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SO*ZBOSHI

O'zbekiston mustagillikka erishgandan so‘ng, o0‘z taraqgiyotining
muhim shartlaridan biri bo'lgan xalgning boy ma’naviy salohiyati va
umuminsoniy gadriyatlariga hamda hozirgi zamon madaniyati, igtisodiyoti.
ilmi, texnikasi va texnologiyasining so'nggi yutuglariga asoslangan
mukammal ta'lim tizimi barpo etilmoqda.

“Ta’lim to‘g‘risida” gi qoriun va “Kadrlar tayyorlash milliy aasturi”
ning gabul qilinishi natijasida ilmiy—texnika taraqqiyoti yutuglarini xalq
xoaligiga tadbiq qilish ijtimoiy—iqtisodiy rivojlanish bilan uzviy bog'liq
ekanligining ahamiyati tobora ortib bormoqda.

Oliy o‘quv vyurtlarining texnika yo‘nalishi bo‘yicha bakalavrlar
tayyorlashning yangi o‘quv rejasi va dasturlarida kompyuter va axborot
texnologiyalari bilan ishlashga, axborotlarga zamonaviy texnik vositaiar
yordamida ishlov berishga va uni tahlil qgilishga, amaliy masalalarni
yechishda sonli usullarni tadbiq qgilinishiga katta e'tibor garatilgan.

Ushbu o‘quv go'llanma, 2011-yili tasdigqlangan o‘quv rejasi asosida
5320200 “Mashinasozlik tehnalogiyasi, mashinasozlik ishlab chigarishni
jihozlash va avtomatlashtirish” ta’lim yo‘nalishi, shuningdek 6 ta texnika
yo‘nalish talabalari uchun bclgilangan 18 soatli reja asosida 3-semestrda
o'tiladigan  laboratoriya mashg‘ulotlari uchun tayorlangan bo'lib, u
Toshkent davlat texnika universitetida ishlab chigariigan, Oliy va o'rta
maxsus ta’lim vazirligi tamonidan 2012-yilgi 14-martdagi 102 sonli
buyrug‘i bilan tasdiglangan “Oliy matematika” faning namunaviy o‘quv
dasturidagi “Laboratoriya ishlari mazmuni va tasbkil etish bo‘yicha
ko'rsatmalar” dagi tavsiya etilgan nmvzulami o‘z ichiga olgan.

Ushbu o‘quv qo‘llanma laboratoriya ishlaridagi sonli hisoblash
masalalarini Maple dasturidan foydalanib kompyuterda yechish uchun
mo‘ljallangan.



1.3. Jardan-Gauss usuiida matritsaga teskari matritsa topish.

1.1. Chiziqli tenglamalar sistemasini Gauss usuiida yechish

Chizigli algebraik tenglamalar sistemasini yechishda keng targalgan
Gauss usuli aniq yechish usullari guruhiga mansub bo'lib, uning mohiyati
shundan iboratki, nomahlumlarni ketma - ket yo‘qotish yo‘li bilan berilgan
sistema o°‘ziga ekvivalent boMgan pog‘onali ( uch burchakli) sistemaga
keltiriladi. Bu kompyuter  xotirasidan samarali ravishda foydalanish
imkonini beradi .

Ushbu

+a, x2+aux. b,

azx2+a2x3+... +axx,, =b2 (11)

L Kk Xk +an,x, =bk

ko‘rinishdagi chizigli tenglamalar sistemasi pog'onali sistema deyiladi,
‘ouyerda k<n, au O, /-1, 2,..., K

Agar k=n boisa, u holda (1.1) sistema uch burchakli deyiladi.

Noma’lumlarni ketma-ket yo'qotib borish, asosan, sistemada elementar
almashtirishlar qilish yordamida amalga osliiriladi. Bu elementar
almashtirisnlarga quyidagilar kiradi:

1) sistemaga tegishli istalgan ikkita tecglamaning o‘rnini almashtirish;

2) tenglamalardan birining har ikkala gismini noldan fargli istalgan
songa ko'paytirish;

3) biror tenglamaning har ikkala gismiga, biror songa ko‘paytirilgan
ikkinchi tenglamaning mos gismlarini go'shish.

Berilgan tenglamalar sistemasidagi elementar almashtirishlar natijasida
hosil bo‘!gan sistemani berilgan sistemaga ekvivalent bo‘iishini isbotlash
mumkin.

Oddiylik uchun quyidagi chiziqgli tenglamalar sistemasini gqaraymiz:

a 111 tav2x2 4 4\3x3 t€14x4 = ais’
a2\xl  +a22x2 +a2bxb 2B yxg-c25°
«3 141 +a32x2 rdonxg 34%4 =035,
«41*, +ad2x2  4«43*3 +ag4 4 = 45"

Berilgan chizigli tenglamalar sistemasi yechimga ega boiishi uchun
sistemaning noma’lumlarining  koeffisentlaridan tuzilgan A matrisa va
barcha koeffisentlaridan, ya’rii ozod hadlami hisobga olib tuzilgan Ab
kmgaytirilgan matrisa ranglari teng bo‘lishi zarur, yani bu matrisalaming



har biridan tuzilgan to‘rtinchi tartibli detaininattan birotsi noldan fargli
bo'lishi kerak: r(A)*r(Ab).

Aytaylik, berilgan sistemada a,,?* 0 (yetakchi element) boisin, aks
holda X oldidagi koeffitsienti noldan fargli bo‘lgan tenglarnani birinchi
tenglama o‘ringa ko‘chiramiz.

Sistemaning birinchi tenglamasining barcha koeffitsientlarini an ga
bo“lib,

XX+bux2+ + bidxA-b b (1.2)
tenglarnani hosil gilarniz, bu yerda.

blt= 7, ./=2,3,45.

a

Bu topilgan (1.2) tenglamadan foydalanib, yuqoridagi sistemaning
golgan tenglamalaridagi X) gatnashgan hadni yo‘gotish mumkin. Buning
uchun (1.2) tenglarnani ketrna—ket a2i> a3t va a4l larga ko'paytirib, mos
ravishda sistemaning ikkinchi, uchinchi va to‘rtinchi tenglamalaridan
ayiramiz.

Natijada quyidagi uchta tenglamalar sistemasini hosil gilarniz.

: \)
2 x4 = . 1.3
B 61 0\ (1:3)
a,b2 *2 + Clpb ** + = Céns "’
fI> (D nj
& N2 & 43 X 3 6/44 X* —Clns "
bu sistemadagi koeffitsientlar
a(l>=a - a.b, 0=2.3,4;,7=2,3,4,5) (1.4)
\Y v 11

formula yordamida hisoblanadi. Endi (1.3) sistemaning birinchi

tenglamasini Sa bo'lib,
* +bW x +b02x =6CD (1.5)
2 233 244 25
tenglarnani hosil gilarniz, bu yerda

0'=34,5)
N «22
(1.5) tenglama yordamida (1.3) sistemaning keyingi tenglamalaridan
ni, yuqoridagidek qoida asosida yo'gotamiz va quyidagi tenglamalar

sistemasini topamiz:



a,(2) = arg; - a"bfj 0-34 =345 (1-7)

(1.6) sistemaning birinchi tenglamasini ga bo‘lib,
X +bgg)x4 :bQ (1.8)
tenglamani hosil gilamiz, bu yerda
b a?,
=— U=45
\{/2} a )
Bu (1.8) tenglama yordamida (1.6) sistemaning ikkinchi tenglamasidan
x3ni yo‘qotamiz. Natijada
(>
a@dx4 =25
tenglamani hosil gilamiz, bu yerda
ay=ay-a% b\fj (j - 4,5) (1.9)

Shunday qilib biz qaralayotgan sistemasini unga ekvivalent bo’lgan
quyidagi uchburchakli chizigli tenglamalar sistemasiga olib keldik.

Xxi + bnx2 + bnx, + bldx4 = bl
X2 + b%x, + Db’xA KY (1-10)

3

< x< = b()

Bu (1.10) sistemadan foydalanib nom’lumlarni, ketma-ket quyidagicbha
topamiz:

a6y
4
al (1.11)
X3 bR - ogx,
X2 = bg} - bglx4 - bgjx
x1 - - b34X4 - buX b12X2

Demak, yuqorida keltirilgan Gauss usulida sistemaning yechimini
topish 2 gismdan iborat bo‘lar ekan.

Glg‘a borish —(1.1) sistemani uchburchakli (1.10) sistemaga keltirish
Orgaga qaytish - (1.i 1) fbormulalar yordamida noma’lumlami topish.

Gauss usuli bilan noma’lumli n ta chizigli algebraik tenglamalar
sistemasini yechish uchun bajariladigan arifmetik amallarning miqdori
quyidagidan iborat:



(73+3a2n)/3 ta ko‘paytirish va bo‘lish,
(2«3+3n25n)/6 ta qo‘shish.

Xususan:

n=2 da,(23+3-222)/3=6. ko‘paytirish va bo‘lish

(2-23+3-225-2)/6=3. go‘shish,

n=3 da, (3’+3-323)/3=17 ko‘paytirish va boiish

(2-33+3-32-5-3)/6=11 qo‘shish,

«=4 da, (43+3-42-a)/3=36 ko'paytirish va boMish

(2-43+3-425-4)/6=26 qo'shish.

I.I-masaia. Berilgan quyidagi sistemani Gauss usilida yechamiz.
Buning uchun nomahlumlarni ketma-ket yo‘qotamiz. Yetakchi satr uchun
birinchi tenglamani tanlasak bo'ladi, chunki
an - 2 ®0.

2xx+ 7x2+ 13x3= 0

-3n7M+14x2 +12x, =18 (U2)
5x, + 25x2 + 16x, = 39

Gauss usili yordamida yechish uchun sistemaning satrlar bo'yicha

koeffitsientlarini quyidagicha belgilaymiz:
ay=2,al2=1l,ayi =\3b\ =0[1]
a2i=3,a22= 14,a23=-1262=18[2] (1.13)
a3l=5,a32= 25,a33=1663=39[3]

Hisoblash jarayoni quyidagicha bo'ladi.

01g‘a borish.

1) (1.13) dagi 1-satr elementlarini au= 2 ga bo'lamiz, ya’ni [l]/2:

(1, aXo,, an/an, bx¥an) =(1, 7/2, 13/2,0/2) (1.14)

2) (1.13) ning 2 - satridagi a21=3 elementni nolga aylantirish uchun,
(1.14) ni a2i=3 ga ko‘paytirib, [2] satr elementlaridan mos ravishda
ayiramiz, ya’'ni [2]-(1-14)a2\.

d “6&i—a2~0
a(022= as-colan/an = 14- 3(2/2) =712
a(023= «23- 021013/011= 12- 3(6/2) = —15/2

b@ =Db\—a2\b\la\\ = 18-3(0/2) =18

Demak, 2 - tenglama koeffitsentlari:

(0, 7/2,-15/2 , 18) (1.15)
boladi.

3) (1.13) ning 3- satridagi a3i=5 elementni nolga aylantirish uchun
(1-14) ni a3l=5 ga ko'paytirib, [3] satr elementlaridan mos ravishda
ayiramiz, ya’ni [3] -(1.14) a3k

0(03i= «31-0 3i=0

ol0,2= a®- 03,aiZ2a, =25- 5(7/2) = 15/2



aQ)33= axy- a-"ayjciw = 16- 5(6/2) =- 33/2

b3 =br-a wphxlan =39-5(0/2) = 39

Demak. 3- tenglama koeffitsentlari:

(0, 15/2 ,—33/2 ,39) (1.16)
bo'iadi. Natijada topilgan yangi koeffitsientlar asosida quyidagi
sistemani hosil gilarniz:
X + (7/12)x2 +(13/2)x3 =0
(7/2)x2 - (15/2)x3 = 18
(15/2)x2 - (33/2)x3 = 39
Bu sistemaning koeffitsentlari:
Bu=1 ai2= 7/2, ai3=13/2,Z)| = 0[1]
a2i=0,a22= 7/2,a23=-15/2,fe2=1 8[2] (1.13)
a3i=0,a32= 15/2,a33—33/2,63=39[3]

(1.13) ni [2] - satrini 7/2. ga bo‘lamiz. Bu tenglama koeffitsentlari:

(0,1,-15/7,36/7) (1.18)
bo'ladi. (1.17) sistemaning 3-tenglamalaridan x2 noma’lumni
yo‘qotish

uchun (1.18) ni 15/2 ga ko‘paytirib  3--satr koeffitsentlardan mos
ravishda ayirib, quyidagi koeffitsentlar topamiz, ya’ni [3]- (1.18) a32

0,0, -3/7, 3/7) (1.19)

Natijada berilgan sistemani quyidagicha yozamiz:

X, + (7/2)x2+ (13/2)x3 =0
x2 - (15/7)x3 =36/7
- (3/7)x3 =317

Orgaga gqaytish.

Bu oxirgi sistemadagi 3-tenglamadan x3 giymatini topib bu asosida 2-
tenglamadan x2 ni topamiz. Topilgan x2 va x3asosida 1 -tenglamadan x,
ni topamiz:

x3F -1

x2= 36/7 +(15/7)(-1)= 21/7=3

X,= (-7/2)(3) - (13/2)(2)=-8/2=- 4

Berilgan chizigli tenglamalar sisternasining yechimi:

X,=- 4, x2=3,x3=- 1|

10



1.1.2-M aple dasturi:
1) Gauss usilida yechish:
> with(LinearAlgebra):

27 13
A 1=«27 5>[<7,14,25>|<13,12,16»;/4, 3 14 12

525 16

0
> b :=<0,18,39>; b := 18
39
2)kengaytirilgan matritsani tuzish:
> Ab:=<<2,3,56>j<7,14,25>|<13,12,16>|<0,18,39»;
2 713 0
Ab = 3 14 12 18
525 16 39
Sistemayechimga ega bo fishini asosiy va kengaytirilgan
matritsalarning rangini tengligidan aniglaymiz:
> Rank(A); 3
> Rank(Ab); 3
asosiy matritsaga Gauss usulini go 'llash:

2 7 13
Gaussian Elimination(A); 0 ) 215

00 73

> Gaussian Eliminalion(A,’mcthod’=*Fraction Free’);
27 13
07 ~15
00-3

> ReduccdRowEchelonForm('<!>*(A, b));
10 0 -4
0 10 3
001-1

2)KENGAYTIR1ILGANmMatritsayordamida yechimni topish

n



> restart; with(Student|LinearAlgebral):
>A:=«2,3,5>|<7,J4,25>|<13,12,16>|<0,18,39»;

2 7130

A= 3141 18

525 16 39
-4
> X:=LinearSolve(A); X := 3
-1

Chizigli tenglamalar sistemasini, kengaytirilgan matritsa asosida Tutor
oynasida yechimini topish:
> LinearSolveTutor(A);

File Edit Help

2 7 13 >0PVko opermlo . /acd -16/7 time» rogj 2to
3 14 12
5 25 16
27 1 Add muitipio
«1 - - il © o times
X jrow 1 iwiy add to
5 25 1
[row 2
| Add
2
15 J$3_
2 2 s stimes
wow 1 I
Multiply 1
15w*p
f " Wi
B irow 2
S__EditdMatrix + Solve System J
Swap 1
f~ Undo j | Next

Endi quyidagi to‘rt noma’lumli chizigli tenglamalar sistemaning
yechimni kengaytirilgan matritsasi asosida topishdagi amallar ketma-
ketligini Maple dasturida bajarishni ko ‘rsatamiz.

JT,-5%x2-x3+3x4=-5,
2x1+3x2+n:3-x4=4,
3X,-2x2+3x3+4x4=-1,
5X, +3nr2+2x3+2x4=0.

1 Gauss usulini gqoilashda amallar ketma-ketligini bajarish.

12



1.12-M aple dasturi:
> restart;with(Student|LinearAlgebra j):
>A:=«1,235><-53,-2,3>|<-1,1,3,2>|<3,-1,4,2»;

"1-5 -1 3
2 3 141
:3-234
5 3 2 2

&)asosiy matritsa determinantini hisoblash:

> d:=I)eterminant(A); d\-b1l

b) kengaytirilgan matritsa uchun Gauss usulining amallar ketma-
ketligini bajarish:

> with(linalg):
> B:=matrix(I|l,-5,-1-5].[231-14 3,234,
-1], 15:3,2.2,01));
1-5-1 3-5
2 3 1-1 4
B =
3-2 3 4-1
5 3 2 2 0
> B|11i; 1
1-5-1 3-5
> Bl=mulrow(B,LUB[LI); gj 2 3 1-14
3-2 3 4-1
5 3 2 2 0
1-5 -1 3 -5
> B2:=addrow(Bl,1,2,-Bl|2,1 j); B2 = 0 13 3 -7 14
32 3 44
5 3 2 2 0
1-5 -1 3-5
> B3:=addrow(B2,1,3,—B1[3,1]); B3 0 13 3 -7 14
0 13 6 -5 14
5 3 2 2 0

13



> B4:=addi-ow(B3,M,-Bl|4,1]); ~

> B3[2,2; 13

> B5:=mulrow(B4,2,1/B4|2,2|); ™

> B6:=addrow(B5,2,3,-B5]|3,2|);
B

0

> B7:=addrow(B6,2,4,-B5|4,2|);
B7

>B7[3,3]; 3

> B8:=mulrow(B7,3,1/B7|3,3|);
B8

1-5-1 3 -5
O 13 3-7 14
O 13 6-5 14
O 28 7 -13 25
-1 3 -5
3 7 14
13 13 13
O 13 6 -5 14
028 7 -13 25
1-5 -1 3 -5
3 7 14
01 13 13 ‘13
OO0 3 2 (0]
028 7 -13 25
1-5 -1 3 -5
3 7 14
o1 3 13 13
OO0 3 2 0
7 27 67
00 13 13 13
1-5 -1 3 -5
3 71 14
O1 13 13 13
w
OO0 1 o]
T
7 27 67
Oo 13 13 13



1-5 -1 3 -5

oi -jL . Z N
> B9:=addrow(B8,3,4,-B8|4,3)); 13 B
BO -
00 1 I »
67 67
000 29 3
>B9|4,4]; il
39
-1 3 -5
o1 3 7 14
> Bl0:=rnu'row(B9,4,1/B9]4,4|); /0 = 13 13 13
1 > o
3
0 1 -3

Yetakchi elementlar asosida asosiy matritsa determinantini hisoblash:

> d:= B|11]*B3|2,2|*B7[3,3|*B9|4,4|*1; d :=67

2. Berilgan sistemaning kengaytirilgan matritsasiga Gauss usulini
go'llash ketma-ketni Tutor oynasida ko'rsatamiz.

1.1.3-M aple dasturi:

> restart; with(Student|LinearAlgebral):

> Ab =« 1 ,2,35><-5,3,-213>|<—,1,3>2>|<3,~1,4,2>|

<-54,-1,0»;

1-5 -1 3 -5
2 3 1-1 4

A =
3 -2 3 4-1
5 3 2 2 0

LinearSolveTutor(Ab); (1.1—rasm)

15



{T1liwar N1p~1lH.»
Fite Edit Help

1 5 -1 3 -5 /Spiled optrxlion: /=t -7/3time* row 3t<
2 3 1 -1 4
3 -2 3 4 1
5 3 2 2 1 m
t5 13 5 Itimes
0 13 3 -7 14 v* add to
3 -2 3 4 1
5 3 2 2 0
1 -5 -1 3 5
0 13 3 -7 14
0 13 6 -5 14
58 2 20 row 1 SE{
1 -5 1 3 5
0 13 3 -7 14 Multiply
0 13 6 -5 14
0 28 7 ~-13 25
srow X
row 2

f " Edit Matrix J

CZZZ5HZ...,...0

[ undo__i [ NextStep

I.I-rasm.
Gauss usuiida topilgan oxirgi matritsa asosida tuzilgan ekvivalent
sistemani Tutor oynasida yechimini topish(1.2-rasm):

Splyfejfhesystem of equalipns in Rdyfr/cbelori fvtm
lineer SEEMOFEL EiS She
15 1 3 -5 |1 f
013 3 -7 14
00 3 2 0

00 0 67 -67
39 13
Xj -5 -Xj + 3x4 — -5
Equations
13x2+ 37~ -7i4=14
3 + 2 =0 Solve x[4]
67_ -67
‘39 13
Change the matrix ~! Cancel i

16



fT'SoJvc the system of equations in How Ir.hrlon Nrm

Lireer Sgtemao? fyefcrs
«Widtl..... M

: -5
; solve x[4]
67 v
B
5x-j-x, + 3x,=-5 j Eadtias
13 *2 m+ 3 x3 -7 = 14
Shex{4]
3x>-f2x,=0
£ Shexd J

/\:_3

Catg trendrix j 1Cm |

Ne Solto ttNe $ystetn of eq'uRHans In Row Fcbelon form
Liresr Systemof Uguetons She

5x2 'x3 3 x4 ~

— 14 solve x[4]

*1 0

13 x0 -~ 3 Xrt -1 x .
msolve x[3]

-x? -#3 xA= -5 . ) .
:j Eqetios j

Sohex2

Change the natrix



i S<Hwrlhft s*"~cm

lirewSystem® Evel L

tfdifiopZ jn Qpw fachplon Fprro

f Xj -5a2 -~ ~n '5
13 xn -+ 3 x. 7xn =14
x3=2

3
n2
Xj=2
X, = -3

| Change the matrix j

fT? Sotye the system of eflBaljens ib Ifew-1chelon lorm ,

UttesM System or Equations

Solve
f Xj-5x2 "x3 "™m3x4—-5 1= isolve X[3]
x = *2 ~ -1 mjsolv* Xp]
1
%3 = 2 23 +- 2 isolve x[1]
« =3
! * 4 -3 *
| Equations ]
LS B
Fahe s
| Solve x[3] j
j Solve x[2]
Solution ]
( change the matrix ~] [ Cancel
1.2- rasm.
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S.2. Gauss usulida determinantni hisoblash
Determinantlarning tartibi (satr va ustunlar soni) katta bo'lganda
determinanllami  hisoblash  qiyin  bo‘ladi.  Shuning uchun bu
determinantlarni Gauss usuli asosida hisoblash qulay. Bu usulni namuna
sifatida quyidagi determinant uchun bajaramiz.
1.2-masala. Quyidagi determinantni Gauss usuli asosida hisoblang.

2 7 13
d=3 14 12
5 25 16

Yechish. Gauss usuli bo‘yicha uchburchak determinant hosil qilish
uchun, determinantning bosh diogonal elementlarini 1 ga va ostidagi
e’ementlarini nolga aylantiramiz.

Berilgan determinantdagi birinchi satrning yetakchi o M=2*0 elementini
determinant belgisidan tashqariga chigaramiz:

1 712 132
d=2 3 14 12
5 25 16

hosil bo’lgan determinantda birinchi satr elementlarini ketma-ket 3 va 5
larga kopaytirib, mos ravishda 2— va 3- satrlarning elementlaridan
ayiramiz:

772 13/2
d-2\Q 7/2 -15/2

jo 15/2 —33/7

Bu determinantning ikkinchi satridagi yetakchi Qf =7/2 elementini
determinant belgisidan tashqariga chigaramiz:
17/2 13/2

d=2+(7/2) 0 1 -15/7
0 15/2 -33/2

hosil bo'lgan determinar.tda ikkinchi satr elementlarini 15/2 ga
ko‘paytirib, mos ravishda 3- satrdan ayiramiz:

1 7/2, 13/2
d =2¢(7/2) -15/7
-31/7
hosil bo‘lgan determinantning oxirgi satridagi yetakchi CI(.z)‘ -317

elementini determinant belgisidan tashgariga chigaramiz:
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1 7/2  13/2
d =2-(7/2)-(-3/7) 0 1  -15/7
0 O |

hosil boigan determinant diagonal elementlari 1 sonidan va diagonal
ostidagi elementlari 0 dan iborat bo‘igani uchun uning giymati 1 ga teng.
Natijada asosiy determinant giymati yetakchi elementlar ko‘paytmasidan
iborat boiadi:
d=anct" a™ -1=2- (7/2) *(-3/7) mi=- 3,
Xuddi shuningdek Gauss usuli bilan qolgan determinantlarni ham
hisoblash mumkin.

2. Yuqoridagi Gauss usulini nxn tartibli determinant uchun hisoblash
formulasini beramiz:

au a,2ee gj,

df j Cl22 e @2n

Ja,2- am
Bu determinant giymati Gauss usulini go ‘Hash jarayonida
aniglanadigan yetakchi elementlar ko ‘paytmasidan iborat bo‘ladi:
d =detd =axlagPag) eccafinA)
Bu yetakchi elementlarni quyidagi formulalar asosida hisoblaymiz:

r=I,
A~ a\l /i1l > i =23,..,n
WV -an b. i—2,3,...,n

r-2.
b?) = al)ied) , j=23,..n
it -a! I'=2,3,..,I»

Agar beriigan determinant yetakchi satridagi yetakchi element
an=0 bo‘lsa, bu satrni yetakchi elementi noldan fargli bo‘lgan satr
bilan almashtiramiz.

Bu determinantni Gauss usuli asosida Maple dasturida hisoblash
ketma-ketligini ko'rsatamiz.
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1.2-M aple dasturi:

\)misolda ko'rsatilgan lartibi bo'yicha hisoblash

> restart;with(linalg):

> A:=matrix(l[2,7,13],[3,14,12],|5,25,16]]);

> AjlLI; 2

> Al:=muirow (A,LI/A[LI]); o\ =

mA2:=ad(! row(A1/1,2,-3);

> A3:=addrow(A2,l,3,-5);

<A3[2,2j;

> A4:=muh ow(A3,2,1/1A312,2)); A4 =

2

7 13
3 14 12

5 25 16

A2 =

21

11

[

14 12
25 16

NN NN 7w
N



2 2
> A5:=addrow(A4,2,3-15/2); . ._ o , |15
> A5[3,3];
13
> A6:=muirow(A5,3,I/A5[3,3]);/| 6 ;= 15
00 |

> d:= A[1,1]*A3[2,2|*A5|3,3j*det(A6); d :=-3
2) Gaussian Elimination amali asosida topilgan matritsa
determinantini hisoblash:

> restart; with(LinearAigebra):
rz 7 13
A =«2,3,5>|<7,14,25>|<13,12,16 » ; A : 3 14 12

525 16
2 7 13

0 T 2
00

> d:=Determinant(A); d - 3

1.3. Matritsaga teskari matritsa topish
Teskari matritsa topishning ikki xil usulini beraraiz.
1.3.2. Fomiula bo‘yicha topish.
1.3.2. Jardan-Gauss usulida teskari matritsa topish.

1.3.2. Chizigli tenglamalar sistemasini teskari matritsa topish asosida
yechish.
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1.3—masala. Quyidagi berilgan A matitsaga teskari A matritsani
toping.

4 3 1n
2 -1 -1
Vi 1-3y

1.3.1. Formula asosida topish
A matitsaga teskari A~' matritsani quyidagi formula asosida topiladi.
/

AP ™1 A3

AL A2 A2

Bu uchunchi tartibli A matritsaga teskari matritsa topish formulas!
bo‘lib, bunda A=det(") - A matritsa deteminanti, A/j(iJ=\,2,3) elementlar A
determinantning w, (/,/=1,2,3) elementlariga mos keluvchi algebraik
to‘ldiruvchilari.

Teskari matritsani topish uchun A matritsa detreminanti [ ni tuzamiz
va hisobiaymiz, so‘ngra uning algebraik to‘ldiruvchilarini topamiz.

1) A matritsaning determinants hisobiaymiz:

4 3 1
A= det{A)r =22, A- detAr-22 * 0.
7 1-3

2)Bu holda /T 1matritsaning elementlarini det(A) determinantning
elementiariga mos kelgan Ay algebraik to Idiruvchilarni quyidagicha
topamiz.
1 1

CNnK-i)1 - g o
1 -3 | ¢
3 1
-1 I —2

A 2 -1 . 19
7 -3

ng2=(-032 4 1
2 - >

23



i 4 3
n3=H)8% 1 =9, m3=(n2s” °- 17
7 1 7 1

1'I33=H)3+84 3—_10
2 -1

A matritsaning determinant® va /),, algebraik to‘ldiruvchiiarining
giymatlari asosida quyidagi A~l matritsani yozamiz:

422 102 -2/22 ™ 211 51 -asar
oo = -U22 -19/22 62 = -U22 -19/22 311
Y922 172 -10/22, v 922 17/2 -5/1k

Matritsaga teskari matritsa topish formulas! yordamida hisoblash-
ning Maple dasturini beramiz.

13.1-M aple dasturi:
> restart; with(Student|l.,inearAlgebraj):

>A=«4,2,7>|<3,—4,1>|<11 3»; A= 2 -1 -1

7 1-3
Berilgan matrisaning determinantini hisoblash :
> d:=Determinant(A); d :=22
A 1teskari matrisaning elementlari :
SAIlL=(-1)A1+D)*Minor(ALl); All =4
>A12:=(-)AI+2)*Minor(A,1,2); All :=-I
> A13:--(-DAI+3)*Minor(A, 1, 3); A13 :=9
> A21:=(-)A2+)*Minor(A, 2, 1); N27 := 10
> A22:=(4)A2+2)*Minor(A, 2, 2); A22 :=-19
> A23:=(-1)A(2+3)*Minor(A, 2, 3); A23 =17
> A31:=(-)A@B+-)*Minor(A,3, 1);A31 :=-2
> A32:=(-1)A3+2)*Minor(A, 3, 2); A32 =6
> A33:=-(-)A(3+3)*Minor(A, 3, 3); A33 :=- 10
teskari matrisani topsh :
>A=«A 11,A12,A13>|<A21,A22,A23>|<A31,A32,A33»/d;
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2 5 1
11 11 ' 1

A 1 19 3
T ov2 o2 AT

9 17 5
22 22 1

1.3.2. Jardan-Gauss usuiida teskari matritsa topish
Berilgan yuqori tartibli A matritsaga teskari B=A~] matritsani Jordan-
Gauss usuiida topish uchun quyidagicha kengaytirilgan matritsani tuzamiz.
f'll a2zm°\n ' Al e b\n
a’lla2 .. ay, b2lb2 mmbnx

an mK b2
Bu matritsadagi by - /,y=1,2,3,.,w elementlar boshlang‘ich holatda
birlik matritsa o‘rnida bo‘lib, A matritsani birlik matritsaga aylantirish
bilan teskari matritsa elementlariga aylanadi.

0.0 al, W he)bes g
01..0 a a(d « b N k%

C
A?
oo i b i v,

Bu almashtirish elementlari quyidagicha bogiash mumkin:

K=1,2,.,0; ] =k +\,...,n

k=12,.n; j=1L2,...n

[=1,..& —1, A+ i =k+\..n.dl
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b =bhkv -hetu afd™>/ agv
j =x +\,...,n,b{°) =bv

l.4—masaiadagi matrisaga Jardano-Gauss usuli bilan teskari matritsni
toping.

A=
1 -3
Yechish. Teskari matritsa topish jarayonini matrits yonida ko ‘rsatib

boramiz. Berilgan matritsaga teskari matritsani Jardano-Gauss usulida
topish:

43 1 100

AE = 2 -1 -1 0 1 0 ==
J 1 -3 00 1

Bu AE matritsaning satrlarini mosravishda [1], [2], [3] kabi belgilab,
A matritsani birlik matritsaga, E matritsani A ning teskari matritsiga ay-
lantirish uchun quyidagi amallarni Jardano—Gauss usulida bajaramiz.

[1]/4 1 3/4 1/4 1/4 0 O
2 -1 -1 0 10—
J 1 -F 0 0 L
[1] 1 3/4 1/4 1/4 O O
-5/2 -3/2  -1/2 10
-17/2  -19/4  -7/14 0 |

[2]- [1]*2

[3]- [1] *7

(1 3/4 1/4 1/4 0 O

[2] *(-2/5) 0 1 3/5 1/5  -2/5 0 =
0 -17/2 -19/4 -7/4 0 L

[ 314 1/4 1/4 0 o

(21 0 1 3/5 1/5 -215 0

[3]+ [2]*(17/4) 4O O . 11/5 -9/10 -17/10 1

(1

[2]

[3]*(-5/11)
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1 3/4 1/4 1/4 0

o 1 35 1/5 -2/5

0 0 [ 9/22 17122
[1]+ [2]*(-3/4) r\ 0 -1/5 1/10 3/10 0
2] 0 1 3J/5 1/5 -21/5 0
[3] 0 0 9/22 17122 -5/11;

Al 0 0 2/11  5/11  -1/11
0 1 o -1/22 -19/22 3/11
[PIFIST*C35) g 4 g 9/22  17/22 -5/11/

(3] 2/11 511 -1/1f]
-1/22  -19/22 3/11
9122 17/22 -5/11/
Jardano-Gauss usulida matritsaga teskari matritsa topishning Maple
dasturini tuzamiz.

[1]+ [3]*(-1/5)

1.32-M ap'e dasturi:
1) GAUSS usulida teskari matritsa topish:
> restart; with(Student|LinearAlgebral):
> A =«4,2,7>|<3,—4,1>|<1—41 3»;

4 3 1
A= 2-1 -1
7 1 -3
2 5 1
T 1 ou
AACL; 1 19 3
~2 "2 1
9 17 5

2 2 u
2) GAUSS usulida teskari matritsa topishni Tutor oynasida bajarish:
> InverseTutor( A); (1.3- rasm)
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FI°t itierfr Alfosbr*  MVEtrix Inverse *

' L
J File Edit Help 1
43 1 100 |Applied operation: | -7times rox 1to N

2144 010
713001
1.41 ZL T 00 Add muitipte
211 010 “;“’"E*to
irow 1
713 001 owe
<3 1 1¢9gp
4 4
s 2 110
2 2 2
7 3 001
11 x oo
4 4
s 2% lo
T Swp
_ -17 -19
irow 1
row 2 M
j  Edit Matrix \  Return the Inverse
r” Swap 1
Undo ! Next Step I { AlSteps ]

1.3-rasm.

1.3.3. Chiziqgli tenglamalar sistemasini teskari matritsa
asosida yechish

1.5—masala. Quyidagi chizigli tenglamalar sistemasini teskari matritsa
yordamida yeching.

4x +3 X, + x3—],
2X - X2- X =2
7X, + X2-- 3x3=3.
Tenglamalar sistemani matritsa ko ‘rinishida quyidagicha yozamiz:

A X =B *)
(*) tenglamadagi noma’lum X rnatritani quyidagicha topamiz:
X =A~'"mB
An  An A3
bu yerda: (**)
= A2 An A2
m3 Az A»
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Bu uchunchi tartibli A matritsaga teskari matritsa topish formulasi
bo‘lib, bunda A==det(/t)y —A matritsa determnanti, teskari matritsa A~' dagi
Aij(i,j~1,2,3) elementlar [ determinantning atj elementiga mos keluvchi
aigebraik to'ldiruvchilari. Teskari matritsani topish uchun A matritsa
detreminanti A ni tuzamiz va uning aigebraik toTdiruvchlarini topamiz.

Demak, X = A~‘®B dan sistema yechimi quyidagich topiladi:

W21 +A,J)2+A; m
A ‘ A
A + AZb2+ A3

3
Quyidagi Maple dasturida chizigli tenglamalar sistemani teskari matritsa
yordamida yechishning ikki xil usulini ko ‘rsatamiz:

X, =

1.3.3-M apie dasturi:
Chizigli tenglamalar sisteman'ming matritsalari:
> restart; with(Student|LinearAlgebral):

4 3 1
>A=«4,2,7><341>[<11 3»; A= 2 -1 -1
7 1-3

> B:=<1,2,3>;£ =

1) teskari matritsani hisoblash formulasi yordamida yechish:
Berilgan matrisaning determinantini hisoblash.

> d:=Determinant(A);

(**) teskari matrisaning elementlarini hisoblash:
>AH =(-DAI+1)*Minor(ALD); All :=4

> A12 =(-1)A(I+2)*Minor(A,l,2); Al2 :=-1
> Al13 =(-1)A(I+3)*Minor(A, 1,3);A13 :=9

> A2l =(-1)A2+l)*Minor(A, 2, 1); A21 =10

> A22 =(-1)A2+2)*Minor(A, 2, 2); A22 :=-19
> A23 =()A2+3)* INinor(A, 2, 3); A23 =17

> A31 =(-1)A(B+I)*Minor(A, 3, 1); A31 :=-2

> A32 =(-1)AB3+2)*Minor(A, 3, 2); A32 =6

> A33 =(-1)A(3+3)*Minor(A, 3, 3); A33 :=-10



> x1:=(A 11*B|1 [+ A21*B|2|+A31*B|3])/d; X] = —

> x2:=(A12*B|I[+A22*B|2)+A32*B|3))/d; x2 = - 22;

> x3:=(A13*B|l|+A23*B|2|+A33*B|3|)/d; X]

2) teskari matritsa topish buyrug‘i An(-1) asosida yechish:

2 5 1
1 n —-1n
>A[|(-]_)’ 1 19 3
" 22 22 1
9 17 5
22 22 1
9
1
> X:=AJ{41).B; x = 21
- 5
13
22

0 ‘z-o‘zini tekshirish uchun savollar
Chizigli tenglama ta’rifini bering.
Qanday chizigli tenglamalar sistemasi birgalikda deyiladi?
Chizigli tenglamalar sistemasiningtuzilishi vayozilishi ganday?
Sistema yechimining yagonaligi.
Aniq va tagribiy yechimlar fargini tushuntiring.

6. Chizigli tenglamalar sistemasini yechishning Gauss usuli
nimalardan iborat?

7. Yetakchi element va yetakchi tenglamaning vazifasi.

8.  Noma’lumlarni ketma-ket yo‘qotishda yangi koeffitsientlarni
aniglash.

9. Gauss wusulida chizigli tenglamalar sistemasining yechimini
topishda bajariladigan ko‘paytirish, bo‘)ish va qo‘shish amallari sonini
aniglash.

10. Chizigli tenglamalar sistemasini Gauss usulida yechish.

11. Chiziqli tenglamalar sistemasining kengaytirilgan matritsasi nirna?

12. 4. Kengaytirilgan matritsa uchun elementar almashtirishlar.

gk wbdeE
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13. Chizigli tenglamalar sistemasining kengaytirilgan matritsasiga
Gauss usulini go'llash bilan ekvivalent matritsalarga o ‘tish.

14. Chizigli tenglamalar sistemasining kengaytirilgan matritsasiga
Jordan-Gauss usulini qoilash.

15. Gauss va Jordan-Gauss usullarining farqi.

16. Teskari matritsaga ta’rif bering.

17.  Maxsus bo’lmagan matritsani tushuntiring.

18. Teskari matritsa elementlarini topish qoidasi.

19. Chizigii tenglamalar sistemasini matritsa usulida yozish.

20. Qanday shartda teskari matritsani topish mumkin?

21. Algebraik toMdiruvchini aniglash.

22. Teskari matritsa elementlarini topish goidasi.

23. Chizigli tenglamalar sistemasini yechishda teskari matritsa usuli.

I-laboratoriya ishl bo‘yicha
mustaqil ishiash uchun topshiriglar
1) Quyidagi chizigli tenglamlar sistemasidan birinchisini Gauss va
ikkinchisini Krarner usulida yeching undagi determinatlami Gauss usulida
hisoblang;
2) Matritsaviy tenglamani teskari matritsa topish usulida yeching.

X, + X2+ 2x3+ 3X4=1
5x +%y-z =~1

3X, —x2 —x3- 2x4=-4
X, +2X, +3x3- x4=~4

2) x+2y+3z=1

2x-3v+2z=9

C,+X2+X3“*4:6

2 3 T 2 7 1%
12 4x=-1 0 5

5 3 0 , 5 1321

X, +2X2+3x3- 2x4=16 X+2y +z7 —4

2 l)1x,—x2— 2x3- 3x4=18 2 3X-5_)-+3Z:1

2x, + 2x2- X3+ 2x4=4 IX+Ty-7 =8

2X, - 3X2+ 2x3+ x4=-8

f-\ -2 3 4 1 3
9 2 35 x=1 61

, 1 4 -\ j 2 2 G,
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X +2x2+3x3 4x4—5 3Xx+2y+z=5

) 2X, + X2+ 2x3+3x4=1 2) 2Xx+3>+z=1

3X + 2x2+ X3+ 2x4 —1 2X+y+32:]1
4x| +3x2+ 2x3+x4=-5

fa -2 ©O 0 -2

61
3y 1 1 2X=2 4 3
3 -2 0, -3 4

B3 + 4x4 = -5 X + 2x2+4x3=31
-2x3+3x4=—4

N 2) 5% +Xx2+2x3=29
3x, +2x7 WOA=L2 3, - X 2+ x3=10
4x, +3x2 ®bX, =5
91 3 22 -14 3n

31 -2 ox=6 9 0
4 -3 o, In 3 15
X +3x2+5x3 7x4=12

4x - 3y +2z2=9
T 3X, +5X%; + 7% +x4=0 2) 2x+5y-3z=4

S+ Txex, e 3 A 5X + 6y - 2z =18
7%, +X2+3x3+5x4=16

(2 3 n 9 8 T
3 4 -1 0X=2 7 3

10 12 3 5,
X, +5x2+ 3x3- 4x4=20 2Xx, X2- x3=4
3X, +X7- 2X,

1) 2) 3X, +4x2- 2x3=11
5x, Wx2+10x4=-9 3x - 2x2+ 4x3=11

3x2—56x3=1
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3x2- 2x3+ 4x4=12

X, + 2X, - X3 - 3x4 =

33

rs 1 '8 1
51
3 -1 2 0x=-2 2 -1
0 K ’07 1 7,
2X +X2- 5x3+x4=8 X, +Xx2+ 2x3=-1
1) * - 3x2 6x4=9 2) 2x, W2 +2x3 m4
2X 5 2x4 =-5
2~ X1* X 4x, + X2+ 4x3= -2
X\+4xr-7X3+6X4=0
4 2 T 2 0 2
3 3 -2 O0x=15 -7 -2
w -1 2 0 -1
2x, ™2+ 3x3+2x4=4 3%, - X2 =5
g D TIXETIN B0 ok, +x24x3=0
33X -*2“X3+2X4:6
2X, - X2+ 4x3 =15
3Xx - X2+3x3 -x4=6
"L 4 2N (4 6 -2
3 2 1 -2 X=4 10 1
1k v 4
X, + 2XT 3X, ex2+ x3=4
2 2 4=
PO FXEEXIEXASD oy o, - 5x2- 3x3=-17
X -x2+2x3+x4=-]
11+ X2 ™3=0
X, +X2- x3+ 3x4=10
'3 2 -5 -1 2 4"
34 2 0 x=10 3 2
11 Py o1 3,
4x, + x2-x4=-9 X, + X2+ x3=2
- 3x2+ 4x3=-7
10. 3% "% X 2) <[2x, —x2-6x3=-1

[3x, - 2x2 =8



11.

13.

14.

