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Ho mwup! Ho >ku3Hb! Bepgb uyenosek
jopoc, 4yTo6 3HaThb OTBET Ha BCe
CBOW 3arafku.

UTo 3HaunT 3HATL?
BoT, gpyr Moi, B 4Yem BoOMpoc.

B. leTe



NMPEAMNCNOBUE

OOHMM M3 MEeTO4O0B OBNajeHWA Hee BO3pacTalowMmM MOTOKOM Mo-

Ne3HOI, a yacTo Aaxe U HeobxoAWMOW, WHGopMauUn SBASETCS WH
TeHcuuKaums npolecca ob6ydyeHUs, NO3BOJIAOWAS He YBENNYUBATb

CpOK 06yuyeHusa. OpgHako, pewnTb 3Ty 3ajayvy, He MpeBbICUB MpU
3TOM eCTeCTBEHHbIX BO3MOXHOCTel 06y4yaloLiMXcsi HO KayeCTBEHHOMY
YCBOEHMIO M3y4aeMoro npeameTta, COBCEM He MpocTo. MNpeanaraemblii
y4yebHUK npeacTaBnseT co6Ooi yAadvyHyk MOMbITKY peleHns 3Tol 3a
[ayn npyu N3yyeHUU NuUHeHOW anre6pbl U reoMeTpuM B o6beme Mnpo
rpaMM, NPUHATBLIX B MeAarormyeckMx yHMBepcUTeTax WU psigae Opyrux
BbICLUMX y4yeBHbIX 3aBefAeHWt. OH HanmcaH Ha OCHOBE OMbiTa €ro aB-
TOopa, paboTaBllero npenogasateneM B PA3aHCKOM nefarorvMyeckom
yHMBepcUTeETE U MOCKOBCKOM (PU3NKO-TEXHUYECKOM WHCTUTYTE.
MaHepa nogayvn MaTepuana B y4eGHWKE HECKOJSIbKO HeoOblyHas
n ceoeobpasHas. ABTOpP He GeccTpacTHO MepeckasbiBaeT onpejgene-

HUA BBOAMNMbIX MOHATUNA, AOKa3blBaeT C(i)OpMy]'II/IpOBaHHbIe NIeMMbl “
TeopemMbl, a C NOMOLWb OPUTNHAJIbHbLIX METOANYECKMX NpnemMmos

CTPEMUTCA MOMOYb UMTATEsI0 aKTMBHO, a He (hOpMasibHO OBNaAeTb
M3yyaemblM MpegMeToM W AOCTUraey B 3TOM ycrexa.

3TO ynaeTcs aBTOPY OCYLLECTBUTH MPEX/e BCEro 3a CYeT MHOro
YPOBHEHOI0 M3/10XXEeHUs MaTepuana B ydyeGHMKe. B 3aBUMCUMMOCTU OT
CTeneHW CBOE NOATOTOBKM uuTaTes/lb MOXET MNPUAEPXMBATLCA MNpPU
M3ydyeHUU npeamMeTa OAHOIO U3 TPeX YpPOBHeil. [epBblii ypOBEHb CO
LEPXUT MakKCUMasbHO 3/IEMEHTapHOE U3/0XEHUE MUHUMa/IbHO HEO06-
XOOUMbIX A5 AanbHeliwero o6yyeHus cBeaeHuii. Cneayowmini ypo
BEHb M3/I0XEHUs o6ecrneuymBaeT TBEpPAOE 3HaHWE NpeaMeTa U npes
Ha3zHavaeTcs ANA unTaTens, o6nafalLero yxe A0OCTaTo4YHOW MaTe
Maruyeckoii KynbTypoli. HakoHel, TpeTuii ypoBeHb Ha OCHOBe 60see
yrny6ieHHOro u3ydeHus npeamera NpvBoOAUT K cBOGOAHOMY Brafe-
HUKO U3YYAaeMbIMU MOHATUSMM U K YMEHUI0 MPUMEHSTb UX AN18 pelle-
HUA 3aga4. V3yunB npeamMeT Ha OOHOM K3 MEPBbIX ABYX YPOBHEN, uu



TaTCc/t0 GYAET JIEFKO UM MHTEPECHO BEPHYTLCS K HEMY HU Gojiee BblCO-
KOM ypoBHe. Takoe NOCTpOeHWe YyYeGHUKM U CTU/b HaslloXeHus paeT
BO3MOXHOCTb PacCLUMPUTb KPYr yuyeGHbIX 3aBefleHWUil, B KOTOPbIX OH
MOXeT 6bITb WCMO/Mb30BaH.

BaXHO OTMETUTb, YTO MNPV M3YyYeHUU MNpegMeTa CTYAEHTOM Ha
Nto60oM ypoBHe aBTOp BeAaeT BO3MOXHOCTW eMy JesfiaTb Y4TO MaccuB-

HO. ymMmenio ctasdAullneca B yqe6H|/|Ke BOMPOCHI 3acCTaBNAKT CTyAeHTa
BHUKaTb B CMbIC/1T BBOAUMbIX MOHATUIA, OCO3HaBaTb uenb, OnAa KOTO-

poii OHW BBOASITCA, OLlEHMBaTb BO3MOXHOCTb U FpaHuLbl UX UCMOJb-
30BaHUA W B 3aK/lOYEHWE aKTMBHO y4acTBOBaTb BMEcTe C aBTOPOM
KHUIM B MpoLecce [A0KasaTesbCTB CHOPMYNMPOBaHHLIX YTBEPXAe-
HWiA. CopepXalwmecss B TakOM MeTofe OOyuYyeHUs 3NeMeHTbl Wrpsbl
TakXe WHTEeHCU(UUMPYIOT npouecc o6yyeHus, AenawT ero ysreka-
TeNbHbIM, MNOBbIWAKT A0603HATENILHOCTL CTyAEeHTa, YCUAMBAOT €ero
MHTepec K MpeaMmerty.

Hannune B yyebBHMKe 6GOMbLLIOrO YMCMa KOHTPOJIbHLIX BOMPOCOB
M 3a4a4y MNo3BoJiIseT caMoMy CTYAEHTY, WM C MOMOLLb npenojasa-
Tensi, NpaBu/IbHO OLleHMBaTb NMPUOGPETEHHbIE UM 3HAHUA, AUCLLUNAN-
HUPYeT ero MbllWIeHNe, COAENCTBYET MOBLILEHUIO ero matemaTtuye-
CKOW Ky/bTYpbl.

YcnewHoe oOcyLlecTBIeEHNEe HOBbIX METOAMYECKUX uael aBTopa
CTasio BO3MOXHbIM 6Gnarogaps Xopowo MNpoAyMaHHOMY MOpaaKy Mo-
Jayn maTepuana B y4eGHUKe, 06GCTOSTE/IbHOMY, YETKOMY, CTPOromy
N BMecTe C TEM MPOCTOMY €ro W3/0XEeHMUI0, TUWaTe/lbHOMY MPOAYMbI-

BaHWIO ero fAeTtaneii. B pesynbTrate yuyeGHUMK [OCTYMeH LINMPOKOMY
KpYry CTYAEHTOB, MOXeT GbiTb C YCNEeXOM WCMO/b30BaH MMW AN1S ca-

MOCTOATENIbHOrO M3y4yeHUs npegmeTa.
Nn. O. Kyapsasues

CanTblKOBKa ufeH KoppecnoHAeHT
3 vona 1994 . Poccuiickoii Akagemun Hayk



Moum poanTensam,
MOUM YunTensam

OT ABTOPA

Moea co3gaHus CUHTETMYEeCKOro Kypca BbiCller anrebpbl U BbiC
e reomMeTpum BO3HWKaNa He pa3 Npu WM3MEHEeHUAX MeaBy30BCKMX
yyebHbIX nporpaMmm. AOMUHUCTPATUMBHbIE MOMbITKM KX 06beANHEeHUs
VMEIT HEKOTOPYHD UCTOPUYECKYI U METOANYECKYHD MOTMBALMIO, Tak
na mexaHuke martemMaTuyeckom dakynbTeTe MTY, maTtemaTuyeckmx
M punsnyecknx akysnbTeTax HeKOTOPbIX APYrux BY30B TPaguLMOHHO
ynTalwTCA KypCbl NMHENHOW anrebpbl, KOTOpas o6beanHAEeT Havana
HUX BeTBE MaTeMaTukKu. B TexXHMYecKMX U MHXEHEepHbIX By3ax BO-
NPoOCbl aHa/IMTUYECKOWN reoMeTpuUn W NNHEAHOW anrebpbl 06bIYHO
BK/1IOYAIOTCA B MPOrpamMmbl KypCOB BbiCllel MatemaTtuku. OpfHako,
OYEBUAHO, YTO HECMOTPA Ha CaMOCTOATENbHOCTb U CReuudUKy 3TUX
pa3fienioB mMaTeMaTuKW, CBA3b KX MHOroO rnybxe u UHTEpecHee, Yem
TemaTMka CO6CTBEHHO NIMHENHOW anre6pbl. YTo6bLI NoaTBEPAUTL 3TO,
[0CTaTOYHO YMNMOMSAHYTb POJIb TPEX 3HAMEHUTbIX FreOMeTPUYECKUX 3a-
Aay aApesHoOCTU (0 KBagpaTtype Kpyra, yABoeHun Kyba u Tpucekuum
yrna) B UCTopum CO3faHus Teopuu paspelumocTV B pagukanax as-
rebpanyeckmx ypaBHEHW, NPUIOXKEHUS Teopun rpynn B reoMeTpuu,
a Takxe JpnaHreHcky nporpammy . KneiiHa, KoTopas onpeaenu-
na Ha MHOro fieT HarnpaBneHUsa reoMeTpUYecknx uccnegosaHuii. (Co-
rnacHo 37O NporpaMme BCAKas FeomMeTpus ecTb reomeTpus MHBapu
aHTOB HEKOTOpOW anrebpamyeckoi rpynmnsbl).

MoaToMy Kypc, KOTOpbIi cogepxan 6bl N3noXeHne 06LMX OCHOB
BbICLLUEN anrebpbl M BbICLIEA reomeTpuu, Mor 6bl 6blITb WHTEpeceH
cam o cebe, NpeaoCcTaBfsffd BO3MOXHOCTb B3r/IAHYTb Ha OOHW W Te
Ke npobnembl C MO3VLUIA 3TUX YXe 060Co6BUBLUMXCA MaTemaTuye
CKMUX AuCUMnAVH. TakuMu wmnaeaMm NpOoHMKHYTa KHura X. [befoHe
«JInHeHasa anrebpa 1 anemeHTapHasa reomeTpus», rnepesefeHHas u
u3paHHasa y Hac B 1972 rogy. XoTd € 3TOro BpeMeHu npowsio 6onee
4BaguaTtn net, ee UOeM He ycTapesnn, HO KPyr 3aTPOHYTbIX B Heli BO-
MPOCOB OrpaHNYeH ee Has3BaHWEM, K TOMY >Xe CMULIKOM opmManmso-
BaHHbIA A3blK 3TOM KHUIW 3aT pyaHSeT ee yTeHWe MasonoAroToBfeEH-
HOMY umTaTtento.

B 1987 roay B CBfi3N C BBeAEHMEM BO MHOIMMX neaBy3ax MOAroToB-
KW yuyuTenen rno HOBbIM CMReunasbHOCTAM Obl10 NpeasioXXeHO ob6veaun
HUTb y4yebHble Kypcbl anrebpbl M reomMeTpuu, 3TO U chenano akTy-
aslbHbIM co3faHune ydyebHMKa Mo TakoMy Kypcy. lpm 3TOM cuHTe3e
CcTasio NPOCTO HEeO6XOoAUMbIM MpeaensHO UHTEHCUULUMpPoBaTL 0byye-
HVe, 4YTO, B CBOK OYepenb, MOCTaBW/IO NPO6MemMbl METOANYECKOro Xa-
pakTepa. O4HO M3 KX pPeLleHuin npegnaraeTcs B HacTOAWEM Yy4ebHW-



OT aBTOpa 9
ke. Hro ugen, Kak npeacrtaBiseTca aBTOpy, BO3MOXHO, MOryT OKa-
3aTbCA WHTEPEeCHbIMW W APYrUM CReunasbHOCTAM W OUCUUNNHAM,
rae ecTecTBeHHbl O6Lias normka MOCTPOEHUS Kypea M akcumomaTtuye-
CKuii meTOA,

HacToawas KHura sagymbiBanacb MNepBOHayaslbHO KakK y4eb6HUK
LN nefarornyeckmx By30B M (hU3MKO-MaTeMaTuyecKux crnewmasnbHo
CTeH yHumBepcuTeToB. OgHako B npouecce paboTbl Hag Heli cama no-
rmka nocTpoeHms yyebHOro MaTepwuana, MHOroypoBHeBas cucTema
€ero M3/I0XeHua 1 nporpaMMa npuBenM K TOMy, 4TO, Kak HageeTcs
aBTOp, YY4eOHUK MOXeT ObiTb MCMONb30BaH UM CTyAeHTamu TexHuye-
CKMX W WHXEHEPHbIX BY30B pPas/IMYHbIX chneuuannsauunin, a Takxe
CNY>XWUTb MNOME3HbIM nocobvem ANna camoo6paszoBaHUs CTYAEHTY, KO
TOpPMI yBNEYETCA MaTeMaTUKOIA.

9Ta kHUra npepacTasnseT coboi nNepByk 4acTb yyebHUKA MO Kyp-
Cy BbiClieli anre6pbl W BbICLUE reoMeTpuu, KOTOpbI A0MkKeH obec-
neunsatb cemecTp 06yyeHuma (72 yaca) v gaBaTb cCucTeMaTMyeckoe
N3/10KEHMEe ero nNporpaMmbl Ha COBPeMeHHOM ypoBHe. OCHOBHOe OT
nnyne 3TOro yyebHUKa Mnpexge BCEro B TOM, YTO OH 6asupyeTcs Ha
HPO6MEeMHO-aKCMOMarmyeckoM MeTo4e W HEeKOTOpbIX uaeax TakK Ha
3blBaeMblX TeTpageli C neyaTHO OCHOBOW. 3TO MO3BOMAET B KOpHe
M3MEeHUTb WOEONOrvK ObyyeHUs: B LLEHTpPe ero craButca npobrema,
HOBas MHOpPMaUMa CAyXUT CKOpee CpeAcTBOM MO3HaHMA W ob6yue-
HUS, a He caMoLesbi 3TOro npolecca, 4YTO 3acTaBnseT uuTatens
(cTypaeHTa) akTMBHO paboTaTb C M3yyaeMblM MaTepuasioMm U BMecTe
C TeM Mo3BO/ISIET M3MEHUTb TEXHO/IOrnK 0byyeHUs MO CyL,ecTBY: He
npopaboTaB TEKCT, He 3aM0/IHUB ero «npobesbi», OH MNPOCTO HEe CMO-
XeT OBUHYTbCA panblie, Cnctema paboTbl C y4ebHbIM MaTepuanom,
KOTOpbIVi npegnaraetr 1 faxe HaBA3blBaeT uyuTaTeNto 3Ta KHUra,
npusBaHa CyLleCTBEHHO aKTMBU3MPOBATb €ro Mno3HaBaTe/lbHYyl nOes-
TeNbHOCTb, cAenatb ero 3HaHus npeameta 6onee OCHOBATENbHbIMU
M NPOYHbIMK. Llenbii psag npnemoB, KOTOpble 6biAn NpuaymMaHbl, npo
OYyMaHbl 1 NCMO/Mb30BaHbl aBTOPOM (BblAeNleHMe OCHOBHOM 4acTu Tek
CTa, HECKOJ/IbKO YPOBHE CNOXHOCTU 3aday, CUCTeMbl BOMPOCOB, CCbl-
NOK W agpecauuin, pacnonoxeHwe maTepuana B KHUre, gaxe cama
ero rpadgmka n opopmsieHne), HanpasieH Ha UHTEHCU(UKaLUI YCBO-
€HNS 1 OCBOEHMSA yvalumcs yye6HOro marepuana. 3To, B YaCTHOCTW,
[aeT BO3MOXHOCTb CTyZleHTy 6bicTpee npuobpeTaTb 3HaHWA W HaBbl-
KA MX NPUMEHEHUsT B CTaHAAaPTHbIX W HecTaHA4APTHbIX CUTyaLusx.
KHura, no MHeHWI0O aBToOpa, AO0/DKHA YUYUTb U B KakoW-TO Mepe Bay
YNTb yYuTaTens camocToAaTeNbHOMY OT6Opy WMHGOopMauun, Heobxoau-
MOV 0N pelueHns MOCTaB/IeHHOW eMy 3ajauyn.

UntaTtento Ha Heob6XoAMMOCTb MpoAymaTb M AaTb CaMOCTOATEeNb-
HO OTBET Ha KaKOM-/1M60 BOMPOC MM 06OCHOBaThb 3ak/IlyYeHue B Tek

CTe yuyebHMKA, KaK MpaBWIO, yKa3blBalT CrleunasnbHble 3HakKu: =, *
wm ~ TlocnefHwiAi M3 HUX 03HauyaeT, 4To TpebyeTcs He MPOCTO
CCbl/IKa Ha Kakoe-M6o YTBEPXAEeHMe Kypca, Ho 6onee npoaymaH
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OT aBTOpa

NeKkuMn, TO NOCTPOEHME Kypca W COBMECTHble 06CcyxaeHus npobnem
B ayANTOPWUX BMOJSIHE eCTECTBEHHO CMOCOOGCTBYIOT PasBUTUIO Mbllle-
HWS CTYAEHTOB, a Ans byaywmx yuyuTenen ewe m NOCTaHOBKe Mpa-
BUIbHO NPO(ECCMOHA/IBHOMA peuYn.

3afayn BK/IOYEHbl HENOCPeACTBEHHO B TEKCT KaXAoin Nnekumn u
MMEeIT MPeuMMyLLeCTBEHHO TeOpPeTUYECKUIA XapakTep, B HWUX BblHece-
Hbl AOKa3aTenbcTBa (MM parMeHTbl [0Ka3aTeNbCTB) MHOIMMX, ecnu
He GOMNbLIMHCTBA YTBEPXOEHMA Kypca. BbimonHaa wx, yMTatenb cra
HOBUTCS Kak Obl COaBTOPOM y4ebHMKa, a MCMNOo/b3ys ero B y4yebHOM
pabote, npenogasaTenb 6yAeT MMeTb BO3MOXHOCTb MpeBpawatb U
npakTnyeckne 3aHATUA B 0OCYXAeHWe cogepxaTesbHbiX Npobnewm,
OTKa3aBLWMWCb OT HaTaCKMBaHWA Ha TPUBMANbHOCTAX. 3agayn umMerT
TPV YPOBHSI C/IOXHOCTW: pacno3HaBaHWs WM PenpoAyKTUBHbIA, Ha
BbIKOBbII WA MNPOAYKTUBHBLIA W MOCNeAHUA — TBOPYECKUIA, HOCUMb-
Hbli M3 KOTOPbIX KaXAablh cTyAeHT BblbupaeT cebe cam. 3TO MNO3BO-
nseT VHAUBMAYanM3MpoBaTh MPOLLECC OCBOEHUS y4yebHOro marepumn
na ” HO cywiecTBy QfaeT yyebHOe nocobwe, HanucaHHOe Kak 6bl Ha
TPeX YPOBHAX F/YOUHbI N CNOXHOCTWU, MPUYEM B OT/IMYME OF MHOIMX
Yy4ebHMKOB YT YPOBHU He M30/IMPOBaHbl OAWH OT APYroro n rno3Boss-
I0T unTatento (U Aaxe BbIHYXAalT ero!) npo6oBaTtb CBOM CUSbl Ha
6onee nNpuemneMom Ans Hero. MNMpuyem, «paccTOsHUS» Mexay YpOB-
HAMW CNOXHOCTW HapacTalT MOCTENEeHHO C NpuobpeTeHMeM 4yuTaTe-
nem onbiTa paboTbl M OCBOEHMEM Yy4yebHOro matepuana. B yyebHuke
NCMNO/Mb30BaHbl W POTAUMOHHbIE WAen: 4YTO6bl BbIMOMHUTL 3a4adyn u
3a4aHnsa, ynTaTento npuxoauTcs obpawatbCs K npegbliayuiemMy Tek
CTY He pa3, ecim OH He Obln A0CTAaTOYHO BHMMATeNeH Mpuv MepBOM
3HAKOMCTBE C JieKuuen.

MHOrO OCHOBHbIX M BaXHbIX MOHATUA Kypca BBOAATCSA B €ro Ha-
YasbHbIX pasgenax (Hanpumep, Takve Kak: maTpuubl, CBO6OAHbIN
BEKTOP, MNpeobpasoBaHVs, MOACTAHOBKWM, KAacCbl BbIYETOB, MY4YOK
NPAMbIX M MYYOK MJIOCKOCTElA — B MEPBbIX TpeX nekumsax «MHoxe-
CcTBa», «BUHAPHbLIE OTHOLIEHUs» N «OTOGPAXKEHUN», a MOHATUE KOMI
NIEKCHOrO yncna BBOAMTCHA B nekumm 13, B TO BPeMS KaK KX OCHOBa
Te/IbHOMY W3Y4YeHUI0 MOCBALLAEeTCA HEeCKOSbKO /leKUMii B ApYyrux ce-
MecTpax), YTO MO3BO/SET M3yvyaTb HEKOTOPble XapaKTepPUCTUKU 3TUX
M OpYyrmx martemMaTuyeckmx OO6beKTOB W CTPYKTyp 3a[onro Ao Toro,
KaK camM/W OHW CTaHyT OCHOBHbIM MpeAMEeTOM [/lybOKOro u3yyeHus
N unccnenoBaHus.

Bce nekuun penatcs Ha naparpadbl, KOTOpble MMEKT CKBO3HYIO
HyMepauuio, BCe TEOPEMbl, YTBEPXAEHMWS, IEMMbl, OCHOBHble hopmMy
Nbl, NpUMeEpbl 1 3a4aHns HyMepylTcs B npegenax naparpadga, Ha-
npumep, ccoblyika Ha Teopemy 152 o3HayaeT Teopemy 2 naparpa
tha 15 Henn Ha Kakyto-n1mb6o hopmysny cCbisika genaeTcs B npegenax
TO/MIbKO OAHOro naparpadga, To ee Hymepauuss MOXeT 6biTb GyKBeH-
HOM MM CUMBOJLHOW, Hanpumep: (27.n) wm (15.*%), ecnu xe dopmy
na BaxHa 411 OpYyrvx pasgenoB Kypca W noTpebyeT nosgHenwmnx
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CCbI/IOK, ee Hymepauua uwmcnosas, Hanpumep, (47.1) u r. n. lagamun
yyebHMKa VMeT TPOUHY0 HymepaLuio, B KOTOPOW nocrefHee Yncno
(1,2 nnn 3) ykasblBaeT Ha HOMEp ee YPOBHSA, TakK YNOMUHaHue: «3a-
naum 5.2.1» o3HayaeT, 4TO pedyb maeT o 3agadve B $ 5, BTOpOV B 3TOM
naparpade A1 NepBoro YpOBHS C/IOXKHOCTU OCBOEHUSA y4eGHOro ma-
Tepuana. Homep ypoBHSA 60fiee CMOXHbIX 3adady (BTOPOW W TPeTuid)
BblAeNeH uUBeTOM. 3Be3404YKOW (*) OoTMeueHbl 6GOsiee Cr0XHble TeMbl
(naparpadbl), KOTOpble MOryT OblTb OMYLUEHbl WIN U3YYEHblI B WH-
dopMayMoOHHOM, 0630pHOM NopsAake 6e3 HapylleHUs 06LEen NOTKKU
Kypca. 3Hakom (°) OTMeuYeHbl TeMbl, KOTOpble BMOSIHE MOryT ObiTb
OCBO€Hbl Y4YallMMCs CaMOCTOATENNbLHO W MHOTAAa PEKOMEHAYIOTCA Kak
noAroToBUTE/IbHbIE K MIEKUUN (B Clyvyae WCMONb30BaHUA HacTOSLLEelo
yyebHMKa B KayecTBe ayguMTOPHOro yyebHOro marepuana). lak Kak
KHUra nnaHupyeTcs B MNEpBYH oyepedb WMEHHO AN Takol pabo-
Tbl, TO WTPMXoM (') OTMeyeHbl TeMbl-naparpadbl, KOTOpble, KakK Mo-
Kasana npakTuka, yaobHee ob6eCyxAaTb Ha MPakKTUYECKUX 3allMUsaX.
MHdopmaymna o6 aTnx 0603HaAYeHNAX npefsapseT Te NekKumu, K KoTo
pbIM aBTOp cyen Heob6XoAMMbIM AaTb CBOM pPeKoMeHAauuun. Bnpouem,
MOeonornsa n CTPyKTypa TeKkcTa yyebGHMKa OCTaBAAKT ero yurartesnto,
NeKTopy wm CTyAeHTy [0CTaToyHyi cBobogy B Bblibope [Joka
3aTeNbCTB W anpo6bMpoBaHUN CBOUX WAEN, C/IOBOM, B COaBTOPCTBE HO
CO34aHUI0 CBOEro NHAMBUAYabHOIO Y4ye6HMKa.

YKaxem elle, 4TO Kax[0l nekuum rnoMMMO pekoMeHAauuin npea-
LWeCcTBYET Mepeync/ieHne ee OCHOBHbIX MOHATUIA W1 CBeAEHWUI 13 Npenbl-
Aywnx pasfenoB Kypca, HeobxoAnMbIX AN ee MNoHuMaHus. Npuso-
ONTCA TakXe cxema camMOW nekuuu (orvyeckas cBA3b ee TeM Na-
parpadoB) u ee B3aMMOCBA3M C APYTMMU JIEKUMAMU nocoomus. 3To
npeacTaBnseTcs NofiesHbIM, Mockonbky daeT uutatento lpepciasne
nve o6 apxXmMTeKType Kypca B Le/IoM U MOMOraeT B HEM OpPWEHTUpe
BUTbCA. B KOHUE KaAol nekuum npuBoAUTCA CANCOK NuTepaTypbl
no ee TemamM, OCHOBHOW W AOMOJIHUTENbHOW, C MOCTPAHMYHbIM YyKasa
MHEM CCbINIOK K Kaxaomy ee naparpady. [JononHuTenbHas nviepa -
Typa, Kak npaswio, npegnaraet n0603HaTeNlbHOMY 4YUTAlO0 LpY-
ryl0 TOYKY 3peHuss Ha uccrnepyemblii NpeameT, MaHepy W30XeHUs
WA MPUHLMAVAaNLHO MHOM MoAxo4, K BOMpOCy, a 3avyacTylo u 6onee
rnybokune ceedeHUs U Mpob6nembl, YeM npegnosaraet y4yeGHbI Kypc.

KTe ogHa 0COGeHHOCTb HacTosfwero yyebHmkKa B TOM, YTO aBTOP
cyen MonesHbIM K KaXAoW nekumm AaTb MCTOPUYECKYl ClpaBKy, roe
KpaTKo coobuaeTca MCTOPUA M3ydyaeMbiX MOHATUI, 06CyxaaeTcs ux
MeCTO W 3Ha4YMMOCTb B HaykKe. 3ro KaXeTc BaXHbIM W CBOe
BPEMEHHbIM, MOCKOJIbKY OaeT yuTaTesnto rnpeacrasfieHne o maTemaTtu-
Ke, Kak 06n1acTm KynbTypbl 4esioBeyecTBa, 3HAKOMUT C MMeHaMn W
UCTOPUYECKUMU COOBLITUAMKM, KOTOpble COMYTCTBOBa/IM MaTemaTuye-
CKUM OTKPbITUAM. ABTOP YMbILW/EHHO HE HPWHOAT CMNUCOK nutepary
pbl, U3 KOTOPOI B3AT Matepuan «/ICTopuyeckmx cnpaBOK», MGO OH
OYeHb Benuk. lMoxanyii, ux coctaBneHne — OAMH U3 CaMblX TPYAHbIX



OT aBTOpa 3

3TanoB B paboTe Haj KHWUIOW, TaK KakK XOTeslocb COO6LWUTb uutate
10, HauMHawLleMy cepbe3Hy paboTy B marematuke, He TOJIbKO [A0-
CTOBEPHYI MH(OpMaLUo, HO U NepefaTb Ty POMAaHTUKY, a Mopoi wu
ApamMaTn3M, KOoTopble CONYTCTBYOT MaTemMaTuyeckum nomckam u oT
KpbITUAM. Bnpoyem, HO 3TOMy MNOBOAY XOYeTcs MOBTOPWUTbL crioBa de-
nukca KneliHa, Uyto B MaTeMaTUKe «...He MOXeT OblTb OKOHYaTe/IbHO
TO 3aBeplleHUns, a BMecTe C TeM W OKOHYaTes/lbHO YCTaHOBJ/IEHHOrO
rnepBoro Havana...».

Kaxpoi nekumv npefwecTtByeT PUCYHOK aBTopa, KOTOPbIM 4Yem
TO OTpaXaeT ee coaepXaHWe WM HacTpPoeHue. BHMmMaTenbHblih U nto-
603HaTeNbHbIV YnTaTe/lb, BO3MOXHO, 3aMeTUT OTAe/ibHble MOTUBBI
Aanun, 3wepa, YopneHuca, bocxa win MHbIX XYO0XXHUKOB, HO, Kak
nucan M. K. 3wep, «Bce MO PUCYHKNM — 3TO Urpbl. CepbesHbie ma
Tema | nueckme urpbl».

B 3akntoyeHMe aBTOp XoueT nobnarogaputb pykoBoguTenen Ha
YYHO MeTOoAMYEeCcKOro cemuHapa «llepefoBble uaen B npenogaBaHUmn
MaTemaTtukm B Poccum (paHee CCCP) m3a py6exom» npodeccopa
O. B. MaHTtypoBa (MHY) n npodgeccopa /. B. CabuHuHa (PYAH),
noadepxaslwMX uOen HacToswero yye6HuKa. ABTOP MCKPEHHe npwu-
3HaTeNleH BCEM COTpyAHWKam oThena Teopuun yHKUMA MatemaTtmnye
ckoro mHctutyta um. B. A. Cteknosa PAH 3a ux Tennoe, 6naroxe
farefnibHoe OTHOLWIEHWE W MOMOLLb B MONIYYEHUU [0CTYrMa K COBPeMeH-
HbIM TEXHWYECKUM CcpeAcTBam B MocrefHue rodbl padoTbl Hag Kuu
roli, YTo MO3BO/IN/IO CBOEBPEMEHHO OTpPenakTUpoBaTb M MOArOTOBUTH
ee pykonucb K neyatn. YyBCTBO rny6oKoi 6n1arogapHOCTM aBTOp Bbl
paxaeT uneHy-koppecrnoHaeHTy PAH, npodeccopy /1. 4. Kyapusue
Hy, Ybe BHMMATENbHOE 4YTeHMe PYyKonucu u fobpble COBETHI CyLLECT-
BEHHO MOMOI/IM B paboTe Hag 3TOW KHUION.

Pa6oTa Hag KHWUroii 6blna noagepxaHa rpaHToM [ocynapCTBeH-
HOW HayuHOW nporpaMMbl «Pa3BuTue o6pasoBaHMs B Poccum».

NeTop
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AdecAaTb cTpaHUy MaTemMaTu-
KW MOHATOW fnyuwe cTa cTpaHuy,
3ayyeHHbIX W He MOHATbIX, a of-
Ha CcTpaHuua, CaMOCTOATEesIbHO
npopaboTaHHas, nydwle AecATU
CTpaHuL, MOHATbLIX OTYeT/IMBO,
HO MaccuBHO.

L. HOHr
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MHOXXECTBA

OTHOLUEHWA
HA MHO>XECTBAX



MHOXECTBA
OTHOWEHWMA HA MHOXECTBAX

I. MHoxecTBa. Onepaunnm Hag MHOXeCcTBaMu.

2. CBoiicTBa onepauunii Haz, MHOXeCcTBamWu.

3. Mpamoe (AekapTOBO) MPOU3BELEHNE MHOXECTB.
4'. HekOoTOpble BaXHble MpuUMepbl AeKapTOBbIX
Npov3BefeHNn MHOXEeCTB.

BuHapHble ¥ N apHble OTHOLIEHUS.

8§
§
8§
8§

w
-

OCHOBHblE MOHATUSA: MHOXEeCTBO, MOAMHOXECTBO, MepeceyeHue u
06beAUHEHNE MHOXECTB, Pa3HOCTb MHOXECTB, AOMO/IHEHNE MHOXECT-
Ba, MyCTOe MHOXEeCTBO, YHUBEPCA/IbHOE MHOXEeCTBO, AeKapTOBO Mpo
M3BeAEHNE MHOXECTB, HamnpaBfieHHbIi OTpe3oK, aduHHas cucTemMa
KOOPAMHAT, N-apHOEe OTHOLLEHVE, PaBEHCTBO GMHAPHbLIX OTHOLLUEHWIA,
MHBEPCUS BMHAPHOTO OTHOLLEHUS.

Heob6xoaumble cBefieHUa: MOAY/b 4ncna, 4Yncnosas OCb, Koopau-
HaTbl TOYKM Ha OCWM W Ha M/IOCKOCTWU, HaTtypasnbHble uncna (N), ue-
nble ynucna (Z), payunoHanbHble yina (Q). A[eAcTBUTENbHbIE yMcna
(R), napannenbHOCTb MPSAMbIX.
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NcKunsa 1 MuoxecTsa 1 OTHOLWEHUM HA MHOXeCTBax. | <}—&'§
NexkUnsa 2  Onepauum Ha GUHAPHLIX OTHOLIEHUAX. OTOGPaxeHUs
NeKNnA 4  BuektueHble oToGpaXeHWU. 11peo6pa;HKaHHM.
Nexklus 4 BvHapHble OTHOLIEHUNM Ha MHOXecTBe. ®aKTOp MHOXe
NekKyna s MaTtpuubl. OCHOBHble onepauuM u ceolicTsa.
NNTcKAnA 6 MopcraHosku. Fpynnbl.
NNeKyna 7  Onpegenutenu
Nexkyuna K BektopHble npocTpaHcTsa.
NeKuust 9  JluHeliHo HaHOCUMbIE W MIMHENHO HCTAUUCUMMC cuchl-y ll—kjﬁqm
NeKyna 10 Panr maTpuubl. CUCTEMbI NMHENRHBIX ypaBHEHUI
NeKunsa 1L NiuneiiHble 0To6paxeHUs BEKTOPHLIX MPOCTPAHCTB.
NekKuns 12 MarpuuHoe npepgo siBneHne romMomopdHa Mosi.
Nexkuywnsa 13  Anre6pa NuHeliHbIX oOnepaTopos
NeKyunsa 14 Co6erBeHHble BEKTOPbl NVHENHbLIX OMepaTopos.
ek yna 15 [.BKNINA0Bbl BEKTOPHbIE MPOCTPaHCTBA.
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8 I. MHOXECTBA.
ONEpPALUNN HAL MHOXECTBAMMWU

|1loa MHOXECTBOM WM COBOKYMHOCTbLIO 3/1EMEHTOB (TO'—IeK) no-

HUMaem HeKOTOprVI 06BEKT, KOTOprI7I MOXeT ObITb BUAAH YKa3a

Haem XapaKTepuUCTUYECKUX CBOWCTB ero 3/1eMeHTOB.

MHoOXecTBa O06bl4HO o0O6O3HauakTca OGonbwuMn 6GykBamnm an-
haBnToOB, a 3NIEMEHTbl MHOXECTB — MasbiMu. CumBONMYecKas
3anncb aeBA O3HayaeT, YTO a ecTb 3NeMeHT MHoOXxecTBa J1, wm a
npuHagnexun r MHoxectsy A. OTpuuaHue 3Toro obblHHO 0603Hava-
etca ai A. lNpumeHaeTca TakKXe W pPaBHOCW/IbHOE OO6O3HaYeHue:
A 3a wnu, cooTBeTCTBEHHO, Ada.

Korpa MHOXecTBO 3afaeTcd MNepeynuc/ieHMEM €ero 3/IeMeHTOB, WX
OObIYHO 3akK/yalT B (PUrypHble cKO6knm v nuwyTt: A™N{un, b, chL

Mpumep 11 MHoxecTBOo C Bcex Hap uenbiX yncen (X, //), HO
MOAY/N0 He NPeBOCXoAAWMX 9 1 yA0BIETBOPAIOWUX YCNOBUIO = //,
MOXeT OblTb 3a4aHO MepeyYncrieHNEM €ero 3/1eMeHTOB:

C {( 3, ¥ (-2, 4. (-1, 1), (0, 0), (I, I). (2, 4), (3, 9

OpfHako, ecnn Mbl 6yaemM paccmaTpuBaTb MHOXeCTBO (Y Bcex
nap uenbix yncen (X, y), yOOBETBOPAOLWNX YCIOBUIO XT=Yy, TO ne-
peuyncnnTb BCe ero 3/IeMeHTbl, OYEBUAHO, YXe He y[acTcd, Tak Kak
nX 6eCKOHEYHO MHOro.

CpaBHuTe MHoxectBa C u C' ¢ MHOXecTBom C" Bcex nap Aeu-
CTBUTE/IbHbLIX 4uCesl, YA 0B/IETBOPSAIOLWMX TOMY >Xe YC/IOBUIO, C MHO-
)KECTBOM BCEX TOYEK KOOPAWHATHOI M/I0CKOCTU, KOOpAMHATbl KOTO-
pbIX YAOB/IETBOPAOT 3TOMY YpaBHEHUO: X =Yy (puc. ).

Puc |
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Mpn n3obpaxeHU MHOXecTBa TOYKaMW KOOPAUHATHOM MOCKO
CTWU TOBOPAT O rpadnyeckoMm criocobe ero 3afaHuss WM ero rpaduke.

OOHO M TO Xe MHOXeCTBO MOXeT OblTb 3aaHO HEeCKOJIbKUMM
cnocobamn. Tak MHoXecTBOo # = {— 1 4} 3agaHO nepeyucrieHneMm
€ro 3/1IEMEHTOB, HO €ro Xe MOXHO OnpefennTb yKazaHUem Kakux nn
60 OpyrMx XapakTepuUCTMUYECKMX CBOWMCTB €ro 3/1IeMeHTOB, Hanpumep,
KaK MHOXEeCTBO KOpHeli KBafpaTHOro ypaBHEHUS

x2 Ax 4=0
min KakK MHOXXeCTBO p,eVICTBI/ITeI'IbeIX KOpHeI7I ypaBHEHNA
X4—2X'—6éar — 7x - 4=0.

una ycrnoBua 3afaloT OLHO M TO >Ke MHOXKeCcTBO. B Takom cnyuae
MPUHATO rOBOPUTbL O paBeHCTBE WM COBNaAeHUM MHOXECTB.

YcTaHOBUTbL paBeHCTBO MHoxecTB J1 u B mMoxHO nokasaB, uTo
BCAKUI 3N1eMeHT MHoxecTBa A cogepxutcs B B n Hao6opoT: Bcs-
Kuii anemeHT MHoxecTBa B copgepxwutca B J1.

O603HayeHne paBeHcTBa MHoxecTB A un B. A= B.

3TO MOXEeT GblTb CMMBOJIMYECKUM $SI3bIKOM KPAaTKO 3arnvcaHo Tak:

4= /in=>((Vxe/l=r>x"/i)A(Vxe/i=>xe/1)).

I Mone3Ho 3HaTb U yMeTb OMpeaensTb, Koraa pasHble Crnocobbl

O603HaueHus: Torga v TOMbKO TOorga,
\Y nwboii, ans nw6oro,
n "
— cneayor.

(CumBon V nepeeepHyTas 6ykBa A, HauyafbHas B aHIIMIACKMX
cnoBax Any— nwo6oin, Bcakuii un All BCE).

ctee A (unn B ecTb nogmHoxecTBo A), €CNM KadKAblA 3MEMEHT

MHOXKeCcTBa B ABnseTca 3neMeHTOM MHOXecTBa A.
O603HavyeHue. Hc./1 wm AT3/T, (M nuTepaType BCTpevarTCcas WU Takue, remeps
penko ynotpeb6nsemble, 0603HaveHnn: /i<=A wnn J13H). Henn MHoXecTBO Il He siH
nvueTeH nogmMHoXxecTtsoM J1, To nuweTtcs /T<€0 wim NTPH.

OnpepeneHve ygobHO 3anmcaTb (QOPMYNoii:
mc/1n.(YTte/)=";re/l)

I OnpepeneHne 13 MHOXecTBO B cogepxmtca B MHOXe-

M cXemaTunyeckun usobpasutb yepTexom (puc. 2):

B CA
Puc. 2
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Auf CubD

OueBngHo, Jla Jl.
YcnoBue paBeHCTBA MHOXECTB B TepMUHaX BK/IHOYEHUA MHO-
XecTB (UM NOoAMHOXeCTB) MOXeT OblTb Ternepb 3arnucaHo Tak:

A=B <~(1cB/\ BczA). (n)

KTo umHOrga HasbiBalOT MPMHLUMNOM [BOMHOrO BK/OYEHWUS
() mpepenenne 14. Ob6beanHeHMEM [ABYX MHOXecTB (A U
1) HasbiBaeTCA MHOXECTBO, COCTOsLLEe W3 BCeX 3/1eMeHTOB,

pyHagnexawmx XoTa 6bl 0gHOMY M3 3TUX MHOXECTB.
O603HayeHVe obbveauHeHUs MHoxecTB A un JI: A\JB.

M3 onpepneneHva cnepyet, 4To
Nc Niia wn Acnyn. 1-2)

J1 ero cumBonmMyeckas 3anuchb:

nmp = nn< AV A}

O603HayYeHne = HO onpepaeneHuto, (def  cokpaweHue OT NaTUHCKOroO eno
Ha «defiiiilio», kOoTOpoe O3HayaeT onpefennTb, ycTaHaBNMBaTb, TO/IKOHATb),
\% v (T. e. XoTa 6bl OAHO M3 ABYX),

| TakoW, uTo.

3apgaHne 11 YkKaxumTe Ha yepTexax 06begUHEHUS MHO
xectu (puc. 3).

() npepen eHune 15. TlNepeceyeHUeMm ABYX MHOXeCTB (A w©
B) Ha3biBaeTCs MHOXECTBO, COCTOALlEe U3 BCEX 3/IEMEHTOB, MpPwU-
Haanexawmnx Kak O[HOMY, TaK U APYroMy MHOXECTBY.
O603HavyeHVe nepecevyeHnss MHoxecTB A un O NNJ+
OuyeBnAHO, 4TO

ANAc-N v NNAcA. 1.3)

CunMmBONMYeckana 3anucb 3TOro onpegeneHus crneayroLlasn:

nnn ={xl|jce N4 xe A}
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AM B cn/)
B/ 1

3apaHune 1.2. YKaxXuUTe nepecevyeHUs MHOXecTB (puc. 4).

Ana ypobctBa M egnHcTBa 0603HavyeHWin (Hanpumep, Toro dak
Ta, YTO MHOXecTBa He MMEKT OOWUX 3/IEMEHTOB WU OTCYTCTBYIOT
3/leMeHTbl, obnagarolme AaHHbIM XapaKTepucTUYeCcKMM CBOMCTBOM)
BBOAMUTCA MOHATUE MYCTOr0 MHOXecCTBa, KoTopoe ob6o3HauvaeTcs O.
Hro cBoiicTBa OTHOCKTE/NbHO onepauuii 06befMHEeHUs, nepeceyvyeHns
1 BKIOYeHUS (405 nboro MHoxecTBa /1) npuHMMaloTca Mo nopoae
NCUHIO:

Ocﬂ,, J'InO:O.J'I[}O =n, u
OMo =0, 0 1)0 = 0- (1.4)

(FToBOPAT, YTO 3TUMM paBeHCTBaMW akCMOMaTU3NPYeTCsA MycToe MHO-
KecTBO). lycToe MHOXeCTBO MOXHO NpeAcTaBuTb cebe Kak «MHO
)KecTBO 6e3 3/1eMeHTOB», Tak 4To Ana MHoxecTB C u D npegbigyuie-
ro 3afiaHma MOXHO 3anwucatb: Cf|/)= 0.

3apgavya 111 Henm yncno 3neMeHTOB MHOXecTBa A KOHEYHo,
TO OHO o603Havaetcs M(A).

Onpefgennte, KakoBbl HamboNblMe W HaMMeHblUWe 3HayeHus
uncna anemeHtos N(A\]B) u n(/1[1B), ecrm n(A) = p, a n{B) —q,

|m”>ax n(A[]B) =7 3). min n(A[]B) = ?
2). wax A(/INNA)="7? 4). min n(AflB)= 2

OnpepeneHne 16, [Ang nwob6oro MHOXeCTBa CamMoO 3TO
MHOXXeCTBO W MyCTOEe MHOXXECTBO Ha3blBalOTCA HeCcOb6CTBEHHbLIMU
nogmMHoxectsaMmu. Bce ocTasibHble MOAMHO>KECTBA HOCAT Ha3Ba-
HUA COGCTBEHHbIX.
3apavya 112 MHOXeCcTBO, cocCTosllee U3 ABYX 3/IEMEHTOB,

Hanpumep, {n, /A, vMeeT 4YeTbipe MNOLMHOXECTBa: HECOOCTBEHHbIE:
{u, b] n 0, wn cobecTBeHHble: {a} n {/. CKONbKO NOAMHOXECTB MMEE3
MHOXEeCTBO, COCTOsflLLlee U3 Tpex 3NeMeHTOB? U3 yeTbipex?
3apgava 113 Onpepgenute 4mc/io NOAMHOXECTB MHOXeCTBa,
COCTOALWEro wu3 M 3/1EMEHTOB.
Yka3aHue, (.KONbKO MOAMHOXECTB, COCTOALWMX W3 OOHOr0 3/1eMeHTa, Mmces ihkoc

MHOXecTBO? W3 AByx? Tpex? (.KONbKO HEeCOO6CTBEHHbIX MOAMHOXECTB MMeeT MHOXe
Clso?
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Il pumep 12 Ona nobbiXx MHOXeCTB J1 U B akBMBasIeHTHbI CO-
oTHoweHun: 1. NenB. 2 Tn BaB. /1. Nc/Nl He-

3KBUBANEHTHOCTb 3TUX COOTHOLLUEHUI OTHMMAET, YTO KaXaoe WuT
HUX MMeeT MECTO TOrga v TOJIbKO Torga, Korga WUCTUHHO N6oe apy-
roe Mbl ycTaHOBUM 3TO, AOKaTaB, YTo 1 =w2 —=3. = 1.,T. e. UT nep
BOT YC/OBUA cnefyeT BTOpoe, UT BTOPOro TpeTbe, a UT Hero
MNepBoe.

Aoka.Ta TenbctBO. [loKkaxem, 4yto 1.72.

MNyctb XMl £-[xe=/lyxe=WN)=>xesll 2-/1[}BcH.

ycnosue* | Jic H '=2-(V vg; N > pgne: H) |

9ro umtaetcd rak. Myctb X NMPOWN3BOJIbHLIA 3/IEMEHT MHOXe-
ctBa JINA. 310 o03HavyaeT (Me) onpegeneHvto  0b6beAUVHEHUS
MHOXeCTB), Ure> X npuHagnexuTt /1 nm B (XoTa 66l 0AHOMY UT HUX),
HO HO ycnosuw | BCAKWIA  3nemeHT, nMpuHagnexawmn Jl,
ABNAETCHA 3NeMeHTOM MHOXecTBa B. CncposaTernbltio, B /l060M Chy-
yae 1 anemeHT B, a B cuny npousBO/bHOCTM Bbli6opa .ee Jin B
3ro BfevyeT (HO oOMNpefeneHNi0 MNOAMHOXEeCTBa) BKJ/IOYEHME:
n@Bc B.

Cxema ,u,OKaTaTeanTBa TOro, 4to I/IT ycnosusi 2 cnenyeT ycnosue 3

liverb Te J1 = (x~N /\x" B) _>X(’\f|{\B’\ N<~"A{\ B.

T_

\cnoHHc 2 Il Hc-H ((Vxs/HJW) H 1
WP 17 (v xcr1 VV.te/)|=!-re/()

Cxema pgokatatenbcTBa TOro, 4to 3. =>1.

llyewn. Te/l = x~ B =Jla B.
yctome T Jlc AN OY.rel =I* me: A 4—@p<=A0xc H)

Tem cambiM YTBEpPXAeHWe [oKaTaHo. n
OnpepeneHue 17. PasHocTblo ABYX MHoxecTB (J1 n B)
HasblBaeTCA MHOXECTBO, COCTOALLEE W3 BCEX 3/IEMEHTOB, MNpPU-
Hagnexxawux nepsomy u3 Hux (A), HO He NpuHagnexxawmx ero
ptmy  (B).
O603HaueHne paTHOCTM MHoxecTB J1 u B: JI\B.
(CumBOMIMYeCKM 3TO 3anucbiBaeTcsA Tak:

N\n={tnen g"n).

OueBupgHo, uto JI\J1 = O ansa mob6oro MHoxecta J1 n JI\Bal/l.
3apaHue 13 YKaxumTe paTHOCTM MHOXecTB (puc. 5).
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A\B C\D E\F
Pm 5

CxemaTuyeckoe un3oGpaxeHne MHOXECTB B Buae GUryp Ha
MJ0CKOCTW, Harpumep, KPyros, 3/I/IMMCOB (KOTOPbIe Mbl yXe uc-
Nnosb3oBasn), MNPSMOYro/bLHUKOB WU T. M., AaeT HarnsgHoe npen-
CTaBfieHMe O MPOCTeMlNX CBOMCTBAX MHOXECTB. TaKuMe CXembl HOo-
CAT Ha3BaHWe Auarpamm Jiinepa — BeHHa

OnpepeneHne 18 Ecnu fla B, TO pasHOCTb MHOXKECTB
B\/1 Ha3blBaeTCHA gononHeHMeM MHOXECTBa A [0 MHOXecTBa B.
O603HaveHne AOMNoNHeHUss MHoxecTBa A g0 MHoXxecTBa B: A')
mm C,A. (C — HauanbHas 6ykBa OT (PpaHLy3CKOro cjioBa «comp-
lement» [OrMOSIHEHME).
(let

A'H=" B\A

3agaHune 14 YkaxuTe (3aWITpuxyinTe) pononHeHwe J1 go
B (puc. 6).

JononHeHMeM MHOXecTBa TOYeK MpsAMON, nexawenhn B naoc-
KOCTW, OO 9TOW MJIOCKOCTM fABNseTcA o0b6beanHeHne AByX (OTKpPbI-
TbIX) nonaynnockoctei. JononHeHne C= {1, 2, 4} Ao MHOXecTBa
n={1, 2, 3, 4, 6) ectb /i={?, ?}.

O6bekTamMn uccnenoBaHUs MOryT OblTb M MHOXeCTBa, 3/IEMEH-
TamMu KOTOPbIX ABNAKOTCA HEKOTOpPble MHOXecTBa. Hanpumep: MHO-
)KeCTBO MPAMbIX M/IOCKOCTM, MHOXECTBA PELUEHN HEKOTOPOro MHO-
)KecTBa YpaBHEHW (CUCTeMbl YpaBHEHW), MHOXecTBa MNOAMHO-
XeCTB Kakoro-nmbo MHoXectBa W T. f.

MHorga MHOXKecTBO, MOAMHOXKECcTBa KOTOPOro paccmaTpusa-

I0TCA B HEKOTOPO/ 3ajave, HasbiBAT YHMBEPCa/bHbLIM AN1S HeEe,

Puc. O
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AI
Puc. 7

JlononHeHne [0 yHMBepcasibHOro MHo>KecTBa U ero nogmHo-
>KecTBa Ha3blBalT MPOCTO AONOMHEHUEM M o603HavaT A' wm 71

A'= U\A. (1.5)

YHuBepcasibHOe MHOXECTBO YA0GHO WUCMO/Mb30BaTbh MpU U3yde-
HAM CBOICTB [AOMOJMIHEHWA MHOXEeCTB, Ha Auarpammax diinepa
BeHHa ero MNpuHSATO M306paxatb MNPAMOYrosibHUKOM (puc. 7).

§ 2 CBOWMCTBA OMEPALWNW
HAL MHOXECTBAMM

MpuBedeM OCHOBHble CBOICTBA Onepauuii BKIKUYeHMUs, obeean
HEHWs, MepecevYeHunsl, Pa3HOCTU W AOMOSIHEHUS MHOXECTB, U MpoBe-
OEemM [oKasaTesibCTBa HEKOTOPbIX M3 HMX. 3TWU cBolicTBa 6yayT uc-
Mo/sb30BaHbl B AasibHelleM MNpu MU3yvyeHUU anrebpanyvyeckmx W reo-
METPUYECKNX CTPYKTYp. MHOrme wu3 HWX WHTYUTUBHO OYEBUAHbI.

2.1. AczA VA.

22. Na BABcC ==Aa C VA, V/j, VC.

2.3. AczB /\BaA=$~A =B VI, VS.

24. Ac=NTniABcAUTI VA, V/j.

2.5. Af)BczA /\A()B<=B VA, V/j.

2.6. A\]B = B\\J1 VA, V/j.

2.7. A{]B =B(JA VA, V/i. rnepeceyeHuUs

(Commutatius — no naTbiHM O3HayaeT MeHsLWMiics, nepecTasns-
HOLLLWIIA).

) o6beANHEHNS
} KOMMYTaTUBHOCTb

28. ANA=A VA.} o6beANHEHNS
= NAEMIMOTEHTHOCTb
29. ATTA=A VA.J nepeceyeHus

(OT naTuHCKMX cnos: idem — TOT e camblii, U potens - cno-
COGHBbIN).

2.10. N U\;fIIIC)7= (AUB)UC VA, V/j,VC.) o0beANHEH NS
uv u VoW }accouunaTtnBHOCTb
2.11. A(J(Bf]IC)=(A(]B)(JC V/IVfl, VC. I rnepeceyeHus

(Assotiatio — no3gHenaTMHcCKoe — coefuHEHNE).
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B InC A \B

AN{BNC) {AN B)' C

Puc. a

Jlokaxem nocnegHee paBeHCTBO (YCTAHOBWMM pPaBEHCTBO COOI
BETCTBYHHLUX MHOXECTB).

Mpexae Bcero paccMoTpuMMm guarpammbl dnepa HenvH ;
JeBoii 1 npaBoii yacTeit. CxemaTMyeCcKOe WN306paXeHue MHOXC> i
Ha Awnarpammax Jiifiepa — BeHHa 06blYHO MopAcKasbiBaeT [0Kas;
refibCTBO YTBEPXAEHUSA, YAOOGHO AN O6HApPYXEeHUA KOHTpnpumepe
WM AIBHO HEBEPHbLIX TEOPETUKO-MHOXECTBEHHbIX MNpea.H XeHWH, 03
Hako, [o0Ka3aTefNIbCTBOM B CTPOroM CMbIC/IE 3TOr0 C/oBa He SAH/A
eres.

J(awTpuxyem Ha Aagumarpammax Jdinepa BeHHa wmTOXEN ;
/*NC v NNANCY, 3atem N(U wn (NNA)NC (puc. 8)

CpaBHUTe fguarpamMmmbl.

Mpun pokasaTenbcTBe cBolicTBa 2.11, BoO6LULEe FOBOpPS LWWAO yei.
NnoBmMTb pPaBeHCTBO MHoxecTtB P =JIN(/NKO wun Q in/Hne
T. e. B COOTBETCTBUM C MPUHLMMNOM OBOWHOro BKAoYeHus [ 1) nas
nokasatb, 4T0 PczQ wmn QaP.

/loka3sarcnbcTBO cBoiicTBa 2.1l.

MNyctb TeNMN(~MC') (xeHN O xgeB MN<
N=n(tel O(te/(Np;e)="((.-reN/\xe«)Te -T

“urteINMMNATEeC) ~=>~nA(N N#)NB
"Mpoxoas CTpPenku» crieBa Harnpaso, MONYy4YUM, 4TO

NN(ATIC)cr (10 /Y)C. @

(B cnny npowussonbHocTM Bblbopa XE£/ f)(B f|C)), a «<npo. .4 n
NPOTMBOMOMIOXKHOM HanpaBneHun (Takxe B CWUAy upon oOauH
xe(n (1/nncC), éyoem umeTb:

(MMB)ACCcNN(ATK:).



1 MHOXecCTB;)

Nu (ANC) (Mup)N(nc)
Pvo. 1)

BknouveHnsa (2.=>) u (2.~=) o3HayalT (B COOTBETCTBUM C MPUH-

LUMMOM .3HOWHOrO BKJ/IOUYEHUS), 4TO AN N6bIX MHOXecTB J1, U, C
BbIMOJTHACTEH:

nn(vnc)=(nn/?)nc. =

Onepauun 06beAUHEHUA W MepeceyeHuss o6nafatoT CBOMCTBaAMU
[OHe |pnbyTUBHOCTK:

2n2. nn(gnc)=unna)nnwc) vna, Vv/j, vC.| ancrpuby-

2110 NN<giic)= (/1nse)n(JINC) VI, V/i, VC. | InBHOCTb
(2.12 06beMHEHNA OTHOCUTENIbHO NepeceyeHus, 2.13 nepeceuve-
HUA OTHOCUTENbHO O0O6beAVHEHUS).

Uto6M HaiTu nyTb [oOKasaTenbCcTBa CBOMCTBa 2.12, TakXe Hau-
HeM paccyXeHus c gumarpammbl dnepa BeHHa MHOXecTB Kax
ToA yactn paBeHcTBa J1LKAFIC)= (1 (#)1(/1 UC) (puc. 9).

(0okaaaTenbCcTBO cBOWCTBA 2.12.
) [Aokaxem, uto (Tm#)NW UC)c: NLWGIK-").
lyem, redJ1 U/NNONnC)=*-(xN n/?N*eEn 1K)=—>

=>(xX"N\/ /00(xenV te C).
Min MOTpWUM, KaKume BbITEKalT OTCIo4a BO3MOXHOCTU NpUHagex-
HOCTU 3NeMeHTa X MHOXeCTBaMm:

(.ten MA(p-enVv teC)

I (xen O xe C) (/i f) C).
2 (renften)'~4~p:enNy(Brjc).
3 |.redgrtenn) '~ nrr N U/HT)C).
1 |.(e/)AreC) ¥ xg NAOC ' A= -rel U(NNC).
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OTcioga HWOHO, 4TO B N0b6oM cnydae ncel/IW AMC), n 3HaAuUT,
Nn(NC)cr(1 nid)M (N 1)C) B cuiy MPOU3BOILHOCTU HbIBPaHHOTO
xe(/4Ufl)n(~UC). .

2) BkntoueHue N un (i |"|C)c (N1 1)N)N(1 LK-) goKaxunTe camocTon-

TeNbIto. d
Ilyen, xe/1 n(AN C) “~-»—(jce/l V A" C)==>
| xe A MP ro  are/lun I

xe A(IC nre(Mnvin)NMIMunC).
2. x€=fInC™in-(xeflAxeC)
ap. 1.2 ~ hrvp. 1?2
(xe/1 niA)N(aren 1K-)==> greH(/1 U A)N (1 (JC).
Takum o6pasom, B /OO60OM BO3MOXHOM C/y4yae 3/eMeHT
are(1 (MA@ IC), a B cuny npoussonbHocTM Arefll MO aTo
M o3HauaeM BKOueHue: J1(_|(ANC)a(A (NN UC).
3) Mo npuHUMNY OBOMHOrO BK/KOYEHWUM 3TO B/EYeT PAaBEHCTBO
NU(WTK)= (TUMMN(NUO pgna scex MHOXecTs JI, U un C. A
Cnepgytowme cBOCTBa onepaumini Ha MHOXecTBax OyayT B gasb
HelilleM OCHOBOW HEKOTOPbIX 3aJady W NpuMepoB, 60nee CNOXHBbIX W”
coaepxaTeflbHbIX KOHCTPYKLMIA.

Csoii cTBa pasHO CTMN MHOXecCTB

214. N\iia N yn,
2.15. M\t = nnin’ Vi,
2W. M\UI\N) = 1ns Y,
217. In<W\MM)= nuns Vi,
2.1S. INWA\I )= o vn,

219. I\(B{IC)- (M\/AN(N\C), YN, v/i.
2.20. N\(NNc)= %nVnM(n\o, VA, V/i,

CeoictBa AOMONIH HUI ™

221 nun'=wn yn.
222. nnn'=0 yn.
223. (I'Y=A Y.
224. MU« =n npe va, ya 4
3aKOHbl ge MopraHa.
225 (Nni)'=n'U S’ va, Viunq«

2HoTcTBa (akKcuMomMaTumKka) "y CTO

226. 0c/l Y.
227. nn0=0 Y.
225. AUO=A yn.
229. 0 M0 =0

2.30. 0110 0-
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3apgava 2.1.1. [okaxuTe cBoiicTtBa 2.2 u 2.21.

22. Nc:B N1 Be=C=ANc=C V/I, V/], VC.

Kegwn npowvsBonbHbIA are/l, a /1lcii, 10 .te/J), Tak KakK HO onpe-
[eneHnto nogmMmHoxecTtBa (MHOXecTBa /1) BCAKMI €ro afieMeHT coaep
XUTCU B pJaHHOM MHoxectBe (B), Torpa are/i, a BczC, 10 Xe?.

M3 npowusBonbHocTU Te J1 cneayetr BkAwuyeHue: JficC. |

221 N[)N'=wn V/1

Mycte TE NUA® (1E ?V )—<==NTE?V AN
ox<=wu<*N nl,c=yY)4((Ycnun') 2=~-NTun' =", ]

3apgava 21.2. [lokaxuTe cBolicTBa 2.6 u 2.24.

26. N1)b=«1M V3, VB.
Telluin "=>-(xe:?\/1e?)4d-(Te?YTE?)-"TE ? 0
-N=>Nn cAn'A)\/('/n N =) n”"). 4To HO NpUHUKMNY ABONHOro BKJIK)

yeliHa BneueT paBeHCTBO 3TUX MHOXECTB. |
224. (Nvin),= N,M«" VA, VB.
(MUBYE=U\{AUB) = ' (m\m)Nm\B) ew JTne a

3apgauva 2.1.3. [JokaxuTe cBoiictBo 2.25.
225 (IT\BY = N'[)B"' V.4, V/i.

(ANN)' = U\UI(]B) ~=W {U\A)\J(U\B)= A"\JB". A

3apgava 2.2.1. lMNocTponTe gnarpammbel diiiepa — BeHHa cne-
AylWwmxX MHOXECTB W YCTaHOBUTE, Kakue 13 PaBeHCTB BEPHbI A4
NnobbIX MHOXecTB J1, B n C (puc. K) n IlI):

B\C Cnb"

Pur. 1)
[) B\C = CM\B\ 2) /I\(B\C)= (A\B)\C.
1) B\COC(]B".
2) N\(B\C)® (J1\B)\C.

3apgava 2.2.2. lNocTpoiite gnarpammsel diiiepa — BeHHa cre-
AYIOWNX MHOXECTB W YCTaHOBWUTE, KakKue K3 pPaBeHCTB BepHbl AN
NobbIX MHOXecTB J1, B n C (puc. 12 n 13).



A\(D\C) (A\D)\C

'm- |11
BI\(CunA) {BMC) u (Z?n A)
Puc. 12
A\B (A\B)UB
Puc. 13 Pnc M

) fln(CUA) = (FIFIC)U(fIn>1), 2) (N\A)n« =/l
iy Zin(cun)=(/in Yu(«n/lym
2) (n\s)ma=n.

3apava 2.3/1. MNocTtpoiite guarpammbl diinepa — BoHHa ene

OYIOLWNX MHOXECTB W YCTaHOBUTE, BEPHO /N YTBEPXAEHUE: ecnn
vcll, To (I\i)n« =N (puc. 14).
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An(BnC) (AUB)NnC

Puc. IT>

3apgava 2.3.2. Onpepgenute, A4 Kakux MHoxects JI, B,
(. nmeetr mecto yTBepxaeHue: A\]B = B[)C.

3apgaya 2.2.3. [lpoBepbTe, UCTUHHO NN A8 /OO6LIX MHOXECTB
n, B, C ytBepxageHue: NU(LAMNC)= N U/NN m (puc. 15).

Nn(«MNC)~r=(Nne)NcC.

Henn yTBepxAaeHme WCTUMHHO He A1 BCeX MHOXeCTB, TO MocTa-
paVITer HaliTn Bce yCcnosud, npm KOTOPbIX OHO BCE XX& MUMEeEeT MEeCTO.

§ 3 MPAMOE (gekaptoBo) MPOW3BEAEHWE
MHOXECTB

Henn paccmaTtpuBaeTcsa MHOXECTBO, COCTOsLlee Wl KOHEYHOro
yncra 3/IEMeHTOB TakKoe, 4YTO MOpPAAOK 3/IEMEHTOB He CYLLECTBEH, TO
X 3ak/4valT B (hurypHele ckobku, Hanpumep, {a, b, c}. Henn xe
CYLLLeCTBEHHO, KaKOB MNOPSAAOK 3/1eMEHTOB, TO FOBOPUT 06 ynopsao-
YEHHOM MHOXECTBE 3/IEMEHTOB WM KOPTEeXe, WUCNonb3ya Ans
0603HavYeHNss CKOGKM <), Hanpumep, KopTex (OnHbl 3) Tex Xe
anemeHToB: (U, b, ¢).

(«Cortege» B nepesofe C HpaHLy3CKOro o3HavyaeT TOPXXECTBEH-
Hoe LecTBWe, Bble3n, CBUTA).

(npepeneHune 31 [Ba KopTexa Ha3blBalOTCA paBHbIMU,
€C/IN OHW O4MHAKOBOW AJIMHbI W €CIN PaBHbl UX 37IEMEHTbI Ha CO-
OTBETCTBYIOLWMX MeCTUX
Tak paBeHcTBO (X, /= <l, ©> MMeeT MecTO Torga M TOJ/IbKO
Torga, korga X= 1 un /= «m
())npepenenue 32, MpaAMbIM WIN OeKapTOBbIM MNpPouU3Be-
neHnem MHoxecTB A U B Ha3blBaeTCA MHOXECTBO BCEX ynopsAno-
YEHHbIX MWP 3MEMEHTOB, M3 KOTOPbLIX MEPBbIA NPUHAZIEXXUT Mep-
BOMY MHO>XeCTBY JI, a BTOpO/i BTOpPOMYy — B.
O603HayeHVe aekapToBa npousBeaeHUs MHoxecTs J1 n B: AXB.

AX B =|<x, Y) |x€=N /4 r/eii}.
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Tem camMbiM [eKapTOBO MPOU3BeAEeHNE MHOXeCTB 3ajaeTcsd Oonu-
CaHVeM XapaKTepUCTMYECKUX CBOMCTB €ro anemMeHToB. MOXHO cKa-
3aTb, YTO TakMm 06pa3oM A/ BCEX MHOXECTB onpefefieHa HOBas
onepauusa: OBYM MHOXeCTBaM COIMOCTAaB/IAeTCsA TpeTbe— WX AeKap-
TOBO MpPOU3BeAeHMe.

Mpumep 31 Ona mHOxecTB A ={1, 2, 4} n i = {«, b} BbINNK
lWeM BCE 3/IEMEHTbl AeKapTOBbiIX MNPOU3BELEHWIA.

nxn ={<1, a), <, 7= <, 7> <, 7> < 7> < 7>}

/X N={<a, 1), <, 7=, <, 7> <, ?), <, ?), <, 7=}

?

HecnoxHo ysuaeTts, yTO AX B ® B X A A9 NPoU3BOJIbHbIX MHO-
XecTB JInii. 3TO O3HaYaeT HEKOMMYTATUBHOCTb ornepauun gekap-
TOBa YMHOXeHUA (npoun3BefeHnss) MHOXEeCTB

3apaHue 3.1 Haiigytca nm mHoxecTBa J1 n i Takue, 4TO
NXNANXN?

EcTecTBEHHO Ha3blBaTb MHOXecCTBO J1 XJ1 pekapTOBbIM KBapg-
paTtom MHoOXecTBa A M ob6o3HauyaTb ero J12

n2= nxn.

OnpepeneHue 3.3. AuaroHanblio pgekaptoBa KBagpata
MHOXecTBa A HasblBaeTCad MHOXECTBO Bcex nap Buga (X, X),
roe tell.

(FTpeueckoe «filavwtuo™» 0O3HavaeT uAaywWMN OT yrna K yrnay).
O603HavyeHne gumaroHanm mHoxectsa J1: Og vm dA A nnn idA
Hef

Da= i<*, X) | x €eA}

3apgaHune 32. Ana mHoxecTBa N = {a, p, Y} BbiNMwWunTe BCe
3/IeMeHTbl feKapToBa KeagpaTta W MogyepkHUTE BCe AunaroHasibHble
3/M1IEMEHTHI:
n2={<?, 7>, <, 7>, Q. 7> <, 7> Q7> <2, 7> Q> 7>, <, =)
3apgadya 3.1.1. Onpegenute, CKOJIbKO 3/1IEMEHTOB COAEPXUT
MHOXecTBO A X B, ecrim n(A)=p, a n(B) = y? Mouemy?
Cnepgywwme 3agayn oTpaxaloT CBOWCTBA JAekapToBa Mpowusse-
[eHus.

3apgauva 321 [OokaxuTe yTBepxaeHue: Ona awobblX MHO-
ectB /1, W m C, echm ScC, TO NXNMchnxc.

JokasaTenbcTBo. <, y)el/IXWN '~y~(te?fine?)=>-

N(tePOyeC')n < ,y>ellXC.
nmcCs(We d e?)

2 B. T MarpoHa VAN A 4
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B cuny NMPOn3BOILHOCTYU (T, i/)e/IX/i cnepnyer, 4yTOo
AX Bce=AXC. [

3apgayvya 3.1.2. Onpegenute, BepHbl N ANA NHOOLIX MHOXeCTB
A, B, C paBeHctBa: |I. AMNBX ()=(Nin)X (ANC). 2 NX

X(BMC)=(JIXB)(/1XC)?

Yka3aHue. PaccMOoTpuTe cHayana npuMepbl AN  Kakux-1m6o  MHOXecTB
A={ }o#={ I nmC={ I, ecnu OHM noATUCPAAT PaBEHCTBO,
nocrtaparitecb gokasaTb ero A/ MPOU3BO/bHbLIX MHOXecTB A, H, (.

1 AT(BXC)~A(INB)X(NMNC).

BoiBog. [lepeceuyeHne MHOXECTB ? He ? o6nagaeT CBOWCTBOM
OUCTPUOYTUBHOCTU OTHOCUTENIbHO [eKapToBa Mpou3BeLeHUs MHO-
XeCTB.

2 AX(ANOA(NXB)A(N XQ.

BoiBOo . [ekapTOBO MpousBedeHNe MHOXecTB ? He ? obnagaeTt
CBOWCTBOM AOUCTPUOBYTUBHOCTU OTHOCUTE/ILHO TMEPECEYEHUS  MHO-
XEeCTB.

3apgauva 3.3.1. Onpepenute, BEepPHO N A8 NOObIX MHOXECTB

N, B, C paseHctBO: J1 X ( O\C)= (1 X /Q\(J1 X C)?
AX(B\C)= (A XB)\(A X C).

BoiBO . [ekapToBO rnpousBedeHVMe MHOXECTB ? He ? o6nagaeTt
CBOWCTBOM [AUCTPUOYTUBHOCTM OTHOCUTE/IbBHO Pa3HOCTU MHOXECTB.

3apgava 3.1.3. VCTUHHO nv Ans obbix MHOXecTB Jl, B n
C yTBepxaeHue I (#XC) = (NXM)n(1XC)?

YKazaHue. PaccMoTpuTe cCcHavana npumepbl AW KakMX-NnMbo  MHOXEeCTB

A={ ), H={ ) n (.={ ). ecnu oHW noATBEPAUT PaBeHCTBO,
nocTtapaiTecb fAoKasaTb €ro AnvM MNpou3BOJfbHbIX MHoXecTB J1, H, (.

A[1(BXC)® (JIXB)[) (J1XO0-

BoiBog. O6begnHeHMe MHOXECTB ? He ? 06nagaeT CBOICTBOM
ANCTPUOYTUBHOCTM OTHOCWUTENIBHO [eKapToBa MNPOuU3BeAEeHUA MHO-
XKEeCTB.

OnpefeneHne gekapToBa MNpou3BeeHNA ABYX MHOXEeCTB ecTecT-
BEHHbIM 06pa3om 0606LLaeTca Ha AeKapTOBO MpousseneHve nboro
X yucna:

OnpepeneH ne 3.4. lNpambiMm WIN AeKapTOBbLIM MNpou3Be-
AeHnem MHoxXecTB J1,, /12 .. Jl, Ha3biBaeTCA MHOXXECTBO BCEX
KOPTEXKEN AMUHBLI N, U3 KOTOPbIX MEPBbLIA NPUHAANEXXUT MEPBOMY
MHOXECTBY - J1,, BTOpPO/ BTOpoMy At v T 4. MNOcCAefHuiA n,.

O603HauveHune: J1,X A, X ==X ],

NIX N2X —X N, =={<*, XI, .. X,) \x,<=A/\i= 1, 2, .. n}.



§ 3. lNpamoe npousBedeHVe MHOXEeCTB

OTcioga npu n= 1cneayet, 4To 06 3NleMeHTax N060ro MHOXe-
CTBA MOXHO TFOBOpPUTb KakK O KopTexax AJMHbl 1, u

nt= {<HL x> - -0 \W,AA L/= 12, ).

M3 onpepgeneHusa fekapToBa MPOU3BeLEHUA MHOXECTB crefyer,
KOHEeYHO, 4YTO N — BCerga 4Yucno HartypasbHoe.
3agaHue 33. [llpuBegute nNpuUMepbl 3/1IEMEHTOB MHOXECTB:
R23 ? R'eb? (R 2:,e3?
3apgava 3.2.2. Ecnm MHOXecTBO A COCTOUT W3 KOHEYHOro
yncna 3NeMeHTOB, TO MX KONu4yecTBO Oyaem o603Hadvatb M(A).
Mycte n(A)=p, n(B)=4qg, n(C)=r. Onpegenute, CKOJbKO
3/1IEMEHTOB cofepXaT AeKapToBbl MNPOU3BEAEHUA
) n(AX((/iXC))=7?
2) n(XB)XC)=7?
3) n(AXBXC)=7?
Bbille Mbl YyCTaHOBW/IM, YTO [EKAPTOBO MNpPou3BefeHMe He obnapna-
€T CBOMCTBOM KOMMYTaTMBHOCTM, OHO M HeacCcOLMaTUBHO:

AX(BXC)®(AXB)XCPOPAXBXC.

Hanpumep, ecnn <1,<a, a))e-4X(B X C), To <, <a a))

& (A XB)XC, Tak Kak, XOTa nocfieHee MHOXeCTBO U COCTOUT U3 KOp-
Texel ANNHbI 2, HO Takux, YTO MepBblli 3/1eMEHT YNopsaAo4YeHHOW Ha-
pbl cam SBASIETCA KOPTEXeM A/WHbl 2. B oTinumu, Hanpumep, OT
nepeBoro anemeHTta 1 koptexa <l, (a, «)), KOTOpbIA B Ny4ylwemM Cy-
Yyae MOXHO TMPUHATL TOJMIKO 3a KOPTEeX ANVHbI eauMHuua (CMm. ornpe-
neneHve 3.1).

OpaHako, yuynTbiBas, YTOo peyb naeT 06 ynopsnoyvYeHHbIX MHOXecT-
Bax, 4acTo 6biBaeT YyAOGHO OTOWTM OT (OpPManbHOro 3akoHa U
OTOXAECTBMATb 3nemMeHTbl MHOXecTB AX(B X C)®{A X B)X Co
® AX B X C Buga: (I, (a, a)), ((I, a) o), n(l, a, a). 310 NO3BO-
nseT B AasibHellWeM, OTOXAECTB/AA B TAKOM Y€ CMbIC/le COOTBETCT-
BylOLLME 3NIEMEHTbLI, He TOJ/IbKO OTOXAECTBUTb MHOXecCTBa
AX(AXA), (AXA)XA mnAXAXA, HO No aHanorum OTOXAeCTB-
NATb 6e3 A0NOMHUTENbHBIX Pa3bsACHEHW, ecnn TOro nNoTpebyeT KOH-
TEKCT, MNPOWU3BOJIbHble AekapToBbl cTeneHn: ATXAN un AnXAT C
Ami", rge {1, n}cN.
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8 4. HEKOTOPbLIE MNMPWUMEPDI
NEKAPTOBbLIX MPOW3BEAEHWA MHOXECTB

B aTtom naparpage Mbl paccMOTPUM MpUMeEpPbl AeKapTOBbIX MNpPo-
n3BeOeHUA MHOXECTB U CBfi3aHHble C HUMM HOBble MOHATUA, KOTO-
pble 6yAyT Ucnofb3oBaHbl B AanbHeliwem. OHWU, XOTS U He CMOXHbI,
HO fABNAlOTCA 6a30BbIMU A4/ CEPbE3HbLIX pas3fiefNloB Kypca, KOoTopble
npeacTonT u3yvaTb.

Mpumep 4.1 R — MHOXeCTBO BCeEX AEACTBUTE/bHbIX 4uUCen,

anemeHTamMmm MHoXxecTBa ( R4)3ABNAIOTCA KOPTEXW AJIMHBbI 3, KOTO-
pble COCTOAT W3 KOpTexewn ANuHbl 4, Hanpumep:
(R ')2,3 <<1,3, 2,4), <4, 5,0, 5>, <—3, 2, 1, 7>>, HO Takas 3anucb
KOopTexa KOopTexel BecbmMa rpomMo3gka faxe ansa anemeHTtos (R ),
He rosops yxe O 60nee BBLICOKMX CTerneHsaX. YAobHee 3anucbiBaTb
Takne KOPTEeXW MOCTPOYHO:

< 1 3 2 4 / | 324\ I 13241
< 4,5 0, 5) nnm ( 4505) nnn 4505
<-3, 2 17 \—3217/ |—3 2 171

AHa/IOTMYHO MOCTPOEHHbIE Tabnuubl GygeM MMeTb U ANa Opyrux
[EeKapTOBbIX CTerneHeil MHOXecTBa [OeNCTBUTENbHbIX uucen R.

. M wm /1 32\
(R)23 <<1, 3. 2>, <4, -3, 1)) @ -3 |
/-1 4
(R2:,3 <<— 1 4> <5 0), 8 —2=> wm ( 5 0
vV 3 —2

(Rl <<1>, <0>, <—3) > wm

(RY3 <2, —5, 1, 7)>wmwm 2 —5 17).

MeHT AekapToBoii cTeneHn (R'ImMHOXecTBa AENCTBUTE/bHbIX YM-
cen. B Takom cnydyae rosopAT O marpuue nopsaka m Ha n.
O603HayeHMe MHOXecTBa BCeX Matpuy, nopsaka Mm Ha
M M(mxn, R) wwm M(Txn).
MaTpuuy, npuHagnexawyw M(Txn, R), MOXHO NpeacTasnATh
yncnosow Tabnvuen u3 T CTPOK WM N CTON6LOB.

Tak Kak matpuua no CBOeMy onpefeneHnto ecTb KOPTEeX Kop-
TeXxeill, TO eCTeCTBEHHO OnpeaensTb PaBeHCTBO MaTpwuy, Kak pa-
BEHCTBO KOPTEXel W cunTaTb MaTpuubl PaHHbIMW, €ClM OHW Of-
HOro Nopsiaka M paBHbl BCE WX 3/1€MEHTbl Ha COOTBETCTBYIOLLMX Me-
cTax.

I OnpepenenHne 4.1 MaTpuueii Ha3sbiBaeTca oboi ane-
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Mpunmep 4.2 MNyctb 1 — MHOXeECTBO BCeX TOYEK MJIOCKOCTH,
Nn2={</4, B)\{A, B}c=Tl}— Bce ee ynopsgoyeHHble Napbl TOYEK.

Ynopsago4yeHHOCTb Mapbl TOYEK Ha yepTexe yaobHO nokasbiBaTb
CTPEeNKOW OT ee MepBOro afemMeHTa KO BTOopomy (puc. 16):

OnpepeneHue 42 3neMeHT AekapToBa KBagparta MHO-
XecTBa BCeX TO4YeK M/IOCKOCTW (MpocTpaHcTBa), T. €. ynopago-
YEHHYI0 Mapy TOYeK M/IOCKOCTU (MPOCTPaHCTBA) MPUHATO Haslbl
BaTb Hamnpas/leHHbIM OTPE3KOM.

Benn paBe TakuMe ynopsAfoYeHHble Mapbl OT/INYAKTCA TOJIbKO
NnopaAKoM 3/1IeMeHTOB (TOYeK), TO MX Ha3blBalOT MPOTMBOMOJIOX-
HO HanpaBNeHHbIMW OTpe3kamMu, a ecnu MnepBblii 1 BTOPOWN 3ne-
MEeHTbl yrnopsAOYeHHOW Napbl COBMAAalT, TO Takme HanpasB/ieH-
Hble OTpPe3KW Has3blBalOT HY/EBbIMU

Ona Touyek nNpsAMOWM, MNNOCKOCTM WM MNPOCTPaHCTBa MPUHATO

ynopsagoyeHHyo napy (J1, B) o6o3HauaTb J1B.

Mpumep 43. EcNM  MHOXECTBO [AeNCTBUTENbHbLIX 4uncen
R n3obpaxaTb TOYKaMW 4YUCMOBOI MNpAMON (Ocu), TO aNeMeHTbl ae-
kaptoBa kBagpata R2= {(jt,*>| xeRAf/eR} ecTrecTBeHHO npeA-
CTaBMATb TOYKAMW KOOPAMHATHOWM M/IOCKOCTU.

OnpepeneHuve 43. TOBOPAT, 4YTO Ha NNOCKOCTW 3adaHa
appnHHaa wm obuwasa gekapTtoBa CUCTeMa KoopAauHart, ecnu 3a-
AaHbl ABe Henapaie/fibHbIX OCW € 06WuM Hadvanom. Ecnm ocu
nepneHauKyNapHbl 1 eguHULBI U3MEPEHU MO pasHbIM KoopAauHaT-
HbIM OCSIM paBHbl, TO TaKyk CUCTEMY KOOpPAUHAT Ha MNJI0CKOCTU
Has3blBalOT MPAMOYrO/IbHOW [AeKapTOBOWA

HanomuHaHue: ocbio HasblBaeTcs npsMas ¢ (QUKCUPOBAHHOW TOUKOWA Hava
NIOM, BbIGPaHHbLIM MONOXUTENIbHBIM HanpaBfeHNEM W eauHULER N3MepeHUs.

[N nNpon3BOMbHOM TOYKM MNIOCKOCTU JU ee adh(puHHBIE KOOPAM-
HaTbl onpefenalTca Kak <X, y), rae x= (0X)()rny, y=(OY)[)mx
(npamble MJ(OA") n 1,]](0Y"), a Touka M = mt()mj/). 1louky c KO-
opauHatamn (X, y) ob6osHayaem M (X, y).

HanomnHaHue: (AH) obo3HaveHa npsmas, Npoxoaswas vyepe3 pas/IMyHble TOUYKU
n v A

Bbiwe Mbl OTMeYann, 4TO MOXHO NpeacTaBNATb AeACTBUTEb-
Hble yMcna TOYKaMW 4YMC/IOBOM Ocu M obpaTHo. CnepoBaTesibHO, MO-
XeM cumuTaTb, YTO <II, y) o603HavyaeT U ynopsaAoYeHHY napy uui-
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npaMoyrosibHada geKapToBa
cncrtemMma KoopamHat

Puc. 17

aphnHHaa (ob6uas)
cucTemMa KoopaumHat

Puc. x

cen, COOTBETCTBYIOL YO yrnopsgoyYeHHOM nape Toyek: x ocn (OX) n #/
ocn (OV).

3apaHue 41 WV3o6pa3nTe Ha MJIOCKOCTM MHOXECTBO /)R2
(avaroHanb MHOXecTBa R"). 3apaB KoopauHaTHble ocu. (,Aenante

yepTex. Mopymalite, eAMHCTBEH /N OTBET?
3apgaHue 42 lMogymanTte, KaK MOXHO NpPeAcTaBnATb 3/IEMEH-

Tbl MHOXecTB RJ m R1 ecnu pgeicTBuTesNbHbIE 4MCNa W306pakam»
TOYKaMW YUC/IOBOW OCW.

3apgava 411 1=](, llcrR. MNpeactaBbTe Ha MJOCKOCTU MHO
xectBa: ixl. IXR. RXI| (3agaB, ecimM HyXHO, CUCTEMY KOOpAUHAT).
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3apava 4.12. TlocTtapaliTtecb faTb FeOMeTPUYECKYHD WHTEp-
npeTauuio AeKapToBbIX MNpou3BefeHuni MHoxecTB: S'xIl, S'XR wu
/"X R. roe o6o3HaveHbl: = |(), lI|czR, S '— okpyXHoCTb, R — nps-
mas, a D' - kpyr. 3aganTe, ecnm noTpebyeTcs, cMCTEMY KoopAuHarT.
Kak M3meHUTCA OTBET, eCcM M3MEHUTb CUCTeMy KoopauHaTt? Caenai-
TEe PUCYHKWU.
3apgavya 4.1.3. [JaiiTe reomMeTpuMyeckyd WHTepnpeTayut MHO-
xectB: S'XS1 SXL)2wun 1)2XS\ roe yepes D2 ob6o3HayeH Kpyr,
S 1— OKpY>XHOCTb. [lonpobyiTe M306pasnTb 3TU MHOXeCTBa.
oMeTpUuYecKue wH-

8 5. BUHAPHbBIE W N-NPHbBIE OTHOLWEHWHA

OfHO 13 6a30BbiX MOHATUI B MaremaTuke 6uHapHoe OTHOLLe-
HWe, 4Yepe3 Hero 6yayT onpedernieHbl Takme BaXHeWwwue MNOoHATUS,
KaK (YHKUUA, OoTobpaxeHue, npeobpasoBaHVe MHOXeCTBa.

OnpepeneHne 51 bBuHapHbIM (ABOWHbLIM) OTHOLUEHWEM

Ha MHoOXecTBax J1 n B Ha3sblBaeTca Nob6oe NogMHOXECTBO WX Ae-

KapToBa npowussedeHua A Y, B.

BMHapHble OTHOLWEHNS O6bLIYHO O0603HavalTCA 3arnaBHbIMU Na-
TUHCKUMKN  ByKBaMun, Hanpumep: RaAXB, a Ansa BKIYeHUS
(X, ;/) ee R MOXeT ObITb MCMosb3OBaHa 3anucb XRy, 4YTO uuTaeTtcd
TaK: «3/1eMeHT X HaxoAWUTCA B OTHOWEHUW R K 3N1E€MEHTY y» wn
«3N1IEMEHTbl X U Y HaxogAaTcA B OTHOLUEHUN /?7».

Yacto R Ha3biBalOT 6MHaApHbLIM OTHOLWIEHWEM Ha MHOXecTBe Jl,
ecim RczAXA.

MiHorga rosopAT Mpocto O 6MHapHOM OTHOLUEHUW, ecnu ero asne-
MEHTbI-KOPTEXM [O0CTAaTOYHO ACHO OMucaHbl Kaknm-nnbo XapakTepu-
CTUYECKMM CBOWCTBOM. Hanpumep, 6MHapHbLIM OTHOLIEHVWEM MOXHO
Ha3BaTb Bce KopTexu (/1, B), roe A n B Takme MHOXecTBa, 4To
Ac_B. Ho Tak Kak HeonpeenseMo MOHATME MHOXEeCTBa BCEX MHO-
XecTB (CM. WCTOPUYECKYH CrpasBKy), TO Henb3d N B NpUBEAEHHOM
npuMepe rosopmTb O TaKOM OWHAPHOM OTHOLUEHMW KaK O MHOXecCT-
BEe, XOTS ero 3/IeMeHTbl-KOPTEeXW BMOJIHE TOYHO OMNucaHbl. B ganbHei-
LemM npemMyLLecTBeHHO ByAyT paccMmaTpuBaTbCsi BMHapPHbIE OTHOLLE-
HUA Ha MHOXeCTBaxX WM MHOXecTBe (M caMun ABAAKOLWMECA MHOXe-
cTBaMu), Kak Haubonee cogepxaTeflbHble W [O0CTAaTOYHO obuye.

3apgaHune 51 A={\, 2, 4}, B={a, b}. MNpusegute npumepsbl
6MHapHbIX OTHOWeHWA Ha MHOXecTBax A M B ©n Ha MHOXe-
ctBax B wun J:

AXB =2 Bx A ="
/72.,=7
*4=7

MopymariTe, CKOMbKO GMHApPHbLIX OTHOLUEHMIA MOXHO 3ajaTb Ha
[OaHHbIX MHoxecTBax J1= {1, 2, 4} n B = [a,b\-
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Kakoe «camoe 60/blIoe» BUHAPHOE OTHOLIEHWEe MOXeT OblTb 3a-
OaHO Ha nape MpPOu3BOJIbHLIX MHOXECTB Jlu i?
«Camoe mManeHbKoe»?
Kakue wn3 cnegyrowmx MHOXECTB MOXHO Ha3BaTb OUMHapHbLIMU OT-
HOWEHUAMN Ha ST n ? BUHApPHLIMW OTHOWeEHUSMU Ha J1?
K4= {<1. a). <2 b), <4, a)}, 95=0. 46={<1. a)},
/7= {<1. 15 < /7)), /,={<L 1), < 15 <4 1)},
/9= {<a, «>}, NMD=1{<1, 1> (2, 15 <4 1), < 4>}
OnpepeneHn e 52 Ecnu 6uHapHble OTHOWeEHUA S U R Ta-
KOBbl, YTO SczR, TO S Ha3biBalOT cyXeHuem R, a R pacwwupe-
Huem S.
Tak B npegbiaywiem 3agaHun /7, — cy)XeHnme OUHAPHOro OTHO-
weHus /74 a RK paclimpeHne O6GWHapPHbIX OTHOWEHWH A= un R,.
Mpexae Bcero HarnOMHUM, YTO GMHApPHOE OTHOLUEHUEe, KaK U BCA-
KOE MHOXECTBO, MOXET 6biTb 3a4aHO OMNMUCaHWEM CBOWCTB €ro 3aje-
MEHTOB (B 4acCTHOCTWU, WX MepeyncneHnem uwm rpaguyecku).

Mpunmep 51 U={(Xx, t/>cTtygeHT X yuutca B rpynne Yy].
YKaXXnTe HECKONbKO 3/1EMEHTOB 3TOr0 OTHOLUEHWS.

Mpumep 52 h={<x, y) & y)a RA/y = sin x), HarnsgHoe
3a/,aHne 3TOro OTHOWeHUsA JaeT [padmk yHKUMM /= sin X Ha KO-
opAvHaTHOM nnockoctn (puc. 19).

G={M(x, (N{x, y}a RA(/ = sin X.

YKaXnTe HECKO/IbKO 3/1IEMEHTOB 3TOr0 OTHOLLEHMS.

MOHSTHO, YTO rpauK N060I YMCNOBOM YHKLUKW, KakK MOAMHO-
KECTBO TOYEK M/IOCKOCTU, OTOXAECTBAEHHOW ¢ MHOXecTBo R
(cMm. npumep 4.3), onpeaenseT HEKOTOPOe GMHApPHOe OTHOLUEeHWE Ha
MHOXEeCTBE OEeNCTBUTENbHLIX uYucen R, B 3TOM CMbIC/Ie U FOBOPSIT O
rpadMyeckoM 3aAaHuM GUHAPHOTO OTHOLLEHWUS.

BUHapHble OTHOLIEHUS Ha MHOXECTBAx C KOHEYHbIM 4YuC/IOM 3sie-
MEHTOB yAO6HO M306paxaTb C TOMOLIbD OPUEHTUPOBAHHbLIX
rpachoB. Mbl He 6yAeM OCTaHaB/MMBATbLCA Ha TOYHOM U TMOSHOM
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c
1
2
7
3
A B 7
0 K
Puc. 20 Puc. 21

onpeaeneHnun, HO BMNOJIHE OCTAaTOYHOE npeacTaBfieHne o6 OpueHTU-
pOBaHHbIX rpad)ax 6MHapHbIX OTHOLLUEHWA AalT UANKCTpayum cne-
Ayouero npumepa:

Mpunm ep 5.3. buuHapHoe oTHOoweHe Q Ha MHOXecTBax A U B
coctonT wu3 kKopTexen: 0 = {(1, a), <2 p> (2, y), <3 6)}
(puc. 20).

BuvHapHOe OTHOLUeHne

K={<a, a), (a, 0= <a y), <O ft), <fi, y)}
Ha MHoxectBe X = {a, |1 y} 3apaeTca rpadgom (puc. 21).

OnpepeneHue 53. MHOXeCTBO BCeX MeEPBbIX 3/1€MEHTOB
OMHapHOro OTHOLUEHUS Ha3blBaeTcs 061acTbi0 ornpeaeneHus
pHOro OTHOLUEeHUA

Ee o603HauyeHne gna oTHoweHua R: Dorn R.
Dorn COKpallleHMe oT (ipaHLy3CcKoro cnosa «domain», o3Hauva-
lowero ob6nactb, painoH.

pom R Ehi(3<x, y) «=/7). (5.1)

O603HayeHne. 3 - cyllecTByeT.

(CumBon — 3 — nepeBepHyTas HayanbHasa OykBa aHrNIACKOro
cnosa “Exist”, kOTopoe O3HayaeT Cyul,ecTBOBaTb, ObITb B Haluuum).

3agaHue 52 YkaxuTe obnactu onpegeneHus GUHaPHbLIX OT-
HoweHuin npumepos 51 —6.3.

Dorn <= {1, 2, 3},

Dom K = ?
Dorn U=7?
Dom F —R' — Bce AeNCTBUTENbHbIE 4YuCna.

nap 6I/IHapHOF0 OTHOLUEHMS Ha3blBaeTcsa 06/1acTbl0 3HAYEHUIA 6U-

OnpepeneHne 54. MHOXeCTBO BCEX BTOPbIX 3/IEMEHTOB
IHapHoro OTHOLLEHMUA.
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Ee o6o03HauyeHne ana oTHoweHus R. I R.
Im — cokpalwieHne paHUy3cKoro cnoesa “image” — ob6pas,
npegcrasfeHue.

Im ff ={(/1(3 (x, i/)6/;)]. (5.2)

3apaHue 53. Ykaxnte 0651acTM 3Ha4yeHU OGUMHAPHbIX OTHO-
weHnn npumepos 5.3 mn 5.1.

Im Q= {n, fi, y, 6},

I ma=>2

Im U="7?

B panbHelweM Mbl BCTPETUMCH C CYXXE€HUAMWU OTHOLIEHWA W OT-
0b6paXkeHuni:

OnpepeneHune 55 BuHapHoe OTHOWeEHME S Ha3blBaeTcH
Cy>xeHMnemMm OMHaApPHOro OTHOWeHUa R Ha MHOXecTBO X, ecnu

ScrRAODomS=X/A ImS={i/e Im R\ (X, y)eS).

CyXeHue OoOTHoweHMAa R Ha MHOXecTBO X 0603HavaeTcs:

R\X~™ S .

Q' '={<1, a), <2 p), <X y)! aBndercsa cyxeHnem 6MHapHOro oT-
HoweHns Q npumepa 5.3 Ha MHoXecTBO X ={12}c/1={1 2, 3}

<5"={(1, a), <2 P)} ?He? aBnsdeTcsa cyxeHuem Q Ha X

Tak Kak 6|/|Hapr|e OTHOLWeHNnA MHOXeCTBa, TO eCTeCTBEHHO
ciynTatb WX paBHbIMWU, €C/IN OHUN paBHbl KakK MHOXeCTBa.
Jloka3aTesibCTBO WX PaBEHCTB OCHOBAHO Ha CXeMe:

R= S~({/?cSA/?==>78).
MopgpobHee:
R=So(((V (X, y) GEA)=(<* J/)eS))N
n (v n, y=eS)=M<u, »=>£/()). (5.3)
N3 paBeHcTBa OMHapHbLIX OTHOLUEHWI, OYEeBUOHO, cnepyeT pa

BEHCTBO WX 06nacTeil onpegeneHus n obnacteii 3HayeHWiA.
3apaHune 54. Onpegenute, paBHbl 1M GUHapPHbIe OTHOLUEHUA:

N={<1, 2), <, 3)} uB={(x, /) a, Acofl, 2, 3, 5}Ax</y<x + 2}?

VI3MeHUB NOPSAOK 3/1EMEHTOB B KaXAOM U3 KopTexeihn buHapHO-
ro oTHoweHns R Ha MHoOXxecTBax X M Y. O04eBMOHO, MONYYMM HOBOE
6uHapHoe OTHOLWeHue HO Ha MHoxecTtBax Y u Xl

paTHbIM K 6MHApPHOMY OTHoOWeHWO R (MnuM uHBepcuell R), ecnu

OH pepeneHune 57. bBuHapHoe OTHOLIEHVE Ha3blBaeTcsl 06-
IOHO cocTOUT M3 BCcex Takmx nap (Y, X), 4to (X, y)"R.



§ 5. BuHapHble M NapHble OTHOLUEeHUA
O603HayeHue wuHBepcun: R 1 and 6GuMHaApHOro oTHoweHus R.
R '={<;/. *>I<*. y)~"R I

MHBepcus — OT NlaTUHCKOro “inversio” — nepectaHoBKa.

OueBngHo, /= {<*, x)|xeX}=/V.

