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Cy3 601uu

VKyBuMsap 3bTH6OpHUra XaBoJia KUJIMHASTraH VIIGY VKyB
KyssiauMma 2017 vuui 4o KUaWHTraH «OJIMA MaTeMaTUKa 3HT MyXyUM
Ma'’bJIyMOTJIAp TYIJIaMHU-2» KUTOOUHUHT MaHTUKUW IaBOMU OVJIHO,
YHJA MaTeMaTUK TAaXJIWJHUHI aCOCUW TylUIyH4YasJapu Has3apuu Ba
amMaJMid TOMOHJAaH 0aéH KuiuHrad. KuTobja KeJaTHpUJITaH
Ma'bJIyMOTJIAPHU OJIMM MaTeMaThKa GaHUMHU YpraHyBUYMWJIap Y4YyH
3HT 3apyp MyXUM MabJyMOTJIap MaHOau cudaTua Kapall MyMKHH.
Kynnanma ©Gapya oJMU  VKYB HOpTJapyd Tajabajapu y4yH
MyJDKaJlJlaHTFaH OyJyiMb, yHra amMajJIMéT JAapcaapuja, MYyCTaKWJ
TabJIUM jKapa€HWUJla ypraHyBuuJapra TYFPU MHyJ KypcaTyB4YH

MypuKHOMa cudaTHUia Kapall MyMKHH.



1. KOMIIJIEKC COH TYIIYHYACH
1.1. ACOCHH TYIIIYHYAJIAP

Tabpud. Kommnexkc coH nAeb, a =a+ib KypUHULIJATH
ndoaara auntuaaau. by epsa a Ba b XakMKui coHsiap 6yaub, a ra a
KOMIIJIEKC COHHUHT XaKUKUKA KHCMH, (b ra MaBXyM KHUCMH
Jeruaaau.

KoMriekc coHra Mma’bJiyM TapTHO/1a OJIMHTaH UKKATA XaKUKUHU
coHHMHT (a; b) cucTeMacu cudaTHa Kapaaiu.

Yoy, z =x+ iy wudojara KOMIJIEKC y3rapyB4Mu AeHUJIAN.
by epaa xaM x Ba y Jiap XaKMKUMU y3rapyBUyMJIAp, X A Z HUHT
XaKUKUM KHCMH, [y Tra MaBXyM KHUCMH JeHWJIaJu. X Ba Yy Jiap
XyCYyCUM XoJulapJla JOMMUW COHJApPHU Kabys KWJITraHU cababasu
YyHra MOC Z XaM KOMILJIEKC COHHU udoaanauau. lly cababuau
KEMUHIU 6a€HJIapJa Z HU KOMILJIEKC COH 1e6 aTauMHU3.

JleMak, z =x+1iy KypuHHIIHAArd HPoJa KOMILJIEKC COH
Oy/a1b, X Bay XaKUKUW COHJIAp, [ 3Ca MaBXyM OWpPJHK OVJIHO,
i?=-1,i3=i%i=—i xyagumyHuHrgek i*=1, i>=1i...
Kommiekc connap tynsiamu C xapdu 6uiaH 6esiruaaHaiu.

XaKUKUM coHJsiap TymaaMu R, koMiiekc consiap tymaamMu C ra
KyucM 0ysaau, 7pHU R C C.

X COHM Z KOMILJIEKC COHHUHT XAaKMKUHA KUCMH JeluaJu Ba
Rez = x (soTuHYa "reabis" - XaKMKWM Cy3UHHUHT 6011 Xapdu)Kaody,
Y COHU Z KOMILJIEKC COHHUHT MaBXyM KUCMHU Aelunaau Ba Imz =y
(loTuH4ya "imagtnarius” - MaBXyM CY3UHUHr 6011 xapdu)kabu

oeJIrMJaHa/Iu.
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Macanan z = —3 + i7 KOMILJIEKC COH Y4YYH,
Rez =R 1+'\/§ S 1+'\/§ _V3
ez=Re|-c+i—|=—7, Imz=Im| - +i—|=—

Bl UkkuTa z; = x; + iy, Ba z, = X, + iy, KOMILIEKC COHJIAp TEHT
(zy = z,) nevwnnaay, arapjaa 0y KOMIJIEKC COHJIAPHUHT XaKUKWHN
KUCMU XaKUKHUHA KucMmura(x; = x,) Ba MaBXyM KHUCMHU MaBXyM
Kucmura (y,; = y,) TeHT 6yJica. Xycycui XoJ11a KOMJIEKC COH HOJITa
teHr(z = 0) 6ysnaay, arapaa x =y = 0 6yca.

KaTtTa Ba KHYMK TyllyHYaJJapUHU KOMILJIEKC COHJIAP Y4YyH
KAPUTHUO Oy IMaru.

Bl MaBxyM KucMJiapu MIIoOpajapyd 6ujaH ¢papk KUJIyBYM HKKHTA
Zz=x+1iy Ba Z=Xx—1y KOMIUIEKC COHJIapra KylIMa KOMILJIeKC
COH Je0 aTaJlaJiyi Ba Zz Kabu 6eJiIrMIaHaau.

Bl Xakukuid Ba MaBXyM KHCMJIADUHUHT HIIOpacH 6uyaH dapk
KWJIYBYU UKKWUTA Zq = X + [y Ba Z; = —X — [y KOMILJIEKC COHJIapra

KapaMa-Kapiinu KOMIIJIEKC COHJIap ﬂeﬁﬂﬂaﬂﬂ.

1.2. KOMIVIEKC COHHUHI TEOMETPHUK HIAKJIX

Xap 6up z =x+1iy KoMmIeKC COHHU Oxy KoopJHUHaTaJap
TEKUCJAUTUHUHT siroHa M (x; y) HyKTacu 6uaH udoganan MyMKUH
(6y epaa x =Rez , y=1Imz ) Ba akCMHYa KOOpJHHaTaJjJap
TEKUCJUTUHUHT Xap oup M (x;y) HYKTaCUHU Z = X + [y KOMILJIEKC

COHHHHTI TeOMETPHUK TACBHUPH z[e6 Kapall MyYMKHH.



Kommiekc connapHu upoJjajloBun  y4
TEKHUCJIMK KOMIIJIEKC COHJIAp
_________ M(x;y)
TEKUCJIUTH Jeb aTanagu. bynaa y |
|
abcuuccanap yku Ox — XxaKMKU# VK, r i
|
|

opJuHaTanap yku Oy — MaBXyM VK P >

0 X X

J1e6 aTajsiagu.
Bl z = x + iy xoMmmiekc cOHHU M (x;y) HYKTaHUHT paJluyC BEKTOPH
7 =0M opKaau XaM udozasam MyMKHH. ByHga © BEKTOPHUHT
Y3YHJIUTUTA KOMIIEKC COHHMHT MOAYJM [J1e6 aTasiaju Ba|z| éku r
ouJ1aH 6esirujaaHaau.

Bl z = x + iy KoMIUIEKC COHHMHT Moayu |z| = /x? + y? dopmyaa
OuJIaH aHUKJaHau.

Pasivyc BEKTOPHUHI XaKUKUW VK OWJaH MycbaT HWyHaJUulIzAa
XOCUJI KWJITaH Oypyaru ¢ ra KOMIUIEKC COHHUHI apryMeHTH [e0
aTaJsiaiv Ba Argz kabu 6eqrujaaHaay, IbHU @ = Argz.

Bl z = 0 KOMIJIEKC COHHUHT apryMeHTH aHUKJIaHMaraH.

Bl z+# 0 KOMIUIEKC COHHUHI apryMeHTH Kyl KUHUMaTJU OYJuo,
Argz = argz + 2nk (k € Z), aHuUKJIuMKAa Tonuiaagu. by epgaa

argz —apryMeHTHUHT (—1; ] opasuKaa éTyBYH 601N KUHMaTH.

1.3. KOMIIJIEKC COHHUHT E3HWJIMII ®OPMAJIAPU

\411(3)%
Z=x+1iy
udoara KOMILIEKC COHHUHT anredpauk ¢popmacu Jeitniaju.
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KoMIJ1IeKC COHHUHT TPUTOHOMETPHUK GOpMacH:
KyT6 KOOpAHWHATaJapU X = rcoS@, Y = rSing ra Kypa.
z=x+1iy =rcose + irsing = r(cosp + ising),
z = r(cosp +ising)

udojara KOMIIEKC COHHUHT TPUrOHOMETPHUK PpopMacu Jerluia/ .

Byuga r = |z| = \/x? + y? ¢dopmy./ia 6uaH aHUKIAHAH.

(@ apryMeHT 3Ca,

CoSQ . sing p tgp o
r’ r’ Cx

dbopMysiasiapaaH TONMUIAAU.
@ = Argz = argz + 2nk, k € Z sKkaHIUTH[AH,

cosp = cos(argz + 2mk) = cos(argz), sing = sin(argz)
Keanb 4ukKaau. Iy ca6abysiy KOMILJIEKC COHHUHI aJiredbpauk
HIaKJAWAAH TPUTOHOMETPUK MIAKJAUra YTUIIJA KOMILJIEKC COH

apTYMEHTUHHUHT 00l KUMMAaTUHU aHUKJIAll eTapJid O6yiaau.

o y
—n < argz < m OYJraHU Y4yH tg@ = — TEHIJIMKAAH TONaMMU3:
X

( arctg%, [ Ba IV 4opak HUYKHU HYKTasapH y4yH,

Y
@ =argz = | arctg; + m, Il 9yopak HYKU HyKTaJlapH y4yH,

arctg%—n, [Il yopak W4YKU HYKTaJapu y4yH.

\

ditnep dopMmystacu aeb aTaayByIn

e e el¥ — e~
sing = ,
2 o 2i

bopmysanap épaamua z = x + iy = r(cos@ + ising) TeHIVIMKAAH

cosQp = => cos@ + ising = e'®
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zZ =re?
ndoJa KeJTUPUO YUMKApWUIaayd Ba 0y ndojara KOMIJIEKC COHHUHT
KypCcaTKU4JIM ¢popmacu Aebd aTajsagi.
Mucosn. z = —1 + i KOMIUJIEKC COHHHUHI TPUTOHOMETPHUK Ba

KYpCaTKUWIK GOopMalapyuHU E3UHT.

Eyumm. |z| = \/(=1)2 + 12 =2, M(—1;1) Il Yopakaaru HyKTa.

= t ! + = tg(—1) +m = 7T+ _3m _3m
argz—arcg(_l) T = arctg T = 2 n—4, <p—4.
3 3 3
llemak, z=—-1+1i= \/E(COST+ isin7> =2e"%,

1.4. KOMILJIEKC COHJIAP YCTHAA AMAJLJIAP

busra uWKKuUTa Zz; = x4 +1iy; Ba Z; =X, +1Y, KOMILIEKC

COHJIap 6epuJiraH 6yJICUH.
E KS’I.LIPILLI. Z1 + Zy = (x1 + xZ) + l(Yl + yz)

B Aﬁ“p“m Z1 — 4y = (x1 - xz) + l()’l - yz)

yA y“
Zq + Z9y
Zy Z; Z) — 7
Zq 21
0 x 0 X
1Z1 + 75| < |z1] + |2, |21 — 25| = |z1| — |2;]
(y4bypuyak TEHI'CHU3JIMTH) (MKKM HyKTa opacujiaru Macoda)
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Kymaittupuin.  z; -z, = (X * Xz — Y1 " y2) + (X1 " Y2 + y1° x3)
6ynu6, 6y epa i =—1 ra TEHT 3KaHJWIU XHcobra OJIMHTaH.
XaKHWKaTaH XaM:

i2=i-i=0+1)0+1)=0-1)+i(0+0) =-1.

Xyaau IYHUHTAEK KOMILJIEKC COHHHMHI TPUTOHOMETPHK Ba
KYpCcaTKUWIKM ¢QopMajiapyu Y4yH XaM KynauTMma QopMyJsiacuHU

KeJITUpHUII MYMKHH.

Zy " Zy = 1y(cos@q, + ising,) - r,(cos@, + ising,) =

=1, "1y[cos(@q + @y) +isin(p, + @,)] =11 "1y - 1 P12,

Bl HMKkuTa KyluiMa KOMILIEKC COHJIAPHMHI KyHaWTMach XaKUKHM
COH 6ynau, AbHu Z-Z = (x + iy)(x — iy) = x? + y2,

Bl KoMIulekc cOHHHM Aapakara olMpuil. Myasp ¢popMyJiacw.

z" = [r(cosp + i singp)]™ = r*[cos(ng) + i sin(ne)].

Muco.. (1 + \/§i)9 TOIMUHT.

Euum. ABBan z = 1++/3i KOMIUIEKC COHHUHT TPUTOHOMETPHK

dbopmacu €3ub oJIMHAJU.

/ 2 V3 m
r = 1+(\/§) = 2; go=argz=arctg<T>=§,

z=2 (cosE + isin E)
a 3 3/
MyaBp dopmyacura Kypa,

2% = (1+V3i) =2° (cos (9-%) +isin (9 g)) = 29(-1) = —512.
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KoMI1eKC COHHH KOMILJIEKC COHTa GYJIMIIL

zZ
ByHUHT y4yH Z—l HUCOATHU MaxpaXKJaru KOMILJIEKC COHHUHT
2

KyIIMacura KynauTupuo 6yJiamMus.

212172 (g +iy)(g —iyy) XX +y1ys Y1¥a T X1y
Z; 7y Z; (X +iyr)(xp — iy;) X5 +y5 x5 +y3

XyAnod WIYHUHTAEK KOMIJIEKC COHHUHI TPUTOHOMETPHUK Ba
KypCaTKUWIM ¢opMasiapd Y4yH XaM OyJuHMa ¢GOpPMYJIaCUHU

KeJITUPHUII MYMKHUH.

z, 1(cospq +ising;) n

Z;  1,(cos@y + isingy) 1, [cos(@1 — @2) + isin(@1 — @2)].

z, mne®r

= - = —ei(gol_(PZ)_
Z, 1el¥z 1,
1+3i _
Mucou. — OYJIMHMaHW TOIIMHT.
2+1
1+3i (1+3i))2—-i) 2—i+6i+3 5+5i _
Euu, — = . — = = =1+1.
2+ 2+i)@2-1) 441 5
Bl KoMIiekc COHjaH WIAN3 YMKAPHIILL
n n + 21k + 2mk
wr = Nz = Vr(cosp + i sing) = ﬁ(cos(an +i Sinq)Tn)
k=01, 2, .. ,(n—1).
Arap n = k ra TeHr 6y.Jca,
+ 271n + 21n
Wy = W(cos(pT+ i sin(pT> =

= ’W(cos (%+ Zn) + i sin (%+ Zn)) = 7{/7(cos£+isin£) =

n n
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Mucos. Vi HU XHMCOGJIAHT.

EynMu. ABBasl Z = i KOMIIJIEKC COHHUHT TPHUTOHOMETPHUK

. . w . . TT
dbopMacuHM é3ub oslamus, i = 1 (cos S tisin E)'

T T
T T 5+ 2k 5+ 2nk
?{/7=i/cos—+isin—=§/f cosz—+isin2— ,
2 2 3 3
k=20,1,2.
k=0 na,
mom VB
a)o—cos6 lSlTl6—2 12,
k=1 na,
T T
B §+27T+, , §+27T_ 57‘[+. 5w \/§+,1.
w1 = COS 3 I sin 3 —cos6 lSlTl6— > 12,
k=2 na,
om om
= cos 2t isinZ = cos 4 isinST
w, = COS 3 i sin 3 —cos2 lsmz = —i.

KoMmniekc COHHUHT Jlorapu$MH.

JjieMeHTap MaTeMaTuKaZga  (dakaT MycbaT  COHHHUHT
JJoTapuPMUHU TEKIIUPUII OuJiaH dYerapajaHuaanu. Komimiekc
COHJIAp YYYH 3Ca HOJIJaH OOILIKA Xap KaHJal KOMIJIEKC COHHUHT,
Iy »KyMJiaZilad MaHQUU COHHUHT XaM JIorapuPMU MaBKY [,

JlacTyiab 6epuirad z = x + iy KOMIIJIEKC COHHUHT TPUTOHOMETPHUK
dopmMacuHU €316 0J1aMU3.

z=x+iy=r(cosp +ising), 0<r<oo, 0<¢<2m
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r=|z| ={x?+y? @ =argz=arctyg %,

Y xonpa,

Inz =Inr +ip + 2kmi, k=0,+1, +£2, +3,..

Arap k = 0 6yJica, y Xo/1a JIOTapUPMHHUHT O0LI KUMMATHU

X0CWJ Oyy1aau, AbHU Lnz = Inr + i@.

Mucoa. (—1) HUHT JIOoTapUPMHUHU XHUCOOJIAHT.
EyuMu. ABBasi z = —1 KOMILUIEKC COHHUHI TPUTCOHOMETPUK

dopmMacuHU €310 0J1aMU3,

x=-1, y=0 => <p=arctg(%)=arctg0=7t=><p=7r,

z = —1 = cosm + isinm, r = |z| =m= 1, Inr =0.
[lly cabab.iy,
Inz = Ln(—1) =0+ wi + 2kni = (2k + 1)mi,
k=01, +2, £3,..

Bl KoMIuIeKkc COHHM KOMILIEKC AapaXkara Ky TapHILL.

Ymoéy, W =z% KoMIJIEKC COHHU KOMILJIEKC Japakara
KyTapuIll MacaJacuHU KapahMus 6yepgaa, z=x+ iy #0 Ba
a = a+ ib KoMIekc connap. z = el™ Ppopmynara Kypa,

W, = 7% = p@lnz — pa(lnr+iQp+27mki) app

W, = 7@ = palnz _ ea(lnr+i<p)62nkai, k=0+1 +2, +3,..

Mucona. (—1)' HM XUCOGJIAHT.
Euyumu. ABBan 2z = —1 KOMIUIEKC COHHHHI TPHUTOHOMETPUK

dbopmMacrHU €316 0J1aMU3,
16




x=-1, y=0 => <p=arctg(§)=arctg0=n=><p=n,

z=—-1=cosm+isinmt, r=|z|=+(—=1)24+0=1, Inr=0.

Wk — (_1)1 — el(0+l7l')e27l'kll — e—T[e—ZTtk — e—(2k+1)7t_

k=0+1 +2, %3, ..
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2. AHUKMAC UHTET'PAJI BA BOILIJTAHF WY ®YHKIUA

JuddepeHuman xMCOOHUHT acocuil Basudacu 6epuiran f(x)
dyHKIHMATA Kypa YHUHT xocuacu f'(x) HU éxku auddepeHnmamu
d(f(x)) = f'(x)dx HU TOMNHMIIJaH wuW6opaT 3au. HHTerpan
XACOOHUHI acoCui Ba3udachd 3ca OYHUHI TeCKapucu O0YJiuo,
xocuanacu F'(x) = f(x) ra TeHr oOyaraH F(x) QYHKUMSIHH
TONMILJAH Ubopar.

Tabppud: F(x) oJynkuusa, f(x) o¢yakuuaaudar (a; b)
MHTEpBa/Jard OouulaHFUY QYHKUUSACH [Aeb6 aTajaju, arapja
uxtuépun x € (a;b) yuyn F'(x) = f(x) (éxudF(x) = f(x)dx)
TEHIJINKJIAp YPUHJIU OyJIca.

MacanaH. y=x2% x€R GYHKIUAHUHT OO0IJIaHFUY

’
3 %3

byukuuscu F(x) = x?;[aH ubopat, AbHU F'(x) = (?) = x? = f(x).

3
Mucoagaru y = x? pyHkuua yuyyH F(x) = x? + C(C = const) xam

oouiaHFu4d QyHKUUAAUP. YyHKHY,

3

X !/
F'(x) = <?+C> =x2=f(x) (x€R).

Teopema: Arap F(x) o¢yHkuus, f(x) oéyHkuusaHuHr (a,b)
MHTepBa/Jard OouIaHFU4Y OQYHKOUSACA OyJica, y xouaga f(x)
GYyHKIUSA y4yH Oapya OOUIaHFUY QYHKUUAJAAPU TYIJIAMAHU
F(x) + C (C —y3rapmac coH) ¢dopmyJia 6UIaH GepUIll MyMKHH.

Teopema: Arap F(x) Ba ®P(x) o¢yskuuanaap f(x)

OYHKIUAHUHT OOUJIaHFUY (QYHKUMUSAJAApPU OyJca, y XoJJa yuoy
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®d(x) = F(x) + C TeHrnuK ypuHJau 6yaanu, 6ynzaa C —uxTuépui
y3rapMac COH.

JleMak TeopeMaZlaH KesJMbO YMKAJAUKH, Xap KaHAaW y3JIYKCU3
OYHKIMA YeKCU3 Kyl OolIaHFU4Y QyHKIUsJAapra 3ra 0YyJiuo,
YJIAPHUHT UXTUEPUU UKKUTACU OUP-OUpPUAAH y3rapMac coHra papk
KWJIau.

2.1. AHUKMAC UHTET'PAJI

Tabpud: Arap F(x) oyHknua 6upop opanukga f(x)
GYHKUUAHUHT OOIIAaHFUY QYHKUMSICH 6YJica, y xoaga F(x) + C
dyHKUMAIap TYMJIaMM 1y opanukaa f(x) GyHKUHMSAHUHT aHUKMAC

MHTErpaJiy Jelnaay Ba Kynujaruia oearuaaHau.
ff(X)dx =F(x)+C, (C—const)

oy epJa,

[ —aHuKMac uHTErpan 6enrucHy.

X —WHTerpaJijail ¥3rapyBYHCH.

f(x) —uHTErpas octugard GyHKIHUS.
f(x)dx —uHTerpas octugaru udosaa.