(5 3 - "1

3 -2 0 4 X =-3

3)

3)

1

3)

D

5 " /9
2x1 MK2-fx3- X4=

2x\ =X, m3X,

3X, =3+ X4

4 16
0

-2

1

2X, +2x2- 2x3+5x4=-6

5 1 3" 3
0 2 -1 X =1
2 -1 0
Xj + X2 -
X2+ 2X3

X4 =~1

X +3x2- 2x3=0
ra 5 -1 '

7
1

2 1
3 -1 0 X=0 1
5 7

2 4 ,
5X, + X2-X 4=+9
3X, - 3X2+ X3+ 4x4 .
3xj - 2x3+x4=-16
X, 4x2+x4=0

‘2 -8 &5° '10
-1 1 1 X= 0
1-2 -2 -3, -4

2X, +x3+4x4=9
X, +2x2- x3+x4=18
2X, + X2+ X3+ x4=5

-2
4
-2

X, -X2+2x3+x4=-1

34

2X, + X2- x3=1
X, + X2+ X3=6

3X, - X2+ x3=4

-2 N

-2

2X, -X 2 mMx3=3

2) 3x, + 4x2 m5x3=8

-T
3
3,

2

2)

0,

X2+ 7x3 17

X, + 5x2+ x3=-7

2X, —x2- x3=0
Wx2- X3=2

X —2y +3z2=6
2x + 3y - 4z =16
3x-2_y-5z =12



16.

17.

D 4x=-3 2 0
5 -1 5 T 2
2V, - 6X2 +2x3+ 2x4=12 3x+4y +2z=8
1), X, +3X2+5x3+ 7x4 =12 2) 2x - -37=-1
3X, +5x2+7x3+x4=0 X+5y+2=0
5X, + 7x2+x3+3x4=14
"2 3 -T "1 0 5s
45 2/m=2 1 3
1 0 7 -2
X, +5x2=2 2X, mK2+3x3=7

1) 2X, - X2+3X3+2x4=4 2) X, +3x2 2x}=0
3X, - X2- X3+2x4=6

2X? —X3 =2
3%, - X, +3X, —x4 =6
3) 0 3 0 X = 3 1 o
12 o 21, 16 16 13,
X, - 4X2- X4=2 2X, + X2+ 4x3=20
3 X, +X2+2x3+3x4=1 2) 2%, —x2—3x3=3

+ - - =-s
2%, +3x2-X3- x4 3x, +4x2 mx3=-8
X, + 2x2+ 3X37H<, = -4

T 3 4 "4 -3 if
6 6 5X=o0 <t 4
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2-LABORATORI1IYA ISHI

Cizigsiz tenglamalarini yechish.
Transendent va algebraik tenglamalarini tagribiy yechish
Maple dasturining buyruglari:

with(plots)-funksiyalarning grafiklarini gitrish paketidagi amallar;

implieitplot(y=f(x),x=a..b)  —tckislikda  oshkormas funksiyaning
grafigini qurish;

implicitplot3d(u=f(x,y,z),x=a..b,y=c..d,z=m,,.n}-/tfz0<&} oshkormas
funksiyaning grafigini qurish;

solve(f(x),x) - tenglamani x ga nishalan ildizlarini hisoblash,

coeffs(p,x)- p ko '‘phadning koeffisentlarini aniqglash:

max(coeffs(p,x) —«o phadning koeffisenilarining eng kattasini
aniglash; min(coeffs(p,x) - ko phadning koeffisenilarining eng kichigini
aniglash;

realroot(p,l)- ko phadning ildizlariyotgan 1birlik kenglikdagi
orahglarni aniglash;

with(Student(Caleu'usl |):NewtonsMethod(f(x),x=-1)- Nyuton
(urinmalar) usulidaf{x) =0 tenglamaning x — 1 dan o ‘ngdagi ildizini
aniglash;

> fsolve({f,g},{x~2..-1,y— 1..1})—tenglamalar sistemasining
ko'rsatilgan sohalardagiyechimni hisoblash:

with(St'jdent[Mult!variateCalcuh!sj):Jacc>bian([u(x,y,z),v(X,y,z),w(X,
¥,2)),[x.,y,z|)- Yakobiyanni hisoblash;

Magsad: Cizigsiz bo‘lgan murakkab
transtsendent tengiarna va ko‘phadning ildizi yotgan oraligni
aniglash usullarini o‘rganish.
Reja:
2.1. Tenglama ildizini ajratish.
. 2.2. Transendent tengiarna ildizini ajratish.
2.3. Algebraik tenglama ildizlari yotgan oraliglarni aniglash.
2.4. Tenglama ildizini urinmalar (Nyuton ) usulida hisoblash.

2.1. Tenglama ildizini ajratish
Amaliyotda, ba’zi masalalarda
Mro (2.9)
ko‘rinishdagi tenglamalami yechishga to‘g‘ri keladi. Bunda J(x) [a,b]
oraligda aniglangan, uziuksiz funksiya bo'lib, J[t)~0 bo‘lganda, x=t ni
(2.1) tenglamaning yechimi-ildizi deyiladi. Tenglamaning aniq yechimini
topish giyin bo‘lgan hollarda, uning taqribiy yechimini topishni quyidagi
ikki bosgichga bo‘lishi mumkin.



1) Yechimni ajratish(yakkalash), ya’ni vagona yechim yotgan intervaltii
aniqlash;
2) Taqribiy yechimni berilgan aniqglikda hisoblash.
Tengiamaning yagona yechimi yotgan oraligni aniglash uchun
quyidagi teoremadan foydalaniladi.
2.1-teorema. Aytaylik,
1) fix) funksiya [a,b] kesrnada uzluksiz va (a,b) irten’alda hosilaga ega
bo ‘sin;
2)0a)/(1)<0, ya niJ[x) funksiya kesmaning chetlarida har xil ishoraga
ega bo 'Isin;

3)J *(X) hosila (a,b) irtervalda o ¢ ishorasinisaglasin.
U holda, (2.1) tenglama [a,b] oraligdayagonayechirnga ega bo'ladi.

2.2. Transtsendent tengiama iidizini ajratish

Tarkibida algebraik, trigonometrik, logorifmik, ko ‘rsatkichli funksiyalar
ishtrok etgan murakka'o tenglamalarni transendent tenglamalar deb ataladi.

Tenglama ildizi yotgan |a,b] kesmani topishda, ba’zan grafik usuldan
foydalanamiz. Bu usulga asosan (2.1) tengiamaning iidizini ajratish
uchun y=X*) funksiyaning [a,b] oraligdagi egri chizig'ining grafigini
quramiz. Bu egri chizig‘ining Ox o‘qi bilan kesishish nuqtasining
abstsissasi (2.1) tengiamaning yechimi bo'ladi. Ba’zan y=flx)
funksiyaning grafigini chizish giyin bo‘lsa,/(x)=0 tenglarnani, grafigini
chizish mumkin bo'lgan funksiyalarga aratamiz, masalan

f(xY-Ux) (2.2)

ko‘rinishga keltiramiz va y=li(x), y=/r(x) funksiyalarnir.g
grafiklarini chizamiz. Bu grafiklar kesishish nuqtasining absissasi x0
[io)'=0 tengiamaning yechimi bo‘ladi, chunki J{x) ning grafigi x0
nuqtada Ox o‘gi bilan kesishadi. Bu yechimni o‘z ichiga oluvchi (a,b)
oraligda yuqoridagi teorema shartlarini tekshirish asosida tanlaymiz.

2.1'masala. e —10x —2 = 0 tengiamaning yagona ildizi yotgan
oraliqg topilsin.

Yechish. Berilgan tenglarnani elG= 10x+2 ko‘rinishda yozamiz. So'ngra,
y=ex, y=Wx-r2 funkMyalarning grafiklarini quramiz.
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2.1.1-rasmdan ko‘rinadiki, enr10x-2=0 tenglamaning ikkita ildizi
bo‘lib, 1—Hdizi x(I) ni o‘z ichiga olgan oraliq (-1,0) va ikkinchisi x0f2
(3,4) oraligda yotadi.

Biz (—1.0) oraligdagi ildizini aniqlayiniz va hisobiaymiz. Bu [-1,0]
kesmada teorema shartlarini tekshiramiz.

fx) = e*-\0x -2 funksiya [4,0] oraligqda uzluksiz, (—,0) intervalda

f'(x)=e?-10 hosilagaega.

1) [-1,0] kesma chetlarida:

O-1)=e~x\0(-1)-2«3. 368>0,

[0)=e° —0 0—2=—1<0 bo ‘ladi, bundan: A -1) /(0)<0

3) jc€(-1,0) bo‘lgandal//(x)="-10<0.

Demak, 2.1-teoremaning barcha shartlari [1,0] oraligda bajariladi. Bu
[-1,0] oraligda tenglama yagona yechimga ega ekanligini bildiradi.

Tenglamaning ildizi yotgan oraligni topish va ildizni hisoblashning
Maple dasturini tuzamiz.

21-M aple dasturi:
Berilganfunksiyalarning grafiklarini qurish:
> with(plots):
> >mplicitplot([y=exp(x),y=10*x+2,y=exp(x)-10*x-2],
x=-2..10,y=-6..50.color=[b'iie,blue,red],thickness-3);



O = e*-1Q% -2

2.1.2-rasm.

2.2-M aple dasturi:
> restart;
a)tenglamaning barcha iidizini aniglash.
> solve(cxp(X)=10*Xx+2,X);

NV N R
, o° |, 5
> evalf(%);

{x= —.110457567", {x =3.65088916"
b~tengiamaning manfiy iidizini aniglash.
>_EnvExplicit:= true:
solve([exp(x)=10*x+2,x<0!,x): evalf(%);

{*=-.110457567%
c)tenglamaning musbat iidizini aniglash.
> solve(Jexp(x)=10*x+2,x>0[,x): evalf(%);

{ic= 3.65088916"
d)tenglamaning [-5,5] oraliqdagi ildizlarini aniglash.
>_EnvExplicit:= true:
solve(lexp(x)-10*x+2,x>—5,x<5|,x): evalf(%);

\x = -.110457567%, {x =3.650889167}
> with(Student|Calculusl |):
> x:=Roots( exp(x)-10*x-2,x—5..5,numeric );
X :=[-.11045756763.650889167]
> x[11; -.1104575671
> x|2|; 3.65088916'



2.3. Aigebraik tenglama iidizlari yotgan oraliglarni aniglash
Aytaylik, bizga
f(x) = o0jc" + +..+an\XX+an=0 (2.3)
n -darajaii aigebraik tenglama berilgan boMsin.
1 Aigebraik tenglama ildizlarining chegarasini topishda, tenglama

Gn  koeffitsientlari  asosida, quyidagi teorema va

goidalardan foydalanamiz.
2.2~teorema. Agar

A =maxg U-max<

bo ‘Isa, (2.3) tengiamaning barcha iidizlari

r=1/(1+/4i)< bl <\+A=R

halgada yotadi.

Musbat ildizlar chegarasi: r< x +<R

Manfiy ildizlar chegarasi:-/?7< *"<-/?

Aear (2.3) tenglarnani

f(x)=xrA I/*)=0,

Ir(x)=N-4:)=0,

m=x"fi-\Ix)=0

ko'rinishlardan biriga keltirib, ulardan topilgan musbat ildizlarining
yuqori chegaralari mos ravishda R<, R2, R3 bo'lsa, (2.3) tenglama
ildizlarining chegaralari quyidagicha bo'ladi:

1//?71<.r+<N2 va-R2< x"<- \/R3

2. Koeffitsentlarining ishorasi almashinuvchi aigebraik tengiamaning
musbat ildizlarining yuqori chegarasini topishda quyidagi Lagranj
teoremasidan foydalanamiz:

2.3-teorema. (2.3) tenglamada a0>0 va a* (k>1 -tartib ragami) -
birinchi uchragan manfiy koejfitsient bo 'lib, B manfiy koeffitsientlar ichida
modul bo'yicha eng kattasi bo'lsa, musbat ildizla rining yugori chegarasi

R 1+ kE (2.4)
Vao
formula bilan topiladi.
Berilgan (2.3) tengiamaning manfiy ildizlarining quyi chegarasini
aniglash uchun tenglarnani
/(-*)=0 (2.5)



ko‘rinishga keltirib, hosil bo‘lgan (2.5) tenglamaga Lagranj teoremasini
qo‘llab, uning musbat ildiziarining yuqori chegarasi Rt topamiz, R1 (2.3)
tenglama manfiy ildiziarining quyi chegarasi uchun fco‘lishi ayondir.

Demak, berilgan (2.3) tenglamaning barcha haqgiqiy ildiziarining
chegarasi:

-R\<x< R.

2.2-masala. 2x39x260x+1=0 tenglama ildizlari yotgan oraligning

chegarasini aniglang.

Yechish.
1) Teorema bo‘yicha:
A =max v, max
A, = max = _maxi — =60

a

<bl<1+30=", r=0.016, /1=31.

1+ 60

Musbat ildiziarining chegarasi: 0.016 <x4< 31

Manfiy ildiziarining chegarasi:—31 < x < —0.016

Barcha ildiziarining chegarasi: —31 < ar< 31

Bu masalani Maple dasturida quyidagich yechamiz.

2.31-M apie dasturi:
2.2-teorema asosida berilgan ko 'phad ildiziarining chegarasini
aniglash:

> C := proe(p,x) local i;

Iseq(coeff(p,x,i), i=0..degree(p,x))];

end proc:

C(2*xn3-9*xn2—60*x+l, x); [1, -60, -9,2]

> A := proc(p,x) local i;

| max(seq(abs(coeff(p,x,i)/Icoeff(p)),

i=0..degree(p,x)))|;

end proc:

A=A(2*xN3-9*xn12-60*x+1, x ); A := [30]

> Al := proc(p,x) local i; # indeks haqiqiy

Imax(seq(abs(coeff(p,x,i)/tcoeff(p)),

i=0..degree(p,x)))J;

end proc:

A1:=A1(2*xn3-9*xn2-60*x+1,x); Al := [60]
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> A:=30:A1:=60:R1:=1/(1+A1); R] =
61

>R2:=1+A; R2 '=31

2)Berilgan tenglamadan a0=2, B=60, kl(al~9)=1 larni aniqglab,
Lagranj

fomiulasini quyidagicha hisobiaymiz:

Budan musbat ildiziarining yuqori chegarasi /f=31ekanini topamiz.

Manfiy ildiziarining quyi chegarasini topaish uchun berilgan
tenglamada x ni -x bilan almashtirib, quyidagi ishlarni bajaramiz.

[--v)=2(~xf-9(-xf-60(~x)+1-0

fi-x)= 2.r3+9.v260.r-1-0

bu tenglamadan: a0=2, B2=60, k7=2 va Lagranj formulas!:

dan manfiy ildizlar quyi chegarasini R\~-6.11 bo'ladi.
2.3.2a-M apie dasturi:
2.3—teorema asosida berilgan ko phadning musbat ildiziariningyuqori
chegarasini aniglash:
> p:=2*xn3—9*xn2-60*x+1;

p:=2x3K 9x2K 60x C 1
> coeffs(p,x); 1, 2, K9, K60
> M1:=max(coeffs(p,x)); M1 =2
> B:=inin(coeffs(p,x)); B := K 60

>R:=l+(abs(B)/a0)Al; R 1=31

Ildiziarining quyi chegarasi:
> pi=2*(-x)N3-9*(-x)N2-60*(-x)+1;

p] :=K2x3K 9x2C 60xC 1

>p:=(-1)n3*pl; p 2X3C 9x2K 60x K 1
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> aO:=lcoeff(p); CO 2
> coeffs(p,x); K 1,2, 9, K 60
> Bl:=min(coeffs(p,x)); B1 := K 60

>R1 I-(abs(Bl)/aO)A(l/2); RJ ;=K 1K -/30

> evalf(RI); -6.477225575
lldizlari yotgan oraligni va ildizlami hisoblash.

2.3.2b-M aple dasturi:
lldizlari yotgan oraliq lining kengligini tanlash bilan aniglash:
> fi= 2*xA3~9.*xA2-60*x+1=0;

f:=2x3- 9.x2- 60* + 1=0
> readlib(proot);
proc(/?,r) .. end proc

lldizlari yotgan oraliglarni 1,2, 0.1,0.01 ga teng kengliklar bo'yicha

aniqglash:
> realroot(2*xA3-9*xA2—60*x+1,1);
[[0,1], [8,9], [-4, -3]]
> realroot(2*xA3-9*x A2—60*x+1,2);
[[0,2], [8, 10], [-4, -2]]
> realroot(2*xA3-9*xA2—60*x+1,1/10);

1 65 131 59 29
> 16 8 ' 16 16° 8
> realroot(2*xA3—9*xA2-60*x+1,1/100);
1 1045 523 59 471
64’ 128 128 ° 64 16 ° 128

ildizlami hisoblash:
> sols:-solve(f,x);
sols :=0.01662535946, 8.166187279, -3.682812638
>solsl 11; 0.01662535946
>sols[2]; 8.166187279
> so0is|3]; -3.682812638
berilgan tenglama-ko'phadning grsfigini qurish:
> with(plots):
> implicitplot(|ly=2*xA3—9*xA2-60*x+I |,x~10..10.
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y=~280..80,color=|blue, blue,red|,thickness=3); (2.1,3-rasm)

2.1.3-rasm.

3. Dekart qoidasi. (2.3) tengiamaning berilish tartibida
koeffitsientlari ketrna-ketligida, ularning isoralarining almashinishi
soni qgancha bo‘lsa, tengiamaning shuncha iidizlari mavjud yoki
musbat ildizlar soni isora almasinishlar sonidan juft songa kam.

4. Agar berilgan (2.3) tengiamaning barcha koeffitsientlari musbat
boisa, ildizlarining chegarasini

m< ' <M
tengsizlikka asosan aniglaymiz, bunda
w=min(ak/a k [), M~tax(ak/ny), 1<k<n

5. (2.3) tengiamaning barcha koeffitsientlari musbat boiib, ular:

a) aC> ai>...> a,, bo'lganda. barcha ildizlar bl>1 doiradan tashqgarida
yotadi;

b) al< a\<...< a,, boMganda, barcha ildizlar |.r|<| doira ichida yotadi.

6. Toq darajali aigebraik tenglama hech bo‘lmaganda bitta ildizga ega
bo‘ladi.

2.4. Tenglama iidizini hisoblash

Maqgsad:  Transtsendent tenglama ildizi yotgan oraligda iidizini
hisoblash vatarlar va urinmalar usulini o ‘rganish.

Reja:2.4.1. Vatarlar usuli.

2.4.2. Urinmalar-Nyuton usuli.

2.4.3. Birgalashgan usul.

Aytaylik, berilgan fIx)=Q tenglamadagi J{x) funksiya grafik usulda
aniqlangan [a,b] oraligda 2.1-teoremaning hamma shartlarini
ganoatlantirsin. Bundan tashgari J{x) funksiya [a,b] oraligda ikkinchi
tartibli / “(*) uzluksiz hosilaga ega bo'lib, bu hosila shu oraliqda oz

ishorasini saqlasin, yahni 2. i-teorema sharlari o'rinli boMsin.
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Bu teorema shartlarining mazmunini quyidagi shakllarda ko ‘rish
mumkin (2.2—rasm).

a)/>0,/M0 fe)/<0,/'<0 c)/<0, f >§

2.2-rasm.

Bu holatlardan birortasiga mos kelgan oraligdagi iidizni hisoblash
uchun oraligning chetlaridagi nugtalarda birida f(x)f"(x) ko ‘paytmanig
ishoralariga qarab, quyidagi vatarlar yoki urinmalar usullaiidan birini
go‘llaymiz.

2.4.1. Vatarlar usuli
Aniglangan oraligdagi ildizga vatarlar usuli bilan yaginlashish ketma-ketligini
qurishda, bu oraligning chetki nugtalaridan birida
[(*)I"(*)<0 (2.6)
shartni bajarilishiga garab, quyidagi ikki holni keltiramiz.
I)Agar [a,b] oraligning chap chetida
AaV"(a)<O0
shart bajarilsa, vatarlar usuli bilan ildizga yaginlashish ketma-ketligini
chap tomondan go‘llaymiz (2.3-rasm):
ab=a
a,= a0- (b-a0fia,,)/ (fth)-f(a,,))
........................... (2.7)
a,=a, i-(b-a,.,).4 n (J[b}-ft.anA))

2.3-rasm.
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Bu ketma-ketlik hadlarini hisoblash jarayonini |a,-<Vi|<e  shart
bajariiguncha davom ettiramiz va ildizning taqribiy giymati uchun X* a,ni
gabul qgilarniz, bu yerda s tagribiy ildiz anigligini belgilaydi.

2)Agar [a,b] oraligning o‘ng tomonida f{b)f'(b)<0 shart bajarilsa,
vatarlar usuli bilan ildizga yaginlashish ketma-krtligini o‘ng tomondan
go‘llaymiz (2.4-rasm).

hr b,

b =bn- (a- b0)J(bo)/ (f(aH (b«)I

Bu ketma-ketlik hadlarini hisoblash jarayonini |b,—bn\ |<e shart
bajariiguncha davom ettiramiz va ildizni taqribiy gqiymati uchun x*b,,
ni gabul gilarniz.

2.3—masala. ex\0x—2=0 tengiamaning £70.01 aniqlikdagi iidizini
vatar usulida taqribiy hisoblang.

-Yechish. Berilgan tengiamaning ildizi yotgan (-1,0) oraligni
grafiklar usulida aniglaymiz va oraligda f(x)=ex \ 0x—2 funksiya 2.1—
teoremaning barcha shartlarini ganoatlantirishini tekshiramiz.

xe[-1,0] kesma chetlarida: A40)=-1, [4-1)=8.368 bo“lib,
bulardan fagat AO)— 1 ni f'(x)—ex >0 ga ko'paytmasi manfiy
bo'ladi, yani =0 nuqtada (2.6) shart baiariladi:

/(0)/"(0)<0O

bundan ildizga vatar usulida yagqginlashish kctma—ketligi {b,.}

o'ngdan (2.8) jarayon bilan quyidagicha quriladi.
Berilganlar: a~A, b-0, e=0.01:
I(«) =/(_") =e- 10(-1) -2 =8.386,
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X ) =/(0)=e°-10-0-2= -1

b0= O,

bi= b0- (c- b0)J[b0O)/ (4a)-N1"0))= -0.107

yaqginlashish  sharti |6]-o!>e  bajarilmaganligi uchun b2
yaginlashishni hisoblayrniz.

bx=-0.107,

I(Z>)=1/(-0.107) = e-047-10(-0.107) - 2 =-0.038,

/ {p)=/(*0 =8386m
bz= bx- {a-bOAbLW sYABM =-0,111
\b2 bxI=1- 0.111+0.107 '=0.004<e=0.01

Demak, 0.0! aniqglikdagi taqribiy yechim uchun x*62~0.11 ni
olish mumkin.

Aniglangan oraligda tenglarna ildizini vatarlar usuli asosida yaqinla-
shishning Maple dasturini tuzamiz, bunda hisoblash'lar jarayonida ildiz giy-
matining takrorlanishiga garab ildizni aniglaymiz.

1. Birinchi (-1,0) oraligdagi ildizning giymatini hisoblash. Hisoblashni
yechim giymti takrorlanguncha davom ettiramiz.

2.4,1a-M aple dasturi:
> restart;

Izlanayotgan ildizyotgan oraligning chetlari kiritish :
> a:—1: b:=0:
Oraligning tashqarisidagi o'ng chetiga yaqin sonni tanlash :
>c:=l:
Hisoblashlar soni chapdan n va o'ngdan mlarmi tamlash :
>n:=W;7;=10; MN:=1lw:=10
Vatar usulini go'llash
> XORD:=proe(f,x) local iter;
iter:=x-(c-x)*f/(fc-f); unapply(iter,x) end;
XORD :=proc(fjb,x)
local iter,
a\ c\ Jh: iter\=x — (¢ —x)*f/(fc —/); unapply (iter,x)

end proc

> fi=exp(x)—20*x—2; f :=ex — IOx - 2
> fc:=exp(c)-10*c-2; fC Q 12
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> F:=XORD(f,x);
_____ (- x) (er—10*- 2)

F =t X B e i
e— 10—er+ 10n
Chapdan yagqginlashish
> to ndo a:=evalf(F(a)); od;
Ongdan yaginlashish
> to m do b:=evalf(F(b)); od;
a -16:=0
a:=- 0.05177674586 := - .1207478906
a = —.11581504266 := - .1095425961
a 10998031006 :=-. 1105392704
a := - .11050017756 := -.1104502746
a:=—.11045376416 —.1104582185
a 11045790716 :=-. 1104575094
a:=- .11045753736 :=- .1104575728
a .11045757036 := - .1104575671
a:=- .11045756736 := - .1104575676
a:=- .11045756756 := - .1104575676
a:=—.11045756756 ——.1104575676

> X0:=(a+b)/2; xO := —.110457567(

lldizning 0.0001 aniqlikdagi tagribiy giymati:

> x0:=evalf(%,5); x0 = —.1104£

2.1kkinchi (3.2,3.8) oraliqdagi ildizning giymatini hisoblash.
241b—Maple dasturi:

> restart;

Izlanayotgan ildizyotgan oraligning chetlari kiritish

>a:=3.2: b:=3.8:

Oraligning tashgarisidagi o'ng chetiga yaqin sonni tanlash

> ei=4:

Hisoblashlar soni chapdan n va o'ngdan m larmi tamlash :

>n:=15;m:=14; n :=15 m:=14

Vatar usulini qo'llash :

> XORD:=proc(f,x) local iver;

iter:=x-(c—x)*f/(fc-f); unapply(iter,x) end;
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XORD :=proc[f,fb,x)

local iter,

a; c; fb; iter :=x - (c - x)*f/(fc -/); unapply (iter, x)
end proc

> fi=exp(x)-t0*x-2;f:=ex — KON — 2

> fc:=exp(c)-10*c-2;fc —eq — 42

> F:=XQRD(f,x);

Chapdan yaginlashish :

> to ndo a:=evalf(F(a)); od;

Ongdan vyaginlashish :

> to m do b:=evalf(F(b)); od;

lldizga har ikki tomondan yaginlashish:

>a:=3.2; b:=3.8; to ndo

a:=evalf(F(a)); b:=evalf(F(b)):od;

a:=3.26 :=3.8

:=3.54324781 Ib :=3.680936938

:=3.6275959646 “ 3.657146243

:=3.6459661916 :=3.652200758

:=3.6498540136 :=3.651164477

:=3.650671741 6 :=3.650946973

:=3.6508435096 :=3.650901305
a-3.6508795806 -3.650891716
a-3.6508871546 -3.650889702
a-3.6508887446 :=3.650889279
a-3.6508890786 :=3.650889191
a-3.6508891486 :=3.650889172
a-3.6508891636 :=3.650889168
a :=3.6508891666 :=3.650889167
a-3.6508891676 -3.650889167

Ildizning qiymati:

> x0:=(a+b)/2; X0 :=3.65088916!

Ildizning 0.0001 aniqlikdagi taqgribiy giymati:

> x0:=evalf(%,5); XO := 3.650"

Hisoblash natijasiga qarab ildiz uchun x~3.650889167 ni olamiz.

L D DD
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2.4.2. Urinmalar - Nyuton usuli

Berilgan tengiamaning ildizi yotgan oraliqgda teorema shartlari

asosida ildizni hisoblash uchun urinmalar usulini qo‘llash shart
AX)f'(X)>0

ni oraligning gaysi chetida bajarilishiga garab ildizga yaqinlashishni
aniglaymiz.

Bundan:

J{a)f"{a) >0 bo‘lganda, boshlang'ich yaginlashishni chapdan aO=a,
aks holda o‘ngdan bO=b deb olinadi.

Urinmalar usulida chapdan ildizga yaginlashish ketma-ketligi {a,}
quyidagicha topiladi.

y=/(x) funksiya grafigining A(aJ{a)) nuqtasiga o'tkazilgan urinma
(2.5-rasm), tenglamasini tuzamiz.

Y~Aa) =f'(a)(x—a), f'{a'rt0

Urinmaning Ox o'qi bilan kesishish nuqtasi x=a, -desak, bu nuqgtada

y=0 ekanligidan
O-f(a'rf'(a)( a,-a)
ni olarniz. Budan esa
0\=a-fla)lf'(a)

formula topiladi. Bu chapdan ildizga birinchi yaqinlashish giymati

bo‘ladi.

Ildizga ikkinchi yaginlashishni topish uchun [ahb] oraligga yuqoridagi

jarayonni takrorlab,
ai=0\-Xoi)//'(ai)

formulani olamiz va hokazo, jarayonning w- takrorlanishida (»--

gadamda)
a,=a,i~/la™i)/l'(aci) (2.9)

formulaga ega bo‘lamiz. Bujarayonni ko‘p takrorlash (davom ettirish)

natijasida {an} ketma-ketlikni tuzamiz.
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Olingan {a,} ketma-ketlik 2.1-teoremaning shartlari bajarilganda
anig yechim x0 ga yaginlashadi. (2.9) jarayon | |<e  shart
bajarilguncha davom ettiriladi va taqribiy ildiz uchun x& a,, ni gabul
gilinadi.

Agar

AbYXb)>0
bo‘lsa, b0~ b deb olib,

*o=» -7 A4 0
J (bn-\)

formula asosida ildizga yaqinlashishning {b,,} ketma-ketlikni (2.6-
rasm) hisobiaymiz.

2.4-masala. ex \0x-2=0 tenglama taqribiy yechimini £-=0.01 aniqiik
biian toping.
Yechish. Grafiklar usulida aniglangan [—4,0] oraliqda fix)~<f-
10x-2 funksiya 2.1-teoremaning barcha shartlarini ganoatlantiradi.
f'(x)=e >0, xe [1,01 va/-1)=8.386>0
dan

L-1)/"(-1)>0
boigani uchun yaginlashish chapdan boMib, unda a0~ 1 deb olinadi.

I (~1)=e 1—10=-9.632 ni e’tiborga olib, birinchi yaqginlashish
axni hisobiaymiz:
ai=ao-/(ao>7(a0)=-1-./H )//'H )=-1-8.380/(-9.632) =-0.131.
Yagqinlashish shartini tekshiramiz:
1Q—a0l=1-0.131+1j=0.869>s=0.01.
Teorema sharti bajarilmaganligi uchun hisoblashni davom ettiramiz.
Ikkinchi yaginlashish a2 ni



(2=a\-AaNe (aV
formulaga asosan hisoblaymiz.
Xa,)=e"“0Q131 + 10(0.131 >-2=0.1895,
/=(oi)=e* 1B—10=-9.123
lar asosida:a2=-0.131-0.1895/(—9.123) =—0.1104.
Yana \ar- @\ =0.0214 >e bajarilmaganligi uchun a3ni hisoblamiz:
a2=-0.1104, 1a2=0.0006 , f'(a 2=- 9.1046
lar asosida:
az= a2 -Aai)/f\ald= -0.1104 - 0. 0006/(-0.1046) =- 0.1104;
yaqinlashish sharti [a3-a2<e=0.01 bajarilganligi uchun tenglamaning

e=0.01 aniglikdagi lagribiy yechimi:

X~ a3=—011
bo‘ladi. Aniglangan oraligda ildizni aniglash va Nyuton usuiida

hisoblash uchun oraligni kengroq olib, unda yotgan ildizga chpdan
yoki o‘ngdan yaginlashishni hisoblash va grafigini qurish dasturini
tuzamiz.

ur

2.42a-M aple dasturi:

> restart;
Izlanayotgan ildiz yotgan oraligning chetlari kiritish
>a:— 1 b:=0:
Oraligning tashgarisidagi o'ng chetiga yaqin sonni tanlash :
>c:=l:
Hisoblashlar soni chapdan nva o'ngdan mlarmitamlash :
> ni=4:m:=4:
Urinm alar usulini go'llash
> Ur:=proc(f,x) local iter;
iter:=x-f/diff(f,x); unapply(iter,x) end;

proc(/, x) local iter; iter :=x —//diff(f, X); unapply(iter, X) end proc

> f:=exp(x)-10*x-2; f:—ex — 10X — 2
>F:=Ur(f,x); F :=x->Xx - 10* ~ 2
exX- 10

Chapdan yagqinlashish

> to ndo a:=evalf(F(a)); od;

Ongdan yaqinlashish

> to m do b:=evalf(F(b)); od;
a=-.13125262616:= --1111111111
a = -.11047849746 .1104575885
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a ;= —.1104575675.6 ;== - . 1104575675

«:= -.1i045756756 := - .1104575675
>x0-(a+H)/2; X0 = —.110457567:

242b—M aplc dasturi:
Urinmalar (Nyuton ) usulida e—10x—2=0 tenglama iidizini aniqglash
\-ildiz: x — 1dan o ‘ngdagi:
>with(Student[Calculusl |):
NewtonsMethod(exp(x)—L0*x—2 ,x=-1); —1104575675
> NewtonsMethod(exp(x)—L0*x—2,x=-l,output=sequence);
K i, K 1312526261 , K .1104784974 , K .1104575675

2—Hdiz: x =3 dan o ngdagi:
>with(StudentjC'alculusl j):

Ne\vtonsMethod(exp(x)-10*x~2, x=3); 3.650889174
> NewtonsMethod(exp(x)—10*x—2,x=3,0output=sequence);
3.4.181341477,3.791101988,3.663011271,3.650987596, 3.650889174
> NewtonsMethod(exp(x)-10*x-2,x~3, thickness=2,

view=[-2..5,DEFAULT], output=plot); (2.7-rasm)

+ Tt.nrfitiosis of H»Eton’s M ethod Applied tri

wil.lt Initial Pciml. x —3

2.4.3. Birgatashgan usu!
Berilgan tengiamaning aniglangan [a,b] oraliqdagi iidizini hisoblashda
vatarlar va urinmalar usulini bir vagtda qo‘llash uchun, oraligning chetki a
va b nugtalarida 7/ (*)/ "(x) ko‘pgytmaning ishorasiga qarab ildizga

yaginlashish ketma-ketliklarini tuzamiz.

1. x=a nuqgtada urinmani qo ‘Hash snartiga asosan f{a)f "{a )=0
boiganda, chapdan urinmalar, o'ngdan esa vatarlar usullarini qgoilasn
mumkin:
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aiza— f(a)l .f,'Ja ),

H=b-(a-b)f(b)/(f(a)-T(bj)

2. X=6 nugtada urinmani qo‘llash shartiga asosan J{b)f "(b)=0
bo Iganda, chapdan vatarlar, o‘ngdan esa urinmalar usullarini qo'llash
mumkin (2.8-rasm.):

a, =a-(b-a)f(a )/(f(b )~f{a )) ,

bx= b - f{b )l f\b)

(2.10)

(2.11)

2.8-rasm.

Agar  b\—a\ll<\ tengsizlik bajarilsa tenglamaning =0.0001
aniqlikdagi yechimi deb t=(@\+b{)l2 olinadi. Aks holda yana [ahb\\
oraligda urinmalar va vatarlar usulini goMlab, aniq yechim t ga yanada
yaqinroq bo‘lgan a2 va bz giymatlarni hosil gilamiz.

Agar b2 a? < bo‘lsa, taqgribiy yechim deb ?=(@2+b2/2 ni oli-
nadi. Aks holda, yuqoridagi jarayon yana takrorlanadi va hokazo.

er- 10n-2=0 tenglamaning (-1,0) oraliqdagi ildizining taqribiy
giymatini £=0.0001 aniqglikda birgalashgan usulda hisoblashning
Maple dasturini tuzamiz.

24.3-M aple dasturi:
> restart;
>a:—I;b:=0:c:=l:n:=ll:m:=10:
>XORD:=proc(f,x) local iter;
iter:=x~(c~x)*f/(fc-f); unapply(iter,x) end;
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XORD :=proc(/,_/b,lc)
local iter,
a; b\ fb; iter \=x — (c —x)*f/(fc —/); unapply (iter, x)

end proc

>Ur:=proc(f,x) local iter;
iter:=x-f/diff(f,x); unapply(iter,x) end;
Ur :=proc(/,x)
local iter;
iter .-x —f/d iff(f,x); unapply (iter,x)

end proc

> f:=exp(X)-10*x-2; f\-ex— Vo X —2
> fc:=exp(c>-10*c-2;fc :-e— 12
> Fvat:=XORD (f,x);

Fvat ;=*-+* - 10* ~ 2)
e- 10- en+ 10i

> Fur:=Ur(f,x); Fur ~ -
ex— 10

1) lidizga chapdan vataralar usuiidayaqinlashish:

> to n do a:=evalf(Fvat(a)); od;
a :=-0.0517767458
a =-.1158150426
a :=-.1099803100
a :=-.1105001775
a :=-.1104537641
a =-.1104579071
a :=-.1104575373
a:=-.1104575703
a:= -.1104575673
a = -.1104575675

a--.1104575675
2) lidizga o ‘ngdan urinmalar usuiidayaqinlashish:
> tom do b:=evalf(Fur(b)); od;
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1111111111
1104575885
1104575675
1104575675
1104575675
1104575675
1104575675
1104575675
1104575675
1104575675

> x0:=(a+b)/2;n1'0 := —.11045 7567<

> x0:=evalf(%,5);x0 = —.1104(

3) lldizga chapdan vataralar va o ngdan urinmalar usulida

yaqinlashish:
>a:— |;b:=0; tor do
a:=evalf(Fvat(a)); b:=evalf(Fur(b)):od;

a:=-16:=0

a ~ - 0.05177674586 :=—.1111111111
a m11581504266 = -.1104575885
a -.10998031006 = - .1104575675
a -.11050017756 = -.1104575675
a -.11045376416 = -.1104575675
a -.11045790716 = —.1104575675
a -.11045753736 = -.1104575675
a -.11045757036 = - .1104575675
a -.11045756736 = -.1104575675

-.11045756756 = - .1104575675

2x3-9x2-60x+1=0 aigebraik tenglama iidizlari yotgan oraliglarni
aniglash va ulardagi ildizlarni hisoblash.
244-Maple dasturi:
1) iidizlariyotgan oraliglarni aniglash:
> f:= 2*xn3-9.*xn2—-60*x+I=0; f :=2x3- 9.x2- 60x + 1=0
> readHb(proot); proc(/;, r) .. end proc
> realroot(2*xA3-9*xA2-60*x+I,3);

[[0.2], [8, 1Q], [-4, -2]]
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> sols:=solve(f,x);
sols :=0.01662535946, 8.166187279, -3.682812638

2}[s, 10] oraligdaiyotgan ildizni hisoblash:
> restart;
>a:=8:b:=10:c:=Il:n:=23:in:=6:
> XORD:=proc(f,x) local iter;
iter:=x-(c-x)*f/(fc-f); unapply(iter,x) end;
XORD :=proc(/,x)

local iter,

iter \=x — (c —x)*f/(fc —/); unapply (iter,x)

end proc

>Ur:=proc(f,x) local iter;
iter:=x-f/diff(f.x); unapply(iter,x) end;
Ur :=proc(/,x)
local iter,
iter :=x - ftd iff(f,x); unapply (iter, x)

end proc

> f:=2*xA3—9*xA2-60*x+I; f ;=2 x3 - 9x2 - 60x + 1
> fc:=2*cA3-9*cA2-60*c+I; fc ;=914
> Fvat:=XORD (f,x);
Fva, - (4 -x) (2., 9,2-60x + 1l
913- 2jc3+ 9x + 601

> L'_ur::U'rﬂ',xi\; Bl =x—sx-—-2X3 9%z —00x + 1

1) lldizga chapdan vataralar usulida yaqinlashish :
>a:=s:to n do a:=evalf(Fvat(a)); od;
a :=8.098412698a :=8.138813932a :=8.155175222
a —8.161764315« ” 8.164411952a “ 8.165474867
a -8.165901427a :=8.166072587a “ 8.166141262
a :=8.166168815a :=8.166179871a -8.166184306
a :=8.166186087 a :=8.166186800 a :=8.166!87087
a :=8.166187202 a :=8.166187248 a -8.166187268
a :=8.166187276a .=8.166187277a :=8.166187278
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a :=8.166187280a ~ 8.166187280

2) lidizga o‘ngdan urinmalar usuiida yaqinlashish :
>pb:=10:to m do b:=evalf(Fur(b)); od;

b :=8.608333333
b :=8.201737828
b :=8.166446130
b :=8.166187290
b :=8.166187280
b 8166187280

>xo:=fa+b)/2; xO '= 8.1661 8728<
> x0:=evalf(%,5); XO —8.1662

OB wWNp

o ‘z-o‘zini tekshirish uchun savollar
Tenglamalarning ganday turlari bor?
lldiz yotgan oraligni ajratish.
Trantsendent tenglama ildizini ajratish gqoidasi.
Algebraik tenglama ildizlarini aniglashda Dekart qoidasi.
Algebraik tenglamaning barcha ildizlari oralig‘ini aniglash

teoremasini tushimtiring.

6.
7.

Algebraik tenglama musbat ildizlarini ajratish hagidagi teorema.
Qanday tenglamalar musbat ildizlarining chegarasini topishda

Lagranj usulini qoilaymiz?

8.
9.

Manfiy iidizlar quyi chegarasini aniglash.
Musbat koeffitsientli algebraik tenglama ildizlarining chegarasini

ganday aniqglanadi?

10.
11.
12.
13.
14.
15.
16.

17
18.
19

Tenglama ildiziga yaqginlashish sharti.

lldizga ketma-ket yaginlashish hagidagi teorema.

lldizni hisoblashda vatarlar usulini qo‘llashning asosiy sharti.

Vatarlar usuli bilan ildizga chapdan yaqinlashish sharti.

Vatarlar usuli bilan ildizga o‘ngdan yaginlashish sharti.

Vatarlar usulini go'llashda boshlang‘ich yaginlashishni tanlash.
lldizni hisoblashda urinmalar usulini go‘llashning asosiy sharti.
Urinmalar usuli bilan ildizga chapdan yaginlashish sharti.
Urinmalar usuli bilan ildizga o'ngdan yaginlashish sharti.
Urinmalar usulini qo‘llashda boshlang'ich yaginlashishni tanlash.
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2)

1

2.1-laboratoriya ishi bo'yieha
inustagqil ishlash uchun topshiriglar
Quyidagi tenglamalarning:
lidizlarning gisqa atrofini analitik yoki grafik usulda aniqglang;
Anigiangan oraliqda ildizni vatarlar va urinmalar usulida
hisoblang.

1)2* 45x-3 =0

2) 3x4- 4r’ -12jc2-5 =0
3) 0.5'+1=(x-2)2

4) (x-3)casx =lI,

(-2nr <x <2n)

1)5* +3x =0,

2)jcd- x-1 =0,

3) 0.5 +x2 = 2,

4) (jc—I1)2/A7GCh-1) = 1.
)34 -2-x=0,

2) 3x4+ 8x3+6%X2-10= 0,

3) (x~4)2log0J(x-3) =-1,

4) 5sinx = X.

1) eXx—21+1=0,

2) x4+4x3- 8x2-17 =0,
3) 0.5% - 1=(x +2)2,

4) X2c082 =-1.

1) arctg(x-1)4 2x =0,

2) 3x4+ 4x3- 12x2 +1= 0,
3) (x-2)32*=],

4) -v2 - 20sinx = O.

2.

10.
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D arctgx-1/(3.r) - 0,

2) 2x3-9x2-60x +1=0,
3) [log2(-x)](x+2) =-I,
4)sin(x +p / 3)- 0.5x =0.

