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TONBKO HaUMHAETCS™

L. GopcaiT

NPEANCNOBUE

Cno>kHas nu Hayka nuHeiiHas anre6pa?

Hauano nATMAECATbIX rofoB. epsble BbINYCKM CTYAEHTOB-
BbIUMCANTENEN, Nepe KOTOPLIMU OTKPLIBAETCA YBEKaTeNbHbIN
MUD DEWIEHUA HOBbIX €WE HAKEM HEW3BEAaHHbIX Mpobnem.
V1 BAPYT BMECTO 3aMaHUMBOIl MEPCMEKTUBLI HEOXKNAAHHOE Npej-
NOXEHWe —3aHATLCA  CO3AaHMEM NPOTPaMMHOTO 0GecneyeHus
3N1EKTPOHHbLIX BbIYNCAUTENbHLIX MawuH (3BM) ana pewenus
3ajja4 NuHeiiHoii anre6pel. Oco6oro BOCTOPra OHO He BbI3BaNo.

Nlerko nNoHATb, noyemy 370 Npou3owno. Msl Gbinu BOC-
NUTaHbl B JyXe KNACCHUYECKMX KYPCOB, YATAEMbIX Ha MaTe-
MaTu4eckoMm (akynbTeTe. JluHeliHas anrebpa 6bina mpenog-
HECeHa HaM CTONb YETKO W ACHO, 4TO He 0CTaBanoCh HU-
KaKuX COMHeHWii B TOM, 4TO BCE OCHOBHbIE 3ajau, pac-
cmaTpuBaeMble  3TOA  06NacTbio  MaTeMaTuku, NONHOCTbIO
peLueHb!.

B camom pene, Teopus onpeaenuTeneii  McuepneiBaioule
OTBeyana Ha BOMPOC O TOM, KOTJA CyUIECTBYET peweHue Cu-

cTemb! anre6p: a npasuno
Kpamepa yKa3blBano ero sBHblii BMA Bce cnekTpanbHele
3ajaum  CBOAMNUCH B K [ABYM 33 p

AENeHNIO  KOpHeli anre6panyeckoro MHOTOUNEHa 1 PeleHmio
cUCTeM ypaBHeHWil. Bonee TOro, B HalleM apceHane GbinM Ta-
Kue «3(deKTUBHbIE» YUCNEHHbIE METoAbl, Kak MeToa [laycca*
MeTog [laHUNeBCKOro 1 Ap. 3TU MeToAbl Bpode Gbl NO3BONSN
pewatb COOTBETCTBYIOL|ME 3afayn NWUHelHO anre6pbl BO BCei
WX nonHoTe. [o3aToMy nopyueHHas Ham paGoTa MepBoHa-



TPE/VICIIOBVE

YanbHo KaK 4ncTo i npouecc no
nepesoay OFPOMHOTO KONMYECTBA W3BECTHBIX K TOMY BpEMeHW
BLIYMC/NTENbHBIX ANTOPUGMOB C OBLIENPUHATOTO A3bIKa Ma-
TemaTuyeckux (OpMyn Ha fi3blk KomaHg 3BM.

[eiiCTBUTENLHOCTL — OKA3anach —3HAUUTENLHO  CRIOXKHEe.
Nwb nocne MHOTUX Heyfay v OWWGOK Mbl CTani MOHMMATh,
YTO PAAOM C KNaccu4eckoil NuHeliHoi anre6poil He TonbKO
CyljecTByeT, HO M YCMEWHO Pa3BuBaeTCA COBCEM «Apyras»
NnHeliHaa anre6pa, 0 KOTOPO MOUTU HUYEro He FOBOPUOCH
HU B OCHOBHBIX, HY flaXe B CNeLnanbHbiX Kypcax. dTa nnHeii-
Has anre6pa Gbina TeCHO CBA3aHa CO MHOTMMW  0GnacTaMU
MaTeMaTuki, YXOAUNA CBOMMM KOPHSMM B Camble PasHO0G-
pasHble MPUNOXKEHUS, 3aCTaBNANA Y4UTLIBATh  OCOGEHHOCTY
9BM U A3bIKOB NPOTPaMMUPOBaHVs, TpeGoBana peweHus
HOBbIX CMCTEMHbIX 3ajjay 11 HUKaK He COTNIacoBbiBanach C M-
POKO pacnpocTpaHeHHbIM MHEHWeM O Bcemoryujectse IBM.
HasblBanach OHa «BbIYMCAMTENLHOM», XOTA [JaHHbIA TePMUH
flaneko He NONHOCTbIO OTPaXan COAepXKaHWe 3TON «aApyroii»
NVHEHOM anre6pbl ¥ HepeaKo HU3BOAUN ee [0 YPOBHA KOH-
r maremar!

CpaBHUTENbHAA NPOCTOTA TEOPUM NUHEliHOM anreGpbl u
Kaxywancs 3M(HeKTUBHOCTL  CYW|ECTBOBABLINX  YUC/EHHBIX
MeTOAi0B AONTOe BPeMs AepXkanu Hac B CBOeM nneHy. K co-
XKaNeHnio, MHOrMe MaTemaTuku ¥ celiuac MonajaioT moj ux
ycnokouTenbHoe o6asiHue, He 3ameuvas BCeil CNOXKHOCTM, KO-
Topas xapakTepHa Ans 3agad anre6pel.

MpnunHa NOAOGHOTO NONOXEHNA KPOETCA, Ha Haw B3FNAf,
B OCHOBaX O0GyuYeHWs 3TOWi HayKe, B MeTOguKe mnpenopa-
BaHMS, B COAEPXKAHUN 06A3aTeNbHbIX Y CMeunanbHbiX Kypcos
NUHEiHON anre6pel, uMTaeMbiX B By3aX. BbiumciuTensHas
anre6pa cpenana 3a nocnegHue NATHaAUaTb NeT TPOMaAHbIA
CKayoK BMepe W SBNAETCA OAHMM W3 CaMblX Pa3BUTBIX Ha-
npaBneHnii UNCNeHHOro aHanusa. CojepxaHue Xe nekuyuii,
KaK npaBuno, cna6o OTpaxaeT AOCTUTHYTHIA Mporpecc u
No-npexHemMy BEAETCA B AyXe W3NOKEHNS  PasnnuHbIX (ak-
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TOB TUNA TEOPEM Cyl|eCTBOBaHUS Ge3 yueta Npobniem BblunC-
neHni.

3HaKoMcTBO ¢ /MHelHOW anrebpoii B Byse HaunHaeTcs
ANA CTY[EHTOB-BbIYHCIHTENEIH C MepBbIX e nekumii. MoaTo-
My OT TOro, 4TO M KaK 4MTaeTCA B  TeOPETUYECKOH 4acTn
3TOT0 Kypca, BO MHOTOM 3aBUCUT (HOPMUPOBAHUE OCHOBbI
6yAyulero BOCMPUATUS BCeli BbIMMCINTENLHON MaTeMaTuKy.
Henb3s He Npu3HaBaTh KPacoTy M M3AWECTBO  Teopuu,
NOCTPOEHHOW Ka MOHATUAX NWHeliHOl 3aBucMMocTW, Gasuca,
onpegenuTens W T. n. Ho BCe NPaKTUYECKME BbIYMCNEHUSA,
CBA3AHHbIE C HUMM, BECbMA HeyCTOMuMBbI. MOITOMY MeTogb!
MCCNeAOBaHNS, MCNONb3yeMble B TEOPETUYECKOA YacTu Kypca,
0Ka3bIBAKTCH He O4eHb MO npn BEHHOM
nx ANS KOHCTPY MeToz08
W 4acTo NPUBOAAT MPOCTO K HENPaBUNbHOMY —MOHUMAHWIO
BLIYUC/IMTENLHON CTOPOHBI Jena.

OfjHaKo Hanuume MOAOGHBIX (AaKTOB B AEACTBUTENLHOCTY
npefoCTaBnseT NeKTOpy UCKNIOUNTENbHO GNaronpusTHyto
BO3MOXKHOCTb  (JOPMUPOBAHUA HayuHbIX —B3IrNAA0B Tex CTy-
[EHTOB, [ANA KOTOPbIX  BLIYMCAUTENbHAS —MaTeMaTuka Kak
npeaMeT JO/MXKHA 3aHATb  CyLIECTBEHHOE MECTO B 06pasosa-
HUM. KOHEUHO, peanusauus aToil BOIMOXKHOCTU TpebyeT u3-
MEHEHMA BCEro TEOPETUYECKOrO Kypca NMHeiiHoi  anre6pbl,
HO BbINIPbIW OT TAKOr0 W3MEHEHWS MOXET 6biTb 0YeHb 60Nb-
WuM.  YucneHHble MeToAbl anreGpbl CTaHyT ecTecTBEHHOM
4acTbl0  O6WEro Kypca, He HyXHO GyaeT JOMONHMTENbHO
TPaTUTh  APAroueHHble uachl 3aHATUA HA WM3NOXKeHMe uX
OCHOB U, 4TO CaMOE TNaBHOE, MOXHO GyAeT Nerko nokasarb
CTYAEHTY TPOMajHYl0 NPaKTUYECKYIO 3HAYMMOCTh Kypca Nn-
HeliHoli anre6pbl BO BCeii ee MonHoTe.

OTCyTCTBUE  OPraHMYecKOro eJUHCTBA B METOAUKE M3N10-
KEHUst TeOPeTUYECKOM 1 NPaKTUYeCKOii YacTeit Kypca nuHeii-
HOWi anreGpel He NO3BOASIET JOCTMYL AOMKHOTO athdekTa
B 06YYeHNN CTYAEHTOB-BbIYUCAHTENEA. B nonHoii mepe Mmbl
ouyTunu 3710 Ha cebe B nepeble roabl pa6otel. C Tex nop
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npowno MHOro net. Ho onucaHHas Bblle cuTyauymsa c yaum-
BUTENIbHbIM NOCTOAHCTBOM NOBTOPAETCA CHOBA W CHOBA. K co-
)KaneHuo, W ceiiyac MONOAOK cneuuanuct B 06nacTu BblYUC-
NUTeNbHOW  MaTeMaTuKu HepeaKO 0KasbiBaeTCA COBEPLUEHHO
5eCI'IDMOI.I.|HhIM, BCTPETMBLINCL C HEOSXDAVIMOCTMO rpamoTHO

pewnTs cucTemy i anre6p: pi ., He
roBoOps YXe 0 npobneme COGCTBEHHbIX 3HAYEHMWIA.
Bce atu np Y Hac Tb NOMbITKY

NOATOTOBUTL DA B3AMMOCBA3AHHBIX 1 MOCTPOEHHBIX HA €Au-
HOIi OCHOBe y4ebHbIX Nocobuii Mo nuHeiiHoii anrebpe, copgep-
KaluUX HeobXOANMbIA MUHUMYM TeOpeTU4ecKUX 3HaHWii, 6es
KOTOPOro HEBO3MOXHO, BOCMPUHATL OTPOMHOE BbIYUCANTENb-
HOe 60raTcTeo, M OTPAKAlOWWUX COBPEMEHHblE MPOGnEMbl
B 06/1aCT KOHCTPYMPOBAHUA UMCNEHHBIX METO/0B.

HacTosuiee yye6Hoe noco6ue npeactaBnfeT co6oil TpeTbio
KHUTY 13 3TOW cepun nocne Teopetuueckoro Kkypca [1] u
3afayHuka [4]. MOCBALEHO OHO BLIYUCAUTENLHLIM OCHOBaM
NuHeitHoW anre6psbl

OCHOBHO/ 3ambICeN KHUTW Gbil HaBesH TEMH TPYAHOCTS-
MM, C KOTOPIMI MPUXOAUTCA CTANKMBATLCA, M3yyan YMC/EH-
Hble MeTOAbl NIMHEliHOM anre6pel. Yke Npu NepeoM 3HaKOM-
cTBe C CyujecTByioljeii NuTepaTypoii, Hanpumep, mo 6ubnuo-
rpajuyeckomy  ykasatento [8], BO3HWKAaeT HeAOYMEHHbIi
Bonpoc: «foyeMy pelieHnto B 06UIEM-TO HeGONbLWIOrO uncna
PasNNuHbIX 33ay NMHelHOW anrebpbl MOCBALIEHO Takoe Of-
POMHOE KONMYeCTBO PpaGoT?» Henb3s Ha Hero AaTb OfHO3HAY-
Hblii 0TBET, W60 3TO sABNEHWe O06YCNOBNEHO MHOTUMW NPUYM-
Hamu

[ins NuHeiiHo# anrebpel- XapakTepHa  MCKMIOUNTeNbHas
wupoTa ee NPUNOXKEHWIA. YUeT KOHKPeTHbIX 0CO6eHHoCTel
3afaun  NPUBOANT K MOABMEHMIO HOBBIX MOAVDMKALMIA Ync-
NEHHbIX METOJOB, a XeNaHue pewuTh JaHHYI 3ajady Kak
MOXHO Nlyule 3HaYMTENbHO YBENUUYMBAET UX 4ucno. W sot
3/ecb, Ha Hall B3rNAj, KPOETCA OJHA M3 OCHOBHbIX NPUUNH
obunns nybéankaymii.
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UTto 3HauMT pewwnTb 3ajadvy nydwe? Ecnu 3apava pe-
waeTcs Ha 3BM, TO TUNMYHOI cuTyauueid Ans nuHeitHoi
anreGpbl ABNKETCA MCMONb30BAHNE CTAHAAPTHBIX NporpaMm. Mo
KpaiiHeii Mepe, TaK JO/MKHO 6biTb. HO Ans nonb3osarens
3BM 6e3pasnuuHo, Kakoil M3 YMCNEHHbIX METOAO0B 3an0XeH
B OCHOBY TOi WM WHOW CTaHAapTHOW nporpammbl. Ero
VHTEpECYIOT, KaK MpaBuno, Nulib TPU ee XapaKTepucTUKM:
Bpems cueta, 06bem TpeGyemoit namsTu OBM U TOYHOCTb.

OTHOCUTENHO NErKo CPaBHUTbL METOAbI MO MePBbIM ABYM
XapaKTepucTMKam. YTo e KacaeTci TOYHOCTM, TO 3TO yxe
CAenaTh 3HaYMTENbHO CNOXKHee. TPYAHO Aaxe OTBETUTL Ha
BOMPOC, KaK CPaBHMBATL METOAbl MO TOYHOCTA. VIMEHHO 3TiM
0GCTOATENbCTBOM M OGBACHAETCA HanMuMe G0NbWOro uncna
paGoT, B KOTOPbIX NGO HWUYEro He FOBOPUTCH O TOYHOCTY
UNCNEHHBIX MeTOA0B, NGO A0Ka3aTenbCTBO MpenmMyljecTsa
OfHMX M3 HUX CBOAMTCH K HeyGeAuTenbHbIM 3MMMPUUECKUM
[0BOJAM 1 3MOLMOHA/HBIM PACCYXACHUAM.

Mbl yxe oTmeyanun 06MaH4MBOCTb NPOCTOTHI (HOpPMynUpo-
BOK 3aflay NMHeiHoi anre6pbl. OfHAKO BO BCeil NONHOTE 3TO
NoCTUraeTCsi NUWb TOrAa, KOrga NPOBOAMTCS aHanu3 BAus-
HUA OWNGOK OKPYTNEHUS W BO3MYUIEHUA BXOAHBIX [aHHbIX
Ha TOYHOCTb pelleHns

CyLeCTBEHHbI  NPOTPECC B MCCNEO0BaHMA YCTOMYUBOCTY
UNCNEHHBIX METOAPB MPOM3OWEN CPABHUTENLHO HEJaBHO 1
CBA3aH C BO3HMKHOBEHMEM TaK Ha3blBaeMOro 0GpaTHOro aHa-
nu3a ownGoK. OCHOBHas Waes 3TOT0 aHanMsa 3aknio4aeTca
B TOM, YTO peanbHO BbIMMCIEHHOE peleHne PaccMaTpuBaeTcs
KaK TOYHOE ANA TOW XKe 3ajaun, HO C BO3MYLIEHHBIMM BXOZ-
HbIMA  [aHHbIMUA. TIpU  3TOM Camo BO3MylieHMe BbiGupaeTcs
TaK, 4ToGbl €ro AelicTBMe 0Ka3anoCh IKBUBANEHTHLIM COBO-
KYMHOMY B/IMAHUIO BCEX OWMGOK OKPYT/EHUA.

O6paTHbI/i aHanu3 MpeanoXun UAel, HO He MHCTPYMEHT
ANA M3yuyeHus OWMGOK OKPYrneHus. Jlaxe Ans Cambix npo-
CTbIX anr THBIX y
HWii ocTaeTcA TAXeENoi W yTomuTenbHoi paboToil, compo-
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BOX/AIOUIENCA BLINONHEHNEM GOMLLIOTO YNCNA BECbMA TOHKNX
BbIKNAAOK. TeM He MeHee OGPATHbIA -aHanM3 Mo3sOAMN oue-
HUTb COBMECTHOE B/IMSHME OLWWGOK OKPYT/NEHWUS ¥ OWNGOK
BXOHbIX [aHHbIX HA TOUHOCTb Pe3yNbTaToB M MPOBECTM Ha
370l OCHOBE CPABHEHME WNCNEHHBIX METO0B MeXay COGOiA.

n nyyqwmnx MeTofj0B iiHoi
anre6pbl NOKA3ano YAMBUTENbHYIO ManoCTb WX IKBUBANEHT-
HbIX BO3MYW|EHMil. BoNbwas 4acTb 3TMX METOA0B, MpefHas-
HAUEHHbIX /N1 PEWeHNs CUCTeM YpaBHEHMAt U Npo6niembl
COGCTBEHHBIX 3HAYeHWH, NPeACTaBNeHa B HACTOSW|ER KHWTE.
B Heli e ONUCaHbl W MHOTME BCMIOMOraTenbHble anre6pau-
yeckue anropuMbl, N03BONAIOWME KOHCTPYMPOBATL HOBbIE
UNCIEHHbIE MeTOAbI.

BO3MOXHO, 4TO MOCAe 3HAKOMCTBA C 3TOW KHWUIOW y um-
TaTens MOSBUTCA XeNaHue MCMoNb30BaTh ANA PELIEHNs CBOei
3ajaun Kakoii-nM6o WHOK MeTos. Mpexse Yem peann3osaTh
Takoe OKenaHue, CTOMT BbINONHATL ANS  HOBOTO MeToAa
CTOMb Ke TujaTeNbHbIii aHann3 owWMGOK, Kakoil npogenaH
3[eCh ANS BCEX YUCNEHHBIX METOJOB.

UTo Xe KacaeTcsi OTBETa Ha BOMPOC, MOCTAB/IEHHbIN B Ha-
yane MpeAucnoBAsi, TO NuHeliHas anre6pa AelicTBUTENLHO
npocTas HayKa, eciM OCTaBaTbCA B MPEAENax KNacCUYecKux
(OpMYNMPOBOK 06A3ATENLHOTO Kypca M He 3aMedaTb Tex
CNOXHBIX MPo6NiemM, KOTOpble B Heli CyWecTBYIOT. A KaKoBO
Bawe MHeHue?

B. B. BoesoauH



rNABA T

MATEMATWYECKUE OCOBEHHOCTV MALMHHOM
APUOMETUKN

CUBPEMEHH&H BbLIYMCNNTENbHAR TeXHWKa cTana Heo6xo-
AVMbIM  3BEHOM  BbIMONHEHUA CaMblX PasINYHbIX Hay4YHbIX
MCCI’IGAOBHHMFI Oxa nossonser aBTomMaTn3npoBaTtb CNOXHeNR-
Wwne BbIYMCIUTENbHbIE MNpoueccbl W nony4vaTb AOCTATOYHO
BbICTPO W B HYXHOI (opme pelleHMe MHOrMX 3afad. OAHaKo
3a BCEM 3TUM B AEMCTBMTEH!:HOCTIA CKpbITO npeoﬁpazoaanme
0rpoMHoit 310 np MOXeT 6bITb
BeCbMa CNOXHbIM WAXW COBCEM MNPOCTbIM, HO B KOHEYHOM
cyeTe OHO BCerfga CBOAMTCA K BbIMOMHEHWKO nocnefoBaTenb-
HOCTW NpocTeiflumnx onepayunid, ONUCaHHbIX CUCTEMOW KOMaHf
3‘1€KTDOHHOI;1 BbIYMCAIUTENLHON MALIMHBI

OO6LLeHNe C BbIYMCNUTENLHON TEXHUKOI Ha YpPOBHE CUCTEMbI
KOMaHJ He 3(M(heKTUBHO AN NOAABNAIOLIEr0 60NbLIMHCTBA
nonb3osateneii OBM. [103TOMy OHO OCYW|eCTBASETCA Ha
YPOBHE KakUX-nn6o
A3BIKOB TWMa anrona, qopTpaHa W Apyrux. Takue A3bIKK
coAepxaT MHOrue maremMatuyeckue CUMBONbI, C NOMOLLBIO
KOTOpbIX MPUHATO ONWUCbIBaTb apmmmemqeckme onepayuun
Haj 4YMUCNOBLIMU  [@HHBIMW. O/J,HEKD 3TO0 He 03Havaer, 4To
apudmeTuyeckme onepauunm Ha OBM 06napaldT TEMH ke
CBOIICTBaMMW, 4YTO M MaTemaTu4eckue onepayuu.

MalunHHas apudmeTuka MMeeT CBOM XapaKTepHble 0COGeH-
HOCTH. I'Ipaemm,Hn yuuTbiBas UX, MOXHO AOCTUYL BbICOKO#
3heKTUBHOCTI B pelleHnn 3afay Ha IBM. HeBHuUMaHue xe
K 3TUM 0COBEHHOCTAM Hepeako nNpuBOAUT K OLIMGOYHBIM
pesynbTaTtam.

§ 1, MO3MUMOHHbIE CUCTEMbI CUNCNEHUS

O6wmit ahhekT OT peleHns 3aaaunm 1 faxe BO3MOXHOCTb
ee peweHnA BO MHOTOM OMpefensieTcs TeM, Kak B AeicTBu-
TE/bHOCTU  BLINOMHAIOTCA OMepauMn  Hajg uncnamu. A ato
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B CBOIO O4epefb 3aBUCAT OT MPUHATOW CUCTEMbI 3anuci
uncen WAK, KaK rOBOPAT, CUCTEMbI CUMCNEHMSA

HanGonee coeplieHHbIM NPUHLMMOM 3an1CK Yucen ABNSET-
CA TOT, Ha KOTOPOM OCHOBaHa Hawa [ecATMYHas cucTema
cumcneHns. 3BecTHO, u4TO fioGoe HeoTpULaTeNbHOE YuC-
N0 X MOXET GblTb MNPEACTABNEHO B BUAE CTENEHHOTO psja

X=a,- 10"+ an-,-10' ,+ ...+ 00+ a-1-}0-"+ a.,-10-*+ ...

rae Tol Wy MOryT To 0,1,2

.. 9. Mepeuncnus noapsaa BCe KOIPHULMEHTI, ykaaas
NONOXeHue 3ansToil M MPUNNCAB YNCTY HEKOTOPbIN 3HAK, Mbl
NpUXOAMM K Cneayloujeli cucteme sanmcu:

x=zamsl..a0 ata

HecmoTps Ha Kaxyuylcs MnpocToTy, Takasa cucTema
ABMNACL MPOAYKTOM ANMTENLHOTO MCTOPUYECKOTO PasBUTUA.
V13BeCTHBIi (hDpaHLy3CKMii MaTemaTnK 1 (uank Jlannac nucan:
«MBbiCIb BbIP@XKATh BCE YMCNA AEBATHIO 3HAKAMY, NPUAABas UM,
KpOMe 3HaueHus o opMe, euje 3HAYEHWe M0 MeCTy, Ha-
CTONbKO MPOCTA, 4TO UMEHHO M3-3a 3TOM MPOCTOTHI TPYAHO
MOHSITh, HACKOMbKO OHA yAWBMTENbHA. Kak Henerko npuitu
K 9TOil  MeTOAuKe, Mbl BMAUM Ha MpuMepe BenMualiwmnX
TEHWNEB rpeYeckoil yueHoCTU Apxumeaa v ANOANOHWA, OT
KOTOPbIX 3Ta MbICNb OCTaNach CKPbITOW».

Co3jaHne CoBpPEMEHHON LW(POBOKA BLIYUCAUTENLHOI Tex-
HUAKW He CBAA3aHO C KaKUMW-NMGO NPUHLUNWUANBHO APYTUMU
CUCTEMaMU CUMCEHUSl. 3anucb YUCen, C KOTOPLIMA Onepu-
pyeT 3BM, oCHOBaHa Ha TOi Xe Wfee, YTO U JecATUYHas
cucTeMa. B MaTeMaTUuecKoM MnaHe OCHOBHbIE W3MEHeHNs
HEBE/MKN U 3aKNIOYAIOTCA B CMEAYIOWEM.

3a(uKCUpyeM HEKOTOPOE Lenoe MOMOXMTENbHOR 4MCNO
p>1 u uenble uucna a*, au ..., api. MycTb nwo6oe He-
oTpuuaTenbHoe YMCAO X MOXET GbiTb MpeACTaBNeHO B BUAe
paga

X —b,,pn-]-bn-iPn~1-\-.

bo-\-b ipn -\-b + 11)

rhe Kaxablii u3 TOB bt moxeT Tb OfHO
13 3HaueHuii a0, a,......ap.r. CHoBa nepeyncnne noapaa Bce
Tbl, yKazas 3ansToii M npunucas

UnMCNy HEKOTOPBIA 3HAK, Mbl MONYYUM aHANOTWUUHYIO 3aNUCh:
x=%bjbn.1..b9b ¢ r (12)
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OnucaHHble CUCTEMbI CUMCIEHUSI HA3LIBAIOTCH MO3NLUOH-
HbIMU. WX Ha3BaHMe CBS3aHO C TeM, YTO POfb, KOTOPYI
urpaet Kaxzoe 4ucno B 3anucy (1.2), 3aBUCKUT OT 3aHMMaeMoii
wm no3uiyum. OTCUeT NO3MUMM ONpeensieTcsi NONOXKEHNeM 3a-
nATOA WK, YTO TO XKE Camoe, MONOXEHNEM Ko3({uumeHTa bil.

B iuTepatype, CBA3AHHOIA C BLIYUCNTENLHOI MATEMATUKOIA,
CNOBO «MO3ULVA» Yallle BCEro 3aMeHAETCA CNOBOM «Paspafy.
Hywmep: paspsajoB ycT TCA B YO nopsjke
M0APSIA CNeBA HANPABO, NPUEM NepBbIii Paspaj cnesa oT.3ans-
TO/l MMeeT Hynesoii HOMep. PasnuualoTcsi paspsdbl 4ncna go
3anAToil M paspagbl nocne 3anAToil. Yucno p HaswiaetcA
OCHOBaHWEM CUCTEMbl CUUCNEHWS, YUCA 0O, a,,
6asucHbiMu. ECnu Mcnonb3yetca cuctema cumchenus ¢ oco-
BaHWeM P, TO MPaBylo uYacTb (1.2) Ha3bIBAIOT P-HUHOI APOGbIO.
[Npo6b HasbiBaeTcs GeckoHeuHoil, ecnn B ee 3anucu (1.2)
vmeercs MHoro TOB, M KO-
HeYHoli B NpOTUBHOM cnyyae. O6bluHO B 3anucu Apobu (1.2)
0MnycKaloTCA BCe NepBble U MocneAHMe Hynesble KOIHULMEHTbI.
OnyckaeTca W 3anaTas, ecn Bce KOIDGUUMEHTHI nocne
Hee SIBNAIOTCH HyNeBbIMM.

Bbibop 6asncHbIX uucen a> a,, ap.r onpegenserca
B OCHOBHOM TpeGOBAHUAMM yA06CTBA PABOTbl C BeW|ECTBEH-
HbIMW YMCMaMU B [JAHHOI CcUCTeMe cuucieHns. He BugHo
KakuxX-nnm6o 0cobbiX NpeMmyL|ecTs, KoTopble A4ano Gbl MCMONb-
30BaHMe Ga3UCHBIX YMCEN, NPEBOCXOAALIMX MO MOAYNIO OCHO-
BaHWe CUCTEMbl CumMcieHus. [loaToMy Mbl Gyadem cuwTarth,
uto

1a*i<p (13)

Aans Bcex k. B COBpPeMeHHOW UM(POBOK BbIYNCIUTENbHOI
TeXHUKe ualle BCETO MCMOMb3YIOTCA CUCTEMbI CHUCIEHUS
¢ GasucHbiMM uucnamu ak= k.

Teopema 1.1. Ecnu 6asucHble uncna 06pasyioT COBO-
KynocTe 0, 1, ..., p— 1, To NGO BEWECTBEHHOE YUCNO MO-
KeT OblTb NpeACTaBNeHO B BUJe P-W4HON Apobn (L2).

LokasaTenbcTBo. [loKakem, 4To Mio6oe 4uCno X
MOXeT 6biTb npejcTaBneHo B Buge paga (1.1). Ouesup-
HO, YTO [OCTATOYHO PAacCMOTPETb /WlWib  MONOKMUTENbHbIE
uncna x.

CyujecTByeT Lenoe 4nCNO N1 TaKoe, 4TO BLINOMHAKTCS
COOTHOWIEHNA

pUr<ac </2«et>,
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B CBOK O4epeAb 3aBUCUT OT MPUHATOW CACTEMbI 3anucyh
YMCEN MAM, KaK TOBOPAT, CUCTEMbl CYUCHEHUA.

HaunGonee cosepLieHHbIM MPUHLMNOM 3aMUCK YUCEN SBASET-
CA TOT, Ha KOTOPOM OCHOBAaHA Halla AecATMYHas cucTema
cumcneHns. W3secTHo, uTO /l060e HeoTpuuaTenbHoe uuc-
N0 X MOXeT GblTb NpeAcTaBNeHo B BUAe CTeNEHHOTo psja

X = o5 mO" *10*-»+... f-a0-Ja~i+10* + a_j«10~* ..

rae KoahhuuMeHTLl aj MOTryT NpUHUMaTL 3HaveHus 0, 1,2

. 9. I'Iepeqmcm«m nogpag Bce Kosmmmuwewbl ykaaaa
NONOXeHMWe 3anATOA W MPUNNCAB YUCNY HEKOTOPbIA 3HAK, Mbl
NPUXOAMM K Crieaylolleli cucTeme 3anucu:

* =

*«0. a-ia j

HecmoTpst Ha  KaXyulylcs MpocToTy, Takas —cucTema
ABUNACL NPOAYKTOM ANMTENbHOTO WCTOPUYECKOTO PasBUTUA.
W3BecTHbIN thpaHLy3ckuit maTemMaTk W Gu3uk Slannac nucan:
«MBbICIb BLIP@XATh BCE YMCTA AEBATHIO 3HAKaMU, NPUAABas UM,
KpOMe 3HaueHus no (opme, ewe 3HayeHue N0 MecTy, Ha-
CTOMLKO NPOCTA, 4TO WMEHHO W3-3a 3TOW MpOCTOTHI TPYAHO
MOHATL, HAaCKO/bKO OHa YAUBMTeNbHa. Kak Henerko npuiitu
K 3TOi  MeTOAWKe, Mbl BMAUM Ha MpuUMepe BeNMuaMmMX
reHues rp i yueHocTn n A ot
KOTOPbIX 3Ta MbIC/b OCTanach CKpPbITOW».

Co3sflaHne COBPEMEHHOI LM(POBO  BLIYNCAUTENBHON Tex-
HUKM He CBA3AHO C KaKUMU-NMGO NPUHLMNUANLHO ApYrvMu
CUCTEMaMit CUMCNEHUR. 3anncCb 4ucen, C KOTOPbIMU Onepu-
pyeT OBM, oOCHOBaHa Ha TOii Xe ujee, YTO W AecATUYHAs
cucTemMa. B MaremaTMuecKoM NnaHe OCHOBHblE W3MEHeHust
HEBENMKM 1 3aKNKOYAIOTCA B Cleyloljem.

3aukcupyem HeKOTOpoe Uenoe noNoXWTeNbHOE YUCNo
P>1 un uenvle uucna ao, au ..., apl. Myctb no6oe He-
OTpULATENLHOE YMCNO X MOXET GbiTh MPEACTAaBAEHO B BUAe
psina

X=bp+b,-P**+. . +bllth & *+b  + (1.1)

rAe Kaxablii u3 TOB b, MoXeT Tb OfJHO
W3 3HaueHwit ao, olt..., ap-v CHOBa nepe4yncnuB NOAPsj Bce
KO3((MUMEHTI, YyKa3aB NONOXEeHWe 3anaToil W npunucas
yucny HeKOTOprﬁ 3HaK, Mbl NOMY4YWM aHaNOrM4yHyi 3anuchb:

(1.2)
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ONUCaHHbIE CUCTEMbI CUMC/IEHNA Ha3bIBAIOTCA MO3UUNOH-
HbIMM. WX Ha3BaHMe CBA3AHO C TeM, u4TO PONb, KOTOPYK
UrpaeT Kaxgoe 4ucno B 3anucu (1.2), 3aBUCUT OT 3aHMMaeMOii
UM NO3ULUM. OTCHET NO3NLUM ONPEAENseTcs MONOXEHUeM 3a-
NATOI MNW, YTO TO XKe camoe, MONOXeHWeM KodhhuuneHTa b

B iuTepartype, CBA3AHHOI C BLIYNCANTENLHOI MATEMATUKO,
C/0BO «MO3UUMA» Yalle BCET0 3aMEHAETCA CNOBOM «Paspap».
Hywmep paspsipoB yc TCA B nopsiake
noAps/ Cnesa Hanpaso, NpUYeM NepBbIil Pa3psj cnesa oT.3ans-
TO MMeeT HyneBoii HOMep. PasnuualTcs paspsdbl uucna Ao
3ansToil M paspAfbl MoCAe 3ansiToil. UNCNO P HasbiBaeTcs
OCHOBaHWEM CHCTEMbl CcuucneHus, uncna Oo. ab ..., ap-i—
6asncHbiMu. ECNM MCMONb3YeTCA CUCTEMA CUMCMEHNMS C OCHO-
BaHMeM p, TO MpaBylo YacTb (1.2) Ha3bIBAIOT P-UYHOI APO6bIO.
[pobb HasbiBaeTcs GeckoHeyHoil, ecnu B ee 3anuck (1.2)
umeeTcs MHOr0 HeHy TOB, ¥ KO-
HEYHO B MPOTUBHOM cnyyae. O6Gbl4HO B 3anucu Apobu (1.2)
OMyCKalTCs BCe MePBbIE 1 NOCNeAHMNE HYNEBblE KOIDHULMEHTI.
Onyckaetca W 3anaTas, ecnu Bce KoahdUUMEHTbI nocne
Hee SBNAITCA HYNeBLIMM.

BoiGop Gasuckbix uucen Oo, ap.x onpegensercs
B OCHOBHOM TpeGOBAHUAMM YA0GCTBA PaGOTb C BeljeCTBEH-
HbIMM YMCNaMM B [aHHOI cUCTeMe cumcneHns. He BugHO
KaKux-116o 0COBbIX MPeUMyu|ecTs, KOTOpble 4ano Gbl NCMOMb-
30BaHUe GA3UCHBIX YMCEN, NPEBOCXOAALMX MO MOAYMIO OCHO-
BaHWe CHCTeMbl CuMcieHnsA. TOITOMy Mbi Gyaem cuuTaTh,
uto

J«*1<P (1.3)

Aans Bcex ft. B coBpemeHHOW UW(POBOI BbIYNCAUTENBHOI
TEXHUKE uaule BCErO WCMONb3YIOTCA CUCTEMbI CYUCEHUS
¢ GasucHbiMM uncnamu a,, = k.

Teopema 1.1. Ecau 6asucHble yucna obpasyloT COBO-
kynocTb 0, 1, ..., p—1, TO /M0GOE BELIECTBEHHOE YMCIO MO-
OKeT BblTb NPeACTAaBNEHO B BUAE P-W4HOK Apobu (L.2).

fokasaTenbcTBo. [loKakeMm, 4To M0G0 YuCO X
MOXeT ObiTb npeacTaBneHo B Buge paga (1.1). Ouesup-
HO, YTO [OCTATOYHO PaccMOTPeTb MWL  MONOKMTENbHbIE
umMcna x.

CyujecTByeT Lenoe YMACNO N, TaKoe, HTO BLINOMHAKTCS
COOTHOLLEHNA
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W3 cosokynHocTM 1, 2...... p—I| Bbi6upaem Hau6onsliee
yucno b,It ans koToporo
bpmu Ax < (b M+ 1)pr. (1.4)
Ecnn
X -b Mpn‘= 0,
T0 pAg (1.1) nonyyeH. MpeanonoXum nO3Tomy, 4To
£—64p"*> 0.

Haxoaum panee yenoe umcno nr Takoe, uTo
pn‘<:X—bnpn'< p n>1
W 3aTeM W3 COBOKYNHOCTK 1, 2, .... p — 1 BbiGMpaem uncno b,r,
ANA KOTOpOro
bn,P"s <m* —b,, pn>< (b, + 1) pet.
B cuny cooTHoweHwnit (1.4) 3aknio4aem, 4To > n2. Ecnn
X —bMpnc—bnplt= 0,
To nonyuerue paga (1.1) 3akoHueHo. MoaTomy CHOBa pac-
cmartpusaem cnyyai
X —b,pn>—bapn> 0.
Mpogonxas 3T0T npouecc, nosyyaem nocneAoBaTenbHOCTL
uenbix uyucen nl>n2>n3> ... u uucen b,lt bn, bIT, ...

BblGMpaeMbiX W3 COBOKYNHOCTM 1, 2.....p —1 [Mpu atom,
nn6o npu HekoTopom k

3
X - ~ (1.5)

nubo ana Beex k
P X - 2 . B\P ' < P*+ s (1.6)
<

B cuay MOMHOTHI MPOCTPAHCTBA BEUECTBEHHBIX YMCEN, COOT-
HoweHuns (1.5), (1.6) osHaualoT, 4To

*= 2 />,

Yucna b,x b, bnt ... obpasyloT nocnejoBaTenbHOCTb He-
HYNeBbIX KO3((MULNEHTOB MCKOMOW pP-W4HOW ApPO6Y.
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Apu(MeTUYECKME ONepaLuu Hag YMCNamu, 3afaHHbIMU
B no6oi W cucteme npon3BoAATCS
no Takum )Ke npaeunam, 410 U B AECHTIA‘—IHOVI cucreme.
910 obBACHAETCS Tem, 4YTO BCEé Onepauun OCHOBaHbl Ha
npasunax BbINONHEHUA Aeﬁcmmﬁ Haf COOTBETCTBYHOLWMWNMN
nonMHomamu I'Ipvl 9TOM HYXHO noNb3oBaTbCs Taﬁnmuamm
CNOXEHUA N YMHOXEHUA He AECﬂTVIHHUW CUCTEMbI, & CUCTEMbI
C OCHOBaHWeM p. [Ns KaXA0i KOHKPeTHOW CUCTeMbl Takue
TabAuUblI COCTABARIOTCA BECbMA MPOCTO.

n CcucTembl WHpoKo TCcA
4na npefgctaBneHns 4ucen B COBpEMEHHOﬁ BbIYNCAUTENbHON
TexHuke. Hambonee uyacTo npumMmeHseTcsa I'IpUCTEmLLIaﬂ n3
HUX — ABONYHAsA CUCTEMa CuUncneHus. Mcnonb3oBaHue WMEHHO
MNO3ULUUOHHBIX CUCTEM 06BACHAETCA BO3MOXHOCTbIO peanunsa-
U B HUX [0OCTAaTOMHO MPOCTbIX anmpwmmoa BbINONHEHUA
apupmeTUyeckux onepaunii Hag yucnamu.

YNPAXHEHUS
BCIOAy MPeAnonaraeTcs, YT0 B Kauectee GAIMCHbIX BIATHI WACTE
I

P -
1"Hanucats p-nunyio gpobb umcna p.
COCTaBUTb TaBNMLLI YMHOKEHUS W COKEHWA [NSi ABOMYHON
CUCTEMbI cUmCneHIs:
. Kak M0 p-uwoii ApOGH wicra Wit €ro PY4HYIO ADOG, rae
N — Lenoe NoNOXTENEHOE YACAO!
4. BYAET N ApOGb, KOHEUHaR B CUCTEME CUACIEHWS C OBHUM OCHO-
BaHVEM, KOHEWHO BO BCEX ApYruX CHCTEMax?
5. Kakie 3 paUMOHBTLHLIX Wcen MOTYT' GbiTb TOUHO NPEACTABNEHbI
KOHeUHLNH DA ApoBsM
akylo  uact vena M306paXAIOT  paspAgbl, CTOAUME  Cresa
(cnpasa) o7 3anAToN?
YKasaTb KaKoii- NVIﬁyAb anropudm  BINONHEHNS Onepauun Aene-
HUA KOHEUHBIX P-MUHbIX [IpOGEI
8, KaKoii GMICT MOXHO NPUMACATS BbIpaXeHHIo p I p? /41 KaKoro p
3HaUEHUE 3TOTO BLIDAKEHNA MAHUMANLHO?

§ 2. OkpyrneHue uucen

Hukakne TexHuueckue CcpeAcTsa He NO3BONAKT BbINON-
HATb aqu]MeTIA‘JECKMe onepauun Hag 4yvucnamu, 3afaHHbIMK
BGeckoHeuHbIMU  Apo6amu. TMo3aTomy 3ameHa nt060ro uucna
KOHeYHOW Apobblo ABNAeTCA Heo6X0AMMON onepaumeit.

OKpyrneHeMm uucna no S paspafjoB B 3afjaHHON cucTeme
CYMUCNEHNA Ha3blBaeTCA Onepauna 3ameHbl 3TOr0 4nucna Takum
4MCNIOM, BCe Pa3pAjbl KOTOPOrO B TOW Xe CuCTeMe CuHCAe-
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HUS, HauMHas C s—1-ro, ABNAIOTCA HyNeBbIMU. PasHOCTh
MEX/y OKDYINEHHbIM U OKDYTNISieMbIM YACNaMU Ha3blBaeTCs
OWNGKOI OKpyrneHns

3aMeTUM, YTO B [aHHOM ONPEANEHUA HUYErO He roBO-
pUTCS HA O CNOCOGe BLIMONHEHWA ONEpauun OKPYT/eHUs,
HU O TOM, HACKONbKO OKPYFNIEHHOE YMCNO G/M3KO K OKpYT-
nAemMomy. 3TO He CyuaiiHo. B MpakTuKe KOHCTPYMpOBaHMs
OBM onepaunn OKpYrneHWs Peanu3yloTcs CambiMi pasnny-
HbIMU CNOCOGaMU. EAMHCTBEHHOE, 4TO WX 06befuHAeT —aTo
ManocTb OWMGKN OKPYrNeHWs Mo KpaiiHed Mmepe gnsi 60/ib-
wuHCTBa uvcen. lpexae yem roBopuTh O Tex TpeGoBaHUsX,
KOTOpble GYAyT HAKNa[blBaTLCA B Aa/bHEiilEM Ha Onepaumio
OKpYrNIeHUs, Mbl HEKOTOpbIE

OpnH 13 NpocTelWwmX CNOCOGOB OKPYTNEHNs 3aKioyaeTcs
B cneaylowem. [ycTb 3agaHa p-HuHas [pobe X = b,,..
...bsb . -, KkoTopyw pgnsa npoctoThl 6ysem cuuTaTh
HEoTpULaTeNbHOM. B KauecTse pesynbTaTa  BbINOMHEHUS
onepauyuu OKpyrneHus uucna X A0 S paspapos Gepetcs
uncno xs=b,,...bs. OCHOBHOE JOCTOMHCTBO JaHHOTO CMOCO6a
OKpYr/ieHna —npoctoTa peanusaumn. OfHako cpasy e
BAJHbI M HEKOTOpPbIE HefoCTaTKu.

MycTb B KavecTse 6asncHbIXx Gepytcs umucna 0, 1, .
..., p— 1 Torga Ans owubKN OKPYrNeHus cnpasesnuso
CooTHOWeHUe

|X,-nr|<p»

PaBeHCTBO fAocturaeTca B TOM C/y4ae, Korga BO BCex
paspsafax uucna X, HauyuHas ¢ s —1-ro, cToAT uucna p — 1.
Yxe cp; c ITbIM OKpyrneHus
B AeCRTM‘—IHOﬁ cucTeme nokasbiBaeT, 4T0 B PacCMOTPEHHOM
cnocobe OKpyrneHns oueHka ownbku asoe Gonble. Ho Gonee
BXHbIM SBNAETCA TO, YTO HE3aBMUCUMO OT CBOEIi BeNUYNHbI
ownbka OKpyrneHus Bcerga wumeeT OfWH W TOT XKe 3HaK,
npDTMBOﬂOﬂO)KHbIﬁ 3HaKy OKpyrnsemoro 4ucna. 310 ABNEHME
HeXenaTtenbHO, TaK Kak OHO, NOo-BMAUMOMY, AO/MKHO MNpPUBO-
AanTb K 6h|CTpOMy HaKONNeHNo OWNBOK B BbIYUCANTENBHBIX

i Mbl THO MOATBEPAUM

AaHHoe npennonomeum&

XOTA ONUCaHHBIA CNOCOG OKPYTNEHNS YMCeN U He SBNA-
€TCA NYYWMM, TeM He MeHee MMEHHO C HUM TeCHO CBA3aHbl
BCE /ipyrve cnocobbl OKpyrneWna. B camom pene, Kak 6ol
HU  BLINONHANACL OMepauus OKPYr/eHWs, ee pesynsTaTom
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GyAeT uncno, Bce Paspsdbl KOTOPOTO, HauMHas ¢ s-1-ro.
ABNSIOTCS HyNeBbIMM. CNefloBaTeNbHO, ONEPaLuio OKpyraeHus
BCErga MOXHO TPakToBaTb Kak 0TGpacbiBaHWe BCeX Paspsifos,
HauMHaa ¢ s—1-ro, W nocneaylouiee A06aBAEHNE UMM BbIU-
TaHWe HEKOTOPOro uMcna, KPaTHOro Pr. [na TOro uToGbl
ownbka OKpyrneHus 6bina Manoi, HeobxoauM®, 4To6bl 6GbINO
MafibIM U 3TO 4UCHO.

Uucna, uMeroliMe HyneBble paspagl, HauMHas ¢ s —1-ro,
06pasyloT Ha BELECTBEHHOW OCW PaBHOMEPHYI CeTKYy ¢
warom p*. Cpegu 3TUX uWCen ecTb 4MCNO X*. Haubonee
6nnskoe K Xx. FIcHO, uTO

\x*,-x\< -2 pr. 2.1

W3 reoMeTpuueckux COoOGpakeHWi Cnegyet, uTo Haunyuulee
npuGnmKeHue X? K X 6y/1eT eINHCTBEHHbBIM, €CU B COOTHOLIEHNI
(2.1) WMeeT MecTo CTpOroe HepaBeHCTBO, M Takux npu6nu-
KeHnii  GyneT ABa, ecnu MMeeT MecTo paBeHCTBO. Jlerko
npoBepuTL, 4To

@2

3ameHa uMCNa X YMCIOM X* ABNAETCA Onepaiueli oKpyr-
NEHNA, NpUYEM Nyuled BO MHOTMX OTHOWeHMAX. OpHaKo

no c paHee i oHa umeer
fBa CyWeCTBeHHbIX HegocTaTka. Kak cnegyeT u3 (2.2), ans
ee H b

NPpUMEpPHO B NOJIOBUHE CNy4vaes. Tak Kak oKpyrneHune
yucna OCYUeCTBNAETCA NOCNe KaXAoW apuhMeTnyeckoit one-
pauuu, ero peanusauus cornacHo (2.2) gaxkTuyeckn npusoanT
K 3ameAneHno pa6oTbl apudmeTUUeckux ycTpoiicTe 3BM.
KpoMe 9TOro, ecTb HeKOTOpas HeofHO3HAYHOCTb B BbINO/IHEHWUKN
AAHHOro BapuaHTa onepayun OKpYrneHwus, CcBfA3aHHas C
TpeTbUM cnyyaem U3 (2.2). Mbl yBUAUM B AanbHeiilem, 4to
OHa He Tak yx GesobuaHa.

ECTecTBEeHHbIM ABNAGTCA HKenaHue OG‘hEﬂVIHMTb AOCTOUH-
.cTBa 06oux cnoco6os OKpyrnexHus. MokaxeM, 4TO 3TOrO
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MOXHO AOGUTLCS NMyTeM MCMONb30BAHMA CMELNanbHbIX CACTEM
cuncneHms.

[lo cux nop Mbl Npegnonarany, YTo B KayecTse GasUCHbIX
UMCEN P-MYHON CUCTEMbI CUMC/IEHWA MCMONb3yKTCA umcna O,
1, ..., p—1 MMpu 3TOM 0Ka3an0Cb, 4TO NYYLWWNIA NO TOYHOCTU
CNoCco6 OKPYrNeHWs uMcen B TakKMX CUCTEMAX He AiB/seTCA
cambiM MPOCTbIM B peanusauun v MPUBOAMT K 3aMeneHunio
BLINONHEHUS apUBMETUYECKNX ONepauuil. PaccMoTpuM Teneps
P-MuHbIE MO3NLNOHHbIE CUCTEMbI CUMCIEHNA C APYIAMM Habo-
pamin GasucHeix umcen. TIpexge Yem WCCNeAOBATb BO3MOX-
HOCTb NpeACTABNEHNS unCen B TaKMX CUCTEMAX, MOCMOTPUM,
Yero MOXHO [0CTUYL BbLIGOPOM GA3UCHBIX ducen.

MycTh uucna 3apaloTcs B P-HUHOR cUCTEME C GasMCHBIMM
yucnamu a». Hawnyvwee npubnmkeHue J? ans X v B 370N
cuCTeMe AaeT OUeHKY OWMBKM OKPYF/leHWs Ha Kknacce Beuje-
CTBEHHbIX 4ucen He nyuwe, 4yem (2.1). oatomy, ecnu Mbl
Halinem GasuCHble uMC/Ma Takue, 4TOGbI ANA BCEX umMcen X
BbINONHANOCH HEPABEHCTBO

lic,-*|<-ip*. (23)

TO 3Ta CHCTEMA CUMCMEHUS BO MHOTMX OTHOWEHMAX GyaeT
Haunyuweii. VIMeHHO, Onepauus OKpyrieHus, 3aKioyawancs
B 0TGPACLIBAHMM-BCEX DPA3PAA0B, HauMHas ¢ s—I1-ro, Gyaer
He TONbKO Camoii MPOCTOA, HO W GyfeT WUMETb HAUMEHbLIYIO
OwwNGKy OKpyrneHus.

[AnA BbINONHEHUS YCNOBUS (2.3) HEOGXOANMO U [JOCTATONHO,
4yToGbl BCE yMcna BUAA

O0...0 M H oo

bl no mopynio He Ganee (1/2) p*. [ins 3TOro B CBOK OyYe-
peab HeDﬁXOAMMO W [0CTAaTOYHO BbINOAHEHWE YCNOBUS

max  |a* (2.4)

Ji06as p-uuHas cucTeMa CUMCAEHUA AO/KHA WMMETb P pas-
NMuHbIX  6a3ucHbIX uncen. Ho HepaBeHCTBO (2.4) wmeeT p
Pa3NMUHbIX LIENOUNCIEHHBIX PELIEHMA OTHOCUTENbHO a* Wb
NpU HEYEeTHOM P, NPU 3TOM Camu a* ONpeAensloTCs OfHO-
3Ha4yHO. VIMeHHo,
= (1+2k-p)/2.

Takum 06pasom, ecnu MCKOMas CUCTeMa CuMcneHus cyuie-

CTBYET, TO OHa [JO/XHA UMETb HEYETHOE OCHOBAHME U GasnCHbIe



w1 OKPYTIEHVE WICEN

uyucna- (1/2) (P- 1) . + (1/2) (P— 1). 3ameTuM, u4TO B TaKMX
cAcTEMax He HYXHO JOMONHUTENBHOTO U306paXeHna ANs 3HaKa
yucna, Tak Kak OH Y4uTbiBaeTCA B ero UMGpoBOiA yacTh
MogoGHbIE CUCTEMbI CUMCNEHNS HA3LIBAIOTCA COKPALLEHHBIMM

Teopema 2.1. Ecnu p —HeuyeTHoe W GasucHble uucna
o6pasylT cosokynHocTb —(1/2) (p—1), ..., +(1/2) (p—1),
TO N06oe BEWECTBEHHOE YMCNO X MOXKET GblTb NPEACTaBneHo
8 Buae paga (1.1).

[loka3zaTenbcTBO. Byaem CHOBa cuuTaTb Ans onpe-
AENEHHOCTY, YTO YMCNO X MONOXKUTENbHOE. [l0Ka3aTenbcTeo
370l TeopeMbl TakKe OCHOBAHO Ha MOCNEAOBATENLHOM OMpe-
JAeneHun Bcex KoadguuueHToB psga (1.1) u B upeiiHom nnaHe
nouTM He OTAMYAeTCs OT JOKasaTenbcTBa Teopembl 1.1. Eguu-
CTBEHHOE OT/UuYME COCTOWT B credylowem. Tpu  nonyueHnn
papa (1.1) B Teopeme 1.1 KoHe4Hble Apo6u Bcerga npuénmxanu
4ucno X ¢ HegocTaTkoM. Tenepb e KoahduumenTsl paga (1.1)
HaXOAATCA W3 YCNOBMS, 4TOGLI COOTBETCTBYIOLAS KOHeuHas
Apo6b o6pasom yucno x, T. e
[0NyCKAeTCs Kak NpUBMKEHNE C HeAOCTATKOM, TaK ¥ C M3-
GbITKOM. Mol He GyjleM OCTaHaBNMBaTbCA Ha JOKasaTenbCTse
Gonee MoApoGHO, OCTABNAA MPOBEJEHWE Ero YMTaTeNIo B Kave-
CTBE yNpaxHeHus.

Cpean X cuctem
npocTeiileli ABASETCS TPOUUHAR COKpaujeHHas cuctema. Kak
yXe OTMeYanoch, B COBPEMEHHOW BbIYMCIMTENLHON TeXHUKe
HauGonee WMPOKO WCMONb3yeTCs ABOMYHAA cucTema. C TOUKM
3pEHNA OKPYTNEHNS YMCEN ITOT BbIGOP He SABNAETCA NyulnM,
TaK Kak, Hanpumep:

TpouyHas cokpaleHHas cucTema cuucneHns obnagaeT Gonee
NPOCTLIM CMIOCOGOM HAWNYuIIEro OKPYIAEHNS uucen M He Npu-
BOAWT K 3aMEA/IeHNIO BLINONHEHNS apudMeTHIECKVX onepavumii.

B panbHeiilem Mol NOKaXem W Apyrve npeumyujecTsa
COKPALLEHHbIX CHCTEM CHUCNEHUA C TOUKM BPEHHA BAMAHMA
OWMGOK OKPYINEHUs Ha BbIYUCAMTENbHBINA MpoLecc.

YOPAXHEHWNSA

PeMy pACCMATPUBAETCA COKDALICHHAA CUCTEMA CUNCNIEHNS.
T HanucaTb p-uuHyio fpods wwcna p.
2. [loKasaTb, TO 3HaK UYMC/A COBNAACT CO 3HAKOM NEPSOrO Pa3pAAa.
7l0Ka3aTb, TO XT > X, €CW Nepabiii M3 HeHyNleBbiX OTGPOLIEHHbIX
OTPULATENbHbI, U /T, < X, ECTM OH MONOXATENbHbIN.

[pofbio  3aTb' 470 WID  PS He bIOXeT GbiTb 333aH0 KOHEUHOI
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5. [J0Ka3aTb, 4TO MPU OKPYI/IGHUM KOHEUHbIX APOGeHi Cryuali HEOR.
wosHauiocT 5 (22) He veer ecra

7. KaKylo 4aCTs 4MCTa WA0BPENROT PASpAALH cToRuE Cnesa (cnpaaa)
0T 3anaToii?

§ 3. ®uKcMpoBaHHas W NnasaloWas 3anaTas

B P

BLIYUC/IMTENIHBIX  MAlUMHAX OCHOBaHO Ha WCMO/b30BAHMM
[OCTATOUHO MPOCTBIX OAHOTUMHBIX 3M1EMeHTOB. Kaxablil 13
TaKNX 3/1eMEHTOB MPe/CTaBNAET COGO/ HeKOTOpOe (u3nueckoe
YCTPOIACTBO, WMelollee p YCTOWUMBbLIX (U3MYECKMX COCTOAHMWIA,
rae p> 1. lMpu 3TOM camo YCTPOICTBO [OMYCKaeT BO3MOX-
HOCTb NepeBoja /0600 CBOETo COCTOAHMA B Nt0GOe Apyroe.
DT 3NeMEHTbI Ha3bIBAIOTCA GasUCHBIMU W CNYXaT Ans Moje-
NMPOBAHMA OJHOTO HYMCMOBOTO Pa3psfa P-U4HOIA  CUCTEMb
cumcnenus.

OBM He MOXET COAEPXKaTh GECKOHEUHO MHOTO GasuCHbIX
anemeHToB. MM03TOMY OHa BCerga VIMeEeT BO3MOXHOCTb OMepy-
POBATL MG C KOHEYHBIM YUC/IOM KOHEUHBIX P-U4HbIX APOGE.
3T0 BaXKHbI/A BbIBOA, M3 KOTOPOTO BbITEKAIOT BCE OCHOBHbIE
0COGEHHOCTM MALLMHHOM aputMeTuKi.

Tp 0 apudmeTu-
HecKux onepaumw Han uMcnaMmmn MpUBOAUT K HEOBGX0AMMOCTM

0 BM BCex KOHEYHbIX
,qpoﬁem byaem ans npocmm paccmaTpuBaTb M306paxeHue
fpobeilt 6e3 3Haka, cuuTan, 4YTO MX 3HaK NM60 yuuTbiBaeTcs
B CaMoii CuCTEMe CUMCNEHWs, NGO M306paxaeTcs Kakum-To
MHBIM CMOCOGOM.

MycTb Ha n3o6paxeHne KaxAoih ApobW OTBOAMTCH OAHO
M TO e YMCNO T 6asuCHbIX 3NEMEHTOB. $ICHO, 4TO Ha T
3/eMEHTaX MOXHO M306paxaTh He Gonee T paspsgoB Nio6oro
uncna. YToGhl 3T0 M306paXKeHMe MOXKHO GbiNO CHOBA Mpoum-
TaTb, HEOGXOAUMO YCTAaHOBUTbL B3aUMHO O/HO3HAYHOE COOT-
BETCTBUE MEXAY GasuCHLIMU 3NEMEHTaMU, OTBEAECHHLIMA ANs
M306PKEHIUA KAXKAOTO YACNA, U MONOXKEHNEM PA3PSA0B B UmuC/e
OTHOCUTE/ILHO 3anATOl. B 3aBMCMMOCTM OT TOTO, ABAAETCA
N 3TO COOTBETCTBME OFHAM W TEM Xe ANs BCeX M30Gpaxae-
MbIX YMCENl WM 3aBUCUT OT CaMOrO YMCNA, PasnnuaioT jAsa
OCHOBHbIX cnoco6a npeacTaBneHns uucen B 3BM, HasbiBaeMblxX
COOTBETCTBEHHO NPE/ACTAaBNEHMEM C (DUKCMPOBAHHOM ¥ Nnasat-
weit 3anAToii.




%31 DUKCPOBAHHAA U MNABAIOLLAA 3AITATAA a

MpeanonoXunm, 4T0 Kaxable T GA3NCHBIX 3MEMEHTOB Cry-
KaT Ana M306paxeHns T NOCNeJoBaTeNbHbIX PaspsfoB uncen,
npuyeM MONOXKEHWE 3TUX Pa3PAA0B OTHOCUTENbHO 3anAToN
(UKCUPOBAHO W SBNAETCA OAHUAM W Tem e A4ns BCex ApoGeii.
ByAem CuMTaTb, 4TO Ha W306paxeHue pPa3psfoB, CTOALINX
cneea OT 3anATOi, OTBOAWUTCA T anemeHToB, rae r* O . Takoit
CMOCO6 MpefCTaBNeHUs YUCeN W Ha3bIBAeTCS MpeacTaBneHunem
¢ (hMKCUPOBaHHO! 3anaT oif.

C MOMOWbI0 3TOTO  CMOCOGA MOXHO TOYHO 3aMOMUHATL
nio6ylo U3 KOHEYHbIX P-WUYHbIX Apob6eil, UMelowmnx He 6onee r
HEHYNeBbIX PaspAA0B CeBa OT 3anAToil W He Gonmee T—r
HeHyneBbIX Pa3psjoB cnpasa OT 3anaToil. Bce atm gpo6u x
nexar B auanasoHe

~pr<x<p\

OjMH 13 HEAOCTAaTKOB MPEACTABNEHUA YUCEN C (UKCMPO-
BaHHOV 3anAToil BufeH cpasy. ECnu p-uuHas [po6b MHOTO
MeHblUe Pr M0 MOAY/I0, TO GOMblWAs 4aCTb W3 OTBEJEHHBIX T
6a3nCHBIX 3NEMEHTOB W306paXaeT CTapliie Hy/esble paspsabl
W haKTUYECKN He WMCronb3yetcs. [loaToMy —annpokcumauus
yucna Takoit Apo6blo cBf3aHa C GONbLOW OTHOCUTENbHOI
ownbkoii. OfHaKo Ans u4ucen, GAU3KMX K Pr Mo MOAynio,
ANS NPeACTaBNEHUS CTAPWMX HEHYNeBbIX PaspsfoB UCMOMb-
3yl0TCA BCe T GasUCHbIX INEMEHTOB. B aTom cnyuae oTHOCK-
TenbHas OWNGKA annpoKCHMauui YNCeN ABNSETCH MUHMMaNL-
HO. AGCONOTHas owWnGKa nNpeAcTaBNEHUS uucen ¢ (ukcu-
POBaHHOI 3anATOl BCETAa NEXMT B OAHUX U TeX Xe npeAenax
HE3aBMCMMO OT BENNUMHbI uMCen.

MpeacTasnenve yucen ¢ nnasaloujeli 3ansaToil 3aknioya-
eTcs B cnefylouwleM. BCSKOe HEHYNeBOE 4MCMO X  MOXHO
3anucarh 8 BuAe

=aphb, 31

rae b—uenoe yncno u "
I/p<lai<l. 32
Uncno a HasbiBaeTcs MaHTWCCOA uMcna X, Yucno b—ero
nycts Ha nopsjka 6e3 3Haka 0TBO-

[MTCA T Ga3nCHBIX /1EMEHTOB, Ha W306PaKEHUE MaHTUCChI
6e3 3Haka T —r 3anemMeHTOB. Ec/ Tenepb NopAAoK ¥ MaHTUCCA
npeacTaBNieHbl Kak Apo6u ¢ UKCMPOBaHHON 3anaTol, To 3To
n 6yper npejc uyucna x ¢ it 3anaToit.
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3ameTMM, u4TO MOPAAOK BCErAa MPeACTaBNSETCA TOUHO,
Tak Kak OH ABNAETCA LenbiM uMcnom. MaHTucca xe 6Gynet
NpejcTaBeHa TOYHO MWL ANA TeX P-U4HbIX APOGeid, KoTopble
MMEIOT He 6ONee T —T HeHy/leBbIX CTapLINX Paspafos. VIMeHHO
3TV A4po6M X M3 MPUMEPHOTO AManasoHa

-p? <x<ppr

M MOTYT 6bITb TOYHO MPeACTABNEHbI OMUCAHHBIM CMOCOGOM.
YNCNo Hynb 0BLIMHO M30GPAKAETCH YACIOM C HYNEBOW MaH-
Tuccoii. MopAAOK 3TOro YMCNa He OMpejeneH u B pasHbix OBM
€ro BE/MUMHA MOXET GbiTh PA3NNUHOIA.

B coBpemeHHbix OBM npumeHsioTcs o6a cnocoba npej-
cTaBnenusi uncen. Bb:6op TOTO MM MHOTO cnocoba 3aBucuT
0T TMna pewaembix 3aga4y. Ha 3BM wWWPOKOro HasHayeHus
HepeaKko fonyckalTcs o6e (OpMbl NpeAcTasfeHna umcen

Onepayun Haj yncnamu ¢ UKCUPOBAHHOM 3ansTON BbINOA-
HAIOTCS GbICTPEe, YeM Haj uMcnamu C nnasalouiel 3anaToii.
9T0 CBA3AHO C TeM, YTO MPU PEANU3aLMy ONEPaLyil B pexume
nnasaloliell 3ansToi, N0 CyulecTBy, MPUXOAUTCA BbLINOAHATL
BCe JeiiCTBMA C napamu 4ucen ¢ (UKCUPOBAHHOI 3anAaToA.
MoaTomy npyu peuwexnn Tex 3afad, rge NonoXeHue 3ansToi
B UMCNOBBIX JaHHbIX GONEe WAM MeHee OMPeAeneHo, MCMosb-
30BaHWe npeac yucen ¢ i 3anatoit
No3BONSET MONYYUTh  OWYTUMBIA BBIUFPLIL  BO  BPEMEHU.
K Takum 3ajayam OTHOCATCA, Hanpumep, hMHaHCOBbIE pacyeTsl,
3afjaun KONMYECTBEHHOTO YueTa, MHOTME 3ajaun ynpasneHus
wTon

Mpu pelweHUn HayyHO-TEXHWYECKUX 3apay Gonee yAo6HO
npe/AcTaBNeHue uncen C nnasaloujedl 3anaToil. 3T0 CBA3AHO
C TeM, uTO B TaKMX 3ajauax, Kak Mpasuno, NPUXOAUTCA
VMETb fIeN0 C UYMCNOBLIMM AaHHLIMM M3 O4eHb LUNPOKOFO
[Ananasoua.

B obwem cnyuae 3ansTas
npeAcTaBNATL uucna B OBM ¢ 0AMHaKOBOI aGCONOTHON TOY-
HOCTbIO, Nnasalollas 3anfTas—cC 0AMHAKOBOW OTHOCUTENLHOI
TOYHOCTbIO. OfHAKO 3aMETUM, 4TO MNP OJHOM W TOM XKe
KONMYecTBe 6a3nCHbIX 3/1EMEHTOB, OTBE/EHHBIX Ha NpeacTas-
NeHvne uucna, 3anstas T nonyunTh
ANA HEKOTOPLIX YMCeN GOMblIYI0 OTHOCUTENbHYIO TOYHOCTb,
YeM nnasaluas 3anatas. ITO OTHOCUTCA B OCHOBHOM K YMC-
nam, GIM3KAM K MaKCUMa/bHBIM 10 MOAY/IO.
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YMenoe MCNoNb3oBaHWe (PUKCUPOBAHHOW 3ansToil MHOTAa
nosgonsier J06UTbCA Gonblueli CKOPOCTW 1 Gonbluel TOUHOCTH
peweHus 3ajauy, YeM MCNONb30BAHME NNaBaloujedl 3ansiToi.
Ewe Gonbuwero 3¢¢ema MOXHO AOCTMHI: nyTeM pasymHoro
coueTaHus 3ans-
TOi. OfHAKO Mbl He ﬁy[:lEM CKDI\bKO-HMﬁyAb nogpo6Ho ocTa-
HaBNNBATLCA HA 3TUX BOMPOCAX.

- Bce fanbHeliwne wnccneposaHus 6GyfyT KacaTbCA NWlb
BbIYMCNIEHMIT C NnaBalouledl 3anAToil. IT0 CBA3AHO C Haweil
;6pueHTalyMen Ha MeToA0B AHOIA
;anre6pel. JluveliHaa anre6pa HaxoAuT CBOe NpUMeHeHue
B OCHOBHOM B HAyWHO-TEXHUYECKUX 3ajauax, a Takue 3agauu
vauje BCEro pewaioTcs Ha 9BM B pexume nnasaioeil 3ansToi.

YMNPAXHEHUSA

L TIpMBeCTM NPUMEDLI (M3MUECKAX YCTPOICTS, WMeloUX P yCTOli-
UWBLIX COCTOSHMIA
2. TOCTDOUTL pasndHble MOJENN apMDMETMYECKUX YCTPOViCTB Ans
PeANU3ALMA ONEPALMIE CTOKEHWS, BLIMWTAHIA U YMHOXEHWA Ha OCHOBE
KaKuX-/MGO KOHKPETHbIX GASCHBIX JNEMEHTOB.
3. Ha OCHOBE APUOMETWHECKUX YCTPOCTS, MOCTPOBHHbIX B Mpedb-
LM YNPAXHEHIM, WCCNef0BaTL PAINMYMe MEXZy BHINONHEHMeM Onepa-
Wil B OIINGX QUKCUPOSHNON W NTABAOULET SENATOT.
cn

noco3 uucen B8 IBM,
ot o UKCHPOBAHHO 1 N7asaloueli  3ansTol. Kak npu 31oM
BLINOMHAIOTCA ONEPALMA_ Ha YMCHamU?
T M MECTO
yucen Ha 3BM B n i 3anATOR?

§ 4. OcoGeHHOCTU npeAcTasneHus uucen Ha 3BM

Kak yxe oTmeuanoch, coapemennme BbIYMCINTENbHbIE
MaLVHbI pUpYIOT MWb C Apo6aMM.
MAaneko He Bcerga pesynbTar BbINONHEHNA apmmmemqeckom
onepauuu  HaJ KOHEUHbIMW APOGAMU  SBNAETCA KOHEUHON
ApoGbio. TpUMEPaMu MOTYT CAYXWTb ONepauun  JeneHus,
u3snevenna KOPHA W T. N. Ho gaxe ecnu pesynbTar u 6yget
KOHeuHoii [POGLIO, €ro Yallle BCEro HeMb3si TOUHO MPEeACTABUTL
B TOoM BWUAE, KOTOPbIA NpuUHAT Ha 3BM. 3To oTHOCKTCA
K opMe 3amucu uMcen Kak C (PMKCMPOBAHHOW, Tak  C nna-
Balolledl 3anATON; NPUMEPOM MOXET CNYXWTb onepayus
YMHOXeH!st uucen. Takum 06pasoM, Mpu 3anoMUHAHUM MOUTH
Bcex uncen B OBM B camu umcna BHOCUTCA HeKoTopas
«nmnbKa, CBA3aHHAA C WX OKpYrneHuem. $ICHO, uTO
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MosBneHne OWMBOK OKPYTNEHUA YuUCen HensbeXkHo B No6oii
cospemeHHoii 9BM. BenuunHa 3Tux OwNGOK 3aBMCUT OT
KOHKPETHOi peanusauui onepauun OKpyreHus U OT MpuHs-
Toil (hopMbl NpeACTaBNeHns umcen.

KOHEUHO, 3a CUET PA3NNUHBIX TEXHUUYECKNX —PeweHnit
MOXHO B Kakoii-TO Mepe BNWATb Ha OWWGKM OKPYINeHus.
OjjHaKko ecTb HeKOTOpbie MPUHUMMUANbHBIE OFpaHNueHns,
CBAi3aHHbIE C WX BENMUMHONM. DTU OrpaHMueHus Henb3s npe-
00NIeTb  HUKAKMMU TEXHUYECKAMU CPEACTBAMM, €CU OCTa-
BaTbCA B PaMKax CyWECTBYIOWUX WAeH NPeACTaBeHus ducen
Ha 3BM.

OG6o3Hauum yepes fi (T) KoHeuyHyl Apobb, KoTopas mno-
NyyaeTcsi nocne OKPYrAeHUA uMcna X ¢ GUKCUPOBaHHON 3ans-
Toil fo /-ro paspsga mocne 3anAaToii. Vmeem

fi(jc)sjic+v, (4)

rAe v ecTb owwubka okpyrneHns. Kakum 6bl 06pasom Hu
6bI10 peann3oBaHo OKpYrneHue, cornacHo (2.1) Ha Knacce
BEU|ECTBEHHbIX YMCEN HENb3A MOMYYMTL OLEHKM Nyuweld, uyem

M (42)

O603Haunm, fanee, yepe3 I (x) KOHe4Hyl Apo6b, KoTopas
no/ly4aeTcsi Nocne OKPYrNeHUs MaHTUCChl YMC/IA X C MNaBako-
et 3anaTol Ao /-ro paspsga nocne 3anAToi. ToXAecTso,
aHanoruyHoe (4.1), Tenepb yAoGHee 3anucaTb B TaKoMm Bufe:

N (%) m** (1 +e). (4.3)
BennunHa e He SBNAETCA OWWGKOA OKPYrNeHUs uucna X,
X0TA cBfisaHa ¢ Heil. Ecnm fl (x) @ 0, To pAns maHTMCChI
cnpasefnuBbl OLEHKU (3.2), a AnA ee OWMGKM OKPYrNeHus
He MOXeT ObiTb OLEHKM nyuweii, yem (4.2). OTcioga Bbine-
KaeT, YTO Ha KNacce BeUIECTBEHHbIX YMCEN HENb3A NONYYUTh
ANS € OUeHKN Nyuwedd, vem

|Bl<y/V +1 (4.4)

Mpu GoNbWKMX / NpaBas uYacTb HEPAaBEHCTBA MOXET GbiTb Cae-
NaHa CKOMlb YTOAHO Manoii. OHAK0 BAXHO MOAYEPKHYTh, 4TO

Ha nio6oii 3BM Ans HeKOTOPOro MHOXKecTBa uucen byaem
WMETb e= —1 HeaBuCUMO OT YMCNa Paspsifios, OTBEEHHbIX
Ha MpeACTaBneHne MaHTUCChI.
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B caMOM gene, CKONbKO Gbl HY OTBOAMNOCH Ga3UCHBIX ANEMEH-
TOB M0j M306paXKeHMe NOPAAKA YMCEN, HX BCErja GyAeT KOHeu-
Hoe umcno. MycTe Moj NOPAAOK Ge3 3HaKa OTBOAMTCS T ANleMeH-
To8. I ans W, uT0 B ii cuc-
Teme cuucneHns 6asucHble yucna pasHbl 0,1.....p — 1 Torga
Ha T 3NeMeHTaX MOXHO M306pasuTb LeNble Yucna, He mpe-
BOCXOAAWME MO MOAYM0 pr— 1 CTefoBaTeNbHo, MUHMMAaNb-
HOE MONOXMTENbHOE 4YMC/I0, KOTOPOE MOXHO M306pasuTh
B 9BM c nnasawoweii 3ansToii, paBHO

©=p pr.
VTaK, ¢ hOpMaNbHOl TOUKN 3PEHNA NOYTH BCE HEHyneBbie
uncna X, NpUHagnexauwue MHTEpBany

—0<x< (0, (45)

3aBeIOMO HeNb3f NpefcTaBuTh B OBM ¢ nnasatouieii 3anaToii,
cobniofas cooTHoweHve (4.4). Takue umcna MOryT NosBUTLCA
B Mpolecce BbIUMCNEHMIA. Hanpumep, oHn nossnsioTcA nocne
NepemMHOXEHNA Mo6bIX ABYX uMcen X, Y, YAOBNETBOPAIOLYNX
COOTHOWEHMAM

<n<xy<©'l.

Mpu 3TOM camu umMcna X, y He MpUHagnexar uHTepsany (4.5).

Yucna m3 (4.5) HeoBXOAUMO 3aMeHATb KaKUMW-TO yucna-
MW, npeAcTasuMbiMi B OBM. Bbixoa W3 co3aBlIerocs nono-
KEHUsi, MO CyUIeCTBY, e[UHCTBEHHbIA. Tak Kak o ABAseTCs
«ManbiM» YMCNIOM, TO BCE yMCna X M3 MHTepsana (4.5) 3ame-
HAaloTca B OBM Hynem. [lna 3TUX uucen u nonyyaem e= — 1
VICKNIOUeHne COCTABNAGT YUCNO HyNb, ANS KOTOPOTO MOXHO
cuutath e= 0. TakuM 06pa3oM, Ha K/Iacce BeW|ECTBEHHbIX
YMCEN MOXHO MONYYNTb NUWbL OLEHKW CReayloujero Buaa:

e< 1p<#, ecm fi@® o0,
e= - 1, ecam MN(x)=0, Ho X O.

(46)

HecmoTps Ha «ManocTb» WHTepsana (4.5), ¢ Nofo6GHLIMK
YMCNIaMU MPUXOAMTCS MPOBOAWTL BbIYUC/IEHUS 3HAUNTENLHO
uauje, YeM MOXET nokasaTbCsi Ha Mepsbili B3rnag. Kak Gyaer
YCTaHOBNIEHO B AlaNbHEMLEM, MMEHHO K TaKuM BbIUMCIEHUSM
NPUBOAST MHOTME BAXHellMe YMCNEHHbIE METOAb! NUHERHON
anre6pbl. ToT akT, 4To uyucna (4.5) Henb3s npeacTaBuTbL
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8 3BiM c npuemnemoii 0THOCUTEeNbHOW TOYHOCTLIO, 3acTaBnsieT
npeojonesaTb HeMano TPyAHOCTeli Mpu peanusaljuv  MeToaos
Ha 9B/

Ans coBpemeHHbIX 3BM BenuynHa p ‘ 06bIYHO HAXOAWTCH
B npegenax 10'10— 10~1% sennunHa o>—8 npegenax 10 18—
1040 Boo6lje roBops, p ‘ U bl He CBA3aHbl MeXAy COBOIA.
OfHako Ha Bcex 3BM, 3a ucknioueHuem 3BM c nepemeHHOi
ANVMHOA MAHTUCChI, BBINONHAETCA COOTHOWIEHME

(0<plw. @7

Ha 3BM, pa6oTatoujeit ¢ hUKCMpoBaHHOI 3anaTol, 06bI4HO
[ONyCKATCS Yucna, He 1o Mogynio
Ha 9BM c nnaBatoujeit 3ansToil, —He NPEBOCXOAALNE 10 ‘.
Ecnm B npouecce BbIYMCNEHMA MOABAAITCA UMCAA, BbIXOAS-
WMe 3a 3TM rPaHULbl, TO B GOMLLIMHCTBE CNY4aeB BbIYMCM-
TenbHbIA MPOLECC OCTaHaBNMBAETCA. DTO ABNEHUE MPUHATO
Ha3biBaTb nepenonHeHvem. KOHEUHo, ero Hago yuuTbiBaTh npu
peanusayum anropumos Ha IBM.

OTMeueHHble 0COGEHHOCTM NMpeACTaBNEHUS YNCen He MoryT
GbITb YCTPAHEHbI KAKMMU-NMGO TEXHUYECKUMM CPEACTBAMM.
MOoXHO CKOHCTpyupoBaTb OBM €O CKOMb YrOAHO ManbiM 4WC-
nom (0. Ho BCe paBHO OHO GyAeT OTANYHO OT Hyns MOXH3
noctpouts 3BM, y KOTOpoii onepauns OKpyrnewus 6Gyner
peann3oBaHa CcaMbIM NyYwWwMUM CNOCO60M, HO oOueHku (4.2),
(4.6) npn atom Bce paBHO He BYAYyT ynyulleHbl. Henb3a
M36eXarh, N0 CYUeCTBY, v nepenajHeHus.

YTO6bl He 3aHUMATLCA M3NNLIHAMU AETANsMU, CBA3AHHBIMM
€ 0COGEHHOCTAMU MPeACTaBNEHUN YMCeN HA KOHKPeTHbIX IBA),
BClOAY B i byger aTbes
oueHoK (4.2), (4.6). Omepaunio OKPYTNeHWs C TaKUMU OLeH-
Kamu Gyfem HasbiBaTh NPaBUNbHON

MpasunbHoe OKpyrneHue 061aaaeT CyLecTBEHHbIMYU JOCTO-
VHCTBaMW. TeM He MeHee Ha MHOTMX, eCin He GONbLIMHCTBE,
coBpemeHHbIX OBM M0 TeM WnM WHBIM NpUYMHAM  OKpyrie-
HUe He peanu3yetcs npaBunbHO. Mpu 3TOM B OLEHKax Tuna
(4.2), (4.4) cnpaBa noABNAETCSA [JOMONHUTENbHbIA MHOXUTENb
a> 1 Ecnu OTHOCUTENbHO OWWBOK OKPYrNeHWs Heo6X0AUMO
3HaTb MWL WX MAKOPaHTHblE OUeHKW, TO MOAoGHas peanu-
3auusi onepayuu OKpYT/ieHus pasHocMnbHa notepe lo"pCt
paspagos B npeacTasneHuu uncen Ha IBM, Tak Kak
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B [eiiCTBUTENLHOCTM NOCNEACTBUS HenpaBuNbHOM peanu-
3auM Onepayuu OKPYFNeHUA 3HAYUTeNbHO CepbesHee, uem
npocTo MoTeps HEKOTOPOro uncna PaspsAcs.

YNOPAXHEHWSA

L Tlosenny WCTa Us WHTEpBana (—w, @) SAMERSIOTCA Hynew, @ He
KaKUM-N160 APYTUM  HACTOM?

2. MoxHO /1 Ha OBM C nnasaiowieli 3ansoii BbI4ACIMTL YMCTO O-17

3. TIOCTPOMT TPaGVIK BenMuMHbI v M3 (4.1) Kak (GYHKUUM OT X

4. TlocTponTs rpaduK BeNVuMHLI € U3 (4.3) KaK (QyHKUMM

5. Hackonbko TOUHO Npagble WacTi HEpaBeHCT (4.2), (4.4) OlieHw-
BAKOT NeBble 4aCTH TEX Xe HEPABeHCTE?

6. Mpus: PryMeHTbI, HeoBxoau-
MOCTH BLINONHEHMS Ha 9BM CooTHOWIEHMA (4.7)?

§ 5. ApudmeTnyeckue onepaynn

B MaTeMaTuyeckom OnucaHUM GONbLUIMHCTBA BbIYNCAUTENb-
HbIX anropudIMoB JOMYCKAETCA HEKOTOPas HeOAHO3HAUHOCTh,
CBA3aHHAR C KOMMYTAaTMBHOCTbIO, acCOLMATUBHOCTbIO, AMCT-
PUBYTMBHOCTbIO apudMeTUyeckux onepauuii. Mpu peanusa-
uun Ha IBM pasnuuHbix (OpM 3anucu anropudmoB BO3HM-
KaloT HeoMHaKoBble IPHEKTbI. STO CBA3AHO C TeM, YTO apud-
MeTuueckue onepayuu Ha 3BM 06NafaloT MHbIMU CBOWCTBA-
MM, YeM TOUHbIE Omepauum.

- Ha pasHbix 3BM oauH 1 Te e aputhmeTuueckue onepa-
LMK MOTYT OTAWYATLCS B [ETANsX CBOETO BbIMO/IHEHUS BECHMA
3HAuNTeNbHO. O[HAKO 3TW PA3NUYUA [NA HAC He MpeacTas-
NS0T 0COGOTO MHTepeca, Tak Kak MaTemaTuyeckoe 3HaueHue
VMeeT NWWb  pesynbTaT onepayuu. UToGbl He 3aHMMaThCs
[AeTansMu, CBS3aHHbLIMU C KOHKpeTHbiMM 3BM, Mbl Gyaem
cunTaTh B AaNbHeiiluem, uto:

PesynbTaT BbINOAHEHUS NGO aputmeTuyeckoi onepa-
umn Ha OBM cosnagaeT C NPaBUNbHO OKPYTAEHHbIM pe3yNlb-
TaTOM TOUHOTO Toil ke
C HYNIeBbIM Pe3yNbTaTOM BbIMONHAETCA TOUHO.

OpHoOli M3 nMpocTedimMx onepaynii ABNSETCA CROXeHMe
(BbluMTaHME) unCeN C (UKCMPOBAHHONM 3ansToii. Mpeanono-
UM, YTO CKNajblBalOTCA (BBIMWTAIOTCH) YACNA B P-MYHOI
CACTEME CUMC/IEHUS W eUHULA MOC/EAHErO MPeCTaBNEHHOro
paspsiga paBHa p  ECAM He NPOUCXOAMT nepenonHeHue, 1o
pesynbTaT GyAeT KOHEYHOW Pp-W4HOK Apo6bio, WUMeloLlelt He
6onee / paspagoB nocne 3anAaToil M MO3TOMY MOXET 6biTh
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npeactasned B 3BM TouHo. OTClofa BbiTeKaeT, 4TO onepa-
UM CNoXeHus (BLIYMTAHUS) YMCEN C (UKCMPOBAHHOW 3ans-
TOil MOXeT 6biTh OCyllecTBNeHa 6e3 OWWGOK OKPYrNeHns.
B panbHeiiwem 6ygem cuutaTb, uTO

H(xty)**xzty (5.1)

ANS BCEX u4ucen X, y, NpejcTaBneHHbIx B 3BM, ecnn npu
3TOM cama Onepauus BbINOAHNMA.

Bce ocTanbHble Haubonee PacnpocTpaHeHHble apudMeTy-
UeckuMe oMepauMM Hag uYMcnaMu C (UKCUPOBAHHON 3ansTOM
He C6NajaloT TakuM CBOWCTBOM. 3TO CBA3AHO C TeM, YTO Npn
peanusauun Apyrux onepaumii MOABAAIOTCA YMcna, UMetouime
Gonee t HeHyneBbx paspajoB nocne 3anaTod. B atom cny-
uae OWMGKN OKPYrNeHWs HensGeXHbl. Mo3ToMy Ans BCex
yucen X, y, NpeAcTaBneHHbix B OBM,

N(x£y)sa:Sy +y, (5.2)

rae
M<{pu. (5.3)
MpeAnonaraeTcs, KOHEYHO, YTO CaMyW OMEPaLMN BbIMOTHUMbI

BbINONHEHNE apuQMETUUECKUX ONepaunit Hag uucnamm
C nnaBaloujedl 3ansTOW NPUBOAWT K MOSB/EHMIO  OWNGOK
OKPYT/IeHUs yXe MouTu BO BCex cryuasx. Mpegnonoxum,
UTO YMCNa 3ajaHbl B P-WYHOI CUCTEME CUUCEHUS U ANA Npej-
CTaBNEHUsi MaHTUCC OTBOAMTCS t paspsapoB. Torga npu Bbl-
NONHMMOCTU Onepauuu GyJem WUMeTb

FICin) - (< flr) <1+ e), (5.4)
rae cornacHo (4.6)
lel<ypm, ecnm flfxsyWo,
M

_ I+ ) i + 0\

e= —1, ecm fl xx< , HO [xxyd O .
®opmynbl (5.5) Henb3s CyWeECTBEHHO YNYYWMUTb Ha MHO-

)KEecTBe BCeX uucen, npeacTasneHHblx B 9BM. OpaHako Ans

HEKOTOPbIX MPAKTUYECKN BAKHBIX C/lyUYaeB MOXHO rapaHTu-

posatk, 4to r® — 1 HeTpyaHO nMpoBepuTb, 4TO 3TO GyAeT,

HanpuMep, ecnM CKNaJblBaloTCA YMCNA OAMHAKOBbIX 3HAKOB
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WM BBIYMTAIOTCA YMC/a PasHbIX 3HAKOB, ECAN OAWH M3 CO-
MHOXWTeneli B NPOM3BEAEHNM MO MOAYNIO He MeHblle eau-
HULBl WM 3HameHaTenb APO6M NoO MOAYNlO He Gonblie eau-

el

uHecmmpﬂ Ha TO, YTO B CAydae oMmepauuu CroXeHus
(BbIUMTaHMA) OWNGKA OKPYTNEHWA MOSIBNAETCS, OHa BCE e
MMEeT HEKOTOPYIO 0COGEHHOCTb, Ha KOTOPYIO CTOMT 06paTuTh
BHUMaHue. MycTb

*= y = arpb\

rae fli, f1j-maHTucesl, bu br—nopagku uucen x, y. byaem
cuuTaTh, ANA ONPeAeneHHocTH, uTo bt, u npeactasum
X+ y B Takom Buje:

x+ty-(altai)pb~bp>

MaHTuCehl OM ar yaoBneTBopAlT ycnosuam (3.2). MoaTomy
yucno r=at+ a

uMeeT He Gonee t+ bx—br HeHyneBbiX paspsafgoB nocne 3a-
NATOA 1 He GOnee OAHOTO HEHYNeBOro paspaja nepes 3ans-
TOiA. JTOT paspsf NOSBASETCS NUWbL B TOM Cnyuae, Korja
|r|~1. CnepoBaTenbHO, MaHTUCCbl YWMCEN X + Y WUMEIOT He
6onee t+ bi —fti+1 HeHyneBbix paspsjoB mocne 3ansToM.

B 4acTHOCTY, MPU CNIOXKEHN YMCEN OJHOTO MOpPAAKa C pas-
HbIMA 3HAKaMU (BLIYMTAHWA 4YMCEN OJHOTO MOPSAKA C OAMHA-
KOBbIMW 3HaKamu) MaHTucca pesynbTaTa umeeT He Gonee t
HEHYNeBbIX PaspAfoB Mocne 3ansTod. ECTECTBEHHO cumTaTh,
uTO B ITOM CMy4ae OWWGKA OKPYT/IEHUA He [JOMXKHA MOfB-
naTbcs. B obuwem xe cnyuae:

Onepayus Ccno>keuns- (BbIYNTaHUs) unucen ¢ nnasatolei 3a-
NATOM UMeeT OWNGKY OKPYrNeHWs, COAEPXKallylo KOHeuHoe
WACMO  HeHyNeBbIX Paspsos. Yncno aTMX paspafos onpege-
NSETCA BENMUMHONM YMCeN, y4acTBYIOUMX B ONepauuu, u He
3aBUCHT OT uncna paspsfoB, OTBEAEHHbIX ANS MpeAcTasne-
HUSl MAHTWCChI.

B 9TOM OTHOWEHWM ONEPAUUsi CNOXKEHWUA (BbIYUTAHUA) OT-
NMYaeTC OT BCeX APYrux onepaumit. Tak, Hanpumep, B one-
paunsix geneHus, W3BNEYEHUS KOPHA W T. M. OWMGKa OKpyr-
NIEHNsi COAEPXKMT, Kak MpaBuno, GeCKOHeuHoe 4MCNo pasps-
[0B. B Onepayuu yMHOXEHUs OWWGKA OKDYTNEHUA XOTH U
COAEPXKNMT KOHEUYHOE YMCNO PaspafoB, HO BCE XKe WX MMeeTcs
nopsaka /
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OTMeyeHHast 0COGEHHOCTb OWMGKN OKPYTNEHUA onepaumum
CNoXeHUs (BbIYMTAHWA) 4WCeN C Nnasalolleil 3anaAToil oka-
3biBaET OueHb GONblIOE BAMSHWE Ha obujee pacnpeseneHue
OWMGOK OKPYINIEHNS B BBIMUCIUTENbHBIX MPOLECCAX.

Mpwn peanusaynmn HEKOTOPLIX anropudmMoB BO3HNKAET Heob-
XO[MMOCTb BBIMOMHATL OTAENbHbIE MPOMEXYTOUHbIE BblUMC/E-
HUSl C CYU|eCTBEHHO GOMblueli TOYHOCTBIO, 4YeM JONYCKaeTcs
NPUHATON CuCTeMOil npeacTasnew™ uucen. Ha GonblIMHCTBE

3BM Takune opraHusyloTca cne-
Ayloupm 06pasoM. Bo-nepsbix, MMeeTCsi TexHuueckas BO3-
MOXHOCTb MONly4aTh Pe3ynbTar BbIMONHEHUA OCHOBHbIX apud-
METUYECKAX OMepaumnii Haj /-paspsgHeiMu uuciamMu He C t
paspsgamu, a ¢ 2/ paspsgamu. lpu 3TOM OwwGKa oKpyrne-
HUA 0BBIYHO MCKAXAeT NUWb MOC/eAHMe U3 aTux 2/ pasps-
£0B. BO-BTOPBIX, WUMEETCS,, BO3MOXHOCTb MPOTPaMMHOIO o~
CTyna Kak K CTapwum / paspsgam pesynbTaTa, Tak U K Mnaj-
wuM ero’/ paspagam. VICNonb3ys 3Ty BO3MOXKHOCTb, MOXHO
NPOTPaMMHLIM MyTeM OCYW|eCTB/ATL NI0GbIe BLIYACAEHUA CO
CKONb YrOAHO 60NbLIOI TOYHOCTbIO.

HecmMoTps  Ha  MCKNIOUMTENbHYIO  BAaXHOCTb  OMepauuii
C Y/ABOEHHbLIM YMCNIOM Pa3PS/0B, BO3MOXHOCTb MX pPeanusalim
nmeeTcs He Ha Bcex OBM. 970 cnepyeT cuuMTaTb CepbesHoi,
KOHCTPYKTOPCKO/ HeA0pa6oTKol. CucTeMa KOMaHA U apudme-
Tuyeckue yctpoiictea OBM  A0/MKHbI GbITb TakUMW, 4TOGbI
onepauuu ¢ YABOGHHbIM YWCNOM Pa3psA0B MOTAU  BbINOA-
HATBCA C HaMGOMblWeR PHEKTUBHOCTLIO.

B 3agayax nuHeiiHoit anre6pbl 0co6oe 3HaueHue UMeeT
MaKCUMaNbHO TOYHOE H BBICTPOE BLIYUCIEHUE BbIDAXEHWIA BUAA

a+EalP,

. (5-6)
le BCe HanWCaHHble uucna ABAAITCA /-paspagHbiMu. Ecin
NPOMEXYTOUHbIE BbIYMCNEHNS OCYU|ECTBASIOTCA C YABOEHHbIM
UMCNOM  Pa3PAZ0B, TO 3TU BbIPAKEHUA BLIYMCASIOTCA, KaK
npaBuno, C TaKoil Xe OTHOCUTENLHOW TOUHOCTBIO,UTO U Pe3yib-
TaT BbINONHEHUs OAHOW apudmeTuyeckoit onepaunn. Mopo6-
Hblii  POXMM  BbLIYUC/EHNI Mbl GyieM Ha3blBaTb HaKoMNeHWeM
u o6o3Ha4yaTb cooTBeTcTBeHHO cumsonamu fit, fl,. C TexHu-
UECKOW TOUKM 3DEHUs ero peanu3alus He Bbi3bIBAET NPUHLM-
NnanbHblX TpyAHOCTeR. MpuU XOPOWO NPOAYMaHHOI cucTeme
KomaHg 3BM, oTi K c i
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TOuHOCTbIO, BblpaXeHua Buaa (5.6) B pexume HakonneHus
BLIUMCAAITCA MOYTH 33 TO XKe BPEMS, 4YTO W B pexume oau-
HapHo/i TOYHOCTU. ByjeM cumTaTh B AanbHeiilem, 4To

L‘/I3+ ®<Py a+2f
(a+ 2 alP,\ la+ » @M~
n,\ T1 y \ T ¥ (1+ e);

npu atom

u/ p', le|< 2PA+l an6o —1,

Kak it B ApYTMX aHanoruuHeIX Cryuasx.

Cumsonbl W, fi u flj, fi* 6yayT ucnonbsoBaTbcss B Aanb-
HelilleM [0BONbHO 4acTo. TeM He MeHee WM He NPUMUCHI-
BaeTCs CTPOTWA MaTemaTuueckuii cmbicn. B obujem cnyuae
OHU GYAYT yKasbiBaTb NMWb HA NPUMEHSEMbI PEXAM Bbl4MC-
NeHuii. TOYHOE OMMCaHWe BLIYUCAUTENLHOTO Npolecca W ero
0COGEHHOCTEl Mbl Gyfem 3ajaBaTb YKasaHMeM BCEX BO3HUKA-
IOWMX OWMUGOK U MX OLEHOK.

B 3aK/i0ueHMe 06paTMM BHUMaHWE Ha Cregylouee 06CTO-
ATENbCTBO. Kakumu Obl ManbiMi HM Gbinn OWMGKM OKpyrAe-
HUS, BO3HMKAIOWME NPU BLINOMHEHMN apUPMeETUUECKNX Onepa-
UMiA, X MOSIBNEHME CYUIECTBEHHO MEHAEeT MaTemaTuyeckue
CBOIiCTBA cCamMux ii. TouHble y n
CNOXEHUs SBNSIIOTCH  KOMMYTATUBHBIMYU, aCCOUMATUBHBIMA 1
CBSA3aHbl MeXAy CO60M 3aKOHOM AUCTPUBYTUBHOCTU. Onepayuun
YMHOXEHUA H CnoxeHus Ha IBM yxe He fBNAOTCA Tako-
BbIMU.

- KomMmyTaTMBHOCTb oOmepauuii Ha 3BM rapaHTupyetcs
NMWb TOTAA, KOTAA OWMGKA OKPYTNEHWs OJHO3HAYHO onpe-
[enseTcs  pesynbTaToM TOYHOTO  BLIMONHEHMA Onepaiuii.
B 4acTHOCTM, KOMMYTATUBHOW 6yfeT onepayus CnoXeHus
uucen ¢ (PUKCUPOBAHHOI 3anaToi, Tak Kak oOwwnbka oKpyr-
NeHus 3jeck BOOGLE OTCYTCTBYeT. MO 3TOW ke NpUuMHE fJaH-
nas onepayus 6yseT v accoymatusHoii. Jlio6ble onepayum,
KOMMYTAaTUBHbIE MDA TOYHOM BbIMOSHEHMU, MOXKHO CAenaTb
KOMMYTATUBHbIMU 11 Ha DBM, ecnu MMeeT Mecro npasunibHoe
OKpyrneHne. Kak yXe 0TMeuanoch, Takoe OKpyrfieHue peanu-
8083,10 paneko He Ha BCex COBpPeMeHHbIx 3BM.
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UTo e KacaeTCi 3aKOHOB acCOLMATUBHOCTW M AWCTPU-
6YTUBHOCTM, TO OHM He BLINONHAKTCS HA Ha OAHON U3 CyujecT-
Bylownx 3BM. CooTBeTCTBYIOW|ME COOTHOLIEHUA UMEIT MecTo
TONbKO NS HEKOTOPbIX HAGOPOB umcen.

YNPAXHEHUA

1 YGET Tn_OnEpaLN yukoxeHnA Ha 3BM accouyatveHoli npu
Kakom-nub0' Crocoe OKpyT/eHis?

YAET W Onepauns Cnoxenns Ha 3BM ¢ nnasaouleid 3anaToit
acCOUTVBHOM NPU KaKOM-NMBO CrOCOBe OKPYTAEHU?

3. MoXHO /W BbIGOPOM cnocoﬁa OKpYTNEHNS 0BUTLCA BLINONHEHNS!
3aKOHA AYCTPUBYTUBHOCTI Ha

4. Tlpusectu npaweps aoamo)«nmx o anreﬁpawueckwx nnepauMM
Ha 3BM, Ana KoTop!
UMATYBHOCTH U Avlcrpvlﬁywlsnocm

5. 1A Kakux uncen Wa 9BM c nasaiouwiei 3ansToil onepal Gno-
KEHUS W YMHOXKEHWUS BLINOMHSIOTCA 663 OLIMBOK OKPYTNEHUs?

6. TIOCTPOMTb pasnitikble MOAENN apUBMETMHECKMX YCTPOWCTB Ana
peanu3auum onepauywii CIOKEHU, SHUMTAHIR W YMHOXEHMA © Npasitn-
HoM OKDYTEHYEN Py

7. TocTpouTs cw;TeMy KDMaHA 9BM, ygobHylo Ana peanusauum
BhimcreHl YBOBHHbIM YUCIOM PaspsiioB. HacKOMbKO MPOCTO Bbluiic-
NIOTCS BbIpAKEHUS Buga (5.6)7

Viccneaosath Ha Kakoii-nmBo KOHKpeTHOW 3BM paGoty apdme
TMYECKOTO YCTDOVCTBA MW BLINOHEHUM ONepauwii. Kak peanusosaHa
onepauwst OKpyrneHus Ha aToi 9BM?

§ 6. MopaaoK BbINONHEHWUA onepayuii

MaremaTuyeckoe onucaH1e NpoLecca PeLeHus N6l Hayu-
HO-TEXHMYECKOIA 33/]a4¥ CBOAUTCA B KOHEUHOM CUETE K OMUCAHMIO
HEKOTOPbIX apU(IMETUYECKMX BbIDAKEHMIA, CBA3AHHBIX MeXAY
<So6oii nor Ci 3BM unmeioT
BO3MOXHOCTb BBLINONHATL NWLIL AOCTATOYHO MPOCTbIE ONepa-
yun. MoaTOMy UTOGbI yKa3aTe anrOpUGM BbIYMCAEHNS apUdMeTH-
ueckoro Tb NOPSAOK BbINON-
HEHNSl BXOAALYMX B HErO OMEpauyn, T. €. PAacCTaBUTh HYXHbIM
o6pasom ckobku

C TOYKM 3peHUA TOYHOTO BbLIMONHEHMS Onepaluii paccTa-
HOBKa CKOGOK 06bl4HO He GblBaeT 0AHO3HAYHON. 3ro cBA3AHO
B OCHOBHOM C BbINO/HEHMEM 3aKOHOB AaCCOUMATMBHOCTM W
[VMCTPUBYTMBHOCTU ANs onepauuii. OgHaKo AnA apudmety-
4eckux onepaiuii Ha IBM yKasaHHble 3aKOHbl YXe He UMeloT
mecta. CnefoBaTeNbHO, Pa3MUHbIe PAacCTAHOBKM  CKOGOK
B OJHOM 1 TOM X apu(MEeTMHECKOM BblpaXeHuu GygyT
Tenepb NPUBOAUTL K Pa3NMUHLIM pe3ynbTaTam.
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Wtak, BCAKas 3ajavya npu nocTaHoeke Ha OBM onpepge-
nseT B ASﬁCTBMTEﬂbHOCTM Luenyw COBOKYNHOCTb BblYMCIU-
TenbHbIX anropudMOB, ONUMYAKMUUXCH APYr OTYEpyra nopsa-
KOM BbINONHEHUS aputmeTuyeckux onepauuii. "HecmoTps Ha
mMaTemMaTU4ecKyto 3KBUBANEHTHOCTb BCEX 3TUX MOAMQ)VIKaL\MFI
B TOYHOM CMbICNe, pasnnyne B BbIYUCNUTENbHOM B(hweKTE
MOXeT 6biTb OrpoMHbIM, B 0COGEHHOCTU C TOYKM 3peHﬁi|
YNCNEHHOI ycTouNBOCTH.

PaccMOTpUM NpOCTOi, HO [0BONbHO MOKa3aTenbHbIi Npu-

mep. MycTb BbluMcnsetcs cymma r= V] a, rpe Bce a*—

uMcna OfHOTO 3Haka. Omepauusi COXEHWs KOMMYTaTuBHa
accouuaTuBHa. [03TOMY TOUHbIA pe3ynbTaT He 3aBUCUT OT
TOr0, B KaKOM MOPAAKE OCYU{ECTBNAETCA CYMMMUpOBaHMe.

Byaem Tenepb BbIYMCAATL 3Ty Cymmy Ha OBM B pexume
nnasaloujeli 3anATod. [MpuGasuM K nepsomy cnaraemomy
BTOPOE, K MONy4YeHHOW Cymme npubaBuM TpeTbe cnaraemoe
n T. 4. CornacHo (5.4) umeem

A(r)=(...((ax+ a,) (L + eO+ a3 (1+ Cj)+ ...+ an) (L + ea )=

St @) o <me)+
ren, (ranyremsa @i (%), (6.1)
Tak Kak 4ucna at ofHOro 3Haka, To b(® I, nmoatomy
Ana seex |. Mepenuuwem Tenepb hopmyny (6.1) B Takom Buge:
FI(i>)-2 (1+E,). (6.2)

Ha cospemeHHbix 9BM BennunHa p 1o4eHb mana. Cneposa-
TeNbHO, ¢ TOYHOCTbIO A0 0(p V)

|E[]3:12%

3p-m, 2<l/<n. . (6,3)

MonyueHHble (HOPMYNbl 03HAYalOT cnepyloujee. Kak BbiTe-
kaeT u3 (6.2), cymmupoBaHue umcen Ha OBM B pexume

a 8. B. Boesonan ENBAVNOTEL

E-yp 1K
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nnasaiolleli 3anAToi 3KBUBANEHTHO TOYHOMY CYMMMUPOBaHMIO
BO3MYLIEHHbIX UYMCEN C OTHOCUTENbHbIM BO3MyljeHuem E,
B cnaraemom a, OTHOCMTeNbHbe BO3MYL|EHUA HEOAMHAKOBbI.
CornacHo (6.3) OHM MaKCWManbHbl B MePBbIX Caraemblx i
MUHUManbHbI B NoCnegHux. AGConioTHas owmbka [ Bblumc-
NEHHOW CYMMbI pasHa

4= 2 afit-

Tak Kak OUeHKM AN £, He 3aBUCAT OT T0 B O6lem
cnyyae owwbka [] GydeT HauMeHbleld, eClM YHCMA CyMMU-
poBaTb B MOPAJKe BO3PACTAHMS UX AGCOMOTHBIX 3HaUEHMUii,
HauMHaA C HaUMEHbLIEro.

HeTpyaHO NOHATH npwwy Hepaauonpasnocm cnaraembix
C TOUKM 3peHust
Kax/oe cnaraemoe yqacTsyeT B npouecce cyManoaanm
nMwb oguH pa3. OfHako B 06pa3oBaHuM OWMGOK Kaxpoe
cnaraemoe y4acTByeT CTONIbKO a3, CKO/bKO pa3 CyMMUpyTCs
Kakue-nMG6o YaCTMUHble CYMMbi, 3aBUCALLME OT 3TOrO Cnara-
emoro.

UToGbl YCTPaHWTh MOAOGHOE HEPaBHOMPaBME CNaraemblx,
NOCTYNUM  CrefylouuM 06pasom. Byaem 0CyW|ecTBAsTL CyM-
mupoBaHue no atanam. [pu 3ToM nocTapaemcs A06UTbCS
TOro, u4TOGbl Ha KaX4OM W3 3Tanos BO BCe CNaraeMmble BHO-
CUNMCh OTHOCUTENbHbIE BO3MYLIEHUS OFHOTO MOPSiAKA.

Ha nepsom 3Tane pa3oGbem cnaraemble 0/ Ha napbl u
CMOXUM KaXfylo U3 nap. SICHO, YTO B KaX/0e Cnaraemoe a,,
BOWeAwee B napel, GYJeT BHECEHO OTHOCMTE/bHOE BO3Mylie-
HMe oAHOro nopspka. Ecnu it ueTHoe, To Kaxgoe w3 al
'BXOAUT B OfHY H3 Nap, eCN N HeueTHoe, TO OAHO Ccnarae-
Moe, He BOWeJWee HA B OAHY H3 Map, Ha MepsoM aTane
B CYMMMPOBAHUN He ydacTyeT.

PaccmoTpum  Tenepb b UMCeN, COCT:

M3 MOMyYeHHbIX Ha MepsoM atane CYMM 1 TOTO uYMcna, KOTO-
pOe B C/lyuae HEUYETHOTO M He CyMMUPOBanoch. C 3Toii COBO-
KYMHOCTbIO MOBTOPUM Ty JKe MPOLEAYPY, 4TO M Ha NepBom
aTane co cnaraembiMu oc,. MoBTOPAS- 3aTeM MPOUeECC aHano-
rU4HbIM 06pasom, npugem cHoea K opmyne (6.2), HO Tenepb
Aana scex E16yaeT UMeTb MeCTO Takas OUeHKa;
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Takum 06pa3oM, TONbKO W3MEHEHMEM MOPSAKA CYMMUPO-
BaHWA UYMCEN MOXHO JOGUTLCH YMEHbUIEHNA OLUEHKM OWNGKM
npumepHo B n/log» n pas.

Kak yxe oTMeuanoch, BCfiKas 3agaya npu MOCTaHOBKe
Ha OBM OnpegenseT COBOKYMHOCTb BbIYMCAUTENbHBIX anro-
PUGMOB. OTAUYAIOWMXCS APYT OT ApYra NOPAAKOM BbINOA-
HEHUsl  apU(IMETUYECKMX Onepaluii. 3TO 03HAYaeT, YTo TOu-
HOMY peleHio 3afjayn COOTBETCTBYET MHOXeCTBO Npuénun-
KEHHbI.': PELLEHNIA, KOTOPbIE MOTYT GbiTb MOMYUEHbI C MOMOU{bIO
Takux anropudmos. Cpeau 3NEMEHTOB 3TOr0 MHOXecTBa
MOryT 6biTh Kak G/M3KME K TOYHOMY PELIEHMIO, TaK U OuYeHb
[flanekue oT Hero. Pa3bpoc MPUG/MKEHHBIX peweHnii rosopuT
O CTeMeHW HeyCTOWYMBGCTH 3afaun K MOPAAKY BbINONHEHMS
onepauuii. PaccMOTPeHHbIi MPUMEp CyMMUpOBaHMA uucen
noKasbiBaeT, 4To Aaxe B MPOCTeflMX 3agauax aTOT pasbpoc
GblBAET 3HAUNTENbHBIM. B GONEe COXHBIX CAYYAsX OH MOXET
6biTb TAaKUM, 4TO MPU HEKOTOPbIX MOPAAKAX BbIMONHEHNS
onepayuit peweHue 3agaun Ha IBM paxe He MOXeT 6biTb
oty ueHo.

Kakum 6bl HA 6bIN0 MHOXECTBO NPUGMKEHHBIX PelleHuit,
CPeAVM ero 3/1eMeHTOB 3aBeOMO HaXOAMTCH 3M1EMEHT, HanGonee
6AM3KMIA K TOYHOMY pelleHnto. HaiiTu ero wnu He oyeHb
faneknii 0T HEro 3NemMeHT —TpyAHas 3ajauya, O0COGEHHO
B CNOXHBIX BbIYUCAMTENbHBIX anropumax. Tem He MeHee,
o it n onTi
B OTHOWEHMM TOYHOCTM MO MOPSIAKY BbINONHEHNs Onepauwii
3a6biBaTb He CMeAyeT, OCOGEHHO B CMOXHbIX 3ajavax, rjae
BNNAHNE OWMWGOK OKPYrNeHUs CKasblBaeTcA B HauGonbluei
cTeneHy.

YAOPAXHEHUA

1. MOXET /I MHOXECTBO NPUG/WKEHHbIX PelLeHMii 3aaun, onpese-
JIReMOe NOpSAKOM onepauyii, WHoro
PasniuHbiX JNeMeHTOR?

2. 3aBUCHT /M COCTAB MHOXECTBA MPUGNIKEHHbIX DeLeHWii 3agaum,

nopAaKoM onepayuii, ot BI6p cnocoba

OKpyrNeHws uncen?
G N SBNAETCA MM oNMCaHHbII Bbllle AATODUEN CYMMMDOaHUA dcen
. Mnasalouiei 3anmow o Mapaw onTAuaTbHLIM 0 T0dHoCTH

INeMEHTOB Npy-
AHMbsuA AT CpaHiTe. MOMyMELHIE. OLeHkH OLIMBOK. MEXAY

MHOM A accMeTpeTh CNocoBbI
on,, X Mcen 8 Pexune (hMKCMPOBaHHOI 3anATOW. CpasHUTE NONYyYeHNN.'
11 owwbok mexay coboi
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oTHOCMTCA M K BbIGOPY (HOPMbI 3anuCK 3afayM Ha anropHd-
muueckom sisbike. OfHAKO B 3TOM HaNpasNeHUu MOXHO MOWTM

36 OCOBEHHOCTU MALLVHHOV APVOMETVKIA mi1 v  sa
§ 7. 3anucb Ha MAWWHHO-HE3aBUCUMbIX A3bIKax
Mpy  peweHnn HayuyHo- 3afjay Ha n

HbiX OBM WMPOKO WCNOMb3YITCA anropudMHueckue asbiku |
Tvna anrona, opTpaHa. Ha 3TUX S3bIKaX UMEIOTCA MHOTOuMC-
NeHHble ny6navukaunn anropu@mos, co3AalOTCA GUBNNOTEYHbIE
(oHAbI, OpraHusyeTcs O0OMeH WH(OpMaLneil No Maremary-
4eckomy obecnedeHnio IBM

OTANYNTENLHON YepTOil yKasaHHbIX A3bIKOB ABNAETCA WX
MalHHas HE3aBIUCUMOCTb, T. €. OTCYTCTBME B HUX KAKMX-1MGO
CCbINOK Ha KOHKpeTHble ocobeHHocTM 3BM. B uyacTHocT, B
HUX HeT HMKaKMX CCbINOK Ha YMCNO PaspajoB B NpefcTas-
NEHUN YnCen, He yKa3biBaKTCA rPaHULA NepenonHeHus u rpa-
HUALA TMOHWKEHUA TOYHOCTU BONN3M MALWIUHHOTO HYNA, He
ONKCHIBAETCA CNOCOG OKPYINEHMUs uncen.

Ha ypoBHe anropud A3bIKOB oTmumii
3BM fApyr OT Apyra BO3MOXHO NUlWbL Yepe3 BXOAHble napa-
MeTpbl 3afjaun. OfHaKo 3T napameTpbl CBA3aHbl C OBA\
TaTbKO CMbIC/IOBEIM COZePXaHuem. MoaToMy B Nl06OM cryyae
onMcaHMe 3afaun Ha Asbikax TUNa anrona, hopTpaHa He 3a-
BUCUT OT KOHKPETHbIX 0COGEHHOCTeli IBM.

BbIYMCMTENbHBIE MAWMHLI HE BOCMPUHUMAIOT 3anuCh Heno-
CPeACTBEHHO Ha YHMBEPCANbHOM A3bike. Mpexae uem HauaTb
peleHme 3a4aum, HeOGXOAMMO OCYLLECTBUTL NEPEBOA ee 3anmcy
C anropudMUYEcKOro fi3blKa Ha S3bIK CACTEMb KOMaH[ KOH-
KpeTHoi OBM. CnefoBaTeNbHO, HECMOTPS Ha MALUMHHYH Hesa-
BUCMMOCTb UCXOAHOTO OMUCAHWA 3ajauu, Ha ee pelueHne B
KOHEUHOM CHeTe BAUAIOT BCE OCOGEHHOCTU MAWMHHOIA apudme-
TUKW KOHKpPeTHOW 3BM, B 4aCTHOCTW, OCOGEHHOCTKM NpejcTaBs-
NeHHs uncen

Takum 06pasom, Nio60e MaLIMHHO-HE3ABUCUMOE OnUcaHue
3ajiau Ha anropudMUIECKOM A3bIKe MOPOXKAAET B AEHCTBUTCb-
HOCTY MHOXECTBO MallUHHO-3aBUCUMbIX ONUCAHWI 1. COOTBET®
CTBEHHO, MHOXKECTBO NPUG/MMKEHHbIX PeleHnii Tl ke 3agaun,
onpejenseMoe  MHO>KECTBOM KOHKpeTHbix 3BM. Pasbpoc
MHOXECTBA NPUGNIKEHHbIX PeleHi XapaKTepusyeT cTeneHs
YCTOMYMBOCTM JaHHOTO OMUCAHWSA 33/ja4i Ha anropudMUYeckom
A3bIKE K YaCTHbIM 0COGeHHocTAM SBM

PaHee 0TMeuanoch, 4TO 3a CcueT BbIGOpa Mopsaka eU- E
NOMHEHNA  ONepaunii  MOXHO  M3MEHUTb  BbiumcauTenbHbie |
cBoiicTBa anropuma Takum cGpasom, 4To BAMAHME OWMWGOK |
OKpyrneHus 6yaeT MUHUManbHbIM. Cka3aHHOe B NONHOW Mepe J

——o y——

fanblwe. 3ameHss OTAenbHble (GOPMyabl B anro-
pudMe Ha 3 CBUBANIEHTHbIE, MOXHO 40GMBATLCS W MOBbILIEHUS
AycToiuMBOCTM K OCOBEHHOCTAM KOHKpeTHbiX OBM. Mbl Gyaem
KuHTepecosaTbca Auwb TaKUMU OCOBEHHOCTAMM, KaK rpaHuuya
w rpaHuya TOYHOCTU BOAN3M Ma-
Hyns, y ux Ha
M.

