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MPEANCIIOBNE K TPETBEMY W3OAHWNIO

BTopoe v TpeTbe W3JaHWsA OT/IMYAKOTCA OT MEPBOro PALOM
M3MEHEHVNN W AOMOMHEHWIA, KOKOPble BbI3BaHbl 3aMevYaHUAMU
M NOXeNnaHWAMW OTAE/bHbIX AUL, OpraHM3aunii U peLeH3eHTOoB.

Mpn M3N0XKEHWWN aHaNNTMYECKOW reoMeTpun B [ABYMEPHOIA
MNOCKOCTU W B TPEXMEPHOM MPOCTPAHCTBE Mbl 3aMeHUN 060-
3HayYeHWsa mr, X, X, Ha TPaguUWOHHbIE X, Y, T. Mbl npogon-
KaeM npugasaTb 060MbLIOE 3HAYEHWE YPAaBHEHMAM MPSMOA U
NNOCKOCTM B HOpMasbHOM Buge. O606LIeHNE 3TUX MOHATWIA
Ha M MEPHbIA Cyyain co3gaeT No aHanornnM HYXXHYI reoMeTpu-
YECKYI0 WHTYMLUMIO B NI-MEPHOM MpPOCTPAHCTBE.

Mbl Tenepb paccMaTpyBaeM KOMIMIEKCHbIE MATPULbl HApAaay
c peiictBuTenbHbiMM, OAHAKO AOKa3aTesbCTBO, Kak MpaBuio,
n3naraem OTAENbHO B [EACTBMTENIbHOM W KOMMIEKCHOM CAy-
yasix, YToObl KOMMNEKCHbIW ClyYail NpyM HEOBXOAMMOCTM MOXHO
66110 ONycTUTb. B CBA3U C 3TUM MPULLIOCL U3MEHUTL 0603Ha-
YeHWsi TPaHCMOHMPOBAHHON W CONPSXKEHHOW MaTpuL,.

dnemeHTapHble npeobpasoBaHus (cM § 4) Tenepb NoAyyYUn
ob6oCHOBaHMe. PaHee 3TOT BOMPOC OblN W3M0XeH TONbKO Ha
npumMepax. Bnpoyem, Mbl gymaem, 4TO 3TOro 6bi1o 6bl gocTa-
TOYHO.

HekoTopble naparpabl nogpasfeneHbl Ha MYHKTbl, CHab-
YKEHHbIE Ha3BaHWUAMMU.

Mpown3BefeHbl HEKOTOPbIE AOMOJSIHEHUS MO TEOPMM MaTpUL
1 onepaTopos.

Bo BTOpOM wu3gaHuy pAob6aBneHbl § 27, 28, NOCBALLEHHbIE
MIOCKOCTU B JI-MEPHOM MPOCTPAHCTBE M Pa3UYHbLIM 3afayam.

B TpeTbeM u3gaHum 8 28 3ameHeH. OCHOBHas Uefb, KO-
TOPYIO Mbl CTaBMAW nepef coboi npu HanucaHuu § 28, 3aknto-
4yaeTCd B O3HAKOMJIEHWM C 3/IEMEHTaAMW TEOPUU JINHENHOTO
NpOrpaMMmnpOBaHNs B MWHMMaNbHOM 06beMe W MeTodamu
PELUEHNS MPOCTENLIMX 3ada4y, B 4YaCTHOCTM C CUMIM/IEKC-MEro-
nom [pu mM3N0XeHUU MaTepmana Mbl MCNOAb30Ban” y4yebHoe
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noco6ue A. C. ConofoBrnHKoBa «BBefeHWe B IMHeliHY0 anre6py
N NIMHEHOE MPOrpamMmMupOoBaHNE».

Bbipaxkaem 6/51arofapHOCTb  CEKUUM TEXHWYECKMUX BY30B
HayyHo-MeToA4Myeckoro coseta Mo mateMatvke npu MuHBYy3e
CCCP nopg pykosogctsom npocgeccopa J1. . Kygapsasuesa wu
Kadenpe Bbicwein matemaTukm Ne 2 JIEHUMHrpagcKoro noaum-
TEXHMYECKOTO WHCTMUTYTa 3a 06CYXAeHMe HalunX Y4ebHUKOB
M LEHHble 3amMeyaHus 1 NpeanoXKeHUs, KOTopble, HECOMHEHHO,
CMoco6CTBOBANIM YNYULLIEHUIO WX COLEPXKaHUA.

Mbl Takxe Bblpaxaem 6narogapHocts HO. W. Bonkosy,
M. L. Koccy, A. M. TobonbueBy u psagy Apyrux uurtarte-
Neli 3a UeHHble KOHCTPYKTWBHbIE MPeAnoXeHus, KOTopble Mbl
cTapanucb y4yecTb Npu paboTe Hafj BTOPbIM W3LAHWEM.

B 1984 r. Komnnekc Hawux Y4eGHWKOB NO BbICLIEA Ma-
Tematuke  ygoctoeH npemun MB un CCO CCCP wn UUK
MPO¢CO030B PabOTHMKOB MPOCBELLEHUS, BbICLIEA LUKOMbI 1
Hay4HbIX yupexaeHuii, B 1986 r.—paunnoma noveta BAHX
CCCP, a B 1987 r.— lNocypapcTBeHHoi npemun CCCP.

ABTOpbI BbipaXaloT 6narogapHoctb npoteccopy A. U. Mpu-
NenKko W pPYKOBOAMMOW WM Kadenpe BbICLUeli MaTeMaTUKK
MOCKOBCKOI0 MHXeHepHO-(hM31YeCcKoro MHCTUTYTA 3a TLiaTesb-
HOE pPacCMOTPEHVE KOMMJIEKCa YUYeOHWNKOB U LieHHble 3aMeyaHns.

[aHHbIA KOMMMEKC HaxoAWT LUMPOKOE MNPUMEHEHME B TeX-
HUYEeCKUX By3ax CTpaHbl. B HacToAwee Bpema OH nepeBefeH
Ha aHrNUACKUIA, paHLy3CKUA, MCNAHCKWMIA U NOPTyranbCKuii
A3bIKU.



MPEANC/IIOBUE K TPETbLEMY WU3OAHWUIO

BTopoe n TpeTbe M3fgaHUs OT/IMYAKOTCA OT MEPBOrO PALOM
M3MEHEHWA N JOMOMIHEHWUIA, KOTOpble BbI3BaHblI 3aMevYaHUAMU
M NOXXENAHNAMW OTAEMNbHbIX NWL, OpraHn3aunii U pPeLeH3eHTOB.

Mpn M3N0XKEHUN aHaIMTUYECKOW TEeOMETpUM B [BYMEPHOL
MIOCKOCTM UM B TPEXMEPHOM MPOCTPAHCTBE Mbl 3aMEHUAN 060-
3HayYeHnUa *,, X,, X, Ha TPagUUWOHHbIE X, Yy, T. Mbl npogon-
)Kaem npugaBaTb 6GO/MbLIOE 3HAYEHWE YPaBHEHWAM MPAMONA
MI0CKOCTM B HOpMaibHOM Buge. OO606LLeHME 3TUX MNOHATUI
Ha N MEPHbIA Clydvail Co3A4aeT MO aHa/IOrNM HYXXHYHK FeoMeTpu-
YECKYH WHTYMUWIO B JI-MEPHOM MpPOCTPaHCTBE.

Mbl Tenepb paccMaTpyvBaeM KOMMIEKCHbIE MaTpuULbl Hapsay
C geictBuTenbHbiMKM. OfHAaKO AOKa3aTenbCTBO, KaK MpaBumio,
n3naraemM OTAENbHO B AEACTBUTENbHOM W KOMMIEKCHOM CAy-
yasx, YTOObl KOMMEKCHBIA Cayyaii nmpu HeobXxo0AMMOCTU MOXKHO
66110 ONyCTUTb. B CBA3U C 3TUM MPULLIOCL W3MEHWUTL 0603Ha-
YeHWS TPaAHCMOHUPOBAHHOM W COMPSHKEHHOW MaTpul.

AnemeHTapHble npeobpaszoBaHus (cM 8 4) Tenepb NONy4YMIn
o6ocHOBaHMe. PaHee 3TOT BOMPOC OblN M310XEH TO/BKO Ha
npumepax. Bnpoyem, Mbl gymaem, 4TO 3TOro 6b110 6bl JOCTa-
TOYHO.

HekoTopble naparpabl nofpasfeneHbl Ha MYHKTbl, CHab-
XEHHbIe Ha3BaHUAMM.

MpoussefeHbl HEKOTOPbIE AOMOAHEHUS MO TEOpMM MaTpuy,
1 OMepaTopos.

Bo BTOpoM wu3gaHuu pobaBneHbl § 27, 28, NOCBALLEHHbIE
NIOCKOCTN B JI-MEPHOM MPOCTPAHCTBE M Pa3/UYHbLIM 3afayam.

B Tpetbem u3gaHum 8§ 28 3ameHeH. OCHOBHas Lefb, KO-
TOpPYK Mbl CTaBMAN nepeq coboil npu HamucaHuu § 28, 3aknto-
4yaeTcd B O3HAKOMJIEHMM C 3/IeMEHTaMW TEOPUU SINHENHOro
NporpaMMmpoBaHMs B MWHUMaTbHOM 06bemMe U MeTofamu
pelleHns MpocTeiwmnx 3afay, B YaCTHOCTM C CUMIM/IEKC-MEro-
goM Tpu M3M0XKEHUW maTepuana Mbl HCMOMb303an” yyebHoe
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noco6ue A. C. ConofloBHHKOBa «BBefeHWe B HeliHyto anre6py
N NUHEHOe MNPOrpamMmMuUpOoBaHNE».

Bblpakaem 6/1arofapHoCTb CeKLMM TEXHUYECKUX BY30B
HayyHo-MeToMYecKoro coeeta Mo marematuke npu MuHBY3e
CCCP nog pykosogcteom npodeccopa /1. O. Kyapssuesa u
Kadegpe Bbicleid MmaTtematukm Ne 2 JIeHUHrpafCKoro nosau-
TEXHWYECKOTO WHCTUTYTa 3a 06CYyX[eHWe Hawmnx y4yebHUKOB
M LUEHHble 3aMeyaHus W NPeasioXeHns, KoTopble, HECOMHEHHO,
CNocob6CTBOBANU Y/YULIEHUIO WX COAEPXaHus.

Mbl TakXe BblpaxkaeMm 6narogapHocts HO. W. Bonkosy,
M. L. Koccy, A. M. TobonbueBy wu psgy Apyrux uurarte-
Neil 3a UEHHble KOHCTPYKTWBHbIE MPES/IOXKeHWs, KOTOpble Mbl
cTapanucb y4yecTb Npu paboTe Hafj BTOPbIM M3JaHMWEM.

B 1984 r. KOMNieKC HawWx Y4eOHWKOB MO BbICLUEA Ma-
Tematuke  ygoctoeH npemun MB un CCO CCCP un UUK
NPO(Ccor030B PabOTHNKOB MPOCBELLEHNS, BbICLUEN LIKOAbl K
Hay4YHbIX yuypexfieHuit, B 1986 r.—punnoma noveta BAHX
CCCP, a B 1987 r.— lNocygapcTtBeHHOin npemun CCCP.

ABTOpbI BblpaXaloT 6narogapHoctb npogeccopy A. . Mpu-
Nenko ¥ PYyKOBOAMMOW WM Kadepe BbICLUE MaTeMaTUKK
MOCKOBCKOT0 MHXeHepHO-(hM3MYeCKOro MHCTUTYTA 3a TLlaTeb-
HOe pacCMOTPEHMEe KOMMJeKca YUe6HUKOB U LieHHbIE 3aMeYvaHus.

[JaHHbIli KOMMNIEKC HaxoguT LUMPOKOE NPUMEHeHWe B Tex-
HUYeCKMX By3ax CTpaHbl. B HacTofllee Bpems OH nepeBefeH
Ha aHrNACKUIA, GpaHLy3CKWii, WCNAHCKWUIA U NOPTyranbCKuii
A3bIKW.
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r paBHa HY/O, €CNM 3eMEHTbl Kakoro-nnbo ero cronbua
UM CTPOKW paBHbl HYNMO, Hanpumep:

L) paBHa HyMto, ecin 3NeMeHTbl fABYX CTPOK uAn CTOonG-
LLOB COOTBETCTBEHHO paBHbI, Hanpumep:

lﬂl “Il= a,a,—c,aa= 0.
a, o, | 18 1 a

B panbHeiilem BBOAATCS OMpeAenuTeNnn TPeTbero U BoO-
obuwe n-ro nopsgka. Ana Hux ceoictBa a), 6), B), ), O)
COXpaHATCS.

§ 2. OnpegenuTenn TPeTbero W N-ro nopajka

2.1 OnpepennTtenun TpeTbero nopsapgka. Ywucno
A= anaZaP+ auaiSad + olxatiadt
—aisana3i anais®J2 1)
3anucbiBaemoe B opme
flli Oy 0,3
A= o» <P &S (2)
&l 3L o33

roe abl—uncna (eicTBMTENbHbIE WM KOMMJEKCHbIE), Ha3bl-
BaeTCs OnpeAenvTeneM WAM AeTEPMUHAHTOM TPeTbero mno-
paaka.

B onpegsenutene (2) pasnuyaroT Mepsyto, BTOPYHO U TPETbIO
CTPOKW, TaK >Xe KakK nepBblid, BTOPOA W TPETUn CTONOUbI.
Uucno ak, HasblBaeTCA 3N1eMEHTOM OMpefenuTens; npu 3Tom
nepBblii MHAEKC K yKa3biBaeT HOMEP CTPOKM, a BTOPOW MHAEKC /—
HOMep CTON6LA, K KOTOPOMY MNPUHALNEXMWT AaHHbIA 3/1eMeHT.
Bygem Takke roBopuTb, YTO 3/eMEHT a,t HaxoguTca Ha ne-
peceyeHUN Kk-H CTPOKM W /-ro cTonbua. SnemeHTbl onpegenu-
Tena An, 0,2, a3 06pasyloT [NaBHYI0 AnWaroHanb Onpefenu-
Tens, a 3nemMeHTbl a,, a,, aa—MnoboyHy. MOXHO Takxe
rOBOPUTb, UTO AMAaroHanb, Ha KOTOPOM PacrooXeHbl 3fe-
MEHTbI a,,, <7j,, a33, Ha3bIBaeTCH [NaBHON fuaroHanblo onpege-
nvtens (2).

CTpykTypa BblpaxeHus (1) [oBoOfiIbHO npocTa. 3T0 eCcTb
4MCcno, BblUMCASAEMOE MO 37eMeHTaM akl MO Cnefylolemy Ha-
rnsagHomy npasuny (Capptoca): coctasum Tabnuuy (Capptoca),
NONYYEHHYIO U3 3/IEMEHTOB onpefenuTens (2), ecnm npunucatb
K HUM nepBblii 1 BTOpOIi cToN6Lbl onpegenntens (puc. 1). Mbi
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BWAMM, UTO HaZ0 B3Tb BCEBO3MOXHble MPOW3BELEHUS 3NEMEH-
TOB, 3a4epKHYTbIX MPSAMbIMK; MPU 3TOM TPU NPOU3BEAEHNS,
COOTBETCTBYHOLLME MPSAMbIM, NapannesbHbIM F1aBHOW AuaroHanu,
Hago B3ATb CO 3HAKOM MJIKOC, @ OCTa/ibHble TPU NMPOW3BELEHUS,
COOTBETCTBYIOLME MNPSMbIM, Mapas/iefibHbIM MOBOYHON Aunaro-
HanM, Hago B3SITb CO 3HAKOM MMHYC.

Kaxzoe npou3BefeHNe C YKasaHHbIM 3HAKOM Ha3blBaeTCs
uneHoM onpegenuTens (2). Cpedn BXOLALWMX B MPOW3BELEHUS

\k X/

B2, aa aa ar, a2
«A f a X f ax aﬂx °J2
/ / / u Yy y
- * - + + +
Puc. 1

3/1eMEHTOB VMEIOTCA MPeACTaBUTeNn OT KaXoW CTPOKM W 0T
Kaxgoro cronbua. ST 3/MEMEHTbl MOXHO B KaXAOM ufeHe
pacnofnoXutb B MOPsAAKe BO3pacTaHMA MepBOro UHAEKca, T. e.
HOMEPOB CTPOK, K KOTOPbIM OHW MpUHAANexaT. 3TO W cAenaHo
B cymme (1). YTO Xe KkacaeTcs HOMepoB CTO/6LOB, K KOTO-
PbIM NPUHAANEXAT 3TU 3/1EMEHTbI, TO UX PACMNONOXEHUA [Jat0TCA
HUKe:

12 3y
23 11 3)
3 12,

32

13 2} @)
2 131

OTO BCEBO3MOXHble nepecTtaHOBKM u3 umcen 1, 2, 3. [epe-
CTaHOBKY
1.2, 3 (5)

n3 uncen 1, 2, 3 Ha30BEM OCHOBHOM.

[0BOPAT, 4YTO B NepecTaHOBKE NMpPOu3BefeHa TPaHCno3nLms
[BYX OMNpefeneHHbIX €e 3MeMeHTOB, €CAW 3TU 3MEMEHTbI  3ame-
HeHbl MecTamu. [locne TpaHCNo3WLMKU MepecTaHOBKA MepexoanT
B ApYryt0 MepecTaHoBKy. B 3Toil nocnefgHeli MOXHO cAenaTb
B CBOI OYepelb TPAHCMO3MLUMIO, B pe3y/nbTate MoayynTcs
TpeTba rMepecTaHOBKAa (HO He WCK/IKOYEHO, YTO U MepBas).
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Hanpumep, nepectaHoBKa
3,2, 1 (6)

noflyyeHa TpaHCMoO3WLMel NepBoOro U TPeTbEro 3/1EMEHTOB Nepe-
cTaHoBku (5), a nepecTaHOBKa

2,3, 1 @

TpaHCMno3uLyeid NepBoro 1 BTOPOro 3/1eEMEHTOB NEPECTaHOBKM (6).

BaXHO OTMETUTb, 4TO, eCciM HeKoTopas MepecTaHOBKa rMo-
NyyeHa W3 OCHOBHOW nocpeAcTBOM N TpPaHCMO3WLWA M ecim
3Ta >Ke [MepecTaHOBKAa MOfly4eHA W3 OCHOBHON KakuM-nn6o
Aapyrum nytem nocpeactsoMm Nt TpaHcnosuuuid, To o6a uucna
N u Nt ogHoBpemeHHO nMBO YeTHble, NNOO HeyeTHble. [lepe-
cTaHOBKa umcen 1, 2, 3 Ha3biBaeTCs YeTHOIW (HeueTHoR), ecan
OHa MOMY4YaeTcs W3 OCHOBHOW MEPecTaHOBKW NPy MOMOLLY YeT-
HOro (HeYeTHOro) umcna TPaHCMO3ULIWIA.

MycTs paHa nepectaHoska /= (/f, /,, 1)), roe /,, /,, jt
aT0 umcna 1, 2, 3, B3ATble B HEKOTOpPOM nopsaake. Yucno
TPaHCNO3ULMiA, C MOMOLLBI0 KOTOPbIX MOXHO MNOAYYUTb 3Ty
NepecTaHOBKY M3 OCHOBHOW MepecTaHOBKM, 0603HAYMM yepes
t (/). Torga nepesTaHOBKa [ ABNSETCA YETHON (HEYETHOW), ecim
/ (/)—vueTHOe (HeuyeTHOe) uwucro.

MepectaHoBKM (3)—ueTHble, a (4)— HeyeTHbIe.

Mocne cka3aHHOro MOXHO AaTb APYroe 3KBMBANEHTHOE On-
pegenexHvie onpegenutens 3-ro nopsgka.

OnpegennTenem wm peTepMuHaHTOM 3-ro nopsgka (2)
Ha3blBaeTcAa uucno [, paBHoe Cymme

A»=2(— IN10*/, ®)

npoussefeHuin Buga (—1)n/tam atf a<A rge J=>, /., ) —
BCEBO3MOXHble pa3fIMyHble MepecTaHOBKM OCHOBHOW nepecTa-
HOBKM 1, 2, 3.

370 onpegeneHne o606LaeTca Ha onpefenvuTenn WM fae-
TEePMUHAHTLI N-ro nopsgka (a-1, 2, 3,...).

22. Onpepgenutenn n-ro nopagka. Onpesenu-
TeneM WM JeTEepMUHAHTOM M-e0 NOPAAKa Ha3blBAeTCA YKCIO,
3anuncbiBaemoe B Bufe .

oy ... aj,

)
arll eee  °rn

N BblHUCNAEMOE MO AaHHbIM 4YWUCnam a,n (,ﬂ,eVICTBMTeﬂbeIM nnn
KOMI'IﬂEKCHbIM)—SI'IeMeHTaM onpepgenntTenda—rno cnegyrouwemy
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3aKoHy: [l ecTb cymma
h = 2/( — W {failiat/t...an],

pacnpoCcTpaHeHHasA Ha BCEBO3MOXXHblE Pa3/INYHbIE NMEPECTaHOBKN

r=(/,, 3 uucen 1, 2,..., n. Yucno /(/) paBHO
YuCny TPaHCNO3ULMiA, KOTOpble HYXHO chenatb, 4TO6L ne-
PeiT OT OCHOBHON MepecTaHOBKWM 1,2, . . N K MepecTaHOBKe
/= (ju ..., jn). MNMpomnsseneHue (—I)1(/al/t...an Ha3biBaeTCH

uneHom onpegenuTens.
OnpegenvuTenu n-ro nopsgka YyAoBNeTBOPSAKT CBOMCTBaM
a), 6), B), r), 4), NepeuncneHHbIM B NpeAblgyLiem naparpade.
JokasaTenbcTBO, a) [ocne 3ameHbl y onpefenuTens
COOTBETCTBYIOLLMX CTPOK CTONBLAMM TENEPb YXe HOMepa CTPOK
6yayT 0603HaYaTbCA BTOpPbIMM WMHAEKcaMWu. Hanpumep, gns on-
pefenutens TpeTbero nopagka (2) 6ygem UMeTb

oy ait a,i
al2 a2l a2  fjixasaa3s"bazlazaa 13" basiaiaaad ~
«13  °r3  o»3

A31M 22013 A1 ®32023 Nal®i2® 37 =

B obwem cnyvae o6Wmii uneH HOBOro onpefenuTens 3anu-
Lwetcs
(—D*~a mall,...a/m

Ynopagouum MHOXUTENW npoussefeHus alita,tt. . .a/d1no nep-
BOMY WHJAEKCY, T.e. Mbl MEPeEXofUM OT’ MepecTaHoBKU [=
=(/it ese*in) K OCHOBHOI nepectaHoBke 1, 2, ...,n. [pm
3TOM Mbl [JO/DKHbI coBepwuTb t (/) TpaHcnosvumii. Torga oc-
HOBHas MepecTaHOBKa BTOPbIX WHAEKCOB MepeiijeT B HEKOTO-

Pyt nepecTaHoBKy i—(*,, ..., in) nuucno t (i) 6ygeT 1ol Xe
YyeTHOCTU, 4To U uucno /(/'). Takum ob6bpasom,

(D<</>flil ... alnn= (—1u,)altt ... aln.
HeTpygHo BuAeTb, 4TO pasHbiM nepecTaHoBkam U, ..., /,
COOTBETCTBYIOT pa3Hble nepectaHoBku lit ..., in. Ho Torga

2(-1yraln... )*Fe«,,, ... <W,-A.

6) lMomeHseM MecTaMu, Hanpumep, NEPBYIO U TPETLIO CTPOKM
onpefenuTens TpeTbero nopsgka (2). Torga mnonyynM orpe-
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JenuTenb, KoTopblli 0603HauMM Yepe3 [1', oH GyneT paseH

Oon  o»r a*3

O'= aXx or, at3

oH Oi, at3
-|2(-I)<v4.o./,flv.— /.«(/(%/*M — A
TaKk Kak nepectaHoBka /= (/,. /*) oTnnyaeTca OT nepecTa-

HOBKU [ = (/,, /4 opHOIi TpaHCno3uUmeil.

Bygem roBopuTb, 4YTO 4MUCO K YMHOXAeTcs Ha CTPOKY
(cTonbeu) onpegenutens, ecnu Ha camom fene ft ymHoxaeTcs
Ha BCe 3/1eMeHTbl CTPOKKM (cTonbua).

B) YMHOXEHWE Ha 4YMCNO K KakoW-mbo CTpokm (cTonbua)
onpefenuTens CBOAUTCA K YMHOXEHMWIO BCEX ero YfeHoB Ha K,
MOTOMY YTO KaX[blIA YNeH COAEPXKMUT OAWH 3N1EMEHT YKa3aHHOM
cTpoku (ctonbua). Ho Torga BenMuMHa CyMMbl YEHOB YMHO-
XUTCA Ha K.

r) OnpegenuTenb, Yy KOTOPOr0 3/1EMEHTbl Kakoro-nmbo
cTonbua WM CTPOKWU paBHbl HY/MHO, PaBeH Hy/o, MOTOMY 4TO
BCE €ro UYsieHbl, OYEBMAHO, PaBHbl HY/O.

0) Onpefenutenb paBeH HYMO, €CM OH UMEET ABe OfAuHa-
KOBble CTPOKM WM [Ba OAMHAKOBbIX CTO/M6UA. JTO Ccregyet
u3 ceoitictea 6) (4'= — /A4, A'= 4, otkyaa A= 0).

BbluepkHem 13 onpegenuTens (9) n-ro nopsgka i-to CTPOKY
M K- cTonb6ey. OCTaBLUeeCs BblpaXeHWE MNOPOXAaeT onpege-
nutens (M— 1)-ro nopsgka JI1lK, HasbiBaemblii MUHOPOM  37e-
MeHTa alk BenuumHa xe

Alk= {-\)'+*M K

Ha3blBaeTca anrebpavyeckum [JOMOMHEHWEM WM a4bIOHKTOM
afemMeHTa a,K.

CsolictBo €) Cymma npousBefeHuii 3anemeHTOB aik
HEKOTOpOi CTPOKM (cTonbua) onpegennTens Ha anrebpaw-
ueckve [OMNONHEHUS 3TWUX 3NEeMEHTOB paBHA BeUYMHe Onpe-
jennTens;

n

O=79/*0g (/=', ..., n), (10)

n
A= 4, akik Ne- Jeeee, T) (10



«2 ONPEAENMNTENWN TPETBEro W itro NMOPAAKA J3

[oKaXeM 3TO CBOICTBO ANS onpeaenuTens TPeTbero mno-
psAKa B c/lydae TPeTbeil CTPOKW. Vmeem

“bas»A)i-{-a23A>t=

—n 10 a*™*—n WnN* I_Ln |aH
n |o** a,, « let a«\+ 33lax a,2\
— au (airat* aisan) "bati (aisatt— aliatt) ''b
+au (aua2i—g,,a, )= A

Cymmy (10) Ha3blBalOT pas3no>KeHvWem OnpejenuTens no ane-
MeHTaMm i-ii cTpoku, a cymmy (10')— pasno>keHuem onpege-
anTensa no anemeHTam k-ro cronbua.

Mpumep 1 Ecnu B onpegenutene A (cm. (9)) ar, =
—a3l= ... =am—0, To A= atiAti, T. e. BblYACNEHNE 3TOTO
onpejennTens CBOAMTCH K BbIYMAC/EHWIO OAHOrO €ro afbOHKTA,
T. . onpegenutens (n— 1)-ro nopsgka.

Mpumep 2. Ecnum Bce 3neMeHTbl A, CTOALWME HWXKe
(Bblle) rnaBHOW AmaroHanu A, paBHbl Hyn (Bbl= 0, ecim
ft> /(ft< /), To A==allall ... a,,n. 370 cnegyet u3 npegbl-
JyLLero npumepa.

CsoiicTBo ) Cymma npousseaeHwin anemeHTOB aik
HEKOTOPOK CTPOKM (cTonbua) onpefennTens Ha COOTBETCT-
BYIOLME aAbIOHKTbI 3EMEHTOB [APYyroin cTpoku (cTonbua)

paBHa Hynio:
M M

(1d1-, 1,1= 1. A).

B camom pgene, 3aliMKCMpYeM Halle BHMMaHVWe Ha MepBoi
CymmMe. 3Ta CyMMa He 3aBUCMT OT 3/IEMEHTOB /- CTPOKMW.
3aMeHM B Hallem OMpefenuTene 31eMeHTbl /-l CTPOKWM Ha
COOTBETCTBYIOLLME 3NEMEHTbI i-ii cTpoku. OT 3TOro paccmar-
pvBaemasi CymMMa He M3MeHUTCS. Mexay Tem Tenepb €e MOXHO
paccmaTpvBaTb KakK pasfoXeHWe HOBOro OnpegenuTens o
3fleMeHTam /- CTPOKWU, HO TOrja OHa paBHa BENNYMHE HOBOMO
onpegenutens. Ho nocnefHWii paBeH HyMKD Ha OCHOBaHWUM
CBOICTBAa A), MNOTOMY 4YTO OH UMEET OAMHaKOBble CTPOKW — -0
n j-1o.

CsoiictBo 3) [llycTb pgaHbl fga onpegenmTens n-ro
nopsgka At u Aa, y KOTOpbIX BCe CTPOKM (cTon6Ubl) oanHa-
KOBbl, KpOMe oOnpefeneHHon opHoil (ogHoro). Cymma Takux
onpegeniTeneil paBHa onpegenMTento A n-ro nopagka, y Ko-
TOpOro ykasaHHasi cTpoka (cTonbey) COCTOMT U3 CYMMbI
COOTBETCTBYIOLWMX 3NEMEHTOB 3TOA CTPoKM (cTonbua)
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onpegenuTenen O( v Or Hanpuwmep,
on ... of,B_f oln 0« .. of, n_f *In
O+ a.: . C
" " °rm «ec 0N, n-f bnn
«if e+« at, n-1 (0In+ 61n)
:'q.
<an.n-f (°nn
B camom pgene, pasnarad faHHble onpegenntenn no ane-
MeHTam /1-ro cTonbua, noiy4numM

— * -

4 ( + 1%&| OKNAK,, + «2:1 bKnA KT = f%cl (@*n+ &mn) /7%,= 4.
CeoiicTBO 1) BenuunHa onpefenuTens He U3MeHWTCH,

€CM K 3feMeHTaM Kakoii-n1mbo ero cTpoku (cTonbua) npuba-

BMTb COOTBETCTBYHLME 3NMEMEHTbI APYroil CTPoku (cTonbua),

YMHO>KeHHble Ha uucno k. Hanpumep!

1., 0L, 1 +

at... 0,,_1 0,,+ *0,f

« oo «In orn eee at, N-r OH
o o o o o + K
aﬂl‘«' 0|-||-| 0/il «e+e ON.n-f 0,

B CWy CBOWCTB 3), B), A).

Hapnexatee nNpuUMeHeHWe 3TOr0 CBOWCTBA MPUBOAWUT Bbl-
YMCNEHNE [aHHOTO OMNPefennTens K BbIYUCIEHWIO ONpeaennTens
60nee HWU3KOro nopsaka.

Mpumep 3.
1 4 5 t 4 6 1 4 5
2 3 1 0 5 9 0 - 5 - 9
8 1 1 8 1 1 0 31 39
- 5 - 9t . 5 91
§ =39 - 9-31 = — 84
1— 31 — 39 |= |31 391=
Mpumep 4
2 11 01 o0
13 2 __-—-5 3 —1 M -» - i\ 17.
146 —7 4 2 -7 "2 17 1

Mpumep 6. Onpegenutens

I ot 01 eee or

pﬁ 1 0% 02 eee o1
4

e e s s e o o t o

1 on On #o0T
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MOPOXAEHHBIA uncnamm a,, a,, . an HasblBaeTca cTenei-
HbIM WM onpefenuTenem BaHngepmoHgal).

JTOT onpegenvTenb paBeH Hy/MlO, eCAM  Kakue-nmbo paga
yucna at M ak paBHbl Mexgy coboil. Ecnm Bce at pasnunyHbl,
TO

A«= K —aJK .,—3a,) ... (a,—ot).

« K —a*)(an-1—a.) **+ (0,—aj*

K —a,_t) (a,_1—an.J-

(ax—e»-i). (12)
B camom pgene, npu n= 2
vV |1 Aflil

T. e. (opmyna (12) BepHa. [onyctum, uto Qopmyna (12)
BepHa npu n= ft— 1, 1 gokKaxem, 4TO OHa BepHa npu n = ft.
Bygem mcnonb3oBaTb CBOMCTBA M), B) ONPeAennuTens. Y MHOXUM
ft— 1-n cTton6ey B onpegenutene A* Ha at u BbiuTeM u3 ft-ro,
ft—2-ii cTonGel, YMHOXWM TakXe Ha at u BbluTem u3 ft— 1-ro
W T. 4., TOrga Moayynm

10 0 0
. 1a-ad (@ M) e “m
1 ak—uy ak (k—af) ... a** (a»—a
1 eee Or
1 as eee af!
= aJ (a*-i—Oi) e (@a.~ al) . ¢ e oo . .
1 0% ... okt

MocnegHwii onpefenuTens ecTb TakXe onpeaenvTtens BaHpaep-
MOHAa nopsgka (ft— 1), NOpoXAEeHHbIA uucnamn at, .. e, ak,
NnoaToMmy, MO MPefLnoOXEHUIO, UMEEM
A*= (a*—ali) eee (a«” ai)*
o (ak—at) (fI*_j*“ o») e+ (°a at)’

* (ak~~ak-r) (ak-i~~ak-t)*

' (@A—a*-I)-

* A. T. BaHgepmoHp (1735—1796) — dhpaHLy3CKMiA MaTemMaTuk.
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Takum o06pasom, B Cwily MeToAa MaTemMaTWYeCKON WHAYK-
umm thopmyna (12) sepHa npu ntobom 11> 2.
CsoiictBo K) MNycTb

Mpou3sefeHne [ByX OnpegenuTeneid n-ro nopsgka c ane-
meHTamu bkl, akl ecTb B CBOW Ouepefb onpegennMTenb M-ro no-
pagKa ¢ 3aneMeHTamu

V*’ £ bklall>
y-

AAL 2, bk/a/i = 4.

Takum o6pasom, anemeHT ykl, npuHagnexawmin k fei
CTpoKe u /-my cTOonbuy onpefenuTens A, paBeH, Kak roBopsT,
npoussefeHnto k-ii cTpokn onpegenuTens A, Ha I-ii cTon6ew
onpegenuTena A,. Ha camom fgefne 3T0 ecTb CymMma Mpowv3Be-
[EeHVNA 3nemeHTOB AW CTPOKM onpegenutens Ar Ha COOTBET-
CTBYIOLUME 3/M1eMeHTbI /-ro cTonbua onpegenutens A,.

Tak Kak B onpegenutenax At n Aa MOXHO MEHATb CTPOKU
co ctonbuamu, TO, OYeBUAHO, 3nemeHTbl Ykl npoussegeHus A
MOXHO CTpOMTb Takxe, 6epa npoussedeHue ft-il cTpokm \
Ha |-10 cTpoky A, wnM npomsBefeHue K-ro cronbua A, Ha
/- cTonbey, A, wmwm K-ro ctonbua Ha I-t0 cTpoky.

JokasaTenbcTBO. Yb6egumca B  CNpaBefIMBOCTM
CBOICTBa Ha NpuMepe OnpefenuTeneidi BTOPOro MopsafKa:

|ﬂ|1: i i * OJI 911 A= VYU yn
""" an °q Yii  vm
roe
Y, = bna, + bban - vijj —&IAi+ a1 ar*
v oeuen "HOAFE YL, D6A 4
B cuny cBoiicTB 3), B), )

IO *10I»+ *,0», 1  *jO1 *lOl+ *IO,, 1.
*J«0>1 *ale la +

"1 *111

—auan Ib" b\ aua« t a+a|£||_||\/’| 5:]:"
+ a»a»|6" £’ |- aiki.-°+ aiA. phi 7'l
aiA |l [+aA.0=<dA A HfLAA “
- A (fliA* —iAt) - AL
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B o6uwem cnyyae onpegenuTeneid N-ro nopsigka MOXHO 3anucatb:
n n n
(X1}
’Z,:]_ _E-l «*1
n n n
2 aufistl *Zt | arslra e 2 au>shi

» =

n n n

2 a™my» 2 ABYT eee 2 ans,,btmn

1«nl «> »1
b|_['1 *1|J eoe ’V_Lg

nn : bst btyi

1-11-1 n=I nt,, o ....-.....

bnl *%i eee bs,,n
-* ei*.au. e+eans, (—,), WAIi = A«Af-
«(«, 1, oo M)

Mpy BLIYMCNEHUM OTAENbHBIX 371EMEHTOB [, Mbl BMpaBe BblGMpaTb MO60A

NHAEKC cymmupoBaHus j (Yw" 2 ) BO [ANd  panbHeilwero
»-=1

YA0OHO Ans nepBoil cTpoku [l B3ATb B KauyecTBe TaKOro WHAEKC N, ANs

BTOpPOii—s3 M T. 4. BTopoe paBeHCTBO I/IMie_lléT MECTO Ha OCHOBaHWW

CBOWCTB 3) W B); NpM 3TOM KpaTHas cymma 2 oo PacnP°’
I-11KL  1»1

CTpaHfeTcs Ha BCEBO3MOXHble mMepecTaHoBKM (sj, sdt .... s,), rae

I<sy<n. OpHako ecnn B KakoWi-nu6o cucteme (sf, s , , , S,) fABe

KOMMOHeHTbl S/ U Sj paBHbl Mexay co6oi (S/= S/, i @ /), To onpepe-
nntens |br* |=0. [M03TOMY Ha caMOM fefie B KPaTHOW CYyMMe MOXHO

0CTaBUTb TOMbKO YNeHbl, COOTBETCTBYIOLIME pa3HbIM MepecTaHOBKaM
(i S,) W3 HaTypanbHbiX uucen (1. n). Mpn 3Tom, o4eBMAHO,
OKaXKeTcs, 4TO onpefenutenb

§ 3. MaTpuupbl
Tabnuuya umcen au (AENCTBUTENIbHBIX WM KOMM/EKCHbIX)
Buaa

| eee @A | /@ ees @B\
..................... | () @ P22 (O

®/a! e ®A> I \®@mf eee @mn '

cocToAWwas M3 T CTPOK M N CTONOLOB, Ha3bIBAETCA MaTpPULEN.
Uucna a,y HasbIBalOTCS €€ 3neMeHTamu. ITO NpsSMOYrosibHas
maTpuua. MpyM T = N OHa HasblBaeTCA KBaApaTHON MaTpuue

n-ro nopsaaka.
PAA Byx. TUM n M

7 I/I§LTEKA
Ng'ﬁ- yy
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Ecnn 3amaHa BTopas matpuua B = |P,y| ¢ anemeHTamu Py,
T*OKe cocTosiwas M3 T CTPOK W N CTOoN6buoB, TO OHa Cuu-
TaeTCA paBHOA MaTpuue A Torga W TOMbKO TOrda, Korga
COOTBETCTBYIOLLME 3/1EMEHTbI 06EMX MATPUL, PaBHbl (a ¢y = p.y)
B atom cnydvae nuwyTt A = B. Matpuua | | He ecTb umcno —
310 Tabnuua. OfHAKO ANA KBagpaTHOW MaTpuubl MOXHO pac-
cmaTpuBaTb 4Mcno |oty l—onpeaennTenb, MOPO>KAEHHbIA 3TOi
mMaTpuLeil.

MycTb K—HaTypanbHOe YWUCNO, He MpeBblllalowee T 1 M
(N<T1, n). 3ayepkHem B Tabnuue (1) kakue-nmbo K CTONOLOB
N K CTPOK. 3neMeHTbl alJt, Haxofslimecs Ha nepecevyeHun 3a-
YepKHYTbIX CTONOLOB WM CTPOK, 06pasyloT KBajpaTHYH Mart-
puly, KOTopas MOpPOXAaeT onpeaenuTens K-ro nopsagka. Mony-
YeHHbIA onpefenuTenb HasbiBaeTCA onpefenuTenem k-ro no-
pAfKa, NOPOXKAEHHbIM MaTpuuein A.

PaHrom matpuubl A HasbiBaeTCA HanbosblUee HaTypasibHOe
YMCMO K, O/ KOTOPOro CYLEeCTBYET He paBHblii HyMo onpe-
fJenuTenb K-ro nopsigka, mopoxgaemblii matpuuein A (cm. § 4).

Ecrm B maTpuue A cpenatb ee CTPOKU CTONOGUAMKU C Tem
)K€ CambiM HOMEpPOM, TO MOMY4YMM MaTpuLy

| ii eee BN Y
Jain  eee  ®pnl

Ha3bIBaEMYH) TPAHCMOHMPOBAHHOW K A MaTpuLei.
Ecnv B maTpuue A ee 3/1eMEHTbl aK, 3aMEHUTb Ha UM
KOMT/IEKCHO COMPSKEHHBbIE, TO MOYYUM MaTpuly

@)

lanl e« ang
Ha3bIBaEMYIO KOMMIEKCHO COMPSDKEHHOW € A mMaTpuueil.
Janee matpuua
®I +es @l
A'= (AY-
a/\
Ha3bIBaeTCs COMPS>KEHHOW ¢ A MaTpuueil.
Ecnn J1—peicTBATENbHAS MaTpuLa, T. €. UMetoLlas geincT-
BUTeNIbHble 3N1eMeHTbl (akl= ak,), TO, O4YeBUAHO,

A=A A=A

MaTpuipsl OHOTO W TOrO XXe pa3mepa, T. €. COCTOsLVe U3
OAMHAKOBOFO 4KUCMa CTPOK W CTOMGLOB, MOXHO CKNaAblBaTh.
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Cymmoii gByx Takux matpuy A =|a, | £ = [0"1 HasbiBaeTCH
maTpuua C = lv,/. 31eMeHTbl KOTOPOW paBHbI CyMMe COOT-
BETCTBYHOLMX 3/1eMeHTOB Matpuy, A n B\ Y//— Cnwm-
BO/IMYECKM 3TOT (haKT Oyfem 3anucbiBaTb Tak:

AfB= C,
Jlerko BugeTtb, 4TO
A% B= B A,
(A-\-B)\-C=A (B+FO).

Mpom>kaeHnem uucna K Ha maTpuyy A (MM npoussefe-
HWeM mMaTpuubl A Ha uyucno X) 6yfem HasbiBaTb MaTpuuy, ane-
MEHTbl KOTOPOli paBHbl MPOW3BELEHUIO umcia X Ha COOTBETCT-
ByHOLUME 3M1eMEHTbI MaTpuubl A. Takum obpasom, "KAMAY..

Mpumep. TlycTb

Havitn matpuyy XA + \xB.
Ha ocHoBaHuW onpefeneHns CyMMbl MaTpul, U YMHOXeHW)
MaTpuLbl Ha YUCIO UMEEM

KA-( X0 CuB-(» 0 M
) n u

/0

A2X+ 2 3x+(1  x+uy ’

§ 4. Cuctema NUHENHbIX YPaBHEHWIA.
Teopuss KpoHekepa— Kanennunl

4.1. Cuctema M3 N JMHEWHbIX YypaBHEHMWA on
Hen3BeCTHbIMMW. bByaemM HasbiBaTb MPOU3BO/IBHYIO CUCTEMY
m3 n umcen (xf, ..., X,,) N-MepHbIM BEKTOPOM 1 0603Ha4aTb
ero TakXe OfHON (KUpHON) ByKBOI X:

X —(X], .... n).
Uncna Xf (geicTBuTeNbHbIE WM KOMMIEKCHbIE) HA3blBAOT KOM-
NMOHEHTamn BekTopa x. Bekrtop

Ha3blBa€TCA HYNEBbIM BEKTOPOM.

X) 1. KpoHekep (1823— 1891) — Hemelkuii maTemaTuk, A. Kanennu
(1855—1910) — uTanbAHCKMI MaTemMaTuK.
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3a,qa,qv|M cucteMy mM3 n JMHEAHBIX ypaBHeHMI7I C N1 Heus-
BECTHbIMU

AnX1’f* eoe "batnxn= Yo
(1)

anixt+ ... +asaxn

Uucna ahl (meictBuTeNbHbIE WM KOMMNEKCHbIE), Ha3blBae-
Mble Koa(hpmumeHTamu cucTemsl (1), 3agaHbl. bygem elle
rosoputb, 4T0 cuctema (1) onpegensieTca mMaTpuuein

|all eee BI1n|
N=1a*1= | i, | 2)

ee KoapguuneHTOB.
Hac O6yfer WHTepecoBaTb BOMPOC O Pa3peLiMmocTn cucre-
Mbl (1) Ana KaXAoro BekTopa (CUCTEMBI yumcen)
> = («/l.;ee. yn)-
Cuctema uucen (BekTop)
X=X *.., xn)

Ha3blBAeTCA pelleHMeM cucTembl ypaBHeHuin (1), ecnm uucna x}
YLOBNETBOPAIOT 3TUM YPaBHEHUAM.

42. ®opmynbl Kpamepa.

Teopema 1 Ecnm onpegenmTens cucTembl (1) He paseH
HyNHO:

To cuctema (1) MMeeT egMHCTBEHHOE peLleHue Ans nboro
BeKTOpa Yy, Bbluucnsemoe no copmynam (Kpamepal))
x, =440 (=1 .... wn, 3

rae onpegenuTenb, nonyyaemblil U3 onpegenuTens [, ecnn
B HEM 3aMeHUTb uucna j-ro cTonbua COOTBETCTBEHHO Ha
yucna yl........ yn:

ay -+ ai,j-1 wm 1, [+ 1 ees Cin

= (4)

onl <w> sn,/-1 YN an,J+1 ... ann
Takum o6pasom,
&Y, (I=1... n), (3"
5=1
roe Asj eCTb afblOHKT 3anemeHTa ar/ B onpegenvTene [,

*) . Kpamep (1704— 1752) — wBeiiLlapcknii MaTeMaTuk.
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OokasaTtenbctBo. [yctb (X1t XM) ecTb peLle-
Hue cuctembl (1). UTO6bI HaiiTu HemsBecTHoe umcno xf, ymHo-
XXMM nepBoe ypaBHeHue cuctembl (1) Ha aablOHKT Aun, BTO-
poe—Ha Ati, . n-e—Ha Ani N CNOXUM BCe YpaBHEHUS
cuctembl. Torga, yumTbiBas, 4TO

a a

2 0**A> = * 2 a*/1*=mpn
okl

KL\

2 akix,Aki=x, K2r\ah/Aki:xr 0=x0 (j& 1),

nonyvaem gNV1= [O* rge
Y\ ait eee Q,,
Ne= 2 yA
YN an* eee ann
CrnepoBaTenbHo, Tak Kak no ycnosuio A”O, T10 xt= A7[.
B obwem cnyyae npu NpoM3BOMLHOM / YMHOXaem MepBoe
ypaBHeHue cuctembl (1) Ha Ai/t BTopoe—Ha At/, ..., n-e—
Ha An,, CKnafblBaeM 3TU YpaBHeHWUS W Mofiy4aeM Ha OCHOBa-
HUM CBOICTB OMpeAennTeneil €), X) paBeHCTBO
M M

x/ 2 ak/AK/ = 2 Yk /f

x,4=1n
rae
0L, >> Ol,/-f yt Of/+f ees On

O'= 2 _ykAx/

K«l a,1l at, ffn, /-f Yn an,/+ f aaa Onn

OTctopa B cuny TOro, 4to b O, cnefyetr paseHcTBO (3).

Mbl fokasanu, yto ecnu (Xit X,,) €CTb peLleHue cucTe
Mbl (1), To uucna Xf onpegenstotcs opmynamu (3Y).

O6paTtHo, COBOKynHOCTbL uucen x,= A0 (/= 1l..... n)
ABNAETCA pelleHneM cucTembl (1). B camom fene, nofctaBnss
Xf (/*=1, ..., n) B N€BYI0 YaCTb K-r0 ypaBHeHuWiA (k= 1, n)
cuctembl (1), Ha OCHOBaHWM CBOWCTB €), >X) OnpegenuTens,
nMeem

1 /-1 B

'Y k-
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Takum o06pa3om, umcna (3') AeACTBATENbHO SABAAKTCA pe-
WeHneM cuctembl (1).
43. OgHopopgHasa cuctema. Cucrema ypaBHeHUU Buaa

Ha3blBaeTCA OAHOPOAHOW. OHa $BNSETCS YaCTHbIM C/y4aem
cuctembl (1) npuyt= ... = yn= 0. FCHO, YTO HY/IEBOI BEKTOp

YAOBNETBOPSET O4HOPOAHOR cucTeme (5). HO MOXeT cnyumnTbes,
yto ofHopogHas cuctema (5) YAOBNETBOPSETCA He HY/EeBbIM
BEKTOPOM X = (Xi, XMm), T. e. BEKTOPOM, WMEIOLMM XOTA
6bl OfHY KOMMOHeHTY X" O . Ero HasblBalOT HETpPUBUATLHBIM
peLLUeHneM OFHOPOAHOI cucTembl (5), a HyneBoOl BEKTOP MO3TOMY
Ha3blBalOT TPUBMAbHBIM peLLeHNEM OAHOPOAHON cucTembl (5).

Teopema 2. Ecmm onpegenvTens A OAHOPOAHON cucTe-
Mbl (5) He paBeH Hyno (A”=0), To 3Ta cucTeMa UMeeT
TONbKO TPUBMABHOE pELLEHNe.

B camom pgene, B cuay CBOCTBa ) BCe OMpeaenuTenu
L/=0 (cm. (4)), noaTomy B cuny paseHcTs (3)ary=0 (/= 1,..., n).

Teopema 3. Ecmm cuctema ypasHeHuii (5) umeeT He-
TPUBMANbHOE pelleHWe, TO ee onpegennTens A Heo6x04MMO
paseH Hynto (4= 0).

B camom pene, ecnv 66l AP O, TO Mo Teopeme 2 cucCTe-
mMa (5) umena 6bl TO/IbKO OAHO TPWBUASILHOE peELLEHME.

Bblwe Mbl nccnegoBanu nuHeRHyto cuctemy (1) B cnydae,
Korga ee onpegenutens O="=0. B 3Ttom cny4ae 6bl10 Mnoka-
3aHOo (Teopema 1), yto cuctema (1) umeeT gns no6oli Npasoi

yactm y = (y,, ..., YMN) €QVHCTBEHHOE peLleHune, BbluMCnsgeMoe
no gopmynam (3).
4.4. MpaBMNO PpeWeHNss CUCTEMbl NUHEWHBIX

ypaBHeHW. Tenepb Mbl MEPEXOAVM K WCCMELOBAHUIO CU-
cTembl (1) B cnydvae, korga ee onpefenutens O= 0. bygem
npegnonaratb, YTO XOTHA Obl OAMH 3neMeHT mMaTpuubl A (cMm. (2))
He paBeH HyM0 W ob6o3Haumm paHr A 4yepe3 k (k= paHr A).
Takum o6pasom, 1< k < n.

Haweli uenbto 6ygeT fokasaTb cnegytolime npasunia (SBHbIM
o6pa3oM OHU CcCOPMYNMPOBaHbl W AOKasaHbl KpoHekepom u
Kanennw).

Ecnv Mbl x0TuMm pewmTb cuctemy (1), Ans KOTOPOW u3-
BECTHO, YTO paHr martpuubl A ee KO3(PUUMEHTOB pasBeH k, TO
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Mbl [O/KHbI Y3HATb PaHr PacLIMPEHHOW MaTpuLbl
100 ... eis oW1

lanl ... °nn  Yn1l
MOJTYYEeHHON npucoegnHeHnem K A ctonbua

N
y.

yn

1) Ecnn paHr B 6onbwe paHra A (paHr B > paHr A *=ft),
TO cucTema (1) BOBCe He MMeeT pelleHuidi. OHa NpoTuBOpeYMBa —
He CyLlLecTByeT BekTopa X = (X,, ..., X,,), YAOB/ETBOPAIOLLErO
OJHOBPEMEHHO BCEM YypaBHeHuaMm (1).

2) Ecnn paHr B paBeH paHry A (paHr A= paHr A=%*k),
To cuctema (1) mmeeT pelleHMs. UTOObI HaNTK WX, Mbl AO/MKHBI
BbI6paTh M3 cucTembl (1) Kakue-Hmbygb ft ypaBHeHwiA, maTpuu*
KO3(PPULMEHTOB KOTOPbIX WUMeeT paHr ft, u pewmntb 3Tn ft ypas-
HEHWIA. PelueHnin y 31Ol cucTembl 13 ft ypaBHeHUiA 6yaeT 6ecko-
HEYHO MHOrO, HO WX MOXHO 3anucatb B 0603pMMOM BUJe.

Mpu atom nio6oe pelleHne B3ATbIX Hamu ft ypaBHeHUli aBTo-
MaTWYeCKN SABMSETCA PELUEHNEM OCTaNlbHbIX n — ft YpaBHEHWI
cuctembl (1).

MpaBuna 1) M 2) uWCYepnbIBAOT BO3MOXHbIE CUTYyaLuW,
MOTOMY 4TO paHr B He MOXeT 6biTb MeHbwuM ft.

Begb mMatpuua A Mo YCNOBUIO MOPOXAAET He paBHbIV HYNHO
onpegenutens ft-ro nopsgka, KOTOPbIA MNOPOXKAAETCA TakXke
N matpuuein B.

45. Tlpumepbl NPUAOXeHUA npasun.

Mpumep 1 Cwucrema

Xx+y=\\

X-y=2/
VIMEeT onpefenuTenb

1

1 -1

W NOTOMY WMEET eAMHCTBEHHOE peLUeHWE, KOTOPOe MOXHO Bbi-
YncIUTL Mo hopmMynam

x= A, y*= LA,
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=3_ 3 1
—2 2’ ¥Y~-2-~ 2

Mpumep 2. Cucrema

*+ 0-1. \

* 4+ <= 2 { (6
VMEEeT ONpefenuTenb, PaBHbIA Hyno. Matpuua

A

nveet paHr /4=1. A maTpuua
Y. .4
" n
nveeT paHr 5 = 2. Tak Kak paHr B > paHr A, To cuctema (6)
He WMeeT peLleHWil. 3TO BMAHO, BNpoYeM, M 6Ge3 Halleid Teo-

pun: OAHO W TO XE YUCNO He MOXKeT paBHATLCA U 1 u 2
Mpumep 3. Cucrema

2%+ 2t/= 2, \
I+ 3y=3 | )
nveem onpegenutens A= 0. Matpuya
Y, ]
]
nuveet paHr /4= 1. PaclumpeHHas matpuua

2 2 2
B I3 3 3|

TOXe WumMmeeT paHr B= 1 Tak Kak paHr /4= paHr B= 1, 10
6epeM 0OfHO ypaBHEHWe
2%+ 270 = 2, (8)

KoappuumeHT npu y He paBeH Hy/O, MO3TOMY 3TO ypaBHe-
HVWEe MOXHO pelnTb OTHOCWUTE/IbHO V:

y=A-= \-x. 9)

dopmyna (9) paeT Bce pelleHUs ypaBHeHWUA (8). Mbl MOXeM
3afaTb 0606 3HaYeHMe X (— 0o < X < 00) U BbIYUCAUTb 3Ha-
yeHHe y no qopmyne (9). Monyuum cuctemy (Bektop) (X, Y),
YOOBNETBOPAIOLLYI0 YpaBHeHWUO (8). MHOXeCTBO BCEX CUCTEM
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(@, 1—x), rpe X£(— oo, o0), 06pasyeT MHOXECTBO BCeX
pelleHnin ypaBHeHus (8). 3T pelleHUs aBTOMATUYeCKU SiB-
NAOTCA PeLIeHNAMU U BTOPOro ypaBHeHUs cuctemsl (7), noTomy
yto paHr J1= paHr B. B pgaHHOM cfyyae 3TOT pesynbTar
oueBMieH 6e3 NPUMEHeHUs Teopuu O paHrax Mmatpuy. Koad-
(huumeHTbl ypaBHeHWIA (7) BMECTe C UX MpaBbiMU YacTAMU COOT-
BETCTBEHHO MPOMOPLMOHA/bHbI, MO3TOMY fCHO, YTO BCAKOe
pelleHne OAHOr0 M3 3TUX YpaBHEHWI SBAAETCA TakXke pelle-
HWeM [pyroro.
Mpumep 4. Cucrema

*+</+ r- L
2 +y-f2r- 1

o+ y+ 3r=.2
MMeeT onpegenuTens
111
= 2"T 2 m200
113

M MO3TOMY WMEET eAMHCTBEHHOE peLUeHWe, KOTOPOe MOXHO
BbIYMC/IUTL MO opMy/am

, 111 ]
AL V1 2
A2 9 3 7

RPN =
NpR -

a2

1

Vv
1
11 _
1 2=T°

1
|
2
Mpnumep 5. Cucrema
U+ 1 M
X+ y+ 2r= 1,
*+ z/-f3r= 2
VMeeT onpeaenuTenb

Martpuua

nmeet paHr A= 2, Tak Kak A= 0, HO UMeeTcsa onpenennTesb
BTOPOro nOpAfAKa, MNOPOXAEHHbIA MaTpuueid A. He paBHbIii
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Hynto. Hanpuwmep,

Marpuua

MMeeT paHr B= 3, Tak Kak onpeaenutenb, MNOPOXAEHHbI
3Tol MaTpuLe,

1 0.

=R e
W N
N B e

Tak Kak paHr B > paHr A, TO cucTemMa He WMEET peLleHus
Mpumep 6. Cucrema

X+ y+ r1=1,
ar+ Y+ 2r=»1, (I-O)
2Xx+ 2y + 4r=2 (

“MeeT onpeaenuTenb

ﬂ':

N
N =
AN R
11
o
.

Jlerko nopcymtartb, 4TO MaTpuupbl
g1 1 1 n 11,
A= 11 , B= 11 2
w 2 %1 2 2 4 %1
WMEIOT paBHble paHru, rnpuyem paHr A = paHr B = 2. Bblbepem
n3 cuctembl (10) gBa ypaBHeHWs Tak, 4yToObl paHr matpuubl A’
“3 KO3((ULMEHTOB 3TUX YpaBHeHWW Obln paBeH 2. B gaHHOM

C/lyyae MOXHO B3Tb MepBOe W BTOPOE YpaBHEHUs Wn nep-
BOE W TpeTbe. MTak, pacCMOTPUM CUCTEMY

*+ '+ > 1.

X+ y+2r> (11)

MepeHecem B npasble 4YacTW 3TUX YPaBHEHWIA OOHO W3 Hews-
BECTHbIX TaK, 4TOObl KOI(MULMEHTbI NpPWM OCTABLUMXCH Hews-
BECTHbIX 00pa3oBbiBanM MaTpuuy A’, y KOTOpOil paHr A’= 2,
B JaHHOM cryyae MOXKHO MEpPeHecTV WM X WM .



14, CUCTEMA JIMHEWMHBbIX YPABHEHWW 27

MTak, HeofHOpoAHasa cuctema

X+ T )
X+2r= 1.y | (12)
MMeeT onpejenunTenb
A 2 -1 @0,

MO3TOMY OHa WMEET eAUHCTBEHHOE peLLeHWe Mnpu Moboli npa-
BOW 4acCTu:
1

—_— 1

oy \-y

A 1-y I-y
Takum o6pasom, Tpoikm umcen (1—y, y, 0) nNpu BCAKOM
«/€(— 00, 00) [JalOT BCe peleHus cuctembl (12) n aBTOMATU-
YeCKM peLleHus TPeTbero ypaBHeHus cuctembl (10) (sTo ypas-
HeHWe Nony4yaeTca M3 BTOPOro YMHOXEHWeM Ha 2).

46. ObocHOBaHMWe npaBwun.

Teopema 4. Ecim cuctema (1) COBMeCTHa, T. €. UMeeT
X0TS 6bl OOHO peLleHMe X, TO HeobXxoaumo paHr B = paHr A.

Teopema 4 paetT o6ocHOBaHve npasBuny 1) (cm. cTp. 23)
noToMy, 4TO ecnu paHrB > paHr A, TO He BbIMOJSHAETCA He-
006X0AMMOe YCNOBWME COBMECTHOCTM (HEMpOTMBOPEYMBOCTU) CU-
crembl (1).

OJokaszaTenbcTBO TeopeMmbl 4. MycTtb cuctema (1) umeer
peweHne n paHr A=k. Ham Hajgo fokasaTb, 4TO paHr B = k. Tak Kak
no Yycnosutw paHr A= K, TO CyL,eCTBYyeT He paBHbli Hynl onpegenu-
Tenb;) k-xo0 nopafgka, nopoxpaemblii MaTpuueil A, cnepoBaTenbHO U
matpuueii B. Moatomy paHr B/ k. OcTaeTcs [oKasaTb, 4TO BCAKMWIA
onpegenutens (*+1)-ro nopsagka, NOpoXxjaemblii matpuuein B, paseH
Hynto. Ecnn Takoil onpefenuTenb COCTOMT TONMbKO W3 31eMEHTOB aly, TO
OH 3aBeJOMO paBeH HY/, MOTOMY 4YTO OH MOPOXAAeTCs Takxke U Ma-
Tpuuein A, KOTopas NoO YCNOBUIO WMMeeT paHr K. Takum 06pa3oM, HYXHO
fLokas3aTb, 4To no6oii onpegenutens (A-(-1)-ro mopsgka, Nopoxnaembiii
maTpuuein B un copepxalyeii B cebe ctonbey w3 uyucen y/, paBeH Hynio.
He Hapylwas O06LHOCTM, MOXHO CYMTaTb, YTO 3TO OMpedennTenb

0.

oy eee 0¥ Y\

0% +1,i eee  0*+1* Yyt

K 3ToMy MOXHO cBecTu 06O cnyyail, nmepeHyMepoBbiBas COOTBETCT-
BYIOLMM 06pa3oM YypaBHEHWS U Heus3BeCTHble g-y. [0 ycnosuio cuctema (1)
COBMECTHa, T.e. CYyLWecTByeT BekTop X = (xi, YA0BNETBOPAIO-
WM ypaBHEHWAM 3TOW cucTeMbl. Ho TOorga X, B 4acTHOCTW, Y/AOBNeETBO-
pseT nepebiM fe+| ypaBHEHWAM 3aHOBO MepeHYMepPOBaHHOW CUCTEMbI.
CnepoBartensHo,

Bn*l 4 e baw ** -0

( 13)
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rne
* =P ein | —M,
14)
Axtl= 0%+ f<x+frt+f+ eee-\rak+t,nxn— Yk+V »
COCTaBUM CUCTEMY C HEH3BECTHbIMU T1( ...
<4l*i+ eee + OfF** +AIF*+] =0, A
(15)

a*+1,1%i + *F»d-o*+f ***jAFgFx ] = O

Ha ocHoBaHuu (13) n (14) ata cuctema ygposnetTsopseTcs umcnamum X{,...

XK, 1, cpefn KOTOpbIX BO BCAKOM Cly4yae OAHO He paBHO HY/O.
Ho Torpga onpegenuTtenb OAHOPOAHOW cucTembl (15) paBeH Hynwo (cm.
Teopemy 3), T.e.

«u eee  3lK 01, *+1**+1+ eee+ °lnp*n— Y1
«*+],1 eee (O*+1* + m*n~Yk+1
n o1 eee (1* 01, 0« ... fli* 1
* 9 xx
41,1 eee «FHLF (K4l y «+1,1 eee «*+1* Yik+1l
aa ... aik Y1l

(16)
0%+1,1 eee F+1*  Yk+l

notomy u4to onpegenutenn ((A+1)-ro nopsagkal), Bxogawue B CymMmy
2 , paBHbl HYNW—BeAb paHr matpuubl A paBeH K.

Mbl gokasanu, uto nboii onpepenutens (A+1)-ro nopagka, no-
poxfaembl:) MaTpuuell B, paBeH Hyn, 4Tto M Tpe6oBanocb [OKasaTb.

Mepeiigem Tenepb K 060CHOBaHWMIO npaBuna 2) (cTp. 23). Tak Kak
paHr matpuubl A paBeH K (paHr J1=*), To cuctema (1) COAepPXUT K
ypaBHeHWiA, MaTpuua Koa(ULMEHTOB KOTOPbIX MNOPOXAaeT He paBHbIN
Hynto onpegenutens (-ro nopsagka. MepeHymepoBsbiBas 3aHOBO YypaBHEHUA
N HeuWs3BecTHble, MOXHO AOCTUIHYTb TOrO, YTO MepBble K ypaBHeHWi
cuctemsl (1) . i

auXi+ ... +ai,xn=yt. 1

............................ ] )

0*1*14* eee+0*/r«n = Y*
6yayT MMeTb onpejenuTens

aa (1 1]
do.
%1 eee (O
MepeHymepoBaHHyto cuctemy (M) nepenuvem eule Tak:
on-n+ ...+0(*r* =*yi—ai'kdixXkdi—...—ainxn, }

an
0*1*1+»«»+0**Ar* = y*— K *+1*¥* 41— eee — gKnX,,.

B cuny ToOro, uTo onpefenuTens 0 ® 0, /OGO  cucTeme  uucen
**+f, ..., X,, COOTBETCTBYET E€AMHCTBEHHAsA CHACTEMA YUUCEN ..o ...
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KOTOpble, 04eBMAHO, MOXHO 3anucatb crefyrolWnm 06p330MZ

"oX (S* e*»+i*»+i— ee~o0,mxn Asi,
5= 1
(18)
* 1A
wk = (M—"°r, *41**+1“ eee  Otnxn) A)K,
1cl

W  A,/—AArtoHKTbl 3neMeHToB a,( B onpefenutene o. Cnefosartenb-
HO, BCe pelleHus cuctembl (17) 3anucaHbl no ¢opmyne (18). Yucnam
**+1» eeen» XM MOXHO NpuAaBatb /00Oble 3HAYEHUA, a ynucna Xj, X»
6yayT BbluncnATbca no ¢opmynam (18). OTcioga Mbl BUAMM, 4YTO cuCTe-
ma (17) MmeeT 6eCKOHEYHOE MHOXECTBO peLUeHWUi

Mbl XOTUM 060CHOBaTb, 4TO, €CU paHr /4= paHrs = *, To Nnoboe
HalileHHOe Hamu pelleHWe X MepBbIX k ypaBHeHWi cucTembl (1) aBToMa-
TUYECKN AIBNAETCA pelleHreM OCTanbHbIX YPaBHEHWIA 3Toi cuctembl. Ans
OnpefenieHHOCTN [AOKaXeM, 4TO OHo aBnsetca pewwexuem (N1-{-1)-ro
ypaBHeHus. WTak, paccmoTpum nepsble (J/1+1) ypaBHeHWi A  cucCTeMbl
(1), koTopble Mbl 3anuvwem B Buge (13). Hapo fokasaTb, 4TO BCSIKOe
peweHne x nNepBbiX k ypaBHeHui (13) aBTOMaTM4eckn NBAAETCA peLle-
Huem (A+ 1)-ro ypaBHeHus B (13). MycTb X ecTb BeKTOp, YLOBIeTBOPA-
IOWniA  nepBbiM « ypaBHeHusm B (13). CoctaBum ypaBHeHus (15) oTHo-
CUTENbHO HEeWU3BECTHLIX T ,.......... r*+b rge uucna \lIt ..., BblYU-
cnaTca no gopmynam (14) uyepe3 KOMMOHEHTbl X*+1, ..., X, BekTopa
x Onpegenutensb cuctembl (15) paBeH Hynw. OT0 BUAHO W3 PABEHCTB
(16), xkoTOpble Hafo uMTaTb cnpasBa Hanebo [1o ycnosuto onpefenuTens
cnpasa paBeH Hynmo Ho Torga cuctema (15) umeeT HeTpuBuanibHOe
PeLeHNe Tb M. ?»+i- 3gecb uucno r*+) A O, NOTOMY 4TO, ecnu
fonycTuTb, 4to cuctema (15) wMmeeT pelleHwe Bmpa r,, ..., ** 0, TO
R 17[o3 I- R r* JO/DKHbI 06paTUTLCA B HYNW, MOTOMY 4TO OnNpefenu-
Tenb 0 M 0. Ho torga = ... = m»= ?%+»= O 1 cucrema r,, K+,
6blna 6bl TpuBManbLHOW. BcneactBue opHopofHOCTM cucTeMbl  (15) He
TONbKO uucna *!, ..., Tr++1 Y[OBNETBOPAIOT 3TOW cuUCTEMe, HO M
yrcna (r*+, ¢ 0)

L= *F)[Fne L. eeew Fr=Fk[rxk 4] ]
o6bnagjailoT Tem e cBoiicTBOM. Ho Torga uucna r[, ..., r* yfoBneTBo-
pAIOT cUCTeMe MepBbIX * ypaBHeHuii (13), umetoweil onpegenutens o o O.

