ n "
{ ' ¿ t i ) "  (n  í- 1)" 

bo’lib, natijada quyidagi .v, > 2v„,, tengsizlikka kelam iz. Bu 
tengsizlikda lim itga o'tarmz: lim xn >2 i-m.v. Undan  a > 2 a va o ni 
hisobga olsak, ; ekani ke lib  chiqadi. Demak,

.. t i !
Inn - - - 0 > 

n



4.9 m iso l Q u vidag i

\f <t \ f  a t - j <t \ Ja  ' - Jii + \/ti

\J'(i 4 \i f y j' a \ -J ii

(>; 'ijk i'tn irt ketlikm ng  hm itin i toping 
^ Bu  ketma k H lik n m g  - hadi

X  „  \ j  H  l  y j  U  * < \ f  •!

dpvilsci,

Xn-l - V "  f  ( ' )

bo 'üb , undan ke tm a-  ketlikning o'suvc lu va yuqondan 
chega ia langan lig i m atpnuitik induksiya usuli yo idam ida 
k o 'isa tila d r Ravshanki,

x | V  a ■- \J~ti i v "  v - 
F.ndi k - noinoi uchun vA , •- \\ tengsizlik bajarilsin deyilsa, (') 

m unosabntdan
vl - y[‘> + v. ; '■ v "  4 'i  ' S  

tonqsiz lik  kolib chiqadi. Dem ak, V«c V uchun - .v,(ll bo ’ladi. 
Shum nqdck, (*) dan foyda lan ib  Vmc.y uchun

1 • yj  ] <■ -\a r « - - -
2

isbotlanad i. M onoton  kotm a kothkning lim ili haqidagi 5 
teorom aga ko'ra bpn lgan  kotina kptlik chokli hm itga oga. Bi/ 
un i v bilan bplg ilaylik : lim .v, v so’ngra .v* - </ + v)( , tenglikda 
had lab  lim ilga o'tish am alin i bajarib lopamiz: lim - « + lim xh , 
yo k i v ' v . N atijada v ni topish uchun kvadiat tpnglamaga 
kelam iz. Bu  kvadrat tpng lam am ng lldizhmni yozainiz:

I i J\  l- -lc< 1 - J\  I 4(/
V, - “  ~2 -  , J  : ,

Ketm a kothkning had lau  imisbat bo ’lgam uchun 

V| 1 * 4 4" son ketm a - kntlikn ing  liimti bo ’ladi. Demak,

(  / “ ' / •r --, )  I 4 v l  • 4 «  
hm v (i - hin yj <i + yj <i \ ... + \'</ _  ̂ ►



Xususan, uslibii

ч Л  .  ч Л  \J '  \J $ I yj '  N /  '  .  .

' J 7' - J '  1 > s/'

ki'lm d k i'llik  ydqmltislnivein Vci uninq luinli 1  ̂ ^  * ^2 id qa

tf’IHJ.
M onoton  kotina kotlikninq litn ili luiqidaqi too iom alain iru j 

m atpm atik analiz kuisida q a ia lad iq an  ba’zi m asalalarqa tatbiq 
I'tilish im  qarab o'tami/

2". <■ son i Quvidaqi \ „

I V ! . I ) : Í  . I '
+ - j  ■ ! 1 1 2 I 1 4  n * - j  .. M.4)

kH m a kotlik benlqan bo 'lsin . Bu k i’tma — kotlik lim itinm q 
m avjudliq in i ko'rsalamiz. Kmil<j<m (4.4) kd rna  - ko tlik  bilan 
buqa ushbu

i' ,, ( 1 + " ) {,! ! -? ' *
kotma k rtlik n i ham qaiaym iz. Bu ketm a ketlik  kd inayuvch i 
ekanliq i 'Л — bob, 3 $ da k o ’rsatilqan

Ik k im h i tomondcin, i „ | I + J ketma k rt lik n m q  bar bn 

hadi musbat bo'lqani uch im  u quvulan chegaraldngandir. 

S ln m d ay  qilib  ( i t 1 ) kofma kotlik kam ayuvoh i va

quyidan choqaialanqandu. b • toorom aqa ko 'ia  bu _)■„ krj tma 
kotlik  lim itga oga.

Agai

í i 1 V  1 1V I "  ,.v I i -
V n ) { II

long likdan v„ ^  tenq liknm q  kelib ch iq isb im  va

'ни ■ I окаш ш  o’tiboigd olsak, unda lini v„ -• hm i'„ qa oqa

bo'lam iz. Bu osa (4.4) ko lm a kotlik  liirntiuing m aviud liq in i 
ko'rsatadi.



7 -trt'ri/ Bt-iiln<m I 1  ̂ * 1 kctina kctlikn inq  lim ili c soni 
\ " )

ci(‘b <iIaladi:

Inn | 1 t c
" • v n ;

B u n d a  <’ lotincha cxponcritis  “ k o ’rsatish, ko ’rsatqich, namoyish 
q ilish " so’zining dastlabki ha ifm i lfoddlaydi.

3 ° .  Ich rn a- ich  jo y la sh g an  segim m tlar prinsip i
7-teoreiT. l. Ik k ita  v, va  y. krtma- -kctUk be rilq an  bo’lsin.

A q a i
1). x, o 'suvch i, k a in a y u v c h i kctm a ketlik,
?.). Vnc v h r  iichun  x, ^ y n
3). iim( v„ - v „) - o ho'lsa , xr va  >■„ krtnia- k c tlik la r 

y a q in la s h u v c h i va  lim v,, -lim  v„ tenghk o 'l in l i b o iac ii.
A  > ketma- ko thk  o ’suvclu, v. kotnia - ketlik  csa 

k am a yu vrh i hamda har b ir /ie.v urhun xr <v„ tcngsiz lik  o'rmh 
bo 'lgam dan , v«f v u ch u n  >.v, tpngsi/ltk lai bajariladi.
B u  f»sa v kctm a k c t lik  yuqondan, >•„ ketm a kctlik  csa 
q u y id an  choga ia langan lig in i bildiradi M onoton ketma 
k e tlik m n g  lin rti haq idag i tcorem alaiga asosan va ketma 
k o tlik la r '/t.q nl<.!.;h\iv''hi b o 'lu c i. .•>nuning u rhun

lim .v,
bo 'hb , tpoiem arung uch inch i sharlidan osa

lim v „ - Inn x„ - 0 ,  lim t „  - lim y H
b o ’lish i kclib  t hiqadi. ►

M a 'hun k i, | : x * R .ii < -r s />< to ’plam [ «J<\ segmont dob alalar
ed i. Agar ¡ , i( ./>, | c- |« ,/> ] b o ’lsa, K A !  segm ent \a.b\
spqm pntning ich iga joy lashgan  deyiladi.

A gar
I </, , ft, I- I a , . h 2 I- . [ a  „ , h n 1, 

spgnipntlai kotina -kotligi quyidagi
| (i I . | I« ;- / ’ ; 1 -J -> “ > M  >

m unosabatda bo ’lsa, bu  sogmcntlar irhm a -ich joylashgan 
segm entlar Kprm a- ke tlig i d ry ilad i

3 —natija . Agar ich n ia  - ic h joylashgan
| a  , . h | J, | a  , . h , \. | a  , . /;, | a  „ - b „ |, 

seg inentlar kptnu. - kn tlig i u rhun  lim (/>. n ) - 0 bo'lsa, u holda



va Ь h rtm a  k e th k la r b it la  b im tga  f4J(, h am d a  bu Im nt 
bai ( ha spqn ipn tla iqa  t < * с j i s 1111 b o ’ lq an  yaq o n a  nuqta b o 'la d i.

< l "~ !'  1 f "-' h 1 -A- 1 l(h,,1'i H-h joy lasbgan
segm ontlai kPtma ke lhq i b o 'lib ,

Inn (/)_, ) (1

bo’lsm. Hund,. kntma kethk  o 'suvrh i, h „ PS(1 kam ayu vch , 
kntma -- ketlik lardir va b a ich a  „  с .v lar urhun « < Л ,  b o 'lad i 

Dpmak, va h ketm a - k e tiik la r Л va (> - Ino rP ina larnm q 
b a irba  sli.iitlarirn ganoatlantiiad i, bu loom »,«larga ko 'ra  va 
/}, kptina ketlik lar yaqm lashuvch i va

Inn n >t - inn h t¡
bo' ladi.

llin b ,n/>„ . ,  deb  beigilab, r m igta b a ich a  

K  / , J  "  1 2  V segm en llm qa tpgishl, bo 'lgan  yaqona 
nuqta Pkam ni knrsatam iz. a,. kplm a ~  keltik  o ’su vch i va

|М" " "  - r  bo 'hJ(,nidtin ‘7» < ■ « ■ >.2.3. ■ shunm gdpk, 
h ketma ketlik kam ayuvrhr va Inn b n  ̂ < bo ’lgan idan  osa 
h- ( ' "  L2 i bo 'lishi k e lib  chiqadi. Domak, », • , - hn ,
"  [ bo lib, с nuqta barrha  spgnientlarqa tpgishli: 

fl '  I - -3 ,. A gar shu r  nuqtadan farqJi va 
segm entlam ing barthasiga teg ishh , r ' e | « „ . bH\ (> ,-!.2 Д . )  
nuqta ham mavjud dob q a ia lad iq an  bo lsa, unda 

h n 4 „  > |c - i--'| > 0
bo hb, bu munnsabdt Ыщ /-, - л, ) - и shartga zid bo'ladi. D om ak
с - с '  . ►

k e ltm lg an  natija ic h n ia - ic h  )oylashqan spqm entlar pnnsio i 
dob yuntilad i. t

4“ . Q ism iy  ke trna-ketlik lar. Ro lsano-V eyorsh trH ss  lernm asi
Hiroi v , \ \ x ketma ketlik bnrilgan

bo’lsm. Bu kelm a kptlikuing b iio r  nomerli v„t hadin i olamiz. 
Sn 'ng ia  nom pii „  dan katta b o 'lq an  „  nomprli , hadin i olarniz. 
Shu usul bilan v , v va hoka/.o bad lam i olish m um kin. N a tijada



nom prlari nr  >u - n , <  < п к - tenqsiidiklariii qanoatlantua • 
d igan  had lar tan langan b o 'lad i Bu hadlar ushbu

X  „  . X  „  . X  „  _ . ( " ,  <  W ,  •• H j  < . <  « *  ■ )  ( 4 . 5 )

k e t m a  -  k e t l i k n i  t a s h k i l  e t a d i .

O d a t d a  ( 4 . 5 )  k e t m a  k e t l i k  x „  k e t m a  —  k e t l i k n i n g  q i s m i y

k e tm a - k e t l ig i deb a ta lad i va v, kabi belg ilanad i Ba'zida x, 

k e tm a - k e t lik d a n  \  k e tm a  kntlik ajiatilgan deyilad i.
Q ism iy  ketm a - k e t lik n in g  tuzilishidan ravshanki, к ->x da ». 

ham  cheksizlikka in tilad i:
M asalan. 1). quy idag i

1 .3 .5 .7 , 2 n - 1 .
2 , 4 , 6 , 8 . 2 и .

1 . 4  . 9  .16  /j J . .
k e tm a - k e t l ik la i natura l sonlar k e tm a- k e tlig i 1 . 2 . 3 .  ning 
q ism iy  ketm a — k e t lik la n  b o ’ladi:

2). Ushbu
i — . .  , - i- .. ..

' 10 10 2 10 n
ketm a —ketlik

. . ' - . i . . . . ,2 'S n
k e tm a - k e t lik n in g  q ism iy  ketm a -  ketligidir:

3). Q u yidag i
1,- 1,1-- 1 ,■ , ( - 1 ) " . -  

k e tm a - k e tlik d a n , m asalan, ushbu
1 , 1 , 1  1 , . . .

- 1 . 1 1 . ... - 1 - 
q ism iy  ketm a — ketlik la rm  ajratish mumkin.

K e tm a - k e t l ik  lím iti b ilan  uning qism iy k e tm a - k e tlik la n  
lim iti orasidagi m unosabatn i quyidagi teorema ifodalaydi.

8—teorem a. A g a r  x, k e tm a - k e tlik  ¡im itga  (chek li, yo k i +«, 
y o k i ega bo’lsa, u n in g  h a r  q an d ay  q ism iy  k e tm a - k e tlig i ham  
shu ¡im itg a  ega bo 'lad i.

4  lim jt„= a  bo'lsin, a -„  ketm a -  ketlikning biror

q ism iy  k e tm a - k e tlig in i o laylik .

n



Lim it td 'litiga ko'ra Va->o olm ganida ham, shundav », e \ 
son m avjudki, barcha /; • «„ la r uchun ¡л „ ./1 < /. b o ’ladi. i  -* -» 
da nt -,œ bo'lishidan shunday m aN  son top ilad ik i, 
tengsizhk o ’rinh bo'ladi. Dem ak, barcha k > m  lar uchun 
\x„t - и \ <- /; tengsizlik ba jan Jad i Bu esa - a  lim itnm q
o ’rin li okanini ifodalaydi. Xudd t shuningdek, 1|гилг„- +*(--x) 
bo 'lgam da ham »•„ ke tm a ketlikn ing  har q and ay  q ism iy 
ketm a -ke thg i * « (-ж ) ga in tilish i ko 'rsatiladi. ►

4-es la tm a  Ketm a- k e tlik  q ism iy ketma — ketlik larinm g  lim iti 
m avjud  b o ’lishidan b erilg an  k e tm a - k e t lik n in g  lim iti m avjud 
bo 'lish i har doim ham ke lib  ch iqaverm aydi. M asalan:

1 ■ 1 -1 , - 1 . , ( - l ) " * 1 ... 
kntma- ketlikning ushbu

1 , 1 , 1 , . ,  1 . . .

- 1,- 1 1 , . .  . - U
q ism iy ketm a -ketlik la ri lim itga  ega (ular mos rav ishda 1 va - 1
larga teng). Am m o berilgan (- 1 )"*1 k e tm a —k etlik  lim itga ega 
emas.

Demak, berilgan ketm a — ke tlik  hm itga ega b o ’lmasa ham 
uning qism iy ketma — k e tlik la r i lim itga ega b o 'lish i m um kin 
ekan

8—ta'rif. r, ketma — k e tlik n in g  q ism iy ketm a - ketlig i lim iti 
berilgan ketm a —ketlikn ing  q ism iy lim iti deb ataladi.

3—lem m a (Bolsano — Veyershtrass lem m asi). Agar 
chegaralangan bolsa, bu ketm a — ketlikdan sh im day qism iy 
ketm a - ketlik  ajratish m um kink i, u yaq in lashuvch i bo 'lad i.

< ketm a —ketlik chegara langan bo'lsin. Dem ak, ketm a — 
ketlikn ing  barcha hadlari b iro r \o,b\  segm entga teg ish li b o ’ladi.

¡ a , b ] segm entni teng ik k i qismga ajratib, o + b va

ti + b 
->

' 2

segm entlarni hosil qilamiz. Be r ilg an  ketm a - 

ke tlikn ing  baicha hadlari \a,b\  da bo 'lgani sababli, un ing 

cheksiz k o ’p sondagi hadlari a + b
a  . -------~> va —  —  A

segm entlarnm g kam ida b ittasiga tegishli bo 'lad i. End i 
k e tm a- k e tlik n in g  cheksiz ko 'p  sondagi had lari bo'lgan



h i , y o k i i> ! in (agai ikkalasidasegm entni, y a ’ni
ham ketm a kethkn ing  cheksiz ko’p sondagi hadlari bo'lsa, 
u la ir ian  ix tiyoriy  b inn ij i<i: /}; j dnb belgilriymiz. Ravshanki,

\a ] J>.\ n ing uzunlig i Ц  "  bo ’ladi. Y iiqo iidag iga o’xshash,
a ¡ У h

sogm entm  teng ik k i qismga a]ratm j ", -- va

i J h•>
segm entlarn i hosil qilamiz va bu segm entlardan v„

ketm a — ketlikn ing  chpksiz sondagi hadlari bo lgan in i | а 2;Л,| 

deb olamiz. Ravshanki, I ^ , h 2 ] s e g m e n tin g  uzunlig i \ J '  

b o ’ladi.
B u  jarayonni davom  ettn ish  natijasida iishbu

1 A  M« .-/» .  I- I a »-h * I
segm entlar ketm a -ketlig i hosil bo'ladi. Tuzilishiga ko 'ra  haï bir 
\ a k . h k \. n - 1.2.3,... segm entda x, ketma -  ketlikn ing  cheksiz 
k o ’p sondagi hadlari b o ’ladi.

Ravshanki,
I 7>[an. b J ^

[ a k , b k 1 segm entning uzun lig i l,i - ‘h = - - - r  bo'lib , k-**> da

no lga  intilad i. Ic h m a - ic h  joylashgan segm entlar prinsipiga 
k o ’ra a, va bt ketm a- ke tlik la r uinum iy (bitta) chekh lim itga
ega:

lim a k = lim bk = с 
En d i v. ketm a — ke tlikn ing  [ я , . fr, 1 dagi birorta hadim  olaylik. 

U  nt - h a d  bo'lsin: e К Л 1  so'ngra, x„ ning \иг, Ь 2] dagi

b iro rta  hadm i o lay lik  U  пг — had bo ’lsin: 
qara layo tgan  segm entlarn ing har birida ketma — ketlikning 
cheksiz  k o ’p hadlari b o 'lg an lig i uchun, ravshanki, ». >«, qilib 
o lish im iz  mumkin.

X u d d i shuningdek, .x, n ing  I« ,  M  dagi x„ , v„. hadlaridan
k e y in  ke lad igan  birorta .v„ hadini («, ■- » 2 0  olamiz. Bu 
ja rayonn i davom  ettirib. k ~  qadamda, segm entdagi л,,



k,' t i " “  kf'tlikninq V v „  . л- „ . t „ ¡( l ld<in koyin 
kpladiqan liadlaildrin h in  v., m olaitii/ va h k  Natijada v 
k i'lm a kf'lhk hadlandnn tashkil topqan ushbu

V  - V - x  „  • ■ • -V „  - . ( I I ,  I I  , • I I  - ,  • I I L ■: t

qism iv kolma kpflik hosil b o ’ladi qism iy ketm a kotlikniiiq 
had la ii uchun

a k < s hk 
tpngsizlikhir o 'nn li bo'lib , unda к -> с da

lim v, г
bo ’lishi kelib < htqadi ►

5-oslatm«i Ivp ltin lgan  lommada kptm a k^llikning 
choqaralanqan bo'h.shi m uhim  shartdu. Shu  shait bajanlmasa, 
l^m maninq xulosasi o 'rin li bo'linasdan qohshi m um kin. Masaian, 
chegaralanm aqan ushbu

I 2 ,3 n
natui.ü sonldi kotma- ko tliknm q  hai qanday q ism iy  ketma - 
kPlhq i ham » »• ga intilad i.

511. Koshi le o m n a s i (y<iqinla.shish m ezoni). B iio r  i;i kfMina- 
ke tlik  bpulqan bolsín.

9 - la 'n l Agar v*->o olinganda ham shund av  e .v son 
m avjiid  bo Isaki, barcha n > n t, va barcha m > «„ ia r uchun

К  ^ 1 *  (4.6)
tPiigsizlik bajarilsa, гд fu n d a m e n ta l ke tm a—k e t lik  deb  ataiadi.

4. ) 0—inisol r„ = -  —  Bu  k p fn ia - k o tlik  uchun (4.G)
shaitiung bajarilisln ko 'rsatils in

< Haqiqatan,

к  v I ,[ —  - m ' n f  m 1 + 1 
in + ! >fi ■ 1 ! nm m n

Agar v v >() songa ko ’ra na tu ra l », sonni

_ Г '
dpb olsak, u holda barcha n > n„ va ban ha m > la] uchun

i i ' I
I v , - v h- 1 *• f-и „ // u

bo lishmi topannz. Dpmak, bpnlgan ketina- kplhk



lu i i dam on l  a l d n . ►
\. 11 — m iso l U uv idag i

1 ! 1V 1 ■ • - t
4 n

k o lm a  kf ' t l ikni iH)  (unddin« 'nla l  kotnui k» ‘tlik Pinasliqi 
ko ' rsat i l sin:

A  Rnvshai ik i ,

:  2 "
k e t m a  k o t l ik  ucluin lidi q a n d a y  m I o lqanumzdd h<un

bo ' l i sh i  k^ l i b  chiqach. Bu ho i  bori lyan kf>tma ke t l ikn inq  
lu ndam nn ta l  onidshqini  ko' rsdtadi .  ►

У — te o r o in a .  (Kosh i  t e o r e m a s i ) .  Kctn ia  k i'tlik  y a q ir t la sh u v d ii 
b o 'lish i u c h u л a fu n d am en ta l b o 'lish i ■/.arm v<i yetarh

< Z a n n i i g i  v. kotmd ko t l ik  yaqinlashuvi  hi bo ' l ib,  !unv„ - a

b o ’ lsm. L im i t  ta ’ n f iqa  muvo f iq ,  V/: .->() b^nlgdiula ham  ̂ (|<i к о 'ы  

s hu n da y  с \ son top i lad ik i ,  bdi rha  >> ■ », sonldi uchun 

| л «íI • /' UMiqsi/lik o ’ nnh bo ' l ad i .  Domak, ix t iyor iy  n • v<i 

in > >t„ s on la r  uchun

l v „  v „ ,  I -  |.)L'n -  a  f  < i  ■ хгш I ¿  I v n -  í/| i \ \ ' m " |  •- t :

Bu esa  fundanmntdl  kntnid kot l ik  ekdii ini ko' isdtadi .

Y e t a r l i l i g i .  \ funddiuentdl  ko lnia  kptl ik bo ' lsm. Donidk, 

V/;>() u c h u n  shunday np t V so n  lopilddiki,  »/••«„, •» ■ 1<н 

uc hun  I\ V tengs iz l ik  o ' r inh.  Bu tot igsizl ikdd n son (»,

dan k a l t « )  i x t i yn i iy  b o ’ hshini q o l d m b ,  m natuidl s on im ig  n, ddii 

kdtta b i m i  t d vm  q ivmat in i  olib, y u q o n d a g i  tcngsi/hkni  quy idag i  

л-,п /; • -v„ - x HI + r, 
k o ' i m i s h d a  yo/.ib oldiniz. DPirnik., w > « „  ‘ I«1 ketma

k e t h k n i n q  i hddlan ( vm >■’ * ,„ - >■ ' intorvalda tog ishh bo' l ib,  

undan  kc tm a  kot l iknmg choyara lanyan l ig i  k^l ib chiqadi.  
Bo ls ano  Vpyorsht iass  lp in m as ig a  k o ’ ra < ko lma kethkdan 

c lmkl i  s o n g a  int i luvrhi  v, q isnuy kotma ki ' t l ik aj iatish 

m um k in .  Bu q i sm iy  ko lm a  kot l ik  liinitini • * bilan bo lg i layhk:



■]ln' v- "  ¡n il] ,/ miii \ ki'lnici ko llikn ing  lim iti 

ko iSiil<inii/. I)<uh.KjKjdt, bu tom ondan v > n b o ’hjan i uchun
o qa k o if i shundav \' son topiladiki, k - A,, lai uchun 

'' . ■'1 l<“nqsizlik bajarilad i.

Ikkmr In lonionddii, /¡- n_ boMqanda fv, | •- r  tonqsizhk 
ham bajanladi. Yuqondaqi tongsi/lik ld iqd k o ’ia

|v„ a| - ■ v (j v„ t \ n - a  v „ | i jv„ - </j • 2 «';

bo lishi kclib cluqadi Hu osa Inn v, - a t'kanim  k o ’rs a la d i^
Isbot etilgan ti'oKMiui kosh i Ip o jp i iu is i yo k i yaqm laslush 

ine/oni (kutf'iiysi) dob y u r it ila d i. Bu tooii'ina m uhin i nazariy 
aham iyaU ja ccja

0 °. K>tma--kotliknmq yu q o ri v.i «{iiyi liin it la r i 
Aytayhk , x h

\ , < . V , V M .

kotma -ko liik  borilijdn bo'hb, x „

v „ . .v . .v . . .vn ' H , n • •

bonlqan kf'tnid ko llikm nq  qism ty kotma k e t lik la n  bo ’lsin. 
M a 'lu m k i, v kf'tnid - k<*t likn inq  limiti > m ng q ism iy  liinili 
doyilar (Mil.

10-td'rif s k<‘tiiid k o tlik  q ism iy lnm tlarning onq kattasi *, 
kfdma -kptlikrnnq yuqori lim it i doyilad i U

I i tn x
kabi bolqilanadi.

' ketuid -kotlik q ism iy  hnntla in ing  i>nq k ich iq i bonlqan 
kotma- kcthkning quyi l i in il i  doyilad i. U

lim v
kabi bplqilaiiddi

Masalan. ushbu x „ :
1 . 2 . l . 1 . 2 . ' 1 . 2 .1 . . 

kotina- kothkninq yuqoii lim iti
Inn v,

quyi lim iti osa
I ill-» A : 1



bo 'lad i.

4~§.  Im ik s iy a n in q  lim it)

B iz  yuqonda natm al argum onlli funksiya sonlar kotma 
k e thg i va  uning lim itin i o ’ig an d ik  hndi argumenti haqiq iy son 
b o 'lg an  funksiya lim itin i qaraynii/.. A w a lo  sonli to 'plam ning 
lim it i nuqtasi tushunchasi b ilan  tanishannz.

1°. To 'p lam n in g  lim it i n u q ta s i M a ’lumki,
f / ( ( i i ) - | x : i e  R . a  c < x < a + c ) 

to ’p lam  a nuqtaning atrofi ( *; dtrofi) dob atalar edi. Shunga 
o ’xshash  ushbu

d  ' (<?) - {x  : x e R . a  < x a  \ e } 
to ’p lam  a nuqtaning o ’ng atrofi.

U i { a )  (x  : x e1 R.<i r. < x < a }  
to 'p lam  a nuqtaning chap atiofi.

U ' (oo) “  { x  ; x (.• R .  |x| > c )  ,

U  ( f oo ) { x : x ‘ R  . x > c } f

I )  ( -cr ) { x : x i R , x < - c } 
to ’p lam la r esa mos rav ishda » ,  + ^ va x "nuqta" lam ing  atrofi 
dob ata lad i. Yuqonda k e ltm lg a n  ;; va r lar lx tiyo riy  musbat 
h a q iq iy  sonlar.

A' b iro r sonli to'plam , a  b iro r nuqta bo’lsin.
11—ta ’rif. Agar a  nu q tan ing  hoi b ir atrolida v to 'plam ning 

a  d an  farqli kam ida b itta nuqtasi bo lsa, 
y a 'n i

V r. > 0, 3 x e-: A' . v * a , ¡x - a \ < i: 
bo 'lsa , a  nuqta x  to ’p lam ning  lim it nuq tasi doyilad i. M iso llar 
q aray lik .

1). Ushbu [0,11 { v : x e R  .0 ■ x < H to 'p lam ning har b ii 
nuqtasi shu to 'p lam ning lim it nuqtasi bo'ladi:

2). U sh bu  v { 1.2 . } .  } to 'p lam  limit nuqtaga ega emas:
3). U shbu  (0-U = {v  : v e R .o *. v <• U to ’p lam ning har bir 

nuqtasi shu to 'p lam ning  lim it nuqtasi bo 'lad i va yana
v = 0 , * -• 1 n u q ta la r ham  (0.1) u chun  lim it n u q ta la rd ii

4) }■ - ¡0 ,1) segment ham  da 2 somdan iborat to 'p lam  bo'lsin,



va'm  I • !2l Bu to 'p lam  uchun \ 2 lim it nuqta Pinas
Acjdi a  nuqla A lo ’p lam nm g lim it nuqtasi bo'lsa, to 'plam  

m iqtalaridan a  ga in tilu vch i * „ ( v „ r -V v „ * 11 -11 "  F2. ) 
kotma kf'tlik  tuzish mumkin

< ’[ n ’p ldniniiig limit nuqtasi ta 'n iig a  b inoair
- I u c h u n  3 _v, t- X  * a | \-. - n | •• ].

>■ ~ - u ch u n  3 v, t- A . v, * <i I v*, - <; I - •••-.
2 ‘ 2

~ u ch u n  J  v , e X  . v , -t a t v , - a I *• — .
1 ' 1 1 3

/: - -- u ch u n  3 x n t  X  . x n & a |.vi( a\< — , 
n " " n

bo 'lad i Natijada, x, kptma k e tlik  hosil bo ’lib, Vh ^ n  uchun
i i I
v ~ a  —  n

bo ’ladi Rundan
lirn .v „  = a

bo'lish i kclib  chiqadi ►
Bu kpltm lgan m ulohazald idan ko 'nnad ik i, bu n d ay  k^ tina-  

kotlik larm  ko'p lab tuzish m um kin.
12“ t« 'rif. Agar a  nuq tan ing  har bii o ’ng (chap) atrofida

V to ’pldm ning a  dan fa iq li k anud a  bitta nuqta::i bo'lsa, ci nuqta 
A' mng o 'n g  (ch ap ) lim it n u q ta s i deb ataladi.

13—ta 'r if  Agar har bir I  \  ( ° °  ) atrofida .v to 'p lam nm g kam ida 
bitta nuqtasi bo’lsa, «  "n u q ta "  A’ to 'p lanuung lim it  n u q tas i 
dpyiladi.

• r  “nuqta" lam ing lim it nugta bo 'lish i ham yuqoridag i
singari ta ’nflanadi.

M asalan, * x "nuqta" ,v - <1.2 .3 , . j to 'p lam n ing  lim it 
nuqtasi bo'lad i

2°. Fu n k s iya  lim itin ing  ta 'r if i .v c.R  to ’plam bon lgan  b o ’lib,
0  nuqta lin ing limit nuqtasi bo 'lsin . Bu to’p lam da f i x )  funksiya 
an iq langan dpylik  M odom iki, a  nuqta A m ng lim it nuqtasi
• ‘kail, A to'plam ning nuqta laridan  a  ga in tilu vch i turli,
< * X  . -vit t  a . n - 1 .2 .3 .  ..) kptma- kptlik la i tuzish



m um kin: lim - a .  Ravshanki, r(i t  Л' , = 1 .) shumng 
uchun  bu nuqtalarda ham  f ( x )  funksiya aniqlangan. Natijada 
IX ; ketm a ketlik b ilan b irga /(v„ ) :

/ ( * , ) .  / ( X -  ) ,  / ( . V , ) .  .. f ( X H ),..

sonlar ketm a — ketlig iga ham ega bo ’lamiz.
1 4 - ta 'r ii Agar to 'p larnning nuqtalaridan tuzilgan, a  ga 

in tilu vch i liar qanday * „ ( x „  * - 1,2.3.. ) ketma ketlik 
ol^anim izda ham mos /(.*„) ketm a -  ketlik hamma vaqt yagona 
b (chekli yok i cheksiz) hm itga mtilsa, shu h ga f ( x )  
funksiyan ing  о n u q tad cg i lirn it i dpb ataladi. Funksiya  limiti 
lun ? { х ) * Ь  kabi belgilan*di

Fu n k s iya  lim itiga b erilgu i bu ta ’ril Geyne ta'rit: deb ataladi
Bd 'zan  b ni J\x ) ning x->a dagi limiti deyiladi va 

x-> a f  { x ) b
kabi belg ilanad i.

K e it ir ilg an  ta ’rifning ushb* muhim tomoniga o 'quvchim ng 
e ’tiborin i jalb q ilaylik : a  ga intiluvchi har qanday 
x „ ( * „  * = 1.2,3....) ke tm a -- ketlik uchun x„ -*a da / (* „)
ke tm a — ketlikn ing  lim iti olingan x. k e tm a- k e tlik k a  bog'liq  
b o ’lm aslig i kerak.

4.12—misol. Ushbu

/ ( * ) * 1 +
funks iyan ing  *->o dagi lim iti 1 ga teig  ekanini ko ’rsating.
+ N o lg a  in tiluvch i ix tiyo r iy  x„ k e tm e-ketlik  oiaylik: lmi = 0. 

U  ho lda iunksiya q iym atla ridan  iborat ketma — ketlik

/ O J  = 1 +<l
bo ’ladi. Ravshanki, da

lim f ( x n ) - Inn — = 1.
1 -i x;

D em ak, ta ’rifga ko 'ra

lim / (x ) = hm — -—  = 1. ». 
• k0 1 *o 1 + r



4 .13 —niiso l Q uyidagi

/ IV  I = Sin ( ■/ (I
V

funksivdnm g x ~»o dagi lirniti m avjud fMiidsligi ko'rsdtilsin.

< Hdqiqdtan, nolqd in tiliiv ch i ikkitd tu ili v' - ■ •" - - :
1 1 J  ( 4 « - l ) ; r

2
v* - - 7  -  kotnid -kotlikn i o ldy lik . Bunda( t I )7T

, 4/i - 1 -In *■ ]/ ( V„ ) - s in ---- n = - 1. / ( V ) . s in----- K  I .
2 2

bo'lib,
lim /(x '() - - 1 . iim / ( 0  = 1

b o ’ladi

Bu  esa ■■’in funksiyan ing .<■--» o da lnniti m avjud em aslig in i 

k o ’rsatadi ►
Funks iya  lim itin i boshqacha ham  ta ’ntlash m um kin

15-ta'rif. Agar Vr~> (> son uch un  shnnday <$>o son top ilsaki, 
argum pnt x ning 0 < \x - nj < ri tengsizhkm  qanoatlan tiru vch i

barcha q iym atlarida I / O ) '  h\ ' i: tengsizlik bajanlsa, b son f i x )  
funksiyan ing  o n u q ta d a g i l im it i deb ataladi.

16-td'rif. Agar V/ >o son uch un  shunday ¿>0 son top ilsaki, 
argum ent x ning 0 <|.t-</|<^' fengsiz likning q anoatlan tiru vch i 
barcha qiym atlarida |/ (a ) |> j :  (f(x):>f:,f(x)<-t-) b o ’lsa, / (* ) 
funksiyan ing  ci n u q ta d a g i ¡ im it i  =c ( -nr ,-oo ) d^yiladi.

Funks iya  lnnitiga berilgan bu  ta 'r if Koshi ta ’rifi deb ata lad i,
x 5

4.14-m isol Ushbu / O )- —, funksiyan ing v-+5 dagi lim iti

1 bo 'lishm i isbot etinq.
10 y

10/;
< V/; *o son olavlik Bu  t: qa k o 'id  a ni =---  deb  olsak, u

J  I + K
holda o . \x • 5| •. rV bo'lganda

V - 5 1 1 v - 5
v ; - 25 10 " I o’ x 4~5

lv - #< -----— < e
10(10 |.v- 5|) ¡0 - # 

tenqsizlik bajariladi. Bundan, ta ’rifga k o ’ra



b o ’lish in i k o ’rsating.

M V/;>0 son uchuu <> - -- deb olinsa, u ho lda o < [a- l|- 6

len gs iz lik  kelib  chiqadi. Dem ak, 'Tir™ - x >
3 °. F u n k s iya n in g  b ir tom on li liin itla ri. .V biroi haqiqiy 

sonlar to 'p lam i bo'hb, a  un ing  o'ng (chap) lim it nuqtasi bo'lsin. 
B u  to ’p lam da f ix )  funksiyd  aniqlangan deyiik.

17-ta'rif. (G eyne). A g a r .v to ’p]auimng nuqtalaridan tuzilgan 
va  har b ir hadi a  dan katta  (k ichik) bo ’lib, a  ga in tiluvch i har 
qand ay  x„ ketm a ke tlik  olganim izda ham mos f {x „ )  k e tm a- 
k e tlik  hamma vaqt yagona b ga mtilsa, shu h ni /(.r) 
funks iyan ing  a n u q ta d a g i o 'n g  (chap ) lim iti deb ataladi.

18 - ta ’rif. (Koshi) A g a r V o O  son uchun shunday rf>0 son 
top ilsaki, argum ent X  ning a < x < a + S  ( a - S < x - . a )  
tengsiz lik larn i qanoatlan tiruvch i barcha q ivm atlanda 
\ f ( x ) - k \ < £  tengsiz lik  bajanlsa, b son f (x )  funksiyaning 
a  n u q ta d a g i o 'n g  (c h a p ) l im it i deb ataladi.

Funksiyan in g  o ’ng (chap) lim iti quyidagicha belgilanadi: 
lim J ' ( x )  = b yok i f ( a  + ()) —b ( lim f ( x )  = b yok i /’(«-<>) "/>)t » a » 0 v > /1 0

A g a r a = 0 bo'lsa, x-»(> + 0 (x-*o o) o'rniga *-»+0 (r->-0 ) deb 
yozilad i.

Funks iyan in g  o 'ng  va chap limitlari, un ing bu tomonli 
lim itla ri deyiladi.

4 .16-m isol. Ushbu

tengsiz liknm g bajanhsh idan

/  ( -V ) = f -  (X  *  0)
Ui

f i x ) ix*  0)

funksiyan ing  o ’ng va chap lim itla ri topilsin. 
M H a r b in  nolga in tilu vch i ikk ita



' ■ v •> 1M v " • 0, /, - 1.2 V  ) 
kPtm a kptlikn i olciylik Bu kptma — koMiklar uchun

/< <  ) - x" \ - * \ / { v ;;) - - V -  - i -> - 1
r „  ’ - r „

b o ’lad i Donidk,

]irn / ( -V ) ~ hm -• 1 ]im / ( v ) — I ini - 1 *
. . j V )  , .  ̂ . , , i t |

hnd i a > <• dd iunk.siyd ln n it i tushunchasim  koltiram iz.
.v fo 'p lam  bonigan bo’hb, x  ( )  uning lim it "n u q ta " 

si bo'lsin. Bu  to'plamda /(.v) . fu n k s iya  am qlangan deyhk.
1 7 - ta 'r if. (G eyn e ) A g a r .v to 'p la m n in g  nug td larid an  tu z ilg a n  

lia i q a n d a y  ch oksiz  k<itta (m usbat ch p k s iz  katta: m a n iiy  ch p k s iz  
kdtta) v,( ko tm a-  ko lhk  n lg a n in iiz d f ham  mos / (v „ )  k e t i n a -  
k p tlik  h am m a vaq t yag o n a  b g a  in tilsa , shu b m  f ix )  
tu n k s iya n in g  f ->./:( v-* i-* \-> -x) d a g i l im it i dob ata lad i.

18-trt'rif. (Kosh i). Agar v >.->0 son uchun  shunday rf>() son 
topilsaki, argum piit v ning |*| > ¿ ( r (v.x <-<?) tpngsizhkni
qanoallan tnuvch i bairhd q iym atla rid a  j/ (  v) - />| </; tengsiz lik  
bajarilsa, b son J { x )  funksiyanm g a--•>»(.»•->+*.t -»-■») d a g i lim iti 
deb ataladi. Funksiya  limiti

lim J  (x ) - b ( liin j \ x )  = h, Inn / (v )= A )

kabi bpgilanadi.
4 .1 7 - m iso l, Ushbu

. sin x
',To ”  ~ - = 1 (-4 7)

teng likn i isbotlang.
*  Ushbu

sill V .V <. igx (0 < x< ~ )

tengsiz lik lai o rmli. Bu m aktab mfltp>matikasiH^n m n'lim i n
bo ’lgam  uchun bu tengsizhklarm

i < .  — -  -
Mil V (JOS V

ko 'rin ishda yozilishi inumkm. U nd an



tpngsizlik lar kehb rh iqad i.

B iz  14.8) tengsiz lik larm  lx tiyo n y  veto.—) uchun isbot q ild ik

sm x (v. , 0) va  cos v hinksivalarn ing jutthqidan bu
x

K n
tpngsizhklarning barcha ~ . - ) \ { ( ) }  uchun to g nligini

topamiz. Shu b ilan  birga o < | * | < -  da

X M1 - cos x = 2 sin 2 — < 2 —  - \x\ tongsizlikning o ’rinli bo lish im  

e 'tiborga olsak, yuqo ridag i (4 8) tongsizliklar quyidag i

0 <
v

ko 'n n ishga  ke lish in i topam iz.
A g a r V/;>0 son b erilg anda  ham ¿>0 dpb r. va  ̂ sonlarning

k ich ig i olinsa, argum ent x nmg o < |jc| < S  tongsizhktarm

J Sin X sin X-- ---------1
X X

< &•

>-> m m  .................... ...J
ta ’rifiga k o ’ra (4.7) lim itn ing  to ’g 'rilig ini anglatadi. ►

4.18-m isol. Q u y id a g i

lim (1 + -*-)1 = e (4.9), » e X
teng likn i isbotlang (bunda e = 2.7] )

< Bun ing  uchun + *  ga intiluvchi ix tiyo riy  k e tm a-  
ke tlikm  olaylik. B u  ho ld a  barcha A - I 2 3. lar uchun v4 M deb 
qarash mumkin. H a r b ir xt ning butun qism ini >h orqali 
bplgilab, ushbu [x„\ = n k <k = u  .) *«= ga intiluvchi 
n i t n 2 ,.., n k natura l sonlar ketma- ketlig in i hosil qilamiz. 

M a 'lum k i,
I „lim (1 t —) -e



Bu inunosabatdan

]un (I -f - )"- <- 
n ,

okdiii kelib  chiqadi 
In d i  ushbu

| v . I -- n . n , v , • n

n , *
rnunosnbatlai o ’nn li bo 'lislinn p 'tiborga olib, topamiz: 

:'. + - i - + —  
X  .

Bnoq

- ll XIX I 1 + 1 i ni I 1 -»
V '*11 (

(4.10)

n, Y V  +  1 J

(  y**1lim ¡ ! +— j r- lim
"* «» 1

i + _  j 11 + —
»* I  { ” ,

linutlar o rin li bo'lgani u rh u n  (4.10) tpngsizliklarda (b lin d a  
v, » ** ) lunitga o ’tsak, ízlangan (4.9) liirnt kelib chiqadi.

i ndi x ga intiluvchi ix t iyo n y  v„ kptma -  kptlikm  o lay lik . 
Hunda xk • -1 (/= ],2. ) deb qarash m um kin. Agar >, - - a-, deb 
bplgilasak, unda r. ♦ va r, >1 (A-= 1.2. ) b o ’Iadi.

Ravshanki,

i l t 1 N [
1 1 '

y V >'*, l  >*-1v\ -

lllll u - L ) - lini | - 1 ■ I ' “ I ♦ _ !
\

vi J >. l't ■ 1 ¡ 1 _

Undan

Shm iday qilib, - x g,i in tiJu vch i bar qanday xi ketm a k e t lik  

o linganda ham /<.*)-(\ ■> funks iya  q iym atfandan tuzilgan

/ ( v ( ) =

kplina —kptlik  hamma vaqt c lim itga  nga pkam isbotlanad i.



Funksiya  lim itin ing G e y n e  ta ’rifiga ko’ra

Inn f I *-
x

lim it ham  o 'tin li bo 'lad i ►
4 °. C heksiz  k ic h ik  ham d a cheksiz k a tta  fu n k s iya la r . Faraz 

q ilaylik , a(.i) va  fH\) funks iya la r X  c_R to 'p lam da bprilgan bo lib, 
a  shu to ’p lainning lim it nuqtasi bo'lsin

19-ta 'rif. Agar
Inn a. (x )  - 0
X —*  Q

bo'lsa, a(x) funks iya  * d a  cheksiz k ich ik  fu n ks iya  d^yiladi. 
M asalan, *-»0 da a ( x )  = s inx  funksiya chpksiz k ich ik  funksiya 
b o ’ladi.

A ytay lik , f ix )  fu n k s iya  .V to'plam da botilgan b o iib ,
lim / (x)  - b

a
b o ’lsin. U  holda

a (x ) = f ( x )  - b 
funksiya x->a da cheksiz  k ich ik  funksiya b o ’ladi.

< H aq iqatan  ham, funks iya  lim iti ta 'riflariga k o ’ra 
lim f ( x ) - = b = >  1 A ( x-) - b\<r c => p ( x ) \  < e -z lim a ( x )  - 0

.  - *  a * > a
bo 'lad i

Dem ak, bu ho lda
f ( x )  = h +  a ( x )

b o ’ladi. ►
2 0 - ta 'r if  Agar

lim //(x) - cox - >  a
bo'lsa, p{x) funks iya  x-->a da cheksiz ka tta  fu n k s iya  deyiladi. 
M asalan, *••»() da /*(*)= 1 funksiya cheksiz katta funksiya bo'ladi.

X

5-§. C h e k Ji l im itg a  ega bo'lgan fu n k s iya la m in g  
xossalari

C h e k li lim itga pga bo 'lgan  funksiyalar ham yaqinlashuvchi 
ketm a — ketlik lar s in g an  qator xossalarga ega U larm ng isbotlari 
ham  yaq in lashuvch i ketm a - ketliklarning mos xossalari isbotlari 
kabidir.

1°. T en g s iz lik  b e lg is i b ilan  ifoda lanad igan  xossalar X c R



Io  plrim ben lqan  bo’lib, a  osa um nq limit nuqtasi bo 'ls in . Bu 
to pldnid<i / io  funksiya «miqldnqcin.

1). Aqcir ushbu Inn / ( v )  b lim it m avjud bo'lib, /- p

bo lsd, a  n ing yeta ili k ich ik  a tio fid an  ohngan , {**</) n inq  
qiyrnatlarida /(<-),/. ( /( o •,/) bo 'lad i

Agai ushbu lim /1.0  /> lim it m av|ud bo'lib, /> ,o (/><. <i> b o lsa ,
ning ye ta ili kichik atrofidan o lm yan  v ( r » 0 ) ning q iyrnatlarida

■ ‘ ü ( / (,r) < 0 ) b o ’lddl.

'/)- A gar ushbu Inn f i x )  Im ut nidvjud bo ’lsa, a  n ing  etarh
k ich ik  atrofidan olmgan a n ing  qiyrnatlarida /(.*) funks iya
chegaralangan bo'ladi.

6-es la tina . Funksiya chegara langan lig idan  un ing  ch ek li 
lnnitga ega bo Jishi har doim ham kolib  chiqaverm aydi M asa lan ,

/(<) sm funksiya chegaralangan, am m o _r-»o da bu funks iya
hm ilga ega ernas.

to p lam da ' x> va /t(x) funks iya la r an iq langan bo 'lib , 
o f'sa .v n ing  lim it nuqtasi bo'lsin.

.3). A gar argument a rung a  nuq tan ing  biror atro fidan
olm gan barcha qiyrnatlanda

/, (x ) < / ,  (.V)
tnngsizlik o rinli bo’lib, lun^/ , ( * } ,  lim itla r m av ju d
bo ’lsa, u holda

Km / ,( .* )  < hm f 2( x ) 

tengsizlik o 'nn li bo'ladi.

4). A gar argument a- rung a  nuq tan ing  biror ( ’¿ (a)  a tro fid a  
olingan barcha qiyrnatlarida.

/ , ( v )<  f { x ) <  / , ( . v )
tengsiziik o 'rin li bo'lsa va limn / , ( * ) ,  lim / , ( * )  lim itlar m av ju d  
bo'Iib,

Ilm /,(.V )  ̂ Iin i / \ (x )  - h

bo'lsa, u holda
Inn f  ( x ) - h

bo'ladi.



4 .18-inisol Ushbu

lim it topilsin.

Illll V CO' -  (A/0)
' V

< Ravshanki, b ir lom ondan -vtos -  lunksiya uchun
V

-- l-v-l < a-los 1 |,t| tenqsi/.liklai ba|anladi, ikk in c in  tomondan,
x

Inn ( - I x: j) lim | v | - 0

Doinak, vuqondag i 4) ■ xossaga ko 'ia  lim vcos - I) . ►

2 W. C h ek li lirn itg a  eg a  bo 'lqan tu n k s iya la i ustida a rihn etik  
a im n a la r to ’p lam  borilgan bo’lib, a  unm g lim it miqtasi
b o ’lsin. Bu  to’p lam da f (x )  va *(v) tunksiyalar aniqlangan.

1). Agar a- »,< da /(*) va * (o  funksiyalar lirnitga pga bo'lsa, 
/(x)±x(x) funksiya ham  funksiya ham lirnitga pga va

lim ( /  ( v ) ± £ ( t ') )  - lim i ( r ) -+ lim ( v )

tpng lik  o'rinli.
2). Agar a >a da /(a) va  ¿m») funksiyalai lirnitga pga bo'lsa, 

/ 0 0  • # 0 0  funksiya ham lirn itga pga va
Inn ( / ( * )■  £ ( * ) )  lim j { \ - )  \ i m g ( x )

tpng lik  o 'lin li
4 -na tija . Agar .*• --*<> da j(x ) funksiya lirnitga pga bo'lsa, unda 

kf{x) funksiya liam lirn itga pga va
lim (k f  ( x ) ) -  k Inn / ( v )  (k = const)

teng lik  o ’rinli.
3). Agar .«-■>« da j\x) va  «(a) funksiya la i lirnitga ega bo'lib,

/(■*) I  1 1  I  i i v ^ i  y t i

/ ( v )  _

lim v ( x ) * Q  bo'lsa, tunks iya  ham lim itga pga vaX'(at)

Uni
« ►« ,fcf(v) lim g ( v )

tong lik  o 'rin li
7-es la tm a . 1). Yu q o rid a  kpltu ilgan 1- va 2 -  xossalai 

qo 'sh iluvch ila i, k o 'p ay tu vch ila r soni ix t iyo iiy  chokli bo 'lgan 
ho lda ham  o ’lin li.

2 ). x - * a  da f ( x )  va >-(.*•) funksiya la in ing  y ig 'ind isi,



ko'|><iytm<isj \<\ nisbaticiiin ibonil Im 'lqan f u iiks! ya la i m nq h iiu liq a  
' 1 * 1)0 lislud-m bu funks iya la i nmq hdi btiirnnq lim itqa eqa 
b ( )’listii doim kohl) cbiqa vpniiciydi. N la sal an,

I 'in 1 ^(>) mu 1 funks iya la i y i()’indisi .u m  .•(!>-]

bo lib, » >n d<i / 1 \) 4 v) >l bo 'ldd i. Am ino \->o dd /i-i va ...•(») 
lunksiyahnnm y har bui lim itqa oqa omas.

4.19—m iso l Q u y id a q i
, V t V  ■ +  V  ' t | -  I IInn - - ---

> v i  v  !

11mi I ni hisobldiiq.
< Soddd dliiidshtinshldi yo rdam ida topami/,:

1 V  4 V f V + t "  -  I I  (  v  - 1 } 4 ( .V ' I )  t . . t ( V "  I )mu - -......... — _ imi - — --- —  —  - -
' 1 • v- I

I < V  I ) | 1 * I V  I I H  (  V ' I V  -I I ) t . ( {_ v "  ‘ -f v "  ’ f  . t- V  4 I ) J

V  I

.  ̂ H(« 4 I)
I t 2  I }  4 i n *>

IV m ak .
, V  4 X I A‘ '  f  . ■ V "  I n  (  n  t- 1 )Inn - --- - - ->•- - -

V -  1 2

0~ $ . lu n k s iy a  l i in i t in in q  in a v ju d liq i h a q id a  te o ro m a la r

1°. M o n o to n  iu n k s iy a  l im it in in q  m a v ju d lig i. \ fo 'p lam  
b e ii lq a n  bo 'lib , a ¡rh o k li y o k i «■ ) esa shu to 'p la m m n q  lim it 
IllK jtdSi Vd bdrcild \ t- .\ Id l U f llU IJ  x±a b o ’lsin. ß u  X to  p ld illdd 
■'(x) lu n k s iya  aniq lanqan.

10—l<»orema. '(\) fu n k s iya  v to 'p lam da o 'su vch i bo 'lib , u 
y iH jo rid an  ch rg a ra lang an  bo 'Isa , fanks iya  a  n n q ta d a  ch ck li 
hnntqa ('go, ynqoridan  c h cg a n d am n ag a n  bo'Isa, lin in g  l im it i  tx 
bo’lodi.

\ to'pldiu bonlgan bo ’lib, a  (chck li yoki • *  ) osa shu 
to 'pldm ning limit nuqtasi va b arrha  v( V lai u rlnm  v • a bo'lsin. 
Hu \ to'plamda /(o tunksiya atiiq lanqan

11 - feo reriia . Agai /(.v) fa n k s iy a  to 'p lam d a  k au tayu vch i 
bo'hb, a (ju y id an  ch cg a ra lan g an  bo 'Isa, H\) tu n k s iya  a  n n q tad a  
<i\rkli lim itqa  eqa, qu y id an  cheg ara la rtm agan  bo'lsa, u n in q  iim iti

K'S



« bo 'lad i.
Hu tpoiejiuilai m onoton k i'liiu i k rtlikm nq lim iti mavjudliqi 

haq idaq i teorem alar kabi isbnllanadi.
211. Kosh i feorem asi l:nd i funksiya hm itim nq mavjudhgi 

haq idaq i um uin iy too iem ani k<>11 n<mii^
V < z to 'plam  b en lgan  bo lib, i/ immg liinil nuqtasi bo'lsin. 

B u  to 'p lam da /<o funks iya  b rn lgan .
21_ ta 'rif Agar -п son uchun shunday <■> о son topilsaki, 

argum ent л- ninq о ч ' a* «- <v o-4" ,■ a tpngsi/.liklai m 
qanoatlan tiruvch i lx t iyo n y  л-' va У  qiym atlanda

1 / i V " i / ( r ">! • >.■
tengsiz lik  o ’lin li bo'lsa, /(.v) iunksiya uchun a n u q tad a  K osh i 
shcirti b a ja r ila d i doyilad i.

4 .20-m isol. IJshbu  / ( v j  - л ми - funksiya uchun v-0 nuqtada 

kosh i shartinm g b a jarilish in i ko'rsatmq

< Haqiqatan, W ;> 0  son olib, л ni л  ̂ deb qaralsa, u holda 

v nm g

0  <■ IA -  ( ) |  -  \x' \ < ' '  , I )  < \x"  i l l  I .V "  ! '  -- ! I I I 2 I 1 1 1 2
tenqsiz lik larim  qanoatlantiiuv< hi ixtiyoriy x' .x'  q iym atlari uchun 
q uy id ag ig a  eqa bo'lam iz:

¡ / ( v1” ) - _/ (x')J - 1
-v Sln , . 1 v sin - 1V Sit) 1 1v sin

v" v' Vм v'
l.v I f  l.v I < /:.

B u  berilgan  funksiya uch un  л--о nuqtada Kosh i sharti 
b a jarilish in i ko ’rsatadi. ►

/(л) funksiya u ch u n  a  nuqtada Kosh i shaitin ing 
bajarilm aslig i quy idag in i an g la lad i

wv>o son olgannn izda ham shunday /.->o va o<|jr' -a  ̂,v.
tengsiz lik larn i qanoatlantiruvch i x' .x" (.y’ e .V . л* e Л') 

q iym atla r topiladiki,
| / U " )  f i x ' )  I s /:

bo 'lad i.
M asalan,

/ { V ) - cos -
V

fu n k s iya  uchun *=.(> nuqtada Koshi shaiti bajanlm aydi.



H aq iqatan Vd >o olqrininu/.dci ham >: \ va

1 •" 1
2 k , t  (2k t ])«■

(  1 ''in u q ta la i u ch u n  /» | ( j b o ’lq a n d a  ' t' l- ¿ . | v " ! v ¿ ’ b o ’lish iV 2 /Tí> J  1 11
lavshan,

| / ( v ') / ( v " )| - |cus( 2 k i I ) k  eos 2 n  | - 2 > ¿: 
bo'ladi.

12 - tt*o re rn a .(K o sh i). /(ai fu n k s iy a  a  n u q tad a  ch ck li l im itg a  
cga  b o 'h sh i uchun bu fu n k s iya  uchun  a n u q ta d a  K o s h i 
sh a rd n in g  b a ja r iiish i z an a  va  ye ta rii.

*  Z aru rliq i. a -■*u da j ( \ )  funks iya  chokh lim itga ega b o ’lib, 
hm f ( x )  h bo'lsin Funksiya  lim ili ta ’rifiqa k o ’ra w.->0 son

olinqanda ham '' (ja asosan shund ay  ó -o son top ilad ik i,

arg u m on t a n inq  o [a ,>| •. ,s to n g s iz lik la i ni q a n o a tla n tiru v c h i 
q iym a tla r id a

|/‘( V) h \ ,
2

tonqsizlik o ’nn li bo'ladi. Xususan, ushbu

0 '■ I vf - a I í> •=> I j ’ ( v ')  - b i < ---i 2

0 < \x" - a j < S  => |/  ( .r " ) - b ¡ < ~- 

m unosabatlar o 'nn li Bundan
| / (-0  - ,/ ( v " ) |  < \ f ( x ' )  - />(+ | J ( x " )  -  h \ < /:

tongsizhkning o ’rtnli bo'üshi ke lib  chiqadi. Bu  osa f\x) funks iya  
uchun a  nuqtada Koshi sharti bajarihsh in i ko'rsatadi

Y e ta r lilig i j (\)  íunksiya uch un  a  nuqtada Kosh i shaiti 
bajarilsin, y a 'n i v¿-^o son o lingan da  ham shunday ¿>o son 
topiladiki, v ninq o •• a-' - <j¡ < a . o <-V -• n1 <-rf, tengsizüklarm  
qanoatlantiruvch i íx tiyoriy a-’, a-'' q iym atla rida  ¡/ (-O  - / ( - 0 |  < * 
tongsizlik o rinli. Bu holda ;(x ) tunks iya  x->a da chokli lim itga  
pga b o ’hshin i ko'rsatami/..

ü nuqta A’ lo ’plamninq lm nt nuqtasi. Shuning uchun  
to p lam ning nucjtalcindan v, (v w *  - l,2.í. .) kotina - ko tlik

‘idt



tu/.ish im im kinki, tmi\, <> bo'ladi Kr tma kethk linnti ta litiga 
k o ’ia. yuqo iida o linqan  son inhun  shundav «= \ son
topiladiki, b a icha » '• 1<h uchun () ¡>„ «| •  ̂ \<i
o • :\, m a ■ tonqsi/Jiklfij o ’nnli bo’ladi Bu trngsi/.liklarniug 
bnjdiih^hiciíin r»sa, sliaMga k o ’ia

I / ( V „ , , n ) ./ ( V , )| ■ >:
bo 'lad i Demak, /i.v, ) fundamental kotma k rtlik  U 
vaqirilashuvchi. B iz  / U \ , ' kelim í kethk hrmtini > hilan 
belg ilavhk, Imi / ( v j  h .  hndi .V lo 'p ian inm g nugtalandan

tuzilgan va qa in tjlu vch i ixtjvony * „  ketma- ketlik 
v' •> <i. vi * '-2.V ) olinganda han» /(v) funksiya
q m natla rid an  tuzilgan /|.v' i mos ketma ketlik  ham o’sha /> ga 
in tílish in i k o ’rsa tamiz.

I-aiciz q ilayhk, v;, -> o (x'„ *■ » 1 2 )  da /{<) >*’ 
b o ’lsin. A‘„ va x'„ k e tn ia  • ke tlik la i hadlandan ushbu 

x , . -v ' . x . . -v . x , . a- ' .. x „ . a ' .... 
ko lm a ketlikni lu zay lik . Ravshanki, bu ketma- kethk c  ga 
in tilad i U  holda
/( * , ) .  í ( x \ ) J ( x 2). / (  v',). ./(*„)- /(-<)-■ (4.11)

k e t m a k e t l i k  hm dam ontal bo'lib , rhekli Innitga pga. Bu hmitm 
h* b ilan  b e lg ila y lik  A g a r / u j  va t / i  ketm a ketlik la im ng 
hai b iri ( 4 . 1 1 ) ketm a ketlikn ing  gism iy ketm a ke llik lari 
ekanim  e'tiborga olsak, ti holda / ( v „ ) > l} - 
bo 'hsh im  lopamiz.

Demak,
h  * h - h ' .

Shunday gilib, f(\)  funksiya uchun o nuqtada Koshi shaili 
bajarilish idan  .V to 'p la in  nuqtalandan tuzilgan va a  ga in tiluvdu  
hai qanday ( v / a  . n - 1.2 .3 , ) ketma ketlik  olinganda 
hoin mos / { .v j  k rtm a  ketlik  bitta songa in tilish im  topdik. Bu 
esa funksiya hm itin ing  G eyn e  ta'nfiga k o ’ra / ( a > fuitksiva 
a  nuqladan chekli lim itga pga b o ’lishim bild iradi. ►

8 -es la tina  Koshi sharti va Koshi teoiem asi ,v-»«*<> . > » o 
bo 'lgan  ho lla ida  ham  vuqoridag iga o'xshash ifodalanadi va isbot 
etiladi.



7 I ' unks i ya l a rn i  Irfqqoslash

A' to 'p lam d d  /(«i v<i ,i.'( fu n k s iy d la r  dn iq ldngan  b o ’lsm . H iro i 
a  n u q tan m g  / , (a )r  X  a tro f id a  / {\) va ,i'(. i iu n k s iy a la rm  
tdqqosiash  IlldSdldSini qd ldW lUZ.

2 2 - td 'i i l  A ijd i /(n va -(r) lu n k s iy a la i u chun  s h u n d a y  ¿> o  
Vd ( ' o so n la r topilsuki, b a irh a  v t  ( ' , . ( « )  la r u c lm n

| J  f r j| -■ |Ä l V )| (4 12) 
tongsizhk hajaiilsa, x- + a da /(») lunksiya ■’(*) fu n k s iy a g a  
n isba tan  rhecja iaU tngan  dpy iiad i va /(-*)- ^ ( k ( O )  kabi 
b i'lg ildnadi

Shun i la 'k id ldsh lozitnki, bu ta 'iihdag) x~+u bplgi 
qd ia layo tgan (4 1?) m unosabatn ing o  nuqtaning birc^r dtrofida 
o ’nn li bo'lishirn iiodcdavdi.

Mdsdlan, r •>() da x ? O(v)  bo 'lad i. Haqiqdt<m, ix t iy o iiy  
»•'',((>) lai uchun, ya 'm  ve( l.l) lar uchun '» ' tongsiz lik  
bdjdrilddi.

Aqai /o ) iunksiya o  nuq tam ng  b iro i atiofida chogd ia langan  
bo'lsa, i »••>« da f ( \ - ) = ( ) ( \ )  kabi yozilad i M asa lan ,

/ ( Y ) ^ ( l i  v ;' funksiyo  im qtd atrofidd c h e g a ia la n g a n  (c h u n k i
t

lllll (1 t- x)  ‘ (’ )
I

Shun ing  uc hun d-t-.r)* = r>(i) dob yozish mumkin.
2 3 - ta 'rif Agar x~*a da ./(*) va #(.r) funksiya lar u ch un  

va x(x)  = ( ) { j  ( v)) m unosabatlar o 'rin li b o ’lsa,
da /’(»•) va funksiydlar b ir  x il ta rt ib li fu n k s iya la r  dob ata lad i. 

M asalan, /(\)--x, x(x) 2 \ u m iu  bo'lsin. Ravshanki, a--*() da 
! v | ■£ |2 v + f sin v j •' ) v j 

tnngsizlik lar o ’un li Bu esa
x iJ(2.v + sin c), 2v i vsin x - () (  vi 

bo 'lis lun i bildiradi. Demak, .v »o da / ( x ) = x ,  2 .x + vsinx
funksiyalar bir xil tditibli funksiya ld i bo'lddi.

Yuqoridd kolitirilgan ta 'u fld rdan , v *« dd



/, ( \ ) (){ f . i \ li. / ; \ ) (>U i >))•••/,( \) (H ! , (\\)
\ ) (h  ! I v)l. / j  \ ) <>[ I ¡1 ' )) : / ' ' )/,<' ' «'•'i / ' ' ' /,( \ it 

/ ( v ) - / ( V)1 f A \ ) (H / ( \ 0 ./,(\) I M  / 1  \ n
kabi nnm osabatla iiunq o 'n u h  bo'hshini k o V a t ish  q i\m  <>mas.

13-t('orc*in<t A q a i mvI va ,,-m ( ' ■■ d a  / _e( m n )
fu n k s iy a la i uchun ushbu

l ( v )  .In n  •• -  (

lim it 1 1  u iv jud  va  0 • [f j * bo 'Isa, x *n da  / (o va >•.{*) bit x il 
t a it ib l i fu n k s iy a la i b o 'lad i.

A  Ushbu
,. / ( v ) ,Inn -• (
' "> X' (.r 1

lim it m avjud va 0 • |c | bo'lsin. I I  holda 

/-CV' < ' . r , ( v . .  ,* ( v )  y ‘ V I f
bo 'lad i, bunda M-vi va / .u )  tm iksiyalar cheksiz k irh ik  
lu n ks iya la i tun r,( , ' )  °  ><"> U-• T)<'iruik, ci nuqtarumj yM a ili

k ich ik  atio fi t. (a) da r ,( '0  va /: (v> funksiyalai chogaialanqan 
b o ’ladi. U  holda b a ich a  a lai uchun

¡7, (. v ) l < k . 1̂ ., t-f)| *■ k ( k -  const )

tonqsi/.liklar o 'lin li bo 'lib , 1 {X> va * (/--- funksiya la i uchun
-} %(x)  ./('■’

t  y  ,  (  r  )

/ (  V )
i  j ( ' I f- A . 1 + A

g ( v ) / ( v ) l( 1
tenqsizhklarga kplami/.. Dem ak,

I / ( X) \  ( | r  I +  k )| .!i f - v ) |  ,

Bu  osa
/ 0  ) ( n . y l v ) )  , g ( M ) - ( ) { / i x  ))

okan im  bildnadi. ►
24 — Ici'rif. Aqar .»•-></ da /(v) va ,i;(a) lunksiya la r |v*<; da

#u>/0 ) uchun

ho



üo Isa, > >.( /( ( ) v<! ■,;(») ¡at e k vn rih 'n '. tu n ks iya la i deb ata lad i. 
l-'kvivalonl nm ksiyala i

f  < V ) ■ -  ( V  )

kabi bolgilanadi
M asala j) A- ►() del /|\) X, :■(•■). ЧИ V fu ilksivala i okvjva lon t 

iunksiyalar \ ' I I I  Л  .

A ya i i od / ( V i ^(.v»,xl V ; л- ( л ) bo ’lsa, u holda ï „  da 
./(v) a( V) bo'ladi. Darhc’qiqal, V >a da / (x ) # ( ' )  hundan

, / ( ' ) .  %  (  . v )
lmi . ' I . V >ч  da v( v> v ( v ) ,  bundan Inn —  -1 
’ - '•'( V > ' •" v( v)

kolib chiqadi, u laidan
i / ( v ) / t v )  y ( v )11 in ---  Inn  ' 11 m - : I
■ • "  V (  V  I '  • "  i !  ( v  )  1 •  "  .V (  V  I

Imutga <->ga bo’lamiz. Domak, f  (л > -v(.v)
25- la  ril A i v i  /(u vu ,;-(\) ch f'ks i/  k ich ik  lunksiyalai uchun

./ (  X  )  - r *  < V )  ■ X  (  V )

tenglik o 'n n li bo'lib, bunda lim</(v) о bo'lsa, .v da ¡ (x)

funksiya ■.'(<) да n isbatan  yu q o ri ta r t ib l i cheksiz  k ich ik  fu n k s iy a  
dob alalad i. U

/ { v ) „ (  x i r ))
kali! b:-»¡g’ ¡a rrr!i

Agai /(«) tunksiya a  im q lanm g  b iro r atrohda choksi/ k ic h ik  
funksiya (va 'n i x-+a da /(<•) >o ) bo'lsa, u /'< ,vi - <■-»(]) k ab i 
yoziladi.

Ravshanki, agar v >« da /(>) va >;(v) iunksiyalar u ch u n  
/ ( a )  o ( x ( \ ) )  tonglik o 'nn li bo'lsa, u ho lda bu funksiyalai u ch u n  
/ ( v ) - ^ ( g ( v ) )  long lik  ham o ’rinli b o 'lad i.

Yuqonda kelitirilgan ta ’rif la id an  fovdalanib  “ katla  o "  va 
■'kichik oiasidagi bou ’lam sh la in i liodalaydigan q u y id ag i
m unosabati.uni koltiub ch iqa iish  п ш ш к ы :

' V v > -- O( f . n - ) ) .  f_,(x- ) - .-(/,('■') -> / , ( v i  <>( J \ ( x ) )
У: С v « ■- f H / . U ) ) . / . ( v )  ( V)

. / , ( ' ■)  ( ) {  j  ( V ) ) .  /', ( V )  - i H t f t v ) )  > / , ( 1 - 1 / , ( V ) -  < > { J { x ) £ ( x ) )

"K a lta  o ” va "k ich ik  ish tnok  ntgan tongliklarnm q o d d iy  
tna'nodagj lonqhklai omaslioini ta k id la y m i/



r . / ' j . - , Г>: vi) /. (V) n < y ‘ X ) )
/IIIJ IK X;ll »I* i.’.«' Î- -Г1 / I T/ - ' ' ü.í;> ..r.losá rh .q r.iish  X.ltO ОГ idfJ.

r'nd i iacr-ik о ' JH .'k v iva len tiiK  b rl'jiid ii b ilan bog langan 
funksiya la i orasidagi munosabathnni îloclalaydigan troromani 
k<‘11iramiz.

14-teorem a .v > <t do  f(x) va  #(o fu u ksiyah n  ( x ? i  < da  / (0 * 0. 
ekv ivaU 'n t b o 'lis in  uchun

y  ( л )  - f  ( л > - o ( y  ( v )) ,
yo k i

/ (  V) - tf(-v) o { ! ( X ) )
tcn g iik n in g  o 'n n li b o 'Iis h i zu ru i va etnrli.

■4 Z aru rlig i. v *a  da f ix ) va ,(x) tunksiya la i pkvivalont
/ ( ï  )

bo 'lsin. f i x )  - ;• ( л- ) • 1: hc lùd  t i'n tg a  ko'rn bin - I bo ’lib,

*1

• Л  « V ,  J « X' (  X )

kelib  chiqadi. Denm k, ,y ( * ) - / (  t ) r- «<.v( v ) ) .
Y e ta r lilig i. v-»n da x ( -v) - / (  x) <>( v)) bo'lsin. U  holda 

д" - * a da
i ) - • / ( v ) .

g { x )  f i ( x )  p { x )
bo'lib , lindan

lim
./(.v) Л

ke lib  chiqadi. Bu  esa Hm — — = l va 'n i f i x )  % { x )  okanim
■ ir(jf)

ko 'rsa tad i>
5 - aa tija . Agar, x - m  da f ix ) va * (0  funksiyal ir  uchun

- ( ’ ■ о
.Длг,

b o 1 Isa, u holda ushbu
g  ( X )  ~  c f  ( v )

va
,V (. V ) — c f  ( r )  f f>(/( V-))

m unosabatlar o rinli bo 'lad i.
< Shartga ko ’ra

Hi-



hm = C * (.
' •' / ( r )

hundan

lii:, ,  |
< / ( v )

kel ib ch iqad i  Demak,  ,?(.v) ( f  < x \ .
Y uqo n d a  isbot pt i lgan 14 too iemai j a  as o s an  

^ f ( x ) -  £( '■') " <■•'<<-./ < v)) ' <>( f  { x )) k o ’ i i m s n d a  vozish muniKin  
undan

.? ( X  ) = c f  ( r )  4 o ' Z K X ) )
e kam  ke l ib  ch iqad i .  ►

Endi funks iya lnrn ing  p k v i v a l e n t l i g i a a  <:soslangan hcimda 
tunks iy a la rn ing  l inutini  h i so b la sb d a  tez - t e z  foyda lan iL1 
tu i i l ad i gan  leorp .nam k

1 5 - t e o r e r” r* A r r r  .*■ >« d a  f\x^ -  /|V ) va £<*) £,(*) bo'lib ,  
ushbu

Iím A L v.l 
t >« i?|( r )

hmit jn a v ju d  b o l s a ,  u í 'o lda  lim  | Undt ham  m a v ju d  va

,  ,mi A i i l
‘ • ' £ ( * )  * ,u £ , U )

tenglik o 'r in ii  b o la d i .
< S ha r tg a  ko ' r a  *-></ da  J  (x) -  / , ( . r ) , x(x) g t( x ) . U h o l d a  

ushbu

/ ( * )  = /iCO + '> (/ , ( * ) )  .
. ? ( * )  = £ , ( * )  + » ( £ , ( * ) )  

teng l ik la r  o'r ini i  bo'Iadi .  Nat i j ada



lin, - ( / , < 0 )

f>i /,( x ))

/ .  (  V )

" i' ( v ) ' • (.v ) + '■)) ; , . . o ( ' , ' ( v ) i
y  C  v  ) i  I  1

>■ ( v !
.  ̂ -f /. (v:)

- „ n ^ ^ . l n n  _ ' ! * >  =lim />'11
* - * , U )  « * « ,  • >»*, (* )

x.GO
b o ’hsbt k? l ib c b iq ad i .  ►

F unks iy a l a rm  u l a r g a  w.vi  t '/ .\-a. r  ' ..n ia>htirish
nat i j a s i da  k o ’pgin-\ fun ks iva l a r n ing  hmi l l an  sodüa  bisoblcinadi.

■1 .2)1 "miso l .  J s h b u
, Cl)-' - -  ces 2 v 
l i m ---------- , -------

l im i tn i  h i so o l an g .
4  R av sh ank i ,

.  3x  r 
.  2 s in  sm 

e u s  .v e u s  I x  . 2 2 h m ---------- --------- ^ Imi -----------^ --------

Endi  x--*0 da
3 x 3 x x x

sin —  = - • - ■ +  r^ . r ) .  sm -  + o ( x )
2 2 2 2

m u n o s a b a t l a r n i  e ' t i b o r g a  oh b  topamiz:

2 sm sin X ( * x  + « ( * ) ) (  ' x + « ( x ) )
l i m ----------\ --------— = 2 lim ^ ---------------~ j ---------- ----

-  2 lim — —
x 2 2

Deinak,
eos v -  cos 2 x 3

- ' n i -----------;--------  = " >r -
9 —e s l a tm a .  Biz 1 —bai.  c‘- à  . “ ' ’ <1 " ’ gdar b il an 

bv-i)’ l an^an  f U i . K s i c - m i  o' i\,ardik.  Ban da  a  chek i i  dob qaraldi .  
a  — oo bo ' lg an  h o ld a  haii i  yuqo;idâgiv.eiC ‘ ushi .nc.ha va 
teorema lar  t a 'n f l a n a d i  v a  o' rgani l adi .

M a sh q la r .



•1.22. Sonlar  ke tm a  - ke t l ig i  l i nu t l an  t a ’nf l a r i n ing  
i kvivdlpi i t l igi  i sbot lansin

4.23. Sonlar k e t m a - - kot l ig in ing c h o g a r a l a n m a g a n l i g i  t a 'nf i  
kel it iri lsin.  C h e g a i a l a n m a g a n  k e fm a  - k e t l i k  cheks iz  k a t ta  
miqdor bo' ladi iru?

4.24. Ushbu
(- ! ) "  /■ n

v„ = — j=~- sin( y/n — ) ( h -  1.2 ,3 ,...)
■ J n  2

ke tma - k e t l i k n m g  cheks i z  k ich ik  m iq d o r  e k a m  isbotlansin
4.25. Ushbu

r„ = l g y +  l g ^ +  -Mg— —  (и -  1.2 ,3 ....)
1 2 n

k e t i n a -  k e t l i k n in g  cheks i z  kat ta  m iqdor  ek a n i  isbotlansin.
4.26. Agar  x n va y r k e tm a  — k e t l i k l a r  l im i tga  ega  bo ' lmasa ,  
+ У„ . х „Уп k e t m a  — ket l ik la r  l im i t g a  e g a  bo' l i shi  m u m k m m i ?

4.27. Agar
lim x n -  0 i lim y n = 0

x n
bo' lsa,  “  k e t m a  ke t l i kn in g  l imi t i  t o ’g ’r i s ida n ima d e y i s h

mu mkin?  (Odatda,  uni  ko ' r i n i shdag i  a n i q m a s l i k  deyi ladi . )

4.28. Agar
l im x n = да l im у n = ooм ■ ' Л-» Л

x n
bo' lsa,  ~  k e t m a  —ke t l i kn ing  l imi t i  t o ' g ' n s i d a  n ima d e y i s h  

mumkin?  (Odatda,  uni  00 k o ’r i n i sh id ag i  a n i q m a s l i k  dey i ladi ) .
oc

4.29. Agar
lim x n = 0 l im _y„ = oo•i » • n > ■©

bo' lsa ,  x „ y rl k e t m a  -  k e t l i kn in g  l im i t !  to ' g ' r i s id a  n ima d e y i s h  
m umkin?  (Odatda ,  uni о x  k o ' r i n i s h id ag i  a n iq m as l i k  dey i l ad i ) .

4.30.  Agar
lim л'я -  +oo (_oo) 

lim v n = -со (+00j



Ьо'Ы,  * Г., ke tn id  - ко! hkn inq limiti t o ' g ' n s id a  n ima d»»yish 
inurri kinkiY (Odatda ,  uni - > ko ' rm is h d ag i  a iuqimis l ik 
doyi l . id i j .

4.31. с so n im n q  lrratsiorml son t'kani i sbotlansin.
4.32. e soni  t a q u b i y  hisoblansm.
4.33. Ushbu

= l ' ‘
l imit i sbotlansin.

4.34. A g a r  i c h m a - i c h  jo y la s hgan  segmen t l a r  pnns ip ida  
bar cha  sp g m e n t l a r  m os  mtorvaHarga a y lan t i n l s a ,  pnnsip о rinli 
bo' ladi rni ?

4.35. Har q a n d a y  sonlar ke t ina  k e t l i g in m g  yuqo n  va qu y i  
l imiti  mav jud  b o ’l ish i  isbotlansin.

4.36. To ’p l a m n i n g  l imtt nuqtas i  ham to ’p la inga  togishl i  
b o ’ l adimi?

4.37. f{v) f u n k s i y a  и n uq ta da  /■ l im i t g a  e g a  b o ’lishi uchun  
unintj  shu n u q t a d a  o ’n g  va c hap lm i i t l an  m a v ju d  bo'hb,

f ( a  + о ) , _ / ( « - ( ) )= / >  
teng l i k la i  o ’rmli  b o ’l ish i  zarur va ye tar l i  b o ’ l ishi  isbotlansin

4.38. Usbbu
liin f ( x )  -  +oo ( lint / ( y ) -=c ( lim f ( x )  ~ p 

lim / (x)  ■- —x

l imi t l a rnmg t a ' n l l a r i  kel it i r i ls in
4.39. F u n k s i y a  l imit i  Koshi va  G e yne  ta ' r if l ar ining 

^kv iva lent l ig i  i sbot lans in .
4.40. Ushbu

i f 7 7lim ----- f=r
- -  ч  + v 7

l imit hi soblans in.
4.41. A ga r

bo ' l sa
f ( x )  -  linj J „ ( x )

topi lsm.