WHHHOTO
Kaxgoi

PaccMoTpUM HekoTopble npumepbl. MycTb B pexume nna-
Baloujeit 3aNATON BbIUMCNAETCA eBKNUJ0BA HOPMA BEU|ECTBEH-
HOro BekTopa X= (@, X2 ..., xn). COrnacHo onpeaeneHur
nmeem

(7.)

OG603HauMM Yepe3 W MUHUMANLHOE MONOXMUTENLHOE YUCIO,
npeacTasumoe Ha 3BM, ¥ npegnonoxum, uto |gY < <ol2
Ans Beex i. Tak Kak B 3TOM clyuae

n(x?)-0,

TO N eBKNMJ0BA HOPMAa BEKTOPA X OKAXETCS PABHOW HYMI0.

SICHO, 4TO MPU ManbIX 3HAYEHWAX KOOPAMHAT BeKTOpa X
OTHOCUTE/bHAs MOTPEWHOCTh  BbIYACIEHNA ero  eBKNUA0BOI
HopMbl Mo (opmyne (7. 1) 6yaeT o4eHb Gonblwoil. ITo ABne-
HUe HeNMb3si CUMTaTb OMPaBAAHHBIM, Tak Kak HOpMa BekTopa
B [JAHHOM C/lyyae MOXET faxe MPeBOCXoAuTb wl/2, a uncna
Egmlnka W HM Ha OAHOK OBM He ABNAKOTCA WCKNKOYNTENb-

3ameHum Tenepsb hopmyny (7.1), nepenucas ee B Creayto-
LieM IKBUBANEHTHOM BUfE:

[o,

0,

[*b“ | « |/ B <*e, «*o0,

(7-2)
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MpoBoAs NOCNeAOBAaTeNbHO BCE BLIYMCNEHNA W YUUTbIBAA BO3-
HUKaloU{Me OWNGKN, Haxoaum

)"t te

n(AF)-2x< tuar.

SN(Y?2)-YT(1+«).
[ = fl (au)sau (Il -ft])
1 OKOHUATeNbHO Gygem UMeTb
fia*w -
m(l+'n)(1 +e)y NAxHI1+e;)«(1+ed(1+n,). (7.3)

MycTe ANA ONPeAeneHHoCTM = X,. MOXeT CyUnThCs, uTo
ANS HEKOTOPBIX i 160 e}, Nn60 e< paBHO — 1. MpeAnNoNoOXUM,
4TO 3TO UMeeT MecTo Ans 1= 2 K. CornacHo npeanono-
KEHMIO OTHOCUTENbHO & BEMUMHY Yt MOXHO He BbIYUCAATS,
a NoNoXuTL ee pasHoil egunuue. CneposatensHo, ej = ef =0.
Ho Torpa

CY 0@+ e)F(L+el) (L+rb) = X\ (1+

+ *1(1+el), (1+e;) (1 +0/).
R Y NIEED IR0
ToT dakT, uto nn6o r\, 6o er pasHo —1 ana 1=2, ..
.., K, O3HayaeT BbINONHEHMe HepaBeHCTBa (Xj/X, )*<lo,
noatomy n

X (X,/x,)*<(Ar—1)<o.
f«2

Bce y, HeoTpuuatensHbl. Kak yxe 0TMeuanoch, B stom
cnyuyae, Hesasucumo OT cnocoba cymmuposaHus, r\,® —b
CHU3Y W W \rr MOXHO
BLIYNCAUTD c BI:ICOKOM OTHOCUTENbHOM TOYHOCTbIO, T. e.
et —1. Mo 31011 Xe npuunHe r\® —1. Ecnu BbluMCNEHNS
BeflyTCA B P-UUHOM CMCTeMe CUMCNEHUA C NPaBUNbHLIM OKPYT-
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NeHWeM, TO e U L He NpesocxoAaT no moayno (1/2)/r'+L
TakosbimMu Xe OyayT w r], e? ans /> £. [nNA BenMUMH N,

Ecnn dopmyny (7.3) Tb ytoLy obpasom:
flQxy - 2 (*.(1+E )\ (7.4)

To Tenepb Ans E/ MOXHO NONYYMTbL AOCTaTOMHO NPOCThE
oueHku. C TOYHOCTBIO A0 BENMYMH BTOPOrO MOPAAKA Mano-
cTn bysem umeThb

[ (n-fe+4)p-~+2(»-1)f»i /a8,

[Ell< P 2
> *

MpuHMMas BO BHWMaHWe, uTO 2</>, W yuuTbiBas (4.7),
Haxoaum

|EJ2-fiiSLpr« (75)

ANS BCEX |, NpUYEM 3TH OLEHKW He 3aBUCAT OT NpuMeHsie-
MOrO €noco6a CyMMUPOBaHUSA.
Takum 06pa3om, BbluucneHne Ha IBM eBKNNAO0BOI HOPMbI
BekTOopa no dopmyne (7.2) B pexume nnasaloujeil 3anaToi
THO  TOUHOMY i HOpMbI
BO3MYL|EHHOTO BEKTOPA C OTHOCUTENbHBIMU BO3MYLieHUSMU Ej
B koopanHatax xt. B oueHky E, He BXOAWT <0, NO3TOMY
dopmyna (7.2) onpefenseT anropudm, ycToRuMBbIA K MNOHM-
XKEHWIO TOYHOCTM BO/WM3N MAWMHHOTO HYNs ANS BCEX KOH-
KpeTHbIXx OBM. OTum cBoiicTBOM He o6nagaeT dopmyna (7.1).
W3 (7.4), (7.5) BbITekaeT, uyTo

FIfljcJjO HXM I+E),
rfe pns E cHoBa umeeT MecTo oueHka (7.5). CnepoBatensHo,
BblMCNeHWe no dopmyne (7.2) Bcerpa rapaHTUpPyeT BbICOKYIO
OTHOCUTENbHYIO TOYHOCTb pesynbTaTa.

PacCMOTpeHHbI/i MpUMep MOKa3biBaeT BOIMOXKHOCTb Mpe-
[oNeHns TPYAHOCTEH, CBA3AHHBIX C MOHWKEHMEM TOUHOCTU
"ONN3H MaLWHHOTO Hyns. B AaHHOM npumepe He BO3HMKNO
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KaKuX-NM60 CepbesHblX NPOGNEeM C NepenosiHeHueM, XoTs
cyeT no dopmyne (7.2) Gonee 6naronpusTeH W B 3TOM OTHO-
wennn. B obujem ke cnyvae TPYHOCTM C NepenoiHeHnem
MOTYT BO3HMKaTh W B CaMbiX MPOCTbIX anropudmax.

MycTb nepemHOXalTCA N unucen *1, x2. X, CPEAM
KOTOPbIX €CTh KaK GOMbluMe MO MOAYMIO, YeM efuHUua, Tak
W MeHbluMe, YeM eauHMua. - He Ge3pasnuuHo, B KaKom
nopsigKe MnepeMHoXaTb 3TW uucna. ECAu nepemHOXaTb MX
HAUMHAA C HaUMEHbWMX N0 MOAYNIO, TO YacTUuHOe Npon3-
BefjeHMe MOXET CTaTb MEHbWeE bl, T. €. MALMHHLIM Hy/lem
Ho Torga u Bce npoussegeHne GyaeT Hynem, He3aBMCMMO
OT TOro, YeMy paBHa TOYHOE Npou3BefeHue. Ecnu ke nepe-
MHOXaTh YMCNA, HAYMHAA C HAMGO/NbLIErO, TO OueHb GbICTPO
MOXET HaCTyNUTb MepernofiHeHne, HECMOTPA Ha TO, 4TO BCe
NpoVsBeAeHNE ABNAETCA MalWMHHO-AOMYCTUMBIM UNCNIOM.

Cnepy anroputpm
OT 06OMX OTMEYEHHbIX HEJOCTAaTKOB, C/M TO/ILKO Camo Mpo-
M3BeAEHME BCEX YMCEN XU XT, ..., XH He NPeBOCXOAUT BepX-

Hell rpaHWubl npejcTaBneHns uncen B 3BM.
MpeanonoXmM, YTO 3aaHHbIe YACNA YNIOPSAOUEHBI B NOPSA-
Ke HeybblBaHMA uXx mogynedl, T. e. |Xi|<|xs|<...<|x*|.
BOShMEM 4uCno 7, W Gyfem ero mocnefoBaTeNbHO YMHOXaTb
Ha X, X, [0 Tex Mop, MNoKa YacTU4HOE NPOU3BEfjeHNe
anepsue He craner no Moaynio Gonblie eAvHMLpL.  3aTem
yacTuuHoe Gypem TefNb-
HO YMHOXaTb Ha X«, X, ... 40 TeX Mop, MoKa HOBOE uacTuu-
HOE MpOM3BEEHNE HE CTaHeT BrepBble M0 MOAYNIO MEHblue
eAvHMLpl. W Tak npouecc nosTopseTcA. Korga cpean COMHO-
KWUTENeiA, He BOLIEAWNX B YaCTUYHOR NPOU3BEAEHME, OCTaHYTCH
TONbKO He GOMbWMe MO MOAYNIO, YeM eAMHWMUA, WAW TOMbKO
He MeHbLUWe, YeM eMHNLA, BCE OHM NOC/e0BATENbHO YMHOXa-
10TCS Ha MONYYEHHOE YaCTUYHOR NPOM3BEAEHNe. Ha 3TOM BbIuM-
cnexve n umcen Tes. O , 4T

H(N | [*<0+e<). (7.6)

rae jro+l.

CHOBa BMANM, UTO BbIYMCNEHWE NPOM3BEAEHNA uncen
B peXMMe NNaBaiolleil 3anNsTOi IKBUBANEHTHO TOYHOMY BbIYMC-
NIEHNI0 NPOU3BE/CHNS BOIMYLEHHBIX YUCEN C OTHOCUTENbHBIMY
BO3MYUeHMAMM e/, yaoBneTsopAwWmMmMm (7.6).
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VITak, WM3MeHsA MaWWHHO-HEe3aBuCUMYI0 opMy 3anmcy
anropudmos B 060MX NpUMepax; YAAlOChb AOCTUYL YCTORUM-
BOCTM M0 OTHOWIEHMIO K PACCMOTPEHHBIM OCOGEHHOCTSIM Mpes-
CTaBNeHWA 4YMCeNn KOHKpeTHbix OBM. KoHeuHo, 3T npumepbl
OueHb NPOCTbI, OAHAKO W OHM [OBOMLHO YacTo BCTPEYAlTCH
Ha NpakTuKe. OYeHb TOUHOE BLIYMCNEHUE EBKNMAOBOIA HOPMbI
Heo6X0ANMO NpWU peann3aluu peleHns cucTem YypaBHeHuit
C MOMOLBIO OPTOFOHANbHBIX NPeo6pasoBaHuii, BbluMCIEHUE
NPOM3BEAGHNS YMCEN YKA3aHHBIM CMOCOGOM BCTpevaetcsi npu
HaXOX/eHUN ONpeaenuTeneii METOAOM MCKMKOUYEHUA, NPU pelue-
HAN CUCTEM yp i p T meTo-
faMM W T. n. PaccmaTpusas 3TM MNpuMepbl ¥ MPOBOAA WX
06CYXfeHNe, Mbl XOTUM MOAYEPKHYTL CReaytolee.

YT06bI anropuT A3bIKN
cTanu OCHoBOI Ans u obMmeHa it no
MaTemaTu4eckomy obecneyeqnto 9B M, nio6oii anropucpm, 3anm-
CaHHblii Ha MoBOM M3 3TWX A3LIKOB. AOMKEH 6blTh yCTOM-
UMB K OCOBEHHOCTAM KOHKPeTHbIX 3BM.

KoHeuHo, npeoGpasoBaHue anropuMoB BefeT K yBenu-
YeHWI0 BpeMeHN cueTa. O/HaKO B LENOM YBENMYEHUE He CTOMb
BENMKO, KaK MOXET MoKasaThCs. K TOMy Xe COBpeMeHHblii
YPOBEHb Pa3BUTMA BBIYMCIMTENbHON TEXHUKM YXKe TaKoB,
uTO HeKoTopoe cueta npu €ro Hagex-
HOCTU Crano He TONbKO HO ¥

PacCMOTpeHHble  MPOGAeMbl €O BCeil  OCTPOTON  BCTanM
B NMHelHOW anre6pe. OGBACHAETCA 3TO TeM, YTO WMEHHO
3afjaun NMHeNHOM anreGpbl JOBONLHO YacTO pelwaloTcs na IBM
W MXOJAT KaK COCTABHble 4aCTM BO MHOTME ApYyrve 3ajauu
M03ToMy pa3pa6oTKa YCTOMUMBBIX BbIYMCAUTENbHBIX anropud-
MOB * 3TO/i 06nacTu BecbMa akTyanbHa. CneayeT OTMETWTh
eule» YTo B MOCneAHee BPeMA B NWHeiiHOI anrebpe cTann
NOABNATLCA BECbMa IPMEKTUBHBIE W OYeHb TOHKME YUCIEHHbIE
MeToAbl, paboTalouiue Ha rpaHu npeacTaBneHns uucen 8 9BM
OnucbiBaTh Takie METOAbl Ha MallMHHO-HE3aBUCMMbIX A3bIKAX
0C0BeHHO TPygHO. Ho 06 3TOM Mbl GyjeMm roBOpMTH MO3AHee.

YNPAXHEHNA

“ neayiiTe Ha 3BM
pazn e mupm,l 3anucn cne/_\ymumx dopmyn:
'+ "BbluviCReHME COE* YEDE3 SinX MpM Manbix X
S Bbl4VCIEHE Sin X 4Epes tgX NpH GOMbUINX X.
BbluCrIeHMe BenuunHbl T, fhe T = (2n)11/(2n+1)W.




a2 OCOBEHHOCTV MALLMHHON APVIOMETVKIA mr

4. BbluvCrieHMe BEnM4MHb O AN MHOroWneHa P(x),
*P(X)' '(x).

umcen

CpeAHero  reometp! 0 Gonbworo

. BbIMCTIGHYE CPEAHETO GDUOMETMIECKOTO GOMLILOTO KONUMECTBa
UMCen’ PasHbiX 3HAKOB.

§ 8. CymmapHbiii 3iheKT BAMAHWA OWMBOK OKPYrNeHus.

3a WUCKNIYEHMEM peAKUX CNnyyaes, OWMUGKa OKPYrNeHHs
NOABNAETCA B KaXAoW apudmeTuyeckoit onepayuu. Moatomy
npu peanusauum Ha 3BM CNOXHOMO BbLIYMCAUTENBHOIO anro-
puhma Ha ero OKOHuYaTenbHbI pe3ynbTaT GyAeT OKasbiBaTb
BNVAHME OUYEHb GOMbILIOE YMCNO OWMGOK OKPYTNEHUA pesynb-
TatoB MNPOMEXYTOUYHbIX BbIYMCNEHWIA.

O6WKH  3((eKT BAUAHWA OWMGOK OB6bIYHO YuMTbiBaeTCS
cnegyowum o6pasom. O603HauYMM uepes A BXOAHbIE AaHHble
3afjaun, uyepes A—pesynbTaT ux 06paboTKu NO HEKOTOPOMY
TOYHOMY anropudmy ¢ U 3anuwem, 4To

B = <p(A).

Mpeanonoxum, 4To anropudm < BKNKYaeT B Cebs NMuwb Te
onepayuu, KOTOpbie WUMeTCA B CnMuckax KomaHg 3BM. Mpu
peanusayun 3toro anropudma Ha OBM oH Gyaer 3ameHeH
APYrum, BoOGLiE roBops, <<6nM3KVIM» anropuhmom o, B cuny

IX 0TANYMiA apUPMETUKN  OT TOUHOM.
CneposatensHo, BMecTo B GyaeT nonyuen pesynstar B,
e

A.-®, 04).

Ha MHOXeCTBE BXOAHbIX JaHHbIX U MHOXECTBE peleHuii
3afjauu MOryT GbiTb BBEJEHbI OMEPALUM CNOKEHUS U BbIUY-
TaHUA INEMEHTOB, YMHOXEHHS 371eMeHTa Ha Yucio W T. n.
B atom cnyuae

U=B,-

ecTb owwubka BbluMCneHMss Ha OBM oanemenTa B. BBeas Ha
MHOXECTBE PelleHnii MOAXOAALMM 06Pa3oM METPUKY, MOXHO
NbITaTbCA OLUEHWUTb BENYNHY H, 1. e nony4nTb Konu4e-
CTBEHHYIO OLEHKY OWMNGKN  BbIYMCNEHHOTO peweHna 3sapa-
4yn. Takoil NOAXOA K OLEHKE CYMMapHOro BAUSHUS OLM-
60K OKPYrneHHs NONyYyMn HasBaHue nNPSMOro awanusa
ownBoK.
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B HacToAujee BpeMs MONYYMN LWMPOKOE PacnpocTpaHe-
HWEe W ApYroii NOAXOA K OUeHKe BANAHMA OWWGOK. Bo MHO-
X 3ajjayax peanbHO BbIYMCNEHHOE peleHve B, MOXHO pac-
cmaTpuBaTh Kak pesynbTaT 06paGOTKM HEKOTOPbIX BO3MY-
WeEHHbIX BXOAHbIX AaHHbIX A, N0 TOYHOMY anropugmy o

Bt=y(Al). (8.1)

B 3TOM Cnyyae OWMGKY BbIYMCNEHHOTO pELIEHNs XapakTe-
pu3yeT 1 anemeHT E = At—A, KOTOpbIii NPUHATO Ha3biBaTb
9KBMBaNEHTHBIM BO3MyleHueM. Ecnu copmyny (8.1) nepe-
nucate B BUe

£= ®(N+E),

TO peanbHO BbIYMC/IEHHOE pelleHMe Bt 3ajaun @ MOXHO
TPaKTOBaThb KaK TOYHOE DELIEHMe TOil Xe 3afadyu, Ho CooT-
BETCTBYIOWIEE BO3MYU|EHHBIM BXOAHbIM [JaHHBIM C BO3MyLle-
Huem E. 3"HM (aKTOM ¥ OnpeaensieTcsi HassaHue BO3MyLie-
HUS E KakK 3KBUBANEHTHOTO. KONMUYECTBEHHYIO OLEHKY BAMS-
HUSt OWMGOK OKPYrNEHUS MOXHO MONYYUTb, BBEAS HA MHO-
KECTBE BXOAHBIX [JaHHBIX MOAXOAALLUM.OGPA3OM METPUKY
oueHmsasi BennumHy E. Takoit MOAXO4 K OleHKe CymMap-
HOTO BNIMAHWA OWWMGOK OKPYT/IEHHA MONY4MN  Ha3BaHue
obpaTHoro aHanmsa owmbok.

Mo CywecTsy, Mbl yXe BCTPeyanuch C 06paTHbIM aHany-
30M. VlCCﬂeAyi! oblyee BAMAHME OWWMGOK OKpyrneHns Ha
uncen, Ha
HOPMbI BeKTopa, HaM  yganocb MokasaTb, 4TO pesynbTarT
peanbHbIX BLIYUCAEHWIA B 3TUX CNyuYanX MOXKHO TPaKTOBaTb
KaK TOYHOE MPUMEHEHWE COOTBETCTBYIOWUX aNropudmos
K BO3MYLUEHHbIM BXOAHBIM AaHHbIM. [pu 3TOM Gbinv nony-

UeHbl OLIEHKN 3KBMBANEHTHBIX BO3MYLIEHWH.

B NpaKkTUYeCKUX 3afayax BXOAHbIE AaHHbIe PEJKO GbiBAlOT
33/jaHbl TOUHO. OGLIYHO OHM MONYYAKTCA M3 KaKUX-Tn60
v3MepeHmnii B0 NpeaABapUTENbHBIX PACYeTOB U MOYTU BCerAa
cofiepxat onpejeneHHble owWn6kW. O6GpaTHbI aHanu3 noka-
3bIBAET, 4TO BAMSHWE OWMGOK OKPYTNEHUs MpU nocneayto-
WYX BLIYUC/IEHUAX PABHOCMNBLHO JOMONHUTENLHOMY —BHece-
HUIO OWWGOK BO BXOAHbIE AaHHble. CPaBHeHUE BENUYMH nep-

oWwn6aK 1 THOTO npwn
pelleHnn 3ajayu No3BONSRET NPaBUNLHO COU3MEPATH  TOY-
HOCTb BXOAHBIX JAHHBIX C TOYHOCTBIO CaMUX BbIYMCIEHUIA.
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[laxe B Ccnydyae MaTemaTUYecku TOYHOTO 3ajaHNs BXOA-
HbIX [aHHbIX OWWGKM B HMX MOYTUA HEM3BEXHO MOABNAIOTCH
3a CYeT OKpyrneHus uucen npu Bsoge B OBM. 310 MuHM-
MasbHble H3 BOSMOXHBIX OUWHGIK.

Kak 6yfeT nokasaHo B JanbHeiliem, ANA MHOTUX unc-
NEHHbIX METOJOB NIMHEAHOA anre6pbl UMeeT MecTo BecbMa
npumeyatensbHblii GakT. VMMeHHO, npu npasunbHON peanusa-
UVK 3KBUBANEHTHOE BO3MYL|EHUE OKA3bIBAETCA COM3MEPUMBIM
M0 BENMUMHE C OLWMGKAMU OKPYINEHNS BXOAHBIX [JaHHbIX.
OfHaKO3aMETUM, 4TO CTaTb BbICOKAS YCTORYMBOCTb METOAOB
[OCTUraeTCA faneko He Npu BCAKOA peanvsauun W He cpasy
BUAHO, KakK CnefyeT OPraHu3oBaTh BbIYMC/IEHNS, UTOGHI
A06UTLCS  YCTOWUYMBOCTU. Mbl yXe BUAeN 3TO Ha MPOCTOM
npuMepe BLIYUCNEHUA EBKNNAOBOA HOPMbI BEKTOPA.

3HauMTenbHas YacTb 0GPAaTHOrO aHann3a OWMGOK B NUHENA-
HOW anreGpe BLINO/MHAGTCS MO TUMWYHON CXeMe, KOTOpyio
MOXHO noKasaTb Ha cneayloulem npumepe. MycTb /1 —npa-
MOYroflbHas Matpuuya, Kotopas npeo6pasyerca B npouecce
peanusauMin YMC/IEHHOTO MeToga. [1peAnonoXumM, YTo MmaTe-
MaTUuecKWii MPoUecc CBOAWTCA K MOCTPOEHMIO MoC/eaoBa-
TenbHocTH AO0= A, Ai Ay, rpe

Mwu, [=1,2...N,

W maTpuubl Li HeBblpoXaeHHble. Ecnm L =LN ... Lu To
An = LA. (8.2)
CTefoBaTensvo, MaTpuua Ay nonyuaeTcs B pesynbTate Tou-
HOTO YMHOXEHUs MaTpuubl A Ha Mmatpuuy L.
PeanbHblli BbIMCINTENbHBIA NPOLECC MPUBOAMT B O6ljeM
cnydae K MOCTPOEHMIO TaKOW MOC/e0BaTeNbHOCTH:

Ai~L,A -1+ T4 1= 1,2.....N 83)
3peck Li—marpuupl, peanbHo monyvaemble B npouecce
BbIYMCNEHNIA, |A_X—MaTpuLa OWNBOK OT YMHOXeHNs At-i Ha
Li. Vmeem
Abl*= X+ l=...= eeefi (A+ £rVo+

SFZULAALE L+ 27,25 .2 Har-i).  (8.4)

0603HauumM Z = ljv...li 1, KpOMe 3TOro, MONOXUM

Eiv AMVo+ =+ ArZ i L dbijwi*
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An=L(A+ Em). " (8.6)
CpaBHuBas (8.2), (8.6), 3aKnuyaem, YTO peanbHO BbIYUCNEH-
Has maTpuua MOXET PaccMaTpuBaTbCs Kak MonyyeHHas
B pesynbTaTe TOYHOTO YMHOXEHUS BO3MYU|EHHON MaTpuUbl
y4+ Ey Ha matpuuy L\ npu 3TOM AN 3KBUBANEHTHOrO BO3-

e MywleHns Eyv umeetca sBHas (opmyna (8.5). Ecnu BbiuHC-
VneHHble MaTpuubl Lt acumnToTuueckin 6AN3KM K YHUTapHbIM,
‘s T0

IM s M

-0
ANSI 2-HOPMbI MNM EBKNWA0BOW HOPMbI.
B Hawwux wuccne, 6ygeT B

BaTbCsl 06paTHbIi aHanM3 OWMOOK, 3HAUNTENLHO pexe —
NpAMOA aHanu3. B 0TAenbHbIX BCMOMOTaTeNbHbIX 3ajauax

yTb b B CBOHX
METOANK OLEHKM CYMMapHOTO BAMAHWA OWWGOK OKPYrAeHus.

YNPAXHEHNA

S BLInonHWT, MO/l U OBPATHbIA aHanu3 OLIMBOK B YMPAXHEHURX
TIPEABIAYUIETO Maparpaa, Be3ae M MOXET GbiTb OCYWECTBAEH OBPATHEIA



rNABA N
TEOPUSA BO3MYLLEHWIA B NIMHEWHOW ANIEEPE

Mpexje YemM nNepexoAuTb K A€TaNbHOMY W3YYEHUIO uMC-
NEeHHbIX METOAOB, WUCCNefyeM B/IUAHWE Manoro BO3MYLIEHUs
BXOAHbIX [aHHbIX Ha pelueHue anreGpavyeckux 3agay. Mpea-
METOM HALMUX PaccMOTpeHuit 6yAyT WMEHHO Manbie BO3MY-
WeHns. ITO BbI3BAHO TEM, YTO CyMMapHblii athheKT BNUAHUA
own6oK OKpyrneHus B anrebpanyeckux mnpoueccax CBOANTCA
B K Manbim YL . K Hum xe csoaaTca
W MHOrMe 4YucneHHble MeTOoAbl YTOYHEHUA DEI.I.IEHVII.;I

OTHOCUTENBHO BO}MYU—\GHMW BO3HMKAOWMNX U3-3a OLINBOK
OKpYrneHus, MOXHO CKa3aTb COBCEM HEMHOrO. OHU He TONbKO
He ABNAOTCA rNafKUMN QYHKLMAMKU Kaknx-nn6o napameTpos,
CBA3aHHbIX C BXOAHbIMW [aHHbIMW, HO [axe He Hemnpe-
PbIBHbI.

Han6onee B Teopun vy
HaxofAT eBKNWAOBA U CNEKTpanbHas HOPMbI, 4TO o6bACHAeTCA
UX WHBApPUAHTHOCTbKD K YHWTapHbIM HDEOﬁPaKOBaHMﬂMv

C Uenblo ynpoujeHus 3anucu Mbl Byfem [0BONbHO 4acTo

Tb 3HAKKN paBeHCTB U HEpaBeHCTB.
Ecnu oHM cBA3bLIBAIOT Kakue-n160 BblpaxKeHus, TO npegno-
naraeTca, 4YTO HanwWcaHHble COOTHOLWEHWA acMMNTOTUYECKW
BEPHbI C TOYHOCTbIO A0 YKa3aHHbIX B TEKCTe Y/I€HOB.

§ 9. CsepjieHne K NpoCTbIM MaTpuLam

PelleHne CUCTEM NUHeliHbIX anreGpanMyeckux ypaBHeHWit
W Npo6nembl COBCTBEHHbIX 3HAYEHWA ABNAIOTCS OCHOBHBIMK
3afjayaMm NUHeiHOW anre6pbl. MOKaxeM, UYTO C TOUKW 3peHns
TEeopnn BO3MYLEHUS WX WCCNefOBaHWe CBOAUTCA K WU3Yy4eHWHo
@HanornyHbIX 3ajay ¢ NPpocTbiMKU MaTpuLamn —AaunaroHanbHbIMnN
W KNeToYHO-AnaroHasnbHbIMU.

MycTe AN MaTpuubl A HaxOAUTCH CUHTYNApHOE pasno-
XeHue. DTO 03HAYaeT, 4YTO HEOBXOAMMO ONpefenTh HeHyne-



01 CBEJEHVE K MPOCTbM MATPULIAM

Bble BEKTOPb X, Y W HEOTPUUATENbHblE YMCNa P, CBA3AHHbIE
C marpuueii A TaKUMU COOTHOLIEHUSMU:

a9y ©.1,
Ay =px

>

. W3secTHo [1], uTO BekTOpbl X, y, YAoBnetsopswuwme (9.1),
He TOMbKO CYW|ECTBYIOT, HO M 06DPa3yloT OPTOHOPMHPOBAHHbIE
t'rcucTembl. OTH BEKTOPbI Ha3bIBAIOTCA COOTBETCTBEHHO MPaBbiMi

W N-BbIMW CUHTYNSPHBIMM BEKTOPaMM, 4uCNa P -CUHTYNAp-
3 HbIMM uvcnamm.

P.  TIpeAnonoxum, 4To BEKTOPbI X 06pasyloT CTONGUbI YHU-

TapHoii MaTpuubl X, BeKTOpbl //—CTon6ubl yHUTapHOW MaT-

puubl Y, uucna p —pauaroHanbHylo matpuuy P. Bygem cum-

™  TaTh, 4TO COOTBETCTBylowMe (9.1) BEKTOpbI X, Y W uucna p

PACnoNoXeHsl a CTONGUAX MaTPUL C OAMHAKOBBIMM HOMEpaMy.

Torga ypasHenusi (9.1) OKBMBANEHTHbI [BYM MaTPU4HbIM

paBeHcraam:

AX = ¥YP,
A*Y =XP
WA OHOMY MaTPUYHOMY DPasNOoXeHuIo
A= YPX* 9.2)
OHO ¥ Ha3bIBAETCH CHHTYNAPHBIM PA3NOXKeHMeM MaTpuubl A.
PaccMoTpUM  BO3MYyUjeHHYO MaTpuuyy /1+ E W Hanuwem
[inA Hee cucTeMy YypaBHeHWii, aHanoruuHyw (9.1). Vimeem
(N+ E)x = p4r,
(A+ E)*y = px
MopcTaBne BMeCTo A ee CUHIynspHoe pasnoxenue (9.2) n
cAenas 3ameny
X*x =n, Y*y—v, 9.3)
noayuMm, uto
(P+ #)m=pb,
(P + fiy* ¥Y=pbl,
rge 0 = V*EX C cny4ae TOYHOW MaTpuubl A Mbl umenn 6bl
Takyio cuctemy:
Pu = py,
P*y = pu.



FTNABA //
TEOPUS BOSMYLIEHWA B INHEMHOW ANTEBPE

Mpexae uYem NepexoauTb K AETanbHOMY M3YHeHMIo uuc-
NeHHbIX METOAOB, WCCEAYeM BNUSHWE Manoro BO3MYUEHUs
BXOAHbIX AAHHBIX Ha peweHne anre6panyecknx sapgay. Mpea-
MeTOM HaWuX PaccMoTpeHnii GYAYT WMMEHHO Manble BO3MY-
weHns. 3TO BbI3BAHO TeM, YTO CYMMapHbIii 3(deKT BANAHMA
OWNMBOK OKPYrneHus B anre6panyecknx Mpoueccax CBOAMTCA
B K ManbiM BO3MYL|EHN: K HumM xe cBogaTcs
W MHOTWE YMCNEHHble METOAbl YTOUHEHWA PeleHni.

OTHOCMTENLHO BO3MYWEHNA, BO3HMKAIOWMX M3-32 OWIMGOK
OKPYTNEeHUA, MOXHO CKa3aTb COBCEM HEMHOTO. OHM He TONbKO
He ABNAIOTCA rNaAKUMN QYHKLUMAMN Kakux-nM6o napameTpos,
CBA3AHHbLIX C BXOAHLIMM [aHHLIMA, HO [Jaxe He Henpe-
PbIBHbI.

HanGonee wunpokoe B TEOpMM BOIMYLL|
HaxoAAT eBKNMA0BA M CMeKTPanbHas HOPMbl, YTO 0GBACHAETCA
VX MHBAPUAHTHOCTLIO K YHWTapHLIM Npeo6pasoBaHusM

C Uenblo YNPOUEHNA 3anuCH Mbl GYAeM [O0BONLHO 4acTo
MCNONb30BaTh 3HAKN NPUGAMKEHHBIX PaBEHCTB H HEPABEHCTB.
Ecnn OHM CBA3LIBAIOT KaKWe-nM60 BbIpaXeHWs, To npeano-
NaraeTcs, 4YTO HanuUCaHHble COOTHOWEHWS acUMNTOTMYECKN
BEPHbI C TOYHOCTbIO A0 YKa3aHHbIX B TEKCTE UNEHOB.

§ 9. CeegeHne K NpocTbiM MaTpuuam

P cuctem i anre6p: yp i
wn npoénemm COBCTBEHHbIX 3HAYEHWI ABNAIOTCA OCHOBHLIMK
3afayamu uHeliHoW anre6pbl. MoKaXeM, YTO C TOUKU 3peHns
TEopun BO3MYLIEHUS WX uCCNeAoBaHWe CBOAMTCA K U3Yy4eHUio
aHanoruyHelx 3aga4y ¢ NPOCTbIMU MaTpuyaMn—anaroHanbHblMn
W KNeTo4YHO-ANaroHanbHbIMKU.

MycTe ANS MaTpuubl A HAaXOAMTCA CUHTYNAPHOE pasno-
XeHue. OTO 03Ha4aeT, uTo HEOﬁXOL\l’IMO onpeAenuTb HeHyne-
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Bble BEKTOPbI X, Y M HEOTPULATeNbHbIE YNACNA P, CBA3AHHbIE
C maTpuueii A TakKUMW COOTHOWIEHNAMN:

P (9.0

WN3sectHo [1], uTo BekTopbl X, y, ypaosnetsopaloume (9.1),
He TONLKO CYUECTBYIOT, HO U 06pasyloT OPTOHOPMUPOBaHHbIE
cucTembl. 3TN BEKTOPbI Ha3blBAlOTCA COOTBETCTBEHHO NPaBbIMy
W 'BBIMU  CUHTYNADHBIMM BEKTOPAMM, HYMCNA P —CUHTYNAp-
HBIMU YUCNaMu.

*  TIpeANONOXMM, YTO BEKTOPb X 06PasyloT CTONGUbI yHU-
TapHOW MaTpubl X, BEKTOPbl y —CTONGLbLI YHUTapHO! MaT-
puubl Y, uncna p—AwnaroHanbHyl matpuuy P. Bygem cum-
TaTb, 4YTO cooTBeTcTBYlOWMe (9.1) BekTOpbl X, Yy U uucna p
pacnonoxeHsl B CTONGLAX MATPUL C OAVHAKOBBLIMM HOMeEpamu.
Torpa ypasHewus (9.1) 3KBUBANEHTHbI [BYM MATPUUHbIM
paBeHCTBaM:

A7*y

AX = YP,
Jk-.0 n*r=xp
VM OIHOMY MATPUYHOMY Pa3NoXeHMIo
A= YPX*, 9.2)

OHO U HA3bIBAETCA CUHTYNAPHBIM Pa3NOXeHUeM MaTpuubl A.
PaccmoTpum BO3MyujeHHYl MaTtpuuy J1+ E n Hanuwem
Ans Hee cucTemy ypaBHeHWN, aHanormuyto (9.1). Vmeem

i+ E)x = py,
(A+ E)*y = px.

MopcTaBMB BMECTO A ee CUHTYnspHoe pasnoxeHue (9.2) u
cpenas 3ameHy

X*x='u, Y*y=yv, (9.3)
nony4um, 4to
(P + fi) K= py,
(P+Q*y=pn,

rae Q= Y*EX B cny4ae TOYHOW MaTpuubl A Mbl umMenu Gbl
Takylo cucTemy:



TEOPVA BOSMYLLEHAW B JWHE/HON ATEBPE [/l Ly

€CNN, KOHEYHo,

X*x=n, Y*y

(9.4)

OUeBUJHO, YTO TOUHbIE BEKTOPbI M, V ABASIOTCH eAUHUY-
HbIMU. [103TOMY eCTb HEKOTOpOe OCHOBaHMe npegnonarate,
4TO MpU AOCTATOYHO ManoM BO3MyuieHnu O BeKTOpbl u, b
MOTYT GbiTb B3fiTbI GAMIKMUMM K eAuHMuHbIM. ECAn ucnonb-
3yeTcA eBKNMAOBa HOpPMa BEKTOPOB, TO B CU/y ee MHBapu-
AHTHOCTW K YHWTapHbiM npeo6pasoBaHuam wn3 (9.3), (9.4)
BbITEKAET, 4TO

lic—J5=]Im —bi]E, \y—yle-\v—»ls.

Matpuuya P —paunaroHanbHan. CneposaTenbHo, npu usy-
YEHUN BAWSHNS BO3MYLIEHUS HA CHHTYNSPHOE PAsNOKeHue
MOXHO OFPaHMYUTLCH  PACCMOTPEHMEM NNlb  BO3MYLIEHUs
[AMaroHanbHol MaTpulbl. BaxHO OTMETUTb, 4TO ANA eBKAM-
[I0BOi 1 CMIEKTPANbHOA HOPM BENMUYMHLI BO3MYl|EHUA MaTpuy
A n P 0AMHaKoBbl, T. €. B 3TOM Cny4ae

|E[B.«-Ne 1B.% (9-5)

CUHTyNApHOE PasfnoXeHue MaTpuubl NO3BOASET MCCNeRo-
BaTb B/MAHWE BO3MYUEHMS HA PelieHue CUCTEMbI NMHERHbIX
anre6panyecknx ypasHeHuii. ycTb faHbl TO4YHas cucTema

Ax=b (9.6)

W BO3MYLIEHHAs CcuCTeMa

N+ E)*=6+e (9.7)
Cuctema (9.6) MOXeT 6biTb COBMECTHOW NGO HECOBMECTHOI.
OpaHako n3BecTHO [1], 4TO OTbICKaHWe ee peweHns Wau Hop-
Ma/bHOTO MCEBAOPELIEHMA CBOAMTCA K HAXOXK/EHMIO HaUMeHb-
Wero no AnWHe BEKTOPa X, MUHMMU3NDYlOUlero dyHKUuoHan
HEBA3KN G ¢

®0(x) = [Ax —b[£.
MoAcCTaBMB BMECTO MATPULbl A ee CUHTYNAPHOE pa3noxeHue
(9.2) v cpenae 3ameHy

X*x=b, Vb-d,
Mbl K 3ajave (yHKUMOHANA HEBAZKN
@, (n)=[Pn-</1i

C AnaroHanbHoi matpuueit P. EBKNMAOBBI HOPMbl BEKTOPOB

f CBELEHVIE K MPOCTbIM MATPULAM

X W W COBNAjalOT, noaToMy peleHne cuctembl (9.6) oaHo-
BHAaYHO ONpPeAEeNseTcs PelieHnemM CUCTeMbl

Pu=d
AHaNornyHble PaccyX/eHus MoKasblBalOT, 4TO BO3MYL|eH-
Has cucTema (9.7) 6yaeT 3KBMBaNeHTHa cucTeme
(P+Qlu=d+w,
€Cn NONOXKUTH
X*x-u, Y*b=d,
Y*EX = Q, Y*e*»o0).
Mpu aTom cHoBa MMeeT mecTo (9.5) W, KOHeYHo,
\x —x 1£= Lm—«358, 8eRe= lcoLln

CMnyﬂHpHDE pasnoxeHue MnO3BONAET CBECTU K cCUCTeme
| AuaroHanbHoi MaTpuueid He Tonbko cuctemy (9.6), HO u
HEKOTOpble ApYrie CUCTEMbI, MaTpuLbl KOTOPbIX OMNpejeneH-
HbIM 06pasom cBA3aHbl C MaTpuueii A. PaccMOTpUM, Hanpu-
Mep, CucTembl

(A*A)*y=*A'b, (A*A) (A*A)"*r1 = A*b. (9.8)

MoACTaBMB BMECTO MaTpuubl A ee CUHTYASPHOE pasnoxeHue
(9.2) v cpenas 3ameHy

X*ry=*v, X*z*

=

Mbl MPUXOAMM K CHCTEMam
(P*P)*y = P*d,
OueBUAHO, 4TO

(P*P)(P*P)/2w>= P*d. (9.9)

W3 AnaroHanbHoro BuAa Matpuupl P 3akniouaem, uTo
cuctembl (9.9), a cnejosatensHo, W cucTemsl (9.8) Bcerpa
COBMECTHbI.  OT HOPM  MX i

- K HOPME HOpManbHOro ncesjopeweHns cuctemsl (9.6) roso-
MT O CTEMeHW COFNAcoBAHHOCTM MATpuubl A 1M Npasoit
yacTm b B (9.6)

VTak, npu BNMAHUA BO3MYLL Ha pewe-
HUE CUCTEMbI i anre6p MOXHO
TOTPaHHUYHTLCA U3yueHNeM BO3MYujeHUs cuCTeNbl C AMaroHans-
HOW MaTpuuei.
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CHMHIyNApHOe pasnoxeHne MaTpuuybl NO3BONSET YNpPOCTUTL
vccneaoBaHue BAMAHWA BO3MYLIEHMS MaTpuUbl Ha ee onpe-
AenuTens. Jlerko nposepuTh, 4TO

|deM —det (1+ E)|= |detP —det (P + #).|.

PaccMOTpUM Ternepb 3aauy onpefeneHns COGCTBEHHbIX
3HAueHM, a TakxKe COGCTBEHHbIX U KOPHEBbIX BEKTOPOB
maTpuubl. M3BecTHO [1], 4TO OHa cBA3aHa C pelleHWeM ypas-
HeHuii Buga

(A-KE)px =0 (9.10)

OTHOCWUTENBHO YMCeN A W BEKTOPOB X MNPU LenblX MON0XM-
TENbHBIX P, HE MPEBOCXOAAWMX KPaTHOCTU K Kak KOPHA
XapaKTepUCcTUYECKOro MHOrouneHa. B BO3MyUeHHOM ypas-
HeHun

(A+E-XE£)?x=0 (9.11)

Mbl [JOMYCKaeM OT/MYME P OT P, TaK KaK MOTyT GbiTb pas-
NYHBIMU PA3MEPHOCTI LUKAMYECKUX NOANPOCTPAHCTB MaTpuLy
A+EunA

MycTs MaTpuya A nogoGHa KNETOUHO-AWAroHanbHoON Mar-
puue /1. B uacTHOCTM, J1 MOXET GbiTb ANAroHanbHoOW Matpu-
ueil, ecnM A MMeeT MNpOCTylo CTPYKTYpy, wnu, B o6ujem
Cnyuae, —KaHOHMYECKO# MaTpuieil X opaara. Mpeanonoxum,
yto npeobpasosaHue Q npusoautT A K /1. Toraa

A —QAQ-*.
MopcTaBne aTo pasnoxeHue B (9.10), (9.11) u cpenas 3ameHy
QIx=u QX=ii,
NPUXOAUM K TaKUM YpaBHEHUAM:
(n-*£)*«=

9.12
(N-fQ-XEy u ©12

0,
0,
rae
X—x=Q(u—n), Q=Q-EQ
Ceiiyac Henb3a yTBepx/jaTb, u4TO B 06lWeM cnyvae XoTs
6bl Ans i-HMbyab HOpPMbI YIeHUA ncxog-
HO M npuBegeHHOI 3ajay GyayT coBnagaTb. OpHako Ans




*q| CBEfIEHVEE K MPOCTbM MATPVILIAM 51

HOpManbHOW MaTpulbl 3TO CHOBAa WUMeeT mecTo. HopmanbHas
maTpuya UMEeT MOSHYI0 CUCTEMY OPTOHOPMUPOBAHHBIX COGCT-
BeHHbIX BEKTOPOB [L]* NO3TOMY MOXHO CYWTaTh, 4TO MaTpuua
Q yHuTapHas u

\x-x\E=lu-ulp, IEH*=|QH™*

Ecnn matpuua A Top=1nN nm
4yTo Bo3MylleHne E TakoBO, uTO 6yheT HOpmanbHOi M Mat-
puya A+ E, Torga p = 1. CTefoBaTe/lbHO, BMECTO ypaBHe-
HUiA (9.12) MOXHO paccmaTpusaTb ypaBHEHUS

Nu=Ab,  (N+ £2)b1 = bl

C nopo6HO# cuTyaumeii Mbl 3aBelOMO BCTPETUMCS, M3yuas
BNWSIHME IPMUTOBA BO3MYLIEHUA 3PMUTOBON MaTpULibl.
Takum 06pasom, 3agay
anre6pel C TOUKM 3PEHUs TEOPUM BO3MYU|EHWI AeiiCTBUTENLHO
CBOAMTCH K WMCCNEJ0BAHMIO aHaNOrMyHbIX 3°jay ¢ NPOCTbIMU
maTpuuyamu. B i Mbl Orp: B

NMWb PacCCMOTPEHNEM 3TUX Clyuaes.

YMNPAXHEHUA

1. Kak CBA3aHbl MexAy COBO/i CUHIYNApHble BeKTOPbl MaTpuy A,
W+ E, P+ Q2 CpaBHMTb KO3(MULVEHTHI DA3NOXEHW 3TMX BEKTOPOB
« KaKOM-NGO OPTOMOPMUPOBAHHOM GasvCe:

yoTb pewaeTca cucTema (9.6). PasnoxuTh NpaBylo uacTb no
NEBbIM CHHTYNSPHBIM  BEKTOPaM MaTpULbl A, PellieHWe—n0 MpasbiM CUH-
[yNsipHbIM_ BEKTOpaM. Kak  CBA3aHbl KOSM(UUMEHTI STUX PasnoXeHuit
Mexay co6oi?

3. Kak MeHsieTcsi peweHue cucTembl (9.6) NMpU Manom usmeHeHun
CUHTYNIADHBIX UMCEN MaTpuLbl

4. Mycts | A[2= 1 [loKa3aTb, 4TO €BKMAO0BbI HOPMbI HODMANbHBIX Pe-
WweHnii cuctem (9.8) He MeHblue eBKNWAOBOA HOPMbI HOPManbHOro NCeBo-
pelueHHs cucTembl (9.6). B KakoM Cnydae 3T HOPMbI PaBHbI?

A'5 . PaccMOTpUM Matpuuy A NpOCTOA CTPYKTYPbl, HO C KPaTHbIMM
KIOCTEEHHbIMM  3HAYeHWsMU. [loKasaTb, 4TO NpU OGOW CKOMb YrOAHO
«anoii BenWuMHe HOPMbI BO3MYLIEHWS E CyllecTByeT Mmarpuia A + E, He
UMeloLasi NPOCTOi CTPYKTYpb
MycT MaTpuua A He uMeeT MpocTOli CTPYKTYphI. [lokasars,
PU 70O/ CKOAlb YTOAHO MO BeNIMUMHE HOpMbI BO3MYyllieHU E Cyuie-
‘Tayer marpuua A+ E, KOTOpas He TONbKO WMeeT MPOCTYIo CTPYKTYPY,
VPO ee COBCTBEHHbIE 3HAUEHUA NOMAPHO PAsMuHbI,
dhhJ'n *  mcHserca mar-
™ TPVl wsuricuan Soswywenun E7
1 BOOGLYE CTaBMTL BONPOC 06 MCCne, 0BaHMY 3aBUCHMOCTH
N BeBoro 6asuch, MAYOMLEL A+ E O sotalierian

uto
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§ 10. HeBbIpoX/eHHblE MaTPULLbI

ViccneoBaHne  BO3MYLIEHNS  HEBBIDOX/EHHON  MaTPULbI
TecHO cBA3aHO ¢ maTpuuamn Bupa £ + H, rge anemeHtsl |l
[0CTaTOYHO Manbi, E —epnHnuHas matpuua. Wssecto [1],
yTo Matpuya £ + H HesblpoxaeHHas, ecnn [H <1 ana
Kakoii-nn6o Hopmbl. Mpu atom

(E+11) »= £ + SHO\ (10.1)

MycTb A —HeBbIpOXAeHHaa MaTpuuya. PaccMOTpUM BO3-
MyUleHHYl0 MaTpuuy 4+ E, rae Ana senuuuHel E cnpaseg-
NMBO HEpaBeHCTBO

IEKM -V . (10.2)
Torga w3 (10.1) cnepyloT Takue pasnoxXeHus:
(A+ E)-1= (E+ /HE)-1A-*= A~1(E + EA **=

- B 4 AEH( F

OTKyAa nonydaem, uto

ImM+B)-*-n-4y<u-42 (Eym T -

(10.4)
BBeeM OTHOCUTENbHbIE BENMUYMHBLI BO3MYLIEHUI MmaTpuy A,
A 1. WmeHHo,

an_ W _ M -1- UM+ E)*->»-»p
nT’ - .

(10-5>
B 3Tux 0603HaueHnAx cooTHoweHue (10.4) 03HauaeT, 4TO

*A~ ' . ( 10-6>
rae
»n-\A 1\A C (10.7)
Mpeanonoxum Tenepb, 4TO PeWaKTCA TOUHAA cUCTeMa
NUHeNHbIX anre6panyeckux ypaBHeHUi

Ax=b (108)
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C HEBLIPOXAGHHOW MaTpuueii A M BO3MYyleHHas cuctema
(A+E)x=b+e

' Ecnu Bosmyujenue E ygosneTBopseT ycnosuwo (10.2), TO
matpuua A+ E GyAeT HeBbIPOX/EHHOW U 06e cucTembl
VIMEIOT e[MHCTBEHHbIE pelIeHNs.

Beegem pgononHntensHo K (10.5) oTHOCWTeNbHble Benn-
UMHbI BO3MYU|EHWA BEKTOPOB X, b, T. e

o T woe @

*= 04+ E) »(b+ €)= (E+ A*E)**+ (A+ E)le
noaromy

*-*- N (- A'E)x+ (A+E)ls,
W fanee Ans NIOGbIX COrNAcOBaHHbIX HOPM MMeeM

W (—NFEpX?+ |n-> (t+ 4 (- EN Ye'

SH -'rie f)-

M-UBELIarL| M-~*Lig]!
I~ welM-w "m 1-1ELNY »
Mpi BO TBO J|*], Haxo-

AMM OKOHUaTeNbHO, YTO
1%-%1 A U"*LIE[+M 'Y -Jr- ~
I~ 1-UEIM »] n

H-UM1 HE» , Hn

unn, B o6o3Hauennsx (10.5), (10.7), (10.9),
(6A + LI . (10.10)
MonyuenHble dopmynsl (10.6), (10.10) pawT Kpnuyect-

* BEHHblE OUEHK/ BOIMYWEHUs O6PaTHOA MaTpuUbl v peweHns
A CUCTEMbI anre6p: ux yp npu usme-
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HEHUM MATPUUBl W TPABOW 4YacTW CACTEMbl. W3 HUX BbiTe-
KaeT, 4TO B OKPECTHOCTW Nt06OM HeBbIPOXAEHHON MaTpULbl
o6paTHas MaTpuua W pelleHve CUCTeMbl SBASIOTCA Henpe-
PLIBHBIMU (BYHKUMAMN BXOAHBIX AaHHbIX. [pU 3TOM COOTHO-
weHune (10.2) onpepenseT OKPeCTHOCTb, B KOTOPOi rapaHTu-
pyeTcsi HenpepbIBHOCTb MO MaTpuue. HenpepbiBHOCTL peue-
HUS MO NPaBOi 4acTU MMeeT MecTo BClOAy.

B 3aKMioueHMe OCTaHOBMMCS HA OJHOM CNeACTBUM H3
pasnoxenns (10.1). MycTs matpuua £ + 11 yHuTapHas. 370
GyAeT TOrAa M TONbKO TOTAA, KOTAA BbIMONHAETCA PABEHCTBO

(E+ H)y*= (E+H)-i.

Ho cornacHo (10.3) acumnToTMyeckn npu Manbix H OHO
3KBUBA/IEHTHO COOTHOLWEHWUIO

(E+ H)*=*EL —H,

OTKyAa CneayeT, uTo
-H*

WTak, pna Toro, uto6bl maTpuua £+ H acumnToTMYecku
6bina YHUTApHO, HeobxoanmMo W /0CTaTO4HO, 4YTOGbI MaT-
puua H acuMnToTMuecku Gbina KOCOIPMUTOBOIA.

YNPAXHEHUSA

1 [l0KazaTh, TO 3NEMEHTLI OGPATHOI MATPULSI M PELLEHHS CHCTeMbI
C HEBLIPOXAEHHON MaTpULLEl ABNAIOTCA AMDDEPEHUMPYEMIMUA DYHKLMSMMA
BXORHbIX AGHHbIX.

0Ka3aTh, 4TO ANSi 9MEMEHTOB OGDATHOW MATPULbI CMPaBeAnueo
COOTHOWIEHME

A a - — M-1M-ta.

3. [loKasaTb, 4TO ANA AMEMEHTOB peweHnsi cucTemsi (10.8) umeior
MECTO Crleflylole paseHcTsa:

M->*M/. 1~ -M -,

4. Ha OCHOBE MONYYEHHbIX BbILIE COOTHOLIGHWII BbIBECTU (HOPMYNbI
ANA [NGBHBIX U/IEHOB BOSMYWEHMIA OGPATHON MATPUbI W PELEHHs ch-
CTembl. CpaBHuT, 3TM (hopmybl ¢ (10.6), (10.10).
5. BbiBecTM (IOpMYNy ANA [/1aBHOTO uNeHa BO3MYLUEHMS ONpeAent-
Tens ManMubl P+ Q, .rae P—Heablpumnewaﬂ AwarﬂHaanaﬂ MaTpuLa.
ycTb Matpuia £+ H yWatapas u |[H||<1. [okasaTb, uto
e CoaETamHe Spann u matpubl H y/:wanemopmm ypasHeHiio

Y= — Ypf Ho-
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§ 11. HenpepblBHOCTb KOpHei
anre6panieckoro MHorouneHa

[Ns HeKOTOPbIX BENWYMH B NUHeliHOW anre6pe cyujecT-
BYIOT SiBHble (DOPMYNbl, CBA3bIBAIOWME WX C APYTUMU Benu-
YuHamu. Hanpumep, ecTb (OpMynbl, Bbipaxailoujne onpege-
NNTeNb MaTpuubl 4Yepes3 ee 3/N1EMEHTbl, KOMMOHEHTbI pelweHns
CUCTEMbl NMHEIiHBbIX ypaBHeHUil 4Yepes onpejenutenu u T. f.
XapakTep 3aBUCMMOCTU TaKWX BENYUH UCCNefyeTca OTHO-
CUTENbHO MPOCTO, MO KpailHell Mepe B TEOPETUYECKOM MNnaHe.

OpHaKo Henb3s NONY4MTb fBHble (HOPMYNbI, Bblpaxaio-
LWMe KOPHM MHOTOUNIEHA Bblle YeTBEPTON CTeneHu 4epes ero
Ko3(hduULyMeHTbl. CnejoBaTenbHo, He MOTyT GbiTb Henocpej-
CTBEHHO wWCCnefjoBaHbl 3aBUCUMOCTU COBCTBEHHbIX 3HaYeHMi
W KOpHEeBbIX BEKTOPOB OT 3/1EMEHTOB MaTpULibl. BBMAY BaX-
HOCTW peleHns 3TUX BONPOCOB Mbl nposejem ceilyac  Heko-
Topble uccnegoBaHus. Bciogy 6yaem npegnonarath, YTO MHO-
rOuNeHbl MMEKT cTapline Ko3(hULMEHTbI, paBHbIe eauHULe.

PaccMOTPMM NPOU3BO/bHLIA MHOrouneH P(r) crenedu n
C KOMMNEKCHbIMW KO3hduuMeHTamMu a,, rae

P(r)=ra+a, xa »+ ... -fa,z+ a0

MycTb nocnefoBaTenbHOCTb MHOTOUYNEHOB

P» (*)= "+ On-i, + ... +ai*+a0t
C KOMM/EKCHbIMK Ko3((uumeHTamn ait, cxogutes Kk P (r),
lim a?4= a!

Ans Bcex | OTW COOTHOWEHMS Mbl GyAeM OTOXAECTBAATL
B fanbHelilem c paseHCTBOM

lim P, ()= P (r). (11.1)

Muorounessl P (r) u P,(r) umelT no n KOpHeii, cuntas
KaXfblii M3 HUX CTONLKO pa3, KakoBa ero KpaTHoCTb. Ho
cpasy HeNb3s CKa3aTb, Kak OTHOCATCA KOPHU MHOrou/eHa
Pf(z) kK kopHam P (r) npu 6Gonbwwux s.

Nemma 11.1. [na no6oro mHorouyneHa P (r) cTenexu n
W M0GOr0 KOMMNAEKCHOTO 4ucna r0 no  KpaiiHeli Mepe ofuH
nopeHb P (r) HaxoguTcs B Kpyre
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AokasaTenbcTBo. W3 dopmyn BbeTa, CBA3bIBaAIO-
WUX KOPHM MHOTOuYNneHa C ero KoadguuueHTamu, cnepyer,
YTO C TOYHOCTbIO A0 3HAKa Npowu3BeAeHWe BCexX KOpHeﬁ MHO-
rouneHa P (r) paBHo a0. [03TOMy OAWH M3 KOpHeil 3aBeAOMO
HaxoguTcs B Kpyre

\r\< T /LW (11.2)
Pasnoxum panee MHorouneH P (r) no crteneHam r —r0- Mpun
3TOM CTapwuii  KO3MMUUNEHT ocTaHeTcA 6e3 M3MeHeHus,
a CcBOGOAHbIA 4neH 6yfeT paBeH §1(r*). YTBepx/AeHWe NeMMbl
Tenepb ABNAeTCA CneAcTBueM HepaseHcTBa (11.2).

OG603HauuM uepes b 2 ..., [T NONapHO PasnMyHbie
KOpHU MHorounena P(r). CornacHo nemme 11.1 B Ka¥aom
13 Kpyros

Ir-r,j<>pymT, (n.3)
rge 1 HAXOAMTCA MO KpaiiHell Mepe OAWH KOpeHb

ZiiS MHorouneHa $1,(r). 3HayeHue MHOrouneHa B NGO
TOYKE HenpepbIBHO 3aBUCUT OT CBOMX KoadduuueHTos. Cne-
fAoBaTenbHo, M3 (11.1) BbITEKAlOT TakMe paBeHCTBa:

lim P (zi)= 0.

Ans Bcex AoCTaTo4HO GoMbWUX S Kpyru (11.3) He umeloT
06WNX TOYEK W KOPHU T,,, Zt%......rTW ABAAKTCA MO-
napHo pasnuuHbiMM. Ho Torpa

Muwr(1]= :(

(11.4)

Ans 1 i~ r. Ecnn MHorouned P (r) MMeeT nulib NpocTbie
KOpHW, TO COOTHOWeHWA (11.4) 03HayalT HENPEepbIBHYIO
3aBUCMMOCTb BCEX ero KOpHeil oT Ko3thhuuMeHToB.

MycTh Tenepe M Mool W Ty Ty, o PER-
CTaBNAKT MNONHbIE HAaGopbl KOpHeW MHorowneHca P(r) n
P, (). Cpean HuX MOTYT GbiTb paBHble, OJHAKO Mbl He Mpes-
nonaraem Kakoii-nn6o CBA3M MeXAY KPATHOCTAMU KOPHeil
P(r) n P\r)

Teopema 11.1. KopHM MHorouneHos P, (r) MOXHO
nepeHymMepoBaTh TakuM 06pasoM, 4To GYAYT BbINOMHATLCA
COOTHOWWEHUA

lim Zi',=*2t (11-5)

ana 1
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I JAokasaTenbcTBo Gyaem NpoBOAMTL METOAOM UHAYK-
* nuu. YTBEpX/eHUe TEOpeMbl CMPaBEANNBO ANS MHOTOU/EHOB
Vv MepBoii 1 BTOPOiA CTEMEHN, B YeM MOXHO YGeuTbCs, uccneays

ABHbIE (HOPMY/NbI, BbIpaXaloline KOPHU ITUX MHOTOUNEHOB
uepes  KOa@UUMEHT. [PeANONOXUM  MOITOMY, HTO  OHO
U, CNpaBejnvBO ANA MHOTOUYNEHOB CTEMeHW He Bblwe n— I.
Bce KOpHW MHorouneHa P (r) MOryT GbiTb paBHbl Mexay
Oco6oit. OpHako H3 (11.4) cnepyeT, 4YTO CpeAu KOpPHeid Kax-
aoro MHorouneHa P,(r) MOXHO HaiiTu Takoil KOpeHb, Ha-
fnpmMep, ?i,, uTO CcooTHOweHue (11.5) GyaeT BbINONHATbCA
A 1= 1

I O6o3Hauum uyepes R (r), Rs(z) 4acTHble oT genenns P (r),

y. P,(r) cooTBeTcTBEHHO Ha —r,, z—zti,. MycTb

12(«)-*“ + 6. 2> *+ +btz+ b0,
fo ' A, () =0t 1+ b0t 1f*'1+ e+ bl sZ+ flo.fe
W3 toxpaectea P (r) == (r—r,) R (r) Haxoaum, uTo
*b,.2= am-i-\-Zi,

BT e \\+.r16r 1’ (n.6)
bo= al -\-zlbi
A AHanoruyHo onpegensfloTcs M KOIMMULMEHTbl MHOrouneHa
12, (r). VimeHHo,
bn j1, = ac-i*+2i#,
bn f,s= On-J, r+ rl fon-r.i
bo., = alt, + zUsb1,,.
[ TMepexoas K npeseny B NpasblX M NeBbIX 4YacTAX nocnef-
HUX COOTHOLWEHUA W cpaBHMBas ux ¢ (11.6), 3akniouaem,
lim R, (r) = R (r).
KopHsmu R(z) ABnswTCA u4ucna rr, ..., [,, KOPHAMM
(r)—uucna r,,, ..., rl. BO3MOXHOCTL UX YNOpPAA0YU-

BaHWA COrNacHoO YTBEPXAEHWUIO TeopemMbl BbiTeKaeT U3 UHAYK-
UWOHHOro NpeAnonoXeHus.

Taknm 06pa3om, KOpHW anrebpauMyeckoro MHOrouyneHa sis-
naTea " TOB B /Ni0-
6oii 061aCT UX U3MEHEHNS.
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JAoKasaHHas Teopema MO3BONAET YTBEPXAATb, 4TO Npu
ManoM BO3MYLIEHNM KOIPDMUMEHTOB MHOTOUNEHA ero KOpHM
M3MEHAITCA Mano. OAHAKO Ha CYWecTBEeHHYI0 ManocTb 3TOr0
M3MeHeHns B O6lUeM Clyuyae PaccunTbiBaTb Henb3s. [eicT-
BUTENbHO, KOPHW BCeX MHorouneHoB P (r) u §, (r) orpaHu-
UeHbl CBEPXY MO MOAY/IO HEKOTOPbIM uuciom a > 1. BelGe-
pem uncno e>0 wu nycth Ana s>s<)

i[fl/ —
Tak Kak n_i
P(z)-Pt(z)~ £ (a,-a,.)**
<-0

ojnax

to

Ans Bcex r,. OTCloga CneayeT, uTO CyuecTByeT Takoil Ko-
PeHb ry, 4TO MpM BCeX [OCTATOYHO ManbiX B Gyaem WMeTh
"o« .-« KAar
MopAZOK 3aBMCUMOCTM OT € B 3TOM HepaBeHCTBE AOCTM-
raeTcs. paccMOTPpUM, Hanpumep, mMHorouneH P (r)=r". OH
WMeeT N-KpaTHbIii KopeHb ro= 0. MHorouneH xe P, (r) =
= 2'—e, MMeeT KOPHW T, COBNAAAIOWME C KOPHAMU A-it
cTeneHn u3 r,. OueBUAHO, YTO

WTak, BoamyuieHne KOI(ULMEHTOB MHOTOUNEHA Ha BENU-
UMHBI NOPAAKA B MOXKET MPUBECTYW K W3MEHEHNIO ero KopHel
Ha BENMYUHBI NOPSIAKA /7. DTO ABNEHME CBA3AHO MCKMIOYM-
TeNbHO C HaNWuMeM KPaTHbIX KOpHei.

CHOBa  paccMOTPUM  MOCNeJ0BaTENbHOCTh  MHOTOUNEHOB
P, (r), cxopsuyiocs K MHorouneHy P(r). MycTb MHorounex
P(r) npegctasned B Buae npoussegenns P (z) = Q(z) R (r),
rae Q(z) w R (r) B3ammHo npocTble. [peAcTaBuM  Kaxpbli
n3 MHorouneHos Ps(r) B Buge npoussegeHus P, (r)= Qs(z) X
X Rs(r) Takum 06pa3om, uTOGbl BbINONHANNUCH NpefenbHbIe
COOTHOWEHNS

wn Q.(2)~Q(2),
lim /2x(r) = 12(r).
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B 3TMX yCNOBUAX CNpaBejnuBa
Nemma 11.2. CKOpoCTb CXOAMMOCTW MOCNeA0BATeNbHO-
cTell MHorouneHos Qs(z), Rs(z) He MeHblne, uYeM CKOPOCTb

K cxogumocTw nocnefoBaTenbHOCTWU MHOrouneHos Ps(r).

AokazaTenbcTBO Mycts W T, r,,—nonapHo
P pasnuyHble KOPHW MHOrouneHa Q(z) W MX KPaTHOCTW paBHbI
TWU Tr....Tp. Tak kak Q(z) n R(z) B3aMMHO npocTble,
TO npu BCeX S, GONbWMX HEKOTOPOro sO,

\Rs (2j)\* 6> 0 (11.7)
Ans DNanee umeem
Q(NRs(N"Q(2)R (1) + e,(r). (1.8

y rae e(r) ecTb HeKOTOPbIi MHOTOUNEH CTeMeHW He Bblle
F» n—1 Ycnosue cCXoAUMOCTW NOCNEA0BATENLHOCTM MHOroYNe-
HOB Ps(z) k P (r) osHauaeT, uto

lim e, ()= 0.
|Ln®e (r)

K Tpu 3TOM CKOPOCTb CXOAMMOCTM OMpeAenseTcs CKOPOCTbIO
Ue' y6biBaHus KoadduumneHts es (z).

£ Bblbepem npoussonbHoe uucno e>0 Haiigetcs Takoe
|\ umcno si>s0, uto gna s> B Bce KOSPAMUMEHTHI MHOrO-

yneHa es(z) 6yayt no mogynio MeHbwe e. AuddepeHynpys
pfcj ToxpaecTso (11.8) » yunTeiBas (11.7), nerko nonyunTb, 4To

npu s>s, BLIMOMHAIOTCA HepaBeHCTBa

I fzi)i< jw

AN Bcex kopHedd r, n 0

BUCUT OT €.

MocnepoBaTenbHOCTb MHOTOYNeHoB Q/(z) cxopuTes K Q(z).
ABCKOpPOCTb CXOAMMOCTW ONpeaenseTca CKOPOCTbIO y6biBaHWUA
AHphhuyuneHTOB MHOrouneHa rs(z) = Qs(z) —Q(z). 3T0T MHO-

TOUNEH MMeeT CTeneHb He Bbile Mt+ + Tp—1, npuuem
B TOYKAX I, MOXHO OUEHUTb T1+ -Tp ero 3HaueHuii
W 3HauYeHWii ero MPOM3BOAHBIX, TaK Kak

TR (*))= QW(@).
Byfem TpaKToBaTh COOTHOWEHWA (11 10) kak cuctemy
Bin anr OTHOCUTENbHO  KO3(h-

p
W K (ULNEHTOB MHOrouYneHa T, (r) CornacHo (11.9) npaBble 4ac-
| Tu cucTembl ABNAIOTCA BeAMUMHAMM MOPAAKA €, MaTpuua

(11.9)

3pece uncno N He 3a-

(11.10)
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CMCTEMBI ONIHOCTBIO ONPeensieTcsi KOPHAMM ry. CnejoBaTensHo,
cyujecTeyeT Takoe uMcno M, He 3aBucAliee OT e, 4TO BCe
K03 (ULMEHTbI MHOrouneHa T, (r) 6yAyT NO MOAYNIO MeHblue
Me ans s>«Xx.

Takum 06pasoM, MOC/EA0BATENLHOCTL MHOTOUNEHOB Q, (r)
CXOAMTCA C Takoli Ke CKOPOCTbIO, YTO W MOCNefOBaTeNlb-
HOCTb MHOTO4YneHoB Pt (r). AHanoru4yHoe yTBepxjeHue cnpa-
BE[IMBO, KOHEYHO, W ANA NOCNeJOBATENLHOCTU MHOroune-
HoB *

Cnegcrtene. EcmM KoIDGUUMEHTbI MHOTOUNEHA BO3MY-
WATCA Ha BENMUYMHBI MOPAAKa e, TO /IoGOA ero KopeHb
KPaTHOCTU T MOXET W3MEHUTLCA Ha BeNUUYMHY MOpPAAKA
e1/T. Bce NpocThle KOPHU MEHSIOTCA Ha BEMUYMHBI NOPS/AKa e.

YNPAXHEHMNA

1 MycTb NOCAEAOBATENLHOCT MHOTOUNEHOB P, (1) CXOAUTCA KA ().
TPeAMoNOXKMM, TO I< €CTb NPOCTO KOpetb 51 () W MOCNEfOBATENLHOCTE
KOHEli T/ S MHOTOuNEHOB P () CXOAUTCA K r(. OB03Haumm uepes R (r)
uacTHoe OT fenewus P (r) Ha r—r/. [lokasaTh, 4TO Mpu GOMBUWUX §
VIMEET MECTO aciMNTOTUECKOE PABEHCTBO

4 A (PL(r)-R @R (1)
2. [loKasaTb, 4TO MPOCTble KOPHH semoTER ANdepeHLMpyEMbIMA
L npu
Aarl r?
5a7” A9

3. [0KasaTh, TO COGCTBEHHbIE 3HAUEHWS MATPMLbI ABNAIOTCA Henpe-
PHIBHbIMU (DYHKUWSIMY €@ 9NeMeHTOR

4. [lokasaTh, TO NpOCTbie 3HaveHns
Ue VM COBCTBEHHbIE BEKTOPbI ABAAOTCA AMGHEPEHUMPYEMBIMA BYHKLMAMU

TAE X, Y ABNAIOTCA COGCTBEHHBIMW BEKTOpAMA MaTpuLy A, A*,
BYIOUIMUA COGCTBEHHbIM 3HadeHamM X, X.

coorBeTCT-

. Mycts, B K ycnosusM np 0
ABAAETCA COGCTBEHHbIM BEKTOPOM MATPULb A* U COOTBETCTBYET COBCT-
BeHHOMY 3Hauewwio y, rhe LIbX,. [lokasaTe, uTo

\ . {Hn,

"EE

==

1 JIOKA/VBALIA COBCTBEHHBIX 3HAUEHUN

7. MycTb 5 () —BeLIECTBEHHbI MHOFOMAEH, MMEIOLWiA NPOCTON
eTBEeHHbI KOpeHb r0. [loKa3aTk, YTO NPU [OCTATOMHO MAnOM BELECTBEH-
To8 KOpeHb, AW K T,

6YAET BewLECTBeHHbIM

§ 12. /lokanusayus COGCTBEHHbIX 3HAYeHWi

PasnnuHble 3ajaun nuHeliHoi anre6pbl cBA3aHbI C CO6-
CTi matpuubl. U Takux 3afav
HepegKo MPUBOAMT K HEOGXOAUMOCTU NOKANN30BATb COBCTBEH-
Hble 3HaueHWs, T. e. onpeaeNuTb Te 06NAacTM KOMNAEKCHON
NNOCKOCTM, B KOTOPbIX OHM HaxoaaTcA. KoHeyHo, nokanu-
3aUnA COGCTBEHHLIX 3HAYEHWI N0 3NEMEHTaM MaTPULbl AOMKHA
OCYWeCTBAATLCA [0CTATOYHO MPOCTbIMU CpeAcTBamu. Bo BeA-
KOM Cnyuyae 3TV CPeACTBa JO/DKHbI GbiTh CYL|ECTBEHHO MPouje,
uem MeTops! COBCTBEHHBIX

B Kkypce nuHeiiHoi anre6pbl [1] fokasbiBaeTcs paj ymepm—
[AEWUNA,- C MOMOLLBIO KOTOPbIX MOXHO Pel T HEKOTOpbIE 3a4aun

. nokanusauun.

MycTb uccneaytoTCs COBCTBEHHbIE 3HAUEHUA
MaTpALBl A MOPAAKA N C KOMMAEKCHBIMM dfleMeHTaMM ait.
CornacHo (11.2) no kpaiiHeii Mepe 0AHO COGCTBEHHOE 3Ha-
ueHne Haxoputca B kpyre JA|*=|det /1 ||,n. Vicnonb3ys Hepa-
BeHcTBO Apamapa [1] ana onpegenuteneii matpuy A n n*,
3aK/MIOYaeM, uTO MO KpaiiHeil Mepe OJHO COGCTBEHHOE 3Haue-
HUE HaXOAMTCH B KaXAOM H3 KPyros

12 2 L ST

[AlFE max VL JAK max (Y fa
Wips | | !
W, CNefioBATENbHO, B MEHbLWEM U3 3TUX prrua

HekoTopbie MaTpuy-

y
HbIX HOPM. W3BECTHO [1] uTo BCE COﬁCTBeHHMe 3HaueHus
MaTpuLbl A HaxoAsTCA B KaXAOM W3 KPyros

[Ans no6oii cornacoBaHHoi HOpMbl. Ans 1- UAM  00-HOPMbI
3TV HepaBeHCTBA MPUHMMAIOT Takol BuMA:

19,/< max £ Jlav|.

k]
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EBKNWJ0BA HOPMa AaeT cnabylo OUEHKY, Tak Kak B jeii-
cTBUTENbHOCTM [1] ANS COBCTBEHHBIX 3HAueHWd matpuubl A
VIMEEeT MECTO HepaBeHCTBO

x
£ iMe< <2=|/§i oo,

OG603HauNM 4epes P, W PA COOTBETCTBEHHO MaKCHMaNbHOe
M MUHUMANLHOE CUHTYNSPHbIE YMCNa MaTpuLbl A. CrieKTpans-
Has HOpma MmaTtpuubl pasHa pi. [o3Tomy Bce CCOCTBEHHbIE
3HaueHUa matpuubl A HaxoasTcs B Kpyre |X |“pj. AHano-
rMYHOe  paccyjewne [Ans 0GPATHOA  MaTpuubl MPUBOAMT
K HepaBeHCTBY ps IS B cuny HenpepbiBHO/ 3aBUCHMOCTU
COGCTBEHHbIX U CUHTYAAPHLIX YACEN OT 3NEMEHTOB MaTpuLibl
3T0 HEPaBEHCTBO CMPaBeAIMBO 1 ANA BbIPOX/AEHHONM MATPULbl A.
MTaK, BCe COGCTBEHHbIE 3HAYEHMS MaTpULpl A  HAXOAATCS
B KonblUe p*«S|X|«Ep,.

[loBoNnbHO 06WMIA NPUHLMA MOCTpOeHMs o6nacTeid, noka-
NM3YIOUMX COBCTBEHHbIE 3HAYEHNMSI, OCHOBAH Ha Credyloueii
npee. MycTb A —npoussonbHas Matpuua n B (A) —HekoTo-
poe apudmeTMyeckoe YCnoBue, BbIMOMHEHE KOTOPOTO JocTa-
TOYHO ANA HEeBLIPOXKAEHHOCTU MaTpuubl A. Ecnu A sensetcs
COGCTBEHHBIM 3HAUEHUEM, TO MaTpuya A —AE BbIDOXK/AEHHAS.
MoaToMy Ansi TOro, uT0GbI A 6bINO COGCTBEHHBIM 3HAaUYEHMeEM
MaTpuubl A, He06XOAMMO HeBbiNONHeHWe ycnosus B (A —KE).
3T0 1 onpesensieT HeKOTOPylo 061acTb, B KOTOPOil AOMKHbI
HAXOANTLCA BCE COGCTBEHHbIE 3HAUEHWS.

Nemma 12.1. ina Toro 4To6bl MaTpuua A 6blT HeBbl-
POXK/EHHOM, AOCTATO4HO BbINONHEHNE HEPABEHCTB

\au\>2\a,j\

ana /=12 ... n

AokaszaTenbcTBO. [pegnonoxum, 4to matpuua /1
BbIPOX/AEHHAA. Torga OAHOPOAHAA CUCTEMa NMHeliHbIX anre-
6Gpanyecknx ypasHeHuii

£ ajxj=0, i
I

VIMeeT HeHynesoe pelenne. MycTb X,,—Hanbonbuas no Mogynio
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KOOpAMHaTa 3Toro tey cucTeMbl
B TakoM Buge:

PR /g* akiXj,

0TKyAa cnegyet, 4to
S l«*/10;

W, OKOHYaTenbHo,

1oal 2, la> L7y 2 tan e

3T0 COOTHOWeEHNE NpPOTUBOPEYUT YC/NOBUSM NIEMMbI.
Cnepcteue. Ans Toro 4Tobbl A 6bIN0 COGCTBEHHbIM
3Ha4yeHnem maTpuubl A, HEDﬁXOAMMO BbINO/IHEHWE HepaBeHCTBa

|*-0ll< SIM az2n)

X0TA 6bl ANA ofHOro 3Hauewna I, rge 1< i< n, wm, <3pt-
MnW cnosamm:

No6oe cOBCTBEHHOE 3HAueHMe MaTpuubl A NeXXUT no
KpaiiHeii Mepe B O4HOM U3 KDYroB CEUEHTpamyu ait v paguy-
camn 2 |ajl, rge 1«Ei< n

O6nactn (12.1) HasbiBaloTCA Kpyramu [epluropuHa. OHu
WHPOKO MCMONb3YIOTCA B CaMbiX PasfnuHbiX MCCNEA0BAHMSAX,
CBA3AHHBIX C CCOCTBEHHBIMM 3HAueHMAMM. [lokaxem, 4To
VMeeT MecTo *

Teopema 12.1. Ecmm $ kpyros epwropuHa obpasylT
0671acTh G, M30/1MPOBAHHYID OT OCTa/bHLIX Kpyros, TO0 8 G
HaXOANUTCA POBHO S COBCTBEHHBIX 3HAUEHMA MaTpuupl A

[loKa3aTenbCTBO OCHOBAHO HA HENPEPLIBHON 3aBUCH-
MOCTM COBCTBEHHBIX 3HAYEHUIA MATPULiLI OT ee anieMeHToB. Mpea-
cTaBum MaTpuuy A B Buge cymmbl A = B+ C, rae B —pmaro-
HanbHas Matpuua c anemextamn alt, C —matpuia ¢ Hynesow
AMaroHanblo. PaccMOTpUM Temeph CeMeiicTBO MaTpuy Ae «
=B+ eC, rge 0<e<1. CpasHueas Kpyrn [epwropuHa
C OAMHAKOBLIMU LeHTPamu a» Ans MaTpuy A u Ae, 3ameyaem,
UTO MX PagnyChl OTANYAIOTCS MHOXMTENEM e.

0O603HaunM yepes Ge 3aMKHYTYI0 06/1aCTb, COCTABNEHHYIO
u3 Kpyros lepuwiropuHa Ansi matpuupl Jle, LEHTPbl KOTOPbIX
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npuHagnexat G. Yepes Fe 0603Ha4MM 3aMKHYTylo 06nacTb,
COCTaBNIEHHYIO W3 OCTaNbHbIX KPYroB. SICHO, 4TO

GeczG, Gelfe=0 (12.2)

ans 0<e”1. Mpu e=0 o6nacts GO copepxuT poBHO S
CO6CTBEHHbIX 3Ha4eHWi matpuubl AQ. 3T COGCTBEHHble 3Ha-
ueHus GyAyT HEMpepbiBHO MEHATLCA NpU u3MeHeHuw e. Mpep-
NOMOXMM, UYTO NPM HEKOTOPOM € OAHO W3 HUX BbLIWAO W3
o6nactu Ge. Torga B CUIy HENpepeiCHOCTM U BTOPOTO yCno-
sua u3 (12.2) waligetca Takoe p, Npu KOTOpPOM OAHO M3
COGCTBEHHBIX 3HAaYeHUii MaTpuupl Ae He ByaeT NpUHaAnexaTh
HA Ge, HW Ft. 9TO HEBO3MOXHO, NO3TOMY Mpu BCex Aony-
CTUMbIX 3HAueHWsX e 06/1acTb Ge COAEPKMT POBHO S CO6-
CTBEHHbIX 3HauyeHuit maTpuubl Ae Ho npu 1 o6nactb G,
coBnagaeT ¢ G, a marpuya Ar—c matpuueiri A

Cnepcteue. Ecnnm kakoid-nmbo kpyr lepliropuHa uso-
NMPOBaH, TO OH COAEP>KUT TOYHO OHO COBCTBEHHOE 3HAUEHME.

Cnepctene. Ecnm npu HekoTopom i gns Beex k@ i
BBIMO/HAITCA HEpaBeHCTBa

100 —<> /g* labl 1+ ,Z, [ECLY (123)

To kpyr FepwropuHa
JA—ay\ < 2 \au\ (12.4)
T

COREPXKNT TOYHO OJHO COBCTBEHHOE 3HAUEHMe.

AnA [0Ka3aTenbCTBA 3TOT0 YTBEPXKAEHUA JOCTATOYHO 3ame-
TWTb, YTO BbINOMHEHWe ycnosuit (12.3) rapaHTUpyeT u3onu-
poBaHHOCTb Kpyra (12.4) oT OCTanbHbIX KPYros.

Kak yxe 0TMe4anoch, N0Kann3auna COGCTBEHHbIX 3Haue-
HUi lOMKHA  OCYW|ECTBAATLCA JOCTATOYHO NPOCTBIMU  CPes-
cTBaMu. Ho Kpyru TepuwropuHa onpegensioTcs cTonb npocro,
UTO WX MOXHO ABHO HanucaTh M WCCNEA0BATb ANA NO6OK 13
matpuy Buga

B-DAD-\ (12.5)

rae D —punaroHanbHas matpuua. Ecam du dt, .... d, —oane-
MeHTbl MaTpuubl D, To nio6oe co6CTBEHHOE 3HaueHWe K MarT-
puubl A GyAeT HaxoAuTbCA B OAHOM M3 KPYros

- 1
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B Bbui6upas nogxoaswyum 06pasom Matpuuy D, MOXHO H3me-
K. «aTb paguycbl Kpyros lepwropuHa, genatb OTAeNbHbIE KPYTU
K.nnm rpynnbl Kpyros w nt o wn

L, ' Hue npeobpasoBaHns (12.5) NO3BONSET BO MHOIMX Cly4asx
M [ cyuwecTBeHHO TOYHee NOKaNu3oBaTb COGCTBEHHbIE 3HAYEHUS
K maTpuubl A.

@

B uccnefoBaHnAxX, CBA3aHHLIX C Kpyramu [epwropuHa,
bclogy paccmatpusanacs matpuua A. OAHAKO aHanoruuHble
YTBEPX/EHUS CTIpaBeAnuBbl W Ans matpuusl A'. Tpu atom
o6nactn (12.1) sameHstoTcs Ha Takue:

V] (126)

*

OHW Takxe HasblBalOTCA Kpyramu [lepuiropuHa.

YNPAXHEHNA

f 1. MOXHO M yTBEPXAATb, YTO BCE COBCTBEHHbIE 3HAUEHUS MATPULbI A
nexar B nioGbix N Kpyrax us 2n kpyros (12.1), (12.6)2

2. TlyCTb 3neMeHT, oLy 1 KOSMULIMEHTI XaPAKTEPUCTUYECKOTO MHOFO-
uneHa MaTpUUb! A BELLIECTBEHHble. Jl0KA3aTb, UTO NPU BLIMONHEHMA YCIO-
BYiA (12.3) COBCTBEHHOE 3HAuEHMe, PACTIONOKEHHOe B kpyre (12.4),—Bellje-
CTBeHHOE.

3. TIpeAnonoXuM, 4To MaTpuya A NEpecTaHOBKO CTPOK U CTONGL0B
HEe MOXET ObiTb NPUBEEHA K KNETOMHO-TPEYronbHoMy BuAy. [loKasaTe,
4TO BCe €6 COGCTBEHHbIE 3HAYEHUR NEXaT BHYTPU OOEAMHEHU KpYros
[epuiroputa, 3a VCKAIOYEHVEM TOTO CAyyas, KOTJa COGCTBEHHOE 3HaueHue
ABNRETCH oﬁmew TPaHWUHOIi TOUKOW BCeX N KPYrOB.

b X—COGCTBEHHOE 3HAYEHVe MaTpULbl A W AehEKT MaTpyLl

A—XE paBeH T. [lokasaTb, uTo X NeXWT N0 KpaiiHeii Mepe B m Kpyrax
TepuwropnHa.

5. [loKasaTb, UTO KaX[oe COGCTBEHHOE SHaueHMe MaTpULbl A NeXuT
N0 KpaiiHei Mepe B OfHOW W3 obnacTeit

I anll™—//1* 2 ‘a*1£ Is¥¥l>

rge IAsf, /-Sn w g /. 9T oBnacT HasbisatoTcs oBanamu Kaccui
A6 . Mcnonbays HepaseHcTBO [énbgepa [1), foKasaTh, uTO Kaxaoe
3||aveHme MATPULL A NEXWT N0 KpaiiHei Mepe B OFHOM U3

> 5) [ay|Y 72 \ay 1O

7- MycTh /1 —Auaronanshas marpuua. Viccneqosare Kpyru lepuy-
13 11+ Marpm%bl N-j-U. Kak OHU MEHSIOTCA MU YMeHbIIEHNN >7e-
MexTos. MaTpHLi!

3 B B. UC*BOHLI
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8. TIPEANONOXUN, UTO INEMEHTHI MATPUUbl Q ABNAIOTCS BENUUMHAMM
NOpAAKA 5> PAacCMOTPUM NPOCTOR COGCTBEHHOE 3HaueHe X MaTpuusi .
Vicnonbsys npeoGpasosave (12.5), [OKa3aTb, 4TO COOTBETCTBYWWMI
MArOHaTbHLIl ANEMEHT MaTPUUBI A+ Q OTIMNAETCA OT ee COBCTBEHHOMO
3HAUEHNA HA BENMUMHY MOPAAKA

9. Yo faeT ucnonbioBaHue npeoGpasosanus (12.5) Ans_wccnego-
B8N CTYuan KPATHOTO cOBCTBENNOTO suaexn | weTpuut 112

(12.5),

3Haweuvm atpuupl N1+ Q, rhe J1—KaHOHiueckas marpuua Kopaawa.

11. CpasHWTL BENUYNHbI so:myuenww COBCTBEHHbIX 3HA4eHMii, nony-
YeHHble B 7—10, KopHeit
anre6panieckoro MHorouneHa. B G ApUuMHA UX pasnMuMii faxe no
nopsAKy ManocTu?

§ 13. KnetouHo-gnaroHanbHble MaTpuiibl

s MWccneaosaHue KNETOYHO-ANAroHaNbHbIX MaTPUL, CBA3AHO
B OCHOBHOM C MNONHOW NPO6M1eMO/i COBCTBEHHbIX 3HaueHMii.
W3secTHo [1], u4to no6as KeagpaTHas maTpuuya nopoGHa
KNeTOYHO-ANAroHanbHoW MaTpuue, Yy KOTOPOA COGCTBEHHbIE
3HAUEHMS PA3NMUHBIX KNETOK pasnnuHble. B 4aCTHOCTW, TaKoii
KNETOUHO-ANArOHaNbHO MaTpuLeil SBNAETCS KaHOHMYeckas
matpuya dKopaaHa. Kak yXe O0TMeuanoce, WccnegoBaHue
BO3MYW|EHUA MaTpUL, OGWIEro BUAA CBOAMTCA K U3yYEHUIO
BO3MYW|EHUA KNETOYHO-AMATOHANbHLIX MaTpUL.

MycTb paHbl maTpuubl A, B, C pa3mepoB COOTBETCTBEHHO
nXn, TXT, NX.T. PaccMOTPUM MaTpuyHoe ypaBHeHue

AZ—ZB=C, (13.1)
rge Z —wucKomas Matpuua pasmepos nxT. [pupasHusas
afleMeHTLl NPaBoi ¥ NeBoli YacTeli 3TOr0 ypaBHEHUs, 3aKH0-
UaeM, 4TO OHO JKBMBANEHTHO CUCTEME W3 NT NMHENHbIX
anre6paMyecknx ypaBHEHWIl OTHOCUTENbHO NT  3NEMeHTOB
matpuusbl Z.

Teopema 13.1. YpasHenue (13.1) UMeeT eUHCTBEHHOE
peweHne Torja W TONbKO TOrAa, Korga mavpuusl A n B
He UMeIoT 06U{MX COBCTBEHHbIX 3HAUEHMIA.

NokasaTenbcTBO. [na TOro 4ytobbl ypaBHeHue (13.1)
MMeNo eNHCTBEHHOE peleHne, Heo6XO4UMO U [JOCTAaTOuHO,
4TOGbI O[IHOPOAHOE YpaBHeHMe

AZ—ZB=0 (132)
MMENo NuWb Hynesoe peiweHve. Mo3TOMy, He yMeHbluas

06WHOCTM, MOXHO OrpaHMuYMTbLCS A0KA3aTeNbCTBOM TeopeMbl
Ans ypaBHenus (13.2).
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Heo6xoaumocTb. MycTs ypaBHeHne (13.2) wumeer
TONbKO Hynesoe peweHve. [pegnonoXum, 4To npu 3ToM K
ABNAeTcA 06WMM COGCTBEHHbIM 3HauyeHuem smaTpuy A, B.
0O603HauMM 4epes X, y COBCTBEHHble BEKTOPbI MaTpul A, B',
cooTBeTCTBYlOWME X, W paccMOTpum MmaTtpuuy Z0= Xy' paHra
efuHuua. OyeBMAHO, 4TO 0, Ho

AZ0O—Z0B = (AX)y" —x(B'yY = (Xn)y'—x(\y)" = 0

MonyyeHHOe NPOTUBOPEuME AOKA3LIBAET, YTO MaTpuuybl A u B
He MOTYT WUMeTb OBLIMX COGCTBEHHBIX 3HAYEHMIA.
AoctaTouyHoCcTb. MycTe matpuubl A 1 B He umeroT
06WWNX COBCTBEHHbLIX 3HauYeHwil, Ho ypaBHeHue (13.2) umeeT
HeHynesoe pewenne Z0. O603HaYNM yepes r paHr matpuubl ZO0.
fAcHo, uyto r&s\. Marpuua Z03kBuBaneHTHa [1] matpuue £,,
rge Er—puaroHansHasi Matpuua, y KOTOPOW nepsble /-guaro-
HaNbHbIX 3M1EMEHTOB PaBHbl eAUHULE, A OCTabHble —HYIH0.
CnefoBaTeNbHO, CYU|eCTBYIOT TakKve HEBbIDOXKAEHHbIE MaT-
puubl R, S, uto
20= RETS. (13.3)

MopcTtaBue Tenepb Z0 u3 (13.3) B ypasHewue (13.2), nony-
yaem, 4to (R IAR)Er= Er(SBS-1). CpaBHeHMe 31eMeHTOB
npaBsoii W NeBoii YacTeil 3TOr0 COOTHOLIEHWA NOKa3blBaeT, YTO
matpuubl R AR # SBS1 ABNAOTCA KNETOYHO-TPEYronb-
HBIMM, MIDUYEM AMArOHaNnbHble KNETKW, CTOfWUE B /IeBOM
BEPXHEM YI/ly, PaBHbI W UMEIOT NOPsAOK r. Mo3ToMy XapakTe-
pucTMyeckue MHorounedsl matpuy R IAR u SBS 1 uau, uto
TO Xe camoe, MaTpuy A M B umeloT o6wwii genuTens cre-
neHn r. 3TO MPOTMBOPEUMT YCNOBMIO, YTO MaTpUubl J1 n B He
MMEIOT 06LMX COBCTBEHHBIX 3HaueHuid. CnejoBarenbHo, ypas-
HeHue (13.2) He MOXET,MMeTb HEHYNeBoro pelleHus.

PaccMoTpUM KNeTOYHO-AMaroHanbHylo Matpuuy Jl, knetku
Nb N2, ..., NT KOTOPOil He MMeEIT 06WMX COBCTBEHHbLIX 3Ha-
yeHuit. MycTb J1-f Q —BO3MyuleHHaa MmaTpuuya. Pasobbem
MaTpuLy @ Ha NpAMOYrONbHble KNEeTKW Tak, 4ToGbl ee Auaro-
HanbHble KNeTKM WMeNn Te e pa3Mepbl, 4TO M COOTBET-
cTBylOWME KneTku matpuubl J1. O603Ha4yum

0 \ro. 10,1 Q« .mQrr.
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K/ETOYHO AVATOHATIBHBIE. MATPULIbI

byaem npusoguth matpuuy 1+ A -

HUEM K KNETOYHO-JUAroHanbHOMy Bugy. 3TO O3HAYaeT, uTO

HY)XHO HaliTH  HeBBIDOX/EHHYIO MaTpuuy X U KNeTouHo-

AMAroHanbHylo Matpuyy A, AN KOTOPbIX
K-»(N+b)A-A.

KOHeuHo, AMaroHanbHble KNETKN Matpuipl A JOMKHbI UMETb

Te e pasMepbl, 4TO W KNeTKM Matpuubl J1.

Ecnn £2—Hynesas matpuya, 10 X —eguHu4Has. Moatomy
npu maneix S 6yaem uckatb matpuuy X B Buge X = £+ ol
rge Il —manas maTpuua. Pasobbem matpuuy Il Ha kneTku \\4
aHanoruyHo A. MpuHumas Bo BHUMaHue (10.1), Haxogum

X «(1+ A)XA(E-11)(N + F) (E+ 1) =3
EXN+ A-HN + JH.

Mopbepem Tenepb Il Tak, uToGbI C TOYHOCTLIO 10 MaNbix BTO-
poro nopagka npasas 4acTb MOMYYEHHOTO COOTHOWEHNS
6bina 6bl KNETOYHO-AMArOHANbHON MaTpuLeii, aHanornyHoi 1.
[ins aToro nonoxum

11 = (13.4)

ANA BCEX K, a BHeAHaroHanbHele kneTku H* onpegenum us
*ypaBHeHuit
HAN*-NH*= AP~ (13.5)
CornacHo ycnosuto Matpuubl J1* u J1, He wumeloT 06WMUX
COGCTBEHHbIX 3HaueHuii npu k=/=1, cneposaTensHo, ypasHe-
HuA (13.5) paspewwnmbl. MycTb anemeHTbl S Manbl No cpasHe-
HUIO C PacCTOAHMAMU MeXAY MHOXeCTBaMU COGCTBEHHbIX
3Havennit matpuy fl» u J1; npu K 1. B atoM cayuae mat-
puubl 1L* 6yayT WMeTb TOT Xe MOPAAOK ManocTu, 4To u H,*.
O603Haune uyepes S KNETOUHO-AWArOHaNbHYlO — MaTpuuy,
COCTaB/IEHHYI0 M3 AWArOHanbHbIX KNETOK Matpuusl 1, nony-
yum, 4to A s ST+ 8 ; npu atom

NI*EXI* + G** n (13.6)
ANA BCEX K
®opmyna (13.6) onpegensieT rnaBHble YNeHbl BO3MYLLEHUN
COGCTBEHHBIX 3HAUEHNM. OIHAKO aHANOrNUHbIM CMIOCOGOM MOXHO
nonyuntbe u 6onee TOYHOe COOTHOWeHue. [MycTb matpuua W

TCA cornacHo (13.4), (13.5), 3ro 03HayaeT, 4TO OHa
YA0BNETBOPSET YpaBHEHUI

A-4 =HN-NH
W UMeeT TOT e MOPSAOK ManocTu, Yto v Matpuua 5. flanee
HAXOAUM, YTO C TOYHOCTbIO A0 U/IEHOB TPETbEro mnopsiaka
manocTn
E+ 1) >N+ A)E+ N>-
-»(E—H+ H*—.) (/1+ Q) (E+ H) 53
ft- £eN+A-HN+ NH-H(A-HN + H)+ AH=
SN+ A+ AH-HA. (137)

WTaK, ¢ TOYHOCTBIO [0 YNEHOB TPETLETO MOPAAKA ManocTh
maTpuua 1+ S nogobHa matpuue J1+ S C BO3MYyLieHUEM
AN -HA.

[N HaXOXAEHUS KNETOUHO-4MArOHANBHORA MaTPULl, KOTO-
poii nogobHa maTpuua B neBoit yactu (13.7), CHOBA BOCMOMb-
3yemMca acumMnToTU4ecKoi (hopmynoit (13.6), 3ameHss matpu-
usl A u S cooTseTcTBeHHO Matpuuamu N1+ 8 n AH —HA.
B CUNly HeNpepbiBHOI 3aBUCUMOCTN COGCTBEHHBIX 3HAUYEHMi OT
3N1eMEHTOB MaTpULbl, KNeTKN J1* + S« npu manbix S** He 6yayT
MMeTb 06UMX COBCTBEHHBIX 3HaueHuid. Moatomy

AREE I+ %%+ 2 AXH* (13.8)

T0 PaBEHCTBO YXe BEPHO C TOUHOCTbIO 40 UNEHOB TPeTbero
nopsiaka Manocty.

Wccneposatue ocywecTtsnsetcs 6onee addeKkTUBHO, ecnu
pewenune ypasHeHuii (13.5) MOXHO HanucaTh B SIBHOM BuAe.
PaccMoTpUM 0AMH M3 BaXHelnX cnyyvaes, Koraa matpuua J1
[AvnaroHansHas. He orpaHnunsas o6u{HOCTH, MOXHO CUMTaTh,
UTO KaXAas W3 KNeToK JI* ABNSeTCA CKanspHoii MaTpuueit

O603Hauum yepes v \h rge Iseisin, cobcTBeHHble
3HaueHnss matpuy J1 u A, uepes wi; —anemeHTel MaTpuibl .

TOUHOCTBIO 0 BENMYMH BTOPOTO MOPAAKA ManocT  cosna-
ualoT ° COBCTBEHHBIM1< 3HAaueHMaMU Knetok (13.6), T. e. nony-
nua CA MTem cABUra COGCTBEHHBIX 3HAYEHUI KNeTOK $** Ha
AvaroHanbHble aNeMeHTel  Knetok J1*. Wssectwo [1], uto
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CyMMa KBaApaToB MOAyNeli COGCTBEHHbIX 3HAUEHMil MATPuLbl

He NpeBoCXOAWT KBajpaTa ee eBKAMAOBOW HOPMbI, MO3TOMY
v (13.9)

VvV oIx,— E
MonyyeHHoe COOTHOWEHWE acMMNTOTUYECKM BepHO AnA

nio6oii MaTpuubl Ecnu xe matpuubl A M Q 3pMUTOBI,
TO OHO OKA3bIBAETCH BEPHbIM HE3aBUCUMO OT BENUUUHBI i [5].
LA HOPManbHOW MaTPUUbl & ACMMNTOTMYECKOE HEPAaBEHCTBO
(13.9) nepexoguT B aCUMNTOTUYECKOE PaBEHCTBO.

B cnyuae pguar i matpuubl Ay (13.5)
nerko pewatotca. CoBMmecTHo ¢ (13.4) monydaem cnegylouine
BbLIPAXEHUA ANA 3NEMEHTOB % MaTpuubl H:

o A,
( —A),

Takum 06pasom, NPy BOIMYLIEHAM IMMEHTOB JuaroHass-
HOW MaTpuuel A Ha BeMMYMHbI MOPSIKA OO BCE €e COBCTBEH-
Hble 3HauYeHMs cornacHo (13.9) Takxe MEHATCA Ha BENMUYMHBI
nopsiagka co. Kak nokasbiBaeT (13.10), KopHesoil 6asnc
MaTpuubl A+ i MOXKeT 6blTb BbIGPaH M ynopsijoyeH Tak,
UTO Kaxapbli M3 ero BeKTOPOB OT/MYaETCA OT COOTBETCT-
BYIOUIETO COGCTBEHHOMD BEKTOPa MATPUUbl A CHOBA Ha Ben-
UMHY NOpPAAKA CO. 3aMETUM, YTO HeNlb3fi OBOPUTL O CPaBHe-
HUM 6a3vcoB U3 COGCTBEHHBIX BEKTOPOB MaTpuy A HA + O.
Tak Kak matpuya A+ Q MOXOT ero He WUMeTb.

[ns  NpoCTbIX COGCTBEHHBIX ~ 3HAYEHWIi  3TW  BbIBOAbI
yTOuHsOTCA. TlyCTb COBCTBEHHOE 3HaueHue matpuisl A
ABNACTCA NPOCTLIM; TOTAA COOTBETCTBYIOlME KNETKM MaTpuL A
n A 6yayT umeTb nepBbiii nopsgok. Tenepb u3 (13.6) cne-
AYeT acMMNTOTUYECKOE PABEHCTBO + <pp Ana cobeT-
BEHHOTO 3HAYeHWss \p BO3MYLIEHHOW MaTpuubl. PaBeHCTBO,
BEPHOE C TOYHOCTBIO [0 UNEHOB TPETbEro Mopf/Ka, BbiTeKaeT
n3 (13.8), (13.10). WmeHHo,

o

(13.10)

+ wpp+ 2 biplelp/(Np — (13.n)
t*p

MATPVLIbI OBLLETT CTPYKTYPbI 7

WTak, cobcTBeHHoe 3HauyeHue \p maTpuubl A-f M, cooT-
BETCTBYOWICE MPOCTOMY COGCTBEHHOMY 3HAUEHMIO Kp MaT-
puubl A, OT/IMYaeTCs OT €e AMArOHaNbHOTO J/leMeHTa Nnlb
Ha BeNNuMHY nopsgka co*. B aTom cnyvae cdopmynsl (13.10)
npu /=p, 1 p AAOT ACUMNTOTMYECKME BLIPAKEHUA AN
KOOPAMHAT HOPMMUPOBAHHOTO COBCTBEHHOrO BEKTOPA MaTpuLibl

A +Q, COOTBETCTBYIOW|ErO Kp.

YNPAXHEHUA

1. HaiiTh SIBHbIA BUA pelueHns ypasHenua (13.1), ecn matpuusl A 1
B AB/AIOTCA KAHOHUMECKAMM ALWKAMA NUGO KAHOHUMECKAMM MATpULiaNh
KoppgaHa.

2. [loKasaTb, TO MHOKECTBO COGCTBEHHbIX 3HaueHwii onepatopa
AZ—ZB C yeTON UX IDITHOCTH COBNAREET C MHOKECTROM Wicen SER
X—ft. 1 X, 1| —COGCTBeHHblE 3HaueHns Matpny A, B

3. YTO NpeACTaBNsIOT COBCTBEHHbIE «BEKTOPbI» onepampa AZ—7B?
KaKk OHM CBA3aHbI C COOCTBEHHbIMA BEKTOpaMu MaTpuL| /1
s 141) Hanucats Ha NOpAAOK Gonee TOuHbie Eblpa»(ewm tem (13.10),
5 nonyuwn, TOuUHbIE oueHKw norpewHocTei Gopmyn M3, 10), (13.11).

CTo MTDUbl J1 H a 3pMUTOBbI. [joKasaTb, uTo Marpuua I1,
unpej_\emeMaﬂ QOpuyRAMM (13.4), (135). BYAET. KOCOPMATORDN.
[loKazaTh, TO XapaKTEPUCTUYECKWME MHOTOMnEHbI matpuiy /1 u
A +a COBN3jalT C TOUHOCTbIO A0 WIEHOB BTOPOrO MOPSIAKA MATOCTH.
CTo A—3DMWTOBA MaTpuua. [l0Ka3aT, TO GAsuC M3 ee CoB-
CTBEHHbIX BEKTODOB MOXHO BbIOPATh Tak, HTO OH GYAET HENpepsisHo
33BUCETH OF INEMEHTOB MATPHLI.

9 - -
oun (3d)p MEHTIOTCH GOPMYI, ecn He TpeGoBaTs suimoseHun yeno

10. MycTs  KakaM-nuGo Halifjetbl  KOPHEBbIE  BEKTOpbI

MaTpUL Kak OHM BbIPAXAloTCA 4epe3 KOPHEBbIE BEKTOPbI, Onpe-
fensemble cooTHoweHsMy (13.4), (13.5)?

cnoco6om

§ 14. Matpuupbl obuieii CTPyKTypbl

K°PHA MHOrouneHa aBnaloTCA HenpepbiBHbIMU QYHKLUAMK

KO3CP(UUHEHTOB. Tpu 3TOM BO3MYLIEHUME MPOCTBIX KOPHE#
TOT MOPAMOK mManocTi, uTO M BO3MYLLEHWE CaMUX
«TaepuuneHToB. OAHAKO KpaTHble KOPHU MOTYT MEHATbCS

eCbM3  CYLUECTBEHHO CoOCTBEHHble  3Ha4YeHUs maTpulbl

P NajaloT C KOPHAMM XapaKTepUCTUYECKOTO MHOTou/eHa.
€/0BaTeNbHO, €CThb OCHOBAHWS MNpeanonarath, uTo Kpar-

6vnu, CTBenHble 3HayeHWs N0 CPaBHEHMIO C MPOCTbIMK
M Takxe M3MEHATLCS 3HAYMTENbHO.

Boneefly4eHHble Pe3>nbTaTbl NoKa 3TOr0 He MOATBEPXKAAIOT,
TOro, 0Kas3anochb, 4TO BCE COOCTBEHHbie 3HAUeHNA
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MaTpUUl NPOCTOM CTPYKTYPbI, HE3ABUCHUMO OT UX KPaTHOCTM,
MMEIT TOT XXe MOPSAOK BO3MYLIEHUSA, 4TO U MaTpUua.
CornacHo (13.6) acMMNTOTUYeCKOe UCCNefoBaHUe BAUAHUS
BO3MYWLEHUS MATPULLbI 06UieN CTPYKTYPbI CBOAUTCA K aHANOr Y-
HOW 3apjaye ANA MaTpuLbl COAUHAKOBLIMW COGCTBEHHLIMW 3Ha-
YeHnsMu. Ho Takas MaTpuua 3asefoMo nojo6Ha mMaTpuue Buaa

(14.1)

M03TOMy MOXHO MOMBITaTbC  MOAYUNTb  [OMONHUTENbHbIE
cBe/leHNA, u3y4yaa BO3MyuieHWe maTpuy (14.1).

BAWAHME BO3MYWEHWA 3aBUCUT He TOMbKO OT ero Benw-
UMHBI, HO M OT TOrO, rfAe OHO COCPefoTOueHo. Mpeanonoxum,
YTO BO3MYWAETCS NWWbL OAMH 3nemeHT B nosuumn (i, j)
Ha BenuuuHy bify. Ecnm i< /, To BCe COGCTBEHHbIE 3Haue-
HUA ocTalTcA 6e3 W3MeHeHWs; ecnun i =/, TO Ha ad- MeHseTcs
NWWbL OAHO COBGCTBEHHOE 3HauyeHue; ecAm xe i> /[, TO
MeHs0TCs -/ —/U~1 COBCTBEHHbIX 3HAueHMUii.

BbIUMCNAA XAPaKTEPUCTUUECKNT MHOTOUNEH BO3MYUEHHON
matpuubl (14.1), HeTPYAHO YCTAaHOBMTb, 4TO WU3MeEHWBLIMECA
COGCTBEHHbIE 3HAYEHUS ABNSIOTCH KOPHAMU MHOTOUNEHa

<= Ay 1- 1)"-"+1

OTcloga BbITEKaeT, 4TO B 06leM Cnydyae Hambonbuwee BAMs-
HMe Ha COGCTBEHHble 3HAUYEHWS OKA3blBaeT BOIMYljeHe,
Haxopsuieecqa B nosuymm (n, 1). Mo nopaaky 3aBMCUMOCTW
OHO Takoe e, KaK W ANA KPaTHbIX KOPHE MHOrouneHa.
Mpu atom Mmatpuya (14.1) fomKHa NpejcTaBnATb COBOM
KaHOHMuecKnii Awnk Xopaaua.

Takum o06pasom, GonbliMe MO NOPAAKY BO3MyuUeHUs
COGCTBEHHbIX 3HAaUYEHM MATPULbI JAiCTBUTENLHO MOTYT nmeTs
MecTo. HO 3T0 CBA3AHO TONLKO C Hanuuuem Knetok XopgaHa
B CTPYKType Matpuubl.

+l..a,_x

YNPAXHEHUA
L UenecooGpaso i G Touki speHin TosHoCTH BTy cob:

.

. NAPHBIM pasfoXeHnem.
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N0 NOPAAKY BO3MYLIEHNS COGCTBEHHBIX 3HAUeHWid MaTpuubl A Mpu Manom
ee BoaMymeku

ECTb /M1 OCHOBAHMSi ONACcaTbCA MOTEPU TOMHOCTH COBCTBEHHBIX
3Hauenm us-3a xnpAaHoamx KNETOK, NOSBUBLIMXCS B PesynbTaTe BAUS-
HUA OWWUBOK OKPYTNeH!:

T0A06HbIN npeoﬁpazcaawem Hewynessle uMcna a,
MaTpULE! (14 1) MOXHO CAENaTb KaK YTOBHO MabiMi U KaK YIOAHO 60
wumn.  BneueT M 3a cOGOI Takoe NpeoBpasoBaHWe W3MEHEHWE 3aBUCH-
MOCTM COBCTBEHHbIX 3HAUYEHMiA OT BOSMYLIEHUA MaTPLbI?

ViceneoBath BAUSHUE BOSMYLLiEHMs! Aayxguamuanwow maTpuys!
c COBCTBEHHBIMU

6. Mon eTkn  npn
(HepMITOBOM) SOSYLGHAN SPUITOROA. MATPLA?

MycTb K ABIRETCA KODHEM KDATHOCTA P XapaKTepuCTUMECKOro
MHOTOUnEHa MaTpuubl A. [IDEATIONOXAM, Aanee, -4To Aed)eT MaTpuLbl
A— paseH T. [l0Ka3aTb, 4TO CYU|ECTBYET TaKOE BO3MYLIEHIE HOPMbI B
ANA MaTpuLl A, MDU KOTOPOM BCe COBCTBEHHbIE 3HAUEHUS, COOTEETCT-
ByloUWe A, MIMEHATCA HA BeNVMHbI NOPAAKA e>/ln—

§ 15. CuHrynapHoe pasnoxenue

4 n BO3MYLLEHNS KIeT( AHaro-
HanbHOW MAaTPUUbl, OfHAKO Ha 3TOT pa3 B CBA3N C CUHIY-
Hosble pesynbTathl 6yayT uMeTb
MHOTO 06Uiero ¢ MoNyueHHbIMI paHee. CyujecTBEHHOE pasnu-
uve 3aKNI0YAETCA NUWbL B TOM, YTO Tenepb Mbl PacCMaTpUBaem
TONbKO YHUTapHble NPeo6pasoBaHns MaTpuLbl.

MycTb AaHbl MaTpuubl A, B, C, D pa3amepoB COOTBETCTBEHHO
AXA, TXT, NXT, IXT ¥ CACTEMA MaTPUUHBIX ypaBHeHWi

AU-VB"C, UB*—A*V=D, (15.1)

rae U, V—ucKomble mMaTpuubl pasmepos nNxT .

Teopema 15.1. Cucrtema (15.1) uMeeT eAuHCTBEHHOE
pelleHve Toraa W TOMbKO TOrAa, Korja mMaTpuusl A un B
HE UMEIOT OBLMX CUHTYNSIPHBIX YMCen.

NokazaTenbcTBO Mpeo6pasyem cuctemy (15.1)
B 3KBMBANEeHTHylo, Ho Gonee npoctoro supa. Ana 4 u B
CYWIECTBYIOT CHHTYNSDHbIE Pa3N0XeHNs

A=Q\R, = (15.2)

rae A, M -—gnaroHanbHble MaTpulbl C HeoTpULATeNbHbIMU
anemeHTamu §/, U,, a OCTanbHble MaTpULbl —YyHUTapHbIE,
mncrasma pasnoxenus (15.2) B (15.1) W BbINONHUB HECNOX-

BeHHble 3HaueHMA MATPULLI Kak KODHU p
2.  MATDULA A ONYuEna. MyTent MANOro BOAMYyUIeHWA MATHbI
NPOCTOW CTPYKTYPb M UMEET KOPAGHOBbI KNETKM. BOIMOXHbI /i GOMbLLME.

, MPUXOANM K cucTeme

AO- KM=£, (M- AV=6. (153)
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3pechb
0= RUG* V= Q*VF,
C= Q*CG*, b= RDF.

OueBMAHO, YTO AOCTATOYHO wuccneposaTb cuctemy (15.3).
Ho cpaBHMBas 3neMeHTbI ee MPaBbiX W NEBbIX YacTeld, 3aknio-
yaeM, 4TO OHa pacnajgaeTcA Ha CUCTeMbl BTOPOro nopagka
OTHOCHTENbHO 3M1eMeHTOB MaTpuy O, V. Onpegenuteni atux
CUCTEM OTAMYHBI OT HYNs TOrga v TONLKO TOrAa, Korga ¢
¢ L; Ana Bcex /1, /. OTciopa M BbiTeKaeT YTBepX/eHWe
Teopembl.

PaccMoTpuUM  KBajpaTHYl0 KNETOYHO-ANaroHanbHylo Mar-
puyy P, knetku P,, P2 ..., P, KOTOpOii He WMelT 06umx
CHHTYNApHBIX uncen. MycTs P-f ii —Bo3MywjeHHan mMaTpuya.
PasobbeM MaTpuly @ Ha NpPAMOYronbHble KNeTku Wly Tak,
uTOGbl e ANaroHanbHble KNETKW WMeNu Te Xe pasMmepb, YTo
H COOTBETCTBYIOU{ME KNETKM MaTpuubl P. Bygem npusognte
matpuuy P+ il K knet it y BUAY C
YHUTapHbIX Npeo6pasoBaHuit. ITO O03HAYaeT, HYTO HYXKHO
HaliT yHUTapHble MATpuubl X, Y U KNETOUHO-AUAroHanbHy

matpuyy P, Ans KOTOpbIX
A*(P+ W)X = P.

Mpu 3TomM npeagnonaraeTtcs, 4TO KNeTKW P* matpuubl P umeloT
Te Ke pasMepbl, 4TO H KNeTKM MaTpuubl P.