Mbl  yXe 3Haem, 4TO 3Ta TMOC/efHAS CUCTEMA WMeeT  pelleHus
*N eee. *k n B CWIY eMHCTBEHHOCTK

O6pawascb K nocnefHemy ypaBHeHUto (15), Mbl BWAMM, UYTO OHO YyfAo-

Bnersopserca uucnamu (*i, ..., x», 1), T.e. yacna (Xj....... XK) ypo-
BnetsopaT (*-(- 1)-My ypaBHeHuto cuctemsl (13), u B cuny (14) pac-
CMaTPUBAEMbIA HAMU  BEKTOP X = (XJewoerore oo XM) ypoBnet-

BopseT (*+1)-MY ypaBHeHWO cuctembl (1). ITuM yTBepxpaeHue 2) fo-
Ka3aHo
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4.7. MeToL peweHMa CUCTEMbl NYTEM WUCKAIO-

YeHWA HeW3BECTHbIX. MOXHO pPeKoMeHAOBaTb Cleayto-
WWIA MEeTOf, PELUeHWNs CUCTEM JIMHENHbIX YpPaBHEHWA, KOTOpbIN
ABNAETCA METOAOM WCKIHOUYEHUA HEU3BECTHbIX (UM METOLOM
layccal). MNycTb faHa cucTema

auxt+ ...+ aunxn=6,,

e ()
aniXi+ ... + arnxn= bm.

Ecnm Mbl YMHOXMM  Kakoe-nn60 ypaBHeHue cuctembl (1) Ha
MOCTOAAHHOE 4WUCNO M NpPUbaBUM €ero K ApyroMmy YpaBHEHWIO
CUCTEMBI, TO MONYYUM HOBYIO CUCTEMY, 3KBMBA/IEHTHYIO MpeXx-
Heil. HoBasi cuctema ypaBHeHWid 6ygeT nMeTb CBOKO MaTpuly B,
COOTBETCTBYHOLMM 06pa3oM npeobpas3oBaHHYO M3 MaTpuusl B
(B =>B"). MNMpeobpa3oBaHue 3aKnKO4aETCA B TOM, 4YTO HeKOTOpas
CTpOKa wMaTpuupl B BuaounsMmeHseTcs npubaBneHWeM K Hei
LPYroil CTPOKW, YMHOXEHHON Ha COOTBETCTBYHOLLEE YUCIIO.

Mogo6HbIM 06pa3oM, ecnn YMHOXWUTbL Kakoe-nnbo w3 ypas-
HEHWA cucTeMbl Ha uncno K¢ O, oCTaBMB OCTajbHble YpaBHe-
HUA MPEXHUMU, TO MONYYUM HOBYIO CUCTEMY, OYEBUAHO, 3K-
BUB&/IEHTHYIO WUCXOAHON. HoBasa cuctema 6OyaeT WMeTb CBOIO
marpuuy B', cooTBeTCTBYIOLMM 06pa3oM MNpeobpas’oBaHHY U3
matpuubl B (B=$B'). Ha aTOoT pa3 npeobpasoBaHue 3akiio-
yaeTcd B TOM, YTO CTPOKa, COOTBETCTBYIOLLAA YKa3aHHOMY
YpaBHEHMIO, YMHOXaeTcs Ha K.

MosBnseTca Takxke Heo6XOAMMOCTb NepecTaBfiATb MecTaMu
[Ba ypaBHeHus cuctembl (IM), nonyums, Takum o6pasom, ¢op-
Ma/lbHO HOBYH, HO 3KBMBANEHTHYIO UCXOAHOW cucTemy. B aTom
cnyyae npeobpasosaHue B="B' cBoguUTCA K MepecTaHOBKe
MecTamu [ByX CTPOK matpuubl B.

YKkaszaHHble Tpu npeobpasoBaHns B=$B' HasbiBalOT ane-
MeHTapHbIMW npeobpa3oBaHUAMKU MaTpPULbI.

TexHWYeckn, BMeCTO TOro 4Tobbl NuUcaTb HOBYHO CUCTEMY
YPaBHEHUW, OrpaHMuYMBalOTCA TeM, UTO MULIYT TO/NbKO COOT-
BETCTBYIOLLYIO €l maTpuuy B'. Bcerga MOXHO, NPUMEHss NOA-
XOAAWMM 00pa3oM  3MeMeHTapHble Onepauuy Haf CUCTEMON
YpaBHEHWIA WAW, 4YTO BCe paBHO, Hag MaTpuuein B, pobutbes
60 peLleHns 3agaHHol cucTembl (1*), nM60 MpUIATM K ABHO
MPOTMBOPEUMBOI cucTeMe. Tak Kak MOCNefHAS 3KBMBaNeHTHa
cucteme (M), To 3TO LOKaXeT MPOTUBOPEUYMBOCTb CUCTeMbI (1%).

Huxe npmBoAATCA npWMepbl MPUMEHEHUA 3TOr0 MeToA!l.

1) K. @®. laycc (1777— 1855) — HemeLKMii MaTeMaTuK.
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Onepauus BA>B' o0603Havaet, 4to B' nonyvaetca u3 B
MOCPEACTBOM OfHOM WM HECKONIbKUX 3/IeMEHTapHbIX Mpeob-
pa3oBaHuid.

Mpumep 7. Pewntb cuctemy

X, + 2xt+ 3x, + da4= 5,

X, + 2X,+ 3x4= 1,
X, +3*, + 4x4= 2,
X,+ X,+ 5x,+ 6x4= 1

KoHeuHo, cornacHo Teopeme 1, Mbl MOrau 6bl MPOCUUTATH
BCE NATb ONpefenvTeneil 4eTBEpPTOro NOpAAKa W HakTh xt, xt,
XF, X,. 34ecb 6bUI0 6Gbl MHOFO MOBTOPSHOLLMXCA BbIYUCIEHWIA.

Cocrtasum matpuuy B:

roe, Kak Mbl BUAMM, MOCMEAHWIA CTONGEL, COCTOWT K3 MpaBbIX
yacTeli Halleid CcUCTeMbl. YMHOXasi MepBYH) CTPOKYy Ha (—1)
M NpuGaBnsAs ee K TPETbe M YeTBEPTOW CTpOKam, MOAYYUM
blaTpULly

n 23 4 5

, O 12 3 1
B x

B matpuue B\ 3nemeHTbl TpeTbeli CTPOKM, ABAAIOLLMECS KO3(-
(OMUMEHTAMN MPU HEU3BECTHbIX, KPOME OLHOr0, PaBHbl HYNIO.
MepemecTM 3Ty CTPOKY Ha MeCTO BTOPOiA CTpoku. Torpga
3MIEMEHT, He pPaBHbliA HYNI0, OKAXETCA Ha rNaBHON [uaroHanw:

n 2 3 4 6\

0 -2 0 0 -3
Bl- 0 12 3 1
vO —1 2 2 —4,

BTopyto CTPOKY MOXHO eLle YMHOXUTb Ha (— 1), uTobbl 3anuch
6blna npolye:

/1 2 3 4 5\
a _ (0 2 00 3
"«* 10 12 3 1
\0 —I 2 2 -4,
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[anbHeiwmne npeobpa3oBaHWs MaTpuL, O04YeBUAHBI!

q.*» B,

OTtctopa xt= 2, x,= —13/4, m = 3/2, *, = 15/4. YT06bl He
[LOMyCTUTL OWNGKKN, PEKOMEHAYEeTCA OCYLEeCTBUTb MPOBEPKY,

noactaBMB MOJTYYEHHbIE  3HAYE€HUA B UCXOAHbIE YpPaBHEHUA
CUCTEMDI.

PaccmMOTpUM C 3TOM TOYKWM 3peHus npumep 5:
*! + * i+ Aa: 1!
* i+ * 1 + 2 * l: 1]

X,+X, + 3xa= 2,

/111 1 /@11 111y /M u1n 1\
B 112 1|=>5,=[0 0 1 0]3>82=(0 0 10)
41 13 2/ \0 0 2 1/ \0 0 0 1/

Takum o6pa30M, NncxogHasa CUCTeEMa 3KBMBa/IEHTHaA cne,qyrou.l,eﬁ:

X,+ Xt+ X, = 1,
Oem, -h0ex,-h X, =0,
0-x,+0-x, + 0*x,= 1

B nocneaHei cTpoke CBOGOAHbIM UneH paBeH eAMHULE, a KO-

CpI/ILI,VIEHTbI npn HEn3BeCTHbIX paBHbl HY/HO, MO3TOMY CUCTEMa
HECOBMECTHa.

HakoHey, B npumepe 6
(\ 1 1 K /11
B~ [1 12148Bl= 00
2 4 2/ \0 O a
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OTcropa

* f x,=i]
T. €. cuUCTeMa UMeeT OeCKOHeuyHo ., o
0e WHDXecTBO peLleHn:
X1 =x>> =1 K, m=0,
rge or—noboe umcno (—oo< x < A

4.8. HaxoxfgeHue paH/a maTpuubl. Ecnu Hac uH-
TepecyeT TO/IbKO BOMPOC O paHre matpuupl B, TO yKa3aHHble
Bbille 3/1eMeHTapHble onepauuu B=*B' pacnpocTpaHum He
TO/IbKO HAa CTPOKW, HO U Ha CTON6UbLI MaTpuubl. pu 3Tom,
ecnn B Mpouecce 3TUX Npeobpa3oBaHWil B MaTpuue MosBASA-
tOTCA CTPOKa WA CTonGel, LENMKOM COCTOSALME U3 Hyfnel, To
MX Hafo YyJanuTb U3 MaTpuubl, T. €. paccmartpusartb fasnee
MaTpuLy MeHbLLEro pasmepa.

Cnepytowipe npuMepbl UANKOCTPUPYIOT 3TOT METOL,

Mpumep 8. HaiiTm paHr matpuupl

A 2 3 45 6 Tn

B 0 10 10 11

- 12 12 12 1
W 0 00 0 4 5

FACHO, YTO paHr matpuubl B He 6onbwe 4. B gaHHOM cny-
Yyae a,,=1="0. YMHOXad nepByl CTPOKY Ha (—1) u npu-
6aBnAs ee K TpeTbell CTPOKe, MOy4vaem

n2 3 4 5
010 10
Br o9 o0 —2 —2 -4
00 0 0 0

Tenepb, YMHOXas MepBblii  CTONGEL, Ha COOTBETCTBYHOLME
uncna M npubaBnsAs ero K OCTalbHbIM CTOAGLAM, MOAYYUM
MaTpuLy

n o 0 o 0 0 0>
/o 1 0 1 0 | 1
—10 0 -2 —2 —4-4-6
\0 O 0 0 0 4 5y

BTopoit cTon6ew, yXe COCTOWUT W3 HyfNeid, KPOMe 371eMeHTa
1-th 0. YMHOXas BTOpoi cTonbey Ha (—1) n npmbaenss

2 4. C. byrpos, C. M. Hukonbckuni
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ero K 4, 6, 7 cron6uam, Moay4umM
0 0 0 0 O
1 0 0 0 O
0 —2 —2 -4 -4
0 0 0 O

=pBb>

0O 0 O

00O
00-200
Wwo 040

OnpegenuTeNib YeTBepTOro nopsgka marpuubl B, He paseH
Hy/l0, cfefoBaTeNnbHO, paHr B = paHr B, = 4.

Mpumep 9. HailTm paHr martpuubl

12 1 1 1 2 1 14
B=0 ! 1l IUflIl= 0o 1 1 1Us8,-
\1 1 0 o/ \0 -1 -1 -1/
/1 0 0 Ou /1 O O Ou
= 0 1 1 1Whb,= o 1 1 1)=*>B4=
\0 -1 -1 -1/ \0 0 0 o

-a??7?)-*-« ?s 2.

T. €. paHr matpuubl B paBeH ABym.

PaccyxpaeHusa B npuMepax 8 n 9 0OCHOBaHbl Ha C/efytoLLemM
o6LeM YTBEPXAEHUN: NpU  3eMEHTAapHOM npeobpa3oBaHuu
B=i>B' paHr maTpuubl COXpaHAeTCH, T. €. BbINOMHAETCA
paBeHCTBO

paHr B = paHr B'.

370 yTBepXAEHWE OYEeBUAHO, eCIN 3/IEMEHTapHOe npeobpa-
30BaHMe CBOAWMTCA K 3aMeHe MecTamum CTPOK WA CTonbuos
MaTpuubl UAW K BbIKUAbIBAHWIO W3 MaTpuupbl ee CTPOKU WK
cTonbua, COCTOAMX W3 HYMEN.

OcTaeTca elle OAMH CAy4vail, KOTOPbIA Mbl BbipasuM B Buae
TEOpPEMBI.

Teopema 5 TlycTb maTpuua B nogseprHyTa npeob-
pasoBaHuio B =£ B', 3aknoyaloweMycs B TOM, YTO K HEKOTO-
poin ee cTpoke (cTonbuy) npubasnseTca gpyras kakas-nmbo
cTpoka (cTonbey), yMHOXKeHHass Ha uucno C.

Torga paHrn maTpuy B n B' paBHbl.
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JokasaTtenbcTBO. byaem foka3biBaTb 3Ty TeEOpemy
Ans cTpok (ans CTonbuoB pacCcyXXAeHWs aHanornyHbl).

MycTb k ecTb HOMep CTpPOKM MaTpuubl B = (bkl), yMHOXa-
emoii Ha uncno C un npubaensiemoli K Apyrow cTpoke B, koTo-
pyto 6ygem cuutatb uMMelowein Homep [/ (Takum 06pasom,
I-a cTpoka maTpuubl B' coctouT u3 3anemeHTtoB Cbk/+ b,,,
/'= 1, n). Myctb

paHrB=r, paHrB'=r".

JocTatoyHo nokasatb, YTo r’ < r, MOTOMY YTO MO aHaorum
[OKa3blBaeTCcsa TakXe, 4to r™ r’, otkyga r=r'.

Ecnm r= O, T0 BCe 3fneMeHTbl MaTpuubl B pasHbl HyO
W, CnefoBaTesibHO, PaBHbl HYNHO BCE 3/MEMEHTbI Matpuubl B,
oTkyga r=r1'= 0.

Mycte Tenepb r> 0. Torga cywecTsyetr marpuuda A no-
psgKa r, nopoxjaemas martpuueii B, ¢ HepaBHbIM HysO onpe-
penutenem (|N1|#0), a Bce matpuubl A, nopoxgaemble B,
nopsaka, 60/bLLIEro r, UMEIT ONpefeNinTenu, paBHble Hyto. Mpu
npeobpasoBaHun B=$B' matpuua A npeobpasyetcs B HeKO-
Topyto matpuuy A' (A=$ A"). MNyctb matpuya A mmeeT nops-
[OK, 60MbLINA T.

Ecnm 1-9 cTpoka maTtpuubl B He yyacTByeT B 06pasoBaHmn A,
TO, oueBugHo, A= A' n 0= |A|=|A"].

Ecnn B 06pasoBaHMM A y4yacTBYHOT 00e CTpOKM B ¢ Howme-
pamm K n /, To 0= |A|= |A"'|. Begb 4T06bI MONY4YUTL Onpe-
penutens | A'|, HaLO K HeKOTOpoOW cTpoke onpegenutens |/1]
npnu6asnTb OMNpeseneHHYI0 APYryl0 ero CTPOKY, YMHOXEHHYIO
Ha uucno C, OT Yero BenUYMHa OMNpPefenuTeNs He MeHseTcs.

HakoHeu, nycTb B 06pa3oBaHuMM MaTpuubl A yyacTByeT
1A cTpokKa, HO He Yy4yacTByeT K- CTpoka. OueBMAHO (CMm.
CBOWMCTBO 3) onpeaenuTens),

[ =WI+ClA][, (19)

rge J1 — matpuua nopsigka, 6onbliero r, nonyvyaemasa m3 A
3aMeHol 371eMeHTOB |- CTPOKM Ha COOTBETCTBYIOLLME 3/IEMEHTbI
K- CTpokm MaTpuubl B. HO Takasi 3ameHa He MEHSIET paHr
B ntak kak |A|=0, 10 |1|=0.

M3 (19) nonyyaem |[J1'|=0+ C-0= 0.

Mol nepecmoTpenu Bce cinydau, Korga matpuua Al nveet
nopsafoK, 60MblNA YeM T, M BCAKUIA pa3 OKasbiBanoCb, 4TO
| A"|= 0. 9T0 nNOKa3sblBaeT, 4To

/M= panrd' ™ T,
4yTo M TpeboBanochb AOKaszaTb.

2»
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§ 5. TpexmepHOe MNPOCTPaHCTBO. BekTopsbl.
[JekapToBa cuctema KoopguHatl)

5.1. MoHATMe BekTOopa. B atom naparpage Mol 6yaem
paccmatpuBaTtb peanbHOE MPOCTPaHCTBO. [lOHATME BeKTOpa
B peanbHOM MNPOCTPAHCTBE UWUTATENt0 WU3BECTHO W3 3/NeMeHTap-
HOW reomeTpuu.

BekToOpoMm (B peaslbHOM NMPOCTPAHCTBE) HA3bIBAETCA Hampas-

NEHHbIA 0Tpe3ok Ah ¢ HayanbHOW TOYKOA A M KOHEYHOM
TOYKOW B, KOTOpbIi MOXHO MepefBuraTb napaniesibHO caMoMy
cebe. Takum 06pa3oM, CUMTaeTCs, YTO ABa HanpaBfeHHbIX OT-

peska AB n A"Bu umetowpe pasHble givHbl (| AB\ = \AiBI|)
W OLHO W TO XXe HanpaB/eHWe, OMpefenaT OAWH U TOT Xe

BEKTOP a, U B 3TOM CMbicne nuwyT a = AB = J1,B( (puc. 2).

OnvHoii |N1B| = |a| BekTOopa AB = a HasbIBaeTCcA 4MC/O0
(HeoTpuuaTenbHoe), paBHOe A4JiMHE 0Tpe3ka AB, coeguMHAIOLLErO

Toukn A u B. byaem Takxe nucatb \AB\=\AB\.
BekTopbl, Nnexalme Ha OAHON MpAMOA WMAM Ha napanienb-
HbIX MPAMBIX, Ha3bIBAIOTCA KONJMHEAPHBIMMU.

Ecim toukm A u B cosnagatot, To AB = AA = 0 cunTtarot
TOXe BEeKTOPOM — HY/ieBbIM BeKTOPOM. Ero gnuHa pasHa Hynto
( 01=0), a HanpaBneHwe AN Hero He
MMeeT CMbICna.

B reomeTpun paccMaTpuBalOT C/0:Ke-
4 HVMe W BbluMTaHWe BEKTOPOB W YMHO-
XEHMe WX Ha [eiCTBMTE/bHbIE  yuMC-
na. [lo onpefeneHuo npounssefeHune
r aa = aa BeKTopa a Ha uucno a wm
yucna a Ha BEKTOp a ecTb BEKTOp,
Puc. 2 [LnvHa KoToporo pasHaloal = |a|-|a],
a HanpasfieHWe coBMafjaeTr Cc a, ecnu
a> 0, wwm npotusononoxHo a, ecm a<0. MNpu a=20
O/MHa |aa | paBHa HyMIO U BEKTOpP aa MNpeBpallaeTca B Hy/e-

BOV BEKTOp (TOYKY), He WMEILMiA HanpasneHus.
BekTop e Ha3blBaeTCA eMHWYHBLIM, €Cn ero 4ivHa pasHa Ll
T. e |e|=1 Ecm b—ae W e—eAWHWYHBIA BEKTOp, TO

‘) OTMeTUM, 4TO B [aHHOW KHUTe cCHayana u3fnaraeTcsi CKanspHoe
npousBefieHNe BEKTOPOB, 3aTeM aHalMTUYeckas TreoMeTpus Mnpsmoi
N NN0CKOCTW M nocne 3Toro B 8§ 11—13 n3naraloTcs MOHATUA BEKTOpP-
HOFO0 M CMEeWaHHOro npousBefeHU A BEKTOpOB. [Mpu >XenaHUM 3TW napa-
rpadbl MOryT 6biTb M3M0XEHbI HENOCPeACTBEHHO nocne $ 6.
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1*| = |a|, notomy utO
I»>[=T«|.le]-lal.1-]a].
Mo onpegeneHunto BekTopsbl a, b, c, B3ATble B KOHeu-

HOM u4ucfie, CKNaAblBAOTCA MO MpaBUy 3aMblKaHWS LEMOYKY
3TMX BEKTOpPOB. Puc. 3 ©n 4 HANOMMHAKOT Ham, Kak 3T0

fenaetcd. Ha puc. 5 nokasaHo, Kpome TOro, Kak BblUATAOTCH
BEKTOpbI.

52. Mpoekynsa BekTopa. [poekuneid TOUKM A Ha
npamyto L (puc. 6) HasbiBaeTca TOuka A', B KOTOPOI

nepecekaloTca npaMas L € mnockocTbio, NeprneHAMKYNsApHOi
K L, npoxogsaiwein yepe3 Touky A.
3ajaaMM  HanpasfeHHyto npsmyto L (puc. 7) K BekTop

a = AB. Mpoekuueit BekTopa a = AB Ha HanpaBneHHyto nps-

myto L HasbiBaeTcsa BekTop A'B', rge A', B'—C00TBETCTBEHHO
npoekumn Toyek A, B Ha L (cm. puc. 7).
MpoeKLMi0 BEKTOPaA @ Ha HampasfieHHY mnpsmyto Coyaem

0603HayaTb CMMBOJIOM npt a.
Mpn paHHOM HanpaBneHHoi npsamoii L npoekyun A'B’

nobbiX BekTopoB AB Ha L nexat B L 1 HanpaBneHsbl, Kak L,
NM60—B MpPOTMBOMNOJIOXHYHO CTOPOHY.
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Brnpoyem, ecnn BekTOop AB HyneBoi win nepneHguMKynspeH
K L, ToO ero mpoekuma Ha L ecTb, O4EBMAHO, HYNEBOI BEKTOP,
HE MMENLWWIA HampaBieHus.

Hapsgy C npoekuueil BeKTopa a Ha HarpaB/IEHHYI Nps-
myto L, KoTopas npefcTaBnseT cOO0OA BEKTOP, BBEAEM €Ll
HOBOE MOHSATUE—YMCIOBYK MPOEKLMID BEKTOpa a Ha Hanpas-
NeHHY npsMmyt L. 31O ecTb ymcno, 0603Ha4aeEMOE HaMu CUM-
BO/IOM Npta (6e3 CTpenkun) nonpeaensiemMmoe crnefyoLm 06pasom.

Uncnosoin mpoekumeid BekTopa a = AB Ha HanpaBleHHYH

npsamyo L HasbiBaeTCA npoussefeHue AnvHbl BeKTopa a = AB
Ha KOCUHYC yrna <o MeXK/y BeKTOpOM a W HanpasieHuem L:

npia=|o|cos(a, L)= Jajcosco (0<co<n).
OTmeTm criegylowme cnyyaun: ecnm a = 0 uam ecnm 0=,

To npxa=0; ecrm ah 0 HO <a<|, TO ynucnosasa npo-
ekuna nonoxutenoHa (nNpfa>0) W paBHa, O4YEBUAHO, [A/IMHE

BekTopa A'B'\ npfa = |/I£|coso) = |A'&'|; npu 3TOM cav
BekTOp A'B' HanpaefieH Tak Xe, kKak L; ecm Xe adb
ny < (0< 9, TO yucnoBaa NPoeKUMs oTpuuaTensHa (np, a < 0)

M paBHa, O4YEBMAHO, AAMHe BekTopa A'B', B3ATOM CO 3HAKOM
MUHY i

npia= |AB|cos©= —|A'& \= —|A'B"|,

npu 3Tom cam BekTop A'B' HampaBfieH B CTOpPOHY, NPOTUBO-
MonoXxHyto L.

CnpaBefinBO O0YeBWMAHOE PaABEHCTBO, BblpaXkaloLlee CBA3b
MeXJAy nNpoeKuUuein BeKTOpa a Ha HanpaeneHue L u ero uuc-
NOBOW Mnpoekuuen Ha L:

npAa = enp£a.

30eCb € —eAVHWYHBI BEKTOP, HamnpaBfieHHbIW, Kak L.
Ecnn BekTOpbl @ M b nexaT Ha HampaBfieHHOW nmpsmoi L,
TO WX MOXHO 3anucaTb B BuUge

a=ae, b=Pe,

roe e—e,CI,I/IHI/I'-IHbII\/’I BEKTOD, HaﬂpaBHEHHbIVI TaK XXe, Kak L,
a a n P—uucna. 3tn umcna MoryTt ObITb MONOXUTENbHBIMMU,
oTpuuatTenbHbIMKU WX HYNem.
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CnpaBefnnBbl 04YeBUAHbIE PaBEHCTBA
aetxtpe = (axp)<?, (1)
nokasbliBaloLne, YT0 CNOXeHne N BblYMTaHME YKa3aHHbIX BEK-

TOPOB CBOANTCA K CNOXEHUK WX BbIYUTAHUKO COOTBETCTBYHOLLNX
yucen a, p.

5.3. CsoiicTBa NpoOeKUMiA BeKTOpPOB. Yucnosble
npoekuun BekTOpoB a, ft Ha fgaHHoe HanpaeneHue L o6nagatoT
CrefyloWwyMmn CBOMCTBaMM:

np/. o -f-npt ft= np£ (a ==ft), @)
nPt (aa) = anp£a. (3)

CsoiicTBO (2) ycmaTpmBaeTcsi Ha puc. 8i
npfa+ npfEft= A'B'+ B'E'= A'61= npEc= npf(a+ &)
Ho Torga
enpLa + e npLb=enp (a+ ft),
oTKyga cnegyet (2) (cm. (1)).
Tak kak a= (a—ft)4-ft (cm. puc. 5), 10
np™ (a—ft) + npEft= npfa,
W, cnefosatenbHo,
npac —np£ft= npf (a—ft). (29

Jokaxem (3). CumTaq, 4To Yros MeXxay BEKTOPOM a W Harpas-
NneHnem L paBeH ©o, VMeem

npn a > O:
npa(aa) -=|aa |cosm= a |a|cos©= a npgal



40 *5. TPEXMEPHOE TPOCTPAHCTBO. BEKTOPbI

npn o < 0!
npa(aa) = |afg |cos (n—o)= —a |a |cos (9—m) x
= alalcosco*=anpt a.

Beab npy 0 < 0 BeKTOp aa HanpasfieH B CTOPOHY, NMPOTUBO-
MONMOXHYI0 HAanpaB/ieHUo a, W ecim a obpasyeT ¢ L yron o,
To an o6pasyer ¢ L yron n—c.

Mpn o= 0 neBas u npasas YacTu (3) obpaLlaoTCA B Hy/b.

5.4. CkanapHoe npou3sBefeHWe BEKTOPOB.
Ha3oBem cKanfipHbIM MpOW3BEAEHNEM [ABYX BeKTOpoB a u ft
yucno (a, ft), paBHoe npou3BefeHUIO [AMH 3TUX BEKTOPOB,
MOMHOXEHHOMY Ha KOCWHYC Yyria @ Mexay HUMW:

oft= (a, ft)= |a||ft|cos(a, ft)= |al|ft|cosco. 4

OueBMAHO, MOXHO elle CKasaTb, YTO CKansipHOe Npou3Be-
[leHne BekTOpoB a U ft ecTb nponssefeHue AnuHbl BekTopa \ft\
Ha uMCNOBYI) NPOEKLUMIO BEKTOpa a Ha HanpasfeHue b unm
NPOU3BEAEHNE AMUHBI |a| Ha 4YKMCNOBYH MPOEKUMI0 b Ha Hanpas-
neHue a:

ab = (a, ft)= |a | np, ft= |ft|npba.

CKkansipHoe npowu3BefeHne 06nafaeT cBoicTBamu!

(a, ft)= (ft, a), ()
(a, ft-fc) = (a, f)+ (a, c), (6)
(a, aft)= a (a, ft). (7

PaBeHCTBO (5) HEMOCPeACTBEHHO BbITEKAET W3 OMpefeneHuns
CKaNsipHOrO MPOW3BESEHMS.
PaBeHCTBO (6) AoKasbiBaeTcsd Tak!
(a, ft+ ¢)= |o |npe(ft+ c) = |o |npaft+ la |npfic =
= (0, b)+ (a, ©).
PaBeHCTBO (7) AOKa3blBaeTCA Cheaylolwym 06pasom:
(o, aft)= |B |npa(aft)= |a |a np, ft= a (a, ft).
N3 (6) u (7), yuutbiBaa (5), cnepyet
(a+ ft, ¢)= (a, ¢)+ (ft, c), (6
(aa, fty= a(a, fi). (7"
Mpumep (u3 dusnkn). Ecnu Teno nog AeicTBMEM CU/bl @
nepeaBuHyNOCL MPAMOMHEHO BAONMbL BekTopa ft, To pabota W,

BbIMO/NHEHHAA CWMION &, KaK W3BECTHO W3 (IM3MKWU, paBHA Mpo-
N3BELEHNIO BeNMYMHBI CUnbl |a| Ha nyTb |ft| v eLle Ha KocuHyC
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yrna Mexay BekTopamu a u ft
W= |a LUft|cos (a. ft).
Ho Torpga
w = (8, ft),

T. €. YyKasaHHaf paboTa paBHa CKanfpHOMY MPOU3BEAEHUIO
BEKTOpPOB a U ft.

5.5. MpamMoyronbHagd cucTemMa KOOpPAMHAT.

Tenepb Mbl NEpPexXofuMM K aHaNMTUYECKOMY OMUCaHMio BEKTOPOB
M TOYEeK MpOCTpaHCTBa—MpW MomMowy 4yucen. Beegem B npo-
CTpaHCTBe NPAMOYrOfibHY0 CUCTEMY KOOpPAMHAT X, Y, I, T. €.
TP B3aWMHO MEPNeHANKYNSApHbIe HanpaBneHHble NpsAMble, NPO-
XOf4sLMe yepe3 HEKOTopyt Touky O, Ha3blBaeMble OCSAMU KOOp-
auHaT X, y, 1 (puc. 9).
Mpennonaraetcd, 4to Ans
[AHHON CnCTEMbI KOOPAU-
HaT BblbpaH egUHUYHLIN
0TPe30K, Mpu MOMOLUY KO-
TOPOro U3MepsarTCA  BCe
npouve oTpe3kn. Touka
O Ha3bliBaeTcAa Havanom
KoOpAMHAaT.

3agagmMMm  MpPOU3BOSIb-
HYyl0 TO4YKy A Tpexmep-
HOro npoctpaHcTea. Ha-

npasfieHHbIn 0Tpe3ok OA
HasblBaeTCA pajuyc-Bek-
TOpoM Toukn A. Paanyc-BEKTOp B CBOK 04epedb Onpefenser

BekTOop a (a = OA), KOTOpbI/Ai MOXHO MEepPeHOCUTb B MPOCTPaH-
CTBe NapaniensHo camomy cebe. Yucnosble NpoekuMn paguyc-
BEKTOpa @ Ha Ocu X, Yy, I 00603HA4YMM COOTBETCTBEHHO X, Y, T.
3T0 KOOpPAMHATBLITOYKM A\ MpW 3TOM KOOpAMHATa X Ha3blBaeTCs
abcumccoin, koopanHaTa y— OpAWHATOA M KOOpAMHaTa —an-
NAMKaTON Toukn A.

Mexgy Toukamy A npocTpaHCTBa U WX paguyc-BeKTopamu

OA wwm, 4To BCE paBHO, TpoiKamu uucen (X, y, T), SBASAIO-

WMMmMCAa KoopauHatamm Toukm A wnu npoekumsamm OA Ha ocu,
MUMeeTcs B3aMMHO OAHO3HAa4YHOe COOTBETCTBUE. B cuny ckasaH-
HOro He 6ygeT nyTaHMUbl, €CiM Mbl OyAeM HasbiBaTb TPOIKY
uymcen (X, y, ) TOYKOW A, VMEKOLEl 3TW Yncna CBOMMM KOOp-
[LMHaTaMy WM pafuyc-BeKTOPOM a, VIMEHOLMM 3TU Yucia CBOMMU
NPOeKLUAMMU.
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Mbl 6ygem nucatb a= (X, Yy, ) U roBOpUTb, YTO @ WK
(X, y, T) eCTb BEKTOp, paBHblii pafuyC-BEKTOPY TOUKM A,
VMEIOWWA KoopAMHaThbl X, Y, . HO, KOHEYHO, MOXHO CUMTaTb,
4YTO BEKTOpP a paBeH KakoMy-nMbo [pyromy HanpasleHHOMY

oTpe3ky CD, pasHomy OA (CD*=0A), T. e. UMEIOLLEMY TO Xe

HanpasneHve un Ty e AnuvHy, 4yto u OA. B atom cnyuvae
MPoeKLUMUM a Ha OCM KOOPAMHAT 4acTo 0603HavaloT CHMBONMAMU
ax, a, ar u nuwyt a = (ax, ay, ar).

N3 onpegfeneHnss BekTOpa KakK HamnpaBneHHOro OTPeska,
KOTOPbIA MOXHO nepefBuratb B MPOCTPAHCTBE NapanfiefibHo
camomy cebe, cnegyet, 4to ABa Bektopa A= (X,, yu T,)
n &= (*,, yt, r,) paBHbl TOrga W TO/IbKO TOrfa, eciin BbIMON-
HAOTCA OfHOBPEMEHHO paBeHCcTBa: Xt= xt, i/,=yt, r,=r,.
CnpasefvBbl paBeHCTBA

Yy, N X, y,M=xxxx,yxy,rxr), (8
a(x, y, r=(ax, ay, ar). ©)
PaBeHCTBO (8) cnefyeT M3 TOro, YTO MPOEKLMUS CYMMbI WK

pasHOCTW BEKTOPOB (Ha OCb X WM y WM T) paBHA CyMMe Wm
PasHOCTU MPOEKLWIA Ccraraemblx.

PaBeHCTBO >e (9) cnegyeT u3 TOro, 4to MPOEKUMSA BeK-

Topa aa (Ha OCb X WM Yy WU ) paBHa MNPOU3BEAEHUIO a Ha
NpoeKuuto a.

O603Hauum uepe3 |, J, K efuHMYHble (MMeKoWme OJIMHY,
paBHYI0 1) BEKTOpbl, MMeloWMe COOTBETCTBEHHO TO Xe Hanpas-
NeHne, 4To ¥ ocu X, y, r. Bektopsbl i,j, k HasbiBalOT opTamu

oceli X, y, r. NpousBonbHbIA BeKTOp (X, Y, ) MOXET OblTb
3anucaH B BuAe

(x, y, 2)=xl+ yj+zk. (10)
B camom ferne,

1-(1, 0, 0), ¥Y=(0, 1, 0), *=(0,0, 1.
MoaTtomy B cuny (8) un (9)
xi+yj+zk =x(1, 0, 0)+y(0, 1, 0)+ r(0, 0, 1=
=(x, 0,00+ (0, y, 0)+ (0, O, )= (x, y, ).

OTMETVM PaBEHCTBA, UMEKOLLME MECTO [/ CKa/IsipHbIX Npo-
M3BEEHNIA OPTOB OCei

a=jj=kk=\, ij=tk=jk=o.
Myctb Tenepb a= (X, ¥, r), b=(x’, «J1 1r'). Torga
ab=(a, b)=xx"+yy’ +rr'. (11)
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B camom pene, Ha ocHosaHuu (6), (7), (6", (7)
ab= (xi+yj+ zk) (X'i+ y'J+ k) =
=xx'ii+ xy'ij+xz'ik + yx'Ji+ yy'Jj+yz'Ik +
+ zx'ki + zy'kj+ zz'kk = xx'+ yy'+ rr'.
B uacTHOCTW, MONOXMB B 3TOW hopmyne b= a, Moayynm, 4YTO
|a *= aa = x*mmt/1-f r*,
OTKYfa [/IMHa BeKTOopa a paBHa
\a\ = + x>+ yl1+ 1~
Otcioga paccTosHMe Mexay Touykamm a= (X, y, I 1M b=
= (x’, y', r') paBHo (puc. 10)
|[AB|=|b-a|=+ V(X'- x?2+ (y'- W+ (Ir'- rk
Ans panbHeiwero 6yaeT BaXHO MOABECTU UTOT CKa3aHHOMY.

[ns 3TOro BBEAEM HECKO/IbKO MHOE HaUMEHOBaHUE KOOPAMHAT.
MMeHHO, BBefeM B MNPOCTPaHCTBE Mpsi-

MOYrO/IbHYt0 CUCTEMY KOOpAMHAT ** Xit B

xr. B cuny atoro kaxpgas To4yka MnpocT-

paHcTBa MpefcTaBfeHa TPOMKOA umcen \ "a
O= (g, xt, x,). n a A

3Ty TOYKY Mbl 0603HAYNIIN XXMPHOI BYKBO Puc

X W Ha3Banu TakXe BEKTOPOM X C KOMMO-
HEHTaMKN X,, X,, X,.

Mbl fOKa3anu, 4TO CNOXEHNE U BbIYMTAHUE BEKTOPOB 1 YMHO-
XeHne KX Ha yucna BbipaxarTcs Ha fA3bike Tpoek (xIf x,, xt)
cnefyrowyM 06pasom:

Xj, Xj, X) i (X), x2 x3=
= (X =x',, xtxxt, x,,xXxt), (12)
o(xIf x,, x,)= (ax,, ax,, ax,). ,
CkansipHoe npousBedeHne BeKTOpPoB X = (xt, Xj, X,) n x ' =

= (x[, xt, xi) BblpaKaeTca yepe3 KOOPAMHATbl BEKTOPOB X
n x! no dopmyne

%= (jf, * )= X,X1-)-XtX|-fX]IC]. (13)

OnvHa BekTopa x = (Xit xit X,) ecTb HeoTpuuaTesbHOe YKCHO,
paBHOe

[*| = Kxi+ xJ+ xJ. (14)
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HakoHel, paccTosHne Mexay Toukamu X = (X0 xt, ) mx ’ =
— (K, x\; X;) pasHO

[ X —x" 1= V(X\—*)» + (nr—m)y*+ (ar—JH)*  (15)

PeanbHOe MpOCTPAHCTBO, FEOMETPUIO KOTOPOrO Mbl 3L€Cb
M3y4yanu, HasblBaeTCa TPEXMEPHbIM NPOCTPAHCTBOM, MOTOMY
YTO €ro TOYKWM eCTEeCTBEHHbIM 00pa3oM MNpeLCTaBAAOTCS TPOWA-
KaMn OeACTBUTENbHbIX 4ucen. Mbl Gyaem ero 0603HavaTb
yepes /?,.

Mpou3BONbLHYO MAOCKOCTb E€CTECTBEHHO 0603HaYUTL Ye-
pes Rv B /?, MOXHO 3afaTb MPSAMOYrOfbHYI CUCTEMY KOOp-
anHat x{, X,, C MOMOLLbK) KOTOpOI ntbyt Touky R, uam ee
pagnyc-BeKTOp MOXHO MpeAcTaBuTb napov umcen (X,, *,).
Onepauun CNOXEHUA W BbIYATAHWS M YMHOXEHUA Ha YMCno Ans
BEKTOPOB, MpUMHAANeXalWmMX K MNAOCKOCT, OYEBWAHO, MNOAYM-
HAOTCA BblBEAEHHbIM Hamu ycnosusM (12), rae B CKobKax
Hafo TONMbKO BCHOAY BbIOPOCUTH TPETbM KOMMOHEHTbI. CKansp-
HOe NpOW3BeAeHVE BEKTOPOB, MPUHaAfexawmnx K Hallei nno-
CKOCTM, TOXe BblpaxaeTca qopmynoii (13), rae B NpaBoil Yactu
Hago BbIOPOCMTL TPETUIA YneH. To e camoe OTHOCMTCA U K hop-
mynam (14) un (15).

O6o6LeHneM npocTpaHcTB /?, u [?, ABAseTCA MPOCTpPaH-
CTBO R,,, rje N—nNpOM3BOAbHOE HATypasbHOE YKCHO.

MpocTpaHcTBO RN nmpu n > 3 ABASETCA MaTeMaTUYECKOi
BblAYMKOW. Bnpoyem, BeCbMa reHWanbHOW BbIAYMKOI, KOTOpas
nMomoraeT MaTemaTWyecku pas3bmpaTbCi B CMOXKHbLIX SBEHUSAX.

3ALAUN

1. Haiitm gnuny Bektopos (I, 1, 1), (1, —1, 1), (1, 2, 3).

2. Haiitn yron mexpgy sektopamu (I, 0, 1), (1, 2, 3).

3. [aH eauHuM4HbI Ky6 (c AAnHOW pebpa, pasHoit 1). Halitm yron
MeXAY BbIXOAAWMMK W3 €ro BeplUMHbI: &) FNaBHOW AuaroHanblo W fua-
roHanblo rpaHun; 6) Mexgy ABYMS [naroHanaMu ABYX rpaHeil.

§ 6. A-MepHOe eBKIUAO0BO MPOCTPAHCTBO.
CkanapHoe npowusBefeHue

6.1. Nn-MepHoOe npocTpaHCcTBO. MHOXeCTBO BCEBO3-
MOXHbIX cucteM (Xj, ...,*,,) [eACTBUTENbHbLIX K°MMNAEKCHbIX)
ymcen HasblBaeTCs M-MepHbIM AeliCTBUTENbHbIM (KOMMAEKCHbIM)
MPOCTPaHCTBOM UM 0603Ha4aeTca 4epe3d Rn. Kaxpgyw cuctemy
Mbl 6Gygem 0603Ha4aTb OfHOM (KMpHOW) OykBOW 6€3  WH-
Jekca:
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M HasblBaTb TOYKOW WAM BekTOpoMm Rn. Ywmcna xu X5
Ha3blBalOT KOOpPAWHATAMMW TOYKM (BEKTOPA) X WU ELlle KOM-
MOHEHTaMM BeKTopa X.

[Be Touku

X o= (X, Xny, X = (X], lwel Xn)

CUMTAOTCS pPaBHLIMW, €C/IM UX COOTBETCTBYIOLLME KOOPAMHATHI
paBHbI

Xi—xX (=1 ..., n.
B gpyrux cnyyaax X u X' pasiumuHbl (X @ X ).
Cuctembl (BeKTOpbl) X = (X4......... Xa), Y = (Y{ i ¥4)

MOXHO CK/1afblBaTb, BbIYMTATb M YMHOXATb Ha unicnaa, p, ... —
JeicTBUTENbHbIE, ecnu /?,, eCTb AECTBUTENBHOE MPOCTPAHCTBO,
M KOMMIEKCHbIE, €CM RNn— KOMMIEKCHOE NPOCTPaHCTBOY).

Mo onpegeneHUo CyMMO/ BEKTOPOB X W Y HasblBaeTCH
BEKTOP

*+Y = (X, +Y{, X, +yt, .... xa+y,), @
a PasHOCTbHO—BEKTOP
.Y = (x{- Yl X,,—Yyn). )

I‘Ipomsse,qumeM XK€ 4ucCna a Ha BEKTOP X WM BEKTOpPaA X
Ha 4YMCNO a Has3blBaeTCA BEKTOP

ax =xa = (ax,, ax,,).
HakoHel, BEKTOp — X OMNpejenseTcd paBeHCTBOM
A DX—( Xf, —Xj, o>, —x).

BBoguTCA elle NOHATME HYNEeBOro BEKTOPA, KOMMOHEHTHI
KOTOpOro pasHbl Hynto: 0= (0, ..., 0).

Ou4eBUHO, BbIMOMHAKTCA CBOCTBA)

Dx+y=y +x.

2) X +y)+r=x+(y +7r),

3) x -y =x+ (=1)y,

4) ax +ay=a(x+y),

5) ax + Px = (a+ P)ar,

6) a (Px) = (aP) x,

7) 1x =x,

8) x+ (-*)=0
rge a, p—uvcna, a x, y £Rn.

*) O KOMMEKCHbIX 4Mcnax CM. Hawy KHUry «Bbicwas maTemaTtuka.
OnddepeHunansHoe M MHTerpanbHoe ucumcneHue», § 5.3.
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MpocTpaHCTBO Rn Ha3blBaeTCs AWHENHbIM NPOCTPAHCTBOM,
MOTOMY YTO A/ HEero BbIMOMHAKTCA MEPEUNCIEHHbIE BbILLE
cBoiictBa 1)—8), cM. Hmke 3ameyaHue 1.

Uucno (HeoTpumuaTenbHoe)

1<1-1f 2 4 d

Has3blBaeTCca LAMHOW wim Hopmol BekTopa X = (x{, .... Xxn)
B [eiCTBUTENbHOM MPOCTPaHCTBe /?,,.
PaccTosHne meXay Toukamu X = (X,, Xn ny =

«= (YK ees. YN) OeiCTBUTENBHOTO MpOCTpaHCcTBa Rn onpege-
nsetca no opmyne

IX—=y |= /" 2 (*—=y)* )

6.2. CkanapHoe npown3BefeHUe B [JelNcTBuU-
TeNbHOM npocTpaHcTBe Rn. CkanapHbiM npoussefe-
HWEM [ABYX BEKTOPOB X = (*,, .... xnN) N y = (Yt yn)

B [JeNCTBUTENbHOM MpocTpaHcTBe Rn (umcna xh yt pelicteum-
TeNbHbIE) Ha3blBAETCA YMCIO

- ¥)= ¢, (6>

CKanspHoe npowu3BefeHMe B [eiACTBUTENbHOM NPOCTPaH-
cTBe Rn 06nagaet cBOWCTBAMMU:

a) (X, x)>0; npu 3TOM PaBEHCTBO HY/MO WMEET MeCTo
Torga v Tonbko Ttorga, korga sr= 0= (0, 0),

6) (x,y)={(y, x),
B) (agr+py, r)=a(x, r)+PCy, r).
B camom pene,

(K, x) m2 ~">0

M paBeHCTBO MOXET ObITb Anwb, ecam X. — ... =xn=0.
Janee,

(X, y) = /21X/y/:/*2:iy/X/ = X
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n

(ax + Py, *)= .2 (<+ PY)) 2/

=« /2: | -K/2/+P /2: 1)//2/: «(m* *) + P(Y. T).

6.3. CkangapHoe npowus3BefeHMe B KOMMNNEKCHOM
npocTtpaHcTBe /?,. CKanfpHbIM TNpOM3BEAEHNEM [iBYX BeKTOpPOB

X—*!, ., %) hj)—ym Y,) B KOMM/JEKCHOM npocTpaHcTee R,,
Ha3blBAETCA UMCNO

(> = 2 X 5)

rae y/ ecTb KOMMMEKCHOE 4YMCO, COMpPSKeHHoe K uucny yj (mo onpepe-

neHuto, ecnm r= a+P(, rge a u P geiicTButensHble, T0 7= a — (Ji).
CkansapHoe npou3BeAeHMe B KOMMMEKCHOM MNpocTpaHcTBe o6nafaet
cBOlCTBaMU:
a) (X, X)™0; npu sTOoM paBeHCTBO HYMK MMeeT MeCTO Torga u
Tonbko Toraa, korga X=0= (0, ..., 0),

6) (x7y) = (y.x),
B") (cue+pj», I)=a(x, z)-fP(>, T).
B camom pene,

n n

(x, X) = /2:1 Xixi = /2:1 | Jwpe5*o*

N paBeHCTBO MOXeT 6bITb, NUWb ecan x*= ** =* = 0. Nanee,
n _\ n _ n
£ Xjvij = 2 xjvj= 2 ym=ly>*)e

3/ecb Mbl BOCMO/MbL30BaAMCL CBOMCTBAMM onepauun conpsxenus T-fTi =
= z+ zt n 2Zt=Z*Zi. HakoHel,

n
(ocx+P>, )= 2 (a*y+ PY'ry=

[ =«
M M
= A IR 2o yid = a (o ) P @

B KOMMNNeKCHOM npocTpaHCcTBe /?,, ANMHA BeKTopa X Onpegensercs
npy¥ MNOMOLM paBeHCTBa

1* =1/ /221 i*yil= L’\ /2=»t *x> (39
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a paccTosHue Mexay Todukamu X = (M, Xp) U = yn)
onpegensieTcs npu oMol paBeHCTBa

2 «0

[T
1

Jlerko BUAETb, YTO NPU [eACTBUTENbHBLIX XY, Yy BblpaxeHus (3) n (4)
ABNAIOTCA YaCTHLIMU Clyuyaamu BbipaxeHnii (3 ), .

MpocTpaHcTBO R,, (AeWCTBUTENbHOE WAW KOMMEKCHOE), B KOTOPOM
BBEJEHO MOHATWE CKanspHoro npowussegeHuns no qopWyne (5) (cooTBet-
cTBeHHO (5')), Ha3biBaeTCA €BKAMAOBbIM MMEPHbLIM MPOCTPAHCTBOM.

6.4. HepaseHcTBa BbyHskoBckoro. [lna ckangap-
HOro MpPOW3BefeHNs B KOMIJIEKCHOM MNPOCTPaHCTBE CrpaBej-
NMBO HepaseHCcTBO (ByHAKOBCKOrol))

*
|(*. Y\<V{X, x) VY, y). ©
JloKaxxeM ero TONMbKO B AeiACTBUTENbHOM cnydae. B ca-
MOM fefie, AN N06Oro AeiCTBMTENLHOIO 4ucna a

O0<(x + Xy, x+by) =

=.(*, X)+ by, X)+ K(x, )+ My, ¥)~
= (X, X)+ 2(X, y)A.+ O, y)Y.*=a+ LU + ¥*

roe a= (X, X), b= (X, ¥), 0=*(y, y). Mbl BUAUM, 4YTO KBaf-
paTHbI MHOTOUNEH

a+ 2b\+ cX*> 0 (—o00<X<o00)

HeoTpuuaTeneH Ana nwboro geincTentensHoro X Mo3atomy Becb
€ro rpaguk nexuT Bbie ocu X, a 3T0 MOXET OblTb, TO/bKO
eCcnn  OUCKPUMUHAHT MHOro4YfeHa oTpuuaTesieH WM paseH
Hynmo, T. e. ecim b*~ac”*O wam b*™.ac, 1 Mbl nonyymnu
HepaBeHCTBO ByHAKOBCKOro (6).

Ha f3blke KOMMOHEHT BEKTOPOB X W'Y HepaBeHCTBO (6)
MOXHO 3anucatb Tak:

Takum 06pa3om, KakoBbl 6bl HU 6blIN AEACTBUTENbHbIE
yuncna Xy, y/, BbINOMHAETCS HepaBeHCTBO (7).

B cuny (3) HepaBeHCTBO BYHAKOBCKOrO MOXHO Hamnucatb
TKI

K*. >)1<[*M.Y1-

») B. A. ByHskoBckuii (1804—1889)— pycckuii mMaTtemaTuk.
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Ho Torga cyllectsyeT M nNpPUTOM eAWHCTBEHHOE 4ucno 4,
yAaoBnetTesopalollee HepaBeHCTBaM — aona  KOTo-
poro mMmMeetr Mecto TOYHOE pPaBEHCTBO

(X, J0= *.|jr|].y].
OTmetuMm, uTto Ha [0, A] dyHKumMa cosf vMmMeeT OfHO3HAYHYIO
CTPOro yb6biBaloWy 06paTHYH (YHKUMIO, C 061acTbio  3Hade-
HWiA Ha [—1, 1]. Moatomy pgns kaxgoro A (—
CYLLEeCTBYeT eAMHCTBEHHbIA yron @ (0<co<f) Takoi, uTO
A= cosco. TakuMm 006pa3om, Mbl fOKasanun pPaBeHCTBO

(%, y) = \x\\y |cos co. (®)

Uncno  HasbiBAeTCs YIMOM MeXAy M-MepHbIMU BEKTOpamMu
X MY, XOTA Ha camMoMm fene npu n > 3 BekTopbl X U Y
SBNAOTCA BOBCE He peasibHbIMM OTpe3Kamu, a MaTeMaTuyec-
KUMK  aBCTpakuusmu.

BekTopbl X M Y Ha3biBAOTCA OPTOrOHaNbHbIMU, €C/IN CKa-
NSPHOE WX NPOU3BEfEHNE pasl-ll_? HY/IHO

(*.y)=m2 */¥Y/=0-
M3 (8) cnepyeT, 4TO ANA TOro, 4YTOObl HEHyneBble BeEK-

TOopbl X MY 6blM OPTOroHabHbIMU, Heobxoaumo W pocTa-
TOYHO, 4YTOObLI yron MeXKay HuMu = n/2.

6.5. HepaBeHcTBO MWHKOBCKOro. OTMeTUM Bax-
Hoe HepaBeHCTBO (MUHKOBCKOrol))
I*+j4<|*|-Hj41 (9

nan Ha A3blKE KOMMOHEHT

y %1)1%- (10)
Ero MOXHO fJoKasaTb Tak:
Ix+>1%= (x+>, xX+y) = (X, X)+2(x, y)-(y, y).
Mcnonb3ys HepaBeHCTBO byHAkoBckoro (6), vMmeem
1+ Y [*<(*. X)+ 2V(x, X)V(Y, )+ (¥, y) =
= (Kar, x)+ ¥"(y, y))\
oTKyaa cnegyet (9). U3 (9) cnefyeT HepaBeHCTBO

H*1-1.yll<I*- v, ()

*) . MuHkoBckuidA (1864—1909)— HemeLKnii MaTemaTUK.
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noToMy 4Tto
larl = [x-y+>r[<[|[x-y]| + |y],
WyI=\y—x+ X|< |x -y I+ X |

3apgava. Haitm yron mexay sektopamu (1, 0, 1, 0),

1 1 1 O
3ameyaHune 1 Tlpon3Bo/sibHOE MHOXecTBO E, coctos-
Lee M3 3/IEMEHTOB X, Yy, T, ... J106O/ MpupoAbl, HasbiBa-

eTCA JNIMHeliHbIM NPOCTPAHCTBOM, €ClM CYLLeCcTBYeT 3aKOH,
B CWAYy KOTOPOro [Ans /obbiX [BYX 3nemeHToB X, YEE
onpegeneHbl snemeHtTel X+ YEE u x —y£E, HasbiBaemble
COOTBETCTBEHHO CYMMOM, pasHOCTbIO X W y, U ana nwoboro
[eliCTBUTENbHOIO WM KOMMIEKCHOTO Yncna a u anemeHTa X £E
onpedeneH anemeHT ax = xa £E, HasblBaeMblii NpounsBese-
HWEM & Ha X WM X Ha &, TaKk 4TO BbIMOJIHAIOTCA MNepeyu-
CMeHHble Bble B 3TOM naparpage csoiictBa 1)—8), rge
—Xx =(—D)x, n0=0x, VXEE.

Rn MOXHO paccmaTpuBaTb Kak MpuUMep JMHEeRHOro npo-
CTPaHCTBA, HO CYLUECTBYIOT W [pYrMe WHTEpPecHble MpuMepbl.
Hanpumep, coBokynHocTb C HenpepbiBHbIX Ha OTpeske [a, bl
thyHkuuid f, ¢, ¢, .... ecim cuutath, yto / + P [/ —0q, af
onpefeneHbl COOTBETCTBeHHO Kak /(1) + d(ac), /(*) —d(ac),
af (x), ecTb NMHeliHOe MPOCTPAHCTBO.

JInHeHOe MPOCTPaHCTBO C YMHOXEHWEM €ro 3/eMEeHTOB
Ha fdeicTBuTeNbHble (KOMMEKCHbIE) 4WCna HasblBaeTcs Ael-
CTBWTENbHLIM (KOMMNEKCHbIM) NMHENAHbIM MPOCTPaHCTBOM.

3ameyaHue 2. Ecnm B KakoM-nnboO MHEHOM MNpoOCT-
paHcTBe E KaXfbiM [ABYM €ro 3afneMeHtam X, Y nNpuBejeHo
B cootBeTcTBME uncno (X, Y), yaosnetBopsiowiee CHopMyu-
pOBaHHbLIM Bbllle CBOWCTBaM a), 0), B) B [AeACTBUTENbHOM
cnyyae ma'), 6", B") B KOMMNJEKCHOM C/lyyae, TO FOBOPAT, YTO
B E BBefEeHO CKansipHOe NpOU3BeLEeHNeE.

Bbilwe 6b10 [JaHO OMpejeneHne f-MepHOro eBKANA0Ba
MPOCTPaHCTBa—3TO MPOCTPaHCTBO /?,, B KOTOPOM oOnpege-
NEHO CKanapHoe Mnpou3BefeHVie Mo (hopMynaM COOTBETCTBEHHO
(5) wm (5.

§ 7. OTpes3ok. [leneHne oTpe3ka B AaHHOM OTHOLLEHWM

3agagMM npousBonibHble Toukn X, Y £R,, v BBEgeM MHoO-
YECTBO TO4YeK (BEKTOPOB):

z=kx+py (K urro, d+ y= 1), ()
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onpefiensieMblX HEOTpUUATENIbHbIMK Yucnamu X, p, CymMma Ko-
TopbiX paBHa 1. Vmeem

r=QN—p)ag+my=x+p(y—g) (0<p<l) (9
nnn
r=y+X(x—y) (0<X<1). (2)

M3 paseHcTBa (2) BMAHO, 4YTO B TPEXMEPHOM MNPOCTPaHCTBE
TOYKM T 3aMofIHAIOT OTPe30K, COefuHAOWMA X w y. Begb
pafuyc-BeKTOp I ecTb CyMMa BEKTO-
pa O v BekTopa U (y—/r), KofinuHe-
apHoro ¢ y —x (puc. 11). Takum
06pa3om, MHOXecTBO Touek (1) mpeg-
cTaBnsieT coboii oTpe3ok [x, y] B
[?,, COEAMHSAIOWMIA TOUKM X W Y.
Mpu (=0 r=x, npm A=0r=y,
ans nboro X> 0 (p= 1—X> 0)r
eCTb MPOM3BONbHAA Touka [x, VY]
Mo onpefeneHuo oTpe3koMm [X, Y], COEAMHAIOWMUM TOUKU

X <Y € R,,, Ha3blBaeTCA MHOXECTBO BCeX Touek I Buga (1).
CnpaBeanvBa

Teopema 1 Touka
z=Xx+\iy (X >0, X+ p=1)

0ennT oTpesok [X, y], coeguHalwWwmin Toukn X, YER N Ha
0Tpe3kn C ANMHAMMW, HaxXOAAWMMWCS B OTHOWeEHUM p : X

OokaszaTenbctBOo. W3 (2) cnegyer, 4to r—Xx =»
a P(.Y—x), n notomy pacCTosiHue Mexnay Toukamm X W T
paBHO

\r—x\ =\b\ly—x\. 3
DOanee, u3 (2) r—y =X(x—y), ¥“ NOTOMYy paccTosHue
MeXAy TOouyKaMu I Uy paBHO
\r—y\ = X\x—y\. 4
M3 (3) n (4) cnepyet
\r-x\:\r—y|=p: X
4yTo M TpeboBanoChb [0Kas3aTb.

3apava. Tpebyetca Havitm Ha oTpeske [gr, y], coegwn-

HAIOWEM TOYKM Ar, Y £ R n, Touky r, [endwyk 3TOT OTPEe3oK
B OTHOWeHWn p : q (p> 0, g> 0).
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PeweHne. Bo3bMeM uyucna

y 4 P
~p+tq’ ~"=ptaqr

OHu ypoBneTBopsitoT csoitictBam A, 4”0, X+ u=*1, WX
= plg. Moatomy Ha oOCHOBaHMM TeopeMbl 1 MCKOMas TOYKa

) (5)

Ee koopguHatbl r =*fo, ..., M) BbIpaXalwTCA 4epe3 KooOp-
AnHatbl X =»(*,, xn), y = (yt, ynm) npu  MomoLm
paBeHCTB

/- p a 0-1..... > «

B uyacTHoCTW, cepegmHa oTpeska nonyvaetrca npu 2= <= 1,
T. e. X=u= 1/2

OTMeTMM, 4TO, Kak [0Ka3blBaeTCsi B MexaHuke, Touka T,
onpegensiemas paBeHCTBOM (5) unu (5'), eCTb LEHTP TAXeCcTU
CUCTEMbl TOYEK X MY, B KOTOPbIX CKOHLEHTPUPOBAHbI MacChl
COOTBETCTBEHHO ( U p.

OTmeTuM, 4TO B /?, MHOXECTBO TOYeK

r= Xx-f\iy, X+ y=1,

roe X u.u noboro 3Haka, npefacTasnseT coboi npaAMyto, Npo-
XOLALLYI0 Yepe3 TOYKM X M Yy. IOTO BUAHO M3 paBeHCTBa (2').

B npocTpaHcTBe e Rn (n> 3) 3T0 MHOXeCTBO Has3bl-
BalOT MNpAMOIM MO OMpefeneHunto.

Mpumep 1 HaiiTm KoOpAMHaTbl LEHTPa THKECTM CUC-
TeMbl MaTepuasibHblIX ToYek X K= (*?, X\, **) COOTBETCTBEHHO
C mMaccamu pK (*= 1, Af). Mpumenas dopmynel (5" ans
TOYeK X 1, X T, HailgeM LEHTP TsKecTM rxX Todek frl n x 3
3aTeM HaxoguM UeHTp TKecTu r* Touek rlum Xs cooTseT-
CTBEHHO C Maccamu pt+ pt u pt. Tpogonxas 3TOT npo-
uecc Ha (M—1)-m ware, nonyyaem
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§ 8. Mpsamas NUHKS

MoHsATMe npsMOii SABNSiETCA MEPBUYHBIM B reoMeTpun. U3
aKCMOM TEOMETPWM Mbl 3HAEM, YTO uepes fBE TOUKU MPOXOAUT
eAVHCTBEHHAs MpsMas M uyepe3 TOUKY, NIEXALLY Ha [aHHOI
NPSIMOA, MOXHO MPOBECTU EAWHCTBEHHYIO MPAMYIO, MepmneH-
OVKYNISPHYIO  AaHHOVA.

B n/i0CKOCTM 3afafuM MpPSMOYTO/bHYI0 CUCTEMY KOOPAW-
HaT X, y W npamyo L, He napannenbHyto ocu y (puc. 12).

M3 WKoNbHOro KypCa Mbl 3HaeM, 4YTO YypaBHEHUE I'IpFIMOI\/’I L
NMEET BUA

y=kx+ I, (1)

roe £= tga v a—yron, obpasoBaHHbIA npaMoli L o nono-
XWUTENbHBIM Hamnpas/fieHWeM OcU X, a /—opfAuHaTa TOYKK nepe-
ceueHnss L c ocbto y (1= 0B).

Korga roeopaTt, uto ypaBHeHue (1) eCTb ypaB«eHue nps-
Mol L, aTuM XOTAT BbIpasuTb, 4TO L ecTb reomeTpuyeckoe
MECTO TOYEK, KOOpAWHaTbl KOTOpbIX (X, Y) YAOBNETBOPAIOT
ypaBHeHuto (1). CnpaBef/IMBOCTb 3TOr0 YTBEPXKAEHUSA NErko
YCMOTpeTb U3 puc. 12. Touka A eCTb MNPOU3BOJMIbHAA (TeKy-
Wwasd) Touka npamoi L, umetowas koopauHatbl (X, y), BC =
=X AC=y—1mn

*=tga = ", ()

oTkyga cnepyet (1). O6paTHO, paBeHCTBO (1) 3KBMBANIEHTHO
paBeHCTBY (') a nocnegHee BblpaXkaeT, OYEBMAHO, TOT (haKT,
yTo Touka (X, y) NnexuT Ha npamoii L. Ha puc. 12 yron a
OCTpbliAi. B cnyuyae Tynoro yrna a MOXHO MpoBecTW nogob6-
Hble paccyXfaeHus.
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3agagum ypaBHeHue
Ax By -|-C —0, (2)

roe A, B, C—3agaHHble uicna u K ToMy xxe A u B opHo-
BPEMEHHO He paBHbl HYJIO.
Ecnu B® 0, T0 ypaBHeHMe (2) MOXHO 3anucatb B Clle-

AVIOLEM BUE;
(2)

nnn, nonaras

B Buge (1). Tak Kak ypaBHeHWs (2) u (2') 3KBMBaNeHTHbl —
nobas Touka (X, y), YAOBMETBOPAIOLLAA OAHOMY W3 HUX, YAO0B-
neTBOpAeT U ApPYroMy,—TO PaBEHCTBO
Y (2) npu B ® 0 ecTb ypaBHeHMe nps-
MO, HAK/OHEHHON K MONOXUTENbHO-
My HanpaBfeHW OcU X MOof YI/IOM &,
TaHreHc Kotoporo paseH —/1/5(tga =
= —A/B), 1 nepecekawuleii oCb y B
Touke, umetowei opanHaty — C/B (I =
= —C/B). Mpn B =0 ypaBHeHre (2)
NPUHUMAET BuUf,
@) c*a\ X Nx+ C=0 (Adg 0,
Puc. 13. 17
x=a (a——C/A).

3T0 TOXEe ypaBHEHMWE MPAMOWA, HO TOJIbKO NapasienbHOW ocu y.
VIMEHHO, 3TO eCTb reoMeTpuyeckoe MecTto Touek (X, y), abe-
LMCCbl X KOTOPbIX PaBHbl OAHOMY M TOMy Xe uuciny a. Ha
puc. 13 n3obpaxeHa Takas npamas npu a > 0.

M3 cKasaHHOro crneflyeT, 4YTo ypaBHeHue (2), rge A, B,
C—3afaHHble ynicna u npu atom A u B oagHOBpemMeHHO He
paBHbl HY/0, eCcTb ypaBHEHWE HEKOTOpoi npsmoi. MpHB”O
aTa npAMas He napannenbHa ocu y. B uactHoctu, npu A =
= 0 oHa napannenbHa ocu x (y=—C/B). B cnyyae xe,
ecm B —O0, 1O oHa napannenbHa ocu y. OTMETUM, YTO OCb X
MMeeT, 04YeBWAHO, ypaBHeHWe y =0, a 0Cb y WMeeT YypaBHe-
Hue x= 0.

YpaBHeHve (2) Ha3biBaeTCH ypaBHEHWEM MpPSMOA B 06LieM
Buge. Jlobas npsmas, Kak YrofHO pacrnoioXeHHas Mo OTHO-



$8. MPAMAS JIMHNSA 55

LIEHWNIO K CWUCTEME KOOpAWMHAT, MOXEeT ObITb onucaHa ypaBHe-
Hvem Bufa (2) npy MOAXOAAWMX MOCTOAHHbIX uucnax A, B,
C. Mopg4yepkHem, 4TO uncna A n B B ypaBHeHun (2) npsimoii
OJHOBPEMEHHO He paBHbl Hynto. OTMeTMM, 4To uucno k B
ypaBHeHun (1) HasblBalOT YrNOBbIM KO3I((ULMEHTOM MPAMONA.

PellM HECKONbKO BaXKHbIX 3ajad.

3apgava 1 HanucaTb ypaBHeHWe nNpsAMOA C Yr/10BbIM
KO3(h(hMLUMEHTOM, paBHbIM uucay k, mpoxopsiiein yepes 3afaH-
HYl0 TouKy (XB, yn).

PeweHune. T[psaMas o0 yrnosbiM Kod(ppuuveHTom k ume-
eT BUA

y=kx+ I, 3)
raoe | MoxeT 6bITb Nt06bIM uMcnoM. Tak Kak Touka (X0, yO0

LOMKHA HaxoAUTbCS Ha [JaHHOW MpsMOl, TO [OMKHO BbIMOA-
HATLCS PaBEHCTBO

Y,, = kxt+ I. (4)
Bbluutasa (4) n3 (3), NonyyMm MCKOMOE YpaBHEHWe
Y—Yo= Kk (x—x0 (5)

NpAMON, npoxogsaiwieii yepe3 Touky (X0, y~ C yrnosbiM KO3(-
thuumeHTom k.