4.42. X - »о dfi
a) j  ( V) -  с ' , ,у( V ) - ] (io * л- ;

I '  I
b ) /  (  V ) =  —  . , e (  V )  -  —  ;

V I t l  V

v) ./('-■)- .. ........." y(  () -  V

2 4 Sin
V

funksiv<ilarmng bir  xil tartibb bo ' l i sh i  î sbot lans in



V BOB

F u n k s i y a n i n g  u z lu k s i z l i g i

F u n k s i y a n in g  uz luk s i z l ig i  ma tem at i k  ana l izn ing  niuhim 
tu shuncha la r i d an  bo ' l ib ,  u funks iya  l imit i  tushunclui s i  b i l an 
bevosi ta b o g ' l a n g a n .

1". F u n k s i y a n i n g  n u q t a d a  u z l u k s i z l i g i  .Vcfi to ' p lamda 
fix) a n i q l a n g a n  bo ' l ib ,  a e X  esa A' to 'p l a m n m g  limit nuqtasi  

bo' lsin.
1 - t a ' r i f  A ga r

bo' lsa ,  f{x) f u n k s i y a  a n u q ta d a  uzluksiz  d eb  a ta ladi .  Masa lan :  
1). i\x) = xi n  + i f unks iy a  Va e R n u q t a d a  uzluksiz,  chunki

Demak,  f(x) = (\ignx)‘ f unks iy a  « = 0 n u q t a d a  uz luks iz  emas,  
boshqa  hamraa  a * 0 n u q t a l a r d a  esa  uz luks izdi r

F u n k s i y a  l i m i t m n g  G eyne  va  Koshi ta ' r i f l a rdan foydalanib,  
funks iy a n ing  a  n u q t a d a  uz luksiz l ig ini  q u y id a g i c h a  ham  
t a ’r i flash mu mkin .

2 - t a ' r i f  (G e y n e ) .  A g a r  x  c. R to ’p l a m n in g  e lement l a r idan 
t u a l g a n  va a  g a  in t i luvch i  har  q a n d a y  x„ ke tm a  ket l ik  
o l i nganda  h a m  f u n k s i y a  q i ymat la r idan tuz i lg an  mos / (-*•„) 
k e t m a  ke t l i k  h a m m a  vaqt  f(a) ga  int i lsa,  f(\) f un ks iy a  a 
n u q ta d a  uz luksiz  d e b  a ta ladi .

3 - t a ' r i f  (K osh i ) .  A g a r  V/->o son u c h u n  sh u n d a y  is >o son

l - § .  F u n k s i y a  u z lu k s i z l i g i  t a ’rifi

l i m  f { x )  = f ( a ) (5.1)



topi lsaki ,  l u n ks iv a  a i gumont i  r ru n g  |\ - tP i iqs iz l ikm
qanoat lantn  uvchi  barcha  q iy tnat la r ida

| / ( -v ) • /•(,;)! < /■

tongs izhk b. i jari lsa,  ya ' iu
' ' U , '< d > IJ , Vi (: ,V r, ( . ( J  ) . j / ( r) -  ] (i/)j - I

bo' lsa,  /(r) f u n k s iy a  a n u q ta d a  u z luks iz  d e b  ataladi .
5 . 1 - m i s o l  Ushbu /•(*>= v'x-*-4 f u n k s i y a n i n g  x - 5  n u q t a d a  

uzluks iz bo l ishini  ko' rsat ing.
< V;.- ii son olib, bu i: songa  k o ' r a  ¿> 0  sonni d .V dob 

qaralsa,  u bo lda  |.» - 5|* b o ’l g a n d a

| / ( , , - / ( 5) h | / i T 4 - 3| . - ± ^ L < t L J l < i L . e
1 1 J lc  + ‘I 4 3 3 *

b o ’ladi Bu osa y u q o r id a g i  t a ’r i fga ko ' ra ,  /(.»)= v'x+4 fu n k s i y a n in g  
v - 5 n u q ta d a  uz luks iz  bo ' l i sh in i  b i l d i i a d i .  ►

Koshi ta ' r i f idag i  \x-a\<-8 va  [/(.>)-/o )|<  c t e ng s iz l i k la r  
mos ravi shda

x e l '^ { a )  v a  / U )  e ( ' L { / ( a ) )  
k o ’r ini shda ham  yozihshi  mu m k in  e k a n l i g i n i  h i sobga  olsak,  a t ro f  
tushunchas i  yo rd a m id a  fu n k s iy a n in g  uz l ik s iz l ig im  q u y i d a g i c h a  
ham ta ' r i f l ash mumkin .

4 - t a ' r i f .  A ga r
V >■>(), 3<v>(), V.v & U A(a) f  ( x )  e  U { / { a ) )  

bo' lsa,  j(x) t u n k s i y a  a n u q ta d a  u z lu k s iz  de y i l ad i .
5 . 2 - m i s o l  Ushbu

x, a g a r  x ra ts iona l  s o n  bo' lsa ,
A x )  -  -I

{ r ,  a g a r  x i r ra t s iona l  son bo ' l sa

funks iya  x r i) n u q t a d a  uz luks iz  b o ’l ishi  ko 'r sa t i l s in .
< Haqiqat an ,  V/ >o son uch un  rf > 0 sonni  # = £ dob ol insa,  u

holda V.v eE / ,(()) lar u ch un  J  (x )  e C . ( 0 )  kol ib chiqadi .  ►
Ravshanki ,  (.S.l) o'rinl i  bo' lsa ,  u sh b u  lun !/ (* ) -  /(«)1 — 0• i? »0

l imit ham o' r inl i  bo' ladi .  O d a td a  x - a  a y i rm a  a i g u i n e n t  
orttirmasi,  /i.vi f{a) a y i r m a  esa  f u n k s i y a n i n g  a n u q t a d a g i  
oit t i rmasi  dpy i l adi .  Ular mos  rav i shda  A.* va  Ai (yoki  V ) k a b i  
bplgi l anad i

\.v -  v -  a  , \ y  = \ f  -  f  (  v ) -  f  { a )



Bu teng l ik l . i rdan fo y d a l a m b  vozanuz;
v • a \ \ v , \v -  / [a * Vv) 

Na t i j ada  (5 1) n u in o s a b a t
/ ( « )

Inn \ v - 00
ko ' r in i shga  <>ga b o ' l a d i  Domak, t\\) fu n k s iy a n in g  a nuqt ada  
uz luksiz l ig i  b u  i tuqtar i a  a r gu m^ntn in g  chnksiz  k i ch ik  
or t t i rmas iga  f u n k s i y a n i n g  ham ch^ksiz k i c h ik  orttirmasi  mos 
ke l i sh i  s i fat ida h a m  ta 'r i f l ani shi  mumkin .

5 . 3 - m i s o l .  v sin v va  y -cos* fun ks iy a la rn ing  Va e R nuq tada  
uz luks iz  bo l ishirn k o ’rsati ls in.

< V a e K  n u q t a  olib, u n g a  \.v or t t i ima bera y l ik .  Nat i j ada 
y  = sin x f unks iy a  h a m  u sh b u

Ay = sin( a + A.v) -  sin a 
ort t i rmaga  e g a  bu ' l ib ,  -  n ■ <\x < k  b o ' l g a n d a

|Ay| = |sin( a  + Yr) -  sin «I = |2sin 4 ‘-cos( a + 
teng s iz l ik ka  e g a  bo ' l am iz .  Bundan Jim Ay = 0 b o ’l ishi kf»lib

ch iqad i .  Dpmak,  ) =sinx funks i ya  a e R  n u q t a d a  uz luks iz  Xuddi  
s h u n g a  o 'x shash  y^cosx fun ks iy an ing  ham  V a e R  da  uz luks iz  
bo ' l i shi  ko ' r sa t i l ad i .  ►

2°. F u n k s i y a n i n g  b i r  tomonl i  u z l u k s i z l i g i  .VcR t o p l a m d a  
/(.«•) f un ks iy a  a n i q l a n g a n  bo' l ib,  a e -V osa x  to 'p la m m n g  o ’ng  
(chap) l imit n u q t a s i  bo ' l s in

5 - t a ' r i f .  A ga r  x - * a  + n (x ->«-0)  da j(x) f un ks iy an ing  o ’ng  
(chap) l imiti  m a v ju d  va

f i a  4 0)= lim f i x )  -  f i a )  ( / ( « -  0) = lim f i x )  = J\a))T *o-t 0 ■ t >o -0
b o ’lsa, f(x) f u n k s i y a  a n u q t a d a  o 'ngdan  (ch ap d an )  uzluksiz  
doyi l adi .

M asa l an .  U sh b u

a g a r  t =0 

funks iy a  uch un

. a g a r  x * 0
1 f 2



Inn /(.v) - lim , -- (i . / (())< ► • 0 '»>11 1
I +2’

hm J ( x ) ~  l im ---- - 1 f f  (0)
1 + 2'

b o ’lgan l ig i  sababl i ,  ber i lgan  i u n ks iv a  .v-o n uq ta da  o ’n g d a n  
uzluksiz b o ’ lib, c h ap d an  esa  uzluks iz e inas .

Yuqorida  ke l l i r i l g an  t a ’nf l a rdan k o 'n n a d ik i ,  aga i  /n) 
iu nks iva  (i n u q t a d a  ham o ’ngdan ,  heim c h a p d a n  bir v aq td a  
uzluksiz bo' lsa ,  fnnks iya  shu n uq ta da  u z l u k s i z  b o ’ladi.

6 - t a ' r i i .  Aga i  f(x) funks i ya  X c H  to 'p la m n ing  har bir  
nuqtas ida  uz luks iz  bo' lsa ,  funks i ya  ,v to 'p la m d a  uzluksiz  d eb  
ataladi .

Masalan,  /(o funks iya  (a.h)  m t e r v a ln i n g  har bir  nuq ta s ida  
uzluksiz bo' lsa ,  funks iya  shu in t erva lda  u z l u k s i z  deb ataladi .

/(x) funks iya  i u , ft j s eg m en td a  b e r i l g a n  b o ’lsin. Agar bu  
Iunks iva  (tt.k) da uz luks iz  bo' lsa,  h ar nda  a  n u q t a d a  o ’ngdan ,  h 
nuq ta da  chap dan  uz luks iz  bo' lsa,  f u n k s i y a  \a.b\ s e g m e n td a  
uz luks iz deb a t a lad i

5 . 4 -m i so l .  Lishbu f(x)-\!x  f u n k s i y a n i n g  R to ' p lamda uz luks i z  
b o ’ l ishini  ko' r sa t ing.

< A w a l  XJaeR \{()}  n u q t a d a  m a z k u r  fu n k s iy a n in g  
uz luks iz l igmi  k o ’rsatamiz V*;>0 son ol ib,  bu  songa  k o ’ra £ > 0

sonnt fi = deb  qaray l ik .  Na t i j ada  |* ~ </| < ti bo ' lg an da

|x -  a | \.x -  a  \

"  ( V i  + \'\Jä y  + u f T 7' ‘

tengs iz l ik  ke l ib  chiqadi .  Deinak,  f u n k s i y a  V«eK\{0} n u q t a d a  
uzluks iz

Endi ¿7 = 0 b o ' l g a n  holda,  v<;>0 s o n g a  k o ’ra  rf sonni  <V -  tr dob 
olib, \x -  a\ = |.< | - bo ' lg an da

; / ( a - ) -  /  ( 0  ) j -  ' - J I  = c

tengs iz l ikka  e g a  bo' lamiz.  Hu esa b p r i l g a n  funks iyan ing  a = o 
n uq ta da  uz luks i z  b o ’l ishini l fodalayd i .  De mak ,  ber i lgan  fu n k s iy a



l< to ' p iamda u z l u k s i z  ►

2 —§. F u n k s i y a n i n g  uzi l i sh i .  U z i l i s h n in g  turlari

f u n k s iy a  X <r R to 'p iamda an iq la n a g a i i  bo ’ lih. a <= A 
nuqta  .v to 'p la m  l imit  nnqtas i  bo' ls in

7 - t a ' r i f  A g a r  x - m  da  m )  funks iyan ing  l imiti  mavjud,  chek l i  
bo'tib. lim / ( 0  = b * f i a )  yo k i  Inn /-(.v) = CO bo ' l sa  yo k i

funks iyan inq l imi t i  m a v ju d  bo ’lmasa,  ./(a) funks iya  <> n u q ta d a  
uzil ishga eg a  d e y i l a d i .

F u n k s i y a n in g  a  n u q t a d a  uzi l i shga pga bo ' l a d i ga n  ho l l ann i  
a loh ida  qa r ab  o ’tamiz .

1°. x - k i  d a  /(.x) f u n k s i y a n i n g  l imi t i  m a v ju d ,  ch ek l i  bo’l ib,  u
(/} g a  t e n g  b o ' lm a s in :

S h u n d a y  qi l ib,  bp r i lg a n  funks iy amizn ing  bi tta  a nuqtadag i  
q i ym a tm i  o 'zgar t i r ib  (/(a) o ’rm ga  h olib) » n uq ta da  uz luks iz  
fu n k s iy a g a  p g a  b o ’ l amiz .  Shun ing  uchun.  bu  ho lda fix) funks iya  
bar tarat  q i l i sh m u m k i n  b o ’l g an  uzi l i shga  pga deyi ladi .

M asa l an ,  u sh b u

funks i ya  u c h u n  lim /(.*) = ()*./(<)) munosabat  o 'nnl i .  Dpmak, bu 
fun ks iy a  x = {) n u q t a d a  bar taraf  qi l ish m u m k in  bo ' lg an  uzi l i shga  
e g a  (25 — chizma) .

lim f i x )  -  h f i a )  (/5 • c h rk l i  son)

Bu holda,  ushbu

funks i ya  a  n u q t a d a  uz luks iz  bo ladi:
lim f ‘ { x )  = lim f  {x)  = b ~ f  ' ( a )



2°. Endi da /(r) f u n k s i y a n i n g  l im i t i  m a v ju d  e m a s
dey l ik .  Bu holat,  a w e lo ,  r --»a da  /(*) f u n k s i y a n i n g  o 'n g  va chap  
hmitlarj  mav jud va ch ekh  bo' l ib,  f ( a -  ü )*  / (a  + 0) b o ’l g a n d a  ro 'y  
beradi .  Shu ho lda  funks iva  a  n u q t a d a  b i r in ch i  tur  uz i l i shga  e g a  
dey i l ad i  va  Д а  + 0) - [ ( a -  ()) a y i rm a  f u n k s i y a n i n g  a n u q t a d a g i  
sakrashi  dey i l ad i .  . r-»« da  /(*) n ing  l imi t i  m a v ju d  b o ’l m a y d i g a n  
boshqa  ham ma ho l l a rda  l u n k s iy a  a  n u q t a d a  l kk inch i  tur 
uz i l i shga e g a  doyi ladi .

Masalan,  1) ushbu

— , a g a r  * * 0  b o 1 Isa

/0 0  =

0, a g a r  * - 0  b o ' l s a

funks i ya  uchun
Urn f ( x )  -  0 f lim / ( x ) =  1



2f> —c n i z m a

У '
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О ..i t i 

1 2 3 X

2 ' 7 - c h i z r a a

Dpiiidk, b e n l g a n  k m k s i y a  v 0 nuqtnda  b ir inch i  tur uz i l i shiga  
ega .

Uni i i y  0 m i q t a d a g i  sak rash i  -- I g a  teng (26 -  chizma) .
2). Q u y id a g i

fÍX)-:\x\
f unks iy a  x^p  ( /.' b u t u n  son) n uq ta da  bir inchi  tur uz ihshga  
ega ,  ch unki  ( 2 7 -  ch izma ) :

Inn  / ( .VI Inn I V I -  [> Ii ► /. и :
l im f  ( л- i -  Inn I с I - у

3). IJshbu



I S in  ‘ , ( l ( J í ) I '  Í (1

i . aga i  с • u

funks iya  t и nuq ta dd  ikkmchi  Mi: uz i l i shga  r g a ,  rh unk i  x * 4-0 (id 
У * r > - sin ! f u n k s iv an m g  l imiti  mav)ud rm a s .

4). Diuxie  lunks iy as i  

j 1, a g a r  i i r iatsjonal  soi l  b o l s a ,
1Мл)^

! 0, aga i  V latsmiui l  son b o ’ lsa 

v to ’p la nmmg har bir  a tm qtada  i k k m c h i  tur  uz i l i sh ga  pga, r h u n k i  
\-*,j da '>(»•) l u n k s i y a n in g  o 'ng  l imiti  ham,  c h a p  l imit i  ham 
mavjud «»mas.

6). Ushbu

I di/jr \ .() ho'ha

( \ \ <0 h, >' /u;
funks iva nr him

I i m / M  t r - l im/M- ' -o* .'tl . . 0
bo' l ib,  bu iu nks i y a  > - o  n uq ta da  ikk inch i  tur  uz i l i shga  pga b o ’l ad i  
(28 chizma}.

6). Ushbu ' ( д ) _ ii>.x tunks i ya j i i ng  \ = *  m i q t a d a g i  o ’ng  va chap  
l imit lari



l im'v*-- ' Inn ;

uz i l i shya
3(\ Endi  x > - da

h m  M ) ■ i-*" "  
bo' ls in.  Unciri l u n k s i y a m n q  o 'ng  va (h a p  l im i t l an  ham < ( t « ,  ■< ) 
bo' ladi .  Bu h o ld a  h a m  / ( x) tunks iva ,• n u q t a d a  ikkinchi  tut 
nz i l i shga  oga  d oy i l ad i .

Masa lan ,  u sh b u

у(Ч)- - , ( . г^0) .  /(0) И 

funks iyan ing  > -»<> dacj i  hmiti  n  d i r  (bu ho lda

Inn  ̂ Hm =4X ) 
l )f?mak, b er i l g an  f u n k s i v a  r - n  n uq ta da  ikk inch i  tur uzi l i shqa 
ega.

S h u m lu y  q ihb,  f\x) tunks iy a  a^X' n uq ta da
1. uz luks i z  b o ' l a d i  yoki ,
2. bar ta ra f  q i l i s h  m u m k in  bo ' lgan  y o k i  b i r inchi  tur  uzi l ishqa 

e g a  bo ' l ad i ,  y o k i
3. i k k in c h i  t u r  u z i l i s h y a  oya  bo' ladi .
1—e s l a t m a .  A g a r  к  X nuqta  v t o ' p l a m n m g  bn tomonl i  

(ya 'ni  o 'n g  y o k i  chap )  l innl nuqtas i  bo' lsa ,  yuqor idag id » ' k  
tunks ivan ing  b u  n u q t a d a  u/i l ishi  (o 'ngdan y o k i  chap dan  uzi l ishi) 
ta'rifi  kol t in lad i .

2 - e s l a t m a  ,-(x) t u n k s iy a  X t o 'p la m d a  uz luks iz bo lib, 
nuqt a  .V t o ' p l a m n i n g  l imit nuqtas i  bo' ls in.  Bu ho lda

i u n k s i y a m n g  n u q t a d a g i  q ivinat i  a m q l a n m a g a n  bo ' l sa  ham 
x->a da  f(x)  m n g  hmit i  mav jud va c l iekl i ,  y a ’ni h m / u )  Ь

(/>•- chek l i  son) bo ' l i sh i  mu m k in  Bu l imit munosabatda n  
toyda lan ib  .V и  ¡a!  t o ' p l a m d a  uz luks iz  b o ' l g a n  tunks i ya  tuzish 
mumkin .  H a q iq a t a n ,  a g a i

j /{x), a g a r  v f  .V bo' lsa ,
/ ‘ (V) ч

I, />, agar  л и bo ' l sa



dob olmsd, na t i j ada  ■ •>{.:[ l o ’p la rnda u/ luks iz  J ' ( x j f unks iy a  
hosil b o ’ ladi

Masalan.  ■ "In t imks iya  i * » r  io . i -*  j da  a n i q i a n g a n  

va uzluksiz.  N l a ’lumki ,
j sin V hin -• |
• • \

Hu inunosabatdan fovdalanib lu/ i lqan u sh b u

-in X  , i  • I, aq a r  v- o bo Isa

f  i v) -
, 1. ag ar  (-•() bo' Jsa

lunks iva  R da  u/luksi/ bo' ladi .

3 - § .  M o n o to n  fu n k s i y a n i n g  u/ . l t iks iz l ig i  va  uzi l i sh i .

/(x) fu n k s i y a  X ora l iqda a n i q l a n g a n  b o ’lsin.
1 - t c o r e in a .  Aga i  t{\) f unks iy a  A o r a l i q d a  monoton bo' l sa ,  

u shu ora l iqn ing  ista lqan l i uq t a s i d a  y o  u/luksi/ bo' ladi ,  y o k i  
l aqat  b innch i  tur uzi l i shqa pqa bo' l adi .

< /(v) fun ks iy a  x  o i a l i q d a  o ' s u v ch i  b o ’ lsin. A' n i n g  
shun da v -i miqtas in i  olavl ikki ,  biror t  ' 0  uchun  ( i j - ( ) ' , jh) )c ,V 
b o ’lsin. Sh ar tqa  ko ' ra  v.u-(./-/>, ri) u c h u n  f { \ /{«) va v.v e ( u + ¿ ' ) 
u ch un  /(.v) • m-0 bo' ladi .  Dpniak,  /(>) fun ks iy a  ( 0 - S , u )  d a  
yuqo ndan ,  (".</ -t ) da qu y id an  ch o g a i a l a i i g a n d i r .  M o n o t o n  
funks iva l imi l i  haq idag i  teoromaga  a so s a n

llllln/ ( ( l  -  f\U ■())- /'(,1), ( + )

lim  f  ( x 1 - / ( < 1  f  l>) 1:  J ' ( t i ). (■*'*)

bo' ladi .  Aga i  /{</-01 = /(<* + o» = f i a )  b o ’ l sa ,  funks iya  <1 n u q t a d a  
uzluks iz b o ’l adi  Agar f u i - 0)- /i.i + f) bo' lsa ,  shu n u q t a d a  
funks iva b ir inehi  tur uzi l ishqa pqa  bo ' l ad i .

Agar a nuq ta  \ ora l iqn ing c l ipfki  n u q t a s i  bo' lsa,  y u q o i i d a g i  
kehshuv imi/qa  k o ' i a  bu n u q l a d a g i  b i r  tomonli  l im i tn in g  
mavjudl ig ini  ko 'rsa t i sh  kifova

Ravshanki ,  /i.v) funks iya  A o r a l i q d a  k am ayu v c h i  b o ' l g a n  
ho lda ham muloha/a lanmiz  xuddi  v u q o r i d a g i d e k  bo' ladi  ►



Früh m ono ton  funks iy an inq uzluksi/ bo'hshi  haq idaqi  
tporomam kei l  i i a in iz .

2~teorema.  A g a r  mo funks iya  x  o ra l i i jd a  m onoton bo'Ub, 
un ing  q iy m a t la r i  to 'p lom i Y, - !/i  v ): v e  ,\ } bitoi o ra l iqdan  
iborat bo'lsa, u ho lc ia  bu funksiya  v d a  uzluksiz  bo'ladi.

•4 Aniq l ik  u c h u n  'i>. funksiva  V d a  o ' suvch i  bo' lsm. I-aiaz 
qi lay l ik ,  /U) f u n k s i y a  teor em anmg sh a r t l a n m  qa noa t lantnsa  
ham,  u birot a  e  V n u q t a d a  uzluksiz bo ' ln i as i n  U l iolda 1 
teo rem aga  k o ’ra u birinc hi  Im uzi l i shga o g a  bo ' l ad i  V a m

/ i a 0 i - f ( a  + 0) 
bo ' l ad i  ( agai  a n u q t a  X ora l iqn ing chet k i  nucjtasi bo ’lsa, (') 
yo k i  (” ) tongs iz l ik  o ' r in l i  b o ’ladi) Nat i j ada  

x- u, b o ’lsa, f\x)< / ( « -0 )  
x'-.i. bo' lsa ,  f(x)>/\ii+ 0) 

b o ’lib, /(>.•) f u n k s i y a  (/i u ~ 0 >, /< rv + o>) in torva ldaq i  n j ) dan  boshqa  
q i y m a t la im  hoch  b i r  x c  X  da  qabul  q i l a  o lmaydi .  Bu esa  /h; 
n ing  q iyma t l a r i  t o ' p l a n u  y. biroi  o r a h q d a n  iboiat  pkan l i g i ga  
ziddir.  Demak.  f u n k s i y a  a nuq tada  b i r incbi  tur  uz ih shga  e g a  
bo ' l a  olmavdi .  ►

4 - § .  U/. luks iz  f u n k s i y a l a i  u s t i d a  a r i f m r t i k  an i a l l a r .
M u r a k k a b  f u n k s i y a n i n g  u z l u k s i z l i g i

l (l. Uz luks iz .  f u n k s i y a l a r n i n g  y i q ' i n d i s i ,  ay i r rn as i ,  
k o ' p a y t m a s i  v a  n i s b a t i n i n g  u/Juksi/.l igi .

3 - t e o r e m a  A g a r  j(.\) va  #(x) funksiyra}a r  .V c  H to 'p lam da  
a n iq la n g a n  bo'lib, u la r n in g  h a r  biri a e  .Y n u q ta d a  uzluksiz  
bo'lsa,

J ( x )
f ix)-* x ix ) ,  f ( x ) -g { x ) .  f.ii(v) * ( i r V v t  -V )

fu n k s iya la i  h am  s h u  n u q t a d a  uzluksiz bo'Jadi.
< Bu t p o i e m a n in g  isboti  lnni tga pga  b o ’lg an  fu nks iy a la i  

u s t ida  a r i fmet ik  a n i a l l a r  haq idag i  te o io in a la idan  bevosi ta  k^lib 
chiqadi .  M a s a l a n ,  i k k i t a  uz luks iz  funks iy a  ko 'p ay tm as i  y a n a  
uz luks iz  f u n k s i y a  b o ’l i s lnn i  ko 'r sa tay l ik .  /(x> va vu-) funks iya la i  
u nuq ta da  u z l u k s i z  bo ' l s in :

Inn f i x ) -  f { a )  hin £ ( . v )  - y  ( u ) .



l í  h o ld a
l i m  ( / ( V ) e  ( X ) ) Inn / ( л ) ■ I nn  i> ( л ) / ( " ) , У ( ‘0

ho lit), l indan /(л) ..-i,' lu nks i v a n in g  a n u q t a d a  uz luks iz b o ’hsh i  
kplit) chiqadi .  ►

3-os l r t t ina .  Ikkitci funksivd y i g ’mdis i ,  ay i rmasi ,  ko 'p ay t i n a s i  
va msba l i  uzluks i/ lio l i sh idan bu í u n ks i y a l a r n in q  hai  b i n n i n g  
uzluksiz bo' l i shi  kol ib с h iqavprmaydi .

Masa lan .  Qu y idaq i  (xj--- va

eos . a g a i  bo'Isa,

0, uqar jc- 0 bo' lsd

funksi valai  k o p a y l m a s i d a n  fuz.i lgan </>(x) -  veos f funks iya  к d a  
uzluksiz b o ' l g a n  holda ^  и f u n k s i y a  . o nuqtada  uzluksi/.  
Pinas.

\u qondd  ke l i t in lg an  te o rema  q o ’sh i luvchi ia i  h a m d a  
ko 'pavtuvch i l a i  soni ix t ivonv chpkl i  b o ' l g a n  ho lda ham o ri i i l i  
bo' l i shmi  ko' r sa t i sh  qiyin Pinas.

hndi  tporemaning  q o ’l l an i i i sh iga  m i so l l a r  kpl t i iay l ik.
1) л </v a = amst ,п к /V l u n k s i y a  R d a  uzluksiz.
4  Ravshanki ,  /(vi . funks iy a  r da  uz luksiz ,  Agar b m l g a n  

íunksiyan i

V -  а х  -  a  ■ x_ - X ■ ■ X

ko ' r imshda  ifodolash m u m k in l i g im  o ' t iborga  olsak, 3
tporpinaga ko ' r a  v - . « '  f u n k s i y a n in g  R da  uz luksiz l ig i  k e l i b  
c hiqadi  ►

Kpl l i i i l gan  miso) va 3 — toorp inadan b u lu n  va kasr  ra t s iona l  
funks iya la i

! ' { x )  -  a t¡ v "  -i </, v "  1 4- ... *• u n , г  * a „ .

y ( r ï  - -  Г--4 a \x_" ‘ 4 ■ + a *‘ i v ±_a „ 
h,  \ m ч />, x m 1 + . + b m , с 4- b m

■!>„ o ’z ga r m as  son la i ,  . v . m (. v j  o'/. 
aniq la insh  l o ' p l am lan d a  uz luks iz  bo ' l i sh i  kpl ib chiqadi .

2). i :  /vv-.v = cfg.x. y -- scL м. V  ̂cas ecx f u n k s iy a la r  o ’z a n i q l a m s h  
soh a l anda  uzluksiz.  I l aq iqa tan ,  bu  funks iya la i  u/.hiksiz



fu n k s iy a la rn m y  n isbat i  onfal l  i lodalanadi .
2°. M u r a k k a b  fu n k s l y a n in c j  uz luk s i z l i g i  , -  mo funks iya  \ 

to 'p lanula,  </>iy) f u n k s iy a  f*sa ) to’p la inda  an iq lang im bo lib, 
ula i  y o r d a m id a  -#>(./iv» mu rakkab  funks iya  tuz i lgan  bo' ls in {4
bolm ing  1 -  § ig a  qa r a n g )

1—te orema .  A g a i  = iunksiya  o e A  n u q tad a ,  . - <p(y) 
fu n k s iy a  e s a  a n u q ta g a  m os kelgan  y.. f ia)  n u q tad a  uzluksiz  
b o lsa ,  X = <?{/(*)) m u r a k k a b  fu n k s iya  и n u q ta d a  uzluksiz b o la d i .

^  y =f(x) f u n k s i y a  a  e X  nuqtada,  z = (p(v) funks iy a  esa mos 
va : f(a) n u q t a d a  u z l u k s i z  bo' lsin.

I a ' n f g a  ko ' r a
V /; > о .  3 rr > 0.|i* -  ya\ < ГТ : \<p{y) - <p(y«)\ <
er  > 0 . 3 S  > 0,|.v a\ < S  : \J  U  ) / ( « ) | ‘ ^

bo' l ib,
V i  > 0 . 3  (Ç > ()- \x • a \ <  s : \<p{f  { x ) )  -  < p ( f  U ) ) |  < . 

bo ’ladi.  Demak,  г = <*>(/(*)) funks iya  a n u q t a d a  uzluksiz.  ►
Miso l l a r  q a i a y l i k  1) <*>b * t o ’p lamda  o ’suv dn

funks iya .  Наг b ir  v>0 da  x ^ t y n in g  mavjud  b o h sh id a n  
b er i lg an  f u n k s i v a n in q  q iymat la r i  ! ' - { « ’ ■. x e R} = (0,+*>) orahqm 
tashki l  et ishi  k e h b  cb iqad i .  Dpinak, y = a' f u n k s iy a  R da uzluksiz.

2). >' = U>g j * ( « > ! )  Bu funks iya  .v =(0.-k*>) ora l iqda  o' suvchi .
Un ing  q i y m a t la r i  Y = {log „ jr: i é  (0,+ocJÏ -  R n i  to' ldiradi ,  chunki  
har bir  ve/i u c h u n  x - - a } mavjud.  Demak,  у = 1о^л- ( «>l )
funks iya ,  ( 0 ,+oc ) d a  uzluksiz .

Yuqor ida  k e l t i r i l g a n  ko ' r sa tg ich l i  va loganf imik  
funks iy a la rn in g  o<a<i bo ' lg anda  uz luks iz  pkanl igi  ham 2
te oremadan  k e l ib  ch iqad i .

3). у ,  x" (x>ü) d a r a j a l i  funks iyan i  qa r ayhk .  Bu funks iyam

у  -  х И ~ ( i) > 0, iJ *  1 )
k o ’r in i shda  i fo da la sh  m u in k in  A ga r  ^bg  „ д- funks iy a  (O.+oo) da, 
a x tunks iy a  e s a  R d a  uz luks i z  okanim e ’t iborga  olsak, u holda 
m u rak k ab  t u n k s i y a n in g  uzluksizl igi  haq ida g i  te o ipmaga  
asos lamb j- = x" f u n k s i y a m n g  (O.+x ) da  uzluksiz bo' l i shmi  
topamiz

5 - § .  I i m i t l a r n i  h i s o b l a s h d a  f u n k s i y a n i n q  u z l u k s i z l i q id a n
fo yda la n i sh



fun ks iy a  Л' с R t o 'p lamda dt i iq ldngan  bo ’lib, ч n u q td  
ning l imit nuqtasi  bo' ls in.  v’ i j  i funks iya  esa } с H 

to'plamrid an iq langa n .  Bu funks iya la r  vo ida in id a  <pij tv»  
niuiukkdl ) lunks ivd  tuz i lgan  bo' ls in

Agai  bni/i v) - > „ inavjud bo ’ lib, :: v 'OJ funks i ya  . . n u q t a d a

u/luksiz ho ’lsa, u ha lda  lim <p\f< O) i n a v ju d  va

lim <p { /Л x )) -• </> i )
X » O

fpi ighk o ’i inl i  bo' ladi .
A v lay l i k  ■>-> a da  mxj ► r, va </><y) f unks iy a  i , n u q t a d a  

uzluksiz,  y a 'n i  > >>„ da  y  >-></>( .v, ) bo ' l s in .  L holda m u r a k k a b  
fu n k s iy a m n g  l imit i  haq ida g i  Ip o r^maga  asos an (qaralsiu,  {! ] ,
4 -bob) \-*u da  </>{ ! ( t)) f un ks iy a  l im i t g a  pyd va 

lint <P( I ( x ) )  -- Inn =■ (P ( y  ]

f rnq l ik la i  o ' i inl i .  Bu H' i ig l ik la idan u/ lu k s iz  tunks i ya la r  i i c h u n  
funks iya  i sho ias i  ost ida l im i tga  o ' t i sh q o id a s i  kol ib rhiqad i :  

lirn <p( f  ( V )) <P ( l ‘in^ /  ( v ))

Xususan ,  /(.vi^x b o ’ lsd,
Hm y j ( v l  -  ^ ( l i tn  v )  --- rpUO

5 . 5 - m i s o l  Q u y id a g i
l l l i l  {  1 + // V ) ' ( // €  ¡ i  . f i  *  0  )
« •• o

l imi lni  h isoblang .
■4 Biz buni  J*m (1+ m x ^‘ -  Ihii o i.(l + f i x ) " ' ) “ k o ’r i n i s h d a  

yozib olamiz.  Ravshanki ,  л >¡í d a  >■ = /«•-»'.> bo ladi.  B u n d a n  
qu v id ag m i  topamiz:

i mi Kl  + ц х )  •’ >" -  lnn(i( l  v >'  | e “  >

Shu m i so ldan  foydalan ib ,  Inn (I i X )" l imitni  ham h is o b la shn • • , ¡

nuimkin.  Run da n  ve/ í( x * o .  Ravshank i ,  * e-Л da va d a

* v S h u n in g  uchun
П

hm ( I  г •)" - lim (( ! 4 y ) ’ )* ••• (Inn  (1 ► y ) '  ) x - e ’ .



5.t> misol .  Q u y i d a q i  Jiniitloriii hisoblanq.
1 1"U , 1 I ' V )
‘"V, _ (b m n rh i  inutuni lunil ,

U ' " ,  il T I j

*I,TI - In (/( lkkm ch i  uiuhi iu l imit <> • ,f.i/ •• 1 )... x i

v) I";’ 1 - -  - <* ( iK' lmncln muhim l imit) .

^  Bu m u n o s a b a f l a i n i  i sbo l l ashda  ioqar i fmik,  k o ’rsatki rh l i  va 
dara jal i  f u n k s i y a l a m i n g  uz luks i z l i g id an  loyda lanamiz.  
Darhoqiqat,

a) ho lda
r log (I + x)
, lo  ̂ « ( * * '■ 1 , • Inn (1 + x )' ) ~ lop e* X  •' '  *• x • (j n

b) ho lda f-»sa 1 -  r dob  v ->o da  i >n bo'Ushini  o' t iborqa olil) 
topamiz:

, a< ' I t I 1Inn- -  -  h n i ------ ------- - -  —  -  i,u/
’ •" r ■ •</ lop „ ( 1 ( /) 1 log l’

lo g  j  h im ' l  t  / ) ' )

Nihoyat v) ho lda  ( l n ) - - i  < dob, s u ’nq ia  „ 1,1(1 * 0 va  * >0 da
!n ( l4 V )

i >0 bo l ishirn h i so b i j a  olsak,

111« " 1 =-liT„ i  -Ira,! . i^ i1
V 1 -V ' ■*"> ln ( l  ( n  In i 1 i X )  V 1

ke l ib  chiqadi
5 . 7- in i soI .  Ikk i ta  !'{x) va ,y(.o tu n k s iy a  .v t_ H to’p la mda

a m q l a n y a n  va  /(*)>(>. a nuq ta  a to 'p lam n in q  limit nuqtasi  
bo' lsin.

Agai
lun / (  A-)-/) (h . (j. Uni y  ( x ) --- c* ♦ H r

l imit l ar  o ’n n h  b o ’lsa,
In n  ( / I V ) l  * ’ ' 1 /)'

b o ’lislii isboUansiu.
< I l aq iqa lan ,  (/ ( .v ) )*“ funks iyani

( / ( v)) ’ ■ c-1'"'
ko  r inishda i loda lab ,  so 'n y r a  k o ’isatkic hli h am da Ioqarifmik 
t u n k s iv a la m m g  u z l u k s i z l i g id a n  foydaUmb,  q u v id a g im  topami/:



,■ «•" b
Odatda  ( / i v ) ) vl" funksiY'i ( i < » i k o ' r s a t k i c h h  tunks iva  d^b 
<11 a l ad i .

j)aio)>ili k o ’ t sa lkn hii < / < vi)*"'  l u n k s i y a  q m i d a g i  
|) Inn / ( v) 1. 11 in ,u( v) '

yj lim / ( v) -- 0. lim ( \) I)

3 j Inn / ( v) • * Inn y (  v) -  0 

ho l l a ida  a w a l  (4 hob, mashqiar )  o ' t g a m im z g a  o 'xshash ,  
a m q m as l i k la in i  i loda layd i  i ><i da  (,./<v))*111 funks iya  11 h o ld a  
I' 7) ho lda <>■ 3j holda ■' k o ’ i im s h d a g i  an iq inds l ik la i  d ey i l ad i

5 .8—tnisol Dshbu

Inn t J ) '
(a  -• ()./< • 0)

l imi lni  l i i soblang

i </ t /) i loda v >i) da I' k o ' i i m s h d a g i  a n i q m a s l i k d a n

iboiat .  i Jni  och ish uchun limit i sho ias i  o s t id ag i  lunks iy an i  q u l a y  
k o ’ i im sh da  yozib olib, k e y m  l im i tga  o ' t a imz :

</' - r h '  V . «  I ’ b '  I , ,* , \i  , . “  1 " I V 1 i,|,m| » - _  | ■ |im| _  ----- - - ,  | | -: IlT.I |̂ | . - 2

./ !• ' ' J
.................................. i  h ‘ I V  '• ‘ 1 I • / 7tim I i - '

l  2 J I
Domak, v >n da  bc i i l gan  l u n k s iy a n in g  l imiti  %,.//’ <ja ><‘ng. ►

t j - $ .  U/hiksi/. f u n k s i y a l a r n i n g  xossa la r i

Bi/ ushbu pa ia q ra id a  nuq tada  h a m d a  o ia l i gda  uzluksi/.  
b o ’l yan fun ks iy a la in m y  xo ss a l anm  o ' rgana in iz .

1°. N u q t a d a  u/luksi/ bo ' l gan  l u n k s i y a n i n g  xo ssa la r i  ( l o k a l  
x o s s a la i ) .  lu nks i y a  - '• t o p l a m d a  a m q l a n g a n ,



V( , v r  (»-,)< bo ’lib, /(■) funks i ya  v. nuq tada
uz luksiz  b o ’lsm:

lim / ( O f  f v0)

( ’hokl i  l im i t g a  o ya  b o ’lgan  funks ivala rni r ig  xossal<nidan (3 
bobning  4 —§  i g a  qara l s in)  loydalan ib,  v nuq tada  uzluksi/ 
b o ' l y an  f u n k s i y a l a r m n q  ham qu y ida q i  x o s s a la n n i  a y t a  olaini/.

1). Aqar  /(O fu n k s i y a  .v„ n u q t a d a  uzh iks i z  bo ’ lsa, u ho lda x n 
nuq ta mnq  e tar l i  k i c h i k  atrofida funks iya  c h p q a i a la n g an  b o ’ladi.

/’). A ga r  /(r) f u n k s i y a  r n nuq tada  uz l uks i/  va .'(.x) * 0  b o ’lsa, 
u holda,  v0 n u q t a n i n q  y^tarl i  k i ch ik  a trof idan o l inqan bar cha  v 
nu q ta la rda  f u n k s i y a  q i ym at la r in ing  l shoias i  /(.<„) mng ishorasi  
kab i  b o ’ladi.

1 - n a t i j a .  A g n i  /(*> funks iya x 0 nuq tada  uzhiksiz bo' l ib,  bu 
nuq ta n in y  y e t a r l i  k i c h ik  at rof idan o l inqan v nuq ta la ida  un ing  
q i ym a t la i i  m u s b a t  ham  manfiy l shoral i  b o ’laversa,  funks iya n ing  
v0 n u q ta d a g i  q i y m a t i  no lqa  tpng b o ’ ladi.

3). A ga r  f(x) f u n k s i y a  .v* n uq ta da  uz luks iz  bo' lsa,  u holda 
Vk -o uch un  x n n uq ta n in g  sh u n d ay  yotarl i  k ichik atrofi 
topi ladiki ,  b u  a t rofdan o l ingan i x t i y o i i y  > . v" uchun 
¡/(x) - fix") \<>: b o ’l adi .

<4 H a q iq a t an ,  /(.r) funks iya  .v, nuqt ada  uzluks iz

bo ' lq an l ig id an  w->() son o l inganda  ham,  ̂ g a  ko ' ra  sh un d ay

<*>o son to p i l a d ik i ,  |.r - v0j < tengs iz l ikn i  qanoat lan t i rad igan

barcha  t  l ai  u c h u n  | f  (x) - /(.t„ )| < ~ tpngs iz l ik  baja i i ladi .  vn

nuq ta n in g  y e t a r l i  k i c h i k  atrofidan o l ingan . r n u q t a l a r  uchun  
ham

|/(* ' )  -  ./ t va )| < I f { x " ) - f ( x 0 )\< y

tengs iz l ik la r  o ’n n l i  b o ’ lib, undan |f(x') - /u*)| <- r. t engsiz l ik kf' l ib 
chiqadi .

F u n k s i y a n in g  n u q t a  atrofidaqi  xo ssa la i i  un ing  lokal  xossa la i i  
dpyi ladi .

2U. S e g m e n t d a  u z h i k s i z  bo ' lgan  f u n k s i y a l a r n in g  xo ssa l a r i  
(g loba l  x o s s a l a r ) .  Aytay l ik ,  /'(*! funks iya



</ h I ¡ v  x R <t X h \
s i ' i j i i i f ' n t d d  d i n q l d n q d n  b o ’ l s m

5-t<*oionia.  (Holsano ko sh m in q  bit ни lu b'oreuwisi).  A q a t  
•' • funksiya  \ : ■ i s rg u w n td a  tuhiksr/, bo'l ib  sc<}mcntnin<j <h(4ki  

nuqt(d<nïd<i liai x il isho ia l i  q iy m a t la rq a  c q a  ho'Isa, и h a ld a  
shutiduy  [„■ i • /> i iuq la  topiladiki, и nucftad i tnnks iya  ito lqa  
ay la n ad i :

Bu tooji'Miü qoomot i ik  nuqtavi  n a/ a idan ,  uz luks iz  oqri r h i z iq
• j:< o ’q m m g  bi i  lomomdcin i kk im  hi loino imjd o ’t i shdd un i

< n w  fuuks iva  d<) uzluksiz bo'hb,  fi<t) <■ ()../(/>) -* 0 bo ' ls in,
( Ч.М • (i./(/■)'. 0 bo'lq<m hoi ham s l u m q a  o ’ xsha sh  qdiahsh i

uiuld /'(t) 0 va doiTiak, b 'u ioma i sbot ot i lgan bo ' l ad i  A g a r

nuqld ldndd /(x) tnnks iya  t nrl i  i s h o ia h  q i y m a tg a  p g a  
bo ’l ad iqamni  olib. uni b ' . - M  o iq a l i  bo lg i l aymiz.  Dornak,  
/(.<, 1 • n. /(/>,)mi bo'hb, siHjiiHMiluing uzun hg i  osa

J ( c )  0

albdttd kcsib o ' t i s lmi  i foda laydi  (29 ch izma)

a
it b 

2  ! 
\ o

,)() “ C l l i z i l l d .

b o ’ lsa, |(i. ,f +- h . 11 h !> sogmon t l a rdc i n  c h H k i



isbot b o ’ladi .  A q a i  д ,,! ' S * "  b o ’lsa. ¡ - ! ‘V  * * L \  .
- I i  J  I  ̂ >

spgmpnt la rdan chp tk i  n u q t a la n d a  /(.>) funks iy a  turli i shoial i  
q i y m a t g a  pga  b o ' l a d i q a m n i  olib, uni I dpymiz.  Bu holda

/ (i.< 2 ) <■ 0- !  ( / » 2  ) л  ̂ V<1 ! « . . > , )  s o g m o n t n i n q  u z u n l i g i  h, - li} = ’ "

b o ’ladi.  Bu j a i a y o n n i  da vom ett iravpiarniz.  Nat i j ada yo  chokli  
sondaq i  q a d a m d a n  k o y in  s p g m e n l l a m in g  o ’rtalarini  l fodalovchi  
nu q t a  s i fat ida s h u n d a y  - n u q t a g a  ke lanuzk i ,  u nuq tada  funks iya 
no lg a  a y l a n a d i ,  d e n i a k  tporoma isbot b o ’ladi,  yo k i  j a rayon 
chek s iz  davom otib, i r h m a  -  i ch joy l ashgan

I а , . h , |. I a , . h , ]... \ а „ . h „ |. . 
sogm en t l a r  k o tm a  kot l ig i  hosi l  bo ' l ad i  Bu kotma k o d ik u m g  
u m u m i y  had i  da  0 bo lib, | ,( Hing

uzluksiz l ig i  b. a- = h2^  '“>() bo ladi.
I c h m a - - i c h  j o y l a s h g a n  spgmpnt lar  p r in s ip iga  asosan sh u n d a y  

nu q t a  mav ju dk i
linrn,, - = с  (<• с ( о  - b ))

/(л) f u n k s i y a n m q  \a.b\ da uzluksiz b o ’ l i sh idan ioydalamb,  
toparmz:

а ,  •> i.1 - > / ( « „ )  -> j\c )  v a  J (c )< 0 ,
b n ~ ± c = >  /(/>,,)-> f { c )  v a  J O ’ , , )  > 0 z z > f ( c )  äO,

Key ing i  t e n g s i z l i k l a r d a n  e s a  /(<•) = <> bo ’l ishi ke l ib  ch iqadi  ►
Isbot pt i lgan  t e o r e m a  k o 'p g in a  ta tb iq l a rga  rga ,  j u m lad au  u 

a y n m  t e n g l a m a l a r  y e c h i m i n in q  ma vjud l ig im  ko ' rsa t i sh va ularni  
t aqr ib iy  y e c h i s h  i m k o n m i  bpradi  Masa lan ,

sin X - V I 1 -  0 (5 .7 )
tpng l amani  q a r a y l i k .  Ravshanki ,  j  U  ) = sin x - x + 1 н da  uzluksiz.  
Ju m la d an ,  bu  f u n k s i y a  [о , я-1 s eg mpntda  ham  uzluksiz b o ’lib, 
spgmpntn ing  c h e t k i  nuqta la r ida :  / ( 0 ) = I > =  тг-f )<()

5 — te o r e m a g a  a so s a n  f(x) funks iya  | о . л- | ora l iqning  hpch 
b o ' lm a g a n d a  b i t ta  n u q t a s id a  no lga  ay lanad i ,  у а ’ш ber i lgan  (5.2) 
tp n g l a m a m n g  |0.*| o ra l iq da  ypchnni  mavjud .  |0 .тг| spgmpii tm

|o.f f | va I ^ . ff I s e g m o n t l a rg a  ajratib,  1 у - л 1 m n 9 chptki

t TiC.



,m q , ' ll 'UUl'1 ' 1 ;  ’ :  , ‘ n ' i t ) u t io ' l i s tmi i  top, ini l/.

1><Mlli,k , f ‘m jl-»in<mmq ypch uu ,  i ; o u . h q d a  yo tad i .  11,1

j a i a y o n m  (l . ,vn„,  Wl l ldVPUsh r id l l jcsui « !  SU, . v H  0 

; ; ; ; ; ; ; ^ ir,i;, n in , j k ^ . k i ,  „ . „ q m ^ a  , (>P , i , s iu

b - l eo rr m r t .  (BoIsHi io-Koshin imj  i k k i n r h i  U-cm-iiiasi). Aqat 
/m, huiksiya  |,(.M s rq m rn td a  u/.luksiz bo'lib, „ n in q  c h r tk i  

uiiq  a  an c  a [f| ( ¡ lym a tk u q a  r q a  vn a  / li ho'lsa, A
va H o ia s id a  h a r  q u n d ay  ( ■ son n l in q a n d a  ¡„ im  u bilan h o ra s id a  
(kam ida bitta) s h u n d a y  im qta  topiladiki,

/(<•> - ( ’
bo'ladi.

4  A m q i i k  u c h u n  bo ' l sm .  I x i i y o r i y  c ^ { A . h ,  o l a y h k
' >r( (iiiic ii !f>fv) /(.v| ( f u n k s i y a  l i . / n im z  Ravshmik i ,  hu 

f u n k s i y a  s n y . n r n t d a  uz lu k s i z  v«, bu  sH gnmnfn inq  chntk ,  
n u q d l a n d a  „ ^ _ _ l{ ( , . (J q ivm^tl^Vni qabul 'qHcldi  U

o , ci Bolscmo - K o s h u u n g  liiri.ic-bi t e c m w n a s ig a  k o ' . a  „ tn l an  h 
oKisida s h u n d a y  t- aUq l (, top i l ad ik i ,  , o y a ' n ,  bo ' l ad i .

fK, 2" n - Ujr ; . A» rtr /ti} hUlksiy fl .\ o i a l i q d a  (yopiq yok l
barcha  n!vr ‘ h ^ 1/  ,1/luI<-siz bo' lsa ,  u ho lda  funks iy a nm g

Iiyniat ldi i  to p lan i i  biroi ) o i a l i q d a n  ihorat bo' ladi .

vi if.nr, r h n J V> VC ' 7  , 0 ’Pl i imn»»iJ ‘»niq q u y i  ch eg ar as i  w am q  yuqort  (hpganvsi  m bo' lsm:

w  -  in f  Y,  ,V/ sup Y

o n ' ^ r ’k . “  r Vd qi^ " ' , , ldri , 0 'p l im"  « • • * >  in l e rvd lda  . ashk i l
» U m l d ' T  f  sonn,  o lay l ik :■ < >/ ■ u  ho lda s l u m d a y  ,, va /, soi i l ai  top i ladik i ,

• I < C  ■- l i  \l

nnimkln f ” v v" J  Uri,  qa i . i sh
"  1 Isboilanqdii  iPOiPmaga dsosan „ b il an b

, sh lmddv < son nmvjndkl .  ,• b o ’ladi .  Ol inqan r  So„
' „  h , " ‘gl 7 T  !K,,|<J-nid<in, bu in tPiva ldayi  b a u  ha q i ym at la in i  , (t) funks iya  qdlm,  ^,1|shl kphb rh  j . ^

7 teoronia.  (V cy r r sh l r a s sn in c ,  h i r i n r , , .  „ . „ „ . „ „ „ . j ,  A ,



/(v) l u n ks iv a  [■';,1 sogm ontda  uz luks iz  bo' lsa ,  lunksiv. i  shu
sogmontda  r h o q a r a l a n q a n  bo ’ladi.

m T o sk a n s im  fdid/. q i l ay l ik ,  va 'ni  | ; | da  uzluksi/. bo ’lgan
t ( r) funks iva  \inda < hogara lanmaqdn bo' ls in IJ holda j.> ; | da 

sh u n d a y  n u q t a  l opda d ik i ,  shu nuqta u c h u n  |./(» )[.•*» \u 1. 2. ) 
tongsizl ik o 'n n l i  bn' l adi .  v, kPtina- kpt l ikdan Bolsano 
Vpypisht idss  l e i n i n a s i g a  asosan y a q m la sh u v c h i  q i smiv  x 
ke tma k e thk  a j id t i s h  mumkin ;  v -»xf).x0 <: [ > ./■]. .'(*) funks iya 
\„.b] da  uz luksiz .  U n d a  /(>̂ / ( . r , , )  bo' ladi .  Bu osa |/(.v )| y a ’ni 
/(r )-*ac dob q ü g a n  faraz imizga  ziddi i .  Dornak, funks iya  [>¿ />] da

c h eg a r a l an g an .  ►
4 - e s l d t n i a .  Ke l t i r i l gan  too i ema  shar t idag i  ora l iqmng 

sogniont t io' í i shi  n iu h imd ir .  Bu shai t  ba j a r i lmasa ,  tooroma o'rinli

bo ' lnm sdan qo l i sh i  inumkin .  Masa lan ,  MA) |. funks iya  (0.1)

o i a l i q d a  u z l uks iz  b o ' l s a  ham, shu orahqda  rh e g a r a l a n m a g a n .
5 - e s l a t n i d .  F u n k s i y a n in g  biroi o r a h q d a  choqa ra langan 

bo' l i shidan,  u n i n q  shu o ra hqda  uz luks iz  bo' l i shi  l iar doun ham 
kol ib c h iq a v o r in a y d i  Masa l an ,  Dirixlo funks iyasi  /)(r) 
c h e g a r a l a n g a n  b o ' l s a  ham u uzluks iz ornas.

8 - t e o r e m d .  (Vpyprshtrassmnq i k k m c h i  tporomasi).  Aga i  
/(r) t u n k s iy a  (u./’ j sp g m e n td a  uz luks iz  bo' lsa ,  funks iya  shu 

sogm ontda  o'/. ining a m q  yuqor i  l i amda an iq  qu y i  ch oqar a l anga  
orishadi ,  y a  ni («>] d a  s h u n d a y  x, va t, n u q t a l a r  topi ladiki ,

/('■,)- SUp{ / (*)}- / ( í : ) " Ín í '{/ (  V)Í-
‘'l-'l

tonghkl a i  o ' rml i  b o ' l a d i
4  V p y e r sh t r a s sn ing  b ir inchi  tooromas iga  ko ' r a  f (x)  funks iya

\,i.b] da  c h o g a r a l a n g a n .  Modomik i ,  {/(x) ..xe (.•/./>]) t o p l a m  
c h p g a r a la ng a n  ek a n ,  u n d a  bu to 'p lamn ing  an iq  yuqor i  hdinda 
an iq  qu y i  ch o g a r a l a r i  mav jud.
Biz ularni

SUp{/(-*)} = W- 1 n f  {  ̂ x)} m'
«■i--I " ‘•;l

o iq ah  b r l g i l a y h k .
Endi [íj./i] sp gm p n td a  /(*) funks i ya  \t va m q iy inat l arm

qabul  q i l a d i g an  n u q l a l a i  mavjud l ig in i  k o ’rsatami/.. Tpska i i s im



t<iiа/ q i l ay l ik ,  V<i1 n i - с )  lunks tya  |.< /| sognK'i itd. i  o'/.mmq einig 
yuqo n  chogataM (]ri onshmaMii .  I' ho lda  I'11 u r h u n
m  i l ongsiz. l ik < >’ i inli h<>’l a d i . Q u v id a g i

'Pi '  ) - "\> ! I V}
iunks ivan i  g a t a v b k  Ravshanki ,  bu t u n k s iy a  |i | so gm o n td a  
uzluksiz.  Voyo ish i i as sn ing  bi i iru hi too iomas iqa  ко l a  </■■>(.»■) 
i unks iva  ( í ' I da  chogara langan .  Domak,  v\(-|v./1 lai in h im  
ushbu

(/■I , ) ' ■ I/ (// - С>'П'< и ■ II )
■I / { X )

lengsi/.l ik o ' l in l i  Bimdan
■'I .I'M/ ’

bo' l i slu kohb chiqad i .  Ku osa M 4np¡/(M{ (’к а ш  /id. iJouiak,  / ( ' )  
h m k s iv a  [.» /=j soqmontda  o ’zm in g  a n i g  yuqo n  с h o g a i a s i g a  
(Mishcidi, y a 'n i  I I  d<i s lumda v >, i u i g t a  mavjudk) ,

’ /( ' , ) -Sup{/(>)]
• -I  i

bn'lcidi 1 h iddi  shunqa  o 'xshash / ( 0  fun ks iy a  |.«.л| so q m o n td a  
o ’z ining  a i u g  qn y i  ( hoqaras iqa ( ' i i sh i sh  ko' r sa t i ladi .  ►

6 - e s l d l m « i .  A(]<u funks iy a  och iq  o ia l iqda  (întoi va ldn)
uzluksi/. b o ’ lsa, i im ks iy a  shu orahqt ld  o 'z in in q  aniq  ( h e g a i d l a n g a  
(‘I i shmasl iq i  i i i umkin  Masa lan ,  /(.*)--v' tu nks iy a  (0.1) i n to iv a ld a  
u/.iuksiz. Bu tunks iya  uchun  sup \: -  i.mi v' - о bo' ladi .  A m m o  
tunks iy a  o ’zm in g  -up va ml' q i y m a t  l a n g a  (0.1) m t e r v a l d a  
onshmaydi .

O d a td a  i u n k s i y a n in g  biror o i a l i g d a q i  xossalar i  l ining g l o b a l  
xossa la r i  dob ataladi .

« - t e o r e m a  ( l eskan I u n k s i y a n i n g  mav|udligi) .  Agai  /(v) 
tunks iy a  .V o i a h q d a  an iq langa n ,  u z lu ks i z  va q a t ’i y  о s u v r h i  
( q a t1 iy k a inavuv ch i l  bo ’lsa, bu t u n k s i y a  q iymat la i  idan  ibo ia t  
i ¡M ' ' -v i oi'dliqcla Irskdri  / '(>') t u n k s iy a  mav)i i( i  bo ' l i b ,  u
uz luks iz va q a t ’i y o ’suvohi (qa t ' i y  k a m a y u v c l n )  bo ladi.

< ! ( \ ) tunks iy a  \ o ia l i qda  u z l u k s i z  bo ' lgan i  uchun  l i n in g
q iyn ia l l a i i  oi'dhqni tutasl i  t o ' l d u a d i  Doniak, hai  bn ' . ■ • 
uchun .V da  shundav  » top i l ad ik i .  '(\„) r, bo ’ ladi.  B i i n d a y



i „e)  ga mos  k o l a d i g a n  \. nuqta A' da y a g o n a  b o ' I < i d t. 
Haqiqa tan  ham,  a g a r  o ia hqda  dar) k a t ta  yoki  k u h i k  
b o ’lgan  ' n u q t a  o l i n a d i g a n  bo' lso /|<) tunks iva  o ' suvrh i  
b o ’lq am uch un  /(V) r' ham .1 <ion kat ta yo k i  ktr.hik bo' ladi .  
Sh u n d a y  qil ib, ' o r a l i q d a n  o l ingan hat hu 1 g a  \ da nnga  mos 
kp l ad i gan  y a g o n a  s h u n d a y  topi ladiki ,  /(x) : r bo' ladi .  Dmnak,
) o ia h q d a  toskar i  « : /  ' ()} funks iya mav jud .  l-.ndt •> = , 
funks iy a mng  <i<i q a t ’iv o’suvchi  b o ’ lishini, ya ' rn
yi ? ] v . e r ,  b o ' l g a n d a  t, < <. tongs izl ik o n n l i  
(x, / 1 ( j , v, ■ / ' [w])  bo ' l i sh in i  ko' rsatannz.  Toskansmi  faraz 
q i l ay l ik :  »■ < r b o ' l g a n d a  bo'lsiri U ho lda  1 M>i funks iya
A' da qaf ' i y  o ’s u v c h i l i g i d a n  /(. ' ,}>/(' .) y a ’ni r, .• v. bo' ladi  Bu 
psa i , < 1, dfj b o h n i s h iq a  z iddn.  Domak, < - f '(.r) l u n k s iy a  ; da 
q a t ’iv o ’suvchi .

Nihoyat ,  m o n o to n  lunks iy am nq uz luks iz l ig i  haq idag i  
tooromaga  ko' ra ,  >. 1 : (\) funks iya  ; o i a l i q d a  uz luks iz  bo'latli .

r - / f r )  l u n k s i y a  A' d a  ka inayuvchi  b o ’l g a n d a  ham tooiPina 
y ' uqondag idok i sbo t l anad i .  ►

7 - § .  H i n k s i y a n i n g  tek i s  u z l u k s i z l i g i .  
Kan to r  teoremas i

1 f\x) f u n k s iy a  v t o ’p lamda a n iq la n g a n  b o ’lib, v„ > .V 
nuq tada  uz luks iz  b o ' i s i n  Funks iy a  uz luks iz l ig i  ta ' r i t iga  ko'ra,  
V t x i  son u c h u n  s h u n d a y  <V-Ü son top i l adiki ,  \x - v,,j- /■>'„ 
tengsiz l ik  o ’rinli  b o 'h s h id a n  \/(x) /<a,.)|< /.• tpngs izhkni  o'rinl i  
bo' l i shi  kpl ib c h i q a d i .  Bu ta'rifdacji ^ , son a w a l  l a k i d l a b  
o ' tgan imizdpk 1. g a  b o g ’hq: -  <*„(/.•). A y t a y h k  f(x) funks iya  .V 
n in g  x, (,*, 1- v„) m i q t a s i d a  ham uzluks iz bo' is in.  Yana ta ’rifga 
k o ’ra, Vr > 0 son u c h u n  s h u n d a y  >0 son top i ladik i ,  |* - x,\ - <>, 
dan|/( .r )  /( xn)\">: ko l ib  chiqadi .

/in f u n k s i y a n in g  v v„,x x, n u q t a l a n d a  uzluksizl igi  
t a ’nf idag i  ;.-•(> son b ii  hi !  bo ' lgan ho lda  ham u n ga  mos 
kp lad igan  va  />, sonlar ,  uinuman,  tm l i c h a  bo' ladi ,  y a ’ni 
l u n k s iy a  bir n e c h a  n u q ta l a r d a  uzhiksiz b o ’lganda ,  uzluksizl ik 
ta ' r i f idagi  ¿ > 0  son faqat  /.•>() g ag in a  bog ' l i q  b o ’lmasdan,

MO



qa i a ldVUtqdf l  II И ( j I rl(Jd |кПП b o q ' l i q  Im ' ld d i .  SIni l l l  l ldl l l  a y l i s h  
k o i a k k l  a q a i  Л mui ; i\ d - ' b  o h l i s a .  bl l  Л -r. so i l  v v<t v 
ii4c{ldl<ii ().i i m i a v a i  y a i a v  vpi a d  i , i l i i i n k i  I v - V, [ - p ,(„11 Л-..1- ,>

Vtl * 11,1 <l,m 1 ' kf'lil) r l u q a d i .  Misol la i  q a i<ivltk:
Ь т к ч у а  5 s p q n i p n t d a  u/luks i/,  | u m la d a n

■ I" i! п и q I a d a  uz luks izd i i  I <i ’ i if (jci ki/i . i ,  n son u c h u i i  
4 ' ' ; ' (l ‘ ‘b olmsd, p ,/| ,v b o ' l q a n d a

1 /  1 v  1 1 (  “ )\ i  v  "  I  I  V  " ¡ V  " I  л ' |  f V  2  и  )

1 V.; i • <t): t { s j a  ■ ■ a )  - 2a  ■

boldfh .  I)«»m«ik. i'i s,i' + , „ bo ' l i h ,  ■ -o b i l a n  birga q a i d l a y o t g d n
• ■ Iй N n u q ta q a  ham bog' l iq r k a n .  H n o q ,

л Him Л mill (yj,,' 4 a ) - .  Him "
11 \ ' H  " l'h I 11 i Г \ / l  I  ■*-'

ih*b olmsd, |.V л dan |v „}. ,) kol ib  rh i qad i  Mm sabab l i  bu 
■(> son [0 ,11 sogimni tninq b a r rh a  n u q f a l a r i g a  l o ’q ' i i  kHadi .  
S l m n d a y  (Jilil), ц  о »' l u n k s i y a  [0,1) spgn ipn l rnnq  

nuqta l a i idd  u/luksiz bo' l ishi  t a ' n f id a q i  ,v-.n son ■ " son b i l a n  
b i iq a  q a i a l a y o t g a n  miqta la rqa  b o q ' l i q  b o ’lsa ham, s l m n d a y  ,v -,<> 
(Oplladiki,  U [0,1] spgim'i i lni lH) ban/ba n u q l a l a n q a  y a i a y d i ,  
bnshqachd qi l ib a\tganda,  shu ,> -u son faqat , g a q m a  b o q ’l iq 
bo lib, q a i a l a y o tq a n  nuq ta la iq a  b o q ' l i q  (Mims.

’■} ) /(O  ̂ h m k s i y a  (0 , 1) o r a l i q d a  uz luk s i z ,  j i m i l a d a n  . / «- (<>,i |

n u q t a d a  u z lu k s i z d i i .  T a ' i i f qa  k o ' i a  v , :  ■<) son  u c l i u n  ,> -, do b
t i l  I ■ a,:ol insa,  |.v (i[ л b o ' lq a n d a

i /(.v. /,„) i  ■11 ' [  i '  - " i .  1 i
v <l ‘ ii < <i 1 ii i: /,,,

il
I '

b o ’ ladt  Don idk ,  <v n m g  i n n l a m s b  ,.■•(> b i l a n  b i r g a  •/« (<),|| 
n u q t a q a  b o g ' l i q .  B uo q ,  b u  h o l d a  ,v n m g  „ [ j o ' y i c hd  
n i i t i i im m i i

<s - min rV mm " "  - (i
■■ I - I  •' ! 1 ' I I •



b o ' h s h i  t a ' n i i d a q i  s o n  , m ; . b i l a n  b n q d  q a i a l a v o t q d n  
n u q t d l d r q a  b o g ' h q  Vd ( 0 ,  : ; o i d l i q m n q  h a i c h d  n u q l a l d i i q d  

V ' d l d Y ' l i g d n  rt'.'O s o l l  l l l d V | U d  Ol l ldSl lCJ ini  k o ' l S d t d d l .
8 - t a ' i i l .  Aqa i  V >.-.•() son uc hun  shunddy ■<> son topüsaki ,  

t o 'p lamn inq \x'  v"|- r> lenqsi/l ikm qai iodl lant i ruvc hi i x t i yonv 
/ va  a” ( v' e. X . .y" e X ) nuqtdldi ida

| / ' 0  - /-( .v")|< t: 

tengsi/.l ik ba j an l sa ,  /(.\) iunks ivd  A to'()lani(lo tckis  uzluksiz  dob 
a ta lad i .

/(.xi l u n k s i y a m n y  tnk i s  uzluksi/.l ik Id’ i i f id aq i  son
sonqa q ina  b o g ' l i q  bo ' l ad i .

5 . 9 - i n i s o l .  Ushbu
/ ( . V I  -  V  V

funks iyan inq \' - 11.2 ) spqm ontd a  tekis u/. luksizl iqi  k o ’i sa l i l sm.
< V/. •() u c h u n  rf.-o sonm )>■ dob olsak,  u holda 

V.v'c|1.2| Vjr"Hl.2| l a r  uch un  ¡.v" -  .%•'] < «> le nqs iz l i k  ba j an lq a nda

i w  l v ” • v 'i . ' V1 -  ,w r  Vx I — .— : - j 1 i < ^
\ j  x ” 1 I- V  v ' V  H ' -' 

b o ’ladi .  Domak, v* -  \fx l u n k s iy a  [1.2| o ra l iq da  lok is  uzluksi/.. ►
5 .1 0 - i n i so l .  Q u y i d a g i

1
U x )  sin

\

l u n k s i y a  A’ =(0.l) i n t e i v a l d a  tek is  u/.luksi/. en i a s l ig i  ko isati lsin.

< H a q iq a t an  h a m ,  /•>() sonni, masa l an ,  deb olib,

t ' . . v V ( ( U )  n u q t a l a i  s i fa t ida
1 „ 2v — , x • - ----------- ( » e  ,\)

n n  [ 2 n  + l)7T

qaral sa ,  u ho lda  |.v" - x'\ ay i r i t i a  uchun
, 1 .V “ - V 1 = - ----n n (2 n ■+ 1 )

in topamiz  Hndi ii n i  ( »  ni kattd qil ib ol ish bi sobiqa)  hai  q an ch a  
k i ch ik  qi l ib o li sh m u m k i n  b o ’lsa ham

| /' ( v " )  - / ( . v ' ) |  ■ ]s tn  s in  f t J T  | -  I > ■ T)

b o ’ladi .  Domak, b e r i l g a n  funks iya  (0.1) da  tek i s  uzluks iz cnuis. V
lO - t e o r e m a .  (K a n to r  teoromas i ) .  A g ai  /(O funksiya  b<.fc|



si-ifiiu'iitriu u/lnksiy. I)a‘lsa, h m k s iy a  ■-/'// w 'tf iurn tda  t<‘kis iizluksi/. 
ho'ladi.

< ( i  l unks iv a  i i soqmon I-la u/luks iz  bo' lstn l a i . i /  
q i l ay l ik ,  Junks i ya  shu soqnion tda  (okis u/liiksi/. bo ' lm as in .  
Domak. bu lie>1 ci<i hiiui , -o son v.i ix l t vony  k n h i k  -•> и son 
u r b a n  i ' i ' iMjmnntd.i s h u n d a y  i va v" nuqta l a i  lop i l ad ik i ,  

v , • lonqs iz l ik bafd i i l sa  ham
I / ( .v " 1 / ( \ ' i /- 

tongs iz l jk o' r inl i  b o ’ lddi.
No lga  in tiluv<hi musbat  sonlar  kf‘t m<i kot i iq ini  
} <'>, -  ̂ ^ „ o l a y l i k  (<•>'„ ->().()„•• о. n I 2Л.  ».

1 a i a z im i/qa  k o ’ ia, y u q o r id a g i  / >o son va i x t i y o i i y  
л', > o.i>; I 2 i ) son iK'bun |.< /-I sogmontda  sh u n d a y  v' va  \\ 
(" - 1-2.3 ) n и g I (licit top i lad ik i ,  nl<ir ucbun  q u y i d a g i  
immosab at la i  o rinli bo' iadi :

¡ V , "  V ;  I . V ,  > I / ( V , "  I /  ( Л-; ) ]  >  i :  ,

11 ■' -■ \ 1 ■■ A j :■ ¡7 ( V " i / ( ,v ’ )j :■! /. .

I '  H '  I • <v > ¡ /  I V  ' I  -  >■ f

\ k e t m a  kf' l l ik c h o q a i a l a n q a n .  Bu kotma k o l h k d a n  
BoLsano Voyoi sh l i a ss  l onun as iqa  k o ' i a  chokl i  songa  in t i l uvch i  
q i s im y  x \ t¡ kotma kotl ik a j i a l i s i i  mnmkin :

r ',, -> ( v, ■ [ u . h  I )

W holda
I V "  - V ' I • Л‘ „  . Л  > n

b o ’l g a n id a n  v" kotma kotl ik  J i atn g a  mt i l adi :  x"n > -4 . 
Hx) tunks iyc in ing da  u z lu ks i z  bo' l i shidan:

/ ( v" ) / (  v„ ) ,  / ( v' ) > /< v„ ) 
ho ’lib, u l a i d a n  osa

/ ( ч  ) / ( Ч  * > 0 
ki ' l ib ch iqad i .  Bu osa v»m v u c h u n  j / < v" ) - /(v,' ,)|>¿ doyÜ ga n  
y u q o i id a g i  t a sd iqqa  zid. ►

4 0  fun ks iy a  л l o 'p l am d a  a m q l a n g a n  b o ’ lsm
9 - t a ' r i f .  Quy idaq i

и



• i v i| -  ml j / 1 \ j |

<ivii in<i /iw t u n k s i y a n i n g  \' l o ' p l a m d a g i  I r b r a n i s h  do b  <ivl ihicii 
v a  - '  o i q a h  b e l q i  l a n a d i

-w .-m / \ ) - -■'Up ; / i v ): mf : / ( v »:
> \ 1 '

.■'(>■ fun ks ivan inq A’ t o ' p l a m d a g i  tobianishi  qu y idaq i
O' sup !j/(.v")  / \  V' )|i

. . • V
k o  i m i s h d a  h a m  t a ' n f l a t n s h  ruu in k i n .

Kantor toorpnias idan l m i h i m  nati ja kel ib  chiqadi .
3 - n H t i j a .  A g a i  /(a)  f u n k s i y a  \a.b]  s e g m e n t d a  u z l u k s i z  b o ’lsa,  

u  h o l d a  V/.-^O s o n  u c h u n  s h u n d a v  A>0 s o n  t o p i l a d i k i ,  
s e g m e n l m  i i z u n l i k l a i i  W d a n  k i c h i k  b o ' l a k l a i q a  a j r a l j l g a n d a  
i u n k s i y a n m q  b a r  b n  b o ' l a k d a g i  t r b r a n i s h i  d a n  k i c h i k  b o ' l a d i .

< /(a) f u n k s i y a  |«./’ i s e q m r n t d a  u z l u k s i z  bo ' I s i n .  K a n to r  
t e o i e m a s i q a  k o ' r a  b u  f u n k s i y a  \a. b)  d a  t e k i s  u z l u k s i z  b o ’ l ad i .

I ' ek i s  u z l u k s i z l i k  t a ' i i l i g a  k o ’r a  v.r •() u c h u n  s h u n d a y  <v •() 
t o p i l a d i k i ,  |v’ . v " | s h a i t n i  q a n o a t l a n t n u v c l i i  i x t i y o i i y

v'» \ a . h \  .r'V[c/,/)| l a i  u c h u n  | / ( * ' )  - / (-v")! -  bo ' l a d i .  f-ndi 
sh u  r-i n i  ol ib,  |«>| s o g m e n l m  diamotr i  b o ' l g a n  ix t i yo r i y  

/■ . ^ v . a, .a ,. X,.} b o ' l a k l a s h n i  olamiz .  U h o ld a ,  r avshank i ,  
W *  [ .jcj. . a*., |,V x " k  |.v*, .vA,, | n u q t a l a i  u c lm n  |a" -  v'j ,v v a  d e m a k ,  

| y ' ( b o ' l a d i .  B und an ,  l x l i y o n y  b o ’ l a k c h a  | \ ^ |  
u c h u n

(1) sup | / (  . v " )  - / ( .v' ) | < /;
> ■ I I

bo ' l ad i .
M a s h q l a r .
5.11.  Usl ibu

/  ( A " )  -  I x L  # ( a )  -- \ f x . ( p (  X )  - — -  
'  X

f u n k s i y a l a r n m g  a n i q l a n i s h  s o h a l a r i d a  u z l u k s i z l i g i  i s b o t l a n s i n .
5.12.  A g a i  f(x) f u n k s i y a  H d a  u z l u k s i z  b o ' l s a ,  /(a-)1 

f u n k s i y a n i n g  h a m  r  d a  u z l u k s i z  b o ' l i s h i  i s b o t l a n s i n .
5 . 1 3 .  I J s h b u

I 0, a g a i  » r a t s i o n a l  s o n  b o ' l s a ,
Hr) -  1

[  .v? i, a g a r  x i r r a t s i o n a l  son

, 4 i



f i i n k s i v a i u n n q  l o ' p l a m i u n q  f a q a l  > -\ < ■ \ n u q t a l a i i c i a
u / . l u k s i / .  b o ' i i s h i  l s b n t l a n s m .

5.14. Ushhu
/ I V ) л I V  ( I V  ) I

t i inks iyarunq n/.ili^ti ! iи(]Id)<i! i lop i l ib ,  lili lí an iq lansm.
5.15.  Atj<H ,m\) funks iya a  n u q t a d a  ii/luksi/., "(>) i u n k s i y a  

slui  nuq tada  uzi ltshqa <4ja bo' l sa ,  ' ( о н ^ л )  f u n k s i y a n i n q  </ 
n u q ta d a  uz i l i shqa <mjci bo' l i s lu  ko ' r sa l i l s in .

5 . If). A q a t  1 t o p h i m d a  u z l u k s i z  b o ' l q a n  m . i l u n k s i v a  m  h u n
V \ i H ¡o; d a

I / ( A ) I - I . I 
tf 'ntjsizl ik ba jan lsa ,  /ni) i) b o ’ i ish i  ko' rsa l i ls in.

5.17.  IJshbu
l ltll II ( V  V " ' у /  \ ) - I I I X

t enq l i k  isbotlansin.
5.18.  IJshbu

J \  \ ) ■ l l l l l  (  V  D n r c l ^ v

tu nks iy a  uzluksizl ikkd te ks l i in l s i i i .
5.19.  I Ishbu

I - » ' • ] ,  a g a i  - l i e  0 
/(-V) i  0 ,  a q a i  v = o

I , a q a r  о \ • !

funks iy a  Í • i , j. I da o ’z i n m q  ^nq ka l ta  va e n q  k i c h ik  
q j ym a t la i  iqa et ishadimi  ?

5 .20.  IJshbu
/ { V ) - Sit) V

f u n k s i y a n i n q  i / t - ) d a  t o k i s  u z l u k s i z  b o ' h s h i  k o ' r s a l i l s i n .
5.21.  Aqai  ч.м funksiva  ) da  uz luks iz  b o ’lib,

Inn /' (V)

ch(-‘ k h  b o ’l sa ,  ‘ (v) n i n q  |o. *■*•) d a  l o k i s  u z l u k s i z  b o ' l i s l u  
k o ' r s a t i l s i n .



V !  BOB

F i i i i k s i y a n i n q  h o s i l a s i  va di f feronsia l i

I 'unks iy an in q hos i las i  va (l ifh'K'nsiali lushu iK i ia l a i i  
matfMiiatik anah/.ninq iundanM' j i t al  lu shunehdlanc iand i i .