AHMKMacC WHTerpajHU TOMNHUIN >Kapa€éHU €KW OepuJiraH
OYHKIUSAHUAHT  OOUJIAaHFUY  QYHKIUSICUMHUM  TOMNHUIN  >KapaéHH
GYHKUMAHU WHTerpasiam aedunagu. Arap F(x) oéyukmusa f(x)
OYHKIUSAHUAHT O0LJIaHFUY QYHKLUACHA OYyJca, aHUKMAaC UHTerpaJ
reOMeTPUK JKUXATJaH Oy OouiaHFUY JQYHKIUSAHA BepTHUKaJ
paBUIIJla IOKOPUTra Ba MacTra CUHKUTUILIAPAaH X0CHJ 6yaura

YU3UKJIap CHHQUHU UPogatany.
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Bepusran f(x) oyHKIUA KadoH OONLIAHFUY PYHKIMATA 3ra
OyJiaiv JleraH caBoJira Kyuuaaru TeopemMa »kaBob 6epau.

TeopeMa. Arap f(x) dyukuusa [a; b] kecmaza y3aykcus 6yiica,
y X0Ji7ia y 0y KecMaJia y3JIyKCU3 OyJiraH 001IJIaHFUY QYHKIUsra 3ra
oyau.
Bl Kyn xosnapga F(x) ¢yukuus f(x) GYHKUMSHUHT GONLIaHFUY
byHkuuscu 6yaaaurad (a; b) uHTepBaa KypcaTHaMaiau. bynpan
xouazaa (a; b) unrepBana cudatuga f(x) GYHKIUSHUHT aHUKJaHMII
COXaCH TYIIYHUJIAIH.
Bousianfuy GQyHKUUAHUHT rpaUrd UHTErpaja 3rpyd YU3MK, Jeb
aTajay.
AHMKMacC WHTerpaJ reOMeTPUK XKUXaTAaH uxTuépu C yrapmacra
OOFJIMK, OyJiraH 6apya HWHTerpajJ I3rpd 4YMU3UKJAP OUJIACUHU

ndoaananau.
2.2. AHUKMAC UHTETPAJIHUHI XOCCAJIAPH

10, AHMKMac HWHTErpajJJHUHI XOCWJIaCM HWHTerpajJ oOCTHUAAru

byHKUMSATA TEHT, TbHU

(/ FGOdx) = F).

A XaKHWKaTaH XaM,
(Jfx)dx) =Fx)+C) =F(x)+C' =F(x)+0=f(x).®
20, AHMKMac MHTerpaJJHUHT AudPepeHinaad HHTerpaJ oCTUAaru

ndoaara TeHT, IbHU

d (j f(x)dx) = f(x)dx.
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A XaKHWKaTaH XaM,

d([ f(x)dx) =d(F(x) + C) = dF(x) +d(C) = F'(x)dx = f(x)dx. 1

30, Bupop JYHKIUMSHUHT XOCWJIaCHMJlaH OJIMHTAH aHUKMac
WHTerpaj 1my GYHKIUA OWJIaH UXTUEPUM  Y3rapMacHUHT

fIHFHH,ZLHCPIFa TEHTI, A”bHHU

fF’(x)dx =F(x)+C.

40, Bbupop PYHKUHUSAHUHT AudPepeHIMaTNIaH OJMHIAaH aHUKMac
MHTerpajq 1my GYHKIUA OWJIaH UXTHUEPUM  Y3rapMacCHUHT

ﬁHFHHﬂHCHFa TEeHTI, A”bHHU

fd(F(x)) =F(x)+C.
A XaKMKaTaH XaM JudPepeHIMaJTHUHT Tabpupura Kypa
[dF(x) = [F'(x)dx = [ f(x)dx =F(x) +C.

50, Y3rapMac KynmalTyBYMHMU HHTerpasj OeJIrMCHJIaH TalllKapura

YUKapHUIl MYMKHWH

fa f(x)dx = a- jf(x)dx, a # 0 — y3rapmac.

60. OyHKIUAJAPHUHT aJireOpauK MHUFUHJAMCUAAH OJIMHTaH
aHUKMacC WHTerpaJ, my QyHKIUSJAPHUHT Xap OUpHAAH OJIMHTAH

aHWKMAaC MHTEeTpa/IJIapHUHT a/ire0pavK UUFUHAYMCUTA TEHT.

j 100 + fo()]dx = j £ (x)dx + f £, (0)dx.
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70. OyHKLIMYSAJAPHUHT ajJrebpavk auMpMacuJiaH OJIMHIaH aHUKMac
WHTerpas, my QyHKIUSAJAPHUHT Xap OUpPHUJAH OJUHTAH aHUKMac

MHTErpaJIJIApHUHT aJrebpavkK alupMacura TeHT.

f[fl(x) — f(x)]dx = ffl(x)dx —jfz(x)dx.

80, (MHTerpa//IallHUHT UHBAPHUAHTJIMK popMyJ1acu)

Arap [ f(x)dx = F(x) + C 6¥aca, y xonga [ f(w)dx =F(u)+C
6ysanu. By epaa u = @(x) —uxTHépuh GYHKIUS 6YJINO, Y3JYKCU3
X0cCuJiara ara.

90, Arap [ f(x)dx = F(x) + C 6ysca, y Xo/1Ja KyWHard TEHTJIUK
1
jf(ax+b)dx =EF(ax+b) +C.

ypuHau 6yaaau. by epaa a(a # 0) Ba b y¥3rapmac coHJap.

2.3. ACOCUH UHTETPAJIJIAP YKAJIBAJIU

1.fdu=u+C, C = const;

. 3@+
2. |u du=a+1+C; (a #—1)

du
3.j—= In|u|l + C;
u
au
4.ja”du=—+C;
Ina

5.je“du=e“+C;

6.jsinu du = —cosu + C;
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7.jcosu du = sinu + C;
8..[ tgu du = —In|cosu| + C;

9..[ ctgu du = In|sinu| + C;

10.[ du =tgu + C;
"] cos?u gu ’

11f W tgutcC
"] sin?u ctgu ’

du
12. = n|tg —| +C;

sinu
13.j du =j dx = In|tg (u 7T)|+C-
cosu sin (u + 72T) 4 ,
du U
14.] \/ﬁ = arcsin (E) + C;

du
15.-[ —_— = ln|u+\/u2ia2| + C;
Ju? + a?

du 1 u
16.] 712 & arctg (E) + C;

du 1 u+a
17.-[ az—u2=2a In y— + C;

du 1 u—a
18'juz—a2=2a i u+a + G

a u
a? u2+7arcsm( )+C
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2.4. ACOCUM UHTETPAJIJIAIN YCYJIJIAPU
2.4.1. TYFPUJIAH-TYFPU UHTETPAJUIALL YCYJIU

TyFpupaH-TYFpU MHTerpasulall yCyJura 6epuraH UHTerpas
octugard ¢yHKOUsA (éku  uUdoja) aHUKMAC HHTErpaJHUHT
X0cCcaJlapuJlaH KeJIub YUKUO OMTTa €KMW OMp HedyTa MHTerpasuiall
KaaBaauaaH  dougasaHub XUCcoOJlaHAAUraH  MWHTerpaJiapra
auTUIaM.

AHYMKMac UHTerpaJlHd TONUIJa Kyuugard suddepeHnyaa oCcTUra

KUPUTHUII aMaJuiaH porgasaHuIalu.

1
du =d(u+a), a=const du = Ed(a u), a#0
1 1
u-du=-=dW?), —du =d(lnuw),
2 u
cosudu = d(sinu ), sinu du = —d(cosu),
coszudu = d(tgu), sinzudu = —d(ctgu).

Ymyman osrasza, f'(u)du = d(f(u)) dopmynamaH 6Gab3u
X0JJIapJla UHTErpaiHU XUcobJsiamaa GpoujasaHuIaau.

MucoJinap:

b jx+3
(3x — 1)%°

2) j(3x—1)24dx=%f(3x—1)24 d(3x—1) = + C,

d(x + 3
j ( ) =In|x + 3|+ C,

x+3

25
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, cos’x 1 — sin®x
3) jctg xdxzj . dxzj_—dxz

sin?x sin2x
1 1
=f(sin2x_1) dx:fsinzx dx—f dx = —ctgx —x +C,
) S P CEL S DRI
= —-arcsin ,
%Tjﬂf NG z

Vs \/(2) ~(V3+x)"
5) fcos2 6x dx = %f(l + cos12x) dx =

1 1 1 1
= 5_[ dx +§J cos12x dx —Ex +ﬁ cos12x d(12x) =

1

1
—§x+ﬁ sinl2x + C,

dx 3 x—-D-x+2)
6) f(x—l)(x+2)__§f (x—1D(x+2) dx =

1 (x—1) . 1 (x +2) dy =
~ 3 -+ 3 G+ P

__jd(x+2)+ jd(x—l)
3

1 1
S 2|+ =lIn|x — 1| + C,
3] x+2 x—1 3l + 2]+ g inlx =11 +

sin x dx d(cos x)
7) jtgxdx=j =—j—=—ln|cosx|+6,
COS X COS X

cos? % + sin? % cos? %
8) dx = dx +
sinx 2 sinz cos£ 2 sin£ cosE
2 2 2 2
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Sinzg cos% x Sin% x
+j . xdx=j—xd(—)+f 2d(5) =
2Sin= COS= Sin= 2 coss ‘2
2 2 2 2

=fctg§d(g)+jtg;d(g)=ln|sin ;|—

—In |cos ;| +C=1In |tg;| + C,

dx
) jctg5x - sin?x f(c g x)—" d(ctgx) 4 ctg*x *

10) f<4x3— > +31"x>dx=4j x3dx—5f d(Zx) _
cos? 2x 2 ) cos? 2x

5 31—x
—jSl_xd(l—x)=x4——tg2x— + C.

2 In 3

Jlemak, 6eBoCUTaA MHTerpaJljalll XXapaéHuJa Xap 6Up UHTerpaJ
oCcTHJAru QyHKUUsAra ajgoxyja EHJalIUIl OpKajJd YHHU KaJBaJ

HHTEerpay épJlaMuia XucoobaaHau.

2.4.2. AHUKMAC WHTETPAJIJIA Y3rAPYBUWUJIAPHU
AJIMALITUPHUI

Arap [ f(x)dx wuurterpasmnu xucobsamzga f(x) Mypakka6
byHKIuA Oysca, x = @(t) ajJMamTHpull oJaMu3. by epna
@ (t) —byHKIMSA Y3JyKCU3 X0CHJIara ara. Y xoaja, dx = ¢'(t) dt Ba
acocMi MHBApUaAHTJIMK X0CCacUra Kypa Kynuaaru popmyJia ypuHIN

oysanu.

[roax= [ flow- @

By  dopmysara  aHMKMac  MHTerpajja  y3rapyBu4WJapHU

aJMalITApUIl popMmysacu Aerunaagu. UHTerpan xyvcobsiaHTaHaH
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KEMUH TEHIJIMKHUHI YHI TOMOHHWUJATWA SIHTY y3rapyB4Yu t 3CKA X
y3rapyB4uWra KeJTHUPHUIALHU.

Mucosnap:

X
1) jeZ dx WVHTerpaJH{ XACOOJIaHT.

X
Eyuni: L=t OesruJialll KUPUTAMM3 Ba HUHTErpajjaru Oapya X

y3rapyBUYMJIapHUA SIHTH t y3rapyB4d OyWuH4ya €3aMu3. Y xoJija

x = 4t, dx = 4dt. Tonuarad upoaasapHu UHTerpara KyssMus.

X X
fezdx=4fet dt = 4et + C = 4e4 + C.

2) fx-\/x — 3 dx UHTerpaJiJHu XUCOOJIaHT.

Eyunr: vx — 3 = t 6esrusiall KUpUTaMU3 Ba MHTerpaJigaryu bapya x
y3rapyBUYMJIAPHU SIHTH t y3rapyB4M OyrHr4a €3aMus.
V xonga x—3=t>>x=t*>+3, dx=2tdt. By udoganapuu

WHTEerpaJ/ira KysiMmus.

fx-\/x—B dx=j(t2+3)-t-2t dt=2](t4+3t2)dt=2Jt4dt+
5 3

t 2 5 3
+6jtzdt=2-§+6-?+6=§(x—3)§+2(x—3)7+6.

3) fx (x + 2)19° dx wuHTerpasHu XxHUcob/1aHT.

Eyumn: x + 2 = t 6earusami KUpUTaMuU3 Ba UHTerpajgaru 6apya x
y3rapyBUMJIapHU SIHTU t y3rapyBuH OyiHr4a €3aMus.
YV xonma x+2=t=>x=t—2, dx=dt. Ywby wudoaansapHu

WHTerpaJira KyssMus.

102 t101

— . +100 — 101 _ 100 — _ —
j(t 2) -t dt jt dt th dt 102 2101+C
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(D2 2 (x4 2)10

102 101 e

dx
4 HUHTEIrpajilHu I/ICO6JlaHI‘.
) j ) p X

Eunm: e* =t OGenarwiam KUpPUTAMMU3 Ba HMHTerpajjard 6apdya
y3rapyBYMJIAPHU SIHTH t y3rapyB4M Oyrn4a €3aMus.

d
Yxongae*=t=>x=1Int, dx = Tt Ba Oy TonujraH udojasapHu

HUHTErpaJira I{yHMI/B.

dt

fdx_T_fdt _jdt_f dt
e*+1 Jt+1 Je(@+1) Jtz2+t t+12 -

1 1 1
) d(t+3) 1 A | B (I
__f 12 12__2.1nt+1_1+ __n’T—i_ a
(E) ‘(”i) 2 2 2
X
—ln—‘+C=ln + C
t+1 erX + 1

2.4.3. AHUKMAC WHTETPAJIHU BYJIAKJIAB UHTETPAJLJIAILL

@®apaz kKwaawauk, u=u(x) Ba v =v(x) QyHKUUAIAD
auddepeHnaianyBYu QYHKIUsAAAP OYJICUH. Y X0/1/1a YIIOY
dlu-v) =u-dv+v-du
TEHTJIUK YPUHJU OYIU0, YHU HHTErpasiaab

KyHWuAaru MyHocabaTHU XOCHUJ KAJIaMU3:

fu-dv=u-v—fv-du.
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Ymby ¢opmysiara aHUKMac UHTerpasiHA OyJiakjab HMHTerpaJiaul
dbopmysiacu gernaany.

Bynakna6 wuHTerpasiam ¢opMmysiack 6GepuaraH HHTerpas
octugaru HUdoJia KaHAAUAWP HKKHUTA U Ba dv QYHKIUSHUHT
KylmauTMacu OyJraH xoJuiapia KyJulaHWaaau. bab3u xosapna,
Oepu/raH MHTerpasj y4yH OyJiakjab HHTerpasjail ¢popMyJiaCUHHU
Oup Heya MapTa KyJ/IJIalllMMU3 MYMKHH.
bysnaknab wuHTerpa/uiaml KyJau OYJIWIIA y4yH 0ab3U XyCyCHUH

XOJIJIADHU KypCaTaMU3:

1. Yoy,
j P,(x) e**dx, j P,(x) a™* dx,
f P,(x) - sinfx dx, J P,(x) cosBxdx

KypuHHIIZAaru uHterpaiapgaa (B, (x) —kynxaa, «, [ —y3rapmac
conysap) u = P,(x) pne6, KosraH 6apya KWUCMHHH dv [eb

OoeJIrMJIaHaH.

2. Yoy,
j Inxdx, j arcsinx dx, j arctgx dx.

KYpUHHUIIJArd UHTerpawaapga. dx = dv  aeb, KoJraH 6apua

KUCMHUHU U JAeb 6earuaaHau.

3. Yoy,

j P,(x) In"x dx, f P, (x) arcsinx dx, f P,(x) arctgx dx,
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KypUHHIIZAAru uHterpaiapaa B, (x) dx = dv ne6, KosraH 6apya

KUCMHUHU U JAeb 6earuaHau.

4. Yoy,
j e -sinfx dx, f e“* - cosfx dx,

KYPUHUIIZAATY UHTerpa/iapaa (a Ba f —y3rapMac consap) u = e**

byHKIMSA 6earuiaHagy, Koaraiu dv ge6 oJIMHaau.

Mucosnap:
1. [(2x + 1) e3* dx wHTerpaJHu XUCOGJIAHT.

Euunmr:

u=2x+1>=>du=2dx 1

1 ., =(2x+1)§e3x—

3x —
j(2x+1)e dx = dv=e3xdx=>v=§e

_jl.e?’x2dx=1(2x+1)33x_233x+(;
3 3 9 '

2. [Inx dx wHTerpaJHU XUCOOGJIAHT.

Euumr:

jlnx dx =

X
=x-ln|x|—x+C=x(ln|x|—1)+C=xln|z|+C.

1
u=lnx=>du=;dx

1
=x-ln|x|—jx-—dx=
dv=dx>v =x x

3. [x%e* dx wHTerpasHu XUCOBJIAHT.

Euu:

2
= > =
szexdx= u=x N du Zxdf =x2-ex—2fx-exdx.
dv=e*dx>v=c¢e
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By epma [x-e*dx wHTerpajHuM sHa 6GUp MapTa GyJaK/ab
MHTerpajiaiMus.

u=x>=du=dx |
dv=e*dx > v =e*

jx-exdx= x-ex—jexdx=x-ex—ex+C.
JleMak,

jxzexdx=x2-ex—2x-ex+2ex+C=(x2—2x+2)ex+C.

4. [arctgx dx wHTerpajHu XHUCOBJIAHT.

Euyumm:
1
jarctgx dx = u—arctgx:»du—mdx N
dv = dx = V=X
1 1 d(14x?
=>xarctgx—fx-1+x2 dx =xarctgx—5f%=xarctgx—

1
—Eln(l + x2) + C.
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2.5. PAHUOHAJI ®YHKLIWAJIAPHU UHTET'PAJLJIALLL
KYTIXAZ TYIIYHYACH
Yoy,

P(x)=agx"+a; x" 1 +a, x" %+ +a,_1x +a,
KYpPUHULIAATU byHkuuara kynxag (kM OYTyH paluoHasI
byHKUuMA) gekusaagu. by epma, n —Hatypan coH, a;(i=
0,1,2,...,n) — y3rapMmac Ko3dPUIUEHTAAP. N — COHM KYNXaJHUHT

Jlapakacy Aeruaau.

2.5.1. KVTIXAJTHUHT WIAU3U

P, (x) KynxaIHUHT UIJU3H Jeb MyHJal X, COHra alTUIaJIUKH,
arapjia 6y COHHU Kymnxazra Kyucak, B,(x,) = 0 6yagu.
1-TeopeMa. Arap x, coH B,(x) KynxaAHUHT UJIJU3HU 6YJica, y X042
KynxaJ X — X, Ta KOJJAWKCU3 OyJHWHAJAM Ba YHU KyHHJaru

KYPUHHIIAA E3UIT MYMKHH.
Py(x) = (x — x¢) * Ppq (%),
oy epaa, P,_;(x) xynxazg (n — 1) gapaaJu.

2-Teopema. (Anre6paHMHr acocMi TeopeMacH) Xap KaH/au
n —aapaxkanu(n > 0) Kynxaz xed 6yJMaraHza OUTTa XaKMKUH €KH

KOMIIJIEKC WJIJU3Ta 3ra 6y1aju.
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3-TeopeMa. Xap kKauma P, (x) KynxagHu KyHHJard KypUHUIIAA

udojasaliuM1U3 MyMKHH.

Fu(x) = ag(x — x1)(x = x2) (x = x3) ... (x — xp),

Oy epaa, Xq,Xg,X3,...,Xn, —KYNXaJHUHT WJIAU3JIAPH, Ay —KyNOXa/-

HUHT x" XaJiM OJIAUAAru KoapPUIIMEeHTH.

Mucous: Yoy
P;(x) = x3 — 2x% — x + 2 KyNIXaJHU KyNalTyBYMUIAPra a>KPaTUHT.
Euypum: P;(x) =x3—2x? —x+2 «xkynxag x=-1, x =1, x = 2.

JlapAa HoJira TeHr 6ysaau. lllyHra kypa,

x3—2x>—x+2=(x+1Dx-1D(x-2).
4-Teopema: XakuKuih KO3QQPUUMUEHTIA HUXTUEPUU KYNXaJHU
XaKUKUH KO3 PULIMEHTIN YU3UKJIHU Ba KBaJpaTHUK
KyIauTyBYMJIapra éMuil MyYMKUH, IbHU

Py (x) = ao(x — x) 1 (x — x)" 2 (x — )% . (x — ) -
S+ p1x 4 q) % (X% 4 prpx + gp)

Bynga, ki + ky + ..+ k. + -+ 14+ 2(s; + 55, + ...+ 5,,) = n 6yaHO,
6apya KBaJpaT y4yxa/Jjap WJAu3ra sra aMac.

Mucosnap:

Dx*—1=0x-Dx+ 1D+ 1).

2) x3—16x = x(x*> —16) = x(x — 4)(x + 4).

) x> —6xt+9x3 —x2+6x—-9=x3(x*—-6x+9)— (x?—6x+9) =
=(x?—-6x+Dx>-1D)=x-3)2?"(x—-—1DE*+x+1).
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2.5.2. KACP-PAITUOHAJI ®YHKLHUAJIAP

Kacp-panuonan ¢yukuusa (€ku panuoHaa Kacp) /[eo,

KyWHUJaru MKKY KYNXaJHUHT HUCOATUTra auTUIaaU, SbHU

Pn(x)
Qn(x)’

fix) = (1)

oy epma, P,(x) — m pgapaxanu kynxazn, Q,(x) — n papaxanau
KYIXaJl.

Arap (1) pamuoHas Kacp, CypaTHHUHI Japakacl Maxpa’KHHUHT
JapaxacuzaH KU4UK (m < n) 6yJsca, yHra TYFPU paLAOHA] Kacp
Jeiniam.