M3 onpepneneHva crnegyet, Yto BCKOe GMHapHOe OTHOoLWeHue 06-
patumo (T. e. V/? 3R ') N C O4EeBUOHOCTLIO MMEKT MEeCTO YTBepX-
[eHus.

YTBepxpageHue 51 (R 1) 1= R pgna noboro 6uHapHoro oT-
HoweHua R.

YTBepx geHue 52 Ona noboro 6MHapHOro OTHOWEHMA R :
Dom/?=Im/? 1w ImR= Dorn R

3apava 5.1.1. JokaxuTe yTBepxaeHue 5.1.
Aokas3aTtenbctBO. [lycTb _
i
VceDom Ro(3y\<x y)seR)o (y, X) ce/?
>
s -x g liii R
3To n o03HayaeT, 4TO 060N 3nemeHT u3 Dom R npuHagnexumT
Im R 1wn HaobopoT, oTkyga Dom/?=1Im /? " |

Mpumep 5.4: Haigem wWHBEPCUIO OTHOLWEHUS
F=i(x. y)\{X, ylczR' /\y = x*+ |}.

Mo onpepenenuto, F '={<//, p>|<c, //>e /dl}, T. e

[l =</ ylcz R14 y = x*+ 1}

Bo3smoxHa un Takas opma 3anucu:
F '={<* y)\{X, «}<=RV/\X=y2X1},

ecnm mcnonb3osBatb 0603HayeHue (X, y) 419 KOopTexa, BXOoAALero
B GWMHapHoe OTHolWweHne F '

3apaHue 55 [Ona 6MHapHbIX OTHOWeHWin Q wn K npumepa
5.3 HaliguTe uvHBEpPCMM U MNOCTpPONTe ux rpadbl (puc. 22 n 23):

<={<!, a), L p> QVy). <3 >
a), (a, fi), (m, y). \P. P). (I V)b

BoiBOo4. ECAM Ha MHOXeCTBE C KOHEYHbIM YMC/IOM 3/1EMEHTOB
3adaH rpad 6UMHapHOro OTHOLIEHWSA, TO, 4YTOObl MNONy4YUTb rpad ero
MHBEpCUN, credyeT 06paTuTb KaXAyl ero CTpesnky.

3apgava 5.1.2. Haigute Dom IE, Im IE, IE 1pans 6uHapHOro
oTHoweHns \E= { <, y)\{X, y]czZ/\x penut y}

(HanoMuHaHWe: X AenuT y, ecnn HalifeTcs Takoe LENoe K, 4YTo Yy = KX).
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a a
i 1

p 0
2 2

7 7
3 3

S 5
A B A B

Puc. 22
a K -1
Puc. 23

Dorn Ne =?

mw=2?

W '=2?

3apgava 5.1.3. Hangute Dorn K, Im V, K 1pans 6uHapHOro
oTHoweHns K= {(x, r/)|{x, y}cz N 2y).

Dorn V=7

Im V=72

i/ =72

3apgaua 5.2.3. YKkaxunte ob6sacTb onpeneneHvs n obnactb 3Ha-
YeHUH B6UHAPHOr0 OTHOLUEHUSA

£={(/?, S)|/?, S — 6uHapHble oTHoweHns /\R = S}.

DomTl =7

Im/=7? "

MoHATME OGMHApPHOro OTHOLUEHMA JIerkO 0606LWaeTcs Ha cry4van
n-apHoro oTHoweHusa (Npy neN), Kak MOAMHOXeCTBa [eKapToBa
npounsseneHns N MHoxecTB: Ra A,X ANX ..X3,. Torpga el uvaci-
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Hblli cnydyali— yHapHoe OTHoweHne (T. e. 1-apHoe OTHOLUEHME):
RczA, eCTb HM 4TO MHOE KaK MOAMHOXeCTBO A, criefoBaTe/ibHO, Mpu
Heo6X0ANMOCTU BCSIKOE MOAMHOXECTBO MOXHO paccMmaTpumBaTbh Kak
npumMep HEKOTOPOro YHapHOro OTHOLLEHWS.

Mpumep 55. MNpumepamn TpeHapHbIX OTHOLUEHWI MOryT Ccny-
XUTb C/IOXKEHNE U YMHOXeHWe AelCTBUTENbHbIX YUCEeS:

{<*, vy, 2>l{a, vy, rlcr RAT = x-(-/)c=RX RX R=R1

{<* vy, N\{x, vy, AcRAzZ = Xi/}cRXRXR = R".

OpHako, noAyYepKuBasi PoO/ib MEPBLIX [ABYX 3/1IEMEHTOB B TaKUX
KOpTexax, Mbl OTAaAuM npearnodyTeHVe 0603HaYEHUsAM:

[+ I= {<<*1 y)! Z) HFT: Y, Z}C Rlﬂl r= X-(_//}CFR X R= R-t.

[*! = {<<re y)< Z2>[{x, y, z}cz R/\z= xy}a R2X R= R\
Tak yto Dom |-(-]= Uom [*|=R“ n Im |{-|= Im |=|= R.

B panbHeliwem npeaMeTOM Hallero u3ydyeHus 6yayT 6Gosblueid
yacTblo BUHAPHbIE OTHOLLEHWS, MOCKOJIbKY VMMEHHO Ha H/MX OCHOBAaHbI
Takne BaXKHble MaTemMaTU4YecKue MOHSATUS, KakK OTHOLIeHUs nopsaka
N 3KBUBAJSIEHTHOCTU, OTOGPaXEHMUe.
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NMCTOPNYECKAA CIPABKA

«Tbl KOrpa-Hubyab BuAena, Kak pucyrloT
MHOXeCTBO?» «MHOXecTBO 4ero?» cnpocu
na Anunca. «Hwnyero, oTBevyana CoH4, npo
CTO MHOXecTBO!»

n. Ksppnn. «Anuca B CTpaHe 4ygec»

MHOXeCTBO — OAHO WY CaMblX OCHOBHbIX MOHATUIM COBPEMEHHOW
MaTtemMaTMKu, OHO MUCMONb3yeTcs, Kak 6a30Boe, MOYTU BO BCEX ee 00
nactax, a 6e3 CMMBOJIMKM TEOPUN MHOXECTB ceiivyac HemMbICMMO, Mo-
Xanym, HA OAHO MaTemMaTuyeckoe uccnegoBaHve. OpgHako, Teopwusi
MHOXeCTB nofyynna oduumanbHoe NpusHaHWe He Tak [AaBHO: 3TO
npousowwio Ha MepBoM MeXAyHapoAHOM KOHrpecce MaTeMaTuKOB B
Liopnxe B 1879 roagy, Ha kotopom X. Agamap un A. | ypsuy, coobuu-
NN O MHOrOYUC/IEHHBIX COAEepPXXaTesibHbIX MpuMepax ee MNpUMeHeHus
B MareMaTuyeckom aHanuse.

MosiBNeHMe TeopuMM MHOXEeCTB OblJI0 BbI3BaHO, BUAMMO, 06Leli
NIOrMKOWM pas3BUTUS HayKu, MUCTOPUYECKMMU npoueccamu opmanmsa-
UMM A3blka MaTemMaTuku (. e. Heo6XOoAUMOCTLIO BblAENIEHUA foruye
CKMX MpaBW/I WM OOMYCTUMbIX MPUEMOB PacCy>AeHUin), OCo3HaHUEM
YHUBEPCANIbHOCTN pe3y/ibTaTOB W MPeuMyLLLecTs MeToaa, NpuU KOTo-
pom cogepXaHuem MaTeMaTuyeckoro uccnefoBaHUs CTaHOBATCA
CBOIiCTBA Kakoro-smb6o maTremMaTnyeckoro MOHATUSA, CTPYKTYPbl, KO-
TOpble OonpefenalTca anpuopu CBOVMMW OCHOBHbLIMU XapaKTepucTu-
YeckMMMK CBOWCTBaMM WM akcmomamu. [lo3gHee, nMpwW MOSMHOW Kpwu-
ctanimsaunnm ugen, Takoih meton 6yaeT Has3BaH akKCMOMaTUYECKUM
N ero Oco3HaHwe MNO3BOSINT cAenaTb FPOMaHbIA Wwar B Hayke K HO-
BbIM, HEMbICIMMbIM A0 TOro o6nactsMm. Ho 3TO Npou3onaeT TOMbKO
B XIX XX Bekax.

Hwe B IV B. 4O Hawel 3pbl B paboTax Apuctotens (ApKuoTr-
Xtpr, 884 322 go H. 3.) noggepraiMcb UccrnenoBaHUO 0cobble OTHO-
LWEHNS U JTIOTUYECKUE PaCCYXAeHUs, KOTOpble OH Ha3blBas CWU//I0ru3
MaMn W KOTOpble Ha COBPEMEHHOM TEOPETUKN MHOXECTBEHHOM A3bl-
Ke MOryT ©ObiTb NPOWNIOCTPUPOBaHbI  NpeasioxeHnamu: Jfla. B,
nn/)#0, wwm 6onee cnoxHelmn: (1c: B 4 Ba C)=>/1a C. (3gecb
yepes Jl, B, C o603HayeHbl MHOXecTBa). ¥ ApuctoTtens 3To gopmy
NnupoBasiocb NMPUMEPHO Tak: «Bcsakoe J1 ecTb B». «HekoTtopoe J1 ecTb
/4», N aHaNOTNYHBIMU MPEeANOXEHNAMN, B KOTOPbIX, U 3TO OYEHb BaX
HO, ObIIO HecyWeCcTBEHHO, Kakme WMEHHO npeaMeTbl COCTaBAAT
N v B. OpgHako, ewe MM camMum Obl10 3aMeyvyeHO, 4To MoAO06HbLIN
A3bIK W CXEMbl OKa3blBaNINCb HeAOCTaTOYHbIMU /19 OMNucaHWs BCexX
paccy>xaeHui 1 gokasatesibCTB pe3y/bTaToB, WU3BECTHbIX B Marema
TUKE K TOMY BPEMEHMW.

Vioen ApucTtoTens okKasa/iucb NNOAOTBOPHLIMU AN HEMELKOro
matematuka 1. Jlei6Huua (Leibniz (iotfried Wilhelm, 1646— 1716),
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KOTOpPbIA 6blN Ve TONMbKO BENMKOMENHbIM W MHOFOCTOPOHHMM Mcce-
posaTtenem (o6nactb €ro MHTEPecoB COCTaB/A/IM BOMPOCHI JIOTUKW,
reoMeTpyn, MaTeMaTU4yecKoro aHanusa, (UHUKW, MeXaHUKW, faxe
nasieoHToNoOrMM n 60TaHMKU, OH N3006pen «CYeTHYK MalluHy», 4YTO
[aeT nNpaBO Ha3blBaTb ero ogHMM W3 MPOBO3BECTHWKOB COBPEMEHHON
KOMMbIOTEPHO MaTtemaTuKn), HO U rny6okum dumnocogom. Bugumo,
noatomy Jleii6HUL, ANnTEeNbHOEe BpeMsl Obls1 yBNevYeH uaeein co3gaHus
MeToaa, KOTOpbIi cBoaun 6bl BCe MOHATUSA B MaTemMaTuke K NPUMW-
TVMBHbIM 1 OCHOBHbIM, COCTaB/AOLWMNM KakK 6bl «a3byKy uyenobeyeckoi
MbIC/TN» W MOCPeACTBOM «a3byku npasu/i» 3ateM (opManbHbIM My-
Tem fgasasl Obl BCE WUCTUHHbIE MaTemaTuyeckue yTBEpXAEHUA U Teo-
pembl.

KMy Xe npuHagniexuT uaes CUMBOMIMYECKNX O603HayYeHuid, KoTo-
pble, HO ero MHEeHU IO, AO0/MKHbI CNYXWUTb YyKasaTe/IiMU MblWIEHWUIO.
Neii6Hny, nucan: «/cTuHHLIA mMeTod gos/mkeH pasaTb filum Ariadnes
(HNTb ApnapgHbl), T. e. HEKOTOpOe ocfi3aeMoe U rpyboe cpeacTBo, KO-
TOpoe HanpasnAano 6bl pasyMm MNOAOOGHO HayepTaHHbLIM NIMHUAM B reo-
mMeTpuwn... bes 3Toro Haw pasym He cmor 6bl Npogenarb A/IMHHBINA
nyTb, He cOMBLWINCL C Aoporu». bonee Toro, B ero pabotax nmpocmar-
puBaeTca MNOHWUMaHVe uaen PopMasM30BaHHOINO fA3blKa, Kak KomMO6wu-
HaUMN 3HAKOB UM UX CLEM/IEHNA, YTO MO3BOAWIO 6bl MexaHW4yecku Mo-
ny4yaTb HOBble WCTUMHHblE BbiCKa3biBaHWA. JIeMBGHUL, HECKO/bKO pas
npuctynan K peaamsauun 3TUX CBOMX WAEN, cTapascb NpuBecTn B
CMCTEMY OCHOBHble Mpasuia CWUAOTM3MOB APUCTOTENs, HO BCAKUNA
pa3 ero nopcteperana Heygadya, OH CTaJikKuBancad € O6O/bWINMYN
TPYAHOCTAMMW, CBA3AHHLIMU C MOHATUAMMU MYCTOro0 MHOXecTBa W OT-
pvUaHMAMM BbIiCKa3blBaHUM (OOMOMHEHUSMU MHOXECTB).

Taknm 06pa3oMm, HeCMOTpsA Ha MNA0A4O0TBOPHOCTb MAEN N MHOXe-
XCeTHO cofiep)aTefbHbIX Pe3ynbTaToB, MOPOXAEHHbIX KX Pa3BUTU-
eM, nonbITkn JlenbHuua opmanm3oBaTb NOrMKY ApPUCTOTENS 3aKOH-
ynnucb Heypadveii. bonblwas 4YacTb ero pe3ynbTaToB OcCTaBasacb Heo-
ny6bankoBaHHOM A0 Havyana XX Beka W MO3TOMYy He OKasana cyle-
CTBEHHOIO BAVSAHUA Ha paboTbl APYrMX mMareMaTMKOB Mnpu popmMmnpo-
BaHUN MaTeMaTM4yeCKOW NOrukM n Teopum MHOXecTB. [lo cepeuHbl
XIX Beka, T. e. B Te4eHMe elle NoYTU ABYX BEKOB, HECMOTPA Ha WHTe-
pec K 3aTOMy Kpyry BOMPOCOB, HMKOMY M3 MareMaTuKOB He yAanocb
NPOABMHYTLCS CyLLEeCTBEHHO Jasnblue JlelibHuua.

Haunbonee 3HauMTesbHbIM MPOABMXKEHMEM B 3TOW obnactu cnepy-
eT Npu3HaTb pe3ynbTaTbl aHINMNCKOro matematuka Ox. byna (Boo-
le George, 1815— 1864), KOTOpbLIi cYMTaAEeTCsA cO34arefieM COBPEMEH-
HOW CMMBO/INYECKOI Norvkn. OH BBesl 0603HAYeHUs CMMBO/SaMu one-
paunii o6beAVHEHUA U MNepecevyeHnss MHOXECTB U BbliCKa3blBaHWUA
(ON3BIOHKUMM N KOHBIOHKLMK), Y4TO NpuAaano rMbKoCTb ero cucrteme.
B cepegnHe XIX Beka WOTNaHACKUM MaTtemaTtukoMm [e MopraHom
(De Morgan Augustus, 1806 1871) cuctema byna 6bina ycosep-
LWeHCTBOBaHa: OH YCTaHOBW/1 He TOJIbKO 3aKOHbl AUCTPUOGYTUBHOCTW.
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HO W [OBOWCTBEHHOCTM [N NIOFMYECKUX BbICKa3blBaHW, KOTOpble B
TEOPUN MHOXECTB MOTOM MOJSy4Yn/n HasBaHWe 3aKOHOB [le MopraHa.
Mo3gHee aHrauickmm normkom [. BenHHom (Venn John, 1834
1923) 6blna paspaboTaHa crneumanbHas HarnsagHasa rpadguyeckas
cuctema, Hawegwas fMpMMeHeHWe B MaTemMaTuyeckoW /I0OrTMKe 1 Teo-
pvUM MHOXeCTB Mo, HasBaHueM Auarpamm 3diinepa — BeHHa. OpHa-
KO, 6O/IbLUIMHCTBO 3HAKOB — CUMBOJIOB, KOTOPbIMU Tenepb MNOJb3yeT-
ca matematuka: ¥, . e , ci, \, 661710 BBEAEHO UTANBAHCKUM MaTe-
Matukom [x. MeaHo (Peano Giuseppe, 1858— 1932).

MoTpebHOCTM aHanusa wu yrnybneHHoe usyvyeHwe QYHKUWIA aOeit-
CTBUTENIbHOV MepeMeHHON, KOTOpPOe MHTEHCMBHO MPOBOAUIIOCH C cepe-
AuHbl XVIII Beka, NOMOXUNN Hadvano pasgesny matemaTuku, KOTo-
pblii No3xe 6bl/1 HasBaH Teopueli MHOXecTB. PaboTbl HeMeuKoro ma-
Tematuka . KaHTopa (Cantor Georg, 1845— 1918) 0 TpUroHomeT-
puyecknx pagax npuBesin ero K Heob6XoAMMOCTU  Kiaccudumkaumm
HEKOTOPbLIX «UCK/KOYUTESNIbHBIX MHOXECTB», a 3Ta 3ajada, B CBOWO
oyepedb — K CO34aHWIO0 COBPEMEHHOW TeopUM MHOXEeCTB. Tak 4To
. KaHTOp cumMTaeTca OCHOBOIMO/IOXXHUKOM 3TOro pasgena maremartu-
KN, XOTS WUCTOpMA BOMPpOCa, Kak Mbl BUAENN, HUCXOAUT K dimiocod-
CKMM wkonam [pesHen [peuun. KMy npuHagnexut Takoe onpege-
neHuve: «log, MHOXECTBOM TMOHMMaeTCA 06befUHeHWe B OOHO obLiee
06BEKTOB XOPOLWO Pas3MUMMbIX Hawel WHTYUUMEen Wanm MbICNbIO».
OHO NOYTU He BbI3BA/IO0 KPUTUKU COBPEMEHHMKOB, HO KakK TOJ/IbKO K
MOHATUIO MHOXeCcTBa MOMMMO OCHOBHbIX TEOPETUKO-MHOXECTBEHHbIX
onepauyunii (06begMHEHUA, nNepecevyeHns U T. N.) CTann NPUCOeAVNHATb-
CA BMOJIHE eCTECTBEHHbIe MOHATUA uucna (3N1eMeHTOB MHOXeCcTBa) U
Be/NIMYNHLI (MHOXEeCTBa), MOJIOXEeHNe CTaslo CYLLECTBEHHO ClOXHee.
Tak B TeyeHme Tpex neT c 1784-ro roga KaHTOp nbiTasncA AokasaTb
HEBO3MOXHOCTb, KakK eMy Ka3ajoCb, B3aMMHO OAHO3HA4YHOro COOT-
BETCTBMA MexXxay MHoXxecteBamu R m R'lnpu u>1, noka K cBoemy
YOWBNEHUIO OH HE MOCTPOUT TaKoe COOTBETCTBME. «f 3TO BUXY, HO He
BEpOo B 3TO,»— nucas oH [AepeknHay. K koHuy XIX Beka B Teopuu
MHOXECTB Y)Xe HabpasioCcb HEeCKO/IbKO MPUMepPOB NapafoKcasbHbIX
MHOXECTB, HapylaBLlWNX MPUHLNN: «3M1EMEHT, KOTOPLIA onpeaenseT-
CA 4yepe3 COBOKYMHOCTb 3/1IEMEHTOB KaKoro-/imbo MHOXecTBa, He MO-
XeT nMpuHagnexaTb 3TOMY Xe MHOXecTBy». K Takmm napafokcanb-
HbIM MHOXecTBam c/ieioBasio Obl OTHECTU N «MHOXECTBO BCEX MHO-
XecTB», KOTOpoe AO0/KHO O6bl 6blN10 cogepxaTb cebs B KayecTse
anemeHTa. MNpuHUMNnanbHble NPOTUBOPEYUS BO3HUKaNM U Npu cpas-
HEHUN MHOXECTB, COCTOfLMX U3 GECKOHEYHOro 4ucra 3S1eMEHTOB.
3TN npoTuBOpeYMNs Mo CYLW,ecTBY rak WiM MHaye CBOOUUCL K CNOX-
HbIM (PUIOCOICKMM MOHATMAM akTyalbHOW W MOTeHUManbHOl 6ecko-
HEeYHOoCTW.

MOoNbITKN MHOrMX mMaTtemMaTMKOB KOHua X | X — Hadyana XX BeKOB
COBepLIeHCTBOBAaTb akKCUoMaTuKy Teopum MHoxecTs (Paccen, Llep-
meno, ®peHkenb, QoH HelmaH, legenb U T. 4.) He YBEHYaNINUCb CyLle-
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CTBEHHbLIM YCMEexXoM: NMpenMyLlecTBa B OTAeNbHbIX 06/1acTaAX Matema-
TUKN BbIHYXAa/n B APYrMxX K OrpaHuMYyeHUsaM Kpyra npuemsieMbix
0N paccMOoTpeHus 3ajad, 6yayynm He B COCTOSHUM obecnedynTb OMNU-
caHve Bcex npob6nem Apyroro pasgena. B utore matemaTuku
OCO3HaNN rnevasibHYK0 UCTUHY HEBO3MOXHOCTWU CO34aHUA YHUBepcalb-
HOli HEMpPOTMBOPEYMBOI TEOPUM MHOXECTB, KakK a3dbykm mMaTeMaTuKu
B uesnoMm. OHaKo, CUMBOJINKA, A3blK, BO3MOXHOCTb KpaTKoO 3anucatb
OCHOBHYIO JIOTUYECKYIO mAelo AoKasaTesibcTBa, T. €. annapaTr Teopuun
MHOXEeCTB W, rNaBHOe, ee naen, CoOXpaHuin CBOK NPUBEKaTeNbHOCTb
M UCMOMb3YITCHA W MOHbIHE, HECMOTPSA Ha MOHUMaHWe OrpaHUYeHHO-
CTU €ee BO3MOXHOCTEN. «HMKTO He MOXeT W3rHaTb Hac M3 pas, co-
3paHHoro ans Hac KaHTopowm»,— nucan [. Tvnbbeprt.

CNMNCOK NWNTEPATYPHI
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8§ 6. Onepaumnm Ha OGUMHAPHBLIX OTHOLUEHUSX.
8 7? OTob6paxeHus (PyHKUUN).
8§ 8. Onepaunmun Ha OTO6GpaxeHusx.

OCHOBHbIe MOHATUA: KOMMO3MUUA 6UHapHbIX OTHOLLEHMA, oTobpa-
XeHue, dopma, (yHKLMOHaN, KOMNO3ULUUS OTOGpaKeHuW, obpaTu-
MOCTb OTOB6pPaXeHus.

Heobxoaumbie cBefeHWA: MHOXECTBO, orepauun Hag, MHOXecTBa-
MW, BUHAPHbIE N N apHble OTHOLWeEHUsA, o6nacTb onpeaeneHns n o6-
nacTb 3HavyeHWli GMHAPHOrO OTHOLIEHMUS, WHBEPCUS GUHApPHOro OTHO-
weHusa, HaTypanbHble uucna (N), uensie uicna (Z), wx cBOICTBa.

PekoMeHAauuMn: eciM UCMoMb30BaTh KHUTY B JIEKUMOHHOW pa6oTe, TO PCKOMEHAY
eTca npefBapuTenbHOe 3HAKOMCTBO CTyAEHTa C coepxaHvem (onpegeneHvsmu) 8§ 7°
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1 MHOXecTBa W OTHOLWEHWA Ha MHOXecTBax.
G $B
2 — Onepauyun Ha GUHApPHbLIX OTHOLWEHUAX OTo6paxeHMUs.
(8 H>.
3 — BMeKTMBHble OTo6paxeHus [Mpeobpa3oBaHus.
4 —BuWHapHble OTHOLUEHUS Ha MHOXecTBe. ®PaKTOP MHOXeCTBO
5 MaTtpuubl. OCHOBHble oOnepauuM W cBolicTBa.
li MoactaHoBKW. Tpynnbl.
7 Onpegenutenu
8 — BeKTOpHble NPOCTPaHCTBAa.
9  JIuHeliHO 3aBUCKMMbIE W NINHEHO HEe3aBUCUMble CUCTEMbI BEKTOPOB.
11 —PaHT maTpuupl. CUCTEMbI NNHENHbLIX YpaBHEHWUIA
u JInHeliHble OTOGPaXeHUA BEKTOPHbLIX MPOCTPAHCTB.
12 MaTpuyHoe npeacTaB/ieHVEe rOMOMOP{U3IMOB
13 Anre6pa nuHeliHbIX OMNepaTtopoB.
14 — Co6CTBEHHbIE BEKTOPbI J/IMHENHbLIX OMNepaTopoB.
15 EBKNNA0BbLI BEKTOPHbLIE MPOCTPAaHCTBa.
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8§ B. ONEPALUVN HA BUMHAPHbLIX OTHOWEHWNAX

C pBymsA onepauuamMm Ha OGUHAaPHbLIX OTHOLIEHUAX Mbl yXXe 3Ha-
KOMW/INCb: 3TO PaBEHCTBO OGWHApPHbIX OTHOWeHwur (onp. 5.6) N nH-
Bepcus, nnn obpawieHue 6UHapHOro oTHoweHus (onp. 5.7). Ewe op-
Ha onepauusa No3sosnseT NwWbbIM ABYM OWHAPHLIM OTHOLUEHUAM CO-
nocTaB/ATb HEKOTOpoe TpeTbe OMHapHOEe OTHOLUEHME:

OnpepeneHune 6.1. Komnosuymnen OGUMHaAPHbLIX OTHOLUEHWI
Rc~"XXZ nSczzZXY Ha3biBaeTcqd HOBOe O6MHApHOEe OTHOLUeHue,
cocToswee n3 Bcex nap (X, y) TakuMxX, YTO OJ/19 HEKOTOPOro I Kop-
Tex (x, z)e/?, a koptex (z, y)™S.

O603HaueHve: S°R. (Yutaetca: komnosuumsa |R| u S).

SR ={<*, y)13r] (=% r=e/?(r. y)eS)}

KoMnosuumsa — c/i0BO NaTUHCKOTo MPOUCXOXAEHUSA: “composi-
tio” o3HauaeT cocTaBfneHue, A5 0603HAYeHUs 3TOW Xe onepauun
MHOrga ucnonb3yetca TepMWUH cynepnosnumsa (OT NaTUHCKOro “su-
perpositio” — HanoxeHwue).

OueBMAHO, 4to IXh = h = X)|VjceX}.

E)cnn 6uHapHble OTHOLLEHUA COCTOAT M3 KOHEYHOro uyucna ane-
MEHTOB, TO MOXHO MEepPeyYncnnNTb 3NEeMEHTbl KX KOMMO3ULMUWN.

Mpumep 6.1 Halgem KOMNo3nuun GUHAPHBLIX OTHOLIEHMIA S°R:
N=1{<1 2), < 4), I3 7>} ns={l 3), <5), < 6> <4 9>}

Ana Toro, 4uto6bLl yKa3aTb BCe 3neMeHTbl MHoOXecTBa S°R, no-
CTynum criegylowum obpa3omM: BO3bMEM MNEPBbI KOPTEX GMHAPHOro
oTHoweHunss R (1, 2), ero BTOPOW 3MeMEHT paBeH 2, B COOTBETCTBUM
C ornpegeneHMeM KOMMNO3VUUM OUMHAPHbIX OTHOLUEHWA GyaeM UCKaTb
cpean KopTexeli 6MHAPHOrO OTHOLWEHWA S Takue, 4TOObl OHM Hauu-
Hanucb ¢ anemeHTa 2. Takux nap gse: (2, 5) u (2, 6), ato o3Hauva-
eT, yto 5°A?=[<1, 5>, <l, 6)}. Tak e NoCTyrnuM C OCTa/lbHbIMU
KopTexamu oTHoweHuss R: gna (2, 4) Haligetca (?, ?)e S, a ona
napol (3, 7) — B S noaxogsuiero KopTtexa HeT. CriefoBaTesibHO:

SoR = {(\, 5), <, 6> <2 9)}.

AHaNorMyHo Haxogutcsa Komnosmumsa R°S:
R°S =27
BoiBo . CpaBHMBaAA MOJSyYeHHbIE KOMMO3ULMM OUMHAPHBLIX OT

HoweHun R°S n S°R, Bugum, 4to R°S S°R, v, ppyrmmun cnosa-
MV, KOMMO3MLUUA OUHApPHbLIX OTHOLIEHWA HEKOMMYyTaTMBHaA.
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Ecnn S°R — 0, r. e. B pe3ynbTare Komnosuuum pasyx 6uHap-
HbIX OTHOLUEHWIA MoOJly4YaeTcs MycToe MHOXEeCTBO, TO FOBOPSAT, 4TO
KOMMNO3NLUMSA AaHHbIX GMHApHbIX OTHOLIEHWI He onpejeneHa.

Tak, MOXHO cKa3aTb, YTO KOMMO3ULUS npeablayLero
npumepa HeonpenageneHa.
$2=5°S =7, HO R2=RoRI={(\, 4>}.

MOXHO 3aMeTUTb, YTO KOMMO3ULUS GUMHapPHbIX OTHOWEHUA S°R

ornpegeneHa torga M Tosbko Torga, korga Im AcrOoT ?= 0, U He-
onpegeneHa, ecnnm Im /?cEDom 2. [0s]

Mpumep 6.2. Haigem KOMMOO3MLUM OBUHAPHbLIX OTHOLUEHUIA:
f={(x,y) {d,y}czR /\Y = *2

£={<*y)IU, #«=/20y= x+ 1}.

Uto6bl onpegenuts g°f, Ans yno6cTBa paccyXAeHWuii MU3MeHUM
0603Ha4YeHNs, He MeHssl Cyrum 3aBUCUMOCTEN:

f={(x,2)\{x,z}czR/\z = x2&

e=¢<2Y) {z, y)<=RN\Y = £+ 1.

M3 onpegenenns 6.1 cnegyeT, 4YTO KOMMO3MUMS OTHOweHUA g°f
COCTOUT M3 BCeX KopTexelh (X, y) Takux, 4YTO HamgeTca I, 4TO
(x, 2>e/, a <2 //)eg. B oTHoweHun g: y= z-f-1, a gna oTHoLle-
HUa /: z=Xx2 OTkyga y=2z \—x2-\-\\u

£°/ ={<*. //>IU. y}czRAy = xr+ W
AHaNOrMYHO HaxoauTcA KOMMNO3MUUS GUHaPHbIX OTHOWeHui f°'g un

[eKapTOBbl CTEMeHn OTHoweHun /2= /°/ n g2—g°g.

Tak pns onpegeneHns komnosvuun f°g yoo6bHO onaTb nepe-
0603HauYNTb 3NeMeHTbl KOpTeXel OMHApPHbLIX OTHOLUEHWI, Y4YnTbiBas
TOT MOpPsAOK, B KOTOPOM OHWM 6GepyTcs: cHavyana — g, 3arem  -/:

£ = {<*, 2>|{x, z}a RO 2= 77 m /={<2, yyl{2, ylczR O #/= 7,

Torpa ¥= 2= 2, u okoHuaTenbHo:
LE={< */S Ifi<AOv m
Ana /2= /o/ noctynum aHanoruyHo:
/={<o* 2>1ix, 1)c/20r1r =12 u/={<E /{2, /)= ] /= 7},
Torga /= £2= 7, N OKOHYaTe/bHO:

/2= {<x, YYI{X, y)c:R/\y= ? =
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3apgaHune 6.1. Onpegenute KOMMO3ULUWM GUHAPHbLIX OTHOLLEHWN
G°U n U°G, ecnmn

U= {(X, </)|cTygeHT X yuuTcsa B rpynne v},

a G={(y, z)| rpynna y ectb yyebHasa rpynna WHCTUTYyTa 2}

G°U = {(x, | ctyneHT X ? 1},

u°c —?

KomMno3nuunio 6MHapHbIX OTHOLUEHWA, 3a4aHHbIX Ha MHOXEeCT-
BaX, COCTOAWMX M3 KOHEYHOro 4ymcna 3/1eMEHTOB, YAOOGHO HaxoauThb,
ncnonbsya rpadeol.

3agaHne 6.2. PaccmoTpuTe Ha rpadax komnosvumu 6uHap-
HbIX OTHOLWEHW (puc. 24, 25, 26):

1

P Q QoP

Puc. 24

CoegnHAas oanHakoBble 3/ieMeHTbl 1m P m Dom Q, nony4ynmm Ho-
Bble CTPE/SIKM U COOTBETCTBYIOLLME KOPTEXW OTHOWEHUs Q°P:

Q°P ={(\, 5), <1,6), < 6)}.

OAHO M3 CBOWCTB KOMMNO3ULUMWM GUHAPHbIX OTHOLUEHWA Mbl OTMe-
Yyann: HeKOM MyTaTUBHOCTbL, crefyllee— accounaTMBHOCTb KOM-
nosvuun, K Hemy npuaetcs obpawiatbCa B TOM WM WHOM Ka-
yecTBe Ha MNPOTSAXEHUW BCero Kypca.

Teopema 6.1 [Ana nwob6biXx OMHaApPHbLIX OTHOWEHWA R, S,
Q umeet mecto: Q°(S°R) = (Q°S)°R. (Komnosmuyma 6GUHapHLIX OT-
HOLUEHWUI accoumaTuBHa).

AJoka3aTtenbcTtBO. [ycTb oTHOoweHus Q°(S°R) wm (Q°S)°R
onpefeneHsl, WX pPaBeHCTBO O0O3HayaeT COBMNafeHMe MHOXEeCTB
Q°(S°R) n (Q°S)°R, uTo AOKa3bIBAeTCA MO NPUHLMNY OBOWNHOIO BKJIHO-
YyeHus.
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X X X
L L LoL =1L2=?
Puc. 25
3.
3 3 .3 3 e -3
N
> 5 5 5 e -5
/
< -6 6 . 6 6 - 6
\
1 m* 9 9 - 9 9 - 9
y y y y y y
o)
M M M oM = =9
Puc. 26

PaccmoTpum cxemy pfokasaTesibCTBa:

<+, y) tB(Q°S)°R 0(3z\((x, z)eeR/\(z,y)eaQ°S))o

~<>(3r|(<x r) e/?A(BH|(<2 «>g SA<«, y)*Q))))o
—0d-((3rA3b1)|((x, 2>e/?2N<2 u>eSA<«,
AN@BrA3H)|((<x, r)e/?2N<2, u)eS)A<u, y)e(?))o
VMBvJ1 3N)|((=x r>e« 0 <, n>e.b")Ji<u, j)eV )o

<p(@1<u, e )A(32] 9 r)e/?4<2, u)eeS))o
<p-(3m| (jc, u)eS«/?)A((u, y) (X, y) "Q°(S°R).

Mpeabloyuiee o3HavaeT, 4to (X, y) M(Q°S)°R TOorga u TO/bBKO
Torga, korgpa <x, #=eQ°(S°/?), r.e. no onpeaeneHnto paseHcTesa 6u-
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napHbiX OTHoweHun (5.3):
(QoS)oR  Q°(S°R) (5.1)

M AoKasaHa accouMaTMBHOCTb KOMMO3ULMN GUHAPHbLIX OTHOLWeHuHA. U
3apava 6.1.2. Nogymairite, Kak U3MEHATCA paccyXxaeHus ([o-
KaszaTenbcTBO), ecnn S°/? = 0? CoxpaHUTCA /N WUCTUHHOCTb pa-

BeHcTBa (6.1)? Ecnu Q°S = 0 ? MMocTapalitecb NPOHECTU [oKasa
TenbCTBO.

Tak Kak KOMMO3ULMA GUHAPHbLIX OTHOLWEHWI o6nagaeT CBOWCT-

BOM acCoLMaTMBHOCTU, TO eCTeCTBEHHO onpenennTb cTeneHb 6GuHap-
HbIX OTHOLWIEeHWA npu neN :

Rn= R°R°...OoR m R "= /77 "»/? wof? !

Monoxwune R'l1= iD o onyunm RMR' R" " V{m, u}laz

Teopema 6.2. Vicnv KOMMo3nuuA OGMHapPHbLIX OTHOWEHUM S°R
onpepgeneHa, 1o (S°R) '=R 'S
Joka3aTenbcTBO. [lpexae Bcero 3amMeTuMm BblTeKawLme

M3 onpeaeneHnin UHBEPCUM U KOMMO3ULMM GUHAPHBIX OTHOLUEHUA
YCNOBUSI A1 3/IEMEHTOB 6MHApPHbIX OTHOLUEHWIA:

(x, ¥) "S°R -$>(22|( <x, 2>e/?A<2, //>e.S))

J un alippyioAaf—HP N VHMNEPOLLI L||

(y, x)f=(S°R) ' <, x)€ed 1A (Y, 2) 1

OHM MO3BONAIT YBUAETbL UAE U NyTb AoKa3aTenbCTBa. [lycTb

o, x> ze(S°R) 1#=(x, y) S°R 07
ory. 02

onp. 5.7

-02k<2 x)eA? 10 <, r)e5 Y>>

(3z|(<x, r)e/?4<2, T/>e0)) '

-T="@3r|(<//, r)e5 'O <r, me A ==
dir (Y, X) e °S
Takum 06pa3oM, U3 Mpeabiaywero cregyeT, 4To
V </, x>e(5°/?) '=»
=>((P,x) cbR '0S DO (V<y x>e/? «S "</, x>e (5°/?)

T. €. BbiNonHAWTCA ycnosusa (5.3) paBeHCTBa GMHAPHbLIX OTHOLLEHWA,
4yTO U O3HauyaeT coBnageHWe MHoxecTB: (S°R) '=/ °b’ . =
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3apgava 6.1.1. OokaxuTe, 4To A15 NO6bIX GUHAPHBLIX OTHOLWe-
HWA R ©n S wnmewT wMecTto BKAYeHUa: Dorn (S°R)cz Dorn R m

Im(S°R)cz lin S.

JokaszaTenbcTB O
l. V.v. Dom (S°/?) ==5-Li(3iy| (x, y) S°R)
<i= (.7
(@ YN\3 2)I(<X, 2) RA (r, y)
=WM3r| =x z) =R)=>xe Dom R.
B cumny npousBOMbHOCTU X( Dom {S°R) 13 3TOro cnemyert, 4To
Dom (S°R)cz Dom R.

ym. 5 yTn. 6.2

,
2 Im(S°A?) " Dom (S°R)

Dom (R '0S JcDomsS ' Y™ % s =

kecTBa X Ha3blBalOT TOXAECTBEHHbIM 6OWHAPHLIM OTHOLIEHUEM
WIN TOXAEeCTBOM Ha X.

B aTtom cnydae O06bMHO MCNONAbL3YKTCS 0603HaYeHUsA: ex, ix
v idx.

I OnpepneneHne 6.2 QnaroHanb, gekaptoBa KsBagpaTa MHO-

idx={(x, xX) |Vxe AL

(i, id - HavanbHble 6yKBbl NaTUHCKOro cnoBa “identicus” Toxae-
CTBEH Hbli, OAVH aKOBbI iA).

3apgaHue 6.3. YTOo6bI yCTAaHOBUTL Eellle OAHO CBOMCTBO GUHap-
HblX OTHOLUEHWIA, HalijeM KOMMO3MLUMW OTHOWeHWn npumepa 6.1
. #={<1. 2), < 4), I 7)}, R '={<2, 15 <4 2), <7, 3>}

R */72=2? ROR-' =}
2 S={<3, I). < 5> <2 6> (4, 9)},

S '={<l. 3), <5, 2), <6. 2). <9 4)}.

S JI’s=7? S»S“'= 2

3T Npumepbl MNO3BOMSAKT BbiCKa3aTb FMNOTe3y, YTO MMeeT MeCcTO
crnepayiollee.
YTBepxageHne 61 R J°Rzoi, n R°R '=3/? aona npoun3Bosb-

HOro 6I/IHapHOFO OTHOLIEHUs R.
Hof

Adokaszarenbctso. R 1= {(y, X) |, y)e R).
1 PaccmoTpuMm
R “R={s% ) I@rl((x, 2>e/?A<2 y) e R~"))}
{<=1, MU e Dom /?}=<I;<

m R

VjteDom R 3r|<x, r>e/?4(r, x)e.Y
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CnepoBaTtenbHo, R '</=/ o1 n6oro 6mHapHOro OTHOLUe-
r 1

HUN

Hua R.

2. BTopoe yTBepXAeHue: RoR lzdiIm . MOXHO [10Ka3aTb aHa/IornyHo, HO MOMPO
byiiTe npuaymatb 60/ee KOpPOTKOe A0Ka3aTeNbCTBO, MCMO/b3ys MOMYYEHHbI pes3yrib-
Tat n. 1 (cm. yTBepXaeHus 5.1, 5.2).

3apgava 6.1.3. Haignte Agns OMHAPHOrO OTHOLUEHUS 3a4ayun

51.3: F={<x, </>lU, //}<=N [434:<2(/} KOMMNO3ULUM OTHOLLEHWIA:
wl/ 1—? I/ 'ok=7? r2=2?

8 7°. OTOBPAXEHWNA

B maTemaTvke OAHO M3 BaXKHEWLWMWX MOHATMA — OTObpaxeHue
wm yHkuma. ,Functio” — naTMHCKOe C/I0BO, KOTOPOE B MepeBoje
O3HayaeT WCMNOJIHEHWNE, OCYLLEeCTB/IEHUE.

OnpepneneHue 7.1 BuHapHoe OTHoWeHWe / Ha3blBaeTcs
oTobpaxeHuem unn dyHKumneir, ecnn ona sBcakoro xeDom / cy-
LwecTByeT eAMHCTBEHHbIW ya 17/ Takoil, uto (X, y)af. Ecnm
/c X F TO roBopsAT 06 oTobpaxeHun m3s X B Y.

B atom cnyyae oTo6paxeHme o603HadvaeTca fiX>-*-

Apyrummn cnosamu, 4to6bl OTHOLWeEHME / 6bi/10 OTOBpaxeHnem u3
X B Y, TpebyeTca BbIMO/IHEHNE YC/IOBUIA:

1 [Join/cn.

5 VxeD / <t HI>€=/ I

. VxeDom —</2- .
< — wl=</2

3. Imfa V.

Ycnosue 2 MoxeT ObiTb MnpounTaHo Tak: VxreDom/ KopTex
<X, y)af eguHcTBeH.

OueBngHo, 4To OoTHOweHMe fa XX Y He ABnfeTcs OTOGpPaXeHu-
eM, ec/u HapyleHO BTopoe wu3 ycnosuii (7.1), T. e

<C ,Vi)e/
2'. 3xeDom/ ) (7.2)
<*. Y1)

OnpepeneHue 7.2. O6nacTbio onpegeneHns oTtobpaxe-
Hua f n3 X B Y n MHOXecTBOM (06n1acTbio) ero 3HayeHuil Hasbl-
BalTCA o6nacTb onpefesieHnNs U, COOTBETCTBEHHO, 06/1acTb 3HaJe-
HUA OTHOWeHus / Ha MHoxecTBax X n Y.

O603HaveHnss aTux ob6nactenn: Dorn / n cooTBeTcTBEHHO 1T1/.
Hanbonee cogepxartesibHbIM 1 yaule ynotpebsisemMbiM ABNAeTCA
He oOLlee TMOHATME OTOOPaXKEeHUs M3 MHOXEeCTBa B MHOXEeCTBO, a
€ero 4yacTHbI cny4yail: OTO6paXeHMe MHOXEecTBa B MHOXECTBO WK
yHKUMM Ha JT c 3HayeHusmMuU B 7.
OnpepneneHue 7.3. Ecnu Dorn /= X, TO oTo6paxeHune / n3
Y Ha3blBaeTcd oOTob6paxeHuem X B Y.



§ 7. OTo6GpaxeHus 61

O603HauveHue: /:A-*-Y. MHOXecTBO Bcex OTob6paxeHuin X B
Y o06bl4HO o0603Havaetcs Map (X, Y). (OT aHrnuiickoro cnosa

,Tap”, uTo o3HauyaeT oTo6paxeHWe, KapTa).
MpucoeanHsss ato TpeboBaHue K (7.1), nMosyyum YycnoBue TOro,
uUTo 6MHApHOEe OTHOLLeHWe / siBNsieTcs oToGpaxeHuem A B K

| Dom f= X <X, yX £/ )

| f \=>=>Y\=Yy*
2 VxeDom/ |(x, #2>e/ ]
3. Im/c Y.

CTO HasblBalOT (hyHKUMEeln N nepemeHHbIX, ecnn xe Im /cR 1 10
ropopaT o opMe WM PyHKUMOHane Ha MHoXxecTtBe Dom /.
Hanpuwmep,

/=1{<<* y), I>|<x y)e=R2/\z= x2-\y2

] O MmpepeneHue 74. Ecnhu Dom /e R, ro otobpaxeHune 4ya-

K={(x, y) |(X, y) e/?™A v=sin jc

— (PYHKLMOHANbl, N B TO Xe BpeMs — (PYHKUUN: OBYX MepeMeHHbIX
1, COOTBETCTBEHHO, OAHON, a OTOOpaxeHne, conocTasnswoLuiee nbo-
My TPeyroJsisHUKYy ero repumeTp, yHKLMUOHAN, HO He yncnosas (PyH-
KUuMA, Tak Kak o651acTb ero onpeneneHus He aBnseTca MOAMHO-
XecTsoM R

3agaHwne 7.1 OnpegenuMm, Kaknme m3 cnefyrwwunx 6GUHapHbIX
OTHOLWEHU Ha MHoxecTBax X = {a, b, r} n K={1, 2, 3, 4} asnsawoTcs
oTobpaxeHnamun? OTobpaxeHuamm A B K?

Puc. 27 Puc 28

MNocTpoum Fpacbbl 3TUX OTHOLUEHUIH 1 nocrtapaemMcs BblAENTb
OCOBEHHOCTU TeX W3 HUX, KOTOpblE ABJIAKTCA 0T06pa)KeHVIﬂMI/I

(puc. 27, 28, 29).
F,={(a, 1), (a, 2=, <a 3> <c, 4>}
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MoXHo 3ameTuTb, uTto ((a, l)eF,/\<a, 2)e A,), HO | d 2, aTO
O3Ha4yaeT, 4yto F] ? He ? ABNAeTCA OTOOPaKEHUEM.

r={(@a 2= (b 1), < 3)}

0T06pa>KeH|/|e, TaK KakK HEeT HepaBHbIX KOpTe)KeVI C O4NHaKOBbIMU
nepebiMn 3sieMeHTaMn, "

Dom F2={a, b, c}= X, ImF2={l, 2, 3}lcr Y,
cneposartesibHO, F2A—<.

F3= {{a, 2), (ft. 2), (c, 4)} F4={(a, 2), (b, 1)}

1 1
ae ae
.2 2
F3: b . F4: b .
3 3
Ce C e
.4 4
X Y X Y
? He '/aBnsieTcs ? He ?gaBnsieTcs
oTobpaxeHnem oTobpaxeHuem
Puc. 29

B bl BOA. path OoTHOWEHMA Ha MHoXecTBax A' 1 Y, COCTOAWMX U3
KOHEYHOro 4ymucna 3/1eMeHTOB, eCcTb rpad otobpaxeHma 3 A B Y, |~
m ? *
n ABnsetcsa rpacdom otobpaxeHus A B Y, ecnm ? *

Mpumep 7.1. BuHapHble OTHOLWeEHUA npumepa 5.5:

1+ 1= {<<*. V)< 1>\x, y Dc RA2=x+/flc R2XR = R',

|-1= {<<g v), 2>far, v, r}c: RAz = x.(/}c R2X R= R

ABNAOTCSA OTO6paxeHUsMM R2=R Tak KakK B CW/y CBOWCTB AelicT-
BUTE/bHLIX 4YMCENl UX CymMMa W MpousBefeHune ornpeaensioTcs oAHO-
3HAYHO U He CYLLEeCTBYeT KOpPTexei

<<0. Yo>.r,)e[+ ] n <Q yMm zZ=e [ -f]

Takux, 4To6bl N r2 AHanorM4yHo ANA OoTHoweHus [ <]
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Ccbinascb Ha 3TOT hakT M CBOMWCTBA TakMX MPOCTbIX Onepauuii
C OelcTBUTENbHbIMW YnciaMmn, Mbl BydeM Yepe3 HeKOoTopoe BpeMs
yTBEPXAaTb, Harnpumep, 4YTO C/IOXKEHUE W YMHOXEHWe wmaTpul, —
TOXe OTOob6paxeHusa, a MNOTOM BBeAeM elle U 60nee CNOXHble OTOo-
6paxeHus.

OuyeBNOHO YTBEPXAEHWUE.

YTBepxaeHune 7.1 Ana noboro MHoXecTBa X TOXAECTBEH-
Hoe oTHoweHne ix= {(X, jo|V jc*A'} ecTb oTo6paxeHwUe.

OnpepneneHue 7.5 CyxeHuem otobpaxeHus /: X—=*Y Ha

noaAMHOXecTBO X 'a X Ha3blBaeTCcs TakKoe cyxeHue /|r oTHouwe-
Hua /, yto Dom/1*. = X'.

fAcHo, uyto ecnn / — oTob6bpaxeHne X B K, TO ycnosue (7.3.2)
€VMHCTBEHHOCTN KopTexa <1, r/)e/ ¢ NPOn3BOJIbHbIM (PUKCUPOBAH-
HbiIM X eJl coxpaHsieTcs Ans nobbix kopTtexei /|x, a Dom/|v.=A",
TeM caMbiM [0OKa3aHO criefyollee yTBepXAeHue.

YTBepxXaeHue 7.2, Ona nob6oro otobpaxeHus f:X->-Y ero
cyXeHue /Ix:X'“mY ecTb OTOGpaxeHue.

Tak B 3agaHun 7.1 oTob6paxeHue = 2), (b, 1)} ectb cy-
XXeHue oTobpaxeHusa /2= {(a, 2), (b, 1), (¢, 3)} Ha MHOXecTBO
*'={?, ?}czX={n, b, c}.

Mpumep 7.2. B npumepe 4.3, no cyw,ectsy, BBOAUNOCbL U 6U-
HapHOe OTHOLLEHME Ha MHOXEeCTBax BCEX TOYeK MnockocTn I mn Bcex
yMNOpsiA0OYEHHbIX Map [AeiCcTBUTeNbHbIX uMcen R2 conocTaB/ieHneM
TOUKE ee KoOopAMHaT OTHOCUTE/IbHO HEKOTOPOW 3a[aHHOW CUCTEMbI
KOOpAuHaT:

P={(M, (X, y))\x=mVvf[(OX), /= m ,n(OnlcnxR2

(Ans HarnagHocTu 6yaemM cumTaTb 3a4aHHYI0 Ha MIOCKOCTU CUCTeMy
KoopAuHaT MNpsSMOYrosibHOW aekapToBoii) (puc. 30).

3TO OTHOLWEHNE eCTb OTobpaxeHue *R [okaxem 3TO, NO-
KasaB BbIMO/IHUMOCTb BCEX YCNOBWIA onpegeneHva 7.3.

1 Dorn p= Tl. Tak KakK Ans8 no60oi TOYKM MN/OCKOCTM MNpoBoAMMA
KOHCTPYKUMA npumepa 4.3 1 onpefeneHol ee KoOopAuHaThl.

2. p — oToGpaxeHwMe.

<M, <*, r/,)ep
<4, @2 y2)ep

V Alge 1!

<M. Yier= <2 Y2)*
3. OueBugHo, 4Yto Im pa R2
Taknum o6pa3om, corocTas/eHne
TOYKe TMJIOCKOCTU ee KoopAauHat
OHO3Ha4YHO ” ABnseTcA oTob6paxe-
Huem /?. N—*-R2 EcTecTBeHHO, aHa- Puc. 30



64 2. Onepauun Ha OTHOWeHUsAX. OTobpaxeHUs

NorvyHoe yTBepXAeHne WMeeT MeCcTO A1 TO4YeK MNPOCTPaHCTBa,
TOMbKO 06N1acCTbl0 3HAYEHUI COOTBETCTBYIOLLEro OTOBpaxeHUs ABNA-
etca R =

3apgava 7.1.2. feBnseTrcd M OMHApPHOE OTHOLUEHVE 3ajauun
512 W= {(n\ y) |fc, y}ab/\x penut y} oTobpaxeHuem? ouyemy?

YKazaHuve. BbinuwiMTe CHayana HEecKOSbKO KOpTexel oTHoweHws U7, Hampumep,
C X= 2, 1 NpoBepbTe BbINO/HUMOCTb YycnoBusa (7.1).

<2 5el) ?
2e Dorn IT=Z < >)ell I~
CnepoBaTtesibHO, OTHOWeHWe aenumoctn W ? He ? aBnsfeTca oTobpa-
XXEeHneMm.
3apgaHne 7.2. Onpegenym, fABnseTcd v OTHOLWeHwe [, cono-
CTaBndloWee KaXaomy TpeyrosibHUKY BMUCaHHYHO B HEro OKpPYX-
HOCTb, OTOOpaxXeHnem MHoXecTBa A BCeX TPeyrosibHNMKOB (M/10CKO-
CTU) B MHOXEeCTBO B Bcex OKpyxHocTer (nnockoctu)? [Mouemy?
1 Dorn T=?
2. BTopoe ycnosue, No cyliecTBy, TpebyeT oTBeTa Ha BOMPOC —
eNHCTBEHHa JIN OKPYXHOCTb, BMUCbiBaemas B TPeYyrosibHUK? n

3 Im7= B.

CnepoBatensHo, T — ? He ? fABnsieTca oTob6paxeHuem A—»B.

fABnseTca Nn oTHoweHue O, CONOCTaBMAIOLLIEE KaXAON OKPYXHO-
CTW OMUCAaHHbI BOKPYF Hee TPeyroslbHUK, OTOGPaXeHUeM MHOXeCT-
Ba B Bcex OKpyXHOCTel (N/I0CKOCTU) B MHOXECTBO A BCeX TpeyroJsib-
HMKOB (nnockocTn)? Mouemy?

Mpexae yem pewartb 3Ty 3agadyy, oTMeTum, yto O=T ', T. e.6u-
HapHoe oTHoweHne O sBnseTca wuHBepcuel T.

1L Dorn O= Im T —B.
2. Ycnosmne TpebyeT oTBeTa Ha BOMNPOC — eAWHCTBEH /N Tpe-
YrOMIbHUK, OMMWCaHHbIA OKOMI0 OKPYXXHOCTU? 4

3 I O= Dom 7= A.
CnepoatenbHo, O — ? He ? sBNseTcs OTOGpadkeHMeEM B—*-A
OnpepeneHne 7.6. Ana (X,y) e / oTobpaxeHusa /: X—=Y
BTOPOI 3/1eMeHT Yy KopTeXxa HasbiBaloT 06pasom ero nepBoro
afleMeHTa X, a MepBblii 3/IeMeHT KopTexa X — npoo6pa3om BTO-
poro anemeHTa VY.
O6o03HaueHuna: y= f(x) mun, cootBetcTBeHHO, X=Tf '(y), wm
/:xX-*y.
PaccmoTpeB rpagbl oTobpaxeHuii h\, W1 wn h\ 3agaHua 7.1,
MOXHO cAaenaTtb CneayloLwui BbIBOA,
BoiBog. T[Mpoobpa3oB Yy 3neMeHTa MOXeT OblTb HECKOJbKO,
a obpa3 Bcerga eAnHCTBEH B CUJTy €AWNHCTBEHHOCTU B OTOOpaxeHunu
KopTeXa C AaHHbIM TMepBbIM 3/IEMEHTOM.
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O6begniHeHe Bcex MPoo6pasoB 3sleMeHTa MpuM AaHHOM OTO-
I6pa>KeH|/||/| MHOr4a HasblBalOT €ro MoJiHbIM MNPOO06pPa3oMm.
Mo>xHO rosoputb 06 obpa3e nogmMHoXecTBa 06s1aCTU onpepene-
HUA ” npoobpase (No/HOM 06pase) NnogMHOXecTBa 06/s1acTVU 3Haue-
HUA OTObGpaxeHus:

O6paz D — 1(D) = {/(a)jee D cz Dorn /},
npoo6bpas C —/ 1LC) ={/ Lr/)|t/e=Cclm/}.

Mone3Ho 3HaTb HEKOTOpble COOTHOLWEHUs A8 o06pa3oB MNOAMHO-
XecTB obnactm onpegeneHns U NpoobpasoB MOAMHOXECTB 06s1acTu
3HaYeHUs oTobpaxeHuin. [lokasaTenbCcTBa CNeAyrLWNX YyTBEPXAEHN’
He cocTaBnAlT 60nbLIOro Tpyaa.

Nemma 7.1 Benn jIX-—=Y, TO0 Ans nw6bIX MNOAMHOXECTB

{1, N}cd wmeer mecto: j(A(IB)=1[(U1)_/(B), HO
/(np)y<=/n/sxn), f(A)\f(B)czf(A\B).

Benn k Tomy Xe Ncr6, 1o f(N)a f(B).

Nemma 72. Ecnun f:X-*-Y, TO pAna nw0bbIX MOAMHOXECTB
{C, O|lciwm/ umeer mecto: f'(C[}D) = f~'(D)\jf '(C) 7]
/~'(C)\/ '(/))=7 '(C\O), Ho/ '(CNO)c/ LC)n/ '(O).

Ecnn k Tomy xe Cc”D, 10 / '(C)aj '(D).

3apava 7.1.1. [JokaxuTe paseHctBo /(1 UB)=[ (J1)U/(B)
AN 1obbIX MNOAMHOXECTB 06s1acTu onpeaenieHns oTobpaxeHus /.

AokasaTenbcTtBOo. Myctb y™f (A\jB)<==>(y=f (X)\x(J1 DB)<=>
o (y =f(xX)\(xeB?Vxc=7?))o(y = f(jr)|xe?)V(O= /(jr)Ue?)-o-

o(yef(A)\/yef(B))Xyef(A)UTf(B).
/N Qgn)y=/71)us (n). =

3apava 7.1.3. Ecnn paseHctso /(1 NN)=/N)f|/(B) (cm.
nemmMy 7.1.) BEpHO He ANA BCAKOro oTo6paxeHus /, nocrapanTecb
onpepennTb ycnoBUs, KOTOpble Hago noTpeb6osaTb OT /, 4TO6bl pa-
BEHCTBO 6bII0 UCTUHHO AN1a N6bIX nogmHoxecTs Dorn /.
3apgava 7.2.2. Haligute Bce OTOGpaXxeHWUs u3
MHoOxecTBa J1= {1 2, 4} B MHOXecTBO B = {a, b} un
BCe oToOpaxeHus JZ1 B B. CKoNbko Bcero 6uHapHbIX 1le

OTHOLLEHU W CKOMbKO W3 HUX OTOb6paxeHwuii J1 B J1? ea
CpaBHUTe C pe3ynbTatamMn 3agaHuma 5.1. 2.
YKazaHue. Tak Kak BCSKOe OTobpaxeHue / U3 A B 1 eCTb 1of, -b

MHOXeCTBO 4 X #, MpUYeM_MHOXeCTBa A M H KOHEYHbl, a 3HauuT, 3«
KOHEYHO 1 MHOXeCTBO J1 X (OHO cocTouUT U3 ? 3N1EMEHTOB), TO, BO
nepsbIX, MOXHO MPOCTO cocunTaTtb (BbINMCATb) BCE €ro NOAMHOXC
CTBa W TakMM 06pasoM OMpeaenMTb YMCIO BUHAPHBIX OTHOLLIEHWT
Ha A 1§, BO-BTOPbIX, OTOBPATh Te U3 HMX, KOTOpble ABMAIOTCA OTO
6paxeHunamun. lNocnegHee yaobHO Aenatb, UCNob3ys rpadbl (0co
6eHHOCTN rpacoB OTobGpaxeHwuid). Wcnonbayiite puc. 31 e 31

3B T [Ifmowm
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3apgayvya 7.2.3. CKONbKO cyuiecTByeT oOTOobpaxeHuin A B B,
ecwm n(A)=p, a n(B)=q. (Hanpumep, A={n, a2 ... ar}
B={bb b2..... ft,})?

8§ 8 OMNEPAUMN HA OTOBPAXEHWNAX

Tak Kak BcsaKoe 0To6pa>KeH|/|e €CTb OTHOLWeHWne, TO BIOJIHE ecTe-
CTBEHHO paccmaTtpumBaTtb WX paBeHCTBa, KOMMNO3LUMN U UHBEPCUMN,
KakK paBeHCTBa, KomMnosnumn wm WHBEPCUUN OTHOLUEHWNIA. OpHako,
KakK Mbl 3HaeM, He BCAKO€e OTHOLUeHWe ecCTb OTO6pa)KEHI/Ie, n rnoa-
TOMY 3T onepaunn Ha 0TO6pa)KeHVIF|X MMET CBOM OCOBGEHHOCTH,
n3yv4yeHnem ux mmbl " 3aimemMcs.

KOHe4yHO, ecTecTBEHHO cuMTaTb OTOOGPaXEHUS pPaHHbIMU UN
coBMagalwLMMN, €CIM OHU pPaBHbl KaK OTHOLLEHUS.

O603HayeHune: /= £=

Mo cyuwecTBy, Npy paBeHCTBE ABYX OTOOGpPaXKEeHW, Kak W npu
paBEHCTBE OTHOLIEHUI N MHOXECTB, peyb UAET O Pas/INYHbIX CMOCOo-
6ax 3agaHUa OAHOrO0 W TOrO >Xe MHOXecTBa.

Hanpumep, ecnn J1 — MHOXECTBO BCEX TPEYrosibHNKOB HEKOTO-
poii MJIOCKOCTU, @ B — MHOXECTBO BCEX €e OKPYXXHOCTEN, To 6UHap-
Hoe OTHOweHue T 3afaHus 7.2, COMOCTaBAAKLEE KaXAOMy Tpe-
YrO/IbHNKY BMUCAHHYK B HEro OKPYXXHOCTb, ABNSETCA OTOGpaKeHU
em. OTo6paxeHeM $SBMAETCA U OTHOLIEHVE, COMOCTaB/AOLLEE BCS-
KOMY TPEeyrojsibHUKY TMJ/IOCKOCTM OKPYXHOCTb C LEHTPOM B TOYKe
rnepecevyeHnss 6GUCCEKTPUC €ro BHYTPEHHUX YINOB W pPagunycom
r=S/p (rae S — nnowaap TpPeyronbHWKa, a p —ero noaynepu-
MeTp). B cuny m3BecTHOW Teopembl O paguyce BMMCAHHOM OKPYXXHO-
CTU pPaBEHCTBO TaKMX OTOGpPaKeHWi 0o4eBUOHO.

3ameTMM, 4TO U B OOLWEM C/lyyae M3 paBeHCTBa OTOGpaxeHwui
f—g HemeaneHHO cnegyeT coBrnageHMe MHOXECTB:

Dorn /= Domg n Im f—Im g,

n 6onee Toro: f(x) = g(x) pna noGoro Te Dom /= Dom g. Oue-
BUABO U o6paTHoe: ecnu Doin/ = l)omg wu f(x) = g(x) ans Bcex
Te Dom/, 10 f—0Q.

YnobHa cumBOIMYecKas 3amnucb 3TOro pesynbrarta:

f=g”~(( Dorn /= Dom g)/\(Vxe Dom /=*»/(x) —g (x))). (8.1)
Mofe3Ho BbIAENUTbL MPU3HAKNM HepaBeHCTBA OTO6GpaXeHWUin -

HapylleHVe XOTs 6bl OOHOrO M3 ABYX Npeablaylnx YC/roBUiA, a
VMEHHO:

fd g m=(Dom /¢ Dom g)\/{3x\[ {x) g (X))). (8.2)

Kak Mbl y)Xe oTMevyanu, B MaTeMaTuKe CyLLeCTBEHHO 4alle npwu-
XoOouTCA MNosib3oBaTbCA 0T06pa)KeHI/IF|MI/I MHO>XXeCTBa B MHOXECTBO,
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Nno3ToMy NpegMeTOM Hallero M3yyeHus ceilyac 6yayT MMEHHO Takue
OTOGpaxXeHUs.

MocTapaemcsi YyCTaHOBUTbL, ABASIETCA NN KOMMO3ULUMA ABYX OTO-
OpaKeHUN OTOGPaKEHUEM.

PaccmMOoTpuM KOMMNO3MUMK oOTo6GpaxeHun f:X-*-Y wn g:Y-*-Z
(kakK KOMMo3numio 6MHAPHbLIX OTHOLLEHWI) W BbIACHUM, SIBAeTCA Nn
OHa OTOo6paxeHuem.

1 B 3apadve 6.1.1 ™Mbl onpegennnun, 4To

Dom g°fa Dom /, a Irri g°fcz Im g.

ofHako, B Hawem cnydae l)om/ =) u Im g a Z, cneposartesibHO,
KakK OTHOLleHue, KoMnosvuusa #»/czA'XZ. Taknum obpasom, BbIMNoOJ-
HUMOCTb  AN1A ycnosma 3 onpegeneHus oTobpaxeHus ycTa-
HoBneHa: \mg‘fczZ, a Dorng°fc ~.

2. flokaxem, uyto Dorn £°/= A\ T. e. gna f>| BbinonHaetca
ycnosue 1 onpegeneHus OTo6GpakeHWs

Mo onpegeneHVtio KOMMO3VLMKM OGUHAPHbLIX OTHOWeHWn / n =

£/ ={<*, r)\(By<BY\((x, y)<=f/\(y, z)eg))c XX Z.

Bo3bmem Vrelf = Domf 13yN Tl <4 y) g/), HO

Dorn g= Y, cnegoBaTenbHO, M ANA yKasaHHOroO Bblle y HaigeTcs
eZ Takow, yto (/, r)e#.
B COBOKYMHOCTM 3TO O3HayaeT, 4TO

(V.teA 3reA|{x, r=>("gf)=>-xe Dom g°f.
3T0 B culy MPOU3BOJSILHOCTU 3/1IeMeHTa Xei X BJieYeT BKJIOYEHMUE
Alc Dom g"/, a B KOHEYHOM cuyeTe, YUUTbiBAA YCTAaHOBMNEHHOE Bbille
Dorn™o/cA — coBnageHne 3TUX MHOXECTB.
3. MpoBepuM  BbLINOMIHUMOCTL ycnosua 7.1.2. Ana  oOTHoOLWe-
Hua £/, T. e

/' n g 0TO6pa)KeHI/IF|, 9TO O3Ha4yaeT, 4TO

/. 2,>«=gl
Vr/eY (B.* *)
<1 -1,) ge# J
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BosbMeM < r,)en°/ v <m z2)eg«/ ¢ npoussonibHeiM ne Jl.

V(x, r,)eg°/=M3/,<=KI(<m, /[,)e !l L <], z2eqg))

(7.?):/ — oTob6paxeHune 1?

V <x r2=eg»/"(3i/2G K|(sgr, ¥2>«=/4 <2, z2eg))
O603HauUMmMm Y\=Y2 = Y-
<1r,)eg

3/e V| <C 0=e=/N pl =/r,=22

<1 z2eg

NTak, ¢ faHHbIM [ KOpTexX <m z)”g°} eAMHCTBEH. 3TO O3Ha-
YyaeT, 4TOo Qg°} — oTob6paxeHue, n g°f: Dorn g°f-*-Z. u

Tem cambiM [oOKa3aHa Teopema.

Teopema 8.1. Komno3sumuusa oTtobpaxeHun /: X-=Y, n
g: Y-*-Z ecTb oTOOpaxeHue g°R\X-*-Z.

B aToM cnyyae roOBOpSAT elWe, 4TO MHOXECTBO OTOGpaxeHWi
3aMKHYTO OTHOCMTE/IbHO Oornepauvy KOMMNO3uuuM OTHOLUEeHWH, a Teo-
pemMa pgenaeT KOPPEKTHbIM OMNpegeneHve Komnosvuyum oTobpa-
YKEHUIA. _

OnpepeneHne 8.2. Komnosvuuelhi oTobpaxeHuin g°j Ha-
I3bIBaeTCﬂ oTobpaxeHue, ABAAOLWEECHd KOMMOO3WULUMEl OTHOLe-

HWIA go}. _

HanomHuMm, 4TO KOMMoO3numMs oTobpaxeHuin g°f, kKak OTHOLe-
HWA, onpegeneHa TO/bKO B TOM criyvae, ecam Im/cDomg.

Komnosunumnwo oTobpaxeHuidn yaobHO npeacTaBnsATb CXeMOW
(puc. 32).

Taknm 06pa3om, Mo onpeaeneHnio, 06pa3 MNPOU3BOJILHOIO 3fe-
MeHTa NPV KOMMO3ULMN OTOGpaXeHWii onpefensetcs Kak:

(@°/)(-0==(E(/("))- (8.3

3apgaHwne 81 Ons otobpaxeHuin / n g npumepa 6.2: /: R—R
n g:R-<-R, rpoe

/={<* y) lfr, y)ezRAy= g3 g={(X, y¥) [ Y}c RA</= T 1),
paccMoTpmuTe KOMMNO3NLUM OTOBPaKeHMA W MOCTPonTe WX rpadukin:

1 g/ = {<*, y)\{X, y}cz R/\y = x*+ 1}.

2. /°9 = {<*. y)\{X, y}<=.RAy =x2+ 2x+ 1}.

OHM HarnsgHo rMokasbiBawT, YTO KOMMO3ULUUA OTOOpaKeHWiA,
KaK M KOMMO3MuuMsi OGUHApPHbIX OTHOLIEHWR ? He ? KOMMyTaTuMBHA.
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Ecnu / n g uucnosble OyHKUWWN, B YaCTHOCTU:
{Dorn /X imi /, Dom gXIm p|c R2

TO UX KOMMO3ULMI0O OObIMHO Ha3blBAKT CAOXHOW (yHKUMEN
Teopema 8.2. Komnosuyuss oTobparkeHuit 0bnagaeT CBONCT-
BOM accouMaTWuBHOCTW, T € AN Nbbix oTobpakeHnin /, g, h:

H g°f) = (h°g)°f. (8.4)
tie foka3aTenbCTB O cneayer M3 CBOWCTBA KOMMNO3NLWK
OMHapHbIX OTHOLWIEHWU (Teopema 6.7). (v9]

Takum 06pa3oM, MOXHO cAenatb BbIBOA, YTO 3TW CBOWMCTBA KOM
nos3vuun OoTo6paxeHuin (Teopembl 81 u 8.2) B TOYHOCTM MOBTOPSAIOT
CcBOCTBa OWHAPHbIX OTHOLUEHWIA.

Tenepb BMOJSIHE €CTECTBEH BOMPOC — KaKOBbl CBOWCTBA WHBEPCUMU
oTob6paxeHnsa (KakK OTHOLUEHUA) N ABMAETCA NN OHa AN MPOU3BOJb-
HOrO OTOGPaXeHUA TOXe OTobpaxeHnewm.

3afaHnemM 7.2 Bbllle YCTaHOBMIEHO, YTO 6MHapHOe OTHOLIEHWE, CO-
rnocTasfifloLee TPEYrosibHNKY BMWCAHHYK B HEro OKPYXHOCTb, eCcTb
oTo6paxeHne (7:0-*-H), Torga Kak ero uHBepcus 0=7" 1loto-
6paxeHnemMm He aABAseTcA. ITOT MpMMep OTBeyYaeT Ha npeablayLnii
BOMPOC M MokKasblBaeT, YTO UHBepcUA oTobpaxeHus, BooOLle rosops,
MOXeT He 6biTb OTOGpaXeHWEM, WM MHOXECTBO OTOOpaXeHui He
3aMKHYTO OTHOCWUTE/IbHO WMHBEPCMM OTHOLIEHWA. ITO BrevyeT HeobXo-
ANMOCTb CnefyloLwero onpeaeneHus:

OnpepeneHne 83. MHBepcusa / 1 oTobpadkeHus /: J1—»Y,

KaK OTHOLUEHNSA, Ha3bIBaeTCA obpaTHbIM OTObBpaxeHnem K /, ecniu

/ 1eCTb 0TOOpadkeHVe. 8 3TOM cnyyae oTtobpaxeHue / Ha3blBalT

o6paTUMbIM.
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Puc. 33

3apgaHune 82. Kakne u3 otobpaxeHuii 3agaHus 7.1
o6paTtnmMbl? KakoBbl 0CO6eHHOCTU UX rpadoB? (puc. 33).

YKaxnte npu3Hak rpaga o6patumoro OTOO6paKeHus  MHO-
)KecTBa, COCTOALLEro M3 KOHEYHOro yucna 3/1eMeHTOB, B MHOXEeCTBO,
TakK)XXe COCToflee M3 KOHEYHOro uucna 3NeMeHTOB. *

Ycnosue, 4to oTHoweHne / 1A0/MKHO 6bliTb OTOGpPaXkeHnem cy-
LLEeCTBEHHO: eCc/iM MHBEPCUA OTHOLLEeHMA onpejeneHa Bcerga, To Aa-
NeKo He BCAKOe oTob6paxeHue, Kak Mbl BUAeNM, obpaTtumo, AN1a ero
obpatmmocTn Hago TpeboBaTb, 4TOObI 3TO O6paTHOe OTHOLUEHMWe
y[oBneTsopsano ycnosmam (7.1), B yaCTHOCTU:

/, xX><
V//e Dorn / BH-x,= x2. (8.5)
</, x2>e/

<*i. Y) e=/
X2Y) «=/

OueBNAHO, 4TO, €cnn nmeeT MecTo (8.6), TO N UCTUHHO (8.5). 3TO
O3HayaeT, 4YTO YCTaHOB/MIEHO creayloLlee.

YTBepx ageHune 81. OTobparkeHne / obpaTumo Torga w
TONMbKO ToOrfga, Korga Aanu nawboro yelm / cyuwecTByeT TOMbKO
€OVHCTBEHHbIA KOpTeX (X, y) e / WM Bcskuii rfelm / vveeT
e[IVHCTBEHHbIA npoobpas.

3 apfa 4dya 811 Onpepnenute, obpaTumMbl 1 OTOBpaeHUA (PyHK-
uun) /, n /.,

1 /,:R=>R. rpe /,={<x, //=|{x, //}eROYy= X%

Ana peweHua 3agayn, O4EBUAHO, cnedyeT MPOBEPUTb BbIMOHU-
MOCTb YycrioBusa (8.6):

X,:XZ (8.6>

MNyctb <x,, /~e/, 0y =X\
0 X\= xX2<=X?— X2= (J)<=? ¢

= y)(~f,oy =4
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Pro. :m

CnepoBaTtesibHO, OTO6paxeHune /, ? He ?06parvmo.
2. R—R rge /,={<* y)\{x, //}cR/NA\Y=1
Tak >Xe npoBepuM BbINOJIHUMOCTbL Yyc/ioBuA (8.6):
MNyctb (X,, y)N1.20 y —Xf
o]
<> y)<=1.20y = X2,

CnepoBaTtesibHO, OoTO6paxeHune /., ? He PobpaTumo.

3. CpaBHUTE rpadki 3TUX (PYHKLWUIA, YKaXuUTe B YeM MpPOSB/S-

I0TCSA Ha rpaukax mx ocobeHHOCTU, Kak obpatumoro nm Heobpatumo-
ro otobpaxeHuii (puc. 34).

CoBepLIEHHO 04YeBUAHbI CNeACTBUS.
CnepctBune 8.1. ToxaecTBeHHOe oTobpaxeHme ix—[(x, X)|xe/1'}

obpaTuMmo.
CnepctBue 82 Wcnm otobpaxeHue f:X-+Y obpatmmo, TO
n/=0o071/ ', Dom/=It/ ' 7/ Ir /1.
JdokaszaTenbcTBOo. o yTBepxaeHutw 52 Im/=Dom/ 1wu
1)ot/=1w/ ', cneposartesibHO, OCTAeTCA MOKa3aTb BbIMOJHUMOCTb
ycnosusa 2 onpegeneHns 7.3. Caenaiite 3TO caMOCTOATESNbHO. +
YKasaHue: em yTBepxaeHue 8.1
3apgauvya 821 [Ona obpatuMmoro oTobpaxeHua /, 3agayu

811 ykaxuTte obpaTHoe.
/,R-<-R, rpe /,={<x, //)|{x, ylcR/\y=1/}.
/1‘:{<*. Y\{X, ylczRNOy="7.
Ero rpagwuk Ha puc. 35.
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B bl mog,. F'padhukm obpaTMbIX YHKUMA R->-R CTPOro MOHOTOH-
Hbl, Npuyem rpacdvkv / n / 1CUMMETPUYHBLI OTHOCUTENLHO GUCCEKT-
pucbl MEepPBOro M TPeTbero KOOPAUHATHbLIX Yr/oB.

Tak Kak no yTeepxpaeHuto 51 gna nob6oro 6GuHapHOro OTHOLLe-

Hua (/ ') '=/, aycnosusa (8.5) u (8.0), oueBMAHO, BbINONHUMbI Of-
HOBPEMEHHO, TO MMEeT MEeCTO creaytollee.

CnepeTtBue 83. lenn /:X-*-Y obpatumo, TO f

mmo, a (/ ") '=/.

YKaxxeM elle HeKOTOpble CBOWCTBA KOMMO3MLUUM U O6paTUMbIX
OTOGpaxeHUi, KOTOpble BaXHbl B AanbHelileM (OCO6EHHO B Takux
BOMpoOcax Kypca, Kak rnpeob6pas3oBaHUA MHOXECTB W Teopus rpynn):

Cnepcteune 84. Ecnu f:X-~-Y obpatmmo, 10 / '«f=1ixX 1

TOXe obpa-

M N7
Jdoka3aTenbCcTBO. Mo vyTBepxaeHnwo 6.2. / °/rn’l n
/°/ |1y T@K YTO [0CTaTOYHO [0KasaTb obpaTHble K [AaHHbIM

BK/IIOYEHUA, YTOObI MOXHO 6bI/1I0 BOCMO/30BATLCSA MPUHLUMMIOM OBOW-
HOro BK/IHOYEHMSA.
1 Aokaxewm, uto / '*fczix. [lycTb

(ar, z=es/ 'of/=>@Bt/e=1linf\((x, y)e/Nn (y, z)e/ ")),

no yteepxaeHuto 81 koptex (X, y) e/ C AaHHbIM y eAUHCTBEH, 3Ha-
4nT, M3 TOro, 4to (Y, a (t, </)e/ cnepyet, yto z=7?, a
oTobpaxeHue / '/ coOepXUT TOMbLKO KOpTexu Buaa (X, X), roe
x g Doiii/=A, 1. e. / I'f =ix={(x, xX)|xe/l'}.

2. BTopoe Bk/4YeHUe /»/ lcr/I , YCTaHOBUTE CaMOCTOATE/NbHO,

» m

nogymanTe, Kak 3TO MOXHO cAenaTb, He MOBTOPAA npeablayLmnx
paccyXaeHuii.

YkasaHve. CM yTBepxaeHun 6 1 un 51 =
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Teopema 83. Ecnm oTobpaxkeHns /: X—=T u g: Y—+Z
obpaTumbl, TO obpaTuma ux Komnosuuua g°f, npuuem
(8°7) Im (g°f)-+X n

(E°f) '=M'°8 8.7)

3apgadya 8.1.3 812 [okaxute Teopemy 83.

,ﬂ, OKa3aTenbCTBO.
YkazaHue. CMm. 3afjaua 6.1.1, Teopema 6.2, yTBepxaeHue 8.1, cneactsue 8.2

1 g — obpatnumo (Vze Imga/e WN(y, z)™g)

/ — ob6patumo =--3N(V//GIm/3.teX|[{T, y) e /)

npuyem Takue (/WNr eOuHCTBEHHbI.
M3 aToro cnegyet, 4to And BcAkoro relTt(™»/) eauviHCTBEH
<c, z)eg°/, cnepoBaTenbHo oToGpaxeHue ¢ °f— o6paTtumo. 4

2. g°j —obpatumo (g°f) ":z—==X

N (94) Teop.G?/ g

3apgauda 8.2.2—8.23. lokaxunTe, YTo ANnsa noboro obpatnmoro
oTo6paxeHua f mn nwbbix nogmHoxects {C, D}clm / wnmeeT mecTO
paseHcTtBo: / \C(]D)=f 1C)n/ '(0).

Yka3aHue. Cm. nemma 7.2, 3apava 7.1.3.

OTMeTUM elle, 4YTO AN CyXeHWli oTobpaxeHuss /: X—+Y Ha
nogmMHoXxectsa X MMeeT MeCTo

YTBepxgeHue 82 Lns nw6oro otobpaxenus /1 X—*Y n
nogmHoxecTs X zd X' X" pasHubl cyxenus (/|J1)|Jb= /|/N.

MCTOPNYECKAA CIPABKA

f1 TYT HegaBHO pa3paboTasl OueHb
MOGONbITHLIV yaAap Nlanoli 3H B Hanpas-
NEHVN  VIKC.

E. LWBapu. «[pakoH»

MoHATNA OMHAPHOro OTHOLUEHWS, ero WMHBEePCUM W KOMMO3NLUWU
6MHapPHbIX OTHOLLUEHWI MO CyLLecTBY SIBASAIOTCHA 0606WEeHNAMN aHasno-
rMYHbLIX Onepauuini ¢ oTob6paxeHWsMM, a OTOOpaxeHWe B CBOK Oue-
peaop 0606LLaeT MOHATUE YMCMIOBOM CYHKLUUM — MNpPU OTOOGPaKeHuwu
CYLLeCTBEH He TOJIbKO XapakTep 3/1eMeHTOB MHOXECTB, HO 3aKOH,
npasnio, N0 KOTOPOMY KaXAOMy W3 HUX COMOCTaBnAeTcA Kakon-nn-
60 3N1eMeHT TOro Xe camMoro WaM APYyroro MHoXecTsa. Kak v noutu
BCE OCHOBHblE MOHATUSA MaTtemMaTuKu, MOHATME OTOo6paxeHua npeTtep-
neno AOBO/bHO OJ/ITE/bHYIO 3BOJIIOLMIO N TONbKO K KOHLY XIX Beka
nprvobpeno COBpPeMEHHOEe cofepXaHue.
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MOXHO C yBEPEHHOCTbIO YTBEPXAATb, YTO MaTeMaTUKU [PEBHErO
MVpa, BKAKOYaA W ero 3AIMHUCTUYECKMA nepuoj, He OCO3HaBan
(PyHKLMOHaMbHOW 3aBMCMMOCTM B TEX 3aKOHOMEPHOCTSX, KOTopble
OHW OTKpbIBa/IN, XOTA ele B [lpeBHeM Ervnte 6bI/IN MU3BECTHbI TOY-
Hble hopMy/bl ANA BblYUCAEHWI Mowaaein M 06bLEMOB OCHOBHbIX
reomeTpuyecknx curyp (TpeyrosisHUKOB, napasnsenorpamMmMmoB, Tpa-
neuwii 1, COOTBETCTBEHHO, NMpamug, NpusM U T. A4.), a UAe 3aBuUCKu-
MOCTM OT 3HA4YeHWiA craraemMblX MOXHO 3aMeTUTb Aaxe MNpu BblYnC-
NeHNsAX MNPOCTENMLLMX YMCAOBbIX CyMM. Kpyr MHTEpPecoB MaTemMaTMKOB
TOro BpeMeHW Obl/1 OrpaHuUyYeH MUCKIIUYUTENIbHO CTaTUYHLIMU 3ajava-
MU: YUCNOBBLIMW BENUYUHAMU, MPOCTPAHCTBEHHbLIMU opMamMu N KX
YUC/ICUHBIMU  XapaKTe pUCT UKaMu.

OpfHako Heo6xoaMmo 6bl10 BBECTWM B MareMaTUKy HEKOTOpble HO-
Bble, MOXHO CKa3aTb, KUWHeMaTuU4yeckue wuaen, 4ToObl OCO3HaTb MNo-
[OO0OHblE KONMMYECTBEHHbIE 3aBMCUMOCTU MeXAy BennynHamun, 1N cae-
naTtb X NpPeamMeToM M3ydyeHusa. 3TO UM npoucxoamt B Hadane XVII Be-
Ka, Korga MW3MeHeHuMs B caMOM XapaKTepe 3HaHus — 3BOJIIOLUMA OT
co3epuarenbHOro K ecTeCTBEHHO-UCMNbITaTe/IbHOMY MPUBEIN K MOSAB-
NIeHNI0 B HayKe Takux wuccregosaTtenein, kak P. OekapT (Decartes
Rene, 15%— 1656), Il. ®epma (Kenuat Pierre, 1601 — 1665),
M. HboToH (Newton Isaac, 1643- 1723), I. JlelibHny, A. BepHynnm
(Bernulli Jacob, 1654— 1705), A. BepHynnu (Bernulli Daniel,
1700 1782), N. 3diinep (Kuler Leonard, 1707 1783), X. b. ®ypbe
(Fourier Jean Baptist Josepf, 1768— 1830) u II. . Anpuxne (Dirich-
let Peter Gustav Lejene, 1805 1859). Vix paboTbl B pas/INyHbIX
o6nacTax ONTUKW, MEXaHUKN U (hU3MKM He TONIbKO MNPUHECIn UM 3a-
CNY)XXEHHYI0 cnaBy, HO W onpeaenvnn HanpasfeHUd pasBuUTUSa 3TUX
HayK Ha fonrve rogsbl.

B uccnepoBaHun paHLy3ckoro matematmka ll. depma «Beepe-
HVEe B M3Y4YeHMe MJIOCKMX W TeNecHbIX MeCcT» BcTpeuyaeTcsi: «Bcakuii
pa3, korga B 3aKNO4YMTE/IbHOM YpaBHEHUM WMENTCA ABE HEU3BECT-
Hble BEe/IMYMHbI, Ha/IMLO MMeeTca MecTo». lod «mecTom» ®epma no-
HUMan /IMHUIO, U TakuM 06pa3oM, B 3TOM paboTe wWia pedyb Mo cylle-
CTBY O rpagumyeckom 3agaHnn (YHKUMOHANbHOW 3aBUCMMOCTU. U3y-
YeHVEM NIMHUIA HO UX YPaBHEHMUAM 3aHUMascs W OpYro 3HaMeHUTbIN
thpaHuy3ckmii maTtemaTuk P. [ekapT, B ero «feomeTpumn», M3gaHHOWN
B 1637 r., y)Xe [0CTaTO4YHO ACHO YKa3blBa/siOCb Ha B3aMMHYHO 3aBUCU-
MOCTb TMEepPeMEHHbIX BE/IMYMH TeOMeTPUYECKOrO MUCTONKOBaHUA, 3a-
OaHHbIX aHanutnyeckn. (JekapT 3an0Xus OCHOBbl aHa/IMTUYeCKOM
reomMeTpuun, BBeAA CUCTEMY KOOPAMHAT W WU3YYEeHWEe JMNHUIA Mo nX
ypaBHEHUSAM, eMy Xe npuHagfiexaT MHOIMMe u3 COBPEMEHHbIX 060-
3HavyeHuin: a, b, c— ANA KoahpMuMeHTOB ypaBHeHWUI, X, y — AnA
MepemMeHHbIX, X2, X'— ana crteneHeil). o pab6botam B o06nactm
OnddepeHUNanbHONO U UHTErpasbHOro UCYUCAEHUs Apyroi) ma-
Tematuka XVII B,— aHrnnyaHnHa W. Bbappoy (Barrow Isaac,
1630— 1677) MOXHO 3aMeTUTb, YTO TOT YyXXe BMOJIHe OCO3HaBan (OyHK-
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LMOHa/IbHYIO 3aBUCUMOCTb MeXAy ABYyMSA repemeHHbiMu. OpaHako,
Kak 1 Benuknii . HblOTOH, OH nMpeacTasnsan nogobHble 3aBUCUMOCTU
npexage BCEro reoMeTpuyeckn WAN, CKOpee, B HEKOTOPOW MeXaHUCTU-
Yyeckoli MHTepnpeTauun, T. €. 3IKCMEPUMEHTa/lbHO U MWHTYUTUBHO.

Co6CcTBEHHO TepMUH «YHKLMA» (OT no3aHenatuHckoro — func-
tio— wncnonHeHve, ocyuwecTBneHue) 6bin BeBegeH [. JleibHMUem B
paboTax no AuddepeHUnanbsHOMY MCUYUCIEHUIO, XOTA Mog, PyHKLUUen
OH MOHVMM&/1 HeYTO OT/IMYHOE OT OOLLENPUHATOrO B HacToslliee BPeMs
3HaAYeHMs 3TOro TepMMHA — pas/InyHble OTPe3KWU, CBA3aHHble C KpWU-
BOW, B YaCTHOCTW, abcumccbl U opauHaThl ee Toyek. Bugmmo, To no-
HATUE DYHKLU MW, OT KOTOPOro Mpon3OoLLIO ee COBPEMEHHOE onpeaene-
HVe, 6blno BBeAeHO K KoHuy XVIII Beka dpaHLUy3CKMMW MaTeMaTu-
kamu Il. KoHpgopce (Condorset Marie Jean Antoin Nicolas de Cari-
tat, 1743- 1794) n C. Nakpya (Lacroix Silvestr Francois, 17<5
1843) HesaBucumo Apyr ot gpyra. VcTopukm martemaTtukum Ao cux
rnop He MMeKT eIHONO0 MHEHUS, KOMY W3 HUX MPUHaAIEXUT 3TO nep
BEHCTBO. MHTepecHO, 4TO 06a OHW, BOOOLLE rosops, nonaraim Heoba-
3aTeNbHbIM 33afaHue QyHKUUM aHanuTmyecku (dopmysoii). OpHako,
60/bLWINHCTBO Aaxe KpPynHbIX maTemMaTtukoB XVIIlI Beka He npuaasa-
NN 3TOMY 3HA4YeHUs N He OCO3HaBanWn pasInuna mexay QyHKLMen
M ee aHaUTUYeCKUM 3afiaHneM. 3TO MOC/YXWU/0 OCHOBaHWEM A/
KPUTUKN J1. JiNepoM pelleHns 3HaMeHUTOW 3agaynm O KosebaHuun
CTPYHbI, KOTOpoe npeanoxun M. bepHynan B 1753 roay.

dnnep cuuTan, 4YTo (PYHKUMA — 3TO MNPOM3BOJILHO HavyepTaHHas
KpuBas, a nocneposatenn O’°’Anamb6epa (D’Alembert Jean Le Rond,
1717 1783), K KOTOpbIM oOTHOcwuicA W [. BepHynnm,— 4to CcyTb
(hYHKUNOHa/IbHOW 3aBUCMMOCTM B €e aHa/IMTUYECKOM BblpaXeHUMW.
Monyuns pelLeHMe HEKOToporo AudepeHuasibHOro ypaBHEHUA B
BUAE TPUTOHOMETPUYECKOTO psaa, OH NpPennosioxun, 4to u nrbas
hyHKUMS (HenpepbiBHas) AO0/MKHA O6biTb pas3fioxnMa B MOA06HbIN
psg. TvnoTesa O npeacTaBfieHUM /O60M  HenpepbiBHOW  YHKLWK
aHaNUTUYeCKUM BbIpaXeHWeM, pas3sBuTaa B paboTax paHLy3CKNX
MaTtematunkoB C. Jlakpya u X. Tl. ®dypbe, 6blna noaTeepxaeHa B
1885 rogy BblgalwWMMCA HeEMELKMM MaTemaTukoMm K. BelepuwTtpac-
com (WeierstraB Karl Theodor Wilhelm, 1815 1897). bonee ToOro,
B 1940 r. pycckuii matematuk [. L. MeHbwos (1892 1983) noka
3an, 4Yto A8 OeNcTBUTENbHbIX OYHKUUA OEeNCTBUTENbHONO apryMeH-
Ta B pa3yMHOM, HO AOCTATOYHO LWMPOKOM CMbicne (418 U3MepumbliX U
No4YTU BCHOAY KOHEYHbIX (PYHKUWIA), Takme ABa noaxoda K hyHKL UM,
KaK K reomeTpmyecKoMy COOTBETCTBMIO U KaK K aHaIMTUYECKOMY Bbl
paXXeHU 3KBUBANIEHTHbI.

AvcKyccus Mo CYLWHOCTU MOHATUA (PYHKUMUW npuBesia K TOMY, 4YTO
K Hayany XIX Beka 6onee ynotpebnsemMblM CTano ee onpeperieHve
6e3 TpeboBaHUA aHaIMTUYECKOro 3adaHusa, yto nossonwno . Awn-
puxne B 1837 rogy cthopmynmposaTb ero 3HaMeHUToe onpefesieHve
4YMCNoBOM (MYHKLUWM, MPUHMMaeMoe A0 CuX MNop: «7 ecTb PYHKLNSA He-
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peMeHHOro X, onpefgeneHHas Ha oTpeske (a”.xX”.b), ecnn BcAKOMY
3HAYEHUIO MEepPEeMEHHOro X, coAepXallemycs B 3TOM OTpe3Ke, COOT-
BETCTBYeT BMOJIHE OMNpefenieHHas Be/MYMHa MepPeMEHHOro y, npuyem
COBEpPLUEHHO HEBaXHO, KakMM VMEHHO CMocObOM YCTaHOB/IEHO 3TO
COOTBETCTBME». A KPYMHENWnin pyccknii matematmk H. W. Jlobauyes-
cknii (1792— 1856), 3HakoMbIi ¢ Tpyaamu Jlakpya, ewe B 1834 rogy
Nnosb30Basics MOHATUEM (YHKUWW, BecbMa 6/M3KMM K onpegeneHuto
Onpuxne, cTaBWKUM CTO/Ib LWMPOKO W3BECTHbIM MO34HEE.

Jonroe Bpems NOHATME (YHKUUM Aunpuxne cuntanocb CTOMb CO-
BEPLIEHHbIM M TOYHbLIM, YTO HegoMnycTMMa 6bl1a U MbIC/Ib O BO3MOX-
HOCTV ee KPUTUKK. M TONbKO nocfne O0BOMbHO AJINTENLHON O U3YYeHUs
(PyHKLUMIA C pasnnyHbIMW CrieymanbHbIMW CBOWCTBaAMW cTana Hacylly-
HOli HeobxoguMmocTb 60sblUeli SACHOCTM NyHKTa onpegeneHns QyHk-
UMM: «...MPUYEM COBEPLUEHHO HEBA&KHO, KakMM VMEHHO Crnocobom
YCTAHOB/IEHO [AaHHOe cOOTBeTCTBME». CHavasa LWBEeACKUIA MaTema-
TUK T. bpogeH (Broden Torsten, 1857—?) ykazan B 1897 roagy npu
Mep (IYHKLUWM Ha OTpes3Ke, COCTaBMIEHHOW K3 Pa3HOPOAHbLIX W He3aBu-
CUMbIX MexAy coboli KpMBbIX, Kaxpas W3 KOTOpbiX onpegeneHa Ha
OAHOM M3 OTPE3KOB ero 6eCKOHEeYHOro pasbuvieHuss Ha OTPe3KN MeHb-
Wwen ANnHbl. Takoe 6eCKOHEeYHOe MHOXEeCTBO KPMBbIX, MO ero MHe-
HU1IO, He TO/IbKO HEBO3MOXHO 3a4aTb aHa/IMTUUYECKN, HO B CU/Ty CBOEW
npupoapl He MOXeT ObiTb M3YYeHO. B mpoLlecce pa3BepHyBLUerica Auc-
KYCCUM, B KOTOPOW OCHOBHOE Yy4acTue MPUHANN MaTemMaTuku dpaH-
Ly3ckoi wkonbl, P. Bapom (Bair Rene Louis, 1874— 1932) 6bina
yKaszaHa Heob6Xxo4MMOCTb, MO €ro MHEHMWIO, ONMUCaHUS 3aKoHa COOTBET-
CTBUA BCAKOMY X uucna y (x). X. Agamap (Hadamard Jacques Sa-

lomon, 1865— 1963), nonemunsnpysa c ®. bopenem (Borel Felix Kdou-
ard, 1871— 1956), yTBepxnaas, 4YTo NoAO6GHOe OorpaHuyeHue, BO-Nep-
BblX, CW/bHO HamnoMMWHaeT TpeboBaHMe aHaIMTUYHOCTU 3aaBaeMoW
hyHKUUN, YTO HeobBA3aTeNbHO, BO-BTOPLIX, MO CYLLECTBY CYXaeT 06-
nacTtb NpUMEHeHua Teopun MYHKUMKW, Hanpumep, B TEOpuUM rasos,
roe oHa yxe nokasasna cBol 3heKTMBHOCTb. PaboTbl bapa, Jlebera
n Agamapa no Teopun (MYHKUWA OKasalnCb O4YeHb MN0A40TBOPHbLIMM,
HO BMeCTe C TeM 4Ype3BblYaHO 3amnyTasM BOMPOC C CaMUM MOHATUEM
hyHKUUN, B KOTOPOM MaTemaTmyeckas «3aBUCUMOCTb» WIN «HEe3aBW-
CMMOCTb» MNEepPeMeHHbIX B KOHEYHOM cyeTe OKa3asiaCb CBA3aHHOI C
ob6CcyXXAeHneM OAHOro M3 MOJIOXKEHUN Teopun MHOXECTB, W3BECTHOIro
B MaTemMaTWKe Mo HasBaHMeM TMpUHLUMNa MpPou3BOJILHOIO Bblbopa
wnn akcuombl Llepmenno (Hemeukuii matemaTtuk, Zermello Ernst,
1871 — 1953), koTOpbIi cchopmynmpoBan ee B 1904 rogy: MNycTb AaHo
MHOX€eCTBO coCTosllllee M3 MOMapHO HernepeceKawLwmMxcsa MHO-
XecTB Ma, Torga cyw,ecTByeT MHOXeCTBO M, KaxAblii anemMeHT T N

KOTOPOro npuHaanexuTt Hekotopomy Ma, npuyem MIMAL, =T a
OCHOBHble MPOTUBOPEYNS B MOHATUN (PYHKLUWN Haxo[ATcs B A0-
BOJIbHO creunannsnpoBaHHbIX pasfenax mMareMaTuku U ee npunoxe-
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HUA. Bap nucan: «[na Hawero yma BCe NPUBOAUTCA K KOHEUYHOMY».
Ho B Tex ee obnacTtax, rge BMOJSIHE HeNpPOTMBOPEYMBO oOrpegeneHune
Anpuxne, Teopua QYHKUMA oOKas3asnacb HeOob6bl4alHO WHTEPEecHOW u
NI1040TBOPHOM, paspeLlns K TOMY Xe MHOXeCTBO 3ajady NpukiagHomn
MaTtemMaTuKu, (U3VKN, MEXAHUKU W T. O, MNOpoAuvB Lenble pasaensl
3TUX HayK (auddepeHymnansHoe U MHTerpasbHoe ucymucneHue, ong-
hepeHUManbHY0 reoMeTpuio, Teoputo (OYHKLMI KOMIMIEKCHOro nepe-
MEHHOro, Teoputo PYHKUUOHANbHLIX PAaoB, pagos ®dypbe M MHoruve
Apyrue). A HauMHas c Hemeukoro ydyeHoro B. JepekuHpga (Dedecind
Julius Wilhelm Richard, 1831 — 1916), Hapsgy C OAWUCKYCCUEW BOKpYr
camMoro noHATUA (YHKUMM B paboTax pas/iMyHbiX MaTeMaTUKOB KOH-
ua XIX Hayana XX BEKOB, MPOUCXOAUT MNocTeneHHoe 0606ueHne
ero Ha Heuyuc/ioBble MHOXecTBa (COBGCTBEHHO yKa3aHWA Ha BO3MOX-
HOCTb Takmx 0606LeHN I OTMeuYeHbl ewe B pabotax C. [akpya wu
B. KoHpopce), a ¢ cepeanHbl XX Beka 3akpennsetcs TpaguuMOHHas
HblHEe TepMWHOMOrMA B 3TOK obnacTu.
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BMUEKTWUBHBIE OTOBPAXEHWNA

MPEOBPA3OBAHMUMA

8§ 9. VIHbEKTUBHbIE W CIOPBEKTUBHbIE OTOBPAKEHUSA.