3agava 2. HanwucaTb ypaBHeHWe MpsMOWA, MPOXOAsLLEN
Yyepes 3afaHHble ABe Toukn (ar, y,) u (Xj, yt). MMpepnona-
raeTcs, 4T0 3TV TOUKW pasHble.

PeweHwne. Tlyctb xx® xx. Torga, 04YeBMAHO, WUCKOMasA
npaMas He napasnsefnbHa OCM y W NOTOMY MOXeT ObiTb 3anu-
caHa B Bumie

y—yi=k(x—xJ), (6)

roe k—HekoTopoe uucno. YpasHeHue (6) yXe Bblpaxaert,
4yTO MpsmMas nNpoxoguTt 4yepes Touky (x{, y~. 4T06bl OHa Npo-

XO0AMna TakxXe 4vepes3 TOUKY (X, Yt), Hago 4Tobbl BbINOAHA-
NIOCb PaBEHCTBO

A— = *(*¥1—i)- W)

Lena (6) Ha (7) (t. e. pena neBytw uvacTb (6) Ha neBylo

uacTb (7), a npaByl uacTb (6) Ha npasy uacTb (7)), nony-
umm

y>>—y\ Y v'

3TO0 M eCTb ypaBHEHME MNPSAMON, NPOXOAALLEl Yepe3 TOUKM
(*i. tfi) n (x,, yt).
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3ameyaHune 1. Morno cnyuutbcs, 4To yt—«,= 0,
Torga opmanbHO Mbl MOAYYUIN Obl PaBeHCTBO

y—yji Xx—xt
O = X,-Xt e

HecmoTpsi Ha 6eCCMbICNIEHHOCTb 3TOTO PABEHCTBA, TakK MULLYT —
cuMTalT yao6HbIM. Ecnu  ocBo6o-
ANTbCA OT 3HaMmeHaTefel, TO mo-
NlyYuM BEpPHOE PaBEHCTBO

y—y=o0- """

nnm
Y=Yn 9
Cnyvain xt= xt=c npuBogMT K
PeLleHno X = C.
3apgaya 3. Haintm yron <
Puc 14 MeXay npsMbIMU

y=**+1, y = htx-f/j.
PeweHune. Wmeem kt= tga(, kt= tga,, rage at, a,-—

COOTBETCTBEHHO YI/bl, 00pa3oBaHHble [aHHbIMK MNPAMbIMKA O
MONOXUTENIbHbIM HanpasneHneM ocu X. Vmeem (puc. 14)

tg » - 1g (»,-<»,)- - fs foe . c )

M Mbl Nofyuunu OpMyny yrna MedKAy npsMbIMu.
Cnyuvaii 1-(-k*ki = 0 wnm
> e 1 (12)

Bblpa)XXaeT YCNoBME MNepneHANKYNSPHOCTU NpsSMbIX.  Ycnosue
napcurnenbHocTn npsambiX (tg to= 0), 3anuuieTcs Tak

= * - (12)
3afjafMM ypaBHEHME NPSMO B 0OLWEM BUAE;
Ax+By+ C=0. 2

Mpn A®PO, B®d 0, CP 0 ypaBHeHMe (2) MOXHO 3anucaTb

B (hopme
(-T»-=r)- O°
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YpaBHeHne (13) HasbiBaeTCA ypaBHEHMEM MNPSAMOI B OTpe3Kax.
JTa npsMas nepecekaet ocb X (npsmyto y = 0) B Touke (a, 0)
nmocb y B Touke (0, b).

Ecnv npsmMasn, y4oBneTBopalowas ypaBHeEHUIO (2), Mpoxo-
anT yepes Touky (x°, y0), TO

Ax°-\-By0+ C=0. (14)
Bobluvtasa (14) u3 (2), nonyyum
A(x-x°) + B(y-y>) =0. (15)

YpaBHeHue (15) Ha3biBaeTCA YypaBHEHMEM MPSMONA, MpoOXoas-
Wein yepes Touky (TR yO0).

Ecnu BBecTn B paccmoTpeHue Bektopsl N = (AB), p=
=(x, y), p°= (*® «*), 10 neByto uyacTtb (15) MOXHO paccmart-
puBaTb KaK CKanfpHoe npou3sedeHne BekTopa N Ha BekTOp
p—p°. Moatomy ypaBHeHue (15) B BeKTOpHONM (opme uMeeT
BU

A Nr(p-pp=0. (159

Bektop p—p° npuHagnexuTt npamoii L (puc. 15). Takum
o6pasom, u3 (15") BmaHo, uTo BekTOp N*=(A, B) opToroHaneH
YK by ]

Puc. 15. Puc. 16.

(nepneHANKYNApeH) AaHHOW MpAMOlM, U TeM CaMblM Mbl BbIsC-
HUAM TEOMETPUYECKUIA CMbICT KO3pduumneHToB A u B.
PaccmoTpymM fBe npsMble

AN+ Bty+ C,—0  (Li), (16)
Atx+ Bty+ C,=0 (L,). 7
Tak kKak Bektopbl N, = (At, Br) n 1"= (/4,, Bt) nepneHgu-
KyNnsapHbl K npsmbiM (16) 1 (17) COOTBETCTBEHHO, TO Yron <

mexay npambiMu (16) n (17) paBeH yrny Mexzy BeKTopamu
m N, (puc. 16). Yron ¢ MOXHO BblYMCIUTbL MO opmyse
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3ameyaHune 2. Ecnm <p—yron mexgy npaMbIMU, TO
A—d TaKXe SABNAETCA YI/IOM Mexay 3TUMK npsmbiMu. Yucno
(18) MOXeT 6bITb MOMOXMTENIbHbIM W OTpUUaTeNnbHbIM. OfHO
M3 HUX COOTBETCTBYeT yrny o, a gpyroe—yrny a—ia.

M3 (18) nonyyaem ycnosue nepneHamkynapHocTu Ltult

(=], coap=0) I
AtA, + BtB, = 0. (19)

Eciv npamble Lt u L, napannencHbl, TO BekTOopbl N, u N,

KonnuHeapHol U N, = kN2 rge X—HeKoTopoe [eicTBUTeNbHOe
yucno. OTcloga ycnosue napan-
NefbHOCTWN MNPAMBIX BblpaXKaeTcs
paBEHCTBOM

lNycTb pfaHa npown3BosibHas

npamas L B npAMOYrosnbHoi

cucTeMe KoopauHat (puc. 17),

He NPOXOAsLias 4epe3 Hayano

KOOpAMHAT, U MyCTb & —BEKTOP,

BbIXOAALMIA M3 Havana Koop-

OVHAaT ¥ nepneHAMKYNApHbINA

K npamoii L c KOHLUOM, ne-

Xawum Ha npaMoii. BekTop a MOMHOCTbIO onpedensieT nps-

Mylo L (4epe3 KOHeL, BeKTOopa a MpPOXOAUT efMHCTBEHHAA

npsamas, nepneHanKynapHaa K Hemy). MycTb p ecTb A/iMHA a

(p=\a), v= (cosa, cosP) ecTb eAMHMYHbLIA BEKTOP, Hanpas-

NEHHbIA B Ty e CTOPOHY, 4TO M a. 3gecb a, P—yrnbl

Mexay a (UamM V) 1 COOTBETCTBEHHO MOJSIOXKMUTENbHLIM Hanpas-

NeHMeM ocM X K ocu y, cos*a+ cos,P= 1 (cosp= sina).

O603HauMM uepe3 p= (X, y) paguyc-BeKTOp MpOu3BOJbHON

(Tekywieii) Toukn npsmoli L. [Npoekuus BekTopa p Ha eAnHUY-

Hbli BeKTOp V, OueBMAHO, paBHa p, T. €. CKanApHOe npows-

BeJEeHMe pafMyC-BEKTOpa MNPOU3BOMLHOA TOYKM p mpsAmMoi L
Ha BEKTOp V PaBHO p:

(P. v)=|v|npwp = p. (21)

NTaK, Mbl NOAy4YWnn BEKTOPHOE YypaBHeHWe L, noTomy uTo,
1 0bpaTHO, ecnu pafuyc-BEKTOP TOUKW YAOBNETBOPSAET ypas-
HeHWto (21), TO TOUKa NexnT Ha L (Touka, He nexawas Ha L,
MMEET MPOeKUMI0 Ha V, OT/IMYHYIO OT p).
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Ecnn npamas L npoxoAuT 4epe3 Hayano KoopauHat, TO
ee YpaBHeHMe MOXHO 3anucaTb ToXe B Buge (21), rge v—
eAUHUYHBIA NepneHAVKYNApHbIA K Heil BekTop 1 p = 0.
B koopguHaTHO ¢opme ypaBHeHue (21) wmeeT BUA
xcosa-|-i/cosfi=p (p> 0) (219
nnm
xcosa+ r/fsina=p (p> 0). (2r)
YpaBHeHue (2I') (nmm (2IN)) Ha3blBaeTCA ypaBHEHUEM MNPAMOI

B HOpMa/lbHOM BUZE.
Ecnu npsmas L 3agaHa 06GLWMM ypaBHEHWEM

Ax+ By+ C=0,

TO ero MOXHO MPUBECTM K HOPManbHOMY BUAY, YMHOXWB Ha
uncno

M=z 1//11"+ Ar, (22)

roe Hafo Bbi6paTb 3HaK, MPOTMBOMOMOXHBIA 3Haky C  (p —
= —MC”0O). Yumcno M Ha3biBaeTCA HOPMUPYHOLWUM MHO-
>XuTenem. Tak Kak

(MA)* + (MB)*= 1,
TO CYyLWecTBYeT M NPUTOM eAWHCTBEHHbIA yron a, YAOB/eTBO-
psloLWwmiA HepaBeHcTBamM 0 < a < 271, AN KOTOPOro
AM = cosa, M5 =sina. (23)
B pe3ynbTaTe Mbl nonyvyaem ypasHeHue (21), rgoep = —MC/O.
OTMeTMM elle pas, 4YTO YMCNO P PaBHO PacCTOSHWIO OT Ha-
yana KoOpAuHaT LO MPAMONA.

3apgayvya 4. Hailtm pacctosHue d OT TOYKM O NpsMoid L,
onpeaenseMoit ypaBHEHWEM

Ax+By + C=0. (24)

PeweHne. Myctb
(P. V)=p=20 (25)
eCTb HOpManbHOe YypaBHeHWe npAMoi (24). Takum o06pasoMm.

ecrm CP 0, To p (p> 0) ecTb AnuHa BekTopa OP, onyuieH-
HOro u3 Hauyana koopguHat O Ha L (mepneHAWKYnsipHo K L),

a V—e[VHNYHbIA BEKTOP, HanpaBneHHbli kak OP (p= \OP],

v= OPJp (puc. 18)). Myctb p—(X, Yy) ecTb pafuyc-BeKTOp
NPoM3BONbHON TOYkM L. Torga, oueBuAHO, 4TOOBI HaTU pac-
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3ameyaHue 2. Ecnm <p—yron mexngy npambIMKu, TO
N—d TakKxe ABAAETCA YINOM MEXAY aTUMM MpaMbiMi. Yuncno
(18) MOXeT ObiTb MOMOXMUTENbHLIM U OTpULaATE/bHbIM. OfHO
M3 HUX COOTBETCTBYET yrny ¢, a Apyroe—yrny a—da.

N3 (18) nonyvaem ycnoBve NeprieHAMKYNsapHocTM  u Lt

(@ =-j, cosp=0) I

nn+4d4d,=0. (19)
Ecnu npsmble L( v Z, napainefbHbl, TO BEKTOP.I n N,
KONIIMHeapHbl U = LW 2 rge X—HeKOTOpoe AeNCTBUTENbHOE

uncno. OTcloga ycnosme napan-
NENbHOCTU MPAMbIX BblpaXaeTcs
PaBEHCTBOM

A 1. (20)

lMycTb faHa NpPoW3BO/bHaA

npaMas L B MpAMOYrofibHOM

cucteMe KoopauHat (puc. 17),

He NPOXodLlas 4epes Havano

KOOPAMHAT, 1 NyCTb @ —BEKTOP,

BbIXOAALUMIA M3 Havana Koop-

OVHAT W NepreHAVKYNAPHbIN

K npamoin L c KOHUOM, ne-

XalUM Ha MpsMORA. BekTop a MOMHOCTBKO onpegenseTr nps-

Myto L (4epe3 KOHeL, BekTOpa a MpPOXOAUT eAMHCTBEHHaS

npsmas, nepreHAuKynapHaa K Hemy). TycTb p ecTb AavHa a

(= ]a]), v=(cosa, cosP) ecTb eguMHW4HbLIA BEKTOp, Hanpas-

NEHHbIE B Ty Xe CTOPOHY, 4TOo U a. 34ecb a, p—yrbl

MeXAy a (W V) M COOTBETCTBEHHO MOMOXMWTE/bHLIM Harpas-

neHvem ocu X U oo W cos*a-fcos*P=1 (cosP=sina).

O0603HauMm u4epe3 p= (X, y) PaAuyc-BeKTOpP NPOU3BOJIbHON

(Tekyuler) Touku npamoil L. Mpoekums BeKTopa p Ha eauHuY-

HbIi BEKTOP V, OYeBMAHO, paBHa p, T. €. CKaffpHOe Npous-

BEEHNe pafuyc-BeKTopa MPOM3BOMLHOM TOYKM p npamoin L
Ha BEKTOp V paBHO p:

(P. v)= [vinpw = p. (21)

WTak, Mbl MOAyunnn BEKTOPHOE ypasHeHMe L, noTomy uTo,

1 0bpaTHO, ecnnu pajuyc-BeKTOP TOUKW YAOBETBOPSET ypas-

HeHMO (21), TO TOYKa NeXMT Ha L (Touka, He nexawas Ha L,
A MMeeT MPOEKUMIO Ha V, OTIMYHYKO OT P).
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Ecnn npsmasa L npoxoguT 4epes Hayaso KOOPAWHAT, TO
€e ypaBHeHMe MOXHO 3anucaTb ToXe B Buge (21), rge v—
eAMHNYHbIA NepneHANKYNAPHbIA K Heli BekTop u p—o0.

B koopauHaTHOW chopme ypaBHeHMe (21) WMeeT BuWf

Jecosa+ |/cosP=p  (/>>0) (2r)
nm

AfCOSa+ ysina=pP (/>>0). (2r)
YpasHeHve (21') (um (2I')) Ha3biBaeTCs ypaBHEHWEM MPAMOIA

B HOpMa/lbHOM BUfe.
Ecnm npsavas L 3agaHa o6LMM ypaBHEHMWeM

Ax+ By-\-C=0,

TO €r0 MOXHO MPMBECTM K HOPMasbHOMY BWAY, YMHOXMB Ha
uncno

M=+ MVA'+ B\ (22)

roe Hago BblOpaThb 3HaK, NPOTMBONOMOXHLIA 3Haky C  (p =
= —MC”0). Uucno M HasblBaeTcs HOPMUPYIOLLMM MHO-
Xutenem. TakK Kak

(AM)* + (ME)*=1,
TO CyLLEeCTBYeT W MPUTOM eAWMHCTBEHHLIA yron a, yAoBNeTBO-
pAIOLLWIA HepaBeHcTBaM 0<!a<2n, [N KOTOPOro
AM =cosa, AIB=sina. (23)
B pesynbTaTe Mbl MonyyaeM ypaBHeHue (21), rae p= — MC/O.
OTmeTMM eLle pas, YTO YMCNO P PaBHO PACCTOAHUIO OT Ha-
yajla KoopauMHaT A0 MPSIMOIA.

3apgayva 4. Halitn pacctosHne d OT TOUKM A0 Npsmoi L,
onpeaensieMoil ypaBHeHWEM

Ax+By+ C=0. (24)

PeweHue. TlycTb
(P, )—p=0 (25)
eCTb HOpManbHOe ypaBHeHWe npamMoi (24). Takum 06pazom»

ecim CP 0, To p (p> 0) ectb gnmHa BekTopa OP, onylueH-
HOro M3 Havana koopamHat O Ha L (nepneHAuKynspHo K L),

a V—eAVHNYHbIA BEKTOpP, HarpaBneHHbIn kak OP (p= \JOP],

\-OPIp (puc. 18)). Myctb p= (X, y) €cTb paanyc-BeKTOp
npomn3BonbHOM ToukM L. Torga, oyeBMaHO, 4TOObI HaTK pac-
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CTOSHME OT TOouku Q*, MUMEIOLLIE pagnyc-BeKTop p° = (I® Y°)
[0 L, Hajo CnpoeKkTMpoBaTb BEKTOP P—p° Ha HampasneHue
BEKTOpPa V W B3ATb aOCOMIOTHYIO BEUYUUHY MPOEKLUN:

d= |npv(p—p°)| = [(p—p» V)| =
= |(p. V)—(p°. V) I= [p—(p°, VI = 1(p°, V)—p\.
Mbl nonyunnn dpopmyny

d=[(p(, vV)—pl (26)
Takmum 06pa3om, 4ToBbl MOAYYWUTb pPaccTOfHWE d, Hado
NpuBeCTU ypaBHeHMWe (24) K HOPMalbHOMY BUAY, MEPEHECTU P

B /IEBYHO 4aCTb, MOACTaBUTb B fIEBYKHD 4acTb BMECTO X, Y CO-
OTBETCTBYIOLLME KOOPAMHAT M X°, YO Toukn (® U1 B3ATb abCo-
NMOTHYKO BENNUMHY MOMIYYEHHOTO BbIPXEHMS.

Ha s3bike koahdmumeHtoB A, B, C paBeHCTBO (26) Bbl-
rNAguT Tak:

d= |AX?+ By«+ C\/YA*+B*, (26')

Mpn C=0 copmyna (26), a cnegosatenbHO U (26'), ocTa-
eTcsd TOXe BepHoOW. B atom cnyyae p—0, v—oauH U3 ABYX
eAVHWYHbIX BEKTOPOB, MNeprneHAMKynapHblX K L (puc. 19).
Tenepb
d= Inpv(p—p")l = I(p—p> V)I= l(p. V)—(p», VII = |(p°, VI
nwm

d= 1A+ By' VYA*+ B\
T. e. hopmyna (26-) BepHa npu C=0.

3ameyaHue 3. W3 puc. 18 BMAHO, u4TO: a) ecim Hadyano O u
Touka QB HaxomsTcs Mo OfHY CTOpoHy oT L, TO yron mexgy v u
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o—p" ootpel/T u d=p—(p° v): 6) ecnu xe O U <k HaxOAATCA MO
pasHele CTOPOHBI OT L, To yron mexay p—®mV tynoii nd= (p°, V) —p.

3apgava 5. Haittm pacctosHue oT Toukm (1, 1) o npsmoii
2*+ K5j/-K5=0.

§ 9. YpaBHEHMe MNOCKOCTU

9.1.. YpaBHeHMe MNNOCKOCTM B HOPMAaNbHOM
Bupe. B npoctpaHctBe RS, rae BBeAeHa NPAMOYrosbHas
CUCTEMA KOOPAWMHAT X, Y, T, 3afaguUM BEKTOP &, BbIMyLLeH-
Hbin M3 Hadana O. Yepe3 koHeL, a nposedeM MnocKocTb [l
nepneHanKynspHo K a (puc. 20). Mpon3BoMbHYHO (TeKYLLYHO)
TOouky nnockoct Il o6o3Haumm uepes <= (*, y, I). bykea p
0003Ha4aeT pagmyc-BeKTop Toukn Q.

Myctb p= \a\—p/MHa BekTopa a K

v = (cosa, cosP, cosy)

— eIMHNYHbI/ BEKTOP, HamnpaBneHHbI B Ty e CTOPOHY, YTO na.
3pecb a, p, y—yrnbl, 06pasyemMble BEKTOPOM V COOTBETCT-
BEHHO C MOMOXUTENbHLIMU Har-

paBneHnaMn oceit X, y, r. Mpo-

ekuma noboii Toukm QE N Ha

BEKTOpP V eCTb, O4YeBWUAHO, Be-

MYMHA  MOCTOSHHasd,  pas-

Has

(. V)=p (P>0). (1)

YpaBHeHune (1) wMeeT CMbICA

mnnpm p=0. B atom cny4yae

nnockocts [1 npoxoauT uyepes

Hadano koopguHat O (3 =10)

N V—eNHNYHbIA BEKTOP, BbI-

NyLeHHbIA 13 O nepneHAuKy-

NApHO K T1, HEB&XHO B KAaKOM Hampas/eHUW, T. €. BEKTOP V
onpegenseTca ¢ TOYHOCTbIO [0 3Haka. YpaBHeHue (1) ecTb
ypaBHeHWe NnockocTy M B BEKTOpPHOM diopme. B koopamHaTtax
OHO 3arnuCbIBaeTCA Tak:

xcosa-fycosP-fAcosy=/,2 (p> 0) ()
N Ha3bIBAETCA YpaBHEHWEM MIOCKOCTU B HOPMaibHOM BUE.
9.2. YpaBHeHMe NNOCKOCTM B ob6weM Buje.

Ecnn ypasHeHne (') YMHOXWTb Ha Kakoe-Mb0o He paBHOe
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HY/0 YWCMO, TO MONYYMM SKBMBANIEHTHOE EMY YPaBHEHMe BUAE
Ax+ By+ Cz+ D=0, (2

OnpefenatoLLee Ty Xe NN0CKOCTb. 3geck uncna A, B, C He paBHbl
HYMKO OfHOBPEMEHHO. YpaBHeHue (2), rae umcna A, B, C He
BCE paBHbl  HYMO, Ha3biBAeTCA  YpaBHEHWEM  MIOCKOCTU
B 00LLEM BUZE.

MponssonbHoe ypaBHeHMe Buaa (2), rge umcna A, B, C
OJHOBPEMEHHO He paBHbl HY/t0, MOXHO MPUBECTU K HOPMAaSib-
HOMY BWAY, YMHOXWB €ro Ha 4umcno

M=+ VVA'+B*+ C*,

roe 3Hak 6epetcs NMPOTMBOMOMOXHLIM 3HaKy uucna D. Torga
uncno p——MD 6yfeT HeOTpuUaTe/bHbIM, a ypaBHeHue (2)
npeobpasyeTca B cregyloLlee, emy 3KBUBANEHTHOE,

MAXx+ MBy+ MCr=p (p"O). (3)
3ecb
(MA*+ (MB)*+ (MC)* = 1.
JT0 MOKasblBaeT, 4YTO BEKTOP
v=(AM, MB, MC)

eaMHUYHbIA (v |= 1). Ero npoekumm Ha ocv KOOPAUHAT paBHbI
M.4=cosa, Mfl=cosP, MC—cosy,

rage a, p, y—yrnbol, 006pa3oBaHHble BEKTOPOM V COOTBETCT-
BEHHO C MOMOXWUTENbHLIMW HaMpaBneHnsMn ocen X, y, T.
B cuny BBefeHHbIX 0603Ha4YeHMA ypaBHeHWe (3) UMeeT BUA

xcosa-fi/cosP-fzcosy=p (p"s0), (39

r. €. Mbl MOAYYUIN YpaBHEHWE MAOCKOCTU (2) B HOPMasbHOM
BULE.

Ecnn 3afaHo ypaBHeHMe M0CKOCTU B 00WemM Buge (2) u
HaZ0 y3HaTb ee pPacrofiokeHWe OTHOCUTENLHO CUCTEMbI KOOp-
OVHaT, TO JOCTaTOYHO ypaBHeHWe (2) NPUBECTU K HOPMaSibHOMY
BUAY, YMHOXMB €ro Ha HOPMUPYHOLMIA MHOXUTENb M.

M3 camoro e ypaBHeHWs (2) 6e3 Kakux-nmbo BbIMUCNEHNI
MOXHO 3aK/loUYUTb TOMbKO Credytowime fAsa pakta: 1) ecim
0 =0, TO NIOCKOCTb MPOXOAUT Yepe3 Hauyalo KOOpAWHaT,
a ecnm 0, To OHa He MPOXOAMUT Yepe3 Hauyano KOOPAMHAT;
2) BeKTOp N—(A, B, C) nepneHaukynapeH MNAOCKOCTW, Befb
OH KOMNMHeapeH eauHuyHomy Bektopy \= (MA, MB, MC) —
= MN nepneHavKynapHOMY K [aHHON MIOCKOCTMW.
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YpasHeHwue
Ax+ By+ D=0 4)

€CTb YaCTHbIA cnyyaid ypaBHeHWs (2). B nnockoctn (mr, Y)
ypaBHeHMe (4) onpeaenseT npsaMyto, a B NpocTpaHcTee (X, Y, )
OHO ecTb YypaBHeHMe nnockocTW I, NepneHguKyNapHON K Ko-
OpAVMHATHOM MNIOCKOCTM (I, Y) W NPOXOAALLei Yepe3 3Ty nps-
myto. KakoBa 6bl HM 6blna TOYka (5, y, r), NpUHagIexawas
K nnockoct T, ee KOOPAUHATHI X, Y YAOBMETBOPAIOT ypas-
HeHWO (4) He3aBMCMMO OT TOrO, Kakyld OHa WMeeT TPeTbto
KOOpAuHaTy I. YpaBHeHUe

Ax\-D=0 (J1"0) )

€CTb YaCTHbIA Cny4yail ypasHeHuMs (4).
Ero mMOXHO 3anucaTb elle B Buae

x=C (C=—D/A). (5)

YpasHeHue (5') B npocTpaHcTee (X,

Yy, T) ecTb TeOMETPUYECKOe MeCTO TO-

yek (X, Y, I), VMEIOLLMX MepByro KO-

opauHary, pasHyto uucniy C. Koop- pIC 2.

AVHATbI Xe Y, T MOryT 6bITb IHOOLIMA.

fAcHo, uTto (5') onpegenseT MNAOCKOCTb, NapanfesibHyt0 Koop-

AMHATHOW nyiockocTn (y, ) (WM NeprneHANKYNSPHYD ocn X).
9.3. YpaBHeHMe NNOCKOCTWM B OoTpe3Ka X. Ecim

uucna A, B, C, D He paBHbl HYNH, TO YpaBHeHUE (2) MOXHO

3anucartb Tak:

1+ T+T1 ©

rope a——D/A, b——D/B, c= —D/C.

YpaBHeHne (6) Ha3biBaeTCA YpaBHEHWEM MJIOCKOCTM B OT-
pe3kax. JTa MAOCKOCTb (puc. 21) nepecekaeT OCb X B TOUKE
(a, 0, 0), ocb y—B TOuKe (0, b, 0), ocb r—-B TO4Ke (0, 0, C).
Mo ypaBHeHUtO (6) Nerko NpeacTaBUTb cebe pacnonoxeHue
NNOCKOCTU OTHOCWUTE/ILHO CUCTEMbI KOOPAMHAT.

94. YpaBHeHMe NN0OCKOCTMH, npoxoasuen
yepe3 Touky. Ecnm Touka (X0, «/, T.) NEeXWUT Ha MMOCKO-
ctM (2), TO ee KOOPAMHaATbl YAOBMETBOPAIOT YpaBHEHUHO (2):

Axnt+ By0 Cr/H D=0. (7
Bblumtas (7) m3 (2), natyumm
A(Xx—x9+ B(y—Ya+ C(r—r,)= 0. (8)
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YpaBHeHUe (8) Ha3biBaeTCA YpaBHEHMEM M/IOCKOCTU, MPOXOAs-
el Yepe3 TO4Ky (mr,, Yt, r,,). B BekTOpHOW ¢hopme ypaBHe-
Hue (8) mmeeT BuUf

NTP—P°) =0, (8"
roe N, p, p°—BeKTOPbLl, OMnpefenisieMble paBeHCTBaAMU
N=(A, B, C), p=(@m vy, 1), po=(r, Y, ro.

3necb N—BeKTOp, NepneHANKYNAPHbIA K maockoctn  (2),

P —pagnyc-BeKTOP TeKyLLeid ee TOYKW, pP°— paguyc-BeKTop
3a[aHHON ee TOYKM. TakK KaK BEKTOP p—p°, MPWUIOKEHHbIIA

K Touke (x0, yB, r0), npuHagnexut nnaockoctn (2), To pa-
BeHCTBO (8) roBopuT O TOM, u4TO BekTop N OpTOroHaleH
NA0OCKOCTU (2), 4TO Mbl YCTAHOBWAW paHee M3 APYrmMx coobpa-
XXEHWA.

9.5. YpaBHeHMWEe MNOCKOCTW, Npoxogsauiei de-

pe3 TpU TOYKW. [laHbl TPU TOYKM

(*1, Yo *i). (*. YK Z), (*, Y3 *3),

He nexalyme Ha OfHOV npsamoil. TpebyeTcs HanucaTb ypas-
HeHVie MAOCKOCTM, MPOXOAALLE 4epe3 3T Tpu ToukW. A3 reo-
METPUM M3BECTHO, YTO Takaf MJIOCKOCTb CYLLeCTBYeT W eduH-
CTBEHHas. Tak KakK OHa MpOXoAauT Yepe3 TO4uky (xm yt, r”,
TO ee ypaBHEHWe VIMEeT BW[

A(X—xJ + BNy—yX+ C(r—r,)=0, )

roe A, B, C ofHOBpeMEHHO He paBHbl HyM0. Tak Kak OHa

MPOXOAUT ellle Yepes3 TOUKM (ar, Y,, T,), (ac, ys, r,), TO LOMKHbI
BbIMOMHATLCA YCNOBUS

A(Xt—xYN-B(yx—Y)+ C (r,—r()

XX+ B(y3—y,) + C(r3—1"

CocTaB/M OfJHOPOAHYKO JIMHEAHYIO CUCTEMY YpPaBHEHWIA OTHO-
CUTENbHO HEM3BECTHbIX W, V, WA\

0, \
.

(X —x3n + (y —yjv + iz —r,)o» =0,
(ar—xj n-f (yt—yj v+ (r,—r,) w= 0, ()
(Xs_.qr«) n+ (yt_yl) v+ (ra _ri) W= O

3p4ecb (oo y, r) ecTb NPOWU3BOMbHAA TOYKA, YAOBNETBOPAOLLAS

ypaBHeHuMto nnockoct (9). B cuny (9) m (10) cucteme (11)
YAOBNETBOPSET HeTpuBManbHblA BekTop N=*(A, B, C), no-
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3TOMY OMpedenuTeNnb 3TOM CUCTEMbl PaBeH Hy/o

Y—¥Yl 1 —T,
X—xt y» ¥ rr~r1, =0 (12
X3—Xt yp—yt r3~rl

Mbl nonyunnu ypasHeHue Buga (9), T. e. ypaBHeHWe NAOCKO-
CTW, B YeM Nlerko y6eanTbCs, PasfoXUB MOMYYEHHbIA Onpe-
[ennuTens Mo 3neMeHTaM MepBoi CTpokW. lMpu 3TOM 3Ta nno-
CKOCTb MpoxoguT 4epes Toukn (xO yt, r,), (ar, 1/, r,),
(*3, ¥3* r»> 4TO BbITEKAeT M3 CBOWCTB onpegenvtens. Hawa
3afjaya peLLeHa.

YpaBHeHMe (12) MOXHO ellje HamnmcaTb U B ChedytoLem
BULE:

= 0. (13)

KKK
|

Ecnn 13 nepBoii, TpeTbeil M YETBEPTOW CTPOK OMpeaenunTens
B (13) Bbl4eCcTb BTOPYHD CTPOKY, TO OH He M3MeHWTcs. Pas-
narag pesynbTaT MO 3/1eMEHTaM YeTBEPTOro cTon6ua, Nomyymm
ypasHeHue (12).

9.6. Yron mexpay [ABYMSf nnockoctamu. 3aga-
UM [1Be MAOCKOCTM

Ax4*By4*Cz4-D =0,

A'x+B'y+C'z+ D' =0. (14)

Mbl 3Haem, 4TO BekTopbl #=(J1, B, C) n JIT=(.4?, B', C"
nepneHANKyNsapHbl COOTBETCTBEHHO AaHHbIM MIOCKOCTAM, MO-
atomy yron ¢ mexagy N u N' paseH yrny (gByrpaHHoMmy)
MEXAY AaHHbIMW MAOCKOCTAMM. HO ckanspHOe npoussegeHune
NN' = WL |Jcos by,
noaTomy
NN* /1/1'+f1s' + CC'
T y  + V MY4+(fl')s+(Cha
(15)

Ccoad !

JocTaToyHO cumTatb, 4Tto O h " 4.

OTMeTUM, YTO [Be MepeceKatoLmecs MJ0CKOCTU Ha CamMoM
Aene obpasytoT fABa ABYrpaHHbIX yrna o, u ¢, Mx cymma
paBHa N (, + db, = ), a WX KOCWMHYCbl PaBHbI MO abCONMHOTHON
BE/IMUMHE, HO OT/MYalOTCA 3HakaMu (coadh, = —cos ,). Ecnn

* 4. C. byrpoo, C. M. Hukonbckue
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3aMeHWUTb B MepBoM ypasHeHuw (14) uucna A, B, C cootBerT-
CTBEHHO Ha uucna — A, — B, —C, T0 nosnyyeHHoe ypaBHe-
Hue OyfeT onpefensTb Ty Xe MA0CKOCTb, HO yron ¢ B (15)
3aMeHUTC Ha 9 —dah

[Be nnockoctn (14) nepneHAVKYNspHbI Torga W TOMbKO
Torga, korga cosg=0, T.e.

AW' = AA' + BB' +CC" = 0. (16)

[se nnockoctn (14) napamnenbHbl TOrja W TONbKO TOrAa,
Korga (nepneHAukynapHole K HuMm) BekTopbl N 1 N' koniu-
HeapHbl, T. €. BbIMOMHATCA YC/MOBUA MPONOPLMNOHILHOCTU

A =8 4T (17

Ecnn fononHUTEIbHO K 3TOMY BbIMOMHAKOTCA PacLUMPEHHbIe
ycnosna nponopunoHasibHOCTU

N ® £ E /Io\

A~ B - C " D» ' 10;
TO 3TO rOBOPMT O TOM, 4TO nnockocT (14) cosnagakoT, T. e.
06a ypasHeHWs (14) onpefenstoT OAHY W Ty Xe MIOCKOCTb.
XOTA Ha HyNb AeNUTb Henb3s, HO YAOOHO MucaTb CMMBO-
nnyeckne nponopuymmn  (17) wm (18) ¢ HynsAMW B 3HaMeHaTe-
nax. Ho Ttorga, ecnu, Hanpuwmep, B'=0, To Hago cymTtaTs,
yto 1 B=0. Wm ecnm D'=0, to D=0.
Mpumep 1 YpaBHeHusa

20r+4«/+ 1=0,
*+2y+5=0

onpefenstoT Mmapy napannenbHbIX  NAOCKOCTEA, a ypas-
HeHUA

2x+ 4y + 2= 0,
X+ 2y+ 1=0
—napy COBNafaroLLMX MNOCKOCTEN.
9.7. PaccTtofdHuMe OT TOYKM [O MNNOCKOCTHU.

TpebyeTcs HaiTM paccTosHMe OT Touku (ar, y0, zO= Q@ go
nnockoct I, onpefensemMoil ypaBHeHUEM

Ax+By+ Cz+ D=0.

Ons atoro npueegem ypaBHeHue [1 K HopmanbHOMY Buay|
(. v)=p (p>0)

3pecb p= (o, y, r)—pagnyc-BeKTop Tekylien Toukm Q nno-

ckoct T, p—annMHa nepneHaukynspa a K [, BbiMyLLeHHOro
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U3 HYNEeBOM TOYKW, U V—eANHUYHBIA BEKTOP, HamnpasfieHHbI
Kak a. W3 puc. 22 BWAHO, YTO pasHOCTb p—p° pagnyc-Bek-
TOpa Npou3BoNMbHOM Toukn Q= (X, y, r) nnockoctn I u pa-
anyc-sekTopa Toukn @@= (*,, y0, rQ)ecTb TakO BEKTOp, 4TO

abCcoMoTHas BeNMYMHA €ro MPOeKUMM Ha V paBHa UCKOMOMY
pacctosHuo d ot @ = (xe, yt, r,) go Il

d=1(p—p° V) |
HO
(P—p° V)= (p, V)—(p°, V)=p—(p° V)
CnepoBaTtefibHO,
d=1(p° v)—pl.

Mbl BMAMM, 4TO, ANS TOrO0 4TOGbI BbIMUCAWUTL paccTosHMe d
oT Toukn @ go nnockoct I, Hago 3anucaTb YpaBHEHWe
nnockoct 1 B HOpManbHOM BWAE, MEPEHECTM P B IEBYHO
YyacTb M MOACTaBMTb B MocnegHtoto (*,,, yO, r0 emecto (X, y, ).
AOCONMOTHaA BEIMYMHA MOIYYEHHOTO BbIPAXEHMA W eCTb
nckomoe umcno d.
Ha sa3blke napameTpoB MAOCKOCTW, O4YEBUAHO,

d= |Ax, + By, + Czb+ DWNA'+ B'+ C*

Nerko BUAeTb, 4TO eciM Touka Q° U Hayano KOOPAMHAT HaXOoAATCA
Mo pasHble CTOPOHbI OT MAocKoCTM I (Kak Ha puc. 22), TO BEKTOp
p—p° o6pasyeT ¢ vV Tynoi yron, u nostomy

<k=._(P_P°’ V) = (po, \)_p> 0.

Ecnn xe Touka Qe M Hauyano KOOPAWMHAT HAaxOAATCS MO OAHY CTOPOHY
oT I, TO yKa3aHHbI/i Yyron ocTpblil, U Toraa

d= (p—p°, v) =/>—(p°, v) >0.
CnepoBsatenbHO, B NepsoM cnydyae (p°, v) > p, aBo BTOpOM (p°, V) < p.

3*
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Mpumep 2. PacctosHue d oT Toukm (1, 1, 1) go nnoc-
KocTtn Tl
X+ 2y+er =3
pasHO
w= |*+2j/££-3] _ 1
| V1+4+1 1,-1, , Y 6 -

B paHHOM cnydae Touka (1, 1, 1) M Hayano KOOpPAWMHAT HaXOAATCA
Nno pasHble CTOPOHbLI OT njockoctTn 1, Tak Kak M >0 un

*+ 2y+ z2— y-i, z_i = 1>0.

3ALAUN
1. MpwnBecTn ypaBHEHWUS MNNOCKOCTEN
x—y-\-t=2, 2x—y-\-Y20r= 10
K HOpma/iibHOMY BUAY.

2. HaliTn yron mexpgy naocKoCTAMM
X+y+r=1mn y=0;
X—y+ Z=2 n X+ 0+ 2=3.

Hanucatb 13/paBHeHme NAOCKOCTN, TMNPOXOAALLE/i uepe3 TOUKW

3.
© 0 1), 1,0 1), (1.1, 0

4. HanucaTb ypaBHeHMWe LLIAPOBO MOBEPXHOCTW C LEHTPOM B Hauane
KOOpAWHAT, Kacatouweics NNockocTn 2x—6y+7r = 2.

§ 10. Mpsmas B NPOCTpPaHCTBE

10.1. YpaBHeHUs nNpAMONA B KaHOHMYECKOM
BUzAe. PacCMOTPUM B NPOCTPaHCTBE MPOU3BO/LHYIO NPSAMYyHO L.
OTMeTUM Ha Held TouKy (o0, v,,, r0),
OMpejenstoLLyt0  paguyc, BeKTOp
PP= (%> Y» ro W nexawmin Ha
Heli BekTop a= (a*, ar, an=£0,
NPUNOXEHHbI K Touke Q°= (X0,
Yo Ty (puC. 23). Tpou3BonbHYHO
TEKyLLY0 TOuky npsmon L 0603-
Hauim 4epe3 Q= (acy, r) n ee pa-
AWNYyC-BEKTOP 4epe3 p= (g Yy, I).
BekTop p—p° MOXHO 3anucarb
B Buge p—p°= /a, rge /—He-
KoTopoe umcno (ckansap). Ecnm
JeicTBUTeNIbHAf  MepeMeHHas  t
npo6eraet uHTepBal (—oo, 00), TO KOHEL, BeKTopa p=

= p'+ /a npoberaet BClO npsmyto L. Tlo3tomy roBopsT,
YTO PaBEHCTBO

p—p°=ta (— o0 < /< 00) (9
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ecTb BEKTOPHOEe YpaBHEHME MPAMOIA, MPOXOASLLIEN Yepe3 TOUKY
Q@=( X V,» [, W HanpaBneHHON B CTOPOHY BeKTOpa a.

Ha s3blke KOOpPAWHAT ypaBHeHWe (1) pacnajaeTcs Ha Tpw
ypaBHEeHUs:

X— Xo= /<*,
y—yt= tat, ()
z—z, = tat. s

Vckntoyas m3 HUX napameTp t, MOAYYMM YpaBHEHUS MPsMOi
(cvuctemy u3 [BYX YpaBHeHWIA)

I * - f—*o
°1 <k as '’ (r)

roe uvcna a,, ar, a, OAHOBPEMEHHO He paBHbl HYMO. Ypas-
HeHus (') Ha3bIBAKOTCA YPaBHEHVSMW MPSMOIN B KAHOHNYECKOM
BUZE.

3amMeyaHune. MOXET CAYYMTbCA, YTO OJHO WM [Ba U3
yucen 0,, ar, a3 pasHO Hynto. Torga BCe Xe MPUHATO nucatb
paBeHcTBa ([7) O Hynem WM AByms HYNAMW B 3HaMeHaTeNsX.
Takas 3anWMcb CTAHOBUTCA ToOrfga CUMBOJINYECKOM, HO OHa
yA06Ha.

Mpumep 1 YpasHeHUs

X—\_y—2__1-3 - (EL)I

OMpefenstoT MpAMyt0 B MPOCTPAHCTBE, MNPOXOAALLYIO 4epes
Touky (1, 2, 3) B HanpasneHun BekTopa (1,0, 2).

3TV ypaBHEHUS MOXHO 3aMEHWUTb Ha CledytoLiue UM 3KBU-
Ba/IEHTHbIE:

y—2=0-(n—1), 2{x—1) =r—3,

y=2, = 2ar+1. 2

TakMm 00pa3om, paccMaTpuBaeMas npsamas ecTb MepeceyeHwve
[BYX MJIOCKOCTER, onpefensiemMbix ypaBHeHUaMM (2').
Mpumep 2. YpaBHeHWs nNpsamoi

X—1 y—2 r—3
1 — 0 * 0 . e
3KBUBAIEHTHbI C/IELYHOLLM:
y—2=0, r—3=0.
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10.2. PacnonoxeHune ABYyX nnockocTeW. [ycTb
aaflaHbl ypaBHEHWs [BYX MAOCKOCTeN
Ax4*By4*Cr4" O= 0, (3)
A'x+ B'y+ C.+ D'=0. 4)

Ecnm  koa(ptpmumMeHTEI MEPBOTO M3 HUX COOTBETCTBEHHO MpPO-
nopumoHanbHbl koadhdprumeHTam sBToporo (A:B:C= A":B':C'"),
To nnockoctn (3) u (4) napannenbHbl WM fAaXe CcoBMajatoT
(npw ycnosumn AiBiCiD= A":B":C":£)") (cm. §9, (17) 1 (18)).
B npotmeBHOM cnyyae nnockoctu (3) m (4) nepecekaroTcs No
npsaMoil. B 3Tom cnyyae ogvH w3 onpegenuteneid

\A
':f_l»' ?l'll 1A %|]7 iBB‘ %‘|1

He paBeH Hym0. [lns onpegeneHHOCTU Oyfem cyuTaTh, 4TO
nepBbIli

\a> B' I~

Torga ypaBHeHMs (3), (4) MOXHO PpewmnTb OTHOCMTENbHO X
My, N Mbl NOMYyYUM

Xx=ar+u, \
Y- Pr+v, / (6)

rge a, p, U, V—HeKoTopble umcna. YpasHeHus (6) 3kBuMBa-
NEHTHbI CNejyHoLLMM:

T

Mbl BuguM, uto npu ycnosw! (5) ypaBHeHWs [ABYX nAaoc-
KocTein (3), (4) onpegendoT npsmyto (7), T. e. TeOMeTpUYe-
CKOE MEeCTO TOYeK, KOOPAMHATbl KOTOPbIX YLOBMETBOPSOT
ypasHeHuaM (3), (4). OHa npoxoguT 4epe3 Touky (u, v, 0)
N VMeeT HanpaeneHue BekTopa (a, p, 1). Ywucna a, p wm
OfHO W3 HWX MOrYyT ObiTb pPaBHbIMW HYMKO, TOrAa YpPaBHEHWS
(7) 6yayT WMMeTb CUMBOMNYECKMIA XapaKTep.

Mpumep 3. Tpamasn, onpegensemas ypaBHeHUsMN X = 0,
=0, eCTb, OYEBMAHO, KOOpAMHaTHas ocb r. K 3tomy pe-
3yNbTaTy MOXHO MPUATA U dropmMaibHO. Vimeem

x=0r y=0r,
OTKyza

*

Y
O O- 1»
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T. €. Mbl MOAYYUM YPaBHEHUS MPAMOI, MPOXOAsLLER Yepe3s
Hauano koopguHat (0, 0, 0) B HanpasneHuwn BekTopa (0, 0, 1).
fIcCHO, 4TO 3Ta NpsAMas ecTb OCb T.

Mpumep 4. Haittm yron mexgy npsmbiMu

«—*<_ Y-yl r—y /b
a * a W

' ©)

Bektopbl rl=(al, bt, ct), r,=(a,, C,) nexat Ha

HalMX MPSMbIX W, KaK Mbl YCIOBUAWUCH, OHW MPUIOXKEHbLI CO-
OTBETCTBEHHO K Toukam (*(, yO r,), (ac, yt, r,). Tostomy
yron o mMexgy 3Tvmm BekTopamu u 6yfeT yrnom mexagy nps-
MbiMn (8) n (9);

SALAYUN

1. HanwucaTb ypaBHeHWe nNpPAMOW, NPOXOAALLE/i 4epe3 TOUKY
(2, —1, 0) nepneHAMKYNAPHO K NAOCKOCTM 2X-\-T—4y = 7.

2. HanucaTb ypaBHeHMe MAOCKOCTW, MPOXOAALLEA uepe3 TOUKY
(1, — 1, 2) 1 nepneHANKYNAPHON K MPAMONA, OnpefensemMoii ypaBHeHU-
amm 2ac+3y=1, 3or—1=1.

§ 11. OpueHTaums NPSAMOYrofibHbIX CUCTEM KOOpAMHAT

11.1. ABymepHasd cuctema KoopaumHaTt. Ha puc.
24 n 25 un300paxeHbl CUCTEMbl KOOpAMHAT & y. OHH pas-
JINYHBI—MPO HWX TOBOPAT, UYTO OHWM OPUEHTUPOBAHLI MPOTU-
BOMO/IOXKHO. B cnyyae pwuc. 24 noBOpOTOM OCU L BOKPYT TOUKK

<]

B Yy
Puc. 24. Puc. 25.

O Ha yron n/2 MOXHO COBMECTWUTb Hanpas/ieHWe OCe X U Y,
NNLWb €CcAn 3TOT MOBOPOT COBEPLUMTL MPOTUB YaCOBOW CTPESKM.
B cnyyae e puc. 25 3TOW LEM MOXHO AOCTMYb, NWLLbL MO-
BOpauymMBas OCb X MO 4acoBOW CTpesike. HeBO3MOXHO cucTemy



72 *n. OPUMEHTAUWMA TMPAMOYTIOJiIbHbIX CWUCTEM KOOPAVMHAT

KOOpAWHaT, U306paXeHHy0 Ha puvc. 24, nepefsuras ee B pac-
cmaTpuBaemoidi nnockoctn (l) kak TBepaoe Teno, COBMECTUTb
C CMCTEMOW, M300paXeHHOM Ha puc. 25, Tak, 4TOObl Hanpas-
NEeHNs COOTBETCTBYIOLLMX OCE COBMasMN.

Ha puro. 24, Tak Xe Kak Ha puc. 25, m3obpaxeHa napa
HEKO/IIMHEeapHbIX, BbIXOAALMX U3 HEKOTOPO TOUKM A BeKTO-
poB o u ft. MNepeasuras 3Ty mapy kak TBephoe Teno B M/o-
CKOCTM, [OCTUrHEM TOro, 4ToObl TOYKa A COBNana C Hayanom
koopgmHat O. lNoctaBum cebe 3afady MyTeM BpaLLEHWs Kax-
[Oro u3 BekTOpoB a M ft BOkpyr Toukm O AOCTUTHYTbL TOFO,
4yToGbl BEKTOP @ MPWHAN HanpasfeHWe ocu X, a BekTop ft
oKaszanca nexawium Ha oc y. Mpy 3TOM Mbl Tpebyem, UToObI
BO BpeMs 3TOro npouecca BekTOpbl a W ft Bce Bpems Haxo-
OVWNUCL B PaccMaTpvBaeMO MOCKOCTU W YTOGbI Yron Mmexay
HUMA He 6bln paseH O 1 n. OueBMAHO, BCErfa MOXHO LOCTWT-
HyTb 3TOW Uenu. BHayane Mbl BpaliaeM CUCTEMY BEKTOPOB a
n ft kak TBepgoe Teno OKoMo TOYkM O [O COBMAfeHWs Bek-
Topa O C MOJOXWTENIbHbIM HampaBieHWeM ocu X. Tak  Kak
BekTOpbl a UK ft He KonnuHeapHsbl, TO BekTOp ft oKaxeTcs
B BEPXHEM WM HWXHEA nonynnockocth. 3atem BekTop ft mo-
BOpPauYMBaEM Ha HEOOXOAUMbIN Yros, 4TOObl OH OKas3ancs Ha
ocM y, MpU 3TOM He paspeluaetcs, 4Tobbl BekTop ft monagan
Ha oCb X. [103TOMYy MOXET CAy4YuTbCH, YTO HanpaefeHWe BekK-
Topa ft coBnagaet ¢ HanpaeneHWeM OCK Yy (3TO BO3MOXHO,
Korga BekTop ft Obim B BepXHE MOMYMAOCKOCTM) WM Xe

Puc. 26.

BeKTOp ft OKaxeTcs HanpaBneHHbIM B CTOPOHY OTpULATENb-
HOro HanpasfeHns ocu y (CM. puc. 26, rae nokasaHa AWHa-
MMKa npouecca). B nepsom cnyyae Mbl 6yaem roBopuTb, 4TO
napa BekTopoB (0. ft) opueHTMpoBaHa Kak cucTema Koop-
AMHAT X, y, a BO BTOpOM, 4TO napa (a, ft) opueHTUpo-
BaHa MPOTUBOMOMIOXHO OpPUEHTALMN X, Y.
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11.2. TpexmepHad Buctema kKooppuHat. [lpsa-
MOYrO/ibHble CUCTEMbl KOOPAWHAT X, Y, I B MPOCTPAHCTBE,
N306paxeHHble Ha puc. 27 n 28, TOXe pasnyHbl. Paccmatpu-
Bas CUCTEMY KOOPAMHAT puc. 27 Kak TBEpLOe Tefo, MOXHO
rocsie COOTBETCTBYHOLLETO €ro MepefBuXeHns COBMECTUTL OCK
X Uy 06enx cucteM KoopamHat. Ho nonoxuTesibHOe Hanpas-
NIeHWe Ocy I NepBOM CUCTEMbl He COBMajaeT C MONOXMUTESb-
HbIM HarpasfieHWeM OCK T BTOPOI cuCTeMbl. Mbl FOBOPMM, YTO

Puc. 27 Puc. 28.

CUCTeMbl puo. 27 K 28 OpUEHTUPOBaHbI MPOTUBOMONOXHO.
Cuctema puc. 27 Ha3biBaeTCA /1EBOA CUCTEMOI KOOPAMHAT,
a cucTema puc. 28 —npaBoii CUCTEMOI KoopauHat. Ecnn
BUHT C MpaBoi (NeBOM) Hape3Kol BBMHYMBATL MO Hanpase-
HAKO OCW I, NOBOpauYMBas ero Mo cTpenke puc. 28 (puc. 27),
TO OH 6yfeT [BUraTbCA NOCTYNaTeNbHO B 3TOM HArpaBieHuu.
MOXHO TakXe pacrno3HaBaTb CUCTEMY KOOPAWMHAT MO Crefyto-
Wemy npasuny. Ecnm cMOTpeTb M3 KakoW-nmbo TOUKM  MOSO-
XUTeNbHOM nonyoc Or Ha NONOXWTENbHYO nonyocs Oy,
TO MONOXUTeNbHAas noayock OX MOXeT OblTb Hanpas/eHa
B/IEBO WM BMpaBo. B nepsoM c/yyae CUCTEMA KOOPAWMHAT
Ha3blBaeTCs neBoi (puc. 27), a BO BTOPOM—npaBoi (puc. 28).

BekTopbl @, b, ¢ HasbiBaHOTCA KOMMAaHapPHLIMW, ecin OHU
Nnexat B OfHOM NAIOCKOCTU WM e Haxogatcs B napanienb-
HbIX M/IOCKOCTAX.

BosbmeM CcUCTeMy HeKOMMaHapHbIX BEKTOpPOB a. b, c,
NPUNOXEHHbIX K HEKOTOPO Touke A. Byaem BpalwiaTb B M0-
CKOCTM BEKTOpPOB a M b BekTOp b BOKpYyr Toukm A [0 Tex
nop, noka b He OKaxeTcAa NeprieHANKYNapHbIM a. Bo Bpems
OBMXeHWS Oyaem cnefuTb, yToBbl yron Mexzy a u b Bce
BPeMs He paBHANCA Hymo u n. MNocne atoro 6ydem BpaLiaTh
BEKTOP C OKO/I0 A C Ue/blo Npuiatb emy HanpasieHue, nep-
NeHAWKYNApHOe BekTopam a, b. Mpu atom Oygem cnefuTb
3a TeMm, 4TOObl BEKTOP C HWM Ha OAMH MOMEHT He COBMan ¢
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MJIOCKOCTLHO BEKTOPOB a M b. B pesynbTate BekTopbl @, b,
C OKaXYTCA NepneHavKyNApHoIMU. Terepb MNepeHecem 3Ty
TPOKYy Kak TBepfoe Teno B Touky O u Bygem ee Bpawathb
BOKPYr TOYkM O C Lenblo, 4ToObl BEKTOPbl d U & NOMy4nnu
COOTBETCTBEHHO Hamnpas/feHWs oceil &, y. MOXeT 0Ka3aTbCs
4Ba cnydas: 1) BekTop € OyfeT HanpasfeH Kak MONMOXWTeSb-
Hasi ocb T, 2) OH GyAeT HanpaBfeH B MPOTMBOMOJIOXHYIO CTO-
poHy. B nepsom cnyyae Gyfem roBOpwUTb, YTO CUCTEMA BEK-
TOpoB a, b, C opueHTMpoBaHa Kak CUCTEMA KOOPAMHAT X,
y, I, @ BO BTOPOM—OHa OpPVEHTMPOBaHA MPOTUBOMO/OXKHbLIM
06pa3oM (CM. COOTBETCTBEHHO puc. 27 un 28).

§ 12. BekTOpHOE Npowv3BeaeHMe

12.1. OdBa onpefeneHna BeKTOPHOIo nNpouns-
BeAeHMUA. 3agagMM B HEKOTOPOW MPAMOYrofibHOM CcucTeMe
KOOpAWMHAT TPeXMepHOro [AeiCTBUTENLHOTO MPOCTPaHCTBA BeK-

TOpbI
n=(ax, av, ar), b= (bx, by, bg
N Ha30BEM BEKTOPHbIM MPOM3BEEHVEM a 1 b BekTop

Cc=ax& =[ax&] =
=(fA “ a* 1+ (aA —aJl)Y + (axby—aA )k*“
I3 Tk

, a, . (1)
Chby b

B KauecTBe MOC/MeHEro usieHa 3TOW Lenu HanwcaH «0606-
LUEHHbIA OnpefenuTens>, MepsBas CTpPOKa KOTOPOro COCTOMUT
13 BeKTOpoB i, J, K (opToB cucTembl KoopauHat). Bo BTOpOM
ufieHe MOKa3aHO, KaK 3TOT OGO0OLLUEHHbI OMpeaennTeNb MOHW-
MaTb (onpegenvTenb TPETbLEro MOpPALKA Mbl pasnaraeMm o ane-
MEHTaM MepBOiA CTPOKM TaK, Kak ecam 6bl I, J, K 6binn unc-
namn).

OuesngHo, uto [ax(-ft)] =-[ox ft].

BekTOpHOe npou3BefeHMe BEKTOPOB a UM b MOXHO Takxe
onpefennTb Ccregytolwmm obpasom:

1) ecv a M b KONNMHeapHbl, TO UX BEKTOPHOe MpOun3Be-
[eHVe paBHO HYNeBOMY BEKTOpY;

2) eciM a M b He KONMMHeapHbl, TO BEKTOP C HarpasfieH
NepneHAHKYNSPHO K a 1 by NpUTOM Tak, 4YTo cuctema (a, b, c)
OPMEHTUPOBAHA TakK e, KakK [JaHHaf CcucTeMa KOOPAMHAT.
[OnvHa e BekTOpa C paBHa

Icl=»lal|ft]sin(c  (0<1t0 <3), @)
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rae 10 ecTb yron mexgy a u ft, 7. e. givHa ¢ paBHa nno-
WaaM napannenorpaMma, MOCTPOEHHOr0 Ha BekTopax a u ft
(puc. 29).

JOKaXem 3KBMBANEHTHOCTb CHOPMYNMPOBAHHbLIX ABYX OMpe-
OENEHNA,

Ecrm Bektop ¢ =0, 10 13 (1) cnegyer, 4YTO KOMMOHEHTbI
BEKTOPOB a M ft mponopuvoHabHLI

T. €. a U ft KONNMHeapHbl, HO TOrga BEKTOPHOE TMPOW3Befe-
Hie U N0 BTOPOMY OMNpPeJeNeHN0 PaBHO HYNEeBOMY BEKTOPY.

Puc. 29

O6patHo, ecm @ K ft KONMHeapHbl, TO NO BTOPOMY Orpefe-
neqmo axft=0. Tak kak kommoHeHTbl BekTopos & u ft rMou
3TOM NPONOPLMOHaNbHLI, TO, COFMIACHO MEPBOMY OMpPedeNeHuHo,
c=0.

MycTb Tenmepb a W ft—HeKoONNMHeapHLle BEKTOPbI U C—
X BEKTOPHOe npom3sedeHne cornacHo (1). OueBugHo, 4TO

(c, a) = (ad—aiky) ax+ (arbx—axt) ay +
+ (axby—aypqga, =0

N aHa/IOrMYyHO
@, ft)=0.

WTak BekTOp C meprieHAuKynspeH K a u ft.

[okaxeM, uTo cucTema BekTopoB (a, ft. C) opreHTMpoBaHa
Tak >e, KaK CUCTEMa KOOpAMHAT X, Y, . Bbyaem HenpepbiBHO
BpawaTb BekTOpbl O M ft BOKpyr Toukm O, Kaxibli pa3
BbIYMC/AA MO HUM BEKTOP C, HO TakK, 4TO6bl BCe BpemMs a M
b 6binM HekonnMHeapHbIMW. HO TOrfa BEKTOP C BCe BpeMs
oynet HeHyneebiM (c® 0) u cuctema (a, ft, c) Bce Bpems 6y-
LeT HekoMMnnaHapHoi. CoBepLUMM Takme MOBOPOTHI, YTOOLI
BeKTOpbl a W ft nonyunnn HanpaeneHUs COOTBETCTBEHHO OCei
X Wy, T. e utobbl oHn wumenn sug a=*(|a], 0, 0),
&= (0, 16 1, 0). JTtoro Bcerga MOXHO [OCTUFHYTb, MOTOMY
4YTO B [JaHHOM Cflyyae MOCKOCTb BEKTOPOB a, ft MOXeT Bpa-
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aTbCA B NPOCTpPaHCTBE. HO TOrga BEKTOP C, BbIMMCMEHHbIN
no copmyne (1), mmeet sug ¢c—(0, O |a]|ft]). Mol Bugum,
yTo BekTOpbl (a, ft, C) B nocnegHWii MOMEHT Hallero mpouecca
OpPMEeHTUPOBaHbI Tak Xe, Kak ocv (X, y, r). Ho Torga, cornacHo
onpefeneHnto opueHtaumm (cMm. § 11) M ucxofHas cucTema
a, ft; c opueHTMpoBaHa TaK >e, Kak cucTeMa KOOPAUHAT
X, Y, T

WTak, BeKTOpHOe npoussegeHve c=axft, onpegeneHHoe
no copmyne (1), ecTb BEKTOP, NeprneHAUKYNAPHbIA K BEKTO-
pam a u ft n cucrema Bektopos (o, ft, c) opmeHTMpoBaHa
Tak e, Kak paccmaTpuBaemas CUCTeMa KOOpAMHaT X, Yy, T.

Ham ewe Hago pokasatb chopmyny (2). NycTb BekTOpSI
a 1 6 06pa3yloT 0 OCAMM KOOPAMHAT Yribl, COOTBETCTBEHHO
paBHble a, p, Yy n a4 p!, y*. TaKk Kak

ax= |a]Jcosa, aw= |JaJcosP, az= |a]cosy,
ft, = | ft]cosa’, = |ft}cosp* t, = |ft]cosy\
TO
= (oybz athy)*+ (arbx—axby + {axby—aybxy =
= Ja F|ft [F[(cos p cosy?—cosy cosP")* +
+ (cosy cosa e—cosa cosy')*+(cosa cosp'—cospcosa’)l=
= Ja F|ft ¥[(cos* a + cos* p + cos*y) X
X(cos*a' H-cos*p'-J- cos*yO —
—(cosa cosa' + cospcosP' + cosycosy')*] =
= Ja F|ft [1 e 1—cos*to] = |a [ |ft Fsin*,

rge co—yron mexgy ektopamy a uft (cosm= cosa cosa' -f-
+ cospcosP'+ cosy cosy').

WTak, Mbl gokaszanu (2).

TakuMm 06pa3oM, Mbl MOMHOCTHIO [0Ka3anu, 4TO M3 onpe-
JeneHns BEKTOPHOro npowussegeHuns no copmyne (1) cneayet
BTOPOE €ero onpegeneHue.

OG6paTHO, ecnM BEKTOpP MOAYMHSAETCS BTOPOMY OMpefene-
HUIO, TOTA4a OH eVUHCTBEHHbIA, MOTOMY UYTO MOXET ObiTb TOMLKO
OfVH BEKTOpP, NepneHAVKynsApHblA K a u ft, gnvHa koToporo
paBHa M/oWwaaM napanfienorpamma, MOCTPOeHHOro Ha a, ft
N NPUTOM TakoWi, yTo cuctema (a, ft, C) OopMeHTMpOBaHa Tak
Xe, Kak cuctema X, y, r. Ho Torga aTo ecTb BeKTOp C,
onpegeneHHbln no dopmyne (1), NOTOMY YTO MOCNEAHWUIA, Kak
Mbl y6eaunnch, 06n1adaeT ykasaHHbIMU CBOCTBaMM.

OTmeTM ewle pas3, yto ycnosme axft =0 ecTb Heobxoan-
MOe W A0CTaTO4YHOe YCMOBUE KONIMHEAPHOCTU BEKTOPOB a W ft.
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12.2. FeoMeTpPUYUYECKUIA CMBICT ONpeaennTens
BTOPOro nopsagka. PaccMOTpuM Tenepb CreuuansHoO Aga
HeHy/eBbIX MJIOCKMX BEKTOpa

a=(a, aV), b= {x b)) ®)

B HEKOTOPON NPSAMOYrofibHOW CUCTEME  KOOPAMHAT X, Y
(puc. 30, 31). bygem cumTaTb, 4TO paccmaTpuBaemas nJo-
CKOCTb HaxoguTcs B MNPOCTPaHCTBE M 406aBMM K OCAM X, Y

NepreHANKYNAPHYIO K HAM ocb T. BekTopbl a, b 6ygyT Te-
nepb UMETb KOOPAMHATbI

a=(ax, an, 0), b= {by /\|/>0).
BeKTOpHOe MpoW3BefeHWe WX PaBHO
a, a

B v\ 4

roe K—opt oo r. o onpefeneHVo BEKTOPHOIO Npou3Be-
JeHus cuctema (a, b, C) OopuveHTMpOBaHa, Kak cucTema Koop-
avHat X, Yy, r. T1o3Tomy, O4YeBMAHO, eciu OnpeLenuTesb
a* a,
X !> 0

TO cucTeMa BeKTOpPoB (0, b) go/mKHa ObITb OPUEHTMPOBAHA,
KakK ocu KoopauHat (X, y). Ecnm e onpegenuTenb

axb

a* av <o
s 1

TO cuctema (a, b) opveHTMpoBaHa MPOTMBOMOJMIOXHO OpUEHTa-
um X, y. Ha puc. 30 nsobpaxeHa nepsas cuTyaums pacro-
NoXeHns BekTOpoB (a, b), a Ha puc. 31—BTOpas. Mbl 3HaeM
TaKXe, 4TO NoWwadb napansienorpaMma, MNOCTPOEHHOro Ha
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BekTOpax a u ft, pasHa (cm. (4))

o

T. €. abBCO/MIOTHONM BeNMUMHE OMpedenuTens

WTaK, Mbl gokasanu, 4To: 1) abcontoTHas BeMyMHa orpe-
denutens (5) paBHa nnowgagn napannenorpamMmma, nocTPOeHHOro
Ha BekTOopax a ®mfax, aj u b= (bx, b)\ 2) 3Hak onpegenu-
Tens (5) 3aBMCUT OT PacroNOXEHWS 3TUX BEKTOPOB OTHOCUTENbHO
MPAMOYrOMbHOM CUCTEMbI KOOPAMHAT X, Y. 3Haky + c0OoT-
BeTCTBYeT cuctema (a, ft), opveHTMpoBaHHasd, Kak X, Yy, a

3HaKy — COOTBeTCTBYeT cucTema (a, ft), opueHTMpoBaHHas
NPOTMBOMOJIOXKHbLIM 06pa3oMm.
12.3. CeoiicTBa BEKTOPHOFO MNPOMWU3BEAEHMUSA.
CnpaBef/MBLl CBOICTBA
oxft=- [ftxa], . (6)
ax (aft)=a [aXft], @
ax (ft+c)=[axft]+[axd], @)

rpe a, ft, c—npomssonbHble BekTOpBLI, a —CcKanap.

Ecnn BeKTOpHble NPOM3BEAEHUs, BXOAALLME B PaBeHCTBa
(6), (7), (8), BblpaauTb Mo doopmyne (1) 4epe3 KOMMOHEHTI
BEKTOPOB

a (x  fl), b={x bu b), c—cx o, ct),

TO NEerko NoMyYnTb 3TU PaBEHCTBaA.

dopmynbl (6) n (7) Nerko cneayroT TakXe W3 reoMeTpu-
YECKMX COOOpaxXeHWA. MycTb a u ft—HeKoNNMHeapHble Bek-
TOpbl. ECin B BEKTOPHOM MPOW3BEAEHWN 3aMEHWUTb MecTamm
a uft, To nnowgags napannenorpamma, MOCTPOEHHOTO Ha a
n ft, 1 nepneHgukynap kK a u ft He unsMeHaTca. M3meHUTCH
Wb HanpaeneHne ¢ = axft Ha NPOTMBOMOMOXHOE, YTO Be-
yeT M3MeHeHVe opueHTaummn (a, ft, ax ft).