Hi/, ushbu bobda  i u n k s i y a  hosi lasi  va differpnsial i  
t u sh u n c h a l a r i  b i l an  tan i sham iz ,  t unks iy a la rmny hosi lasi  va 
d i f te r es i a l i n i  htsoblashni ,  shuninqdok,  diflPi'Piisial hi submnq 
a s o s i y  t e o rem a la nn i  o iy an an i i z . .

l - § .  F u n k s i y a n i n q  hos i l as i

1°. l u n k s i y a  h o s i l a s i n i n g  l a' i i f i .  I a raz  q i l ayhk ,  v ,/(.v) 
f u n k s i y a  (</./;) in tcuva lda bori lqan, v„ f (a. h ). (_v„ f a .vx-(«./>) 
b o ’lsin.

M a ’lumki ,
\v  -- A / (.v 0 ) --- / ( v (l 4- \.v) • / (  v0) 

f u n k s i y a  oi t t i rmasi  n m a y y a n  lunks iy a  va v( nuq ta la rda  \v qa 
b o g ' l i q  bo' l adi .

1 - t a ’ri f  Agar
\v ./ (V, 4 \v) - / ( .V j

Inn - - Inn - — -  - -
A l ' 0 A V  A \ > 0 \  X'

rnav jud  va chokl i  bo' lsa ,  b\i l imi t  fix) f imks i yan inq r it nuqtaclagi
h o s i la s i  d eb  a ta ladi .  F u n k s i y a n in q  v„ nuql ad aq i  hosi las i  odakla ,

<h ,
7 (Vo) y o k i  } ' ,  , yoki  —- |

b o lg i l a r  yo rd a m ida  yoz i l ad i  
Deniak,

V ’ _ lmi ./ (.v0 4 A v ) - ( -V0)
A t  - 0  \  ^  \ x > 0

B u n d a  ,v„ + Ax ■- x dob o la y l i k ,  u n d a  \ x x - . x „  va v-»(> da 
b o ’hb,  na t i j ada

lim ^  = 1,0, >-ri
"  -o \.V A' >0 \v , v _ V(|



./ i V í / (  X ,  )

V \
nisbdtnmg limit) s i la t ida  ham la ' i i dan ish  in i i i i ik i i i

, , , /  ( V  ) • /  ( t  )
/ ( ) Imi • ^ (6.1)

'  ' 1 V V,.

Rovshonki, /и) l u n k s i y a  <»'•. in lorva lnimj  bar bi i  v nuqta s ida  
hosi l aqa oqa b o ’ lsa, bu  hosi la v o ’z g a r u v c h m in q  funks iyasi  
bo' ladi .

MisolIcH qaray l ik .
«i) /(X} =--f ' '-"/nr lunks iy a  uchun ,  \v-()

Inn — -  0XV .n \ r
bo' l ib,  Г и b o ’ ladi,

b) /(л ) > funks iyo  i ichun \v

Inn - ' -• lim - 1\, . и \ \ V * (I \ V
bo'l ib,  v' 1 bo' ladi ,

v) /(»•>• '.»i l u n k s iy a  uchun,  v„ • о nuq tada  \r--:.\\i
bo' l ib,

Nv I \.rI
hm — •- Inn - -ЧХ ... U- Л X »0 д л-

limit mav jud bo ’lmaydi .  Demak,  bu J u n k s i y a  .v„ -() n uq ta da  
hos i laqa  e q a  Pitias.

6 . 1 -m i s o l .  i(x) = v' f un ks iy an ing  r I n u q t a d a g i  hosi las ini  
toping.

< Ju n k s i v a  hos i l as in inq  ((>. 1 ) t a ' n l i d a n  foyda lan ib ,  topamiz:
* ( ’ " (1 £' ' 1 I' < ' ' I
r'| l i m -------- Imi  -  — -- с* Inn — -  с  In t ' -  c.

■ ‘ I v - 1 ' I ' >" t

Domak, (<' ‘ )\ , -  <'►
6 .2 - i n i s o l  /(.r)--lnx (,r >0 ) f u n k s i y a n i n g  ix t i yor iy  v>o 

nuq ta dag i  hosi las ini  hisob lang.
■^Bi'iilqan i unkb iyan in g  x n u q t a d ag i  o i t t i rmas i

\ y  -  ln(  X )• \ x )  In v InC I I- -  ) ,  ( , r>0 )
r



bo'I.idi M a ' l u m k i

i n n  m {  \
v

\
((jcii<ilsin :t bob) Unda Inn 1 l imit o ’l inh bo' ladi .  DfMTiak.*' * ' \ V V
(ill > 1 ►

0. .}—t n i s o l .  /(r)  =u>s.» f u n k s i y a m i K ]  i x l i v o n y  i n u g t a d a y i  
h o s i l a M i u  h i s o b l u n y .

•^Bu I u n k s i y « i  u c h u n

\v COS{ V ) \v)  cos  V 2 s i l l (  V I ^  ) sin
? >

b o ’ l il),

\x
\ , . , sillI '  1 1 \ v ^

b i l l  - ¡1111 sin( .V ‘ - ) Inn • M i l  V
' 1 ' 11 \ V A < » U 2 Ai , 0 \ V

"I
bo hull. I )(‘inclk, Ilusi)1 - shi.V ( V.V i /V) ►

( » . 4 - m i s o l .  / ( v ) - v > i x . o i  h m k s i y a r n i M j  t o . - « ,  n u q t a d a y i  
h o s i l a s i n i  t o p i n g .

< Hu f w n k s i y a n i n g  h o s i l a s i ,  v o ’z g a r u v c  h in i n t j  u s h b u

, \ /  V  4 A X  ■ \J X  . 1 1
V : Inn -  —.................... Inn .... ...T-

'* "  ‘ |l \ V ' \ V 4 v  V 2 V V
l u n k s i y a s i  b o ’ l a d i >

2 - t a ' r i f  A g a r

Inn : V - = / ( - o j  A . V W ( r _ G)
--U \ v  NX >,<■ \ x

Inn A/  - I,,,, . / ( v „  I A x )  j
• 0 \ v . .0 \ v !

mav]ud va chok l i  b o ’lsa, bu lunil  /'<>) funks iyan ing  in u ftadaq i
o ng (chap) h o s i la s i  dob ataladi .  I 'unks iyan i i iq  v., n u g ta d ag i  o 'ny  
(chap) hosi las i  / (v„ * o) (/ '(.v, ii)) kab i  bnlgi lanadi .

O d a l d a  f u n k s i v < i n m g  o ’n g  v a  c h a p  h o s i l a l a n  b n  t o m o n l i  
h o s i l a l a i  d ^ b  a t a l a d i .



chf'ks iz bo' lsa,  uni  ham и м  tu n ks iy un m g  v n u q t a d a g i  hosi las i  
deb yurit i lddi .  Bunday  h o ld a  /(.r) f u n k s i y a m n g  v„ n u q t a d ag i  
hosi las i  юс (yoki x ) g a  t e n g  dpyi ladi .

2°. Hos i l a n ing  g e o m e t r i k  v a  i n e x a n i k  m a 'n o l a r i
a )  H o s i l an in g  g e o m e t r i k  ma 'nos i .  /(*) f u n k s i y a  (a.b) 

in terva lda  uzluksiz b o ’lib, ,x-„ c(a.b) n u q t a d a  ,i\xa) ho s i l a g a  ega  
bo' ls in

!{x) funksiyan ing  g r a i i g i  b iror V rhiziqrn l foda la s in  doy l ik  
(30 — chizma)

Hndi I c hi/.iqqa u n i n g  Л/ „( a-„. / ( ,<0 )) n u q t a s i d a  u m im a  
o ' tkaz i sh  masalasmi  qa r aym iz .

l ch iz iqda  n u q t a d a n  farql i  д/(л0 + Лх. /'(><, + \ r)) nuq ta n i  olib, 
bu nuqta la r  orqali  t k e s u v c h i  o ' tkazamiz.  ( k e s u v c h i n m g  OX 
o 'q i  b i l an tashki l  e t ga n  b u r c h a k n i  <p b i l an  b e l g i l a y l i k  Ravshanki ,  
/p burcha k  u  ga  b o g ’l iq  b o ’l adi :  <p = <p(\rj.

y M

n

30 — rh izma



A ga i  ' k e su v ch in m q  n u q t a  I chiztq bo 'y lab  qa
i n t d q a n d a q i  (va ’ni . n daq i )  limit holrit! mciv|ii(l bo' lsa,  
kosnv( h m i m j  bu limit ho la l i  ¡ r h i z i q q a  \/ nuqt ada  o ’tkaz i lqan 
u n n m a  do b  a t a lad i  I J i inma t o ' q ’n  chi/.iqdan iboiat.

M a ' i u m k i .  n u q l a d a n  o ’t u v r h i  to'q'ri  chiziq n u q t a m n g  
k o o i d i n a t a l a n  h am d a  bu r h i z i q n in g  b u i rh a k  koe lhts ient i  o iqal i  
to 'hq  a n iq l a n a d i .

■(.i f u n k s i y a  g i a f i q i g a  \i n u q t a d a  o ' tkaz i lgan  u im m a n in q  
m a v ju d  bo ' l i sh i  u rh u n

lllll ip ( \ V ) -  4

l i i ru tn ing  mavjud l iq in i  ko ' r sa t i s h  yetar l i ,  bun da  a  u n n m a n in q
OX o ' q  b i l a n  tashki l  e t gan  b u r c h a g i .  Л.Ш/,/ dan

Ml- \v  - Vv) - / {X  , )
¡Я ( A V ) ---------------------------------  ------  —

M nI’ \x A.v
vindan e s a

, * , , J  < vo + / ( - Oip ( Vv ) -- ап [Ц -
\.v

bo ' l i sh in i  topami/ и -  unt^i funks iyan ing  uz luks i z l i g idan  
i o y d a l a n s a k ,

J  ( x 0 f A V) / ( * 0 )
l im (p { \ x ■) -  l im ardii  
л. . .0 \.V

= an tg / ' (  v0
■o Av

bo ' l i sh i  k e l i b  chiqadi .  Demak,  |п,10 ^^ mavjud va

a  -- l im  <p( A v )  -  arctg f ' ( x u)w . (i
K e y in g i  t p u q l ik d a n

f
b o ’l i sh in i  topamiz.  S h u n d a y  qi l ib,  /(.») tunks iya ,v,e(«./>) n uq ta da  
t ‘(x0) h o s i l a g a  e g a  b o ’lsa, b u  t u n k s iy a  graf ig iga  W „(.v,,./ ( .v;, n 

n u q t a d a  o ' tka/ i l gan  u n n m a  mavjud.  F u n k s i y an ing  v(1 
n u q t a s i d a q i  hosi las i  /'(>,) e s a  bu u n n m a m n g  b u r rh a k  
ko e i f i t s i en t i n i  i loda l ayd i .  U n n m a r u n g  t^nglamasi  esa ushbu

V = / ( v n ) + / 4 * 0  X-Ï ■ *„)
k o ’i i m s h d a  b o ’ladi.

b) H o s i l a n i n q  m e x a n i k  i n a 'n o s i .  Modd iy  nuq tan inq ha i ak at i

i b o



/(/' q o n l d  I >] bu i il ' )(l()l ,m(j<iii  b o l s í n ,  b i i n d d  i Vdql - s h u  \<iqi 
К i l ldd  ()' 11 11 jd M Vo I fnhi so i . l ) .  Bl l  q o i l l l l l  b o  4  и lid h d i d k d l  
i|il<i\<H(}(in n u q t u m n q  .■ n i o i n e n l d d q i  o m v  t i v . l i q in i  l op r - J i

l l ldSd 1 d S l  П1 q d l d y l l k
i v a q l n m q  /, qi\nwi1i  b i l d t i  bi icj f i  tu t V i V '<>) q i y n i d t m i  l unn  

u l ib,  bl l  n u q t a l d i d d  * n o  n m q  q i v m d t l d i i n i  l o p . nn i/ .  M o d d i v  
n iKj td Vdqt i chub)

- / u u I \t) / (/. ) 

n id so ld i i i  o ' t n d i  va u n i n q  I' ,-. -' , ,  * ^ 1  s(*qin<mitdd(]i о  rt<i( h<i 

t cz l i q i
/4'u_ 1

\t  \f

b o ’lddi.  \i >o dd V n is bd tn m q  l imi l i  modd iy  n u q t a n in q
\i

mom on ld aq i  orm t<'/liqi г ill i loda lavd i :
\ s , / а -i \t) i { ( 4 )

\ - lllll • Inn — —
• • \ / w >0 \/

I { o s i l d  I d ’ í l l i q d  k o ' l r l

llm I ГС: , )  n , r )
\!

Dfun.vk. •. /(n lunks i ydn inq  /„ n u q l a d a g i  hosi ldsi  m e x d n ik  
nuqtav i  nd/<)rddи ■. mt  q o u u n  b i l an  hdiakdl  q i l a y o tq a n  m o d d i y  
n uqtd iun q /, mom^nlddqi  o n i y  toz l ig in i  bi ldiradi .

3“. 1 ' u n k s i y a n i n i j  i i / l u k s i /  b o ' l i s h i  b i l a n  l i n i n g  h o s i l a g a  e q a  
b o ' l i s h i  o r a s i d a g i  b o y ' l a n i s h  / (\) f u n k s i y a  {a. fn i n t o r v d l d a  
d i i i q l d n q d t i  bo' l i l ) ,  \Ht-(ti .h)  n u q t a d a  c h ( ' k l i  /'(»,,) h o s i l a g a  o y a  

b o ' l s i n .
\ v / (V„ f \V) - / (  r (: )

/ i r .  ) lim • l im — ------  ---• — • -
\ v "  \r

U s h b u

U
miqd o i  \> qa  boq' l iq vd \v »<> d a  n o l y a  mti ladi .

((>.?) bMiglikddti topdiniz:
V -  f ' [ \ : i \v  •» ( /Av  ( 0 - 3 )

Oddldd ( (>. 3)  ioimuld  fu n k s iv a  o r l tn m asm in q  tormi i l as i  deb 
dtdladi .  Bu lonmildddi i



luí) \ v  - hm ( / ' i  ( , )  \ v + i / \ v )  -  I)\ . • O \
kol ib  chiqadi .

S h u n d a y  qili !),  /(, ) f u n k s i y a  n u q t a d a  chek l i  /'n„)
h o s i l a g a  e g a  bo' lsa ,  f u n k s i y a  shu nuqtadd uz luks i z  bo'Jadi .

2 —e s l a t m a .  F u n k s i y a n i n g  bn o r  nuqt ada  uz luks iz l i g idan  uninq 
sh u  n u q t a d a  chpkl i  h o s i l a g a  e g a  b o ’ lishi hai  do im kel ib 
ch iqa vp rm aydi .

M a sa l an ,  >• = |< l u n k s i y a  t o nuq tada  uzluksiz,  an imo  u shu 
n u q t u d a  hos i l aga  pga  (»mas.

2 —§. T esk a r i  f u n k s i y a n i n g  hos i l as i .  M u r a k k a b  f u n k s i y a n i n g
h o s i l a s i

1°. T e sk a r i  f u n k s i y a n i n g  hosi las i .  /<*) funks iya  
in tp rva lda  a n iq l a n g a n  bo ' l ib ,  bu funks iya teskar i  funks iyan ing  
m a v ju d l i g i  h a q id a g i  t e o r e m a n in g  (qaral sin 5 —bob) bar rha  
shar t l a r in i  qanoat lant i r s in .

1—teorem a .  j(x) fu n k s iy a  (,¡.h) da  uzluksiz  va  q a t ' iy  o ’suvchi  
(q a t ' i y  k a m a yu v c h i)  bo'lsin. A g a r  /(v) funks iya  x0 e (a. !•) n u q ta d a  
./'(x0)* o  h o s i la g a  e g a  bo'lsa, bu fu n k s iy ag a  te sk ar i  x = f ’(y) 
fu n k s iy a  xu n u q ta d a  m o s  bo'lgan  y0 ( y0 = f(x„)) n u q tad a  
h o s i la g a  e g a  va

te n g lik  o'rínli.
< f(x) f un ks iy a  *0 n u q t a d a  /'(x,)#o hos i l aga  e g a  bo' lsin.

(6.3) formu ladan  foyda la n ib  topamiz:
+ (te(a.b)) (6.4)

h u n d a  t —* x0 d a  a  = «(/)-» o. Endi  f(x) f u n k s iy a n in g  t nuq ta dag i  
q i y m a t in i  f( i) = z d eb  be l g i l a yn i i z .  Unda ¡ = f ' ( z )  shuningdek ,  
x« = f  \y<>) bo' l adi .  N a t i j a d a  (6.4) teng l ik  ushbu

v0 - / V 0) ( /  \ z ) ~ f - ' ( y (>)) + a ( f - \ z ) ) ( j  ' ( z ) - f  ' ( v 0)) =

= ( /  ’ u ) - /  ' ( v 0))(./' ' (x0 )  + a ( f  \z ) ) )  
k o ' r i n i sh d a  kelad i .  K oy ing i  te ng l i k d an  esa

/ ‘(z) - /  \ y 0) ______ 1______
z ~ y o J \ x 0 ) + (x{f '(z))



In
/ (.') ./ n-„ )

i / '< V, )

I l o s i l d  t d l  11 i q d  k o ' l d

I
ho ’lib, hun dan

< / 'О'))' . Л  \ '
h ' l i q l ikn inq o 'rml i  ekdni k d i b  < h iq a d i .  ►

2°. М ш а к к а Ь  í u n k s í y a n i n y  h o s i l a s i  n f i x j tunks iyd  (<•/./') 
ml t ' iva lda ,  \ -I'lii) iunks iya  osa (c <h m b - iv a ld a  a n i q l a n g a n  b o  lib, 
bu l u n k s i y a l a i  yoidamidci  .»• /• 4 / ( v>> </>{*) m u id k k ab  I u n k s i y a  
1 u/i lqan bo ' l sm  (bunda, a lba tta ,  м :  (ч.1>) da  и ••• /( 0 . Л) bo  l i sh i  
ta lab q i lm a d i ) .

2 - t o o i o m a  A g a r  -/-/(>) iu n k s iy a  >,*-(././») n u q ta d a  /(>0) 
hosiiaqa oqa  bo'Iii), i /■'(<о iu n k s iy a  t‘sa  v„ /jm/íoya /ficxs 
i« /(»,)) n u q ta d a  /•’'(«.) h o s i ia q a  e q a  bo'isa, a h o ld a  m n i a k k a b  

fnriksiya  </Hv) /ч/u))  Лнш n u q t a d a  h os i laga  ego  va

h 'im a la  o'rinli.
<u /{X) h in k s i y a  л,, о (././>) n u q t a d a ,  i •/•'(«) i u n k s i y a  e s a  m o s  

„и («„ /(>„)) nuqtada hos i l a g a  o g a  bo' lsin.  (6.3) i o r in u l a d a n  
tovdalarub lopamiz:

M u r a k k a b  i u n k s iy a  <p(\)--!■'{!{\)i nirnj  v, m iq ta day i  o r t t i im as i  
</<(/>-</>u„ ) ni yuqor idag i  (0.0) va (0.7) mu nosab aU ai  d a n  
toyda la inb,  quyidaqich<i yozi sh  m u n ik in

</>'( v(1) (/' (/■(v))Vl , /■"(»,. ) • / ) (6.5)

/(/> f l ï J - J ’M '  x n ) n x ( r ) U  v;,h 

/'(.v)- /'4»„) F 4 « M)(.v u„) f /Дл-H.v //„).

( 0 .0 )

(0.7)

bunda
l im (/ ( /)  0 ,  Inn //(A ) -  (I



</>(/) </>( v, ) /' (./ 'Ml /' ( / I v () h 'tи, )( / '( v, )(/ V, > I 
I . / ( / И /  - I )  t / { (  / ( ! ) ) ( / ( I )  / '(  V. I) - I- ' (//„  ) / '( V, К / V,  ) .

t /• '(//„ ) а (/к/ v„) t / Д /( / ) Н ./ (0  • /IV.,)). 
l -ndi  l)ii l(‘ng l ik n ing  l i a r  lkk i  tomomiu / q.i bo' l ib,  so 'nq ia  
i > \„ da  lirriitga o' lf imiz:

<p{ l )  Ф{ с, )
h m  -  ---------------- h  f u v ) f  ( x 0 ) + /• ( к ,  ) Inn i / i /)  *

t - x 0

I Inn / / ( / ( / ) )  Inn :/ ( ! ) ~ J - {x°-}
!  X n

B u n d a n  / -»<, da  u ( 0 - *  0. /Н/ ( ' ) ) -*  11 ekarnni  <■*' tit>c>j <jci olsak 
(G 5) formula keh b  c h iq a d i .  ►

3~§.  Hos i l a  h i s o b l a s h n i n q  so dda  q o id a l a r i .  
l - . lementai  f u n k s i y a l a r n im j  h o s i l a l a r i

Biz ushbu p a r a g r a f d a  jkk i  funksiva y i g ’ indisi ,  ayi rmasi ,  
k o ’payt rnas i  va m s b a t i n i n g  hosilrilcirini topish qo ida la i im 
kf “Hi rami/. So 'u q ra  e l e m e n t a r  f tmks iya la rnmg hosi la l armi  
h i sob laymiz

f(x) va #(.v) f u n k s i y a l a r  (u.h) intervtilda a n i q l a n g a n  bo' lsin.
1°. l k k i  f u n k s i y a  y i q ' i n d i s i  ha inda  a y i r i n a s i n i n g  hos i l as i

A g a r  J(x) va yj.x) f u n k s i y a l a r n m g  har b in xe(a.h) n uq ta da  /’{*) 
va  у \vt hos i l a l a r ga  e g a  bo ' l sa ,  u holdd /{.v)±«(v) fun ks iy a  ham \ 
n u q t a d a  hos i l aga  e g a  v a

( . / ( x )± i ' ( v ) ) ' - / ' ( x ) ± 1i ' ' (.v) ((-,.8)
formul a  o ’rinli.

■4 Ha q iqa t an  ham,  f(x)  va >,’(*) funks iya la r  xz-.Ui.b) nuqtada  
/'(*) va А;'(л-) h o s i l a l a r g a  e g a  b o ’lsin:

ч i J ( x)  t , y u ' )/ ( v) - h m  -------- . v  { x i - Inn ---------- -------- .
1 -  x 1 •1 t x

Lndi  / <*)- /■(.>•) *-..y<.v) d e b  be l g i l ab ,  topamiz:
/4 0  i ' {  v)  A O  - А -v ) t ,V iO_g( . v )

I -  v  t к 1 - v
Bu feng l i kda  / >» d a  l imi t  o ' tsak,  q uy idag ig a  e g a  bo' lamiz:

h'(<) /*(/') - / ( Vi .*» < / j - с v l 
/• ( v ) - l i m  ......... .........—  - I n n  — -  ------  ± Inn ------------L

; .. / -  x  , . ,  , .  x , ,, i  x

---- J"(x) ±



Hll (‘Sei i()l [II111(H ) Í isl>(>ll<l\(ll. ►
2°. I k k i  f u n k s i y d  k o ' p c i y t m . i s in in q  h o s i l a s i  Aijdi  -n )  \»  ■ 

l l l ü k s i y d l d l  111ГК) l l d l  1)111 w Il 11 q t  d d d  / i л ) Vd , ( ;U)  h o S l l d l d H J d

(Hjd b o ' l s a ,  u h o l d d  ■ i ч)• -г(>) f u n k s i v a  )w i n  л- n u q t d c i d  h o s i l a q a
(‘(Jti Vd

( f {  V),<M V ) l '  / \ V J V  ( V )  » ( ( . )< ) }

fo tmuld o 'n n l i .

< ipixt i (\) ^'14 d eb  bolg i ldb.  <pu) n i s ba t u i  q u y i d d q i

( f X t )  </>(\\ / ' ( / )  / ( V )  v ( M -  . t , 4 v )  ч 
- -  -• -  - ........... - y { \  I t -  ------  f  ( t )

I X 1 X I - X
k o ’n m s h d d  yo z ib  olamiz.  Ru t p i i g h k d a  i - >x  d a  l i m i t g a  o ’t ib.  
topamiz:

4 , </'</) <p{\) L. /(,/) /(.VI t ) - z ( x )  t. 4: Ihm • - -  t,'(v) » lim •-----  - /(/)
/ V  ! ' •* I x  ' I  -■ X

,  ̂ i / ( v i  , g ( f )  - > : { \ )• y ( v )  lim -  * hm /(/nun — -  — -  
i x ' •* 1 •• / - i-

Af(Oy'(.v) i J [ x ) x ' t x I
Hu osa fo im uld in  í s bo t l ay d i .  ►

3°. I k k i  f u n k s i y d  n i s b a t i n i n q  h o s i l a s i .  A g a i  ; ( \)  va  >;(.v)
h m k s i y d l a m m q  ha r  b in  м  (, i .h) n u q t a d a  /'(r) v a  я'(д-) h o s i h i l a i q a

oqa  b o ’hb,  .■.чх)*о bo' lsa ,  u l io l d a  /(г) f u n k s i y a  h a m  .* n u q t a d a
M  V)

h o s i l a g a  pqa  va

'  / ( * ) !  /'{VjV'U'l /(V).4j ' iV)-, . . ,6 1 ( ) ,
я ( 0 ;  * r u )

formula o'rinl i .
< (6.10} ionnu ldn i  i s b o l a s h d a n  av v a l  funks i yd  h o s i l a s i

t a ’ r i f idan  J o v d a l a n ib  1 f u n k s i y a n m g  x e ( u . b )  n u q t a d a g i
-M )

hosi las im hisoblaymiz:
! _ i A ' U )  K ( 0

I  ̂ . tM M im V1 . iM? HM VI •... ¡ - hm - Inn _'4—  ■--------
, iM  V )  i : !  -- X  • ■ ‘ I X

I , Л'(П .tr С V ) I x ' ( . v)----- lim  - - - 11 in — - ---------
, iM  V ) ' • • / V ' • • . £ » ( / )  M - v )

T)('indk,



i I i ' i \ i

I  V’ I V I J  у  ( V )

1' M<li (!i (t) va  (fi 1 1 ) io i  i m i l a l a n l a n  fo yd a l an ib  topan i i/

/ <  .V) 

.У< V )
I

A-'I.O
/ ' ( . V )  ( / (  V )  I -

KU»
/ '( rj  / ( \ '( г) / '( v)^U(- / { л )x'i V)
X ( VI ii { V ) £ ‘ ( л )

Ru ((>.10) f o i m u l a m n q  o 'nn l i  okanim i sbo l l ayd i .  ►
1 -n d t i j a .  1) Y u q o m i a  ki ' l i t r i lgan ((>.8) va (6.9) fonmi lala i  

yo rd a m id a  q o ' sh ih iv c ln la i  hamda k o 'p a y u v rh i l a i  som ixl iyoriv 
r l ipk l i  b<>'Icjcin l io lda  l i am  toqishli  fo imul a l ami  i sbot lash  mumkin.

2) (6.4) formulcidcin yU") ■ < .c -  must b o ’lq anda

(<:f  ( V )) - C f ( x )
fo imu l a  kel ib c h iq a d i .  Rundan o'/qaima.s soimi hosi la 
i shoras idan l a s b q a i i q a  r h i q a n s h  mumkml iq i  k^l ib chiqad i

•1°. h l e m e n t a r  f u t i k s i y a l . l i n i n g  hos i l a l a r i  Funks i ya  l iosi lasi  
t a r i f i d a n  lo yda l an ib ,  »ЧсчтнчИаг funks iva la r i i inq  hosi ldlarini  
topamiz.

1) v^x" t v - 0 ) d d i a j a l i  t u n k s i y a n in g  l io s i l a s i .  Ru funks iya 
uc l iun q u y i d a q i q a  pqamiz :

\r (.VI \.r )"

va

\v
Л V

1 4
A.v

\  V

I 4 A  V

\  V

Ma 'Iumk i ,  Inn

Inn ^  -  Inn v‘\. .n \y a, ...

(1 • V)" - I (qa ia l sm r> bob) u n d a

\v

\ . v
Inn

I 4
Av
V
Vv
V

//V

bo' lddi .
Df'nuik, i \ /л" 1. Unuiman,  bu lo imula  г--л'  l unks iy anm q



■ iniql .n i r . l i  s o h a s id a q i  y и c b u n  n ' l i n l i du  \ u s i i 4,m
I X  ) I ( | c l l l ( l < t

2) -i 1,1 n,//! )  ko ' r sa tk ich l i  Iw n k s i y .m i i ig  hosil<isi Bu
lunks iva  u rh m i  quvnl<H]iqa »-qami/

A y  ч  ' ‘ a  ' ( a  I )
Vrl

\ i <i ' ( a I )
\\ W

Ma' lumki ,  lim ' 1 In ,< (qait i l sin bob) .  I !nda
' •' \

Ai- , <v " I . a ' "  \hin Inn a ■ it Iiiii i / l n  (/
"  -  A i  ' '  " Ax ■' •" Ax

b( /lad i .
Domak.

l1' {<> ' Y ■ a'  111 a

XllSUSdll ,  ( f  ' V <’ ' .
3) i log,, y < : --о. ; 4 I..»г >(i) l o q a r i f m i k  l u n k s i y a n i n q  h o s i l a s i  

Hu funks iva  a c h u n  qu y idaq iqa  oqamiz:
\  V  I

\V log  I V -t- \ V > - log V - U> g I 1 1
)

va

■U 1 ,  f ,  \лЛ I ,
-- , - H ’. J l ‘ -  I -  l“g„
\ v  Vv I  .V )  x

h ,  V-
V V J

Ma 'hmik i  lim l"1’ l--— kn» , <■ (qn ial s in  . S - b o b ) .  Unda

Inn -  Inn logAi >0 \ j- \) >0 j- b g  ,

bo ’ladi.
Demak,

l  ’ ( log  y ) '  - l o g  (J c
V

X l l SU Sd l l ,



4) T r i g o n o m e l r i k  l u n k s i y a l a i n i n i j  hosil<ilciri l Jshbu sin v 
tunks iyd  m hun q u y i d a q i q a  pqamiz-

^v ^v 
\ ^  =  S I I ) (  x  4  \ v )  - s i n  v  : 2 s i n  - c o s (  V  4 )

2  2

va
A v . \ v sin Y

c o s (  v  i  - ) •  •••-- 
\  -v 2

2

k e y i n g i  tp ng l ik da  a* ~> o d a  l i ini tqa o'tib topaimz:
A v Vt sin V

lini — -  hm cos( v i - ) lini eos v
■" ,0 A x Vt 10 2 ,0 A.v

2
Df'inak,

V'' (sin V)' -  eos V
Sh u n q a  o 'hshash  (G bobnim j  1 § qa qar anq)  (tns.v)' = -SI11 r 
formula  hani i sbo l l anad i .

I ndi  v - a,m l u n k s i y a m n g  hosi lasini  í-sa = sl" x nisbatninq
C U S A

hosi las i  for inu l as idan foyddlan ib  topamiz:

v~(/ x)' - (  Sm X ) (sin a)'eos v sin .vicos v)’ eos 2 A- -t- sin2 V I
V C O S  x  J  e o s 2 V C O S  ■’ A' e o s 2 X

Doniak,

( № ) '  ! .
C O S '  A

Hudd i  sh u n q a  o ’h sh a s h  q u y id a q i  formulalar ham  isbotlanadi :
. s, 1 ., sin v ,̂ eos v
( c ^ ' . v )  -— , (sec x )  - -- - . (cos e c x )  - -  — -

Sin .v C O S  V sin X
5) T e sk a r i  t r i g o n o m e t r i k  f u n k s i y a l a r n in g  hos i l a l a r i  Teskar i  

i u n k s i y a n in g  hos i l as in i  top ish  qoidas idan foyda lan ib ,  te sk an  
t r igonomptnk f im k s i y a l a r n in g  hosi la l ar ini  h isob laymiz.  Ushbu 
v = arcsuiA fun ks ivan i  o la y l i k .  Bu funks iya x--smv funks iyaga

Ipskari  bo' l ib,  un í  ( in tP ivalda  qdiasak,

1 1 1 1
V’ - { a r e  s i n  x )  --

( s i n y V  e o s  i ' ^ / ¡ T s i t r  >• J l - . v ’ 

k^l ib ch iqad i  D^mak,



X u d d i  s h u n i j f i  o ’ x s h o s h  q u v i d o q i  l o n n u L i l c i r  l i . im  i s b o t l o n o d i
1

J í  V
¡ 1-^ II

'■ ‘ I I  < l':[\ i i  f i n  (  ! ' .  • \  I .

I ■ \ I + r
6). G ip erbo l i k  f u n k s i y o M in in g  h os i lo lo r i .  IMidi q tprrbi  >|ik

t imks iyo lominq hnsiloloi im lusobloyn i iz .  Rundo Ii omIo
l i i sohlosl idoqi  soddo qmdolordon vo ko ' i so lk ich l i  l u n ks iv o
liosilosi foumilosidon foydolonomi/.  Soddo htsobloshlor
voidomido v sin uchun topomiz:

, 1 , |  | ¡
»' --(-'/ni I (<• ,• )| ( r 1 . - ( )' (t. ‘ 1 (. ') .. . ,hx

c ' 2

Shunqo o ’xslnmh (|iivulíKji fmnui loloi  hom isbothmodi

I rh\ )' \/i\ i///v )' (( iliv i ' I \ * n )
> h \ \l¡ ■ i 

I 11. Hos i lo lo i  j . idvoli  Bi/ ushbu bornldo H<Mn<-*ntor lu nks iyo lo r  
hosi loloii  i ic l iun  lopi lqon fonrmlo lo ini  jamtob, ulorni jodva l  
sifotido kol l i i .u i i i z

1). (<“)' fi\“ ' H -0,.
7 . ) .  (</')'  ./ ’ ln a  ( i i  > 1) , i  t  |)

•̂ ) • (I"!-’.... 0' * 1«’»» (\ • ().,/ * Q. * 1)

Xususon,

(lux)' 1 (.V - O):

■4). (sin.v)’ tos V 
í > ) .  ( C O S A ) '  - S 1 I 1 . V

G ) .  (r. i 'v) '  - 1 ( v /  n  k n . k  ()..* 1. .1HA . 2

/ ) .  [ c t g x ) ' -  \  (.V 4 k n . k  -  ü .± l . . . . }
Sin V

8) {nicsin > i' ' ( I • i • n
vi * '

9 ) .  (arcto. s \ i - ( 1 - v ,  t)



t t X-

111 ( a r c  (■)■((■ >
1 t V

t shx)'  i hx
13). (rIn)' л/i.v

M ) .  ( r h x ) '  \
c h  X

l à ) .  L/In)' -
sh x

6 . 5 - m i s o l .  A ga i  a ;• ().«/ ? l . . / о bo'lsn,

0<VlA*\)' -  ~ y  
x i w a

bo ' l i s lu  isbolUinsm.
4  Aytay l ik ,  \ . i) b o ' l s m .  Unda \|- .» bo ’ lib,

*)' ---- - .till«/
b o ’ladi.

Ay tay l ik ,  f . o  bo ' l s in .  I Jnda x\~-x bo' l ib,  

log,jv| - loge(~v)
b o l a d i .  M u i a k k a b  fu n k s i y a n in q  hosi ldsmi topish qo ida s i g a  ko' ra

1 , 1 
( v)!nr/ vliw/

bo' l adi .  ►
6 . 6 - i n i s o l .  A g a r  u(v) va  ifvi f imks iya la r  hos i l a ga  oga  bo' l ib, 

íí(.v)>() bo' lsa,

V -  ( » ( O ) ' " ’ 
i u n k s iy an in q  hos i l a s i  topi ls in.

•4 Ravshanki ,
111 V - v( v) In

M u r a k k a b  i u n k s i y a n i n g  hosi las i  va k o 'p a y tm a n in g  hosi lasi  
u c h u n  tegi sh l i  f o i m u l a l a r d a n  foydalan ib  topamiz:

1 \>' ■ i ’ ’ ( x  1 111 I I  (  x ) -f >•( r  ) 1 u ‘ ( x  ).
У  u ( \ )

y ‘ - v (  v'( A )  liwi (  x ) t v (  V ) "  ' '   ̂ ^  (0.12)M ( V )

-  ( u ( \  ) ) " “ (»■'( X ) 111 и  ( x )  - r (  ‘ } U ' ( X ) )
и  t « )

iso



0 . 7 - m i s o l  IJshbu

./ (  X  )  -  X ' . p  { X  ) - x  1

funks i ya la rn ing  hos i l a l an  topilsin.
< (G.12) fo im u l aga  k o ’ra

f i x )  ( x  ' ) '  X  1 (111 r ) 1)
bo' ladi  Ravshanki ,

<p ( A' )  -  X  -  X  M  J  ’

yarid (6.12) fo rmul aga  k o ’i a
' p ‘ ( x )  ~  (  X  - </> (  Y )  111 X  ■ f  ' ( x )  +  j  { X )  X  '

b o ' l i b ,

Aytay l ik ,  r = 0 bo ’lsin Bu h o ld a  hos i l a  tar i f idan (o y d a l a n ib  
topamiz:

(p'{x )  "  X  ’ 111 X  • X  ’ (111 X  +  I )  f X  '  • X

- Y ’ ’ ’ '  1 ( x  In Y (111 Y + 1 )  +  1 )

b o ' l a d i . ►
6 .8 - rn i so l  Ushbu

X  ‘ sin
x

, a g a r  x * 0  b o ’lsa,

funks iy an ing  hosi las i  topilsin.
Aytay l ik ,  r *0 bo ’lsin Unda

A x 2 sin
/'((>) = lim

Л *  . о  д х
■ = hm Лх sin —  •- 0.

Л х - * 0  \x
Dpmak,

bo ' l sa ,
X X

/ '( .V)
0, a g a r  **0  bo ' l sa

bo' ladi .  ►



1 . F u n k s i y a n i n g  d i f f c r en s i a l l a im v ch i  bo' l i shi  
t u s h u n c h a s i .  j\  \) funksivvi i m t e rv a ld a  amqlanqan ,

c (u./)). \ v (lkh) b o ’ lsin. U holda / ( v) l i inksiyri  ham 
nuq tada  v  /(v0 4 Vr)-/(.v0) or tnmaga  r q a  b o ’ ladi

3 - t a ' r i f .  A g a r  f {x)  lunks iva iung v, (; ( , n u q t a d a q i  
oit jrnidsi  Av in

A>- = /lYv+«Av (6.13)
k o ’r imshda  i fo da ia sh  mu m k in  bo' lsa,  /"(*) funks iy a  v, nuqtada  
d i l iorpns ia l l anuvchi  dob ataladi ,  bunda  A — \x bog ' l i q  bo' lrnagan 
o ’zgannas ,  ^ e s a  Ax g a  boq ' l iq  va v  - > o d a  a -  «(Av)--*«

Agar Av >o d a
u -  \ x  ~ a [  U j . A t -  o (  \ a )

okamn i  e ' t i bo rg a  o lsak,  u holda y u q o n d a g i  (6.13) i foda ushbu
Nr- ' Yr •»•<)( Vr)

ko 'n n ishm o ladi .  F u n k s i y a  oitt irmasi  uch un  (6 13) iormulada  
I Ar l ioda o rU ir m an ing  bosh qismi dob yur i t i ladi .

3 —teore ina .  f (x)  tu nks iy anmg  \<={a.b) nuqtada  
d i f forens ia l lanuvchi  bo ' l i sh i  uchun u n ing  shu nuq ta da  cht'kl i  
hos i l aga  e g a  bo ' l i sh i  zarur  va etarli .

^Z arur l ig i .  f ( x)  funks iya  n u q t a d a  di iferonsial  -
l anuvch i  bo' ls in:  U n d a

Av = A ■ At (• 0(.\*). Q
Ax Av

b o ’lib.
Av i 0{\»}

l i m T ; “ l i m /1+—
A* , o  A v  A ,  »0 \ !  v r

= /)

bo' ladi .  Demak,
f {x)  = A

Y etar l i l i g i .  f { x ) funks iya  r6(,i./.) n u q t a d a  chekh  f'(x) 
hos i l aga  e g a  bo ' l s in :

I ( • ' ) - l i n r :  ' l i m ------  r -------- -
Av .0  A v  \ r

Agar
Av
- -  > u ; - «

deb olsak,  un dan



\, ' ( - ■ \t . ^\«
okanmi  lupami/.. liu t n i g l i k d a q i  " imqdo i  v< ga  bog l iq va 
v »o d.i i/ >0 DiMiidk, /iv) h i n k s i y a  -v<. (./.л) n u q l a d a  

di tfpicnsi . i l l anuvchi  bo' l ib,  ; ’i\) b o ' l a d i  ►
Isbot f ' t i lqan tPOHMTui /(i )  t u n k s i a n i n y  лг(«//м n u q l a d a  

rhc'kl i  /' vi  bos i l aga  <4ja b o ’l ishi b i l a n  im ing  shu n u q t a d a  
ciifir' ionsicilbiniivc lu bo'hsbi  okv iva l^n l  e k a n m i  ko ' i s a l ad i

2й. I u n k s i y a  di ftorons ia l i  v a  u n i n g  geornet r ik  n id 'nos i .  
/ ( v) l u n k 4 v a  \ t- ( L/./-1 n u q l a d a  d i l tprons ia l l anuvt  bi bo' lsin:

v ; \ • ii( \л )
bl inda .-I /'(v) b o ’ladi. Bu to ng l ik da  fu n k s i y a  ort t innasi  a.v i k k i  
q o ’shiluv< hi' a r gu men t  o i t t i imas i  v\ y a  msbatan  chiziqli .-!  Av 
hamda v. qa  n isbatan y u q o n  ta i t ib l i  {\\ >o) choksiz k i r h i k  
miqdor la i  y iq ' iu d i s idan  iborat okan i  k o ’nnad i .

4 - t a ' r i l .  /(v) funks iya  o r l i n m a s i  ,\v ninçj ^  n i s b a l a n  
rhiz iql i  bosh q i s im ,‘l i) \\ b i u i l q a n  j [ x )  f im k s i y a n in y  r
nuqtadaq i  di tÍPi rnsial i  dob a ta lad i .  1 u n k s i y a n i n g  d i l t e iP i i s ia l i  с ¡y 
у<зк i ( X ) k ab i  be lg i l anad i :  ,h .//(>) - l\\  /'(д).Лд. Endi 
nuq ta da  di l fpronsiaUanuvchi  bu k j a t i  ./'(.*} fu r k s i y a n in g  g i a ü g i  
31 ch izmad a  ko ' r sa t i l gan  chi/.iqni l l o d a l a s i n  d^yl ik.



B n  < h i ¿ i q n i n y  ( 1 / ( \ n  . \i )) m i q l d b n u n  m o s  i d V i s h d a  /

v d  , b i l d n  h P l q i K i y h k  U n c i d  К  u ./>v b o l d d i .  / ( , ]  f u n k s i y a  

'■ [l л ) r i i H j I d c i d  ( t i l f f ' i ' M i s i n l l a r i i i v c h i  b n ' l q d m  u r l i w n  u  m i q l a d a

< I) i ' k  l i  / ’( , )  h o s i l d C J d  <>yd. D f ' I l U l k ,  / ( V ) l u n k 4 I V d  y i d l i q U j d  u n m q  

r  ( ' • / ( ' ) )  n u q l d s i d d  о  t k d z i l q a n  /'/ n n n n i d  i n a v j u d  Vd b u  

i i i i r m i d r n n i j  b u i c h c i k  k o < 4 f i t s i t ' n l  i ? ( , ) .  S h u  // u i i n m d i m i q  

h  U l a n  k f ' s i s b q a n  j n i q t d s i n i  b i l a n  b e l y i l d y l i k .  R a v s h d n k i ,  

v / > r  d a n  , ,  w  v d  u n d d i i  /1( ’ ~ / '• ( /  ■ ! • ' [  ' — / '( V ) \v r k a n i  k f ' l i b

< Inqadi.
Demak ,  / ( v) f u n k s i y a n m q  n u q M d a y i  di t toronsidl i

/ /' (v)V i u i l k s i v a  y  Idf iqigd / ( л . ч О)  n u q l a d d  o' tka/. l lydl l  
u i m m a  o i t tn n id s i  n c  m  (/.r i fod d l ayd i .  Xususdu ,  /{,-) * 
b o ’ l y a n d a  bu f u n k s i y a n i n q  diffoif^nsial i

d\ ~ Г{\ ) \\ \\
b o ’hb,

< h ‘ </v Vv

Ы/lddi .  Bu  ho] /(л)  h m k s i y a m n g  n u q t a d a g i  d i l l e i en s i d l i n i  
q u y i d a g i

■h l ( x ) J x  =  y ' J x  ( 6 . 1 4 )

k< ■’m i i s h d d  i t o d a l d s h  m u m k i n  e k a n i m  a n y ld t a d i .
r .ndi  t u n k s i y o  d i f t o i r n s i a l m m y  (0.14) i fodds iddn  foydakmib ,  

oloiiiíMitcu l i m k s i y d l d r n m y  d i t f em ns ia l l d i i  ¡ a d v d l i n i  kolhid ini/:

1 ) Л(а")-- f i x “  '-Л (л • 0);

У . )  ./ In./J.v ( ^ > 0 . < í * J )

3) J(\oÿ,  ,ï) loi;d e d x
X

4 )  ,/ (s ill x ) v  cos \dx 

.■)) J j cOS Л') -  -  Sin VíA

6 ) (Ц/х*.) ■ - . с Уд Í л - + к х . к  - 0 .il )
•.os \ {  2 )

/) J ( c i y \ ) ~  -  ,J\ ( \ - * к я , к  1>. * 1 ) 
sin »

Н ) arcsin v )  - - L=- d\ ( -1.-х- I >
71 - л '



<>¡ /h ll^n . ',1 ( I • • 1)
I

10) /I f.Ml ' .I t

111 •'! ■■ '.":0 ( 1 '■

1 ? . )  ■! i ¡ : \  )  . /r .  á  

1 3 )  J I . h \  ) л / п Л л

1 1 )  / Г -V. i ' .v.
i; <

1 ; ) )  , ¿ [ ' i k \ )  J . \

311. D i i fo r ( ' n . s i a l l<» shn inq  s o d d a  q o i d a l d r i  M u i d k k a b  
l u n k s i y d n i n g  d i l f e r o n s i d l i .  ц\)  v a  h m k s i y a l d i  ii/.A)
i ni < 4'Vdldd a m q l a n q a n  l .u 'h l ) ,  w:  (,//>) n u q t a d a  u l a i n i n q  
d i l f e i o n s i a l l a i i  ■//(■< U).tv|vid h u ' l s i n  1. h o l d a

/I V)-» s( V) /'(v)-«( vj Vd ' ‘ 1 ' l u n k s i y d l d i n i I K }  hdMI sl)U
■('*

w-(d.Л) n u q t a d a  d t t f f i P i i s i d l b i i i  n i d v j u d  Vd u l a i  u c h u n  quy iddc/i
</(_/(.V )  I ,-sM V-)) ( { / { к )  ¡ </i’ ( V). </( / (Л-) x (  V ) )  . / 1 v)f//(  V )

, /IV)  ! ' I v )< // ( v) /'(vWtf(.V)
</(• • ) (;■(»)*")

VJ ,V’ ' I V)
f o i m u l a  o ’n n l i .

Bu t d s d i q l d i n i n g  i s b o t i  f u n k s i y a  d i í f e i e n s t a l i i i m g  (6. 14)  
k o ' r i n i s h d d  i f o d a l a n i s h i d a n  vd í u i i k s i y < m i i u j  h o s i l a l a i i n i  l o p i s h  
q o i d a l a r i d a n  k o h b  c h i q a d i .

Гага/,  q i l a y l i k ,  n / м  h m k s i y a  («<./>) m t o i v a l d a ,  v = l - (u)  
l u n k s i y a  o s a  i n t c i v a l d a  a n i q l a n g a n  b o ' l i b ,  b u  í u n k s i y a l a r
y o r d a m u l a  v /•(/ u -) ) - v) m u i a k k a b  l u n k s i y a  tu/ . i l g an  b o ’l s in.

M u i a k k a b  f u n k s i y a n m g  h o s i l a s i  i i c l i u n  l o p i l g a n  (6.5)  
fo rmu lad<m t o y d d l a i u b ,  sh u  l u u i a k k a b  f u n k s i y a n i n g  
di f íoroUSldl i lU t OpdlíÚZ:

¡I>p{ л ) ch !■ ( /i\ )>) -  (/• (/i  > )w/v - l ' " ( t t ) J ' (x)dx - 1‘ '(n )(¡u 
S h u n i  t a ’ k i d l a s h  lo z i m k i ,  b u  h o l d a  </» m i q d o r  a r g u m e n t  и 

m u g  P ik l i  o r t t m n a s i  («mas,  u v o ' z q a r u v c h i n i n g  i u n k s i y a s i d i i
4U. 1 - u n k s i y a  d i f f e r e n s i a l i  v a  t a q r i b i y  l o r i n u l a l a r  N a z a n v  v a  

<mial iy m a s a l d l d n n i  y p c h i s h d a  t e q i s h h  f u n k s i y a l a i m n g  n u q l a d a g i  
q i y m a t l a i i n i  h i s o b l a s h  / . a iu i a t i  t u g ' ü a d i .  К о ' p i n c h a ,  b u n d a y



a i v m i l i m  ( '  I I i(Jt H"  h() l  ft" i k s i v < u u i i ( j  m i q U d d q i
f o r m u l  il u  , i q ' ! % ( . .1- 1,1 h i s u b l d s h  u c l n m  1( 1ф,|,л

• < taqr ih iy  foimul<ilrtini topish inikoiunt horadi 
l " funks .vd  intfj iVdIda dni<jl(inqan b o ’Iib . , ,  h)

. И Т ' " ' '  l m 'mk,n  H" '>amda funks iyansidh h im  jy ,, lo imuldn i  . . ' t ibon.at i b o K j d  o l i b  t o p a i l l i z

I',"1, 7  ' V - ' 1 4 IMU  l iim i i * — !—  . 1./ ( v„ i \v '• f \ x ) Xv
S h u n d a y  q i l i b ,  </v. N a h j a d a  q u y i d a g i

\v : l/v 
V d ’n i

J  [ X ,  , w ,  ,  i  у t \ ■*./"’ ( v ) • . \ V l G A b )

oqnbiy  tn n g h k k a  kn lamiz .  Ravshanki ,  W - dv -  <>(.\X) Shuninq  
( bun Лг-х ,  dd (6.1Л) Idqnb.y t i ' i i g l ikn ing  msb iy  xatos,  no lga

i n 11 Kkfli ■ H‘ (J\ ^mti ladi ,  y a ' n i  Xr ,/l ,>u

)„ ' C>; 15) formulrt -,*=("■*) n uq ta da  di ffnrensia l l anuvclu ,<*, 
d i f f o ^ n " 11]14 /" 11Uqtíid<ly' OItt' ™ « s i  Ay in u n ing  shu r raq ladagi  
i m a s l h  U1 , i ln,Ilshtmsh m u m k m l i g i  ko ' r sa lad ,  Bu

’  4 ul ay l , g i ,  funks i ya  ortt i rmas,  v a . g u m e n t
bo a , T  M " I ” 9 ! Umuman  «y tgand, . ,  m u m k k a b  funks ,yas ,  
b o l g a n  holda,  f u n k s i y a  di fforrnsial i  th Psa , v  n m q  < l . iziql 
unks i yaK1 b o ' f i s ln dad i r  A ga r  r,k a m n l  ^  ^

u n d a  jr. ч Vv V bo  hb. ((5.15) formula q u y id a g i

. -/ ( v )  *  ■/ ( t " } - v0 ) {дЛЬ)
k o n m s h g a  kPlad i  Bun d a v„ ,<«,*) nuq ta  n uq ta d an  katta
f i rq  qi lmaydigcin.  a m m o  /{Г(, q u ^ y r o q  h . sob lanad iqan nu«,Md.i

bo ' ! sm H1” . i i A> 411 " b ° ’Ub' 4m2‘V ni  h l sob lash  nt i iganIsm Bu ho lda  *-„=30" d e y i sh  qu l ay .  (6.16) formul aga  к о ' . a

sin 2 9 ° * мп 3 0 ° . c»s3 0- (2 -/ ' 3 0 " )  2jr - 0.5 . 2 *  ,  „  4 Ш
... , 3(S0,r 2 ЗбО 11
Hunda rad ian  o ' l c hov ido  y o a s h  zarur,  r l u ink i  boshqa  1,adia r



I í ] ( I Ы  111 ' I ( ( 1 < I I )( ‘ I I i ( (() 11 Dl'llldk, M i l  -I IK IX (10 1 < l l l l ( ] l l k ( i < l )  

> i n i < j ] j i  (I) lb) lomniki  ' ч h o ' l q a n d a  nshbii

ko' l  I J U ' . h n i  olcUJl. Bll lo imukl  (I r Л'Г \i I * л <■ Inil I о M i l  x./. v̂ 
l u n k s n  rikii in him q uy idaq i cha  bo' ladi

( l l  i i " ~ I t /IX

1

I11. 1 u n k s i y a l a i n i n q  yuqor i  (<utibli h o s i l a l a i i  '■ ■ < tunks i\a  
ici./) m le rv a lda  a m q l a n q a n  bo' l ib,  l in ing  Inn bir \ nuqta s ida  / и)  
hosi laqa <>ga bo ' l sm.  Ravshanki .  /'(v) hos i l a  v o ’/ q a i u v r h m in g  
funksivas i  b o ’ladi .  Bu м  \) hosi la h a m  o'/. navbntida bno i  
\ i t ; '1 j da hos i l a g a  eqa  l i o ’l i s ln niu inkm.

5 - t a ' i i l  Aga i  m>' tu nks iy a  Ut.h) i n l o i v a l n m q  hat bu u-iW>) 
nuqta s ida  / (о  hos i l aqa  e g a  bo' l ib,  b u  ’ \x> tunks i ya  e (■< )̂ 
nuqlachi Imsi laqa e g a  bo' lsa,  u /(v) t u n k s i y a n in g  x, n u q t a d a g i  
lkktnchi  hosi las i  dob ataladi .  1 u r i k s i y a n in q  i kkm rh i  ta i t ib l i

tu n k s i y a n in y  lu hmchi ,  t o ’r t i iu  hi  va h.k ta r t i bdag i  
hosi l al a i i  xuddi  shunqa  o 'xshash t a ’n t l a n a d i .  Lmuinan,  / 1 v) 
tunks i ya  i I‘) in to iva lninq hai  bir m u j l a s i d a  m l ) - t a r t i bl i

(\) hos i l aga  <j qa bo ' l s in  Bu funks iyan inq v„ <. i. A )
nuqtadcigi  hos i las i  (agai  u i tiavjud bo ' l s a )  /(л) funks iy a nm g  
nii(¡ía(i<i(ji tartibli ¡ ¡os i las i  d eb  ahi ladi  va

i \  l am in g  b in  o i q a l i  be lgdanad i .  O d a t d a
l lx  " I

1 ( 11 l u n k s i v a n m q  f ‘{ vi. f  "(.v). h o s i l a l a i i  u i i ing  yuqor i  t a r t ib l i  
hosikikui  dey i l ad i .

v

('
111! I
silt V Ä V

ty.y ~

5 - $ .  Yuqori  ta i  t ibl i  hos i l a  v a  d i f i e r e n s i a l a r



S h u n d a y  g i l ib ,  мм  funks iyan inq >. < i .■ - > (id » - t ar l i bi i  
hosdas ininq rnav jud l iq i  bu funks iyaninq shu nuqta ab o l id a  1
?  ....... (<j-h- fa rt ibl i  hos i l a l an  mavjudl iq ini  t aqozo oladi.  Amnio
bu hosi la l a i  rung ma vp id hg idan  >, tarl ibl i  hosi la rnavjudl iqi ,

um um an  a v t g a n d a ,  kol ib < h iqavcrmavdi .  Masalan ,  ; - ' 4

lu nks iy an inq  hos i l a s i  г  < bo ’hb, bu funks iya  v- = o da hosi l aqa 
pqa pmas,  у а ' ш  b o i i lq a n  tunks iyan inq <-(> da  bi i inchi  l ai t ibl i  
hosi las i  mav jud,  i k k in c h i  t<irtibli hosi las i  osa mav jud nmas. 

Miso l la r  q a r a y im z ,
1) г \" bo ' l s i n  ( \ • o va и t- R) . Bu funks iy an inq hosi lalarini  

kotrna -  kot h i sob lavmiz :
>■' - f i x "  ' .
V *  -  (  v ' ) '  - i / i v "  1 ) '  . J t ( f i  - | ) j "  :

v" - О V  -- •• l)t' '  ? )’ r- /П/I 1)(// 2).v" '

Bori lgan f u n k s i y a n i n q  n fartibli hosi lasi  u ch un  ushbu
-  M/' - DC// -- 2)...(у/ -м-Ч)*" " (6.17)

fo im u l an m g  o ' r i n l i  b o ’ l ishmi matomat ik  i nduks iy a  usuh 
y o id a m id a  k o ' r s a t i s h  q i y in  Pinas. M a ' lm nki ,  n- I da

/  f i x "  .

bo'Iadi .  Kndi (6.17) loi  inu la  n = k (ia o ’rinh, y a ’ni
■ v U i  1) (// - /м l ) t "  * 

bo ' l s in  dob, u n i n g  n = k-r\ da  o'rinl i  b o ’ l ishim ko' rsatamiz.  
T a ' i i f ga  ko ' r a  .y1*”1 =(>•*)' • Demak

>■“ *" ■ ( v * V  = (M / /  IK//-2). { f t  к 4- H t "  * )' --

-  /' (/' - !)(// - 2)...(//- А +1ХЛ- k)x" * 1 
Bu psa (6 17) f o n n u l a n in g  « ^ h l  da  ham  o ’rinli bo' l i shini  
bi ldiradi .  Domak,  (6.17) formula ixt ivor iy «e .v  uchun  o ’rinli

(6.17) da  ft l x t i y o i i y  haq iq iy  son. Xususan ,  ц - l  bo' lsin.

l ' n d a  v - 1 f u n k s i y a n i n q  n tarl ibl i  hosi lasi
X

(!)<-» _( . - ] ) ( -2) . . . ( - hU 1 " =- (6.18)
X  X

bo'Iadi .
7) v=Iiia- (x>0) f u n k s iy a n in q  n tarl ibl i  hosi las ini  lopamiz.  Bu 

fun ks iy an inq hos i l a s i  г  1 b o ’l i sh idan ham da (6.18) formulada!)

l€S



> , , ■ , 1 , ■ ( h " '>■
> 1 ■

ioiiniilci kf>lit> chiqad i .  D(4 i)dk,
,, .. I ) Г 1 < // I)1
t , ..........V

. Л] ’ b o ’l sm Bu l u n k s i v a n in q  hos i l a l ann i
kntma kot hisoblayni iz :

v'  a  ' In <l

г  - { t i  In i j  )' a  ' In • a  

1 ( «  ' In a )  il In * a

Bu iiiunosabatL-iKja qarab  ; ... l u n k s i y a n in q  „ ta i t ibl i  hosi lnsi  
uchun ushbu

v'"' -  a '  In " a
Inrmul .mi  v c , (/„i n, ,  t o ' g ’n h y ,  y , iIm m o l n i M t i k  m d u k s i y a  
usi ih yo id a m id a  osong ina  i sbot ianadi .  Deiiuik.

( o '  )  " ’ - и  ' In "  a  

Xususan,  V/7( ,v uc hun  (, j " 1
4). г sun- bo' lsin.  Mrt ' lnmki,  bu funks ivd  uch un  v’ й,и  Biz 

uni  qu y iday i

i ' (silt X)' cos V sin(.v ) n )

k o 'n m sh d a  yozib olami/ So 'nyr a  , s,,m funks iy an im j  ke y inq i  
ta i l ibh hos i la l ann i  hi soblaynuz :

.r - (fo s .r ) ' - sm .v - sim v + 2 ~ ) .  

y ” - (  -sin v )’ - - cos.v - sinf.t i
2

y ' u ' -  I cos v)' sin v - siti(.v f 4 71 ),

Bu l fodala rdan psa i sin v funks iy an inq „ t a r t ibh hosi las i  uchun

.I1" Mll( .V I n — )
2

formula kel ib chiqadi .  Uninq t o ' q ’n h q i  y a n a  ma temat ik  
i nduks iy a  usul i  bi lan i sbotlanadi  l>nmk ,

(sin .r)1"’ -- sinf V I- II -  )

Xuddi  s l iunga o 'xshash

i f?



I I'll X l"" I ■ >S( X I II  ̂ ) .

2". S o d d a  g o i d a l a r  ixi v<t m>i l u n k s i v a l a i  i ; i ml t ' i  v a ldd  
апи |1а пда п  b n ' h b ,  ulci i  i i i u q h i d a  и t a j t i b l i  ; ( ' i
h o s i l a l a i g a  <‘g a  b u ' l s i n .  b u m  q u w d a g i r h a  t u s h i m s h  lo/.un: / ю  va 

i l i n k s i v d l d l  V i n u j t d n i  o ' z  H t l ï i j c î  o l q a i l  ш  /> с I i ' I i l l b ' IVdldd 
J ’ I" t ‘ Ih l indcl  l lOSildldl  qd  <4Jd bo ' l lb ,  X
n u q l a d a  / ' . я ' " 1 h o s i l a g a  cuja. U h o l d a

1 ) ( / ( V I I 1’ (./" ( V I. f -  I  m i s !  .

У) i / (A'l I .'.'(О)'"’ ' I ' (A-)4 »•)•
. ' / ( " ' . . ' i  '  -  / l " l  O í í M  * 1 / '  ' i  1 >. ■' ' ( VI  1 t

’ ( »')«’"( ')♦•••• • /< ' ' )
b o ' l a d i ,  b l i n d a

n ( n  1) i n  A l l )

" ’ A-1
0 . 9 —m i s o l .  I J s h b u

l  \ - < , ,' ( . ) = V.‘ - V i  '
i • 1 (l

f u n k s i y a n m q  n l a r U M i  h o s i l a s i  t op i l sm .
< b o i i l q a n  l u n k s i y a m  q u y i d a q i c h a

7 ')
'<*) , « .

i 2 x л

V()/lb ol<iI1 tI/.. S o ’n g

f o m n i l a d a n  t o y d a l c im b  topainiz:

f  2 * * '  Г  = 4  +. ».
1 V - 5 , V  + Í. )  ( V  2 ) ” "  + (.V t ) ' “ 1

3U. M u rukkc ib  f u n k s i y a n i n g  yuqor i  t a r t i b l i  hos i l a l a r i  » /(<)
f u n k s i y a  (,/./’) m t o r v a l d a ,  >■=/•'(") f u n k s i y a  o s a  (<•.</) i n t p i v a l d a  
a m q l a n g a n  b o ’l i b ,  u l a i  y o r d a m i d a  ;  /■(/(')) m u i d k k a b  l u n k s i y a  
t u z i l g a n  b o ’ l s in .  n -  !{.\) f u n k s i y a  .vfc.(.i./») n u g t a d a  l k k m e h i  t a i t i b l i  
f ”{ \ ). i =/■(/. i f u n k s i y a  (>sa m o s  h(k--/(\)) n u q t a d a  i k k i n t  hi  l a r t i b h  
¡ - ’ in)  h o s i l a g a  o g a  b o ' l s i n .  I k k m c h i  t a i t i b l i  h o s i l a  l a ' r i f i g a  k o ' r a  

v" -

bo ' l ad i .  M u i a k k a b  f u n k s i y a m n g  h o s i l a s in i  Insob lash formulas i  
(6,.>) d a n  h a m d a  k o ’p a y t m a n i n g  hos i l a s in i  h i s ob l as h  f o m m l a s i
(6.4) d a n  f o y d a l a n i b  topa miz :



1 /l ' I I/* . i n  /\>)Г !/•'( / I « ) я" • Л  VI » 
w' ( /( ' / ' vl1' ■ /<-'» Л  ч / I V) ■ /-UJ ;
- /• '< Л  » И / "  - VI * /■ ' ( / ( V ) ) -  / " (  V)

1)<чпак,

l “  I /  't / (  ' • " ! ' - / - Л  / |  Г )  . / ■ ' , / (  V ) )  / ' ( . V )

shumJd ° ' Xí»b<isb „ lunks iv , ,  nuqt ada  Г ,  о VU
,;'(й> l l lnkslV(' OSí‘ » " *  ....  ч>» n u q t a d a  /• »  liostldo.i осы

bo lsa . ш п с к Ы ,  , funks iv o  h a n ,  , t (í, n u q ,a d a  3
U h o s i l „ y rt ng«,  h o ' I i ul i . Bu l i o s i l a  ( j u y i d t i q i f i u i  h i s o b l a n a d i :  

i ”  = í /  ( 7 t  v » r  ! ( / - ( / U ) ) ) 7  I /  v j , y - ( . v ) , r -

- {' ( J ( x ) )  Г \  V) *• /•'*(/( v))-2/’(.v)' /"(.O t /-'*{ /-(.V))■/'( r)-/ '( . ï)4

t / ' V r . v í )  / ■"  /• ' *(  f {  y ) )  ( V ) / ' 1, » ) .  < / • • " ( / ( . ' • ) )  / ' ( v ) / ' ( . v ) W ' 7 / ( . v ) ) - / " ( v i

f i i  ?* У;} ! *n *dn n,urnkkab í u n k s i y a  \=h(/(x)) ning i sfa lqan 
tanibl i  hosi ldldii  hdiu hisobhmishi  nu imk in .

■1". F i i n k s i y a n i n g  y u q o r i  U r t i h l i  d i f f e r e n s i a l l a i i
Kiiaz  q i l ay l ik .  /(г) lunks iyd  и (, .М nuq tada  i k k i r u h i  

tciitinli /'(vi hos i l a qa  oqa Ix/lsm.
6 - t a ' n f .  /(,, funks iya  diffí-ionsmli  f i l i n g  (.,./>) nuqt ad dg i  

diifí 'ronsictli fu nks i y an in g  i k k m d n  t a r t i b l i  d i f f r r e n s i a l i  dob 
ata ladi  H in k s i y a n in g  ik kmrh .  l a i t .b l i  diff;>rensiah d ' /( . x)  y (,k. 
i i kabi  bolgi l anadt ;

t i}\ d{dy) y o k l  f\x)-d(d/(x)).
I.ndi difforonsial lash qo ida s i dan  fo yd a la n ib  topamiz;  

d ' Y  (/( ( b ) .  <l(v'(/ x ) - < l \ c l ( y ' ) - ; d v  \‘"dx -  v " ( d x ) :
Domak,

(6.19)
hunda

d x ‘ d x d x  = ( d x ) 2 

Xuddi  y u q o n d a g i g a  o 'xshash,  x e f r . b )  n u q t a d a  fun ks iy an inq 
■i larl ibl i  ( i iffpionsial i  ta ' i i lLmadi :

d  i - - d ( d  i )  -  </( v“dx¿ dx2d (  i ' r ) -  v ”dxx
hun da d\1 - (./»)' l Jnu iman í u n k s i y a n in g  í « - i ) - t a r t i b l i  di íforonsiah 
d K"v dan  o l i n g au  diffeionsial  r (X) I unks iy an ing  x *(a.b) 
nuq ta dag i  «  tart ibl i  dif lorensial i  dob a t a l a d i  va u j * y yoki  j - ц хл 
kabi  b^lgi l anad i :

■t J - ‘Hc i - ' y )  v o k i  d* f(x) - ¡ J ( d ' ¡ '/(л))

n (



hosllfisi C >] (jtlli <Jll\ ldd( jl

k i l ' i i n i s hd<i  î i n d a l a n a d i  l 11 1 1 ncj  t u ' q ’ i i l i q m i  m<it«‘ i fi ciIik i n d u k s n <» 
u s i d i  v o r d a m i d d  i s b o t l a s h  n i m i i k i n

va \ i ! unksiv<>l<u i i i i l ( ‘r\r<ild<i dri iqlanqdn bo ’hb, ul<u 
i / ' i nuq tdda  >i t a i l i b l i  di tb' ionsialqd <'qa bo'Ism. I' l ioldd 

ushbu
1 ) J  ( 11 - >) . 'n|. . ■
2) J  </(o • -.:{\)) J  /<o ?
3} il 1 / [\ I) - '/'■'( x I V) • <h’(x) + . t I ( \ |</" '<;u >

toïllUlldldl o ' i i l l l l  Ix/lddl .
l'.ndi muidkk t ib  funks iyd  r /-'( / i r »  n inq  dift<»ronsi«ilm> 

insoblaymiz.  M d ’lu ink i ,  i /•<,/<'» <pui lunks ryan inq diflmensidl i
c/l </>'(v)</y
( / ■ ( / ( A ) ) ) '  / ' " ( / ( V ) ) -  f ' ( \ )

bo' l ib,  u
tlv - d (H x ))  / ■ ï / l r ) )  ï ’(x)dx / ' ï / u  ))df( VI ( 0 .20)

k o ’i in i shgd og<t bo ' l ad i .
D o n u ik ,  f u n k s i y a  i n u i d k k d b  b o ' l q a n  h o l d d  l ici in f unks i v<i  

d i t f p r e n s i a l i  f u n k s i y a  h o s i l a s i  /• '</(v)) b i l a n  ( b u  h o l d a  a r g u m e n t  
/(\) b o ' l d d i )  a i g u i l l a n t  ,’ {.\) m n g  d i f f p r p n s i a l i  j / (v) 

k o ' p a y t m a s i d a n  i b o i a t  o k a n l i q i n i  k o ’ i a m i z .  O d a t d a  b u  x o s s a n i  
d i t t p r o n s i a l  f o i m a s i m n g  i n v a r i a n t l i g i  d o y i l a d i .  B u i u l d  (0.1-1) 
f o i m u l a d a g i  <A a r g u m e n t  v n i n q  i x t i y o ï i y  o i ï t i r m a s i  \\ ni  
(Av t/x) b i l d i r a d i ,  ( 0 . 2 0 )  f o r m u l a d a q i  ■ //(>•) o s a  x o ’ z g a r u v c h i q d  
b o q ’ l i q  b o ' l a d i .

Lindi n m u id k k d b  tunks ivan ing  ikk inch i  Outibli
di l i inonsidl ini  Insoblaymiz .  T a ' i i tg a  k o ’ia

. i  V j ' { h \ h x ) ) )  d ( J ! - \ f ( x ) ) )  

b o ' l a d i .  D i f l o r o n s i a l l a s h  q o i d a s i d a n  l o v d a l a m b  t o p a m i z :

«•/•''(/(OH// '(Y) * j.
b l i n d a  d ; ' : ( \ )  - J t< \)  ■ <J/{ v) (<//(.x))7 .

D e m a k ,
i i ‘ \>= (/'(/'( / ( v)) /•"(./( x))df! { X )  t /-'(/i .v )>• «/'’ ./'( r) (0 21)

Bu ( 0 . 2 1 )  l o n n u l a  b i ldn  ( 0 . 1 9 )  t o n n u l a n i  t aqqo s lab ,  
i k k m r h i  l a i  t ibl i  d i l l P iP r i s i a l l a i  d i f t e r en s i a l  f o im a s in m q  
invar iantlKj i  x o s s a s i g a  oqa P inas l iqini  ko ' i a n n z .

/i ’ i n i u n k s i v d m n q  ur lu n rh i  va hokazo tait ibh



0 §. l)iffor<>nsi<tl h i s o b m n q  a s o s i y  l^orom. i l . i i i

I sh im  j)<u<Kji<il(l<i d i lh ' i  1 ' i isni l  h i s o b m n q  dso s iv  l*‘orr>ii idldniu 
k i ilI i idmi/„ Bu I«■(>i(’iihi lar k o l q u s i d a ,  d \ mqsd  l u n k s i y d l d i  in 
t e k s h m s h d d  in u h im  1 0 I o ' y i idyd i .

1“ lc»on*ma |I'i'iiTin l i ' o ip inds i ) .  .•(<) lu n ks iya  b iro r \ . '< 
n i:i}i(jd (i an K jla iit fan  va bu o ic iliijn in tj ich k i , nm ftcisida o 'z in iru j 
t'Hg k a lla  ( ru g  ki<hikj i j iy w a t ig a  c iish s in . A q a i bu n u ifta d a  
lu n ks iya  < ti<‘kh /’[< i hasilutja cq a  b a ls a , n ho lda

bo 'lad i.
4  /(») l u n k s i y a  r nuc] lddd onq  k<it 1<i qivnidtcjd oya ,  y a ’ iii 

w‘ ' •V d<i ' ( ! ) ' . . / ( , )  l e iu j s i / l i k  o ’r inl i ,  s h u  bi ldn b u g a  bu  , 
nuq td dd  c lK'kl i  /'(,) hos i la  in a v ju d  b o l s i n  Ravsh dnk i

< i • ■" \ I ■ X - 1
A\ iu p d v l d a

I,.., /(. ) o. llJTI /(O - /(« )

b o ’lddi
Y u qondaq i  u iunasdbi i l ldiddi i

' V ) -
okarii kf' l ib ch iqad i .  ►

Sl iunq<t o 'x s lu i s h ,  l u n k s i y a  <■ n u q t a d d
e g a  Vd bu nuq td da  chekl i  
/ (c)-u bo'Iishi  ko 'rsa t i ladi  ►

’ IK) k i e l n k  q i v n i d l q a
>'(c) h o s i l a g a  oqa b o ’lqanda  h a m  
(qa ia l s i n  32 rhizma)



S - l e o r e i n a  (Rol l  tool ( ‘ i i i f is i ) ' -м tunksiy<i  |« A| s a j i u c n t d a  
ii/.luksi/., t u o  /(/>) b o l s í n .  \(/ai bu  l u n k s i y a  (.. м in t i ' r va l r i a
< ¡H'kli h o s i l a g a  e g a  b o l s a ,  и h o j d a  s h u n d a y  < u< ■ <• l>i nuqt<i 
l o p i l a d ik i ,

: I ('

b o l a d i
< /(O í u n k s i y a  |c/./1 se gmontda  uzluksiz.  Demak, 

Vevpishtrassnincj  b i r inch i  te o i em as ig a  (5-- bob, 7 §) ko' ra bu 
o i a l i q d a  í u n k s i y a  o ’z imnq  <‘ncj katta q iymat i  м  va enq kichik 
q iyma t i  m g a  e n s h a d i .

1) m ■■ M  bo' ls in .  Hunda /m ,о»м \>{ч: Ь) b o ’ ladi  Ravshanki ,  
bu  hold<i Vce(íí.A) u c h u n  ' V )  n bo' ladi .

?.) п к .м  b o ’ lsin.  Bu ho lda  /(a) /(/■) b o ’l g a m  uchun ./(*) 
í u n k s i y a  o ' z in in g  e n g  ka t ta  q iymat i  м , en g  k i eh ik  qiymat i  
m l a m i n g  k a m i d a  b i t l a s iq a  s e g m e n tn in g  ichki  <

n u q t a s i d a  er ishadi  Ferma t e o r em a s ig a  asosan bu
n u q ta d a

Г ( .  ) -■ (I
b o ’ladi.  ►

(»“ teorem a .  (L a q r a n j  l eo remas i ) .  /( r) I u n k s i y a  ¡<v./>| 
s e g m e n t d a  u z l u k s i z  b o ' l s i n .  A g n r  b u  t u n k s i y a  (ч./>) i n t c i v a l d a  
c h r k h  f'(x) h o s i l a g a  e g a  b o l s a ,  и h a l d a  s h u n d a y  < (,kc</>) 
n u q t a  t o p i l a d i k i ,  b u  n u q t a d a

/4 0  n h ]  ,w l ( 6 . 7 2 )b - ,/
b o l a d i .

< f { x )  fu n k s iy a  |.¡,/>) s eg m en td a  uz luks iz  b o ’lib, u n m g  ichki  
nuqt a la r ida  ch^ k l i  j ' { x )  hos i l aga  e g a  b o ’lsin. Bu tunks i ya  
y o id a m i d a  q u y i d a g i

/ • ( - » ) “  / ( * )  ¡ ( O )  f --- ---------  ( A  - . í )/) ,í
fu nks iy am tu z a yh k .  Ravsh<mki, bu tu nks iy a  |^| s eg m en td a  
uz luks iz  b o ’ lib, (<;./>) ín t erva ld a  esa

/■"(*> r ^ - í{h] , M  h ¡
hos i l aga  ega .  I ' ( x )  tu n ks iy a n in g  > ./ va  x - h  nuqta l a rdag i  
q i ymat la r in i  h i s ob la ym iz :  /•'{«<) 1\Ь) о Demak,  !'\.\) tunks iy a  Roll 
t eor emas in ing  b a r c b a  shar t l ann i  qanoat lant i rad i .  U holda a va ь 
o ia s ida  s h u n d a y  < ( a - , - j  nuqta top i ladik i ,  ! -\c) = o bo ’ ladi. 
S h u n d a y  qihb,



/(. 
h - ,

va bundcin ((>.22) toimula k« III) r h iq a d i .  ► (qa ia l s in  3 3 -  
rhizma)

(0.23)

7 - t o o r e m d .  (Koshi te o rem a s i ) .  f{X) v a  x(x) f u n k s i y a l a r  \a,b\ 
s e g w r n t d a  u z l uk s i z  bo ' l s i n .  A g a r  b u  f u n k s i y a l a r  id. b) i n t e r v a l d a  
c h e k l i  /'(«■) v a  x'(x) h o s i l a l a r g a  c g a  b o ' l i b ,  \>x&{a.h) u c h u n  
bo ' l s a ,  u l i o l d a  s h u n d a y  <■ n u q t a d a  t op i l a d ik i ,

¿{In-/{<>)
g(h)  y(<»l x ‘(c )

t e n g l i k  o ' r i n l i  b o ' l a d i .
< (6.23) teng l ik  m a ’noga  e g a  b o ’l ishi u rh u n  *(/>)* #(«0 

bo' l i shi  ker ak .  Bu esa t e o r e m a d a g i  *'’( t )*o ,  (**<*6)) s h a r t d a n  
ke l ib  c h iq ad i  Haqiqatan  hain,  a g a r  #(6)--̂ #(</) b o ’lib q o l a d i g a n  
bo' lsa ,  u ho lda  g{x) f u n k s i y a  Roll  tporemas in ing  b a r c h a  
shart l ar ini  qanoat lant ir ib,  biroi  c e ( a . b )  n uq ta da  (bun da y  n u q t a  
Roll t eo r em a s ig a  ko' ra topi ladi )  ^'{c) = o bo' l ib qoladi .  B u  e s a  
Vxe{</./>) da  x'(x)*u shar tga z iddu .  Demak ,  x{b)*g(a)

Endi f(x) va x(x) funks iya la r  v o r d a m i d a  quy idag i

*■(*) =00-/(<*)- f l ^ ‘

funks iyan i  tuzayl ik .  Bu fun ks iy a  [u. aj s e g m e n td a  uz luks i z  bo ' l i b ,  
ia./)) in t erva lda

y.(b)~ x(a)
hos i l aga  ega .  So 'ngra  /•(*•) f u n k s i y a n i n g  * = «. v = /> n u q t a l a r d a g i  
q i v m a t l a n m  hisoblaymiz:  /•'(«-*) = /•(/>)■= o . Demak,  f-\x) i u n k s i y a  
(n. l̂ s e g m e n t d a  Roll t e u i e r n a s i n in g  barcha  s h a i t l a r i m

ns



qanoat lant i rad i .  S h u n in q  uc hun  a va A hit o ia s id a  sh un da y  <■
( 1 i top i l ad ik i .  i i. ) - ii bo' ladi .  Shundav  qihl),

í ( b i- Ha)0 /•(')•• MX)- - • -.V' n)
>í(‘0

va undriy (6.23) t e n g l i k n m g  o ’nn l i  pkani  kol ib chiqadi .  ►
Xususan .  *(*)■= .r b o ’ l g a n d a  Koshi teo i em as i dan  Lagran] 

teoremas !  kol ib ch iqad i .