§ 10 6MEeKTUBHbIE OTOOPaKEHUS.

8§ Il. HekoTopble npumepbl GUEKTUBHBLIX OTOOPAKEHWIA.
Mpeobpa3oBaHus.

§ 12*.KOHeYHble W CYETHblE MHOXECTBA.

OCHOBHbIE MOHATUA: NHBEKTUBHOCTbL, CHOPBEKTUBHOCTL U ONeKTNB-
HOCTb OTHOLWIEHNA " 0T06pa)KeHI/IF|, npe06pasoBaH|/|e MHOXXeCTBa,
noactaHoBka, CMUMMeTpuyeckaa rpynna, MOWHOCTbL MHOXeCTBa, paB-
HOMOLLHbIE MHOXEeCTBa; BWAbl MHOXECTB: KOHeEYHble, GECKOHEYHblE,
CYETHble, CYETHOOECKOHEYHbIE, HECYETHbIE.

Heobxogumble cBefeHUs: MHOXECTBO, OMHapHble 1 M apHble OT-
HOLWeHnsA, ob6nacTb onpegeneHns wn o6sacTb 3HavYeHWii GUHapPHOro
oTobpaxeHus, obpas 1 Npoobpas afnieMeHTa M MHOXEeCTBa, onepauun
Ha OTOGpaxeHusX, o6paTMmMoe OTOb6paxeHue, CyXeHue OoTob6paxe-
HUA, adpPUHHaa cucTemMa KoOpAMHAT Ha MOCKOCTU, adpPUHHbIE KO-
opAuHaTbl TOYKW Ha MIOCKOCTU, HaTtypanbHble uucna (N), uenble
yncna (Z).

PekoMeHAALMM: MPU U3yYeHUM rembl MaTepuan § 12* (3a WCK/oYeHVEM oMpene-
JICHHIA) MOXHO OMyCTWTb.
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CemecTtp |
1 — MHOXeCTHa U OTHOLLUEHMS Ha MHOXecTBaxX.
& 8§ 5.
2 — Onepauun Ha GUHapPHbLIX OTHOLLEHUAX. OTOBpaXKeHUSs.
3 — BreKTUHHbIE OTOGpaxXeHus. [MpeobpasoBaHUs.
&9 § 1.

1 — BUHapHble OTHOLLEHVSI Ha MHOXecTBe. ®aKTOp MHOXECTBO.
5 — Matpuupbl. OCHOBHble onepauyi U CBOMCTBA.

6 MopacraHoBKW. pynnbl.

7 Onpepenvtenu

8 — BeKTOpHble MPOCTPaHCTBa.

9 — JINHeNHO 3aBMCUMbIE W IMHEIHO HE3aBMCUMbIE CUCTEMbI BEKTOPOB
K — PaHr matpuupl. CuCTeMbl NIMHEHbIX YpPaBHEHWIA.

1 — /NivHeliHble OTOGpaXeHUs BEKTOPHbIX MPOCTPaHCTB.

12  MarpuuHoe npencTasneHne roMoMoph3MOB.

13 — Anrebpa MHelHbIX OrepaTopoB.

14 —CoOO6CTBEHHbIE BEKTOPbl JIMHEWHbLIX OMepaTopoB.

15 —EBKMOOBLI BEKTOPHbIE MPOCTPaHCTBA.
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89 CHOPBEKTUBHBIE U NHBEKTWBHDLIE
OTOBPAXEHNA

[ABa cneynanbHbiX BUAA OGUHAPHBLIX OTHOLUEHWI MpeacTaBnatoT
0COo6blli MHTEpec, NMepBoe M3 HUX— CIOPBLEKTUBHOE WM CIOPbEKL S,
3TO HasBaHWe MpoucxoauT OT (YpPaHLly3CKOro csiosa surjection —
Ha/oXeHne, «SUr» o3HayvaeT «Ha».

OnpepneneHa e 9.1 bBuHapHoe oTHoweHue [a X XY HU3bI-
BaeTCA CHPbLEKTUBHLIM, ecnn Aans nawboro r/e Y cyuwectsyeT
XN X Takow, 4yto (X, r/)e/, T.e Im/=Y.

CumMmBOIMYecKas 3amnncb 3TUX YC/IOBWIA:

I. Dom /cl(, (9.1)
sur: 22 Im /=Y.

MNMocnenHee ycnoBMe MOXeET O6biTb CHOPMYNINPOBAHO UMHaue

(cm. onpepeneHve 5.4):
sur: 2. Vr/eK 3T1eA"! (x, i/)e/. (9.2)

OueBUAHO, OTHOLUEHME He CHPBLEKTUBHO, ecnn Irn/3”™b wm
2". 3ye=Y VxeiX|l <, (9.3)

EcTecTBEHHO Ha3BaTb CHOPbHEKTUBHBLIM W OTO6paxeHue, KOTO-
poe, Kak 6MHapHOe OTHOLUEHWE, CIOPBEKTMBHO W MOXHO CKasaTb,
4yto oTobpaxeHue /: X—*-Y CIOPbEKTUBHO, €CNN BCAKWUIA 3MeMeHT
MHOXecTBa Y umeeT npoobpas.

O603HavYeHne Takoro oTobpaxeHus: / — sur, a MHOXecTBa BCeX
CIOPBEKTMBHbIX OTO6paxeHwnin X B Y  SMap(X, V).

COBOKYMHOCTb BCEX YC/IOBUI, YTOGbI BUHapHOe oTHoLeHue / Gbl-
IO CHOPBEKTUBHbIM OTObOpakeHnem X B Y:

I. Dorn | = X.
sur: 2. Im f=Y. (9.4)
(x, Yi>e/s
3.V {yu czY i = 1=
{yuy2 <, Ih) e/ j =></1=

V3 onpepeneHnsa cnegyeT, 4TO, YTO6bl yCTaHOBWUTb, YTO OTOGpa-
eHue j\X-*-Y CIOpbeKTUBHO, HaOo MoKasaTb, YTO BCAKUIA 3NeMeHT
MHOXecTBa Y MmeeT npoobpas, a HeCIOPbLEKTMBHO — HaiitM B Y XO-
TA O6bl OOVH 3/71EMEHT, He MMelLWwmii npoobpasa.

Mpumep 9.1. Onpegenum, Kakue u3 creaylolmnx OTHOLUEHWUH
CIOPBEKTUBHbI U noyemy? Kakue ABMSAIOTCA CHOPLEKTUBHLIMK OTO-
6paxeHuamn? (puc. 36—41).

MepBoe oOTHOweHMe ecTb oOTobpaxeHne g\'-X Y, rae
X={a, b, ¢, d], a Y={a, @y, ft}, Tak Kak BCAKOMY 3/1eMeHTYy U3
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n 92 7]

I’'my 1w Pur. 37 Put. 38

X cOOTBeTCTBYET €AMHCTBEHHbIi 3n1eMeHT M3 Y. OHO CIOPBHEKTUBHO,
TaK Kak npuv 3TOM KaxpAblii anemMeHT 13 Y uMMeeT npoob6pas.

OTHoweHne g2czX XK roe X=1{a, b, ¢, d\, Y= {a, fi, y} Takxe
ABNAETCA OTOOpaXeHMeM, g2:X->-Y, OHO He CHPBEKTUBHO, TaK Kak
3/IEMEHT ? He uMeeT npoobpasa.

BuHapHoe oTHoweHue gjCzX'X.Y He saBnsieTcsi OTOGPAXEHUEM,
TaKk KaKk OHO COAEepXWUT HO KpaiHel mepe pfgBa KopTexa <?, ?)
m (?, ?) C OAVHAKOBLIMU TMEPBLIMU 3/IEMEHTAMMU.

Kak oOTHOLleHue, g: CHOPbEKTMBHO. 4

Mpegblaywine npuvmepbl NO3BONAKT cAefaTh 3ak/IH4veHue.

BoiBOA. OcCOGEHHOCTbIO rpada CHPBLEKTUMBHOINO OTOGpaXeHus
MHoOXecTBa JT, COCTOSALWEro M3 KOHEYHOro 4yucrna 3/1EMEHTOB, B MHO-
ecTBO Y C KOHEYHbIM UYMUC/IOM 3/1EMEHTOB SABMIAETCA TO, UYTO B KaX-
[OM 3nemMeHTe MHOXecTBa X HauyMHaeTcss cTpesnka rpaga u Kax
Obli 3neMeHT MHoXecTBa Y SIBSIeTCS KOHLOM HEKOTOPOW CTpenku
rpadga.

/1 ocobeHHOCTb rpacha He CHOPBLEKTUBHOIO OTOOGpPaXeHUs coCToUT
B TOM, 4TO Halgetca <0e K, KOTOpbIi He fBMNSIETCS KOHEYHbIM 3/1e-
MEHTOM CTpPefiIKM C Haya/loM B 3/leMeHTe MHoxecTBa X.

OTtobpaxeHue /,:R—»R roe /,={(x, y) | y— —0,5*4-1}, ? He ?
CIOPBEKTMBHO, B YeM He COCTaB/seT TpyAa yb6eauTbCs, BbIYUCAUB MO
X COOTBeTCTBYyKOLUlee 3HavyeHue y (puc. 39). 4

CIOpbEKTMBHO U OTOGpaxeHue

/CR->R. toe /,={(n, /| y= T} 4

Hro rpacuk Ha pwuc. 40.
OTo6paxeHune
/,;R-*-R. rtoe /,={<*, y) | {c, ylcz R4 #/= sin x}

? He ? CIOPbEKTUBHO (puc. 41). ¢
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CIOpPbEKTUBHO N1 U MOYeMy OTOobpaxeHwue: -
/AR-H —I. Y- rpe /,={<*, y) | (X, «}<=RA«/ = sin x}?

3amMmedyaHune 9.1. CnoXeHWE N YMHOXEHUE [OENCTBUTE/bHbIX
uncen (cMm. npumepsl 5.5, 7.1):

[+ bl<<*. (/>,2)"1 {X, y, Ddc RAz=x+ i/)c R2XR = R3

[-!={<<c, y> z==UN {X, vy, z}ce ROr=x//}cR X R=R
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KaK OTOGPaXeHUs CHPBLEKTUBHbI: ¢

VeeRB <<, ?). nel].|A3<<?. 7>, r)e

Teopema 9.1 Ecim oTtobpaxeHua Ff:X-*-Y wn g:Y-2LZ
CHOPBLEKTUBHbLI, TO g°f:X-*Z CHOPBHEKTUBHO.

9Ta Teopema MOXeT 6biTb CHOPMYy/IMpPOBaHa WM MHaye: KOMMO3M-
UMA CHOPBEKTMBHbIX OTOOpPaXKeHWn ecTb CIHOPbEKTUBHOE OTo6pa-
XeHve.

Joka3zaTenbcTBO. OueBMAHO, cnegyeT MNPOBEPUTb BbIMOJI-
HMMOCTb Bcex Tpex ycnosuii (9.4). Ho g°f:X->-Z (no Teopeme 8.?),
YTO O3HauvaeT BbIMO/IHEHVE MEPBOro M NOCAeAHEro M3 3TUX YC/I0BUIA:
T.e, 4to (g °[— oTobpaxeHue un Dom g°f= X, cnepoBaTesib-

HO, OCTaeTcsa nMpoBepuTb TONbKO TO, 4Yto Uug°f=2Z wm (9.2):
(Vhg Z 3 ?2e? <, z=eqg'/). 4
M3 clopbeKTMBHOCTU OTOb6paxeHuidi / n g cnepyet

g — sutm (V z«=Z 3yry\(y, z)Gg) ) ?
/—sur==>~(Vr/e K3tgZ|(x,y)~f) j ~ !

Taknm o6pa3om, O18 MNPOU3BOJILHOIO zeZ YyKasaH 3/IeMeHT
am 7) (EEg°INg°f —sur. ]

Cnepcteue 91 MHoxectBOo SMap {X, X) CHOPBbEKTUBHbIX
oTo6paxeHuin X B X 3aMKHYTO OTHOCUTENbHO MX KOMMO3WULMW.

9TO O03HayaeT, 4YTO KOMMNO3MUUA CHOPBHEKTUBHbIX OTOBpaxeHui
MHOXecTBa B cebsi eCTb TaKXe CHpPbLEKTUBHOE OTOobpaxeHwe ero B
cebs. 4

3apgauva 9.1.1. Ana obpatumoro otobpaxeHua fASMap (X, V)
CIOPBLEKTUBHO 1 OTOGpaxeHue / '?

YkasaHue. [lpvBeAnTe HECKONbKO  MPYMEPOBOTOOPaKEHUIACIOPBEKTUBHBIX
(onpepeneHve 9.1) n obpatumbix (onpedeneHve 8.3, yTeepxaeHue 8.1, cneacrteue 8.2),

paccmoTpuTe uX rpadbl UK rpadmkm. 4

3
/ — obpatumoe oTobpaxeHuem/ ‘eMap(?, ?)) ,
Dorn/ '=T [=»/ ""SMap (Y, x).

Im/ '=mY 1

Cnepywowunini  B4g, 6UHapHbIX OTHOLWEHUA — WHBEKTUBHbIE, Wa-
3BaHVe npoucxoamT OT dpaHLuy3cKorocsiosa injection BNOXe-
HWe, «in» O3HayaeT «B».

OnpepneneHne 92 buHapHoe oTHoweHue fa X X ¥ Hasbl-
BaeTCA WHBLEKTUBHLIM, €c/iM pasHbiM 3nemeHTam u3 Dom / cono-
CTaBnseT pasHble 3/IEMEHTbl MHOXecTBa 1T /.
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CumBoninyeckas 3anmcb Tpe6OBaHI/II7I 9TOro onpeaeneHunda:

1 Dom faX.
2. Ini /cz Y.
<*i. Y>6E/ 9.5
int 3 V{c, rcl == 2 8-5)
<2 \>e/

OueBungHo, 6I/IHapHO€ OTHOLLEeHMe Ha MHoxecTBax X M Y He UHb-
€KTBHO, eC/1M HapyuweHO nocneaHee ycsosue u

OH Y)e/ | ‘ (9.6)
< (f><=p N1 X o=

Ecnn B ycnoBum WHBLEKTUBHOCTU (9.5) 6GuHapHOro oTtHoweHus /
MOMEHATb MeCcTaMW 3N1eMEHTbl KaXOO0ro M3 KOopTexeli:

<Jl x,)e/ '
< *2><=/ '

3". 3{X], xZczX

V{jr, nr}c=X X, = x2

TO MOSy4YMM He 4YTO MHOe, KakK ycnosue (7.1) eAVHCTBEHHOCTU B OTHO-
WweHwni / 1l kopTexa C MepBbiM 3EMEHTOM Y — MPOWU3BO/IbHbLIM U3
Dom / 1= Im /, uTO paeT cnepyiwoLlee.
YTBepxaeHue 91 Ecnnm /- WMHBbEKTUBHOE OWHApHOE OTHO-
weHne, 170 / laBnsetca OTOGpaxKeHUEM.
EcTecTBeHHO Ha3BaTb WHBLEKTMBHbLIM OTOOpaxeHue, KOTOpPOe,
KaK OWHapHOe OTHOLWEeHWe, WMHBEKTMBHO, U MOXHO CKa3aTb, 4TO
oTobpaxeHune /: X-+Y WHBLEKTUBHO, €CNM BCe pasHble (Hepae
Hble) 3NeMeHTbl MHOXecTBa X MWMelT pasHble obpasbl.
O603HaveHne Takoro otobpaxeHusa: / - in, a MHOXecTBa BCeX
WHBEKTUBHBLIX OTO6GpaxeHunii X B Y — IMap(X, Y).
COBOKYMHOCTb BCEX YC/IOBUI TOro, Yto 6uHapHoe OTHoweHwne /
ABNAETCA WHBEKTUBHBLIM OTOOpaxeHnem X B Y:

1. Dom f= X.

2. Im fez V.

3V {*, g <X Y) D— 9.7)
<=2 Y) a)

3V (VI /2 <<)x,<’ ;/,;;«,f} IY\=y-2-

YcnoBve WHBEKTUBHOCTU OTOGpakeHua /: X—»Y, HO cylliecTsy,
O3HayaeT, YTO pasHble 3NEeMEHTbl M3 X He MOryT MMeTb OOUH W TOT
e obpas, T. e. BCAKoe 3HaudeHue f (X) npuHMUMaeT TONIbKO OOVH pas,
nnn nobon anemeHT u3 Im / Ao/mKeH MMeTb TOJIbKO €OUMHCTBEHHbIN
npoobpas, 3To MNO3BOAAeT MepedopmMynMpoBaTb yTBepxaeHue 8.1
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94 :

Puc 42

YTBepxageHu e 92 OtobpaxeHne obpatmmo Torga n TonNb-
KO TOorga, Korga OHO WHBLEKTUBHO.

OTclofa, B 4acTHOCTW, credyeT TakKol BaXHbI (hakT, 4To BCA-
KOe MHBEKTUBHOE OTObOpaxeHue obpaTumo.

Mpumep 92. VIHbeKTUBHble OTOoGpaxeHus (puc. 42 n 43):

1 Imgd4={a, p, 6}c K wn Kaxpablii N3 HUX UMEET eANHCTBEHHbIN
npoob6bpas.

2. CIOpbeKTUBHOE OTOOpaxeHue npeabiayuiero npumepa 9.1
/2: R R, rpe /2= {(jt, y) |y = X') MHBEKTUBHO.

Joka3biBas B 3afave 811 o06paTUMOCTb 3TOr0 OTOGpPaxeHwUd,
Mbl YCTAHOBW/IN €ro MOHOTOHHOCTb (Ka)go0e 3HadyeHue XJInpuHuma-
€T TO/IbKO OAMH pas), Y4TO W O3HayaeT WMHBLEKTUBHOCTbL /2 KakK OTO-
6paxeHua. 3TO BMNOMHe Harng4HO Ha rpaguke yHKUMN Yy — X'

11enHbEKTMBHbIE OTOGpaxeHus (puc. 44 n 45):

3 d.:{a, b, c}-*-{a, p, vy, 6}, Tak Kak HaligyTca OBa KopTexa W3

gs e >0 <2 <om ' *
4. OTobpaxeHue, npueeaeHHoe B 3agadve 8.1.1

A3 R*-R rpe /i={<mw, y) ly = a2

JoctatoyHo 3ameTuTb, 4to (2, 4)e/s n (—2, 4)e/5 Ho
20 —2 T. e. BbiMosiHAeTcsa ycnosue (9.6).
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Pur. 44

Mpegbiaywne npuMepsbl MO3BONAIOT cAefnaTb 3akK/IlyeHue.
BboiBoa. UYTOOGbLI YyCTAaHOBUTb HEWH bEKTUBHOCTb OTOGpaxeHus,
L0CTaTo4yHO HalTM Takux pfBa 3nemeHTa, 4Tob6bl UX 06pasbl COB-
naganw.
Ocob6eHHOCTbI0 rpada WMHBLEKTUBHOIO OoTobpaxeHus / MHOXeCT-
Ba X, COCTOfILLLEr0 M3 KOHEYHOro uucna 3/IeEMEHTOB, B MHOXECTBO
Y C KOHEYHbIM YUC/IOM 3/1EMEHTOB SBMSETCA TO, YTO KaKAblli 3/1eMeHT
MHOXecTBa 1w / ABNAETCSA KOHLOM TO/IbKO OAHOW CTpenku rpada.
1 ocobeHHOCTb rpad)a He WMHBLEKTUBHOIO OTOGPaXKEeHUSA COCTOUT
B TOM, 4TO HaligeTtca e Im /, B KOTOPOM 3aKaH4MBalOTCHA MO Kpai-
Hell mMepe fABe CTpenkm rpada oTob6paxeHus /.
3ameyaHue 9.2. CnoxeHune pAeNCTBUTENbHbLIX uncen (Npwu-
Mep 5.5), kak oTobpaxeHue [-f|: R R ? He ? MHBEKTUBHO.
Hanpuwmep,

<<1, 1), 2>e|+ N ?

<1, 1> <, 3)}c R2 oI #<?. s
{ e RZ o 3y, 2mej vy ¢ TESTF

AHaNOrMyHo ycTaHaB/MBAETCA HeUH beEKTUBHOCTb OTOOpPaXKeHUA
YMHOXeHUs [<]|: R2—=*=R. -

Cnepgyouine TeopeMbl Aal0T MpeacTaB/ieHMe O HEeKOTOPbIX CBOWA-
CTBaX WHBLEKTUBHbLIX OTOBPaXeHW.

Teopema 9.2. Ecnn otobpaxeHus f:X-*-Y wn g: Y-mZ
UHBEKTUBHbI, TO g°f'- X —»Z WHBLEKTUBHO.

ViHaye roBops, KOMMO3ULUA WMHBLEKTUBHbLIX OTOGPaXEHWA ecTb
VHBEKTNBHOE OTOOparkeHue.

Ana pokas3aTenbcTBa HagO nMpPOBEPUTb  BbIMOJIHEHME
oTtobpaxeHuem g°f Bcex ycnosuii (9.7). Mo Teopeme 81 g°[: X —»Z,
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(oTo6paxeHne X B Z), 3TO O3HayaeT, 4YTO ocTaeTcsa ybeamTbca B CO-
6n00eHUN AN HEro TOJbKO YCNoBMA 3. UHBLEKTUBHOCTWU (9.7.):

<. 2>€Egy 1

L: V {x, X3czX X —X)
/T
B cuny WHBEKTMBHOCTU /U g WUMEEM
. <*|. </>™/1 \
/ in = (VIx,, x3c: X 9./
( 2 <Xy )N I x X4 (9.7)
c <A, 2>eqgl ©.0)
-« A=Y o ryEer ¢ T '

COOTBETCTBYHOLWMNE KOPTEXUN

<X,. z)Mrof=t, By "Y\((xh /) el n <(, z)eg))
(9.8)

<X z=eEg/i- (/2 K|(<X2 o2>=ee/ T </2 r)eqa)l

(3/7e K|(<x,, </~ 1 </, 1) eqg))

B//<=K|(<x2 «/>~ N <f/, r)eq))

Uto u Tpebosanocb AoKa3atb, TaK KakK 3TO O3HayaeT eAVHCTBEH-
HOCTb B OoTOGpaxeHun g°f KopTexa C MPOW3BOJIbHLIM BTOPbIM 3Jie-
MeHTOM U3 Inigo/. =

CnepctBue 92. MHoxecTBO 1Map (X, A) UHBEKTUBHbLIX OTO-
6paxeHnin X B X 3aMKHYTO OTHOCWUTE/IbHO WX KOMMO3WULMW.

3apgayvya 9.1.3. Ecrm j~IMapiX, Y), To /— obpatumo (yTH.
9.2). dAensieTca M oTobpaxeHue / MHBEKTUBHbLIM?

YkasaHue. Cm yTBepxaeHunda 9.2, 5.1, cnepersusa 8.2, 8.3.

Teopema 93. Ecnm otobpaxeHune f:X-*-Y WNHBEKTUBHO, TO

/ °/='N wnl/lo/ '=

3apava 9.1.2. [lokaxuTte Teopemy 9.3.
YkasaHue. CMm. cnepctemne 84, yTeepxaeHue 9.2.

n

Joka3aTenbcTBO. /— NHBEKTUBHO =>/— 06paTMMO W, 3Ha-
Tt (/ /=n4 N7/ =W (nouemy? * )
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8 100 BUEKTMUBHbBLIE OTOBPAXEHINA

B maremaTuke cpennm OCHOBHbIX Mpo6/ieM BCTpevalTcs Tak Ha-
3blBaemMble 3ajavn kKnaccudukaumm, B KOTOPbIX TpebyeTcs Bblae-
NNTb 06bEKTbI (MaTemaTuyeckme CTPYKTypbl), obnagawolive B Ka-
KOM-TO CMbIC/Ie O4MHAKOBbIMW CBOWCTBaMW, B YaCTHOCTU, OAVNHAKO-
BbIM KO/IMYECTBOM 3/IEMEHTOB. Korga a/1eMeHTOB B MHOXeCTBax
KOHEYHOEe 4MCNo, 3TO MOXHO cAenatb MpPocTo, MepecynTaB WX ane-
MEHTbl W CpaBHWB pe3ynbTatbl. OAHaKO, ec/in 3/1eMEHTOB CpaBHU-
BaeMbIX [IByX MHOXEeCTB GECKOHEYHO MHOro (Hanpuwmep, Hatypasb-
HbIX W UenbIX YMcen, Win TouYeK MNpAMOM u oTpes3ka), TO UX nepecyet
yXXe HeBO3MOXeH W TpebyeTcs WMHOM crnocob cpaBHeHUA. B kayecTse
Takoro cnocoba CpaBHEHUA MHOXeCTB npejfiaraeTcs BbIAICHUTb CYy-
LWecTBYeT WM HeT TaK Ha3blBaeMoe OGMEKTMBHOE OTOGpaxeHue, um
6unekumsa, o4HOro M3 MHOXEeCTB B Apyroe. MNpu 3aTom 6yaeT oyeBuA-
HO, 4YTO, ecnNu [Ba MHOXeCTBa C KOHEYHbIM YUC/IOM 3/IEMEHTOB WMe-
0T X OOVHaKOBOE KO/MMYecTBO, TO Takoe OTO6paXeHue CcyLlecTBy
eT. CnoBo bijection MOXHO nepeBecTn KakK «[BOWHOE Has/lOXeHne».
Hapsgny ¢ TepMMHOM OMEKTMBHOE BCTpevyaeTca TepMUH B3auMHO-
OHO3HayHoe, 4YTo 6/IM3KO K nepeBofy C NnaTUHCKOro cnosa bijecion
(bi — pBoiiHoOM, jacio — 6pocato).

OnpepeneHne 101 Otob6bpaxeHune f: X “mY Ha3biBaeTcA
ONEeKTUBHbLIM, €C/IN OHO WHBLEKTUBHO W CIOPBEKTMBHO.

O603Ha4veHune: / — bi. MHOXeCTBO BCcex GMEKTUBHLIX OTOGpaxe-
HUWiAi X a Y mHorpga o6o3Havaetcd BMap(X, VY).

O6beanHAA YCNOBUA CHOPBLEKTUBHOCTU (9.3) U MHLEKTUBHOCTU
(9.0), NoNy4YMmM CUMBOJIMYECKYH 3anncb TpeboBaHW GUEKTUBHOCTU
oTobpaxeHua /: X Y.

I. Dom f= X.
sur: 2 Im /=Y.

in: 3.V {m, xZczX (10.1

4 V{yhy2ayY

OueBMOHO BbiTEKAlOLWee M3 onpeaeneHwii CIOPbLEKTUBHOCTU W
WHBEKTUBHOCTU OTOOPaXkeHWA MNPOCTOe, HO BaXHOE U yTBepXAeHue.

YTBepxageHue 101 OtobpaxeHue f: X —+Y OUEKTUBHO
Torga v ToMbKO TOrga, Korpa BCAKWIA 3/1eMeHT MHOXecTBa Y umeet
€AVHCTBEHHbI NMpoob6pas.

OHO nNOo3BONSET A0BOJILHO /IEFKO Cpean OTOOpaXeHulii npuMepoB
91 un 9.2 ykasaTb OMEKTMBHblE OTOOPaKEHUSA:
o\ — bi, /, — bi, f2— bi. ¢
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CchopmynmnpyinTe oTNMUYMTENbHbIE XapaKTepPUCTUKKU rpada 6uek-
TUBHOro OTOGpaXeHns MHOXEeCTBa, COCTOSALLEero M3 KOHEeYHOro yucrna
3/1EMEHTOB, B MHOXECTBO C KOHEYHbIM 4YUC/IOM 3/IEMEHTOB, 06beau-
HAS cBOWcCTBa rpadoB CHOPHLEKTUBHOIO U WMHBLEKTUBHOIO 0To6pa>Ke-
HUA TakUxX MHOXECTB.

3ameuvyaHue 10.1. MNpumepoM NpOCTENLLErO GBUEKTUBHOIO OTO-
OpaxeHUs ABMseTCA ToxAecTBeHHoe: iX= {(X, /)| reA).

3apgava 1011 N ={a, a2 a,}, B = {61 b3 Onpenenute, cyuie-
CTBYIOT /1N CHOPBLEKTUBHLIE OTOGpakeHUss A —mB ? NIHbEKTUBHbIE OTO-
6paxeHus A —»B? buektmBHble? [louyemy? [locTapanTecb noa-
CUMTaTb YMUCNO PAa3NNYHbIX CHOPBEKTUBHbLIX, NHLEKTUBHbLIX U BUEKTUB-
HbIX OTOOpaxeHuin A B, ecnn Takue uMelTCA.

OTBeTbTE Ha Te XXe BOMpOChbl AN OTO6GpaxeHu B A Tex xe ca-
MbIX MHOXECTB.

YkazaHve. CM. 3afavy 7.2.2. TaK KaK CyLlecTByeT BCEro 8 oTOGpaxeHuii A —K B U1
11 0TOGpaXKeHNA B A, TO MOXHO MPOCTO MOCTPOUTL UX Fpadbl U BblIOpaTb U3 HUX 06-
Napatolpe TpebyembiMy CBOMCTBaMU (CM. BbIBOAbI H § 9).

OpHako nocTapaiTech, He CTPosi rpadibl, OTBETUTbL Ha BOMPOC O CYLLECTBOBaHWUM
OUEKTVBHbIX OTOOpPaXKeHWA A -K i WM B —+m A (CM. yTBepxaeHue 10.1).

3apa ya 10.12 A—{a,, a2 .. at}, B = {bt, b2 ... b,}. Mpn Kaknx
TWU N CYWECTBYIOT CIOPbEKTUBHbIE OTOOpaxeHna A B? WHbEKTMUB-
Hble oToGpaxeHunsa A 6? BuekTuBHbIE? [louyemy?

YkasaHve. Cwm. ytBepxaeHve 101, BbiBOAbl B § 9, 3agauvy 7.2.2.

Teopembl 91 w©n 9.2, XapakKTepu3ysa KOMMO3ULMN CIHOPBLEKTUB-
HbIX U MHBEKTUBHbLIX OTOGPaXeHWA, B COBOKYMHOCTM Aal0T cCreayto-
lpe yTBepXaeHus.

Teopema 101 Ecnm otobpaxeHus f:X—»Y u g:Y-*-Z 6unek-
TUBHbI, TO OoTO6paxeHune g°f: X Z TOXe OWEeKTUBHO.

CnepctBue 101 MHOXeCTBO BCeX OMEKTUBHbLIX OTOGpaxe-
HUA MHOXecTBa B cebsi 3aMKHYTO OTHOCUTE/IbHO onepauum MUX KOM-
nosvuyn.

Teopema 10.2. Ecnu oTtobpaxeHue f:X-+Y OUEKTUBHO, TO
/ 1 K X 6uekTMBHO.

3apgava 10.22. Jokaxute Teopemy 10.2.

Jokas3aTenbcTtBo. Hafo ycTaHOBUTb BbINO/IHUMOCTb BCEX
ycnosuii  (10.1) 6GMEeKTMBHOro OTO6GpaxeHua Ans oTHoweHus /

YkazaHue. Cwm. ytBepxaeHuve 9.1, 9.2, cneacteme 8.2. Boinvwnte cBOMicTBa OTOGpa-
XeHuna / 1 «obepHUTe» KX, T. €. MOCMOTPUTE, Kakue CBOWCTBA OHW OMpeaenstoT y OTo-

OpaxeHns /1w noyvemy.

ans otobpaxeHusa / ONA OTHOweHns /~'
>
1 Dotn f—X Im /- 2
2 Imf=Y =4~ Y= Dom /“"' 1

3. /— in=i»/ — obpatmMo =>- [ 1:?->-? 4

4. f — oTob6paxeHne = A f '—in 3
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Takum o6pa3om, A GUHAPHOro OTHOLWEHWUA / 1BbINOSIHEHbLI BCE

ycnosusa (10.1), n / 1— 6GUeKTUBHOE OTobpaxeHue. =
CnepctBune 102. / = n f°f~' =iy gna 6GUeKTnBHOro
oTo6paxeHusa ANX-*-Y. (no Teopemam 9.7, 10.?). [s9]

§ 11. HEKOTOPBIE MPUMEPbl BUEKTWBHBbIX
OTOBPAXEHWN.

MPEOBPA3OBAHNA

HuXe Mbl paccCMOTPUM HECKOJIbKO BaXHbIX MPUMEPOB U NPUEMOB
[0Ka3aTeNnbCTB OMEKTMBHOCTM OTOGPaXeHWi W cBA3aHHble C 3TUM
MOHATUA.

Mpumep 111 Bbiwe B npumepe 4.3 6bl/10 BBEAEHO OTHOLUEHUE
pcrFIXR 2 a B npumMepe-7.2 Mbl Mnokasasn, 4To p ABNseTcad oTtobpa-
eHnem p: lI-+R \ conocTaBnsAwoLWmMM TOYKe MIOCKOCTN ee apPuHHbIE
KOOPAMNHAaTbl OTHOCUTE/IbHO HEKOTOPOM (PUKCMPOBAHHOW CUCTEMbI KO-
opguHart, T. e. p{M(X, y))= (X, y). Tenepb nokaxem, 4To 3TO OTO-
6paxeHne OGUEKTUBHO, T. €. BbINO/IHEHWE YC/IOBUI CHOPBHEKTUBHOCTU
U UHBEKTUBHOCTU (BTOpOro u Ttpetbero B (10.1)).

Ana npoctoTbl n3obpaxeHus 6yaem cymTaTb, YTO CUCTEMA KOOp-
OVHAT nNpsaMoyrosibHas AekapTtoBa, XOTd 3TO U He BNUSAET Ha o6Lul-
HOCTb pPaccy>XOeHWiA.

JokasaTenbcTBO.

1 Y106bl YCTAHOBUTb CHOPBEKTMBHOCTb OTOOpaXeHus p, BO3b-
MEM TMPOWU3BOJILHYIO YMOPAAOYEHHYO napy uucen (X, y) ™ R, no-
CTPOMM Ha KOOPAMHATHbIX O0OCAX TOYKM MX U My TaK, u4TOOGbl
|Onar|= |x|, npuiem, MXMNOX'), ecnm x~0, n MXMNOX"), ecm
X<0, TaKk Xe rno y nocTtpoum TO4uyky My (puc. 46).

HanomuHaHuve. |o x') — /lyd C Haya/lbHOW TOYKOW O B HamnpaB/EHUN TOYKU X'.
(0 X ')y— npaAMasi, npoxoaslias yepe3 Toukm O u x'.

Mpoeegem npamyto T X\OrxX™M ya T xX\\(OX)), aHaiormiHo —
npsamyto T yY\\(0Y), ux TOouka nepecedyeHnas— 17 x{\Tu= M. Tlo no-

Pre. 46
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CTPOEHUI0 Takaa Touyka onpegensercd KopTexem (X, Y), U 3HauuT,
MMeeT KoopauHaTbl (X, Y), UTO HO onpegesieHnto 6uHapHoro otobpa-
XXeHUa p o3HadaeT p (Ji4)= (x, y). T. e. 4N NPOM3BOMLHOW ynopsno-
yeHHO napbl uncen (X, (/)e R Hawnacb Toyka naockoct™m M Ta-
Kkas, yto (M, <X, y)) ep, 4TO O3HA4YaeT CIOPbLEKTUBHOCTbL OTOGpaxe-
HMa p, W Imp=R"

2. Ana pokasaTenbCTBa WMHBEKTUBHOCTU OTOGpaXkeHus p OTMme-
MM, 4yto, ecm M ' M 2 TO xOoTa 6bl oOAHa mMapa nNpsAMbIX pas-
avyHa: wm T\ T\ wwm T\ T2 MNycTb ANa onpeaesieHHOCTH

Ty® fu=mx{ x20 (jf], yWP (x2 ¥Y}} (puc. 47).

Cnyualhi T\ T\ aHanoruyeH.

Takum o6pa3om, AokaszaHa OWEKTMBHOCTb OTOOpaxeHus, cono-
CTaB/AIOLWEr0 TOYKE [M/IOCKOCTN ee KOoOpAMHaThl. O

3T npumepbl BaXHbl TEM, 4YTO OTOXAECTBNEHWE OUEKTUBHBLIM
OTOGpPaXeHMEM TOUYEK M/IOCKOCTU W KOPTEXeW KX KoopAauHaT ABNA-
eTcs 060CHOBaHMEM TFeOMEeTPUYECKUX WHTeprnpeTauuin pasfnyHbiX
ypaBHeHWi N HepaBeHCTB C ABYMSA MNepeMeHHbIMW.

COBepLUEHHO fACHO, YTO aHaNornyHas KOHCTPYKUMS MOXeT ObiTb
nposefeHa AN1A TO4YeK MPOCTPAHCTBA W KOPTeXel Tpex KoopauHar.

Mpumep 11.2. BnekTMBHO oTO6GpaxeHue /:R2*-R2 Takoe, 4TO
Nsor, </Z)=<*+ 1 y—2).

Aokaxem, uTO:

1 / — clopbekTnBHO: MycTb KopTex (X', y') e R2 npousBoOsieH.
Hafo BbIICHUTb, Halgetcd M sneMeHT (X, Yy) e R2 Takoii, u4To
f((x, y))=(x", y'). Ecnn Takoihi kopTex <T, y) cCywecTByeT, TO B
cuny onpegeneHnsa f((x, y))=(xd 1, y—2), a Tak Kak /— oT-
o6paxeHne n KopTex <<, <= (x',y')} R22pomkeH 6bITb eauH-
CTBEHHbIM, TO 06f3aTenbHO (X', y'y = (x-j-I, y—Uy.
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N3 sToro paseHcTBa cnepyert:
(x'= x+\ (x=x"-\
\y'=Y-2<=\y=y' +2'

JevictButenbHo, /((x— 1, y 2))=7?
Takum o6pasom, AN Npou3BOSibHOM Mapbl {x',/) e R ykasaH Kop-
Tex G y)=(X'—1 y'+ 2>eR' Takoir, uto /((X, y))=(x", y")
3HAUYUT, BCAKUI anemeHT (*', //) e R- nmeeT npoobpas, n oTobpaxe-
Hvue / CIOPBEKTMBHO.
2. OTo6paxeHue / NHBEKTUBHO. (O6partute BHYMAaHUE Ha MpUEM [0Kasa-
TeNbCTBa: MHBLEKTUBHOCTb 4aCTO [AOKa3blBaeTCA «pacCyaeHusamMmn ot I'IpOTVIBHOFO»).
Mpennonoxmm, 4YTo OTOGpPaXeHWe He WHBEKTUMBHO, W HanayTcs
X\, y o (x2y2 Takue, uto / (<, Y\) )= /((x2 ¥Y2) y» 4 ° onpepene-
HUIO OoTobpaxeHusa /-

/(<*1. Y\))=(x,+ 1 Vi—2)

/(<*2 */2>)=<*2+1, 2—?2)

X, + 1= x2+ |

yl—2=y2-2

X, = X2 T
o N Vi = <2 2>
Y\=VYy

OTcioga cnepyet OTCYTCTBME HepaBHbIX KOpTexen, obpasbl KOTO-
pbiIX npwu pgevicteun / coBnaganu 6bl, T. €. UHBEKTUBHOCTb /.
CnepoBartenbHO, oTobpaxeHne / GUEKTUBHO. ]
Ons 6neKTMBHbIX OTOGPaXKeHUI MHOXecTBa B cebs cyuiecTByeT
cneuuvasnbHbIli TEPMUH:
OnpepeneHue 11.1. BUeKTUBHOE OTOGpPaXKeHME MHOXeCT-
Ba X B ceba HasblBaeTcA npeobpasoBaHneM MHoxecTBa X. MHoO-
)KeCcTBO Bcex npeobpasoBaHUii HEKOTOPOro MHOXeCTBa Ha3blBaeT-
cA rpynnoii npeo6pas3oBaHWUii 3TOr0 MHOXecTBa
O6o03HaueHne Z? (X).
VHorga rpynny npeob6pa3oBaHMii MHOXeCTBa Ha3biBalOT €ro CUM-
METPUYECKOW Fpynmno MU UCMoNb3yT o0603HayeHue S(X).
Takum o6pa3om, B npefblaylliem MpuMepe peyb Lia O npeoépa-
30BaHUM MHOXecTBa R .
Ecnn TpebyeTca ycTaHOBWUTb, ABASETCHA /M KaKoe-Mbo OTHOLUe-
Hve / npeobpas3oBaHMEM MHOXecTBa X, crefyeT MPOBEPATb BbIMOJI-
HMUMOCTb BCexX TpeboBaHuii (10.1) npu ycnosBuu, Y4TO paccMmaTpuBatoT-
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CN 3N1eMeHTbl O4HOro MHOXecTBa X, I. e.

Dorn /= X.
stir: 2 Imf=X

oay X y>e Nl -
in. 3.V {c, x3a QQ <] == (111)
<*. //,>€=/)

4 V {r/, y2czX < /)ed) = =AN\=Y2-

3apgaHue 111 [JokKaxwuTe, 4TO ec/im Ha nnockoctn [1 3apgaHa
HekoTOpas aduHHas cuctema KooopAuHaT, TO OTobpaxeHue
= 1L-» U takoe, uto g (M (jc, y))= M’ (c+ 1 y — 2) ecTb npeobpa-
30BaHMe MHOXecTBa ToueKk [l.

Yka3zaHne. CpasHuTe C npuvepom 11.2. s3]

Teopembl 10.2 n 101 (n cnegcteme 10.1) B cnyvyae npeobpas3oBa-
HWA MHOXeCTB yAo6HO 06beAMHUTbL B OAHY TeOpemy.

Teopema 11.1. NHBepcua nwboro npeobpasoBaHUA MHOXECT-
Ba X M KOMMNO3MUMA ero npeobpas3oBaHuili ecTb npeobpasoBaHue X.

MOXHO cKasaTb MHaye: rpynna npeobpasoBaHuii 11060ro MHOXe-
CTBa 3aMKHYTa OTHOCUTE/IbHO KOMMO3NLUN N UHBEPCUN OBUHAaPHBLIX
OTHOLWEHWI, yunTbiBas ewe 3ameyaHue 10.1, 3TO MOXHO 3anucaTtb
«hopMynoii»:

V{/, £}c=~(X)NEO/EENX)N/ 'e5UX)Tixe&(X)). (11.2)

3apgava 1111 [okaxwuTe, 4YTO eciaMm Ha nnockoctn [l 3a-
[aHa HeKkoTopas npsaMoyrosibHas gekaprtoBa (WM aduHHaa) cu-
ctema, TO OGUHapHOe oOTHoweHwe J1c I'r, roe

h={(M(x, y) M7(x\ y)) I(xX\ y) = (x+y- 1 x-y-4>}

ecTb npeobpas3oBaHMe 3TO MJIOCKOCTU.
Yka3zaHvne. Cm. npumvepbl 111 v 112
Adoka3aTenbCTBO.

1 Dom/r”/ .

2. h — Stir. YkasaHve. Cm npuvep 112 n. | $

3. h in.  YkazaHne. Cm npumvep 11.2. n. 2 ~

4. h — oTob6paxeHue, TaKk Kak Mo BCAKMM X', y' OOHO3HAYHO Ha-
xogutca (X-\-y— 1, x—y —4). L 2

YacTHbIM c/lyyaeM npeobpasoBaHWii SBNAKOTCA MOACTAaHOBKW, a
VIMEHHO:

OnpepeneHue 112 lNpeobpa3oBaHne MHoxectBa P (m),
ICOCTOHUJ,ero M3 KOHEYHOro 4yucna («) a/IeMeEHTOB, Ha3blBaeTca noa-
CTaHOBKOW. MHOXeCTBO BCeX MNOACTAaHOBOK TaKOro MHOXecTBa
HasblBaeTCA CUMMETPUYECKOl rpynnoi n-oro nopsaka.

OHa o6o3HavaeTcsi: S,,.
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MoacTaHOBKM  UCMOJbL3YHOTCA, Hanpumep, TMpu  BblYUCIEHUN
onpegenuTenen MaTpul, Ha WX CBOWCTBaxX OCHOBaH OOGLIMPHbLIA W©
rnyb6okuin pasgen GU3MKM — Kpuctannorpagus, a B MaremaTu-
Ke — Teopus OUCKPETHbLIX rpynn. VIHTepecHo, 4YTo CUMMMeTpuyeckue
rpynnsl MMewT HEeNnocpefCTBEHHOE OTHOLWIEHWE K MOCTPOEHUAM MO-
3auK Ha MNJIOCKOCTU U N3BECTHbIM FOJ/IOBOJ/IOMKaM: «KyOuKy Py6uka»
n «urpe 15».

Teopema 111 Ana MHOXecTBa MNOACTAHOBOK 4YMTaeTcsa cnepyto-
wyMm obpasom.

Teopema 11.2. CummeTpunyeckasa rpynna «~3aMKHyTa OTHO-
CUTENbHO KOMMO3NLUMN WU WHBEPCUMU OTHOLLEHWUIA.

T. e. nHBepcuA N60M NOACTAHOBKU, KOMMO3ULMSA MNOACTAaHOBOK
MHOXecTBa P (M) n ero ToOX4ecTBEHHOe OTO6paXeHMe ecTb nogcra-
HOBKM MHOXecTBa P (n).

Co cBOICTBOM OGWMEKTUBHOCTU OTOBpaXeHWsi CBA3AHO MOHATUE
pPaBHOMOLLHOCTN MHOXECTB.

OnpepgeneHne |1.3. MHOXecTBo X Ha3blBaeTCA paBHO-
MOLLHbIM MHOXecTBY Y (MM HasbiBalOT X U Y oAMHAKOBOI MOLL-
HOCTW), €CNN CYLIeCTBYET OVEKTMBHOE OTOOpadKeHWe MHOXKeCT-
Ba X B MHOXXECTBO Y.

3amevyaHue 111 MOXHO yTBepXAaaTb, YTO BCAKOE MHOXe-
CTBO paBHOMOLLHO camMoMmy cebe. (3avedaHve 107). n

Ecnm mHOxecTBO X pPaBHOMOLWHO MHOXecTBy Y, TO Y pasHO-
MOLLHO x (Teopema 10.7). n

Ecnn mMHoxecTtBO X paBHOMOLLHO MHOXecCTBYy Y, a MHOXEeCTBO
Y paBHOMOLLHO MHOXEeCTBY Z, TO X PaBHOMOLLHO Z (Teopema tO.?).ch

Tem cambiM, MO CyL,eCTBY, Mbl Y)Xe Oonucasn OTAeslbHble CBOWA-
CTBa HEKOTOPOro 6MHapHOro OTHOLLEHUS:

v={(x, Y)I2f:X-+YN/ — bl }
(r;e X M Y — npou3BOJibHblE MHOXECTBA).

Ecnm MHOXeCTBO COCTOWUT W3 KOHEYHOro 4yucna 3/1eMEHTOB, TO
CpaBHUTbL UX, T. €. YCTAHOBUTbL, CyLLECTBYeT /IM GUEKTMBHOe OoTOobpa-
XXeHne ofHOro B Apyroe, He cocTasnfeT 60nbWOro Tpyaa (cm. 3aga-
un 1011 n 10.1.2), ogHako, A1 MHOXECTB, YMC/NO 3/1EMEHTOB KOTO-
pbiIX 6eCKOHeYyHOo, 3afiaya OTbICKaHUSA Takoro otobpaxeHus Henpo-
CTa, Aaxe B OYEBUAHbLIX Cry4yasx.

PaccMOTpuUM npumepsl.

Mpumep 113 Kasanocb 6bl OTBET Ha BOMPOC, KakKux uucen
6onble: HaTypasbHbIX WM  YETHbLIX MOMIOXUTESIbHBLIX, OYEBUAEH:
BCAKOE YeTHOE MOJ/IOXUTENbHOE YUCMIO — eCTb YMCNO HaTypasibHOoe,
2NcrN, T. e 4eTHbIX HaTypas/ibHbIX u4uCEN «MEHbLIE» YeM Ha-
TypanbHbiX. OgHako, 3T MHoXectBa N M 2N paBHOMOLLUHbI.

J okasaTenbcTBoO.

0. Mpexae scero onpeaenum 6GMHApPHOE OTHOLLEHWE Ha MHOXe-

ctBax N un 2N: . ..
f= {(n, m)\tn =2njcz NX2N.
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MpoBepsem BbIMOMHUMOCTb ycnoBuit (10.1) 6MEKTUBHOCTU OTO-
bpaxeHuns:
l. Dom/=N, Tak kKak VneN ?7>e/.
sllr: 2. Im/= 2N, Tak kak Vme2N 3(?, oT)e/.

(n], oT)e/="0T = 24,

<n2 oT)e/=7oT =212 v — ne

in. 3. V{nh n3czN

<n, T,> e/=>0T,=7?]|

= — orT2.
<n, o012 e/="0T2="7?] or. :

4. V {o1,, ot3c:2N

Tem cambiM foOKasaHa PaBHOMOLLHOCTb, M B 3TOM CMbIC/Nle «paBs-
HOE KO/INYeCcTBO» 3/ieMeHTOB MHoxecTB N un 2N.
3apgava 11.1.2. [loKaxWUTe, 4YTO MHOXecCcTBa BCeX UefblX Z U

HaTypasbHbIX uyucen N pPaBHOMOLLHbI.
Adoka3aTenbLCcTBO.
YkazaHue. PaccMmoTpuTe Takoe OMHapHOe OTHOLleHMe Ha MHoxectBax Z m N

tft=((z, a=|(n=2r nppn z=0)1(n= —2z+ 1 npn z<O0)} (11.9)

1 MpoBepbTe /M HEro BbIMOHUMOCTb ycnosuid (10.1).
UTo6bl nMonyunTb NpeAcTaB/ieHMEe O CBOWMCTBAX 3TOMO0 OTHOLUEHUS,

rnofesHo u3yuynTb ero rpacuk u rpag (puc. 48).
1 Domn#=2Z<HYre 23(r, ?2)~g). (03]
2 g—sur: Img=N.

rpagpuk rpag
Puc. 48

4 B. T. MNetposa
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Ecnm neN uyeTHo, T. e. n= 2k, To HageTca (?, 2k) eg. Ecnm

fieN w©n HeyeTHO, T. e. n= 2fk+1 TO BO3bMeEM -kez, Torpa
<—k, 2k-\-1) = <—k, —(—26)+ I>eg- -

3. g — in: Cm. rpad. *

4. g -oTobpaxeHue L 2

3apgava 11.21 [okaXwuTe, 4TO pPaBHOMOLLHbI MHOXecTBa TO-

yek nbbIX ABYyX OTpPEe3KOB.
HanomuHaHve. |/IB| — o6o3HaueHue otpeska JIA, |J1h | — o603HayeHne WUH-

Tepsana JIN (oTpeska 6e3 TOYEK KOHLIOB).
1°. Ecnu oTtpesku paBHOVI ANHbI, TO X PaBHOMOLLHOCTb O4yeBuUAa-

Ha. Monpo6yiiTe NocTpouTb (FrEOMETPUYECKN) MpOoCTeline 6UeKTuB-
Hble OTOGpaxeHMs (OHW NMOMOryYT yBUAETb MOCTPOEHMA B ObLliem Ccny-
yae), ecnm (puc. 49—51):

1) oTpe3ku NpuHaAsexaT napaiefibHbIM MPAMbIM .
2) OTpe3ku npuHaAnexaTt OAHOW npsmoii [o9]
3) oTpe3ku MNpuHagnexaTt HenapaiesbHbIM MNPSMbIM. +

2°. TlycTb OTpe3ku pasHoii gnumHbl (puc. 52, 53).
YKa3zaHue. CHauyana paccMOTpuUTE OTPes3Ku, MNpuHagnexawme pasHbiM MpPsMbIM
(HenapannenbHbIM, NapannenbHbiM), MNOTOM — OAHOIA.

1) OTpe3kM He MNpuHagexaT ofHoli NpsMoi, 3aJaguM OTHO-
LweHne

P={(M, M)\M'= (OM LW, C'D']}e[AB\X\C'D\.
MpoBepbTe AN Hero cHavana BbIMOMHUMOCTL ycnosuii (10.1.1) wn (10.1.4):

1 (10.1.1): Domp = [AB\ [Ona nwoboii nMm Touykm M oTpeska

\/1B| HaligeTtca M'= (OM)[)\C I\ n novemy? [s9]
C D'
AM B A M B C D
Puc. 49 Puc. 50
AM B

Punc. 51



2. (10.1.4) dBnaetca M p — oTobpaxeHnem? T. e. OAHO3HAYHO
nn Toukoii N14e[/1B] onpepnensetca koptex (A), M ')~p? (Touka
N»'e|C'0']?)

BbimosiHEHME 3TWMX YycnoBuidi 03HauyaeT, 4yto p :[AB\ —»\C'D'\.

[oKaxuTte, uTo OTOBPaKEHME p CIOPLEKTUBHO WM UHLEKTUBHO. [15 3TOrO NpoBepb-
Te BbIMNO/HMMOCTb BTOPOro U TpeTero u3 ycnosuii (10.1):

3. p sur (10.1.2): Nouemy VAf'e=[C'D'l Haligetcs MeB\AB\
Takas, uto (0N4)n|c'o# O n [OM)[\[CD'}= M2 (M=MON4")N
Mne\o0). 4

4. p in (10.1.3): Mpegnonoxum, 4to TOoukM M="=A12 HO
(OM){\[C'D'\\ =
(OM2)[I\CD'\}»

<M, Ar> p~ M’
(Mb M'> p~ M’

{OT], A42}c:(AIN]

Toukn /M, Af2 AT, O npuHagnexaT OgHOi npsiMoii
A), = A2

B coBokynHoCTM n. W. 1—4 o3HayalT, YTO p — O6MEKTMBHOE OTOo
6paxeHue, a 3HauuT, oTpe3ku \JIB| n \CD'} paBHOMOLLHbI. O

Joka3aTtenbcTBo pasBHoMmowHocTM [AB\ mn [CD'} npoBeageHo Ha
yepTexe A4 HenapannenbHblx oTpe3koB. Ecnu [AB\\\\CD'\, oT-
obpaxxeHne p M MOCTPOeHWe, M A0Ka3aTeNbCTBO aHanornyHel. Cpe-
nainTe uvepTex. 4

2) Ecnu otpeskn \AB\ un [C'D'] npuHapgsexat OAHOW NpsMOWn,
TO MOXHO CBECTW peLleHne 3a4a4ynm K KoMbuHauum npeabioywimnx cny-
yaeB, TOYHEe, KOMMO3ULMM HEKOTOPbIX M3 npeabliaylmx oTobpaxe-
HWA. MNocTapariTecb MOCTPOUTbL ABa TaKUX OTOOPaXeHUs U yKaxuTe
MX Komnosunumnwo (puc. 54).

Taknm 06pa3om, MOXeT 6biTb YCTaHOBJIEHO, 4YTO Nt06bIe AHA OT-
pe3ka pPaBHOMOLLHbI, YTO O3HayaeT, KakK 3TO HM KaXeTcA CTPaHHbIM
Ha nepsBbld B3rnsag, 4Yto otpe3kn \AB\ 1 \C'D'}paBHOMOLLHHbI,
T. € «MMelT OAWHaKOBOEe KO/MYeCTBO TOYEeK», U B clyvyae, KOr-
na \AB\cz\CD'\. lNonpobyiite coenaTbCOOTBETCTBYOLIMNE noctpoe-
HUa (puc. 55).
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MpeanoXeHHOe «reoMeTPUYECKOE» [0Ka3aTeNbCTBO [PaBHOMOLL-
HOCTU OTPEe3KOB He eAVHCTBEHHO, HO AOBO/MbHO HarnsgHo. Monpobyii-
Te npuaymatb gpyroe (MoxeT ObiTb anreépavyeckoe?) gokasaTesib-
CTBO VX PaBHOMOLLHOCTW.

He cocTtaBnseT ocoboro Tpyga yBuMAETb, YTO PaBHOMOLLHbI He
TONbKO Ntobble ABa OTpe3ka, HO W Niobble ABa MHTepBana, TakK Kak
oTob6paxeHne p\ :]AB |—=|C'D'| TakxXe OMeKTUBHO. +

3apgavya 11.22. [lokaxuTe, 4YTO PaBHOMOLLIHbI MHOXecTBa TO-
yek NosyokpyxHoctn S' u ee gnametpa |CD | (o6wme, gnametpans-
HO MPOTMBOMOMOXHbIE TOYKU BbLIKOJOTHI).

OTob6paxeHne q:S'—»|CO | 3apaeTcs comnocTaB/ieHMEM TOUKe
JILEES' ee opToroHanbHOW npoekumn Ha ]JCD], T. e. OCHOBaHuA Mnep-
neHaukynsapa, nposegeHHoro K |CD | uepe3 Touky M (puc. 56).

JoKaxunTte, 4To TaKkoe oTobpaxeHUe CIOPBLEKTUBHO U UHBLEKTUBHO.

1 g— sur (10.1.2): Im g2= \CD\. +
2. "—in (10.1.3): (03]
<, M') e
{IVA, |) a M|= M,.
(M2 M) eq

3TO B COBOKYMHOCTU O3HauyaeT OGUEKTUBHOCTb OTOOpaXeHus q u
pPaBHOMOLHOCTb MHOXECTB TOYEK MOJIYOKPYXXHOCTU S' N ee anamert-
pa ]CD\.

3apgavya 11.1.3. [loKkaxunTe, 4YTO pPaBHOMOLLIHbI MHOXeCTBa TO-
YekK MNPsSMOI M KacawLlencs ee NOMYOKPY>KHOCTW, 3a4aB OoTobpaxe-
Hne s:/—»S'|s:M “mM'= (ON7)MNS' n gokaszaB ero 6GMEKTUBHOCTb
(puc. 57).

M

Puc. 5> Puc. 57
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1 s— sur (10.1.2): Ims=>-]CD |. 4
2. s — in (10.1.3.): 4
M. M <MIt NT)
M M3 (M2 m)

3apgavya 1123 [JokKaxwuTe, 4YTO PaBHOMOLLHbI MHOXecTBa TO-
yekK MnpsiMoii m NOBOro ee MHTepBana.

YkasaHue. Hago onpeaenuts (NpuaymaTtb) HEKOTOPOe OTOOpakeHWe W [oKasaTb
ero 6uekTnsHocTb (10.1). Ero onpenenvtb, BOO6LLE roBops, MOXHO MHOrMMM criocoba-
MM, HO OOHO M3 HUX MOXHO MOCTPOWTbL BMOJSIHE HArMSAHO, WUCMOMb3ys W pesynbTaTbl
npeaployumx 3apga4 11.22 n 1113 (cMm. ewle Teopembl 101, 9.1, 9.2).

8 12*. KOHEYHbLIE U CYETHBIE MHOXECTBA

MoHATME paBHOMOLLHOCTM MHOXECTB W ero cBoiictBa (onp.
11.3, 3ameyvyaHue 11.1) NO3BONSAOT BblAENATb K/acCbl PaBHOMOLLHbIX
MHOXECTB WM MHOXECTB C pPaBHbIMW KapAWHaNbHbIMU YuCamu
(3ro 3sKBMBANEHTHbIA TEPMUH WCMNOMAb3YeTCA Hapsay C MOHATUEM
paBHOMOLLHOCTHN).

KOHeuyHOo, WHTepecHO 3HaTb, KakK MHOro Cylw,ecTByeT HepaBHO-
MOLLHbLIX MHOXEeCTB W WMeTb B HEKOTOPOM CMbIC/e «3Ta/lOHHbIe
MHOXecTBa», 4YTO6bl CpaBHMBAs C HUMW Apyrue, nerye 6bino ycTta-
HaBNMBaTb PaBHOMOLLHOCTb MHOXECTB WM ee OTCyTCcTBMe. B Kaue-
CTBE TaKUX 3Ta/IOHOB eCTeCTBEHHO paccmaTpwusaTb, Harnpumep, OT-
pe3kn HaTypanbHOro psfa WM MHOXECTBO BCeX HaTypasibHbIX 4u-
cen. MNoatomy cpeay MHOXECTB MNpexae BCcero pasnmyarT KOHeu-
Hble U OGeCKOHeYHble, CYETHble U HEeCYeTHble.

OnpepeneHune 121 MHOXeCTBO, paBHOMOLLHOE C OTpes-
KOM HaTypasbHOro psaga (1. e NOAMHOXECTBOM HaTypasibHbIX 4u-
cesfl, He NPEBOCXOAAWMNX HEKOTOPOE YUC/IO M) Ha3blBaeTCs KOHeu-
HbiM TlycTOe MHOXEeCTBO TaKXe TMPUHATO CYUTaTb KOHEYHbIM.

B nNpoTuBHOM cnyyae rosopAT O OGECKOHEYHOM MHOXECTBE.

KOHeyHoe MHOXeCTBO, COCTOflLlee M3 M 3/IEMEHTOB, OOGBLIYHO
o603HavaT P (n).

YTBepxaeHue 121 MHoxectBa P (T) m P (n) He paBHO-
MOLLHBbI, ecim N T.

3apgava 1211 [JokaxuTe yTBepxaeHue 12.1.

YkaszaHvie. CM. 3a0aum 1011 v 1012, paccmoTtpute ciydan: 1. + >n, 2). T <n
Moaymavite, B YeM MpenaTcTBUEe OUEKTMBHOCTW OTOOPaXEHWUA P (T)-~* P (n) ONS Ta-
KX T unn* 4

Taknwm 06pa30M, KOHEYHbIX, HO HepaBHOMOLHbLIX MHOXeCTB, O4e-
BWOHO, 6ECKOHEYHO MHOro, MOXHO CKa3saTb, 4YTO MX pPa3mNyHbIX BWU-
AoB, NN, To4YHee, KacCoB, CTOJIbKO >e, CKOJ/IbKO HaTypa/ibHblIX 4YWu-
cen. Kaxaomy TakOMy K/iacCy KOHEYHbIX MHOXECTB COMOCTaB/ifieTcs
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oAMHaKoBOe 71 BCeX ero npeacTtaBuTeneid 4YMCNO 3/1eMEeHTOB,
r. e. KapAuHanbHoe unucno. Ona MHoxecTs P (M) 31O N, B TaKOM CNy-
Yyae roBOPAT O MHOXECTBe MOLYHOCTM M. 3TO MNO03BOJAET «MNepecyu-
TaTb» BCe KJ/laCcCbl KOHEYHbIX, HO HEepPaBHOMOLLHbLIX MHOXECTB, OYe-
BUAHO, 4YTO WX CTOJIbKO Xe, CKOJ/IbKO HaTypasibHbIX 4ucen.

OnpepeneHue 122. MHOXeCTBO, paBHOMOLLHOE MHOXeCT-
BY BCeX HaTypasibHbIX YMUCES, Ha3blBAeTCA CYETHO GECKOHEYHbIM.

MoLWHOCTL MHOXecTBa BCeX HaTypasbHbiX yncen N (U, cOOTBET-
CTBEHHO, BCEX eMy PaBHOMOLHLIX) MMeeT cneumanbHoe 0603Hauve-

HMe: X« - yunTtaeTtca «aned-Hosb» (X oykBa andasuTa UBPUT).

M3BECTHO, 4YTO YMCNO PasINYHbLIX TUMOB BGECKOHEYHbIX MHOXECTB

He TO/IbKO 6GEeCKOHEYHO, HO fa)ke HeCYeTHO.

OnpepeneHue 12.3. KOHeYHble N CYETHO OECKOHeYHble
MHOXecTBa 06beUNHAITCA Ha3BaHMEM CYeTHble MHOXecTBa Bce
ocTa/ibHble MHOXeCTBa Ha3blBalOTCA HECYETHLIMU.

B cuny 3apgaun 11.1.2 n npumepa 11.3 MHOXecCTBa BCeX LefblX
yncen Z v BCEX YeTHbIX HaTypasbHbiX uyucen 2N cyeTHble, TOYHee -
CYETHO OGEeCKOHeYHbIe.

Mpumep 121 HecYeTHbIM £ABMASETCA MHOXECTBO TOYEK UHTEp-
Basa. TaK Kak BCce MHTepBasbl paBHOMOLHbI (cM. 3agady 11.2.1), 1o
L0CTaToOYHO [JoKas3aTb HECYeTHOCTb OAHOM0 WHTepBasa 4MC/I0BOWA
npsmMoi, Hanpumep, ]Q 1[.

3apgava, KOTOpyl Mbl 6ygem pewaTb, MO CBOeW CyTW [0BO/SIb-
HO TpyAHa: Hafo nokas3aTb, YTO He CylecTByeT OWEeKTUBHOro OTO-
6paxeHua N— |0, 1(

AJdokasaTtenbcTBO. 0. Bce peictBuTenbHble uymcna ot O go
| 6ygem 3anucbiBaTb B BUAE GECKOHEYHbIX AeCATUYHbIX Apobei, HO
HEKOTOpblE U3 HUX UMEIDT He OAHO Takoe npencTasneHne (Hanpumep,
1=0,99999... = 9/K)-(-9/100-)-9/1000—(- ...): BCAKYI KOHeYHy fe-
CATUYHYIO OpPO6b MOXHO NpeacTaBUTb B BuAe GECKOHEYHOW C nepu-
ooomM 9, MNO3ToMy, 4TOGblI YCTPaHWTb HEOAHO3HAYHOCTb, WX Oyaem
paccMaTtpmBaTb UMEHHO B TaKoOW 3anuvcwu.

1 MpeanonoXxmm, 4To MHOXEeCTBO Touyek MHTepBana ]0, 1| cueT-
HO, I. €. BCEX WX MOXHO 3aHymepoBaTb: X, XrI .. X,, .. . Kaxpoe Ta-
KOoe 4ucsio — 6eckoHeyHasa nOecsaATuUYHas Apobb: xn— Qama'kal...

2. O6pasyem [eCATUYHYIO OPO6b X, OT/IMYHYIKO OT BCEX yucesn 3To-
ro mHoxectBa: Xx=0,b'b2 ... , Bei6bupas uucna i'(/ e N), OT/INYHbIE
OT «AuaroHanbHbIX» a‘:

x, = 0,a]afaf... ,
xX2= 0,a280la'2 == -

xn= 0,amlunh... ,

HO Tak, 4YTo6bl b O U b'® 9 (1. e X () n x="0,999... = 1). fAcHo,
4YTO Takol BbIGOP BO3MOXEH.
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3. OuyeBMAOHO, 4YTO MOJIyYEHHbI Takum o6pasom xe|0, 1].

4 Ecnn wawe npeanosioxeHe O CHeTHOCTM Apobeli NpomMexyTka
|Q 1| BepHO, TO 3w efl/n = Xn, 3T0 HeMeA/lIeHHO Bfle4YeT PaBeHCTBO
bT HeKOoTOpoMy «AnaroHa/lbLHOMY 3/1eMeHTY»: b= a™, yTo nNpoTmsBoOpe-
ynT BbIGOPY umcna x. CneposaTenbHO, AecATUYHas Apobb x, onpeje-
NeHHasa Bbllle, He BXOAUT B cyeTHoe MHoXxecTBO {xJneN}, Ho
xel(), 1|, a 3TO0 M O3HayaeT, YTO BCe yucna MHTepBana 10 | | 3aHy-
MeEpOBaH. Henb3fd, T. e. He CyLlecTByeT OMEeKTUBHOro OoTo6paxeHus
N B |0, 1|, 1 MHOXeECTBO TOYEK TaKOro WMHTepBasa HECYETHO. m

Bbiwe Mbl NpuBenn 3HamMeHUTOe Aoka3atesnbcTBO . KaHTOpa, Ko-
TOpbIM COOOLUMA €ro nMoyTu CTO NeT Haslafd B 18Y1 rogy Ha cbesge ec-
TecTBOMCMbITaTeneinr B lanne.

TakK KakK ecTeCTBEHHbIM 06pa3oM OTOXAECTBAAKTCA MHOXECTBO
LelicTBUTeNbHbIX yncen (Yncnosas npsmas) M MHOXECTBO TOYeK nps-
MOIA, MHOXECTBO TOYEK WHTepBana €AMHWUYHOW AJIMHbI WU YMC/IOBOWA
npomexyTtok |0, 1], a 3apgavenn 11.2.3 ykaszaHO, YTO MHOXeCTBa TOYeK
npsMoi 1 ee NOH6Oro MHTepBasia PaBHOMOLLHbI, (T. €. cywiecTByeT 6u
eKTVBHOe oOTobpaxeHue Q 1|—*—R), 3TO NO3BONAET YTBEPXAAThb,
4YTO MHOXEeCTBa BCeX [LOelCTBUTEsNbHbIX 4YnCeN WM BCeX TO4YeK MpAMOii
HeCYeTHbI, KaK paBHOMOLHble WHTepBany 10 1| (cm. 3amevaHue
11.1).

MowHocTs MHOXeCTBa pfelicTBUTeNbHbIX 4mcen (U BCcex emy
paBHOMOU HbIX) o603HauvyaeTcda O M HOCUT Ha3BaHWE MOULLHOCTU
KOHTUHYYMa.

(Continuum NaTUHCKOE CNOBO, OHO O3HayaeT HEeNpepbIBHOCTb,
Hepa3 pbIBHOE, CMJIOLHOE).

OpfHaKko, Kak Mbl y)Xe oTMevyanu, 3TUMU TPEeMS, XOTA U BaXHbIMU
npumepamn MHoxXecTs: P(n), N, R, He vcyepnblBalOTCA KOHeuHble,
CUYeTHble M HecuyeTHble MHOXecTBa. Crnefylouine cBoicTBa MNOMOryT
B oOrnpefenieHnM pPaBHOMOLLHOCTM MHOXEeCTB U MOCTPOEHUU ApYrux
NPUMEPOB PaBHOMOLLHBLIX WIN HepaBHOMOLLHbIX MHOXECTB.

Teopema 121 Jlio6oe 6eCcKOHEYHOE MHOXECTBO COLEPXMUT
cyeTHoe (C4eTHO OeCKOHeuyHoe) MOoAMHOXECTBO.

O okaszatenbcTBO. 1lycrs M HeKoTopoe 6ecKoHeyHoe
MHOXecTBo. Tak kKak M (pO, TO HamgeTtcss 3nemeHT o,eM. Pas
HOCTb MHOXeCTB (CM. onpegeneHve 1.7) MHOXecTBO M\{«,}="0
1 6eCKOHeYHO, MOCKO/bKY B MPOTMBHOM criydae M okaszanocb 6bl kO
HOYHbBIM MHOXeCTBOM. Bbibepem a.,e /W\{u|}. 13 coobpaxeHuin, aHa-
NOTNYHBIX NpeabiaywmM, MHOXEeCTBO

(M\{al)\{aZ = Af\{al, azzp O

1N 6ECKOHEYHO, a YKa3aHHbIi Mpouecc NOBTOPSEM CKOMb yrogHo. Mo-
NyyeHHOe TakmM 06pasoM MHOXECTBO MO caMOMy Crocoby noctpoe-
HUSA, OYEBUAOHO, CYETHO, HenycTo M M'={ah a2 <, ...}c:/IT ]
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Teopema 122 Jllo6boe NOAMHOXECTBO CYETHOIO MHOXecTBa
CYETHO.

Teopema 12.3. O6beaVIHEHME BCAKOINO KOHEYHOrO M CYETHOIO
MHOXECTB CYETHO.

3apgava 121.2. [lokaxute Teopemy 12.3.

YKasaHuve. B KayecTBe CYETHONO MHOXECTBA MOXHO 6paTb MHOXecTBO N, 3aTeM
paccmoTpute P(2)(JN, Tne P (2)={u', n2, nocrapaiTecb Ha 3TOM MpUMeEpPe HahTn
noel nokasaTtenbcTBa ANS MPOU3BOSbLHOrO P (n).

Teopema 124. Ob6beguHEHME CYETHOINO MHOXEeCTBa CYETHbIX
MHO>XeCTB CYeTHO.

3apava 121.3. [lokaxunte Teopemy 124.

YKasaHue. [JokaxuTe ero cHavyana ANns cny4vyas ob6beAUHEHUA XOTa 6bl ABYX cyeT
HbIX (CLIeTHO 6eCK0HeLIHbIX) MHOXeCTB KaK B 3TOM C/ly4yae MOXHO «3aHymMepoBaTb»
3/1eMEHTbl O06beIMHEHUS 3TUX MHOXecTB? [locTapailiTecb Ha 3TOM NpUMepPe HalTh
noel fokasatenbcTBa obuiero cny4vas.

YTBepxaeHune 122 MHOXeCcTBO N2 cyeTHo.
3apgavya 12.2.2. Jokaxute yTBepxaeHue 122

Yka3saHue. BuekTuBHoe oTo6paxeHne N - N2 MOXHO MOCTPOUTb SIBHO, HO WHTeE-
pecHee BOCMO/L30BaTbCA TEOpeMoil 124 — Takoe [0Ka3aTe/bCTBO COBCEM MPOCTO.

CnepcTtBune 121 MHoxecTBO Q BcCex paunOHasIbHbIX 4ucesn
CYETHO.

[encTButensHo, 0b6oe NONOXKMTE/IbHOE pauuOHa/lbHOE YWUC/O
npegcTaBMMoO B BUAE HECOKPATMMOM MOMOXUTENbHOW Apobun, cnepo-
BaTeNbHO, CYyLLeCTBYeT OMEKTMBHOe OTOOpaxeHMe MHoxecTBa Q +
BCEX MOJIOXUTESNbHbLIX pPauMOHasbHbIX YvCceN B MHOXECTBO P' — Kop-
Texelh (p, q) BCeX HaTypasibHbIX B3aMMHO MPOCTbIX yucen (He nmeto-
wmx obwmx pgenuteneir). P'c N !, oTcioga (no yTBepxaeHuwo 122
u Teopeme 12.?) cnegyeT cHeTHOCTb P', a 3HAYMT U PaBHOMOLLHOIO
eMy MHOXecCTBa BCEX T[ONOXUTENbHbIX paynoHasIbHbIX uyncen Q (.

MHoOXecTBO Q  BCeX OoTpuLaTeNbHbIX PaLuOHa/bHbIX YyMncen Tak-
K€ CYeTHO. -

Torga no Teopeme 124 MHOXECTBO BCeEX pPaLMOHANIbHBLIX 4ucen
Q= Q U{O}U Q ( cuyeTHO, KakK 06beaMHEHWEe CYETHOro (KOHEYHOro)
yncrna MHOXECTB. ]
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MCTOPUYECKAA CINPABKA

Bbicllee HasHaueHVie MaTeMaTuKni -
HaXOAUTb CKPbITbIA NOPSAOK H MUpe Xa-
0Ca, KOTOPbIA HAac OKPYXaeT.

//. BuHep. «f — maremaruk»

3HaKOMSACb C UCTOPME OCHOBHbIX MOHATUI MaTeMaTUKW, XOTs 6bl
TaKUX, Kak Teopuss MHOXEeCTB M OTOGpaXeHWi, Mbl BUOAUM, UYTO OHa
COBCEM HempocTa W Aaxe ApamMaTvyHa, a MeTof AeAyKTUBHbIX pac-
CYXAEHUi— OCHOBa MaTemaTM4ecKMX [n[oKas3aTenbCTB, MPUBOAUT K
CNeACTBUSIM U3 OYEBUAHBLIX YTBEPXAEHUN, KOTOPbIE MHOFAA KaxyTcs
NPOTUBOPEYALLMMUA WHTYULUA W 34paBOMY CMbicny. W3 uM3BecTHo
akcuombl Llepmenno (MycTb AaHO MHOXECTBO cocTosilee U3
MonapHo HerepeceKkawLwmxcs MHOXECTB M, Torga cyulecTByeT MHO-

Xectso M, Ka)Kﬂ,bIVI ANeMeHT KOTOpPOro npuHagnexmTt HEeKOTOo-

pomy /Mg, npuyem Tak, yto M[\Ma—X a.) BbiTekaeT yaAuBUTeNbHAaA

BO3MOXHOCTb pa3bueHns Lwapa Ha KOHeYHoe 4ucno uvacteid, u3
KOTOPbIX OBWXEHUSAMW B MPOCTPaHCTBE (T. €. COXPaHsA pacCcTOAHUSA)
MOXHO COCTaBUTb fABa TakMX >Xe Lapa.

ViHorpga Takue «MpoOTUBOPEYUs» rOBOPSAT O HECOBEPLUEHCTBE Ae-
OYKTMBHOIO MeToda WM CUCTEMbl akCMOM, HO 3a4yacTyl OTKpbiBaloT
COBEpPLUEHHO HeoYeBMAHble, HO WCTUHHO TFNYy6MHHbIE W rnob6anbHble
3aKOHOMEPHOCTMU.

K TakMm Kaxywmmca npoTUBOPEYnsM OTHOCUTCA pPaBHOMOLL-
HOCTb MHOXECTB TO4YeK MpsiMOii 1 ee Nob6oro nHTepsana. NocMoTpum
Ha 3Ty Npo6nemy C ApYro CTOPOHbl. NMOHATHO, YTO TO4YeK, Kak nps-
MOIA, TaK M NMOCKOCTM 6GECKOHEYHO MHOro, HO rae 6onbwe? MNocne To-
ro, Kak Mbl YyCT@HOBU/IN OUEKTMBHOCTb OTOOpPaXeHuUsa NpsSMOA B WH-
TepBas, MOCMELWHOro OTBeTa, BMAWMO, CTOMUT oOcTepeubca. [pexae
BCEro, O4YEeBWAHO, 4YTO CNOCOBOM, aHa/OrMYHbIM [0Ka3aTenbCTBY paB-
HOMOLUHOCTM MpPAMO W  WHTepBasa, MOXHO MokKasaTb paBHO-
MOLLHOCTb MHOXEeCTB TOYEeK M/I0CKOCTM M KBagparta 6e3 orpaHmyunBa-
IOLLMX ero OTpe3KoB. ITO cBedeT 3a4advy CPaBHEHMS MOLLUHOCTeln nps-
MO/ WM MN/OCKOCTU K CPaBHEHMIO PaBHOMOLLHbIX WM MWHTepBaia W
kBagpata. lNpuBedgem paccyxaeHus KaHTopa.

MHOXeCTBO TOYeEK KBajpaTa eCTeCTBEHHbIM 006pPa3oOM OTOXAECT-
BMMO C MHOXECTBOM KopTexel (X,y) C 6eCKOHEeYHbIMU AeCATUYHbI-
MM Apo6sMy BUAA Qa|a23.., KOTOpble Mbl_MpegnonaraeM 3anmcaH-
HbIMW B BGECKOHEeYHOM BuUAe (CM. Mpumep 121 1. e ne npuHumMaeTcs
3anucb Opoberi ¢ KOHEYHbIM 4YMC/IOM 3Havawmnx undp). Naes KaHTo-
pa 3akntoyaeTcd B TOM, YTOObl CANTb 3TM OPO6GU B OAHY OECATUYHYIO
Apobb, Mo KOTOpPOM O[HO3HAYHO BOCCTaHaBnAMBanucb 6bl K Uy (in),
N KoTopas npuHuUMana O6bl BCE MOJSIOXUTENIbHbIE 3HAYeHMUs, He npe-
Bocxoasime 1(sur), no ogHomy pasy (oTobpaxeHue), Korga Touka
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<X, y) npoberaet no Bcemy kBagpaty (Dom). Tem cambiM 6bl10 6bl
nonyyeHo 6GMEKTMBHOe OTOOpaXkeHMe KBagpaTa Ha eAWHUYHbIA OT-
pes3oK.

Kasanocb 6bl, Takoe COOTBETCTBME MPOCTO YCTAHOBWUTb, MOMOXWUB
/((0,a,axi..., 0,blbp3..)) = 0,a]blabd2a33.. . (OTMETUM, UYTO OTHO-
LeHve

F—{((0,a™azan..,, 0,b,bdb/N..), 0,a)biabadD].. .)},

04YeBMOHO eCcTb OTOOpaxeHue, Tak KaK KOpTexem

Q0 O) Qb,bdi.> 04HO3HaYHO onpepensaertcs 4yncno
O,atblazb2adi ...). 1 no gpobm 0,a\btab2aI3 ... , oTAeNss uncna Ha
YeTHbIX M HeuyeTHbIX MecTax Mnoc/fe 3anAaTol, MOXHO BOCCTaHOBUTb
x= Qo,023.. n 7= Qb,idR.. O[HO3Ha4YHO, 4YTO M O3HayaeT WHbLEK-
TUBHOCTb OTOOpaxeHusa: koptex ((x, y), O,alblabaay...)e F c
NPou3BOJIbHbIM (IMKCUMpoBaHHbLIM 0,a]lbtab2a3... egUHCTBEH.

OpaHako oOKa3sblBaeTcs, 4YTO onpefeneHHoe TakK OTo6paxeHwe He
CIOPBEKTUBHO, MOTOMY 4YTO 06pa3omMm anemMeHTa (X,y) XOTA W aBNAeT-
cA GecKoHeuHas [AecsaTuuyHas [apobb, He npeBocxogawias 1, Ho
CYLLEeCTBYIOT O6GeCKOHeuHble [ecATUYHble Apobu, (Hanpumep, Buaa
ockdc fi..), KOTOpble NOyvyalTCA TOJIbKO W3 KOHEYHbIX [pPO-
6eli. [Ans OAHO3HAYHOCTW nNpeacTaBfieHUs uucen B OeCATUYHOMN
3anncn Takoe npeacTas/ieHVE Mbl UCKIOYUAN U3 PacCMOTpeHus (Tak
npu 2= 0,CICDcLch... nonyunum x= 0,C|00... — C KOHEYHbIM YUC/IOM
HEHY/EBbIX 3HavalMx uudp nocne 3anaTon, a /= 0,02:4K..). O6oii-
TM 3TO NPOTUBOpPEYME MOXHO, B35iB 3a a, a2 a3l.., bh b2 bn.. He oT-
[enbHble  undpsl, a, Kak HasBan wux KaHTop, «Monekynel ne-
CATUYHOW [po6u», coeamHasa B OAHO Lenoe N6yl HeHyNeByl 3Ha-
yawyro  umdpy € npegwecTtsylowmMM  Hy/nem. Hanpumep, ecnu
z—0,3208007000302405... , To ¢ =3, cZ 2, c3= 08, c4 007,
chb= 0003, ck= 2, c7— 4, 8= 05, .. . HECKO/IbKO M3MeHUM npasBu/o:
nycTb Tenepb a,, bu a2 b2 a3 biun 1. A, 0603HavalOT He yncna, cTos-
LiMe, COOTBETCTBEHHO, Ha HEYETHbIX W YeTHbIX MecTax Mocrne 3anAaTon,
a Takue «monekynbl». Torga nwob6omy (X, Yy) OAHO3HAYHO COOTBETCT-
ByeT 6ecKoHeyHas [pobb I, KOTopas, B CBOK ouyepefb, OLHO3HAYHO
onpegenser U X Ny, pacnagasacb Ha ABe ApPo6u ¢ 6ECKOHEYHbIM 4YuC-
NIOM «MONeKyn», T. e. 6eCKOHeYHble AeCATUYHbIe Opo6u. Takoe OTo-
OpaxeHne MHBLEKTUBHO, T. €. MO X MUY YNC/IO I MNoJslyyaeTcd OfHO3Hau-
Ho, 1 Bcakoe re]0, 1[ mMoxeT BO3HUKHYTb TOMBKO OAHAXbI.

3T0 6MeKTNBHOE OTOobOpaxeHne M ycTaHasBNIMBAET PABHOMOLLHOCTb
KBagpaTta M MHTepBana, YTo B KOHEYHOM cuyeTe npmsoau! K yTBEpPX-
[EHVIO, 4YTO MJIOCKOCTb W npsmMas WUMeT OAMHAKOBYH MOLLHOCTb
KOHTUHYYM, WA PaBHOMOLLHOCTb MHOXEeCTB R2n R.

O606LieHe 3TOro [AgokKasaTesibCTBa Ha MPOU3BOJIbLHYIO CTEMeHb
R" BnonHe ouesmgHo. . KaHTOp B TeyeHue Tpex net ¢ 1874 ropga
nbiTancsa gokKasaTb HEBO3MOXHOCTb OBMEKTUBHOIO COOTBETCTBUSA MEX-
Ay MHoXecTBamMuM R v R" npu n>1, noka OH K CBOeEMY YAUB/IEHUIO
He nocTpown ero. «f 3To BUXY, HO He BEPIO B 3TO»,— nucan oH [ene-

KUHAY...
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Jlekuna 4

BVHAPHDIE

OTHOLWIEH WA
HA MHOXXECTBE

GPAKTOP-MHOX>XECTBO



BMUHAPHBIE OTHOWEHNHA
HA MHOXECTBE

PAKTOPMHOXECTBO

§ 13. Buabl 6MHaApHbLIX OTHOLIEHWIA HA MHOXECTBE.
8§ N. OTHoLeHVs nopsaka Ha MHOXEeCTBE.

§ 15 OTHOLWEeHNs 3KBMBA/IEHTHOCTU HA MHOXECTBE.
§ 16 Knaccbl 3KBMBasIEHTHOCTU. PaKTOpP MHOXECTBO.

OCHOBHbIE TMOHATUA: pe(*)]'leKCI/IBHOCTb, CUMMMETPUNYHOCTb, TPpaH3U-
TUBHOCTb OTHOLLUEHWIA, KNaccbl M OTHOLLUEHUS 3KBUBA/IEHTHOCTM, yno-
pagovYeHHble MHOXeCTBa, (*)aKTOp MHO>XeCTBO, CBO60,EI,HbII7I BEKTOD,
CpaBHEHME LeblX 4yucesn, paBHOCOCTaB/IEHHOCTb M PaBHOBE/IMKOCTb

duryp.

Heob6xoauMble cBeAEHUS: MHOXECTBa, onepaLyy Ha MHOXeCTBax,
6GUHApPHOE OTHOLIEHME, KOMMO3ULMs 6MHAPHbBIX OTHOLLEHWI, UHBEPCUS
GUHAPHOIro OTHOLLEHUS, KOHEYHOE MHOXECTBO, rpad 6GUHApHOro oT-
HOLUEHWs HAa KOHEYHOM MHOXEeCTBe, HanpaB/ieHHbl/i OTPe3oK, COHa-
npaBfieHHblE Ny4Yu, AEeKapTOB KBaapaT MHOXECTBA, AvaroHasb Aekap-
TOBa KBajpaTta MHOXEeCTBa, pPaHHOMOLUHble MHOXEeCTBa, MNoAo6Hble
TPeyrosibHUKN, PaBHOBENINKNE (UTYPbI.

PekomeHAauMn: ecnym nocobre UCMOMb3yeTcs H NEKLMOHHOM paboTe, To OO NeKumm
pekomeH/IlyeTcs NnpeaBapuTeNisHoe 3HAKOMCTBO CTyAeHTa ¢ cogepxaHvem § 13 (camo-
CTOATENBHO WM HA MPAKTUYECKOM 3aHsTW).



CemecTtp |
Nekyna 1 -MHOxecTBa M OTHOLUEHUA Ha MHOXECTBax.

$1—%5)
Nlekuyna 2 Onepaumm Ha GUHAPHBLIX OTHOLLEHUAX. OTOBpaKeHMUs. 6 8
0 =
Nlekuuna 3 - BuekTuBHble OTOGpaxeHus. [peobpasosaHus
€9 -8 12
Jlekunsa 4 — BbryHapHble OTHOLWIEHUA Ha MHOXecTBe. PakTop MHOXECTBO.
() 13— 8§ 19

Nexkuyus 5 Marpuubl. OCHOBHble oOrepauyvn 1 CBOICTBA.
Nexkuywns 6 —TloacTtaHoBKWU. pynnbl.

Jlekuuna 7 — Onpepenurenn.

Nexkuyuns 8— BeKTOpHblE MNPOCTPaHCTBA.

Nekyns 9—JIMHENHO 3aBMCHMbIE W JIMHEHO HE3aBMCKMbIE CUCTEMbl BEKTOPOB
Nexkuyuns 10— Paw wmarpuupl. CUCTEMbI SIMHENHBLIX YpPaBHEHWIA.
Nexkuyuns 11 —JIMHelHble OTOBPaKEHWS BEKTOPHbIX MPOCTPaHCTB.
Nexywnsa 12— MaTpuyHoe npeacTas/feHe FOMOMOPI3MOB.
Nexkuyuns 13— Anrebpa NMHENHLIX OMepaTopoB.

Nexkyusa 14— CoBCTBEHHbIE BEKTOPbI JIMHENMHBLIX OMEpPaTopOoB.
Nexywus 15— BBKINOOBLI BEKTOPHbIE MPOCTPAHCTBA.
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8§ 13. BAbl BUMUHAPHBIX OTHOLWEHUNN
HA MHOXECTBE

B 8§ 5 6bI/10 BBEAEHO MOHATUE OMHAPHOrO OTHOLUEHUA Ha OBYX
MHOXeCTBax, O6bEKTOM M3y4YeHUa B 3TOW fekumn 6yayT 6MHapHble
OTHOLLEHMA Ha MHOXecCTBe.

Onpep,en eHne 13.0. Jllwo6oe 6GuHapHoe oTHoLWeHue E c Nl 2

Ha3blBalOT GMHAPHBLIM OTHOLIEHMEM Ha MHOXECTBE.

3ToM cnyyae Dorn Fc/1, Im F<™A, a
MHoxecTBo Dorn F (J Im A& Ha3biBaloT 06n1acTblo GBUHAPHOIO OTHO-
weHna F.

O603HavyeHne obnactm oTHoweHusa: O (F) wan, ecnnm MNOHSATHO O
KakOM OTHOLUEeHUN WAET peydb ).

Kak npaswno, ynoTpebnaerca BblpaeHne: GMHapHOE OTHOLUe-
HMe Ha MHoxecTBe D, nogpasymeBas, 4to D—D (F)cM*A wu
FczDI (F), pasnnune mexay mHoxectsamu O (F) u A, ecnu oHO cy-
LeCTBEHHO, O6bIMHO BUOHO W3 KOHTEKCTa.

B mMarematmke 4acTO WCMOMbL3YKOTCA creuunasnbHble BUAbl OTHO-
LWeHWA: 3KBMBANIEHTHOCTU U1 nopsagka. Kaxpoe w3 HMX onpegenset-
CA uepe3 HEKOTOpble CBOWMCTBA, W3y4yeHMe WX — Hawa 6anxkaliwas
3ajava.

OnpepeneHne 131 bBuHapHoe OTHOWweHWe F Ha MHO-
xectBe D HasbiBaeTca pednekcusBHbIM Ha D, ecnu gna nwoboro
reD = Dorn /*UIm F kopTex (X,X) e F, B 3TOM c/iy4yae roBopsT,
yto kaxablh refl HaxoguTca K camomy cebe B JaHHOM OT-
HOLLEHUW.

CumBoONnyeckas 3anmncb 3TOrO OMNpeaeseHus:

/m— pednekcuBHo <>(V.veD =>(x, r)eF). (13.1)

HecnoXHoO BWAETb, YTO U3 OMpPeAEeNeHVs HeMEeAJIeHHO Chefyer,
yTo GuHapHoe oTHoweHune F 1pednekcriBHo Torga v Tonbko Toraa,
Korga pedieKcrBHa ero uHeepcus F +

OTHoweHne S={(1 1), <f 2), <1.3), (2 2, 2, 3), (3, 3)},
OYEBMAHO, PedEeKCMBHO, TaK Kak

D(S)=2 u S=3<l 1), < 2), B 3>
He pednekcmBHo 6GuMHapHOe OTHOLUeHue

L={(x, y) IX, y — nogn [ «4enoBeKk X Bbille 4esioBeka Y»}.

3apaHue 131 Mo rpacdam OMHAPHbLIX OTHOLUEHWUI Ha KOHEeu-
HbIX MHOXecTBax onpefenum, Kakme n3 HUX pedriekcusHbl. (Bbige-
NUTe CBOWCTBO). 2 2
Korga Mbl MO3HakKOMMMCA C OPYrUMU Buaamu OGUHApPHLIX OTHO-
WeHMA Ha MHOXecTBe, TO OyaeM yuuTbCs oOnpeaensTb, KaKoBbl
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(] ©

0

petneKcMBHO
aHTMpedIEKCMBHO
CMMMETPUYHO
aHTUCUMMETPUYHO
TPaH3UTUBHO
CBSI3aHHO

0

pedneKcMBHO
aHTMpetIeKCUBHO
CUMMETPUYHO
aHTUCUMMETPUYHO
TPaH3UTUBHO
CBsI3aHHO

GUHAPHbLIX OTHOLUEHWUA Ha

pednekcnMBHO
aHTMpe/1IeKCUBHO
CUMMETPUYHO
aHTUCMMMETPUYHO
TPaH3UTUBHO
CBSI3aHHO

0

pednekcnMBHO
aHTMpeIeKCUBHO
CUMMETPUYHO
aHTUCMMMETPUYHO
TPaH3UTUBHO
CBSI3aHHO

Puc. 58

MHOXXeCTBe

| 13

pednekcnMBHO
aHTUped/IeEKCUBHO
CUMMETPUYHO
aHTUCUMMETPUYHO
TPaH3UTUBHO
CBSI3aHHO

VI. 6

pednekcnMBHO
aHTUpedIeKCUBHO
CUMMETPUYHO
aHTUCUMMETPUYHO
TPaH3UTUBHO
CBSI3aHHO



ped1IeKCUBHO
aHTMpe/IeKCUBHO
CMMETPUYHO
aHTUCMMMETPUYHO
TPaH3UTUBHO
CBSI3aHHO

pethneKCcMBHO
aHTMpe/1IeKCUBHO
CMMETPUYHO
aHTUCMMMETPUYHO
TPaH3UTUBHO
CBSI3aHHO

BuHapHble OTHOLWEHUA

pedeKCMBHO
aHTUpPedEKCUBHO
CUMMETPUYHO
aHTUCUMMETPUYHO
TPaH3UTUBHO
CBSA3aHHO

pedieKCUBHO
aHTUpedNeKCnBHO
CUMMETPUYHO
aHTUCUMMETPUYHO
TPaH3UTUBHO
CBs3aHHO

Puc. 59

Ha MHOXeCTBe

ped1IeKCNBHO
aHTUpeMneKCUBHO
CYMMETPUYHO
aHTUCUMMETPUYHO
TPaH3UTUBHO
CBSI3aHHO

pedieKCMBHO
aHTMpedIEKCUBHO
CYMMETPUYHO
aHTUCUMMETPUYHO
TPaH3UTUBHO
CBSI3aHHO
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pednekcnsHo petieKCUBHO pednekcMBHO
aHTUpeIEKCMBHO aHTUpeMIeKCUBHO aHTUped/IeKCMBHO
CUMMETPUYHO CUMMETPUYHO CUMMETPUYHO
AHTUCNMMETPUYHO AHTUCUMMETPUYHO AHTUCMMETPUYHO
TPaH3UTUBHO TPaH3UTUBHO TPaH3UTUBHO
CBAI3aHHO CBAA3aHHO CBAI3aHHO
Puc. 60
X MpWY3HaKM AN KOHEYHbIX MHOXEeCTB, Mo 3TUM Xe rpadam

(puc. T «xX).