Arap (1) pamuoHas Kacp, CypaTHHUHI Japakacl Maxpa’KHHUHT
JlapakacuJlaH KaTTa €kd TeHr (m =mn) OyJica, YHra HOTYFpPH

pPallHOHaJI KaCp ,qei?mna,qn.

Xap KaHpgau % HOTYFPU PpalMOHa/ KAaCPHUHT OJaTAarujex
R
Q(x)

KaCpHUHT MUFUHAUCH KypUHHUIIKAA Udoaasall MyYMKUH, SbHU

CypaTUHM Maxpaxkura 6ynub, L(x) OyTyH Kynxaz OuiaH TYFpU

MucoJ1. Y6y
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P(x) x*-5x+9
Q(x)  x—2

HOTYFPHU palMOHa/J KacpHM OYTYH Ba Kacp KHUCMJIapra aKpaTHHT.

Euynm. KacpHUHT cypaTUHU Maxpakura 6yJaMu3.

x* —5x+9 ‘ x— 2
xt -2 ‘x3+2x2+4x+3
2x3 —5x+9
2x% — 4x?
4x* —5x+9
 4x? — 8x
3x+9
 3x—6
15.
Bynga, L(x) = x3 + 2x? + 4x + 3 xynxas Ba R(x) = 15 KoUK,
HaTmxana,
x*—5x+9

15
=x3+2x*+4x+3+——.
X — 2 X — 2

2.5.3. 9HT COJLJIA TYFPU PALIMOHAJ KACPJIAP

Yoy, KypUHUIIIaryd paijoHaJsl KacpJjapra

D —;
X a
4 k>2 k :
(). oo (22 keN)
am. XY pr g <o),

x?>+px+q
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Mx + N

(x2 + px + @)k (k=2, D=p*—4q<0),

(IV).

(D, (1), (1), (IV) Tungard 3HT coAjJa  palMoOHaJ] KacpJiap

neuunanu. by epaa, A,a, M, N, p,q —XaKUKUU COHJIAP.

. P(x) . .
dapas KuJanJIuK 00 TYFPU Kacp OepuJraH OyJub, Maxpax

KyHHuaarvia KynanuTyB4YHWJIapra axxpajiraH OyJCHH.

Qx) = (x—x)M - (x —xp)*2 s (X% + pyx + q1)% oo (X% + DX + Gr) ™

P
Teopema: Xap KaHzau % TYFPU KaCpHU KyWHUJAry coAa KacpJjiap
MUFUHAMCU KypUHUIIKAA ndoJaiall MYMKHH.
P(x A A A
( ) — 1 2 ~ T #k +
Q(x) x—x1 (x—x4) (x — x1)"
B B A
+ 1 + 2 + ...+ #k + ...
x—x;  (x—x3)* (x — x3)%2
Cix+D Cox+D Cs, x+ D
."+ _ 1 1 + - 2 2 2+.”+ ; S1 S1
x> +pix+q; (x*+pix+qq) (x? + p1x +q)%
M, x + N; M, x + N, Mg x + Ng

- X2 + PmX + qm * (X2 + ppx + q)? o (X2 + pX + G)m

by epna A4, 4,,...,B4, By, ..., C;, D1, ..., My, Ny, ... aHUKJIAHUIIU

3apyp OyJiraH HOMa'bJIyM XaKUKAH JOUMUU KO3QPULIUEHTIAPAUD.

MucoJinap:

0. x% + 4 _ A N B N C N D
(x—2)(x—3)3 x—2 x—-3 (x-3)?2% (x-3)3

2. x3+1 é_I_B Cx+D

x?(x?+1) x x* x?+1
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7x*>+8x+9

D DGR rx D
_ A N B N Cx+ D N Mx + N |
x—1 x—-2 x?+x+1 (x?*+x+1)?
. 3x + 4 =é+ B N C |
x(x+5x-7) x x+5 x-7
5), x% + 3x __Ax+B +Cx+D.
(x? —3x+5)(x?+4) x?-3x+5 x2+4+4
6). 3x _ A N Bx + C |
x3—-8 x—2 x?2+4+2x+4

2.5.4. HOMABJIYM KOI®OULIMEHT/IAPHU TOIMLII
KOUIAJIAPH

1. TEeHTJIMKHUHT VHT TOMOHU YMYMUW MaxXpakra KeJITUPUJIA/IH.

2. TEHIJIMKHUHT YHT Ba 4Yall TOMOHJIAapUJAru Maxpaxkjap OUp XuJ
OYJraHJUTUM Y4YyH Talljaab oO60opuaagu, VHT Ba 4Yall TOMOH
CypaTJlapuHU TEHTJAIITUPUO, aWHUSAT X0CUJ KUJIaMU3.

3. [Jlapaxkasapu OWUp XuJ OyJraH y3rapyBuwJap OJIUJaru
K03bPUILIMEeHTIapHU TEHTJIAIITUPUO, HOMa'bJIyM
K03bPUullMeHTIapJaH Ty3UJIraH CUcTeMara KeJaMus.

4. CuctemaHu edub HOMa'bJiyM K03 dulleHTIapHU TONMAMHU3.

5. TonunaraH ko3QQUIMEHTJAPHU TEHIJIMKKA KyHMHuO, TYFpHU
palMoHa/ KacpHUHI CoAJa KacpJap HWUFUHAUCHU KYpPUHUIIWHU

XOCHJI KUJIaMU3.

Mucou 2x%2-3x-3 .
. KAaCpHU CO d KacpJia UUFUHIUCU
(x—1)(x2—2x+5) p Al pJ1ap A

KYpPUHHUIIKUAA UPOAIaHT.
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Euuir: Teopemara kypa,

2x% —3x —3 A N Bx+C
(x—1®2—-2x+5 x—-1 x2—-2x+5"

TeHrMMKHUHT YHI TOMOHHWJAru HWUFUHJAUHU YMYMUU Maxpaxra

KeJITUPAMH3.
2x%>—3x—3 AP =2x+5)+(x-1(Bx+0)
(x—1)(x2—-2x+5) (x —1)(x%2 — 2x + 5) '

YHr Ba 4an TOMOH CypaTJIapUHU TEHTJIAlITUPAMU3

2x%> —3x —3=Ax? —2Ax +5A+ Bx> —Bx + Cx — C,

ADBHY,
2x>—=3x—3=A+B)x*+(-2A—-B+C)x+ (54— 0C).
Avinuatgarn - x%,x!  Ba  x°  y3rapyBumnap  osagmgaru

KO3)PUILIMEHTJIApHU TEHIJIAIITUPUO, KyMUJaru CUCTEMAaHU XOCHJI

KHJIaMH3.
x?: 2=A+B,
x| =3 =—-24—-B +C,
x0: —3=5A-C.

Cuctemanu euun6, A = —1, B = 3, C = —2. JJapHU XOCHUJ KAJIaMHU3.

JleMak, 6epuJiraH TyFpU palMOHaJ Kacp KyWuAaru coaja KacpJap
MUFUH/MCU KypUHUIIKIA nboJalaHap SKaH.

2x%2 —3x—3 -1 N 3x — 2
(x—1Dx2-2x+5 x—-1 x2—-2x+5"

3x—4
Mucour. KaCpHU coaJa KacpJa UUFUHIUCHU
x(x—2)(x+1) P ga pJap a

KYpPUHHUIIKUAA UPOAIaHT.

Eyuimr: Teopemara kypa,
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3x—4 A B ¢
x(x—2)x+1) x x—-2 x4+1’

3x — 4 Al =2)(x+ 1)+ Bx(x+ 1) + Cx(x — 2)
x(x—=2)(x+1) x(x—=2)(x+1) ’

3x—4=Ax—-2)(x+1)+Bx(x+1)+ Cx(x — 2),
3x—4=A(x*—x—2)+B(x? + x) + C(x? — 2x),

3x—4=(A+B+C)x*+(—A+B—2C) x* + (=24)x"°.

A=2,
x%| 0=A+B+C, gl
x:|3=—-4A+B-2C,» = 3’
x9: —4 = —2A. 7

C=—-=.

3
Jlemak,
1 7
3x — 4 _2+ 3 3
x(x—=2)(x+1) x x—-2 x+1

2.5.5. CO4JA PALIUOHAJI KACPJIAPHU UHTETPAJIJIAIII

Juau wkKopugaru keatupuarad (1), (II), (III), (IV) tungaru
SHI COAJA  palMoHaJ KacpJapHU HWHTerpajjiail MacaJlacCHHH
Kapanmus. bynzaa (I), (II) Typaaru coama pamydoHas KacpJapHUHT
WHTEerpaJiv TYFPUAaH TYFPU HHTErpaiall »kaJBaJiura Tylaau.

d(x —a)

A
I. j dx =A | ————=Aln|x —a| + C,
X—a X —a
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(x _ a)—k+1

A - —_—
ll.jmdxzflj(x—a) kd(x —a) =A 1 +C,

Mx+ N .
III. I = j > dx WHTerpaJHU XUCO6JaNMuU3.
x*+px+q

KacpHUHTI MaxpaXUHU TyJia KBaApaTra axKpaTaMus:

Mx+ N
sz dx,
(

2% _p*
x+7) +q-5

2
oy epaa, q —pT> 0 ©6ysub, xucobOJialll OCOH OYJHIIKA Y4YYH,

q— p: =a? O6wiaH 6eiarwnab osnamus. MHTerpanga x + g =t

aJIMalITUPHUIN 6akapaMu3. Y xonjga x =t — g, dx = dt.

HaTtwxana, wKopuaa O6epujraH HUHTerpaj KyHUJaru KypUHUIIra

KeJaau:

Mx+N Mx+ N
sz > dx=j > s dx =
X+ px+q (x+2) +q—p—

2 4

M(t—%)HV t dt M-p dt
=j dt=Mj o+ (V-5 )j

t? + a2 t2 + 2 +aZ
M M - 1 t
=—-ln(t2+a2)+(N——p>-—arctg—+C,
2 2 a a

2
JHAM X y3rapyBYyMra KamTaMus, q — p: =a’ Bax +§ =t JlapHU

MHoOaTra oJin6, yuoy popMyJaHU X0CHUJ KAJIaMU3.
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Mx+ N
Izj > dx =
X+ px+q

M-p
N_T

2
-5
Mucos. UHTerpasHu xvcob6J1aHT.

f 3x+1 i
x%2+2x+ 10 x

Eunm: Kacpuunr maxpaxku x2+2x+10= (x+1)>+9 6y.m6,

M
== In(x*+px+q) + - arctg + C.

) =
| +
NS
SRS

oyHaa x + 1 = t 6earusam Kuputamus, x =t —1, dx = dt Ba
3x +1 3(t—1)+1 tdt dt

[ o= | Y LY
x%+ 2x + 10 t2+9 t2+9 t2+9

3 2 t
=3 In(t? +9) —garctg s+ C 6yau6, t =x + 1rakypa

+ C.

f b1 _31(2+2 +10) 2 o ox+1
X2+ 2x+ 10 F Ty T 3 Y93

IVI-_[ Mx+ N
) (2 4 px + )k

dx WVHTerpaJiHu X¥uco0JIaMHu3.

2
Byuma, k=2, q — p: > 0. by wuHTerpanja XaM HKOpUAATUJEK,
X +§ =t=> x=t-— g, dx = dt, ajaMalmTUpuil OGakapaMus.

HaTwxaga, 6epusiraH UHTeErpaJ]l MKKUTA WHTErpaj WUFUHJUCUTA

KeJaJu:
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I_j Mx+ N q _j Mx+ N dx —
T T ) P2 21 X =
Kx+ﬂ +q—z1

M —
=j (g +a2)k =M j @ id;)k Mp)J @ fiﬂ)k'

6yHga, q —— = a?.

BupuHYMU UHTErpa/IHU XUCOOJIAUMU3:

1

tdt
J v - f“2+“)k“”+“) 20—+ a1t

WKKMHYU UHTErpaJHU XI/ICO6JIaI/IMH3:

(t? +a?) — 1
j (t* + az)" azj (t2 + az)" e = ?(f (t2 + a2)k-1

t? dt t? dt
f(tz aZ)k) ( f(tZ aZ)k)

OXYpruv MHTerpaJiHu 0yJiak/ab UHTerpajiaiMu3,

tdt
u=t, dv=m, du=dt,
1
2(1 — ) (t? + a?)k1’

= %j(tz +a?)*d(t? + a?) =

Y xonaa,

t? dt ¢ . )
,[ (t% + az)k 20— k) (2 + a1 2(1—k)J (t2 + a2)k-1
1
2(1 — k)(tz + a2)k—1 - 2(1 _ k) =
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HaTwxazma, ToOmW/AraHJapHM MKKUHYM  UHTErpajra Kyuuo,

Kyuugaru peKkypeHT ¢popmyJiara KeJaMus.

_ 1 t 1
Jie= gz (Jes - 20 -E+ a1 20-h i)

€KU

B 1 (2k—3 N t )
]"_az 2k—2]k_1 2(k — D) (t2 + a?)k-1)"

By pekypeHT dopmysia k > 1 HaTypas COH OyJraHza UXTUEPUUN

WHTEerpaJiHU XMCcobJ1alll UMKOHWHU 6epajiu.

Mucos. UHTerpasHu XMCcoOJIaHT.

dt
O fersv

Eyum: 6ynzaa, a =1, k = 3 6yaub wkKopuaaru opmyJiara Kypa,

uy —
Ji = t2+1—arch ,

dt 2:2-3 t
lzzf(t2+1)2=2-2—2]1+2-(2—1)(t2+1)=
1 t
=Earctgt+—2(t2+1)+(],
3 t t 3 /1 t
]3ZZ]2+4(t2+1)2=4(t2+1)2+Z(§arCt‘gt+2(t2+1)>+C'

2.5.6. PALIUOHAJI KACPJIAPHU UHTET'PAJIJIALI
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By MaB3yaa  wKopuaa  ypraHraH  MabJayMOTJiapAaH
dongasaHub palyoHas KacpJlapHA HWHTerpaujiam KOWJaCUHH

ypraHaMus3.

1. Arap kacp HOTy¥pu OyJica, y X0/[ja YHHM KynxaJ Ba TYFPHU Kacp
MUFUHUCUTA KeJITUPUJIAIH.

2. Ty¥pu KaCpHUHT MaXpaXKMHU KyNaWTyBUYMJApra aXKpaTUaaiu Ba
KaCpHH COZJla KacpJjap UUFUHAUCU KYPUHHUIIUTA KEJTUPUJIAH.

3. UHTerpan ocrujarv KynxaZ Ba coAJa KacpJap WUFUHAUCU

HMHTErpaJiJianaHn.

Mucou: UHTErpa/siHu XUCOOJIaHT.

dx .

fx5+2x3+4x+4
x* 4+ 2x3 + 2x?
Eunm. WHTerpas octugarv GyHKIUMAHU 6YTYH Ba Kacp KMCMJapra

a’KpaTaMHus.

x5+ 2x3+4x+ 4 ( 2)_|_4x3+4x2+4x+4
= (x —
x4 4+ 2x3 + 2x2 x4 4 2x3 + 2x2

)

YHI TOMOHJArd TYFPU KacpHM COAJA KacpJjap WHUFUHIUCU
KYpUHHUIIKWAA UPoaaiaiMu3.

4x3+4x2+4x+4_4x3+4x2+4x+4
x4 4+ 2x3 +2x2 x2(x242x+2)

+—+ ,
X2 x24+2x+2

A B Cx+ D
X

4x3 +4x2 +4x+ 4= Ax(x? + 2x + 2) + B(x*> + 2x + 2) + (Cx + D)x?,
4x3 +4x°> +4x+4=A+C)x3+ QA+ B +D)x? + (2A+ 2B)x + 2B,

AHUATAAH ylIOy TeHIJIaMaJiap CUCTEMAaCUHU Ty3aMMU3.
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A+ C =4,

2A+B+D =4, _ B ~ ~ B
24428 <4 =>OVHAA, B=2, A=0, (=4, D=2.
2B = 4.
4x% +4x* +4x+4 2 4x + 2

-+ )
x%(x?% + 2x + 2) X% x24+2x+2

Ba HaTW)KaJla HWHTerpaj OCTHJArd palyoHajJ Kacp Kyhujaruda

€3uJIaiy,

x>+ 2x3+4x+ 4 ( 2)+2+ 4x + 2
= (x — — .
x4 4+ 2x3 + 2x2 x2  x242x+2

XOCI/IJ'I KHWJIMHTI'aH TEHIVIMKHH HHTeraJIJIafIMPIB.

jx5+2x3+4x+4d _j< 2+2+ 4x + 2 )d B
x4+ 2x3 + 2x2 X = x x2  x24+2x+2 X =

_x2 , 2+ 4x + 2 p
T2 T GrDZ+1

Bynpa, x + 1 =t Gearuaam KHpuTaMu3, yxoaga x =t —1 Ba

dx = dt. Y xonga:

4x + 2 p _J4t—4+2dt_4j tdt Zf dt
(x+1)2+1 X t2 +1 )2+ t24+1

=2In(t? + 1) — 2arctgt + C => (t =x+ 1) =>

= 2In(x? + 2x + 2) — 2arctg(x + 1) + C.

JleMak, MycoJ1/1a 6epUJITaH UHTErpas Kyuugarura TeHr 0yJiaiu.

jx5+2x3+4x+4d _x? , 2+ 4x + 2 e
x* 4+ 2x3 + 2x? *=7 * T (x+1)24+1 x=
x? 2 N

=7—2x—;+21n(x + 2x + 2) — 2arctg(x+ 1)+ C.
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2.6. TPUTOHOMETPHUK ®YHKIIUAJIAPHU UHTET'PAJIJIAIL

bab3u TpuUroHOMeTpUK (QYHKLUAIAP HIITUPOK ITraH
bYHKIMSIapHU WHTerpajijalHu KapanMus. Panponan
amasuiap(Kyumui,  alvdpull,  KyNauTUpPUII  Ba  OYJIHWIN)HHU
KAaHOATJIAaHTUPYBUM Sinx Ba COSX Y3rapyBuWjap KaTHalIraH
byHkuusaHu  R(sinx;cosx) opKaiu 6GearusaHaau. by epaa
R —pauuoHas pyHKIMS.
Ky#hugary, [ R(sinx; cosx)dx KypuUHUIIAArM HHTErpasiap
x_
Q]E-—t
yHUBepca aJIMalITUPUII épAaMUia TPUTOHOMETPUK PyHKILUsIIAP
KaTHalIMaraH panoHas OYHKIUSAHU MHTerpaJsiiamira

KeJTUpHUuaain.

XaKWKaTaH XaM,

sinx sin (2 -E) ZSiTlECOSE 2tg d 2t

o _ 2 _ 2 2 2

ST T m2X 1 cos2® sin2X 1 cos?y 1 +tg2X 14t2
sin®= +cos®  sin“~ +cos*5 9°>
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cosx 605(2-%) _coszg—sinz%_ 1—tgz%_1_t2

1 op2X 2 X 2% 2X 2 X 14 ¢2’
sin 2+cos 5 Sin 2+cos 5 1+tg 5

COSX =

tx—t—> X tgt =>x =2 ttd—Zdt
g7 =t => o =arctgt =>x = 2arctgt, x—1+t2.
Jlemak,
, 2t 1—t%\ 2dt
jR(smx; cosx)dx = fR 1)1 e le(t)dt.

By yHuBepcasn ycys aMaJMéTAa aH4Ya MexHaT TaJjab KuJaaJau
JIEKUH Xap /JlOMM HaThara oJsiu6 Kesaau. bab3aH HHTerpasn
OCTHUAATH OYHKIUSAHUHT xoccajapujiaH dorganaHmo,
fR(sinx; c0Sx)dx WHTErpaJHU X{UCOOJIalllHUA COAJaIall TUPHII

MYMKHH.
1. Arap R(sinx;cosx) ¢pyHKUMA Sinx PyHKUMUATa HUCOATAH TOK
byHknus, AbHU R (—sinx; cosx) = —R(sinx; cosx) 6yJca, y XoJ1a
cosx = t aJIMAaITUPHUII UHTErPaJHU paljdOHaJJIallTHPAH.

2. Arap R(sinx;cosx) ¢yHKuMsA cosx GyHKIUATa HUCOATaH TOK,
byHkIus, IbHU R (sinx; —cosx) = —R(sinx; cosx) 6yJica, y Xoaaa
sinx = t aJIMalITUPHUII UHTETPAJHHU paljMOHAJIAIITUPA/IH.

3. Arap R(sinx;cosx) ¢yHKIUA Sinx Ba cosx QyHKLUsIapra

HUc6aTaH XyPpT GyHKIUdA, AbHU R(—sinx; —cosx) = R(sinx; cosx)

oyJICa, y XoJ1/1a tgx =1 aJMalITUPULL UHTEerpajHu
panyoHaIallTUpagH.
MucoJsinap.
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dx
3 + sinx + cosx

1. Ywoy j MHTEerpajHu XUCOOJIAHT.

X
Euyuin. by muconpa tg 5= t YHHBepcCaJ aJIMallTUPHII OJIaMH3.

2dt , 2t 1—t?
—F, Slnx = , COSX = .
1+ t?2 1+ t?2 1+ t2

dx =

HaTtmxkana,

f dx _ f 2dt
3 + sinx + cosx ) 2t 1— t2>
(1+t)<3 T+ 1+

arctg——=+ C =

[l d(t+3) 2 43

t2+t+2 N 7 ¢7 V7
()45 T
2 1+ 2tg5
= —arctg——=+ C.
A
dx
2. Yoy jm MHTETrpaJIHu XUCOOJIAHT.