1) 2ex =2 + 5%,

2) 2jk4—x2—10 =0,
3) xlog3(x +1) =1,
4) CC«(x + 0.5) =Jf3.

3 arctgx- L/(2x"j - O.
2)jea- Igjc2+6=0,

3 x2*=1,
DHgX=X+1L(— 7/2< X<k /2).

1)5* - 6x-3 =0,
2) x4- a3- 2X2 +3x —3=0,
3) 05%-2x2- 3=0,
A)x/og(x +I1) =I.

1) 2arctgx - X+ 3= 0,

2) 3x4- 8x3- 18x2+3=0,
3) 2sin(x +7/3) = 0.5x2- 1,
4) 2lgx-x/241=0



17.

21.

1)3"42n--2=0,
2) 2x4- 8x3+812- 1=0,
3) [F(x—2)2—U2*=1

4) (x —2)Cosx =1

1)3*+2x-5 =0,

2) x4- 4x3- 8x2+1=0,
3) 0.5* +x2- 3=0,

4) (x-2)2Lg(x +1)=1
)3~ ~ 4 - x =0,

2) 2x5-9x2- 6011 +1=0,

3) (x -3)2og0}(x - 2) =-1,

4) sinx =x -1.

D) ex+x+L=0,

2) 2x4- x2-1=0.

3) 0.5*-3 =(x +2)2,

4) x:cos2x =-1, (-2K <x< 2K)
N arctfg(x-1) +3x-2 =0,
2) x4-18x2+6 =0,

3) x2- 20sinx =0,

4) (x-2)22x=1.
1)2'-3ar-2 =0,

2)x4 -x3 -2x2 +3x- 3=0,

3)0.5)* + 1=(x-2)\

4)(x-3)sasx =-\,-2n <x<2n.

12.

14.

16.

20.

22.

1) 2arctgx- 3x +2 =0,

2) 2x4+8x’ +8x2- 1=0,
3) 5/'n(x-0.5)- x +0.8=0,
4) (x —hlogz2(x +2) =1

126> +3x +3x +1 =0,
2)3x4+4x3- 12x2-5 =0,
3) cos (X +0.3) =x2,

4) x/og, (X +1)=2.

1) arctgx —1/(3x 1 =0,
2) x4—x —1=0,

3) (x —1)22* =1,
4)tgXx =x- 1

1)3*-2x +5=0,

2) 3x4+8x3+6x2-10 =0,
3) 2x2-0.5* =0,

4)xlg(x +1) =I.

D 2arctgx - x +3=0,

2) x4+4x3- 8x2-17 =0,
3) 2Sin(x +5 /2) =x2- 0.8,
4) 21gx-x/2 +1 =0.

D arctgx +2x -1 =0,

2) 3x4+4x3- 12x2+ 1=0,
3)(x +2)/0g2(x) =1,

4) s/w(x +1) =0.5x.



23.

1) 3* +2x-3 =0,
2) 3x4- 813-18x2+2 =0,

24.

D 2ex-2x -3 =0,
2) 3x4+4x3-12x2-5 =0,

3) (0.5)* =4-x2, 3) xlogz2 (x +1) =I,

4) (x +2)2Z.g(x +U) =L. 4) cos(x +0.5)= x3
25. 1) 3*+2+x=0, 26.

2) 2xJ) - 9x2- 60x +1=0,

Darctg (V- 1) +2x-3=0

2 )x4& -1=0,

3) (je-1)22r =1,

4) Nr=x-1, (-nl2<x<nl2).

3) (x - 4):logos (X - 3) =-1,
4) 5Sinx =x - 0.5.

27. D) 2ex—2x—3=o, 28. 1) 3A- 2x - 5=0,

2) 2x4- x2-10 =0, 2) 3x4+8x3+6x2-10 =0,
3) (0.5)' -3 =—(x +1)2, 3) 2x2-0 5X- 3=0,

4) xZoN2x = 1 A x/gx+H=1

1 31+5x-2=Q,
2) 3x4+4x3-12x2+1=0,

29. 1 arctg[x- 1) +2x=0, 30.

2) x4-18x2+6 =0,
3) (Xx-2)2=0.5X+1],
4)(X +3)6LUX =1, —2)K<X<2K.

3) (x - 2)22X=1,
4)x2-10sinx =0.

2.5. Chizigsiz tenglamalar sistemasini yechish
2.5.1. Nyuton usuli
1.Chizigsiz ikki noma’lumli tenglamalardan tuzilgan

\F{x,y)
|G(x;/) =0
sistema berilgan bo‘lsin.

Bu sistemaning yechimiari yotgan oraliglarni anigiashda grafik usuldan

foydalanamiz.
F(x,y)-10 va G(x.y)--0 funksiyalar graflklari kesishgan nuqtani o‘z ichiga
oluvchi kesmani tagriban aniglaymiz:

D ={a<x<b, c<x<d}
Bu kesmada yechimga mos keluvchi nuqgtaga iloji boricha yaqir.
bo‘lgan (xQ yO nugtani tanlaymiz. Bu x=x0,y~yo giymatlardan foydalanib



£70.001 aniglikda hisoblash algoritmini tuzamiz.
«=1,2,3,... lar uchun berilgan sistemadagi funksiya va ularnirig xususiy
hosilalarini hisoblab sistema yechimini topamiz:

G =G (x , ax=G"(xMy._,), g,=fffy(W IM );
?)J-F,,G'.-C/,F'y. 4rFff, -CF, Aj-f,G-G'F;
3) —x, +40'1" yn — Ay,
4) |, - I<E£, If, - S\VH|<e.
bo‘lsa, tagribiy yechimni: x~ x,,, xK vy, deb olamiz.
2.5.-masala. Ushbu

j F(X,y) =sin(2x->) ~1.2x -0.4
lg(x,_v) =0.8x2+1.5y 2-1

chizigsiz tenglamalar sisternasining yechimini Nyuton usuli bilan 0.1
aniglikda toping.
Yechish. Yechim yotgan kesniani (2.8-rasm)

£>={04<jc <0.5, -8.76<y <-0.73}
deb olsa bo‘ladi (bunga ishonch hosil gilishni o‘quvchining o'ziga
havola gilarniz). U holda, boshlang‘ich yaginlashishni: x0=0.4, jy0=0.75
deb olsak bo‘ladi.

2.8-rasm.
Xususiy hosilalami topamiz:
F'>x=2cos(2x-y)-1.2, G>=leX,
F'v=-cos(2x-.y), Gy=3%
boshlang‘ich yaqginlashish x0=0.4, y0O- —0.75 dagi funksiya va
hosilalarning qiymatlari:
F=F(0.4H).75)=0.1198 ,



F'x=FX0.4, -0.75)~1.1584, F'y=F'(0.4, --0.75) =-0.0208,
G=G(0.4,-0.75)=-0.0282,
G\ =G'40.4,-0.75) =0.64 , G\ -G'y(0.4, -0.75)= -2.25,
/=2.6197, [i=0.2701 , A 1=0.044,
X]=X0+ A, |/./=0.5 ,y\~yQ+h.2U =-0.733.
|Xi-x0=0.1=0. 1, [yi- y0=0.02<0.1.
Aniqglik sharti bajarilmagani uchun, birinchi yaginlashish giymatlari
X)=0.5, ji=-0.733 asosan ikkinchi yaginlashishni hisoblavmiz.
F=-0.0131, F'x=0.8, F'y—1}.4502
G=0.059, G'x= -2.191, G'\¥=0.125UK3.2199, A= -0.0293 ,
A2=0.0749
X2=X|+ Al/1=0.491, v2=\\+ A= —-0.710
p2-x1=0.009<0.1, L2>>i|=0.023<0. 1
bo'lganidan, yechimni quyidagicha olamiz:
X~ 0.5,y~-0.71
Chizigsiz tenglamalar sistemasini Maple dasturida sohalardagi
yechimlami topish va sistemaning tenglamalari funksiyalarning grafigini
qurish (2.5.1-masala).
2.5.1-M a p le dasturi
> f:=sin(2*x-y)-1.2*x=0.4: g:=0.8*xA2+1.5*yA2=|:
D{-2<x<-1, -1<y< 1} sohalardagi yechim:
> fsolve({f,g},{x=—=2..-l,y— 1..1});
{x — 1.09059392\y = - . 1797849074
2){H<x <0.7, —I<>’< 1} sohalardagi yechim:
> fsolve({f,g},{x=—..-0.7,y—2..2});
{x= —.941.5815625jV = 0.440256992"
3){—0.5<x<0, -\<y <\}sohalardagi yechim:
> fsolve({f,g},{x=-0.5..0,y=-2..2});
{x = - .4390572805" = -.750902995"
4){0<x<2, —<y< 1} sohalardagi yechim:
> fsolve({f,g},{x=0..2,y=~2..2});
{x =0.491237950"= - .733461301 $
Sistemaning tenglamalari funksiyalarning grafigini qurish:
>with(plots):
> smplicitplot([0.8*xA2+1.5*yA2=1,sin(2*X—y)-1.2*x=0.4|, x=-
2.2,y ~2..2, color=| blue,greenj, thickness=2, legend=|[plott,plot2j);(2.9-
rasm)



plotl — plot!

2.9-rasrn.

2. Endi Nyuton usulini n ta noma’lumli n ta chizigsiz tenglamalar
sistemasini yechish uchun qo‘!laymiz.
Buning uchun quyidagi chizigsiz tenglamalar sistemasini olamiz.
'f{(xvx2,...,xn) =0,
<f2(x%xx2,...,xn) =0, (2.13)

fn(xvx2,...,xn) = 0.

Bu sistemasini yechimini topish uchun ketma-ket yaqinlashish
(iteratsiya) usulidan foydalanamiz. Bu ketma-ketlikni yechimga p—
yaginlashishini quyidagicha yozamiz:

XpEH) = xE)~W-I(x(E)f(x~) (2.14)

bu formuiada:

X,ip\ .. xn¥) M-boshlang‘ich yoki />-yaqinla—-
shishini bildiradi;

—W \X'p (2.13) sistemaning chap tamonidagi funksiyalarning har bir
argumenti bo‘yicha olingan I—tartibli xususiy hosilalarning X'p) p-
yaqginlashish giymati bo‘yicha topilgan sor/lardan tuzilgan quyidagi
Yakobiyan matritsa



N M

o] nxz

of2 df'2 5/2
W= 3.X] 5x 2
dfh dfh

dx2 a*,,

ga teskari matritsa;

— fixf¥ (2.13) sistemaning chap tamonidagi funksiyalarning xp>dagi
giymatilaridan tuzilgan matritsa.
(2.14) ketma-ketlikni yechimga yaginlashishining asosiy sharti:

2.6—masala. Quyidagi chizigsiz tenglamalar sistemasi yechimining
musbat gimatlarir.i Nyuton usulida toping.

X~ + y2 +72 - j
«2%2 +y2 47 - )
3*2 -4y +z2 =0

Sistemasi yechimining boshlang‘ich gimatlarini xo-yn=2Zcr0.5 bo'lsin.
Yechish.

1 Sistemaning yechimga 1-yaginlashishining gimatlarini topamiz.
f(x,y,z)=x2+y2+z2 —1 +z7

e /2(*,y,2)=2Xx2 +V2 - 4r XX)= 2x2 +.y2 - 4z

f3{x,y,z) =3x2 -4y +2z2 3x2 -4y +22
v y
boshlang‘ich yaqginlashish gimatlari x0=y(": z<-05 asosida
"0.25+0.25+0.25-1" -0.75N
Nn*Q)= 2 0.25+0.25-4-05 - -1-25
/3 0.25-4 05+0.25 ,-100,

Yakobi W matritsasini tuzamiz:



g 5l
dz

X dy
m 2Xx 2y 2zn
W= *2. A q ax 2y -4
z
X dy , BX -4 22
dx y dz. J
boshlang‘ich yaqginlashish gimatlari asosida Yakobiyan matritsasi:
1 1 n
WXQ)= 1-4
-4 1
1 1 1
det("(xQ))= IR 1-4  -40
B -4 1
W(xm) matrisaga teskari matrisani topamiz:
1 -15 -5 -5' '3/8 1/8 8"
40 -14 -2 0 = 720 1/20 -3/20

1 7 4 11740 -7/40  1/40y
Ketma-ket yaqinlashish formulasiga asosan 1-yaqinlashishining

qgimatlarini topamiz:

05 /3/8 /8 78  -0.25
05 - 7/20 1/20 -3/20 -1.25
,0-5, \11/40 -7/40 i/40 -100

'0.5' ' 0.375 '0.875'

05 + 0 = 0500

bS] -0125 0-ars,

1. Endi sistemaning yechimga 2-yaqinlashishining qimatlarini topamiz.
foge X *y7 At
X~+v -4z
3N -4y +2°

69



\ "0.875'
-yaqginlashish qgimatlari x()=y = 0500  asosida, quyidagilarni

1, 0375
hisoblaymiz:

"0.8752+0.52+0.3752-1 ' '0.15625"
2 0.8752+0.52-4-0.3752 = 0-28125

43-0.8752-4-0.52+0.3752/  0-43750,
Yakobi ff'matritsasini tuzamiz:

(2x 2y 2rv

W= 4x 2y -4
6X -4 2r
2 0875 2-05 2-0375' 'l1e75 1 075N
WXO>= 4 0875 2-05 -4 = 35 1 -4
3 0875 -4 2.0375 525 -4 075,
175 I 0.75
det(PF(x~) 35 1 -4
525 4 0.75

1 f-1525 -375 -4.75

*
rv.o>=- 64~75 j-23.625 -2.625 9625
in-1925 1225 -1.75

Ketma—ket vyaqinlashish formulasiga asosan 2—yaginlashishining
gimatlarini topamiz:

X@=x( - T Ux(DAx@)=

0.875n '-15.25 -3.75 4.75 n"N0.15625
0.500 6475 -23.625 -2.625 9625 0-28125
0375 " 1925 1225 175  0-43750

0875 (0.08519N "0.7898T
0500 - 0.00338 = 0.49662
0375y 000507, \0.36993,
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0.789811
0.49662
0.36993

r ; 2-yaginlashishining gimatlarini sistemaga qo‘yib tekshiaramiz.
"0.00001 n
N*@)= omoo004
~0=00005,
bu giymatlar nolga yaginligidan yechimning giymatlari 2-yaqin'ashish
bo‘yicha quyidagicha olinadi:
x=0.7852, 7=0.49662, -=0.36992.
252-Maple dasturi:
Chizigsiz tenglamalar sistemasini yechish(4.2-masala).
1)> restart;with(Student| MultivariateCalculusl):
1 — yaqinlashish
> Digits:= 5;
Digits :=5
>W:=Jacobian(|xA2+yA2+zA2 -1, 2*xA2+yA2—4*z, 3*XA2—
4*y+zA2],Ix.y.z]);
2X 2y 2z
W= 4x 2y -4
6X -4 2z
>WO0:=Jaeobian([xA2+yA2+zA2—, 2*xA2+yA2—4*z, 3*XA2-
4*y+zA2|,|x,y.z|="10.5,0.5,0.5j);
r 1.0 1.0 10
WO:= 20 10 -4
30 -4 10

> Jacobian(|xA2+yA2+zA2 -1, 2*xXA2+yA2—4*z, 3*XA2—
4*y+zA2],|xw,z!=|0.5,0.5,0.5|,output=determinant);
—40.001
> FO:=<xA2+yA2+2zA2—1, 2*XA2+yA2--4*7, 3*XA2-4*y+2zA2>;

X2+ /+ z2 1
FO= 2 X2 +y2 - 4z

5x 4y + 22



0.37500 0.12500 0.12500
>WT:=WOA(): evalm(VVT);  .35000 0.050000 -.15000

0.27500 - .17500 0.025000
> x:=0.5:y:=0.5:2:=0.5:
-.25
>F0; -1.25
- 1.00
0.5
>X0:=<0.5,0.5,05>; XO = 05

0.5

0.87500000000000000C
>X:=XO-WOA( 1).FO; X:= 0.500000000000000000
0.37500000000000000(

2 —yagqinlashish

>x:=X[ll;y:=X]2];z:=X[3); FO;WO:=W; WOA(-1);
X :=0.8750000000000000C
y :=0.5000000000000000C
z  0.3750000000000000C

0.87500000000000000(
>X0:=X; XO = 0.50000000000000000(
0.37500000000000000C
0.1562
>FO; 02812
0.43752
1.7500 1.0000 0.75000
>WO0:=W; WO = 3.5000 1.0000 -4
5.2500 -4  0.75000

2



> W OA(-
1);
0.235520000000000008 0.0579150000000000012 0.0733589999999999937

0.364860000000000018 0.0405410000000000008 -.148650000000000004
0.297300000000000008 -.189189999999999996 0.0270269999999999989

0.78983000000000003C
X:=X0-WOA(-1).FO: X\= 0.49664599999999997*
0.3699370000000000U
3 —yagqinlashish
> x:=X| 1;y:=X]2];z:=X(31;
=0.78983000000000003
=0.4966459999999999'
=0.36993700000000001
0.78983000000000003C
>X0:=X; XO \= 0.49664599999999997*
0.36993700000000001
0.0074
>FO;  0.0146
0.02176

1.5797 0.99330 0.73988
>wWO:=w; WO := 31593 0.99330 -4

147390 -4  0.73988

>W 0A(- 1);
0.262747533691878587 0.0635899656878950310 0.0810377595334823009

0.366510781085204574 0.0402338691041529001 - .148995134741727792
0.298538360511171440 -.189783979805269536 0.0270064315887930950
> X:=XO-WOA(-1).FQ;
I 0.785193800000000054
X:= 0.496588599999999992
0.369910950000000011
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0.37500 0.12500 0.12500
>WT:= WOA(-1): evalm(VVT);  0.35000 0.050000 -.15000

0.27500 - .17500 0.025000
>x:=0.5:y:=0.5:2:=0.5:
-.25
>"0; -1.25
- 100
0.5
> X0:=<0.5,0.5,0.5>; XO := 0.5

0.5

0.8 7500000000000000C
>X:=X0-WOA(—1).FO; X:=  0.50000000000000000C
0.37500000000000000C

2 — yagqginlashish

>x:=X[l];y:=X[2];z:=X(3]; FO;WO0:=W; WOA(-1);
X :=0.875000G000000000C
y :=0.5000000000000000C
z0.3750000000000000C

0.87500000000000000C
>X0:=X; X0 = 0.50000000000000000C
0.37500000000000000C
0.1562
>FO0: 2812
0.43752
1.7500 1.0000 0.75000
>WO0:=W; WO := 3.5000 1.0000 -4
52500 -4 0.75000
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> W OA(-
);
0.235520000000000008 0.0579150000000000012 0.0733589999999999937
0.364860000000000018 0.0405410000000000008 - <148650000000000004
0.297300000000000008 - . 189189999999999996 0.0270269999999999989
0.78983000000000003C
>X:=X0-WOA(-1).FO: X = 0.49664599999999997"
0.3699370000000000i A

3 —yaqinlashish
>x:=X|1];y:=X]2];z:=X(3];
X =0.78983000000000003
y =0.49664599999999997
=0.36993700000000001

0.78983000000000003C
>X0:=X; XO 0.49664599999999997/
0.36993700000000001
0.0074
>FO;  0.0146
0.02176
1.5797 0.99330 0.73988
>WO:=w; WO := 3.1593 0.99330 -4

147390 -4 0.73988
> W 0A(- 1);
0.262747533691878587 0.0635899656878950310 0.0810377595334823009

0.366510781085204574 0.0402338691041529001 - «148995134741727792
0.298538360511171440 -.189783979805269536 0.0270064315887930950
> X:=X0~WOA(-1).FQ;
I 0.78519380000000005™
X:= 0.496588599999999992
0.36991095000000001A

73



2)Chizigsiz tenglamalar sistemasining yuqgorida topilgan yechimini
to g ridan-to g ri hisoblash:

>solve([xA2+yA2+zA2=I ,2*x A2+yA2-4*z=0,3*xA2-4*y+
zA2=0},|X,y,z]);

x =Rootoft _Z2K 4RootOfK 23C 36 Z2C4 Z4C24 Z
C 16_Z3)K
RootOfK 23C 36_7Z2C 4 Z*C 24 ZC 16 Z3)2C WU
, y=R00tOfK 23C 36_Z2C 4_Z4C 24 Z

C 16.73),z= |

RootOfK 23C 36 Z2C 4 7z*C 24 ZC 16_Z3L2K a

C RootOfK 23C 36_72C 4 Z*C 24 ZC 16 23)

> evalf(%,5); (7 - 0.49664, n, = 0.78520, z- 0.36992}

chizigsiz tenglamalar sistemasidagi s/era va paraboloidlarining
kesishishini aniglash grafigini qurish:

>with(plots):

implieitplot3d(|xA2+yA2+zA2=I, 2*xA2+yA2-4*z=0, 3*xA2-
4*y+zA2=0|, x— 2..2,y— 2..2,z— 2..2,

color=[blue,green,yellow)); (2.10--rasm)

2.10—rasm.

2.5.2. Ketma-ket yaqinlashish (iteratsiya) usuli
1 Chizigsiz tengiarnalardan tuzilgan
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\F{x,y) =0

(2.16)
Y (x,y)=0
sistema berilgan boisin.
Bu sistema yechimini o‘z ichiga oluvchi sohani topamiz:
D-{a<x<b,c<x<d)
(2.16) ga tengkuchli bo'lgan quyidagi sistemani tuzamiz:
(2.17)

Teorema. D sohada

\)(P\{X.y), (Fh(x,y) funksiyalar aniglangan va uzluksiz xususiy
hosilalarga ega;

2) boshlangich (M0 j>0 nugta D sohaga tegishli;

dx ax cty (fy

tengsizliklar o‘rinli bo‘lsa, u holda

X Frep™ X \ny”y)

y a=e(Xn-ijn-i), («k=1,2,3, ...) (2.18)

formulalar yordamida tuzilgan {(x,;y.)} nuqtalar ketma-ketligining
barcha hadlari D sohada yotadi va u (2.17) sistema-ning yechimi bo‘lgan
(”,ri) nugtaga yaginlashadi.

2.7-masala. Chizigsiz tenglamalar sistemasi yechimini

(2.19)

=0.01 aniqglikda ketma-ket yaqinlashish (iteratsiya) usulida topamiz.
Yechish. 1) Sistema funksiyalarining grafiklarining bitta kesishgan
nugtasi (2.11-rasm) bo‘lib, bu sistema yechimini o‘z ichiga olgan sohani
quyidagicha tanlaymiz:
£s~0 x 03,-22 vy -1.8}

2.11-rasm.
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Berilgan (2.19) sistemaga iteratsiya usulini qo‘llash qulay bo‘lishi
uchun, un quyidagich ko‘rinishga keltiramiz:
1
X (X ,y) =-cosy +0.3,
y =@E2x,y) =sin(x - 0.6) -1.6.

fimksiyalar uchun teoremaning yaginlashish shartlarini tekshiramiz:

=0, M =_sinCy)/3, A¢>-2__ cos(x - 0.6), d<PZ=0_
8X dy 8x dy

D sohada

AT oos(x - 0.6)] <cos(0.3) =0.2935 m

dx  dx
de( - Apr <_sin(—18
dy dy B

yaginlashish shartlarini bajarilishini ko‘ramiz.
Demak, boshlang'ich giymatlarni x0=0.15.yo =-2 deb gabul qilib,

\Xx,,=L ) =cosn,_,)/3+03,
\Yn=P:z (xm-\>¥-\)= sin(x”",-0.6)-1.6, n=1,2,3,...

ketma-ketlik bilan yechimga yaqinlashish giymatlarini topish mumkin.
x0=0.15, yo- 2

X!=0.1616, y\~2.035

Xx2=0.1508, ==2="20245

x3=0.1538, y3=-2.0342

PB-x2|- 0,003 <s; \y3—y21=0,0097 <s

Demak, =0.01 anialik bilan tagribiy yechim deb quyidagilami olamiz:
X 0.15> . -2.03.

Maple dasturida 2.7-masaiani yechish va tenglamalar sistemasidagi

funksiyalarning grafigini qurish.
253-Maple dastu ri:
>with(plots):
> solve({sin(x-0.6)-y=1.6,—o0s(y)+3*x=0.9},|x,y|);

[[x =0.1510571926 ,y= K 2034013345 ]]

> implicitplot(|sin(x~0.6)-y=1.6,-cos(y)+3*x=0.9],
x=-4..4,y=-4..4,color=|blue,red), thickness=2, legend=|plotl,p'ot2]);
(2.1 la-rasm)
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_4-

plotS plotz

2.1 la-rasm.
0 ‘z-0‘zini tekshirish uchun savoilar

1 Chizigsiz tenglamalar sistemasini Nyuton usulida yechishda xatolik.

2. Chizigsiz tenglamalar sistemasini Nyuton usulida yechishda
yaginlashish sharti.

3. Chizigsiz tenglamalar sistemasida iteratsiya qurish.

4. Nyuton usulini chizigli sistema boigan hoi uchun go‘llash mum-
kinmi?

2.2-laboratoriya ishi bo‘yicha
mustagil ishlash uchun topshirigiar
Quyidagi chizigsiz tenglamalar sistemasining
1 lldiziarining gisga atrofini - grafik usulda aniglang.
2.Aniglangari kesmada yechimni Nyuton usuli yordamida hisoblang.

Y 10.6x2+2y2=3, 2 Ix2+y2=I, 3 Ix2+2y2=l,
|x2-Q.8v =0. [j 2—0.5x =0. [0.6x2+ j =0.
4 f0.7x2+2y2=1 5 (x2 +y2 =2. 6jo0.8x2+27"2 =1
|x2+_y=0. -Inx =0 [ tgy =x2
N 0.9x2+2702-1 ~j x2+y2=I A \x~ +05y =1
| y2—x2=1 [2y + 0.5.x2 =0 | y —2x



IX*+y2=3 [x2+0.2/=3 ,2 *r+/=1

'[ xy=0.8 [ y2=x3 Ix“—0.%y2=1
Ix2-/=1 |6x2+0.3y2=8 15] x2+ /=1
[x2+3y2=6 [ 3x +y2=3 [0.5x2+2y2=1
16 1 x2+3~2=6 r x2+ /=3 I8 10.5x2 + 3"~ =3
Ty =3x "{0.5x2+ 2 /=1 'j Y =0.3x
19.1 ~ =1 20 . P+~ 2=12 1 .F +/=1
|o.8x2+2y2=1 [ y =5~ { y=2"
22 |X2+y2=1,x>0,y>0 23 fx2+y2=l,
sinx +y) - 1,6x =0 jecos(x +y) - 12x=02
x2+2y2=1,

" jfg(xy +0.1) =x2
25 |09x2+2y2=1, 2? [0,9x2+2y2=3
tgxy =X2 \ sin(xy) = X2

[0.9x2+2y2=2,
" Icos{xy) =x2
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3—+LABORATORIYA ISHI

Interpolyatsiyalash forniulalari
Maple dasturining buyruglari:
with(CurveFitting)—egrichiziglarni moslashtirish am allarini
chaqirish;

Polynomialfnterpolation(|2,3,4.5j,|]0.6,1.09,1.3,1.6]|,
x,form=Lagrange )—advallarga mos Lagranj inierpolyatsiya ko 'phadini
topish.

Polynomiallnterpo'ation([2,3,4,5],[0.6,1.09,1.3,1.6], x,form=Newton
mjadvallarga mos Nyuton interpolyatsiya ko phadini topish.

Magsad: Tajriba natijalarida topilgan giymatlaming o‘zgaruvchilari
orasidagi bogianishni Lagranj interpolyatsiya ko‘phadi yordamida topishni
o‘rganish.

Rtja:

3.1. Interpolyatsiya masalasini qo‘yilishi.

3.2. Lagranjning interpolyatsiya ko‘phadini topish.

3.3. Nyuton interpolyatsiya ko'phadini topish.

3.1. interpolyatsiya masalasini qo‘yilishi

Agar y=fIx) funksiya [a,b] kesmaning xk h=0,1,2,.., n nuqtalarda

N xK=Yk qiymatlarga ega bo‘lsa, quyidagi jadvalni tuzish mumkin:
x x0 X\ x2 xn
y Yo Yyl bl

Bu jadvalni asosida berigan funksiyani ko'phadini quyidagi ko'rinishda
Pn(x) —a™x =+ aix + ct2x 2+..+ cin\X+ (3.1)

topish uchun quyidagicha shart go'yamiz: jadvalning har bir xk
A=0,1,2,...,«) nugtasida
Pn(xk d cK=x (3.2)
munosabat urinla bo‘lsin. Bunday rnasala interpolyatsiyalash deyiladi.
Topilgan ko‘phadini interpolyatsiya ko‘phadi deyiladi. Topilgan
interpolyatsiya ko‘phadi asosida biror 2k n +] oraligga tegishli x ning
tagribiy giymatini topish masalasini ham yechamiz.
ikkinchi tartibli
P 2(X)=aoX2+ ax+ a2 (3.3)
bu ko'phadining koeffitsentlarini
PAxtirylft=0,1,2 (3.4)
shart saosida topish masalasini qo'yamiz.
Hagigatan ham x=xQ, x=xu x=x2 larda (3.4) shart va (3.3) ko'phad
asosida quyidagi sistemani tuzamiz:



aoxo + aJl +a2=yo

aoxj2+ a/xj +az2 = yx

aX2 + aX2+al~y2
Bu sistemadagi koeffitsentlari dan tuzilgan detenninant

Yo Yq 1
A= =(X, - XC)(X2- x0)(x3- x0) * 0
X2 x21

bo‘lganda a(, a\, a2 noma’lumlarni topish mumkin. Lekin (3.1)
yugori tartibli ko*‘phadilarni topishda tuziladigan sistemalarni yechish
giyinlashadi. Bu masalani yechish uchun jadval asosida ko‘phadni to-
pishda Lagranj ko‘phadidan foydalanamiz.

3.2. Lagranjning interpolyatsiya ko‘phadini topish
Yuqoridagi jadval asosida topiladigan ko‘phadini quyidagicha
tanlaymiz:
Pn(*) =<0(x~*i)(X ~X2) (X~X3)-(X~X,) +
+a,(X-X0)(X-X2)(Xx-x3)...(x-x,) +
+... +a,(X-xDY(Xx-x2)(Xx-%x3)...(x-x,_1I)

(3.6)

bunda n=2 uchun ikkinchi darajali ko‘phadini topamiz:
P2 (x) =ao0 (X —X,) (X —x2) +ax(x —x0) (x —x,) +az2 (x —x0) (x —x() (3-7)
Bu aQ a], a2 koeffitsentlarini topish uchun (3.4) shartga asosan:
P?2(x0)=Yo0. Pr(x\Y~Yb Pi(x2)=y2
Bo ‘lganda. xQ xh x2 lami (3.7) ga ketma-ket qo ‘yib quyidagi
sistemani topamiz:
a(i(xa~xi) (XfFx2~yo
ai(xi-x0 (x}x2)=yl
aqx2x0 (xz-xi)=y2
bundan: a0 =y</(xG%i) (x0~x2),
a, =y\Vxr >0 (x,-x32,
a2 =y2/(X2X0)(X2X,).
Endi bu topilgan aQ ah a2 larni (3,7) ga qo‘yib izlanayotgan
Lagranjning 2-darajali interpolyatsiya ko‘phadini yozamiz:
(X=X, )(x —x2
(X0- x,)(x0- x2 (x, - x0)(x, - x2) m(x2-X0)(X2-X,)
Shuningdek n=3 bo‘lganda:

P2(x) =Yo



Yy (X=-XOX=-X"NXX- x) oo (X=x0)(x - x2)(x x3 ,
M (X) = YyO-——mm oo e +YI17

( x0 X,)(x0 X2)(X0 X3 (X. XO)(X XJX "l x3)
(X = XagXx - X, XX - X,) . (x Xqu-XXx x2)

(Xx2—Xg)(x2—X, )(x2—x3) (x3—Xqu3—X )(x3—x2)
Bu ko‘phadlardan ko‘ramizki ko‘phadning darajasi jadvalda berilgan
giymatlar sonidan bitta karn bo‘lar ekan.

Demak, Lagranj interpolyatsiya ko‘phadini umumiy holda quyidagicha
yozamiz:

n (X—Xj) (3.8)
p(x== s yjn , ¥
J = _XJ)
Lagranj interpolyatsiya ko‘phadi yordamida y=}x) funksiyaning
giymatini [1,/)] kesmada quyidagicha baholanadi:
1 i S+ (E) r r a1
\Rn(x)\ <] Xy  |(*-*oK*-* ] . a<%<h ’
3.1-masala. Quyidagi, y”Inx funksiya asosida tuzilgan
X 2 3 4 5
Vv 06931 1.0986 1.3863 1.6094

Jadvaldan foydalanib Lagranj interpolyatsiya ko‘phadini toping va bu
ko‘phadilar yordamida In 3.5 ni hisoblang.

Yechish.
L3(x)= ' 4NX— 5; 0.6981 + (/+'2)(N1- 4 1.0986
(2-3)(2-4)(1-5 i g );‘Q ;
+ (X MXx-3)(x-5) j 3865 + (JT--2XX-3KX-4) ~6094 =
(4-2)(4-3)4-5) (5-2) (5-3)(5-4)
=0.0089x3-0.1387x2+0.9305x-0.6841
Hosil bo‘lgan ko‘phadga asosan
In3,5* 1(3,5) =0.0089 =«(3.5)' - 0.1387 «(3,5)2+0.9805 %3.5) -0.684 =
- 0.31-1.701 +3.2567 - 0.6841 = 1.25145
bo*ladi.
Topilgan interpolyatsiya polinomining giymatini baholaymiz.
Polinom darajasi n=3 bo‘lganligi uchun (3.9) formulaga asosan:

/<"'m)(.,- A, /~">(3.5)— A =-0.03998334028
X 4 (3.5)



1 % (3.5~ 2)(3.5- 3)(3.5--4)(3.5-5)

0.5625 =0.0055 i 2409046
(3.5) 4

Hagigtan ham hatolik 0.005512409046 dan katta bolmaydi:
/«(3.5b [13,5)=1.252762968-1.251450000=0.004312968

Lagranj interpolyatsiya ko‘phadini aniglash va grafigini qurish hamda
uining r=3.5 bo'lgandagi qgiymatni hisoblashning Maple dasturini
tuzamiz.

3.1 - Maple dasturi

Jadvalga asosan ko phadni topish:
1)> with(CurveFitting):
> Polynomiallnterpolation(]2,3,4,5], j0.6931,1.0986,1.3865,1,6094],
X, form=Lagrange);
-0.1155166667 (x —3) (.v- 4) (*- 5) + 0.5493000000 (,v-2) (.t-4) (jr—5)
- 06932500000 (x —2) (*- 3) (x—5) + 0.2682333333 (x —2) (X —3) (4-4)

>evalf(%,3);
-0.116 (x —3.) (.v-4.) (x—5.) + 0549 (x—2.) (x—4.) (n- 5.) -0.693 (x - 2.) (x

-3.) (x-5.) +0268 (x —2) (x—3.) (x —4.)

2)> with(CurveFitting):

> Polynomiallnterpolation(] |2,0.6931 |,j3,1.0986],
|4,1.3865],]5,1.6094] 1,x);

0.008766666667 x3 - 0.1377000000 x1 + 0.9274333334 x - 0.681 100000

>p:=evalf(%,3); p :=0.00877,v3 — 0.138n:2 + 0.927x — 0.681

> x:=3.4:p:=p; p 1.2202160}

To'g ridan-to g 'rijadvalga asosan ko phadning x=3.5 dagi giym atini
hisoblash:

>p:=Polynomiallnterpoiation(]2,3,4,5],|0.6971,
1.0986,1.3863,1.6094],3.5,form=Lagrange);

p = 1.253600001

Jadvalga asosan topilgan ko phadni grafigini qurish

>with(stats):witb(plots):

> plot(]p,|]2,0.6931],[3,1.0986],|4,1.3863|, [5,1.6094]]], x=-1..6,~
1..2,style=|iine,point], color=[blue,red],symbol=B0OX, symbolsize=30,
thickhess=3);
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3.3. Nyuton interpolyatsiya ko‘phadini topish
IVlagsad: Tajriba natijalarida topilgan qiymatlaming o‘zgaruvchilari
orasidagi bog‘lanishni Nyuton interpolyatsiya ko'phadi yordamida topishni
o‘rganish.
Reja:
3.2.1. Chskli ayirmalar masalasini qo‘yilishi.
3.2.2. Nyuton interpolyatsiya ko‘phadini topish.

3.3.1. Chekli ayirmalar masalasini qo‘yiiishi
Berilgan jadvaldagi /=0,1,2,....« nuqtalarbir xil h uzoglikda
bo'lsa, ularga mosy,~/(xg /=0,1,2,....n lar asosida quyidagi ayirmalami
tuzamiz:
Y\~Y<rAx\Y-xo)
YT-Y\=Ax2)~Ax\)

YH ¥\ Axn) AxNI)
Bu ayirmalarni birinchi tartibli chekli ayirmalar deb ataladi. Ikkinch,

uchinchi va undan vyuqori tartibli chekli ayirmalarni quyidagich
topamiz:
Itartibli—tartibli
AYo=>'1-> A YYo= fyr- AYo
&Yr=Y2-YAY1= AYT- A\

AYk=n+1-Y\  A2Yk= Ayk+l- AYK

KYN-1=Y,-Yni1 A2s,_1= Ayn- A)Vi
3 - tartibli: N130=A%i- A%0, AYy]= A2 A%b ..
p - tartibli:Ap/*= AM y*+i-A'Y,*, k=\2,...,N
Bu topilgan ayirmalarni quyidagi jadvaiga joylashtiramiz:
Yy A_y_ AL )K aV AEy 1

t3¢]



o
/73(3.5)] r:? 5)(3.5_2)(3.5_3)(3.5~4)(3.5_5)

6 05625 0.005512409046
(3.5) 4

Hagigtan ham hatolik 0.005512409046 dan katta boMmaydi:
/«(3.5b LI3,5)=1.252762968-1.251450000-0.004312968

Lagranj interpolyatsiya ko‘phadini aniglash va grafigini qurish hamda
uining x=35 boigandagi giymatni hisoblashning Maple dasturini

tuzamiz.
31 - Maple dasturi

Jadvalga asosan ko phadni topish:
1)> with(CurveFitting):
> Polynomial Interpolation(]2,3,4,5|, 10.6931,1.0986,1.3865,1.6094 j,
X, form=Lagrange ):
-0.1155166667 (n-3) (v—4) (*—5) + 05493000000 (x-2) (*-4) (x-5)
-0.6932500000 (x-2) (n- 3) (x-5) +0.2682333333 (x-2) (x-3) (x-4)

>evalf(%,3);
-0.116 (x-3.) (x-4.) (x—5.) + 0549 (x- 2.) (x- 4.) (x—5.) -0.693 (x- 2.) (x

-3) (x-5)+0268 (x-2) (x- 3.) (x-4)

2)> with(CurveFitting):

> Polynomiallnterpolation(]|2,0.69311,[3,1.0986],
|14,1.3865i,(5,1.6094||,x);

0.008766666667 /M3 - 0.1377000000 X2 + 0.9274333334 x - 0.681100000

> p:=evalf(%,3); p :=0.00877.r3 - 0.13Sjc2 + 0.927* - 0.681

>x:=3.4:p:=p; p :- ]1.22021605

To'g ridan—to g rijadvalga asosan ko 'phadning x=3.5 dagi giymatini
hisoblash:

> p:=Polynomiallnterpolation([2,3,4,5],|0.6971,
1.0986,1.3863,1.609413.5,form=Lagrange);

p = 1.253600001

Jadvalga asosan topilgan kophadni grafigini qurish

>with(stats):witb(plots):

> plot(|p,[[2,0.6931!,[3,1.0986],|4,1.3863], 15,1.6094]||, x=-1..6,-
1..2,style=[line,point|, color=|blue,red |,symbol=BOX, symbolSize=30,
thickness=3);



3.1-rasm.

3.3. Nyuton interpolyatsiya ko‘phadini topish
Magsad: Tajriba natijalarida topilgan giymatlaming o‘zgaruvchilari
orasidagi bog‘lanishni Nyuton interpolyatsiya ko‘phadi yordamida topishni
o‘rganish.
Reja:
3.2.1. Chekli ayirmalar masalasini qo'yilishi.
3.2.2. Nyuton interpolyatsiya ko‘phadini topish.

3.3.1. Chekli ayirmalar masalasini qo‘yilishi
Berilgan jadvaldagi x, /=0,1,2,...» nuqtalarbir xil h uzoglikda
boisa, ularga mos yr=fx\) //0,1,2,...,n lar asosida quyidagi ayirmalami
tuzamiz:
Y\~Ya=Ax\)-Ax0)
Yr-Y\=.Ax2Y-Ax\)

y Yrb-\=Axn)~Axr-0
Bu ayirmalami birinchi tartibli chekli ayirmalar deb ataladi. Ikkinch,
uchinchi va undan vyuqori tartibli chekli ayirmalami quyidagich
topamiz:
I—tartibli—tartibli
4Y¥o=Yi-JoAVo= AVi- Ajo
&Y2=Yr-JiA Ai=Ayr- AVi

OYKA+E Y\ A>k=Aykdt Ayk

AYN-E jv i A2V-i=A y,- A>vi
3 - tartibli: A30=AZ%i- A3Q A3i= A%2 A3b ..
p - tartibli:Apy*= ANy™M+i- A'VK,  12,.«
Bu mnijlgari ayirmalami quyidagi jadvalga joylashtiramiz:



Xo n AyO % 50 A30 AdO AS0

Xt=Xo+h Y1 Ay, na. A3y, ady,
XZ=xo+2 h Y2  Ay2 A2  Aly2
X3=Xo+3/r Y3 A VB a2s

X4=Xo+4// v4 Ay4

X5=Xot5/7 5

3.3.2. Nyuton interpolyatsiyalash formulas!

1. Berilgan jadvalda mos yrA xd> i=0,,2,..,n larga mos
/=0,1,2,....n nuqtalar bir xil k uzoglikda bo‘lganda, bu giymatiar
bog'lanishini ifodalovchi interpolyatsiya ko‘phadini quyidagicha
topamiz.

Bu ko‘phadini quyidagi ko'rinishda izlaymiz:

pn(x)=A + A (*-*0) + Ai (x - *,)+A}(x-x0)(x -x,)(x-xi)+ (13.1)
+.. +AN(X -X,,) (X =X,)(X=X?)... (X =-7;.,)

bu yerdagi Ahr-1,2,.n koeffitsentlarm topish uchun jadvaldagi mos
X va y laming qiymatlarini izlanayotgan ko‘phadiga go'yamiz.

x=x0da: yo=A0O\

Ao =Yo

X=X, da:y,~ AO+Ai(X,-x0= Ao+A fi=yo +A,h,

N=Yo HAIA; A,=(y,-y0Q /h,

4 -Y\-Yo .. Avo

1 V.h  ~ 1\h
x=x2 da: y2 =Ao+At(x2-x())+A2 (Xx2-x0 (x2-xi)
Yr ~-Av+A2N+A2 2h h
Agva Aj larning giymatlarini hisobga olib,
Yr ~Yo+&Y 2h/h+A2 2h2,
A2 2h2=y 2 -y<=2\y=hyxhyr™ y (I,

A =*2Y0
21 h2
Demak, ketma-ket koeftitsentlarni topish formulasi:
AO=Yo, AX= )
1 Nh
A A2Yo A n - A™o

2=21F’ 3 3/

X,



Topilgan koeffitsentlar asosida izlanayotgan interpolyatsiya ko‘phadini
quyidagicha topamiz:

Px)y=Yo+~ (*« wo)+ (X-x0) (X - X ,)+ (x=%)(* - 0,)(X - aj)+.... ~"132m

Bu Nyutonning birinchi interpolyatsiya ko phadideyiladi.