Ocob6eHHOCTbIO rpada peneKCUBHONro GMHAPHOro OTHOLUEHUA Ha
KOHEYHOM MHOXECTBe fB/SeTCA TO, YTO B KaXOl ero Touke mmeetcs
neTns. d

BuHapHOe OTHOLIEHWEe He Ped/IEKCUBHO Ha KOHEYHOM MHO)KeCTBe
ecnn B ero rpade XoTrs 6bl 0AHa TO4YKa He unMeeT MeT/u.

PaccmoTpuMm 60siee MHTEpecHble NpUMepbl BUHAPHbLIX OTHOLUEHW
Ha KOHEYHbIX U O6eCKOHeYHbIX MHoXecTBax. [pun wn3syyeHUu [pyrux
CBOVICTB OTHOLUEHMA Mbl GyAemM BO3BpalaTtbCd K 3TUM Npumepam,
Kak 1 K npumepam 3agaHums 13.1, BbIACHAA OOMOSIHUTENIbBHO WX HOBbIE
CBOIiCTBA.

Mpumep 13.1. Onpenenvm, o6nagatT M CBOMCTBOM pedek-
CMBHOCTU OTHOLUEHUS:

n Mm=i<r. <=u, yie=n={1 21 *>23y_ L.

Bce kopTexu P 1moxHO Bbinucatb /N ={(L 1), < 1), < 2)}
/)(P,) = {f 2} (‘nopoBATENbHM OTHOWeEHWEe pedneKcnsHo Ha D (P X.

epnekcusrno, AHTUPEXRIEKCUBHO,

NMMMETPUYHO, aHTUCUMMETPUYHO,
TPaH3NTUBHO, CBA3aHHO.

2) P2={(x, YI\MX, y)a Z/\x>2 (y 1y

D (P2=Z. 3vo OTHOWeHVe Heped/IeKCUBHO Ha Z. o]

YkasaHue. CpaBHUTE C GBUHaPHBLIM OTHOLLEHVEM P x, HAAETCA /N Takolh XeZ, 4To
Obl x <2 (x- 1)?
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aHTN pedyIeKCMBHO,
CUMMETPUYHO, aHTUCUMMETPUYHO,
TPaH3UTUBHO, CBS3aHHO.

3) Pn={(x, y) IU, y}czR/\x"y}.
D (Pn)= R, oTHOWeHUe pedieKCMBHO Ha R, TaK Kak X~"X ans nobo-
ro AencTBUTE/IbHOIO 4yucna x

e nexcusro, aHTNPEGUIEKCMBHO,
MMMETPUYHO, aHTUCUMMETPUYHO,
ITPAH3UTUBHO, CBA3aHHO,

A f={(w, n)\{T, «<}crNA T genut n}.
«T [ennt n» O3HayaeT, 4YTO CyLLecTByeT uenoe yucno k takoe, 4Tto
n—krn. O6nacTtb 3TOro 6MHaApPHOro OTHOLWeHWA pasBHa N, Tak Kak
BCAKOE HaTypaslbHOe 4YUCNo T — fAefnuTeslb Kakoro-imbéo KpaTtHOro
eMy HaTypasibHOro 4ucna, Hanpumep T, 2r nT Pl
3TO OTHOWeHMe pednekcMBHO, Tak Kak VmeN=s-m=Im.
ednekcusro, aHTUPEqUIEKCUBHO,

MMMETPWNYHO, aHTUCUMMETPUYHO,
\TPaH3NTUBHO, CBA3aHHO.

b) OTHOWweHne paBeHCTBA TPEYrosibHNKOB Ha MHOXEeCTBe BCEX
TpeyronbHUKoB JI:
Pii= {<p NBC, AA'B'C')\{a ABC, a A'B'C'}cz& N\
O AABC= a A'B'C'}
pedeKcuBHO. L 2

(petnekcuBHO, aHTVIperJ'IeKCVIBHO.
OTHoLLEHVE <CUMMETPUYHO, aHTUCUMMETPUYHO,
( rPaH3nTMBHO, CBA3aHHO.

6 OTHOWeHNe napannenbHOCTU Ha MHOXECTBE BCeX MPAMbIX
(nnockocTn):

Pb= {(a, b) |{a, b}cz.y/\a\\b}

? He ? pedNeKCUBHO Ha L 2

ed1eKCUBHO, aHTUPeqIEKCUBHO,
CUMMETPUYHO, aHTUCUMMETPUYHO,
TPaH3UTMBHO, CBSA3aHHO.

7) OTHOWeEHWEe MNepneHANKYNSIPHOCTU MNPSMbIX:

P7={(a, b) {a, b}<".9”\a +b}

HepednekcuBHo Ha P ®

aHTVPEIEKCUBHO,
CUMMETPUYHO, aHTUCUMMETPUYHO,
TPaH3UTVBHO, CBSI3aHHO.
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a OTHOLWEHVE BK/IKOYEHUA Ha MHOXXecTBe MOAMHOXeCTB HEeKOTO-
poro MHoXxectBa U:

PHM{(A, B)\{A, ti[cu/1cii}.

1) OTHOLWEHNe ? He ? pednekcuBHo Ha U. (09]

ed/IeEKC IHHO, aHTW pedhieKC HMO,
CYMMETPUYHO, aHTUCMMMETPUYHO,
TPaH3UTMBHO, CBA3aHHO.

9) OTHOLWeHVe PaBHOMOLLUHOCTM Ha MHOXECTBEe MOAMHOXECTB He-
KOTOPOro MHOXectBa U:

Pe,—{(N1, B)\{N1, n)cl)A/1 paBHOMOLHO B).

O (P9 = O, oTHOLWeHNe pedieKCMBHO Ha U, TaK KakK BCAKOE MHO-
XXeCTBO paBHOMOLLHO cebe camomy, (3amedyaHue 11.?) d

(pednekcueHa, aHTVIper}'IeKCVIHHO.
OTHOLLEHVE «CUMMETPUYHO, aHTUCUMMETPUYHO,
[ TPaH3UTUBHO, CBA3aHHO.

B LWKONbHOM Kypce reomMeTpuy BCTpeyanucb MOHATUA ~Hanpas-
NIEHHOCTM U1 MPOTMBOMOJIOXKHOW Hanpas/ieHHOCTU nydeii. OHM onpege-
NAKT OBa OTHOLIEHUA HAa MHOXECTBE JNy4yei.

_ HanomvHaHve. Jlyy \a8) HasblBaeTCs COHaHpaBneHHbIM ¢ fiydyom [CO), ecim
(IM]I(CO) nae) n |CO) nexar B QOHOM MNOMYMNJIOCKOCTM OTHOCUTE/ILHO MPSMONi
(/1C), npoxopsALeii Yepe3 WX HavasibHble TOYKW, MPWU YC/IOBMM, YTO (AB)® (CM), a B
cnyyae (AB) — (c1) ) TpebyeTtcs, utobbl |/4fl)cz|CO) wm \c 1))araB). Vcnm nyun na

pannenbHbl, HO He 061a4al0T STUMM CBOICTBaMW, X Ha3blBAlOT MPOTMBOMONIOKHO Ha
npaHneHHbIMK (puc. 61).

O6o3HaveHnn. |OA)LL|CO) mns coHanpawneHHMX Jflyvyeii 1, COOTBETCTBEHHO,
|18 )f(|cD)— /M NPOTMBOMONOXHO Harpas/ieHHbIX.

10) OTHOLWeEHME COHaMNpPaB/lEHHOCTU Ha MHOXECTBE BCEX Jy4eil:
PT = {<\AB), \CD))\{\AB), |CD)}c~'AHB)tt|CD)}.

O4YeBUAHO, pedieKCUBHO. d

edpnexcusno, AHTUPERIEKCMBHO,
MMMETPUYHO, aHTUCUMMETPUYHO,
TPAH3NTNBHO, CBA3aHHO.

Puc. 61
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[1) A OTHOLWEHVE MPOTUBOMOJIOXKHOW HarnpaBleHHOCTH

Pu= {(\N1B\ |CD)> |{|[71f), \C D ))d ~'/\\JTY\\\CM)},

HepedekcUBHO Ha Y". *

aHTUPEHNIEKCUBHO,
CUMMErpUYHO, aHTUCUMMETPUYHO
rpaHam | MBHO, CBSi3aHHO.

12) Ba)kHbI/i Npumep pediIeKCMBHOIO OTHOLLUEHUS — OTHOLLEHME
3KBUHOJIEHTHOCTU Ha MHOXECTBE BCEX HarpasB/fieHHbIX OTPEe3KOB.
(Cm. onpepneneHve 4.2).

Onpepen eHne 132 HanpaBneHHbI OoTpe3ok /1B Ha3biBa-

eTcsl 3KBMMOJIEHTHLIM Hanpas/leHHOMY oTpe3ky CD, ecnm cooT-
BeTcTBytowme nyuyn (JAB) u [CD)) coHanpas/ieHbl, a A/VHbI 3TUX
OTPE3KOB pPaBHbI.

O603HavyaeTCcsa 3KBUMOJIEHTHOCTb Hamnpas/IEHHbIX OTPE3KOB 3Ha-
kom <= ABmCD.

YKaXunTe Ha yepTexkax 3KBUMOMEHTHble HanpaB/ieHHble OTPEe3KU
(puc. 62):

BnHapHOe OTHOLWEeHNEe Ha MHOXECTBE BCeX HamnpasfeHHbIX OT-
PE3KOB:

PU—{{AB, CD) \{AB, CD}cz CA ABmCD)

pedieKcuBHO.

(pedpnexcusrno, aHTUPEIEKCUHHO,
OTHOLLEHME <CUMMETPUYHO, aHTUCUMMETPUYHO,
[ TpaH3nTaBHO, cBs3aHHO.

Mpu3Hak pedneKCUBHOCTM GUHAPHOTO OTHOLLUEHWS CleayoLmii.
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YTBepxaeHune 131 BuHapHOe OTHOWeHWe F pednekCcnsBHO
Ha MHoXecTBe D Torga u Tonbko Torga, korpga dDeMF. (dn— pguaro-
Ha/lb MHOXecTBa D).

JelcTBUTENBHO,

ovp. 3.3
F pednekcmBHo Ha D-~N(VxeD=>-(A: X) F) n
ovp. I 3

OnpepeneHne 133 bBbuHapHOe OTHOWeHWMe F Ha MHOXe-
ctBe D HasbiBaeTcA aHTUpedieKcuMBHbIM Ha D, ecnm (X, X) ™ F
ONA KaXaoro xem.

CumBoONmMYyeckas 3anucb 3TOro onpepfeneHuns:

F — aHTupediekcnBHo ™ (V t e D= (x, x)<£F). (13.2)

Take 0o4eBMAHO, YTO GUHapHble OTHOWeEHUA F U F ' mMoryT 6bITb
aHTUpemNeKCNBHbI TONbLKO OAHOBPEMEHHO, TaK Kak (X, j()e v Torpa
M TONbKO TOrga, kKorga <x, X )~ F ' (Cm. onpegeneHve 5.7). &

3apgaHune 132 Onpepenute, Kakune wu3 rpadgos 3agaHuns 131
3a4alT aHTUpedIeKCUBHbIE OTHOLUEHUA?

YKaxuTte, Kakme u3 6MHApHbIX OTHOWeEHun npumepa 131 aHTU-
pednekcuBHbI, yMelTe O60OCHOBbLIBaTb CBOW BbIGOP.

Ocob6eHHOCTbO rpaca aHTUped/IEKCMBHOIO OGUHAPHOrNo OTHOLWe-
HUA Ha KOHEYHOM MHOXeCTBe fBNfeTCA TO, YTO HA B OOHOW M3 ero
TOYeK HeT neTeflb, TaK Kak 3TO o3Hayano 6bl Hanuume B D (F) ane-
MeHTa X Takoro, 4to (X, X) e F — 4To npoTuBOpeYnT onpeneneHunto

aHT nped eKCMBHOCT U.
BuHapHOe OTHOLWEeHMe Ha KOHEYHOM MHOXECTBE He aHTupedek
CMBHO, ecnu ero rpag nMmeeT XOTa 6bl OAHY MET/H0. (09]

Mpu3Hak aHTUpepIeKCMBHOCTN MPOU3BOJ/ILHOrO GUHAPHOro OTHO-
LWeHVss MOXHO cthopmynmpoBaTtb cneaylwmm o6pasom:
YTBepxageHune 132 BuHapHOe oOTHOweHWe F aHTupednek-
CMBHO Ha MHOXecTBe D Torga m Tonbko TOorpga, korga do[)F= 0.
3apava 13.1.2. Jokaxute yTBepxpaeHune 132
Joka3aTenbCcTBO.

F aHTupednekcusHo Ha D-s-(VrGD="(.r, )& F)o d upN\F= 0,
(roe <,= 7). .

3apgauva 13.1.1. YctaHOBUTe, pe@NeKCUBHO WM aHTupediek-
CMBHO OMHapHOe OTHOLLEHME:

C,={<x, yv) {x, (/lczNNn &+ (/= 2}.

O6bACHUTE OTBET.
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YKazaHue. MoXHO N1 yTBEPXKAATh, UTO X—}-X— 2 Ans Mto60oi0 HaTypaslbHOro YHe
na xX? MoXHO N1 yTBepXxJaTb, YTO HC CyLLECTBYET HaTypasibHbIX YMCeN TakuX, YTOObI
X+X=22

Cnepyouwee CBOMCTBO OMHAPHbLIX OTHOLLIEHW/ Ha MHOXecTBe —
CUMMETPUYHOCTD.
OnpepeneHuve 134. buHapHoe oTHoweHWe F Ha MHOXecCT-
Be D Ha3biBaeTca cuMMeTpUYHbLIM Ha D, ecnn ans scex {X, y)czD
U3 TOro, 4Yto <x, y)~F, cnegyet, uto (y, X)e/\
CumBoONnyeckasa 3anuchb:

F — cnummeTpuyHO Sie;((V{x, y}czD\(x, y)"F)=>((y, x)eF)).
(13.3)

Kak ”n B cnyyae ped/eKCMBHOCTU U aHTUPEedmNEKCUBHOCTH,
CBOICTBO CMMMETPMYHOCTM OMHApHOrO OTHOWeHus F HacneayeT-
CcA OTHoweHuem F . *

bonee TOro, o4eBMAHO YTBEPXAEHME.

YTBepxpageHue 13.3. bnHapHoe OTHOWweEHMe F CUMMETPUYHO
Ha MHoxecTBe D Torpga wn TONbLKO TOrga, kKorpa F = F~'.

CnepctBue 13.1. Dom F=Im Fo AN CUMMeTPUYHOro GuHap-

? .3
HOro oTHoweHns F, Tak kKak DomF=Imr =Im r.
3apgava 13.22. BepHo nu obpatHoe: ecimt DomF=ImF, TO

O6VHapHoe OTHOLWEeHNe F — CUMMETPUYHO?
YkazaHue. [Mpuseayite MpUMepbl GMHAPHBLIX OTHOLLEHWUIA XOTS Gbl HA KOHEUHbIX
MHOXeCTBax.

3apaHune 133, Onpegenute, Kakvue U3 OTHOLUEHUIA 3a[aHuA
131 cMMMeTpPUYHbLI?

YKaxnte,Kakme m3 6MHapHbIX OTHOWeEHWA npumepa 131 cummeT-
PVYHbI, yMeliTe 060CHOBbIBaTb CBOIM BblGOp. 3anuwmnTe 06BACHEHUS
ONns ogHoro (to60ro) M3 OTHOLLEHWIA.

BbinonHeHMe 3TOro 3afgaHus MNO3BONSET cAenaTb BbiBOL, YTO OCO-
6eHHOCTbIO rpada CUMMETPUYHOIO GUHAPHOrO OTHOLUEHMA Ha KOHEeu-
HOM MHOXeCTBe fBNAeTCA TO, YTO BCE €ro CTPesiKU «ABOWHble» (B
3TOM C/lyyae roBOpAT O HEOPUEHTUPYeMOCTU Bcex pebep rpada). +

BuUHapHOe OTHOLWIEHME Ha KOHEYHOM MHOXECTBe He CUMMEeTPUYHO,
ecnv ero rpad mmeeT XoTa OGbl OOHO OPUEHTUPOBaHHOE Ppebpo.

OnpepeneHne 135 BuHapHOoe OTHOLWEHMEe F Ha MHOXe-
ctBe D HasbiBaeTCd aHTUCUMMETPUYHbIM Ha D, ecnu ansa Bcex
(X, y}c~O Takux, uto (x,y)e f m (y, X) e F cnegyet, 4to X=1Y.

CumBoOnyeckasa 3arnucb onpeaeneHuvs:

def
F — aHTUCUMMETpUYHO -O-

=K(Vfic, y}<=D\((x, y)e~F/\(y, x) ™ F))==>(x=y)). (13.4)

Hacnegyetca nu wHBEpPCUE aHTUCMMMETPUYHOCTb OMHAPHOro
OTHoweHna F? *
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3apgaHue 134. Onpegenure, Kakue Wn3 OTHOLWEHWIA 3agaHus
131 aHTUCUMMETPUYHBI.

YKaxuTe, Kakme u3 6uHapHbIX OTHOWeHui npumepa 131 aHTwu-
CUMMETPUYHbI, yMeliTe OB6OCHOBbIBaTb CBOW BbIGOP.

MO>XHO 3aMeTUTb, YTO OCOBGEHHOCTLIO rpada aHTUCUMMETPUYHOTO
OTHOLWIEHUA Ha KOHEYHOM MHOXEeCTBe fAB/iieTCA TO, YTO BCe ero peb-
pa OpueHTUpOBaHbl (HO rpad MOXeT UMeTb neTau). b

BuHapHOe OTHOLIEHWe Ha KOHEeYHOM MHOXEeCTBE He aHTUCUMMET-
pVYHO, ecnn ero rpad umeet xota 6bl OAHO HEOPUEHTUPOBaHHOE peb-
po (OBOWMHYH CTpPEsIKy). d

MpuU3HakKoM aHTUCUMMETPUYHOCTU OWHAPHOINO OTHOLUEHUA ABA-
eTca crefymollee yTBepPXAeEHUE.

Yreepx geHune 134 buHapHoe OTHOWeEHWe b Ha MHOXecTBe
1) aHTUCMMMeETpUYHO TOrga W TOMbKO Torpa, korpa Ff)F 'czdn.

3apavya 13.3.2. JokaxuTe yTBepxaeHue 134.

JlokasaTenbc reo. PaccMoTpum

FAOF 1={<xr y) 1< y) e/ O (x, Y)(=F '}=
=={<*, y) |91, y) e=/"N1 <V, x) cbF}.

F — aHTUcummeTpuyHo Ha D<>Ff\F '= {(*, x) e/ /1, HO nocnegHee
MHOXeCTBO MO OMpefeneHno CoAePXUTCs B guaroHaam d,= ?. m

MoOXHO 3aMeTuUTb, 4YTO NpeaplaylwM MPU3HaAKoM Jlerko [oKasbl-
BaeTCA aHTUCUMMETPUYHOCTL F

? ? >
F aHTUCUMMETPUYHO FQF 'c~d,~>F 'f\Fczdno

o/' '(!(/'" ") 'czdno F — aHTUCYMMETPUNYHO.

|. e. 6UHapHOe OTHOoweHne F aHTUCUMMETPUYHO Torga v TOMbKO
Torga, Korga aHTucMmmeTpuyHo F

3apava 1321 Onpegenute, ob6ragaeT NuU CBOACTBOM CUM-
METPUYHOCTU WM aHTUCUMMETPUYHOCTU GUHaApHOEe OTHOLleHWe 3ana-
um 1311 F,={<*, y)\Xx, i/e N[O x-\-y= 2].

YkazaHne. MOXHO N1 yTBepXAaTtb, UYTO €C/M x +y = 2, TO Uy-\-x = 22 MOXHO
M yTBEepXAaTb, YTO M3 TOK, 4YTO x-\-y = 2 Wy-\-x = 2, ClefyeT, 4to X= y?

3apava 13.1.3. Halignte 6UHapHOe OTHOLLEHME, KOTOPOE CUM
METPUYHO U aHTUCUMMETPUYHO.

,ﬂ,OKa3aTel’IbCT B O.
(13.9)
A— =*H(VU, yHEED\(x, y)AF)=*-(?, 7>€E/- ')
(13?)
F— =*-((V{x, YJeED\((x, ¥)e~F/\(y, X) ge F)=>x=y)

=/[e=7. L
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OHpepeneHne 136. buuHapHOoe OTHOLWEHNE F HA MHOXeCT-

Be D Ha3biBaeTCca TpaH3UTMBHbLIM Ha D, ecnn ana Bcex {X, y, z)cz.D

Takux, 4to u3 (X, r/)e/-' v (y, z) e F cnenyet, uto {xX, r) e /.
CooTBeTCTBYHOLAss CMMBOJIMYECKasAs 3anucb ornpeeneHus:

oef
/> — TPaH3UTUBHO-0-

& Vije, y. zyaL) < Y= x, z) e | (13.5)
ES N P A )

B onpepeneHnn TPaH3UTUBHOCTM OWHAPHOro OTHOLLUEHWUS €ecCTb
HEKOTOpOe CXOACTBO C onepaunein KOMAO3ULMW OTHOLLIEHWA. 3TO He
CNny4yariHO: NMPU3HaK TPaH3UTUBHOCTM GMHAPHOrO OTHOLUEHUS cneay-
HOLLMIA.

YTBepxaeHue 135 OTHoweHne F Ha MHOXxecTtBe D TpaH-
3UTUBHO TOrga W TO/MIbKO Torga, korga F°FczF.

Joka3aTenbcTtBo. HanomMHuMm, 4TO

. 6. |
FoF “ % T 2>BUI(<T, Y)AFA (Y, e N}
B TO Bpemsa kKak
FoFc. | FoF) <* /0e
13.5

:>AV{jC, Y, Z)CZD N y) M » <*, r) ( )

¥-r) m')
<135)

F — TpaH3nTuBHO. |

OTcoga, B 4aCTHOCTU, TPAH3UTUBHO nboe 6|/|HapHoe OTHOLUeHne

/='cr/,,, Tak Kak F°F= Ocr. *
M3 3aTOro yTBEpPXAEHUA TakXe crneayeT, YTO OTHOLUEHuE /f 1lua
MHOXecTBe D TpaH3MTUBHO Torga v TOMbKO TOorpga, korga F Tpauvsu-

TUMBHO, TaK Kak ecnum FoFcziF, o« F oF =(ror) a/ n ob
partHo. L 2
3apgaHue 135. Onpegenute, KakMme w3 OTHOLUEHWA 3adaHuUs
| 131 TpaH3UTUBHLI?
YKaxuTe, kKakme 13 6UHapHbIX OTHOWeHWA npumepa 131 TpaH3u-
TUBHbI, YMelTe O6GOCHOBbIBaTb CBOW BbIGOP.

Oco6eHHOCTbI0 rpatha TPaH3UTUBHOINO OTHOLLEHUS HA KOHEYHOM
MHOXeCTBe fB/IAETCA TO, YTO B HEM /IMOO OTCYTCTBYIOT «TpPeyrosib-
HUKW», TMBO BCE OHU «3aMKHYTbI» (puc. 63). L 2

BvHapHOe OTHOLleHNe Ha KOHEYHOM MHOXECTBE He TPaH3UTUB-

HO, ecnn ero rpag wvmeer XOTa Obl OOUH «HE3aMKHYTbIi TpPeyrosb-
HUK, TaK KakK 3TO paBHOCWU/IbLHO TOMYy, 4TO, Hanpumep: (a b')"™1:
m b\ c" ) F, HO <a c') & /\ uyTo HapywaeT TpeboBaHne TpaH3u-
TuBHOCTU (13.5).
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TPaH3UTUBHO HETPaH3NTUBHO

Puc.

3apgava 13.3.1 Onpenenute, TPAH3UTUBHLI I BUHaAPHbIE OTHO-
weHns F2 un P8(npvlmep 13.1):

r2={(x, y=iu, Yicun*ny=o0}.
<*. Y)"P.20 X[]Y=0 1

V{X, ¥, Z\c=l
¢ (Y, Z)e/'22Kknz=0 j

<*. Z)(EF.2

UYTo oO3HavyaeT ? He ? TPAH3UTUBHOCTL F2

PB= {<*, Y>|{*, KcupgkcyY).
<Z, Y)e F2<=>Xa Y 1

VY. Y ziell s oy s a0 o=z

<Z, Z><eeP8

UTo O3HayaeT ? He ? TPAH3UTUBHOCTbL P8

OnpepeneHne 137. buHapHoe OTHOWeEHUEe F Ha MHOXe-
ctBe D HasbiBaeTcs cBfi3aHHbIM Ha D, ecnu nw6bIX ABa pasnuny-
HbIX 3ieMeHTa M3 D HaxoaATca B AaHHOM OTHOwWweHwuun F. B npo-
TUBHOM CcJ/lyyae roBopsT O HecBA3aHHOM Ha D 6uMHapHOM OTHO-
LUeHUN.

CnmMBONMYecKas 3anncb 3TUX ONpeaeneHunii:

[ — CBA3aHHO 9':e:f>
def
<:e;>((V{x, ylc. DN&Z=y)=>((X, Y)NF\/(y, i)ef)). (13.6)
I — HecBfA3aHHO dg

<1((3{x, ylan\xdy)==>((x, y) dP/\ {y, X)<£F)). (13.7)

B cuny cMMmeTpuMyHOCTU camMux onpegeneHunii (OHU Mo Cyuw,ecTBy
He U3MEHSATCH, ecNu NOMEHSATb MecTaMu X MYy) A0CTaTOYHO OYeBUAHO,
4yto O6UHapHOe OTHOolWeHue F CcBA3aHHO WM HecBfA3aHHO Torga u
TO/MbKO TOrAa, Korga CBfI3aHHO WX, COOTBETCTBEHHO, HeCBA3aH-
HO F
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Mpn3HakoM CBA3AHHOCTM OMHAPHOro OTHOLLUEHWUs fABNAEeTCHA che-
Ayollee yTBepXaeHue.

YTBepxaeHue 136. buHapHoe OoTHoWeHe b Ha MHOXKecTBe
D cBsA3aHHO Torga M TonMbko Toraa, korga (D X D)\dOcz/'UE ‘e

3apgaHue 136 Onpegennte, Kakue U3 OTHOLIEHWIA 3afaHus
131 cBfA3aHHbLI.

Oco6eHHOCTbIO rpada CBA3aHHOINo GMHAPHOro OTHOLWIEHUA Ha KO-
HEYHOM MHOXEeCTBe fB/IAETCA TO, YTO N06ble ABe ero BepLlUnHbl coe-
[ONHEeHbl pebpoM, COOTBETCTBEHHO, HECBA3AHHOCTb MNPOABAAETCA Ha
rpade B TOM, 4YTO HaligyTcsa XOTa Obl ABe ero BepLVHbl, He COeAMHEH-
Hble pebpom. +

PaccmatpunBas cBoiicTBa OGMHAPHbLIX OTHOLUEHWIA, Mbl BCAKWIA pas,
ycTaHaBnmMBasa WX NPU3HaKW, pellany M TakoW BOMPOC: B KaKOM Chy-
Yae TO WIN WHOE CBOWCTBO COXpaHAeTCs 3a WHBEpPCUel OTHOLLEHMUS
C OaHHbIM CBOWCTBOM. Pe3lommpyem pesynbTaTbl:

YTBepxpaeHune 13.7. bBUHapHoe OTHoOWeHWe F~' pedieKcus-
HO, aHTupedIeKCMBHO, CUMMETPUYHO, aHTUCUMMETPUYHO, TPaH3UTUB-
HO CBSI3aHHO WM HEecBA3aHHO TOrja M TOMbKO Torfa Korga 3aTum
>Ke CBOWCTBOM 06nagaeT OTHOLWeHue F.

8 14 OTHOWEHWMA MOPAAKA
HA MHOXECTBE

Pa3nnyHble cnocobbl ynopaaoyYeHUs MHOXECTB BCTpeyarTcs Ao-
CTaTOYHO 4acTo, W He TONbKO B MaremaTuKe: Hanpumep, MNocTpoe-
HWe Mo POCTy, NeKcukorpadgunyecknii Nopagok cnoeapen M T. 4., Ta-
Kue Croco6bl MOXHO pa3fenuTb Ha onpefenieHHble rpynnbl no mnx o6-
WM CcBOWCTBaM.

Beoasa HoBble onpefeneHws B 3TOM naparpade, 6yaem cpeau
OMHapHbIX OTHOWeEHW 3agaHma 131 v npumepa 131 ykasbiBaTb
OTHOLLUEHMA C COOTBETCTBYIOLWUMU XapaKTepucTukamu.

OnpepeneHune 141 bBbuHapHOe OTHoOWeHMe F Ha MHOXKe-
crBe D HasbiBaeTCA OTHOWEHMEM nopsaka WIM NopsaKoM Ha
D, ecnM OHO TPaH3MTUBHO M aHTUCUMMETPUYHO. B Takom cnydae
MHOXecTBO C 3afaHHbIM Ha HeM MNOPAAKOM Ha3blBalOT ynopsno-
YEeHHbIM

Ero o6o3HauveHune: (D, F).

MonesHo 3anOMHUTL opmyny:

nopsiAoK = aHTUCUMMETPUYHOCTb -~ TPaH3UTUBHOCTb, (14.2)

M COBOKYMHOCTb 3TuMX Tpeb6oBaHuii (13.4, 13.5):

1 ((VU, y}ezD\((x, Y)AF/\(y, x)f=F))=>x=y)-
AHTUCMMMETPUYHOCTDb,

F
2 ("V{x vy, z}ezD <-Y>
"V{x vy, z} v F

— TPaH3NTUBHOCTb.



HecTporui
cTporui
JNINHENHbIN
YaCTUYHbIN
NOJHbIN

HecTpormni
cTporui
NIHEVHbIV
YacTUYHbIV
NOJHbIN

HecTporui
cTporuii
JNINHENHbIV
4aCTUYHbIN
NOMHbIN

HecTpormnii
cTporui
JINHENHbIN
4acTUYHBbIN
NOJSIHbIV

Puc. &4

HecTporui
cTporuii
JINHENHbIN
4acTUYHBbIN
NOJSHbIV

HecTporui
cTporui
NIHENHbIN
YaCTUYHbIN
NOJSHbIN
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XI.

0

HecTporui HecTporumn
cTporui cTporuii
NNHENHbIN JNINHENHbI
YacTUYHBIN YyacTUYHbIN
MOJIHbIN MOJHbINA

Puc. 65

3apga Hno 14.1: BoceMb 6UMHapHbIX OTHOLWEHUI 3agaHua 131 —
ABNAKTCA OTHOLWEHUAMU MopsAaka, ybeautecb B 3TOM. [1034HEE Mbl
yKaxeM Tun nopagka Kaxaoro vz Hux. VX rpadbl Ha pucyHkax 64
n 65.

MpuHMMas BO BHUMaHWE yCTaHOBJ/IEHHbIE MPU3HAKN aHTUCUMMET-
PUYHOCTN W TPAH3UTUBHOCTM OTHOLUEHWA Ha KOHEYHbIX MHOXecTBax,
MOXEM OTMeTUTb, YTO OCOOEHHOCTAMM rpada OTHOLWEHUA nopaakKa
Ha TakOM MHOXEeCTBE AB/IAOTCA OPUEHTUPOBAHHOCTbL rpada (oTCyT-
CTBME ABOWMHbLIX CTPEsIOK) U 3aMKHYTOCTb BCEX «TPEYrosibHUKOB», ec-
NN OHN UMEITCA.

M3 yTBepxaeHusa 13.7 (0 HacnegoBaHUM GMHAPHbLIM OTHOLUEHVEM
A 1csoiicts /%) BbiTekaeT

YTBepx aeHune 14.1. buHapHoe oTHOoweHue F lectb oTHOwWe-
HVe nopagka Torga M TOMbKO Torga, Korga F — Toxe OTHOLeHue
nopsgka.

OnpepeneHuve 142 OTHOWeHME NopsAgKa Ha MHOXeCTBe

I) HawmBaeTca OTHOLUEHMEM HECTPOroro nopsgka wuinm HecTporum,

€ecnn OHO pediIeKCUBHO.
Takum o6pasom.
HecTpormii NopsgoK=
= nopspok -f pednekcuBHOCTbL = (14.29)
aHTUCMMMETPUYHOCTb - TPAH3UTUBHOCTbL -th pethNeKCUBHOCTb,
1 ((VU, y}czD [(<c, y) e M </ x) ("F))==> x=y)

—aHTUCUMMETPUYHOCTb,
(14.2)



§ 14 OTHOWeHMA nopsfka Ha MHOXecCTBe 127

2. "V y, T{=7) 3 X)) N} = (%, £) €=/ | — TPAHINTUBHOCTD,
. T
3. (V.te Da(x, X )e F) pedNeKCnBHOCT b.

OnpepeneHne 143, OTHOWeHME Nopsagka Ha MHOXeCTBe
X Ha3blBaeTCsi OTHOLUEHMEM CTPOroro nopsgka win cCTporum, ec-
NN OHO aHTUpedNEKCUBHO.

M3 aTtoro cnepyet, 4TO

CTPOrnini NOpsAOK =
= nopagok -f aHTupepnekcUBHOCTb = 14,3)
= aHTUCMMMETPUYHOCTb -0 TPAH3UTUBHOCTL  aHTUPERNEKCUBHOCTD,

a CcMMBOMMYEecKas 3anmcb 3TMX TpebosaHui (13.2, 134, 135):
1 ((V{x, (/}cD |(9m, V)< "F/\(Y, x>e /&)=jc=T1/) -
— aHTUCM MCTPUYHOCTDb,

2. 9/{*. v ric/) </ FQ%//’ ﬁ == 2)EE A  TpaH3MTUBHOCTb,

3. (V.tel):S— (T, X)(*)E) ~ MHTUPEedNEKCUBHOCTb.

YTBepxaeHun 137 n 141 no3BoMAKOT OTMETUTb, 4YTO OMHapHOe
oTHoweHue F lects CTPOrMA UM HECTPOrwuii NOpsAAoK Torga u Toflb-
KO TOrga, Korga COOTBETCTBYIOLWMM MNOpAAKOM ob6nafaeT OTHOLUEHWE
F. HecnoxHo pokasaTb criegytoLlee.

YTBepxaeHue 142 Ecnuv F — OTHOWeEHMEe nopaaka Ha He-
KOTOpoOM MHOXecTBe D, To nob6oe ero cyxeHue [ \IY Ha HenycToe
NOAMHOXECTBO e€CTb TaKXXe OTHOoWeHue nopsaaka, npuyem F\y Tak
Xe CTPOoro wim HecTporo, Kak un 6uHapHoe oTHoweHue F.

O6paTHoe, BOOOLWE rosBops, HesBepHo: ecnn F\,, nopsaokK, TO
/4 MOXeT UM He 6biTb Ha MHOXecTBe ¢

3apgava 1411 YKaxuTe, Kakue M3 OTHOLWIEHUI nopsaka 3aga-
HUA 14.1 ecTb OTHOLLUEHMS HECTpPOroro nopsgka. Haignte cpegu HUX
OTHOLUEHMA CTPOroro nopsgka.

OcobeHHOCTAMKM rpadha 6MHAPHOro OTHOLUEHUA HEeCTPOroro no-
pAaAKa Ha KOHEYHOM MHOXECTBe ABNANTCA ero OpueHTUPOBAHHOCTD,
3aMKHYTOCTb BCEX €ero TPeyrofibHUKOB W Hannune netnn B KaKAon
€ero BepLUVHE.

A ocobeHHOCTM rpagha CTpOroro 6MHAPHOrO0 OTHOLUEHUSA — ero
OPUEHTUPOBAHHOCTb, 3aMKHYTOCTb BCEX €ro TPeyrosibHUKOB U OTCYT-
CTBME MeTeflb B €ro BeplinHax.

B Kypce anrebpbl 1 reomMeTpum Mbl AOBOJILHO YacTO BCTpeyaemcs
C OTHOLWlEeHMAMW nopsfka, NpUBELEM HEeKOTopble W3 HUX, Haubonee
ynoTtpebnsemsble.
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OCHOBHble MpPUMepPbl OTHOLWEHUIA nNopaaka

3apaHune 142 O6bBACHUTE B KaXAoM MNpuMepe, Kakoi nops-
OOK (CTporui uam HecTporuii) 3agaet 6uHapHoe oTHoweHve. (Mos3a-
Hee Mbl onpegenym Apyrme xapakTepUcTUKW 3TUX MOPSALKOB).

1) OTHOWEHNA < W > Ha MHOXecTBax [AencTBUTENbHbIX R n
HaTypanbHbIX uncen N:

O,={<x, e, ylczR/\x<y}.

]J.OpﬂDpK . . CTporME,
I JINHEVHbIN, YaCTU4HbIN,

02={<x, //>|{x, y}a RO *>//}=
11001<3K cTporuni.
i: JNIHEVHBIN, Y 7

ACTUYHbIN,

0, ={<x, yyl{m, y}a N/\x<y}.

=

Mopsapok! cTporui,
}'II/IHeI/IHbII/I l{a(',‘TI/ILIHbII/I

04 = {<X, Y)\{x, y}cz NA g>y].
Mopspok! cTporunii,
| }'II/lHeI/IHbII/I YaCTUYHBIA.

Bce 3T nopsagku cTporve, Tak Kak MO CBOWCTBaM [OeNCTBUTE/b-
HbIX uucCen He HahgeTcs cpedyM HUX Takoro X, 4Tobbl X<ZX wm
X> X — 3T OTHOLUEHUSA aHTUPemIEKCUBHDI.

2) Cnepywouwmne nopsgkm ~ m N Ha MHOxectBaXx R m N, Kak
petnekcuBHbIE,— HecTporuve.

={gr, y)\{x, McrRN

Mopsaok HecTporuni.
JINHENHbLIN, YaCTUMHbI N,

06= {<*, y)\{x, yIcR /\x"y}—Pn

MopsanoK ! wectporni,
(MMHEWHbIN, YaCTUYHBIA,

={<=X y)\{x, y}czfi Ax<:y}.

Mopspmok { ... MOJHbINA.
JMHEWHbIW, YacTUGHBIN,

08 {<X, y) K, ylcz N/\x~y}.

MopsaoK ! wecTporwii. MOJHBbINA,
(MMHeWHbIN, YaCTUYHBINA,

3) OTHOLWEeHNE BK/IHOYEHUS Ha MHOXECTBE BCeX MOAMHOXECTB He-
KOTOpOro MHoxectsa U — HeCTpOFI/IVI nopAaaok.

O,,= {</!, B)\{A, B}cz U/\Ac B}.

/ HSCTpOrVIVI

Hop Aok (MHEliMLIA, YaCTUUHBINA.
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3apgavya 1412 fsndevca N OTHOLWEHWE OENUMOCTU MNOPSALKOM
Ha MHOXecCTBe HaTtypa/ibHbIX uyumcen N? CTpormm wam HecTpormm?

Nio= {<"i. =1{1, n)cNA(3<:e N\n=km)} =
eCTpOruiA, CTPOruiA,

11opAaoK A o 7
NUHENVbIN, yacTnuHbii, MOTHEM-

Yka3zaHvne. Cm 3agaHus 131, 134, 135 p4 HTUCUMMETPUYHO, TPaH3UTUHHO
1 pedieKCUBHO.
flBnseTtca M OTHOLWEHWEe Ae/IMMOCTM MOPSAKOM Ha MHOXecTBe

uenbix 4ucen Z?
Ou={<T, n)\{r, n}la ZA4(3&e Z\n= km)}L

Mopaaok! HecTporuvii, CTPOrwiA. ©
S o~ MOJHbIIA.
(MHEeViHBIA, YaCTUYHBbIN,

Cpeau OTHOLUEHWI nopsanka BblaendeTca eue Tak Ha3blBaeMbli
NNHENHbIN nopsaaok, KOTOprVI TakXe MOXEeT 6bITb CTpormm win He-

CTPOrnm.
OnpepeneHue 144 OTHOLWEHWE MopsAgKa Ha MHOXecCcTBe

D Ha3sblBaeTca OTHOLUEHWEM /IMHEWHOro nopsagaka mnnm NNHENHbIM
nopsaKoM, ecniv OHO cBA3aHHO Ha D, a MHOoXecTBO D B 3TOM Ciy-
yae HasblBaeTCca JIMHEWHO ynopaaoyeHHbIM MHOXeCTBOM C nMNoO-

pagkom R.
B npoTMBHOM cfniyyae roBopsaT O 4aCTUYHOM MopAfKe WM 4a-

CTUYHO YNOPSA0YEHHOM MHOXEeCTBe
Taknm obpasom,
NVHEVHbI NopsaoK =
= nopsaok -f~ cBA3aHHOCTbL = (14.4)
= aHTUCMMMETPUYHOCTb (- TPAH3UTUBHOCTb -}- CBA3AHHOCTb,

UTO O3HAa4yaeT COBOKYMHOCTb YCMOBUW:
1 ((Vi{ic y}czD\{ (X, y)<=F/\(y, x) e /¥)=-x=y) -
AHTUCUMME TPUHHOCTb,
= 1
2 (V{*. y. rle=1 (> y) < <*
(V{*. y. 1} )<y.r>e/-') .r)e Tl
TPaH3NTUBHOCTD,

3. ((VU, y}laO\xdy)==>({x, y)"F\/{y, X)<”F))

—— CBSA3aHHOCTHb,

YacTUUHbIA NOPAJOK =
= nopsaaok -f~- HecBsAI3aHHOCTb = (14.4)
= aHTUCMMMETPUYHOCTb + TPaH3UTMBHOCTb + HECBA3aHHOCTb,

5 B I TMetpos.
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nnn
1 ((V{if, //}cD|(=<x (He/'N<//, X)(=F)=>x:=Y)

VH rur uMmmoTpu llocn».

2 "Nty 1< /)

rpPaH3nTMBHOCTbL,

3. ((3fn, ylaD\x=£y)=>({x, Y)(EFf\(y, X)<£F))

-HeCBA3aHHOCTGb.

3apgaHune 143 Onpenenute U BblAENNTE, KAKNE N3 OTHOLLEHWI
nopsigka 3apaHusa 141 ecTb OTHOLWIEHUS JIMHEAHOro nopsgka, a Ka-
KMne — 4acTU4HOro?

COOTBETCTBEHHO rpadnyeckum npusHakaMm aHTUCUMMETPUYHO-
CTW, TPaH3UTUBHOCTU W CBA3AHHOCTU WM HECBA3aHHOCTU GUHApPHbLIX
OTHOLWIEHNI Ha KOHEYHbIX MHOXecTBax MOryT ObiTb cthopmMynupoBsa-
Hbl MPU3HaKN IMHEAHOrO W YaCTUYHOIO MOPSAKOB. lak ONns NNHen-
HOro nopsaka TpebylTcs OPUEHTUPOBAHHOCTL rpada, 3aMKHYTOCTb
BCEX €ero «TPeyrofibHUKOB», ec/iM Takme WMEeKTCA, U CBA3AaHHOCTb

BCEX ero BepluH pebpamu. .
OnuwunTe 0CO6EeHHOCTU rpad)a OTHOLIEHWs YacTUYHOTro Mopsaka
Ha KOHEYHOM MHOXECTBE. .

AHanornyHo yteBepxaeHuio 14.1, nveem

YTBepxageHue 143. buHapHoe OTHOLWeHe F lectb oTHOLWe-
HVWe nopsgka: CTPOroro, HeCTPoOroro, J/IMHERHOro WKW 4YacTUYHOro
Torga v TOMbKO TOrga, Korga OTHOWeHwe F - TakXe rnopsgok, co-
OTBETCTBEHHO: CTPOrviA, HECTPOrWi, NNHEMHbIA VAN YaCTUYHBINA.

Henn MHOXeCTBO YMNOPAAOYEHHO KakKMM-/IM60 OTHOLLUEHWEM, TO
MOXHO rOBOPUTbL O HambosbLUEM W HAUMEHbLUeEM 3N1eMeHTE OTHOCU-
TeNbHO 3TOro nopsaaka:

OnpepeneHune 145 Ecnu <), F) ynopsgo4eHHOe MHO-
P)KeCTBO, TO 3/leMeHT ne D Ha3biBaeTCca HauMMeHbWUM (UK Hau-
6onbwinm) B D, ecin (a, X) e F (unn (x, a) ™~ h) ona nwboro
anemeHTa XeD, oOT/MYHOro ot a

M3 onpegeneHva cnegyet, 4TO Ha YNOPSAOYEHHOM MHOXECTBe
MOXeT 6bITb He 60see O4HOro HavMeHbLLero v He 6osiee Oo4HOroO Hau-
60MblIEr0 3neMeHTa.

OueBNAHO, 1— HaVMMeHbLIWA 3MeMEHT A/ OTHOLUEHWUA JIMHENHOro
nopsaaka:

0,=={<* y)\{X, y}cz N/\x<y}.
a OTHOowWeHne
0, ={(x, ¥Y\{x, (/}c ROx<«/}

He MMeeT HM HaMMEHbLUEero, HM HaubOosbLIEro 3seMeHTa.
3agaHue 144 YKaxuTe HanmbonbliMe W HaUMMeHblUne 31eMeH-
Tbl BMOMHE YMOPAAOYEHHBLIX MHOXeCTB 3afaHua 14.2, ecnn Takue
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9/IEMEHTbI CYLLECTBYHT!

OH={<X, ¥) {X, i/)cNA x”"y}. -
0,={</4, B)\{A, B)cnNcB}. 4
OnpepeneHne 146. Ecnn kKaxpnoe Henyctoe nogMHOXe-
CTBO J/IMHEHO yrnopsgoyYeHHOro MHoxectBa <D, F) wmeeT Hawu-
MEHbLUNI 3M1eMeHT, TO Takoe MHOXecTBO O Ha3biBaeTCsi BMOJIHE
yrnopsago04YeHHbIM, a ero nopsanoK — MOJIHbIM.
OnpepeneHn e 147 YacTuyHO ynopagovyeHHOE MHOXECTBO
(D, F) Ha3biBaeTCcA HanpaB/lieHHbIM BBepX (BHW3), ecnn Ans BCHA-
KOl napbl anemeHTOB {X, y)a D HaigeTca xoTa Obl OAWH 3NEeMeHT
ueD Takoii, uto <x, a)e F mn (y, a) e F (COOTBETCTBEHHO,
(a, xX)e A4 u (a, y)*F). B atom cnyyae nopsaok F Ha3biBaeTcs
HanpaBfeHHbIM
TaK MHOXeCTBO HaTtypasbHbiX uucen (N, 07 BnonHe ynopsno-
YeHO, a BeLLecTBeHHasd npsamMas C ecTecTBeHHbIM rnopsaakom (R, O,)
mnn <R, 0S)) mn ee oTpe3ok /= |0, 1] c ecTeCTBEHHbLIM MNOPSAAKOM
0,|/ mnn 05| (a 3HaunT, NGO ee OTPE3OK C TaKMM MOPAAKOM) He
ABNAETCHA BrOMIHE YNOPAAOYEHHLIM MHOXECTBOM, (Hanpumep, B MNoA-
MHOxecTBe M = {I/n|nsN}<z:[0, |] He cywecTByeT HauMeHbLUEro
3/1eMeHTa).
HecnoXHo ycTaHOBWUTb, 4YTO He ABMAAETCA MOMIHbIM W MNOPSAOO0K:

0,,={<n, B)\{/1, A}c=u"01/1c=6}. 4

3apaHue 145 Onpegenute, MMeKTCAa N cpeay OTHOLIEHW
3agaHna 141 OTHOLWIEHMS MNOMHOro nopsaka.

3apgava 14.22. Onpepenute, HamgyTca v cpegy OTHOLUEHWIA
O, — O[03apgaHunsa 141 n3agaun 14.2.1 OTHOLUEHMSA MOSIHONO MOpPsAKa.

MoOXHO noka3saTb, 4TO N060Ee MNOAMHOXECTBO BMOJIHE YNOPA[O0-
YeHHOr0 MHOXEeCTBa TaKXe BMOJIHE YNopsAL04YeHO (OTHOCUTEsIbHO CY-
XeHUa OTHOLUeHWs nopsaka Ha 3TO MOAMHOXECTBO).

OpfHako, WHTepecHee cnefylollee YTBEPXAEHME.

Teopema (Lepmenno) \AJl. Bcakoe HenycTtoe NOAMHOXe-
CTBO MOXHO BIOJIHE YNOPAOOUYNTD.

T. e. Ha HenycTtoM MHOXEeCTBe Bcerga MOXHO YCTaHOBUTb OTHO-
lWeHMe rnopsaka, npespaljaloliee ero BO BMNOJSHE YNopAgoYeHHOoe
MHOXeCTBO.

3apgadya 14.1.3. Onpepgenute, CKOMIbKUMW CNoco6amMm MOXHO
BMOJIHE YMOPAAOYMNTb MHOXECTBO, COCTOfLLee K3 ABYX 3/IEMEHTOB?
Tpex? ueTbipex? u3 n 31emMeHTOoB? (puc. 66).

le le .2 le .2
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3apgava 14.23. MpuaoymaiiTe KakoM-1mMb0 NUHENVHbLIA NOPSO0K
Ha MHoXecTBe M. EAVMHCTBEH /M TakKoli NIMHelrHbIA nopsgok? lMocTa-
paiTecb Nagatb ero Tak, 4tobbl MHOXecTBO N2cTano BMosiHe ynops-
[OOYEHHbIM.

YkazaHue. MHoxecTBO N‘CrR2 MOXeT OblTb M300paXeHO Ha KOOpAVHATHOM
NMOCKOCTU Y3/1aMW LIENOYNCIEHHOM peLLeTKN NepBOi KOOpAWHATHOW YeTBepTu. Mpuay-
MaliTe «Crnocob ee Mpoxoda», 06ecneyVBatoLLMiA BbIMONHEHVE ONpPeaeneHns MHEHOro
nopsiaka, MofHOro nopsaka.

8§ 15 OTHOWEHWME 3SKBWBAJIEHTHOCTWU
HA MHOXECTBE

BaXXHbIM BOOM 6I/IHapHOF0 OTHOWEeHuAa daB/ideTCca OTHOLueHune
3KBUBANIEHTHOCTU (NO34HEeNaTUHCKOe «aequivalens», oT aequus—
paBHbIli 1 valeo — MMe 3HauyeHue, LieHy, MOXEeT 6biTb nepeBedeHO
KakK paBHOBHaHHbIVI, paBHOLlEHHbIVI). OTHOLLIEHNA 3KBUBAIEHTHOCTU
NO3BOJIAIOT BBECTUM Ha MHOXECTBaX 3/1EMEHTOB HOBble, 6051€e CoX-
Hble MaTeMaTundeCkmne CTPYKTYpPbl: KnacCbl 3KBUBAJIEHTHOCTU U CbaK-
TOP-MHOXecCTBa, Npun 3TOM OKa3blBaeTCd, 4YTO BCE OHU o6r|a,qat0T
MHOIrMMun 06LL|,I/IMI/I cBoMcTBaMU U npmn3Hakammn, HeECMOTpPA Ha cylie-
CTBEHHO pa3Hyl nNpupoay COCTaBSALWMX MX OOLEKTOB.

OnpepeneHune 151 BuHapHoe OTHOLWEHVWE F Ha MHOXe-
cTBe D Ha3blBaeTCA OTHOLIEHWEM 3KBMBaNeHTHOCTM Ha D (I/II'II/I
3KBMBANEHTHOCTbO Ha D), ecnn oHO ped)/IeKCUBHO, CUMMETPUYHO
M TPaH3MTUBHO.

O603HavyaeTCcs 3KBUBA/IEHTHOCTb TakK: ~ , wam =, wm X

3TN yCroBUA MOXHO 3anucaTb «opMynoii»:

9KBUBA/TIEHTHOCTb —

= pedNeKcMBHOCTb -f- cUMMeTpPUYHOCTbL —f TpaH3I/ITI/IBHOCTb,(15'l)

a COBOKYyMHOCTb Bcex ycnosuin (13.1, 13.3, 13.5):

1L (VXa D= (X x) (=F) - pethIeKCUBHOCTb,
2. ((V{x, y}czD\(x, y) e RB=» (Y, x)<eiF) CMMMETPUYHOCTb,
(X, y)™F

3 (vu z}czD (y. 2)<=F }=> <t, Z><EE/")
TPaH3UTUNHOCTb.

3amevaBue 151 Dorn F= Im F gna BcsSkoro oTHoOWeEHUS 3K-
BUBaneHTHocTu F, Tak kak F cummeTpuuHo. (Cm. cnepcteue 13.1).

Kpome TOro, okasbiBaeTcs, 4YTO TpPaguULUMOHHOe orpeaesieHne oT-
HOLIEHUs1 3KBMBANEHTHOCTM Ha MHoxecTBe D nepeonpegeneHo: Tpe-
60BaHUA CUMMETPUYHOCTU U TPAH3UTUBHOCTU OGUHAPHOIO OTHOLLEHUA
obecneunBaloT ero pedIeKCUBHOCTb. M NMpu3HakoMm TOro, 4to 6uHap-
HOe OTHOLEHWEe ABNAETCA OTHOLIEHNEM 3KBUBANEHTHOCTU, MOXHO
cuuTaTb crnepywoulee yTBepXAeHue.
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1 ©

? He ?3KBUBA/IEHTHOC:Tb

? HC "."SKBMBa/NIEHTHOCTb

Puc. O7
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YTBepxaeHue 151 Ecnm F— cMMMETPUYHOE M TPaH3NTVB-
Hoe 6MHapHOe OTHOLWEHNE Ha MHOXKecTBe D, TO F OTHOWeHWe 3kK-
BMBa/IEHTHOCTU.

Joka3aTenbcTBO. YCTaHOBMM, 4TO ped/ieKCUBHOCTb GUHap-
HOro OTHOWeHuda cnenyet M3 ero Op,HOBpeMeHHOI7I CUMMETPUYHOCTUN
M TPaH3UTUBHOCTMU. Bo3bMeM nNpou3BOMbLHYHO napy u3 F, oHa nm6o
BuAa (X, X> nuéo (X, y), roe X®y. Ecom xPy, 10

<, //e=/='=> (v, x) &F.

X, < /ml
{x, y}czD (<0y) A IA 9T, X) e /i
4yTO M O3HayaeT pednekcMBHOCTb F. A

CnepgctBume 151. /4 1— OTHOLIEHME IKBMB&/IEBHTHOCTW Ha He-
KOTOpPOM MHO>XecTBe O Torja v TOMbKO Torfa, Korga F asnseTca oT-
HOLIEeHVeM 3KBMBa/leHTHOCTM Ha D.

3apgava 1512 [OokaxwuTte cneacrteme 151

YkasaHue. Cwm. ytBepXaeHus 137, 151

[Ana nocTpoeHws NMPUMepPOB OTHOLLEHWA 3KBMBANEHTHOCTM MOMes-
HO 3HaTb

YTBepxpageHue 152 [lepeceyeHne nMo6oli COBOKYMHOCTU OT-
HOLWIEHWII 3KBMBAIEHTHOCTU €CTb OTHOLIEHVE 3KBUBA/IEHTHOCTMW.

3apgaHune 15 1 NckNw4YMB U3 GMHAPHbLIX OTHOLUEHWI 3afaHus
13.1 oTHowWweHwus, He obnagaroLie CBOWNCTBOM CUMMMETPUM, (CM. 3ada-
Hve 14.1) umeem cemb rpadoB, cpeoy HUX Haligem Te, KOTOpble 3aja-
IOT OTHOLIEHUS 3KBUBAJIEHTHOCTU, (puUc. 67).

MpuHUMasa BO BHMMaHWE YCTAHOB/IEHHbIE paHbLUe MpuU3Hakn ped-
NEeKCUBHOCTN, CUMMETPUYHOCTU W TPAH3UTUBHOCTU OGUHAPHBIX OTHO-
WEeHN Ha KOHEeYHbIX MHOXeCTBaxX, MOXeM OTMeTUTb, 4YTO OCOBeHHO-
CTAMM rpadpa OTHOLWIEHUA 3IKBUBA/IEHTHOEIM HA TakOM MHOXeCcTBe
ABNAIOTCA: Hannume B KaXKAOW ero BepwunHe neTtan, HeOpUeHTUPO-
BAHHOCTb BCeX ero pebep, 3aMKHYTOCTb BCEX WMMEIOLIMXCA TPEYyronb-
HWKOB.

3apgava 1522 OnpegennTte, CKOMbKO BCEr0 OTHOLLUEHUI 3KBU-
Ba/IEHTHOCTU MOXHO 3aaTb Ha MHOXECTBE, COCTOSALEM U3 4YeTbipex
afnieMeHTOB, (puc. 68).

1* *2 1e- .2

Puc. 68
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3apgava 1511 3apgaiiTe BCe OTHOLUEHUSI 3KBUBANEHTHOCTU Ha
MHOXecTBe A = {1, 2, 3} n HapucyiiTe ux rpadbl. CKONbKO UX Ha
MHOXecTBe 3? (puc. 68).

Mone3Ho 3HaTb HEKOTOpPblE MPUMEPSI.

OCHOBHble MpUMepPbl OTHOLWEHWIA 3KBMBA/IEHTHOCTU

15.1. OTHOLWIEHNE 3KBUBANEHTHOCTM Ha MHOXECTBe BCeX Ha-
rnpas/fieHHbIX OTpPe3KOoB (onpegeneHve 132, npumep 13.1):

1?,=«nB, cb)\{AB, CD}c<C'NABMCD)= P2
15.2. OTHOLWeEeHne napannesibHoCTU Ha MHOXECTBE BCEX MNPSAMbIX
Y (npumep 13.1):

1, ={<«, b)\{a, Mc="N«||M= /-

15.3. OTHOLIEHMe MnapasyiesibLHOCTM Ha MHOXEeCTBe BCeX MMI0CKO

G3=1<11, N>l Mc=~A 1|11t

15.4. OTHOLWEHMEe CpaBHEHUA MO MOAYMH T Ha MHOXeCTBe Le-
NnbIX uuncen Z:

Ri(m)={{x, /Ao, yla 24 (//—Xx) penutca Ha T}.

9To o3HauaeT, 4YTo R4(T) cocTOUT M3 BCEX KOPTEXel (X, y) Takux,
4yTO HanpeTca teZ, yto y— X— km, rge T — HaTypanbHOe 4ucno.

AN Takux OTHOLWEHWA MNPUHATbI creuuanbHble TEPMWHbI:

OnpepeneHune 152 [OBOPAT, UYTO 4YMC/IO X CPaBHUMO C Yy
I no MoAyno Im wim X ABNseTcA Bbl4ETOM Yy MO MOAYIO T, €Cnu
(X, y) e /14(1).

O603HavyeHune: jr= j/(mod T).

Teopus cpaBHeHWii, KOTOpas u3yvyaeT WX CBOWCTBA, cocTaBnseT
OAVH 13 pas3fefioB COBPEMEHHOW anre6psbl.

BuHapHOe oOTHOoweHVe RA(M) CUMMETPUYHO, TaK Kak, ecnv
y—x=km, T0 X—y=(—K)T. OTO o03HayaeT, 4YTO He TOJIbKO
(X, y)e/?24(1), HO n (y, X) e R, (T).

OTHOLWEeHNe TPaH3UTMBHO, TakK Kak, ecim y —X= krn (4To O3Ha-
YyaeT Xx=y(mod 1)) mn iz—yz Im (4To o3HauvaeT y = z (mod T)),
roe {k, N\czZ, To z—x=(k -f/)m n < z)e R A(m).

Ilo ytBepxaeHunio 151 RA(m) ABNAeTCA OTHOLIEHMEM 3KBUBANEHT-
HoCTW.

15.5. OTHOLIEHME paBeHCTBa Ha MHOXeCTBE BCEX TPeyrosibHUKOB
N (npumep 13.1):

/0={<A NBC, a A'B'C')\{a ABC, AA'B'C'l<=
c=A0 AABC= AA'B'C'}=TT,
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P hi- fill Pue. 70

15.6. OTHOWeEHMEe NoAo6Ms Ha MHOXECTBE BCEX TPEYrO/IbHUKOB —

R«={(AABC, a A'B'C')\{a ABC, A /1'B'C'}CTA
1 AABCecr)AT'B'C'}.

15.7. OTHOWeHMe pPaBHOMOTHOCTM Ha HEKOTOPOM MHOXeCTBe
(onpepeneHue 11.3, 3amevaHue 11.1, npumep 13.1):

K 7= {<s1, B)\{A, B}*U/\A pasvomoupro B} = P,.

15.8. OTHOWeEHMEe pPaBHOBE/IMKOCTU Ha MHOXECTBE BCEX MIOCKNX
puryp X

OnpepeneHne 153. durypa F Ha3biBaeTcA paBHOBE/IMKOWM
purype G, ecnu nnowanb F paBHa nsowaan G.

/2, ={</", G)\{F, G}cztf/\F pasuosenuka O0}.

15.9. B 3anemeHTapHOI reomMeTpun BCTpPeYaeTcs OTHOLUEHME paB-
HOCOCTaB/IEHHOCTU MHOrOYro/iIbHUKOB. [NnA onpefeneHns ero seefem
BCMOMOraTes/ibHOe MOHATUE PasnoXeHusa uim pasbueHnsa urypsl (He
0653aTeNIbHO MHOTrOYroJibHUKa):

OnpepeneHune 154'. ToBopAT, uto hurypa F pasbuta Ha
purypel I, n T2 ecim F=F](JF; v Mmflr2= 1L, a L — nomaHas.

O6o03HauvaeTca pasnoxeHwe durypol F Ha durypel F, n F2Ttak:
F=F, + F2 (puc. 69).

COCTaB/IEHHbIM C MHOrOYro/ibHUKOM G, eC/iim OHU pPas/ioXeHbl Ha

4npepeneHn e 154. MHOroyrosibHUK F HasblBaeTcs paBHO-
10,q|/|HaKosoe YNCNO PaBHbIX MHOrOYroJIbHUKOB.

B!= {(n4,, Mu) |{N14,, M ~CM I M . pasHorocTasneqa f MT}

MpuMep pPaBHOCOCTaB/IEHHbIX MHOFOYro/lbHUKOB Ha pUCyHKe 70:
OueBMAHO, UYTO €C/n (PUrypbl PaBHOCOCTaB/IEHbI, TO OHW PaBHO-
BEMIMKM — [0Ka3aTeNbCTBO 3TOr0 YTBEPXAEHWUs, O4YeBUAHO, He CO-
cTaBnseT Tpyga. OAHaKo, A0Ka3aTe/lbCTBO 06GPATHOrO yTBEPXAEHUS,
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KOTOpOe M3BECTHO Kak Teopema boiism — TlepBuHa, O0OBOILHO CNOX-
HO 1 TpebyeT NpuBNEYEHUA A0CTAaTOYHO CEPbLE3HOr0 MaTeMaTU4yecKo-
ro annapara. [laxe cofiepXxaHvue 3TOro yTBepXAeHus COBCEM Heoue-
BuAHO. OHO ObIIO0 AOKa3aHO TOMIbKO B MEpBOM MonoBuHe XIX B. BEH-
repckKuM W HeMeUKMM MaTematukamm . Boinsmn (Bolyai Farkas,
1775— 1856) u M. TepBnHOM (Gerwin P, XIX B.) He3aBuMCUMO Apyr
oT gpyra.

YTBepxageHue 153 Ecny MHOrOYrosibHUKW pPaBHOBEJIUKMU,
TO OHW PaBHOCOCTAB/IEHbI.

8 16. KNTACCbl SKBMWBAJIEHTHOCTMW.
OPAKTOPMHOXECTBO

OnpepeneHuve 161 KnaccoM 3KBUBA/IEHTHOCTU 3/1EMEH-
Ta a”~D OTHOCUTE/IbLHO OTHOLUEHUS 3KBMBANIEHTHOCTM R Ha MHO-
XecTBe D Ha3biBaeTCcA MHOXECTBO BCeX 3/IeMeHToB Yy~ O, Takux,
yto (a, y)~R, I e Haxogdawmuxcs Cc a B JaHHOM OTHOLUEHWUN.
o060 anemMeHT knacca 3KBMBAIEHTHOCTM Ha3blBaeTCs ero
npencrasutenem
O603HayaeTcsa Knacc 3KBMBANIEHTHOCTU 3NeMeHTa a Mo OTHole-
HUIO 3KBMBANIEHTHOCTN R: a/".

a/u ={yeD]| (a, y) e#}. (161)

I pn mep 16.1. B 3agaHum 151 Mbl OnNpenenunu, Kakve us oT-
HOWeEeHN 3adaHuii 8 13 ABNAITCA OTHOWEHWAMU 3KBUBANEHTHOCTH.
Tenepb Halgem KIacCbl 3KBUBANIEHTHOCTU HEKOTOPbIX W3 HUX.

Rv={(a, n), (a, b), <a, c), (b, b> <, a),
(b, c> (c, €), <t, a>, <¢, b), (d, d=}

Puc. 71

UTo6bl Halitm a/mn — Knacc 3KBMBa/lEHTHOCTM 3/1eMeHTa a, Mo
onpeaeneHnto, cnenyert Bbl6paTb BCE KOPTEXWM C 3/1IEMEHTOM a Ha
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HepBOM MecTe, Bxoasuive B Av. Torga
a//v={ye {fl- c, d\ (a, v=e/?v}={a, ft, c}.

Aanee:
h = b, ¢, d)\(b, y)e/?vi={?, ?, 7.

c/ur={y~{a, ft, c, d}\(c, )e/?v}={a, b, r}.
d/RA= {y~{u, ft, ¢, ri}j(d. «/>f=tiv}= {<.
CnepoBaTenbHo, 6MHapHOe OTHoweHWe RK vmMeeT aga pasnud
HbIX K/jacca 3KBMBAJIEHTHOCTU.
R,={<« a). < ), <q c¢), (a, d), <b, ft),

<ft, a>, <t c), <, £/5 <, c¢), <t, a), (c, />
<, <), (d, d), (d, ax <, ft), <d, c>}.

B 3TOM cniyyae, O4YeBUAHO,
alln :{y’\{a. ft, ¢, Al<«, /NeA?}=
={«. » ¢, d)=b/R r c/Rr<t/Rt

3HauynT, OTHOWeEHMe R, VMeeT BCEro OoAVH KNacC 3KBUBA/IEHT-

HoeTU
/= {<«. U <t ft), <f, ¢), <, r/)}.

'

o= mO

Puc. 73
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B atom cnyvyae — ueTblpe Kacca 3IKBUBANEHTHOCTWU:
a/o ={«}. b/n ={b}, c/R =—<}. d/R = {N1-
VXTI { } 'V X { } XTI } oxXIlI {
Mpumep 16.2. Hailgem Kiaccbl 3KBUBA/IEHTHOCTU HEKOTOPLIX

OTHOLLEHMIA Ha 6EeCKOHEeYHbIX MHOXecTBax (npumepbl § 15).
1) OTHOLWeEHNEe cpaBHEHUA Mo Moaynw 3.

B)={=sm y)\{X, y)czZ /\(x—y) penutca Ha 3}.
Knacc akBMBaneHTHOCTU O COCTOUT M3 TakuUX LeMbIX Yucen y, 4To
(//—O0O), penntca Ha 3, T. e. HalpgeTca /eeZ Takoi, yto y = k 3:

Q/RA3) = {yzEZ\y = )k}={.. -6, -3, 0, 3, 6, ..}

Hanee
\/R (32 {Ve zZ| <, «Ne/?4(3)}={i/eZ|(*/ — 1) penntca Ha 3} =

={yeEz\y=\+3k}={... -5, -2, 1 4, 7, ..}
2/r (3)={//ez|<2,y)"R AB)}={y(=2Z\(y —2) genutca Ha 3} =

=yt=2\y=2+3k}={ - -4, —1, 2 5 8, ..}
(32 {ye 2 1 B-V=e ™4(3)}= {t/eZ]|(j/ —3) penutca Ha 3} =

= (ye Z1¥/= 3+ 3/r}= O/R (3j.
4/R |3p{i/f e z| <4 /)e/?43)}={yeZ\(y —4) penutca Ha 3} = ?

,El,aaneVlLume BblYNC/TIEHNA N CPaBHEHWUA K/1laCCOB 3KBUBA/IEHTHO-
CTn npuBogAaAT K paBeHCTBaM:

O//724(3) = 3/4(3) = 6//7%4(3)= == (3*)/PA(3T
1/PA(3) = 4/PA3) = T/NA(3)= == (1+3fe)//4(3)’

2//74(3) = 5//7A3) = 8//74(3) = - = (2 + 3/1)//1?4(3)-

Taknm 06pa3oM, CYLLLeCTBYIOT BCEro TpU pPasNIMyHbIX Knacca 3K-
BUB&/IEHTHOCTN OTHOWeEHUs /?4(3) cpaBHeHUAa Mo moayno 3.

O606LeHVe 3TOro pesynbrara Ha CpaBHEHUSA MO MPOU3BOSILHOMY
HaTypasibHOMY 4YuUC/ly T OYEBUAHO: BCEro T PasfIMyHbIX K1accoB 3K-
BMB&/IEHTHOCTN MMEET OTHOLUEHWE CPaBHEHUSA MO MOAY/Mo T.

Ana KnaccoB 3KBMBa/IEHTHOCTUM nNpumepos 151 — 154 NPUHATHI
cneynanbHble HasBaHWsA. TakK AN CPaBHEHWi npegbiaywero npu-
mMepa:

OnpepeneHune 162 Knacc 3aKBUBa/IEHTHOCTU LENOro ymcna
1no OTHOLLEHUIO CPaBHEHUA NO MOAY/I0 [T Ha3blBaeTCA Kaccom
BbIYETOB MO MOAY/MIO ML

O6o3HayeHne: u(modm) — a/R “my

a(mod m)= {i/e Z|y = a +~mk /\fceZ).
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MoryT nu gBa Knacca Bbl4eTOB MO MoAy/nt0 T uMeTb 0bwime ane-
MEHTbI?

Ecnn ato nmeet mecto u a (mod m)f|6(mod T1)® 0O, TO HalgeT-
cs je o (mod mf\b (mod T) un

yMa(mod T)==u=a Km )

b=un sT=be a(mod T).

yeb {mod m)=y=>b-~171

Torpga npousBonbHbI jcefc(modm) npeactaBum B BUAE:
==b-{-pT = (M+ sm)-f pme a(mod T).

B cmny npomsBofibHOCTU X Monyu4um, uto b (mod m)cza (mod T).
AHanorunyHo, a (mod /n)crfc(mod T).

OTkyga a(mod m)= b (mod T) — AgBa pas3nnuHbIX Knacca Bblye-
TOB Mo MOAyn T COBMAfAlT, €C/M Y HUX eCTb XOTH Gbl OAMH OGLLMIA
3/IEMEHT.

OnpepeneHune 16.3. Knacc 3KBMBaIEHTHOCTU MPSIMOA MO
OTHOLLEHMIO NapannenbHOCTU Ha MHOXKECTBE BCEX MPAMbIX Ha3blBa-
€TCA Ny4YKOM napasnsiesibHblX MPsAMbIX, a K/1acC 3KBMBAJIEHTHOCTU
NIOCKOCTM MO OTHOLWEHNIO NapaNesibHOCTU Ha MHOXKECTBE BCEX
NI0CKOCTEA — nyykom napassiefbHbliX MI0CKocTel

O603HavYeHmns:

= U R: uSNQ={/&r|/|/0

N, COOTBETCTBEHHO!:

s~(llo) = N Q7. n 55110 = {11e="|11| |V}

Ons oTHoweHuss 151 3KBUMOMEHTHOCTU HA MHOXECTBE BCEX Ha
NnpaBfieHHbIX OTPE3KOB:

OnpepeneHue 16.4. Knacc 3KBUB&/IEHTHOCTMW HanpabB/eH-
IHoro oTpe3ka Mo OTHOLIEHWO 3KBUMOMIEHTHOCTW Ha MHOXECTBe
BCeX HanpaB/feHHbIX OTpPe3KoB (J Ha3blBaeTCA CBOGOAHBLIM BEK-
TOpOM .

O603HaueHns: AB = A/(/b' n Alie.AH, a Takxe JIB£a.

\
AH = {CDa &|cb4)AB).

3apgaHne 161 OnpegenuMm, B KakoM cnyyae [fgsa cBobof-
HbIX BEKTOpa MMelT O0O6LWMIA HanpaBfeHHbI OTPe30okK?

Mycte CDNMABI[\ET eCTb /M Yy HUX elle ob6Line 3NeMeHTbI?
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Bo3sbmem PQ MNEF.

1 PQWEF
PQmCD.

CDioEE El mCl)

2. PQuUCD
PQuU>AB=>EF</AB.

AB 3 CD =CDtoAB

AHanornyHo ABczEF. 310 Bneyet cosnageHue: AB = EF.

Tem cambiM [0KasaHO CBOWCTBO.

YTBepxaeHue 161 Ecnum gBa cBO60AHLIX BEKTOpa UMeEIOT
O6LWMIA HanpaBfeHHbI OTPEe30K, TO OHW coBnajakwT (paBHbI).

Mpy M3y4yeHUN KIaccoB BbIYETOB W CBOOOAHbLIX BEKTOPOB MOXHO
6bI10 3aMeTUTb KX 06WMe cBolicTBa: Mto6ble ABa Kiacca 3KBMBa-
NEHTHOCTW, MMelowWmre XoTa 6bl OAVH O6LWMIA 3nemMeHT, coBnaaloT,
N BCAKWUIA Kacc 3KBMBASIEHTHOCTM 3/ieMeHTa COAEPXMWUT 3TOT 3ne-
MEHT.

MocMoOTpMM, HACKOMbLKO O6LWWM 3T pe3ynbTaThl.

CsolicTBa KNaccoB 3KBUBANEHTHOCTU

Teopema 161 Knacc 3KBMBaNeHTHOCTU 3/iIeMeHTa a cojep-
XNUT 3NEMEHT a, T. e a/R

JokasaTen bCTBO

a/R={\(a, x)e/?}
a/R =>a.
a"D((R)=> <a, a>e/?)
NNemma 16.1. Ecnm R OTHOLUEHNE 3KBUBAJSIEHTHOCTU HAa MHO-
xectBe D, To D= U a/a
U K

3apava 16.1.1. [JokaxuTte nemmy 16.1.

JokazaTen bc | BO npuvBoAUTCS METOAOM [BOMHOrO BKJ/1HO -
ueHus:

)= ma/po( ma/pCDAOc U «/?)m
ann K aeD K ac:1) * 5 5
1 V.ve U u/n=>x"a/D npu HekoTopoM aeO =» -
a6/) K "

:>d(|/)a/’\czD.
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3amMeyaHune 151
2 y<=D=D(R) = -yelm R (3<a, y) R)-

m#ea/”™ npu HekoTopom & D=>Dcz U a/R

N Torpa 1)= ul_Jo«/R

NemMm a 16.2. 19 OTHOLIEHUS 3KBMBAJIEHTHOCTM R Ha npous-
BO/IbHOM MHOXecTBe D knaccel a/n—b/n Torga mn ToNbKo TOraa,
korgoa (a, b)eiR.

3apava 16.1.2. Jokaxute nemmy 16.2.

Joka3aTenb cTBa TpebyloT ABa YTBEPXAEHUSA:

1 Ecm (a, b)*FR,-70 a/R=bf/R, N 2. Ecim a/R = b/R, TO
<a, b)e R. 3

l. (a, b)eER=; w /R = h/R

(a, b)e R=>(b, a) e | ?
x<=a/R >, X; _ R}—b (b, x)<elR- b/R—>a/Bab/R.

JokasatensctBo b/R aa/R aHanornyHo, oTkyZia HO MPUHUUMY
[BOIHOro BK/IWOYEeHUs cnenyeT cosnageHune a/R = b/R.
2. a/R=Db/R=><a, b)e R

a/R = b/Rr 3=>- (a, b)e/?. -

Teopema 16.2. Ecnnm R — OTHOLWIEHNE 3KBUBa/IEHTHOCTU Ha
HEKOTOPOM MHOXxecTBe D, To ntobble ABa Kacca 3KBMBASIEHTHOCTU
nnéo cosnagaloT, NM60 He nepecekaroTcs.

JokasaTtenbcTBO B o6Wem Buae OyaeT MNOBTOPATbL MAOeEN LO0Ka-
3aTeNibCTB MOAOOHLIX YTBEPXAEHWUI B 3agaHnn 161 n npumepe 16.1.

Joka3aTenb cTBO. ECTeCTBEHHO nonaratb, YTO ABa Knacca
3KBMBA/IEHTHOCTU, KaK MHOXecTBa, MOryrt: 1 He nepecekaTbcs,
2. coenagatb, 3. He coBnagas, UMeTb obwme anemeHTbl. CyTb AOKa-
3aTenbCcTBa TeopeMbl B TOM, 4TOGbl MOKasaTb, 4YTO nocfenHee uc-
Knoyaetca. PaccMOTPUM 3TU BO3MOXHOCTW.

Cnyvan 1 a/RNb/R =0 wu 2 a/R=b/R yaosnetsopsatT Teo-
pewme.

N MNyctb a/R I')b/ﬁqa 0, Ho a/KI 1Ab/h' 3TO O3HauvaeT, yto

Haligetca ¥y .a/R ~b/R. Torpa

YNMu/R _ y> R nemma 152
1Ke o=
b/n b, #21 R- (¥, b)e R
n.152
a/R b/R.

N ycTaHOBMEHO, YTO €Cc/M ABa Kiacca 3KBUBANEHTHOCTUM UMET
X0Ta 6bl oguH O06LWWiA 3/1eMEHT, TO OHX COBMadaloT. ]
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Utobbl npeacTtaBuTb cebe, KAKOBO MHOXECTBO K/1acCOB 3KBUBA-
NEeHTHOCTU (MU «CKOJIbKO» TakKUX KJ/accoB), YAOOHO BbiGpaTb HO
OOHOMY 3/1eEMEHTY M3 KaX[oro Takoro MHOXecTBa:

OnpepeneHne 165 T[lonHo cucteMoil nNpegcTaBuTeneii
KN1acCoB 3KBUBANEHTHOCTU (MO AaHHOMY OTHOLUEHWIO 3KBUBAJNIEHT-
HOCTW) Ha3blBaeTCA MHOXEeCTBO MpeAcTaBuTeneil BCexX TaKUx
K/faccos, MO O4HOMY M3 KaXAoro Knacca.

I pn mep 16.3. Hailgem nosnHble cUCTEMbl NpeacTaBuTenein He-
KOTOPbIX OTHOLUEHWI 3SKBUBA/IEHTHOCTM Ha KOHE4YHbIX N GecKoHeu-
HbIX MHOXecCTBax.

1 OTHoweHne Rv 33gaHuAl3.1 (cm. npumep 161 u puc. 74):

tiv= {<«, a> (a, b), <a, 6>, (b, b), (b, a>
<b, ¢, (¢, ¢), (c, a), (c, b= (d, (/=}

C KJaccamMu 3KBMBANEHTHOCTM:
a/y =b/[~=c/a ={u, b C nc//={c/}.

©

Puc. 74

MonHy cuctemy npeacTaBuUTeNen KiacCoOB 3KBMBA/IEHTHOCTHU
rno OTHOLWEHMO /?%y cocTaBnAwT anemMeHThl {a, d}, HO B ee KayecTBe
MOXHO 6paTb U gpyrne mHoxectsa, Hanpumep: {b, d) nwm {c, d}.

MoHATHO, 4TO nNtobas nofHas cuctema npegcrasuTeneii Rv co-
CTOUT U3 OBYX 3/IEMEHTOB.

2. OTHoWweHne cpaBHeHUs npumepa 151 (cm. npumep 16.2):

Rt(3)= {(x, y) {r. Si<=Z/\(X —y) penutca Ha 3}
C Knaccamum 3KBUBaSIEHTHOCTMU:
°//74B)={Ve Z I"N=3*}. V/A3)={7ezl/=1+
2/r ™ ={yeEzZ\y = 2+ 3k).
Ero nonHyw cuctemy npeacTaBuTesieldi  MOryT CcOCTaBnAThb:
O 1,2 wvim {3, 1, 2} wm {—3, 4, 5} uT. o, HO BCcAKaa nonHasa cwu-

cTtemMa Hpep.CTaBI/ITe]'IeVI 9TOro OTHOWeEHNA COCTOUT WUn3 Tpex 3Jie-
MEHTOB.
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B 06LLl,eM cqlydae noJjiHada cuctemMa Hpep.CTaBVITeI'IeVI K/laCcCoB Bbl-
4eToB HO mMOoAynw T o603HayaeTcs bT, M 06bIMHO MonarakwT

Zm= {0, 1, 2, .. /n-1}.

3. OTHOLEeHNe 3KBUMOMEHTHOCTU npumepa 151 (cm. onpeperne-
Hna 132, 16.4):

Rt={</ii, CD)\{AB, CD]cz &/\ABwCb}
C KJjlacCaMun 3KBUBa/IEHTHOCTU CBO60,quIMM BEKTOpaMu:

Nii = {COc=<r \ABioCD}.

Ero cuctemy noOnHbIX NpeactaBuTeneil yaobHo npeacTaBnAThb
KaK MHOXECTBO BCEX HarnpaB/iEHHbIX OTPE3KOB, OT/IOXEHHbLIX OT 0f4-
HOW TOUKMU:

{~1touka /1 pukcmposaHa /\X— nobasg TO4UKa MNNOCKOCTU}.

4. [Ona OoTHOWeHWA napannenbHOCTM Ha MHOXEeCTBe BceX Mnpsa-
MbIX W nnockocteir (Nnpumepsl 152, 153 wn onpegeneHve 16.3):

R.2= {(u, b) {a, b}a~Aa\\b)

llplCvM R

MonHble cucTemMbl NpegcTaBuTenell yAO6HO MHTEPNpPeTMpoBaTbh Kak
MHOXeCTBa BCeX MPAMbIX, WX, COOTBETCTBEHHO, M/IOCKOCTEN, NPOXO-
AAWnX yepe3 ogHy TOYKY, B 3TOM C/llyyae roBOPAT O My4YKe repeceka-
IOLWMXCA MPSAMbIX WX MJIOCKOCTENA:

O npepneneHn e 16.6. lNydykoM nepeceKkawLWmMxca MNPAMbIX
Ha3blBaeTCA MHOXEeCTBO BCeEX [MPAMbIX, MPOXOAAWMX Yepe3 OfHY
TOYKY LIeHTp NMyykKa rnepecekalwowmxcs NpaMbiX, a Myykom nepe-
CeKalLMXCca MNOCKoCTeld Ha3biBaeTCd MHOXEeCTBO BCEX [JIOCKO-
CTell, NMpoxXoAAwmnX yepe3 OAHY TOUKY LLleHTPp nyyka nepecekato-
Lmxca nsaockocTel

O603HavyeHne ny4yka repecekarLlnxcs npsaMbIX S~N(0O),
SJO ) = {I<=y\I=)0OI

a rnyyka nepecekawwmxca nnockocteih — SN(O),
SN(0) = {lle~]II30}.

MOXHO 3aMeTUTb, UYTO KOJIMYECTBO 3IEMEHTOB MOMHOW CUCTEMBI
npeacTaBuTeNeil OTHOLIEHWA 3KBUBA/IEHTHOCTU PAaBHO YMC/Y €ro
K/1accoB 3KBUBANEHTHOCTU B C/lydae KOHEYHbIX MHOXECTB, B O6LLEM
cnyvae (Hanpumep, ecnM MHOXeCTBO 6GEeCKOHEUYHO) MHOXECTBO —
cucTemMa npencTaBuTenieli M MHOXECTBO K/1acCOB 3KBUBASIEHTHOCTU
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OTHOLWUEHUS PaBHOMOLLUHbLI. Takmm o06pa3om, ecTeCTBEHHO 3aHATbCH
MU3YyYEeHVEM HOBbLIX CTPYKTYP — MHOXECTB KJ/1aCCOB 3KBMBAJ/IEHTHO-
CTU WM MOMHbLIX CUCTEM WX MpeacTaBuUTeNe.
OnpepeneHne 167. ®aKTOp-MHOXECTBOM MHOXecCTBa
D no oTHOWeEHWI0 3KBUBA/IEHTHOCTU R Ha3biBaeTCA MHOXECTBO
BCEX €ro KnaccoB 3KBUBa/IEHTHOCTW.
dakTop MHOXecTBO MHoxecTBa D no oTHoweHWto R o603Hava-
etca Tak: D/qg-

O/r = {u/r\u”~"D}.

dnemeHTOM )akTOp MHOXecTBa, T. €. ero TO4YKOW, sBAAeTcs
[Apyroe MHOXeCTBO KNacc 3KBUBA/IEHTHOCTMW.

Tak anemeHTaMn (PakTOp MHOXecTBa MHOXecTBa BCeX Harpas-
NEeHHbIX OTPe3KoB &\\O OTHOLUEHUIO 3KBMBaNEeHTHOCTU /?, (CM. Bbl-
we npumep 16.3, n. 3) asBnaTcA cBO6OAHbLIE BEKTOPLI (onpepene-
HVe 16.4). 3To (akTop MHOXEeCTBO WMeeT chneumanbHoe Ha-
3BaHMe — BEKTOPHOE MPOCTPaHCTBO CBOOOAHLIX BEKTOPOB, N 060-
3HayeHne — X

Mpuuem, ecnv HeoO6XOAVMO MOAYEPKHYTb, YTO paccmaTpusaloT-
CA TO/IbKO Harpas/fieHHble OTpe3KW, MpuHagnexawme (napannenb-

ble) MNOCKOCTU, TO (DaKTOP MHOXECTBO MO OTHOWeHu Rt 6yaeTr

603HavaTbCcsl €X2 1 Ha3blBaTbCA BEKTOPHOW MJIOCKOCTbHO CBO6GOA-
bIX BEKTOPOB. ECNN >Xe CyLLeCTBEHHO, YTO OTHOLUEHWE 3KBUBANEHT-

OCTW paccMaTpuBaeTCAa Ha MHOXECTBE BCeX HanpaBfeHHbIX OT-

pe3KoB NMPOCTPaHCTBa, TO A1 (PaKTop MHOXecTBa OyAeT UCMosb-
30BaHO 0603HayeHue X*

BolioeneHne B MHoxectee (D, R) KnaccoB 3KBMBANIEHTHOCTU MO
OTHOWeEHWIO R pa3buBaeT ero Ha Henepeeekawlwmeca MOLMHOXe-
ctBa. bonee crtporo:

OnpepeneHne 168 Pa3bueHnem MHOXecTBa X Ha3blBa-

eTCA HEeKOTOPOe MHOXEeCTBO ero MnoAMHOXEeCTB

S={XJXacX O ae,/)
Takmx, 4YTO BbINOJIHANTCA TpeboBaHWA (aKCUOMBbI):
P1. D XJI= X

P2. Xa{}Xp=0, ecnn a=£p.
ViHorpoa onpepgeneHve pa3bueHnss MNOMOJIHAETCS akCUOMOW
P3. Xatp O, VaGe/

Mbl B 3TOM cfnyyae 6yfemM roBopuTb O pasbueHum X Ha HenycTble

NoAMHOXECTBA.
3necb LY— HEKOTOpOe MHOXECTBO MWHAEKCOB, KOTOPOE MOXeT

OblTb KOHEYHbIM, GECKOHEYHbIM U flaXe HECYETHbLIM.
Teopema 163. Ecnm R — OTHOWEHWE 3IKBUBAJIEHTHOCTU Ha
MHoXecTBe X (X~=0), 10 X ecTb pasbueHune X.
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JokasaTenbcTBO. B kayecTBe MHOXecCcTBa MNOAMHOXECTB
BO3bMeM (pakTop-MHoOXecTBo X/n={a/ n\ae JI} U Nokaxem Bbl-

MOSIHMMOCTb aKCUOM pa3bneHns, OCHOBbLIBAACb Ha YCTaHOB/IEHHbIX
Bblllle CBOWCTBaxX K/1aCCOB 3KBUBAJIEHTHOCTU.
PI. (a/D= X no nemmvme 16.2.
a&X o

P2. Ecnmn a / b / To no Teopeme 16?2 a/ ~{]b /0.
P3. a/~"® 0, Tak Kak Bcakuii a/ a no teopeme 16.?. m

OkasblBaeTCs, 4TO WMEET MEeCTo U obpaTHoe:

Teopema 16.4. KakoBo 6bl HM 6bl10 pa3bueHne MHOXecTBa,
CyLLecTByeT OTHOLLUEHNE 3KBMBANEHTHOCTU TakKoe, 4YTO ero Kjaccamui
3KBMBA/IEHTHOCTU ABMAKTCA MOAMHOXECTBa pa3bueHus.

3apava 16.1.3. JokaxuTte Teopemy 16.4.

Ana Apoka3aTenbcTBa BBEAEM Ha MHoXecTBe X C 3ajaH-
HbiM pa3bueHuem S = {A')J XaczX [ «e”™/} 6GuHapHoe OTHOLLEeHUEe
cnepywowmMm ob6pasom:

Rs—{(x, y)\{x, yl}la X A{x, //}cNa pna Hekotoporo ae”/).

Bygem rosoputb, 4YTO Takoe OTHOLLUeHMe RS cooTBeTCTByeT pa3bue-

HMO S MHoOXecTBa X.

Mokaxem, 4yTo GMHApPHOE OTHOLWeEHWe RS, COOTBETCTBYHOLLEE pas-
6veHnto S HenycToro MHoxecTtea X, ABNSeTCA OTHOLUEHWEM 3IKBUBA-
NEeHTHOCTM Ha X, Mnpuyem X/.,, coBnagaer ¢ pasbueHnem S.

Vs
1 Rs— pedinekcmBHO: (X, X) e Rs. [s9]
2. Rs— cuMmmeTpuyHo: (X, y) e Rs=(y, X)"Rs. ¢

3. RS — TpaH3uUTUBHO:
<*, y) f=Rso {x, ylaXa=>Xa3zy\

X. 7B=Wx, z}aXa=
<, z=(=Rs {y, zlcX,,

= (X, z) =eRs. n
3apgava 16.2.2— 16.2.3. PaccMOTpUM OUHApPHOE OTHOLLEeHNE:
= ) 1S — pasdveHve mHOMecTBa X [,
R — cootBeTCTBYtOLLEE PasOVieHMO S OTHOLLEHVE 3KBVB/IEHTHOCTU}.

fAsnaetca N 3To GUHAPHOE OTHOLUEHWE CHOPBEKTUBHBLIM? WHbEK-
TUBHbLIM? OTOGpaxeHuem?

1 sur: no Teopeme 164 ana nwboro pasbueHns S MHOXecCT-

Ba X CyLleCcTBYeT OTHOLLUEHWE 3KBMBAJIEHTHOCTU, COOTBETCTBYOLLEE S.

2 in: R, R, 77 %) Rt= R,
<*2. S)
2S> Ay
3. oTobpaxeHune: S,, S2 < S 51 72

(R- S2 y
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YkazaHve. MNoaymalite, He MOXET /M OKa3aTbCs TaK, YTO OTHOLLEHWIO 3KBUBA/IEHT-
HOCTM COOTBETCTBYHOT [ABa pPa3/INyHbIX pa3bueHnss MHoXecTBa x. 10 Kakoli npuunHe
3TO MOXET ObITb?

OTBeTbTE Ha Te e BOMpoCcbl (CHPBHEKTUBHOCTb? MHLEKTUBHOCTL?

oTOo6paxkeHmne?) Ansd 6GMHAPHOrO0 OTHOLLEHMA

= S) |S — pasdverve Ha HerycTble noavHoxectsa X [,
R — COOTBETCTBYHOLLEE pa36|/|eH|/|ro OTHOLLeHVe 3KBVIBaneHTHOCTVI).
Teopema 16.5 KaxagomMy OTHOLWIEHUIO 3KBMBA/IEHTHOCTU Ha He-
nyctble MHOXecTBa X COOTBETCTBYET OAHO U TOJIbKO OAHO ero pas-
6veHVe Ha HenycTble MOAMHOXeCTBA.

MCTOPUYECKAA CIMNPABKA

BceneHHas,, HacKo/IbKO OHa HaM WM3BECT-
Ha, YCTpOeHa TaK, 4YTO WCTMHHOE TI1 KakOoM
nMbo ogHoMm cnyyae WUCTUHHO U BCEX Cny-
Yadax HEKOTOpOoro ornncaHusd, TpyaHOCTb CO-
CTOUT /MWb B TOM, YTOObl HaliT Takoe onwu-
CaHue.

[oxkoH C. Mwunb. «Cuctema Norvikn»

MoHATME 6MHApPHOro OTHOWEHUSA (MM COOTHOLUEHMUS, COOTBETCT-
BUSA) choOpMMpPOBa/IOCL B MateMaTuke K KoHUy X IX — Hauany XX
BEKOB, Korga AnutesibHas AUCKYCCUSA MO Mooy ornpeaesieHus 4nucio-
BOV (hyHKUMW, AaHHOro Aupuxnie, npuBena K MOMbITKam ero yTouyHe-
HVS 1 0606 EHNAM pa3HOro poda. B pesynbTaTe 3T0ro, Kak Mbl yXxe
3HaeM, MoJlyynnnM rpasBoO Ha CyLLeCcTBOBaHWE MOHATUE OTOobGpaxeHus
WM YHKLUU C NPOU3BOJIbHbIMU (HE 0653aTeslIbHO 4YUC/I0BbIMU), 06-
nactamMm onpegeneHnin 1M 3HavyeHuin. Heckonbko 6onblieli abcTpak-
UMy notpeboBasio MoHATNE GUHAPHOro U1, BOOOLLE, N-apHOro OTHOLUE-
HWS,, KOTOpblE MOXHO MNpeacTaBUTb cebe, Kak cnegyrowmii ataH 0606-
WweHMs noHATUA (yHKUMK (OTo6pakeHna) Npu oTKase OT TpeboBa-
HUA eOVHCTBEHHOCTM KopTexa C AaHHbIM TMePBbIM 3/IEMEHTOM.

Ho cyTb aToro wara B matemaTvke — He B 6ecrnpegmeTHOM 0606-
waTtenscTee. YAMBUTE/NbHLIM OKa3asioCcb TO, YTO chneuuasnbHble BUAbl
pa3nnyHbiX BGMHaAPHbLIX OTHOLUEHWA, 06nafarwmMx A0BOIbHO MPOCTbI-
MW CBOMCTBaMW (Hanpumep: pedIeKCUBHOCTb, CUMMETPUYHOCTL W
TPaH3NTUBHOCTL) MOMOIN YBUAETb OOWHOCTL (PakTOB pPasfNYHbIX
MaTeMaTMYeCKUX Teopwii. 3ro Mbl MOMIM 3amMeTUTb YyXe Ha npume-
pax MpoCTeNWnX MHOXeCTB (CBOGOAHble BEKTOPbl, PaBHOMOLLHbIE
MHO>XecTBa), reomeTpuyecknx curyp (paBHOBENNKMNE, paBHOCOETaB-
NeHHble), Teopun ymcen (Bbl4eTbl) U T. 4. NMOHATHO, YTO 3TUMKU NMPUMe-
paMy OTHOLUEHWNS 3IKBUBA/IEHTHOCTW [asiekKO0 He WcYepnbiBalTCA.
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Bonee TOro, MOYTM B KaxKAOW HOBOI CTPYKType Hapsgy C NOHATU-
eM un3oMopguaMa (OT TFpeyeckoro: KTof — paBHbIA, popdy — BUA)
9KBMBANIEHTHOCTb OyAeT wurpaTb BaKHelwWyl posb, MNpPoBepss Ha-
CKOMbKO copep)aTefnbHa W 6orata Ta wav MHaa MaTemaTmyeckas
CTPYKTypa.

Co6CTBEHHO MOPALOK U 3KBUBANIEHTHOCTb — CTOJIb €CTECTBEHHbIE
MOHATUA, YTO, KaXkeTCA, VUMW MOr/M Obl BNafeTb ewe mareMaTuku
3N/IMHUCTUYECKOro nepuoaa, oAHaKo, TEPMUH 3KBUBANIEHTHOCTb Oblin
BBeAEH TONbKO K KoHUy XVIII Beka, a B COBPEMEHHOM CMbIC/IE WM,
BMOMMO, BrepBble Hayan nosb3oBaTbca JlarpaHx B paboTax no
Teopun KBagpaTuyHbIX opm u [aycc B TpakTtate «Teoria metus»
(«Teopus ABMXKeHUA HebeCHbIX Ten») B camMOM Hadane XIX Beka.

UTo KacaeTcAa OTHOLWIEHUA MNopsaka, TO ero akCMomaTuKy eLe
okono 1690 r. paccmatpuan JleiibHuy. CnycTs MovTu cToneTue
BHMUMaHue . KaHTopa NpuBNEKIMN NIMHENHO YNOpPAAOYEeHHbIE MHOXe-
cTBa, M vM B 1883 r. 6bi1a gokaszaHa YyNOMWHaBLIasacs Teopema O
TOM, 4YTO /1t060Ee HernycToe MHOXECTBO MOXET OblTb BIMOJIHE YNOpAAo-
yeHo. TEPMMH «4aCTUYHbIA MNOPAAOK» BBen B 1914 I. M3BECTHbLIN He-
Meukuii matematuk @®. Xaycpopd (Hausdorff Felix, 1868— 1942 B
cBoem Tpyae «Grundriige der Mengenlerhe» («OCHOBbI Teopumn
MHOXeCTB»), a no3gHee B paboTax MO (PYHKUWNOHa/IbHOMY aHanusy
aMepUKaHCKUIA U aHTrAWWCcKnini matematnkm 3. Myp (Moore Fliakim
Hastings, 1862— 1932) n I'. Cmut (Smith Henry, 1826— 1883) un3y-
yas BOMPOCbLI CXOAMMOCTW, BBENN TraK Ha3blBaeMble HarnpasfieHHble
MHOXeCTBa, KOTOpble MOryT He MMeTb HaMMeHbLIero WM HambOosb-
Wero anemeHTa, HO o6nagaTb HWKHEW WM BepXHel rpaHbio. McTo-
pUKM MaTeMaTUMKU OTMeualT B 3TOi 0651acTm paboTbl M PYCCKOro
matematnka C. O. WaTtyHoBckoro (1859— 1929), 3aHMMaBLIEerocs B
Havyane Hallero Beka BornpocamMu O6GOCHOBaHWA MaTtemMaTuKum U pas-
pewmnmocTn anrebpanyeckmx ypaBHEHWI B pagukanax.