YMHOXeHMe Ha MOMOXMTeNbHOe 4MCio a BekTopa ft yBe-
NNYMBAET MULWb B @ pa3 M/oWadb napanienorpamMmma, NocTpoeH-
HOrO Ha a W ft, a HanpaBneHWe BEKTOPHOrO MpPOV3BEAEHNS
oCTaHeTcsa npexHum. Ecim xe a < 0, TO

ax(aft) =ax(—|alft)=|a| [ax:(»—_ft ]a=|*[aXft] =a[axft].
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3ameTm ewe, 4to m3 (6) n (7) BNeayeT Takxe, 4To
(aa) x ft= — [ft X (an)] =*—a [ftx a] = a [a x ft].
Mpumep 1. Onpegenuts yron A TpeyrosbHuka ABC

¢ sepwuHamn A= (1, 2, 3), B=(2, 2, 2), C«(1, 2, 4).
O603HauM WCKOMbIA yron 4Yepes 0. TakMMm 0O6pas3oM, ra

370 yron mexgy Bektopamu AB n AC. 13 BTOpOro onpefge-
NIleHNs1 BEKTOPHOTO MPOW3BELEHMS VIMEEeM

. IABXACI
sin o>
ABIl A1
roe /45=(1,0,—1), AC> (Q 0, 1), \AB\-V2,\/C| =1,
/) *
ABxAC= 1 O-1 __ j
OO0 1
Orcrofa ) -
sina = T;t' 03:'4*

Tak kak BC*=(—1,0, 2) n |BI f=5> |/IC|*+ |Ifi F«
= 14-2 = 3, TO HeobxoaMmMo B3ATbL W= 37/4.

3ameyaHune. Ecnn B TpeyronbHuke ABC yron A nps-
Moii, To \BC\*= BC*= AC*-\-AB*\ ecim A—Tynoi yron, To
BCr> ACr+ ABr\ecim A—ocTpbiii yron, 1o BC* < AC* 4-
4- AB*.

Mpumep 2 (M3 MeXaHWKM).
lMycTb 3afaHbl [Be TOUKM A U
B. K Touke B npunoxeHa cu-
Na, onpegeneHHas sektopom F.

MNyctb a = AB. MomeHTOM cu-
Nbl F OTHOCUTENbHO TOYKKM A
Ha3bIBAETCA BEKTOPHOE Mpous-
BefleHVe BeKTOpa a Ha BekTop Fi

b=axF

(cm. puc. 32, AD=HC).

BekTop ft (MOMeHT cunbl F) neprneHAuKyNspeH K BEKTO-
pam a U F 1 uMeeT AAuMHY, paBHYHO MIOWaAM napaineno-
rpamma, MOCTPOEHHOrO0 Ha BekTopax a W F. HanpasneHwue
Xe BekTopa ft 3aBMCMT OT TOM NPAMOYro/ibHOW CUCTEMbI
KOOpAMHaT, KoTopas 3afjaHa B 3TOM BOMpoOCe.
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Ha puc. 32 B3ATa fieBas cuctemMa KoopawHat. Hanpassne-
Hve b B3ATO Tak, 4TOObLI BekTOpbl 8, F, b Toxe o06pazoBasun
NeBYIO CUCTEMY.

§ 13. CwmellaHHOe (BEKTOPHO-CKanspHOe) npoussefeHune

BEKTOPHO-CKaNAIPHbIM  (CMELLIAHHbIM) MPOU3BEEHNEM BEK-
TOpoB &, b C (B TpexmepHOM AENCTBUTENILHOM MPOCTPAHCTBE)
Ha3bIBAETCH CKaNsP, PaBHbIA CKaNAPHOMY MPOM3BEEHUIO BEK-
Topa axb Ha BekTOp C.

(axb)c = {ayg—arb,)cx+ (arbx—axH)cn+
O ar
*5 [axh, ' by br (1)
G, C
B cuny onpeaeneHus CKansipHOro Mpow3sedeHms
(axbc= |px b]npsxr,c = (|a \\b\sin o) npox*c.

MOo3TOMy MOXHO €Lle, OYEBMAHO, CKa3aTb, YTO CMeLUaHHOe
npomssefeHne (aXb)C paBHO o6bemy napannenenuneda, Mo-
CTPOEHHOr0 Ha BekTOopax a, b C co 3Hakom -t- wwm —
B 3aBMCMMOCTW OT TOro, 6yaeT /M cucTeMa BekTOpoB a, b C
OPVEHTMPOBAHA KaK CMCTEMAa KOOPAWHAT X, Y, T WM NPOTMBO-
MOMOXHbIM 06pasoM. OTMeTUM, 4TO |np,Xx&c| paBHa BbicoTe

napannenenumnega.
MvetoT MecTo paBeHCTBa
(axb)c = (cxa) b= (bxc)a, @

KOTOpble NIeTKO CMiefyroT M3 cBoicTB onpeaenutens (1).
Ecnv BekTOopbl @, b C nexat B 0fHO/ NNOCKOCTM, TO

(axb)c=Q

Tak kak axb nepneHamkynapeH BekTopy C. OGpaTHoO, ec/u
(axb)c =0, 1o BekTOop C nepneHgukynsped sekTopy axb
W, CNnefoBaTeNbHO, NEXWUT B MIOCKOCTY BEKTOpPOB & v b um
B MIOCKOCTW, MapaifenbHoW 3Toi NIOCKOCTM.

Takum 06pas3om, YCnosue

(axb)c=0

eCTb HeoOXOAMMOe W [OCTATOYHOE YC/IOBME KOMMMaHapHOCTU
Tpex BekTopoB 8, b C.

Mpumep 1 HaiATn ycnosve MNPUHALIEXHOCTW YeTbipex
TOYEK K OfHOW MOCKOCTM.
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MycTb AaHbl YeTbipe TOYUKM (@, y,, r,) (/=12 3, 4).
Ecnv 3T TOYKM nexaT B OAHOW NIOCKOCTW, TO BEKTOPbI

A~At, AMNAr, AxA, TakKXe fexaT B 3TOW MN/JOCKOCTW, U, che-
[0BaTefIbHO, WX CMeLlaHHOe MpPOu3BeAeHMe PaBHO Hynto!

»—F Yr—N b—A4

(N/AX N/4) NN141 Xi—X y—yi 1,—
xt—xi yt—yf rd—r,

3T0 1 ecTb YCMOBME MPUHAANEXKHOCTU YeTbIpexX TOYeK
ofHoli nnockocTn (cp. § 9, (12)).

§ 14. JIHeiHO He3aBUCKMMas CMCTEMA BEKTOPOB
3agagum B RN (AelCTBUTENbHOM WM KOMMIEKCHOM) CU-
cTeMy 13 K BeKTOpoB
(Is= (fljff eoe* (s= 1, soel N* 8]

Mo onpegeneHmto cuctema (1) NMHENHO He3aBMCUMA, €CAN K3
BEKTOPHOIO paBeHCTBA

X,al+ Xra*-f ... + X*a*= 0, (2
rae X,, X*—uncna (COOTBETCTBEHHO [eACTBUTESbHbIE
WM KOMMEKCHbIE), CrefgyeT, uTo

Xj=mX, = ... = X=0.
Cuctema BeKTOopoB (1) Ha3blBaeTCH NMHENHO 3aBMCUMOMA, eCnn
cywiecTBytoT uncma X,, X,, ..., X*, OQHOBPEMEHHO He paBHble

HyMO, ANs KOTOPbLIX BbIMOJHAETCS paBeHCTBO (2). Ecnn ans
onpeaeneHHoCTU cunTath, 4to X*P 0, 70 U3 (2) cneayet, 4TO

aA=.ylal+...+u*_,a*-x (3)
rae

Takum 06pasom, ecm cucteMa U3 K BEKTOPOB NMHEIHO 3aBW-
CUMa, TO OfVH M3 HWX eCTb, Kak FOBOPSAT, SUHENHas KOM-
6VHaUWs OCTanbHbIX, WKW, KakK ele roBOpPSAT, 3aBUCUT OT
OCTa/IbHbIX.

Tak Kak BCe Bpems OyeT MWATM Peyb O NIMHENHON 3aBU-
CMMOCTUW, TO TEPMMH JIMHEVHbIA OyaemM MO3BONATL cebe MHOrga
onyckatb. bygem Takxe roBOpUTbL 3aBMCUMblE WM He3aBU-
CVMble BEKTOPbI BMECTO 3aBMCMMasi WM He3aBUCKMMasi CUCTEMaA
BEKTOPOB.
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OgvH BekTop al Toxe 06pasyeT cMcTeMy— IMHEAHO He3a-
Bucumyto, ecnn axXdP 0, u 3aBucumyto, ecim al= 0.

Ecnn cuctema BekTOpoB al, ..., aKNMHeiHO He3aBUCUMA,
TO No6as 4yacTb 3TOM cuCTeMbl B1, . as(s < A Tem 60nee
NNHENHO He3aBUcKMMa. WMHaye Hawnacb Obl HETPMBMASbHAs
cucTema yucen ..., \S, ANf KOTOPOI BbIMOMHANOCL Obl

Xoe-f-... 4~ =Q
[

HO TOorga Ansd cuctemsl X, ..., 0, ..., 0, KoTopas ToXe
HeTpMBManbHa, MMeNo Obl MECTO

.+ Xg*+ 0-a*+1+ ... + 0'0*=o0.

M3 cka3aHHOro cnefyet, 4To eC/IM CUCTEMA BEKTOPOB a\ ... ,as
NNHENHO 3aBUCUMa, TO Nt06Gas MOMOMAHEHHas cuUcTema

al, a3 ar*l, ..., aK

06nafaeT TeM >Xe CBOMCTBOM. B 4acTHOCTM, CMCTEMa BEKTOPOB,
cofepxallas B cebe HyNneBoi BEKTOP, BCEraa MMHENHO 3aBMUCKMa.
CocTaBum MmaTpumLy, onpeaensemyto BeKTtopamm cuctemsl (1):

i Qit ses Of, J

e0 0000 »

B”L ab» eee 1O

Teopema 1. Ecm paHr A=K, T. e paHr A paseH
yncny BEKTOPOB, TO cucteMa (1) SMHENHO HesaBuCUMA.

Ecnn e paHr A < K, To cuctema (1) AMHeliHO 3aBUCKMA.

Mpumep 1 [OBa BekTopa al= (am, aly), a*= (ati,atl)
B [e/CTBUTENbHOM NpPOCTpaHCTBe /?, 06pa3yloT SIMHENHO He-
38BMCUMYIO CUCTEMY, eCNU OMnpefennTenb

A sy
loy aZK

NOTOMY 4YTO BEKTOPHOE YypaBHEHWNE
Xb1+ XM =0 (4)

JKBMBA/IEHTHO ABYM YpPaBHEHMAM [O/14 COOTBETCTBYHOLUUX KOM-
MOHEHT

)
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Ho ecrm bdpO, 10 cuctema (5) WMeET eAMHCTBEHHOE TPU-

BMa/IbHOE peLLeHne
K=K= (6)

Ecnn xe =0, 10 ypaBHeHusm (5) ynoBMeTBOPSET HEKOTO-
pas HeTpusManbHas cuctema (X, kt), T. e. npu J1=»0 cuctema
BEKTOPOB al, al MHEHO 3aBUCMMA.

OueBngHO, CKasaTb, YTO B [AE/CTBMTE/ILHOM MPOCTPAHCTBE
/?, BeKTOpbl alu a* KONMHeApHbl WM IMHEHO 3aBUCUMbI —
37O BCe paBHO. Ho TOrga ckasaTb, 4TO BekTopbl al u a*
He KOMMNHEapHbl WA JIMHEAHO He- A
38BMCMMbI—3TO TOXE BCE PaBHO. QA

Mpumep 2. CucTema BEKTOPOB
al a\ a* (k~>3) B peicTsu-

TeNbHOM npocTpaHcTee R, Bcerga b
JIMHEMHO 3aBUCMMaA. [eOMeTpUYecKu b
370 ACHO U3 puc. 33 ecm ¢ — npo- Puc, 33,
N3BOJbHLIA BEKTOP Ma, b—Hekonu-

HeapHble BEKTOpPbI, TO BCEr4a MOXHO yKa3aTb Takue uyucna A,
L, 4To

JT0 nNOKa3blBaeT, 4YTO cucTeMa a, b, C NMHEiHO 3aBUCKMa.
Ecnm ke a u b—konnmMHeapHble BEKTOPbLI, TO OHW JIMHEHO
3aBUCUMMbI. Tem 60siee NIMHEHO 3aBMCUMbI a, b, C.

Mo Teopeme 1, 4TOObI MCCNefoBaTb Mapy BEKTOPOB al,
al Mbl JO/MKHbI 3ammMcatb MaTpuuy U3 UX KOOpAMHAT

A= G

B paHHHOM cnyyae K= 2.

a) Ecnm paHr J1=~1<2 =£, TO Teopema yTBEpXAaeT,
4TO BEKTOPbl al, ar /IMHeHO 3aBUCMMBI.

6) Ecnn xe paHr J1=2= & TO BEKTOPbl al a* AMHeliHO
He3aBUCUMbI.

370 cOBNafaeT C MPWBEAEHHLIMUA BbIBOLAMW, MOTOMY 4TO
B cnyyae a) 4=0 n 06)

ToT (hakT, 4TO TpU MpPOM3BOMbHLIX BekTopa al, a2, a3
B /?a /IMHENHO 3aBMCUMbI, TOXe NpPeLyCMOTPEH TEOPeMOi —Befb

paHr A< 2< 3=tf

Mpumep 3. B TpexmepHOM AeACTBMTENbHOM MPOCTPaH-
cTBe R3 fgBa BekTopa

al- (auy, alt, a,), a*=(aJ a,, a,)
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NIMHEHO 3aBUCKMMbI TOTAA W TOMbKO TOTAA, KOrAa OHWU KOJ-
NINHEapHbl.

B camom fene, nyctb 01 a2 KonAuHeapHbl. Ecim ogvH
M3 [aHHbIX BEKTOPOB HYNEBOW, TO OHW JSIMHEAHO 3aBMCUMbI.
Ecm e al n a2 KonnvHeapHbl U He HyJeBble, TO

ol="a2
roe X—HekoTtopoe uucno. locnefHee o03Ha4vaet, yto al, a3
NIMHEHO 33BUCKMBI.
O6patHo, ecnn al, a2 NMHENHO 3aBUCUMBI, TO OQUH U3 HUX
3a8BMCWUT OT APYroro, Harpumep
a2=pa\
T. €. BEKTOpbl KOM/MHEapHbI.
Ecnm B 3TOM C/iyyae paccMOTpeTb Marpuuy
1*1 «12 anil
f&l on
TO 3/1EMEHTbI CTPOK MaTpuubl MPONOPLMOHA/bLHLI, U MO3TOMY
paHr A—1< 2 =K,

T. €. Halle yTBepXjAeHWe cornacyetca ¢ Teopemoin 1
Mpumep 4. PaccMoTpum Terepb TpW BekTopa B /7,
® =(an. M2> 3>
®l= (@]> arr am>
a’'=(a,, a,2 0,).
MycTb
oy oy <=8
A= all A an .
031 039 Og3

BekTOpHOMY YypaBHEeHWO
X,a'+ X,a2-+X,a3=0 )
3KBMBAMIEHTHA CWUCTEMAa W3 TPEX YPaBHEHWW
aiik + auK + au"3—Q
OuX -famX -fa,X,=Q (79
aHK + a»K + 21K = 0.
Ecrm A”=0, 1O cuctema (7') WMeeT egMHCTBEHHOE TpU-
BMasibHOe pelleHre X = X, = X = 0. Ho Torga uypasHeHue (7)

NMeeT eAMHCTBEHHOE TPMBMWANbHOE PELLUEHME M CUCTEMa BEKTO-
poB 0l a2 a3 nMHeNMHO He3aBUCUMa.
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Ecnm =0, 10 cuctema (T), cneaoBaTenibHO, U ypaBHe-
Hue (7) vMeloT HeTpuBManbHoe pelleHune (X, X, X). Ho Torga
cuctema BekTopoB (a\ a*, a3 mHeliHO 3aBMcMMa. Ho 3aech
MOXHO pa3nnyatb AeTanu:

1) Myctb panr =1, rpge

|IOu am sul

r*1 0™ o]

] logl |
Torga no KpaiiHeil Mepe oAHa M3 CTPOK A, MycTb Ana Onpe-
JeNeHHOCTM nepBas, MMEET XOTA Obl OAWH 3/IEMEHT, He paB-
HbliA Hynto. PaccMoTpum  MaTpuuy

oy flj.l

II-II'/I*l o*.  Osir (8)
OHa WMeeT paHr 1, MoaTOMy BCe MOPOXAaeMble e orpeae-
NATENN BTOPOro NOPsiKa PaBHbl Hy/to

lay Oi*] _ |« OI*1_ lo, 01*1
lof o** A\<ypA o**1 1o,, 0O**1

Ho Torga, o4yeBMAHO, KOMMOHEHTLI BEKTOPOB al u o* nponop-
LMOHaSbHbI

0l as_ O~ 1

a4 ke O

All= OuX, 4a,r=aunX 0Oj, = al3X
nwm
ar= Xal

AHI0MMYHO, Y4MTbIBas, YTO B MaTpuLe

A =1 O g
lo*i 0*1 Otal
TOXe BCe OMpeje/uTenv BTOPOTO MOPSAKA PasHbl HyMto, Mo-
Nyunm, 4to

a3=pal

rge L—HekoTopoe uwucno. TakuMm 06pa3om, B 3TOM Cliy4yae
BeKTOpbl al, a2 a3 KonivMHeapHs!.

2) Myctb Tenepb paHr /4=2. Torga ofgHa M3 mMaTtpuu, Co-
CTOALMX U3 [BYX CTPOK MmaTpuubl A, umeeT paHr 2. [ycTb
AN onpejeneHHoCT 3Tto ecTb Matpuua A’ (cm. (8)). Ha ocHo-
BaHMM npumepa 3 BekTopbl al u Al nmHeliHo HesasMCUMBbI,
Ho cuctema al al a3sasucuma, T.e. Ana  HekoTopoii
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HeTpMBMaNbHOW TPOMKM umcen (Xj, X, X)
XA+ XN+ XAN0. '(9)

3pecs =0, notomy uTO MHaye X,a,+ Xa,=0]|wn B cuny
HE3aBMUCUMOCTM CUCTEMbI 11, a2 6bino 6bl X, = X, = 0. Ho Torga
paBeHCTBO (9) MOXHO Pa3pelnTb OTHOCUTENbHO a3

a3=ph,+ yhn* =—Xj. u2=—»>b.

Takum ob6pasom, ecnn =10, a paHr A'= 2 (cm. (8)), TO
BeKTOpbl al 1 al HeKONNMHeapHbl, a BEKTOP a3 NPUHAANEXUT
K MIOCKOCTM 3TUX BEKTOPOB.

MprBefeHHbIe paccyXieHWUs He MpoTuBopeyar Teopeme 1
B camom pgene, ecrm 4”0, 1O paHr A=3=K 1 MO TeO
pemMe 1 cuctema BeKTOPOB al, a*, a3 NMHENHO He3aBMCKMMA
Ecnm xe =0, To paHr A< 3 ¥ cucrtema BeKTopos al, a*
a3 NMHeNHO 3aBMCKMa.

Joka3zaTenbcTBO Teopembl 1. BektopHoe paseH
CTBO (2) 3KBMB&IEHTHO C/efytOWMM M YPaBHEHUAM [AN15 KOM
MOHEHT BEKTOPOB:

Mil + M 2+

MI2 + Kazi+
(29

Mycts paHr A—Kk. Torga, odeBmfgHo, K~Ln. CyuiecTByeT He
PaBHLIA HYNHO ONpefeNiMTeNb K-TO MOPALKa, MOPOXAAeMbIid
MaTpuuein A. He orpaHuumBas OOLUHOCTWA, MOXHO CUMTaTb,
4TO 3TO ONpejenuTens U3 KoaUUMEHTOB MepBbIX K ypaBHe-
HUIA cucTembl (2'):

X,an + ... + \Kak=Q
(10
+ oo e+ Nakk—I0, (
an  eee  a¥
dO0.
flic ... Ow

Tak Kak ofgHopofHas cuctema (10) umeeT onpegenuTens,
OT/IMYHLIA OT HYNS, TO OHa WMMEeeT TONIbKO TPMBMANbHOE pe-
LLIEHVE:

N=o,
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M cMCTeMa BEKTOPOB (1) /IMHE/iHO He3aBMCKMMA. YTBEPXAeHWe
TEOpPeMbl B 3TOM Cny4yae AOKas3aHO.

Myctb Temepb paHr A= S<K. [lepeHymepyem mnepeMeHHble K/ 1
KoathhmuMeHTbl alj cuctembl (2') TakK, 4TOGbI

a|| (XX}

(ON0]
ait  e*e arr

Torga cucTemy MepBsbiX S YPaBHEHWI MOXHO 3anucaTb Tak!
OitXi + o.0.0 BN =R 4] 6 H-—00 —@HKY,

O*X(+eee+ al +, Al+ I —see—Oufy, J
Ecnm nonoxute X,+i= ..=X* =1, TO [JaHHYIO CUCTEMY MOXHO pe-
WNTb OTHOCUTENIbHO AX...... K,. B pe3ynbTate nosiyumm HeTpusuaibHOe
peLueHve .
X, in, 1y (19

nepBbIX S ypaBHeHW (2'). Temepb Mbl MOXeM MPUCOEAUHUTL K 3TUM *
ypaBHeHUAM ntobble apyrue K—s YypaBHeHW (2'), W nonyuyeHHas cu-
cTeMa BCe paBHO OyJeT WMeTb HalifleHHY0 HEeTPUBUAIBHYIO CUCTeMy
B KauyecTBe pelleHns. YTo6bl OOBLACHUTL 3TO YTBEPX/EHMWE, 3anuLLem
dhopmanbHo cuctemy (2') cnegytowmm o6pasom:

XiOii+ ye +k*o*i+X*+i-0-]-! +X,,-0=«0, 'Y

............................................................................... } )

AQOM+ eee+X*a*n+ A*+i'0+" e+ X ,,-0=0. )

MaTpuua u3 KOSPMULMEHTOB MNONYUYEHHbIX YpPaBHEHWUI BCe PaBHO WMeeT
paHr S, Tak Xe Kak W pacluupeHHas (cnpasa Hynamu!) matpuua. [lMep-
Bble * ypaBHeHW cucTembl (2') yAOBNETBOPAIOTCA HalfEHHbIMW YMCnaMu
Xj, ... X*(cMm. (M) n NpoM3BOMbHLIMK YUCNaMU XX........ X,.. Ha ocHo-
BaHUW yTBepXAeHUs 2) § 4 (npaBuna pelleHus cuctem) ymucna Xx, .... X,
YLOBNETBOPAOT W OCTafbHbIM ypaBHeHMAM cucTemsbl (2'), T. e. uucna
DA S X* (He BCe paBHble HYNIO) YAOBNETBOPAIOT OCTa/bHbIM YpaBHe-
HUAM cucTembl (2').

Takum 06pa3oM, BekTOpbl al, ..., a* /MMHENHO 3aBUCUMbI, U Teo-
peMa [oKazaHa W B 3TOM Cnyuae.

§ 15. JIMHeiiHble OMepaTopbl

3afaanM Npov3BO/bHYH KBafpaTHYH MaTpuLly

lay o> fii/i]
(D
art eee allll
ManVlu,y A MOXHO paccMaTpuBaTb Kak ornepatop, NpuUBOASA-
LMIA B COOTBETCTBME KaXAOMY BEKTOPY X = (Xt...... *,) €

BeKTOp ¥ = (YU ..., yM£ An) KOMNOHEHTbI KOTOPOro BblYMC-
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Nt0TCA Mo hopmynam

M-«kN*]1 + oeoef ***
L] L] L] (2)

"Mf-H b e e e *b NI |
UMK, KOpOue,

Y/= i?th'/X/ 0 —1>eest n1)- (2)

oBOpAT, uTO |4 KOOpAMHaTa BEKTOpa Y 3amnucbiBaeTcd C
nomowipto f-ii cTpokn A. 3TOT onepaTop KOPOTKO GyaeM 3amnu-

CblBaTb TakK:
y=Ax (X, yERAa). (29
3amMeyaHue 1 Ecmwm ak v panee Hl—KOMMIEKCHbIE
ynucna, TO Rn Hago cunTtath KOMMJIEKCHBIM MPOCTPAHCTBOM.
Ecnn ke akKl, E[—peicTBUTENbHbIE uYMcna, TO RN MOXeT
ObITb 1 AEACTBUTENbHLIM M KOMMJIEKCHbIM MPOCTPaHCTBOM.
B cnyyae ofHOMepHOro mnpocTpaHCcTBa /?, BEKTOPbI X M
y CyTb umcna, w1 onepatop (2') npespawiaerca B COyHKUMIO
Y*=aunx.

Onepatop (2') /MHENHbIA. ITO 3HAYMT, YTO OH YAOBNET-
BOPSET YCNOBUIO

A(bx + ?2x") = aAx + flIAX’

Ana  NobblXx BeKTOpoB X, X' £Rn u uucen a, p. B camom
Jene,

n n n

2 a,(ax,+ PiOma2 a,x,+p2 at/¥ 0=1. e+, n).

Ecnn matpuubl paBHbl, T. €. UMeloT
paBHble COOTBETCTBYHOLLME 3neMeHTbl akl= EKl, TO OHM onpe-
[enqaloT TOXAEeCTBEHHO paBHble OMeparopbl:

Ax = BXx, VXERN (3)
O6paTHO, M3 paBeHCTBa (3) BblTeKaeT, 4TO
Qi~ bk  (K* 1= 7Y see* q),

T. €. paBeHcTBO Matpuy, A u B (A= B). B 3atom nerko ybe-
AUTbCA, ecnn NnofoXutb B (3)

m=x"'= (0, 0, 1,0, .... 0),
rge 1 ctomt Ha I-m wmecte (/= 1, n.
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TakuMm 06pa3oM, pasIMyHbIM MaTpuuam A COOTBETCTBYHOT
pasnuyHble ornepaTtopbl—ecnuM fBe Mmatpuusl Ax n At otau-
4aloTCcA XOTA Obl OAHWM 3/1IEMEHTOM, TO 00f3aTe/lbHO CYLLeCT-
BYeT BEKTOP X, [AJ/191 KOTOpOro

AX b A%.

MycTb, Kpome A, 3ajaH elle Apyroi onepatop B, onpe-
Jensemblii KBagpaTHOM mMaTpuuelt n-ro nopsgka

BHb, | .

Kaxgomy X £Rn COOTBETCTBYeT Mpu MnomoLiy oriepatopa A
BekTOp Y £ K,,, KOTOpPOMY nMpwu rMoMoLy ornepatopa B coort-
BETCTBYeT BEKTOP I C KOMMOHEHTaMW, BblUMCsieMbIMU MO hop-
Mynam

n

2*= 2 ™~/ (A=1, »ee ).

i«l

B pesynbTate MOMy4MM CNOXHbIA NUHENHBIA OnepaTop

r=BAx (x€4,), 4)
rae
n n n n / n \ n
rK* bK/YL*=2 bk, 2 ay*/ = 2 ( 2 bkialt xf*=2 v*/*/
i=1 is | /=1 /al \f*I / (“ 1

0 matpumuein Lly*[l Ha3biBaeMOW npou3sefeHeM matpuy B n A
N 0603Ha4Yaemoli Tak:
BA = lyk/\ ()
rae
n
Yo/= 2 bkflij (h, /=1, << n), (6)

T. €. 4yTobbl MONY4YUTL 3N1eMEHT YK/ mMaTpuubl BA (npuHagne-
Xawmii K ee Adi cTpoke u /-my cTON6Uy), Hago 3MEMEHThI
Adi CTPOKM MaTpuubl B yMHOXWTb Ha COOTBETCTBYHOLLME 3/le-
MEHTbI j-ro cTonbua Martpuubl A W pe3ynbTaT COXUTb.

Onpegenntens matpuubl BA paBeH MNpom3BefeHUIO onpe-
Jjenutenen matpuy B n A:

\BA\-\B\\A\. (7)

370 CBOVICTBO BbITeKaeT 13 hOPMy/ibl ANS MPOM3BEAEHMA
onpegenutenend (CM. § 2, CBOWCTBO K)).
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MycTb maTpuuya onepatopa A (cm. (1)) vmeeT onpegenu-
TeNlb, He PaBHbIA HyNIO:

A= lakll® 0*

B astom cnyyae (cm. § 4, Teopema 1) cucTema ypaBHeHWiA (2),
WK, 4TO BCE PAaBHO, OMNepaTtoOpHOe YpaBHEHME Yy =» AX UMeeT
eAMHCTBEHHOE pelleHMe X £ Rn npu noboMm 3agaHHOM y £ /2,
Mpn aToM popmMynbl, MO KOTOPbIM HaxoauTcs X ANS 3ajaH-
Horo y £ Rn, nmeloT BuUg

" (/=1..... n. (8)
3[4echb
bit= At//& (8, /—1, ...n) 9)

(cm. § 4, (39), roe AJ—anrebpanyeckoe [OMOJSHEHUE 3fe-
MeHTa as) B onpefenutene A

Bnpoyem, Ans Hac ceivac BaXHO TOJIbKO OTMETWTb, UTO
uncna b/s aBnaloTca anemMeHTaMy  MaTpuLlbl

BHM.
06M1afatoLein cneayroWMMmn 3amMmeqaTesibHbIMU CBOMCTBAMM:;
BAx=x VXERDN, (10)
ABy-y Yy€Rn ()

B camom fene, nMpou3BO/bHbIA BeKTOp X £ R,, mepexoaut
MoOCpeAcTBOM OnepaTopa A B HEKOTOPbIA BEKTOP Y, KOTOPLINA
nepexoauT MocpeAcTBOM onepatopa B o6patHo B ar. C apy-
FOiA CTOPOHbI, Kaxjomy Y£ RN COOTBETCTBYeT MpWU MOMOLLY
onepatopa B (cm. (8)) HekoTOpbIA X W NPUTOM TakKOM, 4TO
Ax=y.

B paseHcTBe (11) MOXHO, OYEBMAHO, BMECTO Y MOCTaBUTb
Apyryto 6ykBy, MO3TOMY Mbl MOAYYMIN TOXAeCTBa

BAx = ABx=Xx, Yx.

Onepatop x = Ex (¥Yx £R,,) Ha3blBaeTCA €AMHMNYHbLIM Orle-
paTtopom. Matpuua, emy COOTBETCTBYOLLAS, MUMEET BUA

M Has3blBAaeTCA EAVHUYHOA. Mbl fOKa3anu, uyto
AB=BA=E.
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Onepatop B, obnagatomin 3TMM CBOMCTBOM, Ha3blBaeTcs 06pat-
HbIM K onepatopy A n obo3HauvaeTcs uyepes A~*. CooOTBeTCT-
BEHHO €ro MaTpvua HasblBaeTcsd O6paTHOWM maTpuueidi K MaT-
puue A n 0603HavaeTcs TOXe uepe3 A~L. DnemeHTbl MaTpu-
ubl A'l HaxopATcs MO 3neMeHTaM Matpuusl A € MOMOLLBIO
hopmyn (9).

Mbl  gokaszanu, 4to ecin onpedenutens \A \KBagpaTHOA
MaTpuubl A He paBeH HyMO, TO OHa MMeeT 0BpaTHY MarT-
puay A'l. Ans A~1, Takum 06pa3oM, BbINOMHAKOTCA CBOICTBA

A-1A= AA-'=E

Ecnn onpegenutens wmatpuusl A paseH Hymo (/1] = 0),
TO OHa He WMeeT 06paTHOM MaTpuubl. JOCTaTOYHO CKasaTb,
4TO YypaBHeHWe Yy = AX WMEeT peLleHue He ANs BCAKOro Y.
Mexay Tem CBONCTBO AA~¥ =Y, €CIU OHO BbIMO/HSAETCA,
YTBEPXJaeT, 4TO KadXKAOMY YER,, COOTBETCTBYET (MpY NMOMOLLM
onepatopa A~* TaKOW jr, YTO OH eCTb peLLeHMe YpaBHEHNS
y = AX.

3ameyaHue. Onepaumio YMHOXEHWA MaTpuL, MOXHO
pacnpocTpaHUTb W Ha HekBafpaTHble MaTpuusl B v A, nuwb
Obl uMCnO CTONGLOB MaTpuubl B coBnajano ¢ 4MCIOM CTPOK
maTpuusl A. Torga yMHOXEeHWe MaTpuL, Mpoussogum Mo diop-
mynam, nogo6HeiM (6). Hanpumep, ecnu

TO

lNpowussegeHne AB B [aHHOM c/fiydyae paccmaTpuBaTb
Henb3f, Tak Kak y marpuubl A ABa cTtonbua, ay matpuubl B
TPU CTPOKMN.

Ana xksagpaTHbiXx Mmatpuy, A n B npowussegeHus AB n BA
MMElOT CMbIC/, HO Janeko He Bcerda AB pasHo BA. Hanpu-
Mep, ecnu

TO

1. e. ABGBA.
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Nerko nposeputb, 4to (AB)C = A (BC).

Ecnm  A—nuHeitHbliA onepaTop, TO 3anmMcb AX  MOXHO
paccmMaTpuBaTh Kak MpoOW3BefeHMe MaTpvubl A Ha OAHOCTONG-
LIOBYIO MaTpuLy

MycTb 3afjaHbl NUHeliHble onepatopbl A 1 B. CymMmoi umx
Ha3blBaeTcs onepatop J14- B, onpefensemblii paBeHCTBOM

M+ A)x=Ax+ Bx VXERn

OuyeBnfHO, MaTpuua onepaTopa A mmB cOBMajaeT C MaTPULIEN,
PaBHON Cymme MaTpuu, onepaTopos A u B.
Jlerko npoBepuTb, 4TO

A(B + C)= AB+ AC.
Mpumep 1. Halitu matpuuy, obpaTHytO MaTpuLe

12 O\
A= o 1 1.
\1 1 o/

MaTtprua A onpegenseT MMHERHBIA onepatop y —AX, npu-
BOAALLMIA B COOTBETCTBME KaXAOMY BEKTOPY X = (XU X,, X3)
BekTOp Yy = (Yyt, yr, y3 npu MOMOWW PaBEHCTB

4= x, - 2x,,
yt=x,+ xt,
Y= x,+ X.

3TV paBeHCTBa MOXHO paccMaTtpuBaTb TakXe KakK NuHel-
HYtO CMCTEMY TpexX YpPaBHEHWA OTHOCUTENbHO HEW3BECTHbIX X,,
Xr, X,. Onpegenutenb 37O CUCTeMbI He paBeH Hynto. Ho Torga
€e MOXHO pewuTb npy NHo6bIX 3agaHHbIX YIt yr, y3. B pesynb-
TaTte MO/y4nM PaBeHCTBa

*l= —Yx+ 2Y».
XI— Y (—Y**
)¢:_yi+yi+V»1

onpefenstoLLme onepatop X = A~ly, o6paTHbIi K onepaTtopy A.
Marpuua 3Toro oneparopa

370 1 ecTb MaTpuua, obpaTHas K martpuue A.
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3nemeHTbl MaTpuLbl A~F MOXHO MOAYYUTb NYTEM BblUMC/IE-
HuM no chopmynam (9).

O603HauM 31eMeHTbl 06paTHOM MaTpuubl A uepes V
Mveem O=1, /t=At,,

Pl 1, = =1 A= =1,

Takum 06pasom,

bu= Ml— D Hr—An 0, bBa—A3I—2,
btl —Alr= 1, b2J= Amr=0, bti=A®= 1,
bl=Alt= 1 b= AB—I» *=Ar=1

NTaK,

Mpumep 2. Bolumcnuts npowssefeHne matpuy, BA, rge

/1 0 K /2 0 O\
Me=o012), 5=03 2
\1 11 v 14

BblumcneHne MOXHO npowussecTn Mo cpopmynam (5), (6),
HO MOXHO pacCyxjaTb W CNnefytowumMm 06pasoMm.

Matpuua A onpegenseT orepatop y = AX, MPUBOAALLMIA
B COOTBETCTBME BeKTOpaM Ar=(arl, ar, x3) BekTopbl Y= (Y X «/,, ¥»)
Mpu MOMOLLUW PaBeHCTB

& =%+ *
o, =*+ 20,

Matpuua e B onpegensetr oneparop z —By, npusoas-
LMiA B COOTBETCTBME BekTOpam y = («/,, j/,, yt) BekTopbl I =
=(™t, r,, T,) NpPU MOMOLIN PaBeHCTB

d= 2/,
r,=3y,+ 2y,
i=2y,+ & —{.



q, lie BA3WCbl B Rn

Ho Torga onepatop

z = BAX
onpeaenseTcs paseHCTBAMU
*i-2fo + ) = +20r,,
r- 3+ 2xt)+ 2 (e -f o+ ) = 20c, + 51, + 8ic,

r,= Z(ACv + Arl)+ (AC14'2|U|C’)_(|D|CA|U|C + X ’)_ iy +3|qci
CneposatencHo, npovssegeHne BA matpuy, B 1 AecTb matpuua

§ 16. Basucbl B Rn

B npoctpaHcTBe RN (feACTBMTENILHOM WM KOMMIEKCHOM)
BBEZEM M BEKTOPOB:

HasblBaeMblX OpTaMu oceli mpocTpaHcTBa Rn.

QOcoto XK NPOCTpaHcTBa RN Has3biBaeTCA MHOXECTBO TOYeK
Bnga (0, ..., 0, xk O, ..., 0), rae XK CTOAT Ha K-M MecTe
N npoberaet BCe [eWCTBUTENIbHbIE (KOMMJIEKCHbIE) 3HAYeHUMU,
a BEeKTOp /* Ha3blBaeTCd OPTOM OCU XK.

Ecnm a = (oc,......... [IG,) €cTb MNPOW3BOJbHBIN BEKTOP (4ein-
CTBUTENbHLIA B  AEACTBMTENIbLHOM RN WAM  KOMMEKCHLIA B
KOMMJIEKCHOM Rn), TO ero MOXHO, O04YeBMAHO, 3anmucaTb B
BUAE NMHENHON KOMOGMHaumn 13 BekTopoB (1) cnegyrowmm 06-
pasoM:

a=pml/,+ nc,/*+..+pca/n. 2)
Tak Kak u3 paBeHcTBa a = (4C, ..., X,,) = 0 cneayert, yto
L= ... =*,=*0, To cuctema (/\ ..., /") NMMHENHO He3aBMCUMA.

333 M NPOU3BOMbHYIO CUCTEMY M3 M SIMHEAHO He3aBUCK-
MbIX BEKTOPOB

A1= (fliic ««e«, ain)t
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Kak ™Mbl 3Haem (cm. § 14, Teopema 1), cuctema (3) NMHeHO
He3aBMCMMa, ecin OnpefenuTenb

(11} on
PO0. 4)
or\

Ecnn xe A=0, To cuctema (3) NMHEHO 3aBUCMMA.
CornacHo Teopeme 1 § 14 ntobble N4-1 BeKTOPOB B Npo-
CTPaHCTBE RN /IMHEAHO 3aBWCUMbI, TaK KaK paHr MaTpulbl 13
KOMMOHEHT 3TWX BEKTOPOB He mnpeBbiwaer n. lostomy, ecnu
a = (ac, [IC,—NpPOMN3BO/IbHLIA  BEKTOP U CUCTEMA BEKTO-
poB (3) nuHeinHO HesaBucuma (O=/=0), TO cucCTeMa BEKTOPOB
al, ..e» arf60 NMHENHO 3aBMCKMMa, T. €. CYLLECTBYIOT uucCna
X, . . A, X+l o4HOBpPeMeHHO He paBHble HyMIO, Takue, YTO

A8+ ... +XB0',+ Xa+la = 0,

roe X,.u” 0 (nHaye cuctema (3) 6blna 6bl MHEHO 3aBUCK-
moit). OTcroga

a= I%: 1xkalﬂ, (5)
roge X, = ﬂﬂ+1 (k=1, f). Bblpasum cymmy (5) uepes
optbl 1K (cm. (2))i

4 (PegKIL) = 2 Qg AKX 1™
C apyroit CTOpPOHSbI, Mo (2)

a :/2:1X'1

B cuny nuHeiHOM He3aBMCMMOCTM cucTembl /\ ..., /" ko3go*
hvumeHTbl NP OfMHAKOBbLIX BekTOpax il AOMKHbI BbiTb PaBHbI

* «2a, ™ (/=1...... n. (6)

TakuMm 06pasoM, €C/IM KOMMOHEHTbI X, BEKTOpa a Mo Cu-
cteme /\ 1N N3BECTHbI, TO KOMIMOHEHTbI XK 3TOr0 BEKTOpa
no cucreme al, an Haxogatca u3 (6) M NPUTOM eauHCT-

BEHHbIM 06pa3oM, TaK Kak onpegenutens cuctembl (6) ecTb

Mbl [OKa3anu, 4TO, Kakosa Obl A 6bLna NMHEHO He3aByICY-
M cuctema Bektopos al, ..., a", moboli Bektop aERN
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MOXKHO pasnoXXuTb MO 3TOW cuUCTeMe, T. €. MpPeaCcTaBUTh
B BMge cymmbl (5), rae X[, ' —HeKoTopble 4ucna, onpe-
fensieMble 13 (6) U NPUTOM EQMHCTBEHHBLIM 06pPa3oM.

B aToM CMbicne cucTemy BekTopoB al ..., a" HasbiBaroT
6asucom B /?,, Xenas 3TUM CKasaTb, YTO /1060 BeKTOp a£ RN
MOXHO MpPeACTaBUTbL B BUAE NIMHENHON komMOuHaumm (5) U3 aTnux
BEKTOPOB W MPUTOM €4VHCTBEHHbIM 06pasoM. Mbl foKasanu,
4TO MPOM3BO/bHAS fIMHEMHO He3aBUCUMas cUCTEMa W3 M Bek-
TOpoB B Rn ecTb 6asnc B R,,.

JInHeliHO Hes3aBWCKMMas CUCTEMA M3 T BEKTOPOB

eee* a\T, at,n+u eeex °1n)>

(@] (/\«I_l» eooce @'ﬂT qH* eee*

roe T < n, He ecTb 6asuc B Rn. B camom pgene, paHr mat-
pULbl  KOMIMOHEHT 3TWX BEKTOPOB paBeH T. Bbygem cuuTarts,
YyTO nepBble T CTONGLOB 3TOW MaTpuupl 06pasytoT onpege-
NUTeNb, He PaBHbIA HyNH. Pacluvpum 3Ty MaTpuuy, Npunmcas
K HeiAi BHWU3Yy CTPOKY

at+l= (0........ O 1 0, 0),

roe 1 ctout Ha (m-f- 1)-m mecTe. PacLumpeHHas maTpuua Umeet
paHr T+ 1, W, cnefosaTe/slbHO, CUCTEMa BEKTOpPOB a', ...
., aT, aT+l nuHeiiHO HesaBMcuMa. Ho Torga BekTop amH
He MOXET OblTb NINMHEAHOI KOMOWHALMEA W3 BEKTOPOB CUCTEMbI
al..... ara, W ata cucTemMa He ecTb 6a3uc B Rn.
O603Ha4MM Yepes
132 an +-- an 1

®un e+ Al
matpuuy sektopos (al ..., a")*).
Mepexos oT 6asuca (/* .... trn) K 6asucy (@l.... ocylLecT-
BNSETCA MpW momowy matpuubl A
M
a* = A ak5|* (/\: ]_’ eoe* ]1), (7)
IT|
T. €. BEKTOp 0* BbipaxaeTca uepe3 BekTopbl 1 ¢ nomoupto fo-it’ cTpokn
MaTpuLLbl O6paTHblii nepexon oT (81, ..., @) k (fl... 10 npo-
UCXOAMT Mpu nomolm obpatHoii matpuubl A~1 (cm. § 15, (9))
n
Isa ~ bs[Q  (s—L ee«| 1) ®

"«

*) XOTSl HWXe TEKCT AaH MeSKUM LIPUAITOM, O3HAKOMbTECH C HUM.
Ha (9) mbl ccbinaemcs B § 17.
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371eMeHTbl  KOTOPOI BbIYKUCAAOTCA MO hopMynam = roe Alr—

afblOHKT anemeHTa ats 8 onpegenutene [ (06patm BHMMaHWe, 4TO afe-
MeHT b,i, npuHagnexawuit Fs-l/l cTpoke u /-my ctonbuy, Bbipaxaercs
uepes agbloHKT A[r anemeHTa a[r, npuHagnexawiero /-4 CTPoKe U s-My
cTon6uy). OTMETMM elle, 4TO

- [ bn b — N «
A= gy Xai=2 pATS 2 X g et =2 12 e
oTKyaa
n

=2 béxk )

T. e. nepexoa OT KoopauHat (at, xn) k (ar], xh) npowucxoaut
npu nomowm maTpuubl (cm. § 3)

-y —(mye

M3 (9) BMAHO, 4TO X\ BbIPAKAETCA UEPE3 .ocoreorerises C MOMOLLbIO
/-ro cton6ua matpuubl A~1 wan /- cTpoku matpuubl (J1-1)', TpaHcno-
HWPOBaHHOMN K /4~V

Lanee no copmyne (6)

n
= 2., alxl P s
bl (
BugHO, uto nepexog ot (X[, ..., X,) k (X{, .... X,) coBepLiaeTcs npu
nomoL Matpuubl A’ TPaHCMOHMPOBAHHOW K A, T. e. XS BblpaxaeTcs
uepe3 X[, ..., XN ¢ nomoupio s-i cTpoku Matpuusl A unm s-ro ctonbua

maTpuubl A
3ameyaHue. B § 15 6bi10 YCTaHOBMEHO, YTO MNPOMU3BOJIbHASA
KBaZparHaa matpuua

........................ J (10)
anl eee ann

OMpefenseT NUHelHbIA onepatop y = AX (X £ R,,, Y £ /?,), 3ajaBae-
MbIi MO chopmynam
n

#=12 5/ K L an

Ho nmeeT MecTo ¥ 06paTHOe yTBEpXfeHMe: KakoB Obl HU Bbl NUHERHbINA
onepatop Yy = AX (x £ /?,, Yy £ Rn), oH onpegensetcs HekoTopoit
maTpuueid (10) Tak, 4To BekTOp Yy = AX BblUMCNAETCA MO BEKTOPY X MO
thopmynam (11).

B camom fene, nycTb 3afjaH MPOW3BO/bHbLIA NUHEWHbIA onepaTop
Y=Ax (X £ Rn,y £ R,). O603Haunm 06pa3bl OpTOB Ir NP €ro NOMOLLM
cnegyroum 06pasom: ﬂ

A(1*) — (ciit, fljj, ssss °ns) ~ 2 (*= 1> eeel n)’

N 4. C byrpos, C. M. Hukonbsckuit
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Torga B cuny nnHeiHocTM A nto6oii BeKTOp

X =X , 2 X113

<=1

oTo6paxaeTcs Mmpu momow A B BEKTOP Y, OMNpejenseMblii paBeHCTBaMU
-
(i .

. . x .  *
b B0 L
oTKyaa cnegyeT, uto k-9 komnoHeHTa y onpegensetca nocopmyne (11).
Takum o06pasom, onepatop A nopoxpaaer matpuuy (10), y KoTopoW
B cTONGLUax CTOAT KOOPAWMHaTbl 06pas3os
Yn 6a3MCHbIX BEKTOPOB (OPTOB) Npy MOMOLLY
onepatopa A

AL
MV) Mpumep 1 Haiitm matpuuy
NHeRHOro onepatopa (npeobpa3osa-
HKR) A, 3aK/tovatoLLerocs B rNoBOPoO-
Te BEKTOPOB M/I0CKOCTM /?,, BbIXOAS-
PHe< 34 MX}/B Hayana Ha Yrog a (0 < a <
n/2) NpOTUB YacOBOW CTPESKM.
Bosbmem 3a 6asuc Bektopbl 4= (1, 0), /r= (0, 1). Toraa,
04yeBnMaHoO, 4To (puc. 34)
N{/1)= (cosa, sina),
N({/r)= (—sina, cosa).

Mo3TOoMy MaTpuLa Halllero onepaTopa VMMeeT BuUf

N fcosa —sina M
—\sin a cosa)

§ 17. OproroHanbHble 6asucebl B /7,

[0BOpAT, 4YTO [Ba HeHynesblX BekTOpa X, YER,,, UMelOT
OAVHAKOBOE (OOHO W TO >KE) HamnpaBMHMWE, €C/N CyLLecTByeT
nonoxkutensHoe yucno K takoe, 4to x =).y.

Mpoun3BONbHLIA HeHyneBol BeKTOp X £RN MOXHO, Kak
rOBOPAT, HOPMWMPOBATb, 3aMEHUB €r0 Ha EAVHWYHBLIA BEKTOP

VMEIOLLMIA TO e HarpaBneHue, 4YTO M BEKTOP X.
EavHnyHbIA  (MvetowmiA HopMy (ANVMHY), paBHYHO 1) BEKTO;
Ha3blBatOT HOPMa/bHbIM.
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[lBa BekTOpa X WMy B NpocTpaHCTBe R,, Ha3blBatOT OPTO-
FOHaNbHbIMU, €CAM WX CKanspHOE MpPOM3BEAEHMNE PaBHO HY/HO;
=0.
* le,er RN MOXeT BbITb JeACTBUTENLHBIM WM KOMMIEKCHBIM.
B cnyyae KkomnnekcHOro Rn ckanapHoe npoussefeHve orpe-
pensetcs, kak B § 6, (5').
Cuctema BEKTOpPOB

XL X )]

Ha3blBaeTCA OPTOrOHaNbHOW, ecnv NKobble Ba ee BeKTOpa OpTo-
roHanbHbl. CucTemMa BeKTOPOB (1) Ha3blBAaeTCA OPTOrOHabHOM
N HOpManbHOM WM OPTOHOPMMPOBAHHOWM, €cu

| D
(xm xD)=6q—" q> K1 A= Iy eee* vy

T. €. BCe BEKTOPbl CMCTEMbl HOPMaTbHbl U MOMApHO OPTOro-
HafbHbl. Ecnn cuctema BekTOpOB (1) OpTOroHanbHa U HWU OAVH
BEKTOP CWUCTEMbl He paBeH HY/eBOMY, TO, HOPMUPYA UX, NOAy-
UMM, OYEBUAHO, OPTOHOPMUPOBAHHYHD CcUCTeMYy. OpPTOHOPMU-
poBaHHas cucTema (1) NvMHeHO HesaBucuma. B camom fene,
nycTb

A1+ Y% ... + Kxv=10,

roe \t, N —uyucna. YMHOXMB 3TO PAaBEHCTBO CKaNApHO
Ha Xs, MOAYYUM, OYEBUAHO,
K,(xr, gr)=X*=0 (s=I,..., v).

Ho Torga opTOHOPMUPOBaHHAaA cUCTEMa W3 M BEKTOPOB B R,
ecTb 6asnc 1, CnefoBaTeNbHO, Kax[Ablii BeKTOp a£ RN MOXHO
NpeacTaBuUTb B BWAE NIMHEAHON KOMOWMHALIMK

a= 13231KXK— 2
YMHOXasi 3TO PaBEHCTBO CKaNfAPHO Ha Xs, MOMy4YMM
(a, x)=4, (s=I,...,n)

W, CnepfoBaTesibHo,
a= szs! (4. xmxn, Va£Rn

Unueno (a, xK (Ixk|= Il) Ha3biBaeTCca NpoeKUMein BeKkTopa a
Ha HanpaeneHWe BeKTopa X*.

4%
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B peasbHOM [JeACTBUTENLHOM MNPOCTpPaHCTBe /?, BENMUMHA
(0, XK ecTb 06bl4Hass u4mcrnoBas MPOEKUMs BeEKTOpa a Ha
HanpasneHne BeKTOpa X K

Teopema 1 OpTOHOPMUPOBAHHYHD CUCTEMY BEKTOPOB

X1, x\ Xv (v<n)
MOXXHO MOMONHUTL A0 OPTOHOPMMPOBaHHOro 6asuca B /7,
VHaye roeBops, MOXKHO yYKa3aTb BEKTOpbI X V1, ..., X NTakue,
4yToO cuctema

XX o0 X\ P v * (3)

OyneT OPTOHOPMMPOBAaHHOW W, cnegoBaTenbHo, GyaeT 6asu-
com B R,,.

JokasatenbcTBO. Tak Kak v< n, T0 B Rncyuect-
BYeT BEKTOp a, He 3aBUCAWMIA fMHelHO oT arl ..., X W
Ho Torpa

\%
a= %1(<<, X*)X*+y,

roe yd® 0. Bektop y OpTOroHaleH KO BCEM BeKTOpam
x1 ..., X4 B camom pene,

(v, x)=(a-2 (a x*)x», xJj=(0,x3}-(a,x,)=0 (4)
(s= 1l..... V).
[NpoHopMMpOBaB Yy, MONYYUM BEKTOP

x4 =17y drvi=l),
I:'Iﬁll oee) MV) M\/+1

6ygeT opToHopmupoBaHa. Ecnm v-f-1=n, TO Mbl moayunim
6asuic B Rn. EcnM HeT, TO 3TOT MpOLECC NPOAO/IKAEM.
Ha (n—v)-m 3Tane nonyumm 6asuc (3) B /2,

Cwuctema opTtoB oceii B Rn

n cuctema

in= (0, 0, 0.......0, 1)
MOXET CNYXWUTb MPUMEPOM OPTOHOPMMPOBAHHOTO 6asnca B Rre
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Mpon3BONbHbIA BeKTOP a = (xu ..., *,)€#, pasnaraeTcs
Mo opTam CfeaytoLmymMm obpasom:
0
a=xjl+ ... —\—xaln—félxkk, (5)
roe x*= (a, ik (k=I, Nn) —nNpOoeKLMa BeKTopa a Ha

HanpasneHne opta ik
MycTb 3agaHa HekoTopas onpefdesieHHas OPTOHOPMWMPOBaAH-
Has cucTema M3 M BEKTOPOB

O ~ (@iit *es» B>

(6)
an — (anly eeex» ana)» j
nnn
* = o
. (*=1.... «) (7N
Mepexog oT BektopoB (11, ..., in k (al..... a") 3pecb
OCYLLECTB/IAETCA MPU MOMOLLM MaTpuLbl
I Qi oo I
©)
ani see annu
T. e. BekTop ak Bblpaxaetcs uepe3 il, ..., 1nc nomoLbo

K-i CTpOKM MaTpuubl M.

B panbHeiillem Mbl CYMTaeM MPOCTPAHCTBO RN m MaTpuuy
N1 [pelicTBATENbHBIMM (CM. fAanee 3aMeyaHue 2).

Matpuua J1 opToroHanbHa, T. e. 06NafaeT CcregytoLum
CBOWCTBOM:

%akaa B= "l (b, eee* )T ' ®)

B camom fene, Tak Kak B laHHOM C/nyyae cuctema al, . . a"
OPTOHOPMHPOBaHa, TO

= («*, =

= i* i ~ Agyp ~ -
*2:1f2:|aksalr(| > ir) J,2:|r2:|z11ksatr ST s2:|z11ksats @

Mbl BUAUM, 4TO W, 06PATHO, OPTOrOHa/bLHOCTL MaTpuupbl (8)
BlEYeT 3a COOO/ OPTOHOPMMPYEMOCTb CUCTEMbI BEKTOPOB
° >eee aK onpegeneHHbIX Mo doopmynam (7).
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370 nokasbiBaeT, 4To chopmynbl (7), rae Jaks — nponssons-
Hble OPTOrOHa/IbHblE MaTPULLbl, OMPefenstoT Boe BO3MOXHbIE
OPTOHOPMUPOBaHHbIe 6a3ncbl B Rn.

lNoMHOXMM BeKTOp I1 Ha BeKTOp akK cKanspHo:

(/', a*)=aKlL
Ortcioga
a n rn
*'= *2=i (* > «*)*== »2=| akiak’ (11
Takum o06pa3om, nepexof OT 6asuca (al, arn k 6aswucy
(14, ..., in) ocywiecTBNAETCA NMPY MOMOLUM MaTpuLbl J1', TpaH-

CMOHMpOoBaHHOM K J1. Tak Kak npeo6pa3oBaHus (M) 06paTHbI
npeobpasoBaHuam (7) (cm. § 15), TO Mbl NOMYTHO AOKa3au,
4TO OpTOroHanbHaa Matpuua J1 obnajaeT CrefytoWmMM 3ameyda-
TeNbHbIM CBOCTBOM:

M3 (11) cnepyet

OpToroHanbHass mMaTpuua 6blna onpefeneHa Hamyu Kak Ta-
Kas MaTpuua, Yy KOTOPOW CTPOKM (BEKTOPLI, NPEACTaBNSIOLLME
NX) HOpPMasbHbl, a pa3Hble CTPOKW OPTOroHanbHbl. V3 3TOro
onpefeneHns, Kak 3To BUAHO M3 (12), aBTOMATUYECKN CMeayeT,
YTO Y OPTOrOHabHOW MaTpULbl WM CTONGLULI HOPMasbHbI, a
pasHble CTONOLbI OPTOrOHaNbHbI.

Mepexod OT (X, %) K X[ X,,) COBepLUaeTcs
npy nomowwr matpuubl (cm. (9) § 16, x' —AX)
(n)-=A'=n,
4 = 2 alsxt. (13
S=1
Mepexog xe ot (X[, ..., 4) k (xIt ..., xI) coBepLuaeT

npu nomowy (cm. (6) § 16) marpuubl A' TpaHCMOHUPOBAHHOM



A7. OPTOFOHA/IbHbIE BA3NCbI B R, 103

KT, T. e
n

X= 12 QtXi.

OTMeTMM, YTO OnpefenuTeNl MPOU3BOILHON OPTOrOHasb-
Hoin MaTtpuubl J1 (cm. (6)) no abcontoTHOM BenMuMHe paBeH 1.
11 1= 11a*/11= 1.

310 crefyet H3 TOro, 4to

CZI).OO... 0
Inl* m 2 /\l(s/\ls 10.. 0 1.
000...1

30ecb Mbl CUMTaeM, YTO 3MEMEHT YK, MPOW3BEAeHUs onpefe-
NUTeNel paBeH CyMMe MpPOU3BEAEHWIA 371EMEHTOB 6-i CTPOKM
Ha COOTBETCTBYHOLLNE 3/IEMEHTbI -/ CTPOKM (CM. § 2, CBOICTBO K)).

OTMETUM eLLle, YTO ONpefennTeNib U3 KOMMOHEHT BEKTOPOB

6a3nca 11, . I'" paBeH 1!
100...0
0lo...0 1
000...!
Ecnn opToroHanbHblii 6asuc al ..., a" vMeeT onpegenu-
Tens 1]= 1 (cm. (6)), TO roBOpST, Yto 3TOT 6asnC OpueH-
TMpOBaH TaK >e, Kak 6asuc 11, ..., 1n Ecim xe |1 |= —1,

TO—NPOTMBOMONOXHbLIM 06pa3oM. 3TW orpefeNieHWs corna-
CYlOTCA C COOTBETCTBYIOLUMMY OMNPeSeneHnsmMn B [BYMEPHOM
N TPEXMEPHOM Ciy4asx, caenaHHbiMm B § 11 n B § 12.
3ameyaHue 1 Ecm 66l mbl B matpuue J1 (cm. (8))
KoopAuHaTbl BekTOopa a* B 6Gasuce (I1, ..., in) noctasunu
B 6-cTon6ey, (6=1, n), TO Mepexof OT KOOPAUHAT Bek-
Topa X' K KoOpAguHaTaMm BekTOpa X oOcyllecTBAsnAcs Obl
G nomoLLpto CTPOK Matpuupl J1. Tepexog xe oT o K X
B hbopmyne (13) npowucxogun ©6bl C MOMOLUBIO MaTpuubl J1'.
3ameyaHune 2. B KOMMJEKCHOM npOCTpaHCTBe RN Ma-

Tpuua (8), rae akl KomnseKkcHble, Ha3bIBAETCA OPTOrOHa/IbHOM,
ecm

2 = O, /= L., n). (9"

i =

MokaxeM, 4TO OPTOHOPMHPOBaHHas CWUCTEMA BEKTOPOB
(6) B KOMMNEeKCHOM /7, MOPOXAaeT OPTOrOHasIbHYyK MaTpuLly
N (cm. (8)). B camom gene, B KOMMAEKCHOM Rn ckanspHoe
npoussefeHWe BEKTOPOB X, Y NOAYMHSAETCA  CBOMCTBaM
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cm. § 6, 6", BY))

X, V)= (¥, X), (ax+Py, r)=a(x, r)+p(y, r),
rie 0, p—KOMMJeKCcHble yucna. oatomy

(x, a=+ pr)= (@a>-fPr, x)= (ay, x)-HP*. *)=_
=a(y, x)+P(z, x)=a(x, » +p(x, r).

Ho Torga [Ans OPTOHOPMMPOBAHHOW CUCTEMbI BEKTOPOB
al, 0" nMeeT MmecTO

= D- (il A
(a\ a) (\IS«| O r«l /

N *x()= *
32=1r2= 1aKsalr , *0 52=1rr 1*4,B

2

T. €. matpuua A opToroHanbHa. Mbl BUAUM, 4TO W, 06PaTHO,
OpPTOrOHaNLHOCTL A BAEeYET OPTOHOPMUPOBAHHOCTL BEKTOPOB
al, ..., a", onpefeneHHbIx no doopmynam (7).

MomHOXUM BekTOp il Ha 0* ckanapHo (cMm. (7)):

-1

al = 2 aksi’) = 2 aks(il, i‘)=akt.
\ »=i / j=i
Ortcroga
1*= 4.2:1 (*'. *)<n*= «2:1 (110
Taknum o06pa3om, nepexog OT 6Gasmca (01, . a') Kk ba-
ancy (i\ .... i'") ocywiecTBaseTcs MpU MOMOLUM MaTpuLpl
alrl eee T1
A* =
O\n eee Onn

Tak Kak npeobpasoBaHus (1) o6paTHbI nNpeobpas3oBa-
HVaM (7), TO MOMYTHO MOKa3aHOo, YTO OPTOrOHanbHas MaTpuua
A 00nafjaeT crefytownMM 3aMeyaTe/ibHbIM CBOMCTBOM:

A _lc=A*, (A)-*=(A")*=LU = /. (14)
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N3 (11" cnepyet
= 1)=(2 2 £>)-

A n n

12 2 o,ka,fi,r= 2 a”a,x.
1=1r=1 1st

CnepoBsatenbHO, paBeHCTBA

6% —2 KNSl (™ A—TI* *eey >

Sw1l

(Tak Xe, Kak (9')) MOryT cnyXuTb OMpeaeneHnemM OpToro-
HanbHOW MmaTpuubl J1.

Ha ocHoBaHuM (14) n 06WMX (hakTOB, NOMYYeHHbIX B § 16

(NeTWT), OTMETUM MATPWULbl, OCYLLLECTBAAIOLLME HUKECNEaYIOLLME
OPTOroHa/lbHble OTOBPAXEHMUS:

(A in—(@l .... a") (cm. (7));

n=* (al... a")—+(11, .... 10 (cm. (14)),
(... Xn) -+ (xu ) (cm. (6) § 16);

)

(
N: (oc, >> gn) —»ac, =<l m) (cm. (14)),

roe (ac, ..., o) wn (x| . *£)— KOOPAMHATbI  MPOW3BOSb-
HOro BekTopa B KOMITJIEKCHOM npocTtpaHctee /?, OTHO-

cutenbHo 6asmca (il, ...,/") n OPTOHOPMMPOBaHHOrO 6asuca
(ol.... B4).

HakoHeu, paBeHcTBO 11/111= 1 B KOMMN/IEKCHOM Cny4yae fo-
Ka3blBaeTcd Tak:

10

. 4 - _ 0 10 .. 3

IA = |o* Lay |= 2 ahsa|s = =1

0cooo... 1

OpTOroHaNbHblE MaTPULpbl HasblBAlOT elle YHUTapHbLIMM.

§ 18. VIHBapuaHTHble CBOWCTBA CKanspHOro
N BEKTOPHOrO MpPOM3BeAEHNIA

3ameyaHue. B TpexmMepHOM [eiCTBUTENBHOM MPOCTPaH-
CTBE MYCTb 33faHbl ABE MPAMOYrO/bHbIE CUCTEMbI KOOPAWHAT
*, 0>, X, MWyX yt,y, C cUCTeMamMu¥ OpPTOB COOTBETCTBEHHO
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(< 1*, ) un (YL p, Y. Myctb

-1 (n-1. 2.3) 1)
(cp. (7) n (13) § 17). Torga maTpuua (meincTeuTenbHas!)
n=K,1
opToroHansHa u (cp. (13) § 17)
ﬂ~g<i|ﬂ (7-1.2,3). 2

OpfHa 1 Ta Xe To4ka (BEKTOp) NPOCTpaHCTBa UMeEET B nep-
BOW cucTeMe (KOOPAMHAT) KOOPAMHATbI (KOMMOHEHTHI) (Ar,, AC, AC,),
a BO BTOpoWi—koopauHatbl ((/, yt, yt). Mpu 3atom dopmynbl
npeo6pa3oBaHns koopauHat (nepexoga (X,, X,, X,) K (yltyt, y,))
B TOYHOCTW Takme Xe, Kak popmy/bl Mpeobpa3oBaHUs CUCTEMbI
optoB (1, I*, /% B cuctemy optoB (P, p, p). B o6oux cny-
Yyasx MNPUMMEHSETCA OfHa W Ta >Xe OPTOroHajbHas marpuua
(em. (13) n (7) § 17)

n=K,|.

B nepBom cnyyae matpuua A MPUMEHSETCA K CUCTEME uUMCen
(Xj, x,, x,), 4tobbl nNoOMyunTL cuctemy uwucen ( i yr, y,), a
BO BTOPOM Ta Xe maTpuua A mpumeHseTcs K opTtam (r, Ir, i3),
4yTobbl NONy4nTb OpThl (YL p, P).

Jagum obliee onpegeneHne BeKTOpa, MPUHATOE B TEH30p-
HOM MCHVMCTIEHUMN.

BeKkTOpoM B TpEXMEPHOM MPOCTPaHCTBE Ha3bIBAETCA BelLl,
Bblpa>kaeMasi B KaXKAOi MpPAMOYrofibHOM CUCTEMe KOopAuHaT
HEKOTOPO TPOWKOW uncen, KOTOpble MpeobpasytoTcs Tak
Ke (Npy noMoLLM TOW >Ke MaTpulbl), KaK TPOWKK OpTOB
COOTBETCTBYIOLLMX CUCTEM KOOPAMHAT.

MogobHas TepMUHONOIMA YNOTpebnseTcs U B Chy4ae
«-MEPHbIX MPOCTPAHCTB.

Mycts & WU b—sekTopbl TpexmepHOro npocTpaHcTBa (AENCTBUTENb-
Horo>!)9,( onpejensemble B CUCTEMax KoopauHat ¢ opTamm (11, i2, P) u

y ,y\g) cnepyrownm o6pa30M:

a="axJ 1+axp-\-ax,P="av]) 1iraUP-\-av,P,
b=bXp+bXp+bXxp=hyj I+bvip +bnp.
meeT mecTo PaBEHCTBO
3 3

b=y g W
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nokaswsawuee, YTO CKASIAPHOE MPON3BEAEHUE WHBAPUAHTHO 0THOCUTE/LHO
npeo6pasosaHnii NPAMOYTONbHLIX CUCTEM KOOPAWUHAT .

B camom fene, Tak Kak ructembl BekTopos (/*, P, /%) un (Y1, J*, ]*)
OpPTOMOPMMPOBaHbI, TO OHW NpeobpasytoTcs no chopmynam (1), rae | |a*;f—
HeKkoTopas  OpTOroHanbHas  MaTpHMa. KoMMoHeHTbl  BekTopa @
(0X]. ax> °X.) npeo6pasytoTci B KOMMOHeHTHl (ay, otf), a,,j npu mo-
MOLLM TOIM >Xe matpuubl (cm. (2)). I‘IoeTomy

3 r3 3
é avrbvr' QZ arsax\z anpx\)—-

/ 3 3
—g 12 axsw\ 2 arsar\ £1a><sbxs=ab> (©)]

\r=1]

Mbl 40OKa3ann MHBapPMaHTHOCTb CKafIiPHOT0 MPOW3BeeHNS ab BbIUNCAU-
TeNbHbIM MNyTeM. Bnpoyem, M3 Apyroro, reoMeTPMUeckoro onpeaeneHns
CKaNspPHOro Mpom3BeeHNs BEKTOPOB (HanpaBfeHHbIX OTPE3KOB), B CUNY
kotoporo aft= |ft] np6a, HenocpeAcTBEHHO BMAHO, YTO 3TO YMCIO €CTb
WHBapMaHT—BeAb 3TO OMNpeJeseHNe He CBA3aHO HM C KaKOW cucTemoii
KOOPAWHaT.