Byjem OonsTb McKaTb MaTpuupel K, Y Kak BO3MyLieHHble
eANHUYHbIE MaTpuubl, T. €. B BMAe Cymm "~ = £ + H, Y=
—E+ T, rge H u T —mansle matpuubl. Tak kak X wn f
AOMKHBI GbITb YHUTapHbIMW, TO acumMnToTudeckn H u T 6yayT
KOCO3PMMTOBBIMM. DTU MATPLbl Mbl PasoGbem Ha kneTku Ihj
v Ty no TOMy Xe NpUHWMNY, 4YTo ¥ A. Mmeem
VE(P+ )N A (E- T)(P+ M) (E+ H)a

C5P+ M -TP + PH

Mopbepem maTpuubl H W T Tak, 4T06bl C TOYHOCTHIO
[0 ManblX BTOPOro nopsgka ManocTu npaeas 4acTb nony-
YEHHOro COOTHOWeHUs Obina Gbl KﬂETDHHO—AMaFDHaﬂbHOﬁ
maTpuueii. [1ns 3TOro MonoXum

1% > T** = 0 (15.4)
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ANA Bcex k, a BHeAgwaroHanbHble Knetku I1*, T,* onpepge-
UM M3 cucTem
TP, - prHR = R,

T*P*-PH*= N*

B cuny ycnosuit Ha matpuubl Il un T,

* He= —u,
noaTomMy B AeCTBUTENLHOCTN GyAeM WUMEeTb CUCTEMbI

PrH*, —T*P*= —ii*,,
H*p* —PIT*, = ii7* (10)

Matpuuybl ™ 1 P/ He UMeIOT O6WMUX CUHTYNAPHBIX Yucen
npu k@1, cneposatenbHo, cucTembl (15.5) paspewnmsl
Mpeanonoxmm, 4To 3nemMeHTbl Q Manbl M0  CpaBHEHWIO
C PAcCTOAHMAMYU MeXAY MHOXECTBAMU CUHTYNAPHBIX uncen
matpuy P* u P, npn k1. B atom cnyyae matpuubl 1%,
T*, 6yAyT UMeTb TOT Xe MOPAAOK ManocTi, 4to W i

MyCcTb i —KNeTOYHO-JMAroHanbHasi MaTpULa, COCTaBEH-
Haf W3 [AuaroHanbHbX Knetok i. Matpuusl H u T ygos-
NeTBOPAIOT ypasHeHwio it — = TP —PI1, nostomy P~ P -p
4-ii, npu 3TOM, KOHE4Ho,

1\ = P*+ [h*x (15.6)
Ana Bcex K
®opmyna (15.6) onpefenseT rnaBHble YneHbl BO3MYyLye-
HWIi CUHTYNSPHBIX 4ucen, a peweHus cuctem (15.5) —rnas-
Hble UfieHbl BO3MYU|EHUI CUHTYNAPHBIX BEKTOPOB. CHOBA
vcCnleoBaHNe  OCYujecTBAseTCA Gonee 3(heKTUBHO, ecnu
pewenune cuctem (15.5) MOXHO HanucaTb B SBHOM BWfje.
Mpeanonoxum, Yto MaTpuua P —anaroHanbHas ¢ HeoTpu-
uaTenbHLIMU  3NeMeHTaMu, PacmoNOXeHHLIMA B  MOpsAKe
HeBo3pacTaHus. B 3Tom cnyuyae Bce ee Knetku P* ssnalTca
CKanApHLIMM  MaTpuuamu. HanoMHUM, 4TO C MOMOWIbIO YHM-
TapHbIX NPeo6pasoBaHMii K TakoMy BUZy MOXHO NpUBECTM
nobyto  matpuyy. O603Hauum uepes p,, P, CUHTYNsipHble
uncna Mmatpuy P, p, uYepes uy-—3neMeHTbl MaTpuubl ii.
Tenepb cuctembl (15.5) nerko pewatoTcs. CoBMecTHO ¢ (15.4;
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y cnepyioume ANs  anemeHToB Wijt T/
matpuy, 11, T:
(0, ecnu p,= pl,
s (15.7)
I~ r-
(0, ecnn p, = pl,
T//==* toifpj+ujitu (15.8)
I opj-pj =

OUEHMM BO3MYLIEHME CUHTYNADHBIX 4MCeN Matpuusl P
WAM, 4TO TO XKe Camoe, OTKMOHEHME CUHTYNSPHLIX uucen
matpuy  P* 0T [MaroHanbHbIX 3NeMeHTOB Mmatpw( P*
3BecTHO [1], 4TO CHHTynsipHble uucna N06oi KBagpaTHOWN
MaTpuubl A COBNAaloT C  COGCTBEHHBIMU  3HAUEHUAMN
MaTpuubl- (AA*) /2. .MaTpuubl P», no npeanonoxeHnto, cka-
nApHble, NO3ToMy Ana P* @ 0 umeem

P*PI= (P*+ F**) (P*-F f*)* =
ss T+ Pra*\+ ax*p* B (p+

Ecnu xe P*=0, To

E*P2=*A»*A1*, (15.9)
MY L O».tp!>

Pt {I
naTydyeHa nyTeM 3PMMTOBA BOIMYWEHMS AWarOHanbHOi
matpuubl  P*. [INS OUEHKW BO3MYL|EHWli ee COGCTBEHHbIX
3HAYEHUI MOXHO BOCMONL30BATLCA COOTHOWeEHMeM (13.9k
B cnyuyae (15.9) Mbl npumeMm BO BHMMaHWe TO, UTO Cymma
KBajpaToB BCEX CUHTYNAPHBIX YMCEN PaBHa KBAAPATy eBKAM-
[l0BOIi HOPMbI MaTPUUbl. YuuTbIBaA CKasaHHOe, Monyuvaem

(15.10)
W, KOHe4YyHo,
ijiPi-ftpau Q fe. <1511)

WTak, Npu BO3MYUIEHUM INEMEHTOB MaTpuibl P Ha Benu-
YWHBI MOpPAfKa LW BCE ee CUHTYNAPHbIE Yncna cornacko (15.10)



CUHIMY/IAPHOE PAS/IOXEHVIE 77

TAKXKe MEHSIOTCA Ha BENMUYMHBI Mopagka <0. Kak noKasbi-
BaloT (15.7), (15.8), CMHTynsipHble BeKTOpbI MaTpuubl P+ i
MOTYT GbiTb BbIGPaHLI U YNOPAZOUEHbI TaK, YTO OHWM OT/U-
4aloTCA OT COOTBETCTBYIOWNX CUHTYNAPHBIX BEKTOPOB MaTPHLibl
P cHOBa Ha Be/NYMHbLI nopsaaka w. MpasuNbLHOCTL COOTHO-
weHns (15.11) 6bina ycTaHOBNEHA /Wb NPU  Manbix <.
B [eliCTBUTENLHOCTM OHO BLINOMHACTCA HE3aBUCUMO OT Be/W-
UMHBI BO3MYU|EHWS.

B aTux uccneposaHuax npejgnonaranock, 4to matpuua P
KBagpatHas. Ecnn P —npamoyronbHas, To Hese-
MKW, [eiiCTBUTENbHO, AONONHAM MaTPUlbl P 1 12 HynesbiMy
cTonbuamu (cTpokamu) Ao KBajpaTtHoii. W3 dopmyn (15.7),
,(15.8) BbITEKaeT, 4TO 3nemMeHTbl MaTpuubl Il (MaTpuybl T),
NoABMBIIMECS 33 CYET TAaKOrO PacluvpeHus, 6YyAyT paBHbI HY-
nio. CregoatenbHo, opmynbl (15.7), (15.8), (15.10) umeioT
MECTO ¥ B Cly4ae MNPAMOYrONLHOA Matpuubl P, ecnn «He-
CYLECTBYIOUME» 3NeMeHTbl MaTpul, P, Q cunTaTh HyneBbiMuU.
> EAMHCTBEHHOE OTAMYME 3aKNKOYAETCA B HECKONbKO WHOM
BMfe MaTpULbl P. B Hell Tenepb OCTaHYTCS BCE 3NeMeHTbI &y
HIKe (NpaBee) AMArOHaNbHbIX 31EMEHTOB, COOTBETCTBYIOLIMX
HYNEBLIM CUHTYNADHBIM YACNaM MaTpuUbl

YNPAXHEHUA

1 TycTb MOAY/b PasHOCTM CUHTYNSPHBIX YMCen Matpuy A v
He MeHblwe 6. JloKasaTh, 4TO ANS pelweHnin cucTembl (15.1) cnpaseannso
COOTHOLEHYE

max UY\e, 1V feX-yfICBfe+IDk)1».

2. PaccmOTpUM AWATOHANbHYl0 MATPULY P C HEOTMLATENbHbIMM
9MeMEHTaMA W MYCTb IMEMEHT Q ABNAIOTCA BENMHMHAMU NOPAAKA b
[l0KazaTh, 4TO CWHTYNADHOE YUCTO MATPUYbl P-f-Q, COOTBETCTBYHOWer
TIPOCTOMY  CMHTYNADHOMY UMCNY MATPULl P, OTAUMGETCR OT BELIECTBeH-
HOMl UacTi _AMaroHanbHoro neMenTa Matpuusl P+ LL Ha  senuuny
nopsaKa co*

3, [l0KasaTh, 4T CUHTYNAPHbIE YWCNA HEMPEPLIBHO 3ABUCAT OT ane-
MeHTOB MaTpHL!

4. [loKasaTb, 4TO GA3MCbi U3 CUHTYNSPHbIX BEKTOPOB MOXHO BbIGPaTh
TaK, 41D OHi GYIYT HEDEDLISHO SABICETS GT SEWCHTOS MaTPHLLL

XHO /A TAKMM e NDUEMOM, Kak Mpit BbI0fe (OPMyAbI (13 &),
O/>UMTL aHANOTUUHYI0 (OPMYNY B Cyuae CUHIYNSPHOTO PasiokeHts?
%, Kax Menmors, gopuyir (15.7)—(15.1). ecnn ve TpeGosaTe b
nonHeHws yononMn (
M1 MycTb Kakum- nwﬁo CNI0COGOM HalijeHbl OPTMHOPMUPOBaHHBIE CUM-
Mn!1bE BeKTOPbI MATPUUbl P+ U. KaK O BbIDRKAIOTCH Yepes cui- »
3 pHble BEKTOpbI, ONEAENaemble COOTHOWEHUAMM (15.4), (15.5)?
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§ 16. Tpoekunn ncesgopelIeHus

Nio6oe nceBfopellieHne HeyCTOi4MBO [1] K BO3MYLIEHUIO
onepartopa, ecnu fJedekT onepatopa oTauueH oT Hyns. 310
CBAA3AHO C TeM, 4TO 06pa3 BO3MYL|EHHOTO OMepaTopa MOXeT
3HAUMTENLHO OTANYATLCA OT 06pasa TOYHOro onepatopa W
[aXe MMETb ADYTyI0 PasMepHOCTb.

OAHaKo BO BCAKOM MCEBJOPELICHUN MOXKHO BbIENUTh €ro
YCTOMUMBYIO YacTb. Ba>KHO MOJUEpKHYyTb, 4YTO 3Ta uacTh
MOXKeT 6blThb HaiigeHa no
3ajaHHoil MHGOpMaLMK. HeyCTORUMBYIO >Ke YacTb  MCesope-
LWEHNS HeNb3s Tb Mo i
M ANSi ee OUEHKN eXAyeT MNPUBNeKaTh AONONHUTENbHbIE CBe-
feHus.

Kak yxe 0TMeuanocb, npu MCCNeA0BaHMN BIMAHUA BOIMY*
LW eHUAHA NCEBAOPELIEHIE MOXHO OTPAHMUYUTLCS PACCMOTPEHUEM
BO3MY cucTembl 7 y i
C AMArOHaNbHOM MaTpuueli M3 CUHTYNspHbIX uncen. TycTb

Pu=rf (16.1)
— ToyHas cucTema. OBo3Haunm uepes p, , AMaroHanb-

Hble 3neMeHTbl MaTpuubl P u Gyaem cuutath, uto f»iSsp2”
Sawe Pn5=pstl= 0. Mpegnonoxum panee, uto

(P+ Q)H~d+ <

— BO3MYLIEHHAs CUCTeMa.

Ecnn matpuua P HeHynesas, TO CPeAU PX......P.. P.+
eCTb XOTS Gbl OfHA Mapa He PaBHbIX MeXAY COGOR COCEAHHX
uncen. MycTb p»—p»+i#0 W NeMeHTbl MaTpuubl Q U Bek-
Topa to 4OCTaTOYHO Masbl MO CP: ¢ p*—p*rL. O
uepes XK XK MOANPOCTPAHCTBA, HaTAHyTble Ha nepsble K
npaBbIX CUHIYNApHbLIX BekTopoB Matpuy P un P-fil. Mpo-
BE/ieHHbIE paHee MCCNEA0BaHUA NO3BONAIT YTBEPXKAATL, uTO
3TM NOANPOCTPaHCTBa Manp oTnuyalTCa' Apyr OT Apyra.
Mo3ToMy MOXHO O0XWMAATb, 4TO GyayT Mano OT/AMYATbCA W
NpoeKUNM WK, WK NCEBAOPELIeHNi A 1, i TOYHON M BO3MYLLEH-
HO cuctem Ha Xk, J1*.

Pa3obbemM KaXxaylo U3 PaccMaTpuBaeMblX MaTpul Ha ue-
Thipe MPAMOYFONbHbIE KNETKM, CYMTAA KNETKy B NEBOM Bepx-
HeM yrny KeagpaTHo#i nopsaka k. Ecnu

MPOEKLWMM MCEBAOPELLEHUA

TO MK T C nces, cucTembl
W, CnejoBarenbHo,
«*= (16.2)
MycTe panee
P+ =

Mpyu MCCNefoBaHMIN CUHTYNAPHOTO Pa3NOXEHUA Mbl YCTaHO-
BUNN Cyu|ecTBOBaHME MaTpuy

(1.7
Takux, 4to

re -T,1rPL+om O» 1r ~ ~
L O P,+EWL-Hf, £1-

~ rpu+ Q"

S esonr

Moatomy iik aCMMNTOTYECKN COBNafaeT C HOPMasbHbIM MCeB-
ZOpELIEHHEM CUCTEMbI

n ..I.i.rPII+fII, Al HI 4, o

W, cnepoBatenbHo,

girr~ W s 63

Tenepb Nerko MNONYYNTb aCMMNTOTUYECKOE BbIpaXeHUe
Ana ownbkn wKk—uk. TpeacTaBus BekTopel d, bl B BUAE

UL ~ [N

rae du € umeroT pasmepHocTb Kk, Haxogum cornacHo (16.2),
(16.3), uto0

n - b i [PAO“P A~ +P"T,A]- WS>

MycTb W3BECTHO, YTO TOYHas cucTeMa COBMeCTHa. BbiGe-
peM B KauecTBe p* HauMeHblee HeHYNeBoe CUHTYNApHOe
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uucno. Torpa dj= 0, c
pelieHrem 10 cUCTeMbl (16 1), a u3 (15.5) BbITeKaeT, 4TO

T,— pr;ob, Hu=-o»Pn. (16.5)
Ecnn 0603HaunTh

1“F
v]=]P+[cIP3c,
TO COBMeCTHO ¢ (16.5) cooTHoweHwWe (16.4) NpUBOANUT K OLEHKe
(6P + 6d), (16.6)

acumnToTuyeckas ceasb kotopoii ¢ (10.10) ouesugHa.

OueHka (16.6) COXPaHAETCA- W ANA  «MNOYTN COBMECTHOI»
cuctembl (16.1), T. e. Npu AOCTATOYHO ManoM, XOTS M OTANY-
HOM OT Hyns sekTope d2 TlpoeKuus WK B 3TOM cnyuae 6y-
[IeT COBMafjaTh C HOPMaNbHLIM NCeBJOPelIeHHeM cucTembl (16.1).

Takum 06pasoM, ecivt TOUHas CUCTEMa NMHelHbIX anre6-
panuecknx ypasHeHWi COBMECTHA WM MOYTY COBMECTHA M BO3-

yuy mano no cp c
CUHTYNSIPHBIM  YMC/IOM  TOYHOW MAaTpUlUbl, TO HOPMasbHOE
nceBJOpELLIEHE MOXKHO OMPeAeNThb MO BOMYLLEHHON cucTeme
C TaKOW e TOUHOCTbHIO, KaK W ANS CUCTEMbI C HEBIPOXK/EH-
HO MaTpuLeii.

B cnyuae HECOBMECTHOCTM TOUYHOW CUCTEMbI BAWAHME BO3-
MYUIEHUSi MaTPULbl CTAHOBUTCA GOMee 3aMeTHbIM. EC/n cHoBa
NPeAnoNoXmnTb, 4TO OHO AocTam-mu Mano no cpasHeHuio
c p uncnom, To npu
BBE/leHHbIX Bbllle 0603HaueHMsX GyAeM umeTs

650" V. (6P + Bd)+ vp (v2 6P + 6d) (1, le/[d, ]t). (16.7)

3gecs HO yxe sBNAETCA HOPMAnbHbIM MCEBAOPEUIEHHEM CH-
cTembl (16.1). Ero TOYHOCTb B 3HAYMTENbHOW Mepe 3aBUCUT
oT oTHoweHuna jldjjg k |dtjfe, T. e. oT cTeneHn cornacosaHus
MaTpuLbl U NPaBoli YacTyv MCXOJHOA CUCTeMbl

OueHkn (16.6), (16.7) HOﬂy\—IeHbI Ans BOCiMyLI.lEHMM no-
CTAaTOYHO ManklX No
CHHTYNAPHBIM YnCOM. OHM MO3BONAIOT BbickasaTb npe/:\nuno—
XeHue 0 TOM, YTO NpWU NoAxXoAsujem BbiGope Homepa k mpo-
eKuus M* GyAeT [OCTATOYHO XOPOWO MPUGAMKATh HOPMasb-
Hoe ncesjopelieHne MO TOYHOW cucTembl (16.1) U B camom
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obuem cnyuae. Mbl npoBegem ceiiuac Heo6XOAUMOE 0GOCHO-
BaHMe 3TOr0 MPeAnonoXeHus

O603Ha4yum 4epes [* nonHyl oWKUGKY n0— W npea-
CTaBUM ee B CNeAylOLleM Buje:

M,- H*= (MB- «*)+ («*- b*).
Pa3HOCTb M*—«* nerko oueHnsaercs ¢ yyetom (16.4), pas-
HocTb e HO—w* HeycToilumBa K BO3MYLIEHMIO U AnA ee
OLEHKM HEOBXOAMMO NpUBNEYL AOMONHUTENbHbIE CBEAEHUS
0 TOYHOV 3ajave. PaccMOTPUM MO3TOMY HapsAy C cucTemoii
(16.1) cBs3aHHyl0 C Heii cornacHo (9.8), (9.9) cuctemy
(P*P)U> = P*d.

Ecnm b0—ee HopmanbHoe pelleHve, TO NPAMIr CpaBHeHue
37Ol cucTembl ¢ (16.1) nokasbiBaeT, 4TO

| m ., pUiltoH (16.8)
B cyuae cosmecTHOCTM cucTembl (16.1) vmeem
[dile<P*+if»ile. (16.9)

MpeanonoXnm Ans NpocToTel, YTO p, = 1, M MNycTh BXOA-
Hble AaHHble cucTembl (16.1) 3ajaHbl C Manoil aGconoTHOMN
ownbKoii nopsaka r. Toraa u3 (16.4), (16.8), (16.9) cnegyert,
YTO B CAlyYae COBMECTHOCTM TOYHOW CUCTEMbI HOPMA rNaBHOTO
YyneHa NOMHOW OWUGKW A* C TOYHOCTBIO A0 KOHCTAaHT 6ypaeT
orpaHnueHa ceepxy dyHKuuei supa

. <1610>
n dhyHKumneir Buaa

*laK=K3K+'|*" 46" >
B NMPOTUBHOM cny4ae. MuUHUMU3MPYs npaBble 4actu (16.10),
(*6.11) ¢ nomowslo BbIGOpa COOTBETCTBYIOWEr0 HOMepa K,
MOXHO ONPeAenuTb Ty NPOEKLMIO Vi», KOTOpas Nyuuwe BCero
n0. O AOCTMXMMOIA

p T
npu 3TOM TOYHOCTU TOBOPUT
-Nemma 16.1. Ana e~ (4n) 1 n noboro Habopa umcen p*,
1= Pi«sPiSs...5%p,> n,.1= 0, umeloT MecTO cOOT-
HoLeHNs . y

PY < 3(e)23* (16 ,2)
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fokaszaTtenbcTBO. PaccmMoTpum cermeHT [c/2, c], rae
0<csSl. Ha Hem HaxoguTcs He Gonee n uucen u3 pb
p ,,, MO3TOMY CyujecTBYeT Apyroii cerment [a, P] npu
r2"oc<P<£c W p—anc/2n, BHYTPU KOTOPOrO HET CUH-
rynapHeix umcen. Beibepem B KauecTBe p* Gnuxaiiwee K p
W He MeHbluee ero CUHrynspHoe uucno. Torga

P*- Pan5*c/2n, p*<c, p*l c2

W, CnefoBaTenbHo,

;f . 1K, P ER

) + [J + L]

,%.( C. )< H

MycTb ¢ TaKOBO, YTO Mpasas 4acTb MO/NYYEHHOTO HepaBeHCTBa

AOCTUTAeT MUHUMYyMa. 3To paeT c¢= (ne),/3<"1, n nepsoe
COOTHOWIEHME NIEMMbI [OKa3aHO. ViMeem fganee

\ W pRTIp*+ pb )< Se+ ot

MpaBas 4acTb [JOCTUraeT MWHUMYMa npu c= (4np),"4< 1
BenuymHa 3T0r0 MUHUMYMa MOATBEPXAAET CRpaBeAnnBoCTh
BTOPOFO COOTHOLIEHUS NEMMbI

VITaK, ecnin BXofHbIe AaHHbIE CHCTEMbI 3aAakbl C TOUHOCTbIO

nopsigka e, TO oaHa U3 ™
Hoe ncesgopeleHne M0 C TOYHOCTbLIO NOpsAKa (nr)a Ecnm
VCXOAHas cucTemMa CcoBMeCTHa, To a5=2/3 n 12—

B NPOTUBHOM Criyyae.

HeTpyaHo NOCTPOMTL MpuMepbl CUCTEM C TakuMm pacrpe-
[eNeHneM CUHTYNAPHBIX* Yucen, Mpu KOTOPbIX [OCTUraloTcs
HaUMeHbLINE NOPAAKM TOYHOCTU. MyCTb p, = 1 U ecTh HeKo-
TOpoe KOMMYECTBO HYNEBbIX CUHTYNSPHBIX uucen. [ANs CoB-
MECTHbIX CHCTEM JocTuraeTcs nopsgok (ne)2'3, ecnm Bce
OCTanbHble CUHTYNAPHBIE YMCNA PACMONOXKEHbI PABHOMEPHO
mexay (He)U3 u Hynem. [Insi HECOBMECTHbIX CUCTEM [OCTU-
raetca nopagok (ne)*/*, ecnu BCe OCTanbHble CUHTYNAPHbIE
4yucna pacnonoXeHbl PaBHOMEPHO Mexay (Nr)™* u Hynem.

3amMeTUM, UTO HanUuMe ManblX CUHTYAAPHBIX 4YMCen MaT-
pULpl CUCTeMbI He 06A3aTenbHO CBMAETENbCTBYET O HEBO3-
MOXHOCTM BbIYMC/NATL NCEBAOPelIEHNe C JOCTATOUHO XOpouwei
TOUHOCTbIO. ECM MaTpuua MMeeT rpynny GOMbuwMX CUHTY-
NAPHBIX YNCEN, & OCTa/lbHbIe CUHTYNAPHBIE YNCAA COM3MEPUMbI
C TOYHOCTbIO BXOAHLIX AaHHbIX WAW MeHblwe; To u3 (16.10),
(16.11) cnepyeT, 4TO OAfHa M3 nNpoeKUnii bF npubnanxaet
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HOpManbHoe ncesgopewenne b0 C TOYHOCTBIO NOPSAKA € Kak
ANA COBMECTHOI, Tak W ANSi HECOBMECTHOI cucTembl. ITOT
(aKT VMeeT WCKMIOUNTeNbHOE 3HAueHMe ANS 0GOCHOBaHMS
GO/bUWMHCTBA YMCIEHHBIX METOAO0B PeWEHMS CACTEM NMHel-
HbIX anrebpaMyeckux ypaBHEHWI C BbIPOXAEHHOW MaTpuLeii.

ECM MaTpuua CUCTEMbl KBaApaTHas W HEBLIPOXKAEHHAR,
TO HOpMa OWMGKM [] PELIeHNs BO3MYULEHHOW CUCTEMbI MMeeT
sua |4l = e/p, rpe p—Toro Xe nopagka, 4T0 U MUHUMaNb-
HOE CUHTYNSDHOE YUCNO MaTpuubl CUCTEMbl. Kak BbiTeKaeT
W3 MepBOro COOTHOWeHWs (16.12), HopMmy owWMU6GKN [l MOXHO
npeAcTaBuTL B TAaKOM )K€ BUAE W B Cyyae NPON3BONbHOI
COBMECTHOi CUCTEMbI, MpPU 3TOM P N0 MOPAAKY 3aBUCUMOCTM
OT CUHTYNSPHBIX YACEN M TOYHOCTU BXOAHbBIX AAHHBIX YA0B-
NETBOPAET HepaBeHCTBY

max {p,, (ne)¥3}*s;p.

W3 BTOpOro cooTHoweHns (16.12) BbiTeKaeT, YTO ANA HECoB-
MeCTHOi cuctembl U 1= e/p*; npu aTom no nopsgky 3asucu-

mocT!
wax {p,, (ne)/4} p.

YNOPAXHEHUA

1 MOXHO M YTBEPXAATS, 4TO MPOEKUMA UK, ANSI KOTOPOIi OlMGKa
Uk—UK 6\AT MUHMMANbHOW, OGECneMBaeT acUMATOTMYECKYIO GMMSOCT
U* K_HOPMAbHOMY MCEBAOPELLEHNIO 107

2. BblBeCT (hOpMyNy, aHanoruuyio (16.6), ANA HECOBMECTHON ci-
crews! (16.1),

UTo  03HauaeT Manoe (GOMbLIOE) 3HaugHMe HOPMbI HOPMAMLHOTO
ncesnupsmshvm cucTembl (9.9) MO OTHOWEHMIO K cucTeme (16.1)?
CHUTo MARANGTSHbIE 10 k SHauews | ¥ LL seiwucasemsie co-
a0 (16.10), (16.11), ann cMryIApHX ncen pr= <rlw pr=ii
DaBHUTL MONyHeHHble PesynbTaThl ¢ (16.12)

5. Lluxaaan,‘ uto gna marpuy T12 Hla w3 (16.4) cnpasegnuso

CHMNTOTUNECKOE HepaBeHCTBO

. YunTbisas (16 4), (16.8), (16.9), monynTL TouHyI0 oKy Ana
HOPMbI MONHOM OWIMGKM [1*. COAEpXalLyIo BCe

7 ECTb M 0CHOBaHMA OnacaTbea nuTepv\ Towucm pelueHns cucTeMb!
BAMAHNA  OWNGOK

Oxpyrnnnn?
8. OUEHWUTH HOPMbI HEBsI30K

rM-Pruy-d, r*-(P+ QE*-(</+<0)
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9. MycTb TouHas CUCTEMa COBMECTHA. MOXHO A C MOMOUbIO COOT-

eTCTBYIOUEr0 B60pa_MpocKIyM Mk OBTLGA_ ORHOBPEWEHHO MATOCTH
HEBA3OK U YCTOAUMBOCTH BLINHCIEHMA MPOEKUMM

10. YTO MOXHO NONY4MTH C NOMOUIbIO méupa NPOEKUUN UK B OTHO-
LWEHMA BENUYMHBI HEBA3OK B Cy4ae HECOBMECTHOCTU TOYHOM CUCTEMbI?

§ 17. HopmanbHoe ncesaopeLleHne

t Tb p
¥ MOANPOCTPAHCTB CUHTYNAPHLIX BEKTOPOB BO3HMKAET faneko
He BO BCEX 33jauax, CBSI3AHHBIX C CUACTEMOI NMHENHbIX
anre6panyeckux ypasHeHuii (16.1). 3HaunTeNbHO udauje Tpe-
6yeTcs NuwWb BBIYMCUTL C i TOYHOCTBIO HOPI

Hoe rcespopelleHe. C TOUKM 3PEHUA TEOPeTMYecKoro mccne-
[0BAHWA M NPaKTUYeCKOli peanusauMnm aTa 3ajaya Hepeako
CBOAWTCA K MUHMMW3aLMM PErynapuavpyloLLero (yHKuMoHana

D («)=aM -HP«-48& . (17.1)

rge uucno aoO . CHOBA, He OrpaHNuMBas Cyl|eCTBEHHO
O6WHOCTM, MOXHO CYMTaTh, YTO P ABNAETCA AMArOHanbHoi
MaTpULeil U3 CUHTYNSPHBIX Yucen

OG03HayMM 4epe3 eu er, ... —KOOPAMHATHbIE BEKTOPbI,
uepes p,, P., ... —KOOPAMHATLI BekTopa d M NycTb CUHTY-
NAPHbIE YMCAA Pb ..., P, OTAMYHLI OT HYNA, a OCTaNbHble —
paBHbl Hynio. Ecnn

=V a,cK
T0
b (<) = R P +
g e+ 2 Pp e
OTcloaa cnepyet, 4Tto MuUHUMYM B (M) AOCTMraeTcs B TOM

cnyuae, Korga nocnegHne KOOPAWHATBI al+b <+ ... —Hyne-
Bble M ANS KaXAoro k  t BeipakeHne

ala* *+ ;pra*-P* I

T . 3T0 paet ana kNt
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| Takum o6pasom, npu Kaxpom a > 0 MUHUMYM peryns-
Cpusupylowero dyHkunoHana (17.1) AocTUraeTcs Ha eAUHCT-
BEHHOM BeKTOpe

<17'2)

Mpu a = 0 perynapuanpykMmuHii gyHkumonan (17.1) cos-
najaeT ¢ MYHKLUWOHANOM HEBA3KM
®0(n)=[Pu-clik.

Ero MUHMManbHoe 3HaueHne [OCTUTAeTCss Ha MCeBjopele-
HUAX cuctembl (16.1) W ANA HOPMaNbHOro NCEB/OPELIEHHA H,,
cnpaseanuea (opmyna

we=2 f; ex (.73

CpasHeHrre (17.2), (17.3) nos3sonfieT ycTaHOBUTb HEKOTO-
pble COOTHOWEHWS, CBA3biBalOWMe Ma U W-. Vmeem

wo—wma=a v P» e.
pr(«tpl)

Ans nwo6oro a> 0

1n
a+pj Ka’ a4
Moatomy
© B«o-«allE<aY. ll«o-«ollf (17.5)
e
(17-6)
QuesupHO, panee, uto
lcak<lcejir. 17.7)

Takum 06pasoM, Npu Manbix 3HaueHUsX a BeKTOp ua
*I0XKET  CIYKNTb  NPUBIMMKEHNEM CHU3Yy K HOPMAnbHOMY
u n0. Hep TBa (17.5) T npu
9T°M BENUUMHY OWMGKM
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HenocpeacTBeHHO NpoBepKoi Nerko y6eauTbes, 4TO BeK-
TOp Wa Y/0BNeTBOPSieT cuUCTeMe YpaBHEHWIt

(P*P + aE) na= P*d. (17.8)
Mpu a> 0 maTpuua cucTembl ABNAGTCA MONOXKWUTENbHO Onpe-
[feneHHoi. CnejoBaTensHo,

bh= (P*P + af) ip*d. (17.9)

Yuutbias (17.2), (17.4), Haxogum

Bmecte ¢ (17.9) 3To 03HauyaeT cnpaBejnNBOCTb HEpPaBeHCTBA

|(P*P + af)-»P'4 < 1 A (17.10)

Ana no6eix  maTpuy P u BekTopos d npu a> 0. HesAsku
BEKTOPOB Ma W «0 CBfA3aHbl Mexay co60ii Takum COOTHOLLE-
Hnem

1 ’ r \ur
IP«.-< (!*-(2("-1) 1M Y-2 IP.r) =

w+> P,

Aan + 5PM*-dk. (17.11)
PaccmoTpum WEHHYIO CUCTEMY i anre6pan-
4Yeckux ypaBHeHMA C maTpuueit P 1 npasoii 4acTelo d, rge
P=P+Q, d=d+v>. (17.12)
(o] 0 nces, bR N0 BO3MY-

weHHeIM P 1 d MpUBOAMT K cucTeMe ypaBHeHuii
(P*P+ccE)i'ia= P*d. (17.13)

N3 (17.9), (17.12), (17.13) nonyuaem
(P*P + aE) (na- na)= P* (Pca- d)- P* (P*bia- d) =
= — [ (Pna- d)- P* (Qu,- ©)
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CnepoBatensHo,

=*(P*P+aE)-Y + (P*P+ aE) 1=,

rge 6= — Q*(Pm,, —d), v= — (Q«, —c0).

ANs NONOKUTENLHO ONpefeneHHON MaTpulbl CNeKkTpans-
Has HOpMa COBMAJaeT C MaKCUManbHbIM COGCTBEHHbIM 3Ha-
ueHuem, noatomy 3(p*p + 0£)'l|,< a-1 Yuuteisas (17.11),
bynem umeTb

|(P*P + «£)* B |(P*P + «£)11lBb <
‘e-1Puo-dle

Bocnonb3oBaswunck opmynamu (17.7), (17.10), Haxogum

[(P-(-+ aE) .P*V[E

Tenepb MOXHO OUEHUTb OTKNOHeHWe iia oT 10
J«o — —«alls+ 1“8 —MBlB< ay4-
+ (IM 4)

MpaBas yacTb'HepaBeHCTBA MPU HEKOTOPOM a AOCTUraeT

cBoero yma. 310 a 6Gypger Th
nouTM Haunyuuiee NPUGMKEHNE A K TOUHOMY HOpManb-
HOMY nceBjopewenmio 0.
K' TIpeAnonoxum, 4TO BXOAHbIE [JaHHbIE CACTEMbI 3ajaHbl
C Manoit abconloTHOM owwbkoii nopaaka e. Ecnu TouHas
cuctema (16.1) coBmecTHa, To Pu0—d = 0. B atom cnyuae
npagas yacTb (17.14) no xapakTepy 3aBWCUMOCTW OT a U e
ecTb (yHKUMA BuAa a meed-e/all2. Mpu a«=e23 oHa npu-
HUMaeT 3HadyeHve nopagka e”3. Ecnu ke TouHas cucTema
HEe MMeeT HU OAHOro peweHus, 70 Puo—d~ 0 u npasas
yacTb (17.14) ectb dyHkuua Bupa a-fela+ e/al2. Mpu
a = e'/2 oHa npuHMMaeT 3HaueHue nopspka el2.

Takum 06pasoM, ecnn“BXOAHble faHHbe CACTEMbl 3ajaHbl
C TOYHOCTbIO MOPsAKA €, TO MPU HEKOTOPOM 3HaueHnn a
BEKTOp na noc Tou-
HOCTbIO  Mopsaka e%a Cllyuae PaspeluumMocTy  UCXOZHOR
LyCcTeMs! 1 ¢ TOUHOCTbIO nopsigka /28 npoTweHoM cnyuae.
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MapameTp a, obecneunBallWnii HeobxogUmMoe npubaMxKe-
HUe ia, He MOXeT ObiTb HalleH NWWbL N0 BO3MYLIEHHON
cucTeme. [lns ero onpeaeneHus TpeGyeTcs npusneueHve
[ONONHUTENbHBIX CBEJEHNI O TOUHOI 3ajave

YMNPAXHEHWSA
1 [lokasaTb, u4To AN OGO MaTPUUbl A M a> 0 Crpasenmsbl
HepaseHCTB
+«E) »A2 csE, U, £

UA'A+aE) M* r>e<'£ 7

2. [oKazaTb, 4TO BENMUMHBI Y, U B (17.6) COBNAAAIOT C EBKAUA0BLIMM
HOPMaMK HOPMa/bHbIX PelueHuii cuctem (9.9).

3. [okasaTb, 4TO PasHOCTb Wa—Mn" yJOBNETBOPAET YPaBHEHNIO

<P*P+af)(P'P+ pE)(Ma-« 3)*(P-a)P*<<

4. TlyCTb MATPULA CACTEMbI UMEET FPYNNY GONbLIUX CUHTYAAPHBIX
4mceN, a OCTaflbHbIE CUHTYNAPHBIE WACNA COMIMEPUMbI C TOMHOCTbIO BXOA-
HbIX fJaHHbIX MM MeHble. Kakylo TOYHOCTb MOXET 06ecrneyunTs B 3TOM
Cnyuae BbIGOp BeKTOpa fia? CpaBHUTh OnyUeHHe PEYILTATLI C coor-

(ba.

PaCcCMOTPUNI KNacc cucTeM C orpanmuewmmw BeMUMHaMM Y, Y
B (17 6). KaKylo TOMHOCTb B CNyuae CaMOli «10XOif» CUCTeMbl U3 3TOFO
KNACCA MOXET OGECTeddTs BLIOOP BEKTOPA ii,? CPaBHUTb MOnyeHHle
PESYITATS C CODTRETCTEYIOLNN PESYITTaMM CDEGbIEyLIer Naparpags,

[lOCTUTAIOTCA M HA KakWX-NMGO CUCTEMax MOPAAKU TOMHOCTA
1231 e12?

ECTb /M OCHOBGHWA ONACATHCA MOTEPH TOMHOCTH HOPMANBHOTO
MCEOOpELLHIA CUCTEWs! WS-32 HECOSMECTHOCTH, MORBMBLIEHCA 8 Peay-
TaTe BNMSHWS OWMGOK OKPYrN

8. Tonyunrs HESSEHEMO. m (1714) OUeHKy HOpMBI BOSMyUieHWA
nMWb Npasoit  uact

cucTembi, Cpaﬁmﬂb Y olenky & (1714
9. 3aBMCMT MW TOUHOCTb MPUBAMKEHUR Jfa K W, OT pacnpeseneHus
CHHTYADHEIX AN NATOHIS CUCTEMAI?
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C MeToAb! iiHoit  anre6pbl
BeCbMa Pa3HO0G6PasHbl MO CBOUM BbIYMCNMTENbHBIM CXEMaM.
HecmoTpa Ha 370, GOMBLWMHCTBO M3 HMX OCHOBAHO Ha Mmoc/e-
[l0BATE/IbHOM BLIMONHEHMN PAAA MPOCTbIX  anreGpanyeckunx
onepauyuii, obliee YMCNO KOTOPbIX OTHOCUTENLHO HEBENMKO.
3T0 B MepBYI0 OuepeAb NMHeliHble NPeo6pasoBaHMs BeKTO-
pOB, [BYXCTOPOHHME NP martpuy,

MaTpuy  Npeo6pasoBaHuii ¥ T. n. [l03TOMY Mbl HauHem
[eTanbHoe  MCC/e0BaHWE BAMSHUA  OWWNGOK- OKPYTNeHus
B UMCNEHHBIX METOAAX C M3YYeHWs UMEHHO TakuxX onepauuii.

Kak  npasuno, BbIUMCAMTENbHbIE CXEMbI  UCCNEAYEMbIX
anropumoB 6Gyaem BbIGUpaTb TaKMMM, 4TOGbI OHU 6Gbinn
YCTOAUMBLIMU KaK B Clyuyae BewWeCTBEHHbIX, TaK W B Cryuae
KOMMMEKCHbIX BblYMCNEHUA. OAHAaKo aHanu3 owunbok byaem
NpoBOANTL TONLKO [NA BEULECTBEHHOrO Clyuas. Cxembl Ans
KOMM/IEKCHBIX  BbIYMCAEHUI UCCNEAYIOTCS aHANnornyHo, npu
3TOM B OLEHKAX MEHSIOTCA NMWb YUACNOBbIE KOIDHULMEHTI.

§ 18. MNpeoGpasoBaHue BpaujeHUs

MycTs Ha nnockocT OXy 3ajaH BEKTOP a CBOMMM Mps-
MOYTONbHLIMU  KOOPAUHATaMu 1, V. [locTpoum BekTop o',
noBepHYB BEKTOP a BOKPYr Touku O Ha yron a npotus
yacoBoit cTpenku. O yepes n’, v' Tbl BeK-
Topa a'. M3 Kypca aHanuTMueckoli reoMeTpuM W3BECTHO, YTO
KOOPAMHATLI ', V' CBA3aHbI C KOOPAUHATAMM W, V Takumu
COOTHOLIEHUAMN:

n'*=mcosa—vsina, v’ =»usina-fvcosa. (18.1)

Ecnn uyepes T 0603Hauvm MaTpuiy BTOPOro nopsijka

(18.2)
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TO COOTHOWeHNUs (18.1) B MaTPUuHOIN 3anUcK 03HAYAKT, uTO
a'= Ta. (18.3)

Martpuua (18.2) HasblBaeTcA MaTpuuei BpalleHWs, a npeo6-

pasoBaHns  Buga  (18.3)

yron a HasblBaeTca yrnom nosopoTa.

Matpuua  BpaleHus  ABNfeTCA  OPTOrOHanbHOW  npu
no6om a. Ho cpean uucen cosa, sina oAHO wunu o6a uucna,
Kak npasuno, 6yayT uppayuoHanbHeiMi. [oaTomy B obuem
cnyvae maTpully BpaljeHUs Henb3s TOYHO NpeACcTaBUTL B OBM,

AaKe echu Ans cosa, sina uMeloT-
¢ sBHble (opmynbl. CrejoBaTenbHO,
B peanbHbIX YCNOBMAX OyaeM uMeTb
fAeno ¢ matpuuyamn T Buaa

f=\1 -n. (18.4)

___Tpe ¢, S —HeKoTOpble [eACTBHTENb-

X Hble uMCnia, MONyYeHHble Tem

Puc. 18.1 WHbIM CMOCO6OM. 3aMeTUM, 4TO MaT-

puua T NMWb MHOXUTENeM T OTAU-

YaeTcs OT OPTOrOHanbHOW MaTpuubl, rge T= (c*-j-s*)I/2, n
6yAeT OpTOroHanbHoii Torga W TONbKO Torga, korga 1= 1

Takum 06pa3oM, B peanbHbIX YCNOBMAX BMECTO Bblpaxe-

HWii (18.1) NPUAETCA BLIYMCNATL BbIPAKEHNS

= uc—vs, Vv'=u$+ vc. (18.5)
OToT npouecc peanusyeTca Ha OBM BnonHe ycToiiumBo.
0603Ha4NM
n(Ta) —Tamsf (18.6)
W nyctb /i, —KOOpAMHaTbI BekTopa /. Vmeem
p= fl(uc)wenc (1+ e),
@= M («5)ay5(1+e*).
r=fl(p-«Ps(uc (I-j-e,)-t*(I-fe))(l -fe,),
m= fl(u$)as us (1 + ed),
n=fl(pc)*« vec (I +et),
/= fi(m+ «)s(uS (I1+ed+ ub (I+e8)(l + ee).
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B TIpeAnonoXum cHauana, uYTo CPeau BENUYMH T, HET pas-
Hbix —1, T. e. cnpasegnusbl ouerkn |e/l  (U2)p # ana
Bcex i. Tora nonyuaem

I \fi\A(Gu~c\+ \Ww*\)p-M. |/,]8:(]id|+|pcDp-«.
OTKyAa cnegyert, 4To

UKAV2Tp-*+"ab:.
I Ecnu cpean e ecTb paBHble — 1, TO 3TO O3Ha4aeT, uTO
COOTBETCTBYHOLIME BblYUC/NAEMbIE BENUYUHBI MO MOAYNO He
NpeBoCXOAAT MUHWMANbHOr0 NONOXKMWTENBHOrO Yucna 0> KoTo-
poe MOXHO npeAcTasuTe B OBM. Uucen B/, paBHbIX — 1,
MOXeT 6bITb B (18.7) He Gonee uyeTbipex. M03ITOMy OKOHua-
TenbHo oueHka ans 1/ 6yaert Takoit:

[IBAK 2T A |» +2K2® (18.8)
OTa (hopMyna nokasblBaeT NpUMeHeHWe NPAMOro aHanusa
ownboK K Bblpaxe-

HUii  (18.5). TMony4eHHbIii pesynbTaT MOXHO MCTONKOBATh M
C TOYKW 3peHus o6paTHOro aHanusa owwu6ok. M3 (18.6)
BbITEKAeT, YTO J(fe) . f A +e)i (18.9)

pe r=T *+ TpuHUMas BO BHUMaHWe BMA MaTpuubl T W
oueHKy (18.8), Haxogum, uTO

lel*AK 2p-+ laf* + 2Vi2 T <0 (18.10)

WNTaK, BEKTOp, peanbHO BbIYMCNEHHbI Mo Gopmynam (18.5),
cOBMajaeT C BEKTOPOM, TOYHO BbIYMC/NEHHBIM MO TeM e
(hopMynam, HO MCXOAR M3 BO3MY-

LWEHHOrO BEKTOPA a+ e, rae 3KBY-
Ba/eHTHOE BO3MYU|EHME € Y/0B/e-
TBOpAET ycnosuio (18.10).

Mpeo6pasosaHna  BpawjeHus

BCTPEYAIOTCH B CaMbIX Pa3NNuHbIX

BbIYNCANTENbHBIX anropudmax
nuHeiitHoit  anre6pbl. TpH  3ToM
OAVH W3  BaKHEWWMWX chyyaes Puc- 182.

onpejeneHns yrna a CcBfasaH co

cneaytoweit 3agaveil. Mycte Ha nnockocTu OXy 3afaH HeHyne-
BO BEKTOpP b CBOMMW NPAMOYrONbHBIMU KOOPAWUHATAMU X, Y.
MosepHeM et BOKPYT Touku O Ha Takoi yron a, 4To6bl no-
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NyYeHHbI  BEKTOP b' 0Ka3ancs Nexauum Ha KoOpAWHATHOM
ocn Ox. CornacHo (18.1) 3To o03HavaeT, 4TO ANA yrna a
[IOMKHO  BBIMONHATLCS  COOTHOWeEHME X sina + ycosa = 0.
M03TOMy MOXHO, Hampumep, cyuTaTh, 4TO

= e —tjx, sina= ———.y mr.
ORI T TR
MonydeHHble HOPMyNbI OMPEAENAIOT MWL OAHO 13 BOIMOX-
HbIX 3HAueHWi Ans cose, sina. OJHAKO BO BCEX M3BECTHbIX
BLIYMCNTENbHBIX 33a4ax 3TMX 3HAYEHUIH GbIBAET JOCTATOMHO.
Mpamoe BblynucneHue cosa, sina no topmynam (18.11)
HEBO3MOXHO, eCAN BEKTOP b HyneBOW, W 3aBeAOMO HeycCTOii-
uMBO, ecnu BeKTOp b gocTaTouHo Man. [MoaTomy peanbHble

(1811,

6ynem Tb N0 hopmynam.
O6o3Hauum 1 = max { x), </|}. Ecam r= 0, TO nonoxum
cosa= 1, sina=0. (18.12)

Ecnu xe rgp O, To BbluucnseM [, —x/z, yx=y T u panee

- |y OlhA- L.
M +%7),/2 W+yN)1-
OL\eHHM Tenepb BAMAHWE ownbok OKPYrNeHus Ha Bblyuc-
neHns no atum opmynam. TMycTb rd 6 W Npesnonoxumm
ans onpegeneHHocTu, yto r —\x . Torga

sina = — . (18.13)
6 (O+y)lL (N-i)18°
npu 3ToMm oueBnUAHo, uto i/i’~ . Vimeem
JofIffj-fd+ex),
p= () s 1 (1 de¥),
F=n(+p)= (+/*) (L+ea),
r=N(fl/s) —2"*(1+*«).
(1+<,). 0814)

=fi(7)e [y] (L+ e

¢= sign x mT,
S——n,

BbIYMCNAR TEeM CamblM 3NeMeHTbl MaTpuubl (18.4).
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B Hes3aBUCUMO OT WCXOAHOFO BeKTOpa b, nmaTyueHHas MmaTt-

ft puma T 6ypet 6nauska Kk opToroHanbHoil. B camom pene,

i
'

-

-

nycte 11< a)1'2; Torpa p= O, He OrpaHWuMBas O6WHOCTH,
MOXHO cuuTaTb, 410 €,= 0 Ana /3r3. B atom cnyyae

Ecnu 0603HaumnTh
T=l+v, (18.15)
TO ANS V MONy4Yaem OLEHKY
v;2 wi2. (18.16)
Ecnmn xe TO Ans Bcex /5=2
te, |~ (L2)>
Jlerko npoBepuTh, 4TO Tenepb
Vj<(5/4)1> 1. (18.17)

C y4eTom (4.7), 3Ta OLeHKa BKNKOYaeT B ceb6s oueHKy (18.16),
noaToMy cooTHoweHue (18.17) umeeT MecTo BCerja, ecnu,
KOHEYHO, MaTpula BpalleHus BblYMCNAeTCA cornacHo (18.12),
(18.13).

EC/v BCe BbIMWCNEHMA OCYUIECTBASIOTCS TOYHO, TO 06pa-
30M BeKTOpa b ABNSETCA BEKTOP, WMMEIOUNIA  KOOPAMHATBI
(*+ Y92 v 0. B KauecTse NepBoOii KOOPAMHATbI BbIYMC/EH-
HOTO BEKTOPA Mbl BO3bMeEM

N,(r/.(c*+'5))8 rr(E+~5)(1+eT), (18.18)

a BTOPYK MONOXWM PaBHOW Hynl. Jlerko npoBepuThb, 4TO
TaKoil BeKTOp ABNAeTCA 06pa3oM BekTopa

npu TO4YHOM NUHeHOM Hp906p33OBaNMM c ManMuEﬁ, BblYMC-
NeHHolA cornacHo (18.14). Kak yxe oTmMevanocb Bbllue, Benu-
unHbl eit B, He paBHbl — 1. BenuuuHa xe e7 He pasHa — 1,
TaKk Kak r* 1, c*+ s*£= 1. Ecnu ei @ —1, To BekTop (18.19)
0TNNYaeTCA OT MCXOAHOro BEKTOpa b Ha BEKTOp e, rae

Ul*a& +pp ibb!.



94 BCTOMOMATE/IbHbE  AVIFEBPAVMECKVE OMEPALAM - [I1 111

Ecnu xe e,= — 1, TO 3To 03HayaeT, 4To \y\<\x <0, u
noatomy, ¢ y4etom (4.7), Tenepb umeem
1 e u (18-20)

®opmyna (18.18) Heckonbko CnoxHa. OfHako 3ameTum,
UTO B UMCNEHHbIX METOAaX OHA BCTPEYAETCH OTHOCUTENbHO
peako. OBWMii ypoBeHb OWIMGOK MPAKTUYECKM HE MIMEHMTCH,
€C/M B KauyecTse MepBOil KOOPAWHATLI BLIYMCNEHHOTO BEKTOpA
B3ATb M(rr) BmecTo (18.18).

MojseaeM WMTOrM  BLIMONHEHHbIX  UCCNeAOBaHMA. MNTaK,
nycTb 3ajaHbl ABa BekTOpa a, b, M No BekTopy b BbIuKC-
nsetca matpuuya BpauieHus T cornacHo qopmynam (18.12),
(18.13). Ecnu  BbIYACNEHWA BbLINONHAOTCA MO  anropupmy
(18.12), (18.14), To peanbHo nony4yeHHas matpuya T umeeT
Bua (18.4) u 6GyjeT OTAMYATLCA OT OPTOrOHANLHOW MaTpULbl
MHOXWTENeM t=1+ v, fAe ANA V CNpaBeAnvsa oOueHka
(18.17). Mpeo6pasoBaHue BeKTOpa a C MOMOLibIO MaTpulbl T
cornacHo dopmynam (18.5) no anropudmy (18.7) Hau npeo6-
pasoBaHue BeKTOpa b Mo Tem e hOPMynam C BblYMC/EHMEM
E[VHCTBEHHOW HeHyneBoii KoopawWHaThl cornacHo (18.18)

THO TOYHOMY Np no topmynam (18.5)
BO3MYIUEHHbIX BEKTOPOB. OKBUBANEHTHOE BO3MYLEHME € AN
BEKTOpa a Y/0BNneTBOpsieT HepaBeHcTBY (18.10), Ans BekTopa
b —HepaBeHcTBy (18.20) u, cneposaTenbHo, ANs  N0GOro
BEKTOpa C, BK/IKOYafA TOT, MO KOTOPOMY CTPOMNAch Marpuua
f, —HepaseHcTBy

JE|EAK 2p 4,0 + 2)/r2a (18.21)

AHanoruyHble pesynbTatel MOryT GbiTh MOMydYeHbl W ANA
KOMMNNIEKCHbIX BEKTOPOB. B 3TOM lcnyuyae BMeCTO MaTpuLibl
BpalleHus B npeobpasosaHuu (18.3) GepeTcs yHuTapHas
matpuua T Buja [

T-[. «J*
rAe C, S—KOMM/EKCHble 4ucTa Takue, uto [c[* + [sj2= 1
a yepTa 03HAuaeT KOMMNEKCHOe COMpsXeHue. Ycnosne o6pa-
WeHUs B HyNb BTOPO/i KOOPAWHATBI BeKTOpa b'= Tb cHoBa
npuBoguT K ypasHeHuio xs+ yc= 0, oTkyaa sakniouaem, uto
B KAuecTBe YMCen C, S MOXHO, Hanpumep, B3sTh

(n.y-nrni1*
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Bce gancHeiiwne wMccnegoBaHus, no CyWwecTs”, MOBTOPSIOT

[lOBbLINONHEHHbIE MCCIEA0BAHNA N5 BEUIECTBEHHOTO Cyyas

HAB aHanoruuHelX OLUEHKAX MEHSIOTCH NMWb YMCIOBbIE KOH-

| cTaHThl

s Mpeo6pa3oBaHna ¢ MaTpULAMK BpalLeHA BTOPOTO Nopsaka
PEAKO MCMONbL3YIOTCA B YUCNEHHBIX METOAAX, OAHAKO BEChbMa

E'yacTo npumeHsioTcs npeo6pasoBaHWs C MaTpuuamu Buaa

Uté los
[}
cosa .. —sina — (18.22)
sina .. COSO ==
o 1

KOTOpbIE OT/UYAKTCS OT eUHUYHONA MATPULBI NUWWbL YETIPLMS
aneMeHTamu, Ha CTPOK 1
cTonbuyos ¢ Homepamu /, /. KOHeuyHo, BCe NpOBeAeHHbIE Bbille
MCCNeA0BaHMA OCTAIOTCA B CUMe W ANA 3TMX MaTpuy. Mar-
puubl  (18.22) TakXe HasbiBalTCA MaTpuULaMu  BpallieHus,
a cooTBeTCTBYIOWME NP Bpa-
wenus. U ans 0 cnyuas

A

YOPAXHEHUNSA

1. [loKasaTh, 4TO ANS PEANbHO BHMMCNEHHON MATPUlbl Bpawjenus T
BTOPOTO NOPAAKA MATPULA f1* ABAAETCA CKANAPHON

. [JoKasaTb, 4TO PeanbHo BbIWCNEHHAR MaTpuua BpaweHns T BTO-
POTO NOPAAKA YAOBNETEOPSET COOTHOLIEHMIO

3. [lokasaTh, 4TO PEANbHO BHIMMCTEHHAR Mt SpaeHn T
aCAMNTOTMYECKI BAM3KA K TOUHO BLIYMCNEHHON MaTpHLie

4. MonyunTs oueHky Ans oTknoHewms | f —TLL.

5. Mycts A—npou3sonbHas matpuua u f,y—peanbHo BbiuMcnenHas
maTpuLa Bpawenus Buga (18.22). ViccnefoBarb BHA MaTpul SKBMBaneHT-
HbIX npu i TijA v ATij.

6. MyCTb B YCNOBUAX yNpaXHEHUs 5 uveem

n(EJA) wiif(A+M, W(ATI)- (A+ N
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JL0KasaTb, 4TO C TOYHOCTHIO A0 WIEHOB NOPSNKA O
p- Rint
*| Px2E(dHd) '2

TAE abl—aeMeHTLI MATPUL! A

§ 19. MocneaosaTenbHoCTb Npeo6pasosaHuii BpauieHns

OleHUM Tenepb SKBUBANEHTHOE BO3MYWIEHWE MPH BHINO-
HeHun TeNbHOCTH Bpaw lwsa. Pac-

CMOTPUM /1-MepHbIli BEKTOP [ C KOOpAMHAaTaMu r,, ..., T,
nocnegosatenbHocTs ", TiNiN maTpuy  BpaujeHuns.
NycTb ... Tisjy peanbHo 3ajaHHble MaTpuubl. Mol

He 6y/leM MHTepecoBaTbCA CNOCOGOM MX BbIYUCNAEHWSA, HO npej-
NONOXMM, 4YTO BCE OHW YyAOBNeTBOPAOT ycnosuio (18.17).
0603wm

=N Tv7*-1)° 0=,

Ans fAcHo, uTO

(FRcck *x]), <19.)
rae e* THOE yuy p Bpa-
weHns ¢ matpuueit MocnegoBaTenbHo MCMONbL3ys COOT-

HoweHve (19.1), Haxogum
e *m<[)(*+ E)

Takum 06pasom, BeKTOp Ty, peanbHO MONy4eHHbIii nocne

TeNbHbIX Bpauje-

HUA C maTpuuamu TtNiN, MOXHO paccmatpuBaTh
KaK BeKTop, nonyqewbm nocne TOYHOTO BbINMONHEHNSA TeX e
Hap B BekTopoM I+ E. OueHka

ana |E|E onpenenﬂena MHOTUMW  DaKTOpamu, OAHaKO Yxe

Cpasy MOXHO NpeAnofioXuTh, YTO OHa GyAeT 3aBUCETb OT BUAA
noCNeA0BaTeNbHOCT Nap MHAEKCOB MATPUL  BPAWjEeHNS.

OjjHa M3 OLEHOK BbIBOAWTCH COBCEM MPOCTO. MyCTb rKX ...

... M*—koopanHaTel BekTopa K. CornacHo (18.21) 6yaem

umeTh

Zexjt 1 [ 2p ¢ '(*Uk+zl,ty* + 2~ 2(0.
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Tak kak matpuubl fik/k 6nM3kD K OpTOroHanbHbIM, TO

,\5_0' le*k. <19-2>

N03TOMY BCErja BbINOMHAETCA HEPABEHCTBO

p-<tl S (rll + ri/AY2+27NTo). (19.3)
*-0

K Tomy xe, CcnepoBaTensHo,
JEb**V2Np-+4zk + 2V2N<». (19.4)
OueHka (19.4) ansa nio6oit Tenb-

HOCTW H3 MaTpull BPAUleHUs W AN HEKOTOPLIX NOCNef0Ba-
TeNbHOCTEI OHa NOYTY AOCTUraeTcA. MPeanonoXuM, Hanpumep,
YTO BEKTOP [ WMEeT /NNWb OAHY HEHYNeBYK KOOpAMHATY
B NO3MUMM C HOMEPOM /, 1 BCE MATPULbl BPAL|EHUSi BAN3KM
K eAMHUYHbIM. TOrja Ans Nio6oi NOCNe0BATENLHOCTU MHAEK-
cossuaa ~ h. n. .m h

€BKNN0BA HOPMA 3KBMBANEHTHOrO BO3MYujeHusi E GyaeT coB-
nafjatb C TOYHOCTbIO [0 KOHCTAaHT C npaBodi 4acTblo (19.4).
OueHka (19.4) nouTu JocTuUraeTcs v ANs NOCNeAoBaTeNbHOCTeNR
*» S5 Ib 1% e ilf-n jft,

€CN TONbKO BCE MaTpWubl BPalWeHWs GAW3KM K MaTpuuyam
nepecTaHoBOK. 3TW  NpUMEPbI  MOKA3LIBAIOT, YTO  OLEHKa
(19.4) npakTuyeckn y Ans Bcex 0BaTeNb-
HOCTeli MaTpuL BpaujeHus, y KOTOPbIX /toGble ABe CoceaHue
MaTpULbl UMEIOT XOTS Gbl OfUH 06WMIA uHAeKc. Takue noc-
N1e/l0BaTENLHOCTY Mbl GyAeM HasbiBaTb CUALHO CBSA3AHHbIMM.

B 0AHOM BecbMa BAaXHOM C/ydae YAaeTca NONy4YuTh
OUEHKY JKBUBANEHTHOTO BO3MyleHns E, 3asucawyio ot N
oueHb cnabo. HasoBem NOCNEA0BATENLHOCTL MATPUL Bpauie-
HUA HECBSI3AHHOW, €CAM BCE WHAGKCHI MaTpuL PasnnuHbl
KoHeyHo, nocneosatenHoCTb  MOXKET 6blTb  HECBA3AHHOW
nwb Toraa, korga N < n/2. [InA HecBA3aHHbIX MNocCneao-
BaTeNbHOCTE! OWMGKM, BO3HMKWIME MOC/E BbINONHEHMS N1060r0
npeo6pasoBaHus, He GYAYT MEHSITCA MPU BCEX NOCAEAYIOUIAX
npeo6pasoBaHnAx. bonee TOro, pesyNbTaT BbINONHEHNS HeCBS-
3aHHOM MOC/EOBATENLHOCTIM MPeo6pasoBaHuii, BKMOYAs BCIO

4 8. B. BoesogH
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COBOKYMHOCT b owmn6ok OKpYrneHus, He 3aBUCUT BDOﬁLLlE OH
nopsaka cammx ii. Tenepb BMecTo
HepaseHcTBa (19.2) B fAeificTBMTeNbHOCTM GyfAeT MMeTb MecTo
acMuMnToTUYecKoe paBeHCTBO

a BMecTO COOTHOWeHus (19.3)—HepaBeHCTBO

[W ~2prw-» S (Y + **»)+
V-l
+ 8p /+,0 £ (4<+ 41,)1F+ B+

TafK Kak WHfEKCbl Yy MaTpuy BpaujeHus He COBNajaioT,
a caMu MaTpULbl 6IM3KM K OPTOFOHaNbHLIM, TO

AL
noatomy ~of

2, AT)< b

B cooTsetcTBUN C TB0M Kown —B 0

2T A Lsp (ATrar)
W OKOHYaTe/NbHO Haxofgum, 4TO Tenepb

JE\e AV 2 p-1+1H e+ 2V 2N A (195) |

Ecnu nocnefosatensHOCTb MaTpuL, BpalleHHA MOXHO pas* 1
6uTb Ha k Tpynn Takux, 4TO BHYTPU KaXAoil rpynnel mar-

puLbl He uMelT VHAEKCb, TO U3 4
(19.5) BbITeKaeT, uTo
\WLEAY BKpr*+'\rb+2Y W * (19.6) 1

3ameTuM, 4TO BbINONHEHWe n6OK nocnegosatenbHeew |
u3 N npeoGpasoBaHuii BpalleHUA MOXHO TpaKTOBaTh Kak 1
BbINONHEHME V HeCBA3aHHbIX nocnefosaTenbHocTeld, kaxnai 1
U3 KOTOPbIX COAEPXWUT NNWbL OAHO ﬂpeOépa!OBaHMe. an 3Tom ‘
ANa cy PHOTO THOTO BO3MY E enpasep- ~
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"/Bbl Kak HepaseHcTBO (19.4), Tak u HepaseHcTBO (19.6).
B paHHOM cny4ae o06e OLUEHKM COBNajaloT W, Kak Mbl YXe
OTMeuanu, OHM MPaKTUYECKM Heynyulwaembl Ans CUAbHO CBA-
3aHHBIX MOCNe0BATENbHOCTEIA.

OpHako B 06ujeM Cnyuyae BbINONHEHWE NPe0GPasoBaHMy
BPAlEHUS MOXHO CBOAWUTb K HECBA3aHHbIM NOCNEf0BATENb-
HOCTAM He efNHCTBEHHbIM CMOCOGOM, YTO BMAHO Ha NpuMepe
camoii  HecBA3aHHOW NoCneAoBaTeNbHOCTU. UYTOGbI Ha OCHOBE
(opmynbl (19.6) NONYUYNTb HaUNYYW Y OLEHKY 3KBUBANEHT-
HOro BO3MyLeHUs Ans 410600 nocnegoBaTensHOCTU npeobpa-
30BaHUi  BpaujeHys, b
UMCNO HeCBS3aHHbIA NOCAEA0BATENLHOCTEN, K KOTOPHIM CBO-
[WTCA UCXOAHAA MOC/EA0BATENbHOCTb

MPeAnoNoXMM, YTO B NOCNEJOBATELHOCTM MATPuL Bpa-
WeHns f[Be COCeHME MATPULbl HE MMEIT 06GWNX WHAEKCOB.
Torpa pesynbTaT npeo6pasoBaHnii He MIMEHUTCS, ecNu-'3Tn
MaTpUUbI MOMEHSIT MecTaMu. ECM OfHY NOCNeA0BaTeNbHOCTh
MaTpUL BPAWEHHS MOXHO MOMY4NTh M3 APYrOi C MOMOL{bIO
NepecTaHoBOK COCEHUX MaTpWl,, HEe WMEeloWUX O6UuX WMH-
[IeKCOB, TO Takue MOCNefoBaTeNbHOCTM GyAeM HasbiBaTb 3KBM-
BaNeHTHLIMU. SICHO, YTO Pe3yNbTaT BLIMOSHEHUS IKBUBANEHT-
HbIX MOCnejoBaTenbHOCTeN npeobpasoBaHuii GyaeT OfHUM U
TeM XKe, BKNOYan BCIO COBOKYMHOCTb OWWMGOK OKPYT/EHUA.

Cpen 3KBUBANEHTHBIX MeXAy OGO/ MOCNeA0BATENbHOCTE!
cyujecTByeT Takas, KOTOpas pacnajaeTca Ha HavMeHbluee
UMCNO HECBA3AHHBIX NOCNEA0BaTENbHOCTENM. DTO HauMeHbulee
UMCNO Mbl Ha30BEM WMH/EKCOB IKBMBANEHTHOCTM. OueBMAHO,
UTO 3HaHWe WHAeKca NO3BONSET MONYYMTL HA OCHOBE (OPMY-
Nl (19.6) Haunyywyio oueHKy BosmyuleHus E gns Bcero
MHOXeCTBA 3KBUBANEHTHbIX MoCNefoBaTeNbHOCTeM. Tak Kak
npasas 4acTb (19.6) He 3aBWCMT OT Yrnos mnosopoTa, TO
B \eCTBUTENbHOCTM WHAEGKC IKBUBANEHTHOCTU AaeT BO3MOX-
HOCTb OUEHNTH y Ans Bcex TenbHOCTeN
MaTpUL BPAW|EHNs, IKBUBANEHTHBIX C TOYHOCTBIO 0 BbIGOpa
yrnos nosopora.

BbIUMCNATL MHAEKC W [aXe CPaBHMBATh PA3NMuHbie MO-
CNejj0BATENLHOCTM MOXHO C MOMOWLIO Npouecca npeo6paso-

BaHMA CaMuX MOCNEJ0BATE/LHOCTEN K HEKOTOPOii KaHOHMue-
CKOW  hopwe.

MycTb nocnefoBaTeNbHOCTb MaTpUL BpallieHUs pacrnono-
T Ha B cTPOKe cnesa Hanpaso. BbiGepem B 3To0ii nocnegoea-
NbHOCTU  BCE MaTpuubl, Kaxpjas W3 KOTOpbIX He wumeer



100 BCMOMOMATE/IbHbE  AMITEBPAVYECKVE OMEPALAA [T 111

cneea HW OfHOW MaTpuubl c-06uumMu nHAaekcamu. Mpegnono-
KWUM, 4TO Takux martpuy okasanocb s,. SICHO, 4TO OHW
06pasyloT HeCBA3aHHYI0 NOCNEAO0BATENbHOCTL U C NOMOLLbIO ne-
pecTaHoOBOK C COCeAHMMM MaTpuuamu BCE WX MOXHO nocTta-
BUTb B Nio60M nopsjke B i

TeNbHOCTW, COXpaHWB NpW 3TOM OTHOCUTENbHOE pacnonoxeHue
oCTanbHbIX MaTpuu. Bbibepem pJanee cpegn OCTaBLIMXCA
MaTpul Bce MaTpulibl, He WMeloWjMe cnesa HU OAHOW MaTpu-
Ubl ¢ O6WUMW WHAEKCaMU, KpOMe MaTpul, 3 BbiGPaHHOI
rpynnbl. MycTb Takux MaTpuly okasanocb st. lMepecTaBum
WX B Kakom-nn6o nopsigke Bcnep 3a marpuyamu nepsoﬁ
rpynnel.  pogonxas 3ToT npouecc, NpUBEAEM WUCXOAHYH

Te/ILHOCTL K THOIA, Ha
HECBA3aHHbIE MOCNeJ0BATENbHOCTU M3 SJt 2, ..., S* maTpuy
BpaLeHus

"Yuncno K paBHO WMHAEKCY 3KBMBaNeHTHOCTW. B camom pgene,
paccmoTpum y ya THYIO foBaTenb-
HOCTb C uncnom 1X TenbHO-

cTedi. TpUMEHMB ONUCaHHOE BbIWe NPeo6pasoBaHue, Mbl He
yBeNMUMM B Hell MX uncno. MycTb HecsA3aHHble mocnegosa-
TEILHOCTU COCTOAT Tenepb H3 M rr T, MaTpuy Bpaue-
HUA W npu 3aToM /<& . Ecnu Kakaf-nubo matpuua He umeer
cnesa HM OAHON MaTpULbl C OGWMMU MHAEKCAMU, TO Takue
MaTpUUbl He MOABATCA CNeBa HM MPU KakuX 3KBMBANEHTHbIX
nepectaHoskax. Ho 0TCloja BbiTeKaeT, YTo ri= su cnegosa-
TenbHo, r2=s2u T. 4. Moatomy k = |
Viccnegyem [Be NOCNeJOBAaTENbHOCTM MATPUL BpaljeHus,
uacTo 8 meTopax. O6e
N0CNeA0BATE/IbHOCTU  HA3LIBAKOTCA LMKNMUECKUIMUA W OMKCHI-
BalOTCA OAHOW W TOW Xe COBOKYMHOCTbIO Map WHAEKCOB

1, 2;

13

1 4 3, 4
Lr+L2, 7+ 153 T+, .., 7,7+ ;
L 2, m 3, m ..., TN,

rge T <n. B nepBoM CcAyuae COBOKYMHOCTb Map MHAEKCOB
YNopAfouMBaETCA MO CTPOKaM, BO BTOPOM —Mo cTon6uam,
npuyemM camu CTPOKM M CTONGUBI YNOPAAOUMBAIOTCA CBEPXY
BHW3 U Cnesa Hanpaso.



MOC/EAOBATE/TIBHOCTL  BPALLEHMN 101

FNsAA Ha 3TW NOCNEAOBATENbHOCTH, TPYAHO OGHAPYXUTb
CYLIECTBEHHYIO CBS3b MeXjy HuMU. OAHaKo npuBeAs ux

K i dopme, . 4TO0 ynop: 0CTb
nap WHAEKCOB CTAHOBMTCS OAWHAKOBOW W MMeeT Buj

1, 2;

13

1, 4; 2, 3;

1, 5 2, 4

1,0 2,n—13 n—2;
2, m 3, n—1
3,

T

rfe Kaxjas CTPOKa COOTBETCTBYET HECBA3aHHON nocnefoBa-
TeNbHOCTH.

Takum 06pasoM, C TOYHOCTHIO [0 BIGOPA Yr.I0B MOBOPOTA
i TeNbHOCT U THbl. Kak BbiTe-
kaeT u3 (19.7), WX WHAeKC paBeH T +n — Moatomy
cornacHo (19.6) ATS 3KBMBANEHTHbIX BO3MYLLEHWHA 3TUX NoO-
CnefoBaTeNbHOCTEA CMPaBeAnNBO OJHO U TO XE HepaBeHCTBO

[EIE*:K2(T+n-2)p-'+'N £+
+ 2(/n(In+ n-2)(2n-n1+1)),'vo0. (19.8)
B panbHeliiem Mbl HEOAHOKDATHO BOCMOMb3yeMCA Mony-
UEHHBIMI OLEHKAMY [N1A U3YYEHUA CaMbIX PA3TUYHBIX YNC/EH-
HbIX MeToaoB. [pu 3TOM npakTuyecku Bcerga 6\meT Bbinon-
HATLCA COOTHOWeHWe Jr > o * B 3TUX YCNOBUAX OLEHKK
ynpowaroTtcs. MycTb BbinonHseTca N MPOU3BOMbHBIX Mpe-
obpasoBaHuit BpauwleHns. Kak cnegyet us (19.4)

|[EIJEA 12 NMp-H-Ud- (19.9)

MpeanonoXnM, 4To MOCNef0BaTENbHOCTL MaTpUL BpaweHns
cocTouT M3 k HecBssaHHbIX rpynn. Torga w3 (19.6) nony-

UgeM® uT IEJEAK 2% p-'+ [T E. (19.10)

$ 2*_ 066,1X UWKNNYECKUX MOC/NeA0BaTENbHOCTEN COrnacHo
U9.8) umeem

[EEEA>"2(n»-|-n —2)p-"+ U E, (19.11)
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ecnm T<n, u
|[E[EA/2(2n-3)p-"+Yd, (19.12)

ecn w=n—1
MonyyeHHble OLEHKM NOATBEPAMNN HAWe MPeAnonoXeHne
0 TOM, 4TO O06WWiA 3PPEeKT BAUAHWUA OWMUGOK OKPYTNEHHS
3aBUCUT He TONbKO OT YMCNa BLINONHEHHbIX Npeo6pa3oBaHuy
BPAU{EHNA, HO W OT TOTO, B KaKOW MOCNEA0BATENLHOCTU Mpe-
06pasyloTcsi anemeHTbl. B HEKOTOPbIX 3ajauax Mbl CMOXeM
B M3BECTHOW Mepe BbIGUPATL 3Ty MOCNEJOBATENLHOCTL U,
CnefioBaTeNbHO, CTPOUTL NyyliMe NO TOYHOCTM METOAbI.
PaccMOTPUM B KauecTse NpuMepa OfHY NPOCTYIO 3ajauy.
MycTb 3afaHbl N-MepHbIfi BEKTOP S M KOOPAWHATHbIM BekTOp
e= (1, 0, ..., 0). Moctapaemcs noAoGpatb Takyk nocneao-
BaTeNbHOCTb MaTPWUL, BPAlEHHS, 4TOGbI YMHOXeHMe Ha ux
npowsseaeHve U NepesoaMno BeKTOp S B BEKTOP, KOMIMHe-
apHbIil e, T. e.
£ls= ae. (19.13)

MpeanonoXum, 4To Kakoii-nnGo BEKTOP WMEET HeHynesble
KOOpAWHATBI B nosuumax i W /. BeiGpaB cCOOTBETCTBYIOWMUM
06pa3oM yron noBopoTa, MOXHO NepeBecTU 3TOT Bektop ny-
TeM Ha maTpuyy 7\, B Takoii BekTop,
Yy KOTOpOro OAHAa W3 KOOPAMHAT B MO3uuMax i unum / byaet
VCKNloYeHa, T. e. paBHa Hynesoi. Mckomas COBOKYMHOCTb
matpuy (19.13),
MOXET GbITb nocTpoeHa Ha UCHGBG ﬂDCﬂEADBaTEﬂbHUFD WNCKN0-
UeHNs BCeX KOOPAMHAT BEKTOpa s, KpoMe MepBoii.

nOPRAOK WCKNIOYEHUS He ABNSETCA OJHO3HAYHLIM W, Bbl-
6upas ero nogxoAswMmM 06pa3soM, MOXHO YMEHbLWUTL 06Liee
BNUAHNE OWNBOK OKpyrneHuns B BbIUNCNUTENbHOI npakTuke

yacto Thl TCA NOApPAA, HavyuHas
CO BTOPOW, MyTeM YMHOXeHUs Ha matpuubl I 1r, Ti3, . Tt
Ota nocneAoBate/lbHOCTb  ABNAGTCA CU/BHO CBA3aHHOA 1
cornacHo oueHke (19.9) akeuBaneHTHoe Bo3myujeHune E Gyaer
YA0BNETBOPATL HEpPaBeHCTBY

[Eraarn-Lp-'+'Ue. (19.14)

Tenepb MCKNIOUAM Te Xe KOOPAUHATbI B APYTOM MOpsAKe.
CHavana, ymHOXas Ha matpuuybl TIt, T3V 7M, .... ucknwo-
UMM KOOpAMHATHI C Homepamn 2, 4, 6, ... 3aTem, ymHoxas
Ha matpuubl Tu, T,, T%M, e**» WCKNKYAM KOOPAUHATHI
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c Homepamu 3, 7, 11, ... [lanee, yMHOXas Ha MaTpuLbl
Tu, T3, TI72 Thl C
5, 13, 21, ... SICHO, uTO BHYTPW KaXAoi TaKoW rpynnbl

MaTpULbl BPAW|EHUS He WMEIOT OAMHAaKOBbIX WH/EKCOB, a
Bcero rpynn 6yaetr He Gonee log2(2n). CornacHo ouewke
(19.10), B 3Tom cnyyae 6ysem WUMeTb

1IE3A V2 log, (2<)/>-"+ s [E. (19.15)

OTa OleHKa CyL|eCTBEHHO fyulie oueHkn (19.14)

YNPAXHEHWNA

L oj non npn
KOKAOM YMHOXEHWM Ha MATpWLly BPALEHWS UCKNIOUAETCA HAUMeHbLas
-0 MOAY/HO €r0 KOOpAWHATA. 1yCTh BTOpAs MpeoGpasyeMas KoopguHara
aBnseTCA i N0 Moynio M3

[lokasats, 410 THoE E B atoM
Chyuae cOOTHOWeHIIO

LTEIEA2K 2(n-1)p-,+, [L*F. (1916)

2. TIpeANONOKUM, UTO NPU KAKAOM YMHOXKEHUN WCKMIOMAETCS Han-
60MbWWaA MO MOAYNIO KOODAWHATA. [l0Ka3aTh, 4TO Temepb SKBUBANEHTHOE

EE[EAK 2 (n-1)p-'+, 1'% (19.17)

3. CpasHuTb Mexzy COBO oLekm (19.14)—(10.17).

CTb NPAMOYTONbHAR MATPULIA YMHOXAeTCA Cnesa (cnipasa) Ha
NOCNEAOBATENLHOCT,  MATPHL, BPALIEHIS, COOTBETCTBYIOUYIO Ni0G0» W3
ouetoK (19.9)—(19.12). [l0Ka3aTb, 4TO B ITOM CAly4ae ANS SKBUBANEHT-
HOTO BO3MYILEHUA UMEIOT MECTO Te e oueHku (19.9)—(19.12) ¢ 3ameHoii,
KOHEUHO, HOPMbI BEKTOPA HODMOI MATPHLibL.

(19 17)2C/paBCATVB® JW1 yTRCpIACHUE YNIPaXHEHUA 4 AN olieHoK (19.16),
6. MycTs R €CTb TOUHOE NPOUIBEAHUE PEANbHO BHIMMCAEHHBIX MaT-

puy Bpaiyenuts, TioBoi M3 1
A7 bHOCTel. [loKa3aTh, 4TO CYWECTBYT Takaa OPTOTOMaNsHas MATPULa

E/?-A[BA-|(m +n-2) ['np~'+' (19.18)

§ 20. Mpeo6pasosaHue OTpaxeHus

MpeaAnonoXum, 4To B NpocTpaHcTee OXyr 3ajjaHa NNoCKoCTb
"¢ eMHUYHLIM HOPMaNbHbLIM BEKTOPOM W. Bo3bMem npous-
BO/bHbIN BEKTOP I M Npeobpasyem ero no npasuny oTpaxe-
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HWA OT nnockocTu n. Ecnn r NpeAcTasnT, B BUAE CYMMbl
r=~x-\-y, rae X nepnen, peH W, a 'y —Ko w,
TO OTpaXKeHHbIi BeKTOp ' ByfeT MMeTb TakoW BMA: I'= X —y.

Puc. 20.1.

Mpeobpa3oBaHne r=br' ABNAETCA NWHEHbIM U ANA ero
maTpuubl U MOXHO yKasaTb SBHbIA BUA. VIMeHHO,

U= £ —2ww’.
B camom paene, ecnn (*, w) = 0, a y = aw, rage a —uucno, To
Ur —r —2ww'x —2ww'y =
= —2(x, w)w —2a(w, w)w = x+y —2aw= g—y —r\

oT nmeet PHbIi  aHanor,

npuyemM He TONLKO BEW|ECTBEHHBbIMA, HO U KOMMNEKCHBIA. MycTh

W —eANHNYHbI BeKTOp, T. e. (w, w)= 1. MocTpoum maTpuuy
U= E—2ww*

W paccMoTpum npeo6pasoBanue
rr=ur. (20.1)

Mo awanorum ¢ TPeXMepHbIM Ccny4yaem 310 npeoﬁpazosanme
HasbiBaeTCa npeoﬁpaaoBaHMeM OTpa>keHus, a ero marpuuya —
MaTpULEein oTpakeHus.

B TpeXMepHOM BeujeCTBEHHOM Cfyyae npeo6pasosaHue
OTpaXeHna ABNAGTCA OPTOroHanbHbIM, TakK Kak, 04YeBWAHO,
OHO CcOXpaHfeT ANWHbLI BCex BekTopoB. B obwem cnyvae
MaTpuua OTPaXeHUs He TONbKO YHWTapHas, HO W 3pMUTOBA.
[JeiicTBUTENbHO,

U* = (E —2ww*)* m=£ —2w**w* = £ —2ww* = U,
UU* = (£ —2ww*)* = £ —4ww* + dww*ww* =
r=£ —4ww* + 4 (tc\ w) ww* = £

Jlerko nposepuTb, uTo npeo6pasosaHne (20,1) ocTasnseT 6e3
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M3MEHEHUA BCE BEKTOPbI, OPTOTOHANbHbIE W, W MEHAeT Ha
ﬂpOTMBDﬂOI\O)KHbIe BEKTOPbI, KOM/MHEapHbIE W.

MaTpuubl OT| "
npeoﬁpaaosaum (20.1) coscem He 06s3aTeNbHO MMETb ane-
MeHTbl mMaTpuubl U B siBHOoM Buge. Ecnu npeoGpasosaHme
otpaxenns (20.1) BbinonHaTs no dopmyne

= —=2(r, w)w, (20.2)

TO ANA €ro peanu3auuu JOCTATOYHO 3HATb NULWIL KOOPAUHATHI
BEKTOpa W.

®opmyna (20.2) nokasbiBaeT OAHO WHTEPECHOe CBOMCTBO
npeo6pa3oBaHNs OTpaxeHUs. VIMeHHO, onpeAenswouwnii ero
BEKTOD W KON/IMHeapeH pasHocTM o6pasa u npoo6pasa. Cne-
[l0BaTENbHO, OH MOXET GbiTb BOCCTAHOBMIEH MO 3TOW Pa3HOCTM
C TOYHOCTBIO A0 YMCNOBOTO MHOXUTENA, PABHOTO MO MOAY/IHO
eAVHMUE, eCNN, KOHEYHO, CamMa PasHOCTb He BNAETCH Hyne-
BOV. 3aMeTUM, YTO YMHOXeHWe BeKTOpa W Ha nio6oe 4ucno,
no MOAYNI0 paBHOE eAMHMUE, He MeHseT npeoGpasoBaHms
OTpaxeHus.

OAMH 13 BaxHellWwnx cnoco6oB NOCTPOEHWS MaTpuLbl
OTpaXeHWsi CBA3aH C ee BOCCTAHOB/IEHWEM MO 06pasy M mpo-
o6pasy. MycTh 3ajaHbl HeHyneBble BEKTOPbI S W €, MpU4em
e —eAUHUYHOM AnuHbl. TMoabepem Takoi BeKTOp W, uTOG6bI
cooTBETCTBYlOWEE NP oT|
BEKTOD S B BEKTOP, KONNMHeapHblli e, T. e. Us= ae. Wcko-
Moe npeobpasoBaHue yHuTapHoe, noatomy |a!=|s|e. Kak
yXe 0TMeuanoch, BEKTOP W JO/KEH WMETh BUA

* k= 1(s- oo)

e p—HOPMUpYIOUMii MHOXHUTeNb. VMeem

|pi*= (s- a*- s—ae)= 2((s, s)-Re(s, a?)).
YTo6bl pasHOCTb s—ae Gbina 3aBefjoMO OTAUYHOW OT Hyns,
BbIGEPEM apryMeHT uiMcna a Tak, 4TOGbl CKanfpHoe Npous-
BeAeHue (s, ae) 6bin0 oTpuuatensHeiM. Torga p f = 2(s, s —ae).
Ho Tenepb nposepsiem, 4To

Us*=s—2(s, u>W=s—p (s, s—ae)w = s—pw = ae.

Koon aM6° flee YacTto B KauecTBe BeKTOpa e Gepercs OAMH W3
P/InHaTHbIX BEKTOPOB. lpeanonoXum, Hanpimep, 4To e —
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=2(1, O, 0). O6o3Haumm uepes st, Wi KOOPAMHATbI BeK-
Topos s, 4\ B atom cnyuae

a=- [alll * # = 2(loci* + |a|.[SI|)

v, panee,

~}f
1 @a =+ ias* )’ T Q2(la *+a |
2

»

[ANs NOBLILIEHNS YCTOWYMBOCTU peaNbHble BbIUMCIEHUS
6yfem BbINONHATL N0 cnefywoujeir cxeme. MycTb |ajr£0.
OnpegensieM KOOPAMHAThI bl, BEKTOpA

W Nonoxum
Pi-Ajd+lwil). Pl-U] 2 (20.3)

Ecm «l= 0, To 6ygem cumutats, 4to Mj/|ui| ecTb Kakoe-To
4MCNI0, MO MOAYNIO paBHOe efuHuue. Tenepb Matpuiuy oTpa-
KEHUsS MOXHO MpeAcTaBuTb B BUAE

U-E-~vv*, (20.4)

rae KoOpAuHaThl BEKTOpa O onpegeneHbl cornacHo (20.3), a
Y=-14[ |. Ecnm |cc|= 0, To Gepem v—e, y=1/2. fcHo,
uto Beerpa 05 Y< 2, 1<li»ler2

ownbku, npn BeK-
Topa v W uucna Y- byaem cuuTath, uTOo |a| BbluUChseTCA
C Y/BOEHHOIi TOYHOCTbIO, T. e.

lal-n . (la)alal(l+«).

Ecnu npu BblYMcneHnu [a| ucnonb3yeTcs anropudm, onucaHHbli
B § 7, T0
(20.5)
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Myctb la I ® 0; Torpa HaxoAum

& (Lo I
V-FI(+ [flias (112 1) (1+1%). (206)
Vi= sign Sivs

Vi= Hi, 18s2.

BenuunHa y He MOXeT GbiTb Manoid, cnejosarenbHo, 1 yAos-
netsopseT HepaseHcTBY Buaa (20.5). Ecan xe =—1 70

3T0 03HavaeT, uTo
|s,|311a] <@ (20.7)
OUEeHUM OTKNOHEHUE BLIYMCNEHHOW MaTpuubl 0 OT yHU-
TapHoOii. Mpegnonoxum, 4to A BennunH ri{pasHbl — 1. MycTb
1 Nb 4i¥* K

Vmeem ~ 4 r r
2M 0+N1) bKku-usu»

= fal*(tre)* " Ja *(1ra*x  ®

o
Cornacto (20.7) 101* N|w*<o* [Aanee,

y, s?2(i+n;)t=(i+n)y,s?=(l+n)1*
=1
rae 1] yaosnetBopseT HepaBeHCTBY Buaa (20.5). Moatomy
@ fl)=l+v, |v[3j2/r*».

Tenepb Haxoaum

r+yil
- 1f2e v
\% Y y
L1=
]
Tak kak 0 | 1 1+ v, To, npuHMMas BO BHUMaHue

OUEHKM ANs U, V, nony4aem
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CneposatenbHo,

=2+6, [6]|"2p- (20.8)
BbIUMCNEHHAs MaTpPULA OTPaKeHWs

U=E- ! w’

BCerga apmuToBa. Jlerko MpoBepUTb, YTO ee COGCTBEHHbIMM
BEKTOPaMU SIBNAKOTCA BEKTOP V W NloGOli BEKTOp, OpTOro-

6, a cobei uncno —(1+ 6)
n Ir—1 pas uucno +1. O6o3Haunm uyepes O yHUTapHyio
MaTpULy, MMEIoLlyl0 Takue e COGCTBEHHblE BEKTOPbI, a Co6-
CTBEHHble 3HaueHNs cooTseTcTBeHHO umcno —1 n «—1 pas
uyncno +1. Ecam 0 =0 + A, To A ecTb 3pMUTOBa MaTpuua
paHra 1 v ee egMHCTBEHHOE HeHynesoe COGCTBEHHOE 3Haue-
HWe paBHO —G6. YuuTbiBas OUeEHKY Ans 6, 3aknwuaem, u4To

JAr2pH (209)

Kak Ans 2-HOpMbl, Tak W ANs €BKNWAO0BONM HOpMbl. OTClOAE,
B 4aCTHOCTM, CfleflyeT, uTo

1- 2pm \0~11S il + 2p (20.10)

PaccMoTpuM Tenepb BAWAHME OWNGOK OKPYrNeHUs Ha
npouecc peanusayun npeo6pasoBaHus oTpaxeHus. [ycTe
3T0 npeoGpa3oBaHne BLIMONHAETCA COrNacHo hopmyne

Uz=12z- Uy .
Byjem cuntaTh, uTo npu Bbiuncnennn (r, b)ly ucnonbyercs
onepayus HakonneHus. Nwmeem
1= f12((z, $)/?) —((r, 5)/y)(1+0),
ANFIfrtATM I-fv,),  issi, * (20.11)
*i=fl (<—b)sa(ri- ky 1+t), < L
3fech 2i—KOOPAMHATLI BEKTOPA ; T\ —KOOPAMHATHI BbIUMC-
nenHoro Bektopa Or. O603Haunm
f1(02)-023E *f. (20.12)

Ecnm WM ogna u3 owmbok B (20.11) He pasHa —1. TO
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yuuT! (20.8), nokasbiBatoT,

|/les2,5p~»U Is* (20-13)
B obujem cnyyae B npasylo uacTb oueHku (20.13) go6as-
NAeTCs  cnaraemoe, or o N uto
a= — 1 Torga Bce OCTafbHble OWMWGKM OKA3bLIBAIOTCA Pas-
HBIMIA HYJIO W Mbl MO/Y4UM
[/I1b" K 2V (20.14)
BennunHbl V/( T, He MOryT 6biTb paBHbl — 1 OJHOBPEMEHHO.
Ecnn V= — 1, To kt= 0. Ho oTcioja BbiTeKaeT, 4To T, =
Takum 06pa3oM, PaBEHCTBO MUHYC eAMHULE HEKOTOPbIX Be-
An4mH Vif Ti NpUBOANT K yBenu4eHuio npasoii yactn (20.13)
He Gonee, uYem Ha Y n to. MpuHumas Bo BHUMaHue (20.14),
3aK/loyaeM, 4To BCerja

1/b"2,5pr*HE+V T (0. (20.15)

nOﬂyHeHHble COOTHOLWEHWUA MO3BONAOT BbINOMHUTH OépﬂT-
Hblii aHanu3 owun6ok. W3 (20.12) cnegyet, uTo

fI(fo)B tf (r+ T), (20.16)
rae T-# -1, Ho cornacHo (20.10), (20.15)
MB3:2,5p-"«|[*1*+ 1M} ©. (20.17)

Mpyu TOUHBIX BbIYMCNEHMSX 06Pa3oM BeKTOpa S, MO KOTO-
poMy CTpoMnach Matpuua OTPaXeHus, ABNSETCA BEKTOP
s'= ae. B npakTWYecKUX BblYNCNEHMAX BekTOp |I' HaxoasaT
He no dopmynam (20.11), a cuutaioT, uto

S'= fl (Os) =*— sign Si|a J€. (20.18)
MycTb
fI((/s)eO (s+ p).

TAe p- 3KBUBANEHTHOE BO3MylleHue. OUEHAM HOpPMY BeK-
Topa p

BekTop s-fp ecTb npoo6pa3 sektopa $' npu npeo6paso-
BaHMM C MaTpuueit 0, noatomy s+p =0 's'. Ho nerko

NpoBepUTb, 4TO
C £wobr@
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unu, npuxumas Bo BHumatue (20.8),

CneposaTensHo,
»+ p=i—signslja fA--r| | }.-1)j (20.19)
0O603Haunm yepes S+ P; KoOpAHHaTbl BekTopa s+ p. W3
(20.6), (20.19) Haxogum, uTo Ana »5r
la tuj w »/(1+M<)

* signj, la lyj'i
1+s 146 =

YO+8)

Manee,
«+Ple

=-~,151(1-7 _) — sig,tis|(i .

r.»i0+4i)+»ign<i (d« I+ 1?ilM +ni)) +1« Ifi)
1+6

Tenepb nonyyaem OLEHKY

(2,5p-<tllsil, ecnu 1,
W™ { la[wo, ecm  t)/= —1,
ans /Ss 2, H ougmky
U ,*/(2,5/al4*I)P'+L ecm rji#—1
ecm Ty——1,

P1A | 2,51a |prm ,

AN /=1, W3 3TUX OUEHOK BblTEKaeT, 4YTO BCErpa
Ipe5J2,5V Tp-w[*1& (20-20)

YNPAXHEHWNSA

1 SBnAeTCs MW eguHUuHaR MaTpUua Marpuue/l oTpaxenna?
2 Kakue U3 JMArOHanbHbIX MaTpul SBNSIOTCA MATpULamm OTpa*

KeH na?
3. [lokasan, 41O ONpeAEnUTENs NI0GON MATPULSI OTPAKEHMA paseH

4. [lokasaTb, u4TO peanbHO BbIMMCNEHHas MaTpuua oTpakenns U
YAOBNETBOPAET COOTHOLEHUIO
[00*-M 5E4p -fot.
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B 5 TlycTh V U y—BeKTOp W Y/CAO, ONpefensiolume MarpuLy OTpa-
XeHus (20.4). [lokasatb, uto

1y it 1Y & i
[loKazaTs, WTO COBCTBEHHbIE 3HAUEHWS MATPUUsl E—

8 MOXHO /M NpW YMHOXEHWA BEKTOPA Ma MaTpuly E— 2y~yy*
BLINONHMTb OGPATHBI aHaTM3 OWHGOK?

§21. N 10BaTEIbHOCTL NP i ol

B TeNLHOCTH i oTpa-
KEHUA ABNAETCH COCTABHOM YaCTblo MHOTUX YMCNEHHBIX METO-
OB NUHeliHOK anre6pbl. MMpu 3TOM nouyTw Bcerga npeo6pa-
3yl0TCA He BCe KOOPAMHaTbl BEKTOPa, a TONbKO YaCTb W3 HUX.
PaccmMo'TpuM BeKTOp I M MOCTPOMM npeoGpasosaHue OTpa-
KeHus, e nMwb Thl B *

., ir. He orpaHuuuBas OBWHOCTM, MOXHO CHUTaTh, 4TO
3TO nocneAHMe KOOpAMHATHLI BekTopa. B camom aene, nycTb
fl—Takan MaTpuya nepecTaHOBOK, 4TO BCe Knop/:muam

e . ABAsioTCSH
Bektopa Pr. Ecnu U-—uckomas matpuua OTpaxeHus, To
Nerko nposepuTs, uTo

Martpuya B Kpyrnblx CKOGKax sBAAETCA Takke Matpuueit
OTPaXEHWA UM YMHOXEHME Ha Hee BeKTOpa Pr u3meHseT
TONbKO MOCNefHMe I KOOPAUHAT Pr.

WTaK, nycTb npeo6pasosaHne C matpuuedi U MmeHseT
-nocnegHmue I KOOPAWHAT BeKTOpa r. lMpeACcTaBUM BEKTODbI T,
v B GnoyHom Buae,

rAe BEKTOpbl I, V' WMeloT pasMepHocTb r. Tak Kak
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TO AnA TOrO, 4yTo6Hl B BekTOope Uz M3MeHANUCb Wb noc-
negHWe r KOOpAWHAT, HEOﬁXOAMMU n  [0CTaTo4vHo, 4TOGbI
r'=0. Ho B 3atom cnyvae matpuua U GypeT umeTb Takoe
CTpoeHue:

MaTpuya, cToAWas B HUXHEM NpaBoM yray, ecTb MaTpuua

oT| nopsagka r. O ve ee BEKTOp V' 1 uncno
Y HaxoAsTcs TONbKO N0 W3MEHSIOWMMCS KOOPAWHATaM Bek-
Topa . Bcioay B i rosops o

4acTM KOOpAWHAT, Mbl GyAem noapasymesarb B AefCTBUTENb-
HOCTU YMHOXEHWEe Ha MaTtpuuy oTpaxeHus suga (21.1). Mpwn
3TOM OCTAIOTCS B CU/E BCE NOJYYEHHbIE PaHee OLEHKU OWNGOK
C 3aMeHOi, KOHEYHO, HOPMbI BEKTOpa I Ha HOPMY BekTopa
" u uucna n Ha uucno r. Ho Tak kak |z"|g™ | 27 m

TO MpeXHWe OLUEHKM OCTlOTCA B CUMe W B CBOEM MepBOHa-
uanbHOM Buge.

Mpeanonoxnm Tenepb, YTO Haj BEKTOPOM LBhINONHAEFEA
aneoﬁpaaueauwn OTpaXeHNs ¢ MaTpuLammn w . d.
Mbl He GyjeM Ceiiuac MHTEpPEecOBaTLCS CMOCOGOM BbIYMCIEHUS
3TUX MATPUL, HO BYJeM CUMTaTb, YTO BLIMONHSIOTCH OLEHKM
(20.8), (20.16), (20.20). O6osHauum zh= fl (Okzk-i) gna Bcex

K, npuyem r,, fcHo, uTOo-
= AK(2o-x + TH-1). (21.2)
rpe  T»-1 THoE yuy npeo

oTpaxeHus ¢ Matpuueit 0 k. llocnepoBaTenbHO MCNONbL3Ys
cooTHowenue (21.2) v yunTbiBas 61M30cTb MaTpUL O K K OpTO-
TOHaNbHBIM, nonyyaem

AE (£, E1) 2+ T),
rpe

ITle< 2 (213)

CHoBa BMAMM, 4TO BekTOp zN, PpeanbHo Moayu4eHHbIN
nocne BbiNOAHeHns N MocnefoBaTenbHbIX NPeo6pasoBaHmii
OTPaXeHNA, MOXKHO PAacCMaTpuBaTh Kak BEKTOD, MONYYeHHbIl
nocne TouHoro Tex e npeo! LY




1w 2
TOC/IEOBATE/IBHOCTb OTPAXKEHHT
BO3MYUIEHHbIM BEKTOPOM T+ T, Mpuuem A4Ns 3KBUBANEHTHOTO

BO3MyuleHns T cnpaBegnnBo cooTHoweHue (21.3). Tak Kak
MaTpuibl 0 K 61U3KN K OPTOTOHaNbHLIM, TO

Ne = Ne * '

Ecnm Hn opHa u3 matpuy Om ..., OX He cTpounacb no
BekTopam r0, .... rar-i, To cornacHo (20.16)

[T1£<2,507p"+11rBe+ ITKn(o. (21.4)

JL0BONLHO YaCTO Mbl GY/IeM MMETb A€N10 C MOC/NEA0BATENLHOCTbIO
matpuy #,, OX, 0fjHa M3 KOTOPbIX CTPOUTCA N0 KaKOMy-
TO M3 BEKTOPOB ra. ZN r. B 9TOM cny4ae, yuHTbi3as
(20.20), nonyuaem

[T < (25V2+ 25 (N - 1)p ‘+lirel+ (N- 1)Vnu>.
(21.5)

3a ucknioyeHnem ocobbix cny4aes, npeo6Gpasyemblii BeKTOp
r He ﬁyp,ET Manbim. nOSTOMy MOXHO CYMTaTb, YTO BbIMONHA-
eTca cooTHoweHue LirLi~call. B aToM cnyuae BMECTO OLeHKM
(21.4) 6ynem umetb

|T |B< 2,51p-"+|1r L 1.6
Ans N /73 ouyeHka (21.5) 3ameHsertcs TaKow:

[thb<2A+5tfp-"+ilzb (21.7)

YNPAXHEHNA
1 MycTh MATPULA A YMHOXKAETCA CeBa Ha NOCNEAOBATeNbHOCTb U3
MaTpulj OTpaXeHus. [l0KasaTb, 4TO IKBMBA/EHTHOE BO3MyljeHue M
C TOUHOCTbIO A0 4NEHOB MOPAAKA LUl YAOBNETBOPSET COOTHOLIEHHIO
[M[le ~2,5711 -"+»|1]tii (21.8)

. [JoKasaT, UTO COOTHOWeHME (21.8) OCTRETCA B CWMe U B TOM Cry-
uae, KOTAA MATULa A YMHOXAeTCA Ha N MaTpuly OTpaxeHws Kak cnesa,
8a.

Tak' H chpas
biatnu MYCTb $  ecTb TouHoe N peansHo
matpuya 7 ¢ 'AOKa3aTb* YTO CYU|ECTBYET TaKas OPTOFOHa/bHast

W -ftfekiN p-"+ K (21.9)
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§ 22. Cpi TOYHOCTN Mpeo6p i
BpalieHns 1 oTpaxeHus

OueHkn (19.9), (21.7) moryT co3jaTh BneyaTneHue, 4To
npeo6pasoBaHus BpaleHWs W OTpaXeHWs obnajaloT noxo-
KUMW CBOICTBAMW C TOUKMN 3peHua BAUAHNA ownbok OKpyr-
NEeHNs Ha BbIYUCANTENbHbIN npouecc. OAHBKO 3TOT BbIBOA
6bin 6Gbl Mpex/eBpeMeHHbIM.

Ecnun matpuua oTpaxeHuWa WMeeT pasMepHoCTb, N, TO
npeobpa3oBaHue ¢ 3TOi MaTpuueil M3MeHseT B obliem cnyuae
n KoopAvHaT BekTopa. Mpeo6pasoBaHue Xe C MaTpuLeid Bpa-
WeHNs BCerja M3MeHsieT NWlb fABe KOOPAMHATHI. [loaTomy,
Kak npaeuno, npeobpasoBaHue ¢ MaTpULENn OTPAXEHUR ABNSA-
etca Gonee copepxartenbHblM W ANA pelWeHns OfHOW W Toi
Ke  3ajaum TpEsyE‘TCR BbINONMHNTL  3HAYUTENbHO MEHbLUe
npeo6pa3oBaHnii 0TpaxKeHns, Yem npeobpa3oBaHmnii BpaleHNs.

Mbl e BCTpeuanuchb ¢ NofoGHOM  cuTyauueii B 3ajade
NOCTPOEHNS  YHUTapHOTO Npeo6pasoBaHua, NepeBoAALlEro
SaAaHHblﬁ BEKTOp S B BEKTOp, KOﬂﬂMNEaDHb\ﬁ KoopAuHaT-
HOMY BekTOpy C. [lnA peleHus 3Toil 3agaum Tpebyetcs
BLINONHWTL OAHO npeobpasoBaHue oTpaxeHus wuam (n—1)
npeo6pasoBaHnii BpalleHWs? ecnu pasMepHOCTb BEKTOpOB
paBHa n. Takoe COOTHOLWEHNe mexay HEOGXOAMMBIM 4ucnom npe-

i n ABNAGTCH TUNUYHBIM

BbiCKasaHHble COOGPaXeHUsi He 03HAUaloT, 4TO Mpu pewe-
HUM OfHOII 1 TOW e anre6p i 3apaun, i
c 6oMbWMM  YucnOM npeoépaaoaawﬂ BEKTOpa, OTHOWeHue
npaBoii yacTu oueHkn (19 9) K MpaBoii 4acTu oueHku (21.7)
GyneT Bcerja BenMuMHoli nopsaka n. Mccneays nocneposa-
TeNbHOCTb npeoﬁpaauaaﬂmﬁ BpaweHna, Mbl BHAENH, 4TO Ha
OGLLlyK) OUEHKY OWNBOK BAWAET He TONbKO YWACNO BbINOA-
HeHHbIX Mpeo6pa3oBaHWii BpaleHWs, HO W BbiGpaHHaa nocne-
A0BaTeNbHOCTh MHAEKCOB MaTpUL, BpalieHus

BnonHe BO3MOXHO, YTO ANs peleHWs OfHOIA U TOii Xe
3afja4n MOXHO MCNONb30BaThb pasNN4Hbie MnocneAoBaTeNbHOCTH
MaTpuy BpaujeHus. [03ToMy, npexpje 4YeMm CpaBHMBaTb TOY-
HOCTb Npeo6pasoBaHmMii BpaUleHna M OTpaxeHns, nocTapa-
emMCs MOHATb, KakuM MOXeT 6blTb MUHUManbHbIi YpoBeHb
ownboK B 3TUX NpeobpasoBaHMAX.

PaccMoTpum crefylownii runoteTuyecknii npumep. Mpea-
MONOXWM, 4TO BCE MaTpulibl BpaweHWa HacToNbKo 6nn3Kmn
K eAMHUYHBIM, 4TO KaXfoe WX [eACTBME Ha KOOpAWHATbI
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NeKTOpa PaBHOCMALHO /MWL OKPYFNeHWIo KoopauHat. MycTe
BbinonHAeTcs N npeo6pasoBaHuii BpauleHWs Haj BEKTOPOM
~pasMepHOCTM M. OB6O3HAUNM Yepe3 rM ..., T, ero KOOpPAUHaTbl,
uepes .. zsn PAVHATLI BEKTOPA, y 0 nocne
BbiNoNHeHna N npeo6pasosaHnii. Torpa

3pecb Ni ecTb uncno npeo6pasoBaHnii, B KOTOPbIX Y4acTBO-
Bana koopAuHarta, cToAwas B nosuyum . CornacHo npeano-
noxennto Jey [*(1/2)p <tl ana scex 1, /. Kpome storo,

2 N,-2N,

M Mbl UMeem

2.9

HECMOTDR Ha TO, 4TO BbICKa3aHHble MNPegnoNoXeHna
OTHOCUTENbHO peanu3aunu npeobpas’oBaHuil BpaljeHUs He
COBCEM peanbHbl, COOT (22.1) ana THOTO
BO3MYyLEHUA E ortnunyaetcs ot peanbHoOro nMWb NOCTOAHHLIM
MHOXWUTENem B npaaoﬁ vactu.

KakoBbl 6bl HM 6binu uymcna NIt Ha knacce BeKTOpoB I
C 3afjaHHOW BENMYNHOI €eBKNM/0BOI HOPMbI CRpaBeAnnBO
HepaBeHCTBO

22.2)

OueBMHO, 4TO MpaBas uYacTb MMeEET MUHMMYM B TOM Cryuae,
Torga N, —2N/n ana Bcex /. Tak Kak HepaBeHCTBO (22.2)
[OCTUraeTCsi, TO OUEHKM OWWGOK MPU PasMuHBIX MOPAAKAX
npeo6pasoBaHnA 3NEMEHTOB He MOTYT GbiTb Niyullie, Yem OUEHKa

(22.3)

rfie a —HeKoTopas KOHCTaHTa.

Ec/m ouenka ansi Kakoi-nu6o HOCﬂEAOBaTEﬂbHOCTM npeo6-
pasoBaHwii BpawjeHus oTauuaetcs ot (22.3), To aTo 03Havaer,
UTO WM OHa 3aBbIEHA, WM B 3HAUYMTENbHON Mepe 3aBUCUT
°T yrnos nosopora.
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PaccMOTpUM C 3TOW TOUKM 3PeHUA PesynbTaThl MCCReao-
BaHWA BAMAHNA OWWGOK OKPYrNeHusi, nonyueHHsie B § Id,
OueHka (19.9) He ABNAETCA OUEHKOI BMAa (22.3) u Xyxe
ee npuMepHo B N pas. Ho Kak Mbl yxe OTMeuanu, 3Ta
OLEHKa MOYTH [OCTUraeTCs AN HEKOTOPbIX CUMLHO CBA3aH-
HbIX MoCnejoBaTeNbHoCTel. CneaoBaTeNbHo, ANS Takux moc-
Nej0BaTe/IbHOCTE CYMMapHOe 3KBMBANEHTHOE BO3MyLieHUe
[OMXKHO B 3HAYMTENLHON Mepe 3aBUCETb OT YINOB NMOBOPOTA.
C apyroii cTopoHbI, oueHkn (19.11), (19.12) ANA UMKNMYECKMX
nocnegoBaTenbHocTeil SBNAOTCA OleHKamu Buaa (22.3) wn
NO3TOMY  MCKMIOYNTENbHO IDHEKTUBHBI.

WTak, npu N
CyujecTBYIOT TakiMe MOPAAKM Npeo6pasoBaHus KOOPANHAT,
npu  KJIOpbIX 9KBUBANEHTHOE BO3MYLiEHME Y/A0BNETBOPSET
COOTHOWeHMIO (22.3). KOHEYHO, OCTaeTcA OTKPbITHIM BOMPOC,
06ecneynBaloT N Takue MocnefoBaTeNbHOCTU pPelweHue cooT-
BETCTBYIOWMX 3ajay BbIYUCANUTENbHOIW anre6pbl. B panbHei-
wem Nbi 4aguM Ha HEro MONOXMTENbHbIA OTBET.

ViccnegoBakue JOCTUXMMOCTU OLEHOK OWNGBOK ANs nocne-
[l0BaTeNbHOCTM NpeoGpasoBaHuii OTpaxeHns ocyuiecTseTca
CylwecTBeHHO npouwie. CHOBa paccMOTPUM FUNOTETUYECKWIA
npumep. TycTe MaTpuupl oTpaxeHns 6GyayT 61usku K ana-
FOHabHBIM,* 3/1EMEHTbI KOTOPbIX PaBHbl 6o + 1, nn6o —1.
MpeAnonoXum, uTo AeiicTBMEe KAKA0A MATPULbI OTPaXeHus
Ha KOOPAMHATLI BEKTOPA PABHOCULHO NWWb OKPYT/NEHUIO
KoOpaMHaT. Ecnu BbinonHsetcs N npeo6pasoBaHuii, To npu
Tex Ke 0603HAYEHNUSIX, YTO BbINNM CAeNaHbl Bbile, Mbl Gygem
umeth

NI= £ r,(1+ nD)... (L+ eNo),
rae

o \< Ne orm
Ans Beex |, /. OTclopa BbiTeKaeT, 4To

(22.4)

CnepoBatenbHo, oueHkn (21.6), (21.7) no cyujectBy Heynyu-
waembl.

Kak Mbl yxe 'oTmMe4yanu, ogHO npeo6pasoBaHne oTpaxe-
HUA pelaeT Takyl ke 3agady, kak u n—1 npeo6pasosa-
HUil BpaljeHHs. M03TOMy, CpaBHUBas OUeHKW (22.3), (22.4),
MOXHO 3aKNK4YUTb, 4TO ﬂp€06p33OBaHlAR BpaleHns He Moryt
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rAPanTMpoBaTh CYLIECTBEHHO GOMbLIEN TOYHOCTH, YeM Npeod-
pasoBaHus OTpaxeHns. OfHaKo ITOT BbIBOJ CnpaBeanus
VWb TOTAa, KOTAA MCMONb3YeTCs Onepauns HaKonnewns
CKanspHelX NpousseaeHuit. ECAN e BCe BLIYUCNEHUS BeayTCA
C OAMHAPHON TOYHOCTbIO, TO BAWAHWE OWNGOK OKPYTNEeHUs
B TUMWYHbLIX NOCNEA0BATENLHOCTAX NpeobpasoBaHmii Bpauje-
HWA GyaeT B VN WM paxe N pas no MOPAAKY' MeHble,
Yem B NPeo6pa3oBaHNAX OTPAXKEHMUS, PeLIaloujux Ty XKe 3agauy.

YOPAXHEHWNSA

1. [lokasaTb, 0TO NioGan MaTpuua OTpaxeHus U MOXET GhiTb nped-
cTasnena B eue
U-RDR’, (225)

rge R ecTb NpowssefeHMe MaTpul BpawjeHusi, a marpuua D oTnuuaetcs
OT MHUIHON NWILUb TeM, 4TO OJMH W3 68 AMATOHAMbHbIX INEMEHTOB pa-
BeH — L

. TIyCTb BEKTOP V MaTpULBI OTpaxeHs U u3 (20.4) umeer | Hewyne-
BbiX KOOpAMHaT [lokasaTb, 4TO MaTpULa R B pasnoenun (22.5) cocrout
e Mo v s | 1 atpw apaierAs

3. BbINONHATL aHANU3 OWWMGOK NpeOGPasoBaHuii OTPaXeHWs AnA
Chyuas, KOT4a BCE BLIMWCIIGHUA BEAYTCA C OAMHAPHOW TOMHOCTbIO Ge3
HaKOMNEHWS CKanAPHBIX MPOU3BEAEHIM

§ 23. [IByXCTOPOHHMWE YHUTapHble Npeo6pasoBaHus

B OrpoMHOM MHOro06pasnu YUCNEHHbIX METOA0B NUHEHHON
anreﬁphl MMeeTca 3HauynTeNbHOE KONWYEecTsBO ¢’il'\|'l]pl’ld)MOBv
CBA3AHHbLIX C TeNIbHbIM n
MaTpulbl MyTeM YMHOXEHW Ha YHUTapHble MaTpulbl Bpa-
weHns unu otpaxeHnus. Ecnu npeo6pasoBaHus O4HOCTOPOH-
HWe, Hanpumep, nesble (Npasble), TO Kax/ablii cTonGel (cTpoka)
MaTpuLbl eTcs u ans
BNUAHNA OWMUGOK OKpYrneHua Takux npoueccos moryTt 6bITh
MNCNoNb30BaHbl Pe3ynbTaThl, MONYYeHHble paHee Ana npeobpa-
30BaHUs BEKTOPOB. [IByXCTOPOHHWe npeo6pa3oBaHus TpebyloT
Gonee TWATENbHOMO aHann3a

MycTtb matpuuya Ay TCA Cnesa Ha TeNlb-
HocTb maTpuy Qi, Q,, ..., Q, ncnpasa Ha nocnegoBaTenb-
HocTb MaTpuy Mu Sir Rp- byasem cuutath, uTO BCE

MaTpUUbl  YHUTApHBIE M WMEIOT OAMH W TOT Xe Tum, T. e.
ABNSIOTCS  MATPULAMU  BAWEHHs /W60  MaTpuyamm oTpa-
XeHus. [ns Hac ceiiyac 6e3pasnuyHo, Kakum CcrnocoGom
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BbIYMCNEHbI 3TN MaTpULbI. BaxHO NuWb, 4To6blI BLINONHANNCH
NoNy4YyeHHble paHee OUEHKW ownbok OKpyrnexnms.

He BO3HMKAaeT HWKakuMX npobnem c aHannu3om owubok,
ecnum cHavana TCA BCE c OAHO:!
CTOPOHbI, a 3aTeM Bce npeo6pasoBaHUs C [PYroii CTOPOHbI.
ﬂEFICTEMTE.‘ﬂbHU, nycTb, Hanpumep, NepBbIMW OCYLLIECTBNATCA
npeo6pasosaHua cnesa. B Kauectse MPOMEXYTOYHOTO pe3ysib-
Tata Mbl MOAY4YUM MaTpuLy

npu 3TOM COFNACHO YXe MPOBEJEHHbIM MCCNeA0BaHUAM

5= & (N + T), (23.1)
rge UTUrfap m " < 4 BenuuuHa a 3aBUCUT OT BbIGpaHHOI
TeNbHOCTN NP Q. Qs, HO He 3a-

BUCUT OT 2/1IEMEHTOB MaTpuubl A. [lanee Haxogum Matpuiy
C=N(B" ... #p); npu 3ToM aHanornyHo (23.1)

6=(B+ )" ... Rp, (232)

rae [F[E~pp '+1"Bla. CHoBa BenuuuHa P 3aBUCHT OT Bbi-
6paHHoO TeNbHOCTN i Ru ..., Rp,
HO He 3aBUCMT OT 3/1IeMeHTOB MaTpuubl B. CornacHo npes-

BCe acuMNTOTUYECKN BNN3KN
K YHUTapHbIM. Tenepb, np| B0 T
HOCTb eBKNWJOBOW HOPMbI K YHUTApHbIM MPeo6pasoBaHusM,
3aknioyaem H3 (23.1), (23.2), uto

.. $iM + N)ft» ... Rpt

rge JNle («+ P)Pm 5" IB. Takas e OLeHKa UMeeT MecTo
M B TOM CAyuae, KOrAa CHayana BbIMOMHAIOTCA Npasble npe-
06pa3soBaHus, a 3aTem nesbie.