OnpepgeneHne MaTeMaTUKW, KaK Hayku, AaTb BeCbMa C/OXHO U,
HaBepHsKka, Nt060e Takoe onpegeneHne 6yaeTr HenonHo. KpynHei-
LN  PYCCKUIA MaTeMaTuMK Hawero BpemeHun A. H. Konmoropos
(1903— 1987) nucan, 4to MaremMatuka «umMeeT [efI0 C HEKOTOPbIMU
MHOXecTBaMN O6BLEKTOB, CBfA3aHHbLIX Mexay coboii onpeneneHHbIMU
OTHOLLEHMAMN. Bce dhopmasibHble CBOWCTBA 3TUX OOBEKTOB W OTHOLLE-
HWA, Heo6GXoAMMble ANA PasBUTUA Teopuu, (UKCUPYIOTCA B BUOE akK-
CMOM, He 3aTparmBalolWMX KOHKPETHOM Npupodbl O6LEKTOB M OTHO-
weHunin. Teopma npumMmeHUMa K 06O cucteme O6LEKTOB C OTHOLUe-
HUAMW, YA0BNETBOPSAIOWMMN MOMIOXKEHHOW B ee OCHOBY CUCTEMe ak-
COM».

V3 ero paccyxpgeHuin BbiTeKaeT, 4YTO mMaTtemaTmyeckasa Teopwus,
npMMeHNMas K Kakom-nmbo cucteme 06bLEKTOB, MPUMMEHMMa WU K Ji0-
601 aHanoOrnyHom, T. e. «<M30MOPJHOM» el cucteme. N UMEHHO MOHA-
TVEe N XapaKTePUCTUKM OTHOLUEHWIA 3KBUBANEHTHOCTU Mbl GyaemM Wuc-
nonb3oBaTb, OTBeYad Ha BOMPOCbI: KaKk MHOro CyWecTBYeT CUCTEM
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06bEKTOB, K KOTOPbIM MpPUMEHNMa Ta WM MHas Teopusi (B MaTteMaTtu-
Ke B TakMX Cc/lyyasX roBOPSiT OT MOZEeNsX Teopuu),— T. €. CKOJbKO
KNaccoB 3KBMBAJIEHTHOCTU MO OTHOLUEHMIO M30MOP(M3Ma Ha MHOXe-
CTBE BCEX MOJE/eil [aHHOW MaTeMaTUUYeCKOoil CTPYKTYypbl, U KakKoBa
€ro rnosiHasi cucTemMa npeacTaBUTeNieil. A U3 3TOr0 ecTECTBEHHO BbITe-
KaeT 3afaya OTbICKAHWS 3TA/IOHHLIX B KAKOM-/MG0O CMbIC/ie MoAeneit
TEX WM WHbIX CTPYKTYP.

Bce 3TO B KOHEYHOM cueTe MO3BOMSIET BbIpaboTaTh KaTeropuiiHbii
nogxon, K MateMaTUKe M MaTteMaTUYeckum TeopusMm, MOHMMaHue TO-
ro, 4To €e 3aKOHbl HOCAT r/yGOKUIA XapakTep, yMeHWe BUAETb B 4a-
CTHbIX MpuUMepax o6LiMe 3aKOHOMEPHOCTU W CBOWCTBA MaTemaTuuye-
CKUX CTPYKTYp.
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CcTp. 142— 145
Bl—crp. 289—290.
6] - ctp. 23—25.
|7| — ctp. 49—51.
§ 15 OTHOLWEHNA 3KBUBAIEHTHOCTM Ha MHOXECTBe
[1] — ctp. 67—68. (4] — ctp. 125— 126.
[2] — cp. 26. (5] — ctp. 288—289.
6] — ctp. 16
§ 16, Knaccbl 3KBMBA/IEHTHOCTU. $aKTOP-MHOXECTBO
[1]— ctp. 68—69. (4] — ctp.  126— 127.
[2] — ctp. 26—27. B] - c1p. 289—290.
(3] — ctp. 220—221. [6] - cmp. 16—18
[7] — ctp. 49—51.
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8 17. MNoHaTne matpuupl. OCHOBHblE BWUAOblI MAaTPULL.

§ 18 [eiictBna ¢ marpuuamun. (CnoxeHwe, YMHOXEHME HA YMCIO).
§ 19 [deiictBun ¢ matpuuamun. (YMHOXeHWe maTpuu).

§ 20. lMepecTaHOBOYHbLIE N OBpaTUMble MaTPULbI.

§ 2I. BbluncneHne 0O6paTHOM MaTpuLipbl.

§ 22°. MaTtpuyHaa dopmMa CUCTEMbI JINHENHBIX YPaBHEHWIA.

OCHOBHble MOHATUA: BUAbI MaTpul: CUMMETpPUYEcKasi, KOCOCUM-
MeTpuyeckasi, TpaHCMOHMPOBaHHas, AMaroHanbHasa, ckanspHas, eau-
HUYHas, cTyrneHuaTas, TpeyrosbHas; AelicTBUS ¢ MaTpuLamMun: cloxe-
HVYE N YMHOXEHWE Ha YMCNOo, YMHOXeHMe U obpalleHne maTpul; mat-
pyla, NMPOTUBOMOJIOXHAsA [AaHHOW, MepecTaHOBOYHbIE UM O6paTuMble
MaTpuLbl; NOMHas NuHeliHas anrebpa W MoMHas NMHEWHas rpynna;
MaTpulbl CUCTEMbl JIMHEWHbIX YPaBHEHWIi: OCHOBHas W pacliu-
peHHasl.

Heo6xoaumble cBefeHUs: MaTpuua, [OeKapTOBO MNpousBedeHUe
MHOXeCTB, AEKapTOB KBajpaT MHOXECTBa, KOPTEX, paBeHCTBO KoOp-
TeXell, OTHolWeHMe, oTobpakeHuWe, BUAObl OTOOGPAXKEHWA: WMHBLEKTUB-
Hble, CIOPbEKTUBHbIE, GUMEKTUBHbIE; AeWCTBMUTENbHbIE uncna (R) U ux
CBOWCTBa, CUCTEMA JIMHEWNHBLIX YPaBHEHWUI, peELUeHNE CUCTEMbl JINHEN-
HbIX YPaBHEHWNA.

PekomeHAaLMW: ecniv UCMosb30BaTh NMocoGue B NIEKLMOHHOM paboTe, TO LIeNiecoot
pasHo npenBapuTeslbHOe 3HAKOMCTBO CTY[eHTa C COAEepXaHvieM (ornpeaeneHusMU)

O 17°, ana camoCTOATENIbHOrO U3yYyeHUsi pekomeHayeTcs 8§ 22°, a npumepbl § 2T
ONA 06CYXAEHUS Ha MPaKTUYECKUX 3aHATUAX.
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15— EBKIMAO0BbI BEKTOPHbIE MPOCTPaHCTBA.
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8 17°. MOHATUE MATPWLUbI.
OCHOBHbBIE B ALl MATPWUL,

MoHATMe mMaTpuubl 6bLIO BBEAEHO B 8 4
OnpepeneHune 41 MaTtpuueint (BewecTBEHHOW) nopsgka
Im Ha n Ha3biBaeTcsA N6ON aneMeHT ,D,EKapTOBOIZ CTeneHn MHO>Xe-

cTBa felicTBUTENbHbIX 4Yucen (R")m-
HarnomunHaHue. MaTtpuuy nopsaka m Ha o MpeacTasffgeM  Kak  UYUC/IOBYHO
Ta6nmu,y M3 m CTPOK U n CTOI'IGLI.OB, a MHOXECTBO BCEX TaKMX MaTpuLy, 0603HavaeTcA
M(mxn, R) Wi M (T xn).

MaTtpunpya 4eM(wxa, R) B obwem Buae 3anucbiBaeTcs Tak:

al a2 g' . 4d,
A 2 Bee HOMEP CTPOKMU,
A= at a? a?. al ha; Il = 1), Py PP
BHI3y — HOMEp CTOn6LA.
,a" a2 as . an

roe /=1, 2, ... /=1, 2, ..n
O603HayeHve: 3anucb (=1, 2,... T O3Ha4YaeT i MPUHUMAET BCe Lefble 3Have-
HMA oT | Oo T.
dnemMeHTbl a‘ManMLl,bl A Ha3bliBalo T AWaroHa/ibHbIMU

I (TouHee —3nemeHTamun [IABHOM AnaroHanu).
i-yl0o CTPOKy MaTpuubl A Oyaem o0603HayaTb A', a ee /—bli
ctronbey — J1;:

def
A'=(a\a?2..an), n, =

Ana matpuubl A co ctpokamu {/13 win ctonbuamn {J1;} nHorpa
6yaem nosb3oBaTbca o0603HaveHuamu: J1 = [|1°)| = [|A(]]-

Tak KakK Matpuubl — CyTb 3/1€eMeHTbl HekoTopoli [lekapTOoBoOiA
CTeneHNn MHOXXecCcTBa AeNCTBUTENIbHbIX 4ucesl, TO eCTECTBEHHO CuUu-
TaTb MaTpuubl PaBHbIMU, KaK KOPTEXW, OTKyAa JLpyrymMun crio-
Ba MU

dee MaTpuUbl PaBHbl Torga n ToNbKO Torja, Korja paBHbl UX ane-
IMeHTbI, cToduWwmnme Ha cooTBeTCTBYyHWNX MeCcTax.

nN=6<>({N, n)eM (txn, R))A(a- = 6
v < Zye{l, 2 3. /mx{1, 2 3..q). (17.1)

OnpefenvM HECKO/bKO Onepauuii 1 crneumasnbHbiX BUAOB Mat-
pvl, KOTOpble WCMOJb3ylTCs Hambosee 4acTo:

OnpepeneHne 172 Matpuuy B = | eAf (n X/n, R(Ha-
3bIBAOT TpaHCMoHVpoBaHHo K Matpuue A = [@'fle M(mxn, R),
ecnu snemenTo b)=af ana scex 1 min/"n.

O603HauyeHne: B —A".
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KpaTKaﬂ 3annucb 3TOro onpegeneHns:
B'tLA'o(b)=a'yY < /e {1 2 3. T}X{1, 2, 3..n). (17.2)

Onepauus MosyyeHUss HO 3aJaHHOl MaTpule ee TPaHCMOHMPO-
BaHHOW HasblHATCs TPAHCMOHMPOBaHMEM MaTpuubl TpaHCAOHMPY-

eM MaTpuuy A:
ecnn A= ( —g‘ %
V 4-1

T. e. CcTONG6uUbl MaTpuubl A SBNAKTCS CTPOKaMW MaTpuulpbl AT.
OnpepeneHune 173, Matpuuyy B= ||6' ||leAf(m xn, R)

HasblBalOT MPOTUBOMONOXHOWK MaTpuue A= |la' |~M (T xn, R)
(Toro xxe nopsagka), ecnn aneMeHTbl b= — o' gna Bcex UHOEKCOB
@anrrrmn 1N /7$7«).

O6o3HauveHue: B = —A. (17.3)
B=—A"(b)= -a'Vv</, />e{l, 2, 3... T}X{1, 2, 3... n}).

OnpepeneHune 17.4. MaTpuuy HasbiBalOT Hy/NeBOW, ecnm
.ee 3MeMeHTbl paBHbl 0.
Bbo3HaueHne Takoi maTpuubl: O.
OnpepeneHune 175 Matpuuy HasbiBawT TPEYrofb-
1 HoW(BepXxHel TpeyronebHoi), ecnu a)= 0 npn r > /, T. . Bce ee ane-
MEHTbI HWXe gunaroHann pasHbl O.
A — TpeyronbHaa 4 >{u'=0 V/=>/). (17.4)

EcTecTBEHHO CTPOKY wWnn cTonbeLl, MaTpuLibl HasblBaTb Hyne-
BbIMW, €CNN BCE WX 3N1EMEHTbl — HYNW.

OnpepeneHne 17.6. MaTpuya HasbiBaeTCa CTyrneH4YaToOW,
€C/IN BO BCEX ee CTPOKaxX HMXHWEe NHAOEKCbl MepBbiX (C/eBa) HeHy-
NneBbIX 3/1eMeHTOB a\ Bo3pacTtawT: /, < j2< .. <C/.

M3 onpepeneHns cnepyet, 4To cTyneHyaTtas matpuua Tpeyrofb-
Ha, NPUYEM ee HyneBble CTPOKWU (EC/TN OHW eCTb) PacrosIOKEHbl HUKe

BCEX €€ HEeHYyJ/ieBblX CTPOK.

Hanpumep:

1—20 5\ /12-05\710 5\ /71-2 5\
0O 20 0), (o O0—3V (00—1), (02 0),
0O 0O o/ \O0 000/ \O O o/ \O o -7/

O npepeneHue 17.7. MaTpuuy Ha3sbiBalOT KBagpaTHOW no-
I psaakKa M, ecim YMC/I0 CTPOK Matpuubl paBHO 4uC/y ee CTon6uoB,

T. e MaTpuuy Buga M(nxn, R).
O6bIYHO MHOXECTBO BCEX BeLLEeCTBEHHbIX KBagpaTHbIX MaTpul,

nopsgka n o6osHadyaetca M(n, R) wwm M (n).
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Cpeou KBagpaTHbIX MaTpul, BblAe/IMM €ELLle HEeCKONbKO chneuunanb-
HbIX BWOB:
OnpepneneHuve 178 KagpaTHyl Matpuuy nopsgka n
[N =|| a) || HasbIBalOT CMMMETPUYECKON, ecin a)= a[ — Ana Bcex
MHOEeKCoB 1<n, jAn.
6o3HaveHne: [N, n A EB(i n/ LHIJXOT 1,[{)“.
B aToM crsiyyae roBOpSAT, YTO 3/1IEMEHTbl MaTpulbl CUMMETPUYHbI
OTHOCWUTENbHO [/1aBHOW AnaroHasu.
O603HayYeHEe MHOXeCTBa BCEX CUMMMETPUYECKUX MaTpuy, nopsaa-
ka n: S(n, R) mom S (n).

A — cummeTpuyeckaa 4™-(@)=a|l Vv {/, /}c={1,2,3..n}). (17.5)

OnpepeneHne 179. KeagpartHyl Matpuuy nopagka n
= Jl«y]] Ha3biBalOT KOCOCMMMETpuUYeckoi, ecim aj= —a[ gnsa
Bcex mHaekcos 170, j~An.

A — kKococummeTpuyeckas ~<>(a‘= —a[ V {/, /}c{1, 2,3 .. n}). (17.6)

OueBMAHO, AnaroHasbHble 3/1eMEHTbl KOCOCUMMETPUYECKOW MmaT-
pvubl BCcerga Hynesble.

HecnoxHo pAoka3saTb YTBEpPXAEHME.

YTBepXpgeHne 17.1 Matpuya A cumMmeTpuyHa Torga v Tofb-
KO Torga, korga J1T=J1, n KOCOCUMMETPUYHA TOrga v TONbKO TOoraa,
korga JitT= —J1.

OnpepeneHue 17.10. MaTpuuy, y KOTOPOIA BCE 3/IEMEHTHI,
KpPOMe, ObiTb MOXET, AMaroHasbHbIX, Hy/eBble, Ha3blBalOT Auaro-
HanbHOW MaTpuueii Ecnn Bce AuaroHasbHble 3/71eMeHTbl TaKoW
MaTpuubl paBHbl Mexay CO60W, TO ee Ha3blBalOT CKaNSPHOW marT-
puvUeii, a ecnn OHW K TOMY XXe paBHbl |, TO MaTpuua Ha3blBaeTCs
€ AVHNYHOW.

O603HayYeHUe eAVHNYHOW MaTpuubl: £=|]|iy, WQ— TakK Hasbl-
Baembli cumBon KpoHekepa:

17.7)

CkangpHas maTpuua C uUcnonb3oBaHMEM cuMBOJIOB KpoHekepa
MOXeT 6bIThb 3anucaHa B suge ||A6°||, a gmnaroHansHaa — ||A/G)]].

MaTpuyy, y KOTOpOii OOVH 3N1eMeHT paBeH 1, a Bce oOcTallb-
Hble — HyneBble, MPUHATO o6O03HayaTb £', ecnn eguHULA CTOUT B
/-0 cTpoke n /—om cTonb6ue.

3amedvyaHue 171 Tllone3sHo 3HaTb HEKOTOpPble COOTHOLUEHUA
ans cumBonoB KpoHekepa, Tak
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3apava 1711 Onpegenute TUNbl MaTpuy:

/ 10 I\ /—1 OI\ /01 2\
A=1 020VB=( 0 —20,C= —12 —3),
\-1 O I/ \ 0 00/ \—23 0o/
/01 2\ /1 0O\ /0 I 2\
«=(—10—3), £=(0 10), /»'=(1 0-3),
\—23 0/ \0 Ol/ \2 -3 o/
/1 0 O\ /2 00\ /10 O\
0=[02 0), ¥/=(020), /=(0 10),
\0 0 3/ \0 02/ \5 31/
/0-1 2\ / 0 —2D\ / 100\
O=( 1 0-5), L=( -1 23, 023,
\—2 5 0o/ \ 2 30/ \5 13/
p':
/100 O\ /2 O\ /100 O\
N=(0200),S=102), 7=(02 10 ),
\0 03 0/ \0 0/ \0 00 1/

AN=(251{3) V=(-8), =1 -2 1.

§ 18 AENCTBUA C MATPULAMMU
(CNOXEHVWE N YMHOXEHWE HA 4YUCNO)

Ha MHOXecTBe BcexX maTpul, OQHOro rnopsajka L0BOJIbHO ecTecT-
BEHHbIM 06pa3oM BBOAATCA OMepauun CrI0OXKEHUA U YMHOXEHUA
MaTpuubl Ha uyucno. lMosgHee Mbl YBUAWM, 4YTO TaKas «eCTeCTBeH-
HOCTb» He TO/IbKO He c/lyyailHa, HO CBfi3aHa C NoAo6HbIMU Xe aeii-
CTBMAMW Ha cheumnasibHbIX OTOOPaKEHUAX — NINHENHbIX.

Owvpepmeneunne 181 Cymmoi AOByX MaTpuly, OOHOro Mno-
1pr—|,u,|<a A= |a|| v B=\\b'I\ Ha3biBaeTCcA MaTpuua TOro xe no-
psoka supa Jla)-f-1le

O6o3HauveHue: J1 -{-B.

A+B==\\a)-\-b)\\ (18.1)

{N+B)) = a'+ br (18.1"

T. e. Npy CNOXeHUU ABYX MaTpul, O4HOro rnopsaaka ckiaagbiBa-
IOTCA WX 3/1IEMEHTLI, CTOoAWME Ha COOTBETCTBYHOLWNX MeCTax.
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3apga nnt 181 Cnoxute MaTpuubl:

3ameTuM, 4To ANS MaTpuy: Hyneesoi O e M (T XM) U NPOU3BOSIb-
Holi Toro xe nopsgka JIAM (TXnN) BbIMNOJMHAKTCA paBeHCTBa:

N+0 =1 un ()-\-N=1.

CnoxeHue MaTpuL, onpeenseT HEKOTOPOE OTHOLLEHMWE, KOTOpoe
Mbl GyZleM 0603HavaTb:

I+ 1<,)={(<. B), N+ B))c=M2(T xn)XM (T xn),
OHO fABNAETCH OTOb6paxeHUem:
M (T X)X M (T xn)—mM (T Ks),

TakK KakK HO anemeHTam matpuy, A = |U|| v tf=]]|6°|| ogHOoro nopsa-
Ka OAHO3HA4YHO HaxogATcs uucna -bf Kak cymmbl gelicTBuTe Nb-
HbiX uyucen (cm. np. 7.1), a 3HauuT, U MmaTpuya A -(-B = ||a) —(-b)Il.
lcm cambiM o6GecneynBaeTcs (CM. onp. 7.1) eAMHCTBEHHOCTL KOpTe-
a <</, B), C)c[-f|Ims) gavHbl 2 c anemeHtom (J1I, B) Ha
nepsom mecTe. lNpuyemM, TaKk Kak CyMMOI No6biIX ABYX MaTpwy, oa-
HOW rnopsaaka gBfgeTca  Marpuua  TOro  XXe  rnopsaka, To
Dom || mpA=M (T xn) n I1 |+ |(T Nc.M (T x9A).
CHOpbEKTUBHO 1 3TO oTo6GpaxeHue? (Cm. onpegeneHuwe 9.1, 3a-
MeyaHue 9.1), T. e MOXHO M YyTBepXpAaTb, 4TO A1 J1060ro
/1leM (Tx/]) HagyTca (?, ?) eAf (w x n)XM2(T x4a) Takme, 4TO
?2 + ?2=N7? b
9TO 0O3HayaeT CIOPBLEKTUBHOCTL OTOGpPaxXeHUs |
I + |(T. M HeMHbEKTUBHO (CM. onpegeneHve 9.2, 3amevyaHue 9.2),
TaKk Kak MOXHO ykasaTtb {<?, ?), </, ?>}c=M (ar x 1) Takue, 4TO
<, >0 (A, ?>, HO ?+ ?=]1 n N+ ?2=]1.

lakmm 06pa3om, MOXHO CUMTaTb [AOKas3aHHbIM criefylolliee.

YTBepXageHne 181 Onepauus C/AOXeHUs mMaTtpul, OLHOro
nopsakn ectb oTtobpaxeHue [T ](. (m x ) “mM (m x 1),
CIOPBEKTUBHOE, HO HEWHBLEKTUBHOE.

OnpepeneHne 182 |IlpoussegeHnem ckandpa (uyncna
(ieR) Ha maTtpuuy /1= |la‘| Ha3biBaeTCca matpuue TOro Xe rno-
psaku Buga: |[|aa‘|l, T- e NpyY YMHOXEHUU 4Yucna Ha mMaTpuLy Ha
3TO 4NCMO YyMHOXaeTcs ee oboN 31emMeHT.

O6o03HauveHune: 4-A wwm all.

a-A = Jau' | (18.2)
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def
(a-Nn)y — aaf (1B2)
OueBnagHoO, 4yto ans nwwo6oro AM (T X N) BbIMOJIHAKTCA paBeH-
cTBa:
| -A=A, (—I1)4= —1, aOmA = O, N aHa/IOTUYHO CJIOXXEHUIO MaT-
pvy, npoussedeHVe uucna (ckanspa) Ha maTpuuy onpegenser of-
HoLUeHVe:

1. )= {<<«. A= it-/1))c(RXxXM(mxn))XMIm xn),

KOTOpOe fBNSieTCA OTOOpaeHWeM, U aHa/IoOrMYHO npeabiayuiemy Ao-
KasblBaeTcsa chnefylouwlee yTBepxaeHue.

Yreepx geHuve 182 Onepauyuna yMHOXEHUA cKanapa Ha mart-
puuy ecTtb oTobpaxeHue | =|(msa): R X /IL(rn X n)-+M (m X n), clopbek-
TUBHOE, HO HEWHBLEKTUBHOE.

3apgauva 1811 1 [oKaxuTe CHOPbEKTUBHOCTb OTOGpaxeHUs
I*I(T. ) (cm- onpepeneHve 9.1, 3amevyaHue 9.1).

YkazaHve. [ Npou3Bo/ibHOM MaTpuubl /1eM (8 Xn) yKaXnTe YAC/Io U MaTpu
LUy TakK, 4yTobbl ?-? = A, 3TO O3Ha4yaeT CIOPBLEKTUBHOCTb OTOOpaxeHus }<]( I

2. MpuBeauTe npumep XoTa 6bl ABYX KopTexen (a, 1)="(p,
Takux, 4to aJl = pii (cM. onpegesneHve 9.2). 3TO O3HayaeT, 4To OTO-
6paxeHune |=|(T./7T He WNHBLEKTUBHO.

Tak Kak c/ioxeHue maTpuy, N YMHOXEeHWe ckanapa Ha marpuuy
onpeaensieTcs 4Yepe3 C/IOXKEHWE W YMHOXeHWe AeACTBUTENbHbIX 4u-
cen, TO MHOTME WX CBOWCTBA MOXOXMW.

OcHOBHble cBoOlicTBa onepauuii Hag maTpuuamu
(CNoXeHUss N YMHOXEHUs cKanapa Ha MaTpuyy)

181. A-\-B—B A, V{A, B)aM(rnxn)— KOMMYTaTMBHOCTb
CNOXEHNA MaTpul,.

182. (A B))-C=n-f(# + C), V {A, B, C}czAf (w x n) — acco-
LNATUBHOCTb C/IOXEHUA MaTpuL,.

183. A-\-0= O -\-/I=A, V/leM (T x n) — Hannume HeunTpasnb-
HOrO 3/1IeMEHTa MO CNOXEHWUI MaTpul,.

184. A+ (—N)=(—A)A =0, Vde/WN (T xNn)— Hainuue
NPOTUBOMOJIOXKHOW AN MPOW3BO/ILHOW MaTpuLbl.

185. a-(p-N)=(aP)-N, V (a, p. 1) e R2XM (m x n) accouu-
aTMBHOCTb YMHOXEHWS CKanfpoB Ha maTpuuy.

186. (a+ P)-N=a-N+P-N, V (a, p, N> R2X M (mx n) -
ONCTPUOYTMBHOCTb CNIOXEHUS CKaNsipoOB OTHOCUTENIbHO YMHOXEHUs
Ha MaTpuuy.

187. a-(AXB)=a-A a-B, V <a JI, B) <=RXJI1* (1 xn) -
ONCTPUOYTMBHOCTb CNOXEHUA MaTpuy, OTHOCUTENIbHO YMHOXEHUs
ckanspa Ha MmaTtpuvuy.

188. I =«f1=1, V4e N!I(T xn).

B)
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189 0-N1=0. Y& M (T xn).
B kauecTBe npumepa AoKasaTesbCTBa CBOWCTB NMpuBedeM crepy-

toLLee.
JokasaTenbcTBO cBonctBa 187. MMycTb Matpuua J1=
= |la'len( (Tt xn) MB=||6]|eM (T X 1), TpebyeTca ycTaHOBUTb pa-

BeHCTBO MaTtpuy: a-(/1-|-B) n a -A-\-a.-B. Tak Kak, 04eBUOHO, OHU
ofHOro rnopsaka, To octaetca AokasaTb (cM. (17.1)) paBeHCTBO UX
COOTBETCTBYHOLLUNX 3NEMEHTOB.

1 MaTtpuya a-(1+ B) W=]la (1 -ff))|| lla@@" + 6| =

= |laa) + ab] ||

T. e. 2N1eMeHT, CTOAWMIA Ha MNepecevyeHnun r—oii CTpoknm u /-oro
ctonéua matpuuybl a-(/1 4-B), paBeH aa‘-)-a>.

2. 3annwem cyMmy MaTpuy, Yepes o6WWIA BUA 3N1EMEHTOB MaT-
puL-cnaraembix

«J1 + «.B=||(a-N) |+ ||(a.B)‘]] WW Jlaa)]l + [|lab)|] ! =
U~Nlaa; + aft||.

Takum o6pas3om, anemeHT maTpuubl a-J1-f-a-B, ctoswmii Ha ne-
peceyeHUn i — O CTPOKM M /-oro ctonbua, Toxe paseH aaj-f-afc’, uto
M O3HayaeT paBeHcTBO MaTpuy, a—-/1H-B) u a-/1-f-a-B. =

Cymmy matpuy f1-]-(—B) 6yaem o6o3HavyaTb A —B 1 Hasbl-

BaTb pasHoCTbio maTtpuy J1 n B.

A B= A+ (-B). (18.3)
MOXHO cka3saTb, YTO MaTpuua X=A —B ABAsSeTCA pPeLUeHuEeM
MaTpU4YHOro ypaBHeHus: X-|-B = /1 (n B-|--~= J1). [eNncTBUTE/NbHO,

ik
3aMeHsss X Ha J1—B=J1-1-( — B), nonyunm:
X+B=(N1-B)+B= (1+(-B))+B
n +((-B)+ B)X n +?2 X n . |

CBoiicTBa TPaHCMOHUPOBAHMA MaTpul,

18.10. (N -fBY = NiT+ BT Y {n, B)cM(wxsa).

18.11. (a < )t= a <1\ V (a, A)e RXM (T xn).
18.12. (NTT= N, VNeM(wxn).
18.13. (—N) = —A". VA<=M(mxn).

18.14. E' = E, E — egnHnuyHaa matpuua E~AM(nxn).
Cnuckom cBoiicte 181 — 18.14, KOHEYHO, HE MCYEPMbIBAKOTCA BCE
CBOMWCTBa MaTpuL,.
3apgava 1821 Onpepenute, Kakume K3 cneayowmx paBeHCTB
BEpHbI ANs Nbbix maTpuy J1 n B (ogHoro nopsigka) v nwobbix Oei-
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? ?
cTBuUTENbHbLIX a? 1 (A-\NBy=BT-\-AT. 2. a<A® (a «A)T.

1 (N + n)y=r-|-/ir  V {/1, Blc=M (T x n).
n+BY — 18" ? -- 1H=BI1A-Al
3Haunt (A {-BY= BTH-AT ¢ nwob6biMn {/1, Blc.:M(Txn).
7
2 a-A o (a-N)rV(a, N)e RXM (rn Xn).

PaBeHcTBO MaTpuy (a-/1)T u a-J1, no onpegeneHuvuio, TpebyeTt
npexae Bcero paBeHCTBa WX nopsgkos. Ecnm ANM (Txn), TO
>

a-A”MM(Txn), a (a-A)reJi( (? x?). CnegosaTenbHO, pPaBeHCTBO
(a-J1)T= a-/1 He umeeT cMmbIcna, ecnn T .

MNyctb A= ||a' ||e Af (n).

a<1= li(a<)j]l °-M 8Jllaa'ill.

(am)1=B = | [|lia{=(a-N)=?=>(a-n)1= ||?||.

a-1=(a-N)T TOorgAa ”n TONbLKO TOrAaa, Korga aa‘= ?, oOTKyda
a‘= ?. 3TO0 ycnosme o3HayaeT CMMMETPUYHOCTL MaTpuubl. Crnegosa-
TenbHO, a-J1=(a-/1)T UMeeT MeCcTO TO/NIbKO MpW YCNOBUN, YTO MaTpwu-
ua J1 kBagpaTHas WM CUMMeTpUYecKas.

3apgava 1812 Onpepenute, Kakue u3 cneayrlowmx paBeHCTB
BEpHbl A/19 NbbiXx mMatpuy, J1 u 1 (ogHOro nopsaka) u nwbbix Oei-

ctButenbHbiX a un fi? 1 (a<fl peB)l= fleliTt{-a <Al
2 (A—BY®A'-B.
1 (a-N+ p-in)1= p-itt+ (l-NT V<a, @ N, it>ee R2X M2(TXxN).

(a-N+ p-n)twW2=(a.Nn)1-]-(p-"n)1
3HaunT, (Nnwl )-GeBY = (leinT-)-a </IT npu nwobsbIX <ft, (4, /I, B).

2 (N—MT™=NT—B V {1, iA)cM (raxn).
Ecnm /1leX(w xn), 7o N'en1(?x ?). 1r—B —? [s9]
3apgaya 1822 [dokaxuTe, 4yTo Ansa nwobor KBagpaTHOW MaT-
puvubl J1 matpuua J14-/1T cummeTpuyeckas.
AJdokas3aTenbcTBO. Ecnm /e M (m), TO itTe M (4), nx cymma

onpegeneHa, npuiem MO-NteNl(n) wnu (N1 ATTOM(n). Torpa
= Jla)leeM (n) M(M)=>A'~B-\\b‘\\b' - a.
CpaBHUM 3/1IEMEHTbI MaTpuLL:
A-\-Ar= C=\\c]\\\¢)= a)-\-b)= a)+ a} 1 .2
N+n1t=ct=o0o=Id)IIE=c=w, wj ™~ c/~=d"

A+AT1= (N FN71)" y"-B1- 1 — cummeTpunyeckas.

6 B T [eTpoHH
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3apgava 181.3. JokaxuTe, 4TOo NO6YK KBadpaTHY MartpuLy
MOXHO MNpeacTaBuUTb B BUAE CYMMbl CUMMETPUYECKON N KOCOCUMMET-
pvyecko MmaTpuy, npuyemM Takoe npeAcTaBfeHne enuHCTBEHHO.

YkazaHue. CM. 3agady 1822 Awmnctcn 1M Matpyua A — AT CUMMETPUYECKOIA?
KOCOCVM METPUYECKOM?

§ 19 JENCTBUSA C MATPULAMMU
(YMHOXEHUE MATPUL)

Kauanocb 6bl, Mo aHasoOrMm ¢ CyMMOW MOXHO OnpeAenntb Npous-
BeleHVe Ma TpuL, MepemMHOoXas WX COOTBETCTBYHLUME 3/IEMEHTHI, OA-
HaKo, OKa3blBaeTCsl, YTO TaKoe YMHOXEeHVe He UMeET MPUIOXEHWU
B a/firebpe u reoMeTpuym, B TO BPeMsa KaK OMpefesieHne, KOoTopoe
OyfeT AaHO HWXKe, MMeeT cofep)aTeflbHOe WUCTONKOBaHWe W npwuso-
)XeHWe H ganekux, Ha NepBblii B3rna4, pasgenax martemaTuku, me-
XaHUKN N OU3UKN.

Mpexae yem onpenenuTb NpousBefieHVe MaTpuy, B obulem BUAE,
Ham noTpebyeTcA BBECTW, KaK TMPUHATO MeEPeMHOXaTb MaTpuLly-
CTPOKY Ha maTpuLy-cTonbéeL,.

OnpepeneHne 191 T[lponssegeHNEM MaTpuULLbl-CTPOKU
A'— ||la] eNNC (1 x ) Ha maTpuuy-ctonbéey Bt= 1INl eAf (n x D
Ha3blBaeTCA 4nUCNo, paBHOe

n
a'b) Na b f-a\b".. -=arh" = " a\bk= akbk= Cj. (19.1)
ko1

Mpou3seneHne MaTpuLbI-CTPOKN Ha MaTpuuy-cTonbel, o603Ha-
yaetca: A'mBr

akbk — 0603HayeHMe CYyMMWPOBaHUA MO K B TaK Ha3blBAEMOWN
TEH30pPHOI CUMMBOJIUKE.

dopmyny (19.1) npomusBefeHMs CTPOKU Ha CTon6el, MOXHO U
yAOOHO rMpeacTaBnATb ewe n Tak:

OnpepeneHwne 19.2. Tllpowun3BefpeHnem MaTpulbl
A= )ak|esM (rn x n) He maTpuyy B — \\&\ M (n y p) Ha3biBa-
eTca MatTpuua nopsagka Ty p Buaa |[/IBy||, rae A‘— cTpoku
MaTpuubl A, Bf cTtonbubl maTpuubl B.

O6o03HavaeTcsa npousBeneHne matpuy, A mn B: A-B wwm AB.

A-B ~IM".4,]]. (19.2)
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Ecnn ona anemeHTa maTpuubl A-B uncrnonb3oBatb 0603HavyeHme
(A-B)j, TO B coOoTBeTCTBMN C OMpeneneHNEM ero MOXHO 3ajaBak»
dhopmynoi:

def (19.1) <b)

(A-B)j ==Ai-BI (19.2Y)

AHanornyHo yteepxageHmam 181 u 182 MOXHO AokKasaTb cne-

ayoulee.
YTBepxgeHne 191 OTHOWweHUe

[, , ,= {CU1, B), A=B)}c:{M (T xn)XM (n X p))~XM (T xp),
CceTb CIOPBLEKTMBHOE, HO He MHBLEKTMBHOE OTOobpaxeHwue:
M (T xXn)X M (T xn)—mM (T xn),
HalionTe npowusBefeHVs maTpuL:

‘001 O
N8 = 0 10

B-A
/0 0 1 0
O:§F<)10—1
Vi 0 0 2
/2 1-1
3 4
C=l(| 5 6
\2 --1 5

M3 aTuX NpuUMepoB BWAHO, YTO AN TOro, 4tobbl 6LV onpenene-
Hbl MpPou3BeAeHUa [BYX MaTpuu, Kak B ogHoMm rnopsake (A-B) Tak
n B gpyrom (B -A), gomkHbl 6biITb: A™MM (T X?) nSeM (? x?).
3apa HHe 19.1 llyctb <A, B) e M (T xn) X M (n xrn),
T. e. X npousBegeHua A-B wn B-A onpegeneHbl. Ona Bcex m

Takmx martpuy, AmB = B mA? 4
Ecnn oTBeT oTpuuaTeneH, nocTapaiTecb HaiTM NpUMepbl XOTA
Obl OBYX MaTpuLl, 018 KOTOPbIX 3TO YC/IOBME BbIMOJIHAETCA. 4

Mpenabiayliee nokasbiBaeT, YTO BOMPOC O paBeHCTBE Mnpowussefe-
HWIA OByX MaTtpuy, A =B — B WA mMeeT CMbIC/T TONBKO TOorga, Korga
OHM OfHOro nopsgka u keaapaTHble. OgHako, U B 3TOM criyyae, BO-
obuie rosopsi, A-BpB-A. OTcoga ABCTBYeT, 4TO MpowussefeHune
MaTpuL, HEKOMMYTATUBHO, WN He 06sagaeT CBOWCTBOM KOMMYyTa-
TUBHOCTW.
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CBolicTBa YMHOXE€HUs maTpul,

YKaxnTe, npu Kaknx ycnoBuax orpegeneHsl obe yactm HopmyI:

191 a-(/1-B)=(a-A)-B = A =(«=f),
V (a, 1,B) e RXM (T xn)XM (? Xxp) — accoumatmBHOCTb YMHOXe-
HVUS MaTpuL, OTHOCUTE/IbHO YMHOXEHUA CKasidpa Ha MaTpuLy.

19.2. A-(B+ C)=A-B + A-C
V (A, B, C)e M(TXxn)XM2(?xp)— OANCTPUOYTUBHOCTb C/IOXEHUSA
MaTpuL, OTHOCWUTE/IbBHO YMHOXEeHUA MaTpul, cnesa.

193 (A + B)-C=A-C+ B-C
V (A, B, C)eMI(Txn)XM (?xXp)— ANCTPUOBYTUBHOCTb CNOXEHUSA
MaTpuy, OTHOCUTENbHO YMHOXEeHUs MaTpuy, cripasa.

194. A-(B-C)= (A-B)-C
V (N1,B,C)"M(Txn)XM (nxp)XM(pxqg)— accoyumnatmBHoCTb
YMHOXEHNA maTpu,.

195. NeE£=£<1=1]1
V {N1,£)eM (nxn), (E— eaAVHN4YHas wmMaTpuua)— Haauume Heii-
TpanbHOro 3anemMeHTa (N0 YMHOXEHMUIO Matpuly).

19.6. (A =BY = B '<A" V (A, B)e M(mxy)x JU(n x?).

JokasaTenbcTBO cBoicTBa 19.2

NnN(£+C)=n-9+n-C

V 1= |la*]|, B= |I6*]], C= llc*|) e M (m xn)XM 2(n x p).

Kak Wn3BecTHO, MaTpuLbl paBHbl, €CNXU paBHbl WX COOTBETCTBYIO-
e 3neMeHTbl, cnefoBaTe/lbHO Hafo YCTaHOBUTbL pPaBEHCTBA:

(A-(B+ C))* n (A-B + A-Q))

npu Bcex <, />e{l, 2, 3..7}x{1, 2 3..p).
1 PaccMOTpuUM neByl 4YacTb paBeHCcTBa:

N.(B+C)=||n«(B+cuy ll=|==||nl«(B+C)ll =Y =

= [[N'e(B,+ C)I = £ = lNak(bi+ C[I llab) + akd)]|.

(Bcrogy no « cymmmpoBaHue, cMm. oop. 191, 19.2)
2. lMpeobpa3oBaHWs B €ro npaBoOi 4acTU B COOTBETCTBUU C YKa-

3aHHbIMW B Hell OelcTBUSMW OatoT:

OHp. 18 |

A-BA-A-C= U/ =B+ AD)\ onp. 192
(18.1)

(19.2Y)
= |AMmB, |+ |A2C,IM42 [lakb* |+ [lakck]| =8=== [akb) + akcK]].

CpaBHUB pe3ynblaTpl, yb6eauMmcs B paBeHCTBE MpuW  BCexX
/, //e{ 1.2 3.. X11,2,3...p) oanemeHToB (/1 =(£+ £))} n
(1 B 4-11 «C)* matpuy, A-(B XxC) nA B AmC, a3HauuT, U nx pa-
BEHCTBE, 4YTO W 3aBepluaeT goOKasaTeNbCTBO CBONCTBA. [ ]
3apgava 1911 [okaxuTe cBolicteo 19.1

n(n «B)/]| + w(n -o 7
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Joka3saTenbcTBO cBoictBa 19.1: a (A «B) = (aA )*B = A -(ain)
V (a, A, W)edXN1l(txn)XNi(nxl/)).

Yka3zaHue. [loka3aTeNbCcTBO MOXHO MPOBECTU ANs1 MaTpuL, 06LLero BMAa, HO KOHK
POTHOW pa3MepHOCTU, Hanpumep. J11(2):

HW -Ci)
v = (ac s CEHGO)

Tem cambIM cBoKcTBO 191 6yaeT AokasaHo anst ciydas Vo (a. A, i) e RX M (2)2

MocTapaiiTecb AoKa3aTb €ro N0 aHalorMM ¢ JoKa3aTenbCTBOM cBoicTBa 192 and
npousBosibHbIX (a, A, ) e RXM (1t x )X J) (1 X p).

3apgava 1913 [okaxuTe cBoicTBOo 19.6.

JloKkasaTenbCcTBO cBonctBa 19.6. (A-B)'=B'-AT
V {A = Jla*ll, B=\\b*\\)A*M (T * n)XM(n * p).

Tak kak A-BAM(Txp), TO (A<B)lefll (p XT), Kak w
B'-N'eNll {p x 7). Moatomy ANns gokasaTesbcTBa cBoicTBa 19.6 ocTa-
eTCs YCTaHOBUTb paBeHCTBO anemeHTOB ([A-B)')) u (BT<A')) npu Bcex

< />e{l, 2, 3.. miIxfl, 2, 3..p).

I. PaccmoTpum neByw 4acTb 19.6, npousBeneHne matpuy, A-B:
A= Jak]le M (T xn)
B= |li*le M (nxp)

F1=11G4.8) I =L |lat6]].

TpaHeHovpyem MaTpuuy A mB = C = \\O\\\ci = akb>3 (cm. onpege-
neHua 17.2, 191, 19.2, no K CyMMUpOBaHue)

(A-B)' = D= lid'll =c\ = akbk (19.%)

2. TpaHcnoHupys matpuubl A 1 B 1 BBOAA An1s yaob6cteBa npome-
XXYTOYHble 0603HavyeHUs, MNOoyUYnM:

A= \Nak\<=M(Tx n)ll = Al=F = WK\WF*= ak,

B=\\bk\\*"M (nxp)W 1 Br= G=\\g'k\Wg>k= bk
OTKkyaa

B'.A"= G-F= L= WIN\\I\8=gX = blalxakbl (19++)

3 CpaBHUB BblpaxeHUsa (19.*) u (19.**), nonyunmm, uto <=1

npn Bcex (/, /)e{1, 2, 3. LIJ}X{l, 2, 3. n], YTO O3HayaeT paBeH-
cTBO maTpuy, D m L, a B KOHeYHOM cueTe (AmB)J= BrwlT |
Ana MHOXecTBa BCEX KBaApaTHbIX MaTpul, OAHOro nopsaaka

M (n, R) c onepaumnsiMm CNOXeHWUsA, YMHOXEHUA Ha OeACTBUTENb-
Hble 4Yucna M YMHOXeHUa Matpul, MpUHATO cneyunanbHoe HasBa-
Hue nonHas J/uvHeHaa anre6bpa wwm mMaTpuyHasa anrebpa.
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He o6o3HaveHue: gl (n, R) wnnu gl (n).
M3 npepgblaywiero cnegyet, UTO AN BCEX TakMX MaTpuu, onpege-
NeHbl C/I0XEHWEe, YMHOXeHWe, YMHOXEeHMe cKanfpa Ha matpuly.

OCHOBHble CBOWCTBaA MOSIHON NWMHENHO anrebpsol

Ons Bcex matpuy, {/1, B, Clczgl(n, R). eanHWuyHoii MaTpuLbl
£<EEE/ (n, R), HyneBoli matpuubl Oeg/(ft, R) n no6bix {a, pJcrR:

gl. .. 1+0 =1

gl. 22 n+(-n)=0.

gl. 3. A-1"(B-\-C)= (A-\-B)-\-(..
gl. 4 N+ £=0+1.

gl. 5 a-(P*Nn)=(np)-N.

gl. 6. (a-(-p)-N=a-n1 + P-N.
gl. 7. a-(I-(-n)=a-N+LU-£.
gl. 8 1-1=n.

gl. 9. 0=1=0.

gl. 10. N1 -(B =C)= (A mB)-C.

gl. Il. £<1=/N<=1].

g. 122 O<1=Am= 0.

gl. 13 a-(/1 sB)=(a-/1)=B = J1-(a =B).
gl. 14 NeE+ £)=/1<£+ J1 =C.

g. 15 (A+B)-C=A-C+ B'C.

Oka3sblBaeTcs, eAUHUYHas MaTpuua 3aHMMaeT B MaTpUYHOW an-
rebpe COBepLIEHHO YHUKaslbHOE MEeCTO: HUKakaa Apyras He MOXeT
yaosneTsopatb ycnosuwo gl.ll.

YTBepx geHune 192 Benu A-X —A wm X-A=A pansa nob6on
maTtpuuys Aegl(n), To X—E~gl(n).

Joka3aTenbcTBO. [loKaxem nepsBoe NpeaoxXeHue:

(X\(VAegl(n)AA-X=A))"X =E.
Ana atoro 3amMeTum, 4YTO MO YyC/NOBUIO yTBepxaeHus E-X = E (ecnn

B3ATb JI=£). C pgpyroii ctopoHbl E-X = X. Tak Kak npowu3BefeHue
MaTpuy, onpeaeneHo OAHO3Ha4YHO — oTobpaxeHune, 1o
yTBEpXaeHuto 19.1), X = £.

BTopoe npep/sioxeHne yTBEpPXAEHUA LO0Ka3blBaeTCcs  aHaso-
rMYHO. [

Ewe 6onee oyeBnagHo cBOMCTBO gl.12: O WA = A <O = O ans Bcex
Neg/ (n).

3apayvya 1921 Kakue u3 MaTpuYHbIX TOXAECTB cCnpaBea/nBbI
AN BCeX KBaApaTHbIX MaTtpuuy, of4HOro nopsgka?

1 (1 +B)2=gpP+ 2/1«B-fB2 2 (J +B).(N-tAi)=M2-£2
I. Mpeobpasyem BbipaxeHue: (J1)-S)2= (/1 4-S)= 7.
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3amMeHAd 3TMM pasfioXeHWeM JfIeBYK YacTb BbIPpaXXeHud, npuaem
K J1-B = ?, aTOo o3HauvaeT, uto ansa Bcex {/I, B}czgl{n) paBeHcTBO
| HeBepHO. ;

2. AHanorunuHo ana (1 #-B)-(/1 — B M —B"

n+m-mn-nm)y=-.

CneposatenbHo, pAana Bcex wMatpuy {1, B)czgl(n) Takoe
paBeHCTBO ? He ? BEpPHO.

3apava 19.1.2. Hangute /1" c NPOX3BO/IbHBIM HaTypasbHbIM M,
ecnm iieR, a N —~

YkasaHuve. PelleHvie 3afauv MPOHOAHKA METOAOM Ma i eMaTUHEEKOW WHAYKLN.
UTtobbl BbiCKa3aTb FMUMOTe3y, Hado HaWTM NpPOU3BEAEHUS:

(0 9)-(,
1'H VINHYTO -
10 HiTHOTH
3TO MOo3BONIAET MNPEAMnoNIoXUTb, YTo JT*= " Q A4ONnA Bcex K~ n.

TOMda /1" 11 1" J1 " npearofoxeHWo UHIYKLV (ﬂI_IHI/IH

9To oO3HayaeT BbINOJHEHWE TpeboBaHWIA MeTGOa MaTemMaTuyecKow
MHAOYKUNN.
dopmyna /1*= "~ J1 BepHa npu no6omMm iteN.

ogHoro nopsakun J1 'y B HasbiBaeTCA Marpuua, paHHas

Owunpepenevne 193 KoMMyTaTOpOM KBagpaTHbIX MaTpuL,
I}'I—B B-/1.

w

O603HavyaeTca KommyTaTtop matpuy J1 n B: V1, B| = N1*B —B-J1.

3apgava 19.2.3. Kakme uv3 CBOWCTB YMHOXEHMUS MaTpuy, Ha

cncaytotes kommytatopom? (T. e. 6yayT MMeTb MecTO, ec/iM B CBOW-
ctBax 191— 19.6 onepaumio YMHOXEHUA 3aMeHUTb Ha KOMMYyTaTop

V (a, /l, B, C)e RX(E/ (M)\

1 aln. gj=lan, 2= |1, aB].

2 10, 4+ Ol==In, Bl +|N, C\

3. |(J1+B), C|= |1, C|+ [B. C|.

4 N, |B. ClI#|IN, «]. C].

5 |0, /(= /\ nj=~n, (¢ eanHuyHaa wmatpuua gl(n)).
6. |N, NT=|BT N’|
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8 20. MEPECTAHOBOYHbBIE N ObPATWUMBbIE
MATPWLbI

Bbiwe Mbl ycTaHOBUAU, 4YTO MnpousBedeHusa martpuy A-B u B-A
onpegeneHsl OAHOBPEMEHHO, KOrga 3T MaTpuubl — KBagpaTHble U
oaHoro nopsaka: {A, B}lczgl («), == Kak Mbl 3ameTunu B § 19, oHu,
BOO6Lle roBops, He KOMMyTupylT: A-BtpB-A. BmecTe ¢ Tem 3TOT
cnyyan, XOTA W A0BOMIbHO pPeaKwuii, npeacTaBnseT WHTepec.

OnpepeneHuve 201 KsagpaTHble matpuubl A n B ogHoro
Inopﬂp,Ka Ha3blBalOTCA MNEepPecTaHOBOYHLIMU WM KOMMYTUPYIOLWLN-
MU, ecin A BB = B mA.

OuyeBNAHO, 4YTO ecnM maTpuua A nepecTaHOBOYHA C MaTpuuel
B, To n B nepectaHoBo4YHa c /1, ((A =B = B «A)==(B <A = J1 =B)), uTO
O3HayaeT CMMMETPUYHOCTb Ha MHOXECTBE BCEX MepecTaHOBOYHbIX
MaTpuL, OTHOLUEeHUSA:

CM= {<n, B) |{N, B\agl(n)/\A-B = B-A}

Dorn C(,,c”~/(n). W3yuyas cBoilicTBa 3TOro OTHOLUEHMWS, €CTecT-

BEHHO nocTaBuTb Bornpoc Dorn C(,,= gl (n)? Ans BcAkoW nn matpu-
Upl HaligeTcs nepecTtaHoBo4Has ¢ Heid? (Cm. gl. 1— gl. 15). N3 aTo-
ro éypnet cneposatb, 4to Dom Ctl)=gl (n).
MOXHO 3aMeTUTb, YTO He TOMbKO eAMHWYHAasA, HO W BCAKasa CKa-
nspHas maTpuua nepectaHOBOYHA C /060OM Marpuuein Toro ke rno-
paakKa, Tak Kak

(8..7:). T MY: * (/=1 Ae(?=?) MKL?.(2.7).

B yacTHOCTK, nMepecTaHOBOYHbI ABe N06ble CKanfApHble MaTpuLibl,
MU [O0Ka3aHo criegytloLllee.

YTBepXpageHne 201 Bcakaa KBagparHaa matpuua umeeT
nepecTaHOBOYHYIO C Hel, a CKansipHble MaTpuLbl NepecTaHOBOYHbI CO
BCEMW MaTpuLLaMM TOro >Xe nopsaaka.

3apgavya 20.1.2. Onpegennte, 3aMKHYTO /i1 OTHOCUTE/IbHO CJ10-
XXEHNA U YMHOXEHUI MHOXEeCTBO BCeX MaTpuu, NepecTaHOBOYHbLIX C
maTpuuein J1 (r. e. nepecTaHOBOYHbI 1M C AAHHOW MaTpuuein npownsse-
[eHne ckanfpa Ha maTpuuy, cymMma U npoumssBefieHne maTtpuy, nepe-
CTAHOBOYHbIX C /).

AJoka3aTen bcTBO. O603HAYNM MHOXECTBO BCEX MepecTaHo-
BOYHbIX C MaTpuuern A7Ngl(n) matpuy,

C (A) = {XeEgl(n)\A -X= X-1} (20.c)

Bo3bMeM npounsBofbHble maTpuubl {B, C}czC(A).
> >
I. N-(aB)=a(A =in) = a(in <f1)= (a B)-A.
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UTo O3Ha4yaeT MepecTaHOBOYHOCTL a B c maTpuueii A.
2. B -fC) MKL?= B mA NC Wl "==7._
CnepoBaTenbHO, MaTpuua (B + C) ? He ? nepecTaHOBO4YHa C A.
3. A-(B-C)»==(A-B)-C (?eNeCin=}.(}.C)»(B-C)-A.
3Haunt, (B-C) u A ? He ? nepecTaHOBOYHbI W, Takum ob6pa-

30M, MHOXecTBO mMaTtpuy C (A) ? He ? 3aMKHYTO OTHOCUTE/IbHO OCHOB-
HbIX MaTPUYHbLIX Onepauuii.

Cnepgylouwie BOMNPOCHI: KaK MHOroO Ana AaHHOW Matpuubl nepe-
CTAaHOBOYHbIX C HEl N MOXHO NN KX BCe OTbickaTb? PaccmoTpum pe-
lWeHne 3TOM 3adauvM Ha npumepe.

Mpumep 20.1. Haligem wmaTpuuy, NepecTaHOBOYHYH C

/1=(1] 2), T. e X<=gl(2) \J1-X = X-11.

Myctb X = ~"* — WCKOMas maTpuua, Torga ycnosue nepe

CTaHOBO4YHOCTWM BJieHeT MaTpuyHOE ypaBHEHUE!

o4 - 0 0007>

rak Kak paBeHCTBO AOBYX MaTpul, o3HayaeT paBeHCTBO WX COOTBET-
CTBYHOLUUX 3/IEMEHTOB, TO OyAeEM MMETb CUCTEMY YpPaBHEHMWA

3x -2z2= 3Ix A ly,

3y F-2u= 2x+ ly,

X (- 12= 32+ 1

\y—-{- M=2r+ 1

pewas ee, noayunum x= 2r-{-u My = 2r, 4yTo Oo3Ha4yaeT MepecTaHo-
BOYHOCTb C A BCEX MaTpul, BuAA:

€ "%

roe 2 n N — MNPOn3BOJibHbLIE p,eIZCTBMTeﬂbeIe ynucna.
MpupoaBasd 3HavyeHUs 2I/I n, 6yp,eM nony4dyatb Matpuubl, nepecrta-
HOBOYHbIE C A, Hanpumep:

< M) = <1, 0> 2), <22, n)= <0 1=
<2, n) =<, 1> *), <2, = <-1, 1): ),

MT A T. e nepectaHOBOYHbI C ,El,aHHOVI ManI/ILI,eI7I He TOJIbKO CKa-
NAPHbIE.
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3apgavya 20.1.1. dsnaetca nu otHoweHue C{njc.gl (n)'X.gl (n)

oToGpaxeHnem?
YkaszaHue, (‘™M onpegeneHne 7 1 npumep 20.1.

ql N g x

1)e i n N, ==CI')- ? He ? oTOGpaxeHne.
<n. n)ecC ’

3apgava 20.1.3. [lokaxunTe, 4YTo ecnu martpuua guaroHasnbHa,
npuyemM Hee ee AmaroHasibHble 3/1IEMEHTbI Pa.uYINyHbl, TO BCAKasa nepe-
CTaHOBOYHAs C Hel MaTpuua TOXe AuaroHasbHa.

YkazaHua. | Tenn N1 wn 1 AnaroHaniHblo (HC 06sA3aTeNnbHO CKansapHble), Ha-
npumep.
J100
0 XO>
0 OX, H
Oo f.
m n-n H-n
2 Myctb 1 puaroHanbHa,A = |[X/T||. a n iimcci xota 6bl OAVH HeAMaroHaslb—
HMIA anemeHT, Torga, Hanpumep:
X,0 0 0] |i10£)
0x0. o oJo. o0
le 1 oo0x,, O OO0 ) =1
Ooo PA.
/V| OKC) " \
Il mA ]]'b , O \
0 0
00 .000
Kakne ycnosue Ha 3/1eMeHTbl MHMHHbI 11 nfede I paHEHeML A -11---11-A 1

M bl BUAENN, YTO Aaxe B AOBOSbHO MPOCTOM C/lyyae MaTpul, BTO-
poro nopsaka (npumep 20.1)3apaua onpefeneHuss MaTpulibl, nepe-
CTAHOBOYHOW C [JaHHOI, cBejlacb K PELUEHUID CUCTEMbI JIMHENHbIX
YpaBHEHWUI C YeTbipbMsi NMepemMeHHbIMU. 03TOMY 3aKOHOMEPHbI 3a-
[aun, Kak HaliTu 6osiee npocTble Croco6bl OnpeaeneHns MaTpul,
NnepecTaHOBOYHbLIX C AAHHOW WM BblAENUTbL Takve MaTpulbl, YTOGbI
NnepecTaHOBOYHbIE C HUMW MOXHO 6bl/I0 6bl HATM MEHEEe CNOXHbI-
MU BblUMC/IEHUAMMK. YacTUYHO Ha MOCNeAHWIA BOMPOC OTBET YXe
[aH: cKansipHas maTpuua nepecTaHOBO4YHA C oGO MaTpuueli Toro
xe nopsaka. Ho npumep 20.1 nokasbiBaeT, YTO CKafSipHbIMU MOryT
He ucuepnbiBaTbCA BCE MaTpuLbl, MEepPecTaHOBOYHbIE C JaHHOIA.

Ycunum TpeboBaHME NepecTaHOBOYHOCTMU.
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OnpepeneHune 20.2. KeagpaTtHas matpuua A Ha3sblBaeTcs
obpatumoii, ecnn cyuiecTByeT MepecTaHOBOYHAsA C Hell matpuua
B Takad, u4TO WX NpOM3BEAEHUs pPaBHbl eAVHWYHOW MaTpuue:

A< =Bm=E. (20.1)

B 3atom cnyvae maTtpuuy B HasbiBaloT obpaTtHoOW K A.
MoamHoXecTBO B gl(n) BCcex ob6paTuUMbIX MaTpul, HasblBaeT-
CA MOJSIHOW JINHENHOW TrpPynnown
O603HayeHVe MNOMHOW nNuHelHoW rpynnel: GL(n, R) wwm

GL[n).
OueBnpgHa
Nemma 201 Ci(mp<2> m GL(n)3E.
Tak E-E=E-E—E. (Cm. gl.l— gl.15).

OnpepeneHve 20.2 3apaeT HoBoe GUHApPHOE OTHOLUEHWE:
| 1 {<n, B)\{A, B)*gl(n)/\A-B=B.A =E)"CW.

Viccnegyem ero cBoicTtBa (MogobHO cBoOlcTBaM OTHOweHus CIn).
1 [ 'J)n), oyeBMOHO, TOXE CUMMETPUYHO.

3To no3BonseT npu BbiNONHEHUW ycnosua (20.1) ana AByX MaTpul,

Ha3blBaTb WX B3aMMHO OOGpPAaTHbLIMU.

CummeTpuyHocTtb | '|(,( no3BonseTr yTBepxAaTb, 4YTO
2. Dom| Un=1Im[ ‘| = GL(n)agl(n), T. e. 6uHapHOe OT-
HOLleHne | Ha MHoxecTBe GL(n) — clopbekTuBHO, (CM. onpe-

naeneHve 9.1).

3. NIHbekTuBHO nn oHO? (CM. onpenaeneHve 9.2).

Jonyctum, yto HaligyTtca aBe matpuubl /1, u A2 nepecTaHOBOY-
Hble c B:

<N, ize[ ‘ImW, 1Ars-8B-a - e, (20.%)
<2 ii>e| |JM H a2B-b-a2 e. (20.%%)

PaccmoTpum npow3BedeHMe:

N,am W= (?m 226Y=7?
KL HLL -, = A,
nre-a. 2R n oKy

CneposaTtesibHO, O6GuHapHOe oTHoweHne [ 11()— WMHBEKTUBHO.
4. V3 VHBEKTMBHOCTW OGUHApPHOro oTHoweHusa [ 11(s) B cuny ero
CUMMETUYHOCTK  c/legyeT, 4TO OHO ABMAeTca  OoTobpaxeHnem
(ytB. 9.1): | '|(¢): GL(n)-*- GL (). |
3T pe3ynbTatbl 06bLEAUHUM B TEOPEMY.
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Teopema 20.1. 6uHaApHOe OTHOLIEHUe
| m],.,={<+4 B) |{/1, B}lc=gl(n)f\A-B = B-A =E)

CUMMETPUYHO W ABNAETCA OUMEKTUBHLIM OTOOGpaxXeHnem
| 'I{N\GL(n)-+ GL(n).
CnepctBue 20.1 Jlobas obpatumas marpuua MMeeT eguH-
CTBEHHYIO 06paTHYH K Heli maTpuuy.
MaTpuua, obpatHas K A, ob6o3HavaeTca A
CnepctBue 20.2. Ana obpatmmoii matpuubl A obpaTuma
Mmatpuua A-~'.

(Tak kak, ecnn (A, A )<=[ (A ', N>e[ *

Apyrumu cnosamu: MHoXecTBo mMatpuy, GL(n) 3aMKHYTO OTHO-
CUTENbLHO ornepauun obpaleHns MaTpubl.

CnepgctBue 203. (A~")" 1= A gns BCcSKO obpatumoi matpu-
upl A.
(Tak Kak BTOpPOW 3NeMEHT KopTexa OTOobpaxeHus onpeaensertcs
O4HO3HayHO, a 3Haunt, A=(A ") .

3ameyaHue 20.1. lMoHATME 06paTUMO MaTpuULbl HECKOJbKO
nepeonpeaeneHo: A0CTaToO4YHO OAHOro w3 Tpe6osaHwii: A-B = E wm
B-A = E, a gpyroe un3 Hero cnegyer.

Hanpumep, nycTb BbIMO/IHAETCSA TOJ/MIbKO OAHO YC/IOBME: CYLLECT-
ByeT gna A~gl (n) marpuua B e (n) Takaa, yto AmB = E, TOorga
paccMoTpuM NpPou3BeEAEHUS:

(A-B)-A = E-A ~=y=A

g 1 a.x =a™M=£~x = e.

A-(B-A) d— 2:1=* A

O603Ha4eHe. 0603HauMM, OT aHrauvickoro “to designate'— o603HauaTh.

3amMeHasa no ob6o3HavyeHuto X Ha B-A, mvmeem B-A = E. AHa/lorM4yHo
MOXHO mMoka3atb: B-A=E=>A-B =E.
Tak 4TO MOXHO OaBaTb M Takoe ornpegesneHne obpaTumocTu mat-
puubl:
OnpepeneHne 20.2'. Matpuuya Ae gl (n) Ha3biBaeTCcA 06-
paTumMmoii, ecnu cyuiecTtByeT MaTpuya B Takas, uTo

AmB =E wm Be<A—E. (20.2)
Tenepb nonpobyemM pewuTs BOMPOC — HACKOMbKO CoAepia-

TenbHo noHatme GL (n), HangyTtca am ewe B gl (M) obpaTumblie maTt-
puubl KpoMe E, 3aTem Bcskasa M KBagpatHas marpuua obpaTtuma,

T. e {£€}¢ GL (n)o gl (n).
MocTapaeMca OTBeT Ha MepPBbI BOMPOC M3BMeYb U3 pe3ysbTaTta
npumepa 20.1.
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Mpumep 20.2. bbin HaligeH o6WMIA BMA MaTpuu, nepecTaHo-

BOYHbIX € MaTpuuen A — (N a UMeHHo: X = + U 2™M{.r, "1*=R

Onpegenvm, ecTb M cpegu HUX obpartHble JlI, T. e. Takue, 4TO
X-A=E (no onpegeneHuto 20.2 fOCTAaTOYHO MPOBEPKN TOJSILKO 3TO-

ro ycnosus).
2+ 2K WA D

/8r+ 3y 6z+2u\/1 (\
\3r+ un 2r+ n) \0O 1)

oTCcloAa VIMEEM CUCTEMY YpPaBHEHWIA

8r+ 3H= I,
6z + 2m= 0, (u=3 / ] _o\
3r+, O0--{r--| 3)
22+ n= 1,

CnepoBatensHo, GL (u)d{E].
UTOo6bLl OTBETUTHL Ha BoMpoc, cosBnagawT nu GL(n) u gl (n), BbI-
ACHMM, o6paTMma nu, HanpuMmep, MaTpuua

£1=(i S)e *<2)?

Mpegnonoxum, yto 6] obpatnuma, T. e. CyllecTByeT Takas Mat-
pvya 6, yto £|-B = £.

Mycte B=Q Y\ Torpa ycnosue obpaTtumocTn p[aeT MaTpuyHoe

AS)C)-(A Tn

a OHO B CBOKW OuYepeb— CUCTEMY YpaBHEHWIA:

ypaBHeHMe:

X= ?,
Y= 7.
= ?,
0= 7,

KOTOpas, O4YeBMAHO, He MMeeT peLleHuid, 3Ha4uT, matpuuya 6] — He-
obpaTtuma.

Otcropa cnegyet, uto U GL (n)czgl (n), T. e. He BcAkasa KBaf-
paTHaa maTtpuua obpartuma.
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3apaHune 20.1. Tenepb ecTeCTBEHHO MocTapaTbCs y3HaTb, 06-
paTumbl N1 ANs o6paTtMmMon matpuubl A
1 eli npoTmBononoxHas—e(—A)?
2. ee TpaHcnoHupoBaHHad — AT?
Ana o6patumbix matpuy A u B obpatumbl v
3. nx cymma wim pasHocTb: A+ B?
4. nx npowussegeHue: A-B?
BbiscHMM nocnefgHee: nyctb A H B obpatumsbl, T. e

N.A-'=A 'sA=E, (20.n)

B-B '=B '-B=E. (20.8)
Ypo6bHee Bocnosib3oBaTbCcA onpegeneHnem 20.2, paccMOTpUM MNpo-
n3BefeHve:

(A-B)-(B 1-A ")MkW=A-(B-(B 1-n ") —/L=((?=?)=A 'Y
=N-(E-N Y*+A-N1 "= £,

4yTo M O3HayaeT obpatmmocTb J1-B. bonee TOro, mbl AokKasanu, 4To
obpaTtHOli K A-B saBnsieTca matpvua B ]-A ', Torga B cuny eAuvHCT-
BEHHOCTW o06paTHOM MaTpuubl (cn. 20.1) MOXHO cuMTaTb AOKasaH-
HbIM cnegyioLee.

YTBepxaneHune 20.2. Ecnn matpuubl A 1 B obpatumbl, TO nx
npousseneHne o6paTtnuMo u

(A-B) '=B '-A (20.3)

3TO CBOWMCTBO MOXET GbiTb CHOPMY/IMPOBAHO WHAuYe: MHOXECTBO
mMaTpuy, GL(n) 3aMKHYTO OTHOCUTE/IbLHO OMnepauuv YMHOXEHUS
MaTpuL,.

MocTapaiiTecb OTBETUTbH Ha OCTasibHble BOMpockl (1—3) 3agaHus
20.1, cHayana NpPOBEPUB, €C/M Heob6XoAVMMO, CBOW MPEAMNONOXKEHUSs
Ha npyMepax. v

Hanpumep, {1, A}cr{('* (_f *PH, (G 2) (-*1 Dj

YTBepxpgeHune 203. Ecnn matpuuya A obpatuma, TO ee
TPaHCNOHMPOBaHHAasA N NPOTMBOMNOJIOXKHAA el MaTpuLbl 06paTuMbl 1

(—A) '= -A ', (1D 1= (20.4)

3apgavya 20.2.3. JokaxuTte yteBepxaeHue 20.3.
Joka3arenbcTtBo.

Myctb Ae GL (n) (&1 '“GL(n)\A-A '=£).
. (-1) —A

E=A-A 'MYu -1 )=(—1(—1)(1-1 )™ (—N)-(—n ).
T. e (—N)o(—N ")=E.
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B cuny eAMHCTBEHHOCTU OGPaTHOM MaTpuLibl YTO O3HAuaeT, uYTo
(-n) '=-n "

2. (/1) '=<n

TpaHcrnoHupyem o6e uvactu paseHctea 1=J1 '-A:

/=1 1wl) =b/T(A )T

Otkypa /:=J1'(1 '), a Tak Kak obpaTHada marpuua eAUHCTBEHHA,
TO (NT1) 1=(N1 ')’ «
Cnepncteune 204. /0nm matpuuya A obpatnmas n cuMMmeT-
punyeckasa (KkococummeTpuyeckas), ro A 1 ToXe cumMmMeTpuyeckas
(kococummeTpuyeckas ).
3apava 20.2.1. Jokaxute cneacrteue 20.4.
JokasacenbciBo

Ne GL (n) <=M31 '~GL(n)\A-A '—

) Vin I7.1
1A cUMMeTpuyeckas t-— N1'=1J.
(n y'=')y '=n 1M=U=!-n = CUMMETPUYECKMU f.
2. Cnyyaih KococMMMeTpuYeckol maTpuubl J1 pokasbiBaeTcs
aHaI0rnyHo. ¢

B $ 19 mbl npmBOAMAM OCHOBHble CBOWCTBA MOMHOW NIMHENHOW
anre6pbl, NOME3HO BbIAENUTb UX A8 MNOJHOW NMHENHOW rpynnbl.

OCHOBHble CBOWCTBa MOSIHON JINHEWHOW Trpynmnbl

YKaxxute yTBepXAeHus, ABnswouwmecs 060OCHOBAHMEM CBOIACTB:
GL. 1 V{1, H)dGL(ri) =n-B<=sLl,n).
GL. 2 YNeCls) =N 'eGL(n). (IN-N =1 1N= 7).
GL. 3. /:eC/. (a) ==(|Ne=/=N=N YNenrC/.(n)).
GL. 4 Y{N, A, C}cCUN)4n-(i-C)= (J1 e)=(-m

FOBOPAT, YTO MOJIHAA fMHeliHasa rpynna GL(n) 3aMKHyTa OTHO-
CUTE/IbHO ornepauuii YMHOXeHUA 1 obpalleHns 3/1eMeHTOB.

CBoiicTBa MOSHOW NMHENHOW rpynnbl ABAAKTCA (hyHAaMeHTab-
HbIMM HO BCEM Kypce anrebpbl U reomeTpun. J1 umeHHO: B adduH-
HOi M eBKINAOBOW reoMeTpuM Npyv  UK3yvyeHUn npeobpasoBaHne/
MI0CKOCTM M NPOCTPAaHCTBa, B TEOPUM KPUBbLIX M MOBEPXHOCTEN BTO-
poro nopsaka, KeagpaTuuHbiX GOpM M KBaApwWK: B AnddepeHLum-
a/lbHOM reoMeTpuMn MpU MN3YyYeHUM KPUBbLIX W MOBEPXHOCTel B Mpo
CTPaHCTBE; B FEOMETPUN MPOEKTMBHOIO MPOCTPAaHCTBa M MHMAromep
HOli reomeTpuu: B TakuMX pasfgenax anrebpbl, Kak Teopus rpynm,
Teopus NIMHENHbIX ONepaTtopoB M Teopus MHOrovseHos. COBPEMEH-
Has BblUMC/IVTE/IbHAA MaTemaTuka, (hmsvka 1 Kpuctannorpadma Takxke
He 0b6xopgaTca 6e3 MCNO/b30BaHWA MOMIHOW NIMHEAHOW rpynnbl.
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3amedyaHune 20.2. VIHTepecHO, 4To ecim MmaTpuua J1 o6patu-
Ma, TO NNerko paspelwnmbl OTHOCUTENbHO X MaTpUyHble ypaBHEeHUSA

NN-X=B un X «A—B. (20.5)

fa A-X =B wim X-A = B) Ha3biBaeTCca mMaTpuua, npu noacrta-
Ke KOTOpOii BMecTo X Mony4vyaeTcs MaTpuyHOe TOXAecTBo.
UTo6bl HaiTW pelleHne ypaBHeHus (20.5), AOMHOXWUM 06e ero
yacTu cnesa Ha martpuuy A
A- X = B.

A '-(A-X)*A '-B,

O npepen eHune 20.3. PeweHMemM MaTPUYHOIo ypaBHEHUSA
EIM

(Tak Kak npouv3BefeHVe MaTpul, onpeneneHo oaHo3HauyHo). Toraa
A'-B =A '-(n.X)Mk==(1 ".A)-XNd=E-X"=x.

T. e X=A '-B.
HecnoxHo y6eauTbCs B TOM, 4TO Takasa maTpuua — pelueHue
MaTtpuyHoro ypasHeHusa (20.5), Tak Kak

NeA=/1<«/1 1B)=(1-1 )-B=E-B=B8B.
AHa/IOTMYHO MOXHO MOMyyYnuThb pelleHne ypaBHeHUA A -A—B.
Takum o6pa3om, MpU peleHnn MNOAO0OHbLIX MaTPUYHBIX ypaBHe-

HWA BaXHO 3HaTb, oO6patuma v wmaTpuua Jl, n B cnydae ee

06paTMMOCTU  pEeleHNeM MaTPUYHOro YypaBHeHus A-X =B sB-
nsetcs

X=A '-B, (20.6)
a ypaBHeHMa X-A = B — COOTBETCTBEHHO, MaTrpuua
X = B-A (20.7)

B cuny eguviHCTBEHHOCTM obpartHoi Mmatpuubl J1 1(cn. 20.1) un
TOro (hakra, 4YTO NpPoOu3BEAEHWE MaTpuL, ornpeneneHo OAHO3Ha4YHO
(yTBepxaeHue 19.1), peweHus (20.6) u (20.7) ypaBHeHui A-X = B
W, COOTBETCTBEHHO, X-J1 = B egWHCTBEHHbI.

Mpumep 20.3. Pewnm ypaBHeHVe X m =Q ?)

Matpuya 1=~ 7~ ob6patuma (cMm. npumep 20.2), Torga

OO0 S -1)-m

3apgava 20.2.2. Haligute maTpuuy X, yAOB/ETBOPSIOLWYO ypaBs-

HeHuto: * (I )= (_!



§ 21. BbluncneHme obpaTHOW MaTpuLbl 177

YkaszaHue. Moaymalite, MOXHO /M BbIMUCIUTL OTBET Mo opMy/ie \ = B-A ', 00

parvma M marpuua ECnn HeT, noaymaiite, Kak BCE e MOXHO OTbiCKaTb

MaTpuly x, YOOB/ETBOPAIOLLYIO 3TOMY YpasHEHWUIO.
3apgava 20.3.1. [JokaxuTe, 4YTO ecnm wmartpuua AumaroHanbHa

U BCE ee AmaroHasibHble 3/IeMeHTbl HeHyfneBble, TO OHa obpaTuma.
YkaszaHue. Myctb x:¢ O npu /e{l, 2.9} n

4,0 o
0 s20
/1=1 0084,

YW oo
nocrapaiTtecb yragatb MaTpuLly B Takyl, 4TO

00 .
04,0 .
00 S3.

.000. 000

§ 2. BBIUMC/NTEHWE OBPATHOW MATPULLbI

B npegbigywiem naparpade Mbl MOCTaBUIM 3ajavy:. Kak Haxo-
ONTb BCe MaTpuubl, NepecTaHOBOYHble C AaHHOW, HO OHa oKa3asnachb
C [0BOJIbHO C/IOXXHBIMW BbIYUCMEHUSAMU [aXe B c/lyvyae maTpul, BTO-
poro nopsgka, MO3TOMY Mbl €€ HEeCKO/IbKO Cy3uau, noTpeboBaB He
NPOCTO MepecTaHOBOYHOCTU MaTpul, a BbIMOJHMMOCTM 6ofee Cuib-
HOro ycrioBms o6patmmocTtu. VIMEHHO B 3TOM c/llydae MOXeT 6biTb Aa-
HO He OYeHb C/IOXXHOE MPaBU/I0 HaxOoXAeHus o6paTHOW maTpuubl MO
JaHHO obpaTtumoii. Ho npexae Yem rosopuTb 06 o6LieM npaswuse,
paccMoTpuM rnpumep.

Mpumep 21.1. lycTb faHa HeKOTOpaa KBajgparTHas MaTpuua
A 1 13BECTHO, 4YTO OHa obpatmma. Kak HaliTu obpaTHyl el matpuuy?

B cuny 3amevaHus 20.1 [ocTtaToyHO HaTu matpuuy X Takylo,
yto A = E.

ry™ A=(38 ) + a)
roe X)— HensBecTHble [AeicTBuUTeNbHble uYucna, {/, /}c{l 2} wn
nMeeMm:

[Ona ypo6cTBa 3anucu COOTBETCTBYHOLLE CUCTEMbl YypaBHEHWUNA
0603Ha4YMM 3/1IEMEHTbI MaTpuubl X:

=* 2=y M=2 x2=un
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Torga nepemMHoXas MaTpuLpbl

noayymm CcUCTEMY YpaBHEHWUU
XA~2z= 1, X=7?

yrm=0 =2

3*+ 5n= 0, z=7?

3y +5m= 1, «="?

oTkyaa A '=7.
CoenaiTe NpOBeEPKYy:

[(ERIRTE

Taknm o06pas3om, 3ajava onpegeneHus obpaTHOW maTpuubl K
[aHHOW, KaK W nepecTaHOBOYHON C Hel (cm. § 20), cBOgUTCSA K pelle-
HUKO CUCTEMbI NIMHEWNHbIX YpaBHEHWI (MepBoOi cTeneHun), a BONpoC 06-
paTUMOCTM MaTpuubl —— K npobneme CcyuLleCTBOBaHWUA peLUeHUs Ta-
KOW cuctembl. MeToabl pelleHUs MNOAO6HbLIX cCUCTEM W elle 6Gonee
C/MOXHbIX Mbl OyAeM mn3yyaTb W y3HaeM He TO/IbKO TO, YTO cuctema
NNHEVHBIX YpPaBHEHUI MOXeT He VMMETb peLUeHWUi, MOXeT UMeTb KX
6EeCKOHEYHO MHOrO WAN WMETb eANHCTBEHHOE peLleHue, Kak B 3TOM
npvMepe, HO MU KPUTEPUU 3TUX Clyvaes.

Moka e 6ydem nonb30oBaTbCA TakMM anroputMom (MpaBusiom)
ONs BbluncneHna obpaTHoOW K obpaTumoli maTpuue o6oro nopag-
ka: A= ||la'De GL (n, R).

1 Bbinnwem Matpuuyy nopsaka nx2mn suga:

al @, af e=sd, 100 ..0

a? *] ema\ O 10 .. O CrpaHa OT faHHOM MaTpyLbl MPUNKCHIBaEM
eIMHNYHYI0 MaTpuLly TOro e Mopsaxa2

a?Qa3m< 000 .. 1

2. CknagblBaeM W BblUMTaeM CTPOKM TakKoli MaTpuubl, JOMHOXas
X Mpy 3TOM, ecny Heo6XoAMMO, Ha MOAXOASLLEEe YMC/IO Fak, 4YTOoO6bI
NpUBECTU MaTpuLy K CTyneHuyaTomy Buay (CBepXy BHWU3):

* 0603HAYeHbl 3/IEMEHTbI, KOTOpble Mo-
[OyuyeHbl 1 pe3ynbTate npeobpasoBaHuis
CTPOK MaTpuupl.

000 .71* oEE LK

3. AHanormyHo, cknagbiBas, BbluMTad, OOMHOXWB Ha MnoaxoAad-
LLI,I/II7| MHOXWNTEJIb CTPOKMN MaTpulbl, npueoanm ee neBbli KBagpart K
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AvaroHansHoMy Buay (CHU3Y BBepX):

" *00.. O & — -~
N * 0603HauYeHbl AMIEMEHTbI, KOTOpble MO
0*"0 ..0 &&= —~ NlyyeHbl B pesyfbTare npeobpasoBaHust
CTPOK MaTpuLpl.

000 . ook %

4. [Jenum  KaxAayl u3 CTPOK MaTpulbl Ha ee AuaroHaslbHbIiN
(06a3aTeNbHO HeHyneBoii!) anemMeHT, MOJyYMM B JIeBOM KBajpaTe
€QUHUYHYIO MaTpuLly.

100 O «& & — * * 0603HauYeHbl 31EeMeHTbI, KOTopble Mo-
010 0 o E ok & NyyYeHbl W pe3ynbTarte AefleHus CTPOK
Ha OuaroHasbHble 3/1EMEHTI.

O00 ... 1 « « « — &

5. B npaBom kBagpwure — matpuua, obpaTHas pAgaHHol, (3a-
MMCaHHOW nepBOHaYaNbHO B JIEBOM KBajparte).

O6ocHOBaHMe 3aTOMy Npasway Mbl AaAuM MOo34Hee MNpyu N3yYyeHUun
PELIEHN T U CBOMCTB CUCTEM JIMHEWHbLIX YpPaBHEHUA.

Haigem matpuuy, obpatHylo matpuue npumepa 21.1, npuMmeHss
OMUCaHHbLIA anropuTMm.

1(2)

/1211 O\ "'Y 10\")+2,2/1 01-5 2
V3T>lo \) ~ vo - -3 \) -~ Vo ro
/1 O -I 2\
~Vo | 3-1/
Takum ob6pasom,
(2) 3(1)
O60o3HaueHVe. ~ [elicTBMS CO CTpOKaMU: OT BTOPOM OTHSATb MEPBYO, YM

BOXEHHYO Ha 3
3apaHwne 21.1. MNMonpobyiTe, NPUMEHSAA aITOPUTM, HaWTW MaT-

puuy, 0o6pasHyl0 AaHHOW. BO3MOXHO nn 3T0?

4 "
12
MonpobyiitTe HanTu maTpuuy, obpaTHyl A, nUcxods u3 onpegene-
HuMA 20.2 matpuubl, obpaTHoi fgaHHOW. Kakas nonyymTcs cuctema
ypaBHeHW#? ECTb /M y Hee pelleHme?

/2 AN/ v\ /1 O\
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§ 22°. MATPUYHAA ®OPMA CUCTEMBbI
NNHEMWHbBIX YPABHEHWW

3amMeTuM, 4YTO cuUcTeMa W3 M JIMHEAHbIX ypaBHeHMVI C N Heus
HecwnmMmm:

a\x' + a\r +«Y 4 ..4 4 x = b\

tifgld-«Y 4 nY +..4«Y — b2 (22.1)

a"x'+amr'4 «Y 4-4- -0"=b"\

MOXeT o4yeBMAHbIM 06pa3om ObITb NpeacTaBneHa (3anucaHa) B BUAe
MaTpPUYHOIro paBeHCTBa:

«' 2 «!
ati «2 «y e
Kr n7 a?
roe N=|Jla|*M (T xn) Ha3blBAETCA ocCHOBHOK MaTpuueih cuc-

Tembl nuHelinbix ypasHewnii (22.1), a marpuua

«l a2 « l_) 7
2 .2
a$ «q c /r
« m .uw b"
«1 «2 «4

MMEET Ha3BaHWE pacw MpeHHOW MaTpulbl CUCTEMbl NIUHEeWHbIX ypaB-
HeHu (221)

TakmMm 06pa3omM, cucTtema ypaBHeHun (22.1) UMeeT KpaTKyl u
YAOOHYI0O MaTPUYHYHO 3aruchb:

N1 -X= B, (22.2)

rope N=|k'JJle LM(mxn), X= [[X]Je L(nx 1), B—|ble M (mx I)
n li-cton6ey, cBO6GOAHBLIX UYNEHOB.

OwunpepeneHmne 22.1 PeweHnem cucTeMbl NUHENHbIX ypas-
Hennii HasbiBaeTca KopTex uvcen (@) A .. jdJ), nogcraHoBka Ko-
TOPbIX BMECTO MepeMeHHbiX (Ol a2 .. X") B ypaBHeHWs CUCTEMbI
npespawiaeT UX B YMC/IOBble TOXAeECTBa.

Tak 4YTO BCSIKOE pelleHne MaTpuUyYHOro ypasBHeHuA (22.2) onpefe-
NsieT YNCNOBOWM KOPTEX, SABAALWMUIACA pelleHneM JMHERHON cucTe-
Mbl ypaBHeHUlA (22.1) n HaobopoT.
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B Tom cnyvae, korga T = n, T. e. A — KBajpaTHasa, n obpatnma,
3ajjaya pelleHWs ypaBHeHus (22.2), a 3Ha4YUT W CUCTEMbl ypaBHe-
HUA (22.1), MOXeT ObiTb CBeAeHa K BblYMMCNEHUWO MaTpuy, A 1 m
A '-B, Tak kKak (cm. 3ameuyaHume 20.2, (20.6))

X = =A mB=A (22.3)

Mpuyem B cnyyae obpatumon MaTpuubl A MaTpuua X, a 3Ha-
UAT, N PELUEHME CUCTEMbl ypaBHEHU (22.1) efNHCTBEHHBI.

3amMmevyaHmne 22.1. MoXHO 3aMeTUTb, 4To B 8§ 21 n. 1 mart-
puvuei

a\ a‘ ei emdn 100 .. 0

a? a2al emal1 0 10 .. O (22.X)

Q" aBgs em< 000 .. 1

KOMMakKTHO 3anncaHa cucrtema u3 n2ypaBHeH|/||‘/’|, KOTOpad nonyyvymtcad
npupasHMBaHWEM COOTBETCTBYHOLIMNX 3/1eMEHTOB wMarpuy J1-X — H:

COOTBETCTBYIOT MaTpulbl (OCHOBHas |paclinpeHHas):

. & an
2 é 2
a; a9 a: (22.X))

Ka &, a\ a
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3atemMm

(22.X,2
M T. 4 40 nocregHe:
a\ a\ o,
ai a\ a]
a" aR dn
C MaTpuuamu:
(22.Xn)

M3 3Toro BMAHO, 4YTO cucTema N2ypaBHEHW C N2 HEN3BECTHLIMMU
COCTOUT M3 M CUCTEM YpPaBHEHWI, Kaxaas M3 KOTOpbIX OT M (CBOMX,
He BCTpeyvalwLUXCAa B OCTas/lbHbIX cUCTeMax) MNepemMeHHbIX U UMeeT
n ypaBHeHwWi. lMpunyem BCe 3TW N CUCTEM MMEKT OANHAKOBble OCHOB-
Hble MaTpuubl WU pas3nyalTcs TOMbKO cTonbuamu cBOGOAHbLIX une-
HOB. 3TO W MO3BO/MAET KOMMAaKTHO M yA06HO AN npeobpasoBaHWii
06beANHUTL MaTpULLbl 3TUX M CUCTEM B OoA4HY mMaTtpuuy (22.X). lMpe-
obpa3oBaHue ee CTPOK (No anroputMmy 8 21) n ecTb npeobpasoBaHue
KO3thhnLumeHToB Nl ypaBHEHMWIA.
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MCTOPMNYECKAA CIPABKA

MaTemaTuka — 3TO 6oOnbWOK  ropon, Ybw
npeaMecTbsi He MnepecTalT paspacTtaTbCsi, B TO
BpemMs KakK LIeHTp nepuoauyeckyn nepecTpavBaeT-
cs, cneays Kaxpablii pa3 Bce 6onee ACHOMY nna-
Hy U cTpeMsacb K Bce 6onee u 6onee BenmyecT-
BEHHOMY pacrnofioXeHuto, B TO BPeEMSA KaK .. cTa-
pble KBapTanbl C UX NabUPUHTOM MNepeysiKoB CHO-
cATCA [N TOro, 4To6bl MPONOXUTbL K OKpaunHe
ynuubl BCce 6onee npsimble, Bce 60see LUIMPOKUE U
YA06HbIE.

//. bypbakn. «Mctopuss mMatemMaTuKmn»

Mbl Buaenn, Kak [0BOMbHO €CTECTBEHHO C CUCTEMOW NMHEMHbIX
ypaBHEHUIN COOTHOCUTCA MaTpuU4YyHOEe YpaBHEHWe W ABe MaTpulbl:
OCHOBHas M pacwupeHHas. Npu peweHUn TakoW cuCTeMbl ee ypaB-
HeHVs npeobpas3yloT, YTOObl MX YNPOCTUTL: YMHOXalT Ha noaxonas-
Wwme uncna, NPOBOAAT 3aMeHy ypaBHEHWI CUCTEMbl Ha CYMMY WU
pa3HoCTb ero ¢ gpyrmmMm 1 T. A.— MO CYLWECTBY Bce 3TW onepaunu
NpoAenbiBatoTCA C COOTBETCTBYHOLMMN KOIPULMEHTaAMN YPaBHEHUA
CUCTEMbl — 3M1IEMEHTaMM CTPOK ee pacluMpeHHOW MaTpuubl. Tak 4To
BblaeneHne Tabnuubl KOIPPULMEHTOB CUCTEMbI JINHENHbLIX ypaBHe-
HWIA 1 3aMeHa [eliCTBMI C ee YpaBHEHUSIMW Ha Te XXe camble AeWcCT-
BMS CO CTPOKamMV ee pacliMpPeHHOR MaTpuubl OKas3anocb yAO0OHbIM W
npueeno ewe B XVII Beke K noHATUO matpuubl. (Hemeukoe — Mat-
rize — OT /TaTUHCKOro cnosa matrix, 4To Oo3HayaeT — WUCTOYHUK, Ha-
yano).

MonbITKN OTBETUTL Ha BOMPOCLI, KakK MO MaTpuue CUCTEMbI /-
HeliHbIX ypaBHeHWIi y3HaTb, KOrga cuMctemMa MMeeT pelleHus, a Korga
OHW OTCYTCTBYIOT, M B MEPBOM C/lyyae — CKOJIbKO WX, MPUBEIN K
BaXXHOMY MOHATUIO B TEOpPUW MaTpuu, onpepenutens wim peTepmu-
HaHTa. OHO MO CBOUMM WAEAM BOCXOAUT K HEMELUKUM MaTemaTu-
kam [I. JNlenbHuyy, K. ®. Tayccy (Gauss Carl Friedrich, 1777—
1855) n . Kpamepy (Cramer Gabriel, 1704— 1725). Opyroe Bax-
HOe MOoHATWE — paHr MaTpuubl, 6bI10 BBEAEHO HEMELKUM MaTemaTtu-
kom [. ®pobeHuycom (Frobenius Ferdinand Georg, 1849— 1917),
KOTOpPbIA BHEC BKIag B 3Ty Teopuio u paspaboTan ee NPUIOXKEHMUS
B MeEXaHWKe.

Xoln euwle c cepeguHbl XVIlI Beka mMaTtpuubl MCMNOMb30Ba/IUCH
NelibHMLEM, TOMBKO KO BTOpPOM MNosioBUMHE X IX Beka Marpuubl, He3a-
BMCMMO OT CUCTEM YpPaBHEHWA, CTa/im O6BLEKTOM CaMOCTOATEesbHbIX
nccrnenoBaHUn 1, BUOMMO, Npexae Bcex — B paboTtax MpnaHAcKoro
MaTematuka Y. P. lamumnbtoHa (Hamilton William Rowan, 1805—
1865), 3aTemM — aHr nimiicknx: A. Kanm (Cayley Artur, 1821— 1895) un
k. CunbBecTtpa (Silvester James Josef, 1814— 1897).

[eno B ToM, YTO onmepauun Hag MaTpuLaMu (C/IOXEHUE, YMHOXe-
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HVe MaTpuy, M YMHOXEHUE cKanfdpa Ha MaTpuuy) BO3HUK/IM KaK Tex-
HMYeCKUii annapaT Npu pelleHMn 3aadn BecbMa [asfieko OoT npob6-
NleM TeopuM JIMHEWNHbIX YPaBHEHU — NpUgaHuM reomMeTpU4eckoro
WCTONIKOBAHUA HEKOTOPbIM 0606LeHNAM 4uncesl — KBaTepHMOHaM,
KOTopble OblIN OTKPbLITEI FaMunbLTOHOM B 1843 rogy v cocTaBnanu
VHTEpPeC AN MHOIMMX MaTeMaTWKOB cepeauHbl XIX Beka.

OCHOBHblE MAen MaTpPUYHOW anrebpbl 6bIAN  CHOPMYTMPOBAHBI
Kanu B 1858 roagy B pa6bote “A Memoir on the Theory of Matrices”
(«Memyap no Teopun matpuuy»). OH pa3Busl HeKoe McYuC/ieHne, BBO-
08 yncna cneumanbHOro Bmaa, KOTopble OXBaTblBa/inM, KakK YacTHbIA
cfnyvar, W3BeCTHble K TOMY BpPeMEHW OeNCTBUTENbHble WU KOMIMIEeKC-
Hble yMcna W KBaTePHMOHLI. B OCHOBe ero Teopuu nexaam WMEHHO
Takve pOelcTBMSA C MaTpuuamu, 4YTo aHanoramu ux 6binv geicTeumn
C YXXe M3y4yaBLWMMNUCA B TO BpemMs MaTeMaTukKamMu N MexaHukamun nu-
HEMNHbIMW OTOOGPaXEeHMSAMMU BEKTOPHbIX MPOCTPAHCTB. TakK CcTpaHHOe
Ha nMepBblli B3rNAs4 MNpPaBUIO0 YMHOXEHMA MaTpul, COOTBeTCTBYeT
KOMMNO3ULMN Takux OTo6pakeHWi. WNHTepecHO 3HaTb, 4YTO VMEHHO
Kann BBEen opgHO W©3 COBPeMeHHbIX 0603HavyeHwi MaTpuubl — ABe
BepTUKanbHble 4YepTobl: ||a]]-

Mo3gHee rnyb6okue pesynbTaTbl B TEOPUW MaTpuy, Gbiin nonyde-
Hbl K. BeliepwTpaccom (Weierstraff Karl Theodor Wilhelm, 1815—
1897), . ®pob6EHNYCOM — HEMELKVMMW MaTemaTukamu, 1 paHuy-
3om — 3. XoppgaHom (Jordan Marie Kmanuel Camille, 1838—
1922), oHM cTanu KnaccuvyeckKMMu B TeOpuUM MaTpuL, U HOCAT WX
VMeHa.

MOXHO cKa3aTb, YTO B COBPEMEHHOW MaTemaTuKe HeT, noxanyi,
MoYTM HW OOHOrO Cepbe3HOro pasgena, B KOTOPOM B TOW WM WHOM
CTENMEHN He MCMNOJIb30Ba/INCL Obl AOCTUMXEHUA Teopun martpul. [pu
3TOM WMEHHO B CUJ/ly MNOPasvTeslbHOW YHUBEPCaSlbHOCTU MaTPUYHOro
annaparta, pe3ynbTaTbl OTAENLHOW 3aj4ayun, UccnefoBaHus, 3avacTyio
npUHUMalKT o6wmnii 1 6onee rnNyboKNn XapakTep, CBA3bIBAKOLWLNMA
mMexay coboi, kasanocb Obl, AOBOMLHO Aanekne npob6nemsl. K npwu-
MepaM Mofo6HOro MOXHO OTHECTM U Takme BOMPOCbl HACTOALEro
Kypca, KaK 3aKOH MWHepuun KeBafpaTWyHbIX ()OpPM M Npo6iembl Mpu-
BEAEHNS NIMHENHOro orneparopa K KaHOHWYEeCKOMY BWAy, 3aKOHbl W3-
MeHeHMVa KoopAauHat To4YekK npu auHHLIX Npeobpa3oBaHUAX W OBU-
YKEHUAX TMJIOCKOCTU U MPOCTPAaHCTBAa, MPOEKTMBHbLIX MpeobpaszoBaHa
AX MPOEKTUBHBLIX MPOCTPaAHCTB M MHOroe Apyroe.