2. Nyutonning birinchi interpolyatsiya ko‘phadida quyidagicha
almashtirish qilamiz:

X -Xn

X-X, _X-(x0+h) _x-x0_"™ t_|j

h h h
X-%x2 _ x-(x0+2h) _ x-x0 .
2 - 1-2
h h h
va hakazo
X —xk  t—Kk
~ h n
Bu almashtirishlami  hisobga olib (13.2) fomriulani quyidagicha
yozamiz:
. A>'o a2vo a” vo , (13 3)
i»n (ac) = An (o0 + Ar) = >0 or Or(f-1)+...+— ~-1X'-2)...[»-(n-1)]

Bu Nyutoning 2 -interpolyatsiya ko'phadi deyiladi.

X 2 3 4 5
y 0.6931 1.0986 1.3863 1.6094

jadvaldan foydalanib Nyuton interpolyatsiya ko‘phadi'arini toping va
by ko‘phadilar yordamida In 3.5 ni hisoblang.
Nyutonning interpolyatsiya ko'phadini  tuzish

uchun  chekli
ayrimalarning jadvalini tuzamiz:

ny Ay aV A>

2 0,6931 0.1055 -0.1178 0.053
2

3 1.0986 0.2877 -0.0646

4 1.3863 0.2231

5 16094



(13.2) formulaga asosan , «=3, h=\ bo'lgada:

(X=x0)(X=X)(x -x2 =

[\(*) =0 +Ar‘; (x-*,.) +~/~.I~ﬁr(x ~ X0 )<X- X,) +5\n

=06941 +0.4055(x - 2) - - — ~(x = 2)(jo~ ) +——  (x-2)(x-3)(o-4) =

o 1178 o0 0537
=-0.6841-0.930X% 5" (x-2){x-3)+— . (x-2)(x-3)(ar-4) =

=-0.6841-0.930 x - 0.1387jcj + 0.0089.x3

Bu ko‘phadidan foydalanib In3,5~/43.5)=1.2552 ekanligini hisoblab
topamiz.

Nyuton interpolyatsiya ko‘phadini aniglash va grafigini qurish hamda
uiningx=3.5 bo‘lgandagi qgiymati hisoblashning Maple dasturini
tuzamiz.

3.2 - Maple dasturi

Nyuton interpolyatsiya ko phadini topish:

> restart; with(CurveFitting):

> Polynorniailnterpolation(]2,3,4,5],
|0.6931,1.0986,1.3865,1.6094],x,form=Ncwton );

((0.008766666667 n - 0.09386666667) (x - 3) + 0.4055) (jc- 2) + 0.6931

> p:=evalf(%,3);

p := ((0.00877.x: - 0.0939) (ic - 3.) + 0.406) (jc - 2.) + 0.693

> p:=simplify(p);

p — 0.008770000000 x’ - 0.1377500000 x2 + 0.9281200000 x - 0.6824000000

>p:=evalf(%,4); p :=0.008770x3 - 0.1378.x2 + 0.9281.x - 0.6824

>#x:=3.5:P|3.5|:=p; ~3 5 := 1.25391375(

Nyuton interpolyatsiya ko'phadining grafigini qurish:

>with(stats):with(plots):

> piot(|p,||2,0.6931],j3.1.0986|,14,1.3863], |5,1.6094]]], x=-1..6,-
1..2,style=]line,point],color =]blue,red],
thickness=3,symbo!=BOX,symbolsize=30);



3.2-rasm.

O ‘z-0zini tekshirish uchun savollar

1 Interpolyatsiya masalasini kuyilish moxivatini tushintiring.

2. Lagranj interpolyatsiyalash ko‘phadini tanlash qoidasi va ur.ing
ahamiyati.

3. Qanday xollarda Lagranj interpolyatsiyalash ko‘phadini qo‘llash
mumkin.

4. lkkinchi va uchunchi tartibli Lagranj ko‘phadini yozing.

5. Chekii ayirmalar.

6. Nyuton interpolyatsiyalash ko‘phadini tanlash qoidasi va uning
ahamiyati.

7. Chekli ayirmalar asosida Nyuton interpolyatsiyalash ko‘phadining
koeffitsentlarini topish.

8. lkkinchi va uchunchi tartibli Nyuton ko'phadini yozing.

9. Lagranj va Nyuton interpolyatsiyalash ko‘phadini tanlash
goidalarining farqi

10. Sonli differentsiyalashda Nyuton interpolyatsiyalash formulasidan
foydalanish.

3-laboratoriva ishi bo‘yicha
niastaqil ishlash uchun topshiriglar

Quyidagi jadval uchun:

1) Lagranj interpolyatsiya ko‘phsdini toping(l-jadval bo'yicha);

2) Nyuton interpolyatsiya ko'phadini toping(2-jadval bo'yicha).

Jadvalda berilgan (x,y,) nugtalar yordamida x giymatlari teng uzoglikda
bo‘lmagan l—adval uchun Lagranj, x giymatlari teng uzoglikda bo‘lgan 2—
jadval uchun Nyuton interpolyatsion ko'phadini tuzing.
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I-jadval

2-jadva!

Jadvall

Jadval 2

Jadvall

Jadval2

Jadval 1X
Y

Jadval2 X
Y

Jadvall X
Y

Jadval2 X
Y

Jadvall X
Y
Jadval2 X
Y

Jadval 1X
Y
Jadval 2 X

< X < X

< X < X

0,43

1,63597

|
0,702

0,02

2

0,35

2,739

3

0,526

041
2,574
4
0,616

0,68
0,808
5
0,896

011
9,054
6
0,314

1,375
5041
1

10231

0,102

Variant 1
0.55
1,8768

13
0,645

0,48
1,7323

0,62
2,0334

7
0,512

19
0,736

Variant 2
0,12
1,14725
14
0,125

0.08

1,0959

8
ro,114

0,17

20

Variant 3
0,47
1,968
15
0,482

0,41
2,300
9
0,453

21

Variant 4
0,52 0,60
2,093 1.862
16 22
0,665 0,537

0,46
2,325
10

0, 478

28

Variant 5
0,80 0,88
1,029 1,209
17
0,774

0,73
0,894
n
0,812

23

Variant 6
0,21
4,691
18
0,332

0,15
6,616
12
0,235

0,29
3,351
24
0,275

Variant 7
1,385
5,320
13

1,380
5177
7

1,390
5,470
19

1,2148

0,203

0.51

1,787

0,552

0,65
1,749

0,93
1,340

0,955

0,70
2,2284

25
0,608

0,23
1,3012
26
0,154

0,56
1,595
27
0,436

0,72
1,620

0,673

29
0,715

0,35
2,739
30
0,186

1,395
5,629
25

0,99
1523

0,75
2,35973

0,30
1.4097

0,64
1,345

0,40
2,365

1,400
5,797



cC 2

"jadval 1 X
Y

‘jadval 2 X

n

Jadvall X
Y

Jadval2 X
Y

Jadvall X
Y

Jadval2 X
Y

Jadval 1 X
Y
Jadval 2 X
Y

Jadval 1 X
Y
Jadval2 X

Y

JadvallX
Y

Jadval2 X
Y

1,3832

0,115
8.657
2
0,1264

0,150
6,616
3
0,1521

0,180
5,615
4
0,183
8

0,210
4,831
5
0,2121

1,415
0,888
6
1,4179

0,33
1,63597
1

0,702

L3926 7 1,3862 1,3934 1.3866
Variant 8
0,120 0,125 0,130 0,135 0,140
8,293 7,958 7,648 7,362 7,096
8 14 20 16
0,1315 0,1232 0,1334 0,1285
Variant 9
0,155 0.160 0,165 0,170 0,175
6,399 6.196 6,005 5,825 5,655
9 15 21 27
0,1611 0,1662 0,1542 0,1625
Variant 10
0,185 0.190 0,195 0,200 0,205
5,466 5,326 5,193 5,066 4,946
10 16 22 28
0,187 0,194 0,197 0,203
5 4 6 8
Variant 1!
0,215 0,220 0,225 0,230 0,235
4,722 4,618 4,519 4,424 4,333
n 17 23 29
0,2165 0,2232 0,2263 0,2244
Variant 12
1,420 1,425 0,430 0,435 0,440
0.889 0,890 0,891 0,892 0,893
12 18 24 30
1,4258 1,4396 1,4236 1,4315
Variant 13
0,38 0,45 0,52 0,60 0,65
1,73234 1,87686 2,03345 2,22846 2,35973
5 9 14 18
0,512 0,645 0,736 0,608



Jadvall X
Y
Jadval2 X
Y

JadvallX
Y
Jadval2 X
Y

Jadva! 1X
Y
Jadval 2 X |
Y

Jadvall X
Y
Jadval 2 X
Y

Jadvall X
Y
Jadval 2 X
Y

Jadval 1X
Y
Jadval 2 X
Y

Variant 14

0,03 0,09 0,13 0,18 0,24
1,02316 1,0959 1,14725 1,21483 1,3012
2 6 10 14 18
0,102 0,114 0,125 0,203 0,154

Variant 15
0,25 031 0,37 041 0,46 0,54
2,739 2,300 1,968 1,787 1,595 1,345
3 6 9 12 15
0526 0453 0482 0552 0436
Variant 16
0,21 0,26 0,32 0,40 0,45 0,52
2,574 2,325 2,093 1,862 1,749 1,62
4 7 10 13 16
0,616 0,478 0665 0537 0,673
Variant 17
0.38 0,43 0,50 0,58 0,63 0,69
0,808 0.894-1 1,029 1,209 1,340 1523
5 1 17 23 29
0896 0,812 0,774 0,955 1 0,715
Variant 18
0,31 035 1 041 0,49 0,55 0,60
9054 6,616 4691 3351 2,739 2,365
6 7 8 9 10
0314 0235 0332 0275 0,186
Variant 19
1,175 1,180 1,185 1,190 1,195
5041 5177 5,320 5,470 5,629
1 6 10 14 18
1,3832 1,3926 1,3862 1,3934 1,3866

0,31
1,4097 1

1,200
5,797



Jadvall X
Y

"jadval2 X
Y

Jadvall X
Y
Jadval2 X
Y

Jadvall X
Y
Jadval2 X
Y

Jadval! X
Y
Jadval2 X
Y

Jadvall X
Y
Jadval2 X
Y

Jadvall X
Y
Jadval2 X
Y

0,215
8,657
2
0,1264

0,250
6,616
J
0,1521

0,280
5,615
4
0,1838

0,310
4,831
5
0,2121

1,315
0,888
6
1,4179

0,315
8,657
2
0,1264

Variant 20

0,220 0,225
8,293 7,958
7 12
0,1315 0,1232

Variant 21
0,255 0,260
6,399 6,196

9 15
0,1611 0,1662

Variant 22
0,285 0,290
5,466 5,326

10 16
0,1875 0,1944

Variant 23
0,315 0,320
4,722 4,618

1 17
0,2165 0,2232

Variant 24
1,320 1,325
0,889 0,890

12 18
1,4258 1,4396

Variant 25
0,320 0,325
8,293 7,958

4 6
0,1315 0,1232

0,230
7,648
17
0,1334

0,265
6,005
21
0,1542

0,295
5,193
22
0,1976

0,325
4,519
23
0,2263

0,330

0,891
24

1,4236

0,330
7,648

0,1334

0,235
7,362
22
0,1285

0,270
5,825
27
0,1625

0,300
5,066
28
0,2038

0,330
4,424
29
0,2244

0,335
0,892
30
1,4315

0,335

7,362
10

0,1285

0,240
7,096

0,275
5,655

0,305
4,946

0,335
4,333

0,340
0.893

0,340
7,096



Jadvall
Y

Jadval2
Y

Jadval 1
Y

Jadval 2
Y

Jadvall
Y

Jadval2
Y

Jadval 1
Y

Jadval2
Y

Jadval!
Y

Jadval 2
Y

X

0,450
6,616

0,1521

0,580

5,615

0,1838

0,410

4,831

0,2121

0,315

0,888

1,4179

2,315

0,888

1,4179

Variant 26

0,455 0,460
6,399 6,196
7 1
0,1611 0,1662

Variant 27
0,585 0,590
5,466 5,326

9 14
0,1875 0,1944

Variant 28
0,415 0,420
4,722 4,618

10 17
0,2165 0,2232

Variant 29
0,320 0,325
0,889 0,890

1 16
1,4258 1,4396

Variant 30
2,320 2,325
0,889 0,890

7 1
1,4258 1,4396

0,465
6,005
15
0,1542

0,595
5,193

0,1976

0,425
4,519
24
0,2263

0,330
0.891
21
1,4236

2,330
0,89i

1,4236

0,470

5,825
19

0,1625

0,600
5,066
24
0,2038

0,430
4,424
31
0,2244

0,335
0.892
26
1,4315

2,335
0,892
19
1,4315

0,475
5.,655

0,605
4,946

0,435
4,333

0,340
0.893

2,340
0,893



4-LABORATORIYA ISHI

Kichik kvadratlar usuli
Tajriba natijalarinsng chiziqgii va paraboiik
bog‘laninshini aniqglash.

Mapie dasturining buvrugqlari:
with(stats)—statistika paketidagi amallarni chagirish;
Vector([0.5,1.15,2,2.5,3],datatype=float)—qiym atlarni vektorini

aqglash;
add(X|k],k=1.n)- giymatlar yig'indisini topish;
Fit(a+b*t,X,Y,t)—qgiymatlar asosida ko'rsatilgan tenglarnani aniglash
funksiyasi;
fit[leastsquare[[x,y],y=a*x+b]](]|0.5,1,1.5,2,2.5,3],|6,5,3.7, 2.6,1.6,
0.6]])- kichik kvadratlar usuli asosida ko rsatilgan qiymatlar orasidagi
chizigli bog'lanish tenglarnani aniglash funksiyasi;
fit]leastsq(iare||x,y],y=a*xA2+b*x+c||(]j0.5,1,1.5,2,
2.5,3],16,5,3.7,2.6,1.6,0.61])]])- kichik kvadratlar usuli asosida
ko rsatilgan giymatlar orasidagiparaboiik bog'lanish tenglarnani aniglash
funksiyasi;
with(CurveFitting):Interactive([[0.5,6],[I,5],[1.5,3.7],]|2,2.6],]2.5,1.6j,
13,0.6]],t)- ko 'rsatilgan nugqtalar orasidagi bog fanishning grafigini Tutor
muloqgat oynasida qurish.
Magsad: Kichik kvadratlar usuiida tajriba natijalarida topilgan
giymatlar orasidagi chizigli va paraboiik bog‘laninshini aniglash.
Reja:
4.). Kichik kvadratlar usuli
4.2. To‘g‘ri chizigli bog‘laninsh tenglamasini aniglash.
4.3. Ikkinchi darajali bog‘laninsh tenglamasini topish.
4.4. Chizigsiz bog‘laninsh tenglamasini topish.

4.1. Kichik kvadratlar usuli
Aytaylik tajriba natijalari quyidagi jadval asosida berilgan bo‘Isin.
X\ *2 X3 X,
Y [V I Yn

Bu ikki o'zgaruvchilar orasidagi bog'lanish formulasini kichik
kvadratlar usuli bilan analinik usulda aniglash masalasini yechamiz. Buning
uchun bog‘laninshni ifodalovchi funksiyalar turini tanlaymiz.

Masalan:
1) chiziqli bog'laninsh: y*ax+b
2) paraboiik bog*laninsh: y=ax2+bx+c
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Bu bog‘lanishlarni aniglashda ulaming koeffitsentlarini aniglash asosiy
masala hisoblanadi. Umumiylik uchun izlanayotgan funksiyani
y=Xx,a.b,c)
ko‘rinishda izlaymiz. Bu bog‘lanishning a,b,c koeffitsentlarini aniglash
uchun berilgan jadval asocida
J%,.a,b,c)~yt, /=1,2,...m
shartni yozamiz. Bu izlanayotgan funksiya giymatlari bilan jadvaldagi
yilar orasidagi farg minimum yoki yetarlicha kichik bo‘lish shartini topish
uchun quyidagi funksianalni tuzamiz:
n 2
F(a,b,c) =~ [yi- f(xna,b,c)\ ,/=12,...,n
bl
Bu ko‘p o‘zgaruvchili F(a,b,c) funksianing minimummi topish uchun
quyidagi zaruriy sharttan foydalanamiz.

k*+ ab,c)1=0
a,b,c =0
Ka,b,c =0
ya’ni
£ [Y/ - fa(xi,a,b,c) =o,

£ [j7- f(xi,a,b,c) o b(xi,a,b,c) =0,

nr i I 1 .
£ \yt-f(xi,a,b,c"))-fc(xi,a,b,c) =0.

Ushbu sistemeni yechish bilan a,b,c lami topamiz va jadvalni
ifodalovchi bog*‘lanish funktsiasini topamiz.

4.2. To‘g‘ri chizigi bog‘laninsh tenlamasini aniglash
Chizigli bog‘lanishy(x,,a,b)=aXj+b, uchun/',=x, f'h=1 bo‘lganda, (*)
zaruriy shatga asosan quyidagi tenglamalar sistemasiga ega bo‘lamiz:

]1T[.y, - aX, - 6] =x, =0,
J el
Xb, - ax,-b\ 1=0.
=
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Z>; p+fz*,

Z Xfla+nb=2y>

Bu sistemani a,b larga nisbatan yecharriiz:
nb Xy'- b X'b y* .6:5_1*‘

z*. «z*.4z%*.

4.1-masala. Tajriba natijasida topilgan quyidagicha oichov

natijalarining bog'lanishini aniglang.

X 05 10 15 2.0
y 6.0 5.0 37 2.6

Masalada berilgan 3.1- jadval asosida yugoridagi
usuli bilan chizigli bogianishni aniglash uchun
foydalanamiz:

1)bundagi yig ‘indilami hisobiaymiz: n=6

6
Z X =05+1+15+2+25+3=105
A
6
=0.52+12+1.52+22+2.52+32=22.75
A
6
=6+5+3.7+26+16+0.6 =195
A
6

£*)>, =05-6+1-5+15-3.7+2-2.6 +25-1.6+3

7=1

2) a va £ larni hisobiaymiz:

3.1-jadval
25 3.0
16 0.6

kichik kvadratlar
(**) formuladan

-0.6 =24.55

6-24.55-10.5 195 147.3-204.75 _-57.45

=TT E S =222 =-2.18857
6-22.75 —10.5) 136.5-110.25 26.25
B 19.5-22.75-10.5-24.55 443.625-257.775 185.85 % 08
s e—————————— . — f—————= - -— - = ———— = .
6-22.75-(10.5) 136.5-110.25 26.25

Y)y=ax+b bog‘lanishni yozamiz:
y=—2.18857 nr+7.08.
Chizigli bog ‘lanishni aniglovchi dasturlarini tuzamiz:
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4.1a-M aple dasturi:
y =a+bx chizigli bogianishni aniglash.
1 Bog‘lanishni aniglash.
a) To'g ri chizigi bog icminshni yugorida ko 'rsatilgan qoida asosida:
>restart; with(stats):
> X:=Vector((0.5,1,1.5,2,2.5,3|,datatype=float):
>Y:=Vector(]s,5,3.7,2.6,1.6,0.6|,datatype=noat):
>n:=6:
>SX:=add(X|k]|,k=I..n); SX :=10.50000001
>SY:=add(Y|k]|,k=I..n); SY :=19.5000000(
> SXX:=add(X|k|A2,k=I..n); SA X:=22.75000001
>SXY:=add(X[k].Y[k],k=Il..n); SXY :=24.5500000!
>ab:=solve(]a*SX+n*b=SY,a*SXX+b*SX=SXY|,{a,b});
ab :={a =-2.1885714296 = 7.08000000(}
>y:=ab| 1|*x+ab|z2j;
y :=xa + b =-2.188571429* + 7.080000001

b) To g Ti chizigi bog faninshni Fit funksiyasi asosida:
>with(Statistics):
> X := Vector(]0.5,1,1.5,2,2.5,3|, datatype=float):

Y :=Vector(]s,5,3.7,2.6,1.6,0.6|, daiatype=float):
> Fit(a+b*t, X, Y, t);

7.08000000000000274 K 2.18857142857142950 t

>evalf(Fit(a+b*t~,F,1),5); 7.0800— 2.1886/

¢) nuqgtalardan o ‘tuvchi chizigni kichik kvadratlar usulida topish:

>fit|ieastsquare|[x,y|]|([]0.5, 1, 1.5, 2, 2.5,3], |6,5, 3.7, 2.6, 1.6. 0.6L));
y = 7.080000000- 2.188571429v

2. Bog‘lanishni grafigini qurish.

>with(stats):with(plots):

> rz2 :=rhs(fit|leastsquarej[x,j’],y=a*x+b {a,b}l]
(]10.5,1.0,1.5,2.0,2.5,3.0],|6.0,5.0,3.7,2.6,16, 0.6] j»;

r2 = -2.188571429.x: + 7.080000001

> with(stats):with(plots):

>plot([r2,]]0.5,6],[1,5|,]1.5,3.7],|2,2.61, |2.5,1.6],|3,0.6]|,x=-1..4,-
1..8,style=|line,point|, thickness=3,red|,symbol=BOX,symbolsize=30,
color=|blue);
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4.1-rasm.
3. BogManishning grafigini Tutor mulogat oynasida qurish(4.2—asm).

41b-M apie dasturi:
>with(CurveFitting):
Interactive([[0.5,6],] 1,5],] 1.5,3.7],[2,2.6],|2.5,1.6], [3,0.6]],1);

V«rt=>4K«Ng

4.2-rasm.

4.3. ikkinchi darajali(parabolik)
bog‘lanish tenglamasini topish
Parabolik bog‘laninsh  f(x,a,b,c)=ax?+bx,+c uchun f'a~x2 f'b=x
f'c- 1boMganda, (*) zaruriy shartga asosan quyidagi tenglamalar sistemasiga
ega bolarniz:

[y, - ax2- bx, - c\x,2= o0,

"
)|<'|ty' - ax,2- hx, - c]x, =0,
X LV, - -c] «1=0.
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Bu sistemani quyidagicha yozamiz
'>__-=EW
J(ZVW (SV > +£>,>-2>. <)

[(X *<'V +(S x* +nc=X Y'
va uni biror usul bilan yechib a,b,c larni topamiz.
3.1-jadval asosida y-ax1+bx+c paraboiik bog‘lanishni aniglash uchun
(***) formuladagi yig‘indilarni hisobiab, quyidagi sistemani topamiz:
142.187a +55.125b + 22.75¢c = 40.625
= 55.125a +22.15b +10.5¢c - 24.55
22.75a+10.5b +6¢ =19.5

Bu sistemani yechib, a=0.0857, 6=-2.288, c=7.28 larni topamiz va
paraboiik bogianishni yozamiz:

y=0.0857x2-2.288x+7.28.
y=ax2+bx+c paraboiik bogianishni aniglash dasturini tuzamiz:
l)Bogianishni aniglash.

42a--M aple dasturi:
a) paraboiik bog faninshni yuqorida ko rsatilgan qoida asosida:
> restart; with{stats):
> X:= Vector(]0.5«1.0,.5,2,2.5,3|):

Y:= Vector([6,5,3.7,2.6,1.6,0.6]):
>ni=6:
>SX:=add(Xjkj,k=1..n); SJT - 105
>SX2:=add(X|k|]A2,k=l..n); SX2 -22.75
> SX3:-=add(X|k]A3,k=l..n); SX3 :=55.12f
>SX4:=add(X|kjA4,k=1,.n); SX4 :=142,187?
>SY:=add(Y|k],k=I..n); 5¥-19.5
>SYX2—add(Y[k].X]|kjA2,k=I..n); SYX2 :=40.62f
>SYX:=add(X[K].Y jk|,k=I..n); SYX :=24.55
>abc:=solve([a*SX4 + b*SX3 +c*SX2=SYX2,
a*SX3 + b*SX2 +c*SX=SYX,
a*SX2 +b*SX +c*n=SY|,{a,b,c});

abc —{a =0.0857142857)6 — -2.488571429c = 7.280000000
>y:=abc]|l |*xA2+abc|2|*x+abc]|3];

y =X2a + X b + ¢ =0.0857142857 b2 - 2.488571429.x
+ 7.280000000



b) To'g ri chiziqi bog ‘laninshn.i Fit funksiyasi asosida:
> with(Statistics):

> X:=Vector([0.5,1,1.5,2,2.5,3|,datatype=floaf):

Y := Vector([6,5,3.7,2.6,1.6,0.6],datatype=float):
Fit(a+b*t+c*tA2, X, Y, t);

7.28000000000000380K 2.48857142857143244/
C 0.0857142857142865594/2

¢) miqgtalardan o ‘tuvchi chizigni kichik kvadratiar usulida topish:

> restart; with(stats):

> fit|leastsquare|[x,yj,y=a*xA2+b*x+c|l(|{0.5,1,1.5, 2. 2.5,3],
[6,5,3.7,2.6,1.6,0.6L1);

y =0.0857142857k2 - 2.488571429.V + 7.28000000*
2)Bog‘lanishni grafigini qurish(4.3-rasm).
42b-M aple dasturi:
> with(stats):with(plots):
> r3:=rhs(fit[leastsquare|[jcwl,y=a*xA2+b*x+c||
(110.5,1.0,1.5,2.0,2.5,3.0],|6.0,5.0,3.7,2.6,1.6,0.6))));

r3 :=0.08571428571x2K 2.488571429x C 7.28000000C

>plot(Ir3,10.5,6],11,51,11.5,3.71,12,2.6],

[2.5,1.6],]3,0.6]||.x=0..28,~12..10, thickness-3, style
=lline,pointj,color=|blue,redl, symbol=BOX, symbolsize=30); (4.3—
rasm)

4.1-masala bo‘yicha bog‘lanishlarning yaqginlashishini aniglash
uchun ularning grafiklarini bitta koordinatalar sistemasida quramiz
(4.4-rasm).

43M aple dasturi:
m=> restart;

> with(stats):vvith(plots):with(CurveFitting):

> r2 :=rhs(fit(leastsquare]|x,y|, y=a*x+b.{a,b}||
(110.5,1.0,1.5,2.0,2.5,3.0],|6.0,5.0,3.7,2.6,1.6, 0.6[)));

r2 :=-2.188571429x + 7.080000001

> r3:=rhs(fit|leastsquare[lx,y|, }=a*xA2+b*x+cj|(

110.5,2.0,1.5,2.0,2.540],[6.0,5.0,3.7,2.6,1.6, 0.6]]));

r3 :=0.0857142857ix2 - 2.488571429* + 7.28000000<
> r4:=rhs(fit] leastsquare[[x,y], y=a*xA3+b*xA2+c*x+d] ](]10.5, 1.0,
15,2.0,2.5,3,01,]16.0,5.0,3.7,2.6,1.6, 0.6]]));

r4 :=0.08888888889r3 - 0.380952.38 Hie2 - 1.784126984c + 7.
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> plot(!r2,r3.r4.j]0.5, 6],[1,5],[1.5,3.7],[2,2.6], [2.5, 1.6],13,0.6] || x=-
6..30,—6..8,style-] line,line, line,
point],color=|blue,red,green ],thickness=3, symbol=BGX,symbolsize=20,
view=!~6..30,-15..10 1),

(4.4-rasm).

4.4. Chizigsiz bog‘laninsh tenglamasini topish
Tajriba natijasida topilgan .r va y o‘zgaruvchilar orasida bogManish
quyidagi jadval ko'rinishida berilgan bo'lsin.

3.2-jadval
X 1 2 3 4 5 6 7 8

y 12.2 6.8 52 4.6 3.9 3.7 35 32

3.2-jadval uchun quyidagi bog‘lanishlarning parametr (koeffitent)larini
aniglovchi formulaiarni topamiz.

y =a +— giperbolik bog'lanishrii a,h parametrlarini kichik kvdratlar
X

usuli asosida aniglovchi quyidagi sistemani yozamiz:

1
cm +-6]F ~ - X
i X, i=]
n n 1 n
=1 N1 i=1 N1 bl 1
Giperbolik boglanishni a,b parametrlarini aniglash va bog*lanishning
grafigini qurishning Maple dasturini tuzamiz (3.2-jadval uchun).
44--M apie dasturi:
1) Bog'lanishni aniglash.
> with(Statistics):
> X:= Vectorfl 1,2,3, 4,5,6,7,8]):
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Y:= Vector(| 12.2,6.8,5.2,4.6,3.9,3.7,3.5,3.2|):
> Fit(a+b/t, X, Y, t);

10.1601752307910242
t

1.93576189703930290C

2) Bog 'lanishni grafigini qurish.

> with(plots):

> r4:=rhs(fit|leastsquarej|A',jl.y; a+b/xjl(]j 1.2,3,4,
5,6,7,8},i12.2,6.8, 5.2, 4.6,3.9,3.7, 3.5, 3.2||));

r4 :=1.935761897C 1 2 Wl W

>plot(|r4,]|[1,12],]2,6.8],|3,5.21,[4,4.6],]5,3.9j,
|6,3.7b17,3.51,]8,3.2|H,x=«..8,3..16,symbol=BOX,
symbols!ze=30,style=[line,point |,color=| blue,red |, thickness=2);

4.4-rasm.
Quyidagi 3.3-jadvalda ko‘rsatilgan bog‘lanishlarning parametriarini
anigiash uchun kichik kvadratlar usuli asosida tuzilgan sistemalami
beramiz.

Kichik kvadratlar usuiida bogManish

T/r Bog'lanlsh_ koeffitsentlarini aniglovchi
tenglamasi . .
tenglamalar sistemasi
1 = § an+bix-lLyma, Ix+ blx =£(xy)
2 igy=a+bx an+blic=lIlgym, a*x"bljc2=ljxIgy)
3 y=a+blgx an+bllgx=Lly, ciLlgx mbL(Ilgx)2=1.(ylgx)
4 lgy=a+blgx an+ULlgx=ly, I/gx+bl{/gx) =S(lgxlgyj
5 y=abxyoki an+b2.lgx=Z.lgy
lgy=Iga+blgx lgdLigx+IgbLx2=L(Igxlgy)
6 y=a+bx+cx an+bl.x+clLxz=Lv
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alx+bLx"+cljc3=2j(xy)

alx 2+ bIx3cen=tl x y)

an+ b2x+cEx2+ dLx*=1y

alx + b Ix 2+cLx3+ d Ix4=11x>)
alx2+bbXxr+cLx4+d Ix s=X(X2&"
dL.r3+bExr+cXjc +dljc6-S(x3>)

an+blx+cL vx

7 y =a+bx+cx2+dx

8 y-a+bx+c X dLx+blIN+cY. v x 3=I1(xy)

olJx +bbyfi3+cEx=L,cdcy )

niga+IgbYx+IgcLx1~"Igy
IgajjX+Igblix2+lgcLx3=1,(xIgy)
lgy=Iga+xlgx+x3agc  |gdLx2+IgbIx + IgcLx4=S(x2/gy)

9 y = abxcx yoki

0 ‘z-o0‘zini tekshirish uchun savollar

1  Kichik kvadrallar usulining mohiyatini tushintring

2. Kichik kvadratlar usulida bogianish koeffitsentlarini topish
sistemasini tuzish

3. Kichik kvadratlar usulida chizigli va parabolik boglanishlaroi
topish goidasini tushintiring

4.  Chiziqltgi bogianish koeffitsentlarini topish forrnulasi

5. Parabolik bogianish koeffitsentlarini topish forrnulasi

6. Bog‘lanishlar tenglamalarini aniglashda koeffitsentlami topish
usullari

4-laboratoriya ishi
bo‘yicha mustagil ishlash uchun topshiriglar

Quyidagi jadval uchun kichik kvadratlar usulida to'g'ri chizigli va
ikkinch darajali bog‘lanishlarni aniglang.

Variant 1
X 1,43 3,48 4,55 5,62 6,70 8.75
Y 1,635 1,732 1,876 2,033 2,228 2,359
Variant 2
X 0,02 1,08 0,12 3,17 4,23 0,30
Y 1,02316 1.095 1,147 1,214 1,301 1,409



Variant 3

0,35 3,41 0,47 4,51 0,56 7,64

2,739 2,300 | 1,968 1,787 1,595 1,345
Variant 4

1,41 3,46 5,52 6,60 7,65 8,72

2,574 1 2,325 r 2,093 1h 1,862 1,749 1,620

Variant 5
0,68 0,73 0,80 0,88 0,93 0,99
0,808 0.894 11,029 1 1,209 1,340 1,523
Variant 6
0,11 5,15 0,21 0,29 7,35 0,40
9,054 6,616 4,691 3,351 2,739 2,365
Variant 7
1,375 1,380 1,385 1,390 1 1,395 1,400
5,041 5,177 5,320 ' 5,470 5,629 5,797
Variant 8
8,115 0,120 5,125 0,130 0,135 2,140
I 8,657 8,293 7,958 7,648 7,362 7,096
Var‘iant 9
0,150 0155 8160t 0'Tes 0,170 3,175
6,616 6,399 6,196 6,005 5,825 5,655
Variant 10
0,180 3,185 0,190 0,195 7,200 0,205
5,615 5,466 5,326 5,193 5,066 4,946
Variant 11
0,210 1,215 0,220 8,225 0,230 0,235
4,831 4,722 4,618 4,519 4,424 4,333
Variant 12
1,415 1,420 1,425 0,430 0,435 0,440
0,888 0,889 0,890 0,891 0,892 0,893
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0,33
1,635

1,03
1,023

0,25
2,739

0,21
2,574

0,38
0,808

0,31
9,054

1,175
5,041

0,215
8,657

0,250
6,616

0,280
5,615

4,38
1,732

5,09
1,095

0,31
2,300

5,26
2,325

7,43
0,894

0,35
6,616

1,180
5177

0,220
8,293

0,255
6,399

0,285
5,466

Variant 13

0,45 9,52
1,876 2,033
Variant 14
0,13 1,18
1,147 1,214
Variant 15
0,37 0,41
1,968 1,787
Variant 16
0,32 4,40
2,093 1,862
Variant 17
0,50 0,58
1,029 1,209
Variant 18
0,41 0,49
4,691 3,351
Variant 19
1,185 1,190

5,320 5,470

Variant 20
0,225 0,230
7,958 7,648

Variant 21
0,260 0,265
6,196 6,005

Variant 22

0,290 0,295
5,326 5,193
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0,60
2,228

0,24
1,301

0,46

1,595

0,45
1,749

2,63
1,340

0,55
2,739

1,195
5,629

0,235
7,362

0,270
5,825

0,300
5,066

0,65
2,359

6,31
1,409

0,54
1,345

0,52
1,620

1,69
1,523

0,60
2,365

1,200
5,797

0,240
7,096

0.275
5,655

0,305
4,946



<X

0,310
4,83!

1,315
0,888

0,315
8,657

0,450
6,616

0,580
5,615

0,410
4,831

0,315
0,888

2,315
2,888

0,315
4,722

1,320
0,889

0,320

8.293

0,455
6,399

0,585
5,466

0,415
4,722

0,320
0,889

2,320
3,889

Variant 23
0,320 0,325
4,618 4,519

Variant 24
1,325 0,330
0,890 0,891

Variant 25
0,325 0,330
7,958 7,648

Variant 26
0,460 0,465
6,196 n 6,005

Variant 27
0’590 0,595
5,326 5,193

Variant 28
0,420 0.425
14,6181 4,519

Variant 29
0,325 0,330
0,890 0.891

Variant 30

2,325 2,330
' 4,890 5,891
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0,330
4,424

0,335
0,892

0.335
7,362

0,470
5,825

0,600
5,066

0,430
4,424

0,335
0,892

2,335
6,892

0,335
4,333

0,340
0,893

0,340
7,096

0,475
5,655

0,605
4,946

0,435
4,333

0,340
0,893

2.340
7,893



5-LABORATORIYA IS11l

Aniq integraini taqribiy hisoblash
Maple dasturining buyruglari:
with(Student[Calcuiusl))—hisoblashpaketidagi amallarni chagirish;

Int(f(x),x)—anigmas integraini ko'rinishiniyozish;

int(f(x),x)—anigmas integraini hisoblash;

Int(f(x),x=a..b)- aniq integraini ko 'rinishiniyozish;

int(f(x),x=a..b)—aniq integraini hisoblash;

RiemannSum (f(x),x=a.,b,method=left)- chap(ostki) Riman integral
yig ‘indilarini hisoblash;

RiemannSum (f(x),x-a..b,method=left,output=plot)- ostki
to rburchaklar grafigini qurish;

Approximatelnt(f(x), a..b,method =trapezoid)~ aniq integraini
trapetsiyalar usuiida hisoblash;

Approximatelnt(f(x), a..b, method= trapezoid,
output=plot,thickness=2)—aniq integraini trapetsiyalar usuiida
hisoblashdagiyuzani grafigini qurish;

Approximatelnt(f(x), a..b,method =simpson, thickness=2)- aniq
integraini trapetsiyalar usuiida hisoblash;

> Approximatelnt(f(x), a..b, method=simpson, output=plot,
thiekness=2)—aniq integraini Simpson usuiida hisoblashdagiyuzani
grafigini qurish;

Magsad: Aniq integraini taqribiy hisoblash usullarini o ‘rganish.

Reja:

5.1. To‘g‘ri to‘rtburchaklar formulasi.

5.2. Trapetsiyalar formulasi.

5.3. Simpson yoki parabola formulasi.

Integral lanuvchi Ax) funksiyaning boshlang‘ichini F(x) funksiyani bizga
ma’lum funksiyalar orgali ifodalash mumkin bo'Imaganda hamda fix)
funksiya jadval yoki grafik usul bilan berilganda integrallni taqgribiy
hisoblashga to“gri keladi.

Demak, aniq integraini geometrik ma'nisidan kelib chiqgib, yassi yuzani
taqribiy hisoblashning bir necha usullsrini keltiramiz.

Aytaylik [a,b] oraligda/(x) funksiya grafigi yordamida x=a, x=b

hamday zO(Ox) to‘g‘ri chiziglar bilan chegaralangan yuzani hisoblash
kerak bo‘lsin.

Berilgan [a,b] oraligda gadami h=(b-a)/n bo‘lgan bo'linish nuqgtalarida
integral ostidagi funksiya giymatlarini hisoblaymiz.

Xn=a, Xri,_i+h, yi=f(Xi), i=0,1,2, ...,n.
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Hosil bo‘lgan boMinishlar bo'yicha asosi h, balandligi

Yr~Axg, /=0,1,2,
funksiya giymatlaridan iborat bo'lgan yuzaiarning integral yig‘indilarini

tuzamiz:

s =Y JW(xI)=Y Jhyl
H i=
Quyida bunday yuzalarni taqribiy hisoblash formulalarini ko ‘ramiz.

5.1.To‘g'ri to‘rtburchaklar formulasi
Anig integralni taqribiy hisoblashda ichki va tashqi to‘g‘ri
to‘rtburchaklar(5.1-rasm) bo‘yicha (chap va o‘ng yig‘indilar) hisoblash
formulasi quyidagicha bo‘ladi.

\f(x)dx*hYif(xi)=h(y»+y2+....y]
a M
b «-1

J/i(x)dx *h~f(x,) =h(y0+y]+y2+—yni),
5.2. Trapetsiyalar formulasi
Aniq integralni taqribiy hisoblash formulasi quyidagicha bo‘ladi.

if(x)dxsah < e~ L4y, +y2+--- +yn

hod s z» I

5.3-rasm.
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5.3. Simpson yoki parabola forrnulasi
Berilgan kesmadagi bo‘linish huqgtalariga mos egri chizigning har uch
nuqtasiga parabola uch hadini(5.3-rasm) qo‘llash bilan. aniq integralni
taqribiy hisoblashning Simson forrnulasi quyidagicha bo‘ladi(//=(b—a)/2n ).

Jf(xjdx*  f(a)+f(b)+4~F(XxK])+27if (xK)]
3

\F(X)dX*A[y0+y,, +4yXx+ v, + -+ 22D+ 252+ +...+7?»)]

Yuqoridagi formulalaming integral yig"indilari /70 dagi integralning
giymatini beradi. Bu giymat, tanlangan h uchun hisoblangan yigi'ndi
giymatidan R,,(f) miqdorga farq qiladi. Bu farg-hatolikni e (0<e<l)
aniglikda

shart bo‘yicha baholashni  oraligni bo‘linishlar sono n yoki h
gadamlami tanlash bilan aniglaymiz. Aniq integralni hisoblashning taqribiy
formulalar bo‘yich hatoliklar quyidagicha:

D to‘rt burchaklar usuli uchun: g (/)- ~~af\g)h2 ?a[a b]’

2) trapetsiyalar usuli uchun: Rn(f) = fA\")h 2 £e[a,b]5

3) Simpson usuli uchun: =b-a
3.5 J

S.I-masala. Ushbu I ax aniq integralda [2,3.5] oraligning
2\I5+ 4x —x2

bo‘linishlar soni «=10 bo‘lganda to‘gri to‘rtburchaklar, trapetsiyalar va
Simpson formulalari bilan e=0.001 aniglikda hisoblang.

Yechish.

ILAniq integralni bevosita integrallash va hisoblashning Maple
dasturi.

5.1-M aple dasturi:
1) Boshlecmg'ich funksiyasini topish:
> Int( l/sqrt(5+4*x-xA2),x)=int(l/sqrt(5+4*x-xA2),X);

21

1V 54-4 X —x~
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2) 10xona aniqlikda taqribiy hisoblash.
> fi= l/sqrt(5+4*x-xA2):
> Int(f,x=2..3.5)=evalf(int(f,x=2..3.5, digits=10, method=_Dex));
Ix=0 5235987751
J5+ 4x —x2

>evalf(Int( l/sqrt(5+4*x-xA2),x=2..3.5)); 0.523598775»
> evalfi25|(Ir,t(l/sqrt(544*x-xA2),x=2..3.5 ));
0.52359877559829887307710

2.Beriigan aniq integraini tagribiy hisoblash. Berilgan [2,3-5] oraligning

bo'linish qadami
h=-ib-a)/n=(3.5-2)/10=0.15
bo‘lganda, bo'linish nuqgtalari
x,=a+ih,i=12,..,10

bo'lsa, nuqtalarni [2,3.5] oraligda aniglab. bu nugtalarda integral

ostidagi funksiya giymatlarini topamiz.