UTo KacaeTcs BEKTOPHOro npomssefeHns axhb, T0 OHO WMHBApPUAHTHO
OTHOCUTENbHO MPAMOYTOMbHbLIX CUCTEM KOOPAWHAT C OAWHAKOBOMN OpMWEH-
Tauueldi. B cucTemax, umewowmx optel (/*, /* T) n (Y1,/*, J*), Bek-
TOpHble MPOW3BEAEHNS BbIpaXaroTCA CHeAytOLMM 06pasoM:

/1 P
«*, ax, O,
bxs bx, bx.
o Y r
[axft]yitp j, ® .y g1 1
Y1 fry. by.
B cuny copmyn (1) n (2)
3 3
i *
gzl«tl I2=1a,,tt (?_zla**l
3 3
2 aisaxs 2 2 a,*a*i
ssl = 5=1
3 3 3
2 «y** 2 “rTA, 2 a*b*s
J=1 S=1 J* 1
P P au  *13 p p p
= a* ax. Ox, a8, a2 a® ==+ g+ O0x, O
bx, bx, all a,, ox  bx, bx
= =+ /¢ > (4)
roe Hajo nocTaBUTb 3HaK + WAM — B 3aBUCMMOCTU OT TOro, 6yaer

m onpegenutens |an»| paseH +1 wam —1, y4To BCe PaBHO, MeHMeT
UMM HeT paccMaTpuBaemMoe Mnpeo6pa3oBaHMe KOOPAWUHAT OpPUEHTaLMIo.
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Mpn nepemHOXeHUW onpefennTeneid Mbl B JaHHOM Cfly4ae MO/Mb30-
Ba/INCb CNeAyloLMM MNpPaBuIoOM: 371eMeHT YL, MaTpuubl NpouUsBefeHns
IVi* I onpegenseTcd Kak NpoM3BeAeHWe i-ii CTPOKU MepBOro onpegenu-
Tens Ha K-l0 CTPOKY BTOpPOro (cM. § 2, CBOWCTBO K)).

M Tak, Mbl 4OKa3anu BbIYMC/NTENbHbIM MYTEM, YTO BEKTOPHOE NMpPOu3-
BeJeHNe ABYX BEKTOPOB MHBApPMAHTHO 0THOCMTENbHO NpeobpasoBaHnii nps-
MOYTO/TbHbIX CUCTEM KOOPAUHAT, He M3MEHAWLLNX UX OpUEHTauuio.

Mpeo6pazoBaHna (3), (4) WHTepecHbl TeMm, 4TO OHWM 0606LLatOTCA
Ha cnydyai, Korga posb BEKTOpa & WrpaeT BaXHbI B MaTeMaTU4YeckoMm

aHann3e CUMBONMYECKUIA BeKTOp V = (/— E(f 0 J
»

§ 19. Mpeobpa3oBaHWe NPAMOYrOfbHLIX KOOpAWMHAT
B M/1I0CKOCTU

PaccMoTpUM MmnockocTb /2, rae 3afjaHa MpsMOyro/ibHas
cuctemMa koopgmHat xIt xr. TMycTb

<=(1,0), i"=(, 1

— OpTbl Oceli X% OpTbl IX P 06pasytoT OpTOHOPMMPOBaAH-
Hblli 6asuc B Rt.

MpOn3BONbLHLIV €AUHUYHBIA (HOPMa/TbHBINA) BeKTOp bl MOXeT
ObITb 3anmcaH ChefyloWmUM 06pasom:

bl= (cosa, sina) (0< a < 2n).

EAVHWYHBIA  OPTOrOHaNbHbIA  (MepreHAnKYnapHbIA) K bl
BEKTOP, KOTOPbI/i Mbl 0603HauMM 4epe3 br, MOXeT COOTBET-

CTBOBaTb TONbKO nmbo yray a + -2-, imbo a—y . Tak Kak

cos = —sina, sin”a-f | =cosa,

cos™a —b5- =sina, sin(a— = —cosa,

TO BCEBO3MOXHble OPTOHOPMMPOBaHHble cucTembl bl, b- B /2
onpegenstoTcs nMbo paBeHCTBaMU (puc. 35)

~—/fcosa-f- sina, 'l

br= —~sina-f- Acosa ] (0”7 a <24), @il

COOTBETCTBYHOLLMMU BPALLEHWIO OCEl OKO/0 Hayama Ha yron a
N COXPaHEHMIO OpMWeHTaumu, mMbo paseHcTBamu (puc. 36)

bl= Ixcosa -fIrsina, k
6*=/sina—/cosa, | 1

COOTBETCTBYHOLLMI BPALLEHNIO OCeli OKONO Hayana Ha yron a
M U3MEHEHMIO OPMEHTALN.
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O6a npeobpas3oBaHNs 00BLEANHAOTCA B CreaytoLlen dop-
Myne:

&l= all/l+ all/\
*=atlll+ auP, ()
rge Matpuua npeo6pasoBaHuMs
|« «ll1
il [« a»! @

OpTOroHa/lbHa (CyMMa KBafpaTOB 3/1EMEHTOB KaXAoW M3 ee
CTPOK WM CTONGLOB paBHa 1 a ckanipHOe nNpou3BefeHue
OBYX PasHbIX CTPOK WM CTONG-

LoB pasHO 0).

Jto6oe onpegeneHHoe OpPTOroHanbHOe Mpeo6pasosaHue (1)
€CTb Ha camMOM fefie OfHO u3 npeo6pasosaHuiA (M), (1') npw
HEKOTOPOM a.

W3 (1) B cuny OpTOroHasIbHOCTM MaTpuubl (2) cregyet, yTo

il=anb'+ atlb\ \ 3
P=aitpl+ auP, / (3

N Mbl Mofy4nnM npeobpasosaHue, 06paTHOE MpPeo6pa3oBaHutO
(1), ¢ marpuuei
l«ii @il

12« e

CONpsHKEHHOW K A.

3aafMM B MIOCKOCTM MPOM3BOJ/IbHLIA  BEKTOP (TOYKY) a.
MycTb OH WMeeT B CTapoM W HOBOWM CUCTEME KOOPAMHATbI
Iy xr) N (jq, ar). Torga

a = X j1+ xrlr = x[bx+ Xrbr. 4)
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B cuny dopmyn (3) u (4)
X[bx+ XZr-=X (a, ft' + a,ft) + xt(a,ftl+ a,ft) =
= (amgr, + a,,*,) ftl+ (<x4m + *ttxd b

MoaToMy, NpWpaBHMBas KOMMOHEHTbI MPU OAMHAKOBLIX OpTa-
ftl, ftl, nonyumm

*J=.aaXi+a,t*, \ 5

Xt = atlxt+ attxt. )
B cuny xe dopmyn (1) wn (4)
*il+ xj} =X\ (aulx+ aul*) + ' (a,/1+ =,

= («cm< + 4+ +anx.)il.

OTKyfla, MpUpaBHMBaf KOMMOHEHTbI npu IX n I*, nonyunm
thopmynbl, obpatHble K (5):
x>= + \ (6)
= aitxt+ a ttxt- )

Ecnn Hapagy ¢ npeobpasoBaHMeM (6) MepeHeCcTW eLle Ha-
yano oceii X[, Xt B Touky O', MMEOLLYO KOOPAMHATHI [, = .V;,
X, = x$, T0 dopmynbl (6) YCNOXHATCA, OYEBUAHO, Crefyto-
LM 06pasom;

M ="+ aapc;+aax;, |
AcC.-a~+a™ +a,*. )

WTak, npon3BosbHOE npeo6pa3oBaHMe MNPAMOYTO/bHbIX
KoopaunHat (xm Xxt) B NpAMOYronbHble KoopauHatbl (X[, X2)
C MepeHOCOM Hauvana cuctembl (*,, Ac) B Touky 0' = (m), XU
Bblpaxaetca chopmynamun (7), rgae matpuua

len 0,11

kit a»l!
OPTOroHasabHas.

COOTBETCTBYIOLLEE NPE06Pa3oBaHMe, COXPAHSIOLLEE OpUEH-
TAaLMIO CUCTEMbI KOOPAMHAT, UMEET BU

*i= + x[cosa—x”sina, |
Jj—"H-Jclsina + Xjcosa |

N nNpeobpa3oBaHMe, MEHSAIOW (€ OPUEHTALMIO, MMEET BU[
‘|l —m+ phcosa + g sina,
L= g3+x[ sin a—Acjcosa |

(maTpuubl koapcpmumeHToB npu X[ u xi B (74 n (7") cooTser-
BTBEHHO TpaHcnoHupytoT (1) n (I')).
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§ 20. JlnHeliHble nofgnpocTpaHcTBa B RN

MHoxectBo L B Rn(Lcz /?,) Ha3biBaeTCA JMHEAHbIM MO4-
NPOCTPaHCTBOM MpOCTpaHcTBa Rn wnn, kopoye, nojnpocT-
padcteom B RN, ecnn u3 TOro, 4to fBa Kaknx-nn6o BEKTOpPa
X HY npuHagnexar Kk L (x, y £L), aBToMaTu4eckn cnepyer,
4TO BEKTOpP axX+py TOXe npuHagnexmt Kk L (ax +P.yg L),
roe a, P—uucna. lNognpocTtpaHcTBO L Ha3biBaeTca T-Mep-
HbIM, €CIM B HEM WMeEeTCs /MHEAHO He3aBuUCKMMaa CcucTeMa
al, -eee [T, cocTOflla? W3 T BEKTOPOB, W HET CUCTEMBI,
coctosueid U3 m-fl NMHEAHO He3aBUCMMbLIX BEKTOPOB.

Takum 06pa3om, ecnm a—npou3BO/bHLIA BEKTOP B b

(aEL), 70 cuctema a\ .... a", a /MHENHO 3aBMCUMa, T. €.
CYLLEeCTBYeT HeTpMBManbHas cucTeMa uucen Xf, ..., >f, X<
Takas, 4yTo

Xjfl1 -t-Xe fln "bXjj+ifl = 0. 1)
3peck 2a+1 P 0, mHaue 6bINO Obl

X,a' \tasa=0,

N BCNEACTBME JIMHEAHOA He3aBUCUMOCTM cucTembl a\ ..., a™
6bu10 661 Xj= ... = X,=0, 1 BCA cuctema X, ..., XK X+l

Oblna 6bl TpUBMaNbHOW. Torga ypaBHeHWe (1) MOXHO PeLUTb
OTHOCUTESIbHO a:

a=ull+ ...+ yTa'> n, = — X/Xa+1), 2

T. €. NPeAcTaBuTb B BUAE NIMHEAHON KOMOMHALMKN M3 BEKTOPOB
a\ ..., aT. C [pyroil CTOpPOHbI, NMHENHasA KOMOMHaUUS Buaa
(2) npuHagnexmt Kk L, notomy u4to L—nognpocTpaHCTBO.
B aTOM cMbicne roBopsT, 4To cucTeMa al, ..., aT ecTb 6asuc
B L. OueBugHo, nobas Apyras /MHEiHO He3aBMCMMasA CUCTEMA
BekTOpoB b\ ..., b", npuHagnexawmx Kk L, ecTb 6asuc B L.

Ecnn pasnoxuTb BekTopbl b' no Bektopam al, .... a™
TO MOMYyYUM

T

—N =
bn Szlfrgar (6=1,..., 7).

Mo aHanormm c Tem, KakK Mbl paccyxgann B § 16 and R,
(rme Tenepb Hago 3aMeHWUTbL |S 1M aKCOOTBETCTBEHHO Ha a$, bK),
MOXHO MOMYYUTb, YTO cucTema b\ ..., bT NIMHEHO He3aBu-
CMMa TOrfa M TONbKO TOrga, Korga onpegenutens |b*,|#0,
n 4yto mobas HesaBMCUMMas CcuUCTeMa, cocTosawas M3 /< T
BEKTOPOB, YX€& He MOXeT ObiTb 6Gasucom B L.
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MpocTpaHCcTBO /7, MOXHO paccMaTpmBaTb Kak MOAMPOCT-
PaHCTBO RN, VMetOLLee M M3MePEeHWIA.

MHOXeCTBO, COCTOfiLLlee W3 Of4HOro Hynesoro Bektopa O
ecTb /NMHeliHoe nognpocTpaHcTBo (a0 + p0=0). Tllpo Hero
roBopsAT, 4To OHO UMeeT 0 mamepeHuii. BekTop 0 He obpasyeT
NMHEAHO HEe3aBMCMMO CUCTeMbl—M3 paBeHcTBa >0=0, rae
K—uucno, He 06s3aTeNibHO CnefyeT, YTO K eCTb HY/lb.

Ecnu BekTOp X°¢h0, TO MHOXECTBO BEeKTOPOB BMfa ?.ir°, rae
K— NpOu3B0JIbHOE YKC/I0, eCTb OfHOMEPHOE MOAMPOCTPAHCTBO.
B KauecTBe 6a3nca B HeM MOXHO B3sTb BekTop X'

MycTb L ecTb NMHeliHOE MOAMPOCTPaHCTBO B Rn. Bygem
rOBOPUTb, YTO BEKTOP V £Rn opToroHaneH K L, eciM OH
OpTOroHaseH K ntobomy BekTopy U£L. O603HauMm uepes L'
MHOXECTBO BCeEX BEKTOpPOB, OPTOroHasbHbIX K L L' ecTb
nognpoctpaHcteo. B camom gene, nycts v, v' £L?, T e

v, =0, VuGL;
(v\ n)=0, VatZzZ,.

Torga gns no6bIX yncen a, p
(ar» + p®', n)=a(v, n)4-P(®', 1) =0,

T.e. ar»+ Pv' 6

Mo onpefeneHnto noanpocTpaHcTeo L' ¢ R,, HasbiBaeTcA
OPTOrOH&/IbHBLIM K AaHHOMY MOAMPOCTPaHCTBY L ¢ Rn, ecnu
L' eCTb MHOXeCTBO BCEX BEKTOPOB, KaXAblA M3 KOTOPbIX
opTOoroHaneH K L.

Hwxe [oOka3biBaeTCa Teopema, BbIACHAIOLWLAA CTPYKTYpY
Npon3BO/ILHOTO MnoAanpocTpaHcTea L ¢ Rn 1 emy opToroHasns-
Horo nopnpoctpaHctea Ll1c Rn. B yacTHoCTW, U3 Hee cne-
AyeT, yto ecm L' opToroHanbHo K L, TO 1, obpaTtHo, L opTo-
roHabHO K L*.

Teopema 1 TIycTb L ecTb NWHeiHOoe MoanpocTpaH
CTBO, OT/MYHOE OT RN 1 HyneBoro NoAnpocTpaHcTBa. Torga

a) CYLLIeCTBYeT LEfoe uMcrio T, YAOBMETBOPAIOLLEe Hep:
BEHCTBaM

1 71<n, ©)
N OPTOHOPMMPOBaHHbIA Ga3nc
al, aT @)

B L\ ecm aTOT 6asvc NPOLOMKUTL NtO6bIM CriocoboM 4o op-
TOHOPMMPOBaHHOro 6asnca B Rn:

O, oo, CD)
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T O MHeliHOE NoANPOCTPaHCTBO L1 ¢ 6asmcom
aT*Xeuunnn. an (6)

o6nafaeT CnedytoLLMMMA CBOMCTBaMU:
6) L' ecTb NOANPOCTPaAHCTBO, OPTOroHaibHoe K L\
B) L ecTb MoAgnpoCTpaHCTBO, OPTOroHanbHoe K L'\
r) nHoboi BeKTOp a£ R N MOXXHO NpeACcTaBUTb B BUAE CyMMbI

a=u+yv,

rie n£L, VEL' 1 Npy 3TOM €A4MHCTBEHHBLIM 06pPa3oM.

JokasatenbctBo. [lo ycnosuo L OTANMYHO OT Hyne-
BOrO MOAMPOCTPaHCTBa, CflefoBaTeNlbHO, B L CyllecTsyer
BEKTOP X, OTAMYHbIA oT 0. Hopmupys X, MOAy4YMM HOpMasib-
Hblli BEKTOP

al=T7Ix-

O603HauMM 4Yepe3 a* no6oR, NpuHagnexalmii Kk L Hopmanb-
HblA BEKTOP, OpTOroHambHbIi K al (Ja*]|=1, (a*, al)=0),
€C/M TakoW cyllecTByeT. [anee, 0603Hau4MM 4Yepe3 a3 npu-
Hagnexawnii K L HopMasbHbI BEKTOP, OPTOrOHanbHbLIA K al
nar (Fa* |=1, (a3, a‘)=(a*, a’)=0), ecnn TaKkoli CylLEeCT-
ByeT. OTOT MPOLECC 3aKOHYMTCA Ha HEKOTOPOM T-M 3Tane,
roe T YAOB/ETBOPSAET HepaBeHCTBaM (3), T. e. HaligeTcs opTo-
HOPMHPOBaHHas CUCTEMa BEKTOPOB (4), NpuHagnexawmx K L,
HO y)Xe He 6yfeT B L efUHWYHOro BEKTOPa, OPTOrOHILHOIO

K BekTOpam al, .... a”. B camom fene, m”s 1, noTomy 4to
3aBefomo al£L. C pfpyroil CTOPOHbl, T He MOXeT OblTb
pasHbiM M. B npoTmBHOM cnydyae BekTopbl al... a” npu-

Hagnexann 6bl K L M BMecTe C HuAMK I'IpI/IHaA]'IG)KE?EIVI 6bl

K NnoAnpocTpaHcTBy L BCe NMHelHble KomOuHauum 2 hok>

M Torga nonyumnock 6bl, 4To L coBnagaet ¢ /?,, HO L OT/MYHO
oT Rn. lNonyyeHHas OpTOHOPMUPOBaHHasd cuctemMa al, ...,aT
ecTb 6a3uc B L. B cavom fefie, BMeCTe g BeKTOpamu a 1,

T

npuHagnexat K L 1 BCE WX NMHeAHble kOMOMHaumm 2 KO*
P

o Gombwe B L OPYruxX BEKTOPOB HET, MOTOMY l4To,1 ecnm

LOMYCTUTb, UTO HEKOTOpbIi BeKTOp a£L He ecTb Takas Nu-

HeliHa KOMOWHaLWs, TO @ MOXHO Oblno 6bl 3anucatb B BUfe
CYMMbI

a= *2-i (0. akRak+y, (M
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roe y® 0. Tak Kak BEKTOPbl a M aK NpuHagnexar K nog-
npocTpaHcTey L, TO npuwwiock Obl 3aKNHOUYUTb, YTO BEKTOP

y —‘I—% (<o a*)ax

TOXe npuHagnexxut K L. HO BekTop y OpTOroHaneH Ko
BceM a5 (s= 1, . . T) (cm. § 17, (4)). pOHOPMMPOBAHHbIN

BEKTOP
T3 e

TOXe npuHagnexan 6kl K L 1 6bln 6bl OPTOroHaNbHbIM KO
BceM a* (t=1, .... /n). Ho 3TO HEBO3MOXHO B CWU/ly Mak-
CMMa/TIbHOTO CBOWCTBA umMc/ia T. OTUM [0Ka3aHO YTBepXje-
HUEe @) TeOpeMsl.

JlononHeHne opTOHOPMMPOBAHHOW cUCTeMbI (4) 1O OpPTOHOP-
MMpOBaHHOro 6asnca (5) OCyL,ecTBASETCA Ha OCHOBaHWM Teo-
pembl 1 § 17. OG6o3HauMm u4epe3 V MOLNPOCTPAHCTBO BCEX

n

NVHEMHbIX KOMOMHauuii ©= 2 Ma™* 13 BEKTOPOB CUCTEMbI
k*zm+1
(6). Kaxpaplii Takoii BEKTOp, O4YEBMAHO, OPTOrOHaneH K Jto-

Gomy BekTOpy M £L, KOTOpbIi NpeacTaBnseTcs B BUAE CYMMbl
T

m= 2 . C Apyroil cTopoHbl, ecim a£Rn ecTb npoms-
K=

BOMIbHbI BEKTOP, OPTOrOHaNbHbLIA KO BCeM BekTopam UEL,
B YacTHOCTM Kal ..., aT, TO ero pasnoxeHue no 6asucy (5)
NMeeT BUL

rn rn

a= 2 (a, uak= 2 (a, akak
fr=I fe=m+1

T.e. a£L’. Mbl fokasanu yTBepxieHue 6) Teopemsl.
T

[Lanee, noboii BeKTop W© = *2—| KN~KE £ opTOroHaneH Kc

n

BCEM BekTOpam v = 2 € L' n, ecnin MN3BECTHO, uTC
fc*m+1

Kakoin-nm6o BekTop a= 2 (a, a*)a* OpTOroHasieH KO beev

BeKTopam u3 L', B yacTHoctTM K aT+l, ..., a", 10 a =
T

*=2:(a, a¥)a*, T.e. a £L. Mbl gokasanu YTBEpXAeHMWe B)
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HakoHel, ecnum a £/?,—Npou3BO/bHbIA BEKTOP, TO €ro
eMHCTBEHHbIM 06pa30OM MOXHO TMpPeAcTaBUTb B BUAE CYMMbI
n

a= |<2m|(“- o¥)a*=wun+c,

roe

«= f2F| (® akakeL, v= 4:%+1 (a, a¥)a*EEN

31um Teopema 1 gokasaHa MOAHOCTBIO.

Teopema 2. TlycTb L ecTb MOANPOCTPaHCTBO T UM3Me-
peHuii B R, Torga nognpoctpaHcTBO L' ¢ Rn, opTOoroHanb-
Hoe K L, uMmeeT nN—T wu3MepeHuiAi M npu 3Tom L ecTb
B CBOIHO OYepefb MOAMPOCTPaAHCTBO, OPTOrOHalbHOe K V .

JokasaTtenbcteo. Ecmm L otiamyHo ot Rn wm o1
HY/NIeBOTO MOAMPOCTPAHCTBA, TO flaHHaf TEOPema COAepXUTCs,
0YeBUIHO, B TEOpPeMe

MycTb L ecTb Hy/neBOoe NOALMPOCTPAHCTBO. Tak Kak /060l
BekTOop a£ Rn optoroHaneH k 0, To L' = Rn 1 n3mepeHre Rn
paBHO N—O0 —n. O6paTHO, BeKTOpP 0 OpPTOrOHaseH KO BCEM
BekTopam a£Rn= L(. [Apyrmx BeKTOPOB, OPTOrOHa/bHbIX
KO BCeM BekTOpaM RN, HeT, MOTOMYy 4TO BCAKWI OTINYHbINA
OoT 0 BEKTOP YyXe He OpPTOroHaseH K camomy cebe. Mol fo-
Kasanu, 4yto L opToroHanbHo K L'

Ecnn L= Rr> 70 paccyxpgaem nogobHbIM 06pa3om.

Cnegcteue 1 MycTb 3agaHa cucTemMa BEKTOPOB

XX veaa X4, 9

M nyctb L- ecTb MOANPOCTPAHCTBO BEKTOPOB V, KaXablii
M3 KOTOPbIX OPTOrOHaNeH K BeKTOpam 3TOl CUCTEMbI:

(v, X§=0 (6=1,  10)

MycTb, danee, faH BEKTOP a, OPTOrOHa/bHbIA KO BCEM YKa-
3aHHbIM BEKTOpaM V, T. e. OpPTOrOHalbHbIA K MOANPOCT-
paHcTBY L'. Torga a ecTb HeKOTOpas MHeliHas KOMOUHaLus
M3 BEKMIOPOB 3afaHHON cuctembl (9)

JokasatenbcTBO. PaccmMoTpMM MOANPOCTPAHCTBO L,
COCTOfLLLEE M3 BCEBO3MOXHbIX JIMHENHbIX KOMOWHALMIA BEKTOPOB
cuctembl (9), T. e. BCAKMIA BekTOp a £L ecTb HekoTopas
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NNHeRHas KOMOWHaums

2,

B a3tom cnyuvae 6ygem Takxe TrOBOPWTb, YTO MOANPOCT-
paHCTBO L HATAHYTO Ha BeKTOpPbl cucTembl (9).

Tak Kak BcAkuii BekTOp VEL' OpTOroHaneH K BekTopam
cuctembl (9), TO OH, OYEBMAHO, OPTOrOHaNeH K /t06OMY BekK-
Topy UEL. OT0 MmokasbiBaeT, YTO MognpocTpaHcTeo L opTo-
roHasibHO K nojgnpoctpaHcTey L. Ho Torga nmo teopeme 2 m L
opToroHanbHo K L', T.e. L coctoMT m3 BCEX BEKTOPOB U,
OpTOroHanbHbIX K L'. [lo ycnoBuio a ecTb OAMH U3 Takux
BEKTOPOB W, CNefjoBaTe/lbHO, a €cTb HEeKoTopas J/MHeHas
KOMOMHaUMS M3 BEKTOPOB cucTembl (9).

§ 21. Teopembl (hpegronsmosa TumMa

B aTom naparpathe m3naraetcsi TeOpUs NMHENHbIX ypaBHe-
HWIA, napanfienbHas TEOpUW, W3NOXEHHON B § 4.

370 Ge3geTepMMHaAHTHasA Teopus. B ee dhopmynmpoBky onpe-
LeNnnTeNb CUCTEMbl YpaBHeEHUI SBHO He BXoAuT. MpenmyLlecTBo
ee 3aK/l04aeTcs B TOM, YTO OHa MOCAYXWNa OCHOBOW W aHano-
rOM L/18 MHOTMX OOOOLLEHMA B MaTemMaTM4eckoMm aHanuse. [lep-
Bble Takue BaxHble 0000LeHUs MpuHagnexar dpearonbmy *).

Mbl CHOBa paccMaTpUBaeM /IMHeHbIA onepaTtop (cM. § 15) A

y = Ax (x £/7,,), (0]

MPVBOASALLMIA B COOTBETCTBME KaXAOMY BEKTOPY X £ R,, BEKTOp
y£RnN Npu MomMowmM pPaBeHCTB

a
\fi= I%l Qit*s  (t5=BL>ee+» 7). (2)
34ecb
L, O e 0i,l
................ * x| )

ani aT eeeann|j

— 3aflaHHaa KeafpaTHad Mmatpuua. Onepatopy A cooTseTcT-
BYeT COMPSKEHHbI eMy onepartop

y = A*x (XERn), (D]
1) 3. . ®pearonbm (1867—1927)—LiBefCckuiA MaTeMaTuK.
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onpegenseMblii CONPSXKEHHOW K (3) maTpuueit

)*< a2i ... an\
n: = (3;)
Nw e e ann

Mpy NOMOLLM KOMMOHEHT BEKTOPOB X, Y OH 3anucbiBaeTcs
B BUfE

-
<152, k), @9

T. € KOMMOHeHTa yf BbipaxaeTcs 4epe3 KOOPAUHATHI BEKTOpa X
C Momowpto /- CTpokM Matpuusl A* mam /-ro ctonbua mart-

puusl A.
CnpasefnmMBO pPaBeHCTBO
(Ax, 1) = (x, A*r) Yx, zERa, (4)
BepHOe fN1A Bcex X, 2ERnN. B camom pene, fna [fencrsu-
TeNlbHbIX RN n ais
n \

n n /
(Ax,T) :(glypi :igl(\Z </A'r =

s=1
=2 _(\2 Ia,A )Xs= (x, A*r).
=i I =
B KomnnekcHom cny4ae

0
(Ax, 1) = 2v2,=2 2s/a )i/ =

n n n n
— /\ .
= 2 2 O/a—2 2 ajli = {x, A*z).
J=1 /=1 77 ?-1 /=1
PaBeHCTBO (4) xapakTepHO A/18 COMPMXEHHOro oneparopa,
MOTOMY 4TO, €CAM [N HEKOTOPOro J/MHeiiHOro onepatopa B
BbIMOJTHAETCA PaBEHCTBO

(Nar, r) = (x, Bx), Vx,zERNn, (5)

To Heobxogumo B=/1*. [JeiictButencHo, (B = |&**), an4
[OeiictBuTenbHbIX alr, bit, Rn

(=22

1=1881
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M3 (5) cnepyeT, uTO
n n n n
2 2 alsx,2,=2 2 bn*/ Vx.zERN, (6)
t=ts=1 (=1s=1!
oTkyga alt—bsi (i, s—1, . . 1), B Y4eM MOXHO ybeauTbCs,
ecnm nonoxuts B8 (6) aAA=(@, ..., 0,1, Q ..., 0) n z=
=@, ..., 0,1,0.... 0), rie y X eavHMUa CTOUT Ha S-M
MecTe, a y I Ha t-Mm MecTe. B KOMMJIEKCHOM Cliyyae
n n

noon
RS L RIE L P L W

oTkyga ajt=b,j wwm bs/= afs.

Takmm 06pa3oM, COMPSOKEHHbIA onepaTop A* K IMHeHOMY
onepaTopy A MOXHO TaK>Xe OnpeaenvTb Kak TakKoWn NnHen-
Hbli onepaTop, A1 KOTOPOrO BbIMOJHSAETCA PaBEHCTBO (4).

PaBeHcTtBa (1) u (1*) MOXHO paccmaTpuBaTb Kak ypaBHe-
HUa—3agaH BekTop y £ /7, 1 Mbl uwem X £ /2, ANg KOTOPOro
BbIMOJIHAETCA paBeHCTBO (1) nam (1%).

CooTBeTCTBYIOLME OAHOPOAHblE YPaBHEHUA WMEHT BUA

Ax=0 (1)
nnn
gilalsxt =0 (1=1... n (20)
’ A*z=0 (1)
nn
% 45 =0 (/= Lo n). 20)

O603Haunm yepe3 L 06pa3 npocTpaHcTBa Rn mpy nomowm
ornepartopa A:
L= A(Rn)

— 1 Yepe3 L' nognpocTpaHCTBO BCeX BEKTOPOB I, YAOBMET-
BOPSIOLLMX OLHOPOAHOMY COMPS>KEHHOMY YypaBHeHWto (1J).

J¥bl Ha3Banu L' mognpocTpaHCTBOM, MOTOMY YTO BMeCTe
cr, r' K Hemy npuHagnexar takxe az+fiz', rgpe o n b—
yucenr:

A* (ar + Pr') = aA*r + pA*r '—o0.
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I ecTb TOXe MOAMPOCTPAHCTBO, MOTOMY 4To, ecnn y, y' £1L,
r0 cywiecTByloT BekTOopbl X, X'£Rn Takue, uto y = AX,
Y'cpAx ', n, C/EAOBaTeNbHO,

ay -f «aAx + PAx'= A(ax + P*").

T.e. ay + PY
Cnpasefnmea nemma (cm. § 20, Teopema 2).

Nemma 1 T[lognpocTtpaHcTtBa L u L' B3avmMHO opToO-
FOHa/lbHbI, T. €. V. eCTb MHOXECTBO BCEX BEKTOPOB I, KaXK-
Obli U3 KOTOpbIX OpTOroHaneH K L, a L B CBOO O4epedb ecTb
MHO>XECTBO BCEX BEKTOPOB Y, KaXablli M3 KOTOPbIX OPTOro-
HareH K L'. Ecom L umeetr K u3mepeHuid, To L' umeer
n—k un3vepeHmia.

JokaszaTtenbcTtBo. O6patuMca K paBeHCTBY

(Ax, )= (x, A*r), (7

BepHOMY fAnd Bcex X, ZzERN. TlycTb r ecTb BEKTOp, OPTO-
roHanbHbli Kk L, Torga pgnsa Hero nesas uvacTb (7) paBHa
Hyno Ana Bcex X£ RN, HO TOrda W npaeas 4vacTb paBHa
Hyno Ang Bcex X£ R n, B yacTHOCTM Ana X = A*r\

(A'r, A*z)=0.

CneposatenbHo, A*r = 0. Mbl fOKa3anu, 4TO ecnn BEKTOp Z
OpTOroHaseH K L, TO OH yfOBNeTBOPAET ypasHeHW0 A*r =0
(T.e. 1 €£e")e

O6paTHO, NyCTb BEKTOP I Y4OBNETBOPSAET YPABHEHUIO
A*z=10. ina Takoro z npasasa 4actb (7) paBHa Hyno npu
MoBbIX X, HO TOrfa W neBas paBHa HyM0, T. e. Z OPTOroHaneH
KO BCEM BeKTOpaMm Buaa AX, T. €. KO BCeM BekTopam YE£L.
Opyrummn cnosamn, z opToroHaneH K L.

Mbl fokasanu, 4yto L’ ecTb MHOXECTBO BCEX BEKTOPOB T,
OpPTOroHa/nbHbLIX K mognpoctpaHcTsy L. Ho Torga Ha ocHoBa-
HM Teopembl 2 § 20 W, o6bpaTHO, L ecTb MHOXeCTBO BCeX
BEKTOPOB Yy, OPTOrOHanbHbIX K V, M cymma nsmepeHmin L n V
paBHa n. JlemMa JoKasaHa.

CnpasegnvBa Teopema.

Teopema 1. [na Toro 4tobbl ypaBHeHWe

y = AX (1)
WUMENo pellieHve, AN JaHHoro Bekrtopa Yy £ /7, Heobxoaumo
W JOCTATOYHO, 4TOObl BEKTOP Yy Obll OPTOrOHaNbHbLIM KO
BCEM BEKTOpPaM z, Y[OBNETBOPAIOLINM OAHOPOAHOMY COMps-
YKEHHOMY YpaBHeHUIo

A*z=0. (ID
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PeleHve X ypaBHeHusi (1), eciM OHO CYLLECTBYET, MOXHO
3anucaTb B BUE CYMMb

X=X"+u,

rge X'"—kKakoe-nmbo 4acTHOe pelleHve ypasBHeHus (1), a U—
MPOU3BO/IbHOE PeLLIEHMe OfHOPOAHOIO YpaBHeHUA

An = 0. (1)

Jiobass ykasaHHas cymma ecTb pewleHve (!')e

fokaszaTtenbcTBO. B cuny nemmbl 1, ecnn L= -4(4,,),
a L' ecTb MHOXeCTBO BCeX I, Y4OBNETBOPAIOLWMX YPaBHEHWUN:
/1*2=10, To L n L' cyTb mognpocTpaHCTBa, OPTOroHasbHble
B3aMMHO. Ho Torga, ecnv fANa y CYLLeCTBYET peLleHue ypas-
HeHna (1), 70 yEL wn Heobxoanmo Bce z”L 1 opTOroHasbHbI
K Y. Ecnn xe Bektop Y oprtoroHaneH ko Bcem z£LI, TO
yEL, T.e. cywectsyer X, ans kotoporo Y*=AX.

MycTb Tenepb ANA BekTOpa Y CYLLECTBYET pelleHue ypas-
HeHua (). O603HauMM ero uepes X°i

y*= Ax\

Torga, oyesugHo, cymma X + W, rge Jlm =0, ectb TOXe
pewleHne ypasHeHus (!')>

A@'4-0)= /Ix"+ Aa=y +0=y.

O6paTHO, ecnu X ecTb NMPOM3BO/MIbHOE peLueHune ypasHeHus (I7),
a X W—OnpefiefleHHOe YacTHOe peLleHune, TO

y=Ax, y=Ax\
n, cnefoBaTesibHO,

0= Ax—Axn= A(x —x°) = Aa,

rie U=X—X° 1. e. X=X°+a, rge W ygosnetsopser
ypaBHeHuto J1a = 0.

3ameyaHue. TloSicHUM Ha npumepe [AENCTBUTENLHOIO
npoctpaHcTBa Rt cBA3b Teopembl 1 ¢ Teopueidi KpoHekepa—
Kanennn. Mycte BekTOp Y = («/,, YI) OPTOrOHaseH KO BCeM
PEeLLEHNAM CUCTEMbI

°12,+aiJ2l=0. ]

[MoKaxeMm, 4TO TOrAa paHrm MarTpuLibl An pacLUMpeHHOl MaT-
puvubl

oy Qu M

[Bbl flj,
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paBHbl Mexay C06oi. Ecnm  paHr A= 2, TO, OYEBUAHO,
paHr B= 2. lMycTb paHr A= 1 Bcerga paHr B> paHr A—1
Moatomy HaM Heob6XoAMMO fOKa3aTb, 4TO

11 4,11=0, .- h * g/
ati - Y« 1 * 10n 11

B camom fene, Tak Kak Yy OpPTOTOHajneH K PELUEHUSM cu-
cTembl (8) (HETpUBMANbHLIM), TO yxx+ yxr= 0. [lo3aTomy,
cunTas, 4To r,=ii=0,

A, = au/|—oSi/i =

=QuY,+ a» — == + fln2i) =
= auyn auv\=
= fli«/, + ait -~L = (flil2i + aij?f)= 0.

Otcioga cnegyet, uto paHr B = paur A=\.

O6patHO, nycTb BekTOp y = (ylt yt) TakoB, 4TO paHr B=
=panr A Torga (1) MMeeT HEKOTOPOE PeleHne (ar,, Ar).
JokaxeMm, 4yTo y OpTOroHaneH K pelleHuam r= (r,,rr) cu-
ctembl (8). B CaMOM fene,

Y,r,+ «/r,=(anx,+ a,*,)r, + (a,x, + a,xt)r
— (a,r,+ a,r,) o+ (@lx,+ a,zt)xr= Oey,+ O«r,= O.

Teopema 2. OfHOPOAHbIE ypaBHEHWUSA
Ax —0 (1)

A*X=0 1)

MUMEIOT OAWHAKOBOE UWCMO /IMHEHO He3aBMCKMbIX PeLLEHWA.
B uyacTHOCTWM, eciM 0gHO M3 3TMX YypaBHEHUA KMeeT
TONbKO TpuMBMaibHOE pelleHne 0, T. €. WMMEeT Hynb Hesa-
BUCUMbIX PELLEHWIA, TO 3TO BEPHO W ANsi JPYroro.
3ameyaHue. B nocnegHem cnyyvae ypasHeHue (1) umeet
eNHCTBEHHOE peLLeHue.

JokaszatenbcTBOo. Matpuusl A n A" uMeloT OAWH
N TOT XXe PpaHr, KOTOpbI 0603HauMm uYepe3 k. OHM uMerOT
TaKXe OAWH W TOT Xe onpegenutens Jl.

Ecoiv k=n, 10 O4="0 un ypasHeHus (10) un (1,) umerT
TONbKO TpuBManbHble pewweHus 0. B atom cnydyae, corfiacHo
Teopeme 1, ypaBHeHMe (1) UMeeT efUHCTBEHHOE peLleHne npu
300bIX Y e Rn.



122 t 21. TEOPEMbl ®PEATOJIbMOBA TUMA

Mycts Temepb 1<6<n. [locne cooTBeTCTBYIOLLEN Nepe-
HymepauuMm ypaBHeHWI U KOMMOHEHT OnpegenunTenb
oL “ik
*0.
aki eee akk
Mepsble Kk ypaBHeHWId (1*) Temepb BanuwieMm B BUAE

CItXl *b oo = Of, * +i** +i eee ainXm<
O
aUX|I+ eee+ a* x*=—_— gK, *+1**+1— e  aKIXIN-
Hwxe npusogntca Tabnmua N—K BEKTOPOB
arl= (g, 4,10, .0),
*k — (%9
( B 4 '01 1101 0)1 (10)

UTo6bl MOMy4nTh NEPBbI BEKTOP, NoAcTasnsem B cuctemy (9)

XKH = D xKk+«= oo e>xn 530
N pellaeM ee OTHOCUTENbHO XM ..., X K. EAMHCTBEHHblE peLue-
HWA, KOTOPbIe 34eCb NOMyyaroTcs, 0603Ha4YMM yepes Ac},. .., *J.
UT06bI MOMy4YnTL BTOPOI BEKTOpP, MmogctaBndem B (9)
** 4t = 0> XxXk+ti= 1> F*4>_0% eeey XM= 0
N Haxogum uucna &2 ...,x| n 1.4. Bekrtopbl (10) obnagatoTt

CNeayroLMMN CBOMCTBAMMU.

1) Cuctema BekTOpoB (10) NMHENHO HesaBMCKMMA, MNOTOYY
YTO PpaHr MaTpuubl 3TWX BEKTOPOB PaBeH YMCAY 3TUX BEK-
TOPOB L, = N—K.

2) Kaxablin BekTop cuctembl (10) ecTb pelueHue (t06bIX )
ypasHeHuii (28) i Ax = 0.

3) BCeBO3MOXHbIe peLleHWs ypaBHeHUs AX = 0 UMelT BUf

XiX1+ ... *

rge X K -k ~ MpOn3BONbHbIE YMCna.
OO6bIYHO 3TV TPU YTBEPXKAEHUSA 3aMEHAIOT C/N0BaMMW: ypas-
HeHvie (10) MMeeT M—K JINHEAHO HEe3aBUCUMbIX PELLEHWA.
MoJO6HLIMM  pacCyX4eHUAMMW, Y4YWUTbIBaA, 4TO paHr A=
= paHr A*, [okKa3biBaeM, 4To ypaBHeHue A*x = 0 Toxe umeer
N—K JIMHEAHO HEe3aBMUCUMbIX PeLieHnin. Teopema [JoKasaHa
Teopema 3. EciM ofHO M3 04HOPOAHBLIX ypaBHeHUA (U
mm (1) nmeeT K JMHEHO HE3aBUCUMbIX PELLEHWIA, TO «



*22. CAMOCOIPAXXEHHbIA OMEPATOP 123

Opyroe uMeeT K AMHeiHO He3aBMCUMbIX —PeLUeHWi; o6pasbl
yee L=A(R,) wn L*= A*(Rn) npoctpaHctBa Rn, nony-
YaeMble MpW MoOMoLUM onepaTopoB A U A*, CyTb MOAMPOCT-
paHCTBa M— K W3MEPEHWA.

JokasatenbcTtBo. [lepBoe YyTBepXAeHUEe Teopembl
0 paBeHCTBE KO/MYECTB /IMHEHO HE3aBUCUMMbIX PELLUEHWIA OAHO-
poaHbix ypaBHeHuid (10) u (10) ecTb Teopema 2, a BTOpoe —
ecTb NleMMa 1, B CU/y KOTOPO W3MEpeHWe MNOoANpOCTpaHcTBa
1 paBHO NM—K, rge K—MU3MepeHue MoAnpocTpaHcTea L' Bek-
TOPOB I, Y4OBNETBOPAOLWMNX ypaBHeHUIO A*r = 0. AHafOrM4HO
n3mepeHne L* paBHO N—K, A€ K—KO/IMYECTBO W3MEPEHWIA
MOAMNPOCTPaHCTBA BEKTOPOB U, YAOB/IETBOPAIOLWUX YPaBHEHUIO
N« —0.

§ 22. CamMOCOMPSXEHHbIA onepatop.
KBagpaTuuHaa dopma

JInHeliHbIA onepaTop

M
*/*:(CzI akixi  (&—1, ...» n) (D)
WM, KOpPOTKO,
y=Ax (xeRny£ER,) (2)

Ha3blBaeTCA CaMOCOMPSHKEHHbIM, €C/In OH pPaBeH CBOEMY COMps-
XEeHHOMY (A= A*), T. e. ecu

Ax=A*x VXERN, (3)
MHaye rOBOPA, ecAu maTpuua A CMMMeTpUYeckas:
<=-aNe (*- /=1...... f) >

(em. (3) m (3% § 21). Mol cuntaem aKl n Rn pgeiicTBuTEND-
HbiMA (CM. HWXe 3ameyaHue 1).

[Ona camoconpsxeHHOro oneparopa MWMEeT MecTO Xxapak-
TepHOe paBeHCTBO

(X, Ar)= (Ax, T) Vx,z$Rn
(cm. 8 21, (4)). OuesngHo,
(ar, Mon)=V XX Na x =2 2 akxk, (ak=alg. (4"
*=1 =i *=i/=l

BolpaxeHue cnpasa B (4') Ha3biBaeTCs KBAApaTUYHOIA
dopmoli N-ro nopsfka. JTO HenpepbiBHas (DYHKUWS OT Bek-
Topa X WAW, 4YTO BCE PABHO, OT TMEPEMEHHbIX X,, ..., X



124 §22. CAMOCOTPSI)KEHHbII OMEPATOP

bynem paccMatpuBaTb 3Ty (OYHKUMIO Ha MHOXecTBe 5
3HaYeHWn X, UmeroWMX eauHuuHylo Hopmy (lar]l = 1). MHo-
XecTBo 5 ecTb cdpepa B /7, paguyca 1c ueHTpom B Touke O
5 —o0rpaHM4yeHHOe MHOXeCTBO. KpOMe TOro, OHO 3aMKHYTOJ):
ecnnm TOYkM nocnegosatensHoctn  {jevy (v—1, 2, ..) npu-
Hagnexatr Kk 5 (. e |jrv]=1 v= 12, ...) u3ta nocnego-
BaTeNbHOCTb CTPEMMTCA K HEKOTOpoi Touke Af£ R n (xv—*x\
V—*-00), T0 HemuHyemo X°£S, T. e. |x“|=1, notomy uto
11—1o°ll= lIxvkljc°| K Pfv—jc® 1— 0, oTkyga 0= 1

Haligem makcumym KBagpaTuyHOR chopmbl (4') Ha cdoepe 5
Tak kak doopma (4') ecTb HenpepbiBHAA (YHKUUA Ha 3aMKHY-
TOM OrpaHW4YeHHOM MHOXEeCTBE, TO MakCMMyMm ee Ha 5 pgocTu
raeTcs L8 HEKOTOPOro efuMHUYHoro Bektopa x 1 (jarll= 1).
O603HauMM 3TOT MakCMMyM 4epe3 X;:

\l= (AXL, xD)~(Ax, x) Vijc:|x]=1I. (%)

Beefem nofnpocTpaHcTBO L', OpTOroHanbHOe K BEKTOPY
Acl, T. e. MHOXeCTBO BCEX BEKTOPOB V, KaXAbll M3 KOTOPbIX
opToroHaneH k x1. B L' BO3bMeM MPOM3BOMbHbIN eAUHUYHBLIM
BEKTOP (]©*|=1). Bektop

cosa X1+ sina
3aBUCMT OT a W MMEET eAMHUNYHYH0 HOpPMY
cosa x4Y-sina- |=

= (cosa-jc' -fsina®©O0, cosajr'-fsina-t»Q 1=
= (cos*a + sin*a) /= 1.

Mpn a =0 ator BekTOop o6pauwaercd B x1. Ho Torga
hyHKUMS

if (@) = (A(cosasx1-fsina ®"), cosa k' + sina 0°)

JocTuraeT cBoero Mmakcumyma B Touke a = 0 (¢ (0) = (Ax1, ard)
N B CUMY HEOBXOLMMOro YCNOBUSA 3KCTPeEMyMa

rr(0)=0.
BblumMcnvMm 3Ty NpomM3BOAHYHO. Meem
d(a) = cos*a(/1x\ x)-fsin2a(Axl, ©) + 31*a(1©O\ v >

> CM. Hawy KHWUry «Bbiclwias MaTeMaTuka. [AuddepeHunansHoe
N WHTEerpanbHoe ucymcineHue», § 8.12.
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CnepoBatefibHO,
= (@) = —sin2a(/Ixl, x 1)+ 2cos2a(/ljrl, «*) +
+ sin2a(i4t>\ ©)

0) = 2(1x\ c°) = 0.

Mbl  nonyunnn, 4Tto BEKTOP AXX OpPTOroHaneH KO BCeM
eOMHUYHBIM BeKTOpaMm V*£L', cnefoBaTesibHO, M K J106bIM
BekTopam VEL'. Ho Ttorga AXX oTauMyaercs OT X1 nvub
MHOXWTEeNemM (CM. crneacteve 1 B KoHue § 20), T. e.

Ax1= kx\

rge X— HekoTopoe 4ucno.

M3 nepsoro cooTHoweHua (paseHcTBa) B (5), yuuTbiBas,
yto |x‘ |= 1, cnegyet

X=Xl x)=X

TakuMm o06pa3om, Mbl [OKasanu, 4TO MakCUMyM KBajpa-
TUYHOW chopmbl (4') Ha egMHMYHOW cdoepe |x |= 1 focTturaeTcs
B HEKOTOPOM TOuke XX,

max (AXx, X) = (Axx, x1) —".
max (Ax, X) = ( )

Mpn atom
Ax1l= Xjjfl, 1Ix11=1.

Mbl BUAMM, YTO HETPMBUAIbHLIA (He paBHbIA HYMKO) BeK-
Top Arl otobpaxaeTcd npu MoMOLM onepatopa A B BekTop
X\ emMy KOM/IMHEeapHbIA.

Takoli BEKTOp Ha3blBaeTCHd COOCTBEHHLIM BEKTOPOM Ore-
patopa A, a uucno Xj—npuHagnexxawym 3TOMY BEKTOpY
COBCTBEHHbIM 3HAYEeHMEM.

Bygem Tenepb paccmatpuBaTb onepatop A Ha MOANpocT-
paHcTBe R1, onpegenseMom Kak MHOXeCTBO BeKTopoB X (£ R,,),
OPTOrOHaNbHbIX K BeKTOpy X1 (Bblle Mbl ero 0603Havanu
yepes L'). R1 ectb (N— 1)-mepHOe NOAMNPOCTPAHCTBO—B HeM
MMEKTCA OPTOHOPMMPOBaHHble 6asuchbl, cocToswme M3 nN—1
BeKTOpPOB. Llenb Hawa 3aknto4vaeTcs B MOAbICKAHWM OLHOrO
Takoro 6asnca, Kak Mbl YBWUAWM, eCTECTBEHHO CBA3aHHOIO
C onepatopom A.

BaxHO noj4yepkHyTb, utO o06pa3 JI(/?') nognpocTpaH-
ctea Ri npu nomowm onepatopa A npuHagnexut Kk R1,
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noTomy uTto, ecnu (ar, ar')=20, 10
(AX, xD=(x, AxD) = (2 XxI)=X (X, XX =0

T. e. AX € R1-
CamoconpsxeHHocTb onepatopa A' Ha RX TpumBManbHbIM
06pa3oM cOoxpaHseTcsd, MOTOMY YTO PaBeHCTBO

(Ax,y) = (x, Ay)

BepHoe ANa Bcex 4r,y £ Rn, BepHO Takxe ana scex X,y £ R1L

WTak, ™Mbl Tenepb paccMaTpuMBaeM CaMOCOMPSKEHHbINA

NIMHEMHbIA omepaTop A Ha J/MHeliHOM nognpocTpaHcTee R1

n3vepeHns n— 1. K HeMy MOXHO TMPUMEHWUTb MpUBeLeHHbIe

BbllLe paccyXfeHus u obHapyxuTb B R1 cyliecTBoBaHUWe efu-
HMYHOrO BEKTOpPa X* Takoro, 4ro

wax (Ax, x) = (Axr,x1)=X < A.

C1*1=1 i**i=

(ir.*4=0 (**. *)=0

[eno B TOM, 4tO eauMHMYHas chepa S1 B R1 onpege-

NAETCH, O0YEBMAHO, KaK MHOXECTBO efMHUYHbIX BEKTOPOB X,
OopTOroHanbHbIX K Arl [py 3atom

AXxr= Xgar*.

Mbl Hawnu BTOpPOl COBCTBEHHbIVI BEKTOpP onepatopa A —
BEKTOP Ar* ¥ NpuHagnexaliee K Hemy COOGCTBEHHOEe 3HayeHue
X,, 04YeBMOHO, He npesbiwaowee X, (NPU yMeHbLUEHUN 06-
NacTu paccMOTPEHUS MAKCMMYM MOXET TO/IbKO YMEHbLUUTHCSH).
Mpu atom (gr\arr)=20.

Mofo6HbIM 06pa3oM MOXHO BBECTM MOAMPOCTPAaHCTBO R2,
n3MepeHns M—2, OPTOroHanbHOE K BekTopam Xx W Arl, noka-
3aTb, 4TO onepatop A otobpaxaeT R1 B R1 u onpegenutb
TPeTUIA eOUHWUYHBLIA BEKTOP [Ar3, OPTOrOHalbHbIA K Xx U K Arl
TakoW, 4TO AN HEro WMMeeT MecTo

ax (AX, X) = (AX3, x3= X

II*UI» |
(m, *9=0, < nr+)s0

nor3=2.*" (X, <X,<?N.

MpOfO/MKMB 3TOT MNPOLECC MO WHAYKUMWM [0 M-TO  BEK-
TOpa Ar", Mbl MOJly4”M OPTOHOPMUPOBAHHYKO CUCTEMY BEKTOPOB

XX x1, ...,xn (6;
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N CUCTEMY AEACTBUTENbHbIX YUCEN
X, X, oee, X], @
obnagarowmx CBOCTBaMMU

AX" = ). K (A=1 .... M
‘} ®)

Mbl  MONYYNAN TMOMHYHO CUCTEMY COGCTBEHHbLIX BEKTOPOB
onepatopa A 1 MNpUHAaAIeXalmnx UM COBCTBEHHbIX 3HAYEHWIA.
Tak Kak OpPTOHOPMHpOBaHHas cuctema (6) npuHagIexuT K Rn
N COCTOUT M3 N BEKTOPOB, TO OHa ecTb 6asuc B Rn (cm. § 17).

Mo3aToMy nNpoM3BONbHLIA BeKTOP X£R,, MOXHO PasfoXxuTb
Mo 3TOW CUCTEME:

n
X=2 (=xwxk 9)

Torga Haw CcaMOCONPSXEHHbI onepatop A MOXeT ObiTb 3a
nucaH cnefyrowuMm 06pas3om:

Ax —A (X, X Y AXK=
n
*=2 X (ar, X KX K (10)

Mbl fokasanu Teopemy.

Teopema 1 Camoconps>eHHoMy onepatopy A B Mpo-
CTpaHCTBE RN COOTBETCTBYET OPTOroHanbHas CUCTEMA
BEKTOPOB X l........... xn (6asuc Rn) n cuctema pencrTemTenb-
HbIX uucen Xj, ..., X, Takue, uTo Ax gna noboro X£R,,
npeLcTaBnseTcs B Buge cymmbl (10).

KBagpatnyHas dopma (4') COOTBETCTBEHHO 3amuUCbiBAeTCA
crnegyrowmm 0bpasom:

Ha npakTMke 4acTo Mbl WCXOAUM M3 HEKOTOPOI KBajpa-
TUYHON POPMbI

n n

2 ("2 akixkxl  (aKl—alKe (4"
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UTo6bl MPUMEHWTb K He MoMyvyeHHble pPe3ynbTaTbl, MOXHO
onpeaennTb B CBA3WM C HE NMHENHbLIA onepaTop

Y = JIx,

Oﬂpe,ﬂ.eﬂﬂeMblﬁ paBeHCTBaMun
mn
H—2 ait/ (=1, n).

B cuny ycnoemna akl= alk 3T0 CamMOCOMPSHKEHHbIA OMepaTop,
M K Hemy npumeHuma Teopema 1. Ha f3bike KBagpaTU4HOW
dhopmbl Teopema 1 MOXeT ObiTb NepechOpMy/MpOBaHa Clegyto-
WM obpasom.

Teopema 2. TlycTb 3afaHa KBajpaTuyHasa dopma
(4') B HEKOTOPOW N-MEPHOWN CUCTEME KOoOpAuHaT Xit

npoctpaHctea Rn ¢ optamun Ix..., 1n ~ar= "2 xki™ j

CyLiecTByeT NpsAMOYronbHas CUCTeMa KoopguHat gj,...,

c optamu X1, ..., X T 06pasyloLyMn OPTOrOHaNbHbIA 6a3KC
, W cncTema feicTBuTeNbHbIX ymcen M, .. ,, XN

Takue, 4YTO KBagpatu4yHasa chopma (4') B 3TOI cMCTEME eCTb
CymMMa KBaApatoB KoopAuHAaT \r BEKTOpa X, MOMHOXEHHbIX
COOTBETCTBEHHO Ha uucna X/

2 <Ne,=2 Ul- (4™
w=1l 1=1

Mepexof oT nesol uacTn (4'tf) Kk npaBoii MOXHO ocy-
LECTBUTb, €C/IM W3BECTHbI pasnoxeHus sektopos X 1. X
no optam Ix, . MycTo

*[=2 M*
(cm. § 17, (7), rge Hago 3aMeHWUTb ajs, a* COOTBETCTBEHHO
Ha fi/t, X) Tak kak /', n X1, ..., X N—oprtoHop-
MMpOBaHHble 6asucel B Rn, TO matpuua
N= 1Pl

OpTOroHanbHas. Mbl cuMTaeM, 4TO OHa M3BecTHa. OfWH W TOT
e BEKTOP X MOXHO pa3noxuTb Mo fByM 6Gasucam;

X = xj*=(2 ),
=1

5=1
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Ho Ttorga
n B cuny JMHENHOM HEe3aBUCMMOCTN EUCTEMBI /%, . . nonyymm
M
A PPE (se D oeewa). a
Takum 06pa3oM, Mepexoj OT KOOPAWHAT K KoOp-
AMHaTaMm OCYLLLeCTBAAETCA MOCPEACTBOM MaTPULLbI

NI\ TpaHcnoHupoBaHHOW K J1 (T. €. O MNOMOLIbKD CTPOK MaT-
puubl JKK vim cton6uos matpuupl ).

Ecnn nopgctasuth BbipaxeHus (I1) pgna X, B NeByko
yactb (4')» TO [OMKHBI MNONYYUTb MpPaByk. 3anuilem 3TO
paseHCTBO!

Ecn nprpaBHATL  KOI(I(OULMEHTHI MPU OfMHAKOBbIX
TO MONyYUM pPaBEHCTBA

KOTOpble MOXHO TpakToBaTb Crefylowum o6pasom  (cwm.
§ 15, (6)). Ana marpuubl

A— (akt—alh)
CaMOCOMNPSXXeHHOro onepatopa A CYyLLeCTBYeT OPTOroHasnbHas
maTpuua
n-1M
TaKafd, 4TO
A.-4.0- =91, (2
roe 91—HekoTopas AuaroHanbHas MaTpuua
o o0 ... 0
N N .
7 - 0 in (0] (13)

O 0 0 tit \al
(&— pencTBMTeNbHbIE YMCNa), Ha3biBaeMas KaHOHWMYECKOIA.

& 4. C. Byrpoo, C. M. HuKonbckuii
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OTMeTUM, 4TO 415 OPTOrOHaNbHOW [AeNCTBUTENbHON MaT-
pybl J1

Tak Kak ornpefenuteny OPTOroHanbHbIX MaTpuy |1]=*
"=|lN~*]=x 1, 10 u3 (12) cnepyet

n (14

Mbl [OKa3anu, B 4aCTHOCTW, CNefytoLyo Teopemy.
Teopema 3. Ecm onpegenntens \A | camoconpsKeHHOM
matpuubl A He paseH Hymo (JV]|=y&0), To Bce ee cOOGCTBEH-

Hble uncna Xj, ..., X, He paBHbl HyMtO (Xy=*&), /=1, .... n).
M3 Teopembl 2 cnepyeT, 4to
1) Ecnu ... > X,> 0, TO KBagpatuyHas cpopma

NONOXWUTeNbHas AN Nobbix BEKTOPoB | N 0, a cfefoBaTeNbHo,
n mobbix BekTOpoB X @ 0. B 3TOM cnyyvae OHa HasblBaeTcs
CTPOro MONOXKUTENbHOA.

2) Ecnrm 0> X> X,> ... > X, T0 dopma oTpuuaTesib-
Haqa fgng mobbix 1349, cnepfoBatenbHO, M MOGLIX XK O.
B a3Tom cnyyae OHa Ha3blBaeTCq CTPOro OTpULATENbHOIA.

3) Ecm XF> ... > X, n X,=0, To dhopma HeoTpuuaTesb-
Has. CyulecTByeT HanpaeneHue, (ocb £,), BLOMb KOTOPOro
OHa paBHa HyMto. 3TO MONOXKUTENbHaA hopma, HO He CTPOro.

4 Ecm X =0~ X> ... X.» TO chopma oTpuua-
TeNnbHaa He CTPOro.

5 Ecorm X >0, a X, <0, TO (popma HeornpeseneHHa.
Ecnn ucknioumTb HyneByw TOUYKY, TO BAOMb ocu | ( OHa nosno-
XWTeNbHad, BAOMb XE€ OcM  —OoTpuuaTesbHas.

Oka3sblBaeTcq, u4To Mo Bugy wmatpuubl \A\, M0 3Haky
HEKOTOPbIX MOPOXAAEMbIX €t OnpefenuTenieii MOXHO Y3HaTb,
O6yayT M ee COBCTBEHHbIE 4MCna BCe MONOXWUTENbHbIE, BCe
oTpuLaTeNibHble WM CPeaV HWX eCcTb KaK MOMIOXUTENbHbIE,
TaKk W oTpuuatenbHole. B 3Tom 3akntoyaetcd Teopema Cuib-
BecTpa *).

CocTaBUM psAj  [NaBHbIX MWHOPOB KBafpaTU4HOW CHOpMbI
(Ax, Xx):

ffocty,

Al —ati, f,= " ceey flu= L

CornacHo TeopeMe CW/bBECTPA, KOTOPYH) Mbl He [0Ka3bl-
BaeM, VMEIOT MeCTO Crefyroline YTBepXAeHus!

) Jix. [Ox. CunbeecTp (1814— 1897) —aHrNUIACKMA  MaTeMaTUK.
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1 Ecm Aj> O A,>0, ..., A,> 0, To dopma cTporo
nonoxutensHa (cnydaii 1)).
2. Ecm A <O A,>0 A <0 (-1)«A, >0,

TOo chopma CTPOro oTpuuaTenbHas (cnydain 2)).
3. Ecm\ >0 A"NO ..., A.>0 wm

A<<0, Af> 0 ... (-1)»A.>0.

n umeetcd 1, npn kotopom A/= 0, TO (hopMa 3aBeLOMO He
CTPOro onpefgeneHHa.

4. Bo BCeX OCTa/lbHbIX CAy4yasx KBagpaTuyeckas dopma
HeonpegeneHHa.

3ameyvaHue 1 Ecmm R,,—KOMMJIEKCHOE MPOCTPAHCTBO,
a akl*=alk—no-npexHemy QAeACTBUTENbHbIE 4MCna, TO pac-
CYX[eHWA, NpuBefeHHbIe BbiLLe, Mao 0TnnyaroTes. dopmyna (4')
Ternepb 3amnmcbiBaeTcs Taro

n n

(% A) =2, "G axx = |%—\ (3.
Uucno (x, Ax) ocTaeTcs LeACTBUTENbHbIM, MOTOMY Y4TO
(X, nx)=2 2, <=
=07 M=) ) =(X A%).

fi—1 /=1 *—1 =1
3TO MOKa3blBaeT, 4YTO MpuBeAeHHble Bbile akTbl (chop-
Mynbl (4')—(10)) ocTaroTCAd HEU3MEHHBLIMW, B YaCTHOCTU 4ucna
X, ..., X, W B Cnyyae KOMNMEKCHOro Ra [AeAcTBUTENbHbI.
Teopema 1 NOMHOCTLKO COXpaHAeTCs ANA KOMMJeKcHoro Rn.
®opmyna (4*) Tenepb MMeeT BuUf

* A= 2 « IB*)V

T. e. Tenepb yXe KBagpaTbl ymcen (X, XS) Hafo 3aMeHUTb Ha
KBagpaTtbl WX Mogyneii. ®opmyna (4'") Temepb yXe BbIFNf-
AUT crneayowmM obpa3om:;

2I 2t akixkt = 2 X, IS, 1%
*«=l tm

a B OCTanbHOM Teopema 2 OCTaeTcs B CUne.
3ameyaHune 2. OTMETMM, YTO AeACTBMTENBHOCTL COGCT-
BEHHbIX 3HA4YeHWA CaMOCOMPSHKEHHOrO fIMHENHOro omneparopa

[



132 523. KBAAPATUNYHAA ®OPMA

A B Rn (geiicTBMTENbHOM WM KOMMAEKCHOM) MOXHO [OKa3aTb
cnegyrowMm o6pasom. MycTb X—cOOCTBEHHOE 3Ha4YeHMe oOne-
patopa A n & (|’ |= |)—npuHagnexawmnini Kk Hemy Cco6CT-
BEHHbI/i BekTOp. Tak Kak JIg®= Xx°, TO

X=X (*», je%) = (Ac*[x®) = (N1*°, je°) = (je\ N1*)) =
= (x\ kxn=J.(x°, jc°)=X

OpTOroHanbHOCTb COBCTBEHHBIX BEKTOPOB OMeparopa, npu
HaNeXalux pPasHbIM COGCTBEHHBLIM 3HAUYEHUAM, TOXE MOXHO
[l0Ka3aTb HEMNOCPeACTBEHHO.

B camom gene,

AX'=\x\  J1*» = X*xa
(1*4= 1 1**1=1 *1*4).
Torga
X (XN X¥) = (X,a\ Xa = (AXL, x D= (KL, AX*) = (X\ Xjc*)=
Ny (2N * g = X, 0k\ x*F).
Tak Kak XA"&Xi( 10 (x1,x*) =0.

§ 23. KBagpaTuyHas dopma B [BYMEPHOM MPOCTPaHCTBE

Mpn n= 2 kBagpaTnyHaa opma UMeeT BUJ
Ou*?+ fli,*I* + atlxtxl+ anx\= amx@+ 20,,*", + a,,*1 (2

Tak Kak a,i=a,i (Mbl cuMTaem a*, [eACTBUTE/IbHbIMMW).

UTo6bl nmpusectn dhopmy (1) K cymme KBagpaTOB KOOpAW-
HaT BekTopa (£t, £) B HekoTOopom 6asmce (jr\ xr), Hago
(cMm. § 22) HaitTm 6asucHble OpTbl X1, Ar*—CcO6CTBEHHbIE BeK-
TOpbl CaMOCOMPSXXEHHOro onepaTopa A, MOPOXAEHHOro CUM-
MEeTPUYECKOW MaTpuLeli

_ <l
iy = fif o

YKaxem Crnocob HaxoXAeHWs COOCTBEHHbIX 3HAYeHWU (4m-
cen) n COBCTBEHHbIX BEKTOPOB oOmMepatopa A, OTIWYHbIA OT
meToga § 22.

NTak, ecnn X0—co6CTBEHHOE uucno onepatopa A U
X" = (X\J), X!>) ® 0 —Cco0TBETCTBYIOLNA €My COBCTBEHHbIV BeEK-
TOp, TO

Nx° = Xox°-
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Mepenviwem 3TO ypaBHEHWe B KOOPAMHATHOM hopme)

(B«-*0)*I + orf-O0 , \
a«ar' ,+ (an - X ogc,-= 0, / w
WM B OMepaTopHOi chopme!
(A-KE)x"' =0, (29

roe E—TOoXAeCcTBEHHbI onepaTop.

Takum 06pa3oM, OAHOPOAHas cUCTeMa (2) WMEET HeHyne-
BOE peLleHMe X", YTO MOXeT OblTb, €cn OnpefennTeslb CuUc-
Tembl (2) v (2') paBeH Hy/O:

X **  «Bp—%*e |—IJI— I- 0.

N Tak, cobcTBeHHOe umcno X, ABNAETCA KOPHEM YpaBHEHUA

| N-XcE| =0, ©)

KOTOpOe Ha3blBaeTCAd XapaKTepUCTUYECKUM YypaBHEHWeM one-
patopa A (W KBagpatuyHOi hopmbl (AX, Ar)).

BepHo 1 obpaTHOe yTBepxaeHMe. Ecnm X0 ABNAeTCA KOPHEM
ypaBHeHUs (3), TO HETPUBMANLHOE PeLLEHME CUCTEMDI

M -X cE)ar =0 (4)
6yneT co6CTBEHHbLIM BEKTOPOM CaMOCOMPSXKEHHOT0 onepatopa A.

CnepoBaTenbHO, COOGCTBEHHbIE uucia onepatopa A Haxo-
4ATCA B JAHHOM CNyyae KaK KOPHW KBaJpaTHOro ypaBHeHus (3):

(0,, —X)(arl—X)—a}, = 0,
A— (<« + am) = o*
Pewas 3To ypaBHeHMWe, MOJy4aem
4 =y[an+ +yrdau+ (au—att)l), &

K=Tk< +ati—"4a?, + (an—a,,)»].