Be3 MaTpUYHO TEXHWKM HEMbBIC/IMMbI W MHOrMe pasgesibl CoBpe-
MEHHOW (U3NKN, MeXaHWUKN U ONTUKW, KBAHTOBOIW MeXaHMWKW, elle oT-
MeTUM, 4YTO KOOpAMHaTHOe (MaTpuyHoe) NPOCTPaHCTBO OyAeT OCHOB-
HbiIM B MOAE/IMPOBAHUM CUCTEM aKCMOM Pas/INYHbIX FeOMEeTPUi, C KO-
TOpbIMM MPEeACTOUT 3HAKOMCTBO B HAaCTOfLLEM KypCe— reoMeTpuii,
KaXyLmnxcsa cHavyana aHTaCTUYECKUMU, HO TeM He MeHee peasibHbl-
MA N faXe pearn30BaHHbIMW He TO/IbKO B YMO3PUTE/IbHOW MaTeMma-
TUKE, HO U B ee MPUIOXEeHUAX B (PU3MKe, Teopun OTHOCUTESTILHOCTU

nT A
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CNMMNCOK NMUTEPATYPHI

OCHOBHAA

Kynukos N 5. Anreébpa u Teopus umcen.— M.: Bbicwas wkona, 1979, -560 c.
MawTypos O B.. MaTsees H. M. Kypc BbiClIE MaTeMaTukui. M : Bbicwias
wkona, 1986. 480 c.

. Kypow A. | Kypc Bbiclweli anrebpbl.— M.: Hayka. n. pea. ¢ws. mar. auT.,

Beknemuwes //. 8. Kypc aHamMTU4YecKol reoMeTpuu W JIMHEVHONW anrebpbl.— 4-e
w3g,— M.: Hayka. n. pea. dwms. mar. smr., 1980.— 336 c.

AONONHWNTENBbHAA

5 KocTtpukuuw A 1 BBegeHue B anre6bpy.— M.: Hayka. I'n. pen dws. mar. nut.,

1977.— 496 c.
6. ranTmaxep o. P Teopus wmaTpuy.— M.: Hayka, [In. peg. dwms. mar. nuT.,
1967 — 576 c.
7. Noctuukos M. M. Jlekuynm no reometpun. CemecTp |. AHaMTUYecKas reo
meTpusi.— M : Hayka, n. pen dwis.-mar. nuit., 1986.—416 c.
YKA3AHNA NO NCMNONTb3OBAHUNIO NUTEPATYPbI
8 17°. MMoHsATve mMaTpuupl. Buabl matpu,

11 ]—crp. 210. 1Bl— ctp. 5.
U1—crp. 142— 145 |6j —ctp. 13—15 24
§ 18 [HeiictBusa c matpuuamy. CrOXEHME U YMHOXEHVe Ha ckansp

Ml - crp. 210—212. [5] — ctp. 84—85.
[2] crp. 317—318. [6] —ctp 15—17.

[38] -crp 102 105 I7j — crp. 61
Ui- crp. 143— 144 ]

§ 19 [eiicTBuA C MaTpyLaMU. YMHOXEHWE MaTpul,
11 cmp. 21 214 [5] — c1p82—8&4.
1 cp. 317 318 6] — ctp. 17— 18
Rl cmp. 89— (7) — ctp. 61—64.

Ul- cip. 145—146, 183— 185,

]
2 .
[4] - cip. 187- 189

8§ 20. lNepecTaHOBOYHbIE W OOpaTUMblE MaTPULIbI
ctp. 215—221. |5] — cTp. 85—8&6.
ctp 320 [6] —ctp 18 26.

8§ 2I. BbluMcrieHMe 06paTHOV MaTpuLpbl

1m - crp. 218-221. [7J — cTp. 26—27.
|4] —crp. 188- 189

§ 22°. MatpuyHas ¢opmMa CUCTEMbI JIMHEMHBIX YpPaBHEHUIA.

|11] - cTp. % [5) - ctp. 24-25.
[BL cmp.
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MOACTAHOBKW/
[PYTTbl



MOACTAHOBKWN

FrPYTITIbI

$ 23°. MopactaHoBKM. Onepaumn Ha MOACTaHOBKaX.
2-1* pynnbl. OCHOBHbIE CBOWCTBA.

8 25, YeTHOCTb WM 3HaK MNOACTAHOBKW.

§ 26. Onpefenutenb MaTpuLibl.

OCHOBHblE MOHATUA: MOACTAHOBKA, MEepecTaHOBKa, onepauun Ha
noAcTaHoOBKax: npousBeneHne (KOMMNO3nLKUsA) NoACTaHOBOK, UHBepCUs
NoACTaHOBKM; TOXAeCcTBeHHasa MoACTaHOBKa; rpynna, noarpynna,
HelTpasbHbIVi  31eMeHT, 06paTHblii (MPOTMBOMOMOXHLIN) 3/1EMEHT,
MyNbTUNAUKATUBHAsA Trpynna, agauTuBHas rpynna, 4YeTHOCTb MoA-
CTAHOBKW, 3HaK MOACTAaHOBKM, TpaHCNo3uuusa; onpeaenvteNns Mat-

pyLibI.

Heobxognmble cBefieHUA: KOHEYHoe MHoXxecTso P (n), 6uHapHoe
OTHOLLeHMe, rpag O6uHaApHOro OTHOLWeHWUsA, OoTobpaxeHue, obpas u
npoobpa3s 3anemMeHTa, KOMMO3MUMA W MHBEPCUA OTOGPaXeHWii, CBOW-
CTBa KOMMNO3MLMW W WHBEPCUM OTOOpaKeHWli, TOXOEeCTBEHHOe OTOo-
6paxeHune, npeobpasoBaHMe, CMMMeTpUYecKas rpynna nopsgka n,
thakTopman — n\, NOBOPOT MJIOCKOCTW, NapasnsesnbHblli NepeHoc njaoc-
Koe ru.

PekomeHgaumn: ecnm MCNonb3oBaTb Moco6Ve H NEKLIMOHHOM paboTe, TO MOME3HO
npeapapu TeflbHOE CamMOCTOsITE/NIbHOE 3HAKOMCTBO CTyZleHTa C cofepkaHvieM (onpcae
JNICHUSIMW) 23°, matepuan $ 24* MOXeT OblTb OMyLUEH MPU YTEHUM NeKUMn Wi
OCTaB/IeH [y CAMOCTOSTE/NIbHONO O3HAKOM/IEHNA C OCHOBHBLIMW MOHATUAMMW, Bonee ry-
O0OKOE M3yyeHVe TeMbl «rpPyMMbl» MIaHUPYETCA MO3XKe.



Jlekynn
Jlekynn

Nexkunn

Nexkyun
Nexkyun
Nexkyunn

Nexkuynun
Nexkynun
Nekuwns
Nekuuns
Jlekyns
Nekuwuns
Nekuwuns
Nekuwuns
Nekuwuns

CemecTtp 1

| MHOXecTBa M OTHOLLEHWS HA MHOXeCTBax.

81-8
2 - Onepauym Ha GUHAPHbLIX OTHOLLEHWAX. OTo6paMe&mn =
€6 §8).
3 — BuekTnBHble OTOGpakeHWs. MNpeobpasoBaHUs
€9 § 12
4 — BvHapHble OTHOWEHWA Ha MHOXecTBe. ®PaKTop MHOXECTBO.
(813 8§ 16).
5 — Matpuupl OCHOBHble OMepaLyn 1 CBOWCTBa
&8 7 8§22
6 — lMoacTtaHoBKW. [pynnbl.
(8 23 8§ 26).

7 — Onpegenvtenn.

8 BekTopHble MPOCTPaHCTBA.

9 — JInHeliHO 3aBYICMMbIE W IMHEIHO HE3aBKCHMbIE CUCTEMbI BEKTOPOB.
10 PaHr matpuubl. CUCTEMbI NIMHENHbIX YpaBHEHWI

Il — JInHeliHble OTOGPaKEHNS BEKTOPHbLIX MPOCTPaHCTB.

12 — MaTpuyHoe npeacTasfeHne romMomMopr3MoB.

13 — Anre6pa IMHeliHbIX OrnepaTopoB.

14 — Co6CTBEHHbIE BEKTOPbI JIMHENHbLIX OrMepaTopoB.

15 — EBKANAOBLI BEKTOPHbIE MPOCTPaHCTBA.
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8§ 23°. NMOACTAHOBKW.
OMNEPALNIN HA NMOACTAHOBKAX

Mbl yNnOMWUHaNM, 4YTO OAHOM M3 BaXKHbIX XapakKTepUCTUK KBapn-
paTHOM MaTpuubl SBASieTCHA ee onpedenurtesib, HO Mpexae, YeM BBO-
ONTb ero Ana maTpul, NpPou3BOMBLHOIO Mopsaka, noTpebyeTrcA 3Ha-
KOMCTBO C OTAe/lbHbIMW pe3yfbTaTaMn TeopuM MOACTAaHOBOK, KOTO-
pas npepcTaBnseT coboOW CaMOCTOSTE/bHbIM pasgen MartemMaTuku,
a B HalweMm Kypce Ha CBOliCcTBax NMOACTAaHOBOK OCHOBaHbl HEKOTOPble
NOHATUA M AOKa3aTefNbCTBa CBOWCTB Onpegenvtesniein matpuu,.

HanomHuMm, 4yto u4epe3 P (n) o6o3HayaeTcs KOHEYHOEe MHOXe-
CTBO, cocTosulee U3 N aniemeHToB (onp. 12.1), aona ynob6crea 6yaem
cuntatb, yto P(n) = {\, 2, 3, ...}. HanoMHMM Takxe nNOHATUE.

OnpepneneHune 112, MNoAcTaHOBKOW WM MNepecTaHOBKOM
M3 N 3/1IeMEHTOB Ha3blBaeTcs /oboe rnpeobpasoBaHMe MHOXecCTBa
P (qe=
MHOXecTBO BCeX MOACTAHOBOK M3 N 3/IEMEHTOB Ha3blBaeTcA
CUMMETPMYECKOW TFpynnoi n-oro nopsgka m obosHayaeTca S,.
HanomHum: npeo6paaoBaH|/|e MHOXECTBa 3TO OMEKTUBHOE 0T06pa)KEHI/Ie ero Ha
cebs (cm. onpepeneHus 111, 101, 9.1, 9.2).
MopactaHoOBKM Byaem 0603HavyaTb rpeyeckumun BGykBammu, Hanpwu-
mMep: T:P (n) P (n).
Mpumep noacTaHOBKM M3 NATM  anemeHToB: <pP (5)—*-P(5):

P={<1, 2), < 5> <3 3> <4 1> <5 4)).

Mpadbl 3aTOro oTob6paxeHMa Ha puc. 75.

3T0 oTHOweHue Q= {<1, 2), (2,5), (3,3), 4, 1), <5 4) (MOoX-
HO 1306pasnTb WHaye, BbINUCHLIBAA KOPTEXU CTONOLaMU:

P(5) > P(5) F’{5

Puc. 7B
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m 234m4 onyckas sHaku 12 3451
ynopaaoyveHHbIX
d _\253i 4j° nap, nonyuYnm: 2531 4)

MocrnefHIo 3anncb O6LIYHO HAa3blBAOT MOACTAHOBKOWM, ecnn xe
yKazaHa TO/IbKO CTpoka 06pa3oB 3/ieMeHToB P (M), Hanpumep:

®=<2, 5 3, 1 4) wwm dp=(2, 5 3, 1, 4),

TO ualle roBOpsiT O MepecTaHOBKe M3 M (B HalleM c/lydyae— MSTH)
anemeHToB 0O6a TepMuMHa U (POPMbl 3anMMcU pPaBHO3HAYHbI U pPaB-
HOMpPaBHO yNoTpe6buMbl, Mbl >Xe, Kak npaBwio, OyAeM oTAaBaTth
npeanoyTeHNe NepBoii M3 HUX U3 cooGpaxeHwuii ee Gosblieid Ha-
rNSoHOCTU:

I 2 3 4 .. nl
T \7(l) T2) 73T 4) ..T(N)]) m

YacTto nonb3yTcs O0603HavYeHMeM MNoACTaHOBKU B BuAe [ABY-
CTPOYHOW MaTpULibl:
/ | 2 3 4 .. n\
T™=0 17(1)T1T2) 7T3) T4) .. T(N)J

Mo Teopeme 112 cMmmeTpuyeckasa rpynna S, 3aMKHyTa OTHOCU-
TeNbHO onepauunii KOMNO3VUUM U MHBEPCUM, 3TO O3HAYaeT, YTO KOM-
nos3vymsa MoAcTaHOBOK, KakK KOMMNO3NUUA OUEeKTUBHBLIX OTo6paxe-
HWA (cm. onpepeneHnn 8.2, 6.1), ecTb NoOACTaHOBKa, W UHBEpPCUSA
noacTaHOBKM, KaK WHBepcua OMeKTUBHOro (obpatmmoro) otobpa-
XeHuna (cm. onp. 8.3, onp. 5.7, ytB. 8.1), ecTb TOXe noacTa-
HOBKa.

MonesHo ymeTb HaxoguTb MO AaHHbIM MOACTaHOBKaM WX KOMMO-
31U U UHBEepcuMn. PaccMOTpUM MpUMepbl TaKUX BbIYUCIEHWUIA.

Mpunmep 231 MNyctb N I I
3anucaB NoAcTaHOBKY (b Kak 6GuHapHOe OTHOLleHue
o ={<1, 2), <2 5), B 3), 4 1> <5 4)},
HEC/NIOXXHO MONYYNTb €e MHBEPCUIO:
o '={<2, 1> <K 2= B 3> <1, 4), <4 5,

3anvMcaB ¢ 1B BuAe OBYCTPOUHOW MaTpuULbl, MOYYUM:

/2 5 3 T 4\ ynopajoumm 1o - /1 2 3 4 5\
l_l aqieMeHTaM nepsov
U234mb) CTPOK# \4 X 35 2/
n 3anuviem wu /l 2 14 5\
cTaH4apTHOM

Hnae - (4 1)52
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3TO No3BoAsSieT CPOPMYyNMPOBaTb MPOCTOE MPaBUIO:
UTo6bl MONYYMTb MOACTAHOBKY O6paTHYK AaHHOW, Hado Mnome-

HATb MecTaMW ee CTPOKW, a 3aTeM YnopsanoyYuTb MO 3/IEMeHTam
MepBoii CTPOKMU.
Mpumep 23.2. Hagem KOMMNO3MUWKO MNOACTAaHOBOK h°ch, ecnum
/1 23 4 5\ /1 2 3 4 5\

\2 53 1| 4/ a”™ \5 32 14/

P V] )

CPOH(AS 2,

Wi “\ \

KomMnosnums noacTaHOBOK (KakK OTOBPaXeHWin mnm 6UHapHbIX OT-

HOLLUEHW) HarnagHo npeactaBnseTcs Ha rpadgax (cm. puc. 76):
1 2 3 4 5 1 2 3 4 5

Puc. 76

OTKyga C 04eBUAHOCTbLIO criedyeTt, 4yTo

/1234
b \3425

3Ty NoACTaHOBKY MOXHO MOMy4nTb, BbINWCbIBAs BCNOMOraTesb-
Hyl0 mMaTpuuy, rae nepsbie ABe CTPOKU noacrtaHoBka ¢ (nepsas u3
BbIMO/IHAEMbIX), a MocfefHAs, TpeTba CTpokKa 3anosiHseTca obpasa-

MM COOTBETCTBYIOLNX 3/1EMEHTOB BTOPOW CTPOKM MNpU AeicTBMM OTO-
OpaxeHnem qx

°(2)= & (b(1) = 3= (b od)(l), 12345
B(5)= B (B (2)) = 4= (P oD)(2), 25314
©(3)=7 B(4)= 2 h(5)=2 3472727

OTKypa:
boh = 2 345 12 345 1234 5\

_(513214 2531 4 34251
12 345
253 14

347?727
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Cchopmynmpyem yao6HOe MPaBWU/IO BbIYMCIEHUS KOMMO3ULMK MOA-
CTaHOBOK.

UTo6bl HaliTM KOMMO3MLMI0 AyX MOACTAaHOBOK (f<p, HaZo BbiNU-
caTb BCMOMOraTe/lbHyl0 MaTpully, NepBble [ABe CTPOKM KOTOPOW ecTb
noAcTaHoBKa ¢, a NMocneaHssi, TpeTbss CTpOKa cocTaB/ieHa M3 o6pa-
30B 3/IEMEHTOB BTOPOW CTPOKUM Npu OeiCcTBAM MOACTaHOBKOW .

HaligjeM KoMMno3nuuio Tex >e MoACTaHOBOK, HO B ApPYyroMm ro-

psgke:

N 2345 12345 1234 5\
** \25314 53214 4322
12 345
53?7 s>4
437727

N3 atmx npmmespos Nnerko ysmaeTtb cnegykllee.

B bl HOA. o™ dhodh, T. e. KOMNO3MLUUA NOACTAHOBOK ? HE ? KOM-

MyTaTUBHA.
Komnosuumna n pa3 nNoAcTaHOBKN <p Ha ceba eCTeCTBEHHO Hasbl-

| BaTb ee N-Oi cTemneHbl MOACTAHOBKM W O0603Hauyatb ¢
3apgayvya 23.1.1. Hahngute cTeneHM W KOMMNO3MUWUW nNoAcTa-

HOBOK:
/M2 3 45\2/1 23 45\

® =dod
\B45 12/ \22222/
12 345
345 12
33333
N 23 4\
\? 22 7?)

¢

MocnegHuii NpyMmep NoA4vYepKMBaeT, YTO MMEET CMbICA Mpou3Bese-
HVYe NoACTaHOBOK TOJIbKO OAHOrO WM TOrO Xe KOHEeYHOro MHOXecTBa.
3amevyaHwue 23.1. EcTecTBEHHO, TOXAECTBEHHasa MoACTaHOBKa

nveeT BUAO:
foff 234 .M
1234 .. n)

7 B T netposa
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He uHBepcma ¢ '—c, u Kpome TOro Ana oboit noacTaHOBKM
T€zS, 1Or0 Xe nopsgka Tr—T U r 1 T
He rocta nuT 6onbworo Tpyga y6eauTbca B TOM, 4TO ANA N06oii
NnoAcTaHOBKM res,.
T 'OT—TI=T«T

B cuny yxe ynoMmsHy roii 3aMmKHyTOCTU Y, OTHOCUTE/IbHO KOMMO-
3ULUMN U MHBEPCUM, MOXHO CKasaTb, YTO KOMMO3WLWUA U UHBEPCUSA
NMoACTaHOBOK SABMSIOTCSA OTOBPaXeHUAMU:

P(«)XP (/M)->*P(M) n Py -—*P),
KoTopble 6ynem o603HavaTb |»| WU, cOOTBETCTBEHHO — | |, rae
I°1: <H ¢>— o°Y". I Tt

OTMeTMM Te CBOWCTBA CMMMETPMYECKOI [pynmnbl, KOTOpble YyXe
6bl  yCTAHOB/IEHbI MNPV 3HAKOMCTBE CO CBOlCTBaAMW OUEKTUBHbIX
oTo6GpaeHni i N BUHAPHbLIX OTHOLLEHWIA.

Baga mHe 23.1. YKaxuTe 060CHOBaHWSA CBOWCTB:

OCHOBHble CBOWCTBA CUMMETPUYECKON rpynnbl

PO: Vcp, rplcr,S,=r-r|*<|:e.S',.
P.l: Ve S,=>4 'e S, HO Teopeme 11.2.
P.2: y€ESN (y TOXOECTBEHHas MOACTaHOBKa)

P.3: V.PeS,: (> —rd —n - no 3amevyaHuo 23.1.
P.4: V< =@f¥i i=¢ o =r. no cneacrtsmio  10.2.
P.5: V.|-eS,=M<] ) 1 o - HO cnepcTteuo 8.7
P.6: Vjip, 1|r}cl5,=>-(dhodh) 1= - no Teopeme 8.%.
P.7: V{<|, i\ y}e =my°(p°h)— (y4]) ). - no Teopeme 8.7.
P.8: V{(p, Tj—=}c=S,=s>(joT|y =45 . no npumepy

Mpnmep 23.3. <15 nogcTaHOBKax» MOXHO pellaTtb ypaBHEHUSA.
Cpoenaem 3TO B 06Wem Buae: onpedenuMm, Kak Haxogdatca rnoacrta-
HOBKM Yy W ™ TaKue, 4TOo

Xa=p (23.%)
aoE£=H. (23.%*)

PewnTb Takoe ypaBHeHWe  3HA4UT HaliTM NoACTaHOBKY Y. YA0B-
netsopsowyo (23.*) wim, %  COOTBETCTBEHHO, (23.**).

BcAkasa nopactaHoBka obpaTuma (cBoricTBO P.?), ee wuHBepcus
eAVHCTBEHHa W pe3ynbTaT KOMMO3ULMW OAHO3HA4YeH, MO3TOMY 3TU
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3a/a4M pellarTca A0BOMbHO MPOCTO, MpuUYeM, pelleHne Kak (23.%)
Tak ”n (23.**) eOUHCTBEHHbI:
1 Ana ypaBHeHUs X°«-=)I

(roa)ya ==fia :
P2 ] ~mX= Poft | (23.%)
X°(a’n ") :. X’e : X

2. AHaNoOrnMyHO nokasbliBaeTCs, YTO pelleHUeM ypaBHeHUs (23.**)

ABNAeTcAa noAactaHOBKa
£= < "p. (23.%*")

3apava 2321 Pewnte OTHOCUTENbHO £ ypaBHeHUe B nojcrta-
HOBKax m,’!’p = dy, ecnu
/1 234 56\ /12345 64 /12 3 45 6\
a \M 3216 5/°~\3 126 45/ d\5 I 3 64 2/

YKazaHue. YpaBHeHVe a»£0p = ) MOXHO CBECTU K NpeablayLuymM, ecnv BBeCTU 060-
3HaveHVe X~£°P. M pewnTb CHavana ypasHeHVe aoX = W> OTHOCUTENbHO vy

| /1 23456\ 1|/1 23 45 6\ ,
X “°14 (43216.) °\b 13 04 2/~
a 3aTeM ypaBHeHue X= £°P pelumTb OTHOCUTENbHO £ (MpY HaligeHHOM X)

Coenaiite nposepky a°|;’p = ¢
Kak cnegcteme npumepa 23.3 MOXHO MNOAYy4YUTb B obLiem Buae
pelwleHne ypaBHEHUA B MOACTaHOBKaXx

aolop= o (23.%**)

\=a Cdep (23.***")
3apgava 23.1.2. Haiigute ¢B) ecnm
/1234567 89 10\
®—V3 54 697 1108 2/°

YkazaHve. Haligute cHavana d2= dody 3ateM dB3= d2xp m T. A4, nocrapalitecb
YCTaHOBUTb 3aKOHOMEPHOCTb, UCMOMb3yWTe cBoicTBa P | P.8 cumMmeTpuryeckoi
rpynnsl S|Q

3apava 23.1.3. Haigute XM ecrm
/1234 5 678 9 H\
¢ \354 17 10269 8/’

YkazaHve. CM. ykasaHve K 3apaye 23.12
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MpencrtaBnsaeT MHTEPeEC BOMPOC — CKOJIbKO BCEro CyullecTByeT
NnoACTaHOBOK W3 3/1eMEHTOB KOHEYHOro MHOoXecTsBa. PaccMoTpum
CHayana 3agadyy 418 MaablX 3HaYeHWi n.

3apaHune 232 Onpepenym, CKOJMbKO CyLecTByeT MoACTaHo-
BOK M3 ABYX 3N1eMeHTOB? M3 Tpex? [na 3TOro nocrapaemMcs BbiMNu-

. 0-CO

/1 23\ /1 23\ /123 /123\ /1 23\ /1 23\
VI 237 231" \3 1270 vi 327 Voo NV 2oy

CKONbKO cylecTByeT pas/iMyHbIX MOACTAHOBOK U3 4-X 3/IeMeH-
TOB? M3 5-TN? ”3 N 3/1EMEHTOB? *

Mpeabigyuive paccyXOeHuUs U BblYUCNEHUA TMO3BOJIAIOT BblCKa-
3aTb MNpPeanosioXeHne

Teopema 231 CyuiecTByeT pOBHO N\ pas/fiMyHbIX NMepecTaHo-
BOK MHOXeCTBa, COCTOALEro M3 M 3/1eMeHTOB.

AJdokasaTen bcTBO. Myctb P (N)={1, 2 3, ... n}, TOorga npo-
n3BONbHasA nepectaHoBka =(/r,, k2 .., J,) €S, nosnyvyaetca 3a-
nosiHeHnem n MecT

yncnamn {1, 2, 3, .., N}, KKOAOe M3 KOTOpbIX 6epeTcss TONbKO OAVH
pas, B cuny TOro, yto :P(n)-*-P(n) n 6mektnsHo. OyeBNAHO, NoA-
CUMTaB CKOJIbKMMW crocobamMm MOXHO 3anofiHUTb 3Ty Tabnuyy, Mbl
Haigem 4ncno BcexX NnepecTaHOBOK (M MOACTaHOBOK!) M3 M 3/1€MEHTOB.

MepBoe — uuncno — noboe w3 P (N), NO3TOMYy MEPBY KNETKY
MOXHO 3anOoNHUTb N cnocobamu.

4 PP P P P

[Ana 3anofHeHWs BTOPOro MecTta MOXHO WMCMo/b3oBaThb 0b6oe r3
octaswuxcsa n— luucen: P(n)\{kt}. Taknm obpasom, 3anoNHNTbL OBe
KNeTkn Tabnuubl, T. € [ABa MecTa B MNepecTaHOBKe,

RN k2 = »

MOXHO n(n— 1) crnocob6amn, TaK KakK Kaxaoe Wu3 BblOpaHHbIX
n— 1 cnocob6om uucnio k2 moxeT coyeTaTtbCA C J/IOObIM BblOpPaHHbIM
paHee n cnoco6amun uucrnom Kkt.

[Ona 3anonHeHus TpeTbero Mecta 6ygemM WCNoAb30BaTb OAHO U3
octaBwmxca n—2 uucen P (n)\{kb kZ, a Bcero cnoco6os Bbi6opa
Tpex umcen u3 P (a)— 2.
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OTcioga ficeH 0o6WMii NpUHLMA noAcyeTa 4mcna BO3MOXHbIX Me-
pecTaHOBOK M3 N 371eMeHTOB. /3 Hero cnegyet, 4YTo Ha nM— 1-m Lware
HEeMcnosib3oBaHHbIMU ocTanuck uucna: AN(M\Sfe, k2 ... kn 2
MX BCEro ABa, 3Ha4YUT, KOPTEX

x k2 3 kn 2 kn |

MOXeT O6bITb noayyeH n(s— 1)(s —2)... 2 cnocobamu. Ha nocneg-
Hee MecTo MOXeT 6bITb MOCTaB/MIEHO TOJIbKO OAHO HEWCNOJ/Ib30BaHHOE
elle yncno. Takmum o6pa3oM, TakMX KOPTexei A/INHBbI A, YTO Kaxpaoe
yncno m3 A (A) ynoTpebnsetrcA B ero 3anucu TObKO OOWH pas,
r. e. rnepecraHoBok, Bcero n(n— 1)(a —2)(n—3)... 3-2-1=n!

A Tak KakK MNoACTaHOBKW M MepecTaHOBKM — aBe DOpMbl 3anucu
OZIHOrO 1 TOro e O6MHapPHOro OTHOLIEeHWs, TO YMC/I0 BCEX MOACTaHO-
BOK U3 A 3/1IEMEHTOB (MM 3/1EMEHTOB CMMMETPUYECKOW rpynnbl S-0ro
nopsaka) Toxe pasBHO Al [

Cnepgylowine NOHATUA U yTBEPXAEHMUA 6yAyT nonesHbl Npu ornpe-
[eNeHnn YeTHOCTUM MOACTaHOBOK UM AOKa3aTenbCTBax B MOC/ieAytoLemM
HEKOTOPbIX CBOWCTB onpegenuTenen, 4acTb M3 HUX NpuBOAUTCA 6e3
[0Ka3aTeNbCTB:

Nemma 23.1L (Vre SnO 1% K) 3ie P (a)\r (/)< i.

T. e. ecnn NoAcTaHOBKa T He TOXAECTBEHHa, TO HahgeTcs 3feMeHT
i Takon, uto T (/)</.
JokaszaTenbcTtBO. Jonyctum, uyto T(i)™i mna nwob6oro

|'6/7) (n), B yactHocTn, T(Nn)"a. Ho 11T = A(4), 3HaumUT, T (N) = 4.
AHaNOrn4yHo nonyumm, 4to 17'(n — )= ?, n 1. 4. OKOHYaATEeNbHO: T = €,
4YTO NPOTUBOPEUUT YC/IOBUID JIEMMBbI. =
Onpepenemrne 231 TpaHcno3uuymen HaslbiBaeTca nopcra-
HOBKa Buaa:

f123 .. /—1 i j+ 1m /-1 / i+ 1 -
\l 23 ...i—1 i+1 /-1 1 /41 em«l

O603HayeHMe TpaHcno3uuum: T,(.

TpaHcno3numa xtj oTnmyaeTca OT TOXAECTBEHHOW MNOACTAHOBKM
afnemMeHTaMu, CTOAWMMM Ha /OM U /-OM MecTax W HeCc/I0OXHO BUAETH,
yto TI=T,,.

3ameuvaHue 232 7¥T1;,=1™=eV{T,, t}czS,. o

3amevyaHue 23.3. Echn pgBe noactaHOBKM TU X' OT/AMYalOTCA
TO/IbKO MOPAAKOM [OBYX 3/1IEMEHTOB BTOPOM CTPOKM, TO HaigeTcs
TpaHcno3uuma T, Takas, 4to ToT,/=T/.

Hcnn 1/= T0OT,/, TO MHOrga roBOPSAT, YTO NOACTAHOBKA T' Mosy4e-
Ha M3 T TpaHcnosuuuein (anemeHToB / un /).
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YTBepXageHne 23.1 buHapHOe OTHOLUEHWE:
Ms.= {<9. ToT,) |Te5na{/, /}c P (a)

ecTb O6MeKTMBHOe OTOobGpaxeHMe Sn-mSn

Apyrumu cnosamn: OOMHOXWB Bce I\ 3/IeMEHTOB CUMMeTpUYe-
CKOW rpynnbl S,, Ha HEKOTOPYH (OUKCMPOBaAHHYK TpPaHCNO3UL U0
(BNpoyYem, 3TO BEPHO U B OTHOLUEHUM NOGONM (DUKCMPOBaHHOW noacTta-
HOBKM U3 S,,)), Mosiydum I\ pas/inyHbIX NOACTaHOBOK.

CnepctBue 23.1. Ecnm 1e Snu, MeHSACb, NMPUHUMAET BCE BO3-
MOXHble 3HauyeHusa B S,, To T'=T°Tl(e S, TakXxe NpoMaeT Bce ane-
MEHTbl Sn

YTBepxaneHune 232 | ‘Is={<r, T ') IxeSj ectb 6MeKTUB-

Hoe oTo6paxeHue S, —»S,.
CnepcrtBue 23.2. Ecnu xeS, n, MEHAACL, NPUHMMAET BCE BO3-

MOXHble 3HayeHuUa u3 Sn 70 T 'e S, Takxe NPONAEeT BCe 3/IEMEH-
Tl Sn

§ 24*. TPYMNMNbl. OCHOBHLIE CBOWNCTBA

TepMUH «rpynna» Mbl YXe WCMo/b30Ba/IM, HO B COYETaHUU C
ApyrMMn cnosamMmmn: cUMMeTpuyeckas rpynna, rpynna nogcraHOBOK,
rpynna npeo6pasoBaHUii MHOXecTBa. COBCTBEHHO MOHSATME «TpYyr-
na» wnMeeT B MaTemMaTuUKe CaMOCTOATE/IbHOe 3HayeHne W MeCTO.

OnpepeneHne 24.1. Henyctoe mHOXecTBO O C 3agaHHbIM
oTo6paxeHnem *:GXG-*-G HasblBaeTCA rpynmnoin, ecnm

G.l: 3eeG|*((a, e))=a VaeG.

G.2: Vee G3uy'e G|*((a, a"))=e.

G.3: V{a, & cjczO=»*(*({a, b)) c))=»((a, *((b, c)))).
O6o3HauvaeTcqa rpynna: (O, *).

PasbsacHeHwne. 3anuck *(a, b)) wwm /((a, b)) HeynobHa,

06blMHO nuweTca a*b, T. e. a*b = *((a, b)) (no onpepeneHuo).
YacTto ans obo3HavyeHUs OTOOGpakeHus * (ero HasbiBalT rpynno-

BOl/i onepavueii) UCMOMb3YHTCA 3HAKU < WM +, WM BOOGLLE 3HAK
onyckaeTcsi: ab, Torja akcuomaTuKa rpynmnbl NpoLlle B HanvucaHwuu:

G.1" 3eeGlae =a VaeG.
I G.2" Vug G3a'eGlaa'=e

G.3" V{a, b, c)czG =>(ab)c = a (be)’.

Akcuoma G.| HasbiBaeTCHd aKCMOMOW HenTpasbHOro 3snemMeHTa
(NpaBOro, MNOCKOJ/IbKY € — MpaBbli COMHOXWTENb), a 3/1eEMEHT e,
yaosneTsopswowmn G.1 HelTpanbHbIM 3/1IEMEHTOM (MpaBblM OTHO-
CUTeNbHO onepauun *).



8§ 24. Tpynnbl. OCHOBHble CcBOICTBa
by 199

Akcnoma 0.2 HasbiBaeTCs akCMOMOW 06paTHOro asfnemMeHTa, a
afneMeHT N' — obpaTHbIM K a (npaBbiM).

Henn rpynnosas onepauus o6o3HadyeHa *, TO obpaTHbIii 3/1IeMeHT,
Kak npasuio, o60o3HavyalT a a HeliTpanbHbI 3N1eMEHT Has3biBalT
eouHVLENA Tpynnbl U FOBOPSAT O MY/NbTUNAMKATUBHOW rpynne, (“to
multiplicate” no-aHrnuiickn o3HavyaeT yMHOXaTb). Henu xe rpynno-
Basd onepauus o6o03HayeHa +, TO OO6paTHbIA 3/1EMEHT 0O6bIYHO 060-
3Havato! a, HelTpa/bHbIN Q HasbiBatoT Hyfnem rpynnsl 1N roeo-
pAaT 06 agamTuBHO rpynne. (CooTBeTCTBEHHO, "to add” - nepeBo-
ONTCA C aHI/IMIACKOro, Kak ckKnagbiBaTb, NpunbaBnATb)

Akcnomy G.3 HasblBalOT aKCMOMOW accoumaTUBHOCTU FPYrMnoBOWA
onepauun.

3apgaHue 24.1. Cpegu cnegoywowmx nNpuMepoB (U3 NeKuuni
1—5) ykaxuTte rpynnbl, NpPoOBeEpPbLTE, MOYEMY TO WM NHOE MHOXeCTB!)
OTHOCUTE/NIbHO YKa3aHHOW onepauun fiBASieTCS WM He ABNAeTca rpyn-
Moii, BbIMOMHAKTCA NN akcuombl (T G.3"

1 <R, +) rpynna.

2 (R, = He sABNseTcA rpynnoin, lie BbIMOMHAETCS akcuoma
02 020\, '

3. <R\{<)}, +> - He fABnseTcA rpynnoi. He BbIMOSHAETCA aKcu
oMa G.l: oTcyTCTBYyeT 3NeMeHT Takol, 4Tob6bl a-\-?= a. 4

4. <R', == rpynna, {c=1, «'="/«}. [s9]
5 <, 4-) rpynna. {<e=?, «'= ?}. 4
6. <Z\{()}, =) He ABNsAeTcs rpynnoii. c=1, HO He BbIMOJIHAET-
cs akcnoma 0.2 OTCYTCTBYeT 3MeMeHT Takoi, utobel a-?=1 4

7. (3*(X), n) rpynna, {m ?, (/'=?}. (nekumm 3 4

3 <S5, ) rpynna {&=?, «'=?}. (nekymn 3 b) 4
Q (M(mxn), 4-) rpynna. {e=0. A'— ], (nexkumm ro 4
. (N.(n), 4)- He aBnsetcs rpynnon. Cymma pAsyx 06-
paTumMbIX MaTpuL, MOXeT  ObITb HeobpaTtuma, Hanpumep:
(A, —N1)e GL~(n). no A4 (—A)=0" GL (n), r.e. |4 |He aBnA-
eTca oTobpaxeHumem GL (n)-*GL’(n). (nexkumn.j) 4
M (GL (nm), =) - rpynna. £=7?, «' =7} (nekuyum 5). .

12 (gl(n), -4) ——rpynna. &=? a -J (nekyus 1), *
13 (gl (n), =) ? He ?rpyunua. (nexums . *

4 <1, U>— He rpynna. He BbinonHaetcs akcuoma O.7?'.
(nekymn 1) *

13 <. N> He rpynna. He BbiNnoAHAETCA axkcuoma O.?7'.
(nekymn ). *

Kr <u, \) ? He Prpynwua. (nekuyun 1), ¢
7. <, 4) rpynna, {c—, a'— 2}. (nekuun 4) *
18 <Z,,, *) ? He ?rpyuva. (nekummn 1) P

MHorme wun3 3Tux npuMepoB rpynn, Hanpumep: (/\(X),
(Sn o), GL (/). == <gl(n), 4 > <Z _4) n gpyrve, nx ceoiicTea
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npeacTaBnsAloT CaMOCTOATE bHbIM MHTEPeC, OHW faxe WUrpaiv ornpe-
[e/IeHHYI0 NUCTOPMUYECKYIO POJib B PasBUTUN MaTemaTUKu, UX uU3yye-
Hve OyOeT COCTaB/ATb COAEPXaHMe HEKOTOPbLIX pa3fenoB Hallero
Kypca.

OnpepeneH ne 243. pynna (G, <) Ha3blBaeTcs KOMMYyTa-

o wnn abenesoir, ecim (V{u, b)cz G)==>(ab = ba).

CTO 0603HavYeHUn agaunTMBHONM rpynnel (+, —a u 0) ucnosnb-

3yl0TCA WMEHHO Ans abenesbiX rpymnmn.

Tak rpynnel <R, +>, <R\{O}, =) n <gl(«), +>— abenes:bl, a
(GL(n), *) HekOMMyTaTWUBHA.

OH pepeneHne 244 Tpynna G Ha3blBaeTCS KOHEYHON,
ecnn G KOHeYHOe MHOXeCTBO, B MPOTUBHOM cniydae G 6eckoHeu-
Has rpynna.

B npegbigywem 3agaHum rpynna (Zm -f-) koHeuHas abenesa,
NPMMepoM KOHEYHOW rpynnbl ABASETCA M CMMMeTpuuyeckas rpynna
A-0oro nopsigka (<f&mn, e).

Mpynnbl 06pas3yloT M HEKOTOpble M3 NpeobpasoBaHWii MIOCKOCTU
(cm. onpepgeneHve 11.1, nekuusi 3) OTHOCUTE/IBHO MX KOMMO3ULUN (UX
rnocnenoBaTesibHOro BbINMOJIHEHUSA, CM. onpeaeneHns 8.2 u 6.1).

Mpumep 24.1. MHOXecTBO /7 NOBOPOTOB BOKPYr (hMKCMpOBaH-
Holi Toukm C nnockoctu [1 obpasyeT rpynny OTHOCUTESILHO oOne-
paumm X KOMMO3MUWMK, OHa HasbiBaeTcAa Fpynnoi BpawieHwuii nnoc-
KOCTW.

O upepeneHune 24.5. OBOPOTOM MSIOCKOCTU BOKPYr €e TOY-

kn C Ha yron aeR Ha3blBaeTcs Takoe OTobGpakeHue MIoCKOCTU

B cebsi, nMpym KOTOPOM Kaxaolh ee Touke M e [1 conoctaensetcs
Touyka J1T'ell Takas, 4ToO

\CM'|= |[CM| u MCM'= a.
nOBOpOT MJIOCKOCTN BOKPYI €e TOYKN C Ha yron a o603HayaeTcs

R", a MHOXeCTBO BCeX [OBOPOTOB [/IOCKOCTU BOKPYr Hee
Ans nwo6on Toukn M ell no onpegeneHuvo (puc. 77)

/¥ (M1) = Nr | |CN4'| = |ICM|NN4CAT = a.

CornacHo onpegeneHunio Komnosuumu 0T06pa)KeHVII7I

(/72.»#=) (M)= /12;(4? (M )) £ Rtf *(M)

ana mobon Toukm Adell, n mobbix a, (ie R 3HauuTt, A<?* =/?rta
n o /X " (puc. 78).

OueBugHo, 4to R" (JI4)=T, roe r — TOXOECTBEHHOE OTObpaxe-
HVe M/I0CKOCTM Ha cebs (cm. onpepeneHve 6.2, 3amedyaHue 8.1). Tak
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M"=/$(M') = (A£08&)(N10O
M R(M) Moo= JIE(M)

Puc. 77 Puc. 78

KaK Ans Npou3BOSILHOIO h g R u 06O TOUKM NAOCKOCTU M
(Rlob)(M )= R* (M), u, 3HauuT, A?;,

TO Ons MHoxecTBa R( BbiMOsHAeTCA nepBas W3 akCMOM rpynnbl:
HeliTpaslbHbIM 3/1EMEHTOM OTHOCUTE/NIbHO Oofnepauun O ABASEeTCA TOX-
[ecTBeHHoe npeobpa3oBaHMe MI0CKOCTM, KOTOpOe MOXHO paccmart-
pvBaTb KakK MOBOPOT MM/IOCKOCTU BOKPYr ee TOuykM C Ha HyneBoii
yron.

Momumo 3toro RE°Rc = Re< yTo O3HauvaeT, 4yto (/?*) 1= R(e «/.
ana Bcakoro (teR. b

Mpuuem onepayms KOMMO3ULMN MOBOPOTOB 061agaeT CBOWCTBOM
accoumnaTMBHOCTH:

Rc’(Re’°Rc)=( RI°Rc)°Re L4
ans Bcex a, p,

Takum 06pa3om, O/18 MHOXecTBa BCeX MOBOPOTOB M/IOCKOCTU BO-
KpYr ee Toukn C 1 onepauymm KOMMO3MUUK ° BbIMOSTHAKTCA BCE aKCU-
ombl G.I — G.3, cnepgosatensHo, (aYc, °) — rpynna.

HecnoXHo 3amMeTuTb, 4YTO KOMMO3MUMSA MNOBOPOTOB KOMMYTaTUB-
Ha, T. €. AN Nbbix ,quICTBVITeJ'IbeIX yncen a M p nMMmeetr MeCcTto

Takum o6pasom, , 0) — NpyMep KOMMYTATMBHOW rpynnbl.

Il pumep 24.2. MHOXeCTBO napanjenbHbIX MepeHOoCcoB Mnsoc-
KocTn 1 obpa3yeT rpynny OTHOCUTENbLHO oOMepaumn X KOMMNo3uumm
(rpynny napasnnefibHbIX MEPEHOCOB M/IOCKOCTU).

HanomHuM onpegeneHne napasnnesibHoOro rmnepeHoca M/0CKOCTU
Ha CBOGOAHLIVi BEKTOP a

OnpepeneHuve 24.6. lMapannenbHblM MNEepPeHOCOM M/10CKO-
CTW Ha BEKTOp a e Y™* Ha3blBaeTcAa Takoe ee oTobpaxeHue B cebs,
npy KOTOPOM KaxaoWh Touke M e (1 conocTaBnisieTCAs TOYKM
JCer N Takas, 4yto M M'ea.
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M" = TE(M') = {FboTa)(M)

M M' = Ta(M)

Punc. 70 Puc. 80

MapannenbHblii MOPCKOE MIOCKOCTM HO CBOGOAHbLIV BEKTOP a 060-
3HayaeTcs /0, O MHOXECTBO BCeX ee napasnsiefibHbiX nepeHocos  37.
Takum o06pasom, HO ornpegeneHnto Ans nwboi Touku M ell:

78M)= M |[MM'™* u

CornacHo onpenefieHno KOMMO3NLUN OTOGpaXKeHWn ans nobbix
BEKTOPOB b 1 a wumeeT wmecTo:

<0, Ta){M)=Th>a(M)=Th(Ta(M))

ana nw6on Toukm M nnockoctu I, 3HaumT. Y,o0 /.= 7, "
° 7 X 3/—m7.

OuyeBugHoO, uto T, °r = Ta Ana Bcex CBOOGOAHLIX BEKTOPOB € e
MU roXaecT'BeHHOe OTOOpaXeHume M/0CKOCTU B cebsi MOXHO npencTta-
BUTb, Kak ¢ -/ .i >. TaK YTO HEWTpPa/ibHbIM 3/IEMEHTOM OTHOCUTE/Ib-
HO onepauun KOMMO3NLMU O U MHOXEeCTBe 7 napasiefibHbiX MnepeHo-
COB MJIOCKOCTU $ABNASAETCS ee napasnefibHblii MNepeHoc Ha Hy/1eBOM
CBOGOHbIVI BEKTOP.

Momnmo atoro 7vmo/,==/(,= K, 4TO O3Ha4yaeT, uto (1n) "= 7;e»Il.
MOXHO nokasaTb, 4YTO onepauus KOMMNo3nuuWM napannesnbHbIX nepe-
HOCOB accouunaTuBHa:

7 o(/l,o 7T )==(/ o7Jdo0 T,

Ans nobbiX BEeKTOpoB W. b, ceNl/2
3HauuT, ANa MHoXxecTBa V napasnnefnbHbiX MepeHoCoB M/IOCKOCTU
M onepauum KOMMO3ULUUWN O BbINOMHAKTCA BCE akCUOMbl TpPynmbl
G.l - G.3, n cneposatencHo, (7, -) npuMmep rpynnol.
Komnosnuua napaniesibHbIX MepeHOCOB TakXe KOMMYyTaTuBHa:
Ib® /, la° 7, aona nobbix cBO6OAHLIX BeKTOpOB 0, fte 3", n nveem

elle oAvH MpPUMEP KOMMYTaTUBHOW rpynnbl .
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OCHOBHble CBOMCTBa rpynnMbl

B panbHerwem a, b, a', e, X, y U T. O.— 3/1eMeHTbl rpynnbl G,
T. e Ha G 3apaHa onepauywus, yaossieTBopsawowasa akcmomam G. I
G.3'. Tlpn 3TOM, ecTecTBEHHO, XOTesiocb Obl 3HaTb OTBETbl Ha BO-
NpoCbl: €AWHCTBEH /N HeWTpasbHbli 3NeMeHT rpynnbl, MAPOTMBO-
MOMOXHbIA K [AaHHOMY, MOXHO /M coKpawaTb KO3a(puUMeHTbI
B 06eMx 4acTsX PaBeHCTB B rpynnax, Kak 3To AenaeTcsd B YMCNOBbIX
paBeHCcTBax U T. 4. Akcumombl rpynnbl G.1' HenocpenCcTBEHHO 3TOro
He yTBepXAaatoT.

UTo6bl OTBETUTbL Ha MOAO6GHbLIE BOMPOCHI, BBEAEM OTHOLUEHME:

[V={<« a') |Jaa'=e}c:G2

n mnccnegyem ero cBoOlicTBa.

YTBepxaeHne 241 BuHapHOe OTHOWweHWe || cMMMeTpU4HO
n ABNseTca OTo6paxeHneMm.

(CpaBHUTe c yTBepxaeHuem 19.1).
Joka 3aTenbcTBO

1 CnmMmmeTpuyHocTb |'| o3HavaeT (cM. onpegeneHne 13.4), yto u3
(a, a')e|'l| cnegyer <«', a=>e['|.
MycTtb {a, a'jciG, Takue, 4TOo aa'= e. PaccmMoTpuUM

a'a gﬁ(a'a)'e ‘be= b(a'(a'),)=\ba")(a'Y=((a'a)a,)(a'yY =
des: a'a=b T
(aI (aal))(alY =\a'e)(a‘Y = a' (a')' = e

Taknm obpasom ans nwboro ae (J M3 aa'= e cnegyet a'a = e,

I'l - cummeTpuyHO.

2.1 oTO6GpaxeHne (cMm. onpegeneHve 7.1), ecnu KopTex
(a, a') ¢ gaHHbIM a B |'| eONHCTBEH.

Jonyctum, 4To Ana Hekotoporo ae G Hanpgytcs (a, a'le|'| m
(a, a")e|'|. PaccmoTpum

(a'a)a"=e a"=(a"a)a" = a"(aa")= a"e = '

G.? a=nu
a' (aa") = a' e 7]
CnepoBatensHo, V«eG=> (a, a')e['| eaounHcTBeH. =

M3 aToro yTBepXxaeHus cpasy Xe cneaylT OTBEeTbl Ha MHoOrve us
MOCTaB/IEHHBLIX Bbille BOMPOCOB.

CBoiicTBO 24.1 B rpynne G ans no6oro asfiemeHTa CyLlecTBy
€T 06paTHbIi.

Pa3sbacHeHune. Akcuoma G.2' onpeaenser cylwiecTsoBaHve A/1S
BCAKOro ueG npaBoro obparHOro sfemMeHTa, a CBOMCTBOM YyTBepXaa-
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CTOs, YTO BCAKWI MpaBblii 06paTHbLIN B CUAY CUMMETPUYHOCTK [') ecTb
M NeBblli O6GpaTHbLIV 31eMeHT, TeM cambiM €ero HaseaHue — ob6part-
HbllA, CTAHOBUTCA OBGOCHOBAHHBIM.

CBolicTBO 24.2. Ana nob60oro anemeHTa rpynnbl ero NnpoTuBoO-
MOJIOXHbI 3/IEMEHT E€OUHCTBEH. (CpasHuTte co cneactsvem 20.1).

CeolictBo 243. B rpynne G onpegeneH HelTpabHbIli 3ne-
MEHT.

PasbsacHeHMe. AHanorMiHo npeaplayLieMy CBOMCTBY YTBEpPXX-
[aeTcs, 4YTO nNpasblii HeWTpanbHbIA 3eMeHT $SBAAeTCA W /eBbIM.

Jokas3aTenbcTBO. Hago nokasaTtb, 4To U3 ae = a 4/1a n060-
ro ae(! cnegyet ea= a.

b G.7. W G?” . @24l G7?
accmMoTpyM ea=(aa )a=a (a'a) =—=ae=n

CsolictBo 244. Va~G ==>(a')'= a.

(CpasHute co cneacteuem 20.2).
3apgava 24.1.2. [Jokaxute CBOWCTBO 24.4.
JlokasaTenbcTBO.

cB. 241
(a, a’) (@', a>e[]
=>a= (a")".
G.2
<. (B'T>e]l

CsolictBo 245. (V{a, bjczGlab=e)==>(b=a'4 a=b").

T. e. ecnn B rpynne ab—e, TO 3afieMeHTbl a U b B3aMMHO 06-
paTHbI. n

CBolicTBO 24.6. B rpynne G HeWTpa/ibHbIi 371€MeHT eauH-
CTBEH.
Apyrumm cnosamn: ecnu ae=a wm ca=a pna {a, é|c(5,
TO e= e. (CpaBHuUTe c yTBEpXAeHWemM 19.2).

3apgavya 24.1.1. [okaxuTe CBOWCTBO 24.6.

JokasaTenbcTBO. JlONycTUM, Halgetcs 3fieMeHT Ta-
Ko, yto aé = a pAna nwo6oro ae (i.
Torpoa
MM a—e !

I HO npeanonoXeHuno

CBoivictBO 24.7. Ona nwobbix {a, /?}cC cywecTByeT eauHCT-
BEHHbIN X TaKOW, YTO axX = b M eOMHCTBEHHbLIA Yy TaKOW, 4YTO ya = b.
3TO CBOIWCTBO O3HayaeT, YTO B rpynnax paspelrmbl, NpUYem opf-
HO3Ha4yHO, ypaBHeHUA axX=b W ya = b. (CpaBHuTe c 3ameuaHvem 8§ 20.2).
3apgavya 24.1.3. [oOKaxXuTe CBOWCTBO 24.7.
Joka3aTenbcTBO. PaccMOTpuMm cnyyar ypaBHeHMs ax = b.
0. O6e yacTu 3TOro ypaBHEHUS LOOMHOXMM CneBa Ha a'
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a' (ax) = a'b.

G.” =x= a'b.

s cB. 247 cB. 247
(a’a)x ex — X

. Xx=a'b yaoBneTBOpseT YpPaBHEHUI ax = b [AeNCTBUTENLHO,

a(a’b)=(uu’) br=eb &3y

2. Jonyctum, 4TO HanpgeTca ewe x\ax = b, Torga

cB. 24. CB. 24.?
...... ex m (a'a)x= a'(ax)=a"? =X
3 AHaNIOrMYHO Ao0Ka3blBaeTcHA, YTOo Yy = ba' aBnfeTcsa peleHnem
ypaBHeEHUs ya = b, nNpuyemM eaAUHCTBEHHbLIM. (|

Henn cpaBHUTbL AoOKasaTesbCTBO CBOMCTBa 24.7 C 3agavyamm pas-
pewmnmMocT B MaTpuuax ypaBHeHul Bnga A-X = B, X-A = B (3ame-
YaHue 20.2) un B nopcrtaHoBkax: X°a = p, a£= p (npumep 23.3), TO
MOXHO YBMAETb, YTO B TOM WM APYroM ciyyasX pedb Lifa O pelleHuax
COOTBETCTBYWOLNX YPaBHEHWIA B rpynnax: MOJSIHOW JINHEWHOW rpynne
(o6patmbix matpuy, (GL(n, R), ) c onepauyuern ymMHOXeHUs Mat-
pvu) uaM B CMMMETPUYECKOW rpynne f-oro nopsaka °) —¢
rpynnoBoi onepauuvieii — KOMNO3MuMein noacTaHOBOK). VIMEHHO Moa-
TOMY paccyXOeHus 1 gokasaTesibCcTBa B 3TUX CAyvyasX O6biiu Tak Mno-
XOXW.

CsoiicTBO 24.8. [Ona nobbix {a, b, c}czG un3 ac = bc cneagyet
a=b, u n3 ca=cb cnegyer a=b.

MocnegHee CBOWCTBO MO3BOJMISIET «MPOU3BOAUTL COKpaLLEHUs» B
YPaBHEHUSAX W paBeHCTBax B rpynnax.

MoXeT nonyu4nTbCA TaK, 4YTO CY)XeHue TFpynnoBoi * onepayum
rpynnel G Ha ee nogmHoxectBo H ® O yaoBneTBOpsieT akcuomaTtum-
Ke rpynnsl, TOrga (H, *\H) — rpynna, Npuyem ee CTPYKTypa B orpe-
[eneHHOM cmblicne Hacnepyetcs oT (G, *), B TaKOM ciy4yae roBOpsT
o0 noarpynne rpynnel G.

OnpepeneHnune 24.7. Nogrpynnow rpynnel (G, *) Ha3sbiBa-
eTca nboe ee Henyctoe nogmMHOXecTBO W Takoe, 4TO
SG.I: V{n, b}a H==a*be H.
SG.2: VueH~"fl'e//.
(roe a' — NPOTMBOMONOXHLIA K a 3nemMeHT B rpynne G).
B atom cnydae rosopAT, YTO NOAMHOXECTBO HczG 3aMKHYTO OT-
HOCUTENbHO TPYNMOBbLIX oOnepauunii G.
O6o3HavaeTca noarpynna: 7/cz(G, *) wwm (G,
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Pajibanieunne Akcmoma SG.1 o3HauvaeT, 4to *|,://X //—»//.
Akcnombl SG.I un SG.2 o6ecneymBaldoT BbINOSHUMOCTb aKCUOMbI
rpynnel G.2' gna snemeHTtoB M3 H. Torga a*a'—e£H un BbinoNHUMA
akcmoma G.| gna //. Akcuoma rpynnbl G.3' BbIMOSIHAMA, KOHEYHO,
M ONna NobbiX 3nemMeHToB u3 HczG. +

Tem camMbiM TONYYEHO YTBEpXAeHue.

YTBepxpaeH ue 24.2: NMoarpynna H rpynnel (O, *) ecTb rpyn-
na <//, *|,>.

OueBMAHO cregytollee.

YTBepxaneHne 242. (G, *) n <, *I,.,) noarpynnsbi
rpynnel (G, *).

OnpepeneHne 245. Moarpynnel (G, *) un ({c},
rpynnel {G, *) Ha3sblBalOTCA HECOOGCTBEHHLIMW MoAarpynnam rpyn-

mel (G, *}, ocTanbHble NoArpynnbl (eCAM OHU MMeKTcA) — cobCT-
BEHHbIE.

3apgaHune 242, Hangute BCe noarpynnbl rpynnbl

N TAEE NI 123 123\
3= N 123y v231 312 1327°

01?2)- (U3)}
YTBepxXageHune 24.3. buHapHoe OTHOLUEHUe

uf—{(G, H) | — nogrpynna rpynnbl G)

penekcMBHO M TPaH3UTUBHO Ha MHOXECTBe BCexX rpymnn.

OTcloga, B 4aCTHOCTMU, crieqyeT, 4yTo BCAKasd noarpynna noarpyn-
nel H aBndetcs nogrpynnoi rpynnbl G.

CnepctBue 24.1. OTHoweHue of ecTb OTHOLLUEHWE JIMHEWHOIO
nopsagka Ha MHOXecTBe Bcex noarpynn rpynnel {G, *), npuuem,
01y *1m) HaMMeHbLWNIA 3nemMeHT, (G, *) — HanbGONbLUWIA.

8§ 25, YETHOCTb W 3HAK MOACTAHOBKW/

OnpepgeneHne 25.1. [Mlapa HepaBHbIX 3/IEMEHTOB
{/,j}d P(n) oTHocuTenbHO NOACTAHOBKM re S, Ha3blBaeTcsa Mpa-

BW/IbHOW. ecnu 3HayeHue OTHOLUEHUS: >0, B NPOTUBHOM

T X(O—x)
c/yyae TrOBOPSAT O HeNpaBWIbHOW Nape 3/1EMEHTOB WM UX
WNHBEPCUMN.

MoacTaHOBKa Ha3blBAeTCA YETHOI, €C/IM YMC/IO BCeX ee Hempa-
BW/IbHbIX Nap (MHBepcuiA) YeTHO, B MPOTMBHOM C/lydae NMoACTaHOB-
Ka Ha3blBaeTCs HEUYETHOIA.
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Mapa anemeHTOB {/, /} paccmaTpuBaeTca HeynopsagovyeHHas
KoHeyHO, TOXAecTBeHHad noAcCTaHOBKa Bcerga 4eTHa.
Il pume p 25.1. Hangem Bce NMpaBUJ/IbHbIE U HEMPaBU/ibHblE Ha

pbl 31EMEHTOB OTHOCUTE/NIbHO MOACTAHOBKM T="1| W 2) ' Mnoxe

cTBO P(3) coaepXuT TOMBKO TpW nMapbl HepasBHbIX 3/IEMEHTOB
1— .

1M 2}k T(ﬁ_—_—_ﬂ/l_Z_):T_o?()’ 4YTO O3Hauvaet I'I[?LaBI/II'IbHOCTb
napbl {lI, 2} OTHOCUTENbHO MOACTAHOBKWU T.

2. AHanormnyHo, napa {1, 3} npasunibHasad OTHOCUTENbLHO T.

3 {2, 3} -———————-=—-< 0, 3TO 03Ha4aeT, 4To {2, 3 He-

{ } 12)—x(3) =2 { )

npasuibHas napa (MHBEPCUA) OTHOCUTENIbHO T.

Taknm o06pa3omM, noactaHoBka T="| 4 A HeyeTHas, rak

KakK y Hee ofHa (HeyeTHOe 4UC/I0) Henpasw/ibHas napa.

3apga va 25.1.1. Onpegennte YeTHOCTb KaXXAO0MW M3 MoaCcTaHOBOK
MHOXecTBa P(3) = {1, 2, 3}, B KAKOil M3 HWX 4YNC/IO VHBEPCUI Nau
6onbliee? HammeHbllee? CKOMbKO BCEro 4YeTHbIX MNOACTAHOBOK WY
CKOJIbKO HEeYeTHbIX?

12 3\ /12 3\ / 12 3\ (123
123/ (\n 32/ vz 21)" 213
(123\ (123\1
v23 1 )y 12)1
/1 23\ YeTUS S ( 23\
23 T ; 3 2) HeyeTHasa (U3
npumepa).
c r ? H>- ?4eTHaW. UYNCNO WUMHcpcuii
/1 2 3\ .
? He?YyeTMas. 4MCNO UHBepeuii J
( B ? ) ? He?4YeTHas. YUCNO WHBEPCUIA

G’? yeTHasl, 4YMCNO MHBepcUin - 2
| ]

3apadva 251.2. YKaxute noacTaHOBKY W3 TpexX 3/IEMEHTOB C
TOYHO OOHOW WHBEPCUENA.

YKaszaHuve. MocTapaliTech HaiiTy Takyl MOACTAHOBKY He «nepebopom», a onpepne-
NVB Npexae BCero noACcTaHOBKY C HAMMEHbLIMM YUCIOM WHBEPCWiA, TaTeM Nonpoo6yiite
YCTaHOBUTb, Kak MEHSETCS 4YMC/O WMHBEPCUIA MPU MNEpPEeMeHe MEeCT ee 3/1IEMEHTOB.

Ckonbko B S, MOACTaHOBOK C OOHOW WHBeEpCUen?
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3apgaya 25.1.3. MNpuaymanTe NOACTAHOBKY W3 4YeTblpex 3fe-
MEHTOB TOYHO C TPEMSA WHBEPCUSAMW.

YkazaHue. MoXHO HbINUraTtb Bce 4! NOACTAHOBOK U3 UYETLIPEX 3/IEMEHTOB W, Orpe-
[OENVB B KKOOW V3 HAX YMC/O HEeMpaBWUbHBIX Hap, HaiTK HyXHble.  3TO BEPHbIA, HO
CVLLKOM AONMWiA NyTb pelleHun. [Mogymaiite, KakoBa MOACTAHOBKA C HAaUGO/bLLIMM
UAC/IOM HEMpPaBWbHLIX Map, 3aTeM  KaK WX Y/C/IO MOXHO YMEHbLLATb.

CKONbKO cyuecTByeT BCEro rMoACTaHOBOK C TpeMsa WHBepcus-
MMNn B S4&
YTBepx gemue 251. /liobaa TpaHCNo3nLUA eCTb HeyeTHasd
noAcraHoOBKa.
Jokas3aTenbcTBO. Onpegenss 4ucio MHBEPCUA B TpaHCMO-
3numn

/l 23 ../ / i-fi .e/-1 s /1 .. n\
\123 ., ]__/2__ _____ / Jo+1 - 4
3aMeTUM, 4YTO HernpasU/IbHBIMW MOTYT OblTb TOMBLKO Mapbl, coAepxa-
wpye xoTta 6bl oguH U3 anemeHToB {/, /}. -
be3 orpaHunyeHmsa OO6GLWHOCTU MOXeM cuuTatb /</. Torpga

I. Onpegennm, CKOJMIbKO Henpasw/bHbIX Hap supa {v, 7/}

5 s—/ ,_C (=0, ecm v< /< / vin v> /> i
. 1 ' (25.%)
V S* V'>~ l—s {< 0, ecnni< s<j.

CnepoBatenibHO, Henpaswu/bHbIX MNap Buga {s, /} CTO/MbKO Xe,
CKONbKO uenbix yucen wmexay / v /, scero (/—/—1).
2. Onpegenum, CKOJIbKO Hernpasw/bHbIX Map Buaa {X, /}: cpaBHU-

Bas oo ————-——=— —1—i un (25.*), BANM, YTO OHM B3an-
AP 1.00-1.40/) ok «=* ( ) A
Moob6paTHbl 1 HenpasubHbLIX Nap Buda {.s, /} ctonbko xe: (j —i— 1).

3. llapa {/, /}, oyeBMAHO, HenpaBwW/bHasA:

T (O—mk~() /

4, Obuwiee uMcnO0  HenpaBW/bHbLIX Map, Takum o0b6pasom,
2(/—/— 1)-(-1 — HeyeTHO ” nb6aa TpaHCNO3ULUMUA — HeyeTHas
noaCcTaHOBKa. [

MoacTtaHoBKe B 3aBUCMMOCTU OT ee YeTHOCTU MpunucbiBaeTca
onpegeneHHoe 4ucno
O npepeneHne 252 Kaxgoih NnoacTaHOBKE COMNOCTaBNsET-
ca yucno: T- 1, ecnu noAcTaHOBKa yeTHas, M — 1, ec/iv OHa HeveT-
Ha, 3TO 4YMUC/NO HasblBaeTCAa 3HAKOM MNOACTaHOBKW.
3HaK noAcTaHOBKM T o603HauvaeTcs sign T.
sign OT NaTUHCKOro c/ioBa sigmim, KOTOpOe O3HayaeT 3HaK n ynta-
€TCA «CUTHYM».
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YTBepxaeHne 251 Tenepb MOXeT ObITb MepedopmMynMpoBaHoO
rak: ona nwbor TpaHcno3vuyuu sign T,(= — 1

Tak KakK u4ucno HenpasW/bHbIX Hap OAHOIM NOACTaHOBKM He
MOXeT OblTb O[HOBPEMEHHO YETHbIM W HeYeTHbIM, TO UWMeEeM
sign:S,, —»{— 1 1} ¢ Dom sign=S, n Im sign={—1, 1.

Ana cpaBHeHWA HarNoMHUMM WM3BEeCTHoe onpepeneHue 253
3HakKa uucna, ero rpaduKk W CcBOWcTBa: [Aaa Jwob6oro xeR
M. puc. 81)

Y
11
1 ecim x >0
signx = < 0, echm x —O
-1 ecnim x < U 0 X
-1
Puc. «l
sign ~= sign (ab)= sign a sign b V{a, b}jcz R1 (25.1)

BBenem 0603HaueHME MPOM3BEAEHUs BCEX 3afaHHbIX [AeCcTBU-
TENbHbIX uucen a, npu /, NMpUHUMAlOLWEM BCe Lefble 3HauyeHUs

n

or lponm Il y=a,a2.. arn-
11
YMeTb onpefensaAtb 3HaK MNOACTAHOBKM U ee 4YeTHOCTb 6OyaeTt

HY)XHO MpW BblYMCNEHUSAX onpeaenuTenein maTpul, OAHaKO, Herno-
CpeACTBEHHOE BblYMCNEHME uMcna WHBEPCUIA (HENPaBW/IbHbIX nNap)
XOT U HEC/IOXHO, HO [A0BOJIbHO FPOMO34KO Aaxke A/ NoLCTaHOBOK
3 Tpex anemeHToB (4015 V X e S4 Hago nepebpaTtb yxe 6 nap), no-
3TOMY >KefaTeslbHO YCTaHOBWUTb CBOMCTBa 3Haka MOACTAHOBKWU, KO-
TOpble MO3BOMWAM Obl, MO KpalHeli mMepe, YMEHbLUTb 06beM TakKuX
BbIYNCIEHWIA.

CBoiicTBa 3HakKa MoACTaHOBKU

Teopema 25.1 sign 1= sign |1 YVve
i)t=X(n) 30—T)!

(25.2)

1 3Ta Teopema MO3BOJISET, He MOACUYUTLIBAS uuUcna WHBEPCUI nopa-
CTAaHOBKW, CBECTM 3ajauvy OMnpefefieHns ee YeTHOCTU K OMNpeaeseHunto
3HaKa Mpoun3BeaeHUs Apo6eil.
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Tak Ans noactaHosku T—j j npumepa 251

. . 1-2 i—3 2—3
sign T= sign ( i t1 23-2/

=sign ( C~2]"Trl2'~ ) = sign (

AJokasaTenbcTBO. ECnMm nogcraHoBka T — YeTHas, TO MO
onpegeneHuto 25.2 3Haka MNoAcCTaHOBKU: sign T= + |. C gpyroi cto-
POHbI, MO TOMY >Ke OonpeAeneHNi0 - YANC/IO ee WHBepPCuii 4eTHO, 4TO
O3HauyaeT, 4YTO B nMpaBoW 4acTm chopmynbl (25.2) yeTHOe 4Yncno oTpu-
uartesnbHbIX Apo6ei, n B NpPou3BeAeHUM VMEEM MOIOXUTENbHOE 4unC
no, no onpegeneHuio 25.3 ero 3Hak -l I. Tem cambiMm B cny4yae uyep-
HOM MNOACTaHOBKM chnpaBeanMBOCTb hopmynbl (25.2) gokasaHa.

Ecnn xe nopcTtaHoBKa T HeyeTHas, TO MO OMpeAesieHno, YNCIo
sign T= — 1 W 4YMCNO €ee WHBEPCWUI HeYeTHO, YTO B MPOU3BEAEHUU
(25.2) paeT oTpuuyatenbHoe 4ucno, a ero 3Hak — E Takum obpasom
Teopema [foOKasaHa W B C/yyae HeYeTHOW noACTaHOBKW.

3HaunT, ana nboii NoACTaHOBKM ee 3HAK COBMagaeT CO 3HAKOM
yKa3aHHOro rnpowssefeHus. [

CnepcTtBue 25.E signe=-f 1 (T. e. ToXAecTBeHHasda nofa-
CTaHOBKa Bcerfa 4eTHa).

Cnepytouiana Teopema MO3BOMUT HO XapaKTepy YeTHOCTU COMHO-
XuTtenen onpepenAtb 3HaK (YETHOCTb) UX NpousBedeHns (KOMMNo3u-
uMM), He noAacyYMTbIBAs HEMNOCPeACTBEHHO YUCNO €ro MHBEPCWUIA.

Teopema 252. Ans nwobbix noactaHoBoK {d, i]i}cS,:
sign (p°d)= sign p-sign o= (25.3)

lokasarenbcreo. lycTb nonetaHOBKU

/ | 2 3 .. n \
® va@) 9(2) 4(d) d(p/

I/I* 1 2 3 . n\
®(1) @(2) d(3) o(a)/ —

npousBo/ibHble M3 :7n Torga:
_/ 1 2 3 . n\ ( 1 2 3 . n
T N O(1) o(2) d(3) o(a) /7 4 o (1 d(2) o(3) d(B)
2 3 n \
- ( ®(®(1)) @ (2) (@ (3) P(p(a) /"

Haligem Tenepb 3HaK dxd), MUCMOMb3ys pe3ynbTaT Teopembl 25.

Sign (o) Teori. 51 sign T -1
¢ oty P ('))—Ob(q:(/)))
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= sign Il u (t) — o (/) /
o ffreiny ®(O—0 () B ©—0 @ 1) -

V COMHOXWUTeNbL AOMHOXaem Ha |

sign 1 ®0—0) Ay =
L e 1 Db ) o@—a()
—\ nepecrasum t__
cocegHe MHOXUTeNu

.Sign/ Il /— MO-Y() \/ «/f= \\
\l, Aecin VO @ (S0 @ (/)N Q—o <N/ J
(TaK KakK B NnpousseneHun COMHOXWUTENIEN KOHEYHOE YUC/Oo, UX

MOXHO MepecTaBuUTb, MNPV 3TOM 3Ha4YeHWe MNPOU3BEAEHUS He u3Me
HUTCA).

sign 4@ vy o
&iW-Pw b (¢ (>— ¢ (> (/)) (i /1trm) U (Q—d()
-sign YOO Agign g 1 o
& lif=rln) PEE)—D @)
Teop. 25.1
sign 4(0—0 () -sign

0 Apspio O (- @)>

O6o3Hauum p (/)= 7/, p(/)= /. {/, /'}c 1wt b= Dom w= P (n) B
cuny GUEeKrmHHocTu ), Kak oTobpaxeHusa, noatomy {/', j')czP(n) n
«rnpoberatoT» Bce MHOXecTBO P (n) mpu /, /, NpUHMNMaKOLWNX BCEBO3-
MOXHble 3HauyeHus B P(n). 3To Mno3BonseT NpoOAO/HKUTbL Npeobpaso-
BaHMe MpeablayLlero BbipaXXeHUs creayluwmm o6pasom:

h (6 —(/)

sign y =sign =
1 1) OO —dDd )
Cy Teop. 25.1
=si i = ign \|?-si
gn P, signh w= sign \|?-sign b m
|I'. 7} 1>{n)
CnepctBue 252 sign(t D=sign T Vtc S,.

3apava 2521 [Ookaxute cneactesme 25.2.

JdoKka3aTenbCcTBO. TOT '= e gnga no6oi nogcraHos-
Kn resS,.

- - 1> > >
sign T sigh T =sign (xoT )= sign«=1.

OTtcopga sign (T )= (sign 1) =signr. =
OueBMOHO W cneayioLlee.
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Cnepncteue 253. sign (T°T)= —sign T,
cak Kak sign ( T o T , , signT-sign xi;= sigh T(— 1)=
—sign T. =

OncnclBuo 254. Yncno T ex YeTHbIX MOACTaHOBOK UB U 3ne
MEHTOB PaBHO 4YUCNY BCeX HeYeTHbIX MOACTAaHOBOK W3 M 3/IeMEHTOB
n paBHo n\/2.

3apava 25.2.2. [lokaxute cnegcteme 25.4.

YkazaHue. |_|yCTb BCEro x YeTHbIX NoACTaHOBOK M3 n Y/IEMEHTOH, a HEYEeTHbIX I,
npuyeM ko 1, AOMNYCTUM « > 1. [ogymaiiTe, Kak UCMOMb30BaTb crieactsne I>B, 4Tobbl
YCTaXO>KUTb pPaBeHCTBO k WU /

3apgava 25.2.3. MOXHO N1 ANA MPOU3BOJbHLIX HaTypabHbIX
yncen A v n ykasaTb nepectaHOBKY MHoXecTBa P (M) TOYHO C K WH-
Bepcuamn? Onsa Kaknx KW M 3ro BO3MOXHO?

3apgauva 25.3.2. Onpefnenute, KakoBO Hambosbllee BO3MOXHOE
4YNCNO HenpaBWU/IbHbLIX MNap B NOACTAHOBKE W3 N 3/IEMEHTOB? YKaXuTe

Takylo MnoACTaHOBKY.

YkazaHue. MOXHO BocMosb3oBaTbca creactsnem 25.4 Kak 6yan M3MEHUTbCA
YMCNO MNCMPaBU/IbHBLIX Map, €Cc/ TOXAECTBEHHYIO MOACTaHOBKY MocnefoBaTeslbHO-A0
MHOXaT!, Ha TpaHcno3vumn? Kak Takum o6pasom MosyunTb NMOACTaHOBKY C Havbosb
iNVM ynCnIoM  HenpasW/bHbIX Map?

3apgava 25.3.3. JoKaxuTe, 4TO MHOXECTBO BCEX YETHbIX Moa-
CTaHOBOK U3 M 3/1eMEHTOB S,* cobCcTBeHHaa noArpyrnna cuMMeT-

pvdeckon rpynnsl S,,.
YkaszaHue. [MpoBepbTe BbIMNOMHUMOCTL BcexX akcmom S(i.l  SO.2 onpeneneHun
24.4 noa! pyvHbl O 3NEMEHTOM S * .

O6pa3yeT M noarpynny B S, MHOXECTBO BCEX HEYETHbIX Moa-
CTaHOBOK ?

8§ 2G. ONPEAENNTENDb MATPWULbI

Kak Mbl yXe yrnomMuvHanu, BaXHOW XapaKTepuUCcTUKOI KBagpaTt
MO MaTpuubl ABASeTCS ee onpegennTtens — 3TO 4YMCIO, COMOCTaB-
nsemoe MaTpuue HO ornpegeneHHomy rnpaswuy.

OnpepeneHune 26.1. Onpepenuntenem MaTpuubl
A= la| (n) HasblBaeTCcA umcno, pasBHOe

£ (signT) 1, a v
Glon ) Ly 2t Yo
CymMMMpoBaHue HO BCEM MOACTAHOBKaAM W3 M 3/1EMEHTOB.
Onpepgenutens matpuubl A ob6o3sHauvaetcsa: del 1, |1 wwm |a'],

MHOrga B 3anucu onpegenutensa 6ygeM Mcnosb3oBaTb 0603HAYEeHUS
CTPOK W cTOoN6UO0B MaTpuubl J1: |1 v |[JI(]-

— L ' 26.1
del =Y. (s'KnT)n' a3 @ (26.1)

del COKpalleHue OT flaTUHCKOoro «determinant onpeaennuTess.
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PasbAcHeHuNna. 1 CymmupoBaHue 6GepeTcs MO BCeM MnoacTa-
HOBKam M3 N 3/1IEMEHTOB,— 3TO O3Ha4aeT, 4YTO, B COOTBETCTBUU TEO-
pemoii 23.1, npaBad u4acTb opmynbl (26.1) cogepxuT M\
cnaraemblix.

2. al a2 ..an , rpe TeS5. — 3T0O O3Ha4yaeT, 4YTO Kaxaoe wu3

cnaraemMbix npaBoi yactn (26.1) ecTb (C TOYHOCTbIO A0 3HakKa) NMpo-
n3BedeHve N 3/1IeMEeHTOB KBaapaTHol maTtpuubl ||a‘]], B3ATbIX no oAa-

HOMY 13 Kaxgon cTpoku ((1, 2, 3, ... 1) — BEPXHME MHAEKCbI) U MO

ogHoMy u3 Kaxporo crtonéua ((T (1), 17(2) ...T (1)) — HWKHME WH-
[eKcebl).

3. Kaxpoe uv3 npowvseeneHuin af(l)a2(2) .ooa" ()BXO,EI,VIT B CYMMY

1 1 T (8 J J

(26.1), Kak cnaraemoe, ¢ TaKMM 3HAaKOM, KaKOB 3HaK COOTBETCTBYIO-
el NoACTaHOBKU WHOEKCOB:

/ 1 2 3 .. n \
Vi@ Tt 1@ T1(m))

3apgaHue 26.1. Onpenenum, Kakme u3 criegyrolimx npomsse-
OeHWii MOryT BXOAWTb, KaK cnaraemble, B onpeaenutenb MaTtpuubl
2| |eM(4) n ¢ kKaknmun 3HaKamwu.

1 ? a\a\ala\.

Ans peweHns 3agayn paccCMOTPUM UHAOEKCbl COMHOXUTENE U

12 3 4\
(1 2347
3To TOXAOecTBeHHasdA MoACTaHOBKa. signe = ?, cnegosaTeflbHO, B
pasnoxeHnn onpegenuTtens npoussedeHve a\a.2a™a\ BXOAUT CO 3Ha-
KOM (-
2. ? afala\a\.
VIHOEeKCbl COMHOXUTeNei:

/1 3241 (12341
\2324)~\2234]

noAcTaHOBKY He COCTaBAAT, NO3TOMy npowussefeHue aa\ala\ He
BXOOUT B pa3/iOXXeHMe Kakoro 6ol To HU Oblno onpegenutens 4
3. ? a'\a\a\.
VIHOEKCbl COMHOXUTENEN:

o6pasyloT MNOACTAaHOBKY, YMOPSAOYMB KX MO BEPXHEW CTPOKe,
NnoslyuYnMm:
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Onpepenym ee 3Hak: signx = ?, cregoBaTesibHO, Mpou3BeAeHne
a\a®\a\ BXOAWT B pasfioXeHue ornpeaenutenss cCO 3HaKOM 2.

Tak kak opmynoii (25.1) no matpuue ee onpenenuTens Ha-
XOAMTCA OOHO3HAYHO, TO MOXHO TOBOpPUTbL 06 OTObBpakeHUn
det:Af(n)-*- R nnu opme Ha MHOXecTBe KBaApaTHbIX Matpul. He-
C/IOXHO MoKa3aTb, YTO 3TO OTOOpaXeHWe He MHBLEKTMBHO, HO ClOpb-

€KTUBHO. o
Mpumep 26.1. Bblumcnaum onpegenuten Matpuubl BTOPOro

nopsaka:

Ana artoro
1 Bbinuwem Bce NOACTAHOBKN M3 [OBYX 3/1EMEHTOB:

2. Onpegenum 3HaK KaxOon u3 HuX.
Tak KakK X, = e, a e— yeTHas MoACTaHOBKa, TO

sign T,=sign e= -1

Tak Kak X2= xI2 a TR Kak TpaHcnosuumsa, HeyeTHas, TO
sign T2=sign 112= — 1
3. MpumeHum dopmyny (26.1):

det 1 = sign r, -a\a\ f-sign x2-a2a] = + a\a{—aa\.
OKoHYaTenbHOo:

al a2 _ \a2—am2 (26.2)
a? 2

AHa/IorMyHo nonyyaetcs (popmyna Ana BblUMCNEeHUA onpeagennTte-
na Mmatpuubl TpeTbero nopagka:

N (123
a’ a% a3 = ajaa3+aAd] - a3’a2—a\a\a, —anzl—n|d)a (26.3)

al a2 a3

[Ona 3anoOMUHaHMA 3TOW YacTo ynoTpebnsemon opmysbl yA06HO
TaKk HasblBaeMoe npasuno Cappyca: B Tabnuue 3fieMeHTOB MaTpuLibl
BbIAENAIOTCA [Be «3BEe3[404YKU TPeyrosibHUKOB» (CM. puc. 82).

YacTo A4na KpaTKocTu rFOBOPAT MPOCTO 06 onpenenutensx BTOPO
ro, Tpetbero n T. A. nopagka.



8§ 26. Onpegenntens MaTpuubl

+
nponseegeHns Co 3HaKOM npon3BeneHnsa co 3HaKoOM
nakwc MUWHYC

BC 82

OnpepeneHve 26.2. MaTtpuyy Ha3blBalOT HEBbIPOXAEH-

HOW. ecnn ee onpegenutesnib otiMyeH ot O, B NPOTMBHOM Cy4vae

MaTpuua Ha3biBaeTCsl BbIPOXAEHHOMN.
3apgaHue 26.2. Haingute cpean MaTtpul, BbIPOXOEHHbIE:

del = —2-3= —2 3HauuT, J1 HeBbIpOXAEHA.

AN

1
3
1

0
2 3 =5-2-(—5)+0-3-3+ 1lel-(-4)-
4

5
det B= |
3 -5

- 1-2-3 0-14{ 5)—5-3-(—4)= 0. CnepnoBaTtenbHO, B BbIpOX-
[eHa. 1

5 0 1
del c= 1221 o 2 3 =
1241=?" detb= o _, ¢
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216. A by

MCTOPNYECKAA CITPABKA

MaTemaTvku  Bpofge (hpaHLly30B, Korga ro-
BOPVLLb C HUMM, OHM MEpPeBOAAT TBOWM C/ioBa Ha
CBOW A3bIK W cpasy MO/ly4YaeTcsl YTO-TO COBCEM

opyroe.

B. TeTe

B camom Hauane XVII| Beka Hemeukuii matemaTuk Il. PoTte (Rote
Peter, 1580 1611) chopmynupoBan yTBepXAeHne, KOTopoe Ha rpo-
TAXKEHWM MOYTM OBYX BEKOB 3aHMMasio yMbl, MOXasyi, BCeEX Bblaato-
LWKMXCcA MateMaTMKOB, MOMyYMB Ha3BaHMe «OCHOBHOW TeopeMmbl anre6-
pbi»: N060e anrebpanyeckoe ypaBHeHMe CTeMNeHW N C AelCTBUTENb-
HbIMN KO3UUMEHTaMU MMEET POBHO M KOpHeh (cpean HAX MOryT
6bITb 1 COBMagawwme N KOMMAEKcHble). YecTb 3aKpbiTUs 3TOW NpPO6-
nembl nNpuHagnexuT layccy.

VIHTEpPECHO, 4YTO MOMbLITKN PEeWnTb 3Ty 33a4a4vy W CMeXHble C Heit
BOMPOCLI MPUBE/IN K POXOEHNIO HOBOIO M OYeHb MOLLHOIO Harnpasse-
HUA B MaTeMaTuke- TeOopuW rpynmn, KOTopas Halia COBEPLUEHHO
Henpeackasyemble Mpu ee pPoOXAEHUN TMPUNOXKEHUA He TONbKO BO
MHOrMX pasfenax martemMaTuKu, HO U (PU3NKKN, MeXaHWKW, KpucTtas-
norpauu, XuMnu, Aaxe B XUBOMUCU W apxuTeKType.

Cpean BeIMKUX, WHTEPECOBABLUNXCA «OCHOBHOM TeopeMom anre6-
pbi», 6bI1 PpaHUy3ckuii maTemaTuk X. [ JlarpaHx. Marematun-
KaM'TOro BpeMeHW KasasnioCb, YTO nonydyeHvie hopmyn A8 Bblyucne-
HUS KOpHel anre6bpamyeckoro ypaBHEHWS MPOW3BO/MbLHOM CTEMeHwu,
NnoAoOHbLIX TEM, KOTOpPble OblIM U3BECTHbLI elle apabCckomMy mMaTemaTu-
Ky CpefHeBeKOBbS anb bupyHu (A6y PeilixaH Myxammepn nbH Axmen,
973— «1048) (ona KBagpaTHbIX YpPaBHEHWUI) U 6GbIIN OTKPbLITLI A4
ypaBHEHWI TpeTbel CTeneHW, Kak cumTaloT, utanbsHuem [Ox. Kap-
paHo (Cardano Girolamo, 1501— 1576) — oAuH M3 BO3MOXHbIX MYy-
Tell peweHna npobnembl. MNpvyemM OHM NbITAINCL MONYUYUTb POPMY-
Nbl, BblpaxalwlLl,me KOPHWN YypaBHeHUA

ax"+ Bac' 'taXx* 2+ - +a, xt a,=0, (a,-eR, «e N)

yepe3 ero Ko3ahuuUMeHTbl MOCPeacTBOM apuMeTUHECKNX aenedyHuin
(cnoxeHwve, BblYNTAHWE, YMHOXeHWe, OeneHne) N U3BJIeYEHUs Kop-
Hell — 3Ta 3ajava nonyynna HasBaHMe «pPaspelrmocTU B pajuka-
nax» anrebpamyeckoro ypaBHeHUS.

CuTyauuns npepcraBnsanacb BMAOSHE paspelinmMoi, Tem 6osee, yYTo
6111 HageHbl 1 hopmMynbl O ypaBHEHUA 4eTBepToOi cTerneHn 06-
wero Bupa. OgHako, aHanorvyHble (QOPMYy/bl AN1s KOPHEW ypaBHe-
HUA NATOM CTeneHu MOoMy4YnuTb HUKaK He yAaBasiochb. n

HakoHeu, B 1770 rogy JlarpaH>x ony6nvkoBas CBOI TpakTaTt
«Reflexions snr la resolution algebrique des equations» («Pa3-
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MbILeHVs 06 anrebpanyeckoM pelleHnn YpaBHEHU»), B HEM OH U3
NOXWN cBOM coobpaxeHUsa, noyemy Te MeTodpbl, KOTOPble MO3BOSINAN
pewaTb ypaBHEHUS CTENEHW He Bbille 4eTBEepPTOl, Hepe3y/bTaTUBHbI
ONna 60nee BbICOKMX CTereHen: paspewnMocTb B pagukanax HeoxXu-
OaHHbIM 06pa3oM oOKasanacb CBA3aHHOW CO CTPYKTypoOli noacTtaHo-
BOK W3 COOTBETCTBYIOLLEro CTerneHun uucna 6yKB — CUMBOJOB (ABYX,
Tpex u . A4.). Npnyem HekoTopble cBoilicTBa Snnpu N™.4 nn=> 4 cy-
LEeCTBEHHO pa3finyHbl. Tak Brnepsble NOACTAHOBKU MPUBMEKIN BHUMA
HVWe MaTemaTuKoB. [lanbHelillee pa3BuMTUE naen 3aBUCUMOCTWU 3aja-
44  paspewnmMocT B pagukanax anreépavyeckoro ypaBHeHUs W
CBOMCTB MNOACTAHOBOK MpuBenu JlarpaHxa W ApYyroro W3BeCTHOro
hpaHuy3ckoro martemaTtmka A. BaHaoepmoHga (Vandermonde Ale-
xander Tlieophill, 1735 1796) kK Heo6xOoAMMOCTM WuccrenoBaTb pa-
LNOHanbHble IYHKUMN OT KOpHel anre6panyeckux ypaBHEHUA U uX
N3MEHEHMsA Mpu MepecTaHOBKax 3TUX KOPHE.

MosgHee uTanbsHCKU mMaTteMaTuk [1. PydppumHu (Ruffini Paolo,
1765— 1822), noKa3biBasi Hepas3peLnMoCcTb B pagukanax ypaBHEHUN
NATOM cTeneHn o6Lero Buaa, MCMonb3oBas 3aMKHYTOCTb MHOXEeCTBa
NnoACTaHOBOK M3 MATU 3/IEMEHTOB OTHOCUTENIbHO YMHOXeHusa (Kommno-
3nymn) 1M onucan Bce noarpynnsl S5 B 1824 rogy monogoi Hopse-
ey WN. Abenb (Abel Niels Henric, 1806- 1829), ocHOBbIBasACb Ha
rnyboKnx CBA3AX KOPHEeW anrebpanyecknx ypaBHEHWA U CUMMETpU-
Yyeckux rpynn, fokKasan HepaspewumocTb B paaukanax anreépanye-
CKMX YpaBHEHMWI O06Llero BuMaa CTENeHW Bbllle 4YeTBEPTOl, a HbIN
hpaHuy3 3. lanya (Galois Evarist, 1811 -1832) ycTaHOBWU/1 KpuUTe-
puiA X paspeLurMOCTU.

Ero paboTbl He MPOCTO ONMpasncb Ha CBOWCTBA CUMMMETPUYECKOMN
rpynnel (CO6CTBEHHO TepMUH «rpynna» (le group) Been B MartemaTu
Ky lanya, XOTs CTPOroro ee onpegesieHNss OH He fan),— pesynbTaThl,
KOTOpble 21 -feTHUI MaTemMaTUK W3/I0XKWUA B NMUCbME K CBOEMY AOpyry
HaKaHyHe ero Tparmyecku 3akKOHYMBLUEWCS AYy3nU, COAEep>XKan OCHO-
Bbl TeOpun Trpynn. B cxaTbIX 3ameTkax lanya okas3anmcb rapMoHuY-
HO CBA3aHHbIMMW CTPOroOl /IOTMKOW HOBOW Teopun N NCTOpUYeckme 3a-
[aun Bpode yaABOeHWs Kyb6a W TpucekuMm yrna m paspewmmocTb B
pagvnkanax anrebpanyeckmx ypaBHEHWI TpeTber K, BOOOLE, NHO60M
cteneHn. Ho notpeb6osanock noytu 14 net, ytobbl ero paboTbl ObLIN
o6HapyXeHbl X. JlnyBunnem, noHATbl UM U HaneyaTaHbl. A 3Haye-
HWe ero paboT BO Bceli MOMHOTe OblI0 OCO3HAHO MaTeMaTuKamu elle
nosxe: 6narogaps W3N0XEHUIO ero MeToAO0B W WUCC/eAO0BaHUAM €ero
pe3ynbTatos Apyrum @paHuy3ckmMm MaTtematukom K. XXopgaHom
(Jordan Marie Camile, 1838— 1922), ony6/1MKoBaBWNM UX B
1870 rogy B «Traite des substitutions et de equation algebriques»
(«TpakTaT 0 noacraHoOBKax W anrebpanyecknx ypaBHEHUAX»), U Nos-
BMBLUMMCS K TOMY BpPEMeHW B TOW e obnactm maremaTuku, KoTopas
Ternepb HasbiBaeTCs Teopuwen rpynn, pab6otam uneHa [lapuxckom
Akagemnn Hayk O. Kowwn (Cauchy Augustin Louis, 1789— 1857).
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OH yCcTaHOBWA UM [OKas3al MHOM0 WHTEPEeCHbIX TeOpeM O CBOWCTBax
cuMmMeTpuyeckon rpynnsl S,. Ceilyac mgen | anya nNpu3HaHbl OQHUMUN
M3 camMbIX BblOaloLWNXCa AOCTUXEHUIA MatemaTukm XIX Beka, OH one-
peoun csoe BpemMs MOYTU Ha MOJICTONeTusN.

Mo3pHee npuMeHeHWe TrpynnoBbiIX MeTOAOB B reomMeTpum Hemew-
Knm  matematmkom A. Me6buycom (Mobius August Ferdinand,
1790— 1868) n aHrnuyaHnHom A. Kanu npusenn Apyroro Bbligarolle-
rocs Hemeukoro matematuka ®. KneiiHa (Klein Christian Felix,
1849— 1925) Kk ugee Knaccuukaumm reoMeTpuini Ha rpyrnnoBoOl OCHO-
Be: Kax.ngasa Wu3 reomeTpuii onpenensercsd HEKOTOpOi rpynnon npe-
ob6bpa3oBaHWii 1 ee WHBapuMaHTaMWU. «3JpJiaHreHcKkas mnporpamMmma,
cthopmynupoBaHHass UM Ha MaTemMaTU4eCKOM KOHrpecce B 1872 ropy,
onpegenseT HanpasleHWs FeOMeTPUYECKUX WCCneAoBaHWi OO0 HacTo-
ALWEero BpPeMeHMU.

MokaxemM OAWH MPOCTOl, HO M3ALWHBLIA NpUMepP MPUIOXEHUA Teo-
puyn rpynn (To4yHee — Teopun MNOACTAHOBOK) B reometpuu. Tak u3
BECTNO, KakKMMW ABWKEHUAMU (NepeMelLeHnsMU) NpaBusbHbIA Tpe-
YroNbHUK OTO6paxaeTca B cebs, OCEeBbIMW CUMMETPUAMU OT-
HOCUTENbHO OUCCEKTPUC €ero BHYTPEHHWX YrN0B M MOBOpPOTaMu BO-
Kpyr ero ueHTtpa Ha O, 2n/3 n 4n/3. HecnoxHO npoBepuTb, 4YTO 3TN
lWecTb cCaMOCOBMeELLEeHU 06pasyoT KOHeuHyto rpynny. OAHako, OHU
MOryT ObITb 3aaHbl MHa4ye: ecnvu 3aHymMepoBaTb BEPLUMHbI TPEYrosib-
HUKa uugpammn 1, 2, 3, TO NOBOPOTY Ha yron 2n/3 coOTBeTCTBYyeT

/12 3\ O /1 23\ ,
noacraHoBka BeplnH ( [ 91, Hadn/3—12Y 17" ma 1

aecrteenasd, aHa/l0rM4yHoO ,NOoACTaHOBKUA ( 1 32 ). ( 321 )

A21 . 1 CcOOTBETCTBYIOT OCEBbIM CHMMETPUAM. TakuM 06pasom,

MOXHO CcKasaTb, YTO FPynmnoli CcamMOCOBMELLEHW I MpPaBUIbLHOIO Tpe
YrofibHMKa fBAAETCA CUMMeTpuyeckas rpynna TpeTbero nopsaka
S:, WM 4TO MpPaBW/bHbIA TPEYroNbHUK MpeacTaBnseT coboi MHBapwu-
aHT (He MeHsWUNcs 06BEKT, OT aHFIMACKOro— invariant — Heuns-
MEHHbIA) rpynnbl S,.
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ONPEOENWVTENN

§ 27. CsoiicTBa OnpeaenvTeneii.

§ 28'. BoluncneHvie onpefenatenn MnpyBeAceHEM €ero martpuvdpl K Tpe
YrosisHOMy BUZY.

8§ 29. [lononHvTeNbHbIN MMHOP W anrebpanyeckoe AOMO/HEeHVe.

8§ 30*.Teopema 06 onpenenutene npPoOU3BeaEHNA MaTpuL.

§ 31 Ycnosua 06patUMOCTV  MaTpuLpbl.

§ 32°. MNpaBuno Kpamepa peLleHWs CUCTEM JIMHEVHbIX YpPaBHEHWIA.

OCHOBHble MOHATUSA: OCHOBblE CBOWCTBA oOnpegenvuTeneii, ponon-
HUTENbHLIK MUHOP W anre6panyeckoe AOMOSHEHWE 3leMEHTa MaTpwu-
Ubl, TEOpeMa O pas3NoXeHUU onpenenuTens Ho CTpoke (cTonéuy), Te-
opemMa 06 onpegenutesie NMpousBedeHUs MaTpuy,; Teopema 06 o6part-
HOli MaTpuue, npaBuno Kpamepa pelleHuUs CUCTEM NIMHENHbIX ypaH
HEHWIA.

Heobxoaumble cBegeHMN: MaTpuua, onpegenvtens, NOACTaHOBKA,
nepectaHoBKa, CBOMCTBa MOACTAHOBOK, 3HAK MOACTAHOBKW, TpaHCMo-
3MumnsA; MaTpuua, BUAbl KBagpaTHbIX MaTpul: TpeyrosbHas, guaro-
HanbHas, ob6paTumas M o6paTHas, BblpPOXAEHHas MaTpuua, cymma
U npousBedeHWe MaTpul, TPaHCNOHMPOBaHWE MaTpuLbl; (aKTo-
pvan — n!, cucTemMa J/IMHERHbIX YpPaBHEHW, peLleHne CUCTEMbl K-
HEMHbIX YypaBHEHW, MaTpuuyHasa (opMa CUCTEMbI SINHEHHbIX YypaB-
HEHWIA.

PekomeHpaumn: ecnu nocobue Mcnonb3yeTcs B yyebHoW pabote, To $ 28 1 § 32°
pekomMeHAyTCA A1 NPakTUYeCKUX 3aHATUIA WM CaMOCTOATENbHOW pPaboThl.
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§ 27. CBOWNCTBA ONMPEAENWTENEW

OueBUAHO, YTO HaxoXAeHWe onpefenuTeneil gaxe TPETbero no-
psaka B COOTBETCTBMU C UX onpefesieHneM TpebyeT A0BOSIbLHO 06b-
€MHbIX BbIYMC/IEHUI, MO3TOMY XOTENoCb 6bl BbIAENUTHL C/lyvyaun, KOr-
0a OHU MOryT G6biTb YMNPOLLEHbI, W, €CAN BO3MOXHO,— YCTaHOBUTb
npasuia, KOTOPble MO3BOMNAM Gbl CBECTU BbIYNCAEHUS C/IOXHbIX
onpegenuteneil kK 60see NPOCTbIM, 3HAYEHUS KOTOPbLIX JIEFKO Haxo-

[s res.
3apgaHue 27.1. Hanpgem onpegenntenu:

10 -
20
54 2 50 2
00 0°- 40 1
21-3 20 —3
5 0065
1-12 4
0O 000
5 681

Ecnu npum BbluMCeHUAX MepBbiX Tpex onpegenurenieii MOXHO
BOCMO/b30BaTbCA hopmynamn (26.2) u (26.3), To Ana nocnegHero —
npuxoauTtca obpawiatecs K obuiemy onpegeneHnio 26.1. OgHako pe-
3ynbTaTbl MO3BOJIAOT BbiCKa3aTb MNPeArosioxXeHue.