OpHako  6GONBIWIMHCTBO  BBIYACAUTENbHBIX — anroputmMos
C AByXCT YCTPOEHO  MHaué.
WMeHHO, npeo6pa3oBaHns C OAHOW CTOPOHbI OBGLIYHO HE Bbl-
NONHAIOTCA NOAPAA, a neped KaXAbiM WM HEKOTOPbIMM W3
HUX  BBINONHSETCA OJHO WM HECKONbKO Npeob6pa3osaHuii
C ApYroii CTOPOHbI.

Mpu BLIBOZE OLUEHOK ANf HOPM 3KBUBANEHTHBIX BO3MY-
WeHniA, ux npu TeNLHOCTH
O/IHOCTOPOHHUX Npeo6pa3oBaHNii BpalleHWUs, 6biNu  yuTeHbl
BecbMa TOHKME COOTHOLIGHUS MeX[y PesynbTaTamu npome-
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KNTOUHBIX BbIYMC/EHNA. [Ma MepBbiii  B3TNAA KaXeTcs, uTo
BLINONHEHME MEXAY ABYMA MPeo6pasoBaHUAMU  BpalleHus
Kakux-nu60 npeo6pa3oBaHnii C APYroil CTOPOHbI MOXeT Ha-
pYWWTh 3T COOTHOWEHMA. HO 3amMeTum, uTo B JelicTBUTENb-
HOCTH, npu nesbix B KayecTse
NPOMEXYTOUHBIX Pe3yNbTaTOB MOSIBUANCL NNLIL CyMMbl KBaj-
paToB Moayneli 37eMeHTOB CTPOK MaTpuibi. Moatomy, ecnv
MeXAy ABYMS N€BbIMU MPeo6Pa3oBaHMAMM BPAUEHNA BK/IO-
unTe Ni06oe Npasoe YHUTapHOE NpeoGpasoBaHue WAM fAaxe
No6YI0 NOCNeA0BATENbHOCT: NPaBbIX YHUTAPHLIX Npeo6paso-
BaHWi, TO MU 3TOM BCE HA3BaHHble CYMMbl OCTaHyTCA Ge3
M3MEHeHNs

CnegoBatensHo, [HOCTU  BbI
ABYXCTOPOHHUX NpeoGpasosaHmii spaujeHns cnpasa u cnesa
MEHSeT O06LYI0 MaXOPaHTHYI0 OLEHKY EBKNMA0BOIA HOPMbI
9KBWBANEHTHOTO BO3MYL|EHUS NUWL B 4NeHaX BTOPOro no-
psaKa ManocTu.

AHanornyHble paccyX/eHus NoKasbiBaloT, YTO TakKol Xe
BbIBOA CMIPaBeANMB M B OT ™
BLINOSHEHNA [BYXCTOPOHHUX NpeoGpasosanuii mpamewa

HanomHum, uto 06Wuii  adhdekT OT BANAHWA OWMGOK
OKpYTNeHnii Mbl i HOpMbI T
HOro y npu np C HETOUHO BbluMC-
NEHHBIMU MATPULAMU BPAWEHUS WAM OTpaxeHus. Mpu atom
OTK/IOHEHWE BbIUNCIEHHBIX MATPUL OT YHUTApHbIX MpakKTuue-
CKM He Wrpano CyulecTeHHoW ponu. C Takoit cuTyauyueii
Mbl GyleM BCTPEYaTbCs MOYTA BCErja, WM3yuyas HYMC/EHHbIE
MeTozb! cucTem i anre6p: ypas-
HEHNI.

Mpn 61 i
OTKNOHEHUA MaTpuy npeospaacsawq OT YHUTapHBIX CTaHO-
BUTCA BaXHOW. MycCTh Haj maTpuueli A cosepwaercs nocne-
[10BaTeNbHOCTL MOAOGHBIX MPe06pPasoBaHnii C  yHUTapHbIMM
maTpuuamun Q,. Tak Kak [ANs YHUTapHbIX MaTpui
o6paTHas COBNajaeT C COMPSXEHHON, TO 3TO O3HAuaeT, uTo
HaXOAMTCA HeKoTopas MaTpuua

B-QT..QMQx...Q,
PeanbHo nony4yeHHble Matpuubl QIP ..., yxe He 6yayT

YHUTapHbIMU. 103TOMY, CTPOro roBOPSA, Mbl AOMKHbI 6bIAK bl
BbLIYUCNATL MaTpULy
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Ho Q, enb3s  ONpeAennTb TOYHO HM B Clyuae
MaTpul, BpalleHHA, HU B Clyyae MaTpUL OTpaxeHus. 310
06CTOATENbCTBO M 3aCTaBNAET HAC OFPaHMYNTLCA BblUMC/E-
HMEM MaTpuLbI

fl= fl(& .. . Q9
Bo BCeX PACcCMOTPEHHbIX MPeo6pasoBaHuAX

fi(& ... 3MQ, ... Q97Q! ... Qf(A+ M)(J, ... Qs
QNS HEKOTOPOrO 3KBMBANEHTHOrO BO3MylleHns M. Tenepb
noKaxem, 4To
Q72... <M+ M)Qi-- Qs-Qsl... Q- (N+ A)& ...Q, (23.3)
W paguM oueHKy Hopmbl [.

YMHOXMM 06e 4acTu paseHcTBa (23.3) cnpaBa Ha mar-
puuy Qsl... Q,1 370 faeT COOTHOWEHMWE -
Qr..Q,'A= (Q?..Qf-Q7"...QrOA+Q*... &M.  (23.4)
Tak Kak MaTpuubl NpeoGpasoBaHus GU3KM K YHUTapHbIM, TO

BABBA [(Qf ... Q 7-OF +++Q.0Af*+ IMfc'

MoaTomy oueHKa HOpMbl A CBOAWTCA, MO CYU|eCTBY, K OUEHKe
HOpPMbl MepBOro cnaraemoro u3 (23.4).
HeKOTOpyI0 CNOXHOCTh NpPeACTaBAsieT NUWb WCCNEA0Ba-

Hue np Mycts T
MaTpuua BpalleHus BTOPOTO MOPSAKA, a C—BeKTOP; Toraa

roc=r*(c+ (r* f |—E)c).
MpuHumas Bo BHMMaHWe (18.15), (18.17), 3akniouaem, 4TO

CTefoBaTeNbHO, ecnM 0603HauYMTL

T &= f* (c+ e), (235)
TO Gysem umeTb

(23-6)

Mpeanatxum Tenepb, 4T0 Qt.... Qs eCTb BbIYNCNEH-

Has NoCcNejoBaTeNbHOCTL MaTpUL, BpaleHns, WHAEKCHbl KOTO-
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PbIX MEHSKTCA, Hanmpumep, B UMKNMYECKOM nopsiake. PT
cmoTpum  Gonee  BHHMaTensH9  BbipaxeHne Q,1 Qi
CornacHo (23.5) nocnepgoBatenbHOe YMHOXeHUe MaTpuubl A
cnea Ha Mmatpuuy Q , Q s' MOXHO TpakTOBaTb Kak
YMHOXEHWe Ha MaTpuubl QJ, ..., Q? C BHECEHNEM HEKOTOPbIX
own6oK. HO 3TV OWHNBKM C TOYHOCTBIO [0 YUCNOBLIX KOA(-
(UUMeHTOB 06pasyloTca N0 TOMY XXe 3aKOHY, YTO U OWMGKM
OKPYINIEHNA  MPU  YMHOXEHMA  Ha  MOCNefoBaTeNbHOCTb
Qi, .... Q2 TMMo3Tomy, BOCMONbL30BABLINCE aHANU30M OLWNGOK,
BbINONHEHHBIM B § 19, Haxoaum, 4To
Q...QIM=Q?..Qf(" + V),
rge cornacHo (19.12) c 3ameHoii (18.21) Ha (23.6) umeem
[V[er  (2n—=3)p [Nk
Ho 3T0 03HauaeT, uTo Takxe
1(& ..& -&w .. & J)A1e”?(2n-3)p-"+UA1E (23.7)
AHaNOrnyHo MnonyvyalTCs OUEHKM ANA APYrUx nocnegosa-
TeNbHOCTE MATPUL BPaL|eHNS.

ViccnepoBakme  NpeobpasoBaHMii  OTPaXKeHUs  OCYu|eCTB-
nseTcs No TOH xe cxeme. Ecnu {/ —BbluncnenHas matpuya
oTpaXKeHus, a r—BekTop, T0 0 X = 0* (r+ (0 ~O 1—E)r).
n BO (20.9), 410

\0* 'O *-E]ar4p "

CnepoBatenbHo, ecam 0 nr = 0* (r4-u), 7o |y < 4p < r|E
Ecnu BbinonHseTcs n—1 npeo6pa3oBaHnii oTpaxeHus, To
aHANOTMUHbIE PAaCCYXKAEHUS MOKa3bIBAIOT, uTO

| Or- Vn'-,... &) Ab A~ 4(n- 1)p “1\A[s.

Tenepb yXe HETPYAHO NONYYUTb MONHYIO OLEHKY AN
HopMbl [l H3 (23.3), NpuHMMas BO BHMUMaHWe COOTBETCTBYHO-
wue oueHkn ana Hopmbl M. Ecnn B Kavyectse maTpul, no-
£06HOTO NPE06Pa3oBaHMs GepeTCA NOCNEA0BATENLHOCTL MATPUL
BPAWEHNS, WMHAEKCHl KOTOPbIX MEHSIOTCA B  LUKANYECKOM
nopsake npu T —n—1, 10

gAienr- 0+5(2n-3)p m \A\p. (23.8)
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mEC/M NOCNeA0BaTeNbHOCTL MaTpUL BPAWEHUS MOXHO pas-
6MTb Ha K rpynn, BHYTPU KOTOPbIX MaTpuubl BpalieHus
He MMelT 06WNX MHAEKCOB, TO

(239)

W, HakoHel, ecnn B KauecTse MaTpuy nogo6Horo npeobpa-
30BaHMA GepeTcA MOCNeA0BaTeNbHOCTL M3 N —L1 MaTpuy oTpa-
XEHNA, TO B 3TOM Cnyuae

1512 (A_DPwmlal (23.10)

YMNPAXHEHMA
1 Myctb R ecTb TOUHOE NPOMIBEACHME DEANbHO  BBIYMCHEHHbIX
MaTpuLy BpaLeHms, i
Vicnonksys cootHowenme (23.7), AOKa3aTh, 4TO
SR&s- Ep2 (512 2) (+ T-2)p-"+. (2319
0KasaTb, UTO B YCTOBUAX YMpaHeHWs 1 Cyl|ecTByeT opToro-
HansHan marpuya R Takas, uto
IR-R m (5412 (n+ T-2) p<tK (23.12)
CPaBHTE SToT pesynuTar ¢ (19.18), (21.9).
. MoNyuuTs OUEHKY, aHANOTMuHYIO (23.12), ANA NOCNEAOBATENLHOCTI
ManMu OTpaxeHws. CpasHuTL pesyneTar c (21.9).

§ 24. HeyHHTapHble npeo6pasoBaHns

EBKNMAOBA M 2-HOPMA WHBApPWAaHTHbLI K YHUTapHbIM npe-
06pa3oBaHNAM, MOITOMY He MOXET MPOMCXOAWTH CYUIECTBEH-
HOTO yBENWYEHMA B LENOM 3NEMEHTOB NPeo6pasyeMblX BeK-
TOPOB U MATpuL. 3TO O4YEHb BAKHO, TaK KaK Ha KaXAOM
ware OWMGKA OKPYTNEHUs B OCHOBHOM MPOMOPLUOHAbHBI
BeNNUNHAM 3M1eMEHTOB. HeyHNTapHbie npeo6pasosaHns He o6na-
[AI0T eCTECTBEHHONM YCTORYMBOCTHIO, OAHAKO MHOTAA BbIUMC-
NIEHNS MOXHO OPraHW30BaTh TaK, 4TO B HEKOTOPOW orpaHu-
YeHHOW (hopme yCTOHYMBOCTb BCe XXe GyfeT WMeTb MecTo.

PaccMOTPUM NpOCTeiiliMe HeyHUTapHbIe MaTpULbl. MycTh N
v ft—sekTopsl pasmepHocTM n. o aHanorum c marpuueii
OTpaXeHUsi MOXHO MOCTPOMTh MaTpUibl BUAA

V= E+ ab*. (24.1)
Ecnu s—npeo6pa3syembiii BekTOp, TOo Tenepb Vs= s-f (s, b)a.
Cpegn  matpuy (24.1) Haubonee 4acTo WCnonb3yloTcs Te,
B KOTOPbIX NGO BEKTOP a, IMGO BeKTOp b sABNsETCA KoOp-



S4») HEYHUT/IPHBIE MPEOBPA3OBAHMA

AunatHeiM. BTOPOl M3 BEKTOPOB 0GbIHO OMpeaenseTcs ycno-
BUAMU 334N,

pt Tpeanonoxum, 4to B KayecTse BeKTOpa b B3AT r-it Koop-
[AMHATHBIA BEKTOP er. OfHa W3 BaXHEMLINX BbIUUCAMTENbHBIX
3ajay TpebyeT HaiiTM nO 3aaHHOMY BEKTOPY S TakoW Bek-
TOop a, u4ToGbl nepeble [ KOOPAMHAT BekTopa s+ (s, er)a
COBNajanM C COOTBETCTBYIOWMMA KOOPAMHATAMU BEKTOpa S,
a ocTanbHble PaBHANMCL Hynio. OGosHauum uepes slt ..., s,
W anm ..., a, KOOPAUHATHI BEKTOPOB S K. . FICHO, uTO
(s, er)=sr. CnesosaTenbHO, WCKOMbI/i BEKTOp @ CyljecTsyer
nMwb B TOM cnyuae, ecnn s, @ 0. Ho Torja O4eBMAHO, uTO

-n oo pAc- (24.2)
' I-*A . p>r

Marpuubl (24.1), B KOTOpPbIX B KauecTBe BekTopa b B3AT
BEKTOP €, a MepBble I KOOPAWHAT BEKTOPa @ Hynesble, Ha-
3biBAlOTCA MaTpuuamu Tuna Nr. OHM BecbMa 4acTO MCMONb-
3yl0TCA B BbIUNCAUTENbHOW NpakTMKe. ITM MaTpulbl OTAU-
HAIOTCA OT eAMHMYHBIX NALWb NOAANATOHANbHBIMU JNEMEHTAMM
B r-m cTonbue, T. e.

Nr- (243)

NT =

Nlerko Haxoantca u npoussegeHne matpuy N?NT... NT
Mo cyuwecTsy, ANs ero ONpPefeneHus He HYXHO NPOM3BOAUTL
HUKaKNX i, Tak Kak 1e 3neMeHTbl pac-
NONMOXEHbI NWWL B NEPBLIX I CTONBLAX M OHM COBNAjAlT
c anemeHTamu matpuy NT, NT NN WmenHo,

0
, (24.4)
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KOHeuHo, Mo TaKoMy JKe MpPUHLMMY CTPOUTCS W npoussefe-
Hue matpuy NtNi ... Nr.

MycTe 3ajaH BEKTOP I Pa3MEPHOCTM M M HAXOAMTCA Mo-
CNefoBaTeNbHOCTb BEKTOPOB T . rr, < N, C nomoujblo

YMHOXeHNS Ha maTpuubl Nu JTb Nr, 7. e
zk= Nkzk.u 0=z, =1 2, r (24.5)
B peanbHbiX BbluMCNeHUsX BMecTo maTpuy Nj .fobyaem
nmetb maTpuubl Nu ..., Nr. Kpome atoro, 6yayT BO3HMKaTb
OWNGKN W Npu  BLINONHEHWW onepaunii (24.5). MMoaTomy
B [EACTBUTENLHOCTU Mbl MONYHUM BEKTOPBI Ib ..., [T~ [je
r,- fl(AW.)= + X (24-6)

3pech (™ _1—BekTop OWMGOK, BO3HUKAOWMIA M3-3a HETOUHOIO
i Mak-x. N BO
(8.4), (8.5), MOXHO 3anucaTb, 4TO

zr= NrNr.j ... Nt(z +\i),

= Ni'HO+ NI'Ni"\x,+ ...+ Ni'Ni' ... NT"ir-\.

Mepsble k cTpok Mmatpuubl Nk, 1 r, npeacTasnswoT
co60ii CTPOKW efMHWYHOW MaTpuubl. CneaoBatenbHo, nep-
Bble K 371eMeHTOB BEKTOPOB r*.j u r* cosnagaioT. Ho Torpa
nepeble Kk 3N1eMeHTOB BEKTOPa OWMWGOK U*-1 ABNAIOTCA Hyne-
BbIMA. CornacHo (24.4) pans nw6oro k B npowssegeHun
jvre .. iV*l nuwb nepeble K CTONGL0B OTAWYHBLI OT CTONGL0B
eAVHUYHON MaTpuupl. MoaTomy Ans no6oro

NA'NIL . Iun b= ML
OTKyf#a BbITeKaeT, 4To

U o= |> L (24-7)

Takum 06pasom, Npu BbIMONHEHMN MOCNEA0BATENLHOCTY
npeoGpasosaHuii ¢ MaTpuuamu N, 3KBUBANEHTHOE
BO3MYyl|EHME 1 CBA3AHO C OWMGKaMM U*_1( BO3HMKaKOWMMU
Ha OTAeNbHbIX LWarax, NpOCTbIM COOTHOWeHWeM (24.7).

Bbiuncnenne matpuy Nr no gopmynam (24.2) BO3MOXHO
mwbe npu ycnosun s, #0. OpHaKo MHOTAa OHO MOXeT
He BBLINONHATLCA. CyW|ecTBYeT 3HAYMTENIbHOE 4YMCNO anropudh™
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MOB, B KOTOPbIX A4N1A €ro oGecneveHus WCMOMb3ylTCA nepe-
CTaHOBKM 3nemMeHTOB. OGbi4HO 3TO 03HauaeT, 4YTO B (hopmyne
(24.6) Bmecto maTpuubl Nk CTOMT npousBefeHne

rae Pkk-, k'Ask ecTb MaTpuua nepecTaHOBOK CTONGL0B C HO-
mepami K u K'. B 3TOM cnydae ANA 3KBUBANEHTHOTO BO3-
mywenus (I 6yaem VimeTs

U= An-Ar'w.+ Pu-n?P «it?b + oo,
eeet PU'NVPN'RI soePrrfIVpr-i-

Paccmotpum  Gonee noapo6HO  npousseseHue -
...PKK-Nk1 [Jokaxem, uTo ero nocnegHue n—k cton6uos
coBnajawT ¢ nocnegHumu n—k cronbuamn npoussefeHns
Py-Py' mePkk'. [lna K= 1 3T0 yTBepXjeHWe O4YeBWAHO, TaK
KaK yMHOXEHWe MaTpuubl An<cnpasa Ha MEHSIET TONbKO
ee nepsblii ctonGey. MycTb OHO BepHo Ans K—1. flonon-
HUTE/IbHOE YMHOXeHWe CnpaBa Ha PKKE 3KBMBANEHTHO nepe-
CTaHoBKe CTONGLOB C HOMepamu K W K'. B cuny ycnosus
K'~ K nocnegHme n—k+ | cTON6UOB NONYYEHHOFO NPON3-
BefleHus GyayT coBmajgaTb € nocneAHMMM N —kK+ | cTonG-
uamn npowsseaeHns Pu’Pu’-+ Pkk-. Ewe 0AHO yMHOXeHue
cnpaBa Ha Nil MeHsieT B 3TOM Mpou3BefeHMM Nuwb CTONGel
C HOMEpoM K.

WTak, yTeepkgeHve AokasaHo. [lo-npexHemy nepsble K
3/IEMEHTOB BEKTOpa OWMBOK U*_, ABNAKOTCA HyneBbiMu. Cre-
[noBatensHo, Ans no6oro kSs 1

OKOHYaTeNbHO 3aKMI0YaeM, 4TO Tenepb

(24.8)

CpasHeHue topmyn (24.7), (24.8) ¢ (8.5) nokaseliBaeT,
4TO 3KBUBANEHTHOE BO3MYLIEHUE B PACCMOTPEHHBIX Npeobpa-
30BaHMAX C MaTpuuamu Bupa Nr He 3aBUCUT ABHO OT 3TMX
maTpuy. M03TOMy OMacHOCTb HeYCTONUMBOCTU MOXET BOIHMK-
HyTb MWL B TOM CNyYae, eCAM BENUKM CaMW BEKTOPbI OLIH-
°K L*-|. Mbl yXe OTMe4anu, 4To OWMWNGKW, CAeNnaHHble Ha
ADenbHbIX Warax, B LeNOM MPOMOPLMOHANbHDI BeUYNHAM
«OpAMHaT BeKTOPOB. TO3TOMY W BAXHO, 4TOGI 3TV KOOP-
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[VHaTbl  GbIMM MO  BO3MOXHOCTM MeHble. Takylo 3agaul
BLINOMHACT  MOAXOAAWNI  BLIGOP ~ MaTpPUY  NepecTaHOBOK.
[leTanbHblli aHanu3 BeKTOPOB P*_, Mbl MPOBEAEM HECKONbKO
nosaHee, Korga GyAyT OMUCaHbl BLIYUCAUTENbHbIE MPOLIECCHI,
K npeob6pa: ¢ Mmatpuuamn Tuna /1.

PaccMOTpMM elle OAWH BUJ HEYHUTapHbIX npeobpasosa-
HuWii. MycTb -Tenepb KOOPAWHATHbIA BEKTOp €r B3AT » Kaue-
cTBe BekTopa a maTpuubl (24.J). B atom cnyyae matpuua
(24.1) G6ypet 0TAMYATLCA OT EAMHUYHOW NUWbL OAHOW r-it
CTPOKOA. HanGonee BaxHble B NPaKTMYECKOM OTHOLIEHMN
.MATPULBl 3TOFO TUMA UMEOT BUA

Mpeanonoxmm, uYTo CHOBa 3ajaH BEKTOp I paaMepHocm
N W HaxoAuTCs NOCNeJ0BATENbHOCTL BEKTOPOB [X..
rCn, C NOMOWbLID YMHOXEHMA Ha MaTpuubl Mr, Ma
. Mr, T. e

k= Mizk I,

n k—2,3 r (24.10)

OGPHTMM BHUMaHWe Ha CYLeCcTBeHHble OTAN4YWA 3TOr0
npouyecca OT npouecca (24.5). Ecnm B (24.5) BekTOop rK
UMeeT K MNepBbiX KOOpAWMHAT, coBnajakwlux C COOTBETCTBY-
IOWNAMN  KOOpAWHATaMM BeKTOpa [K-X, To B (24.10) BekTop
r* 0TnMYaeTcs OT T*M BCEro NWWb OfHOW &V KOOpAMHa-
Toil. 3Ta KoopAwHaTa npeAcTaBnseT cOBOA CymMmy MonapHbix
HDOMZBEAEHWZ HEKOTOpbIX 4Yucen, NoaTomy ANs ee Bblyucne-
HUA yAOﬁHO NPUMEHATb PEXWUM HaKOMNeHWUA.

Ecnn matpuubl M, onpegenstoTCs C NOMOLLbIO HEKOTO-
PbIX BbIYNCNEHUIA, TO peanbHblili BLIYMCNUTENbHBIA Npouecc
ﬁy/:leT ONUCbIBaTLCA COOTHOLWEHNAMU

s e e v

OpHako y. BeKTOpa V*_j npu no6bix K GyfeT oTanyHa ot
HYNs NWWb OfHA K- KOOPAWHaTa. KOHeuHo, CHOBa

rk= LAY 0 ... Ma(r+ v),
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P V= nyV -bMiSi;'Vi-f ..+ MI'MV...Ab'Y_

1 MpoussegeHne Mil...Mi," npocTbiM cnoco6om CBA3aHO CO
CBOMMM COMHOXMTENAMY. I'IerKc NpoBEPUTh, YTO aHANOTUUHO
(24.4) 6ypem umeTb

Mi'Mil... Mi' = ’

Mo TakoMy >Ke TpUHUMNY CTPOMTCA W  Mpou3BefeHue
MM ,...M K. TMpHHlMas BO BHWMaHWe BUJ BEKTOPOB V* X
nonyyaem, u4to 4ns nw6oro k

Mi'Mi* ..M k'vk-i = Vk-i,
noatomy

(24.11)

HecmoTpa Ha To, YTo hopmyna (24.11) BHellHe MOXO0Xa
Ha (24.7), OHa [0/MKHA NPeACTaBNATbL GONbIINIA MHTepec, Tak
KaK CTpOEHWe BEKTOPOB V*_, 3HAUMTENbHO Mpolie, uem p*-|.
3T0 paeT OCHOBaHWe HafeATbCA, UTO B BbIYMCAMTENbHBIX
anr wux np ¢ maTpuuamu
TMNa M, MOXHO JOCTMYb BbICOKOA TOYHOCTM

YMNPAXHEHMNA
1 [flokasatb, ut0

2. fokasas, uto

;o (+TH K ) 1IN E+abt\< I+ialEwe.
£+8&*HalATV coBcTaeHHble 31atCHis A COBCTBEHHbIE BEKTOPHI MATPHLI

4. [\oKasaTs, 4TOANA MATPL BUGA (24.3) BINONHAIOTCA COOTHOWEHNS:
WiV, ... Nk-N T+ Nt+ ...+ Nk- (k-1)E

Ni'Nil... + m

0ar,5' B MIYT M BLINOMHATLCA COOTHOWEHMS (21.12), ecin B nesbi®
“34Tb COMHOXMTENW B APYrom nopsake?
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6..MycTe /% Ir—KaKas-nMG0 nepectaHoska 3 uncen 1,
i BMECTO Npeo6-

el OT wascs o
pasosanuit (24.5) npeoGpasosanis
zksmNikzk-v  rowEr> 47 %2 T
[loKazaTh, 4TO B CAlyuar NPOU3BONLHOTO BeKTOPA © (hopMyna (24.7) yxe

He umeer MecTa

7. PaccMoTpeTh aHANOTM YNpaKHeHuii 4—6 B OTHOWeHUM MaTpuL|
BuAa (24.9).

§. 25. OpToroHanusaums

Mpoyecc 0pTO30HaNM3aUMM CUCTEMbI BEKTOPOB ABNAETCA
COCTABHOW YaCTbIO MHOTUX YMCEHHBIX METO/0B, MO3TOMY Mbl
6onee MOAPOGHO OCTAHOBMMCA Ha WCCNeA0BaHMM BO3HUKaKO-
WX B HeMm OWMGOK.

MycTb 3apaHa AWHEHO He3aBMCMMas cCUCTEMa BEKTOPOB
at, ar. an. Byjem CTpOWTb TaKylo CMCTEMY OpPTOHOPMY-
I1X BekTopos 6, br, .... b, u4T0 Ana Bcex fe= I,
.., N BekTopbl bt, b2 bb sBnsloTCcA 6asucom nog-
ocTpaHcTBa PK, HaTAHyTOro Ha alt ar, .... ak Tak Kak
TOpbl K HOPMUPOBaHbI, TO X MOXHO MpeaCTaBUTL B BiAe

b= [e-V, (25.1)

rae O, v2 ... i*—o0pTOroHanbHelii, HO He 0653aTeNbHO
HOPMWPOBaHHbIA 6asuc Pk. Ana /1= 1 'nonoxum n
6ysem wuckaTb KaK NUHeliHylo KOMGWHaUWio BEKTOPOB
a*+x, S L

prHl= 0*%4-1+ Y1 cfii. (25.2)
YCnoBue OPTOTOHANLHOCTM BEKTOPA y*+i K OPTOrOHa/bHbIM

BEKTOpaMm WM, YTO TO XKe camoe, BeKTOpam
., bk paer

¢ = — (a*+1, bt), (25.3)
NO3TOMY OKOH4YaTeNbHO Haxogum
On+i® fl¥+i— 2 (“*+i. bi)bi- (25 4~

OwnbKN OKPYrNeHus, BO3HWKaloLMe NPU UYNCNEHHOI pea-
nusayunun opTor T cBoiicTBa
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unonyyaemoii  cuctembl  Bektopos 6, bn. MMeHHo, aTa
cuCTEMA B TOYHOM CMbICNE YXe He GyAeT IKBUBANeHTHa
cucteme a,, .... @, W He GyAeT OpPTOHOPMMPOBAHHOIA.

OueHuM CHauana CTeneHb HEeIKBUBANEHTHOCTU BbIUNC/EH-
HOWl  cucTembl  bi.. b, WMCXOAHOW cuCTeMe BEKTOPOB
Cornacho oBueil uaee OGPaTHOrO aHanM3a NoCTapaeMcs noka
3aTh, 4TO cuctema 5, bk Byger ans Bcex k aKBHBa
NeHTHa BO3MYuleHHO# cucTeme Oi+ e, n onpe
Aennum HOpM THBIX y iel(..., ex

BBeJieM HeKOTOpble 0603HaueHus. M0ANPOCTPaHCTBA, HATA-
HyTble Ha BEKTOpbl b,. ..bk, Bygem o6o3HauaTh 4epes Pk,
KOOPAMHATLI BEKTOPOB ait bK 11 APYrUX COOTBETCTBEHHO 4epe3
Oji, bl,, n 1. A

PaccMOTPUM MPOLECC BbIYMCNEHUA BEKTOPa bx Kakum Gbi
cnoco6oM HM BblYMCNANAcL ANUHA BekTopa Pj W Kakyto Gbl
OwMBKY OHa HM CcoAaepxana, BeKTOp bx GyaeT KonnuHeape
BEKTOpY a, €CIM TOMbKO [eneHve KOOPAMHAT BeKTOpa u,
Ha ero BLIMMCIEHHYIO AMUHY fl (|  |» OCYWLeCTBARETCA TOUHO.
CnepoBaTeNbHo, BCS HEIKBUBANEHTHOCTb B [AHHOM Cryuae
BO3HMKAET MWL MPH 3TOM AeneHun. Vimeem ans Bcex |/

11=!1@nTbTT)s Tnrar(l+mm
rae py, yaosnetsopseT 06bI4YHbIM COOTHOLIEHUAM B 3aBUCK-
MOCTM OT MONYYEHHOro pesynbTaTa BbluMcneHuii. OTcloga
yXe HeTPyAHO YCTaHOBWTb, 4TO BEKTOP 5, KONNuHeapeH Bek-
Topy a, + e,

|@J it2P 's, [Blle+ nM | (Ln!")©

n UM Tenepb, 4TO BekTopbl ft, bk
W nonyyeHbl OLeHKW Wopm ans ... TPU HEKOTOPOM
n?" Lon :CF‘ BekT°P  b*+1 BbluMcnseTcs cornacHo Gopmy-
-4)- Kakum 6bl CNOCOGOM HU BbIYUCAANNCH
Koammmwenm c, u3" (25.3) ¥ Kakue Obl OWMGKM OHN HK
coaepxanu, BekTop u*f, GyaeT npuHagnexaTb cymme nop-
npocTpaHcTBa PK W MOANPOCTPaHCTBA, HATAHYTOro Ha a*+1
TO4YHO JVh b cYmmuP°sa»ue B opmyne (25.2) peannsyetcs
arnMm * *,, TOMy [lononHUTeNbHas HE3KBUBANEHTHOCTb  Ha
Bb\‘-IHCﬂ'MMa MOXeT BO3HWKHYTb TO/IbKO 3a CYeT HeTO4YHOro
“«4nCcneHns Cymmbl B npaBon 4acTu (25.2).
& B B. Boesog
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Byaem onpeaensiTb KOOPAMHATbI BEKTOpa  + WUCMONb-
3ya pHoro B pe-
XWUMe Hakonnewus. Torga gns scex /'

=[MF+ 42 C (1 + vI*+1)
rAe V/It*+i cHoBa yA0BNETBOPAET OGbIYHBLIM COOTHOLIEHUAM.
3Ty (opMyny MOXHO 3anucaTb B TAKOM Buge:

K

3peck  |p'»m < 10, ecAn  V*M= —1

Si (1/2) |0/,*+11p~"+1, ecnu v/i.k+t & — 1. HopMMpoBKa BeKTOpa
©*+,  BHOCUT [ONONHUTENLHOE BO3MYUIEHME B KOOPAMHATHI
a, *+,, KOTOpOe OLEHMBAETCH TaK Xe, Kak Mpu BbIYUCIEHUN
BekTopa ft, OKoHuaTenbHO nonyvaem, 4to BekTop ft*+1 npu-
HaANexXuT CymMe MOANPOCTPaHCTBA PK U MOANPOCTPAHCTBA,
HaTAHYTOro Ha BEKTOp e*+,. Mpn atom

1R XU+« f2(i+ 0 (jD » M))©.

rae |~ v |e ecTb TOYHOE 3HayeHue, eBKNNA0BOW HOPMbl BeK-
Topa r*+b [ (Lly*+i(lc) —BbluncneHHoe B npouecce HOpPMU-

pOBKM.
ECnu  BbIUMCNEHMA BLINONHAIOTCA TOYHO, TO eBKNMAOBa

HOpMa BeKTOpa ©*+, He NPEeBOCXOANT EBKANJOBOK HOPMbI
BeKTOpa 0*+, AnA Bcex A, Tak Kak W3 (25.1), (25.4) BbiTe-

KaeT, uTo

(%41, ¥+ = (@*+1 a*+i)- S <Frewe (255)

Mo3ToMy, He OrpaHW4MBas CyWeCTBEHHO OGL{HOCTH, MOXHO
cuuTath, 4To ANA Beex *|6»+[|W” |a Ay.|le. B npakruve-
CKMX 3ajauax Mbl Gyfem MMeTb [0 Wb C TaKAMU Bek-
Topamun 1, L., AN KOTOPbIX NMPU BCEX K BbINO/MHAIOTCSH

COOTHOWEHUS

[B*+]lc> » 13~ (25, *
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YuutbiBas ycnosue (4.7) M NONYyYeHHble Bbile OLEHKH,
MOXHO CAenath Cneayloujnii BbIBOA.

Ecnv npu peanusayuu CyMMUpPOBaHWS B MPaBoii YacTw
(25.2) Tes 0 npouns-
BeleHUA B PEXXMME HaKOMMEHWs, TO PeanbHO BblUMC/IEHHblE
b,, 0bnagaoT Tem CBOMCTBOM, YTO ANA BCEX

e anHaAﬂE)KaT TI0ANPOCTPAHCT Y,
HATAHYTOMY Ha BEKTOpbl a, + e * + €% npu 3ToM
e*|U Ap-'+¥ia*iU- (25.7)

ECM BHUMATE/IbHO MOCMOTPETb HA MOMYUYEHHBbIA Pesynib-
TaT, TO OH [O/MKEH MOKa3aTbCsi YAMBUTENbHBIM. B camom
fAene, ANS peanusauuu npouecca OpTOrOHanM3ayuu N BeKTo-
POB Pa3MepHOCTM N Hajo BLINOMHWTL MOPsAKa 2n3 apudme-
TUYecKuX onepaunii. OZHaKO NpaBble YacTU HepaBeHCTB (25.7)
cOBCEM He 3aBUCAT OT n. Bonee TOro, OHA TONbKO B fBa
pasa NpeBbIWAT HOPMbI 3KBUBANEHTHBIX BO3MYL|EHUH, KOTO-
pble BO3HUKAKT NMWb MPU OKPYTNEHUNA MAHTUCC KOOPAMHAT
BEKTOPOB 0* f10 | 3HaKOB. C TaKUMU 3aMeyaTenbHbIMU Pe3ynb-
TaTammu Mbl GY/leM BCTPEYaTbCs He 4acto.

3amMeTUM, uYTO Halw BbIBOJ OTHOCUTCA NUWb K TOMY,
HaCcKONbKO BbIYNCNEHHAA CUCTEMA BEKTOPOB bX.....b, HEaK-
BMBANEHTHA MCXOAHON CUCTEME A,......f,. Mbl euje He roso-
punn o cTenenn 6nusocTn cucTembl ft, ft, K opToHOp-
MUPOBaHHOM.

MOCMOTPUM, KaK CKa3blBAlOTCA OWMGKA B BbIUMCIEHHbBIX
Bektopax ft, ..., ft* Ha opTOroHansHoOCTb BeKTOpa
K 3TUM BekTOpam. [pegnonoXum, uto

(maxJft,-ftgg " T, (25.8)

rge T-A0CTAaTOYHO Manoe 4Mcno. C MOMOLbIO HECMOXKHbIX

BbIYMCTIEHUA NoNyyaem
(ft), bj) = 6t/-f x,..

3aecb b,,—cumBon KpoHekepa ¥ BCE T, CYTb BEINYNHbBI

nopagka T. MycTb no sektopam a*m, ft, ..ft* sextop v,,..

Bbluncnsetca 6e3 owwnbok. B cuny (25.5), (25.8) umeem

(16 A +),/2= M@l B 4 (5% +x, )Ry + 0 (.
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OTclopa ans /«s* cnepyet, uto
h)

(OrH tAR) St (041, vkH)m
% (ar+i. BT,

—-M77 + O @),
I(e*+i. e*+i)—2] @*+e bi)j
Beegem B paccmoTpeHune yron {a*+i. PK\ mexay BekTo-

POM a*M ¥ NOANPOCTPaHCTBOM Pk cornacHo [1). HecnoxHele
BbIUMC/IEHNA MOKA3bIBAIOT, YTO

ctg« {a,, Pn) (25.9)

(*+. e*+i)- A (a* +. )

Ecnn cpegu uucen ctg* {a*+. A*}, kA \ ecTb Gonbwue no
mMoaynio, To GonbwumMK Mo Mogynio GyayT M HekoTopble W3
OTHOLeHMi

(40 b)___ (25.10)

CnepoBatensHo, faxe MpU TOYHOM BbIMONHEHUM BCEX apug-
MeTMYeckuX onepaunii Ha (£+ 1)*M ware npoyecca Benu-
UMHBI OWWGOK Tt+j,/ MOTYT, CTaTb 3HAUMTENbHBIMM MO Cpas-
HEHUIO C OWNGKAMMU Tij, NONYUYEHHBIMU HA MPeAbIAYWNX Warax.

ECN MbI POC/IEAMM PACTIPOCTPAHEH Ve OLINGOK’HA HECKO/ bKO
nocneayloWMX Waros, To MONMOXEHUE OKaXeTcs ewe Gonee
CepbesHbIM, Tak Kak MepBOHauabHble OWWGKN GyayT YMHO:
KaTbCA Ha nNpoussefeHWe OTHoweHWA Buga (25.10). 3To
03HAYaeT, YTO NS TOTO, YTOGbl B 3HAUNTENbHOW Mepe Hapy-
wunack OPTOTOHaNbHOCTb CUCTEMbI BEKTOPOB bt....bn, ¢’
cem He 063aTenbHO, YTOGbI kakoe-n160 U3 OTHOWIEHMUiA (25.10)
66110 60NbWUM. [lOCTATOYHO, 4YTOGbI 6ONMLWINAM 6GbINO NPOU3-
BefjeHUe TakuX OTHOWEHWA M3 Pa3NNuHbIX LIAroB.
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PaCCMUTpEHHaﬂ Hamu Ccxema MeToja oOpToroHanusaunu
ABnseTcs Hambonee pacnpocTpaHeHHOW Ha npakTuke. Kak
nokasanu Hawwu uccnefoBaHns, OHa obecneynBaeT O4eHb BbICO-
Kylo cTeneHb yCTOﬁHMBOCTM B CMbIC/ie ManocTKn 3KBUBANEHT -
HbIX anmymenwﬁ W 0YeHb HE‘/CTOﬂ‘IMBa B CMbIC/1E COXPaHeHNs
OpPTOrOHaNbHOCTU CUCTEMbI NONYYaeMbIX BEKTOPOB by .... b,,.

[ns  ycTpaHeHWs OTMeYeHHOW HeycToiumMBoCcTM  Byaem
HECKONbKO WHaye oOnpejenAatb BEKTOp Ycnosue ero
OPTOrOHaNbHOCTU K BbIYUCNEHHBIM BekTopam bu .... bk gaet
Anst TOB C, iHol
(25.2) cnepytouyio cuctemy NUHeRHbIX anreGpanyeckux ypas-
HeHwWiA:

Ci(bt, bi)+ ct (b, $i)-+o... i) = — (a*n, b,)t
Gi(bu bk)-\-ct (br, bt) 4%. ..+ c*(bk,b2 = — (aksl,br), (25.11)

+c* (bk,

Ci(bt, b+ cr(It, bt)+ ..+ Ck (bk, bk)- - (a*u, bk).
Monoxum y*+i= HT03[., rae

FiTE WHIORFOFe o

«*+.0 (2512)
0O603HauMm uepes B martpuuy cuctembl (25.11), a uepes
n)*’—peKTop

= &)> (y*Vi. br).......(0*+b bK))".

ns PeKYPPEHTHOTO COOTHOLIEHUS (25.12) nonyuaem, 4To Bek-
TOpel 1M’ 1 CBA3aHbI MEXAY COGOii PaBEHCTBOM —
—(E —B) w(t I\ oTkyaa BblTekaeT, uTo

Ecnn  BekTOpBI ..., 5% 61AM3KM K OPTOHOPMUPOBAH-
HbIM, TojjE —B [£<1 W MOCNeJ0BaTENbHOCTb BEKTOPOB wis)
CXOANTCA K Hymo. CNlefoBaTeNbHO, MNoCNe0BaTeNbHOCTL BEK-
TOPOB-", CXOAUTCA K TaKOMy BEKTOPY y*+ KOTOPbIi 0pTO-
roHaneH gektopam 5, ..., bk. 10 NOCTPOeHWIO 3TOT BeKTOp
SBNAETCA BeKTOpoMm BuAa (25.2).

Takum 06pasoM, Mpu TOUYHON peanu3aunu UTepayuoHHOTo
pouecca (25.12) own6KM OT HEOPTOrOHaNLHOCTU CUCTEMbI
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BEKTOPOB bi ..., bk He 0Ka3bIBAIOT BAMSIHME HA OPTOrOHANb-
HOCTb K 3TUM BEKTOPaM BCEX MOCNeAylOLUX BEKTOPOB.

Mpyu peanbHbIX BbIMUC/EHMAX MPaBble YaCTU COOTHOWEHMI
(25.12) He moryT 6biTb OMpefeneHbl TOYHO, MOITOMY B Aeii-
CTBUTENbHOCTW HaiifleHHbIi BeKTOp B*+i Bce Xe He Gyaer
opTOroHaneH BekTopam bx ..., bk. Byaem cumTaTth, 4TO Bek-
TOpbl bX ..., @* He CAUWKOM CUNbHO OTAMYAIOTCA OT OpPTO-
HOPMMPOBAHHBIX W BbIMONHAETCA ycnopHe (25.6). B aTom
cnyuyae Ans BCex s

(25.13)
MpeanonoXuM Aanee, 4To NPU BLIYUCAEHUN CKANAPHBIX NPOU3-
BefleHnii UCMONb3YeTCs PEXUM Hakonnewus. [ns Beex / Gygem
UMeTh
D+ | - 2K -m~w o+ 'foru+ tf-";.

(25.14)
3pech C,-M  ypoBneTsopsoT 06bIYHBIM ANS OWNGOK
COOTHOWeHNUAM. 113 (25.14) BbITekaeT, uTo ANA

&b bi)==r0%4-11— 2 (i=+1% bj)bi, P\—

S{VE+I\ B)TIS: ) 4-(ri*+cl> b).  (25.15)

Mpu aToM KoOpAWHATHLI »/!7+\ BekTOpa Ui™+i" cBA3aHbI C BENN-
YuHamu B (25.14) TaKMMU COOTHOLIEHUAMM:

PSS (i HE I
0603HauNM
sSM=(Ne ., ft,. *)o.<«&".
W3 (25.15) cnepyeT paBeHCTBO
m()«=(E—5 ) +o(*

rae KoopauHatel 0}5_[), 1 BEKTOpa 0*'-1' TakoBbl:

ol 0— (tf+iu. *<yo
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MpuHumas Bo BHUMaHue (25.6), (25.13), Haxoaum, uTO
lo( Sl [a%+ T
OKOHYATeNbHO MMeeM

TMonyyeHHOe HEPaBEHCTBO 03HAYAET, YTO, HAUMHAA C HEKo-
TOPOro S, BBIYNCNEHHBI BekTOp t*+i GyaeT nmoutm opToro-
HaneH BekTopam bi.......bk. VimeHHO, eBknnjoBa HOpMa ero
npoeKkuM Ha MOAMPOCTPAHCTBO PK acMMNTOTUYECKN He GyaeT
npesocxoanTe p-'+ljakt,,|g. CHOBa Mbl monyuunu 3ameua-
TeNbHbI  Pe3ynbTaT B OTHOWEHWM TOYHOCTW METOAa OpTOro-
Hanusauuu. Begb TOMbKO OKPYr/NeHMe MaHTUCC KOOpAMHAT A
BEKTOpa 0*+, 10 t 3HAKOB WM3MEHSAET eBKNWJOBY HOPMY €ro
NpoeKuAM Ha MOANPOCTPAHCTBO PK Ha BeNM4MHy nopsaka
(1/2)p +1la*+1lle. WTepaynoHHbli npouyecc (25.12) paer
ownbKy nuweb BABOE Gonblue.

OTMeTUM, YTO MpU NPaKkTUYeCKol peanusayun Metoga
P opToroHanusaunu MOYTM BCErAa MOXHO ﬁparb s= 2. MNpu
ITOM  OUEHKM THBIX  BO3MYLL no
¢ (25.7) yBenunumBawTcA He Gonee 4yeM BABOE.

PaccmMOTpeHHbI/i MPOLECC WCMPaBNEHNA HEOPTOrOHaNbHO-
CTU BLIYMC/AEMbIX BEKTOPOB bu bt, ..., b, HasbiBaeTcs nepe-
OpTOroHanu3auymeii. BOMOXHBI W Apyrue Cnocobbl MUCnpas-
NEHNsT HEOPTOTOHANLUOCTU. TMyCTb, Hanpumep, NPoLECC 0pTo-
roHanu3auuu nposoguTcA npu s= 1, T. e. Ge3 nepeopToro-
Hanusaynn. K nonyuyeHHoii CUCTeMe BEKTOPOB CHOBA MpuMe-
HAETCA MpolecC opToroHanusauuu npu s=1. U Tak panee
A0 Tex nop, noKa CUCTeMa BEKTOPOB He CTaHeT OPTOroHasb-
HO C HYXHOW TOYHOCTbIO. DTOT NPOLECC HA3bIBAETCA MOB-
TOpHOIN opToroHa.rasaumeit. Mo ahhekTMBHOCTM OH ycTynaeT
Mpoueccy NepeopToroHanMsauHin. Yxxe npu nepsoM BbimonHe-
HAM  nNpouecca OPTOFOHANM3AUMM  BbIYUCNAEMbIE  BEKTOPbI
MOTYT CTaTh CTO/b HEOPTOFOHANbHBLIMM, YTO MPOBOAWTL MPO-
L|ecC OPTOroHaNM3aLUnm 10 KOHUA 0Ka3biBAETCA GECCMbICNEHHO.
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YMPAXHEHNSA

UTo MeHsieTcA B MPOLECCe OPTOTOHANM3ALMN, ECTM MCXOAHas
CTeMa BEKTODOB NIMHENHO 3aBUCHMA?

2. [lokasars, 410 Takoe
AEHHOH' CATTGML BEKTODDB 0. 0-..am “MpA_ KOTOpOM Mpe0Gpas0RLt.
i BEKTOpH DBCRGHGHEHNMIS o CYpOKaM, OBPIZYION AGBYI TheYToms-
Hyl0 MaTpULY.

3. [loKasate, 4TO BeNMuMHbl (25.3), (25.9) He MEHSIOTCH Npu yHu-
TapNDM npeoﬁpaaoaaHW CcHCTeMbl BEKTOPOB a,, ar, a,,.

TyCTb  BeKTOpHI 0., .an SBNSIOTCA CTPOKAMU Nesoii Tpe-
ymm,uou watpnpl. Ut TpeACTaBNAET COBOI MPOLiECC OPTOrOAAMZALMM
ANA 3TUX BEKTOPOB

5 ycnusvmx YTDRKHEHAR 4 BHMCANTS BTN (25.3), (25.9)

6. B ycnosusax HeopTo-
FOMANLHOCTH BLIMMCTIEHHbIX Bekmpoa (R

B ycnoeusix npouecca
NepeopTOroHaMzaL M.

yenoBuAX 4 npouecca
moeTopHoi opTaroansaU

NONOMMM, UTO CUCTEMa BEKTOPOB O, npeoGpa-
3yeTcﬂ A awBanTiyIo CUsTy b, b bn Goraco (35.1), (252)
Hoasars, o Ha Kracce Tane NPE0GPA30BaHMI  NPOLiECC OpTOrOHAN-
3aunm uvee




FNABA IV
MNPAMOE PA3MIOXXEHWE MATPULLbI HA MHOXWUTENN

Pa3noxeHne NPOU3BONLHON MaTPULbl HA MHOXUTENM Mo-
3BONAET BO MHOTMX C/yuYasX CBECTU pelleHue WCXOAHON
anre6panyeckoii 3ajayM K nocnefoBaTeNbHOMY PELIEHNIo He-
CKOMbKMX aHanorMuHbIX 3ajjad, HO C Gonee NPoCTbIMU MaTpU-
uamu. B 370l rnase Mbl Gysem M3yuaTb MpsAMble MeTOAb!
Pa3NOXeHUs MaTpuly, T. e. Takue METOAbl, KOTOpble peanu-
3yl0TCA 33 KOHEYHOE YMCNO aputMeTUYecKnX onepaiuit

§ 26. Matpuubl cneunanbHoro suaa

PasnoxeHne matpuy, Kak npasuno, OCHOBAHO Ha nocne-
foBaTeNbHOM WX npeo6pa3oBaHUM K MaTpuLam, UMelowum
3Ha4yuTeNbHOE YWUCTO HYNEBbIX 3/1EMEHTOB. Takue marpuybl
06nafaloT LenbiM  PsAoM cneunduyecknx CBOWCTB. Mbl onu-
wem ceituac HEKOTOpble M3 3TUX MmaTpul,

TpeyronbHble MaTpuubl. MaTtpuua A HasbiBaeTcs npasoit
(neBoil) TpeyronbHoiWl, ecnu ANs ee 3NEeMEHTOB aly BbINoA-
HAKTCA COOTHOLUEHUS

au—

LI )

TpeyronbHbie MaTPUlbl UMEIOT MHOTO  3amMeyaTenbHbIX
CBOICTB, B CUMY KOTOPbIX OHU LIMPOKO WCMONb3YIOTCS B MO-
CTPOEHMI CaMbIX Pa3NMUHbIX METOAOB PelWweHus 3aaay anreGpbi.
Tak, Hanpumep, Ans KBajpaTHbIX MaTpuu CyMMa v npowus-
Be/ieHNe OAHOMMEHHbLIX TPEYro/bHbIX MaTpul ecTb Tpeyronib-
Has MaTtpuua TOrO JKe HAMMEHOBAHWsi, ONpeenuTent Tpe-
YrOnbHOM MaTpuLbl paBeH MPOU3BEAEHUIO ANATOHANbHLIX 3fe-
MEHTOB, COGCTBEHHbIE 3HAUYEHMSI TPEYTONLHOMA MaTPULLl COBMa-
AlaloT C ee AMaroHaNbHbLIMU 3N1eMEeHTaMu, TPeyronbHas MaTpuua
nerko ofpawaerca v obpaTHas K Heil Takke Byper Tpe-
YrONbHOM. .
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AokazaTenbCTBO. [IPEANONOXUM, YTO PasnoXKeHue
(27.1) cyuiectsyeT. Wcnons3ys dopmyny BuHe —Kowwu, Ha-

v aMm 2..ftrl «n
z Ll 2T

l<a, <« 2...<ad<n =

Tak kak C-—npasaf TpeyronbHas MaTpuua, TO nepsble A

ee CTONGLOB COAEPXKAT TONLKO OAMH OT/MUHBIA OT HYNs Mu-

Hop fc-ro nopsaKa, a MMeHHO TnaBHeli MuHop. Cregosa-

TeNbHO,

y: rmn

1=l ?2M!

= bubi

. bk-j, k ibmtfiiiCta = Quy.
Monoxue B 37Ol (opmyne m = nonyunm
"2 "

= bucra

0TKyAa BblTeKaeT nepBas rpynna COOTHOWeHWi (27.2). C apy-
roii CTOPOHBbI,

11 2 ... 1—1 mK bXbn ...bkkcucn ...cklbmk
AL 2. %1 K\

bo* OTK~bKKA[I 2... *J*
4TO A0Ka3biBaeT CMpaeefnnBocTb (HOPMynbl ANA  Koadhhuuym-
€HTOB bTK CnpaBesnnBOCT (HOPMY/bl ANS KOIMHULMEHTOB CKT
YCTaHaBNNBAETCH aHANOMMYHO

Takum o06pasom, ecnu pasnoxeHue (27.1) cyuiectsyert,
TO C TOYHOCTBIO A0 ONPEAeNeHUs AMaroOHaNbHbIX 3NEMEHTOB
OHO EeAWHCTBEHHO U onpejensetca (opmynamu (27.2). Cy-
WecTBOBaHNE XOTA Gbl OAHOTO PA3NOKEHUA Mbl YCTAHOBUM
HECKO/IbKO MOo3AHee.
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CnepcTtBue. Ecmm maTpuya A 3pmuToBa U ee rnas-
Hble MWHOPbI MONO>KUTENbHBI, TO CyWecTBYeT pasioeHue

A= C*C.

‘efe C—npasas TpeyronbHas MaTpuua.

. [lokaxem, 4TO B JaHHOM cnyuyae pasnoxeHue (27.1) Boz*
.MOXHO npu B—C* Tak kak MmaTpuual A MMeeT NONOXM-
Te/lbHble [N1aBHbIE MUHOPbI, TO MOXHO B3 fiTb

TFaI=(ADVE".

on-1
2..n-1

A, —MNpOM3BO/bHbIE BellecToenHble uucna. Ho

Gm= b
134 *1 *

fAAcHo, 4To mMaTpuuya C onpefensieTcs ¢ TOMHOCTbIO A0 YMHO-
JKEHWsi CneBa Ha AWaroHanbHYK MaTpuuy, BCe AuWaroHanb-
Hble 371eMeHTbl KOTOPOii N0 MOAYNI0 paBH bl eAUHULE.

Cnepcteue. Ecnm pna  HekoToporo j (/) anemeHTbl
MaTpuubl A YA0BNETBOPAIOT YCNOBUAM

o4—0, f-1, 2uep</ (/-1 2er< 0.

TOo GyAyT paBHbl HYMl0 U 3neMeHTbl MaTpuybl C (B) ¢ cooT-
BETCTBYIOWVMMU HOMEpamMm

B camom fene, paccMOTPUM, HanpHMeP. 3neMeHTbl MaT-
puubl C. CornacHo BTOPOii rpynne COOTHOWeHWUA (27.2)

Ho B cuNy paBeHCTBa HyNio 3/1eMeHTOB /-ro ctonbua mat-
puupl A 3akniouaem, uTo

4 2-'-147=0 irP.
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OTKy#a M BbITeKaeT CMPaBeANMBOCTb BbICKA3AHHOTO yTBEp-
KfeHNsi. PaBeHCTBO HYNK0 COOTBETCTBYIOUMX 3/N1EMEHTOB MaT-
puubl B 0Ka3bIBAETCS aHANOTMUHO.

Bo MHOTUX NPUKNAAHbIX 3aa4ax MPUXOANTLCA UMETb f4eno
C «Pa3PeXeHHbIMM» MATPULAMK, T. €. MATPULAMM, UMEIOUMIA
MHOTO HYNeBbIX 3/1EMEHTOB. YCTaHOBNEHHOE CNIeACTBUE N03BO-
NSeT OnucaTb LENblii KNACC «PaspexeHHbIX» Matpuy, Tpe-
YTONbHbIE COMHOXMUTENM KOTOPbIX COXPAHAIOT Creunduky
«Pa3PeXeHHOCTU» WCXOAHON MaTpuupl. TycTe MaTpuya A
YAOBNETBOPSET YCNOBWIO Teopembl 27.1 W umeeT BUA

(27.3)

e BCE ee HeHy/ieBble INEMEeHTbl HaxXOAATCA B 3aLITPUXOBAH-
HOW obnact. [paHWua 3TOii 06nacTU MOXET GbiTb NPON3-
BONMbHOI. Tpebyetca nuwb, 4TOGbl nN0bas BepTUKanbHas
(ropusoHTanbHas) npsamas NUHWA WMena C Npasoil (neBoii)
YacTblo rpaHULbl OJHOCBS3HOE MHOXECTBO COUMX Touek. Kak
BbITEKAeT W3 BTOPOrO CNEACTBUS Teopembl 27.1, TpeyronbHsie
comMHOXuTeNM B 1 C 6yaAyT UMeTb aHANorMuHbIi BU. VIMEHHO

. (27.4)

Bce HeHynesble 3neMeHTbl matpuy B-u C HaxopsTcs B 3a-
WTPUXOBAHHBIX 06NACTAX, FPaHULbl KOTOPbIX TaKuMe-Xe, Kak
Y Mggggﬂghﬁeknoe cBOWCTBO MaTpul, (27.3) nossonseT no-
Ny4nTe ABA BaXHbIX CneacTsuA. MycTe marpuya A —ne-
TouyHas u av= 0, ecam /<«'—/ wm ['— AN HEKOTO-
pBIX UENbIX HEoTpUuATeNbHbIX uucen /, T. B atom cnyuae

TEOPETUYECKME OCHOBbI PA3/JIOXKEHIIS

maTpuua B B pasnoxenun (27.1) GyaeT nesoit NEHTOYHOIA,
matpuya C—npaBoii neHTo4HOW. Mpu atom 6V= 0, ecnu
/<! —/, c=0, ecnu /'—i T. Ecnu matpuya A npasas
(nenaH) nouTh TpeyronbHas, TO B pasnoxeHuu (27.1) maTpuua
B (C) 6yneT nesoii (npasoii) ABYXAMaroHanbHoii.

Teopema 27.2. BCAKYI0 HEBbIPOXK/EHHYIO KBaapaTHYIO
MaTpuuy A nopsigKa N MOXKHO MpeCcTaBuThb B BAAE MPOU3-
BeJEHUsl YHUTApHO MaTpuubl U Ha npasyld TpeyronbHylo
mMaTpuuyC, T.e.

A= UC. (27.5)
Mpwn aTom

-M T

(27.6)

rae T 1. n k=1\, 2.
NPON3BONLHBIE BELECTBEHHBIE YMCHA.
NokasatenbcTBo. ycTb pasnoxenune (27.5) cywect-
BYeT; Torga matpuua C JOMXHa YAOBNETBOPATL yPaBHEHWMIO
A*A = C*C. (27.7)
Matpuua A*A 3pmnTOBa W ee r/aBHble MWHOPbI MOMOXMW-
TeNbHbl, NO3ITOMY COFNAacHO NepsoMy CNeAcTBUIO Teopembl 27.1
matpuuya C MOXeT ObiTb OnpejeneHa W3 ypaBHenus (27.7)
Mpegctasum  matpuuy A B Buge A = (AC ') C. MpuHumas
BO BHUMaHue (27.7), umeem
(AC ") (AC )*= ACIC-1A*=A(C*C)I1A* =
= A(/AM)-M* =AA M*"\4* - E.
CneposatensHo, matpuua AC'Ll yHUTapHas W BO3MOXHOCTb
pasnoxxenns (27.5) AgokasaHa.
Matpuuya C(U) onpegensetcs € TOYHOCTbIO A0 YMHOXe-
HUS cnesa (CNpaBa) Ha [MArOHanbHylo MaTpuuy, BCe ane-
MeHTbl KOTOPOii M0 MOAYNI0 paBHbl eauHnue. dopmynbl (27.6)

nony4arwTCAs HENocpeAcTBEHHO W3 COOTBETCTBYHLUX ¢UDMyﬂ
Teopembl 27.1 U ee CneacTBUA.
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YMNPAXHEHWNA

[lokasaTb, 4TO Ni06as HEBLIDOKAEHHAS MaTpUUa NPUBOAWT
K Matpuue, yAOTNeThOPAIOLeii YCAOBUAM TEOpeMbl 27.1, MyTem Mepecta-
KOIOK CTPOK WAN CTONGLOB.

2. OGo3Haumm vepes AK, BK, C* MaTpuLibl FNaBHbIX MUHOPOB NOPSAKA K
Ans marpuy A, B, C B pasnoxeHun (27.1). [loKasaTb, 4To ANs BOEX K
cnpageaneo paseictoo AAF-BACH

OpMY/IPOBATL YCAOBMA, NPU  KOTOPLIX MATPULA MOXET GbiTb
paznwena B NpOM3BEAEHME NPaBOW W NEBOI TPeYroNbHbIX MaTpuL.

4. Ha Kakve Apyriie TPeyrobHble MHOXWTENM MOXHO PasnoxXiTb
KeapaTiyI0 MaTpully? XaKoBbl YC/OBMA CyWECTBOBAHUS 3TMX Pa3no-
KeH

5 [lokasaTb, uTo nepeble K aempoa cTonbuos marpuusl U B pas-
noxeHuu (27.5) pnA Beex
6asuc NoANPOCTPaHCTEa, Hanmywru W2 NepeLle K BeKTOPOB.CTONGU0B
maTpuupl A

6. [l0KasaTb, TO NI0GYI0 HEBLIDOXAEHHYIO MATPHILLY MOXHO npes-
CTAr.HTb B BWAE NPOM3BEACHVA NIEBO TPEYrONbHOW H YHWTADHOI MaTpuu,

7. Kakue euje BOSMOXKHbI BapuaHTbi PAsNOKEHWUS HEBbIDOKAEHHOM
MaTpUubl B NPOMIBEAEHVE ABYX MATPWL, U3 KOTOPbIX OAHA YHWTapHas,
a BTOpas TpeyrofibHas?

8. KaKk cBAisaHbl Mexay coBoii onpejenvTens Matpuusl A u onpe-
LeNUTeNn TPeyroNbHbIX MTpUL B pasnoxenusx (27.1), (27.5)?

§ 28. Pa3snoxeHne Ha TpeyronbHble MHOXWTENMN

MycTb maTpuua A y0BNeTBOPAET yCNOBUAM Teopembl 27.1
Tak Kak B 3aTOM cnyyae am O, To NO 3nemeHTam nepeBoro
cTonGya Matpuubl A MOXHO MOCTpOUTb MaTpuuy N, Bupa
(24.3) Takylo, uto B npousseseHun A X=*NXA Bce noaamaro-
HalbUble 3NeMEHTbI MepBoro cTonbua GyAyT Hynesbimu. Mpu
9TOM [AMarOHaNbHbI 3NEMEHT OCTaHeTCA 6e3 W3MeHeHnsa W,
CnejoBaTenbHo, GyAeT OTAMUEH OT HynA.

Byaem cuuTaTh, YTO yXe BbluucneHbl matpuubl Nx Nt ...
.... Nr Bupa (24.3) ana HekoToporo r”~sl 1 noctpoeHa
nocneaoBaTeNbHOCTL MaTPULY

A, = NKAk-j, AO= A (28.1)

Ans O603HaYNM 3NeMeHTbl MaTpulbl AK 4epes of*
¥ Npeanonoxum, 4to

o>=0 gna i>/, I<r,
«n. <28-2>

3ro TCA npu r—1
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MoKaxeM, YTO OTAMUME OT HYNA FNaBHLIX MUHOPOB MaT-
puubl A no3BoNseT MNPOAOMKMTL npouecc (28.1). K3 (28.1)
Haxo4um

A=(Ni

NLDAT (28.3)

Mpumenas dopmyny Buxe —Koww [1], nonydaem

H!
M2 2

Marpuua Ni'...N," nesas TpeyronbHas C [AMaroHanbHbIMU
afleMeHTaMu, pPaBHbIMM  euHule. T103TOMY Cpeau MUHOPOB
(r+1)-ro nopsaka, pacnonoxeHHbIXx B nepbiX r+ 1 cTpo-
Kax, NWWb T[NaBHbI/i MUHOP OT/MYEH OT HYNS W PaBeH OH
~eAvHuue. Ho Torga

D]

U .8 M

fleBasi uyaCTb 3TOFO COOTHOWEHWA OT/IMYHA OT HYns
B CUNY YCNOBWI Ha rnaBHble MUHOPbI MATPULbl A, 3neMeHTbl
ej{\ ..., a(r> oTAMuYHbI OT Hyns B cuNYy NpPeANONOXeHWi
(28.2). CneposatenbHo, r+|#0. Tenepb Mbl MOXeM MO
anemeHTam (/»-+-1)-ro crton6uya matpuubl Ar nocTpouTb MaT-
puuy Nr+ Buga (24.3) u matpuuy ADX= NrrAr. B aToit
MaTpUUe M0 CPaBHEHWIO C AT He MEHAITCA 3NIeMEHTbI
B nepsbiXx I cton6uax wu nepsblx r-\-\' cTpokax. Mo noct-
poeHno MaTpuubl NT,\ NogAMaroHanbHele anemMeHTsl B (r+ 1)-m
cTon6ue marpuubl Arfl 6yayT HynesbiMU.

Takum o6pasom, npouecc (28.1) NPOAOMKEH elje Ha OAUH
war 1 ycnosus (28.2) BbINONHAIOTCA NpW 3ameHe r Ha M -1
Moatomy npouecc (28.1) MOXHO NPOAONXWUTb A0  —n —1.
CornacHo (28.3) nonyuyaem, u4TO

A=(Nil..NJ-i) Aax.

Kak cnegyet w3 (24.4), matpuua Ni'...Nn—\ nesas Tpe-

YrONbHAA C eANHUYHBIMU AMaroHaNbHLIMU 3neMeHTaMu. Mar-

puua A, -x—npasas TpeyronbHas. YCNOBUS, HaN0XKeHHble

Ha MaTpuuy A, rapaHTMpyloT OTAM4Me OT HyNs BCEX AMaro-

HaMbHbIX  3M1EMEHTOB MATPUUbl A, U KPOME, MOXeT GbiTb,
nepHero.
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OnucaHHblit npolecc He TONLKO OKa3blBaeT BO3MOXHOCTb
pasnoxeHna MaTpulibl Ha TPeyrosbHble MHOXWTeNuW, HO n
MOXeT 6bITb UCMONb30BaH A4NA YUCNEHHOTO Hax0XAeHusa 3aToro
pasnoxenus. OH nonyuun HaseaHue —meToa [laycca ans
TPeyronbHOro PasnoXeHus MaTpulibl.

KoHeYHo, u3-3a BAUAHMA OWKNGOK OKpyrneHus Bce mar-
puubl 6yayT HeToyHo. [T peansHo
HaliJJleHHbIX TPeyronbHbIX MaTpul YXe He AacT MCXOAHYI0
matpuuy /1 u B feiicTBUTENbHOCTYU

+ M,

rie M —O3KBUBANEHTHOE BO3MYL|EHME.
Mpouecc (28.1) B TepmuHax npeo6pasoBaHWs CTON6LOB
6bin onucaH u wuccnegosaH B § 24. Tenepb BMecTo (24.6)
vmeem
n=num* = b

thopmyna (24.7) o3HauaeT, uTo

Ni= £ M*i. (28.4)
SICHO, 4YTO ANA OUEHKM 3/1IEMEHTOB 3KBMBANEHTHOTO BO3MY-
weHns M Heo6X0AMMO OLEHUTb 3NEMEHTHI MAaTpuL, OWNGOK
M*-,, BO3HMKAIOWNX MPU BbIMONHEHM OTAENbHbIX Waros.
0603HaUMM uepes /<% <> US> 3M1eMeHTbl PeanbHo Bbl-
yucneHHbix matpuy Nk, Ak, M*. 3nemeHTbl Mmatpuuybl JT*
€CTECTBEHHbIM 06pa3oM pasbuBaloTCs Ha TpU  PasnnuHble
rpynnbl COrNacHo Croco6am WX nonyueHnsi. VmMeHHo,
**-"), ecnm ic £, wm j<k,

+ el u))(i

ecnm 1, j>k,

O, ecnn i>k, k.

3pech NPUHAMAIOT 0BbIUHbIE 3HAYeHUs Ans
OWMGOK BLINONHEHUS apUBMETUYECKUX Omepauuii. CooTseT-
CTBEHHO 3TWM rpynnam 6yaeM NONyvaTh W OLUEHKU ANs
3N1EMEHTOB Matpuubl M*n
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Hanbonee npocTo OLEHMBAIOTCA OWMNGKM ANA 371EMEHTOB
nepeoit rpynnbl. Tak Kak 3TW 3/1eMeHTbl He WU3MEHSIoTCA, TO
Mbl MOXEM CYMTaTb, YTO

u(*-> = 0, (28.5)
ecnn an6o i<;k, nubo j<k.
PaccMoTpUmM  owm6KM, ve npu
9NeMEHTOB BTOPOIA rpynnbl. Wmeem
a}*>=(d<;-i)+nM - S(L+e<*J)(L+1<*->)=,
Mpeanonoxum, uto e<*-|>= —1. 9T0 03Ha4aeT, 4YTo K ane-
MeHTY npuGasnsieTcs Hynesoil anemeHT. Ho Torpa
A*-0=0. N3 paseHcTBa e”~[)= —1 cnegyeT HepaBeHCTBO
| n\MGiKE 0 1< M03TOMY
(28.6)
Ecnu xe e<*-'>A-1, Ho 1, TO
a% = a(*-»+ Mg (%l +E(*-W)+ 0(*-,> (28.7)
rae [o}*-»|<co. OTciopa BbiTeKaeT, yTo
n BO (28.7), y
Iy x rlI® F«<' I+ 14«-" 1+ 1712 I
CrneposaTe/bHo, B AaHHOM cnyuae
T A e (L P 0+ »e
HakoHeu, ecan e**-) A —1, 1, 10
U**-D= KN<*- »e<*-» + a<*- ST,
uTo paet
IK*0 1< p M (IAS$ i+ 20i*~"1)- (28'8)
O6beanHas (28.6) —(28.8), 3aknio4aem, 4TO
| 1< 4 Pm Cde>|+ 2 D+ oo (28.9)

<*m I, [>AT
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HecmoTpa Ha To, uTO BCE 3NeMEHTbI TpeTbeil rpynnbl
PaBHbI HY/IO, OWWGKM 3[4eCh BCE XE BO3HMKAKT. ITO 06b-
ACHAETCA Tem, uTo B O6leM C/yyae COOTBETCTBYlOWjMe 3ne-
MeHTbl MaTpuubl NKAb t He 6yyT paBHbI HYNK M3-3a OWKUGOK,
BOSHUKWNX MPU  BLIYMCNEHAM 3NEMEHTOB  MaTpuubl Nk
Moatomy

L) = (<R

Ho

“K=n(-siN — «=n<j+ * - =

cnefoBatenbHo,

Ecnu vJ2_1,sjfc—1, To 3To 03HauaeT, 4To

1 (2810>
B cnyuae, korga = —1, Mbl UMeem
| 2<*-1|
<«
n Torga
2811)

N3 (28.10), (28.11) BbITeKaeT, 4To B No6GOM cnyuae
A\~ 2P M aA-1>|“e  (2812)

€C/M, KOHEUYHo, 1>K.

MonyueHHble OUEHKN OWMGOK MO3BONSIOT OUEHUTH 3ne-
MeHTbl 1,7 THOTO iy M. n BO
BHUMaHWe COOTHOWeHWe (28.4) 1 oueHkn (28.5), (28.9),
(28.12), Haxogum, uTO

0, 1- 1,
p-m (taT [+ j,51a<"+ ...+ 1,510 «-» |+

+AKTY ) @ D) e 1> % (2WI3)
Pm (ja\T I+ 1% 1i'H I+ see+ 1 +
+ lag/* D+ A" 1)+ Lin~1*¥1®@. i< |
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Ecnn 0603HaunTh
4-waxla#>|
I>*
1 npeHebpeyb uneHamu ¢ co, To M3 (28.13) cnepyeT, uTo
i- (0, 1- 1,
W, P'wm (0.+15a,+T..+1,507+0,50,-), /A [, (28.14)
w I p~1(00+1,50,+ ...+ 150; t+ aj-t), j<lI.

Ecnn ke 0603HauMTL

T0 GysemM uUMeTb
(©, 1=1
U< 1,5(1-1)p-"0, /»*,. (28.15)
1(1,5/-10pro, I<».

I OueHkn  (28.13) —(28.15) nonyueHbl 6e3  Kakux-nm6o

“'LLL NpegnoNo>KeHniA  OTHOCUTENLHO BENMYUHBEI TNABHLIX MUHOPOB

v MmaTpuupl A. OHM elje pa3 MOATBEPAWNM BbICKA3aHHOE paHee

MHEHUE 0 TOM, YTO CYL|ECTBEHHbIM WCTOYHUKOM HeyCTOiun-

* VBoctii B npoueccax Tuna (28.1) MoxeT GbiTb NUWb 3HAYM-

'K TenbHbIii POCT 3/1eMEHTOB MPOMEXYTOUHbIX MaTpuL, AK B Npo-
‘LU, uecce (28.1).

ECM He MEHATb MPUHLUNUANLHO OBLIYI0 CXEMY BbluMC/e-
SITHWIA, TO €AWUHCTBEHHON BO3MOXHOCTbIO B KaKOW-TO Mepe
& perynupoBathb pOCT 3NEMEHTOB SBAAETCH WMCMONb30BaHUE

nepecTaHOBOK NMpW peanusauun npouecca (28.1).

jv Bbibepem B MUCXoAHOW MaTpuue A nio6oilt anemeHT o,’} @
® 0, KOTOPbI/ Ha30BEM BEAYWMM WU [NABHLIM 3NEMEHTOM
1-ro wara, u paccmoTpum matpuuy P\itAp \l- B 3atoit mat-
puye B nosuuun (1.1) HaxoguTCA HeHyneBoi anemeHT o}0,.
MoatoMy MOXHO nocTpouTe Mmatpuuy J1,= A/, (P*APY,)
C  HyNeBbIMA MOAAHATOHANbHLIMM  JNEMEHTaMU B  MepBoM
cTonbue. MpeanonoXum, YTo aHanoruuHo Matpuuam Au ...
. Ak-i B (28.1) yxe BbluMcneHbl MaTpuubl Alt .... An.lu
Cpean  anemeHTOB MaTpuubl AK ,, YA0BNETBOPAIOWNX
AYcnosuam 1, jISzk, BbiGepem n06oii  anemeHy
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KOTOpbI HasoBem BEAYLLWM wnn [N1@BHbIM 3nemeHTOM K-ro
wara, ¥ NocTpouM MaTpuuy

28-16)
Tak kak B nosuyun (K, K) matpuubl Poi Ak-i 5/ HaxoguTes

HeHynesoli anemeHt, To Matpudy NK moxHO BbIGpaTh TaK,
4TO nojAvaroHanbHble 3M1EMEHTbl K-TO cTonﬁua maTpuLbl I,

6yayT HynebiMWU. [lpu 3TOM, OYEBMAHO, COXPaHATCA” BCE
HYNeBble JNEMEHTbl, MONYYeHHble paHee B MaTpuue 4%,
Mpoponkas AaHHbI Npoyecc, Mbl NPUXOAMM Tenepb K pas-
NOXEHMIO

AnXrr* ... Po- . @ iin'- ) {K L 1>,,)e (28.17)

Marpuubl, cTosuwne B KPyrnblx ckob6kax (28.17), yxe
He ABNAIOTCA TPeyrobHbiMU. TOITOMY MOXeET MoKa3aTbCs,
4YTO aHanu3 owu6oK, BLINONHEHHbI Ans npouecca (28.1),

He npurofeH Ans npouecca (28.16). OAHaKo B AeiicTBUTENb-
HOCTM MeXjy O06OMMM MpOLECCaMu VMMEeTCs O4eHb TecHas
cBA3b. B camom pgene, npeoGpasyeM BbIpaXeHUs B NeBbIX
ckobkax (28.17) cneaylouum o6pasom:

'PufiVPuM'P*..-Nn"'-iPn-K <4livnL, -
(PXxuPn. ®ePn-1  X( A , - .~.PU.Ni'Pu, e+
.+.Pn-10 X(PB-,. P3fi?Pv,...Pn-1
; ; X(P.-i.~xfo"-
Hanomuum, uto Ans Bcex K. Ecnnm 0603HauunTL
Pn-i. .. Pktji-iP><keeePn-x, = Af*i-, (28.18)
T0 CHOBa ecTb MaTpuua Buaa (24.3) n oTauyaetcs oT
matpuysl N\ amwb  nepectaHoBkoii  nmoagmaronansHeix
3nemMeHToB B (K— 1)-M cTon6ue. YTo6bl NONYYUTb 3nemMeHTbI

matpuysl Nj,Li, He06X0aMMO nocnefoBaTeNbHO nepecTaBuTh
anemenTbl matpuys Nj,-i, Haxogswmecs B (K—1)-m cTon6ue

W B CTpOKax C Homepamu (K, «*), (0 —1, ini).«Tenepb
n3 (28.17) BbiTekaeT, uyTo
A~ 2. .h-)Kn 2819)
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(Pn-, Pu)A (Pu,... P n (2820)
CooTHOweHNs (28.18) —(28.20) nokasbiBaloT, YTO npouecc
(28.16) onpepaensieT pasnoxeHne Ha TPeYroNbHble MHOXWUTENN
maTpuubl A, KoTopas cornacHo (28.20) monyuaetca W3 mat-
puubl A NyTem nepecTaHoBOK ee CTPOK W CTONGLOB. AHanu3
Own6OoK, BbINONHEHHbI ANs MaTpuubl A W npouecca (28.1),
yXe 6e3 U3MEHEHWs NEPEHOCMTCA Ha MaTpuuy A W npouecc
(28.16). TOT npoyecc nonyuun Hasgamwe —meToa Frycca
C MepecTaHOBKAMU ANA TPEYroNbHOTO PasnoXeHus Marpuibl
Takum o6Gpasom, PpocT 3neMeHTOB MmaTpuy /1* npouecca
(28.16) 1, cnepjosaTenbHO, 06WWIA ypoBeHb OWMG0K non-
HOCTbIO OMpe/ensieTcs cTpaTervedi BbLIGOpa Begywux wuan
rNaBHbIX 3/1eMeHTOB. CyLeCTBYIOT TpU HauGonee pacnpoct-
PaHeHHbIX CTpaTerum.
B KauecTBe BeAyu|ero 3/eMeHTa K-ro lara BbiGupaeTca
MakcumanbHblii M0 MoAynio anemeHT WKk~ 1l matpuybl Akn

npn ycnosuax I&sk, j = k. Ecnm umeeTca HeCKONbKO Mak-
- CMMaNbHbIX MO MOAYNIO 3MEMEHTOB, TO Beaywum Gepercs
TOT W3 HUX, KOTOPbIi HAaXOAMTCA B CTPOKE C HaMMeHbLIMM

HOMepoM. JTa CTpaTerus HasbiBaeTcs
aneMeHTa Mo cTONGUY.

2. B kauecTBe Bejywiero anemenTa JI-ro wara BbiGUpaeTca
-MaKCUManbHbI MO  MOAYNIO 3NEMEHT maTpuubl Ak™
npu ycnosuax i=5k, /$rA. Ecnu uMeeTcs HECKONbKO MaK-
CUMafbHBIX MO Moay/to 3nemeHToB, TO Bedywmum Gepetca
TOT H3 HUX, KOTOPbIW HAXOAMTCA B CTONGUE C HaVMEHbLIMM
HOMepoM. 3Ta cTpaTerus HasblBaeTCsi BbIGOPOM BeAXfero
anemeHTa no cTpoKC

3. B kauectBe Beayuwero anementa fe-ro wara sbibupaercs
MaKCUManbHblii  1c* MOAY/I0 3neMeHT matpuubl /1»
npn ycnosuax i”-k, jAsk. EcCnM UMeeTcs  HeCKOMbKO
MaKCUManbHbIX 1IC} MOZY/IO 3NEMEHTOB, TO CHauyana a'Tas-

AeM  3/1eMeHTbl, HaXOAAlMecs B CTONGLUE C MaMMEHHHUM
oxepom, a BeAyUulHM 6epeTcs TOT H3 HUX, KOTOPbIA «axo-
Hassl B CTPOKE C HaWMeHbIMM HOMepoM. 3Ta CTpaterus

bINaeTC BbLIOOP,0M BEAYUIETO JNEMEHTa Mo BCeli MaTwue.

(umenenme MepBoli M TpeTbeid cTpateruii c6ecneu(saet

bTONHEHME HepaBeHCTB jrP™*j< 1 ana anementoB matpun Nk.

BbIGOPOM  Begyaero



B aTux cnyuyasx oueHkn (28.13) —(28.15) MOXHO ynyulwnTb,
HO TONbKO NWwb B 15 pasa. Mo-npexHemy rnasHbIM ak-
TOPOM OCTaeTCsi POCT INEMEHTOB MaTpuu JI* Mo CpaBHeHuio
C 3NeMEeHTaMin WCXOAHON MaTpuupl A.

Ycnosus ' n}*1l«e 1 N03BONAIOT NONYUUTL BEPXHUE OLEHKM,
NoKasblBaloWwMe BOIMOXHBI POCT  3NeMeHTOB MaTtpul An.
MycTs

a* = max |

ECNu NepecTaHOBKM He BBINONHSNNCH, TO OYEBUAHO, HTO
195]- 1d } % - « > + >|< Jd<*-o|+ W 0],
no3ToMy <x**s2a* i. [lepecTaHOBKM He MEHSIOT 3TOr0 COOT-

HOWEHWS, No3aTOMy
a*<2*cto (28.21)

K coxaneHnio, npu nNpuMeHeHnn cTpaTeruu  BbiGopa
BeAyllero anemMeHTa no cTonbuy oueHka (28.21) moxeT

focTuraTbes. Hanpumep, oHa AocTuraeTcs Ans matpuy A .

BUAa

3HAYMTENbHO NyYlWWiA pe3ynbTaT WM3BeCTEH ANA CTpaTeruu
BblIGOpa BeAyliero snemeHTa no Bceit MaTpuue. [lokasaHo [5],
yTo ecnu o i (k)ao, To

T(If)<*,J2(2'3,/24,/3 ... k'*-")'2. (28.22)

MpaBas u4acTb (28.22) MHOro MeHblle, 4em 2*1 OpAHaKo
oueHka (28.22), Y, CUbHO TaK Kak
[0 CUX MOP He HaiijleH0 HW OAHOW MaTpuubl, ANA KOTOpPOW

>
i %\/Iu YAENUAN MHOTO BHUMaHMA DOCTY 3NeMeHTOB B MeTofe
Faycca. Ho 3amMeTum, 4TO B NPaKTUYECKNUX BbIYNCNEHMAX 3TO
ABNEHNe BCTPeYaeTcA OueHb peako. [opasfo uauje Habnio-
AaeTCA CyLIeCTBEHHOE YMEHbLWEHNE 3NeMeHTOB.

YNPAXHEHWNSA

L 1 PaccoTpeTh npuMeHeHve eToja laycca Ges biGopa 1
DneMeHTa K NONTM TPEYTONbHOM 1 TPEXAMAroHanbHOM MaTpuuam,

¥ 2. [lokasaTb, 4TO MeToj [aycca C Bbi6opom seAyiero aneveTK
MOKHO TIPUMEHATH K TGOV HEBbIPOXACHHON MaTpuLy

ir 3. PaccmoTpeTb npuMeHenve wmetopa laycca ¢ BhlﬁopOM BeAyLIero
anemeHTa No CTON6LUY (CTPOKE) K NpaBoii (Me80W) MOUTM TpeyronbHOM
MaTpUle. UTO CyLIECTBEHHO MEHSETCS B BbIYUCAMTENLHOM anropudMe,
€CAU BE/lyUi 3NEMEHT BbIGMPAETCS Mo BCell MaTpuLie?

PaccMoTpeT NpuUMeHeHue MeToja [aycca C BbIGOPOM BeAyulero
anemMeHTa N0 CTONBLY WAM CTPOKE K TPEXAMArOHanbHOW MaTpuie. Uto
CYWIECTBEHHO MEHSIETCA B BbIUMCAMTENGHOM  AnropudiMe, echn  BeAywMii
3NEMEHT BbIGMpAETCS MO Beeii MaTpuLie?

€ MOXHO CKa3aTh 0 BENMUMHE ANArOHANGHBIX SNEMEHTOB Tpe-
W YrONbHbIX COMHOKUTENEH, NMOAYYEHHbIX B Pe3ynbTaTe MPUMEHEHWS METOAa
Taycca C BLIGOPOM BEMYWIEro aneMeHTa MO BCei MaTpuue?
OKasaTb, UT0 MeTog Faycca C BLIGOPOM [/IABHOTO INEMEHTa No
Bcelil MATDULE MDUBOAUT /OGYIO, B TOM UMCTE W BLIDOXKAEHHYI MATDULlY
K TpanewesuaHoi.
K: OXHO /M UCTIONIb30BATL BHIGOD BEAYUIErO 3MEMEHTA NO CTONGLY
W STOKe A7 MpMSegcHA VCXOBHOW MaTPULbI K TPaneLiesugHoR?

CpaBHUT, MeTOj aycca Ge3 BLIOOPA BEAYWIrO aNemeHTa Ans

7esoli TPeYrOfIbHOM MaTPHLs! M MPOLECC OPTOTOHANM3ALMA AN BEKTOPOB-
CTPOK TOi ke MaTPLSI.
0KasaTh, 4TO MPU WMCMO/b30BAHAW MeToga ['aycca C BbiGOpOM
BEAYLETO /eMeHTa NO'CTONGLY AR TPEXAUATOHANbHOI MATPHLI Makem-
MATbHBIN N0 MOAY/IO JMEMEHT B KaX/OM CTONGUE BO3PACTaeT He Gonee,
* ue B fBa pasa.

§ 29. KomnakTHas cxema

Mbl yXKe HEOZHOKPATHO MOAYEPKNBANM, YTO Hannume B hop-
Mynax i Tna PHbIX i
3((EKTUBHO NPUMEHSTL ONEPALUM HAKOMNEHUS W TEM CaMbiM
CHU3UTL OBLNI yPOBEHL OWNGOK. HO B PACCMOTPEHHOM Bblllie
meToge laycca, N0 CywecTsy, HET BOSMOXHOCTW ANs mpume-
HEHUs Takux onepauuii. 3TO CBA3aHO NUWbL C BbIGOPOM
UNCNEHHOID METOAA ANS MOMYYEHUA Pa3NOKEHNA MATPuLbI
Ha TPEYToNbHbIE MHOXUTENN.

CHOBa paccMoTpum MaTpuuy/!, yA0BNETBOPSIOWYIO YCno-
BuAM Teopembl 27.1. Tak Kak pasnoxeHue (27.1) cyujecTByer,
T°. NpUpaBHMBas MeXAy COGOA 3NemMeHThl MaTpuubl A U npo-
nssegeHna BC, nonyvaem

min (f. 1)
ay” 2 bhcPj- (29.1)
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Byasem cuutath, 4to b,=1 pana Bcex i. Torga u3 (29.1)

cneayer:
cu = flb
Cij—aij, fyi= 7%« /=2 3 n,
i-1
Q= ay bipcpi, i=2,3 ...,n, ~9 2)
I
% = N 6N *=— N — »
p
L3 .0, = i+ 2 n.
Ecnu matpuua A nouTu TpeyronbHas, To oAgHa u3 matpuy B, C
B elfiCTBUTENLHOCTY GydeT ABYXAMaroHanbHoii. B atom cny-
yae qopmynsbl (29.2) ynpoujaitca. Hanpumep, Ans npasoit
nouTM TPeyronbHON MaTpuiybl A
Cn= an,
cn=ax, bu=~", !
all—bi,,-ICi-I'h /=
—bij C 1/, frin.|= 1,
»= 2,3 ek, =+ L+ 20
B 4aCTHOCTM, ANA TPexAnaroHanbHo.! matpuybl A vmeem
£u =<*11.
a = a».

1= Ql—bij iCi
c</+l=B< bl
1=2,3

MonyyeHHble HOPMY/bl MOXHO MCMONL30BaTL ANS UNC/IEH-
HOTO  OMpEeieneHus TPeyroNbHeIX COMHOXWTened B n C
maTpuubl J1. COOTBETCTBYIOWMNA" anropudm HasbiBaeTCA KOX-
NakTHoIH cxemoii meToga Maycca. Tenepb B 06uiem cnyyae npu*

bun = .

m s
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MeHeHune onepauvm HaKonneHusa BNONHe ONpasfaHo. KoHeuHo,
ownbKn OKpyrneHua wu 3aecb 6yﬂyT OKasblBaTb CBOE BANAHHE
W BMECTO martpuy B, C mbl nony4yuMm HekoTopble Apyrue
matpuubl B, C ¢ anemeHTammn bu, ctl.

MycTb HaXOAATCA 3NeMeHTbl nepBoii CTPokn matpuusl C

. 1 nepsoro cton6ua matpuubl B. Monoxum cu = ou, Cy= at)

n BblYMCAseM

\oul ooy

PeanbHO BbIYMCNEHHbIE 3NEMEHTbI HJ| MOXHO paccmaTpueaTb
KakK TO4YHO uncxoas n3 Yy X 31EMEHTOB
ou+ly. Ecnm Lxd - 1, 10 [(«y!|*(@/ 2 ) JcDK|5#,).
Ecnn ke e, = — 1, To 3To O3Ha4yaeT, u4To |an |[< Jcu!
noatomy !'Lia|*£ |cu | co.OKOHYaTeNbHO NONyYaem, 4TO

ViccnefoBaHue Npouecca BLIYUCAEHUA APYTUX 3NEMEHTOB
OCYU|eCTBNAETCA  aHanoruyHo. TpeanonoXuMm, HTO  BbIYHC-
NAOTCA 3NeMeHTbl CU ANs » > 1, BKNO4as W AnaroHanbHblii
ANEMEHT C,,. Vmeem

~bA @ niy Qo)

&=n,

OTclofa 3aKnlouaem, 4TO peanbHo BblYMCNEHHbIe anemenTbl cif
MOXHO paccMaTpuBaTb Kak TOYHO BbIYMCNEHHbIE, MCXOAA W3
BO3MYLLEHHBIX 3N1EMEHTOB MATPULbl A. BaXHO NOAYEPKHYTH,
UTO MpU HaXOXAGHUN 3MEMeHTa CY [ONONHNTENbHOE BO3MY-

ueHne BHOCUTCA TONbKO B 3M1€MeHT a,,. Ecam T,,A—1, To
a0- V blxp/=-~-~¢c0(1-T9), (29.3)
noaTtomy
7SI P~m </t
Aen" ke =*—1i To 3TO O03HayaeT, uTO BbIpaXeHue,
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cTosiwee B (29.3) cneBa, He NpeBOCXOANT  no Moaynt. Ho
Torga |u./| <w. CnepgoBaTenbHo, Bcerja

Wi~ Jp +

AHaNOrNYHO Mbl MONYYaeM, YTO MPU  BLIYMCNEHNN 3NEMeH-
TOB bl AONONHNTENbHOE BO3MYyljeHWe BHOCUTCA NNWb
B 3nemeHT ay. Mpn atom

TH5uLU8/| + |201@.

Takum 06pasoM, NPU HaXOXKAEHUU TPEYroNbHOro pasno-
KEHUs MmaTpulbl cornacHo gopmynam (29.2) BAusHNe OWNG0K
OKDYTNIeHNsi CHOBA MOXET ObiTh YYTeHO B (hopMe 06paTHOl0
aHanusa. Ecnu fIC = i4-fM, TO, 06beauHsis nony4eHHble
OLEHKM, 3aK/IOYaeM, 4TO N5 3N1eMeHTOB P(/ IKBUBANEHTHOTO
BO3MYLIEHNA M CnpaBejnuBbl HepaBeHcTBa

[0, 1= 1,
2pM \en\+ <> (29.4)
(1p wHilAHI*vi+lo/le. i< 1

Kak 1 B MeTope laycca, HeyCTOAYMBOCTb TPeYronbHOro pas-
NOXEHWUA B KOMMAKTHOW CXeMe CBfi3aHa B OCHOBHOM TONbKO
C BO3MOXHBbIM POCTOM 3N1eMeHTOB. OGbIYHO Mbl Byaem uMeTb
[leNo C MaTpuuamu, 3nemeHTbl KOTOPbIX MHOro 6onble bi'fl
B atom cnyvae oueHkn (29.4) ynpouwatoTcs. VMeHHo,

. i=1
W, /18 L 2P e\ />* (295)
i\ e xculbul, <.

HauGonee a(eKTMBHO KOMMAKTHAsA CXEMa ucnonbayercs
AN MONYYeHNs TPEYroNbHOTO PA3NOXKEHUS NONOXUTENbHO
onpejeneHHblx Matpuy. CoOrnacHo cneactsuio Teopembl 27.1
B 3TOM CNy4ae VMeET MECTO pasnoxeHue

n=c*c. (29.6)

KOMMAKTHAA CXEMA 159

B nonHom cooTBeTCTBMM'C (29.2) Temepb nonyvaem

/> 1
!
= ,0,- " \cPL* | i> I,
. : (29.7)
1> 1.
B YaCTHOCTM, ecnn MaTpuua A Bel|ecTBeHHas, TO
* 12 /> 1
! -1 \12
Cli= 2 "D * 1> 1, (29.8)
1> 1.

3T hopmynbl UCNONL3YIOTCA ANA NONYYEHUA pas3noxe-

Hus (29.6) nogo6Ho ToMy, Kak qopmynsl (29.2) —ans pas-

noxenus (27.1). CoOTBETCTBYIOUWMNIi anropudm HasbiBaeTcs

MeTOoM KBAJPaTHOTO KOPHA. Ecnu npuMeHsalTcs onepauun

HAKOMNEHNA, TO ANA PeanbHo BbIYACEHHON MaTpUUbl C uMeem
c*C=A-fM.

OnemeHTbl P,y 3KBMBaNEHTHOTrO BO3MylleHUs M yjoBneTso-
PAIOT COOTHOWEHUAM, aHanoruyHbiM (29.5). MmeHHo,

1\p~mleuent.  1>1,
{ p-m \'c,\\'c,)\, i<t,

Mbl He Gyfem ocTaHaBiMBACBER NOAPOGHU HA.MX BbIBOAE, NGO
noNy4alTCA MOYTU TaK Xe, KaK H COOTHoweHus (29.5).
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3aMeTUM NMWb, YTO Tenepb MOXHO WMCKMOUUTENbHO 3Mek-
TUBHO OLEHWUTb jjMIg:

~ 2

IMba p vt E DY <

<>>w*m ( t !««!*/2>I M I" (4£| (4:?:1 34 % r-

p M I{R&M)* < p (B <), Da-

- PM1 k- PMIC*CI = p-m 5A |s.
WTak,
/M AAT [+M K.

YNPAXHEHUS
1. CpasHus chopmynbi (28 14), (20.5)

2. BLINOMHUTL aHanu3 OLMGOK B KOMNAKTHOM Cxeme MeToga aycca
onepauuii CpasHuTs

6e3 06
nonyediie pEyILTAT ¢ (28.14).
UCTIONb30BaTE  MEPECTAHOBKI B KOMNAKTHO CXeMe MeToAa
I'aycca7
4. [\oKazaTh, WTO UCMIONb3yS NEPECTAHOBKA B METOAE KBagpaTHoro
KOpHS, ‘MOXHO nonyum B PasNOXeHUN (29.6) HOPMANM30BaHHYIO Tpe-
YFONbHYIO MaTpULy)
flokasaTs, Vs ANS 3PMATOBON MATPULI A C HEHynessiMM  rnas-
HbIMA MUHOPAMA CYUIECTBYET PasnoXeHie

*V A=5*DS, (209)

TAS S—panan TPeyrOMksan WATPHE, 2 D—AWATONANLaA ¢ neue-
Tamu +

6" hn pasnoenun (29.9) wanucars fopuyns, aaTOrMHe (29.7)

7. HanucaTb (opMynsl 1S PasnOXeHUs SpMUTOBO TpeXAwaroans-
HOWi_ MaTpHLLbI.

8. [lokasaT, 4TO ANA M0GON MATPUUb! C, YAOBNETBOPSIOLLEH paseH-
cTey (29.6), CRPaBe/IMBLI COOTHOWIEHNS

KL-M T - (%"

9. [loKasaTb, 4TO NpU DEAnM3ALMN METOJA KBAAPATHOTO KOHA ANA

NONOXKMTENLHO OMPEACNEHHON MATPULbI HE MOXKET GbiTb YBENUUEHWS! MaK-
CUMANLHOTO MO MOAYNIO 3NeMeHTa.

. UTO MOXHO CKazaTh 06 aHanorax ynpaxHewwii 8, 9 Ana pasno-

Kewnst (29.9)?
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§ 30. PasnoXeHue Ha yHUTapHblil
W TPEYroNbHbIA MHOXUTENN

Mbl yXe 0TMeuanu, 4To KBajpaTHas MaTpuua MOXeT GbiTh
pasnoXeHa B NPOW3BEAEHWE YHUTAPHOW W TPEYronbHOA MaT-
puu. CyujecTsyeT Hemano anropudMoB ANS UMCAEHHOTO OTbI-
CKaHMs 3TOr0 pasnoXeHuns. OJHAKO B OCHOBE GONbLIMHCTBA
M3 HAX NIeXAT PacCMOTPEHHble PaHee MPOLECCh UCKIOUEHNS
9NEMEHTOB C YHUTapHbIX Mp it wan npo-
LecCbl OPTOTOHaNH3aLuM.

Mycte A —kBagpaTHaa Mmatpuua nopsgka n. CornacHo
opmynam (18.11) noctpoum maTpuuy BpaujeHus [,2 Tak,
4yTcObl B MaTpuue A i~TUuA anemeHT B nosuuyun (2.1) Gbin
paBeH Hynlo. 3aTeM MOCTPOMM MaTpuuy BpaujeHns T19 H3
ycnosus "obpalieHus B Hynb 3nemeHTa B nosuuun (3.1) mat-
puybl Ar= TI13AL $cHO, 4TO NpU 3TOM HYNEBOW 3NEMEHT,
NONYYeHHbI Ha MEPBOM Liare, OCTaHeTCA Ge3 W3MeHeHWs.
[anee BbiGMpaeM MOCNeAOBATENbHOCTL MAaTPUU  BPAUEHUA,
HanpuMep, UMKAMYeCKM no ctonbuam npu m=:n—1. Camu
MaTpULBl CTPOUM TaK, 4YTOGbI MPU OYEPEAHOM YMHOXKEHMM Ha
mMaTpuuy BpaujeHus TuU WCKMIOYaNcA 3NeMeHT B MNo3nLun

€BH/HO, UTO MPU peanu3auMn Kaxaoro wara coxpa-
HSIOTCA BCE HY/NeBble INEMEHTbI, MONYUeHHbIE Ha MpeablAyLNX
warax. Mocne BeinonHewns N = n(n— 1)/2 waros Mbl nony4nm
npaByl TpeyronbHyw matpuuy Ax, npudem AN=*RSA, rge
An= Ta-1'"ATn-rH TuTel. OTcloaa BbiTeKaeT, 4To

A —RnAn. (30.1)

Matpuya /?i—yHUTapHaa W TpeGyemoe pasnoXeHue mno-
CTpoeH”

BausHve OwWWGOK OKPYrneHUA npusedeT K ToMy, 4TO
peansHo GyAyT BbIMUCAEHbI HEKOTOpble Apyrie Matpuubl Jiar,

T.j. HOo KaK NokasblBalOT UCCNEA0BaHWSA, BbINOMHEHHbIE B « 19
Mbl Gyaem umeTh

*=#arh + M), (30.2)
1nT, rn... TxTI, npuyem B COOTBETCTBMM

MUAN V2 20 —3)p m IAIff. (30.3)
B. B. BoesogH
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KOHEUHO, 3N1eMeHTl MOTYT WUCKIIOUYaTbCA N B KAKOM-NU60
ApYrom nopagke. B 4acTHOCTM, €CAM MaTpUUbl BpaljeHnm
BbLIGMPAIOTCA LMKNMYECKN M0 CTPOKAM, TO A4N1A COOTBETCTBYIO-
wero THOTO y CcHoBa oueHka
(30.3)

Mbl yxe oTmeyanu B § 19, uTo o6e uuknMueckue nocne-
[0BATe/IbHOCTU 9KBUBANEHTHBI C TOYHOCTBIO [0 BLIGOPA YrNoB
nosopota. B cnyyae MCMONb30BaHUA 3TUX MOC/NEA0BATENbHO-
CTell A4NA MONYYEHUA PANOKEHWS MATPUUbI HA YHUTapHbIi
W TPeYronbHblil MHOXWTENN MOXHO C/enaTb Gonee TOuHbIN
BbIBOA. TaK Kak BbIYMC/IEHME yrnia M0BOpOTa ANA NGO
matpuubl TIf cBA3aHO NUWbL C 3nemMeHTamu i-oit 1 /-0l CTPOK,
TO UVMKAMYECKMe MOCNEOBATE/bHOCTM N0 CTPOKaM M CTOn6Lam
NONHOCTbIO 3KBUBANEHTHbI. CrefoBaTeNIbHO, NPU PasNOXeHUU
MaTPULBl HA  YHUTApHBIA M TPEYrONbHBIA MHOXUTENN OHU
6yAyT AaBaTb OAWH W TOT Xe Pe3ynbTaT, BK/NKOUas BCIO COBO-
KYMHOCTb OWMGOK OKPYrAeHus.

Pa3noxeHue MaTpuUbl Ha YHUTapHYlo W TpeyronbHyio
MOXHO OCYWECTBUTb ¥ C MOMOWbIO MATPUL,  OTPAKEHWS.
[elicTBUTENbHO, MO NepBOMY CTONGUY MaTpuLel A NOCTPOMM
matpuuy oTpaxenns {/, Tak, 4To6bl B MaTpuue Ai~=UtA Bce
NOAAMArOHaNbHbIE 3NEMEHTbI NePBOro CTONGUA GbIN HYNeBbIMU.
3aTeM N0 BTOPOMY CTONGUY MATPULbl AX MOCTPOMM MATpUUy
oTpaxeHus U2 Tak, 4Tobbl B MmaTpuue At= UtAi Bce noa-
[MaroHanbHble 371eMEHTLI BTOPOTO CTONGUA GbiNM HYNeBbIMM,
a 3NemMeHT B MepBoii CTpoke octancs 6e3 u3ameHeHus. Mpu-
HUMas BO BHUMaHue BWA (21.1) maTpuubl AT, 3aKnl4aem,
4TO MepBbiii cTONGel MaTpuubl At OT YMHOXEHUS Ha MaTpu-
Uy Ut He MeHseTcs. Mocne BbiNONHeHUs A= /l—1 waros Ml
nofyunm NpaBylo TPeyronbHylo Matpuyy Ay M pasnoxeHve
(30.1), rpe tfy «=(/,,-x ... Ui- PeanbHble BbIYMCNEHWNS NpuBEAYT
K pasnoxeHuio (30.2). CornacHo oueHke (21.7) TenepbUmeem

M le<-25*7 +5 (n-Bp "+YAy

MpoLecc OpTOroHaNN3aLMN TaKKe MOXET GbiTb UCMIONb-
30BaH NS YNC/EHHOTO OTBICKAHUA PA3NOXeHUs Matpuubl J1
Ha YHUTApHYI W TpeyronbHyio. Byjem paccmatpusatb CTpo-
KM A KaK BEKTOpbI, MoAnexaujue opToroHanusaunmn. Hopmu-
poBKa MEPBOTO BEKTOPA CBOAMTCH K YMHOKEHMIO A Cnesa
Ha [uaroHanbHylo MmaTpuuy DIt y KoTopoii nuwb nepsblit
3NIEMEHT OTNNYEH OT eAMHUUbI. JTO AaeT maTpuuy Qi=*0U*
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c

Bbluncnenne Bsektopa vf cornacHo (25.2) o3HauaeT onpepge-
NeHWe HeKOTOpPoi Matpuubl M, Buaa (24.9) 1 yMHOXeHMe Ha
Hee cnesa Mmatpuubl Qt. HopmupoBka BTOPOro BeKTopa —3To
OuepeaHOe YMHOXEHWe Cfesa Ha AWaroHanbHylo matpuuy >,
Y KOTOpOii OT/MYEH OT efMHULbI TONLKO BTOPOW 3NEMEHT,

wTog

Bgcb npouecc coctout H3 N —n waros. MaTpuyHas Tpak-
TOBKa 6-T0 Lara 03HauaeT HaXOX/eHWe HeKOTOPO# MaTpuLbl MK
BUAa (24.9), YMHOXeHUe BbIYUCNEHHOW paHee MaTpuubl Q* t
cnesa Ha MK, onpefeneHve AWaroHanbHo# Matpuusl Db,
VMelouell MWL K-/ 3NeMeHT, OTAWYHBIA OT eANHWULbI, W Bbl-
yucneHne MaTpuubl = ,. Mocne sbinonHenns N
Waros Mbl NONYYUM MaTpuly- <% npu 3ToM

Qv= (D.VAfv ...D MDA,
OTKyAa BbITekaeT, uTo
A- (DaMx ... D.M,D,) 'Qx.
Matpuuya (DXMX ... DtM2Dt) «—nesasn TpeyronbHas. O60-
3HauMB ee 4epes AX, NPUXOAUM K Pa3NOXeHMIo
A=AxQx,
B KOTOPOM MO cpaBHeHWio ¢ (30.1) YHWUTapHbI MHOXUTENb
ABNAETCA MpaBbiM, A TPEYTONbHbI/i—NeBbiM.
OwnbKn OKPYrNeHns W B 3TOM Mpouecce npuseayT
K BbIYMCNEHNIO HEKOTOPbIX APYrux matpuy Qx, £)x, Mx ... D,
Ecnm k TOoMy >Xe cornacHo (25.11) npumeHseTcs nepeopTo-
rOHanM3auns BEKTOPOB, TO BMECTO KaXAoi Matpuubl MK Mbl
B [eiicTBUTENLHOCTU ByaeM UMETb NpoussepeHue
MaTPH Tuna Af*. Tem He MeHee, B COOTBETCTBUN
¢ (20.7), peanbHoe pasnoxeHue byaeT Takum:
Q*- =/AYA) (n+ M),
rae

HanomHuM, 4TO B MPaKTUYeCKNX BbIYNCNEHUAX BCerpa s*= 2.
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YNPAXHEHMA

1. MycTb mMaTpuua A NPUBOAMTCA K TPEYTONLHOMY BUAY C MOMOLbIO
YMHOKeHWS CNIpaBA WM CNEBA Ha LMKIMUECKYID NOCNEAOBATENbHOCTH
MaTPUL, BPAWeHNA NO CTPOKaM. KaK, MCMOMb3ys 3TOT MPOLECC, BLIMUCAMTS
rnagHble MUHOpLI MATPULEI /17

2. MOXHO /M BLIMWCNMTL [/1aBHbIE MHHODHI MATPULbI, €CAU AN ee
NPUBE/EHNS K TPEYTONbHOMY BUAY NOCMEA0BATEN5HOCTb MATPULy BPALLEHUS
BLIOMPAETCH UMKIMYECKM MO CTONOLAM?

3. [l0Ka3aTh, T C MOMOUIO YMHOKEHUA CNeBa Ha MOAXOAALLYM
06Pa3ON BLIGPAHHYIO NOCNEJOBATENLHOCTE MATDUL BDAUIEHWA WNM OTpa-
EHUS MOKHO NPUBECTI WCXOAHYIO MATPHLY  HE TONbKO K MPasoit, Ho
Ik nesow Ypeymnbnuw MaTpuLe.

. oMy BHRY MOKHO TPUSCCTH NGTPHLY G NONOLO MpaBocTo-
POHHUX ynmapkmx NpeoGpasoBaHii?

5. MOXHO /M ynyuiwnTs Kosuuvent Y i & ouerke (30.3)?

6. [loKa3aTb, UTO C MOMOLbIO NPOLECCA OPTOTOHANM3ALMM  MOXKHO
PasNOKUT MATDULY B MPOMIBEAEHME YHUTAHOM W NMDABOV TPEYrOMbHON.

§ 31. PasnoxeHne NpAMOYroNbHbIX MaTpuy

PECCMOTPEHHBIE BbllWe BbIYUCNUTENbHbIE anropmpmm pas-
NOXEeHWA MaTpuubl Ha MHOXUTeNu 66N ONUCAHbI B OCHOBHOM
Ha nMpuMepax KBaAPaTHbIX MaTpuu. OAHAKO MHOTME W3 HMX
6e3 M3MeHeHNs moryTt 6bITb NPUMEHEHBI N K UﬁLLWIM npamo-
YTrofibHbIM MaTpuuam. Tem He MeHee Mbl BCe Xe paccmoTpum
3TOT cnyyail HeCKoNbKo noppo6Hee, 06paTMB 0c060e BHUMaHWE
Ha anropudmel, KOTOpble ANS Pa3NOXeHWs MPAMOYTONbHbIX
MaTpuy ucnone3yrTca Haubonee vacro.

JIK6oe pasnoxeHne MaTpuLbl Ha MHOXUTENN B KOHEUHOM
cyeTe CBOAMTCA K ee 3KBUBANEHTHOMY npeoﬁpaaosaumm. HDM
3TOM [NA peweHus 6onbWMHCTBA anreﬁpamqeckmx 3agay
HEUGXDAMMO‘ 4T06bI MO Buay OKOHYaTeNbHOIA MaTpuLbl MOXHO
6bi710 bl NErKO YCTAHOBUTL MOMOXEHWE 6a3vCHOTO MUHOPA
Mo cyujecTBy, WMeHHO 3TUM TpeGoBaHMeM W onpejenseTcs
Hale CTpeMneHue MPUBECTU UCXOAHYIO MaTpuly K Tpeyrosb-
HOMY BUAY.

Ecnn matpuua ypoBneTsBOpseT yCnoBUAM Teopembl 27.1,
TO e[MHCTBEHHbIA HYNeBOW AMArOHanbHbI 3NeMEHT TPeyronb-
HOI MaTpuubl MOXeT HaxoAuTbCA TO/1bKO B KOHUe AnaroHanu.
MoaTomy 6a3ncHblii MUHOp Gy/eT PacnonoXxeH B Tex CTPoKax
W cTonbuax TPeyronbHOW MaTpuibl, KOTOpble COAEPXAaT HeHy-
neBble ANAroHanbHble 3N1EMEHTbI Ecnmn xe ucxogHas marpuua
npou3BoNbHas, To GOPManbHoe MPUMEHEeHNe PacCMOTPEHHbIX
paHee anropuhMoOB MOXET AaTb TaKylo TPEyronbHyo MaTpuuy»
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B KDTOPO% HyneBble AnaroHanbHble 31EMEHTbI MOTYT HaXo04UTbCA
B CambIX pa!ﬂM‘—IHbMAECTaX W He o6s3aTenbHO noapag wnun
8 KOHUe AMarcHanH. B 3ToM cnyuae onpeaeneHue 6asucHoro
MUHOpa 3aTPYAHUTENbHO U TpeGyeT AONONHUTENbHbLIX BbIYUC-
neHnid. 1N NpeofoneHns AaHHbIX TPYAHOCTE CHOBa OKa3bl-
BaeTCA NONe3HbIM WCNO/Mb30BaHWE MepecTaHOBOK.

Mycts A — NpsMOYrobHaa MaTpuya pasmepos T X nl
W padra r. MpumeHum K 3TOi MaTpuLe npouecc metoda Maycca
c BbIGOPOM Besyulero 3nemeHTa no Beceii matpuue. Torga
nocne r Waros Mbl MONYYUM NpaByio TpaneLeBuHY0 MaTpuLy

rae A[? —npasas TpeyronbHas Matpuua MopagKa r C HeHy-
NEBLIMM [MArOHaNbHLIMK 3NeMeHTaMn. ECAu 1= nuwm r= T,
TO B Matpuue Ar GyaeT OTCYTCTBOBaTb COOTBETCTBEHHO
nocneaHuit KNeTouHbIi CToNGey WAM MNoCNeaHss KneTouyHas
cTpoka. McxogHas maTpuua A MOXeT GbiTb npusefeHa u
K neBoii TpanewLeBuAHON MaTpuue

ecnu npouecc metofa laycca ¢ BbIGOPOM Beaylero anementa
no BCe/i MaTPUUE MPUMEHNTL K TpﬂHCnOHMpDBﬂHHOM matpu-
ue N'. 0

ManVIleI 3aBEJOMO ABNIAETCA ee MUHOP nopﬂnxa TB BEpXHEM
nesom yrny.

ANs npuBeseHus NPAMOYronbHOW MaTpuubl A K Tpane-
LEBMIHOM MOXHO WUCMONb30BATh M YHUTapHble npeo6pasosa-
HuA. Bblbepem B A cTonbel ¢ MaKCMManbHOW CyMMOi KBaj-
paToB MOAyneli 3NeMEHTOB U NOCTABMM €ro Ha MecTo Nepsoro
cTon6ya. ECm Takux CTONGLOB OKaKETCA HECKONLKO, TO CPeayt
HUX BO3bMEM cTonGeu C HaMMEHbLUM  BO3MOXKHbIM HOMEpOM
Teneps ¢ cnesa Ha o6pa-
30M BbIGPaHHYI0 ManMI_W OTPaXKeHNA MU NOCNeA0BaTENLHOCTD
matpuy nopgHar NeMEHTbI
HOBOTO MepBoro cTon6ua. MycTb Yxe mnonyyeHa MaTpuua,
Y KOTOpoil nepBble K CTONGLOB, 1, aBnsoTCA cTonGuamn
TpaneueBuAHON MaTpuuybl. Cpean Bcex ce CTONGLOB, Kpome

epBbiX Kk, BbiGepeM TOT, KOTOpPbIi WMeeT MakCUManbHyio
Y MY KBajpaToB MOAyfeil 3NeMEHTOB, He BXOAAWMX B
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nepeble kK CTPOK NONY4YeHHOW MaTpuubl. Ecnu Takux cTonbuyos
OKAXETCA HECKO/IbKO, TO CPeAU HUX BO3bMeEM CTONGEL, C Hau-
MeHbLWMM  BO3MOXHbIM HOMEPOM. [lepecTaBuM  BbIGPaHHbINA
cton6ey Ha mecto (6+ 1)-ro ctonbua U WUCKMOYMUM €ro moa-
AVaroHanbHele 3NeMeHTbl C MOMOLLbIO YMHOXKEHUS cnesa Ha
NOAXOAALLYIO MAaTpULY OTPAXEHUA WM NOCNeA0BATENbHOCTL
MaTpuy BpaujeHHs. [locne BbINONHEHUS T TaKUX LIAroB Mbl

y npasytw Tp yto matpuuy. Bonee Toro, Kak-
BMAHO M3 ee MOCTPOGHWUS, OHa OyAeT W HOPManM3oBaHHOM.
MpumeHeHre 3TOro mpouecca K matpuye A' nossonser npu-
BECTU MaTpuuy A K NeBoii Hopmanu nT AHOI
thopme.