7 - § .  I e y lo r  formulas i

1Ü. F u n k s i y a n i  y a q i n l a s h t i r i s h  h a q i d a  M a ’luinki ,  íunks iy a  
m a te m a t i k  an a l iz  o ’r g a n i l a d i g a n  asos iy  tushuncha.  Ko'pg ina  
ma sa l a la r  e s a  fu n k s iv a n i  h isoblash (b^nlgan n u q ta d a  q iymat in i  
topish) b i l an  b o g ' l i q  Fun ks i yan ing  m u ra k k a b  b o ’l ishi  b u n d a y  
h i sob lash larda  k a t t a  q i y i nch i l i k la r  tug 'd i rad i .  Nat i j ada noqulay  
va  mu rak k ab  fu n k s iy a n i  o 'z iga  qa r agan d a  sodda  va h i sob lashga  
q u l a y  bo ' lg an  í u n k s i y a  b i l an  yaq in lasht i r i sh  - t a q n b i y  í fodalash 
m a sa l a s i  y u z a g a  ke l a d i .  Bu masa lan i  hal  q i l i s hda  ko 'p  ho l l a ida  
T ey lo r  formu la s idan  íoyda la m la d i .

Shuni  ay t i sh  k e r a k k i ,  xu su s i y  ho lda  b u n d a y  mása l a  b i l an 
í u n k s i y a  ort t i rmasi  \v ni un ing  differonsial i  dy b i l an t a q n b iy  
i fodalash  (Av * d y )  j a r a y o m d a  tan i shgan edik .  Ma ' lu mki ,  /(v) 
í u n k s i y a  x0e(<¿.íS) d a  d i f ferensia l l anuvchi  bo' lsa ,  un i  quy id ag i

f ( x )  - / (x 0) + y V o ) ( a' - jro) +
ko ' r in i shda  yoz i sh  inumkin .  Bu esa ^  n u q t a n in g  etarl i  k ich ik  
a t io f i d ag i  x n u q t a l a r d a  / (x )  funks iya ushbu

t \ ( x )  = f ( x a )  + x a )

chiziql i  f unks iy a  (b innch i  daraja l i  ko 'phad)  b i l an  taqribiy  
i foda lan i sh ini  k o ’r sa tad i .

2Ü. K o 'phad  u c h u n  T e y lo r  formulas i  Ushbu
^,(*) = d0 + a , ( * - * 0) + + •• + aAx~ xo)ñ (6.24)

(bunda  a #,u l , ü j 1...,d , va  x0 o ’zgarmas h a q i q i y  sonlar,  n e < v ) 

k o 'p h a d m  q a r a y l i k  Bu ko 'phadni  k e tm a  — ket n marta 
d i f fe iens ia l l ab  topamiz ;

/'„’ ( x )  = a, f  2 a ,(x  - x g ) + 3 a  J x -  x0 ) } +. . .  + / ? a j x  ■■ x c ) "

! ' ’ (x ) = 2<7} + \ • 2 a ,(x  - x0) + . + n(n - l )a ,  (x  - x 0 )* l . 

f~' [̂x) = 3-2cj, + + n(n - 1)(m - 2 )«1( r - ) ,j (6.25)

P¿ ’ \ x )=  n ( n -  1X«- 2).. 2a n



B u  ((i ' M j  v a  ((> ’>;>) t e m j l i k l a i d a  ' X, d<-b o l i n s d ,  u n d a  b e n l g . m  

/' ( \ )  k o ’p l l d d  Vd u n n u j  l l O S l l d l d l l  , ' '( VJ ( к  : I..1 //) n i r u j  N.. 

n u q l a d a g i  q i v m a t l a i i  t n p i l a d i :

/'„( v„ ) ,j, ,

! I' î
/*;<v . .  i

V, ) н',1ы
Ulardan

<Л,
О ' , . )U. ■

1 I'
/’„"(V.,)IU - II

H1
kHib ehujcidi.

S h im d a y  qdib,  /’ (,» k o ’phddn ing  koolf i t s i^nt la r i  ko 'p had  va 
un ing  hosÜal an n ing  nuq ta dag i  q i y i n a t l a n  orqal i  l toda lanad i .  
Kopffi ts ipi i t l ani ing bu q i ymat la r im (6.74) g a  qo 'ysak ,  unda

v.)f . +/Г(Хл)( * - * цГ (6.26)Г tt1
bo' ladi

(б.'ЛЗ) fo rm u l a  k o ’p h ad  u c h u n  T e y l o r  i o r m u l a s i  d eb  a t a l a d i .  
3". I x t i y o r i y  f u n k s i y a  u c h u n  T e y l o r  f o r in u l a s i  (») f u n k s i y a  

(,i.h) intfMvalda a i u q la ng an  bo ' l ib ,  u ,r„e(j./>) n u q t a d a  
/' !".  /'"‘ (.v i hos i l a l a rqa  pga bo' ls in .  F u n k s i y an ing  n u q ta d a q i  

hos i la l ar idan fovda lamb,  quy idag i

/ ’. ( /  0  = / ’, ( 0   ̂{ .v (, )  h ' l A , , , (.v -  v „ )  <r ’  (X , ' V r -  x „ ) ; I ... t 1 1 )'■Г Л1 n
k o ’phadni  tu/.aylik.

Agar  q a i a l a y o f g a n  /(«) funks iya  « - d a r a j a l i  ko 'phad bo ' l s a ,  
im da  vu qor ida  [?, bandda)  a y t i l q a n g a  k o ' i a



bo' lad) .
Aqai  /<о l u n k s i s a  ko 'p h ad  bo'lnwisa, i avs lmnki ,

/ ( \ ) -f I ‘ ( ■' . M
bo ’hb, ulai  ni<isui<i lei i q kr l ad i  Biz uni (•> o iqah
bc‘ lqilcivlik.

к  (л)- /(>) -
Nat i j ada  11 si ib и

M \) - г м  + Ы

yd'ni

/(.i) = /(i,) i ' '' * * *  ̂ * " ^  (ÍJ./Í/}
lo rmu l ag a  ko lamiz .  Bu (0.27) io im u la  /(-> l u n k s iy a  u rh un  h'vlnt 
fonmi las i  d(‘b a t a la d i .  /<,<■') r»sn Toyloi  l o m n i l a sm in g  qoldiq hadi 
doyi ladi .

дл) h in k s i y a m m j  /'.(Л.о ko 'phad b i l an  taqr ib iy  / м  ''</ • > 
l loda l ashda  T r y l o i  l o imu la s id an  knny iovda lan i l adi .  Inunda 
qold iq  had h, и )  in baho la sh  inuhini.  Bu masa lan i  hal qi l ish 
uch un  / (.0  t u n k s i y a q a  ' 'o g ' n ioq"  s h e l l t q o ' y i s h y a  to ’y ' n  kr lad i .

/i-г) l u n k s i y a  (.;./•) intc' ivdlda a n iq l a n y a n  bo' l ib,  u shu 
l i i to iva lda u/. luksiz / ’( v). f"{x). / ' " ‘ О hos i l a l a ry a  e g a  bo' ls in 
d oyan  edik.  1-ndi (■»./») in t e i v a lda  bn t imks iy an in g  {» +1 ) ta i l ibl i  
/‘-""(л) hosi las i  b a m  mavjud  bo' lsin doymiz.  (а./>) mb ' i v a id a  

a rgument  л rung i x l i y o n y  q iymat in i  tdvinlab quy idag i

/ ■■ ( . D-  / ( V )  / ( O '  '  ^ - 0 -  / 2 !!M "  ' )  " „ | i 0 ( V ~ 1)1

y o id a m r h i  t u n k s i y a n i  tuzanuz v>i uni  ¡*u >| <.{<*.!>) (yoki 
jx..v ]c(</./>)) s e y m o n l d a  qarayiniz.  / (0 fu nks iy an iny  (í> 2B) 
l fodasidan u n in g  spgmf'ntda uz luks iz  bo'Hshim k o 'u sh
q i y m  ninas. Bu i u n k s i y a  (луд) m t n v a l d a  hos i l aga  ham oga.  
I l aq iqa ta n  ham,

/-'(0 ' " " ' i v - , ,  -no'-
Г i 2' I1 

f - ..... ('>(-V -O'

Dc'mak,

/• '(/> '-'( 0 ( v /)- (6.29)
n'

T.ndi i.r,,.t| sp g in o n ld a  uz luks iz  va (л  v) intf’ iv a lda  ehokl i  (nolqa



b' i ig bo ' lm aqan)  hosi l aga ( 4j 11 b n ' l g a n  bnor  </\t) funks ivan i  
olavhk.

■' (/) v<i </>(i ) i u n k s iy a la r q a  |ли >| so g i rw n td a  kosh i  Ipommas in i  
q o ’ l lanib topdini/..

M. )  (()30|
</>( ' )  < P U „  ) <p\i - )

b l i n d a ,
; ‘  {<: x„ t 0 ( x  -  \ ).() -, I)

Yuqondaq i  (6.28) funks iya  uchun
/■ ( A ) - 0. /■ (,v„ ) !<„{< )

h 'nq l i k la i q a  pgamiz.  End) (0.29) to n g l i k d a n  / -, da

M1
bo ' l i shmi  p ’t ib orya  olsak, unda  (0.30) to n g l i k d a n

« . (V )  * ” * : * * • > . ' .....<■>„.-„•  ((.¡.31)
<P(<) n\

(< ■:„ t (H í »..Vi formula  kHib chiqadi .
Sh u n d a y  qi l ib,  I oytor l o im u l a s in in g  q o ld iq  had) uch un  (6.31) 

formula topiJdi.  Bu ho lda ./(<•) f u n k s i y a n i n q  Toylor formu las !  
quv idag i

/U> X . ) '  .  • «  .
I! 2!

+ V'(vc)
<p\c) n\

(c- = д„ + 0{x -• ,\M ).0 < в  < ]J (6.32.)
ko ' r in i shda  yozi ladi .

Teylor formulasidan kongroq fo y d a l a n i sh  maqsad ida ,  u n m g  
qold iq  had in in g  turl i  ko 'r i i i i sh larmi  ke l t i ram iz .

1). Koshi  k o ' r i n i s h d a g i  q o l d i q  h a d l i  Toylor f o r m u l a s !  
Yuqorida  q a r a l g a n  <pu)  funks jya  s i fa t id a  <p(t) x i  fu n k s i y a m  
o lay l ik  Ravshanki ,  bu ‘u n k s i y a  l v * l c ( .̂/’j s p g m e n td a  uz luksiz ,  
(r„.v) mtorva lda  osa сhokl i  tp\t) - \ h o s i l a g a  oga.  Bu funks iy a  
uchun <р{ц o. v7( xv ) = x -  bo ' l ad i .  N a l i j a d a  (6.31) formul a  
quy idag i

/'""(cl /'"'Vi Л ‘"(< )R(x) = (х-,-У[х-х^)-=- |г-л„-<’Лх-дга>Г(х-.гв) = - - - (r-xü)'"(]--6)'1
и n' »'

( 0 < 0 -  I)

ku 'un ishn i  oladi .  Qoldiq l i adn ing  b u  i fo dasm i  ((>.32) qa q o ’y ib  
topamiz:



' ’ ' 1 '"(VI .
1 • ' '  '• ’ ‘ r  ’ ((,.:í3)

. 1 1' ' I v ■ í ' ( 1 ■ o y
Bu |6 33) formula ; i , i  lu n ks iy .m in g  Knslu k m m i s h d a q i  qoldiq
badi l  l e y  loi íoimulf i s)  d<’h ataladi .

2). l . a q r an j  k o ' r i n i s h i d a g i  qo ld iq  had l i  l e y l o r  fonnulas i
Kndi </*n iv- >)"' í u n k s n  iini olavhk.  Bu iu nks i x a  ham 11. - M ̂  1 f 1
sogmontda  uzhiksi/., u„.>) m t n  vá ida  <>sa chek l i  <?'(')• '>
bosi laqa  ceja. Bu fu n k s iy a  uchun

7>í.\ i - 0.y>( <.) -  í-v • v.. '
<p‘( c )  ( » 4  IX  v r ) \ ( .  - ■*„ 4 I h v  ).li-

bo ' l ad i .  IJ holdd v u q o i i d ' i g i  (6.31) formula ushbu

'< (v) .)■ ' 0 ' ” ».> "
, a  ) „ !  ( «  ' 1)(-V - '  ) ( »  4 1)’

ko 'n n is h m  o ladi  Q o ld iq  hadrmig  bu i fodasim (ü.32) qa qo'vib,  
topciiniz:

>. h • , ? " v  ->■'

■ ' '' '(-V- .vj1--'
( " 4  1)!
Bu formula /(.v) f u n k s i y a n in g  Laqianj  ko ' t in i sh idaq i  qoldiq 

had i  IVylor formulas i  dob ataladi .
TfivloT formulas i  q o ld iq  had m ing bu ko ' i imsh i  sodda  b o ’lib, u 

({,3 4 ) l o im u l a d a q i  n avb a tda  ko lad iy an  h ad m  es latadi  Faqat 
b u n d a  l u n k s i y a m n g  (m i-l) tar l ibl i  ho sd as mm g *c nuqtadag i  
q iyma t i  o 'm i g a  bu h os i l an in g  <■ ( t - >. w a ' o  nuq tada  qimat i  
ol inadi .

3). Peano k o ' r i n i s h i d a g i  qo ld iq  had l i  l e y l o r  formulas i  / (v i

fun ks iy a  I’ey lo i  t o r m u l a s in in g  Poano ko ’r in i shidag i  qoldiq hadini  
c h i q a n sb d a  /(0 f u n k s i y a g a  n isbatan  q o ' y i l g an  shartm
"eng i l l a sht i r i sh"  murnk in .

/(.,) funks iy a  a0 c-(c,.h) nuq ta n in g  biror r ^ j c í « »  ntrofida
/ '(.v). /'"( vi.. O hos i l a l a rg a  c g a  l io' lib, /'"(O hosi la  esa >,

nuq ta da  u/ luks iz  bo ' l s i n  Bu funks iya  uchun  x * '.'„(*,) da  ushbu 

' < * . > - v J -'

,,)■ ’ J " ' {‘
(<;••!)! a'



(hunda ■ son X bi lan n ias ida )  tn imu l a  o ’nnl i .
I l aq iqa tau  l iam, vuqn i id ag i  ((> 34) fo rm ul ad a  »,• ni n 1 g a  

almashtuscik.  u ho lda ((>31) fo imul adan ({> 3.t) kol ib chiqadi .
Ravshanki ,  > ►. da >■ b o ’ladi .  .• n )  osa n u q t a d a  

u/luksiz.  Df'inak,
11 n  i / l ’"  (< ) l im  / ( r )  . f  ( V., )

U holda

tenq l ik  o' i l l l l l  b o ’hb, lmi//iv)~u bo' 1 cid I.

Aqai  - > V, da  г*(х)(' - (̂(x x,,)') b o ’hsh ini  p ’t i lmtga olsak,
nat i j ada  (G З.Ъ) fo imu lan inq qold iq  hadi  u c h u n  ushbu

1 1 - 1 V, >' I ('((.V X„)") (Ü.3G)M1 n\
foimulani  lopamiz.  I; ndi (G 33) va (G.30) fo im ul a l a rdan

/lx) /(' " )l  /(,.Ч,(Х v")( ( У"1' '  '«>* 1 1 ;  ,/¡ ' ,' ) ( r " КаУ f (G.37)
< '-((V l„ )')

lo i inu laqa  kol ih rh iqad i .  Bu formula /ц) l unks iy an in g  IV. ino 
ko ' i imsh id aq i  qo ld iq  luidli Toylor fornu i l as i  dnb ataladi .

I)<чиак. > \, da  (G.37) formulan ing  qo ld iq  hadi  no lga inl ihb,  
u (G .37) formulada  o ’z idan oldin k H a d i g a n  har bir  h a d g a  
q a t a g a n d a  yuqo i i  tartibl i  i Ix^ksiz k i c h ik  n i i q d o r  bo' ladi .

S lmndav  qi l ib,  biz yu q o r id a  /(x) ( u u k s i y a  T^yloi  formulas i  
qo ld iq  h a d m m g  tuil i  ko ' t uu sh la rm i  k tdfnd ik .  Ypc h i l a yo t g a n  
m asa l an ing  ta l a b i g a  qarab  u yoki  bu  k o ' r i n i s h d ag i  qoldiq hndl i  
l ^ y l o r  fonnul as id an  foyda lam lad i .  M a s a l a n ,  bi ior v, n u q l a  
at rof idagi  v (.x-*xj nuqfa la rda  /r\) f u n k s i y a m n g  q iymdt la nn i  
ta qnb iy  h isoblash korak b o ’ lsa, Koshi yo k i  l .aqianj  ko ' r in i sh id ag i  
qo ld iq  hadl i  Tnylor lot m u la l a i ï d an  f o y d a l a n g a n  ma'qul ,  \ x , da  
qo ld iq hadi  no lg a  ml i l i sh ta r t i bmigma b i l i sh  lozini  bo ' l sa  y o k i  v,, 

n u q ta  at rof ida h in ks iv a n in g  bosh q i smin i  a j rat i sh  korak b o ’lsa, u 
holda Poano ko ' rm ishdag i  qo ld iq i i adh  Tey lo i  lui m u la s id an  
foyda lamsh rnaqsadgrt muvot iq  bo ’ ladi.

I I). M a k lo ro n  fornu i l as i .  /îo t u n k s i y a m n q  (G 27) l ’oyloi  
lo im u las ida  > . - u deb olinsa.  ushbu



/ 'i 0) / '(II) . i CM „ ',o i
/ 1 \  i /  ( ( I )  t  - V I  -  v  -  -» ■- V (• r i v ;  | ( ) . 3 8 )

r j. „■

iorii iuld l iosi l  bo ' l ad i .  Bu holdd qoldiq had r i.»j quy idagic  ha:

a) Koshi k o ' 1m i s l u d a - ' ' (1 (>)' t '  1 (0\) ;,(>).

b) I x u n a n j  k o ' n n i s h i d a :  r j \ )  * / '"(»>).' ’ ' (/I i i ) 1
v) Poano k o ’ i imshidd :  - (n - < )

{(i - !)■-]) yo/i l i sh i  nuimkin .
Y u q o n d a g i  ((j.38) iormula  /(0 funks iy amnq Maklo ion 

lonnulasi  dob a t a la d i  
Ushbu

/’(0) /•"(o) . r " ' m  *„

(0 <  ̂< i) Laqran) ko ' i i n i sh idag j  qold iq  hadl i  Maklo ion 
Jormulas ini  q a r a y l i k .  Bu fonnulan ing  qo ld iq  hadini  baholaymiz.  
1-ardZ qd iav l i k ,  s h u n d a y  ./ son m<iv|ud b o ’lsinki,  a rgumont  v 
n ing  a„ ii n u q t a  a t ro i id ag i  q i ym a t la nda  han ida  N n ing b a j c h a  
q i y m a t l a n d a

/ ' - ’ ( . V)  < M

tongsizl ik b a j a n l s in .  I-’ ho lda  ushbu

(n  + I.)1
M 1 ’

(n  l
tongs iz l ikka  o g a  b o ’lamiz.  v n ing  hat bn tay in  q i ym a l id a

.in- It
Hm — -  -  0 
"•>" (n i I)!

l imit o ’rinli b o ’l i sh in i  o ' t iborga olsak,  u ho lda  n n ing otarli  katta 
q i y m a t l a i i d a  r„(X) yo ta i l i  k ich ik  b o ’l ishini  ko ' i amiz .  Domak, <„ 0 

nuq ta  a t ro l ida  Ax) fu nks iy am

• 1! 2! 
ko 'phad  b i l a n  a l mash t i r i sh  mumkin .  Nat i j ada  ushbu

/'(0) /'(()) - /'"'((» „

t a q n b i y  formula  kol ib chiqadi .
5°. l - l enientr t r  f u n k s i y a l a r  uch i in  M a k lo re n  fo rmul as !  1)

/(x)-, '  bo ' l s in .  Bu funks iya  uchun / " V 1 - va /(in I,



; <“) U" I ' * ) holet«!

. '  » .V "'■ ¡ f i t  4 . . 1 I Д-)
I 1

1)0 lib, u n in q  qo ld  iq lu i d i osa  ka qu in j  k o ' n n i s h t d d  q u v i d a q u h d  
yo/ihidi :

r,,< ' 1 , iu ' 11 ■ ’>( n  i I )’

H.tr bi i  I "-"I <"--(>> d a  ¡г ' !- t- b o ’ l i s h in i  p ' l i b o rq a  olsdk. 
шкк)

in ♦- I )'

toi igs izhk kf' lib cJ i iqadi  vd da  - -c" i l o d a  va dpinak.

r.Hi ham nolgd mt i l ad i  Ndt i j ada /fr) = ,-‘ f un ks iy a  uchun 
qu y idaq i

, V 1 ' . v "

1! T h'
t<icyubiv to imul aqa  ода bo' ldmiz.  Bu iornmladdi i ,  xususan ,  \ i 
bo' lqdncld, sonmi  l aqr ib iy  h isoblash lm ko n in i  b p ia d ig dn  ushbu

■'* M 1 , 1 , + 1 
1! 2! ;,!

l o im u la  hosil b o ’icKli. Bu ho ldd r.  ( ] ) U _ _ î _ .
(Hi  1 )!

/(л) su,., bo ’ lsin. M a ’hi inki,  bu f u n k s i y a n i n q  н Iditibli 

hosi ldsi  u rh u n  ?"(.<:) (sin \ ) ’' 1 = sin( д" t n -  ^ ) formul a  o'rinh. 

Ravslumki ,  /(0 ) ^ 0  va
0, agar  »  — juft b o ’lsa,

i-]) 1 , a g a r  n toq bo' lsa 
мм sin < funks iy a n ing  M aklo ipn  fo rmul as !  n toq son 

b o ’lq anda

" ll V ■* V  s, 7, * - + ’ ’ "  * ' 'Л-v) 
k o ’i ini shdd vozi ladi .  Bu fonnulan ing  q o ld iq  hadi  Iagran j  
k o 'n n ishda  qt iv idaq icha  yo/i ladi :



RdVshdnki ,  V.\ I I n .  .i\ i •! : ') da

Ir  ( \ >l

bo' l ib, n d a  l loda v<> dcmak,  i (u  ham nolqa inti[<idi.
(II 4-2)’

S h u n d av  g i l ib ,  n tog son b o ' lg a n d a  ushbu
\ V  A- ,  V

S i l l  X  ~  A ¥ • f M  I );i -]■
t a g n b i y  h i s o b l a s h  ionnul as ig a  cgannz .

3). /(v)-cosa h o ls i j i  Bu l u n k s iy an in g  n tai t ibl i  hosi lasi

uch un  ' ’ ’ (x) -  (cos a)' ' ' )̂ fo n n u l a g a  <‘gam 17 Ravshanki ,

Va
f 0, aqa i  n tog soil  bo' lsd.
J

/ 1 ( O í  :  C O S  ^  S

J  I) , cKjai n |uft so i lb o ' l s d

y ( a ) - * cos i f u n k s i y a n i n g  M a k lo ion  fonmi las i  gu y u l a g i c h a  yo/.iladi.

C D S  x  1 - X -- +  A  -  -t  M  I )  - A -  ♦ rn { V )
2! 4! 61 h ■

(bunda  n - jutt  son), un ing  qo ld iq  had i  l .agiai i) ko'r inishicla 
g u y i d a g i c h a  yoz i l ad i :

s" ' ftr  ( V ) - —  cos( Ox S n  ̂ n ) (() < 0 «. I)
(" t -) !  -2

Domak,
V' V ' .V' . "■ .v"

CO S X  ^  I - - - - I . +  I I ) •
:* r (>' «'

4). A v ) - ln (n A )  bo' lsin.  M d ' l um ki ,  bu  iunks iyd inng u tartibh 
hosi las i  u c h u n  ushbu

„, (//- I v
/ l" ( .v )  - (ln ( 1 t v )i ' - i -  I )

( 1  i v )

formula o ' r in l i .  Ravshanki ,  /(0)=u M !)!• Shuni
p ' t iborga olib,  bpn lg a n  l u n k s iv a n m g  Maklo ion tormulas ini  
VO/.anu/:



l | l (  1 4  V  )  -  V -  -------  *  -- -----------* f  (  -  I ) "  ' -----------•* < v  ) ( 6 . 3 8 )
2 1 4  »

Bu foi rnulamnq qoldiq hculi r ,  ( x )  ni baho la shda  u m n g  L-agran)
ham da Koshi k o ’un ish ldndan  foyda lanami/ .

d) o •_ x - i b o ’lsm Bu h o ld a  (6.38) l o im u l a r u n g  l ^ g i a n j
ko' r i rush idagi

, {., ) = — v— /--------- i o < 61 < 1)
(/» +iKl+ №)"■'

go ld iq  hadm i  olib, un ing  u r h u n  q u y id a g i
( 1)" a'"1r, { v) -

1 (H + IXl+ÍAr)
<----

» f 1
b ahoga  oga bo' lamiz.

b) - /<» '  () ()<u<l bo l s ín Bu ho lda  (6 38) í o r m u l a n in g  Koshi  
ko' i ini shidcigi

r.(T) = (- ■— — , (()' «, < I) (6.39)
(I + ",*) '

g o l d i q  had in i  o lamiz  (6.39) t p n g l i k m  g u y i d a g i c h a  y o z a n n z :
I I -  0. )' x"'1 

r„(-t) = 1) ■; —L —

o zgaruvch i  x n ing  - a f . x < o  (()• 1) q i y m a t l a n d a

. ,
I +(\x

te ng s i zhk  o 'n n h  bo' l ishini  h i s o b g a  olib, topamÍ7::

H ) -.  |J._LL.
h - w u

* n * 1 
X

n. 1
X

1 + 0tx 1 f  X
<-----

] -  a

Dpmak, ln(] + jr) funks iya u c h u n  q u y i d a g i

ln( I + .r) =5 .v -  t + ( - ] ) " '  —
2 y 4 n

t a q n b i y  h isoblash formulasi  hosi l  bo' ladi .
¿) .  /(t) = (i + x)'1 b o ’lsin, h u n d a  u e R .  Bu í u n k s i y a n in g  « • -  

tartibl i  hos i las i  uchun / ‘"’ (.v) = (() + v)“ )"' = u (u  ■ n. \a -  n + 1)(1 + xY‘ ' 
fo rmul ag a  ogamiz.  Ravshank i ,  /(0) — i. /'""(O)- « ( « - ! ) .  (<*-«+n . 
/(.v) = (i + <)" funks iy anm g M a k lo n m  formulas i  g u y i d a g i c h a  
yozi ladi :

a u ( a -\ )  , « ( « - I )  ( u - n  +1) .
(1 ♦ a )“ - 1 +  a-+ V  + + » + '„(*)•]< 2' n'

qold iq  had rn(x) esa ushbu



/ 1 I . I • 11\ I "  ( I I'

Ч 1

ko sh i  kn ' r im sh ida  yoz i l ad i .  In d i  • I bo ' lqanda
: ■ t ■ / и  I I ! " I  ,. ,

I', I » i, i</1 I Ml ) ( I i ( I ■ D\ f  л ,
I :  n  I 11 K A  I

Í I/ '/ </ I М. I1" ' I II 1 - ) ( 1 )!( I *• l' Id 
! i :

bo'hb,  >i >/ dti no lqa  mt i ladi .
X usus an ,  </ >; bo' lsa ,  и ho lda  > in и bo'hb,  usl ibu

, n  /;(/< 1) h  i n  ( . i l l
1 1 • » I I +  V 1 I I i  '

I' 2' »'
Ny uton  l)ii)omi l o im u l a s iq a  kolamiz.

S h u n d a v  qil ih, bu ho ld a  usl ibu
(/  </<(/ 1) . tl{lt I )  ( ( /  il Л l l  I i • i i • < V \ * I
Г 2'

t a q n b iv  l on n u l aq a  <>qami/.
Hi/ y u q o n d a  <4 f'montai  tuuks iya la i  ninq Makloi<‘ii 

Ioi iii\i l<il<ujni kol tnd ik .  Hu l o i mu la la in inq  qoldiq had l a i i n i  asosan
I.aqranj  k o ' n n i sh id a  vo/.ib, so 'nq ia  u l ami  baholad ik .  1 démontai  
l u n k s i v a l a i n m q  M a k l o n m  fo imula la i ida  u l a in m q  qoidiq 
h a d l a n n i  boshqa  k o ’r i n i s h la i d a  ham yn/.ish m u m k iu  Masalan.  
o le m o n la i  f u n k s i y a l a n u n q  Poano k o ’i in i sh daq i  qo ld iq  hadl) 
M a k lo iP i i  l o im u l a l a n  q u y id aq i c  ha yozi ladi ,  u  *o>

V  Y  '  \ "
111' '  I 1 t I .. 4 - I « ( . V я )

' I’ 2! //'
Л 1 X V " ,  л "

/ )  S i n  I  V -  t —  - * . + ( )  - I o f  \ )
1 V  5 '  7 ’ « !

(b u n d a  и - loq son) ,
. V -V 1 V "  v "

J  c o s  л  • 1 - \ - -  4 ■ * - ( ! ) -  - t « (  v  )

2' 4 1 //'
(b l inda  h jiitl son),

V ' V 1 v 1 \ *'
4 )  l n (  ! t- v  )  v  —  t :—  —  t . .  +  (  I  - i <>( . v "  )

2 У А и
M , . 4  u{</ 1) . ( a .Г) ( I » \ i I i  \ t > t t i t - .i i )

Г 2' ,I\
O d a ld a  bu formula la i  as imptot ik  fo imula la i  devi ladi .



Ü. 10. Ushbu
( 0, <Kj<i) » ra t s iondl  sor» bo' lsin

/‘m  -j
Л  cujar V n id t s io n a l  son bo' lsd, 

lUIlksiYdlll l ig V "  IHiqtd(id(] 1 l l O S l l d S l  topi lsm
6.11.  1) Acjdi ; i«> tu i ik s i ya  ». n u g t a d a  / <x i h o s i l a g a  f>ga 

bo' lsa ,  u holde» sl»\i nuqtdda  l u n k s i v a n in g  o ’ng  hos i las i  ' (>,»())
( hdp hosi ldsi  ' ' i . in ldi m<iv|ud va - 'i \ . + <>)•-/'(' <>) / 'u. i  
bo 'hshi  l sbot lansin Agdi /u) funks iyd  », nuqtddd o ’ng hosi ld
• i « . 0 ) chdp hosild ' „ o) Ifirgd pga  bo' l ib,  /-( v„ 4 O) - / '( «, -m 

b o ’lsd, u holdd shu nuqtddd f u n k s i y a n m g  / ' u j  hosi ldsi  nidV]ud 
va /’t'c * °) ' <’ bo 'h sh i  i sbotidnsin.

6.12.  Bi i tomonli  haindd chf-'ksiz hosi ldldining c joomotnk 
md ’noldi i  kol itiri lsm.

6.13.  IJshbu
0, a gd i  л <> b o ’lsd,

/{\)= : ' , ¿ic]<11 ’ - < • 1 bo ’lsd,
< ;í 4 I n

1 , d(Idr ' - > • - 1 bo ’ lSci
; и  ' П  I I  + 1

i u n ks iy d nm g  v <>4 n u g t a d a  di i loiHnsidl ldnuvchi  b o ’lish» 
isbothinsin.

6.11.  Agdi  /(>) vd </kv) t u n k s i y a l a n  v-<* n u g t a d a  hos i ldga  ege» 
b o ’ lmasd,

/  (  V )  4  </>( Y l  ï ' ( ï )  • </>( Г ) .  / L U  0 )
< p ( * )

t un ks iy a la r  shu nugtr ida h o s i l a g a  pga b o ’l adi i ru?  Mi so l l a r  
kpl tinlsu»

6.1.5. Ushbu

,A' -- / '(O d\
bplg i l ashdd rh ap  tomonddgi  i fodan i  kdsi  df»b q a ï a s h  m u m k in n i i ?

6.16.  Agdi  '(>' vd mi f u n k s i y a l a r  xt-iuJ>\ n u g t a d a  n t a r l ib l i
- hosüdldigd ega  b o ’lsa,

/ u )  •
f imks ivan ing  n taitibl i  hos i l a sm i  topish formulas» ke l t i nb  
c lngan ls in .  (Odaîda  bu formula  l .pybnis  formulas» dpyi l ad i )

6.17.  Fi ' ima,  Roll, Lagran j  t^oiPindldi i  g a n d a v  g e o m o t i i k

îei



I tUi 'noya  f'CJrt?
6.18.  I ' shbu

a) /(»•)- 1 b) /{a-)- In

f u n k s i y a i a i n i n g  M a k lo ro n  formulalar i  yozi lsin.
6 . 19 .  Asnnptot ik  fo rmu la la rd an  toydalanih,  ushbu

lim (to s v+  ) ’‘ 
. .o 2

l imi t  topi lsin.
6 .20 .  Ushbu

/(i ) .  ;x.’ .« = 0 da 

i u n k s i y a  .t = o da  u c h m c h i  ta r t ibh  hosi laga pgam i?  r f  chi ?



VU BOB

Dilferonsidl  h i sobn in q  ba 'z i  b i i  l a t h i q l a i i

l ' shbu bobdd lunksivdni rig hosilrilciii vou l anmla  m u t i g
о 7()iii jsli \<urikt(‘ii (oïdhqdd o ’/gaj  tuas qiymatn i  saqldshi .
o suvchi  у * »ki k.iniciyuv« In bo' l i shi ,  nidksi ini im v<i m in im u m  
qivmat ldi i ) ,  s l iun inqdok l u n k s iy a  q i a l i g i n i  teksh insh (h m ks ivd  
g i a l i q in inq  qdVdnq yoki bol iql iqi ,  b u i i l i s h  nuq td l a imi d i i i g í ash )  
kahl  nwjsaialdi o iqdni ldd i .

l - $. l u n k s i y a n i n q  o ' z q a i i b  bori shi

1". l u n k s i y a n i n g  o ' zqa rm as  q i y i n a t n i  s a q l a s h i  i l u n k s i v a  
¡.' / 1 inl<4v<ildfi diuqldt igan bo' lsin

l - l o o r e m a  /(\) h i n k s i y a  (,?.Л) i t i t c r v a l d a  r h r k l i  M o  l i o s i l t n j a  
r i j a  h o  I sm.  Hu h i n k s t y a  <:>) i n l c n / a l d a  n ' z c j a i m a s  ho'Hait i  ¡ u i t i u i  
s h a  i n t f i v a l d a

f\.\) n
b o ' l i s h i  /.(l im v a  y r t a r l i .

< /«i rur l ig i .  Siiiji (c|ci ko' ra /<\) l u n k s i y a  (,)./,) înf . ' i va ldd  
o / g a n n a s ,  v<i'm '{ о .  , , t,mi . Rdvshcinki,  bu hold«» 
ml (4 Vdldtt • {, i -  о bo'Iadi.

Voti t i i i l jqi .  Shd ib jd  ko' id /(.>) l u n k s i y a  (u.h) mtoivdldd ( hok l i  
' i - i  hosj ldqd *»g<i va / ’(. » n. IZndi (,i Л) infp iva lda  i s tdigan v va  

tdy in ld i igan  v. nuqtdldi i i i  olib, |v,..v| y o k i  |v.a.,| s o g m e n tn i  
q a iavh k :  | v...\j с (c/.M, | с  Lay ran j  to o iomas iga  ((> b o b d a g j  
7 t e o i e m a g a  q a i a n g )  ko' ra v, b i l an  v nuqtdldi  oiasidd s h u i u l a y

‘ ( '■ • ' ) )  n u q t a  mavj i idki ,  (/'(.*)'<> h o ’l ishmi h isobqa o k j a n  
holdaj

/'■*) ./(v, ) = ./'(,И» v..) о (7.1)
fonghk o 'nn l i  b o ’ lddi. (/.1) t o n g h k d a n  esd /(л). /(\j  ko l ib
chiqadi .  Bn /(xi iunk.s ivaning (ii.h) int f ' ivd lda  o 'zgdrmas  p k a n in i  
dl igldlddl .  ►

1 — ridti ja.  Agdi  /i ' ) Vd i;(\) i u i i k s i y a l a i  (,:./») intorvdldd c l io k l i  
Mr) va / to  hosi ldldigd oqa bo' l ib,  sh u  in tP ivaida

/'<v)-|;'(.r)
teng l ik  o l i l i l í  b o l s a ,  ti l io lda /го bi ldn ,’;<>) íunks ivd l ar  (.)./>) 
inf(4valdd bu b ir idan o'zgdimds s o n g a  f a ig  qi ladi :



< 1 i a q i q a l d h  harn,
/• ( г) - / ( . i - -i м

d ( ‘ l ) ,  { j.h )  ( i d

\ r ? .  i

/ '( v> ; ' ( 0  ■/<>] "
bo' l i shini  lopaim/.. Isbot ot i lqan tpoi i ' inagd k o ' i a  bo' ladi .
(7.2) m u no s a b a td a n  j\x) . ' (л ) »г  pkani  kpl ib < hiqadi .  ►

2°. f u n k s i y a n i n q  monoton  bo’l ish i  funksiva  u  M
intprva lda  a n i q l a n g a n  b o ’ lsin

2 - t e o r c m a .  /m f u n k s i y a  (-/.h) i n t n v a k i a  c h e k l i  f\x) h o s i l a c f a  
c g a  b o ' I s i t i  B n  f u n k s i y a  s h u  i n t e i v a l d a  o ' s n v d i i  ( k a n i a y i i v c h i )  
b o l i s h i  u c h u n  (u./>) i n t e i v a l d a

te>Tujsiz¡ik o ' r i n l i  b o 'H sh i  z a r u i  va  y e t a r l i .
< Zarur l ig i .  S h a r tq a  k o ' i a  /(\) funks iya  [u.b) da  chokh /\м 

hos i l aga  oga bo ' l ib ,  u («./>) intervcilda o ' suvch i  (kamayuvchi) .  
v . r r ( j i )  nuqt an i  olib,  u b i l an  birga t \ + \r) t- nuqta in  ham 
qa i a ym iz .  l i  ho lda

n mnosab a l l a r  o ' im l i  b o ' l a d i  va bu mu nosab at la rdau  bar doim

(7.3) va (7.4) m u n o s a b a t l a r d a n  | 4 - b o b n i n g  4 —§ iga qa iang)  
mtorva ln ing  b a r c h a  n u q t a l a n d a

tengs iz l ik  o' r inl i  bo ' l i sh in i  topamiz.
Yeta r l i l i g i .  S h a r t g a  ko ' r a  /(л) iu nks i y a  (u,b) mtorva lda  chek l i  

/'(л) hos i l aga  p g a  bo' l ib,  shu intprvalda / (r) >о (/'(*)<») 
tPi igs izhk o'rinl i .

v.ïe(u,/i) va  (X + ,\x)c {(¡,b), \*->0 nuqta larn i  olay l ik .  Ru ho lda 
[>.x + Ax\iz(a,h) bo ' l ib ,  и-.хчЛх] spgmontda  /(>) funks iya  Iag ran j  
tpo rpmasming b a r c h a  sha i t l a r im qanoat lant i rad i .  Iag ran j  
tpo ipmas iqa  n iu vo l iq  л- va » + ,\л n uq ta la i  o ia s ida  sh unday

(/ ' ( ' ) '  0)

u -о d a  /(o í / ( 4 - \ i) (/(.r)>/(л f \v))
\\ • 0 d a  f i x )  > J ( \ 4. . \ X )  ( / ( V )  <_ /(.r + Av))

U
{pnqsizl ik kol ib с h iq ad i .  

Ma ' lu mki ,

(7.3)

(7.4)

(л •- и < X +■ Лл ) n u q t a  ma y jud k i ,  ushhu



/1 \ »• \n ' ( v) > 0 (./('♦ \\) ' ( X i • 0)
Bwndan /to Minksiy<muicj mto iv a ld u  o ’suvchi  (kamayuvc hi) 
bo l i s l n  kol ib ( h iqadi  ►

2~ if. I unk.siyt tninq ek s l r e in u rn  q i y m a t l a r i

/(<) tunks iva  (</./)) i n I (*i va) cl (i b r j i l q a n  bo' l ib,   ̂ va 
1 .< ' „ >  (a-,, a .  v „  * < V ) ( _  ( , ;  h i

bo' lsin.
1 - ta ' r i f .  Agar  v.vt/ j i j  uchun

' ( » > ■  / ( - V . )  ( / ( 0  •- /  ( a . ) )

bo Isa, >(y) l unks iva  <•„ n u c j t a d a  l o k a l  m a k s i n m m q a  ( l o k a l  
m u u m u m g a )  r g a  dpyi ladi .  /(x,) tpymat /<x) funks iydn inq 
d a g i  i ok a i  r i i a k s imu i n i  ( l oka l  m i i u n i u m i )  doy i l ad i .

2 - t a ' r i f .  Aqa i  Vx t ^,( <„)'{.x0}=-//;,(aj  u c h im
'<"• (/iO • /(\ •»

bo Isa, f(x) l u n k s i y a  v. nuqtada  q a l ' i y  l ok a l  i i idksimumqd (q a t ’iy 
lokal  min iminnga)  oga doyi ladi ,  /(x„, q i ymdt  f{X) iunks i y arnng  
’ d a g i  g a t ' i y  i n ak s i i n i u n i  ( i n i n i i i i n m i )  doy i l ad i .

Yuqoridaqi  ta t i f l anldgi  nuq ta  (x) fu n k s i y a g d  nios i av i s h d a  
uidksimum (minimum),  qa t  i y m a k s i m u m  fqat ’i y  min imum) 
qiymdt bo ia d ig an  riuqtd dob ataladi .

1-unksiyaning //„(.x„i d a g i  m a k sm iu m  (min imum) q iymat la r i
/ ( * „ ) *  n m  { / ( * ) }  ( / ( > „ ) - -  m m  ¡ / ( . v ) } )

kdbi bolgi lanadi .  Bunda max (min ) l o t inch a  nif iximum (minimum) 
so z idan o l ingan bo lib, ong  ka t ta  (ong k ich ik )  dogan  ma 'noni  
anqlatadi .

1-unksiyaning maksm ium va m in im u m  u m u m iv  nom b i l an  
un m g  pksl rpimimi  dob ataladi .

Masalan,  / (x ) - -v i - r  funks iya  v -u  n u q t a d a  m a k s im u m q a  
onsl iadi .  Chun k]  v . v r . »jc.(|-l,l|) id •(>) u c h u n  /'<*•)</(()) y a 'm

/(O vl x' • /(0)«1
b o ’ladi.

H inks i ya  hos i l a l an  vordamida  urung oks t romumlan  ha inda  
funks iyaga  oks t remum q iymat  b o n ia d ig an  n u q ta la r  topi ladi .



1). I k s t i e m u i n n i n q  /.anj i iy  shar t i  ( .0  tunksiya 
nuqt ada  i n a k s in i u m  (minimum) cj<t <4ishsin. I ' a'ufga k o ’ui.

• . 1 ( I d  • I . , t • / I \)  i / (  v „  r  ' I ' M  bo'hull .
3 - l e o i o m « .  Aq a i  /Ы l i m k s i y a  nu({ta( ! a r l n 'kl i  /'(>„)

h o s i l a q a  ('<]a h o 1 Isa,  n h o h i a
I 1 . . и

Ixi' ladi.
M Hu Ico ioi i i t ini iu]  isboti l-'mma trojonicisini  qo ' l l a sh  bi lan 

k(4ib chiqad i .  ►
Bimq, /(.») l i m k s i y a  uch im biroi x '<(,/.'-) n u q l a d a  ch<‘kli 

hosi las i  m a v ju d  va /\x') <> bo' l i shidan l i n i n g  x' nuq tada  
i ' k s t r em um qa  o q a  bo' l i shi  liai doun kol ib ( h iq avpnnayd i  
Masci lan /tv) t u n k s iy a  i n l u m  /’(л)- 5v’ va v о n u q l a d a  

'(i)) = (i b o ’l sa  hum u v.-.o n uq ta da  (>ksti<>miiiTiga r g a  i*mas (bu 
l im k s iy a  qa t ' i v  o ' suvch i  pkanhqi  b izga  ma ' lum) .

D^niak, v u q o i i d a g i  tcoioma iu n k s i y a  oks t iomum ga  
i-i ishishniiHj z a i u r i y  shart ini  i lodalaydi .

Oda td a  Iu n k s i y a  hosi las im riolga a y lan t i rad ig an  nuqta la i  
l u n k s i y a n in g  s t a t s m n a r  ( I m g ’iin, kntik)  nuq ta lan  dob ham 
ata lad i

Bi/ / ( 0  |.\ l u n k s i y a n in g  v и nuqtada  (6- bob, I §) hosdasi  
mav jud ornas l iq ini  k o ' r g a n  odik.  Bu funks iya  v 0 nuq l ada  
mm im u inq a  o g a  bo ' l i sh i  ravshandir.  Demak,  funks iya  hosi laga  
oga  b o ' lm a g a n  n u q t a l a r d a  ham i 'ks t rp imimga erishish i iu imkm.

S ln m d a y  cjilib, /(v) tu nks iy a ga  pks tn4num q iymat  bor i ladigan 
nuqta la i in :

F u n k s i y a n m q  s t a t s ionar  nuqta lan ,  funks iy anu ig  hosdas i  
mav jud b o ’ l m a g a n  nuqta l a r i  oras idan izlash k e i a k  ekan .  Odatda  
bu n d a y  n u q ta  l u n k s i y a  pks l rem umga s i na l ad ig an  nuqta  d^b 
ataladi .

2). H k s t r e m u m n in q  ye t a r l i  sh ar t l a r i .  /'(0 l imks iy a  a, 
n uq ta da  u z l u k s i z  bo' l ib,

! A x'r, I <v, л > W  1 (<* * 
da  chf'kl i  Г(х) h o s i l a g a  pga  bo ls in .

a) Aqai
x'v »: {<, — л X, ) uchun  / '< X 1 • n 
V\ >: ( V,,. • Л I uch l in  / ( x) • 0 

bo' lsa,  y a ’m /'im hos i l a  v,. nuqt ad an  o ’ l i s l ida  0 ’/. i shorasun ” 1 "



, l l in " " 4 “ "'/'I'HtllSd. , ( „  I l inksiVd V nu(|t«l(l<) (I Id к ' .N11 UTIKJd
i4jü b o  hull

*  Н аф цаЫ п Imm. M. d a  /,м i u n k s i \ , m i m j  q a t ' i v
< >’ s\lV( 111 Vi)

I im / ( \ i /( x„) 
b o 'h s h i d a n .  /x r ,v ,, ) d a

'■O- /<v„)
l<Migsi/lik kohl)  (h iq ad i .

S h u n i n q d n k  (»„ х.чЛ) cJa /(Л) f u n k s i y a n i n g  q a t ' i v  k a m a y u v c h i
va

l;n i/ (  о -- ./(-»„>
b o ' h s h i d a n  Vv< -4 rf) d a

/I«) '  / ( r j
b o ' l i s h m i  lopannz .

I V m a k ,  Vj ( /; (i ) u e l n m
/ I V ) .  / ( V / )

b o l d ) ,  /(О iu t ik s i v a  >,, n u q t a d a  m a k s i m u i n g a  (4 j a  b o ’l a d i . ► 
b) A q a i

v.>f-(x„ iV..xj u c h u n  / ’(.V) < и 
Va-l (.v„. t0 +rt) u c h u n  / (Д Í > о 

bo ' l s a ,  y a ' n i  /'(*) bos i la  a-, n u q t a d a n  u ’h s h d a  o ’/, i s h o j a s i m  " 
d a n  ■+ д а  о zgai t i rsi i ,  /( \) f u n k s i y a  v.f n u q t a d a  i n i n i n n m i q a  r g a  
b o ' l a d i .

< H a q iq a ta n  ham, (x0 -S .  xn) d a  y ( x) l u n k s i y r i n m q  q a t ’i y  
k a m a y u v c h i  va

lim  / (л )  / (.г ,) 

b o ’h s h i d a n ,  y.x h (Xll -  ó . \ j  d a
Л -O - f i x , )

to n g s i z l i k  kol ib  rh iqad i .
S h u n i n g d p k ,  <> .r.,+d’) d a  y o )  f u n k s i y a n m g  q a l ' i y  o ’s u v r h i  va

i linift./(v)=/(A0) 
b o ' l i s h id a n ,  v.rr(»„..x,.+<>*) d a

AO / (v,j
b o ' l i s h m i  topamiz.

D e m a k ,  t u  ' A>¡) u c h u n
/ ( 0  • /(л.)



bo ' l ib,  / i, ( и n к si Vri \ n u q l ad . i  minini innq. i  c i ja bo' iadi  ►
V) Aqai

' - IK llllll ' ( I ■ II
. [I, .» i I U c h i l l i  ' '( ■■■ ; •()

yo k i
( л , . uchui l  • ■[ ’ I •• 0 

■ ■ i ... \ i i in bun /'(')- <> ) 
teng s iz l ik l -u  o ' rml i  b o ’ lsa, y a ’ iu f\x) hosi la v-„ nuqt an i  o ’t isbda 
o 'z  i s bo ia sm i  o '/.ga i tumasa ,  u bolda -i . i  funks iva  ' nuq tada  
oksti(Mimnujfi  tMjfi b o ’lmayd i .

S b u n d a y  qilib, n k s l r e m u m q a  saiu i l ayolgan i iuqtaru o ’t ishda 
i u n k s i v a  hosi lasi  i sho ia s in im j  o'z<jaiishi iminq e k s l i c m u m g a  
o i i sh i s lm m q  yo la i l i  s h < ir t id u  .

7 . 1 ” n i i so l  u\)  ( v i i ¡ \ , : ( ( и j im ks iy an mg f 'ks l inmummi 
top ing .

< B oi i lg a n  i u n k s i y a n m g  hosi l as ini  topamiz:

(7.Ó)
4  ' - 1

Ravshank i ,  hosi la v n r >, nuqtci laula no lqa ay l anad i .  \ I 
n u q t a d a  osa chckh  hosi la  m a v p id  l'inos. Domak, iunksivaq. i  
o k s t i e m u m  Ix-' iadiqan n u q l a l a r n i  v o, v-  i, x^\ miq l a la i  
o r a s id a n  izlasb kerak.

Avva l  л о nu g l an i  o la y l i k  Bu nug l an in y  i 1 .'> atrotini  olib,

hos i l a  u c h u n  (7.5) i fodaiu e ’t i b n iq a  olsak,

'.'л t-(- .̂(i) u c h u n  ■ p i - (i

Vt с (0.  ̂) u c h u n  m o . '  о

bo ' l i sh in i  topamiz.  Demak,  /'(<) hosi la v <> nuqtani  o ' l i shda  o'z 
i s h o i a s m i  " i " dan 11 " g a  o ’zgar tuadi .  Ravshanki ,  bonlgan  
f u n k s i y a  л -, о nuq ta da  uz luks i z .  D^inak, bpu lgan  funks iya  \ о 
n u q t a d a  m a k s u n u m g a  oga  v<i u i n n g  maksunum q i ym a t i  /<<>> ч,

Г-.ridi v -< nug ta n i  q a i a y l i k  Ru nuqtanmg  ( 7 - -\  at roimi

olib, (7.5) d an  foyda lausak ,



bo' l i shini  lopanii/ IVmcik /'Ы hosi la ' n u g t a n i  o ’ l i s lu la  o7. 
i shnidsnu " " <lciu " g a  o 'z ga i i i t a d i  B e i i l g a n  i unks iy d  v •* 
nuq l ad d  uzl i iksi/ domak,  u » < nuql ad d  m m im u n i y a  nga va 
l ining Ш1П11Ш1Ш ( 11 у in <i t i -, •*, о N»ho\al v I n u g l a d a  b .m lgan  
fun ks iy a  mirurmiingd n g a  bo ' l i sh i  v u g o n d a g i d o k  ko i s a t i l a d i  ►

V .  l u n k s i y a  »‘k s t r e m iu n i n i  l o p i s h d a  l i n i n g  y u q o r i  ta rt ib l i
h o s i l a l a r i d a n  l o y d a l a n i s l i .

H  funks iva  .,«■ (a.M m .q t a d a  r  r .  ./■” h o s i l a l a i g a  o q a
b o ’lib bno i  n : 2  son u r h u n

i '< ) / * ю  - - /" n(\,)- 0 ' 0 1 ’ *
b o ’lsin.

d) A g a r  »/-j i i tt  son,  y a ’n i  » 2m (w <• X) b o  l ib,

b o ’lsd. л ■ i l unks iva  v„ nug td d d  maks im uinqa ,
i '  '('„)• i 11 

bo' lsa ,  /(X) funks ivd Л-, n u q t a d a  min imuingd oga  bo' lddi .
< I Idq i qa t a r i  b<iin, t{x) f u n k s i y a  u r h u n  u s b b u

I '(A ) ! ” '4 ‘«l >y  ̂ 1 *.
a o  " /<»„)+ j, - V )4 * (л 1 *

Oy lo i  lo imu lasu l an  y u q o n d a g i  (7.6) s h a r t l a m i  e ' t i b o ig a  olib 
(opdiiuz:

t f i/(X)
/ (  ,  )  ^  / ( . V ,  )  t  U  * „ )

b un da  < *.r, da  « ( -0--><)■ Key in g i  tpnyhkn i  q u y i d a g i r h a  yozib 

oldmi/:

»7!
Г'и„)*г> Vd л -> », d a  a ( A) >1) b o ’ lgan i  sababh ,  .v mng v0 ga 

ye td ih  y a q in  q iyn idt ldr ida  ( * е ' ' л(>г0) lai  u rh u n )  г  \х )̂ + а (*i rung 
i shoras i  mng i shoras i  kdbi bo ’ladi

K a v s h a n k i ,  n 7m b o ' l g a n d a  ( * - *„ )  - (v - x„)im > »  b o  l ib,  *eiy,(x„) 
d a  /(v)-r(r , )  a y i r m a n i n g  i s h o r a s i  Л"(>,) n i n g  i s h o r a s i  b i l a n  b i r  x i l  
b o ' l d d i .  D e m a k ,  b o ’l g a n d a  V a í / ; „ < 0  u r h u n  /о)-Г(д0)<о
y a  n i  i(x)< /(л,,) b o ' h b ,  /< v) f u n k s i y a  x„ n u g t a d a  n m k s i m u m g a  p g a  
b o ' l a d i .  / 1J‘4 * , J * 0 b o ' l g a n d a  osa ,  " » f i  , (a„!  u r h u n  /(л) -/(*„)><) 
y a ’ni  /(*)> fCO h o ' l i b ,  /(*■) f u n k s i y a  v, n u q t a d a  m i n i m u i n g a  p g a



h| A ( ï*u  «  l o ( l SO!l ' V' l ' r i i  »  , I V, h, /Isa, /( , )  i .mksiva  
' n u q t a d a  p k s t i r m u n iq a  pga b o ’lnidydi

< 1 l aq iq a tan ,
' . ) IH'huil О 

• ' ' ■, • ■' i u ( ' l iuii i , \ i . , 
l (*mjsi/hklai  u m i l i  bn' l ib, i. nuqtcminq ."л j  a b o l i d a  (( ,„)• 
n m g  i sh o ia s i  s aq lanm ayd i .  Bu hold«» (/./) dan ko' r inad iki ,  /- ' (a-., 
nmq i shoras i  hai  q an d av  bo ' lq andd  ham • , m )  dvi rmaninq 
ishords] o ’zqa i ad i .  Ru esa , miqtdda  cks t iomum yo 'q hq im  
a n q l a l a d i .  ►

7.2 —i i j isol .  /<o ■ , j l lM funks ivani  pks t rpmumqa 
fpksh inng .

< Hu fu nks iv a  rn-hun 2чп, bo' l ib,  u v-n nuqtada  
n<>lqa a y l a n a d i .  l ) (>mak. , a stats ionai  nuqta.  Bcai lqan 
t u n k s i y a n in q  y u q o i i  t<n tibli ho s i l a l anm lopib, u la rm nq t о 
n u q l a d a g i  q i y m . i t l a imi  hi soblavimz:

M  O \ > ' 2cusx. / "i 0 ) i,
■ ■ • ‘ t 2  s i n  x  , / "’( I ) ) к

' 1 1 1 - • .\iin . , / ' ■ ( и j 4
Ju i l  t a r t i bh  hosi la  > и n u q t a d a  noidan ta iqh bo' l ib.  u musbat 

m q.mi  u c h u n  b en lq an  h m k s . y a  , - ( )  nuqtada  m in m m m q a  pqa 
tn> ladi.  S h u  n u q t a d a  l u n k s iy a  q iymat m i  lusoblaynuz:  /((') i ►

\ u q o u d a  kp l tm lqan  qo idadan ,  xususan,  „*2 bo ’ lqandd 
qu v id a q i  na t i j a  kol ib rhiqadi .

2 - n a t i j a  Aqar  v, n uq l a  /( 0  fuuks iyan im) stats ionai  nuqtasi  
bo' l ib,  n . r 0b o  bo ' lg anda ,  /(*) lunks iy a  *„ nuqt ada  
ln a k s in iu ing a ,  /'(.*•„)••() b o ' l q a n d a  Г(л) lunks iy a  nuqtada  
m i n im u m q a  p g a  bo ’ ladi.

I “, H i n k s i y a n i n q  e n g  k a t t a  v a  en g  k i r h i k  q i y m a t l a r i  Biz 
d w a l g i  b a n d l a r d a  funks iy amnq ^kst rp inumlai ini  o ’i q a n d ik  va 
funks iva  b i ror o ra hqda  bir  n e c h a  i i idksmtum va min imumlarqd 
ogd bo 1 isbi  m u m k in l i q m i  ay t ib  o ’tdik,

l ;ndi  t u n k s i y a m n g  ong kat td vd onq kic luk q ivmat la rmi  (»pi sh  
masa l as i n i  q a i a y n u z

' ,M fu n k s iYd s(1<jnipntda a n iq la n g a n  va uzluksi/. bo' lsm. 
V 'pvpisbtrassnmq ikk im hi Ipo jomas iga ko' ta - bobdagi  8 
t p o i r m a q a  qa r ang )  tunks iy an inq |,,Л| da  nng kdtta hamdd ong



k i rh ik  (j j viiidt kil l  ni«iV|U(l bo' ladi  v<i bu qiymdl ldTqa |:/| 
^ngamntning n uqM la i id a  ensh i lddi .  bu i ik s i yd i i i nq  <>nq katt.i 
cjiyuicili quy iddqu h<) topilcidi:

1 ) íi\) lu n k s iv d i i i n q  { '■ mti ' i va lddc j i  n i d k M i n u m  q iym at ld i i  
lop i l ad i .  1 unks i ydi i i ru j  hd tun i d  т а к м п ш т  q i y m a t l d t i d a n  iboidl  
to 'p ldl l l  {m¡i\/(,|¡ b o l s í n .

?)  I 'unksi  ydiiiiH] i/./.j seqn i i ' t i tnmq cho gd ia ld i id dq i ,  ya 'm 
1 h iniqtdldiddcji  /(,/) va ![/,) q i ym d t la r i  hisoblmuidi 

Sc/rigid {inn\ /1д)} t n ’p l a m m n g  b-urhd i ' l em ont ld i i  bihm /(,,i vd 
!(/') l<ir taqqoslanadi .  Mu qjyin a t Idi i ch id a  e n g  kat tas i  /(.) 

funks iy an ing  |»./=| s r q m o n td a g i  eng  kdttd q i yn id h  b o ’ lddi.
Sh u n g a  o xshdsh fu n k s i y a n in g  png k i r h i k  qiyir idt i  topi ladi :
1 ) /(ai l u n k s iy an in g  i n t n v a l d a g i  b a r c h a  minimum

q iym a t la i i  topilib, u l a id a n  |min /(\i{ to 'p lam tuz i l ad i .
?)  [.i. />( RfMjmcntning rhpgdrdlcin . , . x - f  nuqtd ld idd fix) 

funks iyan ing  ' ( .п./г ’') g i yn id f la i i  hisobldriddi.
{mm /(a)¡ to ' p lamn ing  barcha  pl^montla i i  h a m d a  t{„) ,nh)  

q iyu id l la r i  i chida  ong k i e h i g i  n o  funks iydn ing  |,/./;| spgnipntdagi  
ong k i r h ik  qiymat i  bo’ l adi .

7 . 3 - m i s o l  Ushbu M \ ) - Min V2 ) fu n k s i y d i u n g  | чя. 1 v;5ir|

spg inentda  png k d t t d  va o n g  k i r h i k  q i ym a t l a n n i  top ing.
< Funksiyd hosi las ini  no lga  tpnglab,

stat s ionai  nuqta okanini  topam iz  Bpu lgan f u n k s i y a n i n g  ikkinchi  
tartibl i  hosi ldsiru htsob laymiz:

/ '( .v )  - 2cos( > ' ) 4a ’ siti( v : )

Bu hos i laning stats ionar m iq t a l a rd a g i  q i y m a t la r in i  topamiz:

Bundan  j ( x )  -■ sin( r ; ) l u n k s i y a  д . и n uq ta da  m in m iu m q a ,  г

tong lamani  qaraymiz.  IJm ypchib v о

/ "(0)- 2 • 0. / "(
t

2 п П. / "(- ) - . 2л ■ 0

J   ̂ . nuqtdlardd psa m a k s im u rn ga  ori shi shi  k r l i b  rh iqad i  

i -unks i ya ihng  s tat s ionai  nuqtdldrdaqi  q i y m a t la r i



b o '  III), ш  шн |  I • \ « ' \ I s e g m e n t  n i m j  c h o q a i a l a i  i d a q i  q i y m a l  l a i  i

i J :
> •»' П  I 11 :  ( - J  v  : I

b n ' l a d i .  Hu q i \ m a t  l a i  ni  l a q q o s l a h  /Ю 'ini > ) l u n k s i v a n m q

I чд  ̂ ч^л’ I s e g i m ' n t d a q i  fHiq k a t t a  q i y m a t i  t ga .  e n g  k u i n k

qivmat i  o sa  4 “ ' o n y  bo 'hsh im topamiz.  ►

3 —$. l u n k s i y a n i n q  q a v a r i q l i g i  va bot iq l iq i

M.i  f u n k s i y a  \i.h) mt iMVa lda  a n i q l a n q a n  b o ’lib, b u  j n t e i v a l d a n  
o l i n q a n  л, (a.h) .  v. •-(.-//>) n u q t a l a i  u c h u n  v. - v. b o ' I s m  R a v s h a n k i ,
I ■ ■ 1 . i '■ i

I-.iicli /(\) i u n k s i y a  q i a l i q id a  /( v, )). ¡4 x• • / И )> n u q ta la m i
o lay l ik .  M a ' l u m k i  bu . i( v.. j  ( v, )). H(x. f\x.)) m iq i a l a i d a n  o ' t u v c lu 
to ' q ’n  c h m q  tenq lamas i  q u y i d a q i

>■ f (-\) _ > >,
'(V. ) • / ( V, ) >

k o ’n m s h g a  P4ja b o l a d i  Uni

, '  / I X , )  1 V  s  / Ï O
' '-I v • ' 1

kabi  yo/.ib olib,  qu lav l ik  u c h u n  b u  tong lamaniny  о n y  tomonini  
/(v) o rq a h  b o lq i l a y l i k

'  . -  X  A X -
l(x) ■ .'(■'») + /('";)

' • r, V ' xi
Dc'inak, v=/(x) tong l ama A(x, /{a-,)) va H(x,./(.*,)) n u q t a la id a n  
o t u v c h i  t o ' g ’ri c lnz iqm l toda l ayd i .

3 —ta ' r i f .  A g a i  bar q a n d a y  (л-,,А-г)с.(«-;’) o l i n gan d a  ham
v .u . - ( \ , . a , )  u c h u n

/ ( \ ) 1 /{ V) (/(Л)< /(X))
t f 'nqs iz l ik  o ’rinl i  bo ’ lsa, /(x) i u n k s i y a  (<;./>) inlorva lda botiq 
( q a l ’ iv b o l i q )  funks iva  dob a ta lad i .

Bot iq f u n k s i y a  graf iqi  (34 chizina) i va и nuq ta la rdan  
o ’tuvch i  /(v) v a t a id a n  pas tda  joy la shqa n  bo ’ladi.



У

в

X

34 - ( hizrna

X

4 t a r i f  Agar  l iai  q a n d a y  (х, \,><_(a.b) o lm g a n d a  ham
Vxf(A:.v,) uchun

axXHx)  (/(r)../(A)) 
t i ' i i gs izhk o 'nn l i  b o ’lsa, /(.»•) funks iya  (U,h) intorva lda  q a v a r i q  
( q a t ' i y  q a v a r i q )  i u n k s i y a  dob ataladi .

Qavar iq i u n k s iy a  gr a f i g i  (34 chi/.rnaj л va n nuq ta la rdan  
o ' tuvch i  /(>) v a l a rd a n  v u q o n d a  j o y l a s h g a n  b o ’l adi

I -unksiyanmq hosi las i  yo rd a mida  u n i n g  bot iq l ig i  hamda 
q ava i iq l ig m i  tokshir ish muink in.

/1 4  funks iya  (a.h) in to iv a ld a  a m q l a n g a n  b o ’lib, bu intprvalda 
cl ipkl i  /'(r) hos i l a g a  e g a  bo' lsin.

4 —teorema,  '(x> funks i ya  (<,./■) infprvalda bot iq  (qa t ' i y  bofiq) 
bo lishi uc hun  l ining f\\) Jiosi lasi  (a.h) da  o' su ve hi (qa t ' iy  
o' suvchi ) bo' l i shi  zarui  v a  ye tar l i

< Zarur l ig i .  /(x) f u n k s i y a  (a.h) d a  bot i q  bo' lsin.  LVmak, 
\ е { а . Ь \ х г е { а . Ь ) ,  v, < x, b o ' l g a n d a  У A’ e (x,, x, )  Uc h UT l

/(r)<--2- ' V f ( x ¡ )  + . x ~ xK  , ( х Л
x :  -  X .  X ,

bo' ladi .  Bl indan
(л, -x)/(x,)4(v, - )./( x) + (x- X, )J\X} ) 0

bo' l i slu kpl ib clnqadi .  Kpy ingi  tnngs iz l ikda  x, ^  д) + (Л--х,) 
dob quv idaq in i  topamiz:

/ Ю - / Н  7
V X,  X .  1

Shu (/.8 ) tongs iz l ikda avva l  x » v, da, s o ' n g  x >x, da  Umitga 
o ’tsak,  u ha lda

A-.-,)
1 -  ' “  x , - А X ,  • A,



bo lib. n « l i g a d a  tju\'i(Ituji

t^ngsizl iklai  k n h b  chigad i .  IVmak,  M>: ) / ’< v; >. S h unday  gi l ib,
s -д-. bo ' lgaudc i  /Ч X, ) • i bo' ladi .  Ни csa inloiva lda  /с., 
i i in^ o s u v c h i  o k a n im  bi ldu.ul i ,

F.iHi / ( 0  i u n k s i y a  u,J-\ intpiva ldd g a t ' i y  bol iq bo' lsm Eiu 
ho lda {.,8) t c ng s iz l i k  ushbu

П х )  / ( \ , ) _  /( v. ) f ix )  ( V i ) j

ko ' r in i shda  bo' ladi .
Lagian j  t* o.(Mntisiqci (fi bobdagi  1 t po iemaga  qarang)  k o ’r<] 

M о  - -/ (* ,  )
- ;  '  u j - d ,  < - o-

/ J i j  Мл)
-■ ' -  xt )

bo ' l ad i  S o 'n g r a

-vt -4 bo ' lg anda  Г(х, ) < )
. . . .  , . , 4Д‘ л' b'>’l'J<mda r (,S)< f (x . )

topamiz  °  0 l l S h l m  Mmd“ tongs id ikn i  e ' . iborga  olib.

Dp.mak . /(,,)</< v . ) . b tmndav цш, ,  , ,  ,  t, b o ' lg an d e  ,•„,>,,•<* ,
V '■ rV- r w  lu [ lksI ' " 1,llm) 'M' iv o 'suvch i l iq in i  ang latad, .  ‘ 
Ye  a t h h g , .  /( , )  f unks iy a  (,/,) ' , l tprvaldli  , hpkll  /.(л) hosll

<‘ g a  b o  l ,b,  u  о s u v c h i  ( q a f . y  <ys u v d l i )  Ь о Ъ ш  DMJ k 
v * , e . «U,)  u c h u n  b o ' l q a n d a

t rngs i/ . l i k  o'riri l i .  Ya,1(, La gr an ,  t eor . -mas idan  
roydauinib lopamiz :

/'(■*-) -  f  { A ,  )
. - / <̂1 >■< Vl *, <-)

( 7  1 0 )
/ ( -V) - / ( \ ) , n  ...

-----  - / ' ( C . M v < 4*. < ,v . , <7 “ )

bun da

Domak,
i ' -• i ' v ' ' - • ' • ( /. 1
b o ’l g a n d a  Л О  (/ 4 4 , ) ,  t, n g s iz h k



n ' tmli  bo' ladi .  U l iolda (’/.)()) va (У 11) i m i n o s a b a t l a i dein
/(■VI / ( v . ) .  Л ' . )  /[ . О I” /t  Х> / ( ' , )  /( -X, )  / ( v ) j

b o ’lishi kehb c lnqadi .  S h u n d a y  (jihb, Vv, <• <„./>). Vv. < (.,/,} va л, • i 
b o ’l g anda  (bu holda (У 12) qa  к о ’ы  -, • bo ' l ad i )

/ (*) f'(^) /{X . ) /<>) I /(V) / ( л ) I i \ . ) /(V)4!
1 • (  x .  <  X  *- V,  )1 '• r « ». » 1

i engsiz l ik lar  o' un i  i bo ' l a d i  Nat i j ada (У.8) inunosabat larm
e ’t ibo iga  ohb, /(v) f u n k s i y a n in g  {a.h) i n t e r v a l d a  botiq (qat' iv
botiq) e k a n i g a  i shonch hosi l  qi lamiz.  ►

Xuddi  s ln inga o 'x shasb  q u y i d a g i  teor em a h a m  î sbot lanadi .
5—teorema.  /(<•) f u r\ks i ya  (,i.h) i n t e r v a l d a  q a v a r i q  (q a t ' i y

q a v a r i q !  b o  h s h i  u c h u n  u m n g  / Чл ) h o s i l a s i  (,i,b) d a  k a m o y u v c h i
( q a t ' i y  k a m a y u v c h i )  b o l i s t a  z a n u  va  y e t a r l i .

f (x) funks iya  (,i.h) i n t e rv a ld a  a n i q k m g a n  b o ’Hb, shu intervalda
и ikkiiH hi tarl ibl i  hos i l a g a  e g a  bo lsín,  Hundan  tashgari
Uh)  înterva ln ing  haï  q a n d a y  (u./i) i(«.//)c(u.A).m*//) q i sm ida  /'(.n
a yn a n  no lga  teng  bo lnuisin.

6~ teorcma.  /(c) f u n k s i y a  (a h) i n t r r v a l d a  b o t i q  (q a v a r i q )
b o l i s h i  u c h u n  s h u  i n t e r v a l d a

t c n g s i z l i k  o ' r i n l i  b o l i s h i  y . a r u i  v a  y r t a r l i .
A Z .mir l ig i  /(v) f u n k s i y a  (a,h) i n t e rv a ld a  bot iq  (qavariq) 

b o ’ls in U holda y u q o n d a  kel t i r i l gan  t e o r en m la rg a  ko'ra, 
i unks iy an in g  /'(.») hos i las i  (a.h) in terva lda  o ’su v c h i  (ka inayuvchi)  
b o ’ladi.  F unks i y an ing  î r ionoton bo' l i shi  h a q i d a g i  2 — teoremaga  
k o ’ra t '( r)>ü (/”(.v)<0) bo' l isf i irn topamiz.

Ye tar l i l i g i .  Endi (u.h) intprva lda  f u n k s i y a n in g  ikk inch i  tartibh 
hosi las i  uchun  ushbu /'(.v),-о (/'(.v)iO) t e n g s i z l i k  o ’r inl i  b o ’bin.  U 
ho lda  yann fu n ks iy a n in g  monotonl ig i  h a q i d a g i  2 teoremaga  
k o ’ra r\\) hosi la  {u.b) m torva lda  o ’suvchi  ( k a m a y u v c h i )  bo' ladi  
Bundan A — t eo r em a g a  (5 te or emaga)  as o s an  /(O funksiyan ing  
Uh)  inte iva ldd botiq (qavar iq)  b o ’lishi ke l ib  c h i q a d i . ►

7 .4 -m i s o l  Ushbu
1Д - I

/ ( A )  •
\ \ V

funks iyan ing  qavar iq l ig i ,  bot i q l i g i  dniqlansin.
< Beri lgan funks iya  ( iba.) da  a n iq l a n g a n  b o ’ lib, x-\ nuqtada 

hos i l aga  ega  bo ’lmasdan ,  q o lg an  harcha  m i q t a l a r d a  hos i l aga  ega.



Agai  \ i (о I) bo'Is«i 

. il • ' i l>o'ls<l,

bo ' l ad i .  Domak,  /(») hu ik s i\ a n in g  ikk inch i  tait ibl i  hosi las i  \ s 
n u q t a d a  n o l g a  tong, v ! n u q t a d a  osa mavjud (“mas

Ravshan k i ,
.•6(0.1) dd / *1 \ ) >0.
V 6 ( l . ' l  d o  1 "( v ) • o.

. t- (“vw )  (id /V)  -°-
b o ’ladi.

Domdk, bor i lg an  funksiyd (0.1) o id l iqda botiq, (1.Л) ora l iqdd 
qa vanq ,  (5,+«.•') o ia l i qd d  botiq bo' ladi .

2U. F u n k s i y a n i n q  eg i l i s h  n u q l a l a r i  Funksiyd hosi lasi  
vordd i indd l in in g  ogi l i sh n u q t a l a n n i  topish mumkin .  /{» > 
funks iy a  -v„ n u q t a n m q  a t iof idd an iq la nga n  bo' lsin.

5 - t d ' r i f .  A g a r  /(v) tunks iy a  -л.л,,) ordl iqdd botiq (qavanq)  
b o ’lib. (\„ л i л) ordl iqdd osd q a v a i i q  (botiq) bo' lsa,  u ho lda v„ 
n u q t n  f n r k s i y a n i n g  ( f u n k s i y a  g r a f i g i n i n g )  e g i l i s h  n n q t a s i  dob 
a ta ladi .

/(<•) f u n k s i y a  d a  lkk inch i  tartibl i  '"(<-) l ios i ldga oga
b o ’lsin. A g a i

Удк(л„ Л.а„) u ch u n  _/'(r)> 0  ( / V ) -  0)
V . \  g ( . v c .  <„ ч  r f )  u c h u n  /  " ГХ )  i :  0 ( / " ( O ' " )  

tenqsi/J ik o 'n n l i  b o ’lsd, u ho ld a  (>„-¿..v,) dd /\a) o ’suvchi  
(kan idyuvchi ) ,  (x0.v0 (^) da  f\x) k am ayuv c l i i  (o'suvchi) b o ’lib, 
/ ’(a) f u n k s i y a  .vu nuqtdda  e k s t ro m u m g a  onshadi .  U holda д„ 
n u q t a d a  /"(*„) -o bo' ladi .

Domak,  /{v) funks iyan ing  ogi l i sh nuq ta s id a  lkkinch i  tarl ibl i  
hosi l a  f ’(.x) n o l g a  tong bo ’ladi.

7 .5—m i s o l  /(0 = <- f u n k s iy a n in g  ogi l i sh nuqta lar i  lopi lsin.
4  R avshank i ,

/■•(V) 2c  (2v; 1) 

b o ’lib, u ta q a t  ' -  - ^  n u q t a la td a  no lga  ay lanad i .



15u lunkMvamnq l k k im  hi fartibli hosi las i  ( - x2) va t ' >n 

intei  valda Y ’ V l  seqm en td a  psa / " ( w o  bo ’ladi

Domak, /(vi <• l u n k s i y a  (-•» - ) i n t er va ld a  qa vanq ,  [ ' “ v ‘ | 

se g m c n ld a  hotiq va i ' V - x) interva lda  y a n a  qavar iq  ho ’ladi
‘ -> '  ̂ I

H in ks iy a  g i a f i g in inq  <- t n u q t a l a r i  uninq pqi l ish

n uq ta la i id n  ►
3(\ l u n k s i y a  g r a f i g i n i n g  . i s i in p lo ta l a r i  /{o funks iya , , c R 

n u q l an in g  biror atrofida a m q l a n g a n  b o ’lsin 
t j - l a ' i i l  Agar ushbu

l im  / ( x ) .  I im / ( . r ) .

l imi t l a idan b in yo k i  ik ka la s i  rhek s i z  bo' lsa ,  v to ’g 'n  chi/.iq 
/ ( a )  funks iya g ra f i g unng  v e ib k a l  as imp to tas i  dob ataladi .

Masa lan .  i 1 funks iya  graf ig i  uchun  .t = 0 t o ’g ’u  chiziq vei t ika l

as impfota  bo' ladi .
Aytayhk fun ks iy a  (./.4*),  (( <c.a)) o i a l i q d a  a m q la n g a n

bo' lsin.
7 - t a ’rif Agar sh u n d a y  k va h sonlar  m a v ju d  bo' lsaki ,  » > *«. 

da  n\)  funks iya  ushbu
J(.x) = kx + h t u( k)

ko ' r in i shda  l fodalansa,  (bunda  Iim «(x) - 0 ) y ■ k.x \ b t o ' g ' n  chiziq
f(.x) funks iya  g r a i i g im n g  o g ' m a  a s i m p t o t a s i  d e b  a ta lad i .