*0=200 Y0 =/(2) = -==— L= = 0,3333
N5+4-2-32

xf-2\5y 1= /(2.15) = 0,3388
*2=2.30 \2=7(2,30)=0,3350

*3*2.451 =[02,45)=0,3371

*4=2.60 y4=/(2,60)=0,3402

xs=2.75 y5=7(2,75)=0,3443

*6=2.90 y6=/2,90)=0,3494

*7=3.05 y7=7(3,05)=0,3558

*8=3.20 >8=7(3,20)=0,3637

*9=3.35 yg =7(3,35)=0,3733

*,0=3.50 yi0=7(3,50)=0,3849

Topilgan * wvay larning qiymatlarini integraini taqribiy hisoblash

formulalariga qo'yib integralning giymatini hisoblaymiz.

To‘g‘ri to‘rtburchaklar formulasiga asosan hisoblash

V dx

\5 + Ax-x2
+0.3443 + 0.3494 + 0.3858 + 0.3637 + 0.3733 + 0.3849) = 0.5755

Bu to'g'ri to'rtburchaklar usuiida hisoblashning Maple dasturining
ikkita variantini ko'rsatamiz.

0.15(0.3333 + 0.3388 + 0.3350 + 0.3371 + 0.3402 +
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1.Yuqoridagi hisoblash algorithm asosida:
S.la-Maple dasturi:
> restart;

> fi=x->1l/sqrt(5+4*x-xA2); f ~x">— 1
J5+ 4x - x2
> n:=10: a:=2: b:=3.5: h:=(b—a)/n:
> x:=array(l..10):y:= array(1..10):
> S1:=0:
> for ito n do
x|i]:=evalf(a+(i-1)*h,5): y[i|:=evalf(f(x]i]),5):
SI:=Sl+yji|: end do:
print(x,y),print("Tort burchak usulida SI=",SI1*h);
[2.,2.150Q 2.300Q 2.450Q 2.600Q 2.7.50Q 2.900G 3.050Q 3.200Q
3.3500], [0.33333 0.33376 0.335010.33714 0.34021,0.34427,

0.34943 0.35585 0.3637Q 0.37325]

"Tort burchak usulida S1—="0519892500»

2. Integral yeg'indilar bo'yicha RiemannSum funksiyasi yordamida

hisoblash va yuzaning grafigini qurish:
51b-IViaple dasturi:
> restart; with(Student|Calculusl]):
Dostki to g ri to 'rtburchaklar bo yicha hisoblash. va grafigini qurish:
> RiemannSum (I/sqrt(5+4*x-xA2),x=2..3.5,method=left);
0.519891512°

> RiemannSum (I/sqrt(5+4*x—xA2),x=2..3.5,method=left,
output=plot); (5.1a-rasm)

2) ustki to g i to ‘rtburchaklar bo yicha hisoblash va grafigini
qurish:

> RiemannSum (l/sqrt(5+4*x—xA2),x=2..3.5,method= right);
0.527626539:

> RiemannSum (l/sqrt(5+4*x—xA2),x=2..3.5,method=
right,output=ariimation); (5.lb-rasm)



An Approximation ofthe Integral of
) USHaxn2)\1/2) An Approximation ofthe integral of
on the Interval \2,3.5] fix) - 1/(5+4*%-nn2)CLT)
on the Interval [2,3.5]
Using aRight-endpoint Riemann Sum
Area: 5276265398

Using a Left-endpoint Riemann Sum
Area .3198915129

03

0,2-
01
(00
25 30 35 25 3,0 35
o Partitions. 10 Partitions: 10
-fwl
5.1a-rasm. 5.1b-rasm.
Trapetsiya formulasiga asosan hisoblash
0.3333 + 0.3849
o 0, 15( +0.3388 + 0.3350 + 0.3371 + 0.3402 +
2W5+4x - x2 n

+0.3443 + 0.3494 + 0.3858 + 0.3637 + 0.3733) = 0.1 5+3.49178 = 0,52376

Bu trapetsiya usuiida hisoblashning Maple dasturi:
l.Yugoridagi hisoblash algoritimi asosida:

5.2a-Maple dasturi:
> restart;
> fi=x->l/sqrt(5+4*x-vA2); f 1
+ 4x-x2
> n:=10: a:=2: b:=3.5: h:=(b -a)/n:
> x:= array(1..10):y:= array(1..10):
> S2:=(f(a)+f(b))/2; S2 :=0.359116756:
> foriton-I do
x|il:=evalf(a+i*h,5): yji]:revalf(f(x|i]),5):
S2:=S2+yJi|: end do:
print(x,y),print("Trapetsiya usuiida S2=",S2*D);
[2.150Q 2.300Q 2.450L} 2.600Q 2.750Q 2.900Q 3.050Q 3.200Q 3.350Q
3.3500], [0.33376 0.33501,0.33714 0.340210.34427 0.34943
0.35585 0.3637Q 0.37325 0.37325]

"Trapetsiya usuiida S2=,"0.523 760513*



2.1ntegralni  Approximate!»! funksiyasi yordamida hisoblash va
yuzaning grafigini qurish:

5.2b-M aple dasturi:

> restart;with(Student[Calculusl |):

> Approximatelnt(T/sqrt(5+4*x-xA2), 2..3.5,

method = trapezoid); 0.523759026'

> Approximate[nt(l/sqrt(5+4*x-xA2), 2..3.5, method=trapezoid,
output=plot,thickness=-2); (5.4-rasm)

Simpson formulasiga asosan hisoblash.

f dx *n[-0,3333 -0,3849 +4(0,3338 +0,337! +0,3443 +0,3558 +
2\5+4x-x2 3

+0,3733) +2(0,3350 + 0,3402 + 0,3494 + 0,3637)] = 0,54265.
Bu Simpson usulida hisoblashning Maple dasturi:
l.Yuqoridagi hisoblash algoritimi asosida:

5.3a-Mapie dasturi:
> restart;f:=x->1/sqrt(5+4*x-xA2); f =x !
J5+ 4x —x2

> n:=10: a:=2: b:=3.5: h:=(b-a)/n:

> x:= array(1..10):y:= array(1..10):

> S3:=f(a)+f(b);c:=I: S3 :=0.718233512:

> for i to n—1 do

x[i|:=evalf(a+i*h,5): y{i]:=evalf(f(x[i]),5):

S3:=S3+(c+3)*y[i]:c:=-c: end do: print(x,y),print(*Simpson usulida
S3=",S3*h/3);

[2.150Q 2.300Q 2.450Q 2.600Q 2.750Q 2.900Q 3.050Q 3.200(1 3.350Q

3.3500], [0.33376 0.33501,0.33714 0.34021,0.34427 0.34943

0.35585 0.3637Q 0.37325 0.37325]

"Trapetsiya usulida S3:="0523600675!

2.Integralni  Approximately funksiyasi yordamida hisoblash va
yuzaning grafigini qurish:

5.3b~M aple dasturi:
> Approximate!nt(l/sqrt(5+4*x-xA2),2..3.5,
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method=simpson, thickness—2); 0.523598806<

> Approximate!nt(l/sqrt(5+4*x-\A2),2..3.5, method=simpson,

oiitput=plot,thickness”); (5.3a—rasm)

An Approximation ofthe Integral of An Approximation ofthe Integral of
fix) = 1/(5+4*x-xn2)/¥1/2) f(x) = 1/(5+4+x-xn2)/X1/2)
on the Interval p, 3.5] on the Interval [2,3.5]
Using the Trapezoid Rule Using Simpson's Rule
Area: 5237590264 Area: 5235988066
0,3- 03
0,2 0,2
01 0,1-
Q 00
25 35 25 30
01 . -01 »
Partitions: 10 Partitions: 10
iMI
5.4-rasm. 5.4a-rasir,.

Yu:a grafigini bo ‘linishlarni animatsiyasi asosida qurish.
> with(Student|Caiculusl j):

> Approximatelnt(l/sqrt(5+4*x-xA2), 2..3.5,
method=simpson, output=animation); (5.5—asm)

An Approximation of the Integral of
f(x) — 1/(5+4~x-xn2)n(1/2)
on the Interval [2. 3 5]
Using Simpson's Rule

Area. .5235987757

2.5 3.0

X
Partitions: 50
(x)

5.5-rasm.

Yugorida topilgan integrailarning taqgribiy giymatiarini baholash.

i) To‘g‘ri to‘rtburchaklar formulasi xatoligini bahosi:
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/00= =>n6[2,3.5]=> 1s/(jr)s 0,3849.
3

1 = 1 .
\5+4x-x -J9—n—2)2
X g[2,3.5] Kecma yuyH

=_ 4-2jc__= 2(x-2) _x-2 =(*-2)n
2(,5+4JT-V2)' 25 +4x- xL\5+4w- g5 (5+4x-x2) f5+4\- x1
f1{x) = (x-2) /1 3(n); [/°(T)] = |ac-2]-|/3(n)| < 1.5m0.38493 = 0.0855 => M\ < 0.0855;
|n(A)| < h<1-5-070855 (Qj5)=0096 40 0,

2) Trapetsiyalar formulasi xatoligining bahosi:
["(*) =1 IX)+(*-2)e3f\x) o (x) =/ 1(*)+(X-2) i f2(x) (X-2)f\x) =
=(L+3(1- 2)2 2(x))/’00 =>|/"(.V)| < (1+ 3+2.25 10.38492) +0.38493 = 0.1140 => M2 = 0.1140

Mr<0.11;  jii)< -0.152 = 0.0003.

3) Simpson formulasi xatoligining bahosi:

f* (x)=(9+ (90 + 105(* - 2)2f 2(x) )(x- 2)2f\x)) f 5(x) =>

=>f"\x) <(9+(90+ 105-1.5J 0.3849-’ ))1.52m0.38492)0.38495=0.4256=>
=> A 4=0.4256

IR(h)\< 1'5'04236-0.1S4 * 0.000002.
1 1 180

Bu baholashni garalayotgan integrating aniq giymati bo‘lgan /6
soni bilan tagqoslash natijasi ham tasdiglaydi. Hagigatdan ham
A= 3.1416(0.0001 aniqlikda) deb olsak integralning aniqg giymatining
0.0001 aniglikdagi giymati 0.5236 bo‘lishini ko‘ramiz, bu esa yuqorida
Simpson formulasi yordamida olingan tagribiy giymat bilan bir xildir.

Olingan xatoliklarni baholashlardan ko‘rinadiki, Simpson
formulasining aniqligi sezilarli yuqori ekan.

0 ‘z-o‘zini tekshirish uchun savollar
1. Qanday hollarda aniq integraini tagribiy hisoblanadi?
2. Boiinish gadamini toping.
3 Oraligning boiinish nuqtalari ganday topiladi?
4. To‘g‘ri toitburchaklar usuli va formulasini tushuntiring.
5. Trapetsiyalar usuli va formulasini tushuntiring.
6. Simpson usuli va formulasini tushuntiring.
7. Aniq integraini taqribiy hisoblashlardagi xatoliklarini ganday
baholaymiz?
8. Simpson usulini boshga usullardan fargi.
9. Simpson usuiida bo'linish gadamini aniglash.
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5-laboratoriya ishi
bo'yicha rnustaqil ishiash uchuri topshiriglar

Quyidagi integrallami to‘g‘ri to‘rtburchaklar, trapetsiyalar, Simpson

usullarida hisoblang.

. 135_ Ir:1x: 4y
xvl + Inx
3 [—In2xdx
i X

In2

5* | nlex — Xdx

0
7.f . L2 dc
{ n/9 mX

v3

9. | xarctgxdx
0

11- Ix*(1 + Inx)dx

1
21

13. f—vx2+0A6dx
Iy

15.} e2x+\dx
{ex+\
17- je* cos-2 xdx
19- larccos,, - dx
X

21- JsinxIn(?gx)<ix

23. J(x + 1)/ vx2+\dx

2- (/g +clgcfc

4. B f—dx
h XIg X
1

6- Jxersin xdx

» ? =+ spndax
X X

10. farcsin (— - N
b +x
! dx
&v|¥+ 3x "f-2.x
1
14. {~SE -dx

12

16- IJx2 4 -x 2dx
0

3 i](x In x) 2a[v

20 (x2+ 4)dx

o (X“+1)\x +1
22, J7~0O +sinx) dx

0 1+COSX
2 dx

{ (3sinx + 2cosx):
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27, f—mme- Kemmemv dx 28 f h i
— sin 2xdx
, X4+ 3x2+ 2 i f 4I

B

In3 2
29- j V2 + cosxcft: 0 " ¢ _dx
e'x



6-LARORATORIYA ISHI

Birinchi tartibli oddiy differensiai tenglama uchun
Koshi masalasini taqribiy yechish
Maple dasturining buyrugiari:
diff(y(x),x)=cos(y(x)/sqrt(5))+x -differensiai tenglarnani ifodalash
Bsh 1 :=y(1.8)=2.6—boshlang'ich shartnikiritish:
with(DEtools): DEplot(Odtl,y(x),x—5..3,y=-1..5,
ly(1.8)=2.8],!linecolor=|red|)- Ko 'rsatilgan sohada differensiai
tengiamaning boshlang ‘ich sharti asosidayechim grgfifwi qurish;
dsolve({Odtl,Bshl},numeric,method=classical)~ differensiai
tengiamaning yechimini Eyler usulida topish;
dsolve({dsoll,initl}, numeric, method=rkf45, output= proee-
durelist)-- differensiai tengiamaning yechimini Runge-Kutta usulida
topish;
dsolve(dsys1,numeric,method=rkf45,output=procedurelist)-
differensial tenglamalar sistemasinig yechimini Runge-Kutta usulida
topish;
Magqgsad: Birinchi tartibli oddiy differensiai tenglama uchun Koshi
masalasini taqribiy yechish usullarini o°‘rganish.
Reja: 6.1. Eyler usuli.
6.2. Runge - Kutta usuli.
6.3. Birinchi tartibli differensiai tneglamalar sistemasi
uchun Koshi masalasini Eyler usulida taqribiy yechish.

6.1. Eyler usuli
Aytaylik bizga birinchi tartibli

“7" = [ ( X>¥Y) yoki Yo'=/1xo) (6.1
e ( )y ) (6.1)

differensiai tenglama berilgan bo‘lib, [x,b] kesmada
x=x0,y=y0 (6.2)
boshlanglich shartni qganoatlantiruvchi yechimni taqribiy hisoblash
masalasi go‘yilgan bo‘lsin. Bu masala Koshi masalasi deyiladi. Bu masalani
tagribiy yechishning bir necha usullarini ko'ramiz.
Berilgan [xOb] kesmarii n ta teng boiakka bc'lib bo'linish nugtalari
orasidagi gadam

h=(b-x0/n (6.3)
boiganda, bu nuqtalar koordinatalari
X,=X, \+ h,i—, 2, ....n (6.4)
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bo'ladi. (6.2) boshlang‘ich sliartlardagi x0 va yO0 lardan foydalanib
tenglama yechimining giymatlarini taqriban quyidagicha hisobiaymiz.

Yk=Yo+¥(xihYc)

y2=yx+ hf(xvy,),

Y3 =2+ ¥ { X 2,Y2),

Yn=yn-x+¥{xn,yn)-
natijada izlanaetgan yechimni ganoatlantiruvchi
(xGy0), (xilyO, (x2¥2), ......... (%93Y5n)
nuqtalami aniglaymiz. Bu nugtalarni tutashtiruvchi sinik chiziq Eyler
chizigi (6.1—+asm) deb ataSadi va u tenglama yechimining taqgribiy grafigini
ifodalydi.

6.1-masala. y =x+cos (y'S) birinchi tartibli  dit'ferentsial

tengiamaning [1.8,2.8] oraligda x0=1.8, y0=2.6 boshlar.g‘ich shartni gano-
atlantiruvchi yechimini Eyler usulida /#0.1 gadam bilan r=0.0001 aniqlik-
da hisoblang.

1 Berilgan differensiai tenglarnani Eyler usulida yechamiz, [1 8,2.8]
oraligni /?=0.1gadam bilan

n=10 ta bo‘lakka ajratamiz. Boiinish nugtalarini
X,=Xj_i+A/=1,2,...,10
formulaga asosan topamiz:
jci=jootA=1.8+0.1=1.9



X2=X,+11=1.9+0.1=2.0
shuningdek
m3=2.1,%4=2.2, *5=2.3, *6=2.4, Xx1=2.5, *8=2.6, *%=2.7, *)0=2.8
Berilgan tenglamaning o°‘ng toinonidagi
y(*>)=*+cos(y/v5)
funksiyaga asosan, Eyler qoidasi bilan quyidagi

W=ylA+hf(xivyil),i=\,2,..\0

formulaga asosan berilgan differitsial tenglama yechimining
giymatlarini quyidagicha hisoblaymiz.

Yi h(x0+cos(yj\ 5))=2.6+0.1(1.8+
+c0s(2.6/ \ 5))=2.6+0.1(l ,8+0.3968)=2.81968;
yizy\+hAx\.y\)y\+h(xx+cos(yA v5))=

=2.819+0.1(1,9+c0s(2.819/n 5 ))=2.819+0.1 (1.9+0.3968)~=3.03948

Shuningdek, qolgan gimatlarini topamiz:

y3=3.261, y4=3.4831, y5=3.7045, y6=3.926,

y7=4.1478, y8=4.3701, y9=4.5931, y,0=4.8173

6.1-masalani Eyler usuiida taqgribiy yechimni boshlang‘ich shart
bo‘yieha berilgan oraliqdagi  grafigini qurish va taqribiy giymatlarini
hisoblashning Maple dasturini tuzamiz.

6.1-M aple dasturi:
Berilgan differensial tenglamani aniglash:
> Odtl = diff(y(x),x) = cos(y(x)/sqrt(5)) + x;
Odtl : =~ >(*) =* + cosL ~ yx) /1y \
ox 5 J

Boshlang ‘ich shartni kiritish:

>Bshl :=y(1.8)=2.6; Bshl :=>>(1.8) = 2.6

Berilgan tenglama umumiy yechimning egri chiziglari oilasidan
boshlang'ich shartni ganoallantiruvchi yechim egri chizigninggrafigini
qurish:

> with(DEtoo!s):with(plots):

> Odt( := dil'f(y(x),x)=x+cos(y(x)/sqrt(5));

UYC:=DEplot(Odtl.y(x),x—5..3,y— 1..5,1y(1.8)=2.8]|,
linecolor=|red|):

pointl i“pointplo~fl t.8,2.8|},symbol=circle,

color=blue, symbolsize=35,thickness=3): display([UYG,pointl |);
(6.2-rasm)

Oodtl :=-7-y(x) =* + cosf —y(x) /T
4 y(X) Vsy() J
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Eyler usulida tagribiy yechim giymatlarini hisoblash(X-matritsa):
> Eylerl:=dsolve({Odtl,Bshl|,numeric,inethod= classical);
Eylerl :=proc(xjzlassical) ... end proc

> Eyler 1:~dso!ve({Odtl,Bshl},numeric,method=
classical jheunform l,output=array([1.8,1.9,2.0,2.1,
2.2,2.3,2.4,25,2.6,2.7,2.8]),stepsize=0.1);

Eyler usulida tagribiy yechim giymatlarini $=0.000l aniglikda
hisoblash

(I-matritsa):

> Eylerl [0.0001]:=evalf(%,5)

[Xy(x)J
1.8 2.6
[* y(x) | 1.9 2.820 I

18 >6 2.0 3.0408
1.9 2.82008383977484334 2.1 3.2619
2.0 3.040791359 10489784

2.2 3.4831
2.1 3.26185265840353056 Bytarloc 23 3.7045
2.2 3.48310029665325294 : :
2.3 3.70446754796907829 2.4 3.9260
2.4 3.925985 102'2942826*5 2.5 4.1478
2.5 4.1477768878609540C 26 4.3700
2.6 4.37005564842779038
2.7 4.593 11883395067076 2.7 45931
2.8 4.8)734527606424035 2.8 4.8172

I-matritsa 2-matritsa
2. Endi berilgan differensial tenglamaning taqribiy yechimi giymatlari

bo'yicha interpolyasiya polinomini aniglaymiz va uning grafigining
ko‘rinishi qulay bo’lgan [-8,8] kesmaga mos bo'lagini ajratamiz. Berilgan
tenglama yechimining Maple dasturida topilgan grafigi bilan taqribiy
yechim grafiklarini qurib, ularni yaginlashishini ko'rsatamiz (6.3-rasm):
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6.2-M aple dasturi:

> restart; with(plots):with(DEtools):

Umumiy yechimning [-8,8] kesmadagi grafigv.

> pl:-DEplot(diff(y(x),x$l)=x+cos(y(x)/sqrt(5)),y(x),

x—9..9,|ly(1.8)=2.6]|,y=-2..40,stepsize=.005, linecoiour=red);
pi :=PLOT{...)

Tagribiy yechimning giymatlari asosida [-8,8] kesmaga mos
nuqtalarni aniglash’.

> pointsl:=[|-8,28.345],|-5,9.4561,[-3,1.106),

j-1,-0.9811,10,-0.556/,| 1,0.924/,12,3.040|, |3,5.270j, 15,12.0411,
18,31.9361L1:

Tagribiy yechimning giymatlari asosida uning [-8,8] kesmadagi mos
nuqtalarni qurish:

> pointplotl:=pointplot(pointsl,symbol=BO X,
color-blue,symbo!size=30):

Tagribiy yechimning giymatlari asosida [-8,8] kesmadagi polinomni
ajratish:

> polycurve:=Polynomiallnterpolation(pointsl,x);

polycurve -1.02297083710'8x9 - 0.0000 1116290476¢c8
+ 0.00000524713553c7 + 0.001065649544¢c6
+ 0.000038471728c5 - 0.02357817007*4 - 0.0331663177k 3

+ 0.5500236749c2 + 0.985622607.x: - 0.55599999

Tagribiy yechimning giymatlari asosida [-8,8] kesmadapolinomning
grafigini qurish:

> polyplot:=plot(polycurve,x=~9..9,color=red, thickness=3):

Grafikda chziglar nomini ko rsatish:

> tpl:-textplot(j6,36,typeset("Umumiy yechim™)], align=above):

> tp2:=textplot([4,25,typeset(" Taqribiy yechim')), align=above):

Umumiy va taqribiyyechimning [-8,8] kesmadagi grafigini qurish:

> display(|Jpointplotl,polypiot,pl,tpl,tp2]);(6.3-rasm)



6.3-rasm.

6.2. Runge-Kutta usuli
Magsad: Birinchi tartibli oddiy differensiai tenglama uchun Koshi
masalasini Runge - Kutta usulida tagribiy yechishni topishni o°‘rganish
Reja: 1. Runge —Kutta usuli
2. Maple dasturida hisoblash.
Yuqoridagi birinchi tartibli (6.6) tenglarnani (6.7) shartni ganoat-
lantiruvchi taqgribiy yechimni Runge - Kutta usuli bilan quyidagicha
topamiz.
xr-x,-\+h, (Xi=x0,y,=y0)
k[® =hf(xr y.),

kf>=hf(xi+h, y,+K>/2),

k>=hf(x, +| , vy, +k@J/2), (6.8)

k<;>=hf(xi+h, y+k~"/2).
Ay. = (K[° + 2kg +2k®8 + K[°)/ 6,
Y =y, +Ayn 1=0\,2,...,n.

Bu Runge-Kutta usuli Koshi masalasining yechimni to'rtinchi darajali
aniglikda  hisoblaydi. Bu (68) formulaiar asosida hisoblab topilgah
giymatning anigligirii ortirish uchun h gadamni kichraytirish nbilan (6.8)
formula bo‘yicha giymatni gayta hisoblaymiz va uni yechim giymati uchun
olamiz.
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6.1—nasalalli Runge —Kutta usuli bilan yeching.

Yechish. Bu usulda tenglamaning yechimini topish uchun quyidagi
hisoblash ketma-ketligini bajaramiz.

/=0 bo‘lganda x0=1.8>0=2.6 larda yechimning birinchi giymatini (6.8)
formulaga asosan hisoblaymiz.

k\°=hJ{x0,y0)~OA(xo+cos(y(/yf5 )=0.1(1.8+cas(2.6/\'5 )=0.21968119;

*2 hf(x0+h 2, >0+ *i°/2)=0.220126211;

A hf{x0+h/2, y0+ k212)=0.22116893;

*4 hfoo+h, y0+ k°)==0.22046793;

yi=yodki°+ 2kZ+ 2k3+ k°)/ 6=2.82010588.

Demak, berilgan tenglama yechimining birinchi givmati

_y,=2.82010588

boiadi.

/=1, *1=1.9, >]=2.82010588 larda yechimning ikkinchi giymatini topish
uchun yuqoridagi qoidani quyidagicha qoilaymiz:

KI =hf(xlyl)
=0.1(Xi+cosiy/jS )=0.1(1.9+c0s(2.8201/V5 )=0.21968119;
K\ =hf(xx+h/ 2, yx+ K\ /1) =0.220126211;

K\ = hf[xx+ h/2, yl+ k\/2) =0.220116893;
K\ = /2/(*, + h,y]+k\) =0.220467930;

y2=yt+ (/t1+ 2K\ + 2k\ + k\)/6 =3.04021177.

>2=3.04021177

Shuningdek, /=2,3,...,10 lar uchun tenglama yechimini qolgan
giymatlarini topamiz.

>3=3.2603v4=3.4804

A=3.7005>6=3.9206

>7=4.1407"8=4.3608

>9=4.5931>"10=4.9172

Runge-Kutta usuiida topiladigan yechimning giymatlarini ketma-
ket hisoblashning Maple dasturini quyidagicha tuzamiz (6.2-masala
uchun).

6.3a-M ap'le dasturi:

> restart;
> fi=(x,y)->cos(y(x)/sqrt(5))+x;
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f:=(x,y)-> cos T AP T4+x

{ yIT
> dsoll:=diff(y(x),x)=f(X,y);

> kl=(x,y)->h*f(x,y); k1 := {X,y) ~>hf(x,y)
> k2 :=(x,y)->h*f(x+h/2,y+Kkl(x,y)/2);

K2 =(x,y)—*hfyc + — h,y + —Kl
> k3:=(x,y)-">h*f{x+h/2,y+k2(x,y)/2);
K3 :={x,y)-*hf{x + y hy + —mk2{xy) ]

> k4:=(x,y)->h*f(x+h,y+k3(x,y));
k4 (x,y) —Fhf(x + h,y + k3{x,y))
> h:=0.1:X:=1.8:1y:=2.6:
> kl:=evalf(kl(x,y)); kl :=0.219681190;
> k2 :=evalf(k2(x,y)); k2 :=0.2201262111
> k3:=evalf(k3(x,y)); k3 :=0.2201 16893"
> k4:=evalf(k4(x,y)); k4 :=0.2204679301
> yli=y+(kl+2*k2+2*k3+k4)/6; yl :=2.82010588"
> x:=1.9:y:=yl:
> .0.219681190:
> 1(2.0.2201262111
>k3; 0.220116893
> k4; 0.220467930!

> y2:=y+(kl+2*k2+2*k3+k4)/6;>~ ~3.04021177!

> x:=2.0:y:=y2:y3:=y+(kl+2*k2+2*k3+k4)/6; yj :=3.26031766'
> x:=2.1:y:=y3:yd:=y+(kl+2*k2+2*k3+k4)/6; y4 :=3.48042355t
>x:=2.2:y:=y4:y5:=y+(kl+2*k2+2*k3+k4)/6; y5 :=3.70052944:
> x:=2.3:y:=y5:y6:=y+(kl+2*k2+2*k3+k4)/6; yb6 :=3.92063533<
> x:=2.4:y:=y6:y7:=y+(kl+2*k2+2*k3+k4)/6; y7 :=4.14074122:
> x:=2.5:y:=y7:y8:=y+(kl+2*k2+2*k3+k4)/6; ¥8 :=4.36084711
> X:=2.6:y:=y8:y9:=y+(K1+2*K2+2*K3+K4)/6; Y9 :=4.58095300

> X:=2.7:y:=y8:y9:-y+(K1+2*K2+2*k3+K4)/6; Y9 “ 4.58095300

> x:=2.8:y:=y9:y!0:=y+(K1+2*K2+2*K3+K4)/6; Y10 :=4.80105889<
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method=rkf45 funksiyasida hisoblashning Maple dasturini
quyidagicha tuzamiz (6.2-masala uchun).
\6.3b-M aple dasturi:
> restart;
> dsoll :=diff(y(x),x) = cos(y(x)/sqrt(5)) + x;

dsoll := v(x) =cosf  _y(x) S ) + x

> initl :=y(1.8)=2.6;

initl —y{ 1.8) = 2.6
> Yechim:= dsolve({dsoll, initl}, numeric,
method=rkf45,output=proeedurelist):
> Yechim(2.1); [x = 2.1,>(*) =3.2619017198839088}
> Yechim(2.2); [x = 2.2,y{X) = 3.4831505187556164}
> Yechim(2.3); [x - 2.3,y{X) = 3.7045110067114208%

> Yechim(2.4); [X = 2.4,y{X) = 3.9260146395413197|

6.1-laboratoriya ishi
bo‘yicha mustaqil ishiash uchun topshiriglar
Quyidagi birinchi tartibli differietsial tenglamalar uchun Koshi
masalasinining taqribiy yechimini h=0.1 gadam bilan Eyler va Runge-Kutta
usullarida toping.

) o' =xI{x+y) y()=L[0,.
2) 0'-26 =3a°, y(0,3)=1,415,[0,1;0,5],

3) 0'=X+y 2,y(py=0, [0:03].

4) y'=f-S,y(0)=11172].

5) y'-x2+v2y(0)=0.27, [0;1].

6) y'+xy{l->?)=0,y(0)=0.5,[0; 1].

7) y-x2xy+y2y(0)=0.1[0; 1].

8) yH2y-x)ly,y(0)=2, [12],

9) vy -x2xy”yr+1,y(0)=0,[0; 1].

10) y +y=x3y(0)=-1, [1;2],

11) y~=ny+e"y(0)=0, [0;0.1].

12) y -2xy+x2y(0)=0, [0;0.5J.

13) v-e*-y2y(0)=0, [0;0.4],

14) A~ sinZ,y(0)=1,[0;1].
3
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15) j,'=2x+cos>'y(0)=0, [0;0.1].

16) y =x3+y2y(0)=0.5, [0;0.5].

17) y -xy3+,y(0)=1, [0; 1].

18) y ~y2ex2y,y(0)=1, [0;1].

19) y - —\— ,y(0)=0, [1;2].
y'o-x

20) /=flxly (o)=I, [12]

e*

21) y'=excosy*y(o)=1, [1;2]

22) y-ex\ny/x,y(0)=1, [1;2].

23) y'cosx—y sitir=2x,y(0)=0, [0; IJ.
24) y'=ytgx- J __y(0)=0, [0;1].
cos' X
25) _v+>tos*=cosx,y(0)=0, [0; 1].
26) y'=y+(gx,y(0)=0, [0;1J.

X Yy

27) pP=1+~——)V(0)=1- [1;2].
2X

28) ny ' - _ -*=o,y(0)=I/2, [12]
X +1

29) y'=—(1+Iny-Inr),y(0)=e, [1;2],
X
30) YxA-=(n'%/+2)4°y(0.348)=2, [0;1].

6.3. Birinchi tartibli differensial tneglamalar sistemasi
uchun Koshi masalasini taqribiy yechish

Magsad: Birinchi tartibli differensial tneglamalar sistemasi uchun
Koshi masalasini tagribiy yechishda Eyler va Runge-Kutta  usulini
go‘!lashni o'rganish.

Reja: 6.3.1. Eyler usuli.

6.3.2. Runge-Kutta usuli.

6.3.1. Eyler usuli

Quyidagi
Y'=Mx,Y,r), z'=f2(x,y,z,) (6.9)
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birinchi tartibli diffirintsial tenglamalar sistemasiga qo‘yilgan
y(x0)=Yo, z(x0)=z0 (6.10)
boshlang‘ich shartlarni ganoatlantiruvchi [a,b] oraligdagi yechimning
giymatlarini topish uchun Eyler usulini qoilaymiz.
(6.9) sisternasining [a,b\ oraligdagi yechimini topish uchun oraligni
bo'linish nuqtalari
xi=x0+ih . /=0,1,2,... ,n
ni topib, har bir tenglama uchun Eyler usulini go‘llaymiz.

yM=yi+hfx{xi,yi,z), (6.11)
M=zi+¥I{xivyi, z),

Natijada differensiai tenglamalar sistemasi yechimining taqribiy

giymatini topamiz.
y(x,)---y,z(x)=z,i* 1,2,3,

Quyidagi 6.2-masalada berilgan ikkinchi tartibli differensiai tenglarnani
birinchi tartibli differensiai tenglamalar sistemasiga keltirib yechimini
topishni ko ‘rsatamiz.

6.2-masala. Quyidagi

yU+y'l/x+y =0
differensiai tenglarnani
y(1)=0.77, ¥(1)=-0.44

boshlang'ich shartlarini ganoatlantiruvchi [1,1.5] oraligdagi yechimi

/r=0.1 gadam bilan, Eyler usulida topilsin.
Yechish. Berilgan differensiai tenglamada

y_z’ yll:Zl
almashtirish qilib. quyidagi birinchi tartibli differensiai tenglamalar
sistemasiga o ‘taamiz:

le':Z , (6-12)

(Z'=-z1x-y
va boshlangich shartlari esa
y()=0.77, z(l)= -0.44
kabi yoziladi
Bu holda (6.9) differensiai tenglamalar sistemasiga asosan (6.12) dan.
(f(x,y,z) =z =0x+0.y+z
i *)
[fAxy.z) = -z/x-y
Endi hosil bulgan (*) differensiai tenglamalar sistemaning
yechimini Eyler usulida topish uchun quyidagi formulalar
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* =*0+ih;

YH i=yt+h{(X,,Y,,zDl

z,,I=zl+hf2(xiyizi\

/=0,1,2,3,...

bo'yicha quyidagilami topamiz. Bu (*) tenglamalar sistemasi
bo‘yicha x¢O b olganligi uchun *0=1 deb olamiz:

/=1, n0=1.05, yo=0.77, z0=—0.44;
yi =yo+hfi(x0,y0,20)=0.77+0.05(z0)=0.748;

zi=z0+ hfi(x0,y0,20) =—0.44+0.05(-Zo/*0—y0) =—0.455.
/=2, *,=1.1, y,=0.748, z,=-0.455;
y2="Ni+ASi(*1,>'1,20)=0.748+0.05(-0.455)= 0. 725;
z2=z,+/?/S(*i,yi,z,)=-0.455+0.05(-0. 455/1.1-0.748)=-0.470.
Bu qoidani ketma—ket takrorlab tenglamalar sistemasi yechimining
/=3,4,5 -giymatlarini hisoblab quyidagilami topamiz:

>>3=0.702, z3=-0.484,

>>4=0.678, z4=-0.497,

>>5=0.658, z5=-0.508,

Differensial tenglamalar sistemasiga qo‘yilgan Koshi masalasi
yechimini Eyler usuli bilan topishning Maple dasturini beramiz.

6.4-M aple dasturi:
> restart;
> dsysl:= {diff(y(x),x$l) = z(x),
diff(z(x),x$1) = -z(x)/x-y(x),
y(l) =0.77, z(l) =—0.44};

dsysl := v(l) =0.77,z( 1) = —.44, y(x) =z{x), -7- z(x) =
ck ax

RS

> dsoll :=dso!ve(dsysl,numeric,output=listprocedure, range=1..2):
dsol1y:=subs(dsol1,y(x)): dsol1z:=subs(dsol 1,z(x)):
> x:=I: dsolly(x); dsollz(x);

0.7700000000000 - .4400000000000
>evalf(%,5); —.4400C
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> x:=1.1: dsolly(x); dsollz(x);

0.72440588864249377 -.47131428119912977
> x:=1.2: dsolly(x); dsollz(x);

0.67585396492172311 - .49912232422644037
> x:=1.3: dsolly(x); dsollz(x);

0.62470438546504592 - .52324177713315045
> x:=1.4: dsolly(x); dsollz(x);

0.57133371285022815 -.54351796896649318
> x:=1.5: dsolly(x); dsollz(x);

0.51613302363497881 -.55982688296188198

6.3.2. Runge —Kutta usuli
Berilgan (6.9) differentsiai tenglamalar sistemasini taqribiy yechi-
mini topish uchun Runge-Kutta usulini sistemaning har bir tenglamasi
uchun ko'llaymiz.

K =¥r{.x,,¥,r),

k2y=hfl(x1+ h/2,y{+Kly/2,zt+k[z/2),

k2, = hfi{x,+h/2,y. +k.v/2 ,zt+ku/2);
Ky~hf\{x,+hl 2,yx+k2yH ,zt+ k2z/2), (6 13)
Kz=HIIx:+ NI12W\+Kyi2’Zi+Krl2)’

kdy=Wx(Xi+ M + Ky +K »
K =¥ \(x,+hy;+Ky,z,+K );

=Y, + (Kly + 2k + 2k3y + Ky) /6>
M=z + (&_+2&. + 27 ; + )/6;

XrXa+ih ; r=0,1,2,3,...,n.

Bu goida bilan tenglamalar sistemasini yechishda i=1,2,...,n lar uchun
yuqoridagi usulni ketma-ket takrorlab sistema yechimining tagribiy
giymatlarini topamiz:

yitl; zi#b /=0,1,2,...,n

Runge-Kutta usuii bilan yechim 0.001 aniqlikda topiladi.

6.2—masalani Runge —Kutta usulida yechish. Bu qoida bilan (6.12)
sistemaning yechimni topish uchun (6.13) formulaga asosan:

x0=1.0,y0=0.77, zo0=-0.44, /=0 bo'lganda:

129



K = Y¥i (o >520) = 0.1(z0) = 0.044

K =kfi (W 0>z0) = 0- K-0l*0~>0) =-0.0726

*2=  (*o+Ai2,y0+Kly/2 ,z0+Jtlz/2)=0.1/(0.05,0.55 ,-0.4565) =
=0.1(-0.44- 0.0126/2) =—0.04763

K =Hz (*,+h12,Jo +kiy/2,z0+Kkl2/2) =0.1/ (0.05,0.55 ,-0.4565) =
=0.1(0.4565/1.05 - 0.55) =0.0115

K =¥i(*o+hi2,y0+k/2 ,z0+*2/2)=0.1/2(0.05,0.7462,-0.4457) =

=0.1(0.4457/1.05- 0.7462) = - 0.03217

ku =W \x»+h,y0O+kb ,z0+k”z)0.iyj(0.1; 0.72543; -0.47217) =

=0.1(-0.47217) =-0.047217

K:= W2+ K-Y + *3, +*3) =0.1/2(0.1, 0.72543,-0.47217) =
=0.1(0.47217/1.1-0.72543) = - 0.029618

Y\-Y0 + (%I V+ A 2V+ 2/c3r + Mv) /6=
=0.77 + (-0.044 - 2+0.0476 - 2 ®0.04457 - 0.472)/6 =
=0.77 - 0.02288 = 0.747

2,=20+ (&_+2&z+ 2kiz+ kiz)/e =
-0.44 +(-0.033 - 2(0.0115 +0.03217) - 0.029618)/6 =
-0.44 - 0.024993 = -0.464993

Demak berilgan differentsial tenglamalar sistemasi yeehimining birinchi
giymatlari =0.747,z\~ 0.4649 bo‘lar ekan.

Yechimni keying! giymatlarini topish uchun /=1 bo‘lganda jc,=1.1;
ji=;0.747; Z'=-0.4649 lar uchun yuqoridagi goidani takrorlab y2; z2 lami
topamiz va x.k.

Hisob n=(6-aY A=(1.5-1)/0.1=5 boiganidan, /=5 gacha davom etadi.

Differentsial tenglamalar sistemasiga qo‘yilgan Koshi masalasi (9.3-
masala) yechimini Runge - Kutta usuli bilan topishning Maple dasturi.

6.5-IVJaple dasturi:
1.Masaluni qo Yilishi:
> diff(y(x),x$1)= z(x),
diff(z(x),x$1)— z(x)/x-y(x);

dsysl \=&—y(x) =z(x), a]I—:z(x) =K « Ky(x)

> initl :=y(l) —0.77, z(1) =-0.44;
initl ~y(1) =0.77,z(1) = K .44
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l.Masalaniy cltilishi:
1)> dsoll := dsolve(dsysl,numeric,
output=listprocedure,range=1..2):

dso!ly:= subs(dsoll,y(x)):

dsollz:= subs(dsoll,z(x)):

> evalf(dso!ly(l),5), evalf(dsollz(l),5);
0.7700Q —.4400C

> evalf(dsolly(l.1),5), evalf(dso!lz(l.1),5);

0.72441, -.47131

> evalf(dsolfy(1.2),5), evalf(dso!lz(l,2),5);
0.67585, -.49912

> evalf(dsolly(1.3),5), evalf(dsollz(1.3),5);
0.6247Q - .5232A

> evalf(dsolly(1.4),5), evaif(dsollz(!.4),5);
0.57134 -.54352

> evalf(dsolly(1.5),5), evalf(dsollz(1.5),5);
0.51613, -.55982

2)> dso!2 := dsolve(dsysl, numeric, method=rkf45,

output=procedurelist):

wevalf(dsoi2(l),5); Ix ~ 1-,.y(*) =0.7'7000, z(x) = —.44000]
> evalf(dsol2(1.2),5);
[x=1.2,y{x) =0.67585, z{x) - - .49912]
> evalf(dsol2(1.3),5);
[x=1.3,y{x) —0.62470, z(x) = -.52324]
> evalf(dso!2(1.4),5);
[x=1.4,y{x) =0.57133, z{x) = -.54352]
> evalf(dsol2(1.5),S);
[x= 1.5, y{x) =0.51613, z{x) = - .55983]

Q‘z-o0°‘zini tekshirish uchun savoliar

1 Birinchi tartibli oddiy, differentsial tenglamalar sistemasi uchun
Koshi masalasining taqribiy yechimi Eyler usuli yordamida ganday topi-
ladi?

2. Birinchi tartibli oddiy. differentsial tenglamalar sistemasi uchun
Koshi masalasining taqribiy yechimi Runge-Kutta usuli yordamida ganday
topiladi?

2. Tagribiy yechim xatoligini baholashni tushintirib byering.
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3. Yuqori tartibli differentsial tenglama yoki tenglamalar sistemasi
uchun Koshi masalasining taqribiy yechimi uchun yaginlashishlarni
hisoblash formulalarini yozing.

4. Rung-Kut usuii bilan tenglamaga kuyilgan Koshi masalasining
taqribiy yechimi uchun yakinlashishlar gaysi formulalar yordamida
xisoblanadi?

5.Taqribiy yechim xatoligini baholashning takroriy hisoblash qoidasini
tushintirib bering.

6. Yuqori tartibli differentsial tenglama yoki tenglamalar sistemasi
uchun Koshi masalasining tagr ibiy yechimi uchun yaginlashishlarni Eyler
usulida hisoblash formulalarini yozing.

6.2-laboratoriya ishi
bo‘yieha mustaqil ishiash uchun topshiriglar
1.Quyidagi birinchi tartibli differensiai tenglamalar sistemasi uchun
Koshi masalasini Eyler usulida taqribiy yechimini toping.