Ortcioga BUAHO, 4TO npu atom X = X, B CAaydyae
a,j =0, atl+=ait. bygem ana onpefeneHHOCTU CUYMTATb, UTO
am ™ aH (MHaye MeHsem xt Ha X, U X, Ha *). Torga
K>ay{4 —a» =\[Vdar+ (am —a,)*—(a,, —a,)]>0).

M3 (5) cnefyeT, 4To COOBCTBEHHble 3HaYeHWs onepaTopa A
(camoconps>KeHHOro) — AECTBUTENbHbIE YUCTA.
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Tenepb NO M3BECTHbIM CO6GCTBEHHbIM umcnam X u X, Haii-
[eM COOCTBEHHbIe efWHUYHbIE BEKTOPbI, KaK peLleHns cucte-
Mbl (4). Tak Kak NA—X£E] =0, T0

paHr (A—>.£)< 1.

Ecnn Xjs=X,, To B 3TOM cnydae matpuua A—A.E£ cocTouTt
n3 ogHux Hynein (kt= X =4, =0,, 0, =0), T. e. ee paHr
paBeH Hyno. B 3TOM cnyyae KBagpaTu4dHas chopma yxe npu-
BefleHa K cymme KkBagpatoB (au = atl = 0). Cucteme (4) ygos-
neTBopseT 06Ol BeKTOp /= (Ac, Xj. Mo3Tomy 3a co6GCTBEH-
Hble BEKTOPbl MOXHO B3fTb  OPTbl CUCTEMbI KOOPAMHAT
x'=/7= (1 0), jc* = (0, 1). NMrobas gpyras cucrema (arl, x 9
OpPTOHOPMaNbHLIX BEKTOPOB 06/1afaeT TeM CBOWNCTBOM, 4TO M
3TO cucTeMe KBafpaTu4Has chopMa MO-MpPeXHeMy COCTOUT U3
OAHUX KBaApaTosB.

Tenepb, ecnun Xf> TO /mbo a,*#0, smbo am=T]
A H* 0w BTOpO cnyyaih MOXHO He paccmaTpuBaTh, TaK Kak
chropma (1) yxe npuBedeHa K cymme KBagpatoB. WTak, nycTb
a, @ 0. Torga

paHr (A—X,£) =

Mo3ToMy fOCTaTOYHO PacCMOTPETb O4HO YypaBHeHUe CUCTEMbI (4)i
(aff—Xt)x, + altxt=10
Ortctoga umeem (aft @ 0)

BekTop
yi= {*'

AIBNAETCA peLleHVeM cucTeMbl (4). Hopmupys 3TOT BeKTOp,
Moy4ymMm COGCTBEHHbLIA BEKTOP

B / +] 10 - (—fffi)
/ +(’\)T
MpoBoas anemMeHTapHble Npeobpa3’oBaHUA, MOXHO MOAYYUTb
paBeHCTBaA
- by f )1 + (=n- a,,)MAan + (ay— n
X, = X HeT|py a N / Yy 4o~ +(ac—aj*
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B panbHeiiwem goctatodHo 6patb B chopmynax (6) 3ltak 4-.
CoBepLUEHHO aHanornyHo Mo cobCcTBeHHOMY umcny X, Ha i*
[OM COOCTBEHHbIV BeKTOp X 2. OKa3blBaeTcs, 4TO

CoctaBuM Terepb Matpuuy onepaTopa (OpPTOroHanbHOro
npeobpasosaHus) J1, nepesogdwero opTsl (7, J) BopThl (X\ X T):

«P *T

-*SU 41
(B cTpoKax CTOAT KOOpAWMHAaTbl 06pa3oB 6asnMcHbIX opToB / 1
npy nomowm A, 7. e. jfl=4ul x * = * —x?Y + x\")).

Torga koopguHatel BekTopa (X,, xt) B cucteme (/,J) cBA3aHbl
c koopauHatamm (gf, £) aToro BekTopa B cuCTeme (X , X)) o
MOMOLLBIO CTONOLLOB MaTpuubl Al

MogcTaBnas 3TM 3HayeHWUs B KBagpaTuuHyto copmy (1) v yuu-
ToiBas popmynsl (5) u (6), noayuum

a«*; + 2a0%xt + allxi—X*K+XE. ®)

MpaBas 4acTb 3TOr0 paBeHCTBA Ha3blBAETCH KAHOHWMYECKUM
BMIOM KBafpaTUYHON (HOpMbl.

Ecnim uucna Xf n X, ogHOro 3Haka, To 6ygeM rOBOPWUTS,
YTO KBagpaTuyHas hopma NPUHAANEXMNT INMMATUHECKOMY TUMY,
ecim X( M §, pasHbIX 3HaKOB, TO rUMEP6OIMYECKOMY TuUMy,
€CN Xe OfHO M3 umcen X, wm X, paBHO Hynto, To napab6o-
JINYECKOMY TUMY.

N3 (5) BmgHo, uto XX = aualt—a?,. Moatomy Tun dpop-
*bl (1) MOXHO OMpegennTb MO 3HaKy BblpaXeHMs auan —aj,.

KeagpatnuHas cdopma 6yaer 3anaMnTUYeCcKoW, runepbonu-
YECKOA WM MapabonmMuyeckoil, ecnnm BblpaxkeHue atlatl—a*s
COOTBETCTBEHHO 0O0/MbLUE, MEHbLUE WM PaBHO HY/HO.

Mpumep 1. TpuBecT K KaHOHWYECKOMY Buay chopmy
*-K 3x,x,+ 2*2

B paHHOM cnyyae au = I, att= _rl‘s , &, = 2. Tak Kak

anfbi—al =2— = 5> 0, T0 dhopma ByaeT 3ANAUNTUYHECKONA.

Haligem cO6CTBEHHble BEKTOPbl U WX COBCTBEHHbIE 3HAYeHUS
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no cgopmynam (5), (6)i

*"=4" X,=(Te~~"r)" >=7"
[anee,

XTI NGk ) X1,

B cucteme (x1, XX Hawa keagpaTuyHas copma UMeeT BuU[

4&I+ 1-&
\I .
Takkakac? =y = co5"— 3 in (_I).
TO Mpeo6pasoBaHne O MOMOLLLIO MaTPULLbI
4m -xi" . ,
7 K- (K">xn, xt- (- *?7. ")

03Ha4yaeT MOBOPOT CWUCTEMbI Ar, A, Ha yron a = n/3 oKono
Haya/la KOOPAMHAT MO YacoBOW CTPenke (CM. MpuMep 1B KOH-
ue § 16).

§ 24. Kpusas BTOpOro nopsjaka

24.1. O6uwee ypaBHeHWe KpPWBOW BTOPOTO
nopfagka. B naockocT, B HEKOTOPO MPAMOYrOfbLHOM CuC-
TeMe KoOpAwHat [, Yy, MyCTb 3afjaHa Kpwueas, onpegensemas
HEABHO YpaBHEHWEM BTOPOI CTeneHw

AX, + 2Bxy + Cyt+ 2Dx+2Ey+F*= 0, 8]

roe A, B, C, D, E, F—3afaHHble [AeiCTBUTE/bHbIE YunCna.
Mpu atom uucna A, B, C 04HOBpPEMEHHO He paBHbl HyMt. &Ta
KpuBas Ha3blBAeTCA KPMBOIM BTOPOro nopsgka. Ha camom gene
MOXET CAy4YWTbCH, YTO HET BOBCE TOYeK (4c y) C AeicTeu-
TeNlbHbIMW KOOPAWHATaMW, YLOBMETBOPAIOWMNX YypaBHEHUIO (1).
B 3ToM cnyyae rosopAaT, 4TO ypaBHeHue (1) onpegenset MHU-
MYIO KPWBYHO BTOPOro nopsfgka. Mbl He 6yfgemM u3yyaTb MHU-
Mble KpuBble. YpaBHeHWe
X'+ y*= -\

MOXET CNYXWTb MPUMEPOM YpPaBHEHMS BTOPOI cTemeHu, omnpe-
LensdioLero MHUMYKO KpWBYIO.

24.2. BaxHble cny4yam o6Wero ypaBHeHWH
KpuBoii BTOpOro nopagka. [llepeuncnnm LuecTb Bax-
HEMLLIMX YacTHbIX CnyyaeB obuiero ypasHeHus (1)i
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1) YpaBHeHue anunca

S+S-1 (a>b>0)

c nonyocamu gnmHel a n b B yactHocTn, npn a = bypasHe-
HVie OKPY>XHOCTU
X H —a*

C LEHTPOM B Hayane KOOPAMHAT W paguycoMm a.
2) YpaBHeHWe runepoosbl

£-£=1 0)

C nonyocsmu a u b
3) YpaBHeHMe napabonbl

y*=2px (p>0).
4) YpaBHeHue Mapbl MEPECEKAOLLMXCA MPSAMbIX
a*x*—byv*=0 (0< a, b).

5) YpaBHeHMe Mapbl MNapafefibHbIX WIH COBMadaroLLmX
NpPsMbIX
x*—a*—0 (a™0).

6) YpaBHeHUWe, onpeaensioLiee TOUKY,
X+ y*=30.

OcCTaHOBMMCS BKpaTLe Ha MNepevyncrieHHbIX KPUBLIX.
annunc

E+g=1 (a>b=>0). (2)

Mpu a = b annunc (2) obpalyaeTca B OKPYXHOCTb pagmyca
a C LEHTPOM B Hayare KOOPAWHAT, T. e. TeOMETPUYECKOe Mec-
TO TOYEK, OTCTOAWMX OT Hayana Ha paccTofsHUK a.

Myctb a >b. Monoxum c=Vra2—b*. OTMeTUM Ha OcU N
Toukn Ft, Ft, umetowpe abcumccbl X= —c U X=c. 10 (o-
Kycbl anunca. drrwmnc (2) MOXHO onpefennTb Kak reomeTpu-
Yyeckoe MeCTO TOYeK, CyMMa PacCTOfHWI KOTOpbIX A0 (DOKy-
coB F{, F, ecTb BennumHa NOCTOAHHadA, paBHaa 2a.

B camom pgene (puc. 37),

M/rt = I/*(x + ¢)*4-f/4, MFt= [/"(x—C)* + y*,
2a=V(x+c)"'+y' + V'(x-c)' +y2
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0TKyfAa
2a—V (a + o)* +//*=pc—cC)2+ /

4ald- (x4- cY 4- pf—*aV(x+cV + K» (* —B) 4*0*.
4al+ dgy*=4a K(* 4-c)' + /N
04+ 2a*cx 4- C*x*m=0* [x* 4- 2cx + ¢’ 4- /¥,
—6"%*=-a*//'4-ay,
eW -& Vi4-eVf

OTKyAa cnegyeT ypaBHeHue (2). Ecnu npocneguTb 3TW  Bbl-
Knagkn B 0OpaTHOM MOpsAAKe, TO MOAY4YMM, YTO €CIM TO4Ka
(X, y) ynoBneTBOpseT ypas-
HeHWO (2), TO cymma ee
pacctosHuin  go  F, n F,
paBHa 2a.
Ecnn B ypaBHeHUM (2) 3a-
MEHUTbL X Ha —X, TO OHO
X  He M3MEeHUTCS— 3TO MOKa3bl-
BaeT, 4to anaunc (2) ectb
KpuBas, CUMMETPWYHas OT-
HOCUTENBHO OCU Y. AHaso-
TMYHO 3nimnc (2) CUMMET-
pUYeH OTHOCWUTENBHO OCU X,
MOTOMY 4TO €ro YypaBHeHWe
He M3MeHfeTca Mpu 3aMeHe y Ha —Yy. Ho TOrga AoctatoyHo
M3y4nTb €ro ypaBHEHWe B NepBOii 4eTBepPTM (CMUCTEMbI KOOP-
AvHaT), T. e. ana X, y~t0. Yactb annmnca, HaxonALLaacs B
MepBOW 4YeTBEPTU, OMpeAenseTcs ypaBHEHUEM

/f=-Va*—x* (0<*<a).

M3 3TOro ypaBHEHMWS BMAWMM, YTO HaLl 3A/IMMNC NPOXOAUT uepes
Toukn (N, b n (a, 0). Mpu 3TOM ero opguHata y npu He-
BPEPbIBHOM BO3pacTaHMM X Ha oOTpe3ke [0, a] HenpepbiBHO
y6biBaerT.

Anannc—orpaHnyeHHaa kpweas. OH  HaxoAWTCA BHYTPU
Kpyra paguyca a C LEHTPOM B Hayane KOOPAMHAT (4N Koop-
AVMHAT NGO TOUKM anaumnca (X, y) MMeeT MecTo HepaBeHCTBO

(N +65-)=all) *

N3 puc. 37 Mbl BMAWM, YTO 3NAUMC €CTb HenpepbiBHas
BaMKHYTas KpuBas. B nepBoii 4eTBepTW 3TO BbIMyK/aa BBEPX
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KpvBas. B NGO ee TOUYKe MOXHO MPOBECTU KacaTesbHyH D).
Bce 3TV CBOICTBA M MHOTME [ApyrMe MOTYyT 6biTb C YCMEXOM
M3yyeHbl METOAaMU MaTeMaTMUeCKOro aHanm3a, KOTOpbIA k TOMY
€ [aeT CpeAcTBa ANf TOYHOrO OMpeneneHns BbiCKa3aHHbIX
BbilIE MOHATU/i— HEMpPEPbLIBHOCTb, BbIMYKNOCTb U T. f.

YpaBHeHMEe 3AMMNCa MOXHO 3anmmcaTb elle B MapameTpu-
yeckoin dopme

X = a.c0s0, 1 y /ox
y=W5LL0, 7 (-00<0<<»). (3)
B camom pgene

£ + |1 = cos*O + sin«0 =1,

T. €. Touka (r, y), onpefensemas paBeHcTBamu (3) npu Jto-
6om 0 npuHagnexut anauncy (2). Ecnm 0 HenpepbiBHO

npo6eraet nonyuHTtepsan [0, 2n), TO Touka (oc, y) ONUCbIBaeT
NoAHbIA 3annunc. Mpu ganbHeliwem Bo3pacTaHnyM 0 ABMXXEHUE
nepuoanyeckn MoBTOpPseTCS.

BbiiCHUM cMbiCn mapametpa 0 M MONYTHO ykaXeM cnoco6 nocTpoe-
Hua annunca (puc. 38). MpoBefeM [ABe KOHLEHTPUYECKMX OKPYXHOCTK
paguycos b n a < a) ¢ ueHTpom B Touyke O. 3aTem nposefeM pagu-

*) CM. Hawy KHWUry «Bbicwas matemaTuka. [AuddepeHumnanoHoe un
WHTerpanbHoe ucyucneHuer», § 4.2.
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yC-BEKTOP NOA Yrnom 6 Kk ocv g f 0603HA4MM ero TOYKM MepeceveHus
C OKpyXHocTamu prauycr b mn n cootsetctBeHHO T u N. W3 Toukm N
NpoBefieM NpAMYIO, NapanjefbHyl0 ocuM Yy, a U3 Toukm T —npamyto,
napannenbHyto ocu . Touka nepeceyeHus 3TUX nNpaMbIX M npuHagne-
XUT annuncy. B camom fene,
nycTb Xx—abcuymcca Toukm M, a
V—opguHata 3Tol Touku. Torpa
(cm. puc. 38)
X=(W-cos0 =acos0,
y=TJ1«0r «sin 0= bsin 0,

T. e. Touka M [eicTBUTENbHO
HaxoguTcs Ha anaunce (3) u
napamerp 0 ecTb yron wexay
ocblo* n nyyom ON. OTMeTUM,
4yto 0 He ABNAETCA MONAPHLIM
yrnom ¢, KOTOpbli 06pasyeT
pagnyc-sektop OM 0 ocCblo X

Atg gp=-"-tg 0~. Hanpumep, ec-

m <p=4a/4, a—Y 3,6=1,
0 0= 4q/3; ecnrm <p=0, 10 0=0; ecmu<p= n/2, 10 0= n/2.

lmnep6ona

§-£-{ (0<s &) (4)
Monoxum c= Y g*+ b* n oTMeTUM Ha oty g TOYKM F, nFj—
dookycbl runepbonbl (4), uMerowme abeUmMccbl X = —C U X—cC
(puc. 39).

Mmnep6ona (4) MOXeT ObITb OMNpefiefieHa TakXe Kak reo-
METpMYEeckoe MecTo Touek A= (X, y), PasHOCTb pPacCTOAHWI
KoTopbiXx [0 dookycoB Ft m F, ecTb BefMUMHA MOCTOAHHAH,
paBHad 2a.

Nmeem (cMm. puc. 39)
AFj— AFt=Y {x+¢)' 4 ¥r—V (x—C)*+ ¥*= 23,
Y(X+cY+ y*=Y(x-cY +y'+ 2a,
4cx—4al = 4aV (x—CO)r+ y2,
b'xr—ary*= a*br,

OTKyfa cnefyet ypaBHeHue (4).

Mbl monyynnn npasytd BeTBb runep6onbl  (cMm. puc. 39).

UT06bl NONYYUTL NEBYIO BeTBb, Haf0 WCXOAWUTb W3 pPaBeHCTBA

AFj— AF,=2a.
PaccyXaeHUsMu, MpPOBeAeHHbBIMU B 06paTHOM “noOpsfKe,
MOXHO 3aK/l0UMTb, OTMPaBNASACL OT ypaBHEHWUs (4), uTo Tou-

Ku (X, y), eMy YAOBMeTBOpsAOWLIME, MPUHAANEXAT K YKasaH-
HOMY BbilLle TEOMETPUYECKOMY MECTY.
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Mo Bupy ypaBHeHus (4) 3aknto4vaem, uto runepbona (4)
CMMMETPUYHA OTHOCWUTENbHO OcKM X U ocu y. YacTb runep6o-
nbl (4), HaxogAwasacs B MepBOM YeTBEPTU, WMEET ypaBHEHWe

y=t~A"Vx*—a* (a<x< 00) (5)

Mbl BMAUM, 4TO Hawa runepbona NPOXOAWMT Yepes TOUKY
(a, 0) 1 Npy BO3pacTaHUM X Ha MONyMHTepBase [a, 00) opau-
HaTa y BO3pacTaeT M CTPeMUTCA K G6GEeCKOHEYHOCTU. TOuKK
B=(—a, 0) n C= (a,.0), B KoTOpbIX runepbosa nepecekaer
OCb X, Ha3blBalOTCA BepLUMHaAMW TUNep6osbI.

Ha pwuc. 39 HapucosaHbl fBe npamble!

y:*’-_i--bx.

3T0 acMMNTOThbI Hawei runepbonsbl.

MycTb Ha nonywuHTepsane [a, 00) (MM (—o0, a]) 3ajaHa
kpusas y*=f(x). [oBOpAT, 4TO nNpsmMas y=*TX+ N ecTb
acMmnToTa 3Toi Kpueoh npu X —»-{-00 (y—*—00), ecm

lim [f(X)—Tx—«] =0

X-++ 0
(cooTsetcTBEHHO _lim [/ (X)—Tx—a] = 0).
X*-00

PaccMOTPUM KyCOK Hallieii runep6obl, onpeaensemslii pa-

BeHCTBOM (5), M CpaBHWM ero 0 npsmoi y=*-£-x. [Npegen
lin [— —Yx*—all = lim = 0.
r-*+m L0 a J K gy X+Vx*-a*

OTO NOKa3blBaeT, 4yto npamas y=*-~-x ecTb acuMmnToTa pac-
CMaTpuBaeMoro Kycka runep6ons npy x—»+ oo. Ho TOrpa
rOBOPAT, 4TO Mpsmas y =X eCTb acMMNTOTa (BCei!) runep-

6onbl Npu X -* + 00. B cuay CcuMMETpUM Hawein runep-
60/bl OTHOCUTENbHO OCE, TaK Xe KakK CUMMEeTpUM napbl nps-

MbIX Yy —% ' X OTHOCMTENbHO OCeli, MOXHO CKa3aTb, 4TO 06e

3TV NpsAMble ABAAKOTCA aCMMNTOTaMM Hallei runep6onbl 1 Npu-
TOM Kak Mnpu X—»+ 00, TaKk U MpU X—P—oo.

MpaBas BeTBb runep6onbl (4) MOXeT O6biITb 3anucaHa B
napameTpuyeckom Buje

*=achu=j (ea+ e—~a),
(—00 < N< 00). (6)
/= 6shbi= 4 (e"—e~a),
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B camom fgene, Tak Kak
ch'u—sh'a=l, (7)

TO W3 ypaBHeHWId (6) noay4um
~—IJij =ch* n—sh*n= 1.

BEpXHFIFI NnonoBnHa HpaBOVI BETBU FVII'IEp60fIbI COOTBETCT-
ByeT U3MEHEHUIO U £ [0, 00), @ HMXHAF—WN3MEHEHUIO N € (— 00,0].

BbiiCHUM, KakK napameTp W cBfi3aH ¢ napametpom 0 B napameTpu-
YecKOM ypaBHEHWUW 3naMnca, a MOMYTHO YKaXeM Ccnoco6 NOCTPOoeHMs
rMnep6onbl C MOMOWbIO LWUPKYNsS U NWHeldkn. Tak Kak Haw Ccnoco6
nocTpoeHuns runep6onbl 6yfeT OCHOBaH Ha CMocob6e MOCTPOEHMA 3NAMM-
ca, TO Mbl M3M0XWM 3T ABa crnocob6a MOCTPOEHUs coBMecTHO (puc. 40).

OrpaHuYMMcs NOCTPOEHMEM uYacTeil annaunca (2) v runep6onsl (6), Haxo-
AAUWMXCA B NepBOi YeTBepTW. MpoBefemM fBe KOHLEHTPMUYECKME OKPYX-
HOCTW pajmyca 0 M 6 C LEHTPOM B Hayane KoopAauHat. lMposegem nyu,
BbIXOAALW MM W3 Hayana koopawuHaT nog yrnom 0, K ocum X. MycTb Tx u
Nj —Toukn nepeceyeHMs 3TOr0 nyyal c yKa3aHHbIMU OKPYXHOCTAMM
(OT, =6, OMVj=a). Mposogs u3 Touek I, u N\ npamble, napannenb-
Hble OCAM X M y COOTBETCTBEHHO, MONY4YMM TOYKY WX MepeceyeHmns
M = {x8, y0), npuHagnexawyto anauncy (2). 3atem nposogum nyy OMn.
MycTb A/j—TOuYKa nepeceyeHWs 3TOTO Nyya C OKPYXHOCTbIO pagmyca a;
f1—Touka nepeceyeHWs 3TOro Ayya C NPAMONA, MapannenbHon ocn y u
npoxogAaweii yepes TOukKy annunca A= (a, 0). YpaBHeHue nyya OP
MOXHO 3ammucathb:

OTclofja cnepyeTt, 4yto opAvHaTa Touykn P pasHa KO= % [Nanee co-

eanHum Touky flj = (x0, 0) ¢ Toukoih Nt M n3 Toukm A nposefem nps-
My, napannenbHyto BtNs, kotopas nepecedetr nyd4 OP B Touke Q.
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M3 nogobus TtpeyronbHukos OAQ wu OB,V, nonyuum, yto OQ=ea*lxn
Paguycom 0Q Ha ocum X oTMeyaeM Touky B2= (ar/*o. 0).

Tenepb u3 To4yek A, H P nposojam npsmble, MapanfnenbHble OCAM
Yy W X COOTBETCTBEHHO. ToOukKa nepeceyeHus 3Tux npaMmbix Mr = (X,,, K0,
rae X0= B2/XB npuHagnexut runep6one (4).

B camom pgene, Tak kak Touyka (X, Y0) nexuT Ha 3naunce (2), TO

al bl

T. €. Touka Mr npuHagnexut runepbone (4).
OTmeTuM, uTo Touka B,= (ayx0, 0) sBnfeTCs TOYKON nepecevyeHns
KacaTenbHOW K 3nnuncy B Toyke Ma ¢ OCbio X (CM.CHOCKY Ha cTp. 139).
Takum 06pa3oM, Kaxpaolh Touke (X, y) annmnca (2) cOOTBETCTBYeT
BMNONMHE onpefeneHHas Touka (X, ¥Y) runep6onbl (4) u obpaTHo.
Tenepb, ecnu annunc (2) 3ajaH napameTpuyecku, TO

MosTomy
=b tg 0.
X btgo0
OTctofa, yuuTbiBas (6), nonydvaem
sh u=1g0.

VIMeloT MecTo TakXe crefytouine QOpMynbl:

Mapab6ona
y*—2px  (p>(¥). ®)

OrmeTHM Ha ocum X Touky F o abecumccolt X —p/2, Hasbl-
BaeMyto chokycoMm rmapabonbl (8), W MpoBefemM Mpsmyl0 X =
<*__P/2  Ha3biBaeMyl AMPEKTPUCO Mapabonbl (8) (puc. 41).

Mapabona (8) MOXeT ObITb eLle OnNpefeneHa Kak reome-
TPUYECKOE MECTO Touek <4=*(X, YY), paBHOYAaNeHHbIX OT
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dokyca n gupektpucel. B camom gene (cm. puc. 41)
AFF*mm(x— %) > + I/*,

NEx= (x+ 1)\

CnefoBaTesibHO,
MJ'+M'+1)’
— pX + y*: pX,
T. €
Y**=2pX.

O6paTHO, M3 3TOrO0 ypaBHEHUS ClefyeT, UTO TOYKM, emy
YAOBNETBOPAIOLLME, MPUHAAEXAT K YyKa3aHHOMY reomeTpuye-
CKOMY MeCTy TOYeK.

N3 ypaBHeHUs (8) BMAHO, 4TOo nNapabona (8) cUMMETPUYHA

OTHOCUTEILHO ocn X. Ee Bepx-
HAS MOJIOBMHA UMEET ypaBHeHue

y«<=VTpx (0< X< o00), (9)

M3 KOTOpPOro BWAHO, YTO KOT-
fa X npo6eraeT MoNyuHTEpBan
[0, oo) BO3pacTas, opamHarta y
Bo3pacTaer oT 0 A0 oo.
YKaxem NpocToi  cnocob
nocTpoeHus napaéosnsl (9) ¢ no-
MOLLUbIO NIMHEAKW M MPAMOr0 yraa WM O MOMOLLUBIO  LiMPKy/s
N nuHeikn. Mposegem npamyd x = —2p (puc. 42). Bosbmem
Ha 3TOli MpAMO NpOM3BO/LHYID TOuky K= (—2p,y), «/>0.
CoeMHUM 3Ty TOYKY C HAyasoM KOOPAWHAT W MpOoBefeM Mps-
MYIO, TMPOXOAALLYIO Yepe3 Hayaso KOOPAMHAT, MeprneHAuKy-
nApHy0 K npavoii OK. [Janee MpoOBOAMM MPAMYHO 4epe3 TOu-
Ky /C napannenbHo ocu X. [locnegHve fABe npsMble nepece-
KatoTcqd B Touke M*=(X, y), KOTOpas NpuHaLNexuT napaéone
(9), Tak kak OA =y ecTb CpefiHee reoOMeTpUYeckoe umcen 2p
nx {y=\V2apx).
Mapa6bona (8) He mmeeT acumntoTl).
Mapa nepecekarwWUXcad MNPAMbIX

a*x1—bryr=*(ax—by)(ax + by)*=0 (0 < a, b). (10)

*) CM. Hawy KHury «Bbicwas maTematuka. [AudpdpepeHumansHoe
N WHTerpanbHoe ucuucneHue*, § 4.20.
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Ecnn kakas-nn6o Touka (4, Y) YAOBNeTBOPAET YpaBHEHUO
(10), TO OHa yAOBNETBOPSAET OAHOMY W3 YpaBHEHWN

ax— =0, \
.t *-0] w
wm oboum. OO6paTHO, ecnn Touka (X, V) YLOBNeTBOpsET

OfHOMY M3 ypaBHeHui (10'), TO OHa yLOBMETBOPAET M ypas-
HeHuto (10). B atom cmbicne rosopaTt, uyto (10) ecTb ypaBHe-
HWe napbl NPAMBbIX.

24.3. Knaccuumnkayuma KpuBbIX BTOpPOro no-
pagka.

Huxe OyfeT [0OKa3aHO, YTO CyLecTBYeT MPAMOYrosibHas
enBTEMa KOOPAWMHAT Takasd, 4To B Heli kpwmeas (1), ecnn OHa
He MHWUMas, MMeeT OAHO W3 MEePeYMCIEHHbIX BbilUe YpPaBHEHWI
1) - 6).

Bonee peTtanbHo:

npy AC—B2>0 «kpusas (1) ecTb annunc, Touka (cny-
Yau 1), 6)) WM MHMMAsA KpuUBas;

npu AC—J3S<0 «kpueas (1) ecTb runmepbona mnm napa
nepecekalowwmxca (pasHblX) nNpambiX (cnyyvau 2), 4));

npu AC—Br= 0 kpusaa (1) ectb napabona, napa napan-
NeNbHbIX WM COBNAfaloOWMUX MNPAMbIX WM MHUMas KpuBas
(cnyyam 3), 5)).

Mbl mo3sonsem cebe roBOpUTb «KpUBaf» Jaxe W B CAy-
yaax 4), 5), 6), Korga pedyb UAeT O nape NPAMbIX WM MHO-
XECcTBe, COCTOALLEM M3 OAHOW TOUKM.

WTak, nycTb 3afjaHO ypaBHeHue

Axr+ 2Bxy+ Cy'+ 2Dx+ 2Ey+F =0, 8]

roe koacpbcomumeHTol A, B, C OAHOBPEMEHHO He PaBHbI HY/HO.
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He Hapywas o6WHOCTM, MOXHO cuuTath, 4yto A”O,
ANC, BNO. K 3toil cuTyaumm BCerga MOXHO MPUIATK C Mo-
MOLLbKO OPTOrOHa/bHbIX MPeo6pa3oBaHii:;

*=1M 1 w— |
y=1I. ( Y=Yy |
N YMHOXEHWA NeBOA W npaBoil yactei (1) Ha —1.
Ecim B=O ANC=>0, 70 (1) MOXHO 3anucaTb B Buie

n(*+-T) +E{»+4)'+ " 'r-1"-7 “0- <>
MapannenbHblli NepeHOO
« , D , E
7=*+ n={/+c-
npeobpasyer ypasHeHue (11) cnegyrowimm o6pasom!

Ap+Cri ="+ A -/ y ar)
Q&

£2
Ecnn yucno — F > 0, 10 ypaBHeHune (11) npeg-
cTaBnseT Co6OW ypaBHeHWe anaumnca (cnydail 1)) ¢ nosyocsamm
a, b rge

OTMmeTUM, 4TO B fJaHHOM cnyyae AC—B* = /1C> 0.

Ecnu xe npasas uvacTb ypaBHeHus (11') pasHa Hyno, TO
Mbl MO/ly4yaemM TO4Ky (cnydvaii 6)).

Mpn oTpuuaTenbHOl NpaBoil 4acTu ypaBHeHue (11') gaeT
MHUMYIO KPUBYIO.

Ecnm umcno C=0, A> 0, 10 (1) MOXHO 3anucaTb B BUAE

n(x+"~y +2Ey+P-~=0. (12)

MycTb uncno E & 0, TOorga napanniefbHbili MEPEHO0

* , D ., F. D2
1=X+y" I']:Y+c7:.E~LlJ
npeo6pasyet ypaBHeHue (12) B ypaBHeHue
2£7] =0, (129

KoTOpoe (mocne 3aMeHbl, eCin HYXHO,  Ha —r|) npegcTas-
naet coboin ypaBHeHue napabosibl (cnyyaid 3)).



1*4. KPNBAA BTOPOIO MOPAAKA 147

Ecomv E=O, 1O B 3aBMCMMOCTM OT 3Haka u4mcna ’\Ar—F,

Mbl MOMYYUM Napy napanienbHblX MNPAMbIX WM MHUMYKO Kpu-
BytO. Otmetnm» uto 3gece AC—B*= 0.

Hanee, ecim uncno C< O A> 0, 10 ypasHeHue (1)
MOXHO 3anucartb)

*(*+ 4)BHCI(*—‘|§t),+/7+IIt“ T:O,(B)

aHan3 KOTOPOro MpoBOAWUTCA Tak XXe, Kak B C/ly4yae ypas-
HeHns (L1). YpasHeHue (13) paeT runmepbony ww napy ne-
pecekatrowmxca npaMmbix (cnyvam 2) u 4)). OTMETUM, YTO B [aH-
Hom cnydyae AC—B»=/1C<0.

Cnyyaihi AA=0, C< 0 cBoguTcs K ypaBHeHMto Tuna (12).

MNTak, npu B=0 ypaBHeHue (1) Bcerfa faeT O4VH U3
YyacTHbIX cny4aes |)— 6).

Mycte Temepp B> 0, ANC. Torga, Kak Mbl 3Haem
(cm. § 23), cywecTByeT OpTOroHasbHOe MnpeobpasoBaHMe

X=bb—ym, \

y =yt + xtr\ | a4
roe
*=1/X, A
Y 2 2V4A*+(N-C)*
-4-C

2 274BM-(/»-Cla ’
KOTOpOe MPUBOAUT KBaZpaTU4YHY hopmy
Ax*+ 2Bxy + Cy*

K KaHOHWMYeCcKOMYy BUZY.
Mpeobpasyem ypaBHeHue (1) ¢ nomowbio (14):
M 'Y¥M*+ D(xIl —ylN+ E(&]+ ~)+ F=0, (15)
roe
*Ii=yM +C+ /4£*+ M -C)'],

4 =4 1N +C -KiF+(A=Cj5]
(X, > X,, XjX2= NC—B*). MNepenuwem ypasHeHue (15) B BUAe

M*+ V f + (x,D+ y,E) | +(xtE -yiD)n+ F=0. (15

YpaBHeHue (15') ABndeTca 4aCTHbIM Cnyyaem YypaBHeHus (1)
npu B~ 0, KOTOpPOe Mbl YXxe ucciesosanu.
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TakuMm 06pasoMm, Mbl MOXEM CKa3aTb, YTO ec/iLl

1) AC—B*= XjXj> 0, 10 ypaBHeHue (1) npegcrtaBnqer
coboi anaMnc, TOYUKY WM MHUMYHO KpWBYHO. B 3ToMm cnyuvae
6yseM roBopuTb, YTO ypaBHeHWe (1) MPUHALIEXUT 3.MUNATU-
YecKomy TmMny,

2) AC—B*= Xi,< 0, 10 ypaBHeHue (1) npeactasnser
coboii runep6ony maM mapy nepecekaroLLMXca NpsMbIX. B aTom
cnyvae 6ydem TrOBOpPUTb, 4TO YypaBHeHue (1) npuHagNexuT
runep6onnyeckomy TUMyi

3) AC—B*=V-*—Q T10 ypaBHeHune (1) mn3obpaxaer na-
pabony, napy napannenbHbIX MNPAMbIX WAM MHUMYKO KPUBYIHO.
B atom cnyuyae 6ygem roBopuTb, UTO ypaBHeHue (1) nmpuHag-
nexuT napabonmyeckomy Tuny.

Mpumep 1 BbiIICHATL XapakTep KPUBOM

X*+ Y3Xy +y*+ 2x + 2|/3y + F =0,
roe F—npon3BonbHOe AeNCTBUTENIbHOE YMCIO.
B paHHOM cnyyae 1=2>C=1 A = >0, AC—&a*

= >0, T. e YypaBHeHVWEe MPUHALNEXUT 3NAUNTUYECKOMY
Tuny. Jlerko noacuutate (CM. npumep B § 23), uTO
_ Vi _ 1 . _ 5 1
XN— 2 '"Y1—2* 1—2'" 2—2"
[Mo3ToMy C MOMOLLBIO OPTOrOHaNbHOrO MNpeobpasoBaHMA
X=y(K3E£ —rj),
Y=y(£ + K3ii)
Hallle ypaBHeHWe 3anuLueTcs
y 6e+ylMn,+ (K36-n)TK3(5+K11)-]-£-0
g
7 (i+iK 3)'+-5-(4+2C-~-F.
OcCyLLecTBUAM ellie napanfeNbHblil nepeHoc
U7 S+ | K3,

B=n+ 2,
Torga Gygem uMmeTb
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Ecim )}6—F> O 10 (16) bygeT ypasHeHueMm a3anunca ¢ no-
nyocamun a, b, rge
a*= 2 (16—5F)/25, 6*= 2(16—5F)/5.

1 A
Ecm | —F= O T10 (16) faer Touky. Ecnmm )g —f <0, 10
(16) npepcTaBnfeT MHUMYIO KPWBYIO.

§ 25. T0oBepXHOCTb BTOPOro Mopsgka
B TPEXMEpHOM MpPOCTPaHCTBe

YpaBHeHue
33 3
2 2 akixkx1”N2 2 AX {B-=0, (1)
br| Is | /s 1

roe akl= alk, A,, B—3agaHHble MOCTOAHHbIE 4Yucna, a o —
*=(x(, x,, x3)—nepemeHHas Touka B /?,, onpeaenseT, BOOOLLe
roBops, HEKOTOPOe MHOXEeCTBO TOYek B /?, Ha3biBaemMoe ro-
BEPXHOCTbIO BTOpPOro nopsgka. Ecnn ypaBHeHue (1) He ypos-
NeTBOPSAETCA HW OAHOW AEeACTBUTENIbHON TOYKOM X = (X,, X,, X,),
TO rOBOpPAT, YTO OHO OMpejenseT MHUMYHO MOBEPXHOCTb. Hac
3TW cnyyanm He OYyAyT uWHTepecosaTb. B HekoTopbIx cnyvasx
ypaBHeHMe (1) MOXEeT onpefendtb Mapy PasfvyHbIX WM COB-
NajaroLLmMx MNAOCKOCTEA WM OfHY-eAUHCTBEHHYH TO4uky. Ho u
TakMe MHOXecTBa Mbl Oyfem Ha3biBaTb MOBEPXHOCTAMMU.
Mepeuncninm BaxHeMW e 4yacTHble Ccnydan ypasHeHus (1)]
1) namncoug

K =* (a b c>0).
2) OAHOMOMOCTHBIA runepbonons

1/ 1 (8. 6.c> 0).
3) [BynonocTHbIi runep6onovs

1 (“b,c>0).
4) 3nmnTuyeckuii napabonons

y+ y =2r (/>,00).
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5) T'unepbonnyecknii Napabonong
y —y = (P, 9> 0).
6) KoHyc BTOpOro nopsgka
$ +£-£=0 <c,bl 7>0).

7) Touka
X+ y*+ rF= O
8) LunnHgpbl BTOPOro nopsgka:
UWMHEP 3MIMATUYECKNIA
£+ £ = (a.b>0),

UMANHEP TrnepbonMyecknia

F—S -1
UMMHAP MapabonvyecKuii
Ve=2px  (p>0),
napa MepecekatoLMXca MI0CKOCTE
a*xx*—fcy =0 (a. 6>0),
napa napanenbHbIX WAM COBMaJatoLMX MAOCKOCTEN
*«—a*=:0 (a> 0),

=0,
npsiMas
X'+ y*= 0.
Mpu pacCMOTPEHUM YaCTHbIX Cny4vaeB ypaBHeHMs (1) Mm
cynTanu, 4Yto X*= =X, = Xxa

MOXHO f0Ka3aTb, YTO N7 KAXLOT0 YaCTHOro ypaBHeHuUs (1),
€C/IM OHO He OMnpegensieT MHUMYKO MOBEPXHOCTb, MOXHO HalTL
NPAMOYrONbHYIO CUCTEMY KOOPAWHAT, B KOTOPOW 3TO ypaBHe-
HUe UMEEeT OAWMH U3 MEePeYUCNeHHbIX Bbille BOCbMW BWMAOB. ITO
cnegyet n3 obwein Teopun § 22. Camo npeobpas3oBaHue ypas-
HeHna (1) Npom3BOAMTCA TakK Xe, Kak B § 24. HaxoxpaeHue
COBCTBEHHbIX 3HaueHWn X,, X, X* CBOAUTCA K PELUEHNO Ky-
61YeCKOro ypaBHeHMS.

YKaxeM ele OAuH MyTb HAaX0XAEHWS COBCTBEHHbIX uuncen
N COBCTBEHHbIX BEKTOPOB, KOTOPbIA Mbl MO CYTW [ena yxe
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paccmoTpenn B § 23 B ABymMepHOM ciiyyae. COGCTBEHHbIe 3Ha-
yeHMa tr X,, X, camOCOMpsXeHHOro oneparopa A K NpuHag-
nexauime uMm HopmuposaHHble BekTOpbl X\ X\ X5 (]jr'| =1,
AX' = /=1, 2, 3) MOXHO HaxoauTb CnedyloLUM 06pa-
30M (060CHOBaHMe CM. HWXe). Beogum onpegenntens (oKl a 1K)
a« — X (u2
D(X)= M —JE| ati On—X n,
0] gy o—HA

roe £ —eAnHnyHas  mMatpuua.  Haxogum kopsu  Xf, X, X
ypaBHeHus

IA—XE| = 0, )
KOTOPOEe Ha3blBaeTCH XapaKTepUCTUYECKUM YpaBHEHMEM oOne-
ratopa A (D =0, /=1, 2, 3). 3T0 n ecTb COBCTBEHHbIE

umucna onepatopa A. OHW AeliCTBUTENbHbIE, MPUYEM OHW MO-
ryT 6biTb pasHbIMM, HO MOTyT W cOBMagaTb—O6bITb Kpart-
HbiMW. Takum 06pasom,

0(X)~(X,-X)(X5-X)(X,-X).

3aTeM 1S KOPHS X, WLWEM  HETPUBMATbHOE  PELUEHMe
X=»(X,, Xt, Xs) OAHOPOAHOW CUCTEMbI YPAaBHEHUIA:

(°n = X|)xt -k OijX2-f- =
o+ @T~X), + 0,x3=0, ©
a»Xx,+ X)), =0,

MM COOTBETCTBYIOLLLErO YypaBHeHMA Ana onepatopa A—XE:
M-x,£E)x-0, (30

roe £—efuMHWYHAA Matpuua U BekTopbl X = (X{, XTI, X,),
0=(0, 0, 0).

Ecnm X —npocToii KopeHb (T. €. B fAaHHOM cny4ae X
OTIMYHO OT X, W OT TO paHr marpuupl cucTembl (3) He-
obxoaumo 6yfeT paseH ABYM (paHr (<4—X.£) = 2), U Mbl o-
NYY4UM €AMHCTBEHHBIA, C TOYHOCTHIO O 3HAaKa, BeKTop X 1=
B (*?", x*w, xil), ygosnetsopstowmii cucteme (3), T. e.

M—XEX =0
wm i

Ecim X —KOpeHb BTOpPOWA KpaTHOCTM (>,=?.,#7?,), TO
(pamryn HEeOOXOAUMO WMEeT PaHr, paBHbIi  efuHuLE
r KE)= 1), n 6yger umeTb jBa OPTOHOPMUPOBAHHbIX
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pewenns X1un X2 (mll= ficc|I= 1, (XL, ad=0), koTopbie
ABNAIOTCA COBCTBEHHBLIMI BEKTOPaMM, NpUHAANEXaLUMU Co6-
CTBEHHOMY 3HaueHno X(!

Ax*= x1 (=1 2, X,=Xj).

HakoHel, ecnn Xi—KopeHb TpeTbein KpaTHocTu (X,=X,=X3),
TO cuctema (3) HeOOXOAMMO WMEET PaHr, PaBHbIA  HYHO
(paHr (A—X,£) = 0), u 6yaeT UMeTb TPU OPTOHOPMHPOBAHHBIX
peweHuns arl, xr, x3\

Axl="WX (/=1,2,3, X=X=X)

Jllobble TpM OPTOHOPMHPOBAaHHbLIX BekTOpa B R, Moryt
ObiTb B3ATbl B KauyeCTBE COOCTBEHHbIX BEKTOPOB XX X2 X3
npuHagnexawmx COo6CTBEHHbIM uuciam X = X = X,

O6ocHyem ckazaHHOe. Mol 3Haem, 4TO B Rt cyuwiectsyeT
CUCTEMa OPTOHOPMHPOBAHHLIX BEKTOPOB XX, X2, X 3 1 fencT-
BUTENbHble yucna X, X, X, Takue, 410

Ar/= XX (/=1,2,3).

Mpy 3TOM MOXHO YyKa3aTb OPTOrOHaNbHYyO MmaTpuuy 1
Takyt, 4To (c™m. § 22)

o O X]|
OrTcroga Ana nepemeHHoro uucna X MMeeT MecTo TOX[ecTBO
i-X 0 0 j
0 X-X O (4)
0 0 Xj—
N(A—LW N-1=NNN-1—NXEN" =
=NNN-"—XAN-"NNN-*—XE).
Onpegenntens Mmatpuubl A—XE£ Mbl 0603HAUYMIN Bblllie Yepes

O(X). OH, Kak 93TO BMAHO U3 (4), paBeH ONpefenuUTento
mMaTpuubl, CTOAWEl B MpaBoi 4acTu (4), TaK Kak

X, —X) Xb—X) (X,—X)= 1 (A—XE) N -11=
= | NIM—XE||N-*] = |[N—XE] = D(X).

Takum 06pa3om,

D)= X—X X=X X—X).
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Mbl MoONy4nnu, YTo KOPHM MHorouvneHa D (X) cosmagatoT ¢ cob-
ctBeHHbiMu 3HaveHuaMu X, x, X* onepatopa A. OHW, Takum
o6pasom, [ENCTBUTENbHbI.
MycTb X,—MpoCTOii KOPeHb W, ClefoBaTesibHO, X

. X==X4 Torga wmaTtpuua cnpaBa B (4) npu X=X wumeer
paHr, pasHbli fgBym (paHr J1 (A—X,E) 1"1=2), HO TOrga
paHr(J1—X,£) = 2. Befb pelleHns OFHOPOAHON cucTembl (3)
N CUCTEMbI

0-r,-bO-r,+0-r,=0,
O.r1 + (Xy_Xl) r, + 0 *r, = Q (5)
Oer, -b0 era-I-(X,—X)r, =0,.

COOTBETCTBYHOLLE MaTpuue (4), npeobpasytoTca Apyr B Apyra
npu MOMOLM OPTOroHanbHOW Matpuupl (cuctembl (3) u (5) ak-
BUBaNeHTHbI). Cuctema e (5) MMeeT TONIbKO OLHO (O TOYHO-
CTblO [0 3HakKa) HOpMUpPOBaHHOe pelueHuwe (+ 1,0, 0). Ho aTo
BO3MOXHO, Nub ecnu paHr (JT—XjE)=*2.

MOXHO faTb M Takoe 06bAcHeHWe 3Toro dpakta. Ecnm
NPeLnoioXnTb, UYTO BCe OMPeLeNUTenn BTOPOro mopsagka, fo-
poXieHHble maTpuueii A—X,£, paBHbl HyMO, TO TOr4a U BCe
onpejennTeny BTOPOro MNOPALKA, MOPOXAEHHble MaTpuULei
N(A—X,£)1_1, Takxe 6yfyT paBHbl HyMO, TaK Kak 3Tu
onpegenvTenn ABAAKOTCA NUHENAHbIMW KOMOMHaLMsMK  onpefe-
nuTenein BTOporo nopsgka u3 matpuuybl A—X,E. Ho 3Toro He
MOXeT ObiTb, MO0 OnpefenvTeNb, MOPOXAEHHbI MaTpULEl
nN—XjflJA"L

po—sar 0
0 —X ICD 0.

Ecnn Tenepb X = X/=X,, TO, paccyXpgas aHaloruyHo,
nonyumm, uto paHr (l—X£) = 1, n Torga cyw,ectsyer B Tou-
HOCTM [iBa OPTOHOPMHPOBaHHbLIX peLlleHuns jcl, xr cuctembl (3),
Coortserctaytowmx X = X,

HakoHey, npyn X(= X, = X, 6yget paHr (J1—x,£) =0, T.e.
BCE 3/1eMeHTbl MaTpuubl A— X,E paBHbl Hy/MK. B 3TOM Clly4yae
noboin BekTop X = (Xt, AC, AC) ABNAETCA PELLUEHMEM CUCTeMbI (3).
3T0 NpMBOAWUT K TOMY, 4TO NOGble Tpu BekTopa Acl, Ac?, Acl,
obpasyloLie OpPTOHOPMUPOBAHHYIO cuCTeMy, O6YAyT COBCTBEH-
HbIMA BEKTOPaMK, MPUHALNEXALUMN COBCTBEHHOMY 3HaYeHUIO
X=X=X,

3ameTuM, 4TO B 3TOM CMTyauMu KBagpaTuyHas hopma yxe
npuBefeHa Kk cymme ksagpatos (o(, a¥Xe=am =0, an= ari ==

an = Xj).
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Mpumep I MNpneecTM K KaHOHUYECKOMY BWUAY KBafpa-
TUYHYIO hopmy

X?+ X'+ 2x,4r, + 2x,X, + 2xjct.

3gece Cff—Q|j= = 0*=p,, —1, 0,, = 0. CocTaBum Xa-
PaKTEPUCTUYECKOE YPaBHEHME,
1-X 1 1
1 1-X 1 =0
I I -X
HIW
—X(1—X)*-b2—2(1—M+ X-O, —X(1—X*+ 3X=0.

Jlerko Bmpaetb, 4To X= 0 ABNAETCA KOPHEM 3TOr0 YypaBHEHWS.
Haligem fABa ApYrux KOpHS:

3—(1—X*=0, (1—X*=3, 1— X=1x"3.
Takum 06pa3om,

X,-1+73, X=0, X,=1-K3,
T. €. Mbl nonyunnm cnydaii: X > X, > X,

Haligem co6cTBeHHbIi BekTOp X1 [ns 3TOro COCTaBUM
cuctemy (3):

—K3x.-b X,+ x-"0,
X,—Y"3X,+ X, =0,
* i+ *“ (1 +/3)x,=0.

Niobble Ba YpaBHEHWS 3TOW CUCTEMbl SIMHEHO HE3aBUCUMBI.
Pelwas cuCTeMy M3 ABYX TMepPBbIX YPaBHEHWI, MOMyyaeMm

14-/1 14-/1
/ 1 5/_

X, = —-T— X,, X,= ar,.

Taknum 06pa3oM, BeKTOp
1+ "3
* )

ABNAETCA peLleHNeM CUCTEMbl W, HOPMWUPYA €ro, nosyyuum
COOCTBEHHbIN BEKTOP

oy ( 1+ 1+/3 1
IVl \2K3+/3 ' r*"3+”73'v3+/1



*25. MOBEPXHOCTb BTOPOIro MOPAAKA (55
Harigem xa (X, = 0)i
X,-fx,+ xt=0,

X, +X,+ X,=0,
X.+Xx.+0x"0O.

Pewwasa cuctemy M3 [BYX MOCMeAHUX YypaBHeHWii (Tak Kak on-
pefenuTenb U3 KO3(PMULMEHTOB NPU X, U X, He pPaBeH HY/Io),
nonyumm r, = —xf, r, = 0.

Bektop y* = (xf, —x(, 0) fBNAeTCA pELUEHNEM CUCTEMBI,

a BeKTOp
<71 °)

— COBCTBEHHbI  eAMHNYHbIA BeKTOp. J1erko BWAETb, YTO OH
OpTOroHaneH Xx* (CKanspHOe MNPOW3BEAEHNE ITUX BEKTOPOB

paBHO Hynt0). HakoHeu, npu X,= 1—Y 3 Haxofum, 41O

1 1 1+ /3
'w (-A6+TIA3 " YG+2\[3' b+ zyT)
— TPeTUA COOCTBEHHBIV BEKTOP.
OpToroHanbHas MaTpuua mnepexofa OT KOOPAMHAT BeKTOpa

X =(X,, X,, xs) B cucreme (I, J, K) K KOOpAMHaTaM BeKTOpa
x = (ti, 1*) & cucteme (X1, X\ X*) umeer sug (cm. §17,

(15))
x> x?7 x?1
n= XxX® X? X7
xj*  xf xf

X [t=x«>21+ x* |1+ x™II,
Xa= X", + xp»|, + x?%, (6)
»=*7% + X?%+4»b-)
[JaHHoe npeobpa3oBaHMe COXPaHAET OpMeHTaUMio (Tak Kak
JAl=1>0), 1.e cucrema (x‘, x*, Xx3) OpMeHTMPOBaHa TaK
Xe, Kak ucxogHas cuctema (/, J, K).

MoacTaBnss B Haly KBagpaTUYHytO (DOPMYy BMECTO XV WX
3HadyeHus no cpopmynam (6), MOSyYMM €€ KaHOHWYECKUii BUZ

0 +Ks3lM;-N1-T3)m.

OcTaHOBMMCS Tenepb NULWb Ha 60/ee NOAPOGHOM M3yyYeHWUU
.PaBHEHWIA ¥ oMNUCbIBaEMbIX MMM MOBEPXHOCTEN, YKa3aHHbIX
blle BOCbMM TWMOB.
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nnuncoung
7

Mpu a= b= c annuncony (7) obpawiaetca B cdepy pasu-
yca a C LeHTPOM B Hayase KOOpAWHaT, T. €. reoMeTpuyeckoe
MECTO TOYEK, OTCTOAWMX OT Hayana Ha pacCTofiHWM a.

BennunHbl a, b, ¢ Has3biBalOTCA MOMYOCAMWU 3NUMCOUAA.

Ecm B ypaBHeHuM (7) 3aMeHUTb (OLHOBPEMEHHO WM NO-
PO3Hb) X HA —X, Y Ha —Y, I Ha —T, TO OHO He Wu3Me-
HWUTCA,— 3TO MOKa3blBaeT, 4YTO 3nauncous (7) ecTb MOBepx-
HOCTb, CMMMETPUYHAA OTHOCUTENIbHO KOOPAWHATHBIX MJ10CKO-
cteh x=0, y=0, z= 0 1 Hayana KoopguHaTt. Moatomy focra-
TOYHO W3YYUTb ypaBHeHWe annuncouga (7) B MEpPBOM OKTaHTe
(cucTembl KoOpAuHart), T. e. gnd x~O, y~O, r~*0O. Yactb
NNNNCOMAA, HaxoAsL,ascs B MEpBOM OKTaHTe, Onpefensercs
ABHbIM YypaBHEeHWeM, Hanpumep

Lna onpegeneHHocTn 6Gydem cumTath, 4T0 a”~b ™ c. 3nnun-
couny ecTb OrpaHM4YeHHas MOBEPXHOCTb. OH HaxOAWUTCA BHYTpPU
lWwapa pafuyca a O LIEHTPOM B Hadase KoopauHat! fns Koop-
AVHAT M0G0 TOoukM anauncomga (X, Y, T) MMeeT MecTo Hepa-
BEHCTBO

*+ Y+ <a,(E+ £ +E£)=aM-a*.
UTo6bl coCTaBUTL Gofiee TOUHOE NpefcTasfieHre 06 3nmn-
comfe, MNpOW3BELEM CEYEHWS MAOCKOCTAMM, MapaniefibHbIMu

KOOPAMHATHBLIM M/IOCKOCTAM. Hanpumep, nepecekas 3nauncoug
naockocTaMn z=h (—c < J1 ~c), Noayynm B CEYEHUW 3/INMCHI

C nonyocamun

OTctofa BMAHO, 4TO Camblii GOMLLUIOKA 31AMNC NOJSy4aeTcs B Ce-
YeHWM 3NAMMCOMAA NAOCKOCTblO = 0. AHanorMyHas KapTuHa
yoeT FHM ceyeHUM nnockocTamm X = A (—a</i<a), y=/
—&<JI<&).

annnncong (7) vmeeT B, M300paxeHHbIA Ha puvo. 43.
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Toukn (x£a, 0, 0), (0, £6,0), (0, 0, £c) nexar Ha 3naun-
confie (7) ” Ha3bIBAKOTCA €ro BepLUMHAMM.

Ecnm kakme-nmbo [Be MOMyoCU paBHbI MeXAy COo60i, To
annuncomng (7) 6yAeT aNAMNCOMAOM BpALLEHWS, T. €. MosyyaeTcs
OT BpaLleHWs 37/Mnca OTHOCUTENbHO COOTBETCTBYHOLLEN OCK
KOOPAMHaT.

OQHOMONOCTHLIA runepbonoup

£ +£—J]-1 (ab,c>0). @)

Mo BMAy ypaBHEHMS (8) 3aKntO4aem, 4YTO OAHOMOMOCTHbINA
runep6onong ABNSeTCs MOBEPXHOCTbH, CUMMETPUYHON OTHOCK-
TeNbHO KOOPAMHATHbIX MOCKOCTEN M Havana KoopauHaTt. Yucna
a, b, ¢ HasblBalOTCA MONYoCsSMM OAHOMONOCTHOIrO runepéononaa.
Toukn (xa, 0,0), (0, =b, 0), ne-

XalMe Ha MnoBepxHOCTM (8), Hasbl-
BalOTCH BepLUMHAMW OAHOMOMIOCTHOIO
rmnepéonounga.

Mepeceyem NOBEPXHOCTL (8) mnockocTeio T = ft, Torga B ce-
UEHWM MOAYYUM 3SNUMC

A»
C NonyocaMu

aym+2T> 6 |/"1+TrT.

Mpn un3veHeHun JS1 0T —o00 O +00 3TOT 3NAUNC OMUCHLIBAET
NMOBEPXHOCTbL (8).
(MM'TU TenePb nePeceub nosepxHocTb (8) nnockocTelo X = J1
Y ~h), To nony4yum B ceyeHun runep6ony
h* X
% v
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Mpu 1= +£a nepsas runepbona pacnajaeTca Ha [ABe MNpAMble
Y~*x~r-

Ecim |/« a, TO BelCTBMTENbHOW OCbIO CUMMETPUMU COOT-
BETCTBYIOLLLE/ rnnepbonbl ABNAeTCA Npaman, napannenbpHas ocu
Oy, a npu |1]> o—npamaq, napannensHasg ocu Or.

JencTBnTeNnbHOM 0OCbI0 CUMMETPUM  TUNepP60bl Mbl Hasbl-
BaeM Ty W3 Oceli CMMMeTPMM, KOTOPYLO runep6oia nepecekaer.

Ecim a= b, TO NOBEPXHOCTb (8) B CEYEHWM M/IOCKOCTAMU
?7=/i ByfeT UMeTb OKPYXHOCTK pagnyca a 'V 1+(A*/c*). Mosepx-
HOCTb (8) B 3TOM C/nyyae o6pasyeTca OT BpalleHUs runep6bonbi
XeozeL o
P 1 okono ocn Or. O6WMA BUA OLHOMONOCTHOrO TH-
nepbonomga mM3obpaxeH Ha puc. 44,

ABynonocTHbAi runepbonoung

Or— |y—-"«=1 (a, b c>0). 9)

Tak Kak ypaBHeHWe (9) COAepXWUT TOMbLKO KBajpaTbl ne-
PeMEeHHbIX, TO AaHHad MOBEPXHOCTb CUMMETPUYHA OTHOCUTENbHO
‘nnockocten x=0, =0, r=0 1 Hayana KOOPAWHaT.

YpaBHeHue (9) 3anuilem eule B Bufe

E+mE— I+E£- (90
Ortctofa [CHO, 4TO, Mepecekas MoBepxHOCTb (9') MNAOCKOCTbIO
x=h (]| ft]~a), nogyynm B CeYeHWWU 3NIUMC

I~ 1 = , . Ko

* nosyocamun
bK(1'/a%)—1, cK(/I»/al)— 1

Mpu |N]<a uucno (hZaf)— 1< 0, n MNO3ITOMYy HeT ToueK
nepeceyeHns nosepxHoctn (9') m nnockoctn X = h.

Mpu ceueHnn nosepxHocTw (9) nnockoctamu r—h (y = h)
noay4Ynm rmnep6osbi

77e=,-b— (X FN\
Toukn (x4, 0, 0) nexar Ha nosepxHocTh (9) n HasblBa-

HOTCA BepLUMHaMK [JBYMONOCTHOrO rvnep6onovga. MoBepxHOCTb
(9) m3obpaxeHa Ha puc. 45.
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dnnuntuyeckmin napabonoup

£E+£-2*  (p,g>0). (t0)

Tak kak B (10) mpuCyTCTBYIHOT KBAafpaTT/ MEPeMeHHbIX T
My, TO JaHHaa MOBEPXHOCTb CMMMETPMYHA OTHOCUTENIbHO KO-
opgauHatHbix nnockocted x=0. y—O0. [lanee, Tak KakK MU
cumTaem p, </>0, T0 nosepxHocTb (FO)
pacnonoxeHa B nonynpocTpaHcTee r™ 0.

Mepecekas nosepxHocTb (10) nmnockoc-

TaMm z=h (h”~Q), B ceueHun 6ygem mo-
nyyatb 3AAUMCHI

C NonyocsMm
Vi4ph, V 2gh.

Mpn u3MeHeHMM h OT Hyna 4O 00 BaH-
Hble 3MUMCLI  OMMCbIBAIOT Hally NOBEpX-
HoCTb (10).

Mepecekas nosepxHocTb (10) nnoc-
KoctaMn X =h (unn y = h), Mmbl nonyunm
B CeYeHUM napabosbl

=) (*-2(1-r)

CO CMELLEHHO BepwwWHOW B  TOMKe T
2PV 2%)

Mpu p*=q nosepxHocTb (10) 6ygeT NOBEPXHOCTbI Bpa-
LLEHMA, MofydatoLeiics OT BpalleHuMs napabonbl X*= 2pr 0KO/o
ocv Or. B atom cnyvae nosepxHocTb (10) HasbiBatOT napa-
60710M0M BPALLEHMS.

Touka (0, 0, 0) nexunT Ha nosepxHocTU (10) K Ha3biBaeTCH
BEPLUMHONM 3nAMnTUYecKoro napabononga. 3nAMNTUYECKUn napa-
6onong n3obpaxeH Ha puc. 46.

FMnep6onnyeckunin nmapabonoung

X
_IS_---:V;I—ZF (p, 9> 0). (|_|)

Mo Buay ypaBHeHus (11) 3aknOoyaem, 4YTo JaHHas MOBepX-
HOCTb CMMMETPMYHA OTHOCWUTENbHO nocKocTeld £=0, y= 0.
Mepecekas mnoBepxHOCTb (11) myockocTAMM T = A Mbl 6ygem
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nosyyaTb B CEYEHWU TUNepP6OSbI

p 0

npuuem npu h> 0 gelicTBMTENbHAA OCb CUMMETPUN TMNep6onbl
6yget napannenbHoil ocm Ox, a npu h < 0—ocm Oy. MMpu
/=0 B ceueHMn OyayT [fBe MepecekatoLLnecs Mnpsmble.

Mpu eeyeHnn noeepxHocTn (11) nnockoctamm X= h wm
y**h, nonyusm napabosibl, HampaBfeHHbIe BETBAMW BHW3 WK
BBepx!

q Pt q’

MosepxHocTb (11) m3obpaxeHa Ha puc. 47.
KoHyB BTOpPOro nopsapgka

(12

FACHO, 4YTO AaHHas MOBEPXHOCTb EMMMETPHYHA OTHOCUTE/bHO
nnockocten x*=0, y*=0, r=0 1 Hayana KOOpPAMHaT.

Mpn ceyeHun nosepxHocTn (12) nnockoctamm z=>h 6ynem
noayyatb 31AUNCHI

¢ nonyocsmu aJh | v bjh |
Ecnn xe nepecekatb nosepxHoatb (12) nnockoctaMmu X = h
WM y*=h, TO B CEYEHWM MOMY4YUM TUMEPOOIbI
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Ecnn Tenepb nepetekats (12) nno:kootamu y aahx, TO
B CEYEHUM MOMy4yMM Mapy MepecekaroLmnxcs Mpambix

r= x cxV(l/a*) +(Hilbt).

Bug koHyca n306paxeH Ha puo. 48.
Touka

4 bt 1= 0, (13)

YpaBHeHunto (13) yA40BNeTBOPSAET TONbKO OfHA TO4Yka * = /—
«=r=0.

LnnmHapbl BTOpPOro nopsajgka,

Q) QNNUNTUYECKUA UWUANHAP

(&, b>0). (14)

YpaBHeHue (14) He cofepXUT MepeMeHHON . Ha mnockoctm
xOy ypaBHeHue (14) onpepgenser anaMno ¢ nonyocsmn a v b
Ecnn Touka (X, y) NIeXUT Ha 3TOM 3f-

auvnce, To npyu M06OM T TouKa (X, Y, T)

NeXuT Ha nosepxHoctn (14). Cosokyn-

HOCTb TakMX TOYEK ecTb MOBEPXHOCTb, OMMUCaHHas MNPAMON,
napannensHoin oc Or M MepecekaroLlein anamnc

H1h=1
B nockoctn XxOy.
- Onmunc (14) HasbiBalOT HaMpPaBistOLWEN NMHMEA [aHHOM
MOBEPXHOCTW, @ BCE BO3MOXHbIE MOMNOXEHUS YKa3aHHOW [BU-
XyLLeics npsmori— 06pasyroLLmmu.
Boob6Lle MOBEpPXHOCTb, OMMCbiIBaemMas MPAMONA, OcTatoLelics
napaifieslbHOM HEKOTOPOMY 3afaHHOMY HamnpasfeHuto W nepe-

A. C. byrpos, C. M. Hukonbckue
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CeKaloLWen [JaHHYr0 /uHUIO L, Ha3biBaeTCqd  LMINHAPUYECKON.
MosepxHocTb (14) n3obpaxeHa Ha puc. 49.

6) Fmnep6onmMuyeckuim nm mapabonMyeckuim um-
NUHAP b
£=1 (a,b> 0), (15)
y'=2px (p>0) (16)

B gaHHOM cnyyae HampaeAsrLWMMU MHUAMW MOBEPXHOCTEN
ABAKOTCA rmnepbona u napabona, a 06pasytOLLMU— NPAMBbIE,
napannensHole oc OrF ¥ NpoxoAslive yepe3 runep6ony wm

Puc. 50. Pwnc. 51.

napabony B nnockoctn xOy. TMosepxHoctn (15) u (16) wu3o-
6paxeHbl Ha puc. 50 un 51.

B) MapannenbHble W nepecekawumnecs nuo-
ckocTu. lMpamasd.

17)

(18)

(19)

(20)

Ona nosepxHocTn (17) HanpasnsoWMMK  ABAAKOTCA NpS-
Mble JIMHUK

Y=xTX-

Moatomy nosepxHocTb (17) eCcTb MNapa nepecekaroLmMxcs nno-
ckocTeit. B ypaBHeHun nosepxHocTeli (18) u (19) otcytcTeyioT
no ABe KoopauHaTel. YpasHeHue (18) B nnockoctn XOy ecTb
napa npsMbix X ==%a.

Ecnm mbl 6ygem 6patb Xx=xa u /obble ¥y U I, TO TOYKK
(x0, vy, r) 6yayT YyLoBneTBOPATb YypaBHeHWtO (18), noatomy
noBepxHOCTb (18) ecTb mapa MapannenbHbIX MIOCKOCTEN.
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YpasHeHue (19) onwucbiBaeT nnockoctb XOy, Tak Kak 3aTomy
ypaBHeHuo YAOBMETBOPAOT Ntobble Toukm Buga (X, y, 0), Bce
MHOXecTBo KOTOPbIX u COCTaBMfAET NA0OCKOCTb XOy.

MOXHO TakXe paccMaTpmBaTh = 0 Kak HanpasnstoLLyto
B Kakoi-nnbo m3 nnockoctein xOr wm yOr, a obpasyroLummu
sasnsoTca NPAMble, napannesnsHsle oc Oy uam oc Ox U Mpo-
xoaswme 4Yepe3 npamyto 1 = 0.

YpaBHeHUO (20) yAoBneTBopseT ntobas Touka ¢ X =y =0
n nobbim 1. ToaTomy (20) m306paxaeT nNpPsMYyH0, a WUMEHHO,
ocb Or.

NTnHelWuyaTble NOBEPXHOCTH.