Masalan,
.»*• *x-2

>(x)= —> +1
funks ivan i

/ (A ) - >r- 2
V 4 I

ko ' r in i shda  vozish mumkin l ig i  va r -* da  «(r)  2 ->n

b o ’l ishidan v ^ x - 4  t o ' g ’ri chiziq funks iy a  g i a f i g i n m g  og 'ma  
as imptotas i  ekan i  kel ib chiqadi .

7 - t t ‘orema.  i\r) f unks iy a  gui f ig i  y^kx + h o g ' m a  asi inptotaqa



/to
lim a 4 Inn ( . ' ( ' )  к \ ) /•

l i im l l a m in q  o' 11 tili bo ’lishi /<mu va veta i l i
< /.cirui l iqi  M . funks iya  y ia ftq i  i л  i /■ oq ’ma asn i ip lo taya  

*‘y<i bo ' l s in .  O q ’ma asimptota t a ’ i if iqa ko ' i a
) k.x ï h * I<( \ )

bo' l ib,  b u n d a  V >\< da </i\> > o bo' ladi .  IJ bolda q u y id a y i l a i q a  
egamtz:

/ ( И  k.x • <e{x) (  >• u ( \ ) \
Inn - lim •• Urn I A' 4 1 --

, .... x . . - ̂  , у !
lim (/(л) kx) ■ lim (/’ + </(\)) />

Yetar l i l i ç j i  Ushbu

lim '  ̂ * k. Inn ( / ( i  ) - bx) 0

l imi t l ar  o ' l i n l i  b o ’lsin. U holda,
lim (/(<) - A.' i h. dan  - h  ■ u(x) ■■>() kf‘lib chiqadi .  Demak.

X  — *  ( »  del
/(<)-• Lx t- /• + u (x )

bo ’lib, Inn «(л) о bo' ladi .  Bu osa у  --Ь • ь to’g ’i i  rbi/.iq funks iya  

g r a h q in in q  o q ' i n a  as implotas i  okan in i  b i ldnadi .  ►

7 .6—m i s o l  Ushbu /(\) = - -A-- lu nks i y a  q i a l i q m i n y
(л I)

asimptotalci ri  topi lsin.
M Bu f u n k s i y a  uchun

¿ - inn lim 1 , i domak,  к I ;
X  .......( V  1)-

/ ,t ^
h -  11 in ( f{.\ ) - k x )  ~ Inn -—  * л 1-2 d emak,  />-2• (л -- 1)' I

S h u n d a y  q i l ib ,  Ычйуап tu n k s iy a  y r a t i q m m q  og 'ma as imptotas i  
у = x +2 l o ' g ’n  c h m q d a n  iboral  ►

4 —§.  i :u n k s i y a l d r n i  t e k sh i r i s h .  Graf ik la rn i  y<is«ish

Biz. u s h b u  bobnmq o ’t y a n  pa i aq ra t l a i i d a  funks i ya la rn inq 
o ' z q a n sh  x a r a k t e i i n i  hos i la l ar  yo rdamui a  o ’rgandik.  Bu ho] 
l u n k s i y a l a r n i  v aq q o l  tasavviu  et ishda,  s lumincjdrk,  tunks iva



g i a i i g iu i  d inqroq vdsa shda  qo' l  k d a d i .
Funks iva l ami  tf-'k^hnish va i i i an i i n g  k.lcii ini yasabhni

q uy idag i  sxiMiki b o ' y i t h a  o)ib b o ib h  m a q s a d q a  muvoi iqdi j :
1. F unks iv an mq a m q la m s h  sohasmi  topish,
У l u n k s n a n i  uz luks i/ l ikka  toksh i i i sh  va u/.ihsh nuq ta lann i  

topish;
Л F unks iv an ing  j u l t . toq hainda d u w iv l i q i n i  aniqlasdi;
•I. Funks ivani  m onoton l ik ka  tpkshiush;

Funks i van i  <‘kstr<jinu mgd  tokslurish;
(> Funksivd g ra i i g j i unq  qav a i iq  h a m d a  bot iql iqini  an iq lash,  

'Hjilish miqta la r in i  lopish;
/ Funksivd  qr ahq in inq  a s impto ta lann i  topish;
H. F u n ks ivan m q  haq iq iv  l ld iz la i ini  ( aqa i  ula i  mav jud b o ’Fsa), 

sh un in qd pk a i gu i l l a n t  . n inq b u  i iochta x a i a k t e r l i  
q i y m a t l a n d a  fu n ks iy a n in g  q i y m a l l a r m i  yasa sh .

7 . 7 - r n i so l  Ushbu
i - 1 /(>)= ;» 4 I

tunks iyan i  tp k sh im ig  va g i a t ig in i  y a s a n g .
■4 HiMilgan funks ivd H ( /..-x) d a  a n i q l a n g a n  va uzluksiz.  Hu 

funks iya  u t h u n  tpnql ik  o ’nn l i .  Oemak,  /(л) jutt
Iunks iya  ( l in ing graf ig i  OY o 'q iqa  n i s b a t an  sinmiPtt ik bo' ladi ) ,  
i lni [u. tci j o i a l i q d a  tpkshir ish yptarl i .

Funks iva t i ing  b innch i  va  i k k i m h i  ta r t ibh hos i la l ar ini  topamiz:
•b •„ -HI ' Vf)

'  w - j i ‘ +w
F unks i y an ing  b innchi  t a i i ibli hos i las i  [o. ixi o rahgda  m a v ju d  

va V = о n u q l a d a  no lga  a y l an ad i .  Shu д -ii n u q t a d a  i kk in ch i  
l artibl i  hosi lan i  hi soblayiniz :  /'(0 ) = -»-u.  B ur id an  bpri lgan /(.t) 
í u n k s iy a  V i) da m in im u m g a  oga va  da  mm f(x) = - l  bo ' l ad i .
Fndi  , -o da  / ’n i 4 o. bo ' l g an iddn  b o r i l y a n  fu n k s iy a n in g  |0.+^) 
o ia l i qda  o ’suvch ihg in i  topamiz.  S o ' n g i a  u sh b u

i - l „ „ / U ) = lm ,- <; -П .
, . . 4 ‘ ' t  ' 4 I A

/ Inn ( / ( a )  h;) - Jim -, * 1 ...... ■ f 1
l innt larqa ko ' r a  v - - )  gor izonta l  t o ' g ’n  rh iz iq  /(r) í u n k s i y a  
g i a f i g m m g  as imptotas i  p kan ig a  va

• m -  I \ * - I -.• i I i i l



tpnçj sizhkka ko ' i t j  l u n k s iy a  gr a l ig i  as imptotadan pas tda  
|oylashqan b o ' l i s h i g a  î shonch hosid qi lamiz.

Fu i tk s i vdn inq  î k k m c h i  tciitibli lmsi lasi  |or+x) ora l iqnmg x- ^

nuq ta s id a  n o l g a  a y l an ad i .  Ravshanki .  0 <. x <- ^ da ;"(x) n,

1 <-x^-kc d a  /"(x)<0.  Dcmak,  /(>) funks iy a  (". -?-i in terva lda 
\ 3 \ 3

botiq,  m t e r v a l d a  q av an q  bo' ladi .  1 miqt a  funks iya
\ 3

g r a f i g m m g  e g i l i s h  nuqt . i s idan iboiat .  Be i i lg an  funks iya n ing  
graf ig i  35 c h i z m a d a  tasv ir l angan.  ►

1

35 chizinu.

5 —$. A n i q m a s l i k l a m i  och ish .  I .op ita l  qo ida l a r i

Biz i u n k s i y a l a m i n g  l imit ini  o ' r g an i sh  j a ta y o n id a

—,0 • «,oc- x,os.oo°,i* ko ' rm is h d ag i  an iq m a s l i k l a m i  ochish b i l an
I) 00
s h u g ’u l l a n g a n  od ik .  Teg i sh l i  tunks iy a la rn in g  hosi la l ar i  mav jud  
b o ' lg anda ,  b e r i l g a n  a m q m a s h k ld m i  ochish masa las i  b i rmunc l i a  
yp ng i l l a shad i .  O d a t d a  hos i l a l a idan  foyda lan ib  an iqm as l i k la m i  
ochish LopitaJ q o id a l a r i  d fb  a la lad i .

I o. Ц k o ' r i n i s h d a g i  a n i q in a s l i k .  M a ’lumk i ,  da

g(x)-*()  bo ' l sa ,  msbat - ko ' i i in shda g i  an iqmas l ikn i
«<*) 0

i toda layd i .  K o 'p m c h a  .r~»a da  ! - x) n i sbatn inq l imit ini  top ishga
я( ' )



qat aq an dd  M ‘ f msbatm nq  Imntini  top ish  oson bo'l«idi RuI) 1
nis lmtlar l i rni t l a ining tpnghg ini  q u y id a g i  tooiPind k o ’i satad i

8 —teorerna.  ( ,/>) i n t c r v a l d a  u z l uk s iz  /(<> v a  x(x) f u n k s i y a l a r  
ii(-lini) uslil)}i s h a i l l a i  b a j a i H g a n  bo ' I  s i n :

1 ) lllll /(.>)- (I. Inn i;( i i - o.

2) (a.h) d a  c h v k h  :\x) v a  x'{>) h o s i l a l a r  m a v j u c t  v a
lim

U h o l d a

lim -1 ^  --k (k c h r k l i  y o k i  c h ck s i z ) .

l,n, / W  l „ „ / , W  = i- 
‘ A'(-r) '  ”  ¿»'(x)

t e r i ql ik o ' t i n l i  b o ' l a d i .
< Agar

/(fl) = o. x(«i = o (7.13)
dob olinsd,

Inn f { x )  = 0 / ( c l ) ,  lim # (x ) - 0 f  H {a )

bo' l ib,  f(x) va ^(v) funks iya la r  o r a h q d a  uz luks iz  bo' ladi .
Vac i o . b )  nuq ta  olib, |«..v| spgm en tda  /(<) va ¿»(x) funks iya la rm 

qa iaym iz .  Koslu toorpmas iga  k o ’ra a b i l a n  x o ra s ida  sh u n d a y  c 
v<i> c - -x)  nuq ta  topi ladiki ,  ushbu

I  < x ) -  !  {a )  _J \c)
¿.’O')•-«{«) x'(c) 

tpngl ik  o ’l inl i  b o ’ ladi Bu ton g l ikdan  psa (7.13) g a  ko' ra
t(x) f ' ( c )
k{*) « ’(c)

b o ’l ishi kpl ib ch iqad i  Ravshank i ,  x->a d a  c -> a .  Demak,

7 . 8 -m i s o l  Ushbu

/(*) r i\c )  , = lim ■ — k.X(x) ■ - g'(c)

l ll(  t  + I?)Imi
• ,0 arcsm x

l imitni  hisoblang.
■4 Bu holda

!  ( j t )  - ln (x  + c ) . ^ ( j r )  = a rcsm  x

b o ’lib, u la r  uch un  8-  tporpmaning  b a r c h a  shar t l ar i  bajar i ladi  
Haqiqatan  ham,

1) !im f{x) = lim(f"' !n( x + <•)) - 0. lim ^(x) = lim arcsin x - 0 .



' ’ ) ' ' (О - 2 с  ' 1 , . ' l 0  ,  1 . X1 .  I
4 I г'

3 ) lim '  {x )  - lim |(2
•Ü .¡''(О ■ t ,/| , ,

bo ’ladi.  U h o ld a  8 tf^orpmaga ko'm
- ln ( л t (.•) ! ' ( X )  I

411 • ;  h m  - 2
'л a rcs in  '  » x’ ' ( v )

bo' ladi .  ►
Lapital  q o id a l a r m i  i fodalovehi  koymqi  tporpinalaini  isbolsiz 

kel t i ramiz.
9 - t e o r e r n a .  (<-.+-c) i n t e r v a l d a  a r i i q l a n g a n  /(o v a  ¿(x) f n n k s i y a  

l i c h u n  i i s h b u  s h a r t l a r  b a j a r i l g a n  b o ' h i n :
1} lim J ( x )  (>. lim # (* )  - 0;

2) (c.tx) d a  r h e k h  /\X) v a  h o s i i a l a i  m a v j u d  v a  x\x)*Q
3) inn ■' -a- (k c h e k i i  y o k i  c h ek s i z ) .  U h o l d a  . . -g (X) /

lim l,m = t
*-“Я(л) —  ц\х)

t e n g ü k  o ' r i r ü i  b o ' l a d i .
7 . 9 -  tni sol  Ushbu

l
. - 1 lim - — - 
‘ l a r c i g x 1 -  n

l imitni  h i sob ldng
1

< Bu y p r d a  /(0- e ' 1 i ,  «(-') ” lam^x ‘ -  л bo' l ib,  u la i  uchun  () - 
too reman ing  b a i c h a  shartlari  bajar i ladi ,  j um ladan

t \ x ) ^ - - 2 e ' ‘ , tf'(v) - 4Л 
X I t д

bo' l ib,

i• j \ x )  . .  2 \ + x '  \ i x '  Ilim = lim (-  ■)<>' ■ - . - lun - ^
• К ( x)  < x 4x  ■ 2 v ‘l 2

bo ’ladi .  9 —t p o i o m a g a  k o ’ra
J

I H x )  .. e ' 1 I Ilim lim -  - ►
' 2a r a ^x  ■ n  1

2°. *  k o ' r i n i s h d a q i  a n i q m a s l i k  M a ’lumki ,  л- -»«, da  /(.<)

bo' lsd,  nisbat ^ k o ’r in ishdagi  aniqinas l ikni

l ioda layd i .  B u n d a y  aniqmds l ikn i  och ishda ham /io va ,^(0

■'»к



l un k s l Yd ld l  111 IUJ boSl ldl r l l  iclclll f OV'ddidnish i n i l l l l k l f l
10- te imMua.  i .!./■) i r i t c r v a l d a  'ix.i v a  ц( г )  I n nk s i y a l a t  m  h u i i  

u s h h u  s h u t n o r  b a j a r i l g a n  bo ' Is in :
11 lun / ( ' i • f  lim ,.,'ú) -
'/) i n t r r v u i i h i  c h e k i i  > 'ivi, h o s d u l a i  m a v j n d  v a

( X) ’ 1 ’
3i  inn Mi| (k ch e 'k l i  y o k i  d t i 'k s i z ) .  U h o l d a  

• •- ¡>\ • i
f(x) , '■ V-l ,

I nn  ‘ -- -  li:ti ■ ■■■ к 
• • s'(a) ‘ £ U '

t r n q h k  o ' r i n l i  b o ’ladi .
11- t e o r e m a .  i n t c r v a l d a  v a  ¿»(л-) f u n k s i y a l a i  u c h u n

a s h h u  s h u t  l i a r  b a j a r i l g a n  bo ' l s i n :
11 h m  / ( ■ ) = • ' .  l iru ¿ i . r )  -  V

21 ( r . i ' i  i n t e i v a l d a  c h e k l i  j ’(x) , y,’{x) hos iUr lar  n i a v j u d  v a  
_ \ I w о

: i! lim ' " ' ~  k (k c h e k l i  y o k i  <:hek:>iz).
■ '̂(A)

f J  h o l d a

..... H(x) ' • “ « ( *)
bo ' Iadi .

3°.  Bo sh q a  ko’r i n i s h d a q i  a n i q m a s l i k l a r  M a  lun ik i ,  hm/ u)  = o, 

Inn :.■<*>- ^ b o ' l y a n d a  /■(«) x(x> i i o d d  o -^  k o ' i  i n i s h d a g i  a n i q m a s l i k  

b o ’l ib,  u n i  q u y i d a g i

/(.v)j,'i*>=’ ^|Д) =

#<•») '(«О
k d b i  y o z i s l i  o r q d l i  u y o k i  x  k o ' n n i s h d a g i  a r n q m a s l i k k a  k e l t i n s h  

m u m k i n .
S b u n i n g d p k .  Inn /(л )* +^. !inii;(.r) = +j  b o  l y a n d a  /ú)--s( .v)  i f o d a

у ' k o ’r i m s h d a g i  c m i q m a s l i k  b o ' l i b ,  u n i  h a m  q u y i d a g i
! I

V(A-> /(A)

'{*) .;(-*)
k a b i  o ' z g a i t i n s h  n a t i j a s u l a  k o ' r m i s h d a g i  a u t q m a s l i k k a  k e l t i r i s h



munikin.
S h u n d a y  qi l ib ,  f unks iy a  hos i l a l an  yo rd a m id a  0 / hamda < - /

k o ’n m s h d a q i  a n i q m a s l i k l a r m  ochishda,  ularni  " yukio ■
ko ' r imsh daq i  a n i q in a s l i k k a  ko l l inb ,  so ’ng  yuqo r ida g i  teoromalar  
q o ’l lani ladi .

M a ’lumki ,  x *<i da  /(.vi funks iya  1, 0 va *  ga,  ;,m ■ i funks iya  
esa  mos r a v i s h d a  U va 0 ga  i n l i l ga nda

(/'i •*■))*"'
daraja l i  -  k o ' r s a t k i c h l i  i i oda r.o".onp k o ’r in i shdag i  an i qmas l ik la j  
edi .  Bu k o ' r i m s h d a g i  aniqmas l ik ldi  ni ochish uchun  avval  
y^(j<x)Y'‘ l o g a r i fm l a n a d i :  ln = ^(jr)ln /t-v» x - m  da  #ív)ln/u-i ifoda 
().x k o ’r í n i s h d a g i  an i qn i as l i kn i  í loda layd i .  Aytay l ik ,

lltt)( )  ln /"(a )) - h
(/ichekli  y o k i  choks i z )  bo' lsin.  l i n d a

lim v lim[ A.r)|5,,) •- lim ^
b o ’ladi.

t - e s l a t i n a  A g a r  j (x)  va fun ks iy a la rn ing  j\> i va -'(.<)
hosi la l ar i  h a m  / ( x) va  #(*) lar s i n g a n  yu qor id a  kel t i r i l gan  
teor em a la rn ing  b a i c h a  shart larini  qanoat lant i r sa ,  u ho lda

lm, J (-V) -  lim
íí'(v) «'(*)

teng l i k la r  o ' r inl i  b o ’ladi ,  y a ’ni bu hu ida  Lopital  qo idas im takror 
qo ' l l a sh  m u m k i n  b o ’ladi .

7 . 1 0 - m i s o l .  I J sh b u  Mn v :
HllK— : )’"
■ ,f »

l imitni  h i sob lang .

< Ravshank i ,  v->n da  v =iMn’ ) í foda r  ko ' r in i shdag i  

an iqmas l ik .  S o d d a  h isob lashlar  yo rd a in ida  topani iz:
, sin.v , SITIA , X  xcos.r— SIIJ.T

(ln - i
lim ln  v -  l im ------  lim- - - —  = lim Sl--- -■ .«■ ■ >■; X‘ ''’0 (x‘ l'(x‘ I 

reos
2 -  ( . V 2 ) ’ 2 V’;¿ h

I .. r e o s  <- s in .r  1,. ( .r c o s x - s in » )' 1.. x s jflX 
- lim —  . - - lim ------- -----  = -  - l im ---- = -

Dmnak,



M . i s h q l a r .
7 . 11 .  (-••) d a  c h o k l i  / ’t u  h o s i l a g a  e q a  b o ' l g a n  :u> l i m k s i y ü

• (ici q a l  ' 1 v o ' s u v r l n  ( q a l ' i v  ka ina\uv< lu)  b n  Isa,
' . ai • 0

b o ’ l a d i m i ?  M i s o l  ko l t i imc j .
7 .12 .  l i o s i l a s i  n o l g a  to n g  b o ' l g a n  n u q t a d a  f i m k s i y a

c k s t i P i m m i g a  p i i s l u s h  s h a i t m U
7 .13 .  U s h b u

/ ( ; I = CI» П \ ( '  - 11 )
l u n k s i y n u i n g  o ’ s u v c h i  h a m d a  k . m i a y u v r h i  b o ’ f a d i g a n  o i a h q l a n  
lop t l s in .

7.14. Ushbu
h  VI dix i u>s v

tunks iya  o k s t ip n m m g a  tpkshmls in .
7 . 15 .  U s h b u

l ( x )  = X МП r. x

iu nks i y a  |0 11 d a g i  rhpks iz  sondag i  n u q t a l a i d a  mdks imumga ,
<-hpksiz so ndag i  m iq ta la r da  m m im u m g a  e r i sb i sh  k o ’rsati lsin.

7 . t6 .  Bpi i lgan  shar i c h i g a  yon  sirt i  png  k a t ta  bo l a d ig a n  
viJindr jov lash tml s in .

7 .1 7 .  U s h b u
/(v) = (A’ 'V /

t u n k s i y a n m g  1 l.4| d a g i  p n g  k a t t . i  v a  e n g  k i c h i k  q i v m a l i  t o p i l s i n .

7 . 1 8 .  U s h b u

l u i
u .r

h m k s i v a n i n g  q a v a n q ,  b o t i q  b o ' l a d i g a n  o r a l i q l a n  h a m d a  p g i l i s h  

n u q t a l a r i  t op i l s i n .
7 . 19 .  U s h b u

-ii; ’ v.•i*i
ми л

funks iya to ' l iq tekshi i i l s in ,  graf ig i  ch iz i ls in
7.20. hôpital  qo ida la r idan fovda ldn ib ,  ushbu l im i t l a r

h i s o b l a n s i n :

d) Uni v/b (</ <>.// 0)

b) limi - • Гц1' > l l ‘
V ) lim (sm .v)1’ '



Aniq i iMs i n t e g r a l

s ' S ~ S = S S S S

s M S = i . S ' - H S S : ’ “
toskari  |JO' lib u H , , t  ^ q ° r a PSla, ,b ° ' " 19 an ™*> la la rga  
ke l ad i  funks ,y a m mteg ra l l a sh  tushum-hasiga oiib

1 - « .  A n iq m a s  in t eg r a l  t u s h u n c h a s i

h . . ^ 7 u s ; ; r  :tkH v: r  «  /w h" ^  ^
a m g l a n g a n  bu 'hb ,  f u n k s i v a e s ' *  bo. 1,shl . m u m k i n )
d i fforens ia l l anuvchi  ho ' l s in .  intei va lda

1- ta ' r i f .  A g a r  \rxc(a,h) da

l  11 f ' 'V)*/( . r )  yok i  Jf-Xx) = f{x)Jx

' kSIya  ^  №>
Masalan ,

1) / w - x -  f u n k s i v a n i n g  d ,lgi  b o sh l a n g .ich lunksly i i si
/‘•(jr)--.x3 bo' Jadi ,  ch unki

F,<r) = ( 3 -r ') - 'I*) .

21 ylX)' ' ^ V  , u n k s i y a n 'n g  (-M) in te rv a ldag i  bosh l ang ’i ch 

funks ,yas i  /•-(*) = v i - * ’ bo' ladi ,  chunki

4 S i r J 5 5 S £ K ; t S r  ' ” m  ............ ...2- ta ' r i f .  Agar



l .o' l ib,

ho' lsd,  l u n k s i v a  |., I d a  ,<>• . i m j  b n s h i a n g ' i c h  h m k s i y a s i
d e v  i ladi

8. 1 - i i i i s o l .  I shbu

: 1 , c lC j tH  V '

. 0. a q a i  >• -1,
I I , d C Jd t  V 11

l it-. '  i\-d i i.li i i iW' ivdldd hn h l a n q ’ K !i t u n k s i y a g d  r g a  p m a s l i g i  
k o ' r s a l n . ,1.

■4 I V s k a u s ; .  ' a i d /  q i ldv l ' k .  HifM /-п.! i u n k s i y a  ( Mi d a  /(x) 
m u g  b o s h l a n q ’ ic'Ii i:< i k s i y a s i  b o  Ism: ¡ t.h d a

: i ■ )
I.aqranj  t e o i p n i a s i g a  k u ’ ia  I»1 v| d a  ¡¡i !>

/’I,) /'Vi) ■ Í 11 '¡ < 1 vl
b o ’ Iadi. Rpv inq i  t o n q l i k d a n  lo p an n /

/• i t O )  I : T ;  i "  I

\Mi osa /-’(Mi) - /•■'¡(и- /¡u)-!) b u l i s h i q a  /.id. ►
1—e s l d t m a .  Kovi iu lbi l ik,  /■(.>> f u n k s i y a  4 0  n i n g  b o s l i l a n g ’i c h  

i i i n k s i y a s i  b u  l a d i q a n  o i a l i q n i  k o ' r s a t i b  о t i rm ay m iz .  O r a l i q  
s i f a t ida  /<.»■) n m q  <nii<|Uinisli o r a l i q ’ i X k o  z d a  tu t i l ad i  v a  X 
s i l a t id a

| / . л | (■ X.f r ) . Í -л-л ) . I / * > . j I Л

I А . н  t  >. ( Л , ч  с о ) .  (  - о с .   ̂ « г )

l a r  o l in i shi  m u m k i n .
I - t e o r e m a .  A q n i  t(\) f u n k s i y a  X o r a l i q d a  u z l u k s i z  b o l s a ,

4 *) s h u  o r a l i q d a  h o t  d o i i n  b o s h l a t i y ' i c h  í ’i n k s i y a g a  e g a  b o  i a d i .  
Bu tPo iP in aru ng  i sbot i  9 bob  d a  k p í t u i l a d i .
/•(л) v a  Ф( »•) í i i n k s i y a l a i i n n g  l iai  b i n  /(-v) i u n k s i y a  u c h u n

b o s h l a n q ' i r h  l u n k s i v a  bo' l s in :
• f V i  . ' ( V I ,  <1» ' ( Л ] . i l l

I V m a k ,  <i> 4 v) . R u n d a n  7 - b o b d a g i  1 n a t i j d g a  к о  ra
ф (Г1 - I ' •- ‘ ■"■•I )

t , VК k<‘l ib < lu q ad i
Dpjj iak.  /¡ i l  tu nk  si v a i l in g  bar< ha  b o s h l a n g  i c h  f u n k s i y a l a r i



bir - b i r i d a n  o ' z g a rm o s  songa  farq qi l adi  va i s ta lgan  bosh lang ' i ch  
funks iya s i  ushbu k o 'n n i s h d a  i fodalai i adi :  /-rxj-tr (<'

3 - t a ' r i í  /(v) f u n k s i y a  b o sh l an g ’ich funks iy a la rn ing  u m u m iy  
i fodasi  /-\,\) + c  shu f{x) f u r i k s i y a n i n g  a n i q m a s  i n t e g r a l i
deb a t a la d i  va

J/(A>¿V
k ab i  b e l g i l an ad i .  Bunda  J - i n t e r v a l d a  belg i si ,  f ( x )  integra l  
os t idag i  funks i ya ,  /{mJx e s a  in tegra l  o s t idag i  i foda dey i l ad i  

Demak,
\ f {x ' f ix  = F \ x ) ^ C .

Masa lan ,

¡ 2 ' d x = 2 +C 
J ln2

bo ' l ad i ,  c h u n k i  hos i l a  ol ish sodda  qo ida la r ig a  k o ’ra

2o. A n i q m a s  i n t e g r a l n i n g  so d d a  x o s s a la r i
1) f (x)  f u n k s i y a  a n i q m a s  integral i  j  f(x)dx n ing  differnnsial i  

J\x)dx g a  teng :
«/([ f{x)dx)= f{x)dx

< H a q iq a t a n  ham,  F(x) funks iya  f (x)  n ing  b o sh l an g ’ich 
funks iya s i  bo ' ls in:  /; '(v) = /(*). U holda

J f(x)dx = F{x) + C 
bo' l adi .  K e y in g i  t e n g l i k d a n  topamiz:

¿(J f(x)dx}= d{b\x) + C)-  dF(x)^ F'(x)dx = f (x)dx>
Bu xo ss a  a w a l  d i f ferns ia l  belg i s i  d , so ' nqra  in t egr a l  belg i s i  [ 

kel ib,  u l a r  y o n m a  —y o n  tu r g a n d a  o’zaro bir  -b i r i n i  yo 'qot i shn i  
ko' r sa tadi .

2). F u n k s i y a  d i f fer ens i a l i n ing  an iqmas  in t egra l i  shu funks i ya  
b i l an  o ' z g a rm a s  so n  y i g 'm d i s i g a  teng:

\dI-(x)=F(x) + C
■< F(x) f u n k s i y a  f (x)  n ing  biror bosh lang ' i ch  funks iyas i  

bo' ls in:  F"(x) = f{x).  U h o ld a
| f ( x)dx — F{x) + C 

t eng l i k  o ' r inl i  b o ' l a d i .  Ikk inchi  tomondan,
f !{x)dx = \FXx)dx--\dF(x)

VÍA



Oxiu j i  íkki  t rng l i k  2) xossani  isbol otadi .  ►
Ywgonda ko l t ir i lgan lardan ,  d i t forons ia l la sh ( funks iyanmq 

hosi las im hisoblash} h am d a  inlogiol lash  ( f u n k s i y am n g  an iqmas  
intogra luu hisoblash) amal l a r i  o ’/.riro t o s k a n  amal l a r  okanl ig i  
kol ib rhiqadi .

Avni  paytda  funks iya  hosi lasi  h i s o b l a n g a n d a  nati ja bitta 
funks iya  bo lsa, u n ing  a n i q m a s  intogral i  h i s o b l a n g a n d a  osa nafi ja 
ehoksiz k o ’p funks iy a  (ulai  bn --bir idan o ' z g a i m a s  songa  farq 
qtladi) bo ’ladi.  An iqm as  in tegra l  dob yu r i t i l i s h im n g  boisi ham 
shu.

3’'. I n t e g r a l l a s h n in g  s o d d a  q o id a la r i .  1) A g a r  f(x) funks iya  
bo sh l an g ’ich f u n k s i y a g a  e g a  bo' lsa,  u h o ld a  k/(x) ( k o 'zgarmas  
son) ham bosh lang ' i ch  fu n k s iy a g a  oqa va  a- ?>* o da

f {x )dx  (S . '/ 1)

formula o'rini i  b o ’ ladi
< ' o i  f u n k s iy a m n g  b o sh l a u g ’i rh  f u n k s iy a s i  / (x) bo ’lsin. IJ 

ho lda va j/(*Wv = Hr) ► r  bo ’ lib,
kj f(x)d\ =k(F(x) + C)---kf-(y)+kC (8.3)

b o ’ladi,  bunda  <' i x l i y o n y  o ’zg armas  son. Ush bu
(kF(x)i' - / 7 '  ' ( . t )  -k-/{x)

tong l ik  o ’rinii bo ' l i sh idan k/( x) f u n k s i y a m n g  b o sh l an g ’i ch 
funks iyas i  kl-(x) ekan in i  topamiz.  Demak,

J */( = */-■(*)+ r ,  (8.4)
bun da  i x t i v o n y  o ’zga rmas  son. Endi  (8.3) va (8.4)
munosabat l a rdan  C va C, o 'z gan n as  so n l a rn in g  ix t i yo i i y l ig i  
h am d a  h o  b o ’l i shidan (8.2) for inu lan ing  o ’rini i  ek am  kolib 
chiqadi .  ►

S h u n g a  o ’x shash  in tog ra ln ing  q u y id a g i  x o s s a s i  isbotlanadi :
3) Agar  /(.r) va  ,n(x) funks iy a la r  b o sh l a n g ' i c h  funks iy a la r ga  oga 

bo' lsa,  / ( 0  + .y(<j ham bosh lang ' i ch  f u n k s i y a g a  pga va 
j ( '’ (-v) + íí(a))^= J/(íWv+ |í;(x)<íx (8.5)

formula o ’rinii.
Oda tda  bu xoss a  in tpgra ln ing  add i t iv lk  x o s s a s i  doyi ladi .
2 - e s l a t r n a .  Vuqorida ko l t i i i l gan  (8 2) va  (8.5) tonghklarn i  

h am da  k e l g u s id a  u c h r a yd ig a n  shunga  o ' x s h a s h  tonghklarn i  o 'n g  
va chap tomonlar idag i  i fodalar  ora s idag i  a y i r m a  o 'zgarmas  songa  
baroba i l ig i  in a ’nosidagi  (o 'zgarmas son a n iq h g id a n )  tongl ik lar  
dob qaraladi .



4°. E l e m e n t a r  f u n k s i y a l a r n in q  a n i q m a s  i n t e q i a l l a r i .
Bosh ldnq ' i ch f u n k s i y a  ta ' r ihddi i  luunda e lementar  funks iya la r  
hosi la l ar i  j a d v a l i d a n  ( 6 - b o b n n i g  3 § iga  qarang) foyddlamb 
e lemen ta r  f u n k s i y a l a r  amqrnas  integra l l a r i  ¡ adval ini  ke l tna in iz  
(har bir fo rm u l a  in tegra l  ost idaqi  funks iyan ing  an iq lam sh  
sohas ida  qar a l ad i ) :

1) | (idx -  (' -  cunsf,

2)  j  \dx = | Jx = x  + C;

3) f xudx = * U +C (/;*)):} fi + \

4)  [ - d x = \ iix ^inlxj  + r  ( r ^ O ) ;
J x J x

5) f - j -  , tir= f -  =arcl/i + C:
’ J 1 + x- J 1+X2

6 )  f -  (ix = [ — —  = arcsin y  + C.
\'l —A'J * yJl-X*

71 [ a ’ J x = a + C : ( « >  0)
J ln a

8 )  | sin xdx = -  cos x  + (':

9 )  | cos xdx = sin x + C;

1 0 )  [ — 1 d x =  \ - ? * -  = - c t g x  + C ;
;  sin x J sm r

U )  j - - 1 d x ^ j - ^ - ^ t g x  + C-,
J cos x  J cos x

12) |  shxdx = chx + C:
13) jchxdx = shx + C:

141 f -^ ---dx= -cthx  + C\
’ 5 s t r x

15) dx=thx + C.
’ >chl x

8 . 2 - m i s o l .  U sh b u  J(i + v'x)2<& mteg ra ln i  hisoblang.
< Bu in t eg r a ln i  h isob lash uchun  a w a l  (8.2), (8.5) 

formulalarni ,  s o ’n g r a  j ad v a lm  qo ' l l aymiz:
j 4 * i

f ( l  + V x- Vcf c- J ( 1  + 2\rx + x)dx= JlcZv+ l\ x 'd x  + \xdx = x + x : + + C\ ►



1°. O'zcjamvt hi ldrni  a l m a s h t i r i b  i n t e g r a l l a s h  u su l i  l .Jshbu 
J / (a)c/y dtuqi ihis in tpgra lm h isob lash tdlab p t i lg an  bo' lsin.  Bl inda 
/1 0  tunks iya  biror .v = ( < h) intprvdlda a m q l a n g a n  va

/(0=vH*('))w'<0 <8 -6 )
k o ’nn is hda  yozi l i shi  inu ink in  deyl ik .

Aga i  rpii) tu nks iy a  / (?,./,) m te rv a ld a  b o s h l a n g ’i ch funks iya  
0 (0  g a  pga b o ’lib, î,'(a) f un ks iy a  X ={a.h) in tprva lda  (bunda 
i>(r)c/ ) d i ffprpns ia l lanuvehi  bo isa, u ho lda

-■ Jv(w(jt))ii'(.v)^ = tl>(ii(j())+(r' (8.7)
formula o ’rinli.

< Haqiqatan ,  (<£(#( v)>|' <!>'(.<?(.».-))• .«'(*) = <&x{x))y.'{x). ►
Odafda  in tpgra lm b u n d a y  usul  b i l a n  h i s ob la sh  o ’zgaruvchi ri i  

a jmash t in sh  usul i  b i l an  in tpg i a l l a sh  dob a ta lad i .
O'zga ruvch i l a rm a lmasht i r i sh  u s u h n i n g  muhi in  tomom 

o ’zga ruvch i l a rm j u d a  k o 'p  usu l  b il an a l mash t i r i sh  i tnkoniya t i  
bo ' lg an  ho lda u la i  i ch u la n  intpgra lm so d d a  va  h i soblash  uch un  
q u l a y  ho jga  ke l t i ra d i g anmi  tan lab  o l i shdan iborat .

8 . 3 - m i s o l  i Xlh - (./ - consi) ni h i sob lang .
J x 1 + a !

< Bpri lgan integrald<i o ' zga ruvch i  x ni  r : +ii2=t kab j  
a lmasht i ramiz  Bu n d a  2xdx = di bo' l ib,  ((8.6) v a  (8.7) l a r g a  qarang)

xiix 1 r iit I , : ... 1 , , J : . , .= lnr/ +< =-ln.V II/ )+( ► 
x : + a 2 2 S t 2 ' 2

8 .4“ miso l  ¡V"“ sinnix n i  h i s o b l a n g .
< Bu in tpgr a lda  cos x = t a lmas h t i r i shm ba jaramiz .  Na t i j ada

-  sin x i r  ̂  bo ' l i b ,
j e ' " "  sin xdv = -  j e'dt = -e : + C  = - e :“"  + ( '

bo ' l ad i .  ►
2W. Bo ' l ak l ab  i n t e q r a l l a s h  usu l i .  Ikki  u---u[x) va v = v(*) 

funksiyR («./>) in tprva lda  uz luks iz  u’(r) v a  v'(.rj hos i l a l a rg a  e g a  
b o ’lsin. Ma ' lu mki ,  ( 6 —b o b n in g  4 -  § g a  q a r a n g )

d(u(x)-  v ( r ) )  = u(x)ch{x) + v(x)dit(x)

Bu teng l ikdan
u(x) dv(x) ~ (H (A )r (r ) )  - v (x )^ ( . r )  (8 .8 )

b o 'h sh i  k e l ib  c h i q a d i
End i  (8.8)  t p n g l i k n i  i n t p g r a l l a b  t o p a m i z :



Í ll{.\)</\ ( V ) -- | ( </( M( V )v( A'))) - | V( Vlí/l/ «( X)f( r ) - J 1 • i )t/l/
S h u n d a y  qi l ib,  q u y i d a g i

| l/< -r)í/v( V) =• M(.V)V( n  ( v{ v)< i u  (8 9)
fo rmulaga  ko lamiz .  Bu (8.9) formula b o ’l ak lab integra l l ash  
for ínulasi  d e y i l a d i .

Bo ' l a k l ab  ín t e g i a l l a sh  formulas idan foyda lani sh uchun  
in tegra l  o s t i d a g i  í lodan i  w(.<) h a m d a  Mx)  lai  ko 'pay tm as i  
ko ' r in i shda  yo z ib  ohnadi ,  h u n d a  a lba t ta  dv(x) h am d a  v(\)du 
í foda la rn ing  in te g ra l l a r i n i  oson h i sob lana  ol inishi  loziml igini  
e ' t i bo rda  tu t i sh  ke r ak .

8 . 5 - m i s o l  j inx^r ni hisoblang.
< Integra l  o s l i d a g i  in\Jx i fodam u = \nx,d\^-dx lai  k o p a y t m a s i  

deb olainiz.  U h o ld a  du = 1 dx.v - x  bo' ladi .  Bo ' l ak lab  in t egra l l ash  

formu la s idan  foyda lan ib ,  topamiz:

í  ln  xdx = xlr\ x - f v  — dx = x\n x - x + ( '  -  xh\ X +( '  ►
1 3 x e

dx

< Bu in to rva lda

8 . 6 - m i s o l .  /„ = í , —, (m = 1,2,3..) ni hisob lang.

1 , , , 2nxdxu = — -, dv = dx du - -  . v -  r
{ x ! + a 1) '  ( x 2 + a ¡ y l

J , - \ , +2*f T-í ? , .....dx (8.101" ,,1 1- i t S  J. ,.2 I"*' '

bo' lad i .  (8.9) f o i m u l a d a n  foyda lan ib  topamiz:
dx + ^  f x 7 

(x5 + a í )h  ̂(jt2 + a 2)

Bu t e n g l i k n in g  o ' n g  to inonidagi  ¡ dx ni

J (x1+u2)"' J (x3+aí )' 5(xZ + a - r ‘
k o ’r in i shda  y o z s a k ,  u n d a  (8 10) munosaba t  ushbu

./ = . —  + 2n ■ J  - 2n a ‘ ■ J  .
(x ¡ + ü 2y

k o ’n n i s h m  o lad i .  K e y in g i  te n g l i k d a n  esa  q u y id a g i

J ~: ~ > - + 2', "‘ 1 \ j *  (8.1 1) 2na {x "  + a ) K 2n a

rekurront  fo rm u l a  k e l ib  chiqadi .
Ravshank i ,  n - 1 b o ’l g a n d a



/ . f  A . = 1 f 1 Circ/« ' + r
A * *' 17 i + ( V  ü

b o ’ladi.
» > 2  b o ’ lqanda,  inos in t eg ra l l a r  ( 811)  r e k m r e n t  formula

yo rd a in id a  topi ladi .  M asa l an :
!  = f  A X = - ■* - +- 1 J t = 1 *  , + círcfíí X + C.  ►

'( .r J 2 a l V1 +</' 2dJ 2 a -  x ! + .» 2a J

3 - § .  Ra ts io n a l  f u n k s i y a l a r n i  i n t e q r a l l a s h

Ushbu par agr a tda  ra t s iona l  funks iya la rn i  i n t e g r a l l a s h  b i l an 
shug 'u l l anam iz .  Bumrig u c h u n  a w a l  a l g eb ra  k u r s id a n  b iz  uchun  
zarur bo ’lg an  ma ' lumot la rm kel t i ramiz.

1°. Ko 'phad va  u n i n g  i l d i z la r i  h a q i d a  Biror
P (x )  = d„ + a,x+ U j.v : + ( 812)

k o 'p h a d  ber i lgan  bo ' lsm,  b u n d a  a a , a .  o z g a r m a s  haq iq iy  
son la i ,  <,'*().nc-N e sa  k o ’p h a d n i n g  darajas i .

Ma ' l umk i ,  biror « e f t  son u c h u n  P(« )*o  b o ’lsa, a  son /'(*} 
k o 'p h a d n in g  í ldizi  deb a t a l a d i  U ho lda  Bezu t e o r e m a s i g a  ko ra 
f '(x )  x - u  ga  qoldiqs iz bo ' l in ib ,  u q u y id a g i

f'(x) = (x-a)Q(x)
ko ' rm is h d a  í fodalanadi ,  b u n d a  Q(x)~ (n - 1 ) - d a r a ja h  k o p h a d .

A ga r  (8 12) ko 'phad ( x - a ) '  (keN)  g a  q o ld iq s í z  b o ’l insa,  «  son 
(8.12) k o 'p h ad n in g  k kar ra l i  i ldizi  bo ' l ad i .  Bu h o ld a  P (x )  

k o 'p h a d m  ushbu
P{x )  = ( x - a ) k -R(x)

k o 'n n i s h d a  i fodalash m u m k in ,  b u n d a  H (x )- (n - k )~  darajal i  
ko 'p had .

A g a r  z = a  + }fi k o m p l e k s  son P { x )  k o ' p h a d n in g  i ldizi  b o l s a ,  u 
ho ld a  7. ~ a  - i/j  k o m p lek s  son hain b u  k o ' p h a d n in g  i ldizi  bo ladi. 
S h u n in gd e k ,  . : - «  + ;/( son f (x )  n m g  k kar ra l i  i ld i z i  b o l s a ,  z = 
son ham bu ko 'p h ad n in g  A karra l i  i ldizi  bo ' l ad i .

Deniak,  /’(*) ko 'p had  z = a  + >{í k o m p l e k s  i l d i z g a  e g a  b o ' lg a n d a  
u n in g  ifodasi  ( x - z )  k o ' p a y t u v c h i  b i l an  b i r g a  x - :  ko 'p ay tuvc h i  
ham  qatnashadi .  B u n d a y  ho lda  P{x) k o ' p h a d n i n g  í fodasi  
q u y i d a g i

[x- : ) (x : ) = {x-(<í+i/1)\{x-(a-t/i)) = x‘ -2a\ +al t/ í ; x‘ + px + q



<-• 2,/ «  -/;•') 
kvad ra t  u c h h a d  k o ’p ay lu vch i  b o ’Iib qoladi.

Faraz  q i l a yh k ,
a n *■ </,< 1 a , X + i a r, x"

k o ’p h a d  b e r i l g a n  bo' l ib.  lar un ing  mos  ravishda
/. л.. k ar ra l i  h a q iq i y  i ld iz la i i ,  rí л i ¡r (/ 1.2......м
lai osa k o ' p h a d n m g  ir.os rav i sh da  karra l i  kop leks
í ldizlar i  b o ’l s in Bu k o 'p h a d n i  u n m g  üd iz la r iga  ko' ra
k o ’p a y t u v c h i l a r g a  a j rat ish h a q i d a g i  ushbu Iporemani isbotsiz 
ke l t i ram iz .

2 “ t e o r e m a .  Н а г  q a n d a y  »? -  d a r a j a l i
f ‘(x )  -  a „  + а {х + c i ,x : 4 .  ‘r ( \ x K

k o ' p h a d  fuj.cjj.t/j.... un o ' z g a r m a s  h a q i q i y  s o n la r ,  i * u )  u s h b u
! ' ( x )  = (x- -<zx)J' ( x - a 7) i ‘ . . ( x - a , ) * '  •(*’ + p , x  t í/,)’1!^  + p ; x fi/,)'' ..(jc2 + p , x  + q , Y ¡ 

k o ' r i n i s h d a  i f o d a l a n a d i ,  b u n d a
/,+Л,+ . +Я, i 2(/1+ +...+ /•,) = «

bo'Ub,  x1 + p.x + qi = o (/ - 1.2..... y) t e n g l a m a l a r  h a q i q i y  i i d i z g a  e q a
e m a s .

2U. S o d d a  k a s r l a r .  То' q ’ri k a s r l a rn i  sodda  k a s r l a r  orqa l i  
i f o d a l a s h .  Ush bu

А  Их + С
---------—; ---------------------- (m= 1.2,3..) 8.13(x -  u )  {x + px + (/) 

k o ' r i n i s h d a g i  ka sr l a r  sod da  ka s r l a r  deb ataladi ,  b u n d a  A.tí.C 
h a m d a  a ,p ,q  l ar  o ’z ga r m as  sorüar,  x2+px+q kvadra t  uc h h a d  esa 
h a q i q i y  i i d i z g a  e g a  emas.

M a ' l u m k i ,  q u y i d a g i
P ( x )  = д0 + a^x + a zx* + ... + a nx ’>

va
= bfí + hrx + b,x* + ... + b^x’

k o ’p h a d l a r n u i g  (а0. ^ . а г. ..an l b0.b{.b. ....b_ o 'zgarmas  sonlar,
n t  N . v sN )  n i sbat í

} ’(x )  г*и + a xx + а гх ! +■ ...+ anx"

£Л-Т) + b.x + Ьгх: +- ... + 6vxv
ka s r  r a t s iona l  funks iy a  dey i l ad i ,  «<v bo ' lg an da  esa u to’g ' r i  kasr  
deb  a ta lad i .

H a r  q a n d a y  to ’g ' r i  kas r  (8.13) sodda  kasr l ar  orqah 
i foda l anad i .  Bum  i sbo t l ashdan  a w a l ,  ikk ita  l emmani  kel t i ramiz.



1-leinm<t. Aq<H t o ' g ’ j i  kas r  mdhia j idag i  (Л*) ko 'phad

ushbn
i;(.v) = ( t - а)" (tue Л’)

k o i i m s h d a  b o 1 lib. (■> m  k o ' p h a d  <*sa x a  qa bo ' l in mas a ,  u ho lda  
bfMilgan to ’q'ri  kas i  quy idag i

л  + л .  4 + -1'
U{ . ) ( Y — IX ) " ( r - </)" ' л U (J, ( V)

ko ' r in i shda  i fodalanishi  m u m k in ,  b un da  ..-L o ' zga rm as
h a q iq iy  sonlar,  /J,u)  ko 'phad .

A to 'g ' r i  k a sm i  q u y i d a g i  ko ' i i n i s h d a  yozib o lamiz .

/•(X) /'(-V) .-1, I’M  Л М х )+ (8.14)
£>(.<) ( x - « ) " ^ , ( . v )  ( x - < t ) m (< -  

Ravshanki ,  (8.14j i nuno sab at la rd ag i  /’( * ) - .¡„i( ,i(*') a y i r m a  .1, songa  
b o g ’liq. Bu sonni sh u n d a y  ta n la b  olamiz.ki, na t i j ada  i ‘ (x > - AnQx(x) 
ko 'p h ad  x - a  g a  bo ' lms in  B u n in y  uchun

/-(a) -A j j^ i/ )  Ü 
tonql ik o ' i in l i  bo' l i shi  k e i a k .  Demak,

i = l ' { a )

' n (¿Л“ )
deb ol insa,  u ho ida /'(*)-• L,V,(X) k o 'p h a d  x - a  g a  bo ' l i nad i .  

S h u n d a y  qilib,
/’(•'■) • « )  ’ О  v)

b o ’ladi ,  b u n d a  /'„(a) — k o ’phad .
Na t i j ada  (8.14) inunosabat  q u y i d a g i

f ‘(x) Am , Pa (x) (8.15)
Q(x) ( х - a ) ”  ( * ~ « ) " ' íQ l ( X) 

ko ' r i n i s hga  kelad i ,  bunda  son v u q o r i d a g id e k  a n iq l a n a d i  
Endi

Ря (*)  _  = _ A ^
( . Г - « ) "  l ( ( ( . v )  (.V — i t )  ( x -  u T  ' ( ¿ ( x )

t e n g h k n in g  o 'nq tomon idag i  .-i„ , sonni  sh u n d a y  tan lab  o lamizki ,  
/’. Л - 0 k o ’pha d л- и  q a  b o ’ lmsin.  Buning u r h u n

/' ,( «)~-‘L , № )  = <> 
tenq l ik  o ’rinli b o ’lishi ke rak .  Demak,

A
"  № )

dob ol insa,  u ho lda /'„(о - /J,(\) k o ’phad  л- a  g a  b o ’l inadi .



S h u n d a y  qil ib,
( x ) -  -•!. (*)  = ( t  -  u  )■/'„, , (a) (8.16)

b o ’ l adi ,  b u n d a  k o ’phad .
(8.15) va  (8.16) n iu no sa b a t l a rd a n  topamiz:

/,{xK  A* 4 ^ . _ +  P?-A'] (8.17)
Q (x )  ( x - u ) m (<-•«)■" 1 (x  -

X u d d i  sh u n q a  o ' x sh a sh  har  qal ka s rm  i fodalovr lu
C'(0

t e n g l i k n i n g  o 'n g  to m o n id a g i  oxiri had idan ,  y u q o r id a g i d e k
•1

q ismrni  a i rat ib topamiz:
(x  -  a y

J ? J x) ,._= A~-.i__ + . A - . l  (8.18)
( x - a ) "  l y , ( x )  ( v -  a ) m' 2 (x - a ) m 3Qt{x)

v a  h . k .

( x -  a )  ■ Q^(x) x - a  Q t {x )

(8.17),  (8.18), (8.19) t e n g l i k l a r d a n

f,<xK  A”,<- + + ^  + '■<*>
Q (x )  ( x - a ) m ( x - a ) ” 1 x - a  y , ( x )

b o ' l i sh i  k e l ib  chiqad i .  ►

2 —l e m m a .  A ga r  1 x̂- t o ’g ' r i  k a s r  maxra j idag i  <y(x) k o ’phad

Q (x )  = ( x l + px + <j) 'Q,( '()  

k o ’r in i s h g a  e g a  b o ’l ib ( x z + px + q kvadra t  uchhad  h a q i q i y  i ld izga 
e g a  emas) ,  Q ,(x )  k o ' p h a d  x 2 + px + q g a  bo ' l inmasa ,  u holda 
b e r i l g a n  to ’g ’ri kasr  q u y i d a g i  ko ' r im sh da  i fodalani sh i  mumkin :  

P ( x )  _  B nx + C „ B n , x + B tx + C t P , {x )

Q (x )  ( x t + px + q )n ( x 2 + px + q ) " '  x l i p x  + q Q x(x)

b u n d a  B l . B i . . . B n.C , . c \ . . . . , c \  o ’z g a r m a s  sonlar, P,(x) ko 'p had .

^  \ ^ r* kas rn i  q u y i d a g i c h a  yozib olanuz:

P ( x )  _  P ( x )  _  S , x + r ,  P (x )  -  (W ,x  + ( \  (x )

Q {x j  ( x 1 + px + q )nQ } (x )  { x 2 + px + q Y  (x 7 + px + q ) " Q t(\ )

Bu t e n g l i k d a n g i
( X )  (8.20)

k o ' p h a d  BK va  c ,  s o n l a r g a  bog ' l iq .  Endi va (\ sonlarm 
s h u n d a y  tan lab  ol ish m u m k in l i g in i  k o ’rsatamizki ,  n a t i j a da  (8.20) 
k o ' p h a d  x 2 4 px + tl g a  b o 'h ns in  A w a l o  P ( x )  va  y,(A) 
k o ’p h a d l a r n m g  har  b i r in i  x ' + px + t/ kvadra t  u c h h a d g a  bo' l ib



topamiz:
/ , ■./l "'

(8.;>i)

1 < / > V 4  i/ -  +  p.\ -t q

b un da  H(x) v<i Mu  kn 'pha ' i . f l i  'J hoid.i
l'M>. '¡ ' ' /,(v)

v' ' T' 1 '■ ) [!\ 4 c/ s f í ,.1

= « ( , )  Vv , „ . a i ^ r ' f  l i í S i i M .
v +/'••+</

-  R(x)- (/),! : t -, ). ' ; .()■ / í ^  t (5  ‘lH -P '- j.t j'- 'y  ■l.'.’J : ! 4 í . ‘icL ~ h . r A

bo' lad i .  Bu tpng l ikdan k o ’r im c .k ; .  /(>)--(/<„ v k¿ , »  hed 
>-' + /n +., ga hc. ' l inislu u c h u n  x rung bar eha  q i yrnát l a ru ia

( .■ +  h ‘ />, i ,  - -  />'. A ; )a  ¡ í . ^ o ,  + / 0 .

\'cl' III
(il, /> - />, ) -  í \ tí, + (V! ' (I

/• ./«f, - r.a, 4 0. (8.27)
bo Iishi kfMdk. /i., va (\ l d ig a  n isbatan  (8/22) sistPinaning 
de te rm inan !  i

a, n -/>.. -ü,¡
/.)= *' ‘ ‘ *n

a , . q  -/>, |
bo ' iddi  Bi'.m isbotlrtvmiz. T es k a n s in i  faraz q i l a y l ik ,  y d ’m

l > -  - b , [ í i . p  - h ,  ) + ü ] q  = 0 (8.23)
b o ’lsin.

A ga r  ít, --o bo ’lsd, u n d a  />, =0 b o ’lib, i idt i j ada ( 871 )  dan (>,(*) 
k o ’phad  x: + px + q ga  b o ' l i n i sh i  kel ib ch iqad i .  Bu  osa (; ,(o 
k o 'p h a d  x 7 + px + q g a  b o ' lm m ayd i ,  dpb o l i n i sh iga  ziddir .  Derriak,
a, /0 . Bu holda (8.23) t e n g l i k d a n  ushbu

k o 'n n i s h g a  pga bo' l ib,  ~ h; h aq iq iv  so n  x: +px + c/ = o
el*

tpnqla: . .anÍLc .<*..» . .o’i ¡> ..i. ! . ' m .i.jí. í l  . . . . -2 -r p̂a l ;vadiat 
uchhad  haqiq iy í lcnzga e y a  a . j  r-’ ini shi i  z idai , .
Demax,  (8.7¿; s i s t em an ing  d e t e i d i n a n t i  n o í a á n  farqh t-kan. U 
holdd, bu s i stpmadan y a g o r i a  />, vd < s onl a r  topi ladi .  Bu 
sonla in i  (8.20) ga  qo 'y sak ,  na t i j ada  / ' :  o  -  ( H . x  -  < \ )C*,c< ) ko'phdd



< 8 . 2 4 )

( 8 . 2 5 )

( 8 . 2 ( 3 )

( 8 . 2 7 )

vJ + p .\ + q д а  ho' l inib,  ' ^  kas r  <jsa  u.shbu
<J<. у )

f ' {x )  , " ( v )  H, \ 4  ¡ !\ {x )

Q (x )  (\ +/<♦-£/J’ y ,  ( v) (д ' + /н + (/) [ r : 4 px + q )” 'Q , (л )

k o ’r i m s h g a  koladi ,  bun da  k o ’phad.
X u d d i  shi .  vo' l  b ' i a r

/Г(Х) _ Нц , x  •>-('„ , /’, ,(*-)
{ д г :  4- p x  У q )  ( x :  -  p x  4  , / ) "  1 Í » '  f  p x  +  q Y  ‘ ( ¿ ¿ x )

L - _ ,,, i ï  + ( ', ; J ,(*)
( x ‘ + px + q ) ‘ ' ( . ч ( г'  (-r? + P~ + ч У  : ( x ' 4 + / /  V i W

vo h.k.
. pi (x) W,T + Çj +

( x J + />ЛГ 4- </)(;, ( jr) + £ ¿ (x )
b o 'h sh i  topi idd: .
, ' .24|,  ' ,8.25), (8.26), (3.27) ’ p ng i ik îa rd an

i : { f )  _  Í > , x + í '  A ’,  , r  / ' ( х '

' _ ' , л 0  ' V  +  / У  +  C j Y  ( x !  +  p x  </) ’ Л 7 4- n x  4- ^

bo ' l i sh i  K^-i¿ chiqadj .  Г*
3 —t e o r e m a .  H a r  q a n d a y  t o ' g ' r i  k a s r  s o d d a  k a s r l a r  y i q ' i r i d i s i  

o r q a l i  i f o d a l a n a d i .

^  <?(*) *° ^ I: ^asr ^o' ls in.  Q(x) psa H-dara ja l i  ko 'p  had bo' l ib,

Q ( x ) = { x - a tY  ( x - a ¡ Y ¡ •. . - (x -  a , Y ‘ ■(x 1 + p,x + </,)■" •

( x :  4 / ; 1i 4 í ¡ ) ' 1 • (  a* * +  p , x  4  Í/, Г

bo' ls in ,  b u n d a
W, 4- n ,  + ... +  И , 4- 2 (/ t f , + W ,  4- .. + m ( )  =  И

bo' l ib,  x1 + p /x¥q,  ( j  = ],2,...,o kvad ra l  uchhad la r  haq iq iy  l ld i zga  
e g a  em as ,

t o ' g ’ri kasrni  q u y i d a g i

/'(T)
Q (X )  ( x - a ) Y (x-/z2Y'. ( x - n , ) " '  (x!  ̂p vr + q l )m' . . . (xl + p ix + qi r  

ko r i n i s h d a  yozib,  bu t e n g l i k n m g  o 'ng  tomoniga 1 l e m m an in g  
b ir  n e c h a  m a r t a  («, mar ta )  qo' l l anib topamiz:



'■ ( V ' 1 
h u n d a

(),( r) - ( V -i- />, v + <fl )m' • ( \ i p , x  *■ q,  )"'■ .... •( v' 4 /1 x i ( / y

b.ndi k a s i g a  2 -  Inumani  bu n e c h a  mar ta  qo' l lab,

topamiz:
____ /j_(v) _

' ^ ( v )  <x' t /•, c • t/, V ’■ ( v’ • />,.»• t (,V‘ /J.X ) ^  "

-i- )"' Vv i i i^j" ' v-

4 _ + L * ' ' * f 29)
(.V' +[>zx+ ( V: 1 p7X-i (j, ' !•' 4 p,X\q,

i c * ' c :  / c v - * c  a" x+c!"4 -  ̂ --  - - t- - ...-----  + * . 1 ---  ■ _
(.V 4 p,X+ <{,)'"' (V I p¡X 4 </,)'" 1 ,v: * pt X 4 </(

(8.28) va (H.2()) m u no sa b a l l a i d a n  t e o i e n i a n in g  isboti kel ib 
c h iqad i  ►

Yuqonda i sbo t l an ga n  te o rem adag i  o '/ .gannas sonlarni  
’■ r)snqacha -• r.oimi ' rn* Ico ^ifil.-.ie.iüar u su l ;  a ^ b  a t a lg a n  u s j 1

b i l . ' i  : a : a  t : iur\k?.i .  3 u r i c  t o ' g ' n  kas r  n o m a ’lum
'J( <)

kooffitsiontlan b o ’l g an  so dda  k a s i l a r g a  yoy i l i b ,  s o 'n g  tpng l ikn ing  
o ’ng  tomomdag i  sodda  kasr l a i  y i g ' i n d i s i  u i n u im y  m a x ia j g a  
kelt i r i l adi .

Nc/.^ ido
/’ir; №:)

w o
teng l ik  hosil b o l a d i  va l i nda n  barcha  * l ar  u c b u n  o rinh b o ’lgan

/’( v) = R{k)
t e n g h k  kol ib ch iqad i  Bu tong l ikn inq  bar i k k i  to m o m d a g i  a n ing 
bu xil  darajal ar i  o ld ida  t i n g a n  kool í i t s ipn t la rm tenglasht ir ib,  
s is tema hosil qi l inadi .



ß . 7 - m i s o l  ' .  ̂ 1 • cj ' i j k a s i i u  s o d d a  к а ч 1а к }.1 a| i a t inq .

4  h u  k a s r n m q  m a x i a p  x̂ f ь i\ <i(\ b n l q a n i  u c h u n  
‘ o o i o n i a q a  k o ’r a

.' « • I . i И

x' 'SV ■ <■ с .< V :
b o ' l a d i  U m

2 \ 1  .1 H  1(A - 2) i h (  \ ■ .<)
\ - 5г + (> V • 3 i 2 ( X -• 2)( x it

k o ' n n i s h d c i  v o z i b ,  u s h b u
2ДГ-1 . itA • 2 )  + H[ x  .<) y o k i  2л- : (A + li)v  -(2.1 i Mi )

U m g l i k k a  k e l a m i z .  Ikki  k o ' p h a d n m g  ton<j]¡cjid«in lo y d a l a n i b ,  . 1  

va  /> l a r g a  n i s b a t a n  us hbu
IA i- H-- 2
U , 4 ., <8 ; i o >

s r s t oma ga  kelcimix. .  (8.30) dcni bo ' l a d i .  S h u n d a y  qi l ib ,
bpr i lqa t i  t o ' g ' i i  k a s i  s o d d a  ka s r l a i  o rqa l i  q u y i d a g i c h a  
l f o d a l a na d i :

2л- 1 5
t . ►

.V - 5a + (> V 3 л- - 2
3° .  S o d d a  k a s i l a r n i  i n t e q i a l l a s h  S o d d a  k a s i l a r n i n q  a n i q m a s

m l o g r a l l a r i n i  h i s o b l a y m i z .

1 ) s o d d a  k a s r n m q  a n i q m a s  mtogra l i :

Í A Л  4 ' ' 1' — /,in|r 
J x  - (J 3 \ А 1

2 )- ^  ‘ , (»¿>1) s o d d a  k a s r n i n g  a n i q m a s  in toyra l i  h a m  tez 

h i s o b l a n a d i ;
г . 1 dx f  d{x -  u)  Ar л  1
J ,  - Л ]  - =A\(x-  a)  d(\ ci)-= ■ H-C
J  (x -  ,1 ) J ( x -  <0 1 I -  m (v- «/)”' 1

' )̂ . s o d d a  k a s r n m g  (b u n d a  x : + ¡ n - * q  kvad ra t  u c h h a d
x + px h ij

h a q i q i y  i l d i z g a  o g a  Pinas)  m t e g i a l i  f Hx ' ' dx ni h i s o b l a sh
.V 4 px  ̂ Cj

u c h u n  av ve .1 k a s r n m g  m a x r a j i d a  l u r g a n  r + / m - t/ k v a d r a t  
u c h h a d n i  u s h b u

V ’ I /'x' t  ./ ■ u  i P ) '  f ,/ Г

k o ’rm sh da  y o z i b  olamiz.  U holda



bo 1<и])г blinde)  ̂ . Hii intnijfdldi) v . ' > a imasht i r i shn i

ba|didiinz:

j </v />’ f r  ¡ h r  •’ .
' 1 /м * </ • r  i ,i :  • r  i a 2 ‘ /1 * ,/

Hp ! f ' ^ , , 1 I< . . ¡U) I t
( ( > I - tl|(/ ( (f • ) • » ( (  ' ) „Г, /Ц . ( ,

11 ( '  )•’ 2 2 " "
■ I

a , 2( ' />> r
- l n (  \ • / м  . «/) ч ( , /r/:s. f  ( •

" ", b  ",

r
f />’t ♦ C  , f i .  2r  ‘ ' 7

«/V l i« .v -  . /)V  f  </) f  Г. ~ . л .  f/ n 7 y

' */»■•./ 2 v-'» />’ !
\l" 4

bl inda  < . ix t i yonv o'/.cjaniids.

■1>. ( m n ,  x n d d a  k a s r n m q  m to q if i l i

Í ( i ' Г/.! + ■) 'Л 111 bisobfasl t m ï u m  3) lm ld ag id ek

о z q a ïu v rh im  a lmnshlnan i iz :  .v•*  ̂ î N a l i j a d a  q u y i d a q i q a  eqd 

bo' ldmiz:

f Н ' - , Г  ! f - fV + r  ./ «  J . -  - -A • ------- ,A Í -  '  h
J "  ^  J <'

* .  f .A «  1 I НГ , _
¿ }v i-/ i : • r? 4 , : i 1 2 } ir' i ./-'г

Bu m u n o s d b d td d t j i  'if i n l o q r a l  u s h b u  b o b n i n q  У. § idri

kol l i i i l gd i i  mteqia l  b o ’iib, u re ku i i on t  fo imuld orqa l i  hisobldiuidi .
Io. Rats iona l  lu n k s iy a lc i rn i  i n to q ra l l a sh  NJa' lumki ,  idtsioiidl 

i u n k s i y a  ikkild /чо va butun l a t s i ona l  funksiyalci i



nisbrit i (1 ein iborat:
Г (х )/(О - ■
0(  Г)

Ас)<)| n o t o ' g ' i i  k a s r  b o ' l s a ,  l in ing  but u n  q i smi rn ri j iatib,

butun  rat s iomi l  funks iva  h a m d a  to 'g 'n  kasi  yi t j  indisi  
k o ' r m i s h i d a  quy idag ic  lia l foda lab  olinadi :

Пл)
<Ax) y (V )

U ho lda

Í /<л)«Л--[УЧл)е/. [ о д ж  + Г У' (- } dx (8.31)
J ] < A ')  J ] Q ,(x ) 1

bo' l adi .  
(8.31) m u n o s a b a td a g i  f K { x ) d x  in t egr a l  Imtun idts ional  tunksiy<i 

(ko 'phad)  n in g  intpgr<ili ho' l ib,  u  oson hisoblanadi .
T o ' t j ' n  ka srn i  ín togra l l ash  uch un  a w a l  bu kasrni  3 

tporp inadan  foyda lamb,  so dda  ka sr l a i  orqal i  i fodalab olinadi ,  
s o ' n g i a  u l a r i u  3° -  banddd k o ' r s a t i l g a n d e k  mteg ra l l anad i .

8 . 8 -  m i s o l  f  ̂ ni  b i s o b l a n g .

< In tegr a l  os t idag i   ̂ k a s rn i  soddd ka s r l a rg a  a j ratamiz:

1 1 .-1 /i C u  / )- * +
X  - I  (x  I)(.» f  1)(.»-2 + ])  X — 1 X ♦ I X '  + 1

Bu t e i i g l i k i i i  q u y i d a g u h a  yo/ib olaim/.:
I _  A ix  ‘ l ) ( x '  f  1 ) 4  H (x - l ) ( v ? t l )  +  ( C x + / ) ) ( . v ’ ] )

I (х-1) (л + 1Кг2 t I)
U ho lda

1 -  A (x  t 1)(л ;  i 1) f H {x  -  l ) ( x ? + I) + (Cx  4  1)){\  •' -  l )

y a ' n i
1 ~{A + fí f C)x' h (,! -  H ¥ l))x2 * (A + tí < ’)x + (A B -  D) 

bo ' l ad i .  N a t i j a d a  A.B.C n  l arni  topish  uchun
.1 f И + С - 0,
è l -  n  + /) ().
.!-♦ H - С -  0.
. ! - / f - / )  -  1

s i s t e m a g a  ke l am iz .  Ru s i s temani  echib,

[ 1 .B 1 .(' -0J.)= 1
4 1 2

b



hn 'hshmi  iDpdMii Domak .
I I I  I 1 1

i ‘ I • I v I I v • 1 ' V1 + 1
bo l ib .

! /' 1 r A I ( A 1 • ;> | \ 1 |
. ' In /.-> -i <

J  '■ 1 - I 4 J  , 1 1 J  v - I 2 J  > t 1 I x + I 2

b o ' l a d i .  ►

l - § .  ß a ' z i  i r r a s i o n d l  f u n k s i y a l . i r n i  i n t i * q i d l l a s h

Ikk i  i i  v a  i o'/qaruv< h i l a i  b e n i q a n  bo ' l i b ,  b u  o ' z q a r u v c h i l a i  
y o r d d l l l l d d

t r v 1 (/ .(> 1.2. . . f r ,  ( .1 2  .) 

k o ' p a y t m a l a i n i  hi/.amiz.  Bu  W p a y t i n a l a i d a n  t u z i l q a n  u s h b u
/ ¡ii. r) - ,llS 4 ,/„,// f >r I ./,,»> ; (J0,r t
1 1 1 1 * ' ■+ «V,.. V’

l u n k s i v a  i i  \vi i o ' / g a i u v c h i l a i i i i n q  k o ' p h a d i  dc-»l» a t a l a d i ,  b u n d d
o z y a n r i a s  h a q i q i y  s o n l a i  ( k o o i t i t s i o n t l a i ).

/'(//.>•) h a n i d a  U { u . v) l a r  i i  v a  r o '/ .qai  u v c h i l a r n m q  k o p h a d l a n  

b o  l s m .  l i s h b u  !  ( O ( u . v ) *  0) m s b n t  i i  v a  v o ' z q a n j v c h i l a r n i n q

l a t s i o n a l  t u n k s i y a s i  dob a t a l a d i  v a  u J i ( u . v )  o r q a l i  b e l q i l a n a d i :

0{u. v)
l ' .ndi i4 v a  »• o ' z q a r u v c h i l a r n i i i q  h a r  b i i i  o ' z  n<ivbatid<i b i t t a  
o ' z q a i  u v c h m i n q

I I  -  Ipi  x )  

v -  <j>ix)

f u n k s i y a l a j  b o ’l s in.  IJ h o l d a  H (  : . v )  l u n k s i y a  <p{x ) v a  <j>(x) 

l u n k s i y a l a r n i n g  l a t s i o n a l  t u n k s i y a s i  b o ' l a d i .  M a s a l a n ,  u s h b u

/<»><='
% ' • \ ^  I

f u n k s i y a  i i  Vv.v l\- I l a r n i n q  l a t s i o n a l  l u n k s i v a s i d i r ,  c h u n k i ,

'■' f 1R(u. v)
H t

Xususan ,  </>(v) va fax) l a rn inq hat  b in  v o'/.qaruvt Inning ra t s iona l  
hmks ivd ld i i  b o ’lsa. u ho lda ushbu

R (n .v )  R(<p( \ )  </>{ v ) )  R {\ )  

f u n k s i y a  s h u  x o ’/ y a r u v c h i n i n q  r a t s i o n a l  f u n k s i y a s i  b o ' l a d i .



I l aq iq a tan ,  * o 'z ga ru  v c h in m g  iats ional  fu n k s iy a la n d a n  iboial  
<p{x) va $(X) leu us t ida  qo ' sh ish ,  . ivuish, k o ’payt i i i sh,  hciiudd 
bo ' l i sh  a m a l l a n  ba|ai i l sa ,  natijadri c ninq vana  idtsumal  
fu nks iy a s i  hosil b o ’ ladi

1°. H(x.}ix) i k o ' r i n i s h d a g i  fu n k s i y a l a r n i  i n tog ra l l a s l i .  I.’shbu
J«(A- k o >A (8.32)

in t eg r a ln i  qa idy l ik ,  b u n d a  !<{.\,y{x)) funks iya  a- va v(v) l aminq 
ra t s iona l  funks i ya s id i i .

A g a r  >(x) fun ks iya  v rung ratsional  funks iyas i  bo' lsa ,  ushbu
J /-ec-v. r(x»/.r

i n t e g r a l  rats ional  f u n k s i y a n in g  mleg ra l i  bo' lad i .  Bunday 
in t e g r a l l a r  3 vj d a  bata fs i l  o ’rqani ldi

A g a r  >-(x) funks iy a  .v o 'z garuv ch im ng  ra t s ional  funksiyasi  
bo  hnasa ,  u ho lda  r a vshan k i ,  R(x.y(\)) ham x o 'z ga ruvch im ng 
ra t s iona l  funks iya s i  bo ln i ayd i  Bu holda x o'zgcimvc hini 
a l inasht i r i sh  y o rd a m id a  ft(x. >•(*)) 111
ra t s iona l  fu n k s iy a g a  k e l t i n s h  masalas i  kel ib ch iq ad i  Agar biz 
s h u n d a y  x = <p(i) a l mash t i r i sh  topsakki ,  na t i j ada  x-<p(t\y(x) - y(<,>(D) 
l ar  i n ing  ra t s ional  h in k s i y a l a r i  bo'lsa, (bun da  r' = ?'(o ham 
ra ts iona l  funks iya  bo ' l ad i ) ,  u ho lda

J /<(.». v(x)XA- - y(<p(i))) <p'{t)Ji
bo ' l ib,  ^R{x.y(x)yLx i n t e g r a ln i  h isob lash ushbu

\R(<p{0. yi<p(t))) ■ <p\i№ 
ra t s iona l  fu n ks iy a n in g  in t eg ra l i n i  h i sob lashga kel t i r i l adi .

Endi  y(x) l u n k s i y a n m g  ba 'z i  bir konkret  ko ' r in i shga  ega  
b o ' l g a n  ho l l a r im qa r aymiz :

1). (8.32) i n t e g r a l d a

bo ' ls in,  b u n d a  , i .b, c .d o ’z g a r m a s  sonlai ,  *e ,v.  Bu ho lda (8 32) 
i n t e g r a l  q u y id a g i

18 331
k o  r imshn i  oladi .  B u n d a  a . h . r . j  sonlardan tuz i lqan  determinant 
n o ld a n  farqli ,  ya ' rn

deb  q a i a y m iz .  Agar



a  . h  I 
\ I 1 - 0  

£ ( / i

bo' lsa,  „■ va b  sonlai  so n l a iq a  propor t iona l  bo’lib, ,u * ^

nisbal  « qa  boq ' l iq  bo ' lmavdi  v a  !<i\ ;oixW’ ) funks i ya  x
\  ( Л  + i

o '/ gan iv r iu i im q  lats ional  tunks iya s i  bo ' l ib ,  qoladi  Bu h o ld a  
(8.33) in t egr a l  3 § da o ’r g a m lg an  m t e q i a l g a  koladi.  S h u n d a y  
qil jb, ko ym g i  mu lohaza la rda  л /о dp ymiz .  

(8.33) in tog ia ld a
j .  < h

V ГЛ I d
a lmasht ir ish  bajaramiz.  Nat i j ada

fa .x 4 b  d f "  -  h  
I  \ ■■ . V — „  - <p { l )

\ t x у d  a d

( a d  h e  ) n t " '
d x  ч> <I ) d l  - --------- -----------, d l

( a  -  c t  " )

bo' l ib,  (H.33) in t egr a l  usbbu
r f i x  * b  r r d t "  b  ( a d - h c ) n l n> ,

/<*( V '< -----) d x  = I /<(.</*().l ) <p ( t ) d t  --- — -  --------- - - d l
J  V i V * d  • a  c t "  (d  c t  )

ko' i in i shn i  oladi .
Domak, qaraJayotqdJi

f 1Цх. V'1“  + h )dx

intogralni  h i sob lash  ushbu K(^‘ - ,t) ^  r a t s iona l
a — c t ” (a ■■ a" )'

funks ivan ing  in togral im h isob lashga  k e l a d i  
8 . 9 -n i i s o l .  Ushbu

t  M  д d r  

M l  \ I V

intf»gral l i i soblansin.
M Bu lu tpg ia l i n  hisoblash u r b u n

■1 -»- V

dob olamiz.  U holda
/ - 1 ¡  Atdt 
/' - 1 (Г + \y



h i  - i - * t' 11 
b o ’ ladi  N a l g a d a  b o n l g a n  mt<4|icil uc lu i i i  l o p a m i z

!  I '  ‘ <i.x r r '. ir  I ,  •• I ,
j 1 . . 2 f  . - :2 r 2-11. / '/  + ■' 2 2 iu c i\ i I I ' ►
J V 1 \ 1 л J / - i I \ t ' \ I

Q u y i d a g i
'Mr /) «/л * /) , m- < /> \

I и  v ' - .) у  ( - ,)■ </v
' V \ <-i <-Y t <( I V t (/ J

in tog ia lm g a r a y l i k  A g a r  ; ra t s ional  sonlarm u m u m iy  in
m a x i a j g a  k»Mirib,  (8.34) i n teg i a lda

. . h

a lmas h l i i i sh  b a j a n  Isa, n a l g a d a  (8.34) mlpgra ln i  h isoblash 
ratsioii-i l  f u n k s iy a n i  m to g ia l l a sh g a  kHadi .

8 . 10 - i n i so I .  Ush bu

( . *\ I t у  I

in le gr a lm  h isob lang .
•4 Bu mh ' c j i a l d a  t ■ V< almasht i r ish bajarami/.  Nati jada

Л . i/v .. 6/ ' t/l
bo'hb,  bor i lgan  i n t e g i a l  uchun topamiz.:

f  ^  f í ' J /  e , I i  ‘ ¡  '
I , <> , (> ( ( Г  - f I 1) )J/ - (j( -  I f - - ]|W I I ) t Í ’ =

ч ч + \ л f -i I ,  +-1 Î 2
►

\ Л \ \ r
( l *  ̂ 1 V r  I I I \ V + 1 ) '• ( ' 2\ .V  \ (>\ \ t > 1111 V » ■) •

2). (8.32) i n t e g r a l d a  y - \\¿r; \ hx i bo' lsin,  bun da  ./>
о z g a tm a s  son la r  b o ’l ib, <xv: +/>.v»r kvadrat  ue h h a d  teng i ld i z la ig a  
oga  Pinas. (8.32) i n t e g r a l  qu y idag i

J /((x.y jux1 л-hx + c),Lx (,I 1 0) (8.36)
k o 'n n i sh d a  o ladi .