Euynm. By mucosiga

1 1
1+ (=sinx)? 1+ sin?x

R(—sinx; —cosx) = = R(sinx; cosx).

o6yau6, tgx = t aAMalITUpUILZAH poiiasaHaMus. [leMak,

dt - tgix t2
Ba SIn“x = = .
1+ t? 1+tg?x 1+t2

dx dt ~ d(vzt)
fm‘f(1+t2)<1+ tZ) f2t2+1 f(\/ft)2+1_

1+ t2

x = arctgt, dx =

1 1
= —arctgV2t + C = —arctg(\2tgx) + C.
arctg NG g(V2tgx)
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dx

3.Yuby | —— WuHTerpajHu XHACOOJIAHT.
coSx

Eynm. By wuHTerpasHu Xyco6Jianijia tg§=t yHUBepcaJ

aJIMalITUPHUIIAH GpoUIaJlaHAMMU3.

. 2dt 1-¢°
tgizt =>x=2arctgt, dx=1+t2’ COSx=1+t2

TONMWJITAH aJIMAIITUPULIJIADHY UHTErpasira KysiMus.

2dt
jdx_JW_zf dt_zf dt_zf dt B
cosx ) 1—t% 1—1t2 t2—1 t-Dt+1)
14 t?
X
_ j( 1 1 )dt— Lk D L t9§+1+c_
N VISR "t+1_"t—1_"tg%_1 B
X A
=ln|tg(z+z)|+6.

fsinmx-cos"x dx KYypUHMUIIJAru WHTErpaJHU XUCOOJIall.

a) Arap n — 6yTyH Myc0OaT TOK, COH 0yJica, sinx = t a/IMallTUPULL,
6) Arap m — 6yTyH MycbaT TOK COH OyJica, cOSX = t aJIMallITUPHULL,

B) Arap m Ba n —mMmycbaT KyPT coHsap OyJsca, AapakaHH

navcautTupuil popmysianapusiad GoruaasaHuIaau, IbHA
2 1 2
cos“x =7 (14 cos2x), sin“x = 5 (1 — cos2x).
r) Arap m + n —maHbuM KyPT coHJIap OYJICa, Y X0J1[a UHTETPAJTHU
Tonuiga tgx = t aamamtupuiaad GorugasaHUuMAgN.

Mucosiap.

1. Yiuby uHTerpasiHu XMcoO6JIaHT.
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j sin*x - cos®xdx .

Eyum. m =4, n =5, sinx = t 6earujai KUpUTaMU3.

dt
x = arcsint, dx = ﬁ, CoSx = \/1 — sin?x = \/1 — t2.
—t
jsin‘*x-cosSxdx:jt4-(\/1—t2)5 at =jt4-(1—t2)2dt=
V1 —t?
1 2 1
= [(t* =2t +t¥)dt=-t>—-t"+-t°+C =
J =gt =5+
1 2 1

= —sin®

.7 . 9
x—=sin"x+—-sin’x + C.
5 7 9

2. Ym0y WHTerpaJHU XHUCOOJIaHT.

jsin‘*x - cos?xdx .
Eyunin.
jsin“x -cos?xdx = j(sinx cosx)? - sinxdx =

1 1 1 1[0
= jZSLnZZx 5 (1 — cos2x)dx = gj sin?2xdx — §_/ sin?2x cos2xdx =

—1f1(1 4x)d 1f’22d'2 =
=33 cosdx)dx — 7= | sin®2x (sin2x) =

_ 2 L sindx — —sin32x + C
—16X 64smx 485m X .

3. Y116y uHTerpaJJiHu XMcoOJIaHT.

j dx
cosx - sin3x "’

Eyum. By muconga, m +n = —4 6yau6, tgx =t => x = arctgt,
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aJIMalITUPUII 6akapaMu3. JleMak,

dt t 1
dx = ——, sinx = , COSX =
1412 V1 + t2 V1 +t2
p dt g2
x 1112 f +t j _3
= = dt = | t7>dt +
fcosx-sin3x f 1 t3 t3
Vite? (yi¥ez)

dt

1 1
_2_t2+ In|t| + C = —Ectgzx + In|tgx| + C.

& j sinax - cosfix dx, j cosax - cosfBx dx, j sinax - sinfx dx
KYPUHUIIJArd UHTEerpaiJlapHU XyMcobJalija yuoy,

sina - cosf = %[sin(a — B) + sin(a + B)],

cosa - cospB = —[cos(a — B) + cos(a + B)],

[cos(a — B) — cos(a + B)],

N = N =

sina - sinf =

dbopmysiasiapaaH GpouasaHUIAH.

Mucos. Yiiby vHTerpasiHu XyMcoOJIaHTr.
jsin8x cos2xdx .
Eupi.

1
jsin8x cos2xdx = Ef(sinle + sinbx)dx =

—1< . 10 . 6>+C
=3 1Ocos X 6cosx :
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AMmanuétaa KyJaWidK TYFAUPHUIL Y4YH TPUTOHOMETPUK
byHKIUANMAp UIITUPOK 3TraH MWHTErpa//lapHd XUCOOJIAIIHUHT

6a’b3U XyCyCHUH X0JIJITapHU KeJITUPAMU3.

HHTerpan Kuckava kypcaTtma
1 — cos2x
jcoszxdx, sin?x = —
. 1 — cos2x
fcoszx - sinxdx, sin?x = —
. 1+ cos2x
fsm‘*Zxdx cos2x = —
f cos3xsin®xdx cosxdx = d(sinx)
j cos*x - sin3xdx, sinxdx = —d(cosx)
j\/cosx - sin3xdx, sin®?x = 1 — cos?x
cos3x - 5 o
f , dx, sin*x = (1 — cos“x)
sin*x
j dx J dx . X . arctat
A , —=t, x = 2arctgt,
3 + 2cosx cos3x 97 g
j dx dx dx — 2dt
sinx — 3cosx’ sinx’ 1+t%
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j dx _ 2t 1—t?
3 — sinx + cosx’ S =T e T I e
tgx =t, x = arctgt,
[ [ghnan, [toinan | g
) xdx, xdx,
1+ tgx g g .
X = )
1+ t2
j dx f dx
. 2. 4. tz
4 + 3sin“x coS*x sin2x = ,
y 1+t
j sin“x dx
2 —sin?x + 3cos?x’ cos’x = !
1+ t2
.5 2 .3
sin’xdx, | cos“x - sin°xdx, ,
j f sinxdx = —d(cosx)
f 3 f sin3xdx cosxdx = d(sinx).
cos°xdx, —
cos*x

2.7. UPPALIMOHAJI ®YHKUHUAJIAPHU UHTET'PAJUJIAILI
Bbab3u wuppauvoHan QYHKUUAJAPHU Y3 HUYWATa OJIFAH
KyWHM/Aaryu UHTerpaajiapHu KaparMHus.

1. Y6y Tunaary,

j dx 1
Vax2+bx+c¢’
j\/ax2+bx+c dx, (2)
mx+n
dx, (3)

vax? + bx + ¢

aHWKMacC UHTerpaJsijlapra KBaijpaTUK UPPaLlMOHJIUK Jeb aTasaiu.

ByHpay Tungary WHTErpas/iJlapHyA TOMMIN YYYH, ax? + bx +c

KBaJpaT y4Xa/l TyJia KBaJpaTra aKpaTUaiu, IbHU
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. , b ¢ b\* ¢ b?
ax +bx+c=a(x +Ex+a>=a <x+—> +-———|=

B <+b>2+4ac—b2
B LY 4q2 |

bynpa x + 2a t aJMalITUPHUII OJIMHAAW Ba HaTwxkaaa (1) Ba (2)

HHTerpaiijiap TYFpUJaH-TYFPU HHTerpaJljiall >KaJjBajiura TyIaau.
(3) uHTerpas 3ca MUHTerpasj >KaJBaJWJard HWKKHATA HUFUHAWTrA

KeJIaJu.

dx
Mucos. Yoy j\/4 > VHTErpaJHU TOIIMHT.
b

+2x+1

Euyum. Jlactnab 4x? + 2x + 1 KBaJpaT YYXaJHUA TyJia KBajparTra

a’kKpaTaMHus.

x 1 1\ 3
4x2+2x+1=4(x2+—+—>=4 <x+—> + 2|

2 4 4
Y xonna,
j dx _j dx _1j dx B
VaxZ +2x+1 2 _2\/ R
1 3 = =2
4[(X+Z) +1_6] (x+4) T 16
—>( +1—t = d —dt)—>1 at =
=>(x 2 , X = , dx = > —
t +1_6

s s 2ec=tmleaty (+1)2+3 +C
—" 16 B N A Y BT

x+4
Mucosa. Yoy j\/6 dX WHTerpajHu XHWCOOJIAQHT.

—2x — x2
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Eunm. Xyaau 0OKOpUZaru MUcCoa Kabu, 6 — 2x —x? KBagpar

y4XaJIHU TYyJia KBaJipaTra a)kpaTaMu3.
6—2x—x>=—(x>+2x—6)=—[(x+1)?-7] =7 - (x +1)2
y xonga, x+1=t x=t—1, dx = dt aiMalITUPULIAAH CYHT,

x+4 (x+1)+3 t+3
dX: dx: dt:
V6 — 2x — x2 \/7—(x+1)2 V7 — ¢2

IJ\/_)——

‘ dt+3f ' ai- d(7_t2)
N Ny

ot Cx+1
= —\7 —t?+ 3-arcsin—=+ C = 3arcsin —6—2x —x2+C.
V7 V7
P,(x)
2. Yoy dx Tungard WHTErpajHyd XycoOJiall.
Vax? + bx +c

by epma, P,(x) —n jgapaxasu Kynxal. bepuiaraH MHTerpaaHu
XMACOOJIalll yYyH Kyruuaaru popmyJsiaziad GorgasaHuaaau, SbHA

P,(x)
vax? + bx + ¢

dx
+bx+c

dx = Q,_1(x)-Jax? + bx+c+Af
Vax?

oy epaa, Q,_;(x) —HOMabayM KoadPpunuentau (n — 1) gapaxkaau
KynxaZ, A —HOMabJyM COH.

dopmysialarTd  HOMabJyM KO3QPHUIMEHTJApPHU TOMMII YIyH
KeJITUPpUJIraH GOpMyJIaHUHT UKKaJla TOMOHHJIAaH XOCWUJIa OJIaMH3,

AbHHA.

A
VaxZ+bx +c

P, (x)
vax2 + bx + ¢

= (Qn_l(x) Jax? + bx + c)' +

eKU
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Pu(x) = Q' () (ax? + bx + ) + 3 Quq (1) (2ax + b) + 1.

OXUpru TEHIUKAAH(aUHUATAAaH) X HUHT OUP XUJ JapakaJuiapu-

HU TeHTaJallTUPUO HOMAa'bJyM KO3dPHUIlMeHTIap Ba A TOMUIIA/IH.

X
Mucos. Yoy j dx WHTerpaJJHu XUCOOJIaHT.
V1 — 2x — x2
Euyum. I0kopujga kentupuirad ¢opmysara kypa,n =2, n—1=1.
X dx
dx = (Ax+B)\/1—2x—x2+/1j
-[\/1—2x—x V1—2x — x2’

TEHTJIMKHU AuddepeHIualIanMus.

x? ’
(jx/l—Zx—xzdx>

:(0W+4”J1_2x_xﬁh+0”jV1—ji—xJ’

x2

\/1—2x—x2_

-2 —2x N A
2V1 = 2x —x2 1—-2x—x2

= A+y1—=2x—x2+ (Ax + B)

coAJaJIaliTUPULLIIAPAAH CYHT KyUUAard aiHUATHU X0CHUJT KUJIaMU3

=A(1-2x—x*)+ (Ax +B)(-1—x) + 1,

A=-1/
x2; _A-A=1 /2

. —24—A-B=0=>p_3/
w;A B+1=0 2
1=2.

Jlemak,

j x2 ; ( 1 +3>\/1 > 2+2f dx
x=(—=x+-= —2x —Xx
V1 — 2x — x2 2 2 V1 —2x — x2
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OyH/AaH OXUPTU UHTETrpaiHU XUCOOJIalMHU3.

dx
j =>[1-2x—x*=2—-(x+1)?]=>
V1 — 2x — x2

dix+1) o x+1
= arcsin
V2

+ C,

B dx _
- jﬂ_(“l)z fJ(ﬁ)z — (1)

Hatwxkaga ymby edyummra sra 6yJiaMus,

x+1
V2

ag az Qa;
ax+ b /Ih ax+ b /Bz ax+ b /Bi
3 ymay,jR x,( ) ( ) ( ) dx

+ C.

cx+d cx+d cx+d

TUINAATd UHTerpaJHu xyucobsaum. by epaa, a,b,c,d — XakKuKuu

COHJIAp, a4,f1, 3, B, ... , Q;, [; — HaTypaJs coHJap.

ax+b ,
= {" aJiMallTUPHUII
cx +d

ByHaay KypyuHULIAard UHTerpasiapaa

Oepu/raH MHTErpaJHU paljMoHa/JallTUpaAu. by epaa k —coHu

0»’1/B ,az/ﬁ ) e ,ai/ Kacpjap  MaxpaXXJapUHUHT 3HT KHYHUK
1 2 Bi

ymyMmu# kappasucu, sbHu IKYK(By, B, ..., B;) = k.

XaKHMKaTaH XaM,

ax+b b — dtk
=tr=>x= Ba
cx +d cth —a
—dkt*(ctk —a) = (b — dt*)cktk 1
dx = ( )~ ( ) dt.

(ctk — a)?
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HaTtwxkaza rmokopuaa OepuraH HHTerpasj, t mapameTrpra
O6OFJIMK  OyJraH  panydoHas  QyHKIUSHU  MHTerpaJsaimira

KeJITUPUIAIY.
dx

Vix+2)2—x+2

Euynm. IOkopuga kentupuiarad GopMysiara Kypa, x + 2 = t°, 9yyHku

Mucos. Yoy j MHTETrpaJiIHU XUCOOJIAHT.

JKYK(3,2) = 6. JleMak,x +2 =t® => x = t® — 2 => dx = 6t°dt.

Hartuxaga,

j m — f titidtta f t"’_alt1 j (t* t—_1)1+ 1

1
=6f(t+1+T1>dt=3t2+6t+6ln|t—1|+C=

=3Vx+2+6Vx+2+6m|Vx+2-1|+C.

slx+1 dx
Mucos. Yoy f x—1 (-2 MHTErpaJIHu XUCOOJIaHT.

x+1
x_
t3 41 62

t _1_>dx=—mdt

= t3 6esaruall KHPUTAMHU3,

Eunui. bepuiran mucoJsiga

x+1=t3(x—-1)=>x=
Hartuxaga,

slx+1  dx 6t2 dt 3(
[ e =3[
x—1(1—-x)? (1:3—1)2(1 t3+1) 2

t3—1

= 3t4+C 33<x+1)4+c
8 o 8d\x—1 '
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4, Bab3u wuppanuoHan GYHKLUMAJAPHU MHTerpa/lalifia TPUTOHO-
METPUK JIMALITHPHUII OQxKapHIil.

bab3u  uppamuoHan — yHKIUAJAAP ~ UIITHPOK  3TraH
UHTerpa/uiap/ila TPUFOHOMETPUK aJIMAlITHPUILIAD €pJamMuzaa
MHTeTrpa/ulap  panuoHa]  QYHKIUSJIApHU  MHTerpaJujiamira

KeJITUPUJIAAH, SbHU:
a) j — xz) dx vHTerpasjax = a-sint éKku x = a - cost
aJIMAIITUPUII OepUITraH UHTErpaJHU palMoOHaJIallTUPAAH.

a a
0) j — az) dx vHTerpasjax = —— KU X = ——
sint cost

aJIMalITUPUIL 6epUJraH MHTerpaJHU paljMoOHaLIaIITHPA/IH.
B) j x% + az) dx vuHTerpanjax = a-tgt ékux = a - ctgt

aJIMalITUPHUIL OepUJITaH UHTErPaJIHU paljMOHaLIAIITHPA/IH.

V4 — x2

>— dX UHTEerpajHu XHUCOOJIaHT.
X

Mucos. Yoy f

Euyumi. Bepusiran MucoJiia OKOPU KeJITUPUJITAH a) KYpUHULITA

Kypa x = 2sint aaMalmITapum baxxkapamus. [lemak, dx = 2costdt,

X
t = arcsmz OesirdJlallJIapHU O€pUJITaH UHTErpasra KysiMus,

f\/4—x2d J\/4—4sin2t
" dx = .

= 2 cost dt = fctgztdt =

4sin?t

—f(l 1>dt— tgt—t+C=C in> — ctg (arcsin’) =
= Sin’t = ctg = Cl,T'CSlTlZ ctg aTCSan =
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2 X

/ m_\fl_(%)z\ X 4 — x?
= = :
2

=>| ctgt = , =>=C(C—arcsin- —
\ sint /

V1 4+ x2

27— dX MHTErpajHu XUCOOJIAHT.
X

Mucon. Ymoy j

Eyum. by Mucosza 0KOpU KeJTUPUITAH B) aJMAlITUPHUII

oa)kapaMus.
( = tgt, dx=— ¢ = arct )
x =tgt, dx =——, t=arctgx.
1
f\/1+x2dx=j 1+tg*t dt =f Cost
x4 tgtt cos?t tg*t - cos?t
cost d(sint) 1 1
sin#t sin*t 3sin3t 3[sin(arctgx)]3
(sintareeg) = =) ra pa|
sin(arctgx) = ———| ra Kypa
P ) P
1 V(1 +x2)3
=C — = C— —
.
1+ x?
dx
Mucos. Yoy f dx UHTeTrpaJIHU XUCOOJIAHT.
x%Vx?—9

Eyumi. By Muconja HKOpPH KeJTUPUWJITaH 0) aJMallTHPHUII

b6akapaMus3.
3 , 3 /3 3cost
<x=,—, Smt=—=>t=arcsm(—), dx = — — dt.)
sint X X sin?t
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3cost

T ein2 1
Sin-t dt=—§jsintdt=

I_j dx _.[
x2yx%2 -9 9 / 9
D ) - 9
sin4t~\ sin4t

1 1 3 1 3\°
=—cost+C=—cos<arcsin—)+C=— 1—(—) +C =
9 9 X 9 X

J2 —
=%ng+C

[2 _
9. ¢
9x

5. fR(x; Vax? + bx + c) dx TuUNuAaru UHTerpaylapHU XUCcoOJ1all

yayH ax?+ bx + ¢ KBajpaT yuXaJHU TyJa KBaJpaTra akxpaTuo

0JIaMU3, A'bHU

, , b ¢ b\’ b?
ax +bx+c=a(x +—x+—>=a (x+—> +c——|,
a a 2a 4a?

b
Ba Oy epfla, Xx + Cvie t aJIMalITUPUII KHPUTAMHU3, HaTHXaja
a

MHTEerpaJ Kopua YpraHuiraH Kymuaaru,
jR (x; vaz — xz) dx,jR (x; \Jx2 — az) dx,jR (x; Vx2 + az) dx

MHTerpaijlap/laH OMpura KeJsaJiv Ba 0y MHTerpasjiap/ia TErUILIU

TPUTOHOMETPUK aJIMAIITUPHUII OaKaprub MHTerpaJs XUcoobaHaIu.

Vx2 +2x—4
(x +1)3

Mucos. Yoy f dx UHTerpaJjHA XHWCOOJIAHT.

Eunin. Bepusiran uHTerpana wKopyuJa KeJTUpPUIrad popmyJiara

Kypa aJiMallTUPULI GakapaMu3, S’bHU

61



x+1=t, TONMWJITaHJIapHH
x24+2x—4=(x+1)?*-5=> (x —t— 1}) MHTerpaJra
dx = dt. KysIMU3
Vx2 +2x — 4 NC J5
f (x + 1)3 - f £3 dt => OyHja, t = Sing aJIMalITUPUII
V5 cosz 45

oakapaMu3, 9bHU dt = — dz Ba z = arcsmT o6y/110,

sin?z

HaTtumxaza,

6B s
f\/x2 +2x—4 _ fm j sinz (_ V5 cosz dz)

(x +1)3 V5 3 sin?z
Sinz

V1 —sin?z
‘/_ Sinz \/gcosz 1
= j - dz = cos’zdz =
5v5 sin?z NG
sin3z

1 jl+cossz 1 1+ 22)d
_ 7 = — cos2z)dz =
N 25

1(+1 2) i 1[ _\/§+1_2( _\/§>]+C
= ——\Z Sin2z = ——|arcsin——r+ —-Sin arcsin— =
25 2v/5 t 2 t

1 [ 5 ( _ \/§> ( _ \/§>]
= ———|arcsin— + sin| arcsin— | cos| arcsin— || + C =
2V5| t t t

__ 1 -\/§+\/§ 1 > +C=>x+1=t)=>
=R arcsin— - " => (x =t) =
1 V5 L, 5 oo

=L ETS T T2+ D x+12 "7
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B V5 5 +\/§\/x2+2x—4
REEETV) ] (x + 1)2
dx
dcaaTtMa: Yoy, j TUIIAATY UHTEerpajjapHu
xvax? + bx + ¢

1
xycobJsauija uHTerpaaga t = S IMAalTHPHII OakapuJiaiu.
dx
Mucos. Yoy MHTETrpaJiHU XUCOOJIAHT.
xVx2 + 4x — 4

Euum, BepI/IJIFaH HMHTEIrpaJiHu OKOPHAad KEJITUPHUJITAH

dopmyJiara Kypa XxucooJ1auMus.