MpAMOYroNbHYI0 MaTpuyy MOXHO NPUBOAUTL C MOMOLbIO
YHUTapHbIX NPeo6pasoBaHuil He TONbKO K TpanewyesuaHoii,
HO W K ABYXAWaroHanbHoli Matpuue. B camom fAene, BbiGepem
MaTpuuy oTpaxeHus Ux Takum 06pasom, 4ToGbl B MaTpuue
At=UtA obpaTunucb B Hynu 3nemeHTbl nepBoro cronbua,
nexaujue HUXe AuaroHanu. 3atem BbiGepem Matpuiy oTpa-
XeHust Vi Tak, 4ToGbl aneme/lbl MepBoro cronbua Matpuubl
Ai= AIVt ocTanuch 6bl Ge3 U3MEHeHWUs, a 3NeMeHTbl NepBoi
CTPOKM, nexauwyue npasee anemeHTa B nosuymn (1.2), cranm

. YMHOXas p Cnesa u CnpaBa Ha MaTpuLel
OTpaXeHWst U WCKNIOUas fIeMeHTbl B TAaKOM MOpsAKe:

(2.1), 3.1), (4.1)..

(1-3), (1.4).
(3.2), (4.2).
(2,4).

Mbl MpUAEM K NpaBoii ABYXAnaroHanbHoii matpuue D. HaunHas
WUCKNOYeHUe C 3N1eMeHTOB nepsoﬁ CTPOKW, MOXHO aHanoruu-
HbIM CMOCOGOM NPUBECTW WCXOAHYH Matpuuy J1 n K nesoi
[ABYXAMAaroHanbHoi matpuue. [lByxauaroHanbHas matpuuya D
CBS3aHa C UCXOAHOW MaTpuueil A COOTHOLEHNEeM

D-UAV,
rae U, V —yHuTapHble MaTpuubl. KoHeuHo,-B aToM npouecce
MOXHO Tb M MaTpULbl Bp:

Mbl He 6ysemM NpPOBOAUTL Kakue-nM60 UCCNEef0BaHUS OLIU-
60K OKPYrneHus B PacCMOTPEHHbIX anropugmax, Tak Kak
nony4yeHHble paHee pesynbTaTbl OXBaTbiBAKOT W cayvan npsa-
MOYTOMbHBIX MaTpuy.
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YNPAXHEHUA

1. PaccMoTpeTs NpUMeHeHUe NPOLecca OPTOrOHANMIALMM ANS Pa3no-
KEHUS NPAMOYTONLHOM MATPULbl Ha MHOKMTEM.

2. MOKHO MM MDUMEHATb METOn [aycca C BbGOPOM BEAYWEro dne-
MeHTa 10 CTONGY Wn¥t *pOKe ANA NPEOGPas0BaHIA OGUIEH NPAMOYTonbHOI
METRH K. ThANEUEBIOA?

HaliTil KakoW-M60 Gasuc sgpa NPasoit W NeBoVi TpaneuesnaHbIX
Marp u,

4."MOXHO 1M UCO/Ib30BATS NEPECTAHOBKM CTPOK M CTONIBUOB B NpO-

Lieccs NPE06PasoBaHHs MPAMOYTOMbHOM MATPHLbI « ABYXAMATOMaNbIOH?

§ 32. YHuTapHo nogobHoe pasnoxexue

Nyctb 3aAaHa KBagpaTHas matpuua A nopsgka n u HaA
eit TENLHOCTh
BaHUi C mamwuamm Q,.... Q Ecmm s pe;ynbrare sblnun—
HeHus 3TMX Npeo6pasoBaHuii MonyyaeTcs HekoTopas MaTpu-
ua B, 1o

B=(Q ...Q.'M(Qi...Q,). (32.1)
OTcloaa cneayet, 4to
A= «2,..<2)B«E' ..Qf).

WTak, nio6oe nogo6Hoe npeobpasoBaHue MaTpuubl A, no
CYWecTBy, MPUBOAMT K PA3NOKEHNIO e Ha MHOXMTENM.

W3secTHo [1] cyuiecTBOBaHWe npeo6pasoBaHuit nogo6us,
npn KoTopbix maTpuua B B (32.1) sBnsAeTcA TPeyronbHOA,
KBA3HAMArOHaNbLHOA WAM  UMEeT B KAHOHUYECKOW (OPMbI
XoppaaHa. OfHako BCe 3TU Npeo6pa3soBaHNA KOCBEHHbLIM 06pa-
30M CBS3aHbI C OTI KOpHeii anre6p MHOrO-
UNIEHOB 1 M03TOMY He MOTYT GbiTh MOy YeHbl B 0GuUiEM Cy Yae
3a KOHEYHOE YUCNO apUBIMETMHECKMX OMepauuii. Tem He MeHee
MOXHO MOCTPONTb Nogo6HOe npeo6GpasosaHue (32.1)c maTpu-
ueii B, CyulecTBeHHO 6oNiee NPOCTOIA, YeM UCXOAHas MaTpuya 1.

PaccMoTpum CHauana MaTpuyy /1 Npou3BOLHOTO BMAA
W MOKAXEeM, UTO ee MOXHO NPUBECTA MOAOGHBIMM YHUTaPHbIMM
npeo6pasoBaHnAMMU, Hanpumep, K NeBOI NOYTU TPeyronbHoM
matpuue. Mo 3nemeHTam nepsoit CTPOKM A NMOCTPOMM MaTpuULly
oTpaxenus UX Tak, 4TOGbl MepBbiii 3NEMEHT 3TOil CTPOKM
ocTancs 6es M3MeHeHWs, a BCe ee afleMeHTbl, Nexaljue npasee
anemenTa B nosuumn (1.2), cTanu HynesbiMu. [lanee nonyuaem
prpuuyy AUl u 3atem wmatpuuy AX=U*AU. CornacHo
nocTpoeHunio B nepsoit cTpoke Matpuusl AUt nuwes nepsbie
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AiBa 3M1eMeHTa MOryT GbiTb OTAMYHBI OT HynA. Ho npu ymHo-
KeHun cnesa Ha Mmatpuuyy UJ nepsas *cTpoka He 6yger
MeHsiTbCs. CefoBaTeNbHO, MepBas CTPOKa Matpuubl Ai nmeet
B NePBOi CTPOKM NEBOV MOYTU TPeYTONbHON MaTpulibl.
MpeanonoXum, 4To yXe MOCTPOEHbI MaTPULbI OTPAKEHNA
Ux ..., Uk Takue, u4To nepsble K CTpok, k”~s 1, maTpuubl

Ak= T ... tIN A (U, ..U, (32.2)

WMEIOT  BMA  NepBbIX K CTPOK /N1EBOW MOMTU TPeyronibHoi
maTpuubl. Mo 3nemeHTam (k+ 1)-4 CTPOKM MaTpuibl™*
nocTpouM MaTpuuy oTpaxeHns L'kH Tak, uToGbl nepsble K
3/1IeMEHTOB 9TOli CTPOKM OCTanuCh Ge3 M3MeHeHWs, a BCe ee
3NeMeHTbI, Nexalyue npasee snemMeHTa B nosuumn (£+ 1, £+ 2),
CTanu HynesbiMM. SICHO, 4TO nepBble A+1 CTPOK MaTpuubl
AKMKI WMEIT BWj COOTBETCTBYIOWMWX CTPOK NeBOW No4TH
TPeYTONbHOI MaTPULbl, & YMHOXeHMe cnesa Ha Matpuuy U t+1
He MeHsieT mepsblX K-\-1 cTpok. Mpogosxas aToT npouecc,
Mbl MOAYYMM NIeBYI0 NOYTM TPEYronbHylo Matpuuy

B= (Uf-2 U\) A (E/X ... Uni), (32.3)
YHWUTapHO nofobHylo maTpuue A.

KoHeuHo, ans peanusayun npeo6pasosaHus (32.3) MOXHO
MCNONb30BaTh He TONLKO MAaTPULbl OTPAXEHNA, HO 1 MaTpuLibl
BpaleHUA. AHaNN3 OWWGOK OKPYINEHNA, BOIHMKAKOWMNX B
peanbHbIX BLIYMCAUTENbHBIX NPOLECCAX, NOAHOCTBIO 0XBAThl-
BaeTCA aHann3oM, nposejeHHbIM B § 23, C 3ameHoit B (op-
mynax (23.8), (23.10) uucna n Ha 8 —1.

OcTaHoBMMCA Gonee MOAPOGHO HA OAHOM UYaCTHOM, HO
O4eHb BaXHOM Cnyuae. MycTh mMaTtpuua A 3pMuTOBa; TOrga
6yAyT apMUTOBbI BCe MaTpuubl AK M3 (32.2) u maTpuua B
n3 (32.3). Ho noytu TpeyronbHas 3pmMUTOBa MaTpuuya B
AeACTBUTENLHOCTI SB/ACTCA IPMUTOBOIA TPEXAMATOHANBLHOU.
CnepoBaTeNbHO, B CAy4ae 3PMUTOBOMA MaTpuubl A Npouecc
nogo6Horo npeo6pasosanus (32.2), (32.3) cTaHOBMTCA OCO-
6eHHO 3((heKTUBHBIM.'

OfHaKo B peanu3ayuu Mpouecca C IPMUTOBLIMA MATPM-
uamu umeeTcs psig 0COGeHHOCTed. BnusHue owmbok OKpyr-
NIEHUs NPUBOAWT K TOMY, 4TO 3PMHTOBOCTb Marpuy AK W3
(32.2) bypeT HapywaTbcs. [Ns ee BOCCTaHOBNEHUA OBbIYHO
BLIYMCAKT NONOBMHY 3MEMEHTOB MATPUL AK, NEXaLiuX HixKe
WM BblWe [NaBHON [JMAroHanu, a OCTaNbHbIM 3MemMeHTaM
NPUNUCLIBAIOT NPUHYAUTENbHBIE 3HAYeHUs. DTO  HECKONbKO
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n3meHseT own6ok no c
PacCMOTPEHHLIMI paHee, MO3TOMY aHanu3 owWW6oK ANA IpMu-
TOBbIX MaTpuL, TpebyeT 0CO6bIX WUCCNEA0BaHUIA.

IMeloTCs M HekoTopble OpraHW3aLMOHHbIe MPO6GNeMbl«
KOTOpble TakXe OKa3biBAlOTLBAMAHME Ha aHanu3 OWMGOK.
OpMMTOBa MaTpuLa MOXeT GbiTb 3ajaHa AuWb MONOBUHON
CBOMX 3NeMeHTOB. CTpemsieHue WCNonb3oBaTb namsT, 3BM
6onee npuBoANT K 3ajaBaTb i
CBOMX 3NIEMEHTOB 1 BCE MPOMEXYTOUHbIE IPMUATOBLI MATPULibI.
Ho He Kax/blli BbIYACAUTENbHLIA anropum no3sonseT Ha
BCEX 3Tanax 0GOWTUCH NONOBMHOWA 3neMeHTOB. MyCTb, Hanpu-
mep, mMaTpuua A 3pMuTOBa, @ U —MaTpuiia oTpaxeHus. SIcHo,
410 MaTpuubl A U U*AU MOXHO 3ajaTb MONOBMHON CBOMX
anemeHToB. Ho ecnn matpuuyy U*AU HaxoguTb udepes npo-
MEXYTOUHOe BbIYMC/IEHME MaTPUUbl AU, TO He Cpasy BUAHO,
KaK 060iATUCH MONOBMHON 3NEMEHTOB Ha BCeX dTanax, Tak Kak
matpuya AU yxe He GyaeT apmutoBoil. [Mo-Bugumomy, Tpe-
6yeTcA HEKOTOPOE W3MEHEHMe BbIYMCAUTENbHON CXeMbl, 4TO,
cKopee BCero, NPUBEAET K WHOMY pacnpedeneHuio OWMGOK.

Heobxogumas MOAN(UKALUNA BbIYMCAUTENLHON CXeMbl OCY-
WeCTBAAETCA AO0BONLHO NpOCTO. [pUHMMas BO BHUMaHWe
BuA (20.4) matpuubl oTpaxeHus, Gysem umeTs

UMU-(E-1«*) g (E-1 «ro)m-

w A= (1 WFA - - - wWHAVVA -

VV*A --k 1 WHRAVVF * (32.4)

[Hanee,
»(v *))n (¢
Henn o603Haumnts 4
r-yvVv, p-[e -~ vrhjAr, (32.5)
To cornacHo (32.4)
U*AU=*A—vp*—pv*. (32.6)

3agaHue MaTpuubl A MONOBMHON ee 371eMeHTOB NO3BoNseT
Tenepb  BLIYMCANTL  AHANOTUUYHYIO  MOMOBUHY 3NEMEHTOB
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matpuubl U*AU 6e3 CyuecTBEHHOrO yBeNnYeHns namsatn 3BM
ANA XPaHEHWUA pE3yNbTaToB MPOMEXYTOUHBIX BbIYMCIEHUIA.
HoBasi  BbIUMC/MTENbHAS CXEMAa 3HAYMTENbHO OTAMuaETCA
OT CTapoif, MO3TOMy Ha Hee Henb3A Ge3 COOTBETCTBYIOWLEro
06OCHOBAHUA MEPEHECTU De3yNbTaTbl PaHee BbINOJHEHHOTO
aHanusa .own6ok

Mycts —9/eMEHTbI BbIUMCIEHHON MaTPULbl OTpaXxe-
HuA 0. UGpes r, p 0603HAUMM BEKTOPbI, TOUHO BbIYMC/IEH-
Hble cornacHo (32.5), HO ucxoas H3 Benuumn v, y. Torpa,
B cooTseTcTBMM C (32.6),

O*AOQ »=J1 —bp* —pit*. (32.7)

Mpu BbluMCNEHUM nNpaBoii 4acTu (32.7) NOSBATCA OWMOKM.
MoaTomMy B [eiCTBUTENLHOCTA Mbl GyAeM WMeTo

N —bp* —pv*) —dp* —piie + N,

rae N —marpuya CymMMapHbIX OWUBOK.

He Bce anemeHTel N o6pasyloTcs oauHakoso. Ecnu U
ecTb MaTpuuya OTpaxeHWs, BbluucneHHas Ha (ft-f 1)-m ware
npouecca NpuBeAeHUs MaTPULbl K TPEXJHArOHANLHOMY BUAY,
TO anemeHThl N, HaxojAawmecs B nepebiX k CTPoKax u k
cTonbuax, a Takxe anemeHT B nosuuun (k+ I, k-f 1), MoxHO
cunTath HynesbiMu. BHegHaroHanbHble 3anemeHtol (fe-j-1)-fl
cTpokn u (+ 1)-ro cton6ua yAOBNETBOPAIOT COOTHOLIEHUAM
Tuna (20.20), ocTanbHble 37eMeHTbl MaTpuubl N 3aBUCAT
oT cnocoba BblYMCNeHUs npaBoil vacTh (32.7).

AHanuz own6oK, KOTOPbIA HEOGXOAUMO  BbIMOMHWTS,
BO MHOrOM noBTOpseT wuccnegosaHus § 20. Mel He Gysem
npoBoANTL ero a orp: ockop
HBIX Pe3ynbTaToB. Bbluncnsem

b= N2(1n) « N1/*+-1j.

N -*0,(N —iip* —pii*) 3a 1 —vp* —pii* + N
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3pechb

Tenepb, WUCNONb3ys pesynbTatbl § 23, MOXHO cpenatb cne-
Aytowmii  BeiBog. Ecnu spmuToBa maTpuua A nopsaka n
c matpuy oT| #,-*
npeo6pasyeTcs MOAOGHO K TpexAnaroHanbHOM 3pMUTOBOW
maTpuue B, TO

B—O0'n-7...0\" (N+ A)<?,..0n-., (32.8)

rpe
1£]i:A18M n-2)p ‘+UA[e. (32.9)

OTa oOlueHKa MNpUMepHO BABOe GONblle COOTBETCTBYlOLei
OUEHKM B Cny4ae npeob6pasoBaHWs MPOM3BONLHON MaTpULibl
K MOYTW TPeyronbHoM.

YMNPAXHEHWNA

1. [JoKasaTh, UTO C NOMOLYbIO YHMTAPHO NOAOGHLIX MPeoGpasoBanuii
MOXHO TIDUEECTU MaTpULly K NPagoi MouTU TpeyronsHoit

2. [lokasaTb, 4TO ANA BEKTOPOB I, V, P U3 (32.5) BHINONHSIOTCA
Co0THOWIEHMA

3. HanucaTh BLIMACIUTENbHYIO CXEMy anropupua NogoGHOTO npe-
OGpasOsauA SMATORON  NETPUbI K TRSBAUETOHENSHO ¢ NOUOLLI0
MaTpuL| BpaLeH

48 ycnumx YNPaXHeHUA 3 BLINONHATL aHanus oWMGOK. [loKa-
3ath, uT0 ANs Wy o o cronbuam
B 0603HaueHuax (32.8) cnpaseanusa OLeHKa

|A5n713(n—1)p-"+M b.

5. Hanucarb BbIYMCNMTENbHYIO CXeMy anropudMa Onpeaenchits ras-
HbIX MWHOPOB TPEXANArOHANBHOI IPMATOBON MATPHULbI

6. Hanucats cxemy noutn
AeYTONLHOM MATPULbI b NPOMIBEACHUA YHUTADHON W TPEYroNbHON.
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§ 33. HekoTopble 3ameyaHus

Nio6oe pasnoxeHue MaTpulibl Ha MHOXWUTENW ¢ GOpManb-
HOW TOYKW 3peHUs MOXHO MONYYUTb CNeAylLluM Crnoco6om
EyAEM CUMTATh 3N1EMEHTLI COMHOXMUTENe HEN3BECTHLIMN BENN-
ynHamu. lMep Tenn  u ane-
MeHTbI npovn K 3nemeHTam i matpuubl. 3ro
AAacT HEKOTOPYI CUCTEMY HeNWHEelHbIX YpaBHeHW OTHOCK-
TeNbHO HeW3BECTHbIX 3NeMeHTOB. [lo6aBUM K AaHHOI cucteme

p s ne BUj Teneil. Pewas
Tenepb MNONYYEHHYK CUCTeEMY, HamﬂeM 3NEeMEHTbl MCKOMOro
pasnoxeHuns.

Mbi YyXe BCTpeyanucb C Takum cnoco6om nony4yeHua Tpe-
YroNbHOTO pasnoXeHus, paccmaTpuBas KOMNaKTHYK CXemy
meTofa I'aycca MOXHO OTMeTUTL elue BO3MOXHOCTM npu-
BeJeHMA KBAZpaTHOM MaTpuubl K MOYTU TPEYronbHOi € nomo-
wblo NofoGHOro TpeyronsHoro npeo6pasosanus [5]. OpHako
B GONbWMHCTBE APYrMX CAyyaes BO3HWKalOWMe npn 3TOM
CUCTEMbI HENUHEHbIX ypaBHEHVIﬁ 0Ka3blBAKOTCA CTONMb CNOX-
HbIMW, 4YTO NpPAMOE HX pelweHune CTaHOBUTCA HESQ)QJEKTMBHHM.

HanGonee ahthekTUBHOE pasnoxeHne MaTpulibl Ha MHOXM-
TeNn CBA3aHO C BbIMNONHEHMEM MOCNef0BaTe/IbHOCTN WUCKO-
YeHWii 3nemMeHToB C NOMOLWbI0 YMHOXEHUS Ha 31eMeHTapHble
matpuubl KoHeuHo, Takue npoueccol B AeﬁCTBMTEﬂhHUCTVI

THbI P i cuctem y i
OnUCbIBaOWKNX pasNoXeHne MaTpulbl rEDMETpM‘-IEI:Kaﬂ n
anrebpanuyeckas WHTepnpeTauus npeo6pasoBaHUil MCKNOYe-
HUA  NUWb NOACKasbIBaKT pauMOHaﬂbelﬁ nyTb peweHns
3Tux cuctem. OTMeTUM, 4TO BCe paccmMoTpeHHble HaMu [0 CUX
nop pasnoXxeHWAa OCHOBaHbl WMMEHHO Ha npoueccax WCKAw4e-
Hua. Nnwb y c
OpTOroHanu3aLyun, MoCTPOEHO Ha ApYroit wpee.

B BbluMCMTENbHOI npakTukKe wucnonb3yercsa Hebonbloe
YNCNO PpasnNUYHbIX TUNOB 3.reMeHTapHbIX MaTpuy. B nepsyto
ouyepefb cnepyet Ha3BaThb ANeMeHTapHble YHUTapHble
MaTpuLbl —MaTpuLibl  OTPaXKeHWs W MaTpULibl  BpalleHus.
Cpean HeyHUTAapHbIX 3N1eMeHTapHbIX MaTpul, MOXHO Bbife-
NWTb MaTpuubl, oTanvarwouinecs ot EﬂMHVI‘lHUﬁ HefunaroHanb-
HbIMW  3/1EMEHTaMU B OJHOM CTUﬂﬁL[E wm B OAHDﬁ CTpoOKe.
Bce ocTanbHble 3neMeHTapHble Matpuubl, Kak npasuno,
SABNSKOTCA YaCTHBIMW CNy4YasMu 3TUX MaTpuy. C HEeKOTOpbIMK
W3 HUX Mbl y)XKe UMenn feno. 31o matpuubl (21.1), (24.3), (24.9).
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MHOrMe Pa3NoXeHNs Ha MHOXUTENM NPAMO UM KOCBEHHO
CBA3AHbI C Pa3NOXeEHMEM Ha MHOXWTENW YHUTapHOW u Tpe-
YroneHOl Matpuiy. 3TW pa3NoOKEeHUs OCYUeCTBAAITCA He
€/IMHCTBEHHBIM CMIOCOGOM 1, KOHEUHO, HE BCE OHM PaBHOLEHHbI
C TOYKM 3pEHUA BAUAHMA OWMGOK OKpPYrneHus. [lns uccne-
AOBaHUA TaKUX Pa3fOXeHUi NONHOCTBIO NMPUMEHUM PACcCMOT-
PeHHbI paHee 06WWIA aHanu3 oWMUGOK.

OCTaHOBMMCA Ha [4BYX PasNoXeHWsX, WMCMoMb3ylowux
HEYHWTApHbIE 3NEMEHTAPHbIE MATPUUbl. OTU  PA3NOKEHUs
CyWeCTBYIOT ANs NIOGLIX KBAAPATHBIX MaTpUL, C HEHYNeBbIMU
FNaBHLIMM MUHOPaMM 1 MMEIOT MHOTO O6LIero C Tpeyronb-
HbIM_Pa3oXeHNeM.

0603HauMM  uepe3 /?, MaTpULbl, KOTOPbIE OTAMYAKOTCA
OT eAMHUYHON NWWb HEANATOHANbHBLIMU 3NEMEHTAMU B i-M
ctonbue. Beibepem /?x Tak, u4To6bl B Martpuue Al= R
06paTMAUCh B HYNb BCE HEAMAroHanbHble 3NeMeHThl MepBoro
cTon6ua. MocTpoeHne MaTpuibl Rt OCYujecTBASeTCS TaK Xe,
Kak B MmeToge laycca. 3aTem BbiGepem Rt u3 ycnosus oGpa-
WeHNs B HYNb HEAMaroHa/bHbIX 3NEMEHTOB BTOPOro cToN6UA
matpuubl Ar= R2Ai. fcuo, uto NpU 3TOM Nepsblit cTonGe, Ai
ocTaHeTca 6e3 Mocne n waros
NpUAEM K AnaroHansHoit mMatpuue A,, rae

Aa= R,Rn 1..RiA
OTciofia cnejyer, uto
A=RVR2I.".Rn'An, A 1=An'Rn..R.iRI. (33.1)

Ob6paujeHne wmatpuy R, ¥ maTpuubl An ocCyljecTBnfeTcs
COBCEM MPOCTO W Mbl MONYYAEM PA3NOXKEHUE HA MHOXMTENM
He TONbKO MaTpuubl A, HO W maTpuubl A~1

OnucaHHblii NpoUeCe NoNy4Mn HasBaHue —meToa XKopaaHa
QNS PasNoXeHWs MaTpuubl Ha MHOXuTenn [2]. MoxHo
noKa3aTh, YTO OH IKBUBANEHTEH MOCNEJOBATENLHOMY BbINO/-
NIEHNIO PA3NOXKEHNA HA TPeYrObHbie MHOXMTENU MO MeToay
Faycca v nocneayloujemy pasnoxeHnio NpaBoii TPeyronbHoi
MaTpULbl HA 3/1EMEHTAPHbIE HeYHUTapHble MaTpuubl. MeTog
)KopaaHa ycTynaeT no CKOPOCTW BLINOAHEHWA W TOUHOCTH
meToay [aycca. Hawbonee 4acto OH HaxoguT NpUMeEHeHWe
B 3ajauax, CBA3aHHbIX C 06palleHnemM MaTpul.

PaccMOTpUM fJanee MaTpuubl Sy, KOTOpble OTAMYAIOTCS
OT eAWHWYHOW NuWb 3nemeHToM sy B nosuuyuun (i, j). Ecnn
*5£/ w pna Kakoro-Hubygb k anemeHT aJk matpuubl A
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He paBeH HyNio, TO, BbIGUPAs MOAXOAAWMUM 06PasOM 3Haue-
Hue Sjj, MOXHO MCKNIOYUTL 3NeMeHT MaTpuubl S/jA B nosnyun
(I, K). Vickniouas anemeHTbl B PasNM4YHOM MOPSAKE, MOXHO
NoNY4nTbL OrPOMHOE KOMMYECTBO Pa3NOXeHWd MaTpuisl A
B npoussepeHne maTpuy Tuna S,y. Bce paccMoTpeHHble paHee
3leMeHTapHbIe  HeyHUTapHble  MaTpuubl  PacknagbiBatoTcs
B Npou3BefeHVe MaTpuly Sy, No3TOMY CloAa BKIKOYAETCH 1
pasnoxeHve no Fayccy M pasnoxexue no dKopgaHy
0Oco60ro BHMUMaHUA 3acCNy)XWBaeT TO W3  Pa3NOXKEHUN,
KOTOpOE MonyuaeTcsi NpU pPeanusalyun MeTofa ONTUManb-
HOrO MCK/MoYeHnst [2]. OHO BBIMOMHAETCA 3a Takoe Xe 4nCIo
apuhmMeTUYeCKNX onepauuit, 4To U TPeyronbHoe pasnoxeHue
no merogy Faycca. [pu 3TOM camo pasnoxenue Gonee
coflepXaTensHo, uYem TPeyronbHoe pasnoXeue. [laHHoe
pasnoxexue no3gonAeT Gonee 3DPEKTUBHO UCMONL3OBATH
namatb OBM npu peweHuu cucTeM NMHelHbIX anre6pau-
YeCKUX ypaBHeHWii. OAHAaKO M0 TOYHOCTU OHO ycTynaet
TPeyronbHoMy pasfnoxeHuto. [pouecc pasnoxeHus cocTout
13 MOCNeJ0BaTeNbHOT0 YMHOXEHUA CfleBa Ha MaTpuubl
Siv
Sn, Si3, SI3,
s*..*

..slk,

npuyeM YMHOXEHNE Ha KaXAylo MaTpuuy Sly conpoBoxaaeTcs
UCKNOYeHWeM 3nemeHTa B nosuuun (i, /).

Mpoueccel  MCKMIOYEHNA 3NEMEHTOB MOXHO WMCMO/b30BATH
Ans nogo6Horo npeo6pas3oBaHna KBaApaTHO MaTpuLibl K Gonee
npocToMy Buiy. HekoTopble W3 Takux MPOLECCOB Mbl YXe
paccmoTpenu B § 32. OHW COCTaBNAIOT OCHOBY TaK Ha3blBae-
MbIX MPAMBIX METOA0B PeleHnst MonHoA npo6nemsl CO6CTBEH-
HbIX iiom T 0 b Thl
XapaKTepUCTUYECKOTO MHOTOUNEHA MaTpulibl. 3HauuTeNbHoe
4YMCNO 3TUX METOAOB onucaHo B [6].

YMPAXHEHUA

1 [loKa3aTb, 4TO /I0GYIO HEBLIPOXK/AEHHYIO IEBYIO TPEYTObHYIo
MaTpULy A NOPAAKA N MOXHO PasnoXUTb B NPOM3BEAeH/e

i4-ATIAL ... ~,,.,0, (82
rae Nt, Nn_x—matpuubl Buga (24.3), a D —pgnarouansHas Matpuua,
COCTaBNEHHAS U3 AUATOHANbHbIX SNEMEHTOB A.
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2 [loKasaTs, uTO N0GYI0 HEBLIDOKAGHHYIO N1€BYIO TPeYrofbHyK
MaTpuLly A NOPRAKA N1 MOXHO paznown, B npouasepeHme
N-tf, #,,., .. AD (333)

e .. . -\- matpua euga (24.3), a D - AvaroWansHas
ManMqa COCTaBneHnaﬂ W3 AMATOHANbHBIX IMEMEHTOB A

BHINONHUTb aHaNH3 OWNGOK AN pasnoXeHwii (33.2), (33.3). Moka
:m 4TO C TOUKW 3pEHMA TOMHOCTH pasnoxeme (33.3) MeHee YAOBNETEO-
puTenHg, e (33.2)

anarorn
pasgii TpeyroneHoli waTpny
CononoBaTl PAsTitie pasnOXeHUA OpTOTOMaNsHON MATPHIE

c nomumbm MaTpUL| BPALLEHHS W OTDAXEHUA. BHINONHATL aHANMS OLIMGOK.

6. /loKasaTb, UTO AMaroHaNlbHble NeMeHTEl MaTpvubl An_x u3 (28.1)
 wapul An s (33.1) cosnagaior

flokazar, Tt npn

ManMubl Wa, NCKUTEH WETONON DKODIAH CORNEARET © SKEMBANGHTHLIM
BOSMYILIEHIIEM, MO/YUEHHbIM NDU TPEYTO/IbHOM DA3NOXeHUM N0 METOLy
Taycca W NOCTEAYIOWEM Da3NoKeHud NpaBoii TPeyronbHOM MaTpilbi.

8. MOXHO U NpU. pasnoxXeHUn MTPHLI WETOAOM KOPAZHa MCnons-
308aTh MeEPECTaHOBKW

9. Pa3anoxuTs Marpwubl (24.3), (24.9) B NpousEeAeHMe MaTPHL TUNa Sy

1—3 ana

§ 34. CpaBHWTeNbHas XapaKTepucTUKa pasnoxeHni

Pa3noXeHne MaTpuLpl Ha MHOXMTENM SIBNAETCA OCHOBOI
noctpoeHus 6 TBa MeTo/0B iiHo#
anre6pbl. Yem 3d(eKTMBHEe OCYLIECTB/AETCA pa3NoXeHue,
TEM NYHWUMU XapaKTePUCTUKaMU 0GbIHO 06NAJAeT U MeTog
Henb3s faTb 0AHO3HAuHbIA OTBET Ha BOMpoc «Kakoe W3 pas-
NOXeHHi nyume%‘ TaK Kak pasHble 3ajaun NpeabABNSIOT
K ™ . Tem He Mewee o
HEKOTOPbIM xapakTepMchaM He TONbKO MOXHO, HO U HYXHO
NpoBOANTL CPaBHeHMe. [INA WCCNEAO0BAHHBIX HAaMU pasnoxe-
HWI Takne XapakTepucTWKU mpuBefeHbl B Tabn. 34.1. Mpeg-
nonaraeTcaA, 4TO BCe MATPUUbI KBAJPaTHbIe W MMEIOT 0AMH 1
TOT e MOPAAOK, PaBHbIA N.

CkopocTb. O6ujee Bpems, 3aTpauvBaemMoe Ha MonyueHue
pasnoxXeHus, M0 CyWecTBy, ONpeAenseTcs 4MCiOM apudme-
TUYeCKUX OMepauwii, KoTopble HEOGXOAUMO NpM 3TOM BbiNON-

WATb. B rpade «Uncno Tabn. 34.1
TNaBHble YfleHbl WMCNa apU(METUYECKUX Onepauwii Ans Boex
. B cnyvae Bpa-

WeHMs OAHY TpeTb OT 0BWEro uucna onepauuii cocTasAsioT
OnepauMu  CNOXeHWs, [Be TPeTM—Onepauuu yMHOXEHMS.
Ana ocTanbHbiX i uncno [ n
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Ta6nnua 341
CPaBHWTENbHAA XaaKTEPUCTUKA PaINOXEHMiA

" BUg «OMHOXaTMEl, Pexum  Yucno joronu.
cridcob nonyveta LN ontpdig Towoers A

TpeyronsHbi»

ucKniodeHme fl @3 an 0

KOMNAKTHas cxema o @ns o 0

KOMNaKTHas cxema, A > 0 s ) m* 0 0
TpeyronbHbIA, YHATApHbIiH

oTpaxeHme ™ @By 290 2n

Bpawenve (UMKANY.) fi 2> 290 g

OpTOroHanMzauus > v 10 05n*
Tpeyr. HOPMAnU3., yHUTapHBIit

oTpaxeHme fi* (4/3) n* 180 2n

BpalLeHyie (UuKuY.) fl 2 181 05w
[LBYXANAr., YHUTapHble

OTpaxeHme fl. ®B)m 59

Bpawenve (UMKay.) fl 4n3 580 1,0m*
MouTA Tpeyr., yHUTapHble

oTpaxeHue fl. oy 590 2n

BpaleHme (UMKAMY.) fl [ 5.8n 0,5m*
Tpexguar., yHWTapHble

oTpaxeHue. J1 —/1* 1l @3) N 1851 2n

BpaLLeHme (UnKAMY.). fl 2 &n Usn*

o] fAenenuns v

W3BNEYEHUS KBAJPATHOTO KOPHA FNaBHbIA uneH He onpeaensioT.
CambIM  GLICTPbIM PA3NOXKEHUEM SBNAETCA TPeyronbHoe.
ECTb HeKOTOpble OCHOBAaHWA NpeanonaraTe, 4T0 HA ANS
KaKoro COAepXaTenbHOro PasfoXeHus, OCHOBAHHOTO Ha
VICKIIOYEHMN  INIEMEHTOB UMM MPOLECCaX OPTOroHanM3aumm,
oblijee YMCNO HEOBXOAUMBIX apUBIMETUYECKUX OMepaumii He
MOXeT GbiTb MeHblue, YeM y TPeyronbHOro pasnoXeHus
OfHaKo Apyrue pasnoXeHus, MoMyuyaemble 3a Takoe Xe
4MCNO OMepauyii, CywecTyloT. Mbl yxXe OTMeuanu pasnoxe-
Hue, MeToAOM OnT! 0
Camoe MedfleHHOE M3 PACCMOTPEHHbIX Pa3NoXeHuii Bbinon-
HAeTCs B 15 pa3s fonblie, YeM Camoe GbICTpoe.
O6vem namsTu 3BM. Anre6panyeckune 3agaun, 0CO6EHHO
C MaTpuuamm 6o/lbworo nopaaKa, TPeGyiOT ANA CBOETO pele-
HWA aHauMTeNbHbIX pecypcos namatu 3BM O/:lw-« n3 nyreii
namsTi —| Te-
NAIX Ha MecTe MCXOAHOW MaTpuubl. He Bcerga ﬁmaaeT pocra-
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TOYHO JTOTO MecTa, Hepeako TPpeGyeTca AONONHWTENbHasR
namsTe. B rpade «[lONONHWTENbHAs namaTe» Tabn. 34.1
npuBedeHbl rNaBHbIe UYNeHbl YNCNa MONHLIX CNOB NamATh IBM,
KOTOpbIE HEOBXOAUMO A06aBUTL ANS PA3MEL|EHNsi COMHOXUTE-
neii. Mpy 3TOM NpeANoNaraeTcs,4To BCA NaMATh,0TBEACHHAS AN
MCXOHOIA MaTpUMbl, Takxke WCMOb3yeTcA ANs COMHOXUTenei

Haunbonee adekTnBHO ucnonb3yetca namats 9BM B Tpe-
YrONbHbIX Pa3noXeHnsix. COBCEM HEMHOTO AOMONHMTENbHON
namaTM TpeGyeTcs BO BCEX PA3NOXKEHUAX, CBA3AHHBIX C npe-
obpasoBaHnAMU OTpaxkeHUs. O[|HAKO B Pa3NOXEHUAX, OCHO-
BaHHBIX Ha MPOLECCE OPTOrOHANW3aUMn U Npeo6pasoBaHnAX
BpAWEHNS, [OMONHUTENbHAR NaMATh BECbMA 3HAUUTENbHA.
OcobeHHOo 6Gonblwas AononHUTENbHAs namaTe Tpebyetca ana
3aNOMUHAHMA COMHOXMTENed B Cydae NPUBEJEHUA WMCXOA-
HOli MaTpUUBI K ABYXAUAroHanbHoOMY BUAY C MOMOWibIO Mpe-
o6pasoBaHuii BpalyeHus.

TOYHOCTb. 3TO OfHA M3 BaXKHEIWNX, A Yalje BCETO Pelaio-
Was XapakTepucTUKa NI0GOT0 4YMCNEHHOTO METOAa, B TOM
uMCne M pasNoXEeHUA MaTpULpl HA MHOXMTeNW. Kak noka-
3anM  Haww THOE yuy M
ANS N0GOro M3 PacCMOTPEHHbIX PasnoXeHunit matpuubl A
YAOBNETBOPAET HepaBeHcTBY

[MUE</(n)p-"+1W[*.
rae dyHkums f(n) 3aBucut TONLKO OT N M cnocoba nonyue
HUSL Pa3NoXeHNs.

B rpade «TouHocTb» Tabn. 34.1 npuBeaeHbl rnaBHble
uneHbl dyHkumn f(n). Hamnyuywyto TOYHOCTL B CMbICNE Mano-
CTU /(N) WMeIOT pasnoXeHue, NOMYYEHHOE HA OCHOBE Mpo-
yecca OPTOrOHanM3ayuu, W TPEyroNbHOe pasnoXeHue AN
NONOXNTENbHO ONpefeneHHoi MaTpuuel. B cnyuae o6uieit
MaTpulbl TOYHOCTb TPEYroNbHOTO Pa3NOXKEHWs 3aBUCUT OT
poCTa 3NeMeHTOB. DTOT POCT ONpeAeNsieT 3HaueHne NapameTpos
a, p. Bo BCEX PA3NOXKEHNUAX, CBA3AHHLIX C NPe0GPa30BAHNAMM
OTPaXeHUs 1 BPAWEHNs, TOYHOCTb BMO/HE Npuemnema.

Pexum BbluNCIeHNi. OUEHKM TOYHOCTW, KOTOpble npu-
BefleHbl B Tab.l. 34.1, rapaHTUpylTCA UL B TOM Cnyuae,
KOTAja Pasno<eHusi OCYLLLECTBAAIOTCA N0 PAcCMOTPEHHBIM BbilLe
BLIMUCINTENbHBIM CXeMaM. [1060e U3MEHEHME BbIMMCIMTENbHOM
CXeMbl [IOXKHO 0GOCHOBBLIBATLCA COOTBETCTBYIOUUM aHAN30M
OWMBOK, Tak Kak MHaue BO3MOXKHa KaTacTpoduyeckas noreps
TOUHOCTU.
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Cumson fl B rpade «Pexum» Tabn. 34.1 o3HauaeT, uTO
ANA  MOCTMXEHUA COOTBETCTBYIOWEA TOYHOCTU MOXHO Orpa-
HUUMTBLCA BBIMCNEHUAMU C OAVHAPHOM TOYHOCTbIO. Cumeson fla
03HAYaeT, YTO ANA AOCTUKEHWA YKa3aHHOWM TOUHOCTM MCMONb
30BaHMe OMepaluii HakonneHus 06s3aTensHoO

C TOYKM 3peHNs NPakKTUYecKOro WCMONb30BaHUS BeCbMa
npuBNeKaTENbHLIMI SBNAITCA BCE PA3NO>KEHUS, OCHOBAHHbIE
Ha Npeo6pasoBaHNAX OTPaKEHNs. OHN UMEIOT MHOTO AOCTO-
VHCTB, CpeAn’ KOTOpPbIX BIAENAM Clieaytouime.

[ins npeobpasoBaHWii OTpaxeHMs CyllecTByeT adaek-
TMBHAA MAXOPaHTHas OLUeHKa TOYHOCTH, MO MOPAAKY BENMUNHBI
He Gonee yem B N pas yio.

2. TMpeo6pa3oBaHns OTPaXKEHWUs TPeGYIT BbINONHEHUS
o6bemMa BbIYACAMTENbHON PaGOThl, NWWbL BABOE MPEBbILIAO-
Wero MUHUMANLHO BO3MOXHBIIA.

3. Mpu i o HeBO3-
MOXEH 3HAYMTENbHBIZE POCT BENUUMH SNEMEHTOB NPOMEXYTON-
HbIX BbIYMC/IEHMIE

4. WHpopMauns 0 COMHOXWTENSX MOXeT 6biTb NpaKTu-
UecKu pasMelljeHa Ha MecTe WCXOAHOW maTpuubl. Tpebyetca
MM HEGONbWAA [ONONHUTENbHAR NAMATb.

Peanusayus Bcex X Ha npeo6p:
30BAHMAX OTPAXEHUA, HE BLIZHIBAET KAKAX-NNGO CYlLECTBEH-
HbIX TPYAHOCTel. TM03TOMY Hanuuue 3MHEKTUBHLIX OLEHOK
TOUHOCTU SB/IAETCH BAXHLIM apryMeHTOM B MO/b3y MX WUPO-
KOT0 npuMeHeHus. KOHEUYHO, B KaX[AOM KOHKDETHOM Ccyuae
MOXET O0Ka3aTbCA MONE3HbIM WMCMONb30BaHME M APYTUX pas3-
NOXeHWit. OAHAKO MPU 3TOM AOMKHBI GbiTb MpUBEAEHbI BECKue
[0BOAbI, TaK Kak B 06ujemM cnyyae GOMbWOro BbiUrpawa no
CPaBHEHMIO C PAa3NOXKEHNAMU, OCHOBAHHBLIMM Ha Mpeo6paso-
BaHUAX OTPaXKEHUA, 0XKWAATh HE MPUXOAUTCS.

YNPAXHEHNA

L Moseny THEGyeTca Gonkuwan AONOMHTENHaA MawaTe ATA Heko-
TopuX U3 pasnoenl
. CYUIECTBEHHO YMEHBWTL AONONHUTENb-
Hylo e ana y Ha ocHose
npeoﬁpamaauww BpaueHIs
Byger m ycmMuMBmM BLINMCANTENsHbIA aNTOpUM Mpu JPYT.IX

cnocuud

4. Kakyio ponb urpaet pug
NIpU CPABHEHWN Da3INOKEHUIA?
6. KaKoMy W3 pasnoXewwii Bbi OTAGeTe MpegmodTEHME a Modemy?




K1

FTNABA V
PEWWEHWE CUCTEM
NNHEMHBIX ANFEBPAMYECKUX YPABHEHUU

HacTtosawas rnasa B
HWKO YWUCNEHHBbIX METOAO0B pelweHus cuctem ﬂMHeMHbIX anre6-
panyeckmnx ypﬂBHEHMM. OT1a 3afia4ya fBnseTcH Op,HOVI n3 Bax-
HelfluMX B YWCNIEHHOM aHanuse u paccmMOTpPeHNI0 pasnyHbIX
e acnekToB y[ensercaA MHOro BHUMaHWUA.

Teupwﬂ peweHuns NUHENHBIX CcUCTeM A0CTaTO4HO npocTa
n AasHO W3BECTHA, OfHAKO npakTuyeckas peanusaumns
YMNCNEHHBIX METOAO0B BbI3blBaET Hemano prAHUCTEFL 3ro ceA-
3aHO MpeXfe BCET0 C TeM, YTO MHOTMe MeTOAbl BeCbMa HyB-
CTBUTENbHbI K BAWAHWIO OWKUGOK OKpYrneHHs W BO3MyLuje-
HAIO BXOAHLIX AaHHbIX. PeanbHas 0NacHoCTb noTepu TOYHO-
CTH 3acTaBnfeT Hac CYuTaTb WCCnejoBaHne yCTOﬁHMBOCTM
HEOT‘heMI’IEMDﬁ YacTbio N060ro YNCNEHHOro MeTOﬁla peweHunsa
cucrem anrebp:

Mbi paccmoTpum WNPOKNiA prr aonpocoa OTHOCAWNXCH
K NWHEeHbIM cucTemMam. ByAyT N3y4eHbl YUCNeHHble MeToAbl
[ANA peleHns CUCTEM C HEBbIPOX/AEHHbIMW MaTpuuamu *u
NPAMOYTONbHLIMI  MaTpULamMu MOAHOTO paHra. OcoGoe BHU-
MaHue .6yAeT yAeneHo uccnefoBaHMio 0COGEHHOCTE HeycTol-
YUBLIX CUCTEM W MOCTPOEHUID ANA TakKUX CUCTEM YUCNEHHO
YCTOUMBBLIX METOAO0B

§ 35. CucTembl cneunanbHoro Buaa

Pewenue cuctem i anre6p
o6ero Buaa 0GbIMHO CBOANTCA K nocnenosaTeanOMy pewe-
HWIO OAHOW MM HECKONbKNX cucTem

Gu= | (35.1)

CO cheuuansbHbiMM MaTpuuamu G. Mel paccMoTpum ceiiuac
UNCNeHHbIE METOAbI PElieHns Takux cucTem. Mpu atom Gyaem

NIMdeanonarate, 4To MaTpuubl G He CAMWKOM GNM3KN K BbIPO-
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KAEHHBIM. To4Hee, OHM AOI\)KHI:I ccraaan,cn HEBLIPOXKACHHBIMI
B npegena THBIX BO3MY-
WeHnii. PeleHne cuctem, ManML\bI KOTOpHX MEHSIIOT CBOWA paHr
B Mpegenax ypoBHA BO3MYLIEHWIA, Mbl PaccMoTpUM MO3aHee.

CornacHo obujeit npee 06paTHOro aWanusa OWMWGOK mno-
CTapaemcsi noKasaTb, YTO PeanbHO BLIYMCNEHHOE pellieHne
cuctembl (35.1) 6yAeT TOYHBIM pelleHNeM HeKoTOpoil BO3My-
WEHHOI CHCTeMb!

(G4-A)c= [+ v. (35.2)

,Ell'lil KaXgoro M3 4YWUCNEHHbIX MeTOAO0B Mbl MposeAem wccne-
AOBaHWe COOTBETCTBYHLWMNX 3KBUBANEHTHbIX BOSM\/LL(EHM% A V.
Cuctema C TpeyronbHOW maTpuueid. OAHUM U3 NyHWUX
METOAOB PeleHUs CUCTEeM C TPeyronbHOi MaTpuuein sensertcs
TakK HasbiBaemas 06paTHas nogcTaHoska. MycTb, Ans onpe-
AENEHHOCTU, MaTpuua cuUCTeMbl npaeas TpeyrofbHas. 3anu-
caB nofpo6HO BCe ypaBHeHWs cucTembl (35.1), Gyaem umeTb

gllul+ guut+ -..+ glnUn=*lu

(35 3)
gnnUn = In-
ficHo, uTO u.,=|n'gn,, MpeAnonoXum, uto yxe BblunC-
NeHbl H,, W, W ..., «M W3 NOCNEAHUX N —i ypasHeHW#
(35.3). U3 i- ro ypaBHEHNA HaxoAum
wo_1-81.1 "< —gl. nan
gll

Takum 06pa3oM MOCNEAOBATENLHO ONpeAenseM BCe KOOPAU-
HaTbl wmA, . H, BEKTOpa W.

ﬂonywemu:le hopmynbl yA06HLI AN NpUMEHeHWs onepa-
uun  Hakonnewusi. MycTe M, #nl, ..., mHl—peanbHo Bbi-
YUCNEHHbIE BENINYWHLI, TOrpga

=n '"h-g, » a1,
% eii
a “/ f— —g.rth /| + e,
all
rae NPUHAMAET OBbIYHbIE AN OWMGOK 3HaueHus. Ecnm

*1d—1, T0
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rpe
[Balhy1*«lp-/+l (35.4)

Ecin xe e = —1, TO 370 03HauaeT, 4To

I ti-Bi.uilui- ~-gi.n*r,

| ei I
w Torga

~ (li+Vj)—gi. vii*ut —mm—gi.

1 gil
rpe

(35.5)

WTaK, peanbHO BblYNCNEHHOE pelleHMe W cucTembl (35.1)
C TpeyronbHoii Matpuuedi G SBNAETCH TOUHBIM peleHnem
BO3MYILeHHOW cucTembl (35.2). Tpu 3TOM MaTpuua 3KBMBA-
NEHTHOTO BO3MYyujeHUst [| AWAaroHanbHas, a ee 3NeMEeHTbI
YA0BNETBOPAIOT HepaBeHCTBaM (35.4). OnemeHTbl 3KBUBANEHT-
HOTO BO3MYWIEHU V B MpaBoli 4acTW CUCTEMbl YA0BNETBO-
pstoT HepaBeHcTBam (35.5). OTmeTum, uto BCcerga Av= 0.
Cuctema C OpTOroHanbHoOi Matpuueit. Ecnu matpuuya G
cuctembl (35.1) OpPTOroHanbHas, TO peleHne U HaxoauTcs
BecbMa MpocTo. mewHo,
n=G'l, (35.6)

OTKyAa cnegyet, 4to £ gptp ana 1l<r<n. 23m
(OpMYbl MOXHO MCMONL30BaTb M ANS UYUCNEHHOTO OMpejene-
HUA peweHus. Buiumcnsem

wr=«, (4 gprtp)- 0 + M S gprtp. (35.7)

3pech L. CHOBa NPUHWMAeT 06bIYHbIE ANA OWNGOK 3HAYEHMA.
OTcloa cnepyet, utou= u+ 6, rae

@ LNy pwmlue+ Ynco
BekTop n 6yfeT TOYHbIM peweHunem cuctembl Buga (35.2),
«enn nonoxute =0, v= — Gd. Tak kak matpuuya G opToro-
HafbHas, TO

IVIFiny P <hf*le+ [« 9* (35.8)
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Ecnu maTpuua G He BNAETCA OPTOrOHanbHOW B TOYHOM
cMmbicne, HO 61M3Ka K TakoBOW, To peweHue cuctembl (35.1>
B 3TOM CNy4yae BCe PaBHO HaxoAaT cornacHo (35.6). Mo cy-
WecTBy, 9TO 03HayaeT 3ameHy MaTpuubl G matpuuedr G'

B cuny 6nusoct wmatpuubl G K OPTOroHanbHoi, JGJj u
tG'-13 6nusku K eauHuue, nostomy '

3G"1- C[e-jG' 1(E- G'G)[a

CnefjoBaTeNbHo, BEKTOP W, KOOPAWHATBI KOTOPOro onpefe-
nawTca no gopmynam (35.7), GyAeT TOUHbIM peLEHWEM BO3-
MYyLUIeHHO# cucTembl (35.2). Tpu 3TOM 3KBWBANEHTHOe BO3-
MylleHWe V B MpaBoii YaCTW Y/0BNETBOPSET HePaBeHCTB)
(35.8), a 3KBMBaNeHTHOe BO3MYLeHWe [ MaTpULibl CUCTEMbl —
HepaBeHCTBY
IAbAE-G'Glg. (35.9)
Kak Mbl nokaxem B § 38, npouecc pelleHns CUCTeMbl ¢ MaT-
puueil, 6nM3KO K OPTOrOHanbHOI, MOXHO OPraHU30BaTh
TaK, 4T0 BO3MyujeHue [l He GyAeT BAWATL Ha TOYHOCTb. [ns
3TOr0 BbIYMCNEHUA Mo (opmynam Tuna (35.7) mpugetcs npo-
BOAWTL HE OAMH Pas,-a HeCKOMbKO.
CucTema C ABYXWAroHanbHol MaTpuueil. PaccMoTpum, Ans-
onpeaeneHHoCTy, CUCTEMY C NPaBOii 4BYXANArOHANbHOI MATPy-
ueii. Nveem

gllcl+glam,
£i*as+gized =l

gnnUn = K
Ty cucTeMy CHOBa pelaem C MOMOWbIO 0GpaTHOW nogcTa-
HOBKM, HO Temepb MPUMeHeHMWe onepauuii HakonneHns He JaeT
CYUIeCTBEHHOTO BBIIPbIIA B TOYHOCTA. [peAnonoXum, uto
n3 n—i i yxe 1y Ty, b oeee
.., L. W3 t-ro ypaBHEHUs Haxoaum

fl h—gi. mam \__(h—gt. i+i0ist 0 +%<)) O+ (*+*" )
a‘'= M\emm gy " w

rae ej, ef, NPUHAMAKOT 06bIYHbIE ANA OWMBOK 3HAYEHNA.
Ecnn Bce owubku oTAWYHBLI OT —1, To r\ onpegensiet
3KBMWBANEHTHOE BO3MYyLleHUe anemeHTa g,t<fl,.a ef, e|" —aksu-

x =
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* BafeHTHOe BO3MyujeHWe anemeHTa g \ Ecnn xe cpean owwu-
6ok 6yayT paBHble —1, TO OHM \N” bIBAlOTCA 3KBMBANEHT-
HbIM  BO3MYljeHUeM MpaBoii yacTu H PeanbHO BbluMC/EHHOE
peweHre i GyAeT TOUHLIM DELIEHL BABO3MYLLEHHON CUCTEMbI
(35.2). Mpwn atom maTpuua IKBHBAN*NHOro BO3MYyUleHUs [
npaBas fByxAnaroHanbHas, a ee :n|/lleHTol 6u, 6itmM ypo0B-
NeTBOPAIOT HepaseHCcTBam

I H’r’llis\]-lﬂ.'tiIOﬂ
OneMeHTbl V, IKBUBANEHTHOTO BO3M;?€3HNA V YA0BNETBOPAIOT
| HepaBeHCTBam

(35.10)

IV Iin (i + 5gan. (35.1i)

CucTema C MOYTW TPeyrobHOW WA puueii. Bysem cuntats,
ANA ONpefeneHHocTH, 4TO MaTpuy CCUCTEMbI Mpasas Moyt
TpeyronbHas. Takylo CMCTeMy Ue.:C*306pa3Ho pewarte cre-
Aylowyum cnocoGom. ChHauana, ¢ no:ullblo YMHOXeHUs cnesa
Ha MOAXOASWMM 06Pa3oM  BbIGPAH I0-0 MOCNEA0BATENLHOCTh
matpuy, BpaweHHa Twu, T2 nNpuBOANM  HCXOA-
Y .Hyl0 cucTeMy K cucTeme C NpaBoil ApPeyronbltoil MaTpuLeit.
W 3aTem peweHve MOMYYeHHON CUCTEB ; HAXOAMTCH C MOMOLLbIO
06paTHOii MbACTaHOBKM. PaccMoTpe bil-u paHee aHanu3 owu-
60K MONHOCTBIO OXBaTbiBaeT TOT y”’yaid. Ecnu npegnono-
XNTb, uTO

[Ofc, [/jE>,/s'3, (35.12)

% TO HETPYAHO NOKa3aTb, YTO PeanbH3MbIYNCNEHHOE pelwenve i

6y[eT TOYHbIM pelleHMeM BO3MYLiebA® cucTemsbl (35.2); npu
*ToM '

(35.13)

CucTema ¢ TpexanaroHanbHoii Ur'tpuuein. 3ty cuctemy
MOXHO pewarb Takum e cnoco6om”3* u cuctemy ¢ noutn
TPeyronbHoii matpuueli. OJHAKO TEPOb MCNO/Mb30BaHME One-
pauMii HAKOMNEHMA NpU -eLIeHNN:» KITeMbl C TPeyroAbHoi
MaTpuueii He AAeT CYWeCTBEHHOTCBI bIMFPbIWA B TOYHOCTH.
Ecnu  BClOAY WMCMONb30BaTh /WILWIPOEXUM  BbIYNCAEHUIA C
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OAVHAPHOM TOYHOCTbIO, TO B MpeAnonoxexun (35.12) BmecTo
(35.13) Gyaem umeTb
14kS (3K 2+1)p**10U ,
ivwasi'fuH -nb. ‘o-14)
YNPAXHEHNA

1. BLINONHWTL aHANW3 OWWGOK NP PelLeHU CUCTEM C TPeyronbHoi
Matpwuem ¢ nomoussio Cp

pAg KAy COBOM

5 Bemonune. anans oumao | ANS 0BPATHOI nuAcTaHoBKM ‘s cny.

uae BLIMVCNEHUIH C OQVHAPHOI TOUHOCTbIO.
MOXHO NM CUCTEMY C OPTOTOHaNbHOW MATpUUell pewars ¢ no-

MOLBIO VICKAIOYEHNS 3NEMEHTOB?

4. PaccmoTpeTh npouecca anemenToB
C BLIGODOM [NBHOTO 3MEMEHTa MO CTONGLY (CTPOKE) ANS DELIHMS Ci-
CTeMbl C NPaBoiA (1e80A) MOUTM TPEYTOALHOW MATPULEH. BbINOAHTL aHa-
M3 OWMBOK W CPaBHWTH pe3ynbTaThl C (35.13)

5. npoyecca aneMeHTOB
C BbIGODOM [1GBHOTO INEMEHTA N0 CTONGLY WAM CTPOKE A pewlieHus
CUCTEMBI C TPEXAMATOHANLHON MATPUUER.  BBINOMHUTL aHANN3 OWMGOK
W CPaBHWTL pesynbTaThl ¢ (35.14).

6. PacCMOTPETb MpUMEHEHUE METONa KBAfaTHOr0 KOPHS ANA pele-
HUS CUCTEMbI C MONOXKWTENLHO ONPEAENIEHHOM TPEXAMAroHansHoi  Matpy-
LeiA. BLINONHWTL aHanu3 OWWGOK W CPABHUTL pesy/bTaThl ¢ (35.14).

§ 36. PelweHne cUCTEM C HEBLIPOXAEHHLIMM MaTpULaMM

3HaunTenbHas YacTb HauGofiee WU3BECTHBIX UYMCMEHHbBIX
METOJ0B pelWweHUs CUCTEM NWHeliHbIX anreGpanueckux ypas-

HeHuii
Ax-b (36.1)

OCHOBaHa Ha Pa3nOXeHUN MaTpuibl A Ha MHOXUTenU. B 3a-
BMCMMOCTM OT TOFO, KakK CBA3aHbI COMHOXMTENM C MaTpy-
yeit A, pasnuualT ABe CXeMbl MOCTPOEHMA METOAO0B.

B nepBoii Ccxeme NpeANONaraeTcs, uTO SBHO W3BECTHbI
caMi COMHOXMTENM, Ha KOTOpble pasnoXeHa Matpuuya A.
MycTb

A~BC. (36.2)

Pewenne cuctembl (36.1) cBoauTCA K NOCNefoBaTeNbHOMY
PeleHNio TaKUX CUCTeM:
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Bo BTOPOV CXeMe npejnonaraeTcs, YTo HalieHbl MaTpuLbi L,
S, G, ANA KOTOPbIX BLINONHAETCA COOTHOWEHME

LAS= G. (36.4)
Tor A3 x=Su, (36.5)
rge v ecTb peweHne CUCTEMbI

Gu=1 (36.6)

c martpuueit G u3 (36.4) u npasoii 4acTbio
1= Lb. (36.7)

PeweHne cuctembl (36.1) cBOAMTCA Tenepb K BbIYUCIEHUIO
BekTopa | cornacHo (36.7), peweHuto cuctemsl (36.6) u onp
[ENeHN0 MCKOMOro BekTopa X no dopmyne (36.5). B paHHoi
cxeme matpuubl L n S 06bl4HO 6bIBAIOT NPEACTaBNEHb B BUAE
npou3BefeHNs 3NeMeHTapHbIX MaTpuly

Bce (HOPMbI Pa3N0XeEHNs MaTPULbl, KOTOPbIE PACCMOTPeHbI
Hamu, umeloT Bua nubo (36.2), nu6o (36.4). Pewenune cuctem
(36.3), (36.6), no cyujectsy, 66110 u3yyeHo B §35. MoaTomy
UMCNEHHbIE METOAbl ANA CHCTEM NIMHENHBIX anre6panyecknx
ypaBHeHwit (36.1) MOXHO CTPOWTb, auoﬁme roBops, Ha OCHOBe
nobbix paHee

37U MeTOAbl B OTHOWEHAU CKOPOCTH 1 0Gbema TpeGyemoii
namstn 3BM 6yayT o6napaTh TakKMMKU Ke XapaKTepucTu-
Kamu, Kak ¥ COOTBETCTBYIOU|ME PA3N0OXEHNA MaTpuLibl. nas-
Hblil UNeH uucna  apuMeTUYECKUX Onepaumii ocTaetcs 6e3
M3MEHEHNs,, TaK Kak Ans peweHus cuctem (36.1) npu wanu-
4uu pasnoxeHnii (36.2), (36.4) HY>XXHO BbINONHUTL Ha Mops-
[IOK MeHbLUe BbIYUCANTENbHON PaBOThI, YeM ANS MONYYEHUs
camux pasnoxeHuii. Mpu 3aToM, Mo CyulecTsy, He TpeGyercs
HUKaKOW AONONHUTENbHOW NamaTh SBM No CpaBHEHWIO C TOiA,
KOTOpas yxe Gbia WCMONb30BAHA MPU PA3NOKEHUN MATPULLbI.
MoaToMy BLIGOP BMAA PA3NOXKEHUA MATPULbl ANA NOCTpoe-
HUA YHCIEHHOTO METOAa peuleHns CMCTeM NnHelHbIX anre6-
p p y xapakTepu-
CTUKamu CKOpocTn u o6\:eMa naMsmA 3BM, MOXHO ocyuje-
CTBNATH, Wcnonb3ys Taén. 34.1

CBA3b TOUHOCTM PelEHNs CUCTEM C TOYHOCTBIO pasfoxe-
HUSL TOpasgo cnoxuee. B obujem cnyuae yaaeTcs nuwb no-
Ka3aTh, YTO peaNbHO BLIYMCNEHHOE pelweHne S 6IU3KO K
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HEKOTOPOMY BEKTOPY X, KOTOPbii SBNAETCA TOUHBIM peleHnem
BO3MYLEHHOW CUCTEMBI

(A+E)x = ft+ e
C OTHOCUTENbHO ManbiMK BO3MYLLEHUAMU E, e. Bo mHorux
cny4yasx MNpH 3TOM OKa3blBaeTCA BO3MOXHbLIM MONYYUTL W
.OUeHKK Bupa
[ee< d(n)p**[Nb,
Jele<t(n)p M ,b[E . (36.8)
fjr-ifc<o(n)p

rae gyHkuun @(n), 1:(n), B(N) 3aBUCAT TONLKO OT nopajka
MaTpuubl A ¥ TUNa ee pasnoxeHus. Bce uam HekoTopble
W3 3TUX (YHKUWIA MOryT 6bITb HAMHOTrO Gonblue, YeM COOT-
seTcTBytowme yHkuun f(n) us tabn. 34.1.

TOUYHOCTb Pa3NOKEHUS MaTPULbl HA MHOXUTENM ABNSETCSH
OfHOIA U3 BAXKHEAWMX XapaKTePUCTUK, ONpedensiownx obuyio
NOrpewHoCcTb  peleHna cuctembl (36.1). Kak BbiTekaeT u3
dopmynbl (10.10), (36.8), cnpasefnMBO COOTHOLIEHME

M9mp Mt Ya@ )+ d(n)p M, (36.9)

rae X —TOYHOe peleHne cucTembl (36.1), a ya—cnekTpanbHoe
WNM eBKNMA0BO YMCNIO 0BYCNOBNEHHOCTM MaTpuubl A. OTcloAa
Cnefyet, uTO TOYHOCTb peWeEHMsi CUCTEMbI, MO CYUIECTBY,
3aBMCUT /MWL OT MakKcMManbHoit u3 dyHkuuit B (36.8). Ho
®(n) 3aBefOMO He MOXeT ObiTb MeHblwe, 4em /(n). Moatomy
pasnoxeHue, AN KOTOPOro MakcumanbHas w3 GyHKumii ¢ (n),
®(n), O(n) He cnuwkom cunbHO npeBoCXoguT / (n), Mol
Gysem cuntaTb 3(MEKTMBHBIM No TouHocTM. Kak 6yaeT no-
KasaHo HWXe, BCe pasnoxenus w3 Tabn. 34.1 ssnsoTca Ta-
KOBBIMM.

Mo-BMANMOMY, HET HUMKaKoli HEeoGXO4UMOCTM WCCNefoBaTh
BCEBO3MOXHbIE KOMGUHAL MM JONYCTUMbIX BUAOB MATPUL B pas-
noxeHusx (36.2), (36.4). UucneHHble MeTOAbl, MUCNONL3YIO-
wue pasnoxeHus nw6Goro TMna, He MoOryT “o6ecneynTb pele-
Hue cuctem (36.1) ¢ MeHbWMMW 3aTpaTtamu BpPEMEHW W na-
MATU OBM, ueM MeTOoAbl, OCHOBaHHbIE Ha Pa3NOXEHUAX U3
Tabn. 34.1. K TOMy e HeW3BeCTHO Hu OJHOr0 PasnoXeHus,
6onee TOUHOTO, YeM 3TW. CKa3aHHOE Bbile MO3BONAET HaMm
OTPaHUYNTLCA B AanbHeilemM —WCCNefOBAaHMEM TOUHOCTH Tex
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METOJOB PELIEHNsi CUCTEM YPABHEHWiA, KOTOPbIe OCHOBaHbI Ha
WNCNONb30BaHUM pa3noxeHuin u3 Tabn. 34.1.

3 Bcex pasnoxeHuit B Tabn. 34.1 nuWb pasnoxeHune Ha
TPeyronbHble MHOXMTENN, BLINONHEHHOE NO KOMNAKTHOI CXe-
me, umeeT Buj (36.2). MOCTPOMUM COOTBETCTBYIOLIME YUC/EH-
Hble METOZbl  PEeleHUs CUCTEM NMHEHbIX — anreGpanyecknx
ypaBHeHuit (36.1). Toraa, pelwas BCMOMOraTe/bHble CUCTEMbI
(36.3) ¢ nomowblo 06paTHOI NOACTAHOBKM, ONnCaHHOI B § 35,
Mbl GyfeM BHOCMTb JOMONHWTENbHblE IKBUBANEHTHbIE BO3MY-
WeHWA B AMaroHanbHble 3nemeHTsl Matpuy B n C. Ho owwubkn
TAaKOro MOPAAKA YXKe MOT/M MOSBUTLCS BO BCEX INEMeHTax
matpuy B v C npu ux sulumcennn. Moatomy Ans MeTOfoB
3TOR rpynnbl UMeem

<~ 2(n), ()= 0(n) = 0. (36.10)

PaccmMoTpum Tenepb pasnoxenus Buga (36.4) u3 Tabn.
34.1. NycTb maTpuuya G-—TpeyronbHas W Nony4yeHa ¢ no-
MOUbIO YMHOXEHUA MaTpuubl A CreBa Ha MoCnefoBaTeNlb-
HOCTb MaTpuL, BpalieHWns, oTpaXeHna uau matpuy tuna (24.3).
Mpu peweHnn cuctemsl (36.6) cHosa 6yAyT BHOCUTLCA AONON-
HUTENbHbIE 3KBMBANEHTHbIE BO3MYWEHUA B [UAroHaNbHble
ANEMEHTbI  MaTpuLbl G, HO 3HAYMTENbHO GONbUWME  OWMGKM
yXe MOFW NOABUTLCA BO BCEX 3/IeMeHTax 3TOW  MaTpUiibl
npu ee .9 THOE v B BEKTOpe b
npu  BbIUMCEHUN MpPaBOA  uacTu | oGpasyeTcs no Tomy xe
3aKOHy, Kak ¥ npu npeo6pazoBaHin MaTpuubl A. Cneposa-
TeNbHO, ANA METOAOB, Ha 3TMX \

T(m)* (<), S>(«<W (1), B(7)=0.  (36.11)
[loNoNHUTENbHOE BK/IOYEHUE NEPEeCcTAHOBOK CTPOK ¥ CTONG-
4oB B Npeo6pasoBaHMe MaTPULpl A He MEHSET MOMyYeHHbIX
COOTHOWEHMiA.

Ecnu ¢ maTpuueii A BbINONHAKOTCA aHanNOrWyHbIe NpaBo-
CTOPOHHME NpeoGpasoBaHus, To B 3TOM Cnydae

<p(a)AI(1), if(n)=0, 0(n)-/(s) (36.12)

MpeanonoXum Tenepb, YTO Mbl MCMONb3yeM PasnoXeHus
(36.4), ocHOBaHHble Ha [BYXCTOPOHHUX YHUTapHbIX Npeo6-
pasoBaHusax Matpuupel A. Matpuua G MOXET He GbiTb Tpeyronb-
Hoif. OpiHako B § 35 6bIN0 NOKa3aHO, YTO KaKoi Gbl BH/A OHa
He umena, pelweHue cuctembl (36.6) faeT IKBUBANEHTHblE
BO3MyweHns B G 1 /, 3aBUCAWME OT N CyWIECTBEHHO cnabee,
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uem f(n). Tak kak maTpuubl L, S yHWTapHble, TO 3T 3KBU-
BaNeHTHblE y nerko TCs B T
Hble BO3MYLLEHUS COOTBETCTBEHHO A ¥ b. Mpu BbluncneHUM
BEKTOPOB /, X 3KBMBANEHTHble BO3MYLLEHUA 06pasytoTcs no
TaKOMy e 3aKOHY, KaK W Npu YHUTApHOM OAHOCTOPOHHEM
npeo6pasoBaHn MaTpuubl A. TM03TOMY A4NA COOTBETCTBYIOULE U
rpynnbl X MeTogos cuctem AHbIX
anre6panyeckux ypaBHeHU umeem

<P(ME*/(«), Hn)~f(n). (36.13)

HaKoHel, paccMOTPUM WCMONb30BaHWE NpoLECca OPTOro-
HanusauuH. Matpuua L B pasnoxenun (36.4) npeactaBneHa
B BUAE NPOM3BEAEHMA MATPUL Tuna (24.9) M AMAroHanbHbIX
MaTpUL, y KOTOPbIX He GONee OJHOTO 3/1eMeHTa OTANYHO OT

Ecnu npn BekTopa / cornacHo (36.7)
NPUMEHATL ONEPaLy HAKOMNEHNS, TO PEanbHO BbIYMCIEHHbIN
BekTOp GyAeT WMeTb B KaXAOi CBOE KoopauHaTe Takue xe
OWMGKN, KaK M MpU NPaBUNLHOM OKPYINEHWWA 3TUX KOOPAM-
HaT. Ho matpuua G 6nu3ka K yHUTapHoil. CnepoBaTenbHo,
€BKNMAOBA HOPMA BEKTOpa OWWGOK B | MOXET 6biTb C Takum
e BECOM MepeHeceHa B peleHue W. Mol yxe oTMeuanu, 4To
cuctema (36.6) ¢ matpuueit G, 6n1U3KOI K YHUTApHOW, MOXeT
6bITb peweHa HACTONLKO TOYHO, 4TO 3KBUBANEHTHOE BO3MY-
ujeHMe BOAET NMWbL B NpaBylo uYacTb M cornacHo (35.8)
6ynet Becbma Mmanbim. I BO
dyHkymn f(n) ana opTor un s
uTo Tenepb

<p(n) = f(n), *(n)=0, 6(n)"/(a). (36.14)

MonyuyeHHble OueHKM ANS GyHKunii (36.8) nossonaoT
chenaTb O6WWIA BbLIBOJ O BENWUMHE OTKNOHEHWA peanbHO
BbLIYMCNIEHHOTO BEKTOPa X OT TOUHOFO PELEHNs X CUCTeMbl
(36.1). Ana atoro BOCNONb3yemMcs HepaBeHCTBOM (36.9) un
3ameTMM, 4to Bcerga v /A ANIl. M3 cooTHOWeHWii (36.9) —
(36.14) BbITeKaeT, 4TO ANA YMCNEHHbIX METOJOB peLIeHHs
cuctem i anre6p ux vy i
Ha pacCMOTPEHHbIX pasnoxeHuax u3 tabn. 34.1, acumnTo-
THyeckn Gygem MMeTh

1EIAA2 Y (36.15)
%>
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KoHeuHo, 3Ta OleHKa CMpaBejnMBa Nuwb B TOM Chyuae,
KOTjJa BLIYMCINTENbHLIA anropudm Ha BCex aTanax peanusy-
eTcA N0 ONUCAaHHBIM Bbilue MPOLeAypam.

OTMETUM HEKOTOpble M3 M3BECTHbIX METOAO0B, XapakTepu-
CTUKW KOTOpbIX onpejensioTes Tabn. 34.1 n oopmynoii (36.15).

Metos laycca [6]. OcHoBaH Ha pasnoxeHuu (36.4). MaT-
puua G-—npasas TpeyronbHas, Matpuua L npegcTasnena
Kak npousseseHne maTpuu Tuna (24.3). Ecnu ncnonbsyetca
OfHa W3 CTpaTeruii BbLIGOPAa BeAYW|Ero 3/eMeHTa, CBS3aHHas
C M3MeHeHMeM MopsgKa MPOCMOTPa CTONGLOB, TO MaTpuuya 5
6yneT maTpuueii nepectaHoBoK. [pu M3MEHeHWW nopaaka
npocMoTpa CTPOK MaTpuua L 6yfeT npeacTasneHa kak npo-
n3BefeHne matpul (24.3) 1 mMaTpul nepecTaHOBOK

KomnakTHas cxema metoga laycca [6]. OcHoBaHa Ha pas-
noxenun (36.2). Matpuua B —nesas TpeyronbHas, marpuua
C —npaBasi TpeyronbHas.

MeToq KBagpaTtHoro kopHs [2]. OcHoBaH Ha pasnoxeHun
(36.2) AnA NONOXWTENbHO ONpejeneHHol matpuusl A. Mart-
puya C—npasas TpeyronbHas, B= C*.

MeTog oTpaxeHuii [2]. OcHoBaH Ha pasnoxeHuu (36.4).
Matpuua G —npasas TpeyronbHas, MaTpuua L npesctasneHa
KaK MpOM3BEAEHNE MaTPUL OTPaXeHUs

HopmanusoBaHHblii  MeToj oTpaxeHwid [7]. OcHoBaH Ha
pasnoxexun (36.4). Marpuua G-—Hopmanu3oBaHHas nesas
(npaBaf) TpeyronbHas, MaTpuua S (L) npepcTaBneHa Kak
npou3sejieHne MaTpul OTpaxeHus; matpuua L(S) ssnaetca
MaTpuLeil NepecTaHoBOK.

JIByXCTOpOHHUIT MeTop oTpaxkeHuit [3]. OCHoBaH Ha pas-
noxenun (36.4). Matpuua G—pByXAnaroHanbHas, MaTpuibl
L u S npeactaBneHbl Kak martpuy, oT|

CuMMeTpUUHbLI  MeTos oTpaxeHuid [7]. OcHOBaH Ha pas-
noxeHun (36.4) W npumeHseTcA AN 3pMUTOBBIX MaTpul A.
Marpuua G —apmuToBa TpexanaroHansHas, marpuya L npeg-
CTaBNeHa Kak NpoW3BefeHWe MaTpul OTPaXeHUs M coBnajaeT
C maTpuueii S*.

MeToa opTtoroHanusauun [2]. OCHOBaH Ha PpasnoXeHUn
(36.4). Matpuya G—yHuTapHas, maTpuua L npepgctasneqa
KaK npoussegeHme MaTpuy Tuna (24.9) W AMAroHanbHbIX
MaTpul, y KOTOPLIX He GO0Mee OAHOTO 371eMeHTa OTAUYHO OT
eAVHMUbI. MaTpuya S coBNagaeT C eAMHUYHON.

Bce paccMOTpeHHble MeTodbl 0COGeHHO yAoGHbI AnA pelue-
HUA CUCTEM NIMHEIHbBIX anreGpanyecknx ypaBHeHMil ¢ MHOrMMK
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npaBbIMK  YacTAMU N OAHOW W TOi Xe MmaTpuueir. B aTom
cnyuae cooTeeTCTBYlOWMe Ppasnoxenus (36.2), (36.4) Haxo-
[ATCA NUWb OAMH pa3. MHOTOKPAaTHO MPUXOZUTCA pelaTh
TONbKO npocTble cucTembl (36.3), (36.6) W BbINONHATL npe-
o6pasoBaHua (36.5), (36.7).

CornacHo topmyne (36.15) ToyHoCTb N06Oro mMeToga non-
HOCTbIO  OMPEAENseTCs TOUHOCTBIO Pa3NOXelns MaTpuupl Ha
MHOXWUTeNn. Ho Kak BMAHO M3 Tabn. 34.1, B 3TOM OTHOLWe-
HUN Pa3NnuHble Pa3NOXeHUs OTANYAIOTCA APYT OT 4PYra He Tak
YXK CUNbHO. T103TOMY, EC/M KaKOA-N160 13 MeTO/0B He o6ecneun-
BaET HY)XKHO TOYHOCTU PelleHVsi CUCTEMbI NUHEHbIX anre6-
Panuecknx ypaBHeHi, TO HET HUKAKNX OCHOBAHWi HafeAThCs
Ha To, uTo Apyroii meTog 6GyfeT fasaTb ANA 3TOKA >Ke
CMCTEMbI CyW|eCTBEHHO NyullMe pe3ynbTaTbl. CKopee BCero,
TaKyl cuCTeMy CrieyeT PaccMaTpuBaTb KaK HeyCTORuMBYIO
W pewaTb ee OAHUM W3 Tex cnocobos, KOTopble 06Ccy>KaaTes
B §§ 39, 41.

YNPAXHEHUA

L1 TIpWBECTM MDUMEDHI UUCTEHHBIX METOROB PIEHMA NMHENHbIX
CUCTEM, KOTOPble He OXBATLIBAIOTCA OLEHKOW (36.15)

2. 'PaccmMoTpUM NI0GOM YMCMIEHHBI METOZ, ANA KOTOPOTO BINOMHAIOTCA
oueHkn (36.8). Jokasat, uTo

BO- » <E(f(M+*(a)+8(n))]AIEXE

3 Mposecti ananus dopmynsi (36.15) ANs KOHKPETHbX OBM ¥
KOHKPETHBIX YMCMEHHbIX METOA0B! IpH KaKMX 3HAYEHUsX dncna 06ycno-
BNEHHOCTM MOXHO [apaHTVPOBATL OTHOCHTENbHYIO MOTPELIHOCTb PeleHits

He lonblue, uyem 10 22

§ 37. CucTembl C MaTpuuamu MONHOTO paHra

PaccMoTpUM NPAMOYroNbHble MaTpuUbl pasMepoB Tym,
paHr KOTOPbIX COBNAjaeT C MUHMMANbHLIM W3 uucen T, M.
Takne MaTpuubl Ha3blBAIOTCS MATPULAMM MONHOTO  paHra.
OTAMYMTENbHAA UX OCOGEHHOCTb COCTOMT B TOM, 4TO OHM He
U3MEHSIOT CBOW PaHT Npu /ioGbIX AOCTATOUHO MaflbiX BO3MY-
weHuax. Cuctembl AHBIX  anre
C MaTpuuamMu NOTHOTO PaHra WUMEKT MHOro O6LLero ¢ cucte-
MaMi C HeBBIDOXK/EHHIMM MATpULamMn. TakHe CUCTEMbI Hasbi-
BalOTCA HeA0OMPeAeNeHHbIMI, eCM T < M, W MepeonpepeneH-
HbIMM, ecin T > 1.
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MycTb maTpuuya A cucTembl (36.1) sBnseTcs MaTpuuei
. NONHOTO paHra. HepeonpeAeneHHan cuctema MOXeT 6biTb

HOl. H cUCTEMa BCErjja COBMECTHA,
HO VMeeT He eUHCTBEHHOE peLueHue. nOQTOMy ﬁyAEM nckatb
HopmanbHoe ncesaopetuenve [1] cuctembl (36.1), T. e. Takoii
BEKTOP *0. KOTOpbIii CpeAu BCeX BEKTOPOB X, MUHWUMU3UPYIO-
WHX (YHKLMOHAN HEBA3KM

D, (x)—BNX—

MMEET HaMMeHbUWYI0 eBKUAO0BY HOPMY.

VIHBapMaHTHOCTb eBKNMA0BOI HOPMbl K YHUTapHbIM Mpe-
06pa3oBaHNAM N03BONSET CBECTU 3afjauy OTbICKaHUA-HOPMaNb-
HOTO MCEBAOPELIEHNs CUCTeMbl 06WEro Buaa Kk 6onee MpocToii
3ajave. [leiiCTBUTENbHO, BbINMONHUM Kakoe-HMGYAb npeo6pa-
30BaHHe (36.4) C yHuTapHbiMM maTpuuamu L, S. Torga
Nerko nposepuTb, YTo B 0603HaveHuax (36.5) —(36.7)

®0(*)- \Ax- b®b= [Gu—/$ - ®O(),

npu atom ]xJe‘'=\ule. CrepoBaTenbHo, 3ajaya onpefeneHws
HOPMaNbHOrO MCeBOPeleHUs cucTembl (36.1) aKBMBaNeHTHa
pelleHuio Takoil e 3agauu Ans cuctembl (36.6). Ho npeo6-
pasoBaHHe (36.4) Bcerja mMoxHo BbiGpaTb TaK, 4T0 Maipima
G 6yAeT AOCTaTOMHO NPOCTOi, Hanpumep, TPeyronbHoW, Hop-
ma o ABYXAMart WwuTon
Ha ocHoBe 3TOro Npeo6pa3oBaHns MOXHO MOCTPOUTL JoCTa-
TOYHO IP(HEKTUBHBIE YUCNEHHbIE METOAbI.

OfHaKO CMCTEMbI C MPAMOYTOMbHBIMIA MATPULAMU MOXHO
pewartb v Apyrum cnoco6om. W3secTHo [1], 4TO epnHCTBEH-
Hoe W cuctembl  (36.1)
C maTpuuedi A MONHOTO PaHra ABNAETCH OGbIMHLIM PELIEHNEM
cucTembl

A*Ax-A*b (37.1)

C KBaApaTHOW HEeBbIPOXAEHHOM MaTpuueit A*A nopsgka n.
HopmansHoe pelwenune X0 HegoonpedeneHHoii cuctembl (36.1)
NONYYaeTCA M3 PELIeHNs CUCTEMbI

AA*y=b (37.2)

C KBaApaTHOW HeBLIPOX/EHHO MaTpuueit A/T*  nopsagka T
nyTem npocToro npeo6pasosanna

XAA*Y. (37.3)
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Mo3ToMy MNpAmMOe  BbIYMC/EHWE MaTpuLl W NPaBoii  yacTi
cuctem (37.1), (37.2) v nocnegytouiee pelieHue 3TUX cUCTEM
NHOGbIM M3 MCCNEAOBAHHBIX paHee METOJOB Takke BMOMHE
NPUEMNEMO NS MOCTPOEHUA UYMCNEHHBIX METOAOB  pelleHus
VCXOAHOM 3ajaun.

®opManbHO COOTHOWEHNS (37.1) —(37.3) Nnerko 3ameHuTh
APYTAMA. PaccMoTpUM pelieHne NepeonpefencHHoli CUCTeMbI.
Ecnn *o—TouHOe ncesAopeleHne, TO HeBA3Ka

r0= ft—Ax0 (37.4)
cornacHo (37.1) yj0BneTBOPSieT COOTHOLIEHWIO
A*ro= 0.
MoaTomy BmecTo cucTembl (37.1) MOXHO pelwatb cucTemy

(375)

BmecTo cooTHoweHnid (37.2), (37.3) nonyyaem aHanoruyHyto
cuctemy:

(37.6)

3pece —r0 coBnagaet ¢ pewennem y0 cuctemsl (37.2). MaTpu-
ubl cuctem (37.5), (37.6) apMMTOBbLI HEBBLIPOX/AEHHbIE NOPAA-
Ka T+ n

VITaK, YNCNEHHbIE METOAbI PEWEHNS CUCTEM C MPAMOYTOMb-
HBIMM MaTpULAMW  MO/IHOTO PaHTa MOXHO CTPOUTb Tpems
pasnuuHbiMu  cnocobamu. [MepBbi CNoco6 CcBs3aH C yHWUTap-
HbIM Npeo6pa3oBaHneM MaTPULibl 1 MUHUMU3AL el (YHKLNO-
Hana HeBA3KW, BTOPOil C pelwexnem cuctem (37.1), (37.2),
TpeTnii —c pewenuem cuctem (37.5), (37.6). Kakomy wu3
cnoco6oB 0TAaTb NpeanouTeHne —He oyeBuAHO. Tem 6Gonee,
uTO BCE OHW TPeGyIOT MPUMEPHO OAMHAKOBLIX 3aTpaT Kak no
BpEMEHM pPelleHns, Tak W Mo 06beMy MCMONb3yemoil namsTn
OBM. Heo6xoAnMO MX CpaBHEHWE NO TOYHOCTU. Mbl HauHem
YCCNeAoBaHMA C NepBOro croco6a.

n 4To cuctema n
MaTpuuy A C MOMOWbIO YMHOXEHMs CpaBa Ha yHUTapHYt
maTpuly S K NneBoil TpeyronbHoii matpuuye G. MycTb

G= [6i0], (37.7)
rae G—HeBbIPOXK/AEHHAs NeBas TPeyronbHas Matpuua no-
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ka T. Ecnn HopmanbHoe peweHue MO cuctembl (36.6)
ACTaBUTL B BUfe

“e.[Em]e
PasMepHOCTL BeKTOpa M9 paBHa T, TO ANs BEKTOPOB WO,

un Gyaem umeth
«;=o (37.8)

PeweHne cuctembl B (37.8) ocCyl|ecTBASAETCA MO OJHOMY W3
Tex anropupmos, KOTOPble GbINN MCC/IEAOBaHbI paHee, Hanpu-
Mep, C MOMOLWbIO 0GPATHOM MOACTAHOBKM.

AHanu3 Owu6OK OKPYTNEHWs B OMWCAHHOM Mpouecce
BLIMOMHAGTCA MO TOW Xe CXeMe, 4TO U ANA CUCTEMbI C HEBbi-
POX/EHHO! MaTpuueli. EAVHCTBEHHOE OTAWuYMe 3aKio4aeTcs
B TOM, 4TO Temepb CReAyeT Y4uTbiBaTb OTKNOHEHWE MaTpuy
npeo6pasoBaHus  OT YHUTApHbIX. [INs NpUBeAeHUs MaTpuLy
A Kk matpuue G Haubonee Lenecoo6pasHbiM ABNAETCA UCMONb-
30BaHMe NPeo6Pa3oBaHMii OTPaKeHUA. B 3ToM cyuae B COOT-
BETCTBAN C OLeHKOW (16.6) nonydyaem, 4TO peanbHo BblunC-
NeHHbIii BEKTOP X0 Y/Z0BNETBOPSIET COOTHOWIEHUIO

(37.9)

rae vj *=3MBre Cl+Cia uam, 4To TO Xe camoe,
(37.10)

Mpeanonoxum, panee, 4YTo cucTema nepeonpefeneHHas.
Mpusegem maTpuyy A C MOMOWDbIO YMHOXEHNA Ccnesa Ha
yHUTapHylo MaTpuuy L K npasoii TpeyronbHoii matpuue G.
SICHO, YTO G MOXHO NMpeACTaBUTL B BUAE

0[” (37.11)

.TAe G—HEBLIPOXAGHHAs nNpaBas TpeyronbHas Mmatpuua.

rhe pasmepHOCTb BekTOpa V pasHa n. Torga eAuHCTBEHHOE
ncesaopeweHHe 10 cuctemsl (36.6) yaoBneTBopseT ypaBHEHUIO
bre=/'. CHoBa B 3TOM -
bm asnaetca 0T

7 B. B. Boesogm
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AHanu3 ownGOK NOKasbIBaeT, YTO B COOTBETCTBUM C OLIEHKOM
(16.7) peanbHo BbluMCneHHbI  BekTop jf0 yaoBnetBopser
COOTHOWEHNIO

LAZAKAGSrtv A+ 4,9nvi (vi+ (37.12)

Tenepb BMmecTo (37.10),umeem
- 16l clii e

MonyyeHHas oueHka (37.12) nokasbiBaeT, YTO Npu pelle-
HUM NepeonpeseneHHoi cUCTeMbl MepBbIM CNOCOGOM aHanorus
B omnouieHuu TOYHOCTW C CUCTEMOI, UMEIOLLEH HEBbIPOXKAEH-
HYl0 MaTpuly, WMeeT MeCTO NMWb B TOM Cnyyae, KOraa
npasas 4acTb XOPOWO COFNacoBaHa ¢ MaTpuuei, T. e. OTHO-
wenne LU TN Kb poctatoyHo mano. Ecnu

Ne + 1)[TH<'lB<2. (37.13)

TO oueHka (37.12), no cyuectsy, cosnagaet ¢ (37.9) npu
3amMeHe, KOHEYHo, W Ha 1. Ecau xe

Ne + 1)|[TU"b>2. (37.14)
TO oueHka (37.12) B LeNOM CTaHOBMTCA TaKOW:

<37-iS)

B npakTMYecKUX 3a[a4ax HepeAKo BO3HWKAIOT nepeonpe-
cucTembl i p yp i,
B KOTOpPbIX BbINOAHAeTCA ycnosue (37.14). [lna Toro 4ro6bl
OTBETUTb Ha BOMPOC, C KakKol XKe TOUHOCTBIO MOXKHO PewnTh
Takue CUCTEMbI, PACCMOTPUM BTOPOl CMOCO6 WX PeleHus.
ByAeM BbLIYMCASTL MaTpuly M MPaByl HacTb CUCTEMbI
(37.1), ncnonb3ys onepayuio HakonneHws. Torpa B AefcTeu-
TENLHOCTU MPUAETCA UMETh AIEN0 C CUCTEMON

(M + E)*=/1%&+ T, (37.16)

rae

(37.17)

Pewan cuctemy (37.16) ogHMM W3 WUCCNeAOBaHHbLIX paHee
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METOJOB, Mbl MOMY4MM HEKOTOPbIA BekTop B> [-™ KoToporo
cornacHo (36.15), (37.17) BbINONHAETCA COOTHOLIEHNE

Ans eBKNMAOBOW HOPMbI A (Vjp)*, Ans  cnekTpanbHoi
HOPMbl 3TO HepaBEHCTBO 06pawaeTcs B paseHcTBO. MoaTomy,
MCNONb3ys, Hanpumep, MeTOA KBAAPaTHOTO KOPHA AN pele-
HUA cucTembl (37.16), nonyuum, 4to

4 (3718)
Ltols

Mpn  BbinONHeHun ycnosus (37.14) oueHka (37.18) 3Haun-
TeNbHo nyuwe oueHkn (37.15). Ecnm B ycnosum (37.14)
3HaK «MHOrO GOflblue» 3aMEHUTb 3HAKOM «Gofbwe», TO 1
Torpa oueHka (37.18) ocraetcs 6onee NpeanodTUTENbHON.

Takum 06pa3oM, CPaBHWBas NepBble 4Ba CNOC06A, MOXHO
cAenath CneAyloWuii BbIBOA B OTHOLIEHMN TOYHOCTM PELIEHNs

it cuctemsl i anre6p: uX ypas-
HeHnii  ECIM npaBas YacTb CUCTEMbl [OCTATOYHO XOPOLLIO
cornacosaHa ¢ MaTpuueid, TO Takylo CUCTeMy Lienecoo6pasHo
pewaThb C MOMOLbIO YHUTAPHOTO MpeobpasoBaHina MaTpuLbl
6e3 nepexoga K cucTeme (37.1). Mpu MAOXOM COrfacoBaHUW
Gonee TOuHble Ppe3ynbTaThbl [JaeT MNpsAMOe pelleHne ciu-
CTeMbl (37.1). Ycnosuem XOpowWero COrnacoBaHus sBnsetcs
BbINONHEHMe HepaBeHcTBa (37.13).

3aMeTUM, YTO 3TOT BbIBOJ OTHOCUTCH NUWbL K TOYHOCTH,
onpegensemoil  BAMAHMEM OLWMGOK OKPYrneHua. Yto e
KacaeTcsi TOYHOCTM, OMpeAensieMoii MOTrPewHOCTbI0 3aaaHns
BXOAHBIX [JaHHbIX, TO OHa, KOHEUHO, OAMHAKOBA MPH MIOGbIX
Cnoco6ax peweHns CACTEMbI W OMpEAENseTcs, Hanpumep,
oueHKoii (16.7).

OueHka (37.9) HacTonbko XOpowa, YTO MPU  PeLleHnn
HeAoONpeAeNeHHON CUCTEMbI UHENHBIX anrebpanyeckux ypas-
HeHWii (36.1) HET HUKAKMX OCHOBAHWi AnA nepexoga K cu-
cTeme (37.2). Ecnu Bce Xe HaxoAWTb HOPManbHOe peleHue
TaKoW cucTemMbl cornacHo (37.2), (37.3) M AnA peweHns
cuctembl  (37.2) Mcnonb3oBaTb MeTOA KBajpaTHOro KOPHS,
TO MBI MONY4MM HeKoTopuiii BekTop X0, AnA KOTOPOro cHoBa
BbINONHAETCA OLeHKa (37.18). Ho Mbl He GyAem ocTaHaBnU-
BaTbCA Ha ee BbIBOJE.
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TpeTuit cnocob pelweHns WCXoAHOW cucTembl (36.1) He
[@eT HUYEro HOBOTO M0 CpaBHEHMIO C MepsbiM. Ecnu matpuuy 4
NPUBECTU K TPEYronbHOMy BWAY C MOMOUbKO YHUTAPHOTO
npeo6pasoBaHus, TO, HECMOTPS Ha BHELIHEE Pa3nuuue BblYUC-
NATENbHBIX CXeM, Pe3ynbTaTbl GYAYT MONHOCTBIO COBNajarh,
BK/OYAs OWMGKN OKPYrneHns. OAHAKO B HEKOTOPbIX CAy-
4asx 3TOT CNOCOG OKA3bIBAETCS MOME3HBIM, HanpuUMep, npu
YTOUHEHNM TNCEB/OPELIEHHS.

YNPAXHEHWSA

1 [lokasaTb, 4TO MaTpuua WMeeT NOMHbii paHr Torga 4 Tonek

TOrAa, KOrAa HUKakue He NpUBOAAT K e paHra?

[l0KasaTb, 4TO ANA MaTpuusl J1 NONHOTO pakra n pawepua XN
CNPaBeANMBbI COOTHOLIEHNS

ANA*(NA*)>. T
At= (TMMA*, T *n

3. MycTs matpuya C WMeeT nowbiil pawr. [oKasaTs, 4To Ans Toro,
4TOGb MATPUUa A TeX ke PasMepoB MMena MoHbIA PaHT, AOCTATOMHO
BHINONHEHVIE HEPaBEHCTBa

leyyn-C1<1 (37.19)

AN KaKOM-HMBYb HOPMbI.

. [loKasaTh, 4To HOpMansHoe NCesopellieve CHCTEMsl G MaTpULell
MONHOTO  paHra ABNAETCA nenpepmsnom qaykkunew meweiToR MaTpHL
W npasoii vacth B

5. MVcnonb3yeTtcs M DﬁpaTHblM aHanu3 oumﬁox B TEPMUHAX BO3MY- |
WeHns cucTembl (36.1) NPU OLEHKE TOHOCTV €e PElleHMst BTOPbIM Cio-
cobom?

6. B UeM NpuuMHa Pasnuuuii TOUHOCTM MEPBLIX ABYX CMOCOGOB?

7. TlycTb MmaTpuya A MOAHOMO paHra WMeeT pasmepbl wxn. OBo-
3HauuM -

[10Ka3aTb, TO BLINOAHSIOTCA OUEHKM
[Bb*E[+Hb. B

JNlokasaTe, 4To cucTembl (37.5), (37.6) onpeaensioT TO ke HOp-
MankHoe NCEBAODEUIEHHe, UTO W CUCTEMbI C MaTULAMU
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W npasbiMi uacTAMA s (37.5), (37.6). 3aech 0, P-nIOGbIe HeHynesble

9. Kak Bbi6paTh napameTpel a, P, uTOGH MaTPULbI (37.20) umMenn
HauMeHbLLEE UMCNO 06YCAOBNEHHOCTU?

10. Kak Bbi6paTb Napamerpel a, p, 4TOGbI CUCTEMsi C MaTpu-
uamm (37.20) TOuHOCTH o ncespo-
peLueHws cucTemsl (36 1)?

§ 38. YTOYHeHWe pelleHus

Bce PacCMOTPEHHbIE YMC/IEHHbIE METOAbI PELIEHUs CUCTEM
NMHEMHBIX  anreGpanyeckux  ypaBHeHWd 061afaloT  OAHUM
COWHM CBONCTBOM. MMEHHO, peanbHO BbIYUCNEHHOE pelleHne
(ncespopeweHne) ABNSETCA TOUHBIM NS HEKOTOPOA BO3MY-
WeHHO! 3aaumn. BbINO/HEHHbIE MCCNeA0BaHMA MOKA3bIBAIOT,
UTO 3TW BO3MYUIEHUA BECbMa Manbl M HEPEAKO COU3MEPUMbI
C OWMGKaMM OKPYTNEHMA BXOAHbIX faHHbIX. ECAN BXOAHblE
fiaHHble MONYYeHbl MOCPEACTBOM KaKMX-NMGO M3MepeHnit nam
npe/BapuUTeNbHbIX PacyeTos, TO OBbIYHO OHWM YXe coaepxKar
3HauuTenbHO Gonbwne ownGKM. B aToM ciyuae BCAKan
“MoNbITKA YNyYWnTh pewetye (T
Ge3 npuBMeYeHNs [OMONHUTENbHbIX CBEAEHUA O TOUHOM zaqaue
VNN OLWNGKAX BXOAHBIX [AHHBIX OKAXKETCA HECOCTOATENbHON,
160 HET HUKAKOTO KPUTEPUA MpeAnouTeHNs OAHOrO Mpu6nu-
KEHHOTO peweHns (NCeBOPELIEHNs) Apyromy.

MonoXeHNe CyWECTBEHHO W3MEHSIETCA, eCM  BXOAHbIE
faHHble 3ajaHbl B 9BM TouHo. Tenepb cpean Bcex npubnun-
JKEHHbIX pelleHnii (ncesfopeLlennii), COOTBETCTBYIOWMX onpe-

Yy  YPOBHIO THBIX y i, MOXHO
BbIGPaTb TO, KOTOpoe Hambonee 61M3K0 K TOuHOMy. Kak
npasuno, 370 GyAeT MPaBUNbHO OKPYFNEHHOE TOYHOEe pelwe-
Hue (ncesaopelleHne).

PaccMOTPUM CHauana cUCTeMy NWHeiiHbIX anreGpanyeckux

(36.1) ¢

y AeHHOW maTpuueit. MycTs g —
TOYHOE pelleHne, —HEKOTOpOe NPUBANXKEHME K Hemy,
nonyyeHHoe Nto6bIM cnoco6om. O603HauMMm

+ [, (38.1)

MoacTaenas aTo BbipaxeHue B (36.1), nonyuyum
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Byaem cunTaTb, 4TO CNOCO6 BblYMCNEHNA HeBA3KK (38.3)
W YUCNEHHbI MeToA peleHns cucTembl (38.2) TakoBbl, uTO
peanbHas nonpaska [A™' yA0BNeTBOPAET COOTHOWEHUIO

m A le£< 0, . (38.4)

rae 6 3aMeTHO MeHbwe eauHMUbl. OCHOBHAas TPYAHOCTb
B Y/0B/IETBOPEHUN 3TOTO YCNOBMA CBA3aHa C BbIGOPOM COOT-
BETCTBYIOLEro Ccnocoba BblYUCNEHWA HeBA3KM. Ecnm pgr*l
6/M3KO K TOYHOMY PEWEHMIO, TO HEBA3KA CTAHOBMTCS Manoi
W NpsMO3 ee BbLIYMCNEHWE C OAMHAPHON TOYHOCTbIO GyaeT
npuBOAMTL K GOMbWIMM OTHOCMTENbHBIM OWwWMGKaM. Kpome
3T0ro, a6COMOTHAA ManoCTh HEBA3KM MOXET GbiTh NPUUMHON
3HAYMTENbHBIX OWMWG0K B nonpaske [1'*1u3-3a Heperynsp-
HOCTU MOBeAEHNsi OWWGOK OKPYrNeHus BGAN3N MAWMHHOTO
Hyns. [03aToMy HanGonee LENECOO6PA3HO MOCTYNaTb Creayio-
wum obpasom

1 BblumcnseM HeBA3KY B PeXume HaKOMMeHUA.

2. Hopmupyem HeBS3KY.

3. Pewaem cuctemy (38.2) OgHMM W3 MeTOAOB, yAoBne-
TBOpAOWNX Yycnosuio (36.15).

4. Y

. 0 p Ha o6paTHyto
BENMYUHY HOPMUPYIOUIETO MHOXMTENs.

B aTomM cnyuyae nonpaska GyjeT OnpejeneHa ¢ BbICOKOW
OTHOCUTENbHOM TOYHOCTbIO. HECNOXKHbIE BbIUUCAEHUS MOKa-
3bIBAOT, 4TO Terepb

BA(2/(n) + 3/2)yap ~ -, (385)1
CrepoBaTenbHo, ANA BCEX MaTpuy, He ABAAIOWMXCA MaTono-
rUYyeckn nnoxo obycnosneHHbIMW, unucno B B (38.4) peiicTeu-
TENIbHO MOXHO CUMTAThb 3aMETHO MEHbLIMM EAMHWLbI.

Mpouecc peweHns cucTembl (38.2) 3akaH4MBaeTCs BbluKC-
NIEHWEM  CNeAYIOUero MPUGAVKEHNS [C*+HA K TOUHOMY peue-
HUIO X. Haxogum

s K> 4 £ Y, (38.6)
rAe V* ecTb BEKTOP OWWMGOK, MOSBAAIOUMXCA OT CAOXEHNs
X\ n A)b Ecnm uncno 6 3amMeTHO MeHblue eAvHWLbI, TO
BEKTOP [EI™*1* no C TOUYHBIM p .
M03TOMy, He OrpaHMuMBas CyWeECTBEHHO OGUHOCTH, MOXHO
cumMTaTh, 4TO

Ov*bSS 2 naP'm . Ne 7>
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[Manee n3 (38.1), (38.6) cnepyer

OoTKyfa, yuuTbiBas (38.4), (38.7), nonyuaem, uto
1<% < 9|A(>h + | bleP - 48-8)

CornacHo ONWCaHHOMY Mpoueccy MOCTPOMM MOCAefoBa-
TenbHOCTh BekTOpoB jxU)}, ucxogs u3 nio6oro sektopa X0,
Hanpumep, Hynesoro. W3 (38.8) 3akniouaem, 4To

W 4¢>1]rH*E/rP +1/2(1 - B).

Ecnn B 3aMeTHO MeHble eANHWLUbI, TO, HauMHas C HEKOTo-
poro K, Bce BeKTOpbl K(*( GyAyT 0TAM4aTbCA OT TOYHOTO
peweHns X MPUMEPHO TaK XKe, KaK OTAN4aeTcA OT Hero npa-
BUNILHO OKPYT/IeHHOE TOUHOe pelwenne. Kak npasuno, nocne-
AOBATENLHOCTL {*»>} ByfeT CXOAWTLCH K NpaBUNbHO OKpYr-
NEHHOMY TOYHOMY pelWeHmio.

Takum 06pa3oM, ecnu BXOAHbIE [aHHbie CUCTEMbl C HeBbl-
POXAEHHOW MaTpuueil 3ajaHbl TOYHO, TO MOXHO MOCTPOUTL
nocneaoBaTeNbHOCTb BEKTOPOB {ic™}, onpefensiouyio UcKnio-

4YnTeNbHO TO4YHOEe K TOYHOMY I'Ipu-
UeCC YTOYHEHUs pelleHns Tem 3hdekTUBHee, ueM MeHblue
4ncno 9. OGbIYHO B MOCNEAOBATENLHOCTH [0CTaTOYHO

NoCTPOUTL 2 —3 BEKTOPA, 4TOOLI AOCTUYL HYXHOW TOUHOCTU.
Ho n nocTpoexHune 6onbluero uucna BEKTOPOB MpakTU4eckun
He MPUBOAUT K 3aMeTHOMY YBenu4eHWio o6ulero BpemMeHu
peweHns 3ajaun. MHOrokpaTHoe pelleHue cuctem (38.2)
MOXeT BbiTb OCYL|ECTBNEHO BECbMA GLICTPO, €CAM Pa3noKe-
HWe MmaTpuybl A Ha MHOXWTenu, BbINMONHEHHOE npu pelieHnn
HEDBOVI CUCTEMbI, MCNONbL30BaTb ANA PpeweHUs BCeX nocne-
AYIOWUX CUCTEM C APYTUMU MPaBbIMW YaCTAMM.

C NpoueccoM YTOUHEHUA PeLieHUs CBA3aH OAWUH WHTepec-
Hblll (hakT. HanoMHUM, 4To yxKe nepsoe NPUGAMKEHNE K pelue-
HUIO  ABNAETCA TOYHbIM pelleHnem BOBMyMEHHOﬁ CUCTEMBI
an 3TOM BO3MYULEHUS HEe TONbKO Manbl, HO W He 3aBUCAT
npaKTUyeckn OT 06YCNOBNEHHOCTW MaTpulbl. [1paBUNbHO
OKpYyrneHHOe TOYHOe pelleHne TakxXe ABNAETCA TOYHbIM pewe-
HMEM HEKOTOPOi BO3MYLLEHHOW CUCTEMbl. 1 CHOBa BO3MyLye-
HUS Manbl U He 3aBUCAT OT OﬁyCﬂOBﬂeHHOCTM MaTpuubl. ,U',ﬂﬂ
Haubonee TOYHbIX MEeTOA0B peWeHns CUCTEM 3TW BO3MYLUEHUA
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couamepumbl Mo BennumHe. MoaToMy HET HMKAKOTO OCHOBAHA
0XKWAaTh CyWecTBEHHOTO YMeHbLUEHUA HOPM HEBA3OK npwn
N0CNE0BATENLHOM BbINONHEHMM NPOLECCA YT OUHEHNS PELLIEHUS.
Bonee TOrO, HOPMbl HEBA30K Ha HEKOTOPbIX wWarax Moryt
AaXe HECKONbKO YBENWUYUTLCS. HECMOTPS Ha 3T0, TOUHOCTH

TeNbHbIX i Xik) nocTosHHO noBbiwWwaeTcs.
OnucaHHbIi  NPOUECC YTOYHEHNA CBA3AH HE C yMeHbUAHMeM
3KBIMBANEHTHbIX BO3MYLLEHWI A MNM BENVUMH HEBA3OK, a C yCTpa-
HEHWEM BANAHWA OOYCNOBNEHHOCTM MaTPULbl WCXOAHOM ch-
CTeMmbl Ha MOrPelHoCTb B PeLLeHnn.

PacnpocTpaHeHue OMMCAHHOTO MPOLECCA HA  CHCTEMbI
C NPAMOYTONbHLIMIA MATPULAMIA MONHOTO PAHTA WMeeT CBOM
0COBEHHOCTU. OHM CBSI3aHbI MPEXAE BCEro C TeM, KaKoil H3
paccmMoTpeHHbIX B § 37 CNOCOGOB peweHus Takux cuctem
B3ST 3a OCHOBY npouecca.

MycTe ncnonbayertcs nepsbiii Cnoco6. MMpeanonoxum, uto
pewaeTca nepeonpejeneHHas HecoBMmecTHas cuctema (36.1)
Ecnu X< ecTb HeKOTOpoe MPUGAMKEHME K eAMHCTBEHHOMY
nces, ao, To X,= ** 4+ <. Ho

rae
r,=b-Af\ (38.9)

Moatomy nonpaeky \[K) MOXHO HaxoAuTb U3 YCNOBUS MUHU-
MU3ay MM QyHKUNOHANA HEBA3KM ANS CUCTEMbI

AbIP~rk. (38.10)

MoXeT noKasaTbCfi, 4TO, BbIYMCAAS C BLICOKOM OTHOCK-
TeN bHO TOYHOCTbIO HeBA3Ky (38.9), Mbl Haiigem C BbICOKOI
OTHOCUTENLHOM TOYHOCTBIO NONPaBKY KaK efJMHCTBEHHOR
ncesgopewenmne cuctemsl (38.10). OAHAKO B AeNCTBUTENLHOCTU
nonbITKa  «yTOUHUTLY ii
CUCTeMbl MPUBOAUT K Cledylouleli cuTyauun. Yem nyuwe
B3ATO MPUB/MXKEHNE K NCEBAOPELIEHNIO, TEM XYXe ero HeBA3Ka
GyAeT cornacoBaHa C Matpuueil v Tem Xxyxe 6yAeT OTHOCU-
TeNbHaA TOYHOCTb MOMPABKM, MOMYYEHHOH MO Mepsomy Cro-
coby peweHuns cuctembl (38.10)

Takum 06pasom, Mepsblil CIOCOG pelleHns nepeonpeaenes-,
HOW CUCTeMbl He MOXKET GblTb MONOXEH B OCHOBY npoyecca
YTOUHEHNs. Henb3sl ero ncnonb3oBaTh W ANS YTOUHEHUA Hop- T
M IbHOM  PELUEHMs HeJl0ONpEaeneHHoll cucTeMbl. B nyuwem A
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cnyuae 34ecb MOXHO HajesTbCA Ha Xopowyio 61u30CTb
K KakoMy-HuGYyAb pelseHuio. Mpu 3TOM OTKNOHEHWe OT HOp-
ManbHOTO PEWeEHNA MOXET GbiTb 3HAUNTENbHbIM.

(iheKTMBHbIE MPOLECCHI YTOUHEHUS ANS CHCTEM C Mpsi-
MOYTONbHLIMU  MaTpULAMU MONHOTO PaHra MOXHO MOCTPOUTL
Ha OCHOBE BTOPOrO W TPeTbero cnoco6os ux peweHus. Hanom-
HWM, 4TO 3TN cnocobbl CBA3aHbl C pelueHnem cuctem (37.1),
(37.2) wnm (37.5), (37.6), MaTpuLibl KOTOPbIX HEBbIPOX/AEH-
Hble.

PaccMOTpUM MpUMeHeHUe BTOPOTO CMOCOGA K PELIEHMIO
nepeonpefeneHHoi cuctembl. Temepb ANA NoONpasku AP Mbl
nonyyaem cuctemy

M AA-s*.
rae
s*= N1* b—AX[%

UT06bl  BLIYMCANTL BEKTOP S* C BbLICOKOW OTHOCUTENbHOWN
TOYHOCTBIO yXe He[OCTaTOYHO -WCMONb30BAHWUA onepaunii
Hakonneuus. TIpu BbIYMCNEHWN S*. MO CYlecTBy, BCe apud-
MeTM4eckiue Onepauuu Heo6XOAUMO BbINONHATL C Y/ABOEHHOM
TOUHOCTbIO

Mpeanonoxum fganee, 4To BTOPbIM CMOCOGOM peluaeTca
HegoonpeaeneHHas cuctema. MycTb A '—HekoTopoe npuéan-
XEeHWe K peweHnto ya cuctemsl (37.2). Ecnm

Yo=Y +C
TO ANs nonpaeBku VE' nonyyaem cuctemy
NNy~ = [*
rae
tk= b-AA*y\K

CHOBa MNpW BblUACNEHMM BeKTopa /* Bce apudmeTudeckue

b C i TouHOCTbI0. C yABO-

€HHO/ "TOYHOCTBIO CNleyeT COXPaHWTL MnocnegHee NpubaNke-

Hue Y™ 1 BbLINONHMTL npeoGpasoBaHue (37.3).

H b UCno i

TOUHOCTbIO MOXET BbI3bIBATL OMpedeneHHble TPYAHOCTH npu

paKTUyeckoii peanusauum MeTogos. OT 3TOro HejocTaTka

NPOLECCHl YTOUHEHMSA, OCHOBAHHbIE Ha TpeTbem

0COGe pELIEHNs CUCTEM C MPAMOYTONbHLIMU  MaTpULamMu
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Mpouecchl yTouHeHus Ana cuctem (37.5), (37.6) ocyuiect-
BAAKTCA NOYTM OAMHAKOBO, MO3TOMY Mbl PACCMOTPUM NUWIbL
yTOUHeHWe peweHns cuctembl (37.5). MycTb X[K), ') —npu-
6NMXKEHNS COOTBETCTBEHHO K MCEBJOPeWeHnio 40 U ero He-
Baske /o- O603HaUMM

V-MiMa

Torpa pns nonpasok a”\ 6{K) nonydaem cucremy

rae g, "b-Ax<k-r K

N5 BLIYUC/IEHNS 3TUX BEKTOPOB C BBICOKOH OTHOCHTENbHOM
TOYHOCTLIO  BMONHE [OCTAaTOYHO WCMONL30BAHMA ONepaluit
HaKONEHNsA.

MHOrOKpaTHOCTb pELeHUs CUCTEM He MPUBOAWT K 3ameT-
HOMY YyBennuyeHutlo BpemeHn cueta. Ecnm gns cuctem (37.1),
(37.2) npumeHseTca MeToA KBaApaTHOro KOPHA, TO pasnoxe-
Hus matpuy A*A u AA*, nonyyeHHble Ha NepBOM LWare,
MCMOMb3YIOTCA M HA BCEX OCTaNbHbIX warax. Mpu peweHun
cuctem (37.5), (37.6) u B mpoueccax YTOYHEHUS, CBA3AHHbIX
C HUMM, LeNecoo6pasHo BLIMONHUTL MPeJBapUTENbHO YHUTAp-
Hoe npeo6pasoBaHue matpuubl A K matpuue G npoctoro suga.

Ecnn LAS= G

rge L, S —yHuTapHble mMaTpuubl, TO 3TO OnpeaenseT u pas-
noxeHus matpuy B (37.5), (37.6). MmeHHo,

1.« X-X N ®,

[l [1 X  °o0¥o0\?21
PaznoxeHus (38.9) UCMONb3YIOTCS Ha BCEX warax npowecca
YTOUYHEHWA. MonesHo wmeTb B BUAY W TaKnWe COOTHOWEHWUA:
A*A= S (G*G)S*, AA*=L*(GG*)L.
CKopocTh ™ yTouHeHns Tes

COOTBETCTBYIOWMUMN 3HauyeHusamn 6 B (38.4). Ecnu uengaesos
PacCMOTPeHHbIe  Bbille  anropudMbl  PeleHns
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NUHElHBIX anre6panyeckinx ypaBHeHui ¢ MaTpuyamu NonHoro
paHra, To ana cuctem (37.1), (37.2)

“34MBM +BA"1 138-10)
Ana cuctem (37.5), (37.6)
0A7,1</M U 1+W +b)*p-+L (38.11)

3pecs = min \T, n}.