Q u y id a  k e l t i r i l a d i g a n  uch la  a lmasht i r i sh  yo rd amida  (8.35) 
in tog ia l  ra t s ional  fu n k s iy a  intcujral iga kol tmlad i .

a )  .i -o bo' Is in.  Hu l io lda  (8.3.*)) mtpg ia !
/ - \ u.\ < v ,n Wn t . (8.3(5)

( y o k i  I \ it v *f \(ix' f />v i i ) 
a l m a s h t i r i s h  n a t i j a s i d a  r a t s iona l  f u n k s i y a n i  in to g r a l l a s h g a  k o la d i



i ■ * ht * , <fa - '•! i V<0 ,
. i - — ■ • • • ,' —

1 ZvV.' * • -1V• -'f * h i-V 'I ■* '''>
b) о bo' ls in Bu ho lda  (8.35) in t rq ia l

i (\ ,n ' ч />\ -t <■ \, ) (8 . 3 /)
\

( y o k l  ! - 1 ( \ <i.x' + hx + ( + \< ))
Л'

cilnicislituish yo rd a m ida  i a s i ona l  funks iya in  m t e g r a l l a s h g a  ke ladi
r • ■ ■ r , 2 n/<- / - \[ï't' ‘ч -t 1’ s.U 2 (-[:1г + ht Je u )
M  • \]. а • ' \ t- i ) i\ /<( —  , - ) -------- ,• -Г-  —J t

} 5 а -  Г ,i -i (a -  i - )1
v) )r i /ч i kvadra t  u c h h a d  har xi l  v va v. h a q i q i y  i ldizlarga 

(Hja bo' lsin.  M a ' lu ink i  v, va v, i ldizlar o rqa l i  tu ’ t + < kvadral  
uchhad ni

■ i\ t hx t c íi(a - i , К i \ I
ko ' r im sh da  l íoda lash  m u m k m .  Bu holda (8.35) i n t eg r a l  ushbu

r- ' v<a (8.38)
1 * l

a lmasht i r i sh b i l an  ushbu

ы а * ч . , , , м ,
} } i  - а  i - а  (Г --a)

ko ' r in shga  k^ladi .  Bu t e n g h k n in g  o ’n g  to m o n id a g i  integra l  
os t idag i  tunks iya  ¡ o ’z g a i u v e h m i n g  ra t s ional  í u n k s i y a s i d i r

Oda tda  (8 36), (8,37) va (8.38) a l rnasht i r i sh la r  Eylcr 
a lmasht i r i shlar i  deb a t a la d i

8 . 1 1 - m i s o l  I 1 dx in tegra ln i  h i sob lang .
X и v.T2 + д *• l

< Bu integra l  u c h u n  (<» = !) Eyler rnng b i r inch i  a lmasht ir ishini  
((8.36) g a qarang)  ba ja ramiz :

í  - X t  \ Г  t J  i I
IJ ho lda

r  - I r ' i  /■’ +/ +1 . , í '  и t + \X ■ —  . v  .v •» v t  ! . <7v 2 ---- —  dt
1 + 2/ 1*2/ (W 2t y

bo' l ib,  boi i lgan in t egr a l  uchun
r l  ̂í 11 + ’ + 1 ,-Д = 21 , di

X i s jx: + *: + I ‘ í ( l  ♦ 2t)
bo ’ladi  Fncli



1 1 t /1-1 ;  < * 
n i t ? / ) - '  / 1*2/ (1*2/)'

b o ’ l ishini  p ' t i bo rg a  ohb, topmmz;
r I i Î II <h - 2 In/ ln I >• 2/ + + ( ’
X + \ - " + V + I - 2 1-2/

\ ►
= 2 Ih .a  + V  л  ’ + V 4- I -  l n l ( - 2 \ - f 2 \ . v 1 - i \ * l | 4   ̂ -t í '

- I t 2.r t 2\  x :  f i t i

2°. B in o m ia l  d i f f e r en s i a l l a rn i  i n t e q r a l l a sh  Ushbu
л + bx* Ÿ' Jx

di ffprens ia l  l foda  b inomia l  d i f fe ipnsia l  deb ataladi ,  b u n d a  u.b
о z g a r m a s  son lar  m.n.¡> ra t s ional  sonlar.

Ushbu
+ (8.37)

i n t eg r a ln i  h i s ob la sh  m.».p  r a l s i ona l  sonlarga  bog ' l iq  M ashhui  
rus m a t e m a t i g i  P.L C h e b i s h e v  k o ’rsatgank i ,  (8.37) integra l  
q u y i d a g i  u c h t a

1) p b u t u n  son,

2) m +1 b u t u n  son,П
3) m * 1 + p  b u tu n  son,n

h o ld a g in a  ra t s iona l  fu n k s i y a l a r n in g  integral i  orqal i  i foda lanad i .
1) p - b u t u n  son bo'Isin Bu holda m va n r ats ional  sonlai  

(ya ni kas r l a r )  m a x ra j in in g  e n g  k i ch ik  u m u m iy  bo ' luvch is in i  Л 
orqa l i  b e l g i l a b ,  (8.37} m t e g r a l d a  x = i 1' a lmasht i r i sh bajar i lsa ,  
i n t eg ra l  o s t id ag i  l u n k s iy a  rats ioanl  funks iy aga  ay l am b,  (8.37) 
i n t eg ra l  r a t s iona l  fu n k s iy a n in g  i n t eg r a l i g a  kel t i r i ladi .

2) m + l — b u t u n  son bo'Isin A w a l  (8.37) mtpgra lda
1

X  -  r  "

a lmash t i r i sh  ba ja ramiz .  Na t i j ada  (8.37) in tegra l  q u y id a g i
• *  »)

+ j i d  + b t y t  " ldt (8.38)

k o 'n n i s h n i  o la d i  O i sq a h k  uch un
m + 1

4= ■ -In
deb b e l g i l a ym tz .  Bu ho lda  ¡> k a s i  sonning  n iaxra jmi  i b i l an  
bp lg i l ab ,  (8.38) in t eg ra ld a

i J
_• - (a  i /■() = ( , t  * h x " ) '



a l mas h t insh  bajari lsa,  n a t i j a d a  in tegra l  os t idag i  i loda  rat snmal  
l u n k s iv a g a  ay lanib,  v a n a  (8.37) in tegra l  r a t i o n a l  funks iya  
in teg ra l im hisoblashga k e l t m l a d i

3) p + , bu tun  son bo ' l s in  Yuq onda qt  (8.38) in tegra ln i  
q u y i d a g i c h a  yozib olanuz:

J(.( f */) ' f J t  = JY* " b t y  r r ' ' dr.

Agar key ing)  mtegra lda

r * ' ) :!
a lmasht i r i sh  bajanlsa,  (8.37) in tegra l  ra t s ional  l u n k s i y a n m g  
in t eg ra l i g a  keladi .

8 . 1 2 - i n i s o l  Ushbu

i n tegra l  hisoblansin.
< Bu integra lni  (8.37) i n t e g r a l  b i l an taqqos lab ,  p - - 2 (butun 

son) ekan l ig in i  an iq lay iniz .  Yuqor ida  q a r a l g a n  1) ho lg a  ko' ra 
>=,' (f = \\) a l inasht insh  ba j a r ib  topamiz:

Í vA‘ dt 
J (l + K lx ): J (1 +/ ' ) '

Bu te ng l i kn in g  o 'ng  to m o n id ag i  in t egr a l  os t idag i  fu nks iy an i

=/' -2/1 1 I • -I 1 + !
(!+/’ ) Г t !  (/* + 1):

k o ’rm ishda  yozi sh  mu m k in  e k a n m i  e ' t iborga  o l sak ,  u  ho lda
r f 1 i'' У  ¡  dt...... .-dt -  ------2 -  + 3/ — Aarctví 4-1
J (l + f2)J 5 3 Ä U r + \ ) !

b o ’ladi  Oxirgi  integra l  sh u  bobn in g  2 —§ i d a  k e l t i r i l g a n  (8 17)
rekur ren t  munosabat  y o r d a m i d a  osong ina  h i soba lnad i .

r dt 1 1 1.... = . + - a r e t v t  + (
J (/ +1)7 2 r  +1 2

Na t i j ada  q u y id a g i g a  e g a  bo ' l amiz :
C t i , 1 , 2 ,  7  1 1

— dl = / - I + 3r  -  - arcigt + t (
1 ( 1 4  /’ ) 5 3 2 2 r  + 1

Demak,  r = {x ekan im e ' t i b o rg a  olib, uzul  — kes i l  yozamiz :

f v - dx =  ̂\ x ' -  4\ !x + I K f y x  -  21  a r d i ’ X.ix + 3 - 4 * 4  ( ’ ► 
(1 +  \Lx )‘ 5 V . r  + l



8 .13  m i so l  f '<ix i n to q i a lm  h isohlany 
v'l +

-« Bu intpgraln i  \ Xth f , n  + >') m- k n 'm u s h d a  yozib,
V 1 + \ v '

' bo' l i shiru topami/ Bu holda bo' l ib, ̂ 2 „

I = < I f  x  1 )  ■’

a lmas h t i r i shn i  b a j a i a m iz  U nda

- ( f : -  1) ’ va  tit -  '  If ‘ - 1) ’ 2 ult 

b o ’lib, b p r i lg a n  in t egr a l  u c h u n  u sh b u

I  1(1 I x ' ) zdx = 3 j ( r  - 1)! t''d t = 3 l—  - + /' + i \  , = / i  +- x  1

l i o d a  fop i ladi .  ►

§• 1 r i g o n o m e t r i k  f u n k s i y a l a r n i  i n t e g r a l l a s h

Y u q o n d a g id p k ,  / iism x co s j- } orqa l i  sin t va co s r l a m i n g  rats ional  
l u n k s i y a s i m  bplg i l a yhk .  B u n d a y  i fodaning

j  R{sin x. cos x)d t  (8 .39 )
i n t e g r a l n i n g  qa ray l ik .

A g a r  (8.39) in t eg ra ld a
A

1 ~ <X  ̂ ( ‘ n *- -V < ^ 1

a l mash t i r i sh  bajar i lsa ,  u ho lda  (8.39) integra l  ost idagi  W(sin x, œsx) 
l i oda  , o ' z g a ru v c ln n in g  ra t s iona l  funks i ya s iga  aylan ib ,  (8.39) 
i n t e g r a ln i  h i sob lash  ra t s iona l  fun ks iy a  in teyra l in i  h i sob lashga  
ke l ad i .

Darhaq iqat ,  q u y id a g i

2,sin x = =
u , , - r U ' "

2

C O S  X  =  =

i + , , :A2

2 Ji\ = 2 . dx -  -- —
U  ! :



munosabat  l am í  e ' t iborga olsak,  u ho lda  (8.39) intpqial  g u y i d a g i
:/ i /' 1 2 dif /¿(мп X, cos » К/л = [ н\

5 1 U i  1w - 1 +r
ko ' i i n i shga  kohidi  Ravshanki ,

r{ ---г. — f- I 
1 1t r  W r  J 1 * r

funks i ya  i o ’zqaruvchming  ra t s iona l  funks iyas i .  Demak,  |8.39) 
i n tegra lni  h isob lash ratsional  f u n k s i y a  ín tegra lmi  h i s o b l a s h g a  
keladi .

8 . 1 4 - m i s o l  [ dx ■ in teg ra ln i  h i sob lang .
J  3 4 S in  X

•4 Bu i n t eg ra ld a  i - ( g ' x a lmas h t i r i sh  ba ja r ib  topamiz:

Г (ix t 1 2 dt _ f dt 
' ,i+ sin > " '  ̂ 21 \ + r ~  3r + 2/ +- 

+ 1 н '

2/ , *" : 2 f <Í(,+ 1> 2 i - ' 2 ЧГ.ЧЗ- r U c
3r f2i+1 ■’ 1 ('< J ) ^ ( 2f - ) 1 2 2' 2

Demak,

f  *  V 2  3 ' * 2 4 '
' =  - a / ' f f i ;  -*•- f  f ►

J U  «in V ?3 + SÍD.V 2 2\ 2

Shuni  ta 'k id la sh  lozimki, Jftfsin x. cos x)dx in t eg ra ld a  t = t g x

a lmasht i r i sh  un iversa l  a lmasht i r i sh  bo ' l ib ,  u (8.39) in t eg ra ln i  h a i  
doim ra ts ional  funks iya  i n t e g r a l i g a  ke l t i r sada  k o ’p in c h a  b u  
a lmasht i r i sh  m u rak k ab  h i s ob la sh la r ga  ohb keladi .

Ayr im ho l l a rda  tngonom et r ik  funks iy a la rn i  i n t e g r a l l a s h d a  
/ = tgx_i = sin x.t =c<>s.r a lmasht ir ishlar  q u l a y  bo' ladi .

8 . 1 5 - i n i s o l .  f ,ix - in tegra l  h i s ob la ns in
* COS* X

< A g a r  bu in tegra lda  f = ̂   ̂ UI)iv e r s a  ̂ a lmasht ir ish  ba j a r i l s a ,  

u ho lda

f A
3 cos4 X  M l - / 1 ) 4

bo' ladi .  Biroq qar a l ay o tgan  i n t e g r a ld a  t = a lm a sh t i r i s h  
bajar i lsa ,  u holda



i  J = i ( l  +' V ' ' tlfx* = i (I t  r  ),i! 
1 s. o s  i  1 1

bo ' l i sh im topaun/ ►
M a s h q l a r
8.16.  Ushbu

/ ( A )  -  A . x j , y ) ( x )  =  <' X  U e / < )

iunks iy c iUming i /..+cc) d a g i  b o x h la n y ic h  funks iy a ld i i  topilsin
8.17.  Ushbu

i
j . \

v'(.v - ¿)(h -  .x)

J r '  co'./ix^x

in t egr a l  hisoblansin.
8.18.  Ushbu

in t eg r a l  hisoblansin.
8.19.  Qu y idag i

1) } in' f- vV ± a 2 I 4 (" (</>(!)
\ ‘ l  x :

2) | , --- * v’-r ± A 7 + f ’ (« M)J
\' t  X 1

3 )  [ v r i 2 x : dx -  v a 2 -  x J + — a r t s in  r  + ( '
J 2 2 d

4 )  i  \ V  t = A- s i x 2 ± a 2 ± a - hi X + V x : ±U! I f  C  
/ 2 2  I

te n g l i k l a r  i sbot lansin.
8.20.  Ushbu

sm  4x

i n t eg r a l  hi soblans in.

e sm -+x
J I _ s' dxJ sin x + cos X



A n iq  in t eg r a l

Funks iy am ng aniq m l e g r a h  ma temat ik  a n a h z n in g  muhim 
tu shunch a l andan  bui

Tabiatda,  te xm kad a  va i an n in q  turli su ha l a r id a  u rh r ay d iq an  
k o ’pg ina  masa la la r  ( shak ln iny  yuzi ,  e g n  c h i z iq n in g  uzunl igi ,  
ba j a r i lg an  ish miqdon,  m e r s i y a  momenti ,  j i sm n ing  ha jmi  va h.k 
lairn topish masa la lan)  a ruq in tegra l  yo rd a m id a  h a l  et i l adi .

Ush bu  bobda  f u n k s i v a n i n g  an iq  i n to g r a l i  n a z a r i y a s i n i  
ba ta fs i l  b a y o n  e tannz

1~§. Aniq  i n t e g r a l  t u s h u n t h a s i

l tí. |<¿./>] ni bo ' l ak l ash  Biror ( /.*|c se g m e n t  b e r i lg an  b o ’ lsin 
U m n g  ushbu

i /„ " \ , < X ,  <  X ,  < . . .  <  r ,  ,  <  X n - h

nmnosabatda  b o ’lg an  ch e k l i  sondag i  í x t i y o r iy  jc,..rr x,. r,. j ,  
nuqta la r i  s i stemas im o lay l i k .  Agar .•] : |a , .x|, / = 1.2....» deb 
be l g i l as ak ,  u holda ravshanki ,

1 ) /], <jA, y i An — [6i,  ̂|.
2) Ai r\A = 1,2. .n)

M a z k u r  kursninq 1 • bobidag i  t o 'p l a m m  bo ' l ak lash
tushunchas i  t a ' r i f iga b in o a n  {A,,A,..... -1„¡ s i s t e m a  \a,b\ da
bo ' l a k l a sh  ba ja rgan bo ' l ad i ,  va ak s in rh a ,  a g a r  b iz ga  |<;./>| 
s eg m en tn ing  biror chek l i  .Hj  bo ' l a k l ash i  beTilgan  bo' lsa ,  u
ushbu

‘‘n --’ .I, • >,«••.<>•„=/>
nmnosabatda  b o ’l g an  c h e k l i  so ndag i  >-c y m nuqta la i  
s i s temas in i  amqlayd i .  Binobar in,  biz to’p la mn i  b o ' l a k l a s h  ta ' r i f iga 
ekv iva lent  bo ’lg an  q u y i d a g i  t a 'nfn i  kir i ta olarniz.

l - t a ' r i f  |u.A| segmontrnng ushbu
J  ■- ,x„ • <] < x 2 •' . < x n_, < x n = h

munosabat  bo ' lg an  íx t i yo r i y  chek l i  so n d ag i  rp .v2.x,. . r , , >. 
nuqta la r i  s i stemasi  s e g m e n t d a  b o ' l a k l a s h  b a j a r a d i  deyi l ad i .
U

/' = . jr,..... o
kab i  belgi lanadi .



Haï  b ir  r ( ¿ t ( i i  .ni n u q t a  b o ’ l ak lashning  bn ' luvch i  nuqtasi ,  
I - r- il "-1- 0 se g m e n t  osa /' bo ' l ak l ashn ing  ora l ig ' i  
doy i l adi .

I’ b o ' l a k l a s h  o ïdhqld i i  uzun l i g i  \> (A o.i. . .n - 1> ong
kat tas i ,  y ( i1 ni ushbu

À, -  i n a x { A » , j = m a \ !  \ v „ . \t ( . . ■Vr, . . A »  . [

in iqdor  r  b o ’l ak la sh n in g  d i a m e t n  deb a ta ladi  |<v>j seg men t  
b e r i lg an  h o ld a  bu se g m e n tm  tu i l i  usul lar  b il an î s ta lgan  sondag i  
bo l a k l a s h l a r m  tuz ish m u m k in  ekan .  Bu bo ' l ak l ash l ardan  iborat 
t o ’p l a m n i  / b i l a n  be l g i l aym iz :  /• ={/'[

2°. I n t é g r a l  y ig ' in d i .  |,/./>| seg inentda  Kx) funks iya  
a n i q l a n g a n  bo ' ls in.  Shu s e g m e n tm

,xk. - I j e / « ”
b o ' l a k l a s h i  va  b u  b o ' l a k l a sh n in g  haï  bir  K . x , j  {k = o.i. - 1) 
ora l ig  i d a  ix t i yo r i y  <ft e |a, nuqt a  olamiz.  Ben lg a n
fu n k s i y a n i n g  =, n u q t a d a g i  q iy ina t i  /(<?,) m g a
k o ’payt i r ib ,  q u y i d a g i  y i g ' i n d in i  tuzamiz:

<T = J ( f u ).\xl}+ f t f t ),\xl +.  * + /<£, ,)A V B l = V / ( ç J ^

2 - t a ’r i i  Ushbu
•j 1

<T- - ' Z A & ‘\xk (9.1)i U
y i g ’ind i  /(*) t u n k s i y a n in g  i n t é g r a l  y i g ' i n d i s i  deb ataladi .

M a s a l a n ,  1) /(.v)-x f u n k s i y a n in g  («/./>| s eg montdag i  intégra l  
y i g ’ind i s i

*-o A (J
bo ' l ad i ,  b u n d a

(* = 0,1.
3) Dirixl i  fu n ks iy a s i

i l , a g a r  xe|u./>| rats ional  son bo' lsa,
/){*) =

t 0, a g a r  .re|j./>| irratsional  son bo' lsa.

n ing  i n t é g r a l  y i g ' i n d i s i  q u y id a g i



í  '■ /. a ga i  bcirrhd c, ra ts ioi idl  son bo' lsa,

0, a g a r  b a r rh a  4, u r a t s io n a l  son b o ’ lsa

ko 'nn ishgd  ega  bo' ladi .
Ravshanki ,  /(л) fu n k s i y a n m g  intogral  y i g ’ ind i s i  tr a) /(*) 

funks iyaga ,  b) \,i.b\ spgmpntn i  b o ’l ak lash  u s u l i g a  vj har bir 
|r,.r spgmentddn oh n gan  n u q ta l a r g a  b o g ’hq b o ’ ladi.

3". Aniq i n t eg r a l  t a 'r i f i  /( r) f unks iy a  (,/.Л| spgnipi i tda 
a m q l a n g a n  bo’ lsin. (tí.Aj s e g m p n tn in g  sh u n d a y

. (9.2)
(Pm e h », = 1.2. ) bo 'h ik l a sh l a rn m g  qar aymizk i ,  u l a rn in g  mos 
d iamptr la r idan tashki l  to p g a n

Я/, .Ár¡ ,Ar¡ .... 
kpt ina -  kptl ik no lga  int i ls in:  X_ >o.

B u n d ay  i\ {«;-! ,2, ) b o ' l a k l a sh l a rg a  n i s ba l an  f(x) 
fu nks iy a nm g  integra l  y i g ’ind i l a r im tuzarniz.  Na t i j ada  (*A| 
segmontn i  (9.2) b o ' l a k l a sh l a rg a  mos /(*) f u n k s i y a n i n g  mtpgral  
y i g ' ind i l a r t  q i ym at la r ida n  iborat  quy idag i

(T p íT j,  ...CTm....
k e t m a - k e t l i k  hosü bo' l adi .  Ravshanki ,  bu  k e t m a  — kpt l ikning 
har  bir hadi  4k n u q ta la r ga  b o g ’l iqdir.

3-trt ' r if .  Agar  \a,b\ spgm pntn i  har  q a n d a y  (9.2) bo ' l ak lash l ar  
k e tm a  -kpt l ig i  ¡/;„} o l i n g a n d a  ham u n g a  m os  in tpgra l  y ig ' ind í  
q iyma t la r idan iborat {<rm} k e t m a  - k p t l i k  ,£, n u q t a l a r n in g  tanlab 
o l in i sh iga  bog ' l i q  b o ' lm a g a n  rav i shda  h a m m a  vaq t  b i t ta  ./ songa  
int i lsa,  bu .i son <т y i g ' i n d i m n g  Ar ->o d a g i  l im i t i  dpb a t a lad i  U

X I
lim rr = lun ) 7 ( í J . U (
X !U J , -*(!*-<• •* *F к' 0

kab i  bplgi lanadi .
Yig' indi  l imitini  q u v i d a g í c h a  ham t a ’r i f lash m u m k in .
4 - t a ' r i f .  Agar Vc>o son o l i ngan da  ham s h u n d a y  ¿>>o son 

topi lsaki ,  ia,b\ spgmpntni  d iamptr i  Af, <s  b o ’ l g a n  har  q a n d a y  r  
bo ' l ak l ash  uc hun  tuz i l gan  a  y i g ' i n d i  i x t i y o n y  n u q t a l a r d a

|<t - , / |  <  V

tpngs izl ikni  qanoat lant i rsa ,  ./ son <r y i g ' i n d i m n g  / -+o d a g i



lill'.iti (lob dtdlddl
5 —ta ' r i f  A g a r  ;  >u da  (Xi lunkM \a n iny  integra l  y i q ’indisi  

(9 1) r h e k l i  l inn tga  »>ga b o ’lsa, u holda /m lunks iya  
s e q m e n td a  u i t e q r a l l a m iv rh i  doyüad i ,  n- VKj'indiniri<j chek l i  l imiti 
J  psa -  '(>) i u n k s i y a n in g  ¡..'>| s e g m e n td a g i  a n i q  i n t e g m l i  deb 
a t a lad i  F u n k s i y a n i n g  am q  int eg rah

\/(x)dx

kab i  b e l g i l a n a d i .
Demak,

f /  (x)dx — l i m  'Y_f(äk.1 Vv\
•*' *°*-o

ß u n d a  u son i n t e g r a lm n g  q u y i  chegar as i ,  h son esa in t eg r a lm n g  
yuqor i  c h e g a r a s i ,  ¡«./-j sogm en t  m e g ra l l a s h  ora l ig ' i  deb a ta lad i .

A ga r  a, —» o d a  y i g ’ ind in ing  l imi t i  mav jud bo ' lmasa  yok i  u n ing  
l imit i  c h e k s i z  bo Isa, u ho lda  f{x) funks i ya  |.;./>| s e g m e n td a  
i n t o g i a l l a n m a y d l  doyi ladi .

9.1 - i n i s o l .  / ( v) = (' = cnmt f u n k s iy a n in g  \a. b\ s e g m e tn d a g i  
in tegr ah  h i s ob la ns in

< |lv.h\ s e g m e n t m  i x t iyony
l* = {x a. X ]....,xn} (a  = xn <xr - . < x „ = A )

bo lak ldshni  oüb,  /(i ) = c  f u n k s i y a n in g  integra l  y ig ' ind i s in i  
topamiz:

n I * |
iT  =  Z ( ’ A , r ‘  " ( ’Z ' VV4 = r [(->r| - ' Co )  +  ( ^  - . r , )  +  ... + K  -Xn [ )]=.

¿-0 A U

- C(xn - x {) = C ( b - a )
Ravshank i ,

l i m  (7 -  l i m  C (b  - a )  = C (h  - a )
a.;  ,0  _ ,o

Demak,

| < 'dx = C (b  -  « ) . ►

Xususan ,  /0 0  = 1 b o ' l g a n d a  q u y i d a g i g a  egamiz:

j I • dx = | <Jx = b -  u

9 .2—in i so l  Ushbu /\x)~x f u n k s iy a n in g  |u.A| s eg m e n td a g i  
l n t eg i a l i  h i sob lans in .

< M a  l umki ,  i ^ j  s e g m e n td a  /Xo: >. i unks i y an ing  in tegra l



^  X- ' ,  VV
4

Hu tonqsizl ikni  v. -о qa k o ’payt j r ib  lopamiz:
v. v  -ÿ ,  • <. a_ ,, • \\. a - ■ d. i. -  i)

k o y in g i  tengsi/J iklatdan osa
- J ' I ;
X  V, \v, < Y ¿ ,  \x_ -• V  X ,, \<T(

tengsi/ l ik la r  kolib chiqadi .
Df'niak,

^  .V \ x ,  < (T < ^  V , \ r‘ ¿-ml ' 1

I n d i  ^ ï ( .\v, va y i fj’i iKÜlíiini q u y i d a q i c h a  o ’ zqar t i i ib

yozib olamiz:

X'- .av,  ••■»■.)= Í E ^ / o  - */)• \ î > . . ,  -  «( ) ! = -‘- ( ^l u  - r 0 i ,  ( 1
1 Улх;  = А‘' 1 S \v;
l H  2 2 r i

Agai  л,,, -= X■ +.Л», ekamni  p ’t ib orqa  olsak,  u ho lda  

IVmak,

¿L'--iVv- ■* -Vv. ) V  -T( ,\v +- V  Aï’ = f- -- '' + -  V  Av;
• o < y ✓ n . 2 2 ^

/>*-</ 1 ,  ,  h1 -, , ’ I i J  , -----У.Лх, < rr< ----------4 ->  Vv

Bu munosabatdan
h1 -  a ’ <r---------- s - > > ;  2 f “

tengsi/.i ik kol ib chiqadi .  S o ’n g i a  ¿  v»; u ch un

2 t
(bunda л  -imx{A*,}) b o ’h sh id a n  Я, > o da

b o ’l isl i ini  topcimiz. 
Dcinak,

V  Vv; < /..  ̂ w . \

! a n  Л, > о 

V  ’ > о



[ \ ,/\

e k a n l i q m i  bddt iadi .  ►
9 . 3 - m i s o l  |./ /7) siHjniPii(d<i DinxJ<' fui iks iydsi  i i d m n  dinq 

in to q ia l  mav)ud (“nu is l ig ini  ko ' r sa l i l sm.
< Dinxlo  funks iya s i  l)(x) uc hurí in l eg ia l  y i g ’ indi  q u y id a g i c h a  

bo ' l i sh in i  ko ' rqan  pdik
/> cí, a g a r  b a i c h a  idtsional  son b o l s a ,

rr -
0. dgdl bdrr l id   ̂ inats iondl  SOIl bo lsd

R a v sh a n k i  /, »0 dd a  y i g ’mdi  l imjhja pga ornas. Dpmak,  Dmxlo 
f u n k s i y a s i  \n.h\ sogi iH'nlda in log idl ldimidydi .  ►

O d a t d a ,  y u q o n d d  k o l t i i i l q d n  am q  int eg ra l  R im an  in tpg idb ,  
i n t p g id l  y i g ’ ind i  R im an  y i g ' m d i s i  doy i ladi .

1 —osld l i iM Agor /(o tunks iyd |,;,/>| segmontdd 
c h e g a i d l a n m a g d i i  b o l s a .  u  shu spgmentda  intpqral ldi imavdi .

4". Ddrbu y i g ' in d ih i r i .  t{\) lu nks i y a  |>;./;| ordl iqda  an iqidngdn 
b o ’lib, shu ora l iqda  ( h o g a r d l a n g a n  bo’lsiri:

<// f ( X )  > \ (  , > • |,í. t\

I-:- /’I ordhqni  biroi
/' - ¡ \ , . .. Xlt ( !. I''

{a-x„ \ b o ’ l ak l as hn i  o layl ik Bu funks iydn ing  amq
ch^gard ldr i

m h - ml’í / ( v ) ¡ ,  x € [  yt , v,., ),
M  ( -  s up {  / (  v ) } ,  v ' \\ t . t j .  | 

m a v ju d  (2. -b o b ,  6 $).
R av sh an k i ,  i x t i yony  (a .. x ,, | urhun

■' /(s, ) m . (().3)
bo ' ldd i .  í-.ndi m.  va A/.  sonldrni  K  <, ,| orahq ninq u/un)igi

— v. (i 0.1.. n- i ) g a  k o ’pdyt inb quyuldqi

^  /'). \ \ .  • !>l \K  ̂ +  m , \\ ¡ 4 4 _ t . 4 W.,  , \ v „  |

^ A / ,  \» ,  . Vv , + A/,  V ,  t .. t .W,  A » .  + . 1 A/ ,  , \v„ ,



v iq ' ind i l a in i  hi/ainiz 
*) — 1«í ' i  ií l ’shbu

V,  V X l/- V-

v iq 'mdi la r  mos i avishda D a r h u n m g  q u y i  In tu ida  y u q o i i  
Yiq’i n d i í a i i  (i(‘b ataladi .

Ddibii  y i q i n d i l a n .  h in ks iv aqa  h a m d a  : bo l ak lashqa  boq bq
' = M ¡> I..S .V(/')

Va lun (loim
л( I»- ,Si l ' )

bo'l<idi
(‘ (.3) tonqs iz l ik la ini  \\ qa  k u ' p a y t i n b  topaim/.:

m, V v ,  <  /{■,  ) \ \ .  • А / . V.. ( к  I ) 1... . « - ) )

koy inq i  tonqs iz l ik la idan osa
i I I

X"-- v . ' X  ' '  X  i/• v ■, rt .
tonqs izl iklai  kf-dib chiqadi .  l>n uik ,

'I /))' <7 •
Shu iu l av  <|ilib. f{\) l i ink s iv a i in iq  í n toq ia l  y i q ’inclisi hai  d o im  
u n m q  Dail)U y iq ' ind i l an  o ia s id a  bo ' l a r  okan.

(c).3) immosalmtd-m y<ina bitt<i x u lo s a  ch iqa i i sh  nu imki i t :  ■: 
miq lan i  taiilcib olish h i sob iqa  /(^; ) ni s ln inmqd ok,  w
q i y m a lk m j a  hai  qanrha  v aqu í  ko lt ír i sh  muink in  Bl indan osa 
Da ibu iunq  quv i  va \uqoi i  y i q ' i n d i l a i i  bo i i lqan  bo ' l a k l ash  u e l u m  
mtpqral  y i q ’mdin inq mus ra v i shda  a n iq  qu y i  h am da <miq vu q o r i  
choqai ' a la i i  bo lishi kolib с l i iqadi :

V i n t { f i f . , v  - ч ф ( < т ;

Aniq rhoqa ra l a r  xossa la i id an  loy d d l a n ib  lopamiz:
tn rn_ \ ! •' V / \k (I. I. • 1)

Nali|ada
■. I  «  Д

'(/’)■ N Iih \x, '  \x. m(h ,i)

• i
S i l  ) - V  v v  .  л / V  \д  .. \ ! {h  -  (/)

bo ’ladi .
Ravshank i ,

V  \v. h -  ы

Uomak, urhun q u y i d a q i



m{b-  .,) • , ( ¡ ‘ ) • S ( i ' )  • \¡{h ,) (9
t<'iigsi/.liklai o mi l i  b o ’ l adi  Mu osa D<tibu v i g ' i nd i l a i in in q
< h p g a i a l a n g a n l i g in i  b i l d i i ad i .

5“. Aniq i n t c q i d l n i n g  bos lu j a t  ha l a ’rifi /t ,, funks iva  |,, /¡ 
oraUqda amqlci l i g an  b o ’hb, u xhu  ora l igda  c h o q a i a la nq an  bo'Lsin. 
I i />| o ia l iqn i  b o ' l a k l a sh l a r  to 'p lami  I- ;/’} n inq har bir /'e /• 
bo l ak lash i  uch un  /(v) f u n k s iy a n in g  Darbu y t g ’ind i l an  .s(/>> 
ni tuzib,

\*ñUS(F) l
to 'p lamlarn i  qa r aynuz .  Bu to 'p lamlar  (9.4) qa  ko 'ra
< h e g a r a l a n g a n  bo' l adi .

7 “ t a ’rif to 'p la n in in q  an iq  y u q o n  t h^garasi  f(\<
f u n k s iy a ' i in g  \u,b\ o i a l i q d u g i  q u y i  i r t t r g i a l i  deb a ta lad i .  U

1 J /(A-)d\

kab i  bn lg i l anad i
to p l a m n in g  a n i q  qu y i  chegaras i  /(.n fu n ks iy a nm g  

o i a h q d a g i  yuqor i  i n t e g r a l i  dob ataladi .  II
h

■1 - \ n x )d x

k ab i  bp lg i l anad i .  Doniak,

■ 1 - j l\x )J- X  ■- SUp j v(  / ’ )  ¡ ,

/  - f  / ( A ~ )íix  -■ Í n f { . \ ' ( / ’ ) }

8 ta  rif. Aga i  /(*) f u n k s i y a n in g  \a.h\ ora l iqdag i  q u y i  han ida  
Vuqon ín lpgra l l a i i  bu  b i r i g a  tong bo' lsa,  /(v) i u n k s i y a  |d,/i| 
o i a l i q d a  i n tpgr a l l anuv cb i  dpyi ladi ,  u l a in ing  urnu in iy  qiymat i

■ i  -  J  / (v )d \  = | /;  i ) (/v 

/ ( a )  funks iy a  (c i , / i |  o r a í i q d a g í  a n i q  i n t e g r a l  i  dpyi ladi .  Agar

[  f (x )d \  1 1 f{x )dx

b o l s a ,  f(x) f un ks iy a  o i a l i q d a  in tpg i a l l an may d i  doyi ladi .  
Dpinak,

j  /(-1) | / ( \-),¿r -  ( /(



2 $. Anicj i n t e g r a l n í n q  n idv j t id l iq i

1". D. i ibu y i y ' i n d i l d rn in q  x o s s a l a r i  FaidZ qi l . iyl ik ; 
to pl<irri i i ordhqning b a r rh a  b o ’ ldk lash ldr idan l lmral t o p l a i n  
b o l s ín  Acjni i\ ( /• bo ' ldklashrnnq h<u bn  b o ’luvchi rmqtasi  è / 
bo ’ldkldshmnq ham bo' luvch i  nuqtas i  b o ’ lsd, bo ’ldklash /’ ni 
piqdsl i l i rddt dcy i ldd i  vd ¡ \ r ! .  kdbi  bo lg i l an ad i .

A\tdyl ik,  ; m  funks iva \i.h\ o ra l iqdd rh nga ra ldngan  b o ’hb, 
1\ь 1‘ va /’,<:/• bo' ldklashldr i  uchun  Darbu Vig’indi lari

)..S'(/', ).* (/ ', ) .Л (/ м
bo' lsin

1) Agai  b o ’lsa, u holda
V ; ) r  t{r; ).su\)

bo' lddi.
2). V/'g/-', \4\(.F uchun

bo' lddi.
3) Darbu y i g ' i n d i l a n d a  tu/.ilgan

!'(/')). (WOI (/**/■■)
lo 'p lam uch un

s u p {. ï ( / ’ ) }

Vd’ni
.1 ■_ J

bo ’lddi
4) Ix t iyony  /;>n ohnqdnda hdm s h u n d a y  rf>« topi lddiki .  

diamotri  я < л bo ' lg an  (j ,/>j o ra l iq n ing  /’ b o ' l a k l a s h l a n  uch un

i(P) >siip(v(/’)} -
V'd'ni

< ./ + /г, .V( /* ) > 7 - /.
bo ’lddi.

Bu xoss a l a rdan  b ir inmg masa lan  2) -  n ing  i sbotmi  ke l t i ra rniz
< Avtavi ik.  I\ va P, lar (d./>| o ra l i q n in g  ix t i yor iy  b o ' l a k l a s h l a n  

bo ’lsin. Bu b o ’ldk lashlarn ing bar ch d  bo' luvchi  n u q t a ld i i  
yorddmida  n ing y an g i  P bo ' ld k l ash in i  hosil q i l a m iz .
Rdvshdnki,

I\ с  P.!’, с  P
bo'lddi.  P bo l ak lash  uchun  tuz i l gan  Darbu y i g ' i n d i l an  mP) va



S(l') lar u ch un  1) x o s s a g a  k o ’ra
) ? v(/'). X(/') < S(¡\ )

'•(/',) < .vi/'i: s a -,)
bo' l ib,  u l a id a n

>(/’. ) < v ( / ' ) >■(/;)
ya 'n i

bo ’l ishi ke l ib  c h iq a d i .  ►
Bu xossa ja.h\ ora l iqn i  bo ’l ak l ash lar  uch un  tuz i lgan  qu y i  

y i g ’ind i la r  t o ' p l a m i  {*(/')} m n g  hai bir  elpmpnti  y u q o n d a  
y i g  mdi la r  to p l a m i  ¡.S'(/')¡ m n g  i s ta lg an  plpmpntidan kat ta 
em as l ig in i  b i l d i rad i .  (Qolgan  x o s s a la n n in g  i sboti  (1) m n g  9 - 
bob idan  qa i a l s in ) .

2". An iq  i n t e g r a l n i n g  m a v ju d l i g i  A yt ay hk ,  /(,) í unks iva  \a.h\ 
ora l iqda  c h p g a r a l a n g a n  bo' lsm.

^ - t e o r e m a .  f (x) f u n k s i y a  |a,¿| o r a ü q d a  i n t e g r a l l a n u v c h i  
b o h s h i  u c h u n  v^> o o l i n g a n d a  h a m  s h u n d a y  , í>q s o n  t op i l i b ,  

o r a l i q n i  d i a m e t r i  ).t <5 b o ' l g o n  h a r  q a n d a y  !■ b o ' l a k l a s h i  
u c h u n  D a r b u  y i g ' i n d i i a r i

s {P )< t :
t e n g s i z h k n i  q a n o a t l a n t i r i s h i  z a r u r  v a  y e t a r l i .

< Zaru r l i g i .  f ( xy funks i ya  |u,A) o ra l i qd a  intpgrdl l anuvchi  
bo l s in Ta r i fga k o ’ra  j =j =¿ bo' ladi ,  b un da

^  = su p { .? (P )} ,j = m f< 5(P )¡

Vc>0 o l i n g a n d a  h a m  sh u n d a y  6 >0 son top í l adiki ,  |(i.A¡ 
ora l i qn ing  d i a m e t r i  bo ' lg an  har q a n d a y  }> bo ' Iak lash ida
Darbu y i g ’ind i i a r i  u c h u n  Io -  d a g i  4) xo ssaga  k o ’ra

.V(/V J<  -  .»(/>)< L-  t eng s iz l ik la r  o ’nnl i  b o ’lib, un dan  <^

tengs iz l ik  ke l ib  ch iqad i .
< Y e t a r l i l i g i  v «> 0  o l i n g a n d a  ham s h u n d a y  ¿>o son topi l ib,  

|j,AJ ora l iqni  d i a m e t r i  ;.( <s  b o ’l g an  har q a n d a y  /* b o ’ l ak la sh ida  
Darbu y i g ' i n d i i a r i  u c h u n

S { P ) - s { P ) < e
tengs iz l ik  o 'n n l i  b o ’ lsin. /(*) funks iy a  \a.h] ora l iqda
c h e g a r a l a n g a n l i g i  u c h u n  un ing  q u y i  h a m d a  yuqor i  i n t eg ra l l a n

■I Mip = inf{.S'(/'))

mavjud va 1° d a g i  3) - x o s s a g a  ko ’ra  ./<j  tpngsizl ik o ’nnl i  
bo' lad i .  Ravshan k i ,



Bu munosabatdan
0 < / / <. S(P)  - %{/1 

b o ’l i shmi  topamiz D<‘inak,  •/>.->( i son uchun  o : ./ - ./<* bo' l ib,  
u n dan  /-./ bo' l ishi  krhb  c h iq ad i .  Bu psa f ix) f u n k s i y a n in g  |t,.Aj 
o ra l iq da  intpgral l anuvchi  e k a n h g i n i  bi ldiradi .  ►

A g a r  avva lg idpk f(x) f u n k s iy a n in g  <* = o.l.. ./? - d
o i a l i q d a g i  tpbramshim «\ o rqa l i  bplgi l asak ,  u ho lda

r \ ' I
.S(/’)- v i/ ') = ^ (V /_  - m _  ).Vr, =

bo' l ib,  yu qor id a  ke l t i n lg an  teorpnia  q u y i d a g i c h a  i foda lanad i .
2 - t e o r e m a .  / (v) f u n k s i y a  [,/>1 o r a l i q d a  i n t e g r a i i a n u v c h i  

b o ' l i s h i  u c h u n  V/; >o s o n  o l i n g a n d a  h a m  s h u n d a y  <v>0 s o n  t op i l i b ,  
|«/.A| o r a i i q n i  d i a m e t r i  A. <6 b o ' l g a n  h a r  q a n d a y  1 ‘ b o ' l a k l a s h d a

< £• (9-5)

t e n g s i z l i k n i n g  b a j a r i h s h i  z a r u r  v a  y e t a r l i .
Ravshanki ,  (9.5) m u nos aba tn i  q u y u l a g i

hm - 0
‘ * 0

k o 'n n i sh d a  ham yozish m u m k i n

3 - § .  I n t e g r a i i a n u v c h i  f u n k s i y a l a r  s inf i

Ushbu paragrafda  ar i iq in tpg ra lmnq  m a v ju d l i g i  h aq id ag i  
tpo remad an  foydalarub,  ba 'z i  f u n k s i y a l a r n in g  sinfi 
in teg ra i i anuvch i  bo' l i shini  ko ' r sa tamiz .

/(x) funks iya  [a,i)| o r a l i q d a  a m q l a n g a n  bo' ls in .
3 - t e o r e m a .  A g a r  f(x) f u n k s i y a  \u.b\ o r a l i q d a  u z l u k s i z  b o ' I s a , u 

s h u  o r a l i q d a  i n t e g r a i i a n u v c h i  b o ' l a d i .
< f(x) funks iya  \a.h\ ora l iqda  u z l u k s i z  bo' ls in.  

Vpyprshtrassning b ir inch i  tporemas iga  ( 5 — b o b d a g i  7 — 
tporpmaga  qarang)  ko ' r a  fun ks iy a  [a.h\ d a  ch eg a r a l a n g a n .  
Ikk inrh i  tomondan,  Kantor  top remas in ing  (5 —b o b d a g i  1 0 -  
tporpmaga  qarang)  3 —n a t i j a g a  k o ’ra V/;>0 o l i n g a n d a  ham 
s h u n d a y  <*>>0 son top i l adiki ,  ja./’| o ra hq m  uz luk l a r i  s  d a n  k ich ik  
b o ' l g a n  b o ’l ak la rga  a j r a t i l g a n d a  f u n k s i y a n in g  har  b i r  bo ' l akda g i  
tebranishi  uchun  tongs izJ ik  o ’rinli  bo ' l ad i .  Demak,  \a.b\
ora i iqni  d iamet n  <rf b o ' l g a n  har q a n d a y  /' b o ' l a k l a s h d a



llin ^  tD_ \\j n

ko l ib  ch iq ad i .  Doinak.  ;(v) j unks iy i i  |j.-i da in tpg ia l l amivrh i .  ►
4 —te o r e m a .  A g a i  i(\) f u n k s i y a  ¡<>>| o r a l i q d a  t i i e g a i a l a n q a n  

v a  m a n o t ó n  b o ' l s a ,  f u n k s i y a  s h u  o r a l i q d a  i n l e g i a l l a n u v c h i  b o ’l ad i .
< /(-x) Junks iy a  |././>] da  c h r y a r a l a n g a n  va shu oral iqdn, 

a v t a y l i k ,  o ' suvchi  bo' lsi t i .  Va- •() sonni olib, u n g a  k o ’ra <s -o sonn; 
q u y i d a g i c l i a  l an lay l ik :

ó  -  - -• n
/(/>)- / (u>

S o ' n g i a  |<i,h\ ora l iqn i  d i am o tn  á • .< bo ' lqan  r  bo ' l ak l ash i  uchun  
Darbu y i q 'm d i l a r i  va .'(/’ i ni  tuzaimz. U holda

'>'(/') '•(/')” Vrt» Yx, V | / Í v ¡ )  /('-,)) Vv, < - L - - V | 1Kx_ )|
i 0 / /(•j) ,

/ {b) - ./ (o)

- — (/ fv j -  /(.'.,)) , , ----- •(/(*) /(<0)«r
;{>>)-j w ) ' (''■)

Domak,  /(x) funks iy a  |t/ o r a l i q d a  intogral lani ivehi .  ►
C l i p g a r a l a n g a n  h a m d a  kamavuvchi  fun ks iy an ing  

ín to g r a l l a n uvch i  b o ’l ishi  l ia in x u d d i  shunga  o 'xshash i sbot lanadi .
5 - t e o r e m a .  A g a r  n x )  f u n k s i y a  |<x/>| o r a l i q d a  c h e g a r a l a n q a n  

v a  b u  o r a l i q n i n g  c h e k l i  s o n d u g i  n u q t a l a i i d a  u z u l i s h g a  e q a  bo ' i ib ,  
q o l g a n  b a r c h a  n u q t a l a i i d a  u z l u k s i z  bo ' l s a ,  f u n k s i y a  s h u  o r a l i q d a  
i n t e g r a l l a n u v c h i  b o ' l a d i .

< /'(x) f un ks iy a  |u>| d a  choga r a l ang an  b o ’iib, shu 
o r a l i q n in g  faqat bit ta x* i.v*e[<<.*|> nuqta s ida  uz i l i shga  oga, 
q o l g a n  b a r c h a  n u q l a la r id a  u z lu ks i z  bo’lsin.

V/;>0 son olib, v* m i q t a n in g
h \ {x * )  { x : \ e R . x *  k x < y *+ i:}

a t ro í in i  tuzamiz .  Bu atrof ora l iqn i
l ¡ , í v*). I a. h I V * ) |  a. .V * [.r * * b |

q i s m l a i g a  a j ratadi .
S h a r t g a  k o ’ra, /{ai f u n k s iy a  |«. .r * - 1 va \.x*+t:.b\ ora l ig l a rn ing  

har b i r ida  uz luks i z  Bu o ra üq la rn in g  hai  b in g a  a loh ida  kanlor  
tp o r e m a s m in g  na t i j a s im (5 bobdagi  3 - na l i j am garang)



iju']J<inciim/. U holdd olirujdii : o son uch un  shundav •• <> va
V  > t O p  I t d f l  i k i ,

| • > • I I cid \v • <1, ddfl (,> •. ■>. ,
I . * * /  j dd A* A. dan  <-), •• /.

• o n q s i z l i k l a r  o ’ m i l i  o k a n i  k o l i b  c b i q a d i .  A g a r  rV m i n {-■»,.o ' . ¡ ( J o b  

o l s d k .  u  h o l d a  i k k a l a  o r a l i q  u c  h n n  b u  v a q t d a

Vi ñ d an  • / 
tenqs iz l ikn inq o'rinl i  okani  kol ib r h iq a d i .

hndi y u q o n d a g i  v/;,-o songa  ko'i<¡ ti o  sonm <•></. dob 
olayl ik.

(./.'■I o ia l iq n i  diamotri  X -.A b o ' lq an  bo ' l a k l a sh l an  u c h u n  /(v) 
funks ivan inq Darbu y iq ' ind i l a r in i  tu/jb, quy idag i

Ni/') - = (9.6)

ay in i idni  q a i a ym iz .  (9.6) y i g ' i n d m i n g  l iar  bir had ida  |x,. \ |  
<* <i.l ” -D ora l iqmng uzunl iq i  \\. qa tnashad i  Bu (v. .v..,] 
o ra l i q l am i i iq  \ * nu q t a n m q  ^ a t i o f i d a n  t a s h q a i i d a  
loy lashgan iga ,  ya'ru ¡,, v,„ munosabat  o ’ i in l i
bo ' l ad iqan iq a  tu os ko lad igan  (9 6) y i g ' i n d m in g  h<idlandan 
lu/i lqan y i g ' i nd i

bo ’lsin. (9.6) y iq ' in d in inq q o l g a n  b ar ch a  h a d l an d au  t a s h k i l  
topgan y iq ' in d i

V'*, .  A» ,

bo ls ín ,  h u n d a  | >. c u : (.r*) y o k i  \xt .x, „ ) n ¡ \* *  o y o k i  
I •  ví,i v* -+ /-•} * o bo' ladi .

Na t i j ada  (9.6) y ig ' ind i  ikki  q i s rnqa  a j ra l adi :

V  'Vv* AV* (£) 7)

1‘ ndi  bu  y i g ’ indi ldrm b ah o l a ym iz .  Yuqor idag i  (9.(3) 
mu nosab atdan  toydalanib,  topamiz:

Y. ' a>‘ ,Xx>< l ! 1'- ■ ,:í-h ■■ ‘0

Ikkint hi y i q ’indi  uchun
V " , ,  \x> - V " Q . \v_

t jo' l ishini  topamiz,  hun da  í i -  f (\) f u n k s i y a n m g  |,;./>| o i a l i q d a q i  
tobranishi.



Л()<п ■' с ' :  a t i o l d a  b u l im l a y  (oy lashgan h .  oí cil u|l<u i
uzun l ik ld i in inq  v i q ’ iiKÍisi ^ dan кн h ik hg m i  hanida > va 
> * • > m iq ta lam i  o ’z u h ig a  oigan \ ,| o i a h q l a i  ikki ta bo'lib, 
u l a m i n g  u z u n l ik l a n  v i g ' i n d i s i  ham л ( r í iunk i  ■ .■ ) dan кн fuk 
bo hshini o ' t i bo i g a  o l s ak ,  u holda

\>. ' Ir (<).<))

bo' l adi .  Natgad a  (9.7). (9.8) va ((J.9) munosaba l  l ardan

\л_ •'/;(/> a )  t I /. O  i ¡(/> , j )  f ILJ| 

e k a m  k<Mib ch iqad i .  l)«*mak,

hm ^  oí. Л», • n

Bu /(д) i u n k s i y a n m q  |./.л| da  mlpgra lbmuvchi  bo ' l i s lum Inldnadi  
í{x) lu nks i y a  |c;J| o ia l i q iu i u j  rh^kl i  sondaq i  n i iq ta la i ida  

uz i l i shqa  e g a  bo' l ib,  q o l g a n  b a l d í a  nuq ta ia r ida  uz luks iz  bo ’lsa, 
un ing  \,i.h\ da  i n t o i a l l a m m  hi bo ’lishi y u q o n d a g i d e k  isbot 
ot i ladi .  ►

2—e s l a t m a  /(x) fu n k s i y a  |̂ . >■[ o ra l iq da  mtogral lanuvcl i i  
bo ' l s in .  Biz

j  !{x)jy. I K\)lx

ha inda

f / ( «)<¿v = 0

t e ng l i k la r  o r in l i  dob kol i s lub  olamiz.

4 —§.  A i i iq  i n t e q r a ln in g  x o s s a l a r i

Hndi /'(x) f u n k s i y a  a n i q  íntogral ining xoss a l a i i n i  o ’igana imz.
1-xossr i .  Aga i  /(») f u n k s iy a  [,;.л| o i a h q d a  mtpgra l l anuvrh i  

b o ’lsa, u i s ta lg an  \<t. ora l iqda ham  inh 'gra l l anuvc ’hi
bo ' l ad i .

< /(v) funks iya  |<í./.| da  in tegra l l a i iuvch i  b o ’ lsin U holda 1 
too romaga  k o ' i a  Vi.- •() o l i nganda  ham s h i m d a y  л -•<) son 
topüad ik i ,  |.i /i| o m l i q n i  diami 'tr i  '  b o ’ lg an  hai  qa nday  
/’ {y, v  x ; b o ' l a k l a s h  u< hun

.V(/J)~ «(/*)<f (9.10)
tPi igsizl ik ba j an lad i .



bo ' l a k l ashnmg bo ' luvch i  11 u (j! «i l<i n qatoi iqa (/
ham da fi nuq ta la im  qo' shib,  o ia l i qn i  v an q i  /■ bo' lakUisluji  
hosil  <]il<iiiii/.. Ravshanki ,  /’ < /’, bo'Kuii.  1.' Iwlda Daibu 
v i q in d t l a n n in q  xos sa s i ga  ko ' i a  (ushbu bobnmq •! '>
hand iqa  qa ianqj

.'(/'i (0 II)
t«‘nqsi/.hkl<it o ’nni i  bo’ ladi .  (() 10) v<i (() I 1) íjiniK>sab< i11<udan 

J ' (! ’,)■•>■ (‘ i IV)
b o ’l ishi  k e h b  cb iqad i .

o iahqddqj  !\ b o ' l a k l a sh n m g  bo 'h ivo ln  nuqta lar ini  
o ia b q m n q  bi ioi  /’, bo ' l ak l asbnmq b o l u v c h i  nuqta la r i  sifatjda 
qa ia yuuz .  Hu /. bo ' l a k l a sh  uchun /<>) f u n k s iy a m n q  Daibu 
y jq indilcm > bo' lsin.  U holdn

i ■ ■
W . )  •'(/;) X , ;/. "MV,I- /1

v iq 'mdi ia i  ni t aqqoslab,
>'(/';) *(/'. )■ S(!\) ,(/',)

L)()’]istiini topann/. Na t i j ada  (9.17) m u n o s a b a tm  o ' t ibo iqa  olsak
N(/’, I Uf. lw.

knl ib chiqadi .  Hundan 1 loorcmaga  k o ’i a  /(.») tunks iyan inq 
K/q oral iqda ín t cqMl la nuvchi  ekanj  kHib c h i q a d i  ►

2 —xoss a  Aga i  ; ú )  funks iya  fe/ | h a m d d  .̂/-l o ia hq la id a  
mtcq i a l l anuveh i  b o ’lsa, u holda fu n k s iy a  o ia l i qd a  ham
mteqra l l anuvchi  b o ’ ladi va  ushbu

I  /(*)<¿r = jY ( 'M v  f f /M<Á

lonnu l a  o'rinli.
< l u n k s iy a  ¡u.í | hainda  jc.¿| o i a l i q l a i d a  inteqra l l anuvchi

bo ' l s in ( a - ( ■!)). U l iolda  W>o o l i n g a n d a  h a m  r songa ko ' i a

sb un da v fV( o son top i ladik i ,  o r a l i qn i  d iamotn ; ■ s,
bn ' lgan  bar q a n d a y  /; b o ’l ak lash ida  Daibu v i g ' i n d i l a u  uchun

S(l\)
i

b-' j igsizhk o 'nnh bo' ladi .  Shuningd<>k. o ' sh a   ̂ songa  ko' ra

sh un d ay  <v, u son top i ladik i .  |<. /q ó i a l i q n i  diamotri  /■ • s ,  
b o ’lgan  hni ( j anddy /’. bo ' l ak l ash id a  Daibu yi<j ' inciilaii  uchun



tPi iys iz l iк  о t in l i  bo ' l ad i  Fndi л ni¡n{л,. л. ¡ dob, |̂./>| oidl iqut 
diametri  ✓ ■ ,v b o ’lg an  ix t i yor iy  bo' ldkldshm olcislik. Bu 
b o l d k l a s h n m g  bo ' luvch i  nuq ta la n  qa to r i g a  f (,/•.,.</>) nuqtani  
hmn qo ' sh ib,  |̂ .A| ora l iqm yang i  /■ bo ' l ak la shn i  hosil qiLinuz Bu 
bo ' l a k l ash  u r h u n  Darbu v i g ' i n d i l an  S(P).mP) b o ’Ism. \u.,\ 
o i a h g d a g i  /- b o ’l ak la shn ing  b o ’ luvcln nuqta ld imi  shu \a.<-\ 
ora l iqm b i ro i  /;' b o ’ l ak la shmng  bo ' luvch i  nuqta lar i  |r./>] ordl iqni  
biror p;  b o ' l a k l a s h n i n g  bo ' luvch i  nuqta la r i  s i tatula qaraymiz.  Bu 
bo ’ l a k la sh la r  u c h u n  Darbu y ig ' ind i l a r i n i  tuzamiz:

лч/ухм/уклч^ ) .
Ravshank i .  b u  y ig'mdi lci i  uc hun  mos ravi shda yu q o r id ag i  

(9.13), (9 14) t e ng s iz l i k la r  o ’rinli b o ’ lddi:

SU\') ЧЛ' ) <2 .

s w : )  ■ '•(/*;) <. *'.
Ikkmchi  l o j i ionda n ,

s(P)- s(p; )  + s (p; i  
<P) ‘ *(/'■')+¿(/V)

bo' l ib,  n a t i j a d a

S(p )  -MP)^\S(p;) M7V)| + | ^ ( / V ) ^  2

b o ’lisht k e l ib  ch iqad i .  Demak,  V/;>0 o l i ngan da  ham sh u n d a y  
(>■>{) son topi lr tdiki ,  |«i.A] ordl iqni  d ia ine t n  л. л b o ’l g an  har 
qa n d a y  b o ’l a k l a s h id a  Darbu y i g ' i n d i l a r i  uchun

S{P)-s{i>)<f:
b o ’ladi.  Bu e s a  1 - t e o r e m a g a  ko ' r a  /(л) funks iyan ing  |u.A| 
or ahq da  in t e g r a l l a n u v c h i  ek am n i  ko' r sa tad i .

Y u q o r id ag i  r  bo ' l ak l ash  uch un  j (x)  funks iya n ing  (a,/>| 
ora l i qd ag i  i n t e g r a l  y i g ’ind i ldhni  tuzib, u la rm mos rav i shda  
qu y idag i

X  f (£* ) Ч -  X  /‘(i* )л** ■ I  )**>.
I-'M I- I [ 'I

ko ' r in i shda  b e l g i l a s a k ,  u holda
= £ / ( , V ) ^  ♦I/tf .JAv,  {9.16)

I M u < 1 I ■■ I
b o ’lddi. /(x) l u n k s iy d  I, h am d a  |j .A] orahq larda
in t e g r a l l a n u v ch i  b o ' l g a m  uchun



Imi У ) Л х ; = f /(.фй.> ,e w  J

lim У  / U , )A r. • [  / ( r )Jv .
' ’Y-i

te n g l i k l a r y a  fHjainiz. (9 1->) t e n y l i k d a n  Я -> и do i z l a n y a n  formula 
kolü) chiqadi .

F.ndi с  nuqta [d.b\ o r a hq d an  t a sh q a n d a n  yots in,  yo 'n i  с  nuq ta  
yok i  te ny s iz l i kn i  qanoat lant i r s in  A ga r  c<u<h

bo' lsa ,  u holda |.<./>!«.- b o ' l g a n i  uchun  I - x o s s a g a  k o ' r a  / (л )  

l u n k s iy a  i j. Л] da in t eg ra l l an uvch i  b o ’Hb, y u q o r i d a  isbot 
ot i lgan iga  asosan

J  / ( \ )í¿C | / (x‘)J .r+  ^ ! ( x ) d x

lo rmu la  o'rinl i  bo ’ladi.  B l i ndan  esa,  2 e s l a tm a d a n  foyda lan ib
A h r
\ !(.\)dx -f f(x)dx ■* \ f{x)d\ - I /(r)di + I f{x)dx

b o ’lshini  lopamiz.
Xuddi  shunga  o ’xshash,  </■ A<< b o ' lg a n d a  h a m  /(*) h m k s i y a  

da  in tegra l l anuvchi  bo ' l i sh i  va togishl i  fo im u l a n in g  o'r inl i  
e k a n i  ko 'rsa t i lad i  ►

3 - x o s s a  Agar /(л) l u n k s i y a  o ra l i qd a  intf- 'qral lanuvcl i i
h o ’lsa, u holda (c -  const) ham shu ora l iqda  in togra l l a nuvchi
bo ' l ad i  va ushbu

j c j  (x)dx -- t j  /'(x)iix-.

lormu la  o'rinli.
M f i x )  funks iya  (ri.Ai o r a l i q d a  in t eg ra l l an uv ch i  bo ' l s i n  Demak,

lim (T — lint S  /(¿, ) ;\X — f / ( X )(/,ri, *0 Af .0 '

F.ndi c/(x) funks iyan ing  mos  in t egr a l  y i g ' ind i s in i  yozamiz :

« 0
U holda

= - ' -ÍT

Buridan ;  -»o da  q u y id a y i



tpng l ik  k i ' l ib  rh iqad i .  Ru í z l a n g a n  formubminq o ’rinli  ek-mini  
a n g l a t a d i .  ►

4 - x o s s a  A g a r  /(>r) l u n k s i y a  |j .A] da întpgra l l anuvrh i  va

j (x )>d  > 0 b o ’lsa, u ho lda  1 i a n k s i y a  l iam shu ora i iqda
Hx)

m t p g i a l l a n u v c h i  bo' ladi .
< /(.v) i u n k s i y a  [a./i| da  mtogr a l l anuv ch i  bo' lsin.  Domak, 

o l i n g a n d a  h a m  d'r. g a  k o ’ra sh u n d a y  0^0  top i l adiki ,  |u.A| 
o ra l i qm  d i a m e t n  xy </> b o ' l g a n  ha i  q a n d a y  r  b o ’l ak lash  uchun

W ) - ■'■(/')= £ ( M r <d‘v
*.U

bo ' l ad i .  B n n d a
M k = - u p i / ( r ) } .  

mt /(.v)}. ■relxj.x*.,].

/(x)>d>o  b o ' l q a n l i q im  p ' t jborqa  olib, - 1- funksiva uchun
f{x)

Mt * = supj }. X e (jt , r . I
/И')

«.*=1414 J  }./(•C)

M *= 1 ,m *= 1
m a v ju d  bo ' l i sh in i  a n iq la y m iz  Ravshanki ,

t
4

bo' l adi .  Na l  i j ada

w - - ¿ с  1 - ' ) -ч  --=ÍEa/‘ "г  ^* ü i .U M fr

£ J i  X<A/. <*

bo ' l ad i .  Bu psa - 1 f u n k s i y a n in g  |u,b) da  mtpgra l l anuvchi
/(«•)

e k a m n i  b i l d i r a d i  ►
5 - x o s s a .  A g a r  f ( x )  va % (x )  funks iya la r  |.i.A] ora i iqda  

in t e g r a l l a m iv c h i  b o ’lsa, u h o ld a  /{x)±g(x) funks iya  ham shu 
o ra i i qda  in tp g ra l l a nuvch i  bo ' l ad i  va  ushbu

Jt / (jr) ± УЛ x)\d\ -  j  f{x)Jx ± I x(x)dx



formula o' j inl i  bo' ladi .
< Mvi va x'<̂ ) funks i ya la r  |<;./>| ora l iqda  in tpgra l l anuvchi  

bo' ls in.  Dpiiiak,
- i '

l i m <y. = l i m  V  ' ( ,  ) A r  -  í  f (x ) Jx .• .o 1 -«J- ¡ ' 1

i im n ,  l im  ^  )Лх. =]>,’ { '  )dx

Endi /u)±*(<) f u n k s i y a m n g  |u.¿>¡ o r a hq dag i  m o s  in tegra l
v i g ’indi s ini  yozamiz.

->1 i  -) « i

= X  ^ ) Лг. ±Х ^ (^ ,Лг» =<Ti *-a i
• I í - 0  * 0

Bundan  o da  q u y i d a g i g a  egamiz :

l im rr = l im  <r, ± l im  rr, - j"/ (*)<& + | ^ ( x ) t ¿ c

Bu íz lanqan for inulaning o ' r in l i  ekan in i  an g l a t ad i .  ►
6 —xoss a .  Agar  /(.x) va  #(г) funks iy a la r  | a »  ora l iqda  

infpgral lanuvc hi b o ’lsa, u h o ld a  /(x)^(r) f u n k s i y a  ham shu 
o ra l i qd a  infpgral lanuvchi  b o ' l a d i

< f(x) va x'U) fu n ks iy a la r  [a. 6] o ra l i qda  in t eg ra l l an uvch i  
bo' ls in.  U holda i n t e g r a ln m g  inav jud l ig i  h a q i d a g i  te o rema ga  
ko' ra

l im („S’ ( P )  - x , ( P ) )  - lim У '  (M  k - ib. )Лх\ =0 ,  ( 9 . 1 6 )
*- *° ' -'••“r í

l im {S  (F1) - xr ( P ) )  -- l im ¿ ( A / *  -  w j  )Ax t = 0 -  ( 9 . 1 7 )», . «  .3 tmU

A w a l  barcha  l a r  u c h u n  /(*) г  o d e b  qa ray l i k .  U
ho lda  Vxe [*f .*(11 i uchun

0 <m, < }{x)<KÍ,
o < * ( х ) < л / ;  

tpngs izl iklar  o'r inl i  bo' l ib,  u n d a n  q u y id a g i
< ]\x)x(x)<M,М\

teng s iz l ik  kel ib  chiqadi .
Ravshanki ,  (* = o.i.....я — i) o ra l iq da  /(*) >»(*) l u n k s i y a n in g

q u y id a g i  an iq  chpgar a lan
m í*  -  m i ' f / U M - ' ) !  I

U °  = s u p { / ( x ) g ( x ) }

mavjud  b o ’lib, u la r  uchun
á  m® <A/°

tongs izl ik lar  o ’rinli b o l a d i  U ho lda  q u y id a g i

г ы



Л / т  - .М 'М ' ni n ï  M  ' ( \ l ■ nir ) + ni i l / ' - m' i.

Д/ s a p  { / m ;  • M  _ \ f  - s u p  {xm X)! \i

tengsi/. l ik l a rm e ’t iborga ol ib ( Ж )  va # (4  funks iya la r  |.;/¡| da 
c h e g a r a l a n g a n l i g i  uchun  \f- ' b .\l '<  со bo' ladi) ,  topamiz:

•4 .. V  (/ ')=  ¿ (Л /  ’ - Ml" t \x, L А / ' V  (Л/ - »)_ )\»_ -t- V/V { A  / ; -/1/ ) \v,

Endi (9,16) va  (9.17) m u n o s a b a t l a i d a n  foydalansdk,  u  ho lda  
q u y i d a g i

- 1

HnU.S’  ̂(/’) - л _ (/•>)) = lim ->n[) \\t =0
* ’ * 0 

te n g l i k  k e l i b  ch iqad i  Demak,  f { x ) y { x )  funks iya \a.b\ ora l iqda  
i n t e g r a l l a n u v c h i

Endi  f ( x )  va g {x )  f u n k s i y a l a r  ixtiyoi  î y in logra l l anuvch i  
t u n k s i y a l a r  bo ' l s in  Bir to m o n d an  Vxe|a./>| lai uchun

f ( x )  - m f { / (  r ) ¡  =  j \ x )  -in>  0. 

g (x )  -  m t U ( . v ) }  = g ( x )  -  >n > 0.

t e n g s iz l i k la r  o'r inl i .  Ikk inchi  tomondan,
/ U ' ) k ( * )  =  ( . / ( * ) - " ' I ( £ ( * ) - * т ц (х )  f  m / (x )- t m i '  deb yoza  olainiz. 

Y u q o n d a  i sbot  e t i l g an ig a  h a m d a  4 — xo ssamng nat i j a s ig a  (1 — 
n a t i j a s i g a  qa r a n g )  ko'ra,  /(.*) g(x) funks iya  |a.h\ ora l iqda  
i n t e g r a l l a n u v c h i  bo' ladi .  ►

4) —v a  5) - xossa la rdan  q u y i d a y i  nat i ja kel ib chiqadi .
1—n a t i j a .  A g a i  /(x)x'(-O fu n k s iy a la r  |<¿,A| da  in teg ra l l anuvch i

va #(r)>d>o b o ’lsa, u ho lda  /(r) funks iya  ham lu M ora l iqda
к(*)

i n t e g r a l l a n u v c h i  bo' ladi .
7 - x o s s a  A g a r  /{*) funkbi ya  ora l iqda  in tegra l l anuvchi

bo ' l ib,  Vxe|u.Aj l ar  uchun  /(*)>о bo' lsa ,  u holda
h
I  f {x )d >i > 0  ( a </>)

bo ' l ad i .
< Td' r i fgd  ko ' r a  ushbu

Jim r r  =  lu» V  / ( ^  ).\rt 
'  p и* i 0

l imit rnavjud .  Modomik i ,  v.ve|<í.¿] l a r  uchun  /(a)>o ekan ,  unda
к !

a  ) ' 4  ;>|i
va



f t i :)d\ ■ li ►

2 - n a t i j a  Aqai  4 0  Vci ; :u) t im k s iy a la i  ¡  ̂ />| o ia l iqda  
mtpqidl l anuvrh) b u ’hb, \ i I,i I'I bn uc lu in  11 ' t ■ ч -o tenqst/lik 
o ’ni ih bo'lsd, u ho lda ushbu

I  ' < \ ) h  ■ I  )cA

tcniqsizl ik ham o ' im h  bo ' l ad i .
< Haqiqatan ham, t(x) va f u n k s i y a l a r  da

mtpqia l l amivchi  bo ’l g a n id a n  .м») f(x)> о iunks iyan inq 
mt<-4jiallamivrh]liqi 4 x o s s a d a n  kel ib ch iqad i .  6 - xossaga  ko ' i a  
bu holda

J k ( . v )  / ( x ) | (A  , • ( )

t^nqsi/Hk k<dib ( luqad i .  B l indan l/ldngan tPiuj s izl ikka pqa 
bo' lamiz.  ►

3 - n a t i j d  ( K o s h i - B u n y a k o v s k i y  l en q s i/ l i q i ) .  Aqa i  /п) va
o funks iya la r  i ; '-I o r a l i q d a  mtegra l l anuvc  hi bo' lsa ,  u holda

(yuqoridag i  xo ss a la ig a  k o ’ra) ushbu f (x) - (</ i xl iyor iy
o'/qdimas)  lunksivd ham  |<л/>| ora l iqda  i n t e g r a l l a n u v rh i  bo' ladi  
va

tengs iz l ik  o'rinli.
Df'inak, ix t i yonv  o z g a r m a s  a  son uc hun

< / j  - 1 л  )<¿x -  2 a  j  T I  / 2 ( x ) d \  •• 0

tenqsiz l ik  o'nnl i .  Bu t e nq s iz l i k u m g  chap to m o n id a g i  ifoda // ga 
n isbatan kvadrat uc h h a d  b o ’ lib, и и  n inq  b a i c h a  haqiq iy  
q i ymal l a r id a  m a n í i y  e m a s .  IVirmk, bu k v a d r a l  uchhddninq 
d i skr iminan l i  musbdt omas ,  y a m

. [  / ( 0 .1, ' ( \ ) </v -  I  / ( л  ) Л *  J  1’  ( Л ) d \  О 

I J
Natqada  quy idaq i



t íMiqsi/. l ikka k H a m iz .  Bu t<>nq4/lik ko s h i  B u n y d k n v s k i y
tcMiqsj/.hqi d e b  « 11 <il<i ti i

H - x o s s c í .  A q a i  /(V) h i n k s i y a  \.>i\ o id l i q d a  m to g id l l a n u v c h i
bo ' l s a ,  u  h o l d a  /(vi f u n k s iv a  h u m  shu o t a h q d a  í n l r g i a l h i m i v c h i

b o ' l a d i  Vd

I , i v)7.v,< Г./(\)чА-

t o n q s iz l i k  o ' r in l i  bo ' l ad i .
•4 /(*) l u n k s i v a  U’.h] o id l i q d d  intfHj idl ldmtvchi  bn ' l s in .  U holdd 

Vf.- o l i n q a n d d  h a m  s h u n d a v  л'>0 son  topi ldd ik i ,  |.л/| o i a l i q m  
d i a m e t n  b o ’lq a n  hdi  q a n d a y  !' *. ¡ b o ' l a k l a s h

n i  l i un
■4>‘) >(/')

b o ' l a d i ,  h u n d a  r, /(X) f u n k s i v a n m q  к  » ,1 o i a l i q d a q i  

t o b r a m s h i .
R a v s h a n k i ,  VA-’ f. Va” ¡ |u./>| l a i  u c h u n  q u y i d a q i  

. i(x') ■ ' ■'<'>
t o n q s i/ l i k  o ' r in l i  bo' l ib ,  u n d d n

suplí / (x’)l -  /(v")l|<sup/(.v') -  /(x*>

tonqsi/. l ik k e l i b  ch iq ad i .  O em a k ,  «\-<\-  b u n d a  «\ -¡7 (^  
f u n k s i y a n i n q  d a g i  tobra n i s l u .  N at i j a d a

X . (/')- V , (/’) -  ¿ « ' , 4  •• £ / ’■ v < •
, ,j * 0

b o ’tddi .  B u n d a n  ;/(*)] f u n k s i v a n i n g  |,/./>| o r a l i q d a  i n t o g r a l l a n u v c h i

b o ' l i s h i  k o l i b  ch iq a d i .
/(.y) l i a m d a  ,/{.v)l f u n k s i y a l t i m i n q  \,u>) o rdhqdd q i  in t e g r a !

y  iq'  in d i  t rii i ni  vo zam iz :

a  ' r 

I

n, - Xi ' 1̂ л̂-
11 h o l d a

|ít| |V Ч-. . Y-.1 ■ X' 1 ' ’I v-



bo' ladi  Vci • cid Imiilcjti o' l ib i/lanq-m tonqs i/ l iknmq o 'nn l i
r 'kaniqa i shnruh tiosil (jiltinu/. ►

5 - $ .  O'rt . i  q í y m a !  h<iqid<uji tooremci lm

r funks iya  i /’ i o ia lu jda  tiiiKjl.mcjcm va chpya id la i iqan  
bn ’ lsm. U holda |,j h\ o i a h q d a

<" mi {/ ( v l ¡ . M M ip! / ( л )}
IIIdV|U(i va v> f i. i. 1 uc' lnm

»'■ / n i -  Л /  { < )  J  И )

U'iKjsi/.liklai a  nul l  bo' lddi .
6- leorom«» .  A g a r  /m f u i i k s i y a  |„.Л| o r a l i q d a  i n t r y r a l h m u v c h i  

b o l s a ,  и h a l d a  s h u n d a y  o ' / g a rm n . s' // (m- u -  \d s<4\ m a v p i d k i ,  
l i s h b u

j  n\).i\ / / ( / — , o

t v n g h k  o ' r i u i i  b o ' l a d i .
< (‘*.18) I(4i(]sizlikl<iiclan íoydolan ib  toparuiz:

J  mdx и j  i  ( a  ) (/ v  <  I Л  /./л

Blindan

m(h j  /  (,x)d\ < M (/> a)

Bu tf 'nqsizl iklarm :•> -  - o songa  b o ’laimz:

J  /(x),h 
ni <.\t

h  -  и

Адш

J / (>)еЛ
// b - 4

dr'b olsak, и ho lda i/ lanqan tpny l ik  kol ib ch iqad i .  ►
•|-rirttij.i Aga i  /(m funks iva  |̂ .A| o ra l iqdd uzluksi/ bo' lsa.  u 

bolda bu o ia l iqda  s h m id a y  ,■ (c e n u q t a  top i l ad ik i ,

j/U)cA /i.)(/> .0

tonql ik o'rinli b o ’ladi.
7-feor(Miid. A g a r  f(x) va  y{.\) f n n k s i y a l a i  [,(. /■[ o r a l i q d a



i n t c g i a l l a n u v c h i  b o ’l ib,  ,'iO t n n k s i y a  s h a  o r a l i q d a  o'y. i s h o i a s i n i  
o ' z g a t t i i m a s a ,  u t i o l d a  s l u i n d a y  o  ¿ q u i m a s  ;/ //• \i) s o n  
m a v j u d k i ,

\ / ( \ ) y lx )d x  ■ / i¡y . ÍA ) Jx  ( 9 . 1 9 )

t e n g l i k  o ' r i n l í  b o ' l a d i
< Aniq  m t e q r a l n m g  í> - xossas iqa  dsosdn j (x)y{x)  funks iyd 

|<¿.A| o ia l i qd d  m t e g i d l l a n u v d u  bo' ladi .  Kndi x(\) funksiyd |t/./>| 
ora l iqda  mdnf i y  bo ' l inas in ,  y<i’ni 1. 1. / . U r  uc hun  b o ’lsin
dey l ik .  IJ h o ld a  A/ tenqsi/. l iklarru ¿¿u) 9«1 ko'payt i r ib,
so ’ng id  hosi l  b o ’ l g a n  ushbu

/(v )if(x ) - M x (x )

tpi iqs izl ik larni  l .̂AI o ra l i qd a  in leg ra l l ab  topainiz:

w | ^ ( a W - v ' _  [  f {x )y {x )d x - .  M  j y(.\ )d \  ( 9 . 2 0 )

Ikki ho lm q a i a y l i k :

a) J =-o bo ' l s in .  II holda

J/(0>íUM* ■■<>

bo' l ib,  b u n d a  f¿ deb (« <//i.v/) tongsizl iklarni
qan oat lan t i r uvch i  i x t i y o i i y  sonni ol ish m u m k in

b) j«(.v)íir->o bo ' l s in .  Bu ho lda  (9.20) t fngs i z l ik la rddn

m s  : ------ <\1
^¡:(x)dx-

bo' l i shi  ko l ib c h iq a d i .  Agar

j /(*)«(•» )<̂

[>.'(.* Víx

deb olsak,  u n d a

}/'U)ííHVa =t‘\z(x)Jx

b o ’ladi.
|u,/>| o ra l i q d a  ^(.v)<o bo ' lg au dd (9.19) formula xuddi  shunga



t e n q l i k  o ' r i n l i  h o ' l a d i .