1
11 1 (-7)
t=—=>x=—, dx=——2dt=>j dt =
X t t 1 1
1 1 1 1
=_.[\/1+4t—4t2dt=_J 1 dtz_fj i =
\/4(Z+t—t2) zte—t?
1
t—=—=2z
1 dt 2 1 dz
2 \/1( 1)2 t=z+- 2J 1
s—(t—5 2 55—z
2 2 dt = dz 2
1

cosé => cosé =2z =>¢& = arccos(\/fz), dz = —ising‘df)

3 ;

1 .
1 ——sinédé
Hatmxaga, — — V2

2 \/%_ (%cosf)
1 1

1
=§arccos 2z+C =§arcc05\/§ (t——)+C =

1 1
2=Ejdf=§€+C=

2
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1 (2t—1>+C 1 2—x+C
= — arccos = —drccos .
2 2 2 V2x

2.8. IMOPEPEHIIMAJI BUHOMHU UHTETPAJIJIAL

Y6y [x™-(a+ bx™)Pdx unrerpasra audpdepeHiuan

OMHOMJIM UHTerpaJs Jeb atanagu. by epaa, a, b —xakuKuil coHJiap,

m,n,p — paluoHaJ CcoHJjJap. by uWHTerpasHu xucobJall

m,n,p —JAapakaJapHUHT KAKWMaTJiapura OOFJIMK, o6y.110,
m+1 .. m+1 w

arap p, —— €Ku T+p JIJADHUHT Xe4 Oy/iMaraHja ouTTacu

oyTyH coH 6yJica [I.J.YebbllieB UCOOT KWUJITAaHKH, AUPPepeHIUal
OMHOMJIAp HWHTErpaiu 3jieMeHTap (QYHKIUsIApP UHTerpasjiapura

KeJTUpHUJIaH.

Kyiunga xycycuil XoJapZa MoC ajJMalllTHPUIILIAP OpPKaax

6epuJiradH MHTerpas palnydoHalallTUPUIAIU.

1). Arap p —6yTyH COH 6¥.ca, x = t* ypHura Kyium 6axxkapuaai,
oy epaa k = IKYK(m, n).

2). Arap mTH —OyTyH COH O6yJsica, a+ bx™ =t° ypHura Kyuuiu
O6axapusiaay, 0y epJia S COHH, P — HUHT MaxXpaKura TeHT.

3). Arap mTH + p —6ytaH coH 6yJca, a+ bx™ =x"t° ypHura

KyWMII Oakapuaaay, 0y epia S COHM, P — HUHT MaxXpakura TeHT.
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Mucon. Ymoy I = dXx WHTErpaJlHu XUCOOJIaHT.

[

Eyuim. Bepusiran vHTerpasHu KKOPHU/JA KEJTUPUJITaH XyCyCUU

X0JIJIap/laH OUpHUra KeJTUpaMU3.

1
1 3
= 1
3\/%4‘1 <x4+1) _1 1 3
=]—dx=f—dx=jx 2 <x4+1) dx =
Vx Vx
1 1 1 m+1
0y MUCOJIAa, mz—z, n=Z, p=§ oyJ1o0, = 2 OYTYH COH,

LIYHUHT yuyH, Vx + 1 = t3 anmamrupui 6axkapamus, 6yHza

_ 3/‘{/} +1, x = (3= 1)* => dx = 12¢2(¢3 — 1)3dt.

H

Jix+1 3 12¢3(t3 = 1)3
j Vx x—fo x4+13dx=J (t3(—1)2) dt =
t7 t4 . s
=12j(t6—t3)dt—12 — =12+ c——(\/_+1)

—3(Vx + 1)4/3 +C =£3\/(‘i/¥+ 1) - 33\/(‘§/E+ 1)" +c.

Mucos. Yoy, I—j MHTETrpaJIHU XUCOOJIAHT.

x11y1 + x*
Eqpm. Bepu/iraH WHTErpaJHUHI OKOpHJA KeJTHPH/IraH

auddepeHnmas  OMHOMHUHM  WHTerpasiam  gopmyJanapujaH

dorganaHub XUcooJIauMu3.

j o j (14 x%) 2dx nd
= = | x X x udonmanaH
x1V1 + x4

1 m+1
m=-11, n=4, p= —3 JIApHU TONlAaMHU3 Ba

+p=-3
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6YTyH COH, IIyHUHT yuyH 1 + x* = x* - t? anMamTupun 6akapaMmus
,  1+x* vi+xt 1 1
t" = => t=———, X' =g =>x=—,
x4 X t2—1 t2 — 1
1 1 tdt
dx = ——-2t(t? —1)7% 'dt = —— :
4 23/ (t% —1)5
— tdt

dx 1 21/ (t2 = 1)5
I= [ == [ e 2an = | -
x11V1 + x* 1

1
4/(t2 — it 1+ t2—1

— tdt
23/ (t%2 — 1)5 1
=j 1( )t =—§j\/t2—1‘i/(t2—1)6dt=
Y- Diviz -1
1 1 1 1
= ——|(t*—-1D%dt==——t>+=t3—=t+(C=
Zj( ) 10 +3 2 *

_c 1 (1+x4)1°+1 (14 x4)3 1+ x4
B 10 x20 3 x12 4x4
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AManuéTtaa MUCoJI MIIALIAA KyJ1alk OYIHIIN yYyH 6ab3u

UppanuoHat GyHKIUSIJIAPHU HHTErpaJIJIalIHU KeJITUPaMU3:

Mucon baxxapusiaauraH aJIMalITUPULL
Vax
——dx x = t1?, dx = 12t1ldt.
j VxZ + Vx
3 6
x + Va2 + Yx
j - \/_dx x =t® dx = 6t°dt.
x(l + \/E)
+ 3
4\/; Vx dx x =t'%, dx = 12t''dt.
Vs — a7
j 1 d 10 9
X =t", dx = 10t°dt.
x(Vx + ¥x?) g ¥
j ! dx 3x + 2 =1t°% dx =2tdt.
V3x +2 +3/3x + 2 ’
1—+ 1
f ’Z+ dx x+1=1t° dx=6t>dt.
x+1+vVx+1
4
-3 — 3
Vx— 34 Vx dx x —3 =t* dx=4t3dt.
vx—3+1

j —x dx
1+x x

1—x_t2 dx — —4t g
1+x YT a2

t.

X

1
d
me

X —2=t? dx=2tdt.
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[Vi(+3m) ax

x =t dx = 6t°dt.

1
j (1+ ?{/_)3 dx x = t3, dx = 3t2dt.
X X
. 8 —x% =1t3,
—dx
jXB'VB—Xz dx = —§t2(8—t3)_1/2dt.

2

1
d

14+ x3 = t3x3,

4
dx = —t%(t3 —1)73dt

f\/}(1+3{/;)2dx

x =t° dx =6tdt

[
VVx3 + 4

4 1
x2+4=1t% dx = §t(t2 — 4)73dt

1
f 3 dx
x3V2 — x3

2 —x3 =t3x3,

4
dx = —32t2(t3 + 1)73dt

x%dx
\/(az — x2)3, x = a sint, dx = a costdt,
X
t = arcsin—, +/a? — x? = acost.
j\/ a? — x2%dx, a
j\/a2+x2dx e a dt
) X =a , X =—-
x Y cos?t
dx X a
j : t =arctg—, +a*+x?=——.
\/(az + x2)5 a cost
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dx a a costdt
xz

2 2 X =, dx = — -
x“+a sint ’ sin?t ’
Va2 — g2 a > > _a cost
T " dx t = arcsin—, Xt —qt=——01.
x6 ’ X sint

3. AHUK HUHTEI'PAJI

AHYK  WHTerpaJ  MaTeMaTHK  TaxXJWJHUHT  acOCUH
TylIyHYa/JapuJaH Oupyd Oyanb, y €paamMuja 103a, XaXM, €U
Y3YHJIUTH, Te3JMK, OaKapuJiraH HWIl, WHepIUs MOMEHTJIapu Ba

X0KasoJ1ap TOIMJIAIH.

3.1. AHUK UHTEI'PAJI TYILIYHYACUT'A KEJITUPUJIYBUU
MACAJIAJIAP
y = f(x) oyHkuusa [a,b] kecMaja aHUKJAHTaH Ba Y3JIYKCHU3

oyscuH. Kyiujgaru amasiylapHu 6akapaMus:

A

y
y=f()

| | ! | i [

| ! ! ' 1 ! R
7 HELEAL N I G I B H !
0 Xo Xp Xk-1 ¢ Xk Xn

Ry

1).[a,b] kecMaHn a = Xy < Xy < Xy < Xpoqg <X <+ <X, =D
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HyKTaJiap épAaMu/jia n Ta UXTUEPHUM OyJlaK4yaJsiapra axkpaTaMHus.
Opatpaa (xi_1; Xx) ra (k = 1,n) KUCMUW UHTepBaJLIap Aeb aTajaaju.
2). KucMuii uHTepBaJIJIADHUHT Y3YHJIUTUHU AX), = Xj, — Xj,_1 OWJIaH

oesruaanmus, 0y epaa, k = 1,n.

3). Xap OHp KWUCMMU HWHTEpPBaJJAaH HUXTUEPUN (i, (k=1,n)
HYKTaJIJapHU 0J1laMU3 Ba QYHKIUSHUHT 11y HYKTaZaru KAiMaTJaapu
f(cx) (k =1,n) HU TOTAMMU3.

4). KOxkopuga TtonuiaraH udopanapjaH ¢pouganaHub, Kyuujaru
f(ck) " Axy, (k =1,n) KynauTMaJIapHUHT WUFUHJINCUHU Ty3aMH3 Ba

Oy UMFUHAUHU S,, OWJIaH OeJITUIaiMU3, IbHHU:

Sn = Zf(ck)'Axk-
k=1

S, uuruHaura y = f(x) QyHKUUSHUHT [a,b] KecMajaru WHTerpas
MUFUHAMCHU eb aTasaiu Ba Oy UHTerpajg WAFUHAUJATU Xap OUp
f(cy) - Ax, KymuayBuyd, OanaHAjauru f(cp)ra Ba aACOCUHUHT
Y3yHJUTH AXxira TeHr OyJraH TyFpA TYPTOYpYAKJIAPHUHT
103a4asiapyuHu ndogasanu.

Y xospa OepusraH 3rpU YU3UKJIM TpaNelUsSHUHT 103acu

TaKpuOaH KyHuaarura TeHr 0yJiaJiu:

Su= ) fle) by,
k=1

A —opKasii 103ayajsiap 3Hr KaTTa OyJIarMHUHT y3yHJUTWMHH
OeJrujaauMus3, AbHU:
A = max {Ax;},

1<k=n
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PaBuiaHky, arap opaJjiMkJ/jap COHUHU OpPTTUpPaA GOpcak, Kopuaaru
WUFUHAUHUHT KUWMaTU 3TPU UYM3UKJIMU TpPANELUsSHUHT I03Ura

AKWHJIaIa/IH.

3.2. AHUK UHTETPAJIHUHI TABPU®U

Tabpud: S, uHTerpan HUFUHIAUHUHT A —> 0 (n —> 00) ga
JUMUTH MaBXy/, 6y/ica, 6y sumutra y = f(x) yHKUUSHUHT [a, b]
KecMa OyHMYya aHUK MHTerpajaud Aeb aTasaJu Ba y KyHujaruuda

oeJirMJaHau.

b
ff(x)dx.

AbHY,

jf(x)dx— 11m Sp = llm Zf(ck)Axk.

(n—>oo) (n—)oo) k=

by epaa,
b
fa — aHUK UHTErpaJi 0eJrucy,

( —aHWK UHTErpaJHUHT KyHU yerapacw,
b —aHUK MHTerpaJHUHT I0KOPU Yerapacw,
X —UHTerpaJijaul y3rapyB4ucH,

f(x) —uHTErpa//IaHYBYH PYHKIIHS,

f(x)dx —uHTerpas octugaru udosaa aeb aTaaaju.

bu3 Kylugaru MyxuMm TeopeMaHH UCOOTCHU3 KEJITUPAMMUS.
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Teopema. Arap y = f(x) dyukuus [a, b] kecMajga y3aykcus 6yica, y
XosJa (GYHKUMAHUHT LIy KecMaZa aHWK HWHTerpaju MaBXy/|

oyanu.
3.3. AHUK UHTET'PAJIHUHTI TEOMETPUK MABHOCH

AHUK UHTerpajJ reoMeTpuUK xkuxaTtaaH f(x)=0 6yarasvaa
I0KopuaaH y = f(x) QyHKUMUs 6uaaH, nactaad y = 0 TYFpU YU3UK
OW/1aH, €H TOMOHJIApPJAAH 3Ca X =a Ba X = b TYyFPU UYHU3HUKJIAP
OuJiaH YerapaJjlaHTFaH 3TPU YU3UKJIM TpaNeUUsSHUHT H3aCUHU

npoaananay, TbHU

b
Ssz(x)dx.

3.4. AHUK UHTET'PAJTHUHT ACOCUH XOCCAJIAPU

b b
19, jc-f(x)dx = c-jf(x)dx, Oy epJla, ¢ = const.
a

a

b a
20, Jf(x)dx = —Jf(x)dx,

w
o

b a
. Arap ff(x)dx Ja a = b 6yica, ff(x)dx = 0,
a a

b b

b
. j [F) + g(x)]dx = j F)dx + f g()dx,

a

N
o
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b c b
59, jf(x)dxz jf(x)dx+jf(x)dx, c € [a,b],

b
6°. ff(x)dx =f(c)(b —a), f(c)kunmar f(x) QYHKIMAHUHT

[a,b] kecmagaru ypTa KuiimMaTh Je6 aTajlagu Ba KyHHjaruda

TONMWJIAAH,

1 b
F© =5— | feodx.

7°. Arap [a, b] kecMaga f(x) = g(x) 6ysca, y xonma KyWnugaru
b

b
ff(x)dx zjg(x)dx TEHTCU3JIUK YPUHJIU GYJIaau.
a

a
b
8%, Ymoy, m(b —a) < jf(x)dx < M(b — a) TEeHICU3JIUK YPUHJIH.
a

oy epga, m Ba M nap y = f(x) OYHKIUSAHUHT MOC paBHIJa

[a, b] kecMaaru sHr KUYMK Ba 3HT KaTTa KUMMaTJ/IapH.

b b
99, jf(x)dx Sjlf(x)ldx.

ab C; b
10°. jf(x)dx =jf(t)dt - jf(z)dz.

3.5. AHUK UHTETPAJTHU XHCOBJIAIIL HbIOTOH-JIENBHUII
®OPMYJIACH
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AHVWK UWHTerpajJHA YHUHT TabpuPugaH ¢ouaniaHnuo
XM CO0JIalll XKy Ja HOKYyJIak 0yJin6, Mypakkab XxucobJalliapHu Tajaab
3Tafiu. AHUK HWHTEerpajHd XucoOJalll XaKWAaru MyXUM OyJjraH
KyHWHUAaryu TeopeMaHu UCOOT/IauMMU3.

Teopema. Arap y = f(x) o¢yHkuus 6upop [a,b] kecmaza
aHMKJIaHTaH XaMja y3JyKcu3 6yaub, F(x) yHuHr [a, b] kecmajgaru
6upop 6ouIaHFU4 GyHKIUsACH 6yiica (abpHU F'(x) = f(x)), y Xonzaa
Kyuuaaru GopmyJia ypuHJIU OyJ1aIu.

b
f F(x) dx = F(x) Z — F(b) — F(a) .

By ¢opmysiara HbroToH-JIen6HUIL popMyJiacu J1eb aTalaau.
HUc6oT: [a,b] KecMaHU WOKOpUAATHIEK, n —Ta OyJaK4yaJjapra

Oy/IM6 YMKaMu3 Ba Xap Oup OyJiaKkdaZlaH C, HYKTaHU 0JIaMH3.

1 C2 C3 Ck Cn
@ @ @ @ @ @ @ @
= Xp Xq Xy X3 Xr-1 Xk Xn-1 b=x,

HaTtuxaga Kyruyugaru amupMaHu KapamMus.
F(b) — F(a) = F(xn) = F(xo) = [F(xn) — F(xp-1)] +
+[F(xpn-1) — F(xp_2)] + -+ [F(x2) — F(xq)] + [F(x1) — F(xo)].
Xap 6up KaBc uuugaru udoaa JlarpaHxk ¢opmysiacura Kypa
KyWHU/aryv KYpUHULIHU 0JIaJiU, AbHU
(f(b) — f(a) = f'(c)(b — a)) Jlarpan:xk dpopmy.Jiacura Kypa,
F(b) —F(a) = F'(cp)(xn — xp—1) + F'(cp-1) (xpn_q — xp_2) + - +
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+F'(c3) (% — x1) + F' (1) (2 — %) = 2 F'(cie) (e = Xpe—1) =
k=1

n n b
=Y Feddxe = Y fe bxi = [ FGdx.
k=1 k=1 a

Keatupunaran 6y GopMyJlaHUHT KyJaWJIWUTU IIYHAAKH, aHUK,
MHTErpaJHu xucobsiall y4yyH QYHKUUSHUHT OOlJIaHFUYMHU
ounnm etapsad 3KaH. Iy cababsu 6y ¢opmysia KaTTa amMaivu
axaMUsITra araJiup.

MucoJinap.
3

1 — Mmucou. szdx aHUK UHTEerpaJiHu XUCOOJIaHT.
0

Eynm. HOxopupga kesntupuirad HetoToH -J/leiibHul dopMysiacuiaH

dbongasaHub XUCooJIauMU3.

3 3|3 3
J 24 X 3 9
x“dx = — =—=09,

3 3

0 0
eZ
dx
2 — MHCOVJI. —— QHMK UHTEerpaJiHyd XUCOOJIaHT.
xlnx

e

Eynm. HOxopupga kentupuirad HetoToH -J/leibHun, dopMysiacuiaH

doraanaHnmb xucobaanmMus.

e? e?
dx d(Inx) e* )
j — = j = In|inx| = In|lne®| — Inl1 = In2.
xlnx Inx .
e e
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3.6. AHUK UHTET'PAJIHU BYJIAKJIAB HHTETPAJLJIAIL
YCYJIH

®apas Kuaauauk, u = u(x) Ba v = v(x) PyHKUUsIAp OUpOP
[a,b] kecmama ysaykcus pguddepeHIdalIaHyBYHd QYHKIUAIAD
OYJICHH.

Teopema. Arap u=u(x) Ba v=v(x) QyHKUUAIAD
Xocusasapu 6usaaH [a,b] KecMajga yssiykcu3 6yJica, y XoJja
Kyuhuaaru popmyJia YypuHJIU OyJI1aIH.

b

judv = (uv)

a

b b
—jvdu.
a g

HUcb6oTtH. [a,b] xkecmaza (u-v) =u'v+ v'u ypunau, y xoaja
u-v OyHKIMA u'v+ v'u QYHKIUAHUHT OOLLIAHFUY (PYHKIUACH

oysaanu. HeroToH-JleoHUI, popMyJiacura Kypa,

b b b
f(u’v+v’u)dx =(u v)|2 =>ju’v dx+jv’u dx =(uv)|3 =>
a a a

b b b b
_ b _ b
vdu+ udv—(uv)|a—> udv—(uv)|a— v du.
a a a a

Mucosnap.

e

1 — Mucou. j x Inx dx aHUK UHTerpaJJHu XUCOOJIaHT.
1
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Eyum. bBepuwiran aHUK MHTerpajJHU KKOpPUJA KeJTUPUJITaH

oy1ak/ab MHTerpaJall dbopmysiacugaH borganaHuo
XHCOOJIaUMHU3.
e u=lInx, dv=xdx, 52 e 1 re
jxlnxdx= dx x? | =—Inx ——j xdx =
du=—, v=— 2 1 2/
1 X 2
_e? 126_82 ez+1_ez+1_e2+1
T2 | T2 a T w T Ty

1

2 — MI/Icon.j arctgx dx aHWK MHTerpaJlHU XUCOOJIaHT.
0

Euum. BepI/IJIFaH dHUK HHTErpaJjlHU OKOpHAad KeJTHPHUJITaH

oy/1aK/1a0 WHTerpaJijail dbopmysacugaH dbonanaHuO
XUCOOJIaUMHU3.
u = arctgx,
! dx 1 b xdx
foarctgxdx: du:1+x2' =xarctgx|0—j0 1+x2
dv = dx, v = X.
tgl t011|1+2|1n1l2
= arc —arc ——In X =———In2.
J 9773 0-2 2

3.7. AHUK UHTETPAJIJIA Y3TAPYBUWJIAPHU
AJIMALIITUPHII

AUTalnuk, fff(x) dx aHWK WHTerpajHd XHcob6Jall TaJab
KWJIMHCHH, 0y epaa f(x) oéyukuus [a,b] kecMajga y3ayKcus.
f;f(x) dXx aHUK WUHTErpaJHU XucobJsaul y4yH, x = @(t) y3/IyKCHU3

GYHKIUSA KAPUTHUJITAH OVJICHH.
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Teopema. Arap ¢(t) JyHKUMa KyduAaru IapT/AapHU
KaHOATJIAHTHUPCA, TbHU

1). x = ¢(t) dyHKuua Ba yHUHI xocuacu, @'(t), t € [a, B]
Y3JIyKCH3.

2). x=¢@(t) OYHKUUAHUHT KUHMaT/Japu TymjaamMu [a,b]
KecMmara TeruIIy.

3). ¢(a) = a Ba @(B) = b 6Vica, y Xosa4a Kyhugaru ¢popmy.a

YPUHJIN OYyJIa/IH.

b B
| r@ax= | rlo@lo'@. )
Uc6oT. HbloTOH- JIeHoHUI dopMyJiacura Kypa,
B B B
| Ho@)o@de = | fo@)d(p®) = Fo®) | =
a a a

b
= F(o(®)) - F(o(@) = F(b) — F(a) = j F()dx.

(*) d¢opmMysa, ojaTha aHUK UWHTerpajja y3rapyBUHWHH
aJMaliTupul popmyJiacu fiedb atanaau. Yuidy ycyJra Kypa aHUK,
MHTerpajja y3rapyBuMHU LWyHJau OuUp (QyHKLMA OUIaH
aJIMalITUPHUII JIOSMMKH, HaTHXKaJla SHTM y3rapyBuuMra HucOaTaH
XOCUJI OyJITaH UHTErpaJsi cojjJia KypuHUIIra ara oyaaau.