Pasnuune oueHok -{38.10), (38.11) cBs3aHO npexpe BCEro
C NpUHLMNNANbHBIM pasnuuuMem cBoiicTs cuctem (37.1), (37.2)
n (37.5), (37.6). MycTb, Hanpumep, MaTpuua W npasas
YacTb WCXOAHOW CUCTEMbI YMHOXAlOTCA Ha OAHO U TO Xe
uncno a. Torja ee NCeBAOPELIEHHA™ He WM3MEHAITCA, a pe-
LWeHNe BCMIOMOTaTenbHoi cuctembl (37.2) ABNSETCS OfHOPOA-
HOl (hyHKUMel oc. M03TOMy BCe NOMyuYeHHble paHee OLEHKN
TOYHOCTM NCEB/OPELIeHNiA, BKNOYan oueHKy (38.10), wuHBa-
PUAHTHbI K TaKoMy YMHOXeHW0. COCTaBHble Xe WpelweHus
cuctem (37.5), (37.6) He 6GyayT OAHOPOAHLIMU (YHKLMAMM O,
uTO U NpUBOAMT K i ™
B npasoit uyactn (38.11).

® 0 CBA3aHbl C Npo-

LECCOM  yTOUYHEHWS, OJHAKO B [GACTBUTENLHOCTA OHU WMEIOT
CYWeCTBEHHO 6O/bliee 3HAueHMe. 3aMeTUM, 4TO BaXHbIM
MOMEHTOM B 0GOCHOBaHWM Mpouecca ABASETCA NUWb TO, 4TO
OTHOCHTeNbHbIE OWWNGKM BCEX MOMPABOK OTPaHWUEHbl CBEPXY
KOHCTAHTOW, KOTOpas MeHblue eauHMubl. Mpu 3TOM HUKak
He YUYUTLIBAETCA CMOCO6 MONYYEHUS CaMUX NOCNe0BaTeNbHbIX
npubnamkeHnii. o3Tomy, ecnu Mbl NOCTPOUM  KaKoii-nm6o
npouecc, 06naAaloWmii B OTHOWEHNN MONPABOK aHANOTUYHbIM
CBOIACTBOM, TO TeM CambiM 5yAET nuchoeH HEKOTOpbIil  UTC-
pauVoHHbIli MeTog X anre6p
CKUX YpaBHEHNIA.

PaccMOTPUM OAUH U3 PACNPOCTPAHEHHBIX CMOCO6OB MOCT-
0eHNA UTEPALMOHHLIX MeToAoB. MycTb MaTpuua A cucTeMbl
FG 1) npeacTasneHa B Buge

A=B+C, (38.12)
rae B —HeBbIpOX/eHHas MaTpuua. Mpeanonoxum, uto usse-
CTHO NpUBMMKEHME *<> K TOYHOMY pelleHul0 X. Tona
nonpaeka S)Q:ler Y0BNETBOPATL .cucTeme (38.2). 3ameHum
cuctemy (3 CUCTEMOIA

£0<4

(38.13)
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13 (38.12), (38.13)-BbiTekaeT, uTo
CnepoBaTtenbHo,
Ty —
1A 0O
ECnu BbINONHAETCA ycnosue
(38.14)
TO MOCNe0BATENLHOCTL BEKTOPOB
= (38.15)

GyAeT CXOANTLCA K TOYHOMY pelWeHuio X.
Bblunc/uTeNbHAA CXeMa TakuMX MeTOA0B O6bIYHO UMeeT

VHOW BUA. VIMeHHO, TCS PEKYPPEHTHOE COOT!
Bxk,i=b-C xk, (38.16)

cBA3bIBalOLLEe ABAa NOCNeJ0BaTeNbHbLIX NPUGANXKeHUA. 3T

COOTHOLIEHNE MOXET GblTb MOMYYEHO HEMOCPEACTBEHHO U3

38.13), (38.15).

( I11p)m gam&o e (38.12) cnepnTh

He TONbKO 3a BbINONHEHWeM ycnosus (38.14), HO U 3a Tem,
4TO6bI cucTeMbl (38.16) ¢ maTpuueit B pewanuch sHaunTensHo
npoue, uYem ¢ maTpuueit A. [ins atoro matpuuy B sbibupaiot
nu6o A0CTaTOYHO nNpoOCTOiA, NnM6o Takoii, 4to6w OHa nerko
o6paujanace MM NErko PacknajbiBanach Ha MpocTbie MHO-
KuTenu. KoHeuHo, obpaujeHne MaTpUlbl UM ee pasnoxeHne
Ha MHOXWTENN BbINOMHAETCS TONbKO OAWH pa3.

YNPAXHEHUA

1 Mycrs warpua A cucrews (361) Snuaka k ywiapio. flowasars
4TO MOCNE[0BATENbHOCTL  BEKTOPOB X»+= * cxoguTes
K o e senne ancremes CIo3) on 100w nasamion mog e
HHU X060 cemorpunt cuctemy el anmeSpanseckn ypassenf ey

rae LOL< 1. [loKasaTb, 4TO N0CNEA0BATENLHOCTb BEKTOPOB X*.,—  r/
CXOAMTCH K TOUHOMY PelieHuio CiCTeMbl (38.17) Npu NIOGOM HauanbHo m
NPUBAMKEHAN *0- BTOT MPOLLECC Ha3bIBABTCA METOAOM MPOCTOV UTepaLi-
TyCTb AMaroHanbHbIe aNeMeHTLI MaTpLbl A ABASIOTCA NpeobNafaio-

wyvmn. BosbMeM B KayecTo Matpuupl B B pasnoxeHun (38.12) awaro-
HanbHylo vacTh A. B 3TOM cnyuae npoyeco (38.16) HablBaeTCA METOOM
AKobi. Hanucab yen Y-

Hble MaTPdHble HOPMbI W yCnoBie (3s 14).

.

1
1
n

OCOBEHHOCTW HEYCTOMYVIBBIX CYICTEM

4 MpeAnonoXuM, 4To Matpua A cuctembi (37.1) NOMOXMTENbHO
onpegenetHasi. MycTs Marpuya B B pasnoxenun (38.12) sensetca nesoi
TPEYTONbHOIA, a MaTpuya C-CTPOTO MPagoii TeyrosHoM. B 3ToM cnyuas
npolecc (38.16) HasbiBaeTcA M:TOAOM HeKpacosa. [lokasaTh, 4TO nocne-
[0BATENbHOCTL  BEKTOPOB 3 (38.16) CXOAMTCA K TOMHOMY — peluieHitio
e (6. 1) NpU_MHOGOM HA4aNbHOM MPUGMWKEHIN

5 [10Ka3aTb, uTO ANA TOO, 4TOGH MOCNEAOBATENHOCTb BEKTOPO,

K TOUHOMY peweHmio cu-
Cxetbl (36.1) NpU MOGOM HA4QNBHOM MPUBNIDKEHUM, HEOGXOQUMO U AOCTa-
TO4HO, UTOGbI BCE COBCTBEHHbIE 3HAUEHNS MATPHULI B >C Gbini N0 MOAY/IO
MeruJe eAMHULBI.
BLINONHUTS aHANN3 OWNGOK, BOSHUKAIOWWMX NPU PENM3ALMU NPO

uecca "(38.16).

§ 39. OCO6EHHOCTM peleHns HeycTOWUMBbLIX CUCTeM

B

cucrem anrebpan-
Yeckux yPﬂBHEHMW nokasanu, 4T0 ecnu matpuya MmeeT non-
Hblii paHr, TO Npu COOTBETCTBYIOL|EM OFPaHU4EHUM YDPOBHSA
ownbok BXOAHbIX AaHHbIX H MNOBbIWEHUA TOYHOCTW BblYUCNE-
HWIl pelleHne (ncesjaopelleHne) cUCTEMbl MOXET BbiTb nony-
4YeHO ¢ Nt06ON 3afaHHOW TOYHOCTbIO. HO 3TU Xe uccnegosa-
HUA NoKasblBalT W Apyroe. Ecnn q]MKCIApOBaHbI YpoBeHb
OWNBOK BXOAHBLIX AaHHbIX W TOYHOCTb BbIYUCNEHUIA, TO Bceraa
HaﬁAyTCﬂ CUCTEMbI C HACTO/MbKO GONbLWIMMW 3HAYEHUAMU Yucen
OﬁyCﬂDBﬂeHHOCTM, YTO ANA HHX HeNb3f rapaHTMpoBaTh B pewe-
HUN (NCeBAOPELIeHNU) HUKaKOW TOYHOCTU.

Takue cuUCTeMbl Ha3blBaloTCA He‘/CTUmHMBbIMM nnu NNOXo
006YyCNOBNEHHbIMU. B LlenoM OHW XapakTepusylTcs Tem, 4To
He3Ha4yuTenbHoOe W3MeHeHue yCﬂOBMﬁ cyeTa MOXeT npueectu
K Hegonyctumo 6 B MpuunHa
3TOro ABNEHWA B OCHOBHOM OAHa —B npejgenax W3MeHeHUs
ownbok BXOAHbIX AaHHBIX WAW 3KBUBANEHTHbIX BOJMyI.I.\EHMﬁ
matpuuya cuctembl nn6o cTaHoBUTCA ManVIL(EVI He nonHoro
paHra, nM6o ouyeHb 61M3Ka K TakoBOW. Bce TPyAHOCTM pelue-
Hua HEyCTDm‘lMBbIX CUCTeEM CBA3aHbl, NO CyLLlECTB\\ nuuwb
C TPYAHOCTAMW peWweHus cuctem C maTpuuamum HenonHoro
paHra B yCNnoBUAX BO3MYLEHWUA BXOAHbIX AAHHbIX W BAUAHUA
OWNBOK OKpyrneHus. Takux TPyAHOCTEN Hemano.

B TEOpeTUYeCKOM MniaHe peleHue CUCTeEM C matpuuaMmu
He MONMHOro paHra He OT/MYaeTCA OT pelweHus pacCcMOTpPeH-
HbIX BbllEe CUCTEM C NPAMOYrONbHbIMW MaTpuuaMu MONHOro
paHra. MycTb 3ajaHa nio6as cucrema

Ax=b (39.1)
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anre6p. Xy ii. CHoBa bysem WckaTb
ee HOpManbHOe MCeBAOpEWeHHe, T. e. Takoi BekTop X0, KoTo-
pbifi MMEeT HauMeHblUYl0 eBKNWAOBY HOPMy CpEAM BEKTOPOB,
MUHUMU3NPYIOWUX DYHKIMOHAN HEBA3KM:

®0(x) = Jidx —bfe.

W3secTHo [1], uTo B 3TOM Ccnyuvae

rae A¥—ncesgoo6paTtHas maTpuua Ans mMatpuubl A.

OfHaKo BHelHee CXOACTBO MEXy cucTemMamy ¢ MaTpu-
Lamu MONHOTO W He mo/Horo paHra o6MaHuMBo. B peiicTsu-
TENLHOCTY MEX[y HUMU CYulecTBYeT NpUHLMNMANLHOE pas-
nnuune. VimeHHo:

Ecnv maTpuua cucTeMbl MMeeT NONHbIA paHr, To B Heko-
TOPO/i OKPECTHOCTY M3MEHEHNS BXOAHBIX AHHBIX HOpMabHoe
nceBopellieHre HEMpepbiBHO. ECAM e MaTpuua cucTembl He
VMeeT NONHOTo paHra, TO B /oGO OKPeCTHOCTY M3MeHeHus
BXOJHbIX [JaHHbIX HOPManbHOE MCEBAOpELLEHNE Pa3pbIBHO.

TO pasnnune HacTONbKO BaXHO, YTO 3acTaBAfeT CuuTaTh
MCCEA0BAHME 3aBUCUMOCTI MOFPEWHOCTA HOPMaNbHOTO nces-
[OPEWeHNA 0T BOMYLIEHUA BXOAHBIX [aHHBIX U OWMGOK
OKPYT/NIEHUA HeoTbemnemoii 1 06A3aTensHoli yYacTbio N060ro
YMCNEHHOTO METOAA PElEeHNA CUCTEM C MATPULLAMMU HenonHoro
paHra. Tem He MeHee Takoe WCCNejOBaHMe NPOBOAUTCS elje
OYeHb peako. Mo-BMAMMOMY, HEManyio ponb B 3TOM WrpaeT
TOT [UMHO3 NETKOCTU, C KOTOPOUi MaTeMaTuka TOUHbIX BbIUNC-
neHmw npeanaraet «3aheKTUBHbIE METOAH pewweHuna cuctem

X anre6p: yp OfHaKo 3Ta NerkocTh
CBA3aHA NUWb C TeM, YTO He 0GPALIACTCH BHUMAHME HA CNOX-
Hble Npo6/embl, CTOAlLME COBCEM PAAOM

COrnacHo MHOTOUMCNEHHBIM PeyenTaM MOXHO pewaTb /to-
6yl0 cucTemy, Hanpumep, MeTogom [aycca C BbIGOPOM rnas-
HOTO 3neMeHTa no Beeii mMaTpuue. Ecnu matpuya umeet non-
HbIl  paHr, To nocne BCEX i
GyAeT nonyueHa cuCTeMa C TPEYronbHOW HEBbIPOXAEHHOI
maTpuuei. EcAM ke MaTpuua WMeeT He MOMHbIA paHr, To
nocne BLINOMIHEHUS MEHbLIEro Yucna npeo6pasosaHuii Gyaet
nonyyeHa cuctema c TPeyronbHoW maTpuueid, y KOTOpoi oAHa
WM HECKONIbKO CTPOK Hynesble. C TOUKM 3peHus Knaccuuel
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CKOW MaTemMaTWKW 3TO Gonee GNaronpuaTHbIA Cchyuvaid, Tak
KaK HUKakue fanbHeiiime npeobpasoBaHus He TpebyroTcs.
B ofoux cny4aax pelleHue CUCTEMbl C TPeYronbHOW MaTpu-
ueii He BbI3bIBaeT 0co6bIX TpyAHOCTeid. B npouecce npeo6pa-
30BaHWii Nerko ycTaHaBNMBaeTcA M hakT COBMECTHOCTU MCXOA-
HOW _cucTembl.

nﬂADGHbIE peuenTbl BbITNAAAT BeCcbMa MPUBEKaTeNbHO.
Mo4T He BO3HMKAET COMHEHUIA B TOM, 4TO TpEﬁyETCﬂ b
He3HauyuTenbHan MDAMQ}MKBL{MH YXe W3BECTHbIX YUCNEHHbIX
MeTOf0B W Mbl NONYYUM BO3SMOXHOCTb pellaTb CUCTEMbI oﬁmerc
BUAA, NO KpaiiHell Mepe COBMECTHble CUCTeMbl. KaXeTcs ACHbIM
W TO, KaK HYXHO MOAWDWLMPOBATH METOAbl. B OCHOBe 3TUX
MoAudNKaLMii NexnuT cneayowas uges

OwWwnGKM OKpYrneHns manbl. Kak npasnno, manbl u oWwnGKu
BXOAHbIX flaHHbIX. Byaem pewatb cuctemy Kakum-nu6o nps-
MbIM MeTOJOM, Hanpumep, MeTofom [aycca ¢ BbIGOpOM rnas-
Horo anemeHTa. Ecnnm TouHas matpuya umeet He nonHbIA
paHr, To B peanbHbIX np: i, no-| Y.
MoNy4YnTCA CUCTeMa C TPeyronbHON MaTpuueil, y KOTOpoOii Bce
3nemMeHTbl MocnefHuX CcTpok 6yayT manbl. OT6pocum- 3Tn
YypaBHEHUs W HaiileM peleHns Mony4eHHoit cucTembl. OHM
6YAYT CAYXUTb AOCTATOUHO XOPOLIUM NPUBAUXKEHMEM K pelue-
HUAM TOYHOI CUCTEMbI.

Ha ocHoBe 3Toii ugen 6biN0 0NY6IMKOBAHO U MPOAOMKaET
ny6ANKOBaTLCA OFPOMHOE YMCNO paGoT. Bce oTamuma ux apyr
OT Apyra CBfi3aHbl NWWbL C MCNOMb30BaHUEM pPa3NUYHbIX npe-
06pa3oBaHNii MCXOAHON CUCTEMbI U NPUMEHEHWEM PasAUYHbLIX
KDUTEPUEB 3aMeHbl «Ma/lblX» 3/1EMEHTOB MPeo6pasoBaHHOl
cuctembl Hynamu. OfHaKo AaHHas waes He cpasy npusena
K ahPeKTUBHOMY PELIEHWNI0 CUCTEM NUHEIHbIX anrebpanyeckux
ypaBHeHwii obuwero Buga. Bonee Toro, gonroe Bpems 6bino
He fICHO, MOXHO Nu BOOGLIE MOCTPOMTH YCTOWYMBbLIA npolecc
peweHnn cCUCTeM C MaTpuuamui HenosHOro paHra B yC/NOBUAX
BO3MYLEHNA BXOAHLIX AAHHLIX W BAWAHWUA own6oK oKpyrne-
HHSAI. Ycrnex npuien nuwb Toraa, Korga 6ein JeTanbHo K1ccne-
[10BaH BECb MEXAHI3M BO3HUKHOBEHIA HEyCTOMUMBOCTY 1 HaiifieHb!
rapaHTVMpoBaHHble CPeACTBA NOAABNEHNS €ro AelicTBUS.

Ans (]

Lienecoo6pasHo WCNONbL30BaTb YHUTapHble npeo6pasoBaHns
MCXDAHOﬁ cucTembl. Ho, B OT/MYME OT cuCTeM C matpuuammn

NoNHOTO  paHra, Tenepb
He BneueT 3a coboit ot’)ecneuenwe n6mem ycToitunsocTH.




CUCTEM 7 v

MpeanonoXum, uTo B pesynbTaTe yHUTapHbIX Npeo6paso-
BaHWl MoNlyueHa CUCTeMa C ABYXAWaroHanbHoi marpuuyein G
nopaaka n, anemeHTsl gtj KoTopoii TakoBbi:

(39.2)
0 B OCTanbHbIX cny4aax.

OnpegennTens 3TOA MaTpWUbl PaBEH eAUHULE, PaBHbI eqn-
HUAUE M BCe COGCTBEHHbIE 3HaueHus. Henb3a cuuTath, 4To
CTPOKM 3TOi MATPUUbl GAN3KM K NUHEIHO 3aBUCMMBIM, Tak
KaK, Hanpumep, npu e= 2-<',~ B yron mexgy nio6oii BekTo-
POM-CTPOKO MaTpuuybl G U MOANPOCTPAHCTBOM, HATAHYTLIM
Ha BCe npejblAyline BEKTOPbLI-CTPOKM, He MeHee n/8. MoaTomy
COBCEM He fICHO, MOXHO fH Kakue-nu6o u3 cTpok matpuubl G
3aMEHUTL  HyNIeBbIMM, He TMOTEPAB CYUECTBEHHO TOYHOCTH
peweHus.

Bosmytum matpuyy (39.2), nomectus B nosuuuio (n, 1)
3/1eMEHT, paBHblii (—1)"e. Mpn e= 2-<q-|>3T0 BO3MYyLLEHUE
CTOMb Mano, 4Yto Ans 1>40 OHO CTAaHOBMTCA MeHblUE, uYem
BO3MYLIEHNE OT OKPYF/NEHUs OJHOTO 3NIeMEHTa MaTpuubl A0
12 gecATUUHBIX Pa3psiA0B Mocie 3ansTod. W Bce e BO3MY-
WeHHan maTpuua npu Nto6oM e 0Ka3biBaeTCA BbIPOX/AEHHON.
CrlefjoBaTenbHO, MO BEMMYMHE 3/1IEMEHTOB CTPOK W CTONGYOB
maTpuubl (39.2) Henb3fi cAenaTb NPasunbHbIA BbLIBOA O CTe-
NeHn ee 6NM30CTM K MaTpuue He MONHOTO paHra.

YHuUTapHoe Npeo6pasoBaHme UCXOJHON CUCTEMbI K CHCTEME
C HOPMaNM30BaHHOM TpaneuneBnaHoN MaTpuLel TakxKe oKasbl-
BAeTCA He 0YeHb 3(M(PeKTUBHbIM. PaccMOTPUM NeBY Hopma-
NM30BaHHYIO TPeyronbHylo Matpuyy G nopsgka n ¢ ane-
MeHTaMu

BoamylieHue Ha 3neMeHT

(39.4)

B nosvuuu (1, n) Aenaet 3Ty MaTpUUy BbIPOXKAEHHOI. Ho
npu Gonbwux n (39.5)
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1 CHOBA BENMYMHA 3N1EMEHTOB CTPOK W CTONGLL0B MaTpuubl (39.3)
He OTpaxaeT CTeneHn ee 6nmsocTn K matpuue He MONMHOTro
paHra.

VTaK, €ciM MaTpuLa TOYHO! CUCTEMbI UMEET He MOnHblii
paHe, TO Ma/loCTb BOSMYLIEHU BXOAHBIX AAHHBIX WM OLIMGOK
OKPYTNEHNs COBCEM He 06f13aTenbHO MpuBEAeT K MOSBEHMIO
B npolecce NpeobpasoBaHis CUCTEMbI KakWX-TMGo CTPOK uau
CTONGLOB, LEMMKOM COCTOSLIMX M3 TaKNX e ManbiX anemeH-

TOB. B 3TOM 3aKnio4aeTci OCHOBHafA, HO He eANHCTBEHHasA
TPYAHOCTb MOCTPOEHWUS YUCNEHHBLIX METOAO0B peleHus cuctem
C matpuyamMu He NONMHOr0 paHra, OCHOBAHHbIX Ha 3KBUBa-
NEeHTHbIX HPEDGDHSOBHHWHX MCXOAHOﬁ CUCTEMBI.

Elje ofHa TPyAHOCTb CBs3aHa C 060CHOBaHWEM JaNbHeii-
wux npeo6pa3oBaHWii TeX CUCTEM, MaTPULbl KOTOPbIX WMEKT
CTPOKKU wnnn CTOI'IGL[bI C ManbiMu 3nemMeHTaMmu. nyTb ee npe-
ofoneHus, no cyulecty, 6bin yxe ykasaH B § 16.

Ecnmn BXOflHble [laHHbleé CWUCTEMbI C MﬂTpML‘Eﬁ HenonHoro

paHra 3ajaHbl C TO HWKakoe TOYHO-
cTu i n Hukakue np He MoryT o6ec-
ne4ynTb rapaHTMpOBaHHOﬁ TOYHOCTU HOpManbHOro ncesgope-
weHns. Kak Mbl yxe O0TMeyanu, Ans 3Toro Heo6XxoAuMO
npueneyeHne JONONHUTENbHONM MH(OpPMauMM O TOUHON 3apave.
Ho npeanonoXuWm BCe-Taku, 4YTO MOC/ne BbIMNONHEHWUA YHUTap-
HbIX npecﬁpaaoaaumﬁ nony4yeHa cucTema C ManbiMW CTpOKamMu
wnn CTOI'IGL[EMM. 3ameHa 3TuX CTPOK # CTDﬂﬁuUB HynesbIMU
3KBWBaNEHTHa Manomy v maTpuubl i
cuctembl. Ecnu mbl cMoxem [0CTATOYHO TOYHO HaiiTn HOp-
ManbHOoe ncesAopelweHne ﬂOﬂyHEHHUﬁ CucTemMbl, TO cornacHo
pesynbtaTam § 16 3TO O03HayaeT, YTO [OCTaTOYHO TOYHO
bynet npoekuus Hop 0ro nces,
TOYHOI CUCTEMbl Ha OfiHO W3 MNOANPOCTPAHCTB, HATAHYTbIX
Ha npasble CUHTYNAPHbIE BEKTOPbI HeT HWKakKMX OCHOBaHwii
paccunTbiBaTb Ha NONy4YeHWe nNydlwero pesynbTata 6e3 npun-
BNEYEHWUs [ONONHUTENbHOW WHhOPMaLnn.

Heo6Xx04MMOCTb UCNO/b30BAHUS JONONHUTENLHOW MHDOPMA-
UMM NpU peleHnn HeycTOoiuMBBLIX CUCTEM Bbi3biBaeT onpepae-
NeHHble TPYAHOCTM MPU KOHCTPYWPOBAHUN COOTBETCTBYHIWMUX
BbIYNCNNTENbHBIX anropumMoB. 3Ta WH(OPMAUMA BecbMa
po3HOOGpasHa Mo ceoeil Mpupope. Kaxercsi, 4TO e4UHCTBEH-
Hasa BO3MOXHOCTb y4eCTb ee Ansa CKQI’IbKO-HMGyAh WK1poKo-
ro Kknacca 3sagay AoO/KHa COCTOATb B MapameTpusaunn Bbl-
yncAUTeNbHOro  anropudma. B 3ToM cnyvae  nonydeHue
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[0CTOBEPHOTO Npub. K HYXHOMY
3ajauun 6yAET 3aKn4aTbCs B MHOFOKpaTHOM pelleHun napa-
METPU30BaHHOW 3afjaun C Lenblo noabopa COBOKYMHOCTM napa-
MeTpOB COrNacHO AOMONHWTENbHOW WH(OpMauuu. [Ba BUAA
TakoW napameTpuU3auMM  PacCMOTPeHbl BO BTOPOi  rnase.
B § 16 uccneposaHa AWUCKPETHAs napameTpusauna, CBA3aH-
Has C annpoKcumauneil MaTpulibl WUCXOAHOM cucTeMbl 6AK3-
KUMW  MaTpuyamu MeHblIero paHra, B § 17 —HenpepbiBHas
napameTpusauus, CBA3aHHas C MUHWMU3aLMell perynapusu-
pylowero (yHKuMOHana.

Wccneposanus, BbinonHeHHble B §§ 16, 17, cocTaBnawT
TEDDETMHECKYIO OCHOBY pEUJEHMﬂ HeyCTDM"IMBbI)( cucrtem nmn-
HeliHbIX anre6p Tenepb
nocTponTs  Takme BbINMEAMTEanbIe anropudiMbl,  KoTopble
coxpaHanu 6bl  CBOK yCTOﬁHMEOCTb B YC/NOBUAX BAWAHUA
OWNBOK OKPYrneHus W nosgonsnn Gbl pewaTb napameTpu-
30BaHHbIe 3aja4yn [0CTaTOYHO ﬁbICTDO.

YNPAXHEHWNA
1 HailTn HOpManbHble eLeHns CucTeM
x+ay=wi,
ax+2y=a
npn a=T2 v ad V2. CpaBHATL 3TV peLIEHUs Mexay COBOiA.
2. HaliTu HOpMa/lbHble NCEBAOPELIEHMs CHCTEM
x+ay=1,
cn+ 2y=0
npu uc— Y2 nad ¥Y2. CpaBHUTb 3T NCEBAOPELIEHUS MEXAY COBOIA.

3. PaccMoTpuM nio6ylo COBMECTHYt0 cuctemy (39.1). Myctb -f—re-
KOTOpbIii BEKTOP, YAOBNETBOPAIOWMIA PABEHCTBY

(N+ E) = 6+e, (396)
rae E, B—Manbie BoaMywenws. [lokasaT, 4TO Gruxaiiluee K X pewe-
Hie X cuctemsl (39.1) y

(8a+a*),
TAE BA,  —OTHOCUTENbHbIE BENUUMHbI BOMYWEHUTH B A, b.

4. Ecu ( ABNAETCA HOPMalbHbIM  pelUeHVeM cucTembl (39.6),
6YAST M HOPMaNbHbIM GAIDKaiEe K J1 peweHme * cucTembl (39.1)?
5. PacCMOTPUM HECOBMECTHYIO cucTemy (39.1) W nycT

TIpeANoNoxMM, T X — HeKoTOpiii geKTOp, 415 KOTOpOTO
[Nx-6L-8*
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[fle e—Manoe HeoTpULaTeNbHOE umMcno. flokasaTb, uTO GawKaliwee K X
ncesgopelleRne X cucTembl (39.1)  yAOBNETBOPSET ~aCMMNTOTUHECKOMY
COOTHOWIEHMIO lif—*|le ~ e

6. MyCTb CUHTYNADHBIE Umcna . MaTpub (39.2) 3aHyme-
poBaHbl B NOPAAKE YGblBaHUA. [loKasaTb, 4t0 npu 0< B8< | BbINOA-
HAIOTCA COOTHOWEHMA

B—1/(*-1)_17pA<, - |/(a-1)+ 1, Kq; n, 0O<pnate
MPOBECTM @HANW3 STUX COOTHOWEHUT ANIA B=»2*

. [oKasaTh, 41O A/IA CUHTYNSIPHbIX- 4Cen Mafpwub\ (39.3) shinon-
HAIOTCA COOTHOLIGHNS

(K2-1)/2KT<p*<V«\ «kdn, 0<par|s],
TAe B BbIWMCARETCA COrRAcHO (39.4), (39.5). Mpw Tom

§ 40. CucTembl C [iByXAMaroHanbHbIMU MaTpuuamu

Niobas cuctema JiHbIX anri
C MOMOWbIO YHUTapHBIX Npeo6pasosaHmii csugmcn K cn-
CTemMe C KBaApaTHOI ABYXAWAroHanbHoii MaTpuuer. Tak Kak
YHUTapHbie Npeo6pasoBaHus peanusylnTca BroHe ycmmweo
TO Npu  KOHCTpY MeTof08B
HEYCTOMYMBLIX CUCTEM MOXHO OTpPaHM4UTLCSH pachoTpeHmeM
CUCTEM C ABYXAMArOHaNbHLIMU MATPULAMM.

Mpeanonoxnm Ans onpeaeneHHOCTH, 4To G —nesasi ABYX-
[VaroHanbHan BeU|eCTBEHHAs MaTpuua nopagka N C HeoT-
PULATENbHBIMU  JUArOHANbHLIMM  3neMeHTamu. O6o3Haunm G
uepes Gn ¥ MnocTpoum nocnesosaTensHocTs {G*}, rge mat-
pulbl G* ¢ YETHBIMW HOMepaMu —neBble [BYX/MarOHasbHble,
C HeueTHbIMM p AByxamar, Ecnm
K 4eTHoe, TO

Gk+l=T<?n-i ... TM'G* (40.1)
B cnyuae HeyeTHoro k

G*+, = GHrit: T n - (40.2)

Matpuubl BpauleHna F* Haxoaatca W3 ycnoeus UcKnoue-
HUA snemeHTa G* B nosuyum (t, /). Ecnu BHepnaroHanbHble
aNeMeHTbl G* nepeHyMepoBaTb CBEPXY BHM3, TO OHM npy
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Bcex k uckniovatoTes noapag, Ha4yumHas C nepsoro. ns npo-
uecca MCKNO4YeHUA cpasy Xe BbiTeKaeT crnegyiouiee:

Ecnu Bce anemeHTbl 06eux AuaroHaneit matpuubl GO oT-
NWYHBI OT HYnA, TO 6yAyT OT/NINYHBI OT HYNSA BCe 3NEMEHTbI
obenx AuaroHaneit y kaxpgoi us matpuy G*.

Ecnu cpean anemeHToB 06enx AmaroHaneit martpuuybl GO
umetoTcs Hynesble, TO MaTpuua G2 6yper TcBasHAHaroHaNb-
HOW, KNeTKu KOTOpOil AuaroHanbHble, 160 ABYXAMAroHanb-
Hble C HeHyNneBbIMW 3NEMEHTaMn Ha obenx AnaroHansx.
Matpuybl G* UMeloT aHanorMuHoe CTpoeHue npu Beex K - 2.

OTn cBoiicTBa M03BONAOT 6€3  yMeHblIeHNs 06uHOCTH
CYNTaTh, YTO BCE 3NEMEHThl Ha 0benx AnaroHanax martpuuy Gb
ABNAKTCA HEHYNeBbIMU.

0603HaYMM AnaroHanbHbIe 3n1eMeHTbl MaTpulbl G* uepes
pi*’, Pi*%, BHegMaroHanbHble —uepes e*> ..., e”_(. Mpe-
o6pasoaHue (40.1) yHuTapHoe, noatomy y matpuy G* un
G*n w3 (40.1) coBnajalT KBajgpaThl €BKNMAOBbLIX HOPM BeK-
TopoB-cTON6U0B. CneaoBaTenbHo,

P<FH e>omm p>, 4 - (>

P(*+ 0-j- e<t+ D p(*)’-f e<

p_i »e-fedl-p*= pj*+ en,,

i !
Y matpuy G* n G»,! n3 (40.2) cosnajatoT KsagpaTbl eBKAN-
[0BbIX HOPM BEKTOPOB-CTPOK, YTO TaKke NpUBOANT K (40.3).
WTak, cooTHoweHns (40.3) BbinonHatoTcs Ans Beex K. OT-

croga nonyvaem: »
ﬂno‘c.glw Y, e\,
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HDVIHVIMaﬂ BO BHWMaHWe paBeHCTBO EBKAUAOBbLIX HOpPM MaT-
puy G*, Haxoawum panee, 4to

2eW *<2G |fe
r=0

Ana Bcex Q. Ho Torpa Ans Bcex (
lim «<*>=0. (40.4)
*-00

MpefenbHble COOTHOWeHMA (40.4) O03HayalT, 4YTO nocne-
[0BaTENbHOCTL {(} CXOAMTCH K AMaroHanbHoil  Matpue.
JAvaroHanbHele 3neMeHTbl P, .p,, aToli mMaTpuuybl cosna-
[AT C CUHTYNAPHBIMU YMCNAMU MCXOAHOW MaTpuubl G.

ViccnegyeM  CKOPOCTb  CXOAUMOCTH  MOC/EA0BATENbHOCTH
{G*}. B cuny yHuTapHocTu npeo6pasoBaHus (40.L, ckansap-
Hble MPOM3BEJEHNA COCEAHUX BEKTOPOB-CTONGUOB MaTpuy G*
1 G* 1 cosnagatot. Ans matpuy G* n G*# u3 (40.2) cosna-
[al0T  CKanApHble MNPOM3BEACHNS COCEHMX BEKTOPOB-CTPOK.
3T0 NPUBOAUT K COOTHOLIEHUSIM

Pt 0ot U = pEX| (W

ans LW<7<m, u3 KOTOpbIX BbITEKAET, uTO

Ho ans Bcex 4 «y

(40.5)

CpasHuBas (40.4), (40.5), 3aknwuaem, uto AN TOrO,

YTOGbI €OoOT! (40.4), He-

4TO bl TBa p?H*"p? pAna

Bcex (. MoatoMY _nocnegosatensHocts {G*} cxoputca K Ta-

KOl uaroHansHol MaTpuLe, y KOTOpoii 3NeMeHTsl Pb ..., P,
YNoOpsAoYeHsl U NopsiaKe yGbiBaHus, T. e.

PiSiPa® ... 5rp,,.

Ecnn G sBnsetca MaTpuueil HeycTOWuYMBOW cuCTeMBbI, TO
0OHa WMeeT OAHO WAU HECKONbKO ManbIX CUHTYNAPHBIX Yucen.
MpeanonoXum, 4To TaKUX CUHFYNAPHBLIX Yncen N—g u nycTb
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OHW «OTOpBaHbl» OT OCTaNbHbIX. B 3TOM cnyuyae OTHOWeEHWE
pru‘p( GyAeT AOCTaTOYHO MaNbiM ¥ YXe MOCNe HECKONbKNX
npec6pa3oB3Hnii (40.1), (40.2) nocnepHue M—g cTpoK U cTONG-
4oB BCex Matpuy G* GyayT COCTOSITb TO/MLKO W3 Manbix
anemeHToB. Tak, Hanpumep, MaTpuua (39.2) npu e=2 (8 1
VMeeT NUWb OAHO Manoe CUHTynspHoe uucno. Ho nerko
NpOBEPUTL, YTO BbLINO/HEHUE TOMbKO OJHOrO Mpeo6pasosa-
Hus (40.1) NpUBOAWNT K TOMY, YTO MOCNEAHWIA AWAroHanbHbIi
3NeMEeHT MaTpulbl CTAHOBUTCA MeHblue, uyem 2~"'). B mar-
puue G2 cTpoka n i cTonGey 6yayT
COCTOATh TOMbKO M3 Ma/lbiX 37IEMEHTOB.

B § 16 Mbl onucan NpUMEHEHWe CUHTYNAPHOTO pasno-
KEHUS MaTPuubl ANS PEWEHNs HEeyCTORUMBLIX CHCTEM u-
HeliHbIX anre6pauyeckux ypaBHeHWi. OJHAKO OTMETUM, 4TO
B [EfiCTBUTEILHOCTY CUHTYNADHOE PA3NOXKEHWe WCMONb30Ba-
NOCb HaMM NWWb ANS TOTO, u4TOGHI  ANMPOKCMMMPOBATbL MC-
XOAHYI0 MaTpuLy GMM3KOA MaTpuuell MeHblIero para, gns
KOTOPOV NErKO HaXO4UTCS HOPManbHOe nceBjopeleHue. Ans
3TUX Leneil BMoNHe npurogeH npouecc (40.1), (40.2), oco-
GeHHO B TOM Cflyuae, KOrja MaTpuua CMCTeMbl MMeeT 0TOp-
BaHHYIO TPYMMY ManbiX CUHTYNspHbIX uucen. HyxHas an-
NpoOKCMMaLUsi MONYYaeTCst NyTem 3ameHbl CTPOK W CTONGLOB
MaTpuLbl G», MMEIWMUX Manble 31eMeHThl, HYNeBbIMA CTPO-
Kamu u ctonbuyamm.

Mpouecc npeo6pasosaHnii (40.1), (40.2) yucneHHo ycToii-
uns. Ecnn TCH S TaKux i, To npu
MCNONb30BAHMI BbIYUCNEHNN C OAUHAPHOI TOYHOCTLIO peanbHo
nonyueHHas matpuya 6, GyAeT TOYHO YHUTAapHO 9KBMBA-
neHTHa Matpuye G+ E*, npu atom

|E . fcg 4>/ +6 sp-*'\GU-

Ecnu manble CUHTyNspHble 4ucna matpuusl G He 0TOp-
BaHbl OT 0CTa/bHbIX, TO CXOAMMOCTb nocneaosatenbHocTn {G
K AvaroHanbHoi matpuue 6yaet megneHHoi. Mpouecc (40.1),
(40.2) okasblBaeTCA He O4YeHb IPPEKTMBHbIM, Tak Kak npu-
XOAMTCS  3aNOMUHATL GONbLWOE YMCNO MATPUy npeoGpaso-
BaHUA. B 3TOM Clyuae Npu PEWEHWU HEYCTOWYMBBIX CHCTEM

Gu=*/

1|enecoo6pasHo MCMoNb30BaTh NPOLECCH MAHUMU3ALNM pery-
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napusupylowero ¢yHkunoHana Ttuna (17.1), uTo npuBoANT
K HE06XOAUMOCTU pewaTh CUCTEMbI
(G*G+ af)«, = G*/. (40.6)
DTN CUCTeMbl PellalTCa HacToNbKo GbICTPO, 4TO Bpems nop-
60pa AnA HAX NapamMeTpa a MoYTM HWKOTJA He CTaHOBMTCS
CYL|ECTBEHHBIM (DaKTOPOM NPU PelIEHN HeYCTORUMBBIX CUCTEM
i anre6p: y i

YNPAXHEHUA

[loKasaTb, 4TO MATPUUL. C8, Gt,... MOCTPORHHbIe COFNACHC
(40. 1) (40.2), YAOBNETBOPAIOT COOTHOLUIEHMAM

GJG.-GfG,,

G,Gf—G /if,

2 MycTs A —TpexAMaroHansHas NONOXMTENLHO ONpeAeNieHHas Mar-
puya  MocTponm npasbix ABYXA| MaTpuL
{/*} no creayiowemy npeATMCaHIO:

Am=LiLt,
LLf

[lokasaTs, 41O npw Bcex K matpuisl LKLt nogo6HsI MaTpuuedi u nocne-
AOBATENLHOCTS {/.*E%} CXOAMTCA K AMArOHaNbHOI MaTpULE.
3. BLINOMHUTL aHan3 OWMGOK NpU peweHn cuctem (40.6).

§ 41. TakTuka pelweHus cuctem obuiero Buaa

Ha Mbl MOXeM
Tenepb paxpaﬁman HEKOTOPYIO TakTuKy AeiicTBuii Mo pewe-
HUIO  cucTeM anre6p: obuiero

Buga. MpumeHeHWe 3TOi TaKTUKW LenecoobpasHo B Tex cny-
Yyasx, KOrfja WMEWWMUXCs CBEAeHUA O CUCTEME HEeAOCTaTOuHO
Ans  ToOro, 4TOGbI caenatb sb:ﬁop YUCNEeHHOro wmeToda w
rapaHTuposatb ero yCTOﬁ‘-IIABOCTb

Mbl He 6yjem HaknajbiBaTb Kakue-iin6o orpaHu4eHus Ha
WNCXOAHYIO CUCTEMY. OHa MoxeT 6biTb Kak COBMECTHOW, Tak
1 HECOBMECTHOIA, KakK XOpOWO, TaK M NN0X0 06yCNoBNeHHOI
PaHr matpuubl CUCTEMbI MOXET 6bITb MPOM3BOMbHLIM. BblunC-
AUTenbHbIY MPOLECC YCTPOEH TakuM 06Pa3soM, YTO Yem rayuLlie»
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MCXOAHAs CMCTeMa, TeM paHblle OH MpekpaTuTes, Aasas
NPUONM>KEHHOE pelleHre. OueHKa TOYHOCTM GyaeT 3aBuceTb
OT CBOIACTB CUCTEMBI, cﬁuapymwaaemux no xogy npouecca,
n ot HEKOTOPOM pv (o]
COBOKYNHOCTb ,quCTBMM ﬂel’KO peanusyetca Ha 3BM u, no-
BUANMOMY. ABNAeTCA ONTUManbHOW, Kak no oﬁbemy BblumC-
nuTensHoi paﬁonﬂ‘ Tak W N0 WCnonb3oBaHWi namatn 3BM.

Nrak, nycTb pewaerca cucrema u3 T NUHelHbIX anre6-
paMyecknMx ypaBHeHUd C M HensBeCTHbIMW. Byaem cuuTath,
4YTO BMECTO TOYHOIi CUCTeMbl

Ax=b (41.1)

3aflaHa BO3MYU|EHHasi cuCTema
Ax=B (41.2)
W NpY 3TOM M3BECTHbI OLUEHKN BUAA
\b- ble (41.3)
€BKNMA0BLIX HOPM BO3MYUlEHMiA. 3agaya COCTOMT B OTbICKa-
HUM Mo cucteme (41.2) HekoToporo npubnmxexus XD K Hop-
ManbHOMY MCEBAOPELWEHHIO X, cuCTeMbl (41.1) W nonyueHun
MaKCMMaNbHO BO3MOXHOW [O0CTOBEPHOM MH(OpMauun o cTe-
nenn 6M30CTV Hb K Ag®
Mepeelii 3Tan npegnaraemoil TakTWKM AelicTBuit BCerpa
3aKN0YaeTCA B YHUTApHOM Mpeo6pasoBaHnM  MaTpuibl A
K ABYX/AMAroHanbHOMY BUAY. DTO 03HAaYaeT, YTO Mbl HaxoauMm
Takue Matpuupl |, S M ABYXgMaroHanbHyio Matpuyy 6,
NS KOTOPBIX LA +E)S$-it
Martpuubl L, 5 npeacTasneHbl B BuAe NpoM3BEAEHUs BbIUUC-

NEHHbIX MaTpUL OTPaXeHWs, a 3KBMBANEHTHOe BO3MylieHve B
YAOBNETBOPAET COOTHOLIEHMIO

[Efer2,9(m + n)p-'+1|11n. (41.4)
Cnepylouynii atan cssaH ¢ nposepkoii matpuy A, A Ha
nonHoty ux paura. CornacHo (37.19), (41.3), (41.4) oHun

WMEIOT NONHBIA paHr, ecnn WMeeT NONHbIA paHr matpuua (6
W BLINONHAETCA XOTA Gbl OAHO W3 YCNOBY

[<HIGM «M + 2.9(m + /j)p "+)EN .
IG*LE!Gls (en+ 2,9 (T+ n)p +*~ 1
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OTM COOTHOWEHUA HOCAT acuMNTOTMYecKuit xapaktep. [Mo-
3TOMY AN TOro, 4YTOGbI rapaHTUPOBaTh NPaBUNLHOCTL BbIBO-
£08, Mbl Gyaem NpoBepsTb BLIMOAHEHME GONee CUbHbIX
ycnosuit
1G+fc|0|g (*4+ 2,9 (m-fn)/rm )**0,1, (4) 9)
I<HIB[ir(*A + 2,9(m + /*)p'+*)A0,1.

OCHOBHas TPyiHOCTb B npoBepke (41.5) cBA3aHa C BblUMC*
neHneM HopMmbl MaTpuubl G\ Ecam T >n, TO

rae 6 - KBagpaTHas AByXguaroHanbHas MaTpuua nopsaka f.
Ho Torpa

65« [$4 0]
Ecnu xe T<n, 10

G= [GiO],
rge G—KBajpaTHas [ByXAvaroHanbHas matpuya nopsga T,
v B aToM cnyuae

M A

-CnepoBaTtenbHo, MpU BbIYACNEHNM G+ UM €e HOPMbl MOXHO
OTPaHUYUTLCH  PACCMOTPEHMEM KBaApaTHOW ABYXAMAroHanb-,
HOW MaTpuLbl.

MpsMoyronbHas Marpuya 6 MMeeT NOMHbIA paHr Torpa
W TONbKO TOrJa, KOFAa COOTBETCTBYloWwas matpuua <5 unm G
HeBbIPOX/EHHas. 03TOMy NepBoe, YTO Mbl JO/KHbI CAeNaTh,
3T0  NpPOBEPUTb  UX HEBLIPOKAEHHOCTb. TakKylo MNpoBepky
MOXHO OCYU|eCTBUTh, (1OPMaNbHO BbIYUCAAA HOPMY 0BpaTHON
MaTpuUbl M KOHTPONMPYA ee BeNNUMHY B MPOLECCE BbIUNC-
NEHNA.

' EBKAWAOBY HOPMY MaTpuubl, 06paTHol K ABYXAMAroHanb-
HOIi, y06HO HaXoAWUTb, UCMONb3YA COOTHOWEHU Tuna (26.2).
MycTb Ana onpegeneHHocTn T ~n. O6o3Hauum yepes p,", ..
*«., PN’ guaroHanbHbie 3NeMeHTbl MaTpuubl G, a uepes c'

«1— —BHef|HaroHanbHble. B cooTBeTcTBUM C (26.2) MMeeM

®5 1Up*p»
as= («J-ie'

+ 0/P J=2, 3, n
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Torpa

<208-= 2 aj.

BTopoe u3 COOTHOWeHWii (41.5) Heckonbko cnaGee nep-
BOrO, HO MpoBepsieTcsi nerde. ECAM OHO He BbINOMHAETCH,
TO MOXeT BbIMONHATLCA Apyroe. OGbIYHO NeBas yacTb mep-
BOTO COOTHOWEHUA B (41.5) MeHblle, YeM BO BTOPOM, HO He
6Gonee, uem B\ N pas. [1ne BbIYNCAEHNUS CMIEKTPaNLHON HOPMbI
matpuubl G+ M npoBepkM Ha MNONHOTY paHra Heo6xoAuMo
BLIYUCAUTL MUHUMANBHOE CUHTYNADHOE YUCAO MaTpuubl G.
Ero MOXHO onpeaenuTb ¢ Nomoublo npouecca '(40.1), (40.2).
Peanu3ayus Npouecca He Bbi3bIBAeT 0COGLIX TPYAHOCTEN, Tak
KaK B JaHHOM CNly4Yae He HYXXHO 3aMOMUHaTh MaTpuLbl Npeod-
pasoBaHus. Kak Npasuno, npu 3ToM HEBENWKO W BpeMs cueta
no KpaiiHeii mepe no co peo6p
HUA MaTPUUbl A K ABYXAMAroHanbHoMy BHAY.

MpeanonoXmm Tenepb, YTO BIMOMHAETCS OAHO M3 yCno-
BWii (41.5) W ycTaHOBNeHa noAHOTAa paHra matpuy A, A.
OTclofa BbITEKAeT, YTO 3TM MaTpuubl He W3MEHAIT CBOW
paHr B npegenax Bosmyuwiexns [, rae

|ALlBA(ep+2.9 («+ NP "+)M K-
Onpegensem BeKTOp
7 -Na(d). (41.6)
HaxoAum HopmanbHOe ncesjopeLlleHne W0 cucTembl
6u=1/ (41.7)
1 BblYUCNAEM BEKTOpD
= 1,(5#0). (41-8)

OH 6GyaeT CNyXuTb NpUBAMKEHMEM K HOPManbHOMY MCeBAo-
peweHnio X1 TouHOW cucTeMbl (41.1). Bce BblUMCANTENbHbIE
onepauuu 6binM  NoApoGHO paccMOTpeHbl paHee. PeleHune
cucTembl (41.7) CBOAMTCS K pelEHUIO CUCTEMbI C ABYXAMA-
rOHaNbHOM HeBbIPOXKAEHHOI MaTpuLieil, npeo6pasoBaHna (41.6),
(41.8) ocyuiecTBnslTCA N0 anropupmam, WUCCNeA0BaHHbIM
B §§ 20, 21.
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BbinonteHne nio6oro u3 ycnosuit (41.5) nossonseT path
aCMMMTOTUYECKM NpaBU/bHbIE OLEHKN TouHocTM. Ecam T —n,
To B cooTtBeTcTBMM ¢ (10.10), (36.15),

E °Z [k~ Vic(ca+ ev+ 58 W+ n)p~""

(41.9)

Ecnu T <n, To cornacHo (16.6), (36.15) M aHanornyHo
(37.9)

vo 80+ e*+ 9,8 (T'+ n)p '+»). (41.10)
I olif

B cnywae T> 5, B cooteTcTBMM C (16.7), (37.12),

g * (eA+eb+ 9,8(T +n)p +1)+
+ ve (ve (BA+ 4,9 (T + MpAr+l)+

+eb+4,9(T+n)p-e*) -£k-. (41.11)
i< lie

B nocnepHeli oueHke /' ecTb BEKTOP, COAepXauiuii nepsbie
N KoopauHat BekTopa / w3 (41.6), I ecTb BekTop, CoAep-
Kauuit nocnegHne T —N KOOpPAUHAT /.

Mpouecc nony4yeHns oueHok (41.9) —(41.11) nouTn He
OTAMYaeTCA 0T Mpouecca MONYYEHMS APYTAX AHANOTMUHbIX
OLEHOK, N03TOMY Mbl He OyJeM O0CTaHaBNMBAaTbCA Ha Hem
noapo6Ho. Bo BCeX OLEHKAX VO eCTb HaWMeHblian M3 Benu-
unH |G +fY|GiE, | (7*1 MO/, BbIYMCNEHHBIX NpWU nNpoBepke
BbINONHEHNA YycnoBuit (41.5).

Ecnn BXofHble faHHble cucTembl (41.2) 3ajaHbl 6e3 owun-
60K WAM 3T OWMGKM 3HAUMTENLHO MeHblUe, 4YeM 3KBUBA-
NeHTHbIe BO3MYL{EHWS, BO3HMKAIOU{ME NPU nepexode K cucteme
(41.7), TO BBLIYMCNEHHOE MCEBOPELIEHNE  MOXHO YTOUYHWTh.
B 3TOM COCTOMT OYepeHOii 3Tan TaKTUKW AeNCTBMIA. Y TouHe-
HMe OCYUIeCTBNAETCA N0 TeM anropumam, KoTopble Geinn
paccmoTpeHbl B § 38, npuuem a(heKTUBHO WUCMONb3yeTca yxe
BbINONHEHHOE Mpeo6pasoBaHne MaTPULb J1 K ABYXAMAroHasb-
Homy BuAy. Ecnu BXOAHble AaHHble cucTembl (41.2) 3ajaHbl
c GonbwnmM OWMBKaMM, TO HUKAKOW npouecc He MOXeT
rapaHTMpoBaTh YTOUHeHWe Ge3 MpUBNEYEHUA [ONONHUTENbHOI
WH(opmaymun
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Torga

J=1

BTopoe 13 cooTHOWeHWMA (41.5) HecKo/NbKO cnabee nep-
BOro, HO npoBepsieTca serdye. Ecnv OHO He BbINOMHAETCS,
TO MOXET BbIMOMHATLCA Apyroe. O6bIYHO neBasi 4acTb nep-
BOr0 COOTHOWeHUA B (41.5) MeHblle, 4YeM BO BTOPOM, HO He
6onee, 4eM B) 5 pas. [N BblUMCIEHNSI CNEKTPaSIbHOW HOPMbI
mMaTpuubl G+ M MPOBEPKM Ha MOMIHOTY paHra Heob6xoAumo
BbIYUCAUTL MWUHMMASIbHOE CUHIYNSIPHOE 4YUcno maTpuubl G
Ero MOXHO onpegenuTb C nomollpto npouecca (40.1), (40.2).
Peanusaynsa npouecca He BbI3bIBAET 0COObIX TPYAHOCTEM, Tak
KakK B [JaHHOM c/lydae He HY>XKHO 3anoMuWHaTb MaTpuubl npeo6-
pasoBaHusa. Kak npaBwuio, nNpy 3TOM HEBEMKO U Bpems cyeTa
Nno KpawHeli Mepe MO CpPaBHEHUIO CO BpemMeHeM npeobpasoBa-
HUSE MaTpuubl A K [ABYXAHaroHa/libHOMY BUAY.

MpeanonoXnm Temnepb, YTO BbIMOSHSAETCS OLHO W3 YyC/O-
Buin (41.5) u ycTaHoBNeHa MoMHOTa paHra matpuy A, A.
OTctofa BbITeKaeT, 4YTO 3TM MaTpulbl He W3MEHSIIOT CBOA
paHr B npefenax Bo3MmyleHua [, rge

[Attan(en + 2,9(t + n)p *1)|1|B.
OnpegensieM BeKToOp
/= N,(/4da), (41.6)
Haxo4MM HOpMasibHOe MceBAopeLleHne b0 CUCTEMBbI
Gu=I (41.7)

N BblUNCNAEM BEKTOP

* = fl,(Sfl«). (41.8)

OH 6yfeT CAYXUTb NPUGAMKEHWEM K HOpMasibHOMY MCeBAO-
peweHnio Ao TouHoi cuctembl (41.1). Bce BblUMCAUTENbHbIE
onepaummn 6bIIM  NOAPO6GHO pPaccMOTpeHbl paHee. PelueHue
cuctembl (41.7) cBOAUTCA K pPELUEHUIO CUCTEMbl C AByXAua-
roHanbHO HeBbIPOXAEHHON MaTpuLeii, npeobpasoBaHus (41.6),
(41.8) ocywecTBAAKTCA No anropudmam, WUCCIeA0BaHHbIM
B 88 20, 21.
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BbinonHeHne nwboro m3 ycnosuin (41.5) no3BonsieT AaTb
acMMNTOTMYECKM MpaBW/bHbIe OLEHKN TOYHOCTM. Ecnm m=n,
To B cooTBeTcTBMM C (10.10), (36.15),

rv~ro fc.” v¥(en+ A + 58 {7+ nm)r ,+1). (4!.9)
IXB K

Ecnm T <n, 710 cornacHo (16.6), (36.15) wn aHanorm4Ho
(37.9)

N ove (eg+ e+ 9,8 (T+n)P “+]). (41.10)
pole

B cnyyae T >n, B cooTBeTcTBUM C (16.7), (37.12),

- S valea+ e, m9,8(T+N)p "+»)+
+ Vo(vo(eN+49(Mm+ mpMm)+

+ e»+ 4.9(m-fn)p ,+1) 7L§rr"- (4111)

B nocnegHeil oueHke V ecTb BEKTOP, COAEpXKalluii mnepBble
N kKoopauHat BekTopa / w3 (41.6), I ecTb BekTop, cogep-
Xawnim nocnegHue T —TI KoopAHHaT /.

Mpouecc nonyyeHuMss oueHok (41.9) —(41.11) noutm He
OT/IMYaeTca OT nmpouecca MOAydYeHUss APYrUX aHanornyvHbIX
OLEeHOK, MNO3TOMY Mbl He 6yAem ~oCcTaHaBAMBATbLCA Ha HeM
nogpo6Ho. Bo Bcex oueHkax \'0 eCTb HaMMeHbLUass W3 BenNu-

unH | G*LUn!Gfig, | GNJtIG||g. BbIMMCNEHHBIX MpUM  NPOBEPKeE
BbINO/HeHNS ycnosuid (41.5).

Ecnn BxogHble paHHble cucTeMbl (41.2) 3agaHbl 6e3 owwu-
60K WA 3TN OWKUOKM 3HAUUTENbHO MeHblle, YeM 3KBUBa-
NEeHTHbIE BO3MYLLEHMWS, BO3HUKAKOLLME MpU Mepexoje K CUCTeME
(41.7), TO BbIUMC/EHHOE MCEBAOPELLEHNE MOXHO YTOYHUTb.
B 3TOM cocTOMT o4YepeaHON 3Tanm TaKTUKK [eiCTBUIA. YTO4He-
HWe OCYLLecTBAsieTCA M0 TeM anropugmam, KoTopble 6bin
paccMOTpeHbl B § 38, npuyeM apdheKTUBHO MCMONb3YETCA YXKe
BbIMOJIHEHHOI MpeobpasoBaHue MaTpuubl A K ABYyXAuaroHaslb-
Homy Bugy. Ecnu BxofHble AaHHble cucTeMbl (41.2) 3afaHbl
c 60MbWKMMM OWMOGKaMKN, TO HWKAKOM MpoLecc He MOXET
rapaHTMpoBaTb YTOYHeHUWe 6e3 MpUBEYEHUSA LOMONHUTENbHON
WHhopmaLmn.
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Torga

g=1

BTopoe 13 cooTHoweHW (41.5) HeCcKonbKO cnabee nep-
BOro, HO nmpoBepseTca nerde. EcnuM OHO He BbINOMHSAETCA,
TO MOXET BbINOMHATLCA Apyroe. O6bIYHO fieBas 4YacTb nep-
BOro COOTHOWeHUA B (41.5) MeHblue, 4eM BO BTOPOM, HO He

6onee, uem B\ rN pas. 419 BbIYUCIEHUS CMEKTPANIbHON HOPMbI
maTpuubl G* M nNpoBepKM Ha MOMHOTY paHra Heo6XoAMMO

BbIYMCINTE MWHMMA/IbHOE CUMHIYASIPHOE 4ucio matpuupl G
Ero MOXHO onpefennTb ¢ nomowipto npouecca *(40.1), (40.2).
Peanunsaunsa npouecca He BbI3bIBAET 0COObIX TPYAHOCTEN, Tak
KaK B JaHHOM C/lydae He HyXXHO 3anoMWHaTb MaTpuupbl Npeob-
pasoBaHusA. Kak npaBwW/o, Npy 3TOM HEBE/IMKO M BpeMs cyeTa
Nno KpaiHeli Mepe MO CPaBHEHWIOD CO BpemMeHeM npeobpas3oBa-
HUSE MaTpuubl A K [BYXAuaroHasibHOMY BUAY.

MpeanonoXxum Tenepb, YTO BbIMOHSAETCA OAHO U3 YC/0-
BuA (41.5) n ycTaHoBfeHa MOMHOTAa paHra matpuy A, A.
OTclofa BbITeKaeT, 4YTO 3TM MaTpuubl He W3MEHSIOT CBOWA
paHr B npefenax BoO3MyLleHus [, rae

1AL (ep+ 29 (T+n)p "+DIM|/2.
Onpegensgem BEKTOP
7«M,(A). (41.6)
Haxo4WM HOpMasbHOe MceBfopeLleHne 0 cUCTEMBI
6bl = / (41.7)

N BblUUCNAEM BEKTOP

*0= flt (Suo). (41.8)

OH 6yaeT CAYXUTb NPUBAMXKEHWEM K HOpMasibHOMY MCeBAO-
peweHnio Ao To4uHoi cuctembl (41.1). Bce BbIYMCAUTE/bHbIE
onepauun ObiNM  NOAPO6HO pPacCMOTPEHbl paHee. PelueHue
cuctembl (41.7) CBOAUTCHA K PELUEHUIO CUCTEMbI C ABYXAHa-
roHasIbHOWM HEBbLIPOXAEHHOM MaTpuuein, npeobpasoBaHus (41.6),
(41.8) ocywecTBngalTCA NO  anropmdmam, UccnesoBaHHbIM
B §§ 20, 21.
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BbinonHeHne ntboro n3 ycnosuii (41.5) nos3sonseTr aaTb
acMMNTOTUYECKN MNpaBUfibHble OLEHKM TOYHOCTU. Ecnn T =1,
To B cooTBeTcTBMM € (10.10), (36.15),

k ~ vo (rA+ e+ 5.8 (T+ n)p~'e*). (41.9)
1xB L

Ecnm T <n, T1o cornacHo (16.6), (36.15) wn aHanorm4yHo
(37.9)

If*Z~3;va(e* + e+ 9.8(«+ /I)p-m). (41.10)

B cnyyae T >n, B cooTrBeTcTBMM C (16.7), (37.12),

N V5 (eg+ e»+ 9,8 (T+N)p "+1)+

+ vc(vo(eA + 49(m+ n)p ") +

+ e+ 4,9(m + /i)p ,+1) (41.11)

B nocnegHein oueHKe /' eCTb BEKTOP, COAep Kaluii MnepBble
N kKoopauHaT BekTopa / w3 (41.6), [ ecTb BekTop, cojep-
Xawmii nocnefHne T —IN KoopauHat /.

Mpouecc nony4veHns oueHoK (41.9) —(41.11) no4ytn He
oT/IM4aeTca OT npouecca MONyYeHUs APYTUX aHanoruyHbIX
OLEHOK, MO3TOMY Mbl He OyAemM OCTaHaBIMBATbCA Ha HeM
nogpo6Ho. Bo Bcex oueHkax \'0 eCTb HaMMeHbLUass U3 Benu-

uH ||<5tbl<5|s. | (?f 2 IG|E, BbIUMCAEHHBLIX NPWM NPOBEPKe
BbIMOMHEHNST ycnoBuid (41.5).

Ecnn BxogHble faHHble cucTembl (41.2) 3agaHbl 6e3 owwun-
60K WA 3TN OWMUOKM 3HAUUTENIbHO MeHblUe, YeM 3KBWBa-
NIEHTHbIE BO3MYLLEHMS, BO3HUKAIOLLME MPU MEpPexoje K cucteme
(41.7), TO BbIYMCNEHHOE MCeEBAOPeLUEeHNe MOXXHO YTOUHUTD.
B 3TOM cOCTOMT o4yepefHOW 3Tan TaKTUKW AelCTBUIA. YTO4He-
HMe OCYLLEeCTB/SETCA N0 TeM anropudmam, KoTopble 6bin
paccMoTpeHbl B § 38, npuyeM apeKTUBHO MCMONb3YETCHA YXKe
BbIMO/IHEHHOE Mpeobpas3oBaHue MaTpuubl A K ABYXAHAroHaslb-
HoMy Bugy. Ecnu BXxogHble faHHble cucTembl (41.2) 3agaHbl
c 60MbWKMMM  OWNBKaAMW, TO HMUKAKON MPOLECC He MOXeT
rapaHTMpoBaTb YTOYHeHWe 6e3 MpuBAEeYEHUSA LOMONHUTENbHOW
NHhopmaLmm.
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MpeanonoXunm Temepb, YTO He BbIMOMHAETCS HW  OfHO
H3 ycnoBuin (41.5) wAn TOYHOCTb, OMpejensiemas OUeHKaMu
(41.9) —(41.11), HepocTaToyHa. J106OIK M3 3TUX CNy4aeB
03HayaeT, YTO CBOWCTBA TOYHOW cucTembl (41.1) TakoBbl, 4TO
ONA TOro, 4Tobbl MO BO3MYLLEHHOW cucTeme (41.2) nonyunTtb
[LOCTOBEPHYIO WMH(OpMaUMio O TOYHOM nNceBgopeLleHumn X0,
Heo6X04MMO NpuBAeYeHne AONOMHUTENbHOW MHpopMauumn nnbo
0 TOYHOW cucTeme, MO0 O TOYHOM MCEBAOPELLEHHH.

Mnoxass oONpefenuMOCTb HOPMa/IbHOTO  MCEBAOPELLEHHS
B YC/MOBUAX BO3MYLLEHUSA BXOAHbIX AaHHbIX B KOHEYHOM CYeTe
cBfi3aHa C MNJ/0X0lM OnpeaeIMMOCTbIO ero Mnpoekuuii Ha npa-
Bble CUHTYNSipPHble BEKTOPbl MaTpWLbl CUCTEMbI, COOTBETCTBYIO-
e ManblM CUHFYASPHbIM - yYucnam. CMmbICn  NPUBIEYeHNUs
[ONOSTHUTENBHOW  MHOpMaUM  COCTOMT B TOM, YTOBbl TeM
WA WHbIM CMOCOBOM UCK/IIUUTL BAUSHUE 3TUX MPOEKUMiA,
He MOTepsiB CYLLECTBEHHO TOYHOCTb HOPMasIbHOFO MCeBAOpPE-
Lweunns.

HesaBUCMMO OT TOro, UMeeTCs /M JOMOMHUTeNbHas WHGOp-
MaLusi WM HeT, LenecoobpasHo OCYLLECTBUTH ellle OAWMH 3TaH
TaKTUKN fAeAcTBuiA. B obulem cny4dae oH HanpaB/fieH Ha Mony-
yeHne 60siee MOSIHOM MHMOPMaLUN O BHYTPEHHEN CTPYKType
cuctembl. [Mpu  61aronpusAITHOM CTeYEHUW O6CTOSATENLCTB Ma
3TOM 3Tare - MOXeT OblTb MOMyYEHO He TONbKO peLleHne
CUCTEMbI, HO W OUEHK'M TOYHOCTMW.

BbINo/HMM  HECKONbKO waroB npouecca (40.1), (40.2),

B3SIB B KauyecTBe Hauda/sibHOW matpuuy G. OTO 03HayaeT, 4To
6yayT nonydeHbl Matpuubl MK, NK un aByxgHaroHasnbHas

mMatpuua G*, Ans KOTopbIX

N1*(C + 11)/¥>*= 0A (41.12)
Matpuubl MK, NK npeactaBneHbl Kak Mpou3BefeHMs MaTpuL
BpalleHUsl, a 9KBMBA/EHTHOe BO3MmylleHue Il yaoBneTBopsieT
COOTHOLLEHUIO - .=
| +5 Kp

Ecnv matpuua TOUHOW CUCTEMbl MMeeT OTOpPBaHHYO rpyn-
ny H3 [ manbix cuHrynsipHbIx uncen, To nocne esinonHeus
He6O/bLLOr0 YMcia LaroB nocnegHne N—g CTPOK U CTon6LoB
MaTpulbl G* 06bIYHO CTAHOBATCA MasibIMU. 3aMEHUB WX HyJe-
BbIMM CTPOKaMW M cToN6UamMW, Mbl NOAy4um 61u3Kol K G*
ANYXAnaroHanbHyto matpuuy Pk
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B cooTBeTcTBMM C npeobpasoBaHnem (41.12) 3anuiiem
cuctemy (41.7) B cnefyrollem Buge:

(MtGKNt)u =1,
N paccMoTpuUM 6IM3KYI0 K Heil cucTemy
(MtPkNt)u = 1. (41.13)

Ona wmatpuubl PK nerko HaxoguTcsi nceBfoobpaTHass maTpu-
ua PL, npuuem [i/J;| HeBenmka. MMo3ToMy HOpMa/lbHOe TMCeB-
fjopewleHne cuctembl (41.13) MOXHO BbIYUCANTL C BbICOKOW
TOYHOCTbIO. OnpefensieM BEKTOP

b0= M (NUPkMKP

n 3atem BekTtop X0 cornacHo (41.8). 3ToT BekTop Gepem
B KauecTBe MPUOBAMXEHUS K HOPMasibHOMY mnceBgopeLleHnto X0
TOYHOM cuctembl (41.1).

Kak nokasaHo B § 16, BekTtop D 6ygeT 6/M30K K MpOEK-
UMM 4, Ha MOAMPOCTPAHCTBO, HATSIHYTOE Ha MNpaBble CUHTY-
NsApHble BEKTOPbI MaTpuLbl CUCTEMbI, COOTBETCTBYOLLME 6O/Ib-
LWMM CUHIYNspHbIM yuncnam. Kpome Toro, ansa jO rapaHTupy-
eTCA MasloCTb HEBSA3KU W YCTOWYMBOCTb K OLIMOKAM BXOAHbIX
[aHHbIX 1 OLWIMOKaM OKpYraeHUs. PasnuuHble KOMYECTBEHHbIE
XapaKTepucTUKN TaKUX MnapamMeTpoB TOYHOCTU MOryT ObITb
BblYMC/IEHbl B C/lydae Heob6X04MMOCTM B MpoLecce cyeTa.

Ecnu npaBasi yacTb CUCTEMbl AOCTATOYHO XOPOLUO CcOrna-
coBaHa C maTtpuueid, To BekTop jO OyaeT 6/M30K Takxe K jr0.
OfHaK0 KOMUYECTBEHHbIe OMEHKM 3TOM 6AM30CTU  Henb3s
nonyyunTb M3 pe3y/bTaToB cyeTa 6e3 NpuBEYEHUS AOMOSHU-
TeNbHOW WH(opMaLun.

Mpu NpakTUYecKoi peanunsauum ONUCAHHONO 3Tana TaKTu-
Kn peiictBum npouecc (40.1), (40.2) cnegyeT npoBoAuTb [0

Tex Mop, noka mMatpuuy G* Henlb3si paclenuTb Ha CyMMy
G,= Pk-\Fk, (41.14)

rne Hopma Fk mana, a Hopma PK HeBenuka. Ho ecnu maT-
puLUa MCXOAHOW CUCTEMbl MMEET OTOPBaHHYIO TPYyMny MabixX
CUHTYNSIPHBIX 4uncen, To Ta”oe pacliuensieHne, Kak MnpaBuno,
YcTynaeT ouyeHb 6bICTPO. M03ToMy MpU NpoBeaeHUN Mpoliecca
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(40.1), (40.2) MOXHO OrpaHMYUTLCA BbINO/IHEHMEM HE60/b-
loro umcna Lwaros, Tem 60nee, YTO BCe OLEHKM TOYHOCTW,
cBfi3aHHble ¢ BekTopoMm JU Hambonee 3heKTUBHbI WMMEHHO
nNpy¥ OTOPBAHHOCTM MasibiX CUHTYNSPHbIX 4ucen. Ecnu pac-
wenneHue (41.14) He HacTynuno nocne 8 — 10 waros, TO, CKO-
pee BCero, 3TO rOBOPUT O TOM, YTO CUHTYASPHble 4wucna
MaTpuUbl He MMEKT [LOCTATOYHOrO pasgeseHus.

B aTom cnydae nepexogum K nocnefHemy 3atany. bygem
pewatb cuctemy (41.2) ¢ nomoLbio npouecca MUHUMU3ALMM
perynspusupytoLiero yHKUnoHana

dun ()= alcLUE+1 Ix—£ IE.

Mpeo6poBaHHe, BbIMNO/IHEHHOE Ha MepPBOM 3Tamne, CBOAMT
3Ty 3afgayy K MUHMMM3aUMK 6Gofiee NPoOcToro (yHKUMOHana

®,1) = al«Ll+|Cbl-71b, (41.15)

npryem COXPaHSATCA COOTHOWeHUSA (41.6) —(41.8). Ho MuHK-
Mu3aumnsa gyHkumoHana (41.15) nNpMBOAUT K pPeLUeHW0 CUCTEM
BUga

(G*G+ aE)ua= G*l (41.19

C TpexAHaroHa/IbHbIMW MOMOXKMUTENbHO OMNpeAeNneHHbIMU  Ma-
TpyLamu.

Ecnn HeT HMKakoi [onosHUTeNbHOW UWHMopMauum, TO
MOXHO YKa3aTb /1Lb YCTONYMBBIA CMOCO6 BbIYMCIEHUS TaKok
BekTOpa jf0. KOTOPbLIA acMMNTOTMYECKN ByaeT 6/M30K K WUCKO-
Momy BekTopy A0.

IMycTb HOPMbl CYMMapHbIX BO3MYLLEHWUA MaTpuubl K npa-
BOW 4acTW CUCTEMbI He MPEeBOCXOAAT MONOXKUTeNbHOro vmcna f-
Bosbmem a = e'/2 n onpegenum u3 cuctembl (41.16) coot-
BETCTBYIOLMIA BeKTOp Ma. Monoxum 0= na wu BblUUCIUM B
cornacHo (41.8). Kak BblTekaeT n3 opmynbl (17.4), BeKTOp /»
bypeT 6nm3ok K X0 ¢ TOYHOCTbIO Mopsigka 2, He3aBUCMMO
0T TOro, 6bl1a NN MCXOAHas CMCTeMa COBMECTHOM WM Hecor-
MeCTHO. B cny4yae COBMECTHOCTM WCXOAHOW CUCTEMbl MOXXHO
B3ATb a = e,/3. Mpn 3ToM OyaeT o6GecreyvyeHa acumnToTUuE-
cKkas 65130cTb BekTopa .f0 K XU Cc TOYHOCTBbHO Mopsijka e o

KonnuyecTBeHHble OLEHKM 3TOl 6/1M30CTU CHOBA Hegos3-
MOXHbl 6€3 npuBMeYeHUs AONONHUTENbHOW  MHdopMauun
0 TOYHOW 3ajaue.
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YNPAXHEHWA

1. MycTb ecTb nceBfopeweHne cuctemsbl (41.1), obecneuynBatolyee
MUHUMYM dYyHKUMOHana (Bx, X) ¢ MNONOXWTENbHO OMpefeneHHol Mart-
puueir B. fokasaTb, 4yto x0= C 'yB, ecnn y0 ecTb HOpManbHOe MCeBAO-
pelleHne CcucTemsl 4C \y—b'

a matpuua C csasaHa ¢ B paeeHctBom [ = C*C.
2. PaccmoTpMm B YCNOBMAX YNpaXHeHUs 1 perynapusnpyrowmnii
yHKLMOHanN

®2(ar) = a(B*, *)-(-] Ax—blle (41.17)
N NycTb Xa ecTb BeKTop, obecneyuBalOWwMini ero MUHUMyM. [lokKasaTb, 4TO
lim_  ma= g0
a-+0

3. [okasaTb, 4TO MWHMMM3auMs GYyHKumMoHana (41.17) cBoguTca
K PeWweHno CUcTembl
(A’A aB) xa= A*b.

4. MycTb w3BecTHO, 4To |1 +p ,~a. Tlpeanonoxum, 4YTo B npouecce
peanusauuyu TaKTUKW [eACTBUM BbIACHUAOCHL, 4YTO mMatpuua G MMeeT oTop-
BaHHYIO rpynny CUHIYNAPHbIX YMUCEN 3HAaUYUTeNbHO MeHbLW WX, Yem a 1
MonyunTb rapaHTUpPOBaHHbIE OLEHKW OAU30CTU BbIYMC/EHHOIO BeKTopa
X,, K HOpManbHOMY nceBgopeweHHto X0 cuctembl (41.1).

5. MycTb M3BECTHbl OLEHKW CBEPXY AN €BKAUAOBbIX HOPM HOPMasb-
HbIX pelleHunit cuctem

(A*MP x=A*b

ONA KaKMX-NM60 ABYX PpasNnMuHbiX 3HadyeHun p ~ 1. MonyynmTb B npouecce
peanusauum TaKTUKW LeACTBWUI rapaHTUPOBaHHbIE OLEHKN 6aM30CTH K 0.

6. MycTb M3BeCTeH paHr MaTpuubl cuctembl (41.1). B kakom cnyuae,
NoNb3yAcb 3TON MHGOpPMaLmneil, MOXHO MONYYUTb rapaHTUPOBAHHbIE OLEH-
Kn 6nm3ocTm [, K ig B npouecce peanusaumu TaKTUKW [LelACTBUIA?

7. TycTb M3BECTHa €BK/NWA0OBAa HOPMa HOPManbHOrO0 MNCEBAOPELIEHNA
cuctembl  (41.1). TMpefnonoXxum, 4To B Npouecce peanusaymm TakKTUKWK
0eicTBUIA BbIACHWNOCHL, 4YTO MaTpuua G MMeeT OTOPBaHHYK Tpynny ManbixX
CMHTYNAPHbIX uucen. B Kakom cnayvae Mo 3TOW MHGOPMaLUM MOXHO MO-
Ny4YnTb rapaHTUpPOBaHHbIe OLEHKW 6A130CTH K 5,2

8. UTo MeHsAeTcA B ynpaxHeHuax 4 —7, ecin [ONONHUTENbHO W3Be-
CTeH (haKT COBMECTHOCTM WAU HECOBMECTHOCTWM cucTembl (41.1)?

§ 42. HekoTopble 3amMeyaHUn

Mbl paccMOTpenu pasfinyHble MEeTOAbl PELLUEHWUSI CUCTEM
JIHEWMHbIX anre6panyeckux ypaBHeHWI, OCHOBaHHbIe Ha pas-
JIOKEHUN  MaTpvubl Ha MHOXWUTeNW. C pelueHWeM CUCTEM W
pasnoXXeHWeM MaTpulbl TeCHO CBA3aHbl MHOTMe Apyrue 3agadu

NnHeliHoN anrebpbl. Ha HeKOTOpbIX W3 3TUX 3ajay Mbl CeWl-
Yyac 0CTaHOBMMCSI.
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BbluncneHne onpefenntens. BbinonHeHne npeo6pasoBaHuii
MaTpuubl B MPOLLECCe pPeLUeHUst CUCTeMbl YpaBHEHWI MNO3BO-
nset 6e3 601bWINX AONOAHUTENbHbIX 3aTpaT MNONY4YUTb 3Ha-
yeHue onpegenutens. MNycTb MmeeT mecTo (36.2) nam (36.4).
Ona pasnoxeHunsa (36.2)

det A = det B mdet C.

Ecnn waTtpuupl B, C TpeyronbHble, To WX ONpeaenvTenu
paBHbl NPOU3BEAEHWUIO [MAroHa/IbHbIX 3/eMeHTOB. Kak npa-
Buno, cpegu Mmatpuy B, C ogHa umMeeT efuHWYHbIE Anaro-
HaNbHble 9/1eMeHTbI. [Ans pasnoxeHus (36.4)

Bl d = 0 o
e T(1(3th. Idetg

Onpegenutenn matpuy L, S He TpebyloT KaKux-nmbo BbIUKC-
neHnin. Onsa npeobpasoBaHuii Buaa (24.3), (24.9) v npeobpa-
30BaHMIA BpallleHMs OHW paBHbl eauHuLe, ANSA npeobpasoBa-
HUA OTpaXKeHWst OHM paBHbl (—\)r, rge r—uuncno npeo6pa-
30BaHMKU. Matpuuya G valle BCEro MNPUHAANEXUT K OAHOMY
n3 THrf?B, onuncaHHbIX B § 26, 1 ee onpeAennTeslb HaxoaMTCs
6e3 ocoboro Tpyga.

Kak 6bl HW BbIYUCAANCA ONpeAennTeNb, Mbl MOXEM yTBep-
XAaTb /MWb TO, YTO MOJIyYeHHOe ero 3Ha4deHue GyfeT coBna-
JaTb C TOYHbIM 3HaueHWeM ONpefennTeNnss HEKOTOPO/ BO3MY-
LLleHHOW MaTpuubl. PaccmoTpum matpuubl A, A -\-E 1 nycTb

| U p, nplt ..., p,—WNX CUHrynspHble u4ucna. Jlerko
NpoBePUTb, 4TO
dot (A + E) 1. p/ ..V p—p
« detA “ W, p, 1+ Z p, -
Ecnn 0603HaunTb
del N+ E)_ , , A
detnn “ 1 ’

TO, BOCMO0/1b30BaBLUMCL HepaBeHCTBOM KoLun —ByHSKOBCKOIro
N cooTHoweHnem (15.11), 6ygem uMeTb

|8 [~|E~]N Ys. (42.1)

[Nns BO3MYLLEHWIA, CBA3AHHbIX C Pa3NoXeHMssMK n3 Tabn. 34.1,
OUEHKY (42.1) MOXHO 3anucaTb B TaKOM BWfE:

161Ss/(") v.o- M.
3pecb \AecTb eBKIN0BO YNCO0 06YC/IOBNEHHOCTU MaTpulpbl A.
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O6palyeHre maTpuubl. PasnoxeHus (36.2), (36.4) MOXHO
MCnonb3oBaTb ANS1 BbIYUCEHMS 0bpaTHOW MaTpuupbl. U3 (36.2)

BbITEKaET, 4TO A 1= C~B * (42.2)
a H3 (36.4) umeem 4 i= SG (42.3)

MoaTomy, ecnu BbINOAHEHO MpeobpasoBaHue (36.2) nnn (36.4),
TO ANs nonyyeHuss Matpuubl A 1 ocTaeTcs Nuwb 06paTuTb
O4HY WM [Be MaTpuubl MPOCTOr0 BWAA WU OCYLLECTBUTHL Me-
pemMHOXeHWe MaTpuy, cornacHo (42.2) wnu (42.3).

C thopmasibHOM TOYKM 3peHUs ansa obpalleHus maTpuubl
MOXHO WCMONb30BaTb /060e M3 PasfoXeHUN, ONUCaHHbIX
B Tabn. 34.1. OpHako B MPaKTUYECKOM OTHOLLUEHUN He BCe
OHW paBHOLEHHbI. OCHOBHOE pa3MyMe MeXAy HAMW CBSI3aHO
¢ o6bemom Tpebyemor namsaTm IOBM. UT06bl BbIMMCAUTL
obpaTHyl0 MaTpuuy no copmyne (42.2) unm (42.3), Heobxo-
OUMO MOCfe  BbINOMHEHUS Mpeobpa3oBaHMa  MaTpuubl A 3a-
NOMHUTbL Bce MaTpuubl n3 (36.2) unmn (36.4), kpome camoii J1.
Kak BugHO w3 Tabn. 34.1, y)Xe Ha 3TOM 3Tane HekKpropble
H3 *pas3fioXXeHnii TpeOylT  3HAYMTENIbHON  [4OMONHUTETbHOM
namsaTn. PasfnoxeHusi, B KoTopbix MaTtpuua G gByxgHaro-
Ha/lbHas, TpexAuMaroHasbHash WM MNOYTW TPEeyrosibHas, Tpe-
6ytoT 60MbLUOWA [JOMONHUTENBHON MamMsATM U Ha 3Tane BblYuC-
nenns G * Tak Kak Matpuua G 1 6ygeT nonHoW. MoaTomy
B [eCTBUTENbHOCTU W3 BCEX Pas3nNoXeHWn B Tabn. 34.1 ans
obpaweHna MatTpuubl Hambosnee yAOOHbI Wb Te, KOTOpble
CBSi3aHbl C €€ PAa3/IOKEHMEM Ha TPeyrofibHbie MHOXWUTEN Un
ee NMpuBefeHUEM K TPeyrosibHOMY Buy C MOMOLLbI npeobpa-
30BaHWIA OTpadKeHUs.

K 3afadye BblYMCeHMA 06paTHOM MaTpyLbl MOXHO MOA0ATU
HeCKOMbKO WMHa4ve. Matpuua A 1 saBnsetcs eaMHCTBEHHbIM
peLleHVeM MaTpuyHoro ypaBHeHus AX = E.

O603HauMM Yyepe3 ..., X,, BEKTOpbI-CTONG6UbI MmaTpuubl A K
Torpa ar, ABNSIETCA pPELUEHWEM CUCTEMbI JIMHENHbIX anre6pau-
YeCKMX YypaBHeHUM

AX, =e,. (42.4)

rie ~ —KOOpAVMHATHbLI BEKTOP C eAuWHUUER Ha i-M MecTe.
CHoBa [NnS pelleHWMs cucTembl (42.4) okKasbiBakK”ca noses-
HbiM1 pasnoxeHus (36.2), (36.4).

C npakTMYecKOW TOYKM 3peHMs MoyTn 6e3pasnnyHo,
BblUMCNATL N 0bpaTHy mMaTpuuy no qopmynam (42.2),
(42.3) vm ¢ NoMoLLb pewleHns cuctem (42.4). Mol oTgagmum

8 B. B. BoeBogunH
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npesnoyTeHWe BTOPOMY CMOcoby TO/MIbKO MOTOMY, 4YTO BCe
BOMpPOeW, CBSA3aHHble C peLleHVeM CUCTEM, YXKe WUCCNefoBaHbl.
Mpn peanusaymmn 3TOoro crnocoba MOXeT MoTpeboBaTbCs
HEKOTOpPOe W3MEHEHWe BbIYUC/IUTENIBHOW CXEMbl METOZOB,
BbI3BaHHOE  Heo6XOAMMOCTbIO  OAHOBPEMEHHOr0  peLleHus
cucteMm (42.4) ¢ MHOrMMM MpaBbIMU YacTSAMWN.

PaccmMoTpuM aBa Hambosiee MHTepecHbIX npumepa. lMycTb
nonyyeHo pasnoxeHue (36.2), rae maTpuua B neBas Tpe-
yronbHasl, a C—npaBas TpeyronbHasa. lNpu nocnegosartesib-
HOM peLLeHMM nepBbIX cucTeM M3 (36.3) ¢ NpaBbIMKU YacTAMMU
Coverree e €,, MHMQOpMauMa 0 caMuUX peLleHUAaX MOXEeT ObITb
pasmeweHa B OBM Ha TOM >Ke MeCTe, rfe HaxoguTcs
maTpuuya B. [dononHuTenbHo TpebyeTcs He 6onee M cnoB
namaTn. BTopble cucTembl u3 (36.3) 6ygem pelwatb napan-
NnenbHO, OnNpeAensst OA4HY 3a APYroli KoopAuHaTbl C OAMHAKO-
BbIMM HOMepaMu [ANns BCeX cuUcTeM. B 3TOM cfnyyae 3fieMeHTbl
mMatpuubl J1'1 MoryT ObITb nonydeHbl B OBM Ha wmecTe
MaTpuubl A npuMepHo 3a 2N3 apumMeTUHeCKMX onepaumii.

Mpeanonoxum, yTo BbIMO/IHEHO npeobpasoBaHue
(36.4), npuuem maTpuua G—npaBas TpeyronbHas, a MaTpuua
5 npeactaBneHa B Buge npomssegeHusa Ut...U,,- , MaTpuL,
oTpaxeHus. [locnepoBaTefnibHOe pelleHue cucTem (36.6) ¢ npa-
BbIM/ YacTAMKU €4,..., et cHoBa NO3BONSAET pPasmMeCTUTb BCHO
WMH(OPMaLMIO O peLleHNsAX Ha MecTe COOTBETCTBYHOLLUX CTO6L0B
matpuubl G. Tllpeo6bpasoBaHusa (36.5) 6ygem OCyLLeCcTBASATb
napasnsienbHo, YMHOXasi CHauyana Bce BekTopbl Ha U,,  3aTem
Ha Un-2 n HakoHel, Ha UX. Mpu 3ToM cnefyeT yunTbiBaTb Kak
cneumanbHbIn BUA npeobpasyeMbliX BEKTOPOB, Tak U cneymanb-
HbIi BWA caMuX MpeobpasoBaHUiA. dnemeHTbl MaTpuupl A 1
ONsAITb MOTYT ObITb MOMYyYeHbl HA MeCTe MaTpuubl A MpUMepHO
3a 3n3 apumeTUUECKMX OMepaLuii.

Ecnn cobniogaeTca peXxum BbIYUCAEHWA, MpU  KOTOPOM
Oblna nonydeHa oueHKa (36.15), To HaxoXpaeHue 06paTHOW
MaTpuubl € MOMOLLbIO N060r0 M3 pPaccMOTPEHHbIX B § 36
UMCNEHHbIX MeTOAOB pelleHns cuctem (42.4) rapaHTupyeT
BbINO/IHEHUE OUeHKM (36.15) ans Kaxporo cronbua peasibHO

BbIYMC/IEHHOM MaTpuubl A*1 0o3ToMy aHanormyHas oueHKa
cnpaBeanvBa ¥ Ans camoii mMatpuubl A *. VIMeHHO,

\A~'T-c- - * " d(m)p '+ (42 5)

34ecb  ecTb €BK/IMA0BO YMC/0 06YC/OBMEHHOCTU MaTpuubl A.



HEKOTOPbIE 3AMEYAHWA 227

MpuMeHeHne cuctem (42.4) ansa BbluMCNeHNs maTpuubl A 1
Mo3BoO/ssieT B C/lydyae Heo6XOAMMOCTU YTOYHUTbL OTAefbHble
U Bce ee CTON6Ubl. TeXHUKA BbIMO/IHEHMSA 3TOr0 Mnpouecca
JeTasbHO onucaHa B § 38.

BblumMcneHne  nceBfoobpaTHOM  MaTpuubl. HopmanbHoe
ncesgopewieHne X0 cuctembl (41.1) cBA3aHO ¢ MaTpuULEn u
NpaBoii 4acTbi0 COOTHOLLUEHWEM

x0=A‘b.

OTcioga cpasy BbITEKAET, 4YTO ecin Mbl OyaeM Haxogutb .V,
H3 cucTembl (42.4) Kak ee HOpMasibHOe MCeBAOPELLEHNE,
TO MOMYYUM HM UTO MHOE, KaK i-l BeKTOp-CTOoNGeL, MceBfo-
obpaTHon Matpuubl A T [03TOMYy BbIYUCNIEHUE MCeBRO0GpaT-
HOW MaTpuubl NULWb AETaNsAMU OT/INYAETCA OT PacCMOTPEHHO
Bbllle 3afayn obpalleHns MaTpuubl.
OnpepgeneHne nceBfoo6paTHOM MaTpuubl Bcerja CBOAUTCA
K Ccny4yato m6o npy T M MOXHO BOCMONb30BaThCSA
thopmynoii
(nr =@y

Ecnv wmaTtpyua A He o4yeHb 6/11M3Ka K MaTpuue Henosn-
HOro paHra, TO ANA peweHus cuctem (42.4) Hambonee
LenecoobpasHo MNPUMMEHWTb MEpPBbIA  H3 Tpex Ccnoco6os,
onucaHHbIX B 8§ 37. B 3Ttom cnydyae peanbHO BblYUCNEHHaA

mMarpuua 6yneT yaoBneTBOPATb corsiacHo (37.9) COOTHoO-
LLEHMIO

“ [A.279.8 min {T, ;}\np 4L (42.6)

Bin3ocTb MaTpuubl A K MaTpuvue HermosIHOro paHra 3Hauu-
TefIbHO YCMOXHSAET 3afady BbluncrieHuss A+ CHoBa HecGXo-
gHMa  JonofiHMTeNbHas  MHGopMauus, a Aans  pelleHus
cucteM (42.4) NPUXOAUTCS TMPUMEHATb MeTOAbl, MNpefHasHa-
YeHHble AMs HeyCTOMUMBBLIX CUCTEM JIMHElHbIX anre6pavde-
CKMX YypaBHEHWIA.

YNPAXHEHMWA

1. Kak BAWAKOT Ha 3HauyeHWe OnpegenuTens MepecTaHOBKW, BbIMOJ-
HeHHble B Mmpouecce Npeo6pa3oBaHUs MaTpULbl?

2. PaccmoTpeTb npeo6pa3oBaHUsA MaTpuubl, MO3BONAIOLWNE BbIYUCAUTD
mCe ee rN1aBHble MWUHOPbI.

3. Ypo6HO N1 UCNONb30BaTh A4NA BblUMCNEHUSA onpefenntena pasno-
XeHWe, B KOTOPOM eCTb MNONHAfA yHUTapHas martpuua?

8.
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4. BnuseT M 04YepeAHOCTb peleHus cuctem (42.4) npu BbINOAHEH-
HOM pasnoxeHun (36.2) mnm (36.4) Ha 06bEM [ONONHWUTENbHOW NamATH?

5. [lokas3aTb, 4TO ANS NO6GON HEBLIPOXAEHHON MaTpuubl A u N060WA
maTpuubl X TOro e nopsAka BbINONHAETCH COOTHOLWEHMUE

*£min {'"AX-E NJIXA- £

6. PaccmMoTpuM HeBbIpOXAEHHYI MaTpuuy A u nobyr matpuuy X,
0N KOTOpOW BbimonHaetrcs ycnosue | AX —E | < |. O6o3Hauum X, = X
N MOCTPOUM nocnefoBaTtenbHoCTb MaTpuy {X*} cornacHo npegnucaHuio

XKAX K. 1[2E-AXn_ 1)

[okasaTb, 4To nocnegoBaTenbHocTb {X*} cxoAMTCA K MaTpuue .4**; npu
3TOM

1~~~ <all X -£l;*<

7. PaccmoTpeTb aHanor ynpaxHeHus 6 B ciayvae BbIMOAHEHUS YC/O-
Bua ||XN —E ||< 1.

8 CpaBHUTb (opmynbl (36.15), (37.12) wu (42.5), (42.6). Mouemy
B MEepBOM Cnyyae MMeeTcs 60NbLIOe pa3nuyue, a BO BTOPOM — 6OMbLIOE
CX0ACTBO?

9. WccnepoBaTb pas/iMYHble YUCNEHHble MeTOAbl BblYMCAEHUA MCEBAO-
06paTHOM MaTpulbl, OCHOBAaHHble Ha Pa3NOXEHWAX MaTPULbl Ha MHOXW-
Tenu.



FTNABA VI
PELLUEHVE MPOBJ/IEMbl COBECTBEHHBIX 3HAUEHWV

BbluncneHne cOBCTBEHHbIX 3Ha4YeHWi U COBCTBEHHbIX BEK-
TOPOB MaTpulbl SBASETCA OAHOM M3 caMbIX C/OXKHbIX 3ajad
NVHERHOW anrebpbl. YucneHHble MeToAbl 415 PeLleHus Mpo-
6/1eMbl  COGCTBEHHbIX 3HAYEHWU AO0/MKHbI OblTb  MTEpaLMNOH-
HbIMW, TaK KaK B KOHEUYHOM CYeTe OHW CBSi3aHbl C onpefe-
JNleHVeM KOpHei anre6panyeckoro MHOro4seHa.

B 3Tmx mMeTogax COGCTBEHHbIE 3HAYEHWUS] BbIYMC/SOTCS
KaK npefenbl HEKOTOPbIX YMCMOBbIX MOC/eA0BaTe/IbHOCTEN
6e3 npeaBapuTeNbHOr0 onpeAeneHnss KoaUUMEHTOB Xapak-
TEPUCTMYECKOro MHOroyneHa. Kak npaBuno, OLHOBPEMEHHO
Haxo4ATCA W COBCTBEHHble BEKTOPbI WAW LpPYrue BeKTOpbl,
CBSI3aHHble C HMMW MPOCTbIMW COOTHOLUEHUAMMU.

Mb! paccCMOTPUM HEKOTOPble M3 YMC/IEHHbIX METOAOB peLue-
HUA NPo6/eMbl COBCTBEHHbLIX 3HaYeHWA. Bce oHM 3hPeKTUBHDI,
HO [OCTAaTOYHO TPYAOeMKU. WX pasBuTMe © MPUMEHEHUE
B NMPaKTUKe BbIYMC/EHWU/ CTasno BO3MOXHO MMLb Moc/e co3ja-
HNS BbICTPOAENCTBYIOLMX BbIYMC/IUTE/bHBLIX MalLWH.

§ 43. MeToj BpaLleHWi

PaccMOTPVM BELLECTBEHHYKD CUMMETPUYHYD MaTpuuy A
nopsiaka n. OnpefeneHne ee COGCTBEHHbIX 3HAYEHWA W OG-
CTBEHHbIX BEKTOPOB pPaBHOCW/IbHO OTbICKAHWIO TaKoi opTo-
roHasnbHOM Matpuubl T, AN KOTOpoi

n=T'AT (43.1)

ecTb [fuaroHanbHas Matpuua. B atom cnyuae cron6ubl T
6yayT COBGCTBEHHbIMW BeKTOpaMu MaTpuubl A, a juaroHab-
Hble 3/1eMeHTbl J1 —ee COBCTBEHHBLIMU 3HAYEHUSIMM.

Cpean Bcex OpTOroHa/bHbIX Npeobpas3oBaHWii Nogobus npe-
obpasoBaHue (43.1) MUHUMU3MPYET CYMMYy KBagpaToB BHe-
[naroHanbilix 371eMeHTOB. [103TOMYy MOMbITaeMCs HaxoAuTb
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4. Bnuset Nu 04YepefHOCTb peleHna cuctem (42.4) npu BbIMOJIHEH-
HOM pa3noxeHun (36.2) nnm (36.4) Ha 06bemM AONONHWTENbHON nNamaATn?

5. [okasaTb, 4TO AN N06ON HEBbLIPOXAEHHON MaTpuubl A n no6oi
matpuubl X TOro e nopsfka BblIMONHAETCA COOTHOLWeEHUe

LAA '*  AminfldX -f L X4-E]}.

6. PaccMOTpUM HEeBbIPOXAEHHYI MaTpuuy A u nwby matpuny X,
AN KoTopol BbinonHsetca ycnosue |AX —E ||< 1. O6o3Hauum X,, — X
H MOCTpOMM MnocnefoBaTeNbHOCTbL MaTpuy {X*} cornacHo npegnucaHuio

X*= X*_ (2E -A X K.r).

[okasaTb, 4To nocnegosatenbHocTb {X*} cxogutca K maTpuue J1**; npu
3TOM

<1AX-E'1*.

7. PaccmoTpeTb aHanor ynpaxHeHWs 6 B c/lydyae BbIMOJSIHEHUSA YCNO-
Busa |[XA—£| < L

8 CpaBHuUTbL Gopmynbl (36.15), (37.12) wu (42.5), (42.6). Mouemy
B MepBOM cnyyae uMeeTcs 60/blwOe pas3nMyue, a BO BTOPOM—6ONbLIOE
CX0ACTBO?

9. MCCﬂE,ﬂ,OBaTb pas3nyHble 4YUCNeHHble MEeTOAbl BblYUCNEHNA NCeEBJ
06paTHO MaTpuLbl, OCHOBaHHble Ha Pa3NOXEHWAX MaTpuLbl Ha MHOXW-
Tenu.



FMABA VI
PELLEHWVE MPOB/IEMbl COBCTBEHHbIX 3HAUEHWV

BbluncneHre COBCTBEHHbIX 3HAYeHWU W COBCTBEHHbIX BEK-
TOPOB MaTpulbl ABASETCA OAHOM M3 CaMbIX CNOXHbIX 3afjay
NVHelHOW anrebpbl. UuWcNeHHble MeTOoAbl 47151 PeLleHust Mpo-
61eMbl  COGCTBEHHbIX 3HAYeHWA [O/MKHbI OblTb UTepauUoH-
HbIMW, TaK KakK B KOHEYHOM cuyeTe OHWM CBsf3aHbl C onpefe-
NIEHNEM KOpHeli anrebpanyeckoro MHOFOY/IeHa.

B 3TMXx mMeTofax CO6GCTBEHHbIe 3HAYEHUS BbIYMCASIOTCA
KaK npegenbl HEKOTOPbIX YWCMOBbIX MOC/eAoBaTe/ibHOCTEN
6e3 MpeABapuTeNbHOr0 onpefeneHnss KoaP@ULMEHTOB Xapak-
TEPUCTUYECKOro MHoro4seHa. Kak npaBwio, 04HOBPEMEHHO
HaxoAAaTcA W COBCTBEHHble BEKTOPbl WAW [ApYyrue BeKTOpbl,
CBSI3aHHbIE C HWMU MPOCTbIMW COOTHOLLEHUSIMU.

Mbl pacCMOTPUM HEKOTOPbIE U3 YUCMEHHbLIX MeTOLOB peLle-
HUS NPO6aeMbl COGCTBEHHbIX 3HaYeHWUi. Bce OHU 3PGEKTUBHBI,
HO [0CTaTO4YHO TPYAOEMKW. VIX pa3BuTUe U MNpPUMEHEHMe
B MPaKTUKE BbIYUCAEHUI CTaso BO3MOXHO fMLLUbL MOC/e co3fa-
HUA GbICTPOAENCTBYIOLMX BbIYUC/IUTE/IbHBLIX MalLWH.

§ 43. MeTog BpaLleHul

PaccMOTPVM  BeLLECTBEHHYHD CUMMMETPUYHYD MaTpuudy A
nopsgka M. OnpefeneHne ee CO6CTBEHHbIX 3HAYEHUI W CO6-
CTBEHHbIX BEKTOPOB pPAaBHOCU/IbHO OTbICKAHUKO TaKol OpTo-
roHanbHOW MaTpuubl T, Ans KoTopol

n=T'AT (43.1)

ecTb AuaroHanbHas watpuua. B atom cnyuae ctonbubl T
OyoyT COGCTBEHHbIMW BeKTOpaMu matpuubl A, a gmaroHanb-
Hble 3N1eMeHTbl J1 —ee COBCTBEHHBLIMU 3HAYEHUAMMN.

Cpefin BCex OpTOroHasbHbIX NpeobpasoBaHMii Mogobus npe-
obpaszoBaHue (43.1) MWHUMU3NPYET CYMMY KBafpaTOB BHe-
AnaroHanbHbIX 3/1eMeHTOB. [103TOMY MOMbITAEMCA HaxXoAUTb
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MaTpuyy T Ha OCHOBe Kakoro-nmbo npouecca MUHUMK3A-
UMM faHHOW cymmbl. Byfem cTpouTb MNoOC/eAoBaTe/IbHOCTb
MaTpuy,

A0O—A, N,....... AXeoovre, (43.2)

KaXKgasi M3 KOTOpbIX MOJy4YaeTcsl U3 Mpefblgylieli ¢ NMOMOLLbO
BbIMO/IHEHMA nNpeobpa3oBaHMA MNOA06USA, cofepXKallero svlb
04HY MaTpuuy BpaLLleHusl.

[ns ynpouweHus 3anucyM onycTUM WHAEKC V U UCCefyem
pe3ynbTaT npeobpasoBaHuUs

A = T'UATU. .(43.3)

0O603HauMm 4yepe3 akl, aKlL aneMeHTbl MaTpuy, A, A 4 nycTb,
B COOTBeTCTBMM ¢ (18.22), yron nosopoTa MaTpulbl Bpalle-
HMsa Tij ecTb a. Matpuua A oTanM4aetcs oT A ABYMS CTpoO-
KamM ¥ AByMs cTonbuamu ¢ Homepamu i, /. Ecim K Tomy
e TMPWHATb BO BHWMaHWe WHBAPUaHTHOCTb €BK/IMA0BOM
HOPMbI K YHMUTapHbIM npeobpa3oBaHMsam, To u3 (43.3) nerko
Nony4YnTb COOTHOLLEHME

V ai,- V eb-2fl& +

k2.1 k+ 1

-f 2 {(aly—an) sin 2a f-2dij cos 2a)2,  (43.4)

CBA3blBalOLlee CyMMbl KBajpaToB BHeAHaroHa/lbHbIX 3/1€MeH-

ToB maTpuy 4 un A.

CooTHoweHMe (43.4) o03HavaeT, 4TO LA MaKCMMasbHOro
YMEHbLLEHNS CYMMbl KBafpaTOB BHeAHarOHaslbHbIX 3/1EMEHTOB
HeobxoAMMO MaTpuuy BpaweHuss [y BbibpaTb TakK, 4T0ObI
BbIMO/IHANNCL ABa YC/OBUS:

ja,, 1= max \akil
K 1

(a,/ —an) sin 2a + 2tty cos 2a = 0.

BTopoe u3 ycnoBuii gaeT

N 2a= N n * ;. (43-5)
FACHO, 4TO nocne BbINONHeHUA npeobpasoBaHnsA (43.3) BHe-

AnaroHasnbHble 3MeMeHTbl MaTpuubl A, Haxofslinecs B M03u-
umax (i, /) wn (/, i), 6yayT paBHbl Hy/HO.
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MycTb t\ ecTb CcymMMa KBaApaToB BHefHAroHasbHbIX 3/e-
meHToB aff matpuubl Jly u3 nocnegoBaTenbHocTn (43.2).

B cuny dopmynbl (43.4) n Bbibopa yrna nosopoTa
+1—v—&\alyj

Ecnn npn Kaxaom npeo6pa3OBaHv||/| BpaweHna WUCKKYaTb
MaKCUMasibHbIA M0 MoAay/ro BHe,U,I/IaFOHaI'IbeIVI 3JIEMEHT, TO

Vv I\J n(n—y’

N ganee 6ygemM WUMeTb

«+ <« (1 - <.-..<«(l-TAarnrl e« (43-6>

CnepoBatensHo,
lim/$= 0. (43.7)
vV -*30
CornacHo (43.3) nwbas matpuua .4V 13 nocnegoBaTesb-
HocTu (43.2) cBA3aHa C WUCXOAHOW MaTtpuueir A opToroHasnb-
HbIM MOLO6HbLIM Mpeocbpa3oBaHUEM

= (Y N1 . eV , yJTAPVIifiseel\ o/\0-

MosToMy AuaroHasibHble 371eMeHTbl J1V 1 COOTBETCTBYHOLLME
cToN6Ubl MaTpULLbI

r , (43.9)

ABMAKTCA TOYHBbIMU COOGCTBEHHBLIMU 3HAYEHUSIMA U TOUHBIMM
COBCTBEHHLIMW BEKTOpPaMM HEKOTOPOA CUMMETPUYHOW  MaT-
puvubl J1-f Ev, rge

3EvIt= /v

Ans Bcex V. Tenepb npeaesbHoe paBeHCTBO (43.7) v pesyib-
TaTbl TEOPUWU BO3MYLLEHWU K3 § 13 MOo3BONAIT CAenaTb BaX-
HblAi BbIBOA. VIMEHHO, 4N BCex [OCTATOUHO 60MbLINX V Ana-
roHanbHble 3IEMeHTbI MaTpuy, J1v 6yayT 64u3ku ¢ nwo6oi
3aflaHHOM TOUHOCTbIO K COBCTBEHHbLIM 3HAYeHUSM MaTpuubl J1,
a cronbubl maTpuy TV—K ee cOGCTBEHHbIM BeKTOpam. JTOT
CNocob pelleHnss MNOSIHOW NpPo6/eMbl BELLLECTBEHHOW CUMMET-
PUYHO MaTpuUbl N Ha3biBaeTCs METOAOM BpaLLEHWA.

MoXxeT MokKasaTbCsl, 4TO HepaBeHCTBa (43.6) cBuaeTesb-
CTBYOT 0 BecbMa cfnabblX CBOWCTBaxX MOCTPOEHHOr0 MeToAa
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B OTHOLUEHHH CKOpOCTW ero cxogumoctn. OfHako B AelicT-
BUTENILHOCTM OHM HE COBCEM MPaBW/IbHO OTPaXarT CYLLECTBO
npotecca. JloKaxem, 4TO HE3aBUCMMO OT HalM4yus KpaTHbIX
COOCTBEHHbIX 3HAYEHWA [aHHbIA MeTOof acUMNTOTUYECKM
obnafaeT KBagpaTWU4HOW CXOANMOCTBHIO.

MpeanonoXmm, YTO NpPoLEecC NPOBEAeH HaCTO/NIbLKO AasieKo,
YTO BCe BHeAHAroHas/ibHble 3/MeMeHTbl Matpuubl Jly ctanm
BeIMYMHaMM TMopsjka € UM MabiMA MO0 CPaBHEHWUIO C HeHy-
NEBbIMY  Pa3HOCTAMU COGCTBEHHbIX 3HaYeHWi MaTpuupbl  A.
MpegctaBum matpuyy J1y B Buge

NY= A+ (IY—N).

O603Haunm Jly—A uyepe3 Q UM BOCMOSIb3YEMCA pe3yfnbTaTamu
Teopun BO3MyLLeHMI A H3 § 13. Matpuua AV uMeeT COGCTBEH-
Hble 3Ha4YeHWUs, COBMajaloline C AUAroHa/lbHbIMK 3/IEMeHTaMu
maTpuubl A. Moatomy B 0603Ha4eHMsaxX § 13 n3 opmynbl (13.8)
BbITEKaeT, 4YTo Bce aneMeHTbl MaTtpuy iikk sBnsoTcs Benu-
YnHaMn Mopsifka e2. B TepMmHax MNOCTPOEHHOro MeTofa 3To
03HauaeT cnegywoulee. Bo-nepBbIX, AMaroHasbHbIe 3/1EMEHTbI
MaTpuubl JTy npubnmxaroT co6CTBEHHbIE 3HAYeHMA MaTpuubl J1
C TOYHOCTbK MOpsiiKa €* He3aBWCMMO OT WX KPaTHOCTU.
Kpome 3Toro, ecnun guaroHanbHble 31eMeHTbIN1 1 agP 61U3KN

K OQHOMY W TOMY >Xe COGCTBEHHOMY 3HA4yeHMWI0, TO BHeaHa-
roHajlbHble 3/1EMEHTbI &3> U a<p Ha CaMoM [efle SIBNSIHOTCS

BEIMUMHAMM MopsijKa e2.

[Ona makcMmanbHOro Mo MOAY/H0 BHeAMArOHasbHOro 3afne-
MeHTa maTpuubl JTy COOTBETCTBYIOLLMNE AUArOHANIbHbIE 3/IEMEHTbI
He MOryT 6bITb 6nM3KuMMKU. CregoBaTeflbHO, Yros MNoBOPOTa,
BblUMCNISeMbIi cornacHo (43.5), 6yaeT nopsgka e. Ho Torga

cosa= 1+ O(ed, sina= 0(e).

Tenepb /IErKO MOKasaTb, YTO MPU WCKIOUYEHUN MaKCUMasib-
HOrO BHeAMaroHa/IbHOTO 3/IEMEHTA BCe OCTa/lbHbIE MEHSIHO-
LMecss BHefHaroHasbHble 3/1EMEHTbI WM3MEHATCS Ha BeNMUMHBI
nopsigka e2. B 4acTHOCTW, 97eMeHT, WCK/OYEHHbI Ha mnpe-
Ablgyllem Lware, 6ygeT nopsigka e2. [oaTomy He 6Gosnee 4Yem

yepes wiaroB BCe BHeAHaroHas/lbHbl€ 3/1IEMEHTbI CTa-

HYT BeNMUYMHaMK MopsigKa €2, 4YTo U [0KasblBaeT KBagpa-
TUUHYIO CXOMMOCTb.

Peanusaums onWcaHHOrOo BapuWaHTa MeToAa BpalleHul
TpebyeT BblGOpa MaKCMMasbHOro Mo MOAY/N0 BHeAMaroHasb-
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HOro 3/1eMeHTa MaTpuvupbl Ha KaXAom Lware. [py BbIMOAHEHUN
3Toli onepauum Ha 3BM TpebyeTca 3HauMTeNbHasa 3aTpaTa
MalUMHHOIO BpemMeHU. [103TOMYy He06X0AUMOCTb YKa3aHHOro
BbIOOpa SAB/ISETCA CYLLECTBEHHbIM HEAOCTaTKOM MeToAa C TOYKMU
3peHns ypobecTea ero peanusauum Ha SBM.

Bonee ypobHbIMM OKasbIiBalOTCA  LWMKINYECKME MpoLecchl
W, B YaCTHOCTW, UMKAMYecKUe npoueccbl ¢ H6apbepamun. Mpw
LUMKINYECKOM MpoLecce BbIGUpPaeTCs onpejesieHHas Hymepa-
UMs BHeAMarOHa/lbHbIX 3/IEMEHTOB MaTpulbl M HX WCKJ/IHOYe-
HMe NpouCXoAUT MO UuMKnam. B TeuyeHMe KaXporo umkna
WCK/IOYalOTCA MO O4Yepean BCe BHeAHArOHa/lbHbIE 3/1EMEHTbI
B MopsigKe WX HyMmepauuu. Yalle BCEro 3/e€MeHTbl HyMe-
pytloTca noapsig no CTPOKam CcfeBa HampaBO U CBepXy BHU3
UM no crtonbuam CBepXy BHU3 K cneBa HanpaBo. [pu 3ToMm,
KOHEYHO, HyMepylTcA TONbKO HagAMaroHasbHble WA MNog-
AnaroHanbHble 31eMeHTbI.

HegocTaTKOM Takoro npouecca sBASETCA TO, YTO MPUXO-
ONTCA  WCKYaTb Masible BHeAHAroHaslbHble 3/1eMeHTbl, B TO
BpeMs Korja B MaTpule elle MpUCYTCTBYHT 6onblive. 3To
06CTOATENIbCTBO 3HAYUTENIbHO YMeHbLUAeT CKOPOCTb paboThl.

OTMeYeHHbIN HefoCTaTOK YacTUYHO YCTpaHseTcs BBefe-
HMeM 6apbepoB. BBOAUTCA MOHOTOHHO Y6blBalOLWLAA K HY/HO
nocnefoBaTeNIbHOCTb  MOMIOKUTENbHbLIX  YMCel ab  OW...........
HasblBaembIX 6apbepaMu, W MApU LMKINYECKOM MPOCMOTpE
UCKMKYalTCa Wb Te W3 BHeAMaroHaslbHbIX 3/1EMEHTOB,
KOTOpble MO MOAY/0 He MeHblle a,. [locne TOro Kak Bce
BHeAHaroHasbHble 3/1eMeHTbl CTaHYT MO MOAY/NI0 MeHblle a,,
bapbep a, 3aMeHsleTCAa Ha a2 M npouecc MPOoAo/KaeTCs.

3TOT npouecc MNo3BONSAeT pewwaTb MOMHYHO Npobiemy co6-
CTBEHHbIX 3HaYeHWIi 3HauWTeNbHO ObICTpee, YeM MpoLecc
C BbIGOPOM MaKCMMaNbHOro 3neMeHTa. OfHAaK0 NMPaKTUYecKoe
ero uCronb3oBaHWe BCTpeYvaeT psAf TPYAHOCTeN, CBA3aHHbIX
C OonTMMajibHbiM Bbl6opom GapbepoB. Ecnn 6apbep BbI6paTb
o4YeHb 60MbWKNM, TO 6yfeT 3aTpayeHO MHOr0 BPEMEHW Ha MNpo-
CMOTPp ManbIX 3/1eMeHTOB. Ecnm e ero BbI6paTb 0YeHb
ManbIM, TO 6yAeT 3aTpayeHO MHOr0 BPEMEHU Ha MWCK/HYeHue
MasbIX 3/1EMEHTOB, KOTOpble, MO CYLIECTBY, He BAMAIOT Ha
CKOPOCTb CXOAUMOCTMW.

Ocob60ro BHMMaHWA 3acNy>XMBaeT Ccnefylouimii  cnocob
BblbOpa 3/1eMeHTa, MOAJ/IeXallero MCKAYeHuo. Ecnm B mat-
puvue JIv UCK/IKOYaETCS 3/1eMeHT, cToAwmini B nosvumn (iv, /\),
TO CYMMbl KBajpaToB BHeAMarOHa/lbHbIX 3/1EMEHTOB B KaXol
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CTpoke MaTpuubl AY , 6yayT Takue Xe, Kak y marpuubl 1T,
KpOMe CTPOK C Homepamum i'v, /\- T[losaTomy ecnm B Hayane
nporecca BbIYUCAUTL CYMMbl KBajpaTOB BHefHArOHas/lbHbIX
3/1EMEHTOB CTPOK MaTpuLibl TO B [JanbHeilleM B nony-
YeHHON nocnegosBaTesibHocTW {pp} H3 N uyucen MpyU KaXKAoM
3/IeMeHTapHOM Luare OyAyT MeHSiTbCA JiMWb JABa  YWUCNa.