CBoivicTBO 27.1. ECnn matpuua MMeEET HyNeBbIMUA CTPOKY WM
ctonbeu, TO ee onpegenutens paseH O.

[elicTBUTENbHO, B KaXAOM cnaraemMom qopmysbl (26.1) B Kaue-
CTBE COMHOXWUTeNss MPUCYTCTBYeT 3/IEMEHT W3 KaXLOW CTPOKU
(cton6uya) w, B yacTtHocTn, O uU3 HyneBoli CTpPokM (cTon6ua). -

Mbl y>e Bugenu, 4rto

54 2 50 2 /50 2 54 2
00 O 40 1=0a 40 I oo O
21 -3 20 -3 \20 -3 21-3

Utob6bl yCTaHOBUTbL ele OAHO CBOWCTBO onpegenuTener, Bbl-
ymncnmm
del A 12—7|/|det}'l‘—detQ A= 13
€ 34 24

CsoilictBOo 27.2. Ona nwboro A~gl(n)
det 4 Ti=det A (27.1)
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Adoka3aTtenbctBo. [lyctb A— \\a\\, £=]||bY| Takue, uto

ovp. 17.2
A'=B /}cz{1, 2 .. n).
Bbluncnumm
omp. 9
det 1 = del I\ = ) (sign T)b" b2 .. b" =

o6 NOREYE 10

3ameHum /£ Ha Uuf

. 12 I
= | (SIKI‘IT)ahJ:R/ @) a,,(
\(r-S
Ynopagoumm B KadK[OM c/laraeMOM COMHOXWUTENU MO BEPXHUM
MHOeKcam.

CpaBHuTe:
/ | 2 .. n \
\NT(I)T(2) ... T(N))
T(A)T(2) ... T(N) I 2 )
I 2 ...n T (D) T (2 .oT "(ﬂ)/U ’
[orpa
X (sign 1) af “¥® L. 0=

X (sign T)a|_,(|>a{“l(5 & 6 cn. 252,

= 1 (sight V ‘ A

wsa n @ ai"'@

Beensa 3ameHy =T Ha OCHOBaHWM cneacTeng 23.2 CYMMUPO-
BaHMe Mo T MOXHO 3aMeHWTb CyMMupoBaHMeM no =T ', Torga
npegbiayliee BblpaXxeHue MNpPUMET BUA:

Y (signh ¢al wn2 .. a" = det A A
;S

CnepctBue 27.1. BcAkoe obliee CBOWCTBO, AOKasaHHoe A/1A
CTPOK onpegenuTens, UCTUHHO W ANA ero ctonbuos, U Hao6opoT
Tak KakK TpaHCMOHMPOBaHMEM MaTpULbl, KOTOPOE COXpPaHseT onpe-
nenutenb, ogHa M3 3TMX 3ajay csBoAgvMma K OpYroi.

CeoiicTtBO 27.3. O6WMIA MHOXUTENb BCEX 3/IEMEHTOB CTPOKMU
(ctonbua) mMaTpuLbl MOXHO BbIHECTU 3a 3HaK ornpefennTens mart-
puvLbl.

3apgava 27.1.1. [JokaxuTe cBoicTBO 27.3.

Adokas3aTenbctBo. MNycTtb {A, Blc~gl(n).

8 W T WetpoHa



7. Onpepenutenu
226. pea
1 n=||0*] v« B—|IB|] oTnnuaioTca OOHON CTPOKOWN,

A" npu ip kKo (b\ = a\\ld K
= pu ich ko ( b K) (279
KAk npu i= k-$>bk= \ak

{/, k, s}cz{l, 2 .. «}, npuyem k cnkcupoBaHo.
Torga B pasfoXeHuu

\ (n)

det B A sign NG bl Bl peery P T

3aMeHUM 3/IeMEHTbl MaTpuubl B Ha COOTBETCTBYKOLUME 3/IEMEHTHI
MaTpuubl A:

(27.%

i ~n 9 wa =
) (sign T 3y Premo 7T “spay -
teS, j —
=L? i " —
L? é/_(mgnx)ul:l(l) a<(n) K del A.
2. Benm A= I1INJ|| wn B=]|B]| oTnuyawTcAa oaHMM CTONOLOM:
n A npn 19 KN (b* —aj\i=E kK
(A mp ( IN=£ K) (27 %)
C[XA* mpu i= kb \ = Xa\
{C k s}cr{l, 2 .. n}
Torpa det B '~ JLL det B'x=\det JIT* K det A.
CnepnctBue 27.2. Ana nwb6oro A~gl(n)
det KA = X" det /1 (27.2)

CBoiicTtBO 27.4. MNpu nepectaHOBKe ABYX CTPOK (CTON6L,0B)
onpefenuTens ero 3HakK MeHseTcAa Ha MPOTUBOMOJIOXHbLIN NPU HEns-
MEHHOW abCONOTHOW BeNnuMHe.

3apgava 27.1.3. JokaxuTe cBoiictBo 27.4.

AJoka3zaTenbcTtBO. [MlycTtb {1, B}czgl(n).

1 n= |JT]] wB = ||B‘] oTAnyaloTCcs nepecTtaHOBKOWM ABYX CTPOK,
T. e

(/* npn «O{i, /}- — M-aynon:
npn *—=/1 N | B'=1" I BN—a[
1 npm k=i\ 1B'= A‘| =ds

{G k, s}cz{l, 2, .. n}, npuyewm, i n/ PUKcMpoBaHbl, a K U S MPUHU
MaloT BCe Lenble 3HavyeHus oT 1 go n.
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HanoMHuM, 4TO

del A 28D a: a’ a"  (27.#)

o >0 7 N
C noactaHOBKaMn MWHOEKCOB B KaXAOM COMHOXWUTenNne Buaa:
2 i i

“UThu® T xu) T(/) - i(«))es-

B pasnoxeHuun onpeaenuTens matpuubl B

dere =V f GignDe') by b0

3aMeHVM BCe 3/1IeMeHTbl MaTpuubl B Ha COOTBETCTBYHOLLNE 3NEMEHTHI
marpuubl JI:
. , > >
= £ (sigh T1)«’, a a

9 X0 i a =

ynopagoynMMm - COMHOXUTENN BO BCeX cnaraembix Nno BEPXHUM

NHAEKCaM:
= Y (sign 7) a,}(]) a;IL(/) a;l.(D —a

B KaxgoMm cnaraemoM — Mpou3BefleHUs 3/1eMeHTOB maTpuubl J1,
WHAEKCbl KOTOpbIX 06pa3yloT MoACTAHOBKA BUAA:

C.=( 1 I / . n \A
XA)1(2) .. ks> T() . T(n)J
/ 1 2 . i / n\
41(H1(2) .. (o i (/) - x(n))
/12 ../ i . NN T
viz .. i ..T(n)/
T. e
del B= ~ (sign 7) al(0 I/I*(/) I/IT(O way o
= 1 (signT) U'(:ZL(VI co X a, " 27.# #)

roe T=1°1T, n T=rT1o(1,) 1=TOT7
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CyMMnpoBaHMe Mo T MOXeM 3aMeHUTb CYMMWpPOBaHMEM Mo T,
npu aTom no cnencTtemto 231 T' Takxke 6yaeT npoberaTb Bce 3Haue-

Hua S,, HO nN|)u aTom sigiiT = —sign T'.

T. e. KaXg0e U3 craraemMbiX B pasfioxeHuwn (27 .##) onpepenn-
Tensd marpuubl 6

sign Tal .oa .. al -
cy) c 0) C ()
OoT/IM4aeTcs TOJIbKO 3HAKOM OT COOTBETCTBYIOLLErO cfaraemoro

sign T a! .oal .. a ..oal
N Targ - f  f1) P
B pasnoxeHuwn (27 .#) onpegenuntensa matpuubl Jl.
3TO O3Ha4aeT, 4To

a +— del /1.

a
<) T ()

2. Ecnu A= ||| v 6=]]6,|] pasnunuyaloTCcs nNepecTtaHOBKOW ABYX
cTonéuos, T. €.

npu k<£{i, /} |
inpm k=] i, {/, /, &c:{1, 2 .. 7},

A, npn k=i

det6 = ﬁ (—signx)a'id) a.‘ll.(o

10 del fl=Ldet B — deM T==—del A. A
CnepctBue 27.3. Ecnm matpuua A~gl(n) umeer ase cTpo-

kn (cton6ua) pasBHbiMM, TO det /1 =O0. *
CnepctBue 27.4. Echu matpuga ANgl(n) nmeer aBe cTpo-

kn (cton6ua) nponopumnoHanbHbiMK, TO det/1=0. *

CeBoiictBO 27.5. Ecnu matpuupl {1, 6, C)agl(n) oTnuyawT-

cAd TONbKO oOpHoiW k-0l cTpokoi (Unm  cTon6uoMm), nNpUuyYem
C*= 1+ B" (unm Ck= A,+ BK, T10

det C= det 1+ det 6. (27.3)

3apgava 27.1.2. JokaxuTe cBoiictBo 27.5.
AokasaTtenbcTtBO. MNyctb {1, 6, C)czgl(n)

1 0= |y, 6= 116", C= |IC'| oTnnyaroTca oOAHOWN CTPOKOIA,
T. e . .
A'=B‘=C npn *® k o (a)= b)= cj\i=ft=j)\ #
A/=B'=C mp (2)= b)= \i=ft=) (27 .5

{7, /, /ricrl, 2 .. n}, rge k cukcuposaHo.
Boinuwem pasnoxeHus onpegenutenein BcexX Tpex MaTpuL:
N, 6, C ”n 3aMeHMM U1X 3NeMEHTbl B COOTBETCTBMW C YC/IOBUEM

#
(27 .# #):
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. (27 .##)
det A= £ (sign 1)a . a
x (1) x (1) X (n)
= £ (sighT)c .
( g ) X (1) X (ft) X (n) (27 a)
#
detB= £ (signT)b bk i @r##)
- 9 »(0 T 77 Trm
= X (sign T) "o b%() - T o (27.b)
. (27. ### )
detC= ~ (signT)<. C
)&S,, *In (*) X (n)
= t)e<s(5|gn x) ¢ (Vx(m+ bk ) o
= 2>*eI'IT>(<(:I) - X (M C><(n) +Cx1(|) bi((’> -eC >(n)/Y
= | (signT)c] o cp(n)+
+ X (sign T)] b‘((*) -
BepHemcss K o0603HayeHUsAM 3neMeHToOB MaTpuy J1= |la’|| wn
B =|| b\ll, Torga
= i ..oan +
det C Ie£i (sign 1) a © X A
+ £ (sign 1) b*(l/I bk .. b" <¥7mNe 7n) det A 4-det B.
x (ft) X (n)

2. Ecnn xe maTpuubl oTamyaroTca ctonéuom: AK— Bb-\-Cb, TO

det C#=det C = det (A + B)1=.det /1’+ det  =#=det N1 -f det fl. =
CnepctBune 275 Ecnn matpuya ANgl(n) mnmeetr cTpoky

(ctonbey), paBHYH cymMme ABYX ApYyrux ero cTpok (cton6uos)
(T. e. AK—A'+ Alwm JT*= N1,-E /1, npn HekoTopbix {/, /, K}c=P (n),

TO ee onpepenntesnie paBeH HYMO.

8* U | Metposa
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Hanpumep, det A= |a-| = [JT*] =
/ A'\ / 4
A2 A2
/...%
a, a2 a3 a A’ A-
al a2 a3 a
= det | = det — det
AK A+ Al
a" aE£ an a
A’ A
\ W \ A"/
/AN | [k
A2 2
n A
8. 275 /....< FeS o 273
det -(~det 0+0=0,
Al n
>...X
\ A") \ A7

KaK onpeagenntenn, mMewuwmne rno ase paBHbIX CTPOKW.

Joka3aTenbcTBO A/ C/yvyas CTON6LOB aHanornyHo. O
MocnegHue cBocTBa M UX CNeACTBMA MOXHO 0606WMTb, BBEAA
HOBOE TOHATHE:

OnpepeneHune 27.1. JlnHeliHol KombuHauuelr cTpok {/1*}
Matpuubl AN gl(n) HasbiBaeTcs BblpaxeHue Buga a*/1* = £(yu/1*,
roe a,eR, u cooTrBetrcTBeHHO, a*J/l14= £a*J1*— nuHeiliHad KOM-
6uHauua crtonéuos {/1*} maTpuubl A c KoacdpuumeHTamn a‘eR,
fee{l, 2, .. n}.

Ecnn xoTa 6bl ogHa cTpoka (unu ctonbeu) mMaTpuubl ABASET-
CcA NMHEMHOW KOMOMHauMen ocTasbHbIX ee CTPOK (cTon6uos), TO
roBopsAT, 4YTO CTPOKM (CTONGLbI) MaTpUubl NIMHEAHO 3aBUCUMDbI.
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Torpa cneacteusa 27.3—27.5 06beguHAKOTCA B OOHO CBOWCTBO.

CBoiicTBO 27.6. EChm CcTpOKM wim cTon6ubl MaTpulbl JMHENR-
HO 3aBMCMMbI, TO OHa BbIPOXAEHA.

CnepctBue 27.6. Onpegenutens MaTtpuubl He W3MEHWUTCH,
ec/iv OfHy U3 ero CTpokK (CTon6uU0B) 3aMEeHUTbL Ha ee CyMMYy C OpYy-
roi CTpoKoW (cTon6uom).

3apgava 2721 [JokaxuTe cneactsme 27.6.

AJokaszaTtenbcTtBO. A= ||J1'\= |, |d gl (n).

1 TMyctb matpuua A' TakoBa, 4TO

(A npn 1ok

{7, /7, /rier{l, 2 .. nm},
\ Ak+ A’ npn i=k ¢ fer{ )

T. e. ee HekoTopas (fc-as) cTpoka paBHa cyMMe ornpeaeneHHbIX
CTPOK Matpuubl A: k-0 n /-oi.

( A\ ( A"\ AN
AZ A2 A2
A’ cn. 27.? Al A
det A’ —det det 4- det
Ak+ Al A A
me / \*" 7/ Voo
A
A2 A2
Al A ,
= det + 0= det = |#'|=det A.
AK
\Aa v4'/

2. Cnyvaii cTtonbuoB paccMaTpuBaeTcs aHaJlorMyHo.

CnepctBue 27.7. Onpegenntesni martpuubl He WU3MEHWUTCA, ec-
NN OfHY M3 ero CTpokK (cTonbuoB) 3aMEHUTbL Ha €e CyMMy C ApYyron
CTPOKOM (cTON6GLOM), MOMHOXEHHOW Ha HEKOTOpPOE 4ucno.

AdokaszaTtenbctBOo. A= | = 4™ gl (n).



232. 7. Onpepenutenu
1 MycTb MmaTpuua A' TakoBsa, 4TO
A’ npn i=/=k

M T - P

11 (<m. /. *i=(i, 2,...
I'A + AT npmizkg(- =0, 2.

T. e. ee Jl-ad cTpoka paBHa cymme fe-Oli cTpokM maTpuubl A ¢ Npous-
BeZeHneM uucna X Ha ee /-yl CTPOKY.

dot ' = det

det

- det d = |/1‘|=det /.

V n«/

2 B cnyuyae cTon6LOB A0Ka3aTe/IbCTBO MOXHO MPOBECTU aHanoruny-
HO WM CBECTU K MNpeAblaylleMy TPaHCNOHUPOBAHUEM MaTpuubl. [
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OueBngHO u (cM. cnegcteun 27.6, 27.7)

CnepctBune 27.8. Onpenenutesnib Matpuubl HE U3MEHUTCH, ec-
N K Kakon-nmbo ee cTpoke (cTonbuy) NpmbaBuUTb NHOOYH NNHERHYIO
KOMOMHaUM Apyrux ee cTpoK (CToN6u0B).

OnpepeneHune 27.2. ToBOpPAT, 4Yto Martpuua B nonydeHa
n3 Matpuubl A 3fieMeHTapHbIMUM Npeobpas3oBaHUAMU, €Ccnu 3TU
MaTpuubl OT/INYAKOTCA TOJIbLKO OAHOW CTPOKOW (Mam ctonébuom),
npuyem 3ata cTpoka Bk (ctonb6ey Bh TakoBa, 4TO

Bk= ak \A°* mnm Bk= AK-\-\'A"™ i™ k

(no i cymmmuposaHue ot 1 go n, ecrm {1, B}~ gl(n)).
Mak 4yto cneacrteve 27.8 MOXHO MepedopMynpoBaTh MHAYe.
CnepcTtBue 27.8. 3nemeHTapHble npeobpasoBaHUss CTPOK
Wnn cTtonbuoB MaTpuubl HE MEHAIT ee onpenenuTens.

UTO6bLl YCTAHOBWTbL €LLEe OAWH JIerKO BblUMCASIEMbIA HWA, onpefe-
nVTENe, paccMoTpUM NpuMep.

Mpumep 27.1 Haiigem onpenenvtenu:

5 46 Il 64
5 46 I
1 46 0O 2-7 0_5
-~ 0 2-7 -
0o v 6 0 —5 O 0 —5 1-—"
0 o0 0 4

VX BblYMCNEHNA MNO3BOMAKOT BbiCKa3aTb MNPeArosIoXKeHUNE:

(. BolicTBO 27.7. ONpegennutens TPEYrosbHOW MaTpulbl paBeH
NPoOV3BEAEHNI0 ero AnaroHasibHbIX 3/1eMEeHTOB.

JokaszaTenbcTBO. Myctb A= Ja)]le gl(n)\a)=0
npu />/.

A ... al

(26.1)
delA= 0 A .. a*

O 0 o.o0 a;

= ) (sitni 1) «' n2 a"t o
T(1) 12
1een (27.1)
= a|«2 a"n ) . . a? an
— <sig "*)ai() " x@ x (n)
= a\ 4 ... a:+ 0= alal . arg.

Mockonbky no nemme 231 BCsAKas HeTOXAeCTBEHHas noacrta-
HOBKa ie S, wuMeeT XoTa 6bl OoAvH 3nemMeHT i~ P (n) Takol, 4To



234 7. Onpepgenutenn

X TO 3HAUWT, C/araeMble B pasfioXeHuUn (27.T) C HETOXAECT-
BEHHbIMW MOACTAHOBKAMM WHAEKCOB cOAepXaT XOTs 6bl OAUH CO-
MHOXUTe/b @' =0, Kak 3/IeMEHT TPeyro/lbHOl MaTpuLibl, CTOSLLNIA

HKe ee rNaBHOW AwnaroHann, n 3HauuT, paBHbl O. [

CnepctBue 27.9. Onpepenutens AvaroHasbHOW MaTpuUubl
paBeH MPOU3BEAEHUNIO €ee AnaroHasibHbiX 3/1EMEHTOB, a eAnHWY-
HO — eAuHuLE.

M3 cBOIiCTB onpegenuTenel BbiTeKaeT TaKTMKa OeWCTBUN nNpu
BbIUNCIEHMAX CNIOXHbIX onpegenuteneii nwb6oro (4OCTaTOYHO BbICO-
KOro) nopsgka — npuBefeHWe ero martpuubl K TpeyrosnbHomy (CTy-
neH4yaTomy) BMAY ee 3NeMeHTapHbIMM MNpeobpasoBaHUSAMN.

§ 28. BbIUMCNEHWME ONMPEAENWTENA
MPUBEAEHWMEM EF0O MATPULLbI
K TPEYTONIbHOMY BWAY

MpoaoeMoHCTPUPYEM Ha nNpuMepe, KakK TMpUMeHss CBOWCTBa
onpegennTeneii, BbIYMCAATb KX CBeAeHWEM K 6Gonee npocTbiM: Tpe-
YrOflbHbIM, C HYNeBOW WM MPOMOPLUNOHAIbHBIMW CTPOKamMu (CToN6-
uamu). lMpuBecTn matTpuly onpegenutens K TpeyronbHoMmy Buay
O3HayaeT, 3aMeHdAs nocnefosaTeflbHO ee CTPOKU (UM CTOoN6Lbl) Ha
X JINHEeWHble KOMOMHauMn C ApyruMm  cTpokamu (ctonéuamwu),
T. & He MeHaa ee onpegenutens (cneacrteus 27.6—27.8), Nonyuntb
3/1IeMEHTLI, CTOAWME HWXe AuaroHann, pasHbiMu O. MaTpuua K Ta-
KOMY BWAY, KOHEYHO, MNPMBOAWUTCH He eOVHCTBEHHbIM CMOCO60M, Of-
Hako, 3HayYeHWe camoro ornpenenuTens He 3aBUCUT OT 3TOro criocoba.

Mpumep 28.1. Bblumcnaum onpepennutens:

5
5 25 0 5
1 - 12 30 3
7 15 240 9
3 —3 12 5
6
13-

1 5: 0; 1 i 5 0 1

1 -1 :30: 3 _ TN-12 5 1

57 BmBjuol 9 =56 7 1B 0 9

3 3 —3 245

-3; 1215 L

BbIHEC/IN 3a 3HaK onpeaenuTens ObWMA MHOXUTETIL
CTPOK®, cTON6LAa

cB 273
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5 0 1 1 5 0 1 -
@-1113067>-12 5 3 01 -17 5 2
7 15140 9 =30 7 15| 40 9
3 -3 ~T}5 3 -3 2 5
M3 BTOPOW CTPOKWU BbIYW MEPBYH CTPOKY
en. 27.7
1 5 0 1 1 5 0 1
MW3o "0 |—17 5 2 "0 1—17 5 2
0 4 2 0 —201 40 2
3 -3 2|5 0 —18 2|2

C/IOXXeHWe CTPOKU onpeaennTens c ero Apyro CTPOKOW,
[OMHOXEHHO Ha HeKoTOpoe uucno, onpeaenuTens He MeHseT

cn. 277

Taknm 06pa30M nonyynnn HynesbiIMU 3/1IEMEHTbLI NMEepBOro CTONG-

ua, Ccrtoduwine Hwmke aunaroHanu.
Ynpoctum onpegenuTesis, 3aMeTuB, YTO U3 ero nocnegHux CTpok

MOXHO BbIHECTU 3a 3HaK onpeanenntTensa rno MHOXUTENIO!

1 5 0 1
1 5 0

0o -17 5 2 . 273 -

cB 5230 © 17 5 2
0 -20 40 2: 4 0 -10 20 |
0 - 18 212! °c -9 11

1 5 0 1

0 - 17 5 2

= 120
0 -10 20 1
0 -9 111

Tenepb MoXeM npeo6pa3oBaTb K TPeyrosibkHOMY BUAY MaTpuLy
TpeTbero nopsiaka, (CTOsLLY0 B MPaBOM HUWXHEM Yray), npusoas
3NeMeHTbI cneaytolero (BTOporo) ctonbua, cTosmne HUXKe AnaroHa-
N1, K HY/NEBbIM 3HauyeHusiM. B 3ToM cnyyae yfao6Hee npeoGpasoBbl-

BaTb CTOMOLbI:

1 5 0 1 1 14 0O 1
10 © 7 5 2 [2+94 ,0n O 1 5 2
O - 10 20 1 ccB 277 0O —1 20 1
0 -9 ~-n 1 0 0 111
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1 14 0 1
0 1 5 2
W=+U,20 1
0 0: 25 3:
0 o:“nm 1
(4) 3(1) o
O603HaYEHUS. -3anMcb MPeobpasoBaHWUi  CTPOK  OnpeagenvTens,

121+ »|4]
m= — npeo6pazoBaHWii CTONMBLOB onpeaenuTens.

OcTaeTcd npeob6pa3oBbiBaTb MaTpuLy BTOPOro nopsaka, CTos-
Wyl B MPaBOM HWKHEM Yr/y, MOJyYuB MocneAHuii 3N1eMeHT, CTos-
WKWiA HUXe AmaroHanu, pasHbiM O.

1 0 1 5 2 g o 0 1 5 2
- 0 0 25 3 0 0 22 3
o 0 01

0 o; T | 1

cB-2- 4 20- 1-1-22- | =2640.

3ameyvyaHue 281 OuyeBuAHO, 4YTO MOCTynas aHasOrM4yHoO, Mol
MaTpuuy no60oro onpenennTens CMOXEM TMPUBECTU K TPeyrosisHoMy
BUAY. ECnn OHa HEeBbIPOXAEHA, IO BCe ee AnaroHaslbHble 3/1EMEHThI
HeHyneBble, a ecnn BblPOXAeHa, TO MO KpaWHel Mepe ee nocnegHWin
OvaroHanbHbli anemeHT paseH O.

Mpu 3ToM BbIAENAIOTCA [ABa Buaa Npeobpas3oBaHUii CTPOK W
CTONOLO0B MaTpULLbI:

OnpepeneHne 281 Ecnu B marpuue cTpoka (ctonbéeu)
3aMeHAITCA Ha ee Npov3BefeHMe Ha HeHyfneBol ckansp X, To ro-
BOPAT 06 3/ieMeHTapHOM npeobpasoBaHUM mMaTpuulbl NEPBOro po-
[a, ecnn e cTpoka (cTtonbel) 3aMeHAOTCA Ha ee CymMmy C Apy-
roi ee CTpoKoi (cCToN6LOM), OOMHOXEHHOIW Ha HEKOTOpbIi cKa-
nap, TO roBopAT 06 3anemMeHTapHOM rMpeobpa3oBaHUM MaTpULbl
BTOpOro poga. MpeobpasosaHne matpuubl, Nosy4YeHHoOe nocneno-
BaTe/IbHbIM BbINO/IHEHWEM HEKOTOPOro 4Yucra afieMeHTapHbIX rnpe-
ob6pasoBaHWii NepBOro M BTOPOro poga CTPOK (CTonbuoB) Ha3sbl-
BalOT 3/1IeMEHTapHbLIMU.

Mo cBoiicTBy 27.3 Npu 3neMeHTapHOM Mpeobpa3oBaHNN MNepPBOro
poda onpepenuTens OOMHOXaeTcs Ha ckanap K, a no cneactsuio
27.7 anemeHTapHOe rnpeobpasoBaHVe MaTpuLbl BTOPOro poga coxpa-
HAET onpeaenuTensb.

dnemeHTapHbIM MpeobpasoBaHMEM MaTpuubl ABMAETCH, B 4acT-
HOCTW, W MNepemMeHa MecTaMy [BYX ee CTPOK (CTon6uo0B), Mpu 3TOM
04YeBMAHO, YTO B CU/y CBOWCTBa 27.4 onpefenutenb He N3MEHUTCH MO
abCcoNTHOW BeNMYMHE, HO W3MEHUT 3HaK Ha MPOTUBOMOJIOXHbINA.
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3apaHune 28.1. Bbluucniute onpenennutens:

5 25 0 5
1-12 30 4
7 15 240 19
4 3 30 7

§ 20. AOMNONHUTENbHbLIN MUHOP
N ANTEBPAVNYECKOE OOMNONHEHWNE

Kwe oayH yao6HbIA criocob HaxoXAeHWs onpeaenutenein cocrto-
WUT B MOHWKEHUN MOPSAKOB onpeaenurtenieil, KOTOpble HenocpeacT-
BEHHO BbIYUCNAIOTCA. Hanpumep, BbluMCNEHUE onpenenuTens TpeTbe-
ro nopsaka CBOOUTCA K BbIYMC/IEHUIO HECKOJ/IbKUX onpeaennte-
Neli BTOPOro, a 4Ytob6bl 3TMM METOAOM HalTu onpegenuTenb 4veTBep-
TOro nopsaaka, MNoTpebyeTcs BbIYUCAATL OnpeaenuTeny TPeTbero
n r. g WHorga Takum crnoco6om, ero HasbiBalT PeKYPPEHTHbIM,
BBOAUTCA CaMO T[OHATWE onpegenutena («recurrentis» (nat.) —
BO3BpaLLaroLLmics).
UTo6bl M3N0XNUTb 3TOT METO[, BblYMC/IEHUI, BBEAEM MOHATUS MWU-
Hopa W anrebpanyeckoro AOorMOJIHEHWS.
OnpepeneHune 29.1. MwnHopom matpuubl A —
- ll«;lleM m x n), nopagka k(1 kK~ min {m, n}) Ha3biBaeTcA
BCAKMI onpegenutens marpuubl nopsgka k, nonyyeHHOW m3 mat-
pvubl A BblYEPKMBAHUEM MPOU3BOJIbHLIX MM— K CTPOK M n—Kk
CTONOL,0B.

O6o03HayeHne Takoro muHopa: A'j'j , roe i2, ... ik— Homepa
CTPOK MuHOpa B mMatpuue A, a /,, /2 .. /*— Homepa ero cronbuos.

OnpepneneHne 292, naBHbiM MWHOpoM k-ro nopsg-
| ka MaTpuubl A HasblBaeTca ero MuHop Buga A|2*, roe
| 1 min {m, n).

Takoii MMHOP COCTOUT M3 nepBbiX K CTPOK M k cTon6uoB mat-

puvLbl.
Mpumep 29.1. MuUHOpbLI BTOPOro nopaaka:
- .3_.4,,_ 5
" 10
6 7 8 9 K h-AC'-35=&;1:—62.
2 3 7 8 1
12 3 4 5
6 7 8 9 10 — | rNaBHbIi  MUHOP
: ﬂlg~ é_? BTOpPOro nopsgka
2-e3 «7-e8-- ]



238 7. Onpepenutenu

'=1- 2- Fme4 .

78 _
6 7 8 9 37 =2
2 3 7 8

MpuMepbl MWHOPOB TPETLEro MOpsAAKa Tol Xe MaTpuLibl:
s1 234 5\
( 67 89 10 ) ram—

\2 378 1/

w~NN
~
® © &
1]
&

n 235 —

wW~NN
~N 00w
HBU‘I
I

v

OnpepeneHne 293. [JOMOAHUTENbHLIM MWHOPOM 3ne-
MeHTa a) KBagpaTtHoW matpuubl A = ||a‘|le gl (n) Ha3biBaeTcH
MVHOP nopsgka n— 1, MONy4YeHHbIN BblYEPKMBAHMEM t-OA CTPOKM
n /-ro ctonbua matpuubl A.

O603HayaeTcs [AOMNOMHUTENbHLIA MUHOP K 3neMeHTy &) Tak: M[.

jga_ifl,_ﬁ 4 a2

al a2

4 4 N < = ML
43.7 4 4 a, a2

O6paTtute BHUMaHue: anemeHT obosHauveH flNjj, a ero gononHU-
TeNbHbIA MUHOP M
OnpepneneHune 29.4. Anre6bpanyeckmm  AONOJIHEHMEM

eHTa a' HasbiBaeTcs uucno (— \)‘+'M[.

O3HauvaeTcA anrebpanyeckoe [JOMOSIHeHWe 3NeMeHTa &'
Tak: A{= (— 1)'+HM{.

Mpumep 29.2.1. BblUMCAMM O0ONONHUTE/IbHbIE MWHOPbLI N an-
rebpavyeckne [OOMNOSHEHUA 3M1EMEHTOB MaTpULbl:

M]=1?  Aj=2 M]= A2= 5,
Af2= 2, n2= 1. M\ = ng=1
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2. BbluMcavm BblpaXKeHus
a\A\+a\A\= 13 2e5= 13 a”™ + a'A"™=2-5+ 3-1= 13
a\A[-\- a\A\ = A, '+ anr=1-2 +2-(-1) =0,
alil + a?2/1"' = 2, a\A\ + aiA]= -5-3 + 3-5=0,
a\A]+a]A\= 1.7+ (- 5)-?2=7?
AN |+ adlZ= 23 -3« —2)= 0.

12
3 detA= _5 3 = 1-3—2-(-5)= 13
2 2N
3apgava 29.1.1. Ana matpuubl ( —5 3 3.
\Y, 10 4/

1 Bblumcnute AOOMNONMHUTENbHbIE MWUHOPbLI U anre6paV|L|eCK|/|e Ao-
MNO/IHEHNA 3/1EMEHTOB!

Ml =2, M2=2 Mo Al=?, n, =2, =2
M[=?, Ar=2, AN=_-2 =12 N2=2, r=2
M=0, N4=13 /W= 13 N,=0, Np=—13 Jr=13

2. BbluMcinTe 3HAYEHUSA BblpaXeHWUN:
uin (-4t + «(n == 2,
a?J1' + a*I*+ a’Nn|=2,
aM! + a”™‘+ aVli= 2.
3. Bbluncnute onpegenutens MaTpuLbl:

122
Al -5 33
104
Mpeablgywme BblYMCNEHUA MNO3BOSAIOT 3aMeTUTb YAUBUTENbHYIO
OCOBEHHOCTb: B OOHUX KOMOWMHaUMAX 371EMEHTOB W anrebpanyeckmnx
LOMOMHEHNIA MonyyYanu onpegenutens matpuubl, B gpyrux — 0. 3Tu
3aKOHOMepHOCTM B O6LLieM c/iyyae W COCTaB/IAOT COoAepXaHue Teo-
peM O pasNoXeHUU W JIOXKHOM pPasNoXeHUU.
Teopeme O pasfnoXeHUU oONpefenuTens npearnownemM emMmmy.
Nemma 29.1. Ecnn Bce 3aneMeHThl MocnenHeii cTpoku (cTon6-
La) onpegenutenu matpuubl A, Kpome, ObiTb MOXET, MorieaHeeo,
paBHbl O, To det 1 =a"Mn= a"A".
3 apayva 29.1.2. JokaxwuTte nemmy 29.1.
Joka3zaTenbcTBO. [lycTb BCe 3/leMeHTbl MOC/AeAdHelr CTPOKM
paBHbl O, Kpome a".

det 1= det ||a;|| °"P 211 £ (sign 1) a{(])a?@ .. al
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PasobbemM cnaraemble Ha ABe rpynnsl: B Nepeyd OTHeCeM BCe Te
M3 HUX, KOTOpble UMEKWT NoACTaHOBKMN WMHAOEKCOB Buaa:

/| 2 3 .. n—\ nm
(DT 17(3) .. x(n—121) n)'
T. e. TakvMe, uto T(N)= N, a BO BTOPYl — BCe OCTasbHble. Torga
>
detA= £ (signT)a™M]a™@ ... a"(n ,,a'+0"
i

(3mecb X' — nopactaHoBka MHoxectBa P(n — 1)={1, 2, .. n—1})
:C }’l (sign 1 a&(l)ar(a"'aC(n—J) ~M:a:=A:a:.
eS,-i

Ansa CTOI'I6LI,a AoKasaTes/ibCTBO aHa/1I0OrnM4yHo.

CnepctBue 29.1. Ecnn ace 3fieMeHTbl KakoM-nn6o cTtpokm A‘
win ctonbua J1, matpuubl A paaHbl Hynl0, Kpome, 6biITb MOXeT, d&;,
10 det A=a)A[= (— D' +a'M{.

JokasaTenbcTBO. 1 PaccmMOTpuM «cay4dyal CTPOKU». MycTb
N= |N5e~/(n) n ctpoka A‘ MMeEET TO/IbKO OAVH HEHYNeBOW 3ne-
MeHT a'.

UTo6bl MOXHO 6bI1I0 BOCMO/b30BATLCA MNpeablayLlien nemmoi, Ha-

o npeob6pasosatb det J1 = la*| k Buay:

* C

OO0 .. O ;a;

T. € «MepeABUHYTb» CTPOKY A, n ctonbey, A/ Ha nocnegHWe MecTa.

a\ d2 .. J< .. a\ A’
a, a2 .. .. ag n2
a\ 'a2 . was 1 n-1
det = || = «il
0 0 .0 o, 0.0 T
a,+'a2+.. a‘H a‘+' > n,+
a7 « < - A"
| |

Ecnn nepectaButb cpasy cTtpoku JT' n J1', TO nopagok CTPOK Mo-
cne atoro OyaeT CyLWecTBEHHO OT/IMYEH OT MX Mopsaka B MWHOpe
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M'. ToaTtomy 6yaem repecTaHOBKM pAenaTb rocnegosaTesibHO: A' €
N'm, 3atem ¢ J1,+21n 1. A, [0 OKOHYaHUIO BCEX TaKUX MNepecTaHOBOK
rnoslyynm TOT XKe MOopsAfoK CTPOK, 4ToO B MuUHOpe M*. Torpga

a2 A

«l a%al% n n2

no1
al a2an .. a "n7 o 274
n =+
A" 1
al «2 - < n
ni ni
f|2 n 2
nm1 n-1
=(-u N+ =(-1)2 1.+
bl n+2
n"-1
n" ik
a\ a[ <
a] a.\ ai a2
a\-'az'... g\~
= (_ |)"_ nocTynMmMm aHasiormyHo
. a\+a2'..  a‘+1 oy CO CTON6LAaMM  MaTPULbI
al a\ .. g <

00 .0, 00
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aA a2 .. - N~
a] a\ .. .. «7
a\~' a2]| ..

[ N +H(«—)
a+ a2y .. o<+ g4
al a\ .. .. < wg
0 o . .0

a)

+(— (—o+H—»a)Mnx a)(-\)+1IM= a)Al.

(34ecb MN— AoNOAHUTENbHBIA MUHOP MOC/eAHEro anemMeHTa nocnea-
Hell CTPOKMW, MOJIyYEeHHOW B pesynbTaTe npeobpasoBaHUii MaTpuubl).
2. «Cnyyan cTtonbua» cBOAMTCA K MNpeAblaywemMy TPaHCANOHUPO-
BaHMEM MaTpPULLbI. n
Tenepb neperigemM K A0KasaTesbCTBY OCHOBHOW TeOpeMbl NeKLun:
Teopema 291 (0 pas3noxeHuwn). Onpegenutens mart-
pvUbl paBeH CyMMe MNpou3BefeHW BCeX 3/IeMEHTOB 060N ee cTpo-
kM (Mnn ctonbua) Ha ux anrebpavyeckue AOMNOMHEHUS.

det £ aM*= £ «U? (29.1)
11

ana mobeix (A, k) e gl («)X P (n).
B TeH30pHOV cumBO/IMKe ycnosue (29.1) 3anmncbiBAeTCA KOpOYe:

det A —akAk=a'kKAk

JokKa3aTenbCcTBO nMpoBeAeEM A/ PA3/OXEHNA MMOCTPOKeE,
ONna cnyyas cTtonbua OHO aHalorn4yHo.

1 Ctpoky A* maTtpuuybl ANgl(n) npeacrtaBum CyMMOW CTPOK
BMAA:

Ak= (a\ aKk..a*)=(a* 0..0)+ (0 a%$..0)+ ..+ (0O 0.0 a\).

2. det A no cBoWicTBY 27.? nNpeAcTaBuM B BMAE CyMMbl ornpeje-
nnTenei:

a\ a2..a‘.. a'
a’ a2..a% .. a>

det A -
a*...a*.. ak

al ag..al.. an
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a2 [ =4} a\ « ..al mn a a2mal =]
& at -3 . g a [a.a].. ai .al. egy]
+ + oo
0 .0..0 Oa0.... 0 0 0.0. &
a? @ X a, m g/ e a” ag..0". .

3. Kaxpaoe un3 cnaraembix npegblayuwien cymMMbl — onpegenu-
TeNb, pPaBHbI cOrnacHo creAcTemio 29.1 Npon3BeAeHUI0 HEHY/1eBOro
3/leMeHTa €ero CoOTBeTCTBYyHL el (BblAE/IEHHOW) CTPOKM Ha ero an-
rebpanyeckoe [OMOMIHEHNE, C/ief0BaTefIbHO:

det A=a\A'k+ aPAl + ..+ abAl
ans moéboro £e{l, 2,.. n}.
4. Tlpy aHanornyHOM pasfioXeHUn Mo CcTonbuy MNOoyYuMm:
det A —alA™+ aRA* -K... (-arRR ]
3apaHne 29.1. Bblunmcnute onpegenntesnb, pasnarasa ero no

CTpoKe wnv cTon6uy, nogymalite, Kakyl CTPOKYy Wi cTonbel Ans
TAKOro pas3fioXeHus yao6Hee B3SThb?

3 1 -1 2
-5 1 3 4
2 0 1 o —Ph
1-5 3 3

3ameuvyaHwune 29.1* Teopema 29.1 — vacTHbIN cny4dail Teope-
Mbl Jlannaca 0 pasfiodKeHuu onpepenvuTend, onsa ee (OpPMYyIMPOBKU
noTpebyetca MNOHATUE LOOMNOJIHUTENbHOro MUHOPa K MUWHOPY MaTpu-
Ubl 1 ero anrebpanyeckoro OOMNOJSTHEHUSA:

OnpepneneHune 295 [OMONHUTE/IbHBIM MWHOPOM MUWHOpa

Aj nopsagka k keagpaTHoin maTpuusl J1= |la |~ gl (n) Ha3biBa-
eTTA MMHOP Mopsgka n—K, NONyYeHHbIV BblYepKMBAHMEM W3 MaT-
pvlbl CTPOK M CTON6LOB MUHOpaA

O6o3HavaeTcs AOHOHHMTEﬂbeIVI MVHOP cneagywounm 06pa30M:

Vg
Ecnn pononHuTeNbHbIA K MUHOPY X MUHOP JOMHOXXWUTb Ha
(—21* +,|+‘2+/2|— +*+n TO OyAem mMmeTb anrebpavyeckoe [0Mosn-

HeHVe K MUHOpPY

O603HavaeTca anrebpanyeckoe AonosiHeHWe MuHopa: ON./T
Takum o6pasom,

Imy* def YU+ 1 +'u+/r * <w-N* uiih- Ik
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Teopema 29.2 (Jlannaca).

— ‘|'T= a'ur v
det 1=£ nhh—lk A (29.2)
roe 1 <...</*™ n, IN/|</2< -=<jk”™n, a cymmmpoBaHue
BefeTcsa Mno Bcem kopTexam (/,, i2 .. 4) anuHbl kK ¢ kcmpoBaHHbIM
KopTexem HomepoB crtonbuos: (/,, /2 Un MO BCEM

kopTtexam (/,, /2 ../*) c QUKCMpPOBaHHLIM KOpTeXemM HOMepOoB
cTpok: (r,, /2 ..**)e T[lpuyem unX 3nemMeHTbl YNOPSO0YEHbl MO BO3-
pacTaHuio.

JlokasaTenbCTBO 3TOI Teopembl AO0BOJIbHO C/IOXKHO W 06bLEMHO,
NO3TOMy B HAacTOsLWEM Kypce OHO He MNpuBOAUTCA.

Tak, packnagbiBas onpegenutenb YeTBEpPTOro nopsgka «mno Bep-
TUKanM» No MMHOpaM BTOPOro MNopsAKa, Mbl AO0/DKHbI (hMKCMpoBaTb
nBa ctonbua, Hanpumep:

12 3 4
5678
00 10
3456
COCTaBUTb BCE BO3MOXHble MWHOPbLI BTOPOro nopsaakKa:

, 3aTeéM, BbIYEPKHYB WX

WO ump
Opb Nw

13 131, sAK4 113
rE= 5 Boaw- 57 Nn24_ 35 4,
5 7 57 _ o1
AZ o1 354 35 3

3aTeM Hago COCTaBUTb BCE WX AOMOJIHUTENbHbIE MWHOPLI, AN
3TOr0 BblYEPKMBAEM MNOOYEPEeAHO MO ABe CTPOKM B BbIYEPKHYTbIX
cTonéuax.

24
6 d
6 6
46
N BblHUCIAEM onpeagennTenn:
oo _ 68 _ 68l
Mh= , g =0 = 464 MN= 5 T0
. 24 24 24
Ma— ° 2 4 M\- S0=0 MZ co- -8

Haxoavm anre6pavyeckue OOMOMHEHUS, OOMHOXas Ha — 1 B co-
OTBETCTBYIOLLEN CTEneHu:
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i 00
|j2+4+11t2 _ —
4 6 0 0,

n2a | I\2+4+1+3 6 8

H’A:(— I'l/%'_4+l+4lg g

= (— 1\2+4+21i12 41 4
W= (— Lhawas Vipey) i3

= -0-=0

A—=(_ 2+4+2+4 0 8 -
"= (-1): 00 0,
A2 _( Il\/2(4|f|4I24| 12 4'_014
A=l 68— 68 -

Tenepb cornacHo Teopeme Jlansiaca MOXHO 3anucaTtb:

del A=A*A%+ A XK +JIK+A%A%+A%A%+A%N =
=(—8) «0+1-4+ (—4)-0+ 54+ 4-0+ (—3)-8= 0.

HecnoxHo, BbIYMCIMB 3TOT ONpeAennuTesb APYrum crnocobom, Ha-
npumMep, PasfioXeHWeM HO TPeTbeill CTPOKe WM MNpuBELAEHVEM €ro
MaTpuubl K TpeyronbHomy Buay, y6eauTbca B ero paseHcTBe O

12 3 4
5678 0
0010 '
3456

BoluncneHus onpegenuteneii o6wero Buaa AOBOJILHO COXHbI,
Takme pasfnoXeHus ¢ NpuUMeHeHMeM dopmynbl (29.2) (Teopembl Jlan-
naca) nornesHee MPUMEHATb B TeX c/yvyasax, Korga onpegenurtenbs
MMeeT MHOrO Hynei, Hanpumep, uenbii 610K, U OHM yaobHO pacno-
NOXeHbl.

CnepcTtBue 29.2. Henm matpuua C TakoBsa, 4TO:

A *
O B

roe A~gl(m), Begl(n), C~AM (Txn),
TOo det C—del A =del B.
Teopema 29.3 (O /IOXKHOM pasfoXeHUu).

1>£| «Mm;=o, X aAy=0 (29.3)

npn nwobbix {/, /r}e—P(n) ona A= ||ai||eg/ (/).



246 7. Onpegenutenu

T.e. cymma npowusBefeHnii BcexX 3NEeMEHTOB CTPOKM (cTonbua) Ha
anre6bpanyeckne [OMOMHEHUS COOTBETCTBYHOLWUX 3/1EMEHTOB ApPYroi
cTpoku (cton6ua) pasBHa O.

AHanornyHo Teopeme 29.1 B TEH30PHOI CUMMBOJIMKE ee YC/NoBUSA
BblpaxalTcs Tak

a'Ak=0 wu @a/1?=0 (29.4)

AJdokas3aTtenbcTtBO. |. AnAa matpuubl A= ||la‘|leg/ (a) pac-
CMOTPUM BblpaXeHue:

AM* = A\ (- aijAl -f- = -[" W', AR.

OHO MoxoXe Ha pas/fioxeHwue onpegenuTens Mo &0 CTPOke, ecnm
npeanonoXnTb, YTOo B Hem Jl-aa cTpoka JI* 3ameHeHa Ha J1', HO Mo
cneAcTBuio 27.3 TakKoW onpegenutenb Hy/neBOW, KakK WMENLWMA ase

2. Cnyvaii pa3fioXeHus Mo CcTonéuy:
a‘i*= a;n: + MN*-b... + a"1™"=0

[,0Ka3blBaeTCS aHa/IOMMYHO WM TPaHCMOHMPOBAHMEM MaTpuLpbl CBO-
OVTCS K npeablayLliemy. -

8 30*. TEOPEMA Ob ONMPEAE/NTNTENE
MPOUM3BEAEHNA MATPUL,

Ewe oavH cnoco6 BbluMcrieHUs onpegenuTteneli OCHOBaH Ha Ha-
XOXAEeHUN onpenenuTens nNpov3BedeHMs MaTpuy, Mo onpegenvre-
NaM COMHOXuTenen. PaccyxgeHus 6yayT onupaTbcs Ha hakT, OT-
MeuyeHHbli B 8 28 (3amevaHue 28.1), yto nb6as marpuua 3anemeH-
TapHbIMM Npeo6pa3oBaHVAMW MPUBOAMMA K TPEeyrofbHOMY BuAy.

HanomHum, 4Tto yepes /1) 0603HavaeTcs mMaTpuvla co BCEMU HyNeBbIMU 3/1E€MEH-
TaMu, KpOMe CTOSILLLero Ha rnepeceyeHnn /oA CTPOKM W /-0ro ctonbua, pasHoro 1
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MonesHo euwe 3ameTuUTb, YTo E)mEK= 6*£‘ (rge 6-— cumBon Kpo-
Hekepa, 3HayeHue kotoporo 1 nmpm k=j u O npu k=£j), 7. e
£'ef£'=£', HO £'-£*= 0 npn ko /, B yacTHOCTHU,

Ek-EK= Ek HO £'m£'= 0 npu 1d}. (30.%)
OnpepenerHuve 301 3nemMeHTapHbIMU Ha3blBalOT KBagparT-
Hble mMaTpuubl Buaa E-\-kE\ ¢ | e R Tpu i=j anemeHTapHyt

MaTpuuy Has3blBalT 3/IeMeHTapHOW MaTpuLueil nepsoro poga, a
npu 1d / — BTOpPOrO.

rnepsoro poga BTOpPOro poaa
K
(\ 0 00. (\ 0..0..0 00..0 o\
01 00..00 Ol.o.oo00.00
00..100..00 00O.1.0ko. 0O
00..0 ( 0..00 0 0.0 .coevnnennnnn. oo
00..00 1..00 00.0.010. 00
00..000..10 00.0.000.10
0..000 oLI \0 0.0.000.0 1/
E (p—1)Ek p® O, i®o / E kE],

OueBMOHO, 4YTO 23NeMeHTapHble MaTpuLbl HEBbLIPOXAEHbI n

det(£ +(p-HE*)i=p, pdO,

del (£ + X£)==1, npn 1p{. (30.%*)
MoXxHO ybeamTbCcs M B TOM, YTO Takume maTpuubl obpaTvMbl un

(E+(u- NHE)) ‘=E£+(I-1)E j npu pd O
(E-\-kEf) '= E —KE]j npy id /.

3apadva 30.1.1. lNposepbTe npeablayuiie paseHCTBa, WCMOJb-
3ys CcBOliCcTBa onepauuii B MaTpuyHol anrebpe gl(n) wn cBowncTBa
onpeaenuTenei.

E+(p- DEX)AE+(2- 1) £%=7? (E + XE))=(E- KE)= ?
det(£ + (p— 1)E*)="? del (E + KE))=".

Ana anemMeHTapHbIX MaTtpul, U Npeo6pas3oBaHWii mMaTpul, MMetoT
MecTo J/IeMMbl, OTMeyawlme WX CBA3b:

Nemma 30.1. JnemeHTapHOe npeobpas3oBaHWe MaTpuLbl Nep-
BOro poga — yMHOXeHue ee k-oii cTpokm (cTonbue) Ha uucno K
pPaBHOCUNBLHO YMHOXEHUI0 Ha 3Ty maTpuuy cresa (cripasa) mMaTpu-
ubl Bnga E-\-(k— 1) Ek
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Mpuyem, 3TO YTBEPXAEHME BEPHO, BOOGLLE rOBOPS, HE TOJIbKO
0N KBaZpaTHbIX matpul: ecim ANM (TxXn), To ee npeo6pasosa-
HUs MEepBOro poga A/ CTPOK 06ecneunBaloTcs AOMHOXEHUEM CeBa

Ha A KBagpaTHO MaTpuubl 1) (w), a cronébuos —
LOOMHOXEHMeM crnpaBa Ha A KBagpaTHOW MaTpuubl TOro Xe BUAa, HO
nopsaka n.

B cnpaBeA/MBOCTWU 3TOW NeMMbl MOXHO y6GenuTbCs HenocpescT-
BEHHbIM BblUMC/IEHWEM MpousBedeHuii matpuy: (£ + (E—1)E\)-A n
AeE+(*,-N 0 -

cnepgctBue 30.1. Ans {(E+ (E—1)49%). Ala gl (a) wn XpO

del ((E -\-\— \) EK)-A===Xdei A = de[ (A -(E -\-X— \) EK)). -
Nemma 30.2. 3nemeHTapHoOe npeobpa3oBaHWe MaTpuLbl BTO-
poro poga — C/iOXeHue ee i-ou CTpoku (i-oro cton6ua) c j-oi
CTPOKOW (j-biIM CTONGLLOM), YMHOXEHHOW Ha u4ucrio X, paBHOCWU/Ib-
HO YMHOXEHMWI0 Ha 3Ty Mmatpuuy cneea (cnpaBa) 3/eMeHTapHO
MaTpuubl BTOporo popa: E-\-XEj.
3T0 yTBEPXAEHUE TOXEe BEPHO He TONIbKO AO/19 KBaApaTHbIX Mart-
pyy: ecnmn /leM (wxn), TO ee npeobpasoBaHWe BTOPOro poaa
obecrneunBaeTcs OOMHOXEHMEM cneBa Ha A KBagpaTHOW MaTpuubl
E+XE'"M (W) npyu WU3MEHEHUU CTPOK, a CTONBL,0B — AOMHOXEHU-
eM cnpaBa Ha A KBagpaTHoOi matpuubl E -\-XE™ M (n).
3apgauva 30.1.2. OokaxuTte nemmy 30.2 gna A~gl(n).
Joka3aTtenbcTtBO. [ycTtb {(E-(-AE‘), A}czgl(n) un r=.
I. TMpownsBegeHve cneBa 3NeMeHTapHOl MaTpuubl Ha AaHHYHo:

(E + XE))-A = E-A + XE)-A =

/
/0 0.0.00.00\ a2 a
00.0.00.00 ai a\ ¢
=A+ £
0070 ..00.00
00.0.0X.o0o0 a a2..al.
00.0.00.00
O0Y0O"o 0,00 \q? a2..a, .. an
\0o0.0.00.00/
<a\ a\...a\...a\ /o 0 . O0..o\
a\ a\...a\. =, 00 . 0.0
—?
+ X
a\ o ==«* e g, a2=a' -a' —}
" 0 .. 0:.0)
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2. A npousBefeHWe cnpaBa 3/eMeHTapHOW MaTpuubl Ha mMatpuuy A:
A-(E+ M{)=A-E+ A-kKE{= A+ A-KE!

MOXHO CBecTM K npeaplayuiemy, ecnum 3ameTuTb, 4YTO MaTpuua
(A-WY =WA. T
Cnepcteue 302, Ona {(£-F-AEf), Alc~rgl(n) npun i™j

del ((£E + W, )<A)*=det A=Ldet (A %£ + XE{)). 4
3amevyaHue 301 HecnoxHo nokasaTb, 4YTO 3N1eMeHTapHoe
npeobpasoBaHue MaTpuULbl — rMepecTaHOBKa [ABYX CTPOK (CTON6L,0B)
TakXe npeacTaBUMO B BUAE HECKOJIbKUX MOc/nefoBaTelbHO BbIMOJ-
HEHHbIX 3/IeMeHTapHbIX Mpeobpa3oBaHUii MNepPBOro M BTOPOro pPoAa.
A VIMEHHO: MepecTaHOBKY i u /- CTPOK MaTpuubl A MOXHO OCy-
WecTBUTbL criegylowium obpasom: npubaBum K /- CTPOKe /-0 CTpoO-
Ky (snemeHTapHoe npeobpa3oBaHue BTOPOro poja: OOMHOXeHue
cnesa £ + B] Ha martpuuy /1), 3aTem BblYTEM W3 /i CTPOKM HOBOM
MaTpuupl ee /10 CTPOKY (AOMHOXeHue cnesBa MaTpuubl £ —£' Ha
npeablayliee npovssedeHne), B MONYyYeHHOW MaTpuue npubasmm K
/-iA cTpoOKe -0 (AOMHOXeHMe crieBa MaTpuubl £ + £'), CMEHUM 3HakK
B r-oii CTPOKe nocnegHeili maTpuvubl (3nemMeHTapHOe npeobpa3oBaHue
rnepeBoro poja: AOMHOXeHuWe Ha matpuuy £ — 2£]).
TakuMm 06pa3om Mosy4yeHo, YTO NnepecTtaHOBKa ABYX CTPOK MaTpwu-
upl (- n /-i) paBHOCWU/IbHA AOMHOXEHWIO Ha Hee cneBa MNpowsBe-
AeHna matpuuy;

(E- 2E)(E+EV(E-E£)E +EN=E£-£'- £+ £+ £-

1 / \
10..000000..00
01L..0000O0O0O..00O0
00..100 000’00
00..000010..00
00..00 1 000..00
00..00.0 0 100..00
00..0. 1 0000..00
00..000001.00O0
00:.000O0O0O0’.10
0..00 0000O0..0

Yy
HecnoxHo yb6eauTbecs, YTO 3Ta MaTpuua HEBbIPOXAEHA. 4

Ecnn MofyuyeHHyl MaTpuly YMHOXWUTb CrpaBa Ha MPOW3BO/b-
Hyto MaTtpuuy J1, TO MOMEHsTCs MecTamMu ee r-HA u /-1 cTonG-

Ul

0 B. T. Metposa
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OCcHOBHOI Teopeme 3TOro naparpada npeanowsem elle Asa
yTBEPXAEHUS, KOTOpble NpMBOAATCA 6e3 AoKasaTesfbCTB:

YTBepxpageHune 30.1. Ecnu cTtpoku (cTonbubl) KBagpaTHOMN
MaTpuubl He ABASAKOTCA JIMHENHO 3aBUCMMbIMUK, TO OHa NpeacTaBnma
B BWAe MNpPOM3BeAeHUs 3/IeMeHTapHbIX MaTpul,.

YTBepxpgeHune 30.2. Ecnn cTpokn (cTonbubl) KBagpaTHO
MaTpuLbl IMHEHO 3aBMCKMMbI, TO OHa 3/1eMeHTapHbIMU Npeobpaso-
BaHUSAMN (AOMHOXEHWEM Ha 3NlemMeHTapHble MaTpuubl) CBOAUMA K
MaTpuLe C Hy/l1eBOM CTPOKON (CTONGL0M).

3apava 30.2.2. lpeacrtasbTe B BUAE NPOU3BEAEHUA 3N1EMEH-
TapHbIX MaTpul, MaTpuly

H-'"1)
EQOVMHCTBEHHO N Takoe pasoXeHwue?
YkazaHuve: cMm. siemvbl 30.1 u 30.2

Teopema 30.1. Onpegenutens nNpousBefeHUs ABYX MaTpwul,
paBeH MpoOmM3BeAEeHUID WX OnpeaenuTeneii.

det (A -B) = det 1 -det B (30.2)
Aoka3aTen bcTBO. MycTb {J, Blczgl (n). PaccmoTpmum cHa-
Yyana HeCKO/IbKO YacTHbIX C/yyaeB, BblGMpas /eBblli MHOXWUTEsb
(maTpuyy A) cneuuvanbHoro suaa.
1 NycTtb mMaTpuua A nepsoro poga: A —E \~Gkk— 1) E\
B =11 ft'll.

deOI™"M M),
B TO Xe Bpems
det (A -B)N LW Kk det B~ det A det B.

2 TycTb nNeBblli  MHOXWTENb — MaTpuua BTOPOro poja:
A=E+ KEf i /, B = |ft]||]. Torga

det (J1-B) °' H0?- det B = 1det B = det /1 det B.

Taknm o6pa3oM, A1S JIEBOFO COMHOXUTENS B BUAE 3/1eMEHTap-
HO/i MaTpuubl 060ro poaa TeopeMa AokKaszaHa WM MOXeM nepeitu
K 60/iee C/IOXHbIM C/y4YasiM.

3. TycTb CTPOKM MaTpuubl A He ABNAKOTCHA JIMHENHO 3aBUCUMBbI-
Mn, Torga no yrteepxaeHuo 30.1.
nN=nj|=nz-..-Ap,

roe MaTpuubl AKk— anemeHTapHble. 3ameHUM maTtpuuy J1 ee pasno-
XEHWEM B MpPOU3BEAEHNE 3NIEMEHTAPHbIX:
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= del ((N1,-N")-/)"=det (N,-(N1"'-«)=*=det /1, det (J1'-B) =
lies;
= Ar-Ay.., ATAN ~ det((H2™ 2...7,)-fi)i=
w=det /1| det N2det ((1 =... /1) -B).

MoBTOPSAA 3TOT MPOLECC, «OTWUMNbIBAA» 3a KaXXAbl LwWar rno co-
MHOXWTEN0, B KOHLE KOHLOB (Mocse p Lwaros) MOJy4YuMm, 4TO
det (1 -fi) = det /1, det N2... det Ap 2det Ap_, det Ap det B.

Tenepb BOCMNOJIb3yeEMCA AOKa3aHHbIM B M. M. 1 1 2 yTBEPXAEHU-
eM TeopeMbl A8 Ccay4vyaeB J/ieBbIX MHOXUTENemn 3NeMeHTapHbIX
Matpuy, MpuUMeHsas ee K matpuuam J1 , Ip.2 ... N2 N,.

det 11, det N2... del Ap 2det Ap_, det J1,, det B =

= det /1, det N2... det /1, 2(det Ap , det /1,,) det B ~=
det N,det N2... det /1,, 2det (1, ,</Ip) det B ==

2=del N1, det 12... (det Np_2det ( 1 ,<Ap)) det B*=
=bdet /1, det N2... (det (Ap_2-/p ,</1p)) det B.

[MoBTOPASA 3TOT MpoOuecc, U Ternepb KaXxAablM Larom npucoeau-
HAA MO COMHOXWUTENH, MNoJlydynmMm no OKOHYaHUK, 4TO

det (/1 )= det (J1,12... Ap Vip)det B  det J1 det B.

Tenepb Teopema fokasaHa W 4na criyyas MPOU3BOJIbHOW maTpu-
upl J1, CTPOKM KOTOPOW He SABNAKOTCA JINHENHO 3aBUCUMMbIMMU.

4. MycTb cTpokn Matpuubl ANgl(n) NMHENHO 3aBUCUMBI,
CBOMCTBY 27.6 OHa BblpoxaeHa, T. e. de”~=0, nNO3TOMy B 3TOM
cnyyae pgokasatenbCTBO CooTHoweHus (30.1)

det (/1 *B) = det /1 det B

cBefeTcs K AokasatesbCTBY Toro, 4to det (J1 =B) = (). [s9]
CornacHo ytBepxaeHuto 30.2 HalgyTca 3NeMeHTapHble MaTpu-
usl {1, N2 .. Ap}\(;gl(n) n matpmua C~gl(n) ¢ HyneBoW cTpoKoi

(a 3HauuT, detC = 0) Takue, 4TO
N|N2-... «/lp-T—C. (30.*%)

3aMeTMM, 4YTO, €c/iM 06e 4acTu 3TOr0 pPaBeHCTBA [AOMHOXUTb
crnpaBa Ha Matpuuy B, To nonyunm

(n,-N2-...-n,-N)-B = C-B,

(N,-N21.-NP)-(J1-B) = C-B.

no
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Mpn atom det ((J1,*N2-..<N0401 «B))= det (C-B)=0. B cBot
oyepenb

del (1, ®m2- A P)-(A -fi))=det A, del N12... det /1,, det (/1 -B).

CnepoBartesnibHO,
del ]| det N2... det Apdet (J1 =fi) = 0.

OTkypa det (/4= 0 n Teopema pAokasaHa W ANs cny4vas Js1eBoro
MHOXUTeNss — mMatpuubl J1 € IMHEAHO 3aBUCUMbIMU CTPOKaMW.

5. Cnyyanm wmatpuupl J1 ¢ NMHEAHO He3aBUCUMbIMU WIN 3aBUCU-
MbIMW CTONBLAMM MOXHO pPaccMOTpPeTb aHanornmyHo. Hwxe Mmbl go-
KaXXeM, 4YTO NIMHeWHas He3aBMCUMMOCTb WM 3aBMCMMOCTb CTPOK Bie-
YeT /NIMHENHYI He3aBMCMMOCTb WM, COOTBETCTBEHHO, 3aBMCMMOCTb
CTON6UOB N HA060pPOT. ITO NO3BOMAET yTBEPXAaTb, YTO MO CyLlecT-

By n.n. 1—4 cocTaBnsAlT MOMHOE [0Ka3aTe/bCTBO TeopeMbl 06 onpe-
nenvtene npovsBeneHUs ABYX MaTpu,. [

8§ 31. HEOBXOAMWMOE U OOCTATOYHOE
ycagosmad OBPATUMOCTU MATPULUHbI

MepBbIMU MHTEPECHLIMW MPUIOXEHUAMN TeopeMbl 06 onpeaenu-
Tefle NpousBefieHNs MaTpul, ABAOTCA MPU3HAKNU HEBbIPOXAEHHO-
CTU MaTpwuL,.

YTBepxaneHune 311 Ecnn kBaapatHasa marpuua obpatuma,
TO OHa HEeBbIPOXAeHa.

AJdoka3aTtenbcTBO. [lNycTb maTpuya J1 obpatuma, T. e. Cy-
wecTtsyet Martpuuya J1-1 Ttakada, uyto J1-/1 ‘= £,

det 1 det 1 "11 ?

det 1 , ]:>detA(p Q

M 3HaunT, J1 — HeBbIpOXAEHA. ]
OTcioga O4YeBUAHO
Cnepncteune 311 Ecnu matpuuya A~Ngl(n) o6bpatuma, TO

det 1 1= (det /1) (31.1)

Taknm o6pa3om, ocHOBHas Teopema 8§ 30 NMo3BonseT YyCTaHOBUTb
Heobxoaumoe ycnosme obpaTtuMocTy mMaTtpuubl (yTB. 31.1), HO C ee
)K€ MOMOLLbI0O YyCTaHaB/IMBaEeTCHA, YTO TO XXe camoe YC/oBue, T. e. He-
BbIPDOXOEHHOCTb MaTpuubl, ABASETCA W [OCTaToyHbiM. Hapsgy c
3TMM Teopema 06 onpegenuTtene NpousBedeHWs MaTpul, NO3BONSET
yKasaTb HOBbI/i Croco6 BbluMCeHUss OBpaTHOW MaTpuLbl.
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MmaTpuue A= ||la‘|leg/ (2) Ha3biBaeTCcA MaTpuua, cocTaBneHHas
13 anre6bpanmyecknx AOMOMHEHUA ee 3/IeEMEHTOB.
O603HavyeHVe npucoedMHeHHo K A matpuubl:  J1*=]||1']]
(cm. ornipegeneHve 29.4).
3apgaHue 31.1. Bbluncaute wmartpuuy, MPUCOEUHEHHYHO K
maTpuue A 3agaHuma 29.1.

I OnpepeneHune 311 //pucoeguMHEHHON K HEBbIPOXAEHHOMN

det A= 13 T1. e. maTpuua A — HeBblpOXAeHa. HanoMHuMm (cMm.
np. 29.2), uro:

Al= 3 n?=5,

A\= —2, A\= 1

“-T?)

CpaBHeHMe maTtpuy J1 n J1* nossonser copmynmposaTb MNpo-
CTOe NpasBuso: YTOGblI MOAYYNTb MaTpuULy, NPUCOEAMHEHHYIO K AaH-
HOl, KaxAabli ee aneMeHT cregyeT 3amMeHUTb Ha ero anre6pauvye-
CKOe [OrofiHeHVe, a 3aTeM Martpuuy TpaHcrnoHumpoBaTb. (Tak Kak,
eciv A= |[d)]| eg/ (n), TO anrebpavyeckoe AOMNOMHEHWE 3NeMeHTa

o6o3Hauaetcqa /if], HO A*= ||[/I|D.
Bbluncnmum npowussegeHve:

Torpa

A-N* = ? = det /1 =£.

3TO NO3BOMIAET BbiCKasaTb npeanosioxeHune, 4yto J1 A*.
Tenepb paccMOTpUM O6GLWMI ciyvaii:

nN— — N*=—— (A-N1*) =
det n det 4

a\ a2 aq .. an\ A\ A\ A\ .. A\
l_ a2a\ a$ .. dh \ | A] A\ A\ .. AR

a] «2 < \1| n2 A" M
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(B KakOOM 3/1eMeHTe MaTpuupl HO / cymMMupoBaHue oT | go n)

deln 0 .. O
O delA .. O
o O .. deln

3HauuT,
n.&—Z—A*\: E,
‘nn )

[ e maTtpnua A ob6patuma v rem cambiM [0Ka3aHO
YTuepx genune 3L2. Ecnm matpuua A HeBblpoXAaeHa, TO
OHa obpaTtuma u

A '=—— A* (31.2)
det N1

O6bveauHAs yTeBepxaeHus 311 m 31.2, umeem

Teopemy 31.1. MaTrpuua obpaTtuma TOrga M TONBKO TOraa,
Korfa OHa HeBbIpOXAeHa.

Takum 06pa3oM, MOXHO cKasaTb, YTO Mbl OKa3an coBnageHue
(paBeHCTBO) MHOXeCTB MaTpuy: obpaTumbiX (C XapakTepucTude-
CKUM cBOIiCTBOM — onpegeneHnem 20.2: ons maTpuubl A Halgetcs
Matpuua B Takas, uto A <B = B A= E) M HeBbIPOXAEHHbLIX (C Xa-
pakTeEpPUCTUYECKMM CBOMCTBOM— onpegeneHvem 26.2: det/170).

N3 pokasartenscTtBa yTtBepxaeHusa 31.2 cnepyet

MpaBuAO BblYMCNEHUS OBpaTHO MaTpuULbl

1 Y6egumca, 4yTo marpuua obpaTtuma, AN 3TOMO BbIYMCIUM ee
onpegenutens (del A =0).

2. Haipgem anrebpanyeckme [OMOMHEHUA BCEX 3/IEMEHTOB MaT-
puubl A.

3. CocTtaBUM npucoeaviHeHHy Matpuuy J1*=||/1-]].

4. Boinnwem N1 ‘= —1- JT*.

<4n

3apaHue 31.1. Hangute matpuyy, 06paTHYK K AaHHOW Mart-

puue, MCNosb3ys MNPUCOEAVHEHHYI0 MaTpuuy:

(‘menaiite npoBepky.
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§ 32° NMPABVW/IO KPAMEPA PEWEHWA CWUCTEM
NUHENHBIX YPABHEHWW

Mbl yXe oTmMevanm B § 22, 4TO CUCTEMY T JINHEWHbIX YpaBHEHWIA

C N HEeuns3BeCTHbIMM MOXHO 3anuncatb B MaTpuniHOM BuaAe, Npunyem B

clydyae paBeHCTBa 4YucCna nepemMeHHbIX 4ducny ypaBHeHMVI CNCTEMDI

MU o6paTMMOCTU (Tenepb Mbl MOXEM FOBOPUTb— HEBbIPOXAEHHOCTW)

ee OCHOBHO MaTpuubl, TakKada cuUcrtema:

al*1+ a2\ «|X', + ...+ UK'= b\

anl—f«Z -+ afr'_f"_ + dmll: b.\
(32.1)

u"xl yodX*4-"x ... nmx —b,

Cc ManI/I'—IHOI7I 3anncblo:

-X = B.

roe yepes X n B o603HayeHbl CTOM6€el, NepeMeHHbIX W, COOTBETCTBEH-
HO, cTonBeL, CBOGOAHbLIX Y/IEHOB CUCTEMbl ypaBHeHui (32.1), umeet
B KayecTBe pelleHns KopTex (x1 x2, .. X") Takoi, u4To

BblpaxeHue MaTpuLbl, 06paTHO K maTpuue J1, yepe3 npucoeau-
HEHHYIO K J1 MO3BO/ISIET yKas3aTb elle oAVWH Cnoco6 peLleHus Takoi
CUCTEeMbl YpaBHEHWIA:
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SA\b' + A D2+ A'D3+... + Atbn

' Alb'+ Alb2+ Albi+ - + Agbn
det A
>n(b'+A& + A& + ...+ Albsv/

O603HauuB A (k) —Alb H4-1*3 -\-A*b3 A,b" = A*b* (no
cymmmnpoBaHue) k= \, 2, .. n, nonyium
4 A ()N /4(1)/det A
1 A@2) \_ [ A@2)/detA\
det A
\A (n)/det A)

nnn
X' =A (1)/det A,
XP= A (2)/det A, (32.2)
X'= A (n)/det A.

MpuyeM B CUAy OAHO3HAYHOCTU MAaTPUUHbLIX OrMepauuni obpalle-
HUS W YMHOXEHWS KOpTeX peweHnin <r, X2 .. X") eOVHCTBEH.

3ameuvyaHune 331 MoxHO 3ameTuTb, 4to A (k) = A*b‘ npep-
CTaBUM, KaK pasfioxeHwe cornacHo teopeme 29.1 no k-omy ctonoéuy
onpegenuTtens Matpuubl, MNOMYYEHHOW ©3 MaTpuubl A 3amMeHol ee
/r-oro ctonbua Ha ctonbey, B cBOGOAHLIX 4/EHOB, Hanpumep:

A (\) = Aibi= A\b'+A'22+A'D3+ ... + Arb,,=
/b' ad2a' ..
=1 b2a2n2 .. a2

\blMa2 an Z an

Takum o06pa3om, ycTaHOB/IEHA W AOKa3aHa
Teopema 32.1. Ecnn HeBbipOXAeHa OCHOBHasd mMarpuua cucrte-
Mbl 1 INHEWHbIX YPaBHEHWI C N MNepeMeHHbIMU:
a\x' + a2+ a/k3+ ... a,xX'—b\

ax' 4-az224-ax’ agx'= b2

a\x' + d22-4-a"x3-f ... -fa"*'1= b\
A (k)

TO OHa MMeeT efuHCTBEHHOoe pelleHue: <cl r2 .. xP) ¢ xk= det
et A

roe A (k) = AfbY, k=\, 2, ... n
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BoiTekalownii otctoga crnocob peLleHus cUCTeM JIMHERHbIX ypaBs-
HeHWi HocuUT Ha3BaHWe NpaBunia Kpamepa

3apaHune 321 Pewnte CUCTEMY JIMHEWHbLIX YpPaBHEHWUWA MO
npasuny Kpawmepa:
X1—2ryzx!=0,
-6nr'+ 3r4y 3nr=5,
x1 +4*q=1.
PeweHne cuctemMbl NMHENHbLIX YypaBHeHWid mMeToAoM (MO MNpaBu-

ny) Kpamepa 3akni4yaeTcs B BbIMOJIHEHUMW C/leAYHOLLETNO a/lropuUTMa:
|. BbIMULWEM OCHOBHYH U paclUMPEHHY MaTpuLbl CUCTEMbI:

4= -5

2. MpoBeprM HEBLIPOXAEHHOCTb OCHOBHOWM MaTpuULbl CUCTEMbI
(npaBMno Kpamepa MpUMMEHUMO TOJILKO A1 CUCTEM C HEBbIPOXAEH-
HO OCHOBHOW MaTpuueit):

det4=52 (cm. 3agaHne 31.1).
3. Hainipgem /4(1), /1(2), 4(3), 3aMeHsia Ha cTonb6ey, CcBOGOAHbLIX

UEHOB CHauvana nepBblii CTONGEL, OCHOBHOM MaTpuLbl, NOTOM BTOPOl
n TpeTui:

122 022
4(1)=-5 33 533 -7

10 4 1 04

I ~2 0 102
4(2)= 533 5= -553 -

104 1 114

r p_

122 0 120

43)= 533 5= -5 35 =23

104 1 10 1
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4. Halipem pelleHne CUCTeEMbl X'= c'?\lll' ie{1 2 3
e

"X = /L(1)/det A = /52,
-x2= /1 (2)/det A = 2/52,
Y = N1 (3)/del N1=23/52.

ChenaiiTe NpoBepky.

MCTOPNYECKAA CIMNPABKA

yncno, Mecto U KOMGUHaLUs— TpU B3auMm
HO nepekpeliMBaloLINECs, HO OT/IMYHbIE CCEpPbI
MbILWIIEHWS, K KOTOPbIM MOXHO OTHECTW Bce Ma
TemaTuyeckue uaew.

x. CwunbBecTtp

TepMUH «onpegenntenb» (Mnepesof € /laTUHCKOro cnosa «deter-
minant») B coBpeMeHHOM ero 3HadyeHuu Been B 1815 r. O. Kowwn, xo-
TA KakK maTemMaTuM4yeCKWiAi WHCTPYMEHT WUCCenoBaHUs CUCTEM NMHel-
HbIX ypaBHeHWI onpegenutens 6bin OTKPLIT ewe . JlelibHuLUEeM, Ko-
TOpbii B 1693 r. NOAy4Ynn € ero NOMOLLbH (hOPMYy/ibl PELLUEHUS CUCTEM
NIHEWNHbIX YPaBHEHWI C HEBLIPOXAEHHOW OCHOBHOW MaTpuuei. Cny-
CTA MOYTU TPW YETBEPTU BeKa ero pesynbTaTbl MOBTOPWA LUBEWLLap-
CKnii matematmk . Kpamep, 1M OHM BOWAN B MCTOPUIO MOA, HasBaHW-
eM «npaBunia Kpamepa» peweHUs CUCTEM JIMHENHbIX YPaBHEHWA.
YHuBepcanbHOCTb 3TUX uaen JlenbHuua n Kpamepa noatsepxaaet-
ca TeM, yTo cnycta 20 net nocne Kpamepa He3aBMCUMO OT npefLue-
CTBEHHUKOB Te Xe dopmynbl nonyumun X. J1. NarpaHx. MNpumepHO
B TO )Xe caMoe Bpems wuaea onpepenntens BO3HWKNA B pabdboTax
(ppaHLy3CcKOro maTtematmka 3. be3y (Bezout Etienne, 1730—
1783) Npu peweHnun 4YUCTO TreoMeTpUYeckon 3agadn (OTbicKaHue
M/IOCKO KPUBOW, MPOXOAslleli yepe3 3adaHHble TO4ku). Ho ewe uWH-
TepecHee TO, YTO, KaK YyTBepXAalT UCTOPUKU Hayku, 3a0nro Ao be-
3y, Kpamepa, JlarpaHxa, laycca wu gaxe JlebHMUa, MO KpaiiHel
Mepe euwe B 1683-m rogy B AnNoHWW onpeaenntenn mucrnons3osan Ce-
H1 Kob6a, maTemaTtuk, 4Ybl TPpyAbl A0 HeOaBHEro BpeMeHu O6binn co-
BEPLUEHHO HEeU3BeCTHbI B EBporne.

MepBoe cuctemarTnyeckoe M OOLUMPHOE M3NOXEHUE Teopun onpe-
genutenen gan A. BaHoepmoHpg B 1772 1., eMy Xe MPUHaaNexuvuT psag,
CamMOCTOATE/IbHbIX WCCNeA0BaHW N MHTEPECHbIX Pe3ynbTaToB B 3TOMN
obnactn, a onpepenutens Buga |(a()* '| sowen B UcTopuo mMatema-
TUKN MOofA, HasBaHWeM «onpegenutens BangepmoHpa». Cnegyet oT-
MEeTUTb, 4YTO dyHAaMeHTaNbHble paboTbl 1812-ro roga ewle ABYX
paHUy3Cckux MaTematmkoB O. Kowwum un X. BuHe (Binet Jacques
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Philippe Marie, 1786— 1856) cbirpasimn HemMaslOBaXHYI pPOJib B 3TOWN
TEopuUn 1 MPUBAEKIMN K HEl BHUMaHWE MHOIMX eBPOMEeMCKUX Y4YeHbIX
XIX Beka, B yacTHoctn JI. Kanm ©n Hemeukoro maremartmka
K. T. 9ko6bun (Jacobi Carl Gustav, 1804 1851). Co6CTBEHHO, TO/lb-
KO nocrie paboT Kann onpegenutenn, Tak XXe Kak U maTpuubl, cTaan
CamMoOCTOATE/IbHbIM OOLEKTOM WMHTEepeca MaTemMaTUKOB, eMy >Xe MNpwu-
HaA/1eXUT OAHO M3 COBPEMEHHbIX 0603HauveHWn onpegenuteneii: |a‘l.
Ako6u BBen TakK HasblBaeMble (YHKLUMOHaNbHble onpegenuTtenu (c
afneMeHTaMu — nepemMeHHbIMX BennynHamm (pyHkumamu)), ykasan
na ux CBA3b C 3aMEHOl MepeMeHHbIX B KPaTHbIX MHTerpanax u c pe-
WweHnaAMK AunddepeHunanbHbiX ypaBHEHUIA B YacTHbIX MPOM3BOAHbIX.
Ero crtatbum «De formatione et proprieatibus determinantum»
(«O nocTpoeHuUM ” cBOWCTBax onpepgenuteneii») n «De determinan
tabus functionalibus» («O QYHKUWOHaNbHbLIX OMNpeaennTenax»),
onyb6nukoBaHHble B 1841 r., coenanu Teopuio onpegenutenein obwmm
LOCTOSiHMEeM MaTeMaTuKU. AHIIMIACKUIA yuyeHbln [x. CunbBecTp B
ero yecTb HasBasl fKo6uaHoM AuddepeHurpyemMoin PyHKUUnM / pyHK-

LMOHasbHbIA  onpenennTenb <<)ILI_ He MeHee 3HameHWT v Apyroi
X

(hyHKUWOHaNbHbLIA onpeaenutesnb, COCTaBASEMbIA U3 MPOU3BOAHbLIX N

yHKUMI — BpOHCKMaH: K/AOX)" "I, un3y4eHUEM W MNPUNOXEHUAMMU

KOTOPOro BrepBble 3aHANCA MOAbCKUA MaTeMaTtuk . BpOHCKUiA

(Wronski Jozef Maria, 1776— 1853).

Victopuyeckuin 0630p 6bi1 661 HEMOMOH 6€3 yNoOMWHaHUS paboT B
3TOl 06s1acTU (hpaHLy3CKOro yyeHoro (MatemMaTumka, MexaHuka, u-
3nka u actpoHoma) IN. C. Nlannaca (Laplace Pierre Simon, 1749—
1827), ero 3HameHuUTasa Teopema O pasNoXeHun onpegenntens B
CYyMMYy Npou3BeAeHWIA 3NEMEHTOB N UX anrebpanmyeckmx L0MNOSTHEHWNN
[aeT BO3MOXHOCTb WHAYKTUMBHOIO (PEeKyppeHTHOro) MnOCTPOEHMA
onpeaenuTenei.

YKaxem ewe, 4YTO Teopus onpedenvtenein cama nocayxuna
OCHOBOV W Aana >XW3Hb HOBOMY W CNIOXXHOMY pasfeny COBpPeMeHHO
reomMeTpun— Teopum WNHBAPUAHTOB. JIIOGOMbITHLI  MPUNOXKEHUA
onpefenuTenelr B aHa/IMTUYECKO reoMeTpun gaxe B ee HauvaslbHbiX
pasgenax: BO-NepBbiX, PYHKUMOHANLHLIMW ONpeaennTenaMm BTOPOro
M TpeTbero nopsakos MOryT ObiTb 3afaHbl nNpsamas M NJ0CKOCTb OT-
HOCUTENbHO  COOTBETCTBYIOLWIMX  adPUHHBLIX CUCTEM  KOOPAMHAT.
A yucnoBble onpefenuTenn Tex >Xe MNOPSALKOB MMEKT W3ALWHY ien-
MEeTPUYECKYIO MWHTeprpeTauuio: TakK, OKasblBaeTcs, MoAy/b onpeje-
nutens Ei:g B MPAMOYrofibHOW [OeKapTOBOW cucTemMe KoopauHat
paBeH n/owagM napannenorpamMmma, NMOCTPOEHHOro Ha npepcrasuTe-

nax cBobogHbIX BekTopoB a(al al) m b(b2 b2, a moaoyns awvano-
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T’MYHOIro onpenennTena TpeTbero nopaaka MoOXXeT O6bITb WUCTONKOBaH
KakK 06bem napannenenmnnega, MNOCTPOEHHOIO Ha Tpex BeKTopax:

a(a', a', a'), b(b\ b2 b2, c(c3 c3 c3) B TPexXMEpPHOM €EBK/INA0BOM
npocTpaHcTBe. A B MHOFOMEPHbIX EBKINAOBbIX MPOCTPAHCTBaX C
onpegenuTenem, COCTaB/EHHbIM W3 CKaNsipHbIX Npov3BedeHuin 6a
3UCHbIX BEKTOPOB, CBA3aHO MOHATME obbemMa MHOrFOMepHOro napan-
nenenvnega. OH HasBaH onpegenutenem [pama B 4ecTb AATCKOro
matemaTtnka W. Npama (Gram Jorgen Pedersen, 1850— 1916), 3aHU-
MaBLlUEerocs uccnefoBaHUAMN TakKUX MNPOCTPAHCTB.

B TepmnHax onpegenuTeneil BblpaXkaldTCA BEKTOPHOE M CMellaH-
HOe Npou3BeAEeHNs BEKTOPOB, KOTOpble MMEeHT MHOro cogepxaTesib-
HbIX MPUIOXEHUI B MexaHuke n dmsnke. I MOXHO ckasaTb, 4TO Teo-
pua onpegenutenein, Kak n Teopus Matpuvu, SiBASeTCA YAUBUTENbHO
YHUBepCcanbHbIM annapartomMm MaTeMaTuKn U ee MNPUIOXEHWI, CBA3bI-
Bas WuX OOWMMU WnAesMW.

CNMCOK JNTMWTEPATYPUDI

OCHOBHAA
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YKA3AHNA NO NCMNO/NMb3OBAHUIO NUTEPATYPbHI

§ 27. CeolictBa onpefnenuteneri

111 — ctp. 227-231. 1B1— crp. 106— 114.
[2] — cTtp. 332—336. [6] — cTp. 34— 41.
I3] — ctp 38—43. 17] — ctp. 90— 96.
|4] — cTp. 150— 157, 159— 161.

8§ 28'. BblumcneHuve onpefenuTens npuBeAeHUEM ero matpuubl
K TpeyrosisHomy Buay

57— 60.
157— 158.
§ 20, [JonoNHUTENbHBIE MMHOP K anrebpanyeckoe [OOrMo/HeHVe
232—236. (51- ctp. 115— 118.
336 338. 6] — ctp 41— 43.
43—48. |7] — cTp. 96— 100.
157.

8 30*. Teopema 06 onpesenuTene MpPOU3BEAEHVS MaTpuLy
236- 238. [5] — cTp. 120-123.
338—339. |6]— cTp. 45—47.
189— 190.

8 31. Ycnosusi 06paTtUMOCTU MaTpULibl

238, 240— 241. [5] — cTp. 125— 127
158— 189. |6] - cTp. 47— 49.

8§ 32°. MpaBwio Kpamepa peLleHUst CUCTEM JINHEVHbLIX YpaBHEHWI

) — cTp.
U1— cTp.
111 - cTp
[21- cTp.
[3] - cmp
41— cTp.
[1] cTp.
21 ctp
HI cTp.
11] - cTp.
[4]-cTp.
111 — cTp.
j21 - ctp.
I3] - cTp.

4] — cTp.

241—243. [5] — cTp. 128.
52,

53—57, 99  100.

161 — 166.
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BEKTOPHbBIE MPOCTPAHCTBA

§ 33. lMoHATME BEKTOPHOro MNPOCTPAaHCTBA.
8§ 34. lNpriMepbl BEKTOPHbIX MPOCTPAHCTB.
§ 35. MpocTpaHCTBO CBOOOAHLIX BEKTOPOB.
§ 36. MognpocTpaHcTBa BEKTOPHBIX MPOCTPaHCTB.

OCHOBHblE TMOHATUA: BEKTOPHOE MPOCTPAaHCTBO, BEKTOP, Hyl'leBOI7I
BEKTOpP; BEKTOp, I'IpOTVIBOI'IOI'IO)KHbII7I AaHHOMY, MaTpU4YHOE BEKTOpPHOE
NMPOCTPaHCTBO, KOOpAMHATHOE BEKTOPHOE TMpPOCTpPaHCTBO, BEKTOPHOE
NMPOCTPaHCTBO CBO60,quIX BEKTOpPOB, CyMMa CBO60,quIX BEKTOPOB,
COHanpaB/iIeEHHbIE N MPOTUBOIMO/IOXXHO HanpaB/IEHHbIE CBO6OAHbIe BEeK-
TOpbI, NMpou3dseneHme ckKandpa Ha CBOGO,EI,HbIVI BEKTOpP, noAanpocTtpaH-
CTBO BEKTOPHOIro npocTtpaHCTBa, NHelNHasn KOM6I/IHaLl,VIﬂ BEKTOpPOB,
NNHelHaa 060n104YKa CUCTEMBbI BEKTOPOB.

Heobxoaonmble cBefeHUA: [AeKapToBO MNpou3BedeHMe MHOXEeCTB,
[eKapToB KBaapaT MHOXeCTBa, OTobpaxeHue, maTpuubl, CUMMETPU-
yeckne M KOCOCUMMEeTPUYeCKMe MaTpuubl, CBOIMCTBA oOnepauuii Hapg,
Matpuyamu, M (Txn), GL(n), gl (n), MHOrouneH, dyHkumns (ogHON
WM HECKONbKMX MepeMeHHbIX), dopma, (yHKUMOHan, cuctema Jn-
HEWMHbIX YPaBHEHWW, pPEeLWIeHNE CUCTEMbl JIMHEWHbIX YPaBHEHW, OT-
HOLWeHWe rnopsaka Ha MHOXecTBe, CMMMeTpuyeckasa rpynna, Ha-
NnpaB/ieHHbIi OTPe30K, SKBUMOJIEHTHOCTb HamnpaB/fieHHbIX OTPE3KOB,
CBOOOAHbLIN BEKTOP, BMAbI CBOGOAHLIX BEKTOPOB; HYNEBOW M NMPOTUBO-
MOMIOXHbIA OaHHOMY, COHamnpasfieHHble M NPOTUBOMOJIOXHO Harnpas-
NIeHHble Ny4un, cBOMCTBA OMHAPHBLIX OTHOLIEHW A Ha MHOXeCTBe.

PekoMeHOaLmn: ecnv rnocobue 1cMosb30oBaTh B y4e6HONM pabote, To § 35 MoxeT
6blTb MPefOCTaBneH 411 CAMOCTOATENIbHOIO M3yHeHWs WM OBCY)XAEHWI Ha MpakTuye
CKUX 3aHATUAX.



83. 84 87 fiisa 8§20, 8§22 823

T
CemecTtp |
Nekuuna | MHOXecTBa W OTHOLUEHWA Ha MHOXecTBax.
$ 1 8§65).
Nexkuyna 2 OnepaumMm Ha OGWHaAPHbLIX OTHOLIEHMAX. OTo6paxeHus.
£6- 88
NleKuna 3 — BuekTusHble oTo6paxeHus. Npeob6pasosaHUs.
E93-% 1.
NleKuua 4  BuHapHble OTHOLLEHMA Ha MHOXecTBe. ®akTOp MHOXECTBO.
(8 13-8 16).
Nekuna 5— Matpuupl. OCHOBHble OnepaLMy U CBOICTBA.
(& 17—8§ 2.
Nlekuna 6  MopctaHoBKW. Tpynnbl.
(8 23 & 26).
Nekuwna 7 — Onpegenutenn.
(8 27- § 32).
Nexkuywna 8— BeKTOpHble MNPOCTPaAHCTBA.
(8 33- 8§ 36).

Nekuunsa 9 JIMHENHO 3aBUCMMble U JINHENHO He3aBMCUMble CUCTEMbl BEKTOPOB
Nekywusa 10 PaHr marpuupl. CUCTEMbI JINHEVHbIX YpaBHEHWA.

Nekywusa Il —JinHeliHble OTOGPaXKEHUA BEKTOPHbLIX MPOCTPAHCTB.

Nekuwns 12 MaTpunyHoe npeAcTasneHne rOMOMOP{U3MOB.

Nekuwna 13— Anrebpa NMHeNHbIX OMepaTropos.

Nekuyunsa 14— Cob6CTBEHHblE BEKTOPbl SIMHENHbIX ONepaTopoB.

Nekywuna 15— CBKIMAOBbI BEKTOPHbIE MPOCTPaHCTBA.
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§33. NMNMOHATWME BEKTOPHOIO MNMPOCTPAHCTBA

MoHATME BEKTOPHOro MNPOCTpaHcTBa OAHO W3 OCHOBHLIX B reo-
MeTpMM UK anrebpe, B 4aCTHOCTU — B JNMHeNHoW anre6pe. Cnoso
BEKTOP /aTUHCKOro npoucxoxaeHuns (vector) M o3HavyaeT «Hecy-
Win».

OnpepeneHne 331 [llycTb 3agaHbl HEMycrtoe MHOXECTBO

V, afileMeHTbl KOTOpPOro o6o3HayeHsbl: @, b, C, .. , MHOXeECTBO Ael-
CTBUTENbHbLIX uyncen R KoTopble 0603HayeHbl: a, ft, y, ... , n Asa
oTob6paxeHus:
des
|+ |:PX K— K, Tak ut0o |+]|(<e, 6,))= a+b~V,
— des _
|=l: RX V-*~V, Tak uto |-|((a, a,}) = a-aeKk,

npunyem Tpe6yeTc;| BbIMO/IHEHNE aKCUOM:

V.lI: a-\-b= b-\-a V {a, b)a V.
V.2: (a-\-b)-\-c = a-\-(b c¢) V {a, 6, clc= V.
V.3: 30eCla-|-6 = g, Vae I/
V.4: Vae V3(—a)e Va+(—a)=0.

V.5: lea=a Vae V.
V.6: a-(pa)= (ap)-a V (a, ft a) e~ 'X V.
V.7: (a + P)-a= a-a-1-p-a V <a ft a) eR 2X W
Vv.8: a-{a \ 6)= a-a-\-n-b V (a, a, ftje RX V2

B aTom cnydyae roeopsT, YUTO Ha MHOXecTBe V 3ajaHa CTpyK-

Typa BEKTOPHOr0O WM NMHENHOro NPOCTpaHcTBa (Han nonem Aen-

CTBUTENbHbIX 4Yucen), MHOXeCTBO V Ha3blBalOT BEKTOPHbLIM W

NINHEMHBIM NPOCTPAHCTBOM, WM JINHEa/lOM, a €ero 3/1IeMeHTbl -

BEKTOpaMun, oTobpaxeHusa: [+ |— c/ioXeHMeM BEKTOPOB, [*] —

YMHOX€eHUVeM ckanapa (4ucna) Ha Bektop, ycnosus V.1— V.4.—

akcmomamu cnoxeHud Bekrtopos, V.5— V.8. akcuomamMum yMHO-

XeHusa ckanspa Ha BEKTop

BekTOopHOE MpPOCTPaHCTBO Ha3blBAIOT BEKTOPHbLIM MPOCTPAaHCTBOM
Hag, nofiem AeNcTBUTENbHbLIX YuCes, eciv B ero onpeneneHuu, Kak
Bbiwe, {a, p,)cR. B panbHeliwem 6yayT paccmaTpuMBaTbCA BEKTOP-
Hble MPOCTpaHCcTBa W Hag APYrYMW YUC/IOBbIMWU HOMSIMWU, B YacTHO-
CTW, Hag nofemM KOMMJEKCHbIX YuCcer.

O603HavYeHUe BEKTOpPHOro npocrtpaHctea: (V, , =). OgHako,
ecnm peyb naet o6 ooHOM BEKTOPHOM MPOCTPaHCTBE, TO onepaumun
O06bIYHO He yKa3blBalTCA W NULIYT U rOBOPAT: BEKTOPHOE MPOCTpPaH-
cTBo V. MIHOrpga anemeHTbl BEKTOPHOrO MpocTpaHcTBa 0603HavaloT
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3ameyaHue. Ecnu paccmaTpuBaeTcs HECKOJ/IbKO BEKTOPHbIX
MPOCTPaAHCTB, TO O6LIYHO ANA WX Onepauuii UCNONb3YKTCA pasiny-
Hble 0603HayeHus, Hanpumep: <E, +, <) un (U, 0,0).

Pa 3bsicHeHUA UYToO6bl roBOpuUTb O CTPYKTYpe BEKTOPHOrO
NnpPoCTpaHCTBa Ha HernycToMm MHOXecTBe E, npexae BCero A0J/DKHbI
ObITb 3a4aHbl ABa oTo6paxeHusa: |(-|: EX V-+V un [-]: R X E-+E,
TaKk u4To

|+ |(<e, 6)= a+6eE, a|.|](<a, a>)=a-aekE

npuyem ©3 MOCNeAHero crefyeT, uTo npu nwéom aeR.
Torga nepBas akcMoma O3HavaeT coBnajeHue 06pasoB KopTe-

xe (a, b) u <b, a> npu oTobpaxeHun |+ ], T. e

|+ |(<«. n=>)=H-|(<6. fI>),

(4To, KCTaTWU, BreYeT HEUHLEKTUBHOCTb OTOOpaxeHusa |+ |).

AHaNOrMYHoOe NCTOJSIKOBAHME MMEKT M OCTaslbHble aKCUOMbI. Tem
caMmbiM |+ |:EXE-=>E un |*|:RX E— E yXe He Npou3BOJibHble
oTOoOpaxeHusa, nockosbky V.1— V.8 HaknagbiBaloT creynasbHble
ycnoBus Ha obpasbl anemeHToB EXE m RXE. UYT06bl OHU uMmenu
He CNMLWKOM TpoOMO34KYylH0 3anuchb, BpoOAe:

V.2i |+ J<+ ](<B. 6>, c>)=|+ |(<a, [+ ](<6, c))>)

NMPUHATbLlI cneuynasibHble 0603HaueHuns o6pa3os cooTBETCTBYHOLLNX

KopTexen: a+ 6e E na ae E npu otobpaxeHuu [+ | 1, cooTBeT-
CTBEHHO, |=|

M3 akcuombl V.l cnepyeT HEWHbEKTUBHOCTb OTOGpaXKeHus:
|+ |: EX E—E, a u3 akcuombl V.3 ero COpPbeKTUBHOCTb.