_y(0)=1, 2(0)=0.05

3.tc' =\(t2 + 2x~) + v x0)=0.5, X0)=1

| = eosf3>- + x),
4. "x' = In(61+ \j2t2 +y~) x(0)=1,X0)=0.5

y' =(2t2 +x2)
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8 \y'-cos(y +2z)+2 j<0)=1, z(0)=I
jz' =2/(x+ 2y + x+1
9. \y'=e*t!I"'+2x  y(0)=0.5, z(Oy=l
[z' =2y2+y

y'- Y+ Zz-sinz2
10. J
*2/2.
= -y-3z + Me -1}
\y' = -Z+XV
11- < , ' ><0)=1, z(0)=-0.5
[z'=1z"ly
12. 0,-1
|z' = 7/0-xA

B {v'=2"~V -~>  M0)-2, .-(0)-!
("z' = 2xz/(x2y2z2),

14, {>"=Z/r 1 M0)-1>2(0)-2
[z' - YZ(z-y)2

<1;y =-y/x +xz

15- K0)=1, z(0)=2

v = -2YIx3+z/X
16 jAdx/dt = x-2y  x(0);=,5 ,(0)=]
[dy/dt = x-y,
57 Jd'v/dx =z-y

[ciAfidbe = -y-z

><(0)=2.23,2(0)=1.05

18. K /& =1-1/z XO0,-2.,2, Z(0)-1.13
\dzJdx = l/fy-xj

[dv/dx - xlyz
< "oy(0)=I, Z(0)=2
[<E<& = xly

19-

20. |® '~ = ><0)=12,rf0)=-2
ydz/dx + 4y =0,
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21 \y> ><0)=0, 2(0)=1/3
= 22*/(x(y-\) +z/x)

22. \y'=<-y>x KOHAOH
\z'-(z+y) X

23 iy’=cos(y+2z)+2 2(0), 0
\z" =2/(x+2y2 +x+\

[=r 24N +2

24, ' X0)=0.5, z(0)=I

z'=2yN +1

25. |y (zv)y _y(0)=1.05 z(0)=2
\T" =(z+y)z

2. Quydagi ikkinchi tartibli differensial tenglamalar uchun Koshi
masalasining yechimini topishda, ikkinchi tartibli differensial tenglamani
birinchi tartibli differensial tenglamalar sistemasiga keltirib Eyler usuiida
taqribiy yechimini toping.

Tip Tenglama V(0) Vv’ (0) oralig  gadam
1  y"=l/cosx-y 1 0 [0,0.5] 0.1
2 (1+x2y"+(y)'+ 1=0 1 1 [0,0.5] 0.05
3 y"+2y '+2y=2excosx 1 0 [0,0.5] 0.05
4 y"'+4y=eix{ 13ar-7) 0 -1 [0, 1] 0.1
5  y"+4y+4y~-0 1 -1 [0,1] 0.1
6  y"—y=vinx+cos3x 18 -0.5 [0,2] 0.2
7 y"-3y'-eix 2.2 0.8 [0,02] .02
8  y"+y=cosx 0.8 2 [0,1] 0.8
9 y'y -6v=2e4X 1.433 0.367 [0.1] 0.1
10 y-2y +y=b5xex 1 2 [0.1] 0.1
N y"+yi6y=3x2-X -0.9 3.2 [0,1] 01
12 Sy"+2y3y=x+5 1/9 -7/12 [0,1 0.1
13 y"--4y+5y=3x 1.48 3.6 [0,05] H 0.05
14 y"-5y’+6y=ex 0 0 [0,0.2] 0.02
15 y"3y +2y-x1+3x 51 4.2 [0,1] 01
16y +(/x)y~ 4 4 [1, 15]  0.05

(I/x)y=8x
17 x~y"+xy’=0 5 -1 JL. I m 0.05



18
19
20
21
22
23
24
25
26
27
28
29
30

y"-2y Fy=xe
y'-3y "+2v~2sinx
x¥'"+2.5y X-y=0
4xy”+2y’+y=0

XYy -4xy’+6y=2
y"-y=e (x-1)
y'-3y *2y=c0s2x
y"-0.5y*0.5y-~3/*
_V'+4>""'=sinx+sin'2x
y"+y=Xi-x+2
xly'-2y=0

y"+4y '+4y=2n-3
>>"+y=12 X +2

1
0]

2

1.3817

1.43
11/9
1.95

-4
1
1
5/6
-1/4,
1

2
3.2
3.5

-0.1505

2.3,
-11/9
2.7
-2.5
-23/12
0
213
- 12
0

...[0%05]....

[0,1]
10,11
[12]
[12]
1<
[0,051
[0,1]
10,1
. on
[12]
ro51
[0,1]

0.05
0.1
0.1
0.1
0.1
0.1

0.05
0.1
0.1
0.1
0.1

0.05
0.1



7-LABORATORIYA ISHI
Xususiy hosilaii differencial tengiamalarni
taqribiy yecliimini topish
Maple dasturining buyrugqlari:
> u:=array(1..6,1..6)-yechimi funksiya matritsasining o'lchami
> for ito ndo forjto m+1 do x:=aH-(j-1)*h;
uln+1,jl:=fAD(x); u[l,j]:=fBC(x); od; od; evalm(u)-yechimi
funksiyasining cnegaraviy shartlar bo‘yicha giymatlarini hisoblash;
> with(linalg):transpose(UN) -yechimi  funksiya matritsasini
transponirlash.
Magsad: Xususiy hosilali differensial tengiamalarni taqribiy yechi-
mini topishni o'rganish.

Reja: 7.1. Chekli ayirmalar yoki to‘r usuli.
7.2. Elliptik turdagi tenglamaga go'yilgan Dirixle masalasi uchun to‘r
usuli.

7.1. Chekli ayirmalar yoki to‘r usuli
Chekli ayirmalar usuli xususiy hosilali tenglamalarning sonli yechimini
topishda eng qulay usullardan biridir.
Biz quyida eng sodda xususiy hosilali tenglamalar uchun qo ‘yilga
aralash masalalarni to‘r usulida tagribiy yechimini topishni o ‘rganamiz.
Bu wusul asosida xususiy hosilalami chekli ayirmalar nisbati bilan
almashtirish qoidasi yotadi.

Aytaylik, Oxy koordinatalar tekisligida G
chizig bilan chegaralangan yopiqg D soha
berilgan bo‘lsin. D sohani kesib o‘tuvchi
o'glarga parallel bo‘lgan to‘g‘ri chiziglar
oilasini quramiz:

X —X +ih,
/=0, x1x2,.
yt=y,+ kh
A=0,+1+2,..

Bu to‘g‘ri chiziglaming Kk.esishishidan hosil bo'lgan to‘rdagi nug-
talarni tugunlar deb ataladi. Hosil bo'lgan to‘rda Ox yoki Oy koordinata
o‘glari yo'nalishida h yoki / masofada joylashgan ikki tugunni go'shni
tugun deb ataladi.

D+G sohaga tegishli bo‘lgan va sohaning chegarasi G dan, bir
gadaindan kichik masofada turgan tugunlarni ajratamiz.
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Sohariing biror tuguni va unga qo‘shni bo‘lgan to‘rtta tugun, ajratilgan
tugunlar to‘plamiga tegishli bo'lsa, bundiy tugunlarni ichki tugimlar deb
ataladi. (7.1—rasm, A tugun). Ajratilganndan golganlari chegara tugunlari
deb ataladi(7.1—asm, B, C tugunlar).

To‘rning tugunlaridagi rorna’lum U'—U {x,y) funksiyaning
giymatini
uikk =u(xQ+ih,y0+kl) kabi belgilaymiz. Har bir (xa+ih,y™ +kl)
ichki nuqtalardagi  xususiy hosilalarni chekli ayirmalar nisbati bilan
quyidagicha almashtiramiz:
,Sl14 N Mtk =Mool t

dx * 2h (7.1
(o1 I H_ Ukl
L * T

dy 21

Chegaraviy nuqtalarda esa aniqligi kamroq bo‘lgan quyidagi formular
bilan almashtiramiz:

_uit\k ~ uik
dx ik h (7.2)
du uik ,k+\~uik
(=T | Q— pA—

Xuddi shuningdek, ikkinchi tartibli xususiy hosilarni quyidagicha
almashtpramiz:

dn _ mHk —2ulk + uiAk

( Jik

dx h (7.3)
Jdau ujle] - 20K+
dy2 12~

Yuqorida Kketirilgan almatiririshlar xususiy hosilali tenglamalaming
o'rniga chekli ayrimali tenglamalar sistemasini yechishga olib keladi.

7.2. Elliptik tipdagi tenglamaga qo‘yilgan
Dirixie masalasi uchun to‘r usuli.
Birinchi chegaraviy masala yoki Puasson tenglamasi:

a ., n +n ., (7.4)
dx dy2

uchun Dirixie masalasi quyidagicha go‘yiladi. (7.4) tenglarnani va D
sohaning ichki nuqtalarida va uning G- chegarasida esa
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n1G=P(xy)

shartni ganoatlantiruvchi u~u(x,y) funksiya topilsin.
Mos ravishda x vay o‘glarida h va / gadamlami tanlab,

X, =x0+ih, (i-0,£1+2..)

Yk=Yo+ k1’ (k =0,21,£2,...)
to'g'ri  chiziglar yordamida to‘r quramiz va sohaning ichki
tugunlaridagi
d2u
a?’ af
hosilami (7.3) formula asosida almashtirib (6.4) tenglamani quyidagi
chekli ayirmali tenglamalar ko‘rinishga keitiramiz:

W+\k ~~uik +ui-\.k  ui,k+\ ~ 2uik i, k-\ r
— I — — —Jik (
hz r

bu yerda = f(Xj, y») (7.5) tenglama sohaning chegaraviy

nugtalaridagi Ulk giymatlari bilan birgalikda (xt,y k) tugunlaridagi

u(x,y) funksiya giymatlariga nisbatan chizigli algebraik tenglamalar siste-
masini hosil giladi. Bu sistema to‘g'ri to‘rtburchakli sohada va |-k bul-
ganda eng sodda ko‘rinishga keladi Bu holda (7.5) tenglama quyidagicha
yoziladi.

uit\,k + ui-\,k + ui,k+1+ ui,k- 1~ 4L, ~ ™ fik (7-6)
Chegaraviy tugunlardagi qiymatlar esa chegaraviy funksiya qiymat-
lariga teng bo‘ladi. Agar (7.4) tenglamada /(x,y)"0 bo‘lsa,

d2 d2
Aan=S 8 oo
dx dy2

Laplas tenglamasi hosil bo‘ladi. Bu tenglamaning chekli ayirmalar
tenglamasi quyidagicha:

Uk =~ (UMM + U_u + UIMI + Uik_x) (7.7)

Bu (7.6) va (7.7) tengiamalarni 7.2-rasmdagi tugunlar siemasidan
foydaniladi. Bundan buyon rasmlardarda (nag) tugunlarni ularning
indekslari bilan almashtirib yozamiz.
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fi. k+1)

h
(11 .10 (K (i+1 ,K)

(i.k-1)

7.2-rasm. 7.3-rasm.
Ba’zan 7.3-rasmdagi kabi tugunlar sxemasidan foydalanish qulay
boiadi. Bu holda chekli ayrimalar bo'yic'na Laplas tenglamasi quydagicha
yoziladi.

Uik —T (ui-Lk-1 "AUM K-\ JrUT-\kH + M+,*H) (7.8)
(7.4) tenglamasi uchun esa:
1 h2
ui,k ~ Ui+ k— mlES kA M ui+\ k+\) A ik (7-9)

Differensial tenglamalarni chekli ayrimalar bilan almatirish xatoligi
ya’ni (7.6) tenglama uchun qoldig xad R :k quyidagicha baholanadi.

Rik <— M4
bu yerda Ma = max &Y 34<} (7.10)
c j@4vVvJ

Ayrimalar usuli bilan topilgan tagribiy yechim xatoligi uchta
xaioligidari kelib chiqgadi:

1) differensial tenglamalarni ayrimalar bilan almashtirishdan;

2) ohegaraviy shartni approksimasiya qilishdan;

3) hosil 'oo‘lgan ayrimali tenglamalarni taqribiy yechishlardan.

7.1-masala. Quyidagi Laplas tenglamasi

d2u d2u
—S-H-—-—-M=0
dxL dy~

uchun uchlari 1(0;0), 5(0;1), C(I;1), £5(1;,0) nugtalarda bo°‘lgan
kvadratga Dirixle masalasi shartlari:

m
qad 45v(l- v); ulge = 25x; WCD = 25; ulA) = .25xsin
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bo‘lganda, h-0.2 gadam bilan to‘r usulida yechimini 0.01 aniglikda
toping .

Yechish: 1. Yechim sohasini /r=0.2 gadam bilan kataklarga ajratamiz
va sohaning chegara(7.4—asm) nuqtalarida (7.10) ga asosan noma’lum
u(x,y) funksiya giymatlarini hisoblaymiz.

yl.B c 0 5 10 15 20 25
7.2 “13 U» A5 Ui

0.8 25

06 10.8 Ui ujo Eu ul2 25

0.4 10.8 l:” u”z y ' lLJJS 25
7.2 ! s %25

0.2 A D,

0" 02 04 0608 1 X 0 154 5.87 12.13 15.02

7.4—rasm. 7.5-rasm.

u(x,y) funksiya giymatlarini soha chegaralarida hisoblash:

1) AB tomondagi u(x,y)=45y(\~y) funksiyaning giymatlari:

u(0,0)=0 ,u(0,0.2)=7.2 , n(0,0.4)=10.8,

1(0,0.6)=10.8 , u(0,0.8)=7.2 , z/(0,I)=0.

2) ABtomondagi u(x,y)=25x funksiyaning giymatlari:

n(0.2,1)=5 , w(0.4,1)=10 , n(0.6,1)=15,

m(0.8,1)=20,m(1,1)=17.

3) CD tomondagi u(x,y)=25 funksiyaning giymatlari:

u(1,0.8)=u(!,0.6)=1(1,04) AD tomondagi u(x.v)=25sin m

2

funksiyaning giymatlari:

u{0.2,0)= 1,545, w(0.4,0)=5,878,

m(0.6,0)= 12,135, «(0.8,0)=19,021.

2. Yechim soha ichidagi nuqtalarda(7.5-rasm) izlanayotgan funksiya
giymatlarini topish uchun, Laplas tenglamasi uchun chekli ayirmalarni
go‘llashdan hosil bo‘lgan (7.7):

Gij = w(X/¥7) = A(Wiiiij+Wiji+ij+Uysj_yi + 1+1i)
formuladan quyidagicha foydalanamiz:

W —" (7,2 +1,545 +ii2 + Wh)j ii2 — (5,8/8 + 1y + 134 wh),

(19,021 + 25 + u3 + us)
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us = —(10,8 + u, + w6 + n9);
Uj -4(|/|’\ bUE H 1%+ W j),

£9=—108+ HWQ+

M1l =1t (n7+ml0+ u\2 +w1b);

M3 —t(7>2 + 5+ M + «ig);

wis = T (15+ m11+m14+m16);

me= 472 +wsb+m7+ nl0),

-w + U -mWjg),
WR=—  +Ug+ W]+ 214),
M2 - 7 (25+ «8 + ML +Mm 16)

Mi4 - —(10 + Wjo + «13 + W]5),

M6 = “ (20 + 25 + M2 + «15)

Bu hosil bolgan sistemani Zeydeining iterasiya usuli bilan yechib
u-0), u(}, u[z...,.u[r

ketma --ketiikni tuzamiz va yaginlashishni 0,01 aniglik bilan olamiz .
Bu ketma -ketlik elementlarini quyidagi bog'lanishlardan topamiz:

Mi) = - (8,745 + i) +n\k)-
N =7(12,135 + U +«<'bl , +17-));

(108+Mm( +ub +u 1)

M_ (10,8+«®)+ul ,+«.IN));

1
4

1(12,2+< )+ < D);

<=4 (15+<>+"+«,[N);

uf' =- (5,878 + U\K) +tt<*') + uf~1)

uy =-1.(44,021+ «‘)) +m*1)
MY=4 M%)+ «T+ «r+ ).

|
M™) =z£1(25 +un Tl +«f +n,t*)),

“iT = (25 + M8 +Mif >+M|(6 1)
“bi - XOCH K," +ul\ll+ n(* 1),

1
it = 7445 + U 4I<I5),



Yugqoridagi formulalar yordamida yechitnni topish uchun boshlan-

gMch 1Vj°1 giymatlami aniqlash kerak bo'iadi. Shu boshlang'ich tagribiy

yechimni aniglash uchun u(x,y) funksiya soha gorizantallari bo‘yicha tekis
tagsimlangan deb  hisoblaymiz. Chegara nugtalari (0;0.2) va (1;0.2)
bo‘lgan gorizantal kesmani 5 ta bo‘lakka bulib, ulami boshlsng‘ich va
oxirgi nugtalardagi u(x.,y) funksiya giymatlari bo‘yicha
K»=(25-7,2)/5=3.56
gadam  bilan uning ichki nuqtalardagi  funksiya qiymatlari

W0 40 (), (0)

m quyidagicha topamiz.

up  t$> uf> 4°) 25
— | 4 h f-—— 4
(1;0.2)

u\0) = 7,2 + K\ = 7,2 + 3,56 = 10,76
4 0) = w)0) + Kx= 10,76 + 3,56 = 14,32

40)=4°) + Al =14,32+3,56 = 17,88

+A, = 17,88+ 3,56 = 21,44

Shuningdek qolgan gorizontallarda ham ularga mos K2=K3=2.S4,
K4=K\=b.56 qadamlarini aniglab ichki nuqtalardagi funksiya qiymat-
larini topamiz va quyidagi boshlang‘ich yaginlashish bo‘yicha yechim
jadvalni tuzamiz:

1 0 5 10 15 20 25
0,8 72 10,76 34,32 17,88 21,44 25
0,6 10,8 13,64 16,48 19,32 22.16 25
0,4 10,8 13,64 16,48 19,32 22,16 25
0,2 72 10,76 14,32 17,88 21,44 25

0 0 1,545 5,878 12,135 19,021 25
y/x 0 0,2 04 0,6 0,8 1

Bu boshlangMch yaginlashishdan foydalanib hisoblash jarayonidagi
birinchi, ikkinchi va xokazo yaginlashishlarni aniqlash va jadvalini tu-
zish mumkin. Natija 0.01 aniglik bilan 15-yaqinlashish bo'yicha hisob-
langan quyidagi yechim jadvalini topamiz:
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1 0 5 10 15 20 25
0.8 72 8,63 11,77 1580 20,30 25
0,6 10,8 10,56 12,64 16,14 20,40 25
0,4 108 10,17 12,10 1569 20,18 25
0,2 72 7,20 9,88 14,34 1964 25
y/x 0 0,2 0,4 0,6 0,8 1

Laplas tenglamasi uchun Dirixle masalasini chekli ayirmalar usulicia
yechishning Maple dasturini quyidagicha tuzamiz.

7.1-M aple dasturi:
> restart;
> fAB:=y-~>45%y*(l-y); fAB :=>>—>45 y (1 —vy)
> fCD:=y->25+0*y; fCD :=y-*25 + Oy
>fBC:=x->25*x; fBC =X->25X
> fAl):=-x->25*x*sin(3.14159*x/2);
. 3.14159.x ~
fAD :=x—25.r sinl-———-=—= j
n:=5: m:=5: a:=0: b:=1: ¢:=0: d:=I:
:=(b-a)/n: g:=(d-c)/m: e:=0.01:
u:=array(1..6,1..6):
forito ndo forjto m+1 do
:=a+(j-)*h; u|n+l,jl:=fAD(x); ull,j|:=fBC(X);
od; od; evalm(u);

X V V IV

0 5 10 15 20 25
"2,1 "2,2 “2,3 “2,4 M. 5 "2,6
w3l W, 2 “3,3 “3,4 “3.5 "3,6
"4.1 W2 "4,3 "4,4 "4.5 "4,6
"5,1 "5,2 “5.3 “5,4 "5,5 "5,6

0. 1.545083710 5.877848230 12.13524790 19.02112376 25.00000000
> for i to ndo forjto m+1 do

y:=c+(i-1)*g : u[i,1 J:=fFAB(y): u]i,m+I|:=fCD(v):

od; od; evalin(u);



36

5 w2 w3 “2.4 u2,5 25
54

5 8,2 8,3 3.4 3,5 25
54

5 w, 2 «43 “4,4 4.5 25
36

5 0,2 b5, 3 “5.4 5,5 25

0. 1.545083710 5.877848230 12.13524790 19.02112376 25.00000000

for i from 2 by 1 to n do
> ifrom 2 by 1to m+1 do

Ml =ulljl-(un+1jl-ull,j)*i/n; od; od; evalm(u);
(%.4);
0 5 10 15 20 25
356 6.381966516 11.64886071 16.14590084 20.39155050 25.
554 7.072949774 12.47329106 16.71885126 20.58732574 25.
554 7.763933032 13.29772142 17.29180168 20.78310099 25.
356 8.454916290 14.12215177 17.86475210 20.97887624 25.

0. 1545083710 5.877848230 12.13524790 19.02112376 25.00000000

0. 5. 10. 15, 20. 25
7.200 6.382 11.65 16.15 20.39 25.
10.80 7.073 12.47 16.72 20.59 25.
10.80 7.764 13.30 17.29 20.78 25.
7.200 8.455 14.12 17.86 20.98 25.

0. 1.545 5.878 12.14 19.02 25.00

> for i from 2 by 1 to n-t do
for j from 2 by 1 to m | do ufi,jl:==(ufi-Ljl+ii[i+1,j1+uli,j-
l|+uli,j+11)/4; od; od; evalf( evalm(u),4);
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0. 5. 10. 15 20. 25
7.200 8.370 11.78 15.96 20.39 25.
10.80 10.64 13.19 16.75 20.59 25.
10.80 10.90 13.87 17.32 20.78 25.
7.200 8.455 1*412 17.86 20.98 25.
0. 1545 5.878 12.14 19.02 25.00
iJirlxle masalasini chekli avirmalar usulidagiyechishning
gistogrammasi va sirt grafigi:
> with(plots):with(LinearAlgebra):
> matrixplot(u,heights=histogram,axes=boxed); (7.6- rasm)
> matrixplot(u,axes=boxed); (7.7-rasm)

column column

7.6—rasm. 7.7-rasm.

0 ‘z-o‘zini tekshirish uchun savollar

1. Berilgan sohani to‘r bilan ko‘lash, to‘r tugunlarining turlari, tugun
nugtaiar aniglash.

2. Xususiy hosilalarni chekli ayirmalar nisbati bilan almashtirishlar
asosida to ‘r usuli moxiyatini tushuntiring.

3. Laplas yoki ‘uasson tenglamasi uchun Dirixle masalasining taqribiy
yechimi to‘r usuli yordamida ganday topiladi?

4. Taqgribiy yechim xatoligini baholash formulasini yozing.

145



© m ~N oW N2

=
o R"BE REB

2o B e
© ©® ~ o

NN
= o

NN
w N

24

25
26

ulab
30y

20y
50X1-Y2)
20v

0

30sin Ty

30(1-y)
30sin Try
40y2

50

20/

405y
20cos(™y/2)
30y \\-y)
20y

30(1-*-
30cos (ny/2)
0

200
50>"(1—v
20sin rry
40(1-y)

20 sin Tty

40

f30r...
25/

7.1-laboratoriya ishi
bo‘yicha mustaqi! ishlash uchun topshiriglar

Quyidagi Laplas tenglamasi 5—2_

dx2

masalasini to ‘r usuiida, uchlari /1(0;0), B(0;l), C (I;1), ZX1;0) nuqgtalarda
bo‘lgan kvadratdagi taqribiy yechimni, h~0.2 gadam bilan toping.

UHe
30(1-/)
30cos (nx/ 2)
0
20
50*(1-%)
20x
2035
30V*

40
50(1—=)
20
40(1-*)
30%(1-*)
50 sin TIX
20(L:*")
30*

30*2

50 sin TIX
20

20/ (1)
30*
30v*

50/x
40

30(1-*)
25
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d~
dy2

«lcp
0

30cos (nyi 2)
0

or(h )
20y
20y

30/

40

0

20y
20y(I-y)
30X 1-/)
0

304y (\-y)
30

30y

50j-( % /
20/

0
30y
30y

50/

40/

0
25"

= 0 uchun yuyH Dirixli

ulad

0

20x2

50sin TIX
50*(1-*)
50%(1-*)
30*(1-%)
30(1-%)
50sin TIX
40sin(®c/2)
60*(1-*2
10* (1-*)

0

20(1%*2
10*2(1-*)

0

30
30cos("x72)
0

40*(1-%)
40*( 122
20%(1-*)
40(1-%)

20 sin JIX
40sin (nx/ 2)

40 *2 (1-*)
20* (I-x)



21 15p 15(1—v) 30v(1~y) 0

28 30cos” 20jt(1—r) 25y(\-y2) 30(1-x2)
2

29 10y\\-y) 30 sin TEX 0 15%(1-.12)

30 25y 25(1-X3 30jy(|_y) 0

7.3. Paraboiik turdagi xususiy hosilali differensiai tenglama
uchun aralash masalani to‘r usulida yechish
7.3.1. Paraboiik turdagi tenglamasi uchun to‘r usuli.
7.3.2. Birjinisli bo‘Imagan paraboiik tenglama uchun to‘r usuli.
7.3.1. Paraboiik turdagi tenglamasi uchun to‘r usuli.
Paraboiik turdagi issiklik o'tkazuvchanlik tenglamasi uchun
aralash masalani ko‘ramiz. Ya’ni
du , d2u

(7.11)
~dt~ G dx2°’

tenglarnani

u(x,0)=/(x),(0<x<s) (7.12)

boshlanglich shartni va

u(0,t)= <p(t), u(s,t)=ip{i) (7.13)

chegaraviy shartlami ganoatlantiruvchi u(x,t) funksiyani topish masalasi
bilan shug‘ullanamiz.

Yuqoridagi (7.11)—7.13) masalaga, xususan uzunligi n ooMgan bir
jinsli sterjenda issiglik targalish masalasini ko ‘rish mumkin.

(7.11) tenglamada a=1deb uni

du _d2u

dt  dx2
ko‘rinishga keltirish mumkin.

Yarim tekislik t> 0,0 < X < S da (7.8-rasm) koordinata 0 ‘glariga
parallel to‘g‘ri chiziglar:

x=ih, /=0,1.2,... t=jl,./=0,12,...
oilasini quramiz. x,=ih va tj=jl deb, 1 —u(i,j) = u(xi,t;) belgilash

bilan va har bir ichki (x.,t.)tugundagi d—I— hosiiani tagribiy ayrimalar
X2

nisbatida quydagicha yozamiz:
Mi+J + Ui-\j

_ (7.14)
E(de) h2

147



M hosilani esa, quyidagi nisbatlardan biri bilan almashtiramiz:
8t

gl idNe g (7.15)

uij  uid- (7.16)
(duJ
Bu holda (7.11) tenlamani( a=1 bo‘lganda) quyidagi 2 turdagi chekli-
ayrimali tenglamalar ko'rinishda yozish mumkin.

UidA~ WV umj

(7.17)

e h2

u, - n i ‘2w + uMd

71 UMl e (7.18)

e h

Bu tenglamalarda rr=1/h 2 kabi belgilab , ulami quydagicha yozamiz:

uiJH = (1- 2a)u0 +cr(iiMJ + uHJ) (7.19)
1+ 2a)u.- a(uMJd +u,_tj)- uiH =0 (7.20)

(7.17) dagi tenglamani tuzishda 7.9-rasmdagi oshkor sxemadan, (7.18)
dagi  tenglamani tuzishda 7.10-rasimdagi oshkormas sxemadan
foydalanamiz.

t, .
i 341 i-1, ] i,j itl]
-i> -
—F13T hi,j
i.j
1 ),
0 h SR RIS TR Y ij1
7.8-rasm. 7.9-rasm. 7.10-rasm.

(7.19), (7.20) tenglamalarda a sonini tanlashda ikkita holami hisobga
olish kerak :

1) differentsial tenglamani ayirmalar bilan almashtirishdagi xatolik eng
kichik bo'lishi kerak;

2) ayirmalar tenglamalari turg'un bo‘lishi kerak. (7.19) tenglamani
0<(¥Y<1/2 da, (7.20) tenglamani esa ixtieriy <J da turg‘un bo‘lishi

isbotlangan.
(7.1 7) tenglamaning eng qulay ko'rinishi
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T ER +«MJ) (7.21)

1
cret da "1 6 +4Mij +UM,j)
(7.20), (7.21), (7.22) tenglamalardan topilgan taqgribiy yechimning
O<x <5, 0O<t< T sohadagi hatoligini boholash tenglamalarga mos
ravishda quydagicha:

(7.22)

\n-ii\< TM.h1/ 3 (7.23)
M- mj< TA}A4/135 (7. 24)
IF/-M|<T (-- + —)M (7. 29)
1 1 2 12

buyerda U (7.11)—€7.13) masalani aniq yechimi, 0<x<5 0<f< T
sohada:

Mx=max /f4x, |[®'(0], [V*(O]

6
M2 = max4/ ()(*) o(4)(0 /W (0

Yugoridagi xatoliklarni boholashda tanlanadigan It argumentning
gadami (7.22) tenglama uchun yetarlich kichik bo‘lishi kerak. Iva h larm
bir-biriga bog‘ligsiz tanlaymiz.

du d2u
7.2-masala: (7.21) ayirmalar tenglamasidan foydalanib , —- = i

o O
tenglamaning
u(x,0) =sinnx, (0<x<1

u(0,t) —m(1,t) =0 (0 <7 <0.025)
chegaraviy shartni ganoatlantiruvchi tagribi yechimini topamiz.

Yechish: Uzgaruvchi argument x uchun h—0.1 gadam tanlavmiz. a -\
2
bo‘lganligidan t argumen uchun gadam /= h2/2 =0.005 7.!-jadvalni
boshlang‘ich va chegaraviy giymatlari bilan hamda simmetiriklikni
eg‘tiborga olib fagat x=0, 0.1, 0.2, 0.3 ,0.4, 0.5 lar uchun toMdiramiz. u{xt)
funtsiya birinchi gatlamdagi qiymatlarini boshlang'ich va chegaraviy
shartlardan foydalanib, j=0, bo‘lganda (7.21) formuladan foydalanamiz:
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nn = 2 0+MM.0)

Bu holda

«n = 2 («20 + WO0) = “ (0.5878 + 0) = 0.2939

li2\ = 2 (m30 + Mio) = - (0.8090 + 0.3090) - 0.5590

va hokazo un ning /=2,3,4,5 larda ham giymatlarini to‘ib 7.1-jadvalrri
toidiramiz

7.1-javal

i T X 0 01 0,2 0.3 0.4 05 j
0 0 o 03090 05878 0.8090 09511  1.0000
1 0,006 O 02939 05590 10,7699 0,9045 0,9511
2 0010 0O 02795 05316 0,7318 0.8602 0.9045
3 0015 0 0.2558 05056 0,6959 0,8182 0,8602
4 0020 0O 02528 04808 0.6619 0,7780 0,8182
< 0,025 0 0,2404 04574 0,6294 0,7400 0.7780
u(x,t) 0025 0 02414 04593 06321 07431 0,7813
u- ul 0,025 0 00010 0,0019 0,0027 0,0031 0,0033

asosan: ikkinchi gatlamdaj= 1 bo‘lganda (7.21) formulaga

ui2 - r§ ML+ /-11)

bo‘ladi. Xuddi shuningdek, ryning giymatlarini 0.010, 0.015, 0.020,

0.025 lar uchun ham hisoblaymiz. Jadvalning oxirida aniq yechim
u(t,x) = e~n 1sin x

va ayirma \u —u\ ning giymatlarini /=0.005 uchun berilgan xatolikni
tagqoslash uchun (7.23) formuladan foydalanib quyidacha baholashni
ko‘ramiz. Berilgan masala uchun d(/)=\|/(/)=0

/| (4>(x) = nxsin/a' paH M, =>2
bu yerda

- < TtAh2= -°-2597,22 *0.01 = 0,0081
1 1 3 3

Parabolik turdagi tenglamasi uchun to‘r usuiida (7.2.1) formula
asosida hisoblashning Maple dasturi tuzishda matritsa indikslarini 1 dan
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1 boshlanishini e’tiborga olib, uni o‘lchovini u(ij), i=1 i-\.2,...
kabi tamlaymiz.

7.2.1-M aple dasturi:
> restart;
Boshlang 'ich va chegaraviyfunksiyalarini kiritish:
> f:=x->sin(3.J4*x); f :=jr—» sin(3.14x)
> phir=t->0*t; @ :=t—*o0 t
> psi:=t~>o*t; Wi i=t—>o0 t
Sohani bo 1inishlar soni va gadamlarini kiritish:
> n:=5: m:=5: a:=0: b:=1.: ¢:=0: d:=0.025:
> h:=(b-a)/(10); g:=(d-c)/(10): e:=0.01:k:=h*h/2;
h :=0.100000000' k :=0.00500000000
Funksiya matritsasining o ‘lchamini belgiiash
> u:=array(1..10,1..10):
Chegaraviy shart funksiyalarining giymatlarini hisoblash:
> forj to2*m do t:=(j)*k:
uj1,jl:=phi(t): u[2*m,jl:=psi(t):
od; evalm(u): evalf(%,4);
=0.00500000000" 1 =° « o =0.

=0.0100000000" ]2 =0.blio 2 := 0.
=0.0150000000",,3 - oy 1093 *= 0-
=0.0200000000" » 4 = 0.M,0 4 :==0.
=0.0250000000" j*5 .- g_y105 ~ O
=0.0300000000", 6 = O.yio,6 0"
= 0.0350000000'W1(7 :—O.i/io 7 =0.

=0.0400000000",, 8 = °.i<l0>8 := 0.
0.m,0 9 =0.

=0.0450000000", 9
=0.0500000000", 10 .=~ _pjo, 10 =0
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ug, 1

0.

0.
uz, 2
us, 2
U4, 2
U5, 2
ue, 2
u7, 2
W8, 2

ug, 2
0.

uz,3 U2,4 “2,5 “2,
u3, 3 W3,4 “3,5 «3.
W, 3 M4, 4 “4,5 M4,
U5, 3 “54 “5/5 5
W6,3 “6,4 »6,5 “6,
W7, 3 M7,4 “7,5 wy,
18,3 W8,4 “8,5 “8.

Z9,3 W04 M9 5 WO,
0. 0. 0. 0.

6 @ 8,

7

6 Wo,7 U9, 8

0.

0

“2,9
us3, 9
W4, 9
W5, 9
M6, 9
M7, 9
W8, 9

We, 9
0.

Boshlang'ich shart funksiyasining giymatlarini hisoblash:
> for ito2*n-2 do
x:=i*h: uli+l1]:=f(x):
od; evalm(u): evalf(% ,4);

x :=0.100000000i Al

-0.308865520

x :=0.2000000001 M8 , -0.587527525'
x —0.3000000001 u4 , :=0.808736060i

x :=0.4000000001 u5 , -0.950859460:

X :=0.5000000001 m6 , -0.9999996821

x -0.6000000001 ul j -0.951351376:

x :=0.7000000001 My , .=0.809671788:
x -0.8000000001 u9 j -0.5888155621
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0. 0. 0. 0. 0 0 0 0. O 0.
0.3089 ;22 U2,3 u2,4 w2,5 M2,6 u2, 7 W2,8 u2 9 W 10
0.5875 ;3 2 w3 3 W3,4 113,5 “3,6 W8,7 “3,8 u3, 9 M3 10
0.8087 ys 2 M4, 3 WA 4 U4 5 ME6 M4 7T WA, 8 U4 9 M4, 10
0.9509 M5 2 »5,3 It5,4 W5, 5 1156 W5, 7 M5, 8 U5 9 M5, 10
1.000 ;6,2 M, 3 W6,4 M6, 5 W6, 6 M6,7 W6,8 W6,9 We, 10
0.9514 \7 2 Y13 U7,4 Ul 5 U7,6 111,7 W7, 8 W7, 9 W7, 10
0.8097 115 2 ws, 3 W8, 4 M8, 5 W8, 6 M8,7 “8 8 M8.9 1/8 10

0.5888 49 2 U9.3 U9 4 119,5 W, 6 M3, 7 M9, 8 Mg, 9 ™M 10
0. 0. 0. 0. 0. 0. 0. 0. 0. 0
Boshlang'ich va chegaraviy shart funksiyasining giymatlari asosida
izlanayotgan u(x,t) funksiyasining qiymatlarini qatlamlar bo'yicha (7.21)
formulasi asosida hisoblash:
> forj to2*in-1 do
for i from 2 by I to 2*n~1 do
uli,j+1]:=(iili—jl+uli+1,j/2:
od; od; UN:=evalm(u): evalf(%4);
0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
0.3089 0.2938 0.2794 0.2657 0.2527 0.2404 0.2286 0.2175 0.2056 0.1956
0.5875 05588 0.5315 0.5055 0.4808 0.4573 0.4349 0.4112 0.3911 0.3677
0.8087 0.7692 0.7316 0.6958 0.6618 0.6294 0.5938 0.5648 0.5299 0.5040
0.9509 0.9044 0.8601 0.8181 0.7781 0.7303 0.6946 0.6486 0.6168 0.5746
1000 09511 0.9046 0.8604 0.7989 0.7598 0.7033 0.6689 0.6192 0.5889
0.9514 0.9048 0.8606 0.7797 0.7416 0.6762 0.6432 0.5899 0.5611 0.5167
0.8097 0.7701 0.6548 0.6228 0.5536 0.5265 0.4765 0.4532 0.4141 0.3938
0.5888 0.4048 0.3850 0.3274 0.3114 0.2768 0.2633 0.2383 0.2266 0.2070
0. 0. 0. 0. 0. 0. 0. 0. 0. 0.

> with(linalg):transpose(UN);
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0. 0.3089 0,5875 0,8087 0 <500 1,000 0.9514 0.8097 0.5888 0.
0. 0.2938 0.5588 0,7692 0.9044 0.95i1 0,9048 0.7701 0 4048 0.
0. 0.2794 0.5335 0.7316 0.8601 0.9046 0.8606 0.6548 0.3850 O.
0. 0.2657 0.5055 0.6958 0.8181 0.8604 0.7797 0.6228 0.3274 0.
0. 0.2527 0.4808 0.6618 0.7781 0,7989 0.7416 0,5536 0.31 4 o.
0. 0.2404 0.4573 0.6294 0.7303 0.7598 0.6762 0.5265 0.2768 0.
0.0,2286 0.4349 0.5938 0.6946 0.7033 0.6432 0,4765 0.2633 0.
0.0.2175 0.4112 0.5648 0.6486 0.6689 0.5899 0.4532 0.2383 0.
0. 0.2056 0.391i 0.5299 0.6168 0.6192 0.5611 0.4141 0.2266 0.
0. 0.1956 0.3677 0.5040 0.5746 0.5889 0.5167 0.3938 0.2070 0.

Parabolik turdagi tenglama uchun aralash masalayechimining
gragfigi:

> with(plots):with(LinearAlgebra):

> matrixplot(UN,heights=histogram,axes=boxed);

(7.11—asm)

> matrixplot(UN,axes=boxed); (7.12-rasm)

" o12

7.11-rasm.

Chekli ayirmalar tenglamasi u4‘I bo‘lganda
gt

(7.11)—€7.13) masalaning yechimi 7.2.1-M apl e dasturi asosida
quyidagicha bo‘ladi:
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0.3089 0.5875 0.8087 0.9509 1.000 0,9514 0.8097 0,5888 0. j
0.3038 0.5780 0.7956 0.9354 0.9837 0.9358 0.796S 0.5275 0. i
0.2983 0.5685 0.7826 0.9201 0.0677 0.9206 0.7749 0.4844 0. l
0.2940 0.5.593 0,7698 0.9051 0.95%9 0,9042 0.7507 0.45210. |
0.2X92 0.5502 0.7573 0.8904 0.9361 0.8H65 0.7265 0,4265 0.
0.2845 0.54?2 0.7449 0,8758 0.9202 0.8681 0.7032 0.4054 0.
0.7790 0.5324 0.7328 0,86J4 0.9043 0.8403 0.681 i 0,3875 0.
0.2753 0.5237 0.7208 <1,847! 0.8*79 0.8304 0.6602 0,3718 0.
0,2708 0,51550.7090 0.8329 0.8715 0.8116 0.6405 0.3579 0.
0.2664 0.5067 0,6973 0.8187 0.8551 0,7931 0.6219 0,3454 0.

7.3.2. Birjinisli bo‘Imagan paraboiik tenglama
uchun aralash masala
To‘r usuli bilan birjinisli bo'Imagan paraboiik turdagi
du 82
~dt~foi +
tenglama uchun aralash masalani yechish mumkin .
Bu holda tugunlarning oshkor holdagi sxemasida foydalangan holda
ayirmalar tenglamasi quydagicha bo'ladi:

FJH AN @Q-2a)u0+a(uMj +u,_X)+ IFg

bunda cr = — bo'lsa.
2
-m-{uM J+ulAj) + IF0 (7.26)

bo ‘ladi, G’—g bo'lsa,

1 7.27
udH = (Utij +4u,j +»hj) + LLL (7.27)

bo'ladi. Bu holda xatolikni quydagicha baholash o'rinlidir.
(7.26) tenglama uchun:

T .
\u—h < —(M2 +-~Mi)h2
1 1 4 3
(7.27) tenglama uchun:

m-u\<l(\-M- +—M )h
1123 3 5 6
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Bu yerda

dkua\ . ., _ .,
Mk max —-L K=1273,4,
dx
Bir jinisli bo‘lmagan parabolik turdagi tenglama uchun aralash
masalani (7.27) formula asosida yechim giymatlarini hisoblashning Maple
dasturi.

7.2.2-M aple dasturi:
restart; Digits:=3:
f:=x->sin(3.14*x); f :=x—>sin( 3.14 x)

\%

\

> phi:=t->0*t; p :=t—>0 /
psiz=t->o0*t; \|/ := t—m0 t
FO:=(x,t)->3*t*sin(x); FO := (X, t) —=*3 t sin(x)
n:=5: m:=5: a:=0: b:=I.: c:=0: d:=0.025:
h:=(b-a)/(10); g:=(d-c)/(10): e:=0.01:k:=h*h/2;
h :=0.100 k :=0.00500
> u:=array(1..10,I-10):
> forj to2*m do
t:=j*k: u|1,jl:=phi(t): ul2*m jl:=psi(t):
od; evalm(u): evalf(%,4);
t 0.00500Kkj j:=°.mio , :-0.

t:= 00100m,1J 2 =°.M,0, 2 = 0.

\

vV V V

t-OOlSOm,AS ::ol»io’ 3 =0.
t:=0.0200m, 4 .=0.M]0,4 =0.

t:=0.0250M, .. _oy\yo 5 -0,
t 00300m‘>6 "‘O‘MO, 6 =0.
£:20.0350m, ; _ ;.o 7 =0.