ATOT (haKT MO3BOMSAET HAXoAUTb ONTUMANbHbIA AN UCKIIO-
YeHUs 3M1eMeHT MyTeM MpocMoTpa Bcero Nuwb 2M— 1 ymcen.
Onpefensetca OH cnegyowmm obpasom. CHavana B nocrne-
posatesibHoCcTM {PP} Haxogym MaKCUMaslbHbI 31eMeHT p, 3

a 3aTem B »\.-ii CTPOKE OTbICKMBAEM MaKCUMa/lbHbI/ M0 MOAY/IHO
anemMeHT a- /. OuyeBUAHO, 4YTO OH OyaeT 6/IM30K K Hambosnb-

WwemMy nNo MOAY/0O U BO BCAKOM C/lyvyae He MeHbLle, 4YeM
cpeAHee KBafpaTWYHOe BCeX BHeAHAroHaslbHbIX 3/1EMEHTOB.
Ons  Toro 4Tobbl MOArOTOBUTL MOCNEefOBATENbHOCTL  jpr}
K crefytolieMy Luary, HeobxofuMMo nepecuuTatb uymcna ply u

ply. Bcs Teopusi meToga BpalleHWii ¢ BbIGOPOM MaKcUMasib-

HOro 3/1eMeHTa MOJIHOCTBLIO MEPEeHOCUMTCA Ha Mpouecc ¢ Bbl6o-
poOM OMTUMANbHOIO 3/EMEHTA.

Mbl yXe HeoAHOKpaTHO paccMaTpuBa/In pas3vyHble MNpe-
06pa3oBaHMs, OCHOBAHHbIE Ha WCMO/b30BaHUM MaTpul, Bpa-
LWeHnsa, 1 Bcerga ycTtaHaBAMBaIM WX YCTOMYMBOCTb K OLUMG-
KaM OKpyrnieHusi. T03TOMYy MOXHO C YBEPEHHOCTbH YTBEPXK-
faTb, 4TO OMMCaHHbIE MpPOLECCbl TaKXe [A0/MKHbl 06n1ajaThb
COOTBETCTBYHOLLEN YCTONUMBOCTLIO.

O6paTM BHMMaHWE Ha HeKOTopble [eTanu, CBSI3aHHble
C BbIUNCNEHMEM CaMUX MaTpul, BpaleHus. O603HayYUM

X = 2a,/, y=an- an.
Ecnn y =0, 10 6epem
cosa = sina = \r2j2.

B cnyvyae Yy O u3 (43.5) nonydyaem, 4To

cosa= 'L 1H—--Y.m
\a\ (x*+y*)" )J
4 M <

MepBas M3 3TMX (HOPMY/ BMOSIHE MPUrogHa AN BbIUNCIEHWA,
BTOpas e OyaeT AaBaTb 60/bLUNE OTHOCUTE/IbHbIE OLUMGKMN,
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Korga M Masl Mo cpaBHeHWto ¢ jy |. Ho 3ameTum, uyTto

1 X
Sln a *cosa-= - S|gn (XV')_________Vr*

since = signfJ *(43.10)

2cosa(. r?i y2)1* '

Tenepb nepsas H3 hopmyn (43.9) coBmecTHO ¢ (43.10) nosBso-
NSeT BbIYUCUTHL BCE 3/1EMEHTbI MaTpullbl BpaLleHUsi C BbICO-
KO OTHOCUTENbHOM TOYHOCTbIO. ECAn BblpaxeHUs

(ryY 2"

Haxo4uTb B COOTBETCTBUWM C anropudmom, onucaHHbIM B § 18,
TO OMOPHble 3/IEMEHTbl peasibHO MOJlyYeHHOW MaTpuubl Bpa-
weHna 6yayT mmeTb Bug (18.4). Mpu atom

(c*+ $9"2= 1+v,
rae

[vi<-&pw™m, (43.11)
eCIM YMHOXEHMWE W fieSleHNe Ha 2 OCYLLLeCTBASAOTCA HETOYHO, U
I . VI~ - p '

B NPOTMBHOM cnyyae. [1poBepKy MpaBUILHOCTU 3TUX COOT-
HOLLEHWA Mbl npefnaraeM MPOBECTU UUTATENl0 B KadecTBe
YNpaKHEHWNIA.

BnnaHne owWNB60K OKPYrAeHUs npuBefeT K TOMY, 4TO
BmecTo Matpuy Jly, 7\. H3 (43.2), (43.8) peanbHo 6ygyT
BblUMC/NEHblI HeKoTopble Apyrue wmatpuubl J1y, 'y, KoTopble
cBsAsaHb| ¢ mMaTpuueid A cooTHoweHvem JTv = TV (A -f O4y) 7\..
BennyHWa 3KBUBaNeHTHOro BO3MyLleHUS [ly B 06LLEM Chy-
Yae 6yAeT 3aBUCETb OT MOPSAAKa WUCK/YEHUs BHeAMaroHasb-
HbIX 3/1EMEHTOB.

Mpe~rionoXnm, 4TO 3/IEMEHTbI UCK/IHYAOTCA B HUK/INYe-
Kom n~pfAOKe ¢ ucnonb3oBaHWem 6apbepoB UM 6€3 HUX.

>[eM cuUnTaTb TaKXe, 4TO BbIYMCNAETCA /fNWbL MOSI0OBUHA

* wleanaroHasibHbIX 3M1EMeHTOB ,4Y, a OCTa/ibHbIM 3/ie-
HTaM MNPUNUCbIBAIOTCA MNPUHYAUTE/bHbIE 3HAYeHUs U3 C006-
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paxeHuii cummeTpumn. Ecnm maTpuuya Jly nonlyvyeHa Ha r-M
UMKne, TO, UCNONb3ya oueHKY (43.11) u pesynbTaTbl UCChe-
posaHmin B 88 19, 23, 32, 3aK/O4YaeM, 4To

(43.12)

OnbIT NpaKTWYeCKOro MpPMMEHEHWS MeToAa BpaLLeHUi
NnokasblBaeT, 4TO He3aBUCMMO OT Mnopsijka MaTtpuubl 06bIYHO
TpebyeTcs BbINOHUTL He 60nee 5—6 MOMHbIX LMKI0B AN
MaKCUManbHOro YMeHbLUEHUS CYyMMbl KBafpaTtoB BHeamaro-
HaNbHbIX 371eMeHTOB. OfHaKo OWWO6KU OKpPYrieHUs oKasbl-
BalOT OCHOBHOE B/IMSIHME NUWb Ha NepBbIX 2—3 LMKNaXx.

Onsa npoueccoB ¢ BbIGOPOM MaKCMManbHOrO WAM ONTU-
Ma/IbHOr0 3/IeMeHTa He Y[aeTcs MNoNyunTb OLEHKY fyudlle,
yem (43.12), wnn xoTs 6bl cpaBHMMYIO C Heli. Kak npasuno,
BMECTO N MOSIBASETCA MHOXuUTenb MNr. Ho, no-BMaMmomy, 3To
CBS3aHO /MWb C TPYAHOCTbIO MOSYYEHUS XOPOLUEel OLUEeHKMU,
a He C TeM, 4YTO TaKue MNPOLECCbl MeHee TOYHbI, YeM LUKIU-
Yeckue.

B 3aknwo4yeHve npuBeseM  OAHO  MOME3HOe  CrefcTBUe
n3 (43.12). O603Ha4mm 4epe3 Xi, ..., XA TOUHble COBCTBEH-

Hble 3Ha4yeHus, u4epes y—PeaslbHO BbIYUC/IEHHbIE.
Ecnn B dopmyne (43.12) B3aTb =3, To u3 (13.9) BbITe-

KaeT, 410
12

YOPAXHEHWNA

1. [fokasaTb, 4TO nocnepoBaTenbHoCTb (43.2) cX0AMTCH K (PUKCUPO-
BaHHOI MaTpuue.

2. [lokasaTb, 4TO MPU LUKANYECKOM MCKNOYEHUN BHEAHAroHanbHbIX
3/IEMEHTOB C MCMO/b30BaHMEM 6GapbepoB MeTO[ BpALLEHWIA CXOAUTCA.

3. Mpu nw6om nu BblGOpe 6GapbepoB MeToh BpalieHUi 6yaeT cxo-
ANTbCA aCMMNTOTUYECKM C KBafpaTUYHOW CKOPOCTbIO?

4. MycTb MaTpuua A UMeeT KpaTHble COOCTBEHHble 3HauyeHus. [ oka-
3aTb, 4TO B MaTpuuax nocnegoBaTtenbHocTu (43.2) cywecTBYHT (PUKCUPO-
BaHHble MeCTa, Ha KOTOPbIX, HauMHas C HEKOTOPOro v. He 6yAyT Haxo-
AUTbCA HW MaKCUManbHbINA, HW ONTUManbHbI/i 31EMEHThI.

5. [lokasaTb, 4YTO nNpu BbIGOpe MAKCUMaNbHOrO WAW ONTUManbHOTO
3fleMeHTa nocnefoBaTenbHOCTL MaTpuy (43.8) CXOAUTCA K (DMKCUPOBaH-
HO MaTpuue.
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6. bypetr nm nocnepoBaTenbHoCTb (43.8) CXOAUTLCA K (DUKCUPOBAH-
HOWl MaTpule, ecnu MUCMnonb3yeTcs LWKAWYeCKWiA BapuaHT MeTofa Bpalie-
Huii 6e3 6apbepoB?

7. WccnepoBaTb aCUMNTOTUYECKYH CKOPOCTb CXOAMMOCTU MeTofa
BpalleHniA € BbIGOPOM M. CMManNbILOIO UAW ONTUMANbHOFO 3neMeHTa
B 3aBUCMMOCTM OT uMcna KpaTHbIX COGCTBEHHbIX 3HAYeHWI W UX KpaT-
HOCTH.

8. [lokasaTb, 4TO AN MeTofa BpalleHW/ COXpaHAeTcs He TONbKO
CXOAMMOCTb, HO W ee acMMNTOTUYECKAas KBAAPATUYHOCTb, €CAU YIbl
nosopoTta a 6patb B npegenax jB " s/4 B COOTBETCTBMM C (hopmynamu

t f 1. Vauy\l>\all-a, \,
« 0lj/(fiu —oly), lay 's£ an —au |,
mnn
ia_ (12— Bi/1> (2)2 —2) |ay—auy |,

2 \ B1//2 («/I—Bll), \ay |sg (2) 2—2) |ay—au |

B u4eM AOCTOMHCTBO 3TUX opmyn?

9. MokasaTb, 4YTO MeTO[ BpalLEHW pacrnpocTpaHAeTcA Ha KOMMeKc-
Hble 3PMUTOBbI MaTpuULibl.

10. PaccMOTpMM KOMMJIEKCHYK HOpManbHYylO Matpuuy A nopajgka n
C 3neMeHTaMmn

n—2 (2yx
2 =
<41 =

(s a1y 1 k>

rae Yp= (p—21)a/n pgna p=1, 2. n. [lokasaTb, 4TO npu 6
HWKakoe nojo6Hoe npeo6pasoBaHWe 3TOW MaTpuubl C MNOMOLWbLIO KOMM-
NEeKCHOro aHanora MaTpulbl BpalleHWs He MO3BONAET YMEHbLWWUTb CYMMY
KBaApaToB MOAyneii BHeAHAroHaNbHbIX 3/1€MEHTOB.

§ 44. MeTog Gucekumii

MycTb A —BellUecTBEHHAas CUMMeTpUYHaa matpuua. lMpea-
MOSIOXKMM, UTO A1 HEBbIPOXAEHHON MaTpuubl T MaTpuua

A=TAT (44.1)

ABNSETCA [uaroHanbHoli. Torga, B COOTBETCTBMU C 3aKOHOM
WHepuMn KBafpaTuyHbIX dopm [1], MOXHO yTBepXpgaTb, U4TO
YMCNO HYJNEBbIX, MOJIOXMUTENIbHbIX W OTPULATENbHbIX AMaro-
HaNbHbIX 3/1eMeHTOB J1 He 3aBMCUT OT cnocoba npuBeaeHUs
mMaTpuubl A 13 (44.1) K guaroHanbHoMy BuUay, T. €. He
3aBUCUT OT MaTpuubl T.

Bo3bMeM B KayecTBe T OpPTOroHasibHyK MaTpuuy cobCT-
BEHHbIX BeKTOpoB Wu3 (43.1). B 3Tom cnyyae wmatpuua J1
B (44.1) 6yaeT martpuvuel cO6CTBEHHbIX 3HaudeHWA. CnefoBa-
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TeNbIr0, €CciM Mbl A1 KaKOW-HWOYyAb Apyroi matpuubl T
CMOXEM MOACUMTATb YMCNO HYNEBbIX, MONOXUTENbHbIX U
OTpULATENbHbLIX 3/1EMEHTOB COOTBETCTBYIOLLE/ MaTpuubl A,
TO TeM cambIM GyAeT OMpefesieHO YMUCA0 HYMEeBbIX, MOS0XKMU-
Te/IbHbIX W OTPULATE/bHbIX COBCTBEHHbL.” 3HAYeHWn MaT-
puvubl A. 3Ty 3afadyy MOXHO pelunTb BecbMa 3(P¢eKTUBHO,
AaXe He BblUMUCASSA SIBHO MaTpuubl T wu Jl.

MpegnonoxMm Moka, 4To Matpuua A UMeeT HeHyfeBble
rnaBHble MUHOPbl. Torfja CyLiecTBYeT HeBbIPOXAEHHaA npa-
Bas TpeyrosibHasi Matpuuya S U1 aguvaroHanbHass matpuua D
C anemMeHTamu * 1, AnNA KOTOpbIX CNpaBef/IMBO PaBEHCTBO

A =S'DS.

CornacHo CKasaHHOMY Bbille YMC/I0 MOMIOXKUTENbHBIX U OTPU-
LaTeNlbHbIX 3/1eMeHTOB D paBHO COOTBETCTBEHHO UWUCAY MOJO-
XUTENbHbIX W OTPULATE/IbHBbIX COBCTBEHHbIX 3HAYEHWIA MaT-
puubl A. Ho anemeHTbl MaTpuubl D nerko onpegenutb. feii-
CTBUTENbHO, McMonb3ys opmyny BuHe —Kowwu [1], Haxoaum,
yto Ans BCex T

noaTomy

d,, = sign

MTakK, 3HaKM naBHbIX MWHOPOB CUMMETPUUHON MaTpuLibl
No3BOJISAIIOT YCTAHOBUTb YMUC/IO0 €e MOMOXUTENbHbIX W O0TpuLla-
TeNbHbIX COBCTBEHHbIX 3HAYEHWNA.

3HaKM TNaBHbIX MWHOpoOB MaTpuubl A —KE npu nto6om
BELLIECTBEHHOM K OMpefensitoT 4YMCM0 COGCTBEHHbIX 3HAYEHWIA
MaTpuubl A COOTBETCTBEHHO GOMbLIMX K U MeHbLUMX K. Beps
pas/finyHble 3HAYeHUS X, MOXHO HalTU 4YMCNO0 COBCTBEHHbIX
3HAUEHUIA, NexaljyMx Ha NPou3BOSIbHOM OTPE3KE BELLEeCTBEHHOIA
OCH W, CnefoBaTeNlbHO, B HY)XKHOI Mepe N0KanmM3oBaTh t060oe
cobcTBEHHOe 3HauyeHuMe MaTpuubl A. Ha 3Toii npgee OocHoBaH
paccMaTpYBAaEMbIl HUXKE YWCNEHHbIA MeTOA Hax0XAeHus cob6-
CTBEHHbIX 3HA4YeHWli CUMMETPUUHOI MaTpuubl, HasbIBaeMblIi
METOAOM OUCEKLIMIA.

Bygem cumTaTb, UTO CUMMETpPUYHas wmaTpuua A  vMeeT
TpexamaroHasbHy0 (YOPMY C HeHy/IeBbIMU BHeAHAroHa/ibHbIMH
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sneMeHTaMmun. Takue MaTpuubl HasbiBatoTCA MaTpulamu Akobn
n NUMET BUA
Tl H (0]
(s, bl 2 p2

A= P« h (44.2)

Prl @l
p,-1

B paccmMoTpeHMM MaTpul, AKO6H HeT 0co60ro orpaHnYveHus.
B camom fene, Mbl nokasann B § 32. 4UTO CMMMETPUYHYIO
MaTpULy MOXHO NPUMBECTU K TPexauaroHanbHoi ¢opme ¢ no-
MOLLbIO OPTOroHa/sIbHOr0 MNOA06HOr0 npeobpasoBaHus. Ecnm
OKaXeTCH, UYTO HEKOTOpble H3 BHeAHArOHa/lbHbIX 3/1EMEHTOB
paBHbl Hy/O, TO TpexguvaroHasibHas MaTpuua pacnagercs
B NPSMYH CyMMY AMaroHasibHbIX MaTpuUL, 1 TpexgHaroHa bHbIX
MaTpuL, C HEHYNEeBbIMW BHeAMAroHaNbHbIMWU 3neMeHTamMu. [ns
AuaroHasbHbIX MaTpuLl, peLleHne MpobneMbl COBCTBEHHbIX 3HA-
YEHWA 0YEeBMAHO, MO3TOMY OCTaeTCA pewnTb 3Ty npobnemy
ansa matpuy Buga (44.2).

O603Ha4yMM 4epe3 Ob ..., <\, [N1laBHble MUWHOpPbI Tpexjua-
roHanbHon matpuubl A. AHanorn4vHo copmyne (26.6) Haxogum

O

~ a‘=a' /44 3)
ar= nrar,)—P; ,a, ., 2<=Tr«c .

M3 3TUX COOTHOLIEHWI 1 Buga MaTpuubl A BbITEKaeT psaf
Nnone3HbIX cneacTeuii. Hanpumep,

HUKaKne [Ba COCEAHUX TNaBHbIX MWHOpa MaTpuubl (44.2)
HE MOTYyT OAHOBPEMEHHO PaBHATLCA HYIO;

€CM MUHOP OF, 1<r<n, paBeH Hyno, TO COCefHVe
MWHOpPbI <r.,, 0,+, OT/AWYHbI OT HYNA U UMET MPOTUBO-
NONOXKHbIE 3HAKMW:

BCE COOCTBEHHble 3HAYeHMA MaTpuubl (44.2) NPOCTbIE.

HEKOTOpre 3aTpygHEHNA MOXET BbI3BaTb JiMWb [AOKa3a-
TeNIbCTBO NOCMeLHEro yTBepXAaeHus. [peanosioXKmm, 4To cob-
CTBEHHOe 3HayeHne X ABNsAeTcA KpaTHbIM. Tor,qa PaHr MmaTpuubl
A —).E gonxeH 6bITb He Gonblle N—2. HoO OH 3aBefoMO
He MeHblle NM—1, TaK Kak BHEAHaroHasibHbleé 3/1EMEHTbI OT-
NN4YHbI OT HYyNA W, cnepoBaTesibHO, OT/INYEH OT HynA MWHOP,
pPacnosioKeHHbIA B MNepBbIX M — 1cTon6uax v nocnegHux n—1
cTpokax. [Mony4vyeHHOe MpOTMBOpeYMEe O3HayaeT, 4YTO BCe C06-
CTBEHHbIe 3HayeHMs MaTpuubl AK06M NpPoCThle.
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BO3MYyLLleHMe E', COOTBeTCTBYIOLLEe BbINONHEHHON 3aMeHe,
o4YeHb Manb. VIMeHHo,

JE'I1<4/w . (44.6)

0O603HauMM 4epe3 Q MaKCMMa/lbHOe MOMOXKUTENIbHOE YMCIO,
npeictasumoe Ha 3BM. O6blMHO Q J/wmHIb He3HaYUTeNbHO
MeHblle umncna (pw)l BbiGepeM Kakoe-nu6o uucno M, 6nus-
Koe K Q, Hanpuwmep,
M = (4pw) >

JTO0 uncno noTpebyeTcs ANSA AafbHEALNX BbIUNCAEHWIA.
PaccmoTpym Tenepb TUMWYHBINA LWAr BbIYUC/IUTENBHOIO NpPo-
uecca. OH 3aK/o4aeTcss B HaxOXAEHWUW BeNYUH

M=y ('Xx- pry), Vv=yx.

3gecb a, P ypoBnetBopsaloT ycnoBuam (44.5), umucna X, Y He
paBHbl HY/NIO OAHOBPEMEHHO, napameTp Y BblOMpaeTca Mo Xomy
BbIYMCEHWNIA.

Mpeanonoxum cHavana, 4to x= 0. B 3tom cnydae He
BO3HMKAKOT HUKakKue OoWwnbku, ecnm B3aTb Y= (P21*/) 1 un
MOSIOXKNTL

= —singy, y=0.

Ecnu e XpO, To npouecc BblUMCIEHUN ByeM OCYLLECTBAATh
B TaKoW MocnefoBaTe/IbHOCTY:

s—fl w Pf/i(1 +e,),
2= fI(PS) PV (I + ei)(l + &),
6= max {Ix1 |r|},
«i(l+ el
q= fl (av) =3av (1 + et), (44.1)
r=fl (Afp)«M p(l+e»),
m= fl (rP)*Afp*(l+e»)(l+eg.

0-n D-1)«(?2—7:) (i+f«).

Hwn ofHa w3 BeNVYMH cneBa He MPeBOCXOAUT MO MOAY/HO n.
YT0o6bl Ha MPOMEXYTOUYHbIX 3Tanax He BO3HWKa/I0 Mepenos-
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HeHHe WM HeonpaBfaHHOe MOAB/IEHWE MALUMHHOIO HYy”NS,
Tpe6yeTcsl NUWb aKKypaTHO BbIYMCAUTL b 1 /. 3TO MOXKHO
cienaTb, HanpuMep, TakUM' CrOCOGOM:

T< 1 0< 1lwvam TN 1 0M1,-
/a<l, 01 wm m~™Il, 0<1.

Mcenegyem 60nee geTasibHO BO3HMKaroLme owmMbKn. 3ame-
TUM, 4YTO €, N e2 BAUAIOT He3HauMTe/lbHO NMWb Ha Bbi6op O
H He B/AMSILOT Ha OCTa/lbHble BbluncieHuss B (44.7). TMoaTomy
6ygem paccmaTpuBaTb OWWOKM €, TONbKO Ans /Ss3.

Myctb €3=— 1. Torga, B COOTBETCTBUMM C FTMM MpPeAno-
NOXKeHMEM, [O0/KHO BbINO/HATBCA acUMMMTOTUYeCKOoe Hepa-
BEHCTBO

(44.8)

Ho (44.8) He umeeT mecTa, korga 0= !*1. Ecnmn xe 0= jz|,
TO OYyAyT cnpasefMBbl TaKue COOTHOLUEHUS:

I Mx | I Mx | (4p0))~* bl
I~rl~1lw Is (U)»»)-- - 4“-
N cHoBa (44.8) He umeeT Mecta. CtegoBaTtefibHo, e3® — 1.
Ownbkn €5 B, 3aBe4OMO He paBHbl — 1 B CWAY TOro, 4TO

M$r*pbl. He paBHa — 1 ¥ owwubKa es. [eAcTBUTENbHO,
ecnn 0= |ac!, To <=0 npu =0 n gq*(4p)1 npu ahO.
B o6oux cnyvasx ?»®—1 He3aBUCMMO OT Be/MUMHBbI |.
Ecnn xe 0="'r,, TO n e8® —1 npu nwbbIX (.

Ecnm Bce rT\® — 1, To, NpvHUMMAss BO BHUMaHWE OMUCAH-
HbIi MPOLLECC BbIYMCNEHWUI U BENNYUHBI OLLUMGOK OKPYF/EHUS
OT BbINOMIHEHUSI OTAENbHbIX apupMeTUYECKMX oMepauuni, 3a-
K/loYaeM, u4TO

LLI le ,|[*H P'#' ~ 37, (44.9)
{p '+ i=3,7.

O[HaKO MOAYEPKHEM, UTO T4 U T, MOTYT 0Ka3aTbCsl PaBHbIMU — 1.
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BO3MYLLleHMe E\ CcOOTBeTCTBYIOLLEE BbINOMHEHHOW 3aMeHe,
o4yeHb manb. KImeHHo,

\E'l<4p<a. (44.6)

O603HauYMM 4Yepe3 Q MaKCUMaIbHOE MOJTOXKUTE/IbHOE YMCIO,
npeactaBumoe Ha 3BM. O6blMHO Q /wmlb HE3HAYUTENbHO
MeHbLUe uncna (/ko)-1 BbibepeM Kakoe-nm60 umcno M, 6nus-
Koe K Q, Hanpumep,

M = (4p<o) >

370 umcno notpebyeTca ANs AanbHEALNX BbIYMCIEHWIA.
PaccMOTpVM Tenepb TUMWYHBINA Lar BbIYMCIUTENLHOIO NPO-
uecca. OH 3aK/OYAETCA B HAXOXAEHWUW BEVNUMH

u= Y(OLX-f>iy), v= yx

34ecb a, p YyAoBNeTBOPAT ycnosuaMm (44.5), uucna X, Yy He
paBHbl HY/N0 OAHOBPEMEHHO, napameTp Y BblOMpaeTcs no Xody
BbIYUC/IEHWA.

Mpeanonoxum cHavana, 4to *= 0. B 3aTtom cny4dae He
BO3HMKAKT HUKakue owunbku, ecnn B3aTb Y= (PJi'/)1 n
NONOXNUTb

M= —sing I/, y= 0.

Ecnn xe xO, To npougecc BblUMUCIEHUM BYeM OCYLLECTBNSAThL
B TaKoW nocnefoBaTe/IbHOCTW:

s=fl(M*PY (1 +0.
r=nMN(p5-p*</(1l+e)(l+ea,
0= max {jx|, 'r|}

g= fl (av) =s at' (1 -fe 4, (44.7)
r=fl (Mfl)-Afp (J+«m).

m= f| (rp)*"41p4l + e6)(1+P9.

/==n

fi=fl(q-1)"(qg-1)(1+Ps).

Hv ofHa ¥3 BefMUMH CfeBa He MPEBOCXOAMT Mo mogynto QF
UTo6bl Ha MPOMEXYTOYHbIX 3Tanax He BO3HWKAaNO Mepenos-
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HeHVWe WM HeonpaBAaHHOE MOSB/IeHWEe MAlUVHHOIO HYyns,
TpebyeTcst UL aKKypPaTHO BbIUUCAUTL V U /. 3TO MOXHO
cienatb, Hamnpumep, TaKMM'CMoco6oM:

In<1, 93r1 wwm T 1, 9<1.

Ncecnegyem 6onee feTaslbHO BO3HMKalLMe oWING6KU. 3aMe-
TUM, 4TO €, W €2 BAMNAKT He3HaunTeNbHO fMLb Ha BbIGop 9
H He BMIMSAKT Ha OCTa/lbHble BbluncneHnss B (44.7). Moatomy
6ygem paccmaTpuBaTb OWWGKK €, Tonbko ansa /3.

MycTb e3= — 1. Torpga, B COOTBETCTBMWU C sthm Mpeano-
NIOXKEHWEM, [O/KHO BbIMNO/HATLCA acMMNTOTMYECKOe Hepa-
BEHCTBO

(44.8)

Ho (44.8) He wumeeT mecTa, kKorga 9= I*'. Ecnmu xe 9= jz|,
To 6yAyT cnpaBefnBbl TakKue COOTHOLUEHUS:

PMXaxo1

1 » 1Pry 1
N cHoBa (44.8) He umeeT MecTta. CnegoBaTenbHo, e3® — I,
Ownbkn fs, e, 3aBegoOMO He paBHbl — 1 B CuAy TOro, 4yTo

M$2"p0o). He paBHa —1 u owwnbka es. [elicTBUTENLHO,
ecnm B= |[*1, To <=0 npu at= 0 n q*(Ap)1l npn a=~0.
B o6oux cnydasx 1 He3aBUCMMO OT Be/MUUHbI |.
Ecnn xe 9= |zj, TO n end —\ npu mobbix g.

Ecnm Bce I, ® — 1, To, NpUMHMMas BO BHUMaHWe OMUCAH-
Hbili NPOLLECC BLIUNUCAEHWIA W BENMUMHBI OLUNGOK OKPYTIeHUs

OT BbINO/IHEHNA OTAE/IbHbIX apl/ld)MeTI/ILIeCKI/IX onepau,w‘/’l, 3a-
K/llo4aem, 4t10

O[HaKo MofUepKHeM, UTo e4 1 e, MOTyT 0Ka3aTbCs paBHbIMU — 1.
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CornacHo obuieii mgee obpaTHOro aHanmsa oOwWM60K MNoOKa-
XeM Tenepb, YTO peaslbHO BbIYWCMEHHbIE BeNYMHbLI K, V ypo-
B/IETBOPSIOT TOYHbIM pPaBeHCTBaM

a=v((a+{)*-(P + n)i{)). 5=Vv*
W 0aAMM OLEHKMW [ANA 3KBUBAEHTHbIX BO3MYLUEHWIA T, 1.
O6beanHsAs nocnefoBaTeslbHO  pe3ynbTaTbl  BbIYMCIEHWIA
B (44.7), Mbl MOAYYMM He3aBUCUMO OT Be/IMYMHbI OLLINBOK €*
cnegyrolne BblpakeHua ans i, Q

«=-B(1+P3) [ax L+ pH 1+ — PVX
j, *+e)OH-g9(L+gN0 +*)" (44,10)

S=(y-(1+€))~*.
3TO 03Ha4aeT, 4To

Y ==Y (n-eB).

Tak kak es™® —1, 170 y>0.

Mpn OUEHKe 3KBUBAIEHTHbIX BOF3MYLLEHHI e, T Ham npu-
JeTCsl paccMOTPeTb HECKONIbKO C/lyyHaeB. [1peAnonoXumM cHa-
yana, uto Bce owmbkM e b — 1. 'T'Torga H3 (44.9), (44.10)
BbITEKAeT, 4TO

le|Sla|p™\ (44.11)

Ecnn 0= 1grl. To npu BCcex a cawmbka 1. Adony-

CTUM, 4TO e7= —1, T. e. BbIMO/»HAETCA aCMMMNTOTUYECKOE
HepaBeHCTBO

(44.12)

MpeacTaBuB N B CredylolleM Bugg:
a- T-o+e)((@a(l+ed(1+-e)+£&)Xx- pYy)

N BOCMNO/b30BaBLUMCL HepaBeHcTBaM i (44.12), Haxogum, 4TO
[PV *R «*/444p.

M03TOMy ANS SKBWBANEHTHbIX BO3MeLLeHUI MoMyyaeM TakHe
OLEHKMN!:
|« |< «|P m, |[rtn|=0.
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Myctb 0= lz|. B atomcnyvae !/1~ Af n e7® — 1. Ecnn
owmnbka ed= — 1, TO AO/HKHO BbIMOMAHATLCS aCMMNTOTUYECKOE
HepaBeHCTBO

|aMx/B| a),

OTKyfa CrefyeT, 4To
[c«[™pV Ito*/4p. (44.13)
3anuncas n B BuUge

A A+ «)(« -(yY«+ N F«+M+* -wr)\

N NPUHAB BO BHUMaHWe COOTHOWeHMe (44.13), 3ak/o4vaem,
yTo Tenepb

le[-0, h|2~|PLp- '+

OKoOHuaTeNbHOe CPaBHEHVE MOMyYeHHbIX Pe3ynbTaToB Mo-
Ka3blBaeT, 4TO A4NS1 3KBUBAIEHTHbIX BO3MYLLEHWI €, Ij Bcerga
rapaHTUpPYeTCs BbIMOMHEHNe OUeHOK (44.11).

Takum 06pa3oM, BbIYMCAAS M0 OMWCAHHOMY anropugmy
3HaK» [NaBHbIX MWHOPOB SKOGHEBOW MaTpuubl A, HOPMMUPO-
BaHHOW cornacHo (44.5), Mbl B AeACTBUTE/IbHOCTM  MOSYUYUM
cnegytoulee. PeanbHO BbIYUC/EHHAs MOC/eLOBATENIbHOCTb 3Ha-
KoB 6yfeT TOYHO coBMafgaTb C MOCMefOBaTeIbHOCTbIO 3HAKOB
rNaBHbIX MWHOPOB HEKOTOPOl BO3MYLLEHHOW maTpuubl A + E™.
Ecnn A umeer Bug (44.2), TO BO3MmylleHwe E' 6ygeT cum-
MeTPUYHOW TpexaunaroHanbHOM MaTpuueid, umetoLleli aHano-
TMYHbIA BUA;

-ef » —

y e; JP (@]
£. = noel I
0 nk2 2 _1 NSH
nj-i

Mpu 3TOM 3/1eMeHTbl €°, T* yA0BNeTBOPSIOT HepaBeHCTBaM
|B?12€ I«i Ip~ul, iTiTIfcl-JiPilp-*1 (44.14)

OTciofa, B 4acTHOCTM, BbITeKaeT, YTO BO3MYLLEHHass MaT-
puua 6yaeT TakxKe SIKOOMEBOI W, cnefoBaTeflbHO, MO 3HaKaMm
€€ rNaBHbIX MWUHOPOB MOXHO MpaBW/bHO OMpeaenTb YUCO
HYNEBbIX, MOMIOXKUTENbHbIX W OTpUUaTe/IbHbIX COBCTBEHHbIX
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BHauyeHuli matpuubl J1-bE™. Co6CTBEHHble 3HAYeHUS MaTpu-
ubl A acMMNTOTUYECKM OT/IMYAKOTCA OT COBCTBEHHbIX 3HauYe-
HUIA MaTpuupbl J1+ E' He 6onee, yeM Ha (15.8>p "™*, Tak Kak
B COOTBETCTBUU C (44.5), (44.14) wnwmeem

fE'fi 2L-*p-M. . (44.15)

Tenepb Mbl MOXeM MepeiiT HenocpeAcTBEHHO K onuca-
HUI0 YWCNIEHHOT0 MeTOfA OTbICKAHUSI COBCTBEHHbLIX 3HAYeHWi
maTpuubl AKo6u. Bygem cuuTatb, 4To Matpuua J1 HOpMUpPO-
BaHa W ee KOIPMULMEHTbI As BCeX i YAOBMETBOPSIOT Hepa-
BEHCTBaM

|B, K 1/4, 2pco<|p,|< 1/4. (44.16)

Kak y)e 0TMeyanocb, OCHOBHOI onepauueil metoga $B-
NSeTCA BblUUC/IEHME 3HAKOB FNaBHbIX MUHOPOB MaTpuy J1—/.£
Ansa pasnmyHbix X HO Bce CO6CTBEHHbIE 3HAYeHUA MaTpuubl J1
c anemeHTamun (44.16) He npeBocxogAT no mogynto 3/4. Tlo-
3TOMYy [ocTaTo4Ho 6paTb ). U3 cermeHTa [— 3/4, +3/4].
B aToM cnydae KoathduumeHTbl matpuy J1 —).E 6yayT ygos-
NeTBOPSATb HepaBeHCTBaM (44.5).

Bbluncnas 3Haku r1aBHbIX MWUHOPOB Matpuubl J1 —/.£,
Mbl B JeACTBUTENIbHOCTU MNPaBUbHO ONpefesMM fNWb 3HaKK
rnaBHbIX MMWHOPOB HEKOTOpo wmatpuubl J1—XE+ E> Bo3-
MylleHVe E> cknagblBaeTcs U3 BO3MyLeHWi (44.6), (44.15)
M BO3MyLleHMA E™', BO3HMKAKLWEro npu BblYUCNIEHUN MaT-
pvubl J1 —/.£. OueBugHO, 4TO MaTpuua E'' ABnsetca guaro-
Ha/IbHOW, NpUYeM

IE"'bA(1/2)p'+Y

CnepoBaTenbHO, ANS CyMMapHOro BO3MyLleHMsi E; monydaem
OLEHKY
[E,3,7(19/8)p~ (44.17)

ANS BCEX 3HAYeHui
MpegnonoXxmm, 4To CO6CTBEHHbIE 3HAYeHUs 2 maTpuubl J1
3aHyMepoBaHbl B MopsakKe anrebpavyeckoro yb6biBaHUA, T. e.

N 2«8s...N Y,

MokaxeM, KakK onpefennTb K-t mo Homepy CO6CTBEHHOE 3Ha-
yeHMe ).K HEe3aBMCMMO OT OCTa/IbHbIX.
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O6o3HaumMm uepes N+(X) 4UMCMO COGCTBEHHbIX 3HAYEHWIA
MaTpuubl 4 cTporo 6onbliMx, Yem X ECAM W3BeCTHblI TaKue
yucna 00, B0, uto

B> a0, n+(@0)Ss*, m+(B)< K,

To X* 3aBefloMO MpuHagNexuT nonynHtepsany (A0, 60. 3a-
MeTUM, 4YTO B KadecTBe 00 MOXHO B3ATb N11060€ 4YMUCNO, MEHb-
wee — 3/4, B KadyectBe BH)—n0boe uumcno, 6onbliee +3/4.
Monoxum Tenepb

Q= 2-(«0 + b0 '

n onpegenum n+(0). Ecim n+(CO K, To X* npuHagnexuT
nonyuHTepeany (c0, 60]. ecnu xe n(cO<"K, To X* npuHag-
nexut nonyuHTepsBany (a0, c0]. MoaToMy Bcerga MOXHO YyKa-
3aTb nonyumHTepBan AauHbl (1/2) (B0—al), cogepxawinii X*.
Mpogo/mkaa 3TOT Mpouecc, Mbl MOMYYNUM CUCTEMY BJIOXKEHHbIX
nonyvHTepBanoB (a,, bs], cogepxauwimx X* npuyem
(b,-a>) - 2-* (B0-a 0).

3TO M03BOJISAET NIOKA/IN30BaTbh COOCTBEHHOE 3HaudeHWe X* ¢ Jito-
60/1 HY>XHO TOYHOCTbIO.

CpenaHHblli BbIBOL, CMpaBeAnvB MLWb B C/yYae TOYHbIX
BblUMCNeHNA. OLWNBKN OKPYrNeHUs, KOHeYHO, BHOCAT CBOU

KOPPEKTVBbLI. PaccMOTpVMM peasibHO MOCTPOEHHbI MONyUHTEp-
Ban (a,, br]. CTporo rosops, MOXHO yTBepXpaaTb fMlib TO,

uto k-€ co6CTBEHHOE 3HaUeHMe X* HekoTopol MaTpuubl A -f EY

6onblie a,, a Jl-e Co6CTBEHHOE 3HAUeHWe 2* Apyroii MaTpulbl
MeHblUe MMM paBHO b,, npuuem pana  Bo3MyLLEHW

E,~ Efij BbinonHswTca HepaBeHcTBa (44.17). Ho B cooT-
BeTcTBUN C (44.17) 3akn4aem, 4TO

1*»-X»/< ] pM. I**_-x*|"~P'+l
CnefoBaTeNbHO, [OSKHbI BbIMOMHATLCA COOTHOLUEHUS
a.-jp"*"y~"bs +jp ‘e (44.18)
Ecnu B KauecTBe MpUBAMKEHUs K X* Bcerfa 6paTb TOUKY C,,

ABNAIOLLYIOCS CepeauHoii nonyuHTepsana (o,, b,], To 13 (44.18)
BbITEKAET, 4TO ,0 a
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B uacTHOCTM, MpW yKa3aHHOM Bbllle BbIGOPe HaYaslbHbIX 3HA-
yeHuii a0, bo

"\c,-h\<Zjp-M+j2*,

HeT HMKaKoro cmbicNia B BbIMNO/IHEHUN OUYeHb 6OMbLLOIO
uMcna LWaroB flefieHust MofiyuHTepBasioB nononam. OBbIUHO
JocTaTouHo B3ATb s =  log2p], rae [ <] o3Ha4aeT uenyto yacTb
yncna. MpuHUMas BO BHMMaHWeE, YTO p A 2, MONy4YaeM TaKyio
OLIEHKY:

pM™. \ (44.19)

PaccMOTpeHHbI MeTo4 onpefeneHnst COGCTBEHHbIX 3Haue-
HUA MaTpuubl HK06M 06nafaeT UCKIOYUTENbHOM YHUBepCab-
HOCTbt0. Ero MOXHO MCNoMb30BaTb He TOMIbKO AN HaX0X-
[LeHNA 3a4aHHOro Mno HOMepy COOGCTBEHHOr0 3HaYeHWs, HO U
ONA  BbIUNCMEHMA BCEX WM 4acTU COBCTBEHHbIX 3HAYeHW,
npuHagnexawmx 6o 3agaHHOW ob6nacTu, AN WUccrefoBa-
HUs 06LLEero pacnpefeneHusi COB6CTBEHHbLIX 3HAYEHWMIA U T. M.
Ha ero peanusaumio He OKasbiBaeT HUKAKOIO B/IUAHUA Hanu-
ure BAU3KMX U KPaTHbIX COBCTBEHHLIX 3HAYEHWA U Aa>KE OYeHb
6onbLIOe WX CKOMfeHwe. [Mpu 9ToM JOCTMXMMAsi TOUHOCTb
(44.19) He 3aBUCUT OT pasMepoB MaTpuLbl.

Bce 3T cBOICTBA KaXyTCA OCOGEHHO YAMBUTENbHBIMY,
€CnM  BCMOMHWUTb, 4TO, B KOHEYHOM CYeTe, MeToj CBsA3aH
C pacrnosHaBaHMEM HYMEBbIX W HeHYMeBbIX 4ucen, MpuyemM
pacrnosHaBaHue OCYLLECTB/SAETCA B YC/MOBUAX BUAHUA OLIK-
60K OKpYyrneHus.

YOPAXHEHNA

1 MycTb OAHO M3 CO6GCTBEHHbIX 3HAYEHWI TpexAunaroHanbHONW CUM-
MeTPUYHOW MaTpulbl WUMeeT KpaTHOCTb p. JlokasaTb, 4TO MO KpalHei
Mepe p— 1 noAfMarOHaNbHbIX 3/IEMEHTOB 3TON MaTpULbl PaBHbl HYJIO.

2. Mpegnonoxum, 4TOo TpexAuaroHanbHas CUMMeTpUYHas MaTpuua
MMeeT HeCKONbKO HYNEeBblX BHefHaroHalbHbIX 371eMeHTOB. O3HauyaeT nu
370, 4YTO MaTpuua MMeeT KpaTHble COOGCTBEHHble 3HAYeHUA?

3 Myctb A — matpuua (44.2) 0O603HaYMM 4yepe3 Ar maTpuyy rnas-
HOro MuHOpa nopsgka r. [JlokasaTb, uto Ans Bcex > 1 matpuybl A,
N AT_X He MMelT 06U nX COBCTBEHHbIX 3HAYEHWIA.

4. B ycnoBusax ynpaxHeHus 3 fokasaTb, YTO ANA BCeX I > 1 MexAay
KaXAbIMW COCEAHUMW CO6CTBEHHbIMM 3HaueHuamMun A, HaxoguTcs 04HO
co6cTBeHHOe 3HadeHne AT+t n ogHo co6cTBeHHoe 3HaueHne AT_X.

5. [lokasaTb, 4TO MPU HEOrPaHWYEHHOM YyBeNnYeHUU (YMEHbLUEHUN)
KoapuuneHta a, Mmatpuubl (44.2) Bce COOGCTBEHHble 3HA4YeHWMA ocTalTCH
OrpaHWYeHHbIMU, KPOMEe MaKCUMManbHOro (MUHMManbHOro).
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6. [lokasaTb, 4TO NPW HEOrpaHWYEHHOM YBENMYEHUU MOAYNA KO-
huyneHTa p,_1 MaTpuubl (44.2) Bce COGCTBEHHble 3HA4YeHMA oOcCTaKlTCA
OrpaHUYEHHbIMU, KPOME MaKCUManbHOTO0 W MWUHUMAaNbHOTO.

7. WccnepoBaTb NpoLecChl BbIYMCNEHWS 3HAKOB T[1aBHbIX MWHOPOB
mMaTpuubl SK06U, OCHOBAHHbIE HA WUCK/OYEHUWM 3MEMEHTOB C MOMOLLbIO
MaTpuL, BpalyeHWUs WAU 3NEeMEHTapHbIX HEYHUTApHbIX MaTpul.

8. ByayT M MaTpuubl 3KBMBANEHTHbIX BO3MYLLEHWI, BO3HMKaoLiMe
npu BbINOAHEHUM YMNPaXKHEHUS 7, CUMMETPUYHBIMU U TpeXAUaroHanbHbIMU?

9. YcTaHOBUTe CBA3b MeXAy 61M30CTbl0 COGCTBEHHbIX 3HAYEHWI ©
ManocTbl0 MWHWUMANbHOrO MO MOAYNK BHELHArOHaAbLHOTO 3nemMeHTa MaT-

puubl Akobu. *
10. [okas3aTb, 4TO Mpu 6ONbWWUX N MaKCMManbHOe COGCTBEHHOE 3Ha-

YyeHne MaTpuubl HAKobu WAN+Hi MoPafka 2n4-1 c 3anemeHTamu
a,«=n-/+1. p=1 (44.20)

ans  Bcex | oTnuyaetcs oT 6Gnuxaiiwero COGCTBEHHOro 3Ha4yeHWA Ha
BeNMUMHY nopagka (nt!)-*

W. MokasaTb, 4TO MeToh 6GuceKUMii pacnpocTpaHAaeTcs Ha KOMMAeKc-
Hble 3PMUTOBbI MaTpULbl.

§ 45. (?/?-anropupm

MycTb A —npou3BofibHash BeleCcTBeHHas MaTpuua mo-
psagka M. TlocTpouM MOCNef0BaTeNbHOCTL OPTOrOHAbHBIX
maTpuy, QK 1 npaBblx TpeyronbHbIXx maTtpuy Rk no cnegyto-
LM PEeKYPPEHTHbIM (HOpMy/iam:

A —QiRi, Al= RIQIt
Ai = Q«Ri, Ai= RXQi,
..... (45.1)

Jlerko nokasatb, 4TO AN Bcex K maTtpuupbl AK u3 (45.1)
nofobHbl McxoaHoW matpuue A. [elicTBUTENbHO,

no= Q< (<) =
= Qil (Rk-iQk ,) Qk=... = (Q,...Q,)-M (Q,...Q,,).
O6o3HaumB Qx...Qk= pki 3akniouaem, u4To
Ak= Pj;'APk. (45.2)
Tak Kak MaTpuubl Q, opToroHasnbHble, TO 6yAyT OpTOro-
ncao6Hbl . 1 MAETPVLI Pkm M0STOMY OpPTOroHasIbHO
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CooTHoweHuns (45.1), (45.2) nNO3BOMAIOT MONYUUTHL €ELe
OAHO criecTBMe. PaccMoOTpyM  MNPOU3BEAEHVME TMpasbiX Tpe-

YrOJ/ibHbIX MaTpuL, T'
/?2*-..% = £/%
nveem
PJUk = FK1 (@) t/*-1 = FKX(RIQK) U, =
=P (PILAPKD)t/*_,= A(PMUb.J = ... = y4~
CneposartesbHo,
PkUk = A*,

T. e. gna Bcex A matpuupl P UK aBnstoTcs opToroHasb-
HbiMM 1 MpasbiMW TPEYrOfibHbIMW COMHOXWUTENIIMA B COOT-
BETCTBYIOLLUMX PA3/MOXKEHMUSIX CTEMeHeH mMaTpuubl A.
Wccnepyem Tenepb CTpoeHve matpuy, AK npu 60/blwmnx K.
Byoem cuutartbh, 4TOo MaTpuua A HeBblpOXKAeHHas. lpeacTa-

BUM ee B Buae N=(?.\(3%, ' (45.3)

roe A —npaBasi KaHoHM4Yeckas matpuua YXopgaHa, U nycTb
E)= {/.ueeuen. An} —pauaroHanbHas MaTpuua  COOCTBEHHbIX
3HaueHuii. MNpeanonoXum, UTO CYLLUECTBYET pas/ioXeHne
Q4 =LU, roe L—neBas TpeyronbHas mMaTpuua C eauHUuY-
HbIMW AMaroHavlbHbIMU 3nemMeHTamu, (Y — npasas TpeyrosbHas
MaTtpyua. fAcHo, uyto Alr=QAkQ *, noatomy u3 paBeHCTB

Ak= PkUk= Q\kQ == (Q\kLD *) DKJ
2aKnovaemM, 4YTo Marpuua
A* = PK'QAKLD k= UKJ >£*
sIBNAeTCS MNpaBoil TpeyronobHoih. [danee Haxoaum
Pi~ A*D*L*A*Q » Pk= Q.VLD *O*\
oTKyga B cooTBeTcTBuM C (45.2), (45.3) BwekaeT, 4To
*N1*Q ‘QAQ IQ\KLD KM '~
« A»{D* (L IAL)D *} Ai1 (45.4)
He orpaHuyMBas OGLLUHOCTW, MOXHO cuuiTarb, 4YTO CO6-

CTBEHHblE 3HAYEeHUs MaTpuubl A pacrno/ioKeHbl Ha AvaroHanm
MaTpuusl J1 B nopsigke yGblBaHUs Moaynen, T. e.

1 e 1Y P |rr+1| =N > o

1j*=..." jaT (45.5)
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PaccmoTpym matpuuy B =L iAL. [MpuHrmas BO BHUMaHue
Bug L n N, HeTpygHO ycTaHoBuTb, uTo B sBnsieTcs nesoii
MouTM TPEYrofbHO MaTpuUeid M UMEET Hap, rNaBHOW auaro-
Ha/lbl0 Takue >Xe 3MeMeHTbl, kak A. Ecnu bl —anemeHTsl B,
10 MaTtpuupl C*= DK(LIAL)D * n3 (45.4) VMEIOT 3MEMEHTbI

‘ST-W W - Ne -6)

Pazobbem matpuupl C* Ha KNEeTKM TakuM 00pasoM, YTOObI

OnaroHaslbHble ‘KNeTKM Oblin  KBagpaTHbIMM 1N UMEN Te Xe

pasvepbl, YTO W TrPyMMbl PaBHbIX HO MOAYN0 COBCTBEHHbIX

3HayeHuii B (45.5). Mpu Takom pasbuneHun matpuvubl C* 6yayT
KNETOYHbIMW NIEBbIMW TPEYrosibHbiMK. [o3TOoMy, eciu

rc
C* C C
W*) ) -

T cT2 fral

TOo 13 (45.5), (45.6) cnegyeT, 4TO NpU HeorpaHNYeHHOM yBe-
nmueHnn unicta K anemeHTbl guaroHaslbHbIX KNETOK He Me-
HAIOT CBOW MOAYNW, & 9NeMeHTbl NoAANAarOHaUlbHbIX KNeTOK
cxogatca K Hyno. O603HauvB yepes X, BeMUUHY Moaynewn
COOCTBEHHbIX 3HA4YEHWU H3 S-ii rpynnbl B (45.5), 3aknoyaewm,
4YTO 3MemMeHTbl noaguaroHanbHbiIX KneTok O*1 yObliBatoT Kak

BE/INYNHBI Y = 8(/(T,/T,),‘3), 1> 1. (40.7)

Takum o6pasom, npu Bcex K anemeHTbl C* ocTaroTcs orpa-
HUYEHHbIMM, a camm maTpuupl C* ¢ poctoMm K npubnmxatroTcs
no dopmMe K KIETOYHO-AnaroHaulbHOW MaTtpuue. CKOpOCTb
npueAMKeHUa onpeaenseTcs CooTHoweHnsamMu (45.7).

HanomHum, 4to mMatpuubl * B (45.4) 4BNSOTCHA NpasbiMuy
TpeyronbHbiMW. Ecnn 6bl anemeHTbl AK 1 [*1 ocTaBanmchb
orpaHuyeHHbIMU Npu Bcex K, To H3 cpopmyrbl (45.4) n Buaa
MaTtpuy, CK cpasy BbITEKaI0 6Obl, Y4TO NPU  HEOrPaHNYEHHOM
yBennyeHun K wmaTpuupsl AK co ckopocTelo (45.7) 6yayT
npuénmkateCcd Nno ¢opMe K KIETOYHON MpaBoii TpPeyrosb-
HOW MaTpvue C AuaroHa/lbHbiIMW OnoKaMyM TaKux >xe pas-
MepoB, Kak y marpuy C*.

MaTtpuubl A*, O*° 3aBegoMo orpaHuyeHbl, ecnn A nMeeT
MPOCTYyI0 CTPYKTYypy. B camom pgene, B atom cnydae [, = O K
Torga

O*= PKQ(DKLD *), O+*m= (D"L-'D *) Q */>*
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Matpuubl PK, P i1 sIBN&BTCA OrpaHMyeHHbIMU, Tak KakK OHW
opToroHasibHble, MaTpuupbl Q Q 1— NOCTOSIHHbIE. DNEMEHTbLI Xe
matpuy, DKLD * un DL “D* He npeBocxogaT Mo MOAY/O
COOTBETCTBYIOLLMX 3NeMeHToB matpuy L u L*1 B cuny coot-
HoweHun Tuna (45.6), CBS3bIBAOLNX 3TN 3NEMEHTHI.

B cOwem cnydyae wvccnegosaHne wmartpuy, O», O*  ocy-
LLECTBNIAETCA HECKO/IbKO cnoxHee. 3anvwem A*, O*° B cne-
AylolemMm Buae:

Ax= PI'Q (A"D *) (D'LD ),
AK' = (D*L 'D *)(E>*A *)Q *P*.

ficHO, u4TO ecnM anemeHTbl MaTpuy [», O*1 pacTyT, TO Mo
nopsgKy OHW pacTyT He ObiIcTpee, 4YeM 3MeMeHTbl MaTpu,
A*D * n D*A *

Nemma 45.1. Tlycts mMarpyua A HEBbIPOXIEHHaA W
MaKCUMaUTbHBIA  MOPAAOK KaHOHMMECKONO slLyKa YKopgaHa ans
He paBeH s. Torga npu 6oMbLLMX K 3nemMeHTbl Martpu,
A*D * n DkA~* cyTb BenmumHbl O (ks 1).

JokasaTenbcTBO. Matpuuya A KIE€TOYHO-AUaroHaslb-
Hasi W ee KNeTKaMy SABNAKTCS KaHOHMYEeCKue sk XKop-
paHa. MoaToMy yTBEPXAEHWE NeMMbl AOCTaTOYHO YCTaHOBUTH
NMWb ONs TOro cny4vas, korga A npefacrtasnsieT coboi oavH
AWwnk >KoppaHa.

WTak, npeanonoxmMm, 4to A ecTb ALWMK XXopaaHa nopsaka
S C HeHyneBbIM COOCTBEHHbIM 3HaueHnem §. OueBMAHO, 4TO
aTtoMy AWmMKy 6yaeT cootseTcTtBoBath Matpuua D = XE.
Bocnonb3yemcs [2] acuMNTOTUYECKMM NPEACTaBneHneM MaTpu-
upl A*

A*= /*G* (R + KG,,

3pecb G*—pguaroHasbHas Martpvua C an1eMeHTamu
£<m= (W , <-1,2...... s, (45.8)
R —npaBas TpeyronbHas matpuua C 31eMeHTaMu
=1/ (/—<* [/35<;

BCE 9/IEMEHTbl MaTpuupbl € CTpemsTcs K Hynwo c poctom K.
Tenepb noayyYaem, 4To

A*D-*= G*'(tf+ e*)G*,

£5*A *= Gi' (tf + e >G.
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CornacHo (45.8) MakKCUMasbHbIA 3MEMEHT 3TUX MaTpuL, Npu
60nbnx k Haxogutca B nosvuun (l.s) U UMEET BenuuuHy
0(/fe5- 1). .

Ecnu BepHYTbCA K OUEHKe BO3MOXXHOW CKOpOCTM pocTa
anemMeHToB Martpuy, O», O*\ TO U3 [OKa3aHHOW NeMMbl BbITe-
KaeT, 4To -

onemeHTsl mMarpuy, O», A*1 no nopsaky pocta He rnpe-
BOCXOAAT AS5*1, eCM MOPAAOK >XXOpPAAaHOBbIX ALLMKOB MaTpuLibl
A He MpeBOCXoauT S.

MocTpoeHHble B cooTBeTCcTBUM C (45.1) martpuupl S1* yHU-
TapHO MNoAo6HbI Mapuue J1, NO3TOMY 3MeMEHTbl 3TUX MaTpul,
orpaHuyeHbl pasHoMepHo Mo K. MpeacTtasm  matpuubsl J1*
B K/IETOYHOM BuAe

r< M2 . aAren -
AT LS i<*)
n* = 2 2 - 27 % (45.9)

L Mtﬁ)l 4ft e- I'IAT(K'I) .

roe puaroHavibHble KneTku JI},* KBagpaTHble H WMEIOT Te xe
pasvepbl, 4YTO M TPYyMNMbl PaBHbIX MO MOAYMO COBGCTBEHHbIX
3HaueHuin B (45.4). CornacHo dopmyne (45.4), ycCTaHOB-
NeHHbIM cBolicTBaM Matpuy, C* 1 oueHkaMm pocTa 3M1eMEHTOB
marpuy, 4*, O*13aknovaem, 4YTo 3M1eMeHTbl noganaroHaslbHbIX
KNeToK JI*> cxogsTca K Hy/M Kak BeNYMHbI

V<X = O(A** - » (1/1)¥), (45110)

ec/v NnopafoK XOpPAaHoBbIX ALMKOB Martpuupbl J1 He npesBoc-
xoauT S. Mpu 3TOM COOCTBEHHblE 3HAYEHUA OuaroHabHbIX
KNeTok JK=> cxofsaTcs K COBCTBEHHOM 3HAueHusM i-ii rpynnbl
B (45.5).

Ans TOro ytob6bl Marpuvubl J1* NpUBAMKaIUCb K KNEeTouY-
HOW nNpaBoOlii TPEYronbHOW MaTpuue Mnofo6HbLIM 06pasoMm,
[OCTaro4HO, 4TOGbI NPV  YNOpsAOYEHWM OMarOHasbHbIX 3e-
MEHTOB MaTpuupbl A B COOTBETCTBUM C (45.5) OblnnM OTANYHbI
OT HYNA rNaBHble MUHOPbLI MaTpuubl Q 1B pasnoxeHun (45.3).

MpoeBegem npouecc (45.1) HaACTOMbKO Oaneko, 4Tobbl Bce
3/IEMEHTbI NogauaroHavlbHbIX Knetok /1™ matpuupl J1* ctanm

Ma/ibiMU. 3aMEeHMB 3TU 3/IEMEHTbI HYNAMWU, Mbl NMONYYUM Krie-
TOYHYIO MpaBylo TPEeyronbHyto matpudy J1*. Ona Hee pelle-
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HMEe npo6nemMbl COGCTBEHHbIX 3HAYEHWI OCYLLECTBSIETCS 3Ha-
ynTeNbHO NpolEe, Yem Ans maTpuubl A, Tak Kak 06bIMHO
rpynnbl PaBHbIX MO MOAY/IHO COBCTBEHHbIX 3HAYEHUI He GbiBatOT
6onblUMMK. B 4acTHOCTW, €C/M BCE COBGCTBEHHbIE 3HAYEHUS

MaTpuupl A pasfvMuHbl Mo MoAynto, 4YTo Matpuua AK oka-
3bIBAETCA TPEYrosibHOA.

Wcnonb3ys pesynbTaTbl TEOPUM BO3MYLLEHWIA, MOXHO
yTBEepPXAaTb, UTO COBCTBEHHbIE 3HAUEHWSI U KOPHEBbIE BEKTOPLI

MaTpuubl AK MOTYT CAY>XUTb XOPOLUMMU NPUBAMKEHUSMU ANs
COOCTBEHHbIX 3HAYEHUA WM KOPHEBbLIX BEKTOPOB MaTtpuubl AK.
Moatomy, pewvB npob6rneMy COOCTBEHHbIX 3Ha4YeHwur Aans

MaTpuubl AK, Nofydyaem B COOTBETCTBUM C NOAOGHLIM Npeobpaso-
BaHVMEM (45.2) NpuBAMKEHHOE pPELLEHNE 3TON >KEe MNpobnembl
0N ucxogHo matpuubl A.

YncneHHbli MeTof, pelleHus npo6nemMbl COOCTBEHHbIX 3Ha-
YEeHWU, OCHOBaHHbI Ha MOCTPOEHUN MOCNe[oBaTeNbHOCTM
MaTtpuy, AK cornacHo (45.1), HasbBaeTcs QR-anroprdaviom
OpaHako 06blMHO nog, Q/-anropudoMOM MOHMMAKOT HeYuTo 60/1b-
Llee, BK/OYas B HErO BCH COBOKYMHOCTb MPYEMOB YCKOPEHUS -

YNPAXHEHWA

1. Paccmorpym npouecc»(45.1), B KoTopomMm Matpuvubl Rk npasbie Tpe-
yrofbHole, a marpuupl Qk TaKkoBbl, 4TO HOPMblI COOTBETCTBYIOLLIMX MaTpuLL
PK, Pkl paBHOMEpHO MO K orpaHuyeHbl. lNocnegosars acumnirotnyeckoe
nosefeHve marpuy, Ak.

2. 3HaunTeNbHO NN COKpaLLaeTcsi OGbEM BbIMMCNEHUIA MPU NONy4YeHUn
npomssegeHnii RkQk B (45.1) 3a cueT TpeyronsbHoro Buga matpuy, RKk'f

3. B uyem meHseTcs nccneposaHve npouecca (45.1) B cnyyae BblpOX-
AeHHoe™ martpuubl A?

4. O603HauMM uvepes Z./(X) MHOrouneH, KOpHSAMU KOTOPOrO sBnstoTCA

BCE COOCTBEHHble 3HauYeHus U3 i rpynnsl B (45.5), yepes L j*1(X) — xapak-

TEPUCTUYECKNIT MHOrouneH knetkn Aj*1l matpuubl AK, npeactasneHHoim
cornacHo (45.9). Ncnonb3ys nemmy 11.2, gokasatb, uto

L *> (K) (X)+ 0 (Vta*),
L\k) )= £, (>)+ O (T/7,_X)*)+ O (A**-»" (T,+N1)*), 1+1, T,
L™ (X)+0 (<> (Twy'r*_)%).

5. Myctb Ana HeKotoporo | BCe kopHu MHorouneHa Li ().) pasHbl
MeXay COOOW. [okasaTb, YTO guaroHanbHbie knetku N]** matpuy (45.9)
NPUOAMXKAIOTCA K TpeyronbHbiM. KakoBa CKOPOCTb 3TOr0 NPUGAMKEHUN?
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6. MycTtb marpuya A HopMavibHas u Qft-anropndom BbiNoHAETCA MO
npegnucanuio  (45.1). [Jokasatb, 4TO nocnegoBarenbHOCT Marpuy A,
npuénmxaeTcs K KNeTOYHO-AnaroHaslbHOW Martpuue.

7. B ob6o0O3HauyeHWsx ynpadkHeHus 4 n B YC/NOBUAX YNPadkHeHus 6
fokasatb, 4To

L<>(%)-L (9+ O((T)*™).
L - L R+ O((T/1..,)**) + O((T,+LTi)=. 1D 1 T.
L =>(X)-=Lm@)+ O ((TT/1T. ,)™).

8. Mokasatb, 4to Qfl-anropudom pacnpocTpaHseTcs Ha KOMMIEKCHble
MarpuLibl. (

§ 4fi. Yckopenve dp/?-anropudomva
%

OaHVM 13 BadkHeliwmnx cpakTtopoB yckopeHus Q fl-anropuds-
Ma sIBNseTCs MHBAPUAHTHOCTb Mpouecca (45.1) KNpasoi NovTn
TpeyronbHoW doave martpuvubl. B cavom gene, nycts A npa-
Bas MoyYTW TpeyronbHas. Torga MOXHO cuuTaTb, YTO Marpuua
(% ecTb npoussegeHue 7,tTss...TnN-i. * mMartpul, BpaLleHus.
Ho B atom cnyyae matpuua AX GyaeT cHoBa MpaBoli Mo4vTu
TpeyronbHOW. KOHe4yHO, Takoi >e Bug O6yayT umeTb BCe
MaTpuubl AK.

Ecnn wmatpuua A nonHas M He ob6rnagaet Kakoli-nm6o
cneumdkon, TO peanusauusi ogHOro Lwara npouecca (45.1)
TpebyeT BbINOMHEHUA oOKono (10/3) n3 apudoMeTnyecknx one-
paunii. Ecnu >xe A npasasi MOYTU TPEYrosnbHas, TO Ha OHOM
ware HY>KHO BbIMOMHUTL TONbLKO 61* onepauwii. MNoaTomy
Keokgplh  war npouecca (45.1) 6ygeT OCyLLecCTBAATbLCA Npu-
MepHO B n/2 pa3s 6bicTpee, ecn' npeaBapuTenbHO MaTpuLy
A npuBecT nogoGHLIM MNpPeobpasoBaHMEM K MpPaBoli MoYTH
TpeyronbHoli cphopve. Takoe npeobpasoBaHie 6bi10 ONMCaHO
n uccnegosaHo B § 32.

MNpefnonoXxunm, 4YTo anemeHT B/M./ Mpasoii NO4YTKM Tpey-
ronbHo marpuusl A paBeH Hynw. Pasobbem A Ha Takue
yeTblpe KNeTKW, 4YTOObl AuaroHaslbHble KNeTKn Obinn Ksaj-
patHbIMU 1 KNeTKka B /IEBOM BEpPXHEM YINy vmMena nopsgok /.
Ho Torga knetka B HWKHEM /fieBOM Yyrny OyaeT Hynesow,

Ho" VY - < «'»

Mpouecc (45.1) vHBapuaHTeH B 3TOl doopMe, MPUYEM Ha
BCEX‘ €ro warax KneTka B HWKHEM MpasoM Yrny npeoodpa-
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ayeTca He3aBMCUMO OT OCTallbHbIX KNeToK. CnepgosaTesbHo,
HeT ocoboro cmbicnia B npumeHeHun Qtf-anropudbma Henocpeps-
CTBEHHO K Takum MartpuLiam.

Ecnn Mbl nHTEpecyemcsi TOIbKO COOCTBEHHBIMU 3HAYEHUAMMN
MaTpuupl A, TO [OCTaTO4HO ONpeaenuTb COBCTBEHHblE 3HA-
YeHVa KNeToK an, a2 [flaxe npu onpegeneHun cooCTBeH-
HbIX BEKTOpPOB maTpuupl (46.1) uenecoobpasHo cHavana onpe-
[EenuTb COOCTBEHHblE 3HAYeHWs KIeTok a,,, arfl. [oatomy
KaoKOblA  pas, Korga Kakve-Hnbyab 13 nogamaroHaslbHbIX
3MIEMEHTOB MPaBO MOYTU TPEYronbHOW MaTpuubl N0 TeM Uan
WHbIM NpuyYnHam obpaTtaTca B HYNU, Mbl Byaem npoaomkaTb
npumMeHeHve (N-anropyddMa  TOMbKO K COOTBETCTBYIOLLMM
MaTpvuamM MeHbLUNX pasMepos.

37O, KOHEYHOo, 3aTpyAHseT ncnonb3osaHve Qft-anropudoma
ONna onpefeneHus COOCTBEHHbIX BEKTOPOB. O[HAaKO Mbl Moka-
>XEM B AasibHelilleM, 4YTO, BblYMC/IMB COOCTBEHHblE 3HAYEeHWS,
MOXHO BecbMa 30DEKTMBHO MONYUYNTb COOCTBEHHbIE BEK-
TOpbI.

Bciogy B AanbHeliwem Mbl Gyaem cuuTath, y4to QR-riro-
pydoM NpUMEHAETCA K MNpasbiM MOYTU TPEYro/bHbIM MaTpuLam
C HeHyneBbIMW NoAANAaroHauTbHbIMU  3/IEMEHTaMM.

Ecnn Kakoe-HVbyab COOCTBEHHOE 3Ha4eHVe Tako MaTpuLbl
ABNAETCA KpaTtHbiM, TO OHO AO/MKHO BXOAUTb TONMbKO B OAVH
KaHOHVMECKUA ALUVYIK YXOoppaHa. B cavom fene, NycTb CO6G-
CTBEHHOMY 3HaueHuto" K cooTBeTcTByeT 0Ooree OOHOro siLmka
XopgaHa matpuupl A. Torga padr matpuupl A —).E gomkeH
OblTb He 6osblie M—2. HO OH 3aBeJOMO He MeHblle M—1,
Tak Kak nogauvaroHavibHble 3MeMeHTbl OT/IMYHLI OT HyNa u,
cneposaTefnbHO, OT/AMYEH OT HY/A MUHOP, PAacrofiOXEHHbIN
B nepsBblx M—1 cronbuax u nocnegHux M—1 CcTpokax.
MonyyeHHoe npoTMBOpeYMEe MOATBEPXKAAET ChnpaBen/IMBOCTb
BbICKa3aHHOrO CBOIiCTBa.

N3 aToro cBOiCTBA, B 4YacCTHOCTW, BbiTEKaET, 4YTO €CWU
npasas Moyt TPEeyronbHaa mMarpuua C HEHYNeBbIMM  MOp:
O/aroHaVIbHbIMA  9NIEMEHTAM UMEET  MPOCTYH0 CTPYKTYPY,
TO BCE € COOCIBEHHbE 3HAYEHUA pPas/MuHbl. Kak nokasbiBaeT
npumep matpuubl (44.20), Mbl HE MOXEM HaOeAaTbCA Ha To,
4YTO Ha/MuMe O4YeHb ON3KMX COBCTBEHHbIX 3HAYeHuin obs3a-
TeNbHO MNpvBeAEeT K MOABNEHUIO O4YEeHb MasbiX nogauvaroHaslb-
HbIX 3MEMEHTOB.

PaccmoTpum Tenepb MOOYHO NOCNeaoBaTeNbHOCTb  YUCEN
Vi, v2........ CHoBa MOCTPOMM OPTOroHaUIbHble MaTpuubl K u
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npaeble TPEYro/ibHble MaTpuvubl /?* MO peKyppeHTHbIM doop-
My/nam O _ V|E = QU7?i, 1= /?iQi+ V.,E,

Ai —v.£ = QtRi. At RtQt + VAE, (46 2)

N*-1—vi€ = Qk/?t, N* = @*(?* + y*£,

Ecnu A npasas noutu TpeyrosibHas mMatpuua, TOo aHavlo-
rMYHbIi BUg 6yayT MMeTb Bce maTtpuvubl J1*. Kak n paHbLue,
Nerko nokasartb, 4YTO MaTpuupbl J1* OpPTOroHaUlbHO MOAOGHbI
ncxogHo martpude J1; npu 3ToMm

n*« (Q....<?%)'n «r,.
Qi..<?) (R,,.../?,) = (JT- VtE) (1 - VZE) ... (1 ... V*£).

(46.3)
MpepnonoykvMe, 4TO MPW HEKOTOPOI, BOOOLLE TOBOPS, 3aBu-
cAwell oT K HymMmepauum COOCTBEHHbIX 3HAYEHUA 2<>, , 1{K),
BbIMOJIHAIOTCH HepasBeHCTBa
nNixp-v,:>nixf»-v,i>...>n - V' I»
(46.4)
NoslyYnuM, 4YTO NoAanaroHavibHble 31EMEHTbI , ( maTpuupl
J1* cyTb BenuUMHbI Takoro nopsaka:
al+i.i= 0 (*«-« O (Xft,- v)/(XI*>- vy,)).
Uncna vj, y2 ... B (46.2) HasbiBatoTCA COBMraMn. Bbibu?

pas ux noaxodsyiM 06pas’oM, MOXHO B 3HAYUTENbHOWN Mepe
YCKOpUTb cxoaumocTb Qft-anropHdoma.

Mo cylwiecTtsy, BCe M3BECTHble CTpaTerym Bblbopa CABUIOB
COCTOST M3 [ABYX pasfMyHbiX 3TanoB. Ha nepsom 3Tane
Kakum-1mb0o Crnocobom o6ecrneyrBaeTcs 3aMeETHOE YMEHbLLUEHNE
O[HOro H3 noganaroHavlbHbIX 3NEeMEHTOB MaTpuvubl J1*. Teo-
peTnyeckoe 060CHOBaHME 3TOro 3Tana AN MaTpuy, OOLLel
CTPYKTYpPbl, Kak npasuno, OTCYTCTBYET, HO MNpOBOAUTCA
IKCrepuMeHTabHOe  noaTBepXkaeHne ero  3dodoeKTUBHOCTW.
ManocTb noaauaroHanbHOro 3femMeHTa MNOo3BONSET HayaTb Ha
BTOPOM 3Tare uefieHanpasneHHbli BbIbop cABuros. Mpu 3tom
obecriewBaeTcsl AavlbHellee yMeHbLUEeHVe MNoAaMaroHasbHOro
3MemMeHTa C CyLUEeCTBEHHO 60sblueii CKOPOCTbHO.
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MycTb anemeHT a3/l f He mpeBocxoauT Mo MOAy/MO MaIoOro
uncna € [lokakeM, Kak BbldbpaTb Ternepb CABUMK, 4TOBbl CKO-
pPOCTb y6bIBAHUS 3N1EMEHTOB , . CTaa He MeHee, YyeM KeBafj-
paTnyHOA.

PazobbeM MaTpuuy AT Ha KIeTKM TaKuUxX >Xe pasMepos,
Kak B wmatpuue (46.1). Ecnu 0603HauMTb 3TO0 pasbueHve
yepes )

«U
R
TO AanaroHanbHble knetkm &X'\ al’* sBnsoTca npasbivy
MOYTU TPEYrofibHbIMU, a KJeTka am> uveeT Nullb OAuH
HEHy/NIeBOW 3MeMEHT Mopsiika € B BEepXHEM MNpaBoM Yray.

BbluMcanm Kakmm-nnm6o crnocobom, Hanpumep, no dhopmyne
(26.5), xapaktepucTtuuyeckumii mHorouneH fm(k) matpuupl
MPUHMMass BO BHUMaHWe HepaBeHcTBa (46.4) npn k= m,
3aKnoyaeM, 4YTo corfacHo nemve 11.2 BennyunHbl

OyayT WMETb MOpPsAOK MO KpaiiHeli Mepe e npu >) U He

(1)
12

OyayT MasbivMn npu <7</. O603Ha4YMM uyepes v, ........ vm+,, ;
KOpHM MHorouneHa f-,, (X) 1 BbInonHUM gononHutensHo M—/
waroB npouecca (46.2), B3sB vm+l, ..., v+, Yy B KayecTtse

caBUroB. PaccMOTpuUM COOTBETCTBYIOLLME HepaseHcTBa (46.4)
npu K= T-\-N —/. NS MaiblX € COBOKYMNHOCTW COBGCTBEH-
HbIX 3Ha4YeHW bl T+n~1)npu >/ 6yayT ooyHAKOBLIMM.

Ho B 3tom cnyyae
/ T+n-1 ,(t+a9a-/)_

.- un N /+m 1
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Linknnyeckn nOBTOPSS OMNUCaHHbI BbIGOP CABUIOB 4Yepes
Kaokable M—/ waros npouecca (46.2), Mbl obecneuim He
MEHee, YeM KBapaTWUHYHO CKOPOCTb YOblBaHWsA nogauaro-
HasIbHbIX 3MIEMEHTOB N aK TOMbKO 3NeMeHT B Nnosvuuun
(/4-1, |) craHeT JoCTaTO4HO MasibiM, €ro MOXKHO 3aMeHUTb
HyfleM, He noTepss MNpu 3TOM CYLLECTBEHHO B TOYHOCTU, WU
npojo/mkaTb npumeHeHne Qtf-anropydoma K mMarpuuam MeHb-
LMX pasvepos.

MNpakTnyeckaa peanmnsauus npouecca YCKOpeHuss B COOT-
BETCTBUN C W3/I0XKEHHOI CXeMOWl He Bcerga okasbiBaeTcs adr
chbekTvBHOW. MMpeanonoXkuMm, 4YTo BELLUECTBEHHas Matpuua A
UMEET KOMIMJIEKCHblIE COOCTBEHHblE 3HA4YeHuss. B 3aToM cryyae
cpean kopHei BellecTBeHHoro MHorouneHa fm().) moryT oka-
3aTbCA KOMIEKCHO CONpPshKEHHblE napbl. HO Toraa HekoTo-
pbie 13 MNPOMEXYTOUHbIX MaTpuy, AK OyayT KOMMIEKCHbIMU,
HECMOTpsi Ma TO, 4To MaTpuua ATHI t ABnseTcs BELLECTBEH-
HOW. llosiBNeHne KOMMAEKCHbIX MaTpul, BeCbMa HexxenatesnbHO
KaK C TOYKM 3pPEeHUss BPEMEHM cyeTa, TaK M C TOYKWU 3pPeHus
ncnosnb3oBaHus namatn SOBM. [o3ToMy MOKavkem ceiuac,
KakK MOXHO BblUMCAATL MaTtpudy J1T+,, /, MUHYS MonyyeHne
NPOMEXYTOUHbIX MaTpuy, A*. [na 3Toro Ham noTpebyetcs

Nemma 46.1. MNyctb ana mMarpuubl A BbINO/HEHLI YHU-
TapHO NOOGHLEE NPEeOOpPasoBaHA

Ci=T*ATu C,=Nnrz2

npvuem Matpuupl Cn G —npaebie MOYTU TPEYrofbHbIE C He-
HYNIEBLIMA  MOAAVAIOHABHEIMA - 3NeMEHTaM.  Eciim - nepebie
cTon6upl Matpuy, T T2 CcoBNadalor, TO CyLLUECTByeT Takas
IVaroHarbHas Marpvua S C anemMeHTaMy, pPasHbIMA Mo MO-
YN0 €IVHULE, 4YTO

Tt —Tis, Ca= 5"CiS. (46.5)

JokaszaTenbcTBo. [0 cCylecTBy, Ham [OCTaTO4HO
nokasaTtb, UTO €C/M yHUTapHas matpuyua T u npasas noutw
TpeyrosbHas Matpyua C C HEeHy/NeBbIMW  NOAAUATOHAbHBIMM
3MeMeHTaMN CBs3aHbl COOTHOLLIEHUEM

AT-TC , ' (46.6)

To npu 3agaHHoM nepeBom ctonbue T matpuupl T, C onpe-
OensiTca B OCHOBHOM OAHO3HAYHO.
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O603Ha4Mm yepes tu cTon6upsl MaTpuupl T, yepes
anemeHTbl Marpuupl C. MNpupasHMBasA nepsble CTONOLpBI NEBOW
M npasoi vactein B (46.6), vveem

All = Cu/14- i
Tak kak T yHuTapHa, TO

— ti),
21= a?||Ati—Qy] e,
t2= (Sti/Cji) (Ati —Cw/j),

roe ar, — Npou3BO/IbHOE KOMIJIEKCHOE 4YuC/o, MO  MOoAy/to
paBHoe eguHuue. lMpupasBHuMBas BTOpble CTOMOUbLI B (46.6),
nonyynm

A+ = dtti §- Cjj/j + GJ s,

OTKyJa BbITEKaeT, 4To
Q2= (Att, /M»
d«= (Atz, ti),
r—e@R AN—CY| — i [e>
/j= (A32'G2) {Ati —ciI\ —

30ecb cHoBa a®— MNpoM3BOJ/IbHOE KOMIIEKCHOE 4uCno, Mo
MOAy/0 paBHOe eauHULLE.

Mpogomkas MpoUeCcc, YyCTaHaBMBaeM, 4YTO BCEe CTO/MOLbI
MaTtpuubl T, HauMHas cO BTOPOro, OnpenenstTcs OAHO3HAYHO
C TOYHOCTBIO [0 YMHOXEHWA Ha KOMIMJEKCHblIe 4ucna, Mo
MOAy/M0 paBHble efvHuiue. 3TO M MOoATBEPXKAAeT crnpaseanv-
BOCTb COOTHOLUEHWIA (46.5).

Tenepb nepeligeM K OBGOCHOBaHMIO MPOLECCa  BblYNCIEHUA
MaTpuupl Antnj. fcHo, uTo

Augn j —Tn-) Am Tn//-sj—m@iw

O/ HEeKOTOpoli opToroHasbHOW MaTpuubl T,, | 1 NpaBoii Tpe-
yronesHoii marpuubl L,, ).

MpeanonoXnm, 4YTO Mbl KakuM-IM6o CrocoGoM  Halum
TaKylo OpTOroHaulbHyt0 Matpuudy T, Yy KOTOPOW nepBblii CTON-
6eL, coBnagaeT C nepebiM CTONGUOM t,, / 1 NpM 3TOM MaTpuua
C—T'ATT saBnsieTcst NpaBoii NOYTN TPEYro/bHOW. BO3MOXKHbI
age cutyauun. Ecnum Bce nopamaroHasbHble 3MeMeHTbl Mar-
puubl C OTAMYHBI OT HY/A, TO COrMacHo nemve 46.1

T=-Tn-S, C—S AamnjsS,
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roe S —pavaroHasbHasi Marpuua C 3NeMeHTaMy, PaBHbIMU M0
MoAyno  eavHuue.  MoAynM  COOTBETCTBYHOLLIMX — 3/IEMEHTOB
Matpuy, AT+,, u C o0AvMHAKOBbI, MO3TOMY 6Ge3pas/nyHo,
C Kakoih u3 Hux npogomkartb (?/?-amropHdom. Mbl 6yaem npo-
pomkate ero ¢ matpuueli C. Ecnm >ke Kakue-TOo noaauaro-
Ha/lbHble 2nemMeHTbl MaTpuubl C paBHbl Hy, TO 3TO 6o/ee
GnaronpusTHeIi cryyaii, Tak Kak MOXHO npogomkats QR-an-
ropucpm € MaTpuLamMy MEHbLUMX [Pa3MeEpPOB.

TeopeTudeckn matpudy T,, / MOXHO MOMAYyuYATb KakK Mpo-
v3BEAEHVE MAaTpuL, BpaLleHus Mpy UCKIHYEHUM nogavaro-
HanbHbIX 3nemeHToB fM(AN), Hanpumep, no cron6uam cBepxy
BHM3. Bbyaem cuutatb, 4TO

Tn I.aeeeT'lifm (N71)= Ln-J.

B cuny cTpoeHus maTpul, BpalleHus nepsasi CTpoka npo-
mssegeHna T 1n...T 12 coBnagaet c nepBoii CTPOKOW Npousse-
nenns T, 1,,...TH 7. cnepoBaTefbHO, C NEpPBOI CTPOKOI
Matpuusl T'n/. Ho matpuupl T X1 ..., [,2 onpegensiotcs
b nepebiv  ctonbuom f,, (An), y koToporo MoryT 6biTb
OT/INYHbI OT HYNA TONMbKO nepsble M—/+ 1 anemeHToB. [O-
3TOMy B AENCTBMTENLHOCTM MepBblli cTonbey, martpuvupl T,,-,
COBMafiaeT C nepsbiM CTONOLOM npowvssedeHuns 7J,...Ti,,,-y +i.

Bbluncnum neps.blii ctonGew, matpuusl TM(AN) u onpepenm
Mo HeMy COOTBETCTBYHOLLME MaTpuubl BpalleHus [ 12
eeee T 1,4/+1. Monyunm, panee, mMatpuy

B_r.a/+...TXATIn... ;. a-/+1 (46.7)

H npvBeseM ee C NOMOLLBIO anropudoMa, onucaHHoro B § 32,
K OpPTOroHa/lbHO MOJO6GHOV NpPaBoOii MOYTU TPEYrosibHOW Mart-
pyue. 310 n BypeT HyxHas Ham matpuua C.

[elicTBMTENBEHO, HOBas MOYTU TPEyrosibHas Matpuua nony-
yeHa Kak npousBegeHne eupga P'BP. CornacHo nocTpoeHuto
opToroHasnbHas Matpvua P vmeeT nepsble cTonbel, U CTPOKY,
coBnajarolyie C MnepsBbiMA CTOMGLOM M CTPOKOW eauHUYHOW
MaTpuLpbl. CnegoBaTensHO, NepBblii cTondew, Matpuusl T,, , Byaet
coBMagats C nepsbiM cTon6uom Matpuusl  T\t... T\, ,, /+1P.
MocnegHss mMarpuua He TONMbKO OPTOroHaulbHas, HO U ABNS-
ncs matpyuein nogo6Horo npeobpasoBaHus, npuBogsallero AT
K MpaBoi MoYTW TPEeyronbHoW, T. e. obragaeT cBoOWCTBaMu
Matpuupl T.

Matpyua B B (46.7) VMeEeT MHOIO HyNEBbIX 3/1EMEHTOB
N OT/IMYaeTCst OT MPaBOil MOYTW TPEYrofibHOW TeMm, YTO MOYTU
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BCE 3/IEMEHTbl NABHOrO0 MUHOpa nopsgka M—/+ 2 moryT
ObITb OT/IMYHBI OT HyNs. CneunanbHblli BUA, Matpuusl B nerko
yyecTb Npu ee npuBeAeHun K MNO4YTKM TpeyronbHoW doopmve.
Ha Bcex atanax npvsBefieHns MpoMeXXyTouHble MaTpuubl Oya\T
OT/IMYaTbCs OT MPaBoOii MOYTU TPEYrofibHOW TeMm, YTO MOoYTU
BCE 3/IEMEHTblI HEKOTOPOro MuHopa nopsgka w—/4-2, onu-
paloLierocs Ha rfaBHYK AuaroHasib, MOryT ObiTb OT/INYHbI
OT Hyna. Mo Mepe BbINONHEHUS Mpouecca NpuBefeHus 3ToT
MVHOPp OyAeT nepemMeLlaTbca Mo AvaroHauln BHUS.

B uenom npsmoe nonyveHue matpuvupl J1,sHH 13 martpu-
ubl AT TpebyeT BbINOMHEHUS MNPUMEPHO TaKOro e obbeva
BbIUWCNEHWI, KaK U MocnefoBaTeNbHOE ee nojydYeHve 3a N—j
waros npouecca (46.2) c BelwlecTBeHHbIMW casuramun. [pu
3TOM HE HY>XHO HaxoAuTb KOPHU MHOrouvneHoB. OgHako o6Lem
LOMONHUTENbHOM namatn 3BM, HeobxoaMMon Ons XpaHeHus
pe3ynbTaToB MPOMEXYTOUHbIX BbIYMCNEHWUA, ObICTPO pacTteT
C yMeHblleHnem /.

OnuncaHHoOe YCKOopeHue cxogymocTu (?/?-anropHdoma ocobeH-
HO 3adpdpekTVBHO, Korga j —ti— 1. B 3TOM ciyyae ouepefHoii
COBUT vm, coBragaet C NnocneHM auaroHaslbHbIM  3nemMeH-
ToM MaTpuupbl AT 1 3aBeoMO OyAeT BeLLECTBEHHbIM. [lo3TomMy
npsmMoe rnony4vyeHne wmatpuvubl J1T+, He aBnseTcs obssaTenb-
HbIM, a KBajpaTuyHOe YyOblBaHMe noaaMaroHasbHOro 3f1eMeH-
Ta OyAeT npoucxoauTb Ha Kavkgom Lware npouecca (46.2).
Ecnn >xe BellecTBeHHass Matpuyua A UMEET KOMIMIEKCHbIe
COOCTBEHHbIE 3HAYEHUs, NMPAMOE nojnyyeHve matpuupl J1T+, /
MOXET OKas3aTbCA HeoO6XOAVMMbIM MPU YCNOBUKW, KOHEYHO, 4TO
Mbl  XOTMM BbIMONHATL /INULb BELUECTBEHHbIE BbIYUCNEHUA.
B artom cnyyae npamoe nonyyeHve marpuvupl J1T+1, Havbonee
achcpektvBHO Npy /= N1 —2. O6A3aTelbHOEe MOSBNEHNE MavlbiX
nogAHaroHaslbHbIX 3M1EMEHTOB C MeEHbLUMM 3HavyeHunem / CBs-
3aHO B OCHOBHOM C HaylMuMem Yy matpuupl J1 KaHOHUYECKUX
AWMKOB YKopaaHa 60/blinX pasMepos.

Moasoas UTOoru, Nepevncsivm eLle pas pacCMOTPEHHbIE npue-
Mbl YCKOPEHUS BPEMEHN cyeTa npu peanmsaunm Qft-anropudoma.

1. MpepBapuTensHoe npuBeAeHne maTpuvubl J1 K Mpasoi
noyTn TpeyronbHoii doopme. bes atoro npueegeHus Q/?-a.iro-
pudom OBbLIMHO He MpPUMEHSIETCH.

2. WAcnonb3oBaHne cOBuros Ans MOBLIWEHUSA ckopocTu
y6blBaHNs nogavaroHaslbHbIX 3N1eMEHTOB. [pu HannM4ynm Kom-
MNEKCHbIX COBCTBEHHbIX 3HAYEHUA Havbonee aPdPeKTUBHO
npsmoe nonyyeHve matpuy, 1* n3 (46.2).
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3. 3ameHa MaubIX MoAguaroHavlbHbIX 3/IEMEHTOB HY/SAMMU.
310 no3BoONsSEeT npojomKaTb NpumMeHeHne Q/™-anropudova
K Marpuyam MeHbLUMX pasMepos.

B npvemax yCKOpEeHWs OCTaeTCAd He SICHbIM TOJ/IbKO OfAWH
BOMPOC. VIMEHHO, KakK HauinHaTb BbiOOp CABWIOB, 4YTOObLI A0-
CTaTO4YHO. GbICTPO MOAYUYMTb Mavlbli MOAAHArOHaUbHbI  ane-
MeHT B nosuvuumn (/+1, /) c HaMbonbWwum Mo BO3MOXHOCTHU
3HaveHnem /? 3a WCKIIOYEHMEM HEKOTOPbLIX CheuyasbHbIX
KNaccoB MaTpul, MNoka Ha Hero He nonyyeHo ybéeauTesnbHOro
oteeTa. CTpaterum BbiGopa CABUroB, rapaHTupyloLwme ybébisa-
HMEe MO4AMAarOHa/lbHbIX 3/IEMEHTOB, OObIYHO OKas3blBAKOTCH
C/MLUKOM Me/IEHHBLIMM.

Mbl onvwem cedyac OgHy H3 NpaKTUYecKux npouenyp
Bblbopa casuro. OHa adpdhekTrBHa, XOTA ee npuMeHeHue
CBfi3aHO C HEKOTOPbIM PUCKOM.

Mpouecc HauMHaeTcs C BbluMCNeHus MaTtpuubl AX npu
vl= 0. MpegnonoXxum, 4to yxe nosydeHol mMaTpuupl AT-X 1
AT. MpoBepsieM BbINOMHEHNE HepPaBEHCTBA

|1aﬂ) _a£r11-~ H :gS 5_'— n' |+
Ecnnm OHO cripaBefMBo, TO Haxoaum maTpuuy Amit 6eps

vimi = of’'. Ecnm >Xe 39T0 HepaBeHCTBO He VMeeT MecTa, TO
npoBepsieM BbINO/NHEHME APYroro HepaseHCTBa:

[aM —a't 1> <A [a@@ 1],

roe a<r,), a<t>—kneTkn BTOpOro nopsgka marpuy, 1T1_,,
AT, HaxofslMecs B HWKHEM MpaBoM Yrny. Ecnm 3To Hepa-
BEHCTBO CMpaBe/MBO, TO BbIYMC/SEM XapPaKTEPUCTUHECKNI
MHorouneH matpuubl a(T) 1 Haxoavm matpuuy JIT 2, ucnosnb-
3ys NpsMoOi crnocob ee nonyyeHus. Ecnm >ke u nocnegHee
HEpPaBeHCTBO He UMeeT MecTa, To Haxoaum wmatpugy J1TM,
rePs vmfl«=0. KoHeyHO, npu nepBoi & BO3MOXXHOCTU 3ame-
HAeEM Mavible noAaHarovasibHble 3MeMEHTbl HYNSIMU U Npoaon-
»aem npumeHeHne Qtf-anropHdoMa K Matpuvuam MeHbLUVX pas-
MEPOB.

MNpuUMeHeHVe 3STOW npoueaypbl MNOKas3ano, 4YTO cpeaHee
UnCno uTepaumii Ha Kadkgoe COOCTBEHHOE 3HaYeHue, Kak npa-
BW1O, He npeBocxoauT 5. Mpouecc MCKIUYUTENBHO YCTONYMB.
* Hanm3 oun.6aK OKPYI/IEeHMS B HEM MOHOCTbIO OXBaTblBaETCA

aHaM3oM, KOTOpbIA 6bl1 BbINOMHEH paHee. Ecnu euH-
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TaTb, YTO Ha Kakgoe COGCTBEHHOE 3HaueHue mMatpulpl A Tpe-
byeTca He 6Gonee NSATU uvTepaumii, TO BbIYUC/IEHHbIE COOCTBEH-
Hble 3Ha4yeHusi 6yAyT TOYHbIMU A1 HEKOTOPOV BO3MYLLIEHHOM
MaTpuupl A -~E, npuuem

1ELU8E* N +* n«p-»4Afe.

YNDPAXHEHWA

1. NMyctb A—3pmMuioBa JNeHTOYHas Marpuua. Jokasartb, 4To  Bce
matpuupl AK 13 (46.2), nonyyeHHble MNPV BELLEeCTBEHHbIX cAsurax, oyayt
SPMUTOBLIMA U IEHTOYHBIMWU TaKOW e LUMPUHBI.

2. YTOYHUTb nemmy 46.1, ecnm [ONOSHUTENbHO M3BECTHO, 4TO MNoA-
AnaroHanbHble anemMeHTsl mMatpuy, Ct, Cr nofoXXuTenbHb.

3. PaccmotpeTs npuvMEHEHME NpPeobpasoBaHUli OTPadKeHWs npu nps-
MOM MonlydeHun marpuupl UT+J1_/ n3 marpuusl AT . BbirOgHO X UX Npu-
MEHeHVe, ecnmm 9 — 2?

4. MycTts marpuua A HOopMasbHas WU BbinonHaeTcas Q/7-anropudpom co
capuramun.  [lokasartb, 4TO NPV OMMCaHHOM BbilLle CrocoGe Bblbopa Casu-
roB obecneuvBaercs Kybuyeckas CKOPOCTb Y6biBaHMA NOAAHArOHaslbHbIX
3/1EMEHTOB.

5. NMycTb 3agaHa HekoTopas COBOKYMHOCTb W3 K CABUIOB, He £B-
NAOLLMNXCA COOCTBEHHBIMU  3HAYEHUAMMU  MaTpuupl A. [Pesnonoxumm, 4to
B npouecce (46.2) Ans [ABYX pasfvuHbiX MOPSAKOB BblbOpa CABUIOB U3
3TOM  COBOKYMHOCTW MNOAy4YeHbl Matpuupl Ak 1 AN [lokasatb, 4TO npu
TOYHbIX BbIYMCNEHUAX = rge S* — guaroHasibHas mMarpuus

C 2/IeMeHTamMy, pasHbIMW MO MOAYN0 eanHULE.
6. MycTb BMecto marpuy Ak, /1* 13 ynpakHeHus 5 peabHO nony-
yeHbl mMatpuubl AK, AK. [lokasartb, 4TO B OOLLEM C/yyae He CyLuecTsyer

Takolh doyHkumm f (K, n), He 3aBuUcsALLeli OT A, Npu KOTOpoi Ans Bcex A
BbINMO/HAETCS HEepPaBEHCTBO

min (= ") P~"+li A I-

3pech S* — AvaroHaslbHble MarpuLpl C 3M1eMeHTamMy, PasHbIMK MO MOZY/IH0
efvHiue.

7. B KakoM cMmbicne marpuupl <4 AK 13 ynpaxHeHus 6 MOXHO
Hassatb 6IM3KUMU? -

§ 47, OnpepeneHne COBGCTBEHHbIX BEKTOPOB

PaccMOTpeHHbIE YWC/IEHHbIE METOAbl PELUEHVs MNPOo6ieMbI
CO6CTBEHHbIX 3HAUYEHUWi Jyylle MpPUCNOCAGNEHbl A5 onpene-
NeHNsi CCOCTBEHHbIX 3HAYEHWl, YeM .COBCTBEHHbIX BEKTOPOB.
Tak, Hanpumep, npuMeHeHne MeToga BpaileHuin unm QR-
anropucpMa o1 HAXOXAEHUS CCOCTBEHHbIX BEKTOPOB 3acTaB-
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nAeT  [ONOMHUTENBHO  BbIYMCAATH M 3anoMyHaTh  MaTpuly
pesynsTupytoLlero npeoodpasoBaHns nogobus. Ata onepaums
OKasblBaeTCA O4YEHb HEBLIFOAHON, €C/MNM HY>XHO OnpeaenunTb
NN HECKO/bKO BEKTOPOB. K TOMY Y€ BblUMC/IEHVE MaTpuLbl
npeobpasoBaHVsi  YCNIOXKHAET YUCNEHHbIN MeTog. OCO6EeHHO
ycnoxHsietca QR-anropudoM, Tak Kak Tenepb B HEM ropasgo
TpyAHee OCyLLECTBSATb MNepexoq K Marpvuam MeHbLUMX pas-
MEpPOB MNPV NOSIBAEHUN HYNEBbIX MNOoAAMArOHasbHbIX 3/1€MEHTOB.
MNpumeHeHe MeToga OWCEKUMA BOOOLLE He OaeT HUKaKol
ABHOW wuHJpOpMaLy OTHOCUTEIbHO COOBCTBEHHbLIX BEKTOPOB.

Bce oM npuuuHbl NOGYXOAalT Hac 6o0nee BHUMATENbHO
paccmoTpeTs 3adady onpeneneHnss COOCTBEHHbIX BEKTOPOB MO
npeaBapuTE/NbHO BbIYNC/IEHHBIM COOCTBEHHLIM 3HAYEHUSIM.

MNpeanonoXumM, 4YTO HaxoOsaTCs COOCTBEHHble BEeKTOpbl
MaTpuupl A. BosbMeEM MPoun3BONbHbIA BekTop MO 1 NocTpoum
nocnegosaTeflbHOCTb BEKTOPOB

n,= abAunK.un (47.1)

Ana K2=1 npyu HEeKOTOPbIX HEeHyneBbliX u4ucnax a*. fAcHo,
yTOo

bl = PUN*bIO, P*= Tl

/-1

Pasnoxnm martpuly A B npouvssegeHve (45.3) n 6ygem cuu-
TaTb, YTO COOCTBEHHble 3HAYEHWs Ha guaroHanm matpuupl J1
ynopsgoyeHbl cornacHo (45.5). Torga uvveem

«* = p*Q(A*D*)D*Q-»M (47.2)

3pecb D—pparoHanbHasi mMaTpuua COOGCTBEHHBIX 3HAYEHWUIA.

MycTb B cootBeTcTBMM C (45.5) L ecTtb noanpocTpaHCTBO,
HaTsHYTOE Ha MepBsbie  BEKTOPOB-CTON6LI0B MaTpuubl Q L 1 —
€ro OpTOroHavlbHoe [ononHeHve. [peactasum BEKTOpbl W,
B BUaEe

uk= 4k) + ufLl),

roe ulnel, i[LI™elLl. Ecnrm uQ)® 0, TO U3 (47.2) cne-
ayet, uto U[1P0 ana Bcex K. BoCnonb3oBaBLUMCH pe3yib-

TataMm u o06o3HaueHnsMn § 45, 3aknovaem ganee us (47.2),
uro

K iX)U Si= 0 (*** W ti)*). (473)
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PaccmMoTpyM Havbonee BadkHble Clydyaun pacnpegeneHuns
MakCUMa/lbHbIX MO MOAY/MO0 COBCTBEHHbLIX 3HAYEHWl MaTpu-
ubl A.

1. Bce mMakCumMaiibHble MO MOAY/O COBCTBEHHbIE 3HAYEHMUS
COBMaJalOT U HW OAWH H3 HUX He BXOAMT B KaHOHWYECKWI
AWMK XKopgaHa Bbille NepsBoro nopsaka.

2. Bce makcumasibHble MO MOAYMHO COOCTBEHHbIE 3HAYEHUA
COBMaZlaloT M HEKOTOpble U3 HUX BXOAAT B KaHOHMYECKue
AWwnkn YKopgaHa nopsgka He Bbllwe s.

3. MakcumavibHble Mo MOAyN0 COOCTBEHHblE 3HAYeHus
BELLECTBEHHOW MaTpuubl 06pasytoT MPOCTYI0 KOMMNIEKCHO CO-
NPSXXEHHYO0 napy.

N3 doopmynbl (47.2) nonyyaem, YTO B MNepBOM Clyvyae Bce
npoekuum1 KoMnnHeapHsl. CneposaTenbHO, C TOYHOCTbLIO

[0 HOPMVPYIOLLETO MHOXXUTENA Mocnefosare/ibHOCTbL BEKTOPOB
b CXOOUTCH CO CKOPOCTbIO (47.3) K OOHOMY W3 COOCTBEHHbIX
BEKTOPOB, COOTBETCTBYIOLLMX MAaKCUMa/IbHOMY MO  MOAY/MO
COGCTBEHHOMY 3HA4YEHWUO. 3TOT COOCTBEHHbII BEKTOP onpeae-
nseTcs TONbKO Npoekupeii MeHsis Bektop W0, MOXXHO
Haxo4HTb pas/inyHble COOGCTBEHHbIE BEKTOPbI.

Bo BTOpoM cnydyae npoekumm m*+ He GyAyT OCTaBaTbCA
KONMHEapHbIMKU, U UX MOMoXeHue B L un3MeHseTca B COOT-
BETCTBUM C M3MEHEHMEM MAaKCUM&UIbHbIX 3MEMEHTOB MaTpuLpbl
A*> * OfHaKo Npu Kakaom K BEeKTop M* C TOYHOCTbIO (47.3)
6ynetr 6/M30K K HEeKOTOPOMY BEKTOpY, npuHagnexawiemy
KOPHEBOMY MOAMNPOCTPaHCTBY, COOTBETCTBYIOLLEMY MaKCUMaUib-
HOMY MO MOyt COOGCTBEHHOMY 3HavYeHWo. BoobLie rosops,
OyaeT MMeTb MECTO U CXOOMMOCTb K OfIHOMY H3 COOCTBEHHbIX
BEKTOPOB. OAHaKo 60/bLLIOI0 NPakTUYEeCKOro 3HavyeHus oHa
HE VMMEeT, TakK KakK ee CKOpPOCTb BCero nuulb nopsgka k~l.

CyLLEeCTBEHHO MO ApYromMy BefdeT cebs nocnefoBaTenbHOCTb
BEKTOPOB VK B TPETLEM Cryyae. Ee xapakTepHble 0COBeHHOCTU
MOXXHO BUAETb Ha crneaytoem npumvepe. NycTb B Kadectse A
B3fTa mMarpuua spawleHus (18.2). HeTpygHO npoBepuTb, 4YTO

n* = lcos** —*n*al
[iln Oo cosJk'xJ’
n Torga

e -m -4 g3
0N HEKOTOPOro 4ucna B. ATO O3HAYaAET, uTo Npu 6onblunx K
KOOpAVHaTbl BEKTOpPOB W* O6yayT ocuunamposatb. Tem He
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MeHee BEKTOpP H* C TO4YHOCThbiO (47.3) OyaeT 6/M30K K HEKO-
' TOpOMY BEKTOPY, SBMSIOWEMYCS JIMHENHOW KoMb6uHauvei
KOMM/IEKCHO COMPSKEHHbIX COBCTBEHHbIX BEKTOPOB, COOTBETCT-
BYHOLLIMX MaKCUMa/bHbIM MO MOAY/0 KOMIMIEKCHO COMpPS>XKEH-
HbIM COBGCTBEHHbIM 3HAYEHUAM.
Mpouecc (47.1) NPUHATO HasbiBaTb MPAMLIMA UTEPALINAMMN.
i. OH npumMeHseTcs B OCHOBHOM /51 ONpefeneHns KOPHEBOIo
6a3nca, COOTBETCTBYIOLLEI0 MaKCVMasbHbIM MO MOAY/M0 COBCT-
BEHHbIM 3HauYeHVAM. Mcnonb3ys CABUMM, MOXHO HECKO/bKO
£ yBENYNTb CKOPOCTb CXOAVUMOCTW. 3HAUYMTENbHOIO Xe yCKope-
HWA Henb3s MNONy4YUTb, TaK KaK HEBO3MOXXHO C MOMOLLIO
COBWIOB cAenartb OOCTATOYHO MasbiM OTHOLWeHue T,/T,.
MpsmMble uvTepaumMm -MOXHO WCMONb3oBaTb WM AN onpeje-
NIEHNS1 KOPHEBbIX BEKTOPOB, COOTBETCTBYIOLLMX MUHUMA/IbHLIM
Nno MOZynto COBCTBEHHbIM 3HAYEHUAM, ecnm MaTpuuy A B (47.1)

1 3ameHuTb Martpuuein A~L

O603Haunm yepe3 L nognpocTpaHCTBO, HATAHYTOe Ha noc-
nepHue ctonbubl MaTpuupbl Q, COOTBETCTBYHOLLIME COrnacHo (45.5)
MUHMM&/IbHBIM 1O MOAY/0 COBCTBEHHLIM 3HAYEHUsIM. Bo3bMeM
Npou3BO/bHbI BekTtop MO M MOCTPOMM NOCNEAOBATENLHOCTb

BeKT°P°B ] 447.4)

K Co6CTBeHHblE 3HaueHus mMaTpuubl A 1 sBASOTCS o6paTHbIMU
[, BenMuMHamMy no OTHOLUEHWIO K COBCTBEHHbIM 3HAUEHWUSM MaT-

’

' pHUbl A. TO3TOMY B COOTBETCTBMU C W3/IOXKEHHBIM BbilLIE G-
30CTb BEKTOPOB M* K KOPHEBOMY MOAMNPOCTpaHCTBY L 1 npo-
uecce (47.4) onpepenseTcs COOTHOLUEHVEM

C TOYKM 3PEHUS CKOPOCTU CXOAVMMOCTU MOMOXEHNE U3Me-
HUOCb MPUHLUUNNaSbHO, TaK Kak Ternepb C NMOMOLLBIO CABUIOB
MOXXHO cfAenaTb OTHOLUeHWe TT/TT,| AOCTaTroyHO MasibiM.

Mpn noCTpoeHun BEKTOPOB WK H3 (47.4), Kak npaswuio,
He BbIYMCAKT MaTpuuy J1-1, a HaxodAaT 3TU BEKTOpbl NyTem
peLleHrsi CUCTEM NIMHEWHbIX airebpandyeckmx ypaBHEHWi

AnK=
Takoil MpPOLECC MPUHSATO HasbiBaTb OOPATHLIMU UTEepaLaMU.

iIMeHHO oO6paTHble wWTepauun SBASKOTCA OAHMM U3 CaMmbIX
*(PJOEKTVBHBIX UMCNIEHHbIX METOAOB OMNpPEeAeneHns KOPHEBbIX
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BEKTOPOB MaTpuvupl MO MNPEABAPUTENLHO BbIUMC/IEHHBIM €8
COBCTBEHHBIM 3HAUYEHUSIM.

MpeanonoXum, 4YTO A1s COBCTBEHHOrO 3HAYeHus X mar-
puubl A 13BECTHO OOCTATOYHO TouHoe npubmkeHue X. MocT-
pouM MOCnefoBaTEbHOCTL BEKTOPOB

(N1 - XE) k= a*bi*-b (47.5)

Mcxoas U3 HEKOTOporo Bektopa M, [ycTb L o3HauvaeT kop-
HEeBOE MOoANPOCTPAHCTBO MaTpuupl J1, cooTBeTcTBytoLlee X. Ecnu

e= [X—X| a=minlX —X(}

TO, O4YeBMOHO, 4TO npu a> e
[<la ) E/ | Yn 1E=0(** Ye/o)*).

Ha nepsBbiii B3rnsg KaxeTcs, YTO BAUSAHUE OLUMOOK OKpPYT-
NEHVS B peasibHbIX BbIYNCNEHUAX OO/MHKHO CYLLECTBEHHO M3Me-
HUTb CBOWMCTBa 06paTHbIX UTepauuii B npouecce (47.5). B ca-
MOM [Jefne, nNpu peamsaumm 3TOTO Mpouecca NpuxoanTcs
peLuaTb CUCTEMbl YpaBHEHU. KOHEeYHO, Mbl MOXEeM HafesaTbCst

Ha TO, YTO pPeasbHO BbIYMC/IEHHbIE BEKTOPbI U* 6yayT YAOB-
NeTBOPATbL COOTHOLUEHVSIM BUAA

(1 —XE + E*)MK= aK (u* i+ (47.6)

roe eBKIMAOBbl HOPMblI E*, orpaHuyeHbl MasbiMU Bennmyun-
Hamm E, I]. Ecnm X 6/m3ko K X, matpuupl cuctem (47.6)
OyayT NNoXo 06yCnoBneHHbIMU. [103TOMY BeKTOp «* n3 (47.6)
OypeT 3HauuTenbHO oOT/myaTbCs OT Bektopa WK u3 (47.5).
Ho Torga Bpoge 6bl Henb3s oOXuaaTb MNOAy4YeHWsa K3 nocne-

[0BaTeNlbHOCTN BEKTOPOB WK HageXHol vHdopmauym o Kop-
HEBOM MOAMPOCTPAHCTBE, COOTBETCTBYHOLLIEM X

B uenom npasuibHble aprymMeHTbl NPUBENN Hac K Henpa-
BUIbHOMY BbIBOAY. ECnn pelleHne cuctembl (47.5) copep>xut
60nbLyl0  OWNBKY, TO BEKTOpP OWMOOK 6yAeT B OCHOBHOM
npuHagnexats WUMEHHO TOMYy MOANPOCTPAaHCTBY, KOTOpOE Mbl
neiraemca onpegennts. Yem 6ornblie owmbka B BbIMWNCIIEHHOM
BEKTOpe, TemM C 6osblueii TOYHOCTBHO 3TOT BEKTOp npuHasane-
XKUT HY>XHOMY MOAMNPOCTPAaHCTBY.
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OWnNBKN OKPYINEHNS He MOryT CYLUECTBEHHO W3MEHUTb
06LLYy0 CKOpoCTb npouecca (47.5) M BAUAIOT NUWb Ha Benu-
YMHY AOCTWXUMOIM TouyHOCTW. Tenepb

fim, Getu) E/3<*) 10 = 0. 7.7

roe g, BooOLe roBOps, OTANMYHO OT HyndA. [okakeMm, Kak
OLUEHUTb [NaBHbIA uneH uicna o

CornacHo Teopeme Lypa [1] cywecTtByeT yHUTapHas maT-
puua R, pns kotopoii matpuuya C—RAR* aBnseTcs npasoit
TpeyronbHoi, npuyem nepsbiMn Ha AnaroHannm C cToAT cob-
CTBEHHble 3HauyeHusa, pasHble X. Caenas 3ameHy

r*= Ruk, (47.8)
nosy4yumm BmecTo (47.6) COOTHOLLEeHve
(C—XE+ T*) r* = a* (r*-, + £*), (47.9)
roe
T* = REKR™, = 1

MpeanonoXKumM, YTO KPaTHOCTb COGCTBEHHOrO 3HaueHus X
paBHa . B COOTBETCTBUM C pesynbTatamy Teopun BO3MyLLe-
HWli cyllecTByeT Masias mMaTpuua Buaa

o

H T -an

* L—H<I O]
Takas, 4Tto
B,,= (E+ lI*) (C- XE+ T*) (£ + H*)-1

ABNSETCSA KIETOYHOlM npaBoi TpeyronbHol. Ecnu

TO KneTkm wmatpuy H*, BK B BepxHem neBoM yriy WMetoT
nopsaok . CobCTBeHHble 3HauyeHua BJt* He npeBocxodAT no

MOZYN0 Masoro Yucia e, 3aBUCSILLEro OT CTeneHu 6amsocTy X
K X, BefMuuMHbl E U, KOHEYHO, OT CTPYKTypbl MaTpuupbl A.

Moaynn CoO6CTBEHHbIX 3HaueHwii B/ orpaHuyeHbl CHU3Y
HEKOTOPbLIM YMCNOM, GM3KUM K & CaenaB ovepenHyto 3ameHy

*= (£ + H*) 1%, (47.10)
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nonyynm BmecTo (47.9) HOBOE COOTHOLLIEHME

Bkvk-=a* (»*.,.+B*.), (47.11)
roe
B* 1m=(£ + H*)j* j+ (H*—H*-i) IK .

MycTb eBKNMMAOBbI HOPMbI 6* II'*1 orpaHnyeHsl mMasbiMv
BenmumHamu O, |l. [Ons no6oro Bektopa W yepes W, W'
0603Ha4YVM BEKTOpbl, COCTaB/IeHHble M3 MepBbIX [ MU nocnes-
HUX MN—T KoopavHat W. Tenepb u3 (47.11) BbITEKAET, 4TO
B OOLLeM cnyyae

T~ bl bl M e)= 0(e9).

K-* co

Ho Torpa wu3 (47.10) cnegyet
*|7|0'I; @ bl r*W A~ K- (47.12)
CornacHo (47.8) crnpaBsef/iMBbl paBeHCTBA

Lat'1)]az 1200+ |0 -

noatomy us3 (47.7), (47.12) Haxogum, uyto </=g;IT.

BennunHa H 3aBUCUT OT BHYTPEHHEl CTPYKTypbl Mar-
pvubl A. Ecim A uveeT 6asuc 13 COBCTBEHHbLIX BEKTOPOB,
To B cootBeTcTBM C (13.10) wumveem

Il < (vg/20) E,

roe vq eCTb CreKTpabHOe 4MC/I0 OBYCNOBNEHHOCTV MaTpuubl
CO6CTBEHHbIX BekTopoB Q u3 (45.3). Ana HOpMaUlbHbIX MaT-
pvy, MOXHO cuuTtatb v<j=I|. CneposaTenbHO, B 3TOM Cly4yae

<77E/2a. (47.13)

YNPAXHEHMWA

1. MNocTpouts amropudoMbl ONpPefeneHns MaKCUMaUTbHbIX MO MOZy/io
COBCTBEHHbIX 3HAYeHWI A mMatpuupl A Ha'ocHose npouecca (47.1).

2. MocTpouts anropndoMbl YTOYHEHUS COOCTBEHHbLIX 3HAYEeHWn mar-
pvupl A Ha ocHose npouecca (47.5).

3. [fokasartb, 4to And marpuusl A — ).£ n3 (45.7) BbinonHseTcs
HepaseHCTBO V(A - WL~ LK

4. MycTb Ans mMarpuusl A MaKCUMaUbHbIA pasMep >KopaaHosa ALyKa
C COOCTBEHHbIM 3HAYEHWEM  paBeH ». Jlokasartb, uTO

[(1-*£):>[-O (8").
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5. MycTb B npouecce (47.5) napameTp aA BbiGMpaeTcsa H3 yCnoBus
f «*;,= 1. [lokasaTb, 4TO B 0O6LiemM cnyyae

Tim l«* ;— O (e-1),

*-» 00

sup;<x*>0(e-").

6. J[okasaTb, 4TO B YycnoBuax ynpa”HeHull 4, 5 npu *>1 Bek-
Top W, 6yper 674M30K K COGCTBEHHOMY BEKTOPY, COOTBETCTBywLEeMYy X,
Cc TouHocTbio nopsaka ek~l.

7. WccnepoBaTb noBefeHWE HOPM HEBA30K (.4—X£)V|* a npo-
uecce (47.5).

8 48. OCO6EHHOCTUN BblUNCIEHWUIA

MepeigemM K pPacCMOTPEHVIO BbIYMCIUTENBHOTO npouecca
pewenns cuctem (47.5). C TeopeTudeckoi TOUKU 3PEeHus
CBOWICTBa Ob6paTHbIX WTepauuini He 3aBuMCAT OT uuicen ax*.
OfgHako 39TO He oO3HayaeT, YTo MOXKHO 6paTtb a*= 1 n npwu-
MEHSATb KaKON-MbO M3 YMCNEHHbIX METOHOB, OMUCaHHbIX

B rn. V, oake B ToM cnyyae, korga martpyua A—XE HeBbl-
poxxaeHHas. Ecnu co6CTBEHHbIE 3HAYEHUS! BbIMUCNEHbI C 60/b-

IO TouHOCTbIO, maTtpvua A —/.E GyaeT oueHb Mnioxo obyc-

NOBNEHHON. MNMoaToMy Npu a *= 1 BO3MOYXEH 3HAYUTESbHbIA POCT
3IEMEHTOB MPOMEXXYTOUYHbIX BbIYMC/IEHWI N BO3HUKAET pealslb-
Has OnacHOCTb NepenosiHEHNs. 3Ta OnacHOCTb YCTpaHsAeTCcH
COOTBETCTBYIOLLM BbIGOPOM uncen ax.