Mucosnap:

2
1 — mucou. j x2y/4 — x% dx aHWK MHTerpaJHu X1UCOOJIaHT.
0
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Eyum. bBepuwiran aHUK MHTerpajJHU KKOpPUJA KeJTUPUJITaH

y3rapyBYMJapHU aJMalTupuiml  $opMmysacuaadH  poraasaHub

XHCOOJIaUMHU3.

x = 2sint, dx = 2costdt

2
szx/4—x2dx=> x=0na t=0 =>
0

2 na t ==
X = a, t=—
A 2

2
Y X013, j x2\J4 — x2dx = | 4sin?t -4 — 4sint - 2costdt =
0

S — NI

r
2

O — iy

T
2

= 16f sin’t - cos?t dt = 4 | sin?2t dt = 2j(1 — cos4t) dt =
0 0

/>

0

1
= |2t —=si 4t) = .
( zsm T

1
2 — MI/ICOJI.f v 1 — x?dx aHUK MHTerpajHu XUCOOJIaHT.
0

Euum. BepHJIFaH dHUK HHTErpaJjlHMU OKOpHAad KeJTHPHUJITaH

y3rapyBUMJIapHHA aJMallITApUIl  popmysacuaadH ¢doHgalaHUuO

XUCOOJIaUMHU3.
X = sint,
1 dx = costdt, >
j\/l—xzdx= x=0pma t=0, =f \J 1 —sin?t - costdt =
0 is 0
=13 t==.
X za 5
T T
z 21 + cos2t t 1 Ty &
=j cos“td ==J ———dt = (—+—sm2t> =-—.
. . 2 2 4 .
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JdcaTMa: AHYK UHTErpaJiHA XyMcobJalja SsHrM y3rapyBYruJaH
3CKUCHUTA KAWTHUII KepakK 3Mac, OaJKh SHCU Y3rapyBUUHUHT
yerapajJlJapuHd KeWMHId OOLJIaHFU4Y (QYHKIUArA KyHWHUII Kepak.
bab3u XoJiapAa YpHUra KyMUII yCyJd OWJIaH HWHTerpaJaiija
SHTA y3rapyBYyMra HUcCOATaH 4YerapaHd aHUKJAIl MypakKKab
oyauimu  MyMKdAH. lIyHUHr ydyH OyHZaW XoJulapAa SHCHU
y3rapyBuuMra HHcOATaH OOUJIaHFUY (QYHKIUS XWCOOJIaHTaHJaH
KEeWHWH 3CKU y3rapyBuWra KamTHJaJU Ba XO0CUJ KUJIWHraH udoaara

3CKHU YerapaJjap Kynuaaju.

3.8. ’KYPT BA TOK ®YHKLUAJIAPHUHI AHUK
MHTET'PAJIVIAPU
AHUWK MHTerpajH{ XUCOOJIAlIHU COoAJaallITUPUII MaKcagua
WHTEerpaj OCTHUAArd QYHKUUSHUHI XoccajapujaH ¢ouasaHub
XaM XM COOJIalllIMMU3 MyMKHUH.
Teopema. y = f(x) ¢yHkuusa [—a,a] kecmajma y3iykcus Ba

x = 0 HyKTara HuUc6aTaH CUMMETPHUK OYJICHUH, Y X0J11a

. )2 | f(x)dx, arap f(x) —xydT dyHkuua 6yica,
f Fx)dx = Of

0, arap f(x) — Tok GyHKUMsA GyJica.
TEHTJIUK YPUHJIU OVIaau.
Uc60T. [—a,a] kecmanu nkkuTta [—a, 0] Ba [0, a] kecmanapra

AXKXKPpaTaMH3, HATHUXAJAad

a 0 a
_fa f(x)dx = _ja f(x)dx+!f(x)dx
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OUPUHYM UHTEpPBAIJa X = —t aJIMAlITUPHII 6aXkapaMus, Y XoJ1/a

— j)f(—t)dt =ff(—t)dt =ff(—X)dx-
~a 0 0

Jlemak,

a

flf(x)dx = ff(—x)dx +ff(x)dx = j[f(—x) + F(x)]dx
“a o )

0

Arap f(x) —tok pyHKIMA 6YIca, f(—x) = —f(x) 6y1H0,
f f(x)dx =0,
Arap f(x) —xydT dyHkiusa 6yica, f(—x) = f(x) 6y1u6,

ff(x)dx = Zjlf(x)dx.
“a 0

3.9. IAPAMETPT'A BOYJIUK UHTEI'PAJI

Kynunnparu

b
I(a) = jf(x,a)dx

WHTerpaJ napaMmeTpra 60FJMK UHTErpaJ Jerluaaiu.
Arap f(x, @) Ba f,(x, @) y3aykcus ¢pyHKuusiap 6yJica,
I(a + Aa) — I(a)

i

HHU XOCNJI KHJIaMH3.

BbyHpaH
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[(a +Aa) — I(a) bf(x,a+Aa) —f(x,a)d
Aa _j Aa x

JlarpaH)X TeopeMacura acocaH,

flx,a+ Aa) — f(x,a)
Aa

Mabaymku fy(x, @) y3aykcus 6yaradHaurd yuyH f,(x,a + 0Aa)=

= fy(x,a+0Aa), 0<6<1.

= fy(x,a) + ¢, 6yepmac =¢e(x,a,Ax)Ba Ax >0gae—0.

Jlemak,

b
I(a+ AACZ; — (@) _ j[fé(x' a) + €ldx .

a

JlumuTra yTcak,

!/

b b

jf(x, a)dx| = jfoﬁ(x, a) dx

a @ @
XO0CUJI Oy 1aIu.
By dopmyiara JlenbHu popmyJiacu gernuaagu.
dapas kuaiauk, a = a(a), b = b(a) 6yJcuH.
Y xonpna:

b(a)
[(a) = ®la,a(a),b(a) ] = j f(x,a)dx.
a(a)

® pyHKUMA MypaKKab QYHKIUSA OYJITAaHJIUTH Y4YH YHUHT X0CUJIACH

I,()_aq>+acb da 9% b
Y= %a " 9a 92 9b oa

MabiayMky,
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aa aajf(x a)dx = ——ff(x a)dx = —fla(a), a],

b
— abjf(x a)dx = f[b(a), a], j fo(x, @)dx.

Y xonpa:
" db
L@ = | fiGads+ flb@,al 3 - flat@,al
a(a)

By dopmyna épaamujaa dyerapajiapu  y3rapyBuM  OyJiraH

da
da

WHTerpaulapHu auddepeHasian MyMKHUH.

(0]

Mucoa. Kyiiugaru I(a) = j e
0

sinax

dx WHTerpaJiHu XMcoOJIaHT.

Eyuim. By vHTerpasiHd TYyFpUAAH-TYFPU WHTErpasyiab oyJmMauu,

—x Sinax

YYHKH € OYHKUMAHUYU 3JIeMeHTap (PyHKLUsJIap OpKaau

udoasaHagvuraH 601IaHFUY QYHKIUACU UVK,
By uHTerpasnuyu a napameTpHu GyHKIUsCU cudaTuaa JIehoHUIL

dbopmMysiacu épaamMua XOCUJIACUHU 0JIaMU3.

(00]

sinax]
I'(a) =j le‘x " ] dx=j e *cosaxdx.
a
0

0

By nnTerpasinu 6yiakiab UHTerpasiacak,

'@ =rr—s

By udomanu unTerpamnacak I(a) = arctga + C xocun 6ynaau. C

HHU aHUKJIall Y9YH
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(00} (00}

sinOx
I(O)=je‘x " dx=j0dx=0.

0 0

byHpaaH Tawkapu arctg0 = 0.
Y xonpa, C = 0 6yaub, [(a) = arctga sbHU

(00)

I(a) =fe‘x

0

sinax

dx = arctga.

3.10. SMJIEP MHTETPAJUIAPH( I Typ)
1

B(a,b) = jx“‘l(l — )P 1dx, (a>0, b>0) (1)
0

KYpUHHULIJArd WHTerpasapral Typ iaep uHTerpaau Jeruuaaju.
By uHTerpa/s a Ba b HUHT Myc6aT KUHMaT/Iapu/ia SKUHJIaIIa M.
duiep unTerpaau (1) Kynuujaru xoccajapra ara:

1. B(a,b) = B(b,a) (by x=1—t aJMalITUPUII OPKAJIU
MUCOOTJIaHAAW); TbHU HHTErpaJ a Ba b slapra Huc6aTaH CHMMETPHUK.

2.b > 0 xonga yHu 6yJiakiab UHTerpasiab

Blab) =arp-1

B(a,b—1) 2)

3KaHJIMT'HU I/IC6OTJ'IaHaIL[I/I.
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By ¢opmyna épgamMmuaa  UKKUHYA apryMEHTHU KeTMa-KeT

KaMaTupu6, b < 1 raya KeJTUPHUILI MyYMKHH.

Xynaau myHgan a > 1 6yarasja

B(a'b)=a+b—1

B(a—1,b)

HH XOCHJI KUJIMIIT MyMKHH.
Arap b = n HaTypaJ coH 6yJica, (2) fAaH

n—1 n—2
a+t+n—1 a+n—-2 a+2

B(a,n) = B(a,1)

XOCHJI KWJIMHA/HU.

1

1
AMmmo B(a, 1) = fx“"ldx =
0

llly caba6siu B(a,n) Ba B(n,a) napgax

B(a,n) = B(n,a) =

ala+1)(a+2)(a+n—-1)
dbopMyJIaHU XO0CUJ KUJIaMU3.

Arap a = m HaTypaJ coH 6yJca (3) gaH
nm—1!(m-1)!

B(m,n) = n+m-—1)!

By dopmysiaslan m = 1, n = 1 na xam GporalaHUII MyMKHH.

3.Arap (1) pax = y/(1 +9) aJIMalITUPHUIL OJICAK,

o ya—l
B(a,b) =j dy
1+ a+b-1
. 1+y)
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XOCUJI OYyJ1a/iu.

a napameTpHu 0 < a < 1 y3rapagu ne6, b =1 — a aJiMalITUPUILI

oJICaK
b ya—l
B(a,1—a) = dy.
(@1-a)= | {d
0
By nHTErpasiHu e4uo,
B(a,1—a) = — : 0<a<l)
sinma

Xycycun xongaa =1—a = % necak, B G,%) = .

3.11. 3HJIEP UHTETPAJUIAPU(II Typ)

(0.0)

I'(a) = j x* le~*dx (5)
0

(5) ra UKKWHYU Typ JWJep UHTerpaju Aeunnanu. (5)4u uHTerpas
a > 0 KuiMaTJiapJa sKUHJalaau. Arap Oy uHTerpajija x = lni

Jnecak

XOCUJI OYyJ1aiu.
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MabayMKy,

1 1
In—=1limn (1 — Zn>.

YA n—-0o
(6by udpoma n ycumud 6uaH ycub 60paJ i Ba Y3MHUHT JIMMUTHUTA

MHTHUAAAN). Y X013,
1

1 a—1
I'(a) = lim n%! j (1 — Zﬁ> dz.
n—oo

0
By epaa, z = y™ aaMamTupuii 0J1aMu3
1
I'(a) = lim najy”_l(l —y)% 1dy.
T
BynaaHn (3) yu popMysiaHM 3TUOOPTra 0JICaK,
1

[yra-yetay = Boa) =

0

ala+1)(a+2)(a+n—-1)

yngan KUauo,

Ma) = lim e e D@+ D) - @+ n=1)

dnep-Taycc dopmynacu xocun 6yaasu. ['(a) PyHKUMSAHUHT
X0CCaJIJap¥HU KapauMHu3.

1. By dynkuusa na a > 0 ga y3/1yKcu3 Ba y3JIlyKCU3 X0CHUJiaJiapra ara.

(00}

['(a) = f x* 1(Inx) e *dx, (6)
0

(0.0)

@ = f x* 1(Inx)? e *dx, Ba X.K.
0
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2. (5) HU OyJ1ak/1ab UHTErpaJIaiMus3

(00)

af x@1le=Xdxy = x%*
0 0

oo

+ j x% e *dx
0

AbHU
'(a+1) =al'(a) (7)
By popmysiaHu KeTMa-KeT KyJ1ao
lla+n)=((@+n—1D(a+n—-2)--(a+1)aTl(a)
X0CHJI KUJIaMU3.

by epsna a = 1 gecak Ba

(0.0)

ra = j e *dx =1

0

3KaHJIMTUHU 3TUOOpra 0JICaK,
'n+1) =n!
HU X0CHJI KHJIaMHU3.
3. (7) gan I'(1) =T'(2) = 1. Poan Teopemacura acocan 1 Ba 2
opacuja a, wiaus étu6au Ba I''(a) ycyBuu Ba I''(a) > 0, gemak
0 <a<agopanukaal’(a) < 0Ba I'(a) yHKuMA KaMasIM.
ap <a<oonpal'(a) > 08Ba I'(a) dyHkums ycagu.
By epma ay, = 1,4616 ...sa minl'(a) =I'(ay) = 0,8856...

I'(a+1)

Masbaymky, I'(a) = — o0 (a - 0 ga)
arapa >n+ 1,I'(a) » +ooBal(a) > nl
4. Arap (5) ga x = ty (t>0) necak, y xos/1a

F(a)
te

(0]

j y¢le tdy .

0
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aHua+ bBatHU 1+ t 6MIaH aIMalITHPAMMU3,

(00]

(E(-C: :_)fzb — f ya+b—1e—(1+t)ydy.
0

Bynu t%* lra kynmaiTupu6 t 6yiinya MHTerpajaaiMus,

00 (e's)
-1

co L
F(a-]— b)] Wdt = f ta—ldtf ya+b—1e—(1+t)3’dy_
0 0 0

Arap (4), (5) Ba (6) 1apHU ’bTUOOpPTA 0JICAK,

I'(a + b)B(a,b) = j y‘”b_le_ydyj tle~dt =
0 0

(0.0] F (00]
= f y*thle™ ;Z) dy = F(a)j yP~te Ydy =T (a)T'(b)
0 0

HU XOCUJ KHWJaMu3. /leMak,

['(@)I'(b)
B(a,b) = ———. 8
(a,b) I'(a+ b) (8)
5.Arapb=1—-a(0<a<1) gecak,
Na)l'(1—a) =— :
sinar
ByHra tyaaupuin ¢popMysiacy Jeruuiaiu.
1 1 .
a=s oyscal’ (E) = /1t 6ynazu.
Kyunuparuy, fom%dz =r WHTerpaJsja z = x? JleCak,

© _,2 N3
Jo €7 dx ==~ Hu XoCcuI KuIaMus.

6. b =a xamzaa
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1 a—1

1 2
B(a,a) = jxa‘l(l—x)a“1 dx = b[ E—(%—x) ] dx

0

/2 1 1 2qa-1
=26[ [Z_(E_x)] dx.

1 1
Bynsa - —x = Ex/f aJIMalITUPHUIL OJIaMHU3

1

1o 1/
B(a,a)=ﬁft 2(1—1t) dt=22a_1B<§,a>.
0

(8) uu popmysnagaH ponanasHuo,

r@r@ 1 F(%)-F(a)

[(2a) 2241 F(%*_a)

Ba 6yHJaH Jlexxan ip popmMysiacura KejaMus.

Vi

[(a)T (a + %) = e T,

[' —OyHKIIMAHUHT OyHJAH TallKapu >XyJla XaM Kyl Xoccajapu

MaBXyJ OyJnO, yaapaaH JlexkaHZp 4eKCU3 KaTopJap €épAaMuja

I'(a) Hu a vy 1 gaH 2 rava KukMmatiaapuHu 0,001 kagam 6uan 7

XOHa/JM Ba 12 XOHa/M YHJWK aHUKJUKAQ VHJIU JiorapudMjapu

’KaJIBaJIMHU UILJ1ab 4YMKKaH, 1y cababJsik 3JieMeHTap OyJiMaraH

[' —dyHKUMAHU 3sieMeHTap OQYHKLYAJAAp KaTOpUJa MILJIaTULI

MYMKHMH.
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3.12. AHUK UHTETPAJIHU TAKPUBHIA XUCOBJIAIII

MabayMKH, 6UpOp opasvuKaa y3JyKcu3 6yaradH GyHKIUS YUyYH
Xap AOUM OolJIaHFUY QYHKIUSA MaBXy/l, S’bHA OUPOp opasvKia
Y3JIYKCHU3 OyJiraH QyHKUWSA WHTErpaJy/laHyBYM QYHKIUSA OyJaJiu.
JlekuH xap AOUMM XxXaM OepuJjiraH opajivuKjaa OepuraH (QpyHKIUS
y4yH OO0lIIaHFUY OYHKIUSHU XHCo6JIall MYMKWH
O6yJlaBepMaraHJUru y4yH KyNruHa aHuK UHTerpaJijylapHu TaKpUuoui
XyAcobJalira Makoyp OyJsiaMu3. AHMK HHTerpa/UlapHA TaKpUOUU
XyMcobJiall  ycyJUlapuJaH  3HC  caMapaju  yCyJJlap  TYFpH

91



TYpTOypUYaKJIap yCyJiy, Tpalelus ycyJu Xamza rapaboJa ycyaaapu

XHCcoOJIaHaaHU.

3.12.1. AHUK MUHTET'PAJTHU TAKPUBUH XUCOBJIAILI
YCYJJIAPH

[a, b] kecmaza y3aykcus f(x) PYHKIUSHUHT aHUK MHTErpaIu
b
J., f(x)dx Hu xucoGna Tasa6 KMIMHCHH,

a) Arap f(x) OyHKUMSHUHT 6ouuiaHfuy GyHKuuscu F(x) HU
TONHWII MYMKHH 6VJica, y X0Jila aHUK HWHTerpajHud HbHOTOH-

JlenoHuL, Gopmyiacu

b
| r@ax = Fo) - F@

JlaH GouIaaHrub XM COOIalIMMHU3 MYMKHH.

0) Arap f(x) OQYHKUMAHMUHr OollaHFUY OJyHKUuscH F(x)
HOMabJyM Oysica (Tonub OysiMaca) €KM MypaKkab OyJica xamja
f(x) dyHkusa rpaduK €KY ajiBaJ KypUHHUIIKW[A 6epuaraH 6yJca,
y XO0JIJd aHUK WHTErpaJIHUHI TAaKpUOMM XUCOoOJall ycyJaapujiaH
dbongasaHUIAoU.

Bbu3 acocaH aHUK MHTerpajHU TAaKpUOWM XUCOOJAIIHUHT Y4
xun ycyau: TyFpu TypTOypuak, Tpanenuss Ba CHMICOH
ycyJuiapyugal doraananamMmus. by ycyasiap uHTerpas octuaaru f(x)
OYHKIUSAHA YHU TaKpUOUW MPOAAIOBYM, OOUIJIAHFUY QYHKIUSACU
MaBXyJZ, OyJraH OUpoOp Kynxaj OWJIaH aJIMAIUTHPHUIL (SABbHU

f(x) = B,(x)) raacocjaHagM.

92



ByHgaH ¢porigananub, 6epuiraH UHTErpajHU Kynuaru
b

ff(x) dx = an(x) dx

a

MHTErpaJJHu TakKpubuuM xucobsiami ¢QopmyJsiacura Kejsamus. by
TaKpubu @QopMyJiaHU xucoOJalga anbaTTa, aHUK HHTerpals
TabpuduAaru UHTErpaJq MUFUHAM TyUIYyHYACHJAaH Ba aHUK

MHTErpaJIHUHT TeOMETPUK Ma'bHOJIAapUAaH GorUJa/IaHUIAU.

3.12.2. TYFPU TYPTBYPYAKJIAP ®OPMYJIACH

f(x) oyukuusa [a,b] opanukia aHMUKJAHTAH Ba Y3JYKCHU3
OyJ/1M0, yHUHT aHUK UHTEerpaiu f; f(x)dx HU TakpubuUi xrcobJall

Ta/1a0 KUJHUHCHH.

o a+b
la,b] xecmMaHMHr VpTacu c=—- HM TonM6 ojaMu3 Ba Oy

o a+b o
HyKTaJlaru QYHKIUSHUHT KUMMaTH | — ) HH XUCOOJIaUMHU3.

Wxtuépuii x € [a,b] yuyH \
vt F(x) B
a+b

fx)=f (—) = const 7e0,

2

SbHU 3TpU  4U3WK f(x) HHY,

f(aTH)) TYFPU 4YU3UK OUJIaH

0 a a+b b x

AJIMallITUPpaMMU3 Ba YHra MOC

MHTETrpaJIMHU XU COOJIaMMU3.
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b

b
[ reoae= [ (57)ax =1 (557

a

b
j dx.
a

BbyH/1aH 3ca,

a+b

—)b-a), (1)

b
[ reodx =g

dbopMysiaHu xocua Kuaamus. (1) takpubuid ¢opmyaa, f(x) =0
oysaranjga, aABb 3rpyu 4U3UKJIMW Tpanelus w03uHU aA*B*b TyFpu

TYpTOypUYaK 103U OUJIaH aJIMALITUPHUIUIINHYU KypcaTa/iu.

Ay
(1) (dopMyJaHUHT AHUKJIUTUHU /\ N\
OLIUpHII MaKcaaua [a, b] xecmanu ! \J |
= ! ! I !
A = Xg, X1) o) Xk» Xks1seeer Xp = b /r L]
0 | | : : ro|X
HyKTajgap €pJaMua N Ta TEHT KHUCMTa ' ' '

o a=Xo Xk TXM Xn=b
OynuHaIU.
(X Kt X k+1) /2

N KaH4YaJIMK KaTTa OJIMHCA, UHTErpaj TaKpUOUW KAUKWMATUHUHT

aHUKJIMK Japakacy LIyHYaJIMK olIMb 60paBepay.