£:=0.0400mg g _ o \yyg g =0
t 0.0450m, 9 =0.M,0 9 =0.

t := 0.0500m, 0 =0 ml0 10.=0.
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Uz, 1 %22 ™ 3 M4 U2 5 M2, 6 W2,7
us, 1 Y52 ™ 3 us 4 U35 M3 6 > 7
Us 1 %42 Wa,3 U4 4 14,5 WA, 6 WA, 7
U5 1 M5,2 W6 3 M5, 4 US 5 U5 6 W5, 7
M6,I we 2 *6,3 Me,4 U6,5 U66 “6,7
ulb1 uz2 Y3 W4 u75 ure UT T
«8,1 M8, 2 U8,3 M8, 4 U85 U8 6 US 7
ug, 1 H9 2 M3 4 4 w5 Mo, 6 U9 7
0. 0. 0. 0 0 0 o0

> fori t02*n-2 do x:=i*h: u]i+l,1]:=f(x):
od; evalro(u): evalf(% ,4);

x\=0.100u2 j :=0.309
x:=0.200w8 , :=0.588
x:=0.300u4 , :=0.809
X :=0.400w5 , ;=0.952
X :=O.500m6, ;= 1.00
x :=0.600b1_ . -0.953
x:=0.700M j :-0.808
x :=0.800m9 , ;=0.590
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W2, 8
M3, 8
M4, 8
us, 8
ue, 8

UJ

big, 8

«9f g

Uz,

M/\

W5

ue6,

us,

U9,

M2, 10
M3, 10
W4, 10

10
M6, 10
10
us, iO

no9, 10



0.3089 (2 W,3 “2,4
0.5875 \g2 M3, 3 MB, 4
0.8087 w1 2 W4, 3 “4.4
0.9509 ng 2 MB, 3 M, 4
1.000 b 2 W6, 3 M4
0.9514 y, 2 U, 3 W 4

0.8097 wg2 M8,3 MB,4
0.5888 Ug 2 Ug 3 \pg 4

0. 0. 0. 0.

0.
w2 5
U3, 5
M4, 5
Us, 5
W6, 5
Wr. 5
NINES

u9 5

0.

> forj to2*m do for i to 2*n do
x:=i*h: t:=j*k: uFl|i,j|:=FO(x,t);
od; od; evalm(uF): evalf(% 4);

0.001498 0.002995 0.004493 0.005990
0.002980 0.005960 0.0C8940 0.01192
0.004433 0.008866 0.01330 0.01773
0005841 0.01168 0.01752 0.02337
0007191 0.01438 0.02157 0.02877
0.008470 0.01694 002541 0.03388
0.009663 0.01933 0.02899 0.03865
0.01076 0.02152 0.03228 0.04304
0.01175 0.02350 0.03525 0.04700
0.01262 0.02524 0.03787 0.05049
> forj to2*m-I do

0.007488
0.01490
0.02216
0.02921
0.03596
0.04235
0.04832
0.05380
0.05875
0.06311

for i from 2 by 1 to 2*n-1 do
uli,j+1]:=(uli+1,j]+4*uli,j]+uli—j])/e +k*uF|[i j|:

od; od;
UN:=evalm(u): evalf(%,4);
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e W7
W8, 6 M, 7
W6 M4,7
5,6 MB, 7
6,6 Us,7
u.e u7,7
WB8,6 W8, 7

W,6 W9, 7

0.008985
0.01788
0.02660
0.03505
0.04315
0.05082
0.05798
0.06456
0.07050
0.07573

0.01048
0.02086
0.03103
0.04089
0.05034
0.05929
0.06764
0.07532
0.08225
0.08835

M4, 8 W49
U5 8 Ws,9
U6, 8 UG, 9
ul, 8 m,9
W8, 8 M, 9

U9, 8 Mo, 9

0.01198 001348
0.02384 0.02682
0.03546 0.03990
0.04673 0.05257
0.05753 0 06472
0.06776 0.07623
0.07731 0.08697
0.08608 0.09684
0.09400 0.1057
0.1010 0.1136

8 3 S &5 & ¥

w,8 U29 M, 10

W3.8 W3,9 wms3, 10

10

10

10

10

10

10

o

0.01498
0.02980
0.04433
0.05841
0.07191
0.08470
0.09663
0.1076

0.1175

0.1262



> with(linalg):transpose(UN);
0.HLL7
0.7956

—
Poapay

0.

0.

0.

0.
0.3089
0.5875
0.8087
0.9509

1.000
0.9514
0.8097
0.5888

0.

0.3089
0.3038
0.298»
0.244!

0,2894
0.2847
0.280!

0.2757
0.2713
0.2670

0.
0.3038
0.5780
0.7956
0.9354
0.9837
0.9359
0.7965
0.5275

0.

0.5875
05710
0.5LLl)
0.5504
115504
0,5415
05328
0.5243
05159
0.5077

0.
0.2989
0.5686
0.7827
0.9202
0.9678
0.9207
0.7750
0.4846

0.

0.7700
0.7570
0.7454
0.7334
0.7216
0.7101
0.6986

Bir jinisli bo thnagan
yechimining grafigi:
> with(plots): with(LinearAlgebra):
> matrixplot(UN,hcights=histogram,axes=boxed); (7.13-rasm)
> matrixplot(UN,axes=boxed); (7.14-rasm)

0.
0.2941
0.5594
0.7700
0.9053
0.9522
0.9044
0.7511
0.4524

0.

0.2.894
0.5504
0.7576
0.8907
0.9366
0.8870
0.7271
0.4270
0.

0.9.509
0.9354
0.9202
0.9053
0,8%s7
0.8764
0.8622
0.5481
0.834!

0.8203

parabolik
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0.
0.2847
0.5415
0.7454
0.8764
0.9209
0 8689
0.7040
0.4061

0.

0.9837
09678
0.9522
0.9366
0.9209
0.9050
0.8891
0.8730
0.8570
turdagi

0.
0.2801
0.5328
0.7334
0.8622
0.9050
0.8503
0.6821
0.3884

0.

0.9514
09359
0.9207
0.w44
0.8870
0.8689
0.8503
0.8318
0.5133
0.7952

0.
0.2757
0.5243
0.7216
0.8481
0.8891
0.8318
0.6616

0.3731

0.8097
0,7965
0,7750
0.751
0.7271
0.7040
0.6821
0.6616
0.6423
0.6242

tenglama

0.
0.2713
0.5159
0.7101
0.8341
0.8730
0.8133
0.6423
0.3594

0.

0,5888
0.5275
0.4846
0.4524
0.4270
0.406!
0.3884
0.3731
0.3594
0.3472
uckun

0.
0.2670
0.5077
0.6986
0.8203
0.8570
0.7952
0.6242
0.3472

0.

© o °

o

0.

aralash



7.13-rasm. 7.14—asm.

O ‘z-o0‘zini tekshirish uchun savollar

1. Birjinsli issiklik utkazuvchanlik tenglamasi uchun aralash masalan
tur usuli yordamida taqribiy yechimi ganday topiladi?

2. Tagribiy yechim kaysi formulalar yordamida baxolanadi?

3. Birjinsli bulmagan issiklik tarkalish tenglamasi va unga mos chekl
ayirmali tenglamani xamda xatolikni baxolash forrnulalarini yozing.

4. Issiklik tarkalish tenglamasi uchun aralash masalani va unga mos
chekli ayirmali sistemani yozing.

5. Aralash masalani xaydash usuli bilan tagribiy yechish tartibi tugri
berish va orkaga kaytish jarayonlarini tushintiri'b bering.

7.2-laboratoriya ishi
bo‘yicha mustaqil ishlash uchun topshiriglar
du _dau
dt  dx2
parabolik tenglamani
u(x,0)=fix), (0<x<0.6)
boshlanglich va
u(0,t)= ¢ (t), u(0.6,t)= v|/(/), 0</<0.05
chegaraviy shartlarni ganoatlantiruvchi u(xJ) yechimini h-0.1,
/=0.005 gadamlar bilan to‘r usilida toping.
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Ne fix) D) ¥(0......
1 cos?* 16t 0,3624

2 X(x+1) 0 2 /+0.96
3 i,2+Ig(x+0,4) 0,8+/ 12

4 sin2x It 0,932

5 3x(2-x) 0 /+2,52

6 lg(x+0.4) 14 /+1

7 sin(0.55x+0.03) /+0,03 0,354

8 2x{ 1x)+0,2 0,2 /+0,68

9 sinx+0,08 0,08+2/ 0,6446
10  cos(2x+0.19) 0.932 0,1798
1 2x(x+0,2)+0,4 2/+0,4 1,36

12 Ig(x+0,26)+l 0,415+/ 0,9345
13 sin(x+0,45) 0,435-2/ 0,8674
14 0,3+x(x+0,4) 0,3 6/+0,9
15  (x-0,4)(x+1)+0,2 6/ 0,84

16 x(0,3+2) 0 6/+0,9
17 sin(x+0,48) 0,4618 3/+0,882
18 sin(x+0,02) 3/+0,02 0,581

19  cos(x+0,48) 6/+0,887 0,4713
20 1i1(2,53-x) 3(0,14-/) 0,3075
21 1,5-x(I-x) 3(0,5-/) 1,26

22 cos(x+0,845) 6(/+0,1I) 0,1205
23 19(2,42+x) 0,3838 6(0,08-/)
24  0.6+x(0,8-x) 0,6 3(0,24+/)
25  cos(x+0,66) 3/+0,79 0,3058
26 Ig(1,43+2x) 0,1553 3(/+0,14)
27 0,9+2x(I-x) 3(0,3-2/) 1,38

28 Ig( 1,95+x) 0,29-7/ 0,4065
29 2cos(x+0,55) 1,705 0,817+3/
30 x(I-x)+0.2 0.2 2(/+0.22)

7.4. Giperbolik turdagi differentsiai tenglamani
taqriy yechishda tofr usuli
7.4.1. Tor tebranish tenglamasi uchun aralash masalani taqribiy yechish.
7.4.2.Yechimni boshlang'ich gatlamdagi yechim qiymatlari asosida
hisoblash.



7.4.1. Tor tebranish tenglamasi uchun aralash masalani
taqribiy yechishda to‘r usuli.
Tor tebranishini ifodalovchi quyidagi giperbolik tenglamasi uchun
aralash masalani ko‘ramiz. Ya’ni

dau 2d (7.28)
at2 dx2
tenglamani
u(x,0) =4x), u,(x,0) = d(x), 0 <x <s (7.29)

boshlang*ich shartlarni va

u(0,t)= (0, u(s,t) - y(r). 0 <<<oo (7.30)
chegaraviy shartlarni ganoatlantiruvchi funksiyasi topish masalasini
yechamiz.
(7.28) tenglamada x = a2 belgilash qilib, uni quyidagi ko'rinishiga
keltiramiz:

82u du

dr2 dx2
Keyinchalik a = 1deb olsak boladi.
|

(7.31)

ij+l

7.15-rasm.
/>0, 0 <X In s yarim gatlamda
x=x-=ih, /=0,12,... ,n,
t=tj “YA 7=0,1,2,....,n
to'g'ri chiziglar oyilasini quramiz. (7.31) tenglamadagi hosilalarni
ayirmalar nisbati bilan almashtiramiz. Hosilalar uchun simmetrik formu-
lalardan foydlanib,

'7+1_2U\_/+u‘_3- 1 ui+\j- 2uij+ui-\,j
r - (7.32)

ayirmalar tenglamasini topamiz. Bu yerda a=I/h belgilash qilib, (7.32)
tenglamani quyidagicha yozamiz:
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ui,j+1 = 2 uilJ - wu,J-\+a2(UMJ - 2u,, + ui-\.,) (7.33)

(7.33) tengiamaning a <1 bo‘lgandaturg‘un ekanligi isbotlangan.

(7.33) tenglamada a=I1 bo‘lganda tengiamaning soddaiashgan holini
topamiz:

Uu +>= “/+lj + - uijl < 34)
(7.33) tenglama bilan 0 < x<'s, 0< t < T gatlamda topilgan taqgribiy
echimning hatoiigi quyidagicha boholanadi:

- m<~ [(Mh+2M3T +T2M 4]

bu yerda, U - aniq yechim,

dk dk
Mk - max . ! >k =3/4.

dxk dt
(7.33) tenglarnani hosil gilish uchsun 7.15-rasmdagi tugunlar sxema-
sidan foydalanilganini ko‘ramiz. Bu oshkor sxema bo‘lib, agar oldingi ikki

gatlamdagi giymtalr ma'lum belsa, (7.33) tenglama .i qatlamdagi Vv(x,i)
funksiyaning giymatini topishga imkon beradi.

7.4.2.Yechimni boshlang‘ich qatlamdagi yechim giymatlari
asosida hisoblash

Demak (7.28)-(7.30) masalaning taqribiy yechimini topish uchun
yechimning birinchi ikki boshlang‘ich gatlamdagi qiymatini bilish za-
rur. Bularni boshlang‘ich shartlardan topishning quyidagicha usul-
iaridan foydalanimiz:

Birinchi usul (7.29) boshlanglich shartda r/,(*,0) hosilani
quyidagicha ayirmalar nisbati bilan almashtiramiz.

AR NTRNERCEN

u(x,t) funksiyaning j =0,j 1qatlamdagi giymatlarini topish uchun
W/o=1N u,i=f+i<S>i (7.35)

ga ega bo'lamiz.

Bu holda tin giymatlarining xatoiigini baholash quyidagicha bo ‘ladi.

, | 1h
Mji — A — AR (7-36)

bu yerda =max AY 8 u
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Ikkinchi usuZu(xt) hosilani (w|-M,ri)/(2m) ayirmalar nisbati
bilan almashtiramiz, bu yerda j~ lagatlamdagi u(x,t) funksiyaning
giymatlari. Bu holda (7.39) boshlang'ich shartdan

uil ~ui- 1
«mo = //. H i =/ (7-37)

lami topamiz. (7.44) ayirmalar tenglamasini j-0 qatlam uchun
quyidagicha yozamiz:

(7-38)
(7.37), (7.38) tenglamalardan t/,_i giymatlarni yo‘qotib.
ga ega bo‘lamiz. Bu hoida un giymatlarning xatoligini baholash
quyidagicha bo‘iadi:
i h 4 h 3 (740)

12 6

bu yerda m =tax| dku dku
dxk dtk
Uchinchi usul: Agar/(;c) funksiya ikkinchi tartibli chekli hosilaga

ega bo‘lsa, un giymatlarni Teylor forrnulasi yordamida quyidagicha
aniglash mumkin.

>Kk=34.

(7.4.)
dt 2 dt2
(7.31) tenglamadan va (7.29) boshlang‘ich shartlardan foydalanimiz,
quyidagilami yozish mumkin:

, =f rft  d2u'0 - 22u0 - ft
Bu holda (7.41) formulaga asosan

(742>

ekanligini topamiz. uX ning bu formula yordamida topilgan
giymatiarining xatoligining taitibi 0(/?3) boiadi.
Shuningdek,

d2u d .
---------------- = F(x,t)
dt2 dx2

bir jinsli boimagan tenglama uchun aralash masala yuqoridagidek
yechiladi. Bu holda ayirmalar tenglamasi quyidagicha boiadi:



na+\ = 2no~uiH +a2(uMj - 2utl+wmy) + 12h2H(
7.3-masala. Quyidagi
Q2u d-u
dt2 dx2
m(x,0) = 0.2x(1-;c) sinn-* u, (a,0) =0,

m(0,/) = «(I,f) = 0.
aralash masalani to‘r usuiida yechimini toping.
Yechish: Qadami h=€=0.05 bo'lgan kvadrat to‘r olamiz. Boshiang‘ich
ikki gatlamdagi u(x,t) ning giymatlarini ikkinchi usul bilan topamiz:
d(x)=0 va /(.t)K).2v(I- xjsin.Ttv  ekanligini e’tiborga olib, (7.39)
formulaga asosan:
do=/=/(*N (7.44)

(7.43)

1=0,1,2,3,....10.
lami topamiz.
Jadvalni tulgizish tartibi:

1 )xrih larda wo=/kg giymatlami hisoblaymiz (/b=0 dagi giymtalarga mos

keladi) va ulami birinchi satrga yozamiz. (7.2- jadval) jadvalni masalani
simmetrikligi asosida, 0<*<0.5 ga, mos to‘ldiramiz. Birinchi ustunga (xG=0 ga mos)
chegaraviy giymatlami yozamiz.

2) (7.44) formula asosida u,t larni u,, ning birinchi satridagi giymatlari
asosida topamiz. Natijalarni 7.2 jadvalning ikkinchi satriga yozamiz.

3) (7.44) formula asosida W, ning keyingi gatlamalaridagi giymatlarini
hisoblaymiz.

7=1 bo‘lganda

Ki2=W2i+ «0i—Kio=0-0065+0-0.0015=0.005,

u2=Ui\+ii\i—«20=0.0122-0.005-0.0056=0.0094,

1]02 n111+79—+100 0.8478+0.0478—0.05 0.456.

Shuningdek,y-2,3,...,10 lar uchun ham hisoblab, quyidagi jadvalni
toMdiramiz. Jadvalning oxirigi satrida /=0.5 bo‘lgandagi yechimning
aniq qiymatlari yozilgan.

7.2-jadval
t\x 0 0,05 0,10 0,15 0,20 0,25
0 0 0,0015 0,0056 0,0116 0,0188 0,02.65
0,05 0 0,0028 0,0065 0,0122 0,0190 0,0264
0,10 0 0.0050 0,0094 0,0139 0,0198 0,0260
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0,15 0 0,0066 0,0224 0,0170 0,0209 0,0256
0,20 0 0,0074 0,0142 0,0194 0.0228 0,0251
0,25 0 0,0076 0,0144 0,0200 0,0236 0,0249
0,30 0 0,0070 0,0134 0,0186 0,0221 0,0236
0,35 0 0,0058 0,0112 0,0155 0,0186 0,0199
0,40 0 0,0042 0.0079 0,0112 0,0133 0,0144
0,45 0 0,0021 0,0042 0,0057 0,0070 0,0074
0,50 0 0,0001 -0,0001 0,0000  -0,0002 0,0000
Wn05 0 0 0 0 0 0
Giperbolik  turdagi differentsial tenglarnani to‘r usulida taqriy

yechishda (7.44) formulasi asosida hisoblashning Mapie dasturini tuzamiz.

7.3.1-M aple dasturi:
> restart; Digits:=3:
Boshlang ‘ichfunksiyalarini kiritish:
> fi=x->0.2*x*(1-x)*sin(3.14*x);

fi=x-*0.2x (1 —X) sin(3.14.t)

> Fix:=x->x*0; Fix :=x —>x-0
Chegaraviyfunksiyalarini kiritish:
>phi:=t->o0*t; ¢ :=t—0t
>psic=t->o0*t; \f 1—>0 t
Sohani bo flinishlar soni va gadamlarini kiritish:
> n:=5: m:=5: h:=0.05: 1:=0.05; c:=l/h; / :=0.05 ¢ :=1.00
u(x,t)funksiya matritsasining o 1chamini belgilash
> u:=array(1..10,1..10); MU :=array (1 ..10, 1..10,[])
Chegaraviy shart funksiyalarining giymatlarini hisoblash:
> for j from 1 by 1 to 2*m do
t:=j*1; u[l,jl:—phi(t); uj2*m,jl:=psi(t);
od; evalm(u): evalf(%,4);

t :=0.05m”, :=0.«10 J :=0.
/:=0.10w] 2 :=0-wio, 2

/ :=0.15w, 3:=0.m}0 3 :=0.
t:=0.20m! 4 :=0.«10 4 :=0.
t :=0.25«! 5:=0-wl0,5 :=0-
t :=0.30w, 6 :=0.m10 6 :=0.
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t —0.35m, ? —0.m,0 ? :=0.
t :=0.40zvL 8 :=0.m]0 8 :=0.
t:=0.45m, 9 :=0.m,0 9 :=0.
t :=0.50m, 10 :=0.m ,0 10 :=0.

W2, 1 U2,2 W,3 W2,4 “2,5 “2.6 “2,7 “2,8 “2,9 “2,10
“3,1 M3,2 “3,3 “3,4 “3,5 “3,6 “3,7 “3,8 “3,9 10
M4, 1 U4,2 WA.3 U4, 4 “45 “46 “4,7 “4,8 “4,9 “4,10
M5, 1 U5,2 “5,3 M54 “55 “56 “5,7 “58 “5 9 “5 10
“6,1 “6,2 “6,3 M6,4 “6,5 “6,6 “6,7 “6,8 “6,9 w6. 10
M7, M7,2 U7,3 “7,4 *7,5 *“7,6 “7,7 “7,8 “7,9 “7,10
ns. 1 “8,2 M3, 3 M8, 4 “85 W8,6 “8,7 W8, 8 “8,9 “8, 10

MO, 1 U9, 2 Wo,3 WO,4 “9,5 “9.6 “9,7 “9,8 "9 9 "9 g9
0. 0. 0. 0. 0. 0. 0. 0. 0. 0.

Boshlang'ich ikki gatlamdagi u(x,t) ning giymatlarini hisoblashning
usullari:

> #l-usul: uli,l [:=f(h*i)+1*Fix(h*i);

> #2~usul: uli,I|:=(F(b*(i+1))+f(h*(i-i)))/2+ *Fix(h*i);

> #3-usui: ufi,|l:=F(h*i)+I*Fix(h*i)+1*1*f2(h*i)/2;

Boshlang'ich ikki gatlamdagi u(x,t) ning giymatlarini hisoblashning
ikkinch usulida hisoblash:

> for i from 2 by 1 to 2*n~Il do x—i*h;

uli,l [:=F(x): uli,2[:=(F(h*(i+1))+f(h*(i-1)))/2; #+1*Fix(h*i): od;
evalm(u):evalf(%,4);

x :=().1G u2 , :=0.0055( u2 2 —0.0065"
X :=0.15 m3 ! :=0.011f m3 2 :=0.0122
X :=0.20 u4 , :=0.0188 4 2 :=0.019C
-0.25 M5 , —0.026; ™5 2 -0.0264
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[0)
0.00556
0.0116
0.0188
0.0265
0.0340
0.0405
0.0457
0.01419

0.0489

0
0.00654
0.0122
0.0190
0.0264
0.0331
0.0398
0.0446
0.0478

0.0478

X =0.30 5 ; =0.034C u6 2:=0.0334
X -0.35 |7, =0.040w j; , :=0.039%
X =04G g 1=°°
=0.45 w, 1 =0.048S u9 2 :=0.0478

X

0.
0.00664
0.0139
0.0198
0.0259
0.G322
0.0375
0.0419
0.0435

0.

0. 0. 0
000736  0.00756  0.00694
0.0142 0.0143 0.0134
0.0208 0.0200 0.0184
0.0256 0.0249 0.0221
0.0300 0.0277 0.0%238
0.0343 00289  —0.0201

0.0364 —0.0135 ~—0.0146

— 0.C059 — 0.0071 — 0.0076

0.

0. 0.

[ u8>2 :=0.0446

o)

0.00584

0.0110

0.0155

0.0173
—0.0257
—0.0197
— 0.0142
— 0.0075

0.

Q

0.00406

0.0079

0.0099
—10.0323
— 0.0262
—0.0198
—0.0126
- 0.0066

0.

0.00206

0.0030
— 0.0399
— 0.0336
— 0.0264
- 0.0191
—0.0122
— 0.0031

0.

Q
0.00106
0.0457
0.0405
0.031(1

0.0265

—0.0188

—0.0116

0.0056

n

Boshlang 'ich va chegaraviy shart funksiyasining giymatlarini asosida
izlanayotgan u(x,t) funksiyasining giymatlarini gatlamlar bo yicha (7.44)

formulasi asosida hisoblash:

> forj from 2 by 1 to2*m-I do
for i from 2 by 1to2*n- 1 do

ulij+1:=uli+1jl+uli-1jl-uly-1];
od;od; evalm(u):UN:=evaif(%,3);

a
0.00556
0016
0Giaa
0B
00340
0405
0.0457
0.0483
00483

> with()inalg):

0.
orTeA
00122
00190
1084
0.0334
0.0338
0DUG
00478
00478

Q ] 0
DD 000738  0.00756
00139 0042 0043
00198 00208 0020
00259 0056 00249
0082 00300 0277
00375 00343 00289
0049 00%4 -0.0135
00435 -0.0059 —0007L

Q o] 0
transpose(UN);

Q 0
0.00694 000584
0014 Q010
00184 001%
002! 00173
00238  -0.0257
-0.0201 -0.0197
-0.0140  -0.0142
-0.0076 -0.3075
o) Q
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o)
000406
0.0079
0.0009
-0.0323
—00262
-0.0198
-0.0126
-0.0066
0.

[0)
0.00206
0.0030
-0.0399
-0 033%6
—0.0264
-0.0131
-0.0122
-0.0051
Q

Q
-0.00106
-0.0457
-0.0405
—0.0340
—00265

-0.0188

-0.0118

—0.0056
0.



D. 0.00556 n.oiiG 0.0188 0.02BS 0.0340 0.0405 00457 0.0489 0.0489

a 0.00654 0.0122 0.0190 0.0264 0.0334 0.0398 0.0446 0.0478 0.0478
0. 0.00654 0.0139 0.0198 0.0259 00322 0.0375 0.0419 0.0435 0
D. 0.00736 0.0142 0.0208 0.0256 0.0300 0.0343 0.0364 <0.0059 0
0 D.QD758B 0.0143 0.0200 0.0249 0.0277 0.0289 -0.0135 — 0.0071 0
a 000634 0.0134 0.0184 0.0221 0.0238 -0.0201 -0.0146 — 0.D076 0
0. 0.00584 0.0110 0.0155 0.0173 -0.0257 -0.0197 - 0.0142 -0.0075 a
0 C.004DR 0.0079 0.00509 -0 0323 -0.0282 -0 0198 -0.0126 -0.0066 a
a 0.00206 0.0030 -0.0399  — 0.033B — 0.02E4 -0 0191 -0.0122 -0.0051 0
p. -0.00IDB — 0.0457 — 0.0405 — D0340 — 0.0265 -0.0188 — 0 0116 — 0.005S 0

Giperbolik turdagi differentsial tenglarnani to'r usulida topilgan
taqriy yechimining grafigini qurish:

> with(plots):with(LinearA'gebra):

> matrixplot(UN,heights=histogram,axes=boxed); (7.16-rasm)

> niatrixplot(UN,axes=boxed); (7.17-rasm)

7.16-rasm. 7.17-rasm.

7.4-masala. Endi yuqorida tuzilgan dasturni bir jinsli boMmagan
tenglama uchun tad'oiq qilamiz. Masalan,

du dau_1 2

tenglarnani
u(x,0) = x2 U(x,0) = sin(;c), 0 <x <2
boshlanglich va
n(0,r)=e‘—4, u(2,t) =2cos(r), 0<t<\
chegaraviy shartlarni ganoatlantiruvchi u(x,t) funksiyasini to‘r usilida
/3=0.1, /=0.1 gqadamlar bilan taqribiy yechimini topish masalasini Maple
dasturi yordamida yechamiz.
7.3.2—M aple dasturi:
> restart;

169



>fi=x->x*x; fi:-x—=*xx
> Fxt:=(x,t)—=>t*x*x/2; Fxt := (x, t) -+tx X ~

> Fix:=x"sin(x); Fix :=x—» sin(x)

> phi:=t->exp(t)—; ¢ —1

> psi:=t->4*cos(t); W :=t—=4 QO5(t)

> h:=0.2:1:=0.2;c:=l/h;n:=5: m:=5: / :=0.2 ¢ ~ 1.000000000

> u:=array(1..10,1..10); FO:=array(1..10,1..10);
u:=array{1..10, 1,10, [ D

FO:=array(1 .10, 1..10, [ ])
Chegaraviy shartlar bo'yicha izlanayoigan u(x,t) funksiyasining
giymatlari:
> forj from 1 by 1to2*m do
t:=j*1; u|1,j]:=phi(t); ul2*n,j|l:=psi(t);
od; evalm(u):evalf(% ,4);
t:=0.2 M , :=0.221402758w10 j :=3.920266311

t~ 0.4 2:=0.491824698 wi0 2 :=3.684243976
t:=0.6 3:=0.822118800 u]Q 3:=3.301342460
t:=0.8 uXx4:=1.225540928 bI,0 4 :=2.786826837
MM=10M 5:=1.718281828 M0 5:=2.161209224

t:= 1.2 Uj 6:=2.320116923 ml0 6 := 1.449431018
f:=1.4 M 7:=3.055199967 ml0 7:=0.6798685716
t:=16 0:=3.953032424 wiQg:=-. 1167980892
f:=1.8 9:=5.049647464 wlQ9 :=-.9088083788
t" 2.0 10 :=6.389056099 kw ]0 := - 1.664587346



2214
“2,1
«3.1
"4.1
“51
“6.1
"7,1
usg, 1

"9,1
.920

Tenglama o'ng tomonidagi F(x,t) funksiyasining giymatlarini:

0.4918
“2,2
"3.2
"4,2
“5,2
"6,2
7,2
“g2

"9,2
3.684

0.8221
w2, 3
“3,3
"4,3
b,3
"6,3
“7,3
78,3

"9,3
3.301

1.226
“2,4
"3,4
“4,4
“5,4
“6.4
“74
“8,4

“on
2.787

1.718
"2,5
«3.5
"4,5
"5,5
"6,5
"7,5
"8,5

“9,5
2.161

> for i from | by 1to 2*n do
forj from 1 by Ito 2*m do
X:=i*h; t:=j*i:FO|i,j|:=Fxt(x,t):
od; od; evalm(F0):evalf(%,4);

0,004000 0.008000

0.01200

0.01600

2.320
“2,6
“3,6
“4,6
“5,6
“6,6
“7,6
“8,6

"9,6
1.449

0.01600

0.03600

0.06400
0.1000
0.1440
0.1960
0,2360
03240
0.4000

0.03200
0.07200
0.1280
0.2000
02880
03920
03120
0.6480
0.8000

0.04800
0.1080
0.1920
03000
0.4320
05880
0.7680
0.9720

1200

0.06400
0.1440
0.2360
0.4000
03760
0.7840

1024
1.296
1.600

0.08000
0.1800
03200
05000
0.7200
09800

1280
1.620
2.000

> for ifrom 2 by 1to 2*n-1 do
x:=i*h: ulil:=f(x):
uli,21:=(f(h*(i+1))+f(h *(i—2)))/2+1* Fix(h*i):
od; evalm(u):evalf(% ,4);

3.055
"2,7
"3, 7
"4,7
“57
"6,7
"7
"8,7

"9,7

0.6799

0.09600
0.2160
03840
0.6000
0.8640

1176
1536
1944
2.400

3.953
"2.8
"3, 8
"4,8
"5,8
"6, 8
"7,8
"8,8

"9,8

5050  6.389
2,9 '2,10
"3,9 3,10
“49 4,10
"5.9 '5,10
"6,9 6, 10
“79 7,10
"8,9 8,10
"9,9 "0, 10

-.1168 -.9088 -1.665

01120
0.2520
0.4480
0.7000

1.008
1372
1792
2.268
2.800

0.1280
0.2880
05120
0.8000
u52
1568
2.048
2592
3.200

0.1440
03240
05760
0.9000
1.296
1764
2.304
2916
3.600

X :=0.4 u2 {:=0A6u2 2:=0.2778836685
X :=0.6 w3 ,:=0.3613 2:=0.5129284947

X :=0.8 UA , :=0.64»4 2:=0.8234712182
X :=1.0u5 ,;:=1.00m5 2:=1.208294197
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0.1600

03600

0.6400
1000
1440
1960
2560
3.240
4,000



0.2214 0.4918

0.16
0.36

0.64

3.920

x~1.2
M

6,

x“ 1.4
M7

x =16
M8,

x-1.8
Mo,
0.8221 1.226
0.2779 0.7310 1.180
0.5129 0.4755 1.204
0.8235 0.7465 1.060
1208 1.089 1436
1666 1501 1879
2197 1981 2.385
2.800 2527 3.162
3.475  3.347  3.067
3.684 3301 2.787

L= Laduy
| = 1.96 «7
L :=2.56

1.666407817

2

2

2

_2.197089946
. 2799914721

L =3.24 u9 , _3.474769526

1.718

1.701

1.770

1.904

1.866

2.343

3.092

2.967

2.653

2.161

> forj from 2 by 1 to2*m -1 do
forifrom 2 by 1to2*n-I do
uli,j+1 [r=uli+Ljl+uli— jl-uli,j—2+I*I*FO[ijl;

od;od; evalm(u):UN:==evalf(%,3);

0.221

0.16

0.36

0.64

1.00

1.44

1.96

2.56

3.24

3.92

0.492

0.278

0.513

0.823

121

1.67

2.20

0.822

0.846

0.744

3.30

1.23

1.29

1.42

1.43

1.87

2.37

2.94

3.02

3.00

2.79

izlanayotgan u(x,t) funksiya
> with(linalg):transpose(UN);

1.72

2.16

1.449

2.320

2.311

2.408

2.588

2.831

3.107

2.964

2.634

2.125

2.32

2.41

2.07

1.45

3.055

3.031

3.139

3.351

3.853

3.486

2.696

2.184

1.508

0.679S'

1.46

0.680

3.953

3.887

3.984

4.422

4.034

3.483

2.761

1.642

0.8293

-.1168

0.784

-.117

5.050
4911
5.182
4.687
4.084
3.355
2.492
1.488
0.1207

-.9088

0.0788
-.909

giymatlarining matritsasi:
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6.389
6.350
5.627
4.867
4.045
3.144
2.153
1.063
-.1331

-1.665

0.863
-.253

-1.66



0221 016 036 0.64 100 144 196 256 3.24 3.92
0.492 0.278 0513 0.823 l21 167 2.20 280 3.47 3.68
0.822 0.846 0.744 109 150 198 252 3.13 3.27 3.30
123 129 142 143 1.87 237 294 3.02 3.00 2.79
172 181 198 221 232 285 290 284 2.59 2.16
232 241 260 288 322 288 279 252 2.07 1.45
3.06 3.12 332 362 346 320 254 208 146  0.680
395 397 415 392 363 317 254 155 0.784 -.117
505 4.99 458 418 366 3.02 224 132 0.0788 -.909
639 567 503 435 360 278 187 0.863 -.253 - 1.66

Giperbolik turdagi birjinsli bo Imagan differentsial tenglarnani, toV
usulida topilgan, taqriy yechimining grafigini qurish:

> with(plots):with(LinearAlgebra):

> matrixplot(UN,heights=histogram,axes=boxed); (7.18-rasm)

> matrixplot(UN,axes=boxed); (7.19-rasm)

7.18-rasm. 7.19-rasm.

0 ‘z-o‘zini tekshirish uchun savoUar

1. Berilgan sohani to‘r bilan qopiash, to‘rtugunlarining turiari, tugun
riugtalarni aniglash.

2. Xususiy hosilalarni chekli ayirmalar nisbati bilan almashtirishlar
asosida to‘r usuli moxiyatini tushuntiring.

3. Laplas yoki ‘uasson tenglamasi uchun Dirixie masalasining
taqribiy yechimi to‘r usuli yordamida ganday topiladi?

4.  Tagribiy yechim xatoligini baxolash formulasini yozing.

5. Birjinsli issiklik utkazuvchanlik tenglamasi uchun aralash
masalani tur usuli yordamida taqribiy yechimi ganday topiladi?
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6. Tagqribiy yechim kaysi formulalar yordamida baxolanadi?

7. Birjinsli bulmagan issiklik tarkalish tenglamasi va unga mos
chekli ayirmali tenglamani xamda xatolikni baxolash formulalarini yozing.

8.  Issiklik tarkalish tenglamasi uchun aralash masalani va unga mos

chekli ayirmali sistemani yozing.

To‘r usulida

giymatlarini,

boshlang

Ne

© 0o N U~ WN

NNDN 2 P B =
NFobh ANEHERELSRESBS

bo‘yicha mustaqil ishlasb uchun topshiriglar
d\i__8hi_ giperbolik tenglama yechimi

7.3-laboratoriya ishi

dt2 dx2

u(xfi)=J(x), n (x,0)=d(x), (0<x<1)

‘ich va

i/(0,)=(p (/), u(s,t)=yi(t), 0<t< 0.5
chegaraviy shartlari asosida /i=0.1, /=0.01 gadamlar bilan hisoblang.

f(x)
X(x+1)
X cosrar
cos(tix/2)
X(x+0,5)
2x(x+1)+0,3
(x+0,2)sin(7u;/2)
Asnrmc
3(1-x)x
ar(2x-0,5)
(x+I)sinroc
(1-.x)cos(7dd2)
0,5%(*-1)
0,5(x2+1)
(x+1) s\n(nx/2)
X2c0snx
(1-X2acsv
(x+0,5)2
1,2X-Xr
(0,6+x)x
0,5(x+1)r
(x+0,4)sin7tx
(2-x)sinrar

D(x)
axsv
X(2-x)
x3
sin(x+0,2)
2sinx
1+x2
(x+1)5
cos(y+0,5)
cos2x
X2+X
2x+1
XCOSX
Xsin2x
I-x2
x\x+ 1)
2x+0,6
(x+1)sinx
(0,5+x)sia
cos(x+0,3)
(0,5+x)cosrex
(x+\f
(0,6+xf
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®(0
0
It
1+2/
/-0,5
0,3
0
It
It
r
0
2/+1
1t2
0,5+3/
0,5/
0,5/
1+0,4/
0,5(0,5+/)
0
0,5
0,5
0,5/
0,5/

u(x,t) ning

v (1)
2(X)
0
3/
4,3+/
1,2(/+1)
0
0
15
05
0
1
1
2
/-1
0
2,25
0,2+0,5/
3-2/
2-3/
0
0



23
24
25
26
27
28
29
30

xcos(nx/2)
(0,4+x) cos(ror/2)
1-n™+x
0,4(x+0,6)"
(x2+0,5)COS7Uf
(x+2)(0,5x+ 1)
(JIN+1)(1-X)
(0,2+x) sin(7Dr/2)

H
0,3(x"+1)
2sin(x+0,4)
xsin(x+0,6y
(0J+x)
2 cos(x+ji/6)
1-sinx
I+x2

0,4

0,5+5/
0,5

0,6/

y -
r

1,2/
(/1+1)2
0,9
2/—,5
4,5-3/
0,5/
1,2



8-LABORATORIYA

Kuzatilgan tajriba ma’lumotlariga asoslanib
korrelyasion jadvalni tuzish
Maple dasturining buyrugqlari:

> with(stats[statplots])~ statistika amallarini nchagirish;

> transform jstatsort|(X)- X vektor giymatlarini saralash;

> describe|count|(X)- X vektor giymatlari sonini sanash;

> max(X)- X vektor giymatlarining eng kattasini aniglash;

> transform[tallyinto|(X,[90..94,94..98,98..102, 102..106|)- X ning
intervailardagi giymatlari soni—ehastotasini aniglash:

> transform[classmark|(X)—Intervailardagi X ning giymatlar soni—
chastotasini va o'rta giymatlarini aniglash:

> transformlstatvalueK XJ-A'ning o'rta giymatlarini aniglash:

>transform[frequeney](X)—X ning giymatlar soni—ehastotasini
aniglash:

Magsad: Korrelyatsion bog‘ianishni va kuzatilgan tajriba
ma’lumotlariga asoslanib korrelyasion jadvalni tuzishni o‘rganish.

Reja:

8.1. Korrelyatsion bog'lanish hagida

8.2. Tanlanmaning korrelyasion jadvalni tuzish.

8.3. Ko‘paytmalar usuli yordamida korrelyasiya koeffisientini hisoblash.

8.4. Y ning X ga regressiya to‘g‘ri chizig‘ining tanlanma tenglamasini
yozish.

8.5. Tanlanma korrelyasion nisbatini hisoblash.

8.1. Korrelyatsion bog‘lanish hagida
Birory migdorning faktorga nisbatan bog‘ligligini umumiy holda
Y=AX) @)

ko‘rinishda ifodalash mumkin. Bunday bog‘lanish funksional yoki
stoxastik holda uchrashi mumkin.

Agar x faktorning har bir giymatida y migdorning anig bir giymati
topilgan bo‘lsa, bunday bog‘lanish funksional bog'ianisn deyiladi.

Korrelyatsiya so‘zi lotin tilidan olingan bo‘lib, u "munosabat” yoki
"o‘zaro aloga" degan ma’noni anglatadi. Yugoridagi (8.1) bog‘lanish
korrelyatsion bog‘lanish deyiladi, bu tenglama "x" inigdorga ko‘ra "y" ning
regressiya tenglamasi ham deyiladi.

Statistik bog'lanish deb shunday bog‘lanishga aytiladiki, unda miqgdor-
lardan birining o°‘zgarishi ikkinchisining tagsimoti o‘zgarishga olib keladi.
Xususan, statistik bog‘liglik miqgdorlaridan birining o°‘zgarishi ikkinchi-
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sining o‘rtacha qiymatini o°‘zgarishida ko'riladi. Bu holda statistik
bog'lanish korrelyatsion bog'lanish deb aytiladi.

Korrelyatsion bog'liglik ta’sirini anialashtiramiz. Buning uchun shart!i
o'rtacha giymati tushunchasini kiritamiz.

Aytaylik, y va x tasodifiy miqdorlar orasidagi bog'lanish o'rganilayot-
gan bo'lsin. x ning har bir giymatiga y ning bir nechta giymati mos kel-
sin.

Masalan, x\=2 da, y migdoryi=5, y2=6,y3=\0 giymatlar olgan bo'lsin.

Bu sonlarning arifmetik o'rtacha giymatini topamiz:

5+6+ 10 /o

v, = 3 =7 (A2)

son shartli o'rtacha giymat deyiladi. y harft ustidagi chiziqga arifmetik

o'rtacha giymat belgisi bo'lib xizmat giladi. 2 soni esay ning x\=2 ga mos

giymatlari garalayotganini ko'rsatadi. Yuqoridagi misolga nisbatan olganda,

bu maolumotlarni quyidagicha tahmin qilish mumkin. Uchta bir xil

uchastkaning har birigay birlikdan o'g'it solindi va mos ravishda 5, 6 va 10
birlikdan paxta hosili olindi; o'rtacha hosil 7 birlik bo'ladi.

Shartli o'rtacha giymat deb uning x=x0 giymatga mos giymatlarning
arifmetik o 'rtacha giymatiga aytiladi.

Agar har bir X giymatga shartli o'rtacha giymatning bitta giymati mos
kelsa, u holda, ravshanki shartli o'rtacha giymat x ning funksiyasidir. Bu
holday tasodifiy migdorx migdorga korrelyatsion hog'liq deyiladi.

Korrelyatsiya nazariyasining  birinchi  masalasi  -korrelyatsion
bog'lanish formasini aniglash, ya’ni regressiya funksiyasining ko'rinishini
topishdir.

Regressiya funksiyalari ko'p hollarda chizigli bo ‘iadi.

Korrelyatsiya nazariyasining ikkinchi  masalasi —korrelyatsion
bog'lanishning zichligini aniglashdir.

v ning X ga korrelyatsion bog'liglikning zichligi y ning giymatlarini
shartli o'rtacha giymat atrofida tarqogligining kattaligi bo'yicha baholanadi.