Wccnepyem cHavana pelleHve cuctemsl Tuna (47.5) ¢ Tpe-
yronbHoi matpuueii. lMycTb 3afaHbl MpaBas TpeyrosbHas
matpuua C u Bektop / nopsgka M. Onpenenvm Takoil Bek-
TOp W, AN KOTOPOro BbINOMHAETCH PaBeHCTBO

M= oo, (48.1)

npu HekoTopoM uucne a, roe |af[<1.

O603HauM  yepes , K anemeHTbl maTpuupl C 1 Bek-
Topa /. Bygem HaxoguTb KOOpAMHATbl BEKTOpPA U C MOMOLLIbO
NpoLecca, HaroMyHatloLero obpaTHylo MNOACTaHOBKY C OAHO-
BPEMEHHOV HOPMMPOBKOW MNpaBoi yactu. B cnyyae ,cm |> |/, |
NOIOXUM

"M=Mman «"m)=!,
nHaue
aw=c¢,Jin



272 PEWEHWE MPOBMEMbl COBCTBEHHbLIX 3HAUEHWA [rn. vi

Ecnu G,,, 1, paBHbl Hy/l0 OAHOBPEMEHHO, TO

AM= 1 au)= I

MpeanonoXvmM, 4YTO YXe BblYUC/EHbI'UMCHA
., nlu+1), a(+1). Haxogum

Yi= auwli — VvV asu“+I\
1- 1+ 1

B cnyuae |at > [Y<! nonoxum

IR
nHave

’ >1 (48°3)
a()= (Quynal)

Ecnm @y, yi paBHbl HyM0 OAHOBpPEMEHHO, cuMtaem Qyfyt =* 1.
B KauyecTBe M Gepem BEKTOp C koopauHaramu u', ««*,

OueHnM  BMSHWE OWWNBOK OKpyrneHus. lMycTb Ha Bcex
aTanax BbIMUCAEHWI MaluMHHbIE HYNM He nosensloTcs. lNpeg-
NOMNOXMM, UYTO PpeasbHO TMOJIlyYEHHbIE YuCna

.., WN'rl>, « ) MOXHO TpakToBaTb KakK'Mojy4eHHble npu
TOYHbBIX BbIYNCEHUAX, UCXOAA U3 BO3MYLLEHHbIX OAHHbLIX

ss»(+i, nr>«.
(1L+<+. «& <+,

roe Bce BenuuuHbl gjj,+ 1), VMEKT MopsgoK pP~M . 3ro

NPEANONOXEHNE 3aBEOMO BbIMOJHAETCS Ha MNEepBOM Luare,
npuyem

1CM AN (/2)P /4L no-

onpeagendem
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Ecnm wnveetr mecto (48.2), TO Haxoaum

k) _ jfl (Yi/Qh - (yifciy @ + *,). S= 1,

s s> t.

MoaToMy HOBble BenMYMHbI A(l......... L\ a() MoxHo cumTathb
TOYHO MOMYYEHHBIMU W3 BO3MYLLEHHBIX [AHHbIX:

(1 =X, g=*i, n=-/,
4a= On(l+o/). g=1i,h>i,

@ h~g,
/0 _/ (1 + %>  g=*I.
U+ L

B cnyyae, korga umeeT mecto (48.3), Haxoaum

V/ =0,
(<Vft) (L- *<). W~ Q

s= /,
= ( '*
| fl fp.ii<<+1>) a (<2,&) W/H])A-w ) 0 +V,),

au = fl (P;a,+) = (e fy,)a(+t) 1- x;) @A+ v,).

Tenepb HOBblE BENUYUHbI

MOXXHOCHMTaTb TOYHO MNOJ1yYeH,
HbIMN M3 AOAaHHbIX:

{ Coh (I —*<) (1 + V,),
Cg: I @1(14— ay)y

4V f> (1 + vI)I(l + va)i g”™i-\-\, h~g,
lg (1+ ay),

4,+)). = gz*t+1
MpuHMMaa BO BHUMaHWE OrpaHU4YEeHHOCTb OLLUMOOK Besnu-
unHo (1/2) p '4l, 3aKkmo4YaeM U3 BCEX 3TUX COOTHOLLIEHWA,

UYTO peavibHO BbIYUC/IEHHBI BEKTOP i YAOBNETBOPSET paBEH-
cTBY

(C+ [)ih =»£.(/ + B). (48.5)

10 B B. BoesoguH
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3pecbk a coenagaet c a(l), a gna Bo3MmyLleHuii A, 6 cnpa-
BE[/IMBbl OLLEHKU

W *r'"V U . ‘ ’

Ecnu Ha npoMeXyTOuYHbIX 3Tanax BblMUCMEHUU MallVHHble
HYNU MOSABMAAKOTCSH, OUEHKM (48.6) ocTaroTca Takumu ke, Tak
KakKk WX Tnpasble 4YaCcT W3MEHSITCH /NUllb Ha BeINYUHbI
nopsigka to. BmecTto (48.4) BO3MyLLUEHHbIE AaHHbIE Ha BCEX
warax npouecca 6yayT UMeETb BUL,

n—c,A1+ Y44 g™l +1, h"g,
5+ = [*(e + Y*F+1)+ |7|'+])_ oyt o+ 1

roe BennuuHbl €A 1), +> UMeloT-NopsaaoK P T , a Benu-
unHbl  TAO+1). W+ —nopsgok (0. CHoBa  BbINOSHSETCS
paseHcTBO (48.5), HO Tenepb a coenagaet ¢ a(l) He Bcerga
Ecnn aw = 0, HO BCce AguaroHasibHble 3nemMeHTbl Matpuupl C
OT/INYHBLI OT HYNfA, TO ITO O3HAYaeT, 4YTO pasBeHCTBO (48.5)
BbINMONHAETCA MPU TakoM a, KOTOpoe Mo MOAYMO MeHbLue (O.

He orpaHuumBas OOGLUHOCTW, MOXHO cuuTaTtb, 4YTO MarT-
pyuua A cuctemsl (47.5) npasas MouTu TpeyronbHas. AHano-

FMUHbIA Bug 6yaet umets Matpyua A —A£. MoaToMy cuctemy
(47.5) uenecoobpasHo pellaTtb cregyolwmm obpasom. CHavana
NPUBOAUM €€ C MOMOLLBIO YMHOXXEHWSA CrieBa Ha NOAXOAALLMM
obpasom BbIGpaHHYO nocnefoBaTebHOCTb MaTpul, BpalLeHus
K CUCTEeME C MpaBoi TPeyrofbHOW Martpuuei. 3ateM peLlueHve
NONYYEHHOW CUCTEMbI HAXOAUM C MOMOLLbIO ONMUCAHHOTO BbiLLE
npouecca. PeanbHO BbIYMCNEHHbI BEKTOpP i*  yaoBneTBopseT

(47.6). NpuHMMas BO BHUMaHue HepaBeHCTBOLLA —AE£[<: 2[/11 »
a Takke oueHku (35.13), (48.6), nonyyaem

IBllBN (/2+1)ap-«M b.
\rb-1\bY2nr‘+\anb-

(48.7)

HanomHum, 4Tto aona scex fe >|.
O6paTHble uTepauum ocobeHHO 3dddpeKTuBHbI, .Korga Mar-
puua J1 cummeTpuyHas. B aTtom cnyvae 6e3 orpaHuyeHus
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OGLLHOCT/ MOXHO cuMTaTb, YTO MaTpuua A TpexauaroHavlb-
Hasa n Torga, B cooTBeTcTBUM C (35.14),

1E*N(372 + 4)p *uasb.
K-11*~/2np '+UYii»-/-

MNpn peanmszauym o06paTHbIX UTepaumii NPUXOOUTCSH MHOrO-
KpaTHo pewartb cuctembl (47.5). OgHako UX pelleHve Haxo-

ANTCA OOCTarto4yHO 6bICTpO, TakK KaK pasnoxeHne matpulbl

A —A£ Ha MHOXMUTENM OCYLUECTB/IIETCA TONbKO OAVH pPas.

BO MHOIMMX cfy4yasx yAaeTcs BblUMC/UTb KOPHEBbIE BEK-
TOPbl UCKIHOUUTENIBHO TOYHO. [peanofioXnmM, YTO C MOMOLLBHO
06paTHbIX UTepauuii y)ke MojsyyeH [AOCTAaTOYHO TOYHbIM BEK-
Top . PaccmoTpum cucTemy

(O-9£)w=0. (48.8)

Ncnonb3ysa VMetoLeecs pasfnoyxeHne matpuubl A —$ £ HA MHoO-
XXNTENU, Mbl MOXEM MOMbITATbCA NPUMEHUTb MPOLECC YTO4YHe-
HMA, onncaHHbIA B § 38, K cucteme (48.8). Ecnm *TOT npo-
LecC yaacTCsi peam3oBaTtb, TO peavlbHO HalieHHbIA BeKTop
L\ ro cyuectsy, 6yaeT cosnagatb C NpasBuibHO OKPYTNEHHbLIM
KOPHEBLIM BEKTOPOM.

C TOYKM 3pPEHVs TOYHbIX BbIYACNEHUA Takoe YTOYHEeHuEe
COBMaJaeT C BbINOSHEHVMEM ELLE OAHOrO Lara obpaTHbIX ute-
paunii 6e3 HopmMupOoBOK. OgHako ero NPaKTinyeckasa peaviiza-
LA OCYLLIECTB/IIETCA VHa4Ye N MO3BONAET MCKNOYUTb BIVsSIHME
3KBVBA/IEHTHOIO BO3MYLLIEHVA B Matpuue A Ha JOCTVXKUMYHO
TOYHOCTb. EAMHCTBEHHOE MpPEenATCTBME, KOTOPOEe MOXET BO3-
HUKHYTb MpuU pelleHnn cuctembl (48.8), cBf3aHO C'60MbLUNM
[POCTOM 3/1IEMEHTOB NMPOMEXYTOUHbIX BblYMCNEHUA. HO nopsaok
pocTa, Kak npasuio, He npesocxoaut e 1un, ecnn A He cnnLl-
KOM 6/1M3KO K f, MpoUEecC YTOYHEHUS MOXHO peanm3oBarth.

O6patuMm BHMMaHue Ha cregytolee obCToATeNnsCTBO. Ecnn
BELLIECTBEHHas MaTpuua A UMEEeT KOMIMIEKCHO COMPSHKEHHbIE
COOCTBEHHbIE 3HAYeHHs_ f, fl, TO AuaroHaslbHble 3/1EMEHTHI
Matpuy A—AE£, A—AE£ OyayT KOMMIEKCHbIMU. KOHEeuHO,
MOX>XHO OCYLLECTB/SATb ObpaTHble uUTepauyn LeMkoM B KOMM-
nekcHon apndomeTke. OAHAKO 3TO HEBLIFOAHO B OTHOLLEHUW .
KaK CKOPOCTW CYeTa, TakK W BEeNN4YMHbI UCMONb3YyEMON namsaTu
OBM.
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Bonee wuenecoobpasHo BbINOHATL 06paTHble UTepaLum
HECKO/IbKO MHauye. bygem onpefensite BEeKTOpbl H3  MPsAMOL
CYMMbI L KOpHEBbIX NOANPOCTPAHCTB MaTpuLbl M, COOTBETCTBYHO-

wmx f, F. PaccMoTpuM BELLECTBEHHYO MaTpuLly
B ()= (A—\E) [A - \E) = Arr- 2Re XA+ [S>E.
OHa umeeT Masble cobCTBeHHble 3HadveHus (A—95) A—8) u

(A—9A)(A—9). Npsamas cymma ee KOPHEBbIX MNOANPOCTPAHCTB,
COOTBETCTBYIOLLMX STUM COBGCTBEHHLIM 3HAUEHUsIM, COBMaJaeT

c L. Moatomy o6paTHble uTepaumn c matpuueli B(A) nosso-
NAT 3¢pdoeKTMBHO HaxoauTb BeKTopbl u3 L.

Ans  MHOrMX 3agay  BMoOfHE [OOCTarodHO — ornpefeneHvis
BekTopoB M3 L. Ecnn Bce ke HeoBXoAMMO HaWTWM KOpHEBbIe
BEKTOPbl MaTpuubl A, TO MOXHO MOCTYNUTb CleayoLLM
ob6pazom.

MognpocTpaHcTBO L MHBapuaHTHO OTHOCUTeNbHO A 1
CcobCTBEH Hble 3HadeHusi onepatopa A |L, wuHayumpoBaHHOro

Ha L onepatopom /1, paeHbl nuwb A u H. Mpeanonoxuim,

YTO BbIUMC/MIEH OPTOHOPMHPOBaHHLIH Ga3uc Vt, ..., Vi nognpo-
cTpaHctBa L. O6o03Haumm uepes V matpudy pasvepa hxl,
CTON6LBl KOTOpPOIi coBnagatoT C t», ..., V,. B 3tom 6asnce
oneparop /1 |L wveer maTtpuuy

S=V*AV (48.9)
nopsigka |. Ecnn koopauHaTtbl KOPHEBOro BeKTopa MaTpuupl
S, cooTtBeTcTBylollero f, paBHbl S,, ..., S, TO KOpHEBO

BEKTOpP X MaTtpuubl /1, cooTBeTcTBylOLMA H, OyaeT Takum:

I
x= V SMW.
(-1
3ameTum, 4TO B C/lyvyae MPOCTOr0 COOCTBEHHOIO 3HaYeHus
A matpuua (48.9) umeer BTOpPOW MNOPSAOK.

YNPAXHEHWNA

1. MycTtb cuctema (47.5) pellaeTcs OnMMCaHHbIM BbilLe Crnocobom. YTo
Oo3HauyaeT MoseneHne Hynesoro a»?

2. Wccneposatb BbIYNCAUTENbHLIM MPOLECC BbIMOMIHEHNA OB6pPATHBIX
utepauuii ¢ marpuueri B (>.)m

3. Mpeanonoxmm, 4YTo Ha 3Jrane peLueHus cuctembl (48.8) Mbl v3Me-
HUAM A Kak BnvseT sto M3MEHeHMe Ha Be/IMYNHY AOCTMXKUMON TOYHOCTU
M POCT 3/IEMEHTOB NPU PELLEHUN CUCTEMBI? .
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4. TNpeanonoXum, 4To Mbl MEHSEM  Ha KaxK[OM Luare BbINOAHEeHUs
obparHbiX uTepaumii. Kak 310 oTpavkaeTcs Ha BpemeHu cueta?

5. CpaBHUTb BbIYNCUTENbHLIM MpoUecc B ynpaxkHeHun 4 n Q/?-anro-
pudyn co capuramm.

C Myctb marpyua A BewgectBeHHas H \ ecTb NpuoImKeHne K KoMmM-
NIEKCHOMY COOCTBEHHOMY 3HAUYEHU0 Paccmotpets pasnuuHble  Crocoobl
CcBefileHVs KOMIIEKCHON cuctemsl (47.5) nopsgka n K BELLECTBEHHON cricteme
nopsgka 2n.

7. B ycnosusx ynpadkHeHus 6 uccneposatb BblYMCIMTENbHbIN Npouecc
BbINO/IHEHNS OBpPAaTHbLIX UTepaumii.

8. CpaBHUTL pe3ynbTaTthl BbINONHEHUS YNPavkHEHWI 2, 7 MexXay CoGOoW

§ 49. AnNOCTEpPUOPHbIE OLIEHKU TOYHOCTU

B o6Lem cniyyae Hemnb3s HanTu 3<Ix|leKktHeHbie anpuopHble
OLIEHKN TOYHOCTU pPeLLeHUs NPo6/eMbl COOCTBEHHbIX 3HAYEHWUNA,
OCOGEHHO B OTHOLLUEHMN COBCTBEHHbIX BEKTOPOB. OfHaKo Mo
NPUOGNMKEHHBIM COOCTBEHHBIM 3HAYEHUSM 1N COOCTBEHHbLIM BEK-
TopaM wMHOrga yAaeTcs MNoAyyYuTb  AOCTaroyHO — XopoLuve
anocTepuopHbIe OLLEHKU.

MNycTb A —HopMasibHas MaTpuu®. Ob6o3HaumMm yepes XIf ...

. €e COOCTBEHHbIE 3HAUEeHWs, 4Yepes J,......... X,, —COOT-
BETCTBYIOLLME OPTOHOPMHPOBAHHbIE COOCTBEHHbIE BEKTOPbI.
MNpennonoXxvm, 4Yto MPUOGNMKEHHO BbLIYUCNEHO COOCTBEHHOE

3HauyeHve /. U CcOBCTBEHHbII BekTop X. PaccMoTpum HeBA3KY

= (N-).£)*.
Ecnun
X= Y] ax] (49.1)
TO o
r= .- X)am,
i—1

Il B CUNYy OPTOHOPMHPOBAHHOCTH BekTopoB Xt

o (49.2)
I-1

O603HaUYNM yepes 5 UefIovnMCrieHHOe MHOXEeCTBO, A
KOTOPOro BbINOJ/IHAETCA HepaBeHCTBO

wax j Xi—npy a, > Q
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yepes L —nognpocTpaHCcTBO, HaTAHYTOE Ha COOCTBEHHbIE BEK-
TOpbl X,, AN KOTOpbIX i& S. $ACHO, 4TO npoeKkuus pr*f
BekTopa A Ha L 3apmaetcs dhopmynoii

prsd= Vv aiXl.

I< £s

Ecnn Irjg«=e, TO 1”3 (49.2) BbITeKaeT

i1 Xi—XFlalj»> 2 lo, I
< NS t<£S
(49.3)
CnepoBartesbHO,
lprigd ={v |a 2., ¢€fss. (49.4)

Ons HopmanbHOli MaTpuupl A BefMuMHa &, Nerko oueHu-
BaeTCs Mo NPUBIMXKEHHO BbIUMCNEHHbIM COBGCTBEHHLIM 3HAYe-

HMAM Xj U anpuopHO W3BECTHOWM OLEHKE 3KBUBAJIEHTHOIO
BO3MYyLLEHMA MaTpuupl A. MNMoaTomy HepaBeHCTBO (49.4) npepn-
CTaBnsieT coboli 3pdPEKTVBHYIO aroCTEPUOPHYHO OLLEHKY TOYHO-
CTU COOGCTBEHHbLIX BEKTOPOB HOPM&UILHON MaTpuLpl.

OueHka (49.4) 3aBUCUT OT BENNYMHBI HOPMbI HEBA3KU.

Ecnu 3apgaH BekTop JE, TO MOXHO BbIGpaTb 4MCIO Tak,
yTo6bI Heesizka (J1 —\rE) A nvmena HavmeHbLLyto HopMy. 1lveem
14 - 2Hi= ((N- A, (1- y*£) 9) ~

= (19, NA)-(N9, hk*)-(h«*, NA)-bIM . Ls)=*
_ fﬁ% ,53() 111, gy = , T.. ij%f’[‘j' Pox X)) @ %o

OueBMOHO, 4YTO MWHUMEIbLHOE 3HA4YeHWe HOPMbl HEBA3KU
JocTuraeTca npL

**.m$Sm (49-3>
MpaBas u4acCcTb 3TOr0 paBeHCTBa HasblBAeTCs OTHOLLEHVEM
Panes, cootseTcTBytOLLMM BekTopy HA. Ecnu

To BCerga
| (N-u*£)*k-e'<e.

OTHOoLLeHne Panes onpedeneHo Aans  Mmo6oi  MaTpuupl,
HO ocoefle 3HAYeHVe OHO WMEET A/ HOpMasbHO. MpeaHosno-
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>KMM, 4YTO NPU HEKOTOPOM HOMEPE S COOTBETCTBYHOLLEE OTHO-
WweHve Panes p/l yooBNeTBOPSIET YCMOBUIO

max —pK ~0;>0.
<*»

CornacHo (49.1), (49.5) Haxogum

CneposatenbHo,

w? Y, |<1*— S I P
(-1 I -

oTkyga
A-X)1la,!*- ¥ (X,=»!,)l«,i* W

1?2 t«

AHanornyHo (49.3) nonyyaem
2 Ui—Wu*21a* *n e'»

l«i | *>] *ft-e'7a;\

NO3TOMY OKOHYaTe/IbHO 6y,qu NMMETb
*
L) Vb~ 44-4)

NTak, npH OoTHowWeHne Paned npubamwkaeT Wu3o-
MpPOBaHHOE CCO_TBEHHOE 3HA4YeHWe HOPM&asbHOW MaTpuLibl
C TOYHOCTLIO nopsgka e'™.

BbluvcneHve oTHoLeHUN Panes JaeT BO3MOXHOCTb HE TO/IbKO
6onee TOYHO HaxoAuTb OTAefbHble COGCTBEHHbIE 3HAYEHUS,
HO U OLEHUTb WX MNOrPELUHOCTb. Mbl HE MOXXEM TaK >ke MpocTo
YTOYHUTb OTAENbHblE COBCTBEHHbIE BEKTOPbI HOPM&aUILHOM MaT-
pvubl.  OTHOWeHWe Panesa NO3BOMSET /NWb  HECKOSbKO
YAy4YlWnTb OUEHKY (49.4), 3aMeHVB ee 605iee TOYHOW OLLEHKOM

lpri*  «£r’/al

[Ons  HeHopMa/ibHOW MaTpuupbl TPYAHO MOMYUNTb [adKe
anocTepriopHble OLEHKUM TOYHOCTU. UYTOGbLI jlydlle MOHATb
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NPUYNHY BO3HMKHOBEHUS TPYOHOCTEN, Onpeaenm rnaBHbIe
yfeHbl NOMpPaBOK K MPUBAMKEHHOMY pELLEHUO NpPo6neMbl
COOGCTBEHHbIX 3HAYEHWIA, BblpasB UX Yepe3 MW3BECTHblE BeENN-
YUHBbI.

MycTb COOCTBEHHblE 3HaueHusa X,, ..., Xa marpuubl A
nonapHo pasnuuHel. O6o3HauMM uepes XxIt ..., X, 1 yu ...
.., YN HOpPMUPOBaHHbLIE COOCTBEHHbIE BEKTOpPbI MaTpul, J1 ©
n*. Nveem

Nar, =>.*/, A*iji =11y, (49.7)
Ecnn mn3BeCTHbl MPUGAMKEHHbIE BeNNUUHbL A/, LT To
X = X+ AX/, =9, Ad/, (/= + O/- (49.8)

roe BCe rnonpasky, BOOOLLE roBoOps, Masbl.

B cuny npegnonoxeHun ¢ nonapHoOM pasnvynm coOCTBEH-
HbIX 3HayYeHun BekTopbl jJ.......... " ..., yn eyayrt
NIMHEHO He3aBucuMbIMK. [Mo3aTomy X, M Yyt MOXHO npeacTa-

BUTb KaK CYMMbI
Il n

Xi = v tJi = V1 kijg,.
/-1 /-1

3peck hn, ku 6nmskn K epyHULE, a ocTasbHble KoadodomLy-
€HTbl MaVlbl.

CoG6CTBEHHbIE BEKTOPLI OMPEAENsOTCA C TOYHOCTHIO [0
CKaNspHOro MHoXuUTens. CnepoBaTenbHO, MOXHO CUUTaTb,
yto hu= ku= 1. Tenepsb

Ax,= V hjXji, Ay, = ) kyfii.

PaCCMOTpI/IM HEeBA3KUN
=1 —X E ) I= N*—XE; <.

Moactasve B nepsoe ypasHeHuWe (49.7). 3HayeHua X/, o, u3
(49.8) 1 OTOBpPOCKB 4neHbl BTOPOro Nnopsgka MaloCcTu, NOayyYum

r,—mx.?/ —AAXi -f-\,AX,. (49.9)
Janee Haxogm
Ng*s /)= A, N2 = (A*, X~ + Q)= X (Av,, Iiffj+
+ {Axt, q,)=1, Z ht»(**. £)+ (AX,, 4j), (49.10)
ol

XIAX,, D))= I/ (A%, D)= 1/ V hk(t,
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TouHble BeKTopbl XK, Y, oOpToroHa/bHbl [1] npu K'® j,
noatomy (jf*. ffj) = 0 c TouHOCTHLIO A0 UNEHOB NepBoro nopsaka
MaslocTu. YMHOXas (49.9) ckanapHo Ha Y) n yunTbiBasa (49.10),
6yaem uUMeTb

{virn= noi=/. A).
(th yj) = hi, G —}) C/( y), i doj.
Orcropa crefyeT, 4uto

in 9) 49J11)
(it-

AHanornyHas doopmyna cnpasegmsa i ana  koadodmup-
eHToB K,j, onpepgenstomx nonpasky Ai/*:

(71 W)

(4912,

N3 nepsoii dopmynbl (49.11) BbITEKAET, YTO C TOYHOCTbIO
[O YNeHOoB BTOPOro nopsgka MauiocTu
.. p-)
'~ W. S0 *
MpaBas uacCTb 3TOMO pPaBEHCTBA HasblBAeTCs OOOOLLEHHLIM
oTHoLLeHeM Panes. OHo cHoBa JaeT BO3MOXHOCTb 6Gornee
TOYHO HaxoAuTb OTAEfNbHble COOGCTBEHHble 3HauYeHus. OpHako
M3-3a HEOPTOroOHa/IbHOCTN CUCTEMbl COOCTBEHHbIX BEKTOPOB
MaTpuubl A Tenepb Hefb3si MOAyYUTb rapaHTUPOBaHHbIE
OLLeHKM TO4YHOCTU Tuna (49.6).
Ecnn wmatpuua J1 HOpMaibHas, TO MOXXHO cuuTaTtb, 4TO
5/= p|, a cucrema BekTopos if,, ..., 61mM3ka K OpTOHOP-
MVpoBaHHO. B 3Ttom cnyuvae

|Ax,lis v |A&Vk v |(fh

MycTb

N3 BTOpbIX opmyn (49.11) nerko nonyd4aem HepaBeHCTBO
[O-KijerInY b,

B OCHOBHOM coBMnajatoilee c (49.4).
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Ecnn wmatpuua A He fBAseTCs HOPMabHOW, TO Bce
nonpaskn B (49.11), (49.12) Ana HEHOPMMUPOBAHHBLIX BEKTO-
poB Xt, V-, MO CyLlecTBy, MPONOPLUNOH&/bHbI BENYMHAM

- | %, bl yde
ICki. )1 =
Uucno G npuHsTo HasbiBaTh KoadodwLWeHTOM repexkoca mat-
puubl A, COOTBETCTBYHOLLIMM COOGCTBEHHOMY 3HayeHuto f/. [Ans
BELLECTBEHHbIX BekTopoB Xit y, C/= |/]coscp,|, roe <fj ectb
yron mexay Xi u yt. flcHo, uto Bcerga i/ |.

TPYAHOCTN MNOMyYEHUS FapaHTUPOBAaHHbLIX arnoCTePUOPHbIX
OLIEHOK TOYHOCTWU A1 HEHOPM&/bHOM MaTpuLbl CBA3aHbI C TeEM,
4yTo ee KoathdmUMeHTbI nepekoca MOryT ObITb KakK YrogHo
6onbwmmun.  Moatomy dhopmynamn  (49.11), (49.12) MOXHO
nonb3oBaTbCA NUWb TOrga, Koraa anpuopy WK3BECTHO, 4TO
BCe KO3adodwLMEHTbI Mepekoca He O4vYeHb Benukn. B atom
cny4dae chopmynbl (49.11), (49.12) NO3BONSAOT HE TONLKO Gonee
TOYHO HalTU COBCTBEHHbIE 3HAYEHUA W COBCTBEHHbIE BEKTOPBbI,
HO W OUEHUTb [NaBHblE YNEHbl OLLUMOOK.

[oiii YOPAXHEHMWA
1. Nyctb n=*(,4 — uE) V. [oka3at, 4tO0 | fBNAeTCca COOGCTBEHHbIM
3HaUYEHMEeM, a « — COOCTBEHHbIM BEKTOpPOM Matpuupl A — (v, 0)~l rv*.
2. NycTb ecTb OTHOLLeHVe Panes ans sekropa y u /= (4—pnf) n.
JAokasatb, uto (o, n)—0.
3. B ycnosuax ynpadkHeHus 2 pokasatb, 490 fBnseTca coobcCr-

BEHHbIM  3HAYeHMeM, a V— COOCTBEHHbIM BEKTOPOM  Matpuupl A —
—(y v)x(rv*+ SH)e
YTO MOXHO cCKasatb O BO3MYLLUEHUSX Martpuupl A B yrpavkHe-
Huax 1, 3?2 -
5. Paccmorpum apmutoBy Matpuuy A M Nyctb X,, XN CyTb €e Hau-
6orblee U HaMMeHbLLiee COBCTBEHHbIE 3HaueHus. [lokasatb, 4To

M= Tax ('/Ao \\2 ‘ (7?(:’ \?I.

6. B ycnosuax ynpaHeHus 6 MonyunTb cpOpMyrbl, BbipavkatoLme
ocTaUlbHble COGCTBEHHbIE 3HAYEHUA Yepe3 OTHOLLEeHVe Panes.

7. [Ookasatb, 4YTO BMECTO COOTHOLUeHus (49.6) B AelicTBUTENbHOCTN
BbINONHAETCS 6Gonee CuUbHOE HepaBeHCTBO

8. OueHUTb BANAHUE OLUMOOK OKPYrNEHUs MPU BbIMUCNEHUN OTHOLLIE-
HUW Panes. UYTo cnepyetr npeanpuHAaTb AN8 NpegoTtspalleHns norepu
TOYHOCTU?
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9. NycTb X ecTb Marpuyua COBCTBEHHbLIX BEKTOPOB Ans A. [lokasartb,
yTo Y=*X*~| ectb Marpvua COOCTBEHHbIX BEKTOPOB Ans A*.

10. AdokasaTb, 4YTO Marpvua SBNAETCA HOPMabHONM Torga M TO/bKO
Torga, Korga Bce ee KoadhdoMUMEHTbl NMepekoca pasHbl eauHULe.

§ 50. HekoTopble 3ameyaHusa 4

BbinONHEHHbIE MCccnegoBaHUs MO3BOAKOT BbiCKasaTb HEKO-
TOpble pPeKoMeHZAauu Mo MPUMEHEHMIO PACCMOTPEHHbIX aro-
pydoMoB ANsi peLleHnsi NpoGneMbl COOCTBEHHbIX 3HAaYEHWIA.

MycTb mMaTpyua A He 3pMUTOBA U HE UMEET KaKoW-nmbo
ocoboli cneundoMkM B CBOMX 3nemMeHTax. B atom cnyvae
nocnegosatenbHOCTb AeiCTBUi  onpegeneHa, Mo  CyLlecTsy,
OAHO3HAYHO.

CHauyania C MOMOLLBIO MOAOOHOrO YHUTAPHOro npeobpaso-
BaHVS NPUYBOAUM MaTtpuuy A K NpasBoii NoYTU TPEeyrosibHOM.
Ecnn Mbl Bygem onpeaensTs COBCTBEHHbIE BEKTOPLI MaTpuLpl A,
TO OO/MKHbI 3aNOMHUTL MpeobpasoBaHve nogobus, B NPOTUB-
HOM Cflyyae ero MOXHO He 3anomMuHaThb.

Cnepytowmii atan ceasaH c npumeHeHnem Q fl-anropHdova
K MpaBoii MoOYTW TPeyrofbHOW maTpuue. Ha 3Tom 3Tane
BbIYNCNIAOTCA TONbKO COOCTBEHHblE 3HaueHus. lNpeobpaszosa-
HUA NoJo6usi He 3anoMUHAlOTCH.

Ncnonb3ys BblUMCAEHHbIE COGCTBEHHbIE 3HAYEHWS, Haxo-
OVM fanee COOCTBEHHble BEKTOPbl C MOMOLLBHO O6paTHbIX UTe-
paumii. PelueHve nNpobnemMbl COOCTBEHHbIX 3HAYEHWIA 3aKaH4un-
BaeTCA BOCCTAHOB/IEHWEM COBCTBEHHbIX BEKTOPOB WCXOAHOM
MaTpuubl MO COBCTBEHHbIM BEKTOpaM MOYTW TpPeyrosbHOW
MaTpuLpbl.

PaccmMoTpum Ternepb 3pMUTOBY TpexAuaroHaslbHyl Mart-
puay A. CoOO6CTBEHHble 3HAYEHUs TakKoW MaTpulbl MOXHO
onpegensats nMM6o ¢ nomoLusto Qtf-anropudoma, 1M60 MeToaom
6vucekunii. Ha Haw’ B3rnag, npeanoyteHne cnegyeT otaartb
MeTody Oucekuwii, ocobeHHO B TOM cry4yae, Korga maTtpuua
nveeT 60MbLIoK NOPAAOK W HY>XXHO HaxoauTb He BCe COOCT-
BEHHble 3HauyeHus. COOCTBEHHblE BEKTOPbl TpexAnarOHaulbHOW
MaTpvubl B /II0O0OM Crlyyae onpesenstoTcs C MOMOLLpI0 obpart-
HbIX UTEepaLMii.

Ecnn spmutoBa mMatpuua A nonHas, To npobnemy Coo6CT-
BEHHbIX 3HAYEHW AN Hee MOXXHO pellaTb ABYMsS crocoGamu.
MepBbIii M3 HUX CBfA3aH C NpvBedeHMEM MaTpuubl A K YHU-
TapHO nMOJo6GHOW TpexgHaroHasbIlol 3PMUTOBON  MaTpuue,
pelleHemM npo6remMbl COOCTBEHHbIX 3HAYEHWA AnA 3Tol MaT-
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ppLUbl 1 BOCCTAHOB/IEHNEM COGCTBEHHBIX BEKTOPOB MaTtpuLibl A
Mo CO6CTBEHHbIM BEKTOpaM TpeXAMaroHaslbHOW — MaTpuLbl.
BTopoii cnoco6 ocHoBaH Ha MPUMEHEHWM METOAA BpPALLEHUIA.

B To” cnyyae, Korga HY>XHO BbIUUCIUTbL TO/BKO COGCT-
BEHHble 3HA4YeHusi, NepBblii Cnocob Mo BCeM NapamveTpam npe-
BOCXOAUT BTOPOW, 3a WCKIHOYEHNEM €eayHOOGpasus BbIUMC-
NUTENLHON CXeMbl. ECNN XK€ HY)KHO HailTM 1M COGCTBEHHbIE
BEKTOpLI, TO Y MeToAa BpalleHuii NosBNSeTCS HeKoTopoe npe-
umyLLiecTBo. C MOMOLLBHO COpaTHbIX WTepauuii ovyeHb TPyOHO
Mo/lyYnTb OPTOrOH&IbHbIE COBGCTBEHHbIE BEKTOPbI, OCOGEHHO
npyv Haauuuyu GOSLLLOTO CKOMMNEHUsT GAN3KUX COBCTBEHHbLIX
3HaueHuli. COGCTBEHHbIE BEKTOPbI, OMnpefernseMbie METOOOM
BpaLleHuid, BCerga mnoyTu OPTOrOHaJbHbI.

PaccMOTpeHHbIe anroprdoMbl, KpoOMe MeToaa BpalleHuii, oco-
6eHHO 3hdDEKTVBHLI MPY PELLEHUM MOCEeA0BATENBHOCTU CMEKT-
pasibHbIX 334ad, 3aBUCSLLMX OT HEKOTOpPOro napameTtpa. Co6CT-
BEHHbIE 3HAYEeHWs, MOJlyYeHHble A5 MPeAblayLIEro 3HaYeHus
napameTpa, MOryT CHY>XWUTb XOPOLUMMW MNPUGAKEHUSMUW A5

‘Ta6bnnuya 50.1
CpaBHUTENbHAA Xapakrepuctnka anropudoMos

Pexxum Yncno Tou- JAononn.

Tvn martpuLel, anropucom oblunMcn.  OnepauMii  HOCTb  namAThb

MpowssonbHas
npueegeHne K MouTn Tpeyr. fi, (10/3) N1 5,9n 2n
BOCCTaHOB/1. COGCTB. BEKTOPOB ", 2n* rn 21
Moutn TpeyronbHas
QR-anropudom n ton3 2r),5n* n
obparHbie urepaumn - fit 3n3 2,4n n3
SpmMutoBa NosnHas . *
npvBegeHne K TpexguaroH. n. (4/3)n*  18,5n 2n
mMeTog, Bpall, (cob. 3H.) fl 18n3 4yn 0
meron Bpall (co6. 3H., Cob. il 36n3 81!n n3
BEKT.)
SpmuToBa TPexAHaroHaubHas
MeTog Gucekuw! fl 10/n» 2,5’ 0
obparHble urepaumm fl 52n1 8.3 n3
dosd-anropHdom fl 73n» 85n 3n

COBGCTBEHHBIX 3HA4YeHWli, onpeaensemMbiXx NPy MOCNEAYIOLLEM
3HaYeHun napameTpa. [pu 3TOM 3HAUYNTEILHO COKpPAaLLAETCs
obllee BpeMmsi cueTa.
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CpaBHUTENbHbIE XapaKTEPUCTUKN anropudoMoB ANA peLle-
HMUA NPO6MeMbl COOGCTBEHHbIX 3HAYEHWU NpuBeAeHbl B Tabs.
50.1. OHa cocTaBneHa B MNOMHOM COOTBETCTBUM C Tabn. 34.1
N He Hy)XXgaeTcsa B OCO6bIX KOMMEHTapusx. 3amMeTum Nullb,
4YTO TOYHOCTb YyKasaHa A/ OTAENbHbIX COOCTBEHHbIX 3HAUYEHW
N COBCTBEHHBLIX BEKTOPOB, @ YMC/O onepauuini 1 AOMNONHUTE b-
Has nNamMmsaTb—ANna MNOMHOM npo6nemMbl. Bce XxapaKTepucTuku
nosy4YeHbl NpU crneayrowmx NpeanonoXeHnsx:

Ha kaxkpoe cobereeHHoe 3HaueHve B QR-amropydavie Tpe-
oyercd NATb uUTepaumii, Ha KavkOblii COOCTBEHHbIA BEKTOP
B OOpaTtHbIX utepauusx Tpeodyetcsa Tpu utepauuu, Ans
peavsam MeToga BpalleHuid Tpebyetcs LeCTb LMKIOB.

YNPAXHEHWNA

1. Nccneposatb anropudoMbl peLleHns Npob6nemMbl COOCTBEHHbIX 3HaYe-
HUIA KOCO3PMUTOBOM MaTtpuLibl.

2. Wccneposath anropudpMbl peLueHns NpoGnemMbl COOCTBEHHbIX 3Have-
HWIA yHUTaApPHOW MaTtpuLpl.

3. MocTtpoutb arropuddM YHUTAPHO MNOAOOHOrO npeobpasoBaHua
(2/n+ 1)-guaroHasbHOW 3PMUTOBOA Marpuupl K TpexanaroHasbHoW, 6e3
CYLLIECTBEHHOrO MCMO/b30BaHMA AOMNOMHUTENbHON NamMatm ANs  XpaHeHus
pe3ynbTatoB NPOMEXYTOUHbIX BblMUCIEHUIA.

4. Ona amopudoMa U3 YNpadkKHEeHWs 3 OLEeHUTb BAUAHUE OLUMOOK
OKpYyrneHus.

5. Ha ocHoBe wuccneposaHHbIX anropvddMOB A9 3PMUTOBLIX  MarpuLy
NOCTPOUTb YUNCNEHHbIE METoA peLueHus NpPo6aeMbl COBCTBEHHBLIX 3HAYEHUN
npoussegenns AByX 3PMMUTOBbIX Marpul, M3 KOTOPbIX OAHA MONOXUTENb-
HO onpegeneHHas.

6. Ans aropudoma 13 ynpaxKHeHus 5 oLeHnTb BANAHNE OLLIMOOK OKPYr-
NEeHHs.

7. Myctb A, B —npoussosibHble KeafpartHble marpuupl. [lokasarts,
UTO CYLLECTBYIOT YHUTapHble mMarpuupl Q, Z, ANs KOTOPbIX Marpuubl QAZ,
QBZ npasble TpeyrosbHbie.

8. MNocTpouts amropydoM HaxoXAeHWs YHUTapHbIX mMarpuy R, S, gns
KOTOpbIX A /1S — npasas noytn TpeyronbHas, aRBS — npasas TpeyronbHas.

9. Ana amropudovia M3 ynpaxHeHus 8 OueHUTb BAMAHWE OLUMBOK
OKpYrneHus.
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pi'Ubi H BOCCTaHOBNEHHeM COOGCTBEHHbLIX BEKTOPOB MaTpuubl A
No COOCTBEHHbIM BeKTOpaM TpexAuaroHalbHON MaTpuLpl.
BTopoii cnoco6 ocHoBaH Ha NPUMEHEHUM MeToda BpPAaLLEHWIA.

B TON cnyyae, korga HY>HO BbIYUCAUTb TONMbKO COOCT-
BEHHble 3HA4YeHWs, MepBblli CNocob MO BCeM MnapameTpam npe-
BOCXOAVT BTOPOW, 3a WCKIIYEHMEM eanHooOpasns BblUMC-
NUTENbHOM CXeMbl. ECNM >Xe HY)XHO HalTn U COBCTBEHHbIEe
BEKTOpbl, TO Y METOAA BpalleHuii NosSBASeTCA HEeKOTopoe npe-
nmyLecTso. C MOMOLLBIO 06paTHbIX MTepauuii OYeHb TPyAHO
Nnony4nTb OPTOrOHaNbHble COOCTBEHHbIE BEKTOPbI, OCOGEHHO
npu Haamumn 60MbLUIOr0 CKOMEHUA 6/M3KUX COBCTBEHHbIX
3HayeHunii. COOCTBEHHblE BEKTOpPbI, OnpejensemMble METOA0M
BpaLleHWid, BCerga NoYTM OPTOrOHasbHbI.

PaccMoTpeHHble anropudoMbl, KpoMe MEeToAA BpaLLeHUiA, 0co-
6eHHO adhdheKTVBHBI MPY peLleHun nocnenoBaTelbHOCTU CNeKT-
pasbHbIX 3a4ay, 3aBUCSALLMX OT HEKOTOPOro napamvetrpa. CobceT-
BEHHble 3Ha4YeHus, MONyYEeHHble ANA MNpeablayLlero 3HavyeHus
napameTpa, MOryT CAY>XWTb XOPOLMMWU MAPUOAKEHUAMU AN15

'Ta6nunya 50.1

CpasHuTeNbHas xapakrepuctvka anropvdomos

- ooy
Tvn marpuupl, anroprdom ,\Fﬁw mcno Tou A

onepauuii HOCTb namsrb

MpowussonbHas
npueegeHne K Moyt Tpeyr. Ma (10/3) N3 5,9n 2n
BOCCTaHOB/1. COOGCTB. BEKTOPOB M» 2/iJ al 21
Moutn TpeyronbHas
Qft-anropndom n ton3 26,5n* n
obparHble uTepaumn e . 3n3 2,4n n3
SpmMuToBa nosHas -
npueegeHve K TpexaHaroH. Ma (4/3)n*  18,5n 2n
metog Bpail,. (cob. 3H.) @ 18n3 N 0
mMeroq Bpatl, (co6. 3H., cob. [N 30n* 81!n n3
BEKT.)
SpmuToBa TpexamnaroHasnbHas
MeTog, GUceKuHA mn 10/n> 25" &
obparHble utepaumm @ 52n3 8,3 n3
(?/?-anropudom 1 73n» 85n 3n

COBGCTBEHHbIX 3HAUEHWli, onpeaensemMbiX Mpy MNoCNeayHoLLEM
3HauYeHUn napameTpa. [pH 3TOM 3HAUYMTENILHO COKpalLAETCs
oblLee Bpemsi cueTa.
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CpaBHUTENbHbIE XapaKTEPUCTUKM anropnudoMoB A5 peLle-
HUA MpPo6MeMbl COOCTBEHHbIX 3HAYEHWU NpuBeAeHbl B Tabn.
50.1. OHa cocTaBneHa B MNOMHOM COOTBETCTBMM C Tabn. 34.1
N He Hy)XXOaeTcs B 0COObIX KOMMEHTapusix. 3ameTum Nullb,
4YTO TOYHOCTb yKasaHa AN1a OTAE/bHbIX COOCTBEHHbIX 3HAUYEHUI
N COBCTBEHHbIX BEKTOPOB, & YMC/O onepaumii U AONONHUTENb-
Has NamMmsaTb—AnAa TMOMHOM Npo6nembl. Bce xapaKTepucTuKm
nonyyeHbl NpU Cneayrwmx MpPeanonoXXeHnsx:

Ha keaxkgoe cobereeHHoe 3HaueHve B QR-amropudave Tpe-
oyercq nNATb uUTepaumn, Ha Kakapli COOCTBEHHbIA BEKTOP
B obGpartHbiX uTepauusx TpebyeTtca Tpwu utepauuu, ons
peawvBalym MeToga BpalleHuid TpebyeTcs LIEeCTb LMKIIOB.

YOPAXHEHWA

1. Wccneposats anropuddMbl peLLeHns NpoGiemMbl COOCTBEHHBIX 3HaYe-
HWUIA KOCO3PMHTOBOW MartpuLibl.

2. Wccneposate anropuddvibl peLleHns Npo6nemMbl COB6CTBEHHbIX 3HauYe-
HUA YHUTAPHOW MaTpuLibl.

3. MNocTtpouts amopuddM YHUTAPHO MOJOGHOrO Npeo6pasoBaHUs
(27 + |)-guaroHaslbHON 3PMUTOBOA MaTpulbl K TpexanaroHaulbHol, 6e3
CYLLIECTBEHHOTO MCMNO/b30BaHMA [AOMOMHUTENBHOM NaMAaTM AN8 XpaHeHus
pe3ynbTatoB NPOMEXYTOUHbIX BblYMCAEHUIA.

4. Ans amropudpmva u3  yNpadkHeHWs 3 OLEeHWUTb BAWSHME OLLMGOK
OKpYrNeHus.

5. Ha ocHose wuccnepoBaHHbIX anropndpMoB AN 3PMUTOBLIX  MaTpuL,
NOCTPOUTL UYMCNEHHBI METOA peELLEeHVs NPOGIEMbl COOCTBEHHbIX 3HAYEHWi
npovsBefeHns ABYX 3PMUTOBbIX .MarpuL, M3 KOTOPbIX OfHA MOMOXUTE b-
HO onpegfeneHHas.

6. Ana amropudova u3 ynpaxHeHus 5 oueHnTs BInSHUE OLLMOOK OKPYT-
neHms.

7. Myctb A, B —NpOu13BOMbHbIE KBaApaTtHble Martpuubl. [Jokasarts,

UTO CYLLECTBYIOT YHUTApHble Martpuubl Q, Z, aNns KoTopbiX Marpuupl QAZ, i

QBZ npasble TpeyrosbHble.
8. MNocTpouts amropndoM HaxoXAeHus yHUTapHbix marpuy R, S, ans
KOTOpbIX /M S — npasas noutn TpeyronsHas, aRBS — npasas TpeyronbHas.
9. Ona amopudpma m3 ynpakHeHus 8 OLeHUTb BAMAHWE OLUMOOK
oKpyrneHus.



NMPMNNOXEHWE T
O PACNPEAENEHNN OWWNBEOK OKPYTJTEHUA

Mbl CcpasHMBaUIM TOYHOCTb YMCNEHHbIX METOAO0B /NNHEWHON anrebpsl
MO MaXKOPAaHTHBIM OLEHKaM HOPM  3KBMBAJNIEHTHbIX BO3MYyLLEHWA. Ho
Ma)KOPaHTHblE OLIEHKN [JOCTUrarTCa He Tak Y uyacro. [o3atomy B ue.i.ix
co3gaHvs 6onee NOMHOW KapTuHbl  pacnpefeneHus OoLMOOK OKpYrieHus
BECbMA 3aMaH4MBO CuuTaTb OTAE/IbHble OLUMOGKWU CyyaliHbiMN HEe3aBUCHIMbIMU
BeMYMHaMKN. 3amMaH4yMBO MNOTOMY, YTO MoAO6HaA runoresa npPounssoAuT
K BEPOATHOCTHbIM OLeHKaMm, /yyllMM MO CPAaBHEHUIO C MadKOPaHTHbIMMW.
OfHaKo He MeHee 3aMaHuMBO cuuTartb OTAefibHble OLUMOKM  3aBYCUMBIMU
CNnyyalHbIMW BENMYMHaAMW, TakK Kak MOXHO NpeanonoXutb, 4TO 3HaHue
Xapakrepa 3aBMCUMMOCTU Takke npusefet K fyylumm oueHkam. Ho Torga
KakMMW >Xe WX cunTatb U KaKOBbl OHW B AENCTBUTENbHOCTN?

B , pbem cnyyae OTBET Ha 3TOT BOMPOC CBA3a@H CO  CIOXHbIMU

*-TE0PETUKO-YNCNOBLIMU UCCNEAOBAHVAMM, BbIMOIHEHNE KOTOPbLIX HE BXOAUT
celivac B Hawy 3agadvy. Mbl OrpaHUYMMCs 34eCb JiMLLb  U3N0XEHUEeM
HECKO/NbKMX Hambonee NPOCTbiX dOakTtoB. TeM He MeHee aake 3TM  chakbl
NO3BOJIAT NOKasaTb VHTEPEecHble CBOMCTBA OLUMOOK OKpYrneHus w pagyt
BECKV/E OCHOBaHMA A5 Bbldopa MNpasAornofo6HON rMnoTesbl COBMECTHOro
pacnpegeneHns BCceli COBOKYMHOCT OLLMOGOK OKPYT/1IEHUA BblYNCANTENBHOrO
npouecca. [nsa 3HakoMCTBa C TEXHUYECKOW CTOPOHOM uWCCcnefoBaHui Mol
orcblnaemM uutareneil Kk MoHorpacdoum [3].

MN3yyeHne BepOATHOCTHbIX CBOWCTB OLLUMOOK OKPYINEHUs HEBO3MOXHO
6e3 BHeCeHus B WX TOBEAEH/E HEeKOTOPOro a/ieMeHTa CryvaliHoCTy,
3Ty CNy4amHOCTb HEepPefKo CBA3bIBAKOT C MHOTOKPAaTHbIM peLleHMeM  OpfHOM
N TOl Xe 3agaum Ha pasnunyHbix DBM, C pelleHviem 3agayun npu Ccry4ariHom
uncne BEpPHbIX 3HAKOB B MPOMEXYTOYHbIX BbIYMCNEHUAX W Javke npu chy-
yaliHOM OKPYINIeHUM pe3ybTaToB BbIMONHEHUS apudPMETUHECKMX Onepauyii.
OfHaKko B YCNOBUAX PealbHblX BbIMMCEHWI BHECEHME CNy4aliHOCTU MOXHO
OCYLLIEeCTBUTb, BOOOLLIE FOBOPSA, €AUHCTBEHHbIM CrOCOOGOM.

Ha Bcex coBpemeHHblx DBM onepauus okpyrneHus ssnsetcs gerep-
MWHUPOBaHHOW. CnepgosarenbHo, OLUMGKA OKPYrAeHUs MNpu  BbINOMHEHUU
noboi aprudomeTnieckori onepaunm OgHO3HAYHO onpeaensieTcs 3HaYeHUsMU
aprymeHTos camoli onepauyun. [o3toMy nNpu dOMKCUPOBAHHbLIX BXOHbIX
OaHHbIX 3afa4M U OMKCUPOBAHHOM aropudpvie ee peLLeHus BCS COBOKYI-
HOCTb OLLIMOOK OKPYIeHus onpeaeneHa O4HO3HAYHO U HUKAKOM CiyyaiHoCTH
B MOBEAEHUM CcaMMX OLUMOOK He BO3HMKaeT. Ecnu  BblYUCAUTENbHBIN
amropydoMm He CBf3aH C He 3aBMCALLWMMMW OT HEro CydYavHbiMK MpoLeccam,
TO €4MHCTBEHHLIM WCTOYHMKOM CNy4aiiHOCTU B OLUMOKaxX OKPYrNeHUs Moxer
CNY>XWUTb NNLLb CNY4YaNHOCTb BXOZAHbIX AaHHbIX 3a4aun.

Mbl 6ygem nsyuyatb pacrpefereHre OLLMOoK OKpPYrieHuns, paccmarpusas
X Kak dOyHKUMWM CnyyYalHO 3afaHHblX BXOAHbIX AaHHbIX W npegnonaras
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BbIMO/IHEHNE BCEX BbLIYUCIEHNIA B pPEX/ME MNaBatoLLeil 3ansaTtoli ¢ npasu/ib-
HbIM OKpyrneHmem. Tak Kak ceidac Hali MHTepecyeT B OCHOBHOM KayecT-
BEHHaAs KapTyHa pacnpefeneHys, T0 Mbl OfPaHNYMMCH aCUMMATOTUYECKUMMU
nccneaoBaHvsMn nNpu /-» 0o.

ViccneposaHne 3aBUCUMOCT OLLMGOK OKPYrNEeHUA OT BXOAHbIX AaHHbIX
CBA3aHO C MPEOONEHNEM MHOIMMX TPyAHOCTEl, NPUYNHY BO3HWKHOBEHUS
KOTOPbLIX MOXHO 3aMeTuTb Y)Xe Ha cregyloem npuvepe. [Mpeacrasvm
BE/IMYMHY X B Buae apb, f4e 0—ee MaHcca, b-—nopsgok. Jlerko
NPOBEPUTb, YTO CMPAaBEAMBO PABEHCTBO

fl(.r)H*+p -'f (IDe(-r, /).

F(x)-p\ le(ar, 01~1/2.

dyHKUMa F(x) He 3asBmcut OT |. OHa KyCOYHO-MOCTOSHHas H WMeeT
paspbliHbl B TOYKAX X<=p‘ npu BCcex Uuenbix s. PyHkuua xe e(r. 1)
ABNAETCA KYCOYHO-NMHEHOW C nepvogoM p~' W, cneposartenbHO, C Takvm
Xe MepuogoM MMEET paspbiBbl. NO3TOMY HET HUMKaKUX OCHOBaHWA OXuaartb,
4yTO B OOLLEM Cllyyae OLUMOKM OKpPYINeHus O6yayT KakuMu-nmbo rnagkmmm
OYHKUMAMW  BXOAHbIX AaHHbIX. bonee TOro, MOYTM OYEBMAHO, YTO NpuU
}-*m CO MHOXeCTBO ToueK paspblBa OLUMOOK OKPYrNeHHs 6yaer Bcroay
NJIOTHO HA MHOXECTBE BXOZHbIX AaHHbIX. 3TO OB6CTOATENLCTBO U onpeaenset
CNOXHOCTb UCCNeaoBaHUA.

OLLUMBKN OKPYINEeHHS He OuYeHb YAoOHbl ANa uccnegosaHus. Bmecto
HUX Mbl BygemMm usyyaTb BenuUuMHbl Tuna c(.f, t) n HasbiBatb HEeHopMau-
30BaHHLIMWN OLLMOKaMM OKpPYrneHus.

Ecnn BxofHble [aHHble ABAAIOTCA ChAyYyalHbIMKM - BEMYMHaMK, TO
HOpMa/IM30BaHHas OLUMOKA BbIMOHEHUA MO0 apudoMeTyecKkol onepaummn
6yaer cnyvyamHol BeNWMYMHOW, pacnpefeneHHon Kakum-T0 06pasomMm  Ha
nonycermente (— 7t. -)- */,]. OgHa 13 BavkKHEMLWIMX 3ajay 3akauaeTrcs B
TOM, 4TOObI MOHATH, KakMMK CBOWCTBaMU OyaeT obnagartb aCMMMTOTUYECKOE.
pacnpeneneHne HOPMasM30BaHHbIX OLUMOOK OKPYrneHis.

o601 BbIYMCANTENBHBIA NPOLECC HauYnMHaeTcs C BBOAA BXOAHbIX AaH-
Hbix B DBM. BO3HMKawLMe npu 3T0M OLUMOKA OKPYINEeHUs OonuchiBaet

Teopema 1 MycTtb B DBM BBOAUTCH CAyyaiHas BENMUMHA, UMEHD-
LLas HenpepbiBHYO NNOTHOCTL pacnpeaeneHns. Torga, HesasucuMo OT TOTrO,
Kakosa 6Gbl1a NNOTHOCTbL pacnpegeneHns, HoOpMaM3oBaHHas OLLMOKa OKpYyr-
NeHns npu BBOAe acuMNTOTAYeCLl pacrpefeneHa paBHOMEPHO Ha nony-
cermeHte (— V,. + /).

JanbHelwmne warn npouecca CBfA3aHbl C BbMMCIEHUMEM Pa3/INYHbIX
dOYHKUMIA  OT OOHOW WAN HECKONbKUX Cry4YalHbIX BENNYUH, BBEAEHHbIX
B OBM. Viwmeer wmecro

Teopema 2. Nyctb B 9BM BBOAATCA CnyualiHble BENMYUHbI, UMEID-
LLie HenpepbiBHYH0 NIOTHOCTb COBMECTHOrO pacnpegeneHus. Mpeanonoxum,
UTO BBEMEHHbIE BENNYUHLI ABNAIOTCA aprymMmeHTamMu HEeKOTOpOl rnaakoi
DYHKUMK, Y KOTOPOW NOYTW BCHOQy XOTA,Obl OfHA M3 KOOpAUHAT rpajuv-
eHTa npuvHMMaeT VppauroHasibHoe 3HadeHve. Torga, He3aBuCcVMO OT TOro,
KakoBa Oblna NNOTHOCTL pacrnpefeneHns BXOAHbIX AaHHbIX, HOpMaaM3oBaHHas
ombKa OKPYINeHUs MpW BbIMUCAEHUN BTOW CPYHKUMM aCUMNTOTUYECKM
pacnpeneneHa paBHOMEPHO Ha nonycermeHte (— */*, + V2J.

Ycnosuam [roi  Teopembl  yAOBNETBOPSAIT OYHKUUN, Yy  KOTOPbIX
B /06O KOHEYHOW obnactn rpagveHt cosnajaer He Oonee, Y4emM B KOHeu-
HOM uucne ToyeK. K HMM, O4YeBMOHO, OTHOCATCA oObpatHas BenuunHa,
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npovisBefeHve u fAeneHve, CcreneHHas n norapudomuyeckas dpyHkumm, Bce
TpuUroHomeTpuyeckme yHKUMM H MHOrve gpyrme. Ana atmx  doyHKUmi
HOpManmn3oBaHHas oLMbKa OKPYrieHUs NpU UX BblYMCNEHUU pacnpeseneHa
cornacHo Teopeme 2. BadHO NnoAyepKHYTb, YTO aCUMMMTOTMYECKUN Xapak-
Tep pacnpefeneHus OWMOKM He 3aBUCUT OT pacnpefeneHvs BXOAHbIX AaH-
HblX, OT OCHOBaHWS CUCTCMbl CYUCNEHWS, N B U3BECTHOU Mepe Jaxe oT
BbluMCNSEMON  CPYHKUMW. DTO CBOWCTBO OLUMOOK ABNSETCA OfHUM U3
cambiXx 3amevaresbHblX.

MNepeuncneHHble doaktopbl He BAMAIOT Ha BUA, aCUMMTOTUYECKOro pac-
npegeneHns, HO, KOHEYHO, BAMAIOT Ha xapakiep CXOAMMOCTU peasibHOro
pacnpegeneHns K acMMNTOTMYeCKOMy. .MOXHO MOHATb HEKOTOpble OcobeH-
HOCTW, €CnM PacCMOTPETb OLUMOKM BblYNCNEHUS COYHKUWUA, He Y[0BNETBO-
PAOLWNX YCNOBMAM Teopemsbl 2.

Hanbonee uvHTEpPECHLIM MPUMEPOM Takmx CPyHKUWI SBNSETCA Cnoxe-
HVe. ACMMMTOTMYECKOE pacrnpefeneHne ero oLmMboK OKPYrieHuUs onucbiBaet

Teopema 3. MycTb B OBM cBogarca pgge cnyyaviHble BENMuVHbI,
MvVetoLLe HenpepbiBHYH MAOTHOCTbL COBMECTHOrO pacrpegeneHus. MNpeano-
NoXnum, 4YTO BO Bceli o6nactm onpefeneHvs pPasHOCTb MOPSAKOB ITUX
BEMYMH MOCTOsSHHA M pasHa r_HO Torga, HesaBuCVMO OT TOTO, Kakosa
6bina NNOTHOCTL pacnpefeneHns BXOAHbIX AaHHbIX, HOPMaM3oBaHHas OLLMG-
K& OKPpYIMeHWs Mpu BblMUCNEHUN CYMMbl BBEAEHHbIX BENNYNH AVCKPETHO pac-
npefeneHa Ha nonycermeHte (— V*. + 1/*] 1 npvHUMaeT Ha HeM acumr-
TOTUYECKN PaBHOBEPOATHO 3HAYeHVs Buaa ip~r ANa uenbix |, yaoBneTso-
pAoLWNX HepaseHcTBam —pr 2 < | =£-f- pr/2.

AcvMnToTryeckoe pacnpefeneHme HOPMasM30BaHHOW OLLMGKM OKpyrie-
HVA 6yaeT ANCKPETHbIM 1 NPW BbIYNCAEHUN SIMHENHOW KOMOGMHaUMKM 1o60ro
uncna BBefEeHHbIXx B 33BN\ cnyuvaliHbiXx BEVMYMH, €Cnn TONbKO BCe Koadd
dOULMEHTbl IMHENHOM  KOMBUHaUMM SBNAKOTCA  pauoOHaIbHBIMK  Yucnamu.
OpfHako B OOLLEM Cllyyae YyXe CliokHee onucatb MHOXECTBO A0MyCTUMBbIX
3HAQUEHW OLLUMOKN N BEPOATHOCTU MX MORBAEHMUSA.

M3 nocnepHell TeopemMbl BbiTEKAET OAHO WHTEpecHoe Cneactsue, Mnoka-
3blBalOLLIEE HepaBHOMpasue pasnnyHblX OCHOBAHUA CUCTEM  CUUCNEHUA
C TOYKM 3pEeHMss CBOWCTB OLUMOOK OKpYrneHus. VIMeHHo, martemartunye-
CKOe OXnjaHne HOPMAUM30BAHHOM OLLMOKN OKPYINEHUS NPU CNOXEHWUU [BYX
uicen pasHO Hy/MH0 NpPU NOOOM HEYETHOM OCHOBaHUM U PaBHO P~T/2 npu
NoBOM YET'HOM OCHOBaHUN.

AaHHbll  chakt TpebyeT HeKoToporo mnoscHeHus. CTporo rosops,
yTBEPXAEHNE Teopembl 3 crnpasefivso Nulb AN Tex peanmsaumii npa-
BU/IbHOTO OKPYINEHUs, NP KOTOPbLIX OLUMOKa OKPYrNeHWs OJHO3HAaYHO
onpepenserca «xsoOCTOM» MAaHTUCChI, BbixogAaLumM 3a t paspagos. || geno
He B TOM, 4YTO paccMarpuBaerci UMEHHO MpasuibHOe oKpyrneHue. MOoXHO
nokasatb, 4YTO MaremMarmieckoe oXkugaHve OLUMOKM MPU CNOXEHUN [BYX
yncen acUMNIOTMYECKN OT/IMYHO OT HYNs W Npu t0ObIX APYrMX crioco6ax
OKPYrNeHns, ec/m TONbKO OLuMbKa OKpYrieHus O4HO3HAaYHO onpejensetcs
«XBOCTOM.

3™ CBONCTBA CYCTEM CHUCNIEHUA C-YETHLIM OCHOBaAHMEM OBBACHSAIOTCA
B KOHLE KOHLIOB TEM, 4YTO HEBO3MOXHO MOCTPOUTb OKPYrieHue, OCHOBaH-
HOE Ha aHa/M3e /Ulb «XBOCTa* MAaHTUCChl TakuM 06pasoM, UTOObI
OLLMOKN aCUMNTOTUYECKM KOMMEHCUpoBauIM Apyr apyra. OgHum 13 nyuLlmnx
CMocO60B OKPYTEHUSA AN TUX CUCTEM CUYACNEHUS ABNAETCH KIACCUYECKUNA,
OfHaKO W 34-7Cb oOwMbKa OKPYINEeHUs MAaHTUCChl, UMELWE *XBOCT«
BE/IMYMHOWM B (*/*) pu, HE MOXET OblTb CKOMMEHCHPOoBaHa!



O PACMPEAENNEHNN OWWMBOK OKPYINEHWA 289

Mbl yXe oTMedasm B rnase |, 4TOo MpasW/bHOE OKPYrNeHwe B cucte-
ME C YeTHbIM OCHOBAHMEM MOXET OblTb pPeain3oBaHO HEeOAHO3HAYHO.
3710 CBA3aHO C HEOAHO3HAYHOCTLIO OKPYINEHUS 4YMCeS], MaHTUCChl KOTOPbIX
MMEIOT «XBOCT», paBHbli (*/*) p~‘. UTOGbI WUCKNIOUMTL NOSBNEHWE cuUcTeMa-
TUYECKOrO CMELLIEHs, HEOOXOAMMO MAHTUCCY C «XBOCTOM» BEIMYnHON (=/,) p '1
OKPYIrNaTb PaBHOBEPOATHO KakK C M3OLITKOM, Tak U C Hegoctatkom. pu
3TOM  JaTuMK ClyYyalHOro OKpYINeHuUs [AOo/MKeH GbiTb CBA3aH C KakuMm-
Mo U3 MNocnegHux paspsgoB  MAaHTUCCHl, 4YTOGbI MMETb BO3MOXXHOCTb
nonyunTb [iBa OAMHAKOBbLIX pe3sy/nbTata Npu NMoBTOPHOM cueTe. Hanpumep,
MaHTUCCy C «xBOCTOM» (Vi) pu4  MOXHO OKPYINaTb C U3BLITKOM, ecnm ee
/-l paspsf NpYHYMAaET YeTHoe 3HaYeHue, U C HefOCTarkoM, ec/im HeueTHoe.
Takas mMogudoukaums onepauum OKpYrneHus OCoBeHHO yaobHa Ha 3BM
C [BOWYHOWN CUCTEMOW CUNCNEeHUs, TaK Kak He TpebyeT BbiMOMHEHUs
[OMNOSTHUTENBHOTO CIOXKEHUS.

BOMbWNHCTBO coBpeMeHHbXx 3BM pabotaer B [ABOMYHONM cucTeme
cuncneHus. NMpasunbHas peanmnsauma OKPYrneHns Ha Takux MallvHax Bbl-
3biBAET onpeefieHHble TPYAHOCTN U M3BECTHO He Tak yX MHoro 9BM, rge
3V TPYAHOCTM MpeofosieHbl. IKCrnepuMeHTavlbHas Mposepka nokasana
Ha/IMume CUCTEMATMYECKOTO CMELLIeHM B OLLIMOKax OKPYreHus Moytn Ha
pcex OBM c agBouyHOlM cuctemMoli. Ha HeKoTOpbiX H3 HUX BeNMuMHa Cve-
LLEeHN B HECKO/bKO pa3 MpesbillaeT MakCYMa/bHOe 3HayeHue OLUMOGKM
NPaBuNLHOTO OKPYINeHUs. B 3TOM OTHOLLIEHWMWN BbIrO4HO BblAensTcs 3BM,
MCMONb3yloLLMe NpefcTasneHne Yicen B COKpaLLEHHOV TPOWUYHON cucTeme.
Ha TakMx mMalumMHax OLUMOKM OKPYINeHUS He VMMEIT CMEeLLIEHU.

Ecnn onepauys OKpyrneHus peamsosaHa HenpaswibHO, TO acuMmr-
TOTMYECKME pacnpefeneHns HOPManN30BaHHbIX OLUMGOK MPW BbIYMCIEHUN

NOXOXUX OYHKUMA X-\-y 1 x-f- \r2y B [AeNCTBUTENbHOCTM OKasblBaloTCs
COBEPLLEHHO pas/nMyHbIMU. B MepsomM crysae pacnpegeneHne AncKpeTHoe
N UMEET 3aMeTHoe CMELLEHVe, BO BTOPOM — PaBHOMEPHOE N 6e3 CMEeLLIEHU.
Ha 3BM c HenpasuibHbIM OKPYrIeHNEM OCOOEHHO MONEe3HO MCMNOo/b3oBa-
HVe onepaumii HakomneHus. 3ro He TO/IbKO CHWKaeT O6Lmii ypoBeHb
OLMBOK, HO W BO MHOIMX Cay4asx MoO3BOnseT yCTPaHUTb cUcteMarmyeckoe
CMeELLIeHVe.

.Mbl paccmoTpen TOMbKO MNepsbie Larv BblYMCANTENBHOMO MpoLecca,
CBfi3aHHble C BBOAOM JlaHHbIX B OBM 1 BbluMCNEHMEM pasfnyHbIX CPyHKLMIA
OT BBEJEHHbLIX AaHHbIX. [pn 3TOM M3yyeHMe OLUMOOK OCYLLLECTBANOCH
LLb HA OCHOBE BLIYMCAUTENILHOTO aropudova 6e3 MNpuB/eYeHNs Kakux-
M60  AONOMHUTENIbHBLIX MNPEANONOXEeHNAi O MNOoBefeHUM CcamyX OLLMOOK.
AHaIOrMYHble VCCNefoBaHNA MOXHO NPOAOIHKUTE H gasblue. OpHako npu-
XOAUTCA KOHCTaTMpoBaTth, YTO TEXHUYECKMEe TPYAHOCTUM MpoBefeHus JoKa-
3aTefibCTB  HauMHalOT pacin  HeusMeprMo 6onee GbICTPLIMY TeMnamu, Yem
HOBble pe3ynbTarthl.

He kacafscb onucaHus 3TUX WCCNEefoBaHWii, 3amMeTM, 4To Yyxe ceil
YaC MOXHO BblCKasaTb HEKOTOpble COOOPaKEHUS O TOM, KaKUMW [O/DKHbI
ObITb  pesynbTartbl U3yYeHUs JasbHelLllVX Luaros BblYMCNTENILHOTO MNpo-
Lecca

OOHVM 13 BavKHEWLUMX CBOWCTB, OOHapPYXEeHHbIX Y HOPMaUIM30BaHHbIX
OLLMOOK OKpYrneHus, fBASeTCSH He3aBMCUMOCTb Buaa acUMMTOTUHECKOro
PacnpegeneHns OT BXOAHbIX [JaHHbIX. [lyCTb BXOAHblE [AAHHLIO MMEOT
HenpepbiBHYIO MOTHOCTb COBMECTHOIO  pacnpegeneHus. Kak npasuno,
NPV TOYHbIX BbIYUCIEHUAX Nt06As COBOKYMHOCTb NPOMEXYTOUHbIX pe3sysbTa-
TOB OyAeT Tawkke uWMeTb HenpepbiBHYO MAOTHOCTb COBMECTHOTO pacrpe-
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aeneHus. CneposarefibHO, KaxkeTcs npasfonofo6HbIM  MPe/nonoXeHme,
Y4TO MOYTM BCe pesynbTaTbl MPUBAMKEHHbLIX BbIYMCNEHUIA va N6bLIX aTanax
MOXHO TpakToBaTh Kak pesynbTatel BBoga B OBM HEKOTOPbIX BEINYMH,
MMEIOLLYIX HEeNpepbiBHYIO MNOTHOCTb COBMECTHOTO pacnpeeneHus. B atom
c/lyyae HOPM&aUIM30BaHHbIE OLLMOKM OKPYrNeHUs MNpu AavlbHelLmnX BblYMC-
neHnax 67yt cHoBa BectM ceba cornacHo Teopemam |, 2. Kadketcs
npasfonofo6bHbLIM 1 TO, YTO HE3aBUCMMOCTb BuAa aCUMMTOTUYECKOTO pac»
npegeneHns owMB0OK OT BXOAHbLIX AaHHbIX AOMKHA Bnevb 3a COBOI Hesa-
BYCUMMOCTb OLLMOOK OKPYIMEeHUs Kak crydyaliHbiX BenunyuH. [pu 3tom
TPYAHO /ML HaAedatbCad Ha MpPaKIMYeckyld He3aBNCUMOCTb  OLLMOGOK
B COBOKYMHOCTH.

TakumMm 06pasoM, BbIMO/IHEHHbIE WCCefoBaHUs W NPUBEAEHHbIE BbilLe
aprymMeHTbl MokasbiBaloT, YTO NPW OLEHKE CYMMAapHOro BANAHUA OLUMOGOK
OKPYIN€HUs B MAaCCOBbX BblYMCNEHUAX, MNO-BUANMOMY, MOXET ObITb
1Cnonb3oBaHa cregyoLlas

fMmnortesa. Bce HOpPMaM30BAHHbIE OLLMOKM OKPYIMEHWs BblMUMCU-
TEeNbHOrO MpouUecca » pexuMe MnasatoLLleil 3anaTo ABNATCS CyYyaiHbIMM
nonapHo HEe3aBUCUMbIMW BEMYMHAMM, pacrpefeneHe KOTOPbIX He 3aBUCUT
OT BXOAHbIX [JAHHbIX W pPe3yNbTartoB MPOMEXYTOUYHbIX BblMUCNEHUA. OHM
pacnpeneneHbl Ha nonycermeHte (—*/It + 1/¥) gUCKpeTHO p[faa onepauuii
CMIOXXEHNA W BblUMTAHUSA M PaBHOMEPHO .41 GOMbLUMHCTBA APYIMX ornepa-
umii. 3a WCKIOYEHMEM HEKOTOPbLIX CllyyaeB MOXHO cuMTaTtb, 4To Marte-
Marmyeckoe oxuvgaHme HOPMaUIM30BAHHbIX OLLMOGOK OKPYINEHUs PaBHO HYIIO,
a gucnepcus He npesocxoaut | f.

Mpu npaxkMyeckoM MNPUMEHEHUN 3TON TMNOTE3bl cnefyer NposasatTb
ornpeeneHHyld OCTOPOXHOCTb B OTHOLLEHWM npefnonaraemMbix 3HaueHui
MaremMarmyeckoro OXuaaHus W OUCNepcun, Y4TO CBA3AHO /iMLLb C OCObeH-
HOCTAMW pacnpefiefeHs HOPMaUIM30BaHHbIX OLUMOOK B onepauusx tvna
cnoxeHus. Mvnoresa nofrsepxaeHa psgoM TeopeTUyecKux UCCefosaHui,
CBA3a@HHbLIX C JIMHEWHbIMM NpPeobpasoBaHUAMN BEKTOPOB, pPas/ioXeHNemM
MarpuL, Ha MHOXUTENW, UTepaumoHHbLIMU NpoLeccami B NMHerHon anrebpe,
BblMMCNEHNEM OMpefeneHHbIX WHTerpanos. VHdoopmaums o6 3Tux uccnepo-
BaHUAX mmeetcs B MoHorpadomm [3] n 6ubnuorpadonyeckom ykaszarene B

Paccmorpum Teneps NpUMepbl UCMO/b30BAHUA BbICKA3aHHOM rMnoTesbl
ONR BblBO4A HEKOTOPbLIX BEPOATHOCTHLIX OLIEHOK, CBA3aHHbIX C OLUMOGKamu
OKpYrneHus.

BadkHelLUMM MOMEHTOM B M3Y4YEHUW YCTOMYMBOCTU UYUCNIEHHLIX METO-
[OB /MHelHOoM anrebpbl OblN0 NONyYEHNE MaPKOPAHTHbIX OLLEHOK eBK/N-
[OBbIX . HOPM 9KBUBA/IEHTHbIX BO3MYLLIEHW M Mpu pasnoXxeHun mMarpuupl
A Ha MHOxuTenu. CornacHo doopmyrne (34.1) 3TM OLEHKM TaKOBbI:

IM]ar/(n)>-"+*M1qa-

Ons Bcex BEPOATHOCTHbIX WCCMEeAOoBaHWi aHa/lorMyHoe aHaueHvue VMeoT
OUEHKM BUga
nB.

roe MIMJk ecTtb maremarmieckoe oxugaHve |M Kak cnepyetr u3
Tabn. 34.1, doyHkumm /(n) Mo NOPAAKY 3aBMCUMOCTU OT /1 MPUHMMAIOT 3Have-
HUA ANS pasnyHbiX MeToA0B Mexay M u nl. OgHako do(n1) NP TeX Xe pexu-
Max BbIYMCIEHNIA NPUHMMALOT CBOW 3HAUYEHUs YXe TOSbKO Mexay n° u nl/2.

DyHKUMM P(n) HAXO[ATCA MO Tem e CavbiM CxeMam, 4YTO U chyHKLMn
[n), 3a UCKIOYEHNEM OAHOTUMHbLIX M3MEHEHWI, CBA3aHHbLIX C BEPOATHOE*?
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fbIM  aHamMzoM. [lO3TOMY Mbl OrpaHUuMMCH 30eChb NULLb KpaTkuM pac-
CMOTPEHVEM HEKOTOPbIX OAHOCTOPOHHMX MNpeobpasoBaHUi.

MycTb B COOTBETCTBAM C O6O3HAueHUsMM § 19 Haf BEKTOPOM XX BbIMOJI-
HfeTcs nocnefoBarenbHOCTb NPeobpasoBaHNii C peasbHO 3afaHHbIMKU  MarT-

pyuavm BpawteHus ftj ... Titv,/ N- CornacHO runotrese OTHOCUTENbHO

pacnpeaeneHuna OLLMGOK nveem

MIEL) 2™ (V (bk+n,;
\*-0

SICHO, YTO AN LMK/IMYECKUX VHOEKCOB B MOCNELOBATENbHOCTY MaTpuLy
BpaleHns 6yaer BbiNOMHATLCS HEPAaBEHCTBO

» -+ T

370 0O3HAYaeT, 4YTO A/18 BCEX PACCMOTPEHHbIX paHee pasfoXeHuii marpuupl
Ha MHOXMWTENM C MOMOLLBIO NpeobpasosaHuii BpalleHns doyHkumm () He
npesocxofqar no nopsgky n |/2 Mpuvep n3s §22 nokasbiBaeT Heynyylla-
€MOCTb OuUeHOK ana do(n).

Mpegnonoxvm panee, 4To B COOTBETCTBMW C O6GO3HaueHusMu § 21
Hajf, BEKTOPOM [ BbIMOJIHAETCA MocnefoBaTenbHOCTs  Npeo6pasoBaHuii

C pealbHO 3afaHHbIMU MatpuuamMn oTpadkeHusa UX......... 0nj. Mo aHano-
mn ¢ chopmynoii (21.3) Gyagem vmeTb
/N-» \i/a

(M| TEC)*/*~(SeMIT*rfij

r0e T* — 9KBMBA/IEHTHOE BO3MYLLEHME, BO3HMKAHYLEEe Mpu peaimzaummn
A+1l-ro wara. BeposTHOCTHblE OLEHKM OLIMGOK OAHOrO Luara NpuBOauT
Tenepb K HepaBeHCTBY

(MtTft)u ~ yn m pHHI*14.

CHoBa p(M) He nNpPeBOCXOAWUT MO MNOPAAKY N12 n 3Ta oueHka AN Hee
He MOXeT ObiTb ynyylleHa.

Ecnn npu peanmsaumm npeobpasoBaHuii OTPadKEHMS HE MCNOo/b3oBaTh
HaKoMneHVe CKanfpHbIX MPOM3BEEHWA, TO COOTBETCTBYIOLLMI aHams3
OLLMOOK MnokasbiBaeT, 4To dpyHKums f(n) NpuHMMaeT 3HayeHus nopsgka na
OpfHaKko BEPOATHOCTHLI aHa/M3 MPUBOAMT K OLeHKam nopsgka n unu

(nlog,n)l/2 gns doyHKUMM <p(1) B 3aBUCUMOCTM OT TOrO, Kakol u? cro-
COO0B CYMMMPOBaHWSA, OMNUCaHHbIX B § 6, MCMOMb3yeTcs MNpu BblYMCIEHUN
CKanspHbIX npowusseseHuidi. OTciofa, noxkanyii, MOXHO NpuiTKM U 3aknto-
YEHWIO, 4YTO B pPealbHbIX BbIMUC.XEHUSX MPUMEHEHME tonepaLmii Hokonsemn
CKaUIfiPHbIX MPOMW3BEAEHWUI He [O/MKHO AaBaTb CTO/b XXEe 3HAUYNTENbHbI
adpdoekT B ONWUITKHUM TOYHOCTU, Kak Mpu MOMyYEHUN rapaHTUPOBaHHbLI*
OLIEHOK. DTOT BbIBOJ, NOATBEPXKAAETCA aHaIM30OM CaMbIX PasfnNYHbIX anro-
prdovoB, cofiepXKalLyX BblUMCNEHNE CKasiPHbIX NPOW3BEeAeHWIA.
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BepOATHOCTHbIA aHanM3 OLUMGOK OKPYrNeHus B npeobpasoBaHusx
[aycca ocHoBaH Ha doopmyne (24.7), W3 KOTOPOW cpasy Xe BbiTekaer,
yTO

[1/2

(MTTb)! S E
Vhez gl
onate Ana doyHkumm  do(n) nonyyaem Heynyydlaemyl” OueHKy nopsa-
ka nl

ANna ocTanbHbiX TUMNOB pasnoxeHuii doyHkuumn do(n) mn / (1) mmetor
OfVH 1 TOT >Xe NOopsAoK N°. D70 06BACHAETCH Tem, YTO B ITUX pas/ioxe-
HUAX KaXKAbIA SNeMeHT MarpuL, SKBMBANEHTHbIX BO3MYLLEHUA onpeaensercs
NVWb OfHOW 3NeMeHTapHOM OLUMGKOW OKpyrneHus. MNo3ToMy BepOSTHOCT-
Hble OLEHKM HOPM 3KBUBANEHTHbIX BO3MYLLIEHUWN HE MOrYT ObiTh CyLLECT-
BEHHO flyyLlle, YeM MadKOpaHTHblE.

BepoATHOCTHbIE OLEHKM AatoT BO3MOXHOCTL cAenatb 6ornee TOYHble
BbIBO/bl O COOTHOLLEHUN MeXy COBON pasfnyHbiX METOAOB PasoXeHWUs
Marpupbl HA MHOXUTeNU. ECnm oTHocuTenbHO GombLLe! pasbpoc 3HauYeHWi
coyHKUMIA /() no3BONAN ewe oTaatb NpeanovTeHVe OfHOMY K3 MeTo-
[OB, TO Manblii pasdpoc 3HaveHun do(n) roBopwuTt, 4TO

C TOYKWM 3pEHMs YCTOYMBOCTU K OLLMOKaM OKpYrneHus mexay nps-
MbIMM  METOAaMM PasfioKEHVS MaTpulbl HA MHOXUTENU HeT MNPUHUM-
NUasbHOrO  pasnnumna.

KOHeyHOo, 3TOT BbIBOA, B MOMHOW Mepe OTHOCUTCH U K MPSMbIM METO-
[BM peLLeHVs CuUCTEM fIMHENHbIX anrebpavyecknx ypasHeHuii. CornacHo
(36.15) MaopaHTHas OLeHKa MOrpeLUHOCT B peLUeHN CUCTEMbI onpese-

naetca cphopmynoii

BepOﬂTHOCTHbIVI aHanms npmsoanT K COOTHOLLIEHUIO
/ Bj-v?-—furbéjil:/d'

AHasiorMyecknii BbIBOJ, MOXHO CAefiatb H OTHOCUTENbHO /o6bIX ApY-
TUX YACNEHHBbIX METOAOB, OCHOBAHHbLIX HA MPSMbIX PA3N0XEHUSX MaTpULp
Ha MHOXUTENMN.

Ha 310M 3aKaHuMBaEeTCs Halle Kpatkoe 3HAKOMCTBO C BEPOSTHOCTHbIM
aHamoM. Mbl HaAEemcs, 4TO MPUBEAEHHOE OMNMCaHVME OCHOB pacrpenerne-
HMA OLUIMBOK OKPYIEHMs MOMOXET MPaBU/bHO OPUEHTUPOBATLCA MpPK
YTeHNM COOTBETCTBYIOLLIEI NuTepatypsl. K TOMy e OHO OTKpbiBaeT nepef
ymMTateNeM LUMPOKME BO3MOXHOCTA A/ 6GOfee TOYHOro WU3yYeHUs Bbluu-
C/IATENbHbIX MPOLECCOB.



NPNNTOXEHWE I
PEWWEHWE BOMbWNX 3AAAY NUHEAHOW ANTEBPbI

foBOps O peleHm 3agay NMHENHOW anrebpbl Ha 3B.M, Mbl BClogy
MOSYaUIMBO MpeAnonaraiv, 4To BXOfHble AaHHble W pesy/bTaTbl MPOMEXy-
TOYHbIX BbIYMCNEHUI pacronoXeHsl B onepatusHoii namstn (OM). OpHako
B CuUny psga NpUYMH OfHOBPEeMEeHHoe XpaHeHue Bceil nHdpopmauym B Ofl
yacrto OblBaeT HEBO3MOXHO WM HeLenecoobpasHo. Takoe MOoSoXeHVe
MOXET BO3HMKAaTh NPV peLleHnn 3ajay NMHEeNHON areGpbl Kak Ha MaJibix
BbIYMCAIUTENbHBIX MallMHax, Tak W ra 6o/blunx MalmHax C MHoronpo-
rpamMMHbIM  yNpasneHeMm.

B atom cnyvae npuxoautcs npuberatb K MCMNOMb30BAHWIO BHELLHel
namsatn (BFT) u pewam psf HOBbIX BOMPOCOB, KacatoLLYXCA OpraHvsaumm
obveHa uvHdoopMawein mexagy Ol u BN, maremammueckon moavdovkaumm
METOA0B, YMEHbLLEHNs OGbkeMa MPOMEXYTOUHbIX pesy/bTatoB U T. 4. Ha
HEKOTOPbIX M3 3TUX BOMPOCOB Mbl CeliYaC U OCTAHOBMMCH.

Bciogy nop 60nblwumMm)) 3ajasamMn Mbl Oyaem nogpasymesarth Takve
3afaun NMHEerHOW anredpbl, NpPU pelleHn KOTOPbLIX ObLLIMM MeTodaMn
nosBnseTcs HeoGXOAVMOCTb 3anoMuHaTe ropasfo  6orblie  vHdoopMa:
UuM, 4emM MOXeT ObiTb pasMelLeHO B NPeAOCTaB/ieHHON Mnosb3oBaresto
yact Ofl. B 3aBMCUMOCTV OT MMEIOLLECs crneumdomkn nosbilLleHve acbdoex-
TVBHOCTM MpoLecca peLueHVs 60MbLUNX 3afad MOXET OCYLLEeCTBATbCA pas-
NNYHBIMKN  criocobavu. Mbl MPOWMIOCTPUPYEM UX  Ma MpUMvepe peLLeHus
npsMbIMU  METOAAMM  CTICTEM  JIMHEWHbIX  arebpanyeckux ypasHeHuu,
MartpuLpbl KOTOPbIX MpUHaZAexar K ofHOMy W3 CrnefyloLuyx BMAOB: NOMHas
6e3 cneumdonky, KNeToumo-Tennuesa, paspeXxeHHas C MpPou3sBOJIbHbIM pac-
MOMIOXXEHVEM HY/IEBbIX 3N1EMEHTOB.

Mycts mMatpyua A CUCTEMbl YpPaBHEHWI MOMHas U He MMEET KaKoii-
NMMBo  YeTKo BblpaKeHHOU crieumdovki B CBOWX 3neMeHTax. 1o cyLuecTsy,
3Ty cuUcTeMy MPUXOAUTCA peLlartb OfHVM W3 PacCCMOTPEHHbIX paHee MeTo-
0OB, MOAMCOMLMPOBAB WX TakMM OOpasoM, 4TOObI 0OMeH uHdoopmMaumel
mexay OH n BI1l ocyuiectenanca Havbonee adp]>exmnHo.

MpeanonoXxum, 4To BblYMCAUTENbHASA MallmHa obnajaetr Bl tuna
MarHutHoro GapabaHa WAM MarHuTHOro Aaucka. OB6o3HauMM uYepes T U v
cpefHee BpemMs OXugaHus U Bpems BblIOOPKM ofrroro  koga. Torga
Bpems T, sarpawsaemMoe Ha ooveH N kogamun mexay Ol u Bll, 6yager
onpegenatbcs doopmynoit r —T + Nv. byaem cuutate, 4TtOo N7 OpraHu-
sauun OOMEHOB oTeefeHa uyacTb Ol BenunuvMHol m cnos, He cumTas namsatm
[ris XpaHeHns nporpammbi.

BaXkHOW xapaKTepuUCTUKOW BbIYMCANTENLHON CXemMbl MeToja ABnfeTcs
o6LLpe BpeMms, 3arpayMpaemMoe Ha 0oveH uHdoopmauweld. CokpalleHne 3Toro
BPEMEHN UVMeeT Gorblioe 3HaueHne ans 3BM kak ¢ ofHonporpamMmHbiM,
Tak M C MHOronporpaMmMHbIM ynpaeneHnem. FICHO, YTO YeM MOoSHee HCMOMb-
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ayetca uvacte OIFl, npegHasHaueHHas AN obOMeHa, TeM Bpems obiveHa
6yger MeHblwe. HO 1 Npu MakCuMasibHOM ucnosnb3osaHun Of mbl Gyaem
nosiyyatb COBEPLUEHHO Pas/NyHble BpPeMeHa B 3aBMCMMOCTA OT BbiGpaHHOM
BbIYNCINTENILHOM CXEMbI.

BosbmeM, HanpyMep, 3a OCHOBY MpOLEcCa peLLeHUs CUCTEMbI METOL,
XoppgaHa [2]. MycTb nNOpPsAOK CUCTEMbI  YAOBNETBOPSET HEepaBeHCTBY
n< T1/2. BbdoBeM c Bl nepsblie Asa cronbua pacLuMpeHHolr martpuupl li
KoadodpMLIMEHTLI BTOPOrO M3 HUX NpeobpasyemM no doopmvynam

a\ |+ k —aii'at. /+ *» al, 1+ kxBal, |+ k ~ aiiaU al, t+ k
ons Bcex 1®1 npu <=1, fe=I. 3anuwem npeobpasoBaHHbIi BTOPOI

ctonbel, Ha npexHee mecto B BM, a B Ol BMECTO Hero crvem TpeTuii.
TOT cTonbel, Takke npeobpasyemM COoracHO NpuBeAeHHsIM doopMyniam Moy

/=»], £= 2. TMocne TOro kak 6yayT npeobpasosaHbl BCE CTONOLbI
(&-=!., .... n), nepsbiii cton6ey, 6onblle He notpebyeTtcs. B pabHenLmx
npeo6pasoBaHuax (»-«2, ..., f) paTb NepsBoro cronbua nocnefosaren-HO

6yayT BbINOMHATL BTOPON, Tpetuin u T. 4. Yepes3 n Lwaros marpuua
cuctemsl Gyfet npueedeHa K eAVHUYHOW, a peLueHne NonyyuTcs Ha Mecre
cTonéua CBOBGOAHbLIX YNEHOB.

Cpasy BMAHbl HegocTarkm 3Toii cxembl. Mpu 1< 1/2 OMN uncnonssy-
eTca He MNOJHOCTbIo, a nMpu n> T/2 peluartb CUCTEMbl TakMM CriocoboM
HEBO3MOXHO. HO npu n=T1/2 cxema KaxeTcs ©Oe3ynpeyHon, Tak Kak
umcno apudbMeTmHeckVx  onepaumii  He  yBenuuMBaeTCsi U He Jenaercs
HUKaKUX ULWHUX obmeHos mMexay Ol u Bll. HertpygHo nogcuutarts,
4TO ObOLEe Bpems ObMeHa B [JaHHOM Clyyae C TOYHOCTbIO A0 FNaBHOro
uneHa 6ypetr onpepenatbcs doopMynon

MMl —n*T+n*v.

Jonyctmm  panee, 4To Mapuua cucTeMbl pasbuta, na knetku A,/
nopsgka p. rae n=w>/e bygem cuutatb, u4to />=-(m/3),/J, T. e. ogHO-
BpeMeHHO B OIfl MOXHO pa3sMectuTb TPU KNeTKU. 3a OCHOBY HOBOI
BbIYMCINTENILHOW CXeMbl BO3bMEM MEPBYD CXeMy, 3amMeHuB B dhopmynax
anemMeHTsl B// Ha knetkm Au. XOoTs opHoBpeMeHHo B Ol Henb3s uenu-
KOM pacnofnoXutb fBa KAEeTOYHbIX CTON6LA, HUYTO He MeLLaeT OCyLLUEeCT-
BNATbH ONepauum Hag HAMW NocnefoBarenbHoO.

Kak yxe ormevyanoch, .nepsas cxema Havbonee adpdoekimeHa npu
n—rt,2. Mo3tomMy BO3bMEM BO BTOPOW cxeme m—2.. [pocTbie Bblunce-
HWUA MoOKasblBaloT, 4TO Tenepb oOLLee BpeMs obMeHa ANS BTOPOW CXeMbl

6ypet Takum: T<—2.8n32r + 1,805V
CpasHmBass T,Mm n T™*° 3akiouyaem, 4YTO ANS BTOPOA CXEMbl BPEMs

obveHa vHdoopmauyeli mexay O u BN npumepHo B N |//2 pa3 meHbLue.
CT0Nb  OLLYTUMBI/A  BbIUIPLILL MOABUACS NLLL BCNEACTBME 6oree yaayHoro
peLleHVs opraHmn3aLOHHbIX BOMPOCOB. PacCMOTPEeHHbIi rpyuMep HarnsgHo
nokasblBaeT, YTO HenpogymMaHHas peanusaums obmeHos mexay O wn Bll
MOXET MNPUBECTM K GOMbLLMM HEMpPom3BOAUTENbHBIM 3aTparam MalLMHHOro
BPEMEHMW.

OueBnAHO, YTO A8 peLueHVs IoOO0 CUCTEMBbI YPaBHEHWI KIETOUHbIM
MeTofOM C uvcnons3osaHvem Bl notpebyetcs 6onblle BpeMeHu, Yem Ans
peLleHnss TO Xe cuCTeMbl OObIMHBIM METOLOM C 3anuChio BCEll MarpuLpbl
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B OI. YsenuueHve BpemeHn OyaeT MPOUCXOAWUTb KaK sa CcyeT HOBOM
CXeMbl BbIYMCNEHWUA, Tak W 3a cuyeT pabotbl ¢ BM, npuyem Tem Gonblue,
YeM MehbLe YacTb Of, npegHasHaueHHas ans obiveHa vHdpopmauven. Ons
OLleHKN Mpourpbilia BO BPEMEHW BBeAeM KOapdoMUMEeHT MoTepb, KOTOPbI
6ygem BblYMCNATL MO doopmyre

P~*(Tk+ [)T?.

3pecs * —Bpems, 3arpayvBaemMoe Ha BbiNOMHEeHVEe apudpMeTyeckrx one-
pauuii B KnetouHom Metoge, T —Bpems, 3arpadmpaemMoe Ha obMeH MHAop-
maweli mexay Ol u BI, To—Bpems, 3arpauBaemMoe Ha BbiMONHEHne
apudomeTnieckrx onepavHii B O6bIMHOM MeToge.

WccneposaHne koadbdmuyieHTa noTepb OOHapyXvBaeT YAMBUTENbHbIN
doakt. Ana cpegHux MawmH Tuna B3CM-4 oH 6nM30K K 2 yxe npu
m -300 wn n” 200. CneposaresnbHo, wucnonssya Bl ana xpaHeHusa
Marpuvusl 1 Bcero nnb 300 sueek ON Ans opraHusauMm obmMeHa, MOXHO
Ha Takux 3BM Becbma ycnewHo pewlats ©Oonblumve 3agaqn. Mpu 3tom
Mbl 3aTpatMM TOMbKO B 2 pasa 60/blie BPeMeHU MO CPaBHEHUIO C TeM
cnysaem, ecm 6bl cmorn 3anucars B Ol BCIO MarpuLly.

KneTtoyHble aHasiorn nOoCTPOeHbl NOYTU A/ BCEX YNC/EHHbIX METOAOB,
PacCMOTPEHHbIX B HacToflelr kHure. OHW C ycriexoM MPUMEHSAIOTCA N5
peLleHns Tex 3agad NMHelriHol anre6pbl, B KOTOPbLIX Marpulbl AOCTaTO4HO
BEMKM H He wuMmeloT ocoboli cneumdorkn. KoHeuHo, Ans Takux 3adpy
MOryT okasarbcsii adddPeKTMBHbIMM 1 ApYyrMe NPUHLMMLI opraHMsaumm obve-
HOB uHdoopmvaupeli mexay OfN u Bll, a Takke apyrve moaudovkaumm
BbIYMCINTENbHBIX CXeM. BaxHO nuLb obecneunts YyCTONUMBOCTb UYMC/EH-
HOTO MeTofa W OTHOCUTENbHYH 61M30CTh  koadbdwmupeHTa notepb K en-
HULE.

He kaxxgyio cneumdonky 3agaun ygactcs yyecTb C MOMOLLBIO NOAXO-
OALLero Bblibopa 4YMCNeHHOro metoga. OAHaKo B HEKOTOPbIX Cayvasx OkKa-
3bIBAETCS BO3MOXXHbLIM [06UTLCH OrPOMHOro adpdpekta, OCobeHHO ANs 3ajaqy
C mMarpyuamm 60nbLLINX  pa3MepoB.

Paccmotpymv cHavyana B Kauectse npviMepa peLleHne cucteM vHel-
HbIX anrebpavyecknx ypasHEHWI C Tak HasblBaeMbIMWU KleroyHo-Tennmue-
BbIMH Matpuuamvim. MycTe mMatpyua A pasébuta Ha kneTtku Jly nopsgka p
N CcHoBa « = pr. Matpuua A HasbiBaeTcs KICTOYHO-MUMAULLLONW, ecm
Aun™A,, npm i—1l—s—t. CucrtemMbl C TakMMy MarpyuamMm BO3HUKaOT
B pas/IMuyHbIX 3agayax akyCTUKW, CTaTUCTUKW, SNEeKTPOAVHAMWKM W T. M.
B uacTHOCTM, OHW MNOSABNAIOTCA MPU PELLUEHUM WHTerpasbHbIX YypaBHEeHWN
dpegrolbMa € fapamn, 3aBUCALLMMW OT PACCTOAHMA  MexXdy TouKamu,
nyrem cBefeHuns K anrebpavyeckvm cucremMam. BaXkHO nopyepkHyTb, 4TO
TakMe CcuctemMbl MOTYT COCTOATb M3 HECKO/bKuX coten W gake Thicau
ypaBHEHWIA.

KnetouyHo-Tennmuesa marpuua obnajaer ApPKO BblpaKeHHON crneupdomv-
KOW 1 MOXeT 6biTb 3agaHa MacCVBOM YMCEN BENNYMHOW 2n-Jr, a He n3,
KaK B cC/nyyae MonHOM martpuubl. HO ecnm cuctemy € Takol marpulei
pewats, Hanpumep, C MOMOLLBIO KaKOro-HMbyAbp H3 BapuaHToB MeToja
XoppaHa, TO y)e nocne nepsbix NpPeobpaszoBaHWii cneumdwmka MatpuLibl
6ypeT HapyLueHa.

SdodpeKTnBHbIE MO CKOPOCTU U UCMOMb30BaHUIO Namatm DBM umcneHHbie
MeTogpl peLueHns cucTeM C KIeTOYHO-TEMMLEBbIMH Marpyuamm MossuanCh
CpaBHUTE/IbHO HeAaBHO.
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MycTb 3agaHbl  KBagparHbie  Marpulipl O, ..., ar_j
nopsgka p. PaccMoTpyiM K1EeTOYHO-TEMIHLEBLI MarpuLipl

-e0 ol OJ e ® o Oft
Oi BO Cl ®eee O*-j
0-i 0-1 le%) e «ft'
-a-K o ft+l °-ft+i L. D

N o6o3HauMM uepe3 a* W p* COOTBETCTBEHHO MNepBblii U MOCNefHWA Kne-
TOYHblE CTONOLUbLI Matpubl AK\

MycTtb
ao ft- ‘Po. ft
. «1.1ﬂ Pt P|'1ft

-«ft.*- -Pft. ft.

fAAcHO, utOo nNpu k= 0 3TM CTONOLbLI COBNAAANOT N COAEpPXaT NULLb OfHY
Knetky ejl [pegnonoxum, 4to msBecTtHol aA-1 u Pi-i- bygem uckatb
o* u p* B TaKkOM Buae:

' «0. ft-1 r 0 ‘
«1. ft-1 Po. ft-1
«*m 1 <Nt + 1
«ft-1. ft-1 Pft-J ft-1
L 0 -Pft-1 ft-1
*0 ft-1 0
°1. ft-1 Po* ft-1
Pit = 1 1?» + i s
®ft-1. ft-1 Pft-1 ft-1
L o J -Pft-It ft-1

roe Uk, VK, Rk, Sk—Hekotopble marpuupl nopsgka p. Tak Kak ak H
P* ABNAOTCA KNETOYHBIMWU CTONBLUAMM Matpuubl Akl TO

‘Em 0
n

A«*-= P N*pft= i
.0. £

3pech £ —epauHUYHas marpyua nopsgka p. O6o3Hauuns

-1 r:-

Flk= 2 aatik *-¥ Fi*=* Y! afo-l. ft-1
Je—— t-k
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nonyyaem u3 nocnegHunx COOTHOLLIEHWIA, 4TO

UK+ M*KK= |-=] A%+ «Q
FikUk+ Vk=0, ] |ikRk-{-Sk=E

1 fanee Haxooym

Uh- (E -F IkFiB-\ Vk-——Flk (E -F uFikr\
Rk=*—Ftb(E—I IkFik) ',  Sk= (E -F IkFtk)-K
Takum o6paszos, gnd marpuvy Ao\ ..., Ar—\ MOXHO nocnegosatefibHO

onpegennts nepsble H MNOCnefHVe KneToYHble CToN6Upbl, He BblYMCNAd ane-
MEHTbl OCTasIbHbIX CTO/MOLIOB.

MNpegnonoxum Tenepb, YTO pellaeTcs cucteMa NUHeHbIX  anrebpa-
MYEeCKNX ypaBHeHWA A X=b cC KneTouyHo-TennuueBon marpuueii A — Ar_\.
Mpencrasnm BeKToOpbl X, b B BUAE

*0 - K -
*1 *1

1 6= i
ER I A>r-1.

N PacCMOTPIM YCEUYEHHbIE CHCTEMSI

AYK
raz2
Yo k' 'K
Y\. k bi
YK - 1 dk= |
YK K. A.

Bce BEKTOpLI, BbiNMMCAHHbIE 3AECh B KBAAPATHbIX CKOBKaX, VMMEKT OAuvH ©
TOT Xe Mnopsgok p. MycTb

Yo- k' Yo. k-1 ' n k -
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298 NMPUNOXEHUE 1!

Bektop r* ect nvHeliHas KOMOMHAuUWs MOCNefHUX CTONGLOoB MaTpu-
ubl i4j‘t koopguHatbl Bektopa /** aBnAlOTCH KoadhdmUMEeHTaMm AaHHOWN

NVHelHOW koMbuHaumn. CneposaresibHO, A/ PEKYPPEHTHOrO BbIYUCIEHUS
BEKTOPOB Yb [AOCTATOYHO PEKYPPEHTHO BbIYMCNATL MNOCNeAHUA KneTou-
Hblli cTtonbeu, marpuy, A i'. 3amMetMm, 4TO BEKTOp X coBnajaer C yr_un a
BEKTOP Y, *ao'bo.

3TOT MeTof peLUeHVs CUCTEM C  K/1eTOUNO-TEM/HLCBLIMM  MarpyuamMm
BecbMa 3dbdoeKkTVBEH MO CpaBHEHWO C APYrMMW NPsMbIMU MeTojami. [ ns
ero peawmszauum npu GOMbLUNX [ HEOOXOAMMO BbIMOMHUTL NULLL NOPSAKA
nr 7 apvdpmetnieckux onepaupii, 3aHvmas npu 3ToM 4n* 1 CNoB nNamatm
OBM. Ecnm Knetku Matpuupl CBf3aHbl MeXay COOOM COOTHOLLEHUSMU
0 «=/<7,1 [N HEKOTOPbIX CUMMETPUYHLIX Marpul, nepecrtaHoBok |, u, To
06GbLEM BbIYMCNEHUA N HEOBXOAMMYIO NaMATb MOXHO YMEHbLUUTL MPUMEPHO
B [ABa pasa

PaccmotpyM  OfMH  YaCTHBIA CnyYyan KACTOUNO-TENNHLEBOW MarpuLbl.
Marprua HasbiBaeTcsd KNeTOYHO-LUPKYNSHTHOW, ecnnm ee KNeTKU CBA3aHbl
COOTHOLLIEHNAMM npu Bcex |. Ang pelueHns cucteM ypasHeHUi
C Takumu Matpvuavii cylectsyet 6onee adodpektvsHbIA MeToa." B ocHose
ero nexut ToT doakt, 4To Ndas KNeTOYHO-LMPKYNSHTHaH Marpuua yHu-
TapHO MojobHa KNeToYHO-AMaroHavlbHoM Marpuue. Mpu 39M marpuua
nofobus He 3aBNCUT OT MOMEHTOB UCXOAHOW Marpuubl, a K1eToyHo-guaro-
HanbHas Marpuua Nerko BblYNCNAEeTCH. MOCTPOEHHbLIN Ha 3STOM PaznoXeHun
UACNEHHbIE MeTog TpebyeT BbiNoNHeHus nopsaka n-(p-\-r) r apudpomem-
YECKMX onepaumii, 3aHMMas OKOMo 2M- I cfiou namsatm IBM.

HekoTtopble cuCTeMbl CO  CMOXHBIMW ~ Marpyuamm  MOXHO YCMNELLHO
peiialb nytem ceegeHuns k Cuctemvam, MMEOLLYIM 6oiee NPOCToe CTPOEHME.
MNpegnonoxum, 4TO0 Marpuua pasbuta Ha KeagpartHble KneTtkn. byaem
HasblBaTb 3TO0 pasbueHne nepsbiM yposHeM. [lyCcTb pfanee Kavkgas wu3
KNeToK MepBOro YpPOBHA pasdbuta, B CBOKW o4epeab, OAMHAaKOBbIM Obpa-
30M Ha KBagparHble KneTku. 3T0 pasbveHvie HasoBemM BTOPbLIM - YPOB-
HeM n T. 4. .

Beesem B paccmorpeHvie knacchl YT, o,, I cOOTBETCTBEHHO KIETOYHO-
OnaroHaslbHbIX, KNETOYHO-LUPKYNAHTHLIX U KNETOYHO-TEMNULEBLIX Marpuy,
KneToyHoro nopsaka r. lMog n/, GygemM noHMMaTh Knacc NobIX APYrux
KNeTounbiXx MarpuL, Takoro >e nopsgka. Tenepb paccMOTPYM  CUCTEMSI,
Matpuupl  KOTOPLIX 3agarTca  nocnegosaresniHocteto 041, 0,.,, ..., 0,I(
rae B Keokagol nosvumn Bvecto 0 CroHT ogHa w3 6yks Y, o, i], 4. 3ro
Oo3HauaeT, 4YTo pasbueHVe NepBOro YPOBHS ONpefensetcs CUMBOMIOM e, lt
BTOpOro — cuveorioMm 0f,, nocnegHero— cvvieoiiom 0,1 .

Jonyctum, 4to s' 6GYKB B [JaHHOW nocnefosarensHoOCTM  coBnagator
moo* C Y, nMb6o € O H COOTBETCTBYIOLLME MOPAAKNA  pPasoreHuii pasHbl
nJ......nts. OKasblBaeTCs, YTO peLLEHME WCXOAHOW CUCTEMbI C MOMOLLHO
YHUTAPHOTO MpeobpasoBaHns, He 3aBUCALLETO OT 3HAYEHWA 3NeMEHTOB
Matpuupl, CBOAUTCA K peweHno N ... N3 cuctem. CTpyktypa 3Tux
c/CTeM  OfMHakoBa W Onp.fen setc*  nocnefoBareNbHOCTbH0  CMMBOJIOB,
NOMYYEHHON H3 3afaHHON nytemM doOPMasbHOTO  BbIYEPKU&LLINA  BCEX
6YyKB Y 1 O.

PaccmorpeHHble  Martpuupsl  Hepeako BCTpevyaeTcs B MPUIOXKEHUSX,
OCOOEHHO NPW pPeLLeH MHOTOMEPHBIX WHTErpavibHbIX, ypasHeHUn. OO6bluHO
OHW WMEIOT CTOMb OOMbLLIOA NOPSAOK, YTO CBEAEHME K CUCTEMaM MEHbLLIErO




PEWEHWE BOMbWNX 3AAAY NIMHEWHOM ANTEBPbI 0

nopsgka u TWATeNbHbIA y4yeT cneumdomky okasbiBaeTcsi eAVHCTBEHHO BO3-
MOXHbIM CMOCOOOM UX  PELLIEHNS.

3HaunTENbHOE YMCIO TEOPETMUYECKUX W NPUKNaAHLIX 3ajad npuBoAuT
K peleHno 6onblumx anrebpanyecknx CUCTEM C PaspeXeHHbIMU Martpu-
Uamy. 3TV Matpulbl MMEHT MHOTO MyNeBblX 3MeMeEHTOB. Ecnv HeHynesble
3MIEMEHTbl  PaCMofIOXEHbl COrMacHO puc. 27.3, TO AN pPeLUeHus Takux
c/CTEM  UCKOUUTENbHO  3dpdDEKTVBHBIM  OKasblBAETCS MPUMEHEHVE MeToda
faycca. MNpu 3rom adbdpekMBHOCTL MeToga GyaeT Tem Bbille, YemM MeHbLue
HA puc. 27.3 nnow@ns 3alUTPUXOBaHHOW 4YacT W UYMCNO HyNeBbiX are-
MEHTOB B HEW.

MocnepHee 3ameuaHne neXuT B OCHOBE MHOIMMX CroCcO6O0B npeasapu-
TENbHOrO Npeobpas’oBaHVs paspexeHHoV Matpuubl. Kak npaswno, 3m
npeo6pasoBaHVs COCTOST /MWL B MEepecTtaHoBKe CTPOK U CTON6LOB U
HanpasneHsl MG0 Ha COKpallleHVe OOLLEro BpeMeHn cueta 3afaun, oo
Ha yMeHblLeHne obbemMa Heobxoaumoli namatm DBM. 3dpdoekt OoT Takmx
npeo6pasoBaHMN  MOXET GbiTb OYEHb 6GOMLLLMM. PaccMoTpyM, Hanpumep,
Marpupsl Buaa
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nopsgka 4, Kakgas M3 KOTOPbIX MOnyyaetcs u3 ApYroi C MNOMOLLBO
nepecraHoBkM CTPOK W CTon6uoB. ECnn nepsyld mMarpuly pasnoxutb
Ha TPEeYrofibHble MHOXUTENN, TO noTpebyetca BbINONHUTL (2'3)n5 apud>
MEeTVYeCKVX oOrepauwii, 3aHfB npu 3ToM Nl CAoB namatM, TakK Kak
oba TPeyrosnbHbIX MHOXUTENs 6yAyT MOMHbIMW. [ 1S pasioXeHws BTO-
PO MaTpuupbl HY)XHO BbIMOMIHUTL 271 Onepauuii, nmes BCero 3a Cnos
namstu.

Ecnn HeHynesble an1eMeHTbl PaspeXEHHON MarpuLpl PACMONOXEHbI 6e3
KaKoro-Hnbyap SBHOTO MOPSAKa, TO HAaWTM COOTBETCTBYIOLLME MaTpuLbl
NnepecraHoBOK O4YeHb TpyAHO. [N peLleHus 3Tol 3afjaun Hepepako npu-
XOAMTCA MpuBNeKaTb pas/vyHble MeTodpl KOMOUHATOPWUKM, Teopuun rpaddos,
LlenoumcneHHoro nporpaMmmupoBaHis 1 T. n. OgHako 3aTtpartbl Ha npeg-
BapuTenbHOe npeobpasoBaHVe paspexXeHHbIX Marpul, BNOoMHe OKynaroTcs,
ec/M camM Martpuvupl MMelT 60/bLuve pasMepbl U CUCTEMbI C HUMW peLLatoTCA
MHOTOKparHo. Takue cutyauun BO3HUKAaOT MpY OneparvBHOM YynpasneHun
JHEepPreTiecKUMN  CeTAMK, TPAHCMOPTHBIMM  MOTOKaMK, TEXHONOrMYeCKUMU
npoueccamn. KOHEYHO, aHa/lornyHble MpeobpasoBaHVsl MOXWO BblIMOJHATL
N C KNETOYHbIMU Pa3PEXEHHLIMU  MaTpuLiaMM.

BonbLune 3apaum Ha COOCTBEHHblE 3HAYEHWUS BO3HMKAIOT 3HAYUTENbHO
pexe, yem 60o/bLUMe CUCTEMBI JIHHENMbIX anredbpanyecknx ypasHeHuin. Oco-
6EeHHO pefko MPUXOAUTCH pewartb MonHylo Npobnemy Ans 60bLnX
marpyy, OpHako B Crydae HeobXOAMMOCTM 31 3afayn TakkKe ycnewHo
peLuatorcs.

He Tpebyer kakux-nmbo mogudwmkaumii Ans 6onbLuvx 3agad Metoq
6ucekyHii. VI3BECTHbI Cllyyam MW3yYyeHWs C ero MOMOLLBIO pacnpefeneHys
COOCTBEHHbIX 3HaueBw marpuy, Ako6K, NOpPSAOK KOTOPbLIX MpEeBbILa
Aecatkm  Tbicad. MonHyw mMarpuuly ©60/bLLIOTO Mopsaka  LenecoobpasHo
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NPUBECTN K MOYTU TPEYrobHOW C MOMOLLLI0 OQHOTO H3 K/ETOYHbIX Bapw-
aHTOB MpeobpasoBaHWii  BpaLLeHUs WM OTPadKeHus. 3atemM K Heli MOXHO
NPVMEHUTb OAWH H3 YMC/IEHHbIX METoAoB, Hanpumep, Qff-amropudom nnm
obpartHble utepaumn. CHoBa 414 YMeEHbLUeHWs KoadpdwmuyeHta notepb Lene-
COOGpasHO MCNO/b30BaTh KNETOUYHble BapuaHTbl METOMOB.

O6cyxaas npobnemMbl peLleHns GOoMbLUNX 3agady NMHENHOW anrebpbl,
Mbl He CTaBuIM nepeg coboi 3agavy AaTb NoApPOO6HbLIM aHaM3 CyLuecT-
BylOLLIMX MeTogoB. OfHako Ham XOoTenoch 6bl 06patuTb BHMMAaHWE Ha To,
YTO Takue 3ajauM MOryT peluarscs gocrartouHo adodpektveHo. O ns Gonee
NnafHoOro 3HaKoMcTBa C 3TOl, TemMartukoli Mbl OTchlaemM uutatenei
K 0630py [7] u 6GubnmorpadpmueckoMy ykaszartento [8].
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