Bu nat i j aning  Lsboti (9.19) teng l ikka  asoslanadi .

6 - § .  C h e g a r a l a r i  o’z g a i u v c h i  b o ' l g a n  a n i q  in t eg ra l l a r

 ̂ /(.»I funks iyd  [a.b] oral iqda in tegra l l anuv eh i  b o ’Isin. U holda
aniq u i teqra ln iny  l ) - x o s s a s i q a  k o ’ra /< o funks iyd  i sta lgan

l ^ ’l (c/ x^bi  oral iqda ham in l egr a l l anuvchi  bo' ldi  
Kavshanki ,

J /(/)<//

integral  v qa boq' l iq .  Lini / (,| deb belqi l ayrniz:

/•(.V)

Cndi /in funks iydt ja ko ' ra  /ivi l i i n k s iy d n in g  xossalar iui  
(uz luks iz l ig i ,  d i f ferensia l lanuvchi  bo ' l i sh in i )  o ’rqanamiz.

0 - t fo r c in a .  A g a r  /, , ,  f u n k s i y a  |„./>| o r a l i q d a  m t e q i a l l a n u v c h i  
bo' Isa,  Fixi f u n k s i y a  s h u  o r a l i q d a  u z l u k s t z  b o ' i a d i .

+ /10 funks iyd inleg ra l l anuvchi  b o l g a n i  uchun  
Mip!/(T)! \i<rr bo' iad i .  - • J,; 1 nuqta olib,  unqa  shundav Av ■ ii 
orttirma berayl ikki ,  {1<at>. \a.h\ bo ' ls in.  I i holda /■<,> 
(unks iyd i i ing  or l t i rmasi  uchun  q u y id a q iq a  e g a  b o ’lamiz:

/ lu A v )  /■(!) j/tmt/ j /(/)(// j/tlU/i

Aniq integra ln inq 7) -  xossasidan loydalan ib ,  topam iz :

|'V(A)j ! \nndt\- \\Ht)d!<M J,// 1/ a,

i )einak,
A/ ( v>J ■ M \y

Bundan osa
Inn A/-I.V) 0

limit kel ib chi(]adi.  Av-o b o ’iqamla ham xu dd i  yuqor idaq iqa  
o 'xshash Mm m-(\) o b o ’ lishi ko ' r sa t i l ad i .  Hu osa /,.o

lu nks iy an inq  r .  nugtada  uz l uk s i z l ig in i  bi ldiradi .  ►

9 - t eo rcm a .  Agar  /(v) f u n k s i y a  \a .b\ o r a l i q d a  
i n t e g r a l l a n u v e h i  b o ' h b ,  x, ..,[«.¿1 n u q t a d a  t i z l uk s i z  bo ' Isa,  u h o l d a  
/ f.v) t u n k s i y a  n u q t a d a  d i f f e r c n s i a l l a i m v c h i  b o ' i a d i  va

M l



l imit kf' l ih c h i q a d i  \v o bo ' lg an da  ham xuddi  yu q o r id ag i g a  
n x s h a s h  lim \/(v)^o b o ’hshi ko ’i sat i l adi .  Bu <*sa '-to

l u n k s i y a n m g  .ve|</./'| n u q t a d a  uz luksiz l iq im b i lduad i .  ►
0 - t e o r c m a .  A g a r  / (v > f u n k s i y a  |/>) o r a l i q d  a  

m t e g r a l i a n u v c h i  b o ' l i b ,  l u i q l a d a  u z l uk s i z  bo ' Isa,  u h o l d a
' (v) f m i k s i y a  <„ n u q t a d a  d i f f e i o n s i a l l a n u v c h i  b o ' l a d i  va

M /-'(v) f u n k s i y a m n g  nuq ta dag i  ortt irmasi .

\Z' (x„)= \ JU)dl (\v ;•())

ni olib, q u y i d a g i
V‘( V, |

avi rmani  q a r aym iz .  A m q  intog ra lnmg xossa la r id an  foydalanib 
lopannz;

V- (-V„) 1 f '1!
J C / (0 -- f{xj)di.Ar/ K ) =  Â J / W  \dl 

Bu m u n o s a b a ld a n

/<».>«* (‘>.211A» 1 Av }%
l engs izhk ke l ib  c h iq ad i .

Shar tga  k o ' r a  j\x) f un ks iy a  n u q t a d a  uzluksiz T a ’rifga 
asosan,  V/,->() o l i n g a n d a  ham sh u n d a y  ó  '(> son topi ladiki ,  

b o ’l g a n d a  J \ x ) - f ( x a)|<.¿- bo' lad i .  A ga r  At •. ¿ deb olsak,  u 
ho lda  v/e | v„. a(1 4 ,\x) u c h u n

/(!)- f(xt, )■,</:
bo' ladi  N a t i j a d a  (9.21) tengs iz l ik  quv idag i

A\ \t '
k o ' n m s h g a  k e l a d i .  Demak,

! V'X*,,)

Bundan

- / ( 0 < *  Av

lim = /(,„>
A.  . - 0  \ x

y a  m
F’(aj Ml)-- l(x„)

teng i lk  ke l ib  c h iq a d i .  Yuqor idag idek ,  b o ' lg a n d a



V-'( \, ) 
l i m -■ f(.\, )

Л.  .  Ü \ x

Vcl’lll
( V  - 0 ) -  f i x , )

t o n g h k  h a m  o ’r inl i  b o ’ l i shi  k o ’r sa t i l ad i .  ►
A g a r  /in f u n k s i y a  \u.h\ o r a l i q d a  i n t n g r a l l a n u v c h i  bo' l ib,  *=■«, 

va  > = n u q t a l a r d a  u z l u k s i z  (b u n d a  f u n k s i y a r n n g  * = « d a  
o ’ng d a n ,  x -  h d a  osa c h a p d a n  u/ luks i/ . l i g i  tu sh u n i l a d i )  bo ' l s a ,  u 
ho] da

¡•"(a 4- 0) = J ' (a  t 0). ¡• '{b 0) = /(/>-())
bo ' l i s h i  v u q o n d a g i g a  o’x s h a s h  k o ’ i s a t i l a d i .

6 - n a t i j a .  Цх)  f i m k s i y a  \a.h\ o r a l i q d a  u z l u k s i z  bo ' l s a ,  u  h o l d a  
Vr e I(/. />] u c h u n

n * ) =  /(-V)

bo ' l ad i .
Domak ,  h (x )  i u n k s i y a  j{x)  n m g  |лЛ| d a g i  b o s h l a n g ’i c h  

fu nks i y as i .
Endi  q u y i  c h o g a i a s i  o ' z g a r u v c h i  b o ' l g a n  a n iq  in t o g r a lm  

q ar ay in iz .  /it) f u n k s i y a  |u./>| o r a l i q d a  m t e g r a l l a n u v c h i  bo' ls in.  U 
h o l d a  bu f u n k s i y a  |a->]c|<j./j] < * <;b) o r a l i q d a  h a m
in t p g r a l l a n u v c h i  va  bu  m tp g r a l  r q a  b o g ’ l i q  b o ' l a d i  Uni

&x) = f j V ) d (

dpb b p lg i l a ym iz .  A n iq  i n tpg r a l  x o s s a s i d a n  f o y d a l a n i b  topainiz:

J f  V)dr = f  f ( r ) d l  + j  J  = F(x)  + ф(х). (a < x < h )

B u n d a n  osa

4>{x)=\f{<)d<- F(x)

bo ' l i sh i  kpl ib ch iq ad i .  Bu ten q l ik ,  # . * ) f u n k s i y a n i n g  x o s s a l a r in i  
/(.V) h a m d a  F(x)  f u n k s i y a l a r n m g  x o s s a i a r i  o rqa l i  o ' r g a n i s h  
m u m k i n l i g i n i  k o ' r s a t a d i  J u m l a d a n ,  a g a r  /(*) f u n k s i y a  [u,6| 
o r a l i q d a  uz lu k s i z  bo ' l s a ,  u  ho ld a

bo ' l ad i .  H a q i q a t a n  ham ,  b u  h o ld a  J /(i )dr  m a v j u d  va  u chpk l i  son,

.M.v) f u n k s i y a  psa y u q o n d a  k p l t i n l g a n  t p o r p m a g a  k o ' r a  |a./>) v a  
/- ’{л) h o s i l a g a  p g a  bo' l ib,



Integial  mavy .us in iny  asos iy masala lar idan biri  i u n k s i y a  
inteqra l ini i ig m a v ju d l i q i  bo'Lsa, ikk inch is i  funks i ya  inteyra l ini  
hisoblashdir.

1°. N y u t o n - L e y b n i s  fo rmul as i .  Ushbu banckla, 
funks iyci l arn ing an iq  integra l l ar ini  l i i soblashda keng 
qo ' lkmad iqan  io r m u l a n i  kel t i ramiz.

M a ’lumk i ,  /(.v) lu t iks iy . i  ¡„./>| ora l iqda  uz luks iz  bo ’Lsa, u 
hold a

/-(V)

funks iya shu ora l i ( ]da t\x) (unks iy a i i in q  bosh lanq ' i ch iunks iy as i  
bo' ladi .  Hu bir lomondan .

Ikk inrh i  l om o iu ian ,  /m iu n k s i y a n in q  ix i i yor iy  bosh lanq ' i ch 
lunks i ya s i  (Ai 11 b e r i lq an  bosh lamj ' i ch  l u n k s i y a  /■ (>, dan ixt i ynr iy 
o 'zyarmas  q o ’s h i l u v c h i g a  far(| qi ladi ,  y n ' ni

(¿U) ]/</)<// - <' 

borSadi. Bu t e nq l i k d a n ,  avval  a del),
c  (q.22|

so 'nyra  v h del),

i/>ib) ¡ f d h h  4 < ■ (9.23)

leuy l ik la r in i  topamiz .  (9.22) va (9.23) tcng l ik la rdan ixt i yoriy 
boshianq ich tunks iy* i  <p{\) u eh un  ushbu

(̂/.) </>un  (9.21)

formula kel ib  < h ig ad i .  Bu (9.2-1) formula N y u to n -  Leybnis 
tormulasi  deb a l a l ad i .

Odatda, (9.2 1) t c nq l i k n in q  u 'n q  Ummnidaqi  <f{b) &,,) ay i rma 
ip{ r)|' kabi yoz i l ad i :

<p{h) (¡>Ui)-<t>{x) |‘
Deinak,

J/( V )i/v <p{\ )|"

Masalan,



2°. O'zgar i ivc 'h i l a rn i  a l m a s h l i r i s h  i i s u l i  /(t) funks iya 

ora l iqda a n iq l a n g a n  va uzluksiz bo ' l s in .  Ravshanki .  j / (x)lyr 

mav jud b o ’ ladi.
Fa iaz  q i l ay l ik ,  amq mtpqra lda  o ' z g a r u v r h i  л- ushbu x = &t) 

foimula  b il an a lmasht i r i l qan  bo'hb,  b u n d a  q u y id a g i  shar t l a r  
bajar i lgnn bo' lsin:

a) '/if) f unks iy a  biror o i a h q d a  a n i q l a n g a n  va uzluks iz ,  ¡
о zgaruveh i  \u ,p\ ora l iqda  o ' z g a r g a n d a  fu n ks iy a n in q  
q iymal l a r i  ora l iqda  chiqmaydi .

b) </*,<!)= >,.<p(fi)  ̂I
V) <p(t) í u n k s i y a  Ia.ß\ ora l iqda  u z l u k s i z  y>'(/) hos i l aqa  pua  U 

holda  J  y
/<

J/( .r)^=J7(y'0)p' (0^ (0.25)

tongl ik o 'nn l i  b o ’ladi.
^  /(Л) funks iy a n ing  o ra l iq da  b o s h l a n g ’ich tunks iya s i  ф{х) 

uchun  (9.24) formula o'rinh.
|«./*| o ra ln jda  ф м о) funks iyaru q a r a y h k .  Bu funks i ya  \a.p\ 

ora l iqda  uz luks iz  va
(<Kv>(i)))‘ = Ф'{<р(0) - я>\1)

Keying i  tp ng l ikdan  #'(х)-/(л> e k a n in i  p ’t ib org a  olib topamiz:
(<K<p{i)))‘ = fi<pu))-<p'(t).

Bu esa ф(<р(г)) funks iya  \u,ß\ d a  /i**,)) f u n k s iy a n in g  
bosh lang ' i ch  funks iyas i  bo' l i s lnni  b i l d i rad i .  Nyu ton -  l .pybni s  
formulas iga  ko'ra,

/'
\ ! (< p (^ )>p 'C  )- i t  = <K'/’ (/< )) -- ф { < р (а ) )

Dpmak,
p
f f(<p(r))<pWr=0(h) ф(а) (9.26)

Sh un da v qilib, (9.24) va (9 26) m u n o s a b a t l a r d a n  (9.25) tpng l ik



ke l ib  ch iqad i  ►
9.4 - m i s o l .  Q u y i d a g i

I  v I - x ‘ d\

mtegra ln i  o ' z g a i u v c h m i  a lmasht i r i sh usul i  b i l an h isoblang
■4 Bu in t p g r a l d a  ^ v n ;  r t lmasht inshni  bajaramiz.  U holda 

(9.25) fo r m u l a g a  k o  ra topamiz:

f \1- M n : f cos f J f  = j c o ^  = ' t u s 2 f |^  = ( 2 f + 4 s,n2,)( = 4 
0 0 0 11 

3°. B o ' l a k l a b  i n t e g r a l l a s h  usu l i .  M(x)va v*x) funks iya la rnmg
har bir i  \a,b\  o r a l i q d a  uzluks iz n't* )  va v '(x)  hos i l a l a rga  pga 
b o ’lsin. U ho lda

jH(x)cMx) = |«(x)v(Jr)fa ( v(x)Jm(a) (9.27)

formula o 'nn l i .
< Ravshank i ,

|u(x)v(x)|' = //(x )v (x ) *• n (x )v 'ix )
Demak,  »(x) *x)  funks iya  \a.b\ ora l i qd a  ii'{x)v(.r) + « ( * № )  

funks iy a n ing  b o s h l a n g ’i ch  funks iyasi  bo' l ib,  N y u t o n - L e y b n i s  
fo rm ul as ig a  ko ' r a

J \u '(x )v (x )  + !<( V )v'(x)\d\ = ( n ( * ) v ( * ) ) !  ̂  

bo ' l ad i .  An iq  i n t e g r a l  xo ssas i dan  foyda lan ib  topamiz:

j  u '(x )v (x )d x  + j  u{x)v '(x )dx  -- (w(x)v(x))ta

Bu te n g l i k d a n  e s a  (9.45) formula kpl ib chiqad i .  ►

(9.27) f o r m u l a  J »(*)<*<*) in tegra ln i  hisoblashni  Jv(x)iMx)

in t eg ra lm  h i s o b l a s h g a  ol ib kelad i .  Bunda  «(*) h am d a  d*x) l arm 

sh u n d a y  ta n la sh  loz imki ,  (v(v)cM-O in t eg r a l  imkoniya t  bor icha

sod da  h i sob lans in .
i

9 . 5 - m i s o l .  flnx«Zr intpgra lm hisoblang.

^  A g a r  w(x) *= tn x. d v  = d x  deb olinsa, u ho lda

d u  = 1 d x . v ( x ) -  x



b o ' t i b .  1 9  7 / j l o i m i i l a g a  k o ' i a  topami/ .

f l n i ' / v  i VI и vi  I V 1 <lx -- l . v l n  V )! j' v ( - 2  In 2  ! ►

9 . 6 - m i s o l  ' = j-in Wi intpqral i i i  h i sob lang .  bun da  n u.i :

Bu integra l ,  xu susan  н -«.« = ! b o ' l g a n d a  osonqina  h i sob lanad i

ko 'n m sh d a  yozib,  unga  b o ' l a k l ab  mtpgr a l l a sh  formulas ini  
q o ’llaymi/.. Na t i j ada

rpkurrpnt formula kplib rhiqad i .  Bn fo rm u l a  yo rd a m id a  bpr i lg an  
intpgra lm u = 2.X  bo ' lg an da  kpt ina-  ke t  h i soblash  mu m k in  Bi/. 
quy ida  »? juft va toq b o ' lg a n d a  b e r i l g a n  i n tpg ia lm ng  q i y m a t im  
kpltiramiz:

n = 2m juft son b o ’lganda

Bunda m" s imvol  m dan  ka t t a  b o ' l m a g a n  va u b il an b ir  x i l  
(uf t l ikka pga b o ’ lg an  natu ia l  s o n l a in in g  k o 'p ay tm as in i  hi ld iradi .  

S h u n d a y  qil ib,

A- = Я . ! i = f sjn r . / r  = ]
2

n . : b o ’l g a n d a  b e i i l y a n  intpgralm

I. - j  ми '  xdx = I sin" 1 x d (-  u >s . t )

/„ = (-'Sin'1 1 A C O S  Л S i n  ~ X  C O S  X l■7xdx-~(n  1 ) J  s m ‘ ‘ д ( 1 — s in ' x\ix  -

-  ( ( 7 -  l ) j \s ¡ n ' '  •’ xdx - (П l ) j  sin" xdx = (n ,  -  ( »  I)/,

b o ’lib, l indan  ushbu

n

,  _ 2 « - l  2m -.\  5 .4 1 _ ( 2 w - 1 ) "  n 

2m 2m -  2 6 4 2  ( 2/и) ! !  2 

n = 2m + ] - t o q  son bo ' lqanda
2m 2m- 2 (i 4 2 12m)" (9.29)

(9.28)



j  s in  '  xdx -

(2’n I)’! 
i 2nj)"

a g a i  n=-2m j u i l  bo' lsa,

(2w)-"- , a q a r  /7-.-2/?j + i toq b o ’lsa.
( Zm + I)!! 3

V.
4°. V d l l i s  f o r m u l a s i .  Yuq onda k e l t m lg a n  9.6 — rmsoldan 

foyda lanib ,  n son in i  i fodalovchi  formulan i  kel t i ramiz.  Ravshanki ,

( ,<*<* b o ' l g a n d a

s in  X<. s in  X<  S in ' X (»=1,2. )

tengs iz l ik la r  o 'n n l i .  Bu tengs izhk la rm ]0. ora l iqda  integra l l ab
r * f
} 2 2 
j  s i n xdx < j  s i l l xdx < j  s in 2” 1 xdx 
l> 0 u 

so 'n gr a  (9.28),  (9.29) formula la rdan fo yd a lan ib  topamiz:
( 2 » ) ! !  ( 2 / 7 - 1 ) "  я < {2 п - 2 )\  

(2 n  + l ) Í !  ( 2 n )ü  2 ( 2 n - 1)1

Bundan
(2/7) ! '  ' 2 1 n 

—  < <
(2n)\\

( 2 / 7 - 1 ) ! ! . 2/7+1 2 ( 2 / 7 - 1 ) "

i
2 fi

teng s iz i i l ik l a r  k e l i b  chiqadi .  Animo bu tengs iz l ik la rn ing  
c h e k k a l a r i d a  t u r g a n  i fodalar  ay i rmas i

‘  ( 2 n ) '.\  1 ] (2/7 ) ! !
J

1.... < ( 2 « ) ü

(2/7 - 1 ) ! !  ¡ 2 n ( 2 n  -  ! ) !  !_ 2/7 + 1 ( 2 / 7 - 1 ) ! '

1 1 n \
2/7 + 1 2 / 7  2 2n

bo' l ib,  и - » »  d a  n o l g a  int i lgan i  uch un  ushbu

(2n)ü '
(2n-l)ü

—  =  lim1 Я-.« 2n +1

formula o ' r inl i  b o ' l ad i .  Demak,
л  _  2  2  4  4  2 n 2n 
2 _ "l- ^ l  J  3 5 2/i - 1  2 *  + l

(9.30)

Bu (9.30) f o rm u l a  Va l l i s  formulas i  deyi ladi .

8 - § .  A n iq  i n t e g r a l l a r n i  t a q r i b i y  h i s ob la sh

Biz y u q o r i d a  in t eg ra l  ost idagi  fu n ks iy a m n g  bosh lang  ich



lunks ivas i  m a ' l u m  bo' lsa,  aniq i n t e g i a l n i  Nyuton L.eybnis 
lormulasi  yo rd a m id a  hisoblash m u m k i n l i g m i  k o ’rdik. Amm o 
bosh l ang ' i rh  fu nks iyan i  lopish ma sa l a s i  do im  osongina hal  
bo ' l avermavdi  A g a r  integra l  ost idagi  f u n k s iv a  murakkab bo' lsa ,  
tpgishl i  drug m tog ra lm  h isoblashning  t a q r i b i y  u su l l a i im  q o ’l l ash 
lo/.mi. Bu usu l l a i  in tegra l  ost idagi  /(..) f u n k s iv an i  uni t aqr ib iy  
i foda lovdn k o 'p h a d  b i l an a lmasht i r i shga  </(>): /',(-<•)) asos lanadi  

I". To 'g ’ri l o ' r t b u r c h a k l a r  fo rmul as ] ,  /<.») funks iya  \ч h\ 
ora l iqda  uz luks iz  bo' l ib,  un ing

J У (-Г)сЛ

inteyra l ini  h i sob lash  ta lab otilsin. A w a l o  \fxe\,t.h\ uchun

/(■'■)=■ f { U + h ) = con<.t

deb olib. q u y id a g i

] f (x)dx* а Ц Ь)(Ь-ы) (9.31)

formulan!  hosi l  g i lamiz.

Bu taqr ib iy  fo rm ul a  (36—chizma) /(*)>о b o ’l g a n d a  <¡ABb egr i  
chiziqh t r ap et s iy an ing  yuz mi  aA'H'h t o ' g ’ri to ' r tbu rchak  yuzi  b i l an 
almasht i r i l i shini  ko ' r sa tadi .  (9.31) f o r m u l a n in g  am q h g in i  oshirish 
ma qsa d ida  (j,6| ora l iqn i  и = т0.дг,.х,. .xr - b  n u q t a l a r  yo rdamida  « 
ta teng  b o ' l a k k a  bo' l ib,  har  bir b o ’l a k d a  (9.31) formula
q o ’l lani ladi .  U ho lda

f  f {x )d x  * / ' ( A* Y  “  h / ( * ,  )
■ . n



Ik (» 1.2. .//-I)

Nati jadd q u y i d a g i q a  eq a  bo' lamiz:

f f(x)<h f / (>)<'■' + • ...+ J 1 •- j  n\)d\  ̂ /( ' ) t

' / { » ) >  +-A ' / ( д , ‘ ! )  -  ̂  (  / ( v 0 )  + / <. X, > * ♦ / С X , » •
„  ■ 17 »

Shundav  qi l ib.  mloqra lni  h isob lash uchun  quvn laq i

taqnbry

formulaqa  ke l am iz .
(9.32) fo im u l a  l o ’q 'n  to ' rtburchak lar  lo imu las i  dob ataladi .
Odatda ,  t a q n b i y  formula с h iq a i i l qa nda ,  dlbatta uni 

q o l l a i u l g a n d a  vo ' l  q o ’y i ladKjan xa to l ikni  aniq lash  (voki 
baxo lash) t a q a z o  oti ladi .  B\ininq nat i i a s ida  t a qub iy  foimulaldi  
o'zar o t a q q o s la n a d i .
(9.32) to r m u l a n in q  xa tohg)  ushbu

a y in n a  b i l an  i foda l anad i .  Uni baholavmiz.  Buninq uch un  /(л) 
i u n k s iy a  (w.Л| o i a l i q d a  u/Juksiz, ./*Ы hos i l aga  e g a  bo lsin dob 
qa iaymiz .

Aniq i n t o g r a l n m g  x o s s a la n d an  íoydaldinb,  R, ni quy iddqi

dan l o y d a l a n a y l i k ,  b u n d a  _£. son i va x¡ sonlan  oras ida bo ladi.

к f /(x)h. - a
V / ( x . )

k o ’n n i s h d a  y o z i sh  muinkin .  Toylor iormulas i

/ ( X ) -  / ( V .  ) - / ’ ( v . K v - . v , . ) *  ) ( * “ * < ) ’

Nati jada

R , -  £  )  l / 4 \  И Г — ДГ. ) t л /"U\ K.V-
f



bo' 1(1(1 ¡
O't id q¡\iii(ii Intqidaqi (¡ t(M)i(‘iiiHnm<j ;'■) n<ilijcisicjd kn' id

I  " ¡  Sí '  ' . : } ( ■ ■  ■ ) A  V " 1 ( ^ / V :  *1

i :  ‘
i . • • I ‘ ,1) 

bo' ladi  Slnindav qil ib, h nc l iun quv idaq i

-  ,  i, 2Ап a . i,
i fodaga krlaini/.  Ravshanki .  ushbu

I y  r v  *, Пс„*)< Л- , * )  ♦ ► /"(4„ ,*)
J¡ ~  ' ».

( , / ni . 2. i ) miqdoi  /V) пик) |,W| o id l iqdaq i  onq 
k ieh ik  m" hainda <mkj k<itta \r  g i v ina t i a i i  o ia s id n  bo' iadi :

пГ ■ 1 N /"(.,*)• \ГП
■ 'p.; hmks i ya  /'i o id l iqdd uzluksiz.  Kolsano Koslnninq 

ikkincln ti'()i(’tnnsKjci ko ' i a  (.'■> bubdag i  9 tc 'o iomaga  qardnq),  
(u .b i mlpivdldo shunddv _ nuq l a  topi ladiki ,

/VI  1 V  *) и". < UM)

bo' ladi .  N(ili](idd K, usl ibu

K . - {h ■'}' f V )
24n

ko i inishni  oladi.  Demak,

J / t - ' * * - '  ' ' V ; , , . ) 4 (/' ‘, у  Г О  (9.32)
;  n . o 24/;  '

Shundav  qilib, |-í. oidli<j(]d ikkmch i  tdi t ibl i  uz luks i z  hosi laqa

r q a  bn ’lgnn 4>) f imks ivan ing  f/ro-A m t o g i a l n i  (9.32) to’q ’n

to ’r tbu ichak la i  íoi imi l . i s i  yo id am id a  tt icj i ibíy hisoblansa,  bu 
t a q n b iy  hisoblash xa ío l ig i  quy idag i

ih- ■'! - , к. . M- )  u M )21/)
formula bi lan i fodalanad i .

2°. I r r tpots iyn lar  lormulcisi .  /ю h m k s i y a  |,; /q o ia l iq da  
uzluks iz bo'Isin. , ucbun



, ,  /(/') I W)  , /’/(.О--'/!/' /1 \ ) - ' h -  .1 ' - ; 1
(9.3; ’>i

df'b olib, i n tpgmln i  l a q n b i y  i todalovchi  ushbu

/(A ) - / ( j ) л/o») ■»/(*•) 
A -J /(.v).A ■*

iormula in  hos i l  cjil . imiz. (9 33) mu nosab atdag i
f{b) -  /(<,) v+ h jw )  - a/0')

h -  a b -  о
i foda (и./(</)).(A./(/<)) nuqta la rdd i i  o ’tuvchi  to’q ’n  d u z iq  
n u q t a s m m g  ord inat as in i  i foda layd i  (9.34) ta qnb iy  formula 
/(x)>0 (Vre|a,/>]) b o ’lq anda  (3 7 -c :h iz m a )  iviHb r g i i  chiziql i  

t r app ts iy an ing  yu ran i  иЛвЬ t rapets iva  yi i/i  b i l an  a l inasht in l i sh im 
l ioda layd i .

У

h X

3 7  c h i z m a .
Endi  (9.34) i o im u l a n in g  an iq l ig in i  oshi ri sh ma qsa d ida  [^h\ 

ora l iqn i  4 = * . . * , . * , .... V, = b nuq ta la r  yo rd amida  » ta teng  b o ' l a k k a

bo' l ib,  bar  b i r  \xt .x,„\ b o ’l a k d a  Ддг) funks iya n ing

m t e g r a h g a  m s b a t a n  (9.34) foimulani  qo ' l l aymiz.  U holda

b o ’lib, n a t i j a d a  ushbu



/■- '(» )+ )
+ • I >. ! t  / (  \ . 1 I 4 f ix ,  . )

In im u la q a  kolfinii/.. 1 )('Hitik.
» • ' Юj  ( >. ).h 1

/ (л,) * f i x . )  t  . .+ / (V , ) l Iе». : b )

Mu (().;Ъ) formula t i ap r t s i yd la r  ionnuldsi  dob dtaladi
•('. i lu nks i y a  [.(./.i o i a l i q d a  /"{<) h o s i l a q a  oqa h o ’hb, u shu 

o ia l iq da  u/.luksi/. bo' lsin.  IJ holda

f / < X , ) 4  / ( V , ) 4 . .  f / ( V „  , ) i h  U)  f " ( c )  (9.3.S]
t 2ii

b o ’l ad i .
31'. I ' a ra bo la l a r  (S impson)  fo n n u l a s i  Bu ho lda  |,;./>| ora l iqda  

u/.luksiz /(\) funksiv<ining f/(v)c¿ in t^qr a lm i  taq i i b iv  h isoblash

iH'hun /fv) Imiksivt ini  * !>. / <11 ^  »  ham da  (A. / (Л)>

n u q t a J a r d a n  o ' t u v r h i  v ,-lv: i Hx f i ’ p a r a b o l a  n u q t a s m m q

o i <I111<1I<IS1 bi lnn alnidsht i idimz.  Bori lqan /ион"' + h ' (" '4/')j va
2 2

(/'. /(/>)' nuqtdla i  o iqa l i  p a i a b o la  o ' t k az i sh  munikin .  B u n d a y  
paiabold  y a g o n a  bo' ladi .  Haqiqatnn ham ,  1 - .¡лг + /*г + г  parabola  
y u q o n d a  ay t i l qan  nuqta l a i  orqal i  o ' t g a m  u c h u n  ushbu

.Ь/ t Ihi + ( ' - /(./).
it + b . a + l> -+ /•,!( 2 ) -+« (  2 )♦<’ -/ ( 14/Mi)z

A// ¡r Bb + < ' • nh\
t o n q l i k l a r  o ’ r in l i  b o ’l a d i .  B u  s i s t o u i a n i n q  k o e f f i t s i f M i t l a n dd n  
I u/. i lgan

ы. I
■f h t b

2
/■ ' b . 

d r t e i m i n a n t  l i a r  d o m i  n o l d a n  f a i q l i  (c l i t i n k i  1 * DtMTidk. (9.36)



f 4 t • (' 1 '
sistpma y a g o n a  p c h m ig a  ega.  Bu hoi (•/./(■/,M‘ n  ' ' )) hamda

(;- /'('*)) n u q t a l a i d a n  y a g o n a  r = .1»' t 4\ < p a iabo la  o' tishmi 
b i lduadi .

Hndi I {Ax1 + Hx +• (') i.' in tpg ia lm b^n lgan  |/и)Л mtpgraln ing 

ta q i i b iy  q i y m a t i  dpb quy idag i

f f(x)dx~- I {Ax: + Bx t  C)d\

i o r m u la n i  hos i l  q i l a m i z .  Bu t a q i i b i y  f o n n u l a d a q i  j(A¡t' + Hx + C)Jx

mtpgra ln i  h i sob laymiz ;
‘ ? h i  — s  b '  -  i  

\{Axl +Bx + ( ' ) d x - A X + H X , - tí i / i  u
{ 1 2 I a 3 2

= |2.1(A2 + h a  t  u* ) h М (Л  - tf) + W ’ l = — + /Am < ')  + 4(.4( ) -t 
() 6 2

+ ГЦй ~~) + С)+{ЛЬг + W> + (')\ = h ~a [f (a) + 4 f l U \ h )+ J{h  !

S h u n d a y  qi l ib,  ^ j\x ) Jx  intogralni  t aqr ib iy  h isob lash uchun ushbu

¡ f W i . ‘ - V ( .  O + V f ^ - V / W I  (9.37)
6 2

fo rmulaga  ke l am iz .
Bu (9.37) fo rmul a  /(*)>о bo ' lg anda  38 -  rh i zm a da  k o ’r sa t i lgan

aAJBb pgn  ch iz iq l i  t rappts iya  yuzini  a-1 ■■■ Hb pgri  chiziql i  t rappts iya
yuzi  b i l an  a lm as h l i r i l i s h m i  i ioda layd i

(9 37) f o i m u l a n in g  amql i g in i  oshirish u rh u n  (</./-] ora l iqiu



nuqta la i  yo id a m id a  2и Id f<‘ng  b o ’l a k k a  ho'hb, hai  bn  \x,
• o.i " - ] )  oidl iq bo’y i r h a  o l i n g a n  intogralqa (0.37) f o im u l a m  

(jo’Udndmiz. U holcJd o i a l i q  l u h i m

j  /(0<^ X;< I/ (\ .. H - W f r , . , )  t /(>,,. ,)|

/' • i
■■■ - l/(*»)+4/(*».i> + ./<*’,.-)] (k-O.l . . .  n - 1)('»7

lormuldqa  pqamiz
Ndt i jdda an iq  i n t eg i a ln in g  x o s s a s id an  foyda lamb,  q u y i d a g i  

i fodaga  oga  bo' lamiz:

J / ( x ) t Z v  J  t\x )d x  , - f  I  / (x )d .\-

h a
•' f  - 1 ( / ( ^ . , )  + 4  / f X ,  ) +  / ( . V 2 ) )  I ( / Í V .  > • 4 / f  X , )  t  / ( , , ) ) .  . +  ( / ( \ „  , )  +

^ 4 / { v ? . , )  + / ( a . . ) | -  Л / ( * . .  ) )  * К  / ( r , H  f ( * p) +  t / < * , _  , ) )  +

+ 2(/r(T.)+ /(V,)4
S h u n d a y  qil ib, /(\) i u n k s i y o n i n g  an iq  in tpqra lmi  t aqr ib iy  
i fo daJ ayd igan quyidaqi

j / ( T ) t/v= bJ ‘ ) t - f { x u  })  + 4 (/ (.v , ) t / U ,  ) +. +/(д-г, , »  4 ^  3 8

t 2 ( / U , ) i  Я ' - , , } - * - . . i  / ( v 2„ . , ) ) ]  

fo rmul ag a  knlamiz.  Bu fo rmul a  par abo la l a r  (yoki  S impson)  
lormu la s i  dpb ataladi .

F a i a z  q a ia y l ik ,  /'(.v) f u n k s i y a  |:<.Л) ora l iqda  u z l u k s i z  t [V\x) 
bos i l aga  pga  bo' lsm.

U ho lda

f  ! { x ) d x ~  - -  ‘ ' l ( ' ( . г 0 )  +  / ( д -  ) ) +  J ( / <  v ,  > + Л х , ) - 1  / (  X j  ) )  +  bn
(h Л' /'|; ’’ í £>

f 2 ( / ( A ; ) 4 / ( r , ) +  . . +  / ( V „  , ) ) ]  ^ ‘  J  - Ы .
'  '  2 X X 0 / I

bo ’Iadi, h u n d a  4'e(<«./>i.

Biz vu qor ida  [Лг  )dx  m t p g i a l n i  taqr ibiv h i s ob la sh  u c h u n

t o ' g ’n  to' r tbu i rhak iar ,  t rdpots iya lar  h am d a  S impson fo rm u l a la i i n i  
kp lt irdik Bu taqribiv fo rmu l a l a rn in q  ha to l i k lamu taqqo s lab ,



Simpso n  lo im u la s im nq  a n iq h k  d<uajasi to 'q 'n  to’ i tbun !i-)kl<u 
h a m d a  í i a p o l s iy a la i  tnm iu la ld i  imnq am q l iq igd  q a i a g a n d a  vuqon 
e k a n l i g i i i i  ko i<i1111/

9 . 7 —inisol  l ¡ shbu

in t e g r a l  to ' q ’ri t o ' i t b u i r h a k l a r ,  t i ap r t s i y a la i  va Simpson 
fo rmul a l a i i  y o rd a m id a  ta q r ib i y  hisohlaymiz.

< |0.1|oialiqni Л tti t enq  b o ’l a kka  bo’lamiz.  Bo ' lmish  nuqta l au
v„ - l )  .V, - 0 . 2 .  . V,  -  П . 1  v .  - "  0 . . V ,  o . H .  X,  l . o

bo ' l ib ,  bu n u q t a l a i d a  м и  Umks iy an ing  g iymat la i i
q u y i d a g i c h a  b o ’ladi:

/ ( > , , )  l .O O d D »  .

j (л , ) - o.x<:i4 .
/ (,v, ) - 0.6'ГГ.К .
/ ( V , )  0 . 5 Г 2 9  .

/ ( л  ,  ) Í U b 7 X X  .

l l a r  bu b o ’ l a k n in g  o' rtasmi  i fodalovchi  nuqtan ing  
k o o id ina t a ia r i  i o.i.a, hi. u , 1 . - о,7,.г4-().9 b o ’lib. bu

n u q t a l a r d a g i  h m k s i y a n in g  q i ym at lan  q u y id a g i c h a  bo' ladi :
J  ( X ,  ) -- o.9wo? .

/(Л-, ) - 0.91 UH . 

f ( x y ) • ü , 7 7 f ) X 0  .

/( . v . )  0 .Ы2М.

/ ( . v . ,  ) 0 , 4 4 4 X 0  .

a) T o ' g ' n  t o i t b u r c h a k l a i  lormulas i  ((9.32) qarang)  b o ’y i rh a

j ,  d \  • ^  ( 0 . 9 9 0 0 5  t- 0 . 9 1  <9.1 * 0 . 7 7 ( . X ( )  +  O. l i  1 2<>Л H ) .  4 4 4 H 6 )  --

1 1 . 7 4 0 2 7  * 0 . 7 4 X 0 ^ .5
я  ;« 1 - 1 «один 

12-2^ 10(1
b) Trapf ' t s i ya la r  to imu l a s i  ((9.3Ó) qarang)  b o ’y i cha



г  , I I.IMlOllU t 0  К , " XX
A  I . 0 . 9 ( , 0 7 ‘ ) ( o  K S 2 1  I f  0  . О ^ 2 7  " » )•' s 2

I ]to í.Kí1,-1 . < и iT-xi) ; -;i x4 о 7 i l <7S ^

H • 1 - 1 o.t)(K.
(• ^  i<i>

V) S i m p s o n  l o i m u l a s i  ((9.:W| q a i a n q )  b o ’ y i c h a

j . '  ’ ( A  - ^ | ( 1 . ( M ) ( J I > 0  ) 0  H/ / K S I  ■ 4 ( U . 9 7 U I ) S -  (1, ‘Л  t ' M  + 0 . 7 / l ' K I I  t 

t ( Ш 2 Ы  t о  I U X ( > )  . 2 ( f  O . X ' 2 1  I 1 ( ) . ( >97( >X t l l ^ 2 7 2 ' ) ) |  -

1 (l.«.7XX i t Ï 7 Ш27 » 2 ИН790) ’ ( ] .}(,7XX •* (>.07<XU н M %|0Х) > 
f l  M

0 . 7 - H . x :

K . 1,  1 2  0 . 7 - 1 0  '
: x x o v

T aq i ib i y  formulala i  v o id a m id a  b i sob lab ,  lopi lqan j<- : ,л
i)

i r . ;pqiülni  iq qiyir .at in;  umnq

| Y  ' .ix- (I V I4C.XS

qiymat i  b i l an t<icjc|t>Nl<ib, S impson fo im u l a s i  yo rd amida  top i lqun 
mtpyra lmr iq  t a q n b iy  qiymat i  an i q io q  e k a n l i g i m  ko' ramiz.  ►

M n s h q la r
9.8. ( Jshbu

/ '( v i- . v  (.y с: \a. /> I )

i im ks ivantnq yuqof j  hai . ida qu y i  in tny ra l l a r i  topilsip.
9.9. A yt ay hk ,  / ( v ) funks iya  | * ». л 1 d a  eb o y a r a l a n g a n  bo'hb,  /’, 

va r.  l ar  |с/ .'>| ornüqning  bo ' l a k l ash la r i  b o ’ lsin. Acjai /*, с bo' l sa ,  
ushbu

ч /'.i- > ( i \ ) . s a \ ) r i s ( r , )  
tpi iqsizl iklat  isbotlansin.

9.10.  Aniq inloqia l  l a 'u f l a r in inq  pkv i va len t l i q i  i sbot lansm
9.11. Aquí  •./•> « I í r\ uchun f{.x)- v) bo' lsa ,

Л' (/ 'jr. .S’ (/*)■ ' . ( / ' )
bo' l ishi  i sbotlansni .

9.12.  bs l ibu



I 'in 1 , agar  vs (d l|
I

/ ' • V )  -  <j

[  0 ,  d C J i i l  X ”■ (I
и п к ч у  ' i ; iq roji d a  intoqi  ' l l<inrvc,-i ho l islu œ '  

9 . Î3 .  -./'hi. j

i n t eg ra l  baholans in .
9.14.  IJshbu

tongs izl ik lar  i sbot lans in .
9.15.  IJshbu

j  V 1 t Cl'S xd.i

I f  > , 1■ < dx
0v2 vi t X 10

i  *  ■ J. (л IV'i  ( •' D '
i n t e g r a b a  Ny.  ti  n —' . o y b n y a  fonnulasmi  qo ' l l a sh  munik inini ?

9  lb  Jshbu

7 ?
j  , '(Ч1П x)<ix — I  / (COS Ar)t¿r
n и

tp n g h k  i sbot lansin,  b u n d a  f ( r )  funks iya  |o.i| da  uzluksiz.
9 . 17. Aniq in tog ra l  tu shun ch as id an  foyda lan ib ,

.. V«!lim
- ’ • n

l imit topilsin.
9.18.  T rapp t s i y a l a r  fo rmul as in ing  xa to l ig i  topilsin.
9.19.  Agar  f ix )  f u n k s i y a  |,;./>| sp gm en td a  lkk inch i  tartibli  

uz luks i z  i\x)  h o s i l a g a  p g a  b o ’lsa,
/(0-/(0)Г r I ' ! ¿

] i mn  í/ ( x ) ¿ v  > /'( ) 
* •" [  о " ^  "

b o ’l ishi  ' sbot lansin.
9.20.  Ushba

f'x) - [ cos if. \jt

’ •.uiksiy ' i m g  \os.ilnsi top i l s in

• >■>>



M atpm alika, fizika, rnpxamka hamda fan va tpxrukaning 
boshqa sohalarida uch rayd igan  ko'pgina m asalalarm  yr-chish 
m a'lum  furiksiyalarning în togra lla iim  hisoblashga kpltin lad i.

Ushbu bobda pgri chiziq yoyinm q uzunlig i, pgri cbiziqli 
tiappsiyam ng yuzi, ozg aru vch i kuchnnuj b a ja ig an  ishi hainda 
inassaga oga b o lg an  pgri chiziqning m prg iya mompnti aniq 
intpgrallar orqali h isoblanishi ko 'isatilad i

1“ §. Y o y  im m lig i va u n in g  an iq  in tég ra l o rq a li ifoda lan ish i

•(»} funksiya [; *'] oraliqda an iq langan ix tivo n v  u/.luksiz 
funksiya bo ls ín . Bu funks iya  grafigi [■»>] o ra liqda  pgri chiziq 
yoyin i tasvirlasm. U n i A H  dpb belgilayini/.. [</ /•] oraliqning 
ix tiyon y

/' -• .....v„ } = vn b)
bo ’laklashini olib, bo’lu vch i ,x( (k - 0.1.2. ..h} nu q ta la r orqali ()Y 
o ’ziga parallpl to ’g 'r i chiziq lar o ’tkazam iz Bu  to ’g 'n  
rh iz iq la i ning AH y o y  bilan kesishgan nuqtalan
,l( (x,. / {.xé )) (I- 0.1.2....n, A q -A .A ,- H )  bo ’ladi. A H  yoydag i bu
nu q la la in i bu — biri b ilan  to ’g '11 chiziq kpsm alari yo idam ida 
birlashtmb, !. siniq ch iz iqn i hosil qilam iz. / voyga  chizilgan 
simq chiziq dob ataladi. B u  siniq chiziq pprim ptn

b o ’ladi.
Ravshanki, siniq chiziq pprimptn l. q a ia layo tgan  /(*) 

funksiyaga bog 'liq  bo 'lish i b ilan birga [j./i] o ra liqn i bo'laklashga 
ham bog 'liq  bo'ladi: /„ = /.(/’).

Agar f\ va 1-. lar |./.¿>] oraliqni ikk ita b o 'lak lash  bo'lib, /"¡c/; 
bo isa, u holda bu bo’lak lash larga mos ah  yo yg a  chizilgan siniq 
chiziq lar ppm m 'tilari uchun

tpngsizlik o 'rin li bo'ladi.
Domak, /* bo 'lak lashrnng bo 'luvch i nuqta lari sonini orttinb



borilsa, a h  yo vg a  chizilgan nios siniq chi/iqlar perim etilari ham 
ortib boradi.

/' b o ’lak lashning  d iam K ri A, nolgn intila borqanda, a :- 
yoy iga  ch iz ilgan  bu bo’lak lashga mos siniq rhiziq shu AB yoyqa 
borgan sari yaq in lasha boradi, siniq chiziq perim etri esa AH 
yoyrung  uzunhg im  borgan sari aniqroq ifodalay boradi, deb 
qarash tab iiyd ir.

l- t a 'r i f .  Agar a h  yoyiga chizilgan ([j> ] orahqm har qanday 
P b o 'lak lash q a  mos) siniq chiziq perim etri

L : ( /’)= Z V (X'*' **)" +[/ K « i) "  )f
da ch ek li linutga ega b o ’lsa, AB yoy  \izunlikka ega deb 

ata lad i va  shu
lim  ¡ , A n  = t-
Ar  .0

lim it AB y o y n in g  uzunligi deyilad i.
E n d i y o y  uzunlig in ing aniq integral orqali qandav 

ifoda lam sh in i ko'rsalam iz.
/(.r) fu n k s iya  [</,/>] orahqda uzluksiz hamda uzluksiz f '(x ) 

hosilaga ega  bo 'ls in  Bu  funksiyan ing  [a:b] oraliqdagi grafig i ah  
yoym  tasvirlasin , deylik. [a.*] orahqda ixtiyoriy

[ ‘ = {xo, X,. xn| (iJ = x0 < Xj <... < xh -a b)
b o 'lak lash n i olib, AB yoy iga  ch iz ilgan unga mos siniq chiziqm 
hosil q ilam iz  B u  siniq ch iz iqn ing  perim etrini yozamiz:

LAF) = lL'j{xt«-xt )2 +[/(**.. )_/(-OT
H a r b ir [x,.*,,,] oraliqda / (* ) funksiyaga Lagranj teoremasim 

qo 'llanam iz:
/(*>«)“  /(**)* f ' ( rt )(**,.-*t)

Dem ak,

L , ( /,) = X v /1 + / ' i ( ri ) ■ ( * * . = +> 0 *--0
bunda xt Sr4<x.,. K ey in g i teng likn ing  o'ng tom onidagi y ig 'ind i 

/̂i+ i ' ' { x )  funksiyan ing  in tegra l y ig 'ind isin i eslatadi. Un ing  
in tegra l y ig 'in d id a n  farqi shuki, integral y ig 'ind ida e [ - w ;] 
nuqta ix t iy o r iy  bo 'lgan  holda, yuqoridag i y ig 'ind ida esa rt nuqta 
[x^x,.,] o rahq d ag i tayin nuqtadir. Am m o .JiV/"(x ) funksiya



íntegrallaniivc hi bo 'lgan lig i (ihunk i, shartga ko'ra, r(.») 
uzluksiz) sababli r dob olish niumkin.

Derriak,

l in V -  - l im ÍlV '_+ = í J 1+ t ' 7{ x ) J x
*, *c \ *0 i c

tenglik kelib chiqadi, Dpindk, .4/1 yo y  uzun iikka  oga va bu yoy 
uzunligi quyidagi

¿  = J V11 ( 10.1
formula yordam ida hisoblanadi

10.1-misoI f-ü.i/| (./ > 0 ) oraliqda ushbu

zanjir chiziq yoyn ing  uzun lig in i toping.
■4 A w a l t{x ) funksiyan ing  hosilasim hisoblab, yj] + / n (x) ni 

tipamiz:

l + r ( r )  = l + l | tí--, ■

h r ' { x )---|t- +e

Endi (10 1) form ulaga ko 'ra zanjir ch iziq  yoyin ing  [-a.aj 
oraliqdagi yoyi uzunlig ini hisoblaym iz:

)
2

Q uyldagi
x = <p(t)

dx = - I= a] e —

<102)-
tenglam alar sislemasi orqali ifodalangan egri ch iziqn i qaraym iz 
(bu holda egri chiziq parem etrik  ho lda b en lg an  deyilib , (10.2) 
sistema egri chiziqning páreme»!nk teng lam alari deyilad i). Bunda 
<p(t), lar [«./*] ora liqda uzluksiz funks iya la r b o lib , t
o'zgaruvchi paiem etrn ing [a,p\ oraliqdagi íx t iyo r iy  íkk ita  turli r, 
va /, (/,*',) q iym atga mos ke lad igan  (10 2) chiziqdagi 
A ív r J-  nuqtalar ( r .  =  <*>(?,). y ,  = v/(r,): xt = <p(r, ). v. = )) ham



turhcha bo 'ls in . Bundan tashqari, pciianiPti / ning /, va r. 
q iym atla rig a  mos kolad igan (10.2) chiziqdagi .•!,(\,.>,)..; i a. i.) 
nuqta larn i i , - i , bo ’lganda, nuqta A,  nuqtadan koyin kpladi 
dob qara lad i Shu  bilan egn chiziqda yo'nalish om atilad i.

Faraz q ilay lik , r = u, /-/< q iym atlarga (10.2) chiziqda i va /•' 
nuqta lar m os kelsin. Bu  rh iz iqnm y .¡a yoyi uzunligi amq 
in tegra l orqah qanday lfodalam shm i k o ’rsatamiz.

A w a l  yuqondag idpk  AH yoyn ing  uzunligm i amqlaymiz. 
\u./i\ o ra liq n i lx tiyon y

...r,}
bo 'lak lashn i olib, bu bo 'lak lashn ing  bo’luvch i t, ( * - d i... n)
nuqta lariga  mos kelgan ah yoydagi
A  .V, “ W '. )) nuqtalarni b ir- b in bilan to 'g 'n
chiziq kesm alan  yordam ida birlashtinb, AB yoyga chizilgan 
simq ch iz iqm  topamiz. Bu simq chiziqning porimetri quyidagi

! - V  )['

(1 0 .3 )

fo rm ula b ilan  lfodalanadi. Ravshanki, 1- (pitX llHl ) funksiya laiga 
ham da [u,p] o raliqn i bo 'lak lashga bog'liq : I. = 1. ,̂0')

Yuqondag idok , da sin iq  chiziq perimetri t- I >̂ 0 )
ch ek li lim itga  ega, y a ’m

bo'lsa, A ll y o y  uzun likka ega deyilad i, bu lim it > esa AB 
yo yn in g  uzun lig i dpyiladi.

A y ta y lik , *pi0 va m'O) funksiya lar oraliqda uzluksiz <p(t)
va  ^(O hosila larga ega bo'lsin. H a r  bir k lm] (k = 0-1... n-l)
o ra liqda 4>0 ) ham da 'KO funksiya langa Langranj tporpmasini 
qo 'llab  topamiz:

(1 0 .4 )

>k) (1 0 .5 )

bunda rk e K .U .,! ük e l(k. i^,]
B u  (10.4), (10.5) inunosabatlardan fovdalanib, (10.3) siniq 

chiziq p prin iP tnn i quyidag icha yozamiz:

/._,(/>) = Y  xy ’(r, t ' r . i - t J  X '„ f  = £  \ y î ('-i )4v/IK )- /̂>
f 0 '-I

{A’,



blinda к с К  л  ,} f», . |it . i. I
Bu holda Ikim, yuqondag i

\ ф'’(| ) ♦ (
iunksiyan ing intpgrÉi) y ig 'ind ism i pslatadi. barqi £„
ix tiyony nuqta bo'lgan holda, >t va lar shu [ v  tt.,] oraliqdaqi 
lay in  nuq ta lig idn .
M odom iki,

v (P’J (0+
funksiya M ]  da uzluksiz, bm obarm  m tpgra llanuvch i pkan, unda

bo'ladi.
Dpmak.

i'
!,m LW(1’^  J vV’ fO-* v 'J(t)dt

Bu psa ль yoyn ing uzunbkka ega bo ’lishini va  un ing  uzunliqi 
uchun ‘

1 = 1 vV-’(/)+v/’?(r)c// ( i 0 . 6)
form ula o'rinli okanmi b ild irad i.

Xususan, agar (10.2) sistprna ushbu

i * = * , ) '
ko'rin ishda bo'lsa, bu sistpm a (a<x<h) ko  nn ishm  oladi.
ЛВ yoyn ing uzunligi uchun

l. -  ■ -  '
l = j  \/Ví (0+ 4i'! (i)iil= j” \/l + ij;'3{x)dx

formulaga pga bo'lamiz. Bu  (10 1) form uldning o'zidir.
10.2-misol. Ushbu

I \  - t C O S I .

Ь-.ГМШ (“ *-'< S t Ml s 2„) ,,0.7)

chiziqning uzunligini top ing
[u.ß] oraliqdd x - ip(t)= rcost. V “  \|/( t ) = r sin ï (r>0) 

tunksiyalar uzluksiz hosila la iga  pga (10.7) sistpma markazi 
koordinata boshida, rad iusi r ga teng b o ’lgan  aylana yoyini 
ifodalaydi. Uning uzun lig in i (10.6) formula yo rdam ida topamiz:



Y u q o n d aq i (10.2) s is tP ina  b ilan  ifodalangan AH yoym  
q a ra y lik . B u  yo yd a  param ptrm ng 1 (u<t<l^) q iyrnatiqa mos 
ke lad igan  n u q ta n i с deylik. Ravshanki, AC yoyning uzunlig i « 
ga b o g ’liq  b o ’lib, u (10.6) forrnulaga ko'ra M  oraliqda

ko 'rin ishda ifodalanadi. Bu  yuqori chpgarasi o 'zgam vchi bo ’lgan 
aniq m teg ra ld ir U n in g  hosilasi (9 - b o b n in g  9 - § iga qarang):

K p y in g i tpng likn i kvadratga ko'tanb, so'ngra har ikk i 
tom onm i Л/2 ga ko 'paytirsak, natijada

m unosabat hosil bo 'ladi. B u  munosabat yoy  differpnsmlining 
kvadratim  ifodalayd i.

En d i tek is likd a  qutb koordinatalarda berilgan egri chiziq 
yoy i uzun lig in in g  ham  aniq in tegra l orqali lfodasini ko ’rsatamiz.

Faraz q ila y lik , egri chiziq qutb koordinata sistpmasida 
quyidag i

r = g(e) (a< o^ß) (10.8)
funksiya b ilan  borilgan bo ’lsin, bunda g{0) funksiya M l  oraliqda 
uzluksiz ¡j'(0) hosilaga ega bo ’lsin deylik. Biz (10,8) ko 'rin ishda 
berilgan pgri ch iz iq  tenglam asm i quyidagi

param etrik  ko 'rin ish da  ifodalab, (10.6) formuladan foydalanamiz:

.S' = S(i) -  A C  j  \ V î (') + V/ 4 ')‘*

S'(r) =

ya 'n i
dsz = dx2 + dy:

j ^ ’(ö)ctisi' -g(i?)sin^+ [^ '(6')sin0 + i,'(ö]tos^] d0 = jyjg'1 [в) + gz{e)d0

Demak



10.3-inisol l'shbu
i = a  O ( a  - lo i i ' . i  () *' ( i '  <t  j

pgn chiziq (Arximpci sp im lij'yo y in in g  uzunlig i topilsin.
< Yugoridagi (10.9) form ulaga ko ’ra hisoblaym iz:

/  • |  v/í^v n ‘ '-) + \ a < )) : J f )  -  </j\ I f  Úljn -- a -  Vi 4  i r  +  J  |n U  t Vi i  / 
o u . 2 2 1

/  ■ | J ( u ‘- ) + ( a  <iy df) - </J -s, I f  O1 JO Vi 4 ti- + -  inl̂  i >/i > o ' ̂ I

2-#. Tekis sh ak ln in q  yu z i va  un ing  a n iq  in te g ra l orqali 
ifod a lan ish i

M a ’luinki, tpkislikda yop iq  siniq chiziq h ilan  chogaralangan 
ko 'pburrhak  yuzaga pga. U n in g  yuzi uch bu rchak  yuzalari 
y ig ’indisi sifatida topiladi

Fndi tpkislikda b iro r chpgaialangan (q ) shak ln i qaraylik. 
( 3 9 - c h i zma)

Bu  (£) shaklning ich ig a  (A) k o ’pburchaklar, so'ngra (y) 
shaklni o'z ích iga oigan (B) ko ’pburchaklarm  chizamiz. (A) 
k o ’rburchaklarning yuz in i sA bilan, (B) k o ’pburchaklarn ing 
vuzini s„ bilan bplgilaylik . N a lijad a  [Q) shak liga ich k i chizilgan 
ko 'pburchak  yuzlaridan iborat {sA} to'plam , (;;) shakhni o’z 
ich iga oigan ko ’pburchak yuzlaridan  iborat { s j  to ’p lam lar hosil 
bo ’ladi. {sAj- to’plam yuqoridan, (sB) to ’p lam  quyidagi 
chegaralangan Dpmak, sup{sA} = g. m avjud  va Q<Q

2-ta 'rif. Agai (¿-Q  b o ’lsa, (q) shakl yuzga pga dpyiladi va

n

3 9 - ch iz m a .



deylad i. Dem ak,(J ( J  <J m iqdor (q) sh u k im n q  yu/.\

O Su p {s , \ - • ini'{.v..,} ham da bosh idaq i A.v) lunksiya [ah] oraliqda 
uzluksiz b o 'lib , V \ .[a b ] f{.\) lunksiya [;i.b] o ra liqda uzluksiz 
bo 'lib , Vx t | a , h ]  uchun / ( . v )  • o b o ls in .

Y u q o rid an  A u  fim k s iya  qra liy i, yon  tom onlardan 
s ¡1. \ b ve rtika l eliizicjlcsr ham da pastdan OX abssissa o 'q i 
b ilan  cheq ara Jan gan  shak ln i, ya 'n i aABb eqri cl 
tra p c ts iyan i qaraylik . (4 0 - rh iz m a )

Y

0  a  b  ?

4 0 - c h i z m a .
¡¡s.b] ora liqn inq  ix tiyoriy

I’ \\ .\ .\, | (a \ - \ • • s., h)
b o ’lak la sh i uchun  bar b ir l v  x,.,] (k 0,1. ..n I) o ra liq ’ida

nh , .SV|y(r)|- \/..
(> [v . . x . } k (M.2. J i  I)

inav|ud b o ’ladi.
U u y id a g i

s V  mL.w . . s„ Y. M»A\k
V

y iq in d ila rn i Uizamiz. Bu  y iq 'ind iJarn iJig  b irinch isi a.ARb oqri 
ch iz iq li Irapetsiyan inq  ich iga chizilqan ko 'pburchaku inq  yu/ini 
(40 — eh iz iiiada  bu yuz shtrix ldnqan), ikk inch is i osa nMil-, oqri 
ch iz iq li irap cs iyan i o'z ich ig a  olqan ko 'pburchaknm q yu/ini 
ifoda layd i.

Ravsha tik i, bu k o ’pburchaklar, dcm ak, u larn ing  yuzlari 
ham a x )  lunksiyaqa hamcta fa.h] oraliqni bo’lak lashga b oq ’liq 
b o 'lad i:

s. • s.(i>). s, -S„(P)
[a.b] o ra liq d a  turli bo ’lak la sh la r olinsa, ularga nisbatan nAHb 
egri ch iz iq li trapctsiyan inq  ich iga chizilgan ham da bu cqri 
ch iz iq li trapesiyan i o ’z ich iga  olgan turli k o p b u rch a k la r  
yasa lad i. N a tijad a  bu k o ’])bu rchak  yuzlaridan iboral quy idaq i

;v ( i ’)!. s„(p)i



to plam lcu hosil b o ’ladi. R u n d a  {: (/')[ to ’p lan i y u q o n d a n , {s (/’)}
to ’plain <>Sfi quyidan ch^gaialangan bo ’ladi. Donuik. bu 
to 'p iam larning

s,lP¡s \ ) |  mi Js„{¡’)¡ 
am q chpgaialan mav)ud.

Shartqa ko ’ra /i .vj fu n k s iya  [¡Ui] oraliqda uzluksiz. U holda

Kantor tPon»inasininq natqasiqa asosan Vu •• n son o linganda
b - a

songa ko ra shunday í> > o son topiladiki, [ a .h ]  ora liqm  diarnetn 
'.'■'h bo Iqan har qandav P b o ’laklash uchun har b ii [r . r,.,] 
orahqda funksiyaning tebram shi

b o ’ladi. l'n d a

- ,n> ^up {SaO>)} £ Xn (P)- SA( í ' )  - ^  M kA\l - ^  m, ^x, -  ]T  (M j - mk)Axt <
k l k-b i I.

Demak, [a.h] ordliqni diamptri a^có b o 'lg an  har qanday 
bo 'lak lash olinganda ham bu b o ’laklashga inos aARb egn chiziqli 
trapesiyaning ich iga ch iz ilgan  hamda bu tiap es iyan i o ’z ichiga 
oigan ko 'pburchak yuzlari uchun  har doim

0< ,n r{S if( l ’ )}-S i]p {SA(P ) }< i. 
tf*ngsiz.lik o'rinli bo'ladi. Bu n d an  r>sa

=  ( 10 . 10 )

teng lik  kelib  chiqadi.
(10.10} t^nglik aAHh pgri chiziqli trapptsiyanm g vuzaqa 

pga bo 'lish in i büdiradi.
End i yuqorida o 'rgan ilgan  sj\>\ sh(P) y ig 'in d ila rn i Darbu 

y ig  índ ilari (9 —bobdagi 5 — ta n fg a  qaiang) b ilan  taqqoslab, sA(P) 
ham da s„(p) y ig ’indilar /(.v) funsk ivan ing [a.b] oraliqda inos 
ravishda Darbumng quyi ham da yuqon  y ig ’ín d ilari pkanmi 
topamiz. Shuning uchun (9 —bobdagi 6 —ta 'ritga asosan) ushbu

S,JP i n í { s B(P)} 
im q d o r la r  j{x )  funksivan ing  quvi hamda yu q on  in tegraban  
bo'ladi:

.. >
SUP{S* ( I ’)}= J  f (\ )d \ . in l{Sh(P )}=  |  i (\ )d x

Vuqonda isbotlangan (10.10) munosabatga ko 'ra



j  ] (x )d x  = J  I ( \ kI\ 

tenghk o 'r in li okam ko rinadi. Domak,
b I
f  i(x )d x  = J  Î (\ )d \ -  

Dem ak, aABb egri chiziq li trapptsiyaning yur. l 

Q = Jt'(x)d* (10.11)

bo 'lad i.
10.4-m isol. O uyidag i

y = 0. V = 1 X2, \ l. X = 3 
' 2

ch iz iq la r b ilan  chegaralangan shakimng yuzini toping. (41- 
c h iz m a )

< (10.11) form uladan foydalam b, topamiz: 
f 1 * , 1 i ’ 27 I 13

Q  =  \ -  X  Ü X - -  X  = ------- --  ►
\ 2 6 , 6  6 3

A g a r tek is likda (Q) shakl quyldag i
y- t ', (x ). y = i , (x ) .  \ = a, X - h 

ch iz iq la r b ilan  chegara langan shaklm iiodalasa (42 - 
ch iz m a )(b u n d a  /;(*) va  f } (x) funksiya lar [a.h] oraliqda uzluksiz 
bo 'lib , b u  oraliqda /,(x)>o, /,(x)>o, /,(.*■)>/2(x) ) u ho lda bu 
shak im ng yuz i uchun ushbu

t> n i>
Q = f f,(x)dx- f I',(x)dx = J[f,(x)- f,(x)]dx ( 10 . 12)

io rm u la  o 'rin li bo 'ladi.

t
41 — c h iz m a . 4 2 - c h i z in a . 4 3 - c h iz m a .

10.5—in iso l. Ushbu /.(x) = Jlp x , /j(r)~ —  x: (p> 0) chiziq lar bilan
2 p



c hpqaialanqan shaklning yuzin topinq. (-13 -- clnzina)

< l/.lanqan yu/. i J : r \- v<\ i J  \:(psO ) parubolalai bilan

c-■hogaralanyan. Shu paiabo lala i (0, 0) va (2/;. 2/>) m iytala ida

kpsishadi. Domak. izlanqan yuza v o. v-2/> va r J ip i  , i 1 . '

c'hizjqlai bilan chpyaraltingan shaklning yuzi Shun inq  uchun 
(10 1?) foim uladan Joydalan ib  topamiz:

V2/1-' v f7r = ' J ï n 1 X-
2r , 1V (,/>

1-oslalm a Yuqoiidaqi (10,12 ) lorm uia [«./’] o ia liqd a  /'(.v)>n 
b o ’lganda -v\Hb eyn  chiziq li trapptsiyaning yuzin i itodalashim 
ko 'id ik . Agai /(.v) hm ksiya [«./>] orliqda uzluksiz bo’lib, unda 
ishoia saqlamasa, (10,11) fonnuladagi m tpgral ogri rhiziqh 
trapotsiyalar yuz lann iny y lq ’mdisi iborat bo 'lad i. Bunda <>x 
o'qm ing vuqoridagi vuz musbat îshora b o ’lsa, ox  o'qirnny 
pastidagi vuz osa m anüy isho ia  b ilan olinadi.

2-esldtm a Tpkis shakln ing yuzin i quy idaq icha  bain ta'rillash 
m um kin lek is likda «.>) shakl bpulgan (39 — rh izm aga qarang). 
{a „} shu shakl ich iga chizilgan ko 'pburchak lar kctm a- kptliyi. 
[h„\ nsa {; shakli o'z ich iga oigan ko 'pb urchak la r ketma - kcth 
b o ’lsin. i„ hainda h„ ko 'pburchak lar yuzlari mos ravishda s , 
va ,v/f bo hb, ulardan tuzilgan k p tm a -k p tlik la r osa {s1., } hanida 
>s';î, } bo'lsin. Agai da |s\, } hamda } kptm a - kptliklar 
chek li lim itga pga bo ’lih, lim S A = lim S h teng lik  o 'iin li bo’lsa,

n - > " ntt- "
\Ç)) shakl yuzga ega deyiladi, ushbu

{ )  -  lim .S' ¡ lim S ¡j
Il > c  ’’ n  >■< "

m iqdor {) shakl yuzi dob ataladi.
Q utb  koordinata sistem asida ushbu p p { ( ) )  (a < 9 < fi) funksiva 

tasvirlagan a u  yoy hainda o a  va o h  rad ius vpktorlar bilan 
chpgaralangan shakl pgri chiziq li spktorni qaraylik . Bunda 
r ( 0 ) iunksiya \a, ft] o ia liqda uzluksiz ham da [a.fi] uchun 
/•>1̂) •* n .



41 — c h iz m a .
Bu  OAB spktor yu/.ga oqa bo 'lib , un ing  vuzi

(J ' j  do

bo'lad i.
10.6—nxi*nl. üshbu

f < c o s ^ ï  (</ i  o h m . ! ‘ - . ( I ' ' I f f )

funks iva  g ra lig i bilciu < ■iiogrTah'inuan shdklnm g yuzini toping.
< Bu  funks iya  kard ioda iii iii»cJalavdi. M a lu m k i , kard ioda 

— rad ius i u qa tonq bo ’lqan av lanan ing  shii radiusli ikk incb i 
q o ’zg a im as  ay lana  b o ’y inb  harakatga (sirg diunasdan 
yum aldsh i) nafijasida b irinch i ay lana ixt iyoriy nuqtdsitiing 
chizgan ch iz ig 'id ir . (44 — chizm a).

K a rd io id a  qutb  o 'q ig a  n isb a ta ii simm edrik bo 1 c | d n i 
sab ab li y u q o r i y a r in i le k is lik d d g i shdk ln ing  yu z in i topib, 
so 'n g ra  u n i ik k ig a  k o ’pay  tirsdk, iz lan ayo lg an  ynz ke lib  
ch iqad i.

û o 'zga rn veh i [o,jt| oraliqda o ’/qarganda p radius — voktor 
kard io id an in g  y iiq o ri yarim  tek islikdaq i q ism ini chizadi. 
Shu n in q  u ch u n

Q - 2 -  ^pmiO)d& - jV ( l  -cos ÔŸ dü - a ' J . ^ 2cosf7 t “ C0s 2(V
- n nL* A

3 1 1  '- a'\ 0 2 smfl + —• -sin 2t) , • -ar 
¡ 2  2  2  j kl 2

D em ak, Q = ?  n a2 ►

3~§ A y la n m a  s irtn in g  yu z i v a  u n in g  an iq  in teg ra l o rq a li
ifo d a la n ish i

f (x )  tu n k s iya  [a,b] oraliqda uzluksiz bo'lib, vjrel«.*] uchun 
/(jr)so b o ’lsin. Shu  funksiya g ra iig in in in g  A(a. f{a)) va B{b,/\b)) 
nuqta lar o rqasidaq i bo 'lag in i ab  yoy  dob yuritamiz. Shu ab

dû--

•ian



vovni o ’qi atrofida ayluiitijishclan hosil b o ’lqan sirt aylanm a 
su 1 deb ataladi. ('15- cluzma}.

45 c h iz m a .
Bu sirtning yu/ in i aniqlab. uning an iq  integra! orqali 
ilodalanishini ko'rsatarniz. |<i. h\ oraliqni ix t iyo r iy

/' ,X,} f tl - 4Tn < X, . < xH = h)
b o ’laklashm olaylik . p bo 'lak lashn ing  har bir xk\k - o.i,... ,n) 
bo 'luvrh i nuqta lan orqali o y  o ’qiga p ara lle l to 'g ’ri chiziqlar 
o'tka/.ih, ularnincj ah yoy i bilan kesishgan  nuktalarning 
Ak (xk j ( x k )) bilan  belgilaylik. Bu  *-i* (**./(**»
(k---. II.!.. .H*,A„=A,An =fï) nuqtalarni o ’zaro to 'q 'r i chiziq kesm alan 
bilan biilashlirib , a h  yoy iga  ¡ }  siniq ch iz iq  chizamiz.

,\H yoyin ing  o x  o 'q i atrofida ay lan tirish  b ilan  birga siniq 
c hiziqni hain shu o 'q  atrofida aylantiranuz. N a tijada  kesik konus 
sirtlardan tashkil topgan sirt hosil ho 'lad i. B u  sirtning yuzi ushbu

formula bilan ifodalanadi.
I bo 'lak lashning diametri A .,-»o da AB yo y ig a  chizilgan /

siniq chiziq perem etri L (shu bobning 1 § da ko'rsatilganiga 
k o ’ra 1 AB yoy i uzunlig iga intiladi
Bun i e 'tibo iga olib, Àp -+o da /. siniq ch iz iqn i ox  o ’qi atrofida 
aylantirishdan hosil bo 'lgan (kesik konus  sirtlaridan tashkil 
topgan) sirtning yuzi q n ing lim itin i b iz  iz layotgan aylanm a 
sirtning yuzi deb qarash tabiiy.

Fndi aylanm a sirt yuzining aniq in tég ra l orqali ifodalash 
inaqsadida qaralayotgan /(.r) funksiynni ja. t,\ oraliqda uzluksiz 
f\x ) hosilaga ega b o ’lsin deb qaraymiz. A w a l  f ix )  funksiya 1« .  b]



oraliqda uz luksiz  bo hjam m him К  н .1 '''idliqda Iwmi u/hik^i/ 
bo'lib. nnd.i shuruldN .. miqt.i tupiladiki.

U i  J - 4  ' I ’ i  ■. I

tonglik o 'r in li bo I ad i Bu bn tonmndan. fkkmchi lomondan, 
Lagraii] tp o ifiiw su jc ) ko 'ia  1ч -ла ,|1 °rd liq d a  shunda\ r^nuqta
topiladiki,

a \k . , ' ' t > i ’{тк H-ч- • ] - 4  '• r; h i • 4- • ■ I 
tonglik lmin o ’rinh bo'ladi. Natijada (10,1-i) munosabdt usbbu

q =  i n  Y. 1 ' - i  1 \ 1 xi ■ i ' ' < • 1 / 1 **  -1 ■ i ’ ■'*' * ”
к (i

2/T í \ 1 W ; <r* »Ar* ( W  = ■«* il • v* )
к -i'

ko 'rin ishni olcidi.
Ru hold a ham  yuqondag i y ig 'ind i

1(У)\ t * / '‘ ir)
funksivan inq  in tegra l y ig 'ind isin i eslaladi. l7arqi, щ e (л* ,xk ,, I 
îx tiyoriV nuqta  bo 'lqan  holda, ¿ k va  zk la i shu \xk,xk ¡I oraliqdagi 
tayin n u q ta la r lig id ii.

M odom ik j,
./(r)Vl +

funksiya \a,b) da uzluksiz, b inobann intogralanuvchi ekan,

Inn ■- lim '¿.Hr/l )J\+  ! ,г(ч,) 4  “ J . / W  > / W '{v b / v
l- • 1 , ,  '• " < 0

bo'ladi.
Dem ak, ay lan m a su tiling yuzi

Q = 2  тг( ( О  ч 1 + у ' г ( д ) c/»- (10,14)

bo'ladi
10 .7 - in iso l. [d.rj| i<j 0 ) o ia liqda

zanjir ch iz lqn i o x  o ’qi atiofida ayldntiiishdan hosil bo 'lgan 
aylanm a sirtnm g v iiz in i toping.

<A.walo (10.15) lunksivan ing hosilasini hisoblaymiz:
1 í ‘ ; i 

/ w -  J - " - '



So'nqra (10,1-1) ioum iladan  foydalam b, iz lanavatgan dylanma 
siilnm g \uzini fnpamiz:

t -!-: /■ I « V f ' -  I
\ 4''

■l-§. O 'zgaru vch i k u ch n in g  bajargan  ish j va  un ing  aniq 
in té g ra l o rqa li ito d a lan ish i

Faraz qilaylik, biror |ism n.y o 'q i bo ’y lab  !■ kuch  ta'siri ostida 
harakat qildyotgdn bo'lsm. Bunda !■ k u ch  jisirin ing  a '.'o 'q idagi 
holatiga bog ’liq, ya 'm  h - !-(x> va unm g  yo 'nalish i harakat 
yo 'nalish i bilan ustma - ust tushsin, d^ylik . Bu  kuch ta’sirida 
jism ni u nuqtadan /• rmqtaga o'tka/jsh uch un  bajanlgan ishni 
topish masalasi yuzaga kf'ladi M a ’lu n ik i / •-/•'(.r) kuch [u./>] 
oraliqda !•Tjt) = c - const bo'lsa, jism ni nuqtadan  M iuqtaga 
o ’tkazish uchun bajarilgan ish A C (h -a ) ilrm ula bilan 
tfodalanadi.

! (x) kuch |îj,/>| oraliqda < o’zgaruvch in ing  ix tiyo riy  uz.luksiz 
funksiyasi bo ’lsin. U  holda |n,A| oraliqni ix t iyo r iy

V .... *,} . ■ ,x\-b)
b o ’laklashni olib, bu bo 'lak lashnm g har b ir ItA.,xA...j 1 (A-= 0,1....n- n
orlig 'ida ix tiyoriy  *k{Çk €[xk.xk^ \ ,k *o x ... «- )) nuq ta  olainiz.

Agar har b ir |xk,xk.i\,k = 0,1.... «- l) o ra liqd a  jism ga ta'sir
etayotgan h{x) kuchm  o ’zgarmas va r-\èy) ga teng dpb olsak, u 
holda Ia- .̂x*.,! o ra lig 'ida bajarilgan ish taxnunan i-u , ) •(*■,.,-*,) 
formula bilan, [</./>] oraliqda bajanlgan ish esa, taxminan

/r(w ) n i )>, do,16)

formula bilan ilodalanadi.
f  = F(x) kuch ta 's inda jism ni a nuqtadan h nuqtaga o'tkazish 
uchun bajarilgan ishni îfodalovch i (10, 16) form ula taqribidir,

n ]
Ravshanki, y ig 'ind in i F  = l-{x) lunksiyaga bog 'liq

k û
bo'lishi b ilan birga u [a.b| oraliqni b o 'lak lashga hamda har b ir 

oraliqda olingan .-k nuqtalarga b og 'liq



bndi i* b o ’lak lashnm g d ian iPtn ' . nolga mtila Imrsm. L  
holda yu q o rid ag i y ig 'm dm m q qiym ati bi/ izlayotgan ish 
m iqdoiiD i tobou i aniqroq ilodalavdi. Oemnk. < . o da 
yuqoridagi y ig in d m m g  ch.'k li l.nubni bajarilgan ish dt‘b avtish

^ A g a '/ Л,, - > о da (10,10) y ig 'in d i | o r a h q n i  bo'laklasb usuliga 
ham da ‘/ n u q ta n i tanlab olishya boq’liq  tm 'lm agan hoida chekli 
.4 songa m tilsa, bu л son o’zgaruvchi ;•(*> kuchning 
‘ [ij,A|oraliqdagi bajargan  ishi dob ataladi. Dom ak ,

n 1
A  = lim £/• ( ik

V  к  - 0

Yuqoridag i (10,1G) y ig 'in d i Fix) funksiyaning M l  oraliqdagi 
in teqral y iq 'in d is i ekanm i payqash q iy in  m a s . Qaralayotgan 
Fix) funks iya  la,ft] oraliqda uzluksiz bo'lgam  uchun u shu 
orahqda in teg ra llanu vch i bo ’ladi. I> m ak ,

n 1 ^
l im  V /- {£ ( ,

* 0  к  11 a

Sh im d ay  q ilib , o 'zgaruvchi Fix) kuclin ing  M l  oraliqdagi 
bajargan ishi

A = j/'-(x)dv 
a

form ula b ilan  ifodalanadi.
10.8-m isol. V intsin ion pm jinam ng btr ucni 

m ustahkam langan, ikk in ch i uch iga esa F ^ F (x i  kuch ta sir ntib, 
prujina q is ilgan  dpy lik  (46— chizma).