HekoTopble MOBEPXHOCTW BTOPOro nopagka 06pa3oBaHbI
OBWXKEHMEM NpPAMOA. TakMMU ABAAIOTCA BCe LMIUHAPUYECKUE
MOBEPXHOCTM W KOHYC BTOpOro nopsagka. OfHAKO MWMeoTCH
W Opyrve MOBEPXHOCTM, KOTOpble TakXe 06pas3ytoTcs ABMXe-
HMEM MNPAMOIA.

MoBepxHOCTb, 06pa3oBaHHas [BMKEHWEM MPAMON, Hasbl-
BaeTCA /IMHENYaTol, a LEeIMKOM fexaliMe Ha Heil npsamble —
NPSMO/IMHEVHBIMA  06Pa3yHOLLUMK.

K nnHeiuaTbiM MOBEPXHOCTAM OTHOCATCA OAHOMO/OCTHbIN
runepbonong n runepbonuyeckmii napabonong.

YpaBHeHWe OLHOMONOCTHOrO runep6onomga (8) MOXHO 3a-
nucatb B BuUAe

a* e* B

WM, pasnaras fIeByH) W MPaByKd YacTU Ha MHOXWTENW, mo-
nyyaem

COCTaBUM CUCTEMY YPABHEHMWI MeEPBOI CTEMeHMU:
(22)

rae K— Npou3BO/bHbLIA MapameTp.

Mpy onpegeneHHOM 3Ha4YeHWM 3TOTO MapameTpa K Mbl MO-
NY4UM NPAMYIO JIMHWIO, & NPY M3MEHEHWN K— CEMENCTBO Mps-
MbIX. ECAM Mbl MEPeMHOXMM YypaBHeHMA (22; MOYNEHHO, TO
noslyuMm ypaBHeHme (21) Hawei moBepxHocTW. 1oaTomy nrobas
Touka (X, Y, r), y4OBNeTBOpAtoLLas cucteme (22), HaxoguTca Ha
nosepxHocTn (21). CnefoBaTenbHO, Kaxgjas M3 MPAMbIX CeMei-

6))
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cTBa (22) LENMKOM JIeXUT Ha MOBEPXHOCTU OJHOMOMOCTHOIO
rmnep6onounga.
CoBepLUEHHO aHaNorMYyHO cucTema

(23)

roe /—napameTp, TakXe OMpefenseT CeMENCcTBO MPAMbIX,
OT/IMYHOE OT cemelicTa (22), MpUHaAexalllee NOBEPXHOCTH (21).
Uepe3 kaxayt Touky runepbonomga (21) npoxoaut no
OAHOM MpAMON Kax[oro cemeicTBa, BOOGLLE MPW PasfiNyHbIX
3HayeHumax napametpos k u / (puc. 52).

Hanpumep, 4epe3 TOuky

s \
*2—b, ¢) nosepxHOCTM (21) npoxoguT

npsmaa (22) npu k={2+ "~6)/(2 +
+V 2) nnpamaa (23) npu /= (2 +
+6)/(2- " 2).
OTMeTAM, 4TO OAHOMOMOCTHblE K-
nep6onounabl Halm NpUMeHeHWe B Mpak-
TUKe cTpouTensctsa. CoOpyxeHue pas-
JINYHbBIX BbICOTHbIX 6GalleH ¢ MCNOb30Ba-
HVMEM MPAMONIMHENHBIX 06pasyroLLUMX Of-
HOMONOCTHOrO runep6onounga coyetaeT
B cebe MPOYHOCTb KOHCTPYKLMM C Mpoc-
TOTON ee wucnonHeHus. Wpaes umcnonb-
30BaHWA OAHOMONIOCTHOrO runepbosonga B CTPOUTENLCTBE
NPUHALMNEXUT HalleMy COOTEUYeCTBEHHUKY WHXeHepy B. I, LLy-
XoBy (1853—1939). INo npoekTy LLUyxoBa nocTpoeHa TefneBu-
3M0HHaA 6awHA Ha Lllabonoske B r. MOCKBe, OHa COCTOWUT U3
CeKLMA OAHOMONOCTHBLIX rMNepboIona0B BpaLLEHMS.
Nerko yb6eguTbCs, YTO ABa CeMeCTBA MPAMbIX
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06pasytoT  MOBEPXHOCTb  rMnep6osMyeckoro  mapa6ononda

MpsmMbie, COOTBETCTBYOWME cemelicTBam (24) un (25), nexar
Ha 3TO/ MOBEPXHOCTWM W, 06paTHO, Nt06as TOYKa 3TON NOBepx-
HOCTW ecTb MepeceyeHe HEKOTOPO npamoii cemelicTBa (24)
C HeKOTOpoi npsmoin cemelicTa (25).

§ 26. O6was Teopws MOBEPXHOCTWM BTOPOr0 Mopsgka
B TPeXMepHOM MpOCTpaHCTBe

MycTb 3afaHa MOBEPXHOCTb BTOPOro Mnopsgka
33 3

2 2 akxkxl+ 2 2 + = (e}
K=\ /«l /4!

roe  Ok—aik>At, B-—noOCTOfHHble  YMCNa— KO3(PPULIMEHTDI

YpaBHEHWNS.

B § 25 6b110 mepeuncneHo BOCeEMb BWUAOB 1) —8) (YacTHbIX
cny4yaes) ypaBHeHMs (1) v Gblna OTMeYeHa BO3MOXHOCTb AOKa-
3aTenbCcTBa TOrO, YTO ANA KaXAOro [aHHOIO ypaBHeHMs (1),
€CIM OHO He OMnpefensieT MHWMYK MOBEPXHOCTb, MOXHO HaiTW
NPAMOYroNbHYI0 CUCTEMY KOOPAWMHAT, B KOTOPOW 3TO ypaBHe-
HVEe MMEEeT OAWH W3 YKa3aHHbIX BWAOB.

Huxe faetcqd [0OKa3aTeNbCTBO 3TOrO YTBEPXAEHMS.

Mbl HauMHaeM C TOro, 4YTO paccMaTpyBaeM KBagpaTUYHYHO
thopmy, curypmpyroLlyto B neBoli YacTu ypaBHeHUs (1).

Ha ocHoBaHMW Teopembl 2 § 22 3Ty (hOpMYy MOXHO Mpw-
BECTWM NPV MOMOLUM COOTBETCTBYIOLLETO OPTOrOHanbHOro npe-
06pazoBaHms

*/ =2 (<=1, 2,3) 2)
5=1
K cnepytowiemy Buay:
3 3
2 2 aKkIxkx, = A,5*+ \rxX’*+ \rx?,
Kw\ bl 1

rae X, Aa, X,—onpegeneHHble AeCTBUTENbHbIE YKMCha.

MogyepkHem, 4TO paBeHCTBa (2) onpegensAlT npeobpaso-
BaHVie UCXOZHON MPAMOYrONbHOW CUCTEMbl KOOPAUHAT xt, xt
K HEKOTOpO Apyroii npaMmoyronbHo cucteme X[, Xt, Xr.
Touka, nmetowas KoopauHatbl (XIt X,, Xr) B MCXOAHOI CUCTEME,
B HOBOW cuCTeMe WMMeeT koopauHatbl (*;, Xj, Xr), nonyyaemble
nocpescTBoM 06palleHns onepaummn (2).
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cTBa (22) UENMKOM JIeXUT Ha MOBEPXHOCTU OAHOMOMOCTHOIO
rmnepéonounga.
COBepLUEHHO aHaNOrMYHO cucTema

(23)

roe /—napameTp, TakXe OMpeaenser CeMeicTBO MPAMbIX,
OT/IMYHOE OT CeMeicTBa (22), MpUHaAexallee MOBEPXHOCTH (21).
Uepe3 Kkaxayt Touky runepbonomga (21) npoxogut no

OAHOVI I'IpFIMOI7I KaXxnanoro cemelicTBa, BOO6LLI,€ npn pasnmnyHbIX
QuaupuLfcly nanamptian bn | {I'IHP K9.1

nwiiuMiuvinuiu lnuncpum™ununpga LU4Clac 1

B cebe MPOYHOCTb KOHCTPYKUMW C Npoc-

TOTON ee uWCMONHeHWs. Wpged wncnonb-

30BaHWg OJHOMONIOCTHOrO runepbosonga B CTPOUTENLCTBE

NPUHAANEXNUT Hallemy COOTeYeCTBEHHWUKY MHXeHepy B. IM. LLy-

xoBy (1853—1939). lNo npoekTty LLyxoBa MOCTpPOEHa Tefesn-

3M0HHaA GawHA Ha LLlabonoske B r. MOCKBe, OHa COCTOWUT U3
CeKUnii OfHOMONOCTHBLIX rMNepboIona0B BpaLLeHMS.
Nerko yb6eguTbcs, UTO ABa CeMeicTBa MPAMbIX
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06pasytoT  MOBEPXHOCTb  runepbonuyeckoro  napabonomga

Mpsamble, COOTBETCTBYOLLME CeMeiicTBaM (24) u (25), nexat
Ha 3TOW MOBEPXHOCTU W, 06paTHO, Nt06as Toyka 3TON NoBepx-
HOCTU €CTb MEepecevyeHne HEKOTOPOi MpsAMOWA cemeicTBa (24)
C HeKOTOpoW npsamoi cemeiicTBa (25).

§ 26. O6Lwas Teopws MOBEPXHOCTM BTOPOr0 nopsgka
B TPeXMepHOM MPOCTpaHCTBe

nyCTb 3aflaHa MOBEPXHOCTb BTOPOro nopagka
33 3
2 2 allxx,+ 2 2 AX,+ B—0, (1)
1 f= /=1

roe  aki= aik'Ai’  &—nNOCTOAHHbIE  YMCNa— KOIPULMEHTBI
YpaBHEHMS.

B § 25 6bIN0 nepeynciieHo BOCeMb BUAOB 1) —8) (Y4aCTHbIX
cny4yaes) ypaBHeHMs (1) u Gbl1a OTMeYeHa BO3MOXHOCTb [OKa-
3aTefibCTBa TOrO, YTO A1 KaXOro [aHHOTO ypasHeHus (1),
€CIN OHO He OMpejensieT MHUMYK MOBEPXHOCTb, MOXHO HaiTu
NPAMOYroNbHYI0 CUCTEMY KOOPAWMHAT, B KOTOPOM 3TO ypaBHe-
HVe MMeeT OAMH W3 YKAa3aHHbIX BUAOB.

Hwuxe faetcs [40Ka3aTeNlbCTBO 3TOr0 YTBEPXAEHMWS.

Mbl HauyMHaeM C TOro, 4YTO paccMaTpMBAEeM KBafpaTUYHYIO
chopmy, burypupytowyto B neBOi 4YacTM ypaBHeHus (1).

Ha ocHoBaHMW Teopembl 2 § 22 3Ty (hOpMYy MOXHO Mpu-
BECTVM MNPW MOMOLLM COOTBETCTBYIOLLETO OPTOrOHaNbLHOIO npe-
06pa3oBaHmA

x/-2 fW (*=1.2,3) @)

S=1

K crefyloLiemy Buay:
*Z_ii._lakixkxi= Kx\+ Kk *+

roe X,, X, X,—onpegeneHHble AeACTBUTENbHbIE YKCa.

MogyepkHem, 4YTO paBeHCTBa (2) onpefensloT npeobpaso-
BaHMe UCXOAHON MPAMOYroNbHOM CUCTEMbl KOOPAMHAT Xy X,
K HEKOTOpO Apyroi npamoyronbHoi cucteme X[, x\, xF.
Touka, MMetoLWas KoopauHaTbl (XK, X,, ) B UCXOQHOW CUCTEME,
B HOBOW cucTeme mMmeeT koopauHatbl (X[, xI, X,), nofiydyaemble
nocpeAcTsom obpalleHus orepaumm (2).
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B HoBoIA npﬂmoyroanoﬁ CUCTEME Halla NOBEPXHOCTb UMEE T,

OYEBMIHO, YypaBHeHwue
3

X, "+ X0+ XF»y+ 22 nM+a=o0, <>
*-1

roe A\—HeKoTopble MOCTOAAHHbIE YKCha.

PaccmoTpum cHavana cnydaid, Korga sce Tpu umcna X,, 2.2,
OT/INYHLI OT HynNd /=1, 2, 3).

B aTom enyuyae nepeHecem cucTemy koopguHat X[, X* X,
Tak, 4YTOObl ee Haya/nbHad TOYKa nepewina B TO4ky (a,, 0,, B,);
TOrd4a nNOAydum BTOPYHO MPAMOYIOMIbHYIO CUCTEMY KOOPAWMHAT

?2» 20 roe

*=a(+If (<=1,2,3).

B Heli ypaBHeHWe Halleil MOBEPXHOCTM WMEET BUA
Bl + Y '+ K(a+ 1J*+ X (fl, + 591+
+2 t2:I AK(@k+rR+B=0
mmm

X&+ KII+KV+2 2. (BA+ a)r, +5,=0,

roe B,—HekoTopas KOHcTaHTa. EcnM nonoxuts
/=1,2,3),

TO 3TO YypaBHEHWME YMPOCTUTCA:
XM+ XU+ X.MN-mmme Bt. (4)

Mpegnonoxum, 4to uucna X, X, X OfMHAKOBOro 3Haka.

Ecnm npu atom B, = 0, TO ypasHeHWtO (4) yposneTBopsaeT
e[VIHCTBEHHasA To4YKa, MMeHHO Hynesasa Touyka (0, 0, 0) (cm. 1)
§ 25).

E)cnm 5,70 wu nmeeT 3HaK umcen X, Xa, X,, T0, OYEBUAHO,
HeT TOYeK C feliCTBUTENIbHbIMW KOOPAUHATaMM, YAOBETBOPAIO-
WmMX ypaBHeHUo (4). B atom cniyuae nosBepxHOCTb (1) MHMMas.

Ecnin xe B1d 0 1M nmMeeT 3HaK, NPOTUBOMOMOXHbIA 3HaKy
yncen X,, Xt, X,, TO ypaBHeHWe (4) MOXHO 3anmucatb B Buie

n . &2 . 1T
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nnn, nonarad

aa= _El. n= C r E+
X o \3’ X m

B BuUAe
If + 1r+ 4r*=1 (0, b, c> 0).

Taknum obpasom, nosepxHOCTb (1) ecTb Sumncoug (cm. 1)
§ 25).

Myctb Tenepb Asa w3 umcen Xf, X, X, MMeOT OAMH 3HaK,
a TPeTbe— NPOTUBOMOJIOXKHbIA UM 3HaK.

Ecnn npu atom B, = 0, TO MOXHO cUnTaTh B ypaBHEHUU (4),
yro Xf> 0, X, > 0, X < 0, ymHOXas (4), ecim 37O HYXHO,
Ha —1 u nepecTtasnag, ecam 3T0 HYXHO, mectamn I,. Torga,
MONOXMB

X=  Xj= , X= Jy (a b c>0),
noslyuuMm ypaBHeHWe KOHyca (cM. 6) § 25)
. HKIL ic,!*— n

Mpn B1d 0 Bocnonb3yemca cHoea chopmynoii (5). Bbigenum
[Ba CYLLEeCTBEHHO Pa3MUHbIX Cly4as:

-[t+ ||— -p-= 1 (ogHononoctHbIA runepbonong 2) § 25),

tl ot ot
—j;— =1 (gBynonocTHblin runep6onong 3) § 25).

K atum fBym cnydasm CBOAATCA W OCTajbHble Chyyau
MyTeM COOTBETCTBYIOLLEN 3aMeHbl KOOpAMHAT

Myctb Tenepb A= XXX, = 0. Torga no KpaiHein Mepe
0fHO ¥3 umcen X, X,, X, paBHO Hyno. bygem cuutaTh, 4TO
X,= 0, NOMEHAB, €CMIN HYXHO, MecTamu

MTak, nycte X, =0. Bbligenum cHavana cnydvaid, Korjga
N;=0. Torga ypaBHeHue (3) UmeeT BUf

Kx;r+ Xxr+ 2 (AA\+ A\xl)+ fl=0,

roe unicna X, X, J/1', An B moryT GbiTb /IHOGLIMU.

B nnockoctn (X[, X\) 3aTO ecTb oObLlee ypaBHEHMe KpWBOIii
BTOpOro nopsgka. B npoctpaHcTee (*;, X\, x3) eMy cooTBeT-
CTBYeT ypaBHeHWe LWNMHAPUYECKOM NoBepxHOCTU (cM. 8) § 25),
NMPOXOAALLEA 4Yepe3 MIOCKY0 KPMBYHO BTOPOro nopsgka ¢ obpa-
3yloLleil, napannenbHoit ocu x3 (cm. 8) § 25).
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Hdanee Mbl 6ygem Bcerga cumtath, 4T0 A3D 0 n X =0,
M Toraa ypasHeHue (3) mmMeeT BUA

(M * + 2AIX\) + (Xgrc+ 2A'x3 + 2AXs+ B=0. (3"

CyLLeCTBEHHO Pa3/IMYHLIMU ClyYasMU  ABNAKOTCA CNedyto-
wue: a) X, X, >0; 6) X*x>0, X<0; B) >0, X=0.
Lpyrue cnydam CBOAATCA K HUM 3aMEHO KOOPAUHAT WM YMHO-
XeHuem Ha —1.

PaccmaTpuBaem cnydam a) X, Xj > 0. BbiHecem 3a CKOOKM
MHOXUTEAN X, M X, U JOMOMHWUM BbIPaXEHUSN B 3TUX CKOOKax
[0 MNOMHLIX KBagpatoB. Torga noayymm, y4duTbiBas, 4to /It
X,, A3 OTINYHbLI OT HYynA,

X (o + a)* + X*(ac,+ P)«+ 2A\ (03 + y) = 0,

rae a, p, y—CooTBeTcTBylOWMe yucna. Monaras

£E=*+«, n=*+P, S=*i+Y.

nony4mm
XN+ Xr*¥=-2 AZ
nm
v .,
A3 Ai 23. (6)
Ti ~Xr

Ec&m _nzA3> 0, TO ypaBHeHue (6) umeeT BuUp
— H—=2£ (annmunTudeckunii napabonoug 4) § 25) (7)

(P, 9> 0).

Ecrim xe — A3< 0, 1O 3ameHAas £ Ha — £, Mbl CHOBa Mo-
Ny4ynMMm ypaBHeHue BuAaa (7), T. e. 3NIMMTUYECKMA napabonons.

PaccmoTpum Tenepb chnydaid 6) XM> 0, X,<0 (A3d 0).
Bocnonb3yemcs ypaBHeHuem (6). Ecnm An< 0, To 3TO ypas-
HeHve 3anvcbiBaeTca B BUAe

~ —~ = 2" (rvnep6onuuecknini napaéonoung cm. 5) § 25) (8)
(A <7>0).

Ecnm xe A, > 0, To nocne 3ameHbl MecTamu | n T] cHOBa
nofyunm ypasHeHWe Buga (8), T. e. rMnepboImMyeckuin napa-
6onoung.

Mepexogum Terepb K cnyyaw B) X4> 0, X*=0 (ATP 0)
Torga ypasHeHue (3') cBOAUTCA K ChefytoLLemy:

(Xig2+ 2AIX) + 2 (AT + AlxJ] maB = 0.
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BbiHOCA 32 nepBble cCKO6kM Xf 4ONOMHAS BbipaXeHMe B 3TUX
cko6kax [0 MOMAHOrO KBagpata (y4yuTbiBas, 4TO A',® 0),
noayynm

X, W + a)l+ 2A\x% 2A'T (X, + p) = 0,

roe a, P—HekoTopble umucna. lMocne 3ameHbl
£= T+ a, = C=*4+ P»

3TO ypaBHeHWe MPeBPaTMUTCA B CleAytOLLee:
*1*+ 2M», + N £)-0. 9)
PaccmoTpum B nnockoctn (1), £) Bektop = (/4), A’'j.
3anuwem ero B BuAe
(Ait /i;))=p(cosa, sina),
roe p>0—anuHa w, a (cosa, Sina)—eaVHUYHBIA BeKTOp,
HanpaBneHHbLIA B CTOPOHY <0 [pyroi BekTop (sina, —cosa)

TOXE EAVUHWYHBLIA N NEeprneHANKYNSAPEH K MepPBOMY.
Beefem B nnockoctu (1), £) opTOroHanbHoe npeobpasoBaHue

u=r]Cosa-f £sina, v= nsina—£cosa.
3TM NpAMOYronbHas cucTeMa KoopawuHaT T], £ 3ameHsieTcs
Ha MPSMOYrONbHYIO CUCTEMY KOOPAMHAT W, V, a MPsSMOYrofib-
Has cucTemMa KOOpAuHat 1, T), £ 3aMeHfeTCs Ha NpPSAMOYrofb-

Hyto cuctemy kKoopauHat I, u, v. B pesynbTate ypaBHeHue (9),
KOTOpPOe MOXeT ObITb 3anmcaHo Tak:

+ 2p(ncosa + £sina) =0,
NPYHMMAET chegyroLmii Bua!
X5*+ 2p« =0,
WM MEHA «Ha —W,
\=2pn  (p=p/X > 0),
WIN HAaKOHeL, MeHss MecTamu £ u u,
ur=2pl (p > 0),
T. €. Mbl NOAYYMNIN YypaBHeHMe MapabonMyeckoro UMAMHAPa
(8 npaAmoyronbHbix koopauHatax (I, n, v)).
Mbl paccMOTpenu BCe Cnyyau, MOryLiMe UMeTb MecTo fAs
ypaBHeHMa (1), U B KaOXAOM W3 HWX HaWM MNPSAMOYTofibHYHO

CUCTEMY KOOPAMHAT, B KOTOPOI ypaBHeHWe (1) MMeeT OAUH U3
BMgos 1)—8) § 25. YTBepxfieHue [OKa3aHO.
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§ 27. MNnockoctb B /?,

27.1. O6uwmne paccmMmoTpeHus. B § 6 bl ycnoBwinch
HasblBaTb TOYKOM WM BEKTOPOM M-MEPHOrO MPOCTpaHCcTBa Rr
cictemy uwicen (oe, ..., Xm) 1M obosHavatb OyKBOW X:

X —(Xff ..., xn).

Uncna X, HasbiBa/IUCh KoopavHaramy TOUYKU (BeKtopa) win
KOMIMOHEHTaMN BeKTopa X.

B 8 7 Mbl onpegenv OTPe3oK [Ar', y°], CcoeayHsoLLiA
04K

X *lc ===l =D Y — (MM ...» Yn).

KaK MHOXECTBO TO4YeK X 6 R,,, KOTOpble MOXHO NpeCTaBuTh
C MNOMOLLEH0 PaBEHCTBA

X = ).XY-Ny" (X>0, u~0O, =+ u=1).

n

TOYkM X , y" HasbiBaOTCA KOHUaMm otpes3ka 1x',y rl. byaem
HasbiBaTb X" HayaslbHOM TOuKOM oTpeska [x\ y (), ay —ero
KOHEYHON TOYKOl. Torgaa MOXHO cuuTatb, 4To \X', Y] ectb
HarnpaBNEHHbIi OTPE30K C HaYya/lbHOW TOUYKOW X" M KOHEYHOM
TOUKOW y e

Kak B cryyae TpexmepHOro MpOCTPaHCTBa, HarpaBieHHbI
oTpe3ok [x', y"] Oygem cumTaTb paBHbLIM BEKTOPY

Y X = (t/>~"*i, eee» Y——x).
Ecnm K Bektopam X ,y NpubasnTb MPOU3BOJIbHBI BEKTOP
o= (O ..., ),
TO MOSIYYUM BEKTOPbI
X'*=x°+a, y' —Y +a,
AN KOTOPbIX, O4YEBUAHO,
y'—ar=y°*—x°.

OT0 nokasbiBaeT, 4To ToukM X' = x"Y-a, yry'+ a,
KakoB ©Obl HM ObUl BEKTOp &, OnpefenstoT OAVH WU TOT e
BEKTOP, pPaBHbli y "— X\

HanpasneHHblh otpe3ok [0, x], Ha4asilo KOTOpOro ecib
Hynesasd Touyka 0, a KOHEeL—TOYKa X, HasblBaloT pagnyc-
BEKTOPOM TOYKU X.

Nrak,

X = (u == , Xa)
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eCctb Touka /?,, X TawKke eClb paguyCc-BeKTop TOUYKU X, T. e
HanpasfeHHbI OTpe3oK [0, X] W, HaKOHEL, X MOXET 0bOsHa-
yaTb BEKTOp, onpeaensemMbii nobbim otpeskom [ ary 0, gna
KOTOporo y0—x a= X.

Mpumep 1 HanpasneHHble otpeskn [x1 y 1], [Xr, y*\,
roe

*' = (0, O......... 0), y*= (1, 1...... 1),
= (3,3 3), v'=04,4..... 4)
pasHbl OgHOMY M TOMy e Bektopy o= (1, I, ..., D).
27.2. NMnockocTtb B /?, 3agagmMm N AEACTBUTENbHbIX
uicen i4,, ..., AN, OOHOBPEMEHHO He pasHbIX HY/MO, T. e

TakKux, 4YTO BbIMOJIHAETCA HepaBeHCTBO

2 A>0.
/-!
3ampoym Takke aeicteutensHoe uwicnio B.
Mo onpeneneHio reomMeTpyyeckoe Meclo ToueK X =»
= (XIt ..., xn), yAOBNETBOPSIOLLMX YPaBHEHUO

/%IV/+ B=0- (=)

HasblBAETCA [M/IOCKOCTbLIO, a ypasHeHne (1) HasblBaeTcs ypas-
HEHVEM 3TOM TVIOCKOCTU.
Byoem eup rosopwutb! nnockocts (1) BMECTO TOro, 4ToObI
roBOPUTL: MJIOCKOCTb, onpeaensemMas ypasHeHuem (1).
Mpn n= 3 nnockoctb (1) ecib peabHas MNIOCKOCTb.
Ecnm ymMHOXUTb ypasHeHve (1) Ha Npous3BO/bHOE 4YACIIo
M & 0, TOo nonyuwm ypasHeHVe
n

2 A\x-\-B=0 (A,=MAj 0= 1, n), B' = MB),
(n

3KBMBA/IEHTHOE YypaBHeHuo (D).
Takum obpazom, ypasHeHus (1) n (') onpegensor ogHO
M TO XXe FeoMETPUHECKOE MECTO TOYEeK. YuTeM elle, 4To

A @) =mr 2 aj> 0

Ho torga ypasHeHus (1) a () cCyTb ypaBHEHWUs OOHOW
N TOM >Xe TM/IOCKOCTU.
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Torga nonyym
(pv, X) = (px, pv),

(a, x) = (a, a).

YunTbiBas CBoWiCTBa CKa/IApPHOro npowusseaeHus, nocneaHee
PaBEHCTBO MOXXHO 3anucarb B Buae

(a, x—a)=0. )

O6parHbiv - paccyxgeHnavin 13 (5) MOXHO cHosa Mony-
unTb (3'). DTO NoKasbiBaET, YTO pPaBeHCTBO (5) 39KBMBAIEHTHO
ypasHeHuto nnockoctn (1), 7. e. ypasHeHve (5) MOXHO Ccuun-
TaTb ypaBHEHVEM pacCMVarpvBaeMOl Hamm riockocm (1). Foso-
pAT ewe, yTo ypasHeHnne (5) ecTb ypaBHeHne riockoctn (1)
B BEKTOpHOI dopwve npu B ® 0 (1. e p> 0).

Takum 06pasoM, NMI0CKOCTb (1)— 3T0 reomMeTpuiIeckoe Mecto
TOueKk X, KoTopble yaoBnetsopstoT ypasHeHuto (5).

Myctb Teneps p= 0 wwm, 4TO BCce pasHO, B = 0.

Torpa ypasHeHvne (3') wviveer Bupg

v, *) = 0. (5"

YpasHeHve (5') u ectb ypasHeHue nnockocm (1) B BeKTop-
Hoi doopve npy B —0. OHO BblpaXkaeT, UTO MHOXECTBO BCEX
Touek nnockoctn (1) cocrour u3 Bcex Touek X € Rn, yaosnert-

gopsroLmx (5", rge x=*MA |JAf= I — NKBOiA

M3 ABYX BO3MOXHbIX €OVHUYHbIX BEKTOPOB.
27.5. fleomeTpunyeckas uUHTepnpertayuma ypas-
HEHWWN. YCNOBMMCS T[OBOPWUTb, YTO BEKTOP C OPTOroHasieH
K oTpesky [x°, y (, ecwm OH opTOoroHavieH K BeKTopyy 0—x°,
T. e ecm

(c, >=-*=)=»0.

Byoem Takke TroBOpPUTb, 4TO BEKTOP C OPTOroHasieH
K MJ0OCKOCTM L, ec/m OH OpTOroHasleH K /loboMy OTpesky,
npyHagexallemy L.

Mokavkem, 4TO ecm TOUYKM X 1 1 Ol npuHagiexar nno-
ckocm (5), TO 1 OTpe3ok [x1, x5 npuHaONexXut 310 nno-
cKoctu. B cavom fene, no ycnosuio

(a XxX1—mM—0, (o, xr—a)=0.
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Janee, npousBonbHas Touka X otpeska [arl, x °] MoxeT 6biTb
3anucaHa B suae ”~

2= Xx1+ ux* (A>0, p >0, A+ y= 1),

Nnoaromy

(a x—a) = (a, qu-pxl—@=
= (a, AX'+ pxl— (X+n)a) =
= (a A4(xl—a)+ p(x*—a)) =
e=(a, A(x4—a))+ (a, p(x*—a))=
=A(a, x1l—a)+ uy(a, x*—a)= X-0+ p-0=0.

Takmm 06pazom, X npuHagnexmt mnnockocm (5), a aie
[oBartefibHO, N BeCb OTPE30K [Xx1, xd npuHagnexut 3Ton
M/IOCKOCTW.

N3 ypasHeHns (5) BMOHO, 4TO TOYKa a NpPUHaLIEXuUT
K 310/ nnockoct: (a, a—a)= (a, 0)= 0.

B cuny BbiLLeckasaHHOIo MAOCKOCTb (1) MOXHO onpeaenuvtbs
KaK reomMerpuieckoe Mecro Touek X £ RnTakux, YTO pasHOCTb
X —O, rie X — paguyc-BeKTOp TOYKM X, OPTOrOHaVbHa K
BEKTOPY a.

[MokaxkemM elle, 4YTO BEKTOP

A= (j4j, . . An

opToroHavieH K nnockoctn (5).

B cavom pgene, B cuny paseHciea a=pMA  (p > 0) Bek-
TOp A KO//IMHEeapeH BEKTOpY a W, cneposarefibHO, OH Op-
TOrOHaVIeH K JiI06OMy BEKTOpY X —a, npuHagnexaliemy
nnockoctn (5), T. € OopToroHanieH K nnockoctn (5) wunu, uto
BCe paBHO, K nnockoctn (1.

Ntak, wcna At........ An B ypaBHeHUn nnockoctn (1)
VUMEKT reoMeTpUIECKUA CMbicn— BekTop J1 = ., AN,
COCTaB/MIEHHbI N3 KO3COOMLIMEHTOB MPH X, 3TOr0 ypaBHEHWS,
OpTOroHavieH K nnockoctn (1).

Ecrm p—0 wnu, yto BCe pasHO, B = 0, TO paccmarpu-
BaemM ypasHeHne (5'), akeBMBaleHTHOe ypasHeHuo (1). Ypas-
HeHve (5') BblpaxKaeT, YTO MHOXXECTBO BCEX TOYEK X M/IOCKOCTU
(1) cocrout M3 TOYEK X, pPaAUYyC-BEKTOpPbl KOTOPLIX OPTOro-
HanbHbl K Bektopy \= MA.

B srtom cnyyae Bektop A = (At......... A,,), KONMHeapHbiii
BEKTOPY V, CHOBA OpPTOrOHaneH K nnockoctn (1).
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27.6. YpaBHeHMe MNNOCKOCTU, npoxoaau,ein

yepes n Touyek.
Teopema. [llycTb 3agaHO N TOYeK

Xx= (X}, ===| &), '

xn= @A %,
ONpeaensoLIX MaTpuly
X*— M [—*1 ... Xn— O

.......................................... . ©)

Torpga ecm paHr Q paseH n— 1 (paHr Q= n— 1), TO
uepe3 yKasaHHble N TOYeK MOXXHO MPOBECTU M/IOCKOCTL U
NPEUTOM €ONHCTBEHHYIO.

Ecim oe paHr matpuubl Q MeHblle dvem n— 1 (paHr
Q< n—1), TO uYepe3 yKazaHHble M TOYEK MOXHO MNPOBECTU
GeCKOHEUHOE MHOYKECTBO /IOCKOCTEN.

JokasatenbctBo. [lyctb paHr Q= n— 1

YpaBHEHNE WCKOMOW M/IOCKOCTU 3armuLLieM B BUAE

2.0 *t5=0 @

TakK Kak 31a NIoCKOCTb AO/MKHA MPOXOAUTL Yepes TOUKY Ad,
TO [O/MKHO YAOBNETBOPSTLCS PABEHCTBO

/2:|V)+fI:°- ®)

Bbluntan paseHcTBO (8) M3 paseHcTtBa (7), NOAyY M ypas-
HeHve

2N /@-pch)=0, ©
CcrnpaBey/MBoe /18 BCEX TOYEK X WCKOMOM MIOCKOCTU.
Tak Kak Touku mr*........ X M AO/MKHbI NpUHaZ/IeXaTb UCKO-

MOA MNOCKOCTW, TO WX KOOPAUHATHI [O/MKHbI YAO0BNETBOPSATh
ypaBHeHuto (9), T. €. [O/MKHbI BbIMOMHATLCS pPaBeHCTBa
n

K
W

(t0)
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Mtak uncna A, [OMKHbl OblTb PELLEHVSIMA OOHOPOAHOM
cuctemsl, cocroslein n3 paseHcBa (9) u paseHcts (10), roe
X = (e *,,) — MPOU3BO/IbHAsA TOYKA WCKOMOA MNIOCKOCTU.
Ho uscna A/ JOmKHbI 6biTb OAHOBPEMEHHO HE PaBHbl HYIIHO.
MNMoatomy onpeaenutens OAHOPOAHON CUCTEMbl AOMKEH pas-
HATbCS HY/IO:

*t—A X, —#  eee xn—X\

2 1 2 1
*1— *1 *2—*2 || *ﬁ Xn
X1-X1 eee “xXn
Ona Bcex Touek X = (*,, ..., XM) UCKOMOW M/IOCKOCTA.

YpasHeHne (11) n ecTb ypaBHEHME WCKOMOIA MIOCKOCTU.
benn onpegenutens NeBOli YacCT ATOTO YPaBHEHWS Pa3IOXKUTb
rno aemeHTaM MepBOIi CTPOKK, TO MOMy4YuM ypasHeHve suaa (9)
c koododpeHravm A Ao pasHbivin onpegenvtenam (n— 1)-ro
nopsaka, mnopoxaaevbiM Marpuleli Q C COOTBETCTBYHOLLIMM
3HakoM. [0 yCnoBuO cpeam 3TNX onpeaenurenein ectb XoTs Gbl
OQVH, HEe pPaBHbIi HyMHO.

MepBoe yTBEPXKOEHNE TeopeMbl AOoKaszaHO.

MycTb Tenepb paHr mMarpvupl Q MeHble n— 1 (paHrgp<
< n— 1). Torga, paccyxgas, Kak npexae, Vbl Mpuoem K ToMy,
yTo Mobas Touka X MIOCKOCTW, MPOXOZALLEN yepes 3aJaHHbIe
N TOuYeK, [O/MKHA YAOBIETBOPATh CUCTEME, COCTOALLIEN 13 ypas-
HeHns (9) u ypasHeHud (10) NpPU HEKOTOPbLIX MOCTOAHHBIX

=t

Tak kKak paHrQ “rt—2, 1o cucreva (10) mwvieer Gecko-
HEYHOe 4MC/o peLLeHuiA JT*.......... A,,. Mpn 3tO0M NO KpaiiHel
Vepe gsa u3 uiacen A/, nyctb At un JI18, MoryT ObiTb HOOLIMN
HEe3aBMCHMbLIMMA APYT OT Apyra Yic/iaMi— 1M MOXHO npuaasartb
NoBble YNCOBbIE 3HAYEHWUS.

Ecnv noacrasutb HaigeHHble uicna Ait ..., An B ypas-
HeHve (9), TO pas3MuHBIM HE NPOMOPLMOHATEHBIM MEXXOY CoOoM
mpam Alt Ai 6yayT cooTBeTCTBOBATh 3aBEAOMO PasHble M/io-
CKOCTW, MpoXofsLpme yepes 3adaHHbie M TOYek.

Bropoe yTBepaeHve Teopembl AoKa3aHo.

YpaBHeHne (11) moxHO 3anucats B dipve

Xi Xf in *n 1
A K eee kn 1

x\xio... A 1
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Cvcremy uicen 1,, .... A, YBOOHO MbIC/MTb Kak BEKTOP
A= (1, ).

OTOT BEKTOP 3aBEAOMO HEHY/IEBO, MOTOMY YTO €r0 [/mHa
NOJIOXUTE bHAL

MI-r/"2 >a
r /=i

Kak mMbl oTvedsanm Bbllle, OykBbl X = (**, ..., xmn) 000
3HAUalT He TOJ/IbKO TOYKM MNpPOCTpaHcTBa /?,, HO U pagyc-
BEKTOpPblI TOYeK X. Ho Torga nesyto 4actb ypasHeHus (1)
MOXHO 3anvcatb KakK CKa/fipHOe MpovsBefeHNe BEKTOpOoB A
nXx:

n

no,+ ... + Axn= /2_1A/X,: o, x),

a cavo ypasHenve (1) sanucarb B BHAE
(A,x) + B=0. (@)

OKBUBA/IEHTHOE >Xe eMy ypasHeHve () 3anviietcs B Bude
(A',x) + B"=0, (2)

rie A'= MA, M 0, B'=MB.

Takum obpazom, J1' ecTb BeKTop, KOMIMHeapHbIA Bek-
Topy Jl, 7. e J1' nonyuyaetcs u3 Bekropa J1 yMHOXEHUEM €ro
Ha uwicio M @ 0. Yucno B' Toxe nonyvaercd u3 uucria B
YMHOXEHVEM MOCNeAHero Ha 310 Xe uicno M.

27.3. YpaBHeHMne TMNNOCKOCTM B HOpPMAaAbHOM
Buae. Cpeom Bektopos J1' ocobbii uvHTEpeC npeacTasnset
€VHWYHbIN BEKTOP, T. €. BEKTOop, MMEeloWyin anvHy 1.

UtoOBbl MoAyuYnTb €ro, MHOXUTENb M Hago nojobpars Tak,

l—lT06bI okazanocs, uto |T']=1 ( n = A2 All.
1

/=\
OTcro,u,a ACHO, 4TO

M=zti/yrjli).

Bygem uicno M Bcerpga Bolbuparh Tak, 4tobbsl Nnpn B @ 0
ucno p= — MB 6bi10 nonoxwutensHeiM. Ecnn 5= 0, 70 3a

umcno M MoXHO Gparb /t06oe U3 [ABYX BO3MOXHbIX €70 3Ha-
YEHUIA.
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Mpu Takom BbiGOope uncria M sektop A'= MA 6yaet ean-
HWYHBIM, M Mbl €f0 0B03HaYIM yepes V = (V,.......... v,), T. &

VY-AM, (/-le'ees n), 2 W= A2 AJ= \
. : - g

B cuny BBeeHHbIX 0603HAUYEHUI ypaBHeHKe (2!) 3anmueTcs:

2P ©)

roe

2 v?2-1, p5*0. )

YpasHeHvne (3), rge uicna v, U p yAOBAETBOPSAIOT YC/O-
BMAM (4), HasblBaeTCsi ypaBHEHVEM [/IOCKOCTM B Rn B HOp-
Ma/lbHOM BUfE.

YpasHenne (1), rge Alt .... An, B — npousBosibHbIE Yicna,
HO wicna AM ..., AnN OOHOBPEMEHHO He pasHbl Hy/o, Ha-
3bIBAETCA YpaBHEHVEM M/IOCKOCTU B Rn B O6LLIEM BUZE.

Mbl gokasanu, 4To /H0boe ypaBHEHME MMIOCKOCTU B OOLLEM
BUOE MOXET ObITb MPUBEAEHO K HOPM&/bHOMY BUAY YMHOXE-
H/EM Ha onpefeneHHoe Bbille yucno M. Yncno M HasbiBaetcs
HOPMVPYIOLLMIM  MHOXXUTENEM.

OueBngHO 1 obpartHoe, eci YMHOXUTb YpaBHEHME N/TIOCKO-
cm (3) B HOPM&/bHOM Buae Ha MNPOU3BOMBHOE He paBHoe
HY/I10 YMCSO, TO MNOJYYM €My IKBUBA/IEHTHOE YpaBHEHVE BUOA
(), rpe wicna At OQHOBPEMEHHO HEe pasHbl HyIto.

27.4. YpaBHeHne MNNOCKOCTM B BEKTOPHOMN
chopme.
YpaBHeHne (3) MOXHO elle 3anvcartb, OY4eBMAHO, B Buae
(v, X):-p. 3)

Beegem B paccMoTpeHne BeKTop
a= pv= (pvit pVv,) = pMA.
Mpu p> 0 OH HanNpaeneH B CTOPOHY €AVHUYHOrO BeKTopa
v u nveer anvHy, pasHyto p: kB IF Iev IF pIVl= p.

Ecrm p=0, to a= 0.
MoMHOXVM paBeHCcTBO (3') Ha p> 0 u yytem, 4TO

P = (pv, pv)j
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27.7. Ycnoeua opTOoroHasnbHOCTU ©W napan-
NenbHOCTN NNOCKOCTel. Yron mexay ABYMS MI0CKO-
ctavm B Rn

2 X+ B=0, (12)
/2_|A’x,+ B“~0 (13)

onpegensetcsd Mo aHaiormn C TpEXMEPHLIM CydaeM. A VIMEHHO,
yriomMm mexay nnockoctamu (12), (13) HasbiBaetcs yron <
mMexay sektopamm A= (Ait ..., An) u /T*=1], .... An),
KOTOpble, KaK Mbl BbACHUIW, NeprneHanKyNapHbl K MIOCKOCTAM
(12) n (13) cooTBETCTBEHHO.

Ha ocHoBaHun doopmyrbl (8) 8 6 mvieem

A /% V/
V~T1Trnf 1% ; — o
y A Ay £.<

Mnockoctn (12) n (13) nepnenauKynspHbl Toraa v TobKo
Torga, korga cos<p=*0, T. e

2 AA=O0. (14)
/-1

Ase nnockocm (12), (13) napannenbHbl Torga U TOJbKO
Torga, Korga nepneHavikynspHbl? K HAM BekTopbl A n A'
konvHeapHsl (A= 1.A\ 1. e. Korga'

AT A A (15
27.8. YpaBHeHMe NA0OCKOCTU, npoxoaauieli
yepe3 Touky. Ecnm Touka @2 ..., BE)= Q0 nexut Ha
NIOCKOCTU
2 Ax,+ B=0, (16)
/_l ' v

TO €e KoopAVHAaTHI YAOBNETBOPSIOT YPaBHEHWIO 3Ol MIOCKOCTU

@0

/-1
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Boiuntan (17) mn3 (16), nonyysaem

2 N/(*/—*?)= 0. (18)

YpasHeHve (18) HasbiBaeTCs -ypaBHEeHeM MI0CKOCTK, Mpo-
xofaweii yepes ToUky Q= (X?......... ).
B BektopHOl dopve ypaBHEHVE MOXHO 3anucartb Tak:

nN(p-pH=0, (187)
roe
A= (1, === AN, p= (g, =, X))
P°= My eest &9

30ech, Kak Mbl 3HaeMm, BeKTop A nepneHavkynapeH Mnno-
ckoctn (16), p— pagnyc-BeKTOp TEKYLLEN ee TOYKK, p"— pa
OVNYyC-BEKTOP 3aAaHHOi Toukn QR

27.9. Mpamaa B npocTpaHcTBe RN YpasHeHus
npsMoli B MpOCTpaHCTBE R,, MOXHO BbIBECTU MO aHaIomm
C TPexXMepHLIM MpocTpaHctBoM Rt (cv 8§ 10).

Mpsmoit L B Rn, npoxogsaweli uepes Touky Q°= (x4, ...

..., &%) N HanpaeneHHO B CTOPOHY BekTopa a= (a,, ..., an
(la | 0), HasbiBaeTca reomMeTpuyeckoe Mecrto TouYek Q =
= (xl........ xn) € Rn, yAOBNETBOPSIOLLNX YPABHEHUM

& m2=tax |

..................... [ (19

xn—xX\= tan, )

roe | — pelicteutensHas nepemMeHHas, NpoberatoLLas NHTepBa
(—o00, 00). YOOOGHO cuuTath, 4YTO BEKTOP a MNPWIOXKEH K
Touke QO.

YpasHeHus (19) HasbiBaKTCA MapamMeTpUYeCKMU  ypaBHe-
HUAMW MPSMOIA L.

Ecnn BBECTM B pacCMOTpeHVe pajuyC-BEKTOpbl Touek Q
n Q npsmoit Li

P={,...) 8c) p°= (@G, ...1 )
TO ypasHeHus (19) sanuaytcs!

p-p°=/a, (19)
T. € BeKIop p—pP° KO//mMHeapeH BEKTOopy a.
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Ecnn peinicmeutentHas nepemeHHas (Ckanap) t npoberaet
VHTEpBay1 (— 00, 00), TO KOHEeL, paanyc-sekropa

p=p°-UNa
npoderaer BCIO NPsMYyH L.

YpasHeHnne (19') HasbBaeTrcs ypaBHEHVEM TMPSIMOI B BEK-
TopHOIi dopve.

Mcxopga w3 (19'), Mbl BMAVMM, YTO BEKTOP a /IEXUT Ha
npsmori L, motomy uto ero Havaio Q0 uMeer paanyc-Bek-
TOp p°, a koHeu— p°+ a. O6a amm Bektopa YAOBNETBOPAHOT
ypasHeHno (19") cootsetciBeHHO npu /=0 n t= 1 (cm 8 7).

Ecnn uncknounts napamverp t n3 ypasHeHwin (19), TO bl
nonyuim cuctemy u3 (n— 1) ypasHeHwii:

Xi—*1 __xt—*a XT—X1 (29
c, a% an '
YpasHeHus (19") HasbiBaloTCf YypaBHEHUsMU MpsMoin L B
KaHOH/YeCKol dopve UM KaHOHMYECKOM BULE.
MycTb 3adaHbl NpsmMblie

N xR v
a, — an 1
il_M i /Ty

Yrnom wmexagy npsambivMn Lt un L, HasbiBaetrcs yron co
MeXdy BeKropamm

O= (O(] ===> A)] "= (A ===! bn),

KOTOpble, KakK Mbl MoKasa/v, fNiexar Ha COOTBETCTBYHOLLMX
npambiX Lt n Lj. OHM NpunoXeHbl COOTBETCTBEHHO K TOYKam
(1L === <> G === )

Mpumep 1 Hanucarb ypasHeHWe MNIOCKOCTH, MPOoXoAas-
el yepes Touky <?= (*?, .... xl) n nepneHakynspHo nps-
MOl onpeaeniemMoli ypaBHEHNIMMN

b~ s, bn (20)

PelweHne. YpaBHeHME MNOCKOCTY, MNPOXOAALLEeR uepes
TOouky Q wmmeer Bug (cm (18))

2 A (-4 =0 : 1)
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VickomMas MNoOCKOCTb [A0/MKHA 6biTb OPTOrOHA/IbHOM Mps-
Moi (20), T. e opToroHabHo Bektopy ft= (6,, .... bn).

C pgpyroni cTtopoHbl, Bektop J1= (N1,, ..., Jl,) oproroHa-
neH nnockoctn (21). Moatomy Bektopbl J1 1 ft KonnMHeapH.b!:
A —Yb. CneposartefibHO, YpaBHEHME WCKOMOWM M/IOCKOCTU 3a-
nULLIETCS:;

0
2 bAx,—x*)= 0.
21 A )

27.10. PacnonoxeHune (t—1) nnockocTtei. [lyctb
3agaHbl ypasHeHus (n— 1) nnockocTein

ANX1+ ...+ J1'xn+ B1 (22,)

Ecnn  koadodmiupeHTsl  MepBOro  ypaBHEHWs  Mponopumo-
Ha/lbHbl  KoadpdmupieHtam  Broporo  (J1!: AN ...: A\= J1?:
A\: ... 1J1”), TO nnockoctm napanniensHsl (cm 27.7).

Ecnn ykasaHHas NponopuUMOHaEHOCTL UMEET MECTO U AN
KO3dOMILEHTOB APYINX YPaBHEHWI, TO BCE M/IOCKOCTU OyayT
napannensHsl Mexay cobod. B 3tom criyvae Bce onpeaenn-
Tenn (n— 1)-ro nopsaka, nopoxaeHHbie mMarpuuein |/ koede
doviupieHtoB J1) ypasHeHwid (22,)— (22,,_,), pasHbl Hy/HO.

Ecnn xota 6bl ogyH 13 onpegenuteneii (n— !)-ro nopsgka
Marpuvusl | J1*J He paBeH Hynto, TO mockoctm (22,)— (22,,_,)
nepecekalorcs Mo npsmoii. B cavom pgene, nycts ana onpe-
JeneHHocTn

(23)

Torga ypasHeHus (22,)— (229_,) MOXHO peLumTb OTHOCW-
TeNbHO [, Xss_, W Nbl NOMYyHaEM

------- .- (24)

roe ai* eee» «n-i. Pi. eee» Pu- i— HekoTopble wicna.
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YpaBHeHus (24) 3KBUBAIEHTHbI CEAYyIOLLMM YPABHEHWSM:

__ xr—3—Ws—31_ £n (25)
«| "m r

\

Mbl BUAMM, 4TOo Npu ycnosun (23) ypasHeHua (n— ) nno-
ckocrein (22,)— (22n-1) onpepgenator npsmyto (25). OHa npo-
XO4uT uepe3 TOuky (U, U, 1 0) n vmeer HanpaeneHne
BekTopa (a*......... a,,_, D.

Mpumep 2. Hantm yron mexagy npiMbiMn

Xj—1 x,—2 Xj—3 ~ X—4
1 2 3 4 ¢
|x, —4 X,—3 _'x*—2 x4— 1
4 — 3 2 [

PeweHne. Bektopul a= (1, 2, 3, 4), &= (4, 3, 2, 1)
fieXxar Ha Halmx MpaMbIX, PaCMOfIOKEHHbIX B YeTbipexmep-
HOM npocTpaHciee /?4. MostomMmy yron do Mexay 3TMMK  Bek-
TopaMn 1 ByfeTr yrnomM Mexay npsmbiMmu!

1-4+2-3+3-2+4-1 2
COS @ = - J E-EEEE=-E=
\}1*+2*+32+4aV4*+ 3 2%+ 1* 3
2
®= arccoay.
27.11. PaccTtodHne OT TOYKM [0 NNOCKOCTMU.

MycTb 3a0aHa NIOCKOCT ||, onpeaeniemMasn ObLLM YpaBHEHIEM

2 AX,+B=0 (JI*= 2 A}> (), (26)
/A /-1 /
N BEKTOPHbIM  ypaBHEHEM

(1, pp+ B=0, 27)

nn >xe HOpMaUibHbIM  YpaBHEHEM

P, v)=p (p>0), (28)
rae A= (J1,, .... A,), pP— pagnyc-BeKtop TeKyLLEN TOUKN
Q= (*,, .... xn) nnockocwm I, v==FJjp, p= % -jjp

3agpam  HekoTopyr Touky Q= (X, . 0f). Pagnyc-

BEKTOP TOYKM (® 0OO03HauIM yepes pu
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PaccTosHMeM OT Touku Q° go miockocTv M HasbBaeTcs
HeoTpyLaTenkHoe Y1Co

d= min °|.
QsDIQQ |
[Nlokavkem, 4to
Kfi— P°. V)|, (29)

T. € paccrosHve d paBHO abCOoMOTHOM BenyMHe Rpoeku,mm
Eektopa pP— pP° HA HanpaeneHne Bekopa v= T -j-jj- (opTO-
roHasibHOro nnockoctn ).

MpoBeaemM MpsaMyto, NMPOXOAALLYO uepe3 Touky QO 1 nep-
NeHANKYNSPHYIO MiockocTn 1

(cm 27.9, npuvep 1):

X—r *n—
L S, * e 30>
Haiigem TouKy nepeceueHns
Q1= (xj, ..., Xn) npawvoii (30) c

nnockocteio M (v puc. 53).
M3 (30) mveem

X)= x+A,t (= 1.... n).

MNMoacTtasnsas 3TV 3HAYEHWs B
ypasHeHve (26), Haxogum, 4ro

* e X T7 [, P+ D,

Takum o6pazom,
irjitH. p°)+8]d-  “TIA p)+ 5]).
fiCHO, uTO

»pl—p | TAT I(A' P°)+fll=a
TVMDipMII-

*=I(P°. V) Pl= I(P—P% V)].
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Orcroga

Ipl—p’l= |(p—P°. V)I<Ip—PL, Vp, (p, M+ B =0 (31

3Hak paseHcBa B (31) gocturaercs npu p = p‘, Cnego-
BaresibHo,

d= IP—pl= 1(P—p\ V= 1P, v)—p\

Taknm obpasom, 1 TOr0 4YTOObI BbIMNCINTL paccTosHue d
oT TOoukm QO oo mnockoctn 1, HagoO 3anucath YypasHeHve
nnockoctn |l B HopmMakHOM Buae (28), nepeHectn p B SIeBYLO
yactb W noactasutb B nocnegHio  (Xj, .... X,) BMeCTO
(xIt ..., xn). ABcConoTHasa BeNnuYMHa MOMYYEHHOrO Bblpadke-
HUS N eCTb UCKOMOoe u4ucrno d.

Ha f3blke napametpoB M/IOCKOCTW, O4EBUAHO,

a= /5

Mpumep 3. Halitm paccrosHne d OT TO4YKK

7T 77T y T)
npoctpaHcBa R,, 4O MIOCKOCTU

*I-HV 205+ K 3Xj+ = -mmi/ 1=0.

PeweHune. CoracHo CKasaHHOMY BbilLie

IV Jrir-

27.12. Pa3nnuyHble 3ajayu.
MpuBeCct K HOPM&aUbHOMY BUAY YPaBHEHWUA CnegyroLmx
nnockocrein (1— 3):

1 1*x+ 2xt+ ... -fnx,= —1

2 nr**, [ -mmmmmee [mmmmmms

OTBeT: =Y Wn+1)(2n+1)*
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2. X+y +z+t=0.
3.V . X -
J7' V/(/+)

OteeT: 2, 1/ a/(/+D) /=

4. Haitn yron 9 mMexgy nnockoctmmn B /?4

(8+ K 59) m,+ 2m,4-3m, + __4m4= 0,
A, + 3x,+ 205, + (8+ [/"59) xt= 1

OTBeT: o= -y.

5. Haiitm yron domexagy nnockoctsmum B Rilt:

2n 2un

2 (-Y/*=0, £ -U -i.
[*e /=i 7

OTBeT: o=y (MNOCKOCTM OPTOrOH&a/IbHBI).

6. Hanucats ypaBHeHVe M/IOCKOCTW, MPOoXoAdLLeil uepes
TOUYKM MpOCTpaHcTea /?,.;

Q=(40, ..., 0,
Q=(@©, 1 0...... 0),
Q.= (0......... 0, 1.
oTBeT, X, + X, + .+ x,= 1
7. Hanncatb ypaBHeHME NpPsSMON, MPOXOOALLEN yepes
Touky (1, 2, n) NepneHauKy apHO MIOCKOCTU:
noc, + (n— 1)ar,+ ... + 2g4_1+ gan= 4.
OTBeT: -Esz *
n—1

1
8. Hanucatb ypasHeHVMe naockoctM B /?4, npoxogawei
uepes TOUKu

Qi=(l, o, 0, Q=(, 1 o, 0),
Q.=(, 1, 1,0, &=(, |, I, .

OteeT: Ax= 1(1leax+ O, + O, + 0«x4= 1).
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§ 28. JlnHeliHoe nporpaMmMMpoBaHVe

28.1. BeegeHune. JIMHeliHOe NporpaMMMpoBaHne— 310

pazgen mMaremMatvkv, UydaroLpii MeToibl HAXOXAEHUs MaKC-
MaUlbHbIX UM MUHUMASTbHBIX  3HAYEHWIA NIMHERHO opHOpOoa:-

HO daopIVbI— NIMHEHOW  CpyHKLMN

.
[(XIf ..., xr)—2 £ (1)

B HeKkoTopoii obnacm G /-MepHOro npocTpaHcea R, =
= {— o< x{< ce,j= 1.... n}, rae ck— NOCTOSHHbIE YNC-
Nna, He BCe paBHble HYIHO.

ficHo, yTo ecm G= R,,, TO NMHelHas doyHKuma (1) He
VUMEET HanbO/bLLENO M HaMMEHbLLIErO 3HadeHuii: sup/ = -f oo,
inf/= — oo

OpHako ecM Mbl Bygem paccmarpusarb OrpaHUYeHHYHo
3aMKHyTy0 06n1actb G, TO nMHenHas dpyHKums / (HenpepsbiBHas
Ha Rn, a cnepoBarensHo, M Ha G) JOCTUraeT CBOMX MaKCu-
MaUlbHbIX M1 MUHMMa/bHBIX 3HauYeHnA Ha G. Tak kak

n= 1, n

N C, OOHOBPEMEHHO HE paBHbl HYMH, TO IMHENHas dOyHKUMA f
HEe WMEET CTauMoHapHbIX ToueK. [lo3ToMy Havborbilee U
HauMEHbLLEE 3HAYEHWs Ira dOYHKUMS OOCTUraeT TOJIbKO Ha
rpaHvue dG.

Tak kKak wax/= — min (— f),TOB panbHeilleM Mbl Byaem
rOBOPUTL TO/ILKO O MVH/MYME JSMHenHoW doyHkupm / Ha G

28.2. Tpa He MOpPT HAf 3ajavya. XapakrepHon 3aga-

yeil, NpvBOAALLEN K yKasaHHOl BbilLe npobreve (HaxoxaeHus
M/HAMYMA WM MakCuMyMa  JIMHENHOM  doyHKUMK), SIBNSETCH
TpaHcnopTHas 3ajavya. Tpebyercs Hanbonee 3KOHOMHO,
B CMBbIC/IE TPAHCMOPTHLIX 3aTtpar, NepesBes norpedurensm
3aKkaszaHHyl0 UMM Ha AaHHbIX Npeanpuatuax  NPOOYKLMIO.
Xapakrep NpoAyKuuMvM B A@HHOM Cliyyae He VIMEET 3HaYeHus.
BarkHO, 4TO peub maetr 06 OAHOTUMHOW MPOAYKLIM.

Wtak, nyctb wumelotcs npegnpuatis  (Npounssogureni)
£,, ..., Bs, BbinycTMBLIME NPOAYKLUMIO B KOMMYECTBE COOT-
BeTcTBeHHO bit ..., bt TOHH. 3Ty NpoAYKUMIO HAO AOCTaBUTL
notpedurenam Ait At B KonnyectBax al( ..., a, TOHH
COOTBETCTBEHHO, T. €. ap— KOMMYeCTBO MNPOAYKLMM, 3aKasaH-
Hoe notpedutenem Ap.
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Takum 0OBpPasoM, Hado cuuTatb, 4TO

2 bu= ap,

2 .
p=l
T. € BCA MNpousBefeHHad NpoAyKLUWA pacnpeneneHa Mexay
npeanpuatmamMmmn. CToMMOCTb MEepPEBO3KM TOHHbLI MPOAYKUMK OT
B K Ap 06o3Haum yepes C,,,. MyCTb KOMMYECTBO NPOAYKLUN,
[OCTaBneHHo 13 By B Ap, Byager xgp. Torga CTOMMOCTL Me-
peBo3ku Npoaykuun byaet

= gagyom

TpebyeTcs Tak COCTaBUThb MaH MEepeBO30K, YTo6bl cymMiva
TPAaHCMOPTHLIX Pacxofos S 6Gblla MUHMMAUTLHOIA.
Takum 06pazoM, Mbl MPULLIIN K CleAyHoLLEN MateMaryieckoi

3apave.
JaHa nuHeliHas doyHKuus

5 = &1 i OPP 2

TpebyeTca HaliTn ee MUHUMYM NPU OfPaHMNUYEHUsIX

é )q-zbq (</=1,s),
- pre - (©)

2 (p~ 1 o»

«=
T.€. ymMmvA NPOAYKLMN, NOlyYeHHoM notpebutensmmn Alt. .., At
OT npowussoguTens Bt, pasHa npoaykummn bs, BbipabOTaHHON
3MM Npeanpv[aTMeM, a cyMivia MpPoayKLUMKW, NMOyYeHHOW noTpe-
ourenem Ap OT Bcex npowvssogutenein Bt ..., Bs, pasHa
noTpebHOCTN ap 3TOro noTpedbutens.

Mo xapaktepy 3afaus Takke ACHO, 4to xgp™ 0.

Taknm 006pasoM, cpemyl HeoTpULATENbHbIX pelleHnin {Xgp\
cuctembl (3) HeoOXxooMMO BbIOpaTb Takoe, Npu KOTOpPOM S
[OCTUraeT HavMeHbLLero 3HaveHvst (MUHUMU3MpPYeTCS).

28.3. O6uwas 3agavya NUHEWMOro Nporp amMmmu-

poBaHua. B oblpm cnysae 3agady JIMHENHOro nporpam-

MUPOBaHMA MOXHO CCOOPMY/IMPOBaTL  CreytoLLyiM  OOpasoM:
JaHbl cicteva NIMHEVHbLIX YPaBHEHWIA

n
2 ajk*k+ bj= O Y= 1..... T=1T) C)
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(rbe MOXHO cumTath, u4TOo Wy~O, WM3MEHSs, €C/M HYXHO,
3HaK B COOTBETCTBYIOLLIEM YpaBHEHUM (4)) 1 nuHeHas doyHKLUMS

/=2 . v*' 0)

TpebyeTcs cpem HeoTpuuAaTesbHbIX PELLEHUA cuctemsl (4)
X = (X, ..., Xj, JCy>0, HalTn Takoe peLleHe, ans KoTo-
poro nuHenHasa doyHKUMS / NPUHMMAET HavMeHbLLee 3HauYeHme.

YpaBHeHns (4) O06blMHO Ha3biBAKOT OrpaHUYEHUAMN OAHHOM
3agaqn. KoHeuHo, TpeboBaHve, 4ToObl (/=1,n), Toxe
ABNSETCHA OrpaHMYeHnemM, HO OHO MNPUCYTCTBYEeT BO BCEX 3a-
Jayax nogobHOro TMna WM ero He MPUHATO HasblBaTb OrpaHu-
yeHvem. Jlloboe HeoTpuuarensHoe peLLleHvie crcteMsl (4) Gyaem
HasblBaTb AONYCTVMbIM, a peELLEHVe, peayisytoLLiee MAHUMYM, —
ONTUM&TbHBIM.

OTMETM, YTO YypaBHEHMsi cuUCTeMbl (4) C reoMeTpu4ecKoi
TOYKM 3PEHMS MPEeACTaBNAtoT MAOCKOCTM B R,,. UTOOLI 3agaua
o muHnviymve f OGblna cogepykarenbHoOn, Heobxoaumo, YTOGbI
UACNO T OrpaHNYeHU’ Tuna pPaBeHCTB GbUIO MeHbLLe T

Hanpumep, npu n= 2 HanMune [BYX OrpaHuYeHnin o3Ha-
yaet, YTo HeoTpuvLaTenbHoe peLleHne CUCTEMbI AO/MKHO ObiTb
TOYKOl  (&@,, YO nepeceyeHVs MPAMbIX, NPEACTaBISIOLLNX
ypaBHeHVs cuctembl. Torga 3ajaya O HaxoxaeHun minf cso-
ontca K BbluucneHuo f B 310l TOuke. Ecnn npsmble napan-
nefnbHbl, TO 3ajada TepsieT CMbiC/. Ecnm orpaHnieHunii 6orbLue
OBYX, TO cuCtTeMa WM HECOBMECTHa, WM >Xe Bce NpsMble
npvHagnexar ogHoOMy Myu4Ky:

A (x—x0 +B (y—y.) = 0.

B arom cnysae mumHumym f takke paseH /(xs, y0).

B psge npaktuueckmx 3agad (Hanpumep, B 3ajade O Aun-
ere) orpaHVIltI4eHMﬂ HOCAT BUA, HEPABEHCTB

21a/KXK>° /=17, **>0,k=1, n). (5

OpHako OT OfHOrO TWMa OrpaHuYeHuii Nerko nepenn K
ApyromMmy. B cavom fene, ecim orpaHuyeHns HOCAT xapakrep
HepaBeHcTB (5), TO BBOAVMM HOBble [06ABOYHLIE HEWN3BECTHbIE
Xs+l, ..., XM+T C MOMOLLBO YpaBHEHWI

M

*,+/=b,+ ,2:1«/11 o/“ leT)-

Torga___HepaseHctBa (5) paBHOCW/bHLI ycnosuio *,,+/°0

=1 1), (k= 1, n), 1 Mbl MPULLIN K OrpaHuye-
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HUAM TUNA paBeHCTB (4), XOTA U C OOMbLUMM 4YAC/IOM Mepe-
MEHHbIX.

O6patHo, MNyCTb WMEHT MECTO OrpaHuvyeHus Tuna pa
BEHCTB (4). Torga, pewas 3Ty cucteMy (Hanpumep, METoLoM
VUCKMIOYEHUS HEW3BECTHbIX), Mbl [OCMe HEKOTOpOoro uucna
waros uan yéegMmcs, 4Yto cucteMa HEeCOBMECTHa, Wan ke
paspeumm cuctemy (4) OTHOCUTENIbHO HEKOTOPbLIX HEeWn3BecT-
HbIX:

* 1= ¢! FT+»*0 +1 +
.................................................................................................. (6)
*T M+ IXT+1 U* e oo H" MXM"b Pr>
30ech r— paHr mMarpuubl koadpdmumMeHToB cuctemsl  (4).
MoacTaBnas 3TN BbIPEOKEHUA XU Xr B doyHKUMo /,
nosnyyaem

/= @4 a+iXr+i- f - axn.

MNMocne aToro umcxogHas 3ajadya MOXET ObiTb  coopMyt
posaHa crnefyrolyM obpasom. [laHbl cvicteva

®Lr+/1+1+ eee+ «j,elt.+ P i> 0,

«M1-+N1+1+ eee+ «,, HXN+ Pr >0
I IMHEWNHbIX HEPABEHCTB C fi—T  HEW3BECTHbIMM Xr+1,
., XN W nnHenHas dyHKUMS
f'=c,+ &+ixr+l + ... +c'mxn. ®)

TpebyeTca cpeo BCEX HeoTpuuartenbHblX —peLleHuii an
ctembl (7) HaWTM Takoe, KOTopoe MUHUMUSUpYeT /.
Ora 3ajaya 3KBUBA/IEHTHA UCXOAHOW. B camvom gene, ecrm

Mbl Hawrm pelwseHre 3agawn (7),(8) g2, ..., Of TO, Haxo-
ga no dopwiam (6) HeoTpuuyaTesibHble 3HaYeHus
o7 ..., 072 Mbl NOMYY M CUCTEMY 4uncen

O7?, ee., X9 O™, <*> [,

KOTOpas Chy>XUT peLleHvemM sagaun (1), (4).