Xap 6up OyJIaKHUHT Y3YHJIWUTHUHU A x = b;—a Jie6 oslamus. Xap 6up

o _ XptXg41
KEeCMaHMHT ypTacu Chk =———

opkaau f(x) JyHKUUS
XtXk+1

> ) HHU KypaMH3

rpadUrHHUHT opAMHaATacu ¥, = f(cy) = f(

Ba YHHU 103acu

b—a X +x
Ax- 3y = B fla) = - f (2

n 2

OyJiran TYFpu TYpTOypUYAaKHUHI l03acu Je6 Kabys Kujaamus. Y

x0J14a 6apya n Ta TYFpU TYpTOypUakK/ap 3aJapuHUHT UMFUHAKCH,
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OepuJ/raH arpy YU3UKJIU Tpanelus 3UHUHT TaKpUOUN KMMMaTHUra

TEHT OYyJiaJiv, IbHHU:
jf(x)dxzAx-jil+Ax-)72+Ax-y3+---+Ax-37n=

=Ax[)71 +P+ I3+t P =

b _
"2 [flen) + Fe) + fes) + -+ fle)]

Jlemak,

(xk + xk+1)

b
f f(x)dx =

eKU

b
b —
[ rwax~ =2 1) + @) + e+t Fe)]. @)

(2) dopmysara aHUK MHTErpajHU TaKpUOUH XHUCOGJIAIIHUHT TYFPH
TYypTOypuak/aap ¢opmyJiacu Aeruaaau.

(2) oopmynamza xap OUp TYFpU TYpPTOypUYaK 03aJlapUHUHT
6a/slaHAJIMTU cupaTUia KECMAaHUHT SpMUra MOC HYKTa OpJUHATacH
OJIMHTAH. Arap my TYpTOypuyak OajaHAJUTU cuPaTHJa YHUHT X
HyKTara Moc 6asanajauru f(x;) oJIMHCA, XOCUJ OYyJraH UHTerpaJs

HWUFUHAU KaMU OWJIaH OJIMHTaH,

b
b —
[ redx =~ 2 G0 + £ + 1)+ o fGn ] @)
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O6asaHJJIMK cuPaTUAA Xj4q HyKTara Mmoc f(xj,q) KUAMAT OJIMHCA,

y X0J1/1a Ky OUJIaH OJIMHTaH UHTerpaJj WMFUH/Y,

b—a

b
| reode = =2 170 + G+ £O) 4 ). @)

XOCUJI OyJ1aiy.

Tyrpu TypTOypyaksap (OpMyJIACUHUHT XaTOJIUTU IR, | <
(b—a)’

2z Mz, ra TeHr, oy epaa, M, = maxXg<,<plf” (X)],
f"(x) uunr [a, b] KecMaJlard 3HT KaTTa KUMMaTH OyJ1H10,
XaTOJIUK

b
b —
Rl = | [ £ =22 1) + £(e) + ) + =+ e |

3.12.3. TPAIIEIUA POPMYJIACH

Tyrpu TypTOypuyaksap d¢opMyJsacura Kypa TaKpuOUU
XYWCOOJIAIIHUHT fIHaJla aHUKPOK HaTWKa OepajuraH yCYyJHWHHU
KapanMHus.

f(x) dynkumsa [a,b] opanukaa aHUKJaHraH Ba Y3JyYKCU3 OVJIMO,
YHUHT aHUK UHTErpaju f;f(x)dx HU TaKpUOMM XycobJiall Taaab

KHWJIMHCHH.
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UxTuépuii x € [a, b] yuyH

f)-f(@ . bfla)—af(d)

feo) = b—a x b—a

Ae6 oslaMu3, AbHU OyHzAa f(x) s
arpu  4usuK, A(a,f(a)) Ba
B(b, f(b)) HyKTanapaaH yTyBYU

TYFPU YU3UK OpAMHATACU OUJIAH

AJIMAaITUPHUJINIIIUHHA

ouaAupan.

A(a, f(a)) BaB(b, f(b)) HyKTasapJaH yTraH TyFPHU YU3UK

TEeHI'JIaMaCH.
y—f(a) x—-a - _f(b)—f(a)x+bf(a)—af(b)
f)—f@ b—a 2" b-a b—a

Hatmxaga fb f(x)dx uHTerpa/JHu TaKpUOUH XHCOOJIOBYH YIIIOY,

b b — b
f( Jx ”f() f@  bI@-af®)],
@@ gy )

dbopMysianu  xocua Kuaamua. (5) Takpubuit dopmynaa f(x) =0
oyaranga aABb srpyv 4YM3UKJIM TpanenqUssHUHT 103UHU  aABb

Tpaneyus 1031 6WJIaH aJIMAIITUPUIUIINHYU UPOoaaNmanu.

A
Oumm (5) (popMyIaHUHT aHUKJIWTHHH y

OLIMpPHII MaKcaaua [a, b] kecMmanu
A = Xg, X1y Xky Xigg1s oe» X = Db
HyKTanap €paamMuga N Ta TEHD

kucmiap(oynaknapra) Oymamus. Xap

Vd [ 7 N



(5) dJopmynara acocaH, xap OHP  [Xy;Xk4+1] OpaJMKKa MoOC

TpaHeHHH6yHaFHHH103HHHTDHaMH3:

Xk+1

j~f@szf@wt;@H0(mﬂ-ww- (k=0,(n—1D)

ByHu xucob6ra osiraH xoJszaa [a,b] opasuK y4yyH KyHuAarujaapHH

€3UIlI MYMKHH.

ff(x)dx ~ jlf(x)dx + jzf(x)dx + ...

Xk+1 Xn

+f f)dx + -+ ff(x)dx=

Xn—1

_ fxo) + £ )

2 L SO) + f(x2)

S (=) +

(x1 — %)

n f(xn—l)z‘l' f(xn)

(xn — Xp-1) =

Do @ T TCn) 4 pe) + ) + £ ) 4 f )|

byHzaH,
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‘ b— @S F) + f ()
—a Xk Xk+1
jf@ﬁxz _ ;; . |

eKU

b—a [yo+y
el e R PR SRS (O

b
| raax ~

dopMysaHu xocua Kunamu3s. (6) dopMmysiara aHUK HHTErpaHU

TAaKpUOUU XMCOOJAIIHUHT Tpanenus GopMmyJiacyu Aerluaaau.

(b—a)®

Tpanenus GopMyJacCHHUHT abCOJIIOT XaTOJUTH |R,, | < Py M,, ra
TeHr. by epza,
M, = max |f"(x)| Ba xaTosuk
asx<b
‘ b
—a Yoty
IR, | = ff(x)dx— " 5 n+3’1+3’2+3’3+‘”+3’n—1]
a

3.12.4. [TAPABOJIAJIAP (CUMIICOH) ®OPMYJIACHU

By ycyn woxKopugaru TyFpu TYypTOyp4yakK Ba Tpamnenus
yCyJlIapUra KaparaH/za sHa/la aHuKpOK HaTUKara oJiub Kesazu.

f(x) oyukuusa [a,b] opanvkaa aHUKJAAHTaH Ba Y3JYKCH3 6Yu6,
YHUHT aHUK UHTerpaiu fff(x)dx HU TaKpUOUU XUcobJiall Tanabd

KUJIMHCHH.

99



By xongma f(x) arpu yusukHu M(a, f(a)), K(aTer, f(aTer)) Ba

N(b,f(b)) HyKTanapgaH yTyBun Yy = Ax?+ Bx+ C mnapa6oJa

OWJIaH aJIMAlITUPAMU3 S’bHH,
f(x) ~Ax*+Bx + C.

M, K, Ba N HyKTajsap OpKaJu
napaboJia YTKa3ulll MYMKHH Ba Oy

napaboJsia groHa oOyjaagd. IJHAU

(Ax? + Bx + C)dx umTerpanHu
/s p

b
6epu/raH J, f(x)dx
WHTETrpaJIHUHT TaKpUOUU
KMHMaTH Je6 Kyuuaaru

HMHTEIrpaJIHUu XO0CHUJI KWUJIAaMHU3.
b

b
jf(x)dx ~ j(Ax2 + Bx + C)dx .

a

ByHpas, f:(sz + Bx + C)dx vHTerpaJiHu XUCOBJIaUMU3.

b 3D x2 | b b
j(Ax2+Bx+C)dx=A? +B7 +Cx| =
2 a a

b3 — a3 b? — a?
=A 3 + B > +C(b—a)=

=Ta[2A(b2+ab+a2)+3B(b+a)+6C]=
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b—a a + b\* a+b
== (Aa*+Ba+C(C)+4 A(T) + B 5 +C

+(Ab2+Bb+C)] [f(a)+4f< )+f(b)]

[llyHmam KUauo,

f feac~"lr@+ar () v rw| @

TaKpu6Hui xucobsam ¢opmyJiacura kenamus. llynga (7) popmyna
aMINb 3rpy 4YM3UKJAU TpaneuUusHUHT 03uHU aMIINb srpu
YU3UKJU TpaleUUusHUHT 103M OWjaH aJMallTUPUJIHILIUHA

ndoaananau.

Oumu (7) dopMynaHUHT aHUKJIUTHHU
OLIMPHII MaKcanua [a, b|] xecmanu

a = xo, X1, ...,Xk, xk+1, ey x2n ==

X2k-2 T X2k Xon=
X2k1

oV

HyKTamap €paamuga 2n  Ta TEHT %
kucmra(oynakka) 0yau0 yukaMus.

Xap 6up [xar %2x42] (K=0,1, 2,..,(n—1)) opamug 6yiinua
o/lvuHraH wuHTerpaira (7) ¢opMmyJsaHu KyJ/ulauMus. Y xoJijaa

[X2k, X2k +2] OPAIHK YUyH,

| rOode = I 1) 4 () + F (o)) =
b _
o [f(ka) + 4f (x2x41) + f (X2p42)].
HaTtuxaga,
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X2n

jf(x)dx~jf(x)dx+Jf(x)dx+ -+ j f(x)dx =

Xon—2

b —
= 2 [(FGr) + 4 £Or) + £ ) + (Fr) + 4 F(s) + FG)) + -

+(f(x2n 2) +4 flxon_q1) + f(xZn))] _{f(xo) + f(xzn) +

+4[f () + f(xa) + -+ flan-)] + 2[f (x2) + f(xg) + - +
+f (X2n-2)1}

Mlynpah kuaumb, f(x) QYHKUUAHUHT aHUK UHTErpaJvdHU
TaKkpuobu udogastangurad Kyuugaru CumncoH ¢dopmyJsiacura

KeJIaMU3.

b n
b —
[ rooax = o 2 )+ 4f ) + 0] v

b
b—a
[ reodx =22+ yon+

a
+4[ys +y3 + o+ Yonoal + 2[y, Y4+ + Yon—2l} (8)

(b—a)®
2880 n*

CumIicoH (GOpMyJIaCHHHUHT abCOJIIOT XaTOJUTH |R, | < 4

ra TeHr 6yJuo6, 6y epAa,

M, = ma;g)lf”’(x)l 6yau6, fV(x) munr [a, b] KecMazaru 3T
asxs<
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KaTTa KUWUMaTUOUP.

IR | = |f fGOdx = (8)].
2
1 — Mucoun. jx3dx MHTErpaHU XUCOOJIaHT.
0
Eumm. [0,2] kecManu 4 Ta TeHr Kucmra(6y/1akka) 6y1amMus,
b—a 2-0 1

4 4 2

By Hykranapga y = f(x) = x3 QyYHKUMAHUHT KUMMaT/JIapUHU
XHCOOJIaUMHU3.

xo=0 ma, ¥o=f(x)=f(0)=(0)°=0;

1 1\ 1
Aa, 3’1=f(x1)=f<§)=(§) =§;
x, =1 na, J’2=f(x2)=f(1)=(1)3=1;

3 3 3\ 27
X3 =5 Ad, J’3=f(x3)=f<§)=<§> =3
Xy =2 [a, 3’4=f(x4)=f(2)=(2)3=8-

JHJAM TONWJraH Oy KuiMatJjapJaH ¢doHaanaHub OepuaraH
MUCOJIHM IOKOPUJA KeJTUPW/ITaH Y4 XWJ YyCyJaja TaKpUuOuid
XycobJsiall MacaJacMHUA KapaiMui. By xucobJjamiapiaH CyHT

HATHUXKAaHHU COJII/IIJ_ITPIpPI6, YCYyJLUIapHHUHT KaflCH 6I/IpI/I edYHrMra

SAKUHPOK OYJIMIIMHU KYPUIITUMH3 MYMKUH.

1. Ty¥pu TypTOYpuaKIap popMyaacura Kypa:
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b—a

b
| Feodx = 22 1) + £(e) + ) + -+ e

b
[ £ dx = 222 ae) + 7200 + 34(e) + 7aGe]

N| =
| =

_x0+x1_0+ ~ _~<1>_ (1)_(1)_1.

1
X tx, 71Tl 03 y )_~(3)_ (3)_(3)3_27
Q== =" Ty RD=g)=/3)=7) T
3
_x2+x3_1+§_5 5 )_~<5)_ (5)_(5)3_125_
=T =y Ty BI=wg)=1\7)7 1) T
3
Cx3t+x, t2 7 i )_~(7)_ (7)_(7)3_
Cq = > ~T o T W 3’4C4—3’44—f4—4 =
343
64

TonuaraH KuMMaTJIapHU IOKOPUJArd MHTETPAJHUHT YHT TOMOHUTA

KysIMU3.

2

2—0 711 27 125 343
jx3dx ~— = 3,875.
0

2 les 6262 T ea

2. Tpanenuss popMynacura Kypa:

b

b—a [y,+y
jf(x)dxz ” [ > n+}’1+}’2+}’3+”'+3’n—1]-
a
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b

b—a [y,+y
jf(x)dxz 2 [02 4"‘3’1"‘3’2‘*‘3’3]-
a

2

j3d L2700 0+8+1+1+27]—425
ATy 2 '8 g |~ Mo

0

3. IMapa6osaanap(CumMmncoH) ¢popMysiacura Kypa:

b
b—a
[ FO0dx =22 [yo+ yan + 4.0+ 35 4 an )
a
+2 Wy +yst -+ Vo2l
b
b—a
.[f(x) dx ~ 6.2 [Vo + ¥4 + 4y +¥3) + 2(12)]
a

2

j Sy v 2 l0+8+4(1+27)+2-1]—4
SR’ 8" 8 -
0

Bepusaran vuHTerpajHu HblOTOH-JIeNOHUL, GopMyJiacura Kypa

XHAcobJIanuiuraH 6yJcak,

JleMak, 10oKopuJaru ycyJjJjapra KapaiauraH 6yJicak, CUMICOH
yCyad TYFPU TYpTOypyaK Ba Tpalelus ycyJjiapura HucbaTaH

e4YuMra iKWHpPOK OyJiap 3KaH.

1
1+ x2

1
2 — Mucoun. j dx WHTerpajHU XHCOOJIAHT.
0
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1
/i
= arctgl — arctg0 = i 0,785398.
0

1
1

jl 2 dx = arctg

0

JHAM 1y MHCOJIHA IOKOpHJA KeJTUPUJraH TaKpuouu
XycobJaniap épgamMmua KypcaTaMus.

BynuHr yuyH, [0,1] kecManu 10 Ta TeHr Kucmra(6y1aKka)

b—a 1-0 1

oynamusz,a =x,5 =0, b =x9=1, h=7=1—0—1—0=0,1.
n =10 1
yk_f(xk)_1+xk2
Xo =0 Yo = 1,0000
x; =01 y, = 0,9901
x, = 0,2 v, = 0,9615
x3 =0,3 ys; = 09174
x, =04 ys = 0,8621
xs =05 ys = 0,8000
xe = 0,6 Ve = 0,7353
x; =0,7 vy, =0,6711
xg = 0,8 yg = 0,6098
Xg = 0,9 Vg = 0,5525
X10 = 1 Y10 = 0,500

Ty¥u TypTOYyp4aK popmysiacura acocaH:

(3) ¢opmy.1a OmJIaH XHUCOOSIAUMHUS.

1
1 1
j1+x2dxzﬁ[y0+y1 + Y+ Y3t Vst Vs + Vst Y, + Vg + Yol =
0
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1
=10 [1,0 + 0,9901 + 0,9605 + 0,9174 + 0,8621 + 0,8 + 0,7353

1
+0,6711 + 0,6098 + 0,5525] = 10 8,0998 = 0,80998.

(4) dopmMy.ia 6yiiM4a XHCOOIANMMS.

1
1

1
jl+x2dx=ﬁ[y1+yz+y3+y4+ys + Y6 + Y7 +yg + Yo+ y10] =
0

1
BET: [0,9901 + 0,9605 + 0,9174 + 0,8621 + 0,8 + 0,7353 + 0,6711

1
+ 0,6098 4+ 0,5525 + 0,5] = 10 7,5998 = 0,75998

(2) dopmyuia 6yiinya xuCcobaMU3.

1

1 1. N N - ~
f Tz % = 7o 171060 +7,(c2) +F5(e3) + 7, (ca) +F5(cs) +
0

+Y¢(c6) +¥,(c7) + Yg(cg) + Yo(co) + ¥, (c10)]-
TBHU:

_xpt+x 0+01

- =0,05; 9,(0,05) = = 0,9975
“1 2 2 ¥1(0.05) = 17755592
xl + xz 0;1 + 012 ~
6 == == 015 72(015) = o5y = %9779
ey = 2 txs 05 _ 0,25; ¥5(0,25) = = 0,9412
2 2 1+ (0,25)2
x3+x4 0,7 5
- =2 =035 $,(0,35) = = 0,8909
Ca 2 2 ¥4(0,35) = 1753552
X4 + X5 0,9 -
= =22 =045 $.(045) = =0,8316
‘s 2 2 ¥5(045) = 175752
xs+x¢ 1,1 5
‘6 2 2 ¥6(0.55) = 1705572
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_Yetx 13 ek, 7,(0,65) = 1 = 0,7029
T Ty T T O T 0652
x7+xg 1,5 _ 1
cg =———=—=075; y8(0,75)=1+(075)2=0,64
_Xstxo L7 g 75(0,85) = 1 = 0,5806
COT T T T Y T 085
X9 +x10 1,9 5 1
Ci0 = 2 = 2 =0,95, y10(0,95)=1+(095)2=O,5256
Y xonpa,
1
j —dx = 0[09975+09779+O9412+089O9+08316+
0

+0,7678 + 0,7029 + 0,64 + 0,5806 + 0,5256] = 0,78350.

By MucosHu Tpanenua ¢popmysiacura Kypa xucobJiacak:

1
1 Yo+

TVt Y+ Y3+t Yy

1

1 + 0,5
j dx = l + 0,9901 + 0,9615 + 0,9174 + 0,8621 +
14 x2 10

0
+0,8000 + 0,7353 + 0,6711 + 0,6098 + 0,5525] = 0,78498

By mucosinu CumiicoH ¢popMysiacura Kypa xucobJiacax:

1
b—a
[mar =2 Do+ o+ 4 Gatys + ok 3] +
0

+2 (¥, + ¥4 + -+ yg).
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1

1+ x2 65

1 1-0
j dx ~——[1+ 0,5+

0

+4(0,9901 + 0,9174 + 0,8 + 0,6711 + 0,5525) +

+2(0,9615 + 0,8621 + 0,7353 + 0,6098 )] = 0,78539.

[llyHaait KUaUb6 OJIMHTaH HaTHXKaJlap Kyduaaruya:

Ycyn EyuMm XaToJIuK
Tyrpu TypTOYpUaK
dbopmysiacu (kamMu 0,80998 +0,02459
OuJIaH)
Tyrpu TypTOYpHaK 0,78350 0,00189
(2) dopmysiacu
Tyrpu TypTOYpUaK
dbopmysacu (Kynu 0,75998 0,02542
O61JIaH)
Tpanenis 0,78498 0,00041
dbopmyacu
CuMinicoH ¢popmyJiacu 0,78539 0,0000
AHUK eduM 0,785398

KypuHu6 TypubauKH,

TaKpUOMM e4YuM aHUK edyuMra xKyjJa SKUH OyJuo0,

CAMIICOH yCyJauJa XHUCOOJIaHTaH

TYFpHU

TypTOypyak/aap ¢opMyaacuja KaMyd OWJIaH Ba Kynu OWJIaH

OJIMHI'aH HATHWXXaJIdp 4dHHK €4YUM anO(l)I/Iﬂa éTI/I6ﬂI/I. CHUMIICOH

dbopmysiacu 6yiiMYa OJIMHTAH €4MM aHMK e4WM OuJIaH yCcTMa yCT

TYIIa/H.
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4, XOCMAC UHTETPAJI

MabayMKH, aHUK UWHTerpas f;f(x)dx HU Tabpudauiia

HUKKHUTA IIApPT A'bHH:
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a) uHTerpaja octugaru OyHKnysa f(x) derapajaHraH OyJUIIA
XdM/ia;

6) MHTerpaJail yerapacu [a, b] 4ekau 6YIUIINHU Tajab KUJIUHap
3/1U.

[llyHuHr y4yH xaM OH3 x03Upya Iy HKKWATA IIapTAaH
OupopTacu Oa)kapujMaWh KOJITaH XOJJard QYHKUUSAHUHT aHUK
UHTEerpajd XakKkhja OUpop Hapca Aed oJaManMMu3. JIeKMH Kyuuja
IOpUTWIAAUraH 0ab3u OUpP KylIMMYa MabJyMOTJAp €pJaaMuja
oyHaan WHTerpasiap XaKuaaru TYIIYHYaMU3HHU
KEHrauTUPUILIUMHU3 MYMKHUH.