Ko'p targoglik y ning x ga kuchsiz bog'ligligidan yoki bog'liglik
yo'qligidan darak beradi. Kam tarqoqlik ancha kuchli bog'liglik borligini
ko'rsatadi; bu holda y va x xatto funksional bog'langan bo'lib, lekin
ikkinchi darajali tasodifiy faktorlar ta’siriaa bu bog'lanish kuchsizlangan,
buning natijasida esa X ning bitta giymatida y turli giymatlar gabul qilishi
mumkin.

8.2. Tanlanmaning korrelyasion jadvalni tuxish

Quyidagi jadvalda ma’lum bir shahardagi 20 ta erkakning ko'krak
aylanasi uzunligiX (sm.da) va bo'yi ¥(sm.da) berilgan.
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l-jadval

X 91 95 97 99 92 96 100 100 97 101
Y 160 169 162 168 164 164 165 169 1159 170
X 97 95 102 98 101 99 103 104 104 103
Y 171 185 171 166 172 175 170 181 176 175

1. Korrelyasion jadvalni tuzamiz. Buning uchun X va Y belgilaming
umumiy o‘zgarish intervallarini topamiz:

Pi = *iimx-*min= 104-91 = 13;

P2=YT"-¥YTn= 181-159 = 22;

Eng katta giymatlami biroz o‘ngga va eng kichik giymatlami biroz
chapga surib, o‘zgarish intervallarini qulay holga keltirib olish mumkin.

Masalan,

“mex” 106, Xmn—90, ymax 185, ynjn 155

kabi tanlasak

/2= 16; R2= 30

bo‘ladi.

Bu holda intervallar sonini kx=A"k2=5 deb olib, Xva. Fbelgilar gismiy
intervallarining uzunliklarini topamiz:

Ri=Ax=/2,//(, = 16/4=4, h2=Ay=R2/k2=30/5=6.

Korrelvasiya jadvalini quyidagicha tuzamiz:

1 - qatorga uzunligi hi =4 bo‘lgan A'ning gismiy intervallarini;

2 -qatorga bu intervallamingo‘rtalari x, larni yozamiz.

1- ustunga uzunligi h2=6 bo‘lgan Y ning gismiy intervallarini;

2 - ustunga bu intervallaming o‘rtalari yt lami topib yozamiz.

X ning qismiy intervallari va Y ning qismiy intervallari kesishgan
gismga

tushuvchi (x,;yj) giymatlami sanab, (Bunda intervallaming chegaralariga
to‘g‘ri kelgan

giymatlami faqgat oldingi interva'larga tushadi deb sanaymiz).

2-jadval
Y\ X =4 90-94 94-98 98-102 102-106
h2=6 Y \X X,=92 X2=96 X3= 100 X4=104  nv
155-161 Y, = 158 1 1 2
161 - 167 Y2= 164 1 4 1 6
167-173  Y3= 170 O 5 1 8
173-179  Y4= 176 1 2 3
179-185 Y5= 182 1 1
it 2 7 7 4 n=20
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Qatorlar bo‘yicha chastotalarni jamlab, ny lami topamiz va oxirgi
ustunga yozamiz.

Ustunlar bo‘yicha chastotalarni jamlab, nx larni topamiz va oxirgi
gatorga yozamiz.

nx laming yig'indisi ham , nvlaming yigindisi ham tanlanma hajmi

n=20 ga teng boiadi.

8.1.1--M aple dasturi:
> restart;with(stats|statplots|): Digits:=3:
> X:=|91,95,97,99,92,96,100,100,97,101,97,95,102,%, 101,90,
103,104,104,103);
X =[91, 95,97,99, 92,96, 100, 100, 97,101, 97,95,102, 96,101, 90,
103, 104, 104, 103]
>Y:=|160,169,162,168,164,164,165,169,159,170,171, 165, 171,
166,172, 175,170,181,176,1751;
7:=[160, 169, 162, 168, 164, 164, 165. 169, 159, 170,171, 165, 171,166,
172, 175, 170, 181, 176, 175]

Saralash :

> X:=transform[statsortj(X);

X : =190, 91, 92, 95, 95, 96, 96, 97, 97, 97, 99, 100, 100, 101, 101, 102,
103, 103, 104, 104]

> Y:=transform|statsort|(Y);
Y :=[159, 160, 162, 164, 164, 165, 165, 166, 168, 169, 169, 170, 170,171,
171, 172, 175, 175,176, 181]

Tanlanma hajmi
> Nl:=describe[count|(X); N1 :=20
> N2:=describe|count|(Y); N2 :=20

Internallar soni :
> kl:=1+3.2*10g|101(20);kI :=evalf(%,2);
ki =1 + 32 In(2*- kl :=5.2
In(10)
> k2:=1+3.2*10g|10](20);k2:=evalf(%,2);

k2 + 21 In(20L k2.=,,
kzm 1H In(10) k2 m 52
Tuzatilgan intervaliar sonini:

179



> kl:=4; kKl :-=4
> k2:=5; K2 :=5
Eng kctlta va eng kichik giymatni aniglash
> Xmax:=max(90,91,92,95,95,96,96,97,97,97,99,100, 100, 101,101,
102.103.103, 104, 104);
Xmax := 104
> Xmin:=min(90,91,92,95,95,96,96,97,97,97,99,100, 100, 101, 101,
102.103, 103, 104,104);
Xmin :=90
> Ymax:=max(159,160,162,164,164,165,165,166,168,169,169,170,
170, 171,171, 172,175, 175, 176, 181);
Ymax := 181
> Ymin:=min(159,160,162,164,164,165,165,166,168,169,
169,170,170,171,171,172,175,175,176,181);
Ymin := 159
Qiymatlar qulachi
> RI:=Xmax~Xmin; Rl := 14
> R2:=Ymax-Ymin; R2 :-22
Tuzatilgan giymatlar qulochi:
>RI:=16; RI :=16
> R2:=30; R2 :=30
Interval gadami
> h!:=RI/kl;h2:=R2/k2; hi :=4h2 =6
Birinchi intervalning chap giymatini aniglash
> xo0 :=X[l —th1*kl-R1);x0:=evalf(%,3); XO :=90 xO :=90.
X ning gismiy intervallarni aniglash:
> for ito kl do x[i]:=xo+ (i-)*hl; print(x]i|,x[i|+hl) od;
Jr :=90. 90, 94.

X2 :=94. 94, 98.
x3:=98. 98., 102.

jod ~ 102. 102. 106.

Intervallarga tushuvchi X ning giymatlari soni—hastotasini aniglash:

> transform|tallyinto|(X,[90..94,94..98,98..102, 102..106]);

[ Weight(90 ..94, 3), ~elg/i/(94. 98, 7), Weight(98 .A02, 5),
Weight( 102..106, 5)]

180



> X:=transforn![statsorti(%);
X :-[ Weight(90..94, 3), Weight(94..98,7), Weight(98 .102, 5),
Weight(102.. 106, 5)]

Intervailardagi X ning o Trta giymatlari soni—ehastotasini aniglash:
> X:=transform[classmark](X);
X:= [Weight(92,3), Weight(96,7), Weight( 100,5), Weight(Ll , 5)]
> Xl:-transform[statvalue](X); X1 :=[92, 96, 100, 104]
> nx:=transform[frequency|(X);«x :=[3, 7,5, 5]
> nx:=[2,7,7,4|;4X = [2, 7, 7, 4]
Y ning gismiy intervallarni aniglash:
> Y|l|:=155:
> y0:=Y|l]-(h2*k2—R2);y0:=evalf(%,3); yO := 155 yO := 155.
> for ito k2 do y[i]:=yo+(i-1)*h2; print(yli|,y|]ij+h2) od;

w\ = 155. 155, 161

Ay =161 161, 167.

y; = 167. 167, 173.

= 173. 173, 179.

>5 = 179. 179, 185.

Intervallarga tushuvchi Y ning giymatlari soni-chastotasini
aniglash:

>transform|tallyintoj(Y,]155..161,161..167,167..173, 173..179,
179..185]);

[ Weight(155.. 161, 2), Weight(161 ..167, 6), Weight(167.. 173, 8),
Weight(173..179, 3), 179.. 185]

. > Y :=transform[statsortj(%);
Y := [ Weight( 155.. 161,2), Weighty 161 ..167,6), Weight( 167..173, 8),
173..179,3), 179..185]

Intervailardagi X ning o 'rta giymatlari soni-chastotasini aniglash:
> Y:=transform[classmark|(Y);

Y [Weight(158, 2), Weight (164, 6), Weight (170, 8), Weight(176, 3),
182]

> Yl:=transform|statvalue|(Y); Y1 :=[158, 164, 170, 176, 182]
> ny:=transform|frequency|(Y); ny :=[2, 6, 8, 3, 1]
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8.3. Ko‘paytmalar usuli yordamida
korrelyasiya koeffisientini hisoblash
AgarX va Fbelgiiar ustida kuzatish ma’lumotlari teng uzoqlikdagi
variantali korrelyasion 2-jadval ko'rinishda berilgan bo‘lsa,
X, - C, -Ci *
v =Y Ci *)
| 2
shartli variantlarga o‘tamiz. Bunda C, - X, variantiarni «soxta noli»
bo‘lib, uni korrelyasion jadvaldagi eng katta chastotaga mos ravishda
olamiz. Tanlanma gadami h\= XX*A —X. C2—y, variantiarni «soxta noli»,
hi=yi+i~yi m
Bu holda tanlanma korrelyasiya koeffisenti quyidagicha bo'ladi.
2> uv-nuV
no,, a..

Bunda u, v , ou cjv lar ko'paytmalar usuli bilan yoki bevosita
quyidagi formulalar bilan hisoblanadi

K =V “2-(m)2. y»=V51™ )2

3-jadval
1r/ -2 -1 0 1 "g
-2 1 1 2
-1 1 4 1 6
0 2 5 1 8
1 1 2 3
2 1 1
n, 2 7 7 4 n=20

Coxta nollar sifatida Ci=100 va C2=170 ni tanlab (bu variantalar eng
katta chastota u*.=5 ning to‘g‘risidajoylashgan), /?,=4 va h2=6 ekanligini
e’tiborga olib (*) shartli variantalarga asosan 3-jadvalni tuzamiz, masalan

jc-C, 92-100 _ -8
K 4 ~ 4
y,-c2 158-170 12
h. 6

-2’
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kabi hisoblashlar bilan 3-jadvalni 1-satrini va 1-ustunini to'ldiramiz.
Bu 3-jadvaldagi ma’lumotlarga asoslanib korrelyasiya koeffisentini
topish uchun, quyidagilarni hisoblaymiz:

= =2(-2)+7(-1)+ 7«0+ 4=1=_J7_= Q3%

n 20 20
91 =2(-2)+6(-1)+8jo+3-1+1-2=_5 Q25
n 20 20
o 2 2(=2) +7(-1) +70 +3-T 12 _19_ o
20 20
2(-2)2+6(-1)2+ 802+ 312+1 22 21 =105
20 20

cr, =Jur-(u)2=x0.95-0,35- =x08275 =0,911
aa=N.92- (3 j1=\105- 0,252=40.9875 = 0,991

Xn”*un3 nitopish uchun quyidagi 4 - jadvalni tuzamiz:

1)3-jadvaldagi har bir chastotani unga mos kcluvchi n va 3 larga
ko ‘paytirib, shu kattaiikr.i 0‘ng va chap burchagiga yozamiz;

2)o‘ng burchakdagi sonlar yig‘indisini nY nud1 ustunga yozamiz va
uni shu satrga mos .9ga ko ‘paytirib u3 ustunga yozamiz;

3)chap burchakdagi sonlar yig‘indisini Y=bmwms& satrga yozamiz va
uni shu ustunga mos u ga ko ‘paytirib uV ustunga yozamiz.

Hisoblashlami tekshirish maqsadida oxirgi gator va ustundagi sonlar
yig‘indisini tagqoslaymiz:

Z uV~YnwsU3=16 Z 3V=Y.nudUi9= 16

n S
4-jadval

9\ u -2 -1 0 1 n="bnve su

-2 Viva -3 0

-1 AN T 43 -\le -6 6

0 0\2\ -3 0\5\ 1 o\I\1 -1 0

1 A\ 22\ 5 2 2

2 AL\ 1 2
V=znu33 -3 -6 0 4 V>r=15

uv 6 6 0 4 nv=\6

i Tekshir.
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Yig‘indilaming bir xiliigi hisoblashlar to‘g ‘riligini ko‘rsatadi. Tanlanma
korrelyasiya koeffisieritini hisobiaymiz:
Anvm3-nnd =16-20 (-0.35)-(-0-25) = 79
" ncr,,a9 20 0.911 0.991

Bundan rT =0.78 > 0.5 bo ‘lisbi regression bog‘lanish zichligining
katta ekanligini ko‘rsatadi.

8.1.2—M aple dasturi:

3 —jadvalni tuzish :
> restart;with(stats|statplots|): Digits:=3:
> NI:=20:N2:=20:kl:=4:k2:=5:hl:=4:h2:=6:
> nx:=[2,7,7,4]; ny:=|2,6,8,3,11;

nx :=[2,7,7,4] ny :=[2,6,8,3, 1]
> X 1:=192,96,100,104]; X1 :=[92, 96, 100, 104]
>Y 1:=|158,164,170,176,182|; Y1 :=[158, 164, 170, 176, 182]
> CI:=100: u:=[seq((XI[i|—€)/hl)i=1..4)|;
«:=[-2,-1,0,1]
> C2:=170: v:=|seq((Y1]il-C2)/h2,i=1..5)|;
v_:=[-2, -1,0, 1,2]

li ni hisoblash:
> uO:=seq(uli)*nx[i|/NI,i=1..4); u0 -=—7J, 0, -j
>uO:=add(uli|*nx(i|/NI,i=1..4);u0:=€valf(%);

u0 :=—— u0 —.350
20

> u20:=add(uli]A2*nx[i|/Nl.i=1..4); u?0 m=—
<« - 20

V ni hisoblash:
>vO:=seq(vl]i|*ny|i|/IN2,i=1..5);
n J L nl J_
A\ 5 10 20" 10
> vO:=add(v|i|*nyji|/N2,i=1..5);vO :=evaif(%);
vO ——v0 :=—.250
4

> v20:=add(v[i|A2*ny|i|/N2,i=1..5); cvalf(%);
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v20:-f 105

<X, av larni hisoblash:

> sigmafl |:=sqrt(u20-u0A2);evalf(%); :=0.91C 0.91C
> sigma|2]:=sqrt(v20-v0A2);evalf(%); :=0.994 0.994
> nuv:=matrix(|[l,1,0,0],(1,4,1,0 ,10,2,5,11, 0,0,1,2],0,0,0,111);
110 0
14 10
nuv:= 0251
0 012
10001

YB3 larni hisoblash:
> V| 1]:=seq(v|ij*nuv]i,l],i=1..5);

vi:=-2, -1,0,0,0
VI[l|:=add(v]i|*nuvli,l|, i=1..5); V*:=-3
> V[2]:=seq(v]i|*nuv]i,2],i=1..5);

V2:=-2,-4,0,0,0
V|2|:=add(v]i|*nuV[i,2j, i=1..5); V2 := -6
> V(3|:=seq(v[i|*nuv(i,3|,i=1..5);

v3:=0, -1,0, 1,0
V[3|:=add(v]i|*nuv]i,3], i=1.,5); VA '—0
> V|4!:=seq(v]i|*nuv]i,4],i=1..5);

F4 :=0,0,0,2,2

V|4|:=add(v|i|*nuv|i,4|,i=1..5); ~4 =4

> S2:=add(V]i|*uli],i=1..4); S2 := 1s
U-Y.n,,su larni hisoblash:
>U|ll:=seq(ufjl*nuv[l,jl.j=1..4); i/, :=-2, -1,0,0

U[ll:=add(u[jl*nuv[l,jl,j=1..4); £/, :=-3

> Uj2|:=seq(u[j|*nuv]|2,j],j=1..4); U2:=-2, -4, 0,0
U|2|:=add(u[j|*nuv[2j],j=1..4); U2:=-s

> U|3|:=seq(u]j)*nuv|3,j|,j=1..4); U3:=0, -2, 0, 1
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U[3|:=add(ulj|*nuv|3.j|, j=1.4); Uj~-1

> U|41:=seq(u[j|*nuv|4,j|,j=1..4); U4:=0,0,0,2

Ul4|:=add(ulj|*nuv|4,j|, j=1..4); U4 :=2

> U|S|:=seq(ulj|*nuv|5,jl,j=1..4); U5:=0,0,0, 1

U[5|:=add(ulj|*nuv|5,j|,j=1..4); U5:=1

> Sl:=add(L'[i|*v[i],j=1..5); SI :=16

rT~korrelyasiya koeffisientini hisoblash:

> rT:=(SI-NI*uO*vO)/(NI*sigma| 1|*sigma|2|); rT:=evalf(%);
rT:=0.785 rT =0.785

8.4. YningXga regressiya to‘g‘ri chizig‘ining
tanlanma tenglamasini aniqglash
Y ningX ga regressiya to‘g ‘ri chizig‘ining tenglamasi

Yx-Y =rm (x -x) ™)

ni aniglash uchun 3-jadvalda h,=4, h2=6, Ci=100, C2=170 ekanligini
e’tiborga olib, quyidagilarni topamiz:

X =Uhx+C, =-0.35 4+ 100=98.6

Yy —8 h2+C2=- 0.25 6+ 170= 168.5
<x = h\er,, =4 0.991 = 3.64
ay = h2cra= 6 0.991 =5.95
Topilgan Kkattaliklarni (*) ga qo‘yib, Y ning X ga regressiya to‘g-ri
chizig‘ining tenglamasini hosil gilarniz:
y Xx- 168.5 = 0.78 (5.95/3.64) (x - 98.6)
y x- 168.5 = 1.27jc- 125.2
Yy X=1.27n0:+43.3
Endi bu tenglama bo‘yicha shartli o‘rtacha giymatlami hisoblaymiz:
y @ =127 92 +43.3 = 160.14
Y% = 127 94 +43.3 = 165.22
y ,00= 127 100 +43.3 = 170.3
Y 04 = 1-27 104 + 43.3 = 175.38
2 - jadvaldagi ma’lumotlar bo‘yicha shartli o‘rtacha giymatiami
topamiz:
Y®=(1 158+1 164)/2= 161.0
Y®%=(1 158+4 164+2 170)/7 = 164.8
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y ,00=(1 164+5 170+ 1 176)/7 = 170.0

y 04=( 170+2 176+ 1 182)/4 = 176.0

Ko'rinib  turibdiki, topilgan regressiya to‘g‘ri chizig‘ining
tenglamasi bo‘yicha hisoblangan va kuzatilgan shartli o‘rtacha
giymatlarning mos kelishi gqoniqarlidir.

8.5. Tanlanma korrelyasion nisbatini hisoblash
Nm tanlanma korrelyasion nisbatini hisoblaymiz. U Y ning X ga
bogianish zichligini aniglaydi.
Buning uchun 2 - korrelyasion jadvaldagi ma’lumotlar bo'yicha
quyidagilarni hisoblaymiz. Umumiy o ‘rtacha giymat:

1
y=(Eny)n=— (2 158+6 164+ 8 170+3 176+ 1 182)=

168.5
Umumiy o ‘rtacha kvadratik chetlanish:

oy= fT7~. IT - {_L[2 (158- 168,5)2+ 6 (164 - 168,5)2+
A-Lon(y-y> 20

+8(170- 168,5)2+ 3 (176 —168.5)2+ 1(182 —168,5)2]}12= 5,95
Guruxlar aro o‘rtacha kvadratik chetlanish:

1

CTl- = [lvp ~ @ ={— [2 (1610 - 1685)2+ 7 (164,8-
Y« j[L"K-y') {20[
168,5)2+

+7 (170,0 - 168,5)2+ 4 (176,0 - 168,5)7 }1i2=

={ — [2 5625+7 1369 +7 3,25 +4 56,25)}12=
20

={ [112,50 + 95,83 +22,75 +225,0)}12= /22.80 =4,78
Endi tanlanma korrelyasion nisbatni topamiz:

No =-l+= 4,78/5,95 = 0,803
y>  crx

Y ning X ga regressiya to‘g‘ri chizig‘ining tenglamasini aniglash va
tanlanma korrelyasion nisbatini hisoblash dasturi.

8.1.3-14 aple dasturi:
Regressiya togri chizigini aniglash :
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> restart; Digits:=4:
> uO :— .350:v0:— .250: rT :=.789:
> C1:=100:C2:=170:h 1:=4:h2:=6:N1| :=20:N2:=20:
>nx :=12,7,7,4|;ny := 12,6, 8, 3, 1%

nx :=[2,7,7,4]1 ny :=[2, 6, 8,3, 1]
> sigmal|l |:= .910: sigma|2|:= .994:
> x1:=uO0*hl+Cl; X| :=98.6C
> xl:=evalf(%); X| :=98.6C
> yl:=vO*h2+C2; Yyl \= 168.5
> yl:=evalf(%); yl :=168.5
> Gx:=hl*sigmali1; GX := 3.64C
> Gx:=evalf(%); GX :=3.64C
> Gy:=h2*sigma|2|; GV :=5.964
> Gy:=evalf(%); Gy '=5.964
> YX:=yl+rT*Gy*(x-xI)/Gx; ¥x:=41.0 + 1.293x
Tekshirish
> X:=92:YX;X:=96:YX;Xx:=100:YX;Xx:=104:YX;

160.C 165.1 170.3 175.5

> Yx:=|160,165.1,170.3,175.5]|:
rj tanlanma korrelyasion nisbatini hisoblash:
>Y 1:=|158,164,170.176,182|; Y| :=[158, 164, 170, 176, 182]
> Yt:=add(nyli|*Y1]i|/N2,i=1..5);Yt:=evalf(%);

337
Yt = — Yt := 168.5
>sigmay:=add(ny]i|*(YI]i]-Yt)A2/N2,i=1..5);
sigmay :=35.55
> sigmaly|:=sqrt(evalf(%0)); :=5.962
> sigmaYx:=add(nx|i]*(Y x|i]-Yt)A2/N2,i=1..4);
sigmaYx :=22.2C
> sigmalyx|:=sqrt(evalf(%)); O ~:=4.71 2

> eta|yx|:=sigmalyx]/sigma[y); Llyx :=0.7902

8 -laboratoriya ishi
bo'yicha mustaqil ishlash uchun topshiriglar
1 Tanlanmaning korrelyasion jadvalni tuzish.
2. Ko‘paytmalar usuli yordamida korrelyasiya koeficentini hisoblash.

188



3. ¥ ning X ga regressiya to‘g‘ri chizig'ining tanlanma tenglamasini
yozish.

4. Tanlanma korrelyasion nisbatini hisoblash.

Quyidagi jadvaldagi 20 ta giymatlarni talaba V-variantiga bogiiq holda
Ar=.Vj+butun(//V) va y, K,+butun(/K), /=1,2,...,30 kabi oladi.

l1-jadval
91 95 97 99 92 96 100 100 97 101
160 169 162 168 164 164 165 169 159 170
97 95 1C2 98 101 99 103 104 104 103
171 185 171 166 172 175 170 181 176 175

<X < X

Masalan, V=2 da tuziladigan 1-jadval giymatlarini quyidagicha topamiz:
/=1, jei=X|+butun(//F)=91+ butun(1/2)=93,
7 i=yi+butun(//K)= 160+butun(l/2)=162

/=10, X|o=A'i3+butun(//V)=101+ butun(10/2)= 106,
W(y~>to+butun(ii iY):=170+butun( 10/2)= 175
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9-LABORATORIYA ISHI

Korrelyasion jadval bo‘yicha
to‘g‘ri chizigli va ikkinch darajali regressiya tenlamalarini
kichik kvadratlar usuiida aniglash

Magsad: Korrelyasion jadval bo‘yicha qiymatlar orasidagi
bog‘lanishini ifodalovchi, Y ning X ga to‘g‘ri chizigli va ikkinchi darajali,
tenglamalarini kichik kvadratlar usuiida aniglash.

Reja:

1 Rregressiya bog‘laninshining to‘g ‘ri chizigli tenlamasini aniglash.

2. Regressiya bog‘laninshining ikkinch darajali tenlamasini aniglash.

Quyidagi korrelyasion jadval berilgan bo*Xin:

Y/X 92 96 100 104 nv
158 1 1 2
164 1 4 1 6
170 2 5 1 8
176 1 2 3
182 1 1

X 2 7 7 4 YW=20
161 164.8 170 176
Yx

9.1. To‘g‘ri chizigli bog‘laninsh
regressiya tenglamasini topish

Berilgan jadvaldagi ma’lumotlar bo‘yicha_y ning x ga regressiya to‘g‘ri
chizig‘ining tanlanma tenglamasini

yx =ax+b (9.1)
ko‘rinishda izlaylik.
Buning uchun & b parametrlarni topish uchun, quyidagi

Fab) =]T{>- yxfmi = £ (ax,+ b-yx) mi

farglaming kvadratlari minimal bo'ladigan gilib tanlab olish imkonini
beruvchi quyidagi tenglamalar sistemasini hosil gilamiz:
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N> =2Z t« 1+~ k - 0

bu sisternadan:
(Y Tgaz2Vv + (Y]Im)&=£ HXm®
(9.2)
(Z2'7**V+"/[, =1a >*

Bu sistemani echib, a, b - parametrlami aniglovchi munosabatiarga ega
boMamiz.

(9.3)

Z N 2-ZN 1w

Z N j2 77 (ZNX)

(9.4)

9.1-masala. Berilgan 1-korrelasion jadvaldagi ma’lumotlar asosida
quyidagi 2-jadvalni ko‘paytmalar usulida tuzamiz:

rx Wy n.x nr "XY X Y X
2 92 161 164 16928 316 29624
7 96 164,8 672 64512 1154 40746
7 100 170 700 70000 1190 119000
4 104 176 416 43264 704 73216
20 1972 1947004 3370 332586

2-jadvaldagi oxirgi qatorga yozilgan qiymatlarni (9.3) va (94) ga
go'‘yib,

_ 20+332586 -1972-3370 _ (
a~ .20 19477004 -19722 ~ ~’

b= 3370 194704-1972-332586 _
20-194704-19722

40,8

topilgan a va b laming giymatlari asosida izlanayotgan regressiya
tenglamasi:
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yx=ax+b=\3x +40.8

bu tenglama bo‘yicha hisoblanadigan yx giymatlar kuzatilgan y t

giymatalarga ganchalik mos kelishini topish uchun. yxi va ¥ x; giymatlari

orasidagi farqlami anigqlash maqgsadida quyidagi jadvalni tuzamiz:

3-jadval
X Y%, y Xi Y Y xi
92 160.4 161 0.6
96 165.4 164.8 0.8
100 170.8 170 0.8
104 176 176 0

Jadvaldagi farglar bog‘lanishining aniqgligini ifodalab beradi. Bu
jadvaldan ko‘rinadiki chetlanishlarning hammasi ham yetarlicha Kkichik
emas. Bu kuzatishlar sonining kamligi bilan izoxlanadi.

1.Berilgan korrelasion jadval asosida Y ning X ga regressiya to‘g‘ri
chizig‘ining tenglamasi topishda kichik kvadratlar usulida tuzilgan sistema
koeffisentlarini ko ‘paytmalar usulida topishning Maple dasturini tuzamiz.

9.1.1-M aple dasturi:
> restart; with(stats):
Dkorrelasionjadval asosida X va Y iarini kiritish:

92
>\:= Vector(]92,96,100,104|); Y = 96
100
104

158

164

Y:= Vector(|158.164,170,176,1821); y ;= ;-4

176

182
2)korrelasionjadval asosida nx va nxy chastotalarni Kkiritish:
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2
7
> nx:=Vector(|2,7,7,4]); nx = ;

4
> nxy:=matrix(||I,1,0,0|,]1,4,1,0],]0,2,5,1], |0,0,1,2|,[0,0,0.11));

110 o

14 10

nxy == 0251
00 12

0001
3)korrelasionjadval asosida shartli o ‘rta giymatlarni hisoblash:
> Y x[I]:=(Y [*nxy|LIT+Y |2|*nxy[2,1|+Y [3]*nxy|3,1]|+

Yja|*nxy[4,1|+Y|5]1*nxy|5,1])/nx]|I];
Yxj := 161
> Yx[2J:=(Y[1*nxy[l,2]+Y|2|*nxy[2,2|+ Y [3|*nxy[3,2]+
Y|4|*nxy[4,2]+Y |[51*nxy|5,2|>/nXx]|2);

>evalf(%,4); 164.S
> YX|3:=(Y |I|*nxy|,3|+Y|2|*nxy|2,3|+Y |3|*nxy]|3,3i+
Y |4]*nxy|4,3]+Y [5]*nxy[5,3[)/nx[3[;
Yx3 :=170
> Yx|4:=(Y|II*nxy[l,4|+Y|2|*nxy!2,4]-i-Y |3|*nxy|3,4|+
Y |4|*nxyl|4,4|+Y |5|*nxy|5,4|)/nx|4);
K4 :=176
4)korrelasion jadval asosida X ning giymatlar soni n va tanlanma
xajmi N giymatlarni kiritish:
> n:=4:N:=20:
5)2—advalning giymatlarni ko'paytmalar usulidagi hisoblash:
> Sx:=add(X|k|*nx|k|,k=I..n); Sx := 1972
> Sxx:=add(nx|k|.X |k|A2,k=1..n); SXX := 19470~
> SYx:=add(nx|k|.Yx|kJ,k=I..n); SYX :=337C
>SxYx:--add(nx|k|.X|kj.Y x|k|,k=I..n); SXYX := 33262-"
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6)kichik kvadratlar usuiida tuzilgan sistemani yechish:
> ab:=solve(|a*Sxx+b*Sx=SxYx,a*Sx+b*N=SYx],{a,b});
855 . 13622

> evalf(%,4); {a = 1.292, 6 = 41.15}

T)regressiya to'g'ri chizig'ining tenglamasini yozish:
>y:=ab| lI*x+ab|2];evalf(%,4);

855 13622

y:=xa + B =

xad-b=1292jc+ 41.15

2.Berilgan korrelasion jadval asosida Y ning X ga regressiya to‘g‘ri
chizig‘ining tenglamasi topishda fit asfunksiyasidan foydalanib Maple
dasturini tuzamiz.

9.1.2-M ap'e dasturi:

> restart;with(stats):

1)1—korrelasionjadval asosida X va Y larining giymatlarini
chastotalari bilan satr bo yicha Kkiritish:

> W:=||Weight(92,1),Weight(96,1),Weight(92,1),
Weight(96,4),VVeight(100,l),Weight(96,2),Weight(100,5),
Weight(104,1),Weight(100,1),Weight(104,2),Weight(104,1)|,
[Weight(158,1),Weight(158,1),Weight(164,1),Weight(164,4),
Weight(164,1),Weight(170,2),Weight(170,5), Weight(l 70,1),
\Veight(176,1),Weight(l1 76,2), Weight(l 82,1)]];

IV:-=[[ Weight{92, 1), Weight{96, 1), Weight{92, 1), Weight(96, A),
Weighty 100, 1), Weight(96, 2), Weight( 100, 5), Weight( 104, 1),
Weight (100, 1), Weight( 104, 2), Weight (104, 1) ],[ Weight( 158,
1), Weight( 158, 1), Weight( 164, 1), Weight(164, 4), Weight( 164,
1), Weight(170, 2), Weigh1(170, 5), Weight(170, 1), Weight(176,
1), Weight( 176, 2), Weight( 182, 1)]]

2) X va Y larining giymatlari bo {icha (x,y) larni koordinatalar
sistemasida aniglash:

>statplots|scatierplot|(W |I],W|2|,color=blue,
symbol=BOX,symbolsize=20);(9.1—rasm)
3)regressiya to g Ti chizig ining tenglamasini aniglash:
> x:=vector(transform|statvalue](W[II));
je:=[ 92 96 92 96 100 96 100 104 100 104 104 j

> y:=vector(transform |statvalue|(W 12]));
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y :=[ 158 158 164 164 164 170 170 170 176 176 182 ]
> fit[leastsquare|[x,y|H(W);evalf(%0,5);

y= w02 B0y 411541 1.2915)c
331 662

4)regressiya to 'g Ti chizig ‘ini qurish:
> with(plots):
> plot(||x]i|,y]i],i=1..111,41.154+1.2915*x]|, x=90..104.
156..182,style=Ipoint,line),symboHBOX, color=| red,blue],
view=|90..105,150..185], symbolsize=20); (9.2-rasm)

LY 95 100 105
92 94 9% 98 100 102 104 X

9.1-rasm. 9.2-rasm.

9.2. ikkinchi darajaii bog‘lanishning regressiya
tenglamasini topish
IMagsad: Ikkinchi darajaii regressiya bog‘lanishning tenglamani
topishni 0°‘rganish

Reja:lkkinchi darajaii regressiya bog‘lanishning tenglamasini aniglash.

Ikkinch darajaii regressiya tenglamasini topishni quyidagi

orgali izohiayrniz. Soddaroq bo‘lishi uchun kichikroq jadval, hamda
chizigli bo'Imagan eng ommalashgan holi-kvadrat uchhad ko'rinishi

bilan chegaraianamiz.

9.2-masala. Quyidagi korrelyasion jadvaida keltirilgan ma’lumotlar
bo'yichay-ax2+bx+c regressiya tenglamasini eng kichik kvadratlar usuli

yordamida topamiz.

Y \x 2 3 5 hoa
25 20 20
45 30 1 31
110 1 48 49
K 20 31 49 A'-100

Yechish. Buning uchun a, h,c parametrlarni
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F(a,b,c)=Z (y, -8 J«g=£ (“*@+bx. +c~¥J \
farglaming kvadratlari minimal bo‘ladigan gilib tanlab olish imkonini
beruvchi quyidagi tenglamalar sistemasini hosil gilamiz:

8F(a,b,c) 2 ., ~ \ 2 ”
______ i 2Z K +hxi+c-yx, X n =0
EF(/Q’?.’.E).: VW2 +'t|5, +c- }x, -0
dF(a,b,c) W 2 7 ~\ n
_______ T— =22 K + &C, + C- ynx =0

" SiStemazaE ) aHZ\r ) *+EWI=ZIryX
(LT Z ) bHZV)=ZIYX
[(2v 26HZ +G=zZ'),

Bu sistemadagi yig‘indilarni quyidagicha topamiz:
4-jadval asosida shartli o‘rta giymatlarni topamiz.

_ 25-20 ’5
Y2 = =
20
45-30 + 110 1
= 47,1
31
45-1 +110-48 108.67
¥s 49 ’
5-jadval.
X mx Y x myX  n*xl yX*  n~x4 X XY XX B Yy x2
Y x
2 20 25 40 80 160 320 4 500 1000 2000

3 3 471 93 279 837 2511 4380 13140 13141
5 49 10867 245 12285 6125 30625 5325 26625 133121
| 100 378 1584 7122 33456 7285 32004 148262

5-jadval oxirida turgan yig‘indilami (*) sistemaga qo‘yib, quyidagi
sistemani hosil gilamiz:
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33456 a+ 7122 6+ 1584 ¢ = 148262
e7122a+ 15846 +378e = 32004
1584 a +3786 + 100c = 7285

Sistemani echib, a=2.94, 6=7.27, c¢ =-1,25 giymatlami topamiz va bu
giymatlami regressiya tenglamasi:

yX=ax2+bx +c
ga qo'‘yib,
yx=2.94xz+1.21x -1.25

regressiya tenglamasiga ega boMamiz.
1 Berilgan korrelasion jadval asosida Y ning X ga regressiya chizig‘i

y = ax2+bx+c ning tenglamasini topishda kichik kvadratlar usuiida

tuzilgan sistema koeffisentlarini ko‘paytmalar usuiida topishriing Maple
dasturini tuzamiz.

9.2.2a-M aple dasturi:
> restart;with(stats):
1)4-korrelasionjadval asosida X va Y larini kiritish:
> X:=Vector(|2,3,5]);

>Y:=Vector(i158.164,170,176,182 );
158
164
Yy = 170
176
182

2)korrelasion jadval asosida nx va nxy chastotalarni kiritish:
> nx:=Vector(]|20,31,49|);

. 20
nx := 31

49
> nxy:=matrix(||20,0,0{,10,30,1],|0,1,48]|);
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20 0 O
nxy == 030 1
O 148

3)korrelasionjadval asosida shartli o ‘rta giymatlarni hisoblash:
> Yxj1:=(Y[L |*nxy[LI+Y [2|*nxy[2,1]+Y |3]*nxy|3,1])/nx[I |;
YXj =25
> Yx[2]:=(Y [I|*nxy[l,2|+Y [2!*nxy|2,2|+Y (3|*nxy[3,21)/nXx[2];
1460
Yx2 (= m 31
>evalf(%,4); 47.1C
> Yx|3]:=(Y (I1*nxy[1,3]+Y[2|*nxy[2,3|+Y|3|*nxyi3,3])/ nx[3];
5325
ft3:=e 49
> evalf(%,4); 108.7
4)korrelasionjadval asosida X ning giymatlar soni n va tanlanma xajmi
N giymatlarni kiritish:
> n:=3:N:=100:
5)5-jadvalning giymatlarni ko paytmalar usulidagi hisoblash:
> Sx:=add(X'k]*nx|kj,k=I..n); Sx :=378
> Sxx:=add(nx[k)*X[k]A2,k=I..n); Sxx := 1584
> Sxxx:=add(nx|k[*X[K|A3,k=1..n); SXXX := 7122
> Sxxxxr=add(nx|k|*XjklA4,k=1..n); SXXXX :=3345(
> SYx:=add(nx|k|*Y xjk|,k=1..n); SYX :=7285
>SxYx:=add(nx|k)*X[ki*Y x]k),k=I..n); SxYx :=3200f
> SxxYx:=add(nx[k|*X|k|A2*Y x|k|,k=1..n); SxxYX := 14826~"
6)kichik kvadratlar usulida tuzilgan sistemani yechish:
> abc:=solve([a*SXXXX+b*Sxxx+c*Sxx=SxxY X,
a*SXXX+b*Sxx+c*Sx=SxYX,
a*Sxx+b*Sx+c*N=SYx|,{a,b,c});
26405 69365 2750 1
abc \- - c=
9114 9114 1519 |
>evalf(%,4);
{b=7.611,c= —1.810. a = 2.897}
1)regressiya egri chizig ining tenglamasini yozish:
> y:=abc[l]*xA2+abc[2]*x+abc|3|;
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y | 26405 ,? , 69365

2750
a+xb+ c= i

y =x'

> y:=evalf(% ,4);
y:=x2a+xb + c=2.897x2+ 7.611x - 1.81C

2.Beriigan korrelasion jadval asosida Y ning X ga regressiya chizig‘i

yx=ax2jrbx +C ning tenglamasini topishda fit asfunksiyasidan

foydalanib Maple dasturini tuzamiz.
9.2.2b--M apie dasturi:

> restart; with(stats):

1 )4—korrelasionjadval asosida X va Y larining giymatlarini
chastotalari bilan satr bo yicha kiritish:

> W H (W eight(2,20),Weight(3,30),Weight(5.1). VVeight(3,1),
Weight(5,48)|, |[Weight(25,20), Weight(45,30), Weight(45,1),
Weight(l 10,1), Weight(H 0,48)] I;

W:=[[ Weight{2, 20), Weighty, 30), Weight(5, 1), Weight(3, 1),

Weight(5,48) ], [Weight{25, 20), Weight(45, 30), Weight {45, 1),

Weight( 110, 1), Weight{110,48) 1]

2) X vaY larining giymatlari bo {icha (x,y) larni koordinatalar
sistemasida aniglash:
> statplots|scatterplot](W (I W |2j,color=blue, symboNBO X,
symbofsize=20); (9.3-rasm)
3)regressiya eg'ri chizig'ining tenglamasini aniglash:
> x:=vector(transforinistatvalue! (W1l j));
x:=[2 3535
> y:=vector(transform[statvalue|(W|2|));
y :=[ 25 45 45 110 110]
> fit|leastsquare|jx,y|,y=a*xA2+b*x+c||(W);
26405 2 69365 2750
V. 9114 I + 9114 * 1519
> evalf(%,5); y = 2.8972x2 + 7.6108x - 1.8104
4"regressiya eg 'ri chizig ‘ini qurish:
> with(plots):
>plot([|x]i],yji],i=1..5],2.8972*xA2+7.6108*x-1.8104), x=-1..6,-

4..112,style=[pomt,line|, color=[red,blue|,syrnbol=BO X,symbolsize=25,
view=|—1..6,—4..112|,thickness=3); (9.4—asm)
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1 2 3 4 5 6

9.3-rasm. 9.4-rasm.

9-laboratoriya ishi
bo‘yicha mustaqil ishlash uchun topshiriglar
Quyidagi korrelyatsion jadval asosida kichik regression bog*‘lanishining
to‘g‘ri chizigi va ikkinch darajaii tenlamasini kichik kvadratlar usulida
aniglang.
1.145 variantlar uchun 1—korrelyasiya jadval (o‘rta gavs ichidagi
sonning butun gismi, v-talaba varianti).

1 korrelyasya jadval

Y/IX 92 96 100 104 LLL
158 ((30—v)/101 4(30 v)7]j 0 0
164 f(30-V)/51 IS A Li.-»1 11 i 0
170 [(30-v)/8J  f(30-v)/51  [(30-v)/7|  1(30—v)/9j
176 0 [(30—v)/7]  [(30 v)/4] So~ '8
182 0 0 r(30—v)31  [(30—v)/6]
nx N=
YX

3. 16-30 variantlar uchun 2-korrelyasya jadval (o‘rta gavs ichidagi
sonning butun gismi olinadi)
2-korrelyasiyajadval

YIX 92 96 100 104 RY;
158 [(35—v)/2]  [(35—v)/7] 0 0
164 [(35-v)/51  [(35—v)2]  [(35—v)/3] 0
170 [(35—v)/3]  [(35-YY51 [(35-¥)/4]  [(35—v)/2)
176 0 [(35-v)I71  [(35—v)/3]  [(35—v)/3]
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182 0 0 [(35-v)/2]  [(35-v)/6]
>h N=

Yx

Masalan, korrelyatsion jadvalni hosil gilish. V-1 boisa, bu jadval
quyidagichabo'ladi:

Y/IX 92 96 100 104 ry
158 2 4 6
164 5 4 1 10
170 3 5 4 3 15
176 4 7 9 20
182 9 4 13

nx 10 17 21 16 N=6
4
164.4 167,2 176.8 176.4
Yx

Bunda yx -shartli o ‘rtachalarni topish:

X=92 ga mos:

>’92 =(158*2+164*5+170*3+176*0+182*0)/I 0=164.4

X=96 gamos: Y 96 =(158*4+164*4+170*5+176*4+182*0)/17=167.2
X=100 ga mos:

Y 100 =(158*0+164* 1+170*4+176*7+182*9)/21=176.8
X=104 ga mos:

Y\04 =(158*0+164*0+170*3+176*9+182*4)/l 6=176.4
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