гm m m m w

m

4G —ch izm a .
Aqar prujinanxng q isilish i unga ta 'sir etayotgan F(x) kuchga 
proporcional bo 'lsa , pm jm ani u b irlikka  qisish uchun /■(.*)
kuchn ing  ba ja riig an  ish in i t o p in g ....................... . ,

•4Agar /'(•*) k u ch  ta’sirida prujinaning qisihsh in iqdonm  x
orqali belg ilasak. u holda

F(x ) = kx



1)0 ladi, b l in d a  /, p roporsiona ll ik  kot'U j)s ienti (<¡isil¡sti
koí’f l ils ienl i ] . Yuqoridaq i lo rm uladau loyda la rub  bajarilqan ishn i 
h isoblayjniv.:

i *•:' i - *"'►
2 '

5~§. I n c i s i y a  in o n u n t i

Vlcxiinikaria incrsiv.i momciiti h ish u n r l ia s i  muliim ho'lih , u 
mas;ilalar j c rh is l id a  ko 'p qo 'l lan i lad i Ic k is l ik d a  m niassaqa rq a  
by 'lqan .i m oddiy  nuqla bcrilqan bu 'l ib , bu iiuqladan biror ' (  
"  qqarha lyok i O niiqlatjíir'ha) b o ’ lqan masóla ,■ q j  tcnq Ix/lsin.

M a ' lu m k i ,  u.slibu ./ ,„ r2 m iqdor i m o d d iy  nnq lan inq  r o 'c jn i
10 nuqlaqa) nisbalan ine rs iy (i m om eii l i  dob alaladi.

Masalan, leki.s likdaqi m massaqa oqa b o ’lqan i J h . v )  m o d d iy  
nuq lam nq koo id iha la  o 'q la r iqa  ham da koordinala boshiqa 
nisl)alan iricrsiy<i momciiflari mus ravisltda

■’ i" ' ■/1 »/i ;//( i ’ i ' i 
lo rmula lar h ilan ilodalanadi.

Cndi tek is l ikda liar biri mos ravishda , massaqa <»«ja
1)0 ){M n lu .i,. í„ , m odd iy  nuq la lar sis lemasi berilqan bo 'ls in .

«istcmíiii iiKj biror n q q a  (0  nuíjUicja ) nishalan ine rs iy tl 
momenl hai hir uuq lanm q  shu ■ o 'q q a  (0  nuqlaqa) n isbatan

i [ icrs i y (i m om enlJa r i y iq ' ind is i  "<! silatida ta n f lan a d i ,
* o

hunda n m iqdor j ,  nuq ladan ' o 'q q a rh a  |0  nuqlaqa« lia) b o ’ lqan 
masóla.

Masalan. tek is l ikda liar biri mos rav ishda  //;„./«, m:¡ ,m assaqa 
«•qa l)o Iqan -iI( i v( l . i .. i / , (v  i , > ■/„ ¡ «\ , \ (Wnoddiy  n u q la la r  
sislemasi ni nq koordinala o 'q lar iqa  ham da koordinala boshiíja 
nisbalan iitcrsiy<i momenllar i nn>s ra\ishda

formula hilan ifodalanadi.
í5íror ' (MK¡ ' hi'/i(] yo y i  b o 'y ic h a  massa tarqalil</an

bo Isin. bu massala t'</ri ch iz iq  y o y in in q  koord ina la  o ’qlari ham da 
koordinala boshiqa nisbalan incrsiyd m o m cn l in i



aniqlaym iz.
/to funks iya  [a . b\ o ra liqda uzluksiz lu im da uzluksiz f\<) 

liosjldga oga b o ’lsin . Hu lunksiyd  grafig i ah  yoy iu i tasvirlasin, 
deylik . a h  yoy i h o 'y ich a  z ich lig i o ’zgarrnas va 1 qa tom? bo'lqan 
massd la rq atilgan . Ravshanki, hu ho lda massa yoy  wzunlinina 
long va (10,1) io r in u laq a  ko 'ra

a
bo’ladi.

I«f./>| o ra liq n i ix liy o r iy
H " .. ,.r„} id x < X .. . < ,r  h)

bo 'lak lashn i o la y lik . Bu bo 'lak lasl, a h ' yoym  AkKxkj ( H )) 
(  ̂ o,1, . , /j -!,,•)(j ,/. Aff , - H) nuqta lar bilan n la bo ’lakka
ajraladi. Runda AkAk^  bo 'lakn im j massasi ( 10, 1) iorm ulaqa k o ’ra 
topiladi:

- J \/’ 1 f '\ x №r (/• . 0.1,2, i,

O  rta q iyn ia t haq idaq i tmromacjd asosan shunday
i-i I) tm q la  top iladiki,

"»< f  >/!•* CU.x)ih • yj\ - r\ z ~ )  Av( 

bo'ladi, banda \xk - xk li -xk

Vuqoridaqi m unosabatld rqa muvo1i(i (£*/(,,*» (A-(>.],.. .« h 
model iy n u q M u in g  koorclinatd o q la r iq a  hamda koordinata 
boshiqa n isbatan in e rs iya  m om entldri inos ravishdd

•/.1 *•'»« s/I ••/"(-. I'Vv .

J  K  • /■'(>< )v;i- /’'c , )AvA.
!' ■ u\ + /"(£ ) k  ( i ; . / ^  ))s/ i. f  )Ax 

fo rm u la  b ilan , ( ^ , / (c0 )), <£, ,y (j ,  )>,. |)1 m od d iy  n u q la la i
s isto tnasin inq  in e rs iy a  m o m e n lla r i csa ¡nos rav ishdd

■C ■ X

J U '.,)\ 'l h / ' '’ (ua )A v ,.. (10,17)
; 'I

J  ■ - W' 1 >At..
lo rinu la lar b ilan  iloda lan ad i.



1 mil I' bo'ldklftshnimj d id inotii / nojqa in lila borsin. I Inda 
luir bir A k A h , i yoyninq uzim ligi ham nolga mtila boiib, A ,.A k l ]  

vovi 1‘sa nuqtaqa aylana boradi Ru hoi tab iiv ravishda o da

(10,17) lo rm u la lar bilan ifodaianqan .J\n‘ y ig ’m d ila rn im j
limitTiü massaqa eqa bo ’lydn m odd iv  egri rhiziq yu ym in q  
koordinala o ’q lari hamcld koordm ald  boshiqa rnsbatan in ers iva  
momenti deb qarashqa ohb kelad i.

/_ >u da .r.n' v iq 'in d ila rn in q  liinHi m oddiv f^gri rh iz iq
yoym ing kooid indla o 'q lariga ham da koordinata bosh iqa 
nisbatan ínorsiya moinonti dob ata lad i va ulai mos rav ishda 
./x. J y. J v kab i belgilanadi.

Domak,
- 1 .--------

! ' l i i iK ') " '  lim i'/Vl t

(10.17) munosabatdagj y ig 'n d ilam i [<*, b) oraliqda mos rav ish da  
quyidagi

, r \ . l  f f ' 2(x). i / ,2(X ), ( x ! f / 2( . r ) )V l+ / 'J W

funksiya Jam ing  integral y ig ’in d ila r i okanlig im  payqash  q iy in  
emas. Shartga k o ’ra f ix ) fu n k s iya  [<a.A] da uzluksiz h am d a  
uzluksiz f\x ) hosilagd ega. Sh u n in g  uchun yu q o rid ag i 
tunksiya lar [«,/>] da in tegrallanuvch i. Dem ak,

Hm I *  <f2V'l + f ,2{çk )Лх> = | . r2 v'l ч- r 2(x) dx,
Âf, >"kr. 0 J

lim V / ‘2í í t 4 ,’ + / '2( ^ ) ^  =■-j/ ‘2f^ )v l+ Г 2и )Л ,

lim V (- V  + / ; U V 4 i + -r2 (^  )Лхк = H *7 + / 2{x))\\ + f ' 2(x)dx.
К  -> kr 0 j

Natijada ushbu



. /1 r i ■ 'i , iv 1 i- / (' ) -A- 

, =,f(v2 -1  ̂ 1 f ’ ,:< x) dx

torm ulalarga pgci bo lamí/.

M ash q la r 

10.0. Uslibu
• ' = 2n

parabolanm g (0,0) va (x ,yl m .q la lan  o.as.dagi yoym m y uzunligi

2  p

па t f i ia  bo'lishi isbotlansin.
' 10.10. Param f'trik  k o ’rin ishda (v = pin, у = <р\П~ ‘ &!«•/*\ > boñiga 
oqn chiziq yoym m g uzun lig i

• /; ^ —
/  ̂ f 4 v>'‘ (!) + ? " ( ’) l!

b o 'lish i isbotlansin.
10.11. Ushbu

=  1. A =

b*
ch iz ig lar b ilan  chegara langan  shaklning yuzi topilsin.

10.12. Radiusi г b o 'lg an  ir >0) shar sirtm ing y u a  topilsin.



Son li (]<itorlar

Biz tna/kur bobda. sonli qatorlann , u la inm q yaqm lash ish i, 
u/.<>qlashishi. yaqinlashish a lom atlan  hanula yaqm lashuvc In 
qalo iia i nun) xossalarini o'rganami/..

1-$. A sos iy  t iish u n ch a lH i

b'shbu
,  , v  (11.1) 

haqiqiy sonlar kottna kotligi bnn lgan  bo'lsm .
1 —l*i*ri1 O uyidaqi

f ,  I  / r . i ,  .  t  ■ >„  4  ( 1  1 . 2 )

iloda qatu i (so n li <iatoi) dob a ia lad i U n i v (,)( kabi behjilanad i:
П- }

,¡n *\ * lJ * * + f an ^

(11.1) kotmri kpthkninq olomentlarj q a to im iiq
had laii deydadi, osa qatom m g um um iy (/f - ch i) hadi
doyiladi. (11.2) qatoinmq had laridan  quy idaq i

.1,

A ,  =  i / .  I  c i .

.•), : if, ■+■ ü ¡ + </¡

if, 4 cJ ». 4- i/

v iq ’m dilarn i tuzamiz L'lai qatornm q q ism iy  y ig ’m dilari doy ilad i 
Dom ak, (112) qator bo iilgan  h a ld a  haï doim bu qato rm ng  

q ism iy y iq 'm d ilaridan  iborat ushbu
,1,..!-. ,1 , . .

sonlai к И т а  — kothgim hosil q ilish m um kin
2 - ta 'r if  Aqar >;->•*- da (112) qatorm ng q ism iy  

v iq 'm d ila iidu ii iboiat kotnui ko tlik  rhok li lim itga oqn, ya 'rn
lim A „ A U  e !<)

П > '
bo lsa, <i<¡to] yaq in lash u vch i doyilad i.

Bu lim itninq qiymati I son (11.2) qatoinm q y iq 'in d is i



doviiad i va quyidaqu  ha yoziladi
1 -- •( j . 1 *• . , ^  <

3 - ta 'r if  A gar n -» x da ( l l .  7.) qato im m j qisimy 
y jq 'in d ilan d a  ibo iat A„ ketm a ketlikning Inn ili chpksiz bo'lsa 
yok i t>n lim it nu ivjud  bo'lmasa, u ho lda (11 ?) qntoi 
u zo q lash u vch i dpyilad i. M asa lan

1) Ushbu
, i l l] + - ■( + ' t 

1-2 2- \ («-!)</

q a to r ya q in la sh u v t hi, c h u n k i

'  +  ’  ,  . . .  '  u i .  M < -  . ♦ (  '  ,  - l ] - 2 -  1I-?. 2 -.i (n 1)« I  2 j I 2 \) [a  \ n l n 
lim An = 2

rl *
2) Q uyidag i

1 f 2 + '< + . +• n . .
qator uzoqlashuvchi, chu nk i

nhi i  I)
/|„ - W  2 f  3 +

bo'lib ,
litu A n - *>

/1
3) Q u y id a g i

1-H-l n . . .  

qator ham uzoqlashuvchi, chunki
ft), aiiar n tull son ln/ha

A =1-1 *- .. + ( -1)-  , „
[ I .  « jar n toi| son lu>Isa

b o ’lib, ,i,. ketm a ko tlik  lim itga oga nmas.
11.1 m iso l. G e o m e t r ik  p rogressiya  a.aq, ,.,aqn h a d la n d a n  

tu z ilg an
2 n I ,a + aq + aq 4 . ,+aq f

qato rn i y a q in ld s h u v c h ilik k a  tpksh in lsin . O d a td a  bu qatoi 
g p o m etiik  qator d o y ilad i.

•4 Ravshanki,
H ] a-aq” .

An ~ a  + aq  + aq * . A uq  -   ̂ ( “V ^ b

Agar |(/j<l b o 'Isa



bo'ladi. Demak, bu luild<i (pM imcliik qator yaq in lashuvchi va 
uimitj y iq 'm disj  ̂ ' sonqa toTiq

At ja i (/ I bo'lsa, Inn i, - bo 'lib , qatoi uzoqldslm vrhi 

bn’ladi.
Aqdi [/ I bo'lsa, }< > - da A„ <.? ► > bo'lib, qatoi 

u/.oqlashuvrhi, </• I bo 'lqanda <>sa ,|„ kotm a kt'lhk liinilq<) oqa 
<'iiicis. Di'iiidk, [>u hold<i ham qatoi uzoq lashuvrh i bo'l«idi.

Shunday qilib, qf'omt-tuk qa lo i i bo 'lqanda
y iq m las lu ivrh i, I,/ I va '</- • I bo’lqanda uzoqlashuvrhi bo'ladi.
►

11.2—m isol Q uyidaq i

i » 1 * 1 . i 1 i .. (U  .:*)
-  •/

qatonn uzoqlashuvrhi l)o ’lishi ko ’isatilsm  Bu qalo i qarm onik 
t|<ilor df>b ataladi.

< (ll.V.) qa lo i niiiq b n u u h ! : 1' td (k < V) hadidan tuzilqan 
, i l l  1 I. i ' / - I 4 - * ( -f ‘ t

? I I 2* 1 i I 2* 
q isim y y iq ’indisini olib, uni quyidaq icha yozib  olamiz.

Pndi ushbu

^ 4 1 1 2
I 1 I I 1 1  I 1 1 1
• + -t t + i + -  i

5 () 7 x x x x x x :

- -I . - - f t  - X-— - 
9 11-1 6 16 1 (1 2

, ' ♦ 1 ■ , 1 • 1 , ' + ♦ ’ 1 1 *> A I A  ̂* ~,k A* ^
tonqsi/likldrni o’tiborga olsak, unda

-hi--1



ti 'ngsi/ .hkmnq o ’rin li bo 'l is ln  ke l ib  rh iq a d i  Ravshanki. ■ 
kptina  kptl :k  o 's u v rb i  va inn - ■ S h m u la y  qilib, g a tm o m k

qator u/oqlashuvc:hi ►
11.3 in iso l Ushbu

, 1 , 1 1 ♦ M D-l-f... (11 4}
2 3 4 n

qatoim  yaq in lashuvc hiligi, y iq ’indisi in2 ga tengligi korsatilsin .
< B u  qatorn ing  qism iy y ig 'm disin i yozaimz

..I ■ i - 1 v 1 - -+ M -l)'"-'
2 '  4 n

M a 'lu m kt,

I

hunda ()<?•. l u ch un

; 4 H
ltl< 1 +  x)  -= A X  t r  r  t- . * (- 1 ) "  •* ' « M  2 ^ 4  n

n  ̂1
tpngsi/Jik o 'n n li (0 bob, 7 § mng G- bandidiga qarang}. 

Yuqoridag i to im u lada  a i dob topamiz.
In 2 A„ +r„(\)

natijada ushbu
K  M = № „ ~

tpngsizlikka kolam iz. Undo
Inn A n = In 2. 

tí >-•
kplib ch iqad i D em ak  (11,4) qator yaqm lashuvchi va  lin ing 
v ig 'ind is i in 2 ga teng>

A ytayh k
f u ,  + .-I I I ,  t -

qator bprilgan  bo lsín. Bu qato in ing  dasllabki m ta hadim 
tashlash na tijas ida  hosil bo ’lgan ushbu

1 , .  (11.A)

qator q ato rn ing  [m - - clii liad idan keyinqi) qo ld ig 'i dpyiladi.



¿  §. V ciq in lashuvchj q a lo in in q  xossalari 
Koshi t«4>n‘m«tsi

1". Y aq in lash u vch i qatorn inq  x o ssa la ri. Buor

( ■ tu .

qaloj bcnlq.m  Im 'lsin. Atjfii q.it < n Yaq in lash iivrh i bo'lsa, u 
nia him xossalaiqa (ujci bo'bidi.

1-XOSSH. A qai (11 ?) qa t oi vaq in lashuvch i bo’isa, unm q 
istalqan (! l.5j qo ld iy 'i bam yaqm lasb uvrb i bo'lad i va aksinchd. '

< (ll-'^l bcailqan bo'lsin. B iror m natural soni
taym lab (11.5) qatom m q qisim ni y ig 'm d isin i b ilan
brlq jlaylik .

' .............. ''»■ ■ 1 ♦ " m .A
Kavshanki,

.̂.. .. '"i. "  -'L f -I, „ in ■ tu)
( l l .b )

blinda .1 .ii , ,  i i bo'ladi.
(11.'/’) qatoi yaqm lasbuvchi bo'lsin. T a 'iifq a  ko'rd 

,im • ''»i ; ¡ (A ch ck li son)
bo ladi. " --ít'. da ( 1 1.G) I ( ‘fi(jhkcJa lim itqa o ’tib topami/:

\m Ak - i .lni i > .
Ru psa (11.л) qatorninq ya<|in)ashuvchi okan in i b ildnadi

Fndi (11.5) (jator yaq in lashuvrh i bo 'ls in . U holda ta 'iila a  
k o ’ia 1

Л- " 1 (A  — cJiokh  son)

bo'ladi. ( ll.f i)  tpnqlikda „  . ( da lim itqa o 'lsak , u liolda
I n n  A „  . I i . i,„

bo'hslu kclih (in<ltidi Bu ,-sa ( I I /Л) q „ t „ Im m , ydq in],is liuvfh i 
pkanini b ildnadi. ►

Shunday qilil), qdtorniiKj dastlabki chpkh sondagi lidd laim i 
taslilab vub o iis li yoki qatoriuny bosbiqa chek li sond.iqi yanq i 
hadlaint qo ’shish miin.) vaq in tashuvch idag i xaraktorqa ta'sii 
qilniaydi.

1-natija. A qa i (11.',') qdtoi yaqm lashuvch i bolsa, unmq 
qoldiq 'i

'»i •'»■ 4 -'in - I f f “



m > < da no lga  m lilad i.
< H aq iqatan  ham  (11.2} qatoi vaq in lashuvchi bo'lib, uning 

yig 'ind isi .1 bo 'ls in . u holda
/1,.*' i. < ■.

bo'lib,
Itm /„, - A. A (' 

m >■*
bo'lad i ►

2-xossa. A g a r (11.2) qator yaq in lashuvchi bo'lib, uning 
yig 'ind is i A ga tong bo'lsa, u holda

=c\i| + ( (11-^)
» !

qalor ham yaq in la sh u vch i va uning y ig 'ind is i iA  ga tong bo ladi 
, t. o - „  <ja b o q 'liq  b o lm agan  o'zgaim as son).

< (11.2) qato rnm g qismiy y ig 'ind is i .I,1, b ilan belgilasak u 
holda

i ' - c a ] + r a 7 +.. + L\I -= c(c/, + a , t . * <•/,.) '  cA,

bo'lib, undan
lim A'n .~ fA 

/i > •
bo'lishi kohb < h iqad i. Bu  esa (11 7) qatorm ng yaqinlashuvein 
bo'lislnm  va un ing  y ig 'ind is i . I ga long okanini bildiradi. ►

Bu  xossa yaq in lashuvch i qatorlaida ushbu
- (>/| +u2 +■■■ • + 1'„ ■* )■■ ‘‘̂ 1 + C<J'  + ' ,ln 4

m unosabatning o 'r in li bo'lishim  lfodalaydi.
3~xossa. A g a r

= C l\  4 ./_1 4- . . .  t  I l n  t ..

n 1

b n  =  b\ +• /' '  4- .. . < b n  4 

«• I
qatorlar yaq in lash u vch i bo'lib, ularm ng yig 'ind is i mos ravishda 
A va B  ga teng  bo 'lsa, u holda

+ ) “ ((2, f  ( a z + ht ) -4-... +• ( a H 4 br ) f  ... (H  K)
i >i

qator hain yaq in lash u vch i va uning y ig 'ind is i ga t^ng
bo'ladi

< va  v/,n qatorlai yaqin lashuvchi. Deinak. bu
H i «-I

qatorlairung q ism iy  y ig 'ind ilan  (.)„ va />’„ la i) uchun



inr tf 'iig lik la r o ’rin li |11.H) i|fit(>i r111k j q ism iv  v ig 'in d ila u

hi!.in b H q iId b  topdiniz:
< i +1 . • • i i  • ■< i ■ i ; * :

fUind.m
Inn ( ' • />'

k o y in q i tp nqhkdan  xosscining ishoti k f'lib  ( In q ad i ►

2~ridtijcl Ac J(1 r Va ^ '„q d to i ld l  VcH^illloshuVChi b o ’lsd,
1

U lio lda

^ (< a t !hr )

q a to i lldnt y< 1111II Id sh ll Vf'ili Vd

X ( i  1 //’. ! 1 ^

t f'ncj] ik o ’n n h  b o ’lad i (bunda i . l->i ga b o q ’lik  b n lin a g a n  
o 'zyd lllldS  SOIlldt)

4 ~ x o ssa  A g a i (11.^) qato i v a g in la s h u v rh i hn'lsd. bu 
ijd to irung  u m u rm y had« » >or. chi no lqd  in tildd i.

< (1 1 .? ) qdt Ol v d c jin id sh u v r fu  l)(.)'ls ill, y d ’lli lull . i„ .i ( A

( h<jk !i son). A g a i
•'»  ̂ 1« i

b o ’lishm i e ’tib o rg a  oisak, u ho lda lin u tla i x ossa lang a  k o ’ia
lim ,i:, - lim (.1,, .I„ | ) - .•) i • 0

l)o ’lishirii lopd llli/ . ►
H sla tm a . Q a to im n q  u im u iu y  lia d i n > ■-. da no lga  

in lilish d an  u n in g  yaq in lash u ve ln  b o 'h s h i liar do iin  ko lib  
c liiq avo in id vd i.

M a sd la n . G a n n o n ik  qato i v  1 run g  u m u m iy  hadi un 1
, r  i "  »

b o '111), u n > ' da no lga m lilad i, am m o b u  qa to i u/.oq lashuvchi.
Y u q o n d a  k<-‘ll it ilgan 4 • xossa q a to i yaq in ld sh ish n in g  

/ a n n iv  shartm i ifoda lavd i.
2 °. K o sh i teo rem as i A v ta yh k ,

" i - • 1 ' '

qato i b f 'iilg an  b o ’lib,



l i n i n g  i|isnuv v iq 'in d is i bo'l.sin.

1 - teorenut ^ (¡n fo m ing  y a if in la sh u v i bo 'lish i ncim n 
» i

. u ' >Ung<ind<i h am  sh undny  n„ < \ top ilib , ■:» - a. vf j »> l_< 
hit uchun

K, ■
tvn gs iz likn iiu j b a ja r il is h i za ru r va ye la r li.

< Bu teorom am ng isboti 3 bob, da keltin lgan Koshi 
teoreinasiddn kolit) ch igadi. ►

Bu tooicMna m uhim  na/ariy aham iyatga r*ga bo'hb, undaii 
am aliy  m asalalarn i hal otishda loyddlam sh q iym  bo'lddi

3-^. M usbat qato rlar

1°. M u sb a t q a to rla rn in g  yaq in la sh u vch i bo 'lish i sharti
B iro r (11.2} qa lo i b en lq an  bo'lsin.

£  t ii, -I *<•!.» (11./*}

Agar j „ -• o(«=-l.2J. ) bo'lsa, u holda (11.2) gator musbat 
holda gator vok i, qisqa< ha, musbat qator deb ataladi

2-teorenid . Ushbu  \ u n m usbat q a to r yaq in la sh u vch i
n 1

bo 'lish i uchun  l in in g  q is in iy  y ig 'in d ila r i k c t in a - k c t iig i yu q o rid an  
ch eg a ra lan g an  b o 'lis h i z a n ir  va yctarli.

■< / a n ir l ig i vu „  qator yaq in lashuvchi bo'lsin: hm An a
n -) " ►1

(A — chekli son}. U  holda A„ ketm a- kotlik  yaqinlashuvehi 
b inobarin chegaralangan , jumladari u yuqoridan  chegaralangan 
bo ’ladi.

(S'

Y e ta r liliq i qatorm ng q ism iy y ig 'ind ilari kotma
rl I

ketlig i An y u q o iid a  chegaralangan bo'lsin.
Shu q a to in inq  bar bir hadi m anliy b o ’lm agam uc hun

'.I I •’*/! 4 l in, 1 -
tengsizlik o 'lin li. ke lm a kotlik o 'suvchi. Shuning uchun 3 
bobdagi 7 teorem aga ko 'io  A„ kotma kotlik chekli lim itqa 
ega:



lim i Hu (‘sd ' j,, (|d l() in m q  y<i(|inli)stHi\( hi (-‘k-iinin 

b ]i(h iíK Íi ►
11.1 m iso) I .'sillín

• 1 i- ‘ - 1 . . 1 .

q a lo in i (uni m iiinn ldshqan q a im o n ik  qa lo i d^ y ilad i) к  i 
h o ’hjdrichi vdq tn ldshuvrh i o kd iiliq i k o 'rsd lils in  

< Rtivshciiik i q ism iy у к ) ’пк1|1ан1ап lu z ilq an
, 1 1 1 i i ■ - i

: í " i: ■
krlm d  kf'tlik o 'suvchi Dem ak a „ ■ • ( ¡ (»/-1.2 > Ayn i paytda

-  i - t

* i • .i,
41' (2 n)“  1

bo'hidi.
O xm ji ikk i munosabatddn ushbu

■ 11 i ■
t(4H)si/hk kelib  c liujcidi. B lindan </ i b o ’lqanda

I
• 1 ' , ('■ 1.2 J

tr*nqsizlik hosil bo'lcidi. Bu <»sa A„ kctina - k rtlikn in q  yuq oridan
< hf-Mjaralanqanliqini b ikh iadi. 2 - teo iom aqa ko 'ia  lun ilgan  qator 
yaq in — lcishuv< liidir ►

3-natija . Musbat qatornm q qisrniv y iq 'ind ilarid an  ib o ia l 
kí't md kotlik  yuqoiidan cheqaralnm aqan bolsa, qato i 
u/oqlashuvebi bn'ladi.

2U. M usba t cja lo ilarn i taq q o s lash  hai|idd teo rem a la i 
Md lum musbat qcitoi ninq yaqn ilashuvchan lig i yok i 
u/.oqlashuvehiligini hilgan holda, had la ii bu qator hadlari b ilan  
b iio i m imosabatdd bo'lqan (taqqoslangan) ik km rh i musbat 
qatom ing vaqm lashuvrh ihq i yo k i u/oq lashuvrh iliq in i am qlash  
mmnkm. U la r <щvid<i<ji too irm ala i b ilan  iíodalanadi

Ikkita musbat ^ '„ v a  y j\ : qato i boulgan bo’lsm.
.1 1 n I

3-teorem<i. n ninq b iio i hvih 1) q iym a tid an  bo sh íah

-1 + 1
l 2" (2п)" t2m



/■„ П /

o '.fn/ í b o 'W n . Л д -I/ a l  y - „  qatm  ya q m la sh u v rh i

ho 'Isa, v«r„ qato i hcrni y a q in ia sh u v rh i bo 'lad i. b ) £/íííoi
и i

uzoq lashuvch i bo 'lsa. '±hn q a to r haut uzoq lashuvch i bo 'lad i.

^Ushbu b o b n in g ' 2--§ ida aytib o ’td ikk i, qatorning 
vaqm lashuvch i (uzoqlashuvchi) bo lish iqa  lin ing с so" d; 1̂  
dastlabki had larin ing  ta 'sn i bo'lnm ydi. Shu sababli (11J )  
tonqsizlik ! dan boshlab  o 'nn li bo'lsin, deb qarash mumkin.
Dom ak, ü„<b„ (» 1-2- . )tenqsizlik o'rinli. U  holda benlgan
qatorla in ing  q isnny y ig 'in d ila r i

Л, +•■■-.
- h\ hi + 1 h"

uchun ushbu
An -H„ U ^ l- 2 . ) 

tengsizlik ham o 'rin li b o 'lad i
A w a l ¿fe,, qator yaqm lashuvchi b o ls ín . U  holda 7

teoromaga k o ’ra /#„ ketm a ketlik yuqoridan chegaralangan
bo'lad i: H „< M  (w-1.2.3,..)

Bundan (11.10) tengsizlikka asosan A„ < Kl («  =- 1.2..V...)

t P n g s i z i i k  ham o 'r in li ekan i kelib  rhiqadi Domak, An ketma -
k e tlik  ham yuqoridan  chegaralangan. Yana o 'sha 2 -  tnoremaga

k o 'ia  v d(1 qatorning yaq in lashuvch i bo'lishi kelib  chiqadi.
n i

En d i v « „  qator uzoqlashuvchi bo 'ls in  U  holda

k e tm a - ketíik  yu q o ridan  cheqaralanm ayan. (11.10) tengsi/.hkka 
asosan B„ ketm a -  k e tlik  ham yuqoridan chegaialanm agan

bo 'lad i. Bundan  esa v h H qatorning uzoqlashuvchi bo'lishi kelib
n- 1

chiqadi. ►
11.5-m isol Q u y id a g i

n ïï . n Я
s i n -- +sin -  + s m  , +  4 M U  —  - r’ ?• < n



qatoi vaqm lrishuvrhiliq im  U’kshiiinq .
< Bu qatm hadlan uchun

u. "  (» 1.2. )
/ n’

tenqsi/lik o 'nn li bo 'lis lnn i ko 'isatish q iv in  nmas Domak, 

bpiilgan qatom mg hai bu hadi yaq in lashuvchi ‘. qatom m g
n I II •

mos hadiclan kichik 3 - trorom aga asosan b p iilgan  qator
vaqm lashuvrlii ►

•t- leorem a. Ushbu

hrn " "  - k (Or k ■ »
,1 > f i>n

lim it ir iav jnd  bo'Isin. A q a r: a )  k ■■ t  va  )_hn q a to r  ya q in la sh u vch i
■I i

bo'Isa, u ho lda  i<v„ qato i h am  ya q in la sh u vch i b o 'la d i: b ) k -0 va 

v/V| qator uzoq lasliuvch i bo 'lsa, u ho lda  v , ; (( qatoi ¡tain
¡T i " " 1
u zo q lash u vrh i bo 'lad i

■4 a) k<x bo'lib, v/,n qator yaq in lashuvch i bo 'Isin  Limit
n i

la ’ntiga ko'id, V;; >o son o linganda ham shun d a y  ><„ i ,\'son 
lop ilad ik i, barcha <:,,lar uchun

I“ « * < ,
I*»

v a ’ni
(*--»:) ■' <(*+/:) h„ (11.11) 

tenqsizlik lai o 'nn li bo 'ladi.

Shariga ko'ra v/>„ qato i yaq in lashuvch i. Shu n in g  uchun
n \

ii(k n:)hn qatoi ham yaq in lashuvch i. U  ho lda (11.11)
it i
trngsi/.hkdan va 3 too iem adan  v (J(| qatorn ing  yaq in lashuvch i

n 1

bo'hsh i kehb chiqadj.
b) k >u bo'lib. qator uzoq lashuvch i b o ’Isin. Agar

n I

• n



" <>]s.ik , u holda Inn • lnnil o ’nnli pkanidah va k >

b o ’hsh idan  shurulay >/,. ( a son lopilad ik i, n ■ n., bo 'lqanda 

tonqsi/.lik o ’nn li bo ’ladi. IV m a k  >; >i bo’lqanda , • 1 i i:

tonqsivdik b<i)<iiiladi. Bu n da ii 3 loon-maga asosan

q ato im nq  uzoqlashuvc hi b o ’lish i kt'lib rh iqad i>
1 — n a lija  A q a i ushbu

iim "  k 
n > • htt

lim it o 'n n li bo'lib, i) • k<x  bo'lsa, u holda v</„ va qatorlai
II 1 n ]

bir vaq tda vaqm lashuvehi, yok i b ir vaqlda uzoqlashu vch i bo'ladi. 
11.6 m iso l Iishbu

q ato iin  yaq in lashuvch ilikkn  toksbniiuj.

< Ru  qatoim  qam ion ik  qator ^ 1 bilan taqqoslaymi/.. Bu
n I 11

lk k i qator u im im iy hadlarn i nisb<vtining limitirii topamiz:
i
ii .

"  ” i- » I 1 i11111 --- lull - Inn : I •
,i > . 1 n ► ■< 1 . » > • ll\H 

n n
DiMiiak, 4 -  natijaqa k o ’ra b e rilyan  qator uzoqlashuvchi bo ’lad i>

5—teo ie in a . n c v  n in g  b iro i «„ ijiym a tid an  bosh lab bareha 
a -> la r  uchun

‘'"-1 -/''"i (1112 ) 
hK

tcn g s iz lik  o ’l ir i l i  bo 'Isin. I J  h o ld a  a ) qato i ya q in la sh u vch i
I! I

bo'lsa, v<./„ ija to r ham  y a q in la sh u v ch i bo 'lad i: b ) qato i
n I ' ¡ I

u z o iila sh a vch i bo 'lsa, q a to i ham  trzo(jlashuvchi bo 'lad i.



< Avva l  civlcjcuinni/.df'k | t l  12) tenqsiz lik  n i 
q ly inat Ic i i< 1 <i ba|anlad) d(»b h isob lash  im im kin . S h u n d a y  qilib,

] U>- 12.. )"« hn
Ipnqsi/.lik o ’m li df*b qaiaym iz. Unda quy idag i 

| '' ' b ’iitjsizlik k<‘lib chiqadi Hundan ushbu

tpngsizlikka pqa bo’lanuz

Aga i I'\ , qatoi yaq in lashw vchi bo'lsa, unda '• '' hu qato i
” : ,|T| ^

hani yaqm lashu vehi bo'ladi. l in d a  (11.13) lonqsizlik va 3 -

tpoiom ga asosan )\ tn qatorn inq  vaqin lashuvehi bo 'lish i kolib

chiqadi.

(11.12) tengsi/.lik o 'im li bu'lganda v ,¡n q a to im ng
>! i

uzoqlashuvrhi bo ’lishidan qatorning ham u z o q la sh iw  h ihg i
n I

kehb ch iq ish i shunga o’xshpsh isbot)anad i>
3°. M u sb a t qalorlar i id iu n  y a q in la sh iiv ch ilik  a lo m a tla r i.

Biz yuq o iid a  musbat qatorlarni laqqoslash teoipm alarm  koltird ik . 
Ciarchi bu toorpinalar yo id am id a  tpkshiriladigan qatoi hadlarn i 
ikk inch i qalo i hadtari b ilan taqqoslab, qaralayotgan qatorn ing  
vaq in lashuvch ilig i yoki uzoqlashuvc h ilig i rnasaíasi hal bo 'lsa 
hani taqqoslash tooiPinalari m a 'lu in  noqu laylik larga pga. Bunday 
noqu layhk landan bu i bprilgan qator bilan taqqosJanad igan  
qatorni lan lab  olishning um um iy  qoidasi yo 'q lig id ii.

Bpn lgan  qatoiru goomotrik ham da um um lashgan gann on ik  
qatorlar bilan taqqoslab, q ato rn ing  yaq in lashuvch iliq i yok i 
uzoqlashuvchiligini ifodalaydigan alom atiarni keltiram iz:

a ) Kosh i a lo ina li. M usbat qatni bprilgan bo 'lsin . Aga i
/i t

í/e.v nrng buoi •• i ) q iyn ia tlan d an  boshlab b a ieh a  » 
q iy inatlari uchun

V', v H ■' 1 (v% -0

tongsizhk o 'nn li bo ’lsa, l^ g ^ t o r  yaq in lashuvch i



(uzoq ldshuvrtii) bo ’lddi.

<AlVV<,i _ qa lo i IK Inin ho'lgandd v , • , . |

IPiigsi/.Uk u 'rin li I)o' 1 s in . l-iu lonqsi/ik iisi)Itu bMiq.si/.likkd

okvivd lo illd ir. 3 t P( I] Pllldqd k '/ l(l qdloi \dq 111| dshllYchl 

bo 'lddi.
A (}d i barch a  // •<;,, Idi u c liu n  Vl/„ ly a 'n i  ,/ I (pnqsizlik

o n n li bo 'lsa , u h o ld a  b p iilg a n  q a to m irig  h<n Ijir  hddi

uzoqldshu vchi l q a to in inq  mos hadidan k ich ik  bo 'lm avdi 

Yana o ’slm 3 ti'o ro inaya k n ia ,  \,<n qator uzoqlashuvrln
H }

b o ’ladi. ►
A n id liv  nidsdldldini Im I qilishda ko 'p inclia , I\.Oslll 

d lom atm ing quviddcji lim it ko 'nm shidan  loydalam lad)
A q a i uslibu

lllll ;iN -- k

lim it m avjud bo'lsa. u holda V a qatoi A- I bo’lganda 

yaq in lashuvch i, k -i bo ’lqanda psa uzoqldshuvchi bo'lddi.

qatorn ing  yaq in ldshuvch iliq i ko 'isatilsin 
Bp rilgan  qator uchun

\'l2n + ] j  2 m  1 ....N " 2
bo 'lddi.

Dpnidk, Koslii a lom atiqa ko'id  bpulgdii qatoi 
vaq in lashuvch i

b ) D alam ber a lo in a ti. Agar m v mug biroi n„ (n„ :i)
qiyniatid<in boshlab bdicha n -n, q iym allari uchun

M ■ l I ■ 11
; t .. 1 a ,. j

tpiigsi/.lik o m ill bo'lsd, \^tii qatoi yaq in lashuvchi
n I

(uzoqldshuvchi) bo ’lddi.



< H rilJq .in  N_;i| qafn i h lld n  b lltjd  V.iq m h ls h l l\ < In 

^ ll" 'I ' 'I ‘ 4 ' * * 4 ‘ ci • ,i • i (

< Г',пн '1пк qa lo m i q<ii<iylik. U sh b u  1 - • I t.-nqsi/Jikn i

44

ko nn ishdd vo/ll). sn 'm j ia  laq qos lash  :> Ь ю г .ч п а ш  q o ' lh m m /  

Shu  I f‘ni nui ¿и [<i k o ’ia  У , ,1- q a to i  n inq V a q ir i la sh u vch ih q idan  >',/

qatn inm y yaqinlashu vrh ihrji kolib  rh iqadi 11 i b o lq an d a  V ;,

qatom m q uzoqhishuvc hi bo 'lish i ravshan>
Dalamb<4 dlomatmj ham  Jim it ko 'rm ishida ifodalash 

im imkiti. Agai ushbu

lim :*r ■' <1 
" ”  a i.

limit im ivjud bo'lsa, u holda d • I bo'lqanda qalor vaq in lashnvrh i, 
U i bo Iqanda osa qatoi uzoqlashuvchi bo’ladi

1 l.tt- jn iso l ( Jshhu
, 2' Í 1 „<
I * » f  ̂ !

2 Г  и1
qator yaqiiilcishuvchiliqini tokshiiinq.

^Bu  c|<ilor nrhun q uy idag ila rya  rgam iz
■ i, .i (_" + !)’ n I
". («Н 1}"" »' í, J  1

' n)
Im ntya о tih topamiz:

lim ;l' " , -  ‘
"  "  a r. C

i)a lam boi alomatiqa ko ’ia b en lq an  qatoi yaqinlashu v r lu >

v ) Raabe alom ati Ushbu V-, musbat qatoi bonlqan

bo'lsin. Aqai a t .v ninq b iio i nu n, ■ i, q iyu iatidan  boshlab 
b a irha  л • и qiym atlai ш him

I • I ill 1 I !
I  a.  I

-r.



tcnqsizhk  o 'rin li bo'l'xi. X ;l» yaqinldshuvchi

(uzoq lashuvch i) bo'ladi
1, « ...)*•4 A w a l  n -n. lai uchun n! 1 1,,,! .'i -l trnqsizhk bajanlsin,
1 , >

doylik . Bu  tengsizlikni quyidag i
" ■ i -
». n (1114)

k o ’iin ish d a  yozib, so’ng t <> > l tpngsiz likni'qanoatlanlirad igan 
</ son olainiz. M a 'lum ki,

i ]
1 n /lini «

(5 bobn ing  6 — § iga qaranq). Tanlanishiqa k o ’ra u- t b o ’lgani 
uch un  shunday n„ a N son topüadik i, baicha n n. lar uchun

tongsizhk o ’rinli bo'ladi. U n d an  ushbu

>) r
n ; il

tongsiz lik  ke lib  chiqadi l-.ndi ma\{n0.n } n& doh olsak, baicha 
n^n„ la i uchun (11.14) va ( l l . l ô )  tcngsi/.hklardan

l - ' |  (11.16) 
a.. V n

ten ys iz likk a  pga bo ’lamiz. A gar (11 16) longsizlikni ushbu

(n l)U

k o 'n n ish d a  yozsak, unda bprilgan gator hadlan bilan V
i. i 11

um um lashgan garm onik qatoi hadlari orasida ( I l  .12) 
k o ’iïn ish d ag i munosabat b o rlig in i payqaynnz. M a 'lum ki, a>\ da
um um lashqan garm om k qator yaqinlashuvchi. Dpmak, 5 - 
tporem aga ko 'ra  berügan ga lo r yaqinlashuvcht bo'ladi 

En d i barcha n > n „ lai uchun

j



f v ) "
tongsizhk o 'nn li bo'lsm. Undan

U>ngsizlik k H ib  chig.idi Shuning uchun 5 tporem aga asosan

V 1 g(irinonik qato in ing  uzoqlashuvchi bo 'lish idan  bnnlgan

qatorrnng uzoqlashuvchi pkam kf lib rh iqad i.
Bu alomatni ham quy idag irha  lim it k o ’iin ishd a ifodalash 

m um kin Agar ushhu

limnf 1 ,' " ' 1 !- (l’ const)

.lim it o'rinh bo ’lsa, u>l bo 'lganda qator yaq in lashuvrh i, g<l 
bo 'lganda osa qatoi uzoqlashuvchi bo'ladi.

11.9-misol. Q uyidag i
1 1 3  1 1 3  5 !  1 l W  1 ( 2 n - l ) ”  I+ .....  + - + - • 4 ...
2 2 4 2 2 4 6 3 2 4 (> K 4 (2n )!! n

qatorni yaq in lashuvch ihkga tekshmng.
< Bu qator uchun
a . (2/7+1)" 1 (2n)'.' a 3»/'- 3/7 . 3 Iml - - ) = «(I - • - - • ) ’  - - -
u, (2«+2)!! 1 + n  (2/7-1)!' I 2 n ' - A n  +  2 - "  2

bo'ladi. Demak, Raabe alom atiga k o 'ra  b m lg a n  qator
yaqinlashuvchi. ►

g) In te rn a l a lo ina t (K o sh in in g  in te g ra l a lo in a ti). Ushbn

N'an musbat qator berilgan  b o ’lsin.

Faraz q ilaylik , [1,-h»] orhqda am qlangan , uzluksiz, 
o ’smaydigan ham da m anfiy  bo ’ln iagan l(\) funksiya uchun 
j(n) — a„ (n v- I.2 ..) b o ’lsin. U  holda berilgan qato r quyidag i

¿ flB= X 1‘(n)
r I ft I

ko ’nnishni oladi. Ravshanki, n<\<n+i b o 'lg and a
!(..)> i'(\U r(n + i)

y a m  a„ > t(\ )> a „ ., tengsizhklar o ’rinh. K o y in g i tongsizliklarm 
fn.n + i] oraliq bo ’y icha intograllab topamiz:



I nch b en lq an  qatoi bilan bnga ushbu
v '| 'f (x i^  M ' . I B )

qato im  ham  qaiayhk. Bu qatorninq qism iy y ig m d is in i yozanuz:

V  f 1 (X>tlx = j 1 (x)d\ (1 119)
L 1 V 1

Faraz  qilciylik, t ( \ )  iu nks iya  [l.+co] o iahqda r(\) boshlang’ich 
funks iyaga  oga bo'lsin (i p.)- f(x)) [l-H  oraliqda f(x)_-n bo'lgam  
uchun  l;(\) funksiya shu oraliqda o 'suvrh i bo'iadi r(x) funksiyam  
vuqori chegaras i o'zgaruvchi bo 'lgan aniq integral k o ’nnishda 
yozish m um kin:

Hx)= j i (t)dt_ Ffl) - ()
1

N atijada  (11.19) tenghk ushbu
 ̂• i

]T ji(\ )d x  -- I (n 4 l)
" : V

ko 'rim shga ke lad i Demak, (11.18) qatormng qism iv y ig ’indisi 
l'in +1> ga teng.

A g a r n ->« da n m l)  chekh songa mtilsa, shu qaloi 
vaq in las ln ivch i bo'iadi. IJn d a  (11.17) tpngsizlik harnda j - 
teotem aga k o ’ra qaralavotgan qator ham yaqm lashuvchi b o ’iadi 
n ♦« da oo b o ’lsa, berilgan qator uzoqlashuvchi bo'iadi.

S h u n d a y  qilib, quyidag i integral alom atiga (Koshi 
a lom atiga) kelam iz.
Agar r(\) iu nks iya  (l.+=c] oraliqda amqlangan, uzluksiz va 
o 'sm avd igan  bo ’lib, I (x) shu iunksiya uchun boshlang 'ich

funks iya  va  ]Ta. qator uchun f(n)=a„ (n = 1.2...) bo'lsa, u holda 

berilgan  qator A lim it chek li bo ’lganda yaqinlashuvchi,

cheksiz b o 'lg an d a  uzoqlashuvchi bo'iadi.
11.10—m isol. Q u yid ag i £  \  um umlashgan garm onik qator

yaq in la sh u vch ilikk a  tekshirilsin.
a  / ( A) = — -  (a  •()) del) o laylik  Ravshanki, bu funksiya [i.+ x]

x17
da uzluksiz, kam ayuvch i ham da shu oraliqda manfiy emas. Shu



bilan birqa s i, bo'lq .m da i (\ ] 1 . R.ivsliciJiki,
11

I \ !, ■" , 1 ' . i i., ! 1 U. I (/ '. у I 
Hundan quyidaqi na1i|a k H ib  clnqadi:

ImW ( V ) b,n ' i ' Д  j,, ' |- "  1
' ' / i I ' • и • I Ы/Ьч

A ya i ч t bo l s<i, \ » t da

1(4) f ' il! ]n \ • i/
\ i

bo ’iadi.
Demak. int(4 jг<j! alom atiqa k o ’ia bon lgan  editor и - i 

bo 'lqanda vaq in lashuvrh i, <, s. i bo ’lyanda uzoqlashuvc lu bo'ladi
►

1~$. lx t iy o r iy  hddli (]<itorlctr

I*1. Q d lo rn inq  ab so lyu t va  sh a illi ycu iin lashuvoh iliç ji
Ix tiyonv

- <>i t л. 1 ( il 4

qatoi boiilqan bo'lsin. Bu  qatoi h a d la im in y  absolyuî 
qiym atlaridan quyidaqi

X  a,i = lai 4 'a ■ 4 ' ■+i ]
qatorni tuzamiz

6-teorornn. A ija i Ул,, qato i y a q in la s h u v rh i bo 'lsa , и hoh ia
; \

^ а и qator liant y a q in la s h u v rh i bo 'ladi.

Ushbu tporomaninq isboli ynqoridag i 1 - tPorrm adan  
osonqina kH ib  chiqadi.

1 ta'rif. Agai qator vaq in lashuvchi bo'lsa, Va, qatoi

abso lyu t ya q in la sh u v rh i deyilad i

5-ta 'rif A ya i Va, qator vaq in lashuvchi b o ’lib, V a„ qator
"■ 1 n 1

uzoqlashuvc bi bo ’lsa, q ato i sh artli y a q in la s h u v rh i dpyiladi.



4 - es la tm a  ^  a qatom ing  u/oqlashuvchi bo 'lish idan Ya,

qatorn ing u/.oqlnshuvchi b o ’lishi hai tioim ch iqaw rm ayd i 
Nlasalan, 1) Ushbu

i l l  i i ) " 1 I f -t- .. +■ +.
2 ^ 4  n

(1 — § dag i (11.4) qatorni qarang) Q ator hadlannm g absolyut 
q iym atlan d an  tuzilgan

, 1 1 1 I -t- + + + 4
2 3 n

qator uzoq lashuvchi Dem ak, benlgan qator shartli 
yaq in lash uvch i.

2) U sh b u
1 1 1 i H r- - + - - + + • - +1; 2l y- 4 n-

qator h ad lan n in g  absolyut q iym atlandan  tuzilgan
i l l  i 
l : 2 V  n-

qator yaq in lashuvch i. Dpmak, be*nlgan qator absolyut 
yaq in lashuvch i.

B iro r ix t iy o n y  qator bonlgan bo’lsin. Qaralayotgan

qator had larin ing  absolyut q iym atlarin i olib, ulardan £ |a j

qatorni tuzam iz. Shu j j a j  qatorning musbat qatorlig ini e tib o rga

olib, qara layo tgan  qatorning absolyut yaq in lashuvchilig in i 
lfodalash a lom atlardan b inn i - Dalam ber alomatini keltiramiz.

D a la in b e r  a lom ati. Agar ¿ la ,,1 qator uchun
n )

î -.l ! 
lim /
• a.'

lim it o 'r in li b o ’lsa, u holda ¿ a „  qator /<1 bo 'lganda absolyut
ii I

yaq in lash u vch i bo ’ladi.
11.11-m iso l Ushbu

V  x" (x / ± i)
1 - S

qator yaq in lashuvch ihkka tekshinlsin.
•4 Ru qator uchun quyidag in i topamiz:



Df'Jiu ik. \ i dd bonlgcin qato i abso lyu t y a q m ld s h im  In b n 'lad i. 
\ i b o 'lq an d a  esa qd torn inq  xarakt<“i i  to 'q 'r is id a  D d la inbo i 

d lon id ii b rnx  xu iosd bo m idvd ) A m m o  \  • ] b o ’lqdn bo lda ,1 >0

da cjdtom m q u im im iv  bo lda  m»l<jd m tilrn d q an h q ) sdbdbli (u t jiiirj 
lim iti I qa t('iiq ) q a lo i u /o q ld sh u vch id ii .►

2°. M dd larn inq  ishord lari n avb a t b ila n  o'/.garib ke lad igan  
qdtorldr I.eybn is  teon>masi. B i/ quyidd ix h yo iiy  qatoild inm q 
biltd muhim holini qaravmiz.

Uslibu
c.-c, , -c. f . +(~ir 'c.. (П  Ж )

qatoin i q a id v lik , bimdd i, >o m -1.2J  t
Odatda bunday qdlor hddlarininq ishoralan navbat b ilan 

o ’zqanb koladigan qatoj df-‘b ataladi.
O uyidaq i

i 1 t ' U  ..-f ( i f  ’ ■ 1 »
: ? 1 и

• ' i 1 ! i i ii * -  t- i + - .
1 2 5 3 / и 2» •* I

qatorld r h d d la rin in q  ish o ia ian  navbdt b i la n  o'/.qaub k (4dd igan
qatorlardn

7-tc>oroma (Leyb n is  teorcm asi) A g a r  (11.20) qatorda
(« - I.2, ) ( 11.2 1 )

Irn g s iz lik la i o 'r in li bo'lib,
,1'mc, о (11.22)

bo'Isa, ( 11 .2 0 )  qatm  yaq in la sh u vch i bo 'lad i.
< Bf'rilqdn (1 1.20) qatorning 2m ta hadidcin iborat

uslibu
Л - L t . 4 с, С , + . . I C,nl ¡ -- c ,ni

qism iy y iq in d is in i o k y lik . Ravshanki,
....ч ‘‘V-n. + (‘“.'fii + i " ' )

rporomamnq shaitiq.i k o 'ia  c,m,, . c:ni.; bo'lib , natijadd
i l l  ‘ '^2m

lengsi/likka kolaimz. Bu osa л,„, kotm a kotliknm q o’su vrh i 
okcuiliqini bildiradi.

hndi A,ni ni quyidag irha yozamiz:
’Vm = S U • 1 . 1 •• ( L .  , . -  C, ,  > 0,



KdVsIldtlk], (I 1.21) 9 (í 1,1
t n i , i • <>. i ' >• . n

Shum iu) ik  tilín ■ _ Icncjsi/lik u'nnli. IV m ak , k<’tina
k(‘tlik vuq ondan  rhnqaia lanqan. Shunday qihb, \ ki'tm a 
ko llik  o'suv< 1 n va yuqoudau  < hoqa!alangan. Domak. I>u k«'tm<i
kiMlik rhok li Iinntcjei eqa

inn A,m \ (A chckli son) M 1.23)
í'.ndi ( I I  20) qdtom inq 2m l i ni e v i td te»! sondagi hadidan 

iboitit ushbu
A . , L! i. t- c , • c , •+ . 4 C,In , 

qisnny v iq ’ind isin i o laylik  
Ravshanki,

B lindan  (1 1 22) vo (11.2.3) larga asosan topann/.
lux A , - inn (A ,M1 c,ni) - A

Shund iiy  qilib, (11.20) qatornmg qism iy viq m dilardau iborat 
kc'lmo k í'tlik  c hokli linutga <>ga okamm ko 'isa ld ik . Domak. 
(11.20) qator yaq in lashuvch i. ►

Mdsdlaii, yu q o n d a  ko ’isdlilgan ushbu
i 1 i 1 1 * ( ■ i i" 1 1 f .

* 4 11
qatoi uclm n teorem a baieha shaitlarin ing bajaiilis lum  ko rsatish 
q iym  f>mas. l.oybnis tpoioniasiga ko 'id  boulgan qatoi 
yaq in lashuvch i bo 'lad i.

5-$. Y a q in la sh u vch i q ato rla rn in q  xossalari

B iz  ushbu paragralda Yaqinlashuvchi qato ila ida hadlariu 
guiuhlash, abso lyut yaq in lashuvchi qatorlarda osa hadlarm nq 
o 'rn in i almasht ii ish  kabi xossalarga toxtalam iz.

I 11. C iu ruh lash  xossasi. Biror ^a,, qatoi bcn lgan  bo lsm. Bu

qatoi had lanm  qm uhlab , quyidayi qalorni tuzaimz-
(¡i, ■ i - t ¡i„ )■» (a,, , ‘ :i,_ . -i ! ¡i„ ) ‘ H 1 2*4)

bunda n, n.. (n, ■ n,<-..) lar natural sonlav k rtu ia  - ketliynim q 
b iio i n. ciisrniv kotm a kotligi bo ’hb. k • ♦ r  da

Aqai V ;l|i qator yaqmlashuvi. hi bo'lib, uiunq yiq indisi

A songa tf'iig h o ’lsa. u hokla bu qatoinm q hadlanm



qum hldshdan hosil bo 'lqan (11.24) qatoi ham yaqm lashuvrh i va 
unmq yiy 'm d is i ham A soiiqa Ir iiq  ho'ladi

*  la i i fq a  ko id h <‘ii I qa ii qdtorninq q ism iy wq 'ind isi 
u r,lun  !,m V (A  chek li son) hunt o 'n n li Lndi (1124) 
qdtnm inq qism iy y iq ’mdism i \<>/dmi/

¡ ("i * 1 f "  ) 1 (•' i ■/. * * )i ) (,,  ̂ , , , , )
Bu qisnuy y iq 'ind ilardan  lu/.ilqan

.1,. .; ^
krtm .i kotlikni q a iay lik  Ravshanki, 1m a , kntm a kptlikmnq 
qism iv krtm a - k rth q id ii U  holda 3- b ob dayi 12 - looienuiqd 
k o ia , ,\, ketma - kotlik  vaqinldshuvchi va um nq hnuli ham A  
qa tony bo'ladi.

lim \ A
Bu osa (11.24) qatoi ninq yaq in lashuvrh i bo 'lish im  va uninq 
y iy  indisi A  ya tpny »‘kdiiim  bildnadi. ►

2“ . O 'rin  alm a.shtirish xossasi Ix t iyo n v  V a , qator bonlyan

bo ls ín . Bu qatoi had lariiiinq  o 'iin la iin i d lniashtirib, quyidayi

X ;|Í Hí ' a' ■* ' K  4 ( I I  25)

qato iiii hosil qilami/. Bu (11.3.5) q d lo im ny hai bn iir. Iiadi V Hji

qatom inq taym bir had in iny  ayndn o ’/.idii.

A ya i qatoi absolynt yaq in lash uvrh i bo'lib , y iq 'ind isi A

sonya tony bo Isa, ii holda bu qatoi h ad la rin m y  o 'iin larin i 
ix tiyon y  idvishda alm ashtm shdan hosil b o ’lyan  (11.25) qator 
yaq in lashuvchi bo 'lad i v<i unm y y iy 'in d is i ham  A  songa tong 
b o ’ladi

< Bu xossam £\tn qator lrmsbal ham da ix tiyon y  hadli

bo lyan  bollan u rhun  alo litda isbotlaynn/.
I) Bon lyan  qatoi im isbal qatoi bo'lib, i i yaq in lash uvrh i vfi 

y iy  indisi A  sonya tony b o lsm . la r itq a  k o 'ia  limAM-A a

o suvchi kotma- ko llik  b o ’lyam dan a , \ tenysiz lik  o ’lin li 
bo ladi. l-.ndi (11.25) ya tom iriy

•• ¡ r  f  a ;, t • a ;  

q ism iy y iy 'ind is in i qa iaylik . Bunda ,



RriVsh ink i,  Ai o ’siiv i hi. A q a r  п m.ivln, n и,! ( h b  o ls .ik, u 
hold., a .  - A lenqs i '/ l ik  h .in o 'r iu l i  bo 'I .u li.  S h и nincj u< J i11n 
\ l a I • 'iK/si/.lik o 'r iu l i .  S h u i u b y  q ilib , \. k'-lm.! -  к 11 i к 

o ’su vch i v,i y n q o i ' id d n  < h < .i r a l a nqaj i .  Di-mi .к, u » h- kli l i in i lq  ,
rq- l:

lim f Í  Vu Л' Л 

...( I i r v .i„ ( ] 11 ; r i ii ( l l . ' i . ï )  q a 11 - r li. ¡(I I ci ri 11 i riq o ’rinl ii'ini

Л in ¡ s h I i i ¡slid : lit h sil bo ' lq  :ii q iU >r e b b  q a n y d i q . n  ho'ls-.k, 
uiid.i y i iq o ru l  i k' l l i r i lq .m  m n .o i l  r/aq.i «ist .si, : nib, ( I I . 2:')) 
q a t^ m i i iq  y<i(|inl is h u vch i v a  y iq ' in d is i  A' s. nq-i t iи j 
h o ’ lishici mi b o r i lq a n  q . i lo rn in q  Ik i i i i  y a q in l i s h u v i  hi t it j i ni va 
iim nq yi() ' in<lis i A t ic lu in  \ -Y t> ' i и i s i / 1 i к o 'r iu l i  bo ' l ish in i
I i i p  i 111 i / , . \ 'l l (|ol'id i \' \ ( 'k a l l i  к о '  r S f t l  ilcj. :l) rd i .  S l l l l  ikk i 
t* ■ iiqsi/l i k d а и \ V bo 'hsh i k' lib c h iq a d i .

■J) \ ' ¡ iM ix f iy o r iy  h ;<IM c|.) 1 or bo 'lib, и , i h s o h )I 

v .iq inl is h u v c h i  v .  y i ( i 1 i n d i s i /. s< l u j i  1 i и | bo 'ls in. Sh u  q . d ' i  

h u l l  . i in inq  o ' ri и I - ; rili i -dm ishl ir ishd j u  In sil b o ' lq a n  V , i '

<1 ; i .m i q : i\ ! у I i к . Mod- iniki, V . ,  q.d- r ibs. lul y<iqml ;shu\< hi
, I

ok in, ii ih I ; v  .i q 11 "r v aq iu l  ¡sh i iv rh i  bo' 1 ;<li. llu musb d qal- r 

bo 'lq  ,n li( i i s b , ;bli I )  li isb II • n<] i ni< j t к o ' i . : V | a'| (p |  t-

h ¡in \ .Kjii il i s lu iv c h i  b o ’ I.idi. S lu m in q  i i rh u n  v ;l- q a lo i

у (HI i п I i s h i i v c h id  ir.

C iuii V „ ;  ( 4, j I ■ -> r y iq ' in d is in i iK j  Im h i A sonq.i Ь -nq ok .i i i in i

ko 'rs.i l ; i n i /. V , í „  qal< - r n i n < i im isb ,d  isho i. i l i  va  n- lqa  К  nq

bo 'lq . i l l  ;i,.a. [ b id l . i r id . i l  v :/ Il , 111(1 I I ib .n l iy  is! w г I IJ a. ,1

had J. i i ' in inq  ib so lu l  (| iym  t! la r i (b i i i  , qab rl a n i  tu/ ani/.

Q u i  ¡y l ik  i io h u i i  „  />,. j . . d - b  Ik . Iq i las . ik ,  ushbu

V | V b • b • • l\ -



qato ila i hosil bo 'lad i Sha rlqa  ko 'ra X  '. 4<»io i yaqin lashuvchi. 

Domak, bu qatom m q
\ ■. a. -» a, (• t a, . i) ■ 1.2.3.

qism iv y iq ’m dilai idan Juz ilyan Л‘„ ko lm a kothk yuqondan 
rhogaialanqan, va 'n i -.-m-:: da

a '„ • л' л ' - o ’zgannas son (11.2(5)

t^nqsizlik o ’tmii. Lndi Va,, qatom ing q ism iy  y iq 'in d ism i д., bilan
>i !

bolgilab topamiz:

л„ - Va, -¿I- , Ve, ](L c,„ (11.27)

bunda и ■■ 1 1 m bo'Iih, к a „ qism iy v ig ’mdid<i V :i„ qatorriing

musbat ishorasi, in osa unm g m anfiv ishorasi hadlaitnnuj soni. 
Biz, oiHj muhim, и >-» va t» > « ho ln i qarash bilan
< heqaialanam iz.

Ravshanki,
К ’ V,' с.-.л*„ (11.28)

(11.2(5) va (11.28) im m osabatlardan V i),. V c n, qatorlarninq
к i i

q ism iy y ig 'in d ila ii }\ va yuqoridan rh egara langan lig i kolib

< luqadi. 2 - leo rem aya  k o ’ra V h k. V ,. qato rlar yaqinlashuvchi
11 tn )

bo 'lad i Bu qatorlarninq y ig ’ind ila iin i tnos rav ishda R va i bil<in 
bolgilaylik:

limnL и (B  - ch o k li son), innt'ni -с (C  — rh o k li son).
L-iuli (11.27) tonqhkda lim itga o ’tsak, q uy id aq ig a  ega bo'lamiz:

lim A, lnn(Rk Inn HL - lim C'm - IÏ  — С

Bu psa Va, qalo irnnq vaq in lashuvrh i va un ing  y ig ’indisi A  

ш  huit A = H t formula o 'r in li ekanini anqlatad i.

Boiilgan qator had lann ing  o 'nn lan  a lm ash fiiilganda V h t
Ь к

v¿i X е- qalorlai had lann ing  ham o ’n n la ii altriashadi va 1
ui )

holga asosan bu qato iia i \ ig 'ind ilari tnos ravishda В va С «ja



b o 'h b  qn lavt-i.id i Dnm .ik, * В * t nl к] 11 к ка  к,Г|,1 V „

(|, i lo „n n q  v iq 'm d is i 1mm Л sonqa !-nq bo'ladi. ►
.\b4o lv u t  y a q in la s h u v d u  b o ’lm dijan q a tn iU i had lrtiim  nq 

„■ n n la n ru  .ilm as litin stic ld ii hosil b o 'lg an  qd lo ikn  hriqida quyidoq i 
( r o in n a  o ’im h  hr/  bu tp n irn u in i i shot si/. k- linann/ .

H - tco rem a  (R im an teorem asi). Л у ш  V * .  qator slmrth

y a q in la s lm v c h i bo'lsn, и ho lda h a , qn nday  Л (rh e k li yo k i 
ol,n</,mda h am  Ы -uigan q „ n „  Ь а , Ч а ш „ щ  о n n la u w  ,h m  la  
a lm 'L h t ir is h  u m m k u M , hosil bo 'lg an  q a to rw n ,, yu , in,Inn xucld, 

situ Л  go tpng  bo 'lad i.
M a s h ij lr t i  
11.12 A qar

n  1 2  v  1

qato i y a q m la s ln iv rh i b o lsa ,
V »

q a to in in q  ba in  y a q m la sh u v rh i b o ’lish i ishot!ansm .
11 13. K o sb i tco rem asidan  toyda la in b , ushtui

Mill 
^  ->n

q a to im n q  y a q m la s h u v d u  b o ’lish i isbottdnsm.
11.14. Ushbu

1 > ..
и i

qato i y a q in la s h u v rh il ik k d  iR k sh in ls in
11.15. Aqar

{ а т1 > 0. n = 1 .2 .3 .. )

qato i u rh u n
a) hm \ a„ = I

b) lim ‘ln r 1л.

bo 'lsa , b e n lg a n  qa to r y a q m la sh u v rh i b o ’lad m n ? M iso lla r 
koltninq.



11.16. Ushbii

M  t>" 1
, n

r y<)(|iiil,ishuv( h i l ikk . i  I '  kshirilsiu.



] A / .la rov  T, M a n su ro v  11. M a te m a tik  andh/., 1 q^m ,

T o sh k c n t, « O 'q itu v c h i» , 1994.

2. A z la ro v  I ,  M a n su ro v  H  M a te m a tik  analiz, 2 qisin,

lo s h k o n i, «O 'z b ek is to n » , 199.T.

1!, А р х и т . в  Г, С а д о вн и чи й  В . Чуб,.,>иков В  Л р к ц и и J  
м а т е м а т и ч е с к о м у  а н ал и зу , М о с к в а , В ы сш ая  ш кола , 1994

4. Д о р о г о в ц е в  А  М а т р м а т и ч р е к и и  анализ (с п р а в о ч н о ?  
п о со б и р ) К и е в , В ы с ш а я  ш к о л а , 198Ь.

5. M a t e m a t lk a d a n  q o 'Ila n m a , 1 v a  2 - q ism la r Prof

A z la ro v  T . ta h r ir i o s tida , T o sh k e n t, O 'q itu vch i, 1979, 1990.

6 .  Х и н ч и н  А . В о с р м ь  л е кц и й  п о  м а тем а ти ческо м у  ан али зу ,
М о с к в а ,  Н а у к а , 1977. 

у. К у д р я в ц е в  Л. К у р с  м а те м а ти ч е ск о го  анализа, т .1 ,4
М осква, высшая школа, 1981.

8. Р у д и н  У. О с н о в ы  м а те м а ти ч е ск о го  анализа, М о с к ва ,

9. З о р и ч  В  М а т е м а т и ч е с к и й  анализ, ч.1, М о ск ва , Н а ука , 

1981.



1 bob. ’lo 'p la tn  haqida tushuncha.
1 T o ’p lam  T o 'p la in  ustida am a lla i 
'?. To 'p ldu ilarrn  faqqosldsb.
3 §. M d tom atik  b o lg ila i.
4 ÿ. M atom atik  m d uksiya  usuli.
N lashqlar.

2 bob. H aq iq iy  sonlar to ’p lam i va unm q  xossd lan

1 -§. Ratsional son lar to 'p lanu  va u n m q  xossalari.
2 §. Rdtsional son la r to 'p lam id a  kosim
3 §. I la q iq iy  sonlar. H aq iq iy  son ld i to ’p lam m m g 
la jt ib la n g an lik  va /.irh lik xossalari.
4- §. H aq iq iy  son lar to 'p larm nm q  to ’liq lig i. Dodekind 
tOorPITMSi.
5 Son li to 'p la m la in im j ch o g a ia la r i
6 — §. H aq iq iy  son la i ustida am allar.
7 §. H aq iq iy  sonn ing  abso lyu t q iym a ti va uninq 
xossalan.
8 §. Irrats ional sonn i ta rk ib iy  b isob lash.
M ashq lar

3 bob Funksiva .

1 -§. Funks iya  tushunchdsi.
2 -  §. E lem en tar funksiya lar.
3 - § . N a tu ra l a rgum en th  iu n k s iy a la i (So n la i ketm a 
kotlig i).
M ashq ld r

4 -bob. Fu n k s iya  hm iti.

1 §. Son ldr ketm a kotlig i lim iti.
2 §. Y aq in lash u vch i kotm a - k o t lik ld in in q  xossalari
3 ■ ■ §. Son la r ketm a- k e tlig i h m it in in g  m avjud lig i 
haq ida teorem alar.
4 §. Fu n k s iya  lim iti.
5 §. C h ek li lim itga  ega b o 'lg a n  fu n k s iya lam m q



x o ssa la ri
6 - ^ .  Funks iya  lim itirnng  m avjudhgi haqida 
to o ro m a la i.
/ — if. F u n k s iva ia rn i taqqoslash.
M a s h q la r

5- hob. F u n k s iy a n in g  uz luksiz lig i.

1 -  §. F u n k s iy a  u z lu ks iz lig i ta 'n fi.
2 - § .  F u n k s iya n in q  uz ilish i. U z ilishn ing  turlari.
3  — §. M o n o to n  funks iyanm g  uzluksiz lig i va uzilishi.
4 - § .  U z lu k s iz  fu n k s iya la i ustida an fm ptik  am allar. 
M u ra k k a b  funks iyanm g  uz luksiz lig i
5 - § .  L im itla rn i h isob lashda funksiyanm g 
u z lu k s iz lig id a n  foyda lan ish .
6 — §, U z lu k s iz  fu n k s iya lam m g  xossalari
7 — Fu n k s iyan m g  t<-kis uz luksiz lig i. Kan to r 
teor^m asi.
M a s h q la r .

6 -  bob. F u n k s iy a n m g  hosila  va  diffpronsiali.

1 — §. F u n k s iya n in g  hosilasi
2  — § .T eska ri fu n ks iyan in g  hosilasi. M u rakkab  
fu n k s iy a n in g  hosilasi.
3 — §. H o s ila  h isob lashn ing  sodda qo idalari E lom entar 
fu n k s iy a n in g  hosila lari.
4 — §. F u n k s iya n in g  d ifferensia li.
5 - § .  Y u q o r i tartib li hosila  va d ifferensia llari.
6 — D iffe rens ia l h isobn ing  asosiy  teorpm alari.
7 — §. T e y lo r  form ulasi.
M a s h q la r .

7 - bob. D iffe re n s ia l h isobning ba 'z i b ir tatbiq lari.

1 — §. Fu n k s iya n in g  o ’zgarib bonsh i
2 — §. Fu n k s iya n m g  pkstrpm um  q iym atlari.
3 — §. Fu n k s iy a n in g  q avariq lig i va botiq lig i
4 - § .  Fu n k s iya la rm  tekshirish. G ra fik la rn i yasash.
5 — §. A n iq m as lik la rn i och ish l.op ita l qoidalari.



M a s l i q l a i

8  b o h .  A n i q n w i s

1 - $ A n iq m a s  m tn tjic il U ish iinc hdsi.
У Ъ l n b ' ( j i í t l l < ) s h  u s u l l f H i  

■i K . i t M o i i o l  l u i i k s i v < i ¡ < ) r i n  l n l e q i d l l d s h .

•1  ̂ H«i /i 111 ti t si о л f ¡ [ f u n k s iv a la i ni i n i pq i cil l<ish 
Ir iq o n c m if t r ik  fu n ks iv .ilcH m  m lc 'q id lla s li 

M a s h q la i

'> bob. A m q  i п114ji ¿i ]

1 §
’>■ $
3- $
4 í>
л §
6 §
7 § 
8 -

Aniq  in líH JId l ! 'Г  i ili.n  i
Ani<] in to g ra lrnn g  nx ivjucilig i.
In lpqralld iitiv« hi lu nks ivd la r sin íi.
An iq  m fcujid l X o s s < 11 < i м .
С) rt<i q iyn ia l In iqu laq i leorc-'tnalai.
С 1н ч ,а ы 1а п  o 'z q d iu vch i b o ']g (in an iq  in teqm lhu . 
An iq  m tfM )ia lld in i hisnblash.
A n iq  m le q id lld in i taq u b iy  h isob iash 

M ashq lar.

10 bob. A n iq  in tc 'q ia lriinq  hd '/i b ii tadb iq ldn.

V“  Ш1ШЭ m m ' in " '9 M l

o rq fn  yUZ‘ ™  UniUg in *-SM l
3--§ A y lam na s iilm n q  yU/i va un ing  an iq  m lrq u ,) 
orqali ifoddlam sbi.
4 ■■§. O 'zga ru vch i kuc lm inq  bajarqan ish i va im im i 
an iq  in teq ia t o rqa li ifodalam shi.

Inersiya in о т  (' nt i .
-N lashq la i



1 §. Asosiy  tu sh u n ch a la i •’
2 - §, Y aqm lashu  ve in  qatonung  xossalan  kosh i 
toorpm asi.
3 — §. M usbat q a to ila r.
4--§ Ix tiyo r iy  h ad li q a to ila r 
5 — §. Y aq in lash u  v rh i q a to rlam ing  xossala ii.
M ash q la r.

« M a te m a t ik  a n a liz  a s o s l.u ï»  2 - q ism in in q  m u n d a r ija s i.

12 bob. K o 'p  o 'z g a ru vch ili funksiya lar, u larn inq  lim iti, 
u z luks iz lig i.

1 — pe* lazo va u n in g  to 'p lam lari.
2 — §. fazoda ko tm a-  ketlik  va un ing  lim iti
3 — §. K o 'p  o 'z g a ru vch ili funksiya va un ing  liin it i
4  — §. K o ’p o 'z q a iu v c h ili funksiyan ing  uz luksiz lig i.
5  — §, U z luksiz  tu n k s iya la rn in g  xossalari
6  — §. K o 'p  o 'zg a ru vch ili funks iyan in g  tokis 
uz luksiz lig i. K a n to r  teorom asi.
M ashq lar.

1 3 - b o b . K o ’p o 'z g a ru vch ili funksiyan ing  hosila  va 
d iffe ren s iya lla r i.

1 K o 'p  o ’zga ru vch ili funks iyan in g  xususiy 
xos ila lari.
2 — §. K o ’p o ’zga iu vch ili funks iya la rn in q

d iffprpnsiya l lan u vch ilig i
3 — §. Y o ’nalish b o ’y ic h a  hosila.
 4  § K o ’p o ’zga ru vch ili rnurakkab funks iya la rn in g

d iffe ren s iya llan u vch ilig i. M u rakk ab  funks iyan ing  
hosilasi

5 — §. K o 'p  o 'z g a ru vch ili funksiyan ing  d itferp iis iyah .
6 - § .  K o 'p  o 'z g a iu v ch ili funksiyanm g y u q o ii tartibli

hosilasi va  d iffp rensia llari



! v? ( ) I td l| |\ Midi lldq idd  t <'■ i| f'nid
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I Ol 1)1 llldS|

o '/ y a iu v rh ih  tunks ivdn inq  ckst 11'in uni 
C J I \ 111d I Ici I I I kst | f'Iin iin  llin i| /,<11 11 I ! Y s llflltl 

10 v? lu  nk^i Vd <‘ksti r'iii ii ni i m n y  vctd i h s im ili
I I  $ Oshkoi nid^ f un ksi Vdldl .
Mdsh(| ld i.

bob. I-unksioiidl kctn id  k f'th k ld i va q a to ila i.

I lu n k s io n a l ko lm a k r ll ik ta i .
?  I nnksiondl q a îo ila i .
3 I <>kis y aq in la s liu  vch i funksiona l k r lm a  k d l ik  

Vd qato in inq  xossa lan  
I V  Ddldjcill (Jd I ' n ia i

Doiajdli <}dt oi la i m nq xossala ii.
(> Ç>. I 0 \ic)I (|rlt c >i i .
M dsll(j ld i.

bob. Xosm as in le y i a l la i .

I $>. (. hcksiz o iah q  b o 'y  i cha xosmas in to y ia lla i.
■} $ ( lio ya ia ld n iiia ya n  fu n k s iyam n y  xosm as 
m liH jid lId ii.
3 M uhu ii n iiso lld i.
M dsliq ld l.

bob. Pd id in rtiq tî b o y ’liq  in tp q ia lla r .

1 § 1 nuit funkx iva. lo k is  vaqm lash ish . I.nnit 
tunks ivan in y  u / lu ks izhq i.

■’ Pa ram rîiq d  b o y ’hq m try ra lla r .
 ̂ P a ïa m r liy a  b o q ’liq  xosmas m tp y ia lla i.  
In tPcjM lnm y h 'k is  vaq in lash isb i.

•I ^  i <‘kis vaq n ila sb u vc ln  p ara iriP trya  b o q ’hq xosm as 
m tn y io liai nincj xossa la i i.

V  l'.vlfM nitoyi a lla i i 
M ds|)(]ld l.



1 - §. I'okis sh a k ln m g  vu/.i ham da fa/.odaqi jism ning
hcijmi h a q id a q i ba'/.i mi (i I u il к  >t I «i i .

§. Ik k i k a n a li  m tpgra l ta 'n ih m
3 §. Ik k i k a n a li m tp q id lln in g  m avjud lig i
4 §. In tc g ia lla n u v c h i funksiyahn sin li 
b - Ik k i k a n a li m lp g iu ln in q  xossalan
6  §. Ik k i k a n a li in to g ra llam i hisoblash.
7 - §. Ik k i k a n a l i  m tp g ia lla id a  o '/ .ga iuvch ilam i

a lm ash tin sh
8 Ik k i k a n a li in tp g ra ln i taq tib iy  hisoblash
9 Ik k i k a n a li  m lp g ra ln i ha’/i bir ta tb iq lari
10 -§. U ch  k a n a l i  in to g ia l 
M ash q la i

18 - bob. bgri rh iz iq h  in to g ra lla r.

1 - §. B ir in ch i tu r o q ii ch iziq li m tpqra llar
2 - §. Ik k in ch i tur oq ti ch iziq li in tpqra lla j
3 §. G r in  fo rm u las! va uninq ta tb iq la ii.
4 §. B ir in c h i va  ik k in c h i tui pqii chi/.iqli in teg ia lla r

o ras idag i bog  lan ish  
M ash q la i.

19 -bob. S irt in tp g ra lla n

1 §. B ir in ch i tu r sirt in tpgrallan.
2 - § .  Ik k in ch i tu i s ilt  in tegrallari.
3 -  §. S toks to rm u las i.
4 — §. O s tro g ia d sk iy  tormulasi.
M ashq lar.

20- bob. Fu ryp  q ato rla ri.

1 - §. B a ’zi in uh im  tushunchala i
2- §. Fu ryo  q a to rn in g  ta ’nfi.
3--§. l.pm m ala i D i i i x Ip  in teg ia li
4 -§. Fu ryp  q a to in in g  vaq in lash u vch ilig i
5 §. Q ism iy  v ig 'in d in in g  bn ekstipm al xossalciri.
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