Taknm obpasom, 3agavy MHEeRHOro MporpaMMMpPOBaHA
MOXHO CTaBUTb C OrpaHWYeHVsSMU Tuna HepaseHcTs. U3 Ta-
KO MOCTaHOBKM BMAHO, 4TO O6nacts G, B KOTOPOW Mbl MLLEM
MHAMYM {, NpeacTaBnseT cobol «MHOTOrPaHHUK» B HEOTpW-

uarensHom yrne Rn (1. e korga xk~Q, A= 1, n), p e8
rpaHiua dG COCToUT M3 «MNOCKUX paHel», HaxodaLmxcs B
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NJIOCKOCTAX MnpocTpaHcTtea R,,i

il < fy= - ©)

MHoectBo Gc/?,, HasbliBaeTCs BbIMyK/bIM, ecrim Y X,y £G
ax+ Py£G, a+ p=1 a, P>0.
M3 cuctembl HepaBeHCTB (7) ACHO, UTO «MHOTOTPaHHUK»
G BbINYK/bIAi U G HaxoguTCa MO OAHY CTOPOHY OT /060N
M3 CBOWX FPaHEH.
CnoBo «MHOTOrPaHHUK» Mbl MMLLEM B KaBbluKax, TaK Kak
MOTyT OblTb Cnyyan, Korga 3TOT «MHOrorpaHHuK» OyaeT He-
OrpaHVYEHHONM YacTbl0 HEOTPU-
uatensHoro yrna Rn.
Hanpumep, npu n= 2 wu
npu Tpex OorpaHuyYeHusx Tina
HEepaBeHCTB  «MHOTOYTO/bHUK»
G MOXeT OblTb  HeorpaHu4eH-
HbIM B rMepsoli ueTtBeptn Rt.
Ha puc. 54 G— 3awurpuxoBaH-
Has uvacTb.
B OavbHelliem Kasblukn Yy
cnoBa «MHOTOTPaHHVK» Vbl OY-
JemM onyckarb.
Mpy HaxoXAeHUN MUHUMY-
VB JIMHERHOW cpyHkuMK / Ha
3aMKHyTON obnactm G= G, bl
nocnegosarensHO GyfeM Mepexoauts Ha Mmockve rpaHn G,
MeHbLLIE pasmepHOCTU. OTMETVM, 4YTO rpaHuua dGn -MepHOoro
MHOrOrpaHHKa COCTOUT N3 HECKOSbKUX (1— 1)-MepHbIX MHOrO-
rpaHHuKoB. Ecnin G, — orpaHnyYeHHbIn 3aMKHYTbI MHOrorpaH-
HUK, TO NMHenHasa doyHKums / pgocturaeT MUHMMYMA B HEKO-
TOPOW TOuke TrpaHuupl dGn. Mpu paccMOTPEHN NIMHEWHOM
doyHKUMM / HA 3TOM HOBOM MHOTOrpPaHHMKE MEHbLLErO dncna
VBMEPEHUIA OHa CHOBa OyAeT /MHerHoW doyHKumeld, HOo OT
MeHbLLIErO Yicia nepemMeHHbX W, cneposartensHo, 6yaer Ao-
ctirats MUHUMyMA Ha rpadvue dG,, It kotopas cocrtout u3
(n— 2)-MepHbIX MHOTrorpaHHMKOB. [poao/mKas 3ToT MPOLECC,
Mbl MPUOEM K C/yyalo, Korga /fvHelHas OyHKUMS —paccvie
TpVBaeTCqd Ha ogHOMEpHO rpaHu (pebpe G,,), rpaHuuei
KOTOpOW fBAAKOTCSH TOYKM (BEPLUMHbI MHOrorpaHHuka G,,).
Takum 00pasoM fICHO, YTO ecm Gn— OrpaHNYEHHbIN 3aMK-
HYTbI/i MHOFOrpaHHVWK, TO JMHEMHas yHKUMA [JocTturaeT
MVHMMYMa B HEKOTOpoi BepuwHe G,,.
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ECnv MUHUMasbHOE 3HauYeHne pocTuraetcs B fBYX Bep-
wuHax, TO 3T0 3HAYEHMe JocTuraetcs U B /06O Touke
pe'ipa, COEAMHSIOLLIETO 3TW TOYKM, T. € B 3TOM cuUTyauum
CyLLeCTByeT GECKOHEYUHOE MHOXECTBO TOYEK, B KOTOPbLIX /U-

neiivas COYHKUMS gocTUraeT MUHUMYyMA. .

3amevaHune 1 Ecam doyHkuusa / =12;1c***+£. roe

B — MOCTOAHHOE uMCno, TO Mbl UCCNedyeM cHausana NMHENHYo
dopvy = /—B, n ecm mncp= g9 10 mMin/ = <jp,,+4.

VI3 npuvBEOEHHbIX COODPaKEHWIA BbITEKAET CneayroLyi
rEOMETPUYECKMA METO[ PELUEHUs MOCTaBMIEHHON 3adauvM o

MVHYMYME NIMHEHOW daopivel /.
PaccMoTpriM MIOCKOCTM YPOBHS doyHKupM f

‘
C=2V* (—°<c<o. 0

YpaBHeHve (10) mpn pasnnuHbix C B nNpocTpaHciee R,,
m3obpadkaeT CeMelCTBO NapaviienbHbiX NIockocTelr (cv §27).
Bynem HenpepbiBHO M MOHOTOHHO M3MeHsTb C OT —oo A0 + oo.
Torga nnockoctb (10) 6yaer nepepgpuratbci B /?, B Hanpas-
neHvn sekropa (C,, ..., C,), KOTOpbIA, KaK Mbl 3Haem, nep-
neHgukynspeH nnockoct (10). OueBugHO, 4TO ecrm ai> 0,
TO nnockocts (10) nogHMMAaeTcs BBEPX OTHOCUTENbHO OCU 3,
npn v3meHeHnm C oT — 00 A0 +oo; €M e G,< 0, To
nnockocts (10) onyckaetcs BHWU3 OTHOCUTENIbHO Ocu X,,. [pwu
G,= 0 nnockocts (10) asmkeTcsa BNpasO WX BNEBO OTHOCWU-
TeIbHO OCU X,,_i B 3aBUCMMOCTM OT 3HakKa uacna c,, |
(c,,_,="0). Ecrm ¢,> 0 mn npn Bcex C< C* rge C*— Heko-
Topoe AencteutesisHoe uncno, nnockocts (10) nepecekaer
obnact G, 70 inff = —00.

Ecnu e artoro Het, TO Npu HekotopomMm C= C, NAOCKOCTb
(10), pgsurascb B HanpasneHun sekropa (c,, ..., Cn), Bnep-
Bble BCTPETUT 3aMKHYTYyl0 o0bnacte G B HEKOTOPOW TOYke
@ ..., x°,). Torga B 9TOA TOuKe BCTpeus pyHKuma / n
Joctmraer MyHMyMa.

Ha pvc. 54 npu n= 2 npsaMas ypOBHA MNpu BO3pacTaHuu
C nogHumviaetcd u npu C= C, Brepsble BCTPeyYaeT 3aMKHY-
TblA MHOroyronbHMK G B Touke (O? o9 3Hauut, min/ =
= /(*?, 2

Ecnu rpaHb MHororpaHHuka G, npoxogsilas yepes TOuKy
nepsoii BCTpeun G C NMIOCKOCTL0 YPOBHS, NapavviensHa nno-
ckoc (10), TO NmMHerHas doyHKuus / pgocTuraetr MyHAMYMA
B /IHOOOV TOUYKE 3TOM rpaHw.
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OTOT reOMETPUIECKU METO[, PELLIEHUs MOCTaB/IEHHON 3a-
haun adpdpeKTBEH MWL MpY N= 2, T. € KOorga [/I0CKOCTU
(10)— npsmble 1 G— MHOTOYTO/IbHUK, OFPaHUYEHHbIA  1n
HeT. Mpu N = 3 B3aMMHOE Pacro/iokXeHne MIOCKOCTEN N MHO-
royrofiHuka G TPyAHOY/NOBMMO, a MNpu U= 4 Mbl NPOCTO
HEe MOXeM NpUBEerHyTb K HarfsgHslM  rpadovyieckum 1sobpa-
YKEHUAM.

Mpumep 1 Hanm wmmHAMymMm  doyHKkumn  /(aoc, y) =
«=3—a—y (ar>0, y>0) npun orpaHnyeHnsx (puc. 55)

( x-y+ \>0nN
G=12y+x—2>0, V.
\4-y-2x70 }

ficHo, uTo obnact G ecTb TPEeYrosbHUK C BEpUMHaMM B
Toukax M=(2, 0), N=(\, 2), 4= (0, 1). MNMpamvas ypOBHs
doyHkumn fi

3—x—y=C,

npu BospacraHnm C or —oo Jo -foo onyckaercs OTHOCU-
TensHO ocn y (koschdmuyeHt npu y oTpuuarteneH); ee nep-
Bas TOuyka BCTpeun ¢ G ectb BepwmHa N. 3HaueHne doyHK-
umm / B 31Ol TOUKe paBHO Hyno (C= CH= 0). Ntak, peweHne
3agaw ectb o= 1, y=2, /= 0.

B gaHHOM cnyyae MOXHO 6bl10 Gbl MPOCTO  BLIYUCNUTbL
3HauyeHne f B Toukax M, N, P nB34Tb HavmeHbLLee: f(M) =
= /(2, 0)=1, f(N)=f(1 2=0, f(P)=f(0, D=2, 1. e
min/ = /(Af)= 0.

Mpumep 2. Hahtm MUHUMYM doyHKUMKM /= 3—X+2y
npu Tex e orpaHuyeHusx, 4to 1 B npuvepe 1.
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B paHHOM cnyyae npsmas YpOBHsS COyHKLMW
3—x+2y =C

npn BospactaHum C o1 — oo Ao -{-0o0 nogHumaetcs (puc. 56)
BBEPX OTHOCUTENMBHO oan y (C,=2 > 0) U ee nepsasd Touka
BCTpeu c obnactbto G ectb BepuwmHa Af=(2, 0). 3HauyeHue
doyHkumm f B 91O TOuke pasHO 1 (C= CO= 1). 3gech TOXe
npoLLe BCEro B3ATb HavMeHblee cpeom uicen f(M)=> 1,
/(No=6, f (P)*=5.

Mpumep 3. Hanm wmuHUMymM doyHkuym f= —x  npn
orpaHuyeHumsx

X+y—3>0;

r Xx—y+ 1>0,
-x+y + 1> 0, '
2x4-y™ 0t

ficHO, 4TO rnocrnegHee orpaHVyeHne HECYLLIECTBEHHO, OHO Me-
pekpbiBaeTcd ycnosem x~0O, y~O.

O6nactb G HeorpaHuMieHa W npeacTasnseT coboil Mosocy
(pvic. 57) mexagy npsvbIMM X—«/+1=0, —*+y+1=0 u
npasee nNpsmoii X+ y— 3= 0, KoTopas nepecekaer 311 nps-
Mbe B Toukax N = (1, 2), M = (2, D).

MNpn X — +oo doyHKums / (*, y) ——X —m— oo, (X, y) €G
MNMoatomy nuHelHas doyHKUMA / HE UMEET HaMMEHbLLEro 3Ha-
yeHua (inf/= — oo).

B maHHOM npumepe npsMas ypoBHs —Xx= C npu BO3-
pactaHmm C OT —oo A0 + oo ABmxXeTcs Bneso (C,= —1< 0)
m npu BCcikomM C < — 1 nepecekaer G, 3Hauut, inf/= —oo.

A. & Cyrpoo, C M. Hukonbckue
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NMpumep 4. Hantm MuHMIMYM doyHKUMK f = 4—X + y— 2z
npu orpaHnyeHunsx

G= R1<71+?+Tj*<21/'

roe Oi, at, a,— NONOXMuTE bHbIE Ynucna.

ficHO, yto obnack G (puc. 58) ecTb YacTb NpOCTpaHcTBa
/?,, HaxopggLasca B nepsom okraHte (x>0, f/>0, z> 0)
MeXy M/I0CKOCTAMM

XN 4 4-31;1, oy LT 1
a, + a, ¥ 2a, + Za, + 2a ~ ®

B paHHOM cnydyae MHOrorpaHHmk G uvveer WecTb U3BeCT-
HbIX BepLUMH

(a,, 0, 0), (2a, 0, 0), (0, a, 0), (0, 2a, 0),
©, 0, a,), (0, 0, 2n,).

Moatomy, Bbluncan beHKU.I/II-Of B 3TUX TOYKaX, J/ilerKk0 Ha-
xoamm ee MUHUVIYM 1 MakKCVIyM:

min/= min {4 —a,, 4—2a,, 4+ a, 4+ 2a, 4—2a, 4—4a,}=»

mn@d 9a, 4 Jaf=R 4 33A WIS %
wax/ = 4-b 2a,.

a

28.4. BekTopHO-MaTpunyHas doopma 3agaum nun-
HeMHOro nporpamMmmMupoBaHusd. 3agadyy AVHERAHoro
nporpaMMmnpPoBaHng  MOXXHO CdIOPMY/IMPOBAaTL TakXe B BeEK-

TOpHO-MarpuuHoii dopve. Mycts c= (¢, ..., GC,), X =
= (X, ..., X,), 0=(0, ..., 0)— Bekropbl npocrpaHcTea /?,,
b= (blt .... ba)—Bektop 13 npoctpaHctea R m
a,j a, hi ain
A= 0ol T
°mi amt am

— Marpyua pasvepa NXm, COoCTasfieHHas 13 KoadadwmuyeH
TOB l_ICI/ICTeMbI orpaHuyeHuii (4). NivHenHas doyHkuma /(X) =

— 2 | CRXK= CX eCTb CKavIipHOE MnpowvsseaeHne BEKTOpPO0B C N X.

Moatomy 06LLy0 334a4y MHENHOTO NPOrpaMMUPOBaHYS
MOXHO 3anucath B CriedytolleM Buae: Tpeodyercs MUHUMU3W-
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poBaTtb CKaviipHOE npowvsseaeHne CX npu ycnosun n
/ljr + ft= 0.
I_IpI/IMeM CTOI‘I6LI,bI Martpuupl A 3a BEKTOPbLI 13
— atlt eee! ® «l)l e*e* P * ~ (ala> a*W e-me-l OTN).

Toraa nerko nosnyyaem, 4to
AX - (a,.ar,+ ... + alxn.......... anXi + eee+ aanx,,) =

= (OuX|, fI]IXii .o e "f eee"f (®iNNri ee ey &MnXn) n
J— + Pl*t-}- ece |

MoatomMy cuCTeEMy OFpaHuWYeHuii MOXHO 3anucats B BUAE

/= 1Pij =-b.

Ecnn paHr A=T1T, TO cpemm Bektopos P,, .... f,, nve
eTcs T JIMHENHO HEe3aBUCUMMbIX, KOTOpble MOXHO NPUHATL 3a
6a3ic B npocTtpaHctee R, (cm 8 16). CneposarefibHO, fto-
60li Bektop (—ft) £ RM MOXET ObITb Pas3/IOKeEH MO JeMeHTam
a10ro 6asvca. Ham HeobxoaMmo BbiOpaTh Takoi 6asnc, YTOObI
Bektop (—ft) pasnarancs no Bektopam 3T0r0 6asnca C He-

oTpuuareibHeiMn  koadpdmumeHtaM ar,, 4r, ..., X,
PasnuuHbix mM-MepHbiX ©GasncoB (T < N) W3 BEKTOPOB
Pu ..., P,, KOHeuyHOe umcno. Cpeg HuX Moryt 6biTb 6asu-

Cbl, MO 3remMeHTaM KOTopbix Bektop (—ft) pasnaraetca cC He-
oTpyuarensHeiMy - koadodmupeHtam. Torga MUHUMYM CKansp-
HOTO npowusBefeHns (MHENHOM dpyHKUMK) JOcTUraetcs Ha
KOHEYHOM MHO)XecTee Touek x = (xIt ..., X,,)ER,,, roe Xj—
koadhdmumeHTsl  pasnoxeHus Bektopa (—ft) no anemeHram
HEKOTOpPbIX Ga3NCOB.

Ecnn 6Gasncos ykazaHHOro Ttuna Het (Bektop (—ft) He
pasnaraetcsd Mo 3JnemMeHtamM 6asncoB C  HeoTpuLatesibHbIMU
koachdwmLyieHrTaMmn), TO 3aJa4a NIMHENHOrO MPOrPaMMUPOBaHIS
He UMeeT pelLleHus (HepaspeLumma).

Takum o6pasoM, 3ajada COCTOUT B TOM, KakK Haltn 6asHC

(Pkt> eee PKT)
Tak, 4YTOObI

~ b= **/p*/. **//\ o1

T

min/= min CX=/2:i d(tjx\k/—

<
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28.5. Cumnnekc-meToqd. PeanbHble 3a4auv NMHENHOTO
nporpaMMUpOoBaHUA COAEPXaT, Kak npasuno, 60/bLIoe YACIO
OrpaHN4YeHNn N HEU3BeCTHbIX. [MO3TOMY eCTeCTBEHHO, YTO pe-
LLeHVe TakKux 3agad CBazaHo C OO/MbLMM OGHEMOM  BblMUCTIE-
HWi. DTO 3aTpyfHEeHWe npeogosneBaeTcs C MNOMOLLBIO BbICTpO-
LENCTBYIOLLMX  DNIEKTPOHHO-BLIYNCNTESbHLIX MauwwmH (DBM).
Ona kKeakooi 3ajaun  paspabarsiBalotcs  airoputM U Npo-
rpavva, U 3ateMm 3BM B KOPOTKUIA CPOK JaeT peLleHve
nocTasneHHol 3ajaun.

CyLuecTsyloT 1 gpyrme oblpe MeTobl, MOo3BONsAoLLmE
HaliTn peLLeHre Mboi 3a4auv NTMHENHOrO NPOorpPaMMUPOBaHKA
B 0OO3PMIMOE 4YAC/O LLIAroB.

Taknm dgBnsetcsd cuMyiekc-mMetod, Onvlem ugeto 310ro
MeToga

MyCcTb HaOO HaTM MUHUMYM SIMHEMHOW doyHKUMM

J(*)=&+ 2 <7% [eYo)

cpeam sHavennin o/ >0 (/= 1, n), yOOBNETBOPSAIOLLMX
|paBeHcTBaM

O
/2_13":|x1+ B*=0 (k—1, ..., !\ T < n). 4

HeoTpuuatenbHble pelleHvs cuctemsl (4) / >
« 1, 1) Mbl YCnoBMMCH HasblBatb AOMYCTUMbIMK, & TOYKY
x=0 ..., X,)—[A0MNyCTUMOl TOYKOI. [OKaKEM Kak 3Ty
3afady MOXHO pPeLUnTb, NMPUMEHSAS CUMIIEKC-METOZ,

Mycts paHr marpuupl A' =(a'{/) paseH r<m (r-padr A').
Bygem cuutatb, 4to cvicteva (4) paspewmMa OTHOCUTE/IbHO
Xy eeey Xr\

X,= bk— 2 akjXj (k=~r), (12)

/=r+ 1

n wcna bk HeoTpuuatrensHsl (bk™N0, Jé= |, 1).

B 3tom cnyyae roBopdr, uTo nepemeHHsle X(, ..., Xr
obpasytor 6asmc— 6asuc B = {ac, ..., Ac} OcrtanbHblie nepe-
MEHHbIE Has3blBAOTCA CBOOOAHLIMA UM HebasucCHbIMK. Criepyert
o6partnTb BHMMaHue, 4TO 34ecChb MOoHATUEe Gasunca He cosnagaeT
C noHstmem 6Gasvca 13 § 16.

Bonpoc O BO3MOXHOCTM nepexoja OT cuctemMsl (4) K cu-
creve (12) 6yger paccMOTpeH Hwke B M. 28.8.
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Cuctembl (4) n (12) pasHOCWSbHBI, MO3TOMY OOMNyCTMas
TOYKa X cucremsl (4) ecTb Jonyctmmas Touyka cuctemsl (12),
n obparHo.

OuesugHO, Touka b= (bu . br, O, 0) ponyciu-
Mas, ee HasblBaloT 6a3nCHbIM peLleHremM, OTeevatoLLyM  6a-
ancy B. bygem nucam f(b)=fB. B cuny paseHcts (12)
doyHKUMIO / MOXHO 3anucatb B BUAE NMHElHOW doyHKUMU OT
nepemMeHHsx X/ (j=r+ 1. n)i

f (x) —@ / :;.+1 XK. (13)

r
OueBngHo, yto /4= dd=c™+ 2 QV
MepBbii 3Tan cUMIIEKC-METofa CBA3aH C PacCMOTPEHVEM

doyHKUMKM /, onpegensemMoii paseHCTBOM (13), 1 CUCTEMbI orpa-
HWyeHuii B Buae paseHcTs (12).

Paccmorpym yeTbipe BO3MOXHbIX cnydasa |, |, [+, [l,.
Cnyvawn |. MNycTtb ona ecex /=r1-M, ..., n
Torga muHuMvym f, onpepensemoin paseHctBoM (13), oOTHOCK-
TensHo Bcex Jty™O, /= 1, n, 6yager paseH A
min  /(x) =cB.
Xj > o,
=l...... n
3TOT MVHUMYM OCTaeTCsl TeM e A18 OOMYCTUMbBIX X,, ... X,,.
JM 384a4a HA MVYHUMYM peLLieHa.
Cnyyvain Il. Nyctb ana Hekotoporo /0 %> 0 wn Bce
koadhdomupmeHtsl aklt matpuusl A= (a k) HenonoXuTesbHbl:
0 (ft=l, , ).
Torga npn mooom x/a> 0(r+ 1< /,< n) Touka
oB==@1, e<* xr, 0, ..., 0, Xjt, 0, ==> 0), (14)
roe Xk (A= 1, ..., 1) BbuucnaTCcs no doopwvynam (12),

oygetr JonyCTMMOl, W ecnnm ee noactasvtb B /, TO NOAYYUM
/= d—axu —+— 00 npu xJt—»f- oo. Moatomy

inf /(*) = — oo,

Xy=>0
M Hawy 3ajgavyy O MVHUMYME MOXHO CuUMTaTb pPeLLeHHOMN.

Cnyvawn Ill. NycTts Ana Hekoroporo /,, koadhdwmupeHr ot

doyHkuMM / nonokutenbHbii (Clt> 0) 1M MMEKTCa MNOOXMW-.
TenbHble koadhdmumeHtbl a*/s B M CTonoue mMarpuupl A:

<*/ >0 (*€«). (15)
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roe e— MHOXEeCTBO WHOEKCOB K, A8 KOTOPbLIX BbIMNOMHAETCSH
HepaseHcTtBo (15).

MycTb
min — = agp- 670 @<*</m, /regs  (16)

JNemMeHT a0 HasbiBAKOT pa3peLlaoLyIM 371EMEHTOM.
Paccmvorpym  otgensHo cnysan 6 >0 un 6= 0, KoTopble
Oygem ob6os3Havatb uepes |ll+ n 1HO cooTtBeTCTBEHHO.
Cnyvawn |lll+. Touka (14) gna 3HadeHwin xy,, yOosne-
TBOPAIOLMX HepaseHcBam 0< X /,<6 (6> 0), gonyctmmas.
B cavom pgene, B cuny (12) npu KEe HenocpeactBEHHO
BUAHO, 4TO

** = p,—a*/X/,> 0 (a, /o< 0),

a npu KEe B cwuiy cootHoweHwid (15), (16) viveem

- bk—ak/X,, > bk—akYb= bk- akU min >
kte “*/0
Np k—ak/i- - = bk—bk= 0.

Ecnn x/o HenpepbBHO BO3pacrtaer o1 0 go 6, 1O Bce xX*
>0 (r=1°..., 1), axk=bkK—a*/X/, K TOMy >e Henpe-
pbIBHO y6bIBaET OT bkt o 0. Mpwn ganskHelem Bo3pacTaHum X%
nepemMeHHas X*OCTaHOBUTCA OTpuuatesnibHol 1 Touka (14) nepe-
craer 6biTb AOMYyCTUMOIA.

DPYyHKLUA

LX>) = C'-C X1

npu BospactaHmm xJt ot 0 go 6 y6biaer ot / (b) «*G, fo
f(b)= a—Cjb, rge

b'=(bx-a ¥fi..... br—arj 6, 0. 0, 6, 0., 0) (17)

n 6 ctout Ha /O0m mecre.
Taknum 06pasom,

a=f(b)>f(bl)= a—GQ/6

Ormetm, 4To KoopauHara x*B(J/1,€e) B (17) paBHa Hynto:

b k-akt/b= ~ = 0.
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Tak kak a*/B> 0, 70 ke ypasHeHne cictemMbl (12) MOXHO
pewmt oTHOCUTENBHO X/tt

081
M .

Mbl  Bbipaswmm X;, uYepes x*, U OCTa/lbHble repemMeHHbe
Xj(l ¥*1», />n+1)- MOXHO BbipasnTb Yepes 3TN nepeveH
Hble Takke by nepemMeHHyl0 XK [Kkn, 1<A<r), ecm
nogcrasute BblpaxkeHne (18) smecto X/, B paseHctea (12),
COOQTBETCTBYIOLLIME NHOObIM K A*

Ntak, B cnyyae LU + ypaetrca pewumtb cucrtemy (12) oTtHo-
CUTENbHO MepeMeHHbIX

Xj, eoe( X*,_l)) X'ﬂ', Xte+f, --.I XT. (19)

YCNOBHO 3anulemM COOTBETCTBYIOLLYYHO CUCTEMY [PaBEHCTB
Tak!
n

XK= b\— 2 a\x *=1, ....T), 20
/*1+ | ( ) (20)

XOTA HA CavOM Jefe B 3TUX PaBEHCTBAX TO/bKO NepenveH
Hble X, (Ldok”, /4 octaiMCb MpPEeXHMMK, a OCTavlbHble nepe-
MEHHble XKA U X[ MNOMEHSIMCh MeCTam.

MNMokadkem, 4TO CBOGOAHbIE Y/EHLI

B\>0 (K= Lo . (21)

B cavom gene, ecom KE e, 1O (@/t> 0)
bAb.-N-b , -a,, (A _B)>0.
* % * /o e ) VW . 7/

Ecnn xe kf£e (a*/,<0), T1O

1N HepaseHctBa (21) [oKasaHsbl.

NTak, nepemeHHbe x,, ..., X, B cucteme (20) obpasytor
6asnc— Gasuc 4, (cm Tavke (19)).
Ana 6asvcHoro pelteHna bl = (b\, 0, ..., 0

/8, = /(/I»)= dd—c,B<cO0=/(*>)=/B (e > 0).

basuc B, otimueH oT Gasuca B, M gns HEro MOXHO Ha-
yaTb BTOPOW 3Tan paccyxaeHuin (cnyvan 1, I, 111).
Takum o6pazom, ciyyait || 1+ paccMoTpeH.
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Cnyvawn Ill,. NMyctb gt> 0. a*/.> 0 gpna kf£e 6= 0.
B arom cnysae bAc= 0 (cm (16)) 1 paBeHCTBO C Hoviepom kO
B (12) wwveer sug °

**k -
=7 Jen (22)

Ecnn B paseHctBe (22) Bce koadhdmumeHTsl are<r+1,

..., aHl nonoxutensHole, TO0 cuctema (12) nvieer eanHCTBEH-
HOe [OMNyCTMMOe peLLeHve =0, /=r1r-f1, ..., M\ XxK*=
=B~ 0 (N=1, r). 3HaveHne doyHkummn / Ha 3toM
Gas/icHOM peLleHn Byget: /= . 3agaysa Ha MUHUMYM dOyHK-
umm / B 3TOM C/yyae peLLeHa

Jonyctum, uto B (22) umetorca koadodomumeHtsl a*,/< 0
ONA Hekotoporo 3HadveHus / (j @ ja). Torga, kak u B Chny-
yae LW +, nepexogum K HoBOMYy Oasucy B, (BBogum B 6Gasuc
rNepPEMEHHYI0 X4 W BbBOOUM W3 HETO X*Q aka/o— paspeLuato-
Wy anemeHr). OTMETMM, YTO B 3TOM C/yyae 3HaueHue fB =*
= /*, (b*.= 0).

WTak, paccmarpusas 6asic B, Mbl MO0 pewviMm Haully
3ajayy Ha MyHMYM, Mb0 npuoemM K HosoMy 6Gasucy B,
(B1pB). K 6Gasmcy B, cHoBa npuMEHsEM Hall MeTog—
3T0 NpVBEAET K pPELLeHO 3adadm nmMbo K HOBOMY 6Gasucy
B, (B, d B,). lMNpogomkas 3TOT MNPOLECC, MOAYYMM LEMNOUKY
G6asncos

BA B, B,... (BO=B). (23)

Ecnn pgns Hekotoporo s Oyaer MMeTb MeCcTo ciyyan |
mwin 11, TO uenouyka Ha 3ITOM S 0OOpBETCA M 3agaya oyget
peweHa. MHaye oT 6Gasuca Bs nepexogum kK 6asvcy B J+1.

OpHako MOXET cyunTtbea uMkin. OH 3ak/iovyaeTtcs B TOM,
UYTO XOTA KavKApl nocnemytoLpii 6asnc LEMNOYKN U OT/IMYaETCA
OT npegplayLlero, Ho Ans Hekotopblx s u / (/> 1) 6yger
nponcxognts coernageHe 6asncos: B s-=Bs+l.

Pazbepemcs, 4to 3aech npovcxogut. [Ans 6asmca Bs+l_i
npousoen cnyyain 1110, 7. e. Okasa/loCb, 4YTO CyLUecTsyer
/(r+ 1< /B< n) un Takoe £0(1 <£,</=), utO

g.>0, a®,>0, bk=0 (6=0), (24)

n 310 Npueeno K 6Gasucy Bs(Bs+t= Bys).

Ho napa uicen (&, /0), BOOOLLE rOoBOpPS, HEEOUHCTBEHHA,
n xakas-to gpyras napa (Kt, /,), NS KOTOPOW BbINOHSAOTCSA
cBoiictea (24), MOXeET NpPUBECTM K ©6asucy, OTIMYHOMY OT
Gasuca B,. 310 Ha cavom Jene v MMEeeT MECTO, Kak yuuT
Teopus (CM HWKe TeopeMy 1 1 3ameuaHvsi K Hel).
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Takum 06pasoM, ecim ANns HEeKOTopbiX S u / cnyuutcs
UMK, TO ef0 MOXHO yCTpaHutb. B 3tom cnyuyae ans Gasvca
Bjh-i HadD nepebpars BCEBO3IMOXHble MNapbl (ka /*), obna-
Jatope ceoliciBamuy  (24). Kadkpgas Takas napa npuBoamt
K HekotopoMy 6asucy. Cpea HUX €CTb OT/IMYHbIA OT 6asu-
cos BO, B,, ..., B1l+_j.

28.6. YcTpaHeHune uukna. Ha npakmke UUKNbl
ObiBAlOT O4YeHb pefKo. Bce xe 06BACHUMM, KakK WX MOXHO
«pasopsarb» (YCTpaHuTb).

OTveTM TEOpPEMy, [OKasare/nbCTBO KOTOPOW OyaeT Hawve-
yeHo B n. 28.7.

Teopema 1 OT noboro G6asvica B cywlectsyeT nyThb,
BEOYLLMIA K peLLeHVO 3afa4uM Ha MUHUMYM, T. € CylLluecTByeT
Lernoyka 6a31coB, MNoyYyaeMbIX CUMIVIEKC-METOAOM, NpUBOAS-
wad K MUHUMYMY (UM K — 0O0).

MT1aK, nyctb uveem LUK

®i+ii ===y Bs)
Torga, ouyeBMOHO,
/ﬂ': /ﬂ|+|:*...:/»1+|'

Myctb SO— HaMMEHbLLIEE HEOTPULATENMLHOE LIENoe YUCHIO,
[Ns KOTOPOro

“onFp] 5N S*B* =Bt.+l).

OueBngHo, ans 6asncos
B*,+UN eee* BgS +j (25)
HMeei Mecto cnyyan Ill,. [Mepexog ot n6oro n3 atmx Ga-

8ncoe B, (So<s<So + /) Kk nocrnegyloleMy CoBepLLaETCs
MoCpPEeACTBOM  paspeLLatoLLero anementa akt/t. Ho 6asucy B,
MOXEeT COOTBeTCTBOBaTh W APYrOi paspeLLatolLyii - SNeMeHT,
KOTOpbii  nepesoaut Br B Gasuc Bj+l, OTANuYHLIA OT
mR/+t (BsH *5"B s+l)’

MoykeT cnyuntbCs, 4to ana nwboro s(s=s, ..., S,+ 1)
Gasnc B'stt cogepxutca B uUenouke (25). Toraa Bce 6a-
8ucoi(25) pewator 3agady Ha MUHUMYM,T. €. /B = 1B5 *.,” eee
j==min/. Bepp no Teopeme 1 cywlectByeT MyTb.
Beayupii ot B34 K MuHMMYMy. HO B pOaHHOM crnyyae Bce
Myt ot B,oBenyTr K Gasycam uenoykm (25).

OfHaKO MOXET CAyYuTbCH, YTO O/ HEKOTOpOro S paspe-
wiaioupii  anemeHt 6asica B, nepesogut B, B 6asuc B',,m
He BXOoAdWwmii B Uenouky (25). Torga Mbl MOAYYMM HOBYHO
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Lenouyky
fij,i flj.tii eee* (26)

C HOBbIM MocnegHuM Gasucom B't+t, KOTOpLIA MOANEXUT UC-
CnefoBaHNi0 CUMITIEKC-METOA0M.

HO ykasaHHbIX 3Ha4YeHWii S MOXET oKasatbCs M MHOrO.
OfHa 13 LEenoyYek MOXET U He MPUBECTU K HY)KHOMY Pe3y/ib-
Taty. Heobxogumo npousBecTn nepebop Bcex uenoyek. Orivie-
TMM, 4YTO CaMm nepebop Uenovek CTaHOBUTCH MPOMO3OKUM.

Ecnn npowusoLllen LMk, TO MOXHO MNOPEeKoMeHaoBarb crie-
UmnanbHbli  MeTof, Bbibopa paspelLLalolLero anemMeHta. 1ot
MeTOf, CBfizaH C [AOMNOMHUTENBHLIMW  BbIMUCIEHWUSMIN, HO 3aro
nocnegosare/ibHoe €ero MnpUMEHeEHNe HeoBXoaMMO MNPUBOAUT
K peleHno 3agaunm 6e3 3auuknmBaHusa (6e3 obpasosaHus
LINKNOB).

28.7. Bbibop paspewatuwiero snemeHta. Cumn-
nekc-taénuuybl. Ycnosmmcs Bektop Q= (qt, git .... q,)
HasbiBaTb NOMNOXKUTENbHBIM (OTpULATENBHLIM) U Nnucats Q >
> 0= (0, 0) (Q< 0), ecm ero nepsasd He pasHas
HY/Il0 KOMMOHEHTA MNonoXutensHaa (oTpuuarensHas).

Bysem roBoputb, 4YTO BekKTOp Q MeHblle Bektopa D »

= (do, d,, ..., d,) wwm Bektop D 6ombwe Bekopa O,
Mmmcarb Q<D wwm D>Q, ecm D—Q= (do—.
d,—gq,) > 0.

3ameuaHune 2. LlenecoobpasHOCTs MPUBEAEHHbLIX OMNpe-
peneHnii >, < ans BektopoB Q MOXHO NOATBEPAUTH Crie-
OYIOLLIMIN  COOBPaKEHNSMN.

Kakgomy Bektopy Q= (¢t, .... gn) nocrasMm B COOT-
BETCTBME MHOrOWIeH OT nepemenHo t Bugpa Q(/)= g, -+
4- Qit + eee+ Q,tn, KOTOPLIi SBNSETCSH HENpPepbIBHOW CPyHK-
weii 1 Q0)=o. Ecnm o > 0, TO HalleTca OKPECTHOCTb
Hynsa Takas, yTo Ans Bcex t M3 310k okpectHoctn Q (/) > 0.
Ecnm e P=...=</*=0 un gk+x> 0, 10

QW)= [Ok+i + ok+it+ ... + *./»“*«].

MHorouneH B KBagparHblX CKOOKax 6osblue Hyna (</*+£> 0)
B HEKOTOPOW OKpecTHOCTM Hynd. Hanee /*+1> 0 agna /> 0.
3maumt, Q(t)> 0 gns Bcex 0< /< 0, rge O— HekotOpoe
NOJIOXUTENEHOE YNCHIO.

Takmm obpaszom, ecim Bektop Q > 0, TO coOOTBETCTBY-

owpii MHorouneH Q(/) > 0 gnd 0< t< 0 npu HEKOTOPOM
6> 0.
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BepHemcsi Tenepb K cucteme orpaHuyieHuii (12), Kotopyto
Mbl 3anMLEM B daopive

0
+ j:zrzrlaijj —hkk  (bk>0, A= 1 ee= ), (12)
a nHeliHyto doyHkumo (13) 3anmmwem B Buae
n
/+ 2 = (13)
=+l
3pecy G6asuc B = {xit Xr).

Odopvmv cuctemy  paseHcts (12) u (13) B Buge Tab-
amubl 1 (martpupl).

Tabnnua 1

Basuc  *1 ... XK,... X, *,+1 . Xj, .. xn ngl%ﬁﬂve ﬂ%ﬂoﬂ%@%
*] 1 ..0 ... g« /et1... &, .. Qn bi <« ... <<,
L e e e . -

*(Q) 0 ... 1 .. 0 e*o,r+i e eH - B*OY
*r 0 ... 0 ... *arr+1 .. A,, ... an fr, d,i ... dr<r

dopva/ 0 ... 0 ... 0 <7+1 «. C/ ... ¢ c. dt ... dr

Tabn. 1 HasbBaeTcs cumniekc-Tabmmuein. B tadn. 1 mbl npu-
nMcann HekoTopyto aob6asouHyto matpuuy [dyll pasveparrx r

n gob6aBouHyto CTpoky (d,, ..., dr). Beegem B paccmorpeHve
BEKTOP®I

D~ (C,dg .. = dr), Dj—(y dk, .= dkr), k—1,2, ..., 0

Basuc B HasbiBaeTCs MONOXUTENbHLIM, €CIM BCE BEKTOPSI
Dk (=1, ..., 1) nonoxutencHele (Dk> 0). Hanpumep, ecnm
varpyua | 1dJ eguHunuHas  (dt/*s jg '"A), TO Gasuc B
NONOXUTE/bHbIM, NOTOMY 4TO And oboro K—\ . . T mMbo
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bk> 0, nMb0o nepsbii OTANMYHBLIA OT Hyna anemeHTt k-fi cTpokm
marpuupl |yl paseH 1> 0.

Bygem cuutatb, Yto umcna dv nogobpaHbl Tak, Yto 6asvc B
nonoxutesnebHbii 1 Marpuua |ld/ | HeBbipoxkaeHHas (T. e. onpe-
Aenutenb, NOPOXAEHHLIN Marpuueli, OTIMYeH OT Hyns). Bek-
Top D BbiBMpPaemM NpPou3BobHO. MOXHO cuutath, 4to D=>
= (Co, O.erernr 0).

B panbHelilem npu nepexoge OT 6Gasuca B Kk gpyromy
6asucy B' szanucm cuctem orpaHuueHuii (12) 1 MHerRHoi
doyHKuMKM (13) OyayT M3MEHSTLCS, STOMyY COOTBETCTBYET M3MeE-
HeHve Tabn. 1 C MOMOLLBIO HEKOTOPbIX 3MEMEHTapHbIX MpPeod-
pasoBaHnii (cM § 4.7), KOTOpble Mbl pacnpocTpaHieM U Ha
[o6asouHyo marpudy |dit Ju go6asounyto ctpoky (d,t ..., d,).
B pesynstare Bektopbl Dk 1 D 6yayT COOTBETCTBEHHO V3Me-
HATbCS.

HanomHum, yto B cnyyae 111, cywiectsyert jO{r+ 1</’ <«)
Takoe, yTo ;>0 un akt> 0, KEe, rge e— Henycroe MHO-
XXECTBO W, Kpome Toro, bk= 0 xoTd 6bl Ans ogHoro KEe.

VHoekcoB /o ans KOTopbIX Mmeer Mecro 1110, MoxeT 6biTb
HEeCKO/IbKO. He mmeer 3HauyeHus, Kako K3 HUX Hado B3ATb.
Ho, ecim Mbl OCTaHOBMAMCH Ha Hekotopom /',, TO uHaekc fg
npegnaraetcs Bbidpatb CreayolyMm OOpasoM:

26
*% kte ak/. ( )
nemeHT axln paspelwaiopin. B 1abn. 1 Mbl ero NomMectuwn
B pamMKy.

MyHiMmym B (26) gocturaercs ANns OOHOTO K3 MOTOMY uTO
ecin 6bl Hawroch kg”™e, Ana Kotoporo

— D, =— D,,

10 B marpuue |ldyl 66 6bl Age MpOnOpUMOHasIbHbIE CTPOKU
M oHa 6blia O6bl BbIPOXAEHHOIA.

3amMeyaHue. 3. Tak Kak Mbl paccvarpvsaem ciyyai |11, ,
TO cpemm KEe wumeloTca Takue, ANa KOTopbiX bk= 0, noaromy

| . |
ww— Z2)*=min — DKk
ket a*/« *6%, ar*A
k=

T. e wuHgekc kO Haxogutca cpem Takmx kEe, Ond KOTOPbIX
bk= 0.

B n. 28,5 mMbl O6payim B kavecise KO OAHO W3 3HAYEHWi
kf£e, ans koTopbix bk= 0. HO TakmMx 3HAYEHUA MOXET ObITb
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HEeCKO/bKO. B gaHHOM criocobe cpeay HUX BbloMpaeTcs OgHO
Takoe OnpeaeneHHoe 3HauyeHne, obpallaiolee B MYHUMYM

°k/c

Mbl yke 3Haem, 4To B JaHHOM cnyvae I, 6asuc B *T
= {ar,,..., O} MOXHO 3aMeHu!Tb Ha gpyro Gasnuc B' = {o® ...
. ** 1 Xy, XKOtM .... XI), KOTOPOMY COOTBETCTBYIOT

c/cTeMa orpaHnyeHnii, aKBMBanieHTHas cucteme (12):

*1+ a\r+i*r+l + eeey-ol,/ | - Y-al*/, Y-
+ /+Ix/ ,+!+ « « e« + 01nX,, b[,
X N1 awr+1+1Y -, e=y- + W, 5/, + -27)
+ al./+ + eeet a/N*a=
A T, r+Zr+1+ oo WA
Y-o,,/,+i*/,+i Y- ee=U* orxn** 6,,
I:’"I O (k*= 11 ...! J-Il_ 11 n 1+ 11 f)l

M NuHeliHas doyHKUMS
/U-<T+AG+1+ eee U-£/ UGH  + car*+
-1 C/+i*/ +1Y- eeey- “ o. (28)

Cvcreive paBeHCTB (27) — (28) coortseTcteyeT tabvua 2.
Tabn. 2 nonyvaercs u3 1abn. 1 cnegyroym obpasom. [e-
MM V10 CTPOKY Tabn. 1 Ha paspeluatoLyin anemeHt N (N 0).

Ta6bnunuya 2

NO/IHU-
Xf e XD eee X *[+1 eee Moeee xn &7 g e
! 55
| ' n n » .
Xl oee qu*f-frl e ® fll, n dn e dir

%/, 0 ee= @/ ee= ® °f¢ P+leee 1 eee0/,q b).d'li -

ot 6 Ha B, aa 1l 0- T+l eee 0 aaas,, n pr d'r,i...d'r,r

ldoove/ O aim flk, =aa 0 O+l .20 aea G @ ) ta o
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Omm fc-e ypasHeHne cuctemsl (12) ocrtaetcs pasBHOCWIbHLIM
npexHeMy. [obusaemcs Tenepb, 4tobel B /Om cronbue Ha
ocTaslbHbIX Mectax (KoK,,) 6binm Hynn. Ona 3atoro u3 k-fi
CTPOKU BbMUTAEM U3MEHEHHYIO K,-t0 CTPOKY, YMHOXEHHYIO Ha
uncno ak/c (31y npoueaypy Mbl pacnpocTpaHiem N Ha CTPOKM
JobasouHolr Martpuupl, B pesynbtate uncna dkj nepexogar
B uicna dit/)

JTOT nprem COOTBETCTBYET 3aMeHe 6-r0 ypasHeHus pas-
HOCTbIO MEXOy HAM U BUAOUBMEHEHHLIM K,-M YpPaBHEHNEM,
YMHOXEHHbIM Ha 4ACMO aK,, YTO MpuBOAUT K cvcteme (27),
pasHocunbHOW cucteve (12).

MocMoTprM, Kak BUOOM3MEHAIOTCA BeKTopbl Dk Tak kak
6asuc B nonoxutenbHbli KU paccmarpveaetcs cnyvan I, ,
170 bki= O n

(0» 7™, 1* * ee* Nor) > O
rnoatomy
» /. *e \ *«* /. /

ona Kopkn, kEe (ak/s> 0)

Dk= D k— D*aw(— Dk-—--- Dk)> 0

a*o/o * Vew /. * a*./. -/

B Culy npasuna Bbibopa KO£e 1 ero eguHcTBeHHoOCTM (em (26));
ona K k9, k~$e (a*/o< 0), ouesngHo,

Uto6bl NONY4YNTb MOCNEOHIO CTPOKY Tabn. 2, Hago u3
nocnegHelli CTpokn Tabn. 1 BblMECTb BUAOUZMEHEHHYHO KB-tO
CTPOKY, YMHOX€eHHyt0 Ha % Bektop D = (¢, dt, dr)
nepexoaut B BEKTOP

D'=>D-"~-Dk.
Tak kKak dt> 0, akJt> 0, 1O
D'-D-----~ D kt< Q

7.e D' < D.
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Hosble koadodoMUMEHTBI NIMHEHON CPYHKUMK / UMEKDT BUA

G *=— -=-C, C=GC— 8o/
! [ ! a A
Y=r+ I, MH— 1, /*+ | eee» ).

Takmm 06pazoM, Mbl NPULLIA K MOAOXKUTElbHOMY 6asuncy B'.

UYto6bl TAbON. 2 6Gblla MOMHOCTLIO AaHaIoOTMYHOW Tabn. 1,
pexkoveHayem B Tabn. 2 nepecrasntb Mectamm CToNOLbl, oTBe-
yalopie nepemMeHHbIM XM 1N XK.

Ecnu gnsa 6asuca B' cHoBa &yaeT MMeTb Mecto cryvaid |ll»,
TO K HEMy MOXHO OMATb MPUMEHUTb ONMCAaHHLIA NpUeM, KOTO-
pbii NpuBOAMT K HOBOMY 6asvcy B", OTIMYHOMY HE Tonbko
oT B', HO u oT B, notomy 4TO

DT<D"' <D.

3amevyaHne 4. Ecnu B npouecce MPUMEHEHUS CUMIMT-
nekc-Metoga Mel NpuLM K Uukny (em (25)), TO MOXHO B3ATb
OOVH un3 6a3ncoB UMKNa, Hanpumep B = BSaH, n nocneposa-
TE€MbHO MNPUMEHTb K HEMY OMUCaHHbIA BbilLe CrOCOO OfHO-
3HAYHOrO MonyYeHns HOBOrO Gasnca Ha OCHOBaHUM NpasBwna
(26) BbIOOpa paspeLLaloLLEro areMeHTa. 3TMM  rapaHTupyeTcs
nonyyeHve Kakapli pas3 6asuca, OTIMYHOro OT BCEX npen-
LUEeCTBYIOLMX. TaK KakK KOMMYeCTBO BO3MOXHbIX ©6asncos
KOHEeYHO, TO Mbl A1 HeKoToporo Gasuca uenu obssarefbHO
npuoaem K cnysasm |, Il wnm 1I1+. B nocreoHem cnyydae
BO3HMKaeT Gasuc B', and Kortoporo basucel, BO3-
HVKWKWe nocne B', omunuyatotcs o1 6asca B mn Bcex ewy
npeawectsytolyx 6asnucos. OHM MOryT co3gasatb LMKIbl, HO
cocTosLLpe M3 HOBbIX 6a3ncoB, OTIMYHLIX OT B n ewy npes:
LLIECTBYIOLLIMX.

WTak, BblUCNEHUS MO CUMIVIEKC-METOLY MNPOU3BOAATCA
cnegytoLLyM 06pasoM:

nccrnepytorca ypasHeHnsa (12) ¢ 6asucom B v doyHKUma/,

ecmm 6yayt umetb Mecto cnydam | nm |l, TO 3agaya Ha
MuHUMYM T peluena;

ecmm bypet cnyyaii LU +,TO nepexomm K HOBOMY Gasucy
Ha ocHoBaHuM (16), coctaBnas Tabnuubl 1 1 2 6e3 fob6aBou-
HOW MaTpuLIbl

ecmn e byaet cnydaii |ll,, TO MOXHO npogo/mHKarte Hall
NpoLEeCC B Hagexae, YTO He CNyunuTca uukna. Npakimka noka-
3blBaET, YTO LUWUK/bl OblBAKOT OYEHb PEOKOo;

BCE Xe, ecM CAyyuTca UMUK, TO NpUAEeTCs, OTNPaBsssaCh,
Kak npaswio, oT 6asuca BJy asuratbcs faviblle, NPUMEHVB
Job6asouHyto matpuuy \dif } paccyxgeHns ctaHyT 6ornee Cnox-
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Taknm obpasom, 6asuc B, = (ac, 4, 4r.}. B 1abn. 2* koady
dovumeHt ¢,= 30 > O (WTpUX Mbl ONycKaem) M B cronoue Ans
0o vimveetcs oavH anemMeHt a,,= 30 > 0, KoTopbii u 6yaert
paspellalolLyIM  IrieMeHToM (B Tabn. 2* Mbl NOMECTWIM  ero
B pamky). NpoBoas npeobpaszosaHue Tabn. 2*, Kak 1 BbllLe,
Mbl nepeigem K 6asvicy B ,= {gc, I, X}, T. € u3 Gasuca B,
Mbl BbIBOOUM MEPEMEHHYIO fc, U BBOAVM MEPEMEHHYIO [T

Tabnya 3* 6ygetr umeTs criegylomii Bug (nocne nepe-
CTaHOBKW CTOMOLOB Ans O3 U AD):

Ta6bnnuya 3*

1
Cso- 6
pasuc M, O, &7 X o, X, Xt Gogrble 'D'OmaaTi)Ov:.:'aa !
YneHbl
10 0 101 1 1 0 + + 0
i 15 So 500 2 30 15
*1 0 1 0 -12 8 £ -84 0 8 -12 0
7 o 0o 1 o 0 1 o0 1 o o 1

dopvaf 0o o0 o0 -1 -1 Jr-18 0 —1 —1 *0

B nocnepHeii ctpoke 1abn. 3* 2VIIVI€€TCFI TONbKO OOVH WO-
noxutensHoln  koadpdmupieHt ¢, = ~>0. B cronbue Ana a3
BCE 3/IEMEHTbI TAKKE MOJIOXUTENbHLL. B gaHHO Tabnmue Z), =
= (°, 0O), /)2= (0, 8,-12,0), Dt= (\, 0, 0, fl).

CpasHuBas Bektopbl 5007),, -g-0,, D,, Haxogum, 41O MUHU-

Ma/bHbIM  ©ygeTt Bektop 500D, wn, cnepgosaresnbHO, paspeLua-
WM anemMeHtomM byaet a,,= g”™>0. MuHumym (16) paereH

Hy/mlo, T. € Mbl OMaTb MvVeeM ciyyali 1ll,. MNpeo6pasys
Tabn. 3*, nonyuwm taénuuy 4*. >

3pecy 6asnc B3={gc, @, AC) ¢, = -y > 0 n B cronbue
ONs 05 VUMEETCA TOJIbKO OAVH TMOJIOXUTENbHbI anemMeHT a,, =

= > 0, KOTOpbIA N GydeT paspeLlatoLyiM 3EMEHTOM. M-
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T abnunya 4*

. ob6aBoyHas
pasuc Jff *1 X, X, X5 Xr X4 %\x Amanmu,a
ok
uT
50 100 n
*y 10 0 — ~ 500 -250 0
J o y "1 °
*1 01 0 - 4 4 - ' » -4 0
0O 0 1 e | “ 500 250 1 50 100
*7 3 3 1
copma/ 0 0 O y -y -40 2 0

Tabnnya 5*

3
HAMYyM (16) paseH W, > 0, T. € Mbl uveem cnydar L +.

MNpeo6pasys Tabn. 4*. nonyynm taénuuy 5*.
B nocnepHeit ctpoke tabn. 5* sce koadbdmupeHtsl o (/ =

= 7, 5, 2, 4) otpuuarencHole, cnegosaresbHo, min/ = —”"
(cnyyain ).

basuc S 4= {*.. xit x«} W3 T1@bn. 5* BHOHO, 4TO GasMC-
HOe peLleHve umveeT Bug o, = 1, = = A= *» =

«= X$ xt= 0.
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3ameuyaHue 5. Ecim 66l Mbl He crnefosasii Npasusy
OAHO3HAYHOTO BbIGOPA PAa3PELLAIOLLIEIO 3MIEMEHTa, TO MOI/IN Bbl

nonyunTb UWKN, BbibMpas 6asncbl B CreayroLlei nocnenosa-
TensHocTu!

B :{.U.Cn ml Arv}_ B1 = {lqr" ml m}_
> {ifj, xt, A3 »flji= {Olas, o} »Bt= {mo Mmoo} >
* B, .:{Fpn m’x ,Ep} *'B, :*{nqcn oG, m}: B.

3ameyaHue 6. OTMETUM, YTO HA KOKOOM 3ITarne, Hauu-
Has C NepBOro, MOXHO Obl10 6bl M3MEHSATL HyMepaumio nepe-
MEHHbIX, MPUBOAA CUCTEMY OrpaHuieHuii n doyHkuuio f K Buay
(12), (13).

28.8. Ycnosna cyuecTtsoBaHusa 6asuca. T[lo-
ACHUM, KaK MOXHO MpUBECTU CuUCTeMy orpaHuieHwi (4)

2 al§X=bk (1= 1...T) )

K cuctemve suga (12)

— 2 @/ n=1. n, (12
/=1+1
T. € BbIICH/M, KOrga nepemMeHHbie oG, ..., X, obpasyor 6asuc.

Kak Ham unsBecTHOo, cuctevia (4) paspewmva (COoBMECTHA)
Torga M TOMbKO TOrAa, Korga paHr Marpulpl

“n  eee N\

ceeeec]

am eee artn'
paBeH paHry pacLLMPEHHON MarTpuLibl
all eee ain

amt eee awn bt

Myctb r= paHr Jl=paHr B. Torga MOXHO ykKasatb T
Taknx ypaBHEHWI cucTeMbI (4), YTO BCAKOE peLLEHVEe CUCTEMBI,
COCTOALLIE U3 3TUX I YpPaBHEHWIA, eCTb peLleHne cuctems (4).
Bynem cuvtath, 4TO AN8 AaHHOW cuctemsl (4) T= T 1n, Kpove
TOro, T < N, MNOTOMY 4YTO MNPU T = N CYLUECIBYEeT TOJIbKO

OfHa ToYKa N-MEepHOro MPOCTPAHCTBA, ABMAIOLLLAACS peLLeHeM
cucremsl (4).
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Kpome TOro, Bcerga MOXHO [06UTLCS MNyTEM MepeHyme-
pammM NepemMeHHbX TOro, YTOGbI

Oil o=

Teopema 2. ina TOro 4tobbl HEM3BECTHbIE Xt......... XT
n3 cucrembl (4) obpaszoBbBayiM 6a3MC, HEOOBXOOQVMO U AocTa-
TOYHO, 4YTOObI

0*/0>0 V*=f7T,

roe A*— onpepenvtens, nonydarowpiics 13 onpegenvtens [
3ameHoii k-ro ctonéua cTonoLomM CBO60AHbIX WIEHOB CUCTEMBI (4).

JdokaszatenbctBso. NMNyct1b O, k= 1. T.
MNpumenss npasuno Kpamvepa (cm 84.2), uveem (ft= 1, ..., m)

*k —

aml- eeam, * - \{>m—Om,m + Ixm+t— eee—0,,.X,)am* +|. . .amm

YunTbiBasi CBOWCTBA onpegenvreneii, noysaemM paBeHCTea
suga (12)

2 <P/ (*=1...m),
/=T+ | ( )
roe uwicno akl paBHO onpegenutento, KOTopbIA Monyvyaetcs
n3 onpegenurens [, 3ameHoil /r-ro cronbua COOTBETCTBEHHO
Ha /- ctonGey, matpuupl A (/= m+ 1, ..., n), AeneHHoMmy
Ha [. Hanpumep,

*,«fl °11 eee °l7

— ar, *+1 e aMm)i
O6parHo, nycTb cucteMa Xt......... XT ecCTb 6asuc, T. e.
BbIMOMHAOTCA COOTHOLeHWs (12). Ans marpuubl paseHcTs (12)

a.=mu 4f=p*>o0.

JonyctumMmbiMn  anemMeHTapHsiIMM - NpeodpasosaHusIMN - 3Ta
Marpya nepexogut B Marpuuy paseHcTs (4). Mpu atom onpe-
[aenntenn 4. n Al nepexogar B onpegenvtenn O n O* npo-
nopumoHavbHO. Mo3atomy
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Mpumep 6. HalitTn 6asucHble nepemMeHHble B cucTenve
OorpaHN4YeHUM

( 5xj—5x,+ x,—2x4 =1,
= — Xt + 2X, — X44-x5= 4,
— X, -f axt — 2x4 =5,

rge a— HEeKOTOpoe YMUC/IO.
PeweHue. Ecnm a<O, TO cicleMa OrpaHuueHuii He-

coBMectHa B obrnacm x,>0 (/=1, 5). MNMoatomy 6Gyoem
cuntatb a> 0. BbIAICHAM, MPU KakOM a 3MEMEHTbl X,, X,, X,
6yayt 6asvcom. Viveem

5 -5 1
-2 2 =2(1—0)® 0, acp 1.
—1 a
Jdanee,
1 —5 1 5 1 1
o* = 2 0 = ga— 10, o* = _240=-6,
5 a o —1 5 0
5 —5 1
ax= —2 2 4 22(1—H1).
—1 a b5
Orciona

/X 2a—5
-,_a>0. Ka«< 2:

A*
JL_>0,a> 1 [|3=0N1 > 0.

Taknm obpasom, npu 1< a ™y Bce oTHoweHns O*/4N0

(k=1, 2, 3) n {x,, x,, X,} — 6asuc.

Ana Toro ytobel Hanucat, cuctemy (12), HeT Heobxogy-
MOCTU BbIYMCNATb BCE HYXXHble onpegenitenn. Hago npocro
npeo6pasosbiBatb Matpuly B, kKak Mbl 910 genamm B § 4.7.

Mycte a= 2. Monyuim 6asuc mn3 anemeHtoB x1( X, X3
Ona atoh uenm 6Gygem Marpuvly B npeobpasoBbiBath Tak,
yToGbl B MEPBbLIX TPEX CTOMOLAX MO [MaBHOM AuMaroHanm Ccro-
ann 1, a Ha ocTa/bHbIXx MecTax— 0.

NTaKk,
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5 —51-2 01 2 —nm 0 27
0 1 12”26
5 N 5
2 9 22 2 9122
0T “7T 1T 5 5 T op,
00 -1 1 1\
3
1o P4 o»
9 .
0 | | n

T

MocnegHss mMatpuua onpeaenseT  CnefyroLLlylo  CrUcTeEMy
YPaBHEHWIA:

*1 _ *p=1

3 | ,

*% _y*»_y*_zg

9 ,5 y
X—T*« + T M-

AHaIOTMYHBIM 0OPaBOM MOXHO MNPOBEPUTL, MPU KakoM a
rnepemMeHHbie ac*, gc, a5 OOpasytoT Gasuc.

28.9. 3apgaun. Hantm muHuMyM dpyHKUMM /(X)) = cd4— ac,
npy OrpaHnyYeHmsx)

) *l+f,—pcH *4—2%,= 1,
2m +AC,—2ac+ 4= 2,

*1—*, — [m4+3ac, = 3,
2) [ 2m0t+ po— Io — 2ac,= 1,
Xt+ xXt+2xt— 2x, =2,
Xj— X, — m+ 3o,= 3.
3 ,{ ncﬁ"' 2£p+ &p — oe= 3!
21+ po— *,+ *4 = 1,

&+ 30,—ac+ m= 2,

4-,{Xi+xt —Xxt+ 2xt = 3,

6 xt + m—2x,= 1
xt +254 pe=1,

X,— [Ac*4mr, = 4.
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MpvBegem peLLeHe NepBoli 3agaun. Mtak, Heobxoaumo
HaNTM MVHUMYM JTMHEHOM doopivbl f(X) = XA—Xt npu orpa-
HUYEHUSAX

*1+ *,—* + pc—24C,= 1,
2*1 +*» —2%4+ X, = 2,
Xf— xt — [+ 3m,= 3.

CornacHoO pPacCMOTPEHHON BbiLLie TEOPUU Mbl AOMKHBI Onpe-
[OENUTb CBOOOAHbIE MEPEMEHHbIE U BLIAENNTL KaKOW-TMOO Gar
3UC, 4TOObI 3aTeM MNPUMEHUTb CHMIVIEKE-METO, A1 Haxoxie-
HUA MUHUMYMA doyHKUMN /.

Tak kak B cuCTeMe OrfpaHuyYeHuii Tpu YypasHEHWs, TO
B Kavkiblli 6asVC BXOAOAT Kakue-imbo Tpu MepeMeHHse U3
nc, ar, ac, Xt, ac, Bcero u3 natTM 3neMeHToB MOXHO COoCTa-
BUTb AECATb pPas/MyHbiX KOMOWHaUMA Mno Tpu 3emMeHta

c*~n(n-
B npuHUMNe, Mbl OOMKHbI NPOBEPUTL BCE TPOMKN 3neMeH
TOB U yﬁe,qVITbCFI, Kakue 13 HUX SBAAKOTCS 6asucanvm.
BbIiCHMM, ©yayT M 3anemMeHTsl AG, 4G, A, 0OpasoBbiBaTh

6asuc. Onpepenvrens [, coctasneHHbli 13 KoadpdmumeHTos npu
*3TUX HEWU3BECTHbIX B C/CTeMe OrpaHuyYeHwuii, UMeeT Buf,

| —1
.DI: O 1 = 4=10.
—1 O
Jdanee,
1 1 -1 I 1 —1
gi= 2 0 1= pg= 22 1=_g
3 —1 O 13 0
OTHoLUeHne & —2 < 0, cneposarentHO, corfnacHo Teo-

peve 2 n. 28.8 anemeHtsl Xxt, A, Az He obpasyoT Gasvca.
Mposepum Tpowky O( A, X«

1 -1 1
o= 2 1 —2 = — 2=5*Q,
1 0 —1
1 -1 1 11 1
al1= 2 1 —2 =9, = 2 2 —2 =g
3 0 —1 13 1
OrTHoLLEeHne = —4<0 wn Tpoiika & X, [% TaKkke He

obpasyer 6azuca.
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Viccnegyem Tpoiiky xt, X,, &1

1 1-2 | 1 -2
A= 2 2 1s—1050, g= 2 —2 1-
1 1 3 3 —1 3
11-2 1 11
p'* - 22 1 —— ]_O, y= 2 —2 2
1 3 3 A 1_-13

. Takum  06pasoM, B [aHHOM Cfyiae BCE OTHOLLIEHMs
-'qj- (N=1 2, 3) nonoxutenbHel KU MO Teopeme 2 n. 28.8
aneMeHTbl 4% 04 Xb obpasyor 6asuc.

Uto6bl Hanucatb cuctemy orpaHudeHun suga (12), npe-
obpazyemM mMarpuvly B cuctembl orpaHuyeHuii K HeobxoaMmomy
Buay. MpeasaputensHO NepectaBuM CTonbLpl Koadhd LMEHTOB
npu Xt n Oz COOTBETCTBEHHO HAa BTOpOE U TpeThe Mecra

Torpa

X XA O x X bK

N\ 1 2 I —1 N\
B>(2—2 1 O 12)=
\1 1 3 -1 O 3/

n 1 2 1 —1 K
={0 —4 5 —2 3 0H)n
\0O —2 5 =2 12/
n 1 —2 1 —1 K
-,0-2 5-2 12)~
\0 -4 5 -2 3 0/
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MocnepHss MarpvUa OMNpeaernser cucteMy YpaBHEHWI

, 1 2 8
Xi 5 x* 5 *e~ b5
*i —x,-1, @7)
2 1 4

x* T X* T X,—5#

NnHeiliHasa dopva f yepes cBOGOAHbIE MEepemMeHHbIe X, U [,
3anuLleTcs cregyroLyiMm obpasom!

f(x)= xt-xt=T —Jjxt+ T xt wm f+ ?xt—T xt=T.

Taknm 0bOpasoM, Ternepb HEeoOXOAMMO HaliT  MUHUMYM
JIMHENHON CpyHKLMN
. 4 1
[+ T X ~Tx*~T
npu orpaHuyeHusx (27).
3geck Gasuc Bi= Ixit xt, x»}, orpaHuyeHuns n doyHkums f
3anucadbl B dopve (12), (13), n Mbl MOXeM Havatb MpuMe-
HeHVe CUMIVIEKC-MeToda

o]

B pmaHHOM cnyyae c,= -g->0 uB nepsomM Cronoue Ve
TPWUpBl OrPaHMYEHNIA UIMEETCH MOMOXUTENbHBIA aneMeHT a,, =*
=Y > °*

OtHolleHne -~N-=8>0, T. e Mbl uveem cnyyain |11+

N 0,,— paspeLLaloLLii SNEMEHT.
CoctaBuM MepByto CUMIIEKC-Tab/MLLY!

Ta6nunua 6*

1
Ceo6og-
Basuc *1 X, X, X, X, Hble
YneHbl
« 100 p4 =
T
Xi 0 10 0 — 1 1
0 < . o 2 1 4
o ==
Xt z Y
2 - 1
®opvwa f © © © ~ b o=
3 3 5
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3aech paspeLuaroLLpii anemMenre,,. Npeobpasyem tabnuuy6*
B Tabnuuy 7*. CTpoky ANs 03 YMHOXMM Ha 5 1 nepeHecem
ee B 1abn. 7*. CTpoKy pAns X, nepeHecem B T1abn. 7* 6e3
M3MEHeEHWIA (Tak Kak ag, = 0).

3ateMm yMHOXMM NepByl0 CTPOKYy Ha 2 u npubasum pe-
3ynbTat K nocneaHeli crpoke. Janee yMHOXMM NMEePBY0 CTPOKY
HA 2 N BbMTEM U3 CTPOKM Ana doopvebl /. Kpome toro, ne-
pectasumM Mectavm cronbusl ans X, U as. B pesynbrare
Tabn. 7* Gygetr umetb cnemylolpiin BUa;

Ta6nuya 7*

CBoGOAHblE
basuc *e ¥4 1 *e uneHbl
&5 1 0 0 5 —2 8
0 1 0 0o —1 1
JA, 00 1 2 —1 4
dopma / 0 0 0 -2 0 —3

B T1abn. 7* koadbdwmupeHtsl doopivbl / HEMONOXUTESbHBI
= —2, c*= 0), noatoMy npn orpaHuyeHusx (27)
min /= —3,
*/>0
1-1.-..5
M 3aaua peLLeHa.
3amevyaHne 7. MoxHO Obo 6bl Mccnepgosatb BCe
Jecatb TpoeK 13 3MEeMEHTOB XU G, [, xt. 3arem, Haligs
BCEe 6asunchl 2, /5 1',,<10), Vbl MOKEM HaTL
MUHHMYM / Npy  orpaHnyeHunsx (27) Kak MUHUMarbHOE 3Ha-
yeHve cpem /a,, . .

19
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— oTpeskax 63

obLee 61, 62, 171
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BbICIWWAA MATEMATWNKA

9. G BYTPOB  _
C. M. HUKOJIbCKMI

SNEMEHTBI
NIMHEVWHOI ANTEBPLI
N AHAJTMTUNYECKOW
TEOMETPUU

JonyuieHo MuUHMCTepcTsom

BbICLLIETO M CpefHBeO crieupanibsHoro obpasosaHus CCOP
B Kayecte yuyeGHuKa Ans CTYLeHTOB
MNHXXEHEPHO-TEXHNYECKNX CheLnasbHOCTel By3oB

NW3OAHWE TPETH B,
MWCNPAB/NEHHOE MW AONONHEHHOE

Byx. TUM HIM
BUB/TMOTEKA

MOCKBA «<HAYKA»
I I I TMABHAA PEOAKUMA
®UBNKO-MATEMATUYECKOW NTUTEPATYPbI
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