AHaNorn4yHo n otobpaxeHue: |=|: R X E-*-E He MHbEKTUBHO (V.?),
HO clopbekTmBHO (V.?). 4

3apgaHune 331 Onpenenute, Kakme M3 N3YYEHHbIX CTPYKTYp
M onepauunii yaosnetsopaloT akcmomam V.1 — V.8. T. e. npuBeauTte
NnPUMepbl BEKTOPHBLIX MNPOCTPAHCTB:

<R, +, > (M(Txn), +, >, (gl{n), +, *> <GL(n), +, >
(3pechb | =) — yMHOXeHMe AeiCTBUTE/NIBHOIO Yucia Ha MaTpuuy.) &

BekTOpHble MnpocTpaHcTBa 06n1ag4aldT MHOTMMW  MHTEPECHbIMU
cBOWicTBaMM, BbITeKawWMMM u3 akcmom V.1— V.8.
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OCHOBHble CBOWCTBAa BEKTOPHOI MNpoOCTpaHCcTBa

Ana nw6eix (a, p, a, 6, ¢c) eR 2X N unMeT MecTo:

CsoiictBo 331 a—6 c a=c-)-b.

[elictBuTenbHo, ecim a=b, T0 VceF «koptexu (c, a)

= (c, b), a Tak kak [ ]— oTobOpaxeHue (cMm. onpeneneHne 7.?), To

[+ |(<C a>)= [+ ](<C b))

|| lies des||
c+ a c -\-b
M 3HAUUT, c-\-a=c+ b. 7]
Cnepcteue 33.1 a=26 a c=6--cC
V.2

AHaNoOrMYyHO NpeaplayLiemMy CBOWCTBY W CNeACTBUIO MOFYT ObiTb
[,0Ka3aHbl

CeoiicTBo 332 a=p bel aa=pm
V ae R - 7

a=»>b ?Naa=ao.

CsoinctBo 333. Vae 7 --~~ OXxa=a

NMocnenHee no3BOMseT 3neMeHT 6, onpegensembiii  akCMOMOWN
V.3, Ha3biBaTb HeWTpanbHbIM (MO cyullecTBy, akcuoma V.3. onpege-
NAeT TONbKO npasblit HEATPaNbHbIN).

CBolncTBO 33.4. B BeKTOPHOM MNpPOCTPAHCTBE HeATpaNbHbIi
3/1eMeHT eAUWHCTBEH.

JokasaTenbcTBO. [JonycTtum, 4yto Hanpetcs Bektop O'e|/
Takow, yto 0'¢pO, HO V ae V umeer mecto a[JO'= a

rno npegyiokeHuio
iy = 0
6+6'

cB. B33

Otkyga 0'= 0. 3HaunT, nNpeanosioXXeHnme O CywecTBOBaHUM MO
KpaHel mepe ABYyX 3/1EMEHTOB, YA0BMETBOPAOLWMNX akcnome V.3, He-

BepHO u O, yAOBNeTBOpsilOWMI 3TOM aKkCcMoOMe, eOVHCTBEH. ]
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CnepcTtBue 33.2. Ecnm a-\-b= a gna Hekotoporo ae I, 10
6= 0

Adoka3aTtenbctBo. [lyctb ce C u nNpousBOJiIeH, ToOrga

npoussoneH n rf= c|ael/ 3ametTum, uto

(c+a)+ 6= d+b
v. |l
- — >— >
c-f-(a-|-6) = c \-a=d
Otciopga d-\-b=d yxe gns nwb6oro Bektopa d, T. e. 6 — HeliTpanb-
Hblli 3/1IeMeHT, HO MnpeablaylieMy CBOWCTBY OH €4AWHCTBEH B BEKTOP-
HOM MpOCTpaHcTBe, T. e. 6= 0. =

CnepncrtBue 33.3 (NpaBuao cokpauieHus). ECnm v BEKTOPHOM
NPOCTPaHCTBE KMMeeT MeCTo XOTA Obl OQHO W3 PaBEHCTB

a-\-b= a-\-c mm b-\-a= c-\-a,
TO 6= cC.

OueBNAHO CBOWCTBO.
CsoiictBo 335 Vael/=~(—a)+a=0.

OHO no3BOMISIeT 3neMeHT ( —a), onpeaensemMblii akcuomoi V.4,

Ha3biBaTb MPOTUBOMO/IOXHLIM @, B TO BpeMs KakK akcuoma
V.4. onpefensieT npasblii MPOTMBOMOJOXHbIA 3MIEMEHT.

CeoiicTBO 33.6. D BEKTOPHOM MNPOCTPaHCTBE MPOTUBOMOIOX-
Hblii 3N1€eMeHT K NI060OMYy ero 3fieMeHTy eAWHCTBEH.

3apgavya 33.1.2. JokaxuTe cBoiicTBo 33.6.
JokazaTenbcTBO. JonycTum, 4yto Aans e e |7 HaligeTcsa Kpo-

Me BeKTopa a, YyAoBseTBopsiowero akcuome V.4, BeKTOop a'e !’
Takon, uto a-\-a'= 0. Torpa

v ll (—a)=a"
(-a) + (a+a')y=L(-a) +6i= —-a

CnepoBateflbHO, MpPenAnoJioKeHNE O CYLLEeCTBOBAHMW MO KpaliHei
Mepe AByX 3/IEMEHTOB, Y/0BNETBOPSIOLMX akcuome V.4 HeBepHO, YTo

N OoOKa3biBaeT CBOWCTBO, MOCKOJIbKY MNO akcmnowme Takol 3nemMeHT cy-

LiecTByeT. -
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Ons nobblx 371eMeHTOB a U b BeKTOPHOro NpPOCTPaHCTBa
V cymMmy b-\-(—a) NMpuWHSTO HasbiBaTb Pa3HOCTbID 3/MIEMEHTOB b
M a n o6o3HauaTh:

—a —a
lies ),

rno camMoMmy OnpeAesieHnio pasHOCTb 06/1afaeT BCEMM CBOMCTBaAMU
ornepauun C/IOXEHUS BEKTOPOB.

HecnoXHO npoBepuTb, YTO MMeEEeT MecTo
CsoiictBO 33.7. V {a, V pelleHnemM ypaBHeHU a-\~X~b

n X-\-a= b gABndetca BekTop b—a -
3amMmevyaHue 33.1. BHUMaTeNbHbIN YnuTaTeNlb MOXET 3aMeTUTb,
YTO aKCUOMbI C/IOXXEHUA BEKTOPHOro MpocTpaHcTBa:
onpepeneHo oTto6paxeHue [-(-]: VX V-+V Takoe, u4TO

V.1 a-\-b=b+ a V {a, b}aV.
V.2: (a 6-f-c=a-(-(6+ c) V {a, b, c\a V.
V.3: 30<=1/]a+ 0= a VaeK.

V.4: VaE V3(—a)e Wa-\-(—a)= -4

€CTb HW YTO MHOE, KaK aKCMOMbl CTPYKTYpPbl KOMMYTATUBHOM rpynnbl
Ha MHoXecTBe V. lMo3aTomMy (OpMYy/NMPOBKM (Ja W foKasaTesbCTBa)
npeablaywnx CBOMCTB MO CYLW,eCTBY aHa/lorn4yHbl CBOWCTBaM, YyKa-
3aHHbIM B § 24*, nocsaweHHOMY rpynnam. OfHako, Bbille O6blnun
npueefeHbl CaMOCTOATEe/IbHble [OKa3aTesibCTBa CBOMCTB BEKTOPHOro
NPOCTpaHCcTBa Ha OCHOBE aKCMOMAaTUKU WMEHHO BEKTOPHOro mnpo-
CTpaHCTBa, MOCKOJIbKY OOCTOATENIbHOE MW3y4YeHue rpynn euie rnpes-
cTouT, a maTepman § 24* 6bin gaH Ana nbo3HaTeslbHOro yuTa-
Tend B WHMOPMaATUBHOM MoOpsfKe.

CBoricTtBOo 338 V «el/=»0'fl=0
AJoka3aTenbCcTBO. 3ameTmm, 4TOo MO akcmome V.7

0-a+ 0-a= (0+ 0)-B= O-a,
a no ceoicTBy 33.2 M3 3TOrO cnegyet, 4to ()-a — HEWTpasibHbINA, T. €
0-a= 6.

CnepcrtBue 334. Vae V=p(—1-a=(—a).
3apgadya 33.1.1. JokaxuTe cnenctene 33.4.
Joka3aTenbcTBO.

a-N —\).a-- la+ (—l1l)a=(1—1)-a=6.
. e Il
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OTKyga W M3 eAUHCTBEHHOCTM MPOTMBOMOJIOXHOIO 3/1IEMEHTa crie-
ayet, yto (— 1)-a= (—a). w
AHanorvyHo npegpiayuiemMy CBOMCTBY MOXHO AoOKaTaTb CBOWCTBO.
CBoiictBOo 339. Vae R=—am= 0.
CBowvictBo 33.10. aa=0=a=0V a=0.

Jdokasarenbcreo. |.Henunea= 0 na= 0, TO yTBEPXAEH ne
0YeBMOHO.

2 MycTb «="0, OOMHOXMM O06e 4acTm paBeHcTBa amm = 0 Ha
a Torga
* ~
a I(/a-a)’za l—Og-l 'BO
v.2 a=0
(a I)ya=l-a==

1=

CnepcTtBu e 335 (Vae Vao 0) a-ahp$-a.
Jdonyctum, uto a a=fi-a, Torpga a a—(5-a= 0 w©n, 3HauuT,
(a—P)*a= 0, ato Bnevet (a —p)= 0 (no ceoiictey 33.10, Tak Kak

a==0) wwm a = fi, UTO NPOTUBOPEUUT YCNOBUIO. =
3Tmmn cBolicTBamu Oydem No/b30BaTbCHA, pewas 3agayn, unu3sy-
yas 6Gonee CNOXHble CBOWCTBA BEKTOPOB M BEKTOPHOro MpPOCTPaHCTBa.

8§ 34. NMPNMEPbl BEKTOPHbBIX MPOCTPAHCTB

MoCcKONbKY BEKTOPHOE MPOCTPaHCTBO ornpefensetcd ABYMS MHO-
xectBaMu VO 0 wu R, gyma oTtobpaxeHusmu: |4+|: VX K=V n
|-]1:RXH—K 1 cooTBeTCTBYWOLWMMN aKCcMoMaMun, TO onpenenss ero
CTPYKTYPY Ha KakomM/aM60 HenycTOM MHOXecTBe, npexae Bcero cre-
AyeT 3aaBaTb OTOOpaxeHus |+ | n | <], a 3aTeM BbIACHATb BbINOJIHU-
Mbl WM HET ONA TaknxX OTobpaxeHui akcmombl V.l— V.8.

Mpumep 34.1. Ha MHOXecTBe [AelCTBUTENbHLIX umcen R c
O6bIYHbIMY OnepaumsaMn CNOXEHUA N YMHOXEHUA, OYEeBUAHO, BbIMO/-
HAloTCcA Bce akcumombl V. V.8. Tem cambim (R, -, <) BEKTOP-
HOe NMPOCTPaHCTBO, OHO MpeACcTaBseT NMpuUMep Tak Has3biBAeMoro og-
HOMEpPHOro BEKTOPHOro MpocTpaHCcTBa

Mpumep 34.2. HecnoxHo y6eanTbCAa B TOM, YTO Ha MHOXECTBE,

COCTOSILLEM M3 OOHOrO 3fieMeHTa, Hanpumep, {0}, MOXHO onpeaennTb
CTPYKTYPY BEKTOPHOrO MPOCTPaHCTBA, 3a4aB OTO6paxeHUs:

|+ 1:{6}x {0}-{6}] |-m (<0, o)) = o<=o},

|-1:RX{0} — {O}]VXeR=>]-|(<X, 0=)= 6e{0},
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nnn, 41O TO Xe CcamMoe, 3agaB onepauunnm:

04-0=0 n A<0=0 V/,eR.

Takoe BEKTOpPHOE TMpPOCTPaHCTBO— MPUMEpP HYJ/IbMEPHOro BekK-
TOPHOro MNPOCTPAaHCTBA.

3apavya 34.1.3. MOXHO Nu 3agatb CTPYKTYPY BEKTOPHOro npo-
CTpaHCTBa Ha MHOXEeCTBe, COCTOALLEM M3 ABYX 3nieMeHToB? W3 Tpex
3/1eMeHTOB?

YkazaHve. Benm Y ={a, 6|ad 6} — BeKTOpHOe MPOCTPaHCTBO, TO MO aK
cvome V.3 OmVH U3 3MIEMEHTOB [O/KEH ObiTb HelTpasbHbiM, MycTb a= 0,
Torga b-~6 OM. cneacrtsme 33.5.

Mpumep 34.3. MaTpU4yHOE BEKTOPHOE MPOCTPAHCTBO C 0ObIY-
HbIMW OnepayusMu C/IOXKEHUSA MaTPUL, U YMHOXEHUA cKansapa Ha
Mmatpuyy <M {Txn), +, <) W B 4YacTHoctTu, (gt (m), +, =)
(cm. 3apaHue 33.1).

Mpnmep 34.4. KoopanHaTtHOe BEKTOPHOE MPOCTPAHCTBO.

OnpepeneHune 34.1. KoopaguHaTHbIM (UNn apudmeTnye-

CKWM) BEKTOPHbLIM MPOCTPAHCTBOM (M MepPHbLIM) Ha3blBaeTCA BEK-

TOPHOE MNPOCTPaHCTBO MaTpuy - cTpok (Af(lIx«), +, <) wnm

Matpuy — ctonbuos (M (nm x 1), +, e). MNepBoe U3 HWUX Ha3blBa-

€eTCS BEKTOPHbIM MPOCTPAHCTBOM CTON6L0B

O603HavyeHne 3aTux npocTtpaHcte: (M (1 x n), +, <) wn, coOT-
BeTcTBeHHO, (M (n x 1), -(-, <). WHorpga Takue npocTpaHcTBa 060-
3HavarT R" mwm K"

HanomHum ornepaunn B KOOPAMHATHBLIX MPOCTPaHCTBaXxX:

B <N4(1x«), -b. <) Ona no6bix

<A (a,, a2 .. an), (bn b2 .. b)) e RXM" (1 xn)

onpengeneHsbl:

(a, a2 .. u,)-\-(bh b2 .. b,)= (@"{ b{ .. alt\-bn),
N-@l, a2 .. an)= (kah hi., .. Xan).

B (N4(nx1), 4-, =) Ana BCEBO3MOXHbIX
<. RX 4'(sX 1)

onpeageneHbl cymma ”M nNpomssefeHMeE CKaJidpa Ha BEKTOpP:
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Mpumep 34.5. MHOXECTBO PELUEHUNA CUCTEMbI JIMHENHBLIX OA4HO-
pPOAOHbIX ypaBHeHUN (cMm. nekuymsa 5, § 22).

a[+ + a2+ avMl- .. nx = Q
4% + q2%2% a\j74 .. +aBxn= 0, (34a)
a"jcl+ ajjc2+ + .. ¢p-a"+=0,

TakKXXe €eCTb BEKTOPHOE MNpPOCTPaHCTBO OTHOCWUTEJIbHO onepau,l/u‘/’l:

<4, 4. - 4>+ <4 4- - 4>=<4+ 4. 4+ 00 - 4+ 0 U
a-<4. 4. 4) = <54 X4, = N4>-

B 3TOM HecnoXHo y6eAnTbcs, eciM BOCMO/b30BaThCA 3aMeyvaHus-
MM § 22 O TOM, 4YTO BCSIKOMY pPELUEHMIO TaKol CUCTeMbl ypaBHEHU
COOTBETCTBYET pELUEHME MATPUYHOIO YPaBHEHUS:

(34.a")

(mnn A <X —0O c maTpuueii A= \a)||) n Hao6opOT: KaxaoMy pelle-
HUIO nocnegHero — eAMHCTBEHHbIM 06pasoM COMOCTaBMMO peLleHune
CUCTEMbI IMHEWVHbLIX OAHOPOAHbLIX YPaBHEHWI C OCHOBHOW MaTtpuLein
Uil ' -

Mpnmep 34.6. BekTOpHOE NPOCTPAHCTBO MNOJIMHOMOB (MHOTO-
YNEHOB) OT M MEepPeMEHHbIX C BeLW,eCTBEHHbIMU KO3hduLMeHTaMn
N 06bIYHBIMM ONepauusaMm CNOXEHUS N YMHOXEHUA 4yMcna Ha MHO-

rouneH: (&\x\ x2 .. MEHE)) -

PaccmoTpuMm 60siee MpPOCTOM Cc/lyyalhi MHOrOY/IeEHOB OAHOW nepe-
MEHHOWA: id j+i [+]1). viBBegemMm HeKOTOpPble BMOJSIHE eCTEeCTBEH-
Hble cornaweHus:

1 byagem cuuTaTb, YTO BCE MHOrOQY/EHbI MMEIOT CTaHOapPTHYIO 3a-
nMncb No BO3pacTaHUNKo cTeneHei:

/— flo+ rtir + 2If2+

rpe neN un (a,, a,, a2 .. «A)e H a+|.

2. bygem rnonaraTb, 4YTO €CiM paccMaTpuBarTCa ABa MHOrousne-
Ha B CTaHAApPTHOIM 3anucu, TO OHN UMEKT «OAUHAKOBYH AOJ/INHY» —
3TOro BCErga MOXHO A06MTbCA, AOMOMHAS OAUH U3 HUX, eC/IM 3TO He-
06X0AMMO, cnaraemMbiMU C HYNEBbIMU KO3ahuumeHTaMu, Hanpumep:

I (X)= 1A~2x—4++ 6+ n p ()= () + 30+ 0+ + OX,.
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3. [lBa MHOrousieHa cuMTalTCA paBHbIMW TOrga WM TONbLKO TOraa,
KOrga paBHbl BCE MX KO3I((PULMEHTbl Ha COOTBETCTBYHLLIMX MecTax:
nycTb

f= a,-\-atx-\-a22+ .. + «,Jl
fr= bil+ blx+ b2x2-f .. 4-bnx",

c <<a, a, a,, .. a,>, <. £ ... 5=e R"+IX Rn+l
No onpepneneHunto

/= "=U<a,, a,, a2 .. a,) = (b(, bu b2 .. b,) (34.2)

Cymma nto6bIX [BYX MHOFOUYNEHOB oOnpeensetcs, Kak HOBbIN
MHorouneH /[a]l g cnegywowmm obpasom:

(/[+1/?)=
= (a,-(-fc)+ («i + b\) IC)(a2-|-62 o+ mm + (an+ AN (34.2)

a npowussegeHue 4ucna J.eR Ha I'IpOMSBOI'IbeIVI MHOro4sieH

/ 3apaeTcsd MHoroudseHom AQ I Tak, uto

(A] =]/)= A)H-Afllx \N\ux  * ... -\-kax" (34.3)

Mpumep 34.7. BekTOpHOe MNPOCTPAHCTBO MO/IMHOMOB (MHOrO-
Y/IeHOB) OT OAHOV MNEepeMeHHOW C BeLeCTBEHHbIMU KOadduumeHTamm
BUAa:

/= a04-a|X+ a2+ .. + «<m*
(roe (aQ am a2 ... a,)eR*+I) n 0b6blYHBIMM OMepayusMn CroXe-
HUA N YMHOXEHUA 4ucra Ha MHOFOYMEH: *X, -, p~| )=

Takoe NPOCTPaHCTBO Ha3blBaeTCA BEKTOPHbIM MPOCTPaHCTBOM
NOJINMHOMOB OT O,D'HOI7I nepemeHHoﬁ cTeneHn He Bblwe k.

AHanorn4yHo onpeaesiaeTca BEKTOPHOE MPOCTPAaHCTBO MOJSINHO-
MOB OT N nepemMeHHbIX CTeneHm He Bbllle K:

»9°k\x\ x2 ... J1, W- O>e
3apgava 34.1.1. Y6eauTecb B BbINOJHAMOCTU akCUOM BeEKTOpP-
Horo npocTtpaHcTtBa Ansa (S3' 2|0, ppl- p~| )=

O 2|x| = {«, + a,x-fa2l-

Mpumep 34.8. MHOXECTBO BCEX YMCNOBbLIX (YHKLMIA OOHOW

nepemeHHo Ne\D\ c o6uieii o6nacteto onpeneneHms D un onepa-
LmMAMN:

[+ ]:</, g=-*7|+ |g = {<=& f(x)+ ft(x))Vxe=D)
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1 *]: <« />*-d e/ = {<*, a/(*)>VxeD}

V <« /,

3pecb uvcnonb3yem Ans onepaumin B £r\D\ o0603HauveHus [+ )
M | =], yTOBbl OTNMUYMTL WX OT OMepauuii CNOXEHUS W YMHOXEHUS
LeNACTBUTENbHbIX YuUCen.

OueBngHo, 4to || u |*| — oTOGpPaKeHMsA, YTO MNO3BONAET yKa-
3blBaTb 4718 MpounsBosibHoro JG D

(I +1g)u)=7(*)+gUl) n(al-|/)(ar)= n-f(x) (3477

3amMeTuM, 4YTO NpU AoKa3aTes/ibCTBE BbIMO/HUMOCTU aKCUOM BeK-
TopHoro npoctpaHctea gna <X|/)|, [+ |, [*]) noTpebyeTca ycTaHas-
nvMBaTb paBeHCTBO OTObpaxeHui (onpegeneHve 8.1), a TakK Kak
Mot /= Dorn g ansa Bcex (/, glaNe\D\, ro 6yneTt noasexaTtb Mpo-
BEPKe TOMbKO MocneaHee u3 ycnosuii (8.1):

Dom /= Dorn
1=8 — ~ —— (VxXM)=>f(x) = g(x)).

NTak,

vl /1+ |£|=5]|-H / V {/, gl«=<r|D],

I(x) +g(x)—g(x) + f(x) VxeO, +
4YTO O3HayaeT BbIMOJHUMOCTL akcnmombl V.1 ana (&\D|, [+
I-D-

AHanornyHo,

V2. (/| + |9)] + |[A=/]+ |[(*| + |A) V {/, g, h)czSr\D\.

V.3: B KayecTBe HeliTPaslbHOrO 3/ieMeHTa €CTEeCTBEHHO B3ATb HY-

NeBOe OTOGpaxXeHue:
0= {< O>vx«=D}e=jqD },

nockonbky /(X)-f-9(x)=f @+ 0=/(x) gna V (x, /=e ) DI, a
3HauuTt, /f |O0=/

V.4: MocTpoeHHoe Mo rnpowussosnbHoMy fAX\1)| oTobpaxeHune

(—/=H<"m. —/(*)>VtgD(x)}g ~[0],

0YeBMOHO, YyA0BNETBOPAET YCMNOBUIO: +

+K—f==
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n 3Ha4YNT, ABNAeTCA TMPOTUBOMOJ/IOXHBIM K /.
V.5 1]-|/=1  VIedT|].
N

@l-1/)x)=1/(g)=7(a) V.tefl,
4YTO O3HayaeT BbINOJHUMOCTb akcmombl Ana (»1r0], |+ | [=))=
v.8: al.|(/l + |g)=a].|/[+]|a[.]* y<a, /, g=eiRXINM|D].
BbimONMHUMOCTbL 3TOM akcMoMbl ByaeT cneposaTb U3 cobnogeHws Aans

nboro jceD, NPOU3BOJIbHbLIX YUCNOBbLIX (YHKUUMA / n g U uunc-
Na a paBeHcCTBa:

(“Mez + 19))()=(«M/T+ M*JE)()=

OTMeTUM, YTO

(Im/1+ [£)U) ==M (/[ + [g)(*)=M/(*))+Mg(*)).

((@\-\H)\ + \(a\-\g)Hx)Ma\-\f)(x) + (a\-\g)(x) = anx)+ag{x)

KOTOpble pPaBHbl MO 3aKOHY AUCTPUGYTUBHOCTU LOENCTBUTENbHBLIX YK-
cen: a(/(x)+ g (*)) = af (x) + ag (x).

Takum o6pa3om, akcmoma V.8 (AUCTPUOYTUBHOCTb YMHOXEHUS
CKanspoB OTHOCUTENIbHO CMOXEHUSA YMUCNOBbIX (QYHKLUWIA) Takxe mnme-
eT MecCTO.

AHaNOrM4yHoO nNpPOBEPSAETCA BbIMO/THUMOCTb OCTa/lbHbIX aKCUOM
V.6 n V.7: (09]

V.6: a|.](PH/)=(aP)H/ V<a. p. /) e R2X™\D\.
V.7: (a+ p)(.]/=a]-1/1 + 1PH/ V<a, p, /><=R2X"™|D].

Mopo6HLIM  ecTecTBEHHLIM 00pa3oM onpegenseTca CTPyKTypa
BEKTOPHOro MpPOCTpPaHCcTBa 479 (DYHKLUMA HECKOSbKUX MePEMEHHbIX Y
[AaXe Ha MHOXeCTBe (YHKLMOH&/IOB Ha HENMycTOM MHOXecTBe.

O cnegywowmx npvMepax BEKTOPHbLIX MPOCTPAHCTB peyb HMKe
nonget ocob6o, NMOCKO/bKY VX CTPYKTypa AocTaroyHO 6orata v npea-
cTaBnfeT CamMOCTOATENbHbIV WHTepec.

Mpumep 34.9. BekTopHOe MNpPOCTPAHCTBO CBOGOAHLIX BeK-
TOpOB.

Mpum e p 34.10. MpPOCTPAHCTBO JINHEWHbIX OTOGPaXeHU BEK-
TOPHOro npocTpaHcTBa

Mpumep 34.11. [BOWCTBEHHOE NPOCTPAHCTBO.

3apgava 34.1.2. Onpepenvte, SABMSIETCA /IN BEKTOPHLIM MNpPO-
CTpPaHCTBOM MoOJfHaA NuHelHas rpynna GL(n) oTHocuTenbsHO onepa-
LUMIA CNOXEHUS MaTpuL, M YMHOXEHUSA cKanspa Ha maTtpuuy? OTHOCK-
TeNbHO onepauunii YMHOXEHWA MaTpuy, M YMHOXEHUs cKanspa Ha
MaTpuuy?
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8§ 35. NMPOCTPAHCTBO CBOBOJAHbLIX BEKTOPOB

BekTOopHOe NpOCTPaHCTBO CBOOOAHLIX BEKTOPOB — OYEHb BaX-
Hbli MpuMep, BO-MeEPBbIX, MOTOMY 4YTO WCTOPUYECKM MartemaTmka
npexae Bcero umesna fefio MMEHHO CO CBOOGOAHbLIMW BEKTOpamMu U,
MOXHO CKa3aTb, 4TO 0606LLeHEe X OCHOBHbIX CBOWCTB B KOHLIE KOH
LIOB /Ier/10 B OCHOBY onpefeneHns (aKCMOMaTUKWN) BEKTOPHOro Mpo
CTpaHcTaa. BoO-BTOpbIX, MPOCTPaAHCTBO CBOOGOAHLIX BEKTOPOB JaeT
HarnagHoe npeacTaBeHVe O MHOMMX CBOMCTBAaxX BEKTOPHbLIX Mpo-
CTPaHCTB MOTOMY, YTO CBOOOAHbLIA BEKTOP NIerko npeacrasuTb cebe
Hanpas/ieHHbIM OTPe3KOM. 3Ta MO/Jeflb BEKTOPHOro MpocTpaHcTBa
yAob6Ha, 4To6bl pasBuBas WHTYULMIO, YYMTbCHA pewaTtb 3ajayn B
BEKTOPHbIX MPOCTPaHCTBax, TeM 6osiee, YTO LWKOJ/IbHbIE KYpCbl MaTte-
MaTUKN 3HAKOMAT MMEHHO C TakKMMW npumepamMu BeEKTOPOB. J1 npo
CTPaHCTBO CBOOOAHLIX BEKTOPOB, Kak MpuMmep, elle BaXHO A9 UN-
NocTpauum HEKOTOPbIX anrebpanyecknx M reoMeTpuyeckmx MOoHA-
TMA. 3TO Mbl YBUAWM B fAasbHelweM, roBOps O FeoMeTPUYecKoM
CMbIC/N1e KOJIIMHEAPHOCTM W KOMMJ/IaHapHOCTU BEKTOPOB, a TakKXe
NPOV3BeSEHN BEKTOPOB: BEKTOPHONO, CKa/sPHOro M CMeLUaHHOro.

Ana MHoXecTBa BCeX CBOOOAHLIX BEKTOPOB OyAemM WCMNO/b30-
BaTb 0603HauveHue

HanomunHaHue:

OnpepeneHne 4.2, 3nemMeHT pgeKapToBa Ksagparta MHO-
)XeCTBe BCEX TOYeK MJIOCKOCTU (nMpocTpaHcTBa), T. e. ynopsapgo-
YEHHYI0 Mapy TOYeK M/I0OCKOCTU (MPOCTpPaHCTBa) MPUHATO Ha3bl-
BaTb Hanpas/IEHHbIM OTPE3KOM

Ecnn pBe Takme ynopafgoyvYeHHble napbl OTNNYAKOTCA TOJILKO
nopsAaKOM 3NeMeHTOB (TOYEK), TO UX Ha3blBalOT MPOTMUBOMONOXK-
HO HanpaB/leHHbIMW OTpe3KaMWu, a ecnn NepBbili KU BTOPOI ane-
MEHTbl YMNOPAL0YEHHOW Napbl coBnafalT, TO Takue HarnpaBfeH-
Hble OTPe3KM Ha3blBAKT HYJ/IEBbIMU

OnpepeneHne 164. Knacc 3KBMBa/IEHTHOCTW Hanpas/ieH-
HOro oTpe3Ka MO OTHOLWEHWIO 3KBUMOJIEHTHOCTM Ha MHOXECTBe
BCEX Hanpas/ieHHbIX OTPe3KOB Ha3blBaeTcsi CBOOOAHLIM BeK-
TOPOM.

Knacc 3KBMBa/IEHTHOCTW HYNEeBOro Harnpas/IEHHOro oOTpeska
HasblBaeTcAd HyneBblIM CBO6OAHbIM BekTOpoM. OH 0603HavaeT-

ca O.

Mpexae uyem o6cyXaaTb ornepaymun CAOXEHUS U YMHOXEHUS
ckanspa Ha BEKTOP Ha MHOXeCTBe «2[] yKaxeM KpuTepuii, rno Ko-
TOpoMy onpegensetrcsd MNPUHAA/EXHOCTb ABYX HarnpasfeHHbIX ar
pe3Koe OAHOMY KjiacCy 3KBMBa/IEHTHOCTU — CBOGOAHOMY BEKTOPY.

Nemma 351 ABmCD Torga v TONbLKO Torga, korga cepegu-
Hbl oTpe3koB \AD\ n \BC\ cosnagatoT.
B uacTtHoCcTW, ecnu m3BecTHo, yto (AB)(p(CO), TO npusHak MO
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A B

XeT 6bITb copmynmpoBaH pfaxe npowe: (ABeiCO)o ABUC —
napannenorpamm (puc. 83, 84).

Nemma 35.2. ABMCO Torga m Ttonbko Ttorga, korga ACMBIT.

Nemma (06 oTknagbiBaHuu) 35.3. OAns nwo6oii Touku A un
CBO6OAHOr0 BEKTOpa a Cyl,ecTByeT eOMHCTBEHHbIA HanpaBneHHbI

oTpe3ok AB”™a (puc. 85).

EcM 0603HauYMTL 4Yepe3 «”— MHOXECTBO TOYEK MPOCTPAHCTBA,
TO YCNOBUS Mpeablaylleil NeMmbl MOXHO 3anucaTb (hOpMysoii:

Y<n, a)eN'XN)==> (3 4iealnpniem eOUHCTBEHHbI).

JlokasaTenibCTBO 3TUX JleMM He COCTaB/sfeT 60/bworo Tpyaa.
OcTaHOBMMCA Ha nocnefiHeMm, TakK Kak, Mo cyliecTBy, /iemMmMa 06 OT-
KnagblBaHUW ycTaHaB/IMBaeT OGUMEKTMBHOE OTOOpaXeHne MHOoXecTsa
CBOOOHbLIX BEKTOPOB 0OY B MHOXecTBO [1" TOuyeK NpoOCTpaHCcTBa.
(Cm. nekuyus 4, npumep 16.3(3)).

JokasaTenbctTBOo JsemMmbl 353

0. Onpepgenum 6uHapHOe OTHOWeHWe Ha MY X[ “-

1) Echm CDea wn ukcmpoBaHa nNpousBosibHas Touka Ae P, To
HaligeTtca npsmMas, o6o3Hauum ee a, Takasd, uto ma/l wun al|(CD).

2) Touka A pasbuBaeT NMpsMYI0 a Ha ABa flyya: COHanpas/ieHHbIN
c [CD) n NpOTMBOMOJIOXHO HamnpaBfeHHbIN.

3) Ha coHanpasneHHoM c [CD) nydye oT1noxum oTpesok |/1X| Ta-
Ko, uyTo6bl \AX\ = \CD\.

4) AXmCD. ¢
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Tak noctpoeH AX”™a W1, Takum obpas3omMm, mmeem 6GMHapHOe OTHOLUe-
HVe, NPV KOTOPOM KaxAoMy cBOOGOAHOMY BEKTOPY COMOCTaB/fseTcs
KOHeL, Hanpas/leHHOro OoTpe3ka — ero npeacTasuTens, oTKnafbliBae-
MOW) OT AaHHOW Toukm A

VP={{a, 1 )19 eaf[crlx~
1 Dorn \/P=)X, Tak KaK yKa3aHHYI0 Bbllle KOHCTPYKLUIO MOX-

HO npoBecTn Ana nw60ro csobOAHOro BekTOpa a.
2. VP — oTob6paxeHue.

Mpegnonoxunm, yto Hampaytea {(a, X), (a, X')}cz VP Takue, 4yto
{NX, NX'}c2a, HO (a, X) ® (a, X'). Torpga
AX'"N \NX A XX'=>XX"'— HyneBolio O= [O.

NXea ]
Ho 3T0 ©n o03HavyaeT coBMNageHMe HarnpaB/ieHHbIX OTPEe3KoB

AX' = AX. A
3. in: gonyctum, Haligytca Takue |[(a, X), (a', X)}czVP,
(a, X) & (a', X). Torga no onpegeneHuto 6UHaApPHOro oTHoweHuns VP

AX(=a' 2 - - C
o >=t-a—a.
AXe al
oTKkyaa cneayet (a, X) = (a', X).
4. sur: gns nNo6oi ToUKM BO3b-

MeM HanpaBfieHHbIi OTpe3ok AX U ero

Knacc 3SKBMBa/ieHTHOCTM a. o onpege-
JIEHVI0 TMPOCTPaHCTBa CBO6OAHbLIX HEKTO
pos [

B LWKOMbHLIX Kypcax MaTeMaTUKW BBOAUUCL «C/OXEHWE BEKTO-
pOB» U «YMHOXEHWE uYuc/a Ha BEKTOP». ITU MOHATUA Mbl 6yaem 06-
cyXaaTb Ans CBO6OAHbLIX BEKTOPOB, YTOGbl YBUAETb KOPPEKTHOCTb

3TMX onpeAeneHnii M To, Kak Ha MHOXecTBe V OHW onpeaensior
CTPYKTYPY BEKTOPHOro MpOCTPaHCTBA.

OnpepeneHune 351 MycTb (a, b)czC2”, /Nitea, WNCeb.
CymMoOli cBOGOAHbLIX BEKTOPOB a M b Mo npaBny TpeyrosibHuKa
HasblBaeTca cBOOOAHLI BeKTOp C npeacTasutenieM AC Takoi, 4To

|NC| CTOpOHa TpeyrosibHMKa, MOCTPOEHHOro Ha oTpe3kax \AB\
n |BC\ (puc. 86).

O603HayeHne Takol cymmbl: (a-(-6)

yTO
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(*“+b)T.N
aTt b o
1 a B b C
a b r— oy — T —
A (5+b)T.4 C b B

Puc. 87

OnpepneneHune 352 CBoboAHble BEKTOPbI a M 6 Ha3blBalT-
cA napannefnibHbIMW, €C/IN OHW MMEIT MpeacTaBuTeneil, npuHaane-
pKaWwUX napansiesibHbiM MNPAMbIM.

O603HayeHne napannenbHbiX cBO6GOAHLIX BEKTOPOB: al|6.

CnoxeHue napanienbHbIX CBOOGOAHbLIX BEKTOPOB TpebyeT Aomnon-
HUTE/bHbIX Pa3bACHEHWN, TaKk KakK B 3TOM Ccriyyae TpPeyrosibHUKK
npeacTaBnATCA «CXaTbiIMU» [0 OTpe3KoB (puc. 87).

3To onpefeneHne cymMMbl CBOGOAHbLIX BEKTOPOB 3aBUCUT He TO/b-
KO OT crnocoba (MoCTpoeHue Mo Npasuay TPeyrosibHWKa), HO N OT Bbl-
6opa HayanbHOW TOYKW, MOITOMY €CTeCTBEH BOMPOC — KaKoB pe-
3ynbTaT MOCTPOEHUA Mpu ee M3MeHeHun? T. C. Npu OTKAaAblBaHUU
CBOOOHbLIX BEKTOPOB OT Pas/INYHbIX TOYEK MOYYMM /I 3KBUMOMEHT-
Hble Hanpas/ieHHble OTpe3kn (NpeacTaBuTeNM OLHOIO M TOrO XXe CBO-
6ogHOro BekTopa)?— TONbKO B 3TOM C/lyyae cornocTaBfieHne ABYM
CBOGOAHLIM BEKTOpamM WX CYMMbl MO MpaBwu/ly TpeyrosibHMka ecTb

oTobpaxeHune

MocTtaHoBKa 3apauu. MycTtb {a, b}<”cY, AB~a, CD”"b.
MocTpouM Mo npasway TpeyrosibHUKa npeacraBUTeNI CyMM BEKTO-

poB B pasnmyHbiX Toukax: A'D'a-\-b) m A"D"~(a \ 6)
™ T.

MU cpaBHUM ux (puc. 88).
3ameTnm, 4TO
N'B' 0. A"B"=>A'1" a B'B X A'A" »D'D” =4
B'[Y »B"D"=>B'B" o D'D"

=>AD" 0 A"D"=>A'D"f=(d + b)__
T.

Mo ytBepxaeHuto 161 wm3 atoro cnegyet, 4yto cBO6OAHbIE BEKTOPbI
(a—f-6)T oY (a-\-b) . A COBMAfAIoOT, Kak umetoyme obwmin HanpasB-

NEHHbIT OoTpe3ok A'D".
Tem caMblM [0Ka3aHO YTBepXAeHue.
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Puc.

YTBepxaeHune 35.1(HepBas TeopemMa KOPPEeEKTHO-
ctun). OnpegeneHne Cymmbl CBOOGOAHBLIX BEKTOPOB MO MpaBuay Tpe-
YrofibHNUKa He 3aBUCUT OT Bbibopa TOUKW.

OHO no3BofnifAeT B 0603Ha4YeHUU CyMMbl CBOOGOAHbLIX BEKTOPOB IO

npaBuay TPeyronbHMKa OrnyckaTb WHAEKC - TOuYKy: (a-(-6)T n yTBep-
XOaTb, 4TO OTHOLUEHWe

(+)={<<a b), @+B6)T==Y-XkY
ecTb oTobpaxeHue ( + N X —2=-X, nockonbky (a, b) conocrtas-

nseTcA eAVHCTBEHHbIM BekTop (a-(-6)T.

Cnepgytowmii cnocob croxeHWs CBOGOAHLIX BEKTOPOB TakKxe Wu3
BEETEH MO LKOJIbHOMY Kypcy, ero O6bl4HO MPUMMEHSIOT B cryyasax
Henapas/ieNlbHOCTN CBOBOAHBLIX BEKTOPOB-C/laraemMbix.

OnpepeneHune 353. Myctb {a, b}cz V, AB~a, AD"b.

CyMMOI1 cBOGOAHbLIX BEKTOpOB a U b
no npaswny napannenorpamma Hasbl-
BaeTCA CBOOOAHbLI BEeKTOp C Mpea- B C

ctasuTesiem AC  TakuMm, 4YTO |/IC|

AvwaroHanb  napannenorpamma, no-

CTPOeHHOro Ha oTpeskax \AB\ u |/1D].
O603HavaeTcss CcymMma CBOGOAHbIX

BEKTOPOB a M b Mo npasuny na
pannenorpamma Tak: (a+ 6 B cny-
Yae napannenbHoOCTU BeKTOpPOB-cnara-

€MbIX NPV YKa3aHHbIX FeoMeTpPUYEecKnX
Q0
MOCTPOEHNAX MapasieNlorpaMmM BbIPOX Puc.

10 U | Metposa
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Com-=In1 A

adoph:

allb:
B NeHB)m /17
Puc. 1O

[faeTca M pes3ynbTaT WX CNOXEeHUA MOXeT OblTb Mn3obpaxeH Ha
puc. 90.

YTBepx gaeHune 352 (BTOopad TeopemMa KOPPEeKTrHO
c ™). Cno>keHua fABYX CBO6GOAHbIX BEKTOPOB MO MpaBuny napasnne-
norpaMma u no npasuy TPeyrosibHUKa [aloT OAMH W TOT XKe CBO
604HbIN BEKTOP.

TouHee: V {a, 6}<MNoP'=>(a-\-b\ = (a 41;6)T4 n= (a-)-6)K. p

JokasaTenbcTtBO. B cnyvyae HenapannenbHbiX CcBO6OA-
HbIX BEKTOPOB OYEBMAHO: OTNOXWM OT OOHOW TOYKM WX MNpeacTaHu
Tenn (puc. 91)

{a, 6}*,0M\(J1Ba/\JIO~b)\(JIB)K/IM).

Mo onpepeneHutio 35.3 ACe(a—qJ6)VI L & TaK

kak BCmAD, T10 no onpegeneHnio 3Bl
Nc~(a-\-b\. CnepgosatenbHo, (a-\-b) AW

(a-h-Or coBnapaloT, Kak ABa Knacca 3KBuUBa-
NeHTHOCTM (CBOGOAHLIX BEKTOpa) e oblWum
npeacTasmTesneM. O

Tak Kak cymMma cBO6OAHbIX BEKTOPOB MO
npasuay TPeyrosibHWKa He 3aBUCUT OT Ha-
YanbHOM TOYKW, TO M CyMMa CBOGOAHbLIX BeEK-
TOPOB HO MpaBway napannenorpamMma He 3a-
BMCUT OT BbibOpa Haya/lbHOW TO4YKM MOCTpoe-
HUS. A paBeHCTBO OTHOLLEHUN

(+)=<mDb), (@+6)N} U(+),={<<a 6> (a+ 6),>!

no3BosisieT B fAa/ibHelillemM Mosb3oBaThcsl Hanbonee yAoOGHOW Ans
Kaxaoi 3adaum popmoli MX CMOXEHWS U FOBOPUTbL MPOCTO O CYyM-

Me CcBOOOAHbIX BEKTOPOB, KOTOpyl 6yaem o0603Havatb: a-\-b. un
ecnn notpebyeTcsd, 06 oTobpaxeHun (F):N'Xuy =»X .
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CeoicTBa CyMMbl CBOOGOAHbLIX BEKTOPOB

110 cyuwiecTBy, 3TW CBOIiCTBA COCTaBNAKT OOKasaTenbCTBa Bbl-
MOTHAMOCTM NEPBbIX YeTblpexX aKCMOM BEKTOPHOrNO MpoOCTpaHcTBa
Ons  MHOXecTBa <K M oTobpaxeHusa (-)-).

CsotictBo 351 a-"b= b"-a V {a. 6}cr</.

Joka3zaTenbCcTBO O0YEBUOHO O/ c/Aydasd HenapanienbHbIX
cBO6GOHbLIX BEKTOPOB, €cfiv 3aMeTUTb, 4YTOo (puc. 92):

NCe (a+ 6) n N1Ce(6-)-a)

CeoiictBo 352. (a-\-b)-\-c=a +(b-\c) V {a, 6, cla X.
I3 pokasaTenbcTBe YyaobHee WCNOb30BaTb ClIOXKeHUe
CBOOOHbLIX BEKTOPOB MO MpaBuly TpeyrosibHuka (puc. 93),
TakK KakK O4VMH U1 TOT )€ HamnpaBfieHHblli oTpe3ok JlL)e(a +b) c

M B TO Xe Bpema /10e(a --b)f~c=a-(-(b c). A
CnoxeHnem cBOBOAHbLIX BEKTOPOB MO Mpaswusy TpeyrosnbHuUKa Ao-
KasblBalOTCA W cnegylolmMe nBa CBOMCTBA.

CsBoinctBo 353. a 0O0=a Vue d
CsoiictBo 354. V =;-a-(-(-a)= 0. *>
CeoiictBa 35.1—35.4 03HauvaloT, UYTO C/IOXKEHMEM CBOOOAHLIX BeK
TOPOB HO MpaBway napasjsienorpaMmmMma Ha MHOXecTBe 3afaHa

CTPYKTYypa KOMMYTATMBHOW rpynmbl.

O6CyXAeHNI0 Npou3BedeHns cKanspa Ha CBOGOAHbLIA BekTop
npeanoLwsieM HeCKONbKO OnpeaeneHuii:

OnpepeneHune 354. CeBoboaHble BeKTOpbl a U b Ha3biBa-
I0OTCA COHarnpaBfeHHbIMW, ecnn coHanpasneHsl nyun VAB) u |CD)

nx npeactasuteneir Jinea wn CD” b, uU NPOTUBOMONIOXHO Ha-
npasfieHHbIMU, €CNn Takue Jy4yn Hanpas/ieHbl MPOTUBOMOJIOXHO.

Pur. 92 Pur. 93
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A B B' A

Puc. A4

Mx o6o3HayeHue: a\\b un, cootBeTtcTBeHHO, a\\b (puc. 94).

HyneBoii cBOGOAHLIA BEKTOP CUMTaAeTCsa COHamnpaBieHHbIM U
NMPOTUBOMOJIOXKHO Hanpas/eHHbIM J/1I060MY CBOGOLHOMY BEKTOpPY.

OTMeTuMM, YTO OTHOLIEHME COHarnpas/IEeHHOCTU Ha MHOXecCTBe
BCEX Jly4el, a 3HaunT, U Ha MHOXEeCTBe BCEX CBOOOAHbIX BEKTOPOB
ayY TpaH3UTMBHbI, a NPOTMBOMOJIOXKHOW HanpaBfieHHOCTU He obnagaet
CBOWCTBOM TPaH3UTUBHOCTMU.

OnpepeneHne 355 Moagynem wwm p[aviHOW CBOGOAHOIO
BEKTOpa HasblBaeTCca A/MHa ero nboro npeacrasuTens.

O603HavaeTcqa mMoAy/nb CBOGOAHOro BekTopa a: |al.
3TO onpegeneHve KOPPEKTHO, TaK Kak Bce MpeacTtaBUTeNIn OfHO-
ro ce060HOro BeKTOpa WMEKT MO OnpefesieHu0 pasBHble A/IVHbI, W
no3sosiseT cPOPMynInMpoBaTb AOBOSIbHO OYEBUAHbIA MNPU3HAaK:
Nemma 354. iBa cBO6OAHbIX BEKTOpPa paBHbl TOrga v TOJIbKO
Torga, Korga OHW coHanpasfieHbl U WX AJIHbI PaBHbI.
OnpepneneHne 356. NponsseaeHnem ckanspa (4mcna) a

Ha cBOGOAHbLIV BEKTOP a Ha3blBaeTcs CBOGOAHbLI BeEKTOp b Ta-
Ko, 4To

161= |rt|la]A (a> 0=t6tt«)A (i< 0 67a)A(a=0 6=0)

O603HauvaeTca npou3BefeHVe ckansapa a Ha CBOGOAHbI Bek-
Top a: aa.

MpunaratenbHoOe CKaNsApHbIA MNPOUCXOAUT OT NAaTUHCKOro C/ioBa
sealaris — cTyneHuaTblii, OHO O06bLIUHO MpPUMEHsieTCa K BenuuuHe,
KaX[oe 3HaueHue KOTopoli MOXeT 6biTb BbIPaXEHO TOJNIbKO OfHUM
unmcriom (B OTAMYME OT BEKTOpa, Matpuubl U T. A4.).

Mo camomy onpeaeneHNio Npou3BefeHne ckanspa Ha cBOGOoA-
Hblli BEKTOP He 3aBUCUT OT TOuYkM (CPaBHUTE C YTBEPXAEHUAMU

351 un 35.2) u um BBOAUTCA OTHOWeHMe (-)= {<<«., a), rta)}cz
(R X~ 7)X«N', KOTOpoe fBNAeTcA oTobpaxeHunem (=): RXAY-+ *Y .
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CsoiicTBa npousBefeHUs ckanspa Ha CBOOGOAHLIA BEKTOP

OHM nopaTBepXaatT BbIMOMHUMOCTL akcmom V.5— V.8 BeKTOpHO-
ro NpocTpaHcTBa.

CsoiictBo 355 la=a Vae«T.

CeoinctBo 35.6. ft(fla)= («p)a V(a, p, a)e P'X*n,
JokazaTenbcTBO. [MOCKO/MbLKY U3 ONpeAeneHus cnenyeT, yto

()a= 0 mn B cnyyae XoTs 6Gbl OAHOrO HY/NEBOrO MHOXWTENS CBOICTBO
BbIMO/IHAETCA TPUBMA/IbLHO, TO paccMoTpuMm cnydaii o,p=/0.

UTo6bl 6bIIO MOXHO BOCMOJ/Ib30BATbCS MPU3HAKOM paBeHCTBa
CBOGOAHbLIX BEKTOPOB (1. 35.4), HAAO YCTAaHOBUTL PABEHCTBO MoAyfei

M coHanpasneHHocTb (afi)a u a(fia).

1 la(pa)l = lallpal = |allp|lal = [(ap)llal = [(ap)a].
2. CpaBHuBasA c O KO3(p(PULMEHTbI, BblAEIMM 4YeTblpe Ccjlyyas:

1). a>04P=>0, 2. a<0pf p<O0,
3). a< O p=> 0, 4). a=>0[4 p<0,

n nposegemM pnOokKasaTesibCTBO A4 nocnegHero uUs Hux:

Ecrm a>0[AP<(), To ap<O0 u (apa)jfa. =

a> 0=>a(pa a
(Pajllp =>(aP) aif n (Pa).

P<0=MP e)|fa

T. e. cBO6oAHbIE BekTOpbl a(pa) m (afi)a paBHbl MO MOAYHO U CO-
HaHpaBs/fieHbl, 4YTO MO Npu3Haky— nemme 354 o3HayaeT WX cosna-
[eHve.

B KaxAaom u3 ocTaBlIMXca cnyyaeB 1).—3). paccyxgeHus aHano-
TNYHbI. n

Cnepywolwme cBoicTBa npumBogum 6e3 AokKasaTenbCTB, KOTOpble
OCHOBaHbl Ha TOM e Nnpu3Hake paBeHcTBa (nemme 35.4) cBOO6OAHbLIX
BEKTOPOB.

CsoiictBo 357. (afp)a—aa-)rpa V@, p, o)e R

CeotictBo 358. g(a<+6)=aa-rab V(a, a, 6)e

Takum 06pa3om, MHOXecTBO <3' C onepaumsaMu C/I0XXeHUs CBO-
60aHbIX BekTOpoB (onp. 35.1, nnn 35.2) 1 yMHOXeHUsa ckKanfpa Ha

cBO60OAHbLI BekTop (onp. 35.4) MMeeT CTPYKTYpPY BEKTOPHOro npo-
CTPaHCTBa, WM ABASieTCA MOAEe/bl0 BEKTOPHOrO MPOCTPaHCcTBa.
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B
) a
b-a =AE -6 = B—a—A'B'"—TI1'B'=
= cA +aE =c¢c15 :al"b'-l-Bl"I)':)I()I
Puc. %

3ameuvaHue 351 [AOna nobblX BEKTOPOB a U b onpenenserca

pa3HocTb BeKTOpoB (eM. 8 33): B—a = 6-)-(—a). NocTpouTb npea-

CTaBNTeENb TaKol pasHOCTM CBOGOAHbLIX BEKTOPOB He cOCTaBnfeT Tpy-

[a, ecnu uncrnosnb3oBaTb «MNpPaBuUio TpeyrosibHuKa» (puc. 95).
Mpumep 35.1. Jlerko BUAETb, YTO B MPOU3BOJSILHOM TPEYrO/b-

Huke J1IBC cymma BekTOopoB: AB (-BC-\- C/1 =—0. Ecnu BBecTu 060-

3HayeHuda: a~AB, b~BC, c”~CA, TO nocrnegHee MOXHO 3anu-
caTb B hopwme:

a-fb c¢c—6 (35.abc)
TakXe paBHa HyNeBOMY BEKTOPYy W CyMMa BEKTOPOB — «Me-

AnaH»: A A'BB' {-CC'=0, rge A' — cepeauHa otpeska BC, B' —
cepeauHa oTtpe3ka AC u C — cepeguHa oTpe3ka AB (puc. 96).
Utobbl ybeauTbCcs B NocnegHeM, 3amMeTuMm, 4TO
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Puc. 98

oTKyAa

JX'"+ W'+ ~CC=(a+db)+ (b+ ~c)+ (c+ La)=(a+ b+ ¢c)+

+(2b+{ c+=x [a+b+c)=0

3apgava 3511 [okaxuTe, YTO NPV MPOU3BOJSILHOM MMONOXEHUN
Toukn O oTHOCUTesIbHO TpeyronbHuka JIBC mmMeeTr mMecTo paBeHCTBO:

7w="(on n"Te+ 0C)
(puc. 97).

YkazaHne. O =1 +OM, OmOolh +4C, 7)M =74u:+ ~cm. CM. Takxke
npuvep 351 u 3apgady 3B11

3apgava 3512 [okKaxuTe, 4yTO NpU MNPOU3BOJILHOM [MOIOXEHNN
TpeyronoHukos S/IBC un A'B'C wnmMeeT MeCTO paBeHCTBO:

me=T<Xa'+sTr +cc").

roe M — Touka nepecevyeHus meguadH A/16C, a M' — Touka nepece-
yeHns mMeauaH a A'B'C' (puc. 98).
Yka3zaHune. Cm. npuvep 351 u 3apady 35.1.2.
3apava 35.13. /ABCD — napanne-
norpamMm, Bbipa3nTe BEKTOP, KO/ UHeap-
Hbli 6uccekTpuce Z.BAD, yepe3 BeKTOpbI

a ub, rope a~AB, 63/1/9 (puc. 99).

YkazaHue. BCMOMHUTE, B KAKOM YETbIPEXYroJb-
HUKE OMaroHaslb SBMISIETCA B TO XKe BpeMsi 6UcCceKT-
p1COin OOHOTO V3 €ero BHYTPEHHUX YT/IOB.
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8§ 36. NMOAMNMPOCTPAHCTBA BEKTOPHBbIX
MPOCTPAHCTB

Ollpl'aoneunuc 40.1. NognpocTpaHCTBOM BEKTOPHOr0O Mpo-
cTtpaHctBa (V, —(-, ®) Ha3blBaeTCA €ro Henycroe nogMHOXeCTBO

V, ecmm V («, a, b) e-R X V' BbINONHATCA YCNOBUSA:
SS.1: a 4-fee V.

SS.2: a-ee V.

MoanpocTpaHCcTBO V TakXe Ha3blBaloT BEKTOPHbLIM MOANPO-
CTPAHCTBOM WM NIMHENHbIM MNOANPOCTPAHCTBOM BEKTOPHOrO Mpo
cTpaHcTBu. Ycnosua SS.I M SS.2 0O3HWMUYMIOT 3aMKHYTOCTbL V' OT-
HOCUTENIbHO Onepauuii BEKTOPHOro MpOCTpaHCTBa ~\ 1 .

| eo pe ma 461 BcAkoe nOoAMPOCTPaAHCTBO BEKTOPHOrO Mpo-
CTpaHCTBa €eCTb BEKTOPHOE MpPOCTPaHCTBO.

Joka3aTenbcTBO. B BekTtopHom npocTpaHcTBe V onpege-
NeHbl OTOGpaXeHus onepauun:

|1 VX C-C u|.|:RX V—=+W.
Torpga cyXeHua 4Tnx OTOobGpakeHWii:
\+ \\v*i-:V'XV'-+V wu |.||BxlI :RX V'-*V

COr/lacHO yTBEepXAeHu 7.2 ecTb oTOGpaxeHus. OnpedeneHve nof-
NMpPOCTPaHCTBa, HO CYLLECTBY, O3HA4aeT, 4To

linf 1rX| <<=V »n Lu|-I»-r <=C',
oTKyAa cnefyeT, uTo
|+ |1 VIXVI-+ V!
ni|-4,. | :RX

Bce akcMoOMbl BEKTOPHOro MPOCTPaHCT-
Ba VI V.8 BbIMO/IHAKTCA C O4YeBUa-
HOCTblO A4

vV, [4a b, c)e
eR'XII/'"fcR'XC. da

Korpa rosopsAT 0o NognpoCcTpaHCTBE BEK-
TOPHOro MpPOCTPaHCTBa, TO W4 KOHTEKCTa
06bIYHO ACHO, O CYXEHUWM KakuMxX onepauumi
MOeT peyb W, Kak Mpasuio, HeT HeobXxoau-
MOCTV B [OMOMHUTENIbHOM YKa3aHun onepa
umii Ha V cz V.

HarnsgHo cyTb ycnosuii SS.1 wn SS.2
MOXHO Bblpa3nTb cxemoi (puc. 100).
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3amMmeyaHune 36.1. HecnoxHOo nokaraTtb, 4YTO ABa YC/I0BUA,
Xapaktepusylouwmnx nognpoctpaHcTBo: SS.I mn SS.2, MOXHO 3ame-

HUTb OAHUM, MoTpe6oBaB 419 N6Oro KopTexa (a, p,a, b) g R X V'2
BbIMOMTHUMOCTU YCNOBUA:

SS: aa'+ pftGE . }

MpvMepbl NOAMNPOCTPAHCTB BEKTOPHbIX
NPOCTPaHCTB

Mpumep 36.1. Y1/36="{0} noagnpocTpaHcTeo V (cMm. npwu-
mMep 34.2) B 3TOM C/lyyae roBopsiT O HY/IbMEPHOM BEKTOPHOM MNoOfA-
npocTpaHcTee V wm ero TpMBMaJbHOM MOAMNPOCTPaHCTBE.

TpuBManbHbIi — OT NaTUHCKOro cnosa trivialis, 4Tto oO3Haua-
€ T— JINWEHHbIA OPUTMHA/ILHOCTU, W36UTLINA, 3aypsgHbINA.

Fak >ke o4yeBMAHO, YTO BEKTOPHOE MPOCTPaHCTBO fABNAETCH CBO-
UM NOANPOCTPAHCTBOM, €ro W Hy/bMepPHOEe BEeKTOpHOoe MnoAnpo-
CTPaHCTBO WHOr4a HasblBalOT HECOOGCTBEHHbLIMW MNOAMNPOCTPAHCT-
BaMu

Mpumep 36.2. {Xa]JA.eRi gna nwoboro HeHynesoro aer
ecTb nognpocTtpaHcTBo V. loanpocTpaHcTBa Takoro suga (npu

pasnnyHbiX o g V) HasblBalOT OAHOMEPHLIMW BEKTOPHbLIMU MOA-
npocTpaHcTeamun V.

M3 npeablaywiero cnefyet, 4YTo N060e BEKTOPHOe NpOoCTpaH-
CTBO, cofepxallee 6onee ogHOro anemMeHTa, ob6fA3aTesibHO UMeET Wn
OofHOMepPHOe MoANpPOCTPaHCTBO. -

3apaHve 36.1. lNpuBeauTte NpumMepbl NMOANPOCTPAHCTB BEKTOP
HOro npocTtpaHcTBa M(rnxm).

3apgavya 36.1.1. Onpegennte, ABNAKTCA NU NOANPOCTPAHCTBOM
B (gl (nx *) MHOXecTBa

1 ckanApHbIX MaTpuL?

2. CUMMEeTpPUYECKNX MaTpuL?

3. KOCOCMMMETPUYECKUX MaTpuL,?
4. HeBbIPOXAEHHbIX MaTpuy?

Mpumep 36.3. B BEKTOPHOM MNPOCTPaAHCTBE YMC/IOBbIX (PYHKLIWWA
OfHOWM nepeMeHHol ,F |R | nognpocTpaHcTBO MHO>XECTBO BCeX MHO-

rouneHoB: «” |x|.

Mpum ep 36.4. B BEKTOPHOM MPOCTPAHCTBE YUCAOBbLIX (DYHKLUNA
(dbyHKyMoHanoB) 9'|/?|(Ha HekoTOpoM MHOXecTBe D) o6pasyoT noa-
NMPOCTPAHCTBO MHOXECTBO BCeX (MYHKUWIA, paBHbIX O B O4HMX W Tex
Xe Touykax (419 NpocToTbl MOXeM paccMaTpuBaTb (YHKLWUWM OLHOWN
nepeMeHHor Ha OTpe3ke WM YUC/IOBOW MPSIMON), TaK KakK 3TO MHO-
)KECTBO 3aMKHYTO OTHOCUTENbHO onepauuin Ha ?|/}| (cymma pAByx
uncnosbix GyHkumn /1-fltf W npoussegeHue uncna Ha QyHKLUIO
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a | =|/ obpawatoTca H O HO KpaliHeli mMepe B TeX Xe To4vkKax, U KOTO-
pbiX paBHbl O M / n g OOHOBPEMEHHO).

Mpumep 36.5. B BeKTOpHOM npocTpaHcTBe PyHKUuii =>|M| (mo-
xem cuutatb D= |a, A|eR) MHOXecTBO BCceX (DYHKLUA, OrpaHUYeH-
HbIX HEKOTOPOW KOHCTaHTOW, T. e.

{/e«OT|O||/(*)<co Vxe/"},

noanpocTpaHCTBO He 06pas3yloT, Tak Kak, Hanpumep, ecim /,(T) = cQ
M 3HaunT, /0 orpaHM4YeHO KOHCTaHToW cQ To 2/, ye He 6GyaeT ynoB
NeTBOPATL 3TOMY YC/OBUIO.

CNnoBO KOHCTaHTa MPOUCXOAUT OT NIATUHCKOro «constans», 4To
O3HayaeT MOCTOAHHbIN, HEeWU3MeHHbIN.

Mpumep 36.6. B BEKTOPHOM MNPOCTPAHCTBE MHOrOYeHOB 7\x\
noanpocTtpaHcTBOM aBnsetca )°kMW\  nNpocTpaHCTBO BCEX MHOrO-
YNIeHOB CTeMneHu, He MpeBblllalolWeil K, a MHOXECTBO TeX U3 HUX, KO-
3PPUNLMEHTbI KOTOPBLIX MOMNOXUTENbHBLI (MM HeoTpuuaTtesbHbl), Noa-
MPOCTPaHCTBO He o6pasyloT. t

3apgaHwne 36.2. lMpuBeauTe CBOM NpuMep NOAMNPOCTPaHCTBA
BEKTOPHOro npoctpaHcTBa Mx\.

Mpumep 36.7. B BEKTOPHOM MpocTpaHcTBe dyHKUMin 7\a, b,
onpefenieHHbIX Ha OoTpe3ke, o6pasyloT NoAMNpPOCTPAHCTBA MHOXECTBO
BCeX (DYHKLMW, HENpepbIBHbIX Ha |a, b\: tf"\u, b|, MHOXecTBO Hernpe-
pbIBHO AuddepeHumpyemMbiX Ha |u, B\ dyHKUWIA: b\, n, BoobLe,
BCe (YHKUMU AnddepeHuupyemble Ha |«, b|: 7 |«, b| Mpuuem,

&\a, b\™)7 (o, i|raV "|«, /oY 1]«, h

KaK BEKTOPHble noanpocTpaHcTsa.

Mpumep 36.8. B BeKTOpHOM MpocCTpaHCTBe (hyHKUWi, onpege-
NIeHHbIX Ha BCeWl BeLLeCTBEHHOW MpsMOi 5 |R| o6pasyloT noanpo-
CTPAHCTBO MHOXEeCTBO TPUrOHOMETPUYECKUX MOJNMHOMOB hyHK
unii, npeacrtaBMmbIX B BUAe:

sin X (r, cos vV4-
+ <asin 2x-\-b2cos 2ar—+- .. + aksin kx-\- bkcos kx
(36.2)
npu Bcex BO3MOXHbIX Ae N. Takoe MoAnpoCTpaHCTBO 0603HayvaeT-
ca *MNR| wwm 77.
B N B CBON O4epenb BEKTOPHOE MOAMNPOCTPaHCTBO ob6pasyw! Tpu-
roHOMeTpuyeckme NOSIMHOMbI MOPSAKU N BCE TakKue (PYHKUUU, O15

KOTOpbIX B npegcTtasneHnn (36.1) uncno ANIT, npudem /Te N, pukcun-
poBaHO. 3ro nognpocTpaHCcTBO 0603HavyaeTca .7". O4YeBUAHO, 4YTO

77"c-e7cr O |R|c; C"\\\\a!/ |R|cjf|R].
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HecnoXxHo nokasaTb, 4YTO 6MHapHOE OTHOLUEeHMuE:
SS = {<A, K) {A, Y}<™V/\X — noagnpoctpaHctBo Y}czV XV -
aHTUCUMMETPUYHO W TPAH3UTUBHO, T. €. UMEET MEeCTO YTBepXAeHune

YTBepxaeHue 36.1. BuHapHOe OTHOWeHMe «bblTb MOANPO-
CTPaHCTBOM» Ha MHOXXeCTBe BCEX MNOAMPOCTPAHCTB BEKTOPHOro
NPOCTPaHCTBa €CTb OTHOLIEHNe nopsagKa.

3apaHue 36.3. OnpegennTte, KakuMm nopsakom Ha V: cTporum
WX HeCcTporum sBnsieTca oTHoweHune SS? (Cm. nekuus 4, § 14).

VMimeeT im nopsgok (K, SS} Hambonbwuii WM HaMMEHbLUUNA
3/IeMEHTbI? n

Mpumep 369. —YTBepxpaeHue 36.2. MHOXKeCTBO BCeX
peleHnini NNHeRHOW OAHOPOAHON CUCTEMbI YPaBHEHWIA C M MepeMeH-
HbIMW S A eCTb MOAMNPOCTPAHCTBO KOOPAUMHATHOrO npocrpaHcTea R

HanomunaHue. CornacHo § 22 (cMm. Takxke npumep 34.5), cUCTeEMY rn IMHENHbIX
OfHOPOAHLIX YpaBHEHWI € I nepeMeHHbIMU:

ujxl- (- + n\x') .. Famx'= 0,
ur -\-alx2 + a2 y*m ... +ay =0
(o -2 (34.a
+um T avx'\ . 0¥ =0,
MOXHO 3anucarb HManI/IHHOM suae: J1=X=o, (34.a'

eM(MmKI, O6M (T * ).

JokasaTenbCcTBO 3ak/w4yaeTca B MNPOBEPKE BbIMOJIHUMO-
cTm ycnosuii SS.I un SS.2. )

1) SS.l. V {X, Kjczs,, =X Yel,, T. e. aBafeTCcAa 1M cymma
OBYX peLleHn NNHENHON OAHOPOAHOW CUCTEMbl YpaBHEHWI ee pe-
weHnem? N A <(T4-K)= 0O, ecrm 1-X —0 n A-Y = 0.

OueBngHo, A-(X+Y)=A-X + A-Y =0+ 0= 0.

2) SS.2. V<« X)eR X SA=>a-X eSa,

T. €. ABNAeTCA NM Npom3BefleHVe cKandpa Ha peweHue (34.a') ee
peweHuem? Wnun

Nn-(ax)=(), ecm A-X=0.
A-(aX)=La(A-X)= a0= 0.

CnepoBaTtefibHO, CyMMa [ABYX J106bIX pPeLlleHnid NMHelHbIX OfHO-
poAHbLIX YpaBHEHW 1 nNpou3BefeHVe N60Oro yncna Ha Takoe ee pe-
LeHVe SBASIOTCA PELIEHUAMU 3TOW CUCTEMbI YpPaBHEHWI. ]

MNHaye roBopsi, MHOXECTBO 3aMKHYTO OTHOCMUTE/IbHO C/ioXe-
HUS KOPTEXell 1N YMHOXEeHUsi cKafsipa Ha KOpTeX W, 3HA4YuT, AB/S-
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eTca noAanpocTPaHCTBOM KOOpAMHaATHOro npocrtpaHcTtea R". (Cpas-
HUTe ¢ npumepom 34.5).

Oka3blBaeTcs, MMeeT MecCcTO U obpaTHoe:

YTBepxageHune 36.3. Jlloboe nognpocTpaHCTBO KoopAaumHar-
HOrFO0 MPOCTPaHCTBa MOXET BbiTb 3a4aHO HEKOTOPOW CUCTEMON Nun-
HEeMHbIX OAHOPOAHbLIX YPaBHEHWIA.

3apavya 36.1.2. YcTaHOBUTE, ABNAETCA /I NOANPOCTPAHCTBOM
B R" MHOXecTBO pelweHuin 5/1HcucteMbl m NMHERHbIX HEOAHOPOAHbIX

ypaBHEHUA C N NepemMeHHbIMU:

axX'-\-alX*a\x'-\- .. \dmxn= b\
a\x' a™2 a2 -+ .. -\aX'=Db2

a’x + a" x2-~ (0c3 + anxn= bn

roe (b\ b2 .. bmr® <O, O, .. (>
YkazaHue. CornacHo 8 22, aTy CUCTeMy MOXHO 3anucaTb B MaTpy4HOM BUOE:
A -X = B. IOe

A—la(] M(mxn) X= efll {n x e M(mx 1.

JokasaTenbcTBO 3ak/i4yaeTcd B NPOBEPKE BbIMOSHUMOCTHU
ycnoBuini SS.1 wn SS.2:

1) SS.I: VU, K)eSMin ~ S 4f, . ee A-(X+Y)®B,
ecnnu A=X=B n Amy= B?

N-(X+ vy2=A-x+ A-v = }.

2) SS.2: V<a, X)e RxS~rNa-~eS”™,,, I ee A-n.X)hB,
ecnm A X —in?

A-(aX)=La(A-X)=2.

CnepoBaTtenbHO, MHOXeCTBO S”,, He fBMAeTCH BEKTOPHbLIM MOA4-
npocrpaHcTtsoMm R".

Mpumep 36.10. B KoOpAMHATHOM BEKTOPHOM MPOCTpPaHCTBe
NnoANPOCTPAHCTBOM ABNAETCHA MHOXECTBO BCEX KOpTexXel ¢ hmkcmpo-
BaHHLIMW MecTaMu 3N1eMeHTOB, pasHbiX O.

Hanpumep, noanpocTtpaHcTBo B 41(5 X 1) MHOXeCTBO

y = (36.v")
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3apgavya 36.21. 1 [JoKaxwuTe, 4YTO MOAMHOXECTBO

REA + 13=0 (36.v")

KOOPAVHATHOrO BEKTOPHOro npocTtpaHcTea J/11(5x 1) ecTb ero nog-
MPOCTPAaHCTBO.

Joka3aTenbCTBO 3ak/iyaeTcs B MPOBeEpPKe BbIMOJHUMOCTU
ycnosuin SS.1 wun SS.2.

(npoBepseTca ycnoeue (36.v"), HO yxe Ons BekTopa a-\-b).

(al(-fel)+ (a 2+ fQ)+ (a3+ ft)nO.

\avs

(npoBepseTca ycnosue (36.v"), ONA BekTopa a-a
(afl') + (aa2)-|-(aald==0.
CnepoBatenbHo, V "— nognpoCTPaHCTBO BEKTOPHOrO MpocCTpaH-
cteBa M (5 x I).
2. Onpepenute, asndetca nnm mMHoxectso V{\ Y"c3/11 (5 x 1), rae
Y'c:N11(5x1) (cm. npumep. 36.9), ero BEKTOPHbLIM MOAMPOCTPaH-

CTBOM?

YKka3zaHue. lMpexae Bcero BbiAennTe BCe YC/OBUWM, KOTOPbLIM [AO/MKEH YAOHNETBO
pATb BekTop, NpuHagnexawmini V.. V" czM(5x |), (cm. npumep 36.9, 3agava 36.2.1).
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B obwem cnyyae vMeeT MecTo:

YreepxpaeHune 36.4. lNepeceueHne Moboro MHoXxectsa noa-
NPOCTPaHCTB BEKTOPHOrO MPOCTPaHCTBA €CTb ero noAnpocTpaHCTBO.

3apgauva 36.1.3. dBngetcsd M obbeguHeHMe NOAMPOCTPaHCTB V
(npumepa 36.9) u V" (3agaum 36.2.1) BEKTOPHOro npocTpaHcTBa
M (5 x 1) ero noanpocTpaHCTBOM?

Boob6uie rosops, HECNOXHO MNoOKasaTb, 4TO O06beAVHEHME [OBYX
MPOM3BOJIbHbLIX MOAMNPOCTPAHCTB BEKTOPHOroO MPOCTPaHCTBa He ABNA-
eTcsl ero noAnpocTPaHCTBOM 3a WCK/IHOYEHUEM CNyYyaeB UX BNOXEHUSA
(Va V'"=s-V (V"= V"), ogHako, No ob6beguHEHUIO [aXe MNpous-
BOJIbHbIX MOAMNPOCTPAHCTB BEKTOPHOrO MPOCTPaAHCTBA MOXHO MO-
CTPOUTb MUHUMaNbHOE MNOAMNPOCTPAHCTBO 3TOFO0 BEKTOPHOro Mpo-
CTpaHCcTBa, cofepxallee uX obbeAnHeHue. [ina aToro nortpebyetcd
BBECTW [OMOJIHANTENIbHO HEKOTOPbIE HOBble MOHATUSA.

OHpepeneHn e 36.2. JInHelHOI kOMOUHauwmeli BEKTOPOB

(a,, a2 .. ak a V c koapcpnymeHtamm (al a2 .. a*) e R* Ha-
3blBaeTcqd BekKTop P= a‘a|-(-aza2-f .. -(-cOaeVy.
B Takom cnyvyae roBopAT, UTO BEKTOP V JIMHEWHO BbipaeH

yepes (a,, ab .. akaV c koapdpuuymeHtammn (al a2 .. n*).

B uyacTHOCTM, NMHelHas KOMOWHaUMA BEKTOPOB HasbiBaeTcs
TPpUBManbHOMN, eciv BCe ee KO3I(PAPULNEHTbI HyfneBble, B MPOTMBHOM
c/lyyae OHa Ha3blBaeTCs HETPUBMANbHOW NIMHENHOW KOMOUHaLVe.

OnpepgeneHne 36.3. JlInHenHoOW 060MOYKONA HEMycTOro
nogmMHoXxectsa V BEKTOPHOro npoctpaHcTBa V HasbiBaeTCcAd MHO-
XKEeCTBO BCEX BO3MOXHbIX IMHENHbIX KOMOUHaLNi BEKTOpPOB 13 V .

O6o03HauyaeTca sMHelHas obosiouka MHoxectBa V'@ L(V').

Mpumepb 36.11 nnHeliHbIX 060M0YEK B BEKTOPHOM MPOCTPaH-

ctBe /U (3 x 1)
1) B={e,, eb e}<r/U(3x1), rge

B atom cnyuyae okasanocb, YTO IMHeHas obonouka L (B) coena-
paetr ¢ M (3 x 1).
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2) /1={a,, a,, a,}crM(3x I), roe

2 M(3x 1.
Xr+ X
CosnapgatwoT nm B atom cnyvae L(A) m M (3 x 1)? ¢
3) C={c!, cAcM (3x 1), roe ¢
L (C)= {xc] MxacA= {x1( 0 I+ 2 M@ X1)
@]

3ameTuM, YTO BO BCeX MpeaplayLimx npumMmepax nnHeHas ob60ou-
Ka MNOAMHOXeCTBa BEKTOPHOro MpPOCTPaHCTBa €cTb JIMHEWHOe nopa-
npoctpaHcTBO YU(3 X 1). 3TOo ob6ob6LiaeTca B Teopemy.

Teopema 36.2. JIuHeliHaa 060/704Ka BCAKOrO HEMYCTOro MHO-
XecTBa L(V) ecTb noAnpocTpaHCTBO BEKTOPHOrO MpoOCTpaHCcTBa
V.nYd 0, 60nee Toro — 3aTo HaMMeHbLlee NOAMNPOCTPAHCTBO BEK-
TOPHOro npocTpaHcTBa V, cofepxaliee 3TO MHOXeCTBO V.

3apava 36.1.3. Jokaxute Teopemy 36.2.

JokasaTtenbcTtBo. 1 [lpoBepuM BbINOJHUMOCTb YC/1I0BUNA

SS 1 n SS 2 pna npousBOJibHbIX BekTopoB {a, b}cz V wn nwbéoro
> - .
SS I V{3, b)<~AL(V)==a+ b~"L(V").

§S.2: V (K, a)<s=RXL(V)==xka(=L(V").
2. L (V')— HanMeHblLee NoanpocTpaHCTBO BEKTOPHOro MpocTpaH-

ctBa K, copgepxallee noamMHOXecTBo V .
YKa3zaHuve. Mpegnonoxum, 4To HalgeTcs noanpocTtpaHcTBo V'czV Takoe, 4TO

V'c V"aL(V'), Ho V"=£L(V'). uTo o03HauyaeT Hanuume Bektopa ce/.(I'").
T e c—aa+ pb ona HeKoTopblX BekTopoB (a, b)c V, npuiyem cdhy".
I OnpepeneHue 36.4. Cymmow nognpocTtpaHctB V. un V"

BEKTOPHOrO npocTpaHcTBa V Ha3blBaeTca JfMHelHasa o6onouyka
MHOXecTBa V'\j V".

O603HavaeTcd cymma nognpoctpaHcTs: V - V" =/ (V'\j V").

Ecrm V'IIV" = {0}, To cymmy nognpoctpaHcts V' V" Ha3bl-
I BalOT MNPAMON.
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Bc 0603HaueHne B'e V".

(n epet une 30.B OornacHo Teopeme 30.2 cymma noanpocT -
paHCTB BEKTOPHOro npocTpaHeTKa CMb MNOANPOCTPAHCTBO 3TOro
BEKTOPHOr0 MpOCTpaHCcTBa.

Owmpen en enne XX).0. Henv BeK ropHoe NpocTpaHCTBO pasno-
>KEHO B MpAMYylo cymmy nognpocTpaHcTs: V. V' ® K", T0 V" Husel
BEIOT [O0MNOJSIHATE/IbHBIM MOAMPOCTPAHCTBOM asia aonosHeHnem V.
3TO MOoHATME, O4YeBUAHO, CUMMETPUYHO: ecim V" noanpocT-
paHCTBO, AONonHWUTeNbHoe K VB BEKTOpHOM npocTpaHcTBe V, TO
\ pgononHutensHo Kk V"

MOXHO pokasaTb crefyiloliee yTBepXAeHue:

YTB pX geuune 30.0. 4ns nwoboro nognpocTpaHcTBa V BeEK
TOPHOro MpocTpaHcTBa V CylecTBYeT MOAMPOCTPAHCTBO, AOMOJHU-
TenbHoe emy B V.

OpfgHako, [0NO/HUTE/NIbHOE MOA4MNPOCTPAHCTBO MOAMNPOCTPaHCTBa
V a V onpepneneHo, Boob6Lle roBops, HEOAHO3HAYHO.

Mpunmep 36.11. B npumepe 30.10 nokasaHo, 4yTo M(3x |)_

/. (e,, e, e).

OueBnpgHoO, yYto M(3x 1)=/,(e,)®T (e, e,).

B 10 xe Bpema M@Bx )= /.(«, a, a), roe a,=( 0

- M "i= , n /NEBx 1)=7.(«,)® / («., 1,). °

YTBepxpgeHue 300. BekTopHoe npocTpaHcTBo V= V'® K",
Torfa U TO/MbKO TOorga, Korga ntob6oli ero BeKTop n:e V 0fHO3HAYHO

pasnaraeTcs B CyMMy: X X'[-x" Tak uyrto X' V, a 1"eTl.
Joka 3arenbcrso.
I. Nyctb V=V'®V", Ho HaligeTcs B V BekTOp, npepfcrasrnse-

Mbli B BUAE CYMM: X—X'£X" M X y +y" Takux, uto {*', y')a V',
X', y"tem VUoHo (X, x M) {y ', y").
Torpa X'+ x" y'Jl Y"eo0oTkyga

X Yy ' -AM) Y.
L “
v V"
Ho cornacHo onpegeneHuio, V'r\V"={6}, 3Hauut

X'-y'" (wu X" + y'---0,
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yto Bnevetr (X', xX") = (y\ y"). CnepoBaTesibHO, NpPennoOOXeEHNE O
HEeOHO3HAYHOCTN MOAOGHOro PasfoXKEHUA KakKoro-simbo BeKTopa He-
BEPHO.

2 Benn xe V NV'"® {0}, ro HaiAgetca HeHYNeBOI BEKTOP
ae NTC e lorga nwb6oii BekKTOp X u3 V, NOMMMO pas/ioXeHus
X~ X X cxe V nx"e V", MOXHO npeacrasuTb B BuAe CyMMbI:
X=(X -]-o)+(¢r a),c((** a)e VVm(x"—a)e V".3To npoTtmso-
peynT ycnosulo OAHO3HAYHOCTU Pa3/IoXeHUs MPOU3BOJILHOIO BEKTO-

pa U3 V B CyMMy BEKTOPOB, MpuHag/exawmnx nognpoctpaHcTeam V
yavs uy

MonesHo o6paTuTb BHMMAaHWE Ha f[Ba YacTHbIX Clyyas NuHel-
HbIX O60/I0YEK CUCTEM C OAMHAKOBLIM YMC/IOM BEKTOPOB.
YTBepxpaeunne 36.7. Ecnn V. gektopHoe npocTpaHCcTBO, a

MHOXEeCTBa HekTapos A ={«,, a , v I/ n N= {bt, bb ... fejcz V
TaKOBbI, 4yToO

b, npu /o j 1

Abj npn i=j n \d()]
Ans Hekotoporo /e{l, 2, n}, To NuHelHbIe 060M04KM J1 U B coB-

nagatoT: L (1) —L (B).
YTBepxnaeHune 36.8 Echn V BEKTOPHOE MPOCTPAaHCTBO, U

MHO)XecTBa BekTopoB J1 = {a, a, Vueg={&, 62 .. bjez V
TakKoBbl, 4TO

npn i=£k
U <. P (36.%)
et bi mpn i=k
ana  Hekotoporo /e{l, 2, .. /i}, TO WX JNMNHEWNHble 060/104YKMN

cosnagatot: L (A)= L (B).

3apgauva 36.2.2. [lokaxuTte yTtBepxaeHue 36.8.

J oka3zaTenbCcTBO ecTeCTBEHHO NMPOBOAUTL METOAOM [ABOWHO-
ro BK/IOYEHUS.

) LA)alLB).
BosbMeM MpOUsBOMBHLI X  L(A), 3TO O3HauyaeT, uyTo X=
SxasE A A TAT A ea e XY ey A Ne™)

aAr'6,+..+X* 'b, ,+ X (bb+ b,) +xK''6M ,+ .. +x*8,et(fi).

B cuny npowusBonsHoct X NE(A) cnegyetr L (/1)c=L (B).
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2) AHanoruyHo L (B)a L (A).
Mo npuHUMNY OBOMHOrO BK/OYEHUS 3TO obecneumBaeT

L (A)= L (B). A
M3 npeabliaylwinx yTBepXAeHWi BbiTekaeT 0606LieHue.
CnepctBune 36.2. Eciv V — BEKTOPHOE MPOCTPAHCTBO, & MHO-

xecrtem BEKTOPOB A={a: a2 .. fliczV n B={bb bb .. b,}Ja V
TakKOBbl, 4TO

— T6, npu | K)
|— {6~ + X6, nmpm i=k\

ansa HekoTtoporo /e{ 1,2, .. N}, TO UX JINHENHbIE 060/I0UKMN coBMaga-
toT: L (A)—L (B).

MCTOPNYECKAA CIMNPABKA

Focrnoaes Bor — MCKycHbI MaTeMaTvk U -
3UK. 3afjlaya Hayku COCTOUT B TOM, 4YTOGbI pac-
KpbITb 6nMCTaTeNbHbIA 3aMbicen TBOPLA.

M. KnaliH. «MaTemaTuka
yTparta onpeaeneHHOCT»

MHOrne WCTOPUKN HayKU CUUTaAT «POAUTENSMU BEKTOPHOro
npocTtpaHcTBa» WuWpAaHACKOro ydyeHoro XIX B. Y. [amMuibTOHa, O
BK/1afle KOTOPOro B MaTeMaTUKy Mbl YXXe yrnomMuHanu, rosops o6 uc-
TOPUN OTKPbLITUA MATPUYHOTO WCUYUCNEHUA, a TaKXe ero HemeLKux
Konner m copemeHHukoB I. | paccmaHa (Grassman Herman (uni-
ter, 1809— 1887) n A. Mebuyca (Mobius August Ferdinand, 1790—
1868). O axe caM TepMUH «BEKTOpP» BBeN TakxXe [aMUNbTOH OKOMO
1845 r. (no gpyrum wuCToYHUKam — B 1864 r.).

Mexnay TeM WCTOPUKD BEKTOPHOINO WCYUCNEHUS, KaK WUCTOPUIO U
KOPHM BCAKOW KPYMNHOW MaTeMaTU4yeckon Teopun, MOXHO Mpocre-
ONTb 334070 OO0 ero BblAeNleHUs B CaMOCTOSITe/IbHbIA pasgen mate-
MaTnkn. Tak ewe y Apxumega (Apx1UT|6T|G- «287—212 r. 1. po
H. 3.) B €ro BCEM W3BECTHOM CO LUKOJIbl 3aKOHE MPUCYTCTBYET BE/INYU-
Ha, XapakTepusyrwllasca He TOMbKO YWUC/EHHbIM 3HAYeHWEeM, HO W
HanpaBneHneM. Bonee TOro: BEKTOPHbIM XapakTep CWU, CKOPOCTEWN
N nepemelLeHnin B NPOCTpaHCTBE Obl/l 3HAKOM MHOMMM Y4YeHbIM AH-
TUYHOrO BPEMEHMU, a «MpPaBu/io MapasnnesnorpaMmmMma» C/O0XeHUA BeK-
TOpOB 6bINO M3BECTHO ewe B IV B g0 P. X. matemaTukam LUKO/IbI
ApucToTens. o cylwecTBy, B TAKOM Xe& 3IMMNUPUYECKOM CMbIC/Ie BEK-
TopaMmn nonbL3oBasiuCb Bblgatowmecsa yyeHole XVI—XVII B. B. 1. 1la
nunen (Galilei Galileo, 1564— 1642), /. Hbl0OTOH 1 Apyrme ux coBpe-
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MEHHWKN. BekTop 06bIYHO M306paxasnca OTPe3KOM C yKa3aHHbIM Ha
HeM HanpasfeHWeMm, r. e. HanpasB/lieHHbIM OTPEe3KOM.

B cepeanHe XVI B. 6bI/I1 OTKPbLITbI, N B KOHLEe KOHL,OB BCe e 3a-
CNYyXWnu npusHaHMe MHUMble yncna 6naropaps paboTam WUTasbsH-
ckoro matematuka Ox. KappgaHo (Cardano Girolomo, 1501 — 1576),
a 3aTeM KOMIJ/IEKCHble — ero cooteyecTBeHHMKa P. bom6ennwn (Born-
belli Raffael, 1530— 1572). Oka3anocb yanBUTE/NIbHO yAauyHbIM WN306-
paxeHue 1X BeKTopamMu (Harpas/fieHHbIMWU OTpe3KaMW), OT/IOXKEHHbI-
MM OT Hayasa HEKOTOPOW MPSIMOYrOfIbHOW AeKapTOBOW CUCTEMbl KO-
opAuHaT Ha MNOCKOCTWU, B TOM CMbIC/lE, 4YTO TakuMM >Xe o0b6pasom
[0BOJIbHO eCTECTBEHHO M306paxanucb pesynbTaTbl OCHOBHLIX Onepa-
UMA C TaKMMW Yncnamun: X cymmbl (MO «ApaBwuay napasnfenorpam-
Ma») U npousBefeHusa. 3TUM Xe reoOMeTpUYecKMM rnpeacrasneHnemM
CYMMbl KOMI/IEKCHbIX 4ucen nonb3oBasica laycc. Ho Takaa wX WH-
TepnpeTaumsa OKOHYaTe/lbHO yTBepawaacb B MaTemaTuMKe CO BTOPOM
nonosmHbl XVIIlI cTOneTuss TONbKO MOC/Ae WCCNeaoBaHUi OaTCKoro
yuyeHoro K. Beccens (Wessel Caspar. 1745— 1818) wu wseiiuapua
X. ApraHa (Ar~and Jean Robert, 1765— 1822), B pe3ynbTaTe KOTO-
pbIX MHOTMM CTasio fiCHO, YTO CTPYKTypa BEKTOPOB W VX MPUIOXKEHWUI
ropasgo 6oraye u pasHoobpasHee, yYem npegnonaranocb paHee.
MpexHaa MexaHuUCTMYecKasd KOHUenuus BeKTopa nepectana ynos-
neTBOpATb Hayky. A nocneposaBwme pab6oTel laycca (1831 r.) no
reoMeTpum KOMIJIEKCHBIX 4YUCEST MO3BOMWAM UTANIbSHCKOMY MaTemMa-
TuKy Ox. BennaButucy (Bellavitis lJinsto, 1803— 1880) B 1844 r.,
pa3BMB WOEN IKBUMONEHTUOCTU, MOArOTOBUTL OCHOBaHWE A/id TOro,
4yTo6bI MaTemaTMka CcMOr/sa neperTn OT CcBOBGOAHLIX (reomeTpuye-
CKNX) BEKTOPOB K abCTPAKTHOMY BEKTOPHOMY MpPOCTPaHCTBY.

MapannensHoO ¢ uccrnefoBaHUAMU KOMMIEKCHBIX Yyucen B paboTtax
MHOrmx matematukoB XV II—XVIII B. B, 3aHMMaBLLINXCA TFeoOMeTpu
BECKMMM npob6nemMamMn, MOXHO YBUAETb HapacTaHue MnoTpebHOCTU B
HEKOM reoMeTPUYECKOM WCUYUCIEHUU, MOOOOHOM YUC/IEHHOMY (MCYUC-
NEeHNI0 AeliCTBUTE NbHbIX YMCeN), HO CBA3AHHOMY C MPOCTPaHCTBEHHOMN
CMCTEMOW KoopauHaT. Hro B Kakoii-TO Mepe nbiTancs co3gaTb elwe
NenbHUL, nNpoayMbiBas CBOK «yHWBEPCA/bHYHO apudMeTuKy», HO
HECMOTPS Ha FEeHWa/IbHOCTb W Heo6blualiHyl LWWPOTY WHTEPEeCcos,
caenartb 3TO emMy He yganocb. OgHako y)e K KoHuy XV I B. otgaenm
Hble MAen BEKTOPHOIro MCYUC/IEHUA, KOTOPOe M CTasio TEM MUCYUCTIeHa
eM. 4YTO WCKa/IM reomMeTpbl, CMOr' copmMynnmpoBaTb QpPaHLLy3CKUi
yyeHbili (MaTtemaTtuk u ¢wusuk) J. KapHo (Carnot Hasar, 1753—
1823). A B 30-x rogax XIX B. y NamunbToHa u 'paccmaHa B pabotax
Mo TeOpuM KOMIIEKCHbIX 4YMCENT W KBATEPHWOHOB 3TW waen Obin
choOpMy/IMPOBaHbI YXXe COBEPLUEHHO MPO3PayHO, XOTHA, MO CYLLecTsy,
4yTO YAMBUTENbHO, OHU WMENU Lefl0 TOJIbKO C HEKOTOPbLIMWU NpuMmepa-
M/ TeX KOHEYHOMEPHbIX BEKTOPHbLIX MPOCTPAHCTB, KOTOPpble Tenepb
6bl Mbl HasBanu KoopAuHaTHbIMU (apudmeTuyeckumun). Ho nocne
[oBaTenin pasbiCKanM W paccMOTpenu B paboTax 3TUX Y4YeHbIX TO,
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YTO KaXAbli M3 HMX yXe BMOJSIHE YeTKO MOHUMas W npeacTaBnan
CTPYKTYpPY abCTpakTHOro BEKTOPHOro MnpocTpaHcTBa. Bo BcAkom
cnyyae OKo/io 1846 r. u Kann u FpaccmaH yXe A0CTaTOYHO Henpwu-
HY)XXJEHHO M0/b30Ba/INCL €ro CBOWCTBaMW, MNpMYeM, Kak oOTMevaeT
H. Byp6aku B «Elements d’histoir des rnathematique» («O4yepku Mo
UCTOPUN MaTeMaTUKU»): «He rpuberas HA K Kakomy MeTadusnye-
CKOMY noHATUo». A IpaccmaH, ony6niunkosaB B 1844 r. ceoe «Die Li-
neale Ausdehnungslehre» («YuyeHne 0O NUHEHHOM MNPOAOMHKEHUNY),
3a/10KM/1 OCHOBbl He TOJ/IbKO MHOrOMEpPHOW €eBKIMAOBOI reomMeTpuu,
HO M TeX MOLUHbIX pa3fenioB MaTeMaTUKU, KOTOpble Tenepb HOCAT Ha-
3BaHWA BEKTOPHOIO M TEH30PHOro ucyncrieHnin. OgHaKko, OHW MONy4un-
NN cBOE COBpPEMEeHHOe OhopMIEHME TONMBKO K pybexy XIX un XX cTo-
netuin 6narogaps ycuansm amepuKkaHcKoro marematmka [f. Fmb6ca
(Gibbs Josiah Willard, 1838— 1903), aHrnuiickoro — O. XeBucanpga
(Heaviside Oliver, 1850— 1925) u mntanbsHua [x. lMeaHo (Peano
Guiseppe, 1858— 1932). lNocneaHuii, oueHMB OTKpPbITUE [paccMaHa,
Oan B cTaTbe, onybnmkoBaHHOW B 1888 r. B TypuHe: «Calcolo geo-
metrico secondo I’Ausdehnungslehre di Grassmann, preceduto dal-
le operazione della logica deduitto» («[eomeTpuyeckoe ucuymcneHmne
«Y4yeHnsa O nNpoaos/mKeHMn [paccMaHa», MOCTPOEHHOE IOFNYEecKn [fe-
OYKTUBHO») aKcMmomaTuyeckoe onpefesieHne BEKTOPHOro npocTpaH-
CTBa Hag, nonem [LelCTBUTENbHbIX Yucen.

Tak HasblBaeMmble MYHKLWOHasbHbIE BEKTOPHbIE MNPOCTpPaHCTBa
NnPMBNEKNM BHUMaHWe MaTeMaTUKOB YXXe B Hayasle Halero seka mMo-
Ce MHHOBALMOHHbLIX pe3ynbTaToB B 3TOl o06nactm wuTanbaHua
C. NMuukepnsa (Pinkerle Salvator, 1853- -1936) U HemeLKOro marte-
Matuka O. Tennuuya (Teoplitz Otto, 1881- 1940), KOTOPbLI NU3BECTEH
CBOMMM paboTamu Mo TEOPUW MaTpuL, U, B YAaCTHOCTU, TeM, YTO Mpwu-
Ayman yaadyHyro o6LLyo Mofefnlb BEKTOPHOro MpoOCTpaHcTBa — KOOp-
ANHATHOE BEKTOPHOE MNpPOCTPaHCTBO. [lone3Ho elle OTMEeTUTb, 4TO
MMeHHO XeBwucaiig Bsen B 1891 r. OAHO W3 3aKPENUBLUUXCHA B Hayuy-
HOM nuTepaType 0603HayYeHui BekTopa: a (MOAYXXUPHBbIMW NaTUHCKU-
MU 6yKBaMmn), aBTOPOM ABYX OPYIrMX O6LLENPUHATLIX HblIHE 0603Haue-

HUA BEKTOPOB: a M a 6bin X. ApraH, a AB pgns o603HaYyeHus CBO-
6opHOro BekTOopa npegnoxun A. Mebuyc. TepMUH «CKanspHbIA»
B COBPEMEHHOM CMbIC/ie BNepBble ynoTpebun Y. | amuibToH B 1843 T.

Nio60oNbITEH TOT (hakT, YTO OOUH U3 «OTL,OB BEKTOPHOrO uncuucine-
Hus» . TpaccmaH 60nee Beka Hasafj NpeaoXun paccmaTpusaTb
LiBETOBble OLLyLIEHNS (pa3fioXeHue N060ro upeta Ha KpacHbI, Cu-
HUA W XXEenNTbli), KaK BEKTOPbl HEKOTOPOro TPEeXMEPHOro «LBEeTOBOro
NnpPocCTpaHCcTBa», YTO M COCTaB/IIET OCHOBY COBPEMEHHOr0 Y4YeHUs O
LBeTe.
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