Arap KopuJiaru MKKWTa apTAaH 6UpopTacyu 6akapuJMaca,
OyHJail MHTerpaulapHU X0CMac UHTerpasjiap Aeb6 aTajaju.
Kymnanan: a) wapT O6akapu/aMaca uerapajapu 4YeKcu3 OyJraH
MHTerpasap (1-Typ xocMac uHTerpasiap), 6) mapT 6akapuamaca
Y3JYKJIU QYHKUUSHUHI WHTerpasu (2-Typ XocMac MHTerpaJjiap)
Jeruaaau.

JleMak, XocMac HHTerpa/jlap MKKM Typra OYyJIMHAp 3KaH.
[llynapaan pactaab derapaJjiapyd 4eKcu3 OyJiraH HWHTerpaJJiapHU

KapauJIHK.

4.1. YETAPAJIAPY YEKCHU3 BYJITAH UHTETPAJIJIAP
(I-typ xocmac uHTErpaN)
JlacTiab my KypuHULIAAru MHTerpajiapra KeJTUpUIaauraH

MM COJIJIap OMJIaH TaHUIIAWJIUK.
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1
1-Mucos. y = ~ Bax = a > 0 4usuKIap OuJiaH yerapaJjiaHrat

COXaHHUHT S 103aCHHU TONAHJIUK.
" bu3ra MabsyM OyJirad TyluyH4daJjaap
épJaMuia 0y COXaHUHT 103aCUHU

) TOIoJIManuMuU3. JIEKUH COXaHU X = b

y=f(x
/ . ‘ TYFPU YU3UK OWJIaH Kecub, arpu
a X

YHU3HUKJIU Tpanenysa X0CUJa KUJICaK, oy

1-pacm

OI'PHU YHU3UKJIN TPANIEHIUAHHWHTI F03aCH.:

b
1
—dx
X

a

ra TeHr oyysaau. ¥ xoJijaa, b — oo Ja KapaJlaéTraH COXaHUHT 103acu

XO0CHJI Oy1a/iv, TbHU

JleMak, 6y xoJi1a cypa/iraH COXaHUHT 103acy XaKuja 6Upop Hapca

auTa oJIMauMU3.

2-Mucon. y = x—lz Ba x=a>0 YU3UKJap OuJaH
yerapasiaHraH COX@aHUHT S 103aCMHM TONAWJMK. 1-MHcCoIJaru Kabu
UKD IOPUTCAK,
b
_ dx _ 1\ 1p _ 1y 1 1
S=lim | — = lim (——>| = lim (——) +-—=-.
X a b/ a

b—oo b—oo X b—oo a
a

1
,[[EMaK, 6y COXdHHHTI 1KH3aCH Z ra TeHr sKaH, AbHHU COXdMH3

KYPUHHUILMU YEKCU3 JaBOM 3TUIIIMTIa KapaMal YeKJIY t03ara ara 3KaH.
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By Mucosi1apHU yMyMJIAaIITUPUO, a < X < 00 cOXaZia Y3JIyKCU3
oyaran y = f(x) QyHKLHUSAHU KypaMHu3.

dapas Kuaaniuk, f(x) yHkuus [a, +00) opajqukia 6epuirax
Ba Y3JyKcU3 OyichH. By OQyHKIUAHUHT [a,+00) OpaJMKHUHT

UCTaJIlTaH YeKJIU [a,b] (a < b < 400, 1 — pacMmra KapaHr)

KACMUATH f: f (x)dx aHuK uHTerpasu b ra 60faUK 6yaaau. AbHU:

b
F(b) =ff(x)dx.

Tabpud. Arap b - +o ja f:f(x)dx aHUK, MHTEerpaj 4eK/u

JIUMUTTA WHTWJCA, 6y JuMuTra f(x) OYHKUUMSHUHT [a,+o0)

opaJIMKAAaru XocMacC MHTerpaJin ,qe6 aTaJlaH Ba

Tof(x)dx :

KypuHULLAA é3unagu. [lemak
+ 0o b
j f(x)dx =blir+n jf(x)dx.
a a

< Arap JUMUT MaBXyJ, 6y/ca xocMac UHTerpasj SIKAHJAUIYBYU
€KY MaBXyJ Aeb aTajaaju.
& Arap JUMHUTH 4YeKcu3 6yJjca €kd MaBxyn 6yJMaca, XxocMmac

WHTEerpaJl y30KJaallyB4YHU J1eb aTaia/iu.
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. 01
lllynra kypa, 1-mucoszga fa ;dx XO0CMac MHTerpaJ

® 1
Y30KJIalllyBYH, 2-MucoJja fa ;dx XocMmac MHTerpaJ

SAKWHJIALIYBYY OYJIMIIMHU KYPULIUMU3 MYMKHH.

Xyaau wmyHuHrzaex, f(x) ¢oyukyusa (—oo,a] éku (—oo,+0)
OopaJIUKAa OepuwyraH Ba Y3JIyKCU3 OyJsiraHaa, 0y (QyHKUUSHUHT
(—o0,a] Ba (—o0,+00) opanukjgap 6yHUYa XO0CMaC HWHTerpasjiapu
XaM KopuJarujiek tabpudsaHagu Ba MOC paBULIAA Kyuujaru

KYpPUHUILIJA E3UIA/H.

b b
ff(x)dx =al_i)r_nooff(x)dx : (o< a<b)

Tof(x)dx = ff(x)dx + Tof(x)dx :

Oy ep/la, ¢ —UXTHUEPUU COH.
By  xocmMmac MHTerpajjia yHr  TOMOHJA  TypraH

WHTerpaJIapHUHT Xap OUpU IKUHJIALIYBYU OYJCa,

Jjoo f(x)dx

XOCMacC MHTerpaJ aKMHJIaUuyB4Yy OyJIa/iu.
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y 4 dcaatMma. Arap ysaykcus f(x) =0

OYHKIUAHUHT  [a,+00)  opajuKJaru

y=1(x) + 00
XocMac HHTErpau fa f(x)dx
ol a > SAKWHJALlyBYMU OyJica, y xoJaa 0y udoja
2-pacu OUpOp YeKCHU3 ENuraH 3rpu YU3UKJIU

TpaneUusHUHT 3aCUHU Udoantani.

3-MucoJ. Yoy

+ o0

=t
1+x2x

0

X0CMaC MHTErpaJiHu AKMHJIAIIYBYUJIMKKAd TEKIIWUPHUHT.

Euu:
+ 00 b
j 1 o= L =1 ¢ ’ I tgh = =
x = lim x = lim arctgx = lim arc = —,
1+ x? b+ | 1+ x2 b—+oo g b—+oo g 2
0 0 O
1 y 4 . i v 4 )
¥y = _ 1 - dx
V=1 _ v
+x E!-1+x 14+ x Jl-l—x

4-MwucoJ. Yoy

400

[ T
1+x2x

— 00

X0OCMaC MHTEerpaJHu AKHMHJIAIIYBYNJIMKKA TEKIIWUPHUHT.
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Euumr:

+ oo 0 + oo
j L —j L +j L
1+ 172 1T+2 %
—00 —o0 0
e
_xl-l-x‘ L
/7\ MR
//2/>7/Ww=
0 X
0 +00

1 1
dx aM/aa dx UHTerpasiJIapHU
f 1+ x2 AAMA f 1+ x2 P P
— 00 0
SIKMHJIAIYBYMJIMKKA TEKIIHPAMU3:

0 0

0 x

a—>—0o

j dx = lim dx = lim arctgx
2 ——00 2
1+x a 1+x a

— 00 a

T
By ep/la, MKKWHYU UHTErPpaJIMMU3 3 — MUCOJITA Kypa > ra TEHT.

Jlemak,
+ oo 0 400
j 1 p _j 1 g +j 1 g _n_l_n_
1+ x2 X = 1+ x2 x 1+ x2 x_2 2_7T'
—00 —o0 0

OepuJirad XxocMac UHTerpaJl sKUHJ/Iallau.

+ oo

1
5 — Mucos. Yoy j x—adx XOCMacC UHTerpajl @ — HUHT KaHJau
1

KAMMaTJ/JIapu/ia SsKMHJIAIaAyd Ba €KW Y30KJalla/iu.
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Euumr:

+00 b b
1 _ dx _ 1
j —dx = lim | — = lim xl‘“] —
x& b-+w | X% b-o+ol|l —«
1 1 1
— : 1-a _
B bl—l>I-Pool —a (b 1)
Jlemak,
+o00
1 dx = i 1 pl—«—1
fx“ x_b—lglool—a( )
1
+ 00
1) A >1 6§ j L= 2
) Arap, « yJica, por X = e SIKMHJIALYBYM.

1
+00 .

2) Arap, a <1 6yuJca, f x—adx=oo Y30KJ/1alllyBYH.
1

+00
1
3) Arap, a =1 6yuJca, f x—adx=oo Y30KJIalllyBYH.
1

400

6 — Mucou. j e* dx XocMac UHTerpaHu SIKMH/IAllyBUMJINKKA
0

TeKIIUPUHT.
Eunm:

i b

j e*dx = lim e* . = bl_i)rgloo[eb — 1] = 0. y30KJaIIyBYHM.

0
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4.2. BAb3H1 TAKKOCJIAILII TEOPEMAJIAPU

bab3u XxoJislapJla XOoCMaC HWHTErpaJHUHI aHUK KUMMATHUHH
XyAcoOJalll WapT OYJMaW, YHUHT SKWHJAIIWIIAHUA OuavIl KUdos
oysnanu. bynmail  xosnapga 6y XocMac — MHTerpaJijlapHu
SKUHJAIIWIIKM (€KMW y30KJallMIIKM) MabJyM OyJraH xocMac
WHTEerpaJsijiap 6ujaH TaKKoc/all KyJanu oyaau.

[y MakKcajia KyHuJlarhk XocMac HWHTerpajJapHu

TaKKOCJ/Iallll'a aCOCJIaHT'aH TeopeMaJIapHH KEJITHPAMHA3.

1-Teopema.  f(x) Ba @(x) byHKIugaap x € [a, +)
UHTepBasAa y3aykcus 6yau6, 0 < f(x) < ¢(x) TEHrCU3JIUKHHU

KaHOATJIAHTUPaAU. Y xoJ1/a:

+00

a). arap f @ (x) dx xocMac HHTerpaJ SsKUHJIAlyBYH 6YJIca,

a
+ oo

f f(x) dx xocmac uHTerpaJj XaM sSKAHJIaIlyBYM Ba

a

400

Tof(x) dx < j o(x)dx.

a
+ oo

6). arap j f(x) dx xocmac uHTerpas y30KJallyBuu 6yJica,

a
400

j @(x) dx XocMac UHTerpaJ xaM y30KJalllyBYd OyJia/iy.

a
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+00

dx
7 — Mucoua. Yoy J

x?%(1+ e¥)

XOCMdC MHTErpaJiHHu

SAKUHJIAIYBYMJIMKKA TEKIIMPHUHT.
Euyum: KypuHu6 TypubaUKH, MUHTErpasj OCTUJaru
GYHKIUSAHUHT UHTErPaJIMHU XUCOOJIall aH4Ya MypPaKKa0, IyHUHT

y4yH Oy MHCOJITa TAaKKOCJ/Ialll TEOPEMACUHU KYJIJIAaUMU3 STbHU,

+0oo +00
f dx - dx (21+x>2:> 1 <1>
— o X e = X — .
x*(1 + e*) x? ( ) x2(1+e*)  x?
1
Ba
+00 b
dx ) dx _ 1 b . 1
x2 bo+o | x?2 b—-+o X b=+ 0o b
1 1 1
AKWHJIaIIyBYH.
Jlemak,
+00
j dx -
xz(l + QX) XOCMacC MHTEerpaJ XxaM AKMHJIAIIYBYHU OyJIaAH.

1

2-TeopeMa. Arap

lim NG
x>+ @ (x)

=k, (0<k<+40),(f(x)>08Ba ¢(x)>0) uMur

400 400

MaB:xKy/, 6yJica, y XoJ11a J f(x)dx Ba f @(x)dx xocmac
a

a

WHTerpaJijiap 6Up BaKTAa AKWUHJAIIYBYU €KU Y30KJalIyBYX OYyIaau.
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3-Teopema. Arap

Tlf(x)l dx

X0CMac UHTerpaJs sKUHIalyBYHy 6yJica, y X0JiAa

+00

j f(x) dx xocmac uHTerpas abCcoJI0T IKMHJIAIIYBYM GYJ1aau.

a

4.3. Y3JIYKJIU ®YHKLIWA UHTET'PAJIN
Y3umiira sra 6yiaraH QyHKIUSHUHT XOCMAaC UHTETPaJIH.

(II-Typ xocMac uHTerpasn)

y = f(x) dyHKknua a < x < b opasivKja y3/JyKcU3 Ba QYHKIUA
X = b HyKTajza y3wjulira sra OyJICMH(bHU QYHKUUS D HYKTaau

aHUKJIaHMaraH).
b

Yoy, jf(x)dx X0CMac UHTerpajHu KapanlMus.

a

JlacTnab 1y KYpUHUIIJZATA WHTerpasjra KeJaTHpPUIAAUTaH
MHCOJI OMJIaH TAHUIIAUJIUK:

8-MucoJl.

(0 < x < b) yu3ukJap 6UJIaH YerapajaHraH coxa

1
Y= Vb —x
I03acUu S TONWUJICUH.

Euu:

120



y By Jyukuua x =0>b HYKTa/Ja
aHWKJaHMaraH. By coxa uekcus JaBoM

3TYBYU COXa OYJIraHU y4yH, OU3ra MabJyM

— €
0 b-¢ b X

oysqraH ycya OWJIaH K3aCMHM ToIla
OJIMaMMU3. Arap COXaHU X = b — ¢ TYFpH
YU3UK OWJIaH KecCaK, XOCUJI OyJIraH 3rpu

YHU3UKJIU Tpallequd r03aCH:

—&

b
= j f(x)dx
0

65’/111/16, €—0 J1a cypasiraH COXaHUHT K03aCHU X0CUJI Oy1a/iv, IbHU

— &
—!;fa v—”;i%( )| -

0
=lim(-2vb—b +¢) + 2vb = 2Vb.

-0

By XoJi1apAa aHUK, UHTEerpaJl TYIIyHYaCUHHU
yerapajaHMaraH MHTerpasj oCTHJaru GyHKIMs TYIIYHYacH GUJIaH
ymyMamtupuil MyMkuH (f (x) ¢yHKUMA [a, b) HUHT HyKTaJapuaa
Y3JIYKCH3).

2-Tabpud. Arap e—>0 ga

j f(x)dx

aHUK MUHTerpasl 4ek/Jd JIMMUTIra WHTUJICA, Oy JIMMUTIA Y3JYKJIU
OYHKIUSHUHT XOCMaC WHTerpajyd Aeb aTajaJii Ba KyWuJarudya

€3uJIaH.
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b

ff(x)dx = lim bf_gf(x)dx.

a

By xoJs1ia XocMac MHTerpas IKMHJaIlyB4YU €6 aTasagu. Arap
Oy JUMUT MaBxXKyJi Oy/iMaca €KW 4YeKCu3 0yJica, y XoJJa xocmac
WHTerpaJi y30K/JallyB4YU €6 aTala/iu.

OpaTtaa 6yHAaM XxocMac UHTerpasijiapra YHriaH y3uJvIlra ara
O6yaraH QyYHKUMSHUHT XOCMac UHTErpaau Aeb XaMm ataaand. YyHku
OM3 aHWK WHTerpaj IlapTJjapura TYWHWPUII MakKcagujga X = b
HYKTaHW, y3UMU3 aTauaab (aagam Wyau 6ujaH) X = b — & HYKTa
OpKaJid 4Yal TOMOHra CW/DKUTAUK(YU3Mara KapaHr) (0y epjaa
€ —HOJITAa SKWH J>XyJasM KWYMK COH) Ba HaTWXaja x =b —¢
HYKTaZa QYHKUMSIMHU3 Y3UJIHMIITa 3ra 0yJIMacJAUTrira UIoH4Y X0CHJI
KAJUIIMMHA3 MYMKHH Ba HaTWwXKaja Oy aHUK UHTerpaJ
TyIIyHYacura oJub KeJjaiu.

JcaaTub YTUII KOWU3KM, XOCMAC HHTerpaj Oy aHHK

HMHTErpaJigad OJIMHI'aH JINMHAT.

Xyaau IIYHUHTEK, HWHTerpaJ ocTujaru Qykuus x =a

HYKTa/la aHUKJIaHMaraH éKU X = a Jla y3WJIMIIra ara 6yJica:

b b
jf(x)dx=£i_r)% Jf(x)dx.

atée

OfaTha 6yHAaM xocMac UHTerpaJuiapra dyanjaH y3uJulira ara
Oy/araH QyHKUUSHUHT XOCMac UHTerpau Aeb xaM atanaau. YyHKu
013 aHUK UHTerpajs Tabpudu MaApPTJapura TYHHUPUII MaKCaguja

X = @ HyKTaHW, y3UMU3 aTanaab (aagam uyam 6uaaH) x =a+ ¢
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HYKTa OpPKaJIM YVHI TOMOHIa CUDKUTAUK (Oy epAa € —HoJIra sIKUH
Ky/lasiM KAUYHK COH) Ba HaTWXKaJa X = a + € HyKTaJla QYHKIUSIMU3
Y3WJIUIITA 3ra OyJIMacJAUrura UIIOHY XOCUJ KUJIMIIUMHU3 MYMKHH

Ba HaTWXKa/la Oy aHUK MHTerpaJl TyllyH4Yacura oo KeJsaJu.

Arapga, f(x) ¢yHknus [a,b] cerMEHTHUHI GUPOpP HUYKH
x = c (c €]a,b[) HyKTacuma y3uwauumira sra OyJca, y XoJjjga Ou3

CerMeHTHHU UKKHUTa [a,c) Ba (c, b] cerMeHTIapra akpaTaMMs.

ff(x)dx = ff(x)dx +ff(x)dx -

c—¢ b
= limf f(x)dx + lim jf(x)dx
e-0 6-0
a c+d
dbopmyJia épaaMua TEKIIUPUIALN.
Arap VHr TOMOHAAru xap 6Up WHTerpaj MaBXy/, Ba YEKJIH
OyJsica, OXUPru KYypUHHUIIJArM XOCMAC HHTerpaj sKWHJALIYyBYH
oyaanu.

9-MucoJ1. Y116y XocMac UHTErpaJiHu XUCOOJIaHT.

dx
2
-1
Euui.
1
dx .
I = | — wunTerpaira HpioToH — Jlen6HUL popMyacuHU 6eBOCUTA
X

-1
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Ky/asacak [ =-—2 xocuan 6Oyaagu. Acaujaa aHUK HHTerpal
Xoccacura Kypa MycbaT (QYHKUUSHUHT WHTErpaju MycbaT COH
OYJIUIIN KepaK 3/ U.

By epgaru 3upgauaT  y30KJallyBYM ~OyJaAraH xocmac
MHTerpaira(s’bHU UHTErpaJjail OpaJufu/ia y3uUJIMIlIra ara 6yJraH
byHknusira) HbroToH-JleoHUL, ¢GOpMyJacuHM  KYJJIAIIMMU3
HaTHXKACK/la KeJUO YUKIU.

UyHKM MHTerpasjall opajufujia xamja
MHTerpasijlail 4yerapajapuja y3WJIHILIra

ara OyJsraH QyHKuusaaap y4yyH HbrooToOH-

JlenoHul, ¢dopMysacMHM Xed  KaudoH

1 0 1 x
KyJ1J1a0 6}”/JIMaI‘/’ILLI/I. XaKMKaTaH XaM:
f(x) == &ynkuusa x = 0 HyKTaga
YyeKCU3JIMKKa alJlaHau.
Y xonaa,

1 0 1 0—¢ 1
dx dx
j — = lim —+ lim —
-0 x2 6-0 x2
0 -1 0+6
dx 1 — & _ 1
lim —2—11m< ) =—11m< +1)=
e-0 X €-0 X e-0\0 —¢
1 -1
im [ = ( 1) ' I (1 1 )
im — =lim|—— =—]lim(1———
- 2 - -
5 00+6x 5-0\ X 0+5 50 0+6
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1
dx .
JleMak, | — XxocMac MHTerpa y3oKJaulyB4u 6yiap sKaH.
X

-1

4.4. II-TYP XOCMAC UHTETPAJIHUHT AKWUHJIAIIUIII
BEJITMCHU

4-Teopema. @apa3z kuaanauk, f(x) Ba @(x) yHKLUAAAD
[a, b) unTepBanaa 0 <k <fx) TEHI'CU3JIUKHU
KaHOATJIAaHTUPUO, Iy HWHTEpBa/Ja Y3JYKCU3 Ba X = b HyKTaja

Y3WJIUIITa 3ra OYJICUH. Y XoJ1/a
b
a) arap f f(x)dx vHTerpan SKMHJIANIYBYH 6YJICa,

a
b

jgo(x)dx XaM sIKAHJIAIIyBYH.

a
b

6) arap j @(x)dx wuHTerpaJs y3okJauyB4u 6yJica,

a

b
j f(x)dx wHTerpaJs XxaM y30KJalllyBYU GyJ1aIu.

a

1

Vx

10 — Mucour. j
J V1 —x*

Eyum: Uuterpan octugaru ¢yHkuus x =1 jga  y3uauuira

dx SKUHJAIIYBYMJIMKKA TEKIIUPHUHT.

aTra.
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< yyHky, X € [0,1] ga x* <x=>1—-x*>1—x
s (v [0,1[ )
Jlemak,
1 1-¢ 1—¢
dx _ _1 :
j =11mj (1—-x) 2dx=—11m(2\/1—x) =2,
1—x &-0 -0 0
0 0

AKHWUHJIAIIYBYH. y X0J1ga 4-TeopeMara dCOCaH 6ep1/1111“aH HHTEerpasi

XaM SIKWHJIalyBYU 6V1a1u.
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